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We consider data dissemination from a single transmitter to multiple receivers
with side information, which is possibly due to prior transmissions. Side infor-
mation at receivers can be utilized to reduce the broadcasting rate at the trans-
mitter. How to accomplish this is the main focus of this dissertation. We address
this problem in three parts from an information theoretic point of view.

First we model the source as uniform vector of bits and each side informa-
tion is an arbitrary subset of the source. Known as index coding problem [1],
we approach this problem as a special case of rate-distortion with multiple re-
ceivers, each with side information. Specifically, using techniques developed
for the rate-distortion problem, we provide two upper bounds and one lower
bound on the optimal index coding rate. The upper bounds are based on specific
choices of the auxiliary random variables in the best existing scheme for the rate-
distortion problem [2], which is shown invalid for the general rate-distortion
problem and improved in our work [3] later. The lower bound is based on a new
lower bound for the general rate-distortion problem. The bounds are shown to
coincide for a number of (groupcast) index coding instances, including all in-
stances for which the number of decoders does not exceed three.

Then we consider rate-distortion with two decoders, each with distinct side
information. This problem is well understood when the side information at the

various decoders satisfies a certain degradedness condition. We consider cases



in which this degradedness condition is violated but the source and the side
information consist of jointly Gaussian vectors. We provide a hierarchy of four
lower bounds on the optimal rate. These bounds are then used to determine the
optimal rate for several classes of instances.

Lastly, we consider a rate distortion problem with side information at mul-
tiple decoders. We provide an upper bound for general instances of this prob-
lem by utilizing random binning and simultaneous decoding techniques [4] and
compare it with the existing bounds. Also, we provide a lower bound for the
general problem, which was inspired by a linear-programming lower bound for
index coding, and show that it subsumes most of the lower bounds in literature
including the ones we used for the index coding and rate distortion with two
decoders problems. Using these upper and lower bounds, we explicitly charac-
terize the rate distortion function of a problem which can be seen as a Gaussian

analogue of the “odd-cycle” index coding problem.
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CHAPTER 1
INTRODUCTION

With the increase on the number of smart mobile devices, mobile data traffic has
been increasing and this trend is expected to continue in near future [7]. How to
satisfy this increasing demand on data using the available resources effectively
is a very broad question. One aspect of this question we consider is how to
disseminate the data from a single transmitter to multiple receivers with side
information. This side information can occur if users cached prior transmis-
sions from the transmitter when media is distributed over a rate-constrained

downlink.

One can utilize the side information at receivers to reduce the broadcast-
ing rate at the transmitter. We can illustrate this on the following toy example.
There are two receivers demanding the same file and suppose that first receiver
is already downloaded the first half of the file, denoted as A, whereas second
receiver has the second half of the file, denoted as B, on its cache. Instead of
sending A and B separately, transmitter can send A ® B to receivers by reduc-
ing the required rate to satisfy their demands. Motivated by this, the goal of
this thesis is to investigate the fundamental limits of lossy data compression
with side information at receivers in the framework of information theory. Our

contributions are on the following three problems.



1.1 Prior Work and Overview of the Contributions

Index Coding

First we consider a general version of the index coding problem, in which a sin-
gle encoder observes a vector-valued source, the components of which arei.i.d.,
uniformly-distributed, binary random variables. There are several decoders,
each of which has a subset of the source components as side information, and
seeks to losslessly reproduce a disjoint subset of source components. The en-
coder must broadcast a single message to all of the decoders, which allows all
of them to reproduce their desired source components. We seek to understand
what rate is required of the encoder’s message when the encoder may code over
many i.i.d. realizations of the source vector. Specifically, we seek estimates of the
minimal rate that are both efficiently computable and provably close to the true

minimal rate, at least under some conditions.

The index coding problem has attracted considerable attention since it was
introduced (e.g., [1, 8, 9, 10, 11, 12, 13, 14]). The formulations studied for index
coding vary along at least three different axis. First, one can impose structure
on the demands and the side information. Birk and Kol’s paper [1] introducing
the problem focused on the case in which each source bit is demanded by ex-
actly one decoder, and if Decoder i has Decoder j's demand as side information
then Decoder j must have Decoder i’s demand as side information. The prob-
lem instance can then be represented as an undirected graph, with the nodes
representing the source bits (or equivalently, the decoders) and the edges rep-
resenting the side information pattern. Slightly more generally, one can relax

the symmetry assumption to obtain a directed, instead of undirected, graph.



Shanmugam et al. [10] call this unicast index coding. We shall consider here the
more general version in which each decoder can demand any number of source
components and the demands may be overlapping among the decoders. Shan-

mugam et al. call this groupcast index coding; we shall simply call it index coding.

A second independent axis along which index coding formulations vary is
whether one allows for coding over time (vector codes) or whether the code
must operate on each time instant separately (scalar codes). We shall focus on
the former here, due to its intrinsic importance and its connection with rate-
distortion theory. Furthermore, block coding can yield improved rates when

compared to scalar codes [15].

Third, and finally, some works require the decoders to reproduce their de-
mands with zero error [8, 10, 11, 12, 16] while others require that the block-error
probability vanish [13, 14]. Yet another possibility is to require that the bit-error

probability vanish. This work shall focus on the latter two.

Irrespective of the formulation, most work on index coding views the prob-
lem graph-theoretically [9, 10, 16], as in Birk and Kol’s original paper. One can
then lower and upper bound the optimal rate using graph-theoretic quantities
such as the independence number, the clique-cover number, fractional clique-
cover number (e.g. [11]), the min-rank [8] and others [9, 10, 16]. This approach
has proven to be successful for showing the utility of coding over blocks for
this problem [15], and for showing the utility of nonlinear codes [17]. Many of
these graph-theoretic quantities are known to be NP-hard to compute, however,
and for the others there is no apparent polynomial-time algorithm. Thus these
bounds are only useful theoretically or when numerically solving small exam-

ples. A noteworthy exception is Theorem 2 of Blasiak et al., which provides a



polynomial-time-computable bound that is within a nontrivial factor of the op-

timal rate for arbitrary instances. The factor in question is quite large, however.

We approach index coding as a special case of the problem of lossy com-
pression with a single encoder and multiple decoders, each with side informa-
tion. This more general problem was introduced by Heegard-Berger [18] (but
see Kaspi [19]) and is sometimes referred to as the Heegard-Berger problem. In-
dex coding can be viewed as the special case in which the source, at each time,
is a vector of i.i.d. uniform bits, the side information of each decoder consists
of a subset of the source bits, and the distortion measure for Decoder i is the
Hamming distortion between the subset of the source bits that Decoder i seeks
to reproduce and Decoder i’s reproduction of that subset. We then consider the

minimum rate possible so that all of the decoders can achieve zero distortion.

Viewing the problem in this way allows us to apply tools from network infor-
mation theory, such as random coding techniques, binning, the use of auxiliary
random variables, etc. Using this approach, we prove two achievable bounds
and an impossibility (or “converse”) bound [20]. Furthermore, we characterize
the optimal rate explicitly for the special case in which each source bit is present
at either all of the decoders, none of the decoders, all but one of the decoders, or
all but two of the decoders and other special cases [20, 21, 22], which we shall

present in Chapter 2.

Vector Gaussian Rate Distortion with Side Information

In index coding problem, we model the source as an i.i.d. vector of uniform

bits. Treating the source like this is appropriate if the source is first compressed



by an optimal rate-distortion encoder. Thus index coding implicitly assumes
a separation-based architecture in which lossy compression is performed first
and then the broadcasting with side information is performed at the bit level.
Ideally, one would perform both types of coding jointly. Indeed when we con-
sider the index coding problem we do not fully exploit benefits network infor-
mation theoretic tools. One of the advantages of these tools is that it allows
one to consider the problems of lossy compression and coding for side infor-
mation together, by allowing for a richer class of source models and distortion

constraints.

Hence as a second problem, we consider a special case of the Heegard-Berger
problem. We shall focus on the case in which the source and the side informa-
tion at the decoders are all jointly Gaussian vectors. This class of instances is
important in applications, since vector Gaussian sources are natural stepping
stones on the path from discrete memoryless sources to more sophisticated
models of multimedia. The vector Gaussian setup can also be motivated the-
oretically since, like index coding, it is one of the simplest classes of instances
that does not have degraded side information structure in general. ! We shall
focus on the case of two decoders; unlike index coding, for vector Gaussian

problems even the two-decoder case is nontrivial.

In Chapter 3, we provide a hierarchy of four lower bounds on the optimal
rate for this problem. For three separate special cases, we show that at least one
of the lower bounds matches the achievable rate [2, 18], thereby determining

the optimal rate [23, 24, 25].

!The problem is well understood when it is degraded, i.e., the side information at one of the
decoders is stochastically degraded with respect to the other’s [18].



General Rate Distortion with Side Information

Now we consider the Heegard-Berger [18] problem, which is essentially the
multiple-decoder extension of the Wyner-Ziv [26] problem. As we briefly men-
tion in the index coding problem, in Heegard-Berger problem, an encoder with
access to a source of interest broadcasts a single message to multiple decoders,
each endowed with side information about the source. Each decoder then seeks

to reproduce the source subject to a distortion constraint.

Even for two decoders, characterization of the rate-distortion function is a
long-standing open problem. The rate-distortion function has been determined
in several special cases, however, including when the side information at the
various decoders can be ordered according to stochastic degradedness [18],
when there are two decoders whose side information is “mismatch degraded”
[5], when there are two decoders and the side information at decoder 2 is “con-
ditionally less noisy” than the side information at decoder 1 and decoder 1 seeks
to losslessly reproduce a deterministic function of the source [6]. Also, instead of
imposing some degraded structure on side information, Benammar et al. con-
siders degraded reconstruction sets at two decoders and characterize the rate
distortion function when one component of the source is reconstructed at both
decoders with vanishing block error probability and the other component of
the source is only reconstructed at a single decoder [27]. Furthermore, vari-
ous vector Gaussian instances of the problem [23, 24], shown in Chapter 3, are
solved. Several important instances of the index coding problem have also been

solved (e.g., [8, 11, 20]).

As a main contribution, we present new linear programming (LP) type up-

per bound and lower bound to the general instances of rate distortion problem



with side information at multiple decoders by utilizing various tools such as
random binning and simultaneous decoding. We also compare these bounds
with the existing bounds and provide optimality results for several special cases

of the problem [28, 29, 3] in Chapter 4.

1.2 Outline of the Dissertation

The dissertation is outlined as follows. In Chapter 2 we consider general index
coding problem from a rate distortion point of view. Section 2.2 and 2.4 present
problem formulations while in the remaining sections in Chapter 2 we present
our main results. Chapter 3 considers vector Gaussian rate-distortion problem
with side information at decoders. In section 3.3, we introduce the four lower
bounds and section 3.4 presents main optimality results. Lastly, in Chapter 4 we
focus on Heegard-Berger problem with multiple decoders. Section 4.3 and 4.3.1
contain the achievability (upper bound) results. In Section 4.4 we introduce the
LP type lower bound. The remaining sections include the comparison of new
bounds with the existing bounds and optimality results obtained by using these

new bounds.



CHAPTER 2
A RATE-DISTORTION APPROACH TO INDEX CODING

2.1 Introduction

Here, we view the index coding problem as a special case of the rate distortion
function with side information at decoders. First we provide two upper bounds
to the optimal rate for the index coding problem. Both of the achievable bounds
are built upon the achievable bound for the Heegard-Berger problem, which is
due to Timo et al. [2]. The Timo et al. scheme involves an optimization over the
joint distribution of a large number of auxiliary random variables; we provide
two methods for selecting this distribution, the first of which is polynomial-time
computable but only yields integer rate bounds, while the second is more com-
plex but can yield fractional rates. The achievability results in this work are thus
unusual in that the emphasis is on algorithms for selecting the joint distribution
of auxiliary random variables rather than proving new coding theorems per se.
It is worth noting that the Timo et al. result is representative of many achiev-
ability results in network information theory that take the form of optimization
problems over the joint distribution of auxiliary random variables (e.g., [4]). The
task of solving these optimization problems has received little attention in the

literature.!

Our impossibility result is related to the “degraded-same-marginals” (DSM)
impossibility result for broadcast channels [31, 32]. The idea is that the opti-

mal rate can be computed exactly when the source S and the side information

'Indeed, the prospect that some of these “single-letter” optimization problems might be in-
trinsically hard to compute is intriguing and seemingly unexplored (though see Arikan [30]).



variables Y1, ..., Y,, can be coupled in such a way that
S > Y(r(l) > Y(r(z) e & Yo-(m)v

meaning that the random variables form a Markov chain in this order, where
o(-) is an arbitrary permutation [2]. We call such an instance one with degraded
side information. One may then lower bound a given problem by providing (for
example), Y, to Decoder 2, ¥, and Y, to Decoder 3, etc., to form a degraded
instance whose optimal rate is only lower than that of the original problem. We
provide a lower bound in this spirit for the general Heegard-Berger problem
that improves somewhat on that obtained via a direct application of the above
technique. We shall call it the Maximin Lower Bound, abbreviated as MLB. When
applied to the index coding problem, the MLB provides the same conclusion as

a lower bound due to Blasiak et al., although under slightly weaker hypotheses.

We use the MLB to show that our low-complexity achievable bound equals
the optimal rate for any number of source components, so long as the number of
decoders does not exceed three.? In fact, we show the more general result that
the achievable bound equals the optimal rate for any number of source compo-
nents and any number of decoders so long as each source component is present
as side information at all of the decoders, none of the decoders, all but one of the
decoders, or all but two of the decoders. It is apparent that every problem with
three or fewer decoders must be of this form. We also show that the achievable
bound coincides with the optimal rate when none of the source components are

“excess,” a concept that plays an important role in our achievable scheme and

that shall be defined later.

The virtue of our low-complexity scheme is that its performance is

ZRecall that we allow each decoder to demand more than one source component and each
source component to be demanded by more than one decoder.



polynomial-time computable, whereas the relevant graph-theoretic perfor-
mance characterizations are not apparently so, even when they are finite-
blocklength. Our low-complexity achievable scheme bears some resemblance
to the partition multicast scheme of Tehrani, Dimakis, and Neely [12]. For a
comparison of partition multicast and other graph theoretic quantities such as
hyperclique cover, local hyperclique cover etc., one can see [10]. Although our
scheme does not subsume partition multicast (which is NP-hard to compute [12]),
we do show that it is optimal in all explicit instances of the problem for which

Tehrani, Dimakis, and Neely show that partition multicast is optimal.®

Although we are focused mainly on index coding, the results herein also
have some significance for the Heegard-Berger problem. The MLB, mentioned
earlier, is the best general lower bound for this problem; however, we will
introduce lower bounds subsuming MLB in Chapter 3 and 4. Our conclu-
sive results for the index problem represent some of the few nondegraded in-
stances of the Heegard-Berger problem for which the optimal rate is known
(see [5, 33, 23, 34, 35, 36] others). This work is also the first work that considers
algorithms for selecting the distribution of the auxiliary random variables in the

Timo et al. scheme.

As noted earlier, this work differs from much of the literature on index cod-
ing by approaching the problem as one of rate-distortion, or source coding.
Some recent works have also approached the problem as one of channel cod-
ing [13, 14], and in particular, interference alignment. One of the advantages of
the source coding approach espoused here is that it can readily accommodate

richer source models and distortion constraints, including sources with mem-

3Tehrani et al. also show that partition multicast is optimal for the implicitly-defined class of
instances for which clique cover is optimal.
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ory, lossy reconstruction of analog sources, etc. The very formulation of index
coding presumes that the sources have already been compressed down to i.i.d.
uniform bits. Thus the index coding is “separated” from the underlying com-
pression, when in fact there might be some advantage to combining the two, a
topic that we shall consider in subsequent work. See the discussion after Corol-
lary 1 for additional differentiation between this work and above approaches.
Also, we will investigate rate distortion function with side information more in

Chapter 3 and 4.

This chapter is outlined as follows. Section 2.2 formulates the Heegard-
Berger problem and Section 2.3 provides the MLB for it. Section 2.4 formu-
lates the index coding problem. Section 2.5 and 2.6 provide a lower bound and
an upper bound for the problem respectively. Section 2.7 describes our first
scheme of index coding, and Section 2.8 provides several optimality results for
this scheme, including our results for three decoders. Section 2.9 describes our

second scheme.

2.2 Problem Definition

We begin by considering the general form of the Heegard-Berger problem, as
opposed to the index-coding problem in particular. There is a single encoder
with source S and there are m decoders. Decoder i has a side information Y; that
in general depends on S. The encoder sends a message at rate R to the decoders,
and Decoder i wishes to reconstruct the source with a given distortion constraint
D;. The objective is to find the rate distortion tradeoff for this problem setup.

This is made precise via the following definitions.

11



Definition 1. An (n, M, D, ..., D,,) code consists of mappings

f:8"->{,...,M}
g L., Myx Y - S

g L. My x Yt - St

g L. Myx Y - S

| ¢ .
E [; s, S<,~)k)] < D, Vie[m]

k=1

where S denotes the source alphabet, M, ..., Y,, denote the side information alphabets

at Decoder 1 throughmand S, ..., S

m

denote the reconstruction alphabets at Decoder 1
through m and d(., .) € [0 co) denotes a distortion measure and [m] = {1, ..., m}. Lastly,
we call f the encoding function at the encoder and g; the decoding function at

Decoder i where i € [m].

Definition 2. A rate distortion pair (R, D), where D = (D;, ..., D,,) is achievable if

for every € > 0, there exists an (n, M, D, +¢€, . .., D,,+€) code such that nllogM < R+e.

Definition 3. The rate distortion function R(D) is defined as

R(D) = inf{R|(R, D) is achievable}.

Finding a computable characterization R(D) is a long-standing open problem
in network information theory. Currently, such a characterization is only avail-
able for a few special cases. Heegard and Berger themselves [18] provided one
when the side information at the decoders is degraded. Watanabe [5] provided
one for the case that the source consists of two independent components, the
distortion constraints for both decoders are decoupled across the two compo-

nents, and the side information at the two decoders is degraded “in mismatched

12



order” (see [5] for the precise setup). Sgarro’s result [34] implies a characteriza-
tion for the problem in which two decoders both wish to reproduce the source
losslessly, without any assumption on their side information (see also [35]).
Timo et al. [36] provide a characterization for the two-decoder case when one
decoder’s side information is “conditionally less noisy” than the other’s and
the weaker decoder seeks to losslessly reproduce a deterministic function of the
source. Timo et al. [33] solve various two-decoder cases in which the source con-
sists of two components, say (X, Y), and one decoder has X as side information
and wants to reconstruct Y while the other has Y as side information and wants
to reconstruct X. The present authors determined the rate distortion region for
the two-decoder problem with vector Gaussian sources and side information,
subject to a constraint on the error covariance matrices at the two decoders [23].
Several (nondegraded) special cases in which both decoders wish to losslessly
reproduce a function of the source have been solved by Laich and Wigger [37].
Of course, several instances of index coding that are not degraded have also

been solved.

A general achievable result, i.e., an upper bound on R(D), was provided by
Heegard and Berger [18], which was corrected and extended by Timo et al. [2].
Later in Chapter 4, we propose a new general achievable scheme and show
that scheme by Timo et al. is not correct for the general case either. Additional
conditions on the messages are required to make the scheme valid. However,
we would like to point out that versions of the scheme by Timo et al. that we
utilize or base on in this thesis are all valid achievable schemes. We provide a
computable lower bound on R(D) for general instances of the problem in this
section. This lower bound will be used later in Chapter 2 to solve several index

coding instances.

13



2.3 Lower Bound for a Rate Distortion Function

We start our analysis by providing a lower bound to the general rate distortion

problem.

Theorem 1 ( Maximin Lower Bound, MLB). Let the pmf’s P(S,Y;) for all i € [m] be

given. R(D) is lower bounded by
Ry15(D) = sup max R,(D)
P o

where

R,(D) = min [I(S;U,)|Yoq) + IS5 Up)lUsr) Yo1), Yo2) + -+ -

Ul ~~~~~ Um

+ ](57 Uo-(m)lUO'(l)a ) Ua'(m—l)’ Ya’(l)’ EIE) Yo-(m))]

and
1) o(.) denotes a permutation on integers [m]
2) P={P(S,Y1,.... Yol Dy jui P(S, Y1, ..., Y,) = P(S, Yi), Vi € [m])

3) (Ui, ..., Uy,) is jointly distributed with S,Y\, ..., Y, such that
(Yla'-"Ym) <_)S « (Ula""Um)

and

4) there exist functions g, ..., gu such that
Eld(S, g0y (Usiy, Yoi))] £ Do@)Vi € [m],

5) Uyl < ISITTZ) [ Ul + (m + 2 = i) for all i € [m],

Proof of Theorem 1. The proof is given in Appendix 5.1

14
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The idea behind the proof was described in the introduction. Note that since
the optimal rate only depends on the source and side information through the
“marginals”

(S,Y) ielm],

we may couple the Y; variables to form a joint distribution P(S,Yy,...,Y,) as
we please, leading to the outer optimization in (2.1). Also note that a direct
application of the DSM idea would yield the weaker bound in which U, Y,

appears as an argument to g,; in (2.3).

Remark 1. Since the proof constructs the U; variables in a way that the joint distribu-
tion of (Uy, ..., U,,) does not depend on the permutation o (-), one could state the bound
with the minimum over U, ..., U, outside the maximum over o(-). This complicates
the proof of the cardinality bounds in 5), however, and the maximin form of the bound is
sufficient for the purposes of this chapter, so we shall defer consideration of this potential

strengthening to later chapters.

Next, we turn our focus to the index coding problem which can be viewed as

a special case of the Heegard-Berger problem.

2.4 Index coding : Problem Formulation

For the m user index coding problem, each decoder @ wants to reconstruct
f,, which is an arbitrary subset of the source S, that is, a collection of i.i.d.
Bernoulli(}) bits at the encoder. There may be overlapping demands, i.e., more
than one decoder may demand the same bit. Also, each Decoder a has side

information Y, consisting of an arbitrary subset of the source. We assume that
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decoders do not demand a component of their own side information since they
already have it, and we assume that Y, # Yy, for all & # 8 since we can combine
two decoders if they have the same side information. We may also assume that
every source bit is demanded by at least one decoder, for otherwise that bit may

be completely purged from the system.

Let Sy denote the part of the source which each decoder in a subset J of [m]
does not have and all decoders in [m]\J have as side information. If J = {a}, i.e.,
a singleton, then for ease of notation we use S, instead of S,,. Since there are m
decoders, we group the elements of S into 2™ disjoint sets such that S = U, Sy.
Note that each Sy may be empty, may consist of a single bit, or may consist of

multiple bits.

Let Gy = Sim) denote the elements of the source that none of the decoders
have, G,, = Sy denote the elements all decoders have, G,.-1 = UuemS. denote
elements that m — 1 of the decoders have, G,,_, = U( et ]S{Qﬁ} denote elements

a#f
that m — 2 of the decoders have and so on. To ease the notation for the rest of

the chapter, whenever we write a set {«, 8}, we assume a # 8 unless otherwise
stated. Then S can be represented as S = {Gy,G,,,Gy-1,...,G1}, as shown in

Fig. 2.1.

The demand f, at Decoder « can be written in terms of components Sj of S.

For this, we introduce the following notation.

Let f;; denote the demand that is a subset of source Sy and is required by
each decoder in a subset I of [m] and by no decoders in [m]\I. If I = {a}, then for
ease of notation we use f,; instead of f,),. We will generally assume that / C J

since only decoders in J may have a demand about Sy and decoders in [m]\J

16



(o)
A

Enc Y

()

0

Y

Figure 2.1: Index coding with m users.

already have Sj as side information. If I ¢ J, f;; is empty. Also, f;; and fx; are
independent (i.e., fi; L fx,) for all possible choices of I, K and J with I # K since
fiy N fxk; = 0 unless I = K. Lastly, each f;; may be empty, a single bit or may

consist of multiple bits.

We have written the source as S = {Gy,G,,,G,—1, . .., G} and the demands in
terms of S;’s. From now on, we consider an ordered set structure on S which
naturally induces orders on Sy’s. Then each demand f;; is also an ordered set
that can also be viewed as a vector. In fact, we shall find it convenient to view

f1, S, and other similar quantities at times as sets and at times as vectors.

Since this problem can be considered as a special case of the Heegard-Berger
problem, we use a similar definition for the code except for the distortion.
Specifically, we consider block error probabilities instead of the distortion con-
straints stated in Definition 1. Hence, we use the following definitions for the

code, error and optimal rate.
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Definition 4. Let S denote the alphabet of S. An (n, M) code consists of mappings
fiSn - {l,...,M}
81 - {1,,M}xy’1’ _)7:1n

g {l,... .M} x Y5 > F)

g AL .. MyXY" - F"

where f denotes the encoding function at the encoder, g, denotes the decoding function

at Decoder a« where a € [m], and F, denotes the reconstruction alphabet at Decoder a.

Definition 5. The probability of error for a given code is defined as
P, = Prigi(f(8"), YD#[(S") U g2(f(S™), Y)#E5(S™), ..., Ugm(f(S"), Yi) #1(SM)},

where £1(S") C S" is the demand of decoder i that decoder i wants to reconstruct, i € [m].

Then achievability and optimal rate can be defined as follows.

Definition 6. The rate R is achievable if there exists a sequence of (n, M) codes with
rate n”'log M < R such that the probability of error, P,, tends to zero as n tends to
infinity.

Definition 7. The optimal rate R, is defined as

R, = inf{R|R is achievable}.

We shall call the problem defined in this section index coding, although most
existing work on index coding requires the code to achieve zero, as opposed
to vanishing, block error [10, 11, 12]. For index coding problem g is also used
to denote the optimal rate [11],[15]. In support of the definitions adopted here,
see [13, 14] for works that use vanishing block error probability and [38] for

results connecting the two formulations.
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2.5 Lower Bound for Index Coding

The next theorem gives a lower bound to the index coding problem using the

MLB from Section 2.3.
Theorem 2. The optimal rate of the index coding problem is lower bounded by
Ry = max [H(E1)|Y o) + HE o)1), Yoy, Yo@) + - +
HEmmlfrq)s - - - fom-1) Yoy - - - Yom)] (2.4)

where o(.) denotes a permutation on integers [m].

Proof of Theorem 2. We will use the lower bound in Theorem 1 to prove the the-
orem. Note that this lower bound is for per-letter distortion constraints but it
can be adapted to handle block error probabilities in the following way. Van-
ishing error probability, P,, for index coding problem implies vanishing block
error probability for each Decoder i, i.e., Pr(g,(f(S"), Y])#£!'(S")), which implies
vanishing distortion with respect to Hamming distortion measure for Decoder
i. Also, note that lower bound in Theorem 1 is continuous from right by Lemma

12. Hence, the optimal rate for the index coding problem, R,,,, is lower bounded
by

Ropi > max Umirllj LI(S; Usy|Yoy) + I(S; Ul Uty, Yoy, Yo2) + -
Toeees m

+ I(S; Usm) Us1)s -+ - » Usm-1)s Yoays - -+ » Yoam)]
such that
1) o(.) denotes a permutation on integers [m]
2) (Uy, ..., U,) jointly distributed with S, Yy, ..., Yy such that

W,..., U oS o (Yr,...,Yn)
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and

E [d(r), 80()(Uotiy» Yoa))] = 0, Vi € [m],

where d(-, -) is Hamming distortion measure, giving

H{0)|Usiy, Yoa) = 0, Vi € [m].

(2.5)

Note that since Y; C S for all i € [m], there is only one possible joint distri-

bution of (S,Y1,..., Ym). Hence, the maximum over P in (2.1) is degenerate for

index coding. First we consider the permutation (i) = i for all i € [m]. Then we

have,

.....

I(S; UmlUl, ey Um—lle’ .. ~,Ym)]

To find an explicit expression for (2.6), we use the following lemma.

Lemma 1. For j € [m] we define

J-1 m
iyl pi- Lrripyd il . iop7i-
K; = Z I UYL 67 + 1S, UYS 67 + .Z] I(S; UYL, U,
= i=j+

where f} = (f1, ..., %) and likewise for U} etc. Then K; > K» > ... > K,,.

Proof of Lemma 1. We fix any j € [m — 1] and write,

K;— K

(2.6)

= —I(f;; UYL 870 + 1S UYL 870 — 1S U7 1Y 8) + 1S U 1Y, UY)

1’71

£ 1S; UYL ) — 1S UYL 1) + 1S U Y, U

=1(S; UIY3. £) = IS; UJIY} ™ 8) = I(S; Ut Y81, UD + 1S U Y], UY)

1 °°r

Vs

0,
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where
a: is due to the chain rule and reconstructions being subsets of the source, S.

b: is due to the side information and reconstructions being subsets of the source,

S,and (Uy,...,U,) S o (Y1,...,Ym). L]
Then (2.6) becomes,
Ropt
> K,

> K,,, by Lemma 1

m—1
= > I Y37 + IS UpIY 27

i=1

> > It Ui £

i=1

= ) HEIY, 7 - HEIUL Y67
i=1

= ) HEY}, 67, from (2.5). 2.7)
i=1

We can apply the same procedure to all m! permutations which gives the result.

]

Remark 2. Evidently the proof shows that the conclusion holds even if one only requires

that the bit-error probability, as opposed to the block-error probability, vanish.

Remark 3. Let us consider one of the m! expressions of the lower bound in Theorem 2,

say the one in (2.7). We can rewrite it as*

HE N\ Y) + HEN\N UYL UY2) + -+ Hf \ {Ym, UZ (Y5 6D (2.8)

=\ Yal + 12\ {fi U Y1 U Yol + -+ i \ { Yo, UL Y5

“Recall that we assume an ordered set structure on S which naturally induces orders on Sy’s
and demands fi’s.
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Blasiak et al. [11] define an expanding sequence of decoders as one for which each
decoder in the sequence demands a bit that is not contained in the union of the demands
and the side information of the decoders that appear earlier in the sequence. Blasiak et
al. prove that the size of a largest expanding sequence is a lower bound on the optimal
rate. Writing the above bound as in (2.8) shows that it coincides with the Blasiak et
al. bound when each decoder demands a single bit. Of course, the more general case
in which a decoder may demand multiple bits can be obtained from the Blasiak et al.
result by replacing each such decoder with multiple decoders that each demand a single
bit. The Blasiak et al. result does not quite imply Theorem 2, however, since the former
assumes a zero-error formulation (though one could appeal to a result of Langberg and

Effros [38] to relate the two formulations).

2.6 Achievable Scheme for Index Coding

For our achievable scheme for index coding, we rely on an achievability result
of Timo et al. [2], mentioned earlier, for the general Heegard-Berger problem
(see also Heegard and Berger [18]). Since the Timo et al. scheme is rather com-
plicated, we shall state it in a substantially weakened form that will be sufficient

for our purposes.

Proposition 1. (cf. [2, Theorem 2]) The optimal rate R, of an index coding problem is

upper bounded by

min Z max H(U,|Yi)] (2.9)

1<[m]

where the minimization is over the set of all random variables U, jointly distributed
with S such that

1) There exist functions
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81U Y1), ., 8n(UrmerUr, Ym) such that
2i(UrietUr, Yi) = £i(S), for all i € [m].

2) Each U, is a (possibly empty) vector of bits, each of which is the mod-2 sum of a set

(possibly singleton) of source components.

The full-strength version of Timo et al.’s result omits the condition 2) but re-
places the rate expression in (2.9) with one that is more complex. Under the
condition 2), however, their expression is upper bounded by (2.9). Also Timo et
al. state their result as an upper bound on R(D) defined in Section 2.2, as op-
posed to R, as defined in Section 2.4. That is, they provide a guarantee on the
expected time-average distortion, instead of on the block error probability that
we use to define index coding. Their proof technique can be used to bound the

block error probability with minimal modification, however.

One way of interpreting Uj is that it is a “message” that is “sent” to all De-
coders i such that i € I. That is, U; includes some information about the source
that is decoded by all of the decoders in I but is not available to any of the
decoders in I¢. The contribution of U, to the overall rate in (2.9) is simply the
rate needed to send U, to all of the decoders in I using standard binning argu-
ments (and relying on the fact that U, is a deterministic function of the source S).
Specifically, consider encoding and decoding a message U, for a given I C [m].
We randomly bin the different realizations of U;. The encoder then broadcasts
the index of the bin containing the observed realization to all of the decoders.
The decoders in I then identify the correct realization within the bin using typ-
icality considerations [39, Section 15]. The required rate for sending U, to de-
coder i, i € I is H(U,|Y;). Since U, needs to be obtained by all decoder i’s where

i € I, the resulting rate for U, to be successfully transmitted to all decoder i’s,
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i € 1,1is max;e; H(U,|Y;). The other messages are handled similarly and decoder i
then reconstructs its demand f;(S) using messages U,.;.;U; and its side informa-

tion Y;.

Evaluating this upper bound requires finding the optimal joint distribution
of the U, auxiliary random variables. Since each Uj is a deterministic function of
S, this is equivalent to finding the optimal such functions. Such an optimization
problem is evidently quite complicated. We shall provide a polynomial-time
heuristic for finding a feasible choice of the U;s. Of the many different index
coding schemes that have been proposed (e.g., [10, 8, 12, 13, 14] ), ours most
closely resembles the partition multicast of Tehrani, Dimakis, and Neely [12]. In
the language of our setup, their scheme amounts to finding the optimal choice
of the U, subject to the constraint that each U; must be a vector consisting of
a (possibly empty) subset of the source components. Tehrani et al. show that
finding this optimal choice is NP-hard [12]. Our scheme, in contrast, consists
of three steps, the first two of which amount to a polynomial-time heuristic for
tinding a reasonable and feasible (but not necessarily optimal) choice of auxil-
iary random variables subject to the constraint that each U; must be a vector
consisting of a subset of the source components. Thus the output of the sec-
ond step of our heuristic is a feasible solution to the optimization problem for
which partition multicast is optimal. Our third step, however, replaces some
of the U, variables with ones that are more general functions of source, i.e., not
just subsets of the source variables. Due to the similarity between our heuristic
and partition multicast, we call our heuristic coded approximate partition multicast
(CAPM). Although CAPM is not guaranteed to be never worse than partition
multicast, we shall show that it is optimal for all of the explicit scenarios for

which Tehrani et al. show that partition multicast is optimal as well as some
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other, more general scenarios.

2.7 CAPM: Selection of U;’s in the Achievable Scheme for In-

dex Coding

CAPM is a method for choosing a feasible choice of the auxiliary random vari-
ables U, for I € [m]. Note that the number of auxiliary random variables is
exponential in the number of decoders, although in typical instances most of
these random variables will be null. To minimize the worst-case complexity of
CAPM, therefore, we shall work with a linked list of the auxiliary random vari-
ables that are not null, which shall begin empty. We shall call all U; auxiliary

random variables for which || = i “level i messages.”

Step 1: Beginning with an empty linked list of auxiliary random variables,
we sequence through the vector of source bits. Any given bit must be in fx; for
some K C J C [m]. So long as J # [m], we seek to include this bit in Ugyye: if
Ukuse does not exist in our linked list of auxiliary random variables, then we add
it to the list and set it equal to the source bit in question. If it already exists in
the list, then we locate it, and we set Uky,- to be a vector of bits consisting of all
source bits that were included previously along with this newly included source
bit. For a source bit in fx, where J = [m], we include the bit in the auxiliary
random variable Uy, i.e., the auxiliary random variable that is decoded by all
of the decoders. This process is repeated until all of the source bits have been
included in an auxiliary random variable. Note that each nonvoid auxiliary
random variable is then simply a vector of source bits. Also note that each

source bit will be included in exactly one auxiliary random variable.
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We now sort the linked list so that all level-2 messages appear first, fol-
lowed by all level-3 messages, etc. Note that all level-1 messages are necessarily
empty (assuming there is more than one decoder), by virtue of the fact that ev-
ery source bit is assumed to be demanded by at least one decoder, and source
bits that no decoder has as side information are placed in Uj,,;. The complexity

of Step 1 is at most O(s? - m), where s = [S|.

Remark 4. See Proposition 3 to follow for a justification of this particular approach to

allocating the source components among the different auxiliary random variables.

Step 2 : Let U, denote the first auxiliary random variable in the linked list. If
I = [m], i.e., this first auxiliary random variable is decoded by all of the decoders,
then this U; must be the only non-null auxiliary random variable (since they are
sorted by level), in which case we skip Step 2 and proceed to Step 3. Suppose

instead that |I| < m. Note that U;’s contribution to the overall rate is

max H(U/|Y5).
1€

In many cases H(U,|Y;) will not be constant over i € 1. That is, some decoders
in I will require a higher rate to decode U, than others. When this happens we
move some of the source bits in U; to a higher-level message. Define the two
decoder indices

i =min{i : HU;|Y;) = HzliIH HU;|Y))} (2.10)
€

and

J =min{j : HU/Yj) = max HU;Y))}. (2.11)

If H(U,IYw) < H(U,|Yj), then there must exist a source bit in U, that is con-
tained in Y;- but not in Yj.. We select the lowest-index source bit with this prop-

erty and move it from U; to some U, such that/ c Jand [J| = [/|+ 1. If[I[| <m—1,
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then there are many such choices of J; J can be chosen arbitrarily, but for con-
creteness we shall assume the following. First we look for nonempty U,’s such
that / ¢ J and |J| = |I| + 1. If we can find such a message or messages, we select
the J with the lowest index that is not already in /. If that is not the case, J is
obtained by adding to I the lowest index that is not already in 7. We call the bit
that is moved leftover or excess. We then recompute i* and j* according to (2.10)
and (2.11), respectively, and move an additional bit to a higher-level message if
necessary, repeating this process until U, is such that H(U,|Y;-) = H(U,|Yj-). Note
that this condition must eventually be satisfied, since after sufficiently many it-
erations, U; will become null. Once this condition is satisfied for U;, we apply
the same procedure to the next auxiliary random variable in the linked list, and
so on until this procedure has been applied to every variable in the linked list.
It is possible that some auxiliary random variables in the linked list are made
null through this procedure, in which case they are removed from the linked

list. The complexity of Step 2 is O(m?* - 5°).

Remark 5. The rationale for moving source bits up to higher-level messages is as fol-

lows. A bit that is excess contributes to the maximum
max H(U,[Yy), (2.12)
€

which is U,’s contribution to the overall rate. Thus removing this bit from U, has the
potential to reduce U,’s contribution to the rate (although it will not necessarily do so, if
there are multiple [ that achieve the maximum in (2.12); see the next remark). Of course,
including this bit in a higher-level message, U, will tend to increase U,’s contribution
to the rate. But it will only do so the source bit in question is not in the side information

of one of the decoders [ that achieve the maximum in
max H(U,|Yjy).
leJ
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Thus moving the bit up one level often yields a rate reduction, and even if it does

not, it may yield a rate reduction upon being elevated again during a later iteration.

Remark 6. If there exists a unique j € I such that H(U,|Y;) = max, H(U,|Y)), then
moving an excess bit to a higher-level message cannot increase the overall rate, and in
some cases it may strictly decrease the rate. If the decoder with maximum rate is not
unique, then moving an excess bit to a higher-level message can increase the rate, as in
Example 1 to follow, although this increase is sometimes offset during later movements
of excess bits, or during Step 3 (again as in Example 1). For this reason we move excess
bits according to the procedure outlined in Step 2 even when such movements have the

immediate effect of increasing the overall rate.

Remark 7. Finding the feasible allocation of source components among the various U,

variables that minimizes the rate in (2.9) is NP-hard, as shown by Tehrani et al. [12].

Step 3 : In the final step, we exclusive-OR (XOR) some of the bits included
in the auxiliary random variables. Let U; denote the first auxiliary random vari-
able in the linked list, and suppose that Vi, ..., V; denote the excess source bits
that are included in U;. Recall that bits placed in U, during Step 1 are not
considered excess. For each i, let N; denote the set of decoders that need (i.e.,
demand) V; and let H; denote the set of decoders that have V; has side informa-
tion. We search for a pair of components V; and V; such that N; ¢ H;, N; ¢ H;, and
Vi and V; were included in the same auxiliary random variable in Step 1 (that is,
N;U H; = N; U H;). If there are no such V; and V, then we proceed to the next U
variable in the linked list. Otherwise, we delete V; from U, we replace V; in U,
with V;® V;, we replace N; with N; UN; and H, with H; N H;. Since both V; and V;
were placed in the same auxiliary random variable in Step 1, we view the new

V; as also being placed in that variable in Step 1, although of course the auxiliary
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random variables constructed in Step 1 did not involve taking the XOR of any
of the source components. We then repeat this process, again looking for V; and
V;such that N; c H;, N; C H;, and V; and V; were included in the same auxiliary
random variable in Step 1. If we find such a pair, we replace them with their
exclusive-OR. We repeat this process until there are no such pairs remaining.
We then apply this procedure to all of the other auxiliary random variables in

the linked list. The complexity of Step 3 is O(m - s°).

Remark 8. Evidently Step 3 will never increase the rate. Moreover, one could certainly
exclusive-OR bits V; and V; satisfying N; € H; and N; C H; but for which V; and V;
are not included in the same auxiliary random variable in Step 1 or for which either V,
or V; are not excess bits. Choosing to exclusive-OR certain pairs of bits can foreclose
other such choices, however, and the latter choices may ultimately lead to lower rates.
The restriction that we only exclusive-OR bits that are excess and that originated in the
same auxiliary random variable in Step 1 is intended to guide the process toward the
most productive exclusive-OR choices. Of course, once the above process exhausts all
of its exclusive-OR possibilities, one could look for exclusive-OR opportunities among
bits that are not excess or that did not originate in the same auxiliary random variable.
We shall not include this step in the heuristic, however, since it is not necessary in any

of our optimality results or any of our examples.

One can verify that this selection procedure provides a feasible choice of the
U, variables as follows. First note that the choice will be feasible after each step
1. This is because each source component is included in a U, variable that is de-
coded by all of the decoders that demand it. Thus condition 1) in Proposition 1
is satisfied. Condition 2) is satisfied because each U; consists of a subset of the
source components. Step 2 only moves source components from a U; to a U, for

which I € J, so it is evident that conditions 1) and 2) continue to hold. Finally,
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the exclusive-OR operation applied in Step 3 evidently never violates condition
2), and the specific conditions under which the exclusive-OR operation is ap-

plied ensures that condition 1) continues to hold.
Notation 1. The achievable rate provided by CAPM is denoted by Rcapm.

Remark 9. Note that CAPM specifies that each message U, consists of a subset of the
source components and possibly bits obtained by applying exclusive-OR to the source
components, all of which are i.i.d Bernoulli random variables. Since each side informa-
tion Y; is a subset of the source S, after applying CAPM, the resulting H(U,|Y;) end up
being the entropy of set of independent Bernoulli random variables. Then, CAPM can
only give integer rates since the entropy of set of i.i.d Bernoulli random variables must

be an integer.

To illustrate CAPM, we provide three examples.

Example 1. Consider the 4-decoder index coding problem instance with demands
le%ﬁchﬁ{l,Z}C, f1{2’3}c, ﬁ;[4],‘f2[4j where each demand is one bit and a°® = [m] \ {Cl} Now

we show each step of CAPM.

Step 1: At the end of this step we have
U12 = f12°a U23 = ﬁ2°/

Ui = fa2e, fipse,
Ui2a = fagars fora)-

Step 2: We start with level-2 messages. The first level-2 message is Uy. fiae in Uy,
is an excess bit and since we already have level-3 message U,z which fi,. can be placed
we move fixe to Uyps. The next message is Uss. fae in Uy is an excess bit and it is also

placed to U,»3. The messages at this point are

U123 = f3{1,2|°a f1{2,3|°a f12°, f32°/
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Ui23s = faa1, fora

and we move on to level-3 messages. Note that there is only one level-3 message, U, ;.
All demands in it are excess bits since H(U23|Y2) = 0. We move all excess bits to Ujza,
which is the only one level-4 message. This completes the Step 2 and we have

Ui2sa = faga), fara1 a2 fiizzges fioe, fre

at the end of this step.

Step 3: Note that (fa 2, fizsc) are the only excess bits that were in the same mes-
sage at Step 1 and fi1 21 @ fipap is decodable at the respective decoders. Hence at the
end of Step 3, selection of the messages is the following:

U1234 = ﬁl[4]a f2[4]’ f3{1,2}° ® fl{2,3}°’ f12°a f32°

and all others are empty.

Note that after Step 2 the total rate is 6 bits, whereas after Step 3 the rate is 5
bits. The lower bound in Theorem 2 also gives 5 bits, showing that CAPM achieves the

optimal rate for this example.

Remark 10. Let R, be a rate obtained by placing f;,’s in messages (Ux’s) by apply-
ing Step 1. Let R}, be a rate obtained such that f;;’s are placed in messages (Uy’s) by

following the Step 1, and applying the Step 2 only for level- 2 messages.

Note that Ux = Uy, for all level-i messages where i > 3. Also, each possible excess
bit (or bits) which we will denote by f;, C fi,, coming from a level-2 message U, is such

that either I = {a} or I = {B} where K = {«a,B}). Then, when level-2 messages Uk and
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Uy, where K = {a, 8}, are not the same, we can write Uy U f;, = Ug and
max{H(Ug|Y;)} = max{H(Ug U f7;|Y)}
i€eK ieK
= r{g{l{X{H (UglYy) + H(f7;1YD)}
= H(UKIY;) + max{H(f;;|Y))}
b * 3k
= H(UkIYy) + H(f7))
a: Since all HU|Y;) for i € K are the same.
b: Since f}, is such that either I = {a} or I = {3}

Hence, we can write R, — R}, as

[Z max(H(U,|Yp) - ) max(H(U}[Yy)

111=3 111=3

B

+ [Z max(H(Ux|Yp)) — ) max(H(UxIY0)

|K|=2 |K|=2

which is equal to

[Z nlyea}x{H(U,lYi)} - Z H}SX{H(UﬂYi)}

171=3 111=3

1
Since U; = U; U f; where f; denotes all of the excess bits in U; and
max{H(U; U fiIYD} < max{H(U,[Yi)} + H(f)),

we can write

Ro=Ry ==Y H()+ ) H(fi) =0.

=3 A

+ Z H(f;), from(2.13).

(2.13)

Note that since we apply Step 2 once to the level-2 messages, the leftover bits

that we get are unique, i.e., independent of the sorted demand sequence given

at the beginning of Step 1 and different leftover bits coming from previous lev-

els (since there is no leftover bit coming to level-2 messages). However, if we
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apply CAPM for an arbitrary instance of an index coding problem, this may not
be the case. In other words, at Step 2 of the CAPM, we may get different excess
bits due to differently sorted demand sequence given at the beginning of Step 1
or different leftover bits coming from previous levels and this may affect the re-
sulting rate. Also, when there are multiple options for leftover bits to be moved,
one may get different rates due to the selection of different next level messages
to move the leftover bits. Lastly, there may be instances of index coding prob-
lem where not moving the bits to the next level gives a lower rate. We would
like to point out that for our optimality results given in the next section, these
issues either do not occur at all or do not affect the rate obtained by applying
CAPM. To illustrate some of these issues, however, we provide the following
examples. For the examples, f;,\Ux denotes the leftover bits (a bits) of f;; from

Uk. If all f; are leftover bits then we remove the superscript a.

Example 2. Consider the 4-decoder index coding problem instance with demands
fize, fose, fares faj1.20, faa) Where fioe, faze are two bits and the rest are one bit. Now,

we explain each step of the CAPM for this example.

Step 1: At the end of this step we have
U12 = f12°/ U23 = f23°/ U13 = f31°/

Ui = fae, Uioza = fapa)-

Step 2: We begin with level-2 messages. Note that all demands at level-2 messages
are excess bits and can be moved to level-3 message, U}»3. Then we have,
Uiz = fapzpes fize, faze, frie,
Ui2ss = faga)-

We move on to level-3 messages. There is only one level-3 message, U3, and one

bit of fiac, denoted as fllzc, is an excess bit. Then we move it to U4, concluding Step 2.
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Hence, messages at the end of this step are

Uiz = faj1210 fiyes o3e, fare,
Uinsa = faays fiye-

Step 3: Since there is no & opportunity as described in Step 3, the messages at the

end of Step 2 remains the same, giving a total rate of 5 bits.

Note that without loss of generality we can label Decoder 3 as 1 and Decoder 1 as
3. Then, if we apply CAPM with this relabeling we get the following messages at each
step.

Step 1: At the end of this step we have
U32 = f32°/ U12 = fZlC/ U13 = fl3°/

Ui = f1{2,3}°/ Uiz = f4[4]-

Step 2: We begin with level-2 messages. Similar to previous case all demands at
level-2 messages are excess bits and moved to U,y3. Then we have,
Uizs = fipap, fre, fares fizes
Uirsa = faga.

We move on to level-3 messages. As in the previous case, there is only one level-3
message, Uy»3. However, now the excess bits of Uiz are fip e, lelc, f312C. Then we move
these to Uya34, concluding Step 2. Hence, messages at the end of this step are
Ui2s = firer fares fize,

Uizas = faa), figses fores Faes

Step 3: Since there is no & opportunity as described in Step 3, the messages at the
end of Step 2 remains the same, giving a total rate of 6 bits. Thus rate achieved by the

heuristic depends on the indexing of the decoders.
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Example 3. Consider the 5-decoder index coding problem instance with demands
firs1s fois1> o fai1.21e, fap s where each demand is one bit. Now we show each step

of the CAPM.

Step 1: At the end of this step we have,

Uisa = fruae, Uins = fa20, Uizs = fapize,

Uizzss = fiis)s fsis0-

Step 2: We begin with the lowest level, i.e., level-3 for this example. Note that all of
the demands in level-3 messages are excess bits and they are moved to Uyss. Then we
have

Uiozs = e, fuzes fanze,

Uizsss = fiisy, fsisr-

Note that total rate is 4 bits at this state. We move on to level-4 messages. There is only
one level-4 message, Ujnzs. Since H(U)2341Y1) = 0, all demands in U,y34 are excess bits

and they are moved to Uyasss. Then we have

Uirzas = f1[5], f5[5], f2{1’4}c, f3{1’2}c, f4{1,3}c, where the total rate is 5 bits.

Step 3: Since there is no & opportunity as described in Step 3, the messages at the
end of Step 2 remains the same and total rate is 5 bits. Note that if we did not move the

excess bits at level-4 message, the total rate would be 4 bits.

In the next section, we show that applying CAPM gives us the optimal rate

for several specific cases of the index coding problem.
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S={S,...,5n} Ss

Figure 2.2: Index coding instance which is also called “directed cycle”

2.8 Optimality Results for Index Coding

We shall show that CAPM yields the optimal rate for several scenarios. Since
the partition multicast scheme of Tehrani et al. [12] is the most direct antecedent
of CAPM, we begin by showing that CAPM coincides with the MLB, and is
thus optimal, for all of the explicit scenarios for which Tehrani et al. show that

partition multicast is optimal.

First, consider the case depicted in Fig. 2.2, in which there are m decoders,
m source bits, and Decoder k demands source bit k and has source bit k + 1 as
side information, for k € {1,...,m — 1}. Decoder m demands source bit m and
has the first source bit as side information. Such an instance is typically called a

“directed cycle” after its graph-theoretic description.

Proposition 2. For the instance depicted in Fig. 2.2, the achievable rate provided by
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Figure 2.3: Bipartite graph representation of index coding example with
m=3and S = {S,,5,,53}). Circle nodes represent users while
square nodes denote source bits.

CAPM and the lower bound provided by the MLB coincide. In fact

Rcapm = Rypp =m — 1.

Proof of Proposition 2. First we show that Rcapm = m — 1. After Step 1 of CAPM,
the messages are Uj; 11, = Sy foralli € [m — 1] and Uy = S1. Observe that at
any point of the algorithm, for any non-empty message U; where |U,| = k, there
exists Y; € I such that H(U,|Y;) = k—1and k > HU,[Y;) > k—1foralli € I.
Hence after Step 2 of CAPM, H(U,|Y;) will be equal to k — 1 for all j € I for any
nonempty message U;. Now we show that for any non-empty message U; with
U/l = k, HU,|Y;) = k-1 for all j € I if and only if |U;| = m. This will imply
that Rcapm < m — 1. Consider a U; such that |U,| = k and H(U,|Y;) = k-1 for all
j €l Leti=min{j:S; € Uj}. Then by virtue of Steps 1) and 2) of CAPM, we
must have i € 1. Since H(U,|Y;) = k — 1, we must have S, € U; as well, where
() =((j—1) mod m)+ 1. Likewise, (i + 1) € I, which implies that (i + 2) € /, etc.

It follows, then, that |I| = |U;| = m.

Conversely, selecting the permutation o(i) = m — i + 1 in Theorem 2 shows

that RMLB >m-—1. U]
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We can represent any (groupcast) index coding problem as a bipartite graph
G = (M, S, E) where M, S, and E denote the set of user nodes, the set of source
bit nodes and the set of edges respectively [12]. There is a directed edge (m;, S;),
m; € M, S; € S if and only if m; has §; as side information (i.e., §; € Yn,) and
there is a directed edge (S;,m;), S; € S, m; € M if and only if m; demands S, (i.e.,

S € fm, and see Figure 2.3 for an example).

Second, we consider an index coding instance represented by a directed
acyclic graph (DAG). Tehrani et al. [12] show that partition multicast achieves
the optimal rate for DAGs and the optimal rate equals to total number of de-
manded bits, s = [S|. Note that for any given instance of an index coding prob-
lem, the rate achieved by CAPM cannot be more than the number of demanded
bits. Thus it suffices to show that the rate s is optimal. Tehrani et al. show
this under the zero-error formulation. Using the MLB, one can show that the

optimal rate is also s under the vanishing block error probability assumption.

Lemma 2. For an instance of the index coding problem represented by a DAG, there

exists a permutation, o(-), on [m] such that

Yo—(i) c U;_:]lfo—(j), fOT‘ alli € [m]. (214)

Proof of Lemma 2. We follow Neely et al. [40]. Observe that every index coding
problem represented by a DAG must have a node in the graph with no outgo-
ing edges. This node must represent some decoder ¢ since every source bit is
assumed to be demanded by at least one decoder (see Section 2.4). Decoder ¢

must then have no side information. Let (1) = ¢.

We then proceed by induction. Suppose the containment in (2.14) holds for

all i in [k] with k£ < m. Consider the modified index coding instance in which
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we delete Decoders o (1), ..., 0(k) and all of their incoming and outgoing edges
in the graph. We also delete any source components that are left with no edges.
This instance must again be a DAG, and since k < m it must have at least one
decoder node, so there must be a decoder v that has no side information. It

follows that in the original instance, Y, C U’;.: o). We thenseto(k+1)=v. [

Proposition 3. For DAGS, RCAPM =Ry = S.

Proof of Proposition 3. By Lemma 2, we have that the Maximin lower bound Ry.5

is greater than or equal to

H Y say) + HEo)f-0), Yoa)y, Yoe) + - -
+ H - mlfrqys - - - fom-1)> Yo - - > Yom))

= H{fyq)) + HEy)lf-q) + - - + HE @) - - - s Frm-1)),

giving Ry > s. Since the rate achieved by CAPM cannot be more than s, it

gives the optimal rate for DAGs. O]

Finally, Tehrani et al. [12] show that partition multicast achieves the optimal
rate when each decoder demands a single bit and has as side information all of
the other source bits. Note that under these assumptions one may, without loss
of generality, assume that each source bit is demanded by at most one decoder;
two decoders that demand the same source bit must have the same side infor-
mation and therefore one of the two can be deleted without affecting the rate.
Then each source component must be present as side information at either all

or all but one of the decoders.

We shall prove that CAPM is optimal for the more general scenario in which

each source bit is present at none of the decoders, all of the decoders, all but
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one, or all but two. That is, S consists of {Gy, G, Gjn_1, Gm-2}. We do not assume
that each decoder demands a single bit or that each bit is demanded by at most

one decoder.

Theorem 3. The optimal rate, R,,, for the index coding problem where S =

{GO, Gm, Gm—] N Gm—2} iS
Ropt = maX{Rl’ v ’Rm} (215)
where

R; =H({:\{Uy1 gictmi fing)s - - - Bt \Ym gicimi fim =18}

fi, £t \{Yis gicom fis i) - -+ £ \{Upmgicim) fnim gy 1Y) + j?fel%\i fiip  (2.16)

and is achieved by CAPM.

Proof of Theorem 3. The proof is given in Appendix. O

Corollary 1. For any index coding problem with three or fewer decoders, the optimal

rate is given by (2.15), and is achieved by CAPM.

Proof of Corollary 1. Any index coding problem with three or fewer decoders
must have the property that each source component is present as side infor-
mation at either all of the decoders, none of the decoders, all but one, or all but

two. ]

Note that since CAPM and the MLB only give integer-valued bounds, it fol-
lows that the optimal rate is integer-valued for the scenario described in Theo-
rem 3, and in particular, in Corollary 1. Moreover, Corollary 1 solves the index

coding problem with three decoders and any number of source components. In
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contrast, Arbabjolfaei et al. [14] solve the index coding problem with up to five
source components and any number of decoders. Evidently neither of these
results implies the other, even if one ignores slight differences in the problem
formulation between the two works. It is also worth noting that the Arbabjol-
faei et al. result is numerical while Corollary 1 is analytical. Now we move on

to the proof of Theorem 3.

The following result illustrates the importance of excess bits.

Proposition 4. If the demands of the m-user index coding problem are such that there
are no excess bits after Step 1 of CAPM then the rate obtained by following only Step 1

is optimal. The optimal rate R, can be written as

R, = m;?X{H Ex )| Yray) + HE2)lE2), Yoy, Yr2)
+ PO +

H(fﬂ(m)lfﬂ(l)’ Yﬂ(l)’ ceey fn(m—l)’ Yrr(m—l)» Yn(m))} (217)
where n(.) denotes the following m permutations on [m]:

1,2,...,m),(2,1,3,....m),...,(m,1,...,m—1).

Proof of Proposition 4. First we show that the achievable rate we get by applying
Step 1 of CAPM gives the expression in (2.17). We begin with the following three
observations. Firstly, all demands of each Decoder i, f;, are in U;;;U;. Secondly,
since the demands are such that there are no excess bits after Step 1, H(U,|Y;) =
H(U,|Y;), for all i, j € I c [m]. Lastly, demands placed in Uj,, at Step 1 cannot
be excess bits since U, is the highest level message. Hence H(U|,;|Y;) does not

have to be equal for all i € [m].
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We can write the achievable rate Rcapym as

Rcapm = max{Ry,...,R,,}, where

Ri = H(UpnlYp) + ), max{H(U,IYy)

Ic[m]

£ HWUpmlY) + ) HUIIYy), (2.18)

Ic[m]
where i; is an arbitrary element of / and a is due to the assumption that

H(UY;) = H(UYj), foralli,je I c [m].
Let us focus on R;. From (2.18), we can write R; as

Ry =Y HUIY0)+ ) HUNY) + -+ > HU[Ym)
C 63

Con
where Ci, ={IC[m]lel},Co={ICmlel,1¢l},..,C,={C[m]mel,
1¢l,....m—1¢I}.
Since all U,’s are independent, and for all collections of subsets J;,...J;,
Ki,...Ki, Li,...,L;, and all subsets {i|,...,i,} € [m], we have that (U,,,...,U;)
and (Ug,,...,Ug,) are conditionally independent given (U.,,...,U;), and
(Yi,,...,Y;), provided that the collections Ji,...J; and Ki, ... K, are disjoint, R,

equals

HUc, UilY1) + HU,UllY2) + -+ + H(Uc, Ui [Ym)

=HU|Y) + HU; \ Uy|Y2) + -+ HUn \ {Uy, ..., Un-1}|Ym),

where U; is defined as U;cjy.ie;U;. By Step 1, no decoder in I¢ can demand any

source bit in U; or have it as side information. Then we can write R, as

Ri=HWUi|Y) + HU \ UglY(, Y2) + - + HUp \ {Uy, ..., Un1}IY1,. .., Ym).
(2.19)
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Also, by Step 1, each U, consists of those source bits such that, for each de-
coder i in I, Decoder i either demands the bit or has it as side information. Then

(2.19) becomes

Hf|Y) + HEN\ Y, YY)+ -+ HE \ {f1, .. f Yo, Yi)

= H(fllYl) + H(lefl, Yl, Yz) +---+ H(fmlfl, ceey fm—l’ Yl, cey Ym) (220)

Note that the expression for R; in (2.20) is equivalent to first expression of the
R.. Applying the procedure above to the other R;’s similarly, we see that Rcapm
gives the expression in (2.17). Evidently this expression cannot exceed the lower

bound in Theorem 2, so the proof is complete. O

The coded caching problem, which was introduced by Maddah-Ali and
Niesen [41], is closely related to the index coding problem. The coded caching
problem consists of two phases, called the cache allocation phase and the delivery
phase. During the cache allocation phase, the server can decide how to populate
the caches of the various users. Each user then selects some content to demand,
and during the delivery phase the server must broadcast a common message to
all of the clients that allows each one to meet its demand, given its cache con-
tents. Thus the delivery phase of the coded caching problem can be viewed as

an index coding problem.

If we perform the cache allocation as in [42] and each user demands a dif-
ferent file at the delivery phase, then the instance of the index coding problem
that results during the delivery phase satisfies the conditions in Proposition 4
in a certain asymptotic sense. Therefore, CAPM gives the optimal rate for the

delivery phase in this case.
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2.9 S-CAPM: A Heuristic Achieving Fractional Rates

Recall from Remark 9 that CAPM gives only integer rates. However, some in-
stances of the index coding problem are known to have non-integer optimal
rates. We next show how CAPM can be modified to give non-integer rate
bounds, and this modification performs strictly better than CAPM in some ex-
amples. The extension is not polynomial-time computable, however. The fol-

lowing multi-letter extension of Proposition 1 is necessary.

Proposition 5. Let t be a positive integer. The optimal rate R,,, of an index coding
problem is upper bounded by
1
min — ,;[m] [rrilealx H(U}|Y§)]
where the minimization is over the set of all random variables U} jointly distributed
with S* such that

1) There exist functions

gl(Ul:IGIU;’ Ytl)/ .o gm(U]:me[U;, Yt ) SuCh thﬂt

8i(UrictU;, YY) = £4(S), forall i € [m)].

2) Each U} is a (possibly empty) vector of bits, each of which is the mod-2 sum of a set

(possibly singleton) of the bits in S.

Proposition 1 can evidently be recovered from Proposition 5 by taking ¢ = 1.
Similar to Proposition 1, Proposition 5 can also be obtained from an achievabil-
ity result of Timo et al. [2]. In this case, we consider a revised setup where each
t consecutive symbols is taken as a single symbol. Then we apply Proposition 1

to this revised setup in order to obtain Proposition 5.
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Now we provide a heuristic, which we call Split Coded Approximate Parti-
tion Multicast (S-CAPM), for selecting the auxiliary random variables in Propo-
sition 5. The steps for S-CAPM are very similar to the ones for CAPM in Sec-

tion 2.7 except for the placement of leftover bits.

Step 1 (Initialization) : This step is exactly the same as in CAPM, except that
we shall parametrize the solution differently. For each k € {I,...,[S|} and each
subset I C [m], let 6(1, k) denote a variable in the interval [0, 1]. We shall interpret
0(1, k) as the “fraction” of source bit S that is allocated to the auxiliary random

variable U,. All such variables are initially zero.

For each source component k we set 0(KUJ¢, k) = 1, where K and J are chosen
so that Sy is in fk;. This is assuming that J # [m]. As in CAPM, if J = [m] then
we set O([m], k) = 1. Note that after this has been done for each k, we have

Dok =1
Ic[m]

for each k. This equality will remain true after Step 2.

Step 2 : As with CAPM, the goal of Step 2 is to promote “excess bits” to
a higher-level message. Since each auxiliary random variable now stores frac-
tional bits, however, both the notion of “excess” and the promotion process are

more involved.

Given the variables {6(/, k)}, let us define the “conditional entropy” of U,
given Y; as

HUY;) = Z o(, k). (2.21)

k:SkéYj

Note that if (1, k) € {0, 1} for all I and k, then this reduces to the conditional

entropy examined in Step 2 of CAPM. We shall be most interested in H(U,|Y;)
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when j € [, although the definition in (2.21) does not require this.

We then perform the following procedure for each subset I. The order in
which we process the different subsets / is not specified by the heuristic, except
that if |I;| < || then I; must be processed prior to I,. For a given subset I, we
define

i = min{i : HU|Y;) = nlliln HU; X))} (2.22)

and

J =min{j : HU/|Y;) = max HU,;|Y))}. (2.23)

If HWU,|Yy) = H(U,|Y; ) the we are done with this subset and may move to
the next one. If H(U,|Y;-) < H(U,|Y;-), then let E denote the set of source bits that
are “excess”

E={k:9(l,k)>0andSk€Yi* butSkeij*}.

We then select a source bit in E to promote to higher-level messages. Con-
sider the set

{ke E:0,k) < HUY;) — HU|Yi)}. (2.24)

If this set is nonempty, then there is at least one source bit that is “entirely

excess.” We shall select one such bit to promote. Choose an arbitrary

k* € argmax{0(I,k) : k € E and 6(I, k) < HUIY;) — HUIY;))

We then set §(1, k*) = 0 and we increment (I’ k*) for all I’ such that I € I’ and

[I'l = |I| + 1 by the amount

o1, k)
IS
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In words, we view 0(1, k*) as an amount of fluid that is removed from U; and

divided equally among the I¢ sets I'.

If there are no bits that are entirely excess, i.e., the set in (2.24) is empty, then
choose an arbitrary

k" € argmin{f(1, k) : k € E}.

We then promote only the portion of 6(1, k) that is excess. That is, we replace
01, k) with
H(UY;) - HU/IYY)
and divide the remaining part,

61, k) — (HU/IY;) — HUY;))

equally among all of the sets I such that / ¢ I’ and |I'| = [I| + 1. Observe that

since 6(I, k) must be rational for all 7 and k, the process will eventually terminate.

Step 3 : As in CAPM, we now look for opportunities to exclusive-OR source
bits included in the same auxiliary random variable. First we convert the frac-
tional bits described by the 6(:, -) variables to an integral number by increasing
the parameter . Observe that 6(/, k) must be rational for each I and k; let r denote
the smallest positive integer so that 6(/, k) - t is an integer for all / and k. Next

recall that for each k

ZG(I,k)‘t:t.

1C[m]

We then divide the block of ¢ bits corresponding to source component k
among the U, variables so that the number of bits that U, receivesis (1, k)-t. One
can verify that the resulting U, variables satisfy conditions 1) and 2) in Proposi-
tion 5. For each U, variable, we then look for exclusive-OR opportunities as in

Step 3 of CAPM, resulting in revised U, variables that remain feasible.
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Figure 2.4: Index coding example with 4 users

We next illustrate S-CAPM with two examples.

Example 4. In this case, there are 4 decoders with side information and demands as
shown in Fig. 2.4, where fazaie = (S1,82), fare = (83,84), faic = (S5,56), fare =
(S7,S58), fuze = (S9,510), funzpue = (S11,S12) and fiae = S13. By using S-CAPM, we

determine the messages and t of the achievable scheme.

Step 1 : At the end of this step, all of the following 6(I,k)'s are unity:
0({1,4},13), 6({1,2},3),0({1, 2},4), 6({1, 3}, 5), 6({1, 3}, 6),
0((2,41,7), 6(12, 4}, 8), 6({3,4},9), 6({3, 4}, 10),
6([41. 1), (141, 2). 6([4], 11), 6([4], 12).

Step 2: We start with level-2 messages. Note that all demands in level-2 messages

are excess bits. Since there are two possible level-3 messages that each demand can move,
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we set all the corresponding 6(1,k)s to 0.5. At this point the nonzero 6(I, k)’s are

0({1,2,4},13),0({1,2,4},7),0({1,2,4},8),0({1, 2,4}, 3),
0({1,2,4},4),

0({1,3,4},13),0({1,3,4},9),0({1, 3,4},10),60({1, 3,4}, 5),
0({1,3,4},6),
6({1,2,3},5),60({1,2,3},6),6({1,2,3},3),6({1, 2, 3}, 4),
0({2,3,4},7),60(12, 3,4}, 8),6({2,3,4},9), 612, 3,4}, 10),

6([41, 1), 6([4],2), 6([4], 11), 6([4], 12),

where O(1,k) = 0.5 for all |I| = 3 and 6(1,k) = 1 for all |[I| = 4. Now we move on
to level-3 messages. Since there is only one level-4 message, Uya4, all possible excess
bits at this stage will be moved to Ujys. We start with Uys. Since H(Uj24|Yy) = 1.5,
H(U24|Y2) = 1.5, HU24Y4) = 2, we have i* = 1, j* = 4. We declare, say, S5 to be
excess and we move all of 6({1,2,4},3) to Ujxza. Then we recalculate H(U,24|Ys), for
i €{1,2,4). Now i* =2, j* = 1 and the fraction of S+, i.e., 6({1,2,4},7), becomes an
excess bit. We recalculate H(U4|Y5), for i € {1,2,4} and all are equal. Hence we move
on to another level-3 message, say Us4. For this message fraction of Ss and S ¢ become
excess bits and are moved to Ujazs. Lastly, all demands in U,a3, Uasa are excess bits and
moved to Uypsa. This concludes Step 2.

Step 3: Since there is no XOR opportunities as described in this step, we only require t

to be 2. Then the nonzero 6(1,k)’s are

0({1,2,4},13),60({1,2,4},8),0({1, 2,4}, 4),
0({1,3,4},13),6({1, 3,4}, 10), 6({1, 3,4}, 6),
6([41, 1), 6([4],2), 6([4], 11), 6([4], 12), 6([4], 3), 6([4], 7),

6([41,5), 6([41,9), 6([4], 6), 6([4], 4), 6([4], 8), 6([4], 10),
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Figure 2.5: Index coding example with 5 users

where 6(1,k) = 0.5 for k € {4, 6,8, 10, 13} and the rest are 1. As a result, the rate coming
from level-3 and level-4 messages are 2 and 8.5 bits respectively and the total rate for

this problem is 10.5 bits.

From the linear programming lower bound® stated in [11], we get 10.5 bits showing

that S-CAPM is optimal.

Example 5. We consider the “5-cycle” index coding problem shown in Fig. 2.5. Its
optimal rate is found in [11]. When we apply S-CAPM, we determine the messages and

t as follows:

Step 1 : After this step we have the following nonzero 6(1, k)’s.
0{1,2,5},1), 011, 2,3}, 2), 6({2, 3,4}, 3), 6({3,4,5},4), 6({1,4,5},5), where all (I, k) =

>This lower bound is for the zero-error setting. However, it can be modified to handle van-
ishing block error probabilities.



1 for all k € [5].

Step 2 : We start with level-3 messages. Note that all demands in level-3 messages
are excess bits to be moved to level-4 messages. Since each leftover bit has two possible
level-4 messages to go, 6(1, k) = 0.5 for all k € [5]. Then the nonzero (1, k)’s are
0({1,2,3,5},1),6({1,2,3,5},2),
0({1,2,4,5},1),6({1,2,4,5},5),
0({1,2,3,4},2),6({1,2,3,4},3),
0({1,3,4,5},4),0({1,3,4,5},95),
0({2,3,4,5},3),0({2,3,4,5},4).

Now, we move on to level-4 messages. Since there are no leftover bits at level-4
messages and all nonzero 6(I,k) = 0.5, we set t = 2 concluding S-CAPM. Hence, the

total rate becomes 2.5 bits which is the optimal rate.
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CHAPTER 3
VECTOR GAUSSIAN RATE-DISTORTION WITH VARIABLE SIDE
INFORMATION

3.1 Introduction

We investigate the special case of Heegard-Berger problem by considering two
decoders. We also take source and side information as jointly Gaussian random
vectors. We obtain four lower bounds using variations on the following argu-
ment. Since the rate-distortion function is known when the side information is
degraded [18], a natural approach to proving lower bounds is to enhance the side
information of one encoder or the other in order to make the problem degraded.
The optimal rate for the newly-obtained instance is thus known and provides a
lower bound on the optimal rate for the original instance. This idea can be ap-
plied several ways, leading to lower bounds of varying strength and usability.
The weakest of these bounds is quite weak but also quite simple. The strongest,
on the other hand, is quite strong but also difficult to apply. The intermediate

bounds attempt to provide the best attributes of both.

We consider three different distortion constraints, all phrased as constraints
on the error covariance matrices, averaged over the block, at the two decoders.
The first stipulates an upper bound on the mean square error of the reproduc-
tion of each component of the source; this can be viewed as constraints on the
diagonal elements of the time-average error covariance matrix. The second re-
quires that the average error covariance matrix itself must be dominated, in a
positive definite sense, by a given scaled identity matrix. In the final case, we re-

quire the trace of the average error covariance matrix to be upper bounded by a
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constant. For each of the three distortion measures, we solve a class of instances
using the lower bounds developed in this chapter. The necessary achievability
arguments are standard, although our analysis does provide insight into how
the auxiliary random variables therein should be chosen. Specifically, we show
how to divide the signal space into “regions,” in which the side information at
one decoder is “stronger” than that of the other. We then show that it is optimal

for certain auxiliary random variables to live in certain of these regions.

The balance of the chapter is organized as follows. The next two sections
provide the problem formulation and the four lower bounds on the optimal rate
and a discussion of how they interrelate, respectively. Section 3.4 contains state-
ment of the main results. All of the achievability analysis is presented in Section
3.5. Section 3.6 contains the proofs of our main results. Section 3.7 contains a

brief epilogue describing a conjectured difference among the lower bounds.

3.2 Problem Definition

Let X, Y, Y, ! be correlated vector Gaussian sources 2 of size k X 1, k; x 1 and
ky x 1 respectively where X is the source to be compressed at the encoder and Y;
and Y, comprise the side information at Decoder 1 and Decoder 2, respectively.
We assume that conditional covariance matrix of X given Y;, Kxy,, i € {1,2}
are invertible matrices. Both Decoder 1 and 2 want to reconstruct X subject to
given distortion constraints. The objective is to characterize the rate distortion
function for this setting. The following definitions are used to formulate the

problem precisely.

1'We use bold letters to denote vectors.
2Unless otherwise is stated, we assume that all Gaussian random variables are zero mean.
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Definition 8. I';, i € {1,2} is defined as a mapping from the set of all k X k positive
semi-definite (PSD) matrices to the set of ko X ko PSD matrices such that
1) T;(:) is linear,

2) A < B® implies that Ti(A) < T«(B).
Definition 9. An (n, M, D, D,) code where D, and D, are positive definite matrices,
is composed of

e an encoding function

fiR"M (1, ..., M)

e and decoding functions

g1 {1, .., M} x Rh" — Rk

g {1, .., M} x Rkn — Rk

satisfying the distortion constraints
1 & - - ,
E|~ > (X~ X)X, = X)) | < Dy i€ {1,2)
k=1

where X = g, (f(X"), YD), and X8 = g2(f(X™), Y2). We call n the block length and M

the message size of the code.

Definition 10. A rate R is (D, D,)-achievable if for every € > 0, there exists an

(n,M, D, + €l, D, + €l) code such that "' logM <R + €.
Definition 11. The rate-distortion function is defined as
R(D) = inf{R : R is D-achievable},

where D = (D, D»).

A < Bmeans that B — A is a positive semidefinite matrix.
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We shall prove our lower bounds for arbitrary distortion measures I" satis-
tying the requirements of Definition 8. We conclude this section by introducing

the following notations used in rest of this chapter.

Notation 2. Let X be a kx 1 vector where k = [, +1,. Then (X),, denotes the I, x 1 vector

consisting of the first [} x 1 components of X and [X],, denotes the remaining part of X.

Notation 3. Let E be a p X p matrix. Then (E),; denotes the element of E which is in

i" row and j™ column of E.

Notation 4. Let E and F be p X p and r X r matrices where p > I, and r > l,. Then (E),,
denotes upper-left I, x I, submatrix of E and [F];, denotes lower-right I, X I, submatrix

of F.

Notation 5. Let E and F be p X p and r X r matrices where p > I, and r > [,. Then
(E)giag denotes p x p diagonal matrix whose diagonal elements are the same as that of
E. Also, (E)jgiag denotes Iy X I} diagonal matrix whose diagonal elements are the same
as that of upper-left I, x I, submatrix of E and [F1,4ise denotes l, X I, diagonal matrix

whose diagonal elements are the same as that of lower-right I, X I, submatrix of F.

Notation 6. Let E and F be p x p diagonal matrices. Then min{E, F} denotes the p X p
diagonal matrix whose each diagonal entry is the minimum of corresponding diagonal

entries of E and F.

Notation 7. Let (X,Y,Z) be a random vector. Then X L Y|Z denotes that X and Y are
independent given Z, X < Y & Z denotes that X, Y and Z forms a Markov chain, and

Kx denotes the covariance matrix of X.
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3.3 Lower Bounds

We turn to lower bounds on the optimal rate. We shall provide four such

bounds. In order of strongest (largest) to weakest (smallest), these are

1. The Minimax bound (mLB);
2. The Maximin bound (MLB);
3. The Enhanced Enhancement bound (Enhanced ELB);

4. The Enhancement bound (ELB).

Although the Maximin bound, the Enhanced Enhancement bound, and the
Enhancement bound are never larger than the Minimax bound, they are useful
in that they are simpler to work with in some respects. We begin with the sim-
plest, and weakest, of the bounds. This bound is folklore, and it turns out to be

quite weak indeed.

3.3.1 Enhancement Lower Bound

If the side information at the decoders is degraded, meaning that we can find a

joint distribution of (X, Y1, Y2) such that
X — Y(r(l) — Y(r(z) (31)

for some permutation o(.), then the rate distortion function is known [18, 2].
Hence a natural way to obtain a lower bound to R(D) is to create degraded prob-

lems by providing extra side information to one decoder so that the problem
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becomes degraded. We call this lower bound enhancement lower bound, abbrevi-
ated as ELB, due to its similarity to the converse results for broadcast channels

[31]. Proposition 6 states this lower bound.

Proposition 6. The rate distortion function R(D) is lower bounded by

Rerp(D) = max{sup inf Ry, sup inf R}, (3.2)
S¢ Cn(D) S¢ Cn(D)
where
Rio1 = 1(X; W, U[Y) + I(X; VIW, U, Y), (3.3)
R = I(X; W, V[Y2) + I(X; UW, V. Y), (3.4)

S =1{Y jointly Gaussian with (X, Y1, Y2)IX & Y & (Y1, Y,)}, and

C;1(D) is the set of (W, U, V) such that C(D) is the set of (W, U, V) such that
(W,U,V) & X & (Y, Y1, Y2) (W,U,V) o X & (Y, Y1, Y2)

I (Kxwuy,) < D1, I (Kxwuvy) <Dy T (Kxwuvy) < D1, I (Kxwvy,) < Da.

The ELB is quite weak. Consider, for example, what is arguably the sim-
plest nontrivial instance of the problem: the source X is bivariate, Kx, Kxyy,, and
Kxyy, are all diagonal, and reconstructions at decoders are subject to component-
wise MSE distortion constraint. This is essentially the parallel scalar Gaussian
version of the problem. If the overall problem is degraded then the ELB is of
course tight. But if one of the two components is degraded in one direction and
the other component is degraded in the other, then Watanabe [5] has shown that

the ELB is not tight, at least for the natural choice of Y that has

Kxy = min (Kxyy,, Kxyy,) -

Comparing the ELB against the achievable bound in Theorem 8, one sees

several potential sources of looseness. We shall see that the culprit is that the
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distortion constraints

It (Kxwuy,) < D

I (Kxwvy,) < D

in the achievable bound in Theorem 8 have been weakened to

I (Kxw.uvy) < D;

I (Kxwuvy) < D>

here. Weakening the constraints in this way allows less informative (W, U, V)
to be feasible, because one can make use of the enhanced side information Y
for estimation purposes. We shall make this intuition precise by showing that
the Maximin and Enhanced Enhancement lower bound, which differ from the
ELB only in the distortion constraints, are tight for this problem. For reasons
of expeditiousness, we shall state and prove the Minimax lower bound first,
and then weaken it to obtain the Maximin and Enhanced Enhancement lower

bound.

3.3.2 Minimax Lower Bound

Theorem 4 states the Minimax lower bound, abbreviated as mLB, to the rate dis-

tortion problem.

Theorem 4. The rate distortion function, R(D), is lower bounded by

R, 3(D) = sup inf max{R;y, Rjs2} (3.5)
s Ci(D)
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where Ry, and R, are as in (3.3) and (3.4), and

S ={YIXeY o (Y,Y2))
C(D): the set of (W, U, V) such that
(W,U,V) & X & (Y1,Y2,Y)

[ (Kxwuy,) = D1, T2 (Kxwyy,) < Ds.

Proof of Theorem 4 . By definition, for any D—achievable rate, R, and for all € > 0,
we can find a (n,2"®*9 D + €(1,1)) code. Let € > 0 be given and J denote the

output of the encoder. Also let Y be an auxiliary source in §. Then, we can write

n(R + €) > H(J)
> I(X", Y, Y™ J)
= I(Y5 ) + 1Y JIYD) + I(X" Y2, Y™

> 1YY", JIY?) + (X" Y2, Y")

b n
> > IYis Y 1Y) + 1K 1 Y, Y Y, Yo (3.6)

i=1
where Y, denotes all Y] except Y;; and a is due to the chain rule, and b is due
to the chain rule and that conditioning reduces entropy. Then if we apply chain

rule to the last term above, the right hand side of (3.6) equals

n

Z (Y55 1Y (71 Y1) + IX5 4, Y (1Y, o) + X Yqld, Y, Y, Y0 (3.7)

i=1

= > 10, Y3 Y 4l Vi) + 1CX3s Yill, Y, Vi, Y]
i=1

> [I(Xl,‘]’ YltlYll) + I(XH Yilja Yli’Yli’ Yl)] (38)

i=1
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Also, since X & Y & (Y4, Y,) the right hand side of (3.8) is equal to

n

DK LY 4l Vi) + 1(Xis Yyl Y, Y]
i=1

> > [IX3s Y 1Y 1) + 1K Yyl Y, Y0

= (X W LU Y ) + I VIWL UL YD) (3.9)

i=1
where W, = J, U; = Y, and V/; = Y,;- Note that W, U, V) o X, &
(Y1, Y2, Y;) for all i € [n]. Let T be a random variable uniformly distributed
on [n] and independentthe source, side information and all (W, U}, V!), i € [n].

Then we can write the right hand side of (3.9) as

D UK W UY 0, T = i) + 1K VAW, UL Y, T = )

i=1

=n[IX; W, U, TIY) + IX; V., TIW, U, T,Y)|

= nRy,1, by denoting (W', T), (U",T), (V',T)as W, U, V respectively.  (3.10)

If we swap the role of Y; and Y, and apply the same procedure above, we

can get

R+€e>I1X;W,V|Yy) + I(X; UW,V,Y)

= RloZ- (311)

Note that since (W';,U’;, V') & X; & (Y1:,Y2,Y,) for all i € [n], we have
(W,U0,V) & X & (Y,Y3,Y). Moreover since (W;,U;,Yy) = (J,Y]) and
(W', Vi, Y2) = (J,Y5), given (W';,U’;, Yy;) Decoder 1 can reconstruct the source,
X;, subject to its distortion constraint. Similarly, Decoder 2 can reconstruct the

source, X; given (W’;, V’;, Y). Hence, (W, U, V) € C/(D + €(/,])) and we have

R(D) > C[(DIJ{IE'I;”)) max{R,1, R} — €. (3.12)
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Let R, (D + €(I,1),Y) denote the right hand side of (3.12). Note that (3.12)

holds for any Y € S, where S as in Theorem 4. Hence we can write

R(D) > supR, (D + e(1,1),Y) — e. (3.13)
S

Note that from Lemma 16 in Appendix 6.2, R) (D,Y) is convex in D. Since

0 < D;, i € {1,2} we can find 6(D,,D,) > 0 such that 0 < D; — 6(D,, D,)I for
€ {1,2}. Hence R) (D + y(I,1),Y) is also convex in y, where y > —6(D,, D,). Note
that supg R; (D + €(/,1),Y) is also convex since supremum of convex functions

is convex. Then, we can conclude that supg R (D + €(/,1),Y) is continuous at

’
lo

€ = 0 since a convex function on an open set is continuous. Lastly, since € was

arbitrary, letting € — 0 gives the result. O

It is worth noting that one can prove a bound similar to mLB for non-
Gaussian sources and general additive distortion constraints. Although the mLB
is quite powerful, it can be difficult to apply. In particular, it is not clear that it
is sufficient to consider (W, U, V) that are jointly Gaussian with (X, Y, Y;). Sim-
ilarly, when considering the analogous form of this bound for discrete memo-
ryless sources, it it not clear how to obtain cardinality bounds on the auxiliary
random variables (W, U, V). As such, it is not clear how to compute this bound
in general. We shall therefore consider a slightly weakened form of the bound
that is easier to apply. It turns out that simply swapping the min and the max in
the objective and adding that Y is jointly Gaussian with (X, Y1, Y,) to S yields a

bound that is significantly more tractable.
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3.3.3 Maximin Lower Bound

Next proposition gives us Maximin lower bound, abbreviated as MLB.

Proposition 7. The rate distortion function, R(D), is lower bounded by

Ry(D) = max{sup Cinf Rio1,sup inf Ry}, (3.14)

sg CnD) s¢ Cnd)

where Ry, and Ry, are as in (3.3) and (3.4) respectively, S ¢ as in Proposition 6, and

Cn(D) : the set of (W,U, V) such that  Cp(D) : the set of (W, U, V) such that
(W,U,V) & X & (Y1,Y2,Y) (W,U,V) & X & (Y1,Y2,Y)

I (Kxwuy,) 2 D1, I (Kxwvy,) < D2 T (Kxwuy,) < D1, I (Kxwvy,) < Ds.

Proof. This follows directly from the mLB, Theorem 4, by moving the inf in the
objective inside the maximization over the bounds in (3.3) and (3.4) and replac-

ing the set § with S¢. O

Although numerical evidence suggests that the MLB can be strictly weaker
than the mLB (see the discussion in Section 3.7 to follow), the MLB does have
certain advantages. For the analogous bound for discrete memoryless sources
with additive distortion measures, one can obtain cardinality bounds on the
alphabets of W, U, and V using straightforward techniques [43]. And we shall
show that, for the Gaussian form examined here, one may restrict attention to

W, U, and V that are jointly Gaussian with (X, Y, Y>, Y).

Evidently the M LB differs from the ELB in Proposition 6 only in that the dis-
tortion constraints are replaced with those that appear in the achievable upper
bound presented in Theorem 8, Section 3.5. In Section 3.6, we shall see that this

improvement suffices to make the bound tight for the rate distortion problem
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with MSE distortion constraints stated in Section 3.4. Now, we consider the

fourth and final lower bound.

3.3.4 Enhanced Enhancement Lower Bound

Proposition 8. The rate distortion function, R(D), is lower bounded by

R 3(D) = max{sup inf Ry,sup inf Ry}, (3.15)
Sg CuD) Sg CnD)

where Ry, and Ry, are as in (3.3) and (3.4) respectively, S ¢ as in Proposition 6, and

Cn(D) : the set of (W, U, V) such that ~ Cp(D) : the set of (W, U, V) such that

(W,U,V) & X & (Y1, Y3, Y) (W.UV) & X & (Y1.Y2,Y)
Tt (Kxwuy,) < D1, I ((Kxwuyy = K)7') < D,
I, ((K)_qlW,U,V,Y -~ E)‘l) <D, I (Kxw,vy,) 2 D2

and K = Ky — Kyy,, K = Ky — Kxy,-

Proof. Note that only difference between MLB and Enhanced ELB is the op-
timization sets where the infima are taken. Hence it is enough to show that
CiD) ¢ CuD) for i € {1,2}). Let (W,U,V) € Cy(D). Then (W,U,V) sat-
isfy the Markov chain condition (W,U,V) & X & (Y, Y2, Y) and we have

Fl (KX|W,U,Y1) < Dl. A].SO, the inequalities KXIW,U,V,Y; =< KXIW,V,YZ and K_l

XW.U,V.Y; =

K)_(|1W,U,V,Y - K imply, by the Gaussian variance-drop lemma (Lemma 14 in Ap-
pendix 6.1), that I' ((K;QIW,U’V’Y - E)‘l) < D,. Hence (W, U, V) is also in C;(D),
giving C; (D) € C(D). We can apply similar procedure to get Cp(D) € Cp(D),

which concludes the proof. O
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Comparing the Enhanced ELB against the ELB in (3.2) shows that the dif-
ferences lie entirely in the distortion constraints. The ELB effectively allows the
decoders to use their “enhanced” side information for the purposes of estimat-
ing the source. The achievable bound, by contrast, does not. The Enhanced ELB
allows the decoders to use their enhanced side information, but it also tightens
the constraint to account for this extra information, as justified by the Gaussian
variance-drop lemma. We shall see in the next subsection that the Enhanced
ELB actually coincides with the MLB for all of the problems considered in this
chapter. We mention the Enhanced ELB only because the idea of using the Gaus-
sian variance-drop lemma to tighten the distortion constraints at decoders that
are provided with improved side information may prove useful in other con-

texts.

3.3.5 Properties of the Lower Bounds

It is evident from the proofs in this section that the four lower bounds can be

ordered as follows

Rerp(D) < Rpzpp(D) < Ry (D) < Ryyp(D).

We shall show that Gaussian auxiliary random variables are optimal for
MLB, Enhanced ELB, and ELB, and that the MLB and Enhanced ELB are in
fact equal. We begin by showing that Gaussian auxiliary random variables are

optimal for the ELB and Enhanced ELB.

Lemma 3. One may add the constraint that (W,U,V) is jointly Gaussian with
(X,Y1,Y,,Y) to the optimization problem in the ELB in (3.2) and the Enhanced ELB

in (3.15) without affecting the optimal value.
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Proof. See Appendix 6.1. O

Proposition 9. The Maximin bound and Enhanced ELB in Proposition 7 and 8, re-
spectively, coincide:

Ry18(D) = Rp25(D). (3-16)

Proof. It suffices to show that
Ry1s(D) < Rg213(D)

By Lemma 3, (W, U, V) in C;;(D) or C;(D) can be restricted to vector Gaussian
random variables without loss of optimality. Furthermore, any U ¢ C); can be
lumped into W € C;(D), i.e. U is deterministic, without loss of optimality since
W and U always appear together both in the objective and the conditions. The
same argument holds when we swap the roles of U and V in C;(D). Hence, with

those additional conditions we can write the optimizing sets, C;;(D) and Cp(D),

as
Cn(D): Cn(D):
(W,U0,V) & X o (Y1,Y2,Y) (W,U0,V) & X o (Y1,Y2,Y)

(W,U,V,X,Y1,Y,, Y)jointly Gaussian (W, U, V, X, Yy, Y, Y) jointly Gaussian
U=0 V=0

Kxwy, < D1, Kxwyvy, < D Kxwuy, = D1, Kxwy, X D,

Then any such (W, U,V) € C;(D) (or (W,U,V) € Cp(D)) is also in C;(D) (or
Cp(D)). Hence, Ry15(D) < Rp2y5(D). [

It follows from the two previous results that Gaussian auxiliary random vari-

ables are optimal for the MLB. To see this, let RgzLB(D) denote the Enhanced
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ELB with the auxiliary random variables constrained to be jointly Gaussian with

(X, Y1,Yy). Define RS, ,(D) likewise. Then we have

RE/ILB(D) > Ryrs(D)
= Rp21 (D)

b pe

E2LB

(D)

= RS, z(D),

where a follows from Proposition 9, b follows from Lemma 3, and c is straight-

forward to verify.

We now proceed to state our main results, characterization of rate distortion

functions subject to three different distortion constraints.

3.4 Main Results

We shall determine the optimal rate only for the following choices of I';, I';, Dy,

and D,:

1. Mean square error (MISE): T'; and I'; are chosen as
[i(K) = (K)giag 1 €{1,2}, (3.17)
and D, and D, are diagonal matrices satisfying

D] =< KX|Y1 and D2 < KXIYZ- (318)

2. Error covariance matrix: I'; and I'; are chosen as

T(K)=K ie{l,2) (3.19)
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and D; and D, are scaled identity matrices satisfying

D1 < KXIYI and D2 =< KXle- (320)

Note that scaled identity matrix constraints on the error covariance matrix
enable us to bound the MSE of the reconstruction vector uniformly from

all directions.

3. Trace of the error covariance matrix: I'y and I'; are chosen as
Ti(K) = Tr(K) iell,2), (3.21)
and D; and D, are scalars satisfying

DI < Kx|Y1 and Dyl < KXle- (322)

Most of the prior work on Heegard-Berger problem assumes some sort of
degradedness structure between the source and the side information at the two
decoders (e.g. [18, 5, 6]). Watanabe [5], in particular, assumes that the source and
the side information all consist of two components, and the first components of
all three variables are independent of the second components of all three vari-
ables. The two components are “mismatched degraded,” i.e., each component is
individually degraded, but the two components are degraded in opposite order.
Although we do not assume any degradedness structure, we shall reduce our
problem to one that resembles Watanabe’s. Specifically, we shall decompose the
signal space into “regions,” one of which is such that the side information at De-
coder 1 is “stronger” than that of Decoder 2 and one such that the reverse is true.
Many such candidate decompositions are possible; we shall use the following

approach.
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Recall that we assume that Kxy,, i € {1,2} are invertible matrices.* Now

consider the matrix K\, —Kg!

Xy, — Kxy,- Since it is symmetric we can find an orthogonal

matrix Q, such that QI(K;QIY2 — K;QIYI)Q]T is diagonal. Furthermore, we can find

another orthogonal matrix Q, such that 0,Q(Kyy, - K;QIYI)QIT Q7 is of the form

1
[Y>2
K= (3.23)

where A > 0is an /; x [; diagonal matrix, B < 0 is an /, X /, diagonal matrix and

ll+12:k.

Let O = 0,0;. Note that 0DQ" = D when D is a scaled identity matrix and

distortion measure in (3.21) is invariant under (X, ii) - (0X, Qii).

Note that MSE distortion measure is not invariant under (X, X\i) — (0X, Qii).
Then for MSE and any I'; such that it is not invariant under (X, X)) — (0X, 0X)),

we restrict our attention to the source X and side information Y; such that

-1 -1
Kxy, — Kxy, = K.

Therefore, the rate-distortion problems where QX is the source, Y; is side
information at Decoder i subject to the distortion constraints D;, i € {1,2} are
equivalent to the problems that we defined at the beginning. For the rest of the
chapter, we assume that QX is the source and we relabel OX as X for the ease of
notation, Y; and Y, are side information and D, and D, distortion constraints
for Decoder 1 and 2 respectively as shown in Figure 3.1. Note that we have not
entirely reduced the problem to that of Watanabe because the components of X

may be dependent.

4Distortion constraints in (3.20), (3.22), and (3.18) also imply that Kxjy, and Kxyy, are positive
definite matrices.
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Enc

Figure 3.1: Problem Setup

From now on we use the abbreviation RDSI for the problem of finding
the rate distortion function where reconstructions at decoders are subjected to
error covariance distortion constraints that are scaled identity matrices as in
(3.20) and denote the corresponding rate distortion function as R%¢(D), where
D = (D;, D). Also RDTr and RDmse denote the rate distortion problems where
decoders have distortion constraints as in (3.22) on the trace of error covariance
matrices and (3.18) componentwise MSE constraints respectively. Correspond-
ing rate distortion functions of RDTr and RDmse are denoted by R'"(D) and

RMSE(D) respectively.
Remark 11. Notice that
Kxy, — Kxy, = K. (3.24)
Since (Kyy,)i = (Kgy, )i, we say that Y, is “stronger” than Yy in the “region”
involving upper left part of the inverse covariance matrices. Similarly Y, is “stronger”

. . . . . . _1 _1
than Y, in lower right part of the inverse covariance matrices since [Kxyy,ln < [Kxy,Ji

Now we are ready to state our main results.
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Theorem 5. Let Kxy,, i € {1, 2} be diagonal matrices. Then the rate distortion function

of RDmse, R™SE(D), can be written as

R™EMD) = max{R¥E(D), RYSE (D)),

where
X _
RYSED) = L1og .l wal Lo _ (Do) (3.25)
2 T (D) llmin{[Dy],,, [D2ln}l 2 [min{(Dy);,, (Do)}l
RYSE(D) = llog ‘|KX|12| + llog : l[D2]12|~ ,  (3.26)
2 T [Dylpllmin{(Dy)y,, (Do)}l 2 Imin{[ D14, [D2],}

and® D, = (D7 + K)™', D, = (D;' — K)™".

To prove Theorem 5, first we find an upper bound based on the achievable
scheme in [2] in Section 3.5 and then we utilize Enhanced ELB in the previous

section, matching the upper bound.

Remark 12. Theorem 5 subsumes the Gaussian version of Watanabe’s result [5] by
allowing for X to have dimension exceeding two. Watanabe points out that the rate-
distortion for his problem, and thus for ours, does not in general equal the sum of the
individual rate-distortion functions across the components of X, even though they are
independent, independent given either side information vector, and subject to separate
distortion constraints. Thus, even in this case, it is necessary to code across the different

components of X.

Theorem 6. The rate-distortion function for RDS I, R*“(D), can be expressed as

R*¢(D) = max{R>°(D), R3“(D)},

5Note that D, and D, are positive definite since D' > Ky}

XY,
-1 _ p-l
Ky, = Kxy, + K-

> 0, D;' = Ky

Xy, ~ 0, and
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where

K D
RS“(D) = l1og .l wl 11og . Dl (3.27)
2 |(D1);, [lmin{[D1],,, [D>1,}] 2 | min{(D);,, (D2)1, }]
K D
RE(D) = * log K| + Liog LD, ., (3.28)

2 Dl min{(Dy)y,, (D))l 2 |min{[Ds 1y, [Da]s)]

and® D, = (D7 + K)™!, D, = (D;' = K)™".

For the direct part of the proof of Theorem 6, we utilize the achievable
scheme in Section 3.5. For the converse result presented in Section 3.6, we use

Enhanced ELB.
Theorem 7. The rate distortion function for RDTr, R""(D), can be characterized as
R""(D) = min max{R{"(D), R}’ (D)}
CTr(D)

where

IKxy, | 1

Ri'(D) :% log Il + A(Kxjw,y, )i | % o8 |(Kxiw.v.x)n IIKxiw.v.y, 1l (3.29)
Ry’ () :% g~ Blflz(l:i,n]m * % R ﬁ[me,U,Y,]m (3.30)
and C'"(D) denotes
(W, U, V) jointly Gaussian with (X, Y1,Y2) (3.31)
(W,U,V) & X & (Y1, Ys) (3.32)
U LX) (W,Yy), VL [X],I(W,Y>) (3.33)
Kxiw.y,> Kxw.y,» Kxwuy,> Kxwvy,, diagonal (3.34)
Tr((Kxw,y),) + Tr(IKxwuy,]») < D) (3.35)
Tr((Kxw.v.y,)i) + Tr([Kxw.y,1,) < D> (3.36)

éNote that D, and D are positive definite due to similar reasoning in Theorem 5.
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Remark 13. Let W be jointly Gaussian with (X, Y1,Y,) such that W & X & (Y1, Y>).

Due to (3.24), Kxwy, is a diagonal matrix if and only if Kxw.y, is diagonal.

Similar to the proof of Theorem 6 and 5, we begin with proving the direct
part using the same achievable scheme for RDSI by changing the distortion
measure. For the converse part; however, we utilize mLB that is better than the

Enhanced ELB in general.

3.5 Achievable Scheme

Here, we utilize the random coding arguments similar to [2, 18] to obtain the

following achievable rate.

Theorem 8. Rate distortion function, R(D), is upper bounded by

Rcn(D) = C}r(llf)) max{/(X; W, U[Yy) + I(X; VIW, Y,), I(X; W, V|Y3) + I(X; UW, Y1)}
(3.37)

where

C.(D) : set of (W, U, V) such that
(W, U, V) jointly Gaussian with (X, Y1, Y>)
(W,U,V) & X & (Y1, Y2)

I (Kxwuy,) < D1, T2 (Kxwvy,) < Da,

and T'; can be equal to one of the mappings in (3.17), (3.19), and (3.21) and the corre-

sponding distortion constraints are as in (3.18), (3.20), and (3.22) respectively.
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Note that since feasible (W, U, V) should be jointly Gaussian with (X, Yy, Y3)

in (3.37), we can write R,.,(D) as

Rach(D) = C!I(llg) maX{Rl P R2}

where
1 K: K
R, =1 log IKxyy,|  [Kxiw.y,l , (3.38)
2 |Kxiw,u.y,| IKxiw.v.y,|
1 K K
Ry = log IKxyy,|  [Kxw.y,l ' (3.39)
2 IKxiw.v.y,| 1Kxiw,u,y,|

Here W can be viewed as a common message to both decoders, and U and V
are private messages for Decoder 1 and 2 respectively. The encoder first creates
W via vector quantization with a given Gaussian test channel and then gener-
ates U and V with respect to the source and W. Then W is sent to both decoders
and U and V are sent to Decoder 1 and Decoder 2, respectively. At the Decoder
side, Decoder 1 decodes W and U by using its side information Y;. Similarly,

Decoder 2 decodes W and V using Y,.

To get an explicit expression for the upper bounds we need to specify the
properties of the auxiliary random variables. Next three propositions give an
explicit upper bound on the RMSE(D), RS“(D), and properties of (W, U, V) in the

optimizing set C,(D) for trace distortion constraints.
Proposition 10. RMS£(D) is upper bounded by
RYSE(D) = max{R}**(D), RY*F(D)}

where RYSE(D) and RYSE(D) are as in (3.25) and (3.26) respectively.

Proof. We start the proof by showing that

(51)11 0

0 [Day,
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where D, as in Theorem 5, is dominated by Kxyy,. Since Kxjy, and G are diagonal
matrices and D, < Kyy,, it is enough to show that (51)1l < (Kxyv,);,- Note that
D, = (D;' + K)™' < Kxy, since D; < Kxy,. Thus, (D)), < (Kxy,), and G < Kyyy,.
Then we can select W such that it is jointly Gaussian with X and Kxwy, = G.

This implies

Kxwy, = (K)_qlw,yz -K)"!
=G -K)"!

D)y, 0

b

0 [Dal,

where D, is as in Theorem 5.

Lastly, we select U and V jointly Gaussian with X and W such that

min{(D));,(D2),} O
Kxwyvy, = ’
O [DZ]lz
(D), 0
Kxwuy, = — ’
0  min{[D],, [D>];,}

satisfying the distortion constraints. Evaluating R, and R, for this choice of

(W, U, V) gives us R*£(D) and R)S (D). O

If we take a closer look on the selection of “common” and “private” mes-
sages, we can make the following observation. “common” message is used to
hit the distortion constraint of each decoder with equality on the region where it
is “weaker” in the scheme for RDmse. On the other hand, using both the “com-
mon” and “private” messages, each decoder may undershoot its distortion con-
straint where it is “stronger” depending on D;, D, and K. Now, we provide the

following proposition which gives an explicit upper bound on R*“(D).
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Proposition 11. R3¢(D) is upper bounded by
R;(D) = max{R“(D), R;“(D)}

where R{(D) and R}“(D) are as in (3.27) and (3.28) respectively.

Proof. We follow similar approach in the proof of Proposition 10. We take a
particular feasible choice of (W, U, V) in R,,(D) to get an explicit upper bound on
the rate-distortion function, R°“(D). We would like to choose W jointly Gaussian

with X so that Kxjwy, is equal to

(D)), O
G =

0 [Dsly

This is possible if and only if G is dominated by Kxy,. To see that this is the

case, note that Kyy < Di' so we have Ky + K < D' + K, where K is in (3.24).

XYy

This implies that K},

-1 o3 -1 _ -1
XIY» <Dj since D" + K =Dj .

Now since D, and D, are scaled identity matrices, we must have either D; <

D, or D, > D,. We shall show that we have K)_(Ile < G~ !in both cases.

Case 1: D, < D,.
Note that (D}'),, > (D;"), = (D;");,. Then

G -D; - (DY, — (D7, 0
0 0

> 0.
SoG™' = Dy' = Ky,
Case 2: D\ > D,.
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Note that [D;'], < [D;'];, < [D;'];,- Then

— 0 0
G- Dl_l - 1 -1
0 [D;'], —[DV 1,

> 0.

So G™' > D;' > Kyl . This shows that Kxyy, > G as desired. Hence we can select

KXIW,YZ = G

Now for any W that is jointly Gaussian with X and has the specified Kxwy,,

we will have

Kxwy, = (K;;ﬂw,yz -K)!

(DY, 0 A 0O

0 [D;l]l2 0 B
i (D), 0
0 [52]12

Then select U and V jointly Gaussian with X and W so that

min{(D));,(D2),} O
Kxwyvy, = ’
O [DZ]lz
(D), 0
Kxwuy, = _
0  min{[D],, [D,];,}

Note that Kxwuy, < Di and Kxw,vy, < D, as required. Evaluating R, and R,

for this choice of (W, U, V) gives us R{“(D) and R“(D). O

As in achievable scheme for RDmse in Proposition 10, each decoder hits its

own distortion constraint with equality on the region where it is “weaker” while
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each may undershoot its distortion constraint where it is “stronger” depending
on Dy, D, and K. Now, we provide the following proposition giving additional
constraints on the optimizers in the optimization set C,(D) when we have trace

distortion constraints.

Proposition 12. R""(D) is upper bounded by
R'"(D) = Crp_i(g) max{R!"(D), R} (D)} (3.40)

where RT"(D), RY"(D) and C""(D) as in Theorem 7.

Proof. Notice that we can include the conditions

U LX), I[(W,Yp), VL I[X],[(W,Y>) (3.41)
Kxiwy,> Kxw.v,» Kxw.uy,» Kxw.v.y, diagonal (3.42)
to C,(D) of R,.;(D), which gives the result. O

3.6 Converse Results

3.6.1 Converse for RDmse and RDS [

It turns out that the Enhancement ELB is sufficient for the RDmse and RDS I, so
we will use that bound. We start our analysis by selecting Y in Enhancement

ELB with properties stated in Lemma 4 below.

Lemma 4. Let joint distribution of source and side information pairs (X,Y;), i € {1, 2}

be given. We can find a random vector, Y, jointly Gaussian with (X, Y1, Y2) such that

XoYo (YL,Y,) (3.43)
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and

Kxy = Kxly, + K (3.44)
= Ky, + K (3.45)
— A 0O — 0 O
where K = and K =
0 0 0 -B

Proof. Observe that if (X,Y,Y;) can be coupled so that X <& Y < Y; holds for
i € {1,2} and (X,Y) has the same distribution under both couplings then it is

possible to couple all four variables such that X < Y < (Y4, Y,) holds.

Next note that the matrix Kl

Xy, ~ K;(l + K = K}

-1 > I’y
xy, — Kx + K is positive

semidefinite. Thus, we can find a matrix M such that M"M = K)_(|1Y1 - Kg' + K =

K)_ille - K)‘(1 + K. Then, let N be a Gaussian random vector, independent of X,
with covariance matrix Ky = I and let Y = MX + N. Then, K;QIY =K'+ M™M =

K;(l‘Y1 +K = K)_(|]Y2 + K. Since we have Kxy < Kxy,, i € {1,2}, we can couple

X,Y,Yj)sothat X & Y & Y;. O

Let Y be selected as in Lemma 4. By Lemma 3 we can add the condition that
(W, U, V) isjointly Gaussian with the source and side information at decoders to
optimization sets C); and Cj, in Enhanced ELB. Then we can write R,y in (3.15)

as

1 IKxyy,|  [Kxw,uyl
Rlol == IOg .
2 IKxiw,u,y,| |Kxiw,uv.yl

Likewise, R, in (3.15) can be written as

1 IKxyy,|  [Kxjw,v.yl
RZOQ = = lOg .
2 IKxiw.v.y,| IKxiw,uv.yl

78



We can further write,

Rip1 = llog Kxv | _ Kxiw.u,]
2 |K§|1W,U,Y1 + K| IKxw.uv.yl
_ 1 IKxjy,| 1
27 1+ KR, | Kxwuyy]
] Y 1 (3.46)

E log L+l - li+h ’
[T (1 + (K)a(Kxywuyy)io) TTL (Kxiw.uv.y)ii

Now we focus on RDmse where Kxyy,, i € {1,2} are diagonal matrices and D;,

i € {1,2} are as in (3.18). Since (W, U, V) is jointly Gaussian with (X, Y1,Y,,Y),

. -1 _ ~1 _ e e .
we can write Kywuvy, = Kxwuvy — K where K as in Lemma 4. Then we can
write (Kxjw.u.y,)diag < D1 and ((K)_QIW,U,V,Y — K) Yaiag < D», the constraints at Cj;, as

(Kxiw,u.¥,)diag < D1 and (Kxyw,uv.Y,)diag < D>.

The following lemma will be useful for matching the distortion constraints

in the achievable scheme and the Enhanced ELB.

Lemma 5. Let A > 0 be a m X m diagonal matrix, M > 0 be a m x m matrix and M i,

denote (M)giag. Then [(Maiag)™ + A7 = (IM™" + A1 )iag-

Proof. See Appendix 6.3. O

From (Kxjw.u.y,)dicg < D1 and (Kxw.uv.y,)aiag < D>, the constraints at C;;, and

by Lemma 5 we can get

(Kxiw.uy)dicg < (D7 + K)™!

(Kxiw.uv.y)diag < (D3' + K)™!
which implies

(KX\W.UV.Y )diag < min((D;" + K, (D;' + K.
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Let 51 and 52 be as in Theorem 5. Note that ((Dl‘1 + f{\)‘l)ll = (51)11 and
(D' + K)™'],, = [D1];, Also, (D;' + K)™Y), = (Do), and [(D;' + K)'1,, = [Ds]s,
Then the right hand side of (3.46) is lower bounded by

log |Kxy, | 1 1
2 7+ AD)ul min((D,);,, (D))l | min([Dy 15, [D2]3,)]

Since

(0] = (0]
2 U+ ADY, 2% (Dol

we have R;,; > RIIWSE (D). If we follow a similar procedure for R,,, we obtain

1 Kxwal _ 1, 1Kl (D)),

2

1 K 1
Rl()Z = — log ,l., X|Y2|
2 7|+ KKxwvy,| Kxwuvyl
1 |Kxv,| 1
Z E log ll+12 - ll+lz
[T.57 (1 + (K)u(Kxw,vy,)i) [1:L (Kxw.u,v.y)ii
1 |Kxv, | 1 1
~ 2 7= BID2lu| [ min((Dy)y,, (D))l | min([D1]1;,, [D21,)]

Kxvyl 1, KXy, D215 |

: 1 1
Since 1 log TR = 3108 — b, we have Ry,» > RYSE(D). Hence together

with Proposition 10, this proves Theorem 5.

Note that for RDS I we can lower bound the right hand side of (3.46) by

log |Kxy, | 1 1
27+ Ay | min((Dy),,, (D2),)| | min([Dy 1y, [Da]1,)|

where D;, i € {1,2}, 51 and D, are as in Theorem 6. Since

1 Kxwl  _ 1 K| (Do

- ’

0 —_—
2 R+ ADY, " 2 (D)
we have R;,; > R;“(D). If we follow a similar procedure for R;,,, we obtain

1 IKxv,| 1

—log =
2 "I+ KKxwvy,| [ Kxwuv.yl
IKxy,| 1

= P log —— = I+ )
[T.52( + (K)a(Kxywov,y,)i) [1,L (Kxw.u,v.y)ii
1
2

RloZ =

i=1

|Kx)v,| 1 1
[l = BLD: 11, | min((D, ), (D,);,)| | min([Dy1;,, [D211,)|
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K, | log BxwlP2bs| (e have Ry > R3“(D). Hence together

=1
II-B[Da2l;,| — 2 (D214,

Since 3 log

with Proposition 11, this proves Theorem 6.

3.6.2 Converse for RDTr

For RDTr, we utilize the mLB. Similar to the converse of RDmse and RDS I, Let
Y in mLB be selected as in Lemma 4. Then, by Lemma 15 in Appendix 6.1 we
can create a ?i, i €{l,2}sothat (X,Y,Yq, ?i) jointly Gaussian, ?i o X o Y;and
E [XlYi,Y\i] = E[X]Y;, Y] almost surely. Since ?i < X & Y;, we can write

Yi = A3 X + Ng,i € {1,2},

where Ny is independent of X and Y;.

Then,
KL =KL + ALK As (3.47)
X|Y;.Y; XIvi Ty NG Y :
; V.1 = . | _ ol
Also, since E[X]|Y;, Y;] = E[X]Y;, Y] almost surely Kiy = Kxyy, = KXI?i’Yi.
Then, from (3.47), Ky, — Kyy, = K and Kgy — Kgy, = K,
T -1 _
AL KRS Ay, = K. (3.48)
T -1 _ 7
AL KN Ag, = K. (3.49)

Now, we consider any feasible variable satisfying the constraints in the opti-
mization of R;,(D) in Theorem 4. We can rewrite R, in (3.3) as
Rip1 = IX; W, UYy) + I(X; VIW, U, Y)
= h(X|Y1) = AXIW, U, Y1) + A(XIW, U, Y) - i(X|W, U, V,Y)

= h(X[Y1) = h(XIW, U, Yy) + h(X]W, U, Y1, Y) - h(X]W, U, V, Y),
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since X & Y e Y;. Furthermore, since X & E[X|Y, Y] & (Y1,Y) and
X o (Y,Y) o EX|Y,Y], AXIW,U,Y,Y) = hXW,U, EX|Y,Y1]). Fur-
thermore, we can write A(X|W, U, E[X]Y, Y ]) = AX|W, U,E[XlYl,?l]), since

E[X|Yq, ?1] = E[X]Yy, Y] almost surely. Then we can write

Ript = h(X[Y) — h(XIW, U, Y1) + h(XIW, U, Y1, Y1) - h(XIW, U, V. Y)
= h(X|Yy) - I(X; Y1[W, U, Yy) - (X|W, U, V,Y)

= W(X|Yy) + A(Y11X, Y1) = h(Y1|W, U, Y;) - /(X|]W, U, V,Y)

K RS x.v,]
IKxyy, | YiX.Y; (3.50)

1
> —log
2 7Ky, wuy, | Kxwuvyl

with equality if (W, U, V) is Gaussian achieving the given covariance matrices.

T e ,
Now, let us focus on the ratio ; F— . Since Yy & X & Y; we can write
Y1IW,U,Y;
IKSx.y, ! _ |KN?I|
o - N T "
K3, wuy,l |KN§1 + Ay, KXlW,U,YlA?ll

Since K. is positive definite we can write it as Sg S, where Sy, is an invertible
1

matrix. Then we can write,

|K?1|X,Y1| _ 1
— - —1A__ T ¢-1
|KY1|W,U,Y1| |I + S§]AY1 KXIW,U,YlA’Y\] S§] |
1

= ——— o by Sylvester’s determinant identity
|l + KX|W,U’Y1A?1S%1S%IA§1|

1
|I + KX|W,U,Y1A;‘1 KI:J;IA/Y\J

1

0
Il + Kxjw,uy, |
00
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where the last equality is due to (3.48). Then we can write (3.50) as

IKxy, | 1
K-
0 |Kxiw,uv.yl

1
Rio1 2 5 log

A
Il + Kxjw.u.y, |
0 0
1 K 1
_ Elog |Kxy, | - |
I+ (Kxwuy) A 0O | XWUY
(Kix), 0, wuy )y A1
1 IKxy, | 1
= —log
2 T+ (Kxwuy ) Al IKxwuv.yl
1 K 1
> ~log — K| - , by Hadamard inequality,
20 T IIE (L + (Kxwuyy)i(A)i) T (Kxw,uv.y)ii

with equality if (Kxwuy,); and Kxwuvy are diagonal matrices. Since
Kxwuvy =< Kxwuy and Kxwuvy =< Kxwyvy imply (Kxwuvy)i <

min{(Kxw.u.y)i» (Kxw.v.y)i} for all i € [k], we can further write

1 IKxy, | 1 1
Ri,1 > < log ; + — log — .
20 T, A+ (Kxwuyia(A)y) 2 i—1 min{(Kxyw,u.y)ii» (Kxiw,v.y)ii}

(3.51)

By applying the same procedure as above for the R;,, we can get
IKx)y, | 1 1
= log — + 5 log —/—— .
2 72,0 = ((Kxwyy,n)u(B)i) 2 i=1 Min{(Kxjw.u,v)ii, (Kxjw,v.v)ii}
(3.52)

Ripn >

We denote right hand sides of (3.51) and (3.52) as Ry, and R, respectively.
Next proposition gives a tight lower bound to R’"(d) by specifying the proper-

ties of the optimizers in mLB.
Proposition 13. Rate distortion function of RDTr, R""(D), is lower bounded by

min max{R] (D), R}’ (D)} (3.53)
CT’(D)
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where C*"(D), R1"(D) and R."(D) are as in Theorem 7.

The proof follows from the next 4 lemmas. At each lemma, we show that
without loss of optimality we can add a constrain to the optimization set, C;(D)
of Theorem 4 for the trace constraints. With those additional constraints C;(D)

becomes C”"(D) and Ry,; = R7/(D) for i € {1,2}.

Lemma 6. There exist a feasible (Wg, Ug, V) for R,,(D) such that (Wg, Ug, V) are
jointly Gaussian with (X, Y, Y1, Y2). Furthermore, such (Wg, Ug, V) do not increase
Eol and /R\ZOZ'

Proof. Let (Wg, Ug, Vi) be jointly Gaussian with (X, Y, Yy, Y;) such that

(Wg,Ug, Vg) © X o (Y,Y1,Y2),
Kxiwevey, = Kxwuy,,

Kxiwevey, = Kxwvy,-
By Lemma 14, we have KXIW,U,Y =< KXIW(;,U(;,Y and KX|W,V,Y =< KXIW(;,V(;,Y- This
implies
min{(Kxjw,u,y)i» (Kxiw,v.y)i} < min{(Kxiwe.ue.v)ii- (Kxiwe,ve.v)i} for all i € [k].

Hence, we can conclude that (W, Ug, V) is feasible for R, (D) and replacing
the (W, U, V) with (Wg, Ug, Vg) on (3.51) and (3.52) does not increase E()l and
k\lo} [

Then by Lemma 6 we can write the lower bound

Ri(D) > R,(D) (3.54)
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where

Ris(D) = inf max{Rio1, Rio2}
Ci(D)

and a(D) ={(W,U,V) € C,(D)I(W,U, V) jointly Gaussian with (X, Y, Yy, Y3)}.

The following lemmas show that without loss of optimality we
can add the conditions U 1 (X),I(W,Y1), V L [X],I(W,Y,), and

Kxiw.y,» Kxw,uy,» Kxw,vy, diagonal matrices to C,(D).

Lemma 7. One can add the constraint that Kxw.uy,, Kxw.v.y, are diagonal matrices

to C(D) without increasing the optimal value, R,(D).

Proof. Note that for each feasible (W, U, V) in a(D), we can find a (W', U, V)
jointly Gaussian with (X, Y, Yy, Y;) and (W', U, V') & X & (Y1, Y2, Y) such that

Kxyw vy, = (Kxiw,uy, )diag

Kxyw vy, = (Kxiw.v.Y,)diag

since Kxw vy, < DiI < Kxpy, for i € {1,2}. Also notice that (W’,U’,V’) sat-
isfies the corresponding distortion constraints. Lastly we need to check that
(Kxyw,u Y)diag = (Kxiw,u.Y)diag and (Kxiw'.v' Y )diag = (KX\W V.Y )diag- SINCE

-1 -1
Kxw.uy = [Kxw vy, + ]
0

) L [a0)
= [((Kxjw,u,Y,)diag) + N
0

from Lemma 5 we have Kxw.uy = (Kxwuyis and similarly Kxw vy >
(Kxjw.v.y)aiag- Hence, without loss of optimality we can add the condition that

Kxwu.y,> Kxw,vy, are diagonal matrices to a(D). [
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By Lemma 7, we can write

EO(D) = All’lf maX{EOl’EOZ}
Ci(D)

where a(D) ={(W,U,V) e a(D)|KX|w,U,Y1, Kxw.v.y, are diagonal }.

Lemma 8. One may add the constraints
U L (X),IW, Yy,
V 1 [X],IW, Y,

Kxiwe.y,» Kxiwe.y, are diagonal matrices.

to the optimization set C,(D) without increasing the optimal value, EO(D).

(3.55)

(3.56)
(3.57)

(3.58)

Proof. Let (W, U, V) be feasible for R,,(D), i.e (W,U,V) € C,(D). From these, we

shall construct (W, U, V) that are feasible for EO(D) and also satisfy the condi-

tions in (3.56), (3.57), (3.58) and for which the objective is only lower.

First suppose that d, < d,. Then note that

(KX|W,U,Y1)E1 0 . di'l 0
0 [Kxwvy,l, — B 0 d,'I-B
>di'1
z K)_(|1Y1’

Then we may choose W such that

-1
» (Kxjw,u,v,)], 0
XW,Y; 1
0 [Kxw,vy,l;, —B
in which case we have
-1
4 ., (Kxwuy,);, +4A 0
— =K - +K-=
XW.Y, ~ CXW.Y, O
0 [Kxiw,v.y, 1,

86

(3.59)

(3.60)



Likewise, if d; < d,, we have

(Kxwuy,), +A 0 di'I+A 0
0 [KX|W,V7Y2]1_21 0 dz_ll
>dy'l
z K;(|1Y2

Hence we may choose W such that

-1
. (Kxwuy,), +4A 0
XW,Ys 3
0 [Kxiw,v.v, 1,
in which case
1
. » (Kxjw,u,y,);, 0
XWY; ~ CXWY, _
0 [Kxwvy,l;,' — B

Thus either way, we may choose W such that (3.59) and (3.60) hold, and so

Kyiwy, and Ky y, are both diagonal.

Next we choose U and V such that (W, ﬁ, V) o X o (Y, Y1, Y;) and

(KX|W,Y1)I| 0
KX|W,I~J,Y1 = _
0 minf{[Kywy, 1o, [Kxwuy,ln}
_ (Kxiw.uy,)i, 0 (3.61)
0 min{[ Ky y, 1 [(Kxwuy,In}
and
min{(KmW,Yz)ll s (Kxiw.v.y,)n} 0
KX\W,V Y, ~
0 [KX|W,Y2]lz
| min{(Kxy.y, ) (Kxw.voy,)i b 0 (3.62)
0 [Kxiw.v.y, 15,
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Evidently we have UL X)y, |W, Y, and Vi [X],zlw, Y,, and (W, I~J, \~7) satisfy

the distortion constraints.

Finally, from (3.59) we have

_L = _L 0
X|W.,Y XW.Y; 0
| Koy +A 0
0 [K)_(|1W,V,Y2]12 -B
(Ky ) 0
| e . (3.63)
0 [K)_(|1W,V,Y]l2
Similarly,
. 4, A O
KX|wﬁY = KX|W6Y1 +
Substituting (3.61) into this equation gives,
(Kxiw,u,y) 0
Kxwioy = o . (3.64)
0 min{[Kxjw,vu.yln, [Kxwvyls,}
Likewise,
min{(Kxw.uy);,» (Kxwvy),) 0
Kywyy = 1 1 . (3.65)
0 [Kxwyvyls,

From (3.61), (3.62), (3.64) and (3.65), we see that the objective for (W,U,V) is
equal to the objective for (W, U, V). O

By Lemma 8, we can conclude that EO(D) is equal to RI"(D).
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3.7 Concluding Remarks

Recall that we used the Enhanced ELB to prove the converse for the RDmse the
RDS I problems, while for the RDT'r problem we used the mLB. It appears that

the other lower bounds are in fact insufficient for the RDTr problem.

Conjecture 1. There exists an instance of the RDTr such that Minimax lower bound
is strictly greater than the Maximin lower bound (and hence the Enhanced ELB and

ELB).

To support this conjecture, one can apply the same arguments in the proof
of Proposition 13 to the each minimization in the MLB separately. This way we
obtain a lower bound, which is the same as in (3.53) except that the minimization
and maximization are swapped. Consider the case where the vectors X, Y;, Y,

are bivariate Gaussian random vectors such that

0 0
Kxy, = , Kxy, =
0 3 0 32

Ol

9
and the distortion constraints are d; = d, = 0.15. When we use CVX, a package
for solving convex programs [44, 45], and the sqp function of Octave [46] to solve
for the minimum rate using Theorem 7 we get a solution of 1.7808784 while we
get 1.7802127 when we swap the min and max in (3.53) from both solvers. Thus
it appears that there are instances for which the added strength provided by the

mLB is necessary.
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CHAPTER 4
LP LOWER AND UPPER BOUNDS FOR RATE-DISTORTION WITH
VARIABLE SIDE INFORMATION

4.1 Introduction

Characterizing the rate distortion function can be divided into two main parts,
namely finding an upper bound and a lower bound. Random binning idea is
commonly used as the main ingredient of finding an upper bound (achievable
scheme) and in most of the existing achievable schemes, the encoder encodes
the messages in a certain order and each decoder decodes its received mes-
sages with the help of side information in the same order that they are encoded
[18],[5],[2]. Simultaneous decoding used in some of the channel coding prob-
lems [4] and it decodes the received messages altogether, without imposing any
order on decoding. We adopt this simultaneous decoding idea to rate distortion

problem. Our first main contribution is to provide such an achievable scheme.

An upper bound to the general rate distortion problem was provided by
Heegard et al. in [18] which is proven wrong by Timo et al. by providing a
counter example for 3 decoder case [2]. In the same paper, Timo et al. introduced
another achievable scheme for the general case and it was believed to be the
state of the art scheme for the general rate distortion problem. However, as we
discuss in Section 4.5, this upper bound is not correct for the general case either.
We also compare our scheme with the one introduced by Timo et al. [2] (for
the cases that it gives a valid upper bound) and discuss the advantage of our

scheme over this scheme.
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One natural way of obtaining a lower bound; on the other hand, is to con-
sider a relaxed instance of the problem in which the side information at some
of the decoders is improved in such a way that the problem becomes stochas-
tically degraded. Indeed, most existing lower bounds adopt this approach in
some form [20, 24]. For the special case of index coding, Blasiak et al. [11] pro-
vide a lower bound that takes the form of a linear program (LP), the constraints
for which are derived from properties of the entropy functional, such as sub-
modularity. This raises the question of whether a similar-style bound can be
obtained for more general instances of the problem. The second main contri-
bution of this work is such a bound. It is obtained by introducing a notion of
“generalized side information” and capturing the properties of mutual informa-
tion in the form of a linear program. We show that this lower bound subsumes

several existing lower bounds.

To demonstrate the efficacy of the upper and lower bounds that we intro-
duced, we consider a rate distortion problem obtained by extending the odd-
cycle index coding problem to Gaussian sources with mean squared error (MSE)
distortion constraints. We find an explicit expression for its rate distortion func-

tion.

The outline of this chapter is as follows. Section 4.2 formulates the general
rate distortion problem. Section 4.3 presents the LP-type upper bound based on
simultaneous decoding while Section 4.3.1 provides the extension of this upper
bound to Gaussian sources. In Section 4.4, we provide the LP type lower bound
and in Section 4.5 we show that the LP-type upper and lower bounds subsume
several existing lower bounds. We conclude the chapter by finding the explicit

characterization of odd-cycle Gaussian index coding problem utilizing our up-
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per and lower bounds in Section 4.6.

4.2 Problem Description

Let X denote the source at the encoder and X denote the source alphabet. Also,
Y, € Y,, | € [m] denotes the side information at decoder [ and Y, is jointly dis-
tributed with the source, X. Lastly, X, € )?1 denotes the reconstruction of the X at
decoder [ and D, denotes the corresponding distortion constraint. Each decoder
wants to reconstruct the source, X, subject to its distortion constraint and we
assume initially that the source alphabet, X, the side information” alphabets, Y,
[ € [m], and the reconstruction alphabets )?1, [ € [m], are finite. For the sake of
completeness, we state the following definitions to formulate the problem as we

did in Chapter 2.

Definition 12. An (n, M, D) code where n denotes the block length and M denotes the

message size and D = (Dy, ..., D,,) is composed of

e an encoding function

f: X" > {l,.., M}

e and decoding functions

gL My x Y - X"

gn AL My X Y > X,
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satisfying the distortion constraints

E < Dy, forl e [m]

1 © —
- Z (X, Xi)
S

where

X} = gi(f(X"), YD), for I € [m]
and di(-,-) € [0, o) is the distortion measure for decoder L.

Definition 13. A rate R is D-achievable, if for every € > 0 there exists an (n, M, D +
€l) (where 1 is the all-ones vector) code such that for sufficiently large n, we have

n'logM <R+e

We define the rate-distortion function as

R(D) = inf{R : R is D-achievable}.

4.3 Simultaneous Decoding Based Upper Bound to R(D)

Here, we present our first main result of this chapter, an upper bound to rate
distortion function R(D). The following notation, which is similar to that in [2],

will be useful to represent the results.

Notation 8. Let (X,Y,Z) be a random vector. Then X L Y denotes that X and Y are
independent, X L Y|Z denotes that X and Y are independent given Z, and X & Y & Z

denotes that X, Y and Z forms a Markov chain.

Notation 9. v = .7, ..., %n_, denotes a list of all possible nonempty subsets of [m],

where each .#; denotes a different subset. ¥ denotes the set of all possible such v.
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Notation 10. Let v € ¥ be fixed. Uy,,..., U, , denote finite-alphabet random vari-
ables U,,..., Ug,,_, respectively. &, denotes the set of all distributions on U; x XX Y*
where U; = Uy X -+ XUy, and Y =Y, X -+ X Y,.

Notation 11. Let % = {Us,Usx,....Us,. ), 9 = (Sl € S}, and ] be a

nonempty subset of ;. Then we define
Ugy ={Ug, € U| S € D},
Uy, ={Us e i< j
Uy =\Us € U3l i€ .

Theorem 9. The rate distortion function, R(D), is upper bounded by

2"—1

R,;,(D) = min inf inf Ro. 4.1
D) = tip o, f )R, @)

where

Cucny(D) : p € P, such that
Dp(x,y1, ..., ym) equals to joint distribution of (X, Y1, ..., Y,)
DU & X o (Y,....,Y,)
3) There exist functions g(Ug, Y,) such that

Eld(X,g(Ug, Y))| < D, foralll € [m],
and

CLP

ach

:RZ,R%, where .#; € v, such that

DRy, 20, Rfyj >0 forall je[2" - 1]

DRy, 2 I(X, U, ;Usy,) ~ R, forall j € [2" ~1]
3) For each decoder 1,1 € [m],

>R, s( > H(U%))—H(U@lflU@,\glr,Y,), forall 7 € 9.

e e
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Proof of Theorem 9. See Appendix 7.1. O

Remark 14. Using the chain rule, we can rewrite the condition 3) of CX% in Theorem

9as

for each decoder 1,1 € [m],

DR, < Y 1(Us:U3, 4 Ugpap V), forall 9 € 9, (4.2)
Zied] Ji€7]

This representation will become useful when we consider rate distortion problems with

continuous sources. Hence, from now on we consider the condition 3) of Cf;g; in the

form of (4.2).

Remark 15. Result of Theorem 9 can be generalized to the case where the source and
side information are random vectors and distortion constraints are component-wise dis-

tortion constraints.

Remark 16. Since R,.,(D) is an upper bound to the rate distortion function, R(D), we
can obtain a computable upper bound to R(D) by imposing cardinality bounds on the

alphabets of auxiliary random variables U 5, in Theorem 9.

Opverall scheme can be described as follows. Each Uy, in Theorem 9 can
be considered as a message for decoder i, i € .%;. The encoder encodes each
message U », with respect to the order v € 7/, using random binning argument.
Here, R, and R;’G can be interpreted as the number of bins in the codebook of
message U and the number of codewords per bin respectively. Then each de-
coder i decodes its messages using simultaneous decoding and reconstructs the
source using these messages and side information Y; subject to its own distor-

tion constraint.
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4.3.1 Rate-Distortion Function with Gaussian Source and Side

Information

Here, we extend the achievable scheme in Theorem 9 to the rate distortion prob-
lem with vector Gaussian sources. More specifically, we are interested in the
following rate distortion problem. Source and side information at decoders,
(X,Y1,...,Yy), are zero mean jointly Gaussian vectors. Source X = (Xj, ..., Xy)

has length k and length of Y; is k;, i € [m].

Notation 12. Let v and w be k x 1 vectors. v is lower than or equal to w, v < w, denotes

that i component of v, denoted by v;, is lower than or equal to w; for all i € [k].

Notation 13. Let M be m X m matrix. (M), denotes the vector where i" component of

(M), is equal to i" diagonal element of M, i € [m].

Notation 14. Kx denotes the covariance matrix of X. Kxy is conditional covariance

matrix of X conditioned on Y.

Let D; > O for all i € [m]. Distortion constraints are

n

[% Z E [(Xk ~ X)X, — iik)T] <D;, forallie [m], (4.3)

k=1 d
i.e., component-wise mean square error (MS E) distortion constraints. Since we
have MS E distortion constraints, without loss of generality we can take the re-
construction at each decoder as conditional expectation of source given the out-
put of the encoder and the corresponding side information. From now on, we
denote the rate distortion function of this problem as R¥$£(D). Now that we
have the necessary definitions and notations, we are ready to state our achiev-

ability result.
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Theorem 10. Let joint distribution of (X,Y;), i € [m] be given. Then rate distortion

function, R"SE(D) is upper bounded by

RaGch(D) = Ilggl RaGch,v(D) (44)
where
2m—1
RS, (D)= inf inf » R
aCh’V( ) Cgch,v(D) ngz ]Z:; éﬂj

CS,.D):pe P, suchthat
Dp(X,y1,...,Ym) equals to joint distribution of (X, Y1,..., Ym)
2)T is a discrete random variable over [t] for some positive integer T
suchthat T L (X, Y1,...,Ym).
NU o X (Yr,.-.5Ym)
4 Kx,, v, < Di forall I € [m]
55Uy, = (Uy,,,T)such that Uy, = Uy, if T = tand all Uy,
jointly Gaussian with (X, Y1,..., Ym),
and I(Uy,; Uy, X) < oo forall ;€ [2" - 1], 7 € [2" = 1]and i # j,
and CE is the set of conditions obtained by replacing each X, Y;, and U », in the condi-
tions of C5 in Theorem 9 by X, Y;, and Uy, respectively.

Remark 17. Since all feasible messages U, in (4.4) are Gaussian mixtures and source
and side information are jointly Gaussian, minimum mean square error (MMSE) esti-
mator becomes linear MMSE estimator. In other words, we can write X, = A Ug, +
B,Y, if T = t, where value of A;, and By, are determined by the joint distribution
peCC (D).

ach,v

Proof of Theorem 10. The argument is based on a quantization of source and mes-

sages similar to the procedure in [4, Section 3]. First we quantize the source, all
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messages and side information. Then we apply the achievable scheme in the
proof of Theorem 9 to these quantized variables and show that the rate in (4.4)

is D-achievable for our problem.

Letv € 7 be fixed and € > 0 be given. Also let (X, %, Y4, ..., Ym) be such that
joint distribution of it, denoted by p, is in C{, (D). Note that we can represent
each message Uy, = Ay, X+Ny,,, 7 €v,if T =twhereNy,, L (Yy,...,Ynp) and
represent side information Y, = B X + N, [ € [m] where N, L (% ,X). Now we

quantize X and all Y}, [ € [m], and we use X notation to denote the quantized

version of X. We do the quantization such that

E|(X; - X)*| < 6(e) min Dy for all € [k] (4.5)
E [()_(i - ?li)z] < D;+6(e)D; forall l € [m] and i € [k], (4.6)
(X, U,;Uy) - I(X,Uy,; Uyl < 8(e), forall 7 € [2" — 1] (4.7)

| > (U505, 50 Ugyon V) = - 1(Us30, 00 Uang, Vi) | < 6G6), (48)
7€, 7€,

for all / € [m] and Z; C 2, where 6(€) > 0 be specified later, and

U oXoXo (Y., Ym) o Y., Ym).

Let p denote the joint distribution of (@, X,Y1,...,Yw). Now, we form a
new problem where the source is X, side information at decoder i is Y;, i € [m],
and distortion constraints are as in (4.6). Note that for this problem, p is in
Cucny((1 4+ 6(€))D) in (4.1). Then we can apply the achievable scheme in the proof

Theorem 9 to the new problem.

Let R.p((1 + 6(€))D, p) denote the result of the linear program infc;;; Z?:_l Ry,

in Theorem 9 when joint distribution is p. Then from Theorem 1, rate R, p((1 +
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5(e))D, p) is (1 + 6(e))D-achievable for the new problem. In other words, we can

find a (n, M, (1 + 6(€))D + €'1), €'(¢) > 0 (specified later), code with rate
Rip (1 +6(e))D, p) + € (€)
and

<(1+6(e))D;j + €1 forall i € [m],
d

n
=

[1 Sk |- X)X, - X |

when blocklength, n is sufficiently large.

(4.9)

(4.10)

For our original problem, first we quantize the source, side information and

all the messages distributed by p as described above and then we apply the

(n, M, (1 + 6(e))D + €'1) code with rate (4.9) to these quantized variables, joint

distribution of which is p. Let RY,(D, p) denote the result of the linear program

infeer 2511—1 Ry, in Theorem 10 when joint distribution is p. Note that the linear

programs defining both R;» ((1 + 6(¢))D, p) and RY,(D, p) are finite. Thus by (4.7),

(4.8) and standard results on the continuity of linear programs [47], we have that

IRS.(D, p) — Rpp (1 + 8(e))D, D) | < y(e),

where y(e) — 0 as 6(e) — 0. Lastly utilizing the Cauchy and Jensen inequalities

and using (4.5) and (4.10) as in [4, Section 3], we can obtain'

% Z E[(X; - X)X, - Xi)'|
J=1 d

<o(eD;+ (1 +6(e)D; +€'1+2 \/(6(6))Di((1 + 6(e))D; + €'1)

=D;+26(e)D; + €1 +2 \/(5(6))Di((1 + 6(e))D; + €'1) for all i € [m],

for sufficiently large n.

'When v, w are k x 1 vectors, u = vw is also k x 1 vector such that u; = v;w;, i € [k].
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Thus for all sufficiently large n, there exists a code whose rate does not ex-

ceed

R?P(D, p) + €(e) + y(e)

and whose distortion at the decoder i is dominated by the expression in (4.11).

It follows that R¢,(D, p) is D-achievable. O

4.4 An LP Lower Bound to R(D)

We present our second main result, namely a lower bound with a LP structure
to rate distortion function R(D) of the problem where source X and side infor-
mation Y; are random vectors and the distortion constraint for each decoder i
is di(X, ii) < D;. Same definitions for the scalar case are used to formulate this
problem by replacing the scalar source, side information and distortion con-
straints by the vector ones given above. We utilize the following definitions to

represent our results.

Definition 14. [6] B is conditionally less noisy than A given C, denoted as (B >
A|C), if (W;B|C) > I(W; A|C) for all W such that W « (X, C) < (A, B).

Definition 15. Given a random vector W, C(W) denotes the set of joint distributions

over two vectors where the first vector has the same marginal distribution as W.

We informally refer to C(W) as the “set of random vectors coupled to W”

and we sometimes write V € C(W) to denote such a random vector.

Definition 16. Given V € C(X) and a mapping U. : C(X) — C(XX,V), let Rif(e)

denote the infinite dimensional LP in Table 4.1, where K(-) varies over all maps from
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Table 4.1: LP for Rate Distortion Problem

inf K(0) — € subject to

K(X) = 0 (initialize)

K(A) > 0, for all A (non-negativity)

K(B) + I(B; V,Ug|A) > K(A), for all (A, B) couplings : A & B < X (slope)
K((A,C)) > K((B, C)), for all (A,B) couplings : (B > A|C) (monotonicity)

K(A) > K(B) + IB;V,UulA), forall (A,B)couplings : A < B o
X (monotonicity+)

K(A)+K(B) > K(C)+K((A,B)), for all (A,B,C) couplings : B« C < Aand C =
fi(A) or C = fo(B) (submodularity)

C(X) to [0, 00), fi(-) and f>(-) are deterministic functions. K(-) assign the same number
to all deterministic random variables and K(0) denotes this common number. Also
whenever (Ux, V, X, A, B) appear together, their joint distribution satisfies (Ux, V) &
X < (A,B).

Theorem 11. For any € > 0, R(D) is lower bounded by

_ - LP
Rip(D + €1) = VgCl(fX) U.:C(XI)ILfC(X,V) Riy (€) (4.12)

where V and U. in the infima must satisfy

1) For all B € C(X), Ug is independent of X;

2) If (B, Ay, ..., Ay} are all elements of C(X) and can be coupled so that X < B <
(A1, ..., A;) then it must be possible to couple Ug and (U,,, ..., U,,) to (X, V) such that
X & (V,Up) © (Ua,,...,Ua)).

3) There exists functions g;(V, Uy,, Y1),...,gn(V, Uy,,, Ym) such that
E[dl(X’ gi(V9 UYi’ Yi))] S Di + 61,f01’ Illl l € [m].

Proof. Let R be a D-achievable rate, € > 0, p(x) be given and p(yilx), i € [m] be
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fixed. Then there exists a (n, M, D + €1) code for some n such that H(Iy) < n(R+¢€),
where I is the output of the encoder. Also, let K(A) = %, where A is a
random vector with pmf } .y p(alx)p(x), i.e., A € C(X). We call such A generalized
side information. Lastly, let V'; = ), U'a; = (A7;,A";), where A~; = (Ay,...,A))
and A*; = (Ais4,...,A,) for i € [n], and let T denote a random variable that
is uniformly distributed on [n] such that it is independent of the source X, all
generalized side information A, U’y;, and V’;. Define Uy = (U}, T), V = (V',T).

Note that we have
R+ € > K(0).

Also, we can write I(X"; [)|X") = 0 and I(X"; [H|A") > 0, for all A, giving the

(initialize) and (non-negativity) conditions in the LP.

Let A & B < X. For any such A and B we can write n(K(A) — K(B)) as

I(B"; |A™) = > I(B;; 1o, B, A7, A%|A,)

i=1

< Z I(B;; 1,B™;,BT|A)

i=1

= > 1B V', UnlA).

i=1

Since T is independent of X, V’, all generalized side information A and all
Ug, we can write
n(K(A) - KB)) < ) I(B; V', UilA, T = i)

i=1

=nl(B; V', UgA,T)

=nl(B; V,Ug|A),

which gives the (slope) constraints in the LP.
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Let B > A|C). Then for each such coupling of (B,A,C), n(K((A,C)) —

K((B,C))) is equal to
H(I)|A",C") = H(I,|B",C") > 0, by [6, Lemma 1],
giving the (monotonicity) constraints in the LP.

Now we obtain the monotonicity+ conditions in the LP. Let A & B < X. By

utilizing the chain rule again, we can write n(K(A) — K(B)) as

IB"; /A" > > I(B:; I, A~ A"IA)

i=1

= > IB; V', U'ailA)

i=1

=nl(B; V,UylA), (4.13)
giving (monotonicity+) conditions.

Let A,B, C be such that A & C < B and C = f{(A) for some deterministic

mapping fi(-). By the chain rule, n(K(A) + K(B)) is equal to

I(B"; Io|A") + I(X"; [h|B", A") + I(X"; 1o|B")

> I(B"; I)|C") + I(X"; Io|B", A") + I(X"; Io|B")

> I(B"; I)|C") + I(X"; I B", A") + I(X"; I,|B", C")
= I(X",B"; IH|C") + I(X"; I,|B", A"

= 1X"; I|C") + I(X"; Io[B", A"),

By setting C = f,(B) and swapping the role of A and B in the procedure above,

we get the (submodularity) conditions.

Now we find the properties of V and U, that give us the conditions 1)-

3) in Theorem 11 and the Markov chain property in Definition 5. Let A,
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A = (Ay,...,A) for some s be such that X & A o (A,...,A,). Firstly, since
any set of U'y; is independent of X; and of any set of generalized side infor-
mation A;’s, all Uy’s are independent of X and all A’s. Secondly, note that

X; o (Vi ,Ua) o (ViU sy, ... U's,) since

H(V/i, U,Ailv,ia U/Ai, Xl) = H(Al_’ Ajll()’ A_ia A+[, Xl)

= H(A,_7 Aj—ll()a A_i’ A+i)'

Then X & (V,U)) & (V,U4,...Us) implies X & (V,Uy)
(V,Uy,,...Uys,). Furthermore, given (V,Uy,) and Y;, i € [m], decoder i can re-
construct the source subject to its own distortion constraint. Lastly, (V,U,) &

X & (A,B) since (V/;,Ux) < X; < (A;,B)) for all i € [n]. l

We can interpret K(A) in the LP as the amount of information that a hypo-
thetical decoder with side information A receives about X from the broadcasted
message. We can also view Uy as a quantized representation of the source that
the hypothetical decoder can extract from the message with the help of its side

information A and V as a common message to all decoders.

The (submodularity) condition is so named for the following reason. Let X =
(X1,...,Xk), where X;’s are all independent random variables and let A C X,
B C X 2. Then we can write the (submodularity) condition for such A and B as

K(A) + K(B) > K(ANB) + K(AUB).

Remark 18. The lower bound in Theorem 11 can be generalized to continuous
sources with well behaved distortion constraints such as Gaussian sources subject to

component-wise mean square error (MSE) distortion constraints.

2Although X is a vector, we can consider it as an ordered set which also induces an ordered
set structure on the subsets. Hence, we can use the set notation whenever it is convenient.
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The lower bound in Theorem 11 is not evidently computable, since the in-
fimum over K(:) is subject to a continuum of constraints and there are no car-
dinality bounds on the V and U. variables. We next provide a weakened lower

bound that is computable. For this we need the following notation.

Notation 15. Let A & B & Xand D, = {Di]Y; & A < X}. Then R(D,) denotes the

result of the following optimization problem:
ngin I(B; VIA)
where

Cy :V € C(X) such that

there exists functions g;(V,Y;) such that E[d(X, g(V,Y:))] < D; for all D; € D4.

Theorem 12. Let S 5 be a finite set of generalized side information variables A € C(X)
and impose K(A) on the elements of S ». For any € > 0, R;,(D + €1) is lower bounded by

R, (D + €1) where R), (D + €1) is equal to
inf K(0) — €, (4.14)

where the infimum is over all K(-) : Sx — [0, c0) such that

K(X) = 0 (initialize)

K(A) > 0, for all A (non-negativity)

K((A,C)) > K((B,C)), forall (A,B) : (B = A|C) (monotonicity)

K(A) > K(B) + R(D4 + €1), for all (A,B) : A & B < X (monotonicity+)

K(A) + K(B) > K(C) + K((A,B)), for all (A,B,C) couplings : B & C & Aand C =
fi(A) or C = f2(B) (submodularity)

Proof of Theorem 12. Let € > 0 and V € C(X), and U. : C(X) — C(X, V) satisfying

the conditions 1)-3) in Theorem 11 be given. Also, let LP1 be the linear program
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in Table 4.1 when A, B and C are in § 4 and solution of LP1 is denoted by R}/ (¢).
Then R%f(e) in Theorem 11 is lower bounded by R:"(e). Therefore it is enough
to show R."(€) > R), (D + €1). Note that the conditions of LP1 and that of the LP
in Theorem 12, denoted by LP2, are the same except the monotonicity+ condition
and that there is no slope condition in LP2. Furthermore, for any A & B < X
the monotonicity+ condition in LP1 implies the monotonicity+ condition in LP2
since I(B; V,Us|A) > R(D4 + €l) by condition 2) and 3) in Theorem 11. Hence,

REP(€) = R}, (D + €l). O

Note that R, (D +€1) is computable since we have finite number of conditions
in LP and each R(D,) can be computed by finding the cardinality constraints on

auxiliary random variables V, U, using standard techniques [43].

4.5 Comparison with Other Bounds

4.5.1 Upper Bound

Although there are several achievable schemes for various forms of rate distor-
tion with side information (e.g. [5],[20],[2],[18]), most are for special cases of
the problem. The two exceptions, both of which purport to provide achievable
schemes for the general problem considered here, are Heegard and Berger [18]
and Timo et al. [2]. Heegard and Berger’s achievable result was shown to be
incorrect via a counterexample by Timo et al., who also to provided a corrected
scheme. In fact, the proof of Timo et al.’s achievable result contains an error that

is similar to that of Heegard and Berger. To see this, let us state Timo et al.’s
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achievable result.?

Notation 16. v = .7, ..., .%m_; denotes a list of all possible nonempty subsets of [m],
where each .; denotes a different subset such that |.7}| > |.)| for all i < j. ¥ denotes

the set of all possible such v.

Notation 17.
Uy, ={Unewli<j %327
Uy, =\Usne% | %>}

Ut =Usy e % k> j. Sin.7 %0},

, AUy e U,
U, ={UseUy] 24 and
S NS0
U;j’l:{Uy;eU;j : 5”,-31} when | € .7;.

Claim 1 ( Theorem 2,[2]). The rate distortion function R(D) is upper bounded by

2"m—1

Rl (D)=min inf inf » Ry 4.1
acn(D) Ivléglcaig(D)lcr;P; s (4.15)

where C,.,5(D) is as in Theorem 9 and

Ct" : DRy, 2 0,R, > 0forall je 2" ~1]
DRy, 2 (X, U, U3 Usy) = R, forall je[2" 1]
3R, < min Uy U, U3 Y) forall je[2 - 1.
The proof given by Timo et al. begins as follows. Let # € ¥ be given. The
codebook generation is the same as in the proof of Theorem 9. Encoding is

almost the same except that at each stage j, we select the codeword that it is

3This problem also afflicts Theorem 1 in Timo et al., although we shall focus our discussion on
Theorem 2 of that paper, which is simpler and directly comparable to Theorem 9 in the present.
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jointly typical with only those already-selected codewords that correspond to
the messages U;/, U5, and the source, instead of messages U, and the source
as in Theorem 9. This creates an issue, however, because if the encoding pro-
ceeds in this fashion then there is no guarantee that the variables U’ U5, are

themselves jointly typical.

To illustrate this, consider the case in which there are six decoders and sup-
pose that v = [6],...,{1,2},{5,6},{3,4},{2,3}, {4, 5}, {6}, {5}, {4}, {3}, {2}, {1}. Choose
% such that all Uy, = 0 except Uy, for i € [S5]. Then the encoding order
of the nontrivial messages is (Uji 2y, Uis ), Uiz ap, Uy, Uas). When the message
Us4) is encoded, the encoder selects a codeword that is jointly typical with the
codewords related to messages U{T3,4} = (Uj2), Uisg) and the source (note that
U{DM} = 0). However, in previous stages Ui, and Ujsg were not selected in
a way that guarantees that they are jointly typical, since Uy, ¢ {U{gﬁ} U UZ g
and Ujsg, ¢ {U{TLZ} U Ua,z}}' The rate analysis in Timo et al., specifically the use
of Lemma 3 in that paper, presumes that the codewords corresponding to Uy 3
and Us g are jointly typical when the codeword for U3 4) is chosen. This error is
similar to the one in Heegard and Berger [18].* For the two-decoder case, this

issue does not arise, and the Timo et al. rate is indeed achievable, as is that of

Heegard and Berger.

This error could be fixed in several ways. Our scheme in Theorem 9 avoids
this issue by requiring that each codeword be jointly typical with all of the
previously-selected codewords. If a certain pair of auxiliary random variables
never appear together in any of the mutual information expressions, then one

can impose a conditional independence condition between them without loss

“Unlike the Heegard-Berger result, however, the rate promised by Timo ef al.’s achievable
result is not known to be unachievable in general at this point.
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of generality, which is tantamout, from a rate perspective, to not requiring that

they be chosen in a way that ensures their joint typicality.

Our scheme in Theorem 9 differs from the achievable scheme in [2] in two
other respects as well. We do not require that the sets in v be ordered so that
their cardinalities are nonincreasing. Arguably the most notable difference is
in the decoding. While in [2], each decoder decodes its messages sequentially
in the same order that they are encoded, in our scheme we apply simultaneous
decoding, i.e., we decode all messages for decoder i together. We shall see later,
when discussing the odd-cycle index coding problem in Section 4.6, that for a
given class of auxiliary random variables, simultaneous decoding can yield a

strict rate improvement.

We conclude this subsection by showing that for the two-decoder case in
which Claim 1 is valid, the upper bound in [2] is no worse than that of Theo-

rem 9.

Lemma 9. When there are two decoders, R,.,(D) is upper bounded by

R'(D) = cmi?n) ,fel?lagi}{l(X; UnalYD} + I U |Up 2y, Y1) + 1(X; Uy Uy 23, Ya), (4.16)
ach,y 1 s

where C ., (D) is in Theorem 9.

Proof of Lemma 9. Firstly notice that U;;; and Uy, never appear together on the
right-hand side of (4.16). Hence without loss of optimality we can add the
condition Uy, L UpylX, Uji ) to Cueny(D) in the right-hand side of (4.16). Let

v = {{1,2}, {1}, {2}} and ij € Cach,v(D) with U{l} 1 U{z}lX, U{l’g}. From the LP
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conditions in Theorem 9, we can write

Riio) + Ry o 2 I(X; Upay) (4.17)
Ry + Ry, 2 1(X, Upi2); Upyy) (4.18)
Rpy + Rjy, 2 1(X, Up12), Upyy; Upy) (4.19)
R, < I(Uyy; Upoy, Vo), forallie {1,2} (4.20)
Rl < ifer{lli’le}{I(Uu,z}; U, Y} (4.21)
R 5 + Ry < I(Upjo; V) + I(Ugy; Uy, o), foralli € {1,2) (4.22)

Then, Rf1,2} = mine 2 {1(Uy12); Y}, RE,-} =1(U;y; Upn oy, Yo, Ry + REI,Z} =1(X; Up ),
R{l} + RE]} = I(X, U{LQ}; U{l}), and R{z} + REZ} = I(X, U{1,2}’ U{]}; U{2}) are feasible and

we can upper bound infr Y 1iRy in (4.1) by

irer{lf‘g}{l(x§ Uil YD} + I Upy|Upi oy, Y1) + IX; Uiyl U oy, Ya) + I(Upy; Upg|X, Uy gy,

(4.23)

which is equal to the mutual information expression in Lemma 9 when Uy, L
U{z}lX, U{1,2}- Therefore, RT(D) > Rach(D)- ]
4.5.2 Lower Bounds

minimax-type Lower Bound

First we compare the general lower bound, R;,(D+€1), with the minimax version
of the lower bound in [20]. For completeness, we state the minimax version of

the theorem below.

Theorem 13. Let the pmf’s p(X, Y;) for all i € [m] be given. Then R(D) is lower bounded

110



R}(D + €l) = supinf Ry, — €, (4.24)
p C
where Rlb = max [I(X, V, UY(,(I)|Y(r(1))

+I(X; Uy, oV, Uy, 1y, Yoy, Yo)) + - - -

+1(X; Uy, m|V; Uy, s - - > Uyyim-1ys V)1, (4.25)

and Y = (Y(r(l), Cee Yo—(m)), and
DP={pX,Y1,.... Y|y, jei DX Y1, ..o, Vo) = p(X, X)), Vi € [m]).

2) C denotes the set of (V,Uy,,..., Uy

m

) jointly distributed with X, Y, ..., Y, such that
Y1,....Y,) © X & (V,Uy,,...,Uy,) and there exists functions g, ..., g, with the
property that

Eldi(X, g(V, Uy, Y))] < D; + €,Yi € [m].

3) o () denotes a permutation on integers [m].

The minimax lower bound in Theorem 13 is the state of the art for the general
rate distortion problem with side information at multiple decoders. Note that
in Theorem 13, one can absorb V into Uy,, i € [m] without loss of optimality. For
the ease of comparison with R;(D + €1) we do not combine V with Uy, i € [m],

however.

Theorem 14. R;,(D + €1) > R} (D + €l), where € > 0.

Proof. Consider R;(D + €1). Note that LP constraints of R, (D + €l) is for all

couplings of the random variables in the R;,(D + €1). Hence, we can write,

> . . LP )
Rip(D + €1) = sgp vgcl‘(fX) U;C(XI)ILfC(X,V) ki (€) (4.26)

where P is as in Theorem 13, and V and U in the infima satisfy the conditions

1)-3) in Theorem 11 for a fixed coupling of the random variables. Now we find
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a lower bound to the R}(¢) in (4.26) by utilizing the monotonicity and mono-

tonicity+ constraints of the LP in Table 4.1. We can write the following series of

inequalities:
K(0) > K(Y;) by (monotonicity) (4.27)
K(Y])ZK(Y],Y2)+I(Y2;V,Uy]|Y]) (428)
KXYy, ...,Y) 2 KX, ..., Y X)+ I(X;V,Uy,, ..., Uy |Y1,....Y,) (4.29)
KYy,...,Y,,X)=0. (4.30)

where (4.28) is from monotonicity+ and (4.29) is from monotonicity+ and
Y1,....Y) & X & (V,Uy,.y,) © (V,Uy,,...,Uy,). If we add all these inequalities

side by side we obtain
K@) 2 I(Y2; V, Uy, |Y1) + - -
+ I(Ym; ‘/’ UY17 ey UYm_1|Y15 ey Ym—l)
+I(X;V,Uy,,..., Uy, |Y1,.... Y. (4.31)

By applying a series of chain rules and combining terms, we can write the right

hand side of (4.31) as

I(X; ‘/9 UY1|Y1) Sl I(X’ UY2|‘/7 UYp Yl9 Y2)

+I(X;UYm|‘/’UY1’---’UY, Yl’---’Ym)

n—12

Let us define

k
o= > 0¥V, Uy, Uy Y Y+
i=2

+I(X;V,Uyl,...,UYklyl,...,Yk)

+ Z I(X; UY,'"/9 UY17"'9UY,',|’Y19---9YI')

i=k+1
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for k € [m] where “empty” sums are zero. Note that I',, is equal to right hand

side of (4.31). One can show thatI'; =T, =... =T,,. Hence K(0) > T',.

Also since there are m decoders, we can get m! lower bounds on K(0) by
considering all possible permutations on integers [m]. Hence, we have K(0) >

Ry, and from (4.26) we can write

> - )
Ry(D + €1) sup vég(fx - —>fC(x " Ry — € (4.32)
> sup Hlleb — €, (433)
p C

where C as in Theorem 13. Lastly, we have (4.33) since each feasible set of ran-
dom variables in the infima (4.32) is also feasible for C. Hence, R;,(D + €1) >

RI(D + el). O

LP Lower Bound for the Index Coding Problem

We next compare the general lower bound, R;,(D + €1) with the linear program-
ming lower bound in [11] for the index coding problem [8]. In the index coding
problem, the source X = (X, ..., X)) is such that X;, i € [k] are independent and
identically distributed (i.i.d) Bernoulli (%) random variables and each side in-
formation Y; at decoder i is an arbitrary subset’® of the source X. Each decoder
i wants to reconstruct an arbitrary subset of the source, X; € X\ Y;. The recon-
structions can either be required to be zero error [11] or such that the block error
probability vanishes [20]. Both formulations are more stringent than consider-
ing the problem with Hamming distortion in the limit in which the distortion
goes to zero, so Rj,(el) is a valid lower bound to the index coding problem in

all three cases. We first state the LP lower bound in [11], originally stated for

5Although X is a vector, we can consider it as an ordered set which also induces an ordered
set structure on the subsets. Hence, we can use the set notation whenever it is convenient.
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Table 4.2: LP Bound for Index Coding Problem

min K(0) subject to

K(X) > [X| (initialize)

K(A)+|B\ Al > K(B), forall A C B C X (slope)
K®B) > K(A), forallACBcX (monotonicity)

K(A) = KB), forall A,B C X : A ~ B (decode)
K(A)+K®B) > K(ANB)+ K(AUB),

for all A,B € X (submodularity).

the zero-error form of the problem. Then we show that lim._, R,(€l) is equal
to this bound when we restrict the generalized side information, A, in R;(el)
to be subset of the source, X. From now on we denote this weakened form of
R;;(€1) obtained by restricting the generalized side information to be subset of

the source by RJ, (e1).

Notation 18. A ~» B denotes “A decodes B,” meaning that A C B and for every
source component X; € B\ A there is a decoder j who reconstructs X; and Y; C A. Also

S (A) = {X;| decoder j reconstructs X; € X and Y; C A}

Theorem 15 (LP lower bound [11]). The optimal value for the linear program in

Table 4.2 6, denoted by ﬁﬁf , is a lower bound to the index coding problem.

Following two lemmas will be useful to prove weakened lower bound R}, (¢1)

is equal to the LP lower bound in Theorem 15.

Lemma 10. Without loss of optimality we can replace the (initialize) and (slope)

®The statement of the result in [11] does not contain the (monotonicity) condition, although
it is clear from the proof that it was intended to be included. The condition is present in the
preprint version of the paper [48].

114



conditions to the LP in Table 4.2 with

K(X) = [X| (initialize*)

K(A) + B\ {S(A) UA}| > K(B), forall A C B C X (slope*)

respectively.

Proof. First we show without loss of optimality we can add the initialize* and
slope* conditions to the LP in Table 4.2. Since they are more stringent than
initialize and slope conditions, the result follows. We begin with initialize* con-
dition. Let K (A), A C X be feasible to the LP in Table 4.2 such that KX) > [XI.
Then there exists € > 0 such that K(X) = |X| + €. Note that K(A) — ¢, A C X is also
feasible to the LP in Table 4.2 giving lower objective K(0) — e. Hence, without
loss of optimality we can insert initialize* condition to the LP in Table 4.2. Now
we show that slope and decode conditions of the LP in Table 4.2 imply the slope*
condition. Let A € B € X. If BN S(A) = 0 then slope and slope* conditions are
equivalent. Otherwise, i.e. if BN S(A) = C # 0, from decode and slope conditions

we have
K(CUA) = K(A),

K(CUA) + B\ {CUA} > K(B)

respectively. Since B\ {CUA} = B\ {S(A) U A}, decode and slope conditions imply

slope* condition. O
Lemma 11. Let € > 0 and R}’ (el) be optimal value of the LP in Table 4.3. Then

R!(€1) > REP(e1) and lim,_o R/, (e1) = REP(0).

Proof. Since the random variables A, B in R{b(el) are such that A, B C X, Markov

chain A & B & Xis equivalent to A € B € X. Then the slope constraints of the
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Table 4.3: Relaxation of the LP in Table 4.1

min K(0) — e subject to

K(X) = 0 (initialize)

K(A) > 0, for all A C X (non-negativity)

K(B) + H(BIA) > K(A), for all A € B € X (slope)

K(A) > K(B), for all A € B C X (monotonicity)

K(A) > K@B) + HBIA) — HBIS(A),A) — elog|S(A)], forallA C B C
X (monotonicity+)

K(A)+ K(B) > K(ANnB)+ K(AUB),

for all A,B € X (submodularity).

LP in R}, (e1) imply the slope constraints of R};"(el), since H(B|A) > I(B; V, Ug|A).
Furthermore, using Fano’s inequality, it can be seen that monotonicity+ condi-
tions of the LP in R}, (¢1) are the same as monotonicity+ conditions of R}/ (e1) as
well as the rest of the conditions. Hence, we have R},(e1) > R.’(el). Now we
select V = Z where Z is a vector of i.i.d Bernoulli(%) bits of the same length as X,
Z 1 X,and we select Ux = (S(A),A)®Z,” A C X. Note that this selection of V and
U, satisfy the conditions 1)-3) in Theorem 11. Then the solution of the resulting
LP is equal to LP in Table 4.3 where €log|S(A)| = 0, giving R/ (0) — € > R}, (e1).

Since R}/ (e1) is right continuous at € = 0 [47], letting € — 0 gives the result. [

Theorem 16. lim._o R (e1) = R

Proof. Let LP, and LP, denote the LPs in Theorem 15 and Table 4.3 with € = 0,
respectively. By Lemma 10, without loss of optimality we can add initialize* and

slope* conditions in Lemma 10 to LP, and consider LP; of this form. Notice that

’a ® b denotes componentwise exclusive-OR operation where the shorter vector is zero
padded.
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R} (0) is the solution of LP, and from Lemma 11, lim_, R}, (1) = R};7(0). Hence,
it is enough to show that RL? = RLP(0). We show it by reparametrizing the LP,
in terms of E(A) where K (A) = K(A) + H(A). Note that K (0) = K(0). Hence, the
objective of LP, is E(Q)) same as the objective of LP,. Now we show that the
conditions of LP, and the conditions of LP, are the same. We can rewrite the
initialize and non-negativity conditions of LP, as

K(X) = HX)

K(A) > H(A) respectively. Together those two conditions are equivalent to ini-

tialize* and slope conditions of LP;.

When we rewrite slope condition of LP,, we get

K (B) > K (A), monotonicity condition of LP;.

When we rewrite monotonicity and monotonicity+ conditions of LP,, we get
K(A) + HBIA) > K(B)
k\(A) + H(BIS(A),A) > E(B) respectively and they are equivalent to slope and

slope* conditions of LP;.

Also, combining submodularity condition of LP, and H(A) + HB) = HB N

A) + HB U A) we can get the same submodularity condition of LP;.

Lastly, from monotonicity+ and slope conditions of LP,, we can obtain K(A) +
H(A) = K(B) + HBJ|A) + H(A) for all A ~ B, which is the decode condition of
LP,. Hence, each condition (or combinations) of LP, corresponds to a condition
of LP, and vice versa. Since objective of LP, and LP, are the same, we can

conclude that Eﬁf = REF(0). O
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4.6 Optimality Results

The LP upper and lower bounds are tight in several instances®. We begin with
two classes of instances for which the rate-distortion function is already known.
Then we continue with odd-cycle index coding problem, which can be consid-
ered as a special case of Heegard-Berger problem. We conclude this section by
finding the explicit characterization of the odd-cycle “Gaussian index coding”

problem using the upper and lower bounds in Theorem 9 and 12 respectively.

4.6.1 Rate Distortion Function with Mismatched Side Informa-
tion at Decoders [5]
In this problem, there is one encoder with source X = (X;, X;) and two decoders

with side information Yy = (Y}, Y1) and Y, = (Y2, Y2,), respectively. The source

and side information satisfy the following relation

(X1, Y11, Y21) L (Xa, Y12, Yao) (4.34)

X1<—>Y11<—)Y21 andX2<—>Y22<—>Y12 (435)

8In a recent work [27], rate distortion problem with two decoders having a degraded re-
construction sets is considered and the corresponding rate distortion function is characterized.
Slightly different from our problem setting, one component of the source is reconstructed at
both decoders with vanishing block error probability and the other component of the source is
only reconstructed at a single decoder. The construction of auxiliary random variables in the
converse result of Benammar et al. [27] is crafted for this specific problem setting and not di-
rectly extendable to multiple decoders whereas our LP lower bound is for general rate distortion
problem with side information at multiple decoders. An interesting future direction would be
to investigate whether the LP lower bound subsumes this lower bound too.
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and the reconstructions at decoders, il = (5(\11,5(\12) and iz = (5(\21,5(\22), are such

that

Eldy (X1, X1)] < Dy; (4.36)

Eldy(X, Xa;)] < D»; for i € [2]. (4.37)

We denote the rate distortion function of this problem as R¥(D). Theorem
18 shows that the minimax lower bound in Theorem 13 is greater than or equal
to R¥(D), the rate distortion function characterized by Watanabe [5]. Hence, it

implies that lower bounds in both Theorems 13 and 11 are tight for this problem.

Theorem 17 ([5]). Rate distortion function, R¥(D), is

R™(D) = min[max{R})', R)"}], where
RY = I(Xy; WilY1)) + I(Xo; WalY12) + I(Xy5 Uy Yy, Wy) + 1(Xa; Us|Ya, Wa)

RY = I(Xy; Wi|Yay) + I(Xa; WalY2) + I(Xy1; Ui |Y11, Wy) + I(Xa; Us| Yo, Wa),

and the minimization is taken over all auxiliary random variables Wy, W,, U,, U, satis-
fying the following:

1) (W, Up) & X; & (Y, Yy) fori=1,2.

2) W1, Uy, X1, Y11, Yay) and (Wa, Ua, X5, Y12, Yap) are independent of each other.

3) There exist functions g,;(Wy, Uy, Y11) = X11, 82(Wa, Y12) = X1, g21(W1, Ya1) = Xa1,
and g,,(Wy, U,, Ya) = X, such that they satisfy (4.36) and (4.37).

4) Wi < |Xil + 3 and |U| < |Xil - (Xi| +3) + 1 for i = 1,2, where ‘W, and U, are

alphabets of W; and U; respectively.

Theorem 18. liminf._o R}'(D + €1) > RY(D) and R,.,(D) < RM(D).

Proof. We select the joint distribution of (X, Y1, Y2) such that it satisfies (4.35).

First we show liminf._, R}}(D + €1) > RM(D). Let Uy = (V,Uy,) and U, = (V, Uy,).
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Then R, in Theorem 13 can be written as’ R, = max{R,, Ry},

Ry = 1X; Uyl Y1) + I(X; Uz|Uy, Y1, Y2)
Riy = IX; Uz|Y2) + I(X; Uy|Uz, Y1, Ya).
By the chain rule and using (4.35), R, can be rewritten as
I(Xa; Uy, Yui|Y12) + I(Xy; Uy, Y12, Xo|Y11)
+ 1(X2; Uz|Uy, Y11, Ya2) + 1(X1; Uz|Uy, Yoo, X2, Y11)
= 1(G; Uy, YnlY12) + (X1 Uy, Yoo, Xol Y1)

+ 1(Xo; Uz|Uy, Y11, Yoo) + I(X1; Uz|Uy, Y22, X5, Y11)

s

1(Xo; Uy, YulY12) + I(X1; Uy, Ya2, X2, Uz|Y11) + 1(X2; Uz|Uy, Y11, Y22)
> 1(Xy; Uy, YnlY12) + 1(X1; Uy, Yo, UzIY11) + 1(X3; Uz|Uy, Y11, Y22),
which equals to 1(Xy; Wa|Y12) + I(X1; Wi, UilY11) + I(X; Us|Wo, Yap) = RY, where
Wy = (V, Uy,, Y1), Wi = (V, Uy,, Y22), Uy = Uy, and U, = Uy,.
a: since I(X1; Y12, Yool X5, Uy, Uz, Y11) = 0.

b: combining the second and last term
Similarly we have, R, > RY.

Note that (Uy,Uz) & (X1,X2) © (Y11, Y12, Ya1, Ya2) implies the first condition
of the minimization in Theorem 17. Also, distortion constraints of R;(D + €1)
implies the third condition of the minimization with € added to distortion con-

straints in Theorem 17. Hence, we can write
R;,(D +€1) > inf[max{RY, RY}] — e, (4.38)

where the minimization is over (W;, U, W,, U,) such that they satisty first and

third conditions of the minimization in Theorem 17. Also, since (W;, U;) and

Note that Theorem 13 can be applied to vector valued source and side information at de-
coders.
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(W5, U,) do not appear together, we can add the condition 2) in Theorem 17 to
the minimization in (4.38). Lastly cardinality bounds on (W, W,, U,, U,) can be
obtained as in RY (D) and right hand side of (4.38) can be shown to be continuous

in € using the same procedure as in [5].

Now we show that R,.;,(D) < RY(D). In [5], RT(D) in Lemma 9 is used to

obtain RY (D). Hence, from Lemma 9, we have R,.,(D) < RY(D). O

4.6.2 Rate Distortion Function with Conditionally Less Noisy

Side Information [6]

There are two decoders, and the distortion measure at decoder 1, d,(., .), is such
that d,(X, X) = 0if X = a(X) and d,(X, X) = 1 otherwise, where a(X) is a determin-
istic map. Also the allowable distortion at decoder 1, D, is taken as zero. Timo
et al. [6] show that their lower bound for this problem is tight if Y, is condition-
ally less noisy than Y, i.e., (Y> > Yjla(X)), and H(a(X)|Y;) > H(a(X)|Y,). Although
whether the minimax lower bound in Theorem 13 is tight for this problem is not
known, the next theorem shows that R;,(D + €1) subsumes the lower bound in

[6] when (Y, = Y;a(X)).
Theorem 19. liminf._o R;,(D + €1) > R“N(D) and R,.,(D) < RN (D) where

R™(D) =H(a(X)|Y)) + I(X; Wla(X), Y2)

min
WoXo(a(X),Y2)
E[d2(X,g2(W,a(X),Y2))]<D;
[WILIX|+1,

is the lower bound in [6, Lemma 5] when (Y, > Yila(X)).

Proof. We begin with showing liminf._,y R;,(D + €1). Similar to proof of Theorem

13, first we consider Ry, (D + €1). Note that LP constraints of R;(D + €1) is for
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all couplings of the random variables and we can include any valid generalized

side information to the optimization. Hence for a given € > 0 we can write,

Ry(D + €l) > inf in
VeC(X) U..C(X)—C(X,V)

REF(e) (4.39)

where the LP constraints for the random variables (X, a(X), Y;, Y>), are as in the
problem description. Now we find a lower bound to the R} (¢) in (4.39) by uti-

lizing some of the LP constraints. Note that we can write

K(0) > K(Y,) by (monotonicity)
K(Y)) > K(a(X), Y1) + H@a(X)|Y1) — 6(€), by (monotonicity+),
Fano’s inequality, and d(e) > 0,
K(a(X),Y,) > K(a(X), Y») by (monotonicity),
K(a(X),Y>) > I(X; V, Uyxyn,la(X), Y,) by (monotonicity+) and K(X, a(X), Y,) = 0.
Hence, R;(D + €1) is lower bounded by

Vgcl’(f;() U.;C(XI)ILfC(X,V) H@aX)|Y1) + I(X; V, Uyxyn,la(X), Y2) — 6(€).

By finding the cardinality constraint on (V, Uyxyy,) and letting e — 0, we have

the result.

Now we show that R,.,(D) < R*V(D). By selecting the auxiliary random vari-
ables Uy 5 = a(X), Uy, = 0 and Upp = W in Lemma 9 and imposing cardinality

bound constraint |W| < |X| + 1, we have R,.,(D) < R*V(D). O

4.6.3 Odd-cycle Index Coding Problem

The source X = (X1,...,X,,), where m > 5 is an odd number, is i.i.d Bernoulli (%)

bits. The side information at decoder i, i € [m] is Y; = (X,_1, X;41), where + and
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— in subscripts are modulo-m operations, and decoder i wishes to reconstruct X;

with a vanishing block error probability.

Although the achievability result Theorem 9 is for per-letter distortion con-
straints, it can be modified to handle block error probabilities. Let v € ¥ be
as follows. When we sort the elements .#; and .#; in increasing order, the re-
sulting number obtained by concatenating the sorted elements of .#; is greater
than that of .7, for all i < j. To illustrate, let us consider three decoder case.
Thenv = {{1,2,3},{2,3}, {1, 3}, {1, 2}, {3}, {2}, {1}}. Then we select the messages U ~,

<; € v such that
Uy =X, Xy) for je[ml,k=j+1 modm (4.40)

and all the other messages Uy, = 0. '° Let j € [m],i = j—1 mod m,k = j+ 1

mod m, [ =k+ 1 mod m. Then from the conditions in C%/,, we can write

Ry > I(X;Uy) — R, from condition 2) of CL7,
=2-R),
R, < min{I (Up: Uy, Y;). 1 (U Uy, Yic)), from condition 3) of CL,
=2,
R} + R, < I(U;;;Y;) +1(Up: Uy, Y;), from condition 3) of C,

= 3. (4.41)

Then selecting R/, = 3 and Ry = 1 satisfies the conditions of C;. Hence, rate %
is achievable. Also, in [11] it is shown that LP lower bound in Theorem 15 gives
7 for the zero error case. From Theorem 16, we can conclude that R{b lower

bound also gives 7 which is the optimal rate for this problem.

19We represent Uy as Uy for ease of notation.
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4.6.4 Odd-cycle Gaussian Rate Distortion Problem

We finish with an instance that seems not to be solvable with using existing
lower bounds discussed in Section 4.5. The problem setting we consider is
analogous to the odd-cycle index coding problem [11], by taking each source
component as an independent Gaussian random variable instead of uniform
binary bits and considering mean square error (MSE) distortion constraint on
reconstructions. Hence, we call it the odd-cycle Gaussian problem from now on.
Specifically, the source X = (Xj,...,X,), where m > 5 is an odd number, is a
vector Gaussian such that each component is independent of others with unit
variance. The side information at decoder i, i € [m] is Y; = (Xi_1, Xi+1), where

+ and — in subscripts are modulo-m operations, and decoder i wishes to recon-

struct X; subject to MSE distortion constraints, i.e. E[(X; _)’Zi)z] < Dforalli € [m].

Theorem 20. The rate distortion function, R'(D), is

|

G _
RD) = 7

1

—. 4.42
°¢ 5 (4.42)
Proof of Theorem 20. Achievability: The achievability argument is obtained by us-
ing Theorem 10. Let v € ¥ be as in odd-cycle index coding problem subsection

of Section 4.3. We select the messages U, such that
Ujk:(Xj+Nj,Xk+Nk)fOI'j€[m],kEj+1 mod m (443)

and all the other messages U, are degenerate.!! Here (N, N)), i € [m] are Gaus-
sian random variables with variance Ky, = Ky, = % and all N;, N;’s are indepen-
dent of each other and the source X. All Uy, satisfy conditions 1), 2) and 3) of
CG

ach,v

(D) as well as condition 4) of C¢, (D) since Kx,u,.u,.y; = (K;(j1 +K;,j +K )7 =
N ’ ; J

ch,y

We represent U as U for ease of notation.
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D,wherei=j—1 modm. Let je[m],i=j—1 mod mk=j+1 mod m,l=k+1

mod m. Then from the conditions in C%/, we can write

Ry = I(X;Uy) — R, from condition 2) of C.7, (4.44)
and since any disjoint sets of U, are conditionaly independent of each other

given X.
R’ < min{/ (Ujk; Uij, Yj) , I(Ujk; Ukz,Yk)}, (4.45)
from condition 3) of CX©

ach*

R} + Ry < 1(Uy:Y;) + (U Uy, Yj) . by condition 3) of CL,

ach*

(4.46)

Note that the terms inside the minimum in (4.45) are equal to each other and
also the encoding order of the messages does not affect the right hand side of
(4.46). Then using the chain rule, mutual information terms in (4.44)—(4.46) can

be written as

IX;Up) = I(X;; X+ Nj) + 1(Xi; Xy + Ny)
1+D

2D
I(Ujk;Uij,Yj) = I(Ujk;Uij,Xi,Xk)

= log

= I(X¢ + Ns Xo) +1(X; + Nj X, + N)

1, 14D 1 (1+Dp
T2 op T2%Tap
.y

(Uij;Xi,Xk) + I(Ujk; Uij, YJ)

1 14D 1 14D 1 (1+D)
T2 Top T2 Tp T2% T

I(Uij;Yj) + I(Ujk;Uij,Yj)

1+D

5D + ilog (1+D)? and RJk = 10g LD R’ .] € [m]’

Then selecting R/, = j log L D2 - Ry,

k = j+ 1 mod m satisfies (4.44)—(4.46) and we take all other rates R Y.f’R.’;ﬁ, as 0.
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Hence, the achievable rate is
ZmlR o L2 1 1D 1 (1 + D)
LN =M O Ty T2 % o T % T 4p

m(o, 1+D | (1 + D)?
=— -1lo
D T %% D

4
m1 1
= —log —.
4 %D

Converse: We utilize the computable relaxation of Rj;,(D + €1) in Theorem 12.
Similar to the proof of [11, Theorem 5.1] we define the ordered sets:
O={X;:i=1 mod2,i#m}, 0" ={X;:i<m-2}

E={X;:i=0 mod 2}, E* ={X;:2<i<m— 1}

M={X;:2<i<m-2},and S = X\(MUX,). Note that (O*\O)N(E*\E) = 0 and
M = (0" \ O)U (E* \ E). Also, define R(D) = % log %. Then using the conditions

of the LP in Theorem 12 we can get the following inequalities

K(©) > K(O) by (monotonicity) (4.47)
K@) > K(E) by (monotonicity) (4.48)
K(0) > K(X,,) by (monotonicity) (4.49)
K(0) > K(O") + Z R(D + €) (4.50)
Xi€07\0
K(E)> KE)+ > RD+e) (4.51)
X;cE*\E
KO+ KEHY>KM)+ KX)+R(D +¢) (4.52)
KM) + K(X,,) > K(0) + K(X) + Z R(D + € (4.53)
X;eS

where (4.50) is due to monotonicity+ (i.e, K(O) > K(O*)+R(Do+¢€)) and R(Dgo+€) =
2x.con0 R(D + €). Also (4.51) is due to monotonicity+ (4.52) and (4.53) are due to
submodularity and monotonicity+. If we add inequalities (4.47) - (4.53) side by

side, we obtain 2K(0) > mR(D + €). Taking € — 0 gives the result. O
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CHAPTER 5
CHAPTER 2 OF APPENDIX

5.1

Proof of Theorem 1. Let P(S,Y;) for all i € [m] be given and let permutation o(i) = i
for all i € [m]. Let (R, D) be an achievable rate distortion pair and € > 0. Then

there exists a (n, M, D, +¢€,...,D,, + €) code for some n such that log M < n(R + €).
We can write,

n(R+¢€) > H(J)

> IS, Y!, ..., Y ) (5.1)

where J is the output of the encoder, Y{ = (Yyy,...,Y),) (for the ease of nota-
tion we drop the parentheses around the index of the random variable unless
it causes ambiguity), Y. denotes (Yyi,..., Y1), and Y denotes all Y} but Y;;.
Then if we apply the chain rule to I(S",Y],...,Y};J), right hand side of (5.1)

b 1’
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equals

LY D)+ I YT+ + I JIYE Y )+ IS J|YT, .Y (5.2)

> 1Y JJIY])) + -+ 1Y)

m?

T2 Y )+ IS Y LY

= Z (Yo VY 3 Yo Yi) + -+ I IY o Y Yoo Yiis oo, Yooy

i=1

+ 1S5 g Y, 0 ST Vi Y] (5.3)
z Y [1(Yais LY 3 Yol Vi) + -+ IV LY g Yt Yol Vi Yono)
i=1
+ IS5 Y Y ST Y Y] (5.4)
> Y (Yo LY gV + -+ AV LY 3o Y il Yono)
i=1
+I1S 5L Y g Y Vi Y] (5.5)
= Y (Yo LY IV + -+ AV LY 3o Y il s Yono)
i=1

+HIS LY Y i Y Vo)

+ I(Si; Ymil‘l’ Yli’ A Y(m_l>i’ Yli’ et Y’ni)]

where a is obtained by the chain rule, b is due to the fact that (Yy;,..., Y, S:) L

Yigo - Y18 1) and c is due to the chain rule applied to the last term. When
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we combine the second-to-last and third-to-last term above, we get

n(R + €)

> Z (Yois LY 1Y) + - + LYooy L Yoo Y Vi o Yone2))

i=1
+ I(Si7 le’ Ja Yli’ e Y(m_l)ilYlia ) Y(m—l)i)
+ I(Sl; Ymil']’ Y]i’ ceey Y(m—l)i’ Ylia ceey Ymi)]

2 [I(YZH J7 Y]ilyli) +-t I(Y(m—l)l’ Ja Y]i’ cee Y(m_z)ilylia cees Y(m—Z)i)
i=1

+ISH LY Y il Vs Yaneni)

+ I(S,'; Ymi"]’ Yli’ cee Y(m—l)i’ Yi..., Ymi)]- (56)

Now we apply the chain rule on the second-to-last term, giving

n(R + €)

> Z (Y LY 1Y) + - + IX e L Yoo Y oY1 o Yone2))

i=1

+ I(SHJ’ Yli’ sees Y(m_z)ilyli’ s Y(m—l)i)
+ I(Sl; Y(m—])ilj’ Yli’ RN Y(m_z)i, Y1i7 (RN} Y(m—l)i)

IS EY M Yoo Yy s Vi ooy Vo)) (5.7)

(m-DI>
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a

>

n

i=1

i=1

(Yois LY jIV1) + -+ + IXu2yis S Y - Yol Y i,

+ I(Sh Y(m—l)i; J’ Yli’ ) Y(m_2)i|Yli’ ) Y(m—2)i)

+ I(Sl’ Y(m_])tl‘]’ Y]i’ ey Y(m_z)i, Y1i7 cees Y(m—l)i)
+ I(Sl; Ymil‘]’ Yli’ e ey Y(m—l)i’ Yli7 ceey Ymi)]

[I(Y2t9 J9 Ylilyli) +-+ I(Y(m—Z)i; Ja Y119 e Y(m_3)i|Y1i7

+ I(SHJ’ Yli’ sees Y(m_z)ilyli’ s 7Y(m—2)i)

S (G TN VS PR

IS Y Y g Y i Vi

(5.8) from (5.6), we get

R+ €

n

2

i=1

+ (S Y g1,

n

Il

S | =

i=1

+1(S; U, |U

Y

Y-

4
1§
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(m-2)1"

Yii, ..

L) Ymi)]

’
U1 Yiis -

.y Y(m—l)i’ Yii...

o> Yon-1)i)

IS UL Y ) + 1S 5 Us U, Y, Yoi) + -+

s le)]

5 Ymi)]

ooy Yino3yi)

oo Yin3)i)

1
= D LS Y glYi) + 1S 2 Vgl Y g, Vi Vo) -

(5.8)

where, a is obtained by combining third-to-last and fourth-to-last terms in (5.7).
Note that (5.6) is obtained from (5.5) by applying a series of chain rules and

term combinations. If we continue this procedure as we did while obtaining

(5.9)



1
o S U YT =0+ IS5 UyUL Y, Yoi, T =0) + -+

+ IS5 UL AU s Up s Yiis oo Yot T = 1)
=IS; U, T) + IS; USUL Yy, Yo, T) + -+ + IS UL UYL . Uy Yoo Y T)
SIS, U, T|Y) + I(S; U, TIU,, Y1, Yo, T) + - --

+IS; U, TIUY, ..., Ul Vi o, Yo T)
LIS UNY) + IS UnUL YL Vo) + -+ IS UnlUrs .., Upety, Y1, ..., Y) (5.10)

where,

a: Ul =Yy, Vjelm.

b : T is a random variable uniformly distributed on [r] and independent of all
source and side information variables and the U’s.

¢ : T is independent of all source and side information variables.

d: Denote (U!,T) as U; for all i € [m].

Note that (Uj,...,U,) < S; & (Yi,...,Y,) for all i € [n], giving
wi,...,U0,) & S & (Y,...,Y,). Hence, (Uj,...,U,) & S & (Y1,...,Y,), 1Le,
(Uy,...,U,) satisfies the condition 3). Also, since (U ;l Yi) =Y ;?), there exists
functions gL Y) such that E[d(S,g (U, Y] < D;j + ¢, for all j € [m]. Then
we can conclude that (Uy, . .., U,) satisfies the condition 4). By Lemma 13 in the
Appendix 5.1, we can obtain the cardinality bounds on (U;,..., U,) as in condi-
tion 5). Then we minimize the right hand side of (5.10) over (Uy, ..., U,). Also,
note that, we fixed the permutation as (i) = i for all i € [m] and to get (5.2),
we applied the chain rule to (5.1) in the following order. We started with Y}
then continued with Y7, ..., Y} and lastly we had S". Since we have m decoders
with side information, we can get m! different permutations. Hence, applying a

similar procedure to all permutations, we get m! lower bounds. By taking their

maximum, we obtain a lower bound to R(D). Lastly, since the problem can be
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described by specifying only the marginal P(S, Y;)’s, we optimize it over the set
of joint distributions such that the marginal P(S,Y;)’s are the same. This gives

us Ry s(D + €1), where 1 denotes the m x 1 vector with all components 1.

Hence we have,

R(D) > RMLB(D + 61) — €. (511)

Lemma 12. Ry 5(D + €l) of Theorem 1 is continuous in € from the right at € = 0.

Proof of Lemma 12. First we show that for a given joint distribution of source and
side information P(S,Y1,...,Y,), R-(D + €l) is continuous in € from right for a
given permutation o(.).

Let ¢ be a monotonically decreasing sequence converging to 0 and let U;(D +
&l), ..., U,(D+&1) denote an optimal (Uy, ..., U,) which gives R,(D+¢1). Since
the cardinalities of (Uy, ..., U,,) are finite, together with the conditions 3) and 4),
we have an optimization over a compact set. Then, we can find a convergent
subsequence ¢, such that U,(D+¢,1),...,U,(D+¢,1) convergestoa (Uy,...,U,)

which is feasible for the distortion D. Hence we have

lim iglf R, (D + €1) > R, (D).

Also, since R,(D) is non increasing function of D we can write

lim sup R,(D + €1) < R,(D),

€0
concluding that R, (D + €1) is continuous in € from the right for a given permuta-
tion o(.). Then, since finite maximum of functions that are continuous from the
right is also continuous from the right, max,(, R,(D + €l) is continuous in € from

right.
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Hence, now we show that sup; max,, R,(D + €l) is continuous in € from the
right. Let us temporarily denote max,, R-(D) as R(P, D) to indicate the depen-
dence on P. Then for any € > 0 and any P, we have R(P, D +€l) < R(P, D). Hence

we have

lim sup sup R(P, D + €1) < sup R(P, D). (5.12)
[_)

e—0 P

Now, we fix any § > 0. Then there exists P’ such that R(P’, D) > sups R(P, D) —

¢. Let € > 0 be such that R(P", D + €l) > R(P’,D) — 2. Then for any 0 < € < e we

can write
_ _ 5
supR(P,D) < R(P’,D) + 3
p
<R(P,D+€1)+6
<supR(P,D + €'1) + 6,
p
implying that
supR(P,D) — ¢ < lim i(I)lf supR(P,D + €'1). (5.13)
2 €=0 p
Since ¢ > 0 was arbitrary, (5.12) and (5.13) give the result. O

By Lemma 12, when € goes to 0, (5.11) becomes

R(D) = Ryp(D). (5.14)

Proof of Theorem 3.
1. Achievability:

We utilize the achievable scheme of Proposition 1 and apply the CAPM for

selection of U, to get an explicit expression.
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Step 1: Note that there is no demand related to G,, since all decoders have it
as side information. We place all demands of all decoders related to G,,-; and
Gy into Uj,). The remaining demands are subsets of G,,_», i.e., components that
m —2 of decoders have. For any Sj € G,,_,, where J = {@,}, @ # 8 Decoder a and
Decoder g are the two decoders that do not have Sj as side information. Then
we place fi, s to Upy. Also, we place f,; and fz; to level m — 1 messages. Since
there is no demand related to G;, Vi € [m — 3], all messages U, |I| < m — 2 will be

empty. This completes the Step 1.

Step 2 and 3: To determine the leftover bits in Step 2 and bits to be XORed in

Step 3 we write the demands in the following way: Note that there are m(m — 1)

m(m—1)

different non overlapping pairs of demands related to G,,_, since |G,,—»| = =5

and there are two demands f,; and f3, for each S, 5 € G,—,. Also, note that for
each Decoder « there are m — 1 non overlapping demands, f,, related to G,,_».
Therefore, we can put all those non overlapping demands into a matrix A with m
rows and m— 1 columns in the following way. o row, denoted by A,, consists of
demands f3, 5 where § runs over the set [m]\{a}. Note that A, does not contain
any demand from the Decoder @. Also, for each fs,p4, all entries of A, other
than fj,p4 exist as side information at Decoder 8. Hence, we observe that all
non overlapping demands which are related to G,,—, and placed in U,. at Step 1

are in A,. Also, there is no other type of demand in level m — 1 messages.

Lastly, as the size of each demand in A, can be different, we arrange the
entries in A, in an increasing order with respect to their sizes. If two demands
are in equal size, which one is put first does not matter. This completes the

construction of the matrix A.

For each A, in A we apply the following @ operation.
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Definition 17. Let a;,i € {1,...,m — 1} be vectors. Assume without loss of generality

thatl, < b, <,...,< I, where l; = |a;| denotes the number of elements in a;. Then,

(alaaQ’- '-’am—1)® = (a?,'- .,lel_])

where

@j,....a> ) =(a1® (@), & ®(an-1),
@)i-1, ® -+ ® (@m-1)1r-1,»

@m=1)1y =12

and where (a;);,-, denotes the vector consisting of components of a; from (I + 1)" to I'"

component.

Note that all the components in A7,..., A}, are leftover bits and moved
to Upy. Then for each A7 = (A7,,...,AZ,,_,) all the components in A7, (ie.,

al?

A‘,l, (A(ZZ)IAMI’ ey (Aa(m—l))lAml) remain in Uac. This concludes Step 2.

Lastly by Step 3, we have Uy, = A%, for all @ € [m], and A?,, ... ,Af(m_l) are
in Up,. This concludes CAPM. Also for the ease of notation, when we write
A®\{UyemA2, ), we will mean the vector A® with the components A?, for all a €

[m] removed.
Hence,

Ui = 5i\MUp g finn g 2\ U gicim g - - - > En \Upmpicim fnimpy > AZ\{Uaerm AL, }

Uac = A®

al

Ya € [m],
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and we can write the achievable rate Rcapy as

?El[é}n?]i{H(fl\{U{l,ﬁ}g[m]fl{l,ﬁ}}, BE\MYUpgcmests - -

£ MU gicim) fnimpy}s A \M{Uaerm AL HY )}

@ DY @
+ kme{all;g{H(AnlYk)} +- t Igl{%g{H(AmllYk)}.

Note that

H(Aafl ’ (A02)|A(,||a R (Aa(m—l))lAmllYk)
= H(Au ® (Aa2)ia,®. - » & Agin-1)ia, Y1)

= H(Ag Y1),

(5.15)

(5.16)
(5.17)

(5.18)

a: Ay € Yy, foralli € [m—1]and i # j, where A,; is the demand at Decoder k

related to G,,_».

Before rearranging the terms in Rcapy further, we would like to show the

following relations.

From the Definition 17, we know that for all k € [m] \ {a} the conditional

entropy

H(ASI |Yk)
= H((Aoj)1ao1 Y1)

= H((A(xj)IAMI) = |Aall = ler[rrlnipl] |Aal| bitS,

where A,; is the demand at Decoder k related to G,,_,. Hence we get,

H(Uoo|Yx) = H(UeolYj)

= min |A,| bits, Vk, j € {a}°.

le[m—1]
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Moreover, by Definition 17, for all @ € [m], we can write

HA®\A®|Y,) = HAP\A®, (A%,,..., A%, IY.)
= H(A®\A$|Ya) + H(Aaza . . a(m 1)|Ya)
- H(U{Q,B C[m]fa{aﬁ |Ya) + H(Aaz’ .. AGB(,,, 1))

= H(U{a,ﬁ}g[m]fa{a,ﬁ}|Ya) + (mjax |Aaj| - miin |Aaj|)- (5-21)

From (5.20), H(U:|Yx) = H(U,|Y;) for all k, j € {@}°. When we expand the

terms inside maxc,), we can write

Rcapy = max {H(fl\ Ui gicim fii g - - - fm MU gicim) fnm g s A \{UaermA, Y1)

+ > H(Ugel Y1) + max{H(Uyel Y1),
ke{1}°

aefl}°

HENYgcomfing)s - - fm \MUpngicom fupmp  A®\MUaerm A 1 Y2)

+ > H(UyklY2) + max(H(UxIY1)}
aef2)¢

9o e oy

HENYusicom fing)s - - - B \{Upngicim fnimsy ) AZ\MUaeimAE Y m)

n Z HUy|Ym) + maX{H(UmclYk)}}

ae{m}°

Since H(Uy|Yx) = H(AZ,|Yy) and H(Uy|Yx) = |A?|| for all k € {a}° from (5.19)
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and (5.20), we can further write Rcapy as

max {H(fl\{u{],ﬂ}g[m]fl{l,ﬁ}}a oo B\ Upmgicim finimpr ) A®\MUgerm A} Y1)

+ ) HAS V) + 143,

aefl}°

HENYusicom fing)s - - - > B \{Upngicim finimpy ) AZ\MUaerm A 1Y)

+ > HAZ IYs) + A3,
aef2)¢

PRI

HENYusicom fing)s - - - En \{Upngicim fnimsy ) AZ\MUaeimAE Y m)

+ ) H(AS Yo + 142, 1). (5.22)
ae{m}°
Note that all Uge = Af} are independent and for all collections of sub-

sets Ji,...J;, Ki,...Ky, Ly,...,L, and all subsets {i,...,i,} <€ [m], we
have that (Uy,,...,U;,) and (Uk,,...,Ug,) are conditionally independent given
((Urys ..., UL), (i, ..., Yi)), provided that the collections Ji,...J; and Ki, ... K;

are disjoint. Then by applying chain rule to the expression in (5.22), we have

Rcapy = max {H(fl\{U{l,ﬂ}g[m]fl{l,ﬁ}}’ ceey fm\{U{mﬁ}Q[m]fm{mﬁl}a AGB\{UaE[m]Af] }lYl)
+ H(Uoe(1pAZ Y1) + AT,
HEMVupcimfingh - T\ Uimgicim nimp b A" \UacimAg 1 Y2)

+ H(Ua€{2}0A®1|Y2) + |A6291

a

9o ey

HENYugicom fing)s - - - B \Upngicim fnimsy ) AZ\MUoeimAE Y m)

+ H(UacimpeAg [ Ym) + |Ail|} :

a

Since all U = A} are independent and have the conditional independence

properties as stated in the previous paragraph, by applying chain rule once
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more, we get that Rcapy is equal to

max {H(fl\{U{l,ﬂ}g[m]fl{l,ﬁ}}a oo En\MUpngicim fnimp Y1) + HAAP\AT| Y1) + |AT)],

HENMYGsicim fing)s - - - > B \{Upngicim fnimp Y 2) + H(A®\AS,[Y2) + |AT,

HENMYpsicim fing)s -« - s B \{Upngicim finimp HYm) + HAP\AZ Y1) + |A$,1|}-

Finally, from (5.21), that |A,i| = min, |A, |, and chain rule, we have the follow-

ing expression for Reapu:

max {H(fl, BE\MVpgicim st - - o i \MYpmgiciom fnima 1Y 1) + mjax |Ayl,

HE\ Y gicim fing)s B2, BB\ U gicom risa)s - - - s T MU gicim) fnim sy HY 2) + mjax |As]

90 ey

HENM Y gicimfing)s - - fmot \{Upm—1gicim fn-1im=181 > fml Ym) + m}’;lX |Amj|}~

Then we can write this achievable rate for the problem, Rcappy in (5.15) as

RCAPM = max{Rl, e ’Rm} (523)

2. Converse:

Now, we find a lower bound which matches Rcapy above by utilizing the con-
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verse result in section 2.5. Let us focus on (2.7). Here, we can write

H(£2[Y2, 1, Y1)

= H(f,lf1, Y1)

= HE:\{Vogam 2ep b (Y giem 22, Y1)
= HE\{Vpgierm L) Lot Yi)

= HE&:\{Vpgierm gt Al Y),

where Aj; = foo,1

= HE:\MYUp giepm fog i, Y1) + H(A )

= HE: NV gieim forg )i Y1) + 1A (5.24)
and
H(f5|Y3, £, Y2, 11, Y1)
= H(f5/f5, Y2, 11, Y1)
= HEG\ (Ui giepm 3.1 (Y3 gem 3 a2, Y2, £1, Y1) (5.25)

= H{t3\{Ug giepm 33,812, Y2, £1, Y1),
since (U giepm 33,8} € 1Y1, Y2}

= HE\ (Ui giepm e s 2\ YU giepm 28} Y2, f1, Y1), (5.26)
since {Up giepm 228} L B3\MUB gieim 3,531 Yi. £ for all i, j € [m].

Note that f3 can be written as

{F3tm1s 33, U grerm 363,81 Y3 grem f3.80.8) -

Then we get the following equality:

B\{Ui gietm1 33,8 = { f3imn f33, Y gremi [ 813,81 -
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Note that ﬁ371}{3’1} - f1 and ﬁ3’ﬁ}{3ﬁ} cYy, for all,B (S [m]\{3} and,B # 1. AISO,

fam € Y2, f33 € Y1, f33 € Ya. As aresult, (5.26) can be written as

HE\ (Ui giepm 3.8 B2\ (YU giepm 22,811 15 Y1)-

By similar arguments as above, for p > 2 we can write
HEYp. £t Yoor, ... 1, Y1)
= HElf, 1, Yoo, ... .1, Y1)
= HE&\{Y pgeimfpippt Vippicim foipplfo-1. Yp1 - 11, Yi)
= HE\MUppieim foips o1, Yp-1, - 1, Y1)
2 HENYippicom fotps ot Uit gt fmtipr ) Yoots -

B\ Ve gierm s} Yo, £1, Y1)
C
= HE\{Vip greim fpip s o1 MU -1 greim fo-1p-181) - -

£\ U gietmi oot fr, Y1) (5.27)
a: Since {U{p,,B}E[m]fp{p,ﬂ}} C {Yi,Yj}, Vl,] S [m],p * i,jand i+ ]

b: Since {Uq gieimi fotes) L EMUpygremm frvst 1Y, Vi, jya,y € [m].

c: Since £y = {fpim1s fpps (Yip it foish \Vppiem fippips s and B\{U g gieimi foip s}
equals {fyims fops (Vip pretmifippips}l, Where

fp[m] ¢ Yi, Vi e [I’I’l] and fpp - Yi Vi e [m],l * Pp. AISO, ﬁPvl}{P,l} - fl and ﬁp,ﬁ}{p,ﬁ} - Yl,

VB € [m\{p}, B # 1.
Hence, from (5.24) and (5.27), (2.7) can be written as

R >H ({1, E\VUpgicim o) - - - B MYpngierm fmimp Y1) + 14151, (5.28)

where Alj = fz{z,“.
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By similar arguments used to obtain (5.28), we can write

R >H(f1, £\{Upgiepm 2281 - - - s En \{Yimgietm) fmimp Y 1) + mjax Ayl (5.29)

Note that the right hand side of (5.29) is R,. Since the problem is symmetric,

similarly we can get all R;’s. Then,

R > max R; = Rcapy (5.30)
proving that Rcapy is optimal. This concludes the proof of the Theorem 3. O
Lemma 13. The minimum in (2.2) is unaffected by the presence of the cardinality

bounds in condition 5).

Proof of Lemma 13. Without loss of generality let o(i) = i for all i € [m]. Let
Py,. .v,si, ..., uy, s) denote the joint distribution of (Uy, ..., U,,S). We follow
a procedure similar to that of [5]. First we find the bound on the cardinality of

U,, then U,, etc.

To begin with, we consider the following (|S| — 1) + 1 + m functions of

Py,...v,s10,Cs-..,.lu), denoted as g%, s € |S| — 1 and g?a,ggl,. ,ggm.
Py 510, (oo ) = Z Puy,..v,si,(Ua,s .oy U, S|Uyp), (5.31)
UDyuuny Um

=HSIY)-HSWU =u,, Y1)+ I(S; Uo|Uy = uy, Y1, Y) + -

+ I(S, Um|U1 =Uly..., U(m_l), Yi,..., Ym), (532)

142



and

80 (Pt 510, o -« Juy)) = E[d(S, g1 (ur, YUt = 1]

89 (Puy. sty oo« 1)) = E[d(S, gu(U, YUy = uy]

Then by Carathéodory’s theorem [49, Theorem 17.1] we can find a random
variable U] with |U{| < |S| + m + 1 and random variables U,,..., U, where

Ps is preserved and from (5.32)

IS;UIY) + IS UL YL ) + -+ IS U U . Uy, Yis oY)

=1(S; UiY) + I(S; Un|U, Y1, Vo) + IS UnlUy, .. Ugn-1), Y1, -, V),

and we have

E[d(S, g1(U}, Y1)] = E[d(S, &1(U, 1))]

E[d(S, gn(UL, Y1)] = E[d(S, gu(Un, Y))1.

Now take the following |U,||S| + (m — 1) functions of Py y: U}mSIUg(" 729

.....

,,,,,

gl(PUll,Ué ..... UylnsslUll(" ceey |u2)) = Z PU%,U% UzlmslUQI(" ceay .|I/t2), (5.33)

= —H(S|U|, Uy = u2, Y1, Vo) + I(S; U3 UL, Uy = up, Yy, Yo, Y3) - -

+1(S; U \UL Uy =z, Uy ..., Ufy g, Yis oo V), (5.34)
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and

.....

.....

Again by Carathéodory’s theorem, there is a random variable U% with I(U%I <

|U,||S| + m and random variables U2,...,U? where Pyrys. as(is. . U, $) i

""" m

,,,,,

5.33).

Since Pyis is preserved, E[d(S, g:(Uj, Y1, HS|U|, Y1, Y2), and I(S; U{|Y,) are

preserved. Also, from (5.34) we have

IS;UY) + IS URIULL Y, ) + -+ IS UL UL US, .. U, Yia e, Yo

= I(S; UIIY) + IS; Us|UL Y, Y2) + IS U UL, . Uy, Yia e Y.

Lastly, we have the following equalities.

E[d(S, g2(U3, Y2)] = E[d(S, g2(Uy, Y2))]

E[d(S, gn(U,,, Y)] = E[d(S, gn(U,,Y))].
By applying the above procedure to U3,..., U2 consecutively and relabel-

ing (U}, U3,...)as (Uy,...,U,) we obtain the cardinality bounds as stated in the

condition 5) of Theorem 2.1. O
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CHAPTER 6
CHAPTER 3 OF APPENDIX

6.1

The aim of this appendix is to prove the following lemma.

Lemma 14 (Gaussian Variance-Drop Lemma). Let (W, W¢, X, Z, Z) be random
vectors such that (Wg, X, Z,7Z) is jointly Gaussian, (W,Wg) & X & 7Z < 7 and
KXIW,Z > 0. IfKXIWG,Z = KXlW,Z then KXlW,Z < KXlW(;,Z' AZSO, ZfKXlw,Z = KXIW(;,Z then

Kxwez < Kxwz-

This lemma can be interpreted as follows. We view X as an underlying
source of interest and W, W, Z, and Z as “noisy observations” of X. All ex-
cept possibly W are jointly Gaussian. If (W,Z) and (Wg, Z) are equally-good
observations, in terms of their error covariance matrix, then (W, Z) can only be
better than (W, Z). That is, replacing Z with Z results in a “variance drop,” and

this drop is smallest in the Gaussian case.

To prove this result we will make use of the following technical lemma.

Lemma 15. Let (X, Z, Z) be jointly Gaussian random vectors such that X < 7o 7
and Kyiz > 0. We can form a 7 such that X, 'Z, Z,Z) is jointly Gaussian, Z o X o Z,
and E[XlZ,Z] = E[X|Z,Z] almost surely.

Proof. Given such (X, Z.7), we can create a Z such that Z = A:X + N; where

N; is Gaussian, independent of (X,Z) and Kxjz; = Kyz = Kxz- Since
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(X,Z,Z,E[X|Z,Z)) are jointly Gaussian, we can write

X
7 =B 7 +Nz,,

E[X|Z,Z]

for some matrix B where N;’ is independent of (X, Z, E[X|Z, Z]) and Gaussian

with some covariance matrix Ky, .

Observe that the orthogonality principle and the equation Kx;;7 = Ky 7

together imply that

Kexizz) = Kexzz)- 6.1)

Orthogonality also implies that Kxzxz7) = Kgxiz.z) and Kyexizzr = Kexizz)-

Hence,

Kxexiz.z) = KXE[X|Z,'Z]- (6.2)

Likewise, orthogonality implies that K, 7, = Kxz and Kgxpzz;z = Kxz.

Thus,

Kexzziz = Kexzziz- (6.3)

Then (6.1), (6.2), and (6.3) imply that (X, Z, E[X|Z, 7)) and (X, Z, E[X|Z, Z]) are

equal in distribution. Now given (X, Z, 7), create 7 via

X
Z:B Z +Ni”

E[X|Z,7]
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where N;' is Gaussian with covariance matrix Ky, and is independent of

(X, E[X|Z,Z],Z). Then,
(X,Z,Z,E[X|Z,Z]) = (X,Z,Z, E[X|Z,Z)), in distribution

andsoZ < X & Z,and E [X|Z,Z] = E[X|Z, 7] almost surely. l

Proof of Lemma 14. Let (W, W¢, X, Z, Z) be as in the statement. Then by Lemma
15, we can form a random vector 7 = AzX+Nz, where N; is independent of (X, Z),
such that Z & X & Z, Ky, 7 = Ky, 7 = Kz and E[X|Z,Z] = E[X|Z,Z] almost
surely. Since for any W such that W & X & (Z, Z, Z) we have Kywz = Kxwzz =
Kywexizz) = Kxw.exizz) = Kxwzz, it suffices to prove the result for the special
case in which Z = (Z, Z) so we shall assume that Z has this form. Also, let
X = E[X|W, Z]. We will write the covariance matrix of the best linear estimate of
X using X and Z in terms of Kywz and Kyz by applying the procedure of [50].

Then we can write

Kx K3 KXA%
KX, i, Z) =| Kg Kg KXA?T

AzKx AgKi AgKXA; +KN2

where K3 = (Kx — Kxwz). Note that K may not be invertible meaning that
some of the elements of X can be determined as linear combinations of others.
Thus it is enough to consider only the components of X or linear combinations
of them, denoted by X = Qi, such that the resulting covariance matrix, denoted

as Kx = QKzQ', is invertible. Then we can write,

Kx KgO' KxAl
K(X, X, Z) = QKX\ Kx QKX\A%

Az Kx A’Z‘KXQT A’Z‘KXA% + KNZ
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The covariance matrix of a linear estimation of X using X and Z is

= = T T -1 QKi
Kxxz, = Kxxz, = Kx—| KgQ" KxAl |C
AzKx
where
co| K OKAL
A’Z\K’XQT AgKXA,ZT + KN?
By matrix inversion lemma we have
-1 e e T r ) g 0Kz K-
xxz), ~ x T RO KxAZ X
AzKx
where
0Kz | _
E=C- le( Kz0" KxAL )

AzKx

O — KxwzKy") ; .
= C - ( KiQ KXA? )

Az
_ o | QKx- KxwaKL KQT OK.A]
AKzQ" AzKxAT
_ Kx QKgAg O(Kx — KxwzKy' K3)Q" QK';ZA?T
AKzO" A?KXA«ZZ + KN, AzKz Q" AgKXA?T

O(Kxjw.z — KX|W,ZK;(1KX|W,Z)QT 0

0 Kn.
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Then
-1
K s, 0 OKx

-1 =
0 K\ )\ AKx

-1

—1 —1
Kyzz, = Kx + K ( Kz0" KxAl )

OKx
— K2l -l _OTK T -1 -1
=Kt Kx (K O'K (X\X) KXA?Kﬂx ) Kx
AzKx

- -l _OTK - Tr—1 A -l
= Kx' + Kx ( KzO"K{x, OKx KxAZK: AzKx )Kx

=K. +K

el .. .
xix, + Kxz — Kx » by matrix inversion lemma

—K‘ < T Kxz — Kx'
= K 5+ Kxz — Kx'

_ - e
= KXlW,Z + Kxz — Kx -

Hence we have

-1 e - 1 . -
XRZ), Kywz + KX|Z Kx' + Kxwez = Kxwez

-1 _ 1
XWezZ T KXIW z ~ Kxwe.z- (6.4)

1
Note that Ky ,7 < Kxx7), SO KX|W 27 Z K(XlX . Then, from (6.4) we have

K:! > K! _+ K¢k, — Kx .
XW.2Z — T X|\Wg,ZZ XIW.Z X|Wg,Z

(6.5)

ThU.S, by (65) if KX\WQ,Z = KXIW,Z then KX\WZ < KX|WG7Z and if KXIW,Z = KX\W(;,Z

then KXlW(;,Z < KX|W,Z- -

Lemma 14 leads us to the following corollary.

Corollary 2. Let (W,X,Z, Z) be random vectors such that X, Z, and Z are jointly

Gaussian, W < X & Z & Zand Kyyz > 0. Also, let D = (D™ + K)_(IIZ ~ Ky If

KXIWZ = D then KXI 5
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Proof. We can find W jointly Gaussian with (X, Z, Z) such that (W, Wg) & W «

Z - 7Z,and KXIW(;,Z = KXlW,Z = D. Then K)_(IIW(;,Z = K;(llw(;,Z + K)_Kll—i - K§|1Z = K§|]W,Z +
K . — Ky,. Lemma 14 then implies the result. O
X|Z 1z

Proof of Lemma 3. We show that without loss of optimality, the auxiliary ran-
dom vectors can be chosen jointly Gaussian with (X, Yy, Y,Y) in ELB and En-
hanced ELB. Let Y € Sg, (W,U,V) € C; (W,U,V) € C; for Enhanced ELB)
be given and R;,; = I(X; W, U|Yy) + I(X; VIW, U, Y) as defined before. Note that
without loss of generality we can write Y = AyX + ByY; + Ny, where Ny is a

Gaussian vector that is independent of the pair (X, Y;). Then we have

Rior = h(X[Y1) = h(XIW, U, Yy) + h(X|W, U, Y) - h(X|W, U, V, Y)

= h(X|Y1) — hXIW, U, Yy) + A(X|W,U, Y1, Y) - h(X|W, U, V, Y1, Y),
since X «& Y < Y;. Then we can further write

Rip1 = h(X|Yy) - IX; YW, U, Yy) - i(XIW, U, V, Y, Y)
= h(X[Y1) + i(YIX, Y1) — h(YIW, U, Y1) - i(X|W, U, V, Y1, Y)
= h(X[Y1) + A(YIX, Y1) — h(AyX + Ny|W, U, Yy)

- h(XlW, U,V, Yl, Y), since Y = AYX + Ble + NY
|Kxiy, [ Kvix v, |

> —log

[NSR

|Kayx+Ny WUy, | Kxiw U vy, v

where Kiyxingwuy, = AvyKxwuy,Ay + Ky, and equality holds if (W,U,V) is
Gaussian. We can find (Wg, Ug) that are jointly Gaussian with (X, Yy, Y3, Y) such
that (W, Ug) © X © Y & (Y1, Y2) and Kxjwguey, = Kxwuy,.- Then by Lemma
14, Kxweuey = Kxwuy = Kxwuvy. Thus we can find a Vg that is jointly Gaus-
sian with (Wg,Ug, X, Y1,Y2,Y) such that (Wg,Ug,Vg) © X o Y o (Y1,Y),)
and Kxweuevey = Kxwuvy, giving (Wg, Ug, Vg) € Cp1, (Wg, Ug, V) € Gy for

Enhanced ELB). Therefore, one can choose the auxiliary random vectors to be
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jointly Gaussian with (X, Yy, Y5, Y) without loss of optimality in R;,;. The same

argument applies to Ry, as well. O

6.2

Lemma 16. R, (D,Y) is a convex function with respect to D.

Proof of Lemma 16. To prove the lemma, we use a similar argument to [51]. Let
€ > 0 be given. We can find (W, U, V) and (W, U, V) in Cl(ﬁ) and C;(ﬁ) respec-

tively such that
R, (D.,Y) + €
> max{/(X; W, U[Yy) + IX; VIW, U, Y), I(X; W, V|Y,) + I(X; UW, V, Y)} and
R, (D,Y)+e
> max{I(X; W, UY,) + IX; VIW, U, Y), I(X; W, V|Y,) + I(X; UW, V, Y)).

Now we construct (W,U,V) and show that it is in C;AD + (1 — )D). Let

T be a binary random variable with P(T = 1) = A and independent of

~ o~ o~~~

(W,U,V,W,U, V. X Y, Y2, Y). Then we define

W=WT)ifT =1, W=W,T)if T =0,
U=U,T)ifT =1, U=UT)ifT =0,
V=(,TifT=1, V=NV,T)ifT=0

and

a(W,U,Y)) = EIXIW,U,Y{1if T =1, g(W,U,Yy) = E[XIW,U,Y;]if T =0,

W, V.Y,) = EIXIW,V.Y,]if T =1, g,(W,V,Y,) = E[X|W,V,Y,]if T = 0.
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Note that Kx,,w.u,y,) = AKyw oy, +(1 _/I)le\Tv,ﬁ,Yl and sinceI'; is a linear operator,
FI(KX|g1(W,U,Y1)) =< /151 + (1 - /1)51 Slmllarly, that KXlgz(W,V,Yz) = AKXlW,V,Yz + (1 -
DKy vy, 8ives Da(Kxgwyyy) < ADy + (1 — DD, . Hence, (W, U, V) € C,(AD +

(1- /l)ﬁ). We can write

R, (AD + (1 - )D,Y)

< max{I(X; W, U|Yy) + I(X; VIW, U, Y), I(X; W, V|Y,) + I(X; UW, V, Y)}
= max{IX; W, U, T|Yy) + IX; VIW, U, T, Y), IX; W, V, T|Y,) + IX; UW, V, T, Y)}
= max{IX; W, U|Y1, T) + IX; VIW, U, T, Y), IX; W, V|Y,, T) + IX; UW, V, T, Y)}
= max{AI(X; W, U|Yy) + (1 — DIX; W, U|Yy) + AUX; VIW, U, Y)

+(1 - DIX; VIW, U, Y),

AUX; W, V|Y) + (1 = DIX; W, V|Y) + AUUX; UW, V,Y)

+(1 - DIX; UW,V,Y)}

< Amax{I(X; W, U|Y)) + I(X; VIW, U, Y), I(X; W, V|Y) + I(X; UW, V, Y)}
+(1 = )Y max{I(X; W, U|Yy) + I(X; VIW, U, Y), I(X; W, VIY,) + I(X; UW, V, Y)}

< AR,,(D,Y) + (1 - DR, (D.Y) + €.

By letting € — 0, we conclude that R) (D, Y) is a convex function of D. O
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6.3

Proof of Lemma 5. First we consider A > 0. Using the matrix inversion lemma,

we can write
(AM™" + Al Naiag = AT = AT M + A7 T A g
= A_l - A_l([M + A_l]_l)diagA_l
<A - AT My + ATTTTAT,

since (Miag)™" < (M™")giag, [52, Theorem 7.7.8]. By the matrix inversion lemma,

the right hand side of the last inequality is [(M,) ™" + A]™".

Now, we consider A > 0. Without loss of generality we can assume that all

positive diagonal entries are on the upper left corner of A. Hence we can write

A 0
A= ,
0 O
where A, > 0, m; X m; matrix, m; < m. Also we can represent M in terms of block

matrices,

M, M,
M = ,
MI M,
where M, > 0, m; X m; matrix, and M5 > 0, (im — m;) X (m — m;) matrix. Then we
can write inverse of M as
[
MZT M;
where
M, = (M, - M2M3_1M2T)_1
M; = (M3 — M2 M;'M,)™

M, = —M;"My(M, — MoM3;'MY)™'.
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Also,

. M1+A1 Mz
(M~ + A] =
M,

When we take the inverse of [M~! + A] we have,

M, M,

M, M,

M+ A =

where M, is a matrix in terms of M,, M,, M5, A and
M, = (M, + A, — MyM;'M2)™!
My = (M5 — ML (M, + Ay)" )™
Since, M, = (M, — MoM;'MY)™" and M5 = (M5 — MY M;'M,)™", we can write
M, = [M;' + A"

M; < M.

Then utilizing the inequalities above we can write

M, M
(M A e =|
M, M,
diag
. (M + A1 D diag 0
0 (M3)diag

IA

[(Mdiag)_l + A]_l .
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CHAPTER 7
CHAPTER 4 OF APPENDIX

7.1

Proof of Theorem 9. Let ¢ > 0, v € ¥ be given and joint distribution of
(%.,X.Yi,...,Y,)in Cyeny(D), denoted by p, is fixed. The scheme consists of three
main steps; namely, code construction, encoding and decoding. First we explain

each step then show that the resulting rate is D-achievable.

Code construction and encoding is similar to the proof of the achievable
scheme in [2], which depends on e-letter typicality [53] arguments. Here, we
use lowercase letter z to denote a realization of a random variable Z.

Code Construction : A codebook, denoted as €7, of size "R +Ry) is created for
each set .; € v in the following way. Let ky, = (ko k’yj ), where k, € 2”1
and Ky € 2"/, A codeword uy(ky) € U, of length n is created by drawing
each component from U, with respect to p(uy) in an i.i.d (independent and
identically distributed) manner.

Encoding : Let 0 < g < - -+ < em, be sufficiently small and x" € X" be given to the
encoder. Then encoding is performed in 2™ — 1 stages. Specifically, at stage j en-
coder picks 47 and looks for an index k, such that u s, (k ») is €;-letter typical

with x* and
iy, = g (kp)li < j). (7.1)

If such k », (or multiple) exists then encoder picks one of them arbitrarily and
sends the bin index ky, to decoders. Otherwise encoder picks a codeword ran-

domly and sends the corresponding bin index.
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Decoding : We apply simultaneous decoding [4, Section 4]. Consider decoder /.
It forms reconstructions of all its messages, u%(i(\%) ={u y/j(/k\yj)L;ﬂj € 92}, where
E% = {i{;ﬁngﬂj € 7)1, in the following way. Decoder [ takes the set of bin indices

kg, = ks |; € 2} then looks for a set of indices E% such that

ks, = ks, for all #; € ,and (7.2)

Ug, (E@l) are ¢, -letter typical with yj, (7.3)

where [I* = max;. g j. Note that if no error occurs at the encoder, ug(ky) is
e--typical with x". If there is more than one set of codewords uyj(Eyj), S e 9
whose indices, k -, satisfies (7.2) and (7.3), decoder [ selects one arbitrarily and
sets Ey] = i{}zj If decoder / can not find any such set of indices, it sets /k\% to1(ie.,
it declares an error). Since joint distribution of (%, X, Y1, ..., Y,) isin Cye\ (D), we
can find a function g;(-, -) such that gl(u@li(i(\%), vi) = X;;, where u@”-(i(\@l), y; and Xj;

are i components of ug,(kg), y; and %] respectively.

Now we analyze the error probabilities at the encoding and decoding steps
respectively.
Error Analysis for Encoder : Note that encoding process is correct if the following
is satisfied:
1. At each encoding stage j, we can find U »,(k &) such that it is €,-jointly typical

with (U}/, X" i.e.,

Cy = {Hkyj such that u (k) € ‘7;(].")(p|U;ﬁj,X”)} . (7.4)

ISince v € ¥ is an ordered list, it induces an order on sets .#;. Hence we can take k¢, as an
ordered set and consider ordered set structure.
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Then probability of error at the encoder, Pr(E) can be expressed as
Pr(E) =Pr(Co N...NCsx,_))
=Pr(C, U...UC, )
= Pr((C, NCHU...U(CS, NC" MY, (7.5)
where C/ is defined as ﬂiz{ Cy forall j € [2" - 1]\ {1} and C' = 0. Then from
(7.5) and union bound, we can write
Pr(E) < Pr(C5,, NC") +---+ Pr(C5,, nC™)

< Pr(C,ICY) +---+ Pr(CS,, IC*") (7.6)

Note that P(Cgﬂj IC/), j € [2" — 1] represents the probability of the event that
there is no U »(k ») €;-jointly typical with (U, X") given that for each i < j we

tind U (k) such that U« (k) is €-jointly typical with ., X", ie.,

Pr(C%,|C7) = Pr(Vk oy, Uy (k) ¢ T(pIUS,, XOIUS,, X" € TS (p)).

From Lemma 19 in Appendix 7.2 and since (1 — @)’ < ¢~ we can write

Pr(CS, IC) < e

—n|I(X,U, _;U{Sp,)+25-H(U5p,)) n(Rksp,+R’< )
(1—551-_],51-(71))2 ( S ily i

n|(Rgp +R o, )-1(X.U, }Uy.)*Ze-H(Uy.))
(1—65,,1,51.(:1»2( SOy

—e , (7.7)

where 6, , ,(n) — 0 as n — oco. Note that when H(U »,) = 0, Pr(nyle’j) is equal to

zero. Then Pr(C%le) < 25— if n > ni(¢, ;H(U ), and

Ry + R, 2 I(X,U3,:Uy,) +36H(U ). (7.8)

Hence, if (R, R’y/ ) satisfy the condition in (7.8) for all j € [2" — 1], from (7.6)
we can conclude that probability of error at the encoder,

Pr(E) < 2" - 16’ (7.9)

2m
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when n > N; where Ny = max jeppn_11n1(€', €;H(U ).

Error Analysis for Decoders : Let us focus on decoder [ for some fixed [ € [m].
Decoding at this decoder is successful if the following conditions are satisfied:
1. There is no error at the encoder.

2. The source and the side information are ¢-typical, i.e.,

Dy ={(X",Y},.... Y e TO(p)) (7.10)

3. The set of codewords Uy (ky,) = {U ,(k#)|.%; € 7} chosen by the encoder are

€-+1-letter typical with Y7, i.e,,

Dy = {(Ug(kg), X", ¥) € T (p)}. (7.11)

€11

4. Within the received bins kg, = {ky|%; € 2}, decoder [ can find a unique set
of codewords, UQI(EQI) = {U%(E%)ﬁc\% = kg, € 9}, such that U@,(E@l) are

€-+1-letter typical with Y7, i.e.,

Dy, = {Fky, # kg, such that kg, = kg, (Us, (k). Y7') € T2 (p)}. (7.12)

€1 +1

Then we can write the probability of error at decoder /, denoted by Pr(D,,,;),
as
Pr(Deyp) = Pr((E° N Do N Dy N Dyy)Y)
= Pr(EU DU DS, U DS)
= Pr(E U (D{, N E°) U (DS, N E° N Dy))), where E = E U D,

< Pr(E) + Pr(DS, N E°) + Pr(D5, N E° N Dy)). (7.13)

First we analyze Pr(E). By Lemma 18 in Appendix 7.2, Pr(D;;) < 6.,(n) where

0, (n) — 0 as n — oo. Then we can find ny(€',d,,), € > 0 such that if n > ny(€¢', ),
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Pr(Dp) < ;—n Hence, from (7.9) and the union bound, we have

Pr(E) < Pr(E) + Pr(D§) < €. (7.14)

when n > max{n,(€’, d,), N1}

Now we focus on Pr(D{, N E°) and Pr(D5, N E° N D). We can upper bound

Pr(D‘l/’J N E°) by
Pr((Ug(kg), X" Y]) ¢ T2 (p)|(Ug(kg). X" € T(p)). (7.15)

By Lemma 20 in Appendix 7.2, the probability in (7.15) is less than or equal to

G e, (n) which goes to 0 as n — co. Hence, Pr(D{, N E°) < € if n 2 n3(€, 6, e.,)-

Now we consider Pr(D5, N E¢ N Dy,). Note that event D5, can be rewritten as

D5, = U Fg, where
VAVAS R/

F@l/ = {HE@, such that Ey] * ky/ for all cgﬂ] S 9,,7;@[/ = k@l"’l;f/ = ky,

forall % € 2\ 7/ and (Ug(Kg), Y} ) € T (p)}.

€1k 41

Using the union bound on the probabilities, we can write

Pr(D§,NE‘NDI )< > Pr(Fg N E 0Dy (7.16)

.99, %0
Notice that F 7N E° N D, denotes the error event that there is no error at the
encoder and source and side information are ¢ typical (event E¢), decoder [ can
find set of indices {Eyjlx € 2} such that U @,(i(\@,) are -, -jointly typical with
(X", Y}") (event Dy ;); however, ko = {kyl7) € 7} subset of those indices are not

unique (event Fg). Now we bound each term inside the summation in (7.16).
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To do this, first we define an event Fy by replacing the typical set 7, W (p)in

event Fgy with Fm

€542

(p). In other words,
Fo = {EIE% such that Eff # kg, forall 7 € @;,75@[, = k%"Ef/ =ky,

€1k 42

forall 7, € 7\ 7/ and (Us(Ks). ¥}) € T2, (1)},

giving For C For. Let S1 = (kg |'1€7 + K, kg =k NS € D} and S, = (Ko, =

1,¥.%; € 7/}. Then we can write,

PF(F@[ N EC N Du)

< Pr

U Uz (k) € T (plUgpg;(kapap)s Y (Uap gy (Kap ), Y1) € 7'5(,'21(1?))
S

(7.17)

< PF(U Ug(kgy) € T (plUgpg;Kapa), YO|(Ugparkapap), Y1) € 71(,'21(19)),
AP

(7.18)

where (7.18) is obtained by using Lemma 21 in Appendix 7.2. Then due to the

union bound of probabilities we can write

PI"(F@I/ N EC N Di,l)
< Z Pr(Uqg(kg) € T (plUg g Kapan), Y| (Ugpar(Kapng), Y) € T2 ()
S2

o //R,( - o .)— ’ G U - * oy’ .
< " L9 79 n(zyﬁ]] H(U.7)~HU g IU g g7, YD-2¢6 +2(2.7J€j1 H(ij)))’ from Corollary 3.

(7.19)

Note that R;,j > 0, forall j € [2" — 1] and when each R'y,. =0, Y € 9/, there is
only one codeword U(k,), .-7; € 7] in each bin. Then, from (7.17) Pr(Fg N E° N
D) = 0in this case. Also, when each H{U,) =0, ; € 9}, Pr(F@; NE°NDy,)is

equal to 0.
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Thus from (7.19), it

Z R, <max{ Z H(U.y)

e S.cq)!
Ji€9)] Ji€9,

~ HUUsp0p YD = 3er2| Y, H(U)

=

:

(7.20)

’

and n > ny(€, €42, HUsy)), Pr(Dy, N E° N Dj) < ;5. Then from (7.13),
if R% satisfies (7.20) for all &, | € [m] and n > N, where N =

max{Ny, ny(€', 6¢,), 13(€', Oe ey, )» MaAX e {na(€’, €12, H(U 7))}}
PHDupry) < 3€. (7.21)
Let
Dy = UietmDerry

denote the event that there is a decoding error at some decoder. By (7.21) and

the union bound we have
Pr(De,) < 3€'m. (7.22)

Thus there must exists a single code in the ensemble for which (7.22) holds.
Now we focus on the distortion constraints at decoders for this particular code.
Assuming that there is no error occurring at the encoder and decoders (cor-

responding event is E¢ N D¢

err,l

), decoder [ can find unique uy (ky) such that
(ug,(Kkg),y}, x") are €, -jointly typical and it can reconstruct £} symbol by sym-
bol through %; = g/(uy,yi), i € [n]. Then using the arguments in [53, page 57]
we can bound the average distortion at decoder [ as

1 n n
= > di(xi,xy) = ) di(xi, 8i(uai yii)

< E|di(X,g(Ug, Y))| + €+1Dmax

< D; + €41Dppax, (7.23)
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where D, is the maximum distortion that d,(.,.) can give. Then the expected

distortion at decoder / can be bounded by

E

1+ _ o
;l Z dl(xh -xli)] < (Dl + 61*+1Dl,max)Pr(Ec N Dzrr,l) + Dl,maxPr(E ) Derr,l)
i=1

< Dl + Dl,max(fl*+l + PF(E U Derr,l))

< Dl + Dl,max(el*+l + 46/1’11), (724-)

where (7.24) holdsif n > N and (R, R’y,_), 7 C [m] satisfy the conditions in (7.8),

(7.20), and the following non-negativity conditions.

Ry >0, forall je[2" - 1] (7.25)
R% >0, forall j e [2" - 1]. (7.26)

Thus for all sufficiently large n, there exists a code whose expected distortion

at decoder [ satisfies (7.24) and whose rate does not exceed
inf > Ry, (7.27)
j=1
subject to :R yj,R'yi, J € [2" — 1] satistying (7.8), (7.20), (7.25), and (7.26),

Lemma 17. Let 0 < & < € < ... < &ny1, and Uy,.7; € v, be as in the proof of

Theorem 9. For y > 0, consider the following linear program:
Riy)= inf > Ry, (7.28)

where CE. () denotes the set of Ry, and R, such that
)Ry, > OandeSﬂj >0, forall je[2"-1];

2)Ry, +R;,i > I(X, U;,i; Uy,) + 3y, forall je[2" - 1];
3) For each decoder 1, | € [m]

Z R, < max {[ Z H(U.y)

= =

- HWUgz|Ug\7, Y1) = 32" = 1)y, 0} :
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Then R(y) is continuous at y = 0 and is greater than or equal to the optimal value

in (7.27) if

'y 2 Ezm+1 max H(Ugﬂj). (7'29)
Ugs.

J

Proof of Lemma 17. Note that when y = 0, CL2

ach

(y) is equal to CL . Also, since the
alphabets are finite, C-% (y) is nonempty for any y > 0. The continuity of R(y) in
vy then follows from standard results on the continuity of LPs [47]. The relation
with (7.27) follows from noting that C% (y) is contained in the set defined by the
constraints (7.8), (7.20), (7.25), and (7.26), whenever (7.29) holds. O

Now given € > 0, choose 0 < € < € < ... < &ny1, € and y such that

D pax(€r41 +4€'m) < e for all [ € [m]

v = emyy max H(U &)
Uz, /

and ﬁ(y) < R(0) + €. Then we have that for all sufficiently large n, there exists a
code with rate at most R(0) + e whose expected distortion at decoder / is at most

D, + €. It follows that R(0) is D-achievable as desired. O

7.2

We first give the definition of e-letter typical sequences and then provide theo-

rems [53] that are useful to prove Theorem 9.

Definition 18. Let € > 0 be given. x" € X" is called e-letter typical sequence with

respect to px if

%N(alx”) — px(a)| < px(a)e, forall a € X,
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where N(a|x") denotes the number of a occurring in x". Also T(py) denotes the set of

all e-letter typical sequences with respect to py.

Definition 19. Let € > 0 be given. (x",y") € X"xY" is called jointly typical sequence

with respect to pxy if
1
—N(a,blx",y") — pxy(a,b)| < pxy(a,b)e, forall (a,b) e X x Y,
n
Also T (pxy) denotes the set of all jointly typical sequences with respect to pyy.

Definition 20. Let € > 0 be given. The set of conditionally typical sequence,

T (pxyla™), is defined as

T (pxylX™) = X", Y") € TP (pxy)).

Lemma 18. [53, Theorem 1.1] Let 0 < € < ux where px = MiNyegpporipy) P(X) and

X" € X" drawn i.i.d with respect to px. Then
1=6un) < PrX" € TP (po)] < 1,
where §.(n) = 2|X|e™"<¥x,

Lemma 19. [53, Theorem 1.3] Let 0 < ¢ < € < puyxy where uyy =
MmN y)esupport(pyy) P(X,Y) and Y € Y" drawn i.i.d with respect to py. If x" € 7'5(1")(px)
then
(1 = 8¢y, (n)) 27X NR2HD) < Pr[Y” € 7‘6(2”) (Pxvy | x”)] < XN 26HT)
2

_(e—€)
where 8¢, ,(n) = 2|X||Y| - e T Y,

Corollary 3. Let 0 < € < & < Uxyz where Uxyz = min(x,y,z)emppo,,(pxyz) p(X, y, Z).
Y" € Y" is drawn i.i.d with respect to py and Z" € Z" is drawn i.i.d with respect to py.

If x* € T!(px) then

Pr [(Y”, 7" e T (pxyz | x”)] < O (HY)+HEZ)-HX.ZIX)-2e(HY)+H(Z))
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Proof.

Pr((r",2") € T (pxyz | 1)

D ) )

O"2ET S (pxyzlx™)
< 27O =HDIT O (pyy7 | X7 |, by [53, Theorem 1.1]

< 2—11(1—ez)H(Y)2—n(l—ez)H(Z)an(Y,ZIX)(1+62) by [53[ Theorem 12]

< Q~(HWM+HZ)-H(Y.Z|X))-2e(H(Y)+H(Z))

]

Lemma 20. [53, Markov Lemma] Let 0 < € < & < uxyz where uxy; =
MiN(yy esupport(pyyz) PX Y, 2) and (X", Y", Z") drawn i.i.d with respect to pxyz such that

Xeo Yo Z If(x"y") e T (pxy) then

Pr|Z" € T8 (pryz | "y IY" =3"| = Pr|Z" € TL) (pxyz | 0.y V" = ', X" = "]

= 1 - 651,62(71)
(e3-€))?
where 6, .,(n) = 2|X||Y||Z| - e‘"%ﬂxyz'
Lemma 21. Let A, B and C denote the events

{HE@; such that EJ/[/ * k@;,%@; = kg;, U@;(E@;) € 7-(") (P|U@,\9;(k%\@;), Yln)} and

€1k 42

(T such that kg = 1, Ugy(kp) € T (plU g5 Kap ), Y]}

€142

{(Uanag &apa), Y1) € T ()}
respectively. Then

Pr(A|C) < Pr(BIC).
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Proof. The proof follows the steps in [4, Lemma 11.1]. We start with showing

that for a particular set of bin indices by,

Pr (AlC, kg = b is chosen at the encoder )

< Pr (BlC, kg = b is chosen at the encoder ) . (7.30)
We can write

Pr (AlC, kg, = by, is chosen at the encoder)

= Z p(b’@’,lb@/)Pr(HE@; such that 7;@[' = b@l/,ﬁl‘(d’@; * b’o /s U@l/ (’E@;)

h/
91

isin 7™ (p|U PVALOWAR Y

€142

C. kg = (bg, 13/91,) is chosen at the encoder)

a

p(b;jl,|b9;)Pr(3§@; such that ky, = 1.k, € 2 — 1IV.%) € 7], Usy (k)

’
9l

Sy

isin 7" (plUgng; (Kapa), Y]

€142

C,ky = (b, 13’9[,) is chosen at the encoder)

b — — —
< p(b’gjflb@;)Pr(Elk@; such that ks, = 1 forall & € 7/, Uz (k)

’
9l

S

isin 7" (plUgpg (Kapg), Y)|C. kg, = (byy, 13’@[,) is chosen at the encoder)

= Pr(HFE@[/ such that’];yj =1 for all 5”1 € @;, U@/(E@;) € T(n> (plU%\Q;(k%\@l’), Yln)

€142

C,ky = by is chosen at the encoder
1 1

= P(BIC, kg = by is chosen at the encoder),

where

a : Given any set of codeword indices by = (bgl/,B’@[,) and event C, for each
;€ 9/, any collection of [2R’yf' — 1] number of codewords u"(Ky) whose index
k o, is different from b », has the same distribution.

b: Each bin in codebook C%/ has size 2%/
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Multiplying both sides of (21) with p(bs/) and summing over all bin indices

by, concludes the proof. O
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