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COYARDBCI AlW,YSIS m A 1'WO-VAY CIASSIFI!t>\!flo.N llr.CB 

~AL ~s m 1'HE stmeLASa3 

W. ~. Federer April,~ 

Cova:ri&iiee aDa.l..,'"'Bes for e. tvo-wq clusi£1catian w1 th tmeq;J&l 

mmlbera in the subclasses present caapu.tatior;al. ditf"icultiea as wll 

u sCII!e tbeofttical eaa,plicatiODa. The pu:rpoee of this note is to 

set f'artb. saae of tbe cODSidera.tions inVolved in various ccwarifmce 

~es aJld to illuetrate tbe procedUres with a :awaerioel f~XatilPl.e• 

In the :tollow'!Dg covariance~ it WiU be au..O. that 

the usual us'UII,PtiODa in a covariance ~ia are eattafied; t.a., 

(i) the ~nt Yariate ·(X) 1e MUured Vithol.lt error, 

(ii) the d.ifterences fllllCJnS treatments for tbe eovar~ re

present raD!Qil HmPli~ fluctuations, 

ot a. cCIIII20!'l regression, ~, a.ud 

(i-v} the trea:tant error. a.ttv a4justil'l3 tor covaoriatiaA ere 

estimates of a CCJIIIIQD en-or vat"iance, a E 11• 
,\/<)· (t '·')dl~. 

It cODditionS(ii);~JIOt hold c~ eq atUl be applloaJtle 

but tbe inteJ"lXr'etattcm ~ t.be results must take this into aacOUDt. 

Whether t111: not ae&n1Dgful. caaelt.J&icms can be re&1bed will depend 

upon the rntu:re ot the experimental trea;tmeats SD1 cODU.tions. 

Three cases vill be coasidered in tbe present JDflii'JUSC:ript. 

\ . 
Cue I • The regression fran the reaiduali\JJ.ne is used to adjust 

tbe eate;ory meam, the s.d.justed residual mean square is used 
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Table XVI-24. Yield and number of' observations f'or the variate Y and f'or the covariate X 

f'rom a randomized complete block design (totals per n .. observations). 
J.J 

I • ! _____ -~-R~hcate 
Treatment ~: 1 I 2 t • • • 1 · j 1 • • • I r ! Total 

i 

1 l 0 11 Yll· xll·l nl2 Yl2· xl2· I --T~~j-~~j-.x~j-.1----T~lr Ylr· x:~~ nl· 
I I i I ; ! 
I I ! I I . . I . 1 . I 
' 0 21 y21· X21· I 0 22 y22· X22· l 1 °2j y2J· · X2J·. ! i ~r y2r· X2r· i n2· 
' I I ! I 'I I ' , t I 

i ! I ! I I 
! I ' ! I I I I! i I I 

• I I ' 
:n.lY"l x.llni2Y"2 x.2 i ln .. Yi. X .. I ln. yi X. in. 
1 J. J. • J. • 1 J. • J. • 1 , J.J J • l.J • , 1.r r • J.r • 1 1.. I , . . 
I I i i 
I l ,. I 
i f I 

i i : 1· ·n Y X In Y X I n.Y.X. I vl vl· vl· 'I V2 v2 • v2 • : 1 v J v J · v J • 
I f I 
I ; 1 • 

I ' f 

y X 
1·. 1·. 

2 Y2·· x2·· 

y X 
i.. i .. 

v n Y X vr vr· vr· n 
V• 

y X 
V•. v· • 

Total 

I 
I ' I I 
I i 

In Y X 'l·n Y X I ·1 ·1· ·1· ·2 ·2. .2 . 

I 
In . Y . X . 

•J •J• •J• 

. l 
In Y X In Y 

·r •r · ·r. I · · X 

i 
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Cue III • !~.'be interaction regression is used to Qdjust the categOl"'J 

means 1 sad the adJusted interaction error is u;ed to test by.pothesea 

.£!:!!! - C~tegp;!j.!~ edj!j!§ted fcrr resAAUfl. remt•19!, .!!! 1nteraet:ion 

If the it.ems :in the two cl.usitioatioas are considered to be f':Lxed. affects 

llUld if 1nt.erel!tion ia non-existent, the l!Dea.r l!'lOiel in a two-~ classitie&"" 

tic with a. e<r-rariate ia: 

yijh :Ill ~ + pj + 't'i + 5iJh + ~1:tJh" (l) 

/ wbe~, aJ, t 1, ~5' ti.Jh' and a13h repruent the mean &tfect, the effect ar 
./ ~fth level of tbe fast factor, the ith level of tbe secODd factor, the 

average regreui~ cQelfficieat t'r<.'.1m tbe derta.tions, t.be ijhth valuG ot the 

indepetdeat va:riate oQ'l'respondiz!g to tbe iJhtA va.lue of tb$ YaTiable of 

j = l, 21 ... , r 1; b = l, 2, ... , n13; l?ij • n •• =total mmtber of obser

vations; r.r1 • r = total Dl'~Jlber of su'baluees. 
i • 

The maher ot :Uadirtdual.s ~ subclaae, n1j, &'!.ld· the t.otals per subclass 

i·or the two. variables, ! and t, are given in 'rable 1. T'.b.e various row aDd 

column totals and the grand t..otals are defined in the m.a.rSins. It U13 

n13 a zero tllen tbe eorres~ Xij• a.ul YiJ• vUl a.l$0 ba ~ero, am. the 

~ ot subcl.a.eses in the 1 th rt:1W Vill than be :1" i • Li..lr4Viae 1 i:f' tl:ie seeQM. 

lf 

-~"t_e~~-·--~-·-~~-i~!l'eCi,.~~ ';li.~ -~. v J a~~-~es_ .. iJi_ ~ _j~. cc:~~· . 
v The f:Lrat category ill ~able 1 is denoted u the treatment e:ftect while Ul~ 

see<Dl categc:r.ey is called tbe replicate efi~t. Far tbe present exampl.£1 
it is more real.ietic to th1l:lk of replicate as a seoond categ017 r~ t.han 
u a repliea:te in a ramaau zed eanplet.e bloelt design • 



• 

-'-
i'be estimates Of tbe ettecte tJ., P J' T:t, and ~ are obta.:i.md 11.1 pa.rt1sJ, 

d.iff'erentie.ticn at ·(;be residu.a.l swt of :;qua;res vi th respect to tba: effects, 

by setting tbe resulting equa.ticm& equal to zero, by Ulposi.Dg the restric• 
" .1\ A A A A 

ti~ Epj $ o &ad ET1 • o, and b.f obtainins the estimates ~~ p 41 ~1, aaa ,, 
j ~ . 

Which satisfY the resultil:lg equations. The resid.ual s\'111 of sq~es iaZ 

v ri. ni3 
p~ • i;l J:l ~ (YiJh • tJ. • PJ • ~1 • ~13h)a. 

A 

!Mtts t• e: 
A A A A 

Jl- _I! + to ... '*" .t + ~~ _ 1' .t + &SX • ~ • Y ..... -- J -~ 4 1 •• ~ ·-- ---

A 

~iQII tar eJ: 
A A A A 

a.l (p. + 91) • Znu"'t + ~•l• • 1•1• 
A A A A 

n.2<"' + "-2) + tn12".1 + ~x•2• • Y.e • 

• • • 

(2) 

{4} 

(;) 

(6) 

(7) 

(8) 
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A A A A 

n-r(~ + "r) + tilu-"1 + ~-r· 
A 

"""~. f!£ 'f i i 

A A A A 

n:t.<}! + ~l) + ~PJ + ~.. = lj_ •• 

• • • 

• estim t£ e= 

A A 

(10) 

(ll) 

(12) 

(l;) 

(14) 

The q~t!es Ep J sat E"t i 4o tlOt a;ppear a$ auch in equat~ (7) to (14). 

~~ore, it is llBCeSSC'7 to contider h ~ls set ct r + v + l + l aquations 

in sol.v:tng for tbl effects. It 'tbl't »;_J • s aft all equal the equat:L~ 'becQI'lle 

t~orsi~bq simplified.. Bhlce. tbis is not 1;be cue we obtain tbe ~ ct 
A A A 

t) J aut tt f'lv.lm equatio:DS (8) ~ (10) and trGa tJle equation tp j • 0 am:-m~---· 

Gti~-.. ~ft~"tr~tamr1Uj''i()··W·(l4 )J ~, 

(15) 

(16) 

• (1'7) 
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A . A 

~ijhyijh - iDi:·J·i·j· ... EX1 .. ,.1 • ti·J·r1J "'1 
(18) 

A A A 

Su.bsti·tuti.ne; the ve.l.UAil\ tor: p.,. pj, and ~ obte.ined. in equations (16), (17}, a.M 

(lu) s.n equati<ms (U) to (15) • obtain tb;t t~ 

. . . • .A . ill. 

' . ' (~ ~ 1' - .Qt f... 'J 
A ».-.~ • A ., J •.1• i 1~ 1. 1•• '~ 
~-z....:w "'* - x . --na. t 3 n.l fl\~ -i CX.a. • ~ • .,.> :tttX a ... a ; 

• . 1Jb ' •j· •j· 

• .. 
• 

(19) 

(eo) 
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(21) 

,.. 
~ e,:;tima·tes} -r:V' of the 1'1 which natisi'y equ~ •. t:;ioru=J (19) to (21) e.n:L fu~ 

A 

regressial ~ be cb~ •. in~;<L fJ;; ... am. 1 
t~..r-...,. .C·"·~ ·:-;_ b./..,~ ,.. \k} 1/ ~ r.-o . ) ?J··· :.-r .... • .( 

to zero;.· these are (s.H.-:;e' h~cor, 

(~) 

./ 2 i. ~J5:J 
,.. n2j ~ v ,.. ~.n. 1 

't'l .~~ + -r2(~ .. "" ~J L 't:'..t :t: J "'l, y ~· .. (23) _, .. z.. ::: -J~ ,.y .. 
j n n ·j n 2·" J 2J •J• ·J j •J 1~3 ..!. 

"' ·j 

If' the above equa.tiCil.S are multiplied by a :r.ainus one they m"e the eq-v..a.:tions 

used by Snedeeor (1946, section 11.12). Also, i:t p i~ eet equal. to :;;e!•o 

(i.e., all term.a inVolving X ~ deleted) in eqUAtiO'llS (19) ·to (21) H'0 ol:rtain 

·..,. 

A 

-r. we 
J. 

~ /&am equations (ll) to (1;) it is possible to obtain equations for 
I 

A A 

the -r1 an:.l for 1-Li thus, 



"' It s}JQuld be D.Ote4 tbat f!"lwt.tiOD$ (J.6} and (25) e.re both ~aiona for ""• 
1 F7), 

Mald..ng use of equa.ti*, "(25~ atld (26) we aoul.d obte.in r eque.tious :f.nvolving 
... 

only- tbe P/s• 'l'heae equations \tOUld be similar to equatiO'Jllll (19) to (21). 
- ,.. 

The resu.ltiDC estU.tes, P 4 , ot p would be the replicate effeo't adJusted 'Z01J 
tJ J . 

1~ nl8f$8s.1on am aas1Jli'A1ng aero interactifm. '!'he eque.ttrms tt.t•tu 

• 

(25) 

(a6) 

h\ 
*~Gll 
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A ~ 

,fl..d~ "tbe restri.ction EliJ '* • 0 results in Wlique solutim» tor the p 4 • s. 
~ -~ 

It too ter'.ll6 imrolvi'Da tbe x•e are .U.tted w obtaitl. equa.tiOD& tor ihe 

p; ·~ Wieh ~ fit the· f<m!l us~ - ~cor (1946, ohapter U); thus, 

• • • 

,· }' 2 -., a.~ r • n&gnij 
+ #J (a • L -=-) 1 t p E - L a !' .. :E6. _y • 

2 · •2 1 llt• .. '· J•3 j i n1• •2• 1 1.2'" 1• • 

~ '· 

(2fJ) 

{:50) 

(?l) 
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l'tla auas ot sc;.uaree for the ve:ri.ous s«U."Ces Of va.riation &Te given in. 

table 2, am are ob~ as follOws: 

y 
! • &ECr a ... ••• 
17 13h 1Jb a .. 

X 
T = .E&tlt a_ ••• 
xx t """" i.;lh a ..,... .. 

t a y a 
r 

Rw • .& 41,1• ••• .. 
Jcl ··J D 

•• 

1" X Y X Y r X t 
B:q .t ·~· ·~· . . .... , I:. X .,. ... ••• ••• • • J•l • ., .. ,•J• J•l • . ., • n •• •• 

X • X a 
l" ·l· ••• 1\ .. 1! ... . -XX J-1. 11•3 D •• 

w • w 

(;12) 

(33) 

(35) 

(36} 

(3?) 
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\J 

/ 
r rJ aiJ X a 

1 1f = I; t h~l. )'( a - ·a· 
let j=l A-"1 :ljh n ...... • •eJ 

~ reD'J!.1:J:d..'ag emu of aq;ua:res aM :llllCb more 4itt1eult to obtain. '!he 

flna til squa.res t• trea'talllmt (•Hmt-ttng replie&te effect Gill:¥) ts tbe sum 
A A A ~~ K-:ti! 

er squares d.ue ~- t~~ pJ .~"'4~1 • • -t'"}'fr ."/ &qu.e:&'eS due to tJ. ml PJ usum.i:Jg 
· (...L."'vt! '\·· .... ,.(' ·~'-· Jl - --,--!!;. ,,\ "' r ; 

• tteai:ment eftltetA tbu.8 fnu the eettaate. ot t.be effects obtained in 

equa.t1CIIl8 (22) to (as) aat (27) to (29) the tol.l.cN':I.D& .. et s~s resul.te 

When the 'IFBrious totale re:qr~e~ -~ c~~~~ riibt ~ ~ ot 
~A·~· .. i ,, "' '·· tc, "'-., ~;.,- -/ ,.~ .... ;.1 K/ •.. / 

~ equatioDs (7) to (l,)t ~~ bT dbta:h:dng eati3Dote. ~~ ~3~, fWd 
,;. I . (I . 

'fu t• the x val.ues 

(41) 

(42) 
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·.) 
A A A 

Dq = ~2J~1Jh • (t~ • • • + Zp .l.J • + I:'fiX:t.) (46) 

(47) 

foll(NS: 

• 
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Table 2. Ana.J.tsis of covariance for Case I. 

$Quree of variation 
! 

·~ 
/ i 
· ,~licate (iaaoring 
i treatment ) 
! 

) 
/ Treatments (eliminatiug 

') replicate ) 

'(.· 

Treatments + residual 

Residual 

*:free:tment + residual 

Trea:t:aent (eliJIIiDating 
replicate and 
linear regression on I) 

n 
•• 

Sums ot products 

'til 

n - l Tn' T 
•• xy 

r- 1 RJ'Y R xy 

y- l v" v xy 

·r-v+l•f r Dr.! D 

n ... r 
•• 

f .. l 
r 

v ... 1 

;q 

WY'/1 w:xy 

-r (. ?·' 

·:.;... ,;' 

D t • D • D. a/D 
Y7 '1'3 r:/ XX 

w t = w - w 2 /W 
'"~ '1'1 )(/ XX 

xa 

i' 
XX 

R 
XX. 

v 
XX 

D 
XX 

v 
XX 

....... -. 

-· 
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Jiml9l?, J.• i'he data in Table 3 were seleot.i to illustrate tbe a.nal.ysia ot 

covat>iaoae f'~ a t-..ro-vq classif'ica.tion ll.'ith unequsl numbers o:r observations 

in the subela/Jsee. Strietly apea.k1ng the lillea.r model in Cue ! does not 

app:cy- ·to an exemple Q;f' tbia tyge:; but the example Will serve to illustra;te 

the c<D,PUta·t:i.GcaJ. procedu're. 

A A A 

(30) to (;2) to estimate the values of !!, PJ' and -r1 for the Y vc·;1.ate a.lld 
A A A 

tb:1l 1-1x" pjx~ and "'1x tor the X val"iate. Using equa.ticms (22) to (24) the 
A 

f~ equaticma for the ·1' 1 are obta.ined (see Ta.ble 5): 
,.. 

~s,ratj.gp. toe ":a.: 
A 

.. ~1 [13- tl(.;oooo) + 1(.~) + ••• + 1(.25000) + 2(.33333)/J 
,.. 

~ -r2 [ 1(.50000) + l(.4oooo) + .... + l( .25000) + a(.,,,,,,] 
A 

- .. , [1(.00000) + 1(.40000) + ••• + l(.;oooo) + 2(.33333) ] 

A A A 

~ 7-71667 ,.1 - ~.64999 ,.2 • ,.o6666 ,., 

~ !J5.68 -1)(6.52500) + 1(,.35200) + ••• + 2(5.83333)] 

- :;.50635· 
A 

ea'f!Oil ter !e a ,. 
- 'fl[ 1(.50000) + 2(.20000) + ••• + 1(.25000) + 2(.3333}) J 

+ ;2 (14 .. t 1(.5()000} + 2(.40000) + ••• + 1(.25000) + 3{.33,33)}1 

A 

- -r3 ( l(.ooooo) + 2{.4oooo) + ••• + 1(.50000) + 2(.!>3'-'3)J 

A A A 

.:;: -4.6Jt.m t 1 + 1.86667 1:2 - 3.21666 'I'' 
= sa. ;a - [ 1(6.~5oo) + 2(5.:55200) + ••• + 2(5.8;33}) 1 
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A 

!SW!t&m tw "'' z 
A 

. ,.., I o(.50000) + e(.20000) + ••• + a(.2;ooo) + e(.,,,,,,] 
.... 

A 

.. "'a [o(.;oooo) + 2(.4oooo) + ••• +J.!.2;ooo) + a(.3335:5) J 

+ ;, ( 10 .. {o(.aoooo) + 2(.4oooo) + ••• + a(.5000Q) + e{.:;,:;,,) 1 J 
A A A 

• -3.06666 "'1 - ,.21666 "2 + 6.28'~ ,, 

c 57.13 ... [ 0(6.52500) + 1(5.,5200) + ••• + 2(5.83333) ] 
·~ = .,. 7731.6. 

A A A A 

~"bag tbat E'f1 • o, we aubetitute ,.3 • • "l • "'a in t.be aboVe equ.aticmth 

TbeB we subtract tbe l&st equatiom. trcm the reaaiai!IC eqaations to cbtain 
A A A 

tvo equatiG!ls im'Ol.Yi.Da 1'1 t.mtl "a· After elJmiDatizc 1'1 · we f'iad w 
A A 

solutiOn for -r2• ~n, tb& solu:Ucms tCl" <r1 are tound to be: 

A 

~ IW 0•33507J 

A 

'f.,. • -o.4ce48. -;; 

A 

tUee equat1-. ttl# tb.& '~' :1lt' s: 

A 

F'r<a the above tiD'ee equatio:ae aDd tra tlle equation :&'fix = 0 we obtain 
A 

t.blt fo~ e&luticms for tbe or 1lt: 
,jiJo 

:to. Note that the sum ot eoeff':t.eients tat' ~ 1'1 • 0 aDd tbat tbe right haDd 
a~ at tr~ equa.tiou alec sUIJa to aero • 
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A 

It 13 is set~ to aero iD equations (8) to (10)1 and if the equaticms 

are divi.ded by 11.3 we obta.i.D the f'ollow:lna equation for the 3th replicate: 

~ + ~J • i J .. (£ n. id ;. ). (;o) 
r~ • • i n.J ~ 

A A 

Ma.1dJ1S use al .._tion (;o) w caapute the various tt + PJ values; tbus, 
A A 

~ + p1 • 6.;asoo - t .;oooo(.33507) + .500QO(.o674l) + .ooooo(-.4o248) J 

= 6.32376 
A A 
~ + ~2 • !).,;200 .. ( .20000(.,,,0'7) + .lt.oooo(.o674l) + .4oooo(-.4o248) 1 

• • • 

• ,.419()1 • 

A A 

11 + P10 • 5.83333 - [ .33333(.33501) + .,,,,,(.06741) + ·33333(-.4o24B) J 
• 5·83333· 

A A 

S1l:ule f P 3 • 0 th$ ena ot · tbe alxmt 10 equatioas 1a equal to l()j.l., which is 

A A 

62.1646,. Since p. ie lm.Cnm it is pesai'ble to eva.luate each ot the PJ'sl 
A ~ 

tat ~J.e, pl • 6.32376 - 6.21646 • • 10130· 
A A A 

With tbe values for 11, PJ' .m. "t it ie nov possible to caapu:te the 

various s\1118 of prolueta iA Tablaa 2 and 4. Tbe SUII8 ot products tor tbe 

total, replicate (isnoriDs trea-.at), aai w:l.tbin repUeate are straight-
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Thus, 

C91J'!,ejJi.Ji!\. fRF the mee b . df l t 

Y: 23J,.?J9a/Yf • 1447 .o63()6. 

XY: 2;1.39(4457}/37 • 2787:;.11432. 

X: 445"{2 /?>1 • 536867 .8l.o81. 

totaJ, !W Qt SW!:'£!1 (p ... l df); 
•• 

T71 = 1550.27570 • l~7.o63Q6 a lO,.al267. 

~xy • 29516.20000 .. 278'73-11432 = l643.o8568. 

'l1 = 569181.00000 - 536887 .8lo8l • 32293-18919. 
XX 

re;elieg.tss . htiYHW yeaten~s) (r • 1 dt): 

RY.Y • 1488.21038 • 1447.06303 = 41.14735· 

Rxy • 26492.01367 • 27873.11432 • 618.89935. 

RD = 54696Q.6l667 • 5!S6S$7.8lo81 = 10072.8()586. 

w1 ts;a f!ili&atea ln.. • r df); 

WJY • 1550•27570 • 1488.21038 • 62.o6;,e. 

wx:r = 29516.20000 - 28492.01367 = 1024-.18633· 

w = 569181.00000 • 546960.6~667 • 22220.38333· 
XX 

T'tle. I.'JU1a$ ot products V T/1' V X'¥' and V xx are computed from equations 

(42) to (44) (see !able 5); thus, 
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vT.r = 13.05(6.32,76) + 26.76(5.41901) + ••• + ,;.oo(;.a,,,,) 

+ 8;.68(.5,507) + 88.58(.~11.) + 57 .13(-.40248) 

-(~ ·!f! +····~) 
= 5478;7.6o759. !)469()o.6l667 ;Ill 876.99fl92· 

Also, "xx = ;.a58l6(5Q.SB;s~) + e.4lo83(l9.183,.,_) - 1 .66899(-7e.o6666) 

• 816.995;13, which agrees with the above witbin rounding errors. 

v )'(}J • a4;(6.SQ376) + 5a6(;.4190l) + ••• + 698(;.a;s,,;) 

+ 1634(.33507) + 17l.3(.o6T41) + lllO(·~) 

• ( *-'·j5'24:U + 26i6'5@6> + .... ,,.oot698) ) 

= 2854Q.oa48l ~ a849Q.ol367 • ~.Olll4. 

Also., v-. = ·33507(52 .. 88334) + .o674l(l9ol83:s4) •• 4CQ48(•72.o6666) • 48.0l..Sl6, 

&Di 5.2,Sl6(3.5o635) + 2.4J.08;(.26685) - 7 .66899(-3.77316) • 48.01661, 
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!he S1.ID8 of p-oducta D1T' D q' arid D :xx are obta.iJ:Ied by subtraaticm 

or frail e~tioas (45} to (47)J thus, 

DY.r • 1550.27570 • 1490.92150 = 59·35420; 

:o,ey- = 29'16.20000 - ea;t,.o.oelial • 976.17519; 

D • 5691.81.00000 • 5478:57 .6o759 • 21.,.3.39241. 
XX 

1'be sums ot squares adJusted for regression are ccaputed in the usual 

-..-mer ( see ~lea 2 and 4). 

A A A A 

solutions for the JJ., P J, ~, atld "'1 values 'lllq be obtaJ.Ded f'raa equations 

(7) to (1.4). 1'heae an glven by t~U&tioDa (15) to (2l) aD1 (25) to (29). 

'.rhea, »w: and vw: are obta.1ned trca equatiOD.S (48) and (49). !'he results 

A 

·~pt!e'e§ £011 "'1 (&Mti2Df ,19) tg (21)): 

; 1 ~ 13 ... \..1(.50000> + 1(.20000) + ••• + 1(.250000) + 2(.,,,,,, 1 

• (}6~ ... 1(~·29QOOl- l(ihsaooooj- ... • l(l:U17mQl • 2(u6.33333)] 2 2 ·· .~a, , ... s 
A 

.. ~2 \ l(.;oooo) + l(.4oooo) + ••• + 1(.25000) + 2(.,,,,,) 

+[ l.6:54 .. 1(122.50000) • 1(10!).20000) • ••• • 1(133· 750000) • 2(U6.33333)] 

\ ;t:W .. &(12@.20QQQ) i&1o~goooo> ... ·•• ... 2hJ=2•llWl J I 
L o. 333 5 

A 

... ,.3 { l(.ooooo) + l( • .IM)ooo) + '!*• + l(.;oooo) +a(.'''''> 

+ [1.634 - 1(122.50000) - 1(10;.20000) - ••• - 2(116.:;3:;3:5) J 

( w.o - oC122.:;ooool • 2(1~ - ... - 2(13,.75000) - a(u6.»3~) 1) 
l o. ''' 
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111 ;l ~ 1. 71667 -~- 1 - ~2 ~ 4.64999 + (52.~~~;;8334) j 

# lao6884• 

'rile equality of the "V"a.rioua terms in the a.bove equations aJX1 of those used in 
"'v ,J-

aolving for the -t.( a.nd. "'k usum:l%.3g no regt"ession should be noted. 
A 

~ eatimtes 1.' i whfleb satisfy the ab<m! thx'ee equations &.l.U the equation 
A 

l.'fi • 0 ~: ~· ~;, . 

;1~, .()9457; ;2., .... ()4285; ~3~ = ··05172. ¥ 

* ~/i!~~~ _ ~~-~ed. ~--~~ A-~-~!e _S.:~-~~~-~thQ,_J~S~~d 
UH~r~~~J.t:c\0~ ~.~.or ~....., w.:;i.J~Jiti~~~ .i.Oi- -~Qi.-.f~--=~•"""oi"wa.u 

,~f \ .. _......... \'~-, .. ,....-"""·~·-- ~~ ................... ,..,..,..,..... _ _,.,,• --"- rr"' ~' .. ,....,.~ <<'' •" / (.,,., •• "'-~,.- _,'' 



The sura of aqu.e;res tor treatment-s adJusted far the residual l.iJ:Jaa.r regressicm 

is (see equation (49)): 

.Q9451(l.06884) - .01+285(-.61735) - ·05172(- .4;145) == .151 

wbich agrees, Vithin ~ error's, with tbe sum of squares, .152, obta.il!ed 

in '!!able 4. 
~ 

The (;'I.Stima:te, jj, of ~ ~be obtained frau equatic (18); t.'b.te, 

~ 

DX¥ • t3D!C( • .o45'736379(21343.392) • 9"(6.16947 

vhioll :i.e equal, except for l'"O\'tX¥11:q el"'l''''!'S, to . the sum of squares obtained. in 

'l'a.bh 4. If" cme pr~~ direetll' to tbe eceputation Qt v1'1: the above method 

ot e.crapu.ting Dq mrq be used. CausequsntJ.7, V.,q • *q- »xy-• .. t . , •. 1 ,. ·'·;,-;:· s<, ~. ,_._, ..•• ~, 
A " (. (.Xc,). (L.(l;f -""' ,•"J. '; · v~ /1':} 

~ f'~ formula~ be used to estima.te the p + pj quan.tities~ 

"" ""' - ""• l ~ 
f.t + p .• 1111 ':f -t • ~X ~ • - l:nij'f 1 

·J ·~· •d• u.J i i 
(51) 

A A 

where tile 1'1 and the 13 are o'bts.ined trQ!t equatiou (18) to (22). The resultin3 
A 

p J •;eJ.uo.e D.l."'G the same as those obtained traa equations (27) to (29) • 



• 

Rep. 
no. n 

e 
~ 

Table 3. Number of plants per replicate (n), yield of rubber in grams (Y), and 

dry weight of shrub in grams (X) for the normal plants ~three guayule varieties. 

Variety 405 Variety 407 
cy_ 

Variety 416 

y X y X n I y X I y X n y 
X I y X 

e 

Total 

n ·y X 

1 1 6.93jl43 
2 1 6.44 146 

1 6.12 102 ___ ___ o . --- --- --- --- 2 13.05 1~ 245 

2 5.00 88 5.12 92 2 4.35 96 5.85 lo4 5 26.76 526 

2 2.59 61 4.79 93 1 5.08 91 --- --- 4 17.66 356 

2 6.46 127 10.70 194 1 5.41 101 --- --- 4 31.12 592 
0. 3 1 111 
-~r 110 

5 
6 

1 
8 

9 
10 

I 

1-30 132 4.191 83 1 7.66 169 --- --- 0 --- --- --- --- 3 19.15 384 2 

2 I 6.77 115 9.03 I 120 1 6.81 139 --- --- 1 6.48 132 --- --- 4 29.09 506 

1 7.10 137 --- I --- 2 6.25 116 8.o8 146 0 --- --- --- I --- 3 21.43 ' 399 

1 I 5. 57 129 --- I --- 0 --- I --- I --- --- 1 4. 22 87 --- II --- 2 9.19 I 216 

1 I 9.17 151 --- i --- 1 5.44,116 --- --- 2 5.o4 ! 90 8.69 1781 4 II 28.34 535 

2 5,41 1o6 4.ce 91 2 6.561 130 1.oo 14o 2 I 4.451 91 7.5~4oi 6 35.oo 698 

Sum --- 85.68 16;4 14 --- --- 1 88.58 1713 1 10 1--- 1--- I 57.13 ,. 1110 ;;t;,')9j4457 
I I I I I 



Table 4. Analysis of covariance for the data of Table 3 
assuming the following linear model is appropriate: 

s ums o f , t prO-V.C S 

Source of va1':i.ation df y2 I xy i x2 
I 

Total 36 103.213 1643.o86 1 32293.189-

Replicate (ignoring 

I treatment) 9 41.147 618.899 I 10072.806 

Treatment (eliminating 
replicate) 2 2.712 48.017 876.991 

I 

Residual 25 59.354 976.170 I 21343.392 
i --· 

127 
I 

62.066 1024.187 l 22220.383 Treatment + residual ! I 
' 

Source of variation df ss ms 

Residual adjusted for regression 24 14.707 o.6128 

Treatment + residual adjusted 26 14.859 

Treatment (eliminating replicate I and regression) 2 0.152 0.0760 



• 
Table 5. 

v a.riety 
Rep. 405 407 416 

--
1 1 1 0 

.50000 -50000 .ooooo 
2 1 2 2 

.20000 .40000 .40000 

3 1 2 1 
.25000 .50000 .25000 

4 1 2 1 
.25000 -50000 .25000 

5 2 1 0 
.66667 ·33333 .00000 

6 2 1 1 
.50000 .25000 .25000 

7 1 2 0 
·33333 .66667 .coooo 

8 1 0 1 
.50000 .00000 .500CO 

9 1 1 2 
.25000 .25000 .50000 

10 2 2 2 
.,.,~, .33333 ·33333 ... . -~ '=- . . . .. 

- -~ 
':___ _.::,-::;.7~~:.-~. -~~ ' 

ni· I 13 14 10 

y 
1·. 

85.68 88.58 57.13 

yi· ./ni• 
I 6.59o8 6.3271 5-7130 I 

..... 
,._ -33507 .o6741 ...40048 

l. 

X 1634 1713 1110 
i·. 

xi • ./ni· 125.6923 122.3571 111.0 

I ..... I 

,.ix I 5.25816 2.4lo83 -7.66899 

I 
I 
I 

Values of n1 ., n . ./n ., totals, means, and ef:fects.
J l.J • J 

n 
•j 

,.. ,., 
y Y • /n . pj + IJ X X /n 
·j. •J• •J • j. •j• •j 

2 13.05 6.52500 6.32376 245 122.50 

5 26.76 5-35200 5.41901 526 105.20 

4 17.66 4.41500 4.39815 356 89.00 

4 31.12 7.78000 7.76315 592 148.00 

3 19.15 6.38333 6.13748 ;84 128.00 

4 29.09 7.27250 7.18873 5o6 126.50 

3 21.43 7.14333 6.98670 399 133.00 

2 9-79 4.89500 4.92870 216 108.00 

4 28.34 7 .o8500 7.18562 535 133-75 

• 
..... "' 
P. + IJ. 

JX X 

118.66550 

106.25163 

88.39729 

147.39729 

123.69094 

125.18546 

129.64007 

109.20542 

135.66725 

6 35-00 5.83333 5.83333 .. ¥ .a-1.Ja6..-,,..: ':;~ ~-~ 
' - - ·.1, ~-~ ~'-- .... ~, -
. .. :-._ '. .. .. , ._,_:_:t - ~ 

J~-.:-~- ~~- : ~-~ ::"._.....::...; 0:::.....::' ,_' _.;, __ ;:;:_~~-.:(:-~· -~ 
., 
!- ! f ' -~:~~-j-;.= -~ 

. •. ' " -ri~·-, ," 'j 

I 37 
I 
I 231-39 r 

" 
IJ. • 6.21646 

.... 
4457 J.l = 120.o4342 

X 
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Case !! - I:ejeeraction weaent y4 tor f\J!d effects 

U' ieteraction is :preaent there flJI!q be no ree.aon for estill&ting tbe 

cateaoq ~. IDatead o.ne 1Bif8' Wish to couid.er the subel.aas meaDS, aad, 

in such a case, tbe ~is of cOV'a.'r1&Dce is simply a. within su'beluses aai 

8IIOl'J8 subclasses anal.ysia (anedecor1 19'K>J Da,y and Fieber, 19,7). In tbe 

event that the eateS01'7 me&.138 a:re to be oaapa.red and the interactioD is to be 

tested tbe to~ ana.:cya:l.s is apgrogriate (Yates, 1934). 

For tb.is cue the liDear model is uslDied to be: 

y:I.Jh • ~ + PJ + "'1 + P"fiJ + PX1Jh + 6tJh' 

wbere (~-r)13 represents an etteet peculiar to the 13th subclass ani Vb.ere 

(52) 

the other eftecta are det1De4 in equation (l); i • l, 2, ••• , v; j • 11 2, ••• , r; 

h • 1, 2, ... , D13• The sua ot squa'N8 to be wtfnildsed is 

v r ~3 
Rea • £ £ & (t14h • ~ • P4 • "'1 • P"':t.•- ~xi4h)*. 

1-l J•l hal .., " .., "' 
(53) 

(54) 

(55) 

(56) 

(57) 
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Settizlg the a.bO'Ie equations equal to zero, ve obta!D the f'ol~: 

AAuat&p :.rgt e= 
A A A /" A 

• 1' 1'1 ~ + ZQ ·jP" + r.u1 ,.1 + 1.: n. "'pori" + t'X •• j • ~ 1 • 1,J ·~ ~ ••• 

A A A .1\ A 

ll (ll + Pa) + fD12<"":t + P1'i2) + ~x•2• • y 
•2 •2· 

• • • ,. ,. A /\ 
,. 

n.r(lJ. + pr) + f'1ir('f1 + PT:I.r) + t'X•r• • Y•r• 

§Utile tgr "1 * 
A A A A 

~. <" .. "'1> • ri"<.,_, ... p;lJ) ... Jt'J_ •• • y 
1•• 

A A A /\ A 

r;z.{ll + 1'2} + ~(pj + P'f2J) + P"'•• • y 
2•• 

.. 
• • 

A A A A. A 

nv• W. + "v) + ~j (p j + P'fv3) + ~..,. • • t .., .. 
A A A A A 

nu (tl + pl + "l + ""'u> + ~~u. . yll• 

• • • 

• •• 

(58) 

(59) 

(6o) 

(61) 

(62) 

(63) 

(64) 

(65) 

(66} 



e. 
-22· 

A A A A A 

~(· + p~ + 'll + p-rlr) + ~~- = ylr• 

• • • 

• • • 
A A A ~ A 

~ (tl + P:r + "v + P":vv.J + fJXvr. • yvr• 

In order to obtain unique eolutions for tbe et:recta in the above 

equaticm.s, tbe tollowi:ag rest:rietions a;re :imposed: 

v A 

.t p 
.1•1 J 

= OJ 

v A 

1~ t'i = o; 

v /\ r "' 
}; '"'1J • t~n • o • 

1-l. . 3•1 i.j 

(67) 

(68) 

(69) 

(70) 

(72) 

(7:5) 

(74) 

In the P'fiJ FJq)lattons U' we divide each equation 'b7 the correspandtng 

~j am. sum over J we obtain the toll.ow:tug set of equat1cms :~ 

•• 

/\ 

The abeve restriet1cms assume ·tba.t the missing P"'iJ are set equal to uro 
(see lieOOerscn, l~). 



• • • 

A 

(75) 

(76) 

(77) 

(78) 

Sinee ~ in t1ae above equations is a within subclasse~ resreseicn it_,. be 

estimatEd f:rcm. tbe f'Ol'!IUla (see 'fable 6): 

A 

sol1'111g M equat10DS (~') 1;o (71) 1a aade by aubstitutins the values ~ tl 
A 

tre1a equatian (78), '1'1 t.ra equations (75) to (17), and tbe tol.l.av1.q 

A "" 
ut~s f:O!! ~>_, and P'l":t.J iD equatiOll (71): 

;1 + ~ = ~ i { T U• • ;;11•1 1 

• • • 

; j + ~ = ~ f v iJ. • ;;ij .} , 
• • • 

A 

i'his estimate at ~ hOlds wbether or not fi.Y.13 \J ia equal to zero. 

(80) 

(81) 



/\ • A A A A 

fl'f12 • 712· • w12· • I.L • Pa • "'1 ' 

• • • 

• • • 

,. 

(&!) 

(8S) 

(84) 

(8S) 

(86) 

%a tac-t, t.be a~t ~GrJ&fb:r t.be aoluttoa tor ~ is obtaiDed. by sll'betS.tutiq 
A A A A 

only tor tbe P.'f1J :•· The ~ 1avol.V1Da I.L, P3, aD4 11 8Uil to ~~ero. 

Ia ~ to ,_,, 1f7 the JI'OCG4Ve we shall ccaud.der the varie.noe 

ual.p£8 .f'.L'lt8t. (iJ!M oO"tViallce ~le (!able 6) 11111 be comeid.ered latex-.) 
,. 

The prececli3)8 eqpaUone bOlA trJr the VU1&nce ~la 1t IS ia set equal to 

.re· sa au equattou. 

It tM ~·of e. aiD.Sle o'hCtrv'atlon is a6• tben the variance of 

esq 713• is 

A A 

b ~e ot· ~ + -r1 is: 

(87) 
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1na tld.e 1t toll.owe that 

t w (7, • • a • 1:w • e • (£wif1 .. >-
1-:l. i ;~... ,,> i'~'t.·· •t 

is Mstnbtl.ted as i'rl' with v .. 1 ~· ot freedGia 1f' ~ are no 

'VUe d.:lft~es between the trea1:laell'te. Ia the &bema 

• 

!be aboVe Gll f'Ollowa r.rca a ~ s1-.. by ta-. (l~) t 

~~ 

.. It tbe 8\1IDbera _.. "1' ~ ••• , am their variances are 1 1 1 ••• 

vl' wa 
ot t1'.Je ~ vfll'ia;Dce a2, tbe ••ttate s• ot ~ is stvo 'b7 

(88) 

(89) 

(90) 

(91} 

($12) 
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is en est:ltate o£ a1 a o'bta1ne4 tna tbe treatraent M&Di· This is eCIIIge.l"ed in 
\ 

aD F test 'With 'tibe Witbin aubelassee JMeA square wtU.ch 1s also SD ~·nt 

esttmate at ~5•.• 

~, when ~ion is ~t the tree.iilllmt ss o:t squares 1s obtaiDed 

trca eq~ (9()). The replicate (the secODi category) ·Sla ot aq,wares wf.ll 

tltr: a • 
l'·J· 

(tv ; ,. 
j .• ,1. , 

(g&.) 

(95) 
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~ st& at sqw#el in (9') is divided b7 r - 1 to obtain the aan aquare tor 

t:be aecord e~ vhieh is e~ with tbe witbin cluaea 1118&\l square. 

1'be sum. fiE squares f01l i.Jltel'actie is: 
i 

A A A 

• sum. at squ&:ree due to J.l, P J' -r1, asstllll.'l.Dg no intoraeticm 

A A A 

• p.Y • tp Y • tt Y •• • ·J .j. 1 1•• 

(96) 

~ the quantities ue obta.1ald tra eque.tiona (12) to (24), (30) to (32), 

8Di (50) (also, see (42) and (45)). 'l!lw.s, it 1s aecessa:r;y to so ~ 

the ease l ~is :S.a or4er to obtain the con-ect interaction •• ot $qt.l8.ft&. 

~o illustrate tb&t tb1a is eon.-ect ctmsider the cue W'bere " • 2 and r • r. 

Then the 11.\tera:tte is obtatlled u tbe eua of aqua:rea of tbe ditferfml!es. 

It ~ difterences turn out to be weigb:ted inYersel.7 to their variaucee 

then tbel tntenction aa 0'£ squares tol.lcwe tbe x• distribution vttb 

(2 • l)(r - l) • r • 1 4egreea o'l fnedal. !lw, the two equat1cms in'tol'fin& 
A A 

01'111' "f1 tm4 '~'! are (see equatioDs (aa) aD! (23))c 



A 

~:l:fla tbat tbe ISUII of tbe eoeft.tc:lete t. _, 1'1 18 equal to JeJ'O 

ar.w1 tu.t tile 8UJ8 or tbe r1&b:t b8lld atdee of equat1ou (gr) ..a. {98) :t.e aero, 

~1~ r::. - ) 
"" 1:. . ' ·' "" 4 '"' 7'a .. ~ +..., . ...y• ~· 

(100) 

A A 

Su'bstitllttl:lG u -u. retulte a equattGDB (99) a (100) • "1 • .. "a 1il 

equation (97) we obaa~n 

I! ;l .. l: ~ "2.1 (ilJ• - ;..,J < !l.t'!.l • 'jt~+~J (lOl) 



- 29 -
FrCIB eq,ue.ticm (lie) the sum ot squa.t"es for tree:tillllnts elJ.miDatiDI replicates is 

(100) 

- .. a( ..l.. ..1...) v .. -t ... '1'~4 • f19. + . • 
....,. 11:i.~· .., ~ D:2J (103) 

'!beret~, f:ra.a tba a.boVe ~the •• of t11e squares of the diffe~ea 

weighted ~ael7 to the 'V'8riarlce With which tmq are estimated is distributed. 

u ebi .. a~. !.'b1s en.a ot ·~ 1a 

• ~subclasses vttbia repllcatee - trea:taents elildnat1Dg repl1cates. 

(1<>4) 



-~-

(105) 

w\Uch it! the within replicate 11\8 of Squa'e$ of tbe au'belaas total.$" 1'bus • 

the :tateret1oll sum fit aqua1'ee o'bteJ.rJed '117 subtraction is the eon"eet sua 

Pl'clc~ fa 'IJI/III to a c~e ~11 tbe 1'a'P10UB .,_ ot ~

si'fta u '!able 6 .. CCIIfPlted .. t.U..J 

'f"""' • JlztY X • Y X . /a ~ tJh 1$h ••• ••• •• 

!.......,. • ti:tl a • X a/a - 1Jh ••• •• 

(J.06) 

(JD7) 

(108) 

(1.09) 

(UO) 

(W.) 
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(ll2) 

(ll3) 

(U5) 

(U6) 

(117) 

(UB) 

,. • • • ( • I .& v ... '~t xi "" (a..r .. r.. ) Dw .. z1 ) &vi 1-l .. • • • • .&. ,... ... •• 
(U9) 

(120) 

(121) 



·32 .. 

(W) 
/ 

1ihere the ~1tiee in~-- are defU..O. in aquations ('+5) to (47) .. 

The aii..justea. s-. or squares are obtai.aed as im.ieated 1D !al.tle 6. '1'ba ~ 

arre a,dJusted as i.Diieated in equm:U._. (75) to (if) tmd (SO) to (82). If 

desired ~ :tntere.ction eztects M¥ also be adJ'Wtted. tor resresston as 1Dlica.tea. 

1n equatiolls (65) to (86). 

~~ !• ~ fU"st ~used to illustrate tbe caaputatioael p&"'eedure 

is ~the~:Lsed traa the data u Table S· All repl1cat4a for which no pl.aAte 

we" ob~ tor WI¥ vartet)t are caitted. !he reault is tba.t nplJ.cate• 

1- 51 11 8.l'Jl 8 wer~ a&1-tto:4 (see !!able 7) in ~ tb&t ez:q plot would conta.iD 

one Q'r ~e plant.. The various ratios required to eGDJpllte the iateract1on 

ass ot ~- an preseated in !able 8. The various eu. ot pl'Oducts 



. 

e -''-
!Jalt !• '!he ftrst «raiiPle used to illustrate tke ccaputatiot»l. 

procedure tl//lr Cue n ia aJB;theaiaed trca 'tbe kt& bl 'fable :5. All rep

lioa"';.es tor 'WbiCb DO 'l)l.ants .n obtaiJled for f:JZJ'I' V!l.'E'1e~ vve Cllittea.. 

1'he MSUlt is tilat ft'Plie&tea l, 51 71 8114 8 ¥ere -. tted (see !fable 1) 

1D O&"de3." tbat &1l plo1;a coate.ia ODe or M'l'e pl.aa'tl. '!'be various ratios 

required to ~ \be 1ateraot1en 8\aa or produeta ... preaentea. 1a 

fable. e. the va:rtGua auma ol proiuciia a:rer 

~faeliRtt 

tf# t: 167 ·iR·/27 • l.Oit4.9600:s • 

. . ,. Itt 167 .97(5213)/27 • 19968.43000. 

t(llif ~~ -,al'!l'le:r • :58!347·00000· 

~~~tel· !tsmRlM (lo6) M (l98~i e .. • l. clt: 

~,. • 11)1.68250 ... l.CAA.g6oo, = 86~.,...7. 
':x;r = !1332·01000 - l~.!t.;;ooo ., l,a..,.,aooo • 
..r • 4o77o3.ooooo - ,a&547 .ooooo • e,,56.ooooo. XX .· ·. 

~ ,(ilmti'JM 't!'MM!!t)(t!FJ!Qa! (l.gg} H (tYr)h E • l Af: 

RW • lO'l9 .. Sl46l ... lo44-.g6003 • }4.85458. 

lq • ~34.67867- 19988.4~ • !)46.94867. 

Ru • ~~.11667 • 382Sft.7.00000 • ~.11667 • 

R2'B rQ.tV !&'!!1:1 rRlt91i!J ttCJ'I!YrlM (:yj) tQ Q:\4 UJ ,,. - ll ags 

w • ~.02755 - 1079.81..01 • 24.~. 

" wq = ao99,.46ooo • 10534.67867 • ,,a. 781''· 

•a c 391)6;,.ooooo • mltol..l.l667 • 82S7 .88:53:5. 
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- R¥~t•. nw.a :Pl!tl ·ftg:'lf!.llM, 'M5l ts (116)~ e,. • ".ua 
s71 • 1131.68150 - 11.04.02755 • gr .65495· 

. s:q • 21,.01000 - 2089;.46ooo • 438.55000· 

sxx = 4oTio,.ooooo- ~59.00000 = S044.ooooo. 

ln ~ to ecapute tbe last tbl'ee SUIM of prOilW:t& it is lleCUeal7 to 
A A A A A A A 

solve tar 1'1, "tx' ~ + P3, 8Di1 fJ.x + PJx• 'rhB three equatiODa tw: tbe 'f~ are: 
A A A 

s.;e,34 ~1 • 2.81667 "a • 2.;6667 "'; • ,.746~. 
A A A 

... !.81667 'l'l + 6.0,3:54 'f2 - ,.21667 "' • - .64816. 
A A A 

• 2.56~$67 'fl • :;.al-667 Tl! + !£• '183~ 'f' • •:5eQ9816. 
A 

'fhe soJ.u.t:t.on& tor the -t 1 are= 

A A A 

'~'1 # .4684o; "a • • ·090''' T' = • .37801. 
A 

~- tJ:ll"e\'; equations t~ the "tx ve: 
A A A 

,.,8:;34 "h - a.81667-rb - a.56667 ,.:sx = t.B.,a,..,. 
A A A 

- a.8l667 'lx + 6.osJJ4· 'ex - :;.tn667 ,.!he • e.68,34. 
A A A 

... 2.;6667 "1x ... ;.21667 -rax + ;. 78334 1'3x = -5l.o6667. 

A 

'!he solu.tiQUS t« the 1' :1% a'1"t t 

A A A 

<rJ.Jt = 6.o8679J. "ex • o.oa688; "" = - 6.li~7. 
A A A ·A 

The ~t + Pj and the ~X + P j:& values are CC&pUted trQIIl equation (~) aa1 

are given il:l ~le 8. Far ~, 

; + ~ . = ,.,520()- [ .~(.20000) - .0:)033(.4oooo} - .;78o7(.4oooo) 1 . .l 

• ;.44;68. 
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~ (!lS!U•tas '!£&1\Y 9 £Dl:H&p) (ti!W!iM (122) to Qa!)h 

(!: • l.}(y • 1) U: 

117 • u~.oe755 - t 16.76(5.44~) + 11 .66(4.16,758) + ••• + ,,.oo(;.a,,,,> 

+ .4684o(54.59) ••• ,,(00~47) - -37807(52.91) t 
• U04.orrr,, .... l08a.7m.o = :a.aa845 • (ws.th1A rcN114tns el'TOr) 

24.2129\ - t .4684o(,.7~,.) •• .,,,( •• 6lt8].6) - .J7807(•3.09816)] 

• •·~ - e.98-\66 • n.aa828. 

x_. = ~.46ooo- ~,s_.~MS63(526) + •••. + s.a,,,,(698) + .~(lOlo) 

• •090:S}(USo) • .,7807(1023) l • 2069,.46000 • 20S76.4oo45 

• :517.0755 • (w!tld.n NUD'i:og entor.s) -SSS-78133 

- [· 1-*h840(~.~) - .O,i)0,,(2.68,,r.) •• 37807(·53.·06667) J 
• ,,a.78l,,- 41.72715 • 53.7.05416. 

:txx • ,S;g • ~526(106.41736) + 356(88.mt8) + ••• + 698(n6.,,,,} 

+ l010(6.08679) + l18o(.OISOO) + 102,(-6.U3f57) f • m6'9 

.. »200'1·891;3 • 7651.10847 • (wtthill ~ enors) 8257·88''' 

• ~ 6.08679(48.,a,,._) + .oa688(a.68,34) - 6.u367(•,1.06667) } 

• aa~ .sa,,, - 606. Tl'ol' e 765lel07acl· 

In .aer to cc:apute tbe variety S1.1ID8 ot proa.ucts wd.g)ated iaversel¥ to the 

VSJ"ia:aee with wti.ieh t1:2eJ are eet11Mte4 it 1a c~ to cGMtzouct a. table 
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ot wights ('J.'a.ble 10). '.l!i'ds table is ldaila:r to the cme given 'by' ~ 

(19461 'table 11.50). Each cell utile table~ tbe DUIIher of 1D41Vi• 

duals in tbe subclass, n1J, tDe reeipl'OCal ~ tbis !'JUIIber, 1./n.iJ' IDi the - - . ~Su'bel.u$ meau, 113• cm1 xiJ•' tt~~ the two variates. '!.be Mxt step 1s to 

sUJ& tbe rea~ fit the m~ in each '1:fN ana. in each. eolvaD of t'be 

table. !fhe reaiproeal ot t.be AJUBt of the reoiproe&ls (i.e., 1/t t- and 
3 13 

l/r. ! . ) tesult in the w.a!Pts v .1' a¥id w 1 • • these weiSbts are ~:t.OD&J. 
i lj - ~ 

to tbe wights w J m.td v1 given by equatiGDa (95) and (89), rea:pectively. 

In the fm'm.OO." ~· the f'aetw ~j= wj , and. in t.be latter case w1 'r~ = w1• 
. ~ 

'lbe ~:!.onallty ta.etors a.re ta1wn care ot 1n tbe til'ml sums of ~~~. 

~ sU'itlS at ~ts tt;rt: varietl' a:t"e (equat;ion {9o)): 

$ e• i as.so3CJ! - 26.34172! • ;.SoGeo 

v':if!l' ~2 ~ .20000(6.99667HU2·:5'''') + .250Q0(6.o60o0}(U9.;8,33) 

+ .22222(5.82l.67)CUI~) • (!haoBat)(8l.!$067o)/.67!22 f 
:a fl~ [ 5J,l..;6414 • 5QS.gro6o ] • 9J.!S67l;Jt., 

vn •62 ~ .20000(132.3:5333)3 + .~5QOO(ll9.5833:S)• + .~(112.500'»)2 

• 81.3067~/.672!2 § ~ l555a24536 1 
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~ 'tbta V$T£ous ~t.ies a:re stve in tbe latrti 5 rwa at Table 10. 

'1'b6t :.. D1 : in 'fable 10 an the 1I8&DS ot the a~s l!leaDS (a-.. 1•• :l•• -
Gt.U&'i1on (91)). 

!he. ~ ct products for replicates ts obtained frca tbe J.ut 5 oolUilDS 

o£ ~ab.le lO 1a (see eque.ti-. (9')): 

:a" • ,a ~'·'''''ca. 76666) + ••• + (5.8'''')(s.88891) • 11 .m5fl1/2.76666} 

. ,a. ~ 109-69144 .. 107.07416 f = 2'·!15552 

:a ~ Y" t ua.ooooo(e. 76666) + ••• + u6.;:;:s:;;;(:;.8009l) 
ley' 

• l7.21156(,;J.55594)/2.76666J 

~ -,2 ~ m.6.29+50 • tJJ71).o7rrt ~ ott 371.~57 

ll . # .,., \ Jl2.00000(5f5.()()!X)O) + ••• + U6.,,,,,(Tr ·55~94) ~ [ 

. -,,,_,,,9411/2.76666 J 

~ ,a ~ 4Qees.~ - liaiu.4.mso J • ~.o3896 

b u:rors oZ esiW'ate are CC8plted as 4eaoribed in !able• 6 e:a4 8. 

For ~le tbe ~ ot qtmate sa ot scr..&al'U for vars..v pl.us eu.beluRe 1a 
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: . 
~ va:riev~ ,-!··' ad repllee:q, "·J·' llle8.ll8 given in Table 10 are 

e4Jw;ted tor r~ion 'tv eq,uatt-. (75) to {71) and eque.Uoaa (80) to (82)_. 

reapect>iftlq. ~bust t'be atJuW trea~ --.n t• 'Vat'i&tl ito5 is~ to 

o.S'I'f~9 . ~.3'l'i'f8" . 

• 6.99667. ~) ......... 
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Table 6. Analysis of covariance for a two-way classification with 

unequal numbers in the subclasses - Case II. 

Source of variation 

Total = T 

Among subclasses = A 

Replicate (ignoring treatment) 

Within replicate 

Treatments (elim. replicate) 

*Interaction (elim. treatment 
and replicate) = I 

Within subclasses = S = error 

Regression 
Source of 
variation df ss 

s 1 s 2/s 
xy XX 

(S + 1 )2 

S + I 1 ~ x5-(s + r · 
XX XX 

(s + v )2 
s + v 1 X;! ~ 

(s + v ) 
XX XX 

I 

Residual (elim. treatment 
and replicate) 
adjusted for regression 

Treatment (elim. replicate) 
adjusted for regression 

~ 

" f = rv - r - v + 1. e 

n 

n 

n 

Sum of :products 

df y2 xy x2 

n .. 1 T T T 
•• I yy xy XX 

I 
rv- 1 I A A A 

I 
yy xy XX 

r - 1 R R R 
yy xy XX 

rv-r w w w 
yy xy XX 

v - 1 I v v v 
yy xy XX 

' 
f I I I 

e yy xy XX 

n - rv 

I 
s s s .. yy xy XX 

Errors of estimate 

df I ss 

-rv-1 s I = s - s 2 /s .. yy yy xy xx 

(s + r )2 

-r .. v B I = 8 + I Xl x;x: 
yy - 1s + r ) .. yy yy 

XX XX 

(S + V )2 

-rv+v-2 c I = s +V Xl X;! 
- (s + v ) .. yy yy yy 

XX XX 

f I I I = B I - s t 

e yy yy yy 

v-1 v I = C r - s I 

yy yy yy 
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I 
Rep. 

2 

3 

4 

6 

9 

10 

Table 7. Number of plants per replicate (n), yield of rubber in grams (Y), and 

dry weight of shrub in grams (X) for the normal plants of 

three guayule varieties in a selected set of replicates. 

Variety 405 Variety 407 Variety 416 
n y X y X n y X y X n y X y X 

1 6.44 146 - - 2 s.oo 88 5.12 92 2 4.35 96 5-85 104 

l 5.20 111 - - 2 2.59 61 4.79 93 1 5.o8 91 - -
l 8.55 170 - - 2 6.46 127 10.70 194 1 5.41 101 - -
2 6.77 115 9-03 120 1 6.81 139 - - 1 6.48 132 - -
1 9-17 151 - - 1 5.44 116 - - 2 5.o4 90 8.69 178 

2 5-41 lo6 4.02 91 2 6.56 130 1.00 140 2 4.45 91 7.56 140 

8 54.59 1010 10 6o.47 1180 9 52.91 1023 
I - ------------· ----- ---------

e 

Total 

N y X 

5 26.76 526 

4 17.66 356 

4 31.12 592 

4 29.09 5o6 

4 28.34 535 

6 35.00 698 

27 167.97 3213 



Table 8. Analysis of covariance for the data of Table 7 

assuming the following linear model: 

yijh = p + PJ. + 't'. + p-r • • + I=>X · .h + 0 · ·h ' 
L LJ LJ LJ 

Sums of products 

Source of variation df y2 

T otal 26 86.72247 

Am eng subclasses 17 59.06752 

Replicates 5 34.85458 

Within replicates 12 24.21294 

Variety (elim. 
replicate) 2 2.985 

Interaction (I) 10 21.228 

w ithin subclasses 9 27.65495 

v ariety ( eq_ua tion (90 »(v) 2 5.8o68o 

Replicate (eq_uation(93 ))(R) 5 23.55552 

Regression 

df i 

Within subclasses (S) 1 

S + I 1 

S+V 1 

S + R 1 

ss 

23-90926 

36.37678 

29.47483 

46.57956 

df 

8 

18 

10 

13 

. 
x2 xy 

1343.58000 25356.00000 

905.03000 17312.00000 

546.24867 9054.11667 

358.78133 8257.88333 

41.727 606.776 

317.054 7651.107 

438.55000 8o44.ooooo 

93·36744 1555.24536 

371.00457 6026.08896 

Errors of estimate 

ss 

3.74569 

12.50617 

3.98692 

4.63091 

ms 

.46821 

--------~----~----~-------+----~--------~----
Interaction (adjusted for variety, 

replicate, regression) 

Variety (adjusted for replicate, 
interaction, regression) 

Replicate (adjusted for variety, 
interaction, regression) 

10 

2 

5 

8.76048 

0.24123 .12062 

0.88522 .17704 
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Table 10. Computations in an rxv table when interaction is J.Fesent. 

Variety 
405 l:L = = w. 'y -Rep. 407 416 w.' y X w 'x i nij J ·J. • j. J- • j • j- ·j. -

2 nll=l n21=2 n31=2 -
l/n11=1.0 1/~1=.5 1/n31=.5 2.0 .50000 

y11·=6.44 y21·=5·o6 Y-31·=5.10 5-53333 2.76666 

x11·=146.o i 21 .=9o.o ;c31.=1oo.o 112.00000 56.00000 
-·· 

3 ~=1 n22=2 n32=1 -
1/n12=1.0 l/n22=.5 l/n32=1.0 2.5 .40000 

y12 .=5.20 y22·=3.69 y32·=5·o8 4.65667 1.86267 

i 12 .=lll.o ~2· =71.0 i 32• =91.0 93.00000 37.20000 
-

4 ~3=1 n23=2 n33=1 -
1/n13=1.0 l/n23=.5 1/n33=1.0 2.5 .4oooo 

Y-13·=8.55 y23·=8.58 y33·=5.41 7.51333 3.00533 

i 13.=17o.o ~3-=160.5 i 33• =1ol.o 143.83333 57.53333 
-

6 nl4=2 n24=1 n,4=1 

1/n14=.5 l/n24=1.0 1/n34=1.0 2.5 .4oooo 

Y.14.=1.9o Y-24·=6.81 y34·=6.48 7.o6333 2.82533 

x14.=ll7.5 x24.=139.o x34.=132.o 129-50000 51.80000 
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Table 10, continued 

y 
I zL = -

w .'y -405 I 407 416 - w •x Rep. W. I I y . X 
i nij J •J• • j. J • j. j • j. 

Variet 

9 nl5=1 n25=1 n35=2 

l/n15=1.0 1/n25=1.0 1/n35=.5 2.5 .40000 

y15·=9-17 y25·=5.44 y35·=6.86 7-15667 2.86267 

x15 .=151.0 i 25 • =116.o 1 i 35 • =134.o 133.66667 53.46667 

10 n16=2 n26=2 n36~ 

1/n16=.5 1/n26=.5 1/n36=.5 1.5 .66667 I 
y16·=4.72 y26·=6.78 Y.36 .=6.oo 5.83333 3.88891 

x16.=98.5 i 26 .=135.o x36 .=115.5 116.33333 77-55594 
-
z.L 5.0 4.0 4.5 I 2.76667 ' 37.75666 728.33333 17.21156 333·55594 j nij 

I 
W I .20000 .25000 .22222 .67222 

I i 
~ 

6.99667 I y 6.o6ooo 5.82167 18.87834 i •• i 

= I 

I 
i 

I X 132.33333 I 119.58333 112.25000 364.16667 i •• 

,~ 

1.39933 1.51500 1.29369 4.20802 wi Yi. • 
I 

w 'x 1 26.46667 29.89583 24.94420 81.30670 
I i i·. i ! 

I 

i 



-39-

J!al?l! J• 'fhi1 e~le 1a ilrlluded to i.l.lnstrate the caleuJ.at:loDa.l 

P'ft'Cedu;:e wben tme Ol' more Cilt 'tbe Dij • aeftt• It ebouJA be emtpbas:lse4 that 

U. ~ u ~te u4 tb&t ttae:re. a.ppe&l"e to be little else that 

ea.n ~ damt if am. ~is ts d.eaired. (_. ~~ 1948) In~ to 

obttiWl an ep~te ~is it is au-..ed tb&t 

A A A 

B(p;r1J} :: zero. ~~ in tbe finite model tbe E(r.YriJ) = p-c13• ~~ if 
.. A 

a ~ u substi~te4 ft:JJ! P!':t-1 for a ee:U m.'Wt.:loh tbe n13 1111 o, a 'bilts 

results. · !f' the ~ of' subclasses in wl:d.ob. tbli'e a:re no obsena:ld.CUJ 1e 

ftl&tiwl¥ ...U the 81IO'tmt flf the biu proba.'bl)" 1fiU not serl~ lll£tect 

the ~ts. ~~ with s~a.J. mias:tas subcl.a.sses the appropt'iatemesa 

ot tDe result-~u 11o1 ~to queaticm.. 

file d&ts. of fable 3 a.filll used. to Ulwrtrate the ~ticmal. pwoce4Ul"e 

fOlf! e. ~1.e;ace au.ll'sis tw data fl'aa a two-lnQ' clus1ticat:Lea w:Lib 1.meQ,WLl 

DU~ibers in the Sllbol.es1JeS and ri th i.ntentl:tion as sUllied present. 'lM V8J'i.ous 

:retios, total, a.M. l8fJ.tlS ~ t~ the cast I aaaJ.ts.·is are &iva in 

'.~!able 5., am the 8\IIS of squares a:te p're$.Dtetl in Tab~ 12. (A m8ber 8t 

tl'.lese e'\.UO$ at StJ.U&.'MIS a.:re obta.Uied d.!.reotl;y fran fable 4 ana. frQII. tlJe 

c~ione aaeoetatea. wttll !a.b:W !r..) iJhus, 
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~ !!;9 ;?.§ ~; 

'ln' • 1S50e27,;0 " 1447 eo0;50S a 103.23267 • 

Tll7 • ~6 .. 20000 • 27&13.U432 = l645.o8,e8. 

~ >!# 569181.00000 ... 556887.81081 • ~.189~9· 
D 

tiR'l& q\?o)MI!• wi1tl JS ~: 
. ~ = l~.U025 • 11147.06305 = Q9.oll-792. 

Aq • 28974•00500 • 2781'.JJ.4!'Ae • 1100.89068. 

Alat m 55~.~ "" 5,56887 .8lo8l. • 22598.68919• 

· ~ .ewtu ntA u 41.= 
a17 = · 1550.27570 .. 15]..6.11015 • ~.1654;. s. :Ill Q9516.20000 - 28974•00500 = 542.19500. 

a~. •. ;69J.Sl.ooooo ... s~.;oooo = ~·50000· 

:WB£~ w:tla ;4 at {t~ (1211 !! O&~le ~ 1}! 

lw • 1;~.1113!5 .. 1490.~50 •. 2,.1867;. 

x., • 28914.00500 ... 28540.02481 . = 4:5,·9.3019· 

In • 55~·50000 - 547837 .60'759 • u648.fl924l. 

D£;\@5! ~ 8 ;9£ (t~ {z>) I1!Q. 'Able ll}a 

vw =* 1.0" [ 6.rsaoo(.'"(9e02) + 6.36667(.979$1) + 5·59!&S.(J..Ol689) -~] 

= 100(17.2554190 ... 17.1~09) • 10.,5481.,~ 

vq a uP [ 6.7,aoo(l5.4180') + 6.36667(19.~} 
• 5·59286(l~,_7,,W.) • t,Itltfa·39§!21 1 
= l00(3:5Q.l.l285® - 3:!54.o,a64S7) • 20,.41848. 



... 41. -

v= = 1fil { l.,l.05000(15.4J.Bo:;) + 1.24.;8889(19.1372') 

+ 1t13.61+286{19.75344 > - :¢;;faa J 

= 100(6547 .o6l845:; .. 6~..2977492) :rJ 4o16.4()961. 

;r&~f.te w,itll9 a.t (tOl'JIUl& M> tma T~ u): 

B.T'J = ;2 ~6 .. ~500(~.26250) + .... + 5.833,3(3.88891) .. ~:i~f} 

!!Ill J!f gJtp~ .. '37 .. Cf I' '7 0, 

R;cy- = ?;2 { 1.22 .. ;50000{3 .. 26250) + ... o + ll6.;33333(.5.88891) 

.. Jg,.l4l~0,2~~l ~ 
,.. l J 

·!he errw of e$tlmate ~· fd aqua.rea are obta:tned 1n the usao.l ~r. 
ClAt.. 

~ van.~w •~ &d~ust$4 ~ JJnear ~sima ill cca;puted tre t~ 

(75) to (77) wit.b r 1 replaeil:t6 rJ ~~ t.bl't adJusted aaan fOf! varieiW 416 is 
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Table 11. Computations in an rxv table when interaction is present and when some of the n1j = 0. 

Variet "'Y vj IV. v. - J_ I = J_ I • ,= ,= Rep. 405 7 416 EL w t il:lyi. v .=y . itlxij v .=x . wj Y.j. W. X j j=l nij j = J· J ·J· = • J •J• J • • 
--

1 ~1=1 -21=1 I 0 
! 

l/n11=l.O 1/~1=1.0 - 2.0 -50000 

y11·=6.93 Y-21· =61.2 - 6.52500 3.26250 

:X11.=143.o ~1· =102.0 - 122.50000 -t 61.25000 . 

2 n12=1 ~2=2 ~=2 

1/~2=1.0 l/n22=.5 1/n32=.5 2.0 -50000 

yl2· ::6.44 y22· =5·o6 Y-32·=5.10 I 5-53333 2. 76666 

i 12• =146.o ~2-=90.0 i 32 • =1oo. o I 112.00000 56.ooooo 
-· 

3 n13=1 ~3=2 n,:;=l 

1/n13=1.0 1/~:;=·5 1/n,:;=l.O 2.5 .4oooo 

y13·=5.20 Y-23 .=3.69 Y.33 .=5.o8 4.65667 1.86267 

x13.=lll.O x23 .=77.o x33• =91.0 93.00000 37.20000 

4 n14=1 ~4=1 D:;4=1 

1/n14=1.0 1/~4=·5 l/n34=l.O 2.5 .40000 

Y-14.=8.55 Y-24• =8.58 Y-34.=5.41 7.51333 3.00533 

:X14.=17o.o x24.=16o.5 x34.=10l.o 143.83333 57.53333 
-
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Table 11, continued 

R 

Variety vj v. I v. J_ = J_ = -ep. 405 407 416 EL w ' E y /v =y t x. . /v =x w 'y w 'x j=l n1j j 1=1 1j· j •j• 1=1 1J• j ·j· j. ·j. j ~ •j. -

5 nl5=2 ~5=1 0 

l/n15=.5 1/~5=1.0 - 1.5 .66667 

y15·=5-74 y25·=7.66 - 6.70000 4.46669 

i15·=107.5 ~5-=169.0 - 138.25000 92.16713 

6 n16=2 ~6=1 n36=1 

1/~6=·5 1/n26=1.0 l/n36=l.O 2.5 .40000 

y16·=7-90 y26·=6.81 y36·=6.48 7.o6333 2.82533 

il6·=117.5 ~6-=139.0 x,6. =132.0 129-50000 51.80000 

1 nl7=1 ~7=2 0 

l/n17=LO 1/n27=.5 - 1.5 .66667 

yl7·=7.10 y27·=7.16 - 7.13000 4.75336 

i17·=137.0 i 27.=131.o - 134.00000 89-33378 

8 n18=1 n28=0 n,8=1 

1/~8=Lo - 1/n38=LO 2.0 .50000 

y18·=5-57 - y-38.=4.22 4.89500 2.44750 

i 18.=129.0 - ;c38.=B7.o 1o8.ooooo 54.00000 
··--· -

I I I t 
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Table 11, continued 

~;y V • I ~ v • v. 
J 1 I J_ I = J_ I = -Rep. 405 407 416 I: - W I I.E yij v .=y j -~1xij v .=x . w.'y w 'x j=1 nij j ~=1 • J • • ~- • J •J. J •j• j- •j. 

Variet 

9 n19=1 n29=1 n39=2 

1/n19=1.0 1/~9=1.0 1/n39=.5 2.5 .40000 

y19·=9-17 y29·=5.44 y39·=6.86 I 7.15667 2.86267 

i 19• =151.0 x29·=116.o x39·=134.o 133.66667 53.46667 . 

10 n1o=2 ~0=2 n30=2 
' 

1/~0=.5 1/~0=.5 1/n30=.5 1.5 I .66667 I 
Y-10.=4.72 y20•=6.78 y.30.=6.oo I 5-83333 3.88891 

i 10.=98.5 ~0.=135.o - 116.33333 77-55594 x30• =115.5 

r 1/nij 8.5 6.5 5-5 5.10001 63.00666 1231.08333 ,32.14162 630.3o685 

w 1 .11765 -15.385 .18182 .45332 I i 

I = 6.73200 6.,36667 yi·. 5·59286 18.69153 

= xi. • 131.05000 1.24.,38889 108.64286 364.o8175 
,= 

.79202 -97951 1.01689 I w. y 2.78842 I ~ i·. 
,= 15.41803 19.13723 19.75344 54.30810 1 wi xi. • 

i 



Table 12. Analysis of covariance for data of Table 3 

assuming the following linear model: 

Sums of products 

Source of variation df -?- xy ! x2 

Total 36 103.21267 1643.o8568 32293.18919 

Among subclasses 25 I 69.04722 I 1100.S9Q68 22598.68919 

Replicate and 
variety 11 43.85847 666.9lo49 10949.79678 

Interaction (I) 14 25.18875 433.98019 11648.89241 

Within subclasses (s) 11 34.16545 i 542.19500 9694.50000 

Variety (equation (90))(V) 2 10.35481 I 
205~41848 4076.40961 

Replicate (equation (93))(R) 9 37-91670 561.50469 9294.43545 I 

Regression Errors of estimate 

df ss df ss ms 
--
Within subclasses 1 30.32394 10 3.84151 .38415 

S+V 1 40.58744 12 3·93282 --
S + R 1 64.15067 19 7·93148 --
S +I 1 44.64698 24 14.70722 --

Variety (adjusted for replicate, 2 0.09131 .o4566 interaction, regression) 

Replicate (adjusted for variety, 
9 4.08997 .45444 interaction, regression) 

Interaction (adjusted for variety, 14 I 10.86571 .77612 replicate, regression) 
-
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(ini''ini:te l!JIP9!l for sm or l!a oatepie! l· 
If one or aare ~ the ca~s ia CODtd.dered to be a. sample or categories 

from a ~ pGpUlation of categories the interact1cm mean sque:te is used to 

teet l:qpOtheses about equality ot aeau. In sueh a cue, there mq not be 

much intere&t ill eatiaatiDg an il'tteractioa effeot. IDstead, om l'taiY wish w 
est1ma.te the var:l.ance cca.poaent u•ociated Vi th the interaction effects. 

'l.be l'f'Ob.3.exll of esttms.tine; effects 1s ccmpl1eated b7 the tact tbat the weight• 

uoe U$ualJ.¥ ~. It the ~ion ree;ress1on aa1 mean squa:re are used 

tbe s.U'II1S ·of squ.ares to be ~ is 

wb&:re 116 ,.1, PJ' e;, and s1Jh are defiM<l in formula (;a), where iiJ represents 

a r!i!jl4s e~nt associated With the 1Jth subolus, &lid where il1 equals the 

~tiQU regess1on. OM cOUld minimise the sua of squares: 

n 
~. i t 1J(YiJh • ~ • -r1 • PJ • tl1x,.,.. • "(X14h • i.,..))2 , (126) 

1-l j=a, bol o41J >.1 '"'>.~ 

but tbe ~ est:lm.ates of J.L, t 1, PJ' aDd !)l o'btaimed f'.rOIIlld.nudzi.Di (124) 

v1ll be t'be s~ as freD mnsm z1na (126) U' w iJ in (124) is set equal to n1J • 



(127) 

the sum of sqlliU"es .!A (12ft.) tnateaa. of tbe sura of squa:r!'es in (126) is vrtntudaed.. 

Also, w ij is not el.'tft!IB equal to n13• 

'!'be ~lea ot the e.OJ:Tect weiptirJs is ;ilq)la theoretic~. ftus, the 

(a8) 

In practice, l:lowever, :a14• ud "fia ate~ UD1t.now'n1 Uld1 •••<t:'i!v"MM*IAt:a 

conaeqwm.t)¥ "1.1 18 U'.Dlrr.loW'Il· Also, the Jd.<ldle tera t4 (128) ill,pUes that ao 

n1J • o. ~r, a aaa.l;rsie 1s at1U :poae1bl$ even 1bDa&h one or llOJ'e a13 

• IIW%'0• 1be -~ ~Dted bel.ow it ..,U.eable for c:me or ~~Cre niJ = o, 

al~ tbe ael.utlon of tba equa~ is sraare titn.cult. h Ol'4er to obtain 

a ~ial eoltl'ticm ecmsider 'tbe foU.owinl two cases t 

(:1) u6 2 1e J.a:rp relative to a8 8/n1JJ 

(ti) 116
2 ia aau relatiw to "r/'la13• 

In ease (i) w13 is -~ U».i.t11 aDd tor all practical purposes one a&¥ use 

v 13 • l.. If the niJ are wee aDl 1t a 6 2 is not ama.U c-.perea. to o6 2 , 

viJ W1U easetialq be OPt• i'bia resul:ta in an ~:I.e or e~ on 

tbe tube :!Us JJe&Q8. It all subclasaes ccmtaiD ODe • IIIOl"tt obaervattoae, 

t!le ~is ot eoYariaDCe proceeds in the same •mnr as -ror equal JWIIl')ers 

per subc:!.ass. It tbe eecoad si tta'tioa. pnvaUs tben w iJ 1a set eq,ual to 



D13 eDl the ~ia aoes ~ as clesc.l"1bed below. 

~, 'b true situation 1& more etten in '-tweeD tlle two :uatt.ilas 

eases eited above, and in Ol'der to effect a SCDl.u.tion to the~ it vUl 

be neeessery to have reaeona.b]¥ good eatill&tes ot ae a 8QI1 "a a • Ia cr4er 

to Ul.ustrate the &eDeral :proeetture tbe tonW.a.e obta1nea. 'below wUl coatain 

v 13 • 1be ~late Wi.Pt 11Jiq be substituted in etteetirc the aoluU• 

to u. stven problea. 

!'be part1a1. derivatives of (124) With respect to ~, -r1 , PJ" and ~1 are: 

(129) 

(130) 

~ • - aEtv -ti. .. G: - ~ - 'f - (l - €$1i .. 4 ) • ~ 13 iv ~· 13 1 J ~· 
(132) 

(l;li.) 
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A A A A \1!0 _ • 
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(JAI) 
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eu.batt-tuti.D& * Ml.U'Id.Gil ,_ -.3 sa equaUoae (m) to (15) d MttiJla 
A . 

-J.-~1 -~ 

• • • 

;J.<"l. • r,i,·.J>- k;1 3!,. 'It~:~ 

(l~) 

(147) 
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0q = 1J!M1Ji1J.;,.,. - f ~ <rrs.IJJ.><tw:~.3•~.J.> (151) 

(lSI) 

A 

~ Qt the a.'boft eq.uatioas ~u.l.W. 1n estilla•s ot 'tt wbieh are a IS 1 
A A 

~ted tf'# ftllpltoate ettacrt 41d fW' ~S.C.. ~ J.$ + -r1 is tbe 

&d.J~ --~ lll!&ne 
A 

'fl.t:b. ..._ Mtiatea -r1~ fra'8 equat~ (11+6) to (148} d Yltb 

tbe ~ totals it 1s poa.tble to e~ tbe ~ .,.. of tff~Uit.l'ea 

1n fabli.it lS• ftma, 
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•1 . ru A., = tt!i.1• ».1.1 • '··· t'tll. .. • 

A~ = =1~·1:1.1•/aiJ • x. ••• '~ •• /a .. • 
A_. • m:x.. 8/aA • X 2/tl • - 13· :a.J .... •• 

It~ tJ!b9JMte!,.!U!\1 •• -:, £! df1 

$" ~ iZ i r1Jb. a • 1SJ· .,.13 } . 

RrJ '4'll t:.Y •4• a/n .J - t .. • •!•.. . 
a ~a x /a .. x 1' /a • 

7(1 ·J· ..• J• ·3 ••• • •• • • 

(~,, 

(lsJt.) 

(155) 

(lS6) 

{157) 

(158} 

(359) 

(163.} 

(162) 

(16:5) 

(164) 
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w'JC/ o A,q -nX¥ • z tL"Y1J.x:1JJn13 - t.J.x.J/n.3 ). 

Vu =- ~ • Rxs • t t a 13•2/niJ • X •3.•/n •J} • 

A A A 

VQ' - ~sJij· .. r~ir1.1iiJ ..... f.,fttJi!J· -a~ and 

A A 
m.n the 'ft ~· ~ f1woll equaticms (14;) to (147) awl the "tx ere 

-< -ob~ frf8 tlle saa equat1c:lGa with "'1J• subetitu.ted i'ar. ,-1.3•' and where 
A A A 

the..,.+ ~J ~ a:re -~ f:rc:lil equation (141) with ~1 iWt equal to 
A ·~ 

~~ and • v.x + px values a.:re Ob~ rr.· tbe sezae oqu&tt.on With i 13 • 

• eu'bttituted t'or ~13 •• 

!UP~ !E£9! !1!) 'r • 1)(v • lJ !(: 

IY.Y • ~tJ.r.r .. "w · 
I q • w • v • 

'!1!7 ,q 

:g • w •V • n XX XX 

(16;) 

(166) 

(167) 

(168) 

(170) 

(l.7l) 

(17S) 

(173) 
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(174) 

A A A A v": • t<~ + p3) r1.1i1J. + f"tT'ti1J• + ~llirMf.3i1~.i·1.1· 
A A 'ft. 

• aua ot squaret · twe to ~ ~, ~.1 :. , aaa. f)1: as&UI&'lnl sero trea.-.nt 

Aa. e.ltf#li."Da'tiv. ~edu:re tor~~ m": fWd v17: is prresutea :ta 

i'a'ble 15. 

~ e~ ~1s tor w13 • n13 ts SlvetJ. iD ~ m ot 

ttl;}xpe1'1attntall)esip • ~ eD4 Appltea.Uon", ~, 1954• 

(175) 



Table 15. Analysis of covariance for a two-way classification with 

unequal numbers in the subclasses - Case III. 

Source of variation 

Total = T 

Among subclasses = A 

Replicate (ignoring treatment) 

Within replicate 

Treatment (elim. replicate) = V 

Error (elim. treatment and 
replicate ) 

Within subclasses = S 

urce of So 
var iation 

Wi thin subclasses 

Er ror 

Er ror +V 

Tr eatment (elim. 

Regression 

df ss 

1 s 2/s 
xy XX 

1 E 2/E xy XX 

! 1 W 2 /W 
I 

xy XX 

replicate) adjusted 

for experimental error regression 

'df 

n - 1 

rv - 1 

r - 1 

vr- r 

v- ll 

f e 

n - rv . . 

Errors 

I df I 

n -rv-1 

I .. 
rv-r-v 

rv-r-1 

v- 1 

Sum of products 

y2 xy x2 

T T T 
yy xy XX 

A A A yy xy XX 

R R R 
yy xy XX 

w w w 
yy xy XX 

v v v 
yy I xy XX 

E E E 
yy xy XX 

s S· s yy ·xy XX . 

of estimate 
---· 

ss 

s f = s - s 2/s yy yy xy xx 

E I = E - E 2/E yy yy xy XX 

w I = w + w 2/W 
yy yy xy XX 

v t = 'rl ' - E r 
yy yy yy 

------------~~--------~----------------------


