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The central theme of this work are Hamiltonian torus actions on symplectic
manifolds. We investigate the invariants of the action, and use the action to
answer questions about the invariants of the manifold itself.

In the first chapter we concentrate on equivariant cohomology ring, a topo-
logical invariant for a manifold equipped with a group action. We consider a
Hamiltonian action of n-dimensional torus, 7", on a compact symplectic mani-
fold (M,w) with d isolated fixed points. There exists a basis {a,} for Hy(M;Q)
as an H*(BT;Q) module indexed by the fixed points p € MT. The classes a,
are not uniquely determined. The map induced by inclusion, /* : H;(M;Q) —
Hiy(M";Q) = ®@_,Q[xy,...,x,] is injective. We will use the basis {a,} to give
necessary and sufficient conditions for f = (fi,..., fg) in &%, Q[zy,...,xz,] to be
in the image of *, i.e. to represent an equiviariant cohomology class on M. When
the one skeleton is 2-dimensional, we recover the GKM Theorem. Moreover, our
techniques give combinatorial description of Hj (M;Q), for a subgroup K < T,
even though we are then no longer in GKM case.

The second part of the thesis is devoted to a symplectic invariant called the
Gromov width. Let G be a compact connected Lie group and T its maximal torus.
The Thi orbit O, through A € t* is canonically a symplectic manifold. Therefore
a natural question is to determine its Gromov width. In many cases the width is

known to be exactly the minimum over the set {{a;, \); @ a coroot, (o}, ) > 0}.



We show that the lower bound for Gromov width of regular coadjoint orbits of the
unitary group and of the special orthogonal group is given by the above minimum.
To prove this result we will equip the (open dense subset of the) orbit with a
Hamiltonian torus action, and use the action to construct explicit embeddings of
symplectic balls. The proof uses the torus action coming from the Gelfand-Tsetlin

system.
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CHAPTER 1
INTRODUCTION

This work consists of two independent results: one about an equivariant coho-
mology ring, and the second about Gromov width. We study both in the context
of Hamiltonian torus actions, but in two very different ways. In this introduction
we only give basic definitions and postpone the proper explanation of the problems

to the introductions of the main chapters.

Let (M, w) be a connected symplectic manifold. The action of a (compact) torus
T = (S1)* is called Hamiltonian if there exists a T-invariant map ®: M — t*,

called the momentum map, such that
Wluw = —d(®,§) Ve,

where &) is the vector field on M generated by & € t. Two different sign conven-
tions are commonly used by symplectic geometers. The above one is widely used
while working with symplectic toric manifolds. In this convention, the isotropy
weights of the induced T-action on the tangent space at a fixed point can be iden-
tified with the generators of edges of the polytope ®(M) corresponding to the given
symplectic toric manifold. It will be convenient to use this convention in Chapter 2
where we talk about the equivariant cohomology of symplectic toric manifolds and
more general GKM spaces. The second convention defines the momentum map as

a function satisfying
L(éM)w =d <(I)7 £> :

This choice of sign means that the isotropy weights of the action are pointing
outside of the momentum map image. However we will use this convention in

Chapters 3 to 5. The reason is that we want to relate the momentum map image



of the Gelfand-Tsetlin action with the Gelfand-Tsetlin polytope, which has already

appeared in numerous mathematical works.

The notion of a Hamiltonian torus action comes from physics. Every symmetry
of a physical system X has a corresponding conserved quantity, such as angular
momentum. This conserved quantity is a real-valued function H on the phase
space T*X called the Hamiltonian. We can use the (non-degenerate) symplectic
form to turn the differential of H into a vector field, and this provides a flow on
the manifold. When this flow is periodic, with same period, it gives rise to a

(Hamiltonian) circle action on the symplectic manifold 7% X.

The first example of a Hamiltonian action is a circle acting on a 2-sphere by
rotation about the z-axis, presented on Figure 1.1. The north and south poles
are fixed, and the momentum map is simply given by the z coordinate (the height
function).

1 Lie(Sh)*
S2

-

Figure 1.1: Hamiltonian S! action on S2.

An important class of examples of symplectic manifolds is given by coadjoint

orbits of Lie groups. A Lie group G acts on g*, the dual of its Lie algebra, through



the coadjoint action. Each orbit O of the coadjoint action is naturally equipped

with the Kostant-Kirillov symplectic form:
WE(X7Y)2<€7 [X7Y]>7 fEOACg*a X7Y€gngo)\-

The action of G on an orbit O is Hamiltonian, and the momentum map is just
inclusion O — g*.

When G = U(n) the group of (complex) unitary matrices, a coadjoint orbit can
be identified with the set of Hermitian matrices with a fixed set of eigenvalues. If
all eigenvalues are distinct, the orbit is a manifold of full flags in C". For example,
U(2) orbit through diag(A\; > )o) is a full flag in C?, i.e. CP* = S? and consists

of matrices

a c+id
A= ; a,b,c,d € Ra XA(t) = (t_ Al)(t_ >\2)
c—1id b

={A4; a+b=X+X, (a—0b)>+4”+4d* = (M — X2)*}.

In Chapter 2 we consider symplectic manifolds with Hamiltonian torus actions.
We use information coming from momentum map to find a convenient presenta-
tion of their equivariant cohomology ring. In the three subsequent Chapters we
concentrate on the symplectic invariant called the Gromov width. We equip a
manifold with a Hamiltonian torus action and use it to find lower bounds for its

Gromov width.



CHAPTER 2
EQUIVARIANT COHOMOLOGY

2.1 Introduction

Suppose that a compact Lie group G acts on a compact, closed, connected and
oriented manifold M. Unless otherwise stated, all the manifolds considered here
are assumed to be compact, closed and connected. Let EG — BG denote
the classifying bundle for G. The equivariant cohomology ring Hj(M; R) :=
H*(M xg EG; R), with coefficients in a ring R, encodes topological information
about the manifold and the action. In the case of a Hamiltonian action on a sym-
plectic manifold, a variety of techniques has made computing H(M; R) tractable.
The work of Goresky-Kottwitz-MacPherson [11] describes this ring combinatori-
ally when G is a torus, R a field, and the action has very specific form. We give
a more general description that has a similar flavor. A theorem of Kirwan [22]
states that the inclusion of the fixed points induces an injective map in equivariant

cohomology. We quote this result below, following Tolman and Weitsman [36].

Theorem 2.1.1 (Kirwan, [22]). Let a torus T act on a symplectic compact con-
nected manifold (M,w) in a Hamiltonian fashion and let « : MT — M de-
note the natural inclusion of fixed points into manifold. Then the induced map
o HA(M; Q) — HA(MT;Q) is injective. If MT consists of isolated points then

also v* : HA(M;Z) — HAX(MT;Z) is injective.

If there are d fixed points then Hix(M7T;Q) = @?ZlQ[xl, ..., Zy], where n is the
dimension of the torus. Therefore we can think about an equivariant cohomology

class in H5(M™";Q) as a d-tuple of polynomials f = (fy,..., f4), with each f; in



Q[z1, ..., x,]. The goal of this paper is to give necessary and sufficient conditions
for a d-tuple of polynomials to be in the image of *, that is to represent an
equiviariant cohomology class on M. By abuse of language we will say that a
d-tuple of polynomials f = (fi,..., fs) 'is’ an equivariant cohomology class if it
is the image under ¢* of an honest (unique) equivariant cohomology class on M.
The following result of Chang and Skjelbred [3] guarantees that we only need to

consider the case of an S! action.

Theorem 2.1.2 (Chang, Skjelbred, [3]). The image of * : HHMM;Q) —
H:(MT;Q) is the set
(e (HF (M Q)),

H

where the intersection in Hx(M™;Q) is taken over all codimension-one subtori H

of T, and tym is the inclusion of MT into M™Y.

In fact the only nontrivial contributions to this intersection are those codimen-
sion 1 subtori H which appear as isotropy groups of some elements of M (that is
M* £ MT). Therefore we will consider a circle acting on a compact, connected
and closed symplectic manifold (M, w) in a Hamiltonian fashion with isolated fixed
points and momentum map p : M — Lie(S')*. In this Chapter we use the con-

vention where ¢(£y7)w = —d {u, ) for all £ € Lie(S).

Recall the Atiyah-Bott, Berline-Vergne (ABBV) localization theorem. For a
fixed point p let e(p) be the equivariant Euler class of tangent bundle T, M, which

in this case is equal to the product of weights of the torus action (see for example

Lemma 2.2 in [37]).

Theorem 2.1.3 (ABBV Localization, [1][2]). Let M be a compact oriented mani-

fold equipped with an S action with isolated fized points, and let o € H% (M; Q).



Then as elements of H*(BS"; Q) = Q[z],

/Ma:;%,

where the sum is taken over all fized points.

Let Fr H, (M*";Q) denote the Q()-vector space of fractions of H, (M5"; Q).
We extend the notion of integration to F'r H, (M5";Q). Define a Q(z)-linear

functional

/ . FrHL(MSQ) — Q)

alp
a = —.
/ zp: e(p)
The functional | agrees with [, on Hf, (M;Q). Consider the Q(z)-bilinear pairing
(,): FrHu(MY;Q) x Fr Hi (MY Q) — Q(x)
given by
<Oé, ﬁ> - / Q- B
When restricted to HE, (M; Q) x H, (M;Q), this pairing is the equivariant Poincaré
pairing. The pairing induces the map
®: Hy(M;Q) = Homgp(Hg (M;Q); Qlz]),
defined by ®(a)(5) := (o, #). The Main Theorem is:

Theorem 2.1.4. Let a circle act on a closed compact connected symplectic man-
ifold M in a Hamiltonian fashion, with isolated fixed points. The equivariant
Poincaré pairing

(1) Ha(M; Q) x Hg(M; Q) — Q[z]
is a perfect pairing, that is, the map ® : Hg, (M; Q) — Homgp(Hg (M;Q); Q[z])
defined by ®(a)(B) := (o, ) is an isomorphism.



Knutson in [23, Section 1.3] proved that the equivariant Poincaré pairing is
non-degenerate, therefore the map ® is injective. We recall the proof in Sec-
tion 2.2. Every fixed point p € M®" defines an equivariant cohomology class [p] €

1 (M; Q). Therefore every Q[x]-homomorphism in Homgp (Hz: (M;Q); Q[z]) ex-
tends uniquely to an Q(z)-linear map from Q(x)-vector space Fr H%, (M5';Q) to
Q(z). All such maps are given by 8 — (a,f), for some a € Fr Hgl(MSI;Q).
To prove surjectivity of ® we need to show that o € HZ, (M;Q). The fact that
B — (o, f) maps H% (M;Q) to Q[z] implies that a € H;l(MSI;Q), as for any
fixed point p, (o, e(p)) = o), must be in Q[z]. Therefore, to prove the surjectivity
part of the theorem we only need to show that if an element o € Hg, (M Sl;@)

satisfies
vﬁEHgl(M;Q) <O{7 6) € Q[ZEL (21)

then o € H, (M;Q). We now review some background and reformulate the theo-

rem in a form which is more useful for applications.

Let a circle act on a closed compact connected symplectic manifold M in a
Hamiltonian fashion, with isolated fixed points. It turns out that with these as-

sumptions we are in the Morse Theory setting.

Theorem 2.1.5 (Frankel [6], Kirwan [22]). In the above setting, the momentum
map 1 is a perfect Morse function on M (for both ordinary and equivariant co-
homology). The critical points of p are the fized points of M, and the indez of a
critical point p is precisely twice the number of negative weights of the circle action

on T,M.

The Morse function is called perfect if the number of critical points of index
k is equal to the dimension of k-th cohomology group. The action of a torus of

higher dimension also carries a Morse function. For £ € t we define ®¢ : M — R,



the component of momentum map along &, by ®4(p) = (®(p),£). We call £ € t
generic if (n,&) # 0 for each weight n € t* of T action on T,M, for every p in the
fixed set M7T. For a generic, rational £, ®¢ is a Morse function with critical set
M7 . This map is a momentum map for the action of a subcircle S < T generated
by ¢ € t. Using Morse Theory, Kirwan constructed equivariant cohomology classes
that form a basis for integral equivariant cohomology ring of M. Then the existence
of a basis for rational equivariant cohomology ring of M follows. We quote this
theorem with the integral coeficients, and action of 7', although here we work

mostly with rational coefficients and circle actions.

Theorem 2.1.6 (Kirwan, [22]). Let a torus T act on a symplectic compact man-
ifold M with isolated fived points, and let = ® : M — R be a component of
momentum map P along generic & € t. Let p be any fixed point of index 2k and
let wy, ..., wy be the negative weights of the T' action on T,M. Then there exists

a class a, € H¥(M;Z) such that

_ Tk .
o a,l, =1L, wi;

e a,l, =0 for all fived points p € M\ {p} such that p(p') < u(p).

Moreover, taken together over all fized points, these classes are a basis for the

cohomology H3(M;Z) as an H*(BT;Z) module.

In the above theorem we use the convention that empty product is equal to 1.
We will call the above classes Kirwan classes. These classes may be not unique.
Goldin and Tolman give a different basis for the cohomology ring Hi(M;Z) in
[10]. They require a,|, = 0 for all fixed points p’ # p of index less then or equal
2k (where 2k is index of p). Goldin and Tolman’s classes, if they exist, are unique.

Therefore they are called canonical classes. For our purposes, it is enough to



have some basis for the rational equivariant cohomology ring with respect to circle

action, and with the following property

(%) elements of the basis are in such a bijection with the fixed points that a class
corresponding to a fixed point of index 2k evaluated at any fixed point is 0

or a homogeneous polynomial of degree k.

We will call elements of a basis satisfying condition (x) generating classes. Kir-

wan classes and Goldin-Tolman canonical classes satisfy the above condition.

The hypothesis of Theorem 2.1.4 is that a circle acts on a closed compact
connected symplectic manifold M in a Hamiltonian fashion, with isolated fixed
points. Denote the fixed points by p,...,ps. Let {a,} be the basis of H}.(M;Q),
satisfying condition (*). Its existence is guaranteed by Theorem 2.1.6. A choice of
basis allows us to restate the surjectivity part of Theorem 2.1.4 (condition 2.1) in

more applicable form.

Theorem 2.1.7. (Surjectivity of ® from Theorem 2.1.4.)
Let f = (f1,..., fa) € ®}_, Qlz] = gl(Msl;Q). Then f is an equivariant coho-
mology class on M if and only if for every fixzed point p of index 2k, 0 < k < n we

have
d
fiap(py)

;) € Q[z], (2.2)

j=1

where a,(p;) denotes L;j(ap), with 1y, : pj — M the inclusion of the fized point p;

mto M.

Note that if p is a fixed point of index 2n, this condition is automatically

satisfied. This is because a, is nonzero only at p, and there its value is the Euler



class e(p). Therefore it is sufficient to check the above condition only for points of

index strongly less then 2n = dimM.

Remark 2.1.8. If f is a cohomology class, then so is f - a,. Applying the Local-
ization Theorem to the class f - a, we see that conditions (2.2) must be satisfied.
The interesting part of the theorem is that they are sufficient to describe Hiy(M)

as a subring of Hx(MT).

Example 2.1.9. Recovering the GKM Theorem. Consider the standard
Hamiltonian S action on S? by rotation with weight ax. The isolated fized points
are south and north poles which we will denote by py and py respectively. The
Goldin-Tolman class associated to py is 1. It exists due to Theorem 1.6 in [10] as
the momentum map is index-increasing. Theorem 2.1.7 then says that f = (f1, f2)

represents equivariant cohomology class if and only if

f1a1(p1)+f2a1(p2) _£+ f2 :fl_f2 € Q]

e(pr) e(p))  axr —ax ax

The above condition is exactly the same as the condition (1) in [9]. Using the
solution for this special case, together with the Chang-Skjelbred Lemma, Goldin
and Holm recover the GKM Theorem in Section 1 and 2 of [9].

Let M be a compact, connected, symplectic manifold with a Hamiltonian, effective
action of a torus T and with finitely many fixed points. Let N C M be the set
of points whose orbits under the G action are 1-dimensional. The one-skeleton
of M is the closure N. The manifold M is called a GKM manifold if N has

finitely many connected components N,.

Theorem 2.1.10 ([11] and [9],[36]). Let M be a GKM manifold with a Hamil-
tonian torus action by G. Let MS be the fized point set, and N be the one-
skeleton. Let r : MS < M be the inclusion of the fized point set to M and
j: MY — N be the inclusion to N. The induced maps r* : H5(M) — H}(M®)

and 5 : HZ(N) — HE(MS) on equivariant cohomology have the same image.

10



Theorem 2.1.7 is useful only if we know the restrictions to the fixed points of
a set of generating classes (whose existence is guaranteed by Theorem 2.1.6). It is
not surprising that there is a translation from the values of generating classes at
fixed points to relations defining Hi(M) C Hi(MT). Our translation provides a
particularly combinatorial description that is easy to apply in examples. Although
we cannot compute these classes in general, there are algorithms that work for a
wide class of spaces, for example GKM spaces, including symplectic toric manifolds
and flag manifolds (see [38]). For the sake of completeness we will describe an
algorithm for obtaining Kirwan classes for symplectic toric manifolds in Section 2.3.
The choice of a, assigned to fixed point p may be not unique, even for symplectic
toric manifolds. In the case when momentum map is so called “index increasing”
and the manifold is a GKM manifold, uniqueness was proved by Goldin and Tolman

in [10].

A particularly interesting application of our theorem is when we want to restrict
the action of 7' to an action of a subtorus S < T such that M* = M7, and
compute t*(H5(M)) C Hi(M®) = H5(M?T). We call this process specialization
of the T" action to the action of subtorus S. Having generating classes for 1" action
we can easily compute generating classes for S action using the projection t* — s*.
Theorem 2.1.7 gives relations that cut out *(H5(M)) C HE(MT). In particular
we can use this method to restrict the torus action on a symplectic toric manifold
to a generic circle, i.e. such a circle S for which M*® = M7 (see Example 2.4.2).
A priori we only require that M* is finite, as we still want to describe H%(M) by
analyzing the relations on polynomials defining the image t*(H3(M)) C H5(M®) =
®Qlxy1,...x;]. However it turns out that this requirement implies MT = M%.
We can explain this fact using Morse theory. If & : M — t* is a momentum

map for 7" action and & € t is generic, then ®¢, a component of ® along &, is a

11



perfect Morse function with critical set M7T. Therefore > dim H{(M) = |M7|.
Similarly, taking u = pre o @ for the momentum map for S action, and any
generic 7 € 5, we obtain p” which is also a perfect Morse function for M. Thus
|MS| =" dim H{(M) = |[MT|. As obviously MT C M*, the sets must actually
be equal.

Consider restriction of the GKM action of T' to a generic subcircle S:

Hp(M) » Hp(M") <~ o~~~ GKM relations

-

Hg(M)—— Hg(M?%) {~—~——~—— GKM relations not enough

GKM relations are sufficient to describe the image of Hx(M) in Hx(M?T), but their
“projections” are not sufficient to describe the image of H%(M) in Hi(M™). How-
ever projecting generating classes and using Theorem 2.1.7 to construct relations
from such a basis will give all the relations we need.

The GKM Theorem is a very powerful tool that allows us to compute the image
under * of Hx(M) < Hx(MT). However this theorem cannot be applied if for
some codimension 1 subtorus H < T we have dim M* > 2. Goldin and Holm
in [9] provide a generalization of this result to the case where dim M*# < 4 for
all codimension 1 subtori H < T'. An important corollary is that, in the case of
Hamiltonian circle actions, with isolated fixed points, on manifolds of dimension
2 or 4, the rational equivariant cohomology ring can be computed solely from the
isotropy weights of the circle action at the fixed points. In dimension 2 this is
given for example by the GKM Theorem. In dimension 4 one can apply the algo-
rithm presented by Goldin and Holm in [9] or use the fact that any such S' action
is actually a specialization of a toric T2 action (see [19]). If one wishes to com-
pute the integral equivariant cohomology ring, one will need an additional piece

of information, so called “isotropy skeleton” ([8]). Godinho in [8] presents such an

12



algorithm. Information encoded in the isotropy skeleton is essential. There cannot
exist an algorithm computing the integral equivariant cohomology only from the
fixed points data. Karshon in [18](Example 1), constructs two 4-dimensional S*
spaces with the same weights at the fixed points but different integral equivari-
ant cohomology rings. This suggests that we should not hope for an algorithm
computing the rational equivariant cohomology ring from the isotropy weights at
the fixed points for manifolds of dimension greater then 4. More information is
needed. Tolman and Weitsman used generating classes to compute the equivariant
cohomology ring in case of semifree action in [37]. Their work gave us the idea for
constructing necessary relations described in the present paper using information
from generating classes. Our proof was also motivated by the work of Goldin and

Holm [9] where the Localization Theorem and dimensional reasoning were used.

2.2 Proof of Theorem 2.1.4

Let a circle act on a manifold M in a Hamiltonian fashion with isolated fixed points

which we denote py, ..., pg.

Proof. Injectivity of ®. We show that the map
®: Hou(M;Q) — Homgp)(Hg (M;Q); Qlz])

is injective, following [23, Section 1.3]. Take an element o € HZ,(M;Q) such that
®(a) = 0, that is, for any § € H}, (M;Q) one has (a, 3) = 0. In particular, for any
fixed point p; we have 0 = (a, [p;]) = ap,. Injectivity of the map HZ, (M;Q) —
Hgl(MSI; Q) (see Theorem 2.1.1) implies that o = 0.

13



Surjectivity of ® (proof of Theorem 2.1.7). As explained in the Intro-
duction, surjectivity of ® is equivalent to Theorem 2.1.7. Let {a,} be a basis of
H% (M;Q), satisfying condition (x). We want to show that if f = (f1,..., fs) €
@4, Qlz] = Hj (M) satisfies relations (2.2):

zd: Ji fip(pj) € Qlal,

j=1 Pi
for every fixed point p, then f is in the image, ¢*(H% (M;Q)), of injective, degree
preserving map ¢*. By abuse of notation we say such f is an equivariant cohomology
class of M. Recall that Q[z] is a PID. Let R be a submodule of ©j_; Q[z] consisting
of all d-tuples f = (f1,..., fa) satisfying all of the above relations. As a submodule
of a free module over PID, R itself is free. Hamiltonian S'-spaces are equivariantly
formal, that is H% (M;Q) = H*(M;Q) ® H*(BS';Q) as modules. We already
noticed that all the above relations are necessary. Therefore o*(H%, (M;Q)) is a
free Q[z] submodule of R C &Y., Q[z] We show that for any k the number of

generators of degree k part of t*(H%, (M;Q)) is equal to the number of generators
of the degree k part of R. It then follows that +*(H5, (M;Q)) = R as needed.

We first analyze *(HZ,(M;Q)). The momentum map is a Morse function.
Therefore the idex of a fixed point is well defined. Let b be the number of fixed
points of index 2k. Then d = Y, _, by is the total number of fixed points. By
Theorem 1.3 of Frankel and Kirwan, we know that by, is also the 2k-th Betti number
of M. The fact H%, (M;Q) = H*(M;Q)® H*(BS'; Q) implies that the equivariant
Poincaré polynomial for M is

Py (t) = Pu()P5 (1) = (bo + it + ...+ 0t ) (L + 2+t 4+ ..) =
=by+ (o +b)t2+ .. 4 (bg+ by + ...+ b))t + .+ dt? 4+ a2
Therefore *(H%, (M;Q)) is a free Q[x] submodule of R, where degree k piece is a

vector space over QQ of dimension (by + by + ... + b).
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We now analyze and count the relations defining R. For any f = (f1,..., fa) €

O, Qlz] = H;l(Msl) we introduce the notation

K;

filw) = rpat,

k=0
with 7j; € Q. Then rj;, are independent variables. Relations of type

d

Z Sjrjk =0

j=0

for some constants s;’s are called relations of degree k, as they involve the coeffi-
cients of z¥. Notice that if f € (@9, Q[z]); is a homogeneous element of degree
k then it automatically satisfies all relations of degrees different then k. For any
fixed point p of index 2(k — 1), a generating class a, associated with it assigns to
each fixed point p; either 0 or a homogeneous polynomial of degree (k—1). Denote

by cf the rational number satisfying

ap(pj) — cpxkflfn.

e(p;) 7
If f is an equivariant cohomology class of M then f - a, is also. The Localization
Theorem gives the relation

d
Ji ap(p;
/ apf:ZL(J)GQ[ZU]
M j=1 epj

We may rewrite this in the following form:

d
o Jia(py)
/M =2 ep;)

Jj=1



Using the convention r;; = 0 for [ > K, we can write

d n—k d K
. k—1—n+l k—1—n+l
/ a,f = E e T + E cy E T
M j=1 1=0 j=1 l=n—k+1

I
3
-
RS
[]=
S
o
~__—
&
=
AN
|
3
+
+
[]=
y
o
I
ol
L
|
3
+

The second component is an element of Q[z] as all the exponents of x are non-
negative. Thus [, a,f is in Q[z] if and only if all the coefficients of x in the first
component (that is coefficients of negative powers of x) are 0. Therefore for any
fixed point p and any [ = 0,...,n — k, where 2(k — 1) is the index of p, we get the
following linear relation of degree I:
d
Z iy = 0.
j=1
Note that these relations are independent. We will show this by explicit com-
putation. It is enough to show that for any [ all the relations of degree [ are
independent, as relations of different degree involve different subset of variables
{rjx}. Suppose that in some degree [ these relations in r;’s are not independent.
That is, there are rational numbers s,, not all zero, such that
d d
V., 0= Z Sp (Z c?m) = Z (Z spc§> Tl
p J=1 J=1 P
As rj; are independent variables, we have Zp spczj? =0, forall j =1,...,d. Multi-
plying both sides by e(p;)z*~!=" we obtain

Z spe(pj) b7 = 0.

p

Recall the definition of cz’ to notice that the above equation is equivalent to
Z Spap(pj) = 0.
p
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That means Zp spa, vanishes on every fixed point and therefore is the 0 class,
although it is a nontrivial combination of classes a,. This contradicts the indepen-

dence of the generating classes a,’s.

Now we count the relations just constructed. As noted above, a fixed point of
index 2(k — 1) gives relations of degrees 0, ...,n — k. Therefore a relation of degree
n — k is obtained from each fixed point of index 2(k — 1) or less. That means we

get a relation of degree k for each fixed point of index 2(n — k — 1) or less, in total
(bo+b1 4 ... +bpk_1)

relations of degree k. The subspace of (&?Qlx]);, = Q? of elements satisfying all
relations of degree k is of dimension d— (bg+b1+. ..+ b,_x_1). Every homogeneous
element f € (®©?Q[z])x satisfying all degree k relations also satisfies all relations of
other degrees (as coefficients of 2! are 0 for [ # k). Moreover, the form of conditions
(2.2) implies that for any g € Q[z], gf also satisfies all the relations (2.2). Therefore
degree k part of R is the subspace of (©Q[z]);, of elements satisfying all relations
of degree k, and its dimension is d — (bg + by + ... + b,_x_1). By the definition of

d and Poincaré duality,
d—(bo+b1++bn_k_1):bn_k+—l—bn:bo+b1—|—+bk

This means that the degree k part of R, Ry, is a vector space over Q of dimension
(bo + by + ...+ i) containing a vector subspace ¢*(Hg, (M;Q))y, degree k part of
V(H% (M;Q)), of the same dimension. Therefore they must be equal. The two

graded submodules: *(H}, (M;Q)) and R, are equal in each degree. This implies

v (Hi (M Q) = R

17



2.3 Generating classes for Symplectic Toric Manifolds

A symplectic toric manifold is a connected symplectic manifold (M,w)
equipped with an effective Hamiltonian action of a torus 71" of dimension dim T =
%dim M. Let M?" be a compact symplectic toric manifold with momentum map
image a Delzant polytope ®(M) = P C t*. In particular P is simple, rational and
smooth. The Lie algebra dual, t*, is isomorphic to R", though not canonically.
One of the conventions is to identify S' with R/Z. Then the exponential map

Lie(S') @ R — S! is of the form ¢ — €2™. With this identification, the function
C>3z— —mk|z|*> € R Lie(S")

is a momentum map for the S' action on (C,wstandarg) by rotation with weight
k. Therefore we can think of P as a Delzant polytope in R™. Denote by M; the
union of all T-orbits of dimension 1. Closures of connected components of M, are
spheres, called the isotropy spheres. Denote by V' the vertices of P, and by E the
1-dimensional faces of P, also called edges. Vertices correspond to the fixed points
of the torus action, while edges correspond to the isotropy spheres. Fix a generic
¢ € R", so that for any p,q € V we have (p,§) # (¢,&). Orient the edges so
that (i(e), &) < (t(e),&) for any edge e, where i(e), t(e) are initial and terminal
points of e. Let wj)(e) = —wye(e) denote the isotropy weights of 1" action on
tangent spaces to isotropy sphere ®7'(e), Top-1(3e)P ' (€) and Top-1(4e)) (P (e))
respectively. Note that wj.)(e) is the primitive integral vector in direction of €.
We denote it by prim(€). For any p € V' let G,, denote the smallest face containing
p and all points ¢ € V with (p, &) < (¢,&) which are connected with p by an edge.
We will call G, the flow up face for p. We define the class a, € H;l(Msl) by
0 forqe V\G,

ap(Q) =
[I, prim(r —q)  for q€ G,
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where the product is taken over all » € V'\ G, such that r and ¢ are connected by
an edge of P. We use convention that empty product is 1. If k edges terminate
at p then the n — k edges starting from p belong to the face G, (as polytope is
simple, exactly n edges meet at each vertex). The smoothness of P implies that
these n — k edges span an (n — k) affine hyperplane H, of R" and the face G,
is the intersection G, = P N H,. Moreover, it also implies that for any ¢ € G,
there are n — k edges meeting ¢ that are contained in the face G, and k edges
connecting ¢ to vertices outside the face G,. Therefore the class a, assigns to
each fixed point 0 or a homogeneous polynomial of degree k. Such classes satisfy
the GKM conditions and thus are in the image of the equivariant cohomology of
M. The class a, constructed this way is the canonical equivariant extension (see
[26], Corollary 3.5) of the cohomology class Poincaré dual to the submanifold of
M mapping to the face GG,. These two facts can be proved using the notion of the
axial function introduced in [16]. The classes we have just defined are also linearly
independent, which follows easily from the fact that a, can be nonzero only at
vertices ¢ greater or equal to p in the partial order given by the orientation of
edges. Our first example is a set of generating classes for CP? presented in Figure

2.1

1 < y(y — )

1 0 —x 0

Figure 2.1: Generating classes for CP2.

Next we give an example where the generating classes are not unique. The
above algorithm gives the basis presented on Figure 2.2. However classes in Figure

2.3 also form a basis.
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! o _ -

1 0 0

Figure 2.2: The basis of the equivariant cohomology ring given by the above
algorithm.

(n+1ly—= -y

=

(-z—y) 0

1 0 0 0

Figure 2.3: Different basis of the equivariant cohomology ring.

This algorithm is also very useful while dealing with specialization, that is while
restricting toric 1" action on M to an action of some subtorus S < T'. As explained
in the introduction, if S is generic then M7 = M?®. Using above algorithm we
can find a basis of H§(M) even if we do not have the isotropy weights for the
full T™ action. It is enough to know the isotropy weights of S action, the fact
that this action is a specialization of some toric action and positions of isotropy
spheres for that toric action. These weights are just projections of T" weights under
pr: t* — s*. That is the S weight on edge e is pr (prim(t(e) —i(e)) ). The positions

of isotropy spheres for the toric action allow us to find the flow up face G, for any
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fixed point p. The above algorithm gives that

0 forqe V\G,
a(q) =
IL pr(prim(r—q)) forqeG,
where the product is taken over all r € V'\ G, such that r and ¢ are connected by
an isotropy sphere. Having generating classes for S action, we may apply Theorem
2.1.7 to obtain all relations needed to describe ¢*(HZ,(M)). This gives us a method

for computing equivariant cohomology for a circle action that happens to be part

of a toric action.

2.4 Examples

Example 2.4.1. Consider the product of CP? blown up at a point and CP*
CP2 x CP' = {([x1 = z2][yo = v1 @ v2l[20 = 21])| x1 Y2 — 2291 = 0},
and the following T® action on this space:
(e, e™, ™) - ([x1 : 2)[yo : y1 = yoll20 & 21]) = ([e™xy @ 22][e™yo : e™yy : yo][e™ 20 : 21]).

This is a symplectic toric manifold and its momentum map image is the polytope

1s shown in Figure 2.4.1. Using the algorithm from Section 2.3 we can compute

N

14 3

Figure 2.4: Moment polytope for CP2 x CP'.

generating classes for the equivariant cohomology with respect to T action. They

are presented in the table below.
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class | v1 vy V3 Uy Us Vg U7 Ug

A1 1 1 1 1 11 1 l
‘ """""""""""""""" 0
A, |0 y 0 O y—x y 0 y—x 0 /
0 T
( T
J S N
A3 |0 0 =z O x 0 =x x 0 ;
(

A |0 0 0 0 0 yz 0 (y—w)z
A, |0 0 0 O 0 0 zz Tz 0
As |0 0 0 o0 0 0 0 az(y—a) o

We want to compute equivariant cohomology with respect to the action of S*

T3 given by u — (u,2u,u). More precisely, our action is:
[ 12u

e ([wr : ol [yo = y1 2 ) [20 = 1)) = ([€™@y : @], [€™yo = €™y o, [€™20 = 21]).

Note that we still have the same eight fixed points, namely:
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The isotropy weights of this circle actions are:

fixed point weights index
U1 u, 2U, U 0
Vg U, —2u, u 2
U3 —U, U, U 2
Uy u, 2u, —Uu 2
Us —U, —U, U 4
Vg w, —2u, —u 4
vy —U, U, —U 4
Vg —U, —U, —U 6

We compute generating classes for the S* action from the classes for the T action
using the projection map x w— u, y +— 2u, z — u. They are presented in the table

below, together with a row with e%s) that is useful for further computations.
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We keep denoting by f; the restriction of f to a fized point v;. The condition

that

implies that:

Ly b+ 2p b2 L 204 22 € Qu.
Thus

fi—fo—=2fs—fa+2fs+ fo+2fr—2fs € (v*) Qu,

Similarly, using class the Ay we get

—fot+fstfo—fs € (v¥) Qlu,
Other classes give:

—fstfitfi—f € (

—fit+ fot+2fr—2fs € (
fs—fs € (u) Qu,

2f6—2fs € (

fi—fs € (
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Therefore f = (f1,..., fa) represents equivariant cohomology class if and only if it

satisfies:

e the degree 0 relations:
(fi — f;) € (w)Qlu], for every i and j,

e the degree 1 relations:

~ht+f+fi—f € (W) Q
—ft+lit+fo—fs € (W) Qu
—fit+fo+2f—2fs € (u*) Ql
h—fa=2fs+2fs € (v*) Qlu

e the degree 2 relation:

fi—fo—2fs— fa+2fs+ fo + 2fr — 2fs € (v*)Q[u].

Example 2.4.2. In the case of the specialization for a T™ action on M?" (i.e. a
symplectic toric manifold) to the action of some generic S* (i.e. with M5 = MT),
we can proceed using this simple algorithm.

The isotropy weights of T™ action are easy to read from moment polytope - they
are just primitive integer vectors in the directions of the edges. To get the isotropy
weights for our chosen S'-action, we just need to use the appropriate projection
7 t" — (sY)*. To compute the basis of generating classes we use the method from
Section 3 with & a generator of our S' to get a T-basis, and then we project with
. If the fixed points are py,...,pq, we denote by aq,...,aq the generating classes
assigned to them and by Gy, ..., Gy the faces of moment polytope that are the flow
up faces of the corresponding fized point. Recall that for any v € (Q™)* C (R™)*
we denote by prim(v) € (Z™)* the primitive integral vector in direction of v. Using
this notation, and the construction from Section 2.3, Theorem 2.1.7 states that

f=01,---,fa) € @?:1 Q[z] is an equivariant cohomology class of M if and only
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iof for any fized point p; we have

ijal pj) Z fi 1L 7 (prim(r — p;)) € Q]

{ilpj€C} v;)
where the product is taken over all vertices r not in Gy such that r and p; are con-
nected by an edge. The equivariant Euler class e(p;) is a product of all weights at
p; because the representation of S* on T,, M splits as a direct sum of 1-dimensional
representations (see for example Lemma 2.2 in [37]). Therefore, up to a multipli-
cation by a rational constant, e(p;) is equal to

[ =@rim(r —p))).

T

where the product is taken over all vertices r connected to p;. Thus the above

condition s equivalent to

Y et < O

{ \pJGGz}
where product is taken over all fixed points r € Gy that are connected with p; by an
edge in Gj.
Consider, for example, vertex vs in the FExample 2.4.1 above. The face G5 is the
face spanned by vz, vs,v7,v8. The isotropy weights at vy corresponding to edges
that are in Gz are u,u, for vs: w, —u, for v;: —u,u and for vg: —u, —u. Therefore

relation we get is:

§+_f—;+i+é Q[u].

After clearing denominators, we obtain relation fs — f5 — fr + fs € (u®)Q[u].
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CHAPTER 3
LOWER BOUNDS FOR GROMOV WIDTH OF COADJOINT
ORBITS

3.1 Introduction

In 1985 Mikhail Gromov proved the nonsqueezing theorem which is one of the
foundational results in the modern theory of symplectic invariants. The theorem
says that a ball B*V(r) of radius 7, in a symplectic vector space R* with the
usual symplectic structure, cannot be symplectically embedded into B?(R) x R*V~2

unless r < R.

This motivated the definition of the invariant called the Gromov width. Con-

sider the ball of capacity a

N
BN — {z ecCV ’ WZ’Zi|2 < a},
i=1

with the standard symplectic form wgq = > dx; A dy;. The Gromov width of a
2N-dimensional symplectic manifold (M, w) is the supremum of the set of a’s such

that B2V can be symplectically embedded in (M, w).

In the rest of the thesis we focus on the Gromov width of coadjoint orbits of

Lie groups. A Lie group G acts on itself by conjugation
G3g9:G—G, glh)=ghg™".

Derivative at the identity element gives the action of GG on its Lie algebra g, called
adjoint action. This induces the action of G' on g*, the dual of its Lie algebra, called

the coadjoint action. Each orbit O of the coadjoint action is naturally equipped
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BZN(T)

Jiff r <R

Figure 3.1: Gromov’s non-squeezing theorem.

with the Kostant-Kirillov symplectic form:
we(X,Y) = [X,Y]), §eg’ XYV eg

For example, when G = U(n) the group of (complex) unitary matrices, a coadjoint
orbit can be identified with the set of Hermitian matrices with a fixed set of
eigenvalues. With this identification, the coadjoint action of G on an orbit O is
simply action by conjugation. It is Hamiltonian, and the momentum map is just

inclusion O — g*.

Choose a maximal torus 7' C G and a positive Weyl chamber t’, . Every coad-
joint orbit intersects the positive Weyl chamber in a single point. Therefore there
is a bijection between the coadjoint orbits and points in the positive Weyl chamber.

Points in the interior of the positive Weyl chamber are called regular points.

We prove the following theorem.

Theorem 3.1.1. Let M := O, be the coadjoint orbit of G, G = U(n) or SO(n),

through a reqular point A € t.. The Gromov width of M is at least the minimum

min{ [{a", \)| ;" a coroot}.
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In the case of U(n) and SO(2n+ 1), this theorem can be strengthened to cover
a class of orbits that are not regular (then one needs to take the minimum only

over the positive numbers in the above set; see Theorem 4.0.2 and [33, Theorem

7.1).

This particular lower bound is important because in many known cases it de-
scribes the Gromov width, not only its lower bound. Karshon and Tolman in [20]
showed that the Gromov width of complex Grassmannians is given by the above
formula. Zoghi in [40] analyzed orbits satisfying some additional integrality condi-
tions. He called an orbit O, indecomposable if there exists a simple root a such

that for each root o there exists a positive integer k (depending on o) such that
F (0¥, \) = (@), ).

In particular spherically monotone regular orbits are indecomposable. A sym-
plectic manifold (M,w) is called spherically monotone if there exists k£ > 0 such
that for any class X in the image of Hurewicz homomorphism mo(M) — Hy (M)
have that the first Chern class ¢;(TM)[X] = kw(X). For example, the coad-
joint orbit of U(n) through diag(Ar,...,A,) € tf, is spherically monotone if
A — A =...=)\,_1 — \,. It is indecomposable if there is k such that for any i, j
there is an integer m;; such that A\; — \; = m;;(Ax — Ap+1). Zoghi proved that for
compact connected simple Lie group G the formula min{ [(a¥, A\)| ; @" a coroot}
gives an upper bound for Gromov width of regular indecomposable G-coadjoint
orbit through A ([40, Proposition 3.16]). Combining this result with the results
about the lower bound for the U(n) case which he proved in [40] (I just reproved
his result), and about lower bounds for the SO(n) case proved here in Chapter
5, we obtain the formula for Gromov width of regular, indecomposable coadjoint
orbits of U(n) and SO(n). Table 3.1 summarizes the results about the Gromov

width of coadjoint orbits known at the moment.
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Table 3.1: Results about the Gromov width of coadjoint orbits.

lower bound | upper bound | Gromov width

U(n), regular v ([32],140])

U(n), regular,

indecomposable v v v ([40])
Grassmannians

(U(n), non-regular) v v v ([20], [27])
a class of

non-regular, U(n) v (132])

any cpt, ctd G, regular

indecomposable v ([40])

SO(n), regular v (133])

SO(n), regular

indecomposable v v Vv ([33]+[40])

To prove Theorem 3.1.1 we recall an action of the Gelfand-Tsetlin torus on an
open dense subset of the coadjoint orbit. We then use the theorem of Karshon
and Tolman [20] (Proposition 3.2.6) to obtain symplectic embeddings of balls.
Coadjoint orbits come equipped with the Hamiltonian action of the maximal torus
of the group. One can apply the Karshon and Tolman’s result to the region centered
with respect to this standard action and obtain a lower bound for Gromov width
of the orbit. This is how Zoghi proved in [40] the lower bounds of Gromov width
of regular U(n) coadjoint orbits. If the root system is non-simply laced, the lower
bound obtained this way is weaker (i.e. lower) then the lower bound we prove

here. This phenomenon is explained in the Appendix A. In other words, the lower
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bounds for SO(2n + 1) we prove here could not be obtained using the standard

action of maximal torus.

3.2 Centered actions

Centered actions were introduced in [21]. For completeness and to set notation
we include the details here following [20]. Let (M,w) be a connected symplectic
manifold, equipped with a symplectic action of a torus T' = (S1)4™ 7T The action
of T is called Hamiltonian if there exists a T-invariant map ®: M — t*, called

the momentum map, such that

where &) is the vector field on M generated by ¢ € t. We will identify Lie(S1)
with R using the convention that the exponential map exp : R =Lie(S') — S! is
given by t — €2™ that is ST 2 R/Z.

At a fixed point p € M7, we may consider the induced action of T on the tangent
space T, M. There exist n; € t*, called the isotropy weights at p, such that this

action is isomorphic to the action on (C", wgy) generated by the momentum map

Ben(2) = B(p) + 7Y |z (—m)).
The isotropy weights are uniquely determined up to permutation. Note that with
our sign convention in equation 3.1 the isotropy weights are pointing out of the
momentum map image. For example, standard S! action on C? by rotation with

speed one gives the following momentum map image:
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By the equivariant Darboux theorem, a neighborhood of p in M is equivariantly
symplectomorphic to a neighborhood of 0 in C*. However, this theorem does
not tell us how large we may take this neighborhood to be. Let 7 C t* be an
open convex set which contains ®(M). The quadruple (M,w,®,T) is a proper
Hamiltonian T-manifold if the action is effective and ® is proper as a map to

T, that is, the preimage of every compact subset of 7 is compact.

For any subgroup K of T, let M* ={m € M | a-m = m Va € K} denote its

fixed point set.

Definition 3.2.1. A proper Hamiltonian T-manifold (M,w,®,T) is centered
about a point o« € T if o is contained in the momentum map image of every

component of MX, for every subgroup K C T.

We now quote several examples and non-examples, following [20].

Example 3.2.2. A compact symplectic manifold with a non-trivial T-action is

never centered, because it has fived points with different momentum map images.

Example 3.2.3. Let a torus T act linearly on C" with a proper momentum map
Oen such that Pen(0) = 0. Let T C t* be an open convex subset containing the

origin. Then @z (T) is centered about the origin.

A Hamiltonian T action on M is called toric if dim7T = %dim M.

Example 3.2.4. Let M be a compact symplectic toric manifold with momentum
map ®: M — t*. Then A := Im ® is a convex polytope. The orbit type strata in
M are the momentum map pre-images of the relative interiors of the faces of A.
Hence, for any a € A,

U O~ (rel-int F)

F face of A
acF
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1s the largest subset of M that is centered about .

When the dimension of the torus acting on a compact symplectic manifold is
less then half of the dimension of the manifold, one can easily find a centered
region from an x-ray of the Hamiltonian T-space M. The x-ray of (M,w,¢) is
the collection of convex polytopes ¢(X) over all connected components X of M%
for some subtorus K of T (for more details see [35]). For the toric symplectic
manifold, an x-ray is exactly the collection of faces of convex polytope that is the
image of momentum map. Figure 3.2 presents some examples of centered regions,

that we can see directly from the x-rays of M.

________________________

Figure 3.2: The regions centered around a.

Example 3.2.5. Let (M,w,®,T) be a proper Hamiltonian T-manifold. Then
every point in t* has a neighborhood whose preimage is centered. This is a con-
sequence of the local normal form theorem and the properness of the momentum

map.

Proposition 3.2.6. (Karshon, Tolman, [20]) Let (M,w,®,T) be a proper Hamil-

tonian T-manifold. Assume that M is centered about o € T and that @1 ({a})
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consists of a single fived point p. Let —nq,...,—n, be the isotropy weights of T

action on T,M. Then M 1s equivariantly symplectomorphic to
{z eC" | oz+7rZ|zj|2nj € T},

where T acts on C" with weights —ny, ..., —ny.

Note that the above formulation differs from the one in [20] by a minus sign.
This is due to the fact that our definition of momentum map 3.1 also differs by a
minus sign from the definition used in [20]. Recall that the definition of a proper

Hamiltonian T-manifold includes the assumption that the action is effective.

Example 3.2.7. Consider a compact symplectic toric manifold M whose momen-

tum map image is the closure of the following region.

2m2

—n
/ ’ !
-2

The isotropy weights of the torus action are (—m,) and (—n2), and the lattice lengths

T

of edges starting from o are 5 and 2 (with respect to lattice of isotropy weights).
The largest subset of M that is centered about «, as described in Example 3.2.4,
maps under the momentum map to the shaded region. The above Proposition tells

us that it 1s equivariantly symplectomorphic to
{2z € C*la+7(|z1)*m + |22/*n2) € shaded region }.

If z € By = {2z € C? |n(|21]*> + |22]?) < 2} then o + 7(|z1*m1 + |22/*n2) is in the

shaded region. Therefore the 4-dimensional ball B3 of capacity 2 embeds into M
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and the Gromov width of M 1s at least the minimum of lattice lengths of edges of
the moment polytope, starting at a. Note also that the momentum map image of

the embedded ball B2 is the triangle with vertices o, o + 211 and o + 215.

3.3 Gelfand-Tsetlin system of action coordinates

In this Subsection we describe the Gelfand-Tsetlin (sometimes spelled Gelfand-
Cetlin, or Gelfand-Zetlin) system of action coordinates, which originally appeared
in [13]. It is related to the classical Gelfand-Tsetlin polytope introduced in [7].
Let G be a compact, connected Lie group and O, its coadjoint orbit. Consider a
sequence of subgroups G = G, D Gi—1 D ... D G;. Inclusion of G into G gives an
action of G; on O,. This action is Hamiltonian with momentum map @7, where
®J is the composition of the G-momentum map ® and a projection p; : g* — g;-
Choose maximal tori, Tg,;, and positive Weyl chambers for each group G; in the
sequence. Every G orbit intersects the positive Weyl chamber (tg;)} exactly once.
This defines a continuous (but not everywhere smooth) map s; : g5 — (tg,)%. Let

A =D )\f,j,;)Gj) denote the composition s; o J:

[oX) *
O, —2 g

)
DN

(th)i
The functions {AW}, j =1,...,k—1, form the Gelfand-Tsetlin system which

we denote by A : Oy — RV,
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3.4 Smoothness of the Gelfand-Tsetlin functions

The function /\,(gj) need not be smooth on the whole orbit O,. To identify this
subset we will need the following result proved in [4]. This theorem is also true for

orbifolds: see [25, Theorem 3.1].

Theorem 3.4.1. Let G be a compact connected Lie group with a mazimal torus T'.
Suppose G acts on a compact connected symplectic manifold M in a Hamiltonian
way, with moment map ® : M — g*. Then there exists a unique open wall o° of the

Weyl chamber ¢ with the properties that ®(M)Nt, C 0° and P(M)Nt, No® # 0.

Let 0 = 0§ be the unique open wall from the above theorem applied to the
G, C G action on M = O,. We call 0 = 0° the principal face. Any wall of
positive Weyl chamber (/)% that contains o is called a special wall, while all
the others walls are called regular walls. Thus o is the intersection of all special
walls, and 0° = o \ (U regular walls). Intersection of AW (0O,) with a wall of (/)%

is defined by a collection of equations of the form )\l(j ) =\

- 1fa wall 7 is special,

i.e. o C 7, then its defining equations hold on the whole A(OQ,). For any regular
wall 7, there is at least one of its defining equations, and some A € O, such that

A(A) does not satisfy this equation.

Proposition 3.4.2. The function AY) is smooth on the set UY) = (AU))~1(5°).

Proof. To simplify the notation, in this proof we write G' for G; and T for its
maximal torus, and 7 for s;. Recall that the function AY) is a composition of a
smooth function ®/ and a map 7 = s; : g* — t%. Therefore we only need to
prove smoothness of the map m on ®(UU)) = 771(¢°). Note that all points in

0 have the same G-stabilizer (under the coadjoint action of G). Denote it by H.
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Let S be the subset of g* equal to 77!(0°). This means that S = (g*)m) is an
orbit-type stratum and therefore it is a submanifold of g*. Consider the smooth,
G-equivariant, surjective map:
Gxo® — S
(g,2) = g-x

This map induces G-equivariant bijective map

0:G/Hxo" -8,

which is also a diffeomorphism. Notice that the composition, 7 o ©

G/H xo° —
(lglz) — =
is just the projection onto second factor, therefore it is smooth. This means that

on S, m is smooth, as a composition of ©~! and a smooth projection. It follows

that the function AY is smooth on the set (®7)71(S) = (AU)"1(¢°) =UW. O

3.5 The torus action induced by the Gelfand-Tsetlin sys-

tem

At the points where AY) is smooth, it induces a smooth action of Tc/;j — Tg;, a
subtorus of Tg,. The process of obtaining this new action, which we denote by
*, is often referred to as the Thimm trick. If A is regular then T, = Tg,. An
element ¢ € T, acts on a point A € O, by the standard, coadjoint G; action of

B~'t B, where B € Gj is such that Ad*(B) ®/(A) € (tg,)% is the unique point of
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intersection of (tg,)% and the Gj-coadjoint orbit through ®7(A). That is

B~ 'tB
tx A= Ad* (A).
I

In this thesis we consider only matrix groups, and for them the coadjoint action
is the action by conjugation. Therefore we will simplify the notation and write

conjugation in place of the coadjoint action:

-1

B™'tB B7'tB
tx A= A . (3.2)
I I
Recall that for regular A, a matrix A € UY if B®I(A) B~ € int(tg,), so
the stabilizer of B®/(A) B~ in G; is precisely Te, = T¢,. The fact that Tg,
commutes with the stabilizer of B®?(A) B! implies that the action is well defined,

as explained below.

If X is not regular then some of the functions N may be constant on the whole

orbit. Let T¢,, < Tg, be the subtorus defined by
{(t, .. tranka,) € Tay; ti = 1if )xgj) constant on the whole orbit }.

(This definition gives T¢, = Tg; if none of the functions AY) is constant on the
whole orbit). Let o; be the unique wall of the positive Weyl chamber (tg,)}
from Theorem 3.4.1. All points in ¢f have the same stabilizer. Note that the
torus T’Gj commutes with the stabilizer in G of points in 7. Here we analyze
only U(n) and SO(n). In the unitary case, the stabilizer in U(j) of points in
0? is a product of circles and of groups U(m) (various m < j whose sum is at
most j), one for each longest sequence )\Ej) = )\Eil =...= )\Ei)m_l = )\; of the

functions )\gj) that are constant on the whole orbit. Elements of the torus T’Gj

are diagonal matrices with diagonal entries equal to 1 in blocks corresponding to
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the U(m) factors of the stabilizer. Similarly for the SO(n) case. For example,

if )\gj) = )\gj) = ... =AY = A, then the stabilizer in U(j) of points in of is
U(m) x S* x ... x S, while elements of T¢; are of the form (1,...,1,tp41,. .., ts)

and thus commute with the stabilizer. The action of ¢ € T¢;, on A € O, is given
by equation (3.2), where B € G, is such that B®/(A) B™! € 0; C (tg,);. If C'is

another element of G; such that C' ®/(A)C~" € (tg,)}, then
B®(A)B™ = C(A)C! = CB~' B&(A)B'BCY,
so B! € Stabg;(B®I(A)B"). Therefore for ¢ € Tg;, have
ctCc=ctcB't'"tB=C'tt'CB'tB=B"'tB,
what implies that the action is well defined.

Proposition 3.5.1. The new T’Gj action defined above is Hamiltonian on the sub-
set UY) = (AY)"Yo?), with momentum map AY). (For non-regular orbits the

momentum map consists only of non-constant coordinates of A ).

Proof. To simplify the notation, we will denote U simply by U, T¢, by T7,
and let ¢/ be the Lie algebra of T7. Take any X € t and denote by X, the
vector field on U generated by X with % action, and by X4 the vector field on
U generated by X using the standard action by conjugation. As usual, for any
function ¢ : O\ — g}, and any X € g;, we denote by ¢~ a function from O, to
R defined by ¢*(p) = (p(p), X), where (,) is the standard G; invariant pairing
between g7 and g;. Take any A € U. We want to prove that for any vector
Y e TyO)\ =TyU

W(Xnew, Y)a = d(AD)X (V). (3.3)

Denote by N the connected symplectic submanifold N := (®7)~!(¢°) C Oy, where

o is the principal face. We refer to IV as the principal cross-section. Note that
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U= (AD)"1(6°) = G;-N, and so every A € U can be G; conjugated to an element
of N. We first prove equation (3.3) for A € N.

The proof of theorem 3.8 in [25] implies that
TAO) =TyN + TA(Gj . A)

This is not a direct sum. Thus to prove the equation (3.3) for A € N, it is enough
to consider two cases: when vector Y is tangent to the principal cross-section, and

when it is tangent to G; orbit (for the standard action).

Before we start considering the cases, we fix some notation. For any vector
field V on Oy, denote by UV its flow. Recall that ¥V, = (U})~!. Therefore, for
example ¥;(Q) = X,QX;* and U¥:(Q) = X 'QX,.

Case 1: Take Y € TyN C TaO,. We want to compute w(X,ew,Y)|[a =
(A, [Xpew, Y]). Notice that on the principal cross section functions ® and AY) are
equal, and the standard and the new actions of TV coincide. Therefore the vector

fields X4 and X, have equal values and flows on N. Using the formula

(Tpe)u (V) — Y

[Xpew, Y] = lim

t—0

- [Xstd7 Y] .

we have that, if Y € TyN, then (A, [X,ew,Y]) = (A, [Xsa, Y]). The fact that

functions ®7 and AY) agree on all of the N, means also that for Y € TyN we have
d(@7)*(Y) = d(AD)*(Y).
Therefore

DKo Va4 = (A, Kpew Y1) = (A, [Xoa, Y1)
= w(Xua,Y)[a = (@) (V)]

= d(A)T(Y)]a.
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Case 2: Take Y € T4(G; - A). That is Y = Yy for some ¥V = %Yth:o € g,
and the integral curve of Y through A is W) (A) = Y; AY,"'. As before, we start

by analyzing [X,c., Y] at A. We have:

[Xnew, Y][a = lim (WE)e (Wl iy = Vla
new; A= .

t—0 t

The point Aisin N, so U3 (A) = X;-A = X; A X; . Now we need to understand
the expression:

d _
(\I;Ai(?ew)*(y>|q/§(new(14) — % \I]i(zzew (}/:U \I]ifnew (A) K) 1) ’UZO

To compute the value of U*7< on Y, Uy (A) Y, we need to find an element C

of G; that would conjugate ®/(¥U*p") to some element in (#/)*. We have

(Y, U (A) Y, = (Y, X AXTTY )
=Y, X, ®I(A)X; Y
Therefore, for

C — X;l Y;;l

we have that

CO/ (Y, ¥frew (A) Y, ) O™l = ®I(A) € (¥):,

v

This means that the new action of X; at a point Y, U;"*(A) Y, is the same as

standard action of

C'XC=Y X, X, X, 'Y, =Y, X, Y, !

SO
WX (Y, U (A) Y, )
= (VX Y)Y X AXT YD) (NX Y
=Y, AY L

Therefore

\Iji(new * Y Xnew - Y A Y — Y
(X, V][ zlim( )« )‘\pt (A) | :lim|A—|A

t—0 t t—0
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and

w(Xnew, Y)|A = <A7 [Xnewa Y]) =0.

Notice that the function AV is constant on G; orbits, because ®7 is G j-equivariant

and the whole G; orbit intersects (/)% in a unique point. Thus, for Y € T4(G; - A),
d (ANYX (V) = 0.

and equation (3.3) for A in N follows.
Now we want to prove equation (3.3) for all C' € U. Let B be an element of
G; such that BCB™' = A € t. Take any X € tand Y € TcU. Using the G,

invariance of w and of AY)| and equation (3.3) at the principal cross section, we have

X VY ipan = F(BXB - Climo, (8 (im0
= SBBTXB OB i, £ B (C)B o)
= S (XBBABBT X oo, (U (4))]ec)
= W(Xpew, BY B™)|a = d(AY)X(BY B[4
= L LADY (BUY (VB Jemo = 5 [(A9VX (WY () oo
= d(AV)X(Y)]e,
which is exactly what we needed to show. 0

Putting these actions together we obtain a Hamiltonian action of the Gelfand-
Tsetlin torus

Tor =T @ ... 01T,

on the open dense subset,

U .= ﬂU(j).
J
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We call a wall of (tV)* special if there is a j such that the image of this wall under
projection (tV)* — (¥/)* is a special wall as defined in the Section 3.4. Other walls

of (tV)* will be called regular.
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CHAPTER 4
COADJOINT ORBITS OF THE UNITARY GROUP

In this section we consider coadjoint orbits of U(n). Multiplying by a factor of
i, we can identify the Lie algebra u(n) with the space of Hermitian matrices. The
pairing in u(n)

(A, B) = trace(AB)

gives us the identification of u*(n) with u(n). From now on, we will identify u*(n)

with the space of Hermitian matrices.

Let T = T™ be the standard maximal torus in U(n) (given by diagonal ma-
trices). We identify its Lie algebra dual, t* with diagonal Hermitian matrices and

choose the positive Weyl chamber, (t*), to be
(£)4 = {diag(A11, Mgz, - s Ann); Ait > Aep > 000 > A}

The coadjoint orbits in u(n)* are in one-to-one correspondence with the points
of (t*),. Precisely, for any (A11, Aga, ..., Aun) € (t*)4 the corresponding coadjoint
orbit is the set of all Hermitian matrices with eigenvalues (A1, Ao2, ..., Apy). We
use coordinates {e;;}, with e;; corresponding to (i, j)-th entry of a matrix. Then
A = {e; —e;j|i# j} is aroot system and ¥ = {e; — €414 |0 =1,2,...,n— 1}
is the set of positive roots. The pairing of A € t* with a coroot (e; — e;;)" gives

(eii — €jj, A)

(few = en)" W) =2 =
Therefore for A in our chosen positive Weyl chamber
min{|{a’, \})| ;a" a coroot} = min{A\; — Ao, ..., A1 — An}-

The above observation helps us to translate the condition from Theorem 3.1.1 into

explicit condition on eigenvalues A;. This Section is devoted to proving Theorem
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3.1.1 for G = U(n). In fact we prove even stronger result, covering also some

non-regular orbits:

Theorem 4.0.2. Consider the U(n) coadjoint orbit M = Oy in u(n)* through a

point diag (A, A, ..., \,) where
)\1 >A2>...>)\[:)\l+1:...:)\l+5>>\l+5+1 > .. >)\n7 SZO
The Gromov width of M is at least the minimum min{X\; — X\; | \; > A; }.

Remark 4.0.3. In fact the hypothesis can be weakened. The only necessary con-
dition is that the Gelfand-Tsetlin polytope associated to Oy contains at least one

good vertex. These notions will be explained in Section 4.5.

4.1 The standard action of maximal torus

Under our identifications, the coadjoint action of U(n) on u(n)* is by conjugation:
A& = AEA™L. Restricted to an orbit O,, this action is Hamiltonian with mo-
mentum map the inclusion O, < u(n)*. The standard 7" action on O, is the
action of the maximal torus 7" C U(n). The fixed points of this action are the
diagonal matrices. In particular, A is a fixed point and the isotropy weights of T™
action on 7,0, are given by the positive roots 3. The T™ action is Hamiltonian
with momentum map g : Oy — (£")* = R” that maps a matrix A = (a;;) to the
diagonal n x n matrix diag (a1, ..., a,,). However the dimension of torus acting
effectively is less then half of the dimension of the coadjoint orbit, so this action
is not toric. If O, is regular then this action is effective but dim 7™ = n while
dim Oy = in(n —1). Let @ = p(0,) C (t")* denote the momentum map image

for the standard T™ action. The vertices of Q correspond to the T"-fixed points,
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that is, the diagonal matrices in O,. If X is generic, then the vertices correspond
exactly to permutations on n elements. Thus there are exactly n! of them. If X is

non-generic, say
A1 :...:)\11 >)‘11+1:"':>\11+12 > .. >)\nfls+1 ::)\n,

then the vertices correspond to cosets S, /(S;, X ... x 5y,), and there are exactly

|
# Of them.

Recall that GKM manifold is a manifold M equipped with a faithful action of
a torus K of dimension [ > 1 such that the set of zero dimensional orbits in the orbit
space M /K is zero dimensional and the set of one dimensional orbits in M /K is one
dimensional (see Example 2.1.9 or [11], [12], [36]). The coadjoint orbit O, with the
standard T™ action is an example of GKM manifold. In particular this means that
the closure of every connected component of the set {z € O,; dim(T" - z) = 1}
is a sphere. The closure of {z € O,; dim(T" - ) = 1} is called 1-skeleton of
O,. Denote by Q; the image of 1-skeleton under the momentum map. The GKM
assumption forces Q; to be a (3 dim O, )-valent graph with vertices Vert(Q;) =
Vert(Q) corresponding to T™-fixed points and edges corresponding to closures of
connected components of the 1-skeleton. Note that not all edges in Q; are edges
of the polytope Q. Images of two fixed points, F' and F”’, are connected by an
edge in Q; if and only if they differ by one transposition of two different diagonal

entries. Therefore there are exactly

D=+ .. 1) +hls+ ... +1)+.. . +lal]=> L
1<J

edges leaving any vertex of Q; and thus dim Oy = D dim(S5?) = 2D. In the case

of generic A\, the moment polytope of O, is called a permutahedron.

Denote the diagonal entries of F' by Fiy,..., F,,. Let p < ¢ be indices from

{1,...n} such that F,, # F,, and F” is the matrix obtained from F' by switching
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p-th and g-th entry. The edge joining p(F') and p(F”) is an p-image of a sphere in
O,. This sphere is the orbit of SU(2) action on F' and is obtained in the following
way. Denote F,, = v;, Fy,; = vg. For any z € CP' = CU {co} let I, be the matrix
obtained from the identity matrix by changing four entries (7, k) with j, k € {p, ¢}
in the way presented below and let F, = [LFI;! be the matrix obtained from F
by conjugation with .. This means that F, differs from F' only at four entries

(7, k) with j, k € {p,q}. The matrices have the following shapes

I 0
1 =z (vit|z[?vx) z(vi—vk)
A Z Z Z
[Z = ) Fz
z 1 z(vi—vg) (vg+]22vs)
Z Z Z Z
! I 0 0 |

where Z = /1 + |z|?. Then
p({Fe; 2 € CPY) = p(F) u(F).

Moment image of the standard torus action is also explained in [38],[28].

There are also other natural actions on O,. For any j = 1,...,n, we have a

natural embedding ¢; : U(j) — U(n)

where B € U(j). Using this embedding we obtain a U(j) action (and also an

action of maximal torus 77) on Oy: for B € U(j) and & € Oy, we define
B¢ = ,(B)E(1;(B) .

To simplify the notation, we will often write B instead of ¢;(B). Both of these

actions are also Hamiltonian. The momentum map for the U(j) action is the
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projection
(I)j : O,\ — Ll(j)*

sending every matrix to its 7 x j top left minor.

4.2 Gelfand-Tsetlin system for the unitary group

In this subsection we apply the general construction of the Gelfand Tsetlin system
to the case G = U(n). The main reference for this part is the work of Mikhail

Kogan [24] (see also [13], [30], [17]). Consider the sequence of subgroups
Un)>Un—-1)>...0U((2)D>UQ1).

For each U(j) in the sequence choose the maximal torus 7} to be the set of diagonal
matrices in U(j) and the positive Weyl chamber, (¥/)%, to consist of diagonal
Hermitian j x 7 matrices with non-increasing diagonal entries. Recall that the
momentum map for the U(j) action on O, is denoted by ®/ and maps A € O,
to j x j top left submatrix of A. Denote the eigenvalues of ®/(A), ordered in a

non-increasing way, by
() () ()
A(A) > N (A) > ... > A (A).

We will use the notation AU) = ()\gj), o ,)\g-j)) : O\ — R, for a function sending A
to AW(A),..., AP (4)) € RI. For j = n, we just get ®"(A) = A and A["(A) = \y.

The Gelfand -Tsetlin system of action coordinates is the collection of the

functions )\g) forj=1,...,.n—1and k=1,...,7. We will denote them by
A: O, — RN,
where

n(n—l)‘

Ni=(n-D+m-2)+. . . +1=—7
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Notice that AU is the composition of ®/ and a map s; : u(j)* — (¥)1 C R
sending a point in u(j)* to the unique point of intersection of its U(j) orbit with

the positive Weyl chamber.

J

Ox — u(j)”
()%

Here we identify (¢/)* with R’ by diag(ay, . ..,a;) = (a1,...,a;).

The components of s; are U(j) invariant, so they Poisson commute. After
precomposing them with @/, we get a family of Poisson commuting functions on
O, (see Proposition 3.2 in [13]). These are exactly A% A .. .,)\gj). For [ < j
denote by ry; : u(j)* — u(l)* the transpose of the map u(l) — u(y) induced by the

inclusion. The functions

Agj), Agj), e )\(]) )\gl) O Kij, )\gl) O Rjyerny /\l(l) O Ry

Y 7

Poisson commute on u(l)* by Proposition 3.2 in [13] and the fact that first j of them
are U(j) invariant. Therefore the Gelfand-Tsetlin functions Poisson commute on

Oa.

These functions are smooth at points where the eigenvalues do not coincide
”unnecessarily”, meaning they coincide but not on the whole orbit O,. If A is
not a regular point, then some of the Gelfand-Tsetlin functions may be forced
to coincide by the min-max inequalities. Precisely, the unique open wall from

Theorem 3.4.1 applied to the U(j) action is
of ={r = (v1,...,75) € t)| T # vipg unless \; = ... = Nitn—j+17-

Following notation from Section 3.5, let T(’](j) — Ty be the subtorus consisting

of elements (ti,...,t,) with t; = 1 if )\Ej) is constant on the orbit. Note that
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for A regular o¢ is simply the interior of the positive Weyl chamber intt}, and

T(’](j) = Ty(j). Propositions 3.4.2 and 3.5.1 applied to this case give

Proposition 4.2.1. The function AY) is smooth at the preimage (A(j))_l(a;?) =
UY). Moreover, the x action of the torus Tj, ;< Ty on (AD)~1(09) is Hamil-

tonian and AY) is a momentum map.

Putting the actions together we obtain the Hamiltonian action of the Gelfand-
Tsetlin torus in U(n) case, T = Tor = Ty, 1) @ ... © Ty = (SN, D =

Z?;ll dim(T’U(i)), on the dense open subset
U:=n;UY

of the coadjoint orbit Oy where all functions AU) are smooth. This action is called
the Gelfand-Tsetlin action and its momentum map is A. If the orbit is regular

then D = N = in(n — 1).

Notice that the standard action of 7™, described in the Section 4.1, is a part
of the TV action on U. One can easily compute the T"-momentum map g, which
mapps a matrix to its diagonal entries, from A. Of course /\gl)(A) = ay;. Using
the fact that the trace of ®*(A) is ay; + a9 = Agz) (A) + AgQ)(A) we compute the
value age. Continuing this process we obtain all the diagonal entries of A, that is
we obtain p(A). This defines the projection pr : (£¥)* — (£*)*, which on the image
of A is given by the following formula
() = (A, QAP =AM DDA =S S AN ST Y),
This means p = pr o A. Under this projection, the Gelfand-Tsetlin polytope P,
described below, maps to the momentum map image, Q, of the standard maximal

torus action. Here is an example for a regular SU(3) coadjoint orbit, O,.
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Q=u(0y) CR? P=A0,) CR?

Figure 4.1: The momentum map images for the standard and Gelfand-
Tsetlin actions on a regular SU(3) coadjoint orbit.

Proposition 4.2.2. The Gelfand-Tsetlin action on a U(n)-coadjoint orbit O is
effective for all X.

Proof. Suppose that

R - (Rnfl, . 7R1) € T{J(TL*I) EB . @ T(/](l) = Y—VGT7
R; = diag(rja,...,rj,1,...,1), is a global stabilizer. Let
Hj T1,j

[I; r2
~ R, Ry 7o

Tn—1,n—1

Note that forany k=1,...,n—1

(") (o y) C (7))

orl(A) | X
Therefore for any A = € (" 1H~1(s°_,) have
X c
ey x| - " 1(A) | RX
R+A=RAR'=R R = —
X c X*R! c
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Let A be of the form
()\1 =...= )\ll > >‘ll+1 =...= )‘l1+12 >0 > >‘ll+..-+ls_1+1 =...= )\l1+--~+ls)'

Denote Aj .41, by w;. In this notation

w1 Ill
A=
Wg [l5
Fix any j = 1,...,s and take € > 0 such that w; — e > w;;. For any
X = (07 ey 0, Il1+...+lj71+17 e 7l’l1+n_+lj, O, e ,O)T

such that [z, 4 41, +1]* 4+ ... + |2y 1.40, > = Li(w] — (w; —€)?), the matrix

w I,

(wj —e) I, X

Wg Ils

X* Z )\z — ljz?
is in (®"1)7!(0%_;) (see Lemma B.0.1). Therefore R stabilizes this matrix if and

only if
RX = X.

As R is a global stabilizer, considering similar matrices for other j we see that
R=1 TIn particular this means that in R,_; the coordinate 7,_;,-; must be

equal to 1.

52



Now consider matrices of the form

wy I Iy
(w; —e) I X0
Wg [ls
X* c1| 0
0 0] c
Torus Tb(n_l) acts trivially on such matrices. Therefore R = (R,,_1,..., R1) acts
in the same way as (I, R,—2,..., R;). Using similar argument as above we show
Rn—2 Ry
. =1,.
[2 [nfl

In particular in R,,_s the coordinate r,_s ,—2 must be equal to 1. Together with the
condition R = I,, this means that r,,_; ,_o = 1. Repeating these steps consecutively
one shows that R; = [ for all . Therefore R = I € Ty is the unique global

stabilizer and the action is effective. O

4.3 The Gelfand-Tsetlin polytope for the unitary group

In this subsection we analyze the image A(O,) in RY, where N := n(n — 1)/2.

The classical mini max principle (see for example Chapter 1.4 in [5]) implies that
(I+1) 0) (I+1)
AV () > A0 (4) > ALY (4),

We use the following notation for these inequalities:

Aot )20 )
By APA) > AV (A).
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The inequalities (4.1) cut out a polytope in RY, which we denoted by P, and

A(O,) is contained in this polytope.

Proposition 4.3.1. The image A(O,) is exactly P.

Proof. The Proposition follows from successive applications of the following lemma

(Lemma 3.5 in [30], see also [14]), as explained below.

Lemma 4.3.2. For any real numbers a; > by > ay > ... > ax > by > agy1 there
exist x1,...,x, 1n C and xxq1 in R such that the Hermitian matrix

b1 0 T

A= ,

0 bk Tp

ry ... T Tk
has eigenvalues ay, ..., ay,.

Now let ci,...,ci_1 be numbers such that by > ¢; > by... > b1 > cx_1 > by.

Applying Lemma 4.3.2 again, we get that there exist yy,...,yx_1 in C and g, in R

such that the Hermitian matrix

1 0 (7}
B .= ,
0 Ck—1 Yk—1
N R L
has eigenvalues by, ..., by. Therefore there is an invertible matrix C' € U(k) such

that CBC~! = diag(by,...,bx). Denote by X the column vector (xy,...,z3)7.
Notice that

0 0
c : B X c-1 : CBC~1 cCc'x |
0 0 - -
0 ... 01 xXTc Tht1 0o ... 01 XTco-t Tpi1
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Therefore the Hermitian matrix

XTc Tht1

k+1) )\ik) )\S‘kfl

has desired values of the Gelfand-Tsetlin functions A! ), Continuing

this process, we construct a matrix A in O, such that A(A) = L, for any chosen

point L in the polytope P. n

The polytope P C R¥ is called the Gelfand-Tsetlin polytope. We think of
RY as having coordinates {x,(j)}, indexed by pairs (j, k), for j=1,...,n—1, and
k=1,...,j,so that x,gj)—th coordinate of A(A) is )\,(j)(A).

Lemma 4.3.3. Let A(A), A € O,, be a point in the polytope P, with coordinates

O\(A)Y. Suppose that for any (j,k), j=1,...,n—1, k=1,...,j, we have that
A (A) = ATV (A) or AP (A) = AT (A).

k+1

Then A(A) is a vertex of the polytope P.

Proof. For any pair (j, k) pick one equality, A;; or B,, that is satisfied by A(A)
(if both are satisfied pick either one of them). Arrange these inequalities to be of

the form:

(linear combination of variables x,&j )} < real constant.

Sum all of these N inequalities together, forming the inequality

CX <2,
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where X = (z{"™"

.,xgl)) € R¥ is the variable, and Z,C € RY are constants.
Every X € P has to satisfy CX < Z, as this is just a sum of N of the 2N
inequalities defining P. Therefore PN{X; CX = Z} is a face of P, (see Definition
2.1 in [39]). Note that X € P satisfies CX = Z if and only if all of the N

inequalities defining P we have summed, are equalities for X. This determines the

values of all x,(cj ) in terms of A1, ..., A,. Therefore
PN{X; CX =7} ={A(A)}

is a O-dimensional face, in other words a vertex of P. O

To emphasize the main idea of this proof, we give the following example.

Example 4.3.4. Let n =3, A = (5,5,4) and A(A) = (AP (4), AP (A4), AV (4)) =
(5,4,5). We need to choose inequalities Ay, Bj i, one for each pair (j,k), that are
equalities for A(A). For )\52)(14) we have a choice as both of them are equations.

Say we pick By, Bao and Ay1. The set of rearranged inequalities is

(2)

—I S —>\2 = -5
P < a= 4
xgl) — a:?) < 0

Summing these inequalities together we obtain
—2:U§2) — :1752) + argl) < -9.

This inequality is satisfied on all P. An element X € P satisfies —2x§2) — xf) +
1 _

xy = =9 if and only if
—a:(12) = 5
a:g) = —4
xgl) = [E§2).



Thus, we see that (5,4,5) is the unique solution to these inequalities in P.
Lemma 4.3.5. The map A sends every T"-fixed point to a vertex of P.
Proof. For a diagonal matrix F' = diag(Fi1,...,F,,), the set of eigenvalues of

Fji1:= ®7TY(F) is obtained from the set of eigenvalues of F; := ®/(F) by adding

Fji141. Let s be such that

AD(F) > Fip o > ML (F).

Then
Viss N(F) = AP (F)
Viss NV(F) =N (F).
Therefore A(F) is a vertex of P, by Lemma 4.3.3. O

Lemma 4.3.6. Let A(A), for A € O,, be a point in the polytope P, with coordi-
nates {)\,(g)(A)}. Suppose that there exists exactly one pair of indices (jo, ko) such
that both inequalities Aj, r, and Bjx, at the point A are strict. That is, for all

(7, k) # (Jo, ko), 7=1,...,n—1, k=1,...,7, we have one of the equalities

A (A) = NT(A) or NV (A) = NP (A).

Then A(A) is contained in the interior of an edge of P.

Proof. Proceed similarly as in the proof of Lemma 4.3.3. For any (j, k) # (jo-ko)
choose one of the inequalities A;, B; that is equality for A(A). Arrange these

inequalities to be of the form:

< real constant.

(linear combination of variables a:,(j ))
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Sum all of these N — 1 inequalities together forming the inequality
CX <Z.

As before, this gives an inequality valid for P, and P N {X; CX = Z} is a face
of P. The equation CX = Z determines the values of all x,(cj), with (j, k) #
(Jo, ko), in terms of Ay,..., A\, and xl(i)"). These uniquely determined values are
x,(gj) = )\](cj )(A). For any assignment of the value for I,(fi()), the equation CX = Z
will still hold. In order to have X € P we need to pick the value for x,(i)o) in the

open interval (x,(%ojll),mg)ﬁl)) = (/\,(%Ojll)(A),/\,(%OH)(A)). Note that )\,(%OH)(A) +

)\(j0+1)

for1 (A) because if they were equal, then they would also be equal to )\,E;J(')O)(A)

what contradicts our assumptions. Thus we really are choosing the value for :U,%O)

from the open, non-degenerate interval ()\,(Ciofll)(A), )\,(C{J°+1)(A)). Therefore

P{X; OX = Z} = (W (A), A0 (4)
is a 1-dimensional face of P. ]
Proposition 4.3.7. For any A, the dimension of the polytope P is half of the

dimension of Oy and P C (tgr)* C (tV)* = RY.

Proof. Fix A € (t")%, not necessarily generic. Let l;,...,[; be the integers such
that [; + ...+ 1, = n and

)\1:...:)\11>)\11+1:...:)\11+12>...>)\n,ls+1:...:)\n.

Consider the coadjoint orbit M := O, in U(n). The dimension of O, was already

computed in Section 4.1 and is equal to

2D :=2[Li(la+ ... 1)+ b(s+. ..+ 1)+ Ll =2 L

i<j
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If some I; > 1, then the (I; — 1) functions AL = ... =AY have

L4+l +1 i+ +1—1
to be equal to )\ll+,,_+lj71+1 due to inequalities (4.1). Lemma 4.3.2 implies that
the image AW (0,) in (t*71)* = R"~! has dimension equal to the number of non-

constant functions from )\9) that is

S

n—1-> (- 1).

j=1
Inequalities (4.1) force also (I; — 2) of functions A? to be equal to Aj 4. 14, 41,
as well as [; — 3 of functions A,@, etc. The number of our functions A} that are

constant is
Li(ly = 1) ls(ls — 1)
5 + ...+ 5

The remaining functions form the system of action coordinates, consisting of

nin—1) (ll(ll_l)+ —l—M) :Zl»l-zD
5 ity

2 2 —

1<J
independent functions (see Proposition 4.3.1 and its proof). Therefore the dimen-
sion of the image A(O,) is D. Recall from Section 3.5 that the Gelfand-Tsetlin

torus Ter = (S*)P is a subtorus of Tym-1) @ ... Tya) = (SH)N corresponding to

D non-constant functions A", Therefore P C (ter)* C RY. O

If F is a face of P containing some x € A(U), then, by the definition of U, x is
not on any regular wall. Therefore any point of the interior F also cannot be on

any regular wall, so it is in U.

Lemma 4.3.8. If \ is generic, then the images of fixed points of the standard T™
action are in U. If X 1s non generic but there is only one eigenvalue that is repeated

- then there is a T"-fized point that is in U.

Proof. If ) is generic, then for any T"-fixed point F' and any k, the matrix ®/(F)

is a diagonal matrix with all diagonal entries distinct. Therefore A(F) is not on

29



any regular wall, so it is in U.

Now assume that A is of the form
M>X > >N, =A== Apgs > Adstl > - > A

Let {1 >wve> ... > v s} ={ A >Xa>...> N > Njps01 > ... > A\, } be the

set of distinct eigenvalues. Consider the T™-fixed point

Al 0
F =
0 | A 1d,
where A is any diagonal (n — s) X (n — s) matrix with spectrum {vy,vq, ..., vp_s}.

The figure below presents the values of Gelfand-Tsetlin functions )\,(j Jat F , for
j >n—s For j <n— s the values /\gj)(F), ce )\gj)(F) are all distinct.

v1 Uiy —1 v vy Ul 41

V1 Uiy —1 vl Ui, V141 Un—s
v V-1 vy Uiy +1 Un—s

Therefore /\Ek) = /\yi)l at F'if and only if this equation is valid for the whole orbit.

This shows that the fixed point F' of the form described above is in the set U. [

We call A images of such T™-fixed points, O1" N U, good vertices of P.
For example, in the case of regular SU(3) orbit the Gelfand-Tsetlin polytope (see
Figure 4.1) has 6 good vertices. The unique vertex with 4 adjacent edges is not a

good vertex. In fact, preimage of this vertex is O, \ U.

Now consider a non-regular example: A = (5,4,4,4,3,1). Here is the T"-fixed

point that maps to a good vertex, and its Gelfand-Tsetlin functions (the bold ones
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are constant on the whole orbit)

1

5 4 4 3 1

5
5 4 3 1
3
F= s, 5 3 1
4
5 1
4
1

4

Note that the vertex A(diag(1,4,4,4,3,5)) is not a good vertex.

Proposition 4.3.9. For any good vertex Viy = A(F) there are exactly D edges in

P emanating from A(F).

Proof. All the A preimages of interiors of faces containing A(F), are also in U.
Thus around F we have a smooth, Hamiltonian action of 77 on U. The local
normal form theorem, (see for example [21]), gives that, in a suitably chosen basis,
the image of momentum map is a D dimensional orthant. In particular this proves

that there are exactly D edges starting from this point. ]

Note that there may be more than D edges starting from vertices of P that are

not good vertices.

4.4 Proof of the lower bounds for Gromov width of U(n)
coadjoint orbits

Let O, be a coadjoint orbit such that the Gelfand-Tsetlin polytope P contains at

least one good vertex. In particular A can be of the form

M>X > >N, =01 = o= Ayts > Ajjgst1 > -0 > Ay, s >0,
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Recall that D denotes half of the dimension of O,, which is equal to the dimension
of the Gelfand-Tsetlin torus Tgr, and that P C (tgr)* € (tV)* = RY. We are
to show that the Gromov width of O, is at least min{\, — A\; | A\; > A;}. Let
A(F) = Vr be a good vertex of P and T be an open subset of t* such that

AONNT = U (rel-int F)

F face of P
VreF

and let W = ® (7). Then W is the largest subset of M centered around Vg
(compare with Example 3.2.4). According to the Proposition 3.2.6 there is an

equivariant symplectomorphism
U {z eC? | VF+7TZ|zj|2nj € T} =ow,

where —ny, ..., —np are the isotropy weights of T action on TrO,. The vectors
M, -..,Np span D edges of P starting from Vr. We call them the edge generators.
For the edge in the direction of 7;, there is a number ¢; € R such that the edge is
precisely ¢; n;. This is equivalent to saying that the edge is of lattice length ¢; with
respect to the weight lattice, because for the coadjoint U(n) action all isotropy

weights are primitive with respect to the lattice they span. Let
{vy >va> ... > 0,5}

be the set of distinct eigenvalues. We prove the main theorem by showing that
for any edge, ¢ is at least the minimum min{v; — v;41} = min{\; — A\; | \; > A\, }.
Moreover, we will show that for any good vertex there is an edge leaving from this
vertex, with the length equal to the minimum of v; — v;;1 times the length of the
edge generator. This means that the lower bound we prove is the best possible
we can get from this particular action. Let us emphasize that there might exist

symplectic embeddings of bigger balls, however this method fails to find them.
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Proposition 4.4.1. The length of any edge in P starting from a good vertex Vg
is at least min{v; — v;11} times the length of the edge generator. Moreover, there

is an edge with length exactly the min{v; — v;41} times the length of its generator.

Proof. Recall from Section 3.5 that the momentum maps for the standard and the
Gelfand-Tsetlin torus actions are related through projection pr, u = pro A. We
continue to denote the polytope u(O,) by Q and its one-skeleton (image of points
whose orbits have dimension at most 1) by Q; We will show that for any edge
e € P starting from Vi there is an edge €’ in Q; (possibly not and edge but just a
line segment in Q) such that pr(e) C €. This will help us to analyze edges of P.

Denote the diagonal entries of F' by Fiy,..., F,,. Let p < ¢ be indices from
{1,...,n} such that v; = F,, # F,, = v, and F’ is the matrix obtained from F' by
switching p-th and g-th entry. There is an edge in Q; joining u(F') and u(F"), and
it is an p-image of a sphere S := {F}; z € CU {oo} } in O, defined in the Section
4. We will analyze A(S5).

Assume that vy < v;. The other case is proved in a similar way. First observe
that for j < p the matrices (F,); := ®/(F,) and (F); := ®I(F) are both equal
to diag (Fi1,...,F};;). Also for j > ¢ the matrices (F,); and F; have the same

eigenvalues. This is because the eigenvalues of this 2 x 2 matrix

(vit|z|?vg) Z(vi—vg)
Z Z
z(vi—vp)  (vkt|z?vi)
Z Z

where Z = /1 + |2|?, are v; and vg. Therefore, for j < p or j > g, we have

Vies AP(FL) = AJ(F), (4.2)
for any m = 1,...,n — j. Denote by p(|z|) = % While a goes to oo, p
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decreases its value from v; to v;. Let
i =min{l; v € {Fi1,...,F,}, vi>ul.

This implies that i + 1 <’ < k. Note that ¢ is not necessarily 7 + 1, as it might
happen that v;;; is a diagonal entry of F' that does not sit in a submatrix (F),.
Lemmas 4.4.2 and 4.4.3 below show that the set A({F, | p(|z|) € [vi,v;]}) is an edge
of P starting from Vr. Now we need to compute it’s length relative to the length of
the edge generator (= —isotropy weight). Notice that the projection pr (induced
by inclusion 7" < Ter) maps the isotropy weights of T action to the isotropy
weights of T™ action. If e = ¢, is the edge of P, then pr(e) = ¢;pr(n;) is the part of
the corresponding edge €’ of Q; starting from the vertex u(F). The edge generator
in the direction pr(n;) is —e,, + €44 (because the isotropy weight of the standard
action of maximal torus is e, — e4,). We will denote Z .= {F.|p(]z]) = vy} and
V := A(Z), regardless of the fact if it is a vertex or an interior point of and edge
in P. Notice that 17, has values of A that are different from those of F' in exactly
(¢ — p) places. Precisely, for every p < j < ¢, there is exactly one s such that
)\gj)(F) = v; while Aﬁ”(?) = vy. Recall from section 3.5 that the k — th coordinate
of pr({\"}) is given by

k k—1

(pr({AD}) )i = D AW = A%

s=1 s=1

for £ > 1 and is equal to )\gl) for k = 1. Therefore u(F) = pr(A(F)) and u(Z) =

pr(A(Z)) differ only at p-th and ¢-th coordinates:

(pr(A(F)))p =D AP(F) = > Ar-D(F)

p p—1
=D AD) v = = 3 NTVZ) = (pr(A(Z) Dy v =
s=1 s=1
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s=1 s=1
q _ q—1 _
=N == (A D) )
s=1 s=1

Thus

p(F) 1(Z) = (v = vir)(=epp + €qq),

and the edge e of P is at least (v; — vy) multiple of the weight spanning it. Recall

from definition of ¢’ that (v; — vy) > (v; — Vi41).

In case where v, > v;, p(]z|) would be increasing its value from v; to vy and
we would prove in an analogous way that the edge joining F' and F” is at least

(v;—1 — v;) multiple of the edge generator.

Notice that different pairs of p and ¢ (such that F,, # F,,) give different
edges. This follows, for example, from the fact that for j < p or j > ¢, we have
Agj)(Fz) = /\gj)(F ). Therefore we found D distinct edges of P starting from V.

The Proposition 4.3.9 gives that these must be all the edges.

Now suppose that m is the index such that the minimum of {v; — v; 1|7 =
1,...,s} is equal to v, — vpq1. There are indices p < ¢ such that F,, = v,
and F,, = U1, OF Fp,, = Upq1 and F,, = v,,. Let F’ be the diagonal matrix
obtained from F by switching p-th and g-th entry. Then Z = F', V = A(F") and
the edge of P between these two vertices is exactly (v,, — vU+1) multiple of the

edge generator. O]

The above proof used two lemmas that we formulate and prove below.
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vit|z|?vr) _
- —

Lemma 4.4.2. For z such that v; > { p(|z]) > v the point A(F) is in

the interior of an edge of P.

Proof. Let m be such that

NED(E) = v, > pl|2]) = NP (F).

m

We will show that for any (j,1) # (¢—1,m),j=1,...,n—1,1=1,..., 7, we have
that

M (F.) = M) or W(F) = NP (F),
and use the Lemma 4.3.6. The matrix (F}), := ®?(F,) is diagonal, thus, repeating
the proof of Lemma 4.3.5 for (F}),, we can show that the above claim holds for
j < q—1and any [. Also, for j > ¢ the claim holds, due to equations (4.2) and
Lemma 4.3.5. Thus, for j # ¢ — 1 and any [, the function )\l(j) is equal at F, to its

lower or upper bound.

Now assume j = ¢ — 1 and notice that

spectrum((F;),) = spectrum((F,),—1) U {vi, ve } \ {p(|2])}-

The Figure 4.4 presents sequences of ordered eigenvalues of (F)),_; and (F}),. This

DID]X[ \ ] (I~ [T~ T]

v i > 2 U1 =g < vk

AD(F) : II I II I (L[]

Uk—1 < Uk

Figure 4.2: Eigenvalues of (F}),—1 and (F3),.

presentation helps to note that
Vir, NV (F) 200 = NV (F) = MO (R,
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Vizm, NT(E) <o = ATV(E) = M9 (F).

Thus by the Lemma 4.3.6, A(F}) is on the edge of P. All eigenvalues of (F}), are
equal to some element of the set {vy, ..., v,_s}. Therefore A<V (E.) = p(|z|) €

(vy,v;) is not equal to )\%)(Fz) nor )\Sg)H(FZ), so A(F,) is not a vertex of P. [

Lemma 4.4.3. A({F,|p(|z]) =vi}) is a vertex of P.

Proof. Similarly to the proof of Lemma 4.4.2, we show that for (j,1) # (¢ — 1,m),
7 =1....n—1,1=1,...,7, the function )\l(j) at F, is equal to its lower or
upper bound (again use Figure 4.4). However this time )\7(7371)(172) =p(lz]) = vy =
)xffblrl(FZ). We use Lemma 4.3.3 to deduce that A({F.|p(|z]) = vi}) is a vertex

of P. O

Proof. (of Theorem 4.0.2) Proposition 4.4.1 together with Proposition 3.2.6 give

the proof of Theorem 4.0.2, as explained in the Example 3.2.7. O]
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CHAPTER 5
COADJOINT ORBITS OF THE SPECIAL ORTHOGONAL GROUP

In this chapter we consider coadjoint orbits of the special orthogonal group.
Let G = SO(2n+1) or G = SO(2n). Then the Lie algebra g is the vector space of
skew symmetric matrices of appropriate size. We will identify the Lie algebra dual
g" with g using the G invariant pairing in g, (A, B) = —%trace(AB). Throughout

the paper we use the notation

cos(a) —sin(o 0 —a
R(a) = @ ) , L(a) =
sin(a)  cos(a) a 0

We make the following choices of maximal tori

R(a1)
R(o)
R(az)
R(a2)
TSO(27L+1) = ) TSO(Zn) =
R(an)
R(am)
1
where o; € S*. The corresponding Lie algebra duals are
L(a1)
L(a1)
L(az)
. . . L(az)
tso@nt1) = . » tsogen) =
L(an)
L(an)
0

and we choose the positive Weyl chambers to consist of matrices with a; > as >
az > ...>a, > 01in the case G = SO2n+1),and a1 > as > a3 > ... > ap_1 >
|a,| in the case G = SO(2n). We are using the convention that the exponential
map exp : tsoe) — Tso) is given by L(a) — R(2ma), that is ST = R/Z. A
point A € g* and a coadjoint orbit through it are called regular if the stabilizer

of X\ under coadjoint action is the maximal torus. Coadjoint orbits are in bijection
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with points in the positive Weyl chamber. Under this bijection, the regular points
correspond to the interior of the chamber. Fix a point A = (A1, Ay, Az, ..., A,), in

the interior of the positive Weyl chamber, 7,

L(A1)
L(X2)

L(A3)
€ ognsy G =S02n+1)

L(A3) € t500n) if G = S0O(2n)

Denote the orbit of the coadjoint action of G on A by O,. The orbit is also a
symplectic manifold, with Kostant-Kirillov symplectic form. The dimension of O,
is equal to

n(2n + 1) — n = 2n? if G=50(2n+1)
dim Oy = dim (g*) — dim T =

ni2n—1)—n=2n(n—-1) if G=50(2n).

In this section we prove the Theorem 3.1.1 for the special orthogonal group.
The analysis of the root system of the special orthogonal groups done in Subsection
5.1, and inequalities imposed on A, imply that if G = SO(2n + 1) the minimum

min{ [(a¥, A\)| ;" a coroot} is equal to
min{)\1 - )\2, ey )\n—l - /\n7 2)\n}7
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while for G = SO(2n) the minimum is
min{)\l - )\2, )\2 — )\3, ey )\n,1 - )\n, )\n,1 -+ )\n}

Below we give precise statement of the Theorem 3.1.1 in the case of special orthog-

onal group.

Theorem 5.0.4. The Gromov width of the coadjoint orbit of the special orthogo-
nal group passing through a point X = (Ai,...,\,) € intt] in the positive Weyl

chamber (chosen above) is at least
min{A; — Ao, ..., A1 — A, 2}
if G =5S02n+1), and is at least
min{A; — Ao, da — A3, ..o, A1 — Ay A1 + A}
if G =S0(2n).

In the case of G = SO(2n + 1) this result can be strengthened to cover also a

class of orbits that are not regular (see [33, Theorem 7.1}).

5.1 Root system of the special orthogonal group

The root system of a group G consists of vectors in t*, the dual of the Lie algebra
of the maximal torus of G. The coroot a” corresponding to a root « is an element

of t given by the condition z(a") = 242 for all z € t*. Recall that z(a") =

(@)

—strace(z ). We will often denote this pairing between t and t* by (,). We
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identify t* (so also t) with R™ by sending matrices

L(a1)

L(a1)

L(az)
L(az2)

€ t50(2n+1) ) € t50(2n)

L(an)

L(an)
0

to (a1, as,...,a,) € R". With this identification, the pairing (,) in t* is just the

standard scalar product.

The root system of the group SO(2n+1) consists of vectors = +e;, j =1,...n,
of squared length 1, and vectors £(e; & e), j # k, of squared length 2 in the Lie

algebra dual th(2n +1)- Therefore this root system for SO(n) is non-simply laced.

Note that
T er, A)
e Von) = (G Ee =\ £
(e £ ex)s A) (e; £eg, e ey J b
and
<€j7/\>
((ej)V, \) =215 =2\,
’ (ej,€5) ’

Therefore for A in our chosen positive Weyl chamber

min{|(a¥, \)| ;a" a coroot} = min{A\; — Ao, ..., A1 — Ap, 2M\, )

The root system for SO(2n) is simply laced and consists of vectors +(e; £ ey),

j # k, of squared length 2. Note that

(ej £ ek, A)
(ej ey, e; £ e

<(€j:t€k)v,>\> =2 :)\J:i:/\k

Therefore for A in a positive Weyl chamber

min{|{(a¥, \)| ;" a coroot} = min{A; — Ay, Ao — A3, ..., A1 — Ay Auct + An )
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5.2 The Gelfand-Tsetlin system for the special orthogonal

group

In this section we apply the general construction of the Gelfand-Tsetlin system to

the case of SO(n). Consider the following sequence of subgroups

G,=50n) DG, 1=50Mn—-1)DG, 2=5S0n—-2)D...DGy=50(2).
For these groups we make the following choices of maximal tori.

R(a1)
R(a1)
R(a2)
R(a2)
Tso2k4+1) = » Tsok) =

R(ak)

R(ax)
1

The positive Weyl chambers are chosen in an analogous way to the case described
in the Introduction. Take any G} from this sequence, k = 2,...,2n. The group

() injects into G by

B0
Gr> B+

071

Therefore it also act on O, by a subaction of the coadjoint action. This action
is Hamiltonian with a momentum map ®* : Oy — so(k)* sending a matrix A =
la;j] to the k X k top left submatrix of A, which we denote by ®*(A) or (A)x
for short. The action of the Gelfand-Tsetlin torus is defined using the following
functions. Compose the map ®* with the map s; : s0(k)* — (tsow))’ sending
A € s0(k)* to the unique point of intersection of the SO(k)-orbit, SO(k) - A, with
the positive Weyl chamber. Recall that we identify Lie algebra dual (tsox))* with
RLgJ, as explained in the previous section. The positive Weyl chamber, (tsow))
is identified with the subset of points (z1, ... ’xL§J> € R satisfying x1 > x9 >

z%y for k odd, and zy > 29 > ... 237%71 > |x%\, for k even.
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The composition sj, o ®F : Oy — (tsow)’. gives us [£] continuous (not every-

where smooth) functions which we denote
A® =W /\('Z)J).

In this notation the superscript keeps track of the dimension of the matrices in the
group (not the dimension of the maximal torus). Note that due to our choices of
positive Weyl chambers, the only Gelfand-Tsetlin functions that can be negative
are {:U(%k)}, for k even.

O) — 2 so(k)*

Sk
AR)

(tsom))}
These functions are related to the following action of Tso() denoted by *. An
element ¢ € Tsox) acts on a point A € Oy by the standard SO(k) action of
B7't B, where B € SO(k) is such that B®*(A) B~ € (tsou) )i
-1

B 'tB B 'tB
tx A= A

In_k In—k

Note that for regular orbits, the unique wall of the positive Weyl chamber from
Proposition 3.4.1 applied to SO(k) action, of, is simply the interior of the positive

Weyl chamber. Therefore the Propositions 3.4.2 and 3.5.1 give:

Proposition 5.2.1. The function A®) is smooth at the preimage of the interior

of the positive Weyl chamber,

Usogy = (AM) 7 (int (tsomw)})-

Moreover, the x action of the torus Tsow) on Usow) is Hamiltonian and AP s q

momentum map.
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If G = SO(2n+ 1), putting together these functions for k = 1,...2n we obtain
a function, denoted by A = {Ag-k) N<k<2n1<j< ng}, mapping Oy to RV,

where
N=n+2n—1)+2n—2)+...+2-2=n+n(n—1) =n’

If G = SO(2n), then we obtain a function A = {)\g-k) 1<k<2n—-1,1<j<|%]},

mapping O, to RV, with
N=2n—-1)4+2n—2)+...+2-2=n(n—1).
In both cases N is equal to half of the dimension of a regular coadjoint orbit of G.

Putting the actions together we obtain the Hamiltonian action of the Gelfand-

Tsetlin torus 7' = Ty = Tsom-1)®. . . ®Ts02) = (S')" on the dense open subset
U:=nNy Ugo(k)

of the coadjoint orbit @y where all functions A*) are smooth. This action is called

the Gelfand-Tsetlin action and its momentum map is A.

5.3 The Gelfand-Tsetlin polytope for the special orthogo-

nal group

In this section we describe in details the image of Gelfand-Tsetlin functions, A(O,).
The fact that the image forms a polytope seems to be well known. However we
could not find a reference for this fact. Therefore we prove it below. The following
lemmas are helpful in analyzing the image of Gelfand-Tsetlin functions. Their

proofs are in the Appendix B.
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Lemma 5.3.1. For any real numbers

bi>a1>by>ay> ... > ap1 > by > |ag (5.1)
there exist a real vector Y = [y1,...,yox|T in R such that the skew symmetric
matrices

L(a1) L(b1)
L(a L(b
(a2) v (b2) 0
A= and S =
L(ax) L(bk)
-yT 0 0 0

are in the same SO(2k + 1) orbit. Moreover,
(1) if a;,b; are not satisfying inequalities (5.1), then such Y does not exist,
(2) if j is the unique index from 1,... .k such that a; = by, for some m, then

Y2j—1 = Yo; = 0.

Here is the even dimensional analogue.

Lemma 5.3.2. For any real numbers

a; > by >ay > by > 00> b > ag (5.2)
there exist a real vector Y = [y, ..., yox_1]7 in R such that the skew symmetric
matrices

L(b1)
L(bg) L(al)
Y L(a
A= and (a2)
L(bg-1)
0 L(ak)
-yT 0

5




are in the same SO(2k) orbit. Moreover,
(1) if aj, b; are not satisfying inequalities (5.2), then such'Y does not exist,

(2) if j is the unique index from 1,... .k such that b; = a,, for some m, then

Y2j—1 = Yo = 0.

5.4 The polytope for SO(2n + 1)

Now we are ready to describe the image of the Gelfand-Tsetlin functions for the
case G = SO(2n + 1), in R". Let {xgk) 1<k <2n,1<j<|%]} be the basis of

(R™)* dual to the standard basis of R™".

Proposition 5.4.1. For SO(2n + 1) the image of the Gelfand-Tsetlin functions
A: Oy — R™ is the polytope, which we will denote by P, defined by the following

set of inequalities

(2k)
2

(2k—1)

(2k)
k—1 |7

(2k) (2k—1)
x> xy > x i

>0 > > >y > |z

(5.3)
x§2k+1) > l.ng) > $g2k+1) > :L'é%) > > x}(€2k+1) > |QC](€2k)’7

(2n+1) _ A

for allk =1,...,n, where z;

Proof. The above proposition follows from consecutive applications of Propositions
5.3.1 and 5.3.2. We will show only the first two steps as the next ones are analogous.
(Similar procedure for the unitary case is described in the proof of Proposition

43.1)

Take any point a = (agl)) € R™ satisfying inequalities (5.3). Lemma 5.3.1
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implies that there exist a real vector Y; such that the matrix

L(a{™)
2n
L(a$™) ,
1
Ay =

L(alt™)

~v 0

is in the same SO(2k + 1) orbit as A, i.e. By A; B! = \ for some matrix B; €
SO(2n + 1). Now we apply Lemma 5.3.2 to find a real vector Y5 and a matrix
By € SO(2n) such that for the matrix

Loy ™)
L(ag™ ")
Yo
A2 = @n—1)
L(a’n—l )
0
-Yi 0
we have
2n
L(ay™)
L(a$™
BQAQBQ_I _ ( 2 )
L(ay™)
Therefore the matrix
A, B;'Y;
~YB, 0
has desired values of the Gelfand-Tsetlin functions aS‘Qn), ™V andisin O \ as
By Ay | By'Y B;*
B, B!
1 ~Y'B, 0 1

7



By Ay Byt

Bi'=B A B{t =\

_Y1T 0
Successively repeating similar steps, one can construct a matrix in O, with pre-
scribed values of Gelfand-Tsetlin functions if only these values satisfy inequalities

(5.3). 0

We can think of the Gelfand-Tsetlin polytope as the set of points whose coor-
dinates fit into the following triangle of inequalities. Let the first row be given by

ALy oy Ay (0r [Ay| in SO(2n) case). Form next rows from the coordinates with the

(k)

same superscript so that top left and right left neighbors of the coordinate x;" are

xg-kH) and xg»’_f;l). The value of ng) must be between the values of its top left and

top right neighbors.

A1 Ao .. A1 An
2n 2n 2n 2n
xg ) xé ) .. a;f,,_} |x£1 )\
2n—1 2n—1 2n—1
0 ggnn] an

5.5 The polytope for SO(2n)

Situation for G = SO(2n) is very similar. Let {xgk) 1<k<2n—-1,1<j<|%]}

be the basis of (RV)* = (R™™1)* dual to the standard basis of R".

Proposition 5.5.1. For SO(2n) the image of the Gelfand-Tsetlin functions A :

Oy — R~ s the polytope, which we will denote by P, defined by the following
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set of inequalities

xgzk) > ajgqu) > ngk) > wgqu) > > xl(f—ki > 'CE;(f_kfl) > |371(ka)‘7 o
5.4
x(12k+1) > xg%) > xéQkH) > xé%) > > x§€2k+1) > |x](€2k)|’
forallk=1,...,n, where x§2n) =\ forj=1,...,n.
Proof. Analogous to the proof of Proposition 5.4.1. [

Here we also can present these inequalities in the form of a triangle of inequal-

ities similar to the SO(2n + 1) case above.

5.6 Isotropy weights of the Gelfand-Tsetlin action

Notice that A()\) is a vertex of P. This is because at this point all the Gelfand-
Tsetlin functions are equal to their upper bounds. If on the triangle of inequalities
we connect by a line all coordinates of A(A) with the same values, then we obtain

the picture in Figure 5.1.

We will analyze edges starting from A()X). For more details about identifying
vertices and edges of the Gelfand-Tsetlin polytope, see Lemmas 4.3.3 and 4.3.6 or
[39]. Basically, to obtain an edge starting from A()\), we pick one of the inequalities
defining P that are equations at A(A), and consider the set of points in P satisfying
all the same equations that A()) satisfies, except possibly this chosen one. It is
important to note that in this way we obtain ALL the edges starting from A(\).
This procedure may not work if instead of A(\) we analyze a vertex V' of P such

that A='(V’) is not in a subset of U.
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AL
NN AL | A

SO@2n +1) \ ) SO(2n) \ \

Figure 5.1: The values of Gelfand-Tsetlin functions for A(\) in G = SO(2n+
1) and G = SO(2n) cases.

Pick any k € {1,...,n} for G = SO(2n+ 1), or k € {1,...,n — 1} for G =
SO(2n), and j € {1,...,k}. Consider the set F := EJ(-%), that is the image of
points where all the Gelfand-Tsetlin functions are equal to their upper bound,
apart from the function )\§~2k). That is, E is the line segment consisting of points

a € RY satisfying

al(m) = )\, for all m and for all [ # 7,
ag»m) = \; for all m > 2k,
a{™ = al™ for all m < 2k, (5.5)

J

2k)

a;, '€ [)‘j+17/\j] 1fj < k,

—~ .~

al™ e [= g, \i] if j = .

<
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The following graphical presentation (of the case j < k) can be helpful.

Aj-1 Aj Aj+1
A A A
(2k+1) (2k+1) (2k+1)
aj1 j Aji1
A Q N
(2k) (2k) (2k)
@j-1 @ @41
N N\ N
(2k—1) (2k—1) (2k—1)
aj 1 a; @jpq

The set E is an edge of P. Proof of this fact in nearly identical as in the unitary
case, described in Lemma 4.3.6. The vertex A()) belongs to E. Denote by E the
half open line segment: E minus the other endpoint, i.e. o A(A) U int E. From
the definition of U it follows that if ¢ € U and A(g) belongs to a face F of the
polytope P, then A~!(int F) is in U. Therefore A‘l(_EO) is also contained in U and
is equipped with a smooth action of the Gelfand-Tsetlin torus. Below we analyze

—0

carefully which matrices are in A™1( ).

Lemma 5.6.1. A_I(E()) 18 a disc invariant under the action of the Gelfand-Tsetlin

torus.

To make the notation easier, we will write A ~ B if A can be conjugated to B
using a special orthogonal matrix of appropriate size. We also write (A); for the

[ x [ top left submatrix of A.

Proof. Applying the Propositions 5.3.2 and 5.3.1 we deduce that, in the G =
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—O0

SO(2n + 1) case, A"'(E) consists of matrices M,

L(\1)
L(Aj-1)
L(a$™)
L(Ajt1)
L(A)
_pT
_y”T
L(Akt2)
0
L(An)
where

and the real vectors P and Y are such that

J

afk) € (=, M) if j = F,

(M)2k+1 ~ <)\)2k+1 and (M)2k+2 ~ ()\)2k+2-

al™ e (A1, N if j < K,

Top right (2k+2) X (2n+1—2k—2) minor, and bottom left (2n+1—2k—2) x (2k+2)

minor of M must be zero in order to have (M), ~ (X\); for all [ > 2k + 2.

The Proposition 5.3.1 implies that the [-th coordinate of P, p;, must be zero

for all [ # 25 — 1,2j. The traces of ((M)ary1)? and ( (N)axs1 )? need to be equal,

therefore pgj_l +p§j = )\JZ — (a§

of a§2k)

2k))2

. This gives a circle of solutions for every choice

in (Aj41,;) and the unique solution of p3; | = p3; = 0 if ag-%) =\

Now we analyze conditions on vector Y. We are to have that (M )ogio ~ (N)ogro.
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If B € SO(2k + 1) is such that B (M)a11 B™' = (A)as1, then

B (M)2k+1 Y B! B ()‘)27€+1 BY
1 YT 0 1 -YTB'| 0
Therefore
(Naens | BY (M)gir | Y
~ = (M)ar+2 ~ (A)art2-
~-YTB=t| 0 YT |0

Denote the coordinates of the vector BY by (v1,...,v941). According to the

Lemma 5.3.2 the condition that

<>\)2k‘+1 BY
~ (N)ak+2
~-YTB=t] 0
implies that
V= ... =V =0, V3 =N_1.
Therefore
0 0
BY = ' or BY = ' . (5.6)
0 0
)‘k-‘rl _)\k—f—l

For any choice of vector P, matrix B is uniquely defined only up to multiplication
by an element of maximal torus of SO(2k+1). Every element ¢ of this torus has k
(2 x 2) blocks of rotations on the diagonal, the last diagonal entry equal to 1, and

all other entries zero. Therefore we have exactly two solutions to equation (5.6):
Y =B7H0,...,0, £\ 1)".

For both of these solutions (M )arso has the desired characteristic polynomial

Gorr2(t) = f;rll (t* + X?). However only one of them will give us matrix in the
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SO(2k + 2)-orbit of (A)g42 as explained in the proof of Lemma 5.3.2 given in the
Appendix B. This means that the vector Y is uniquely defined for every choice of

vector P. Therefore the preimage of E is a disk.

If G = SO(2n) the proof is nearly identical. Just delete last row and column

in the presentation of M. Conditions on X and Y stay the same.

Now we analyze the isotropy weights of the action.

Lemma 5.6.2. The weight of the Gelfand-Tsetlin torus on T,\A_l(_EO) is —w]@k),

where

W Z 0

=25
and E is an edge of P equal to the vector
(e =€), A) wy™ = (O = Ay wy™ ifj <k,
(e, ) w =2 x, wi ifj=k

Remark 5.6.3. Lemmas 5.6.2 and 5.6.5 find all the isotropy weights of the
Gelfand-Tsetlin torus action at \. Consider the lattice generated by the isotropy
weights. Notice that for the special orthogonal group the isotropy weights are prim-
itive vectors in the lattice they generate. This fact has an tmportant consequence.
To apply Proposition 3.2.6 we need to find ¢ such that the set EJ(-%) 15 equal to the
(—c) times the isotropy weight along E. In our case, the ¢ we need is the same
as the lattice length of E with respect to the weight lattice, exactly because all the
1sotropy weights are primitive. We want to point out that this is not necessarily

true in general.
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Proof. To make notation easier we concentrate on the case G = SO(2n + 1). The

proof for G = SO(2n) is nearly identical.

An element R € Tso() of maximal torus of SO(I), with [ > 2k + 2, acts on a

—O0

matrix M € A~1(E) by conjugation with

B 'RB

[2n+l—l
where B € SO(I) is such that B(M);B~' = (A\); € (tso))%. This action is trivial.
To see this denote by S the bottom left (n+ 1 —1) x (n+ 1 —[) submatrix of M.

Then

B~'RB (M),

I 0o |S I 0o |S

Therefore the functions 2\ with [ > 2k + 2 are constant on A~( EO)

Now consider the action of maximal torus of SO(2k + 1), Tso(k+1)- Let B €
SO(2k + 1) be such that B(M)ag+1B™ = (N)akt1 € (tso@rt1))’- Denote by S the
bottom right (2n — 2k) x (2n — 2k) submatrix of M. An element R of Tso(2k+1)

has the form

R(aq)
R =
R(ax)
1
and it acts on M by
(M)2p41 ( Y ‘ 0 )
B 'RB ‘ B 'R 1B ‘
Iz, oy YT Ion—2k

S

0
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(M )og+1 ( B lR1BY ‘ 0 >

YT (BRB™1H)T
S
0
Recall that
0 0
BY = ' , so RBY = ' — BY, and B"'RBY =Y.
0 0
== VA Akt

Therefore this action is also trivial.

Now let Tsoq) be the chosen maximal torus of SO(l) for | < 2k. An
element of Tgop) is of the form R = diag(R(a),..., R(a%), 1) or R =
diag(R(cv), . .. ,R(a%)). Note that for [ < 2k the submatrix (M), is in the positive
Weyl chamber (tgo@y)%. Therefore an element R € Tsoq) acts on M simply by
conjugation. Denote by W the top right I x (2n+ 1 —1) submatrix of M, and by S
the bottom right (2n+ 1 —1[) x (2n + 1 — 1) submatrix of M. With this notation,

the action of R is the following.

(M), | W

—WT| S8 —(RW)T| S

Only two of the columns of W maybe be non-zero: column (2k + 2)-nd contains
the first [ coordinates of the vector Y, and column (2k + 1)-st contains the first [
coordinates of the vector P. We already showed that the only possibly non-zero
entries of the vector P are py;_; and ps;. Therefore the submatrix W has possibly

non-zero entries in the (2k 4 1)-st column if and only if [ > 2j. In this case, notice
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that only the j-th circle of Tsoq) acts on the (2k + 1)-st column, with speed 1.

0 0
0 0
P2j—-1 P2j-1
R = R( ])
D2j p2;
0 0
0 0

Recall that the vector Y is uniquely determined by the vector P. Therefore, when

—O0

we analyze the action of T on T\A™!( F), independent variables are only in W, S, P.

—O0

This means that the weight of the Gelfand-Tsetlin torus on TA\A™!(E) is
2%k
1=2;
The conditions (5.5) imply that the set E is an edge of the polytope P given by

the vector
2%k 2k
(N = A wf™ = ((ej = ej01)" A) wf™,
if 7 < k, and by the vector
(ef,\) w,i%) =2\ w,i%)

if j = k.

Recall that for G = SO(2n + 1) we were taking k from the set {1,...,n}, and
for G = SO(2n) we had k € {1,...,n — 1}. Therefore the collection of lattice

lengths of edges E]@k) is
{AM = Ao,y A1 — A, 20,00, 20, ) for G = S0O(2n + 1)
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{)\1 — )\2, ey )\n—2 - )\n—lu 2/\1, ceey 2)\71—1} for G = SO(??’L)

Now we analyze the other edges starting from A(\). We still think of (RY)*
as having coordinates {ngk)}, for appropriate k,j. Pick any k£ < n and 57 < k.

Consider the set F':= F j~(2k+1), that is the image of points where all the Gelfand-

(2k+1)

Tsetlin functions are equal to their upper bound, apart from the function A; .

That is, F' is the set of points satisfying

al(m) = )\, for all m and all [ # j,

al™ = \; for all m > 2k + 2, (5.7)

J

o™ = ™™ for all m < 2k + 1,

where a§2k+1) € [Aj+1,A;], unless G = SO(2n) and k = n — 1,5 = n — 1 when
afff” € [|An], An_1]. Here is graphical presentation

Aj-1 Aj Aj+1
N N X
(2k+2) (2k+2) (2k+2)
451 4 @j+1
N . N (5.8)
(2k+1) (2k+1) (2k+1)
45-1 a; %j+1
N S N

(2k) (2k) (2k)

aj-1 a; @541

Again, similarly to the unitary case (Lemma 4.3.6), one can show that F' is an
edge of P. Let F= A(MN) Uint F denote the edge F' without the second endpoint.
From the definition of U and the fact that A(A) € U, it follows that the set
Afl(ﬁo) is also contained in U. Therefore it is equipped with a smooth action of

the Gelfand-Tsetlin torus.

Lemma 5.6.4. A‘l(?) 15 a disc invariant under the action of the Gelfand-Tsetlin

torus.
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Proof. In this proof we again concentrate on the case G = SO(2n + 1) as the

procedure for G = SO(2n) is analogous.

—O0

A~Y(F) consists of matrices M of the form

L(A1) 0
L(X\j-1)
L(a§-2k+1)) v
L(Xj+1) 0

L(\k) 0
0 0 0

YT 0

L(Ak+2)
0
LOw)
0

where a§2k+1) € (Aj41, )], unless G = SO(2n) and k = j = n — 1 when affl_l) €

(|Anl; An—1], and the real vector Y is such that (M )ogi2 ~ (Aggs2). Notice that the
top right and bottom left minors have to be zero to have that (M), ~ (), for any

[ > 2k + 2. The Proposition 5.3.2 implies that

yy=0foralll #25—1, 25, 2k+1

(2k+1
J

and that ysr,1 and ygj,l + y%j are uniquely defined. If a ) = Aj, then y; 1 =

y2; = 0, and yop41 = —A;. For each o+

; € (Aj41,,) we have a circle worth

of choices for y9;_1,y2; = 0, and unique choice for yo41. Therefore A FO ) is a

2-dimensional disk. O

Now we analyze the isotropy weights of the action.
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Lemma 5.6.5. The weight of the Gelfand-Tsetlin torus on T,\A_l(j?o) is —w](?kﬂ);
where

%h+1

1=2j

and F is an edge of P equal to the vector

((e; — €)Y, A) W™ = () = Ajer) w Y,

unless G = SO(2n) and k =n —1,j =n — 1 when F isan edge of P equal to the

vector (An_1 — [An]) w5 Y.

Proof. For simplicity of notation assume that G = SO(2n + 1). To obtain the
proof in the case G = SO(2n) one only needs to delete the last row and column of

M.

First consider the action of Tso) with [ > 2k + 2. An element R € Tso() of

—O0

the maximal torus of SO() acts on matrix M € A~*(F') by conjugation with

B~ 'RB

I2n+1—l

where B € SO(l) is such that B(M),B~' = (\); € (tsoq))%. Denote by S the

bottom left (n+1—1) x (n+ 1 — ) submatrix of M. Have

B~'RB (M), | 0 B-'R'B (M), | 0

I 0 |S I 0 |S
Therefore the functions 2" for [ > 2k + 2 are constant on A‘l(ﬁ?) and the action

is trivial.

Now consider the action of Tso(), for I < 2k + 1. An element R of Tso) has
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the form

R = . or R =
R(O./ L )
L5] R(o
1 2

)

Denote by W the top right [ x (2n + 1 — 1) submatrix of M, and by S the bottom
right (2n 4+ 1 —1) x (2n 4+ 1 — [) submatrix of M. Notice that (M); € (tsow))i-

Therefore the action of R is the following.

w R!

R (a1), () | rw

S

r )\ Cwr s I (R

Only one of the columns of W maybe be non-zero: column (2k + 2)-nd contains
the first [ coordinates of the vector Y. We already showed that the only possibly
non-zero entries of the vector Y are y;_1, y2; and yop41. Therefore the submatrix
W has possibly non-zero entries in the (2k + 1)-st column if and only if [ > 25 — 1.
The action does not change the (2k + 1,2k + 1)-th entry of M, namely yor 1. This
is because this entry is a part of W only in the case [ = 2k+1. In that case, R acts
on this entry by multiplication by its (2k + 1,2k + 1)-th entry, which is equal to
1. There is however nontrivial action on the (2k + 1,25 — 1)-th and (2k + 1, 25)-th

entries of M if only [ > 2j. The j-th circle of Tso(;) acts on the (2k+ 1)-st column,
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rotating them with speed 1.

0 0
0 0

R Y251 _ R(a]) Y25—1
Y24 Y2,
0 0
0 0

—O0

This means that the weight of the Gelfand-Tsetlin torus on Th\A™!(F) is

2k+1

(2k+1) )
—w; = Z L

1=2;

The condition (5.7) implies that F is an edge of P equal to the vector
(O = A,

unless G = SO(2n) and k = n — 1,7 = n — 1 when F is equal to the vector
At — [An)w@ Y.

n—1

Note the collection of lattice lengths of edges F ]§2k+1) is
{)\1 — >\2, ey )\n—l - )\n} for G = SO(2’R + 1),

{)\1 — )\2, ey )\n_g — )\n_l, >\n—1 — |>\n|} for G = SO(QTL)

]

Remark 5.6.6. In this work we explicitly calculated the isotropy weights. The fact

that they are primitive vectors proves that the action is effective.
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Note that there is also another way to obtain the isotropy weights of the ac-
tion on TO,. We already know that on the set U C O, where the Gelfand-
Tsetlin functions are smooth, they integrate to a Hamiltonian torus action with
momentum map Ay, turning U into a (non-compact) toric manifold. It is easy
to see that meighborhood of X is in U. Therefore the isotropy weights of the
Gelfand-Tsetlin action on T\Oy are (negative) multiples of the primitive gener-
ators of edges of P starting from A(X). A priori we don’t know if the multiple
is (=1). One could use the description of the Gelfand-Tsetlin action (see Sec-
tion 3.5) to show that the action is effective, as we did in Lemma 4.2.2 for the
unitary case. This would imply that the isotropy weights at the fized point \ are
(—1) - (primitive vectors generating edges of P starting from A(X)), because for the
case of proper group actions on connected manifolds effectiveness implies local ef-

fectiveness (see Corollary B.42 in Appendix B of [15]).
We summarize the above section in the following corollary.
Corollary 5.6.7. Every edge of P starting from A(\) has lattice length equal to
at least min{ |[(a, \)| ;¥ a coroot}.
Proof. Direct application of Lemmas 5.6.2 and 5.6.5 would give us lower bounds
for lattice lengths equal to
min{)\l — )\2, ce 7)\n—1 - )\n,2>\1, .. ,2)\n} if G = SO(Q?’L + 1),

min{)\l — )\2, Cey )\,171 — >\n; )\n,1 — ‘)\n‘72)\17 Ce 72/\n7272)\n71} ifG = SO(2TL>

Inequalities coming from the fact that A is in the positive Weyl chamber imply

that the minimum over the first set is equal to
min{)\l - )\2, ceey )\n—l - )\n, 2 )\n}7
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while the minimum over the second set is equal to
min{)\l - )\2, .. 7)\7171 - )\n, )\n,1 -+ )\n}

For example,

22X > A + |>\n’ =\ £ )\na
)\n—l — |)\n| = min{)\n_l — )\n, )\n—l + /\n}

Analysis of root systems done in Subsection 5.1 gives that in both cases the mini-

mum is equal to min{ [{a¥, \}| ; & a coroot}. O

5.7 The proof of lower bounds for Gromov width of SO(n)

coadjoint orbits

Proof. To prove the Theorem 5.0.4, we will proceed as in the Example 3.2.7. Recall
that 2N is the dimension of the orbit Oy, where N = n? if G = SO(2n + 1) and
N =n(n—1)if G =S50(2n). The point A € O, is a fixed point for the action of
the Gelfand-Tsetlin torus. Moreover, preimage of A()) is a single fixed point, {\}.
From the definition of U it follows that A € U and that
T:= |J A'(elint F) CU.
TAseE”
Moreover the action of the Gelfand-Tsetlin torus on 7 is centered around A(\).

Denote the isotropy weights of the action Tgr ~ ThT = T\Ox by —m1, ..., —1N.

Let 7 = min{ [{(a¥, A)| ;& a coroot}. Corollary 5.6.7 shows that lattice lengths of
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all edges starting from A()\) are at least r. Therefore

N
AN +7Y alneT
=1

for any z € B2V, ball of capacity r. Proposition 3.2.6 gives symplectic embedding

of the ball of the capacity r. Therefore r is the lower bounds for Gromov width. [
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APPENDIX A
CENTERED REGIONS FOR NON-SIMPLY LACED GROUPS

Let G be a compact, connected, non-simply laced Lie group, and T" be a choice of
maximal torus. Choose positive Weyl chamber and let p € (t)% be a point in the
interior of this chamber. Consider the coadjoint orbit M, through p, and denote
by 2N the dimension of M. Coadjoint action of the maximal torus 7" on M is

Hamiltonian. Denote the momentum map for this action by p : M — t*. Let

Q; = u({r € M; dim(T - ) = 1}) be the image of the 1-skeleton of M. Then Q;
is an N-valent graph contained in the polytope p(M). (This follows from the fact
that 7" acts on M in a GKM fashion. For more about GKM manifolds see [11],
[36]). Note that p = u(p) is the fixed point of this action. Let 7 C t* be such that
pu~t(T) is centered around p. In particular, for any edge F of Q;, ENT # 0 if and
only if p € E. One could apply Proposition 3.2.6 and obtain some lower bound for
Gromov width of M as explained in the Example 3.2.7. In this section we show
that in the case of non-simply laced group, this lower bound is weaker (i.e. lower)

then the predicted Gromov width of the coadjoint orbit,
min {|{a", p)|; o a coroot } .

This observation makes our result for the SO(2n + 1) coadjoint orbits even more

interesting, as the root system for SO(2n + 1) is non-simply laced.

Let o, B € t* be two roots of Euclidean lengths ||a|| > ||5]|. For any root n let
o, : t* = t* denote the reflection through hyperplane perpendicular to 7. Then

the image of o under the reflection o,

(8, )
(B, 8)

op(a) = =2 B=a—(",a)p,
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is also a root (see condition R3 in I11.9.2 of [17]). What is more,

lafl = [los(a)]l.
For any root 7, the points p and o,(p) are connected by an edge of Q;. In particular

there exist and edge in Q; joining p with a point

(, p) N
(o, @)

0a(p) = =p—2

Call this edge E;. Denote by E, the edge in Q; from og(p) in the direction of
os(a), joining o3(p) with a vertex o,,(a)(03(p)). The definition of centered region
implies that the edge E5 has to be disjoint from 7. We want to know how big
portion of the edge F; is contained in 7. Definitely the intersection of edges F;

and Fs is not in 7. These edges intersect if there exists ¢, s such that

o5(p) + sos(a) = p + ta.

This means:

=0 sop(a (5]9) s|la— B
bt = oalp) +s0s(0) = p =27 0A + ( 2%5)5),
LB, (B
o= 2<5,5>5+ 255"
t-sla=- m ((8,p) + s(8.0)) B

As «a and  are roots of different lengths, the only solution to the above equation
is when t = s and (3, p) + s(58, @) = 0. The point p was chosen from the interior of

the positive Weyl chamber, thus (3, p) # 0. The solution exists if also (5, a) # 0

and is
. _Bp _ B <2<ﬁ,&>>1
(B, ) (8,8) \ (B,8)
The values of 6,6’>> can only be 0,+1,£2, £3 ([17, Chapter 9]). By the above, we
know it is not 0. If 2< B:0) — 41, then ||a|| = ||B]] ([17]) contrary to our assumptions.

B,8)
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E,

aa(p)

Figure A.1: One-skeleton of SO(5) coadjoint orbit

Thus it has to be +2 or +3. In both cases we get that the solution

(8, p) <2<5,a>)1 (3,p)

(5.8) \ (5.5) 2‘@‘ = (8".p).

This means that the portion of the edge F; contained in 7 has length strictly less

=2

then (8", p) ||a||. Therefore the lower bound for Gromov width that we can obtain

from the centered region T is less then (8", p) (the isotropy weight along the sphere

p~'(Ey) is ). It may happen that the minimum min{]| (af,p) |;a; a coroot} is
equal to (8Y,p). In this case, the predicted lower bound of Gromov width of the
orbit is strictly greater then the bound one could get from the centered region for

the standard action of the maximal torus.

For example, consider SO(5) coadjoint orbit M through a block diagonal matrix
p = diag(L(6), L(1),1) in so(5)*. The momentum polytope (M), together with
the image of 1-skeleton are presented on Figure A.1. Edge lengths are given with

respect to the weight lattice. Preimage of the shaded region is the maximal subset
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centered around p for the standard action of maximal torus. The portion of edge

E) contained in this region is of length

<€2> (67 1))

= 1.
(€9,6€1 + €3)

Therefore using this centered region, we can construct embeddings of a ball of
capacity at most 1. Regions centered at the other fixed points would give the same
result. The Theorem 5.0.4 provides a better lower bound, because the pairings
of p with coroots ey, ey, (e1 + e2)¥, (e1 — e2)¥ give (respectively): 12,2, 7, 5 and

minimum of this set is 2.
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APPENDIX B
PROOFS OF LEMMAS 5.3.1 AND 5.3.2

Proof Lemma 5.3.1. We are given real numbers satisfying inequalities (5.1):

by >a; >by>ay> ... > ap_1 > by > |ay

and we are to show that there exist a real vector Y = [yi,...,y2]7 in R* such

that the skew symmetric matrices

L(al) L(bl)
L(asz) L(b2)
A= and S =

are in the same SO(2k + 1) orbit.

Proof. Two matrices in s0(2k + 1)* are in the same SO(2k + 1) orbit if and only

if they have the same characteristic polynomial. The characteristic polynomial for

A7 XA(t) is

o a —Y1
—ayp t —Y2
xa(t) =
t k. —Y2k—1
—ap t —Y2k
YiooY2 oo Y2k—1 Y2k 3
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0 t  as t 0 0 0
0 —ag t 0 t ag
. 0 —ao t
=—y1| —a - +
t ag .
—ag t t aj
Y2 Y3 Y4 .- Y2k—1 Yok 0 —ap t

+1o (—a1 W [J +a) + et ] + a?))) +o [+ a))

i1 J#1 i=1
k k-1 k
= (a1 +yit—ary1ya+yst) H t2+a )+ (Y1) t H(t2+a?)+tH(t2+a?)
j=2 Jj=1 Jj=1
k k
=t (o +ua) [[E+a) +e ][ +a).
=1 Al j=1

The characteristic polynomial for S is xg(t) =t H§:1(t2 + b7). Simplifying ¢ we
get the equation

k k

k
S +w) [[E+a)+ [ +a) =] +02). (B.1)
=1

J#l j=1 =1

Case 1. Assume first that a and b are regular, that is
by > ay > by >as > ... > ag_1 > b > |agl| (B.2)

Then we can write the Equation B.1 as

k k
y +y
I+ (1430 it ) - T o),

Jj=1 J=1

Substituting ¢t = +ub, for s = 1,..., k we get the system of equations

Z yzz 1t yzz
bk < —b3 +a1 )
Introduce the notation

.2 2
W = Y1 + Yoy
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Solving the Equation B.1 for regular case is equivalent to finding nonnegative

solution in w's to the system of linear conditions

k
wq
Vb Do =1L (B.3)

Denote by M = [mg], mg = ﬁ the matrix of this system of equations. Matrices
s l

of this type are called Cauchy matrices. In 1959 Schechter ([34]) proved that

[T, T (67 — b2)(a? — a?)
Hf:l H?:l(b? - a?)

Moreover, he showed that the inverse matrix M ~! = [m*¥] is given by the formula

det M =

£ 0.

m* = (b2 — a?) B;(a?) A;(b?)

J (2

where Bj(x), Aj(z) are the Lagrange polynomials for (b7) and (a7). This means

that
() = Alz) and B;(z) = Blz)
A= F@ - P T e -y
with . .
Ax) = H(m —a?) and B(z) = H(x —b).

Therefore, the solution to our system is given by (see also [29, Ch VIII])

H?:l(alQ - b?)
H?;él,jzl(alQ - %2‘)

Notice that, due to inequalities B.2, the numerator is positive if and only if £{j; 7 >

w; = —

[} is even, while the denominator is positive if and only if #{j; j > [} is even. Thus

wy is always positive, as required.

If the inequalities 5.1 are not satisfied, then some w; is negative and therefore

there is no solution in ¥’s.

Case 2. Suppose that b is regular but a is not, that is there exists jo such that

aj, = by, (that is m = jy or jo + 1).
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Suppose for a moment that aj, is the only coordinate of a that is equal to b,
that is, b,, # a; for all j # jo. Then, substituting ¢ = ib,, in Equation (B.1), we
get that

2 12
Wio H(aj - bm) =0,
J#J0
thus w;, = 0. Therefore ya;,—1 = y2j, = 0. This means that ever term in Equation
B.1 contains a factor (¢? 4+ b2,) and we can simplify this factor. Then we arrive at
the equation with just & — 1 variables wy, ..., wj,,...wy, and 2k — 2 parameters
which are now regular or at least less degenerate. Repeating this step if necessary,

we get to the equation similar to Equation (B.1) that is regular (and has less

variables and parameters).

Now suppose that a;, is not the only coordinate of a that is equal to by,. As
b is regular, this can happen if and only if a,, 1 = b,, = a,,. Now every term in

Equation B.1 contains a factor (£ +02,). We simplify this factor. Introducing new

variables and parameters for j =1,..., k — 1
wj j <m-—1
B aj i<m  _ b; j<m
a; = ;b= y Wi =Y wm_1+w, j=m-—1
ajr1 jz=m bjiyr j=m
Wij+41 j>m—1
we get the equation
k—1 k k
> @) [[e+a?) + [[ +a) =]« (#2+b;)
=1 j#1 j=1 j=1

which is regular or at least less degenerate then the one we started with. Repeating
the above steps if necessary, we obtain a regular equation and can find the solution

using the inverse of appropriate Cauchy matrix.

Case 3. Now we deal with the case of b non-regular. Again we will try to
reduce it, step by step, to the regular case. Suppose that b; = b, for some index

j. Then a; is forced by the inequalities (5.3) to be also equal to b;.
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If no other @; is equal to a;, then substituting ¢ = ib; we obtain that w; = 0.
Therefore y9;_1 = y2; = 0. This means that every term in the Equation (B.1)
contains the factor (% + b]2> Simplifying this factor we arrive at the equation that

is one step less degenerate.

If there are other @; also equal to a;, then every term in the Equation (B.1)
contains the factor (% + b?) We can simplify this factor and, similarly to the
case above, introduce new variables to obtain an equation that is one step less
degenerate.

It is clear from the proof that if there exists unique index j such that a; = b,

then Yo2j—1 = Y25 = 0. ]

Proof of Lemma 5.3.2. Now we proof the even dimensional analogue, that
is Lemma 5.3.2. We are given real numbers satisfying inequalities (5.2) recalled
below:

ar > by >as > by > ... > bpq > |ay

and we are to find a real vector Y = [y,...,yar_1)7 in R?*~1 such that the skew

symmetric matrices

L(by)

A= . and S =

-yt 0
are in the same SO(2k) orbit.

If two matrices in so(2k)* are in the same SO(2k) orbit, then in particular

they have the same characteristic polynomial. We could proceed as in the odd
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dimensional case and start with comparing the characteristic polynomials of A
and S. This would again involve, for regular case, solving some linear system
of equations, with unknowns {y2_; + v, %2x_1}, given by a Cauchy matrix. By
the result of Schechter we know the inverse matrix, but it is still computationally
challenging to show that the solution is nonnegative (except possibly at yor_1).
For this reason, and to present another approach, we will proceed differently. We
will transform the problem into a problem for the unitary case. In particular we
use the following Lemma, which is a slight strengthening of Lemma 4.3.2 (Lemma

3.5 in [30], see also [14]).

Lemma B.0.1. For any real numbers piy > vy > jio > ... > liop_1 > Vog—1 > [hok

there exist x1, ..., xo,_1 in C and o in R such that the Hermitian matriz

1%} 0 fil

A= ,

0 Vok—1 Tok—1

ry ... Tokg—1 T2k
has eigenvalues uy, . .., pog. Inequalities between p; and v; are necessary for such
X1, ..., Tpr1 to exist. Moreover
1. The solution is not unique: gives conditions only on the values |x1],. .., |xor_1|

and xok. The coordinate o is uniquely defined by trace condition.

If vy, ... vek_1 are distinct then also |x1|,...,|Tox_1| are uniquely defined.

If vy = ... = v, then only the value |1)|)* + ... + |x146|? is uniquely defined.

2. If m is the unique index such that p; = vy, then x, = 0.

3. Suppose that v; = —vey_y, fy = —poks1-1, for L =1,... k, (so vy =0). Then

there ezists a solution with || = |zop—i| for il =1,...,k and x9 = 0.

Proof. Here we only prove the additional, strengthening statements 1, 2 and 3.
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1. Equation

only involves |x1|,...,|xor_1| and z9,. Guillemin and Sternberg while proving
the existence of solution (see [14]), also showed that |z1], ..., |zer—1| and xq are
uniquely defined in a generic situation, that is if vy, ..., 9,1 are distinct. If they
are not distinct, then dividing equation B.4 by appropriate factors (t — 1;)® we
reduce the problem to the generic one, with new variable y = |z;]? + ... + |7134|?,

instead of variables |z;|, ..., |z;1s|. The same reduction is explained in details in

Case 2 of the proof of Lemma 5.3.1 above.

2. The characteristic polynomial of matrix A is

2k—1 2k—1
t =) =Dl TJt—w).
=1 i=1 1#i

This must be equal to leil(t — ), the characteristic polynomial of S. Therefore,

substituting ¢ = p; we get

2k—1 2k—1
0=t ] (s —w) =D |l [[ (s — ) = =laul® [ (s — )
=1 i=1 I I#m

This means that x,, = 0, because m is the unique index such that p; = v,,.

3. The trace of Ais 0 = 1221 W= 21251_1 v, + X9y, thus x9, = 0. Notice that
conjugating A with a matrix of permutation switching [ with 2k—1[, forl =1,... k,

(which is in U(n)), will give the matrix A’, with the same eigenvalues as A.

Vok—1 0 Zop -1 0 Tok-1
A/ e —
0 1241 i’l 0 —U9k—1 [fl
Tokp—1 .- X1 0 Tofp—1 .- T 0

Eigenvalues of (—A’) are {—u;; [ =1,...2k} = {w; L = 1,...2k}, the same as of

the matrix A. Therefore the sequence (—zox_1,...,—x1,0) is also a solution to

106



question in the Lemma B.0.1. In case vy, ..., 19,1 are distinct, then the absolute
values of the solution are uniquely defined. Therefore |x;| = | — xor_i| = |zor_| for
l=1,....k. Ifyy = ... =y, then also vop_; = ... = 9, and equation B.4
imposes the same conditions on |72 +. .. +|z;1|> and on |wop_ |2 +. . . +|Tor_i—s|*.

Therefore we can alter the solution to satisfy |z;| = |zop—y| for I =1,... k. O

Now we are ready to prove Lemma 5.3.2.

Proof. Applying the Lemma B.0.1 we get that there exists X = (zy,...,29,_1) €

C?1, such that the matrix

by X1

b2 T3

br—1 Tok—3
0 Tok—1

—br—1 Tok—2

—ba Ty

—by X2

r1T X3 ... T2k—3 T2k—1 Tok—2 N T4 To 0

has eigenvalues (a1, . . ., |ag|, —|ag|, ..., —a1), and |x9;_1| = |zg;| for j =1, ... k—1.
Conjugating with a permutation matrix (which is also in U(2k)) will not change

the eigenvalues. Therefore there exist a matrix B € U(2k) such that

b1 1
—by T2 al

—a1

B~l= (B.5)

b1 Tok—3

—br—1 Tok—2 ak

0 Tok—1 —ak

1 X2 ... Top—3 Tog—2 Tag-—1 0
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Notice that

1 <

1

We will suppress m from the notation when the dimension is understood. Have
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1aq
L(ay) —iay
J J =
L(ag) iay
—iap
Also
b1 T1
—by T2
i br—1 Tok—3
—bg—1 Tok—2
0 | Tak—1
r T2 Tok—3 Tok—2 Tog—1| O
by
L‘ L1 ‘ X L‘ Lt
= v —b—1
R R R R
0
X 0



L(b)
I ' iL71 Xt
= L(bkfl) -
1
0
iX L 0
L L1
= A
1 1
where
L(by)
iL7L X
0
i1 X L 0

Together with Equation B.5 this gives that

a

L(Cbl) —aq

—ag

Notice that we can choose X so that A is not only in u(2k)* but also in so(2k)*.
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If x; = r; +iw;, then

1 —i wy + 1
— 1 We + 179
Y::z‘L-lx*:\% -
2 1 — Wok—3 + rak—_3
—i 1 Wop—o + 1Tok—2
1 Wag—1 + iTrok—1
wy + 1y +i(r; — we)
wy 411 +i(ry —wy)
_ 1
V2 Wok—3 + Top—2 + 1(T2k—3 — Wog—2)
Wo—9 + Tok—3 + i(Top—2 — Wok—3)
Wog—1 + 1T2k—1
This vector is real if and only if r9;_1 = wy; and 195 = wq;—q, for j =1,... k-1

and rg;_1 = 0. According to Lemma B.0.1, only the absolute values of z;’s are
uniquely defined and |zg;_1| = |xo;| for j =1,...,k — 1. Therefore, if we take any
Toj_1 = Toj—1+1wzj—1 With prescribed absolute value, and put x9; = wa;_1 +179;-1,
Tok_1 = |Tok_1| then vectors z'L,;1 X* and its transpose conjugate —i X Lj are real
and A € so(2k)*.

Moreover, the only two matrices in the positive Weyl chamber with the same

characteristic polynomial as the matrix A are

L(ay) L(ax)

L(a) L(—ay)
These matrices are O(2k) conjugate but not SO(2k) conjugate. Let R € O(2k)

denote the diagonal matrix with all 1’s on diagonal except the last, 2k-th, entry
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that is equal to —1. Then

S=RSR

If the matrix A we have constructed is in fact in the SO(2k) orbit through S , then

the matrix

L(by)
L(ba)

RAR ' =

YT 0
is in the SO(2k) orbit through S. Therefore, if Y is the vector such that matrices
A and S have the same characteristic polynomial, then either Y or —Y is the
solution we need. Again we have that y3; | + v3; = 2r3; | + 2w3; = 2|z;_1|* and

Yok—1 = E|Top_1| are uniquely defined. O
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