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SUMMARY
It is notuncommorto setthe samplesizein a clinical trial to attainspecifiedpower at a valuefor the treatment
effectdeemedikely by the experimenterseventhougha smallertreatmenteffect would still be clinically important.
The papershy Fisher(1998)andCui, Hung & Wang(1999)concernthe situationwheresucha studyproducesonly
weakevidenceof apositivetreatmenteffectataninterimstageandthe organizersvishto modify thedesignin orderto
increasahe powerto detectasmallertreatmentffectthanoriginally expected Raisingthe power ata smalltreatment

effectusuallyleadsto considerabhhigherpowerthanwasfirst specifiedat the original alternatve.

In boththe above papersmethodsare proposedvhich are not basedon sufficient statisticsof the dataafterthe
adaptve re-designof the trial. We discusstheseproposalsand shov how the sameobjectives can be met while
maintainingthe sufficiengy principle, aslong asthe eventualitythat the treatmenteffect may be smallis considered
at the designstage. The group sequentiadesignswe suggestre quite standardn mary ways but unusualin that
they placeemphasi®n reducingthe expectedsamplesizeat a parametervalueunderwhich extremelyhigh power is
to be achiered. Comparison®f power and expectedsamplesize shav that our proposedmethodscan out-perform
L. Fishers “variancespending”procedure Althoughtheflexibility to re-desigranexperimentin mid coursemay be

appealingthecostin termsof thenumberof obsenationsneededo correctaninitial designmaybe substantial.

Key words: Clinical trials; Groupsequentiatests;Samplesizere-estimationTwo-stageprocedureFlexible

design;Variancespending.
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1 Intr oduction

We considemasituationwhichis notunusuain Phasdll clinical trialsthatinvolve thecomparisorof anev
treatmentvith aplaceboor standardherapy. A statisticaldesignis specifiedn theprotocolbasedn parton
specificatiorof a Typel errorrate,«, andpover 1 — 3 atagiveneffectsize,s. Thedesignmaybefixedor
theremaybe provisionfor earlystoppingvia agroupsequentiamonitoringboundary At someintermediate
pointduringthecourseof thetrial, the principalinvestigatorexaminethe outcomedatacollectedsofarand
decidethey wish to modify the original design. They may, for example,have beenover-optimistic in the
choiceof the designeffect size,é, whereast is now apparenthatthe benefitof the new treatmenis liable
to be somevhatlessthan§ andit is unlikely thata significantresultwill be achieved at the plannedend
of thetrial. Evenso,the estimateceffect may still be large enoughto be deemectlinically significantand
worthwhile.

At this stagethe questioris oftenposedo the studystatistician(andperhapgo aregulatorybody such
asthe FDA) whetherthe trial designcanbe modifiedandthe samplesize enlaged, without violating the
trial’s credibility andstatisticalvalidity. In the past,a strict answetto this questionwasusually“No”. The
alternatve strategyy of abandoningtrial if earlyresultsappeaunpromisingandstartinga new trial canalso
leadto grosslyinflated Typel errorrates— in extreme,this is akinto “samplingto aforegoneconclusion”
(Cornfield,1966). However, recentlyFisher(1998),andShen& Fisher(1999)have proposedhe so-called
“variancespending’methodwherebythe samplesizeandotherfeaturesof the currenttrial canbe modified
while maintainingthe« level, eventhoughthesemodificationsvereunplannedtthestartof thetrial. Other
authorshave proposedsimilar andrelatedmethodghat canadapta designto interim outcomedata. These
includeBauer& Kohne(1994),Proschar& Hunsbeger(1995),Lan & Trost(1997),Cui, Hung & Wang
(1999),Lehmache& Wassmel(1999),Chi & Liu (1999),Denne(2000,2001),Miller & Schafer(2000,
2001)and Wang, Hung, Tsong& Cui (2001). Wassmer(2000) summarizesnd reviews mary of these
articles.In someof thesepapersthe authorsdescribemethodsn which the designis changedn response
to interim resultsaccordingto pre-specifiedules; othermethodsoffer greaterfreedomto adaptto interim
datain anunplannedway. Fisher(1998)emphasizethatthe variancespendingnethodallows mid-course
changesn trial design“undreamedf” beforethe study startedandsuchconsiderationgead him to term
these'self-designingtrials.

In the next sectionwe describean exampleof a trial in which examinationof responsedataat an
unplannednterim analysissuggests larger studyshouldhave beenconductedIn Section3 we shav how

Fishers variancespendingmethodcanovercomethis problem,we explain its equivalenceto othermethods



andpresennen methodologyor deriving aconfidencéntenal onterminationfor themostpartwe confine
attentionto thetwo-stagenethodproposedy Fisher(1998),but we make occasionatemarksonmulti-stage
versions.In orderto assestheefficiengy of thevariancespendingnethodit is necessaryo considelits use
with afully specifiedrulefor revising samplesize.In Section3.4we presenttypical versionof samplesize
rule andin Section3.5we discusgossibleinefficienciesin the variancespendingapproactdueto useof a
non-suficient statisticandvariability in the final samplesize. In Section4 we calculatethe overall power
functionandaveragesamplesizefunctionof this procedureandshawv thatflexibility doesnotcomewithout
aprice. In comparisonye presenstandardyroupsequentiaproceduresvhich provide the samepower for
fewer obserationson average:theseprocedurezould have beenusedhadthe experimentersonsidered
the possibility of a smallereffect sizeandagreecon a minimal clinically significanteffect sizeattheinitial
designstage Ourconclusioris thatmorecarefulinitial planningcanleadto significantsavingsin resources.
Althoughflexible proceduresllow a mid-coursecorrectionto be madein a statisticallyvalid mannerit is
betterstill to determineonthecorrectobjective atthestart.

Notethatthe samplesizere-estimatiomproceduresve considethereshouldnot be confusedwith those
usedwhenthereis an unknavn nuisanceparametersuch as a responsevariance. Thereis alreadyan
extensie literatureon this topic; see,for example,the recentpaperby Whiteheadet al (2001) or, for a
suney, Jennisor& Turnkull (2000,Chapterl4). The proceduresrealsonotto be confusedwith adaptie
designsvheretreatmentllocationproportionscanbe varieddependingon accumulatingesults.Theeven

morenumerougaperon thistopic aresuneyedin Jennisor& Turnkull (2000,Chapterl?).

2 Problemsposedby unplannedinterim analyses

Considera balancedtwo-samplecomparisonin which obserations X 4; on treatment4A and Xp; on

treatmentB, : = 1,2,..., areindependentpormally distributed with commonvariances? and means
w4 andpp, respectiely. We assumehe varianceis knovn and, without loss of generality take o2 to be

0.5. Theparameteof interestis theunknavn differencen treatmenteansf = p 4 — pg, andit is desired
to testthe null hypothesisH: ¢ = 0 againsthe one-sidedalternatve § > 0 with Typel errorprobability
a. Althoughthis problemmay seemunrealisticallysimple,it doesin fact serne asa prototypefor a wide

variety of responsesand methodsdevelopedfor this situationhave wide applicability; see,for example,
Jennisor& Turntkull (2000,Chapter3).

We supposéhe experimentersnitially planafixedsampletestattainingpover 1 — 3 atthe alternatve



6 = 6. Thisrequiresasamplesize

= Lotz W

pertreatmentarm (recall 202 = 1) wherez, = ®~1(1 — p) denoteshe upperp tail point of the standard
normaldistribution.

Now supposédhedataareexaminedat anintermediatestageof thetrial whenafractionr of theplanned
obserationshave beencollected.Denotetheestimateof € computedrom thern obserationspertreatment

accumulategofar by

™™
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Considerthe not uncommonscenarioNhereel is positive but somavhat smallerthanthe effect size § at
which power 1 — 8 wasspecified.If thetruevalueof @ is closeto 6y, it is unlikely that Hy will berejected
— theconditionalpoweraté = 6, is low. However, theexperimentersiow realizethatthe magnitudeof 6
is clinically meaningfulandthe original targeteffect size,s, wasover-optimistic. In retrospectthey regret
not designingthe testto have pover1 — g atf = 6, ratherthanaté = §. Thiswould have requiredthe
largersamplesize£?n, where¢ = 5/51.

A naive approacho “rescue’thistrial would besimplyto increasehenumberof remainingobsenations

oneacharmfrom (1 — r)n to y(1 — r)n, wherey is chosersothatrn + (1 — r)n = £2n, i.e.,

e
Y= 1—p )
andproceedo usethe naive final teststatistic
1 &n
2= Jigm & Xai = Xai)

However, sincetherandomvariable¢ is a function of thefirst stagedata,this Z statisticdoesnot follow a
N(0,1) distributionunderH, andthetestthatrejectsHy, whenZ > z, doesnot have Typel errorratea.
Cui etal (1999)shaw that, typically, the Type | errorrate of sucha testis inflatedby 30% to 40%; using
otherrulesto determinghe secondstagesamplesize,it canmorethandouble— seeProschankollmanné&
Waclawiw (1992, Table4) andProschar& Hunsbeger(1995).

Theexperimentersnay considerthe alternatve option of ignoringthe datacollectedsofar andstarting
acompletelynew trial with alargersamplesize.Not only is this wastefulof databut, asnotedin Sectionl,
persistentiseof this stratgy is liable to producean excessof falsepositive resultsin a mannerakin to the

procesof samplingto aforegoneconclusiordiscussedby Cornfield(1966).



3 L. Fisher'svariance spendingapproach

3.1 Definition

Fisher(1998) hasproposeda methodwhich allows changedo the samplesize at an unplannednterim
analysiswhile still preservingthe Type | error rate. At anintermediatestagewhenrn (0 < r < 1)

obserationshave beenobsened on eachtreatmentirm, define

™

S1=> (Xai— Xpi),
i=1
then
S1

Si ~ N(rnf, rn) and W; = N ~ N(ry/né,r). 2)

In thevariancespendingramevork, W is saidto have spenta fractionr of thetotal variancel in thefinal
z-statistic.

Supposéehe secondstagesamplesizeis now changedrom (1 — r)n to y(1 — r)n, wherey > 0. One
might, for example,choosey to give a total samplesize that would attaina certainpowver at = 61 or
to meeta conditionalpower requirementt 8 = 6:. We shall considera specificrule for choosingy later
but it shouldalsobe rememberedhat Fishers methodallows a free choiceof v without referenceo ary
pre-specifiedule.

Letn* = rn + v(1 — r)n denotethe total samplesizepertreatmentrm, afterrevision, anddefinethe

secondstagevariables

Sy= Y (Xai— Xgi)
i=rn+1

and
,)/71/252

Wy = T

Then,conditionalon thefirst stage data,
Sy ~ N(y(1 = r)nf, (1 - r)n)

and
Wy ~ N(/¥(1—r)vn6,1—r). (3)

The key pointto noteis thatunderHy,: 6 = 0, we have Wy ~ N (0,1 — r) whatever the data-dependent
choiceof v, soW; is independentf thefirst stagedataandof /5.



Thevarianceof W5 , 1 — r, is theremainingpart of the total variancel not alreadyusedby W;. The

variancespendingeststatisticis

S1++71%S,
n

andthis hasa N (0,1) distribution under Hy,. RejectingHy whenZ > 2z, maintainsthe Type | error

Z=Wi+Wy= (4)

probability«, eventhoughy depend®n thefirst stagedata.

To seethatthis testhaspower greatetthana for 6 > 0, write W1 = r{/n 6 + Y1 whereY; ~ N(0, r)
andWz = ,/7(1 —r)y/n6+ Yz whereY; ~ N (0, 1 — r). Here,y is apositve randomvariabledependent
onYi, butYs isindependensf Y;. Thus,for 6 > 0,

Z = Wi +Ws > Y14+Ys ~ N(0,1)

andsotheprobabilitythat Z exceeds:, and Hj is rejecteds greatetthanca.
Thevariancespendingapproactcanbe extendedo allow morethanonere-desigrpoint. Fisher(1998)
and Shené& Fisher(1999) describea multi-stageprocedurein which a final z-statisticis createdfrom
a sequencef statisticsWi, ..., Wk (where K is not necessarilyfixed in adwvance)basedon adaptvely
weightedsamplesums.Under Hy, the conditionaldistribution of eachi¥;, givenits predecessolis normal
with zeromeanandtheir conditionalvariancesumto one. It follows by, for example embeddinghe partial

sumsWi + ... + Wy, in astandardBrownianmotion,thatZ = Wy + ...+ Wk ~ N(0,1).

3.2 Equivalent methods

Cui et al (1999) proposea methodfor modifying groupsizesin the later stagesof a groupsequentiatest
while maintainingthe original Type | errorrate. The following descriptiongeneralizesheir procedureo
allow morethanonere-desigrpoint— althoughin practiceatmostonechangeo atrial’sprotocolmaywell

bedesirable.In the original design,the K groupsizesarerin,...,rxn, wheren is the maximumsample

sizechoserfor thegroupsequentiatestandr; + ...+ rx = 1. In eachgroupk = 1, ..., K, obserations
aresummarizedy the statistic
Sk
Wy = \/—% ~ N(rgv/nb, ry)

whereS;, is the differencebetweensumsof responsesn treatmentsd and B. Whenthe groupk sample

sizeis increasedby afactory;, in responso datain groupsl to k£ — 1, thenew statistic

7% %81

Wi =

()



isformedwhich hasaN(ykfl/zrk\/ﬁe, ri) conditionaldistribution. Thus,underHy: 6 = 0, thedistribution
of eachW}, is unafectedby the changen groupsizeandthe original groupsequentiaboundarycanstill
be usedto give a testwith Typel errorratea. Thefactorfyk_l/2 in (5) appliesthe sameweightingasin
Fishers variancespendingapproach.With a singlere-designpoint, the factors~; areequalto onefor a
certainnumberof groups, say andthenchangeo anew, commonvaluefor groups! + 1 to K. UsingCui
et al's methodin a groupsequentiatestwith two stagesandno early stoppingat the first stageproduces
exactly Fisherstwo-stagevariancespendingest.

If aformalinterimanalysids includedin atrial protocol,onewould expecttheexperimenterso consider
the option of stoppingto rejector to acceptH, atthe interim analysis. Whena variancespendingestis
adoptedbecausef anunplannednterim analysissuchearly stoppingis not strictly allowable. However, if
interim resultsarevery negative, onemay decidefor ethicalor economicaeasongo stopfor “futility” with
acceptancef Hy; indeed,Shen& Fisher(1999)adwcatethe useof suchafutility boundary Thiscanonly
reducethe Typel error, producinga conserative test.

Anothermethodfor adaptinga groupsequentiatestto dealwith data-dependemodificationsto group
sizeshasbeenproposedy Denne(2001)andMdller & Schafer(2000,2001). The key to this methodis
preservinghe conditionalTypel errorprobability given currentdataandthe original experimentaldesign,
whenthefuture courseof thetrial is changedThe following calculationshawvs thatapplyingthis principle
at stageone of a two-stagegroup sequentiatestwith re-calculationof the remainingsamplesize but no
stoppingatthefirst stageyieldsFishersvariancespendingest. With thenotationof Section3.1,if S; = s1

is obseredafterrn pairsof obserations,the conditionalTypel errorprobabilityin theoriginal designis

S S
Pe:o{ 1 2>Za|51=81},

vn
whereS; ~ N (0, (1 — r)n) underd = 0, andthis probabilityis equalto
Za S1
A(s1)=1—-@ ( — ) . 6
(o1 V-7 VAd - ©

With anew secondstagesamplesizeof (1 — r)n pertreatmentarm, Sy ~ N(0, v(1 — r)n) underf = 0
andprobability A(s1) is maintainedoy rejectingH,, for

Sa

. N— -1f9 _ s
\/{7(1_,’,)72} > @ {1 A( 1)}7

a conditionwhich simplifiesto
s1+ 77128,

n

ZC!?



justasin Fisherstest.
Thereis goodreasornwhy all thesemethodsshouldbe equivalent. Integratingover the distribution of

S1, we canwrite the Typel error probability of the original testas

/_O:o A(s1)f(s1)ds1 = a

whereA(sy) is theconditionalTypel errorprobabilitygiven.S; = s; definedin (6) and f is the N (0, rn)
densityof S;. In anadaptie approachthe secondstagesamplesizemayberevisedafterlearningthevalue
of S1, then, after observingSs, Hy is acceptedr rejectedaccordingto a rule statedin termsof S; and
So. Our concernis the natureof this rule. Supposehat undera certainrule the conditionalType | error
probabilitygiven .S; = s; andy(1 — r)n pairsof obserationsin stagetwo is B(s1,). In orderto retain

Typel errorprobabilitya whaterer systemis usedto choosehe secondstagesamplesize,we require

/ O;B(sﬁr(sﬂ)f(sﬂ ds1 = a @

for ary positive functiony. If no changes madeto theinitial design,the original testwill be usedsowe
knov B(s1,1) = A(s1). Supposehereis a setof valuess; of positve Lebesguemeasurefor which
B(s1,7*(s1)) > A(s1) for somepositive function v*, thendefining¥(s1) = ~*(s1) on this setand
¥(s1) = 1 otherwisewould male the left handside of (7) greaterthan«, sowe candeducethat sucha
setof s; valuesdoesnot exist. Likewise, therecanbe no similar seton which B(s1,v*(s1)) < A(s1). It
follows thatfor eachs; (with the possibleexceptionof a setof measureero),B(s1,7) isindependenof v
andequalto A(s;) — andtheprecedingliscussiorshawvs thefinal decisionruleis thereforethatof Fishers
variancespendingest.

SeveralauthorsjncludingChi & Liu (1999)andWassme(1998),have describedhe two-stageestsof
Bauer& Kdhne(1994)andProschar& Hunsbeger(1995)in acommonframevork. In theseprocedures,
the secondstagedesignis chosenin the light of first stageoutcomesand datafrom the two stagesare
combinedaccordingto a pre-specifiedule. Responsefom eachstagecanbe summarizedy a P-value
or z-statisticfor testingthe null hypothesisWorking in termsof the z-statisticsZ; andZ, calculatedrom
stageone and stagetwo datarespectiely, a conditional Type | error function C(z;) is definedwith the
property

| Cldedan = a (8)
whereg¢(z) denoteghe standarchormaldensityatz. Having obsered Z; = z1, H is rejectedn favor of

6 > 0 afterstagetwo if
Zy > &1 - C(z)}

8



or, equialently if the stagetwo P-valueis lessthanC(z1). The condition(8) ensureghe overall Type |
errorrateis equalto «. It may seemsurprisingthat Fishers variancespendingestcanbe describedn the
samemannersinceit is applicablein the absencef ary initial intentto usea two-stageprocedure In this
case the fixed sampleanalysisoriginally planneddetermineghe conditionalType | errorfunction A(s;)

definedin (6) andthis playsthesameroleasC(z;) above.

3.3 P-valuesand confidenceintervals

It is usefulto augmenthe resultof a hypothesigestby statinga P-value for testingthe null hypothesis
anda confidencéantenval for the parametenf interest.In a two-stagevariancespendingestwith no early
stoppingatthefirst stage defininga P-valueof the obsened datafor testingHy: 6 = 0 is straightforvard.
SincethestandardizegtatisticZ definedby (4) hasa standarchormaldistributionunderH, the one-sided

P-valuefor testingH, agains® > 0 is simply
p=1—®(Z2).

Shen& Fisher(1999,p. 197)notethattheir methoddoesnot provide anestimateof 6. In thefollowing,
we overcomethe complicationthat~, andhencethe meanof S;, dependn S; to producea confidence
intenal for 8. This derivation generalizeso Shen& Fishers multi-stagesetting. In a two-stagevariance

spendingest,asdefinedin Section3.1,
S —rnf ~ N(0, rn)

and
7 Y28 — /(1 —7)nd ~ N(0, (1 —r)n)

independentlyf S;. Thus,
S14+77Y28 — {r+ 4 (1—1)}nb ~ N(0, n)
o
Pe{—za\/E < S1+v7 28— {r+ A (1-r)}nb < Za\/ﬁ} =l-«

and,by theusualpivoting argument,

Sl+771/252 Za
{r+/ 71 —r)in {r+ /71 =r)}/n

isal — o confidencaenterval for 6.




This confidenceintenval canalso be derived by inverting a family of testsof hypothesesH: 6 = 6
wherethe critical region of eachtestis definedusingthe conditionalerror probability agumentappliedin
testingH, in Section3.2. This methodhasthe advantageof extendingto the adaptvely re-designedjroup
sequentiatestsof Cui etal (1999).

A more troublesomeproblem arisesif unplannedearly stoppingis introducedat an interim stage,
suchasstoppingfor futility with acceptancef Hy whena positive resultlooks very unlikely. It is then
unclearwhatthe spaceof outcomeghat could have arisenreally is (to specifythis, oneneedso saywhat
the experimentersvould have decidedto do in every possibleeventuality) and this appeardo preclude

constructiorof a confidencénterval with therequiredfrequentistcoverageprobability

3.4 A rule for choosingy

Theprime motivationfor variancespendingestsandrelatedmethodss the desirefor flexible modification
of a trial designin responseo intermediateresultswhen no such adaptationwas originally planned.
Neverthelessit is helpfulto considerformal rulesfor how suchadaptatiormight be carriedout. Examining
the overall propertiesof responseadaptve designsconductedaccordingto specific rules will aid in
understandinghesemethodsandhelpassesghe cost,in termsof efficiengy, of thisflexibility .

As before we denoteby 6; = Sy /(rn) theestimateof § computedrom rn obserationspertreatment
armobsenedatanunplannedintermediatexnalysisanddefinet = 5/51. Fisher(1998)discussesa stratey
for choosingy to obtainconditionalpover 1 — 3, giventhedataobseredsofar, if in factd = 6/¢ = 6. In

theoriginal fixed sampleest,the conditionalpower given.S; = s; underé = 0 is

@{{r—i—ﬁ(l — ) }/nb; —za}

V-1

andequatinghis probabilityto 1 — 3 gives

(VI =725 + 20 — ry/n0)?

(1-r)2n 5%

Y= )

Sometruncationmaybenecessarto ensurghaty is positive but doesnotexceedareasonablepperbound.

We shall pursuethe alternatve proposalby Cui et al (1999) of equatingthe total samplesizeto that
which would achiere unconditionalpowver 1 — 3 for atruevalueof 6 equalto 61, but we adaptthisrule to
allow for the specialweightingof the secondstagedata. Supposey werefixed andindependenof thefirst

stagedata.ThenW; andW>, would beindependenand,by (2) and(3),
Z =Wi+ Wy ~ N{r+,~(1—-r)}/nb,1).

10



A fixedsampleestdesignedrom theoutsetio achieve power1— 3 atd = §/¢ would have £2n obsenrations

pertreatmenarmandusea standardizedeststatisticZ’ with distribution
Z' ~ N(Ey/n6,1).

Equatingthemeansf Z andZ’ gives

E=r+7(1-r1)
or, equivalently
_ (Y’
v = (1 — r) . (20)

If 6; is smalland positive, £ andy will bevery large. Thus, it is advisableto boundthe value of £ used
in (10). Sincea smallpositive valueof # may give rise to negative valuesof 61, themaximalvalue of v is
alsoappropriatdor negative 0. (However, if 0 is sufficiently low, one may chooseto abandorthe trial
for futility andstopat this pointwith acceptancef Hy.) If 8; > &, then¢ < 1 andtheabove rule leadsto
v < 1,i..e.,adecreasé thesecondstagesamplesize. Thisis quiteacceptabléut atleastsometruncation

is necessaryo keepy positive. With thesemodificationswe obtainthe generakule

. 2
_ 8,) —
1(6) = <—5(11) ) a1
-T
where
M for 6y/§<M!
£01)={ 6§/6, for M1<@/§<h! (12)
h for 61/6 > h L.

Thevaluesof y generatedby thisrulelie in therange(h —r)2/(1—r)2to (M —r)2/(1—r)2. Whenh = 1,

no decreasés allowed from the originally plannedsamplesize,n.

3.5 Propertiesof variance spendingtests

By design,a variancespendingesthasType| error probability «. Furtherpropertiesdependon how the
samplesizeinflation factor- is choserin thelight of first stagedata. Thefactthatthefinal teststatisticZ
definedby (4) is not a function of a sufficient statisticfor 8 givessomecausefor concern.Of course the
unequalweightingof first and secondstageobsenrationsis necessaryo ensureindependencef W; and
W> and,indeed,the agumentof Section3.2 shavs the final testmusthave this form if Typel errorrate

« is to be maintainedwhenunplanneddesignchangedake place. Neverthelessit is instructive to make

11



Tablel: Inefficiency of avariancespendingestwith » = 0.5, asgiven by equation(13), andrelative cost

of re-startinghetrial afreshwith increasegower.

£ 0.5 0.6 0.8 1 2 3 4 10 oo
Inefficiengy of Z 2 144 106 1 125 144 156 181 2
Relatvecosttore-start| 3 2.39 1.78 150 1.12 1.06 1.03 1.01 1

comparisonsvith trial designghe experimentergouldhave choserhadthey anticipatedhe possibilityof a
smallereffect sizebeforecommencinghestudy

An initial measuref possibleinefiiciengy canbe obtainedfrom the derivation of therule for choosing
~ in Section3.4. There,we notedthat the samplesize neededor a fixed sampletestdesignedo achieve
power1 — 3 atf = §/¢ is £2n pertreatmenarm,wheren is givenby (1). In contrasta variancespending
testadaptinganinitial designwith powver1 — 3 até = § whenan estimated; = §/¢ is obsered at an
interim analysisrequiresn* = {r + y(1 — r)}n obserationsperarmwherey = (¢ — r)2/(1 — r)2. The

inefficiengy of the variancespendingestis thus

{rﬂgn_ nin {r+ (51_—?‘}5%' (13)

Table 1 shavs numericalvaluesof this measureof inefficiengy for the caser = 0.5, i.e., whenthetrial is

re-designedhfter half the originally plannedsamplesize. In the limit as¢ — oo, the secondstageterm
W contrilutesessentiallyall theinformationaboutf andthisis dilutedby addingl¥; which hasthesame
variancebut, by comparisonhgjligible informationaboutd; the situationis reversedas¢ decreaseso
r = 0.5 where,in thelimit, all theinformationaboutf comesfrom W;.

Particularly when ¢ is much greaterthan 1, experimenteranay be temptedto abandonthe original
experiment discardthe obserations,andstarta new fixed sampletrial with powver1 — g atf = §/£. This
new trial would requireé?n obserationsper treatmentarmin additionto the r» in the abandonedtudy
The*“relative cost”in the bottomline of Table1 is theratio of thetotal samplesize,rn + ¢2n, involvedin
this stratgy to the samplesizeof ¢2n neededy a fixed sampletestdesignedrom the outsetwith power
1—patd =6/¢&. When(é —1)2 > 1 —r,i.e.,,when¢ > 1.71 for thecaser = 0.5, startinga freshtrial
would be moreefficientthanusingthevariancespendingest. However, asmentionedreviously, thisis not
really avalid optionsinceit inflatesthe overall Typel errorrate.

The“inefficiencies”in Tablel aresuggestie of thecostof usinganon-suficient statisticin thevariance

spendingmethod. They do not, however, take accountof the variability in 6; asan estimateof 6 andthe

12



resultingrandomdistribution of thefactory. A properassessmerf the overall performancef avariance
spendingtestrequiresintegration over the distribution of 61, which is normalwith meané andvariance
1/(rn).

If anything, thevariationin secondstagesamplesize could have a detrimentakeffect. Considera study
with a randomsamplesize of N obsenrationspertreatmentarm, whereN is not itself influencedby the
obsenrationsvalues.A hypothesigestof Hy: 6 = 0 conductedvith Typel errorratea conditionalon the
valueof N haspower

E{®(VN 6 — z,)}.

Since®(z) is anincreasingconcae functionof z forz > 0 andv/'N 6—z, isconcaein N, theconditional
pONercb(\/Ne — z4) iIsconcaein N wheny/'N 6 — z, > 0, i.e.,for valuesof N whichgive power atleast
0.5. It follows by Jensers inequalitythat,when N variesin this rangeoverall pover is maximizedif N is
equalto its expectationwith probabilityone,i.e., whensamplesizedoesnotin factvary. Undertheinitial

design,thereis a goodchanceof distinguishingbetweenthe case® = 0 andé = § usinga sampleof n

obserationspertreatmentarm. At anintermediatestagewith only a fraction of theseobsenrations,f; is
liable to vary over therangezeroto 4, leadingto considerablevariationin the samplesizeimplied by (11)
and (12). We shouldnot, therefore be surprisedif a variancespendingtesthasratherlow power for its
expectedsamplesize.

Thepower of thevariancespendingestcanbecalculatedas
Po{Rejectto} = Po{Z > 2} = [ Po{Z > 20 | 81} s(B1) dBi. (14)

It follows from the definitionof Z andthe distribution of W5 statedn (3) that

rym
V=)

Jo(B1) = \/g eXp{—%(él - 0)2}

and hence(14) can be evaluatednumerically The expectedsamplesize per treatmentarm or Average
SampleNumber(ASN) is

Pe{Z > zq |§1}=CI>{ [9\1-1-\/{7(51)(1—7’)71}6’—27&}.

Vi-7)

Thedensityof 6; is

ASN= E(n*) = rn + (1 — r)n/’y(gl)fg(é\l) db,

which, again,is readily evaluatedoy numericalintegration.
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In the next sectionwe shall apply the above formulaeto evaluatethe power functionand ASN curve
of arepresentatie exampleof a variancespendingtest. We thenusetheseresultsto assesshe price one
may have to pay for the flexibility of the variancespendingapproachas comparedo otherlessflexible

procedures.

4 An example

4.1 Samplingand stoppingrules

We shall usethe following exampleto evaluatea typical variancespendingestby the standarctriteria of
power and expectedsamplesize functions. The original planis for a fixed sampletestand samplesize
is modified at an intermediateanalysisusingthe adaptatiorof Cui et al's (1999) samplingrule described
in Section3.4; early stoppingintroducedat the interim analysisallows Hy to be acceptedor suficiently
poorresponsesAlthoughtheresultspresentedherearefor this singleexample we have foundvery similar
resultsin a variety of other examplesusingdifferentvaluesof r, M andh, or calculatingsecondstage
samplesizeby the conditionalpower formula(9) proposedy Fisher(1998).

As before,obserationson treatmentsA and B are distributedas X4; ~ N(ua,0.5) and Xp; ~
N(up,0.5), interestis in the parametep = p4 — pp, andthe null hypothesisH: 6 = 0 is to be tested
againstheone-sidedlternatve > 0 with Typel errorratea = 0.025. In thenon-sequentigkstoriginally

plannedpower1 — 8 = 0.9 is setatf = §, requiringa samplesize

(za +23)% 1051
n = =

52 52

pertreatmentarm. Intermediatedataare examinedhalfway throughthetrial, i.e.,» = 0.5, andthe second
stagesamplesizeis inflatedby thefactory((?l) definedby (11) and(12) usingM = 4 andh = 0.5.

Specifically 6, is calculatedrom thefirst n /2 obsenrationspertreatmentye define

4 for 61/6<0.25
£€=< 6/, for 0.25<6,/6<2

0.5 for 51/5 > 2,

andafurthery n/2 obserationsaretakenoneacharmwhere

v =4(£—0.5)2
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The secondstagesampleincreasesf 61 < 6, remainsunchangedif 6; = &, anddecreases 6; > 5. The
inflation factor+ lies in the intenal (0,49) andthe total samplesize,n* = (1 + v)n/2, is boundedby
(0.5 4 49 x 0.5)n = 25n.

Thenull hypothesiss rejectedn favor of 8 > 0 if

S1 47128,
= -z
/n > 20.025
where
n/2 n*
SIZZ(XAi_XBi) and S; = Z (XA,'—XB,').
i=1 i=n/24+1

As it standswheneer 8; < 0.25§ this rule gives¢ = 4 andy = 49, the value associatedvith a
testachiering pover 0.9 at = 0.254. In orderto save samplesize whenthereis little prospectof a
positive outcomewe adda futility boundaryat thefirst stagewhich stipulatesstoppingto acceptHj if the
conditionalprobabilityof rejectingHy underd = 0.25 § andwith v = 49 is lessthan0.8, aconditionwhich
is metwhend; /§ < —0.1735.

At the otherextreme,substituting§1 = 2§ into theformula¢ = 5/51 gives¢ = 0.5 andy = 0.
The N (,/yn/2,n/2) distribution of ~~1/28, tendsto a N (0,n/2) distribution asy approacheserosowe
simply take y~1/2S; ~ N(0,n/2) for thecaset = 0.5 arisingwhen§1 > 24. In practiceonemight prefer
to take a singleobsenation on eachtreatment— but as+ will besmall,the expectationof y~1/25, will be

closeto zeroandthemainrole of thistermis still to contritutethe requiredamountto the varianceof Z.

4.2 Power and ASN functions

Figurel shavs the power functionof thevariancespendingestalongwith thatof the original fixed sample
sizetest.It is evidentthatthevariancespendingesthasbeensuccessfuin increasingoower over therange
of 8 values.After asharpinitial rise,its powver functionincreaseslowly asé movesfrom around0.3 6 to §
andtheoverall shapeof the power cuneis quitedifferentfrom thatof ary fixed sampletest.

The agumentof Section3.1 that power is greaterthana for all positive 6 doesnot readily extendto
prove thatthe power functionincreasesnonotonelywith 6. Indeed,a generalresultis not possiblesince
examplesexist wherepower is not monotone The power functionin Figure2 is for a samplingrule similar
to our examplebut with ¢ replacedoy the maximumof €2 and0.5: afterrisingto 0.914 até = 0.8 §, power
falls backto 0.884 at6 = 1.4 § beforestartingto increaseagain.

It is possiblethat

Sy +4"Y28y > z44/n (15)
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Figurel: Pawer of the variancespending(VS) testandthe originally plannedfixed samplesizetestwith

power0.9 até = 4.
1,
0.9

0.8

0.3 0 VS test

0.2 * fixed test
0.1
4 1 1 1 1 1 |
O0 0.2 0.4 0.6 0.8 1 1.2
0/d
andthevariancespendingestrejectsH, while
S1 4+ 852 < zoVn* (16)

anda standard:-testcalculatedrom all n* obserationspertreatmentwould notreject Hy. Denne(2001)

notesananalogougproblemin adaptve groupsequentiatestsandwe may chooseto follow his suggestion
for suchasituation,rejectingH, only if both conditions(15) and(16) aresatisfied. Althoughthis lowers

bothTypel errorrateandpower, theeffectis surprisinglysmallandthe maximumreductionin thevariance
spendingest’s power atary pointis lessthan0.02.

Figure3 comparepropertief the variancespendingestwith thefixedsampletestthathaspower0.9
atd = 0.64. Theleft handpanelshavs the differencein the shapesf the two power cures, the fixed
sampleesthaving thegreatempowerfor 6 > 0.6 § but thelower pover, by somemaigin, atsmalleré values.
The ASN per treatmentarm of the variancespendingtestis plottedin the right handpanelof Figure 3,
expressedn unitsof n = 10.51/§2, the numberof obserationsperarmoriginally planned.The steeprise

in ASN asf decreasesom § towardszerois in keepingwith thegoalof asamplesizeinverselyproportional
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Figure2: Non-monotongower functionof anadaptvely definedtest.
1
0.9
0.8

0.7

0.3
0.2

0.1

0 1 1 1 1 1 1 1 1 1 ]
0 0.2 0.4 0.6 08 1 12 14 16 18 2
0/0

to 62 for 6 between0.25§ and2 § that motivatedthis samplingrule. The variationin ASN is substantial
with valuesaroundl2n for 8 nearzerocomparedo 3n or lessfor 8 > §. In contrastthefixed sampletest
hasconstantsamplesizeof n/0.62 = 2.78n. If it hadbeenrealizedat the outsetthat greaterpover was
desirablethis fixed sampletestwould have beenan attractive candidatepffering broadlysimilar gainsin

power to the variancespendingestfor agenerallylower samplesize.

4.3 Lack of efficiencyof the variance spendingtest

In Section3.5we presentedh measuref possibleinefficiency in the variancespendingestdueto its use
of a non-suficient statisticfor 6. The high ASN seenin Figure 3 relative to that of a fixed sampletest
with broadlysimilar powver curwe is further evidenceof suchinefficiengy. Figure4 compareghe variance
spendingest’s ASN functionwith thefixedsamplesizeneededo obtainthe samepower at eachindividual
value of . Sincethis fixed samplesize varieswith 8, the valuesplottedon the line labeledFSSdo not
representhe ASN curve of ary particulartest, but this is still a reasonablgoint of comparison:mary

sequentiahndgroupsequentiatestswould have alower ASN at eachvalueof 8 in sucha comparison.

17



Figure3: Pover andASN of thevariancespendingVS) testanda fixed samplesizetestwith power 0.9 at
6 =0.66.
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0.6 0.6
0/d 6/d

ASN scaleis in multiplesof n, the samplesizeoriginally choserto give power 0.9 até = 4.

For general, if thevalueof v wereindependenof S1, the expectationof

S+ ’)/_1/252
n

wouldbe {r 4+ \/7(1 — r)}/n 6, whichis the sameasthe expectationof a standardizedtatistichasedon

7 =

{r + v7(1 — r)}*n equallyweightedobsenrations per treatmentarm. We thereforedefinethe effective

samplesizein thevariancespendingestas

Neg ={r+ /71 - r)}2n.

A little algebrashavsthat Ngg is alwayslessthanor equalto theactualsamplesizen™ = {r + (1 —r)}n
with equalityonly wheny = 1. The averageeffective samplesize for our exampletest(with » = 0.5),
labeledESSin Figure4, lies belov the ASN but, for the mostpart,above the equivalentfixed samplesize,
FSS.Thus,at mosté values,power is still lessthanone might expectgiven the averageeffective sample
size.

Theremaininglack of powver canbeattributedto thevariability in Ngg, alongthelinesof thediscussion

of variablesamplesizein Section3.5. As anexample,considetthecased = 0.5 §. Thedensityof 6: when
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Figure4: ASN andaverageeffective samplesize(ESS)of the variancespendingestcomparedo thefixed

samplesize(FSS)neededo obtainthe samepower at eachindividual valueof 6.
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12

=
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o]
=

Expected sample size

N

Samplesizescaleis in multiplesof the original fixed samplesize,n.

6 = 0.56 is shawvn in theleft handpanelof Figure5 andtheresultingdistribution of Ngg in theright hand
panel. This distribution comprisesa densityplustwo point probability massesrisingfrom £ = 0.5 and4,
for whichy = 0 and49 and Ngg = n/4 and16n respectiely. The averageeffective samplesize,6.17n,
is noticeablylessthanthe ASN of 9.00n. A sizea = 0.025 fixed sampletestwith 6.17n obserationsper
treatmentarm haspower 0.981 atf = 0.546. If, however, atestis carriedout with a randomsamplesize
takenfrom thedistribution of Ngg usinga conditionalsignificancdevel o giventhe obsered samplesize,
its overall power is only 0.703. Thevariancespendingest’s power of 0.848 lies betweerthesetwo values,
indicatingthatit suffersfrom the effectsof the variablesamplesizebut thesearepartly amelioratedy the
way in which~ depend®n S;: low valuesof v arechoserwhen.S; is highandgoodconditionalpower can
be achieved with a smallnumberof additionalobserations,while high valuesof v occurwhen S; is low
anda higherstagetwo samplesizeprovidesa substantiatisein conditionalpower. We note,however, that

this beneficialeffectis of limited valuesince,astheline FSSin Figure4 shavs, afixed samplesizeof just
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Figure5: Densityof 61 whend = 0.56 (left panel)andconsequendistribution of Ngg (right panel).

p=0.22
=0.0003
: : : : P O + + +
0 5 0.25n 16n
Densityof 6, is Neg hasadensityon (0.25n,16n) plus
N(0.56,262%/10.51) pointmassest Ngg = 0.25n and16n.

3.40n perarmis all thatis neededo achiere the variancespendingest’s power of 0.848 in asimple,fixed
sampletest.

Onecanaskwhetherbetterresultsmight have beenobtainedf thefirst andsecondstagedatahadbeen
combinedhroughsomeotherteststatistic.As explainedin Section3.2,useof suchatestis only allowable
if designatedn the initial protocol,thus, this is not a legitimate option in the scenarioof an unplanned
interim analysisin whatwasintendedto be a simplefixed samplesizetrial. Bauer& Kéhne(1994)use
R.A. Fishers methodfor combiningP-valuesfor a one-sidedestof Hy: # = 0 agains¥ > 0. Thefirstand

secondstageP-valuesare

p1=1-2(S1/\Arn}) and pr=1-&(S/v{y(1 -r)n}),

respectiely. Under Hy, — log(p1 p2) hasa x? distribution on 4 degreesof freedom,so a hypothesigest

with Typel errorratea canbe obtainedby rejectingH if

pip2 < ezp{—xi.},

wherexﬁ,p denoteghe upperp tail pointof ax2 distribution. For o = 0.025, thecritical valuefor p; ps is
0.0038. Combiningthis rule with the samplingrule of our example,producesa fairly similar powver curve

to that of the variancespendingest: the curvescrosstwice betweerf = 0 andf® = § andarewithin 0.03
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of eachothereverywhere However, thepower of Fishers combinatiortestdoesapproaclonemorerapidly
andthedifferencebetweenfor example,power 0.961 for Fisherstestand0.989 for thevariancespending
testatd = 6 maybe regardedassignificant. More might have beenexpectedof Fishers combinationtest
in view of the very goodpower propertiesof this testin a simplerapplicationreportedoy Bauer& Kohne
(1994, Table3); howvever, it shouldbenotedthatthedesignin our example,in particulartherule for stopping

for futility atthefirst analysisjs nottailoredto Fisherstest.

4.4 Competing group sequentialtests

In Section4.2 we comparedhe variancespendingtestwith a fixed sampletestachiering similar overall
power. This fixed sampledesigncould have beenchoserif the experimenterdiadanticipatedhe needfor
greatempower. In this case thereareotheroptionstoo: groupsequentiatestscansatisfyerror probability
requirementsvith lower averagesamplesizethanfixed sampletests.Error spendinggroupsequentiatests
area currentlypopularchoiceandhave theability to dealwith variationin obsenedgroupsizesabouttheir
intendedvalues. We shall presentesultsfor one-sidederror spendingestsin the “ p-family” describedy
Jennisom& Turnkull (2000, Section7.3); for simplicity, we presentresultswhengroupsizesareactually
equalto their plannedvalues.Thetestsdescribedelav arechoseno dominatethe variancespendingest
in termsof bothpowver andASN for 8 valuesin theregion of primaryinterestbetweerzeroands.

Thetwo-stagepne-sidedyroupsequentiatestshavn in Figure6 hasTypel errorrate0.025 andpower
0.9 até = 0.334. Theform of stoppingboundaryis quite standardnamelya p-family error spendingest
with p = 1. An unusualffeatureof the designis thetiming of the first analysisafterjust2.5n obserations
pertreatmentpnefourth of the maximumsamplesize:this allows suficiently early stoppingto make good
reductionsn ASN at parametewaluesnearf = §, wherepower is very closeto one. Settingpower 0.9 at
6 = 0.33 § ensureghatthe groupsequentiatest’s power curve lies completelyabove thatof the variance
spendingest. The left handpanelof Figure7 shavs that, in addition, the group sequentiatest provides
mud greaterpower for valuesof § around0.3 § andabove. At thesametime, the ASN curvesin theright
handpaneldemonstratéhatthisis achiered with considerablyower averagesamplesize. Furthermorethe
group sequentiatests maximumsamplesize of 10.0n pertreatmentarmis far belov that of 25n for the
variancespendingest.

A two-stagegroupsequentiatestis comparablavith the variancespendingestin thatbothhave atotal
of two analyses However, the variancespendingesthasthe freedomto vary the secondstagegroupsize

in thelight of first stagedatawhile that of the groupsequentiatestis pre-determinedCarefultiming of a
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Figure6: A two-stagepne-sidedyroupsequentiatestof Hy: 6§ = 0 with Typel errorrate0.025 andpower

0.9 até = 0.334.
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/
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Samplesizescaleis in multiplesof the original fixed samplesize,n.

groupsequentiatests early analyseselpsattainlow averagesamplesizesat the highervaluesof 6, where
power is closeto one. This is evidentin the above two groupdesignwherethefirst analysisis setat one
quarterof the total samplesize. The five andten-stagepne-sidedyroup sequentiaboundarieshavn in
Figures8 and9 arealsofor p-family errorspendingestswith p = 1. Bothtestshave Typel errorrate0.025
andpower 0.9 at® = 0.33§ andtheir powver curvesareindistinguishablgrom that of the two-stagetest
in Figure6. The five-stagaesthasits first analysisat onetenthof the total samplesize,with equalgroup
sizesthereafterwhile the ten-stagaesthasten equallysizedgroups. The ASN curnesin Figure 10 shaw
the usualimprovementsn ASN arisingfrom morefrequentanalysesandparticularimprovementat higher
valuesof 6, helpedby the additional,well placed,early analyses.Again, the maximumsamplesizesper
treatmentarm of 11.4n for thefive grouptestand11.9n for thetengrouptestarewell below thevariance
spendingest’s 25n.

Thesecomparisonsvith standarayroupsequentiatiesignsliustratethe costof flexibility in thevariance
spendingapproach. The increasedoover and reducedsamplesize of the group sequentialtestsargue

eloquentlyfor more careful consideratiorof the appropriatepover requirementwell beforea trial gets
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Figure7: PaverandASN curvesof thevariancespendingVS) testandtwo-stagegroupsequentiatest.
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ASN scaleis in multiplesof the original fixedsamplesize,n.

underway.

5 Discussion

Thereis no disputethata variancespendingestcanrescueatrial from a poorinitial design.Theflexibility
of thesetestscanalsobe usedto adapta trial to a changein treatmentdefinition (suchasa newv dosage
or selectionof one dosefrom the rangeof dosesusedinitially), or to the substitutionof an alternate
endpoint;see for example Bauer& Koéhne(1994),Bauer& Réhmel(1995),Fisher(1998)andLehmacher
& Wassmer(1999). In anotherform of adaptationWang, et al (2001)useCui et al's (1999) methodto
createa groupsequentiatestwhich canswitchadaptvely betweerhypothesigestsof superiorityandnon-
inferiority.

It may notbe soolviousthatthis flexibility cancomeat a substantiaprice. Our evaluationshave been
in the context of changinga trial’s samplesizein mid-coursein orderto attainpower at a smallereffect
sizethanoriginally anticipated.The messagéereis clear: avariancespendingestcanrequiremary more

obserationsthana groupsequentiatestwith superiorpowver. Thus,consideratiorshouldbe given at the
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Figure8: A five-stagepne-sidedyroupsequentiatestof Hy: 6§ = 0 with Typel errorrate0.025 andpower
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Samplesizescaleis in multiplesof the original fixed samplesize,n.

planningstageto whatis desirabldor thefull rangeof possibleeffectsizesjncludingthosedeemedinlikely
atthatpoint.

The exampleof a variancespendingeststudiedin Section4 hasa singlere-designpoint andlimited
opportunityfor early stoppingat this time. Fisher(1998)andShen& Fisher(1999)alsoproposedesigns
with morefrequentre-assessmeff the target samplesize. Cui et al (1999)follow a differentapproach,
incorporatingsamplesizechangesvithin aninitial groupsequentiatestwhich canterminatewith rejection
or acceptancef Hj atary stage We areinvestigatinghesemethodgooandshallreportonthemelsavhere.

Aslongastheexperimentersbbjectvescanbeproperlyestablishedttheoutsettherearegoodreasons
to expectstandardyroupsequentiatlesigngo dominatevariancespendingests.Knowing the correctgoal
helpsdesigrthetrial efficiently, useof asufiicientstatisticis in keepingwith fundamentaprinciples,andone
canchoosdrom testsoptimizedto a selectionof criteria(seeBarber& Jennison2001).Variancespending
testshave the specialfeaturethat future groupsizescanbe adaptedo previously obseredresponsesThe
extensionof groupsequentiateststo “sequentiallyplanned’designgproposedy Schmitz(1993)provides

this property which may be of value whenonly a small numberof groupsare permitted. However, we
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Figure9: A ten-stagepne-sidedyroupsequentiatestof Hy: 6 = 0 with Typel errorrate0.025 andpower
0.9 até = 0.334.
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Samplesizescaleis in multiplesof the original fixed samplesize,n.

shouldnot let consideratiorof thesemorecomplex designsobscurethe excellentperformanceseenin our

example,of standardyroupsequentiatestswith pre-specifiedjroupsizes.
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