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In the first part of this dissertation we determine the behavior of the return prob-
ability of simple random walks on the free solvable group Sg, of derived length d
on r generators and some other related groups. In the second part, we study the
decay of convolution powers of a large family 15, of measures on finitely generated
nilpotent groups. Here, S = (s1,..., ;) is a generating k-tuple of group elements
and a = (ay,...,0) is a k-tuple of reals in the interval (0,2). The symmetric
probability measure g, is supported by S* = {si",1 <i < k, m € Z} and gives
probability proportional to
(14m) @t

to st i =1,...,k, m € N. We determine the behavior of the probability of
return ugz(e) as n tends to infinity. This behavior depends in somewhat subtle
ways on interactions between the k-tuple a and the positions of the generators s;
within the lower central series G; = [G;_1, G|, G1 = G. In the third part, we prove
tightness properties of some random walks on groups of polynomial volume growth
driven by spread-out measures, including the measures pg, studied in the second

part.
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CHAPTER 1
INTRODUCTION

Random walk on groups is a beautiful subject at the intersection of probability,
analysis, geometry and algebra. A guiding principle is to investigate the interplay
between the behavior of random walks and the algebraic/geometric structure of
the underlying group. The subject is rich; a wealth of theories and techniques can

be applied to study various aspects of the behavior of random walks.

Random walk on countable groups was first studied systematically by Kesten
in his thesis [23]. Given a countable group G and a probability measure y on G,
the random walk driven by p can be thought of as a way to randomly explore
the group by taking independent steps distributed according to pu. More precisely,
the random walk driven by p (started at the identity element e of G) is the G-
valued random process X,, = & ...&, where (§)7° is a sequence of independent
identically distributed G-valued random variables with law p. In the classical case
of simple random walk on G with finite generating set S, y is uniform on SU S~
If uxv(g) = >, u(h)v(h~tg) denotes the convolution of two functions u and v
on G then the probability that X,, = g is given by P#(X, = g) = u™(g) where
1™ is the n-fold convolution of ;. The main focus of this dissertation is to study
the problem of describing the behavior of the return probability to the identity,

namely, the decay of the quantity

P(&.&n =€) = ™ (e).

Many aspects of the behavior of these random processes are closely related to
the algebraic and geometric property of the underlying group G. See [48] for a

systematic exposition of the subject. One of Kesten’s fundamental results states



that, for a random walk driven by a symmetric measure with generating support,
the probability of return, P.(&; ...&, = e), decays exponentially fast if and only
the group G is non-amenable. See [22,23]. In this dissertation we will focus on
solvable groups. Solvable groups are always amenable and the decay of p*(e) is

always slower than exponential decay.

To further explain the interplay between random walk behavior and algebraic
structure of the underlying group, we briefly review the notions of nilpotent, poly-

cyclic, solvable and metabelian groups below. See [32, Chapter 5].

For h, k € G, set [h, k] = h='k~'hk. For two subsets A, B of G, the commutator
subgroup [A, B] is the subgroup of G generated by all the elements of the form
la,b], a € A, b € B. The lower central series of G is the non-increasing sequence of
subgroups defined by G; = G, Gy = |G, G|, Gi11 = [G;, G]. A group is nilpotent

if there is an integer k such that G = {e}.

The derived series is defined by GV = G, G® = [G,G], G#HYD =[G, G0,
By contruction, G /GU*+Y is abelian. A group is solvable if there is an integer k
such that G*®) = {e}. A basic result in group theory is that any nilpotent group

is solvable.

A group is polycyclic if it admits a finite decreasing sequence of subgroups
H =G D> Hy D -+ D Hyy D Hy = {e} such that H;;; is normal in H;
and H;/H;.; is cyclic. Polycyclic groups are always solvable. Finitely generated

nilpotent groups are always polycyclic.

A group G is metabelian if its commutator group [G, G] is abelian. Observe
that metabelian group are obviously solvable. They can be polycyclic or not,

nilpotent or not. See Figure 1.1 for an illustration of inclusion relations of these



classes of groups.

nilpotent

polycyclic

metabelian solvable

intermediate growth

amenable non-amenable

Figure 1.1: The inclusion relations between various classes of finitely generated
groups. Figure taken from [29].

Next we review what is known concerning return probability of simple random
walks on a group G in relation to the volume growth and the algebraic structure.
See the introduction of [29] and the references given there. Here and in the rest
of this dissertation, we say that f < ¢ if there are constants c¢;, ¢o such that
for all t, ¢ f(cot) < g(t); f 2 g if there are constants c3, ¢4 such that for all t,

g(t) < csf(eqt). Wesay f ~ g both f < gand f 2 g hold.

Return probability of random walks driven by symmetric finitely supported
probability measures enjoys great stability properties. By [30, Theorem 1.4], if
pi, @ = 1,2, are symmetric (i.e., p;(g) = pi(g~1) for all g € G) finitely supported
probability measures with generating support, then the functions n — ¢;(n) =
,ug%) (e) satisfy ¢1 ~ ¢. By definition, we denote by ®¢ any function that belongs
to the ~-equivalence class of ¢; ~ ¢o. Let |g| be the word-length of G with respect
to some fixed finite symmetric generating set. Let V(n) = [{g € G : |g| < n}|
be the volume growth function. The results below are mostly due to Varopoulos,

which relate the behavior of @4 to the volume growth and algebraic structure of



the underlying group G.

1. If V(n) ~ n? then ®g(n) ~ n~%? (Varopoulos [46]); See also [20,45]).

2. If V(n) > ciexp(can®) for some ¢;,co > 0 and 0 < a < 1, then Pg(n) <

C exp (—cn®/@t2) (Varopoulos [44]); See also [20,45]).

3. If G contains a polycyclic subgroup of finite index having exponential growth

then ®¢(n) ~ exp(—n'/3). (Varopoulos [44], Alexopoulos [1]. See also [20]).

In [29], the authors discussed the return probability of simple random walks in
terms of classical versus exotic behavior. We recall the following classical results
about structure of discrete linear groups. Let I' be a discrete subgroup of a Lie
group having finitely many connected components (here, discrete refers to the
topology induced on the subgroup by the topology of the ambient group). Then
either I' is non amenable or I' is amenable and then it must contain a polycyclic
subgroup of finite index. In particular, in the second alternative, I' must be finitely
generated and its volume growth V must either be of exponential type V(n) ~
exp(n) or of polynomial type V(n) ~ n? for some integer d. See [42], [49]. Note
that this implies that many solvable groups are excluded from the class of discrete

linear groups, e.g., all those containing subgroups that are not finitely generated.

From the results described above, three behaviors of the return-probability
function ® emerge as the only possible behaviors for finitely generated discrete
subgroups of Lie groups having finitely many connected components. See [29] and

references given there.

1. Polynomial behavior: ®(n) ~ n=%? for some integer d. This happens exactly

if G contains a nilpotent subgroup of finite index.



2. exp(—n'/?) behavior: ®(n) ~ exp(—n'/?). For discrete subgroups of Lie
groups having finitely many connected components, this is the case if and
only if G has exponential growth and is amenable. This behavior also appears

in some other examples that are not discrete subgroups of Lie groups.

3. Exponential behavior: ®(n) ~ exp(—n). This happens exactly if G is non-

amenable.

These three behaviors are referred to as the classical behaviors.

For solvable groups that are discrete subgroups of some Lie group having finitely
many components, only the first two behaviors above can arise since solvable groups
are always amenable. In this case, the behavior of the return probability function
® can be characterized in terms of the volume growth. Namely, ®(n) ~ n~%? if
and only if V(n) ~ n? whereas ®(n) ~ exp(—n'/3) if and only if V(n) ~ exp(n),
and these are the only possible behaviors. In [29], the authors exhibited solvable
groups having a behavior that is different from the polynomial and exp(—n'/?)

behaviors above. Among other results, they proved the following theorem.

Theorem 1.0.1. /29, Theorem 1.1] (1) For any finitely generated metabelian

group, there exists € € (0,1) such that
#(n) > exp(—cin'™)  for n large enough.

(2) For each small 6 > 0, there exists a finitely presented metabelian group such
that

p(n) < exp(—cn'™®)  for n large enough.

(3) There exists a finitely generated solvable group (not metabelian) for which for

any 6 € (0,1) there exists cs such that

p(n) < exp(—csn'™°)  for n large enough.



More concrete examples and other behaviors are given in [29]. All of them are
obtained through the same algebraic construction known as a wreath product. In
Chapter 2, we describe another construction that gives interesting exotic behaviors.
Recall that G, the derived series of a group G, is defined inductively by G = G,
GO = [G0=Y, GE=D]. The main result of Chapter 2 determines decay of ®¢ for G

in the family of free solvable groups.

Theorem 1.0.2. Let S;, be the free solvable group of derived length d on r gen-

erators, that is, Sy, = FT/Fgad) where ¥, is the free group on r generators, r > 2.

o Ifd =2 (the free metabelian case) then

Bs,, (1) = exp (/" l0g 1047

o /fd> 2 then

2/r
log;,_1n
’ logg_g 1

Note that the free solvable groups are the free objects in the family of finitely
generated solvable groups, in the sense that any solvable group of derived length
d on r generators can be realized as a quotient of S;,. In particular, if G is a

solvable group of derived length d on 7 generators, then &g 2 ®s, .

Besides simple random walks, there are many types of measures with un-
bounded support one can consider. The possibility of long range jumps often
makes the problem quite interesting. In Chapter 3 we first introduce a natural

class of such measures that are supported on powers of generators. Let G be a



finitely generated group, and let S = (si,...,5x) be a generating tuple. We at-
tach a k-tuple of positive reals a = (ay, ..., ax), @; € (0,00] to the generating tuple
S = (s1, ..., Sk), and consider measure jg, supported on powers of generators given

by

k
1 1
a - 7 % 1 sM=qg}-
1sa(9) 2 ;_1 () § : (1 + [m]) e {si"=g}

mEZL
Note that the steps taken along the different one parameter subgroup {s",n € Z}

c(ai)

= [ Ccan be

are driven by different laws. On Z, the power law p,,(m)
viewed as a discrete version of the symmetric a;-stable law and p7"(0) ~ n=t/e
For each generator s;, let ps, o, denote the pushforward of the discrete a;-stable

law fi,, under the homomorphism Z — (s;) given by n — s?. Then the measure

its,q, defined above is the average of such ps, o, for s; € S.

From the way we construct the measure pg,, different generators support dif-
ferent stable laws, we expect the behavior of u*sfba(e) to change when we change
the generating tuple S or the index tuple a. In this sense the decay of ugy,(e),
unlike simple random walk, is not a group invariant. But if we think of choosing
S and a as experiments of random walks on G, then taken collectively, the behav-
ior of 1§, (e) contains a wealth of information about the algebraic and geometric

structure of the underlying group G.

Fourier transform is a powerful tool to study random walks on abelian groups.
See [41]. These tools in general are not available on noncommutative groups. The
study of random walks on noncommutative groups is often based on techniques
that are rather different from the classical Fourier transform techniques used in the
abelian case. This is certainly the case for our problem here. The most interesting
part is to investigate the interaction between the long jumps and the structure of

the underlying group. Below is a brief sketch of some of our results.



On nilpotent groups we have a relatively complete understanding of behavior

of 1§, (e). Our main result, in its simplest form, can be stated as follows.

Theorem 1.0.3. Let G be a nilpotent group equipped with a generating k-tuple
S = (s)F, and a = (o)} € (0,00]*. Assume that the subgroup generated by {s; :
a; < 2} is of finite index in G. Then there exists a real D > 0 depending on
(G, S,a) such that

pGa(e) =n=".

This statement suggests further questions including the following three:

1. Can we compute D? how does it depends on S, a and G?

2. What happen if the subgroup generated by {s; : a; < 2} is not of finite index
in G7

3. What happens on other groups?

The first question will be answered completely in Chapter 3. The exact value
of D depends in an intricate and interesting way on (a) the commutator structure
of G, (b) the position of the generators s; in the commutator structure of G and
(c) the values of the parameters «;. Briefly speaking, we can compute D explicitly
from a filtration on G adapted to the index tuple a = (a;)%. In the special case
where all «; are equal to a € (0,2), the filtration coincides with the lower central
series of G, and D = d/«, where d is the degree of polynomial volume growth of G.
The filtration adapted to a is built as follows. Regarding S as a formal alphabet,
we assign a system to of weights to formal commutators of S. Assuming that all
a; € (0,2), the generator s; is given weight 1/«;, the commutator [s;, s;] is given

weight 1/a; + 1/a;, and so on. Let G7 be the subgroup generated by the images



of all formal commutators of weights.In this way, we obtain a descending normal

series with abelian quotients

G=GY>Gy .. G} =Gy, ={e}.

Similar to Malcev coordinates, there is a system of approximate coordinates

adapted to this filtration. The number D in the theorem is given by

j*
D(S,a) =Y @rank(GY/G%,,).
1

The second question is rather subtle and will not be completely elucidated
in this dissertation although some partial results are obtained in Chapter 4. In
its full generality, the third question is too wide ranging to be discussed here in
details. On the free metabelian group Sy, = F,. /[N, N], N = [F,.,F,], we have the

following result.

Theorem 1.0.4. Let {sy,...,s.} denote the free generating set of the group F,.
Let S = {s1,...,8,.} be the projection of the generating set to Sy ,. On the free

metabelian group Ss,, for a = (ou,..., o) € (0,2)", we have

Ng,a(e) >~ exp (—n”/(”a) log n]a/(r+a))

1 1(1 1)
a r\om o

In Chapter 4 we prove we prove tightness properties of some random walks

where

on groups of polynomial volume growth driven by spread-out measures, including
the measures ji5, on nilpotent groups studied in the second part. Some other

complementary bounds are also included.



CHAPTER 2
RANDOM WALKS ON FREE SOLVABLE GROUPS

2.1 Introduction

2.1.1 The random walk group invariant ¢,

Let G be a finitely generated group. Given a probability measure p on G, the
random walk driven by p (started at the identity element e of G) is the G-valued
random process X, = & ...§, where (§)° is a sequence of independent identically
distributed G-valued random variables with law p. If u xv(g) = >, u(h)v(h™'g)
denotes the convolution of two functions v and v on G then the probability that
X, = g is given by P*(X,, = g) = u™(g) where u™ is the n-fold convolution of

L.

Given a symmetric set of generators S, the word-length |g| of g € G is the
minimal length of a word representing g in the elements of S. The associated
volume growth function, r — Vg g(r), counts the number of elements of G with
lg| < r. The word-length induces a left invariant metric on G which is also the
graph metric on the Cayley graph (G,S). A quasi-isometry between two Cayley

graghs (G, S;), i = 1,2, say, from G to Ga, is a map ¢ : G; — Go such that

Cldy(q(x), q(y)) < diz,y) < C(1+ da(q(z), q(y)))

and sup, cg,{da2(g,q(G1)) < C for some finite positive constant C. This induces
an equivalence relation on Cayley graphs. In particular, (G, S;), (G, Sy) are quasi-

isometric for any choice of generating sets Sp, Sa. See, e.g., [12] for more details.
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Given two monotone functions ¢, 1, write ¢ ~ 1 if there are constants ¢; €
(0,00), 1 < ¢ < 4, such that c19(cot) < @(t) < e310(cyt) (using integer values if
¢,1 are defined on N). If S}, 5, are two symmetric generating sets for G, then
Va.s, =~ Vs, We use the notation Vi to denote either the ~-equivalence class of
Va.s or any one of its representatives. The volume growth function Vi is one of

the simplest quasi-isometry invariant of a group G.

By [30, Theorem 1.4], if u;, ¢ = 1,2, are symmetric (i.e., u;(g) = pi(g~") for

all g € G) finitely supported probability measures with generating support, then

the functions n — ¢;(n) = ,ug%)(e) satisfy ¢ ~ ¢9. By definition, we denote
by ®¢ any function that belongs to the ~-equivalence class of ¢y ~ ¢9. In fact,
®y is an invariant of quasi-isometry. Further, if p is a symmetric probability

measure with generating support and finite second moment Y . |g|?u(g) < oo

then p(™(e) ~ ®g(n). See [30].

2.1.2 Free solvable groups

This chapter is concerned with finitely generated solvable groups. Recall that G,
the derived series of G, is defined inductively by G = G, GO = [G0—D G-,
A group is solvable if G = {e} for some i and the smallest such i is the derived
length of G. A group G is polycyclic if it admits a normal descending series
G = Ny D Ny D -+ D N = {e} such that each of the quotient N;/N;; is
cyclic. The lower central series v,;(G), 7 > 1, of a group G is obtained by setting
1(G) = G and ;41 = [G,7;(G)]. A group G is nilpotent of nilpotent class ¢ if
7(G) # {e} and 7.11(G) = {e}. Finitely generated nilpotent groups are polycyclic

and polycyclic groups are solvable.

11



Recall the following well-known facts. If GG is a finitely generated solvable group
then either G has polynomial volume growth Vg (n) ~ n” for some D = 0,1,2,...,
or G has exponential volume growth Vi(n) ~ exp(n). See, e.g., [12] and the
references therein. If Vi (n) ~ n® then G is virtually nilpotent and ®¢(n) ~ n=P/2.
If G is polycyclic with exponential volume growth then ®g(n) ~ exp(—n'/?).
See [1,21,44-46] and the references given there. However, among solvable groups
of exponential volume growth, many other behaviors than those described above
are known to occur. See, e.g., [14,29,38]. Our main result is the following theorem.

Set

logpyyn = log(1 + n) and log;(n) = log(1 + log;;_y n).

Theorem 2.1.1. Let S;, be the free solvable group of derived length d on r gen-

erators, that is, Sq, = FT/and) where F,. is the free group on r generators, r > 2.

e [fd =2 (the free metabelian case) then

Ps, (1) = exp (—n"/ 72 (logn)?/ " +2))

o [fd> 2 then

2/r
log;,_ 1 n
dg, (n) ~exp | —n 8-y
’ logy_g 1

In the case d = 2, this result is known and due to Anna Erschler who computed
the Fglner function of Sy, in an unpublished work based on the ideas developed
n [14]. We give a different proof. As far as we know, the Fglner function of S,

d > 2 is not known.

Note that if G is r-generated and solvable of length at most d then there exists
¢,k € (0,00) such that ®g(n) > cPs,, (kn).

12



2.1.3 On the groups of the form F, /[N, N]

The first statement in Theorem 2.1.1 can be generalized as follows. Let N be
a normal subgroup of F, and consider the tower of r generated groups I';(N)
defined by T'4(N) = F,/N@. Given information about I';(N) = F,/N, more
precisely, about the pair (F,, N), one may hope to determine ®p ) (in Theorem
211, N = [F,,F,] and I';{(N) = Z"). The following theorem captures some of
the results we obtain in this direction when d = 2. Further examples are given in

Section 2.5.3.

Theorem 2.1.2. Let N <F,, I'/(N) =F,/N and I'sy(N) =F, /[N, N] as above.

o Assume that I'1(N) is nilpotent of volume growth of degree D > 2. Then we

have

@ry() (1) = exp (~n”/ P (log n)?/PH)
o Assume that

— either I'y(N) = Zy ! Z with presentation (a,t|a?, [a,t "at"], n € Z),

— or I'1(N) = BS(1, q) with presentation {(a,bla™ ba = b?).

Then we have

o) = exp (o).

In Section 5, Theorem 2.5.4, the result stated here for BS(1,q) is extended
to any polycyclic group of exponential volume growth equipped with a standard

polycyclic presentation.
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Obtaining results for d > 3 is not easy. The only example we treat beyond the
case N = [F,, F,| contained in Theorem 2.1.1, i.e., I'4(N) = Sg,, is the case when

N =~.(F,). See Theorem 2.6.14.

Remark 2.1.3. Fix the presentation F,/N = T';(N). Let p be the probability

measure driving the lazy simple random walk (&,)5° on F, so that

PL (&, = g) = u"(g).

Let X = (X,,) and Y = (Y,,)¢° be the projections on I'o(N) and I';(IV), respec-

tively so that

Pr, vy (n) ~ PE(X,, = e) and @p (3 (n) = PE(Y, =€)

e

where e (resp. €) is the identity element in I'y(N) (resp. I'1(N).) By the flow
interpretation of the group I'y(N) developed in [13,28] and reviewed in Section
2.2.2 below,

PY(X, =¢) =PH(Y € B,)

where ‘B, is the event that, at time n, every oriented edge of the marked Cayley
graph I'; (V) has been traversed an equal number of times in both directions. For
instance, if 'y (N) = Z", the estimate ®r,(y)(n) ~ exp(—n"/?") (log n)*+") also
gives the order of magnitude of the probability that a simple random walk on Z"
returns to its starting point at time n having crossed each edge an equal number

of time in both direction.

2.1.4 Other random walk invariants

Let |g| be the word-length of G with respect to some fixed finite symmetric gen-

erating set and p,(g) = (1 + |g|)*. In [5], for any finitely generated group G and

14



real a € (0,2), the non-increasing function
(’iG,P(y :N>n— CT)G’pa(n) € (0,00)
is defined in such a way that it provides the best possible lower bound
Je,k € (0,00), YV, u®(e) > czI;G’pa(kn),

valid for every symmetric probability measure p on G satisfying the weak-p,-

moment condition

W(pas 1) = sup{sp{g : palg) > s})} < oo
S
It is well known and easy to see (using Fourier transform techniques) that

Oy, (n) =0/

It is proved in [5] that EI;G,pa(n) ~ n~P/* if G has polynomial volume growth of
degree D and that ®¢ , (n) ~ exp (—n~Y0F9) if G is polycyclic of exponential

volume growth. We prove the following result.

Theorem 2.1.4. For any o € (0,2),

(fI;SQ,hPa (n) >~ exXp (_nT/(’r‘—l-a) (log n)a/(r—i-a)) )

The lower bound in this theorem follows from Theorem 2.1.1 and [5]. Indeed,
for d > 2, Theorem 2.1.1 and [5, Theorem 3.3] also give
- <log[d_1] n> ol
s, pu(n) >cexp | —Cn | ———
’ logjg_gn
The upper bound in Theorem 2.1.4 is obtained by studying random walks driven by
measures that are not finitely supported. The fact that the techniques we develop
below can be applied successfully in certain cases of this type is worth noting.
Proving an upper bound matching the lower bound given above for dg drpe With

d > 2 is an open problem.
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2.1.5 Wreath products and Magnus embedding

Let H, K be countable groups. Recall that the wreath product K ! H (with base
H) is the semidirect product of the algebraic direct sum Ky = ), K of H-
indexed copies of K by H where H acts on Ky by translation of the indices. More

precisely, elements of K ! H are pair (f,h) € Ky x H and

(f7 h)(fla hl) = (fThflv hh/)

where 7, f, = fr-12 if f = (fs)eem € Ky (recall that, by definition, only finitely
many f, are not the identity element ey in K). In the context of random walk
theory, the group H is called the base-group and the group K the lamp-group of
KU H (an element (f,h) € K ! H can understood as a finite lamp configuration f
over H together with the position h of the “lamplighter” on the base H). Given
probability measures n on K and p on H, the switch-walk-switch random walk on
K U H is driven by the measure 7 % p * n and has the following interpretation. At
each step, the lamplighter switches the lamp at its current position using an 7-
move in K| then the lamplighter makes a g-move in H according to p and, finally,
the lamplighter switches the lamp at its final position using an n-move in K. Each
of these steps are performed independently of each others. See, e.g., [29,34] for
more details. When we write n * p*n in K H, we identify n with the probability
measure on K ! H with is equal to n on the copy of K above the identity of H
and vanishes everywhere else, and we identify x4 with the a probability measure on

K H supported on the obvious copy of H in K H.

Thanks to [8,14,29,34], quite a lot is known about the random walk invariant
b, y. Further, the results stated in Theorems 2.1.1-2.1.2 can in fact be rephrased

as stating that

‘I)FQ(N) = ‘I)Zazrl (N)
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for some/any integer a > 1. It is relevant to note here that for I' of polynomial
volume growth of degree D > 0 or I infinite polycyclic (and in many other cases
as well), whe have ®zar ~ g for any integers a,b > 1. Indeed, the proofs of
Theorems 2.1.1-2.1.2-2.1.4 make use of the Magnus embedding which provides us
with an injective homomorphism 1) : ['y(N) < Z" T';(N). This embedding is use

to prove a lower bound of the type
Pr, vy (n) > @z, vy (kn)
and an upper bound that can be stated as
Pry(v)(Cn) < COpyp(n)

where I' < I';(N) is a subgroup which has a similar structure as I';(N). For
instance, in the easiest cases including when I'; (N) is nilpotent, T is a finite index
subgroup of I';(N). The fact that the wreath product is taken with Z" in the
lower bound and with Z in the upper bound is not a typo. It reflects the nature
of the arguments used for the proof. Hence, the fact that the lower and upper
bounds that are produced by our arguments match up depends on the property

that, under proper hypotheses on I' < I';(N) and T';(N),
(I)ZalFl(N) ~ (Dszf

for any pair of positive integers a, b.

2.1.6 A short guide

Section 2 of the chapter is devoted to the algebraic structure of the group I'y(N) =

F,/[N,N]. It describes the Magnus embedding as well as the interpretation of
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[2(N) in terms of flows on I'1(N). See [13,28,47]. The Magnus embedding and

the flow representation play key parts in the proofs of our main results.

Section 3 describes two methods to obtain lower bounds on the probability
of return of certain random walks on I's(N). The first method is based on a
simple comparison argument and the notion of Fglner couples introduced in [§]
and already used in [14]. This method works for symmetric random walks driven
by a finitely supported measure. The second method allows us to treat some
measures that are not finitely supported, something that is of interest in the spirit

of Theorem 2.1.4.

Section 4 focuses on upper bounds for the probability of return. This section
also makes use of the Magnus embedding, but in a somewhat more subtle way. We
introduce the notion of exclusive pair. These pairs are made of a subgroup I' of
['3(N) and an element p in the free group F, that projects to a cycle on I';(N)
with the property that the traces of I" and p on I'1(/V) have, in a sense, minimal
interaction. See Definition 2.4.3. Every upper bound we obtain is proved using

this notion.

Section 5 presents a variety of applications of the results obtained in Sections 3
and 4. In particular, the statement regarding ®g, , as well as Theorems 2.1.2-2.1.4

and assorted results are proved in Section 5.

Section 6 is devoted to the result concerning Sy, d > 3. Both the lower bound

and the upper bound methods are re-examined to allow iteration of the procedure.

Throughout this chapter, we will have to distinguish between convolutions in
different groups. We will use % to denote either convolution on a generic group G

(when no confusion can possibly arise) or, more specifically, convolution on I'y(N).
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When # is used to denote convolution on I's(N), we use e, to denote the identity
element in I'y(N). We will use x to denote convolution on various wreath products
such as Z" 1 (V). When this notation is used, e, will denote the identity element
in the corresponding group. When necessary, we will decorate = with a subscript to
distinguish between different wreath products. So, if u is a probability measure on
['3(N) and ¢ a probability measure on Z"{ T'1(N), we will write u*"(e,) = ¢*"(e,)
to indicate that the n-fold convolution of g on I'y(N) evaluated at the identity
element of I'y(IV) is equal to the n-fold convolution of ¢ on ZI';(N) evaluated at

the identity element of Z 1 I'1 (V).

2.2 T'y(NN) and the Magnus embedding

This chapter is concerned with random walks on the groups I'y(N) = F,/N®
where F, is the free group on r generators and N is a normal subgroup of F,.. In
fact, it is best to think of I's(/N) as a marked group, that is, a group equipped
with a generating tuple. In the case of I'y(/V), the generating r-tuple is always
provided by the images of the free generators of F,. Ideally, one would like to
obtain results based on hypotheses on the nature of I'y () viewed as an unmarked
group. However, as pointed out in Remark 2.2.8 below, the unmarked group I'; (N)
is not enough to determine either I'y(/V') or the random walk invariant ®p, (). That
is, in general, one needs information about the pair (F,, N) itself to obtain precise
information about ®p, (). Note however that when I'; (V) is nilpotent with volume
growth of degree at least 2, Theorem 2.1.2 provides a result that does not require

further information on N.
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2.2.1 The Magnus embedding

In 1939, Magnus [24] introduced an embedding of I'y(N) = F,. /[N, N] into a matrix
group with coefficients in a module over Z(I'y(N)) = Z(F,/N). In particular,
the Magnus embedding is used to embed free solvable groups into certain wreath

products.

Let F, be the free group on the generators s;, 1 < i < r. Let N be a normal

subgroup of F, and let m = 7y and m = 7y x be the canonical projections
7:F, > F,/N=T1(N), my:F, = F./[N,N|] =T5(N).

We also let

T FQ(N) — F1<N)

the projection from I'y(N) onto I'y(IN), whose kernel can be identified with

N/[N, NJ, has the property that m = 7 o . Set
S; = 7T2<Si), S; = F(Si) = 77'(81)

When it is necessary to distinguish between the identity element in e € I';(/V) and

the identity element in I'1(N), we write € for the latter.

Let Z(F,) be the integral group ring of the free group F,. By extension and

with some abuse of notation, let m denote also the ring homomorphism
7+ Z(Fy) = Z(F,/N)
determined by 7(s;) = 5;, 1 <i <.
Let © be the free left Z(F,/N)-module of rank r with basis (\s,)] and set
F,/N Q
0 1
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which is a subgroup of the group of the 2 x 2 upper-triangular matrices over 2.

The map
W(si) = | (2.1)

extends to a homomorphism ¢ of F, into M. We denote by a(u), u € F,, the

(1,2)-entry of the matrix ¢ (u), that is

() = : (2.2)

Theorem 2.2.1 (Magnus [24]). The kernel of the homomorphism ¢ : F, — M
defined as above is

ker(1)) = [N, N
Therefore 1 induces a monomorphism
Y : F./[N,N] — M.

It follows that ¥, /[N, N] is isomorphic to the subgroup of M generated by

Remark 2.2.2. For g € F, /[N, N|, we write

o) = T(g9) a(g) 2.3)
0 1

where a(my(u)) = a(u), u € F,.

Remark 2.2.3. The free left Z(F,/N)-module Q with basis { s, }1<i<4 is isomorphic

to the direct sum > g /n(Z");. More precisely, if we regard the elements in
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> vk, N(Z")y as functions f = (fi,.., f;) : F,/N — Z" with finite support, the

map

f o Yo A@r | A+ Y fl@)z | A,

z€F,. /N zeF/N

is a left Z(F,/N)-module isomorphism. We will identity  with >° g /N (Z7)..
Using the above interpretation, one can restate the Magnus embedding theorem

as an injection from F, /[N, N] into the wreath product Z" ¢ (F,/N).

The entry a(g) € Q under the Magnus embedding is given by Fox derivatives
which we briefly review. Let G be a group and Z(G) be its integral group ring.
Let M be a left Z(G)-module. An additive map d : Z(G) — M is called a left

derivation if for all z,y € G,

d(zy) = zd(y) + d(z).

As a consequence of the definition, we have d(e) = 0 and d(g') = —g~1d(g).

For the following two theorems of Fox, we refer the reader to the discussion

in [28, Sect. 2.3] and the references given there.

Theorem 2.2.4 (Fox). Let F,. be the free group onr generatorss;, 1 <i <r. For

each i, there is a unique left derivation

satisfying
1 if =7y
0 if i
Further, if N is a normal subgroup of F,, then w(0s,u) = 0 in Z(F,/N) for all

aSz‘ (Sj) =

1 <1 <r ifand only if u € [N, N].
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— &1 € X
Example 2.2.1. For g =s;!...s", ¢; € {£1},
n
— E €1 €i-1 €j
asi (g) - Sil "'S’L'j,1 asi (Sij)
Jj=1
_ e1 G-l _ €1 Ei-1E)
= E Siy -8, g Siy -8, S;) -
Jij=t,e;=1 Jij=t,e;=—1

Theorem 2.2.5 (Fox). The Magnus embedding
V:F. /[N, N = M

s given by

_ T 1 (0s,8) s,
B(g) = i)g) 2ie (1 ) (2.4)

where g € F,. is any element such that mo(g) = g.

Example 2.2.2. In the special case that N = [F,.,F,|, we have F,./N ~ 7Z" and
Z(F,/N) is the integral group ring over the free abelian group Z". The integral
group ring Z(Z") is quite similar to the multivariate polynomial ring with integer
coefficients, except that we allow negative powers like Z; 3Z2...ZT,_ ®. The monomials

{Z71 Z52... Z% « x € 7"} are Z-linear independent in Z(Z").

2.2.2 Interpretation in terms of flows

Following [13, 28, 47], one can also think of elements of I'y(N) = F, /[N, N] in
terms of flows on the (labeled) Cayley graph of I'y(N) = F,./N. To be precise, Let
S1,-..,Sk be the generators of F, and 5y, . .., 8 their images in I'; (V). The Cayley
graph of I'1 (V) is the marked graph with vertex set V = I'y(/V) and marked edge
set € CV xV x{sq,...,st} where (z,y,s;) € € if and only if y = 5; in I'1(N).
Note that each edge ¢ = (z,y,s;) as an origin o(¢) = x, an end (or terminus)

t(e) = y and a label or mark s;.
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Given a function § on the edge set € and a vertex v € V, define the net flow

f*(v) of f at v by

Fo)y=> fle)= Y fle).

o(e)=v t(e)=v

A flow (or Z-flow) with source s and sink ¢ is a function § : € — Z such that

Vo e V\{s,t}, f(v)=0,

If §*(v) = 0 holds for all v € V', we say that f is a circulation.

For each edge ¢ = (z,, s;), introduce its formal inverse (y, z,s; ') and let ¢* be
the set of all edges and their formal inverses. A finite path on the Cayley graph of
I';(N) is a finite sequence p = (ey, ..., ¢) of edges in €* so that the origin of ¢;,,
is the terminus of ¢;. We call o(e;) (resp. t(es)) the origin (resp. terminus) of the
path p and denote it by o(p) (resp. t(p)). Note that reading the labels along the
edge of a path determines a word in the generators of F,. and that, conversely, any
finite word w in the generators of F, determines a path p,, starting at the identity

element in I'y (V).

A (finite) path p determines a flow §, with source o(p) and sink ¢(p) by setting
fp(e) to be the algebraic number of time the edge ¢ € € is crossed positively or
negatively along p. Here, the edge ¢ = (z,y,8,) € € is crossed positively at the
i-step along p if ¢; = (7,y,8,). It is crossed negatively if ¢; = (y,x,s;!). We note
that §, has finite support and that either o(p) = ¢(p) and §, is a circulation or
o(p) # H(p) and T(o(p)) = 1, Fi(t(p)) = —1.

Given a word w = sj'...s;" in the generators of F,, let f, denote the flow
function on the Cayley graph of I'; (V) defined by the corresponding path starting

at the identity element in I';(N). We note that it is obvious from the definition
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that f, = f,» if W’ is the reduced word in F, associated with w.

Theorem 2.2.6 ( [28, Theorem 2.7]). Two elements u,v € F, project to the
same element in T'y(N) = F,./[N, N] if and only if they induce the same flow on

I'y(N) = F,/N. In other words,

u=v mod [N,N|] <= f, =fs.

This theorem shows that an element g € I'y(/N) corresponds to a unique flow
f, on F,. /N, defined by the path p, associated with any word w € F, such that w
projects to g in I'y(N). For g € I'y(N), f, := f, is well defined (i.e., is independent
of the word w projecting to g, and we call §;, the flow of g. Hence, in a certain
sense, we can regard elements of I'o(N) as flows on I';(N). In fact, the flow f,, is
directly related to the description of the image of the element ¢ = w mod [N, N]
under the Magnus embedding through the following geometric interpretation of

Fox derivatives.

Lemma 2.2.7 ( [28, Lemma 2.6]). Let w € F,., then for any g € F,/N and s;, the
value of §, on the edge (g, gs:,s;), is equal to coefficient in front of g in the Fox
deriwative m(0s,w) € Z(F/N), i.e.
T(Osw) = > ful(g.95i,8:))g- (2.5)
geF/N
There is also a characterization of geodesics on I'y(N) in terms of flows (see [28,
Theorem 2.11]) which is closely related to the description of geodesics on wreath

products. See [33, Theorem 2.6] where it is proved that the Magnus embedding is

bi-Lipschitz with small explicit universal distortion.

Remark 2.2.8. In [15], it is asserted that the group I'o(/V) depends only of I'; (V)

(in [15], I'1(N) is denoted by A and I's(N) by C4). This assertion is correct only if
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one interprets I'; (V) as a marked group, i.e., if information about 7 : F,, — I';(N)
is retained. Indeed, I';(N) depends in some essential ways of the choice of the
presentation I'y (N) = F,./N. We illustrate this fact by two examples that are very

good to keep in mind.

Example 2.2.3. Consider two presentations of Z, namely, Z = F; and Z = (a, b|b).
In the first presentation, the kernel N is trivial, therefore Fy /[Ny, N;| ~ Z. In the
second presentation, the kernel N, is the normal closure of (b) in the free group Fy
on generators a,b. Hence, N, is generated by {a'ba",i € Z}. We can then write

down a presentation of Fy /[Ny, Ny| in the form
Fs/[No, No] = (a,b|[a’ba™", a’ba”],i,j € Z) .

This is, actually, a presentation of the wreath product ZZ. Therefore Fyo/N} ~
Z 1 Z. We encourage the reader to recognize the structure of both Fy /[Ny, Nyj] ~
Z and Fy /[Ny, No| ~ Z 17 using flows on the labeled Cayley graphs associated
with F1/N; and Fy/N,. The Cayley graph of Fy/N; is the usual line graph of Z
decorated with an oriented loop at each vertex. In the flow representation of an
element of Fy /[Ny, Ns], the algebraic number of times the flow goes around each

of these loops is recorded thereby creating the wreath product structure of Z Z.

Example 2.2.4. Consider the following two presentations of Z2,

Z* = {a,bl[a,b])

7* = {a,b,c|[a,b],c = ab).
Call Ny € Fy; and Ny C F3 be the associated normal subgroups. We claim
that Fy/[Ny, Ni| is a proper quotient of F3/[Ny, Ny|. Let 6 : F3 — Fy be

the homomorphism determined by 6(a) = a, 0(b) = b, 6(c) = ab. Obviously,

Ny =071 (Ny), [Ny, No] € 671([ Ny, N1]), and 6 induces a surjective homomorphism
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0" : F3/[Ny, N3] — Fy/[Ny, Ny]. The element abc™' is nontrivial in F3/[Ny, Ny,
but #'(abc™!) = e. A Hopfian group is a group that cannot be isomorphic to a
proper quotient of itself. Finitely generated metabelian groups are Hopfian. Hence

Fy /[Ny, N1] is not isomorphic to F3/[Na, No].

2.3 Return probability lower bounds

2.3.1 Measures supported by the powers of the generators

The group I'y(N) = F,. /[N, N|] comes equipped with the generators (s;)] which
are the images of the generators (s;)] of F,. Accordingly, we consider a special
class of symmetric random walks defined as follows. Given probability measures

pi, 1 <1 <r on Z, we define a probability measure p on F,. by

VgeF,, ug) Z > pi(m) 1y (g). (2.1)

i=1 mGZ

This probability measure induces pushforward measures i and ponI'y(N) = F,. /N
and I'y(N) = F,./[N, N], namely,

Vg eTi(N), pg)=p(r(g)

Vg € T2(N), plg) = p(m; ' (9)).

(2.2)

In fact, we will mainly consider two cases. In the first case, each p; is the
measure of the lazy random walk on Z, that is p;(0) = 1/2, p;(£1) = 1/4. In this
case, p is the measure of the lazy simple random walk on F,., that is,

ple) =1/2, p(si) = 1/4r. (2.3)

The second case can be viewed as a generalization of the first. Let a = (a;)] €

(0, 00]" be a r-tuple of extended positive reals. For each 4, consider the symmetric
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—1—oy

probability measure p,, on Z with p,,(m) = ¢(1 + |m|) (if a; = o0, set
Poo(0) = 1/2, poo(£1) = 1/4). Let p, be the measure on F, obtained by setting
Pi = Da; in (2.1). When a is such that a; = oo for all ¢ we recover (2.3). In

particular, starting with (2.3), u is given by

Vg ETyN), o) = 31,0+ 1 D L.lo)

The formula for i is exactly similar. For any fixed a € (0, 00]", we let p, and fi,

be the pushforward of p, on I';(N) and I'; (IV), respectively.

2.3.2 Lower bound for simple random walk

In this section, we explain how, in the case of the lazy simple random walk measure
w on I'y(N) associated with p at (2.3), one can obtained lower bounds for the
probability of return ,u(2")(e) by using well-known arguments and the notion of

Folner couples introduced in [8].

Definition 2.3.1 (See [8, Definition 4.7] and [14, Proposition 2]). Let G be a
finitely generated group equipped with a finite symmetric generating set T and
the associated word distance d. Let V be a positive increasing function on [1, c0)
whose inverse is defined on [V(1), 00). We say that a sequence of pairs of nonempty

sets ((24, §2,))5° is a a sequence of Fglner couples adapted to V if

1. Q) C Qp, #Q, > co# U, d(Q, Q) > cok.

2. vy = # S oo and vy < V(k).

Let v be a symmetric finitely supported measure on G and A;(v,2) be the
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lowest Dirichlet eigenvalue in €2 for the convolution by d, — v, namely,

M mf{Zlf zy) — f(2)|*v(y) : supp(f) 69,2|f|2=1}~

If (4, €2}, is a pair satisfying the first condition in Definition 2.3.1 then plugging

f=4d(-,9Qf) in the definition of of A\, (v, €Y) immediately gives A (v, ;) < kC;

Given a function V as in Definition 2.3.1, let v be defined implicitly by

v(t) s
| reps - (2.4
Vv

This is the same as stating that v is a solution of the differential equation

08 1
L e 0 =V 2.5)
Following [14], we say that v is d-regular if 7/(s)/~v(s) > d7/(t)/~(t) for all s, ¢ with

O<t<s <2t

With this notation, Erschler [14, Proposition 2] gives a modified version of [8,

Theorem 4.7] which contains the following statement.

Proposition 2.3.2. If the group G admits a sequence of Folner couples adapted
to the function V as in Definition 2.3.1 and the function v associated to V by (2.4)

is 0-reqular for some 6 > 0 then there exist ¢,C € (0,00) such that

7(Cn)

A key aspect of this statement is that it allows for very fast growing V as long as
one can check that «y is d-regular. Erschler [14] gives a variety of examples showing
how this works in practice but it seems worth explaining why the d-regularity of v
is a relatively mild assumption. Suppose first that V is regularly varying of positive

finite index. Then the same is true for V=! and fv “H(s)?L ~ VT2 In
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this case, it follows from (2.5) that +/(s)/v(s) ~ 1/s. If instead we assume that
log V is of regular variation of positive index (resp. rapid variation) then V~!oexp

is of regular variation of positve index (resp. slow variation) and we can show that

T ds
/ V(52— ~V (T)*logT.
V(1) $

In this case, it follows again that 7 is d-regular. All the examples treated in [14]

and in the present chapter fall in these categories.

The following proposition regarding wreath products is key.

Proposition 2.3.3 (Proof of [14, Theorem 2|). Assume that the group G is infinite,
finitely generated, and admits a sequence of Falner couples adapted to the function

V as in Definition 2.3.1. Set

O, = {(f,2) €Z1G :x €, supp(f) C U, |floo < k% — K}

Set
W(v) :=exp (CV(v)log V(v)) .

Then (O, ©),) is a sequence of Folner couples on Z" 1 G adapted to W (for an

appropriate choice of the constant C).

Proof. By construction (and with an obvious choice of generators in Z" ! G based
on a given set of generators for G), the distance between ©) and ©f in Z" ! G is
greater or equal to the minimum of £ and the distance between (2, and Qf in G.

Also, we have
#Or = #U(kH#) TN, #0, = #Q(kH#Y, — k)T

so that
THQ #Q;c > l#Q;c
#, T em F#Y,

#0O), _
0, > (1— (#%)7)
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and
#0y, = exp (log #Qu, + r#Q (log #Q. + logk)) < exp (CV(k)log V(k)) .
0

Proposition 2.3.4 (Computations). Let V be given. Define W and v = vy by

W = exp(CV1ogV) and v '(t) = / [W_l(s)]2?.
1. Assume that V(t) ~ t”. Then we have
v(t) =~ exp (t7/ D) log 1)/ HD)) .

2. Assume that V(t) ~ exp(t®l(t)), a > 0, where £(t) is slowly varying with
0(t*) ~ U(t) for any fixred a > 0. Then v satisfies

0 (o (s,

3. Assume that V(t) ~ exp({~1(t)) where ((t) is slowly varying with €(t*) ~ ((t)

for any fixred a > 0. Then ~ satisfies

A1) = (t/[(logH)]?)

Note that if £=1(t) = expo---oexp(tlogt) with m exponentials then

log,, t

0t) ~

~ log,,(8)

Theorem 2.3.5. Let N be a normal subgroup of F,.. Assume that the group
[''(N) =F,/N admits a sequence of Folner couples adapted to the function V as
in Definition 2.3.1. Let W and v = y be related to V as in Proposition 2.3.4.

Then we have

Pr, vy (n) >

v(Cn)
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Proof. By the Magnus embedding, T'y(N) is a subgroup of Z" 1 T'1(N). By [30,
Theorem 1.3], it follows that O, vy = Pz, (vy- The conclusion then follows from

Propositions 2.3.2-2.3.3. L]

Example 2.3.1. Assume I'1 (V) has polynomial volume growth of degree D. Then

Dr, () (n) > exp (—cn?/HP)log n|?/ D)) .

Example 2.3.2. Assume I';(N) is either polycyclic or equal to the Baumslag-
Solitar group BS(1,q) = (a,bla"'ba = b?), or equal to the lamplighter group F'1Z

with F finite. Then ®r,n(n) > exp (—cn/[logn)?).
Example 2.3.3. Assume I'y(N) = F 1 ZP with F finite . Then

Or,(v)(n) > exp (—cn/[logn]*”) .

If instead [';(N) = Z2 1 ZP for some integer b > 1 then

loglogn 2/D
Dryvy(n) = oxp | —on (2281 )
logn

2.3.3 Another lower bound

The aim of this subsection is to provide lower bounds for the probability of return
1w (ey) on I'e(N) when p at (2.2) is the pushforward of a measure g on F,. of the
form (2.1), that is, supported on the powers of the generators s;, 1 < i < r, possibly
with unbounded support. Our approach is to construct symmetric probability
measure ¢ on Z" ! I';(N) such that the return probability ¢*™(e,) of the random
walk driven by ¢ coincides with ;*"(e,). Please note that we will use the notation
* for convolution on the wreath product Z":I'; (N) and * for convolution on I'y(N).

We also decorate the identity element e, of [';(/V) with a * to distinguish it from
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the identity element e, of Z" 1 I';(N). Recall that the identity element of I'; () is

denoted by €. We will use (¢;)] for the canonical basis of Z".

Fix r symmetric probability measures p;, 1 < i < r on Z. Recall that, by
definition, p is the pushforward of wu, the probability measure on F, which gives

probability 7~ p;(n) to s, 1 <i <r, n € Z. See (2.1)-(2.2).

On Z"T'1(N), consider the measures ¢; supported on elements of the form

- (517 0)(0, gm(—y, 0),
where 6° : F,./N = T;1(N) — Z" is the function that’s identically zero except that

at identity e of T'1(N), 6'(e) = ¢ € Z". For such g, set (compare to (2.1))

¢i(g) = pi(m).
Note that
= (517 O)(Oag;m)(_5i7 0)

is an element of the same form, and ¢;(¢7') = ¢;(g) = p;(m). Set

1 T

More formally, ¢ can be written as

Vg € 7" F Z Z pz 1{ 5,0)(0,5™ )(_51'70)}(9). (26)

1<i<r mEZ

Let (U,)$° be a sequence of F,-valued i.i.d. random variables with distribution
p and Z, = U;---U,. Note that the projection of U, to F,/[N,N] = T'y(N)
(resp. F,./N =T1(N)) is an i.i.d. sequence of T'y(N)-valued (resp. I';(IV)-valued)
random variables with distribution p (resp. ). Let X; denote the projection of
U; on I'y(N)and T; = X --- X;. Consider the Z" { I';(N)-valued random variable
defined by
V,, = (6%,0)(0,5")(—6",0) if U, = s
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Then (V},)5° is a sequence of i.i.d. random variables on Z"T'; (V) with distribution

¢. Write

Then W, is the random walk on Z" "1 (V) driven by ¢.

The following proposition is based on Theorem 2.2.6, that is, [28, Theorem 2.7],
which states that two words in F, projects to the same element in [';(N) if and
only if they induce the same flow on I'i(/V). In particular, the random walk on
['y(N) returns to identity if and only if the path on I'y(/N) induces the zero flow

function.

Proposition 2.3.6. Fiz a measure p on F,. of the form (2.1). Suppose none of
the s; are torsion elements in I'y(N) = F,./N. Let p be the probability measure on
[y (N) defined at (2.2). Let ¢ be the probability measure on Z" 11 (N) defined at
(2.6). It holds that

1 (e)) = 67 (e).

Remark 2.3.7. It’s important here that the probability measure y is supported on
powers of generators, so that each step is taken along one dimensional subgraphs

g (i) . The statement is not true for arbitrary measure on F/N’.

Proof. The random walk W,, on Z" ¢ (F/N) driven by ¢ can be written as

W, = (fnaTn) = ((fi’ >frrz)7Tn)

By definition of W, for any x € T'y(N), fi(x) counts the algebraic sums of the
i-arrivals and i-departures of the random walk 7, at = where by i-arrival (resp. i-
departure) at x, we mean a time ¢ at which T, = x and U, € (s;) (resp. U1 € (s;)).

The condition 7,, = x # € implies that the vector f,(z) must have at least one
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non-zero component because the total number of arrivals and departures at x must

be odd. Hence, we have
¢"(er) = P((fn, Tn) = &) = P(fo(2) =0, L <i <7, 2 € Iy(N)).
We also have
pes) =P(fz, (x,25;,8) =0, 1 <i<r xel(N)).

Given a flow §f on I'y(N) (i.e., a function the edge set € = {(z,x5;s;),x €
['1(N),1 <i<r} cCTy(N)xT(N) xS, for each i,1 < 7 < r, introduce the

i-partial total flow 0;f(x) at « € I'1(N) by setting
Oif(x) = §((w, 25:,8:)) — F(25; ", 2, 89).
It is easy to check (e.g., by induction on n) that
Vo € Ty(N), fi(x) =0z, (). (2.7)
Obviously, fz, = 0 implies f{ =0 for all 1 <4 < r so

¢ (ex) 2 1™ ().

But, in fact, under the assumption that none of the s; are torsion elements in
I'y(N), each edge (x,x5;,s;) in the Cayley graph of I';(N) is contained in the one
dimensional infinite linear subgraph {23¥ : k € Z} and, since f,, and f, are finitely
supported, the equation (2.7) shows that f! = 0 implies that fz, (v, 25;,s;) = 0
for all z € T'y(N). In particular, if f{ = 0 for all 1 <4 < r then we must have
fz, = 0. Hence, if none of the 5; is a torsion element in T'y(N), we have f! = 0,

1<i<r<=fz =0 and thus p*"(e,) = ¢*"(ey). O

In general, the probability measure ¢ on Z" ! I';(N) does not have generating

support because of the very specific and limited nature of the lamp moves and how

35



they correlate to the base moves. To fix this problem, let 7, be the probability
measure of the lazy random walk on Z" so that 7,(0) = 1/2 and n,(+¢;) = 1/(4r),

1 < <r. With this notation, let

q =Ny * LK, (2.8)

be the probability measure of the switch-walk-switch random walk on the wreath
product Z" { I'1(N) associated with the walk-measure i on the base-group I';(N)
and the switch-measure 7, on the lamp-group Z". See [29,34] and Section 2.1.5 for

further details.

Proposition 2.3.8. Fiz a measure p on F,. of the form (2.1). Suppose that none
of the's; are torsion elements inI'y(N) = F,. /N. Refering to the notation introduced
above, there are ¢, N € (0,00) such that the probability measure i on I's(N) defined
by (2.2) and the measure ¢ on Z" YTy (N) defined at (2.8) satisfy

N*2n(e*) 2 Cq*2Nn(€*).

Proof. On a group G, the Dirichlet form associated with a symmetric measure p

is defined by
&N =7 3 |fw) — F@)F ().

z,yeG

From the definition, it easily follows that Z" ! I';(N), we have the comparison of
Dirichlet forms
g¢ S (2T)2gnr*ﬁ*7lr = (27")25(1.
Therefore, by [30, Theorem 2.3],
¢*2n(6*) Z Cq*QNn(G*).
From Proposition 2.3.6 we conclude that

H*Qn(e*) — qb*Zn(e*) Z cq*ZN"(e*).
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]

Corollary 2.3.9. Fiza = (a1,...,0,) € (0,2)" and let p, be defined by (2.1) with
pi(m) = ¢;(1 4 |m|)™'". Let N = [F,,F,] so that T';(N) =Z" and Ty(N) = S,,..

Let p, be the probability measure on Ss, associated to p, by (2.2). Then we have

p" (ex) > exp (_C’nT/(TJra) [log n]a/(T+a))

1 1(1 1)
= =44 =],
a 1 \o Q.

Remark 2.3.10. Later we will prove a matching upper bound.

where

Proof. Proposition 2.3.8 yields

pra"(€x) = clne * fia 1] ™ (€4)

where the probability i, on I'1(IN) = Z" is defined at (2.2) and is given explicitly
by
fal0) = - 3" pi(m) L (o)
1
where §; canonical generators of Z" and we have retained the multiplicative nota-

tion so that s} = (n,0,...,0),...,5" = (0,...,0,n).

The behavior of the random walk on the wreath product Z"{Z" associated with
the switch-walk-switch measure ¢ = 7, * fi, x7),- is studied in [34] where it is proved
that

q*Qn(e*) ~ exp (_nT/(rJra) [log n]a/(r+a)) )

Corollary 2.3.9 follows. O
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2.4 Return probability upper bounds

This section explains how to use the Magnus embedding (defined at (2.1))
Y :F,/[N,N] =Ty(N) — Z"T'{(N), T'1(N)=F,/N,

to produce, in certain cases, an upper bound on the probability of return p**"(e,)
on I'y(N). Recall from (2.3) that the Magnus embedding 1 is described more

concretely by

Here a(g) is an element of > 1. v Z;, equivalently, a Z'-valued function with

xel

finite support defined on I';(V), equivalently, an element of the Z(I';(/V))-module
Z"(I'1(N)) . In any group G, we let 7,2 = gz be the translation by g € G on
the left as well as its extension to any Z(G) module. We will need the following

lemma.

Lemma 2.4.1. For any g,h € T's(N) with g = 7(g) € I'1(N), we have
a(gh) = alg) + 7ga(h).
In particular, if g € To(N) and p € N with p = ma(p) € ['y(N), we have

a(gpg™") = m5a(p).

Proof. The first formula follows from the Magnus embedding by inspection. The
second formula is an easy consequence of the first and the fact that 7(p) is the

identity element in 'y (V). O
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Remark 2.4.2. The identities stated in Lemma 2.4.1 can be equivalently written

in terms of flows on I'y (V). Namely, for u,v € F,., we have

qu = fu + Tw(u)fv and fuvu—1 = 7_7r(u)fv'

2.4.1 Exclusive pairs

Definition 2.4.3. Let I" be a subgroup of I'y(N) and p be a reduced word in
N\ [N,N]CF,. Let T = 7(I). Set p=m(p) € I'y(N). We say the pair (T, p) is

exclusive if the following two conditions are satisfied:

(i) The collection {75(a(p))}zer is Z-independent in the Z-module 3 p () (Z")s-

(ii) In the Z-module } . \y(Z")s, the Z-submodule generated by {7g(a(p))}yer,
call it A = A(T, p), has trivial intersection with the subset B = {a(g) : g €
'}, that is

AN B ={0}.

Remark 2.4.4. Condition (i) implies that the Z-submodule A(T', p) of 3 () (Z")s

is isomorphic to 3, (Z)g.

Example 2.4.1. In the free metabelian group Sy, = F, /[N, N], N = [F,, F,], set
= (s},..,5%), and p = [s1,85]. Then (T, p) is an exclusive pair. The conditions
(i)-(ii) are easy to check because the monomials {Z]' Z5%..Z% : x € 74} are Z-
linear independent in Z(Z"). A similar idea was used in the proof of [15, Theorem

3.2].

We now formulate a sufficient condition for a pair (I', p) to be exclusive. This

sufficient condition is phrased in terms of the representation of the elements of
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I'y(N) as flows on I'1 (V). Recall that I'y (V) come equipped with a marked Cayley

graph structure as described in Section 2.2.2.

Lemma 2.4.5. Fiz I' < T'3(N) and p as in Definition 2.4.3. Set

U = | supp(f,).

ger
that is the union of the support of the flows on I'y(N) induced by elements of I.

Assume that p = usv with s € {sy,...,s,} and that:

L. §o((w,us,s)) # 0;
2. For all z € T\{e}, §,((zu, 7us,s)) = 0;

3. The edge (u,us,s)) is not in U.

Then the pair (T, p) is exclusive.

Remark 2.4.6. The first assumption insures that the given edge is really active in
the loop associated with p on the Cayley graph I'1(NN). The proof given below
shows that conditions 1-2 above imply condition (i) of Definition 2.4.3. All three

assumptions above are used to obtain condition (ii) of Definition 2.4.3.

Proof. Condition (i). Suppose there is a nontrivial linear relation such that
C17g, (a(p)) +o+ CnTg, (C_L(p)) =0, ¢ € Z,

where some c;, say c1, is not zero and the element g, € T are pairwise distinct. Let
g; be representative of g; in F,. Let b denote the coefficient of Y | ¢;75. (a(p)) in

front of the term g,u)\s. By formula (2.5),
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Note that

Faoogt (017, 9,75,9)) = §,((9; 19,7, 9, '9,75, 5)).
Therefore, since g; 'g, # € for all i # 1, the hypothesis stated in Lemma 2.4.5(2)
gives

VZ 7é 17 fgipgi_l((glﬂ7 §1m7 S)) = O

By hypothesis (1) of Lemma 2.4.5, this implies
b= lep(<aa us, S)) # 0
which provides a contradiction.

We now verify that Condition (ii) of Definition 2.4.3 holds. Fix x € AN B and

assume that z is nontrivial. From Condition (i),  can be written uniquely as
T = c17g,a(p) + ... + ¢y, a(p),

where ¢; € Z\{0} and the elements g; are pairwise distinct. On the other hand,
since € B, there exists some h € I' such that x = a(h). By formula (2.5),
a(h) =Y 1, ¢;mz,a(p) is equivalent to

n

fn = Z cifgmg{l'

=1

Therefore f -1, = > Cif =1 gipg1g,- By hypothesis (2), it follows that

fgflhgl((ﬂv us,s)) = c1f,((w,us, s)) # 0.

However, since g; 'hg, € T, this implies that (u,us,s;)) € U, a conclusion which

contradicts assumption (3). Hence AN B = {0} as desired.

41



2.4.2 Existence of exclusive pairs

This section discuss algebraic conditions that allow us to produce appropriate

exclusive pairs.

Lemma 2.4.7. Assume I')(N) = F,/N s residually finite and r > 2. Fiz an
element p in N \ [N, N|. There exists a finite index normal subgroup K = K, <
I'y(N) such that, for any edge (u,us) in p = usv with s € {sy,...,s,} and any
subgroup H < T'o(N) with 7(H) < K,

Ve en(H)\{e}, fp((2w, 2us,s)) =0.

Remark 2.4.8. Since p ¢ [N, N]|, the flow induced by p is not identically zero.
Therefore, after changing p to p~! if necessary, there exists a reduced word u and
i € {1,...,r} such that p = us,u’ and §,((@,us;,s;)) # 0. Hence Lemma 2.4.7

provides a way to verify conditions 1 and 2 of Lemma 2.4.5.

Proof. For any element p in N\ [N, N], view p as a reduced word in F,. Let B, be
the collection of all proper subword u of p such that 7(u) is not trivial in I'y (V).
Since I'1 (V) is residually finite, there exists a normal subgroup K < I';(N) such
that I';(N)/K is finite and 7(B,)N K = 0.

Suppose there exists © € 7(H) such that z is not trivial and §,((z%, 2us, s)) # 0.
Therefore, there is a proper subword v of p such that p = vw and 7 = zu. Since

1'is the conjugate of a

both u and v are prefixes of p and x is not trivial, vu~
proper subword of p with non-trivial image in I'; (N). By construction this implies

that 7(vu~!) ¢ K, a contradiction since #(vu™!) =z € 7(H) < K. O

Remark 2.4.9. By a classical result of Hirsch, polycyclic groups are residually

finite, [32, 5.4.17]. By a result of P. Hall, a finitely generated group which is
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an extension of an abelian group by a nilpotent group is residually finite. In
particular, all finitely generated metabelian groups are residually finite, [32, 15.4.1].
Gruenberg, [17], proves that free polynilpotent groups are residually finite. The
free solvable groups S;, are examples of free polynilpotent groups. Note that all

finitely generated residually finite groups are Hopfian, [32, 6.1.11].

Our next task is to find ways to verify condition 3 of Lemma 2.4.5. To this end,
let A be the abelian group I'1(N)/[T1(N),T1(N)]. Fix m = (my,...,m,) € N" and
let A,, be the subgroup of A generated by the images of the elements 57", 1 <1 <,
in A. Let T}, be the finite abelian group 7,, = A/A,,. Let n, : F, — T,, be the

projection from F, onto T,,. Set
H,, = (s",1<i<r) <IyN).

Lemma 2.4.10. Fiz a reduced word p € N\[N, N]. Assume that p = usv, where
s € {s1,...,s.} and f,((w,us,s)) # 0. Fix m € N" and assume that, in the finite

abelian group T,,, 7, (0) & (nr, (s)). Then the edge (u,us,s)) is not in

U(H,) = | supp(fy).

gEH,

Proof. Assume that (u,us,s) € U(H,,). Then there must exist x € 7(H,,) and

q € 7Z such that xs? = w. But, projecting on T,,, this contradicts the assumption

m1,,(0) & (71, (8))- u

We now put together these two lemmas and state a proposition that will allow

us to produce exclusive pairs.

Proposition 2.4.11. Fiz N < F, and p € N \ [N, N], in reduced form. Let
u be a prefix of p such that p = usv, s € {s1,...,s,} and f,((a,us,s)) # 0.

Assume that the group I'1(N) is residually finite and there exists an integer vector
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m = (my,...,m,) € N such that, in the finite group T,,, mr, (u) ¢ (77, (8)).
Then there is m' = (m/), ..., m.) such that the pair (H,,, p) is an exclusive pair in

Ty(N).

Proof. Let K, the the finite index normal subgroup of I';(/V) given by Lemma
2.4.7. Since K, is of finite index in I'; (V), we can pick m} to be a multiple of m;
such that 51% € K,. Observe that the assumption 7r,,(u) ¢ (77, (s)) implies the
same property with m replaced by m’. Applying Lemmas 2.4.7, 2.4.10 and Lemma

2.4.5 yields that (H,,, p) is an exclusive pair in I'y(N). O

We conclude this section with a concrete application of Proposition 2.4.11.

Proposition 2.4.12. Assume that I'y(N) = F, /N is an infinite nilpotent group
and r > 2. Then there exists an exclusive pair (I, p) in Ty(N) such that w(T") is a

subgroup of finite index in I'y (V).

Proof. First we construct an exclusive pair using Proposition 2.4.11. Suppose that
['y(N) is not virtually Z. Then the torsion-free rank of I';(N)/[I'1(N),I'1(N)]
is at least 2. Choose two generators s;,,s;, such that their projections in the
abelianization are Z-independent. Choose p to be an element of minimal length
in N N (s;,s;,). Note that since I'1(/N) is nilpotent, this intersection contains
commutators of s;,,s;, with length greater than the nilpotency class, therefore
it is non-empty. Proposition 2.4.11 applies and yields an integer m such that

(T = (s7",...,s™), p) is an exclusive pair.

In the special case when I';(N) is virtually Z, choose p to be an element of

minimal length in /V, and a generator s;, such that 5;, is not a torsion element in
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[i(N). Set I' = (s7) with m = [['1(N) : K,]. Then by Lemmas 2.4.5, Lemma

2.4.7 and inspection, (T, p) is an exclusive pair.

Next we use induction on nilpotency class ¢ to show that, for any m € N,

(') = (&7, ...,5") is a subgroup of finite index in I'1(N). When ¢ = 1, observe

cey Op

that the statement is obviously true for finitely generated abelian groups. Suppose
I';(N) is of nilpotency class ¢. Let H = 7.(I'1(IV)). Using the induction hypothesis,
it suffices to prove that H N 7(I") is a finite index subgroup of H. Note that H is
contained in the center of I';1(N) and is generated by commutators of length c.

Further,

(S, [ [8i0s s )™ =[] [sT2, si]]).
Therefore H/H N w(I") is a finitely generated torsion abelian group, hence finite,
as desired. O

2.4.3 Random walks associated with exclusive pairs

The following result captures the main idea and construction of this section.

Theorem 2.4.13. Let 1 be a symmetric probability measure on T'o(N). Let I' <
[o(N) and p be an exclusive pair as in Definition 2.4.3. Set p = mo(p) € To(N).

Let v be the probability measure on T's(N) such that
v(pt) =1/2.
Let ¢ be a symmetric probability measure on I" such that
Eviprr < Co&,. (2.1)
Let ¢ be the symmetric probability on T = 7(T') < T'1(N) defined by
Vg eTi(N), 2(9) = (9))
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On the wreath product Z1T (whose group law will be denoted here by %), consider
the switch-walk-switch measure ¢ = n* @ xn with n(+1) = 1/2 on Z. Then there

are constants C, k € (0,00) such that

ﬂ*an<€*) S Cq*Zn(e*)'

Proof. By [30, Theorem 2.3|, the comparison assumption between the Dirichlet
forms of p and v % ¢ % v implies that there is a constant C' and an integer k such
that

Vn, uw(e,) < Clv*pxv]™(e,).
Hence, the desired conclusion easily follows from the next proposition. O]

Proposition 2.4.14. Let I' < I'y(N) and p be an exclusive pair as in Definition
2.4.3. Let p = mw(p) and let v be the probability measure on I'y(N) such that
v(p) = v(p™) = 5. Let ¢ be a probability measure supported on T'. Let ¢ be the
pushforward of o on #(I') = T < I't(N). Let n be the probability measure on 7Z
such that n(£1) = 1/2. Let ¢ = nx @ xn be the switch-walk-switch measure on

Z2T. Then

(v @xv)™ (e) < (nx @ xn)"(ex) = ¢ (ex).

To prove this proposition, we will use the following lemma.

Lemma 2.4.15. Let ¢ be a probability measure on T's(N). Let v be the uniform
measure on {ri'} where vy € Ty and ro # 15", Let (Y;) and (5)$° be i.i.d.
sequence with law ¢ and v respectively. Let S, =Yi---Y, and S, = 7(S,). Then

we have

(v x )™ (ex)

= P (gn =e, (€9j-1 + 52]‘)7?]@(7‘0) +a(S,) = 0) .

J=1
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Proof. The product r5'Yir52 8 Yorst - - 15 'Y,rg*" has distribution
(v*@*xv)™".
Therefore, we have

(l/ * o* y)*n<€*) = P(TSI}/&T82+E3}/2 e an(s)n = 6*)

= P(Yiry™ Yy - Yorgn ™ =e,).
Using the Magnus embedding
Y :F/[N,N] — Z"1T1(N)
(and re-indexing of the ¢;) this yields
(v* pxv)™(e,) = P(S, = & a(Yiry' ™Y, - - - Y217 = (),
However, we have

a(}/ﬂngl-&-mn . ‘an(E)Qn—1+52n)
_ _ 1+ _
_ a(Sl,r,Sl—i-ele 1. SnTSQn 1 EQnSn 1Sn)

= Z(Egj_l + 82]')@(53'7“05]-_1) + d(Sn)

j=1

I
NE

(52_7',1 + 823-)7'3],&(7"0) + C_l(Sn>
7=1

The last equality above from Lemma 2.4.1.

Proof of Proposition 2.4.14. By Lemma 2.4.15,
(v pxv)™ ()

= P <§n = é, (823;1 + Egj)ngC_L(To)) + d(Sn) = 0) .

J=1
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Under the assumption that (I, p) is an exclusive pair, (ii) of Definition 2.4.3 gives

{Z<€2j1 + 52j)T§jC_L<7’O) —+ d(Sn) — O}

j=1

= {2(82] 1+ 523)TS ( 0) O} M {d(Sn) = O} (2'2)

j=1

Further, (i) of Definition 2.4.3 gives

{Z(Ezjl + 52j>7’§j(_1(7'0) = O}
= Q {Z(€2j1 +e25) 11} (S)) = 0} :

Therefore, dropping {a(S,) = 0} in (2.2) yields

(v 5 pxv)™ (e.)

( ,Z €9j-1 + €2/) 1{x}(§j) =0 forall x € f) )
7=1

On the other hand, the return probability of the random walk on
Z T <Z1T1(N)

driven by n* @ xn is exactly

(52_7',1 + Egj)l{m}(gj) =0 forall x € f) .

I
|-U
VR
U
3
|
uCBI
o
I 3
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2.5 Examples of two sided bounds on ®r, ()

2.5.1 The case of nilpotent groups
Our first application of the techniques developed above yields the following Theo-
rem.

Theorem 2.5.1. Assume that T1(N) = F,./N is an infinite nilpotent group and

r > 2. Let D be the degree of polynomial volume growth of I'1(N). Then

nD/(2+D) [ 2+D)) '

Pr, vy (n) =~ exp (— log n]Q/(

Proof. Example 2.3.1 provides the desired lower bound. By Proposition 2.4.12,
we have an exclusive pair (T, p) in I'y(N) such that I' = 7(I') is of finite index in

['y(N). Applying Theorem 2.4.13 gives
O,y (kn) < CPyp(n).

Since T has finite index in I';(N), it has the same volume growth degree D and,

by [14, Theorem 2],

P,r(n) < exp (—an/(2+D) [log n]Q/(2+D)) :

2.5.2 Application to the free metabelian groups

This section is devoted to the free metabelian group S, = F/[N, N], N = [F,, F,].
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Theorem 2.5.2. The free metabelian group Ss, satisfies
P, , (n) ~ exp (—n”/@”) [log n]2/(2+’”)) (2.1)
and, for any o € (0,2),
ZIv)s,z,moa(n) ~ exp (—n"/(*T)[log n]*/ (7)) . (2.2)

Further, for a = (aq,...,a.) € (0,2)", let p, be defined by (2.1) with p;(m) =
ci(1+ |m|)~t7. Let p, be the probability measure on Sy, associated to p, by
(2.2). Then we have

pl(e) =~ exp (—n"/ ) [log ]/ "+ (2.3)

where
1 1(1 1)
= =4+ .
« r \O1 (7%

Proof. The lower bound in (2.1) follows from Theorem 2.3.5 (in particular, Exam-
ple 2.3.1). The lower bound in (2.2) then follows from [5, Theorem 3.3]. The
lower bound in (2.3) is Corollary 2.3.9. If we consider the measure pu, with

a=(a,a,...,a), a €(0,2), it is easy to check that this measure satisfies

sup {spta(g : (1+9])" > 5)} < 00,

that is, has finite weak p,-moment with p,(g) = (1 + |g|)®. This implies that
uﬁf")(e) provides an upper bound for i/)sw,pa (n). See the definition of E)G,p in
Section 2.1.4 and [5]. The upper bound in (2.2) is thus a consequence of the upper

bound in (2.3).

We are left with proving the upper bounds contained in (2.1)-(2.3). The proofs

follow the same line of reasoning and we focus on the upper bound (2.3).
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Lemma 2.5.3. Set I' = (s3,...,5%) < Sy, and p = [s1, 8] € F,.. The pair (T, p) is

an exclusive pair in the sense of Definition 2.4.3
Proof. This was already observed in Example 2.4.1. O]

In order to apply Proposition 2.4.14 to the pair (I, p), we now define an appro-
priate measure ¢ on the subgroup I' = (s3,...,s?) of Sy, = F,./[N, N| = I'y(N),
N = [F,,F,]. In this context, I' = (2Z)" C Z" = I';(N). The measure ¢ is simply
given by

plo) = 3 S a4 )y (9)

i=1 mEZ

With this definition, it is clear that, on Sy ., we have the Dirichlet form comparison
gua Z Cgu*(p*y~

Then by Proposition 2.4.14,

py"(ex) = (nx@xn)" (e

Here as in the previous section, * denotes convolution in [';(/N) and * denotes
convolution on Z T (or ZT1(N)). Here, I' = (2Z)" which is a subgroup of (but
also isomorphic to) I'1 (V) = Z". The switch-walk-switch measure ¢ = n* @ * 7 on

71 (2Z)" has been studied by the authors in [34] where it is proved that

q"(e) < exp (—cnr%a(log n)%) _

The proof of this result given in [34] is based on an extension of the Donsker-
Varadhan Theorem regarding the Laplace transform of the number of visited
points. This extension treats random walks on Z" driven by measures that are
in the domain of normal attraction of an operator stable law. See [34, Theorem

1.3]. 0
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2.5.3 Miscellaneous applications

This section describes further examples of the results of Sections 2.4.1-2.4.3.
Namely, we consider a number of examples consisting of a group G = I'1(N) =
F,/N given by an explicit presentation. We identify an exclusive pair (T', p) with
the property that the subgroup I’ of I';(N) is either isomorphic to I';(N) or has a
similar structure so that ®zar vy =~ ®zr. In each of these examples, the results
of Sections 2.3.2-2.3.3 and those of Section 2.4.1-2.4.3 provide matching lower and

upper bounds for ®r,yy where I'y(N) = Fy/[N, N].

Example 2.5.1 (The lamplighter Zy ! Z = (a,t|a? [a,t "at"],n € Z)). In the
lamplighter description of Zy ! Z, multiplying by ¢ on the right produces a trans-
lation of the lamplighter by one unit. Multiplying by a on the right switch the
light at the current position of the lamplighter. Let I' be the subgroup of I'y
generated by the images of @ and t*> and note that T is, in fact, isomorphic to
[i(N). Let p = [a,t7'at] = a 't *a 'tat 'at. In order to apply Lemma 2.4.5,
set u = a 't latat™!, s = a and v = t so that p = usv. By inspection,
fo((w,us,s)) # 0 (condition (1) of Lemma 2.4.5). Also, because the elements of
T can only have lamps on and the lamplighter at even positions, one checks that
fo((zr@, 2us,s)) = 0 if z € T (condition (2) of Lemma 2.4.5). For the same reason,
it is clear that §,((u,us,s)) = 0 if # € T, that is, (4,us,s) ¢ U (condition (3) of

Lemma 2.4.5). By the Magnus embedding and [30, Theorem 1.3], we have

(I)FQ(N)(H) Z CCI)Zszl(N)(k‘n).

Applying Lemma 2.4.5, Proposition 2.4.14, and the fact that ' ~ I';(N), yields

Pr, vy (kn) < CPgr (v (n).
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The results of [14] gives
Dz, vy (1) = Pz, (v () 22 exp (—n/[logn]?) .
Hence we conclude that, in the present case where
['(N) =27y Z = {a,t|d* [a,t "at™],n € Z),

we have
D, (n) = exp (—n/log n]?)

This extend immediately to Z,1Z = (a,t|a?, [a,t "at™],n € Z). 1t also extend to

similar presentations of F'!Z with F' finite. See the next class of examples.

Example 2.5.2 (Examples of the type K1Z%). Let K = (ky, ...,k | Nx) be am
generated group. The wreath product K ! Z? admits the presentation F,/N with

r = m + d generators denoted by
ki,..., Ky, t1,...,t4
and relations [t;,t;],1 <4,j < d, Ng and
K, t7'kt], k, k' € F(ky,...,kp), t =t7' - t3%, (21,...,24) # 0.

Without loss of generality, we can assume that the image of k; in K is not trivial.

Let ' be the subgroup of I'y(N) generated by the images of t7, 1 < i < d. Let
p = kit kt)]

and write

p = usv with u = pt;'k;', s = k;, v =t;.

As in the previous example, (I, p) is an exclusive pair and T is in fact isomorphic

to I'1(IV). By the same token, it follows that
(I)FQ(N) (n) Z C(I)qul(]v)(k’n) and (I)FQ(N)(]{?’H) S Cq)ZZFl(N) (n)
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Now, thanks to the results of [14] concerning wreath products, we obtain

e If K is a non-trivial finite group then
Pr,(nvy(n) =~ exp (—n/[log n]Q/d) )
e If K is not finite but has polynomial volume growth then

o (n) ~ e B log logn 2/d
v (n) 2 exp | —=n { =2 :

e If K is polycyclic with exponential volume growth then

D, (v)(n) =~ exp (—n/[loglogn]?/ (1)

In particular, when I';(N) = Z Z with presentation (a,t | [a,t "at™],n € Z)

log logn 2
Pr,(nvy(n) =~ exp (—n (W) ) .

Example 2.5.3 (The Baumslag-Solitar group BS(1, ¢)). Consider the presentation

we obtain that

BS(1,q) =T'1(N) =Fy/N =< a,b | a 'ba = b? >

with ¢ > 1. In order to apply Proposition 2.4.14, let I" be the group generated by
the image of a® and b in Ty(N). Let p = b % 'ba, u = b %' s =b, v =a.
One checks that (I, p) is an exclusive pair and that I' ~ BS(1,¢?). After some

computation, we obtain
2
®r,(v)(n) = exp (—n/[logn]?) .

Example 2.5.4 (Polycyclic groups). Let G be a polycyclic group with polycyclic
series G =G> Gy > -+ > Gryq = {e}, r > 2. Foreach i, 1 <i <7, let a; be an

element in G; whose projection in G; /G, generates that group. Write G = F,./N
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where s; is sent to a;. This corresponds to the standard polycyclic presentation of

G relative to ay,...,a, and N contains a word of the form
p = s '8588%" - - - 857
where ay, 2 < ¢ < r are integers. See [40, page 395].

Theorem 2.5.4. Let G = I'1(N) be an infinite polycyclic group equipped with a

polycyclic presentation as above with at least two generators.

e [f G has polynomial volume growth of degree D, then

Pry() (1) 2= exp (~n/C+P) log ]/ P))

e If G has exponential volume growth then

Dry(n) = exp (~n/flogn]?).

Proof. Our first step is to construct an exclusive pair (I, p) with T = 7(T") of finite
index in I'1(N).

Assume first that G;/Gs is finite. In this case, let I' = (sq,...,5s,). Assume
that = € T is such that f,((Z5]", 25, "'52,82)) # 0. Then there must be a prefix
u of p such that w(u) = #5;". Computing modulo 7(T') = G, the only prefixes
of p that can have this property are s;' and s;'s;. If u = s;' then 7 is the
identity. If u = s7'sy then s;'s3 is not a prefix of p and f,((z57", 23] '82,82)) = 0,
a contradiction. It follows that condition 2 of Lemma 2.4.5 is satisfied. In this

case, it is obvious that condition 3 holds as well. Further, 7(I") = G is a subgroup

of finite index in G = T';(N).

In the case when Gy/Gy ~ Z, set

[ = (s2,89,...,5.) < y(N).
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The same argument as used in the case when G1/G; is finite apply to see that
condition 2 of Lemma 2.4.5 is satisfied. To check that condition 3 of Lemma 2.4.5
is satisfied, observe that, if f,((,¥5;,s;)) # 0 with 2 < i < r and g € I then y
must belong to T'. But, by construction 5, & T'. Therefore §,(5;", 5, '82,82) = 0

for every g € T'. Finally, T is obviously of index 2 in T'; ().

By the Magnus embedding we have c®zp, vy (kn) < ®r,v)(n). By Theorem
2.4.14 and the existence of the exclusive pair (I", p) exhibited above, we also have
c®r, vy (kn) < ®,5(n) with T of finite index in I';(N). Because I'i(N) is infinite
polycyclic, the desired result follows from the known results about wreath products.

See [14].

2.6 Iterated comparison and S;, with d > 2

Let F,/N = T';(N) be a given presentation. Write N® = [N, N] and N} =
[NED NED] ¢ > 2. The goal of this section is to obtain bounds on the proba-
bility of return for random walks on I'y(N) = F,./N®. Our approach is to iterate

the method developed in the previous sections in the study of random walks on

Ty(N).

We need to fix some notation. We will use * = %, to denote convolution in
['y(N). In general, ¢ will be fixed so that there will be no need to distinguish
between different x,. We will consider several wreath products A G as well as

iterated wreath products

AV(AU(---(AG) 1)
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where A and G are given with A abelian (in fact, A will be either Z or Z"). Set
W(A,G)=Wi(A,G) = ALG and Wi(A,G) = W(A, W,_1(A, @)). Depending on

the context, we will denote convolution in Wy (A, G) by

*E O *Wk or *Wk(A,G) .

Let p be a probability measure on G and 7 be a probability measure on A. Note
that the measures p and 7 can also be viewed, in a natural way, as measures on
W (A, G) with n being supported by the copy of A that sits above the identity ele-
ment of G in A1G. The associated switch-walk-switch measure on W = W1 (A, G)
is the measure

q = qi(n, ) = n*1 frki 1.
Iterating this construction, we define the probability measure g, on Wy(A, G) by
the iterative formula
@ = qr(n, 1) = 1k Qr—1 %% 1.

We refer to g as the iterated switch-walk-switch measure on W}, associated with

the initial pair n, . We will make repeated use of the following simple lemma.

Lemma 2.6.1. Let A,G, H be finitely generated groups with A abelian. Let 0 :
G — H be a group homomorphism. Define 01 : W1(A,G) — W1 (A, H) by
612 (f.2) = (J.0(2)), where f(h) = [f(9)

g:0(9)=h

with the convention that sum over empty set is 0. Then 01 is group homomorphism.
Define 6y, : Wi(A, G) — Wi(A, H) by iterating the previous construction so
Gk = (Qk—l)l : Wl(A, Wk_1(A, G)) — Wl(A, Wk_l(A, H))

Then 0y is group homomorphism. Moreover, if 0 is injective (resp., surjective),

then 0y is also injective (resp., surjective).
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Proof. The stated conclusions follow by inspection. O]

Lemma 2.6.2. Let A,G,H be finitely generated groups with A abelian. Let
and 1 be a probability measures on G and A, respectively. Let 0 : G — H be
a homomorphism and 0y, : Wi(A,G) — Wi(A, H) be as in Lemma 2.6.1. Let
Ok (qr(n, 1)) be the pushforward of the iterated switch-walk-switch measure qy(n, i)
on Wi(A,G) under 0. Then we have

Or(ar(n, 1)) = qr(n, 0(p)).

Proof. 1t suffices to check the case kK = 1 where the desired conclusion reads

01 (77 *aG 1xaa n) = 1% O(1) *am n-

This equality follows from the three identities
01(n *ac txac m) = 01(n) *am 01 (1) *aq 01(n),

01(p) = 0(p) and  61(n) = 7.

The first identity holds because 6; is an homomorphism. The other two identities

hold by inspection (with some slight abuse of notation). O

2.6.1 Iterated lower bounds

This section develops lower bounds for the probability of return of symmetric
finitely supported random walks on I'y(N) = F,/N. By Dirichlet form compari-
son techniques (see [30]), it suffices to consider the case of the measure p, on I'y(N)
which is the image under the projection 7, : F,, — F,./N ® of the lazy symmetric

simple random walk measure p on F, defined at (2.3), that is pp = m(pe). On Z7,
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let the probability n be defined by n(4e;) = 1/2r where (¢;)] is the canonical basis
for Z". Let gy ; be the j-th iterated switch-walk-switch measure on W;(Z",I';_;(N))

based on the probability measures n on Z" and jy—; on I'y_;(N).

Theorem 2.6.3. Let the presentation I''(N) = F,./N be given. Fiz an integer
¢ and let p, = m(p) be the probability measure on I'y(N) describe above. Let
denote convolution on T'y(N) and x denote convolution on W,_1(Z",T1(N)). Then

there exist ¢, k € (0,00) such that

v, i (en) > eqrit (en).

Proof. The proof is obtain by an iterative procedure based on repeated use of the
Magnus embedding I',,,(N) < Z" 1 T';,—1(N) and comparison of Dirichlet forms.

The desired conclusion follows immediately from the following two lemmas. m

Lemma 2.6.4. Let x denotes convolution on T'y(N). Let * denote convolution on

W(Z",Ty_1(N)) =Z"1T_1(N). Let puy and p—1 be as defined above. Then

*2n

127 (6*) > 0[77 * he—1 *77]*%”(

ey)-

Proof. Let ¢y : Ty(N) < Z"Ty_1(N) be the Magnus embedding. Then ;" (e,) =

[¢(12)]*"(ex) and, by a simple Dirichlet form comparison argument,

[e(10)]**™ (ex) > cln* pre—1 > 0] (e.).
0

Lemma 2.6.5. Fiz two integers 0 < j < (. Let x; denote convolution on

Wi(Z",To—;j(N)). Then, for2 < j </,

*j_12n

2k
qé,j—l (e*jfl) 2 CQZJj n(‘e*j)'
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Proof. By definition, we have

qej—1 = TN *j—1qe—1,-2%j—17.

where qg_y j_o is the switch-walk-switch measure on W, _(Z",Ty_;11(N)). Let ¢

denote the Magnus embedding

YTy ji1(N) = Z" 1 Ty_;(N).
Let
Y Wimi(Z, De_jir(N)) = Wiy (Z7, Z" 1Ty (N)) = W;(Z", Ty j(N))

its natural extension as in Lemma 2.6.1. Observe that

ng__lfn(e*j,l) = () *j-1 Qe-1,j-2 *j—1 1) (ex;)
=[x V(@1 jm2) % N7 (e,
where we used Lemma 2.6.2 to obtain the second identity. Again, by a simple
Dirichlet form comparison argument,

*j 2n ( *j 2kn (

€x;) = [N Kj Q11 %5 1] ex;)

2k
cq, " (e.,).

(17 %; @Z((M—l,j—z) *j 1)

Propositions 2.3.2-2.3.3-2.3.4 (which are based on the results in [8,14]) provide
us with good lower bounds for the probability of return on iterated wreath product.

Namely,

e Assume that A = Z° with b > 1 and G has polynomial volume growth of
degree D. Then, for ¢ > 2,

2/D
log;g n )

Dy, ac)(n) ~exp | —n
0(A,G) log[@,u n
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e Assume that A = Z° with b > 1 and @ is polycyclic with exponential volume

growth. Then, for ¢ > 1,

Py, (a,6)(n) =~ exp (—n/[logm n]Q) )

This applies, for instance, when G is the Baumslag-Solitar group BS(1,¢),
g > 1. Further, the same result holds for the wreath product G = Z; Z,

q > 1, (even so it is not polycyclic).

Together with Theorem 2.6.3, these computations yield the following results.

Corollary 2.6.6. Let I'y(N) = F,/N©.

Assume that T'1(N) has polynomial volume growth of degree D. Then, for
>3,

| 2/D

og_11 N

Pr,vy(n) > exp | —=Cn 8y
log[g_Q]n

Assume that T'1(N) is BS(1,q) with ¢ > 1, or Zo U Z, or polycyclic of expo-

nential volume growth volume growth. Then, for { > 2,
Pr,(ny(n) > exp (—C’n/[log[g_l] n]Q) )

Assume that Ty (N) = K1ZP, D > 1 and K finite. Then, for { > 2,

Pr,nvy(n) > exp (—Cn/[logw_l] n]2/D) .

Assume that T1(N) = ZVZP, a,D > 1. Then, for { > 2,

2/D
logjyn
B,y (n) > exp [ —Cn | 0
08— 1
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2.6.2 Iterated upper bounds

We now present an iterative approach to obtain upper bounds on ®r,(xy. Although
similar in spirit to the iterated lower bound technique developed in the previous
section, the iterative upper bound method is both more difficult and much less
flexible. In the end, we will be able to apply it only in the case of the free solvable

groups Sy, that is, when N = [F, . F,].

Our first task is to formalize algebraically the content of Proposition 2.4.14.

Recall once more that the Magnus embedding provides an injective homomorphism

GBIV N > (Spew, w Z2) % Fo/N with $(g) = (alg), 7(g)). Let T be a
subgroup of F,/[N,N] and p € N\ [N,N] CF,. Set p = m(p) and T = 7(T') C
F,/N.

Assume that (I, p) is an exclusive pair as in Definition 2.4.3. We are going to

construct a surjective homomorphism
9 : (L, p) = ZT.
Let g € (I, p). Consider two decompositions of g as products

9 =P 720" VP Y = MPTIVD™E Vg e
withy, el 1<i<p+1,vel1<i<g+1.Seto,=v...7,1<i<p+1,
and 0! =~v;...7;, 1 <i < g+ 1. Observe that

1 x -1 _
©Opp PO, Opt1 = Q0pyq

_ xr1 _—1 Ty _—
g=01p 01 020 709
where
. ry _—1 xro _—1 €T —1
Q=01p" 01 020770y - 0pp "0, .

Similarly g = o'oy,, and we have

(@ o= Toi1 (1) "
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By Lemma 2.4.1, we have

alg) = Y wimsalp) +alop)

and
p q
> avmnalp) = Y alrogale) = alc ok
1 1

As (T, p) is an exclusive pair, condition (ii) of Definition 2.4.3 implies that

p q
Z%‘T&ia(P) - Z$;T5;d(p) = d(grlg—l—lo-p_-‘:l) = 0.
1 1

Hence
p q
> wmirsalp) =) wimaalp)
1 1

in > cp (v Zy. This also implies that a(o,+1) = a(og,,). By construction, we

_ . I
also have 7(0,41) = 7(0y,,). Hence, 0py1 =0, in T

By condition (i) of Definition 2.4.3 (see Remark 2.4.4), we can identify

p q
Z iT5,a(p) = Z 552'7'6;5(/0)
1 1
with the element

<Z xilh(ai)> of ZZh.

hel herl

This preparatory work allows us to define a map

v . (T,p)—=2Z:T

p
g = npep” P Ve ((Z xilh(“”) 77?(9)) '
- _

Lemma 2.6.7. The map ¥ : (I, p) — Z1T is a surjective homomorphism.
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Proof. Note that 9(e) is the identity element in Z . To show that ¥ is an

homomorphism, it suffices to check that, for any g € (I, p) and vy € T’

Igy) = (9)9(7), Igp™") = D(g)0(p™).
These identities follow by inspection. One easily check that 1 is surjective. n

Lemma 2.6.8. Let i be a probability measure supported on ' and v be the probabil-
ity measure defined by v(p™') = 1/2. Let n be the probability measure on Z defined
by n(£1) = 1/2. Let * be convolution on (', p) < T'y(N) and * be convolution on
Z2 T Then we have

Vs puxv)=nxm(u)*n.

Proof. This follows from the fact that ¥ is an homomorphism, ¥|, = 7 and J(v) =
UL [

In addition to the canonical projections m; : F, — F,/NW = T[;(N), for

1 < j <, we also consider the projection 7} : T;(N) — T';(N).

Definition 2.6.9. Fix a presentation I'y(N) = F,/N and an integer ¢. Let I'; be

a finitely generated subgroup of T';(NV), 2 < i < /. Set
Let p, € F,, 2 < i < (. Set p, = m(p,). We say that (I';, p,)§ is an exclusive

sequence (adapted to (I';(N))) if the following properties hold:

1. Ty < Ty(N) and 7¢_,(pe) is trivial.
2. For2<j<(-1,T; <I p;eland W;_l(pj) is trivial.

J

3. For each 2 <i < ¢, (T, p;) is an exclusive pair in [y(NO1) = T;(N).
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Theorem 2.6.10. Fizx a presentation I'y(N) = F,./N and an integer { > 2. As-
sume that there exists an exclusive sequence ((I';, p;))5 adapted to (T';(N))%. Then

there exists k,C € (0,00) such that

O, vy (kn) < CPw,_,zry(n)
where Ty = 73(Ty) < T'1(N).

Remark 2.6.11. The technique and results of [14] provides good upper bounds on
®; when G is an iterated wreath product such as W,_1(Z, 1)) and we have some
information on I'}. The real difficulty in applying the theorem above lies in finding

an exclusive sequence.

Proof. The Theorem follows immediately from the following two lemmas. O]

We will need the following notation. For each 1 < ¢ < /) let ¢; be a sym-
metric finitely supported probability measure on I'; with generating support. Let
we = () be the projection on I',(N) of the lazy symmetric simple random walk

probability measure on F,. Let v; be the probability measure on I';(IN) given by

vi(pth) = 1/2.

Lemma 2.6.12. Under the hypothesis of Theorem 2.6.10, there are k,C €

(0, +00) such that

(I)FZ(N) (k;n) S C(I)Wl(szz_l) (n)

Proof. For this proof, let * be convolution on I',(N) and x be convolution on
2, =W(Z, T, ), T =7t (Ty). Since vy * ¢y * vy is symmetric and finitely

supported on I';(N), we have the Dirichlet form comparison
gﬂe = CgVe*W*W'
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Hence

132k (e,) < Clvg * dp % v (e).

Note that the measure vy * ¢y * vy lives on (I'y, ps) < I'¢(N). By Lemma 2.6.7, we

have the surjective homomorphism 9, : (I'y, ps) — Z1T,_; = W1(Z,1",_,). Hence

[ve g x ve] " (ex) < [D0(ve * o % vg)" (e4)

where e, is the identity element in W;(Z,I,_;). By Lemma 2.6.8,

[De(ve * do % )" (e) = (0% m_y (e) % 1]*" (ex).
This shows that ®p,v)(kn) < CPw,zr, (). O

-1

Lemma 2.6.13. Under the hypothesis of Theorem 2.6.10, for each j, 1 < j < (-2,

there are k,C' € (0, +00) such that

@Wj(zypé_j)(k‘n) < C@Wj+1(zypz_j_1)(n).

Proof. For this proof, we let x; denote convolution on the iterated wreath product
Wi(Z,T7_;). To control @y, AVED from above, it suffices to control from above the
probability of return n q;j 2n(e*j), for the iterated switch-walk-switch measure
¢; based on 1 and 75 (¢p_ji1).

J

By a simple comparison of Dirichlet forms on the group W;(Z,T7_;), we have

*i2kn ~xi2n
47" (ex;) < Oy’ (esy) (2.1)

where g; is the iterated switch-walk-switch measure based on 7 and
Vij Xj Pe—j %j Vi
supported on (['y_j, py—;) < I',_;. Consider the surjective homomorphism
Vej o (Lomjy po—j) = Z2TY ;.
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By Lemma 2.6.1, this homomorphism can be extended to a surjective homomor-
phism
ﬁf—j,j : V[/j(Z7 <F€—jvpé—j>) — Wj(Za 7. F/ijfl) = VVHI(Z: Féqu)‘
Further, by Lemmas 2.6.2 and 2.6.8, we have
Ve-.3(q5) = gj1
since g;11 is the iterated switch-walk-switch measure on Wj,1(Z,I,_; ;) based on
n and m,"7_ (¢,—;). This yields

i2 i+12
a? n(e*j) S q;:Lll n(e*j+1)'

This, together with (2.1), proves the desired relation between (I)W]-(Z,F;_j) and

LTI AV O

0—j—1

2.6.3 Free solvable groups

In this section, we conclude the proof of Theorem 2.1.1 by proving that, for d > 3,

2/r
logi;_1n
Og, . (n) ~exp | —n 8-y
’ logjy_g 1

The lower bound follows from Corollary 2.6.6. By Theorem 2.6.10, it suffices to
construct an exclusive sequence (I'y, p;)9 adapted to (I';(N))4, when N = [F,, F,]
with the property that I"] is isomorphic to Z". The technique developed in Section

2.4.2 is the key to constructing such an exclusive sequence.

In fact, we are able to deal with a class of groups that is more general than the

family S;,. Observe that Sy, = [4(72(F,)). More generally, define

fl,’l‘ = Fd(’yc-i-l (Fr)) = Fr/(’YC-H (Fr))(d)
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Note that T'y(7.41(F,)) = F,. /7.1 (F,) is the free nilpotent group of nilpotent class
c on r generators. The groups Sg, are examples of (finite rank) free polynilpotent
groups. These groups are studied in [17] where it is proved that they are residually
finite. In the notation of [17], S7, is a free polynilpotent group of class row

(¢,1,...,1) with d — 1 ones following c.

Let

Dlr,c) = 303 (k)"

1 km

where p is the Mobius function. The integer D(r, ¢) is the exponent of polynomial
volume growth of the free nilpotent group F,/v.41(F,). See [18, Theorem 11.2.2]
and [12]. Note that D(r,1) = r.

Theorem 2.6.14. Fizc>1,r>2 andd > 3. Let D = D(r,c). We have

2/D
logig_yyn )

$ge (n) ~exp | —n
“r logy_q 1)

Remark 2.6.15. The case d = 2 is covered by Theorem 2.5.1.

For the proof of Theorem 2.6.14, we will use a result concerning the subgroup
of I';,(N) generated by the images of a fix power s!" of the generators s;, 1 <7 <r.
Let 6, : F,, — F,. be the homomorphism from the free group to itself determined

by Om(s;) =s", 1 <i<r.

Lemma 2.6.16. Suppose d,, induces an injective homomorphism F,/N — F, /N,
and 7(s?) & 0m(F,/N), 1 <q<m—1,1<i<r. Then ¢, induces an injective

homomorphism F, /[N, N| — F, /[N, N]|.

Proof. The proof is based on the representation of the elements of I'y(N) =
F, /[N, N] using flows on the labeled Cayley graph of I'y(N) = F,/N.
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Let 6,, also denote the induced injective homomorphism on I'1 (V). Let f be a
flow function defined on edge set € of Cayley graph of I'1(V). Let &,, be a subset

of & given by
C = {(6m(2)s), 6p(z)s) T 8) iz €T(N),0<j<m—1,1<i<r}.
Let ., : f — t,,f be the map on flows defined by
b (0 ()57, 8 (2)] 7 80)) = F((2, 50,81)), 0<j<m—1,

and t¢,,f is 0 on edges not in &,,. This map is well-defined. Indeed, if two pairs

(x,j) and (y,7) in I'1(N) x {0,--- ,m — 1} correspond to a common edge, that is,
(8n()s, 6uu(2)sT™ 51) = (G(y)s] , G(y)s] T, s0),

then 6, (2)s! = 6,(y)s), dm(y™az) = s/ 7. Since |5/ —j| < m — 1, from the

assumption 7(s!) ¢ 6,,(F,/N), 1 < g < m — 1 it follows that j/ = j. Then

dm(y~tz) =€ and, since 4, is injective, we must have z = y.
By definition, ¢,, is additive in the sense that
tm(f1 + F2) =tmf1 + twfe.
Also, regarding translations in I';(N), we have
tnTyf = T () tmf

Therefore the identity fuv = fu + Tr(u fv, of Remark 2.4.2 yields

Zfmfuv = tmfu + Tém(w(u))tmfv-

By assumption 7(d,,(u)) = 0,,(w(u)), therefore

tmfuv - tmfu + Tﬂ(ém(u))tmfv-
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This identity allows us to check that the definition of ¢,,, acting on flows is consistent

with 9, : F,, — F,.. More precisely, for any g € F,., we have

fom(g) = tmfg-

To see this, first note that this formula holds true on the generators and their

inverses and proceed by induction on the word length of g € F,.

Given g € T'5(N), pick a representative g € F, so that g corresponds to the
flow fg on I'; (V). Define S,m(g) to be the element of T'5(N) that corresponds to
the flow t,,,fg = §5,.(g)- This map is well defined and satisfies

O © Tg = T9 O Opp.

This implies that &,, : [2(N) — Iy(N) is an injective homomorphism. Abusing
notation, we will drop the ~ and use the same name, J,,, for the injective homo-

morphisms I'y (V) — ' (V) and T'y(N) — I's(N) induced by 6,, : F,, — F,. O

Proof of Theorem 2.6.14. The lower bound follows from Corollary 2.6.6. By The-
orem 2.6.10, in order to prove the upper bound, it suffices to construct an exclusive
sequence (I'y, p,)9 adapted to (I'y(N))%, N = v.41(F}), and with the property that
I} is isomorphic to I';(N) = F, /v.+1(F,), the free nilpotent group of class ¢ on r

generators.

The work of Gruenberg, [17, Theorem 7.1] implies that I'y(V) is residually finite.
Hence the technique developed in Section 2.4.2 apply easily to this situation. We

are going to use repeatedly Proposition 2.4.11.

To start, for each ¢, we construct an exclusive pair (Hy, o) in I';(N). Namely,
let o be an element in N\ N® in reduced form in F, and such that it projects

to a non-self-intersecting loop in I'y_1(N). Let sFsS , e = 1, k # 0, be beginning

117127
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of oy. Without loss of generality, we assume that i; = 1, 1o = 2 and ¢ = 1. Let
also s; and §; be the projections of s; onto I',(N) and T'y_;(V), respectively. Let
(5%, 5%3,,85) be the corresponding edge in I'y_;(N). Since o projects to a simple

loop in T'y_1(V), we must have

for, (3%, 5552, 85)) # 0.

Since I'y—1 () is residually finite, there exists a finite index normal subgroup K, <

['y_1(N) as in Lemma 2.4.7. Pick an integer m, such that
Le—1(N) : Kp,] | me and  |k| < my

and set

H, = <S;n£,1§’l'§7’> <F5<N)

Thinking of I'y(N) and I';_;(N) as [y(N“~D) and T'; (N¢~1), respectively, Propo-

sition 2.4.11 shows that (Hy, o) is an exclusive pair in I'y(V).

Next, by Lemma 2.6.16, for each integer m and each ¢, the injective homomor-
phism 4, : F. — F, induces on [';,(N) an injective homomorphism still denoted

by 0 : To(IN) — T'y(N). For each 1 < ¢ < d, set
Mg=1, My=mygq1---mg,
and, for 2 < ¢ <d,
Uy =0um,(Hy) <Ty(N), p,=0m,(00).
By construction, ((I'y, p7))$ is an exclusive sequence in (I'y(N))¢ and
I =miTy) = (™, ..., 8" <T1(N)

is isomorphic to I'1 (V) because I';(N) is the free nilpotent group on sy,...,§, of

nilpotent class c. O
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CHAPTER 3
RANDOM WALKS ON NILPOTENT GROUPS DRIVEN BY
MEASURES SUPPORTED ON POWERS OF GENERATORS

3.1 Introduction

3.1.1 The measures jig,

Generating sets play an essential role in the theory of countable groups. This is
obvious when a group is defined by generators and relations or when a group is
defined as the subgroup generated by a given finite subset of elements in a much
larger group. In this context, the larger ambient group serves as a sort of “black

box” that encodes the law of the group.

In this chapter we study a natural family of random walks driven by measures
its,q which are defined as follows. The letter S represents a finite generating tuple,
i.e., alist S = (sq,$2,...,s;) of generators (repetitions are permitted). In addition,
we are given a k-tuple a of (extended) positive reals a = (ay, g, ..., ), o; €
(0, 00]. The measure g, allows long steps along any of the one-parameter group
(si) = {sI":n € Z}, 1 <i < k. The probability of such a long step along (s;) is
given by a power law whose exponent «; is the i-th entry of the tuple a. Namely,

we set,

k
1sa(g) =

' e(ai) Y (L+[m]) ™ 1 (g) (3.1)

i=1 meZ

| =

where

(@)™ = SO(L+ ml) .

Z
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We make the somewhat arbitrary convention that if @ = oo then (1+|m/|)~ "1 =0
unless m = 0,41 in which case (1 + |m|)™@"! = 1. Note that pg, is symmetric,
that is, satisfies ps.(97') = psa(g). We can also describe g, as the push-forward
of the probability measure pu, on the free group Fj on k generators s;, 1 <1 < k,

which gives probability
pa(sE™) = k7 le(oy) (1 4 |m|) ™! to 5™,
Indeed, if 7 is the projection from Fj onto G which sends s; to s;,

NS,g,(Q) - ,ua(ﬂ-_l(g))'

On Z, the power laws p,(+k) = c(a)(1 + |k|)~*~! are very natural probability
measures. For a € (0,2), i, can be viewed as a discrete version of the symmetric

stable laws which is the probability distribution on R whose Laplace transform is

€7|y‘a'

The main result of this chapter, Theorem 3.1.2 below, describes the behavior
of

n e pd(e)

a
when G is any given finitely generated nilpotent group, S is any given finite gen-
erating tuple of elements of G and the entries of the tuple a are in (0,2). What
makes this problem interesting is the interaction between the nature of the long
jumps allowed in the directions of each generators and the non-commutative struc-
ture of the group. As we shall see, the behaviors of the random walks driven by

the measures j1g, capture a wealth of information on the algebraic structure of G.

Because of the results of [30] — in particular, Theorem 3.1.9 stated below —

the very precise form of the measure pg, defined at (3.1) is not really essential in
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determining the behavior of n — /ng(e). Indeed, any symmetric measure v on GG

such that cv < pg, < Cv will satisfy
v (e) < Kpd)(e) and py)(e) < Kv'™(e)

for some k, K independent of n.

3.1.2 The case of Z¢

In the simplest non-trivial case where G = Z? = {(z,y) : =,y € Z}, S =
{(1,0),(0,1)} and a = (aj,as) € (0,00]?, it is not hard to see that u(;i(e),
e = (0,0), behaves as follows. Set

1 1 1
a=min{a,2}, —=—+4+ — and v=#{i: o, =2}
(@2, §=a+7 mdy=#isa =2
L If2 & {ay, a}, uféfi(e) ~ cay, as)n P,

2. If 2 € {ay, as}, M(Sr;)l<€> ~ n~18(log n)_WQ-

Here and in the rest of this chapter ~ and ~ are used with the following
meaning. For two functions f, g defined either over the positive reals or the natural
numbers, we say that f ~ g (usually, at 0 or infinity), if lim f/g = 1. We say that

f ~ g if there are constants c¢; such that

crf(eat) < g(t) < esf(cat)

(in a neighborhood of the relevant value, usually 0 or infinity). We recommend to

restrict the use of ~ to cases where one of the two functions f or ¢ is monotone.

Next, let us review briefly what happens when G = Z% and S = (s, ..., s),

k > d. By hypothesis, S is generating. Given a = («q,...,a), we extract from
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S a d-tuple ¥ = (04, ...,04) using the following algorithm. Set ¥; = {0y = s;,}

where a;; = min{o; : 1 <i < k}. Fort¢>1,if
Ye=(01,...,01), 01 =Si,.-..,00 =8

have been chosen, pick 0441 = s;,,, in {s; : 1 < i < k} with the properties
that «;,,, = min{a; : j & {i1,...,%}} and the rank of the lattice generated by
Y1 = XyU{oy1} is (strictly) greater than the rank of the lattice generated by ;.
Note that the final d-tuple ¥ might not generates Z? but does generate a lattice

of finite index in Z¢. Set a(X) = (ay, ..., ;).

Theorem 3.1.1. Let G = Z%. Let S = (s;)¥ be a generating k-tuple. Let a =
(i)} € (0,00%. Let X = (07)¢ and a(X) be obtained from (S,a) by the algorithm

described above. Set
1 &1
y=#{je{l,....d} :a;; = 2} andB:Z&—
s=1 ts
where & = min{a, 2}. Then we have

pi(e) = ) s (e) ~ n= P llog n] /2

,a

With some work, this result can be extracted from [16].

3.1.3 The main result in its simplest form

The goal of this chapter is to prove the following theorem together with more

sophisticated assorted results.

Theorem 3.1.2. Let G be a nilpotent group equipped with a generating k-tuple

S = (8;)} and a = (o)} € (0,00]". Assume that the subgroup generated by {s; :
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a; < 2} is of finite index in G. Then there exists a real D > 0 depending on

(G, S,a) such that

(n)

#S,a(e) = n_D‘

This statement suggests further questions including the following three:

e Can we compute D? how does it depends on S, a and G?

e What happen if the subgroup generated by {s; : a; < 2} is not of finite index
in G7

e What happens on other groups? In particular, how does Theorem 3.1.2

generalize to finitely generated groups of polynomial volume growth?

The first question will be answered completely in this chapter. Indeed, we
would not be able to prove the above theorem without a detailed understanding
of how to compute the real D. The exact value of D depends in an intricate
and interesting way on (a) the commutator structure of G, (b) the position of the
generators s; in the commutator structure of G and (c) the values of the parameters

«;. See Theorem 3.1.8 in the next subsection.

The second question is rather subtle and will not be completely elucidated in

this chapter although some partial results will be obtain in this direction.

In its full generality, the third question is too wide ranging to be discussed here
in details. The question regarding groups of polynomial growth is tantalizing but

appears surprisingly difficult to attack.
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3.1.4 Weight systems and the value of D

The goal of this section is to give the reader a clear idea of the key ingredients
that enter the exact computation of the real D governing the behavior of ,ugZ(e)

in Theorem 3.1.2.

Consider S = (s1,...,Sk) as a formal alphabet equipped with a weight system
o which assigns weight w; € (0,00) to the letter s;, 1 < i < k. We extend our

alphabet by adjoining to each s; its formal inverse s; .

Using this alphabet, we
build the set €(S,m) of all formal commutators of length m by induction on m.
Commutators of length 1 are the letters in S*'. Commutators of length m are the

formal expression c of the form ¢ = [¢1, ¢o] where ¢;, ¢3 are commutators of length

my, mo > 1 with mq + mg = m.

The commutators of length 2 are (the +1 must be understood here as indepen-
dent of each other)
[s-ﬂ sil], 1<i,j <k

i 197

The commutators of length 3 are

(57,550 s7), s sy se ), 1< gl <k

i 197 i

For 1 < iy,19,13,74 < k, the commutators of length 4 are

(IR R o N AN Al R B AN R AN |
s IS s st ) st st s s

To any formal commutators we can associate its build-word and its group-
word. The build-word of a commutator ¢ is the word over S that list the en-

tries of ¢ in order after one removes brackets and +1. So, the build-word of
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c = [[si', s, sty sii') is 84, 8iy84,8i,. The group word is the word on S*! ob-

tained by applying repeatedly the group rules
[c1,co) ™! = [eg, 1] and [c1, ¢o] = ¢ ey eres.

-1
J

So the group-word of ¢ = [[s;, 57 7], s¢] is SjSi_ISj_lSiSZISi_lSjSZ'Sj_ng.
Definition 3.1.3 (Power weight systems). Given a k-tuple (si,...,s;) of formal
letters and a k-tuple (wy, ..., wy) of positive reals, define the weight system t on

¢(S) by setting (inductively)
w(c) = w(er) + w(ep) if ¢ = [eq, ca).

Let

u?1<w2<---<wj<---

be the increasing sequence of the weight values of the weight system to. For

J=1,2,..., let € be the set of all commutators ¢ with w(c) > w;.

Clearly, the weight of a formal commutator is the sum of the weights of the
letters appearing in its build-word. If S = (s1,s,) and w; = 3,wy = 13/2, then

the weight-value sequence is

wy = 3,Wy = 6,w3 = 13/2,wy = 9, w5 = 12, wg = 25/2,w; = 13,. ..

Given a group G generated by a k-tuple S = (sq,..., %), any finite word w
on the alphabet S*! has a well defined image 7¢(w) in G. Similarly, any formal
commutator ¢ on the alphabet S*! has an image in G given by its group-word

representation.

Definition 3.1.4 (Group filtration associated to w). Let G be a nilpotent group

equipped with a generating k-tuple S = (s1,...,s;) and a weight system o gener-
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ated by (wy,...,w) € (0,00)". Set
G7 = (7).

That is, G} is the subgroup of G generated by the images of all formal commutators
of weight greater or equal to w;. Let j. = j.(G, S, w) be the smallest integer such

that G¥ ,, = {e}.

Example 3.1.1. Let GG be the discrete Heisenberg group

1 z =z
G= 01y |:vyz€eZ
0 01
Let
1 10 1 10 1 0 5
ssi=X=[010 ]|, %=Y=[010]|,%=2"=|010],
001 011 0 0 1
and

wlzl, w2:3/2, U}3:3.

In this case, the increasing sequence w; is given by w; = 1,w, = 3/2,w3 = 2, w4 =

5/2,w5 = 3,wg = 7/2,... and we have

1 0 z
Gy ={e}, GY ={s5: ke Z}, Gy = GY = 010 |:2€ezy,
0 0 1
\
A
1 0 =
GY = 01 y cy,2 €Ly, GY =G.
0 0 1
Vs
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Proposition 3.1.5. Referring to the setting and notation of Definition 3.1.4, for

allj=1,2..., we have G} C G\, and [G,G}] C G}, ,. In particular,

G=GY2Gy 222Gy 226G} DGY,, = {e}

is a descending normal series with [G},GY] C GY, ;.

Proof. Recall that if X, Y are subsets of G, [X, Y] denotes the subgroup generated
by {[z,y] : * € X,y € Y}. Recall further that

[< X >, <Y >]=[X, Y]~V

where the right-hand side is the group generated by all conjugates of [X,Y] by
elements of the form g = xy, v €< X >,y €< Y >. Since [fy, fj] € €}, for all
1 € €7, f; € €F and

G, GT] = e}, ¢7]¢

it follows that

(G, GT] € (6T

Thus a descending induction on j shows that the groups G7 are all normal sub-
groups of G and that
(G, GT] C Gy

Note that it may happen that G} = G7,; for some values of j, 1 < j < j,. For
instance, it may happen that all formal commutators of a certain weight are trivial
in G. In Example 3.1.1, GT = G} because all commutators of weight w3 = 2 are

obviously trivial. O

Definition 3.1.6. Referring to the setting and notation of Definition 3.1.4, let
R} = rank(G7/GY, )
be the torsion free rank of the abelian group G7/GY, ;.
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By construction, the images of the formal commutators of weight w; form a
generating subset of G7 / G7, 7 = 1,2,...,j. By definition, the torsion free
rank of this abelian group is the minimal number of elements needed to generates

G?/GY,, modulo torsion.

Definition 3.1.7. Referring to the setup and notation of Definition 3.1.4, set

j*
D(S,w) =Y w; rank(GY/GY,,).
1

Note that D(S, o) depends on the weights values w; as well as on the algebraic

relations between elements of S in G' (via the rank of the group G7).

Example 1.1(continued) In Example 3.1.1, we have j, = 5,
GY/GE =7, GY|GY =7Z/5Z, G5 |G} = {0}, G3/GY = Z and GT/GY = Z.

Hence rank(GP/GY) = 1, rank(G}/G?) = rank(G¥/GY}) = 0, rank(GY/GY) =
rank(GY/GY) =1 and D(S,10) =1+3/2+3 = 11/2 since wy = 1, w9 = 3/2,w3 =

2,wy =5/2,w5 = 3,w6 =T7/2,....

Example 3.1.2. Assume that the weight w; are all equal, namely, w; = v, 1 =
1,...,k. Then the weight-value sequence is given by w; = jv and j, is equal to
the nilpotency class of G. In this case, the descending normal series G7 is the
lower central series defined inductively by G; = G, G, = [G,G,_1], j > 2, and
D(S,w) = vD(G) where

D(G) = 3 j rank(G;/Gy) (32)

Theorem 3.1.8. Let G be a nilpotent group equipped with a generating k-tuple

S = (s)} and a = (o)} € (0,00]". Assume that the subgroup generated by {s; :

81



a; < 2} is of finite index in G. Consider the weight system w(a) = w induced by

setting w; = 1/&; where & = min{2, «}. Then

with D(S,w) as in Definition 3.1.7.

Example 3.1.3. Let GG be the discrete Heisenberg group equipped with the gen-
erating triple S = (s;)? has in Example 3.1.1. Let a = (a;);. In this case, the
condition that {s; : a; < 2} generates a subgroup of finite index is equivalent to

ag,az € (0,2). Let to be as defined in Theorem 3.1.8. Then

3.1.5 Some background on random walks

Given a finite symmetric generating set A, we set |z|4 = inf{k : x € A*} (since
A% = {e}, by convention, |e|] = 0). This is called the word-length of x (w.r.t.
the generating set A). With some abuse of notation, if S = (s1,...,s;) is a
generating k-tuple, we write |-|g for the word-length associated with the symmetric
generating set {s¥' 1 < i < k}. The volume growth of G (with respect to A) is
the function V4 (r) = #{g : |g|a < r}. The ~-equivalence class of the function V4
is independent of the choice of A. It is a group invariant called the growth function

of G.

We say that a probability measure ¢ is symmetric if ¢ = ¢ where ¢E(x) = ¢(x7h),

x € G. The Dirichlet form associated with ¢ is the quadratic form

EoF 1) =5 3 |f(y) — F@)Poy).

z,yeG
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This form is fundamental in the study of random walks because of the following

basic result.

Theorem 3.1.9. [30] Assume that ¢, are two symmetric probability measures

on a countable group G. If £, < CE, then

P (e) < 26 (e) 4+ 2e72 k= [C] + 2.

This theorem will be use extensively in the present chapter. In [30], it is
used to prove that the long time asymptotic behavior of the probability of return
is roughly the same for all random walks driven by symmetric measures with

generating support and finite second moment.

Theorem 3.1.10 ( [30]). Assume that ¢ is a symmetric probability measure on a
finitely generated group G with finite symmetric generating set A. Let ua be the

uniform probability measure on A. If ¢ satisfies

> lglio(g) < (3.3)

geG

then there are constants k, C' such that
2kn n
ui™(e) < Co(e).
Further, if ¢ satisfies (3.3) and ¢ > 0 on a finite generating set then
0¥ (e) = ui™ (o).
This theorem implies that, if A and B are two symmetric finite generating sets

of the group G, we have uf")(e) ~ ug")(e). Further, for any symmetric ¢ with

finite second moment and generating support, ™ (e) ~ u%)(e). In this sense, the
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equivalence class of the function n — uf")(e) under the equivalence relation =~ is

a group invariant. This group invariant, which we denote by ®4, i.e.,
Oa(n) ~ ul™ 3.4
o(n) = ¥ (e), (3.4)

has been studied extensively ( [30] shows that ®g is invariant under quasi-

isometries). In particular,

n~P/2 if G has volume growth V(r) ~ r?,
Pg(n) = ¢ exp(—n'/?) if G is polycyclic with exponential volume growth,
exp(—n) if G is non-amenable.
Nilpotent groups belong to the first category and have D = D(G) given explicitly
by (3.2). Many other behaviors beyond the three mentioned above are known to
occurs and their are many groups for which ®¢ is unknown. See, e.g., [38,39] and

the references therein.

To explain how Theorem 3.1.10 applies to the measures g, defined at (3.1),

we need the following definition.

Definition 3.1.11. Let G be a nilpotent group with descending lower central
series G;. The commutator length ¢(g) of an element g of G is the supremum of
the integers ¢ such that ¢ € G, for some integer m. In particular, by definition,

torsion elements have infinite commutator length.

Corollary 3.1.12. On any finitely generated group G equipped with a generating
k-tuple S, we have

,ugfi(e) ~ Og(n) ~ n~PG)/2

for all k-tuple a = (o, ..., ax) such that a;l(s;) > 2 for alli=1,... k.

Proof. Tt is well known that for any fixed ¢ € G, we have |g"|g =~ n'/“9) (see

also Proposition 3.2.17 where a more general version of this fact is proved). It
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follows that, as long as the k-tuple a satisfies the condition stated in the corollary,
tts,q has finite second moment. Hence, Theorem 3.1.10 implies ug?i(e) ~ $s(n) as

desired. n
As a consequence of the more detailed results proved in this chapter, we can
state the following complementary result.

Theorem 3.1.13. Let G be a nilpotent group equipped with a generating k-tuple
S. Let a € (0,00]k. If there exists i € {1,...,k} such that (cy, £(s;)) = (2,1) or

a;0(s;) < 2 then we have

lim [nD(G)/Z,ugL)(e)] = 0. (3.5)

n—oo

Regarding (3.5), we conjecture but are not able to prove that the sufficient
condition provided by Theorem 3.1.13 is also necessary. See Theorems 3.5.11—

3.5.12.

3.1.6 Radial stable laws

Let G be a finitely generated group with symmetric finite generating set A. Set
B ={g:]g9|la < m}. Define the radially symmetric “stable law” on G with index

« € (0,2) to be probability measure

Note that p, is well defined for all & > 0 and that

Vo< B<a<oo, Y |glinalg) < oo.
g
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It is observed in [36,37,43] that

Vn, Van)>en? = Vn, pM(e) < Cn Pl

«

In addition, by [5,20], for a given group G and for some/any « # 2,

Va(n) ~ en? <= plM(e) ~ Cn~P/% & =min{2,a}. (3.6)

«

In fact, if we assume that the group G has polynomial volume growth V' (n) ~ n”

then
palg) = (1+1gla)="
Further, it follows from [20] that, for any a € (0, 2), there are constants ¢; (), ca(c)
such that
c1(Q) pa < Vo < (@) o
where v, denotes the measure that is a-subordinated to u4 in the sense of ( [4]),

that is,
n — Oé) (n)
I'l—a)l 1)uA '

Moreover, for any a € (0, 2),

vneN, p™(e)~v(e)~n Pl

In Chapter 4, motivated by applications given below, we prove the following com-

plementary statement regarding the behavior of ps.

Proposition 3.1.14 (see Theorem 4.2.10). Assume that G has polynomial volume

growth Vs(n) ~nP. Then we have

15” (e) ~ (nlogn) /2.

The lower bounds on u( )( ) obtained in this chapter are proved by establish-
ing Dirichlet form comparisons involving appropriate generalization of the above
radially symmetric stable measures and using Theorem 3.1.9. See Section 4.3 for

a different method to obtain the lower bounds.
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3.1.7 Background on nilpotent groups

The classical setting for the study of random walks is the lattice Z?. See [41].
Since this work is concerned with random walks on nilpotent groups, we briefly
discuss some of the similarities and differences between the lattice Z? and finitely

generated nilpotent groups. We also describe three basic examples.

The most fundamental similarity between a finitely generated nilpotent group
G and the lattice Z? is that, assuming that G is torsion free, there exists a real
nilpotent Lie group G such that G can be identified with a discrete subgroup of G
with compact quotient G/G. In other words, G is a (co-compact) lattice in G in
exactly the same way that Z¢ is a lattice in R? (except that the quotient is not a
group, in general). This is a fundamental result of Malcev. See, e.g., Philip Hall
famous notes [19]. However, simply connected real nilpotent Lie groups and their
lattices are classified only in very small dimensions. See [11]. For instance, there
are essentially 5 distinct “irreducible” simply connected real nilpotent Lie groups
of dimension 5. In dimension 6, there are 34. No one knows the list of all simply

connected nilpotent real Lie groups of dimension 9, let alone higher dimensions.

From a technical viewpoint, the study of random walks on abelian groups is
mostly based on the use of the Fourier transform (see [41]). Although the repre-
sentation theory of (real) nilpotent Lie groups is well developed, it has proved very
hard to use this theory to study random walks (except in some very particular
cases). For these reasons, the study of random walks on nilpotent groups is often
based on techniques that are rather different from the classical techniques used in

the abelian case. This is certainly the case for the present work.

Example 3.1.4. Let U(d) be the group of all upper triangular d x d matrices over

7, with diagonal entries equal to 1. This group is a lattice in the nilpotent real
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Lie group U(d) of all upper triangular d x d matrices over the reals with diagonal
entries equal to 1. Let E;;, 1 <i < j < d, be the matrix in U(d) with all non-
diagonal entries equal to 0 except for the entry in the i-th row and j-th column

which equals 1. These elements are related by F; jFy,, = 0;,E; . Further,
Eij = [Eiis1, [Bitiive, 5 [Bioj-1, Bl

In particular, the (d—1)-tuple S = (Ej;41){ " is generating. Foranym = 1,..., d—
1, the elements {E; ;i : 1 < i < d— m} can be expressed as commutators of
length m on S*! and form a minimal generating set for the subgroup U(d),, =
[U(d),U(d)m-1] in the lower central series of U(d). The nilpotency class of U(d) is
d — 1, that is, any commutator of length greater than d — 1 equals the identity in
U(d).

Any matrix M = (m;;) in U(d) can (obviously) be written uniquely (order
matters!)
d-1 [k—1
M=1] ( Eﬁ;&?)
k=1 \i=0

where the m; ; are simply the entry of the matrix M. Much less trivially, there is

also a unique expression of the form

d-1 fd-1
o M kt1,i+1
M=1T(IIEos
k=1 \i=k
where (m; ;)1<i<j<n is obtained from (m; ;)1<i<j<n by a polynomial bijective trans-

formation with polynomial inverse.

Since A = {E;},,1 < i < d— 1} generates U(d), it is of great interest to
describe the word length |M|4 of a matrix M € U(d) in terms of the coordinate
systems (1 j)1<i<j<d and (m] ;)1<i<j<q- The answer is essentially the same in both

cases, namely,

|M| a4 ~ Z | |/~ Z m /15—l

1<i<j<d 1<i<j<d
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This well known (but non-trivial) result is the key to the volume growth estimate

Vowa(r) = U@ DU(d) =3 i(d i)

i=1
and to the assorted random walk result (see, e.g., [45]) @yg)(n) ~ n~PU@)/2 1f
we set S = (s; = Fi;41){" then for any a = (a;){ € (0,2)%! our main result

yields

-1
/Lg?()l(e):n’D, D= Z ii

1<i<j<d m=i
Example 3.1.5. The free nilpotent group of nilpotency class ¢ on k generators ,
N(k, 0), can be defined as the quotient of the free group on k generators by the nor-
mal subgroup generated by the images of all formal commutators of length greater
than ¢. This group has the (universal) property that it covers any k generated
nilpotent group G of nilpotency class ¢ with a covering homomorphism sending

the canonical generating k-tuple of N(k, /) to the given generating k-tuple of G.

Marshal Hall gave a description of N(k,¢) in terms of the so-called “basic
commutators”. See [18, Chapter 11]. Let (sy,...,sx) be the canonical generators
of N(k, (). Define the ordered set of all basic commutators ¢; < --- < ¢; using the

following inductive procedure.

(1) s1, ..., sk are the basic commutators of length 1 and, by definition s; < s9 <
-+« < 8g; (2) for each m the basic commutators of length m are all commutators of
the form ¢ = [/, ¢"] with ¢, ¢ basic commutators of length m/, m” with m’ +m” =
m such that ¢ > ¢’ and, if ¢ = [d',d"] (d,d basic commutators) then ¢’ > d”;
(3) commutators of length m come after commutators of length m — 1 and are
ordered arbitrary with respect to each other. By a theorem of Witt (e.g., [18,
Theorem 11.2.2]), the number of basic commutators of length m on k generators

is M(m) = m™'> dm p(d)k™?® where p denotes the classical M&bius function.
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Marshall Hall proved that the basic commutators of length m form a basis of the
abelian group N(k,{),,/N(k,{)my1 for 1 < m < ¢ and that any element g of

N(k,?) can be written uniquely

t

g:Hcfi, z; € Z.

1
Moreover, the length of g with respect to the generating set A = {s;tl} satisfies
g]a =~ 327 || /™ where m; is the commutator length of ¢;. This gives the volume

group estimate

4 L

Va(r) = rPNED DNk, 0) =Y - mM(m) =3 > p(d)k™/

m=1 m=1 d|m

and the assorted random walk estimate @y ¢ (n) ~ n~ PN kD)2,

In this case, the main result of the present work, together with Witt’s theorem

(e.g., [18, Theorem 11.2.2]), gives that for any k-tuple a = (o)} € (0,2)*, we have

(n)

MS’,a(e) = TL?D

Example 3.1.6. Let G be the group
G = (U, ... ug, tus, uj] = 1; [wi, t] = wing, 0 < 4 [ug, t] = 1)

defined by generators and relations. This group is nilpotent of nilpotency class ¢
and it is generated by S = (81 = uy, $o = t) with G, generated by {u; : i > m}.

In this case, we have ®g(n) ~ n=PE)/2 with D(G) = 1+ £(¢ + 1)/2. If we let

n)

a = (a1, ) € (0,2)?% our main result yields ,ufq’a(e) ~ n~P with

D:£+ 1+(£—1)£/2.
(7] Q9
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In any of the above examples, we can also consider other choices of generating
tuples. For instance, in the current example, we can fix j € {1,...,/ — 1} and
consider the generating 3-tuple S; = (s1 = wuy,$2 = t,83 = uj4q1) with o’ =

(o), ab, a4) € (0,2)3. In this case, our main result yields ugﬁ)’a/(e) ~ n~P with

aL/"i‘ 1+(£;/1)€/2 fa% O%/‘FL/

D = 1 2 3 1 @2
Ci_‘,+ 1+j(i;r1)/2 + é =i + (e~ J)(ﬂa /2 ¢ QL, Ll —I-L,-

1 2 2 3 1 2

3.2 Quasi-norms and approximate coordinates

This section describes results of an algebraic and geometric nature that play a key
role in our study to the random walks driven by the measures ug, defined at (3.1).
One of the basic idea in the study of simple random walks on groups (i.e., the
collection of random walks driven by the uniform probability measures w4 where
A is a finite symmetric generating set) is that the notion of “volume growth” of
the group leads to basic upper bounds on u(jn)(e): the faster the volume growth,
the faster the decay of the probability of return. In the case of nilpotent group,
this heuristic leads to sharp bounds. Indeed, for any given D > 0, V4(n) ~ n? if

and only if uf")(e) ~n~P/2 See [45].

The estimates of M(S?C)L(e) obtained in this chapter are based on a similar heuristic
which requires us to define appropriate geometries associated with the different
choices of S and a. This section defines these geometries and develop the needed

key results.
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3.2.1 Weight systems and weight-functions systems

We refer the reader to subsection 3.1.4 for notation regarding words and formal

commutators over a finite alphabet S*!, S = (s1,..., s).

Definition 3.2.1 (Multidimensional weight system). Given a k-tuple (wq, ..., wy)

with w; € (0,00) x R 1 <4 <k, let to be the weight system

o €(S) 3 e w(c) € (0,00) x R

+1

on the set €(S) of all formal commutators on S*!' defined by w(s;

) = w; and

w(c) = w(cr) + w(eg) if ¢ = [c1, ¢a). Let
Wy < Wy <---<wj < ...

be the ordered sequence of the values w(c) when ¢ runs over all formal commutators

and (0, 00) x R?"! is given the usual lexicographic order.

Note that we always have w([cy, ¢2]) > max{w(c1), w(e2)}.

Definition 3.2.2. For each j =1, ..., let €;(S) be the set of all formal commuta-
tors of weight at least w;. If G is a group generated by a k-tuple S = (s1,. .., sg),
let GP = (&;(5)) be the subgroup of G generated by the image in G of &;(S).

Assuming that G is nilpotent, let j, = j.(w) be the smallest integer such that

G ={e}

The proof of the following proposition is the same as that of Proposition 3.1.5.

Proposition 3.2.3. Referring to the setting and notation of Definition 3.2.2, as-
sume that G is nilpotent. Then, for all j = 1,2..., we have G} C G, and

[G,G™] C G¥,,. In particular,
G=GY2Gy2---2GY2---2GY DGV, ={e}

— J
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is a descending normal series with [GY,GT] C GF,,. We let R} be the torsion free

rank of the abelian group G¥ /GY,,.
Definition 3.2.4 (Weight-function system). Given increasing functions
F; :[1,00) = [1,00),
we define the weight-function system § to be the collection of functions
F.:[1,00) = [1,00), ¢ € €(9),
by setting inductively Fiu = Fj, 1 <i <k, and F. = F, I, if ¢ = [c1, ¢a).

Remark 3.2.5. According to Definitions 3.2.1-3.2.4, if the build-sequence of the

commutators ¢ of length £ is (uy,...,u;) € S then

14

w(c) = Zwi, F.(r)= HE(’/’)

1

Remark 3.2.6. A key collection of examples of weight systems are the (one-
dimensional) power-weight systems introduced in 3.1.3 where w; € (0,00). Such
a weight system is naturally associated with the weight-function system of power
functions where F;(r) = r“. In the context of the study of the random walks
driven by the measures jig,, these power weight systems and associated power

function systems are relevant to the case when a = (o;)¥ € (0,2)".

Example 3.2.1. In order to study the measures 15, with tuples a with o;; = 2 for
some 7, it is necessary to introduce weight functions of the type 72logr. To allow

for such functions, one can consider the two-dimensional weight systems build on
w; = (ug,v;) with u; >0 and v; e R, 1 <1 < k.
In this case a natural compatible weight-function system would be

Fy(r) = r"log(e +7)]",1 <i < k.
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Example 3.2.2. When dealing with more general measures than pg,, it makes

sense to consider multiparameter weight functions such that
forwaws (1) = 177" [log(e 4 7r)]*?[log(e + log(e +7))]**, v1 € (0,00), wvo,v3 € R,
together with the natural associated lexicographical order on the parameter space

(Uh U2, U3>'

In what follows we will mostly use weight-function systems § such that
A3C>1,Vie{l,...,k}, Vr>1, 2F(r) < F;(Cr), F(2r) < CF(r). (3.1)

Further, we will often make the assumption that we are given a weight system to

and a weight-function system § that are compatible in the sense that
AC > 1, Ve, d, w(c) 2w(d) < Vr, F.(r) < CF.(r). (3.2)

Note that under these two hypotheses, w(c) = w(c) is equivalent to F, ~ F.. In
this case, except for notational convenience, it is obviously somewhat redundant

to use both tv and § since they contain more or less the same information.

Definition 3.2.7. Referring to the setting and notation introduced above, assume
that the weight-function system § and the weight system ro satisfy (3.1)-(3.2). For
any j = 1,...,7 let F; be a function such that for any commutator ¢ with

w(c) = w;, we have

(The function F; corresponding to commutators ¢ with w(c) = w; should not be

confused F; = Fy,).

In the following definition, given a finite tuple ¥ of elements of a nilpotent

group G, we let (X)) be the set of all finite words with formal letters in ¥ U X1,
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For w € Q(X), we write m(w) to denote the corresponding element of G. For

w e Q) and o € X, let deg, (w) is the number of occurrences of o*! in w.

Definition 3.2.8. Let G be a nilpotent group generated by the k-tuple S =
(s1,...,5). Let to,F be a weight system and associated weight function system
on a generating k-tuple S which satisfy (3.1)-(3.2). For any tuple X of elements in
€(9), set Fy, = F, where w(c) = min{w(o) : o € X}. For g # e, set

lgllsg =min{r >1:g9=m(w):w e QV), deg.(w) < F.o Fy'(r),c € X}
By convention, ||e||xz = 0. Set also
QE,Fr) ={9e€G: Fy'(lgllss) <7}

Further, when S and v, § are fixed, set

Igllcom = 1gll5.com = llgllees) s N9lleen = Igllg50n = llglls5

and
Qeom (1) = Q(E(S5), T, 7), Quen(r) = Q(S,F, 7).

Note that Fg = Fy(s).

Remark 3.2.9. If ¥ generates G then || - ||z is a quasi-norm on G (see 3.5.1 below
for a precise definition). It is a norm on G (i.e., satisfies the triangle inequality) if
each of the functions {F. o F' , ¢ € ¥}, defined on [1,00) can be extended to a

convex function on [0, 00) that vanishes at 0.

Example 3.2.3. The simplest example is when the weight system tv is one di-
mensional, generated by w(s;) = w; € [2,00), and the associated weight function

system § is generated by F;(r) = r™i. In this case, it will sometimes be convenient

to write | - [|s for [| - lsg (resp. || - [[zw for [|- [ln5)-
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Example 3.2.4. For further illustration, consider the groups Z?* equipped with
its natural generating 3-tuple S = (s;)% and the discrete Heisenberg group (see
Example 3.1.1) equipped with the generating 3-tuple S = (s; = X, 50 =Y, 53 = 2)
where X is the matrix with = 1,y = 2 = 0 and Y, Z are defined similarly. Set
Fy(r) =132, Fy(r) = r¥log(e+r), F5(r) = r7, v > 3/2, and let § be the associated
weight-function system (we let the reader define the natural 2-dimensional weight

system to that is compatible with F).

On Z3, it is clear from the definition that

[y 2) g = me ], — e
S "Tog(e + [y '

On the Heisenberg group, it is not immediately obvious how to compute the

| - ||g7gen—norm of the element

1 =z =z
9ayz = 0 1 Yy
0 0 1

Theorem 3.2.10 below (and the fact that the matrix representation of g,, . is
unique) leads to the conclusion that

e i s 7
log(e + [+ * n

mwﬁmm:mw{m,
and

Jy[** |27
log(e + [y[)**" [log(e + [2])]*/7

||gx,y,z S,gen l"max{|l‘|7 } lf 3/2 S/y S 7/2
One can check (without much trouble) that || - ||5.. satisfies the triangle in-

equality in this case (on either Z or the Heisenberg group). We shall see that this

choice of weight-function system is relevant to the study of the probability measure
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w1 on G such that

1
s:') is proportional to , n € 2.
s prop Tl ()

We will use this example to illustrate some of our main results in the rest of the

paper.

The following theorem contains some of the key geometric results we will need

to study the walk driven by measures of the type pg,.

Theorem 3.2.10 (w-F-adapted coordinates). Let G be a nilpotent group equipped
with a generating k-tuple S = (s1,...,sx). Let v, § be weight and weight-function
systems on S satisfying (3.1)-(3.2).

Let ¥ = (c1,...,¢) be a tuple of formal commutators in €(S) with non-

decreasing weights w(cy) = --- 2w(c). Let my, j =0,..., j. be defined by
{Ci : U)(CZ) = ’LDj} = {Ci Tmyi < 1 < mj}.

Assume that (the image of ) {c; : w(c;) = w;} generates G} modulo G\, and that
{ei :mj <i <my 1+ RY} is free in GY/GY, . Then the following properties

hold:

e There exists a constant C' = C(G, S, ) such that for anyr > 1, if g € G can
be expressed as a word w over €(S) with deg,(w) < F.(r) for all ¢ € €(S)

then g can be expressed in the form

¢ F:(r) om;_1+1<i<R?
g:HC:.Ei with |$Z|§CX ]( ) - !

7

i=1 1 ifR‘;’+1§i§mj.

e There exist an integer p = p(G,S,F), a constant C = C(G,S,F) and a

sequence (i1, ...,1,) € {1,...,k}? such that if g can be expressed as a word
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w over €(S) with deg.(w) < F.(r) for some r > 1 and all ¢ € €(S) then g
can be expressed in the form
g=]]s7 with |z;| < CF, (r).
j=1
This important theorem will be proved in the last section of this article. See
also Theorem 3.6.22 for an additional improvement of the the last statement of
P T

Theorem 3.2.10. Note that in the decomposition g = [ [;_, Si

the sequence (i)}

is independent of the group element g.

The proof of the following simple corollary is omitted.

Corollary 3.2.11. Referring to Definition 3.2.8, the quasi-norms ||-||com and ||| son

defined on G satisfy

~ .
gen —

Further, referring to the t-tuple ¥ = (cy,...,¢;) of Theorem 3.2.10, we have

com over G.

FSU - Nlss) = FS ] - lleom) over G-

Remark 3.2.12. In the case when the generators s; are given equal weight-functions,
ie., F; = F;, 1 <i<j <k, the quasi-norms || - [[sz, || - [[=,5 and || - [le(s)z are all

comparable to the usual word-norm | - |g.

3.2.2 Norm equivalences

In this section, we briefly discuss how changing weight functions affect the quasi-

introduced in Definition 3.2.8.

| [P

norms || -

Definition 3.2.13. Let GG be a countable nilpotent group equipped with a gener-

ating k-tuple S = (s1,...,sx) and a (possibly multidimensional) weight system tv
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as above. For each g € G, let
Jo(g) =max{j: I eN, g" € G}

Let core(to, S) be the sub-sequence of S obtained by keeping only those s; such

that w(s;) = W,y (s)-

By construction, we always have w(s) < wj, (5. Those generators s € S with
w(s) < wj(s) are, in some sense, inefficient. The following proposition makes this

precise and motivates this definition.

Proposition 3.2.14. Any formal commutator ¢ € €(S) whose image in G is free
in GY /G, must only use letters in core(ro,S). In particular, referring to the
sequence of commutators ci,...,c; in Theorem 3.2.10, any formal commutator c;

with i € mj_y +1,...,m;_1 + RY must only use letters in core(rv, S).

Proof. Assume that the image of ¢ is in the torsion free part of GY/GY,, and

involves s ¢ core(S), say ¢ = [, [s,¢"]]. Then Ju € N, s € G, withw;() > w(s)

(where we write j(s) = jw(s)). From the linearity of brackets, we have

=1, [s" "]] mod G;-"H

while [/, [s*, "]] € G}, since s* € G,y with W) > w(s). Therefore

=0 mod G7, ;.

1]

This contradicts the assumption that ¢ is free in G} /G¥, ;. The proposition follows.

O

Definition 3.2.15. Let G be a countable nilpotent group equipped with a gen-

erating k-tuple S = (sy,...,s) and a (possibly multidimensional) weight system
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t as above. Let ¥ = (¢1,...,¢) be a sequence of formal commutators as in The-
orem 3.2.10. Let core(w, S,3) be the sub-sequence of S of those letters ss that
appear in the build-sequence of one or more of the formal commutators ¢; € X

with i € U {m;_1 +1,...,m;_1 + R¥}.

Remark 3.2.16. Proposition 3.2.14 shows that, for any sequence ¥ of formal com-

mutators as in Theorem 3.2.10, we have

core(tv, S, ) C core(t, S).

In what follows, given two tuples S = {si,...,sx), © = (04,...,0,) of elements
of G (possibly of different length k, k), we write S C © if there is a one to one map
J:A{1l,...,k} = {1,...,k} such that s;; = 6; in G. This applies, for instance,
to the “inclusion” core(tv, S,¥) C core(t,S) in the previous remark. Abusing
notation, we will sometimes use the same letter s to denote an element of .S and

the associated element in ©.

Proposition 3.2.17. Referring to the setting and notation of Theorem 3.2.10,

for each g € G either G is a torsion element and ||g"||com = 1 for all n or

vn? Hgn com = FS © F;1<n) wh(f?”e ] = ]m(g> (33>

Proof. The upper bound is very easy. Let s be such that g® € G¥, j = jn(g). Since
g™ is in G7 it can be written as word w using formal commutators of weight at least
w;. Hence, g"" can be written as a word w,,, namely, w repeated n times. Obviously,
if w(c) > w;, deg,(w,) < deg.(w)n. By definition, this implies ||¢g""||.m < CFg 0

1 . n
F;"(n). The estimate ||g"|

com < C'Fg o0 Fj_l(n) easily follows.

The lower bound is more involved. Using Theorem 3.2.10, it suffices to show
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that any writing of ¢"" as a product
t
gt = HCZEZ with ’fm‘ < (Cforie Uh{mh,1 + Rﬁ +1,... ,mh} (34)
1

must have maxie{mFl+1,m,mj71+R;p}{|xi|} > cn. First, we claim that there exists a
constant 7" (independent of g but depending on the structure of G, S, the weight
system to and the constant C' appearing in the above displayed equation) such that

for any n and any writing of ¢"" as above we have
|z;| < T forall i <my_1,h <. (3.5)

The proof is by induction on h < j. There is nothing to prove for A = 1. Assume
that h + 1 < j and that we have proved that |z;| < T for all i < mj_;. Since
g, g™ € GY, the product o = [[[" " ¢" is in GP. Since |x;| < T, i < my_q,

o= Hi>mh71 ¢’ with |z;| < T" where T" depends only on G, S, 10,7 but not on

g,n. Computing in G} modulo G} |, we have

mp
g™ = H ¢ = e mod G;.
mp—1+1

The last equality holds because ¢"" € G and h+ 1 < j. Since

{th—1+1’ s >th—1+R}'f}

is free in G} /Gy, and sup; |z;| < T, sup{|z;| : mp—1y + R +1 < i <my} < C,
there is a constant 7" depending only on G, S, 1, C' and 7" such that |z;| < T for

ie{mp1+1,...,mu_1 + RY}. This proves (3.5).

On the one hand, since j is the largest integer such that g* € G7 for some u,

it follows that for any n we can write

m; m]-_l-i—R;’
KN __ Yi o : .
g™ = H c¢;' mod G, with g lyi| > en
i:m]‘_1+1 i:m‘j_1+1
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and

max{|y;| s m; 1 + Ry +1<i <m;} <C".

On the other hand, since any writing of ¢ as in (3.4) satisfies (3.5), the same

reasoning as in the induction step for (3.5) gives
m;

KN __ Yi—Ti—2Zi __ o
g™ = H c; =e mod G}

(]
m]‘,1+1

with |z;| <T. Since {c; : m;_1 +1 <i <mj; + R}} is free, the facts that

’I’I’Lj,1+R;-U

D |yl = en, ma{|y]my + Ry +1<i<m;} <O

i=mj;_1+1
and |z < T together imply that

mj—1+R}v

Z |z;| > n.

i:mj_1+1

Hence, ||¢""||com =~ Fs o F;'(n). O

Theorem 3.2.18. Let G be a countable nilpotent group equipped with two gener-
ating tuples S, S’ and associated multidimensional weight systems o, 1w’ as well as
weight function systems §,§ satisfying (3.1)-(3.2). By definition, Fs and F{, are
the weight functions associated with the smallest weights in vo and w’, respectively.
Let ¥ = (c1,...,¢) be a sequence of formal commutators as in Theorem 3.2.10

applied to (S,1,F).

1. Assume that S" O core(w, S, %) and F! > F for all s € core (t0,5,%). Then
VgeG, (Fs) '(lgllsy) < CFs (llgllss)

2. Assume that, for all s € S', F, < Fj (5. Then
VgeG, (Fo) (lgllss) = cFs'(lgllss)
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Proof. To prove the first statement, referring to the notation used in Theorem

3.2.10, Set
Il :Uj{mj_1+1,...,mj_1+R;-°}, ]2: {1,,t}\]1

and recall that any any g € G can be written as

¢ F.(FZY 19|l com ifiel
s=T[e Jl<c (F5 ([19on)) ;

By hypothesis, I > F., fori € I,. Further, each ¢;, i € Iy, is a product of elements
in S’. Hence, we obtain an expression for ¢ as a word w on formal commutators
on S with deg.(w) < CF.F5"(||gllcom))- This proves that (F&) '(||lglls ) <
CF;'(|lgllsz) as desired.

To prove the second statement, apply Theorem 3.2.10(iii) to (S’, ', §’) to write

any g € G as a product

p
g =TTtst)" with || < ) o () (llgls )
1
where s; ; € S’ (note that the sequence (i;) and the integer p are fixed and inde-

pendent of g). By Proposition 3.2.17 and the hypothesis F_ sy > F. for all s € S,

we obtain that F5'(||gllss) < C(F&) " (|lglls75) as desired. O

Corollary 3.2.19. Let GG be a countable nilpotent group equipped with two generat-
ing tuple S, S" and associated multidimensional weight systems v, v’ with function
systems §,§ satisfying (3.1)-(3.2). Let ¥ = (c1,...,¢) be a sequence of formal
commutators as in Theorem 3.2.10 applied to (S,1w,§). Assume that there exists

C € (0,00) such that the following two conditions are satisfied:

(i) core(w,S,3) C S and, Vs € core(ro, S, %), CF!> F.
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(ZZ) Vsels, Fé < Cij(s).

Then

Vge G, (Fo) (lgllss) = Fs'(lgllsg)-
In particular,

Vr >0, #Q(S,F,r) ~#Q(S,3,r).

Example 3.2.5 (Continuation of Example 3.2.4). Consider the discrete Heisen-
berg group as in Example 3.2.4 equipped with the generating 3-tuple S = (s; =
X,59 = Y,s3 = Z)and S’ = (s; = X,s, = Y). Set Fi(r) = F|(r) = 2,
Fy(r) = Fi(r) = r*log(e +r), F3(r) = 7, v > 3/2, and let §,§ be the asso-
ciated weight-function systems. The natural 2 dimensional weight systems to, o’
are generated by w; = w) = (3/2,0), we = wh = (2,1), wy = (7,0). The first
observation is that core(t, .S) = (s1, 89, 83) is v > 7/2 and core(tvo, S) = (s1, s9) if
3/2 <y <7/2. 1t follows that, Vg € G, ||glls' 5 =~ ||9llsz if v € (3/2,7/2] whereas

these norms are not equivalent if v > 7/2.

3.3 Volume estimates

This section gathers some of the main results we will need regrading volume es-
timates for the balls Q(S,§,r) introduced in Definition 3.2.8. It also addresses
the question of how changes in the weight-function system affect these volume

estimates.

We start with a general and very flexible result which admits a rather simple

proof. In this theorem, the weight-function system § is not necessarily tightly
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related to the weight system tv. The proof of this theorem will be given in the last

section of this chapter.

Theorem 3.3.1. Let to be a multidimensional weight system as in Section 3.2.1.
Assume that we are given weight functions F;, 1 < i < k satisfying (3.1). Let
Y = (c1,...,cs) be a s-tuple of formal commutators on {si*:1 <1i < k}. Assume
that, for any h, the family {c¢; : w(c;) = wp} projects to a free family in the
abelian group G} /GY.,. Then there exist an integer M = Ms and a sequence
(i1, ...,in) € {1,...,k}M, depending on 3 such that for any r > 0 there exists a

subset Kx(r) C G satisfying the following two properties:

1. #Kx(r) > H(QFCi(r) +1)

2. g€ Ks(r) =g =TI s, || < F,(r).

Further, every s;;, 1 < j < M, belongs to the build-sequence of at least one

cp € 2.

Theorem 3.3.1 is very useful for comparing the volume growth associated with

different “weight-function systems”. See the proof of Theorem 3.3.4 below.

Next we state and prove sharp volume estimates related to Theorem 3.2.10.

Theorem 3.3.2. Referring the setting and notation of Theorem 3.2.10, we have

#Q(C(S),§,7) = #Q(E, 8, 1) ~ #Q(S, 5, 7) HF

Remark 3.3.3. Assume that the weight system tv is unidimensional, generated by
(w;)¥ € (0,00)%, and the weight-functions F; are power functions Fj(r) = r®,

1=1,...,k. Then

Q(S,F,r) ~ pP(Sw)
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with D(S,t0) as in Definition 3.1.7.

Proof. The equivalences #Q(€(S5),F,r) ~ #Q(X,F,r) ~ #Q(S,F,r) and the
upper bound #Q(X,§,r) < C H?;l F;(r)® follows immediately from Theorem

3.2.10 and inspection.
The lower bound #Q(%,§,7) > ¢ ?;1 Fj(r)R;‘u requires an additional argu-
ment. Note that Q(X,§,r) contains the image in G of

Jx mj—1+R;

II Il & lul<E.0).

jzl i:mj,1+1

Further, it is not hard to check that

mj—1+R; mj—1+R;
0T @11 11 ¢
J i=mjoi+l Ji=mjoi+l
implies
VES
T, =1, 1€ U{mj_l +1,... , M1+ RJ}
j=1
The desired lower bound follows. O

Theorem 3.3.4. Let G be a countable nilpotent group equipped with two generating
tuples S, S’ and associated multidimensional weight systems o, 1w’ as well as weight
function systems §,§ satisfying (3.1)-(3.2). Let X = (c1,...,¢) be a sequence
of formal commutators as in Theorem 3.2.10 applied to (S,r0,§). Assume that
S" D core(ro, S, X)) and that

F. > F; for all s € core(t, S, X).

Then
e ) , ()
#Q(S, 5. 1) = [ Fi()™ > #Q(S8,5,r) =~ [ Fs(n)™.
j=1 j=1
Assume further that there exists o € S" such that F, > F;_ (). Then
Fo(r)
#Q(S,7 Sla T) Z c (U—) #Q(Sa &a T)'
F (o) (1)
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Proof. Since core(tv, S,3) C 5" it follows that, for any ¢; € X, F, is well defined as
the product of F! with s € core(w, S, %) C S’. Use the collection of commutators
ci, i €{mj1+1,...,mj 1+ R}, j=1,...,j. in Theorem 3.2.10 with the weight
system to and weight-function system §’. For each r, Theorem 3.3.1 provides a set

K(r) € G such that
* m] 1+R\U

) > H H (3.6)

j=1 i=m;_1+1

and, by Theorem 3.2.10 , Theorem 3.3.1 and the definition of core(rv, S, ¥),
K(r)c{geG:lgllss < Fol(r)}
By Theorem 3.3.2, it follows that

#K(r) < #Q(5,F,r).

By hypothesis, I, > Fy if s € core(t, S,%). Hence F/ > F, (ie., w'(c;) >
w(c;)). By (3.6) and Theorem 3.3.2, this implies #K (r) > c[]%! () F . Thig

proves the first statement.

Suppose now that there exists o € S’ such that w'(s) > @;, (). Set jo = jw(0).

In the sequence of commutators ¢y, ..., ¢ used above, consider the the free family
{CiZiE{ij_l—f‘l,...,ij_l—f— }} IHG /G]0+1

By hypothesis, there exists an integer u such that o* € G7, is free in G} /GT .
Since a maximal free subset of {0"} U {c; : i € {mj,_1 +1,...,mj,_1 + R} }} in

G? /G? ., containing o must contain R elements, we can replace one of the ¢;,
say ¢;, by 0" so that the RY -tuple so obtained is free in G /G% ;. Let b; = ¢; if
i %y, by, =o', F' = F if i # iy, Fi=(r) = F'(r/|u|), and apply Theorem 3.6.4.

The desired result follows. O]
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3.4 Random walk upper bounds

This section is devoted to obtaining upper bounds on the return probability of
a large collection of random walks including those driven by the measures jig,.
Generalizing one of the approaches developed in [45] for simple random walks,
we will make use of appropriate volume growth estimates and of the notion of

pseudo-Poincaré inequality.

3.4.1 Pseudo-Poincaré inequality

Let G be a group generated by a finite symmetric set A. Then it holds that for

any finitely supported function f on G,

1fy = flI3 < Calglialf, f) (3.1)
where
1
Elf. D) = 547 > 1f(xy) = f@))
zeGyeA

This expression is the Dirichlet form associated with the simple random walk based
on A. Inequality (3.1) captures a fundamental universal property of Cayley graphs.
In [45], it is proved that this simple property implies interesting upper-bounds on

uf”)(e) in terms of the volume growth function Vj.

The main result of this section is a pseudo-Poincaré inequality adapted to

probability measure of the form

plg) =k ) mi(n)La(g). (32)

j=1 nez

where (s1, ..., sx) is a generating k-tuple in G and the p;’s are probability measures
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on Z with truncated second moment
Gin) == 3" m¥u(n) (33)
Im|<n
satisfying
Gi(n) > en* % Li(n), & € (0,2], (3.4)

for some slowly positive varying functions L;, 1 < i < k. Under these circum-
stances, we let F; denote the inverse function of n + n%/L;(n). The function F;
is a regularly varying function of positive index 1/&; € [2,00). In addition, we
assume that the pu;’s are essentially decreasing in the sense that there is a constant
C; such that

Vi=1,...,k,0<m <n, uin)<Ciu;(m). (3.5)
Example 3.4.1. The measure pg, with a = (o)} € (0, 00)* satisfies

n2 if oy € (0,2),
Gi(n) =~ logn if a; = 2,
1 if a; > 2.
Hence, in this case, we have &; = min{q;, 2} and L; = 1 except if a;; = 2 in which

case L;(n) = logn.

We will make use of the following general result (which is essentially well-

known). We let C.(G) be the set of all finitely supported function on G and set
folx) = [f(zg).

Theorem 3.4.1. Let G be a finitely generated group. Let p be a symmetric proba-
bility measure on G. Assume that for each v > 1 there is a subset K(r) of G such

that

Vge K(r), |Ify—flls < Cor&ulf, f)- (3.6)
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and

Vr>1, #K(r)>v(r) (3.7)

where v s increasing and reqularly varying of positive index. Let 1) be the right-
continuous inverse of v. Then there is a function W =~ 1 such that the Nash
inequality

Ve (@), IIfIlE < YULIR/NARES, £) (3.8)

is satisfied. Moreover

i (e) < Cin(n) (3.9)

where 1 1s defined implicitly by

1@ g
T:/ \D(s)—s, 7> 0.
1 s

Proof. Assuming (3.6) and # K (r) > v(r), the Nash inequality (3.8) easily follows

from writing

1AWl < N = Frallz + 1 fxmllz < (CorE(f, £))V2 + o) 2| £l

and optimizing in r. Here fx () is the average of f over zK (r) so that, obviously,

Il < BEE) 27 and (311) gives |f — ficol3 < Coréu(f. f) with

Co = CMk. The return probability estimate (3.9) is a well-known consequence of
(3.8). See [9,31]. O

Remark 3.4.2. In this theorem, the parametrization of the set K (r) is chosen so

that r appears on the right-hand side of (3.6) instead of 2.

Theorem 3.4.3. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (sy,...,s,). Let u be as in (3.2) with (&;)}, L; and F; be as

in (3.4). Assume that (3.5) holds. Assume that there exists an integer M and a
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sequence (i;)Y € {1,...,k} such that for each r > 1 there is a subset K(r) of G

with the property that

M
geK(r)=g=]]s7 with|z;| <F,(r). (3.10)
1

Then there ezists a constant C' = C(u) such that

Vg e K(r), |fy— fll < CM*rEL(], [). (3.11)

Proof. Because we assume (3.10), the proof boils down to a collection of one di-
mensional inequalities, one for each of the measures p; on Z that appear in the
definition (3.2) of p. Indeed, Lemma 3.4.4 stated below shows that there exists a

constant C' such that, for each i € {1,...,k} and y € Z with |y| < F;(r) we have

I fo = FI3 < CrEuf, ) (3.12)

for any finitely supported function f on G. Together, (3.10) and (3.12) imply

(3.11). Since there exists a constant C' such that, for all i € {1,...,k},

ly| < Fi(r) implies Gi(ly)~'|y|* < O,
the claim (3.12) follows from Lemma 3.4.4. O
Lemma 3.4.4. Let v be a symmetric probability measure on 7. satisfying

3¢, Y0<m <n, v(n) <Cvim).

Let G be a finitely generated group equipped with a distinguished element s. Set

£l N =5 3 1fas) — F@)Pr() and Gfm)= 3 nPwn).

z€G 2€Z [n|<m
(i) For any finitely supported function f on G we have
Yy ez, |fo—fll3<CGlly) " [yPEnlf. ).
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(ii) Further, for any two finitely supported functions f,g we have

Ve € G, y €L, |f*glxs’) — fxg@) < ColGu(ly) " 1y* Eu(f. ) g5 -

Proof of (i). For any pair of integers 0 < m < n, write n = a,m + b,, with

0<b, <m and

If = falls = Y (flas™) = f(2)?

zeG
< 2 (flas™™) = (@) +2 ) (flas") = f(2))
zeG zeG
< 2ay, Y (flas™) = f(@)* +2) (fas") — f(x)).
zeG zeG

This yields

1f = fonll3 (Z m2V(m)> < 2) ) (flas™) = f(2) ag,mPv(m)

Next, observe that

Do (fas™) = f(2))*(amm)*r(m)

< n’ XC:; Z_:1<f($8m) - f(l’))2V<m> < n258,1/<f7 f)

Further, using the hypothesis that v is essentially decreasing, i.e., v(m) < Cyv(b)

is 0 < b < m, write

D> (flast™) = f(x))*mPu(m)

zeG m=1
n/2

= Y0 X (s — fla))Pmiv(m)

z€G b=1 m|n—b
b<m<n

n/2
< Clzag ( Zb m2) (f(xs") = f(2))?w (D).
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As

Z m? < (i i?)n?,
m|n—b 1

b<m<n

we obtain

SN (flastm) = f(2)*mPr(m) < ConE,,(f, f).

zeG m=1
It follows that, for both n > 0 and n < 0,

IfF=fell3 | DD mPu(m) | < 201+ Co)nEanlf, f).

0<m<|n|
O
Proof of (i1). By Cauchy-Schwarz
[ glas?) = frg(@)] = |D (F(z"ws") = f(z""2))g(=)
zeG
< (Z(f(z_lmy) - f(Z_lfU))2> (Z |9(Z)|2>
zeG zeG
= [If = fall2 llgll -
Applying part (i) to || f — fe ||, yields the desired inequality. O

Remark 3.4.5. When G = Z, Lemma 3.4.4 provides an interesting and new pseudo-
Poincaré inequality for probability measure v satisfying (3.5) (i.e., which are essen-
tially decreasing) in terms of the truncated second moment G,. Namely, assuming

(3.5), we have
2

— F(g) ]2 Yl
> lfta-+) ~ S < Cug i

&S, 1)

where

EAf ) =5 3 |fe+2) — F@)Pw(z),

T,2E7L

Together with the trivial fact that #{y : |y| < r} = 2r 4+ 1, this pseudo-Poincaré

inequality and Theorem 3.4.1 provide a sharp Nash inequality satisfied by &,.
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3.4.2 Assorted return probability upper bounds

This section describes direct applications of Theorem 3.3.1 together with Theorems

3.4.1-3.4.3. We use the notation introduced in Sections 3.1.4 and 3.2.1.

Theorem 3.4.6. Let G be a finitely generated milpotent group equipped with a
generating k-tuple (s1,...,sk) and a k-tuple of positive reals a = (o, ..., ). Let
 be the weight system which assigns weight w; = 1/&; to s; where &; = min{2, oy }.
Then

Hga(e) < Csan™ PG

where D(S,10) = >, wy, rank(Gy /G, ,).

Proof. By Theorem 3.3.1, for each r > 1 we can find a subset K (r) of G such that
#K(r) > PP and g € K(r) implies g = [[ s, with |z;] < i) The result

then follows from Theorems 3.4.1-3.4.3 OJ

Remark 3.4.7. If all the o;’s are in (0,2) or, more generally, if R > 0 implies
wy, > 1/2, the upper bound given in Theorem 3.4.6 is sharp. Indeed, we will prove

a matching lower bound in the next section.

If all the «;’s are greater than 2 the measure pg, has finite second moment and
D(S,10) = > h rank(G),/Gp+1). In this case the upper bound of Theorem 3.4.6

is also sharp. It coincides with the bound provided by Corollary 3.1.12.

We conjecture that this upper bound is sharp when «; # 2 for alli € {1,... k}
but we have not been able to prove this conjecture when there exists 7, 7 such that

a; < 2 and a; > 2.

The next result shows that Theorem 3.4.6 is not always sharp when some of

the «;’s are equal to 2.
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Theorem 3.4.8. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (sq,...,8x) and a k-tuple of positive reals a = (aq,...,ax) €
(0,00]*. Let to = ro(a) be the two-dimensional weight system which assigns weight
w; = (Vi1,vi2) to s; where

Ui,l = OgTZ-’ ONCZ = min{Q,ai}

and
Vo = 0 unless o; = 2 in which case v; 5 = 1/2.
Then
B (e) < Csan= 15 log(e 4 )] P25
where

D;i(S, 1) =Y vy rank(GY/GY.y), Wy = (Dn1, Un2)-
h

Proof. The proof is the same as for Theorem 3.4.6 but uses a refined weight system
and the associated weight function system §(a) where the function F, associated

to a commutator of weight v(c) = (vy,v9) is F.(r) = r**[log(e + r)]*2. O

Remark 3.4.9. Referring to Theorem 3.4.8, let X be a sequence of formal commu-
tators as in Theorem 3.2.10 applied to S, 1w, F(a). Assume that for any 7 such that
s; € core(w, S, X)), we have oy; = 2. Then D;(S, 1) = Dy(S,0) = D(G)/2 and

ugji (e) < Cgqlnlogn] -D(@)/2.

Example 3.4.2. Let GG be the group of 4 by 4 unipotent upper-triangular matrices

( )
1 22 713 14

0 1 T23 T24
G = c T e Z
0 0 1 T34




With obvious notation, let X, ; be the matrix in G with a 1 in position %, j and all

other non-diagonal entries equal to 0. Consider the generating 4-tuple
S = (51 = X1,27S2 = X2,3, 83 = X3,4, S4 = X1,4)-
The non-trivial brackets are
[(Xi12, Xos] = X1 3,[Xog, X34] = Xou, [Xi2, Xou] = [X13, Xz4] = Xia.

Let a = (1,2,5,1/3). The 2-dimensional weight system to is generated by w(s;) =
(1,0),11)(82) = (%7 %)710(83) = (%a O),U)(S4) = (37()) This 1mphes

w([X1,2, Xas]) = (3, 3), w([Xas, X34]) = (1, 3),

w([X12, [Xa3, X3al]) = (2, 5), w(([[X1,2, X23], X34]) = (2, 3).

Ignoring (as we may) the weight values that would obviously lead to trivial quo-

tients G /G¥.,, we have w1 = (3,0), w2 = (3,3), w3 = (1,0), ws = (1,3),
ws = (2,3), we = (2,3) and w; = (3,0). Next we compute the groups GY.
We have

GT =Gg =< X14> C GY =< Xy4,X13>
C G} =< X14,X13,X04 >
C GY =< X14,X13,X04,X12>
C G =< X4, X13, Xo4, X192, X023 >

C G‘f =< X4, X133, Xou, X12,X03, X34 >=G.

This gives
1 1 3 15
D ==—4+-4+141+= = —
1(S, w) sty tl+tlts+3=-

and

1 1 1 3
D - - — — = —.
2(Sw) =0+ 540+ 5 +5+0=3
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We believe that the associated upper bound u(;i(e) < Cn~12[logn]3/? is sharp

but, at this writing, we are not able to obtain a matching lower bound.

As a corollary of Theorem 3.4.8, we can prove Theorem 3.1.13. The bracket

length ¢(g) of an element of G is defined just before Theorem 3.1.13.

Corollary 3.4.10. Referring to Theorem 3.4.8, assume that S and a are such that

there exists i € {1,...,k} with the property that
(i, €(si)) = (2,1) or a;l(s;) < 2.

Then

lim nD(G)/ng?;(e) =0 (3.13)

n—oo

where D(G) = ) j rank(G;/G41) where G is the lower central series of G.

Proof. Pick iy among those i € {1,...,k} such that (a;, £(s;)) = (2,1) or a;(s;) <
2 so that a;, is smallest possible. Let v’ = w(a) be the 2-dimensional weight
system introduced in Theorem 3.4.8 and let § = F(a) be the weight function
system appearing in the proof of Theorem 3.4.8. Let tv be the weight system that

assigns weight (1/2,0) to every s; € S with weight function F, = (1 +r)z.

If ay, < 2/l(s;,) then by Theorem 3.3.4 shows that D;(S,1’) > D(S,w) =
D(G)/2. If a;, = 2 then we must have {(s;,) = 1. This time, it follows that
Dy(S,w’) > 1/2 > Dy(S,w) = 0. In both case, Theorem 3.4.8 show that ugz(e) =

o(n~P()/2) as desired. O

The next statement illustrates the use of a weight system to and weight-
functions system § that are not tightly connected to each other (including cases

when the weight functions F,. cannot be order in a useful way).
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Theorem 3.4.11. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (s1,...,s;). Assume that u is a probability measure on G of the

form (3.2) with
pi(n) = ki(1+ n) "> Hi(|n]), 1<i<k,

where each {; is a positive slowly varying function satisfying ;(t°) ~ (;(t) for
all b > 0 and a; € (0,2). Let o be the power weight system associated with
a=(ay,...,ax) by setting w; = 1/a;. Let (¢;)} be a t-tuple of formal commutators
such that for each h, the family {c; : w(c;) = wy} projects to a linearly independent
family in GY /Gy, . Let (sf';_l);y:l be the list of all the letters (with multiplicity)

used in the build-words for the commutators ¢;, 1 <1i <t. Then
©(e) < Cn~ PP L(n)~!

where

N

D(S,w) = thrank(G‘,‘;/Gfﬂ) and L(n) = Hgij<n)l/aij‘
h

1

Note that this theorem does not offer one but many upper bounds. For each
n, one can choose the commutator sequence (¢;)} so as to maximize the size of the

resulting L(n).
Example 3.4.3. Consider the Heisenberg group

1 = =
G = 01y |:7vyz€ly,
0 0 1
with generating 3-tuple S = (X, Y, Z) where X is the matrix withz =1,y =2 =0
and Y, Z a defined similarly. Let a = (ay, a9, a3) € (0,2) and let ¢; = 1,45, ¢5 be

slowly varying functions such that ¢, < /3 if and only if n € Ug[nag, nogy1] for
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some increasing sequence ny tending to infinity. We also assume that /o, /5 satisfy

0;(t%) ~ £;(t) for all b > 0. Applying Theorem 3.4.11, we obtain:

L
ai

o If a% < + o% then we have

1 1 2

1 (e) < On 2@+ 0y(n) .

° Ifai>$7L L then we have
3 Q] 3

«
1

1™ (e) < Cn~ Tt % fy(n) 73 f(n) 7.

e Finally, if ;—3 = a% + 6%3’ we have

£2<n)_0¢72 ifn € Uk[TLQk,l, Tlgk]

p(e) < Cn” o fg(n)_a%fg(n)é if n € Ug[nak, nogy1].

Example 3.4.4 (continuation of Example 3.2.4-3.2.5). Consider again the Heisen-
berg group with S = (s; = X,sy = Y,s3 = Z). Set Fi(r) = 732, Fy(r) =

r?log(e + 1), F3(r) = r7 with v > 3/2.Let pu be the probability measure which as-

signs to s, i = 1,2,3, n € Z a probability proportional to m Namely,
1o c
= - E g i\n 18’-’ ) i\n) = — .

1=1 n€ezZ

Referring to the notation (3.3)(3.4), we have

Gi(n) ~ (1+n)>3 & =2/3 L =1,

12

Ga(n) (1+n)>"Wlog(e +n)] V2, ay=1/2, Ly(n) ~ [log(e + n)]~/?

Gs(n) (1+ ”)271/77 ag=1/v, Ly=1.

12

Apply Theorem 3.4.11 with oy = &, ¢; = L;. If v € (3/2,7/2], use the sequence of

formal commutators (¢; = $1,¢0 = s9,¢3 = [s1, 52]). If v > 7/2, use the sequence
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of formal commutators (¢; = $1, ¢y = $9,c3 = s3) instead. This gives

(1+n) "[log(e +n)] 2 if v € (3/2,7/2]
pe) < C S (1 +n) T2 [log(e + n)] if v > 17/2.

Below, we will prove a matching lower bound.

3.5 Norm-radial measures and return probability lower

bounds

The aim of this section is to provide lower bounds for the return probability for
the random walk driven by the measure pg, on a nilpotent group G, that is,
lower bounds on ,u(sq?c)b(e). These lower bounds are obtained via comparison with

appropriate norm-radial measures.

3.5.1 Norm-radial measures

A (proper) norm || - || on a countable group G is a function g — ||g|| € [0, 00) such
that ||g|| = 0 if and only if g = e, #{g|| < r} is finite for all » > 0, ||g|| = ||g~*|| and
lg1g2ll < llg1ll|lg=]|- If the triangle inequality is replaced by the weaker property

that there exists K such that ||g1gz|| < K||g1]|||g2]|, we say that ||-| is a quasi-norm.

The associated left-invariant distance is obtained by setting d(g1, g2) = ||97 * .
A norm is k-geodesic if for any element g € G there is a sequence ¢, ..., gy with

N < kg such that [lg;gir ]| < .
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A simple observation is that any two k-geodesic proper norms || - ||1,] - ||2 are

comparable in the sense that there is a constant C' € (0, 00) such that

C gl < llgllz < Cliglh-

The word-length norm associated to any finite symmetric generating set is a
proper 1-geodesic norm. Most of the quasi-norms that we will consider below are

not k-geodesic. In general, they are not norms but only quasi-norms.
Theorem 3.5.1. Let G be a countable group. Let || - || be a norm on G such that
Vr>1, V(r)=#{g: gl <r} =

for some d > 0. Fiz~ € (0,2) and set

c, -1 _ 1
) = T vl &~ 2 T Tl Vel

Then we have

VneN, y,(y”)(e) ~ cn P/, (3.1)

Remark 3.5.2. This is a subtle result in that, as stated, it depends very much on
the fact that || - || is norm versus a quasi-norm. Indeed, the lower bound in (3.1)
is false if v > 2 and the only thing that prevents us to apply the result to || - ||

with 6 > 1 is that, in general, || - || is only a quasi-norm when 6 > 1. However, by

Theorem 3.1.9, (3.1) holds true for any measure v such that v ~ v.,.

Remark 3.5.3. Definition 3.2.8 provides a great variety of examples of norms to

which Theorem 3.5.1 applies.

Proof. The probability of return yﬁ”) (e) behaves in the same way as the probability

of return of the associated the continuous time jump process. For the continuous

time jump process, the result follows from [2]. ]
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3.5.2 Comparisons between 5, and radial measures

Let G be a countable group. Let || - || be a quasi-norm on G. Set

vr=1, V(r)=#{g: gl <r}.

Let ¢ : [0, 00) — (0, 00) be continuous. Consider the following hypotheses:

30, Vr>0, V(2r) < CV(r); (3.2)
30, VA €e(1/2,2), t € (0,00), () < CH): (3.3)

and
Zwmmmm 34

Lemma 3.5.4. Assume (3.2)-(3.3)-(3.4). For eachn € Z, let g, € G and A,, C G

be such that:

1. g€ A= [lg7"gnll < Cllgall and |lg]] < Clignl

V(llgall) < CngtAs,

3.VgeG, #{n:geN,} <C and #{n:gegqg,'A,} <C.

Then there is a constant Cy such that

|f(xgn) — f(x) |f(zg) — f(2)]?
22 ik QZ IW'

e ¢(|lgn || ||g||
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Proof. Using 2,1 and 3 Successively, write

Tgn Tgn) A,
Zz|f1+9n sz|f g ()|*#

o STV T
< 203 3 S e ~ Jlaal +1Flea) = ) gy
< XS (e v an AL
: C"ZV I

Remark 3.5.5. Note that under the hypotheses of Lemma 3.5.4, we have

1
2 T et <™

The next lemma will allow us to apply Lemma 3.5.4 in the context of Theorem
3.2.10. Assume that G is a nilpotent group generated by the k -tuple (sq, ..., sk).
In addition, we are given a weight system to and weight functions F,. such that

(3.1)-(3.2) holds. Observe that for any commutators ¢, ¢, we have
Vrl, o > ]_7 Fcl @) Fc_l(’f’l + 7”2) >~ Fc/ o Fc_l(rl) + FC/ o Fc_l(TQ). (35)

Indeed, it follows from our hypotheses that F., o F. ! is an increasing doubling

function.

Lemma 3.5.6. Referring to the setting of Theorem 3.2.10, fiz h € {1,...,q},

i € {mp_1 +1,...mu_1 + Ry} and an integer u. For each n € Z, let z, € G} 4

Scom<FC10F ( ) Set

with ||z,
gn =m(c)zp € G

and

g mp-1tRp

. _ un
A, H H J ay| < By o F N (n), o= LTJ

mp— 1+1
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Then (g,) and (A,,) satisfy the hypotheses 1,2 and 8 of Lemma 3.5.4.

Proof. By Proposition 3.2.17 and Theorem 3.2.10, ||gy/g.con =~ F., © F.'(n) and

g € A,, implies

901g.com < CFey 0 F (n),

so, Property 1 in Lemma 3.5.4 is satisfied. Property 2 also follows from Theorem

3.2.10 and the proof of Theorem 3.3.2.

Suppose that g € A, N A,,. Then, computing modulo G}, , and using the
fact that [G},GF] C GF,, we obtain that [un/2| = |[um/2]|. Similarly, g €
g, A, N g YA, implies n + |un/2| = m + [um/2]. In both cases we must have

|n —m| < 1. This shows that Property 3 of Lemma 3.5.4 is satisfied. O]

The main result of this section is the following theorem.

Theorem 3.5.7. Let G be a nilpotent group with generating the k-tuple S =
(S1y...,88). Let I, = {i € {1,...,k} : s; is torsion in G}. Fix a weight system
w and a weight-function system § such that (3.1)-(3.2) are satisfied. Let || - || =
-]
ie{l,... k}\ L., let

F.com D€ the associated quasi-norm introduced in Definition 3.2.8. For each

Let ¢ be such that (3.3)-(3.4) are satisfied.

Let 1 be a probability measure on G of the form

plo) = 1 35 w1 ()

j=1 nez

where p; s an arbitrary symmetric probability measure on Z if v € I, and

C; ol 1

M) = et o By & 2 T mal o Pl
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fori e {l,...,k}\ L. Then there exists C' such that

Ef ) S CE(ST)

where

1% = —Cd)
9) = v % = 2 Fnvaen ||g|| el

In particular, there are constants ¢ > 0 and N such that

P (e) > e e).

Proof. Fix i and write s = s;. By Definition 3.2.13, either s is a torsion element

and s"® = e for some Kk or jy(s) = h < co. In the second case we can find x such

that
mp_1+p
K __ X 10
= H ' % Ty 1p 70, z€ G,
mp—1+1

If s is torsion, it is very easy to see that & ., (f, f) < Cv(f, f). In the course of
this proof, C' denotes a generic constant that may change from line to line. If s is

not torsion and

mp_1+p
s® =1 H G|z Ty 1 #0, 2€GRLy,
mp—1+1
set F'=F,, . (wehave F'~ F., j € {mu—1+ 1,my}). Then, for any n, we
have
mp_1+p
s =7 H | 2, with ||z,]] < CF, 0 F7Y(|n|), 2z, € G}..
mp—1+1

Now, write n = ku,, + v, with |v,| < k and

> If(gs") = flg))P <2 (Z F(gs™) = Fo)P + D 1f(gs™) — f(g>|2) .
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By Lemma 3.5.6 and Remark 3.5.5, the hypotheses of Theorem 3.5.7 imply that

ST((1+n)é(||s™])) " < oo. Hence, it is is easy to check that

2.2 i ey |Sn”))'2 ENS f). (3.6)

Consequently, it sufﬁces to show that

|f(gs™) — f(g)l?
< CE(S. ).
ZZ (L +n)o(lls™])
We have ||s"]| ~ HS’W”H ~ F., o F~Y(ku,). Hence
|f(gs™) — f(g)I? |f(gs™) = f(g)I?
ZZ A malls") CZZMF e Gk (3.7)
Next, set i1 = my_1 + 1,15 = my_1 + p and write

>3 1fgs™) = fg))
(zz S g ) = F@P + 35 Flgn(cs ) - f(g)|2> |

{ 1=

By Lemmas 3.5.4-3.5.6, for each i = i1,...,15 — 1, we have

Zz‘flg:e ||)7r< ) < cetnn

and, since z, € G}, and ||z < C’FCl o F71(0),

Flgn(c)z) = () _ e
_ < CE(S, f).
Z; (1+0)¢ (Hvr( ) z]))

Further, for each i = iy,...,iy with x; # 0, we have

7 (ci) | = Foy 0 F7H(0)
as well as ||7T(Cfi2e>Zg|| ~ F, oF 1/ ) Hence (3.7) and the above estimates give
®

F(g5™) — £(9)
22 el < CEAn D

Together with (3.6), thls gives

v HS"H)

Since this holds true for each s = s;, i = 1,..., k, the desired result follows. n

126



3.5.3 Assorted corollaries: return probability lower

bounds

In this section we use the comparison with norm-radial measures to obtain explicit
lower estimates on N(STZ(Q)- The simplest and most important result of this type is

as follows.

Theorem 3.5.8. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (s1,...,sx) and a k-tuple of positive reals a = (aq,...,ax) €

(0,2)k. Let o be the weight system which assigns weight w; = 1/a; to s;. Then

ugﬁg(e) > cS@n_D(s’“’)
where D(S,w) = 3, wy, rank(GY /Gy, ).

Remark 3.5.9. This lower bound matches precisely the upper bound given by The-

orem 3.4.6. Thus, as stated in Theorems 3.1.2-3.1.8, for any a € (0, 2)*,

B (e) ~ P,

Note however that, in Theorems 3.1.2-3.1.8, the constraints on the «;’s is weaker.

This more general case will be treated below.

Proof. Fix a sequence X = (¢;)} of commutators as in Theorem 3.2.10 and let || - ||
be the associated norm | - || = || - ||z introduced in Definition 3.2.8. Note that, by
Remark 3.2.9, || - || is indeed not only a quasi-norm but a norm. By hypothesis,
1/w(c1) < 2. Hence Theorem 3.5.1, together with Theorem 3.3.2, shows that the

norm-radial measure

v(g) = ¢
=W g7V (gl
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satisfies

V(n)(e) > Cnfw(cl)D(S,m)/w(cl) — CnfD(S,m). (38)

Theorem 3.5.7 produces a symmetric measure p such that £, < C&,. This measure

1 is given by
k
1
plg) =2 > D miln) 1y (9)
j=1 nez

where pi; is an arbitrary symmetric probability measure on Z if ¢ € I, and

Ci
L+n)(1+ F, oF,!(n))/w()

pi(n) = (

with

1
ol =
' ; (L+n)(1+ F, o F,!(n))t/wle)
for i € {1,...,k}\ .. In the latter case, we have Fy,, (t) = t™r with wp,, > w(s;) =
1/a; and F,, (t) = t*(1). Hence

- C e
\n) = — = .
K (1 + n)l—l—l/whi (1 + n)1+ai

It follows that if we pick u; to be given by p;(n) = ¢;(1+n)~(+%) for i € I,.,, and

tory

i = ¢;(1+n) TV if j € T\ I,.,, we obtain a measure p such that

Eps, < CE, < CIE,.

s,
By Theorem 3.1.9, this implies that there are ¢, N € (0, 00) such that
G (e) > e (e).
Thus the lower bound stated in Theorem 3.5.8 follows from (3.8). O
The following theorem extends the range of applicability of the previous result.

In particular, the statement is different but equivalent to the statement recorded

in Theorem 3.1.8. See also Theorem 3.5.13 below.
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Theorem 3.5.10. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (sq,...,8x) and a k-tuple of positive reals a = (aq,...,ax) €
(0,00]*. Set a&; = min{a;,2}. Let w be the weight system which assigns weight
1/a; to s; € S. Let X be a sequence of formal commutators as in Theorem 3.2.10.

Assume that w(s) > 1/2 for all s € core(w,S,X). Then

pi (e) o D5,
Proof. The upper bound follows from Theorem 3.4.6. The lower bound is more
subtle. Consider any s € S such that w(s) =1/2 (i.e., s = s; with o; > 2). Observe
that 1/2 is the lowest possible value for weights in t and that the hypothesis that
w > 1/2 on core(w, S, %) implies that GT/GY is a torsion group. In particular,
this implies that w;, sy > 1/2 = w(s). By Corollary 3.2.19, the weight system to’
generated by
w(s) ifw(s)#1/2
wy  ifw(s)=1/2

w'(s) =

is such that w(s) < w'(s) < W), (s for all s € S and w'(s) > 1/2 for all s € S.

Now, Theorem 3.5.7 gives the comparison &, , < C&, with

1
1+ llgllzm) > Vor(lgllsw)

v(g) ~

However, since the minimum weight value wy may be equal to 1/2, we cannot
apply Theorem 3.5.1 directly. We proceed as follows. By the definition of w’ and

Corollary 3.2.19, we have

1/ws 1/wy

VgeG, llgllsn = l9llsn™
Note that this implies that

Van(llgllsm) = #{g" € G : |¢'llsw < lgllzm} = Vo (9l sr)-
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Hence we have

E, >~ &y

where

V(g) = !
(1 9ll5m) 7" Vs (lgll500)

Now, since by construction wy > 1/2, we can apply Theorem 3.5.1 which gives

(V)W (e) 2 n=PER) = p=DPEw) - Also, we have Eus, S CE, ~ &,. Hence

W) 2 PO

This ends the proof of Theorem 3.5.10. O

Our next results provides a comparison between the behaviors of two measures
ts,q and pg . Compare to Corollary 3.1.12 and Theorem 3.1.13 which treats
comparison with pg . when o’ = (a})¥ € (2,00]¥, a case that is excluded in

1

Theorem 3.5.11.

Theorem 3.5.11. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (sq,...,sx) and a k-tuple of positive reals a = (aq,...,ax) €
(0,00]%. Set a&; = min{a;,2}. Let w be the weight system which assigns weight
1/a; to s; € S. Fix another weight system w' = (w}, ..., w}) with minimal weight

wy > 1/2. Let ¥ be a sequence of formal commutators as in Theorem 3.2.10 for

(S,w’). Assume that w(s) > w'(s) for all s € core(w’, S, ). Then
pa(e) = on™ P50

if and only if there exists s € S such that w(s) > w;

o’ (S) :

Proof. Apply Theorems 3.4.6 and 3.5.10 together with Corollary 3.2.19 and The-

orem 3.3.4. O
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Theorem 3.5.12. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (sq,...,8x) and a k-tuple of positive reals a = (aq,...,ax) €
(0,00]*. Set a&; = min{a;,2}. Let w be the weight system which assigns weight

w; = 1/&; to s;. Then there exists A > 0 such that

A

DS [og n] =4,

HSal€) = esan”

Further, let ¥ be as in Theorem 3.2.10 applied to (S, ) and assume that o;; = 2
for alli e {1,...,k} such that s; € core(S,10,X). Then

(n)

fisq(€) = [nlog n) PE2,

Proof. The proof of the general lower bound is essentially the same as for Theorem

3.5.8, except that we cannot rule out the possibility that w(c;) = 1/2. If w(c;) >

1/2 then the previous proof applies and we obtain ug?l(e) > cn~PE®) which is

better than the statement we need to prove. If w(¢;) = 1/2 then we have a
comparison

Epsn < CE, (3.9)
with

v(g) = <
Y=+ eV el

To conclude, we need a lower bound on v (e). This turns out to be rather subtle

and difficult question in the present generality. In Chapter 4, we show that there

exists A > 0 such that
v (e) > en PE™) [logn] 4. (3.10)

See Theorem 4.4.6. This proves the desired lower bound on M(S??C)L(e).

When «; = 2 for all ¢ € core(S,w, %), it follows that

D(S,w) = D(G)/2 and |[|g] =~ |g|s
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where |g|s denotes the usual word-length of g over the symmetric generating set

{sfl : 1 <i < k}. Theorem 3.4.8 provides the upper bound
pia(e) < Clnlogn] P72,

For the lower bound, by the Dirichlet form inequality (3.9), it suffices to bound
v™(e) from below. Using the fact that ||g|| ~ |g|s, we prove in Theorem 4.3.5
that, in this special case, (3.10) holds with A = D(G)/2. This provides the desired
matching lower bounds

(n)

1) (e) = clnlogn] PO,

]

Theorem 3.5.13. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (sq,...,sx) and a k-tuple of positive reals a = (aq,...,ax) €
(0, 00]%. Set &; = min{o, 2} and w; = 1/d&;. Let w be the associated weight system.

Let 3 be as in Theorem 3.2.10 applied to (S,w). Let
©=(6h =si,...,0, = 8;,) = core(S, 10, X).

Let H be the subgroup of G generated by ©. Set b = (f1 = vy, -, 0 = i),
B = Qi;, v(0;) = w(sy;). Let v be the weight system associated to v on (H,©),
respectively. Then

D(0,v) = D(S,w).

In particular, letting ey, e be the identity elements in H and G, respectively, we

have:

o if a; € (0,2) for all i such that s; € core(S,10,3) then

(n)

1 (eq) =~ g (en) = n~ PO,

132



o if a; =2 for all i such that s; € core(S,10,) then

(n) (n) (

Hsalea) = tey, [

en) ~ [nlogn

Remark 3.5.14. One can easily prove that H is a subgroup of finite index in G. It

is also easy to prove by the direct comparison techniques of [30] that

Vi, uia(eq) < Cusy (en)

for some integer K and constant C' and for each a = (ay,..., ). The converse
inequality seems significantly harder to prove although we conjecture it does hold

true.

Proof. First we observe that D(©,0) < D(S,t). Indeed, this follows immediately

from the obvious fact that
1/v 1/w
{geH:|glgwe <ryc{geC:|gldys <r}.

To prove that D(©,v) > D(S, ), it is convenient to introduce the generating
k-tuple S* = (s})} of H such that s} ; = s;, if 5;, = 6; € ©, and s;, = e otherwise.
Both S and S* are equipped with the weight system tv. Obviously, the non-
decreasing sequence of subgroups (H}’) is a trivial refinement of the sequence (H3)
in the sense that the two sequences differ only by insertion of some repetitions.
For instance, A, B,C' may become A, A, B, B, B, B,C. It follows that D(O,v) =
D(S*,t0). The notational advantage is that the weight system tvo with increasing

weight-value sequence w; is now shared by S and S*. We wish to prove that

rank(H} /H? ) > rank(G7 /GT, ).

The (torsion free) rank of an abelian group can be computed as the cardinality

of a maximal free subset. Set R = R} be the torsion free rank of G7/GY ;. Let
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(Cm;_14+1,- -+ Cm;_,1+r) be the formal commutators given by Theorem 3.2.10 which

form a maximal free subset of G /G, ;. By definition of core(S, 1, %), the images

J+1-
of these formal commutators in G belong to H. In fact, they clearly belong to
HY C G%. Now, we also have H},; C G7.;. Assume that HmJ 11? ¢’ =ein

HY/H?, . Then, a fortiori, this product is trivial in
HmG]+1/Gj+1 Hm/(Hm N Gj+1)

since (H" NGY,,) C HY, . In particular, this product must be trivial in G} /G, .
This implies that z; = 0 for all 4 so that H}"/H},, admits a free subset of size R.

It follows that rank(H}/HY,,) > R as desired. O

To state the final result of this section, we need some preparation. Consider

the class of measure p of the form (3.2) with
pi(n) = k(1 + |n))" > Y(n|), 1<i<Fk, (3.11)

where each ¢; is a positive slowly varying function satisfying £;(t%) ~ £;(t) for
all b > 0 and «; € (0,2). Consider the weight-function system § generated by
letting F; be the inverse function of r — 7% /¢;(r). Note that F; is regularly
varying of order 1/a; and that Fj(r) ~ [rf;(r)]V/*, r > 1,i=1,..., k. We make
the fundamental assumption that the functions F; have the property that for any
1 <i,j <k, either F;(r) < CFj(r) of F;(r) < CF;(r). For instance, this is clearly
the case if all «; are distinct. Without loss of generality, we can assume that there

exists a multidimensional weight system tv, say of dimension d, with

wi:(vil,... vd)7 U}Zl/ai, 1<i<k,

r

and such that w and § are compatible in the sense that (3.1)-(3.2) hold true.

Separately, consider also the one-dimensional weight system v generated by v; =
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1/a;, 1 <i < k. Note that one can check that

D(S,0) =Y BR => o/RY
J J

where, by definition, w; = (17]1., . ,T);l). Fix o € (0,2) such that

ap > max{aq; : 1 <i <k}

and op/a; ¢ N, i = 1,... k. Observe that there are convex functions K; > 0,

i=0,...,k, such that K;(0) =0 and
Vr>1, Fi(r*) ~ K(r). (3.12)

Indeed, r +— F;(r®) is regularly varying of index ag/a; with 1 < ap/a; & N.
By [6, Theorems 1.8.2-1.8.3] there are smooth positive convex functions K; such
that K;(r) ~ Fj(r®). If K;(0) > 0, it is easy to construct a convex function

K; : [0,00) — [0, 00) such that K; ~ K; on [1,00) and K;(0) = 0.

Theorem 3.5.15. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (s1,...,s). Assume that p is a probability measure on G of the
form (3.2) with p; as in (3.11). Let {;, F;, §, 1,0 be as described above. Let (¢;)!
be a t-tuple of formal commutators as in Theorem 3.2.10 applied to G, S,w,§. Let
(sil)?{:l be the list of all the letters (repeated according to multiplicity) used in the

build-words for the commutators ¢; with i € J;{m;—1 +1,...,m;_1 + RY}. Then
M(n)(e) ~ n—D(S,n)L<n)—1

where
N

L(n) = H&j(n)l/%.

1

Proof. The upper bound follows immediately from Theorem 3.4.11. For the lower

bound, it is technically convenient to adjoint to S the dummy generator sqg = e
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with associated weight function Fy(r) = rl/eo Let 20,, §o we the weight systems
induced by Sy = (e, s1,...,sk), Fo, F1,. .., Fy.

Apply Theorem 3.5.7 to G, S, 10y, §o to obtain that &£, < CE, where

1
1+ (1910 com) 20 Vo com (/[ [ 50,c0m)

v(g) ~ (

with V) com(r) = #{9 € G : ||9||50,com < 7}. By construction, we can also write

v(g) ~ !
=T+ gl v (gl

where || - || is the norm || - ||gcm based on the convex function K; ~ F;(r®),
0 < i < k, provided by (3.12) and V' denotes the associated volume function.
Indeed, by construction we have ||« || 2 || - ||zy.com- As || - || is @ norm and o« € (0, 2),

an extension of Theorem 3.5.1 obtained in Chapter 5, see Theorem 4.4.3, which

allows volume growth of regular variation with positive index gives

1 1 1 1

V(")(e) ~ Tary Tary ™ ~ )
V(TL ) vﬁ’o,com (n ) #Q(S()a '307 TL) #Q(Sa Sa TL)

Using the notation introduced in Theorem 3.5.15, we have
#Q(S,F,r) = n”BVL(n)

which yields the desired result. O

3.5.4 Near diagonal lower bounds

In this section we use Lemma 3.4.4(ii) to turn the sharp on diagonal lower bounds of
the previous section into near diagonal lower bounds. The key tool is the following

lemma.
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Lemma 3.5.16. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (sq,...,8x) and a k-tuple of positive reals a = (aq,...,ax) €
(0,00]*. Let to = ro(a) be the two-dimensional weight system which assigns weight
w; = (Vi1,vi2) to s; where

1
—, &; = min{2, o}

7

Vi1 =

)

and

vi2 = 0 unless a; = 2 in which case v; s = 1/2.
Let § be the associated weight function system generated by
Fi(r) = r%log(1 4+ r)]"2, 1 <i<k.

Then

2n+m 2n+m _ 1/2 2n
pE ™ (wg) = uGr ™ @)| < € (P gl fm) " G2 (e).

Proof. By Theorem 3.2.10, there is an integer p = p(G, S, tv) such that any g with

Fgl(HyHS’S) = r can be expressed as

g= ﬁsfj with [z;| < CFj, (r).
j=1
Write Mg?,:m) = ,ugj:m) * ,ugli and, for each step sfj, apply Lemma 3.4.4(ii) to
obtain
e (zs) = e ™ (2)
< CG ()2 gl S (G 5™ (5

(n)

< CrR (W ) )

/“LS,a ’ MS,a

-
Here, according to Lemma 3.4.4, G;(r) = r?~% if v;,2 = 0 and G;(r) = log(1 + )
if v;o = 1/2 (ie., if a; = 2). Hence, s2/G;(s) ~ F;'(s), which gives the last

inequality.

137



By [20, Lemma 3.2], we also have

n+m n-+m — n — 2n
Enso (™ g < CmTE gl = CmT g ()2,
This gives the desired inequality. ]

Theorem 3.5.17. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (sq,...,Sx) and a k-tuple of positive reals a = (aq,...,ax) €
(0,00]*. Set a&; = min{a;,2}. Let w be the weight system which assigns weight
1/a; to s; € S. Let ¥ be a sequence of formal commutators as in Theorem 3.2.10.
Assume that w(s) > 1/2 for all s € core(rv,S,X). Then, there exists € > 0 such

that, uniformly over the region {x € G : ||z|/sp < Fs(en)}, we have
pg () ~ S,
Proof. Theorem 3.5.10 gives ug?;(e) ~ n~PE®)  This, together with Lemma 3.5.16,

yields the desired lower bound. O

Theorem 3.5.18. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (sq,...,8x) and a k-tuple of positive reals a = (aq,...,ax) €
(0,00]*. Set a; = min{a;,2}. Let w be the weight system which assigns weight
w; = 1/a&; to s;. Let 3 be as in Theorem 3.2.10 applied to (S,w) and assume that
a; =2 foralli € {1,...,k} such that s; € core(S,w,%). Then there exists € > 0

such that, uniformly over the region
{z € G |af3[log |z]s] ™" < en},

we have

(n)

fiso(7) =~ [nlog n)~P@/2,

Proof. By Theorem 3.5.12, we have ug?i(e) ~ [nlogn] P@)/2 Let w,§ be the

two dimensional weight system and weight function system introduced above in
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Lemma 3.5.16. It follows from Theorems 3.2.10-3.6.22 and Corollary 3.2.19 that

F3'(| - |lsg) = |-1%/log| - |s. The result follows.

3.6 Proofs regarding approximate coordinate systems

This section contains the proofs of the key results stated in Sections 3.2.1-3.3,
namely, Theorems 3.2.10-3.3.1. Throughout this section, GG is a finitely generated
nilpotent group equipped with a generating k-tuple (si, ..., sg). Formal commu-

tators refer to commutators on the alphabet {si':1 <i < k}.

3.6.1 Proof of Theorem 3.3.1 and assorted results

Theorem 3.3.1 is one of the keys to the random walk upper bounds of Section
3.4. It can be understood as providing a volume lower bound for the volume of
certain balls together with some additional “structural information” on the balls

in question.

Fix a weight system t and weight functions F, as in Theorem 3.3.1. Let G}
be the associated descending normal series in G. By construction, G} is normal

in G and, for all p, ¢, j such that w, 4+ w, > w;, we have (see Section 3.1.3)
Gy, GY] C GY.
It follows that the commutators map

Gy x GY : (u,v) = [u,v] € GY
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induces a group homomorphism
G}?/GE’H ® G?/G‘;ﬂ — G‘;/G;J—i-l'
This yields the following lemma.

Lemma 3.6.1 (Similar to [3, Lemma 3]). Let ¢ be a formal commutator of weight
w; and let g. be its image in G. There is an integer £ = {(c) < & and a sequence
(i1,...,i0) € {1,...,k}* such that, for anyr > 1 and n € Z satisfying |n| < F.(r),
we have

no_ omna

— ne o
ge = sitsiiest mod Gy

for some n;; € Z with |n;| < Fsij (r).

Proof. The proof is by induction on j. For j = 1, c must have length 1 and ¢! = s}
for some i € {1,...,k}. Assume the result holds true for all A < j and let ¢ be a
commutator of weight w;. Either ¢ has length 1 and the result is trivial or ¢ = [u, v]
where u, v are commutators of weights w,, w,, w, +w, = w;. Since F, = F, I, for

all |n| < F.(r) we can write n = ab + d with |a|, |d| < F,(r), 0 < d < F,(r). Then
g" = [u,v][u, v]? = [u®,v"][u?, v] mod G;"H.
The desired result follows from the induction hypothesis. O

Definition 3.6.2. Given ¢, ¢ = {(c) and (i1, ...,%) as in Lemma 3.6.1, for any

X = (71,...,2¢) € Z*, set

Set
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By Lemma 3.6.1, if w(c) = w; and |n| < F.(r) then
g = gc(n(c)) mod G‘;ﬂ

for some n(c) = (ny(c),...,n(c)) with |n;(c)| < F, (r) = F5(r).

Theorem 3.6.3. Let cq,...c; be a sequence of formal commutators with non-
decreasing vo-weights and such that, for each h, the image in G /Gy | of the
family {c; : w(c;) = wy} is a linearly independent family. Set
t
K(r)={9eG:g=]]8alx) xi=(ai,.... 7)) € Z, |aj| < Fy'(r)}.
i=1
Then

£(ci)

#K(r) = [JF.() + 1) = [T T] £(n)-

=1 j=1

Proof. For each (y;)} € Z' with |y;| < F..(r), let y; = (y]i-)i(ci), 1 <i < t, be such
that

g% = ge,(yi) mod Gy, w(c) =w;, 1 <i<t.

Such a (y*)! is given by Lemma 3.6.1. Assume that two sequences (y;)! and (g;)!
are such that [[_, g (yi) = [I.-,8(¥i). Then by projecting on G¥/GY and
using the assumed linear independence of the collection of the ¢;’s with w(¢;) = w,
in G /GY and the fact that g% = g, (y’) in GY/GY,we find that y; = ; for those
i with w(c;) = wy. This implies that y; = y;. Proceeding further up in the weight
filtration shows that we must have y; = y; for all 1 < ¢ < ¢t. This shows that
there are at least [[}(2F,,(r) + 1) distinct elements in K (r) which is the desired

result. O

Theorem 3.6.4. Fiz a weight system to and weight functions F, as in Theorem

3.3.1. Let by,...b; be a sequence of elements in G. Assume that :
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1. Foreachi=1,...,t, there exists an integer h(i) such that b; € Gf(i) and b; is
torsion free in Gy, /Gy .y Further, for each h, the system {b; : h(i) = h}

is free in Gy /Gl -

2. For each i = 1,...,t, there exists and increasing function ﬁi, a positive
integer ((i) and a sequence ji,... ,j}j(i) such that, for any v > 0 and any
integer n with |n| < Fi(r), there exists n' = (n’, ... ,né(i)) with |ny| < Fji(r)
satisfying

bl = H sjé-q mod G4

For x = (x1,..., %) € ZD, set b;(x) = Hg(:i)l S;C{’ € G and
q

t
K(r)={geG:g=]]bix), xi=(ai,... 2} €ZD |z}| < F}(r)}.
=1

Then
#K(r) > [[F(r) +1).

Proof. This a straightforward generalization of Theorem 3.6.3. Instead of con-
sidering commutators and their natural weight function F,, we consider arbitrary
group elements b with associated weight function F with the property that b is
free in G} /G} ., for some u, h, and 0", |n| < F(r), can be express modulo Gy, as
a fixed product of powers of generators with properly controlled exponents. The
proof is essentially the same as that of Theorem 3.6.3. Namely, for each (y;)! € Z*

with |y;| < Fi(r), let y; = (yé)f(i), 1 <i <, be such that
b =by(y;) mod Gy, 1<i<t

Such a (y')! exists by hypothesis. Assume that two sequences (y;)! and ()t are
such that []'_, b'(y:) = []'_, b'(¥:). Then by projecting on G¥/GY and using the
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assumed freeness of the collection of the b;’s with h(i) = 1 in G} /GY and the fact
that b;"¥" = b'(y’) in GY/GY,we find that y; = ¢; for those i with h(i) = 1. This
implies y; = y;. Proceeding further up in the weight filtration shows that we must
have y; = ¢; for all 1 < i < t. This shows that there are at least Hi(Qﬁ’(r) +1)

distinct elements in K (r), as desired. O

Remark 3.6.5. Theorem 3.6.4 allows for much more freedom than Theorem 3.6.3.

This freedom is used in the proof of Theorem 3.3.4.

3.6.2 Commutator collection on free nilpotent groups

In this section, we prove the following weak version of Theorem 3.2.10.

Theorem 3.6.6. Referring to the setting and notation of Theorem 3.2.10, assume
that (3.1)-(3.2) hold true. Then there ezist an integer t = t(G,S,w), a constant

C=C(G,S,w) > 1, and a sequence 3 of commutators (depending on G, S,w)
1, ..., ¢ with non-decreasing weights w(cy) =+ < w(cy)

such that

(i) For any r > 0, if g € G can be expressed as a word w over €(S)* with

deg,.(w) < F.(r) for all ¢ € €(S) then g can be expressed in the form
¢
g= Hcfz with |z;| < F.,(Cr) for alli e {1,...,t}.

i=1
(ii) There exist an integer p = p(G, S, w) and (i;)} € {1,...,k}? (also depending
on (G, S,w) such that, if g can be expressed as a word w over {c;i' : 1 < i <t}

with deg, (w) < I, (r) for some r > 0 then g can be expressed in the form

P
g= Hsfj with |z;| < Fj,(Cr).
=1
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Remark 3.6.7. Note that it must be the case that, for any j, the image of {¢; :
w(c;) = w;} in GY/GY,, generates G /GY ;. The key difference with Theorem
3.2.10 is that Theorem 3.6.6 does not identify a maximal subset of {¢; : w(¢;) = w;}

that is free in G /G7, .

The proof of Theorem 3.6.6 requires a number of steps. The first observation
is that it is enough to prove Theorem 3.6.6 in the case of the free nilpotent group
N(k,?) on k generators sy, ..., s, and of nilpotency class £. Indeed, once Theorem
3.6.6 is proved on N(k,?), the same statement holds on any nilpotent G of nilpo-
tency class ¢ equipped with a generating k-tuple S via the canonical projection
from N(k, /) to G (by definition, the canonical projection is the group homeomor-
phism from N(k, ) onto G which sends the canonical k generators of N(k,¢) to

the given k generators of ).

Notation 3.6.8. For the rest of this section, we assume that G = N(k, ¢) is the free
nilpotent group N (k, ¢) equipped with its canonical generating set S = (s1,.. ., S)
and the multidimensional weight-system to generated by the (wy, ..., wy). Without
loss of generality, we assume that the commutator set €(5) is equipped with a total

order < such that the function
w: €(S) 3 e w(c) € (0,00) x R

associated with the given weight system tv is non-decreasing. Hence, ¢ < ¢’ implies
w(c) 2 w(d). In addition, we let § be a weight function system that is compatible

with to in the sense that (3.1)-(3.2) hold true.

Notation 3.6.9. Recall that deg,(w) denotes the number of occurrences of c*! in

the word w over €(.5). Similarly, we define deg’(w) to be the number of occurrences

1

of ¢ minus the number of occurrences of ¢! in a word over €(.5).
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On €(S), consider the map J such that J(sf') = sF' and J([a,b]) = [b,a].
Abusing notation, we also write J(c) = ¢~!. Note that J? is the identity. Restrict
J to €(S) = {c: J(c) # ¢} (where J(c) = ¢ is understood as equality as formal
commutator so that J(s;) # s; and J([a,b]) = [a,b] if and only if a = b). Let €%
be the set of representative of €*(5)/J given by ¢ € €% (S5) if and only if ¢ = s; or

¢ = [a,b] with a > b.

It is convenient to enumerate all formal commutators in €% (5, ¢) and write
(S, 0) ={c1,..., ), t=#T(S,0).
Since { is fixed throughout, we write
L (S) = ¢L(S,0).

Note that, a priori, this list contains commutators that are trivial in N(k, ¢). This
does not matter although these formal commutators can be omitted if desired. Let

us describe the basic collecting process on Ny, ¢.

Commutator collecting algorithm

e Given a word w = ¢;''c;2...ci™ in €% (S)U € (S)7L, first identify the commu-

tator of lowest order with respect to <, say it is commutator ¢;,, mark all the

contributions of ¢;; to w from left to right in order: {yi, .. yg}, y; € {cil}

e Starting with y;, move yi, ..., y, to the left one by one by successive commuta-
tion. Note that every time ¢;; jumps backward over a commutator ¢, the jump
produces the sequence ...c; clc, ¢; |.... It follows that all commutators that are

created in this process belong to €% (S) and have weight = 2w(c;,) = w(c, ).

o After y, ..., y, have been moved to the left, we obtain a word ¥;...y,w" with

the same image as w, and where w' is a word in commutators > ¢;;.
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e Apply the previous steps to w’, producing w” and continue until the process

terminates after at most #¢* (S) steps.

This proves the following weak version of M. Hall basis theorem [18, Theorem
11.2.3] (in Hall’s more sophisticated version, only the so called “basic” commuta-

tors are used and this results in a unique representation of any element of N(k,¢)).

Proposition 3.6.10. Any element g € N(k, () has a representation
g=ci'cy?..clty, v €.

Next we want to have some control over {z;, 1 < i < t}. Let’s start with a
simple binomial counting lemma adapted from [18, page 173] and [42]. We will use
the following notation. For any two commutators c; > ¢;, let C,,_1(4, j) be the sets
of all commutators ¢ € €* (5) such that there exist €, ..., ¢, € {—1,1} such that

¢ =[-[c0,¢i'], ..., ¢""] (as formal commutators in €(S)).

Lemma 3.6.11. Consider a word w in {c; : ¢; = ¢;}*". Let m = deg,, w, and let
{y1, s ym}, y; € { '}, be the left to right contribution of ¢; tow. For0 < q < m,

there is a word w, in {c; : ¢; = ¢;}' which starts with y;...y,, whose left to right

contribution of ¢ is y1, ..., Ym, and in which, for all cj = ¢,
deg, (wg) < deg, (w)+q Y deg,(w ( ) > deg,(w
ceC1(4,5) c€C2(i,5)
pot (1) 2 donle
c€Cy(i,5)

Further, if ¢ denotes the lowest commutator in w with ¢ > c¢; then contributions

of commutators ¢ with w(c) < w(c') + w(c;) remain unchanged in w,.

Remark 3.6.12. Note that, after we move all contributions of ¢; to w to the left,

we obtain a word w,, with same image as w of the form

W, = C

T
;W

/
m
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where © = deg (w), wl, is a word in [€%(S) N {¢ = ¢}|*', and in which the

contributions of commutators ¢ with w(c) < w(¢’) + w(¢;) remain the same than

n w.

Proof. The proof is by induction on ¢. It holds trivially for ¢ = 0. The induction
hypothesis gives us a word w,_; with

—1
deng (wq—l) < degcj( q - 1 Z degc (q ) Z degc

ceCi(i.j) ceCs(i,5)

Now, we move y, to the left as in the collecting process by successive commuta-
tions. To keep track of contribution of c¢;, notice that a new contribution of ¢;
is produced only if y, jumps over a commutator ¢*! such that [¢*! y,] = cjd.
Further, w([c*!,y,]) = w(c) + w(c) = w(d) + w(c;). Hence, ¢; must satisfies
w(c;) = w(d)+w(c;). Therefore we eventually get a word w, in [€*% (S)N{c = ¢;}]*!
with 7(w,) = m(w), in which the left to right contribution of ¢; is the same as in
w, which starts with y;...y,, and such that
deg,,(wg) < deg, (wy1)+ Y deg.(wy 1)
ceC1(4,5)

Using the induction hypothesis on w,_; and the fact that all brackets of length at
least ¢ 4+ 1 drop out,

S denop) = i(qgl) > dega(e)

ceC (i,5) c=ca€C2(1,5) p=0

IN
]~
PR
"R
[
_ =
ol
D
o}
S
£

147



Hence, we have

deng (wq) S degc wq 1 Z degc (.Uq 1

ceCs(i,7)

IA
(]~
()
/N
R
Q
S
[
N———
+
N
S
[
—
N———
N——
[}
m
N\
o
@
09
oL
£

Lemma 3.6.13. There exists a constant C' > 0 such that for any word w in
(€ (S) N {c = ¢;}F! with deg.w < F.(d) for all ¢ = ¢;, there exists a word W' in
[€5(S) N {c = ¢} in collected form:
t
= H ¢}’
j=i
such that 7(w') = m(w), x; = deg, w for those j such that w(c;) < 2w(c;) and

lz;| < Fe,(Cd) foralli < j <t

Proof. The proof is by backward induction on ¢. For i = ¢, the statement holds

trivially since commutators with ¢ > ¢, commute.

Suppose the assertion holds for i+ 1. Consider a word w on [€% (S)N{c = ¢;}]*!
as in the lemma. Let {yi,...,y,} be the contribution of ¢; to w, ¢ = deg, w. The
previous lemma yields w, = y1...y4w;, where w/ is a word in [€% (S) N {c = ciy1}]*!
From the hypothesis on the degrees of w,

¢
e, ) <32 (1) 3 @
p= c€Cp(i,5)
From definition of weight functions, if ¢ € Cy(i,j) then F.F? = F,..

Further,#Cy,(i,7) < t = #€(S) and ¢ = deg, w < F,(d). Therefore, we ob-
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tain

e, (w) < tF,(d) (Z (q)mdw)

¢"F. (d)p> < t(1 + 0)F.,(d).

~

=0

By assumption (3.1), there exists a constant C such that
t(1+0)F.(d) < F.(Cid)

for all c and d > 1. O

Lemma 3.6.13 with ¢ = 1 proves Theorem 3.6.6(i). Next we work on improving
Theorem 3.6.6(i) in the special case of the free nilpotent group N(k,¢). This
improvement will be instrumental in proving Theorem 3.6.6(ii). It is based on the

following important Lemma.

Lemma 3.6.14. For each j, N(k, ()} /N(k,€)7,, is a finitely generated free abelian

group.

Proof. The proof is by a backward induction on ¢. If £ = 1, N(k,1) is the free
abelian group on k generators and the desired result holds by inspection. Let
g € N(k,£)7 such that g & N(k,()},,. Let N, = N(k, (), be the center of N(k,/)
(i.e., the subgroup generated by commutators of length ¢). Assume first that
g € N(k,0)F, | N,. Since

N (k, )7 1 Ne/N(k, 0)7 1 = Ny /[N (k, €)7 1 NN,

and N(k,€)7, M Ny is generated by the basic commutators of weight w; and length
€, Ng/[N(k,0)F,; N Ny is torsion free. It thus follows that g is not torsion in

Nk, )" /N (k, 0)", .
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Now, consider the case when g & N(k,¢)7N,. Let ¢g' be the projection of g
in N(K,{)/N, = N(k,¢ —1). Clearly ¢’ € N(k,¢ —1)7 and ¢" & N(k, ¢ —1)7,

o

because the inverse image of N(k,¢ —1)¥ , under this projection is N(k, €)%, N;.
Further,

N(k, €)7 Ne/N(k, 0)F 1 Np =~ N(k, £ = 1)7 /N (k, £ = 1), ;.

By the induction hypothesis, ¢’ is not torsion in N(k,¢ — 1) /N(k, ¢ — 1)7,,. It

follows that g is not torsion in N(k,£)?/N(k, €)%, ;. O

Next, let (b;)] be a sequence of elements of €% () such that {b; : w(b;) = w;}

projects to a basis of N(k,£)?/N(k,()7,,. Let RY be the rank of this torsion free

!/

abelian group and set m/; = S RP so that 7 = m;

. Set also m; = max{i : w(¢;) =
w; }. Without loss of generality, we can assume that our ordering on €% (S) is such

that

m/. mi_1+RY
(bi)m{71+1 = (Cj)m;,iﬂj .

Lemma 3.6.15. Referring o the above setup and notation, there exists a constant
C > 0 such that for any word w in {c; : w(c;) = Wy ! with deg, w < F(d) for

all j, there is a word wy,

Wh = H bjj

J=mj,_,+1

such that m(wy) = 7m(w) and |z;| < CF,(Cd), mj,_; +1 <j <mj,.

Proof. The proof is by backward induction on h. When h = j,, N(k,£)? is abelian

and this is just linear algebra.

For a word w as in the lemma, Lemma 3.6.13 gives a word

=TI & |ul<F.(Ca

i>mp_1+1
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with the same image as w. Set
[1(h) = {mh,1 + 1, oo, Mp_q + Rf}, IQ(h) = {mh,1 + Rz —+ 1, e ,mh}

For i € Iy(h), ¢; has the same image than

with v; a word in {c, : w(c,) = Wy }*. Hence

ST (T e

jeli(h) i€lz2(h) \je€Ili(h) p>my,
has the same image than w. Applying Lemma 3.6.13 to this word w” gives
w;l _ H C;:J ZzEIth»Jx H cgp
jeli(h) p>my,

with the same image than «” and |z,| < [, (Cd) for p > my,. Further, since
F., ~F,; ~Fy, foric Ii(h),j € I2(h), we have
|l’j + Z zi,jxi| S Fc](Cd)
i€lz(h)

Applying the induction hypothesis to rewrite || CZ;* finishes the proof. n

p>my,
Theorem 3.6.16. Assume that the free nilpotent group N (k,{) is equipped with its
canonical generating k-tuple S = (s1,...,s,) and a weight system w and weight-
function system § such that (3.1)-(3.2) hold true. Let b;, 1 <i <7, be a sequence
of elements of C*(S) with w(b;) X w(biy1), 1 < i <7 —1 and such that, for each

g, {bi s w(b;) = w;} is a basis of the free abelian group N(k,()§/N(k, )7 . Then

(i) Any element g € N(k,{) can be expressed uniquely in the form

T

g:Hbfi, v, €Z,i€e{l,..., 7}

i=1
Further,

F'(lgllecs)s) = max {Fy " (Jz])}-

1<i<t
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(11) There exist an integer p and (i;)] € {1,...,k}? such that any g € N(k,?)
with ||gles)z < Fs(r), r >0, can be expressed in the form

p
g=[1s" with|y;| < Fi,(Cr), j€{1,....p}.
j=1

Remark 3.6.17. This result is a strong version of Theorem 3.2.10 in the special

case when G = N(k, ().

Proof of (i). The first assertion follows from Lemma 3.6.15. Uniqueness is clear

if one considers the projections of g onto the successive free abelian groups

N(kag)‘]n/N(kag)‘]n—&-l ]

The proof of the the second assertion requires some preparation. Given a com-
mutator ¢ with length m < ¢, let ¢ = 0;...0,, be the formal word on the alphabet
S obtained from ¢ by removing brackets and inverses. For a = (ay,...,a0) € Z*,
O(@, c) is defined as the expression we get by substituting in ¢ each o; by 0%, while

—1

keeping all the brackets and signs unchanged. For example, if ¢ = [[s;,, s;,'], s;,'],

and @ = (a1, as,as,0,...,0), we have

Lemma 3.6.18. For a commutator ¢ with length m < {, let 0 = o04...0,, be the
formal word associated with it. Suppose ai, ..., am € Z are such that |a;| < F, (d)
foralll1 < j<m,d>0. Set @ = (a1, ey A, 0, ..., 0) € Z° and consider the

element u € N(k,l) such that

Then u can be represented by a word w on {c; : w(c;) = w(c)} with deg, (w) <

F,.(Cd) for all c; with w(c;) = w(c).
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Proof. The proof is by induction on the length m of the commutator ¢. When

m = 1, the statement is trivial.

Suppose the statement is true for commutators of length < m — 1. Let ¢

be a commutator with length m, say ¢ = [f1, fo], where fi, fo are commu-

tators of length my, mo < m. Write @1 = (@1, ..y Ay, 0, ...,0) and dy =

(@myt1s o5 Qg tmas 0, ..., 0), then by definition
@(770) = [@(717f1)a@(72,f2)]'
By the induction hypothesis,
O(d 1, fi) = w fi" ™, (@, fo) = ug fy Tt

where u; can be represented by a word w; in commutators ¢, with w(c,) = w(f)
and deg, (w) < F, (Cd). Similarly, uy can be represented by a word wsy in com-

mutators ¢, with w(c,) = w(fz) and deg, (w) < Fe, (Cd).

Suppose w( f1) = Wy, , w(fa) = Wpy, and w([f1, f2]) = Wy. By the natural group
homomorphism

Niy /Niw1 @ Nigo [Ny, o1 = N [N

we have that

O(@1, £1),0( s, fo)] = [A7, fm 2 mod Ny,
= [fi, fo]*r e mod Ny

= "% mod Ny,,.
Therefore u = O(@, ¢)c € NP, 1, and since

U= [ulf{“'“akl ’ u2f2ak1+1“‘ak1+k2]C—al...ak7
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it can be represented by a word w such that deg. w < 5F,(Cd) for all i. Then by

Theorem 3.6.16(i), we have

with |z;| < F, (C"d). O

Lemma 3.6.19. For any h, there exist constants My > 0 and C}, > 0 such that,
for any c € € (S) with w(c) = wy, there a integer p = p(c) with 0 < p < My, and a
p-tuple (iy,...,i,) € {1,...,k}?, such that for any v € Z with |z| < F.(d), d > 0,

we have

¢ =ss2s;" with vy € Z, |ay| < F,(Cd),j=1,....p.

i1 “i2 ip

Proof. The proof is by backward induction on h. When h = j, and ¢ is a com-
mutator with w(c) = W+, let 0 = 0y...01, 0; € {51,...,5,} be the formal word

associated with ¢ (by forgetting brackets and inverses). Write

T = ag H |y (d)] +a H | Fo ()] + o 4 et [Fr, ()] + am
1<j<m 2<j<m
with a; € Z, |ag| < C and |a;| < F,,(d). Write

70 = (aﬂ |_FU1 (d)J ) I_FU2(d)J EREE) LFUm(d)J)a

73‘ — (17 sy 17 asj, LFUJ'H(d)J (AR} LFUm<d)J)7

j—1
then

¢ =0(dy,c)..0(dy, ) mod Nk, 0)F 1.
Since N(k, ()Y ,, = {e}, we actually have equality. Unraveling the brackets in

@(EZ, ¢) we get an expression in the powers of the generators satisfying the desired

conditions.
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Suppose the claim holds for h + 1. Given a commutator ¢ with w(c) = wy, let
again o1, . ..o, (m depends on ¢) be the formal word on the generators associated
with ¢. For z € Z, |z| < F.(d), decompose = as above and use Lemma 3.6.18 to

write

¢ =uy'O(d o, ). u O(d . )

where u; € N(k, (), can be represented by a word w; with deg, v; < F (Cd)

for all j. By Lemma 3.6.15, u; can also be represented in the form [[,.,,, b?”

with |y; ;| < Fy,(Cd). Applying the induction hypothesis to each terms of these
T1 T2

. . . T
products we can now write ¢* in the desired form ¢” = sj's;7...s;”. O

Proof of Assertion (ii) in Theorem 3.6.16. By Theorem 3.6.16(i), any g € N(k, ()
with ||g||s5 < Fg'(r), r > 0, as a unique representation of the form g = [[] b;j with
lz;| < F3,(Cr). Applying Lemma 3.6.19 with ¢ = b;,x = z; for each j = 1,...,7
produces a sequence ((i,,)] (independent of ¢g) and a sequence (z!,) € ZP (depending

on g) with |z;| < F, (Cr) for all n € {1,...,p} and such that

3.6.3 End of the proof of Theorem 3.2.10

In order to finish the proof of Theorem 3.2.10 for a general finitely generated
nilpotent group G, we simply need to improve upon Theorem 3.6.6(i). Namely,
Theorem 3.6.6(i) provide a decomposition of any element g with || f|le(s)5 < Fs(r)

in the form
t

g=]]er |zl < F.(Cr).
1
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Here (¢;)} is an enumeration of €% (S) so that w(¢;) < w(cit).

Now, let (b;)] be a collection of formal commutators with w(b;) < w(b;11). For
JE{L, ... 4.}, let
m; = max{i . w(b,) = U_)j}.
Clearly, w(b;) = w; if and only if m;_; +1 <4 < m;. Recall that R is the torsion
free rank of the abelian group G /GY, ;. We make two natural assumptions on the

sequence (b;):

(A1) For each j, {b} : m;_1 <i < m;} generates G modulo G¥, .

(A2) For each j, {b] : mj_1 <i<mj1+ R} is free in G} /GY, ;.

Note that, since R} is the torsion free rank of G7 /G, ,, (A2) implies that (the
image of) {b} : m;_1 < i < mj_; + R}} generates a subgroup of finite index in

GY/GTy .

Lemma 3.6.20. Referring to the notion introduce above, assume that (b;)] satisfies
(A1). Then there exists C € (0,00) such that, for any h = 1,...,j., any g € G
that can be written in the form

g= [ e lul<F.()

sw(c;)=wp,

can also be written in the from

g= I . lul<F(Cr).

2w (b ) =wp,

Proof. The proof is by backward induction on h and is similar to the proof of

Lemma 3.6.15. The details are omitted. OJ
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Proposition 3.6.21. Assume that, for each j, the image of
{bl S +1 < 1 < mj—1 + RJ}

in GY /GY, generates a subgroup of finite inder in G /GY . Then there exists a
constant C' > 0 such that for any word w in {b; : w(b;) = w,}*" with deg, w <

F,, () for all i, there is a word W' of the form

i

T

W = H b

Z':mh,1+1

with

] < F,(Cr) form;_1+1<i<m;_4+ RY

Ti| >
C formj,l—i-R?—i-lgigmj

for g €{h,..., 5} and such that 7(w') = 7(w).

Proof. The proof is by backward induction on h. When h = j,,G7 is abelian and

the desired result holds.

In general, let w as in the proposition. By an application of Lemmas 3.6.13-
3.6.20, we obtain a word w; = H§‘=mh71+l by with |z;] < F, (Cr) for all j >

mp—1 + 1 and such that 7(w) = m(wy).

By hypothesis, the images of the commutators bj, m,—1 +1 < j <my_1 + Ry,
generates a subgroup of finite index in G} /GY ;. Let NN}, denote the index. Then

for mp_1 + Ry +1 < j < 'my, there exists agj), cey ag% € 7 such that

) ()
agj) apw

Nn K ro
b;" = bmh71+1“'bmh_1+R‘,‘; mod G} 4,

that is
() a'%y,

N
m(b;") = ﬂ(bfgh_ﬁl...bmhh_lJervj),
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where v; is a word in {¢; : w(c) = Wp41}*. In
W = H b;ﬁj,
Jj=mp_1+1
for each j € {mp_1+ R +1,...,my}, write z; = z; N, +y; with 0 < y; < N}, and
replace b;vh by the word

(4)

() a

—p b Ry
w] —_— mh—1+1“. mh—l"rR‘;/Uj‘
This produce a new word
mh,1+RE mp, t
r_ zj 2 z;
d- 10w T w110
j=mp—1+1 j=mp_1+1+RpY Jj=mp+1

satisfying 7(w}) = m(wy). For mp_1 +1 < j <myp_1 + Ry,

deg, wi < |ay| + > @l |l

mp_1+RY+1<i<my,

By hypothesis, degbj w < Fy, (Cd) < F(Cyd) for all my_; +1 < j < my, and
max{|a® | :mu_1 + R +1<i<my,1<n< R} =C) < oo
Hence, for my_1 +1 < j < mj_1 + R}, we obtain
deg, wy < Ci(my, —my_1)Fy(Cd) < Fp(Cad).

For mp—1 + R +1 < j < my, deg,, w < Nj,. Finally, for any c € {¢; : 1 <i <t}
with w(c) = wp,, we have F. = Fj, and

degc wi S degc wy + Z |Zk‘| degc VU

mp_1+RY+1<k<my,

< F.(Csd).

Applying Lemmas 3.6.13-3.6.20 to w}, we obtain a word w’ with 7(w) = m(w’) and

v
mh—1+Rh mp

o= 1w I wlw

Jj=mp_1+1 j=mp_1+1+R} J>mp
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where |7;| < Fi,(Cid) for mp_1 +1 < j < my_1 + RY; 0 < y; < N, for my_1 +
R 41 < j <my, and |z;| < F,,(C)d) for all j > my,. Now, apply the induction

t
hypothesis to ] b?" , to obtain the desired conclusion. ]

Jj=mp+1
We end with the following simple improvement of the last statement in Theorem
3.2.10. The proof is a simple combination of the previous proposition together with

Lemma 3.6.19.

Theorem 3.6.22. Let GG be a nilpotent group equipped with a generating k-tuple
S =(s1,...,8). Letro, §F be weight and weight-function systems on S satisfying
(3.1)-(3.2). Let ¥ = (c1,...,¢) be a tuple of formal commutators in €(S) with

non-decreasing weights w(cy) = --- 2 w(c). Let my, j=0,...,j. be defined by
{ci:w(e;) =w;} ={c; :mj_1 <i<my}.

Assume that (the image of ) {c; : w(c;) = w;} generates G modulo GY,, and that

{ci:mj_y <i<mj_1+ R‘f} is free in G?/G;?+1‘

There exist an integer p = p(G, S,§), a constant C' = C(G, S,§) and a sequence
(i1,...,1p) € {1,...,k}? such that if g can be expressed as a word w over €(S) with
deg,(w) < F.(r) for some r > 1 and all ¢ € €(S) then g can be expressed in the

form

L F; (r) if s;, € core(S, 10,3
g=]s" with |z;| < C ) sy ( )
j=1 1 if si; ¢ core(S,,3).
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CHAPTER 4
ON SOME RANDOM WALKS DRIVEN BY SPREAD-OUT
MEASURES

4.1 Introduction

This chapter is concerned with random walks on groups, mostly nilpotent groups
and groups of polynomial volume growth, associated with various type of spread-
out probability measures. Here, spread-out is used to convey the idea that these

measures do not have finite support.

Definition 4.1.1. We say that || - || : G — [0, 00) is a norm on G if ||g|| = 0 if and
only if g = e and, for all g,h € G, ||gh| < ||g|l + [|h]]. Given a norm || - ||, we say

that V(r) = #{g € G : ||g|]| < r} is the associated volume function.

The key notions studied here are the following.

Definition 4.1.2. Let p be a symmetric probability measure on a group G. Let
| - || be a norm with volume function V. Let r : (0,00) — (0,00), t > 7r(t), be an
non-decreasing function. Let (X)) denote the random walk on G driven by .

We say that p is (|| - ||, 7)-controlled if the following properties are satisfied:

1. For all n, u®(e) ~ V(r(n))~

2. For all € > 0 there exists v € (0,00) such that

P, ( sup {11} > W(n)) <e

0<k<n
Definition 4.1.3. Let u be a symmetric probability measure on a group G. Let

| - || be a norm with volume function V. Let r : (0,00) — (0,00), t +— 7(t), be
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an non-decreasing function with inverse p. Let (X,,)° denote the random walk
on G driven by p. We say that u is strongly (]| - ||, 7)-controlled if the following

properties are satisfied:

1. There exists C' € (0,00) and, for any x > 0, there exists ¢(x) > 0 such that,

for all n > 1 and g with ||g|| < kr(n),

c(R)V(r(n))) " < p®(g) < OV (r(n)) .

2. There exists €,71,72 € (0,00), 72 > 1, such that, for all n,7 such that

50(T/m) <n < p(t/m)

inf {Px ( sup {[IXell} < o X < )} Se ()

zif|z|| <7 0<k<n

Strong control implies the following useful estimate.

Proposition 4.1.4. Assume that r is continuous increasing with inverse p and
that the symmetric probability measure  is strongly (|| - ||, r)-controlled. Then, for

any n and T such that y1r(2n) > 7, we have

inf {Px ( sup {|| Xkl < 7o [|[ Xa] < 7')} > elt2n/e(r/m), (4.2)

z:|z||<T 0<k<n

Proof. By induction on ¢ > 1 such that 1 <2n/p(7/v1) < (£+ 1), we are going to

prove that

inf {Px ( sup {| Xl < vor; [|[Xa| < T)} > et
0<k<n

||| <7

This easily yields the desired result. For ¢ = 1, the inequality follows from the
strong control assumption. Assume the property holds for some ¢ > 1. Let n, T be

such that (¢4+1) < 2n/p(7/71) < ({+2). Choose n' such that n—n' = [p(7/71)/2]

161



and note that 2n’ € [1, (¢ + 1)p(7/71)). Write Z,, = supy<,{[|Xx||} and, for any =

such that ||z]| < T,

P, (Z, <1 [| X, < 7)

> P, (Zn’ < T [ Xwll <75 sup {[[ Xk} < v | Xl < T)

n'<k<n

= Ex (l{Zn/S'yg‘r;HXn/||§T}PXn/ (Zn—n’ < 72T, ”Xn—n’” < 7_))

v

P, (Zn’ < YaT; HXn’H < T) > et

This gives the desired property for ¢ + 1. ]

Let the group G be equipped with a generating k-tuple
S =(s1,...,5k)

and the associated finite symmetric set of generators S = {s{*,...,si'}. Let |g]|
be the associated word length, that is, the minimal k such that g = u; ... u; with
u; € S, 1 <i < k. By definition, the identity element e has length 0. Hence, | - |

is a norm and (z,y) — |z~ y| is a left-invariant distance function on G. Let

Vs(r) = #{G : |g] <r}

be the volume of the ball of radius r. We say that G has polynomial volume

D in the sense

growth of degree D if there exists an integer D such that Vg(r) ~r
that the ratio Vg(r)/r” is bounded away from 0 and oo for » > 1. Finitely
generated nilpotent groups have polynomial volume growth and, by Gromov’s

theorem, any finitely generated group with polynomial volume growth contains

a nilpotent subgroup of finite index.

Example 4.1.1. Let G be equipped with a word-length function | - | associated

with a symmetric finite generating subset. Assume that G has polynomial volume
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growth. The main results of [20] imply that, for any symmetric probability measure
p with finite generating support, p is strongly (| - |,¢ — +/t)-controlled. The
main results of [2,27] show that, if vg is symmetric and satisfies v5(g) ~ [(1 +
1912V (lg])]~* with 8 € (0,2), then vg is strongly (| - |,¢ + t/%)-controlled. See

also [5,27].

We prove a number of complementary results including the following theorem.

Theorem 4.1.5. Let G be equipped with a word-length function | - | associated
with a symmetric finite generating subset. Let V' be the associated volume function
and assume that G has polynomial volume growth. Let ¢ : [0,00) — [1,00) be

a continuous reqularly varying function of positive index. Let r be the inverse

o, [1tdt
tr—>t//0 m

Let vy be a symmetric probability measure such that

function of

o) =
= S0V (al)

Then vy is strongly (| - |, r)-controlled.

Example 4.1.2. Assume that ¢(t) = (1 + ¢)?4(t) with ¢ positive continuous and
slowly varying. The scaling function r of Theorem 4.1.5 can be described more

explicitly as follows.

o If 3>2 r(t) ~tY2

e If 3 < 2, we have t?/ fot % ~ ¢, ¢(t) and 7 is essentially the inverse of ¢,
namely,
1
r(t) ~ tl/ﬁﬁ#/ﬂ(tﬁ)
where (4 is the de Bruijn conjugate of £. See [6, Prop. 1.5.15]. For instance,

if ¢ has the property that £(t*) >~ £(t) for all @ > 0 then (4 ~ 1/¢.
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e The case 8 = 2 is more subtle. The function ¢ : t — fot 1t s slowly varying

b(t)

and satisfies ¥(t) > 2. For instance, if £ = 1, we have ¥(t) ~ logt and

10
r(t) ~ (tlogt)'/2. When ((t) = (logt)” with v € R then

— 1y > 1, () ~ 1 and r(t) ~ /%
— iy =1,9(t) ~loglogt and r(t) ~ (tloglogt)'/?

— Ify < 1, 9(t) ~ (logt)' =7 and r(t) ~ (t(logt)'=)/2;

In case g = 2, the result of Theorem 4.1.5 is quite subtle and difficult. The

proof makes essential use of some of the results from [35] which are related to

variations on the following class of examples. Next, recall that G is equipped

with the generating k-tuple S = (sq,...,s). For any k-tuple a = (ay, .

..,Ozk> S

(0,00)*, and consider the probability measure pg, supported on the powers of the

generators sq, ..., s, and defined by

ps.a(g) = %21: Z Wlsr@)-

mEZ

Set
a; = min{a;, 2} and @, = max{a;,1 <i < k}.
Define
llglls,c = min {T tg= HSZ reg==£1, #{j:i; =i} < ra*/a’} :
j=1

Note that g — ||g]ls.. : G — [0,00) is a norm. Consider also the measure

c(G,a,p)
1+ HQHS,a)'BVS,a(Hg“S,a)

VS.a,8 (g) = (

with 3 € (0,2).

164

(4.4)

(4.5)



Under the key assumption that G is nilpotent and {s; : a; € (0,2)} generates a
subgroup of finite index in G, it is proved in Chapter 3 that there exists a positive

real Dg, such that

Qsa(r) = #{l|gllsa < 71/} 2 1P
and
,ugn)(e) < Csﬂnst,a’ qutl(l),ﬁ(e) < Csja’ﬁnfa*D(S,a)/B.
Here we prove the following complementary result.
Theorem 4.1.6. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple S = (s1,..., k). Referring to the notation introduced above, fix

a € (0,00)% and assume that {s; : o; € (0,2)} generates a subgroup of finite index

mn G.

o The probability measure pus,q is strongly (|| - || s.q, t = t¥/*)-controlled.
e For any B € (0,2), vsap is strongly (|| - |s.q,t + t/7)-controlled.
Remark 4.1.7. In Chapter 3, a detailed analysis of the sub-additive function || - ||s,

and the associated geometry is given. This analysis is key to the above result and

to its proper understanding. For instance, it is important to understand that the

parameter c, is not necessarily a key parameter. It is the quantity || - ||, that
is the key expression. Indeed, for any given nilpotent group G, in Chapter 3, we

described conditions on two pairs of tuples (5, a), (5, d’),

S=(s)f € G* a= () €(0,00)%, 8 = (si)’fl eGF.d = (o/)lfl € (0, oo)k/,

7

such that | - |

oo~ ||§ﬁ o Since the geometry ||gl/s,, is studied and described
rather explicitly in Chapter 3, the above results give rather concrete controls of

the random walks driven with g, or vg,s.
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With more work, it is possible to prove sharper results concerning vg, 3. Indeed,
based on the results of Chapter 3, the method developed in [27] shows that, for all

geGandn>1,

) (g) ~ n ~ min 1 "
B R T e U PR

The measures pg, are good examples of measure for which no matching two-

sided global bounds are known.

4.2 Davies method, tightness and control

4.2.1 Davies method for the truncated process

In this section, we review how Davies’ method applies to the continuous time
process associated with truncated jumping kernels. We follow [26, Section 5] rather
closely even so our setup is somewhat different. The first paper treating jump

kernels by Davies method is [7].

Throughout this section G is a discrete group equipped with its counting mea-
sure. Fix a norm g +— ||g|| with volume function V and set d(z,y) = ||z y||. Note
that d is a distance function on G. Consider the left-invariant symmetric jumping

kernel
J(z,y) = v(z"ly)

associated to a given symmetric probability measure v on G. For R > 0, define

op= Y wv(z)and G(R)= > ||’ v(x), (4.1)

ll=[|>F l=zl<R
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and

JR<x7y) = J('ra y>1{d(w,y)§R}7 J]/?L(xv y) = J(.CL’, y)l{d($,y)>R}-

Denote by p(t,z,y) and pr(t,z,y) the transition densities of the continuous

time processes associated to J and Jg, respectively. In particular,

o
_ " o,
btz =3 oty

0
Let

£ 1) = 5 S U@) — F)*(ew), €7D = £ Y1) — F(w)) ()

T,y T,y

be the corresponding Dirichlet forms and note that

SN e ) = 5 X 1f@) — W) T)
z,y:d(z,y)>R
< DY (@ W y) <20 f15 0k
z,y:d(z,y)>R

Consider the on-diagonal upper bound given by
VeeG, t>0, p(t,z,z) < m(t), (4.2)

where m is continuous regularly varying function of index —D at infinity and
m(0) < oo. Since the function t — m(t) may present a slowly varying factor, we

follow [26]. The starting point is the log-Sobolev inequality

Y fPlog f < €e€nl(f, f)+ (2e8m +logm(e)) | fI5 + 1 £13 1og |1 £l (4.3)

with e > 0 which follows from (4.2) by [10, Theorem 2.2.3]. The following technical

proposition is the key to most of the results obtained in later sections.

Proposition 4.2.1. Assume that the on-diagonal upper bound (4.2) holds with m
reqularly varying of negative index. Then there is a constant C' such that, for all

R,t >0 and x € G we have

. NS
pr(t,e,x) < Ce™r'mf(t) (m) )
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Proof. Tt suffices to consider the case t < R?/G(R). Starting with (4.3), we apply

Davies method, as described in [26, Section 5.1] to estimate pg(t, e, x). Let
Ar(¥) = max {[e*'Tr(e”, "), e Tr(e™, ™)l |
with
Z (@) = )P Tr(z,y).
then by [26, Corollary 5.3],
pr(t,z,y) < Cm(t) exp (46rt + T2AR(V)*t — ¥ (y) + ¥(z)) .

Consider the case z = zp and y = e. For A > 0, set ¢(z) = A(J|zo|| — [|2]])T and

write

e WET (¥ e¥)(2) = Z( YO 1) Jp(z,)
QARZ JR(z y)

< A%?AR > lylPdv < R2ePG(R).

lyll<r

IN

Since 1(e) = A |zo||, we obtain
pr(t,e,z0) < Cm(t) exp (405t + 2R > G(R) — A ||zo]|) -

Since t < R?/G(R), we can set

~ 3R °1G(R)

so that the second term 72tR2e**2G(R) is a constant, then we obtain the upper

bound as stated. O

4.2.2 Control

In this section, we combine the off-diagonal upper bound in Proposition 4.2.1 with

Meyer’s construction to derive control type results for the process with jumping
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kernel J. Our goal is to show that there is a certain choice of continuous increasing

function r(t), for any € > 0, there exists constant v > 1 such that

P, (Sup | Xs]| > fyr(t)) <e.
s<t

Let X[ denote the process with truncated kernel Jz. Meyer’s construction is a
useful technique to construct process X, by adding big jumps to XE. See, e.g., [25]

and [2, Lemma 3.1]. It follows from the construction that
P.(X, # X[ for some s < t) < tdg.
For any » > 0, v > 1, both to be specified later, we have
P (sup 1. > 7v)
s<t
< P, (sup HXfH > vr) + P, (Xs =+ Xf for some s < t)
s<t

< P, (supuxfu > ’yr) + o
s<t
< 2sup {P. (X5 = 2r) } + ton (4.4)
s<t
This will be helpful in deriving the following result.

Proposition 4.2.2. Assume that for all p > 0, V(2p) < CypV(p). Assume also
that v is such that (4.2) holds where m is reqularly varying of negative index. For
e >0, fix a function R(t) such that

t
2t0rt) < € and 7 <et

(1)*/G(R(1))

Let r(t) > R(t) be a positive continuous increasing function such that

sup {m(t)V(r(t))e’T(tWR(t)} < 00.
>0

Then, for any € > 0 there exists a constant v > 1 such that

a(wmwmzwﬁ0<s

s<t
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In particular, we have
1—¢

Viyr(t))

p(t,e e) >

and the measure v is (|| - ||, )-controlled.

Proof. Proposition 4.2.1 implies that for s < t,

o\ lalsr
pr(s,e,x) < Cm(s) (m)

s llzll/3R lzll/3R
- o0 (m)

Fix R = R(t), r = r(t) > R, decompose {z : ||z|| > Ir} into dyadic annuli
{z :||z|| = 2yr} and write

o0

P (102 ) = eSne ()

=0

= Cm(t)V () f: mls) (f)ziwg e~2 /3R (—VV(?VZ‘;)> |

21'—17/3 i )
=2 17r/3RV(2z7r(t))

Let Cyp denotes the volume doubling constant of (G, d), then

V(2'yr)

Vi) < CHEV, e

< Cip.

Recall that m(t) is a regularly varying function with negative index. Hence, for v

large enough, we have

M= sup {m(é‘) <§>2“v/3} e

0<s<ticN

Therefore
Pyr -r - _ ot i
Pe (HX;%H Z 7) S Olm(t)V(T)@ /6R;6 2 W/IQOVD
By assumption, r = r(t) and R = R(t) satisfy

sup {m(t)V(r(t))e’r(t)/SR(t)} < 00.
>0
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It follows that for ~ sufficiently large, we have

v 5

P, < XE > Lt ) -

XS = 5r0) <5

Plugging this estimate into (4.4), we obtain P (|| X,|| > yr(t)) < e. O

Corollary 4.2.3. Under the hypotheses of Proposition 4.2.2, for any € > 0 there

exists v > 0 such that

P, (sup 1] < 2 (0), |1 < w<t>) >1-e
s<t

Proof. Write
P (sup 1] < 2070, 1] < 20(0))
— P, (X < yr(t) — P. <sgg 1X.0 > 2y (0), |1 < w(t))

> 1-2P. (sup | Xs|| > 'yr(t)) .
s<t

Note that we have used the fact that, because of space homogeneity (i.e., group

invariance), X; cannot escape to infinity in finite time. n

Remark 4.2.4. The conclusions of Proposition 4.2.2 and Corollary 4.2.3 apply to
the associated discrete time random walk. To see this, fix a regularly varying
function m and note that (up to changing m to c¢m for some constant c), (4.2) is
equivalent to v (e) < m(n). Further, it is easy to control the difference between
P.(||X¢|| > r) and P.(||X,|| > r) with n = [t]| as long as n is large enough. Tt

follows that the proof above applies the discrete random walk result as well.

4.2.3 Pseudo-Poincaré inequality

With some work, the result of the previous section can be extended to the more

general context of graphs and discrete spaces. The results of this section make a
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more significant use of the group structure.

Definition 4.2.5. Let GG be a discrete group equipped with a symmetric proba-
bility measure v, a sub-additive function || - || and a positive continuous increasing
function r with inverse p. We say that v satisfies a point-wise (]| - ||, 7)-pseudo-
Poincaré inequality if, for any f with finite support on G,

VgeG, Y |f(zg)— f@)]> < ColllgE(f, f) (4.5)

zeG

Theorem 4.2.6. Assume that (G, | - ||) is such that V is doubling. Let v be a
symmetric probability measure such that v(e) > 0. Assume that r is a positive

doubling continuous increasing function such that
v (e) ~ V(r(n))"L.

Assume further that v satisfies the (|||, r)-pseudo-Poincaré inequality. Then there

exists n > 0 such that for all n and g with ||g|| < nr(n) we have

v (g) = V(r(n))

Proof. The hypothesis (4.5) and the argument of [20, Theorem 4.2] gives

1/2
’V(Q +N)(:L’) i V(2 +N)(€)| < C( (QVH)) U(2 )<€>.

Fix x and n such that p(||z]|) < nn and use the above inequality with N = 2n to
obtain

U4 (z) > (1- (20’7})1/2) v (e).
Hence, we can choose 1 > 0 such that
U () > e (e).

Since v(e) > 0, this also holds for 4n + ¢, i = 1,2,3, at the cost of changing the

value of the positive constant c. O
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4.2.4 Strong control

Definition 4.2.7. We say that || - || is well-connected if there exists b € (0, c0)
such that, for any z € G there exists (7o) € G with ||z;]| < 7, ||z; 'z < b,

ro=¢cand zy = .

Lemma 4.2.8. Assume that || - || is well-connected and V' is doubling. Then for
any fized € > 0 there exists M, such that for any r > 8b/e and any ||z| < r we can

find (2}, 20 = e, zar = x, M < M., such that ||z, *zi 1| < er.

Proof. Let {y; : 1 < i < M'} be a maximal er/4-separated set of points in
B(e,2r) = {||gll < 2r}. The ball B; = {y;,er/9} are disjoints and have volume
V(er/9) comparable to V(2r). Hence M’ < M! for some finite M! independent of
r. The union of the balls B = {y;, er/4) covers B(2r) (otherwise, {y; : 1 <i < M’}
would not be maximal). In particular, these balls cover the sequence (z;) and we

can extract a sequence B = B}, 1 <i < N < M/, such that B} > e, By 3 x and
inf{[[h gl : h € B .g € Bi;,} <.

Set vp = e, x; = y;,, 1 <i <N, xy41 = 2. Then ||m2_1xz|| < 2er/4+0b < er as

desired. O

Proposition 4.2.9. Assume that the norm || - || is such that V' is doubling and
||| is well-connected. Let r be an positive continuous increasing doubling function.
Let v be a symmetric probability measure that is (|| - ||, 7)-controlled and satisfies
v(e) > 0 and a point-wise (|| - ||, r)-pseudo-Poincaré inequality. Then v is also

strongly (|| - ||, r)-controlled.

Proof. First, we show that for any x > 0 there exists ¢, > 0 such that ||z|| < kr(n)
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implies
v (z) > eV (r(n))

By Theorem 4.2.6, there exists  such that v (z) > ¢,V (r(n))~" for all ||z| <
nr(n). By Lemma 4.2.8, for any fixed s there exists M, such that for any ||z| <
kr(n) we can find (2;)}, 2o = e, 2y = 7, M < M, such that ||z, 'z 1| < nr(n)/4.

Write B; = {||z; 'g|| < nr(n)/4} and
yM () > > ) vy ) - () )
> "V (r(n) [NV (r(n) M = 4V (r(n)

Since v(e) > 0, this shows that ||z| < kr(n) implies v™(z) > eV (r(n))™! as
stated. In particular, for any fixed k, there exists € > 0 such that for any x, n with
kr(n) <7 and ||z|| < T,

P.(|Xu] <7) > e

Now, fix 71 € (1,00). Let €y > 0 be such that, for any =z, n, 7 with
[z <7 < mr(2n),
we have P, (|| X,|| < 7) > €. Let v > 1 be given by Definition 4.1.2 so that
P, (s} = 7r(n)) = o2

Set v = v/7 + 1 and, for any x,n, 7 with ||z|| < 7 and %p(T/%) <n<p(rt/m),

write
P (sup{IXel} < ar. ] < 7)
— Pl < 7) — P (sup 0] 2 e ol <7 )
> ¢ — P (21;12 | Xkl > W/’yl) > €9/2.
This proves that v is strongly (|| - ||, r)-controlled. O
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As a simple illustration of these techniques, consider the case of of an arbitrary
symmetric measure v with generating support and finite second moment (with
respect to the word-length | - |) on a group with polynomial volume growth of
degree D(G). It follows from [30] that v (e) ~ n=P(@)/2 and satisfies a point-wise

classical pseudo-Poincaré inequality. Proposition 4.2.9 yields the following result.

Theorem 4.2.10. Let G be a finitely generated group with polynomial volume
growth with word-length | - |. Assume that v is symmetric, satisfies u(e) > 0, has
generating support and satisfies > |g|?v(g) < co. Then v is strongly (||, — t'/?)-

controlled.

4.3 Measures supported on powers of generators

4.3.1 The measure [g,

In this subsection we consider the special case when G is a nilpotent group equipped

with a generating k-tuple S = (sq,. .., sx) and

J(x,y) = psa(z™'y), a=(a1,...,04) € (0,00)" (4.1)

with ug, degiven by (4.4). Our aim is to prove Theorem 4.1.6 stated in the
introduction. The study of the random walks driven by this class of measure is a
continuation of our work in Chapter 3 and we will refer to and use some of the

main results there.

Following Definiton 3.1.3, let to be the power weight system on the formal com-
mutators on the alphabet S associated with setting w; = 1/q;, @; = min{ay, 2}.

Namely, The weight of any commutator ¢ using the sequence of letters (s;,, ..., ;)
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from S (or their formal inverse) is w(c) = 3" w;,. Recall that in Chapter 3, we

proved the following result.

Theorem 4.3.1 (Theorem 3.1.8, Theorem 3.2.18). Referring to the above setting
and notation, assume that the subgroup of G generated by {s; : a; < 2} is of finite
index. Then there exists a real Dg, = D(S,w) such that

Qs.a(r) o~ rPsa, ,ugg(e) ~ pPse
The real Dg, = D(S,w) is given by Definition 3.1.7 . Further, there exists a
k-tuple b = (B1, -+, Br) € (0,2)% such that B; = a; is a; < 2, D(S,a) = D(S,b),
and

Ak s

VgeG lglE, ~lglles.

In addition, jis, satisfies a point-wise (|- ||s,q,t > tY/%)-pseudo-Poincaré inequal-

1ty.

The volume estimate Qg,(r) =~ Qsu(r) =~ rPse shows, in particular, that
(G, |- ]|s») has the volume doubling property. The upper bound ugfi(e) < CnPsa

implies that the continuous time process with jump kernel J defined above satisfies

Vt>0,x€G, pt,z,r) <m(t) =Ct Pse

Note that || - || is clearly well-connected (Definition 4.2.7). In order to apply
Propositions 4.2.2 and 4.2.9 to the present case and prove Theorem 4.1.6, it clearly

suffices to prove the following lemma which provides estimates for dz and G(R).

Lemma 4.3.2. Referring to the setting and hypotheses of Theorem 4.3.1, for J
gwen by (4.1), let || - || = || - llsp; D = Dsp = Dg.q, we have
V(r) = #{geG:|gll <r}=rP,
53 >~ R_’B*,

G(R) ~ R*F.
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Proof. The volume estimate follows immediately from Theorem 4.3.1. Let v be
the power weight system associated with b (in particular, v; = 1/8; > 1/2). By

Proposition 3.2.172.17, for each ¢ there exists 0 < 8! < ; < f, < 2 such that

7'l = |n|™
In the notation of Chapter 2, 8; = Uj,(s,)-

We have

5R - Z ,US,a Z Z 1+ |TL| 1+on

Jall >R =1 | "||>R

k

> Rﬂ*/ﬁ’

12

The last estimate use that fact that there must be some ¢ € {1,...,k} such that

= 3/ and that, always, o; > (3.

Similarly, since «; > (! and S, < 2, we have 2/!/5, — «; > 0. This yields

k n2
GR) = > |z’ psalx) =) Y %
lell<R i=1 ||sp][<R
’ k
K;Z|n|2ﬁl/ﬁ* 2*6*&1’/5{ 2*/8*
= Z Z (1+’n’)1+ai _;R ‘=R ’

L o<n<RP*/5

4.3.2 Some regular variation variants of g,

Consider the class of measure p of the form

k
1 ~ kili(In])
Ezz 1+ |n| 1+az (42)

1 mezZ
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where each ¢; is a positive slowly varying function satisfying ¢;(t*) ~ £;(t) for all
b> 0 and «o; € (0,2). For each i, let F; be the inverse function of r — 7% /{;(r).
Note that Fj is regularly varying of order 1/a; and that Fy(r) ~ [rf;(r)]*/%, r > 1,
1=1,..., k. We make the fundamental assumption that the functions F; have the
property that for any 1 < i,j < k, either F;(r) < CFj(r) of F;(r) < CF(r). For
instance, this is clearly the case if all o; are distinct. Set a = (ay, ..., ax) € (0,2)*
and consider also the power weight system v generated by v; = 1/a;, 1 < i <k,

as in Definition 3.1.3. Fix ag € (0,2) such that
ap > max{a; : 1 <i <k}

and og/a; ¢ N, i = 1,... k. Observe that there are convex functions K; > 0,

i=0,...,k, such that K;(0) =0 and
Vr > 1, Fi(r*) ~ K;(r). (4.3)

Indeed, r +— F;(r®) is regularly varying of index ag/a; with 1 < ap/a; &€ N.
By [6, Theorems 1.8.2-1.8.3] there are smooth positive convex functions K; such
that K;(r) ~ Fj(re). If K;(0) > 0, it is easy to construct a convex function
K; : [0,00) — [0,00) such that K; ~ K; on [1,00) and K;(0) = 0. Let use £ to

denote the collection (K;)].

Now, set
Il = llgllx = min {7’ g=11s7 es=%1 #{j:i;=i} < Kz’(ﬂ} :
j=1
Because of the convexity property of the Kj, || - || is a norm. Note also that it is

well-connected. The following theorem is proved in Chapter 3.

Theorem 4.3.3. Referring to the above notation and hypothesis, there exists a
real D = Dg, = D(S,v) and a positive slowly varying function L (explicitly given
in [35, Theorem 5.15] and which satisfies L(t*) ~ L(t) for all a > 0) such that:
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Forallr > 1, V(r)=#{g: |lg|| <r} ~r>PL(r)

For a each 1 <1 < k, there exists a reqularly varying function E such that

[s2]|0 < CEY(n) where F; > F, and with equality for some 1 <i <.

For allmn > 1, u®(e) < C(nPL(n))~".

o The measure pi satisfies a point-wise (|| - ||,t + t'/20)-pseudo-Poincaré in-

equality.

Here, we prove the following result.

Theorem 4.3.4. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (s1,...,sk). Assume that p is a probability measure on G of the
form (4.2). Let {;, F;, L, D = Dg,, ag € (0,2) and || - || be as described above.

Then  is strongly (|| - ||, t — t/20)-controlled.

Proof. 1t suffices to estimate the quantities dg and G(R) in the present context.

For dr, we have

k
Op ~ 21: Z = 7 Rao) ~ R™@0,

k R2
S S S
T F Yo Rao)

4.3.3 The critical case when o, =2, 1 <i <k

When a =2 = (2,...,2), that is, a; = 2 for all 1 <i <k, we work with the usual

word-length function |g| associated with the generating set S = {slﬂ, ceey sfl}. In
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this case, V(r) = #{g : |g| < r} ~ rP& where D(G) is the classical degree of
polynomial growth for the nilpotent group G. It is proved in Theorem 3.4.8 that
,ugg(e) < C(nlogn)~P/? and that ugo satisfies a point-wise (| - |, +— (tlogt)'/?)-
pseudo-Poincaré inequality. Further, |s?| ~ |n|'/% with 8; > 1 and 3; = 1 for some

1. From this it easily follows that
Sp~ R G(R)~logR.
Applying Proposition 4.2.9 with r(¢) = (tlogt)'/? yields the following theorem.

Theorem 4.3.5. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (s1,...,sx). Let D(G) be the volume growth degree of G. Then

ps.2 s strongly (| - |,t + (tlogt)/?)-controlled.

4.4 Norm-radial measures

In this section we assume that G is a finitely generated group with polynomial
volume growth of degree D(G) and we consider norm-radial symmetric probability

measures and kernels of the form

1
(L + NV (lll)’

where a € (0,2], [|-]] is a norm on G and V(r) = #{g : ||g]| < r}.

J(z,y) ~ vo(z71y), (4.1)

Vo () =~

The case when « € (0,2) and V(r) =~ r¢ for some d is treated in [2,27] where
global matching upper and lower bounds are obtained. We note that [2] is set
in a more general context where the group structure play no role. Here we are
primarily interested in the case o = 2 as well as in the case when V() is given by

a regularly varying function.
We start with the following easy observation.
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Lemma 4.4.1. Referring the situation described above, assume that V satisfies

V(2r) < CpyV(r) for allr > 0. Then égp ~ R~ and
R* ifa€(0,2)

G(R) ~
logR ifa=2.

Proof. This follows by inspection. m

The next lemma follows by application of Proposition 4.2.2. However, in this

lemma, we make a key hypothesis on Vc(yn)(e).

Lemma 4.4.2. Set 1,(t) = tY/* if a € (0,2), mo(t) = (tlogt)'/%. Referring the

situation described above, assume that V' is reqularly varying of positive index and

V(&) < CV (ra(n))

07

Then vy, is (|| - ||, ra)-controlled.

The next two theorems provide key examples when the hypothesis regarding

v, can indeed be verified.

Theorem 4.4.3. Referring the situation described above, assume that V' is requ-

larly varying of positive index and o € (0,2). Then

v (e) ~ V(nt/*)

«

and vy is (|| - ||, t = t/) controlled.

Proof. Tt suffices to prove the upper bound V&n)(e) < CV(n'/*)~1. Start by check-

ing that

i 1 ]-B(m) ($)

val®) = 2 Ty im)

0
where B(m) = {z € G : ||z|| < m}. Then apply the elementary technique

of [5, Section 4.2] to derive the desired upper bound on v (e). O

181



Remark 4.4.4. In the context of Theorem 4.4.3, we do not know if || - || is well-
connected and we also do not know if v, satisfies a point-wise (|| - ||, r4)-pseudo-
Poincaré inequality. Hence, the techniques used in this chapter do not suffice to
obtain strong control. However, if || - || is well-connected and v, satisfies a point-
wise (|| - ||, 7« )-pseudo-Poincaré inequality then the strong (|| - ||, 74 )-control follows

by Proposition 4.2.9. This proves the second statement in Theorem 4.1.6.

The case a = 2 is significantly more difficult and, indeed, we do not know how
to treat this case in the generality described above. The following theorem treats

the case when || - || is the usual word-length function || - || = |- | on G.

Theorem 4.4.5. Assume that G is a group of polynomial volume growth equipped
with generating k-tuple S = (s1,...,s;) and the associated word-length | - | and
volume function V. Let D(G) be the degree of polynomial volume growth of G. Let
vy be a symmetric probability measure such that vo(g) =~ (|g|*V (lg]))™'. Then we
have

l/én) (e) ~ (nlogn) PE)/2,

Further, vy is strongly (| - |,t — (tlogt)'/?)-controlled.

Proof. We apply Lemma 4.4.2 and Proposition 4.2.9. When G is nilpotent, the
upper bound 5" (e) < (nlogn)~P@/2 follows from Theorems 3.4.8 and Theorem

3.5.7. Namely, Theorem 3.5.7 shows that
n Kn
v (e) < Cusy" (e)

and Theorem 3.4.8 gives /ng(e) < C(nlogn)~P@/2  Further, Theorem 3.5.7

shows that v satisfies a point-wise (||, ¢ — (logt)'/?)-pseudo-Poincaré inequality.

Since any group of polynomial volume growth of degree D(G) contains a nilpo-

tent subgroup of finite index (hence, with the same degree of polynomial volume
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growth) the upper bound X" (e) < C(nlogn)~P@/2 follows from the comparison
result Theorem 3.5.7. By direct inspection, the desired pseudo-Poincaré inequality

also follows. O

Proof of Theorem 4.1.5. The same technique of proof gives the much more com-
plete and subtle result stated in the introduction as Theorem 4.1.5. Namely,
let ¢ : [0,00) — [1,00) be a continuous increasing regularly function of index
2 and let v; be as in (4.3), that is, assume that vy is symmetric and satisfies
v(g) ~ [#(lg)V (lg])]"t. First, assume that G is nilpotent and let pg, be the

measure given by

Hsp(9) Ezlz 1+|n| ) 2 (9):

U dt

Let r be the inverse function of ¢ — ¢/ [; 0 ()"

By Lemma 3.4.4 the measure pg 4
satisfies the point-wise (| - |, 7)-pseudo-Poincaré inequality. By [35, Theorem 4.1],
it follows that ,u(n)( ) < V(r(n))~!. By [35, Theorem 5.7], we have the Dirichlet

form comparison &,5 , < CE,,

Now, if G has polynomial volume growth then it contains a nilpotent subgroup
with finite index, Gy. By inspection, quasi-isometry and comparison of Dirichlet
forms (see [30]), it is easy to transfer both the point-wise (||, 7)-pseudo-Poincaré in-
equality and the decay V(”)( ) < V(r(n))~! from Gy to G. Further, one checks that
the functions 0z and G(R) satisfy g ~ 1/¢(R) and G(R) ~ OR (;Elt) Proposition
4.2.2 with r(t) = R(t) equals to the inverse function of s +— s?/ fs tdt shows that

vy is (||, 7)-controlled. By Proposition 4.2.9, v, is strongly (|- |, r)—controlled. O

The approach presented here is applicable even in cases were we are not able
to obtain sharp results and we illustrate this by an example. Le GG be a nilpotent

group equipped with a generating k-tuple S = (s1,...,s;). Fix a € (0,2]* and set
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a, = max{a;,1 <i <k} < 2. Consider the norm || - ||s, defined at (4.5). Let v,

be any symmetric probability measure such that

1
L+ llgllsa)?Vllgllsa)

Theorems 3.3.2, 3.4.8 and 3.5.7 gives the following information. There exists two

vi(g) =~ ( V(r) =49 llgllsa <7}

reals D = Dg, and d = dg, and a constant C; € (0, 00) such that

v(e) < Cin~“P(logn)™ (4.2)

V(r) ~ r*P. (4.3)

Theorem 4.4.6. For the probability measure v, on a finitely generated nilpotent

group as described above, we have

c(loglogn)~®P(nlogn)~*P/2 <M (e) < Cn~P/2(logn)~<.

Proof. The volume estimate (4.3) and Lemma 4.4.1 gives g ~ R™2 and G(R) ~

12 Fur-

log R. In order to apply Proposition 4.2.2, we set R(t) ~ (tlogt)
ther, we use (4.2)—(4.3) to verify that the choice r(t) = 6AR(t)loglogt with
A large enough satisfies the condition of Proposition 4.2.2. Indeed, we have
m(t) ~ t=P2(logt)~® V(r) ~ r*P so that

m<t)v(7,(t>>efr(t)/6R(t) < C(log t)fd+a*D/2(log lOg t)a*DefAloglogt'

Clearly, for A large enough, the right-hand side is bounded above by a constant as
required by Proposition 4.2.2 which now gives the stated lower bound on Vin)(e).

]

4.4.1 Complementary off-diagonal upper bounds

In contrast with the case (4.4) of measures supported on powers of generators, for

norm-radial kernels of type (4.1), we can use Meyer’s construction to derive good
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off-diagonal bounds for p(¢, e, ).

Proposition 4.4.7. Let G be a finitely generated group equipped with a norm ||-||.
For o € (0,2), let vy be a symmetric probability measure on G satisfying (4.1).

Assume that there are positive slowly varying function (1,0 and D > 0 such that:

1.Yr>1, V(r)~rPe(r);

2.Vt>0, € G, plt,r,z) <m(t) ~ [(1+t)P/*0((1+t)/) L.

Then there exists C' such that, for allt > 1 and x € G, we have

win d (T A
plten) = Cmt) {(erw) mumw‘}'

Proposition 4.4.8. Let G be a finitely generated group equipped with a norm || - ||
with volume V. Let vy be a symmetric probability measure on G satisfying (4.1)

with o = 2. Assume that:

1.YVr>1,V(r)~rP,

2.Vt>1, 2@, p(t,r,x) <m(t)~ ((1+t)log(l+1t))~P/2

Then there exists C such that, for allt > 1 and x € G, we have

] 14+D/2
p(t, e, x) < Cm(t) min { (fﬁg_yl‘\;ﬁ\!) B
Xz

Further, for any v € (0,2), there exist C., such that if 1 <t < ||z||7 then
c, ;o\ 1D/
e < o ()

Proof of Proposition 4.4.7. Under the stated hypothesis, we have dr ~ R~ and
G(R) ~ R*™® and, for t < nR" (with 1 to be fixed later, small enough), Proposition
4.2.1 gives
N
pr(t,e,x) < Cm(t) (—> .

[
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By Meyer’s construction, we have

pt.zy) < prltz,y) + vl

< — | — .
= OltD/agl(tua) (Ra) + Re(+D/e) ¢, (R)
Choose R = R(z,t) such that the two terms of the sum on the left-hand side are

essentially equal, namely, set

R |l Re D 4(R)
log 2 ) 0 (0 220 (14 2 41 |
(Og i ) s\ ) U T ) T e

As long as 7 is small enough, this choice of R gives ||| ~ R and

plt,z,y) < ! ~ (t )”W“éﬁfﬁ
OV S e PR () © PR \Tele) Gl

For any t (in particular, ¢ > nR®) we can also use m(t) for an easy upper bound.

' " 1+D/a gl(tl/a)
p“‘“>§0m“”m“{Qmw) awﬂw”}

or, equivalently,

This gives

p(t,e, ) < Cmin {tvo(|[z]]), m(t)} .

Proof of Proposition 4.4.8. In the context of proposition 4.4.8, we have 0 ~ R?
and G(R) ~ logR. For 1 <t < nR? n > 0 small enough, Proposition 4.2.1 and

Meyer’s decomposition gives

pt.z,y) < prt,z,y) + el

B thgR lz||l /3R t

If R?/log R <t < R? then this bound is not better than the easy bound p(t, z,y) <

m(t). By taking R such that ||z| = 3R(1+ D/2), we obtain

‘1 1+D/2
pwxw>scm@wmn{({§¥ﬂ) Y
X
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However, if ¢t < n||z||” with v € (0,2) and 1 small enough, then we can choose

R ~ ||z|| so that

(tlogt)~P/? (&> = 23D
R2 R2+D

equivalently,

R2 llzll /3R B R2 1+D/2 (log R)1+D/2
tlog R - \tlogR (logt)P/2 ~

In the region ¢ < ||z]|?, this yields

ot o\
p(tez) < —— ~t D/ <—) :
l][**+P 12
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