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This dissertation presents three essays on digital platforms and market ma-
nipulation, and investigates the economic impact of social media platforms on
manipulation and coordination in the financial markets, as well as their influ-
ence on marketing and business models.

This first essay, “Media Trading Groups and Short Selling Manipulation”,
models how chatroom traders, forming a coalition via social media platforms,
influence the stock price in the presence of large and strategic short sellers.
The economic consequences of this dynamic game are studied in a micro-
founded quasi-competitive equilibrium framework, which is new to the liter-
ature. Various equilibrium phenomena arise, including price bubbles, short
squeezes, forced liquidations, and precautionary savings by the large trader.
Media groups discipline the large trader’s incentive to short sell, but it can ei-
ther increase or decrease market efficiency. Additionally, it uniformly improves
social welfare under the belief-neutral welfare criterion.

The second essay, “Index Design: Hedging and Manipulation”, studies op-
timal index design to both facilitate hedging and alleviate illegal manipulation
in a competitive equilibrium paradigm, modified to deal with manipulation.
Specifically, a large trader is trading both derivatives and assets, and effectively

hides her trades behind the competitive market clearing mechanism. Unlike



the strategic game paradigm, a volume-weighted average pricing (VWAP) in-
dex both introduces basis risk and encourages manipulation because of the ad-
ditional randomness in volume weight and the greater price impact enjoyed by
the large trader. In contrast, an equal-weighted average pricing (EWAP) index
both preserves market completeness and discourages manipulation.

The third essay, “A Model of Influencer Economy”, studies an influencer
economy in which brand owners and sellers depend on influencers to at-
tract consumers (who cares about influencer affinity as well as product qual-
ity), while competing in both influencer and product markets. As technolo-
gies governing marketing outreach improve, the equilibrium features non-
monotonicities in influencer market concentration, payoffs, and distributional
inequality. Influencer heterogeneity and horizontal product differentiation are
substitutes; small style differences complement vertical product differentiation
while large differences substitute. Moreover, assortative matching between sell-
ers and influencers occurs under endogenous influence, with the maximum
horizontal differentiation principle recovered in the limit of costless style se-
lection. Meanwhile, the sellers” bargaining power counteracts the influencers’
tendency to over-invest in influence power and they jointly determine the di-
rection and magnitude of the sub-optimal acquisition. Finally, regulations for
balanced seller-influencer matching can encourage seller competition under sin-
gle dimensional seller-influencer heterogeneity. But uni-directional exclusivity
contracts are welfare-improving for sufficiently differentiated products and un-

congested influencers’ markets.
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CHAPTER 1
MEDIA TRADING GROUPS AND SHORT SELLING MANIPULATION

1.1 Introduction

Although the American securities” industry folklore includes many stories of
price bubbles, market manipulations, corners, and short squeezes, the recent
high profile GameStop trading craze and other “meme” episodes have again
raised issues regarding the need for new security market regulations to deal
with market manipulation, corners, and short squeezes because of the newly
emerged media trading groups.! This paper constructs a model of such market
episodes to provide some insights into the relevant issues of market efficiency

and the need for regulations.

We construct a competitive equilibrium model with strategic trading to ad-
dress these concerns. In our model, chatroom traders can form a coalition via

social media platforms to influence the stock price by their collective trades.?

1See, Wall Street Journal, February 4, 2021, “Regulators Say Market Infrastructure Was Re-
silient in GameStop Frenzy”; Wall Street Journal, February 27, 2021, “GameStop Resurgence Re-
inforces New Reality for Hedge Funds”; and Wall Street Journal, June 3, 2021, “Meme Rally Lifts
Unlikely Winners”.

2What differentiates a social media group from the classical literature on coordination in fi-
nancial markets, such as Morris and Shin (1998) with currency attacks? For example, when
Soros “broke the Bank of England”, he effectively coordinated hedge funds and other financial
actors to challenge the UK’s currency peg. More generally, large investors make public an-
nouncements of their short positions, explaining why they shorted a particular asset, to attract
more investors to move prices to profit quicker from their trades. There are two key differences.
One, the general-purpose technology like digital media platforms lowers the physical commu-
nication costs and makes coordination easier. Two, there exist less incentive conflicts in trading
among chatroom day traders. In particular, large investors have competing interests when they
trade in multiple markets, and thus they engage in strategic information transmission and they
can only trust other investors’ actions, rather than their words, as in the observational learning
literature (see, e.g., Bikhchandani et al. (1992)). In contrast, chatroom day traders have less com-
peting interests, and thus it is more likely for them to share their private information truthfully



Large short sellers exist who strategically short the stock. These large short sell-
ers’ trades have an impact on the price which enables them to manipulate the
market. The economic consequences of this interaction are analyzed. As such,
our model serves as a first approximation to the recent GameStop media frenzy

episode.

Various equilibrium phenomena arise in our model, including price bub-
bles, short squeezes, forced liquidations, and precautionary savings by the large
trader. The market dynamics in our incomplete information game proceed as
follows. First, the large trader chooses an optimal short position, given her be-
liefs about media group formation, and the stock market clears in a competitive
equilibrium. Second, if a media group forms, a coordinator is selected to in-
crease the media group’s price impact, and the market clears again. This price
increase results in the shorts receiving a margin call, which may require them
to partially liquidate their positions. If so, the stock price increases again, and
a price bubble and short squeeze results. In the final time period, all partici-
pants liquidate their positions. This uncertainty about media group formation
generates a non-trivial trade-off for the large trader between the size of her ma-
nipulative short position and precautionary savings to guard against a potential

short squeeze due to an unexpected price bubble.

Central to this equilibrium is the mechanism underlying the media group’s
coalition formation and the selection of a media delegate to choose a media
impact parameter. A (hypothetical) media impact parameter proxies for the vis-
ibility of the media group’s participation in buying the stock. The stock price in

the next period increases if the media group’s impact parameter is large enough.

and benefit from the “wisdom of the crowd”.



The sequence underlying this coordination mechanism is as follows. First, na-
ture determines whether a media group forms with a certain probability. Sec-
ond, if formed, a trader is selected to post the media impact parameter’s value,
and observing this parameter, each small trader decides whether or not to pro-
mote the stock himself on social platforms. If enough small traders choose to
participate, the stock price increases in the next period due to the price impact
of the media group’s trade. In conjunction, when coordination is successful, the

media group coalition has a price impact similar to that of a large trader.

Given the probability of a media group forming, there are three possible
cases. First, if the large trader’s initial wealth is large enough and the cost of a
forced liquidation is low, then the large trader’s optimal short position is given
by an unconstrained optimum. In this case, the media group has no direct de-
terrence effect on short selling and a price bubble does not occur. Second, if the
large trader’s initial wealth is too low and that the cost of a forced liquidation
is high, the optimal position is given by the maximum affordable short position
without triggering a forced liquidation. Here, the existence of a media group
has the strongest deterrence effect on short selling. A small price bubble occurs.
Third, if the large trader’s initial wealth and the cost for a forced liquidation are
both low enough, the larger trader tolerates a certain degree of short squeezes
to reap the high profits from shorting. Here, the existence of a media group has
only a weak deterrence effect on short selling, but when a forced liquidation

occurs, a larger price bubble arises.

With respect to allocational efficiency, media groups reduce allocational ef-
ficiency when the average trader is over-optimistic, and the stock is overpriced

before the short selling occurs. In contrast, media groups improve allocational



efficiency when the average trader is over-pessimistic, and the stock is under-
priced before the short selling manipulation. If media groups are not overly
optimistic, our theorems show that media group coalitions provide an impor-
tant deterrent to short seller bear raids and thus enhance market efficiency. De-
pending upon the circumstance regulations to prohibit media group coalition
formation may not be needed. Using a belief-neutral welfare criterion, we show
that media groups discipline the large trader’s incentive to short sell, and it
uniformly improves social welfare. Again, the implication is that increased reg-

ulations to prohibit media group coalition formation are probably unnecessary.

An outline for this paper is as follows. Section 1.2 reviews the literature. Sec-
tion 1.3 presents the model. Section 1.4 provides a micro-foundation for media
visibility, and explains how the media group presence generates short squeezes.
Section 1.5 establishes the existence, uniqueness, and comparative statics of the
quasi-competitive equilibrium, as well as its empirical implications. Section 1.6
extends the model to include generalizations of the model’s assumptions, and

the conclusion is given in section 2.8.

1.2 Literature Review

The existing literature dealing with speculation and manipulation can be
broadly categorized as either trade-based or information-based, and our paper
is more closely related to the first strand.® Trade-based manipulation functions

through “runs”, i.e., buying or selling alone (Hart, 1977; Fischel and Ross, 1991;

3See Putning (2020) for a complete survey, which further divide manipulation into
information-based, trade-based, action-based, order-based, and benchmark manipulation.



Jarrow, 1992; Allen and Gale, 1992; Allen and Gorton, 1992; Chakraborty and
Yilmaz, 2004a,b; Goldstein and Guembel, 2008; Williams and Skrzypacz, 2020),*
whereas information-based manipulation involves spreading misleading infor-
mation (Vila, 1989; Kumar and Seppi, 1992; Benabou and Laroque, 1992; Gerard
and Nanda, 1993; Bagnoli and Lipman, 1996; Van Bommel, 2003; Chakraborty
and Yilmaz, 2008). Our paper adds to this vast literature by modeling media

trading groups.

Second, our paper is also related to the literature on bubble creation via short
sale constraints under heterogenous beliefs, and it has been shown that short
sale constraints with heterogeneous beliefs creates bubbles (Miller, 1977; Bhat-
tacharya and Spiegel, 1991; Santos and Woodford, 1997; Scheinkman and Xiong,
2003; Hong et al., 2006; Scheinkman, 2013).° Van Wesep and Waters (2021) inves-
tigate bubbles and crashes under their behavioral assumptions. Our paper con-
tributes to the literature by providing a new equilibrium foundation and study-
ing implications of market corners and short squeezes (Kyle, 1984; Villa, 1987;
Pirrong, 1993; Shleifer and Vishny, 1997; Cooper and Donaldson, 1998; Allen
et al., 2006).° An exception is Brunnermeier and Pedersen (2005) who study
how predatory trading can generate forced liquidations and short squeezes for
tinancially distressed traders. Our model features a dynamic and strategic inter-
action between the various market participants including a quantity impact on

the price where price bubbles are created by media groups’ coordinated trading.

Last, the idea that small traders can jointly change their market power via

“Other relevant papers include Cherian and Jarrow (1995); Cherian and Kuriyan (1995); Fish-
man and Hagerty (1995); Khanna and Sonti (2004); Aggarwal and Wu (2006).

5See Jarrow (2015) for a complete survey.

®Case studies involving corners and squeezes include Jegadeesh (1993); Jordan and Jordan
(1996); Merrick Jr et al. (2005).



media trading groups is similar to that underlying the labor union, and a useful
reference is Taschereau-Dumouchel (2020). Another paper is Kovbasyuk and
Pagano (2015), in which some investors have incentives to communicate their
positions to others. Our contributions to the literature are twofold. First, to
our knowledge, we are the first paper to model how media groups work, and
we provide a micro-foundation for a media group’s price impact. Second, our
model is dynamic with strategic trading and a quasi-competitive equilibrium,

which is new to the literature.

1.3 The Model

This section presents the basic model. Extensions are explored in subsequent

sections.

1.3.1 The Set-up

We use a multiple-stage model with the following four stages, including short-
ing, coalition formation, margin adjustment, and payoff realization. Trading occurs
in the first three stages, and all payoffs occur in the final stage. There are two
types of traders: a continuum of small traders (chatroom day traders) of mea-
sure I > 0, and a large trader (hedge fund). The collection of small traders may

or may not form a media group coalition.

The randomness in the economy is given by a probability space (2, F,P)

(details specified shortly). There are two assets traded in the economy: a money



market account (mma) paying a riskless return and a risky stock. Without loss
of generality, we set the mma return to be zero, which implies that the stock is
denominated in units of the mma. The stock shares are infinitely divisible with
N > 0 shares outstanding. Markets are assumed frictionless except for various

short sale restrictions to be introduced below.

The stock’s re-trade value in stage 4 (i.e., the payoff realization stage) is af-
fected by price impacts of both a media group coalition of small traders (acting
in concert like a large trader) and a large short trader. Formally, the stage 4 stock
price is given by

S = hy(2)&: > 0. (1.1)
Here, 2 € Z = (—o00,0] represents the shares shorted by the large trader and
the function hy : Z — R, measures the negative effect (i.e., price pressure) of
the large trader’s short selling,” which is assumed to be both increasing and
differentiable in z (i.e., decreasing in |z|) and hy(0) = 1.8 Moreover, &, is the
re-trade value of the stock considering a media group, where k € K = [0, R]
measures (proxies for) the price impact of the media group coalition’s trades

(i-e., the magnitude of a media frenzy) on the fundamental value of the stock.’

The idea behind the media group’s price impact parameter « is as fol-
lows. The stronger the media group participation, the more optimistic the small

traders’ beliefs are about the future stock price, and the higher the re-trade value

’In addition to supply/demand effects, a price impact hs(z) could be due to changes in the
firm’s economic decisions, including investment, financing decisions, cash holdings, and other
corporate policies (Jiang et al., 2020). Indeed, an increase in short selling leads to lower share
prices, a reduction in investment and equity offerings (Grullon et al., 2015), an increase in the
cost of external financing (Meng et al., 2020), excessive corporate cash holdings (Wang, 2018),
and more costly cash dividends (Chen et al., 2019).

8Note that the monotonicity is the key assumed property because a monotonic function is
almost everywhere differentiable (Royden and Fitzpatrick, 2010, Sect. 6.1).

? A micro-foundation justification for  is in section 1.4.1.



&, in the payoff realization stage (ignoring the price suppressing effect hy(2)).

For analytic simplicity, we assume that

Sm = hl (/{)S

where ¢ : 2 — R.is a non-negative random variable and h,(x) measures the
media group’s price impact, which is increasing, continuous, and differentiable

in x with h,(0) = 1. Henceforth,

A competitive equilibrium in the stock market corresponds to a time 0 price,
denoted s(k,z) : K x Z — Ry, such that the aggregate demand for the stock

equals the outstanding supply.

For clarity of the presentation, we first consider a complete market.!’ Since
there is only one stock trading, the stock’s evolution must be a binomial process.

Given this observation, welet Q = {H,L}, F = 2%, P(H) =1 —-P(L) = p, and

§ ifw=H

§, ifw=1L

§(w) =

and £ > €.

It is well known that £ > ¢ is both a necessary and sufficient condition
for a binomial model to be complete. To avoid arbitrage, we require that
s(k,2) € [hi(r)ha(2)€, hi(rk)ha(2)€]. This will be shown to always hold in our

model’s equilibrium. To simplify the subsequent notation, we normalize the

stock’s payoffs such that £ = 1 and £ = 0 below.

10 An incomplete market is studied in section 1.6.3.
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Figure 1.1: Timeline of the media trading group game

To include a time dynamic into this static model, we introduce four possible
stages at time 0 as illustrated in Figure 1.1. These stages correspond to shocks
to the market’s equilibrium resulting from actions taken by the various traders.
Note that, in each stage, the market price needs to adjust to clear the market.
The timeline of the incomplete information game is given as follows. When
necessary, we use the subscript s; and z; to denote the stock price and the large

trader’s shorts in stage j € {1, 2, 3,4}.

(i) In stage 1, the large trader shorts z; < 0 shares of the stock with a prior
belief that a media group occurs with probability A € [0, 1] in stage 2. The
stock market clears with a price s(0, z;). See section 1.6.1 for a discussion
on how the media group formation can depend on the large trader’s short
position z; € Z. Note that in stage 1, the continuum of small traders act as
price takers since the media group has not yet been formed. Consequently,
their beliefs regarding the media group’s price impact parameter ~ does

not affect the competitive equilibrium in stage 1."

(ii) In stage 2, a media group forms with probability A € [0,1]. When a media

group is formed, a coordinator proposes a target for the media group’s

This can be justified in the following sense. First, unlike the large trader, small traders do
not have the necessary resources to evaluate the presence of media groups. Second, a single
small investor, even with a correct estimate of ), cannot impact the aggregate asset demand and
the market clearing price.



price impact parameter x € K. Then, the small traders decide to support
or reject the coordinator’s proposal, and the coalition’s media price impact
parameter ~ aggregates those of the individual small traders. Note that the
stage 1 short position z; chosen by the large trader is observable. A more

detailed discussion of « is in section 1.4.1.

(iii) In stage 3, an adjustment to the large trader’s short position occurs if the
large trader’s margin falls below a certain threshold, and a “margin call”
results. In this case, the large trader’s broker buys stock to liquidate some
of the large trader’s short position. The modified short position is denoted
by z3 where z; < 23 < 0 and the market price is s(k, z3).* The liquidation

is the result of a short squeeze and a price bubble occurs.

In stage 3, a forced purchase by the large trader entails both endogenous and
exogenous costs. The endogenous costs are the direct wealth loss from buying
back the stock to cover some shorts at an inflated price. The exogenous cost per
share, ¢ > 0, arises due to a transaction cost charged by the broker to execute the
large trader’s rebalancing. In the baseline model, we assume that the exogenous
cost is zero (i.e., ¢ = 0), although the more general case ¢ > 0 is discussed in

section 1.6.4.

2A margin call refers specifically to a broker’s demand that an investor deposit addi-
tional money or securities into the account so that it is brought up to the minimum value.
A detailed description can be found here. https://www.investopedia.com/terms/m/
margincall.asp.

10
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1.3.2 The Small Traders

Small traders are assumed to be risk neutral with heterogenous subjective be-
liefs. They are risk neutral because they are interpreted as day traders. Each
trader i € I holds a different belief denoted by Pi(§) = 1P (é) = 0, where
the parameter 6; € [0, 1] has the cumulative distribution function F'(¢;) across
the small traders’ beliefs with the density f(6;) > 0 for all §; € [0,1].”® Obvi-
ously, F(0) = 0 and F(1) = 1. This distribution function measures the small
traders” beliefs in the economy from pessimistic to optimistic. Here, the ith

small trader’s subjective probability measure P; differs from the actual statisti-

cal probability measure P.

To simplify the analysis, we impose the following assumption.
Assumption 1.3.1 (Small Traders’ Demands and Wealths).

Forall1 € I,

i) trader i’s trading size d; € [0, 1], and

ii) trader i’s initial wealth W; > sup,.cx h1 (k).

Assumption 2.3.1 (i) implies that small traders cannot short the stock and
can purchase a maximum of 1 share. The one share maximum is without loss
of generality because the same analysis follows replacing the trading size limit
with any d > 0. Assumption 2.3.1 (ii) implies that the small trader’s initial

wealth W, is large enough so that, under all possible equilibrium prices s(x, 2)

(to be shown later), he can purchase any shares desired within the trading limit

13Here, we use I to denote both the measure and the index set of small traders.

11



without debt financing.
The small traders are price takers, who solve the following problem:

di(s) = arg max d; (E;[S] —s) + W,.

d;€[0,1]

s.t.d;s < W,.
Fix k € K and 7z € Z, then

E;[S] = Ei[h1(k)ha(2)€] = b;[1 - hy(r)he(2)] + (1 — 6;)[0 - hy(K)ha(2)]

= 9,h1 (li)hz(Z)

is the expected payoff from the risky assets, and (W; — d;s) is the investment in
the mma. Given s, the optimal stock position for the small trader i is given by'*

1, if6;hi(K)ho(z) > s
d;k (S) - ]l[s,oo) (Ez[h1<’€)h2(’z>£]) - (13)

0, otherwise.

Alternatively stated, the ith small trader buys one share of the stock if and only
if

b )

Fixing s, given the distribution of beliefs across the small traders, the aggregate

market demand is

/igdf(s) = I/}l()m dF(0) =T [1—F (m)} .

4The indicator function 1 4(z) equals 1 when = € A, and equals 0 when = ¢ A.
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1.3.3 The Large Trader

The large trader is also assumed to be risk neutral with a subjective belief
P.(¢) = 61, but unlike the small traders, the large trader is not a price taker.
We impose the following assumption so that the large trader always desires to

short the stock at time 0.

Assumption 1.3.2 (Large Trader Shorts the Stock).

1(1=F(h(®)0r)) > N.

From the large trader’s perspective, this condition states that the initial price
for the stock in the shorting stage (i.e., stage 1) is too high compared to its future
payoff in the payoff realization stage (i.e., stage 4). We show later that Assump-
tion 1.3.2 implies that z* < 0.° Intuitively, Assumption 1.3.2 requires that the
number of small traders whose subjective beliefs (¢;) are more optimistic than
those of the large trader (6;) outnumbers the total supply of the stock N, even
when the large trader believes that the media group has the strongest price im-

pact on the stock in stage 4 (i.e., h1(k) = hi(R)).

The large trader’s problem is to solve

15See the proof of Proposition 1.5.1.

13



2] = arg max {WL — 21800, 21) + E}[23(21) 9]

Z1EZ

B [J25(21) — als (s, 25() 1 {zs(21) £ zl}]} (14)

s.t. |z18(0, z1)|m < Wy,

where E}[-] is the expectation under the large trader’s subjective belief Py,
given the probability of a media group forming is A € [0, 1]. Note that 23 is the
(revised) shorting position in stage 3 (see Eq. (1.9)). Here, in Eq. (1.4), Wy, is
the large trader’s initial wealth, the second term is the initial revenue gain from
selling the shorting position in stage 1, the third term is the cash outflow in the
tinal period, and the fourth term is the cash outflow when a forced liquidation

occurs.

The left side of the budget constraint represents the required margin held
by the large trader for a short position of size z; < 0 with m representing the
margin multiplier. In current markets, m = 1.5.1° This constraint makes the

large trader act as if she is risk averse, and causes her to reduce her shorts.

The large trader is not a price taker because the stock price in the shorting
stage s(0, z;) depends on the short shares z; < 0. Knowing this, the large trader
can exert a quantity impact on the market price by changing her trade size.
Note that the revised short position z; enters the expected payoff in the payoff

realization stage, because the margin constraint might be violated due to the

16The regulatory bodies in United States, including both the New York Stock Exchange (i.e.,
NYSE) and the Financial Industry Regulatory Authority (i.e., FINRA), require that investors
have an initial short margin of 150 % and must maintain a margin of at least 125% of the to-
tal value of the short securities. More details can be found at https://www.finra.org/
rules—-guidance/key-topics/margin—-accounts.
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price impact of the media group in stage 2. The media group’s impact on the
price does not change the margin constraint in the shorting stage which occurs

before the media group’s existence.

1.3.4 Market Clearing Stock Price

This section determines the time 0 equilibrium stock price s(x, z). We call this a
quasi-competitive equilibrium price because all traders except the large trader

are price takers. Given x and z, the equilibrium clearing condition is

N+l =1 [1—F(%)] (1.5)

where z < 0. Note that the large trader’s shorts increase the supply of shares
in the stock market. Let G(-) = F~!(-), which is well defined because F(6) is
strictly increasing (i.e., F'(6) = f(0) > 0, V6 € [0, 1]). We can solve equation (1.5)

for the equilibrium stock price s(k, ).

Lemma 1.3.1. Given the large trader’s short position = < 0 and the coalition’s impact

parameter k, the equilibrium stock price is

(k. ) = by (R)ha(2)0(2) (1.6)

where
6(z) = G ([_—][V“) | (1.7)
Proof. It follows directly from equation (1.5). O

In this lemma, the quantity 6(z) can be interpreted as the belief of the

“marginal” small trader, whose trade determines the equilibrium price. To see

15



this, note that the profit per share from holding the stock to the ith trader is
Ei[S] — s(k, z) = hi(k)ha(2) (0; — 6(2)).

So, any trader whose belief 6, is more optimistic than #(z) holds the stock, while
anyone more pessimistic does not. Hence, the trader with a belief equal to 6(z)
is just indifferent to buying, i.e., the marginal trader. Therefore, the equilibrium

price is the expected stage 4 price to the marginal small trader.

This lemma implies the following comparative statics:

(i) dil(;) = T N =75 > 0- The larger the short position of the large trader
(|z| 1), the smaller the beliefs of the marginal trader (/(z) ). This follows

directly from equation (1.7).

ii) 22 (. The more the large trader shorts (|z| 1), the lower is the equi-
alz| & q

librium stock price (s(x, z) ). Note that z < 0 and Z&2) — _9slsz)

Alz| Oz <0

because both h,(z) and 6(z) are nonnegative and increasing in 2.

(iii) % > 0. The stronger the coalition strength (x 1), the larger the stock

price (s(k, z) 1). This follows directly from h; (k) increasing in .

The equilibrium price has two components. The first, i1 (k)h2(2), measures the
price impact due to the small traders’ coalition as well as the large trader’s short
selling. The second, (z), measures the impact of the large trader’s short po-
sition on the marginal trader. The fact that %(;) > 0 implies that increased
short selling generates more liquidity because a lower price attracts more small
traders (i.e., 6(z) |). Note that s(k, z) can be forward-looking when the pair (x, z)
is forward-looking and reflects the large trader’s prior belief about future media

group presence.
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1.4 Media Trading Groups

Recently, a high-profile media group of day traders generated a frenzy with
GameStop’s stock. Day traders pushed “Buy GameStop” on Reddit and chat fo-
rums, causing the stock price to increase more than 300%. Trading in GameStop
became a high-profile battle between online forum day traders and hedge fund
short sellers. Other examples of similarly affected stocks include Nio, AMC,
Plug Power, Blackberry, and Bed Bath & Beyond. According to the Wall Street
Journal,!”

Behind the swings, many see ordinary investors, stuck at home in
the pandemic, swapping tips and hatching trading strategies on on-
line forums like Reddit’s WallStreetBets—often buying things Wall
Street has bet against. Many tout their long-shot wagers with the

expression “YOLO,” or, “You only live once”.

As noted in the Wall Street Journal, chatroom traders gather in online communi-
ties such as TikTok, Twitter, Reddit, and the messaging platform Discord. They
piggyback on each other’s ideas and trades, and they coordinate via these pop-
ular social media, thereby affecting the stock price. The next section provides a
model of this phenomena via the construction of the market impact parameter

K.

7See Wall Street Journal, January 26, 2021, “BlackBerry, AMC and Other Reddit YOLO Fa-
vorites That Aren’t GameStop”.
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1.4.1 A Micro-foundation for Media Visibility

A media group is a coalition of small traders who implicitly choose a trader to
follow in social media forums, who in turn determines the media group’s price
impact parameter x € K. The selected trader, say the jth, must be sufficiently
optimistic about the stock’s final stage value such that regardless of the large

trader’s short position, he will buy the stock, i.e. 6; > sup 0(z).
2<0

The idea underlying this coordination mechanism is similar to the actions
of a labor union that delegates their bargaining power to a union leader
(Taschereau-Dumouchel, 2020). Suppose each small trader can exert some ef-
fort e; € {0, e} with a sufficiently small cost 7; > 0 to promote the stock in their
personal network, i.e., recommend the stock to friends and share news on the

stock’s fundamental.

On the aggregate level, the coalition’s impact parameter « simply aggregates

those of the small traders, that is,

R = /iel €1dF(91) (18)

where sup K := & = Ie. This impact parameter quantifies the enthusiasm among

the small traders for buying and promoting the stock.

When a media group forms, it selects a coordinator who posts a target im-
pact parameter x > 0, which is observed by the day traders. We assume that
whenever the aggregate media impact is large enough and exceeds a certain
threshold (i.e., k > Ko > 0), all participating small traders get an additional ex-
pressive utility © > 7 for promoting the stock. Here, x, is normalized to zero.

The idea of an expressive utility comes from retail investors expressing anger
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and discontent against institutional shorts.”® In essence, small traders get an
additional utility from a future price bubble (due to h;(x)) by trading against
the shorts. When no media group is formed, each individual small investor can
still promote the stock on his personal network (i.e., e > 0) and incur the cost 7.
Here, however, there is no expressive utility gain, since each single small trader

has a size of measure zero. The coordination game is as follows.

(i) With probability A € [0,1], nature determines whether a media group

forms.?

(ii) Depending on whether a media group is formed or not,

¢ if a media group is formed,
(a) acoordinator is selected who posts a target impact parameter x >
0;
(b) small traders observing « > 0 select a promotion effort ¢;;
¢ if a media group is not formed,
(a) no target on « is set (i.e., K = 0);
(b) small traders select a promotion effort e;;

(iii) The coalition’s level of « is aggregated according to equation (1.8) and

observed. If kK > 0, an expressive utility is generated for all participants.

BExpressive utility is not new to the literature. It is related to the literature on taste and pref-
erence heterogeneity, including those on “sin” stocks (see, for instance, Hong and Kacperczyk
(2009)), loyalty and patriotism (Cohen, 2009; Morse and Shive, 2011), corporate social responsi-
bility (CSR) (Fama and French, 2007; Friedman and Heinle, 2016), and environmental, social and
governance (ESG) issues (Martin and Moser, 2016; Riedl and Smeets, 2017; Oehmke and Opp,
2020; Goldstein et al., 2021). From a modeling perspective, it is similar to that of anticipatory
utility (Banerjee et al., 2019).

YSection 1.6.1 discusses how to endogenize A as a function of the shorts 2.

19



(iv) The decision for the small traders in this game is how much effort to exert

and the decision for the coordinator is the choice of «.

We have two comments on the coordination game. First, the expressive util-
ity u(x) can depend on ~ in a monontonic way. Second, the setup can be ex-
tended to include negative efforts, that is, an investor can make an effort to
dissuade others from participating in the media group and share negative news

and rumors on the stock’s fundamental.

For the media group coalition, we now prove that there exists a Nash equilib-
rium such that if a media group is formed, all small traders exert the maximum
effort. In other words, it negates the conjecture that, traders with optimistic be-
liefs desire a high x, whereas traders with pessimistic beliefs would desire a low

K.
Lemma 1.4.1 (Unanimous Support). Assume that

—_— > sup
dE 7 (1,2)€[0,7] x[27(0),27 ()]

dzs { _ Mi(k) hg(Z)}

There exists a Nash Equilibrium ({e} }.cr, v*) such that
i) if there is no media group, ef = 0 forall i € I and k* = 0;

ii) if there is a media group, ef = € for all i € I and k* = k(= Ie).
Proof. See Appendix A.1.1. O

The assumed condition in Lemma 1.4.1 ensures that the coordinator has an
incentive to choose k* = k. See Lemma 1.5.1 for a detailed discussion. To un-

derstand this result, note the following facts.
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(i) The perfectly-aligned incentive comes from two facts. First, there exists

(iii)

(iv)

(v)

(vi)

no cost related to the aggregate level x, which means that all small traders
with positive stock holdings benefit from a large x, regardless of their sub-
jective beliefs ¢;, while small traders with zero stock holdings weakly ben-
efit. Second, on the individual level, both the expressive utility and the
effort cost also do not depend on the aggregate . Together, these two ob-
servations imply that all small traders can be well represented by a single

trader.

Anger expressing. Critical to this construction is anger expressing, a form
of expressive utility. We bundle the collective decisions to the target vari-

able , to circumvent the problem that a single small trader has zero mass.

Equilibrium multiplicity and refinement. Multiple equilibria exist in the
coordination game. For instance, an equilibrium exists in which the co-
ordinator proposes x* = 0 and all small traders choose no effort ¢, = 0.
In this case, we can exclude this equilibrium by maximizing the small
traders’ aggregate welfare. In particular, from lemma 1.5.1, we have
as

5. > 0, which implies that the proposal x* = k is welfare maximizing

for the coalition.

The cost n and expressive utility u are introduced to obtain the previous
equilibrium refinement. If we remove both 7 and wu, there still exists a
Nash equilibrium such that without media groups all small traders choose
e; = 0, and with media groups all small traders choose e = € (and the
small traders who do not hold stocks weakly prefer € since the utility from

anger expressing no longer exists).

The coalition’s aggregate choice x* can be extended to depend on the short
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position z € Z, that is, a larger short position (i.e., |z| 1) can lead to a

stronger pushback from the coalition (i.e., * 1). See section 1.6.2.

(vii) Note that there exists no “tragedy of the commons” here.

1.4.2 Bubbles and Short Squeezes

To understand how media groups shape the incentive for bubbles and short
squeezes, we present an intuitive discussion before proceeding with the formal

equilibrium analysis. Consider the following example with a small probability

1

of a media group forming, say, A = 1.

Let the large trader have an initial
wealth W}, which is relatively small so that she wants to short to the maximal

amount z,, (i.e., W, = m|z,,|s(0, z,,)) when there is no media group (i.e., A = 0).

Suppose now a media coalition forms. Consider the large trader’s situation.

(i) In stage 1, the large trader moves knowing the market price s(0, z) and

the price impact of her trades. With probability 15, the stage 3 stock price

99

jumps to s(&, ), and with remaining probability 155,

it remains unchanged
at s(0, z). Since A is small, she aggressively shorts a large position z; < 0
as if acting under the case with no media group (i.e., 21 = z,). The stock

price clears at s; = s(0, 21).

(ii) In stage 2, when a media group forms, according to Lemma 1.4.1, the
media group selects k = k and the stock price clears at so = s(k,21) >

5(0,21) = s1. The media-driven price surge creates a price bubble and a
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“bear trap” because the liability per share in stage 4 increases to
S(w) = hi(R)ha(z1)€(w) > h1(0)ha(21)€(w) = ha(21)€(w).

(iii) In stage 3, due to the price bubble in stage 2, the large trader’s margin
account falls below the broker’s required margin. A margin call occurs
and shorts are liquidated (i.e., W, < m|z|s(E, z1), and the short position is

revised to z3 = Z(z;) such that z3 € (21,0] and

Wi = mlzs|s(k, z3)| + |25 — z1s(F, 23) - (1.9)
new ?nrargin liquidz;iron cost

The large trader’s scramble to reduce shorts increases the size of the bub-

ble, and the liability in stage 4 further increases to
S(w) = h(R)ha(23)€(w) > hy(K)ha(21)(w).

The stock price is now s3 = s(&, z3) > s(R, 21) = Sa.

With the aid of lemma 1.3.1, the welfare dynamics are as follows. Let “C'S}”
stand for the large trader’s profits and “C'S}” the surplus for the ith small trader

in stage j € {1,2, 3,4}. Recall that the marginal small trader’s belief is 0(z).

e Instage 1, for those active small traders with 6, > 6(z;) (ignoring W;),
CS; = EZ[S] - S(O, Zl) == (91]11([))]12(21) - S(O, Zl) = hg(zl)(ﬁz — 9(21))
because h;(0) = 1. For the large trader,?

CSE =E}[235] — 215(0,21) + Wp

~ 27 (hl(O)h2(21>0L — S(O, 21)) + WL = ’21’h2(21>(9(21) — 0[,) —+ WL-

The approximate equality comes from the fact that when A — 0, we have 23 — 2; and
E}\I[S] — hg(zl)ﬁL.
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* In stage 2, the large trader does not change her position, and the media

group chooses x* = k. Here, all small traders benefit weakly from this,
In contrast, the large trader is hurt by the price bubble,

CSE =2 (EL[S] — 5(0, 21)) + Wi = 21 (h1(R)ha(21)01 — 5(0,21)) + Wp,

= |Zl|h2(21)<9<21) — h1<R)0L) + WL < CSlL

This is because the media group’s coordinated choice of « creates a price
bubble, which increases the large trader’s future liability. However, the
short profits remain unchanged because they only depend on the stock

price s; = s(0, z1) whereas sy = s(&, 21) > s(0, z1) = s7.

* In stage 3, the stock price only adjusts if a short squeeze happens. In this
case the stock price increases to s3 := s(&, z3) = hy1(R)ha(23)0(23). The new
marginal small trader is 6(z3) where 0 > 6(z3) > 6(2;). The small traders
with beliefs 6; € [0(z1),0(z3)] are selling their stocks to meet the demand
of the large trader to reduce shorts. In addition, the large trader is further

hurt by the short squeeze because

OS:)’L = ZgEL[S] —218(0,21)—S(R,Z3)(23 - 21)+WL
N N\ -~ 7 N - 7
total Liability initial Gains liquidation cost

Given that (23 — 21)(s(0, z1) — s(%, z3)) < 0 and thus

—215(0,21) — s(R, 2z3) (23 — 21) < —235(0, 21),
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we further have

CS?% < 23h1(/%)h2(23)0L — 238(0, Zl) + Wi,

hg(Zg)
hg(Zl)

< \23]h2(21) (0(21) — hl(/?;)OL) + Wi, < CSQL < CSlL

~ falhaten) (06e0) — 0t I )

Note that hy(z) is increasing in z and thus % > 1. Small traders benefit

and increase their profits because

OS5 = hi(R)ha(z3)(0; — 0(21)) > CSy > CS;.

Equilibrium Analysis

This section presents the formal equilibrium analysis and the equilibrium char-

acterization. Two important cases are presented: the no media group case

(A = 0) and the sure media group case (A = 1). Moreover, we discuss the em-

pirical implications of our analysis, including market discipline, efficiency, and

policy.

1.5.1 Equilibrium Concept

The equilibrium used below is a Subgame Perfect Nash Equilibrium (SPNE),

which is characterized by the following requirements.

(i) In stage 1, the large trader’s short position 2} solves problem (1.4), given

the equilibrium stock price s;(k, z), the short position function z3(z;) in
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stage 3, and the small traders’ equilibrium strategies d; (in each stage j)

and their supporting strategies e in stage 2.

(i) In stage j € {1,2,3}, given the tuple (z;,%;,s;), the i-th small trader
chooses the optimal stock position d;(s) given by Eq. (2.2). Furthermore,

the stock price s; clears the market, thatis, [,_, di(s;) = N + |z].

(iii) In stage 2, whenever a media group forms, the coordinator’s choice of «*
maximizes the expected value of his stock position. The i-th small trader
chooses ¢ to maximize his utility in the coordination game, and the equi-

librium impact parameter satisfies x* = [._; e;
(iv) In stage 3, whenever a forced liquidation occurs, the short position 23 is

revised according to Eq. (1.9).

Some comments are in order. First, imposing market-clearing when the
small traders are in the market leads to a forward-looking price. Indeed, this
is the case after the realization of the media trading group in stage 2. Second,
there exists a dynamic inconsistency in the stock price in the shorting stage (i.e.,
stage 1), because the price at which the large trader sells the asset does not reflect
his forward-looking beliefs about the likelihood of liquidation, the likelihood of
a trading group arising, or the heterogeneity in small traders’ beliefs. How-
evet, this can still be a good approximation because small traders often lack the
expertise to evaluate the existence of a media coalition and they might fail to
anticipate it before it arises. In other words, small traders under-value the stock

before the media coalition formation.?

ZINote that the main result on equilibrium trading pattern (i.e., Proposition 1.5.1) still holds
when the small traders can consistently predict the probability of media group presence. In
particular, it pushes the stock price higher in the shorting stage, which makes shorting even
more lucrative.

26



1.5.2 Existence and Characterization

Given that the short position z is observed by the small traders, backward in-

duction can be employed to solve for the equilibrium. Denote /WL(/{, z) =

m|z|s

(i)

(if)

(iii)

(k, z) to be the minimal wealth above which no margin calls occur.

In stage 3, the large trader’s short position z; < 0 (determined in stage 1)
and the media group’s choice of x (determined in stage 2), are given. If
the large trader’s initial wealth is large enough (W, > WL(I{, 1)), then she
can post more margin after a media driven price bubble without liquidat-
ing shorts. If W}, < /I/I?L(/-c, z1), there will be liquidations by the broker to
restore the maintenance margin. The revised short position after liquida-
tion, z3(z1), as a function of the stage 1 short position z, is the solution to

equation (1.9), restated here for convenience:

1n\23|3(/<a, Zgz—i- s(K, 23)(z3 — 212 =Wi.

v v
new margin liquidation cost

By monotonicity of hy(z1), the stock price increases to s(x, 23).

In stage 2, the media group forms with probability A € [0, 1]. Without a
media group, x* = 0. With a media group, by lemma 1.5.1, the optimal

media choice is k* = &, regardless of the margin adjustment in stage 3.

In stage 1, the large trader anticipates that a media group forms with prob-
ability A and with a media impact parameter x*, as well as the subsequent

actions by the broker, including a margin call and potential liquidations.
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If she anticipates no liquidations in stage 3, her problem is

2} = arg max z; (Ez[S] — s(0, zl)> + Wy

Z1EZ

_ arg max 21<[)\h1(/%)h2(21) + (1= A)hy (0)ha(21)] 01, — s(0, zl)> W

Z1€EZ

— arg max zlhg(z1)<[)\h1(/?a) +1-A)0, — 9(21)> + Wy

21EZ

s.t. m|z|s(R, z1) < Wr.

If she anticipates liquidations, there are two cases.

(a) If there is no media group (with probability 1 — )), there will be no

liquidations and the profit is
2 (EL [€ha(z1)] — s(0, Zl)) + Wr.

(b) If there is a media group (with probability ), there will be liquida-

tions and the profit is

BELEh (R)ha(23)] =215(0,21) — 5(R, 23) (23 — 21) + W,

Vv Vv Vv
Total Liability Initial Gains Liquidation Cost

where z;3 is defined in equation (1.9). Note that we use the fact that in

equilibrium «* = & (see lemma 1.5.1).

To complete the argument,we need to introduce some notations. Define
Vi(z1) to be the expected profit for the large trader when there are no forced

liquidations, i.e.

Vi(z) = 21h2(21)<[)\h1("%) +1-M\6,— 9(21)> +Wr. (1.10)
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Define 2'()) to be the optimal solution to V; whenever it admits a unique opti-

mizer, i.e.,
oV

—0. (1.11)
0z z1=2T(\)

Denote by 27(x) the maximum short position without triggering a forced liqui-
dation, given the media group’s price impact parameter «. This is the solution

to the following expression:
mhy (k)27 (K)|s (i, 27 (k) = W (1.12)
Next, define
Va(z1) i= A(m(@ [25ha(25) — 21ha(21)] 0 — As(R, 23) (25 — zl)> 1(z < 27(%)}1.13)

where z3(21) is given in equation (1.9). Note that, by lemma 1.5.2 below, V5(z)

is continuous at z; = 27(<) and Va2(z1) < 0 for z; < 27(k). Moreover, note that
E[UL] = Vi(z1) + Va(21).

When z; € [27(R),0],
E[Ufi] = Vi(z1).

When z, € (—00, 27(R)),

E[Ui] = \)\23h1(/25)h2(23)€[/ + (1 — /\)Zlhg(Zl)Q[;\—/\S(R7 23)(23 — Zl) —2’18(0, ZI)J+WL-

7\

Vv Vv Vv
expected liability liquidation cost initial gain

(1.14)

Thus, V(z) is the additional impact of liquidations on the large trader’s ex-

pected profit.

The following lemmas are needed to characterize the equilibrium.
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2 R (k
Lemma 1.5.1. Assume that % > Sup(ﬁ’z)e[oﬂ—i]X[zT(O)7zT(,—£)} { — higﬁ

N

ha(z

3}

Then, the media group coordinator selects k* = K whenever a media coalition is

—

=

formed.
Proof. See Appendix A.1.2. O
The condition in lemma 1.5.1 that

% > sup { i h/l(/f) h2(z)} (115)

AR ™ (1,2)€[0,7] x[27(0),27 ()]

requires some explanation. There are two cases which imply this condition.

(i) hao(z) = 1,Vz € Z. Here, the large trader’s shorts have zero price impact.
The right side of equation (1.15) approaches —oo and the condition is al-

ways satisfied.
(i) £ > 0, i.e. the larger the media group’s price impact parameter &, the
larger the number of shorts liquidated. The derivative %2 can be obtained

by differentiating equation (1.9).
Lemma 1.5.2 (Properties of V5(z1)).

i) Va(z1) is continuous; ii) Va(z1) < 0 for 21 < 27(R); and iii) V3 (2T(R)-) > 0

where Vy(a_) = lim, 4.4 d‘fjiz).

Proof. See Appendix A.1.3. O

The continuity of V5(z;) plays a key role in ensuring the existence of equilib-

rium.
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Proposition 1.5.1 (Equilibrium Price Bubbles and Short Squeezes). Suppose that
ho(z1) = O (|z1|710) for some (sufficiently small) 6 > 0 as z; — —oco.2Assume con-
dition (1.15) in lemma 1.5.1. Then, there exists a sub-game perfect Nash Equilibrium
(SPNE) such that:

i) the large trader shorts z; < 0 shares of the stock;

ii) if a media group forms, the media coordinator selects k* = K and all small traders
choose effort ef = e; if there is no media group, xk* = 0 and all small traders choose

effort el = 0;
ii1) when liquidations occur, the revised position is given by z3(2});

iv) the market clearing stock price in stage j is given by s; = s(k;, z;).

Proof. See Appendix A.1.4. O

The condition hy(z1) = O (|z1|7'°) guarantees that the decay in the stock
price in stage 4 due to the shorts is such that for large |2 | the margin constraint

remains binding.

This proposition shows that an equilibrium exists and that the equilibrium
is such that if no media group forms, then the small players do not promote
buying the stock. But, when a media group forms, the small players exert max-
imum effort to promote buying the stock and to create a price bubble and short

squeeze.

2f(x) = O (g(x)) for some real-valued functions f and g means that Jim. % < 00.
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1.5.3 Two Cases

This section presents two special cases. The first, no media groups (A = 0),
characterizes markets before the existence of social media and the possible for-
mation of media groups. The second, sure media groups (A = 1), characterizes
a market where a media group exists and it explains how the large short trader
behaves in such a circumstance. Here, the threat of margin calls and liquidations

dominates and pre-empts aggressive shorting.

CaseI (A =0)

This section discusses the case A = 0, where there is no media coalition for-
mation. Here, the incentive for the large trader to short is the strongest, and
for brevity, this discussion is in section 1.5.3. Market efficiency is discussed in
section 1.5.6. The welfare implications are discussed next. Traditional wisdom
suggests that shorting hurts small traders. However, this is not necessarily true.

It depends on their beliefs and the price impacts of both shorting and the media

group.

* Before short selling. In stage 0, by equation (1.7), the stock market price
5(0,0) coincides with the marginal trader’s belief (0), because h(0,0) =
h1 (O)hQ(O) = 1, i.e.,

5(0,0) = 6(0) = G((I — N)/I).

The total small trader surplus is

1

OSy = /91 (Eg[S]—S(O,O))dF(Q):/ (0 — 6(0))dF(0).

(0) 6(0)
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o After short selling. In stage 1 and thereafter, the stock price s(0, 2{) and

the marginal trader’s belief 6(2}) satisfy
(0, 27) = ha(2])0(z]) with 6(z}) =G((I — N+ z{)/I).

The total small trader surplus is

1

CSy 1= ha(2) /H( (0= 0GD)ar )

The change in this surplus is

1 1

(6~ 0(:D))aF(®) ~ [ (6~ 00)dF(6).

ACS = CS; — CSy = ho(2)) /
0(0)

6(=1)
(1.16)

Define ¢ : Z — R such that

B f;(o) (6 — 6(0))dF ()

= 00 aFe)

)

and let

i(z) = o00) + P2 )

Lemma 1.5.3 (Small Trader Surplus).
i) If ho(27) > c(27), then AC'S > 0. The small traders are better off.
Otherwise, AC'S < 0. The small traders are worse off.

it) Choose hy such that the corresponding z; satisfies ho(z}) = c(27),% so that

ACS =0.

For each individual trader, the most optimistic 0; € (é(z}‘), 1] are worse off, while

those with beliefs 0; € [0(z;),0(z;)] are better off.

ZThe condition ha(27) = ¢(z}) introduces a fixed point issue because 2} depends on hy. The
fixed-point issue further reduces to a certain continuity property of the optimizer 2} and that
the set of functions h; is big enough. To focus on the economic intuition, we directly assume
that such a fixed point of hy exists.
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Proof. See Appendix A.1.5. O

Lemma 1.5.3 shows that whether short selling hurts small traders depends
on the relative magnitude of the negative price impact from shorting, measured
by ha(27) < h2(0), versus the liquidity effect of attracting more small traders
into the market, measured by 6(z]) < 6(0), When the price suppressing effect
is weak, short selling provides more liquidity and the small traders benefit. In

724 small traders

contrast when the price impact is strong, which is a “bear raid,
are hurt. Note that the most optimistic small traders are always hurt because
of a deteriorating expected value, while the less optimistic small traders benefit
from the extra trading opportunity provided by the shorts. Indeed, the small

traders with 6, € (6(27),6(0)) now buy stocks because the stock price is more

affordable. Short selling leads to a strict positive surplus for this later group.

CaseII(\=1)

When A\ = 1, a media group forms, and by Lemma 1.5.1 and Lemma 1.4.1, we
have the media impact parameter is at its largest value, x* = k. The large trader
tully anticipates this media coalition, and consequently, a short squeeze never
occurs. The large trader holds cash to avoid subsequent forced liquidations after

a margin call. This is the precautionary motive.

Proposition 1.5.2 (Precautionary Saving Motive). If A = 1 (a sure media coalition),

then z{ € [27(R), 0].

24 A bear raid is an unlawful practice used by short sellers to push a target company’s stock
price lower by either concerted short selling or spreading ill-disposed rumors.
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Proof. See Appendix A.1.6. O

Recall that 27(%) is the maximal short position without triggering liquida-
tions when the media coalition’s choice is 5. Proposition 1.5.2 thus states that
the large trader anticipates and avoids the adverse liquidation costs after such

a margin call.

1.5.4 Uniqueness

Uniqueness of the equilibrium requires additional structure. Instead of impos-
ing this structure directly on hy(z) and F'(¢), we assume the following sufficient

conditions.
Assumption 1.5.1 (Concavity of the Large Trader’s Objective Function).

(i) |z|ha(2)0(2) is weakly decreasing in z € Z;

(ii) zha(z) (h1 (k)0 — 6(z)) is concave in z € Z,Vk € K; and

(iii) V3(z) is weakly concave in z for all z € ( — oo, 27(R)).

Assumption 1.5.1 (i) says that the budget set m|z|s(0, ;) < W is more likely
to bind when the large trader shorts more (i.e., z; decreases). Claim (ii) is equiv-

alent to assuming that V;(z), the expected payoff without liquidations, is con-

cave in the short position z;. To see this define

k(\) = inf{k : by (k) = M (&) + (1 — A (0)},
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and note that {x(\) : A € [0,1]} = [0,&]. Last, claim (iii) implies that V5(z) is
weakly concave for all z € Z because by lemma 1.5.1 (iii) we have V;(27(8)_) >
0, which, together with V;(z) = 0 for all z € (27(k),0), implies concavity on the
domain Z. In conjunction, these conditions imply that V;(z) 4+ V(%) is concave,

and Vj(z) > 0 for z < 27(R).

Moreover, by lemma 1.5.1 (ii), V2(z) < 0 holds, and thus the concavity of
Va(2) is equivalent to assuming a convex liquidation cost —V5(z), that is, when
the short position exceeds 27(k), the larger the initial short position, the higher

the marginal loss induced by a forced liquidation.

Assumption 1.5.1 is non-empty, as illustrated by the following example.

Example 1.5.1 (Large Traders” Objective Function).

This example shows that Assumption 1.5.1 is non-empty. Let hyo(z) = 1,Vz € Z,
i.e., there is no price impact from the large trader’s short selling. To ensure property (ii),

let 0; ~ Uniform([0,1]), i.e. F(0) = 0,V0 € [0, 1]. This yields
2ha(2) (hy (1)0;, — 0(2)) = z(hl(/f)GL (I N+2) /1).
The quadratic function on the right side of this expression is concave.

To get (i), restrict Z = (—4(I — N),0]. Then,

d

E(‘zhz(z)9(2)> = %(Z(I—N—i—z)/]) _—22—-(I-N)

<0

for z € Z. This concludes the example.

Lemma 1.5.4 proves uniqueness and characterizes the solution for A €
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(0,1).2
Lemma 1.5.4 (Uniqueness and Forced Liquidations).

Fix A € (0,1). Assume both conditions in Proposition 1.5.1 and Assumption 1.5.1
hold. Then, there exists a unique SPNE such that:

i) in stage 1, the large trader’s optimal short position is

(

2N, if Wi, > Wy (R, 2f(\))

2r=9¢€ ('), 2T(R)), ifWL < WL(R,ZT()\)) &V{(z7(R)) + V3 (2T(R)-) <0

2T(R), if Wy < Wi (R, 21(\) & V{(27(R)) + Vi (27(R)_) > 0,

ii) in stage 2, k* = k whenever a media group arises; otherwise, k* = 0,

ii1) in stage 3, when a margin call and a forced liquidation occur, the revised position

z3(z7) is given by equation (1.9). Otherwise, it remains unchanged (i.e., z3 = z7).
Proof. See Appendix A.1.7. O

Figure 1.2 illustrates the equilibrium in Lemma 1.5.4. The solid black line
refers to the case where the initial wealth W, > /V[7L (R, zT()\)). The dashed black
line corresponds to the optimal short position 27(\) for this situation. This is
the case where the initial wealth is sufficient to cover any future margin calls

generated by the formation of a media group coalition.

The other two solid lines correspond to the cases where the cost of forced

liquidations matters. The kink is generated by the additional liquidation cost

ZNote that we still cannot eliminate the multiplicity of equilibrium for the coordination game
in section 1.4.1, which is the typical case in the coordination game literature.
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E]PL [UI{ (Z)]

Figure 1.2: Equilibrium Illustration

V5(z). The blue line refers to the case where V{ (27(g)) + V4 (27(%)-) < 0 and the
red line refers to the case where V{ (27(g)) + V3 (27(%)_) > 0. The optimal short
positions are noted by the dashed lines. Such a liquidation is inevitable when a
media driven price bubble occurs. In both cases the initial wealth is insufficient
to cover the price increase (i.e., W, < WL (R, zT()\))). Here, if the liquidation cost
is not too large (i.e., V/(z7(8)) + V5(27(k)-) < 0), the large trader tolerates a
certain degree of forced liquidation and limits her short position slightly. This
difference is the size of precautionary savings. If the liquidation cost is large
enough (i.e., V{(27(%)) + V5 (2T(K)_) > 0), then sufficient precautionary savings
is taken such that a margin call induced liquidation never occurs. The short

position is z7(k).

To complete the uniqueness result, we now characterize the optimal short

position when A € {0, 1}.

Lemma 1.5.5 (Equilibrium characterization for A € {0,1}). Assume both condi-
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tions in Proposition 1.5.1 and Assumption 1.5.1 hold. Then,
i) when A = 0, 2}(0) = max {27(0), 27(0) };

ii) when X = 1, 2;(1) = maz {27(1), 27(r) }.

Proof. See Appendix A.1.8. O

This lemma shows that when a media group does not exist, the large trader’s
shorts only depend on their initial wealth, the price impact function, and ex-
pected profits. But, when the media group is sure to form, the large trader
anticipates its impact and shorts to maximize her expected profits given the
existing market conditions and the likelihood of a margin call and liquidation

under the premise that a forced liquidation never occurs.

1.5.5 Comparative Statics

We are interested in understanding how the large trader’s short position 2} de-

pends on both A and . To this end, we introduce Assumption 1.5.2.

Assumption 1.5.2 (Monotonicity).

L —zh (Z) . . .
Vo(z) :== If((IfNJrz)/I)Q[hg(z)+zh’2(z)] is decreasing in z.

Assumption 1.5.2 imposes a joint condition on the small traders” density,
f(-), and the media groups price impact h(-). Assumption 1.5.2 is trivially sat-
isfied in Example 3.6.1. To see this note that hs(z) = 1, h(2) = 0, and f(-) = 1.

Thus, Vy(z) = —%, which is decreasing in z. We can now state the lemma.
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Lemma 1.5.6 (Monotonicity).

The unconstrained optimum, zT()\), is increasing in A\, and the maximum affordable

short position, 27(k), is increasing in k.

Proof. See Appendix A.1.9. O

Lemma 1.5.6, in conjunction with Lemma 1.5.4 and Lemma 1.5.5, generate
the implication that media groups discourage shorting. Indeed, the large in-
vestor has a strong incentive to short the stock whenever: i) she believes that a
media group is unlikely to form, or the coalition’s choice of  is small; and ii)
the coalition’s price impact is small (i.e. h;(-) |). We summarize these insights

in the following corollary 1.5.1.

Corollary 1.5.1 (Short Selling Incentives).

i) the incentive for short selling is strongest when there is no media coalition (i.e.,
A = 0); Similarly, the incentive for shorting is minimal under a sure media group (i.e.,

A=1).

ii) when the large trader’s initial wealth W, is large, the short position 27 is increas-

ing in the probability of the media group forming \.

Proof. See Appendix A.1.10. O
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1.5.6 Empirical Implications

This section discusses empirical implications, including market discipline, effi-

ciency and policy recommendations regarding media groups.

Market Discipline

This section discusses the discipline effect of media groups and the welfare im-
plications of their existence. The discipline effect refers to the deterrence of the
media group on a large trader’s incentive to aggressively short a targeted stock.
The equilibrium in Lemma 1.5.4 illustrates three possible cases, herein called
strong deterrence, weak deterrence, and no direct deterrence, depending on the
initial wealth of the large trader and the magnitude of the endogenous cost from

a liquidation after a margin call.

If the large trader has sufficient initial wealth, then the presence of a media
group never triggers a liquidation, which means that the optimal short position
is given by an unconstrained optimizer. This is the situation of no direct de-
terrence.?® If the large trader has insufficient wealth to cover margin calls, then
media groups significantly modify the large trader’s strategic behavior. Indeed,
their potential existence lowers the expected profit per shorted stock because
with probability A > 0, the price bubble due to a media frenzy can generate a

short squeeze and a bear trap.

We define three cases with respect to media groups:

ZNote that the optimal short position still depends on the probability of media coalitions’
presence, i.e., z'()\) is increasing in \.
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e strong deterrence. If W, < W, (%, 2T(N) & V{(z7(R)) + VJ(27(R)-) > O,
the incentive for precautionary savings is so strong that margin calls and

liquidation are preempted by a reduced short position, that is, z; = 27(&).

o weak deterrence. If W, < W, (R, 2T(N)) & V/(27(R)) + V5 (2T(R)-) < 0, the
large trader anticipates and willingly tolerates a certain amount of forced
liquidations to gain large profits from shorting when no media group

forms, that is 2} € (27()), 27(%)).

e no direct deterrence. If W, > W, (%,2%(X)), the large trader has sufficient

wealth so that margin calls do not distort the optimal short position zf(\).

When is weak or strong deterrence likely to occur? Proposition 1.5.3 partially

addresses this question.

Proposition 1.5.3 (Beliefs and Deterrence). Fix Wy, < Wy(&, z7(1)) so that 27(1) <
2T(k).Z Then, there exists a cutoff probability A € (0, 1] such that: i) weak deterrence
results if X € (0, ), and ii) strong deterrence results if X € [\, 1]. Furthermore, forced

liquidations only occur for X € (0, \).
Proof. See Appendix A.1.11. O

The key economic insight from this proposition is straightforward. When
the probability of the media group forming increases, strong deterrence is more
likely to occur. This complements Lemma 1.5.6, which proves the monotonic-

ity of 27()). Second, as the probability of the media group forming ) increases,

Z’We impose the restriction that W}, < Wy (k,27(1)), because when ) increases, zf()\) increases
(i-e., |2T(\)| J). Thus, there exists a cutoff A above which z7()\) is feasible again, and a more

complicated pattern involving “no deterrence”, “weak deterrence”, “strong deterrence, “and
“no deterrence” might occur.
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the observed pattern of a “short squeeze” is non-monotonic. In particular, as
A increases from 0 to 1, we first see “no forced liquidations,” then “forced lig-
uidations” (after a media frenzy), and lastly “no forced liquidation” again. We
do not observe forced liquidations when A = 0 and A > \. In the former case,
a short squeeze does not occur simply because there exists no media group. In
contrast, in the latter case, the large trader is so concerned about a media driven
price bubble and short squeezes that she chooses a very conservative short po-
sition to avoid the costs of a forced liquidation. In other words, short squeezes

only occur when a media group forming is small but non-zero.

Allocational Efficiency

Given the discipline effects of media groups, the next question to address is
whether media groups increase allocational market efficiency. The notion of al-
locational market efficiency employed measures the distance between the mar-
ket equilibrium price implied by a martingale measure and the actual probabil-
ity for the stock. The expected stock payoff under the actual probability gener-
ates the “fundamental value,” that is, Ep[¢] = p, because the mma return is zero.

The martingale probability corresponds to the marginal trader’s belief 6(z), i.e.

]—N+z)

@(w—H)—G(z):—G( 7

where z < 0 is the short position. Hence, we define an efficiency loss function

as

L(p,0(z)) == —|p—0(z)|. (1.17)

The larger the deviation from the stock’s objective probability, the bigger the al-

locational efficiency loss. The idea is that when the market price deviates from
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its fundmental value, there is a welfare loss due to distorted investment deci-
sions arising from incorrect cost of capital determinations. Recall that 6(27(0))
is the martingale measure when there is shorting but no media groups, and
6(z; (X)) is the martingale measure when there are both shorting and media

groups.?®
Hence, media groups exhibit increased allocational efficiency if and only if

L(p,6(z3(0)) < L(p,6(:1(V)).
We can now prove the following proposition.

Proposition 1.5.4 (Allocational Efficiency). Media groups decrease allocational effi-
ciency when p < 6;, < 6(0), and they increase allocational efficiency when p > 6(0) >

QL-ZQ
Proof. See Appendix A.1.12. O

As stated in the proposition, media groups can either increase or decrease
allocational efficiency. This is because the stock valuation, as measured by 6(0),
where there are no media group or short selling, already deviates from the fun-
damental value Ep[{] = p. The marginal investor’s belief can be either too opti-
mistic (small traders are overly optimistic when I[1 — F(p)] > N), or too pes-

simistic when I [1—F(p)] < N). In the former case, shorting improves efficiency

28Note that, proposition 1.5.4 also holds when we consider the revised position z3.

PWhen 6(0) > p > 0., media groups can either increase or decrease allocational efficiency,
which further depends on model specifications, including price impact functions h;, hy and
small traders’ belief distribution f(-). Specifically, fix the model structure, media groups can
only increase allocational efficiency when p > p* := $(6(2{(0)) + 6(z}()\)). Note that p* €
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because it helps to correct the over-pricing. This implies that media groups” in-
fluence impedes the self-correction of the stock market via shorting and they
decrease allocational efficiency. In the latter case, the stock is already under-
valued and shorting further suppresses the stock price, decreasing efficiency.
Here is where the media groups increase allocational efficiency. Whether or
not media groups increase or decrease allocational efficiency depends on one’s
view of the marginal investor’s belief. Only if the average small trader is overly

optimistic are regulatory restrictions beneficial.

The Belief-neutral Efficiency

With heterogeneous and distorted beliefs, Brunnermeier et al. (2014) propose a
belief-neutral welfare criterion, which asserts that an allocation is belief-neutral
efficient if the allocation is obtainable as the optimum from a social planner’s
welfare function under a reasonable set of beliefs. Using this criterion, allo-
cations can be categorized into one of three types: i) uniformly belief-neutral
efficient allocations; ii) uniformly belief-neutral inefficient allocations; and iii)
those that are neither uniformly efficient nor uniformly inefficient across all rea-

sonable beliefs.

In this approach the social planner is agnostic about the actual probability
measure, which corresponds to P(-) here. To implement this approach, assume
that IP is unknown to the social planner. To simplify analysis, we use the utili-
tarian social welfare function,

W(E ) AENU} o) = B + [ EFlaJare)  (1s)

1€T
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where risk-neutral preferences imply that u;(w) = w and u%(w) = w. Note that
the expectation is taken with respect to P", a convex combination of the large
trader’s belief P; and small traders’ beliefs. We define the set of reasonable

beliefs to be all P* € 11" such that

P" = h'PL+ Y h'Py, whereh' >0, hy>0and » A +h'=1.

We use this criterion to compare the ex-ante welfare between two regimes
where shorting initially occurs (i.e., in stage 1 at time 0): (i) the one without me-
dia group presence, and (ii) the other with potential media threats. First, note
that with /without media trading groups, regardless of the probability measure
the social planner adopts, (internal) transfers among risk-neutral investors via
re-trades from market clearing do not directly impact social welfare, which im-

plies

W (E"ug), { ELUL},,) = B"[8] + / EMSIAF(6,)

0;>0(27)

= N-E"S| = N-E"hy(2})¢] = N - E"M¢]+ N - E" [(ho(2]) — 1)¢] . (1.19)

The first equality in Eq. (1.19) cancels all transfers among investors so that
welfare only depends on the stock value under the social planner’s belief. The
last equality further decomposes it into an exogenous value term N x E"[¢] in-
dependent of the presence of media trading groups, although it does depend on
the social planner’s belief P", and a second term N % E" [(ho(2]) — 1)&], which

depends on both the initial short position and the social planner’s belief.

Now, fix an arbitrary belief P". Note that because z}(0) < z}(\) < 0 (i.e., there

exists less shorting when media groups exist)*® and hy(z) is strictly increasing,

39 A formal proof of this can be found in the proof of Proposition 1.5.4.
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social welfare is improved in the regime with potential media groups, regardless
of the belief adopted by the social planner. In other words, if shorting has a
price suppressing effect and the related real effects are negative as described in
our framework, the discipline effect of media trading groups reduces the large
trader’s shorting position, leading to an increase in social welfare uniformly.
Hence, we have shown that media groups improve social welfare under this
welfare criterion by disciplining short selling, implying regulatory intervention

of media groups is not warranted.

This result is valid regardless of whether the price impact of media groups is
transitory or long-lasting as long as the discipline effect on the initial short po-
sition remains. This is because the price impact of media groups, if permanent,
would only contribute to additional welfare gains. Moreover, the belief-neutral
welfare comparison still holds if the real effects of shorting are not uniformly

positive over all possible beliefs for the social planner.

1.6 Extensions

This section discusses endogenous media coalition presence, endogenous me-

dia impact, incomplete markets, liquidity costs, and costs to using social media.

1.6.1 Endogenous Media Coalition Presence

To endogenize the media coalition presence probability with respect to a partic-

ular large trader’s short position, one can use rational inattention theory (Sims,
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2003; Hirshleifer and Teoh, 2003; DellaVigna and Pollet, 2009), which analyzes
how a decision-maker with limited attention allocates it across various sources
of information (i.e., which large traders to watch). There is a growing body of
evidence that attention is, in fact, limited (Chetty et al., 2009). This can be ad-
dressed in our model in a reduced form fashion by assuming that the larger the
shorts by the large trader, the higher is the probability of a media group forming,
i.e., A = A(2) is strictly decreasing in z. Interested readers can refer to Bordalo et
al. (2013) and Persson (2018). We do not pursue the modeling details here since

it is equivalent to modeling endogenous media impact in section 1.6.2.

1.6.2 Endogenous Media Impact

This section presents a setting in which an equilibrium exists such that the me-
dia impact parameter depends on the shorting position z < 0. Consider the case
in which the 7th small trader gains an additional expressive utility only when

the coalition’s proposal gets sufficient support and he has invested in the stock.

Lemma 1.6.1 (Endogenous Media Impact).
There exists a SPNE such that:
i) when there is no media group, k* = 0 and e] = 0 forall i € I;

ii) when a media group forms, the coordinator selects the target v* = I(1 —
F(0(z)))e; the ith small trader chooses e} = € when his belief 6; > 0(z), and e} = 0
when 0; < 0(z).

Consequently, the equilibrium media impact parameter k*(z) = I(1 — F(6(z)))e is
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. . . . dr*(2)
strictly decreasing in z < 0, i.e., — < 0.

Proof. See Appendix A.1.13. O

1.6.3 Incomplete Markets

In the baseline model, the market is assumed to be complete. However, this
assumption is unnecessary. In an incomplete market, we have traded a mma
and a risky stock, whose exogenous initial re-trade value { : & — R,. Here,
the random variable £ can take on a continuum of possible values, making the
market incomplete. As before, there is a continuum of small traders with total
mass I > 0. Trader i € I is risk neutral and her belief, indexed as 6;, is defined
uniquely by 6, := Ep,[{] Note the change for ¢, in a complete market which

represents a probability, whereas here it is an expectation.

Everything else remains unchanged. In particular, the belief type 0; has the
cumulative distribution function F'(-) with a density f(-) everywhere positive,
and we impose the exogenous trade size restriction, Assumption 2.3.1, for the
small traders. Then, given the initial wealth W; and the stock price s, the small
trader ¢’s optimization problem is*!

di(s) = agg gl?]x d; (Ei[hl(lﬁl)hg(Z’)ﬂ — S) +W;
i€[o,

which implies

d:(s) = 1(0ihy (K)ha(2) > ) = (91- . W)

S'Here, E;[-] = Ep,[].
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and
fuao=1]-r ()]

Given the large trader’s short position z < 0, and the exogenous stock sup-

ply N < I, the stock market clearing condition is again

N_Z:/ieldzﬂ(s):f{l—F(m)]’

which implies the quasi-competitive equilibrium price s(x, z) satisfies
s(k,z) = hi(k)he(2)G((I — N + 2) /1) =: hi(k)ha(2)0(2).

Now, everything follows as in a complete market model.

1.6.4 Liquidity Costs

We now consider the extension where when the broker liquidates some of the
large trader’s shorts to meet the margin constraint, there is an exogenous cost
per share equal to ¢ > 0. Introducing this liquidity cost implies a greater wealth
loss from a liquidation and thus more shorts are needed to be closed after a
margin adjustment. Indeed, with the cost ¢ > 0 for a margin adjustment, the

revised short position after a liquidation satisfies

WL = lZg’S(KJ, 23>|77£+§(I€, 23)|Z3 — 214|+ C‘Zg — 21| (120)
—_———
new ;nrargin endoge;lrous cost exogenous cost

where z; < 0 is the initial short position. Compared to equation (1.9) in the
baseline model, the liquidation costs consist of both an endogenous and an ex-

ogenous part. If we fix x and the initial short position 2, the quantity z3; needs
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to be revised more (i.e., more shorts are closed) so that the maintenance mar-
gin can be restored, which further implies that the large trader’s loss increases

because the stock price bubble increases even more.

In turn, this implies a stronger incentive for precautionary savings and a

strong deterrence is more likely to occur. To see this, note that
Va(z1) = </\[23h1(R)h2(23)—zlh1(Fo)hg(zl)]GL—)\[s(R,23)+c](Z3—z1)>IL(z1 < 21(R)).

Compared to equation (1.13), the large trader faces a larger liquidation cost
whenever a margin adjustment occurs. Note that, with A fixed, this does not
affect the optimal short position zf()\) when the initial wealth is large enough
(e, W, > W, (%,27(\))) because the liquidation cost only matters when the
budget constraint is binding. However, it does imply that strong deterrence is
more likely to occur when W, < Wy (%,27(\)). Indeed,

V3(2T(R)) = Mu(R) [1 = 2(=7(r))]

N

x {(B(=7(R)) = 01 ha (27(R)) — 211 (27(R)) | +M(®) ¢ (1 = 24(27(7)))

This further implies that™

4R R) + V(7))

> 0.
dc

Thus, compared to the initial model, V/(27(r)) + V5 (27(%)-) > 0 is more likely

to hold, and thus strong deterrence is more likely to occur.

Note that z7(%) and V{ (27(k)) are both independent of ¢ > 0. By differentiating equation

(1.20), we get 24 (27(%)) = /7L t52% where Ko := —m(ha+ 527 (R)) 0 —mhazT (R)6' (7 (F)).
Finally, if we modify lemma 1.5.2 to include ¢ > 0, we have Vj(z7(8)_) > 0. Note that 6(z7(%)) >
61, otherwise it is suboptimal to short in stage 1. This, combined with the fact that V5 (27 (7)-) >

0, implies that K, K5 and K3 are all positive.
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1.6.5 Media Visibility Costs

In the baseline model, a media group can choose the level of media visibility
without incurring any costs. We make this assumption to simplify the analy-
sis and it is a reasonable first approximation for the direct communication costs
when using online chatrooms. However, there may be other opportunity costs
associated with increasing the media group’s visibility with respect to a targeted
stock, e.g., the time spent in chat rooms. Moreover, it can take the form of neg-
ative real effects independent of the randomness in the stock. This is because
any excessive scrutiny received makes the managerial incentives unnecessarily
conservative and decreases the underlying firm’s value. It could also be the cost

of achieving consensus when the media group is more visible.

We can easily incorporate these other costs into the previous model. Assume
that the cost of media impact « is given by Cj/ (k) = %c v k% where ¢y > 0. Given
the large trader’s short position z < 0, the marginal small trader’s belief type is

0(z) = G (:-#2). We can change the objective function of the media group to

Uo(r]2) = / ; (depi 5] — d¥s(k, ) + Wi>dz' — Cai(k)

= hy(k)ha(2) /

0(z)
= ha(k)ha(2) [1 . F(e(z))} (E[9|0 > 6(2)] — 0(2)) — Ch(k) + /ZEI Widi.

(6, 0= (6)8, ~ Cuatw) + [ Wi

icl

Hence, the solution is

K*(z) = arg max Uc(k|2).

If we take hi(k) = 1+ ar, ho(z) = 1, K = Ry and 6 ~ Uniform([0,1]), we
can embed this mapping «*(z) for stage 2 in the previous equilibrium analysis.

The main difference is that the larger the media visibility cost (i.e., cps 1), the
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lower the coalition’s media impact parameter (i.e., s*(z) |), which implies that
a price bubble and short squeeze are less severe and thus the shorts are more

aggressive.

1.7 Conclusion

This paper studies how chatroom traders unionized via social media platforms
influence the stock price through impact trading. The economic consequences of
this coalition formation is analyzed in a micro-founded quasi-competitive equi-
librium framework with strategic trading. A large trader strategically shorts
a targeted stock, fully anticipating the price impact of her trade. Meanwhile,
small traders may form a media group to coordinate their purchases and exert
efforts to promote the stock on social platforms and individual networks. Vari-
ous equilibrium phenomena arise, including price bubbles, short selling, short
squeezes, forced liquidations, and precautionary savings. We show that media
groups can discipline the large trader’s incentive to short sell, but it can be either
allocational efficiency increasing or decreasing. Using a belief-neutral welfare
criterion, we show that media groups discipline the large trader’s incentive to

short sell, and it uniformly improves social welfare.
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CHAPTER 2
INDEX DESIGN: HEDGING AND MANIPULATION

2.1 Introduction

This paper investigates how to construct an index of an asset’s price, for the
payment of cash-settled derivatives, such that: (1) the derivative can be used to
hedge the underlying asset price risk; (2) the derivative can be used for price
discovery of the underlying asset; and (3) the index is not easily manipulated.
All of these three concerns, including hedging, price discovery, and manipulation,
defined herein, are important in the creation of an index. Among these, the
first requirement, hedging, is often the primary reason for the creation of the in-
dex, and this problem is inherently dynamic. Moreover, the third requirement,
manipulation-proof, is important because if an index is easily manipulated, then
the price process is not based on fundamentals, and it cannot be used to hedge
the underlying asset price risk. Last, the second one, price discovery, is also
important (Duffie et al., 2017), but it is often not the primary purpose for the
creation of the index. In this paper, we focus on the first and the third reasons,

i.e., hedging and manipulation.

A canonical example of index construction is the transformation from the
London Interbank Offered Rate (Libor) to the Secured Overnight Financing Rate
(SOFR) for their use in interest rate derivatives. SOFR is seen preferable to Libor
because it is transaction based, rather than using quoted borrowing rates, espe-

cially after the Libor scandal.! But, unlike the construction of the Libor index

IFor instance, see, Wall Street Journal, February 3, 2017, “CFTC Fines Royal Bank of Scotland
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which is essentially equally weighted, the SOFR index is volume weighted.

This paper is motivated by two crucial insights. First, when an index is cre-
ated to avoid manipulation, its construction can inhibit the ability of the deriva-
tive to hedge price risks. Indeed, to see this, consider the following. Let the in-
formation set revealed (the randomness realized) by the underlying asset price
be denoted F. We want the index to reflect only the risk in 7. However, if the
index reflects additional randomness, then there is basis risk. An example is
the VWAP-constructed SOFR index. The SOFR index uses volume weights and
because the volume for any given transaction is random and different from the
randomness contained in interest rates, these weights introduce basis risk to the

index.

Second, the market price determination mechanism is also critical to an anal-
ysis of these issues. Specifically, there are two different approaches that can be

used to understand market clearing.

1. The competitive market paradigm, modified to deal with manipulation.
Here, most traders are price takers, and an equilibrium is based on equat-

ing supply and demand, where the demand is optimally determined.

2. A strategic game paradigm. Traders act strategically, having information
about other traders, and a Nash equilibrium is the basis for a market clear-

ing mechanism.

Which of these two price determination mechanisms better approximates secu-

rity markets is important for index design issues. In large markets, e.g., interest

$85 Million Over Attempted Manipulation of Interest-Rate Benchmark”.
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rate markets, one can argue that the competitive market paradigm is a better
approximation because most traders probably act as price takers, except for a
few large financial institutions. This paper takes this later perspective and uses
the competitive market paradigm, modified for the existence of large traders, to

understand index design.

In such a market, we show that an EWAP-type index based on transaction
data can both effectively alleviate market manipulation and facilitate hedging.
The logic is straightforward. In a competitive market paradigm, there exists a
large number of price takers. When the index is EWAP constructed, the price
impact on the index by a single large trader is limited and vanishes in the limit
with a continuum of price takers. In contrast, a VWAP-type index gives the
large trader a big price impact, and thus it begets a strong incentive for index
manipulation to reap benefits from index related derivatives. This also destroys
perfect hedging and market completeness. Our main result holds under various
scenarios such that when the large trader’s derivative position is exogenous,
when the derivative position is endogenous, when the large trader has market
power on both the asset and derivative markets, and also in a continuous time

model.

An outline for this paper is as follows. Section 2.2 presents a literature re-
view. The model’s setup is contained in Section 2.3 for a multiple round model.
Sections 2.4 and 2.5 present the model’s implications, with Section 2.6 providing
various extensions. Section 2.7 studies the continuous time model and Section

2.8 concludes.
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2.2 Literature Review

The existing literature is static and uses the strategic game paradigm (Eisl et
al., 2017; Baldauf et al., 2018; Coulter et al., 2018; Duffie and Dworczak, 2020).
Hence, it ignores hedging and concentrates on manipulation. In doing so, it ne-
glects the essential reason why the index is created. As a result, a basic result
is such that an EWAP-type index, ceteris paribus, is more easily manipulated
than a VWAP-type. This result depends crucially on the market clearing mech-
anism. As argued by Duffie and Dworczak (2020), small transactions should be
discarded because they are cheap to manipulate. In contrast, under the com-
petitive equilibrium paradigm, transactions by small traders jointly determine
the martingale measure and adding them to the index greatly limits the large
trader’s price impact. Moreover, as argued above, the VWAP-type construction
introduces basis risk due to the use of volume weights, which is ignored in the
existing literature. An exception is Zhang (2020), who studies financial bench-
mark manipulation in a dynamic setting, but does not focus on index design.

Instead, he proposes a measurement of manipulation incentives for regulation.

Our paper’s contributions are twofold. First, it is dynamic, and thus suitable
for analyzing hedging. Even our static model has a dynamic element to it, and it
aggregates both the asset price before and after manipulation if it exists. Second,
it is based on the competitive market paradigm, which can better approximate
security markets than the alternative strategic game paradigm. Our basic result
is in stark contrast with the existing literature, and we show VWAP is more
easily manipulated than is EWAP. Moreover, the VWAP construction destroys

complete markets and introduces basis risk (i.e., the intermediary’s hedge fails),
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and the EWAP construction preserves complete markets and thus is consistent

with perfect hedging.

Our paper is also remotely related to two more strands of literature. First,
it is related to the empirical work investigating index manipulation, including
Libor manipulation (Abrantes-Metz et al., 2012; Bonaldi, 2017; Gandhi et al.,
2019), VIX manipulation (Griffin and Shams, 2018), and FX manipulation (Evans
et al., 2018). Second, it is also related to papers on trade-based manipulation,
which functions through buying and selling alone (Jarrow, 1992; Allen and Gale,
1992; Allen and Gorton, 1992; Chakraborty and Yilmaz, 2004b, 2008; Goldstein
and Guembel, 2008; Williams and Skrzypacz, 2020).

2.3 The Setup

This section introduces the basic model structure to study index manipulation

by a large trader in an otherwise competitive market.

2.3.1 The Basic Model

We construct a model where multiple rounds of trading occur in sequence be-
tween time 0 and time 1. There are three types of traders: a continuum of small
traders of measure Z > 0, an intermediary (a broker), and a large trader. The
randomness in the economy is given by the probability space (€2, F,P). There
are three assets traded in the economy: a money market account (mma) paying

a riskless return, a commodity (asset), and a derivative on the asset. Without
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loss of generality, we set the mma return to be zero, which implies that the asset
and the derivative are both denominated in units of the mma. The time 0 asset
price is denoted Sy. The asset’s liquidation value at time 1 is denoted as S; = ¢
with £ : Q@ — R, a non-negative random variable. The asset has an exogenous

supply of N > 0 shares, which are infinitely divisible.

A derivative on the asset trades at time 0 with price Cjy. The derivative is
cash settled at time 1 with a payoff given by a function C; : Ry — R, of an
asset market index I, for ¢t € {0, 1}. The index’s value at time 0 is fixed at unity.
The index’s value at time 1 is based on the average asset price in the trading
rounds occuring between times 0 and 1. In this sense, one should think of the
time period [0,1] as corresponding to a single trading interval, whose successive
trades determine the index’s value at time 1 for cash settlement of the deriva-
tive.? The asset market is assumed to be complete, so that the derivative is a
redundant security and its time 0 price is uniquely determined by no-arbitrage
considerations. The market is assumed frictionless except for various short sale

restrictions on the small traders that are introduced shortly.

To purpose of the model is to understand how a large trader, who holds an
initial position in the derivative, can manipulate the equilibrium asset price at
time 0 to affect the market index that determines the derivative’s time 1 pay-
off.> To capture this scenario, we assume that the large trader purchases z > 0
derivatives at time 0 from the intermediary. The intermediary is unconstrained
in buying and selling shares of the asset and derivative, believes the market is

complete, and enforces the derivative’s arbitrage-free pricing. The intermediary,

2This interpretation is most easily seen in the continuous time model in Section 2.7 when
considering trades over an instant in time.
3An example to keep in mind is an interest rate cap with Libor the underlying index.
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Time O

Round 1 Round 2 Time 1
The intermediary The large trader All payoffs
hedges the derivatives initiates hidden trades are realized

Figure 2.1: Timeline of the index manipulation game

being a broker, holds no inventories and hedges his short derivative position by
buying zA shares of the asset at time 0 where A corresponds to the derivative’s

hedge ratio.

The smaller traders participate in the asset market, but they cannot sell
short. The large trader can also purchase shares of the asset. An equilib-
rium in the asset market corresponds to a sequence of time 0 prices, denoted
So(z,x) : Ry x Ry — Ry where z is the large trader’s derivative holdings and
is the large trader’s asset holdings such that the aggregate demand for the asset
equals its outstanding supply, including the demands of the intermediary and

small traders.

To capture the construction of the market index and potential market manip-
ulation, we introduce two trading rounds at time 0 as illustrated in Figure 2.1.
These trading rounds correspond to changes to the market’s demand resulting

from actions taken by the large trader. In particular, we have the following;:

* Round 1 corresponds to the initial equilibrium in the asset market where
the small traders and intermediary, acting as price takers, clear the market.
The large trader purchases z > 0 derivatives from the intermediary at the

arbitrage-free price (. The intermediary believes the market is complete
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and hedges her short derivative position by buying Az shares of the asset
where A is the hedge ratio. The initial equilibrium asset price is denoted
So(z,0) where 0 corresponds to the asset holdings of the large trader in
round 1. At time 0, the asset market index is determined from past trading

intervals, and fixed at I, = 1.

* Round 2 has the large trader purchasing x > 0 shares of the asset, perturb-
ing the equilibrium asset price to Sy(z,z). The small traders necessarily
retrade due to this perturbation. The time 1 index value is defined as an

average asset price over the trading rounds at times 0 and 1, i.e.

I = %Sl + %(wSo(z, z) + (1 —w)S(z,0))

— %(51 + Su(2,0)) + %(50(27 x) = So(2,0))

for some given weight 0 < w < 1 on the second round of trading at time
0. The exact weighting of the time 0 and time 1 prices is not important in

the subsequent analysis, as long as the weights (1/2) are fixed.

* Two different indexes will be analyzed below depending upon the choice

of the weight w.

- A volume-weighted average pricing (VWAP) index. Here, the weight
onround 2, w = /N, corresponds to the volume of the large trader’s

transaction relative to the total volume of all traders’ trades.

— An equal-weighted average pricing (EWAP) index. Here, w = 1/¢ =
0,4 which corresponds to an equal weighting of the transactions
where the number of the small traders’ retrades in round 1 corre-

spond to an uncountably infinity (one trade from each trader in 7)

*We denote the cardinality of the continuum by c.
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relative to the large trader’s single trade. Under EWAP, the large
trader can only initiate a hidden trade just once and thus the weight
assigned to her trading is zero, i.e., w = 0. As discussed in Duffie
and Dworczak (2020), EWAP mechanisms are susceptible to gaming
by the large trader via order splitting, that is, a trader can submit
mutiple small orders several times, rather than one large transaction.
Because the large trader can only trade once in our model, this type

of strategic order splitting is excluded.®

e At time 1, the cash-settled derivatives payoff is (by construction)
C1 (21 = So(2,0)) = G (5 +w(So(z, ) — So(2, 0))). (2.1)

We note that the functional form of equation (2.1) is not crucial to the sub-
sequent analysis as long as the payoff is increasing in Sy(z, z). The affine
transformation of I; is only included to make the payoff simpler in ap-

pearance.

To be consistent with a complete market, we assume that the asset’s evolution
is a binomial process. We need to introduce some additional notation. With
respect to the probability space, let @ = {H, L}, F = 2%, and P(H) = 1 —P(L) =

p. The asset’s time 1 liquidation value is given by S; (w) = {(w) where
£ ifw=H

§, ifw=1L

§(w) =

°If we allow for mutiple trades (and thus order splitting) by the large trader between time 0
and 1, the basic results hold if either: (i) the large trader can only trade a finite number of times
since w = n/c = 0 for all n < oo; or, (ii) she can only trade a countably infinite times since a
countably infinite set has a measure zero; or, (iii) she can submit an uncountably infinite number
of transaction orders but there is a fixed cost of submitting an order; or, (iv) the transactions are
submitted by well-identified traders, such as the case for Libor and the Platts’ Market on Close
process for energy price benchmarks.
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and £ > €.

It is well known that ¢ > ¢ is a necessary and sufficient condition for

the binomial model to be complete. And, to avoid arbitrage, we require that

So(z,7) € (§,€). This will be shown to always hold in our model’s equilibrium.

2.3.2 The Small Traders

Small traders are assumed to be risk neutral with heterogenous subjective be-
liefs. The risk neutral assumption is relaxed in a subsequent section. Each trader

i € [0,Z] holds a different belief denoted by P;({) = 1 — P;(§) = 6;, where the

parameter 0; € [0, 1] has the cumulative distribution function F(6;) with the den-
sity f(6;) > 0 for all §; € [0, 1]. Obviously, F'(0) = 0 and F'(1) = 1. This cumula-
tive distribution function measures the distribution of the small trader’s beliefs
in the economy from pessimistic to optimistic. Here, the ith small trader’s sub-
jective probability measure IP; can differ from the actual statistical probability

measure P.

We impose the following assumption.

Assumption 2.3.1 (Small Traders Trading Constraints and Wealths).
For all small traders i € [0,Z],

i) the trading quantity d; € [0, 1], and

ii) the initial wealth W; > €.

Assumption 2.3.1 (i) states that the small traders cannot short the asset and
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can buy at most one share of the asset. The one share maximum is without loss
of generality and can be replaced with any d > 0. Assumption 2.3.1 (ii) states
that the small trader has sufficient initial wealth to purchase any shares desired

within the trading limit without shorting the mma.
Small traders are price takers who solve the following optimization problem

d:(So) = arg max (dzEIP’Z [Sl] — szO + VV@)

diE[O,l]

s.t. dZSO S VVz
Here, Ep,[-] denotes expectation under PP;,

Ep,[S1] = Ep, [¢] = 6:€ + (1 — 6;)¢,

and W; — d;s corresponds to the investment in the mma.

Given the asset price 5, the ith small trader’s optimal asset position is given
6

by

1, if6E+(1—-6,)§> S
02 (S0) = 15, ¢ (B, [S1]) = >= 2.2)

0, otherwise.

Alternatively, the small trader i buys one share of asset if and only if

&>%_§
Sy

Fixing Sy, given the distribution of beliefs across the small traders, the aggregate
market demand is

/ d&(So)=I|1—-F S &1 (2.3)
i€[0,Z] ' f-é

®Note that, the indicator function 1 4(z) equals 1 when z € A, and equals 0 when = ¢ A.
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2.3.3 The Large Trader

The large trader does not trade in the asset market at time 0 in round 1. Instead,
the large trader only purchases z > 0 shares of the derivative in round 1. In
the baseline model, the large trader’s derivative position is not strategic. This
implies that the large trader is a price taker with respect to the derivative’s time
0 price Cy. We will relax this restriction and endogenize the initial derivative
position in section 2.6.2 below. In equilibrium, the price Sy, and the risk neutral

probabilities Q depend on z, although the large trader is not optimizing over z.

However, the large trader purchases assets in round 2. Fully anticipating the
impact of her trades on the asset price in round 2, she strategically manipulates
both the asset price and index to benefit from her existing position in the deriva-
tive. As such, her trades are hidden and unknown to either the small traders or

intermediary.

2.3.4 The Intermediary and the Derivative Market

The intermediary holds a belief given by P. Given the binomial process for the
asset price, the intermediary believes that the asset market is complete. The in-
termediary acts as a broker, buying and selling derivatives at time 0 in round 1,
and holding no inventory. He determines the arbitrage-free price of the deriva-
tive. Because the intermediary holds no inventory, he hedges his derivative

position in the asset market.

The intermediary believes that the derivative’s time 1 payoff is determined
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by the index value I; = 1 (S; + Sy(z,0)), which fails to include the hidden trades
of the large trader. The reason for this belief is that the large trader purposefully
hides her illegal manipulative trades.” This model is created in order to design

an index such that this sort of hidden illegal manipulation is precluded.

Given the intermediary is unconstrained in buying and selling the asset and
derivative, the intermediary’s actions determine the derivative’s price. The in-

termediary sees the payoff to the derivative from expression (2.1) as
Cy (2]1 - 50(2',0)) = Cl(f)-

The standard binomial derivative pricing model (Shreve, 2005, Chap. 1) yields

o = By Cr(e)] = SO =9+ CiOE~ 50 04

where

So(z,0) = Eql¢], (2.5)

and

Standard “delta-hedging” gives
CO = ASO(Z, O) +m

where m is the position in the mma and

C1(§) — C1(§)
¢-¢
"We impose a behavioral assumption that the intermediary acts naively as if there is no ma-
nipulation when doing the hedging. Ideally, this assumption can be removed by building a

more complex model in which the intermediary anticipates the possibility of manipulation in a
rational expectation equilibrium. See Section 2.6.1 for a detailed discussion.

A = 0Cy/0Sy(z,0) = (2.6)
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24 The Round 1 Asset Market Equilibrium

This section determines the equilibrium in the asset market at time 0 in round
1. Recall that the aggregate supply of shares in the asset market is NV > 0. Thus,

the asset market clearing condition is

So— &
- r(559) .

where zA corresponds to the intermediary’s demands and 7 [1 - F <?__§>]

represents the aggregate demand of the small traders. Note that the equilib-

N=zA+7T

rium price S, depends on the derivative position z of the large trader because

of the hedging action of the intermediary.

Denote by G(-) = F~!(-) the inverse of the cumulative distribution function
F(-). Note that G(-) is well defined because F'() is strictly increasing for all
6 € [0, 1].

Proposition 2.4.1 (Round 1 Equilibrium Asset Price).

Given the large trader’s derivative position z > 0, the equilibrium price is

So(2,0) = £+ (£ -G (W) (2.8)
where the martingale measure is
Q) =1 - QL) =6 (). 29)

The proof follows directly from expressions (2.7) and (2.5). The following

comparative statics will prove useful below.
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* The asset price is increasing in the large trader’s derivative position, i.e.

08(2,0) _ AE-¢
Oz - If (ZA+II—N> :

* The equilibrium asset price Sy(z, 0) can be either concave, linear, or convex
in z. The properties of Sy(z,0) are implied by the function G(-), or equiv-
alently F(f). For instance, if F(#) = v/, which is concave, then G(6) = 6°

and the asset price Sy(z,0) is convex in z.

¢ The curvature of Sy(z,0) is related to the degree of pessimism/optimism
across the small traders. For F'(f) concave, there are more small traders
holding pessimistic beliefs. When the derivative position of the large
trader z increases by one unit, the effective asset supply is reduced by
A. Hence, when z is close to zero, if F'(f) is concave, a tiny price increase

implies that more pessimistic small traders will not purchase the asset.

2.5 The Round 2 Asset Market Equilibrium

In round 2, the large trader strategically buys the asset to affect the asset index
and the future value of her derivative position. This section determines the

perturbed equilibrium asset price.

2,51 The Equilibrium

Let z(Sy) be the optimal asset demand of the large trader given the price 5.

The large trader trades at the asset price Sy(z, z), determined in the perturbed
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equilibrium, which depends on her quantity purchased x > 0. The equilibrium

clearing condition is modified to
N = zA + / d; (So(z,2)) + (2.10)
1€[0,Z]
where zA is fixed since the intermediary does not retrade.
Note that this is the same equilibrium computed in round 1 but with a mod-
ified supply of shares (N — z) outstanding. In this perturbed equilibrium, the

small traders retrade and reduce their holdings relative to the initial equilibrium

since Sy(z,x) > Sp(z,0). This implies that the aggregate asset demanded by the

. B B So(z, x) -
/ie[O,I] d; (S’o(z,x)) =71 F<—§_—§ )]

Combining this with equation (2.10), the large trader successfully determines

small traders is revised to

the market clearing price

Solz,2) = £+ (€~ £)G -

_ (zA—f—x%—I—N). 2.11)

2.5.2 Index Design, Manipulation, and Market Completeness

Assuming the large trader doesn’t optimize over z in round 1, she acts as a price
taker with respect to the impact of her derivative trades on the asset. Because
the large trader acts as a price taker in the derivative market at round 1, she

values the asset and derivative’s payoffs using the martingale measure Q(w|z).

In round 2 she anticipates that her trade size = will affect the asset price,

and strategically manipulates the asset index. Denote by W, the large trader’s

8The derivative position z is endogenized in the general equilibrium analysis in section 2.6.2.
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initial wealth. She is risk neutral and to simplify the analysis, we assume that

she cannot short sell the asset (i.e., z > 0). Hence, the large trader chooses

a*(z) = ar%gax {xEQ[f] + 2Eq [CI <§ + w(SO(Z, x) — So(z, O)))]

+ Wp —2S(z,x) — zCO}

st. xSy(z,z)+ 20, < Wy
In the objective function, the first term is the time 0 value of the investment in

the asset, the second one is the value of the derivative position, and the last one

is the value of the mma position. The following theorem can now be proven.

Theorem 2.5.1 (Index Design and Manipulation).

(i) Under the EWAP index weighting, x7},,(2) = 0 and there is no index manipula-

tion.

(i) If $Eo[C1(§)] > 1, then under the VWAP index weighting, xiy,(z) > 0 and

the large trader manipulates the index (i.e., I > 5 (So(z, ) + S1)).
Proof. See Appendix B.1.1. O
To understand this theorem, note the following two points.

1. By assertion (i), under the EWAP index weighting, w = 0, and the linkage
to the derivative market position’s impact doesn’t exist. It is not profitable

for the large trader to manipulate the asset market.
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2. By assertion (ii), under the VWAP index weighting, w > 0, and if
the derivative’s payoff is sufficiently sensitive to the index change (i.e.,
“Eg[C1(§)] > 1), the gains from the derivative market offsets the losses
due to buying the asset. And, the large trader manipulates the asset price
to inflate the index’s value to profit from her position in the derivative

market.

Hence, the implication for index design is that the volume-weighted index is
more likely to promote index manipulation. In contrast, the equal weighted
index limits the influence of the large trader’s asset purchases, making market
manipulation unprofitable. The volume weighted index also destroys market

completeness.

Theorem 2.5.2 (Index Design and Market Completeness).
(i) Under the EWAP index weighting, the market is complete.

(ii) Since x5y, > 0, under the VWAP index weighting, the market is incomplete.

This result follows due to the randomness introduced into the derivative’s
payoff by the large trader’s round 2 transactions on the volume weighted index,
which depends on = > 0. These transactions, unanticipated and unknown to the
intermediary (the only agent hedging in our model), destroys his round 1 hedge.
For instance, the intermediary was under-hedged if the payoff to the derivative

is convex in the index at time 1,°

_ 01 (54— w(So(Z,ZL') - S()(Z,O)))_— Gl (§+ w(S()(Z,ZL‘) - S()(Z,O)))
§-¢

“Here, we use the convexity of Ci(-) in the inequality.

A,
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Ci(§) = C1(g)
£-¢

where the correct hedge ratio, given = > 0, is given on the left side of the pre-

> =A

ceding expression. In contrast, the equal weighted index does not depend on
the larger trader’s perturbation to the market’s trading volume. Furthermore,
the incomplete market result for the VWAP mechanism in theorem 2.5.2 fol-
lows from the behavioral assumption that the intermediary is naive. The large
trader’s transaction size being hidden is crucial to this conclusion and index
manipulation alone (if anticipated) does not necessarily render the derivative

market incomplete.'”

These two insights into the EWAP and VWAP indexes stand in contrast to
the implications in the existing literatures, see the discussion in section 2.2. The
reason is twofold. First, the existing models analyzing manipulation are not
based on the competitive market paradigm where traders are price takers and
not aware of the actions of large traders. This non-strategic behavior is different
from that evidenced in the Nash equilibrium based existing models.!! Second,
the existing models are not dynamic, and consequently, ignore market com-
pleteness considerations with respect to index construction. This is a serious
omission because often indexes are constructed purposefully to facilitate hedg-
ing (market completeness). And, the introduction of another random variable -
volume - into the index’s realized randomness destroys the ability of the index
to hedge the payoffs to the underlying asset due to its fundamental risk (£ in the

above model).

19See section 2.6.1 for more discussion.
'Here, Nash equilibrium should be interpreted more generally as including both Bayesian
Nash equilibrium and Perfect Bayesian Nash equilibrium.
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We conclude this section with the following remark.

Remark 2.5.1 (Large Trader’s Knowledge).

The above result generalizes to the large trader not knowing Sy(z, x), but only know-

(95'0 (z,z)

ing that === > 0. This follows because the result only depends on the first derivative

of the perturbed price function to prove that it is optimal to manipulate.

2.5.3 Welfare Issues

This section explores the impact of index manipulation, when it occurs, on the

market participants.

¢ The small traders make profits because Sy(z, x3y;,) > So(z,0) and they are

long the asset. But, only those smaller traders who are in the market, i.e.,

[Sg(zO) £ So(zaty) g)
& £-¢ )

those with subjective beliefs 6; €

* The large trader benefits. Although the large trader loses value on her

asset position by the amount
o (Eglé] — So(z, 23w)) = w (So(z,0) — So(z, 2w )) <0,
the gains in her derivative position
z (Eg [Ch (€ +w(So(z,2) — So(2,0)))] — Co) >0

exceed these losses. She loses value on the asset trade because her trans-

action increases the purchase price above Eq[¢] = Sy(z,0).

¢ The intermediary loses the amount
4 (EQ [01 (f + w(So(Z,f) — 50(2,0))} — Co) <0
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because her trade was not fully hedged.

2.6 Robustness and Discussions

The remainder of this paper shows that these two implications are robust to
relaxations of this simple model’s structure, including the extensions to contin-

uous time and risk aversion.

2.6.1 A Sophisticated Intermediary

In the baseline model, the intermediary is not aware of index manipulation ex
ante because the large trader purposefully hides illegal trades. In this subsec-
tion, we discuss how this assumption can be supported in a rational expectation
equilibrium. To this end, we can introduce a prior belief for the intermediary
over the large trader’s trade size. The strategic action of the large trader fur-
ther depends on some private information about being detected, which is not

explicitly modeled. Consider the following scenario in which with a sufficiently

L
1007

small probability, say A = the intermediary believes that the large trader can
hide her trade and manipulate the index, and with complementary probability

1 — X = %, the large trader cannot.

For the EWAP mechanism, independent of A and the large trader’s private
information, the large trader does not have an incentive to game the index (i.e.,
g = 0) since the effective index weight assigned to her trade is zero. Knowing

this, the intermediary employs a hedging strategy which coincides with that in
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the baseline model and the derivative market is complete in the sense of perfect

hedging.

For the VWAP mechanism, when the large trader’s private information re-
veals that she will be detected in round 2, the large trader simply does not trade
since it is not profitable. In contrast, when detection is unlikely, the large trader
trades strategically and benefits from index manipulation. This is because, be-
fore the realization of manipulation detection, the intermediary acts based on
his prior, and the intermediary’s hedging strategy and derivative pricing are
well approximated by the baseline model with X sufficiently small. Thus, the
derivative market is incomplete by the same reasoning as that in theorem 2.5.2.
To summarize: (i) given that the intermediary is sophisticated, markets with
manipulation possible are more likely to be incomplete when there exists un-
certainty over the large trader’s trade size; and, (ii) the naive intermediary as-
sumption can be viewed as the limit case when the intermediary’s belief over

the probability of manipulation is small (i.e., A — 0).

2.6.2 Optimal Derivative Selection by the Large Trader

This section relaxes the assumption that the large trader’s derivative position z
is exogenous. The appropriate equilibrium concept is that of a rational expecta-
tion equilibrium, where the large trader’s optimal derivative position is consis-
tent with the equilibrium. Here, we restrict the choice set for the large trader’s
derivative quantity to be binary, i.e. ¢ = {0,2}. The remaining setup is un-
changed. Specifically, in round 1, the large trader chooses the optimal derivative

position z* € C, still acting as a price taker in the derivative market. In round
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2, the large trader manipulates the asset price and all traders take her optimal
derivative position 2 as given. In equilibrium, the consistency requirement is

that z* = 21,

As in section 2.4, the large trader’s sole goal is to manipulate the asset to
benefit from her derivative position. The large trader knows the impact of her
trading on the index (and that on the payoff to the derivative). The large trader’s
wealth is constrained by W, dollars and she can not short sell the asset (i.e.,

x > 0).

Let us explain the equilibrium construction. We use backward induction.

¢ In round 2, her objective is to choose

1*(2,2") = arg max U(z, 2) (2.12)

x>0

s.t. 2Sy(21, ) + 20y (2" < Wy
where

Uz, z) = zEg[¢] + zEg [01 <§ + w[SO(zT,x) — So(z, O)])]

+Wp — 2So(2", z) — 2C,(2")

and the martingale measure is Q(w|z").

Note the logic behind the notation 2*(z, z'). The first argument 2 shows up
because the large trader is forward looking, while the second argument =7

comes from the price taking behavior assumption.

e In round 1, the large trader predicts her optimal asset holdings z* (2, z¥)
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in round 2. Hence, the round 1 solution is

z* = argmax U(z" (2, ZT) ,2) (2.13)

zeC

s.t. x*(z,zT)So (zT,:c*(z, zT)) + 20y(2") < Wp.

Second, we give a definition modified from the standard rational expectation
equilibrium.
Definition 2.6.1 (Rational Expectation Equilibrium).

The tuple (27, Q(-|2"), So(21, ), Co(z1), A, a*(2*, 21), 2*) is a rational expectation
equilibrium if it satisfies:
i) Individual utility maximization. All traders solve their optimization problems prob-

lems. Specifically,

1) the smaller traders” demands satisfy equation (2.2) with S(z',0) and Sy(zT, z)

in rounds 1 and 2;
2) the intermediary hedges the derivative with price Cy(2") in round 1; and

3) the large trader optimally chooses =* in round 1, and x*(z*, 2') in round 2.

ii) Market clearing.

DN =2IA+ [, df(So(27,0)) in round 1, and

€L

2)N = 2N+t + [ di (So(z,27)) in round 2.

iii) Consistency. Specifically, z* = 2V and thus z*(z*, 2") =: .

Remark 2.6.1 (Hidden Trades).

This definition 2.6.1 modifies the traditional rational expectation equilibrium by al-

lowing the existence of hidden trades by the large trader in round 2. The hidden trades
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can be viewed as the large trader’s private information.

The following proposition now follows.

Proposition 2.6.1 (REE Equilibrium).

Assume that 2 < 4k and £Eq[C}(€)] > 1 where the martingale measure is

Co(2)
Q(-]2").
Then, % is a rational expectation equilibrium (i.e., 2t = 2) such that:
i) 2%y (2) = 0 under EWAP; and

ii) iy (2) > 0 under VWAP (index manipulation occurs).
Proof. See Appendix B.1.2. O

This proposition 2.6.1 verifies that the index design implications from the
exogenous z case (Theorem 2.5.1) still apply when z is endogenized. The restric-
tion of a binary choice set can be relaxed. If instead the choice set is C = [0, z],
for an arbitrary 2t we can still use the equilibrium construction (see, equation
(2.12) and (2.13) to find 2* € C). Now, the consistency condition that z* = 2T
becomes a fixed point problem. By choosing a suitable functional form for F'(6),

we can solve this fixed point problem analytically.

2.6.3 Market Power

This section relaxes the assumption that the large trader is a price taker in the

derivative market. Knowing that her derivative holdings z affects the martin-

78



gale measure in the asset market, the large trader strategically chooses the opti-
mal level of derivatives, fully anticipating that he can also manipulate the asset

price by hidden trades, z, in the round 2 equilibrium.

Here, we modify the large trader’s objective function by using the actual
probability measure P to determine the appropriate present values. Again, the

problem is solved via backward induction.

¢ Step 1: In round 2, z is taken as given, and the large trader determines the

optimal hidden trade

*(z) = arggéax{:cEp[ﬂ + 2Ep [Cl <§ + w([So(z, ) — So(z, O)D]
+ Wy —xSo(z,x) — zC’o(z)}
s.t.xSo(z,x) + 2Co(2) < Wr.
¢ Step 2: Inround 1, the large trader anticipates his best action 2*(z) in round

2, and solves

z* € ar%iréax {x*(Z)Ep[f] + zEp [C(f + w * [So(z,2%(2)) — So(z, O)])]
+ Wi — 2Sy(z,2*(2)) — ng(z)}
s.t. 1*(2)S0 (2, 2*(2)) 4+ 2Co(z) < Wy,.

The optimal solution is characterized by the pair (z*, z*(z*)).

The notations Cy(2), So(2,0) and Sy(z, x) capture the effects of the large trader’s
derivative position z on the martingale measure Q(-|2) and the market prices of

the asset and the index.
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The following proposition characterizes the equilibrium. To simplify the no-
tation, we normalize £ = 1, § =0,and Z = N. To facilitate an analytic solution,

we add the following assumption.

Assumption 2.6.1 (Parametric Structures).
(i) the heterogeneous beliefs 0; ~ Uniform(|0, 1]);
(ii) C1(z) = ax, where a > 0; and

(iii) W, > (1 + p*)N.

Given the assumption, we can now prove the following proposition.

Proposition 2.6.2 (Equilibrium with Market Power).

Given Assumption 2.6.1,
(i) Under EWAP, x%;y, = % and zyy, = g—]j. The intermediary is fully hedged.

(ii) Under VWAP, a3}y, > B¥ and 23y, € (%, %WM);

In particular, 3y, > Ty, and 25y, > 25y The intermediary is not fully hedged.
Proof. See Appendix B.1.3. O

First, we introduced Assumption 2.6.1 to make the problem tractable, hence,
this is a strongly parametrized result. Under the EWAP type index, the large

trader holds both assets and derivatives and the market is complete.

Second, compared to the baseline model where the large trader is a price

taker in the asset market, proposition 2.6.1 illustrates that the large trader ex-
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ploits both markets under VWARP type indices (2}, > 2jy,) and the intermedi-

ary’s hedge fails.

2.6.4 Small Traders with CARA Utility

This section relaxes the assumption that the small traders are risk neutral. In-
stead, we assume that they have CARA utility functions, i.e., U;(w) = —e ™,
Vi € [0,Z], and that their subjective beliefs coincide with the actual probability

measure, i.e., P;(-) = IP(-). To simplify the notation, we let Z = 1. We also remove

the position limits on the small trader’s asset purchases.

The ith small trader’s problem solves

d;(So) — ar% HE{&X E [U11:| _ _pe—)\(Wi—diSO-i-dié) . (1 o p)e_’\(w"_disﬁdié) )
i €
The optimal solution is characterized by the first order condition, i.e.,

OE[U]]
ad;

= pre M (Wdsordd) (¢ gy (1 — ppre (M) (g, _ gy — o,
The solution is

(5 = 5= [os (725) +1oe (52|

When the large trader is absent, the asset market clearing condition is

A /e[o 1 i) = 2At A(él— 9 [bg (%) loe (éo_—sgﬂ '

The equilibrium asset price is
— = -1
S0(2,0) = £+ (€= §) [1+ XE9O=29(1 — p)
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With the aid of proposition 2.4.1, the martingale measure is:

So(z,0) — € 1
Q(H[z) =1-Q(L]z) = E—€ 1+ @002 _py/p

In round 2, when the large trader buys = > 0 shares, the outstanding supply as
viewed by the small traders is reduced to N — z, and the perturbed asset price
is

So(z,2) = €+ (€ =€) [1+ MEON-2-29(1 _py ] ™ (2.14)

Some comparative statics are provided in the next lemma.
Lemma 2.6.1 (Equilibrium Price Properties).

1) 8508(;,&0) > O,'

.y 9250 (z,x) .
ii) =5 7% > 0; and

.oy 9280(2,7)
ii1) % < 0.
Proof. See Appendix B.1.4. O

First, property (i), the monotonicity of Sy(z,z) over z, extends a key result
in the baseline model (Theorem 2.5.1) to the exponential utility function case. A

detailed explanation is given in Remark 2.5.1.

Second, property (ii) establishes the concavity of the perturbed price func-
tion. When the price approaches ¢ (¢, respectively), then all small traders will
become net suppliers (buyers) of the asset, which limits the price impact when

the large trader initiates a big buy (sell) order.
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Third, property (iii) says that the marginal price impact measured by %
is decreasing in the large trader’s derivative position z. The larger the derivative

position z, the smaller the marginal price impact.

2.7 A Continuous Time Model

This section extends the static model to continuous time. Since many of the

concepts are similar, the descriptions will be brief, unless otherwise necessary.

2.7.1 The Setup

For the continuous time model, we follow the notation in Jarrow (2017). Given is
a continuous time economy with continuous trading over a finite time horizon
t € [0,7] and a filtered probability space (2, F, (F)icjo,r], P) where the filtration
is generated by a Brownian motion B, with By = 0. Traded in this economy are
three assets: a riskless mma, a asset S, and a derivative whose payoff depends
on a asset index (to be specified shortly). The mma has unit value for all t. The
asset pays a liquidating dividend ¢ at time 7" without any intermediate cash

flows over [0, 7). We let

ST — f — equézIQTJroBT

where ;1 and o > 0 are constants. The derivative, with more structures imposed

on the market, is redundant in this economy (to be shown below).
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The Large Trader and the Intermediary

As before, the large trader enters the market at time 0 with a purchase of z shares
of a derivative that matures at time 7. Let x; be the large trader’s cumulative
share holdings in the asset, with 2y = 0. We assume that the large trader trades
only a finite number of times within the trading interval. She does this to hide
her trades, and she only buys the asset. Then, z; is nondecreasing and of finite
variation. We assume that z, is right continuous. Denote the set of trading times
by 0 < 74 < -+ < 7x < T where K is an integer and the large trader cannot
trade at time 7'. Every time the large trader trades, the equilibrium is perturbed,
because it effectively reduces the available supply of shares to N — x., at time
7;. For simplicity, we assume that the large trader only trades once at time 7™,
just before the derivative matures. The purpose of this trade is to manipulate
the asset index and profit from her position in the derivative. Since there is only

one trade, z7~_ = 0 and Azps = x7+.

The intermediary has a belief P. He sells z shares of the derivative to the
large trader at time 0, and hedges these shares by buying 2/, shares of the asset,
where A, is the appropriate hedge ratio. He is unaware of the large trader’s

asset purchases at time 7.

The Small Traders

There is a mass i € [0,Z] of identical small traders who are risk averse with ho-
mogeneous beliefs P’ and state dependent utility functions U(w,y) in terminal

wealth y € R;. We assume that the utility function is appropriately jointly mea-
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surable, and for almost every w € €, it is: (i) continuous and differentiable in
y, (ii) strictly increasing and strictly concave in y, (iii) satisfies the Inada condi-

tion, lim, ,, U'(w,y) = oo and lim,_,,, U'(w,y) = 0, and (iv) has an asymptotic

yU' (w,y)

Tl < 1.

elasticity, AE(U,w) = limsup,_,

The small traders only trade in the asset market and act as price takers.
They have initial endowments e/, es in the mma and asset, respectively. The
standard structure is imposed on a small trader’s trading strategies (see Jarrow
(2017)). That is, given the evolution of the asset price S;,'? a trading strategy is a
stochastic process (m, d;) such that the asset position d, is a predictable process
integrable with respect to S and the mma holding m, is an optional process. A

trading strategy’s wealth process, starting from an initial wealth
Wo =ey + 6550

is
Wt =my + dtSt.

We assume all trading strategies are self-financing

t
Wy =W, +/ d,dS,
0

and such that W; > 0 for all for all ¢ € [0, T]. The value function of the trader’s

optimization problem is

v(Wy) = sup Ep[U(Wr7)]
(m,d)eC(Wo,S)

2Note that S; reads as S;(z,z). However, in the continuous trading economy, z is exoge-
nously given and thus we suppress it in the notation. Occasionaly, we also suppress x when it
causes no confusion.
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where
t
C(Wg,S) = {(m, d) . W(] = 6]\/["’6580, Wt = mt+dt5't = Wo+/ dudSu > 0, Vite [O,T]}
0

Finally, to guarantee that a solution exists, we assume that there exists a y > 0

such that v(y) < oo.

The Asset Index

The asset index, 1, is defined by
It = St_ (xt_) +w [St(l't) — St_ (It_)} (215)

for all t € [0,7] where I, = 1 and w € [0,1] is a weighting function. Without
loss of generality, we drop the division by 1 as employed in the static model.
This index has the interpretation that is the average transaction price over any
time interval [t,t + dt|. It is only when the large trader transacts that there is
more than one transaction price over this instantaneous interval corresponding
to the quick succession of trades generated by the large trader’s asset purchases.

Under the EWAP weighting, w = 0; while for the VWAP weighting, w = %

The Derivative Market

Recall that o = 0 is the time 0 asset holding position by the large trader. Given
Si(z) is the equilibrium price (to be defined and determined below), we know

there exists a martingale measure Q, such that

Si(wo) = Eqy [¢]F1] -
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Here, Q is the martingale measure for the time ¢ = 0 equilibrium (see the next

section).

Using the martingale representation theorem, under the probability measure
Qo, we can write S;(z) as a stochastic integral with respect to a Brownian mo-
tion, called §t, ie.,

dSy(xz0) = 0.5, (x0)dB,. (2.16)

It is well known that under this evolution the market is complete because this
is the Black-Scholes Merton model. Hence, by the second fundamental theorem

of asset pricing, Qy is unique.
Consider a derivative with maturity 7* whose payoff is Cp« (I7+).

Assuming the intermediary is unaware of the hidden trades of the large
trader, she believes the payoff to the derivative is Cp- (ST* (xo)) at time 7™ where
It = Sp«(xp) and the evolution for S;(x() is given by expression (2.16). To

hedge, the intermediary holds

e
85}(:%)

Ay

shares of the asset, where C; = Eg, [(JT* (ST* (xo)) |ft] . Note that the hedge ratio
A; changes over time, and the intermediary needs to rebalance continuously.

The time ¢ = 0 price for the derivative is
C() = EQO |:CT* (ST* (il}o)):| .

We emphasize that the intermediary, because his trades are unrestricted, deter-

mines the price of the derivative.
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2.7.2 Equilibrium Price Process

To simplify the notation, we assume that the supply of shares is N at time ¢t = 0
before the first trade by the intermediary and increases/decreases exactly by
2(Ay — Ap) units at time ¢ (i.e., Ny = N + z(A; — Ag)) when the intermediary

rebalances their hedge so that the supply of shares is fixed across time at N.

Definition 2.7.1 (Radner Equilibrium).

An equilibrium is a price process Sy(xo) = S¢(0) and demands (mj, d;);cp,z) such
that

i) (Individual Optimization)

(mé, d}) are optimal for all i € [0,Z] and

ii) (Market clearing)

Sz @ + 200 = Ny forall t € [0, T].

This is the standard Radner equilibrium used in continuous time and con-
tinuous trading models. The notation xy = 0 in the price process indicates that
this is the equilibrium price process at time ¢ = 0 with the large trader not in the
asset market. Second, we omitted the market clearing condition for the deriva-

tives, which trivially holds.

When the larger trader trades at time 7™, the equilibrium is perturbed, be-
cause it effectively reduces the available supply of shares to N — -~ at time 7™.
The trade is 7« — x7+-— = zp« > 0. The equilibrium price process adjusts to this
change and the price process is modified for the remaining time interval [T, 7.

Note that we have two asset prices at time 7*: Sp«_(zr«_) and Sy (x7). The left
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limit Sp«_(z7+_) is the asset price just an instant before the large trader’s trade,

and St (xp+) is the asset price after the large trader’s trade.

Under the above structure, the following lemma follows (see Jarrow (2017),

Corollary 10).

Lemma 2.7.1 (Initial Equilibrium).
Let large trader’s holdings in the derivative be z > 0 at time 0.
The equilibrium price process exists and is given by
Se(wo) = Eqg, [€]F]

where

dQy _ U'(§(N — zA))
dP  Ep[U' (§(N — zA0))]

defines an equivalent martingale measure Q.

Alternatively written,

U'(§(N — 240))€
Ep[U'(§(N — 240))| F]

Su(wo) = E {

]—"t} : (2.17)

When the large trader perturbs the equilibrium at time 7™ by purchasing -

shares, the equilibrium price process changes to

U/(g(N - ZAQ — {L‘T*>§
Ep[U'(§(N — zA¢ — xp+)) | F7]

S(ar) ~Ee |

]-}} (2.18)

fort > T*.
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2.7.3 Index Design and Manipulation
Given the equilibrium price process, we can now investigate index design and

market manipulation.

The large trader’s manipulation problem at time 7*—, the instant before time

T*,is to maximize

Ur(zp~) =x7+ (EQO (€ — Sps(2r+)

Fre]) + = (Bq, [Cre ()

Fr-] = Co)
= 27+ (Spe_ () — Spe(wr+)) + 2(Coe (Ig+) — Co) (2.19)

= T+ (ST*_(SBO) — S (xT*)) + z(CT*(IT*) — Co).

Here, we use the fact that 27« = xy. The intial and perturbed asset price pro-

cesses are given by equations (2.17) and (2.18).

We next explore when the large trader can manipulate the asset price and

index. First, we give an example where manipulation cannot occur.
Example 2.7.1 (No Manipulation).

Consider an economy in which the small traders have a state independent logarith-
mic utility function, i.e., U;(y) = Iny for all i € [0,Z]. From lemma 2.7.1, given the
large trader’s trade size x > 0,

U'(E(N — 280 — x))§

St($) = E]P’ EP[U/(€<N — ZAO — 1})) ‘«/T_‘t}

1
7 } S B F]

Since the price process is independent of x, this economy is immune to price manipula-

tion.

Lemma 2.7.2 illustrates gives a sufficient condition when the large trader can

manipulate the asset price.
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Lemma 2.7.2 (A Sufficient Condition for Manipulation).
Assume that

Er [[U7(6(V — 280 — 2))%| 7

] < 00, and

Ee [|U7(€(N — 200 — 2))¢| 7

} < 00, Va € [0, N — 27,

The large trader can initiate an upward price manipulation at time t if

Ep [U"(§(N — 280 — 2))§*| 7] Bz [U'(§(N — 280 — )| ]

< Bs [U'(E(N — 280 — 2))E|F] Be [U"(€(N — 280 — 2))E|F] . (2:20)
Proof. See Appendix B.1.5. O

Now, we give an example in which condition (2.20) in lemma 2.7.2 is satis-

fied.

Example 2.7.2 (Preferences Satisfying the Sufficient Condition).

Let the small traders have a state independent exponential utility function, i.e.,

Uly) = —e V.
Assume {(w) > 0, for all w € §2, a non-constant random variable.

Note that |U"(-)| < \? and thus the regularity conditions reduce to Ep [¢|F;] < 00

and Ep[£%|F;] < co. Moreover, equation (2.20) reduces to

r [e—/\g(N—zAg—x)SQ‘J—_%} I [G—Ag(N—on—x) }—t} - <E [e—xg(N—on—x)f)EDQ

which follows from the Cauchy-Schwartz inequality and that £ is non-constant.
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Unfortunately, in light of lemma 2.7.1, exponential utility does not satisfy the Inada

condition. However, we can circumvent this by constructing
Uy) = (1= 8)(=e ) +dlny

for a sufficiently small 6 > 0. Note that for any § > 0, the Inada condition is satisfied,

since limy_,oi — 00.
And, equation (2.20) reduces to

(1— 5)2{]5 [G—Ag(N—on—z)SQ‘J,—_%} E [e—kg(N—on—;r) }-t} - (E [e—xg(N—on—x)glﬂ])Q }
(1 —§)oN2

+ (N = 2Ag — 1) {E [e_kg(N_ZAO_x)g‘ft} B¢ R]-E [G_AS(N_ZAO_JI)f‘ft] }

SESie: Ao

]_—t} _ B¢ Y FIE [e—AS(N—zAO—x)g

{E |:6—)\§(N—ZA0—90)

where the first term dominants when ¢ is sufficiently small.

Now, we can answer the question of index design and manipulation.

Proposition 2.7.1 (Index Design and Manipulation).
Assume condition (2.20) holds at time T™*. Then,
i) Under EWAP, 7%y, = 0. There is no market manipulation;

ii) Under VWAP, 3y, > 0 if £C. (S7+ (o)) > 1. Market manipulation occurs.

Proof. See Appendix B.1.6. O

This proposition confirms, in a continuous time model, that a volume

weighted index admits manipulation, whereas an equal weighted index does
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not. We can also easily see that the volume weighted index destroys the com-

plete market and the hedging effectiveness of the asset index.

Theorem 2.7.1 (Index Design and Market Completeness).
(i) Under the EWAP index weighting, the market is complete.

(ii) Since x3yy, > 0, under the VWAP index weighting, the market is incomplete.

This follows because the payoff to the derivative at time 7 when zj,;, > 01is
CT* (ST*_ (ZL'T*_ ) +w (ST* (QTT* ) — ST*_ (l’o))) and not CT* (ST* (l’o)) . The additional
randomness introduced by the perturbed asset price and its effect on the index

destroys the hedge.

2.8 Conclusion

This paper studies optimal index design to both facilitate hedging and allevi-
ate illegal manipulation in a competitive equilibrium paradigm, modified to
deal with manipulation. Specifically, a large trader is trading both derivatives
and assets, and effectively hides his trades behind the competitive market clear-
ing mechanism. Unlike the strategic game paradigm, a VWAP-type index both
introduces basis risk and encourages market manipulation because of the ad-
ditional randomness in volume weight and the greater price impact enjoyed by
the large trader. In contrast, ceteris paribus, an EWAP-type index both preserves

market completeness and discourages market manipulation.

Our analysis has important policy implications for index design. When the
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market price determination mechanism is best approximated by a competitive
market paradigm, the VWAP fixings can be problematic for two reasons. On
the one hand, the large traders are naturally endowed with a large price impact,
which begets market manipulation. This is the economic content of theorem
2.5.1. On the other hand, the additional randomness from the volume weights
can introduce basis risk and render exact hedging unachievable, because it will
be impossible to synthetically construct a VWAP index using traded securities.

For hedging, a transaction-based equal-weighted index is best.
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CHAPTER 3
A MODEL OF INFLUENCER ECONOMY

3.1 Introduction

The past decade has witnessed the rise of the influencer economy (also known
as “Wang Hong economy” and more recently dubbed by the media as the “cre-
ator economy”) which prominently features social media marketing, testimo-
nial endorsements, and product placements from people and organizations who
have a purported expertise or social influence.! The phenomenal growth of the
influencer economy is further accelerated by the recent COVID-19 pandemic
(e.g., Sinha, 2021). In this new form of digital economy, influencers come in
variety and from diverse background, and include content creators, celebrities

and idols, and key opinion leaders (KOL) (Williams, 2016). They enjoy their

!The influencer or creator economy generally refers to the independent businesses and side
hustles launched by self-employed individuals who make money off of their knowledge, skills,
or following. CBInsights (2021) provides an excellent introduction to the industry. Accord-
ing to a Benchmark survey (Geyser, 2021), from a mere $1.7 billion in 2016, influencer mar-
keting has grown to a size of $9.7 billion in 2020, and is set to jump to approximately $13.8
Billion in 2021. There are approximately 50M creators today, according to SignalFire. In partic-
ular, in the Chinese market alone in 2019, there were already more than 6500 influencer-related
companies and the total market value exceeded 10 billion CNY. Many influencers generate as
much as seven-figure incomes. For example, Wei Ya, one famous influencer, made a fortune
from her over 1 billion CNY in live streamed pre-sales on Single’s day (Nov 11, the black Fri-
day equivalent in China) alone in 2019, as reported at https://wk.askci.com/details/
a0fla24536ab46ac9da04fd494686476/ . Famous Instagram influencers like Huda Kattan
or Eleonora Pons net up to 6 figures per post. The top writers on Substack can rake in as much
as $1M USD annually. Youtube paid out $30B to creators in the last 3 years (CBInsights, 2021).

2Content creators derive from “YouTube stars” marketed by YouTube in as early as 2011
(Lorenz, 2019). Now, it can be anyone who creates any form of content online, including TikTok
videos and Clubhouse audios. For instance, on Twitch, daily users can watch live streams video
games played by others via Streamlabs, and tips paid out on Twitch alone is estimated to be
$141 million. Unlike live stream creators, Internet celebrities on Instagram and the like can post
about or live stream special travel or dining experience, or simply routine daily lives. Many rely
on physical attributes alone without actively creating content. For instance, Instagram enables
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own fan base who are drawn to their talent, charisma, wisdom, appearance,
etc., and profit by helping brand owners and service providers promote vari-
ous products to the fans.® Influencers and (social) digital platforms coexist in a
symbiotic relationship, with Multi-channel networks (MCNs) serving as bridge
among these participants and helping linking the upstream content production
and downstream e-commence. Understandably, existing studies have focused

on the relationship between influencers and platforms or MCNs.

However, we have little theoretical understanding about the industrial orga-
nization of the influencer economy. How does technology affects the bargaining
between sellers and influencers? How influencers shape product differentia-
tion and pricing? How are influencers and brand owners matched and how to
regulate the process? We answer these questions by developing a novel game-
theoretic model in which sellers depend on influencers to acquire customers and

compete in both the product market and influencers’ labor market.

Specifically, we model three important groups of agents in the influencer
economy, sellers (who are also producers), influencers, and consumers, allow-
ing pair-wise group interactions through the product market, the influencers’
labor market, and the social media platforms (for influencers to connect with
consumers). Consumers are uniformly located on the unit circle in R* with con-

sumption utilities determined by both the true quality of the product and the

brand owners to sell products through idols who attract consumers simply seeking to see them.
Similarly, KOLs can target specific demographic in an interactive manner, making product sales
more engaging by sharing their own thoughts and ideas.

3Influencers touch almost all aspects of life, including entertainment, fashion, food, movies,
music, sports, etc., and increasingly utilize short videos (low cost and easy to spread). While
there are many ways to monetize the influence, such as compensation for content creation or
interaction with fans, influencers’ largest income are still from commercials and e-commerce
traffic direction.
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style, status, identity, etc.—things that draw people towards influencers on so-
cial media like Instagram, or Da Ren on Alibaba. Sellers or brand owners (not on
the unit circle) depend on influencers to sell products to consumers. All agents
interact in four sequential stages. First, influencers’ type and power are set.
Second, sellers make production decisions. Third, sellers decide which influ-
encer(s) to hire in the labor market. Finally, consumers choose which influencer

to follow and consume the products the influencer promotes.

We begin with a monopolist seller and abstract from seller competition and
seller-influencer matching to highlight the impact of general purpose technolo-
gies such as digital social platforms on influencers’ labor market. Interestingly,
as technologies governing marketing outreach improve, the equilibrium fea-
tures non-monotonicities in influencer market concentration, payoffs, and dis-
tributional inequality. These results are driven by two factors. First, the optimal
hiring for joint profit maximization is non-monotonic. When the background
technology is very costly, only the best influencer can break even and get picked
and a sub-population gets the product. As the cost continues to decrease, the
best influencer does not dominate. More people have local influence and others
get hired too. At some point, all these influencers are in competition and again
only the best becomes dominant. Thus, non-monotonic concentration in influ-
encers’ market follows when the seller’s incentive is sufficiently aligned with

the seller-influencer(s) group’s joint profit.

Second, the seller’s incentive for endogenous bargaining power building
distorts the hiring decision, causing the seller to hire the weak influencer even
though it reduces their joint profit, whenever the seller’s bargaining power is

not very large. It naturally generates non-monotonicities in influencers” pay-
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offs and distributional inequality. Initially, when the technology cost is very
big, both influencers are paid very little because of the low joint profit. In con-
trast, when the technology cost is sufficiently small, both influencers are offered
minimal wages because influencers are perfect substitutes, and thus the income
gap is almost zero. Hence, we only see high payoffs for influencers and a big

distributional inequality for intermediate technology cost range.

We then consider the setting in which two sellers compete in both labor mar-
ket (two influencers) and the product market. Consistent with the current influ-
encer market practice, we focus on “balanced matching” or mutual exclusivity
contracts in the labor market, in which each seller can hire only one influencer.
Under one-dimension heterogeneity, we fully characterize the price competition
equilibrium with heterogeneity in either product quality, influencer power, or
influencer style. Furthermore, to focus on pure strategy equilibrium that exist,
we analyze two special cases of multiple-dimension heterogeneity. In the first
case, sellers enjoy local monopoly power regardless of product quality when
influencers’ styles are sufficiently distinct. In the second case, it features market
dominance, and to gain market dominance, the style difference between influ-
encers needs to be suffciently small, and both the influencers” power gap and

product quality gap must be sufficiently large simultaneously.

We move backward to endogenize sellers” production. Specifically, we in-
vestigate how influencer heterogeneity affects horizontal and vertical product
differentiation, compared to traditional economies. We find that influencer het-
erogeneity and horizontal product differentiation are substitutes, mainly driven
by the desire to avoid competition. When influencers’ style difference is small,

sellers differentiate products to reduce competition. When influencers’ style
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difference is large, sellers hires influencers and have no incentive to differen-
tiate products because more differentiated markets yield lower substitutability
among products, therefore giving sellers less elastic demand for the products.
This also implies that the well-established principle of maximum differentia-
tion found in the literature (e.g., d’Aspremont et al., 1979; De Frutos et al., 1999)

would no longer hold in an influencer economy.

Surprisingly, when it comes to vertical differentiation, small style differences
complement while large differences substitute, mainly due to the incentive to
grab the whole market and beat the competitor. To see it, note that when influ-
encers’ style difference increases, the return from investing in high quality also
increases. When influencers’ style difference is sufficiently large (small), both
groups can (cannot) break even and choose high (low) quality and thus vertical
differentiation is minimal. Only for intermediate style difference, can vertical
differentiation be observed because the investment profit is only big enough to

support one group investing to break even.

Next, we allow the influencers to endogenize their influence either in power
or type. Under endogenous power acquisition, we show that socially inefficient
under-investment and over-investment in influence can arise due to externality
and endogenous bargaining power issue. In particular, influencers ignore the
positive externality on consumer welfare in a uncongested influencer market,
as well as the negative externality on other influencers in a congested influencer
market. Similarly, a big/small bargaining power empowers/reduces the in-
centive for power acquisition. These two forces jointly determine the direction
and magnitude of the sub-optimal acquisition. Furthermore, under endogenous

style selection, assortative matching between sellers and influencers occur un-
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der endogenous influence, with the maximum horizontal differentiation prin-
ciple recovered in the limit of costless style selection, mainly driven by the fact
that the seller-influencer group’s profit is supermodular in product quality and

influencer power in a uncongested market.

Finally, to better understand the welfare implication of exclusivity contracts
in this emerging industry and to guide regulatory policies geared towards bal-
ancing the power of influencers and sellers, we extend the analysis to “unbal-
anced matching”. We find that regulations for balanced seller-influencer match-
ing can encourage seller competition under single dimensional seller-influencer
heterogeneity. But uni-directional exclusivity contracts are welfare-improving

for sufficiently differentiated products and uncongested influencers” markets.

Literature— Previous research has focused on online platforms and has stud-
ied issues on revenue sharing rules (Bhargava, 2021; Jain and Qian, 2021), dis-
closure by internet influencers (Mitchell, 2021), influencer cartels (Hinnosaar
and Hinnosaar, 2021), and firms” optimal affiliation with influencers (Pei and
Mayzlin, 2019). Our study adds foremost to the emerging literature on digital
platforms and the influencer or creator economy. We abstract away from the in-
termediation by platforms, but focus on seller competition and seller-influencer
matching, which in turn affects product differentiation and endogenous influ-

ence acquisition.

Our study is also related to the broad literature on marketing and industrial
organization, including classical articles such as Salop (1979). We add by ana-
lyzing the interaction of the two in a fast emerging influencer economy. Studies

on advertising, have focused on the aggregate and cross-sectional levels of ad-
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vertising and its welfare implications (Becker and Murphy, 1993; Spence and
Owen, 1977; Butters, 1978; Dixit and Norman, 1978; Grossman and Shapiro,
1984; Nichols, 1985; Stegeman, 1991; Nelson, 1974; Johnson and Myatt, 2006).
Most models assume no media or only focus on the informational effects or
nuisance costs on viewers of advertisements (e.g., Johnson, 2013). Moreover,
most studies do not endogenize locations of media stations, and the ones that
do (e.g., Gal-Or and Dukes, 2003; Dukes, 2004) typically take sellers” product
differentiation as exogenous. We study influencers whose matching with sellers
are affected by the consumer base, and analyze endogenous product differen-
tiation and influencers’ style choices simultaneously. We do not focus on the
level of advertising or its informational role, but on the complementarity be-
tween the multiple dimensions of consumer utility from following influencers

and consuming products.

More recently, Amaldoss and He (2010) study how firms strategically tar-
get consumers to avoid intense price competition. Several marketing articles
analyze how how firms compete in the effort of hiring influencers, including
advertising intensity, competitive targeting of influencers in a network, and the
network structure and its influence on prices, firm profits, and consumer sur-
plus (Galeotti and Goyal, 2009; Katona, 2018). In particular, Fainmesser and
Galeotti (2021) analyze search quality, advice transparency, and influencer strat-
egy in the market for online influence. We differ in our focus on the interaction
of seller-influencer matching and product market competition. In addition, we
add to the discussion on exclusivity contracting in that while earlier studies
have analyzed the link between uni-directional exclusivity contracts and bar-

gaining (e.g., Gal-Or, 1997; Dukes and Gal-Or, 2003), we contribute by contrast-
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ing uni-directional with mutual exclusivity contracts in their impact on welfare

in the new influencer economy.

The rest of the paper is organized as follows: Section 3.2 lays out the baseline
model. Section 3.3 discusses influencer-induced consumption and technology.
Section 3.4 solves price competition equilibrium with endogenous influencer
hiring. Section 3.5 endogenizes seller’s production stage. Section 3.6 investi-
gates endogenous influencer influencer and its welfare implications. Section 3.7

extends the analysis to unbalanced matching.

3.2 Model Setup

There are J € Z* influencers, and the jth influencer’s style type is denoted by
6; € S', where S' := {s € R? : s7+s3 = 1} is the unit circle in R?. To capture dis-
tinctions among celebrities, macro-influencers, and micro-influencers, we allow
them to differ in their own influence power I; € R, which measures how easily
consumers derive utility from affinity with them. An influencer’s influence is
also affected by a technology parameter, ¢ > 0, that governs her outreach. This
technology cost can be interpreted as how quickly the influence decreases on the
circle away from the influencer. Traditional advertising channels through TVs,
newspapers, etc., can be viewed as exerting the influnce with an extremely large
c since the production of TV commercials, for example, would be tremendously
costly due to limited airtime and labor- and capital-intensive outreach. Overall,
the influencer-specific power and the common technology jointly determine the

effective consumer base.
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There are K € Z™ risk-neutral sellers in the economy, and the kth seller sells a
product of common consumption value yj, for consumers, with k£ € {1,--- , K'}.
The sellers traditionally use advertisements to market their products but in an
influencer economy, they work with influencers for marketing and outreach

(and even direct sales). We denote the kth seller’s utility or profit as Uy.

Consumer agents derive utilities from two sources. First, they enjoy having
similar “style” as cerntain influencers. Style could refer to identity, fashion taste,
and other things that draw people towards influencers on Instagram, Tiktok, Al-
ibaba, etc., among the recent proliferation of social networks, digital platforms,
and broadcasting channels. At the same time, they derive regular consumption
value based on the quality of the goods.* Specifically, the ith consumer’s style
is given by z; € R?, which follows a uniform distribution on S'. Moreover,
Vzy1, 1 € S', we define the norm ||z; — x5]| to be the distance along the short arc

on the unit circle. The total mass of consumers is 27.

Recall that z; is the ith consumer’s style type and y is the consumption value
of the target product. Without consumption, the utility is normalized such that
u;(x;,y) = 0. With a unit consumption (we assume that he faces a discrete choice

regarding whether to buy a single unit of the product), consumer i gets:

C
wilaiy) =y (1= S flzi = 0]) = p.

where p is the unit price charged for the consumption good and we assume y €
R**. Here, brand owners and product sellers depend on influencers to sell the
goods, with only consumers having ||z; — || < I enter the demand function. In

the baseline model, we assume a small fixed cost € > 0 of hiring a new influencer

4For further institutional background, see, e.g., https://wearesocial.com/blog/
2020/01/the-dawn-of-a-new-influencer-economy.
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and turning on the influence power. ¢ helps break an indifference to avoid the
seller’s hiring multiple influencers yet keeping them idle, and is taken to be

infinitesimal later.

Importantly, a consumer’s utility depends on the proximity to the influencer
they follow (i.e., the distance between z; and #). Using products advertised
by influencers closer by yields a higher utility. Specifically, the ith consumer’s

utility function is given by:

y* (1—¢)lz; —6|]) —p, if aunit good is consumed,
0, otherwise.

Our setting adequately captures the many reasons typically given for en-
gaging celebrities in advertising campaigns: grabbing attention, persuasion
through expertise, and global outreach (Moeran, 2003).° I can represent atten-
tion grabbing, either through vacuous “human pseudo-events” in the words
of American historian Daniel Boorstin or through skills or performance unre-
lated to the products; expertise and global, cross-cultural outreach can manifest

through the combination of location ¢ and power .

Timeline. In an influencer economy, influencers’ type and power are first set.
The sellers then decide on the products and subsequently hire influencers. Fi-
nally, the consumers choose which influencer to follow and consume the prod-

ucts offered. In Sections 3.3 and 3.4, we take the influencers’ type and power,

>Advertising through conventional technology, e.g., through TV /newspaper, are often ex-
tremely costly (high c¢). We are cognizant that such a cost is used to indicate the existence of a
price premium that can assure contractual performance in competitive equilibrium (Klein and
Leffler, 1981). However, in an influencer economy with digital platforms and the proliferation
of social-commercial network apps, c is relatively low and would not serve such a function for
disclosing the presence of a large sunk “selling” costs.
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Influencers’ choices Sellers’ Seller-influencer Influencer following
of style & power product choices matching & consumptions

Figure 3.1: Timeline of the influencer economy

as well as the sellers” products as given, in order to focus on the sellers” hiring
of influencers and influencers” impact on consumption. In Section 3.5, we allow
the sellers to endogenize the products for sale. Our main findings are robust to
having product decisions following seller-influencer matching. But in practice,
tirms decide on their business operations before exploring marketing channels,
which is what our setup captures. Finally, in Section 3.6, we endogenize influ-
encers’ power (which can be interpreted as skill training over the intermediate
term) and type (which can be interpreted as culture, talent, or interest cultivated

over the long run, perhaps through childhood education).

Matching and bargaining protocols. We use a general (bilateral) Nash bar-
gaining protocol for the negotiation once influencers are hired by sellers.®
Specifically, denote by v and (1 — ) the bargaining power assigned to the seller
and the influencer respectively. Once sellers and influencers are matched, they
have exogenous options outside the match, e.g., from revisiting the influencer
market, which we normalize to zero. Anticipating such bargaining processes,
sellers and influencers endogenously match. Our baseline setup focuses on one-
to-one match, which can be interpreted as that in practice, the seller-influencer

contracts either feature mutual exclusivity clauses or they are all allowed to

Gal-Or (1999) and Dukes and Gal-Or (2003) discuss the advantages of this modeling ap-
proach as illustrated in the commercial media and healthcare industries.
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have multiple relationships so that the matching is balanced. This negotiation-
based approach is realistic, and is also common occurrence in negotiations for

advertising price in the media industry (Dukes and Gal-Or, 2003; Gal-Or, 1997).

The joint matching and bargaining problems are non-trivial. In specify-
ing the protocols, we strive to balance tractability, transparency, convention in
the literature, coherence with our non-repeated game set-up, and realism. In
fact, many key results are independent on how the surplus is divided between
matched sellers and influencers, as long as they care about group surplus. One
can alternatively specify equilibria that gives all net surplus to the sellers or the
influencers. We discuss unbalanced matching and the welfare implications of
exclusivity in Section 3.7 where the sellers have exclusivity and non-compete
clauses imposed on the influencers, which are also commonly observed in the

influencer markets, especially in its nascent stage.

3.3 Influencer-Induced Consumption and Technology

We start with a monopolist seller offering a homogenous unit-consumption
product, which is marketed by influencer(s) and sold to consumers. The ab-
straction from seller competition and seller-influencer matching allows us to
highlight the impact of general purpose technologies on the influencer econ-

omy.

Fix an index set J € {1,---,J}, we denote by Il ; the profit when all influ-
encers in J are hired before advertising costs are deducted. For instance, 11,

is the monopoly profit when only influencer i € {1,2} is hired, and 111 9y the
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profit when both influencers 1 and 2 are hired. For ease of reference, denote by
w; the wage for influencer j € J hired, and by Uy, the kth seller’s profit for all
ke{l,--- K}.

3.3.1 Single-Influencer Benchmark and Bargaining Power

Before analyzing the general industrial organization of the influencer economy,
let us consider the special case of one influencer to understand the formation of

consumer base.

Lemma 3.3.1. Given J = K = 1 and the values of (I,y,c), the potential consumer

base is given by all x € S* such that ||z — 6| < min {, 7}. There are two cases.

(i) When é < 2m, the seller sets a monopoly price p* = %, and the total revenue is

I = £ Only consumers with ||z — 0|| < L are served.

(ii) When £ > 2, the seller set a price p* = y(1 — er/I) and 11 = 2mp* =
2ry(1 —em/1).

Furthermore, the monopolist seller hires the influencer only when 11 > e. The
seller’s payoff and the influencer’s wage are given by Uy = (Il — ¢) and wy; = (1 —

7 —e).
Proof. See Appendix C.1.1. O

Lemma 3.3.1 illustrates how the seller targets a specific demographic by tap-
ping into the influencer. Depending on the cost of background technology and

influencers’ ability, a monopolist seller may choose to target a subpopulation or
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Figure 3.2: The circular market

U

Figure 3.3: The monopolist pricing

the whole demographic of consumers. The seller only enters the market when
the revenue is high enough. Figure 3.2 illustrates the consumer base in Lemma
3.3.1 when the background technology cost is big. Figure 3.3 illustrates the mo-
nopolist pricing in Lemma 3.3.1. Note that the vertical axis in Figure 3.3 corre-
sponds to consumer utility. The monopolist price p* is marked in red dashed

line, and consumers served corresponds to the thick blue line.
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3.3.2 Influencers’s Competition and Technological Advances

Next, we examine the case with two representative influencers to understand
how general purpose technologies such as digital social platforms and the Inter-
net impact influencers’ labor market. Without any loss of generality, we assume
two heterogeneous influencers (.J = 2) separated in type by |6, — 62| = 7, and
that I; > I, (Influencer 1 is strong and Influencer 2 is weak). Furthermore, we
impose Assumption 3.3.1 to ensure that at least one influencer is hired under

equilibrium.
Assumption 3.3.1 (Sufficiently small technology cost). ¢ < 42,

Since Ilg; is fully characterized in Lemma 3.3.1, we present the joint profit
111 2y next.

Lemma 3.3.2 (Joint revenue function Il; 5). For ¢ < %, the joint revenue function

H{LQ} is:
y(I1+12) e L+
yata) zf L2 <c I —€
Mo = 2 2 whenever = < my ;
€
2y (1 - Ilifb) ,if c< Ith 1
otherwise, Il oy = 27y (1 - 11647:12)'
Proof. See Appendix C.1.2. -
For ease of reference, define ¢ = % * —(112:21;)5-

Lemma 3.3.3 (Hiring for Joint Profit Maximization). Assume a sufficiently small

fixed hiring cost such that % (1+ %) < 7. To maximize the seller-influencers joint profit,
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(i) only the strong influencer is hired when c € (%, %) U (0,2).

(ii) both influencers are hired when c € [, %}

Proof. See Appendix C.1.3. O

Given the suboptimality of hiring the weak influencer alone, whether to hire
both influencers boils down to whether II;; 53 — 26 > II;;; — . Lemma 3.3.3
shows that the joint-profit-maximizing market structure is non-monotonic in
the technology cost. When the cost is too high (traditional advertising is very
costly), joint profit maximization requires the seller to choose a small number of
high ability influencers. For example, a seller may end up picking one influencer
because hiring a second-best influencer(s) cannot break even. In this case, only
the best influencer gets picked and a sub-population gets the product. One
caveat is that this region vanishes if [, = I;. As the background technology
cost goes down, more people have local influence, and a seller should pick more
influencers. Thus, the best influencer does not dominate, and others get hired
too. As the cost continues to decrease, at some point, all these influencers are in

competition and again only the best becomes dominant.

Next, we investigate the seller’s incentive to hire influencers, and show how

the incentive misalignment ubiquitously drives over-employment, as illustrated

Lo (In+12)e
I 22y

H{172}(C)—2€ 7

by Proposition 3.3.4 below. Define ¢ = e<e T o=z -

,and v := inf

Lemma 3.3.4 (Inefficient over-employment & Bargaining power building).

Whenever v < 1, there exists inefficient over-employment when ¢ € (¢ — d,¢c) for

M1y (c)—2¢

7Note that 1 > W/

and thus v — 1 when ¢ — 0.
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6 > 0 sufficiently small. Furthermore, whenever v < v, there exists over-employment

forall c < c.

Proof. See Appendix C.1.4. O

The inefficient over-employment is best illustrated when the competition be-
tween influencers is intense such that the profit gap between hiring both influ-
encers and only hiring a strong influencer is so small that hiring the weak in-
fluencer cannot offset the additional fixed cost. However, even if it generates a
negative welfare, the monopolist seller does have an incentive to hire the weak
influencer, that is, by hiring the weak influencer, it places the seller in an ad-
vantageous position when bargaining with the strong seller. The seller, after
hiring the weak influencer, is willing to share the net profit increment between
that generated by hiring both influencers and that by hiring the weak influencer
(i-e., (TII{1,9y — 2¢) — (Il{2y — €)). In contrast, if she hires only the strong influencer,
the seller needs to give up a big portion of the profit (i.e., (1 — v)(Il{1y —€)). The
smaller the seller’s exogenous bargaining power, the stronger the incentive for
over-employment. In particular, when the seller’s bargaining power v < v, both

influencers are hired even when one influencer can serve the entire market.

In contrast, when the seller enjoys a sufficiently big bargaining power, the
incentive for pursuing bargaining superiority through over-employment is al-
leviated and thus more aligned with the seller-influencers” joint profit. A direct
ramification is that the observed concentration of influencers” market can be

non-monotonic when v gets close to 1.

Proposition 3.3.1 (Non-monotonicity in market concentration and influencers’
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payoffs). Assume that the fixed hiring cost is sufficiently small (i.e., % * = (1 + %) <

1). Then, as the technology cost c decreases, we have:

(i) The concentration of influencers’ market is non-monotonic when ~y is sufficiently

large;
(ii) The seller’s payoff always increases;

(iii) Total payoffs for influencers first increase and then decrease for sufficiently small

v

(iv) For sufficiently small -y, the distributional inequality between influencers’ pay-

offs is increasing in the technology cost c for small ¢, and decreasing for large c.
Proof. See Appendix C.1.5. O

The proposition highlights that there is a strong interaction between bargain-
ing power and the technology costs and the impact of technological advances
is more nuanced. The interesting non-monotonicity results in Proposition 3.3.1
is driven by two forces. First, the optimal hiring decision to maximize the joint
profit for the seller and influencer(s) is non-monotonic in the general technol-
ogy parameter c, as illustrated by Lemma 3.3.3, mainly because influencers are
perfect substitutes when the general technology is sufficiently cheap. Second,
the seller’s incentive for building bargaining power distorts the hiring decision,
causing the seller to hire the weak influencer even though it reduces their joint

profit.

Let us discuss the intuition behind the non-monotonicity result. First, claim
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Figure 3.4: Non-monotonic market structure

(i) says that when the seller enjoys a big bargaining power, his incentive is al-
most perfectly aligned with the group’s joint profit and thus a non-monotonic
market structure is observed. Figure 3.4 illustrates this wheny = 1,6 = 0.5, [; =
2,1, = 1, and v = 1. The blue line corresponds to the seller’s profit when both
influencers are hired, while the red one is the seller’s profit when only one influ-
encer (i.e., the strong influencer) is hired. Hence, in Region I, when the general
technology is very cheap or very expensive (i.e., ¢ > 1 or ¢ < 0.15), only one is

hired; and in Region II (i.e., ¢ € (0.15, 1), both influencers are hired.

Second, claim (ii) holds because the seller’s payoff is just the upper envelope
of two payoff functions U; and U,, which corresponds to the two cases when
the seller hires both influencers and when she only hires the strong influencer,
and note that they are both continuous and strictly decreasing in the general
technology parameter c. In Figure 3.4, it corresponds to the upper envelope of
the blue curve and the red curve, and the seller’s payoff obviously increases

when the general technology is becoming cheaper.
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Figure 3.5: Non-monotonicity in influencers’ payoffs and distributional
inequality

Third, claim (iii) says that when the seller’s bargaining power is not large
enough, she has a strong incentive for bargaining power building by hiring
both influencers. However, the over-employment can actually drive down in-
fluencers” wages, and in the extreme case when turning on influence is very
cheap, both influencers are strong and are perfect substitute. Thus, influencers
are paid very little even when the general technology is sufficiently cheap be-

cause influencers are then perfect substitutes for each other.

Figure 3.5 illustrates the dynamics of total payoffs for both influencers and
distributional inequality when the background technology cost decreases. The
parameters are specified as follows: y =1, [y =2, [, =1, = % and v = 0.8.
The blue line corresponds to the dynamics of total payoffs for both influencers.
Initially, when the background technology is very costly, only influencer 1 is
hired and the total revenue is very low, which bounds influencer 1’s compensa-
tion. When the technology cost is reduced, more influencers are hired, and the

total revenue increases. If the bargaining power is exogenously fixed, this trans-
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forms into a big increase in influencers’ payoffs. Finally, when the background
technology is very cheap, both the strong and the weak influencers can produce
a big revenue if anyone is hired. This also implies that influencers are perfect
substitutes, and by hiring both influencers, the seller can use fierce competition
between influencers for bargaining power building and thus offer a minimal
wage to influencers. Hence, total payoffs for both influencers first increase and

then decrease when the general technology cost decreases.

The red line corresponds to the distributional inequality between influ-
encers’ payoffs, which is defined as the wage gap w; — w, between two influ-
encers. Initially, when the technology cost is big, both influencers are paid very
little because of the low joint profit. In contrast, when the technology cost is suf-
ticiently small, both influencers are offered minimal wages, and thus the income
gap is zero. Hence, we only see a big distributional inequality for intermediate
technology cost range. Note that the non-monotonicity in concentration is re-
lated to the long-term sustainability and the unequal distribution emphasized

in CBInsights (2021).

3.3.3 The Seller’s Preferred Influencer Difference

This subsection establishes an interesting result on the seller’s preference over
the angle between the two influencers’ style location as opposed to taking that
exogenously given in section ??. For example, the seller might prefer working
with influencers who overlap somewhat even though this results in an overall
less total market coverage. This would basically be in line with some of the

intuitions from the paper such as Lemma 3.3.4.
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For ease of reference, denote by /3 := ||6; — 6]| the style difference between
the two influencers, where 6; is the style location of influencer j € {1,2}. To
simplify the reasoning, we remove the fixed hiring cost (i.e., ¢ = 0), which only
plays a crucial role in the discussion of technological advances. This restriction
implies that it is always optimal to hire both influencers. Given the bilateral

Nash bargaining protocol, the payoffs for the seller and the two influencers are

wy = (1 =)oy —Iy),  we = (1 =)y — Hgy),

and
Ur =gy —wi —wy = (27 — DIy — (1 =) (Tl1y + i) (3.2)
Note that only Il 5; depends on f, the style difference angle between the
two influencers. Denote by 3° the style difference angle preferred by the seller.

Corollary 3.3.1 (Seller-preferred Influencers’ Style Difference). Assume that £ =

L e (0,7).8 Then,

ell,n), if v>3
s
B=9qelon], if y= >
07 lf v < 2
Proof. See Appendix C.1.6. O

Corollary 3.3.1 says that the seller prefers a zero style difference angle (i.e.,

¢, = 05) when her bargaining power parameter v is small, and prefers a large

8This condition is imposed to recycle Lemma 3.7.1, and can be relaxed.
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style difference angle when 7 is big, and is indifferent for any style difference

angle for a certain intermediate bargaining parameter.

The intuition behind Corollary 3.3.1 is as follows. Note that a larger style
difference angle implies a bigger market coverage and a smaller over-lapping
in consumer base for different influencers. When v > 0 is small, a larger
can generate a bigger revenue but only a very limited fraction of total revenue,
determined by the bargaining power, flows to the seller. Furthermore, given
a small v, a smaller 3 decreases the market coverage and generates less rev-
enue, but it also implies intense competition and perfect substitution between
the two influencers and leads to a better bargaining position for the seller under
the bilateral Nash bargaining protocol. In the limit where 3 = 0, the seller gets
the total revenue of working with a sole influencer in the product market. In
other words, a small style difference angle betters the cash show to the seller al-
though it decreases the market coverage. In contrast, for a big v > 0, there is no
tension between bargaining and revenue generating, because the effect on rev-
enue from the market coverage change always dominates that from influencers’
wage changes. Hence, the seller’s payoff increases with the total revenue from
working with both influencers, and thus a large style difference angle is more

desirable.

3.3.4 General Characterizations with Multiple Influencers

Next, consider a setting with many influencers with the background technology
tixed, which we normalize to one. Then, we study how influencer competition

affects the monopolist seller’s payoff, influencers” wages, and total welfare.
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Residual Multilateral Bargaining Protocol. We propose a residual bargaining
protocol to handle the multilateral bargaining problem. Specifically, given the
bargaining parameter v € [0, 1], when a group of influencers are hired J €
{1,---,J}, the seller only bargains with influencer j € J for the “residual profit
gap” Il — I17/(;1, which leads to

wy = (1= (7 =g/ —€)y, and Uy =T7 - > w;. (3.3)

JjeT

where I 7 is the monopolist profit when the seller hires the influencer group 7,
excluding all fixed hiring cost.” Here, a, is defined as a; := max{a,0}. Note

that, the term

My Mg = (Mg = |Tle) = (Mg — T /ile)

measures the incremental change in residual profit gap from hiring influencer
],

The residual bargaining protocol has several desirable properties: (i) the al-
location is unique and feasible because ) jegw; + UL < Iz (ii) it is efficient
because ) | jeg wj + U = M 7; (iii) it cannot be blocked by a coalition of S C J
for any v € [0, 1] because Zjes w;+ Uy > Ilg and Z]ES w; > 0; and (iv) it is con-
sistent with the bilateral Nash bargaining in the baseline model.”’ In essence,
residual bargaining protocol is an equilibrium refinement. Note that property
(iii) is applicable to all reasonable refinements because otherwise the allocation
is blocked by excluding influencer j from the group J, which further implies
that w; < Iy — Il 7/¢;. In this sense, the residual bargaining protocol is the

natural candidate satisfying property (iii) and property (iv).

The seller only shares the residual profit because of a credible threat that if influencer j rejects
the offer, the seller switch to hiring the remaining group J/{;j} and divide the profit IT 7 ;.
107t can also be generated from coalitional Nash bargaining (Compte and Jehiel, 2010)
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To rule out the trivial case that no influencer is hired, we assume that %I > e.

For simplicity, we also assume that all influencers have the same power.

The limit case with ¢ — 0. When the fixed hiring cost is infinitesimal, we
show that all influencers are hired and each influencer receives a minimal wage

when the joint profit function 11 ; satisfies a specific property (S) as below.

Definition 3.3.1 (Property S). The monopolist profit 11 ; is a submodular set function
if forany S CT C {1,---,J}and forany j € S, g — Ilg ;3 > Ty — Iy

Property (S) requires that the profit loss of excluding influencer j € S is

smaller when the group of influencers hired is larger.

Lemma 3.3.5 (Multiple Influencers). Under residual bargaining protocol, when prop-
erty (S) holds, the seller’s payoff is maximized when all influencers are hired, and the
seller’s payoff and influencers’ wages are given by Eq. (3.3) with J = {1,---,J}.

Additionally, each influencer’s wage is minimized when all influencers are hired.
Proof. See Appendix C.1.7. O

Furthermore, we can show that Lemma 3.3.5 always hold, regardless of

Property (S), as long as there are at least two influencers for each influencer

type.

Lemma 3.3.6 (Duplicate Influencers). Fix ¢ = 0.

i) When there exists duplicate influencers for each influencer type, the seller gets the

maximum revenue and all influencers, hired or not, get zero utility.
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ii) In a large market with many influencers (i.e., J — o0), when influencers are
randomly drawn, the seller gets all revenue and influencers get zero utility with a high

probability.

Proof. See Appendix C.1.8. O

The intuition is simple. When there exists no hiring cost, the seller can af-
ford hiring a large number of influencers so that each influencer is perfectly
substitutable and thus she gets all the revenue. Now, we turn to the case with

non-negligible hiring cost ¢ > 0.

The case with ¢ > 0. A non-negligible hiring cost implies that only a finite

number of influencers, rather than all influencers, are hired. Note that the num-

2Ty

ber of influencers hired is capped at [*

|."* Define I1; = maxz—; II7. We can
show that II; is maximized when all J > 1 influencers are equally distanced,

that is, the distance between any two neighboring influencers equals 27/ .J.

Lemma 3.3.7 (Equally distanced Influencers). If the seller is restricted to hiring J
influencers and can freely choose style locations for all influencers, then 11 is achieved
when all neighboring influencers hired are equally distanced (i.e., ||0;,0,1.1] = % for

allje{l,-,J}).

Proof. See Appendix C.1.9. O

The floor function [z] return the greatest integer greater than or equal to = € R.
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With the aid of Lemma 3.3.7,

ks if <[]

2y (1— %), if J > [3]

1 T
Eq. (3.4) follows from the fact that all influencers are equally distanced and
that the cutoff consumer indifferent between two neighboring influencers al-
ways receives a zero utility."? Denote J = argmax;>o (Il; — Je). The interpre-
tation of 7 is as follows. When the seller can freely select style locations for all
influencers, n maximizes the joint profit net of the fixed hiring costs. By Eq.

(3.4), we can explicitly solve the formula for . as below.

_ /2y
J—’]T I—€

When 7 is not an integer, it should be understood such that

je{[ﬁ\/m],[ﬂ\/m]—l—l}.

Consider the asymptotics when all influencers are equally distanced and the

number of influencer increases.

Lemma 3.3.8 (Asymptotics with many influencers). Fix ¢ > 0. For a sufficiently
large v > 0, when the number of influencers J = J x m where m € Nor J — oo, the
optimal number of influencers hired is given by J* = J. Given the residual bargaining

protocol, the seller and influencers’ payoffs are given by

wi]: (1—’7)(ﬁj—n{1’,_,,j}/{l}—8), wj:w{, and Uy :ﬁj—j€—j*wi]

Proof. See Appendix C.1.10. O

12Gee Lemma 3.3.7 and its proof.
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By comparing Lemma 3.3.6 and Lemma 3.3.8, we get several insights. First,
when the hiring cost is non-negligible, the number of influencers hired is finite.
Second, even with endogenous bargaining power building, the fixed cost guar-
antees all influencers can receive a positive wage. Third, when the seller enjoys
a large bargaining power, the hiring plan always maximizes the joint profit for

the seller and influencers in a large market.

3.4 Price Competition and Influencer Hiring

Now, we consider seller competition. In our influencer economy, sellers com-
pete in both influencers’ labor market and the product market. For tractability
and transparency of the main mechanism, we focus on J = K = 2 for the
remainder of the paper. We normalize the technology cost parameter ¢ = 1
and take ¢ = 0 for simplicity."> We consider “balanced matching” in which the
two sellers each can only hire one influencer. A seller-influencer group is then

characterized by the 3-tuple (v, 0., I,,) for m = 1,2. We discuss “unbalanced

13This assumption invites further explanation. The fixed hiring cost serves as an entry cost,
and may lead to an endogenous entry problem. Recall that in a standard Bertrand price com-
petition with endogenous entry, the seller offering a lower price always gets the whole market
and the resulting payoff does not depend on the losing side seller’s price. In contrast, unlike
the previous Bertrand price competition, sellers” payoffs depend on the proposed prices by all sellers
in our model setup. Depending on the equilibrium competition outcome, there are three cases:
i) both sellers hire influencers with probability one, which occurs when equilibrium profits are
sufficiently large; ii) one strong seller hires an influencer with probability one, the other seller
hires an influencer with a probability less than one, which occurs when one seller-influencer
group is much stronger; and iii) both sellers hire influencers with probability less than one,
which occurs when competition between two groups are very intense. To circumvent the tech-
nical complexity, we either assume the equilibrium profits are sufficiently large, which reduces
to heterogeneity among different seller-influencer groups, to cover the hiring cost, or simply
discard the fixed hiring cost. We take the second approach because the fixed hiring cost is only
crucial to the non-monotonicities result in Section ?? and do not generate extra insights in re-
maining sections.
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matching” where one seller can hire multiple influencers in Section 3.7.

3.4.1 Seller-Influencer Group Heterogeneity

We examine how product quality, influencer style, and influence power each
affect the product competition in the influencer economy. For simplicity, we
first consider single-dimensional heterogeneity in endogenously formed seller-
influencer groups. Note that when either the sellers or the influencers are ho-
mogeneous, the endogenous matching becomes trivial, allowing us to isolate
the impact of the heterogeneity on influencer consumer-base acquisition and

product market competition.

Heterogeneous product quality. To understand how product quality affects
the competition, we set I = I, = [ and #; = 6, = 0, but w.l.o.g., assume that
y1 > yo. Proposition 3.4.1 fully characterizes the equilibrium. Obviously, when
y1 = Yy, the competition is most intense, and Bertrand competition leads to a
zero profit equilibrium and both influencer-seller groups set their own price to
zero. However, as long as y; > u», there exists an equilibrium in which both
groups obtain a positive profit. The intuition is clear. When y; > y,, even Group
2 sets pi = 0, the product by Group 1 is still more attractive for consumers with
his style type close to the influencer, i.e., ||z — || — 0. Thus, Group 1 has an
incentive to set a positive price. This, in turn, implies that Group 2 can get a
positive profit if Group 1 decides not to set p; = 0 by attracting consumers not

targeted by Group 1.

123



Denote by k(j) the matched seller’s identity for influencer j € {1,2} under

equilibrium.

Proposition 3.4.1. Assume that I, = I, = I, 0, = 0y = 0 and y, > yo. There exists

an equilibrium in which k(j) = j for j = 1,2. After matching, the two seller-influencer

groups choose their prices such that (p{,pS) = <2y1 W1-v2) y2(1-02) ) Group 1 targets

dy1—y2 7 dyi1—y2

- I I
consumers with type ||z — 6| < @21—213!2 and group 2 targets type 4;1—322 < |z -0 <

4511 31;2- Correspondingly, their profits are given by

~ 8Iyi(y —yo) 21y1y2(y1 — yo)

¢ = . and TIS = 3.5
' (4y1 — y2)? ? (dy1 — y2)? (3.5)
and payoffs for sellers and influencers are given by
Uy =1, Uy =A10S, wy = (1 —IE, and wy = (1 — )11
Proof. See Appendix C.1.11. O

Figure 3.6 illustrates the equilibrium described in Proposition 3.4.1. Specifi-
cally, the seller with a high-quality product targets those high value consumer
demographic sufficiently close to the influencer’s style, as illustrated with blue
lines. In contrast, the group with a low-quality product targets those consumers

relatively far from the influencer’s style, and we illustrate it with red lines.

Furthermore, from Proposition 3.4.1, when ;’—; — 1, it converges to the
Bertrand competition, which features (p{,p§) = (0,0). In contrast, when
Y1 > o, it converges to an equilibrium with (p¢,pS) = (v1/2,y2/4), which

means that the product with a high quality is priced at its monopoly price, while
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Figure 3.6: Heterogenous product quality

the product of a low quality is priced at a monopoly price in the residual market

after removing the market share taken by the strong seller.

Heterogenous influencer power. We now move on to examine the impact of
influencer power on product prices. We let y; = ¥, and 6; = 6,. Obviously,
when I; = I, the only equilibrium outcome sustained is the Bertrand price
competition. However, when I; > I, there exists an equilibrium in which both
groups obtain a positive profit. The reason is as follows. Note that p; > p,,
otherwise the second influencer-seller group will be priced out of the market.
Moreover, the first group never wants to set price p; = 0 because consumers
with type z € S! such that I, < ||z — 6|| < I, always prefers Group 1 when
p1 = 0. Thus, group 1 can always ensure a positive profit by slightly increase
the price. This in turn implies that the second group can get a positive profit by

attracting consumers close to 6.

Proposition 3.4.2. Assume that y, = yo = vy, 01 = 0 = 6 and that I, > I,. There

exists an equilibrium in which k(j) = j for j € {1,2}. After matching, the two seller-
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Figure 3.7: Heterogenous influence power

influencer groups set (p{,p§) = (2%?__122), yﬂ:g) Furthermore, group 1 targets

j L1 - LR2L+1)
consumers with types 712 < |z — 0| < =772 and group 2 targets consumers

with types ||z — 0|| < F-2-. Correspondingly, their profits are given by

ch _ 11[2(11 — Ig)y
(4L, — I5)?

d 11§ =
N VY A A P

and payoffs for sellers and influencers are given by

Uy =1, Uy =A10S, wy = (1 — NI, and wy = (1 — )15
Proof. See Appendix C.1.12. O

Figure 3.7 illustrates the equilibrium described in Proposition 3.4.2. Specif-
ically, the group with a more powerful influencer targets the consumer demo-
graphic sufficiently far away from the influencer in style, as illustrated with blue
lines. This is because they want to avoid tough price competition with the other
group. Indeed, they can afford this because of the strong influencer power. In
contrast, the group with a relatively weak influencer targets those consumers

sufficiently close to the influencer’s style, and we depict it with red lines.
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The following corollary characterizes the two limit cases that % — 0o and

that 2L — 1.
2

Corollary 3.4.1. When % — oo, the pricing strategies are given by (p{,ps) = (4, 4),

and when % — 1, (p¢,pS) = (0,0), the Bertrand price competition outcome.

Note the difference in competition mode as it depends on how the power
difference arises. When an influencer-seller group is more powerful because of
the consumption value of the product, the stronger group focuses on attract-
ing consumers with a taste similar to that of the influencer. In contrast, when
the group’s power comes from how easily the influencer attracts followers, the
stronger group focuses on those consumers not reachable by the weaker group

and sacrifice the loyal followers in the sense of taste proximity.

Heterogenous influencer style. Now, we consider how heterogeneity in influ-
encers’ style type affects market power and competition. Specifically, we study
the equilibrium when there only exists heterogeneity in influencers’ style, and
we fix the other two dimensions (i.e., y; = y» and I; = I5) to remove confound-

ing effects.

For ease of reference, we define (8 := [|0; — 6, and 3y := &(—7 + 5v/10)1 ~
0.2631.

Proposition 3.4.3. When 3 > [, there exists a pure strategy equilibrium such that

k(j7) = j. After matching, the two seller-influencer groups set prices such that

L@2I+p), iffo<B<2

yx(1-L2), ifSr<p<I
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The two groups’ profits are given by

2o (204 B)?, ifBy<B<EI

yeB(1-4), F<p<

1y =115 =

Moreover, for 3 < [3y, there exists no pure strategy equilibrium.
Whenever an equilibrium exists,

Uy =AY, Uz =4Il wy = (1 — )1, and wy = (1 — )11

Proof. See Appendix C.1.13. O

3.4.2 Multiple-dimension Heterogeneity

To focus on pure strategy equilibria that exists, we only extend the analysis to
two cases of multi-dimensional heterogeneity. We investigate in the first case
local monopoly when influencers’ styles are sufficiently distinct. We then ex-
amine in a second case where one seller-influencer group dominates the entire
market. Specifically, assume y; > y, and I; > I,. We will later show that such a
configuration can follow from the assortative matching and endogenous power

acquisition between sellers and influencers.

Proposition 3.4.4 (Two Local Monopoly Sellers). If |61 — 65| > 2352, the equilib-
rium matching is assortative, that is, k(j) = j for j € {1,2}. Furthermore, the two

influencer-seller groups are serving distinct subsets of consumers and their products are

priced at their own monopoly prices, i.e., p; = Y. Profits are given by 11, = 2% and

I, = 22 Finally, Uy, = 711 and wy, = (1 — )11, for k € {1,2}.
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Proof. See Appendix C.1.14. O

Proposition 3.4.4 reveals two key messages. First, when influencers’ styles
are sufficiently distinct, the competition is minimal and sellers enjoy local
monopoly power, regardless of their product quality. Second, we establish as-
sortative matching under regulated matching, which means that a seller with
high quality products is matched with a more powerful seller. More discus-
sions can be found in Section 3.6. Moreover, since influencers only help expose
products and attract consumers and does not increase the common value of

consumption y, the product with a better quality is always priced higher.

Next, we establish a market dominance result, i.e., a single seller-influencer
group takes the entire product market. Note that when ||6; —6,|| < %2, none of
the influencer-seller groups can get monopoly profits when the influence power
and product quality do not differ between the two groups. However, when both
the influence power and product quality of one group are sufficiently large rel-
ative to those of the other group, the market can be dominated by a monopolist.

Assume that y; > y, and I; > I,. Recall that § = ||6; — 65|

Proposition 3.4.5 (Market Dominance). If £ < min{} — © 3 — 7}, then the sec-
ond influencer-seller group has no market share and quits. Specifically, Seller 1 hires
Influencer 1 and set the price at p; = % and Group 1's profit is ““I*. Under equilib-

—ya2l>

rium, payoffs for Seller 1 and Influencer 1 are given by Uy = 241 and w; = a 5

Additionaly, Uy = wy = 0.

Proof. See Appendix C.1.15. O
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To gain market dominance, the influencers’ style difference needs to be suffi-
ciently small, and their power gap and product quality gap must be sufficiently
large. Furthermore, note that it is not sufficient to just have much greater in-
fluence power or much better product to force out the rival group in the price
competition. Suppose group 1 has way superior product, group 2 can still com-
pete to gain some market share because the influencer he works with creates
what is similar to a sufficiently large product differentiation (6, # 6,). We elabo-
rate on this substitution by style difference for product differentiation in Section

3.5.

3.5 Style Heterogeneity and Product Differentiations

Having understood how sellers hire influencers and price products, we now en-
dogenize sellers” production stage. Specifically, we investigate how influencer
heterogeneity affects horizontal and vertical product differentiations, compared

to traditional economies.

3.5.1 Horizontal Product Differentiation

Our first observation is that influencers” style difference and product special-
ization are intuitively substitutes. To illustrate the insight, we compare two
economies with and without influencers. The former is what the baseline model
describes. We normalize the technology cost parameter ¢ = 1 and take € = 0 for

simplicity. Both influencers have identical influence power I; = I, = I, but they
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are heterogeneous in their style, i.e., 6; # 0,. In particular, 6; are drawn from
the unit circle S' with a known density f (). Hence, both influencer’s type and

influence power are exogenously given, although there exists uncertainty.

The classical setup in Salop (1979) adequately describes an economy without
influencers: Suppose that without influencers, the seller can enter the market
selling their products by paying a fixed cost Fz > 0, and once they are in the
market, they can costly change their style locations. In particular, consumers
uniformly distributed on the unit circle S* demands one unit and receives a
utility of u; = y — p — t||z; — «|, where ||z — 6| is the distance from consumer
i to the seller, who selects a location o. Here, denote by y and p the product
quality and the price charged. To simplify the analysis, we consider the case
with two identical sellers competing through product specialization. In light
of Eq. (3.1), the transportation cost setting in Salop (1979) is equivalent to an

influencer economy setting with the exogenous influence power given by 2.

Now, we turn to show the equilibrium construction in the influencer econ-
omy. Specifically, sellers can either choose to hire an influencer and accept his
style type, or they can pay a big fixed cost and chooses any arbitrary location on
the unit circle S*. As in Salop (1979), each seller can only select one style for her
product, which means that she can only hire one influencer, or pay the fixed cost
and select a location only once. Furthermore, to mostly recycle existing results,
we can focus on the knife-edge case in which I = ¥ € (0,7), although main
insights still go through and are best understood in a more general sense. After
realizations of influencers’ style types/locations, sellers face a trade-off between
incurring the fixed cost and accepting the potentially undesirable style locations

by influencers.
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Given the realizations of 6, recall that § := [|6; — 65| and ) = &(—7 +
5v/10)I. By Proposition 3.4.3, if both sellers accept influencers’ locations, the

price competition outcome yields profits such that IT; (5) = II5(5), that is,

(

v w21+ B)?,  if B € [By, L]

I (8) = $ g« (5 - g_I) . ifBe (L) (3.6)

lyl, ifg>1

\

Moreover, for 3 < f3, there exists no pure strategy equilibrium. To avoid the

non-existence issue of equilibrium, we assume that 5 > 3, and that
0 < Fy <IL(I) =1L (Bo) (3.7)
which implies that there exists a unique 5* such that I, (8*) = II;(I) — Fz holds.

Proposition 3.5.1 (Horizontal Product Differentiation). Assume that the fixed cost
Fy is relatively small (i.e., Eq. (3.7) holds), then there exists an equilibrium such that:
(i) When 8 > (*, each seller hires one influencer and accepts his style location.

(ii) When 3 < [3*, one seller hires an influencer and accepts his style location, and the

other seller pays the fixed cost Fy and select a location such that ||a; — aq|| > 1.

Proof. See Appendix C.1.16. O

Figure 3.8 illustrates the equilibrium in Proposition 3.5.1. The left sub-
figure entails a case with large style difference. The style locations for Influ-
encers 1 and 2 are marked in blue nodes, while the two gray nodes illustrates
the optimal style difference under the maximum differentiation principle (i.e.,
|lay — az|| = I — m). The blue arc corresponds to influencers style difference

B. In this case, both sellers hire influencers to save the fixed cost in product
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Figure 3.8: Influencer style difference and product differentiation

differentiation and adapt to their corresponding influencer’s style, and maxi-
mum differentiation principle fails. The right figure illustrates the equilibrium
when influencers’ style difference is small. In this case, one seller, say Seller 1,
hires an influencer, say influencer 1. Given this fact, Seller 2 chooses product
differentiation and incur the fixed cost Fy to avoid the toughness of price com-
petition with Seller 1. In the figure, Seller 2’s location is marked in red. Hence,

maximum differentiation principle is restored.

Corollary 3.5.1 (Failure of Maximum Differentiation Principle). Whenever 3 &
(8%, I), the maximum differentiation principle fails, and thus influencers’” style differ-
ence partly substitutes product differentiation. Furthermore, when influencers’ style
differentiation is small (i.e., By < 8 < B*), sellers engage in product differentiation. On
the opposite, there exists no product differentiation when influencers’ style difference is

large (i.e., 5 > (B*).

The main message in Corollary 3.5.1 is that the well-established principle of

maximum differentiation found in the literature (e.g., d’Aspremont et al., 1979;

133



De Frutos et al., 1999) would no longer hold in an influencer economy. More
differentiated markets yield lower substitutability among products, therefore
giving firms less elastic demand for the products. When influencers’ style dif-
ference is small, sellers differentiate products to reduce competition. When in-
fluencers’ style difference is large, sellers hires influencers and have no incentive

to differentiate products.

3.5.2 Vertical Product Differentiation

The relationship between influencers’ difference and vertical product differen-
tiation (i.e., product quality differentiation) is more complex. When influencers
are homogeneous and the influencer-seller matching is fixed, sellers have an in-
centive to differentiate product quality to avoid price competition (Shaked and
Sutton, 1982). Consequently, we might observe heterogeneous product quality
between sellers. Yet, when we allow for seller competition, heterogeneous prod-
uct quality also arises, regardless of influencers” heterogeneity. This is mainly
due to the incentive to grab the whole market and beat the competitor, rather
than to avoid Bertrand style competition. Furthermore, vertical product differ-

entiation is non-monotonic in the influencers’ style difference.

Consider an endogenous balanced matching. Two influencers have identical
influence powers and they might differ in their style locations (i.e., I = I, and
6, # 65). Denote 5 = |6 — 65]|. The two sellers offer products with identical
quality v, =y, = y ex ante. To reduce notation, we assume I, = [, = 1 and y =
1. Influencers can pay a fixed cost Fy to invest in R&D to increase the product

quality toy > 1. We use “NI” and “I” to denote “No Investing in high quality”
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and “Investing in high quality”. Recall that fy = Z(—7 + 5v/10)I ~ 0.263. From
Proposition 3.4.3, for 8 € [, 21],

e = 530_y[ x (21 + B)? = yA(B), where A(B)= %(2 + 7).

For ease of reference, denote

Vi(B,y) =}y — Ungng = 10y, — A(B)

Va(B,y) = Uy — H?,NI = yA(B) — H%,Nla

y(1+2y) (2+8y+4y2+ﬁ(4+3y)) ]

(2+y) (4+8y+2y2+ﬁy(3+4y)) i
(1+y) (8+19y-+8y2)?2

(14y)(8+19y+8y2)?

1 2
where I1; ; = ;and I17 ;=

Lemma 3.5.1 (Non-monotonic Vertical Differentiation). Assume that: i) 5y < g <

%; i) y(1 — Bo) <y, and iii) Vi(Bo,y) < Fyv < Vg(%,y). Then, there exists 3 and B
such that:

(i) B > B, there exists one Nash Equilibrium (I, 1);
(i) B < B < B, there are two Nash Equilibrium: (I, NI) and (NI, 1);

(iti) By < B < B, there exists one Nash Equilibrium (N1, NT).
Proof. See Appendix C.1.17. O

The regularity conditions in Lemma 3.5.1 have three. One, condition i) en-
sures the existence of pure strategy equilibrium before investment and reduce
unnecessary complications in profits calculation. Two, condition ii) ensures that
under asymmetric investment (i.e., (I, NI)), the seller-influencer group with

higher product quality does not dominate and force the other group quit the
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Figure 3.9: Vertical product differentiation

market. Three, condition iii) focuses on the most interesting cost range in which

non-monotonicity arises.'

Lemma 3.5.1 characterizes a non-monotonic relationship between influ-
encers’ style difference and vertical product differentiation. Figure 3.9 illustrates
the equilibrium configuration in Lemma 3.5.1 with y; = 5/4 and y, = 1. Specifi-
cally, the horizontal axis /3 corresponds to the difference in influencers’ style lo-
cations. The two functions, V;(5,y) and V5(3, y), corresponding to the blue and
red solid line in the figure, measures the profit gap between “Investing in high
quality” and “No Investing”, given the other group chooses “No Investing” and
“Investing in high quality”. Fix the cost of investment Fy, > 0 (i.e., the purple
dashed line). There are three regions, “1”, “II"” and “III”, divided by two cutoffs
B and 8. In region III, V5(8,y) > Fy, and thus both groups choose to invest in

high quality. In region II, V5(3,y) < Fy and Vi(8,y) > Fy, which means only

Y“For Fy < Vi(Bo,y), (I,1) is the unique Nash equilibrium. Similarly, for F\v > Vi(2,y),
(NI, NI) is the unique Nash equilibrium.
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one groups chooses to invest in high quality. In region I, both groups chooses

not to invest in high quality.

Lemma 3.5.1 implies that, when influencers’ difference is small, as the style
difference [ increases, we first see more vertical differentiation (thus influ-
encers’ difference and vertical product quality differentiation are complements).
In contrast, when influencers’ difference is large, as the style difference in-
creases, we see less vertical differentiation (thus these two are substitutes). This
result is intuitive: For small 3 (i.e, influencers have similar style locations), the
competition is very intense, which greatly limits the return from investing in
high quality. Thus, both groups choose low quality and the vertical differen-
tiation is minimal. For intermediate 3, the competition is less intense which
improves the investment return. However, the investment profit is only big
enough to support one group investing, and if both groups invest, then one
group cannot break even, leading to the observed vertical differentiation. Last,
for large 3, the competition is very minimal and even when both groups invest,
they can break even. We only need to note that the investment profit is strictly
increasing in the underlying influencer difference. Hence, we observe no verti-

cal product differentiation again.

The following result follows directly:

Proposition 3.5.2. When influencers’ style difference is relatively small, it is a comple-
ment with vertical product differentiation; When influencers’ style difference is large, it

becomes a substitute for vertical differentiation.
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3.6 Endogenous Influence and Welfare Implications

We now move to ¢, to allow the influences to endogenize their influence either
in power or type. First, we allow endogenous power acquisition and show that
socially inefficient under-investment and over-investment in influence can arise
due to externality and endogenous bargaining power issue. Second, we show
that maximum style differentiation and assortative seller-influencer matching

hold in the long run.

3.6.1 Inefficient Power Acquisition

This section discusses influencers’ incentives to endogeneize their power se-
lection. Indeed, influencers have a strong incentive to compete through
power /style differentiation to secure a more favorable outside option. The in-

tuition is best illustrated by Example 3.6.1 below.

Example 3.6.1. Assumey < 1. Consider the perfectly symmetric case with endogenous
hiring (ie., y1 = yo =1y, 01 = 6y =: 0, and I, = I, =: I). Influencer 2 can get a wage
of

_vhb(h = by

Wy = (4]1 — 12)2 (38)

Initially, I, = I, = I and thus wy, = 0. However, if influencer 2 can commit to
influence power reduction by choosing a small 15, we can optimize over Equation (3.8)
to get

yl

4
I;Z?I, andwgzﬁ.
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In other words, Influencer 2 reduces influence power to avoid price competition.'

A related question is, if we allow influencers’ ability to be endogenized, how
the cost affect the acquisition of ability/skill of the influencer? Maybe power
would go up because influencers face more competition. How would welfare
be affected? Would this create an arms race of potential influencers all wasting
effort to acquire ability, but in the end the actual consumers they influence is
limited (which is social sub-optimal)? Arms race in influence depends on how
much additional utility is purely due to style preference, because the utility from
the goods is bounded above. So the marketing arms race could severe. If this is
played out in stages, this means many influencers spend effort to acquire power

and too many endogenously become influencers.

We can show that there might exist socially sub-optimal investment in power
acquisition. To simplify the analysis, we focus on a very specific example with a
monopolist seller and 2 identical influencers. Initially, [y = I, = 7, y1 = y2 = v.
Influencers can pay a fixed cost C'r > 0 to increase influence power to 27 before
they are hired by sellers. The question is when arms race is welfare optimal?
We use “I” and “NI” to denote the influencer strategies entailing investing in

power acquisition and not investing (keeping the power at ) respectively.

Proposition 3.6.1 (Power Acquisition & Inefficient Arms Race). Assume that I, =

IQ = 7w and ||91 — 92” = T.

The Nash Equilibrium for influencers to invest in power acquisition are given by:

(i) (NI, NTI)isa Nash Equilibrium when Cp > (1 — v)ym;

1>Given that Influencer 2’s voluntary power reduction, influencer 1 has no incentive to reduce
power.
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(ii) (I, NI)and (N1I,I)are Nash Equilibrium when Cy € (3(1—~)ym, 5(1—~)yn);

(iii) (I,1)isa Nash Equilibrium when Cp < (1 — )ym.

The optimal decision rule to maximize total welfare is given by

(i) when Cp > %yw, (NI, NI) is optimal, i.e., no influencer should invest;

(ii) when Sym < Cr < gym, (I, NI) (or (N1, 1)) is optimal, i.e., only one influencer

should invest;

(iii) when Cp < %yw, (1, 1) is optimal, i.e., both influencers should invest.

Proof. See Appendix C.1.18. O

Proposition 3.6.1 shows that power acquisition can exhibit over-investment,
efficient investment, or under-investment relative to a socially efficient bench-
mark. To see it, we can check the incentive misalignment between power ac-
quisition and total welfare. For instance, both influencers invest in power ac-
quisition when Cr < (1 — 7)y7. In contrast, total welfare maximization re-
quires Cp < 1—12y7r for both influencers to invest. This implies that: (i) when
v = 3, these two conditions coincide, which implies that power acquisition is
welfare optimal; ii) when v > 1, there exists insufficient power acquisition for
Cr € (§(1 —~)ym, $y7]; and iii) when v < 3, there exists over-investment in

power acquisition for Cr € (5ym, §(1 —~)yn].

There are two forces driving this result. One, the incentive misalignment
between power acquisition and total welfare. Power acquisition does not con-

sider externality on consumer welfare, as well as on other influencers. When
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the influencer market is not crowded, power acquisition can improve welfare
by increasing consumer utility and it can exhibit under-investment when the
positive externality on consumer welfare is not internalized. In contrast, when
the influencer market is congested and all influencers compete for better wages,
the arm race of potential influencers leads to wasting effort because the actual
consumers they influence is very limited. Two, the bargaining power division
among the seller and influencers. The bargaining power parameter assigned to
influencers, 1 — v, can also distort the incentive for power acquisition. A large
v reduces the incentive for power acquisition, while a small v (ie., 1 — v 7)
empowers the incentive for power acquisition. Hence, depending on the con-
gestion of influencer market and the bargaining power, we might observe over-

investment, efficient investment and under-investment in power acquisition.

3.6.2 Style Selection and Seller-influencer Matching

In this section, we allow influencers to choose influence style and study seller-
influencer matching with endogenous styles. To this end, we first consider an
example with costly style differentiation as illustrated in Example 3.6.2. Then,
we formally recover the maximum differentiation principle in the limit case

with costless style selection.

Example 3.6.2. Consider y; = yo =2y, Iy = Iy =: I, and 6, # 60,. To ensure
the existence of a pure strategy equilibrium, we also assume that § = ||, — 65| >
6—27(—7+ 5\/1_0)1 . Now, influencer 2 can pay a cost, C'(b), to select his own style location
g5, where b := |6, —0;||, and we assume C() = 0,C" () = 0and C"(b) > 0forb > (3.

Then, the optimal style type satisfies d* € (3, I), that is, influencer 2 always invests in
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style differentiation as long as 3 < I.

A detailed proof of the assertion in Example 3.6.2 can be found in Appendix
C.1.19. Note that maximum style differentiation fails even when style selection

is costly.

Now, we consider the other case when style selection is costless. First, we
present an assortative matching result when the maximal style differentiation
principle holds. Specifically, rank sellers and influencers by their product qual-
ity and influence power so that y; > y, and I; > I,. Denote by k() the matched

seller identity k(j) for influencer j = 1, 2.

Lemma 3.6.1. Assume that |01 — 05| > 22, Then k(j) = j for j = 1,2, that is, the

strong (weak) seller is matched with the strong (weak) influencer.

Proof. See Appendix C.1.20. O

Lemma 3.6.1 shows the emergence of assortative matching when influ-
encers’ style locations are exogenous given such that the maximal style differ-
entiation principle holds. The seller with a more valuable good can offer to
hire a more powerful influencer by proposing a higher wage because the seller-
influencer group’s total profit is supermodular in influencer power and product

quality parameter.'®

Next, we turn to the problem of endogenous style location selection. We

prove a special case in which 242 < 7.

16 A twice-differentiable function f : X x Y — R is supermodular iff ify > 0 for all (z,y) €

ox0
X xY.
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Proposition 3.6.2 (Maximal style differentiation and assortative matching). As-
sume that % < w. When style location selected is costless, the maximum style
differentiation holds, that is, ||0; — 03]| > 12, and there exists no overlapping in
consumers served. Furthermore, assortative matching applies under endogenous style

location selection.

Proof. See Appendix C.1.21. O

Proposition 3.6.2 states that influencers follow the maximal style differen-
tiation principle whenever possible under both seller competition and regu-
lated matching, because it minimizes the competition among influencer-seller
groups. Furthermore, assortative matching ensues under endogenous style lo-

cation selection.

The result is also in stark contrast with Gal-Or and Dukes (2003) that discov-
ers a minimum differentiation in commercial media markets. Overthere, prod-
uct differentiation is taken as exogenous and thus the substitutability between

style differentiation and product differentiation is absent.

3.7 Unbalanced Matching, Exclusivity, and Regulation

In practice, a seller often hire multiple influencers and require the influencers
not to advertise rival sellers” products (e.g., Zietek, 2016). For example, a large
survey of influencers by Mavrck (Katz, 2019) shows that the majority of influ-
encers (61%) are receiving exclusivity requests from brands. In fact, exclusivity

contracts have been prevalent in industries such as healthcare and infurance
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and have led to many antitrust cases (Gal-Or, 1999). However, policies are
being introduced to better protect the influencers and to reduce market con-
centration through encouraging competition. The industry has also grown in
awareness that exclusivity should be mutual.”” This means that either both
sides can contract with multiple counterparties or both sides have to exclusively

collaborate—exactly our setting of balanced matching aims to capture.

Nevertheless, to better understand the welfare implication of exclusivity
contracts in this emerging industry and to guide regulatory policies geared to-
wards balancing the power of influencers and sellers, we extend the analysis
to “unbalanced matching.” In such a setting, a seller can hire multiple influ-
encers, but not the other way round, which is consistent with the contracting
landscape in the early stages of influencer industry (e.g., Zietek, 2016). We then
compare settings with and without balanced matching to derive two key results:
First, balanced matching (mutual exclusivity contracting) is optimal under one-
dimensional heterogeneity even when we allow sellers to compete for multiple
influencers. Second, unbalanced matching (uni-directional exclusivity) can be
optimal when influencers’ style locations are sufficiently unique in uncongested

influencer markets.

We begin analysis with useful lemma about the joint profit when a seller

Influencers increasingly value long-term partnerships With brands rather than one-
off exclusivity requests; they also expect to be compensated more when exclusivity is
required. As early as 2008, the entertainment industry began to see the value behind
full-time creators building multi-platform brands, and influencers started getting Hol-
lywood agents to help negotiate bilateral exclusive contracts (Collectively, 2020). New
York State Regulators, China’s State Administration for Market Regulation, and the British
Federal Trade Commissions are all increasing regulations regarding influencer contract-
ing. See, e.g., https://www.ftc.gov/news-events/press-releases/2019/11/
ftc-releases-advertising-disclosures—guidance-online-influencers;
http://www.zhonglun.com/Content/2020/11-11/1619074334.html.
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hires both influencers. Note that the joint profit in Lemma 3.3.2 is established

under § = 7 and that influencer power can be large. Recall that 5 = ||6; — 05|

Lemma 3.7.1 (Joint Profit Function Il 5y). The joint profit function is given by

;

yl, if p>1

H{LQ} = (2[;5)2,3;’ lf‘ 6 S % (39)

2132 .
By, i e (%)
and the pricing strategy is given by
: if p=>1
=R =y (G +y), FA<H

ye(1-8). Fae ()

Proof. See Appendix C.1.22. O

Lemma 3.7.1 helps us establish that the equilibrium outcome coincides with
that in regulated matching when heterogeneity is single-dimensional. Suppose

that ¢, > 12 and I; > I, we have:

Lemma 3.7.2 (Equilibrium under unbalanced matching). Allowing uni-directional

exclusivity contracts:

(i) When the influencers or the sellers differ in a single dimension, the equilibrium

coincides with that in Proposition 3.4.1, 3.4.2 and 3.4.3.

(ii) When influencers are sufficiently unique (ie., 3 > 14%2) seller 1 hires both

influencers and offers prices at pj = p; = 4. Payoffs for sellers and influencers satisfy:

(1 =)yl
—

9 =

_ Yyi (11 + 1)

1— I
; ( Y)Y L and

Uy 5

7U2:O) w =
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Proof. See Appendix C.1.23. O

How do different forms of exclusivity affect welfare? Intuitively, compared
to balanced matching, unbalanced matching features a monopolist seller with
the relatively higher product quality. On the one hand, it increases welfare by
replacing the seller with a low quality product, whose magnitude depends on
the quality gap between sellers. On the other hand market concentration and
monopolist pricing decreases surplus for consumers attracted, and prices out a
large fraction of potential consumers. Note that when the quality gap between
two products decreases, the former effect vanishes. Thus, unbalanced matching

hurts consumers and social welfare when products have similar quality.

Proposition 3.7.1 compares the efficiency between balanced and unbalanced

matchings.

Proposition 3.7.1 (Exclusivity Contracting and Welfare).

(i) (Congested influencer market or homogeneous product market). Unbalanced
matching lowers total welfare under one dimension heterogeneity, including heteroge-
neous product quality, heterogeneous influencer power and heterogeneous influencers’

style locations.

(ii) (Uncongested influencer market). When 3 > # and 1y, > o, unbalanced

matching dominates requlated matching in total welfare.
Proof. See Appendix C.1.24. O

The key messages in Proposition 3.7.1 is intuitive. First, both product quality

gap and influencer style difference affect intensity of seller competition. When
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the influencer market is not crowded and influencers’ styles are distinct, regu-
lation on mutual exclusivity contracting does not help encourage competition
because of the inevitable local market power derived from influencer hetero-
geneity; given the economy features monopoly pricing anyway, uni-directional
exclusivity is welfare-improving because it allows the better product to domi-

nate.

In contrast, when products are close to being homogeneous or influencers
are too similar in style, requiring mutual exclusivity and balanced matching
can improve consumer welfare. Note that unbalanced matching always fea-
tures joint profit maximization and a high quality product domination, while
balanced matching features greater price competition. Simply put, the quality
improvement channel is shut down in a homogeneous product market, while

regulation can improve competition when the influencer market is crowded.

3.8 Conclusion

We build a model of the influencer economy in which (i) sellers produce goods
and compete for consumers through influencers, (ii) sellers and influencers are
matched in influencers’ labor market and engage in Nash bargaining, and (iii)
influencers acquire influence to attract consumers who identify with their style

in addition to value the products they promote. We derive five key insights:

First, as technologies governing marketing outreach improve, the equilib-
rium features non-monotonicities in influencer market concentration, payoffs,

and distributional inequality. Second, influencer heterogeneity and horizontal
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product differentiation are substitutes. At the same time, small style differences
complement vertical product differentiation while large differences substitute.
Third, assortative matching between sellers and influencers occurs under en-
dogenous influence, with the maximum horizontal differentiation principle re-
covered in the limit of costless style selection. Fourth, the sellers’” bargaining
power counteracts the influencers’ tendency to over-invest in influence power
and they jointly determine the direction and magnitude of the sub-optimal ac-
quisition. Fifth, regulations for balanced seller-influencer matching can encour-
age seller competition under single dimensional seller-influencer heterogeneity.
But uni-directional exclusivity contracts are welfare-improving for sufficiently

differentiated products and uncongested influencers” markets.

For tractability and to focus on the industrial organization of the influencer
economy, we have largely abstracted away from the inner working of plat-
forms and MCNs. In this regard, our findings constitute initial benchmark re-
sults rather than foregone conclusions. In our setting, platforms can be viewed
as powerful influencing segments with large bargaining power, which leaves
much to be desired. Profit sharing and contracting between influencers and
platforms remain a crucial topic in understanding the digital economy. The or-
ganization of MCNs such as Douyin and Weibo, and their heterogeneity also

constitute interesting future research.
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APPENDIX A
APPENDIX OF CHAPTER 1

Relevant Proofs and Calculations

A.1.1 Proof of Lemma 1.4.1

Proof. The assumed condition guarantees that the coordinator selected is willing

to set k* = K. See the proof of Lemma 1.5.1. Then, the remaining proof consists

of two parts.

()

(ii)

Consider the case without media groups. For the ith small trader, his ac-
tion does not impact the aggregate level of x because of the form (1.8).
Thus, if he chooses to promote the stock in his personal network (i.e.,
e; = €), then the return from the stock does not change, regardless of
whether he holds stocks. This implies that he gets a negative utility

—n < 0, which is dominated by the action e; = 0 whose payoff is zero.

Consider the case with media groups. First, note that by Lemma 1.5.1, the
coordinator has an incentive to choose «* = &, given all the small traders
follow the proposed equilibrium strategy. Now, given the proposed target
ko = k = Ie, we further have two cases to check for the small traders’

incentives.

(@) The ith trader does not hold stocks. Given all other small traders
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chooses e; =€, Vj # 1, then

/1:/ e;dF(Gj) =Je>k
iel

Hence, choosing e; = ¢ leads to a payoff given by (u —n) > 0, strictly
dominating e; = 0. Note that, since the ith trader does not invest in
the stock, he only cares about anger expressing utility and the effort

cost.

(b) The ith trader hold a positive amount of stocks. His incentive from
anger expressing coincides with that detailed above as the case with-
out stock holding. On the other hand, a single small trader has mea-
sure zero and thus his individual effort does not change the aggregate
. This implies that it is weakly dominant to support the coalition’s
proposal k* = K, given all other small traders choose to support.

Hence, it is optimal for the ith trader to support the proposal.

The proof concludes. O

A.1.2 Proof of Lemma 1.5.1
Proof. Fix k, there are two cases.

i. There is no forced liquidation in stage 3 and thus all small traders weakly
benefit from a large x because S = £hy(k)ha(21), which is strictly increasing

in x by the monotonicity of b, (-).
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ii. There is a forced liquidation in stage 3 and the marginal trader is given by
0; = 6(z3), where z; is defined in Eq. (1.9).
Now, by the formula, S = £hy(k)ha(23), we have

as d
2 = €M ()halzs) + Eha(R)hy(20) 2 > 0.

which reduces to

~
~—

dzg - (k) ha(zs
dk —  hi(k) hly(23)

which holds under the assumed condition.

Now, the claim that x* = & follows. ]

A.1.3 Proof of Lemma 1.5.2
Proof. We check the properties one by one.

1. Va(#) is continuous. We just need to check V5(z;) is continuous at z; =
2T(R). Define z3(27(R)_) := lim,_,.1(5).<.1(r) 23(2) and by definition of

2T(R), z3 (¢7(R)-) = 27(R). Thus, by Eq. (1.13),

B(T(R)_) = lim  Va(2) =0 =Va(z"(R)).

z2—2T(R),2<zT(R)

2. Va(z1) < 0 for z; < 27(k). To see it, note that V5(z1) = 0 for z; > 27(R).
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Moreover, for z; < 27(R), rearrange V5(z;) from Eq. (1.13),
%(21) = )\h1</_€) [Zghg(Zg) — Zlhg(zl)}eL — )\S(E, 23)(2’3 — Zl)
= )\eL(Zg — Zl>h1(:‘%)h2(23) + )\Zl (hl(/_i)hQ(Zg) — hl(R)hg(zl))HL
— )\9(23)(23 — Zl)hl(/_i)hg(z;g)

= )\(6L — 9(23))(23 — Zl>h1(k)h2(23) + )\Zlh1</_i) (h2(23) — hg(zl))GL

Note that z; < 0, z; < 23, 0, < 0(21) < 6(23) by monotonicity of 6(z) :=
G((I = N + 2)/I) from Eq. (1.7), and hy()[h2(23) — ho(z1)] > 0 by the

monotonicity of hy(z). Now, the claim follows.

3. V5 (27(R)-) := limpop0 V3 (27(R) — k) > 0. Note that Va(2;) < 0 for z; <
2T(k) and that V5(27(%)) = 0. Now, by the Mean Value Theorem, for any

h > 0, there exists a t, € (0, 1) such that
Vy(2T(R) — tph)(—=h) = Va(27(R) — h) — Va(2T(R)) < 0.

Now, taking the limit » — 0 on both sides yields the result.

The proof concludes. O

A.14 Proof of Proposition 1.5.1

Proof. First, we show that z; < 0. It consists of two parts.

(i) we show that 2} € (—o0, 0]. By the condition that hs(z1) = O (|z1|7**?) for

some § > 0 as z; — —o9,

m|z1]s(0, z1) = m|z1|ha(21)0(21) > mOLO (|z1]°)
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which approaches oo as z; = —oo. Here, we use lemma 1.3.1 and the fact
that 6(z;) > 6, which follows because otherwise the large trader losses
money for each share of stock shorted. To see it, note that V5(z;) < 0 by
Lemma 1.5.2 and Vi(z1) < W, because [Ahi(E) + 1 — A6, — 6(z1) > 0
if 6(z1) < 0. This further implies that E[U}] < W}, and thus shorting is

suboptimal.

Since the right side is of O (|z1]°), the feasible budget set of z; must be
finite and thus compact. Moreover, by the continuity of V5(z;) and Vi(2),
E[U}] is continuous in z;. By Weierstrass theorem, there exists an optimal

25 € (—o0,0].
(i) we show that 2 # 0. Note that, when z; > 27(&), E[U}] = Vi(21). Thus,

d‘/l (21)
le

= (21h)(21) + ha(21)) ([)\hl(/%) +1- M0, — 9(21))

+ 21h2(21)<[)\h1(ff) + 1-— )\} 9L — 9(2’1))
This implies that
V/(0_) = ([/\hl(/%) +1- M0, — 9(0)) < h(R)—0(0)<0. (A1)

Here, we used that §(z) = G (:=#2), and by assumption 1.3.2, 6(0) =

G (%) > hi(R)0. Hence, 2; = 0 is suboptimal.

Second, claim (iii) follows from Lemma 1.5.1 and Lemma 1.4.1.

Third, claim (iv) is trivial. The proof concludes. O
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A.1.5 Proof of Lemma 1.5.3

Proof. i) The proof for the first claim follows directly from the definition of ¢(z7).
ii) In stage 1, for all small traders holding the stock (i.e., 6; > 0(z7)), define

CS} = ha(21)(0; — 0(27))

There are two cases. One, for any small trader with 6; € (0(z7),6(0)], C'S; =0
because they are not holding the stock. Hence, AC'S* = C'S; > 0. Two, for any
small trader with 6; > 6(0), he is active in both before and after short selling and

his surplus in stage 1 is given by:
CSy = ha(27) (0 — 0(21)) = ha(21)(0; — 0(0)) + ha(27)(0(0) — 0(27))
Similarly, define C'S}, := 6, — 6(0). Hence,
ACS' = CS — CS) = (ha(z]) — 1) (6; — 6(0)) + ha(2])(6(0) — 6(z])) <0
if and only if

() (000) — 0(:1))

(©) [ (=)

This concludes the proof. O

A.1.6 Proof of Proposition 1.5.2

Proof. For any z; € (—o0, 27(R)), a forced liquidation is sure to occur and leads

to a revised position z3(z; ), as defined in Eq. (1.9). We show that z; is dominated
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by Z, := z3(z1) € [¢7(R),0]. Note that a position z; € (—o0, 27(k)) surely triggers

a forced liquidation and the expected payoff is given by Eq. (1.14) and thus

E[Ui] = Z3EL[€h1(R)h2(23)] - 218(07 Zl) - S(R, 23)(23 - 21) + WL
= 23Ep[€h1(R)ho(23)] — 238(F, 23) + 21 (s(/%, z3) — s(0, 21)) + Wi

= z3E . [Eh1(R)ha(z3)] — 235(0, 23) + {235(0, 23) — 235(R, 23) }

21(s(R, 23 —3021))+WL

G
21 (s(
< 2B [Shi(R)ha(23)] — 235(0, 23) + {235(0, 21) — 235(R, 23)}
+ 21 (s(R, 23) — $(0,21)) + W,

G

< 2B [Ehi (R)ha(23)] — 238(0, 23) + (21 — 23) (s(R, 23) — s(0, 21)) + W,

< 23Ep[Ehy (R)ha(23)] — 235(0, 23) + W,

All these algebras are self-evident once we note the monotonicity of s(x, 21)

and that z; < z3(z1) < 0. The proof concludes. O

A.1.7 Proof of Lemma 1.5.4
Proof. We check the optimality of the decisions using backward deduction.

* In stage 3, first, whenver z; > 27(k), the large trader has enough savings

to post more margin because

Wi, = m|z7(R)|s(k, 27(8)) = mhy(R) |27 (k) |ha (27 (R))0 (27 (%))

> mhy(8)|z1]ha(21)6(21)) = ml|z|s(R, 21)
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Here, in the inequality, we use assumption 1.5.1 (i), the monotonicity of

|2|h2(2)0(2). Note that, when Wy, > W (%, 2T(\)), 2T(k) < 27(X) < 0.

Similarly, when z; < 27(&), a forced liquidation occur surely because W, <
m|z1|s(k, z1) by the same reasoning as above. Consequently, the revised

short position is given by z3(z;) defined in Eq. (1.9).
* Instage 2, x* = K by Lemma 1.5.1 and Lemma 1.4.1.

* In stage 1, there are two cases.

(i) When W, > W, (%,27(\)) holds, there will be no forced liquidation
in stage 3 and thus E[U}] = Vi(z), which is defined in Eq. (1.10).
By Assumption 1.5.1 (ii), z()), the optimal solution to V;(z), is well-

defined and unique. This also implies that z; = 2T(\).

(i) When W, < W, (%, 27(\)) holds, a forced liquidation arises surely,
and thus E[U}] = Vi(z1) + Va(z1). Note that E[U}] is continuous but

non-differentiable at z; = 27(R).

(a) The case that V; (27(k)) + Va(27(%)-) > 0.
When z; > 27(&), Va(21) = 0 and thus E[U}] = Vi(z1). Note that

V5(z1) is not differentiable at z; = 27(k). Hence, by equation (A.1),

dE[U}]

i =V/(0_) <0

z1=0_

Meanwhile, by the concavity of V;(z;), Assumption 1.5.1 (ii), and

by the definition of zf(})),
Vi(z1) <0, Vz € (21(N),0]

Hence, since z'(\) < 2T(k) < 0, V/(z) < 0 for all z > 27(R).
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This implies that 27 < 27(k) because

dE[U}]
le

=V/(z1) <0, Vz; > 27(R)

Moreover, by the concavity of Vi (z) + V2(z) (see Assumption 1.5.1
(ii) and (iii)), V21 < 27(R),

dE[U}]
le

= V{(21) + V5 (21) 2 V{(7(R)) + V3 (27(R)-) > 0

which implies that 2z > 27(&). Thus, 2} = 27(R).
(b) The case that V; (27(%)) + Va(2T(k)-) < 0.

First, note that V5(z) = 0 for z > 27(k), and thus

because V/(z) < 0, Vz; € (27()\),0) and note that 2T(k) €

(21(1),0).
Second, note that V5(z) < 0 for z < z7(k), and thus
F 1
lim & Uil _ VI(zT(R)) + V5(27(R)-) <0

z1—2T(R)— le

dE[U}]

< Oand lim,, .7 r)_ Ti < 0,and

dE[U}]
B+ " dz

Hence, both lim., _, .+(
thus 2§ < 27(R).
Moreover, by Assumption 1.5.1 (iii), V;(z1) > 0 for all z; < 27(R),

which implies that
Vi) + V3 (V) > V(T (V) = 0.

Thus, 2 > 2z()). To summarize, 2} € (2'(\), 27(%)).

The proof concludes. O
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A.1.8 Proof of Lemma 1.5.5

Proof. First, by proposition 1.5.1, z;(\) < 0 exists for both A € {0,1}. Sec-
ond, note that E[U}] = Vi(z1), because for A = 0, a media group never ex-
ists, whereas for A = 1, by Proposition 1.5.2, zj(1) € [27(k),0], and again a
forced liquidation never occurs. This implies that, the optimal solution =z} is
achieved either at the unconstrained optimizer 2'()\), well defined by Eq. (1.11)
under Assumption 1.5.1 (ii), or the maximum affordable short position z7(x),
defined in Eq. (1.12). Thus, for A = 0, 2;(0) = max{z7(0),27(0)}, and for A = 1,
21 (1) = max{z7(k), 27(1)}. The proof concludes. O

A.1.9 Proof of Lemma 1.5.6

Proof. First, we verify the monotonicity of 27(x). Recall that 27(x) is defined as

Wy
mhy (k)

|2T|ho (zT)G (ZT) =

Hence, whenever x; > k3, hi(k1) > hi(k2) by monotonicity of h;(-). Thus, the
right side decreases. As a result, the left side needs to decrease. By Assumption
1.5.1 (i), 2™ needs to increases (and |Z| decreases), which implies that 27(x;) >

2T(Kg).

Second, we verify the monotonicity of z()). Recall that, 2 is the solution to

Eq. (1.11), and we restate it here.

[hg(zT) n ZWQ(ZT)} ([Ahl(m) +1- M0, — e(zT)) - % =0

158



Rearranging it yields,

0(=1) — (Ahy(R) +1— \)0, = —#ha(2) = Vo ().

15 (52721 Iha1) + 21hy(=)]

or equivalently,

0(z") — Vo(z") = (Ahi(R) +1 — \) 6.

Note that 6(z) is strictly increasing in z and Vj(2) is decreasing in z by As-
sumption 1.5.2, and thus the left side is increasing in 2. Thus, if X increases
(note that hy (k) > hi(0) = 1), the left side needs to increase, which leads to an

increase in zf. The proof concludes. O
A.1.10 Proof of Corollary 1.5.1
Proof. i) By lemma 1.5.5, 2;(0) = 27(0) VV 27(0). Thus, by Lemma 1.5.6, both z7())

and z27(x) achieve the minimum at A = 0 and x = 0. The proof for the case of

A = 1 is identical and thus omitted.

ii) Note that, if W, > m|z7(0)|s(0, 27(0))|, the budget set is never binding.

Hence, 2} = z7()\). Now, it follows from the monotonicity in Lemma 1.5.6. [

A.1.11 Proof of Proposition 1.5.3

Proof. First, we calculate V/(27(R)) + V5 (27(%)-).
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o The derivative V/(z7(%)) can be obtained by plugging z; = z7(%) into

/ / — do(z
Vi(z1) = [hh(0) + ha(20)] x ([N (R) + 1= X0y = 0(=1) ) —z1ha(21) d(z )
(. ~ 4 R N 1 ,
M1>0 M;r<0 M;;O

Note that, the concavity of V;(z;), Assumption 1.5.1(ii), implies that V/(z)
is strictly decreasing. Also, by the definition of z7()\), we have V/(z") = 0
and thus V{(27(k)) < 0 because 2'(\) < 27(k) < 0. Now, we evaluate
these terms at z; = 27(k). i) The facts that z; < 0 and that dg(zl) > 0 imply
that M5 > 0. ii) The fact that the large trader is short selling implies that
M, < 0, otherwise z; = 0 is preferable for the large trader. iii) Now, the

aforementioned fact that V(27(%)) < 0 implies that M; > 0.
o The derivative for V;(27(%)_) is a little bit involved. By Eq. (1.13),

Vi(z) = di {A(@L — 0(25)) (25 — 21)ha (R)ha(2s) + Mp21hy () (hz(zg) — hg(zl))}

= /\hl(“){(zz% — 1) X dil [(QL - 9(23))h2(23)} + (0, — 0(23)) ha(23)

x (% - 1> + 01 (ha(z8) = ha(21)) + 161 [hg(ZP,)% - h;(zl)]}

21 1

By the fact that 23(27(R)) = 27(k),

Vi (27(R)-) = A (%) (1 — 2 (=" (R)))

S

~
M4>0

X {(9(2%{)) —9L>h2(ZT( )) — z10hy (27 (R ))}

J/

~
Ms5>0

By lemma 1.5.2, V5 (27(%)_) > 0, and thus M, > 0 and 2;(=7(k)) < 1.

To summarize, M, M3, M, and M; are all positive. Note that 7, (%) > 1. Hence,

V{(27(R)) + V4 (27(%)-) is both continuous and strictly increasing in .
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Second, we come to check the claim in Proposition 1.5.3. There are three

cases to consider.

i) When A\ = 0, this is the case with the no media market structure, and
thus 2*(0) = 27 = 27(0) V 27(0). Note that this case differs from the other cases
A € (0, 1] because media frenzy never occurs. Note that 27(k) is irrelevant when

A=0.

ii) When A € (0, 1), note that 27(\) < 27(1) < 27(k) by the monotonicity
of 2T(\) (see Lemma 1.5.6). By the fact that V/(z,) is decreasing (due to the

concavity of Vi (2)), V{/(27(%)) < 0. Thus,

. / T(= / T(= T / T(=
ili%vl (27(R)) + V5(27(r)-) = ili%vl (27(r)) < 0.
iii) When X = 1 (i.e., the sure media group case), z; (1) = 27(1) VzT(k) = 27(R)

because (1) < 27(%). This implies

. ! T( &= ! T( &= > )

}\1_)H%Vl (27(R)) + V5 (2"(R)-) > 0
Hence, by the fact that V/(27(%)) + V3 (27(%)-) is continuous and strictly in-
creasing in ), there exists A € (0,1] such that when \ > ), it always features
strong deterrence (i.e., V/(z7(8)) + V3 (27(k)-) > 0), and when 0 < XA < J, it
always features weak deterrence (i.e., V{(27(g)) + V5 (z7(%)_) < 0). The proof

concludes. 0
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A.1.12 Proof of Proposition 1.5.4

Proof. First, note that 6(z) is strictly increasing in z, because

do(z) 1
e rp () 7Y

Second, note that 2;(0) = 27(0) v 27(0) (see Lemma 1.5.5) and that z7(\) Vv
27(0) < 27()\) < 0 (see Lemma 1.5.4). By Lemma 1.5.6, the monotonicity of 27()\),
we have

21(0) < 25(\) <0

which, together with the monotonicity of #(z), implies

0(21(0)) < 0(=1(A) < 6(0).

Third, by the fact that the large trader is shorting the stock, we have
6(27(0)) > 6. Thus, if p < 61, < 0(0), then we have
p <0, <0(2(0)) <0(25(N) <6(0).
which implies

L(p.6(z0) > L(p.6(1(V)).

This proves the case for bad discipline (i.e., efficiency reducing) and the

proof for the other case is identical and thus omitted. The proof concludes. [

A.1.13 Proof of Lemma 1.6.1

Proof. The proof consists of three parts.

162



i. When there is no media coalition, there exists no anger expressing utility

and thus it is suboptimal to exert effort (i.e., e = 0).

ii. When there is media coalition, there are two cases.

(@) The ith trader does not hold stocks. Since there is no expressive util-
ity, it is suboptimal to exert effort, which leads to a negative utility

-n < 0.

(b) The ith trader hold a positive amount of stocks. Given all other
traders with stocks supporting the proposal (i.e., ¢ > 6(z), the small
investors with beliefs more optimistic than the marginal trader before

the voting stage),! it is optimal to support since (u — 1) > 0 and
K = / e1dF (6;) = 1(1 - F(e(z)))é > k*(2)
iel

Note that if we allow for trading the instant before voting, the stock
price needs to increase by the amount (u—n) at that instant to prevent
retrading, and then falls back by the same amount after voting since

the expressive utility is non-transferable.

iii. The derivative can be computed as

dr*(z) N () — — f(0(2))
B = O E) =~ <0
The proof concludes. O

To eliminate the incentive of speculation, we assume that the small traders do not anticipate
the coalition unless it is formed. This removes the incentive for speculation-based trading.
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APPENDIX B
APPENDIX OF CHAPTER 2

B.1 Relevant Proofs and Calculations

B.1.1 Proof of Theorem 2.5.1

Proof. The objective function is
Ur(z) = zEg[¢] + 2Eg [Cl <£ + w(So(z, z) — So(z, O)))} + W —aSy(z,x) — 2C).

(i) Under EWAP, w = 0. Taking the first derivative of the objective function with

respect to z gives

dUr(z) 0S0(z, x)
By equation (2.11), So(z,2) = £ + (§ — §)G (222, This implies
IR - zi:xJ%IfN >0

Ox If (28N
and thus

50(271:) > 50(27 O) = EQ[&
We used equation (2.5) in the last equality. Hence, dUd#f) < 0 and thus 2%y, (2) =
0.
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(i) Under VWAP, w = .
dUy(z) 050z, )
- = ]EQ[f]_ — So(z,z) —x o
+ z2Eq|C (5 +w[So(z, x) — So(z,())])] X Dy
cU(z) _2850(271') 950z, 7)
dar? o ) ox :C 02

+ zEqg _C{’ <£ + w([So(z, ) — So(z, O)D} x D}

+ zEq C’{ (f +w[S(z,z) — SO(Z,O)])] X Dy

where
(1 x 0Sy(z, x)
Dl = (N [SO(Z,Z’) — SO(Z,O)] + NT) 5
D _ 2 0Sp(z,2) | x 0*Sy(2, )
"N oz N  0x*
Hence,
dUL(I) _ O,
dx =0
d?Ur(z) 05y(z, x) 2
2—————= —Eg[C] —1).
dz? | _, Jxr  la=0 <N alC1(e)] )
If ZEQ[C'(¢)] > 1, then when z — 0 we have both %{fz) T 0 and
PV () > 0. Thus, oy, > 0. O

B.1.2 Proof of Proposition 2.6.1

Proof. We verify that 2" = 2 constitutes an equilibrium according to definition

2.6.1.

i) Under EWAP, w = 0. Given 2! = 2, by the first part of Theorem 2.5.1,

2w = 0. Moreover, the derivative is always fully hedged and correctly priced
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(i-e., Eg[Ci(§)] = Cp), and thus the large trader is indifferent between choosing
z = 0and z = 2. Last, by assumption, 2Cy(2) < W, ensures that 2 is affordable.

Hence, 2*({0, 2}) = 2 is an equilibrium.

ii) Under VWAD, w = +. Given 2t = 3, by the second part of Theorem

2.5.1, there exists a profitable deviation such that > 0. To see it, note that the
assumption 2Cy(2) < Wi, implies that 2 is affordable and the large trader’s net
wealth after derivative trading, W, — 2Cy(2) > 0, is positive. Moreover, the

condition that £Eq [C}(£)] > 1 guarantees a profitable deviation.

Now, consider the problem in round 1. If the large trader chooses z = 0, he
has no incentive to manipulate the asset price and the payoft is 0. If he chooses
z = %, he knows that he has a profitable index manipulation in round 2. Thus,

z = Z constitutes an equilibrium. The proof concludes. O

B.1.3 Proof of Proposition 2.6.2

Proof. For ease of reference, recall that

So(z,0) = G (2A/N) = zA/N,  So(z,2) = G((zA + 2)/N) = (zA + z)/N,
(B.1)
Q(1]2) =1 —-Q(0]z) = So(2,0), A =C1(1) —Ci(0) = a,
Co(2) = Eg[C1(&)] = (2A/N)Ci(1) + (1 = 2A/N)C1(0) = 2A% /N

Epl¢] =p, Ep[Ci(§)] = pCi(1) + (1 = p)C1(0) = pa = pA.

(i) Under EWAP, w = 0.
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In round 2, the large trader’s objective can be simplified to

2*(z) = argmax z(Ep[¢] — So(z, 2)) + 2(Ep[C1(§)] — Co(z)) + Wi

x>0
A
= argmax « [p . ]\j_ x] +z(p — zA/N)A + W7
x>0
= —_———

M >0
Note that p—2zA/N > 0 (i.e., 2 < pN/A) because otherwise the objective function
in round 2 is smaller than W;, and investing only in the mma is optimal. More-

over, M; > 0 implies 2* < pN — zA < pN and Sy(z,z) < p. Since p — zA/N >0,
Co(z) < Ep[C1(§)] = pCi(1) + (1 = p)C1(0) = pA.
This implies
2 pN 6.2
xSy(z,x) + 2Cy(2) < p°N + XpA =2p°N < W.

Hence, under Assumption 2.6.1, the budget constraint is never binding and

thus!

p*;ﬁv/N, if p—2zA/N > 0;

r*(z) =

0, otherwise.

In round 1, by plugging in 2*(z2), we get

2* = arg max x*(z) { - ZA+—36(Z)} +z(p— zA/N)A + W),
2>0 N
N A\ zA
:arnggaxz( —W> +ZA( —W)—FWL

The optimal solution is given by 2y, = 2% and thus z},, (2*) = &Y.

(i) Under VWAP, w =

Zz
N

Note that p_j/iAN/N < pN/2 < pN.
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In round 2, note that Sy(z,z) — Sy(2,0) = & and the large trader’s objective
is

i (z) = arg max x * (EP[S] — So(z, x))

x>0

NI, {E]p [C4 (€ + w[So(z, ) — Solz,0)])] — C’o(z)} e

A 2 2 AQ
Zargmaxa:[ _ = +x] +z{pa (1+x—) +(1—p)ax——z—}+WL

> N N? Nz N
A 2z
:argmaxx[p—z +x]+xzz +z(p— zZA/N)A + W7
>0 N N

Here, we use a = A.

First, note that 2* < pKN. Otherwise, suppose that p— zA/N < 0. Then, all the
terms that have z are all negative and thus z* = 0,2 which further implies that

2+ = B < 28 by investigating the term 2(p — zA/N)A, which is a contradiction.

Second, we show that the budget constraint is never binding by construction.
Note that z < N, Sy(z,z) < 1 and Cy(z) = Eg[C1(§)] = (2A/N)C1(1) < pa = pA

by the fact that 2* < 7% shown above.

N
xxSo(z,x) + 2% Co(z) < N + poA = (1+p*)N < W,

Hence, under Assumption 2.6.1, the constraint is not binding and we can

just optimize over x > 0 to get

—Q/Jf,:zﬁgjm, if p—zA/N >0;

Tiw(z) = (B.2)
0, else.

2Collecting all terms containing z, we get
z(p — 2zA/N) — 22 /N + (2*/N) % (2A/N)

which is always negative when p < zA/N because zA/N < 1.
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In round 1, by plugging =7, and ignoring W;, we get
1 A\’
Zow = argr?%({m ( - W) + 2zA(p — zA/N)}
N T N7

N A\ N A\ 1
- “p-i2 Ap—2A/N S+ 2 (p=22) | —— 1],
argr?f‘?{zl (p N) TeAp A/ >}+4 (p N> {1—ZA/N 1

J/ (&

H(z) K(2)>0
Here, H(z) is the same as the objective under EWAP, which is a well-defined

quadratic function and the maximizer is z* = g—ﬁ.

Now, consider the non-negative term K (z). Note that

Ky =N (po2)a 1 _ A 22747
T N)NA—za/N2\PT N TN

32zA 222A2
X (p_T—f_W) = L(Z)

because all terms in the first row except the last one are positive. Note that L(z)

O3N

is strictly decreasing over [0, 28] and strictly increasing over (2%, c0).

L(zgpw) >0 and L (gim) = -3p*(1—p)/(3—2p)* < 0.

Hence, H' (25 ) + K'(25y,) > 0and H' <3A m) + K’ <3A m> < 0, since
H'(z%y) = 0 and H'(2) is strictly decreasing for z > zJ,;,. This implies that the

optimal derivative holding
o (PNpN 1
VWE\BAT3A (1—2p/3) )

Finally, note that 2 — ]\E Al A ) < 0. Thus

pN 1 _ pN
3_A(1—2p/3)) ER

yw (2vw) > Tow (

Here, we use the formula for z7},, in equation (B.2). O
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B.1.4 Proof of Lemma 2.6.1

Proof. By taking derivative over equation (2.14) w.r.t. z, we get

0So(z, x)
Ox
9?Sy(z, )
Ox?
92Sp(z, x)
020z

= [14+ D291y p] NG — 8)2(1 - p)/p > 0
-9 [1 + eA(§—§)(N—Az)(1 _ p)/p} -3 )\2(5 _ §)3(1 _p)2/p2 < 0;

214 XTI )] T NAG — 9 (L - p) /i <0,

]

B.1.5 Proof of Lemma 2.7.2

Proof. It suffices to verify that %(z) > 0. Now, recall that

T

U'(E(N — 200 — 2))§
Ep[U'(§(N — 280 — 2))|F]

St<lll'> = EP

7).

Calculating the derivative of S;(x) with respect to z yields the result. O

B.1.6 Proof of Proposition 2.7.1

Proof. Note that, when equation (2.20) holds, we have dsfl—;(x) > 0.
Denote x = z7-. Recall that z7«_ = 0.

(i) Under EWAP, w = 0 and thus Iy« = Sp+_(0). The large trader’s problem,
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equation (2.19), can be simplified to

Ty = arg max Eq, UL | Fr—]

:a@mm{xp@,my—gp@ﬂ+zk%45p4m)—CQ}

x>0
which implies

dST* (.T)
dx

dEq, (UL | Fr+]

< 0.
dx

= Spe_(0) — Spe(z) — 2

Here, we use the fact that

St«(04) = lm Sp«(z) = S7+(0) = Spr«_(0).

x—0,2>0

This implies that S7«_(0) < Sp«(x), Yz > 0. Thus, we have 27, = 0.
(ii) Under VWAP, w = §; and
Irs = 57+(0) + %(ST* () = Sr--(0)).

Now, we can reformulate the large trader’s problem as (suppressing the argu-

ment z)

Ty = arg max Eq, [Ur | Fr+ |
x>0

= arg max {x(ST*_ — ST*) +z (CT* [ST*_ + %(ST* — ST*_)D — CO}

x>0
Thus,

dEq,[UL | Fr+] o g deT*
dx = r dx
xr dST* 1 :|

+ 2C%. (I7+) {N " N(ST* — Sr+)
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and

d*Eq, U | Fr-] B _deST* 2dST*
dx? - dz? dx
Xz dST*

: ! i
+ zC. /*(IT*) [N dr + N(ST* — Sju_)]

2 dSt+ N x d*>Sp«
N dz N dz?

+ ZC/}‘* (IT*) [

Note that when x — 0, % =0, and when % > 1,
x=0
d*Eq, [U x d ST~ Clo (Sx_
QO[L|‘FT] :2 T ZT(T )_1 >0
dx? o0 dx N

Thus, x3;, > 0.
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APPENDIX C
APPENDIX OF CHAPTER 3

C.1 Relevant Proofs and Calculations

C.1.1 Proof of Lemma 3.3.1

Proof. Given the price p > 0, the demand function is the whole unit circle, or
determined by the marginal consumer such that y = (1 — £||z; — 0]|) —p = 0. In
the latter case,

D(p) =2(1—-p/y)xI/c

which implies that Il = D(p) * p and thus simple optimization yields p* = £.

Note that, in the former case, II = p * 27 and thus we can increase the price
p until the most distant consumer (i.e., ||z — || = ) becomes marginal, that is,

yx (1 —me/I)—p*=0,0orp"=yx*x(1—mc/I).

Finally, note that the whole unit circle is served only when the effective influ-
ence power is strong enough (or the background technology is cheap enough).

This implies that it is optimal to serve the whole unit when
Y
y* (1 —me/I) > 5

Rearranging it yields, £ > 27. Now, we can get the revenue expression of II by

simple algebra. The proof concludes. O
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C.1.2 Proof of Lemma 3.3.2

Proof. Recall that Il 5, is the revenue when both influencers are hired by the
monopolist seller, ignoring the fixed searching cost. When ¢ > %, the seller
sets prices p} = p3 = 4 and influencer j attracts consumers with « € S' such that
|z —6;|| < é—f: for j = 1,2. Note that there exists no overlapping in consumers

served since £ +-£2 < 7. Thus, the monopoly pricing is feasible and thus IT{; 5 =

y(I1+12)
2c

My + gy =

I1+1o

»—2. First, note that both influencers are

Now, consider the case that ¢ <
active and serves a non-zero size of consumers. Otherwise suppose w.l.o.g. that
influencer 2 is serving no consumer. Then, for any positive price p;, we can
always charge a slightly higher price for all consumers sufficiently close to 6..
Now, suppose influencer 1 serves consumers r € S' such that ||z — 6;|| < s;
with s, € [0, 7). Prices p; and p, are set such that the marginal consumer (i.e.,

z € S' & ||z — 61| = s1) gets zero surplus, otherwise it is profitable to increase

the product price at least for one influencer. Hence,
sy cx* (m— $1)
m=y(l-—),andpr=y (1 - —F~
Il I2

Then, we can write down the total revenue as a function of s;, that is,

19y = 2p1 % 514 2pa * (1 — 51).

Maximizing the joint revenue function, it yields

CT
pizpzzy*<1— ) (C1)
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and

]27'('
L +1,

. 1171'
L+ 1

and s, = (C.2)

S1

Simple algebra yields IIj; o) = 27y (1 — hirb) when ¢ < %

Finally, note that the condition % < ™=< holds if and only if LH2 < ¢ < %

The proof concludes. O

C.1.3 Proof of Lemma 3.3.3

Proof. First, note that it is always sub-optimal to hire influencer 2 alone, which
is dominated by hiring influencer 1 alone. Furthermore, when both influencers
are hired, the total profit is given by Il;; 53 —2c. When only the strong influencer
11is hired, the total profit is I1{;) — . Hence, the joint maximal profit for the seller

and two influencers is given by

W = maX{H{l’g} — 28, H{l} — 8}

Second, note that it is optimal to hire influencer 1 alone when ¢ € ("2—]52, 3/2—{;)

I

) < m, the condition that ¢ > 2 implies that ¢ >

To see it, given that (1 + 2

Itl and thus there exists no overlapping between consumers served if both

influencers are served, that is, I1y; 5y = Il{1y + IL9y. This further implies that
H{LQ} — 2 = H{l} —c+ H{Q} —e< H{l} —€
and thus only the strong influencer 1 is hired.

Third, for c € [, %}, there are three cases.
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o ce (Lih ub)

o 7 2
y(]1 + ]2) y]2
II = Il = =— d I ===
{1,2} 2% ) {1} ; an {2} 2%
* ce (g 152
cm vyl ylo
* c€ (3% 3t
CTr CTT y[2
{10y = 2y (1 — I 12) , Iy =2my <1 — ]_1) , and Il = 5o
o ce (¢ 2]

CTr CTt CTr
II =2 1-— Il =2 1—— dIl =2 1——
{1,2} Wy( 11+12>’ {1} Wy( ]1)7 an {2} Wy( 12>

We can directly verify that

H{LQ} — 2¢ 2 H{l} — &

Fourth, for ¢ € (0, ¢),

cm cm
I =2 1— d I =2 1—-—

When ¢ = ¢, we have Il; 53 —2¢ = II;;} —¢ and it is easy to check that I1;; 53 —2¢ <

Il — € for all ¢ < @. The proof concludes. O

C.1.4 Proof of Lemma 3.3.4

Proof. The proof consists of two parts. First, we show that hiring both influ-
encers are sub-optimal for all ¢ < ¢. Second, we prove there exists over-hiring

for the two specific cases.
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Optimal hiring for c <¢. Note that for c <&, I—cl > 27 and the total welfare W,
is given by

T
W1=27Tp1+2*§(y—p1)—6

Here, p; = y (1 — %w) The first term 27p; is the seller-influencer group’s joint
profit, the second term 2 * 7(y — p;) is the consumer surplus, and the third term

is the fixed hiring cost. This can be further simplified as

Wy =7my +my (1—£7T) —€
I

Similarly, when both influencers are hired, the monopolist price and con-
sumers served satisfy Eq (C.1) and (C.2). Actually, the monopolist pricing strat-
egy coincides with that maximizing total welfare. The total welfare 1V, , is given
by

Wio = (2s1p1 + s1(y — p1)) + (282p2 + s2(y — p2)) — 2¢
Here, the first big term is the total welfare for consumers served by influencer
1, the second one by influencer 2, and the last term is the fixed hiring cost. By

plugging the expressions from Eq (C.1) and (C.2), we can simplify it as

R CcT
Wio=my+myl|l— — 2¢
1,2 Yy ZJ( I1+12)

Note that when ¢ < 2¢, W, > WLQ, and thus it is sub-optimal to hire both

influencers when ¢ < ¢.

Casei). Note that Il 5y — 2 = Ilj;) — € and that social optimal hiring decision
requires only influencer 1 is hired for all ¢ < ¢. First, if the monopolist seller

only hire influencer 1, the Nash bargaining implies

Up=9(py —¢), wi=(1—-7)(lxy —¢), and wy =0
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In contrast, if the seller hires both influencer 1 and 2, the payoffs for the seller

and influencers are given by

Uy = y(Iay — 26) + (1 — ) (Ilgy — ), 1wy =0,

and w, = (1 — ’y)((H{LQ} — 25) — (H{Q} — E)) (C3)

By definition of ¢, y(Ily1y — €) = v(Il{12) — 2¢), which implies that U, (¢) <
U, (¢). Furthermore, U, (¢) < Uy (c) forall ¢ € (¢ — 4, ¢) for § > 0 sufficiently small.

Thus, it sufficies to show the payoffs in Eq. (C.3).

Given two influencers are hired, the seller bargains with influencer 1 over
the surplus (Il 9y — 2¢) — (Ilj2y — ¢€), the marginal profit increment between
hiring both influencers and only hiring influencer 2. If influencer 1 accepts this,
Nash bargaining implies a payoff w; defined in Eq. (C.3). Indeed, on the off-
equilibrium path (i.e, influencer 1 rejects the offer), the seller and influencer 2
shares the profit II;5; — . Similarly, the seller bargains with influencer 2 over
the (negative) surplus (Il — 2¢) — (Ilj;y — €) < 0, the marginal profit gap
between hiring both influencers and only hiring influencer 1. Due to individual
rationality, influencer 2 only accepts w, > 0, and thus ws = 0. Indeed, on the

off-equilibrium path, the seller and influencer 1 shares II;;; — €.

L (hithe '\which satisfies that {10y — 26 < Iy —eand

Case ii). Define ¢ = 7 pr

that II;; 9y — 2¢ < Iljsy — . When the seller hires both influencer 1 and 2, the

bargaining payoffs are given by:

U1 = H{LQ} — 28, wy, = O, and Wy = 0
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When the seller only hires influencer 1, the Nash bargaining outcome is

U, = Y(py —¢), and w; = (1 =)y —¢)

Hence, it is optimal to hire both influencers when U; > U,, which implies

that
< H{LQ} — 2¢
H{l} — &

Thus, by definition of v, U (c) > Uy (c) for all ¢ < ¢ when ~ > -

In addition, note that

H{Lg} — 2¢ H{l} — 2¢ H{l}(g) — 2¢
> >
Uy —e = Mgy —e 7 Hyle) —«

Here, we use the fact that Il 5, > Il;y, and that the term % is strictly
decreasing in c. Hence, we have v > % The proof concludes. O

C.1.5 Proof of Proposition 3.3.1

Proof. i) It follows directly from the observation that when v = 1, the opti-
mal hiring decision coincides with the social optimal market structure, which
is monotone. Hence, by continuity, the argument goes through for sufficiently
large v — 1.
e First, for ¢ > 2%2, it is optimal to only hire influencer 1. This is because
hiring influencer 2 generates a negative profit, which cannot help the seller

bargain with influencer 1. Thus,

Ur =9y —¢), wi= (1= —¢), and wp=0.
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e Second, forc < ¢ < %, it is optimal to hire both influencers. To see it,

consider the case that the seller hires both influencers. In this case, the
seller only shares with influencer 1 the surplus (Il 9 — 2¢) — (IIfay — €)
by the same argument in the proof of Lemma 3.3.4 because influencer 2 is
also hired. Similarly, the seller only shares with influencer 2 the surplus

(H{LQ} — 25) — (H{l} — E). Thus,
w1, = (1—7)((H{172}—2€)—(H{2}—8)), and Wy = (1—’)/)((H{LQ}—Qé‘)—(H{l}—é))
and

U1 = H{LQ} — 2e — W1 — Wa

= (g 2y — 2¢) + (1 = ) (Hpy + gy — 1 0y)
In contrast, if the seller only hires influencer 1, she gets
Ul = ’)/(H{l} — 5)

By definition of ¢, II{; 9y — 2¢ = Iy —eforalle < ¢ < % This further

implies that U; > Ul, and thus it is optimal for the seller to hire both

influencers.

e Third, for ¢ < ¢ < ¢, we have both
H{LQ} —2e < H{l} —¢ and H{LQ} — 2e > H{g} — €.

In this case, when the seller hires both influencers, the payoffs are given

by

w, = (]_ — ’7)((1_[{172} — 25) — (H{Q} — 5)), and wy =0
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and thus

Ur =gz —2¢) + (1 =)z —¢)
The payoff from hiring only influencer 1 is unchanged and given by U, =
7Ty =€)

e Fourth, for ¢ < ¢, we have both
oy — 26 <Iljyy —e and 9 — 26 < Iljyy — .
By the residual surplus argument, it implies
Uy =19 —2, w; =0, and w,=0.
To establish non-monotonicity, we just need to ensure the seller only hires
influencer 1 for ¢ < ¢ < ¢, which requires that U; < U,, or equivalently
2y — 26 <y(Ilggy —¢)

which reduces to

N S H{LQ} — 2¢
H{l} — &
Hence, if we take 7 > sup,.; {Hﬁl{f}}jg} = Hl{{{f}}((g::a € (0,1), then it is

optimal to hire only influencer 1. The proof for part i) concludes. B

ii) First, note that both U; and U, the seller’s payoff when both influencers
are hired and only the strong influencer 1 is hired respectively, are strictly de-
creasing and continuous in c¢. Thus, the seller’s payoff, max{U;, Ul}, corre-
sponds to the upper envelope of U, and U, is also strictly decreasing in ¢ and

continuous. The proof for part ii) concludes. B
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iii) This directly follows from Lemma 3.3.4. Specifically, for v < Y both

influencers are hired for all ¢ < ¢. In this case, we have
w; =wy =0, and w; —wy =0.
Furthermore, for ¢ < ¢ < %, only the strong influencer 1 is hired. Thus,
wy =1 =)y —¢), wa=0, and w; —wy = (1 —7)y —e).

Since Il is strictly decreasing in ¢, we have both total wages for all influencers
and the income gap between influencers are non-monotonic in the background

technology cost parameter. The proof concludes for part iii) and iv). O

C.1.6 Proof of Corollary 3.3.1

Proof. Note that from Lemma 3.7.1, Il; 5y is monotone in 3. Thus, by Eq. (3.7),
when v > %, U, is strictly increasing in Iy, 53, and thus it achieves maximum for

any 3 > I. The other two cases can be shown similarly. O

C.1.7 Proof of Lemma 3.3.5

Proof. First, note that it is always sub-optimal not to hire any influencer. Now,

suppose only a subset S C {1,--- ,.J} of influencers are hired by the seller.
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Consider one more influencer a ¢ S is hired. Then, w, = (1 —
) (HSU{a} — Hs) and thus

Z wj + Uy =1g + v (Igugay — Hysy) > g (C4)
jesu{a}

Furthermore, for j € S,

wj = (1 —5)(Hsugay — Msugayygy) < (1 —7)ILs — syg5) (C.5)

where the inequality follows from Property (S).

Thus, Eq. (C.4) and Eq. (C.5) jointly implies that the seller’s payoff increases
when influencer @ ¢ S is hired. Since S is arbitrary, the seller’s payoff is maxi-
mized only when S = {1, -- - , J}. Meanwhile, note that each influencer’s payoff
decreases when an additional influencer is hired by Eq. (C.5). The proof con-

cludes. ]

C.1.8 Proof of Lemma 3.3.6

Proof. First, note that claim i) is straightforward. When ¢ = 0, the joint revenue
is weakly increasing in the number of influencers hired. Furthermore, if there
are at least two influencers hired for an influencer type, then all influencers of
this type receives a zero wage because the incremental change in revenue is zero.
Hence, the seller gets the maximum revenue by hiring a duplicate influencer for

each influencer type.

Second, we come to show claim ii). From claim i), when the style type space

is discrete and finite (i.e., |©| = N < oo and denote all type elements by ¢, with
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[l =1,---,N), the seller gets all revenue when there exists at least two influ-
encers for each type. Now, we show that, when influencers’ type 0; € © are
ii.d. drawn, with probability approaching one, this is indeed the case. Specifi-
cally, consider J = 2n * N. For the first 2V influencers, the probability of each

influencer type gets 2 draws is bounded below by

5;:<IIPmM0:90>

and thus the probability of getting 2 draws for all §, with [ € {1,--- , N} is no
less than

1—(1-6)"—1

asn — oQ.

Then, we can extend the analysis to the case in which influencers types 6,
are independently drawn from a continuous space S' with a density function
f(-) almost everywhere positive. Now, we can discrete the continuous style
type space by choosing N style types equally distributed on the circle S! so
that the distance between any two successive types is exactly 1/N. When N is
sufficiently large, all types ||0—0;| < 5% yields approximately the same outcome

as that of §; and the seller prices the product very close to y. Thus,

Prob(6 ~ 0;) = / fls)ds.
uE{sGSliHS—@j”Sﬁ

Now, by the reasoning in the discrete case, the seller gets approximately all
the total profits when J > 2n = N as n is sufficiently large. Note that, the total

welfare is also maximized.
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C.1.9 Proof of Lemma 3.3.7

Proof. Suppose not. Then, there exist three neighboring influencers hired such
that ||6,_1 —0;|| # ||0, —0,41]|. For simplicity, assume that ||60,_1 —6,|| < ||6;—6,41]].

There are two cases to consider.

Case i). There exists some consumers not served along the arc between 6;_,;
and 6;;,. Without loss of generality, we assume there exists consumers not
served between 6#; and 6,,,. Then, we can keep (p;_1,p;, p;+1) unchanged, and
shift §; to 0; + ¢ for a sufficiently small § > 0. This weakly increases the total rev-

enue I, because it weakly increases the size of consumers served by influencer

j—1.

Case ii). All consumers are served along the arc between 6;_; and 6,,,. For
ease of notation, define z,;,; € S! the cutoff type indifferent between purchas-

ing from influencer i and from influencer (i + 1).

Lemma C.1.1. The cutoff consumer type indifferent between following two neighboring

influencers receive a zero utility.

Proof. If not, suppose the cutoff type consumer z;_; ; receives a positive utility.
Note that it cannot be the case that the consumer z; ;,; also receives a positive
utility. Otherwise, we can increase p; by a small amount without losing any
consumers, which leads to a large total revenue. This implies that consumer

xj j+1 receives a zero utility.

Now, we construct a hiring plan and a price scheme which generates more
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revenue. Consider the case that p;_; > p; and the other case p;_; < p; can be
proved similarly. We shift 6; to §; = 6, + J and increase p; to p; = p; + 20
where § > 0 is small. Under the new hiring and pricing scheme, the cutoff
consumer type z; ;1 remains unchanged, and the cutoff type x;_,; shifts to
Zj_1; = xj_1; + 0. We can choose a sufficiently small § > 0 to ensure the con-
sumer z,_; ; still receives a positive utility. Now, all consumers between z,_; ;

and z; j, either pay p;_; > p; or p; > p;. [

Lemma C.1.1, combined with the condition that ||0;_; —0;|| < ||; —60;+1]|, im-
plies that p;_; > p;;1 because influencer (j + 1) needs to serve more consumers
than influencer (j — 1) to ensure both consumers z;_; ; and z; ;11 receive a zero
utility. Denote by a;_; and a;; the size of consumers served by influencer (j—1)

and (j + 1), respectively. Since p;_1 > pj;1, aj—1 < a4 by Lemma C.1.1.

However, the fact that p;,_; > p;;; implies there exists a price scheme more

profitable. To see it, consider the new price scheme

. I Yo Yo
(ijhpj;pjﬂ) = | Pj-1— T7Pj,pj+1 + T

and
A, S S
(0j-1,05,0;11) = { 0j—1 + > 0+ 0,041 — 3

Note that a;_; = a;_1 + 0 and a;11 = a;+1 — 6, and the size of consumers

served other influencers remains unchanged, including influencer j. The total
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revenue change is given by

A =pj1G;1 + Pjr1bjr1 — pj_1a;-1 — pjr1bjna

Yo yo
= (pj—l - 7) * (a1 +0) + (pj+1 + 7) # (bj41 = 0) = pj-10j-1 — Pjribjn
Yo 2
= T(bjﬂ — aj41) + (pj—1 — pj+1)0 + O(67)
By the fact that p,_y > p;41 and a;_1 < a;41, this generates a higher total
revenue for a sufficiently small 6 > 0. This is a contradiction! Hence, it cannot be

the case that all consumers are served but influencers are not equally distanced.

The proof concludes. O

C.1.10 Proof of Lemma 3.3.8

Proof. Consider the first case that J = J*m. Obviously, the seller can J equally-
distance influencers and get the desired payoff U; = I1; — J * w;. Indeed, this
is optimal for the seller, given the residual bargaining protocol. Consider any

alternative plan of hiring n € N influencers,

Note that when v = 1, the above inequality trivially holds, by the definition
of J. By continuity, it also holds for all ¥ > =, where v, < 1. Define y(¢) =

SUD1<,<2n/c] Tn- Thus, for all v € [¥(¢),1], J* = J.

Now, consider the second case that J — oo. Fix § > 0. We can find J

sufficiently large such that there exists a group of influencers 6,(j € {1,---,J})
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such that |||6; — 6,.1|| — 2| < é. Then, we can use the same pricing scheme as
in the discrete case that J = m.J. By the condition that |||6; — 6;.1]| — %| < 6,
the size of consumers served by each influencer and thus the revenue generated
only deviate from those in the first case by an amount proportional to J. Since

0 > 0 is arbitrary, the proof concludes. O

C.1.11 Proof of Proposition 3.4.1

Proof. First, note that the two influencers are symmetric for sellers, which means
that sellers” incentives are trivial under regulated matching. Given this and the
matched groups’ profits, the influencer from the seller-influencer group with a
bigger profit has no incentive to deviate when the bargaining power (vy,1 — )
is fixed. Thus, the other influencer also has no incentive to deviate, and we get
k(j) = j for j € {1,2}. Furthermore, given the group profit, payoffs for sellers

and influencers just trivially follows from Nash bargaining.

Second, we construct an equilibrium in which pf > pg > () because the first
influencer-seller group is stronger in the sense that it offers a product with a
higher quality. This strategy implies that the first group is targeting the most

valuable consumers and the consumer type boundary is pinned down by
yi(1—lla” = 0ll/1) — p1 = y2(1 = [la" = O[|/T) — p2

Obviously, since y; > y», all consumers with ||z — || < ||z* — 8|| would pur-

chase from Group 1. Furthermore, given this, the second group attracts those
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remaining consumers with ||z — 0| > ||z* — 0| and ||z — || < ||z** — 0]|| where
Yol = [[z™ = 0]|/I) =ps = 0
Thus, we can calculate the demand (i.e., ¢ = 2||z* — || for Group 1 and
g2 = 2([|lz** — 0l — ||z~ — 6]]) for Group 2)

Pr—P pL—p2 P
Q1(p1,p2) =21 <1 —= 2> , and ga(p1, p2) = 21( -2 —2)
Y1 — Yo Y1 — Y2 Y2

and the profits as below.

I, = 2Ip, (1—“_”), I, = 2Ip, (pl_“ —@),
Y1 — Y2 1 —Y2 Y2

Taking derivatives over II,, with respect to p,, for m =1, 2,

(=200 + 15+ —ya) _ g T(=Ap5y + 200ys)

-0
Y1 — Yo (y1 — y2)y2

Solving these two equations yields the desired solution. Moreover, the sec-

ond order conditions are trivially satisfied and thus solutions given by the FOCs

are optimal. By submitting the prices (p¢,p§) = (23’;2531“_;12’2), yi;yll__?f)) into the
demand functions and the profits, we obtain all the desired results after simple

algebra manipulation. The proof concludes. O

C.1.12 Proof of Proposition 3.4.2

Proof. First, we focus on both groups’ profits and skip the discussion on profit
divisions between sellers and influencers and their incentives for matching, be-

cause the proof is almost the same as that in Proposition 3.4.1.
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We construct an equilibrium which features p{ > p§ > 0. This is because,
if p1 < py, then the second influencer-seller group is priced out of the market
because 6, = 0,. Given that p; > py, consumers whose type is close to ¢ are
attracted by the second group because the term y||z — 6| (i - %) only plays a
secondary role compared the price gap p; — p2. This yields the cutoff style type

x* such that all consumers with type z satisfying ||z — 6|| < ||z* — 6| are served

by the second group, i.e.,
yx (L= [lz" =0/ 1) =pr =y (1 = [[" = 0]/ I2) = p2

This leads to ||z* — 6| = %'

However, consumers with ||z — 6| > ||z* — || are attracted by the first group
whenever it generates a positive utility, which implies a second cutoff type ** €
S! such that

y(@ =z =0l/I,) =p1 =0
which leads to ||z** —0|| < I; (1 — p1/y). By construction, consumers with a type

satisfying ||z* — 0|| < ||z — 0| < ||=** — 0|| are served by the first group.

Now, we can compute the profits for two influencer-seller groups, i.e.,

I115(py —PQ))

M= s (L /)ty = T

11[2(191 - Pz)

I, = 9 %
2 = P2 y<11_12)

Obviously, the profit function II,, is concave in p,, for m = 1,2 and thus the

optimal solution is fully characterized by the first-order conditions as below.

I
g e =9+ Iy = 20)) =0
Ll
m(pl —2py) =0
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Solving these two equations, we get the desired solution (p¢, pS’), and by simple

algebra, we can obtain the profits for both groups. The proof concludes. O

C.1.13 Proof of Proposition 3.4.3

Proof. First, we focus on both groups” profits and skip the discussion on profit
divisions between sellers and influencers and their incentives for matching, be-

cause the proof is almost the same as that in Proposition 3.4.1.

Second, let us fix p, and consider the profit function of the first group. If these

two prices are sufficiently close, then we would expect the following condition
y(L =z = Oull/1) = pr = y(1 = [|2" = 0|/ ]) = ps

or equivalently,

p2—pr = ([[2" = Ou]| = |lz* = baf|) x y/1

For ease of reference, denote s, = ||z — 0,,|| for m = 1,2. When p; and p, are
sufficiently close and not too small (to be discussed shortly), z* lies in between
¢, and 6, in the short arc, then we can solve these by utilitizing the fact that

$1+ 2 = ||6h — 62| and get

(161 = 2]l + (2 — p1) % 1 /y),

(1161 — 62]] — (p2 — p1) * I /y)

S1 =

| — N~

S9 =

2
Note that this holds only when there exists no consumer unserved in the short

arc between 6; and 0,, that is,
Ix(1=pi/y) +1x(1—p2/y) > |00 — 02,
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which further reduces to p; + py < (2 — w) * 1.
Otherwise, s; = I x (1 — p;/y). Hence, to summarize,

(161 = 6all + (p2 — p1) % L Jy),  if pr+po < (2 — 10222lly gy
S1 =

I«(1—p1/y), otherwise

However, when p; is sufficiently low, then s; > ||, — 6| occurs, and in this
case, s; — sg = || — 01| — ||]x — 62| = ||61 — 62]|. This implies that the first group

grabs the whole market when

P <po— |01 — 0o xy/I

and the first group loses all consumers when

p1>pe+ |00 — 02 xy/I

Henceforth, we can write down the profit function for the first group as be-

low

.

0, if pr > py + |00 — Oa| xy/1
2p1 + (1 —p1/y)d, if pr <py— |60 — s xy/1
Iy = p1*((L=pi/y) x I +51), ifp1+p2§(2—”91+02u)*yand (C.6)

010 0106
b€ (m _ lontalley ) N0 Izu*y)

2p1 x (1 —p1/y)l, otherwise
\

Note that there are two discontinuity points for the profit function above.
Also note that the profit function I1¢ is continuous at p; = (2 - w) kY —

po. Similarly, we can write down the profit function for the second group by
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symmetry. Obviously, it is suboptimal to choose p; > ps + [|01 — 62| *y/I, which
leads to a zero profit. Then, we start with the third case in Equation (C.6) and

we can derive the first order conditions as follows.

y||0y — 02| + 1(p2 — 6p1 + 2y)

=0

2y ’

yllbr — Oz + 1(p1 — Gpa +2y) 0
2y

), and we can

Solving these two equations, we can get p; = p5 = W

further get the profit for the first group as below, i.e.,

3y(21 + |6 — 65]])?

11, =
! 501

Whenp2 — ||01 —92” *y/[ <p1 <p2+ ||01 —62” *y/]

However, we need to check that pj + p; < (2 — w) * y indeed holds,
which further reduces to

6
1601 — 02| < §I.

For any [0y — 6] > S1, define pi = p5 = (1 L%520) sy Fix pp = ps,

the term py * ((1 — p1/y) * I + s1) is strictly increasing in p; for p; < w
Thus, the first (influencer-seller) group has no incentive to deviate downward.
Meanwhile, for p; > pj, the term p; * (1 — p1/y) = [ is strictly decreasing for
p1 > Py since p7 > &. This implies that the first group has no incentive to devi-
ate upward. Thus, (p},p;) constitutes an equilibrium when [|6; — 65| € (21,1)

whenever no group is priced out of the market.

Finally, to finish the equilibrium construction, we need to ensure that the

construction in the third case is also globally optimal, which means that the first
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group has no incentive to deviate by a big price cut as illustrated in the second

case in Equation (C.6).

Specifically, to undercut the second group, Group 1 only needs to set the

price py = ph — ||61 — 02| * y/I, which leads to a profit as below

i =101 — o xy/1
H1=2I*<p;—||el—ez||*y/z>*<1_P2 ”1y2” y/)

Note that this is the most profitable deviation since Iy = 2/(1—p; /y)p, is strictly

decreasing for all p; < p5— || — 6|/ *y/I. To support the equilibrium, it requires
I, < I

which leads to the condition in the proposition. The proof concludes. O

C.1.14 Proof of Proposition 3.4.4

Proof. The assortative matching and profits derivation follows directly from
Lemma 3.6.1 (see Appendix C.1.20). Payoffs for sellers and influencers follows

from the exogenous Nash bargaining argument. The proof concludes. O

C.1.15 Proof of Proposition 3.4.5

Proof. Consider the following equilibrium conjecture.

* Assortative matching in the labor market. k(j) = j for j € {1, 2}.
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* Product market. Group 1, the matching between seller 1 and influencer 1,
prices the product at p; = £, and earns a total profit of II; = 4. Group 2

prices the product at p; = 0.

Now, we verify that this constitutes an equilibrium.

First, given p; = 4, a consumer with type # € S' such that ||z — 6| < I,
always prefers the product from group 1 to that from group 2 even when group
2 sets the price at zero, as long as the following two conditions hold, that is, for

type x = 0,
Y1 * (1 - 5/]1) —pT > Yo (C.7)

and for type ||z — 05| = L & ||z — 01]| = B + I3,

yl*(l—(ﬁ—i—fg)/fl) —p; >0 (C.8)
Simplifying these two equations yields the condition that 7 < min{} — %2, § —

I
I )"

Second, given consumers’ equilibrium choice and group 2’s pricing strategy,
group 1 has no incentive to deviate from the monopolist profit. Meanwhile,
given the assumed condition and other participants’ equilibrium strategy, p; =

0 because she cannot attract any consumer by setting p5 > 0.

Third, anticipating the equilibrium profits, influencer 1 chooses to match

with seller 1 and gets a payoff of w; = % Instead, if she deviates to

seller 2, influencer 1 can at most get w — 1 = % < w;. Given influencer
1’s equilibrium matching choice, influencer 2 can only match with seller 2. The

proof concludes. O

195



C.1.16 Proof of Proposition 3.5.1

Proof. First, by the formula of II,(5) (i.e., Eq. (3.6)), we can check that IT;(5) is

strictly increasing for all 5 € (3, I], which implies that

G(B) :==111(B) — (Hl([) - FH)

has at most one solution for all 5 € (60, I } Indeed, note that G(I) = Fy and
G(By) < 0 by the assumed condition Eq. (3.7). Hence, there exists a unique

p* well defined. Further, by monotonicity, we have G(5) > 0 for 5 > * and
G(B) < 0for 3 € [Bo, 5*).

Second, consider 3 > 3* under regulated matching (i.e., 1-1 matching). By
symmetry, we consider the incentive for seller 1. Given that seller 2 hires an
influencer, say influencer 2, seller 1 can choose to hire influencer 1 and get a
payoff of vII; (), or pay a fixed cost and select a location to achieve maximum
differentiation (i.e., ||y — az|| > I. Here, as = 0, is influencer 2’s style location.
This yields a payoff of v(Il; (/) — F). However, note that G(5) > 0 for § > j*.

Thus, it is optimal to hire influencer 1 because 11, (3) > (I, (1) — Fg).

Third, consider 5 < §* under regulated matching. We consider an asym-
metric equilibrium in which seller 1 hires influencer 1, and seller 2 turns on the
influence by paying the fixed cost Fy;. First of all, for seller 2, given that seller 1
already hires influencer 1, she can hire influencer 2 and engage in price compe-
tition, which yields a payoff of 7II; (3). On the other hand, she can pay the fixed
cost Fiy and select a location to avoid competition and thus gets y(IL; (/) — Fg).
By the fact G(5) < 0 for § < B*, she has an incentive to pay the fixed cost

Fy. Furthermore, given that seller 2 chooses maximum differentiation, seller
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1 has the incentive to hire influencer 1 and gets a profit of 7II;(/). The proof

concludes. O]

C.1.17 Proof of Lemma 3.5.1

Proof. Before we get started, note that under regulated matching the Nash bar-
gaining always gives the seller a fraction 7 of the seller-influencer group’s total

profit. Hence, we can directly focus on total profits of groups in the proof.

i) Profits for (/,/) and (NI, NI). First, under the assumed condition i) §, <
g < %, Proposition 3.4.3 holds. Thus, when both groups choose to invest, each
group gets a profit of

I;; = yA(B).

and if they both choose not to invest, each group gets

1_[NI,NI = A(ﬁ)

ii) Profits for (I, NI (and (N1, I)). Second, we compute profits for both seller-
influencer groups when only one group, say, group 1, chooses to invest (and the
other group choose not to invest). By the assumed condition ii), even if group 1
(seller 1 and influencer 1) chooses high quality y, group 2 can still attract some
consumers even group 1 set a price at p; = 0. Now, denote by (p;, p2) the prices

set by both groups.

For group 1, the size of consumers served is just y;(1 — ||z — 61||) —p1 > 0

or equivalently (1 — p;/y). For consumers between groups (along the short arc),
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the cutoff type 2* € S! satisfies
y(I = llz" = l)) =pr = 1= (6 = [l=" = 02]]) — p2

Solving it yields

) —p+(y— 1)+ .
ot~y = PG DT ang g et -6 = 5 s,

y+1

We can further express profits for both groups as follows
O vy =0 —pi/y1) xpr+prxsi, and TI7 ;= (1= po/ys) % po + pa * 52

Taking first order conditions and solving them, we get

b= y1(4y7 + Syry + 3By + 2u5 + 48y3)  2(1+28)y + (8 + 3B)y* + 4y°
-

8y? + 19y1y2 + 8y3 8 4 19y + 8y2
and

= ya(4y3 + 8yryo + 3Byrye + 2y7 +48y3) 4+ (8+3B)y +2(1 +26)y?
-

8y? + 19y1yo + 8y3 8 + 19y + 82

We need to make sure that the cutoff type 2* gets a non-negative utility, that
is,
y(L = [lz" = 0[) —p1 2 0,
which reduces to

y(2(5 = 68)(1 + y?) + (22 — 258)y)
(14 y)(8 + 19y + 8y?)

which trivially holds under the assumed condition i). Furthermore, we can di-

rectly verify that the second order conditions are satisfied.

Thus, profits for both groups can be further computed as

y(1 4 2y) (2 + 8y + 44> + S(4 + 3y))°
(1+19) (8 + 19y + 8y2)°

1 _
HI,NI =
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and
(2 + ) (4 + 8y + 20% + B3y + 492))
(1+19) (8 + 19y + 8y2)°

2 _
HI,NI =

iii) Nash Equilibrium Construction. To verify equilibrium, we state some

properties first.

1. Fix y. Vi(B,y) > Va(B,y). Recall that Vi(8,y) = I} y; — Hysn; and

‘/2(/37 y) = HI,I - H%NI'

2. Fix y. Both Vi(5,y) and V,(, y) are strictly increasing in /.

Given these two properties, we can verify the equilibrium. First, by the as-

sumed condition iii), Fyy € (Vi(5o,y), V2(5/6,y)) and property 1), we have

‘/1(5/67y) > %(5/67y> > FV > ‘/1(507y> > ‘/2(67y)

which, together with the strict monotonicity of V; (5, y) and V»(3, y), implies that
there exist 8 € (6y,5/6) and 3 € (8, 5/6) such that

FV:VYl(§7y):‘/2(Bay)a and B>§
To summarize,

a) For 8 > 3, Vy(B,y) > Fy, or equivalently,

HI,I - H%N[ Z FV

Hence, given that influencer 1 chooses to invest, it is optimal for influencer
2 to invest. By symmetry, influencer 1 also chooses to invest, and thus

(1, I) is a Nash Equilibrium.
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b) For 8 < 8 < B, we have both Vi(3,y) > Fy and V»(8,y) < Fy, thatis,

0} vy — Mynrnvgy > Fy
and

These two conditions read as follows. One, given that influencer 2 chooses
not to invest, it is optimal for influencer 1 to invest. Two, given that influ-
encer 1 chooses to invest, it is optimal for influencer 2 not to invest. Thus,

(I, N1)is a Nash Equilibrium, so is (N1, I).
c) For 3 < 3, Vi(B,y) < Fy, or equivalently,
H},NI — NN < Fv

which reads as, if influencer 2 does not invest, then it is optimal for influ-

encer 1 not to invest. By symmetry, (NI, NI) is a Nash Equilibrium.

Now, it suffices to verify property 1) and 2) on V;(3,y) and V5(5,y). To this

end, we write down the formulas and check them one by one.

e First, with y fixed, V1 (8, y) is strictly increasing in /.

(y—1)
50(y + 1)(8 + 19y + 842

x {1600y° + 32M; * y* + 4My x y® + 25M; * y> + 8My x y + 192(2 + 8)*}

Vi(B,y) =

where

M, =251 + 518 — 682, M, = 3704 + 16043 — 993>

M = 500 + 3408 + 352, My = 623 + 548/ + 623>
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For instance, for M;, there are two solutions, 5, ~ —3.49 and 3, ~ 11.99
and M, is strictly increasing for all 5 < % = 4.25. Furthermore, M;(0) =
251, and thus M; > 0 and is strictly increasing for all 5 € (f,5/6). Sim-
ilarly, we can check that M,, M3 and M, are also positive and strictly in-

creasing for 5 € (5o, 5/6).

e Second, with y fixed, V5(3, y) is strictly increasing in /.

(y—1)
50(y + 1)(8 + 19y + 8y2)

x {1600 + 32M; * y + 4My * y* + 25My % y* + 8My x y* +192(2 + §)%°}

Va(B,y) =

Hence, fix y, then V5(f, y) is strictly increasing in f.

e Third, with y fixed, Vi(8,y) > Va(B8,y) for all 8 € (5o, 5/6).

B (y—1)°
Vi(B,y) = Va(B,y) = 50(y + 1)(8 4+ 19y + 8y?)

x {64 % M5+ 40 * Mgy + My = y* + 40 x Mgy® + 64  Mzy*}

where
M; =13 — 128 —35%, Mg =97 — 885 — 223, M, = 6196 — 56045 — 1351/3>

By the same token, we can prove it as that for M;. For instance, to show
that M5 > 0, note that there are two solutions 3; ~ —4.89 and (5, ~ 0.89.
Hence, M5 > 0 for all § € (—4.89,0.89), and thus M; > 0 for all g €

(Bo,5/6). We can prove Mg > 0 and M; > 0 in similar spirits.

All the proofs conclude. O
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C.1.18 Proof of Proposition 3.6.1

Proof. The proof consists of three parts: i) initial equilibrium analysis; ii) Nash

equilibrium construction; and iii) welfare analysis.

i) Initial Equilibrium Analysis. Initially, I; = I, = m. Because 232 < 7, the
seller, when hiring both influencers, set the price at p} = p; = £, which implies

that before power acquisition,
b 1 b 1 b
H{l} = §y7T, H{Q} = §yﬂ', and H{172} = ym.
The Nash bargaining implies that
b ].
wi = (1 =) Ipgy =gy = 51 =)y

Similarly, w$ = 1(1 — y)ym.

ii) Nash Equilibrium Construction. First, we construct an equilibrium in
which influencer 2 does not invest in power acquisition. Consider influencer 1’s
incentive to invest. If influencer 1 invests in power acquisition, then I + I, > 27
and thus by the proof of Lemma 3.3.2, the joint revenue function after power

acquisition is given by!

" 4
II§, 5y = 27y <1 — ) =2my(l —1/3) = 37Y-

L+ 1

The optimal pricing strategy that maximizes the joint revenue function is

o« a 1 s _2y
P =P =Y I + I, -3

Note that we assume that ¢ = 1.

given by
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and consumers served by influencers satisfy ||z — 6;|| < s; where

~ Iim _2_7T and s — Lr  ow
T L+, 3 T L+, 3

S1

Similarly, if the seller only hires influencer j, profits are given by

o) =2 , 1o
Iy = iyh =ym, and IIfy = §y[2 = .

Hence, wages offered to influencers are given by

a a a 4 1
wi = (1 =) (I 9y — ) = (1 —7) <§y7r - 52/7T> = (1 —y)yrm

and

a a a 4 1
wy = (1 =) ({9 — IIfyy) = (1 =) <§?J7T - y7T> = 5(1 —)ym

Hence, given that influencer 2 does not invest, influencer 1 will invest in power

acquisition when

1
wff—CTzwll’ = (Or < 3(1—7)3/7?
Second, we come to check influencer 2’s incentive.

(1) By symmetry, when Cr > (1 —~)ym, influencer 2 will not invest in power

acquisition, thatis, (NI, NI) is a Nash Equilibrium.

Given that influencer 1 chooses to invest, if influencer 2 also invests,

. 3
I 0y = 27y (1 - ) =2ry(l—1/4) = QYT

I + 1o
and

f[{l} = H({zl} = ym.
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Nash bargaining implies that

A . 3 1
Wy = (1 — )2y — yy) = 5(1 —y)ym

Hence, influencer 2 will not invest if and only if

1
wy — Cp <wy = Cr > 6(1—7)%.

To summarize,

(2) When (1 —~)ym < Cr < 5(1 — y)ym, (I, NI) is a Nash Equilibrium.
(3) When Cr < %(1 — y)ym, (1, 1) is a Nash Equilibrium.

iii) Welfare Analysis. Here, we show the optimal decision rule to maximize

total welfare.

e First, when (NI, NI) is the outcome, the total welfare is achieved by let-

ting influencer j serve consumers with ||z — 0, < 5 and « € S', that is,
sw— [ y(1 - o — 811/ 1)da
y(—|lz—07||/11)—5>0

+/‘ y(1— ||z — 63|/ I)dz
y(1—-||z—05/12)—%>0

3 3
= 1(911 +yla) = CLAE

* Second, when (I, NI) (or (N1, 1)) is the outcome, total welfare is achieved
by letting influencer j serve consumers with ||z — 6;|| < hIlegTr forj=1,2,
because the cutoff type consumer x € S* satisfies

(1=l (- e
2T T
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Then, total welfare is given by?

SW = gyW—CT

e Third, wehn (7, I) is the outcome, total welfare is achieved by letting in-
fluencer j serve consumers with ||z — 6;|| < 7. Total welfare is given by

7
SW = Zyﬂ - QCT

Hence, we can calculate the optimal decision rule by comparing total welfare

under different outcomes, that is,

1. when Cr < 1—12y7r, (1, ) is optimal, i.e., both influencers should invest.

2. when Lyr < Cr < gym, (I, NI) (or (N1, 1)) is optimal, i.e., only one influ-

encer should invest.

3. when Cr > %yw, (NI, NI)is optimal, i.e., no influencer should invest.

The proof concludes. O

C.1.19 Proof of Example 3.6.2

Proof. By Proposition 3.4.3, influencer 2 is offered a wage of
(

S 4 (21 +0)2,  if b€ [By, 8]

wo) = ¢ 1=y (b-5), ifbe (EL)

(ol ifb>1
\

2A detailed calculation is available upon request.
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Thus, if he decides to adjust his own style to b > 3, the cost-benefit analysis

reduces to
(1-7) (M —cv),  ifbe [Z(-T+5VI0), ]
N _ 2 .

wy (b) = (1 - ) (y (b— %) —(J(b)) . ifbe (S1,1)

(1-9) (4 - CW). it [1.5)
Note that,
. dw) 3y(21 +b) ,
fim == =(1-7) (T—C(ﬂ) >0,
dwy ,

Jm — = —(1=7)C(I —do) <0

dwév
db

Moreover, note that is strictly decreasing in b, and thus there exists a

unique maximizer b* € (3, I). The proof concludes. O]

C.1.20 Proof of Lemma 3.6.1

Proof. First, since influencers weakly prefer being hired, there are two possible
cases under regulated matching: k(j) = j and k(j) = 2 — j where j = 1,2.
Second, given that ||¢; —6.|| > 22, independent of the matching outcome, both
seller-influencer groups can charge a monopolist price p;* = % and p; = £.
Thus, we can calculate payoffs for all sellers and influencers respectively, that

is,

® k(7) = j. In this case,

I I 1-— I 1— I
792117U2:7y22 2, 1:( 7)911 andwgz( 7)922

U, =
! 2 ’ 2
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* k(j) =2 —j. In this case,

R I - I 1-— I 1-— 1.
U1:7y21 2’ U2:7y22 1,1131:( Y)y2 1y and 1 _( Yyl

g e T T

Note that the matching k(j) = 2 — j is not stable because both seller 1 and
influencer 1 can fully anticipate the payoffs when they match, and thus both
are willing to form a match. Indeed, k(j) = j for j = 1,2 is a stable matching.
Given that seller 1 is matched with influencer 1, both of them have no incentive
to deviate because U; > U, and w; > . Given this, seller 2 and influencer 2

forms a match. The proof concludes. O

C.1.21 Proof of Proposition 3.6.2

Proof. Consider the following equilibrium strategies conjectured as follows.

* On-equilibrium path, that is, |6 — 6, > i,
The equilibrium matching outcome and payoffs are specified as that in
Lemma 3.6.1.

o Off-equilibrium path, thatis, [|; — 65| < 2322,

Seller 1 is matched with influencer 1, and seller 2 is matched with in-
fluencer 2. Then, given the matching outcome, the two seller-influencer
groups play a price competition game and if an equilibrium exists, payoff
are specified according to the Nash bargaining. Whenever a pure strategy

equilibrium does not exist, we assume that the payoffs for all sellers and
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influencers are bounded above by the worst equilibrium payoff, that is,

the equilibrium with minimum total profits.

First, consider influencer 2. Under equilibrium, he gets a wage of w, =

%. Instead, if he chooses 65 such that ||0; — 6| < 542, Then, given
that seller 1 is matched with influencer 1, his wage w, cannot exceed w, because
when he is matched with seller 2, their total profit is bounded above by %
More formally,

m m m Yalo
Oy < po(1 —po/ya)lo < py'(1 —py' Jy) L, = 117" = =—.

The first inequality says that influencer 2 can at most attract all consumers
within his influence reach, and the second one says that it is weakly dominated
by the monopoly price. Hence, he has an incentive to choose ||} — 6, > L5,

The same argument applies for influencer 1.

Second, given that ||6] — 63| > L322, by Lemma 3.6.1, both sellers have an
incentive to accept the assortative matching outcome and the proposed equilib-

rium payoffs. The proof concludes. O

C.1.22 Proof of Lemma 3.7.1

Proof. First, the case for ||; — 6;]| > I is easy, and the optimal pricing strategy is
givenby p} = p; = ¥ and each influencer serves consumers with types ||z —0;|| <
£ for j = 1,2. Note that there is no overlapping in consumers served by the two

influencers, and the monopoly profit is achieved, which yields

1
H{LQ} = 2H{1} = 2% ny = y[.
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Second, we come to show that in the case that || — 02| < I, we the following

three properties hold: i) no gap for all consumers between influencer 1 and 2 on

the short arc; ii) both influencers are actively serving consumers on the short

arc; and iii) the pricing must be symmetric such that p; = p,. We show these

three properties one by one.

i)

ii)

Suppose there is a gap a positive measure of consumers are not served
between 6#; and 6, on the short arc. Then, ||z — §,|| < é for at least some
j € {1,2} because ||6; — 65|| < I. This implies p; > £. Moreover, for such
an influencer j, the profit is given by Il;; = p;(1 —p;/y)I, which is strictly
decreasing for all p; € (£,y]. This means that it is profitable to choose a

price p; = p; — € with € > 0 sufficiently small.

Suppose influencer 2 is not active on the short arc and 6, is on the right of
01 on the short arc (i.e. 0 is ahead of 6, in the clockwise direction on the

circle). Then, we have

y(L =102 = O||/1) —p1 =y — p2

This further implies that for all z € S* on the right of 6, (and thus ||z—6,|| =
[l = Oaf| + |61 — 0:])

Yy =102 = Ou[|/T = |lz = O2||/1) — p1 2 y(1 = |lz = 62|/ 1) — p2

Thus, influencer 2 is not actively serving any consumer z € S'. How-
ever, this is suboptimal because if we only let influencer 1 be active on the
market, the maximum profit cannot exceed Ily; (i.e., the monopoly profit
from hiring a single influencer) and it is dominated by the profit function

proposed in the lemma.
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iii) Otherwise suppose p; # p,; and assume w.l.o.g. p; < p,. Consider a new
pair of prices (p1,p2) = (p1 + €,p2 — €) with € > 0 sufficiently small, and
we show that (p;, p2) dominates (p;, p2). By the “no gap” result in (i) and
that both influencers are active, all consumers between 6, and 6, on the
short arc are served and denote by z* the cutoff consumer type, and define
s; = |[|lz* — 0;]| for j € {1,2}. By the indifference condition for consumer

z*, we have
y(1 = s1/I) —p1 =y(1 — s2/1) — po
and

S1+ Sg = H91 — 92”

These two conditions together yields
1 1
$i=3 <||91 — ba + ;(p?;—j —pj))
Under (pi, p2), the profit is given by

II = pisy + pase +p1(1 —p1/y) L + p2(1 — po/y)l

and under (py, p2), the profit is given by

~

II = p181 + pade + D1(1 — P /y) L + p2(1 — po/y) 1
Note that

P1(1 = pr/y)I + pa(1 — pPa/y) 1
=T+ (pr+p2— (p1 +2)/y— (p2—2)*/y)
=p1+p2 — pi/y — p3/y + 2(p2 — p1)el [y + O(e?)

> pi(1—p1/y)I + p2(1 — pa/y)
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Similarly, we can show that
R Ie Ie
P151 —p1s1 = (p1+¢€) [ 51— ? — P1S1 = ES1 — ?pl
. Ile Ie
D282 — Pasy = (p2 —€) | 2 + ? — P2S2 = —ES9 + ?pz
which implies that
D151 + P2s2 — (p151 + p2s2) = (s1 — s2)e + (p2 — p1)Ile/y > 0

Thus, (p1, p2) is strictly dominated, and the contradiction implies that p; =

Da.

Third, we find the optimal pricing strategy and the profit function Il 5. By

property (iii), we denote p; = p, = p and the profit function is

= p |6y = baf| + 2p(1 = p/y)] (C9)
as long as
(o [gaf) e

The unconstrained optimizer to the profit function is given by

. yx|0r =0 oy
p= A7 * 3

By plugging this into the IR condition for the consumer with type %4,

21
162 = af) < -

and we get the profit
(27 + |61 — 02]1)*y
81 ‘

10 =
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Whenever [|6; — 6, € (¥,1), p* violates the IR condition for the cutoff type
91182 However, note that II in Equation (C.9) is strictly increasing for all p €

(0, p*]. Thus, the optimal price is given by the IR condition for the cutoff type,

. |01 — 05|
— 1 19 = O]

_ 160 = O % (21 — [|61 — Os]) * y
- .

which yields

and the profit is given by

19y

The proof concludes. 0

C.1.23 Proof of Lemma 3.7.2

Proof. The proof has two parts.

Parti) Again, we check three cases one by one.

* First, we consider heterogeneous product quality (i.e., I = I, = I,0, = 0,
and y; > ). If the ex post matching is one-to-one, then it is characterized
by Eq (3.5). In contrast, if optimal matching is such that both influencers

are hired by seller 1, then
R I R n
Tz = % =1y =1y

which implies that both influencers receive zero wages, that is, w; = w, =

0. This implies that influencer 2 will reject being hired by seller 1 together
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e . . 1—y)II§
with influencer 1 since wy = ( g) 2

> 10,. Similarly, we can show that

influencer 2 also rejects being hired together with influencer 1 by seller 2.

Second, we consider heterogeneous influence power (i.e., 6, = 05, y1 = 2
and I; > I). Suppose seller 1 hires both influencers, then the optimal

pricing strategy is p} = p; = 4. Note that

- g yilh

Mgy =gy = =-
which implies w,; = 0 by the Nash bargaining argument. Since wy, =
% > 1, influencer 2 rejects being hired together with influencer 1

by seller 1. Similarly, influencer 2 rejects the offer that seller 2 hires both

influencers.

We consider heterogeneous style difference (ie., y1 =y =y, [ = o =1
and 6; # 6,). Here, we assume (3 > 3, so that an equilibrium exists under
regulated matching in Proposition 3.4.3. Since both sellers are identical,
we compare regulated matching in Proposition 3.4.3 and the case when

seller 1 hires both influencers.

If the ex post matching is regulated matching, then
wy = wy = (1=

where )

¥ ifg>1

2

N7 =qyxp(1-£), ifSI<B<I

o+ QL+ B, i fo < B <3
If the ex post matching is unbalanced matching, then

yl

wlzwf:ﬂ—vﬂﬂmﬂ—ﬂﬁ:(“‘”(H“_"i)
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where

yl, if 6>1

2 .
H{LQ} = (21;}5) Y, lf 6 S %

QISR if Be (2,1)

\

Now, it reduces to check that

yl
ny > 10y — >

Note that it is equivalent to check the inequality under the case y = 1 and
I = 1. We can check it case by case. For instance, when § € [f, %], it
reduces to

3 , 1 , 1
287 2g2+6) -5

Because 2 < g, the inequality is most restrictive when § = 2. It is easy to
check that it indeed holds for 5 = 23 for all 3 € [0, 2], so it is true for all
B € (o, 2]. Similarly, we can check it for when 3 € [2/3,6/7], 8 € (6/7,1]
and g > 1.

To summarize, w; < w;, and thus influencer 1 rejects being hired together

inlfuencer 2 by seller 1. By symmetry, seller 2 cannot hire both influencers

under equilibrium.

Part ii) There are three possible matching outcomes: 1) regulated matching,
which features assortative matching such that k(j) = j (see Lemma 3.6.1); 2)
unbalanced matching with seller 1 hiring both influencers; and 3) unbalanced

matching with seller 2 hiring both influencers.

e First, we consider regulated matching. In this case, k(j) = j for j = 1,2,
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and payoffs are given by:

_ ok U, = Yy212 w (1 =)yl and w, = (1 —7)y2ls

Ul 9 - 9 1= 9 ) 9

Second, we consider the case that seller 1 hires both influencers. Note that

I I
HLQ = Hl + HQ, H1 = % and Hg = %

and thus

_ Yy (I + 1)

1 — )yl 1— )yl
) L=yl g, = LYk

U Us=0 =
1 2 , W1 9 ) 9

Second, we consider the case that seller 2 hires both influencers. Note that

I I
HLQ = H1 + Hz, H1 = g% and ]._.[2 = %
and thus
I + I 1— I 1— I
U, =0, U,= 12! 12+ 2) = g)yQ L anduw, = ;)yzg

Obviously, influencers would choose unbalanced matching such that

seller 1 hires both influencers.

The proof concludes. O

C.1.24 Proof of Proposition 3.7.1

Proof. The proof consists of two parts. Note that under unbalanced matching,

the strong seller hiring both influencer always dominates the weak seller hiring

both influencers because the product quality y enters the consumer utility in a

product form, which implies total welfare and profits are proportional to the

product quality.
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¢ Case i). Congested influencer market or homogeneous product market

Denote by W, the total welfare under (the best) unbalanced matching, and
by Wk the total welfare under regulated matching. Now, it suffices to show that

Wy < Wx and we have three cases.

¢ Case 1). Heterogeneous influencer power (i.e., y1 = y2 =y, 01 = 0 = 0
and I; > I,). Total welfare only depends on the marginal consumer who is
indifferent between consuming the product and zero consumption, which

further depends on the equilibrium price.

Under unbalanced matching, p; = p; = %, and the total size of consumer
served isjust ; (i.e.,, {zr € S':y ( - 1—11||x - 0||) —pi > 0}).

In contrast, under regulated matching, the marginal consumer faces an

2y(I1—1I2)

equilibrium price given by p{ = ih -1, (see Proposition 3.4.2), which

implies that the total size of consumer base is bigger than /; because

2y(h — Ib)

<Y
AL -1, ~ 2

Note that the total welfare only depends on the size of consumer base.
Hence, unbalanced matching lowers total welfare in the heterogeneous

influencer power case, that is, Wy < Whp.

* Case 2). Heterogeneous influencers’ style type (i.e, y1 =y =y, I = I, =
I and 0, # 6,). Here, we only focus on the case in which a pure strategy

price competition equilibrium exists (see Proposition 3.4.3), and thus the
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equilibrium price under regulated matching is given by

(

@I +p5),  ifpe[E(=T+5V10)1 8]

Yy
2

: ifg>1

\

In contrast, under unbalanced matching (see Lemma 3.7.1),

y, if 5> 1

pi=p=qyx(2+1), ifp<

yx(1—2), if pe (&)

\
We can directly verify that p{ = p§ < p; = pj for 3 > [;. Thus, to-
tal welfare is higher under regulated matching, because a consumer who
purchases the product under unmatched matching is also willing to buy it

under regulated matching. Hence, Wy < Wg.
Case 3). Heterogeneous product quality (i.e., [y = I, = I, 0, = 0, = 0 and
Y1 > Ya)-

Under unbalanced matching, seller 1 hires both influencers and set a price
at p; = p; = 4. Influencer 2 is not active in the market. Hence, the total

welfare is

3
WU:/ y(1 — ||z —0||/I)dx = -y, 1.
{rESlem—GHS%]} 4

In contrast, under regulated matching, the equilibrium outcome is given

by Proposition 3.4.1, and thus the total welfare is given by

wa:[;M1—m—9Whmﬂy@yu—Wx—mﬂam
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where R, are consumers served by the first influencer-seller group targets

consumers, thatis, Ry = {x € S' : ||z — 0| < 4y211—flyz} Similarly, R, are

consumers served by the second influencer-seller targets, that is, R, =

{west: g <o -0l < 5}

We can further simplify the expression of W5 as®

Wy = 191(149% —4y1y2 — y%)
(4y1 - y2)2

where f(x) = (142 —x — 1)/(4x — 1)* and z := y1 /v».

= Iy, * f()

Note that f'(z) = _5;:0—_1)12 < 0, and thus f(z) is strictly decreasing for

x > 1. Moreover, also note that

lim f(z) =1, and lim f(x)= z

rx—1 T—00 8

which further implies

7 3
Wg > glyl > Z[yl =Wy.
The proof concludes for the first part. B
¢ Case ii). Uncongested influencer market

First, note that when 3 > 1t each influencer charge a monopolist price
p; = % when hired by a seller with product quality y, and serves a sub-
population such that z € R; and R; := {z € S' : |z — §;|| < £}. Hence, there

is zero over-lapping among consumers served by the two influencers.

3The skipped algebra is available upon request.
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Under unbalanced matching, both influencers are hired by the strong seller

1. Furthermore, total welfare can be calculated as
3
Wy = Zw(h + Iy).

Similarly, under regulated matching, the total welfare equals

3 3
Wgr = -y 11 + —yoI
R 4y11+4y22

Obviously, Wiy > Wy as long as y; > 3. B

All the proofs conclude. O
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