cien linear scaling algorithm for tigh in ing molecular ynamics S. Go edec e Cornell Theory Cen ter, Ithaca,NY 14853-3801,USA L. Colom Dipartimen to di Fisica, Univ ersit� di ilano via Celoria 16, I-20113 ilano, Italy (Receiv e Abstract no el form ul ation for tigh binding total energy calculations and tigh bind- ing molecular dynamics, whic scales linearly with the size of the system, is presen ted. The linear complexit allo ws us to treat systems of ery large size and the algorithm is already faster than the est implem en tation of classical diagonalization for sytems of 64 atoms. In addition, it is naturally parallelizable and it ermits us therefore to er- form molecul ar dynamics sim ulations of systems of unpreceden te size. Finite electronic tem eratures can also tak en in to accoun t. illustrate this metho in e stigating structural and dynamical prop erties of solid and liquid carb on at di eren densities. um ers: 71.10 x, 71.20.Ad, 61.20.Ja, 71.25. x. The tigh binding metho (T is one of the most widely used electronic structure met ho ds. The metho and its arian ts suc as the extended uc el metho ha een applied to wide range of systems ranging from transition metals to co ale materials. hen suitable repulsiv oten tial is added in the total energy expression, can also used for tigh binding molecular dynamics (T sim ulations en though the is not as accurate as ab initio densit functional and ar- arrinello molecular dynamic sim ul ations calculations it is useful to ol since the computational ort is signi can tly reduced in comparison with ab initio metho ds and it is therefore ossible to treat bigger systems or to follo the ev olution of the system er more time steps in molecul ar dynamics sim ul ation. onsequen tly large class of problems relev an to condensed matter ph ysics whic fall out of reac of can studied means of In spite of this, the application of to systems (h undreds or thousands of atoms) as hindered ecause the con en tional form ul ation of had cubic scaling with resp ect to the um er of atoms in the system and ecause there ere no algorithms whic could tak adv an tage of the erful parallel computers. e- ending on whether standard diagonalization tec hniq ues (S T) or ar{ arrinello yp ctitious agrangian dynamics are used, the cubic term arises either from the matrix diagonalization or the orthogonalization of the functions. This problem of the cubic scaling has een recognized the computational ph ysics comm unit and sev eral prop os- als ha recen tl een put forw ard to ercom this ottlenec k They are either based on the concept of lo calized orbitals or on the calculation of the densit matrix In this pap er presen no el form ulation of based metho ds, in whic the com- putational orkload scales linearly with In con trast to other approac hes it is based on pro ection step rather than on minim ization. The pro ection approac requires uc less in terpro cessor comm unic ation when it is implem en te on parallel mac hine than the curren minim i zation approac hes urtherm ore it is free of ume ricall cum ersom lo cal minim whic are found in restricted mini m iz ation sc hem e s. ur resulting com- putational framew ork is extrem ely cien and can applied to oth total energy calculations and sim ulati ons of systems with unpreceden ted size. ithin the sc hem the total energy of giv en system is expressed as (1) where are the single{particle energies obtained from the amiltonian is the erm i{ irac distribution function, and is suitable ectiv oten tial. uring con e tional sim ulation most of the computational ork is sp en in calculating the eigen alues and the eigen e ctors of They resp ectiv e ly en ter in the band structure term (2) and in the ellm an{F eynm an F) force term whic is the deriv ativ of with resp ect to atomic displaceme ts in tro ducing the erm matrix (4) these quan tities can expressed as (5) (6) where is the {th basis set function owdin orbital) cen tere on the {th atom site. The ab expressions for and follo readily from the fact that the trace is in arian under the unitary transformation from the {represen tation to the represen tation, and that the erm matrix is diagonal in the basis set of the eigenfunctions The ev aluation of the traces is trivial and scales linearly with It remains no to sho wn ho the ab de ned erm matrix and the matrix pro ducts in eqs.(5,6) can calculated in umeri call cien The erm distribution can appro ximated in the in terv al spanned the lo est and highest eigen alue of olynomial of degree nce this olynomial is kno wn, eac column of the erm matrix is calculated applying the matrix olynomial to This op eration requires computer time prop ortional to Since the dimension of the erm matrix is prop ortional to the metho as outlined ab impli es computational ort prop ortional to i.e an scaling with resp ect to the um er of atoms. e er, in insulators and disordered metall ic liquids an sc hem can ob- tained if one tak es adv an tage of the fact that the elemen ts of column of the erm matrix (hereafter refered to as )) deca exp onen tially as sho wn in Fig.1. get linear sc hem e, one simply zero es eac column eleme of corresp onding to those atoms falling outside su cien tly large sphere cen tere at the atom. name this sphere the The lo calized orbitals are not to confused neither with basis functions nor with eigenfunctions making use of the cut s, all the matrix{v ec tor ulti plic ations needed to compute the erm matrix and eqs.(5,6) ha to erformed only in the lo calization olum whic is uc smalle than the olum of the sim ulati on cell for large systems. rdered metals can in principle also treated with linear scaling if nonzero electronic temp erature is used. In this case the diagonal eleme ts of the densit matrix again deca exp onen tiall whereas they deca only algebraically at zero electronic tem erature. e er, unless one uses ery high electronic temp eratures the exp onen tial deca is ery slo compared to most insulators and the lo calization olum will equal to the olum of the system ev en for rather large systems. ne ould therefore observ quadratic scaling unless one treats gigan tic systems, where one ould again ha linear scaling. relim inary tests for this kind of metalli systems indicate that our metho is faster than standard diagonalization for systems con taining sev eral undred atoms. The degree of the olynomial is of the order of The met ho ecomes therefore slo er and slo er as one go es to lo er temp eratures. In most applications, ho ev er, the relev an ph ysical prop erties are only sligh tly ected the electronic temp erature and one can therefore hose an electronic temp erature whic is higher than the ph ysical one in order to further impro the ume ric al ciency In the case of an insulator, it is not necessary to repro duce the erm distribution in the region of the band gap and one can nd olynomial of degree where is the energy gap, whic giv es go accuracy in the alence band region ev e at ery lo temp eratures. ha applied our metho to solid and liquid carb on in the high 4.4 cm and lo densit 2.0 cm phase. arb on is system of in terest in man eld of science and its phase diagram is still matter of discussion. oreo er, there are sim ul ation 11 1 to compare with in order to establish the reliabilit of the presen computational framew ork. The o{cen ter hopping in tegrals required in eqs.(5,6) ha een determi ned on mini m al basis set consisting of four orbital for eac atom 13 and scaled up on in teratom ic distance according the arrison rule. The repulsiv oten tial (see eq.(1)) has een tted on to the cohesiv energy curv es of carb on in diamond and graphite structures and for the linear hain. urther details will published in follo wi ng pap er. The large bandgap of diamond allo ws us to use olynomial of rather lo degree 50) and pro duces whic deca ery rapidly (see Fig.1). cut the lo calized orbitals at radius of 11 atomic units. ith this hoice of parameters, the ev aluation of as correct to within less than one me atom when compared to calculation using standard diagonalization tec hni que (S T). In mic ro canonical sim ulation of 1000-ato crystal diamond the total energy as conserv ed to within 10 atom at temp erature of 00 In order to pro the high um eric al ciency of our metho d, rep ort in Figs.2 and the timing results for one time step of run. In Fig.2 sho that as so on as the olum of the sim ul ation cell gets larger than the lo calization olum of 64) nearly linear eha viour is observ ed. As matter of fact, the metho is faster than ev en in the case of small 64 atom systems. The corresp onding timings with library) are 5.4 sec for 64 atoms, 164 sec for 216 atoms, 54 min for 512 atoms and 25 min for 1000 atoms. In the case of 1000 atom system, reduced the execution time from more than hours to less than min utes. In addition, the mem ory requirem en ts are also drastically reduced: In our im plem en tation, the calculation of 1000 atom system requires only yte of mem ory Since eac lo calized orbital can calculated indep enden tly from the others, our metho is trivial to parallelize. The timings are sho wn in Fig. The computational sp eed on 25 pro cessors as er one giga ne time step on 1000 atoms, tak es no roughly ten seconds on the parallel computer with our algorithm. The sim ulation for carb on ere carried out with erio dically rep eated cubic cell con taining 512 atoms. used time step as small as 0.5 10 and the sampling as done during 2000 time steps after 4000 time steps of equilibration. In Fig.4 rep ort the particle{particle correlation function as calculated at 6500 for the high{densit phase. ell de ned eaks corresp onding to the shells of neigh ouring atoms can observ ed up to distance of 12 atomic units. The system do es not displa an tendency to melt as con rmed the atomic mean square displacemen t. The excelle agreemen to short range data 11 (dashed line) con rms the reliabilit of the presen calculation. In Fig.5 sho the for lo densit liquid carb on at 5000 It is clearly seen that the crystal structure has een completel lost, apart from the short{range features whic h, again, are in rather go agreemen to rst{principle data (dashed line). 12 oreo er, the liquid structure has een found to dominated o{fold and three{fold co ordinated atoms, as in Ref. 12 The di usiv eha viour results in to self di usion co cien of .5 10 cm as compared with 2.4 10 cm from the sim ulation. 12 hen applied our metho to small cells, whic are still accessible to T, the results ere alw ys quasi indistinguishable from the results obtained T. In conclusion, ha presen ted new linear scaling metho for tigh t{binding molec- ular dynamics. ha pro ed that the metho is extreme ly cien and easy to par- alleli ze. ha presen ted practical applications to carb on in di eren phases and at di eren densities. are grateful to rof. eter ornell) for helpful discussions and kind hospitalit ac kno wledge computational supp ort Swiss Scien ti omputing en ter anno, Switzerland) and ornell Theory en ter (Ithaca, SA). ne of us (S. .) ac kno wledges nancial supp ort from Swiss and .S. ational Science oundation. 1. edited R. iemi nen, J. usk a, J. anninen, Springer, erlin (1 J.A. ewski and ogl in orth olland, Amsterdam (1 ), p. 2. T. A. Albrigh t, J. urdett, and hangb o, John iley and Sons, ew ork (1 5) R. irkkunen, aasonen, and R. iem inen, J. ys. ondens. atter 7455 (1 1) 4. ang, .T. han, and o, ys. Rev. 12227 (1 2) 5. dwin, Skinner and A.J. ettifor, uroph ys. ett. 701 (1 6. olteni, olom o, and iglio, uroph ys. ett. 65 (1 7. R. ar and arrinell o, ys. Rev. ett. 2471 (1 5) alli and arrinell o, ys. Rev. ett. 547 (1 2) F. auri, alli and R. ar, ys. Rev. (1 rde on, rab old, run bac and R. artin, ys. Rev. 14646 (1 ohn, hem. ys. ett. 167 (1 .- i, unes and anderbilt, ys. Rev. ,10 (1 S. w, ys. Rev. 10 (1 A. Ala vi and renk el, J. hem. ys. 24 (1 2) ang, ys. Rev. ett. 14 (1 1) Aoki, ys. Rev. ett. 14 (1 10. F. han, ulletin of the Ameri can ysical So ciet 776 (1 4) 11. alli, R. artin, R. ar, and arrinello, Science 1547 (1 0) 12. alli, R. artin, R. ar, and arrinello, ys. Rev. ett. (1 .J. hadi and R. artin, Solid State omm un. 64 (1 76) ca The deca of lo calized orbital ersus the distance for xed ull circles denote the high densit crystalline phase, empt circles the lo densit liquid phase. time on RS6000 5 50 orkstation to calculate and forces with the presen metho for cells con taining carb on atoms. xecution sp eed as function of the um er of pro cessors on 1. The system considered is 1000 carb on atom cell. article{particl correlation function for solid high densit carb on at 6500 The dashed lines represen the results of Ref. article {particle correlation function for liquid lo densit carb on at 5000 The dashed line represen ts the results of Ref. Figure 1: Figure 2: Figure 10 Figure 4: 11 Figure 5: 12