COVARIANRCE AHALYSIS IN A TWO-WAY CLASSIFICATION WITH
UNEQUAL WBBERS IN THE SURCIABSRS

BU- /oM W. T. Federer April, 1gH%

Covarience anaslyses for s two-way classification with unegual
mubers in the subclasses present computeticmal difficulties as well
as sams theoretical complications., The purpose of thig nole is w
set forth some of the camidératians igvolved in verious covariance
analyses and Yo illustrate the procedures with e mumeriecal exarplo.

In the following covarisnce analyses it will be assumed thet
the usval sscwpiions in 2 coveriance anglysis are satlsfied; l.2.,

(1) the independent variate (X) is meesured without errox,

(i1) the differences smemg trestments for the covariabe re-

rregent rendon sampling fluctustions,
(111) the regressions for the verious treatments mist be cetimates
of a comon regression, £, and

{iv) +he treatment errors after sdjusting for covariation ave

estimates of & camion exvor varience, o ea.

1f condition<(it )/\&eé; z&u:hjholé. covariance may still be applicadle
but the interpretation of the resulis must take this into account.
Whether or not mesningful copelusions can be reashed will depend
upon the noture of the experimentel treaiments and conditious.

Three cases will be considered in the present mamuseript.

Thege are: ‘

Tase 1 = The regression from the residusli Plim is used o adjust

the category meaens, the =8justed residual mean square is used
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Table XVI-24. Yield and number of observations for the variate Y and for the covariate X

from a randomized complete block design (totals per nij

observations).
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e test Lypotheses about category mesns; and interaction iz assumed
non-existent.

Cage II « Case I with interaction present and for Tixed offects.

Cage 1I1 « The interaction regression 1s used to adjust the category
means, and the adjusted latersction error is used to test hypotheses
about category means.

Cesg I - Categories sdjusted for residus) regresalon, po iunteraciion

If the items in the two classifications are considersd to be fixed effects
and if intersctiom iz noneexistent, the linear model in a two-way classificas
tion with a covariste la:

*'ri-ivﬁ

Ty =8 * 2y 130 ¥ Pygn (1)

/ whem/u, aé, ’{i’ 85 th, and as.;}h represent the mean effect, the effect of

't&?;?wh lovel of the Pirst factor, the ith level of the second factor, the
average regression cosfficient fram the deviations, the ijhth value of the
independent variate corresponding to the ijbth value of the varisble of

interest ¥, aud a random erroy componant, *esmetivem 131, 8 eeey v}

=12 eney rii h=1, 2, eves niﬂ i,j i,j = n" = total muber of chsare

vations; i:ri =r = total number of subclasses.
The musber of individusls per subclass, nm, and the totals per subclacs

for the two variables, ¥ and %, are given in Table 1. The various row and

columm totals and the grand totals are defined in the margins. If any

”15 mzmmnmcmeapmngxij. mfwmmw sere, and the

mudoer of subclssses in the ith row will then be ri. likewige, if the second

%t?;_gf“f‘fwfs emi@a‘riﬁt}ﬁgre win ba vs subelasaes in 'the 3-bh aclum N

¥ The first category in Tsble 1 1s denoted as the treatment effect wnile the
second category is called the replicete effect. For the present ewampls

it is more reslistic to think of replicate as s secendi categery rather than
as @ replicate in a rasiomized complete block design.



The estimates of the effects u,
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diffeventiotion of the residuval sum of squsres with respect to the effects,

by setting the resulting equations eguel to zereo, by lmposing the restﬁe-

tions gé

Reg =

A A -~

3 O and Ev:i = O, and by obtaining the cgtimates u, ai, Tys ama,
which Saﬁsfy the resulting eguetions.

v T, B
z;ii'j(r

e Wt T

The partial derivativee of (2) with respect to the effects are:

a E =

d n

R (g v oy T )
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R (g o ey m Ty P )
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T ~BBIEK, (¥, gy = 0 = 0y T = BR, )

Satting the above equations equal to zero we obtain the following:
L)
aguation for u:
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squations far b :
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The residual summ of squares ia:

(2)
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a, (b+o)+om, +5X = T (10)
~
gquations for 5. ¢
& & " N
o+ ) e e v X, = 4 (1)
7 - a -
122.(3 * iﬁ’ + “n'aé J + B_xg“ = 22‘. {m)
' ~ ~ ~ ~ :
B v-(“»’ *e) e TPy * e = Yoo 3)
~
tion £ :
- ® . “ . 2 N
}/ X... e Y, 05+ ZX; 5, 4 PEEEX, 8 o %ﬁxijhzﬁh {i%)

The qwmitieg £0 4 aod ;i;;iv do not appear as sueh in equations (7) to (1%).
Therefoave; 1% iz necessary to consider the vhols set of ¥ + v + 1 + 1 gquations
in solwing fPar the effects. If the aw’s are all equal the equabticns hocome
c‘m;mm&* simplified. Since this is not the cane we obta.m the value of

~n

oy aud p& rean equations (8) to (10) and from the equation 3;93 = O anraube ..
stitate- WQ&WWWW“{?IT To (I%); thua,
r' 3 .Y . )
mﬂL' { - - - E ™
SRl I TR i TL S 3)
.aé{"" .."wln" “wh?_",' i . 3
W= e 1Ty R p 4% e (16)
Substituting for » in equation (15) we obtain
- { - 1 -~ A
;3 s y.é "; w;aa-gq}gnijri- J'd.f
1 . Nt .
", gt T PR 0 (17)
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. Substituting these values in equatiecn (1B) we obtain

?

_
EEEK, o T, = B, F.. = EX, %, + 2% v,

T R T R T o T
P = - - : ’ {18)

B %
ﬁ?&ék ) gu“jnxsjv

~

stibuting the values Por u, pys and ﬁ obtained in equations {18), (17), amd

(13) 10 equaticms (11) to {(13) we obtain the following
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The estimates, T,, of the 7, which satisfy equations {19) to (1) and tue

~
eQuATion z‘.‘-'::i = O gyre the least sgueres estlimedes of the treatment offeche

adjusted for linear regression and zssuming no interection. The estimstes of

trepbments effects not adjusted for linsar “%reauxm zw,r b@ obtained fr H
] 0 L ) F :‘.i‘) ESd

Lo 5% W e
eguations (7) to (13) with the 5 set equal to &-&:’r‘aﬁ these are (see Smedecor,

194G, ehwter 11):

( iﬁ-”a ) - % £ 215%4 . A
Je I T, L = X LD . 20 )
T IR e TR Tee " MY (22)
4«/ 2 » o 2 - g .~ 5+
- T ;;m + 7. ( ..;:s_‘;.gi_.) DA gmg ¥ - 0 ." (25)
3 np . i Daw oy y
L3 n.é 2 e 3 11.3 2 =% N} XR'J @ g a5 «ds
.
. (ﬂs;"‘ ,
el 4 By A BT 2 -
CNENE W PR S oY, (a%)
i=1 1 v n, vl Ny, Voo 3 VS e

If the sbove eguabioms are multiplied by & mimus coe they ere the eguations
used by Snedecor {1946, sectiom 11.12). Also, if B is sel equal to zero

(i.e., 2ll torms involving X are deleted) in equatioms (19) to (21) we obtain

A
equations (22) to (24). In order to obtain wnique solutions foz:* the T,
ud u'& ,51/“" d,v"l ”“ o

walt impose swebher restri ctmonw{zr%—em uT > 4] ig.m

e

,&m equations (11) to {13) it is possible to obtain equations Tor

_
ths "z’j and for sz; thus,
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It should be noted mz eguatima (16} and (25) ere both expressions for s:u
Making use of mmms (25) and (26) ve sould obtein v equations involving

&

only the pé'a. These aqmtim woald be similar to eguations (19) to (21).

The resultiag estipates, p of p would be the replicate effect adjusted for

S T
linear regession and assuning gzero interaction. The equations are:
. ~N
N B . %"inﬁaﬁ 37 =Ry
,*1.1"_1‘?{*";31”*(3 g_ili") p— - >
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Miding the restriction Zp 3 = O results in unique soluticus for the p J's.
If the terms invelving the X's are ocmitted we obtain equatioms for the

ﬁi‘;'% vhich are of the form used by Snedecor (1946, chapler 11); thus,
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The sums of sq@uaree for the various sources of varistiom are given in
table 2, and are obtained as follows:

Y 2
“t ) . 2 - [ 2 X ] y
- Ty = B Y (33)
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The remeining sums of squares are mich more diffieult to obiain. The

sum of squares fw ﬁ'eamt (eliminating replicate effect @Jy) ie the sum
FS &“‘&
xsmsmwmp& i-smwsgmmwum%mm
Tt oy AP G0 47

mo treatmont effect) thus from the estimates of the effects obtained in
equations (22) to (25) emd (27) to (29) the following sum of squares results

i
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The residual sums of products are cbiained as

. -~ ~ ':,\ F
Doy ™ mi m " (yx R &Y, ) ‘ (45)
~ -~ LY ‘x l\;
- 5 Y ;‘ i
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The errors ¢of estimate may be computed as indicated in Table 2, or as

Tl

2 N ~ PO P
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where the estimabtes g, ’,’ff& , and @ are cbtained from eguations (7) to (13)y
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In the last equationd the am& of sqmi-es due to the mean effect, the replicsie.

Byt -

effects, and the linesr regression on X Wik the «&reamnz m*ects equal W gero

, ot T ol ey sty
is given by the iass G tersss %amMm we have mlar a mplﬁ.ca‘has

and within replicates covariance analysis.



Table 2. Analysis of covariance for Case I.

Sums of products

By

Source of variation af 2 xy
fotal n -1 T T

5 ‘ LR ¥y xy
 /Replicate (ignoring re-1 R R

i treatment ) ¥y ¥
| / Treatments (eliminating ve-l v \

/ raplicate ) vy Xy

Re 1 “rev+l=f D

| sidua B -r = r vy b -
Treatments + residual n -r W W

. & 8 e ¥ x5

i

rors-of “éFtiiate

Source of varistion di' 88

. - ' - 2
Residual £, -1 BWA = Dyy 5 - /nxx
‘Treatment + residual n -r-1l wyy = ww ‘ww /wmc

Treatment (eliminating D
raplicate and vel V '=W 'eEg !
linear regression on X) W, W, W
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The date in Table 3 vere selected to 1llustrate tis avnlysis of

asovariance for & Gwo=vay clagsification with umegual numbers of ohservations
in the subclasses. Strietly speaking the limear model in Case I doss not
apoly o an excmple of this Gpe, bub the example will serve o iliustrate
the campuiaticaal procedurc. ‘

The Tirst stey in the suslysis is to use equations (220) %o (25) aus
(50) %o (32) %o estimate the values of i, 53, and «?i for the ¥ variste and

N

N ~
e i, Py, and 7. far the X variate. Using equations (22) to (2&) the

I’ ix
K.
following equations for the 7, ave obtained {zee Table 5):
[
gquabion for Tl%
&
v, [15 = {1050000) + 1(.200008) + «.. + 2(.25000) + 2(.55333) { ]

- 32 [1(.50000) + 1(.50000) + oo + 1(.25000) + 2(.33333) |

;3 (2(.00000) + 1{.20000} + «vs + 1{.50000) + 2(.33533) ]

a , - ~
TeTIO06T 71 - }4-06#9% 1'2 - 3-@5566 1'5

= 05,68 = | 1(6.52500) + 1(5.35200) + ... + 2(5.03353) |

i

= 5.}3@535.
&
2opation for 1.8

- ;‘l[ 1(.50000) + 2(.20000) + ... + 1(.25000) + 2(.33553) ]

~N
+ 1, (24 = {1{.50000) + 2(H0000} + +0v + 1(.25000) + B(.33533)) ]

%, (1(.00000) + 2(.40000) + «.s + 1(.50000) + 2(.35353) ]

<h.54999 T, + T.88667 7, = 3.21666 ?5

38,55 = | 1(6.52500) + 2(5.35200) + ... + 2(5.8333}) |
= G.Qéﬁai’a.

s\’e

i
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- ¥1Ic(.scooo) + 2(.20000) + +.+ + 2(.25000) + 2(.33533) ]

- %, [0(.50000) + 2(.40000) + ... +{,25000) + 2(.53333) ]
* :3 (10 « {o(.m:m) + 2(.50000) + ... + 2{.50000) + a(.5§335)§]
= =3.06666 T, - 3.21666 1, + 6.2633% 1,

= 57.13 = [ 0(6.52500) + 2(5. ssaoo) + oo + 2(5.83333) ]
‘5.7?316.

~

P ' A PN
lng that mi = O, we subgtitute 1'5 .8 - 1 in the above eguatiocns.

Then we s&mctmmtmtimfmmrmimemﬁmmem
twe equations involviag‘r am'ta &fm@liminatmgr

aolution for 12. Then, the golutions for 1' are found to bde:

i
® 21 = 0.33507;

~n
%‘7‘3 m D %?’k’l’

fi

>

7, = =0.402h5.

Following o similar procedure for the X's we cobtain the following

A

-

three squations for the '»tu"a:
~ a IS \\;\
?c’?l%? * - !‘aw ‘f - 5.06666 '!'Ex = 52.8835&; “

A
=L, 64999 z + 7.86667 -r - 3.21666 Tag 19.18534;
o
-3’5,0{)656 'flx - 5021656 ‘leﬁ + 6.2833‘@ Tk 3'720%6660
Fram the ebove three equations and from the equation 1*:~:ix = O we obtalin

]
the Pollewing solutions for the Text

* !@eﬁemtthemefcoefﬁeientsfww;inaamthattherightw
. side of the equatioms also sums (o zeroc.
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S, = 54258165

322 s 2.41083;
N

'fz,m @ »f 06.6&996

If £ is set qual to zero in equations (8) to (10), emd if the equations
ave divided by B, 3 we obiain the following equation for the jth replicate:
;:-;«% = .. (f;l;j‘f) (50)
Making use of eguation (50) we campute the variocus ;4- ;,3 values; thus,
3+ fy = 6.52500 = [ .50000(.33507) + .50000(.067kL) + +00000(~<k02k3) ]
= 6.32376

; + ;2 = 5.35200 ~ (.20000(.33507) + -40000(.06741) + 40000(=.40243) ]
= 5.41901.

L] .
+ Py, = 5463533 = [.33333(.33507) + .33333(.067h1) + .33333(~.40248) ]
= 5.83333. |

~N ~
Bince Z ‘93 » O the sum of the above 10 equations is equal) to 104, which is

62,1663, sm:e u 1s known 4t is possible to evaluate each of the 93'5;
for amle, = 6.32376 - 6.21646 = 10730,
With the ?ahzas for ;, ’3’ and ': it is now possible to campute the
various sums of products ia'ﬁablsaasmik. The sums of products forr the
total, replicate (ignoring trestment), and within replicate are straight-

. f&ﬁm‘“ %. sy PR Iy oy g ‘?xx' and ﬂ'ﬁ ana o S P ot




XY: 231.39(s457)/37 = 27875.11k%2,
3 W573/37 = 536887.81081.

T w - 1550.27570 - 1447.06306 = 103%.21267.
T = 20516.20000 -~ 27873.11432 = 1643.08568.

z
m}m = 560181.00000 - 536887.81081 = 32293.18019.

» 1488.21038 - 1447.06%03 = 41.14735.
= 28492,01367 - 27873.11432 = 618.89935.
= 546060.61667 - 556887.81081 = 10072,80586.
within repiicates ‘g.. - r af):
W_. = 1550.27570 - 1488.21038 = 62.06532.
W m  20516.20000 - 28402.01367 = 1024.18633.
W, = 569161.00000 - 546960.61667 = 22220.38333.

1

4 4

The sume of products Vyy, Vﬁy,

(52) to (h4) (see Table 5); thus,

and Vxx are computed from equations
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v w * 13.05(6.32576) + 26.76(5.41901) + ... + 35.00(5.83333)

[
+ 85.68(.33507) + 88.58(.06471) + 57.13(~.0248)
- (%Qf+-2-‘?-§1§f+ +2%2°3 ) = 1490.92150 - 1488.21038
= 2,71312. |
Also, V. = «33507(3.50635) + 067h1(.25685) - L02u8(-3.77316) = 2.71148,
vhich sgrees with the above within rowdding ervors.

V., = 245(118.66550) + 526(106.25163) + ... + 698(116.53333)

+ 1634(5.25816) + 1713(2.41083) + 1110(-7.66899)
| )5 - |
- <~§§§-‘ 4 i%‘i‘ ¥ eee # $ >

' = ‘5&?83?.60759 - 061667 = 876.99992‘

Also, V= 5.25816(52.88%34) + 2.41083(10.18334) - 7.66899(=72.06666)

= 876.99535, vwhich agrees with the above within rounding errors.
“fﬁ = 245(6.32376) + 525(5.41901) + ... + 698(5.63333)
+ 1638(.33507) + 1715(.067k1) + 1110(-h0248)

- (Lgaloks) , 26.76(25) , , , 35.00(658) )
= 28540.02481 - 28492.01367 = 4OK.0111%.

Also, vﬁ = J33507(52.68334) + 06741(19.18334) - .hoai8(~72.06666) = 43,01816,

and 5.25816(3.50635) + 2.42085(.26685) - 7.66899(=3.77316) = 48.01661,
vhich equals the sbove within rounding errors.



and D . are obtained by subtraction

or from equations (45) to (&7); thus,

aﬁ = 1550.27570 = 1490.92150 = 55.35420;

D, = 569181.00000 -~ 547837.60759 = 21343.392h1.

The sums of squares adjusbed for regression are computed in the ususl
manner { see Tables 2 apd 4).

As g check on the sdjusted sums of squares obtained in the above menner,
solutions for the ;, ;d’ E;, and :i valuss may be cbtained fram eguations
(7) to (14). These are given by egmtions (15) to (23) and (25) to (29).
Then, ﬁw' and VW' are obtained frem aquationg (48) and (49). The results
for this example follow:

equations for T, (equs
7, § 13 - (3(.50000) + 1(.20000) + ... + 1(.250000) + 2(.33333) |

. “gst 1{.50000) + 1(.40000) + ... + 1(.25000) + 2(.33333)

+[3.f§§¥i - 1(122.50000) = 1(105.20000) = ... = 1(133.750000) = 2(116.33353) |

- 754 2(.00000) + 1(40000) + ;.. + 1(.50000) + 2(.33333)
o+ [1_55&. - 1(122.5900&) - 3.(105-20000} * see ™ 2(3-15'55535)3
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» . 53334 )2 ~ 2.88 .1833! )2
=% g?‘ﬁéé - mﬂgg*.% 3 =T g"‘&’% Y 55058555
06666 M ~
- f %\ 3 Eﬁé&é + .% -~ 23 5 } e ?.59081 1'1. - 3&,69555 '{2
~ _ LE8%34 (1008 .
2'89515 TB o 3‘59535 - e. 5§3

\ - 3,60588‘!{'.
19,18 .88 ‘z ~ o {19.18334)3 )2
. {a&m*%ﬁhﬂ + 7, %7.86&5?-22&2‘-2-—%&”
. 666 7206066 1.69565 7. + T.85011 7. = 3.154k4 1
- 3,.5(;.21: + 22220- %) m-_.c;%ﬁ'rlvb?. 5013,‘58-3.1 1'3
= i%ﬁgﬁ - ] ‘18 . gé;% = '063.7550

4

{5.21555 » 19:193(: 78, 06666) 5

L) » "~
. g = « 2.80515 T - 3.154h0 T, + 5.05961 T3

~2.9§566§

22220.38553

% - 3.‘{"{31{5 - o 2'%_ l;ﬁ?;.l% - - .zl’sl&&.

%eqmlityofﬁ}ewimtemintheaﬁmequaﬁma.nderftbmeuseﬁin
&

gsolving for the 1:/ mi 1 / essuming no regression should be noted.
The estimates “i which satisfy the above three equations and the eguation

zri = O are: o

~ V= 0957 'r.:,' - -.0kfs) 7, = =05172. ¥

* The,éa'ims are used to dencte that these are 4iffe from-the estimated

h B g e ae i owamn

Wr}éﬁ_ &QWEEW 0 &&a‘;éﬁuﬁﬁi .i.i'ﬁ‘ ,h:-iﬁue. !&’@WF&&WO
f

N \,“_ . [
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The sum of squares for trestments adjusted for the residual linesr regression
is {see equation (49))s

LO0957(1.06088) - ,04285(~.62735) - .05172(- .45145) = .151
which sgrees, within rounding exrrors, with the sum of squares, .152, cbtained
in Table 4.

L]
The estimate, B, of P may be obtained from equation (18); this,

- BB . LowsTiigygs TR

i ‘3 PRy
LA

N

.3 "
w@ﬁwﬁﬁmmmyemumﬁﬁ; m,@

by = ED_ = (OU5T36579(21343.302) = 976.16947

which iz equal, except for rounding errors, to the sum of squares obtained in

Table 4. If one proceeds directly o the cemputation of VW' the above zetihod

ofemmngbwwmmeﬁ. Consequently, V. =W D .

Xy xy Py X?; ( t&'}\), fLQ/;‘”:i,;f' PR 7
The following formula may be used to estimate the i + o, quantitlesi /
N » - ~ 1 ~ -
B ;}3 ® ycéc ® ﬁxoéo ® -1';:3 ihijvix (?1)

. N .3
vhere the T, and the P are obtaized from squaticms (18) to (22). The resulting

L)

p 5 velues ore the same as those obtained from equations (27) to (29).

[

an ,’1 ; e .
d5o8s L
{! =
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Taeble 3, Number of plants per replicate (n), yield of rubber in grams (Y), and
dry weight of shrub in grams (X) for the normal plants @\three guayule varieties.

Variety 405 Variety LO7 Variety 416 Total
Rep »

no. | n Y X Y X n Y X Y X n Y X Y X n Y X

1 1) 6,93 143 | ~e- -—— 1| 6,12 102 | === ——— I e T -= ! 2 | 13.05 | 2k4s

2 L | 6.4k | 146 | —-- — 2 |5.00] 8| 5.12 92 2 | 4,35 96| 5.85 | 10k | 5 | 26.76 | 526
ij 3 1 5j§§ 111 | === ——— 2 | 2.59| 61 | k.79 93 1 |{5.08| 91| === ——- 4 | 17.66 | 356
TR T™1“8755 | 170 | ~-- —— 2 | 6.46 127 {10.70 | 194 1| 5.4 101 == -—— | k| 3112 592
5 2| 7.30| 132 | k.19 83 1| 7.66|169 | === -— O | wom | omm | = -—- | 3| 19.15 | 384

6 2| 6.771115 | 9.03| 120 1 | 681139 | === — 1| 6.48 (132 | ——= - 1 4 | 29,09 | 506
7 1! 7.10|137 | === —— 2 | 6.25| 116 | 8.08 | 146 O | wmme | = | == -—= 1 3| 21.43 | 399

8 1! 5.571129 | === - 0 | === == - ——— 1 | k22| 87| === - 2 9,79 1 216

9 1| 917|151 | === — 1 | S.hb| 116 | ~=- ——— 2 | 5.06! 90 8.69| 178 | 4 ! 28.34 | 535

10 2| 5.41|106 | k.2 91 2 | 6,56 130! T7.00 | 140 2 [ b5 91| 7.56| 1o | 6 | 35.00 | 698

i
Sum |13 | =-- | === |85.68 1 163k | 14 | am= | =mm §88.58 1713 | 10 | === | === 157,13 {1110 |37 1231.39 | kh57




Table 4.

Analysis of covariance for the data of Table 3

assuming the following linear model is appropriate:

Lim = B+ Q'j T Sijh + Bxijh‘
Sums of products

Source of variation arf y2 Xy x2
Total 36 103.213 1643.086 3229%,189
Replicate (ignoring

treatment) 9 ha.1k7 618.899 10072.806
Treatment (eliminating

replicate) 2 2,712 48,017 876.991
Residual 25 59.354 976.170 21343,.392
Treatment + residual |27 ,  62.066 1024.187 | 22220.383
Source of variation af S8 ms
Residual adjusted for regression 24 14,707 0.6128
Treatment + residual adjusted 26 14,859 -—
Treatment (eliminating replicate

and regression) 2 0.152 0.0760




Table 5. Values of nij’ nij/n-j’ totals, means, and effects.

Rep. 405 Vaijéf(ty w6 | B L.y Y.j./n.J ;j i X.j. X.j./n.j ij + ;x
1 1 1 0
.50000  .50000 .00000 | 2 13.05  6.52500  6.32376 2ks 122,50  118.66550
° .eoéoo .hogoo .hogoo 5 26.76  5,35200 5.41901 526 105.20  106.25163
? .eséoo .50%00 .25300 4 17.66 4.41500 k.39815 356 89.00 88.39729
* .eséoo .sogoo .aséoo L 31.12 7.78000 T7.76315 592 148.00 147,.39729
g ,66267 .35;33 .oogoo 3 19.15 6.38333 6.13748 384 128.00 123.69094
° .50%00 .25%00 .25%00 L 29.09 T7.27250  7.18873 506 126.50  125.18546
! .33;53 .66267 .cogoo 3 21.k3  T7.14333  6.98670 399 133.00  129.64007
° .soéoo .oogoo .soéoo 2 9.79  k4.89500  4.92870 216 108,00  109.20542
? .25%00 .eséoo .50%00 L 28.3%  7.08500  7.18562 535 133.75  135.66725
10 2 2 2 )
~ 1 35?3%5’ :33353 «33333 6 35.00 5.83333 5.83333 o nﬁ ‘5@253
|
n,, ; 13 1k 10 37 62.16463 1200.43418
X, . 85.68  88.58 57.13 | 231.39
Y, ./n,. 6.5908 6.3271  5.7130 b = 6.2165
T 33507  .0GThL  -.k02UB
ki.. 1634 1713 1110 Lbs57 ;x = 120.0k43h2
xi../ni. 125.6923 122.3571 111.0

5.25816 2.41083 -7.66899
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Case II - Interaction ent for £ effects

1f interaction is present there may be no reaszon for estimating the
category means. Instead one may wish to comsider the subclass means, and,
in such 8 case, the analysis of covariance is simply a within subclasses and
smong subclesses analysis (Snedecor, 1946; Day and Fisher, 1937). 1In the
event that the category means are %o be compared and the interaction 1s to be
tested the following analyeis is sppropriste (Yates, 1934).

For this cage the linear model is sssumed to be:

b’ =6+ P -6'! + pT

13h 3 TR

1.jh + aljh’ (52)

vhere {pt) 13 represents an effect peculier to the ijth subclass and vhere
the other effecta are defined in equation (1); 4 =1, 2, eeey, Vv J = 1) 2, eney T}
D=1, 25 eney nﬁ. The sum of squares to be minimized is

v 13 2
Reg = i'i;l Jil hfl ( iJh - - ps - ‘1 - p‘tia - ﬁxiéh) . (53)

The pertial derivatives of the above sums of squares with respect to the

various effects are:

t&”‘am(rsh"”“’,j"i pTy . = BX, ) 5 (k)
a—-%toa m(1,31:"""3"&"‘”1,3'51131;)’ (55)
B ] - il - - - -

3’%‘";?' s =2 z:ag. (T = B = Py = Ty = 0Ty, = 8K )5 (56)

‘E‘%}&”’ax(ah‘“"’g"i au-ﬁxmh); (s7)
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§ B = - - - -
Setting the abhove equations equal to zero, we obtain the following:
equation for u:
~ (] ~N ~
B ut ?” T ’Eﬁi N Ef 3‘”13 ML LR S (59)

A M » ~ A -~
8,6+ 0) + %“n“’i TVR R S (50)
A A PN A -~
B‘Q(ﬂ + pa) & 2;;35‘2(1’1 + m.‘ia) + gx.e. = Y.a. {(61)
) A A ~ A ~
n (o) %nir(‘i ver ) v PR, =Y. (62)

By, (;z e 1) * (p )+ sxl =Y., {€3)

ng,(s; + ':a3 + gna,(oj + 5}%} PRy, = X, . (64)
A A "~ A IS

n, (e +)+ ?“va("é LAY L. SR A S (65)

squations for pt, .1

nll(;‘ * ;1 45+ &\111) + B, = Y, (66)

[ ]
-
L
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~ AN ~ ~
RO L R €1
~ L)
By (u # 91+1 + 61 )*ﬁxal (68)
) ~ N L) A A
Bpp(n 4 oy + Ty 4 6Ty d ¢ 8Ky, = Yor (69)
) S » -~ oS A )
Bl +o 5 40T, )epX = Y (70)

~

’Sx-si

~
; ] +
Xl.c§$ * ?Xojbpj i 1eo

inéqsﬁz%:m LEEX

e wn = B, ()

In ovder to obtain unique solutions for the effects in the above
equations, the following restrictioms are imposed:

Vw“!

;51 By = O ' (72)
v A

BT = O (73)
v A P A

142& 13 = 3&1911 P = O, {7%)

In the mia equations if we divide each equation by the corresponding

nij end sun over J we obiain the following set of eqnaﬂmz*

"% It is aseumed thet mo ny, s equal to sero. If ome or moTe ny, = 0 mo
solution is possible unless eguation (74) is altered to the followings

b a0 8 >
i&l PPy ® = g P

-

The sbove restrictions sssume that the missing 5'\:1 P are set equal to zZero
(see Henderaom, 1948).



veT = %? 1. " 33“.); (75)

»N ~N 1 - h.

 # 72 = ;? 25. - ﬁxej.)’ (76)

P .

T, = 3 ii(i? T vaj)' (77)
Summing equatioms (75) to (77) we obtain:

LY . v r - - A .

~
Hince P in the above equations is & within subclasges regregsion it may be
estimated from the formula (see Table 6):

v 1 g B,
5 . 1 1 (v Tamiagm T TR “1.1§ " % (9

v T3 2 3
y & b 2 2 }
E o {hal LI /“15 = 8

Verification that the sbove solution for B is the same as that obtained from
solving Sme equations (59) to (71) is made by substituting the values of 3
from equation (78), ;1 from equations (75) to (T7), and the following
estimates for ;_ and &}13 in equation (71):

J
a ~ ~,
Py + =%§{yu,-&x % ’ (80)

»N .
This estdmﬁeofﬁhommtherormtm%u equal to zero.



RTINS - (te)

p P Ty (Yip, " PRy, : v
- h- L) N ~

L VIR (TP T P i Bl B 3)

A - ~ ~N o -~

Bhp = Ty, " Blp. "R =8, =% (84)

A - A, A A FS )

mid = Yié. -sxid. -y - pé - ti ? (85)

A - L) L3 » ~

Ploe = For, " Phypa "B P " Ty o (86)

~
In fact, the simplest formr the solution for § is cbtained by substituting
A A N

mhfwwgfu'a. The terms involving i, %,aw‘:imwsem.

s

In crder te simplify the procedure we shall consider the varieance
soalysis first. (The covariance ansiysis (Table 6) will be comsidered later.)
mmmmmfwwmw@mmmugusemmw
zero in all equaticns.

If the veriance of o singls observation is o ® then the variamce of

any 74, is
- "52
V(Y:m.} - ;;;- . (87)

' A ~
The variamce of u + 17, is3



Gy s e - 25 - A
vhere

i.i:i

Vi p® Jul by
From this it follows that

X NRE T LR

is Giatriduted ss x¥o® with v - 1 degrees of freedom if there are no
true diflerences between the treatments. In the above
L ot

3 i
Viee © ra‘gz, V43

g 3

1“1?13‘

y‘w e m .
v

d=1' 4

LX)

The sbove all follows frum a theorem given by Yates (1934)¢

Theoren:

%mwmﬁg%, ocs,mmuvuinSML ;,oo'

of the general variance ¢2, the estimate a? of o° is given by

(88)

(89)

{90)

(on)

(9;)
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Q = (v - 1)82 = mi(ui - a)a

(2w,0, )%
i v
i

where u = z"’i’ﬁ/m’z' From this then

2 2

s AR Al ?%"1'{3"1;1"2 ) (%23— ;
1s gu estimate of uy”® obtained from the treatment means. This is compered in
an F test with the within subclasses meen square which is also an indepenient
estimate of g5%."

Thus, when interaction is present the treatment sum of squares is obtained
from equation (90). The replicate (the second category) sum of squares will
mmm&m,asmmsmm’sm; thus,

' (.5 , )2
Sy, 2 e bl (93)
J 03‘ Iy
J

where
‘ 2 1 ¥ o .

ycét = Viélyﬁ' ¥ (9"‘)
and

Lok ¥ L

vy # 15 By » (95)
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The sum of squares in (93) is divided by r - 1 to obtain the mean square for
the second category vhich is compared with the within classes mean square.
The sum of squares for interactiom is:

w r Y .a A N aN

= i~ LI sun of squares due to 4, P,, 'i' agsuming no interaction

i=1 35,3_ nm J

v » ¥, %2 A A ~
2 £ 5 st . u¥  =ZpY, -ZY

i=l jel ni,j -c.‘ ‘3 ede L5

- Z2Y.%e @ 5

= | QW % {ﬁ Yi.jh i;]' ,/n g s (g5}

where the quantities ere obtained from equations (22) to (24), (30) to (32),
and (50} {also, see (42) and (45)). Thus, it is necessery to go through

the caze I spalysis in order to obtain the correct interaction sum of squares.
Te 1llustrate that this is corrvect consider the cage vhere v 2 and r = 1,
Then the interaction is obtained as the sum of squares of the differences.

If these differences turn out to be welghted inversely to thelr variances
then the intersction sum of squaves follows the X® distribution with

(2 ~ 1)(r » 1) = » « 1 degrees of freeiom. Now, the two equations involving
only :1 and ;2 are (see equaticns (22) and (23)): '

2
o 2D - AL mgs

-1‘ zm ‘)f(na -22‘—)3? %y (98)
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N
ghering that the sum of the Miemmfwwfi is equal to zero
and that the sum of the right hand sides of equations (97) and {98) is zero,

I ! ﬁ&_ | (99)
- - (ﬁ! a'zio * gﬂ§§go)‘
Y, By o= Inggn,, - iy,

- % 5;%‘5;,5 (ayyfhy. + Bogtyy, = PygFyy. = Bogday)

8 I (100)

oy G )

N ~
Substituting in the results in equations (99) snd (100) end =1, in
equation (97) we cbbain

21, = 3% Gu, - ia./% . (x01)
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From equation (42) the sum of squsres for trestments oliminating replicates is

- %3'.3 )+ " E‘eﬁ’.s.

nlj«t-n% 13 Y23l gﬁ'ﬁ! ]
/ 313 + naj (1102)

Tiow, the variamce of

.. «F 05 L
2 ..y.. L (-'-v--* ) . (193)
3 ) Byy Py

Therefore, from the above thecrem the sum of the squares of the differences

welghted inversely to the variance with which they ave estimeted is dlstributed

23 chiesquare. This sum of squares i=

. (ﬂwaa;)“
- By
. [E * (grljt §ﬁét)] ®
i wall SRR TR 2
: b

Y 28
% # nEJ - E;g-—-n—;-'g’ equaticn (102)
3“3.

= gmong subclasses within replicates - treatments elimineting replicates.
{10%)



In the sbove,
e L B Y™ §.’fy;e,,fg4_._a N, Y.
B Gy - Ty = (e 4 e -0 iR

= g{ﬁfu._ﬁa_.),h:(l__m_)_ef“.fg;,. E
b R By * Doy Bose + 1. 1

. = Sgﬂi-h-‘:--Wf ’ (105)
My ™ Myt ey

which is the within replicate sum of squures ¢f the gubclass totals. Thus,
the interaniion sum of squares obtained by subtrsction is the correct swm
of squares.

Proceoding %8 now €0 & covariance analysis the varicus sums of products
given in Teble 6 gre computed as follows:

= 3 a- a

Ty = T - T, S, (106)

Tw = mxuh-r“xm/n. (107)
. 2 2

T * Fyp" =% F/a (208)

£ a, v 2
Ry © ;51’.3. /ny-% 5n,, (109)
Ry © 3..1 T X, /oy % /o, (310)

2/ 3
x 3-1 Xy, =% S, (111)
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. 2 . g
“yy T s lam % INLTRRNNLE (12)
L z % /o, =¥ % ./
= = Jel (A=l i!’ 13‘ n Tegde eJe n.d} (115)
r 2 N 2
W o= Jﬁl %izlxu /ﬁig X, fn'J? (1%)
; Sy ey ag ]
o T 3‘:’? el 1db =Y. /513 (115)
= 5 % £ T¥um = Yage s.a-/nu)z (126)
2_y =
= * 5 %ﬁxmh %30 /%5 - (an
A - g L) ’ 2 ( )3/23 (118)
b2 4 % 3 iy (X yﬁ,to
v |
Yo * 1‘:".1"5'1--;1-- - (o ’1--)( A LA (119)
¥ 2/
Vm‘ = :bn}.w" - (Zw A 1") /Ihri (120)

vhere vy 15 defined in equatien (89) and ;1" is defined in equation (91).

%,,. 15 Obtained from an equation similar to equaticn (91).

" J.-L. o " -
IW % ﬂia »!oot + g‘)artao * 8‘12110 - DW sw (m)
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, Tty | § 5 Pan - ,
Iw = .%’. ”3.3 e + Ip é ode ?Z‘ﬂ.’ Xs‘ : nxy sﬂ (122)
xi - %“ ~ A
) zxaz = %J*‘u - “xx.-- + Zaéxx’é‘ * }'}tixxiu} = gxx -8 (123)

where the gquantities in parentheses ave defined in esquatione (45) to (47).
The adjusted sums of squares are obtained as indicated in Table 6. The means
are adjusted as indicated in equatioms (75) to (77) snd (80) to (82). 1f
desired the inleraction elfects may also be adjusted for regression ss indicated
in equations (83) to (86).

Bxample 2. The first example used to illustrate the camputational procedure
is gsynthesized from the date in Table 3. All replicates for which no plauats
were oblalned for any variety are amitted. The result is that replicates

1, 5, T, and 8 were amitted (see Table 7) in order that any plot would contsin
one or nore plants. The various ratios required to campute the interaction
sums of products are pregented in Table 8. The verious sums of products

arel
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Egagple 2. The first example used to illustrate the computational
proceiore for Cage II is symthesised froam the date in Teble 3. All rep=
licates for which no plants were obiained for sy variety were aamitted.
The rosult is that replicates 1, 5, 7, and 8 vere emitted (see Teble 7)
in order that 811 plote contain one or more plants. The verious ratios
requived to compute the intersctiocn sume of products are presented in
Pable 8. The verious sums of products are!

for T 167.97%/27 = 10M4.96003.
. for X¥: 167.97(3213)/27 = 19988.43000.
for X3 3213%/27 =  352347.00000.

'“‘L«" Llmnorlng treaive N j ;;’;" e (109

B ., = 1079.81461 - 104h.96005 = 34.85458,

ﬁ: = 203534.67867 - 19968.43000 = Shé6 24867,
R, = 39140101667 - 382347.00000 = 9054.11667.
mone nlots within replicates (formulae (112

u, v " 110502755 - 1079.81461 = 24.2120%.

o M 20893.56000 - 20534.67867 = 358.78133.
W, = %90659,00000 = 391401.11667 = 8257.88533.



8 = 21332.01000 - 20893.56000 = 438,55000.

8, = hOTT03.00000 - 399653.00000 = 804%.00000.

In crder to campute the last three sums of produsts it is necesssry o

~ N L] L. ~

solve for T, T, , u+ Pys and u_ + ;.3::‘ The three equations for the :ﬁ are:
530534 % » 2.81667 ;a - 2.56567 ;3 = 3.74634. |
- 281667 ;1 + 6.03334 Qg - 3.21667 ;3 = - 64816,
- efsﬁﬁat:’;? ;1 - 5.21667 ;2 + 5.7833% ;3 = =3.09816.
The solutions Por the ;i arse:

N "~ ~

k4 = 'Wb@; fg 3 - .G%Bﬁ} ‘fﬁ '§?3mo

i
]

1
. [
The three equations for the ‘71:; are!

N ~ ~
5.3853% %y, - 2.81667 1y, - 2.56667 w = 48,5838 -

~ ~N ~N
- 2.53.%? "m + 6;05’3“ % - 3&33.%? 'rgx * Qoé@ﬁj&'o
- B.SO067 T, - 321667 Ty, + 5.T833 1, = =51.0656T.

' -
The solutions for the *33 arss

3%
The ;;* gé sl the ;aé *';jxvalms are Wﬁeﬁ from equation (50) anmd
sre glven in Toble 6. For exaumple
;“" ;1 = 5.35200 - [ .46340(.20000) - .09033(.40000) - .57807(.40000) ]
= 5.14568,




{r » 21)(e = 1) &g

Ly = 1008755 - { 26.76(5.45568) + 17.66(4.43758) + ... + 35.00(5.83333)

+ B6BUO(54.59) - .09033(60.47) - .37807(52.91) {

= 1104.08755 « 1082.79910 = 21.22845 = (withia rounding error)
&"4’.2129“ - {om(5.?%5b} L 9@9}5('.6&516) - 057807{”300981635
- 2&».21293 - 2-9&%6 = ﬂu%&go | A .

1, = 20395.46000 - {5.MU56B(56) + uo + 5.85333(698) + L46BKO(1020)
- .09055(1160) - .57807(1083) | = 2099346000 = 2057540245
= 317.05735 = (within rouniing ervors) 355.76133

- {hEBKO(4,3B334) - .09033(2.6355) - J3TBOT(~51.06667) |
= 353'?8153 - &1072715 = 517-95’1’1&.

I w 399659 - §506(106.41736) + 355(85.99328) + wue + 69B(116.55533)
+ 1000(6.08679) + 1180(.02688) + 1023(-6.11367) § = 399659

= 302007.86155 = T651.10847 = (within rounding errars) 2257.88333
§ 6.00679(48.36334) + .0R606(2.66534) = 6.11367(=51.06667) |

§

B

In axder to compute the variety sums of products weighted inversely to the
variance with which they are estimated it is coanvenlient to comstruct o tabls
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of weights (Teble 10). This table is similar to the one given by Snedecor
(1946, table 11.30). Esch cell in the table contains the mumber of indivie

duals in the subolass, the reciprocal of this muber, l/nn, anl the

u_&é;

subclass mesns, 5'13. and ii.i" for the two veristes. The next step is 1o

oum the reciprocals of the numbers in esch row and in each colusm of the

table. The reciprocal of the sum of the Teciprocala (L.e., 1/:3; %—-— and

1/2;%5 ) result in the waights w,' aal v,'s These weights are proportional

to the vedghts ¥, sud v, given by equatics (93) and (89), respectively.

In the Pormer cege the facter vawé

= Wy and in the labber case wi'z*"’aww&.

The proporblemality factors are telem care of in the final sums of sQuares.
The swms of producte for veriety ave (equation (90)):

v, 6% |.20000(6.99667)" + .25000(6.05000)% + .22222(5.682167)° -

= 6% {26,503 - 26.30172{ = 580580

v, {.aocm(&%?)(l%-%ﬂ&) + 25000(6.06000)(119.55333)

+ .22202(5.62167)(118.85000) ~ (4.20002)(B1.30670)/ 67222 f
o 67 { 5115640 - 508.57060 { = 93367k,

y_=g# § +20000(132.33333)" + .25000(219.56333)" + .22222(112.50000)"
g

- B1.30670%/.67222 { = 1555.24536 ,



» i -
vhere the verious quantities are given lu the last 5 rows of Teble 10,
Toe ¥, sad % in Table 10 ave the means of the subelass means (see
equation (91)}.
The sums of groducts far replicates is obtained from the last 5 columns
of Table 10 is (see equaticn (93)):

R
R

#

5 {5.55333(2.76666) + 1v + (5.85333)(5.50091) - 17.20156%/2.76666 §
m 3% {109.6918% - 107.07M6{ = 23.55552

R B :"72 Em-m(EI-TM} % s ® u6.§5§§§(§. 1)
17.21156(333. 55594 ) /2. 76666

= 3 {2016.29450 = 207507277} = 3TL.00457

&

R, = % 7112.00000(35.00000) + +e + 116.35533(77.55594)

533.55594%/2. 76666 §

- 3 {40895.9620% - KEIH.39750] = 6026.00895

The errors of estimate are emtea as degeribed in Tables 6 end 8.
For example the error of estimate sum of squares for variety plus subclasses is

= 3546175 = 29.07483 = 3.966%

and the sunm of squares for varietiss sdjusted for replicates, interactionm,



@ el

aod linesr regression is

97.65595 + 5.80680 -

9509 .25

262936.,16208
9599.24536

% §3¢%175 »

= 3346175 - 20.57485

= 3.98692.
The variety, ¥, ., @i replicsts, ¥ , , mesns given in Teble 10 ave

adjusted for regression by equstioms (75) to (77) and equaticas (50) to (52),,
respectively. Thus, the adjusted treatment mean for variety 405 is equal to

aésegéév W)w
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‘ Tatle 6. Analysis of covariance for a two-way classification with

unequal numbers in the subclasses - Case II.

Sum of products

Source of variation ar g Xy x?
=T n -1 T T T
Total .. vy Xy XX
Among subclasses = A rv -1 Ayy Axy Axx
Replicate (ignoring treatment r -1 R R R
P (ig g ) vy - o
Within replicate rv- r W W W
vy Xy XX
T . . 3 -
reatments (elim. replicate) v-1l vyy ny Vex ;
* Interaction (elim. treatment fe I IX Ixx
and replicate) = I vy y
Within subclasses = S = error no-xv Syy Sxy Sxx
' Regression Errors of estimate
Source of
variation | 4f ss af ss
2 J— S *=8_-8_%/s
S 1 S,y /8 n_ -rv-l - vy xy/xx
(s +1 )3 (s +1
Xy ]
S+ 1 1 Xy Xy n =r-v B '=8 +I =
+ .. S+ 1
(B, + L) ooty w8+ I
(s._+V )2 (s _+v )3
Xy Xy
S+ V 1 .84 Xy n -rvév-2 [ C._ ' =8 +V =
. +
(s, +V xx) . ¥y w8, +V )
Residual (elim. treatment f I '=B '~-§8 1
and replicate) e vy vy vy
ad justed for regression
Treatment (elim. replicate) v-1 V '=C ' -8
ad justed for regression v ¥y vy

f = VvV -T -V + 1.



Table 7. Number of plants per replicate (n), yield of rubber in grams (Y), and
dry weight of shrub in grams (X) for the normal plants of

three guayule varieties in a selected set of replicates.

Variety 405 ‘ Variety 407 Variety 416 Total

Rep.|n Y X Y X n Y X Y X |n Y X Y X N Y X
2 1 6.44 1k6 - - 2 5.00 88 5.12 2! 2 k35 9 5.8 104 5 26.76 526

3 1 5.20 111 - - 2 2,59 61 479 93| 1 5.08 91 - - L 17.66 356

L 1 8.55 170 - - 2 6.46 127 10.70 194 | I 5.41 100 - - L 31,12 592

6 (2 6.77 115 9.05 120 | 1 6.81 139 - - 1 6,48 132 - - L 29.09 506

9 1 9.17 151 - - 1 5.%4 116 - - 2 5.0 90 8.69 178 L 28.34 535

10 2 5.4 106 402 91| 2 6.56 130 7.00 1o} 2 kA5 91 7.5 1bo | 6 35.00 698
8 54.59 1010 | 10 60.4k7 1180 | 9 52.91 1023 | 27 167.97 3213




Table 8.

assuming the following linegr model:

= .. + O
Y p + pj + Ti + pTij + BXiJh .

Analysis of covariance for the data of Table 7

ijh ijh °
Sums of products
Source of variation arf yz Xy %2
Total 26 86.72247 1343.58000 25356,00000
Among subclasses 17 59.06752 905 .03000 17312.,00000
Replicates 5 34,85458 546 ,24867 905L4.11667
Within replicates 12 2k 21294 358,78133 8257.88333
Variety (elim.
replicate) 2 2.985 ky.,727 606,776
Interaction (I) 10 21.228 317.054 7651.107
Within subclasses 9 27.65495 438,55000 80okk4 .00000
Variety (equation (90)(V) 2 5.80680 93,3674k 1555.24536
Replicate (equation(93))(R)| 5 23.55552 371.00457 6026.08896
Regression Errors of estimate
arf ss arf ss ms
Within subclasses (S) 1 23.90926 8 3.,74569 16821
S+ I 1 36.37678 18 12.50617 —
S +V 1 29.47483 10 3,98692 -
S +R 1 46.57956 13 4,63091 -
Interaction (adjusted for variety,
replicate, regression) 10 8.76048 -87605
Variety (adjusted for replicate,
interaction, regression) 2 0.24123 -12062
Replicate (adjusted for variety,
interaction, regression) 5 0.88522 L1770k




Table 9. Values of nij y nij/n 3 , totals, means, and effects for the data of Table 7.
Variety n Y Ty /n S ﬂ’; X X /n g +;I
Rep’ hOS h07 ll-16 .j -j. g .j J hA .j. .J- *J J x
2 1 2 2
.20000 40000 .4+0000 5 26.76 5.35200 5.44568 526 105.20000 106.417 36
3 1 2 1
.25000 . 50000 .25000 4 17.66 4 . k1500 4 43758 356 89.00000 88.99328
4 1 2 1
.25000 .50000 .25000 Ly 31.12 7.78000 T7.80258 592 148.00000 147.993%28
6 2 1 1
.50000 .25000 .25000 4 29.09 7.27250 7.15540 506 126.50000 124.97830
9 1 1 2
.25000 .25000 .50000 4 28.34 7.08500 7.17952 535 133.75000 135.27842
10 2 2 2
.33333 33333 «33333 6 35.00 5.83333 5.83333 698 116.33333 116.33333
37.85409 719.99397
n, . 8 10 9 27 ,
Y, . 54.59 60.47 52.91 ——> 167.97
Y, ./n; 6.82375  6.04700  5.87889
Ty 0.46840 ~0.09033 =0.37807 g = 6,30902 4 W = 119.599900
xi'. 1010 1180 1023 5 | 3213
X,../n; | 126.25000 118.00000 113.66667
T 6.08679 0.02688 -6.11367



Table 10. Computations in an rxv table when interaction is mesent.
Variety
Rep. 10 40 416 i - -t y % 'y '3

€p > i i nij WJQ y.J. x.j. wj“y.j. wJ_x.J'.
2 n11=1 n21=2 n31=2 -

1/n 1710 1/n21=.5 l/n31=.5 2.0 .50000

yll =644 ;21_=5.06 Y57.55+10 5.53333 2.76666

%17.7146.0 | x5 =90.0 | ., =100.0 112.00000 56.00000
5 0107 Dpp=2 Bgp=1 -

1/n12=1.0 l/n22=.5 l/n32=l.0 2.5 RTelelels)

512,=5.20 §ée.=3.69 532._5.08 L . 65667 1.86267

X1p,5111.0 | Xop =T7.0 X35p,=91.0 93.00000 37.20000
y 3" P32 n35=1 -

l/n15=1.0 1/n p5=+5 1/n3 =1.0 2.5 40000

¥135.8-55 | ¥p5,=8.58 | ¥55.=5.41 7.51333 3.00533

15.7170.0 | X5 =160.5 | X, =101.0 143.83333 57.53333

6 ny),=2 gy, =1 ng)=

l/n1u=.5 l/n2u=l.0 1/n 51,710 2.5 40000

F14.=7-90 | ¥,,.=6.81 ¥5,.=6-48 7.06333 2.82533

%14, <175 | X5, ,=139.0 | x5, =132.0 129.50000 51.80000




Table 10, continued

Variety
. L 116 - -t 7 : 15 '3
Rep Los o7 1 E nij w'J y.J. x'j. WJ y.J w.j x'J.
9 n15=1 n25=1 n35=2
1/n15=1.0 l/n25=l.0 1/n55=.5 2.5 %0000
3;15.'"'9']‘7 525.=5'hh §55.=6.86 715667 2.86267
%15.5151.0| X5 =116.0 | x5 =154.0 133.66667 5346667
1/n16=.5 1/n26=.5 l/n56=.5 1.5 66667
V6.2 | Fp5,76.78 | F16,=6.00 5.85333 3.88891
X16.798-5 | ¥56,7135.0 | x50, =115.5 116.33333 7755594
5%-;3 5.0 4.0 4.5 2.76667 | 37.75666 728.33333 | 17.21156 | 333.55594
! .20000 25000 .20222 67222
Y, 6.99667 | 6.06000 | 5.82167 | 18.8783k
ii.. 132.33333 | 119.58333 |112.25000 | 36k.16667
vty 1.39933 | 1.51500 | 1.29369 | 4.20802
wi'x, | 26.46667 | 29.89585 | 2h.ghkeo | 81.30670

}
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This exsmples ls included to illustzate the calculstionsl

ymmmmmwmafwnuwm. It should be emphssized that
re iz spproximste and thet there appesrs to be little else that
can be dome if en enalysis 1z dsaired. (see Hendevson, 1948) In order o
obtain en appraxinate salysis it is aseumed that |

ria

-
j a
iﬁlmig =

These sssusptions are probably not too bad for the iafinite model siuce the

F . : : » ~
Blpr,,} = zeve. sver, in the finite model the E(p?m) = 9Ty 50 Thus, if

& mero is substituted for ;f"ig for & cell i which the a,, = 0, o bias
regalbes  If the mmber of subclasees in which theye ere no chservations ie
relatively smell the amount of the bias provably will not seriously affect
the vesults. However, with seversl mlssing subclesses the appropristensss
of the resulding snslysis is open to question.

The dpta of Table 3 are used to illustraie the computationsl procedure
for o covsriance anslysis for date from & two-way clagsificatiem with unegual
mmbers in the gubclesges and with intersctiom sssumed present. The various
retios, total, and means required for the case I smalys's are given in
Table 5, and the m of sguares are presented in Table 12. (A number of
these swms of squares are obtained directly from Tebls b apd from the
ealeulntions sssoclated with Table 4.} Thus,



m 1580.27570 » 14H7.0630% = 103.21267.
= zgmé.aww 27873»111& = 1%3.08368.
= 550181.00000 - 536887.81081 = @ .1&93.9.

= 3,516,11%5 1%7.@5503 = 69,0872,
=% t‘.‘é"‘i} aﬂ?&’?§.&l’!¥% " ﬁ%th
= 550486.50000 - 536887.80081 = £2508.68019.

= 155‘30275?3 1516 .1.1%5 = 3&’015523'5 .

8

¥

8, = 29516.20000 = 2697E.00500 = 542.19500.
B, = 569181.00000 55%%.:@&@ = 955450000,

4 2&9’?’@.0@% - ES%'MI T 15355093’03—90
= 559486,50000 = S5L783T. 60759 » n&%.ﬁ%ﬂ.

W s 207 ] 6.73000(.T9202) + 6.36667(.97951) + 5.39206(1.01689) - 28

= 200(27.2554190 = 17.1518705) = 10.33481,
10% { 6.73200(15.,41803) + 6.36667(19.15723)

+  5.59206(19.75344) « ﬁ%@]ﬂl J>

= 100(536.1128505 - 334.0586457) = 205.418i8,

e
)



- bl -
V., = 10° {151.05000(15.41803) + 124.38869(19.15723)

2 , ' 2 Oa
+ 108.65286(19.75344) A5z .?

= 100(6547.0618453 = 6506.297TTh9R) = kOT6.40951.
replicate with 9 af (formale (93) apd Teble 11):

‘ = 16,525 2625 .l!&lGEg
Bﬁ, = 3 SC»;@‘ﬁm(E.&Ebﬁ} + ...+ 5.833%5(3. 86801) - %

» meshedx. 39,91070.

B = 3% im&oooo(yaézm) & ..o+ 116.33533(3.88891) -

= 561.50469,
| Pt S0
R, = 3* %129.&3@000(63;.25@%} ¥ eae ¥ 126.355553{77.55504) f'%wa. 560 f
43
= 9RPHE3I5TR.

T arrw of estimate sumas of sq,ma are obtainad in the vauel memer.
The veriety Boans aﬁ;}uaw foxr :‘s.imar regression cmpuﬁed from formules
{75) to {77) with z, replacing v; thus, the adjusted mean for veriety 416 is

S( 1000 + oo & 115.5

= 5.59006 = 055928 { 108,64286 - 122.7115h

%’“ (ﬁol@ % soe 'l' 60@@) LY.

£ 503?969*



®

Table 11. Computations in an rxv table when interaction is present and when some of the nij = 0,
Variety v v, v,
Re 405 Lot 416 ] ZJ i w,! J /v = Z‘.Jx /v =x w.ly w.'x
P j1 1, 3 |15 ¥y | ErFy 3 Y50 Vi X
1 n11=1 n21=l ! 0
1/nll=1.o l/n21=l.0 - 2.0 .50000
=6.93 521.=61‘2 - 6.52500 3.26250
=143.0 §21.=102.o - 122.50000 61.25000
2 n12=l n22=2 n§2=2
l/n12=l ) 1/n22_ l/n 2.0 50000
V10,684 | ¥, =5.06 ¥3p.25-10 5.53333 2.76666
X)5,=146.0| X5, =90.0 X5p,=100.0 112.00000 56..00000
3 n15=1 n23= n33=l
l/n 571:0 l/n23=.5 l/n33~l .0 2.5 %0000
le =5.20 523_=3.69 y33.=5.08 4.65667 1.86267
15'---111.0 x23_=77.0 x53.~91.0 93.00000 37.20000
L 1)4:1 n211-= n31|-=l
1/n1h=1 0 1/n2h=.5 l/n3h=l 0 2.5 .40000
¥14.8:55 | ¥p), =858 | ¥y =5.41 7.51333 5.00533
14,5170.0 igh_=16o.5 %5),,=101.0 143,.83333 57.53333




Table 11, continued

Variety vj N vj vj- N - .
Rep. 405 407 416 & o wjt 5.5 =y 3 1§1xij./vj=x.j. wjiy'j, WJiX,j,
5 ny5=2 n25=l 0
l/n l/n25=1.0 - 1.5 66667
yls _5 Th &25_=7.66 - 6.70000 4. 46669
15.=107.5 ias =169.0| =~ 138.25000 92.16713
6 n16=2 n,6=1 n36=1
1/n16=.5 1/n26—l 0 l/n36=1.0 2.5 40000
¥26.T+90 | ¥pg,=6-81 | y54.=6.48 7.06333 2.82533
X16,=117.5 | X5¢,=139.0 §36-’132 0 129.50000 51.80000
T nl7=1 n27=2 0]
1/n17=l.0 l/n27=.5 - 1.5 66667
¥17.57-10 | ¥, =7.16 - 7.13000 k. 75336
x17.=137.0 §27.-131.o - 134 .00000 89.33378
8 n,g=1 n,g=0 n38=1
l/n18=1.0 - l/n38—l .0 2.0 50000
¥1g.55:57 | - ¥5g.=H-22 4.89500 2.14750
X,g,129.0| = %5g,=87-0 108.00000 54,00000




Table 11, continued

Variety v, v, v,

R 4os ko7 416 ZJ i w.! s /v y ZJ;E /v .=x w '3 w ‘;:
ep. 551 B 3 i27¥15 .3l 1=1%13. T IS T AP B B
9 n19=1 n29=1 n39=2

1/nl =1.0 l/n =10 l/n 2.5 ko000
19.=9.17 y29 =544 y39 _6 86 7.15667 2.86267
19.5151-0 29.=116.o 39.=131+.o 133.66667 53, 46667
10 n10=2 n20=2 n50=2
l/n10= 5 1/n20= 5 l/n30=.5 1.5 66667
Vy0. 5412 | ¥p0,56.T8 "30._6.00 5.83333 3.88891
%10.598-5 | Xp(,=135.0 | x5, =115.5 116.33333 T7.55594

S 1/n 8.5 6.5 5.5 5.10001 | 63.00666 1231.08333 32.,14162 |630.30685
! .11765 .15385 .18182 45332
yi.. 6.73200 | 6.36667 | 5.59286 | 18.69153
X 131.05000 | 124.38889 | 108.64286 |364.08175

Wi';i. 79202 <97951 1.01689 2.788k2

wi'x; | 15.41803 | 19.13725 | 19.7534k | 54.30870




Table 12. Analysis of covariance for data of Table 3

assuming the following linear model:

Yijh

= W+ pj + T, + pT

i ij

+ BX

ijh ¥

3

ijh °

Sums of products

Source of variation ar y: Xy xZ
Total 36 103.21267 1643,08568 | 32293.18919
Among subclasses 25 69.04722 1100.89068 | 22598.68919
5Z§§Z§3te e 11 43.85847 666.91049 10949.79678
Interaction (I) 14 25.18875 433 .98019 11648 .89241
Within subclasses (S) 11 3k.16545 542.19500 9694.50000
Variety (equation (90))(V) 2 10.35481 205.41848 4076.40961
Replicate (equation (93))(R) | 9 37.91670 561.50469 | 929k,43545

Regression Errors of estimate
af ss af ss ms
Within subclasses 1 | 30.32394 10 3.84151 .38415
S+V 1 | 40.587k4 12 3.93282 -
S +R 1 | 64.15067 19 7.93148 -
S+ 1 1 | 4h.64608 oL 14,70722 -
Variety (adjusted for replicate,
interaction, regression) 2 0.09151 -0l566
Replicate (adjusted for variety,
interaction, regression) 2 %.08997 L5kl
Interaction (adjusted for variety,
replicate, regression) 14 10.86571 77612




(gsmm model for one or both catew

If cne or more of the categories ie considered to be a sample OFf categories
frem a large population of categories the interaction mean square is used %0
test hypotheses asbout equality of means. In such a case, there may not be
mich interest in estimating an intersction effect. Insteed, one may wish o
estimate the varisnce component sssociated with the interaction effects.

The problem of estimating effects is complicated by the fact that the weights
are usually unknown. If the interaction regression and mean square are used
the sums of sgusres 10 be minimirzed is

;s s pe’ - " - - % 2 A
e - G :,‘E:L T TR R TR T a2k
where
Ty o BEE H P b e+ B+ By # B - R ) (125)

vhere 1, Ty, 0, B, and 8, yp, are defined in formula (52), where ¢, Tepresents
a rapion component associsted with the 1jth subclass, and where B, equals the
inberaction regression. Omne could minimize the sum of squares:

v ai
= £

2: 126
1=l jel hel ( ijn (226)

- » 2
~HeT, - ﬁj - ﬁlxi,j' - 6(x13h - xu)) s

but the same estimates of b, T,, Pys end By cbtained from minimizing (124)

will be the same as from minimizing (126) if w

1 in (124) is set equal to By 40



Bince this 4s true and since

| Baun %y i /oy (= 8y

Y

B = ] (127)

P

- 2% 2.
oy éﬁxijh TR /"13; = S

¥

the sum of squares in (12%) ingtead of the sum of squaves in (126) is minimized.
Also, Wi:} ig mot always equal %o ’113‘
The problem of the correct weighting is gimple theoretically. Thus, the

variance of mi’vﬁ. in the absence of regression is

n
W, o= 1 / og" |\ = H . (128)
S / (o + B, ) By g0 * 0g"

In practice, however, o % and oy ave ususlly usknown, and, sbsapxthemtidte
consequently ¥, is unknown. Also, the middle term of (128) implies that no
”z:;”"’ Hosever, an anglysis is atill posaible even though one or more
= ZOPO. %hemﬁhadwmm&mwmuemtwmwmnm
slthough the solution of the equations iz more difficult. Inoré.ertom

2 partial sclution consider the following two cases:

nm
= O,

(1) ©,® 1s large relative to og%/n, §

(1) o ® 16 small relative to oy®/n, 5

In case (i')wi,'; is near unity, and for all practical purposes ¢ne mRy use

wié = 1. If'thenu

“53 will essentislly be ons. Thig results in an analysis of covarisnce on

mhrgeands.faeaismwlemtca&*,

the subclags means. If all subclasses contain one or more chservations,
the analysis of covarisnce procesds in the same manner as for equal mumbers

per gubclags. If the second situation prevalls then w

uiseete@:alm



end the analysis goes through as described below.
However, the true situaticn is more often in detween the two limiting

Bys

ceses clited above, end in order to eifect a solution to the problem it will
be necessery to have reasousbly good estimates of d % end 0"+ In arder
to illustrate the general procedure the formulas obtained below will contain
v ;o The sgpropriste veight may be substituted in effecting the sclution
to g given problenm.

Toe partisl derivatives of (124) with respect to u, 7., p,, wnd B, eve:

%%ﬁ == ai‘?‘i;@m. B R T 51;‘13.) . (129)
%—i—? = - my Gy ey ey B ) (130)
%%j% T TR R R TR (a31)
g—% = - aﬁ?ﬁ.ﬁi&'gﬁ -p-T - py = §1§M‘) . {132)

If we set the sbove equations equal to zere the following normal equations

VR T 3"5 * Blu e = B (a33)
equsilons for p,:

.Y ~N ~N N - s
W e ey) Doy 4 BDeR, = B (134)



v {}i + ;323 & Eﬁm g F 1%3_%5&‘ - Zﬁwﬁyﬁ‘- . {135)
) PN T A = - '
ORI ER ALY R SR A | (136)

€§~ + *x } + B 1Py, T Doy, . (a3n)

3 ~ - o - :
RAEATE 3t P ey Payey. ¢ | 38)
"ﬁffﬁﬁiﬁj'&m‘#ﬂ*b%% .= BT, | ()

gt Pt “’“ﬁu"m- By,
Dofyly. G

¢ e wz mtm 1 squations (33h) to (135) is divided through -
‘?.y Hhen T

PO ) A B N ‘ . o
BER T %E?is@ia»a*%’%”‘ﬁ“ - ()

mﬁmw;mmwmwﬁm@mmﬁ

&M%

Epy=0s . | ; (vhe)

the esbimste of » dac



N - 4 - A- Y
& vy P, T Bt W) (a43)

Subssituting the estimate for o, in equation (140) ve obtain:

lﬁa-’mo ”’3;" ‘?’i&’ﬁ"; 15514 ’3“1’3" 1y%eg.t z?" o 13 T Py,

By = -
‘ itw, > - 2.( )af
13 1,;1 2‘13
S (244)
aubs%i.‘&w’:.im the solution for sé in ca.mtm (137) to (139) and metting
ﬁl w gerg, we obbaim
a  p We,W
{w - EH /w 5) § 5%y 3&1-%%;&
* ady. cies B o A - )
&~ W oW, & wx Wy ¥
. : . i - 2 A o
,4%1?%};& + 1yl - ﬁkﬁd /oy i“’:}z_‘,‘z v
- w . - | | 1‘6 |
" T ‘»’?’%i"’w’w " | (i)
- _; g
val & T Yyt gy 7
.f’;& 1 52 v., étv(w? aagl ;:i—)
v
= & (347)



. |
If 8, is not zere the equatioms mmmmgim* |
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Selution of the above equetions Tesults in estimates of T, vhich ave wwetgwed
sdjusted for replicate offect and for regression. !i'he;-b;_iis the

With the estimates tained from equations (146) vo (148) end with
the various totals 1t is possible ¢ compute the varicus sums of squares

in Table 15. Thus,
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L S TRATEL S L (158)
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where the ¥, are obtained from equations (145) to (347) and the v, ere

dtalmd from the sum equations Vit %,,, substituted tar ¥y5.0 and vhare

Ll ;u- QJW are obtained from eguation (111-1) mmalaetaqualta
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The sum of squares for the errars of estimates may be obtained apt
. "~ ~ - ~ -
EWA = W, - Z(p + 93) ?&3’13- - 211?1Jy13‘
Ny - -

a A ' a ' PN
Ty = 30 ey P BT ¢ TR
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- gum of squares due to u', 93', and B,' sssuming gero treatment
effect. I - 715)

An alternative procedure for computing EW' and V W. iz presented im
Teble 15. " )

The covarisnce analysis fw«ié @ ni‘i

"Bxperimentel Design - Theory end Application”, Federer, 155k,

is given in chapter XVI of



Table 15.

unequal numbers in the subclasses - Case III.

Sum of products

Analysis of covariance for a two-way classification with

Source of variation de XV <2
Total =T n.. -1 vy Txy Txx
Among subclasses = A rv - 1 vy Axy Axx
Replicate (ignoring treatment) r -1 Ryy ny Rxx
Within replicate vr - T W W W
¥y ! Xy XX
Treatment (elim. replicate) =V v -1 v v v
Yy ! Xy XX
Error (elim. treatment and f E_ | E E
replicate ) € vy Xy
Within subclasses = S n =-1rv |8 S S
. vy C Cay xx

Regression Errors of estimate
Source of
variation af ss arf ss
Within subclasse 1 | s _2/s n -rv-l S '=8 -8 2/s
sses Xy / *x .e N A Xy / b'o's
Error 1 | E_ 3/ rv-r-v E '=E_-E 2/E
Xy ' oxx yy Yy Xy ' oxx
Error + V 1 | W3/ rv-r-1 W '=W__ +W 3N
| xy | xx 24 wooxy xx
Treatment (elim. replicate) adjusted v -1 V '=W '"-E !
( p ) edj - vy vy

for experimental error regression




