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Abstract

We present a simple mathematical model of the collapse of tall multifsiddyngs in
general and of the World Trade Center (WTC) towers in particular with thet abje
predicting their collapse times. In constructing the model we firstdensvo modes of
demolition, one in which the supports of the bottom floor are destroyed and a second
where the supports of the topmost level are destroyed. In both modes it is assumed that
the retardation of the brittle structure of the building is insignificant. Ifitstenodel the
entire building collapses in free-fall, i.e. with opacceleration. In the second mode of
collapse we show that for very tall buildings the ratio of the time for collapsdaricke

fall times, as well as the reciprocal velocities of collapse, approach the sqobof 3 as

the number of floors is increased indefinitely. We then model the destruction offiie W
towers as a combination of these two modes of collapse. In this third mode of ¢ollapse
the destruction of the building results in an agglomeration of floors impacted froopthe t
by free-falling floors and impacting the lower floors below it. It maghewn that the
agglomeration has an acceleration of (8/5)A model constructed along these lines for
the collapse of the WTC towers, which had fractures originating at ditféoers,

results in collapse times that differ by 1.83 seconds. This difference avczlldgath

the measured 2 second difference in collapse times derived from video and seismic

records.
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The Collapse Times of Tall, Multi-story Building$ Gonstant Cross-section
Bradford Howland, Frank M. Howland, Howard C. Howland

| Introduction and statement of the problem

An important parameter that was measured during the collapse of each airttle W

Trade Center buildings was the duration of the collapse. These measurements were
made by correlation of the video data, which indicated times of initiation of cqlapde
seismic data from an observatory located 34 kilometers north of the event. Thesse tim

so determined, were nine and 11 seconds, for the buildings impacted at the 82nd and 98th
floors (Anonymous 2008), respectively. Due to uncertainty about the delay vimgcei

the seismic signal of collapse, the two second difference between the cottagsses of

greater accuracy than the measured absolute times of collapse. This pdelsrthe

collapse times of the buildings and thereby explains the difference in collapse t

The mechanics of the collapse were previously considered in detail by Bazant and
Verdure (2007). However, these authors assumed that the destruction occurs in two
sequential phases, first a “crush down” phase and then, in their words, “Aftewtre |
crushing front hits the ground, the upper crushing front of the compacted zone can begin

propagating into the falling upper part of the tower...”. In contastvill be seen below,
we believe that both types of crushing occurred simultaneously in the fall ofithe tw
towers. This is because the stories above the fracture are in free fallenstrike the
compacted zone (which we term the “agglomeration”) and the agglomeratidmgs fal
with an acceleration less than that of gravity due to the reduction of velocityireach t

the agglomeration strikes an underlying stationary story.

It was pointed out to us as we prepared the final draft of this paper that a model
formulated along the same lines as ours, but less complete, could be found on a website
(Kuhn,2008). We note the differences between that model and ours at the appropriate

point below.
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Il Two Contrasting demolition techniques

We consider first the dynamics of a commonly used demolition technique used for tall,
reinforced concrete buildings. The support posts at the bottom floor are wired for
explosives which are simultaneously detonated. The building accordingly colbepses
free-falling structure with the lowest floor impacting the ground firee fletardation
caused by energy absorption of the brittle structure being negligible cediripathe
gravitational energy liberated, the time of collapsas very nearly equal to the freefall

time, Ty, for any heavy object falling from the height, of the topmost floor. Thus:

T=Tg =42H /g (2)

whereg is the gravitational constant of acceleration. Mg that the seismic signature
of such a collapse would be many small impactsdifidual floors with the ground,

unequally spaced in time.

We next consider a contrasting demolition methducivwe have invented for this
problem. Here, the fracture is initiated by deging all the supports for the topmost
surface, i.e the roof of the building, simultandguln this hypothetical case, the mode of
collapse differs greatly from the previous one, Hrelcollapse time will be considerably
greater due to inertia effects. We assume thatdhisions between the concrete floors
are inelastic. At the first instant, the top soedassumed to have the mass of a floor),
now unsupported, accelerates downwardjairttil it impacts the floor below. The two
merged floor masses, retaining half the velocigt the first attained by conservation of
momentum, now accelerate at 1g until the nextsiotli, where the growing stack of the
floors loses one-third of its velocity, etc. Tleenination of the process occurs when the

stack of all the floors impacts the ground withellvdefined single seismic signature.

A computer simulation for a 110 story buildingddfé meters in height revealed that the

collapse time for the “top-down" collapse modlg, is 1.629 times the fee freefall time of
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9.24 seconds. Furthermore the velocity at impathisfstack is 1/ 1.720 times the

freefall velocity,vk, where

A\ :1/29H (2)

Neither of these ratios appears to be especiaghifstant; however the situation becomes
clearer when the number of floors in the computeutation are increased from an
initial value of 100 floors by successive ordersrafgnitude. New collapse times and

velocity ratios are given in Table 1.

Tablel1l Timesand Terminal Velocities of Collapsing Buildings of Various Numbers

of Storieswhere Collapse starts with topmost floor*

No. of Stories Timeof Collapse | Ratio of T T Ratio of V.'/ v
in Seconds

110 15.009| 1.629 1.720

100 14.269| 1.624 1.719

10,000 151.172] 1.721 1.732

1,000,000 1520.547 1.731 1.732

100,000,000 15214.32Y 1.732 1.732

*Note that the square root of 3 is 1.73205. Thee/dorg in New York City used in these calculations is
32.161 ft/set(Hodgman 1952)T. is the time for collapseT; is the time for free fall through the
building’s height, 416 meters is the terminal velocity of the collapsg is the terminal velocity of free
fall.

We note that, as the number of floors is succelysinereased, both ratios, one more
gradually, approach the value 1.73205, or the sguat of three! The mathematical
explanation for this curious phenomenon is giveAppendix | where it is assumed that
the number of floors is infinite -- matter beinglibuted evenly between the topmost
floor and the ground. We note that a collapse tifritae square root of three times the

freefall time corresponds to a downward accelenabiothe stack of one-thirgl
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The exact time of collapse for any number of flaarthe “top-down" mode can thus be

obtained by a simple computer simulation.

Kuhn (2008) investigates this second demolitionhodtand arrives at the same model as
ours above for the special case of the top-dowlagse, i.e. one initiated at the very top
floor. Kuhn (2008) attempts to generalize the ol considering demolitions in which
the fracture is below the top of building, e.g. 6 floor. His solution is to treat the
entire structure above the fracture as a singlestwagch then successively impacts the
floors below. We believe that the floors above ploint of destruction should instead be
modeled as a collection of individual masses sépdiay very frail structures of

negligible strength; this is Kuhn’s implicit assutmop in modeling the impacts on floors

below.

Qualitatively, the situation is as follows: the pon of the building above the level of the
initial fracture falls freely as an intact struawith the acceleration of gravity,
collapsing into the stationary intact section @& building below the fracture. As the
collapse proceeds, there accumulates betweengkesens of the building a plurality of
floors which we term the “agglomeration”. We stslbw that the downward
acceleration of the agglomeration, for the casefofitely many floors, is exactly 3/5
that of gravity. We note that this value is at te@aasonable, since it must be more than
that of the top-down collapse and less than théhefreefall value, the agglomeration
being impacted by collisions with floors both ab@el below it. The calculation of the
acceleration of the agglomeration for an infinitenber of floors uses an extension of the
method used to calculate the one third g acceterati the stack in a top-down collapse;

it is given in appendix Il.
11 Consequences of the (3/5) g acceleration of the agglomeration

Appendix Il demonstrates that the downward acceteraf the agglomeration

approaches 3/§, as the number of floors approaches infinity. e Bssumption that this
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value suffices for approximately solving the coiamf a building with a finite number of
floors leads to several interesting results. Gaersiirst the building of height, with a
fracture initiating a lesser height The agglomeration begins to form at heiglaind falls
with the acceleration of 3 We now ask: at what height h* will the agglomemathit

the ground at the same time as the top floor @efédl mode? We set these times to be

equal as follows:

J2H/g = /2h*/(3/5)g 3)

thus h* = (3/5)H. (4)

Let us now assume that we have a 110 story builditigthe fracture initiating at 3/5 of
the height, i.e. the 66th floor level. The foregpnesult implies that the top 44 floors,
falling with the help of gravity, will succeed iredholishing the lower 66 floors, all in
freefall time.

More generally, if the fracture begiHisfloors below the top, the agglomeration will
cease to fall with acceleration of (3&yvhen it has fallen (3/X floors, since it will

then have used up all the floors above the agglatoer. From this point on, the pile of
floors already accumulated will fall as a stackhwitduced acceleration of approximately
(1/3) g, in the “top down" model of collapse describedobef Note that the above is

true only for fractures initiated above the 66tofl, as was the case with both of the
World Trade Center buildings.

The general computational solution to the problémiedermining the collapse times is
now at hand: a) for fractures originating above(818) H level, the time will be found
by adding the times for two successive modes dépsé, first the agglomeration with
downward acceleration of (3/§) then the top-down mode of collapse with the stack
accelerating at roughly (1/8) For this case the joining of the two solutionsages one
subtle error in the calculation of the total coflaggime. We show in Appendix Il that

the velocity of the agglomeration exceeds that stbak for an equivalent height building,
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by the factory/ 27 /25 or approximately 1.04. Thus, at the transitiompbetween the
two phases of the collapse, the computer simulatiost increase the velocity of the

stack by 4% before proceeding with the remaindehefcalculation.

For fractures originating below (3/5) of the heighthe building, the agglomeration will
hit the ground before the freefall time for the tdghe building with reduced force of

impact. This will occur at the timd(Zh*/g)(F /66) whereF is the number of the floor

where the fracture initiates. This, the major s&smpact, will be followed by smaller

irregularly spaced impacts of individual floorse tbollapse sequence terminating at the

freefall time/2H / g .

For a specific example of how the solutions fordlgglomeration and the stack are
joined together, consider a 110 story building veitiiacture initiated at the 98th floor, 12
floors below the top, the case of the World Tradevé@r. In the agglomeration mode of
collapse, the top 12 floors, falling with an accat®n of (3/5)g into the lower structure
will demolish 1.5 times as many floors, i.e. 18atirabove the 80th floor, 30 floors
below the top. At this time there remain no moo®ft above the agglomeration,
therefore the collapse proceeds as a “top-downagse with the lower value of
accelerationg/3. The corresponding stack velocity must thembeeased by 1.04, or

\27/25, and then the remaining time of the collapséb@lcomputed. The times of the
two modes are then added. The building collapsediare shown, as a function of the

floor number of initial fracture, in fig. 1.

We note from this curve that the collapse timetheftwo World Trade Center buildings
with fractures originating at the 82nd and 98tlofkare, respectively 10.49 seconds and
12.32 seconds. It is the difference between thesditnes which should be compared to
the difference of the measured seismic and videweatetimes of nine and 11 seconds.
The agreement is therefore between 1.83 and 2 decomhis near equality is the most
important substantiation of the calculation presdiitere. It should be noted that the
difference between the measured elapsed timedep@mdent of any assumption as to
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the exact delay time in the seismic wave, or, numiékely, to a timing discrepancy with
the video records. The results also imply thatsttismic delay times are in error by 1.49

seconds, on average.
IV Summary

We have attempted to calculate the collapse tirh#ésedouildings of the World Trade
Center as a function of the height of the floowhtch fracture began. It is generally
agreed that the collision between reinforced cdedteors will be inelastic, and further
that the strength of the supporting structure, dheecollapse is initiated, will have
minimal effect on the rate of progression of théapse. Instead, inertial factors, for
example collision with stationary floors below, doate. For the special case of "top —
down” collapse, initiated at the 1",0or topmost floor, a computer simulation indicates

that the collapse will require 1.629 times the flaiéime from the top, or 15.0 seconds.

Out of curiosity, we extended this computer caltatato buildings of several orders of
magnitude more floors, i.e. 1000, 10,000 etc. aohd this interesting result: Both the
time for collapse divided by the freefall time aheé reciprocal velocity as compared to
the freefall velocity approached the square rodghade, as the number of floors was
increased indefinitely. The theoretical justifioatof this result is easily proven using
algebra, under the assumption that matter is ewdistgibuted between the top and

bottom floors. The proof is given in appendix |.

The more complex case, wherein the fracture igateil at some level below the top floor
can also be treated by a simple extension of thebaaic argument. The resultant
gathering “agglomeration” of floors, impacted frawath the top free-falling structure,
and the stationary intact section below is showAppendix Il to have a downward
acceleration of (3/%) Both modes of collapse played a part in the Waorkble Center
building collapses. The resulting collapse timessiown to be consistent with the data

obtained from seismic and video observations.
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Appendix |
The (1/3)g Acceleration of the Stack

Let the vertical distances be represented as isicrga@ownward, so that velocity and
acceleration are positive values. A building isumsed to have height, and a total
massM, with uniform cross-section. The quotiévitH. equalsr, the mass per unit
height. We assume here that the fracture is iediat the top floor, and that tintejs
measured there from. We shall use Newton's selewndf motion, namely that force is
equal to the time derivative of momentum. We furgeesume that the stack falls with a

constant acceleratiar therefore the velocity of the stack at titrequals t.

The mass of the stack is equal to the height bfdaf/2, times its mass per unit height
and therefore

Mstack= Mo o t7/2 (Al 1)
The momentum of the stack is the velocity timesritss om, o t3/2. By Newton’s law
the time derivative of this momentum, (3/2) @ t*, must equal the force of gravity
acting on the stack @ Mstack Thus:

BR)Myd*t? =gmati2 (Al 2)
This reduces to :

a=09/3 (Al 3)
This is the acceleration of the stack in the “tapvd” collapse. We note the curious fact

that the collision of lower floors with the stackes$ not enter into the momentum

calculation, since, being stationary, they carrymamentum.

10
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Appendix 11

The (3/5)g Acceleration of the Agglomeration
Assume, as in Appendix I, that tintejs measured from the onset of the fracture which
occurs a significant distance below the top oflib#ding. The agglomeration is that of
the floors which accumulate between the freefaltoygsection of the structure and the
collapsing, stationary portion below. The downwacdeleration of the agglomeration
will be termed3 and assumed to be constant. As before the masmpdreight of the
building ismy. The timet, is measured from the onset of fracture. The roatise
agglomeration increases at the same rate as thbtledithe building, with the top section

and freefall decreases. Thus:

Magg = Mo (1/2) g £ (All 1)

The velocity of the agglomeration is equaptb The momentum of the agglomeration is
accordingly equal to its mass times its velocity or

MOMagy= (1/2) mp gt (All 2)

Computing the time derivative of the momentum wthiels the dimension of force

according to Newton's laws we obtain:

(/L) mpgt] = B2 mpgt (Al 3)
Balanced against this rate of change of momententvar terms: a) the force of gravity

acting on the agglomeration and b) the rate ae@mse of momentum caused by the

impact of the structure falling faster from abowe note that the impacts of the

11
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agglomeration with stationary floors below add nonmentum to the agglomeration after

each inelastic collision. (It is assumed here thatall inter-floor collisions are inelastic.)
We compute terms a) and b) as follows
a) The force of gravityf, is equal tay times the mass of the agglomeration or:
F= m(1/2) f 12 (All 4)
b) The rate of addition of momentum from floorgewted from above is equal to
the product of the momentum per unit mass, whidtsidownward velocityg t, times

the rate of collision of mass above the agglomemnatiith the structure. This rate equals

(g-p)t, their velocity difference. Thus term b) is giveyt1 b
d/dt (MOM) = my(g-B)t(@t) = m(@-Agt (All'5)
Next, using Newton’s second law, by setting thevimasly computed rate of change of

momentum of the agglomeration equal to the graeitat force plus the rate of

momentum transfer from the floors impacting fronoay we have:

BR2)mpgt =m (1/2) ¢ ¥+ mo(g—p) g t (All 6)

Dividing each of these terms by 1/2) g £, we have:

3p=g+29-28 or 56=3gorp = (3/59g (All'7)

Thus the acceleration of the agglomeration is tfiféhes that of gravity.

Appendix 111

12
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Derivation of they/27/25 Velocity Correction

It is instructive to compare the impact velocitytwb modes of building collapse: that of
the agglomeration, where the fracture is initiaethe 3/5 height level, e.g., the 66th
floor of a World Trade building, with the velocibtf impact into top-down collapse mode
for a building of equal height. In each casetalfloors hit the ground together.

The velocity of fall of the agglomerationggiom falling from 3/5H at an acceleration of

3/5g will be given by:

Vagglom= +/ 2(3/5)g (3/5)H =,/ (L8/25)gH (Alll 1)
whereH is the height of the building.

Furthermore the velocity of the fall in the “topwdie” collapse mode is:

Vtop-down: A/ (2/3)gH (A“l 2)

since the acceleration gg3.

The ratio of these two impact velocities equm , with the agglomeration falling
approximately 4% faster than the building whichajées from the top down. This
correction is easily made, at the transition pbetiveen the end of the agglomeration
phase, and the beginning of "top-down" collapsthécomputational program. The
resulting curve of collapse times, versus heighhibial fracture, incorporating the

correction is given in the curve of fig. 1.

Appendix 1V

Energy considerations

13
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We first investigated the “top-down" model of cqplée , and showed that the velocity of

the stack which comprises all the floors above gdoevel, impacts the ground with a

velocity close to /3 times the freefall velocity from the height oéthuilding.

The total gravitational energy available is eqoahie weight of all the floors of the
building times the height of the center of grawtlyich isH/2. If all of this gravitational
energy were converted to kinetic energy, the stemkld fall at a velocity equal to the
freefall velocity divided by the square root of tv@ince energy is proportional to velocity

squared. The kinetic energy of the stack is thuskep the gravitational energy times
(1/ \/5)2/ (1/ \/5)2, or 2/3. The missing one third of the total eydasgevidently dissipated

in the totality of inelastic inter-floor collisiorduring the collapse.

One third of the total gravitational energy islsth enormous amount of energy, and will
account for a good part of the fragmentation ofrtheforced concrete parts of the
structure. The same calculation for the maximumiggnagglomeration -- due to impact
at (3/5H, or the 66th floor indicates that 72% of the aalalié energy is expended when

the agglomeration hits the ground, leaving 28%edlissipated by inter-floor collisions.

Knowing the total energy of the falling stack oghmneration, as the case may be, we
could theoretically compute the Richter numbertifigrimpact; however we have no
present knowledge of the efficiency with which #rergy of impact is coupled to the
seismic waves which are so generated. One can stadysince the Richter number is a
logarithmic measure, the seismic impact for fraes$unitiated between the top floor and
the 66th floor would differ by less than 0.023 Rertunits.
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Figure Caption.

Fig. 1. Collapse times for a building of 110 ststi Segmersd gives the time for
complete collapse when the destruction begins atiw/é6' floor. Segmenb
gives the total collapse time when the fracturat e 68 floor or below.
Segment gives the time it takes for the agglomerationaifapsed floors to hit
the ground. During the time interval between sedgsiemandc, the upper stories
in free fall are individually hitting the aggloméian on the ground.
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