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This work comprises two parts. Part I focuses on the convex feasibility problem
(finding or approximating a point in the intersection of finitely many closed convex
sets). We avoid the need for orthogonal projections by using radial projections,
introduced by Renegar[23]. The main requirement is that an interior point is
known in each of the sets considered. By developing Renegar’s theory, we obtain
a family of radial projection-based algorithms for the convex feasibility problem
which recover the linear convergence rates of orthogonal projection-based meth-
ods. Through studying different assumptions on the emptiness of the interior of
the intersection set in the convex feasibility problem, we also exhibit how radial
projections can be applied to solve constrained optimization problems when certain
conditions are met.

Part II can be seen as an application of the theory of radial projections de-
veloped in Part 1. Here, we revisit the notion of maximal-margin classifiers, from
around 2000, but now from a general perspective — the intersections of generic
closed convex cones, not just half-spaces (i.e., the perceptron). This requires ex-
tending concepts and establishing more general theory of the margin function,
which is achieved by applying and refining the results in Part I in the conic case.
Even more interestingly, we are led to the first O(1/€) first-order method for ap-
proximating, within relative error €, the margin-maximizer of the intersection cone.

Previous results, only in the case of the perceptron, were O(1/€?), making our re-



sult a notable improvement even in the most basic of cases.
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CHAPTER 1
INTRODUCTION

Given a finite collection of closed convex sets with nonempty intersection, the
convez feasibility problem concerns approximating (or finding) a point in the in-
tersection set. Traditionally, convex feasibility problems are solved via orthogonal

projections onto the individual sets (see, e.g., [1, 2, 4, 11, 30]).

Orthogonal projections onto generic closed convex sets are difficult to compute,
even in the case of ellipsoids (see [7, 16]). In this work, to avoid the need for orthog-
onal projections, we introduce radial projections and the ~ function by assuming
a known interior point (used as the reference point) in each of the individual sets,

and develop algorithms for the convex feasibility problem accordingly.

The idea of radial projections and the 7 function for a single closed convex cone
were considered by Renegar in [23]. In Chapter 2, we generalize some previous
results to generic closed convex sets and propose new ones, with an emphasis on
the connection between orthogonal and radial projections. In order to apply the
technique to convex feasibility problems, we develop the theory for multiple closed
convex sets in Chapter 3. Our discussion features the function =y, which is defined
to be the maximum of the ~ functions of the individual sets. The analysis includes
Theorem 3.1, a linear reqularity result for generic closed convex sets when the
intersection has non-empty interior, which is of independent interest. Chapter 4
briefly goes over the case where the convex feasibility problem involves an affine

subspace, while the reference points do not necessary lie in that affine subspace.

With the theory in place, we propose and analyze two radial projection-based

algorithms for the convex feasibility problem in Chapter 5. Both methods are



subgradient methods whose step sizes follow Polyak’s rule [21]. By assuming an
intersection with non-empty interior, both algorithms approximate the intersection
set at linear rates, similar to orthogonal projection-based methods!. The first
algorithm has vy as its objective function, while the second algorithm cycles over
the v functions of the individual sets. This chapter concludes with numerical
performances of these two algorithms applied to the feasibility problem of randomly

generated ellipsoids.

Chapter 6 presents a stochastic algorithm for the convex feasibility problem,
which is essentially an application of the methodology developed by Renegar and
Zhou in [25]. While the methods presented in Chapter 5 and 6 only approximate
the intersection, in Chapter 7, we discuss an algorithm which finds a feasible point
in the intersection and terminates in finitely many iterations. The finiteness of the

algorithm is achieved via sequential estimates of the minimum of ;.

The results in Chapter 5-7 all posit intersection sets with non-empty interior.
In Chapter 8, when the normal cones to the individual sets at their intersection
possess certain structures (see Assumption 8.1), we show that the convex feasibility
problem can still be solved at a linear rate. By adopting the parallel scheme
proposed by Renegar and Grimmer|[24], a similar assumption, i.e., Assumption 9.1,
allows us to tackle constrained optimization problems via radial projections, which

is the subject of Chapter 9.

1See the discussion around (5.3) and the paragraph following the proof of Theorem 5.1 for
more detailed comparisons of the canonical orthogonal projection-based algorithm and its radial
projection-based counterpart.



CHAPTER 2
DEFINITION AND PROPERTIES OF THE v FUNCTION FOR A
SINGLE SET

Let £ denote a finite-dimensional Euclidean space endowed with an inner prod-
uct (-,-) and the induced norm || - ||. Consider a closed, convex set S C €. We
assume that S has nonempty interior, and a reference point e € int(S) is given.

For any x € £ and A > 0, let

z(\) = e+ Az —e). (2.1)
Define nonnegative functions
a(z) == sup{\ > 0 | z()\) € S} (2.2)
and
y(z) :==1/a(z) = inf{\"' | 2(\) € S, A > 0}. (2.3)

Since e € int(S), we have a(x) > 0 for all z € £. When a(z) = oo, let y(x) = 0.
Then we have

Y(z) =0 <= x —e € recc(S —e), (2.4)
where recc(S —e) :={d € £ | A\d € S — e,V > 0} denotes the recession cone of

the set S — e.

For any x € £ and A > 0, we see that

Y(x(\) =inf {px" e+ pulz(X) —e) €S, u>0}
=inf{p' e+ prz—€) €S, u>0} (25)
=Ainf{u™" |e+pu(z—e) €S, p>0}

= \y(x).



Therefore, ~ is a positively homogeneous function if we replace the origin with e.

For z € £ such that y(z) > 0 (i.e., a(z) < 00), define

r—c

v(x)

s(x) == x(a(x)) =e+ a(z)(r —e) = e+ : (2.6)

Since S is closed and convex, by the definition of a(z), we immediately see that
SN{z(A) | A >0} = (e,e+ a(z)(z —e)] = (e, ms(z)]. (2.7)

When x ¢ S, we refer to wg(z) as the radial projection of x onto S. It should be

noted that by (2.5), mg(z(\)) remains unchanged for all A > 0:

z(A) —e ANz —e) T —e
ms(z(N) =e+ —— =+ ——F =e+ —— = 7g(x). 2.8
) I ey T r B
The o function defined in (2.2) is basically equivalent to the «; function con-
sidered by Renegar in [23]. The purpose of [23] is to develop a set of “projected”
subgradient methods, with radial projections replacing the traditional orthogonal

projections. Renegar also considered the A, function, which can be seen as the

~ function for convex cones.

For general closed convex sets, the value of y(x) cannot be computed exactly.
In [23], the author discussed the approximation of the «; function in detail. Simi-
larly, in our case, the value of v(z) can also be approximated accurately. All that
is required is a bisection on the half-line {z(\) | A > 0} for accurately approxi-
mating where this half-line intersects the boundary of S. If such intersection does
not exist, then y(x) = 0, and the bisection halves its estimate of v(z) at each
iteration. Otherwise, the bisection approximates the position of mg(x) (i.e., where
the half-line intersects the boundary) and 7(z) can be estimated accordingly. For
most closed convex sets, this can be accomplished far more easily than traditional

orthogonal projections.



In what follows, we assume y(z) can be computed exactly.

In the rest of this chapter, we develop some properties of the v function for
generic closed convex sets, while emphasizing its connection with the distance

function. We start with some immediate observations:

Lemma 2.1. For any x € £, we have

(

v(z) <1 <= z € int(S);
v(z) =1 <= x € bdy(S) < 7s(z) = z;

V() >1 <= &5,

\

and S s the 1-sublevel set of 7.

Proof. Since e € int(.S), there exists > 0 such that B(e,r) C int(S). Here B(e, )

denotes the open ball centered at e with radius 7.

e When v(z) = 0, we have x — e € recc(S — e). According to Lemma A.1 in
Appendix A1, for any w € B(e,r) C S, z — e € recc(S —w) C (S — w).
Hence

x € B(z,r) = B(e,7)+ (x —¢) C S,
and = € int(S).

e When ~(x) € (0,1), note that ms(z) € S and

v = (1—(@))e + () (e+ "’;(‘xf)) — (1 - y(@)e + 1(@)s(a),

we get

v € B(x, (1 =(x))r) = (1 =7(x))Ble, r) + 7(x)ms(x) C int(S),

and z € int(.5).



e When ~(z) = 1, we immediately get z € bdy(S) by the definition of v(x).

e When ~(z) > 1, then = & (e, ms(z)]. By (2.7), we see that & S.

Lemma 2.1 shows that the 1-sublevel set of vy is S. To study generic sublevel

sets of 7, for any t > 0, let
S(t) = {r € & | (@) < 1) (2.9)

denote the t-sublevel set of y. Then by the definition of v and the closedness of S,

for any ¢ > 0, we have
r—e
v(z) <t —= e—i—TES < ze€e+t(S—e).

Hence when t > 0,
S(t) =e+t(S —e). (2.10)
Moreover, by (2.10) and Lemma 2.1, for all ¢ > 0, we get
int(S(t)) = int(e + £(S —e))
=e+t-int(S —e)
(2.11)
={e+tlx—e)|y(x) <1}
={z e |y(x) <t}

We close this part with the following result:

Lemma 2.2. The function v is convex.

Proof. Consider any x,y € £ and A € (0,1). We wish to show

YAz + (1= N)y) < My(x) + (1= A)(y). (2.12)



If y(x) = v(y) = 0, then (2.4) gives © —e,y — e € recc(S —e). By the convexity

of recc(S — e), we get
A+ (1-Ny)—e=ANz—e)+ (1 —-N)(y—e) €recc(S —e),
and y(Azx + (1 — A)y) = 0. Hence (2.12) holds.

Now assume 7(z) > 0. According to (2.5), by rescaling = and y with respect to
e if necessary, we may assume y(x) = 1 and x € bdy(S). Let t = A4+ (1 —=A)y(y) in
(2.10), we see that (2.12) is true if and only if Az + (1 — XNy € S(A+ (1 — A\)v(y)).

o If v(y) = 0, then y — e € recc(S — e). Using (2.5), we see that y(z()\)) =
Ay(z) = A. Hence by (2.10) and (2.4),
A4+ (1=Ny=z(\)+(1—-XN)(y—e)
€(e+ A(S—e))+recc(S—e) =e+ AS —e)=5(N),
and the statement holds.

o If v(y) >0, then y = e+ v(y)(ms(y) — €). Hence

A+ (11— Ay

=Me+(z—e)+ (1= (e+7(y)(ms(y) —e))

Az (1 =M1) 7s(y)
=e+ (A +(1=2(y) <(A+<1 Oy T At —A)V(Z) ) _€>

cet A+ (1= (5—¢

= SA+ (1= Nv(y)),

where the last but one line follows from the fact that x and 7g(y) are both

in the convex set S, and the last equality is due to (2.10).



2.1 The 7 function and the distance function

Recall that the distance between a vector z and a closed convex set S can be
defined as
dist(z, S) := ||z — Ps(x)||,

where Pg(z) := argmin, ¢ ||z — || is the orthogonal projection of x onto S. One
immediately sees that Pg(z) = x whenever z € S. For generic closed convex sets,
orthogonal projections are nontrivial to compute (e.g., [7] and [16] are dedicated

to iterative methods for orthogonal projections onto ellipsoids).

In contrast, when a reference point e € int(S) is known, for x ¢ S, we can
compute the radial projection mg(z) € bdy(S) by evaluating y(z).! The purpose of
this section is to look into the connection between radial projections and orthogonal

projections (i.e., y(x) v.s. dist(x, S)) when « & S.
We start by studying the subgradients of . For any z € S, let
Ns(z) :={de&|(z,d) > (x,d), Vx € S}

denote the normal cone to S at z. Recall that when x ¢ S, we have the following

characterization of the subgradients of the distance function:
O dist(z,S) ={d € £ |d € Ng(Ps(x)) and ||d|| =1} . (2.13)

The subgradients of v admit a similar formula, with 7g(x) playing the role of Pg(x)

in (2.13):
Proposition 2.1. Given x € £, when v(x) > 0, we have

Ov(x)={d e & |de Ns(rs(x)) and (mg(z) —e,d) =1}.

1See the remark following Proposition 2.1 for discussions on a first-order oracle for ~.




Remark. When ~(z) > 0, to get a subgradient of v at z, it suffices to have an

oracle which generates non-zero normal vectors to S at its boundary points.

Proof. Given A > 0, for any z, g € £, we have

ge () &= (@) +(y—2,9) <(y), Vy €&
= M)+ Xy —z,9) <M (y), Vyeé
EZ @) + () —2(V), ) < A(y(N), Yy € €

= g€ d(=(N)
When ~(z) > 0, let A = 1/v(z), we get
0y(x) = 0y(ms(x)). (2.14)
Consequently, by Lemma 2.1, we may assume = € bdy(.S) for the rest of this proof.

Consider any d € Ng(x). Since e € int(S), we have (x—e, d) > 0 for all non-zero
d € Ng(z). Thus the set considered on right-hand side of Proposition 2.1 is non-
empty (due to rescaling). Now pick any d € Ng(ms(z)) satisfying (x —e,d) = 1.

For any y € £, we have
Here the first equality follows from Lemma 2.1. Thus

G*wwf@ia@”>:G+@%§?”>

=(e,d) +1=(e,d) + (v —e,d) = (x,d).

Since d € Ng(x), we see that

y—e¢ .
e+ @)+ —a.d) & int(.5).

10



Hence by (2.5) and Lemma 2.1,

1Y) _ . y—e
v(@) +(y —,d) _’V< +7($)+<y—x,d)> > 1,

and we conclude that d € 0v(x).

On the other hand, first note that for any g € Ns(x), there exists 3 € S such

that (x,g) < (v, ¢g). By Lemma 2.1, we get
1Y) <1 =) <)+ —2,9).
Hence g ¢ 9v(x), and we conclude that dv(x) C Ng(z).
When g € Ns(z) but (z —e,g) > 1, by (2.5), we have
2=(x(2) 2 y(x) + {(#(2) =z, 9) =(z) + (z — e, 9) > 2,
which is a contradiction. When (z—e, g) < 1, we can obtain a similar contradiction

by studying z(2). Hence we get (z — e, g) =1 for all g € dy(x). m
2

For any x € S, define

re(z) :=max{r > 0| B(z,r) C S}. (2.15)

Then e € int(S) implies rg(e) > 0. The next result is a consequence of Proposi-

tion 2.1:

Lemma 2.3. For all x € £ satisfying v(z) > 0, we have
0y(z) € B(0,1/rs(e)).

Consequently, v is 1/rs(e)-Lipschitz.

11



Proof. For any = ¢ S(0), consider any g € dv(x). By Proposition 2.1, we have

g # 0. Due to the definition of rs(e), we see that
rs(e)  oE
e+ Wg & B(O,Ts(e)) C S.

Again by Proposition 2.1, we get g € Ng(ms(x)) and

(.9} +1 = {xs(x), g} > < n rﬁ;ﬁ)g,g> — (e g) +rs(@)llgll.

Hence ||g|| < 1/rs(e). For all y € £ satisfying v(y) < v(x), we have

= = yll

V(@) =y =v(x) —v(y) < (v —y,9) < (0

As for y € € such that vy(y) > v(x), we can show a similar inequality by studying

the subgradients of v at y, and the Lipschitzness of v follows. O]

On the other hand, we also have the following lower bound on the growth rate
of v outside of S:
Lemma 2.4. When x & S, we have

y(z) —1 1 S 1 S 1
dist(z, ) ~ |rs(z) —el ~ [[Ps(z) —ell ~ [l —el

Proof. When x ¢ S, by Lemma 2.1, we have y(z) > 1 and 7wg(z) € (e, x). Since

’/TS(.T) S

[z —ell = lz—ms(e)l] | dist(z, 5)

lms(z) —ell  llms(e) —ell = Jlms(a) — e

y(z)—1= (2.16)
By the triangle inequality, we get

[ = 7ms(@) + llms(z) —ell = |lz = e]| <[l = Ps(@)[| + [[Ps(x) —el|

12



Also note that by the definition of Pg(x), we have ||z — 7ws(z)| > ||z — Ps(x)].

Hence
Ims(z) —ell < (lz = Ps(@)|| + [[Ps(z) —ell) = [l — ms ()|
< |lz = Ps(@)[| + [[Ps(2) —ell = [lz = Ps(2)]
= [[Ps(z) —el|.
Combined with (2.16), we get

dist(z, S) S dist(z, S) >dist(x,5)

y(z) =12

For any x ¢ S, combining Lemma 2.3 and Lemma 2.4 yields

y(x) =1 1
|ms(x) — el| = dist(z, S) = rs(e)’

" ims(z) —ell 7 [[Ps(z) —ell = [l —el

(2.17)

(2.18)

When S is bounded, let Rg(e) := max{||z —e]| | z € S}. Then for x ¢ S, we have

1 v(z) -1 1
Rele) = dist(z.5) = re(e)’

By (2.18), when = ¢ S, the quantity (x)—1 can be seen as an approximation of

a scalar multiple of dist(z, S), and the condition number %

characterizes the

tightness of the approximation at x. It is straightforward to see that %&)ﬂi” > 1.

2.2 The ~ function and support functions

The condition number deduced from (2.18) relies on the vector . In this section,

by referring to support functions, we develop another characterization of the

function, which leads to another condition number of v in terms of the centrality

of the reference point e.

13



Given a closed convex set S C &, consider the set
Qgs:={d | ||d|| =1, 3z € bdy(S) and d € Ns(z)},
i.e., the set of unit vectors in the normal cones to S.

For any d € (g, define the support function
fs(d) = sup{(z,d) | = € 5}.
We immediately see that for any z € bdy(S) and d € (g,
(z,d) = fs(d) <= d e Ns(z). (2.19)
Since e € int(S), we also have
(e,d) < fs(d), Vd € Qg. (2.20)
Let us denote the supporting hyperplanes of S and the corresponding half-
spaces by
H(S,d) :={r € &[(z,d) = fs(d)}, H™(S,d) :={z €& (x,d) < fs(d)}.
For any d € Qg, since ||d|| = 1, by (2.20), we get
dist(e, H(S, d)) = |fs(d) = {e,d)| = fs(d) — (e, d). (2.21)

Since S is closed and convex, by a standard application of the Hahn-Banach The-

orem, one can show that

S = Nucas{z € €| (2,d) < fs(d)} = Nuca, H(S, d). (2.22)

Consequently, for any x € S and d € (g, we have Pg(z) € S C H(S,d).
Hence

dist(z, H(S,d)) < ||z — Pg(x)|| = dist(z, S).

14



On the other hand, dist (:L‘, H- (S LS(QE))) = ||z — Pg(z)|| = dist(z, .S). Thus

? lz—Ps ()]

we conclude that
Lemma 2.5. When x ¢ S, we have

dist(z, S) = maxdist(z, H (S, d)).

deQg

We next show how the v function can be written in terms of support functions:

Proposition 2.2. For any x € £, we have

Proof. When v(z) = 0 and x — e € recc(S — e), we have x(A) = e+ Az —e€) € S
for all A > 0. Hence for any d € (g, according to the definition of the support

function, we have

(e,d) + Mz —e,d) = (x(N),d) < fs(d) < 0.

Let A 7 oo, we get (x —e,d) <0 =(z).

Now consider = € &€ such that y(z) > 0. For any d € Qg, since wg(x) € S, by
the definition of the support function, we have (rg(z) —e,d) < fs(d) — (e, d). Also
note that fs(d) — (e,d) > 0, we get
(ms(@) — d>> V@) s —ed)  (w—ed)

fS(d)_<€vd> B fS(d)_<evd>’

fS(d) - <67 d>

where the last equality follows from

() 2 o)

z—e=(x)(rs(z) —e).
On the other hand, for any unit vector d' € Ng(mg(x)), by (2.19), we have
(ms(x),d’) = fs(d') and
(x —e,d) =~(z)(ms(x) — e, d) = y(x)(fs(d) — (e.d)).

15



Hence

v<>=m{ﬁ}

and the maximum is attainable. O

Corollary 2.1. When x & S, we have

{dist(x, H=(S,d)) }
dist(e, H(S,d)) |~

—1=
@) acos

Proof. If x ¢ S, then ~(x) > 1. By Proposition 2.2, we get

0= e )

e 14 & D) — f5(d)
—degs{H fg(d)—(e,d>}
1 max d &) — fs(d)
=1+max { Fo(d) — (e, d) }

Suppose d' € Qg obtains the maximum here. Since vy(x) > 1, we see that
0 < (z,d) — fs(d') = dist(z, H (S, d)).

The final step of the proof follows immediately from (2.21). O

Given a reference point e € int(.S), define

gs(e) := min dist (e, H(S,d)),? hg(e) := sup dist (e, H(S,d)).
defds deQs

When z ¢ S, recall that Lemma 2.5 states dist(x, S) = maxgeq dist(z, H~ (5, d)).
Compared with Corollary 2.1, we immediately see that

1 v(z) -1 1
hale) = dist(z,9) = gs(e)’

(2.23)

Let d’ be any unit vector in Ng(mg(z)), then (mg(z) — e,d’) > 0. Noting that the
three points e, mg(x), x are on the same line, we have

|z — ms(x)]| _ (x — mg(x),d) _ dist(x, H=(S,d"))
|ms(x) — el| (rg(x) —e,d') dist(e, H(S,d"))

v(z)—1= (2.24)

2In Lemma 8.1, we show that the minimum here is obtainable.
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Hence either side of (2.23) is tight only when 7g(z) = Pg(x) and d = ”i%‘;g;“ €

Ns(ms(x)) achieves the extreme values in hg(e) or gs(e).

By (2.23), the centrality of e with respect to S, defined as

7'(576) =

also provides a condition number of v with respect to S. The definition of centrality
implies that 7(g.) > 1. When 75 is small, (y(x) — 1), is a good proxy for the

distance function.

Sandwich inequalities (2.18) and (2.23) both provide condition numbers of
(7(z) — 1), as an approximation of a scalar multiple of the distance function
dist(x, S). It should be noted that both inequalities share the same upper bound
(i.e., rs(e) = gs(e)).> While the lower bound in (2.23) depends on z, the lower
bound in (2.23) only involves e. When additional information regarding the posi-
tions of the points of interest is available (for instance, iterates of the algorithms
introduced in Chapter 5), (2.18) could be very useful. In other cases where 7(g)
is bounded (e.g., when S is polyhedral), (2.23) could be more helpful, since it does
not depend on the position of xz. The following example is a case where (2.23)

leads to a better bound than (2.18):

Ezxample 2.1. Consider the set
S={(z,y) |zy > 1, x> 0}

and a reference point e = (2,2). We can show that gg(e) = /2 (obtained when the
normal vector d = (—+/1/2,—4/1/2)) and hg(e) = 2 (obtained when the normal

vectors tend to (0, ) or (-1, 0)). Hence 15,y = \/§

3Again, see Lemma 8.1.
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In contrast, consider the points {x,}neny where z,, = (n,0). As n — oo, we

have ||rs(x,) — e|| = oo, and the left-hand side of (2.18) tends to 0.
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CHAPTER 3
DEFINITION AND PROPERTIES OF THE v FUNCTION FOR
MULTIPLE SETS

Now consider a finite number of closed convex sets {Si,...,S,} C &, where
m > 1. For any S;, assume a reference point e; € int(S;) is given. Let v; : £ —

[0,00) be the « function defined with respect to S; and e;. Define

and
Yo(z) = max (). (3.2)

Since v; : £ — [0,00) is convex for all i € [m], we see that vy : £ — [0, 00) is also

convex.

In this chapter, we assume

int(So) # 0. (3.3)

By Lemma 2.1, this implies

Yo = 910161270(@ <1
Recall that by (2.18) and (2.23), for any i € [m], v;(x) and dist(z, S;) are closely
connected via e;. We would like to establish a similar sandwich inequality between
Yo(z) and dist(x, Sp). In order to do this, let us take a brief detour and dig into

the relationship between dist(x, Sp) and max;ejm, dist(z, S;).
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3.1 Linear regularity for closed convex sets

For a closed convex cone K # £ with nonempty interior, the inradius of K[10] is

inrad(K) := max{rg(v) | v € K and |jv|| = 1}
= max{rK(U)

o]

(3.4)

v € K and ||v]] #O},

i.e., the largest radius of balls which are subsets of K and centered at unit vectors.

By the definition of inrad(K'), we immediately have

inrad(K) < 1.

The quantity defined in (3.4) is also referred to as the “width” of the cone K
in the perceptron literature [8, 20]. Here we adopt the name inradius because our

analysis in the following chapters often involve lower bounds on the radii of balls.

We rely on a related notion for the intersection K N L, where £ is a subspace

intersecting the interior of K:
inrad, (K) := max{rg(v) | v € KN L and ||v| = 1}.

Although the vectors v in the definition of inrad (K) are restricted to the subspace,
still the radius refers to balls that are full-dimensional and contained in K. Hence

we have

inrad;(K) < inrad(K) < 1. (3.5)

For z € Sy, the tangent cone for Sy at z is the closed convex cone
Tso(2) = cl{t(z — 2) | x € Sp and t > 0},

where “cl” denotes closure. The tangent cone is the smallest closed convex cone

K for which Sy C z+ K. We have the following characterization of inrad,(7s,(2):
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Lemma 3.1. For any z € bdy(Sy) such that int(Sp) N (z + L) # 0,

inrad (Ts, (2)) = sup { ”7;{“2“ | w € int(Se) N (= + c)} . (3.6)
In particular, when L =&, we get
inrad(7g,(2)) = sup { ||7;50£w2| | w e int(So)} : (3.7)

Remark. See Example A.1 in Appendix A.2 for an instance where the supremum

on the right-hand side of Lemma 3.1 is not obtainable.

Proof. By the definition of Tg,(z)), we have S C z + Tg,(2)). Hence for any
w € int(Sy) N (z + L),
. 750 (w)
inrad(7s,(2)) > ———=.
’ lw — =]
On the other hand, note that for any compact convex set T',

T C int(Ts,(z)) = 3’ > 0 for which 2z +¢ - T C Sp.! (3.8)

Now assume v € Tg,(z) satisfies [[v]| = 1 and 77, (-)(v) = inrad(7s,(z)). Then for

any r < inrad(7s,(z)), we have
B(v,r) C int(Ts,(2)).

By (3.8), there exists ¢’ > 0 such that

z+t'(B(v,r)) = B(z + t'v,t'r) C Sy

and
ra(z 4 8) g (z4t) v
[(z +t'v) — 2| (31—

Let r 7 inrad(7s,(2)), we get

'Sy (w)

lw — z]|

inrad(7s,(2)) < Sup{ | w e int(So)} : (3.9)

'See the proof in Appendix A.2.
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The purpose of this part is to establish and discuss the following theorem. The
theorem is significant in its own regard, as we clarify following the proof. On a first
reading, we recommend assuming L = &, in which case “Sy N (z + L)” becomes

7

simply “Sp”, and “dist,” and “inrad,” become “dist” and “inrad”, respectively.

Theorem 3.1. Assume x ¢ Sy and int(Sp) N (x + L) # 0, where L is a subspace
(possibly L =E). Let z = Pgynuir)(z) and Z := {i € [m] | z € bdy(S;)}. Then

max;er dist(z, S;)
inradz(7s,(2))

distz(x, Sp) :=dist(z,So N (z+ L)) = ||z — z]| < (3.10)

Remark. We make two remarks to facilitate readers’ understanding of Theorem 3.1:

1. To understand that (3.10) cannot in general be strengthened, assume £ = &
(then inrad, 7Tgs,(z) = inrad(7s,(2))), and bdy(Sp) is a smooth manifold in a
neighborhood of z, in which case Tg,(2) is a half-space so inrad(7s,(z)) = 1.
Consequently (3.10) gives dist(z,Sy) < max;ez dist(x, S;). Since we always

have dist(x, Sp) > max;cp, dist(z,.5;), it follows that

dist(z, Sp) = maxdist(x, S;) = maxdist(z, S;),

1€L i€[m]
a bound on dist(x, Sy) which is impossible to improve. See Example A.2 in

Appendix A.2 for another example.

2. The reason for introducing a subspace £ is that we allow convex feasibility
problems which include linear equations, Az = b, in which case £ will be the
null-space of A. The iterates of our algorithms will satisfy the linear equa-
tions. Consequently, in analyzing improvements over the course of iterations,
we need “dist,” on the left of (3.10), not “dist”. However, to avoid making
the strong assumption that the points e; are solutions to the linear equations
in addition to being interior points of the sets S;, on the right we need “dist”

rather than “dist,”.
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Proof. Consider any w € int(S) N (x 4+ £). Since z is the orthogonal projection of

x onto Sy N (z + L), we have

r— 2 € Ngynrr)(2) = cl (ZNS —i—£l> ZNS )+ Lt

€T €L

The last equality is a consequence to the assumption int(Sy) N (z + £) # 0 (c.f.,

Theorem 6.42 in [27]). Hence we can write

Tr—z= id; +v, where \; > i € Ng.(z il = v E . .
> Xidi+v, where \; >0, d; € N, (2), |dil| =1, ve L. (3.11)

i€T
Since B(w, rg,(w)) C Sp, we have w+rg,(w)d; € S; for all i € Z. Thus, because
d; € Ns,(z) and ||d;|| = 1, we find

(z,d;) > (w+rg,(w)d;, d;) = (w,d;) + sy (w).

That is, (d;, z — w) > rg,(w). Consequently,

(x—z,z—w>:<Z>\id,~+v,z—w>:z}\i(di,z— > rg,(w Z/\,,

i€l €L i€l

where we have made use of z —w € L and v € L*. Hence, by Cauchy-Schwartz,

|l — 2| > (Z Az-) % (3.12)

i€T
On the other hand, note that x — 2 € L and v € L+,

(x—z,2—2) <Z)\ d; + v, x—z> = Z/\Z-<di,x—z> < (Z /\Z-) r?eazx(di,x—z>.

i€ i€ i€
(3.13)

For any i € [m], note that ||d;]| = 1 and d; € Ng,(z), by Lemma 2.5, we have
(x —z,d;) < ({x — z,d;)) L = dist(z, H (S;,d;)) < dist(zx, S;).

Substituting into (3.13) yields

|z — z||* < (Z Ai> Iglealxdist(x,Si). (3.14)

i€l
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Combining the lower bound on ||z — z|| given by (3.12) and and the upper

bound on ||z — z||* given by (3.14), for any w € int(Sp) N (x + L), we get

= 2 - (Dsez Mi) maxjer dist(z,S;)  max;er dist(x, Sl-).

S P E N WY £ R
Note that z € (z + L), we get z+ L = x + L. Taking the supremum of ﬂffffﬁ over
all w € int(S) N (x + L), by Lemma 3.1, we see that
o — || < max;e7 dist(x, S;) _ maXier dist(zx, S;)
 sup {ﬁfﬂo_(fﬁ | w € int(Sy) N (z + £)} inradz (7s,(2))

Given a convex feasibility problem of finding (or approximating) a point in

So = Nicpm]Si, let k(x) > 0 satisfy

dist(z, Sp) = k(z) max dist(z, S;) (3.15)

i€[m]
for all x & S. If sup,gg #(2) < oo, then the problem is linearly regular [3]. Oth-
erwise, if k(z) is upper bounded for x restricted to any bounded regions in £, we

say that the convex feasibility problem exhibits bounded linear regularity.

(Bounded) linear regularity is usually essential to establishing the linear con-
vergence rate of projection algorithms for convex feasibility problems (see, e.g.,
1, 2, 4, 10, 11]). Hoffman’s lemma [13] shows the linear regularity of the feasibil-

ity problem where Sy # () and S;’s are half spaces.

As for convex feasibility problems involving generic closed convex sets, fix = ¢
So and let z = Pg,(z). Assume int(Sy) # 0, and pick any w € int(Sp). In

Theorem 7 of [3], Bauschke, Borwein and Li showed =%l D icim dist(z, S;) >

TSy (w)

dist(x, Sp), which implies r(z) < o (@) Ty Similar results involving m, the
0

number of sets considered, have been discovered by Beck and Teboulle [4] (where
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r(r) < %) and Bolte et al. [6] (where r(z) < (%)m—l) In

[19], Nedi¢’s analysis led to x(z) < % All these results imply bounded linear
0

regularity.

In the proof of Theorem 3.1, we essentially showed

Iz — wl

,{(I> = TSy (w>

; (3.16)
which is independent of m.

When S;’s are half-spaces and Sy is a polyhedral cone, let x be a vector in the
polar cone of Sy (i.e., (z,w) < 0 for all w € Sy). Then z = 0, and Theorem 3.1
recovers Theorem 3.5.2 in [10] by Goffin, which was derived with proof techniques

similar to those used for Theorem 3.1.

3.2 First-order properties of 7 function for multiple sets

We now study the properties of 7. Recall that vo(x) = max;cpm) 7i(z). By Propo-
sition 2.1, we immediately obtain the following characterization of the subgradients

of Yo:
Lemma 3.2. Given x € £, when yo(x) > 0,

00(r) = conv({d € 97i(x) | %(x) = 70(7)})

=conv({d € & | yi(z) = y(x), d € Ng,(mg,(x)) and (g, (z) — €;,d) = 1}).

Let

ro := minry, ;= rg,(€e;), Vi € [m].
1€[m)]

By Lemma 3.2 and Lemma 2.3, we get
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Lemma 3.3. Given x € &€ such that vo(z) > 0,
d(x) C B(0,1/ro).

Consequently, the function o is 1/ro-Lipschitz.

When int(Sp) # 0 and = & Sp, let z = Pg, (). By taking £ = £ in Theorem 3.1,
with the growth rate of 7;(x) — 1 in Lemma 2.4, we obtain the following growth

rate of yo(z) — 1 with respect to dist(x, Sp):

Y(z) =1 maxy@>1(vi(r) — 1)
dist(x, Sp) dist(x, Sp)
 ma oo (ist(z, )/, () — i])

- dist(z, Sp)

v

A { dist(z, S;) } 1

X :

ielm] | dist(z, So) ) maxy,my>1 |7, () — €]
inrad(7s,(2))

B maxXy, (z)>1 Hﬂ-Sz(x) - ez”

By (2.17), we get

Proposition 3.1. Assume Sy # 0 and © & Sy. Let z = Pg,(x). We have

Yo(z) — 1 S inrad(7s,(2))
dist(x, Sp) — maxy,(z)>1 ||7s, (z) — el
inrad(7s,(2))
T max.,z)>1||Ps, () — el
inrad(7s,(2)

T omaxy, s |z — el

Given a finite number of closed convex sets and the corresponding reference
points, define the centrality of the reference points by

maXie[m] hSz- (67«)
N o ; :: ’ 3‘17

Then we get
hg. max;cim hs. (€;
MaX 7(s; ;) ZmaX{ SZ(B)} < e Pl )ZT{(si,en}ie[my (3.18)
i€[m] ielm] | gs,(e) mine ) gs, (€;)
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For any z € Sy # 0, let z = Pg,(x). Since r; = gg,(e;),> we can combine

Lemma 3.3 and Proposition 3.1 to get

inrad(7s,(2)) < ’y'o(x) —1 < _ 1 _ i (3.19)
maX;cm hs,(€;) — dist(x,So) ~ minep gs,(€:) 7o
Hence a condition number of 7o (with respect to Sp) is
inrad(’fgo(z))_lr{(gi,ei)}ig[m]. (3.20)

Consequently, for generic x ¢ Sj, we see that the condition number of 7y is de-

termined by the geometry of Sy and the centrality of {e;}icn with respect to

We close this chapter by showing the connection between rg,(z) and ~vo(z):

Lemma 3.4. When x € Sy, then () < 1 and we have

rso(2) 2 (1 =0(2))ro.

Proof. Forany i € [m], if v;(z) = 0, then by (2.4) and Lemma A.1 in Appendix A.1,

we have

B(z,r;) = B(e,r;) + (x —e) C S;.

When v;(z) > 0, by (2.7), we get 7, (z) € S;. Since z € Sy C 5;, we have y;(z) < 1

and x € (e, mg,(x)]. Hence

Bz, (1 = ~i(@))ri) = (1 = 7)) Ble, ri) + vilw)ms, () C Si,

Consequently, rg,(z) > (1 —7;(z))r;. The rest of the proof follows from the defini-

tion of vy and rg. O

2See Lemma 8.1.
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CHAPTER 4
THE v FUNCTION ON AN AFFINE SUBSPACE

In Section 3.1, we developed a linear regularity result involving dist; and
inrad;. As alluded to in the remarks following Theorem 3.1, in this chapter, we
study the properties of the v function when restricted to an affine subspace of £.
This allows us to consider convex feasibility problems including linear equations,
Ax = b. Let £ denote the null-space of A, and assume u € & satisfies Au = b.

Then the solutions to the linear equations are u + L.

Given a collection of closed convex sets {S; }icpm, if our reference points {e; }icjm)
satisfy {e;j}icis) C (u + L), then the previous results are immediately applicable
by replacing the full-dimensional space & with u + £. Consequently, the purpose
of this chapter is to explore the properties of the ~ function without assuming

{eitiem C (u+L).
Given a closed convex S and e € int(5), let
rs.cy(e) == max{r > 0| (Be,r) N (e+ L)) C (SN (e+L)}.
By the definition of rg(e), we have
Ble,rs(e))N(e+ L) CSN(e+L).

Hence 7(sr)(e) > rs(e). The v function defined with respect to S and e has the
following Lipschitz continuity when restricted to affine subspaces:
Lemma 4.1. For any x,y € € such that x —y € L, we have

2 = yll

W@ﬁ—v@ﬂﬁrﬁmw)
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Proof. The result holds trivially when v(z) = v(y) = 0, so let us assume y(z) > 0.
First assume r(gz)(e) = co. Then (e 4+ £) C S. Consequently,
y—x € L Crecc(S —e) =rece(S — mg(x)),

where the equality follows from Lemma A.1 in Appendix A.1. Hence 7g(z) + (y —
x)/v(x) € S, and

() e 5 = () e g

By (2.5) and Lemma 2.1, we get

Now note that (e + £) C S implies £ C recc(S — e). If y(y) = 0, then

r—e=(x—y)+ (y—e) € LA+ recc(S — e) =recc(S — e),

which implies v(x) = 0, a contradiction. Hence v(y) > 0, and we can show

v(x) < 7(y) by a argument similar to that of (4.1).

Now assume (s r)(e) < oo. For any g € 0y(x), we have P.(g) € L. According

to the definition of 7(s r)(e),

e+ \I(Fff<)<)!)| c(g)eSN(e+L)CS.

Recall that Proposition 2.1 implies (wg(z) —e,g) =1 and g € Ng(rs(x)). Hence

(e,g> +1= <7T5(l'),g>

. r(s,c)(e)

2< " Iy et g>
000

et

= (e,9) +rs.0)(€)[Pe(9)]-

— (e, g) + T2

29



Thus ||Pz(g)]] < 1/r@sc)(e), and the rest of the proof is similar to that of

Lemma 2.3. ]

In (2.23), we established the growth rate of ~(z) with respect to dist(z,S).
When the convex feasibility problem of interest includes linear equations, (z) has

the following growth rate with respect to dist.(z, S):

Lemma 4.2. Assume x &€ S and SN (z+ L) # 0. Let z = Pgnuir)(z). Then we

have
y(x) =1 _ inradg(Ts(2))
distz(z,8) = |l7ms(z) —el|

Remark. When restricted to an affine subspace, both the Lipschitz constant
(Lemma 4.1) and growth rate (Lemma 4.2) become smaller than the corresponding

results for the full space &£.

Proof. By Lemma 2.4,

Y(x) -1  ~(z) -1 dist(z,5) 1 dist(zx, S)
dist(x,S)  dist(z, S) distz(z,S) = ||7s(z) — e distz(z, S)

By Theorem 3.1, we have

dist(x, S)

distz(z, S) 2 tnrad(75(2)).

and the statement is true. O

Now consider a finite number of closed convex sets {Si,...,S5,} C &, and Sy =
Niem) S; satisfying Sy # 0. Following arguments similar to those in Section 3.2,
we can show the Lipschitzness and growth rate of 79 when restricted to an affine
subspace. It is worth noting that both bounds become smaller when restricted to

affine subspaces.

'See Appendix A.3 for the proofs.

30



Lemma 4.3. For any x,y € € such that x —y € L, we have

’70(95) - 70(y)| < 1
lz =yl — minep) res,cles)

Lemma 4.4. Assume x ¢ Sy and So N (x + L) # 0. Let z = Pgynurr)(z). Then

we have

Yo(z) —1 < inrad;(7s,(2))
distz(x, So) — maxy,)>1 ||7s, () — e
inrad,(7s,(2))
- MaXy,(z)>1 |Ps,(z) — e
inrad,(7s,(2))

T maxy, @)1 |z — el
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CHAPTER 5
DETERMINISTIC ALGORITHMS FOR THE CONVEX
FEASIBILITY PROBLEM

In this chapter, we discuss two radial projection-based deterministic algorithms

for the convez feasibility problem (approximating the set Sp).

For any closed convex set S C &, when = ¢ S, the vector x — Pg(z) plays a

dual role in a first-order oracle of the distance function dist(z, S):

e dist(x,S) = ||z — Ps(2)];

z—Pg(z) .
[ ] m € 8wd18t(l‘7 S)

Consequently, the orthogonal projection x — Pg(x) can be seen as a subgradient

update of the distance function, with the step size being dist(z, S).

By Lemma 3.3 and Proposition 3.1, for any = ¢ Sy, we have

inrad Tg, (2) < Yo(x) — 1 < i’ (5.1)

MaAXy; (1) >1 ||7TS’L(I‘) - 61” N dist(x, SO) To

where z = Pg, (). If we can lower bound the left-hand side of (5.1) by a positive
constant at all the = of interest, then (yo(z) — 1); becomes a proxy for dist(z, Sp).
In this chapter, under the assumption int(Sp) # (), we discuss two subgradient

algorithms that solve the convex feasibility problem by minimizing (yo(x) — 1)4.

Before proceeding to the algorithms, let us recall a fundamental result in the

subgradient method literature:

Lemma 5.1. Given a convexr function f : € — R, consider any v € £ and

g € 0f(z). Define x, := x — ag, where a > 0 is a step size. Then for any z € &
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such that f(z) < f(x), we have

los = 2l < [lw = z[l, Va € [0, (2f(z) = f(2))/llglI°]

Proof. By the definition of subgradients,
lzy = 2)|* = llz — 2I* + alallg]|* + 2(2 — 2, 9))

< llz = 2|* + a(allgl* + 2(f(2) — f(2)))

The statement follows immediately. O

(5.2)

5.1 Polyak’s rule

Algorithm 1 is a direct application of Polyak’s rule [21]:

Algorithm 1: Subgradient Method with Polyak’s Rule
input : target accuracy € > 0 and an initial iterate xo € £

output: a point = € £ satisfying 1(z) < 1+ ¢

initialization: let k =0

while yg(z;) > 1+ € do
let iy € argmax;ec(,, vi(ws);
compute gi € 87ik($k) - 8’70($k)§

L Yo(zp)—1 .
Tk41 = Tk — PR 9k,

compute Yo(Tpt1) = maxX;e[m] Yo(Tr41)
k=k+1,;

return 7 := xy

In Algorithm 1, when x &€ Sy, by Proposition 2.1, we have (7?5% () —e€ips i) =
1. Noting that the three points xy, ms, (1) and e;, are on the same line, we get

|2k — s, (2Rl (zn — 7, (Th), 9K)

s, (k) —ell (ms,, (21) = €y, g8)

Yo(zk) — 1 = (zk — 75, (Tk), 9k),
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and

Yo(zx) — 1
(Tht1, gk) = (Tk, gr) — W@kﬂﬁ

= (Tk, ) — (@K — S, (k). gK)
= (7s,, (@), gr)-
Since g € N, (7s;, (7)) (by Proposition 2.1), we have (75, (vx),gx) = fs, (9k)
and
Tir1 = Pr-(s, o) (k). (5.3)
Consequently, in each iteration of Algorithm 1, we orthogonally project the current

iterate onto a supporting half-space of one of the individual sets to which the

current iterate does not belong.

In contrast, in the method of orthogonal projections where each iterate is or-
thogonally projected onto the farthest set (see, e.g., [1, 11]), by Lemma 2.5, one
is essentially projecting onto the farthest supporting half-space of the individual
sets. Hence when orthogonal projections onto the individual sets are available, this

method makes more progress per iteration than Algorithm 1.
Theorem 5.1. When int(Sy) # 0, for any xzy, in Algorithm 1, let ux > 0 satisfy

Yo(zg) — 1 = py, - dist(xg, Sp)-
Then for any € > 0, when

1 2 dist (o, S
k9 (—) log, (M) |

To MINgr<g Lk €To

we must have ming < vo(zr) < 1+ €.

Remark. For any k € N, by (3.19), we have

1 1 maxX;e[m) hs, (€;)
ropr — 1o inrad(7s,(2))

= inrad(,]éo(szilT{(Sz‘,ei) (54)

}16[m] :
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Let 2 = Pg,(zx). Then by the left-hand side of (5.1), we also have

1 > inrad Ty, (24) ( ! ) | (5.5)

MaXey; (z1)>1 Hﬂ-sz(xk) - 61”

In Section 5.1.1, we discuss ways to lower bound py, via (5.5).

Proof. In Algorithm 1, when vo(zx) > 1+ €, let 2 = Pg,(zx). By (5.2), we have

dist (241, S0)* < || @per — 2]

< e — 2l +

o) — 1 (%W el +201 - %@ck»)

lgx? Jrals
—1\?
= dist (25, So)? — (—70(%) )
195l
(5.6)
According to Lemma 3.3, we see that vy is 1/ry-Lipschitz. Hence
diSt(l‘k_H, 50)2 S (1 — (T’oluk)Q)diSt((L’k, 50)2. (57)

By induction, if Algorithm 1 does not terminate after the first & iterations, then

by the Lipschitzness of 7y, we have

dist(xg41, So) \/Hk/<k (ropu)?)dist(zo, So)

To To

’Vo(xkﬂ) —-1<

The rest of the analysis is standard to the subgradient method literature, and is

deferred to Appendix A.4. n

In (5.5), the first term depends on the geometry of Sy near z, whereas the
second term is affected by the positions of the reference points. For an algorithm
where iterates are orthogonally projected onto the farthest set in each iteration,

we can drop the second terms in (5.4) and (5.5) and obtain a faster rate.
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5.1.1 Lower bounds on iy

The bound in Theorem 5.1 relies on ming/ <y, p1x, which can be lower bounded by a

strictly positive constant involving o, {.S;}icm) and {e; }icpm:

Lemma 5.2. Consider any w € int(Sy). Given an initial iterate xgo, let zy :=

Ps, (). If Algorithm 1 does not terminate after the first k iteration, then we have

inrad Tg, (zx) > _rsow)
[0 — wl|

and

max ||7s,(zx) — €| < [z — 2ol + max ||z — €.
¥i(@)>1 i€[m]

Hence by (5.5),

TSo(w)
wl|([|zo — 20| + Mmaxiem) |20 — €i|)

e =
||$o -

Remark. In the proof of Lemma 5.2, we only make use of the fact that zy € S.

Hence the statements remain true when we replace zy with any z € Sy.

Proof. Let z, := Pg,(x1). Note that we have yo(w) < 1 < yo(zy) for all &' < k.

Substituting xp and w into Lemma 5.1, by induction, we get

Iz = wll < flzx = w] < flagr —w] <--- <lzg = wl,

> TSo (w)

Due to the characterization of inrad Tg,(zx) in (3.7), we get inrad Tg, (2) > Tooal

Similarly, we have ||z — zo|| < ||xo — 20||. For all i € [m] such that ~;(xy) > 1,

we have 7g, () € (e;, ). Hence

_ — el < — €
wr(ggf;lhsz(xk) ezll_%%glllxk ill

< ok — 20/l + max [lz — e
’yi(xk)>1

< llwo — zo0l| + max [z — €]
i€[m]
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The position of the initial iterate xy plays an important role in Lemma 5.2.
To get some insight into how the choice of xy could affect the lower bounds in
Lemma 5.2, let us define

D(z) := max ||z — ¢]|.
1€[m]

Then D(x) measures the distance between = and the farthest reference point. So
long as the reference points do not coincide, we have D(z) > 0 for all z € £. Also
let

z := argmin D(z).
z€Sp

In some sense, D(Z) characterizes the distance between Sy and the reference points

{€i}icim), and higher values of D(Z) signify more difficult feasibility problems.

For any w € Sy, define

Blw) = Tg)(iuw)).

The convex feasibility problem is trivial when any of the reference points lie in Sy.

Hence we may assume

p* = sup f(w) < 1.

wE Sy

For points in Sy, the function  provides an upper bound on ~:

Lemma 5.3. For any w € Sy, we have yp(w) < #(w)

Proof. For any i € [m], we have ||w — ¢;|| < D(w) and

w Tso(w)m € B(w,rs,(w)) C Si.
Hence
|w — ] 1 1
Yi(w) < - - _ ‘
H(w—i—rso(w)%) — e 1+% 1+ B(w)
By the definition of =y, we see that the statement is true. n
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The next lemma shows that there exist points that have relatively high 3 values

while not being too far from the reference points:

Lemma 5.4. There exists w € Sy such that f(w) > £*/2, while D(w) < 2D(Z).

Proof. Given any y € Sy and A € [2,00), we will show that there exists g € Sy
such that 5(g) > B(y)/A while D(§) < 127 D(2), and the statement follows from

taking A\ = 2.

For any t € [0,1], define y(t) := z 4+ t(y — z). For any i € [m], consider the
function f;(t) := ||y(t) —e;||. When t € [0, 1], by the convexity of f; and the triangle

inequality, we have

ly(t) = el = fi(t) < £(0) + ¢(f(1) = fi(0))
=1z —eill + i(lly — ell = 1z = eil])

< D(z) +tD(y).

In particular, consider

,__DE D
"0 0ne) < Dy <
then
Do) = maxll(t) - el < D) + 2D~ ApG) (59

On the other hand, note that

B(y(t'), t'rsy(y)) = t'Bly, rs,(y)) + (1 =)z € S.

Hence rg,(y(t')) > t'rs,(y), by (5.8), this yields

rs(y(t) A =Drs(y)  rs(y)  Bly)

Aly()) = D(y(t’)) AD(2) AD(y) A

>
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Let
_ D ic(m i
e —

)

m

and consider w € Sy satisfying the conditions in Lemma 5.4. Then we have

e — z|| < D(z) and

A0 rs(@) | 6
& = 2+ masxicy 5 = el = 2D(3)

Also note that

e~ @]l < max le; — @] < 2D(z).
em

Replace zy by z and let w = w in Lemma 5.2. By the remark following the lemma,

we get
T *
MkZ_l_'_ - 7o) - > B_-
le =@ [le = 2] + maxiep |2 — el — 8D(2)

(5.9)

Consequently, when no further information is available, e is a good candidate for

the initial iterate.

5.2 The cyclic scheme

In each iteration of Algorithm 1, in order to evaluate vo(zx) and get g € dvo(xk),
we need to compute the individual ~;(xy) for all i € [m]. By evaluating one ~;(x)
at a time (and making subgradient updates accordingly) and iterating through all

i € [m], we obtain the following cyclic algorithm:
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Algorithm 2: Cyclic Subgradient Method with Polyak’s Rule
input : an initial iterate z¢g € £

initialization: let k = 0 and x§ = 2

repeat

let i = 1; // loop through i € [m]
while : <m do

compute ;(z});

if 7;(z}) > 1 then

compute gi € dv;(z4);

il dilep)=1 g
T =Tk = T Ik

else

i+l g
T = T,

=141

1 _ m4l
L1 = L s

kE=Fk+1,;

Remark. In Algorithm 2, one can evaluate yo(x, ;) at the end of each loop at the
cost of doubling the total number of oracle calls of the individual v functions per

loop.

As we will see in the proof of Theorem 5.2, in a loop of Algorithm 2, it is crucial
to go through all the functions {7;}icfm), but the order in which the functions are
visited does not affect the analysis. Hence one could go through different orders

in every iteration, and the rate in Theorem 5.2 would remain unchanged.

As its name suggests, during each loop in Algorithm 2, we apply subgradient
updates (if necessary) according to {7;}icim) in a cyclic fashion. This can be seen

as a generalization of the idea behind the alternating projection algorithm by John
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von Neumann [30], who considered the convex feasibility problem of two sets.

Theorem 5.2. When int(Sy) # 0, for any k € N in Algorithm 2, let z, = Pg,(z})

and

O B o N e ) S

Then for any € > 0, when

. 1 log (dlst(xo, SO)> ,

(minklgk Vk/) €To

we must have ming <y, 70(7511@'> <1l+e.

Remark. Similar to the remarks following Theorem 5.1, the statement remains true

if we replace v with

nrad 1 1
inrad 75, (1) .mm{ | } (5.11)
\/§ m maX;ec(m] 7(S;,e;)

Proof. When x} & Sy, the vector zj serves as the basis of our analysis. For any

i € [m], we have

it — 22 = (My

gk
Since z, € Sy C S;, we get 7;(zx) < 1. Hence substituting z% and z; into

Lemma 5.1, we find

, 2
i i (vi(z}) — 1) i i i
) =2 |? < g, — 2> = <—Hkgk!| =)=l =zl = gt -2l (5.12)

Let i be the index satisfying dist(zy, S;,) = maxjepy, dist(z),S;). Telescoping

yields

ks — 2ll® < llog — 2l - Z i = il
< k=l - Z g™ — (5.13)

i —1
= dist(zy, Sp)? (Z gt — i l]® + [la - x2k||2> :
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By the Cauchy-Schwartz inequality and the triangle inequality, we get

. , 2

i—1 (Z?’fll ||x§:rl —x}c||> 1 ik |2 1 ik )|2
il i 2 > = > [z — 2| S g — 2yl (514
Dol a2 S Mea > MR Gy

Also note that by the sandwich inequality (2.18), we have

, , , kY _ 1 ‘ ,
”x;gk-f—l _ :C;ng — (/711@—5-1(1’]11) )+ > 7;2: dlSt(iL‘Zk7 Szk)
lgxl 17s, (2)) —ell

Combining the last two inequalities, again by Cauchy-Schwartz and the triangle

inequality, we have
ip—1

Dl = 2P + g — 2]

=1

1min ! ( Hi )2 (llzg — ¥ || + dist(zy, S; ))2
) 7 k kM

2 m— 1 \[rs, () — ell '

1 1 : 2
> —min , ( T;’“ ) dist(x, S;,)>.
2 m— 1" \[jms, (z}f) — el

Substituting into (5.13) yields

v

1 2 . 2 . i : 1 2
X —Z < dist(z ,S — — Inin s - dist(x 7Si .

Tk
Ly,

Recall that dist(z}, S;,) = max;epn dist(zy, S;). By Theorem 3.1, we have
dist (24, 50)2

3 2 1 . 2
< dist(al, S)2 — el Tso (20" s { ( Vi ) } dist (L, So)?
s, (zi) — el

2 m—l’ Q;Z‘

< (1 —v)dist (2, 5’0)2 .

The rest of the proof is similar to that of Theorem 5.1. O]

5.3 Polyak’s rule vs. the cyclic scheme

In a loop of Algorithm 2, an oracle of each ~; is called exactly once, which is also

the case for one iteration of Algorithm 1. Consequently, it is reasonable to compare
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the number of iterations required by Algorithm 1 and loops required by Algorithm
2 to reach the same accuracy. One should also bear in mind the while a loop of
Algorithm 2 requires a first-order oracle call of all the ~;, an iteration of Algorithm
1 only needs to call the the first-order oracle of the maximal ~; and zeroth-order

oracles of the individual v functions.

As shown by (5.4) and (5.11), the comparison between Algorithm 1 and 2 boils

down to

T{(Sse)}icim VS max{\/ -1 maXT(Shel)}

i€[m]

where a smaller quantity signifies a faster algorithm.!

To see why the convergence rates of the two algorithms involve different con-
dition numbers, consider any = ¢ Sp. Let i’ € argmax;c, vi(z) and i" €
argmax;c,, dist(z, S;). Then for any g € dvy(z), by (2.23), we have

To(@) =1 () —1
gl gl

> gs, (e) (i (x) = 1)

> gs, (ei)(yir(z) — 1)
gs, /( )

> d xZ, SN
(o) S5
9s,(ev) maxdlst(x S;).
hS//(ez”>

Consequently, in the analysis of Algorithm 1, we need to compare the Lipschitz

constant and growth rate of different v functions, leading to 7((s;e;)}icm
In contrast, for Algorithm 2, our analysis only concerns an
i, € argmax dist(xy, S;).
1€[m)|

Hence it is the condition numbers of the individual v functions that matter.

'Recall that by (3.18), we have 7{(s, e},

iclm] Z maxie[m] T(Si,ei)-
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Also note that when ~;(z%) > 1 for most of i € [m], the Cauchy-Schwartz
inequality in (5.14) could be very loose. Part (a) of the inequality (5.13) is also
very conservative, since in the loop studied, the progress made after encountering
7, 1s not accounted for. Consequently, our analysis of Algorithm 2 could be very

pessimistic in practice, as we will see in the experiments.

5.4 Intersection of ellipsoids

Computing orthogonal projections onto ellipsoids in R™ is non-trivial, and some
papers were dedicated to this task [7, 16]. Methods to compute orthogonal projec-
tions onto the intersection of ellipsoids have also been studied by [14, 17]. However,
the residuals of ADMM-based method in [14] does not converge at a linear con-
vergence rate, while the algorithm proposed in [17] posits a feasible initial iterate,

ie., rg € Sy, and applies the interior point method at each iteration.
Consider m ellipsoids in R™ of the form
Si = Az | [|Bi(z — &) < ai}, (5.15)

where B; € R™" ¢; € R" and a; > 0. For each S;, we define the v function for S;

by taking ¢; as the reference point. One can see that
T(Ss,e) = K<Bi)v
where £(B;) denotes the condition number of B;.

In our experiments, the directions of centers of the ellipsoids are generated by
the uniform distribution over the unit sphere in R". The eigenvectors of {B;}icpm

are drawn from the Haar measure on orthogonal group O(n). For any r > 0, we
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set

a; = || Bicil| + || Billr, (5.16)

—,

where ||B;|| denotes the operator norm of B;. Hence 0 € Sy and rg,(0) > r. We

can control the width of Sy via r.

We apply Algorithm 1 and 2 to solve the feasibility problem of such ellipsoids.
The convergence behavior is presented in Figure 5.1 and Figure 5.2. In these
experiments, we let the initial iterate 2y be a random vector in R!% satisfying

|zo]| = 100.2 Both algorithms exhibit linear convergence rates.

Polyak Scheme Cyclic Scheme

100 4

1071 4
~
! 102
Rt
L

1073

1074

0 250 500 750 1000 1250 1500 1750 0 10 20 30 40
Iterations Loops

Figure 5.1: Algorithm 1 and 2 applied to the problem of the intersection of 100
ellipsoids in R'%. For any 7, we let ||¢;|| = 100 and || B;|| = x(B;) = 10.

In Figure 5.1, by only changing 7 in (5.16) ({c;}icpm) and {B;}icim] remain
unchanged across the experiment), we examine how the width of the intersection
affects the convergence rate of the algorithms. As our theory predicts, when r

increases, the intersections get bigger, and both algorithms converge faster.

In Figure 5.2, by including more ellipsoids in the problem, we examine how the

2Note that by the setup of our experiments, Ec; = 0 € Sy. Hence we take a random initial
iterate (instead of the average of the centers) to better present the convergence behavior of the
algorithms. Check Appendix A.4.1 for an experiment initialized at the average of the centers.
Relatively speaking, the setup here better demonstrates how the width of the intersection affects
convergence rates.
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Polyak Scheme Cyclic Scheme

0 ] 0 ]
10 — m=50 10 — m=50
- m=100 - m=100
— m=500 — m=500
1071 4 m=1000 1071 4 —— m=1000
—
L 10 1072 4
X
2
10-3 1073
107 4 107
0 50 100 150 200 250 300 350 0 2 4 6 8 10 12
Iterations Loops

Figure 5.2: Algorithm 1 and 2 applied to the problem of the intersection of m
ellipsoids in R'%. For any 7, we let ||¢;|| = 100 and || B;|| = x(B;) = 10.

number of ellipsoids involved affects the convergence rate. As our theory predicts,
Algorithm 1 does not necessarily slow down (in terms of iteration counts) as the

number of sets increases (compare the cases where m = 500 and m = 1000).

In both experiments, to reach the same accuracy, the number of loops taken
by the cyclic scheme is much less than the number of iterations taken by Polyak’s
rule. As explained in Section 5.3, this could partially be explained by the fact that

our analysis of the cyclic scheme could be very loose in practice.

More interestingly, although the convergence result in Theorem 5.2 includes
the number of sets considered, in Figure 5.2, the number of sets does not have
an obvious impact on the convergence rate of Algorithm 2. To understand this
phenomenon intuitively, note that as the problem gets more complicated with the
introduction of more ellipsoids, each loop of the cyclic scheme also makes more

progress, as it gets to visit more sets (and make more progress) in a single loop.
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CHAPTER 6
A STOCHASTIC ALGORITHM

Consider a probability triple (2, F, P) and a system of convex inequality con-

straints
fw('r) S 0, w € Q. (61)

Beginning with Polyak [22] (and more recently, Necoara and Nedi¢ [18]), under
mild assumptions, the functional feasibility problem (6.1) has been tackled by
considering

min B[f (z)],

ze€

where f1(z) := max{0, f,(z)}.

When the intersection Sy = Mgy S is non-empty, finding a point x € Sy is

equivalent to computing = € £ such that
vi(z) =1 <0, Vi € [m]. (6.2)

Consequently, if (2, F, P) is a distribution over [m| such that P(w = ¢) > 0 for all
i € [m], then we can solve the convex feasibility problem (approximating a point

x € Sp) by considering the functional problem

min Ef(7,(z) = 1)4], (6.3)

ze€

with 0 being its optimal value.

In this chapter, we solve the functional feasibility problem from a different
perspective: Instead of considering the expected value of 7, as in (6.3), in each
iteration of our algorithm, we sample ,, several times (more precisely, in Algorithm
3, we sample 7, without replacement) and update using a subgradient of the

mazimal sampled function. This approach leads to the guarantees in Theorem 6.1.
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The methodology discussed in this chapter can be applied to the general context
of convex functional constraints equipped with a probability triple. We refer the

readers to [25] by Renegar and Zhou for the full discussion.

Algorithm 3: Stochastic Subgradient Method with Polyak’s Rule
input: target accuracy € > 0, an initial iterate o € £ and integer L > 0
(size of minibatch)
initialization: let £k =0

repeat
draw L indexes w1, ..., wr,r) from the uniform distribution over [m]
without replacement ;
select i(k) € ATGMAaX;_, | o vi(xk) ;

compute g € Vi) (Tr) ;

Vi) (@x)—1

e e P

9k

Remark. Algorithm 3 essentially becomes Algorithm 1 when L = m. Here we
consider the uniform distribution over the indexes. Other distributions satisfy-
ing P(w = i) > 0 for all i € [m] can also be used, and would lead to different

convergence guarantees.

Given an initial iterate xo and a minibatch size L, it is straightforward to see
that the lower bounds on the growth rate of vy outside Sy in Section 5.1.1 are also
applicable to the iterates encountered in Algorithm 3 with minor adjustments. In

the rest of this chapter, we let > 0 denote the largest number such that
Yo(xk) — 1 > p - dist(zy, So)

for all possible z; encountered in Algorithm 3.

Given a target accuracy € > 0, define

2 .
K =2 (i) log, <—d18t<I07 SO)) .
Tol €ro

Algorithm 3 has the following convergence guarantee:
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Theorem 6.1. Algorithm 3 finds an iterate satisfying vo(z) < 1+ € within an

expected number of iterations not exceeding (7)K.

Moreover, for any k > (F)K, we have

KL — K
P(minxk>1—|—e) <exp | -——m—EL .
K<k 2

Proof. In Algorithm 3, for any k € N, if v;4)(2x) > 1 + ¢, then by substituting xy
for  and Pg,(z) for z in (5.2), we get
. 2 2 ’Yz(k)(xk) —1 ? . 2
dist(xg41,50)° < ||zx — Ps, () ||” — “lal < dist(zg, So)°.  (6.4)
k

Moreover, if

{wWi1ys - W, n) } N argmax y;(z) # 0, (6.5)

1€[m)]

then i(k) € argmax; e, Yi(xr) and iy () = Yo(@x). Thus when yo(xr) > 1+ €

and (6.5) holds, similar to (5.7) in the analysis of Algorithm 1, we have

l'k)—l

2
dist (211, So)? = dist(zx, Sp)*— (70<Hg H ) < (1= (rop)?) dist (g, So)*. (6.6)
k

Now for any k € N, define

1, when (6.5) holds;
Xk = (6.7)

0, otherwise.

Since the indexes in Algorithm 3 are sampled from the uniform distribution over

[m] without replacement, we see that

SRS

P(Xy=1]|v(®p) >14+¢€) >

Note that the indexes in different iterations are generated independently, we

can lower bound { Xy }ren by { Yk }ren, a series of i.i.d. Bernoulli distribution which
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takes the value 1 with probability £. By (6.4), the sequence {dist(zy, So) }ren is de-
creasing. The expected number of iterations required to reach the target accuracy
follows from (6.6), the proof of Theorem 5.1, and a straightforward application of

the Ward’s equation on {Yj }ren.-

By Hoeffding’s inequality, for any k£ € N, and ¢t > 0, we have

2
P<M§£—t> §exp<—ki>.
k m 2

Thus for all k£ > () K, we get

P(ZYk,gK) ZP(MS%) < e (_k(#;%p)

k' <k
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CHAPTER 7
A FINITE ALGORITHM FOR THE CONVEX FEASIBILITY
PROBLEM

Recall that when int(Sp) # 0, we have 7% = inf,es Yo(x) < 1. Now consider an

iterative method applying Polyak’s rule with a “target” value t € (7, 1), i.e.,

~ Yolmk) — ¢

Jk- 7.1
EAE (7-1)

L4l i = Tk

If its iterates converge to the t-sublevel set of 7y, then we can find an point in Sy

when the accuracy € = 1 — t is reached after finitely many iterations.

Recall that our analysis of the Polyak’s rule in Section 5.1 relies on the growth
rate of 7y with respect to Sy, the 1-sublevel set of 7. In order to propose a finite
algorithm based on updates like (7.1), let us first study the growth rate of 4, with

respect to generic sublevel sets which are nonempty:

7.1 Growth rate of 7y with respect to generic sublevel sets

Consider a single closed convex set S and the corresponding ~ function.
For any ¢t > 0, if = € S(t), then v(x(1/t)) = y(e+ (z —e)/t) = y(x)/t > 1 and

z(1/t) & 8. (7.2)
By (2.5), we have

v(xi —t_ 7(;”) —1=~(2(1/t)) =1 >0.
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Also note that (2.10) implies
dist(z, S(t)) dist(e + (z —e),e +1(S —e))

t B t

= dist (e + i

e+ (S — e))
— dist(z(1/1), 5).

Consequently,

@) —t (/i) -1
dist(z, S(8)  dist(z(1/£),8)" (73)

Recall that (2.8) implies mg(x(1/t)) = ms(x). By (7.2) and Lemma 2.4, we get

Lemma 7.1. For any t > 0, when z & S(t) # 0, we have !

y(x) —t S 1 S t S t '
dist(z, S(t)) ~ l[ws(x) —ell ~ [[Psw(z) —ell ~ llz—e]

Consequently, for any ¢t > 0 and = & S(t), we get
1 < y(x) —t < 1

|ms(z) — el — dist(z,S(t)) ~ rs(e)’ (7.4)

Similarly, we can show that 7(s.) can also serve as a condition number of v with

respect to all t-sublevel set:

Lemma 7.2. Assumet >0 and x & S(t). We have

y(x) —t < 1
hs(e) — dist(z,5(t)) ~ gs(e)

Proof. By (7.2), (7.3) and Corollary 2.1, we get

=t AL [0 5]
dist(z, S(t))  dist(x(1/t),S)  des dist(e, H(S,d)) '

The rest of the proof follows from the definitions of gs(e) and hg(e) and substituting

x(1/t) for x in Lemma 2.5, i.e.,

dist(z(1/t), S) = maxdist (z(1/t), H (S, d)) .

deQg

O
IThe proof of the last two inequalities also relies on (2.10), and is deferred to Appendix A.5.
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For any ¢ > 0, let us denote the t-sublevel set of vy by
Here the last equality follows from (2.10). In particular, we have Sy = Sy(1).

Proposition 7.1. Assume t >0, v & Sy(t) and int(Sy(t)) # 0. Let z = Pg, ().
We have
() -t  inrad(Tso(2))
dist(x, So(t)) — maxy, ()¢ ||7s, (z) — el
t - inrad (7, (2))
T maxy, (x>t | Ps,) (2) — el
- t - inrad(Ts, ) (2))

T maXy,(@)>¢ |7 — €|

(7.6)

and
Yo(x) —t - inrad(7g,)(2))
dist(z, So(t)) — maxepn) hs,(€;)

(7.7)

Proof. The statements follows from Lemma 7.1 and Lemma 7.2, and the applica-

tion of Theorem 3.1 to So(t) = NicpmySi(t). O
Consequently, a condition number of o with respect to non-empty Sy(t) is
inra‘d(%O(t)(Z))_lT{(Siaei)}ie[m]7 (7.8)
which is a generalization of (3.20), a condition number of v, with respect to S.

We close this section by showing how the growth the growth rates of vy with

respect to different sublevel sets are connected:

Lemma 7.3. Given any x € € and t,t’' € R such that 5 <t < t' < v(z), we

have

Yo@) =t o) =t
dist(z, So(t)) — dist(z, So(¢))’

Hence ~y grows faster with respect to sublevel sets of higher values.
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Proof. Let z = Pg,)(z) and w = x + 2 @)ty — x). Then z € bdy(So(t)) and

0
Yo(z)—t

Y0(z) = t. Due to the convexity of 7y, we have

(o(x) = t)70(2) + (' = o(x) _ (o) =)t + (' = Holx) _
o) = Yo(z) —t N Yo(x) —t -t

Consequently, w € Sy(t'), and

vo@) =t @) =t y@) =t yelx) — ¢
dist(z, So(t)) |z — z|| |z —wl|| — dist(z, So(t))

7.2 A finite algorithm

In the Polyak’s update rule (7.1), setting the target ¢ € (7§, 1) is crucial to ob-
taining a finite algorithm: If ¢ = 1 (as in Algorithm 1), then by (5.3), we have
Ty =P H—(Sik,gk)(xk)a where the definitions of S;, and g follows from Algorithm

1. Hence xp1 € Sy unless
dist(xk, H™ (Szkagk)) = diSt(JIk, Szk) = diSt(ZL’k, So),

which is generally not true. Consequently, for generic convex feasibility problems,
Algorithm 1 does not generate iterates in Sp. When ¢ > 1, we even have xy,, ¢

Si, 2 So.

On the other hand, if we work with a target ¢ < ~{, then the step-size is
outside the interval provided in Lemma 5.1 for any z € Sy, and the algorithm is

not guaranteed to converge.

In practice, however, we do not know 4} a priori. To tackle this, we present

Algorithm 4, an algorithm which proceeds by making sequential estimates of 5.
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Algorithm 4: Finite Method with the Polyak’s Rule
input : an initial iterate z¢g € £
output: a point = € £ satisfying v (z) < 1
initialization: let z) = zo, J =0, kg = 0 and Ay =0

repeat
for j € [J] do
if yo(27,) < 1 then
‘ return 7 = x{c
J
else
J Jy .
compute g € 870(xkj) :
vo(fvij)—(l—ﬁj) j

e .
gkju

$?cj+1 = T T
l{j — kj + 1

J |2
lai, |

j' = argmin;c(; Yo(wy, ), T = argmin {v(xi ) ’Y(ﬂ‘?)} ;
while o(z') < 1 +27¢+ do
if J =0 or k5 > 2/V7] then
J=J+1;
let k;j=0,A; =27 and zj =7 ; // initiate copy J

In an iteration of Algorithm 4, we update J 4+ 1 different copies in parallel. For
each integer 7 such that 1 < 7 < J, we update the current iterate according to
Polyak’s rule, with the target being 1—A; = 1—277 while the copy 0 is essentially
running Algorithm 1. Once initiated, different copies do not communicate with
each other. According to our analysis in Section 5.1, the objective values in copy

0 converge to 1.

For j > 1, a copy with target 1 — A, is initiated when both of these criteria

are met:

1. The algorithm has encountered an iterate satisfying ijg, <14 Aj. Since the
J
objective values in copy 0 converge to 1, this condition will be satisfied after

finitely many iterations.

2. Enough iterations of the algorithm has elapsed. This prevents us from work-
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ing with too many copies simultaneously (and hence slowing down the algo-

rithm).

In order to analyze Algorithm 4, for any j € N, let u(j) > 0 be the biggest

number satisfying
olal,) = (1= Ay) = () - dist (w,, Sol1 = 4y))

for all the iterates generated by copy j in Algorithm 4. Then p(0) = mingey pig,
where i, is defined as in Theorem 5.1, and the lower bounds in Section 5.1.1 are

applicable to p(0).

For any j € N, such that 1 — A; > 7f, since 7y, is Lipschitz-continuous, we see
that int(Sp(1 — A;)) # 0. According to Proposition 7.1, we can lower bound /(5)

with the results in Section 5.1.1 by substituting So(1 — A;) for Sy when necessary.

We next discuss the time required for the initiation of a copy in Algorithm 4:

Lemma 7.4. For any j > 1, if Algorithm 4 does note terminate after making

1 2 diSt([L’o So)) 3
2 lo —2 R0 R0 )y oVl 7.9
(7’0#(0)> &2 < WAV (79)

updates of copy 0, then copy j must have been initiated.

Proof. By Theorem 5.1, we see that ming <k vo(z)) < 14 A; when

1 2 diSt(iUo, S()))
k>2— ) lo — )
- (Tou(0)> o ( rol;

Hence within additional

Z 2i" — 9[Vil+l _ 1 < olVil+1
1</ <[V7]

updates of copy 0, either the algorithm terminates, or copies 1 through j are

initiated. O
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Lemma 7.5. For any j > 1 such that 1 — A; = 1 =277 € (74, 1), if copy j is

initiated in Algorithm 4, then when

kj > &(k) =2 <r0;(j))210g2 (%{j)) ’

we must have ming <, yo(ry,) < 1.

Proof. By the construction of Algorithm 4, we have 'yo(xg) <1+ Aj. Due to the

definition of u(j), we have

dist (Ié, S()(l - AJ)) < 70(1’

Substitute So(1 — A;) for Sy, p(j) for ming<y py and let € = A; in Theorem 5.1,

we get ming <y, yo(xi,) < 1 when

k22 (r0:<j>>21°g2 (dm (SA(1 - Am) - (roulo)fbgz <r0u2(j)) |

Let

§ = —[logy(1 — 7)1 — L. (7.10)

Then 20 € [1_275, 1 — ). Combining Lemma 7.4 and Lemma 7.5 produces the

following result:

Theorem 7.1. Algorithm 4 terminates with copy 0 making no more than

1\’ (dist(xo 50)) ( 1 )2 ( 2 ) .
2 lo ——— ) +2(——] lo ) 4 olVilHl
(Tou(o)) &2 ol ron(@)) % \ronG)

updates and making no more than

(max {j,log (€())}* + 1) (2 (TO:(O))Qlogg (LAS))

() = () MH)

o7
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Remark. When the optimal value 4} is known, we can remove the terms
(max {j,log,(£(j))}* + 1) and 2/v3*1 in Theorem 7.1. The first terms is due to
the number of copies run in parallel, and the second term follows from our second
condition when initiating new copies. To get an rough idea of the magnitude of

these two terms, we note that log,(10%)? a 706 and 2~ V1°&2(107%) ~ 36,

Proof. The first statement follows immediately from Lemma 7.4 and Lemma 7.5.

To see the second statement, note that by Lemma 7.5, the algorithm terminates
before copy j makes more than £(j) updates. Thus when the algorithm terminates,
copies with indexes greater than or equal to j have iteration counts less than or
equal £(j). By the second condition for the initiation of new copies in Algorithm

4, we get J < max {j,log,(£(j))}*. O

7.3 Demonstration on the intersection of ellipsoids

In Figure 7.1, we generate random ellipsoids as in Section 5.4, and apply Algorithm

4 to compute a point in the intersection of 100 ellipsoids.

o8



—

) — A=0 M

55 —A=1p2 AR A
X 1072 — a=14 wﬂv\ e

A i)
— A=1/32 ' ' \
—o— A=1/64
_3 | — a=1128
1077 9 a=1ps6
0 20 40 60 80 100

Iterations

Figure 7.1: For any ¢, we let ||¢;|| = 100 and || B;|| = x(B;) = 10. In this experiment,
the copy with target 1 — é (the dotted line) generates a point in Sy, while copies

with target less than 1 — % do not converge, indicating 5 > %
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CHAPTER 8
THE v FUNCTION FOR MULTIPLE SETS WHEN THE
INTERSECTION HAS EMPTY INTERIOR

Recall that for a convex feasibility problem involving closed convex sets

dist(x,S0)
max;e[p dist(z,S;)

{Si}icm), its linear regularity concerns upper bounding the ratio

at x Q SO = ﬂle[m]Sl

Fix z € bdy(Sp). When int(Sp) # 0, for any = ¢ Sy satisfying Pg,(x) = z,
Theorem 3.1 upper bounds the linear regularity at x by a finite positive number
inrad(7s,(z))~!. In contrast, if int(Sy) = 0, then such an upper bound may not

exist even for points in a bounded region:

Ezample 8.1. Consider two closed convex sets in R?:

Si={(.y) | @+1)"+y* <1} U{(z,y) | 2 € [-2,0] and y € [-1,0]}
and

So={(z,y) | (- 1)*+y* <1}U{(2,y) |2 €[0,2] and y € [-1,0]}.

Then Sy = {(0,y) | y € [-1,0]}, which is a set with empty interior. For any y > 0,

we have
Ps,((0,9)) = (0,0)

and

diSt((an)aso) _ Yy _ \/y2+1—|—1
max{dist((0,y), 1), dist((0,y),52)} /2 +1—1 y ’

which tends to oo when y ~\ 0.

Recall that the proof of Theorem 3.1 relies on a pair of polar cones, Tg,(2) and

Ns,(2). When int(Sp) = (), however, both cones exhibit different properties:
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e Since rg,(w) = 0 for all w € Sy, we have inrad(7s,(z)) = 0 at all z € bdy(Sp).

e While the equality Ng, (2) + -+ 4+ N, (2) C Ng,(z) always holds, without

any additional assumptions, the equality
Ns,(2) -+ + N, (2) = N (2)

could fail, preventing us from writing normal vectors to Sy in terms of normal

vectors to the individual sets.

For instance, in Example 8.1, let z = (0,0). Then Ng, (z) = Ry x {0},
Ng,(2) = R_ x {0} and N, (2) + N, (2) = R x {0}, while Ng,(2) = RxR,.

In order to establish a linear regularity result when the interior of Sy is empty, let

us introduce the following assumption:

Assumption 8.1. For closed convex sets {S;}icpm), assume Sy = NiepyS; # 0 and
Nsi(2) + -+ + N3, (2) = Ny (2). (8.1)

at all z € bdy(Sp).

In Chapter 9, we introduce Assumption 9.1, which can be seen as an analogy

of Assumption 8.1 in the setting of constrained optimization.

Ezample 8.2 (Example 8.1 Continued). Let us consider an extra set in Example 8.1:

Sy = {(z,y) | 2* + (y + 0.5)? < 0.25}.

Obviously, we still have Sy = Nicg5; = {(0,y) | y € [—1,0]}. All three sets are

active at z = (0,0). Since Ng,(z) = {0} x R, we get

N (2) + N, (2) + Ny (2) = R X Ry = Ny (2).
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Moreover, for any y > 0, we have

max dist((0,y), S;) = dist((0,y), S3) = y = dist((0, y), Sp).

1€[3]

One can go on to check that Assumption 8.1 holds for this new problem.

For z € bdy(Sy), let
Z:={i€em]|zebdy(S;)} (8.2)

denote the sets active at z. Define the set

Pisi).cqny () : = conv ({d ] d € N, (2), Jldl] = 1hier U{0}})

=conv ({d | d € Ns,(2), ||d]] < 1}ier) .

(8.3)

Then

P(syse(2) € BO1) N (W, (2) + -+ N, (2) € BO ) N Ns (2). (8.4)

We also measure the reach of Pisy, .. (2) by

reach(s,y,. ., () := max {r >0 | <B(57 r) 0N50(2)> C Psi}icim (z)} :

By (8.4), reach(s,,.,,(#) < 1. In particular, when Sy is a singleton, we have

Ns,(2) = € and!

reachs,}, ., (2) = TP, e ((0). (8.5)
Theorem 8.2. Fix z € bdy(Sy). If Assumption 8.1 holds, then
reachys,y,. ., (2) >0
Moreover, for any x & Sy satisfying z = Pg,(x), we have
dist(z, So) = ||z — #|| < max; ez dist(z, S;) < MaXie[n) dist(x,Si). (3.6)

reaCh{Si}iE[m](’Z) N reaCh{Si}iE[m](z)

'For the definition of TP s ()(0), see (2.15).
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Remark. Compare Theorem 8.2 and Theorem 3.1. We see that in Theorem 8.2,
reachys,}, ., (2) essentially plays the role of inrad(7s,)(z) in Theorem 3.1. When

int(Sp) # (0, Assumption 8.1 holds automatically (c.f., Theorem 6.42 in [27]).

For any unit vector d € Ng,(z), we have z + d € Sy and Pg,(z + d) = =.

Consider & = z + d in the proof of Theorem 3.1, then?

max (d,d;) > inrad(Tg,)(2) - [|[(z + d) — z|| = inrad(Ts,)(2). (8.7)

di€Ns; (2), |ldill=1, i€Z
Now take the minimum over the unit vectors in Ng,(z). Combined with (8.16) (in

the proof of Theorem 8.2), we have?

reachs,y, . (2) = min {dieNSi(zmax (d, dl>} > inrad(7s,)(2).

deNs,(2), |ldll=1 ), dill=1, i€Z
Hence Theorem 8.2 is both a generalization and an improvement of Theorem 3.1.
See Example A.3 in Appendix A.6 for an example where int(Sy) # @ and

reachys,y, ., (¢) > inrad(7s,)(z) > 0.

Before proving Theorem 8.2, let us take a brief detour and study the connection
between the functions gs and rg for generic closed convex sets in £.* Due to (8.5),
Lemma 8.1 can serve as a simplified special case of (8.14), a key step in the proof

of Theorem 8.2:
Lemma 8.1. For any closed convex set S C € and e € int(S) # 0, we have
gs(e) =rs(e). (8.8)
Moreover, if w € bdy(S) satisfies ||w — e|| = rg(e), then
Ns(w) ={t-(w—e)|t >0}, (8.9)

and d = qi=5 € Ns(w) reaches the minimum in gs(e).

2Inequality (8.7) can be shown by using (3.13) instead of (3.14) in the last few steps of the
proof of Theorem 3.1.

3Recall that f is the support function, defined in Section 2.2.

4The function gg and the set Qg are defined in Section 2.2.
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Proof. For any w € bdy(S) and unit vector d € N, (w), since w € H(S,d), we get
dist(e, H(S,d)) < ||lw —€||. (8.10)
Hence
rs(e) we%ldl;l(s,‘) [ =ell = werél(};l(a {deNsI(Ii};l)I,ldH:l dist(e, H(S, >>}
= min dist(e, H(S,d))
= gs(e).
On the other hand, for any d € Qg, we have S C H~(S,d). Thus
rs(e) < dist(e,bdy(H (S,d))) = dist(e, H(S,d)).

Taking the infimum over d € g, we get rs(e) < gs(e). Thus (8.8) holds.

Now assume that w' € bdy(S) satisfies ||w’ — e|]| = rs(e). Then for any unit

vector d’ € Ng(w'), by (8.10), we have

gs(e) < dist(e, H(S,d)) < [lw’ — e[l = rs(e) = gs(e).

Hence w' = Py(ga)(e), and d' = [[w’—el|* N

Proof of Theorem 8.2. Let us first study the support functions of P{Si}ie[m](z).
Since Pjg,y, E[m](z) is a compact set, for any unit vector d € &, there exists

w € Psyy,.,,, (2) such that

(w,d) = max (w,d) = fP{Si}ie[m] (»)(d).

wEP{Si}iE[m] z
Hence fpq , o) is finite at any unit vector. Now consider any two vectors d and
tfie[m

d'. Then for any w € Ps,y,,,(2), we have
(w,d) = (w,d) < ||w|[|d - d'l| < ||d—d||,

64



where the last inequality follows from the fact that P(s;, ., (2) is a subset of the

unit ball. Consequently,

z d) = ma w7d
fP{SZ}le[m]( )( ) weP{Si}iz([m] (Z)< >

< max {w,d")y + ||d —d|}

wep{si}ie[m] (Z

= frisy, ](z)(d/) + [|d —d'||.

€lm

Similarly, fr, —((d) < fp{s_}‘e[ ](z)(d) + ||d — d'||, and we conclude that the

€[m]

support function of Ps,y, . (2) is 1-Lipschitz.

Thus there exists a unit vector d’ € Ng,(z) such that d' is the minimizer of

fp{sv}_e[ ](Z)(d’) over the compact set Ns,(2) N bdy (B(@, 1)> By Assumption 8.1,

we can write

d' =" Nd;, where \; >0, Y X >0, d; € Ny (2), ||di]| = 1.

ieT i€
Hence by the definition of Ps,y, (%),

d A
= —ZdiGPSii m(Z),
ZieI Ai ; ZieZ Ai {5 ietmi

and

d 1
i A(d) = d)>{(d, — > 0.
deNSO%PHdH:lfp{s”iﬂml()() TPtsiea )_< Ziez%> Dier i
(8.11)

For any unit vector w € Ng,(z), define

w:=t-w, t >0 is the maximal number such that ¢ - w € Ps;y, .., (2).

Since 0 € Prsyiem (2) € B(0,1), we get 0 < |@w| < 1. Note that @ €

bdy (P{Sz’}ie[m] (z)) The definition of reachys,y, ., (#) implies

reachys;y,c(,,(2) = weNsor(rg,n||w||=1 ol (8.12)
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Noting that

P{Si}ie[m] (Z) - NSO(Z)7

by (8.11), for any unit vector d € Ng,(z), one can easily show that there exists

unit vector w € Ng,(z) such that

Frisy, (d) = (w,d) > 0. (8.13)

With a proof similar to that of Lemma 8.1 (deferred to Appendix A.6) and (8.11),
we have

reachys,}, .., (2) = min frisy. . (»(d) >0. (8.14)

deNs (2), lldll=1 i€lm]

Recall that Ps,y, ., (2) is the convex hull of the set {d | d € N5, (), ||ld|| =
1}iez U {0}}. For any unit vector d € Ns,(z), by (8.11) and the convexity of the

function (d, -), we see that

d,0) < max d,w) = max d, d;). 8.15
< > wEP{Si}iE[m] (Z)< > diENSi(Z)’ lldsll=1, i€I< > ( )
Hence by (8.14),
reachys;}q, (%) demﬁﬁdnﬂ fp{s“ie[m]( @)
= min max <d7 U)> (816)
deNSo(z)7 Hd”:l wep{sz’}ie[m](z)

= min max (d,d;) ¢ .
deNs(2), [ld|=1 | di€Ns;(2), |ldill=1, i€T

Now consider any = ¢ Sy such that Pg,(z) = z. For any i € Z and d; € N, (2)

such that ||d;|| = 1, by Lemma 2.5, we have

(x —2z,d;) < ((x —2,d;))4 = dist(z, H (S;,d;)) < dist(x, ;).
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Hence

max dist(z, S;) > max { max (x — 2, d,>}
icZ i€ | ll=1dieNs, ()

lo— 2 {max{ <L " >}} (8.17)
llds]|= 1d€/\/g |x — 2|’
> reachs,}, ., (2)||x = =],

where the last inequality follows from z — z € Ng,(z) and (8.16). O

Proposition 8.1. Fiz z € bdy(Sy). If Assumption 8.1 holds, then for any x & Sy

satisfying z = Pg,(x), we have

1"each{si}ie ()
MaX;em] |2 — el

reachs,,, (2

~ maxer ||z — ei]

dist(z, Sp) >

Yo(z) — dist(z, Sp).

Proof. For i € Z, consider any unit vector d € N, (z). Then (z,d) = fs,(d) and
0 < fs,(d) = (e, d) = (z = ei,d) <[z —ei].

By Proposition 2.2, we have

T —e;,d
yilr) —1= <§2§}§ {f5< (e:d> })+ -1
627
Zde./\/'s (2).lldl= 1{fs (€:,d >_1}
_ r—z, d
7deNs HdH 1{ fs,(d }
{ r—2,d) }
(B

where the second equality follows from fg,(d) = (z,d).

(8.18)

- dENS (z Hd|| 1
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Since x — z € N, (2), taking the maximum over i € Z, we get

70(z) =1 2 max{y(z) -1}

{ =)
> max max _—
i€ | deNs, () lldI=1 | ||z — e

U;) maxiez{maXHdiH=17di€./\/'si(Z) (x —z,d;)}

maxiez ||z — €]
() reachys,y, ... (2)[|z — 2|

maxer ||z — &| 7

where inequality (a) follows from the fact that maxiez{maxndi||:1,di€NSi(Z) (x —

z,d;)} > 0, and inequality (b) is due to the last inequality in (8.17). O

Consequently, when Assumption 8.1 holds, vy grows linearly outside Sy, and we
can apply the algorithms discussed in Chapter 5 and 6 to solve the convex feasibility
problem. To get the convergence rates of the algorithms, replace inrad(7gs,(zx)) by

reachs,}, ., (2x) in Theorem 5.1, Theorem 5.2 and Theorem 6.1.
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CHAPTER 9
SOLVING CONSTRAINED OPTIMIZATION PROBLEMS VIA
RADIAL PROJECTIONS

Consider the constrained optimization problem

min  f(z) (C-Opt)
st. x€S;, Yie[ml,

where f: & — R is an M-Lipschitz convex function, and {S;}icjm) C £ are closed
convex sets such that Sy = Nicm)Si # (). We also assume that for each constraint
set S;, an interior point e; € int(S;) is available, and the v functions are defined

accordingly.

In [23], Renegar proposed radially projected subgradient methods for convex
optimization problems with a single constraint. In contrast, (C-Opt) involves

multiple constraints, and requires a different treatment.

Denote the set of optimal solutions to (C-Opt) by X*. Then X* is a closed

convex set. Let us introduce the following assumption:

Assumption 9.1. Given an constrained optimization problem (C-Opt), assume

X* # () and
N, (%) + -+ + N, (x*) + cone (Of (x*)) = Nx«(z¥). (9.1)

at all 2* € bdy(X*).

Remark. One can easily see that
N, (x*)+ -+ N, (27) + cone (Of (7)) C Nx«(z*)
always holds.
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Fix z* € X*. We immediately see that Assumption 9.1 is quite similar to
Assumption 8.1, except that the new assumption also involves the subgradients of
f at x*. Again, let Z := {i € [m] | 2 € bdy(S;)} denote the set of constraints

active at *. Define the set

Qo—opn () 1= conv <{d | d e N (), ||d|| = m}ez Uaf(z*)U {6})
(9.2)

and its reach

reachc_ope)(7*) 1= max {7‘ >0 | (3(6, ) ﬂNX*(x*)> C Qrc—om) (g;*)} . (9.3)
Let f* = f(z*) and
F(z) = {max{y(z) — 1, f(z) — f"}}. (9.4)
Then we have the following result:!

Proposition 9.1. Fiz 2* € bdy(X™). If Assumption 9.1 holds, then
0 < reach(c—opt)(z").
Moreover, for any x & X* satisfying x* = Px«(x), we have

F(z) > reach(c_opt)(2¥)[|x — ]| (9.5)

Consider the constrained optimization problem

min 0
(9.6)
st. xes;, Vieml.

Then 0f(z*) = {0}, and (9.6) is equivalent to the convex feasibility problem of

finding # € Sy = NigmSi- Let 2 denote the feasible solution considered in

!Proposition 9.1 can be seen as a combination of Theorem 8.2 and Proposition 8.1 in the case
of constrained optimization. Its derivation is also quite similar to the previous results, and is
deferred to Appendix A.7.
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Assumption 8.1. We immediately see that Assumption 8.1 and Assumption 9.1

are equivalent. Moreover, by the definition of Q(c_opt)(2*), we have

miIn ||2* —e;]|-reachc—opy) (#*) < reachys, .. () < max |z* —e;||-reachc_opt) (27)
1€ 1€

(9.7)
when the assumptions hold. Consequently, (9.5) can be seen as a strengthened

(i.e., tighter) extension of Proposition 8.1.

9.1 Radial projection-based Polyak’s rule when the opti-

mal value is known

When the optimal value f* is known, (C-Opt) is equivalent to

min F(z) = {max{vy(z) — 1, f(z) — f*}}. (Radial-Opt)

z€eE

Algorithm 5 applies Polyak’s rule to solve (Radial-Opt).

Algorithm 5: Polyak’s Rule via Radial Projections with Known Optimal

Value
input : target accuracy € > 0, the optimal value f* and an initial iterate

Xo € £
output: a point T € & satisfying vo(Z) — 1 < e and f(z) — f* <e
initialization: let £k =0

while F(z) > e do

if yo(xx) — 1 > f(zg) — f* then
compute g € dvo(zy) ;
Teit = T = 0
else
compute gy € Of (xy) ;

return 7 := zy
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When Sy # (0 (which implies f* < o0), by applying the standard one-step

analysis (5.2) repeatedly, one can show that Algorithm 5 terminates in

(max{l Jro, M} - dist(zo, X*))2

€

iterations. Improved bounds can be obtained when Assumption 9.1 holds:

Theorem 9.2. For (C-Opt), if Assumption 9.1 holds and the optimal value f* is

known, then Algorithm 5 terminates in

2( max{1/rq, M} (*))21%(||x0_$*||max{1/ro,M}>

mingse x+ reach(c_op) €

iterations.

Remark. 1t is easy to see that in Theorem 9.2, one only needs to consider the reaches
at the orthogonal projections of the iterates (instead of the entire boundary of X™).

The same observation also applies to Theorem 9.2’ and Theorem 9.3.

Proof. 1t is easy to see that F' is (max{1/rg, M })-Lipschitz. Combined with its
linear growth rate in (9.5), the proof follows from a standard subgradient method

analysis similar to that of Theorem 5.1. m

In Algorithm 5, the objective function f and =, share the same target accuracy

e. To allow different target accuracies for 79 and f, define

Fy(x) := max{yo(z) = 1,0(f(x) = f*)}- (9-8)

for n > 0. For any €y > 0 and € > 0, by replacing F'(x) with F(&) in Algorithm 5,
we obtain an algorithm which allows users to set different target accuracies for =

and f:
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Algorithm 5’: Polyak’s Rule via Radial Projections with Known Optimal

Value and Different Targets
input : target accuracies ¢y > 0, € > 0, the optimal value f* and an

initial iterate zo € £
output: a point T € & satisfying vo(Z) — 1 < ¢ and f(z) — f* <e

initialization: let £k =0
while F(io)(:ck) > €9 do
if yo(zr) — 1> (2)(f(2x) — f*) then

else
L o« o e

return r = ;.

In order to analyze the convergence rate of Algorithm 5’ for any n > 0, define

Q(c—0pty) (27) ==

con ({a1a e Mot 11 = s} vt alacoreu{})

and

reach(c_opt,y) (2*) := max {r >0| (B(ﬁ, r) N Ny« (x*)) C Q(c—0pt.n) (x*)} .

(9.9)
When Assumption 9.1 holds, for any 0 < n; < 12, we have
reach(c—optn) (#") < reach(c-opt ) (%) < (%) reach(c—opt) (7).
1
Similar to (9.5), we can show that for all ¢ X* such that Px«(z) = z*,
F,(x) > reach(c_opty) (@%) |z — 27| (9.10)

Also note that by the definition of f,, it is max {%,'r]M }—Lipschitz. Like Theo-

rem 9.2, we can show that
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Theorem 9.2°. For (C-Opt), if Assumption 9.1 holds and the optimal value f*

s known, then Algorithm 5 terminates in

2

max { L, (=)0} 1 M

2 . log, <||x0—x*|| -max{—,—})
Min ¢ x+ reach(c_opm%o)(x*) €ro €

iterations.

Remark. Note that for the function F,, neither its growth rate (i.e.,
reach(c_opt,;) (2*)) nor its Lipschitz constant (i.e., max{%, nM}) changes linearly
in . Hence Theorem 9.2’ does not necessarily produce a larger iteration count if

we fix ¢y and decrease € in Algorithm 5.

9.2 Radial projection-based Polyak’s rule when the opti-

mal value is unknown

In practice, the optimal value f* is usually unknown to the users. In this case, we
can apply the idea of the parallel scheme introduced by Renegar and Grimmer in
[24].2 As its name suggests, the parallel scheme runs copies of subgradient methods

with different step sizes in parallel.

For any n > 0 and ¢ € R, define

Finoy(x) := max{y(z) — Ln(f(x) - c)}. (9.11)

When f* is unknown, we can only work with F{, ;) (instead of F},), where c is an
estimate of f*. Before introducing a paralleled version of Algorithm 5, let us first

establish some properties of F{; »:

2The analysis in [24] is not immediately applicable here, since the estimates of f* enter our
objective function (see (9.11)), which is not covered in [24].

74



Lemma 9.1. When Assumption 9.1 holds, consider n > 0 and ¢ € R such that
c— f*€10,3n7 ). Then for any x € € satisfying F(, o (x) > €, we have

£y ()
4

Fipo(x) > > 0. (9.12)

Moreover, let L™ (1, c) denote the 0-sublevel set of F, .y, then for x & L™'(n,c),

we have

Ming«e x+ reach(c_opt,y) (%)

Fipo(x) > < 1 > dist (z, L™ (n,c)) . (9.13)

Proof. Since ¢ > f*, we have

Hence

F(n,C) (w) - F(n,c) (33) €0
Let ¥ = Px«(2*). Note that the optimality of z* implies z* € L™!(n,c). By (9.12)

and (9.10), we get

F(n,C)(x) > F(n,C)(bT) > Fy(r)/4 > Ml e x+ reaCh(C—Optnv)(95'*)
dist (z, L~ (n,¢)) — llz —a*|| = |lo —2*|| — 4 '

We refer the readers to Chapter 5 (if int(Sy) # @) and Chapter 8 (if int(Sy) = 0)
for the time required by Algorithm 6 to compute xj,;. In the remainder of this

section, we focus on the analysis of the algorithm after x;,;; has been obtained.

After computing xj,;, Algorithm 6 essentially run N + 1 copies of Algorithm

5" with different estimates of f* in parallel. Note that the copies in Algorithm 6

5



Algorithm 6: Parallel Polyak’s Rule via Radial Projections

input : target accuracies ¢y > 0, € > 0, an initial iterate xy € £ and
integer N > 0 (number of copies)
initialization: let k, = 0 for all integer n such that —1 <n < N ;

run Algorithm 1 with target accuracy €, and initial iterate z¢ to get xji ;
/1 Yo (Tinit) < 1+ €

let T = xit, f* = [(Tinit) ; // the current candidate iterate and
value
for -1 <n< N do

L Ty = Tinity o = f(Tinig) — 2 - 2"€ ; // initiate copy n with Zin

repeat
for -1 <n < N do
if Fl <« ; () > € then // update the iterate

2Me?
if yo(z%,) — 1> (52)(f(x},) — fu) then
compute gi € dyo(2} ) ;
n _ n 70(‘%2”)71 .
Tkt = T T gl Ik
else
compute g, € Of (z} ) ;
llgx[I2

| Tk = Tk, — Ik

k,=Fk,+1;

else

vy =y, fn=f(2})—2-2", k,=0; // restart copy n
with zp

if f(x} ) < f* then

r=uxp , f*= f(x} ); // update the candidate iterate
and value

for -1 <n< N do
if f*— f, < 2" then
| ap =%, f,=f"—2-2"% k,=0; // restart copy n with z
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are always restarted (or initiated) at z € & satisfying vo(x) — 1 < €. Moreover, if

copy n is restarted with an iterate x, then

n

f(x) < fu+ <%) €0 = fn+2"% = f(z5) — 2"

0

Hence after each restart, copy n improves the objective value by at least 2"¢ (which
is also the task given to copy n in the parallel scheme in [24]), while also satisfying

the requirement on feasibility imposed by 7.

In order to apply the analysis of the parallel scheme from [24], we need to

provide an upper bound on the number of updates required by each copy to restart

(c.f. Lemma 1 in [24]):

Lemma 9.2. In Algorithm 6, if Assumption 9.1 holds and copy n is initiated or
restarted at xf satisfying vo(zf) — 1 < €y and f(zf) — f* € [2- 2", 5 - 2"€), then
copy n will be restarted after at most

max{%,]\/[(;TOe)}

minx*eX* reach(cfopt €0 )(.T*>

120e

| 8 1 M
-lo -max§ ——,
&2 minx* ex* reach(cfopt €0 )(x*) €070 2ne

y2Ne

2

2

additional updates.

Remark. 1t should be noted that while Lemma 1 in [24] does not require
f(xg) — f*<5-2%, (9.14)

in the proof of Corollary 8 in [24], a copy only enters the analysis of the parallel
scheme if it is restarted at xj € & satisfying (9.14). Hence Lemma 9.2 is sufficient

for our purpose here.

Proof. When z} satisfies the conditions, we get
fo—f = (f(zg) — f)—2-2"€[0,3-2%). (9.15)
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Let n = 22 and ¢ = f, in (9.13), we see that F( © 1) has a growth rate

2ne Sre

of (minz*e xx reach g_op, <0y (%) /4) outside its 0-sublevel set. Also note that

2N e

F (2o fn)(a:) is max{%,M (5=)}-Lipschitz. The proof of this result follows from

a standard subgradient method analysis similar to that of Theorem 5.1. [

We next present Theorem 9.3, which is essentially an application of Theorem

2 in [24]. We refer the readers to [24] for the ideas and details of its derivation.

Theorem 9.3. For (C-Opt), if Assumption 9.1 holds and f(zimi) — f* < 5-2Ve,
then after xiny, has been computed, Algorithm 6 produces T € € satisfying vo(T) —

1 <e¢y and f(Z) — f* <2 € with at most

2
max{%,M(%)}

minx*ex* reach(c_opm €0 )(.ﬁC*)

20¢

| 8 1 M
1o ‘max{ —, —
&2 N e xr reach(c_opt’;TO)(x*) €oro 2"€

first-order oracle calls of 7o, where Ny is the smallest integer satisfying both f(z)—

No
(No+1)43 > 2

n=-—1

f*<5-2N¢ and Ny > —1.

Similar to the remark following Theorem 9.2’, without further knowledge re-
garding the structure of the problem, there is no straightforward comparison be-

tween the rate in Theorem 9.3 (which involves F| S0 where —1 < n < Ny) and

€

the rate in Theorem 9.2” (which only involves F{«)).
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Part 11

Margin Maximization of the

Intersection of Convex Cones
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CHAPTER 10
INTRODUCTION

Part II applies many results in Part I to the conic setting. For completeness,
we prove everything from scratch in this part, which could lead to repetition in

some cases, especially in the earlier chapters.

Given finitely many closed convex cones, let K denote their intersection. The
margin mazimization problem concerns finding points with large margins in K.
Consider the perceptron problem [28], which studies the intersection of finitely
many half-spaces. Let {e;};cpn) denote normal vectors of the half-spaces with unit-
norm. Define the margin function wo(x) := mincp,(z,e;). In the perceptron

setting, the margin maximization problem is to solve

max wo_@)‘ (10.1)
zet ||z
where || - || is the Euclidean norm. Note that given any ¢ > 0, (10.1) is equivalent

to

min %||x||2

st. (x,e;) >e¢, Vi€ m].
Hence in the perceptron setting, (10.1) can be seen as the support vector ma-
chine problem without intercepts. A plethora of (primal-)dual methods involving
quadratic programs have been proposed for the support vector machine problem.

See [29] for a review.

Primal first-order methods for (10.1) been studied by Gentile [9] and Kowalczyk
[15]. For a relative accuracy €, the Approximate Large Margin Algorithm (ALMA)

proposed by Gentile terminates after at most

v ((%))
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supgradient oracle calls of wy, where the inradius of Ky measures the width of K.
Kowalczyk [15] proposed another method with the same convergence rate. Both

algorithms are first-order methods, and came out around 2000.

In the next two chapters, we first generalize the margin function to the the
intersection of generic closed convex cones. Some useful properties of the margin
function are introduced. Surprisingly, even for the intersection of generic closed
convex cones, we have that the margin function decreases “sharply” with respect
to its suplevel sets. After showing that the decerease rate becomes quadratic when
restricted to the unit ball, we present a two-stage algorithm to solve the margin
maximization problem. The first stage is a generalized modification of the ALMA
algorithm in [9], while the second stage is an application of the parallel scheme

proposed by Renegar and Grimmer [24]. This new algorithm finds an e-optimal

o (e () (o) )

supgradient oracle calls of the margin function.

solution with at most

Our algorithm relies on reference points in the interior of the individual convex
cones, and 7y measures the centrality of these reference points with respect to the
cones. In the perceptron case, by taking the normal vector with unit-norm as
the reference point for each half-space considered, we get 1o = 1, and the new

algorithm improves the existing results.

It should be noted that while ALMA terminates with an output satisfying the

desired relative accuracy, our new algorithm never terminates by itself.

We close this paper with two numerical examples. In the first example, we

demonstrate how the new algorithm improves the convergence rate of the ALMA
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in the perceptron setting. The second example studies the intersection of second-

order cones, which is not covered by the existing literature.
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CHAPTER 11
DEFINITION AND PROPERTIES OF w FOR A SINGLE SET

Let £ denote a finite-dimensional Fuclidean space endowed with an inner product
(-,-) and the induced norm || -||. Consider a closed convex cone K C £. We assume
K has nonempty interior, and a vector e € int(K) is given. By rescaling, we may
assume

lefl = 1.

For all z € £, define the margin function
w(z):=max{t |r € K+t -e} =max{t |z —t -e € K}.

The margin function w can be evaluated with high precision using a line-search.

For more details, see the remark following Proposition 11.5.

In [23], Renegar defined a function Ay;,, which is basically equivalent to w. We
adopt a different notation in this work, since later w will be extended to multiple
cones. While the Lipschitz continuity and characterization of its supgradients
have been studied in [23], here we study the geometry of the suplevel sets of w
(Proposition 11.1) and discover the linear decrease of w with respect to distances
to those sets (Lemma 11.2). These results leads to the decrease rate of the w
function for multiple cones (Corollary 12.1) in the next chapter, which is an entirely
novel addition to the literature. We include the study of the Lipschitzness and

supgradient of w for completeness.

The following result shows that the suplevel sets of w are simply translations

of K:

Proposition 11.1. The margin function w is finite for all x € £. For anyt € R,

83



we have

wx)>t <= v K(t)=K+t-e.

Consequently, we get

z € bdy (K (w(x))). (11.1)
forallx € €.

Remark. For general closed convex cones, the value of w(x) cannot be computed
exactly. However, similar to the function Ay, in [23], the value of w(z) can be
approximated accurately. All that is required is accurately approximating where
the line {x —t-e | t € R} intersects the boundary of K. To do so, one can perform
bisection on the half-lines {x —t-e |t < 0} and {z —t-e | t > 0} to find out
(whether and) where they intersect the boundary of K. Since w(x) € R, at least
one of the two half-lines will intersect the boundary of K, and the value of w can
be estimated accordingly. For most closed convex cones, this can be accomplished

far more easily than traditional orthogonal projections.

As for special cones such as half-spaces and second-order cones, the margin
function can be evaluated exactly by utilizing the properties of these cones. See

the numerical chapter for some brief examples.

In what follows, we assume w(z) can be computed exactly.

Proof. Since e € int(K), we have —e € int(K°), where K° := {y € £ | (y,x) <
0, Vz € £} denotes the polar cone of K. Consequently, for any = € £, we have

- —t.
lim -~ ce int(K°), lim TV L ee int(K).
B o=t A o=t

Hence there exists oo > t; > t3 > —oo such that

r—tire€ K° xz—ty-e€ K,
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and w(z) € (t2,t;1) C R. The attainability of the maximization in the definition of

w(z) also follows from the closedness of K.

Thus z —w(z) - e € K for all z € £. Since K is a convex cone and = € K, for

any t < w(x), we get
r—t-e=(r—w) e+ (w(x)—t)-ec K.
Hence xz € K(t) for all t < w(z). O
By Proposition 11.1, K = K(0), and we have that = € K if and only if w(x) > 0.
In general, we see that the higher the value of w(z), the more internally z is placed

in K with respect to e. The margin function w is closely related to the Minkowski

functional (gauge):
Proposition 11.2. Let
Pey(x) =inf{r >0 |z ce+r(K —e)}

denote the Minkowski functional of K with e replacing the origin. For any x

satisfying w(x) < 1, we have
w(x) =1 = prer)().
Remark. Note that p x)(x) = 0 for all z € K(1), while w(K (1)) = [1,00). We see
that the margin function w is in fact a refinement of the Minkowski functional.
Proof. When w(x) = 1, by Proposition 11.1, we have
reK()CK(1l-r)=K+(1—-rje=e+r(K —e)

for all » > 0. Hence

Peio)(z) =0=1—w(x).
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When w(x) < 1, since K is a cone, we have
ree+r(K—e) <= recK+(1-1r)e <= z€ K(1—-r)

for all » > 0. The rest of the proof follows from Proposition 11.1 and the definition

of w and p k). O

For any z € K, define
rr(z) = max{r >0| B(z,r) C K} :
Then w(z) leads to a lower bound on rk(z) for all z € K:

Proposition 11.3. For all z € K, we have

ri(z) > w(z)rg(e).

Proof. For all z € K, by Proposition 11.1, we have w(z) > 0 and 2 € K +w(x) - e.
Hence for all v € B(0,7x(e)),

r4+w(x) ve (K +w) e +wx)- v
=K +w(x)(e+v)

C K+ w(z)- Ble,rk(e)).
By the definition of rx and the fact that K is a convex cone, we get

r+w(x) - veK+w) - Blerk(e) CK+w(x) K=K,

and B(z,w(z)rg(e)) C K. O

Before discussing the first-order properties of w, let us introduce another char-

acterization of the margin function:
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Proposition 11.4. For any x € £, we have
w(z) =min{(z,d) |d € K*, (e,d) =1},

where K* :={y € £ | (y,x) > 0, Yz € £} denotes the dual cone of K. (Hence w

is a positively homogeneous concave function.)

Proof. For any non-zero vector d, since e € int(K), we have

o)
HdH de K.
Thus if d € K™,
[, _rxle) rx(e) e
<e,d>—< ck d7d>+ ) 0,0) 2 (). (11.2)

Since K** = K, we have

reK < (x,d) >0, Vde K*
d

— (z, >0, Vde K*, d#0
(e, d)

< (z,d) >0, Vd € K*, (e,d) = 1. (11.3)
Note that for any t € R, x € £ and d € K* such that (e,d) = 1, we have
(x —t-e,dy = (x,d) —tle,d) = (x,d) —t.
By (11.3), we have
r—t-e€ K < (z,d) >t, Vde K*, (e,d) =1.

Taking the minimum over all eligible dual vectors on the right-hand side, the

statement follows from the definition of w. O

The supgradient sets of w have the following characterizations:
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Proposition 11.5. For any x € &, let Ow(x) denote the set of supgradients of w

at x. Then we have

Ow(x) ={d| (z,d) =w(z), d € K*, (e,d) =1}
= {d|d € —Ngu@)(@), {e,d)=1}

={d|d € —Nk(x —w(x)-e), (e,d) =1},
where N () (y) denotes the set of normal vectors of K(w(y)) at y.

Remark. To get a subgradient of (), it suffices to have an oracle which generates

non-zero normal vectors to K at its boundary points.

Proof. Let D :={d | d € K*, (e,d) = 1} denote the set of vectors considered in

the right-hand side of Proposition 11.4. Then by by (11.2), we get

(e,d) 1
]| < @~ (@) (11.4)

for all d € D. Hence D is a bounded set. Moreover, since the Euclidean space £

is finite-dimensional and D = K* N {d | (e,d) = 1}, we see that D is a compact
convex set. Hence for any = € &, the set D, := {d | (z,d) = w(x), d € D} is

nonempty.

To show the first equation in the statement, first consider any d' € D,. By

Proposition 11.4, for any y € £, we have
W(y) - W(l’) - mln{<y7d> | d e D} - <f[7,d/> < <y7d,> - <$,d,> - <y - Jf,d/>7

and d’ € dw(x). On the other hand, first note that by the convexity and compact-
ness of D and the Hahn-Banach Theorem, for any d ¢ D, there exists 2’ € £ such
that

<a:/, ci> < min{{(z’,d) | d € D} = w(2').
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Also note that by the homogeneity and concavity of w, we have

x+
2

wr+12") —wlx)=2w ( ) —w(r) > (w(x) + w(@')) — w(r) = wx).

Hence
<x + I',cz> - <x,J> = <x/,cz> <w(z+2") —w(x),
and we get Ow(xz) C D. For any d’ € D\ D,, we have (z,d”) > w(x). By the

homogeneity of w, we get

()= ()= ()

and d” ¢ Ow(x). We conclude that dw(z) C D,.

To prove the second equation in the statement, let g € dw(x). Then for all

y € K(w(zx)), we have

{9,y — ) > w(y) —w(x) > 0.

Hence g € —Ng(u(z))- On the other hand, since K(w(z)) = K + w(z) - e, when

d' € —Ng(w@)(x) C K*, we get
d' € —Ni(w(@)(z) = —Nk(z —w(z) - €).
Since K is a cone, we have!
(x —w(x)-e,d)=0.
If d" also satisfies (e, d’) = 1, we get
() = (i — i) - e, ) + i) (e, &) = ().

Hence the second equation in the statement also holds. The last equation in the

statement follows from K (w(x)) = K 4+ w(z) - e. O

1To see this, first note that d’ € K* implies (z —w(z)-e,d’) > 0. If (x —w(z)-e,d’) > 0, then
(x —w(z)-e,d) >0 =(0,e), contradicting our assumption d’ € —Ng(x —w(z) - ). Hence we
conclude that (z — w(z) - e,d’) = 0.
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Lemma 11.1. The margin function w is #@—Lipschitz.

1

Proof. For any x,y € &, consider g € dw(x). Then by (11.4), we get ||g|| <

— rx(e)’
Hence
ly — =]
wly) —w() <{y—z,9) < ———.
) —w(@) = {y—29) < 7725
One can also prove w(z) — w(y) < % with a similar argument. O

Lemma 11.2. For any x € € and t > w(x), we have

t —w(z) > dist(z, K(t)).

Proof. By Proposition 11.1, we have
K(t)=K(w(x))+ (t —w(z)) -e.
Since z € K(w(x)), we get  + (t —w(x)) - e € K(t). Since |le|| = 1, we have

dist(z, K (1)) < [|(t = w(@)) - el| = (t = w(@))e] =t = w(@).

[l
By assuming ||e]| = 1, we always have rx(e) < 1. Combining Lemma 11.1 and
Lemma 11.2, we see that for any z € £ and t > w(x),
dist(K(t
dSUE2) oy ) > dist(K (1), 2). (11.5)

ri(e)
Hence t — w(z) is an approximation of dist(K(t),z), and a bigger value of rx(e)
leads to a better approximation. This motivates us to introduce the notion of
inradius [11] (also called the width of K in the perceptron literature [5, 20]):
Given any closed convex cone K C &, define

i (2)

inrad(K) := max (11.6)
zer\{0y 2]l

= . 11.7

e ri(2) (11.7)
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Then
inrad(K) <1

for all K C &£. The unique optimal solution to (11.7) is called the center of K.
The center of K is the best reference point for defining the w function, in order to

make the left inequality in (11.5) as tight as possible.
As an example, for d € £\ {0}, consider the half-space
{z | (2,d) > 0}.

It is easy to see that the center of this half-space is the unit-vector d/||d||.
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CHAPTER 12
DEFINITION AND PROPERTIES OF w FOR MULTIPLE SETS

Now consider a finite number of sets {K;}icpm), where m > 1 and K; C €. For
i € [m], assume e; is a known interior point of K; satisfying ||e;|| = 1. Let w;

denote the w function defined with respect to K; and e;. Define

Koy = ﬂze[m]Kz
and the margin function
wo(z) : = min w;(x)
1€[m]
=min{(z,d) | d € K}, (e;,d) =1, i € [m]}. (12.1)

Here the second inequality follows from Proposition 11.4. Clearly, wy is a positively

homogeneous concave function. Throughout the rest of this work, we assume

int(Kq,) # 0. (12.2)

Let
i =1k, (e;), Vi € [m], ro = minepy, 7.

By Proposition 11.3, we get

Tro(2) > m[ln] wi(2)r; > w(z)rg (12.3)
elm

for all z € Ky. Since w; is 1/r;-Lipschitz continuous for all i € [m] (Lemma 11.1),
by the definition of wy and rg, we have that wq is 1/rp-Lipschitz continuous. By
(12.1), we also have

Ow;(x) C dwy(x) (12.4)

for all z € £ and i € [m] such that w;(z) = wy(x).
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When
Ki={o] (w,e) >0}, fleill =1, Vieml],
K is the intersection of a collection of half-spaces, and we recover the perceptron
setting. In this case, K} = {te; | t > 0} and

wo(x) = min{(z,e;) | i € [m]} = rK,(x) (12.5)

for all z € K,. Hence in the perceptron setting, wy reflects the “centrality” of a
point in Ky by measuring its distance to the boundary of K;. For the intersection
of generic closed convex cones, wy can be thought of as the margin function of Ky

defined with respect to reference points {e;}icpm)-
For any t € R and i € [m], we let K;(t) := K; +t - ;. Also define
Ko(t) == Nigpm Ki(t) = {z | wo(x) > t},
where the second equation follows from Proposition 11.1. Then Ky = Ky(0).

Proposition 12.1. When int(Ky) # 0, we have Ko(t) # 0 for all t € R.

Proof. Let z € int(Ky). For any i € [m], since z € int(K;) we get w;(z) > 0 by
Proposition 11.1. Hence wy(z) = min,ep, w;i(2) > 0 . Note that wy is positively

homogeneous, we have wy(s - z) = sw(z) for all s > 0. Consequently,

lim wy(s - z) = oo,
§—00

and Koy(t) # 0 for all t € R. O

Lemma 11.2 establishes lower bounds on the decrease rate of the w function for
a single cone with respect to its suplevel sets. In order to derive a similar result

for the wy function for multiple cones, we first present the following result:
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Proposition 12.2. For any x € £ and t € R satisfying t > wo(z), we have

max;ef,) dist(x, K;(t))

dist(, Ko(t)) < inrad(K,)

Proof. Given x € £ and t € R satisfying t > wo(x), let 2 = Pk, ) (z) denote the

orthogonal projection of z onto Ky(t). Then by Corollary 23.8.1 in [26], we have
t =2 € Ny (2) = D Nio (2).
1€[m)]

Hence we can write

T —2=73 icimNidi, where A\; >0, d; € Ni)(2), ||dif| = 1.

Consequently,

|z —2|)* = <£L‘—Z, Z )\idi> = Z Ni(z — z,d;). (12.6)
i€[m]

i€[m]

For any i € [m], since d; € Ng,)(2), we get
Ki(t) C H (z,d;) :=={w | (w,d;) < (z,d;)}.
Since ||d;|| = 1 and d; is the normal vector of the half-space H™(z,d;), we have
(x — z,d;) = dist(x, H (z,d)) > dist(x, K;(t)). (12.7)

Now note that A; > 0 for all i € [m], we get

dist(z, Ko(t)  _ > icim Nidist(z, Ko(t))
maX;e(m) dist(z, K;(t)) = X icpn Audist(z, Ki(t))
(127) D icpm Nillz — 2]
B Zie[m] Az — z,d;)
(12.6) |z — 2] Zie[m] Ai
- l — 2|1?
. Zz’e[m} Ai

el

(12.8)
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On the other hand, let w* denote the center of K. Similar to (12.6), we can

show

(—w*,x —z) = <—w*, Z )\idi> = Z Ai{—w*, d;). (12.9)
1€[m] 1€[m]
For any ¢ € [m], since d; € Ng,1)(2) € —K} and w* is the center of Ky, we have

(—w*,d;) = (w*, —d;) > rg, (W*) > rg, (w*) = inrad(K)). (12.10)

Note that ||w*|| = 1, we get

l = 2] = [[w*|[llz — =]
(12.9)
> (—w*,r—2z) = Ai{—w™, d;
= ) Z < ) (12.11)
1€[m]
(12.10)
> inrad(K)) Z Ai-
1€[m)|
Combining (12.8) and (12.11), we see that
dist(z, Ko(t)) < Zie[m] Ai < 1
max;e(m dist(x, K;(t)) = |z — 2| ~ inrad(Ko)
[

Corollary 12.1. For any x € £ and t > wy(x), we have

t — wo(z) > inrad(Ky)dist(z, Ko(t)).

Proof. By Lemma 11.2, we have t —w;(z) > dist(x, K;(t) for all i € [m]. Combined

with Proposition 12.2, we get

t—wo(x)=t— m[ln] wi(x) = m[a>]<{t — w;(z)}
1€lm i€lm

> max dist(x, K;(t)) > inrad(Ky)dist(z, Ko(t)).

i1€[m]
O
Since wy is 1/r¢-Lipschitz continuous, by Corollary 12.1, we get
dist(z, Ko(t
dist(®, Ko®)) o 4 (2) > inrad(Ko)dist(z, Ko(t)). (12.12)

To
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CHAPTER 13
THE APPROXIMATE MARGIN MAXIMIZATION ALGORITHM

By (12.1), wyg is a positively homogeneous function. We can find rays with large

margin with respect to Ky by solving

max  wo(z) (13.1)

st |zl < 1.

Let wj§ and z* denote the optimal value and optimal solution to (13.1). The
existence of z* follows from the continuity of wy and compactness of the unit ball
in £. In the perceptron setting, when the centers of the half-spaces are used as

reference points, we have wj = inrad K, and z* is the center of Kj.

Since wy is concave, (13.1) is a convex optimization problem. For any € € (0, 1),

we call  an e-relative optimal solution to (13.1) when z satisfies

[zl <1, wol@) = (1 = €)wp.

We have the following results for wj and z*:
Lemma 13.1. The optimal value and optimal solution to (13.1) satisfy
wy > inrad(Ko), ||2*] =1, 2" = Pryy(0),

and the optimal solution z* is unique.

Proof. Let 2 = 0 and t = inrad(K,) in Corollary 12.1, we get

- i K;
dist(0, Ko (inrad(Kj))) < inrad (o)

— =1
~ inrad(Kj)

Hence there exists € B(0,1) such that wy(z) = inrad(Kj), and thus,
wy > inrad(Kp).
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By the positive homogeneity of wy, we have

z* wo(2*)
w = :
NE [Ell

Due to the optimality of 2* over B(0,1), we get ||2*|| = 1. To further characterize

2%, let 2/ = PKo(w5)<6)- Since wy(2*) = w§, we have ||| < ||z*]| = 1. If 2/ # 2*,
let w = (z* + 2’)/2. Then

x4+ 2

2

* !/
o i

Jull = <

and u € B(0,1). Also note that the concavity of wy implies wo(u) > wy. Hence

U w()(u) *
wo = > W
<HU||> [l v

contradicting the optimality of z* over the unit ball. Thus we get z* = 2/ =

-,

P i) (0)

The following lemma is crucial to the analysis of our algorithms:

Proposition 13.1. For all z € B(0,1), we have

: %2
W — () > 1nrad(K0)2||x 2*| '

Proof. By Lemma 13.1, z* is the closest point in Ky(w*) to 0. Hence the half-space
{z | (z—2*,2*) > 0} contains Ky(w*). Hence by Lemma 13.1, for any z € Ky(w*),
we have

1= (2", 2") < (z,2%). (13.2)

Now consider any = € B(0,1). We have

lz = 21" = (ll=ll* + 12*]*) — 2(z, 2*) < 2(1 = (=, 2")). (13.3)
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Now let 2 = Pg, ) (2) in (13.2) and substitute for 1 in (13.3), we get

lz = 2" < 2 ((Prou) (@), 2°) = (,27))

*

= 2(Pgyup) (@) — 2, 2

= 2dist (z, Ko(wy)) -

Consequently, by Corollary 12.1, for all z € B (6, 1), we have

inrad (Ko)||z — 2|2
wy — wo(z) > inrad(Ky)dist (z, Ko(wg)) > inrad( 0)2Hx all :

The next result extends the {z*} in Proposition 13.1 to generic suplevel sets of

wp over the unit ball:

Corollary 13.1. For any z € B(0,1) and t € [wo(z),w]], we have

inrad (K, )dist (x, Ko(t) N B(0, 1)>2

t—wo(x) > 5

Proof. For any z € B(0,1) and s € [0, 1], define
z(s) = 2"+ s(x —2%), f(s)=w—wo(z(s)).
Then f is a convex function, and

f0) =wi —wo(z%) =0, f(1) =wi—wolx).

Since

wp — (= wo(®)) € [wolx), wil,

due to the continuity of wy, there exists s € [0, 1] such that
wo(x(s)) = wi — (t —wo(@)), f(s) = ws —wolx(s)) =1t — wol).
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Using Proposition 13.1, we get

A — * 2(wp —wo(z(s)) _ |2(t —wo(x))
sllz = =7l = lla(s) = =7l < \/ inrad(Kj) B \/ inrad(Kp)

By the convexity of f, we have

fls) _ f(s) = f(0) _ f(1) = f(0) _ f(1) ~ f(1—5)
S s - 1 - S
Thus
f(1=5) < f(1) = f(s) = (w5 — wo()) = (t — wo(7)) = wy — ¢,
and

wo(x(l —s)) =wy — f(1—s)>t.

By the convexity of the unit ball, we conclude that

z(1—s) € Ko(t)n B(0, 1),

and

dist (2, Ko(t) N B0, 1)) < o = 2(1 = 5)]| = sl — 2| <

2(t — wo(x))
inrad(Kjp)

By Corollary 12.1 and Proposition 13.1, we see that when restricted to the

unit ball, wy is a Lipschitz continuous function with quadratic decrease rate with

respect to its maximizer z*. In [24], the authors proposed an scheme which pro-

duces algorithms with near-optimal (with respect to the growth rate of the convex

objective) convergence rates when a good estimate of the optimal value of the

Lipschitz-continuous convex objective function is available. We next present the

Approximate Margin Maximization Algorithm (AMMA), a two-stage algorithm,

for solving (13.1). The first stage of AMMA, a modified extension of the Approx-

imate Large Margin Algorithm in [9] designed for maximal margin perceptrons,

produces an estimate of wf, which is then taken as an input to the second stage,

an application of the parallel scheme introduced in [24].
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13.1 First stage

We now present the first stage algorithm as Algorithm 7, a modified version of the
Approximate Large Margin Algorithm [9] generalized from the perceptron setting

to the intersection of generic closed convex cones:

Algorithm 7: Approximate Margin Maximization Algorithm-First Stage

input : target tolerance € € (%, 1)
output: a point = € & satisfying [|Z|| = 1 and wy(Z) > (1 — €)wj

initialization: let k =0, a = =5, 8 = Ry=0and zp=0€ &

1
2e—17
repeat
compute w;(xy) for all i € [m] and let iy € argmin,gp,, wi(w);
let wo(xy) = wi, (zx) ;
if k>0 and wo(zy) = z- then
| return T := x
else
compute g € dw;, (xk);
if £ =0 then
1 .
| @ = gyt
else
Tpyr = a1 + mgk;
Ty 1= Pm(é}k’-ﬁ-l);

Risr = /B + s

| k=k+1;

Remark. In the analysis of Algorithm 7 (Proposition 13.2), we need

a=(1-¢p,0=2a+1. (13.4)
Solving this system gives o = 21;61 and = ﬁ Since the algorithm terminates

when wo(xy) > Rik, to have a reasonable stopping criterion, we have to have a > 0,
which limits our choice of € to (%, 1). It should be noted that when a > 0, we have

B> 1and ||z1]| = 1/v/B < 1, and z; is also in the unit ball.

Remark. In the perceptron case, we always have ||gx]| = 1. One recovers the
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Approximate Large Margin Algorithm (ALMA) in [9] by setting

,:2—26
€

Q

, B =

in Algorithm 7. By choosing different o and 3 in Algorithm 7, we are able to
simplify the convergence analysis of the algorithm. One significant drawback of
Algorithm 7, however, is a much more restricted range of the relative accuracy
€ ((3,1)) v.s. (0, 1)). We will extend the range of target accuracy to (0, 1) in

Algorithm 8.

For notational brevity, let Z = 2*/w}. Then by Lemma 13.1 and the positive

homogeneity of w, we have

wo(2) =1, ||z = =, 2z =Pr,q)(0). (13.5)

1
%
Wo

Moreover, note that for any g in Algorithm 7, by Proposition 11.5, we have
gr € {d|de K}, (e, d)=1}.
Let z = Zz in (12.1), we get
(gr, 2) > min{(z,d) | d € K}, (e;,d) =1, i € [m]} = wy(2) = 1. (13.6)

Proposition 13.2. For any € € (%, 1), if Algorithm 7 does not terminate at the

kth iteration, then
Ryi1

(Tpy1,2) > . (13.7)
B
Consequently, by the construction of Algorithm 7 and (13.5), we have
_ B a
Riot < Blaealllz) € 2 = —2 (13.5)

wy (1 —euw

Proof. For any k € N, let s, = ||gx||~". Since Ry = v/Bso, by (13.6), we have

S0 Ry . Riy11

<CL‘175> = ﬁ@o,@ > ﬁ 3 = 3 )
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and (13.7) holds for k£ = 0. We now proceed by induction.

Now suppose (13.7) holds for & = ky — 1 € N and Algorithm 7 does not
terminate at the kgth iteration. Then

«
Ry,

(Thos Gro) = Wiy, (Thy) = wo(wh,) <

Consequently, we have

2
= [l |I* +

S
Ty + Gk
0

Si()(l + 2Rko<xk‘oagk‘o>) <1+ Sio(l + 205)
Ry Ry

k41 ]l* =

Ry,

Since f =1+ 2« (see (13.4)), by the definition of Ry, .1, we get

Sip(1+20) _ R+ Bsi, _ Ry

- 2
[Zro1l” <1+ R = R = R (13.9)
On the other hand, by (13.6), we have
2 2
A > > Sko > = Sko
<xko+17 Z> = <Ik07 Z> + <gk07 Z> > <xko> Z> + : (1310>
Rko Rko

Note that (13.9) implies ||Zgy+1|| < Riot1/Rry, by the definition of .1, we have

<£k0+1> Z> <j:ko+17 Z> Rko <£k0+17 2>
min{ || Zke41ll, 1}~ | Zkeall Rig41

<Ik0+1’ 2) =

Combined with (13.10) and our induction assumption (zy,, zZ) > R, /3, we get

Rk‘o <$/€07 Z> + Sio > RIQCO + 58%0 _ Rio-&-l _ Rko-i-l (13 11)
Rk0+1 - /BRko—l-l ﬁRko—f—l /6

We conclude that (13.7) holds for all k£ € N.

<xk0+17 2> >

Theorem 13.1. For any € € (%, 1), Algorithm 7 terminates in at most

() ()

iterations, and its output T satisfies

wo(Z) > (1 — €)wg.
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Proof. By Lemma 11.1, for any k € N, the margin function w;, is (1/r;, )-Lipschitz
continuous. Consequently, assuming the algorithm has not terminated before iter-

ation k + 1, we have

Hence by (13.8), we get

1< Fha B (Ben _ (1 LY
- pr: 2\ B “\2e—1) \rowg )

By our construction of Algorithm 7 and Proposition 13.2, Z, the output of Algo-

rithm 7, satisfies

13.2 Second stage

In Algorithm 7, the range of relative accuracy (%, 1) is very restrictive. However,
unlike many first-order methods, Algorithm 7 terminates with an output Z satis-

fying the required relative accuracy ¢y € (%, 1), i.e.,
wy > wo(Z) > (1 — e)wp.

This provides a good estimate of wj. Based on the output from Algorithm 7, we
next present Algorithm 8, the second stage algorithm that extends the range of

tolerance to (0, 1).

Algorithm 8 can be thought of as an application of the parallel scheme proposed

by [24]. Based on its input ¢y and xy, Algorithm 8 first generates a series of step
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Algorithm 8: Approximate Margin Maximization Algorithm-Second
Stage

input : initial tolerance ¢y € (0, 1), a point z, satisfying
wo(xo) > (1 — €o)wy and the target tolerance € € (0, €)
initialization: let k =0 and J = {log% (E(ffoeo)ﬂ — 1, compute

9o € Owo(zo) and for all j € [J], let z) = xo, G = g,

Aj = 3(572—0)}?((163)60) and ¢ = wo(wo) + Ay;

repeat
for 0 <3< Jdo

| Aj
Ty =Ty +

, EiR
i YRS

L1 = PB(6,1) (%H),

compute w; (27, ) for all i € [m] and let
i1 € argmin, g, wi (xfcﬂ);

let wo (%H) =W (miﬂ) and compute gi+1 = 8%3@ (%H);

J.
gka

let j(k + 1) = argmax ¢ ;; wo (LL'?C_H);
for 0 <3< Jdo
if wy (29(k + 1)41) > ¢}, then
et = A6, oy = 1Y amd oy = (AS50) 45,
// restart copy jJ
else

ety —d
| k=k+1;

sizes {A;}jer and targets {c;}jes. Then the algorithm executes the projected
subgradient method on the unit ball with different step sizes and targets in parallel.
In every iteration, we find the copies whose targets are reached, and restart these
copies with new targets. It should be noted that Algorithm 8 never terminates by

itself.

We next conduct the convergence analysis of Algorithm 8. The result can be
seen as a corollary to Theorem 2 in [24] up to a constant factor. In the generic
parallel scheme proposed in [24], a given copy of the parallel scheme can be relevant

for multiple times. As for Algorithm 8, since the input wg(xo) of Algorithm 8
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provides an upper bound on wj, we do not need to rely on assumptions on the
suboptimality of the initial iterate as in Theorem 2 in [24]. Utilizing this upper
bound, we will identify the “relevant” copies in Algorithm 8, where the notion of

relevance will be defined in (13.14).

As mentioned previously, in Algorithm 8, our choice of step sizes are based on

estimates of wj and the suboptimality of z:

Lemma 13.2. In Algorithm 8, we have
w(*) — QJO(iL'O) < 3A0 (1312)

and

cwy € [2A,31). (13.13)

Proof. Since wy(zo) > (1 — €p)w, we have

Eowo(!ﬂo)

= 3A,.
1—60 30

wy — wo(zo) < €ouy <

We also get

ewy < €owy < 3A.

On the other hand, since wy(x) < w§, our definition of J gives

2A0 < [S1°%) ([Eo)

229 =By = BRI - )

< ewp(xp) < ewp.

By the construction of Algorithm 8, we see that the targets {c;}ke A are in-
creasing for all j € [J]. The next result indicates how restarts and the objective

values are connected:
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Lemma 13.3. Forany j € [J] and k € N, if copy j is restarted in the kth iteration
of Algorithm 8, then

J J’
wo (T >  max Wy (ZB /> .
(Ths1) el <k k

Proof. 1f copy 7 is restarted in iteration k, then wy (xfc +1) > C,jg Suppose for
contradiction that there exists 7 < J and k' < k such that wq (xf;,) > wo (a:i/,)

Then by the definition of j(k’), we have
wo (w%(,k/)) > wy (xii) > wy (2],,) > ch > cl.
However, by the construction of Algorithm 8, we immediately have

w J(/k/)) — a j/ < Cj,.
0 (xk ?é[j]‘WO (xk) > G

Thus we arrive at a contradiction and conclude that the statement is true. O

For any iteration k of Algorithm 8, we let j(k) denote the “relevant” copy,

which has the largest index j satisfying
ch € [wi —34;,w — A)). (13.14)

The next result shows that the step size of the relevant copy is closely related to

the largest objective value encountered in Algorithm 8 so far:

Lemma 13.4. For any k € N, if there exists a relevant copy }(k), then we have

7 e[*—4A~. " A )
et X0 (1) € |6 i(k)> @0 T Sj(k)

Proof. Note that by the construction of Algorithm 8, we have wy (xi,) < c’,igk) for

all ¥ < k and j € [J]. Hence by the definition of relevance in (13.14), we get

max  wp (27,) < ma cjgk)<cj(k)<w*—Ax )
JeLI Rl o (7i) el ¢ = 0 Tiw
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On the other hand, by the construction of Algorithm 8, there exists k < k such

that

Hence

Relevant copies are crucial to our analysis of Algorithm 8, and the next result

characterizes some important properties of the relevant copies:

Proposition 13.3. In Algorithm 8, for any k € N, if
max  wo (:vfg,) < (1 —e)wyp, (13.15)

JEJ] K E[K]

then there exists a relevant copy j(k). Moreover, when (13.15) holds, the sequence

of relevant copies {j(k’)}k,em is increasing.

Proof. We first consider the base case where k = 0. For any j € [J], since ¢} =

wo(zo) + A, we have ¢, satisfies (13.14) if and only if

wy — wo(xo) = wy — () — Aj) € (24, 44,). (13.16)
If there is no relevant copy j(0), then wj — wo(70) & Uje (24, 44,]. Thus

wy — wolo) & Ujer (24, 3A;] = (247,34

Here the last equation follows from our construction of {A;};cr;. However, (13.12)

implies wj§ — wo(zo) < 3A¢. Thus by (13.13), we have

wy — wol(zo) < 2A5 < ewg,
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and (13.15) does not hold. Consequently, when (13.15) holds, there exists a relevant

copy j(0) such that
* j(ko+1
Wp — Wo (1“}6((142? )> € (24(0): 3A5(0)); (13.17)
and the statements hold when k£ = 0. We now proceed by induction.

Suppose the statements hold for k = k;. We will show that they remain true

fOrk:ko—i‘li

Case 1. If there is no relevant copy in iteration kg, then we have encountered an iterate

satisfying the desired accuracy, and (13.15) does not hold for k& = ky + 1.

Case 2. If the relevant copy j(ko) is not restarted in iteration ko, then we have

) = 9 e g - 38, it - A

ko)’ 0 3(ko>)'

Hence cﬂkfﬁf; satisfies (13.14), and j (ko + 1) > j(ko).

Case 3. If the relevant copy j (ko) is restarted in iteration kg, then by the construction

of Algorithm 8§,

wo (xi%@j”) — wo (xiffj}) > ¥ > wp -3, (13.18)
(a) If
j(ko+1 * *
then

j(ko) j(ko+1) _ * *
C?coﬁl = Wo (lioil ) + Aj(ko) € [UJD o 2A3(k0)7w0 - 5(k0)).

Thus cﬂkfﬁf% also satisfies (13.14). There exists a relevant copy j(ko + 1),

and j(ko +1) > j(ko).
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(b) Consider the case where
wo (0etV) 2 wh - 2854, (13.19)
i. If j(ko) = J, then by (13.19) and Lemma 13.2, we have
wo (:L*’éfi?”) > Wy — 2050, = wp — 24, > (1 — €)uy,

and (13.15) does not hold when k = ko + 1.

ii. If j(ko) < J, then by (13.19), we get

* j(ko+1
W — wo (x;fgg )) <20 <30 (13.20)

Replacing zy with xiz(okifl), similar to the discussion for the case

where k = 0, by (13.20), (13.13) and the construction of Algorithm

j(ko+1)

8, we can show that either ay, "

satisfies the desired accuracy and
(13.15) does not hold for k = ko+1, or there exists j(ko)+1 < j < J
such that

o —wo (A1) € (24, 34,], (13.21)
A. If copy j is restarted in iteration kg, then
j j (K * *
CIZ?O-‘rl = Wo <zjk(oi;r1)) + Aj € [wy — 24;,wp — 4Aj).

B. Otherwise, we have

. (ko1 .
Cgﬂo-i-l = Ci?ﬁo = Wo (zﬂ;c(oil )> > Wo — 3A3(k0)'

Also note that by the construction of Algorithm 8, there exists

k' < ko such that
Chy = wo () + 4.
Due to Lemma 13.3, we get
Ciio+1 = Wy (xi/) + A < wy (xﬁfﬁf”) +A; <wi— A
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In both cases, we can conclude that copy j satisfies (13.14). Hence

J(ko + 1) exists, and j(ko + 1) > j > j(ko).

Hence the statements hold for £ = kg + 1, and we conclude that they are true for
all k e N. O

Now we are ready to analyze the convergence rate of Algorithm &:

Proposition 13.4. In Algorithm 8, there exists j € [J] and

D
~ e \rdinrad(Ko)wo(zo)

such that

wo (a:i) > (1 —e)wyp.

Remark. By Lemma 13.1, we have inrad(K,) < wj and

% ! % !
e \rdinrad(Ko)wo(zo) /) = € \ (1 — €o)rg inrad(Ko)w}

_36( 1 1 2
— e \1—¢ roinrad(Ky) )

Proof. By Proposition 13.3, if in an iteration of Algorithm 8, none of the copies are

(13.22)

relevant, then we must have encountered an iterate satisfying the desired target.
Hence we proceed by showing an upper bound on the number of iterations during

which relevant copies exist.

We next bound the number of iterations it takes for a relevant copy to restart.

Assume copy j is relevant in iteration k. Then there exists &’ < k such that

C,i = wo(xi,) + Aj.
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By the quadratic decrease rate of wy over the unit ball with respect to its sublevel

sets (Corollary 13.1), we get

. | — 2 2(c} —wo (z5)) 24\,
dlst<x,K0(c,1)mB(o,1)> S T IARE Tl (13.23)

If copy 7 is not restarted in iteration k, then we have wy(x k) 07 By the definition

of relevance, we get
Wy — Wo (:ci) > wp—cl > W — (W — Aj) = A (13.24)
Since gi € Jwy (mi), we have

(x] — 2", gl) <wo (2]) —wf < A, (13.25)

-2

A ?

lgi 12
, A A,
= |l = || + =5 ( —L||gl* + 2(a], —z*,g>>
lgil2 \ gl
(13.25) ) A A ]
2 g — |+ ( il + <wo<x;>_wg>)
lg21? \Ilgz|
2
(1324 A;
X, — 2 — z
< ==l <Hg£||)
<l — 2" = (o). (13.26)

Here the first inequality follows from the definition of x{g .1, and the last inequality
is due to (11.4) and the definition of ry. Consequently, by (13.23) and (13.26),

after iteration k, copy j must be restarted within

(i) () = (i) (5)
- @ ( inr:dmo)) (ejw;;f)))
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iterations.

For any j € [J], assume that j(k') = j, then

After each restart, the target ¢, is increased by at least A;. Hence copy j can be
relevant and go through up to two restarts before cli, > wy — A, and it becomes

irrelevant forever. Using (13.27), we see that after

2%;] (g)j (7‘8 inrfd(K0)> (eolw;(;(;))
- ((5)" ) o) ()

= <% B 1) ( infii(Ko)> (60100;(;?)))

5 !
~ e \r2inrad(Kg)wo(wo)

iterations, the relevant copy can no longer be restarted. Since we have seen that
relevant copies must be restarted within finitely many iterations, this implies that
there is no relevant copy. By Proposition 13.3, we conclude that the algorithm

must have generated an iterate satisfying the target relative accuracy of e. L]

Theorem 13.2. Since Algorithm 8 makes at most [log% (ﬁﬂ +1 supgradient

oracle calls per iteration, it produces an e-relatively optimal solution after making

? (logg (ﬁ) - 1) <r§ inrad(;(o)wo(mo))

supgradient oracle calls.

at most
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13.3 Approximate Margin Maximization Algorithm

Combining Algorithm 7 and 8, we get the Approximate Maximization Algorithm:

Algorithm 9: Approximate Margin Maximization Algorithm

input : target tolerance € € (0, 1)
output: a point T € & satisfying [|Z|| = 1 and wy(Z) > (1 — €)wj

run Algorithm 7 with € = % to obtain xg ;
run Algorithm 8 with zg, €y = % and € to obtain Z;

Remark. Tt should be noted that here our choice of ¢y is somewhat arbitrary.

1
2

1) that is not too close to %

According to Theorem 13.1, any choice of ¢ € ( 5

should suffice.

Combining Theorem 13.1 and (13.22), we obtain the follow convergence rate

for Algorithm 9:

Theorem 13.3. For any € € (0,1), Algorithm 9 terminates after making at most

7 (o (1) +) (o)

first-order oracles of wg, and its output T satisfies

wo(Z) > (1 — €)wy.
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CHAPTER 14
NUMERICAL EXPERIMENTS

In this chapter, we present numerical experiments to demonstrate the results

in Theorem 13.3.

14.1 Intersection of half-Spaces

We consider a perceptron problem with m centers in R™ such that

€; = (61 s 76?717:0) ) ”elH =1 (141)

and
0 € conv ({(eg,..., ey ™), (eh, ... el D)) C R (14.2)
Lemma 14.1. 'Given {e;}icm) satisfying (14.1) and (14.2), Ko, the intersection
of the half-spaces K; := {x | (x,e;) > 0}, has (0,...,0,1) € R™ as its center and

satisfies inrad(Ky) = p.

Inspired by Lemma 14.1, we construct m centers for a given inradius
inrad(K) € (0,1) with Algorithm 11 in Appendix B. The reference points {e; }icm)
satisfy (14.1) and (14.2), with the first n — 1 entries of the first m — 1 reference

points generated from the standard normal distribution in R*~!.

14.2 Intersection of second-order cones

Note that in the perceptron setting, we always have ro = 1. In order to demonstrate

the effect of rq on the convergence rate of Algorithm 9, we study the intersection

1See the proof in Appendix B.
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Figure 14.1: Convergence of the proposed Approximate Margin Maximization Al-
gorithm and the Approximate Large Margin Algorithm from [9] when applied to
a perceptron problem in R'% with 100 centers and inrad(Ky) = 0.1. The target
relative accuracy is € = 0.001. The y-axes in the plots show the reciprocal of the
relative suboptimality of the iterates. One sees that the AMMA needs much fewer
first-order oracle calls to reach the target relative accuracy. Moreover, the ALMA
algorithm clearly demonstrates a O(e%) convergence rate, while the convergence
rate of AMMA is closer to a linear one in O(2).

of second-order cones of the form

K;:= {x‘”x —(z,ep)e|| £ —— m (x,e; } (14.3)

Lemma 14.2. ?For second-order cones defined by (14.3), we have

2 _ _
VEZT8 0 e, () = e — YLZT0

7o To HI - <x> Z>€Z||

wi(z) = (z,€;) —

ri(z) =ro(z,e;) — /1 —rgllz — (2, ei)ei.

We generate second-order cone examples with the following procedure, which

relies on Algorithm 11 in Appendix B:
Corollary 14.1. *For {e;}icpm generated by Algorithm 10 and K; defined by
(14.3), we have

ri(e;) =19, Vie€ [m].

2See the proof in Appendix B.
3See the proof in Appendix B.
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Algorithm 10: Second-Order Cone Generation for Margin Maximization

input : target number of centers m, dimension n, inradius of the
individual cones ry € (0,1) and inradius of the intersection cone

P € (0, 7"0).
output: a set of centers {e;}icp such that ||e;]| =1 for all i € [m].

compute ¢ := /(1 —12)(1 — p2) + rop;
run Algorithm 11 with m, n and p = ¢ to obtain {e; }icpm-

Moreover, the intersection cone Ko := Nicim K has (0,...,0,1) € R™ as its center,
and

inrad(K,y) = p.
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ro=20.5,inrad Ko =0.01 ro=0.5,inrad Ko =0.001

100 1 1001
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ro=20.05,inrad Ko =0.01

100 A

80 A

60 -

1/e

40 -
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0

00 02 04 06 08 10
First-Order Oracle Calls 1le5

Figure 14.2: Convergence of the AMMA when applied to second-order cone prob-
lems in R with different ro and inrad(Ky). Each problem has 100 second-order
cones. The target relative accuracy € = 0.01. Similar to Figure 14.1, the y-axes in
Figure 14.2 show the reciprocal of the relative suboptimality of the iterates. One
can see that the AMMA demonstrates an O(%) rate, which is affected by both
(compare the plots on the top) and inrad(Ky) (compare the top left plot and the
bottom plot).
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APPENDIX A
ADDITIONAL PROOFS IN PART I

A.1 Additional proofs in Chapter 2

Lemma A.1. Given a closed convex set S C E, for any x,y € S, we have recc(S —

x) = recc(S — y).

Proof. Consider any d € recc(S — x). We wish to show y + Ad € S for all A > 0.
Due to the convexity of S, we have x + nAd € S for all n € N. Hence by the

convexity of S, for all n € N, we see that

n Ad A
_ oy z4n _nly+ )+ z_ g
n+1 n+1 n+1 n+1

y(n) :

Since y(n) — y+Ad as n — 00, by the closedness of S, we conclude that y+\d € S.

Hence recc(S—x) C recc(S—y). The reversed inclusion can be shown similarly. []

A.2 Additional proofs in Chapter 3

Proof of (3.8). Assume T is a compact convex subset of int(7g,(2)). Since for any

compact convex set 1" and € > 0, there exists a polytope P satisfying
T CPCH{x|dist(z,T) < €},

we may assuine

T C P Cint(Tg,(2))

for a polytope P with vertices v; for j in a finite index set J. By definition of

the tangent cone, there exists scalars ¢t; > 0 such that z 4 tv; € int(Sp) for all
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0 <t <t;. Thus, letting ¢’ = min;ec; t;, we have
z+ t-P C So,

and consequently,
z+ t/ -T C So.

O

Ezample A.1. To see why the sup on the right-hand side of (3.6) might not be

obtainable, consider two circles in R?:
Si={(z,y) [ (¢ =1 +y* <1}, So:={(z,y) | 2° + (y —1)* < 1}.

Then Sy = S; N Sy has nonempty interior. Now let z = (0,0) € S;. We can show
graphically that
Tso(2) = {(d1, d2) [ dy <0, dy < O}

Then inrad(7s,(z)) = -5, which is obtained by considering v = (3,3) in the

definition of inrad(7g,(2)).

Now consider any w = (wq,wy) € Sp such that w # z. Then we have w; > 0

and wy > 0. Thus
(0—1)2+w§:1+w§>1:>(0,w2)§Z51CS.

Similarly, We can show (wy,0) ¢ Sy. Hence rg,(w) < min{wy, wy}, and

rsg(w) _minfwnwe} 1L (o).

lw—==2 "~ ui+w] T V2

Ezample A.2. To see why (3.10) cannot be strengthened in general, consider two

sets in R?:
Si={(z,y) |2>0, 2> +y* <1} U{(z,y) |2 <0, 2] <1, |y| <1},
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Sy = {(,y) |2 <0, 2* +y* <13 U{(z,9) |2 >0, |2 <1, Jy| <1}
Then
Soleﬂsgz{(x,y)|932+y2§1}.

By considering w = (0,0) on the right-hand side of (3.7), we see that
inrad(7s,(2)) = 1 for all z € bdy(Sy). For any = (x1,22) € S, when x; > 0, we
see that

dist(z, So) = ||z]| — 1 = dist(z, S)).

Similarly, when z; < 0, we have dist(z, Sy) = dist(x, S3). Hence for any x ¢ Sy,

dist(z, Sp) = max{dist(z, S), dist(z, S2)}

= inrad(7s,(Pg, (x))) max{dist(z, S;), dist(z, S2)}.

A.3 Additional proofs in Chapter 4

Proof of Lemma 4.3. By Lemma 4.1, we have

7o(x) = max -y, (x)

1€[m]
|z — yl| }
<max< vly) + ——~
i€[m] { ( ) T(Si,L)(ei)
lz —yll
< | maxy;(y ) + —
<i€[m] ( ) MiN;em) T(Si7£)(€i)

|z -yl
MiNe[m) 7(s,,2) (€i)

=(y) +

The reversed inequality can be shown similarly. O
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Proof of Lemma 4.4. By Lemma 2.4 and Theorem 3.1, we can write

Yo(w) =1 maxy s (@) — 1)
distz(x, Sp) distz(x, Sp)
. max, o (dist(a, 5)/ s (@) — i)

- distz(x, Sp)

v

max { —

ielm] { distz(z, So) J maxy,@)>1 |[7s, () — e
inrad, (7s, (2))

~ maxy, @)>1 |7 (@) — el

The rest of the proof follows from (2.17). O

A.4 Additional proofs in Chapter 5

Finishing the proof of Theorem 5.1. For u € R, define
flu) =2 —(1+u).

Then f is convex. Note that f(0) = f(1) =0, for any u € [0, 1], we have f(u) <0
and

1+u>2"

Let p := ming<g . Note that vy is 1/r¢-Lipshcitz, we get rop € (0,1) and

1+ (rop)? > 20rom”,

Consequently, when

2 :
k> o (L) log, (dlst(x0,50)> |
Tot €T

we get
& dist(zg, S 1 dist(xg, S
Yolwp) —1 < (1 — (rou)?)? (0, So) < A (0, So)
To (L4 (rop)?)z 7o
1 dist(zo, So)
— 9k(rop)2 70
<e.
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A.4.1 Ellipsoid experiments initialized at the mean of the

centers

In the experiments presented in Figure A.1, we let ¢; ~ 1000(X/||X|) +
100(X;/|| X;|), where X ~ N(0,1) and X; ~ N(0,1). Consequently, we have
Ec; = 1000X. The average of the center is away from Sy and can be used to
initialize the algorithms. As can be seen from Figure A.1, the convergence rates
of the algorithms are not affected too much by the value of r. This is because
So # () even when r is set at 0, and increasing r does not make the intersection

much bigger.

Polyak Scheme Cyclic Scheme
101 4 — r=0.01 10% 4
—— r=0.02
—— r=0.05 o
100 4
10° 5 — r=0.1
"l' 10-1 1071 4
X
L 1072 1072 4
10-3 1073 4
104 107 5
0 250 500 750 1000 1250 1500 0 5 10 15 20 25 30

Iterations Loops

Figure A.1: Algorithm 1 and 2 applied to the problem of the intersection of 100
ellipsoids in R'%. For any i, we let || B;]| = x(B;) = 10.

122



A.5 Additional proofs in Chapter 7

Proof of Lemma 7.1. By (2.10), we get

[Pswy (@) —ell _ [Peqis—ee+ (x—e)) €
t 13

r —e
— ‘ P€+(S,e) (6 ‘I’ t ) — €

= [[Ps(z(1/)) — el

Substitute z(1/t) into (2.17), we get

y(x) —t S 1 S 1 _ t
dist(z, S(t)) ~ [lms(x(1/t)) —ell ~ [[Ps(z(1/t)) —ell  [[Ps(x) —ell

A.6 Additional proofs in Chapter 8

Example A.3. Consider three sets in R%: S) = {(z,y) | (zx +1)* + (y + 1)* < 2},
So={(z,y) | (x —1)*+ (y+1)*> <2} and S3 = {(z,y) | 2>+ (y + 1) < 1}. Then
int(Sp) # 0 and z = (0,0) € bdy(Sp). We have

NS1(Z) = {(t7t) | t> O}v NS2(Z) = {(_t7t) | t> 0}7 NS3(Z> - {O} X R-ﬁ-‘
One can show that

reachys,y, ., () = cos (g) > sin (%) = inrad(7s,)(2).

Proof of (8.14). For unit vector w € Ng,(z) and unit vector d € Np{s_}_e[ ](Z)(u_)),
since

w E H(P{Si}ie[m] (Z), d),
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we get

Frisop, (@) = dist (0 H (Prsy o,y (2),) ) < [l (A1)
Hence by (8.12),
reachs,}, .. (2) = min | @]

weNs,, [[w]=1

Vv

min 2 (d).
weNTs, (=), =1, TPtsis g (@)

AN pgy (@), =1

[m]

On the other hand, note that

P{Si}ie[m] (2) CH™ (P{Si}ie[m] (2)7 d)'

We have

reach{si}ie[m](z) < dist <6, bdy (H’ (P{Si}ie[m] (z),d)>> = fP{si}ie[m] (»(d).

Taking the infimum over w and d, we get

h . < i z d7
T Ty () < weNsor(E)l,nHwH:L fp{sihe[m]( ()

AN gy o (@) =1

and conclude that

reachs,};cp, (2) = wers, O ol Trtsiic @ 9)

dENP{Si}ie[m] (=) (@), |ld||=1

Now assume the unit vector w* € Ng,(z) satisfies [|w*|| = reach(s,,.,. (2).

Then for any unit vector

d e NP{Si} (Z)(ZD*),

i€[m]
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by (A.1), we have

min TP,
weNso (@), Jwl=1,  T15ibietm

AN pg @), lldl=1

= reachys,}, ., (?)

= min I d).
weNs, (2), [lwll=1, f {Sz}ie[m](z)( )

dENP{Si}ie[m] (=) (@), lldl|=1

Hence fP{Si}ie[m] (»(d') = ||w*||, which implies w* = PH(P{Si}ie[m] (Z),d/)(ﬁ) and

d =w* € Ng,(2). (A.2)

Note that for any unit vector d € Ng,(z), by (8.13), there exists a unit vector

w € Ns,(z) such that d € Np{s_},e[ @ (w). Consequently,

(2(d)

voachsyi () = omin o Tr

d 1 d||=1
N1,y @ 1

Sitie [m]

< min
deNs, (2), ldl|=1

(2)(d)

fP{S'L}iE[m] (2) (d)

S fP{Si}ig

[m]

= reach(s,}, ., (2),

and (8.14) holds. O

A.7 Additional proofs in Chapter 9

Proof of Proposition 9.1. By the definition of Q(c_opt)(2*), we have

Qc—opn)(a*) € max { ! M} @),

mingez ||2* — e;]’
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Hence following the proof of Theorem 8.2, we can show that fq._. . (=) Is finite

at all unit vectors in Ny« (z*) and

i x* d >0
deNX*I(rxl}? lld||=1 fQ(Cfopt)( )( )

Similar to (8.14), we can show that

reach(c-opt) (27) fac_opy @ (d). (A.3)

= min
deNx« (z*), ||d]=1

For any d € &, like (8.15), we have

fQ(C—Opt)(w*) (d) =

1
monc g { . | € N )l = o b o) 9 € 070}
(A.4)
Consider « # x*, then by (8.18),
(x —x*,d)
1> () — 1} > RS A/ O O
Yo(z) -1 2> e i) =1} = Ner {deNsir(rglc%fHdH:l { ||la* — e
Also note that
f(@) = f(a") = max{(z — 27, g) | g € Of(«")}.
Let d = Z=2 in (A.4), then z — 2* € Nx-(z*), and we see that
max {70(2) =1, f(2) = F(27)} 2 foe_op @ (@ = 27)
. xr—a*
= [lz = 2" - foe-op @) (m)
(A-3)
> reachc_op) (z7)[|lz — =7
[
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APPENDIX B
ADDITIONAL PROOFS AND ALGORITHMS IN PART II

Proof of Lemma 14.1. Since 0 € conv ({(ef, ..., et "), (el .., em)}), there
exists convex multipliers {\; };cn) such that
Z Ai(ef,....efh) = 0eR" L
1€[m]
Consequently, for any x € R", we get
min(x, e;) < Ailx, e
min(e.eh < 3 Aoe)
1€[m]
— <(q;1,...,:c"1) , Z A (e},...,e?1)> + pa”
i€[m]
= px".
Hence (0,...,0,1) is the center of Ky, and inrad(Ky) = p. O

Remark. In our experiments, we use the Gurobi package [12] to compute the pro-
jection of 0 onto conv ({e;} ie[m_ﬂ). One can see that the centers generated by

Algorithm 11 satisfy (14.1) and (14.2).

Proof of Lemma 14.2. In order to study the properties of the second-order cones
whose centers are generated by Algorithm 10, first note that the dual cones of the

second-order cones defined in (14.3) take the form
* 1 - T(%
K} = x‘“x— (x,ep)e]| < ——(x,¢e;) p . (B.1)
To
Consequently, for any y € K* such that (y,e;) = 1, we can write y = e; + u, where

1 2
(u, e5) =0, Jul| < Y—"0,
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Algorithm 11: Half-Space Generation for Margin Maximization

input : target number of centers m, dimension n and the shared inradius
of all the intersection cone p € (0,1).
output: a set of centers {e;}icim) such that ||e;|| = 1 for all i € [m].

for i€ [m—1] do
L generate vector & following the standard normal distribution in R*~!;

compute u = PCOHV({eﬁ}ie[m_l]) <6>,

€ .
&ll

compute e; =

if u =0 then

L generate vector &,, following the standard normal distribution in R*~;

/! __ _ém
compute €, = Teml 3
else
ro_ _u.

| let e =~ ;

for i € [m| d

)
V1=p2l /1 —pze’?fl,p)

Lletei:<

Now for any = € R", define

v(x) = (x,e)e;, w(z) =z —v(x).

Then (w(z),e;) = 0, and

min {{z,y) [ y € K, (y, e;) = 1}
= in {<v<x> o).+ e =0, ul < 1—‘}
= min {{z,60) + (wa)s )+ (0o, + (), )|
furei) = 0, Ju] < 1—‘}
),

- <CL‘,6¢> - To

and the minimum is obtained when

V1—r2 w(z)

ro Jlw(@)|

u =
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Since Kj; is a cone, we have

ri(z) = min{{z,y) [y € K7, (y, &) = 1}
= min {(v(z) +w(x),v(y) + w(y)) |y € K, {y, e) = 1}

= min {(v(z),v(y)) + (w(z), w(y)) [y € K, (y, &) = 1}. (B.2)

When

o) = o, wly) ==L =

the right-hand side of Theorem 13.3 obtains its minimum
rollv(@)] = /1 = rllw(z)].

for all x € K;. O

Proof of Corollary 14.1. The first claim follows immediately from Lemma 14.2. To
show the second claim, let a € [0,7/2) satisfy sin(a) = ro. For any x such that

|z|| = 1, let b;(x) € [0, 7) satisfy
cos(bi(z)) = (z,€;), sin(bi(z)) = ||z — (z, e;)eq.
Then we get
ri(x) = sin(a) cos(b;(x)) — cos(a) sin(b;(x)) = sin(a — b;(x)).
Similar to Lemma 14.1, we have
Zrél[lnrll] cos(b;(z)) < Ca™

for any € R” such that ||z|| = 1. Note that

¢ = cos(a — arcsin(p)),
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we have

inrad(Kp) = max minr;(z)
z€ER™ ||z||=1i€[m)]

< sin(a — arccos(())

= sin(a — (a — arcsin(p)))

= sin(arcsin(p))
=P
and the maximum is obtained when = = (0,...,0,1) € R".
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