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ABSTRACT 

·l'he estimated treatment effects and variances have been developed for a 

!lumber of cases in which plots are missing in the randomized complek '·:'l '<;/ 

desie;n. In particular, treatment effect and variance formulas are given for 

(i) one missing plot, (ii) two missing plots for one treatment, (iii) k missing 

plots for one treatment, (iv) two missing plots for two treatments in one block, 

(v} k missing plots for each of k treatments in one block, (vi) two treatments 

each with one missing plot in different replicates, and {vii) k treatments each 

with a missing plot in different replicateso Numerical examples are presented 

for cases (i) and (ii). 



BU-99-M 

:t-1EA.NS AND VARIANCES OF TREATMENTS FROM A 

RANDOMIZED COMPLETE BLOCK DESIGN WITH MISSING PLOTS 

w. T. Federer ru1d 0. Nissen December, 1958 

Although the pr<~st:nce of' a formula. for ~::;timating the yield i)f a mi::;si::"J.g 

observation is of frequent occurrence in ntatistical literature, the procedure 

for obtaining the •2:>timated treatznent effect or mean i::> rather ir..frcquent. 

'rherefore, in order to emphasize the estimation of treatment effects :rathe·,. 

than the computational procedure for the analysis of variance and pre::n.unably 

the resulting tests of significance, the algebraic det·:tvntion of treatment 

eft'ectf; is -presented below for nome Gituationr> vThere observo.ticns n.r.; ml::>Ging. 

For the fir~~t. ·.,;ituation consider a randomized complete block de:::ign with 

one miso ing observation, say for treatment l in replicA.te 1. The normal equatioru; 

for thin design are given on page 12n ~f Federer's "Experimental Design." These 

equa.t:i.on.s reduce to the follm-ring '.vhen the yield. x 11 is deleted from tht.-! a.rray 

of yieldc: 

(,.. ' 
v J.i+r.) 

J 

=X. 
1.• 

=X . 
•J 

= X 
• 4 

t'or i.=2,,, •••,v 

Cor j-=2, ;, • • • ,n 

From the above equation, the folJ.owing ·~olutiom; are obtaJ.ned: 

,.. -
J.i+r .=x . f'or j=2,.3, • • • ,n • a • J 
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,.. 
·.rhe 0olutions for IJ., t 1, _and r 1 ar·~ obtained fran tha following three equatiorm: 

= x.l 

~x 
•• 

:3olv·tng these equations we find that 

X (nv-v-n)+vX1 +nX. 1 • • • • 
• nv(n-1)(v-l) , 

. l .( ; 
·c - ~ vX l +X 1-x J'l< I 1 - v{n-1) ( • • • • 

1 ,. ) 
r = ' "l) ) X +nX -X ' ... 

1 n(v-1 ~- 1• •l • • J • 

T'hcrcf'ore, the mean for treatment one in 

~ l -
" 1 \ ! 
,at1 = ( l) ~ vx 1 +X 1-x <:. v n- ( • • • • · 

' ) 
X (nv-v-n)+vX1 +nX 1 I • e I 

+ nv(n-l)(v-1) 

1 ~ vxl +~ 1-x ': 
~ 0 t e. I 

= n ( xl~ + (n-1) (v-1) J 

" ,.rhere x11 is the formula for a mioning plot for treatment one in replicate one. 

Thio means that the estimated treatment mean for treatment one 1s obtained by 

Gumming the observations for tre~tment one and then adding the computed value 

for th~ missing plot to thio totale 

Also, it is stated that the treatment and block sums of squares are over

estimated if the missing plot yield is inserted in the yields and the ane.lyois 
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completed. as for equal DUll'ibers. .At least three !Jiethods for correcting these 

sums of squares are available (i.a., the method. of' fitting constants, covariance, 

and using a miss1Dg plot analysis together with an..analysis where the squares 

are weighted by the number of observations). Since we now have all the t 1 and 

can compute the Q1 .=Xi.- meaDS of blocks in which 1tn treatment occurs, it 
v 

is possible to obtain the adjusted sum of squares directly as i~ltiQi= treat-

ment (eliminating blocks) effects. !he analysis of variance table then becomes: 

Source of variation df .Sum of s guares 

Blocks (ignoring treatment) n-1 

Treatrr...ents (eliminating blocks) v.-1 

Residual (n-1) (v-1)-1 by subtraction 

Correction for mean l X~./ (nv-1) 
v ri 

Total (uncorrected) nv-1 i~lj~l x~j 

The Residual SU!ll of squares obtained by subtraction above is identieal to 

that obtain~d from the mis~ plot analysis or a covariaQce analysis. 

The variance of a difference between two treatment means for treatments 2 -
tc v is 2a~/n. The variance of a difference between treatment 1 and any other 

treatment, say 2, is obtained as: 



(tl! r. v-1 
v(n-1) 

! 

l 
! I ! 

t2! ! 
= I 

' : t' I f 
I 
' 

: I 
I 
l 

tv I 
I 

e 

-1 
v(n-lT 

-1 
v(n-1) 

-1 
v(n-1) 

We may obtain this variance in another manner. 

-1 
v(n-1) 

tl nv-n-v ) 
)!i - l)V (n-1)(v-l) 

-1 
v{n-1) 

(· 

••• 

••• 

(l nv-n-v n - nv(n-l)(v-1) ... 

••• 

e 

The solutions . . 
;. 

-1 
v(n-1) 

for the t 1( -tr~-forot ~: 

! xl.- j~2x•J=Q1· 
I 

(1 nv-n-v n -:-:_nv(n-l}{v-1) 

! . n 
lx- Ex =c.L I 2· J=r ·j ~· 
; 
i 

• I 
0 x,.- j~li. j=~. 

• • . 

n 
I X - E X :0 
I v• j=l • j ~· 
I . 

\ ) 

e 

I 
.J::"" 
I 
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= a~ {~ + ·n(n-~) (v-1) } · 

LiJewise, 

= 2~/n 

We JT.a.y contrast the above matrix with the matrix obtained when all yields 

are present, i.e., 

( tl) (~-1 -1~ I \ 
-1 -1 -1 ... l X -ni I 

I I 1· 
I 

I I ! l / -1 I 
, 

I t21 -1 v-1 -1 -1 ... I X -ni ! I I --~· ' f 

I X -ni I t3j 
1 

-1 -1 v-1 -1 -1 I I =- ... 
nv l 3• I . I • I I 

i 

t41 -1 I I -1 -1 -1 v-1 ... x4• -nx ! 

I I I 
f • I . I f • 
I I I t I I ! -
l. -1 -1 -1 -1 ... 

v-1) X -nx j I v• j. 
J 

\ 
' 

./ 
The variance of a difference between any two ti is: 

The variances and covariances of effects are given on. page 129 (loc. cited). 

Numerical example -- Consider the following example taken frorr. Fed.,erer's 

"Experimental Design," p. 510: 
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Replicate To ;tal, ,_ .. __ , __ 
TreatLent I II III 
-----· 

A 6 5 4 

B 15 10 8 
,.. 

c 15 15 x33 

I • 
36 

,.. 
30. 12+X33 I . 
-·-===·~··-=· ~±=-=== ---

From the ordinary missing plot formula, we find 

x _ 3(3o)+5f12)-78 _ 12 
33- (3-1 3-1) - • 

Substituting this value in the table of yields and completing the analysis of 

variance by the method of L1.issing. plots results in the following: 

Source of variation 

Replicate 

Treatment 

Error or resiaual 

2 

Sum of squares 

24 

126 

10 

',., ....... ·,•,·.·,·, .. •,v. .. •.-.•.-.·.•:••••'•'•'•'•'•'·-.·,•,•.•,.._•,• .... ,.,. ••••.• ;•'•'•'•'•'•'•'•'•'•'•'••'•'•'·'•'•'•'•'·'·,•,,•,,•,•,•,•,•,·,• .. ·.•.•,•,•,·.•·.·.••'•·o'•'•'•'•'••'•'•'•'·'•'•'''·'•'•''-'''•••'•'•'•'·'•'•'••'• •,•.-,•.•••'••-•'•'••'•'•'""•'•'•'•'•'•'•'Y'.•,•'o:oo'o'••'•'•'•' 

Total (corrected for mean) 7 160 

Now, from the above formulae we find, 

- 78(9-3-3)+3~10)+!(12) = 10 • 
- 3(3)(3-l 3-1 , 

- 3(30)+1!-78 - 4 . 
- 3(3-1) - , 

- 30+3~12)-78 - -2 • 
- 3 3-1) - ' 

,.. 
~+t3 = 10 + 4 

= %(30+12) = 14. 

The treatJnent ( eliminating block) sum of squares is coir.puted as: 
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3 
i~ltiQi= ~(15-30)(15-(12+10-6)) 

+ ~(33-3(10))(33-(12+10+6))+4(30-12-10) 

= 65+5+32=102, 

which agrees with the adjusted sum of squares for treatments in Tables XVI-lB 

and. XVI-21 in 11Experimental Design. 11 

The variance of a difference for various pairs of ~ans is : 

Actual variance 

- - 2_2 V(x -x )= -a
A B 3 € 

Estimated variance 

Two Missing Values for ~ Trea~~nt 

As a second illustration, consider the case where treatment one is missing 

in replicates one and two. The following normal equations for the effects (page 

128, lac·. cit.), after applying the equations .Eri=Zt1=o, are obtained: 

,. 
(nv-2 )JJ.-2t -r -r = X 1 1 2 •• ,. 
(n-2)(1J.+tl)-rl-r2 = xl. 

n(~+ti) =xi. 1=2,3,···, v 

(v-1) ca+rl)-tl = x.l 

" (v-1) (JJ.+r1 )-t1 = x.2 

v(~+r j) =X •j i=3,4,···,n 

" Solving for r 1 and r 2 in terms of t 1, IJ., and the observations and then substituting 

the solutions for r 1 and r 2 in the equation for t 1 results in the following: 
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'. 

"" ::: X. -zw, , i=2, 3, • • •, v 
l• 

v 
Now, divide through by the coefficient of t 1 and the sum. Therefore, i~1t1=0 

(v-l)(x1.+x. 1+x.2-~) 1 v ,. 
= nv-n-2v + n i~2x1. - (v-l)~ • 

Solving, 
,. x •• (vn-n-2v)+2vX1 ,..+n(X. 1+x.2 ) 

~ = nv(v-l)(n-2) 

and we now have the solution for the individual t 1• Also, the equation in t 1 
now may be written as : 

vx1 • +X •1 +X •2-X •• 
tl= v(n-2) 

and 
A x~.(nv-n-2v)+2vXl.+n(X.l+X.2) 
~+tl= nv(v-l)(n-2) 

vx1 • +X. 1+X. 2-x •• 
+ v(n-2) · 

A A , 

where x11 and x12 are obtained from the formulae on page 134 (loc. cit.). 

The solutions for the t 1 in matrix form are: 



l I v-1 1 1 1 ., I Q1· t1 I v(n-2) - v(n-2) - v(n-2) 
... - v(n-2) 

I 
t2 I I 1 1 nv-n-2v tnv-n-2v) {nv-n-2v} 

I I ~-I - v{n ... 2) -- nv(n-2) (v-1) 
... - nv (n•2) ( v-1) n - nv n-2 )(v-1) 

(nv-n-2v} 
- nv(n~2Hv-1) 

... (nv-n-2v) 
- nv(n-2 )(v-1) 

1 1 nv-n-2v 
n - nv(n-2 )(v-1) t3 = - v(n-2) ~-

I 

?.' 

i 
tv I (nv-n-2v) 

- nv(n-2){v-1) 
1 1 nv-n-2v 

n - nv(n-2 )(v-1) - v(n-2) '\,. 
..I 

n n - -
where Q1· = x1. - j~3x•j and Qi· =xi· - j~lx·j for i=2,3,···,v 

e e e 
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v 
The treatlrent {eliminating block e.~.fects) BUlil of squares is 1~1 t 1 Q1 • ; the 

various variances are : 

( ) :J' v-1 1 nv-n-2v 
v tl-ti, i=2 ,~,···,v = 0El v(n-2) + n- nv(n-2)(v-l) 

Nwnerical exemple .... Consider the previous example with treatment C missing in 

replicate I. The following yields relrinin: 

and 

. l 

Treatment I 

A 6 

B 15 

A 

c x31 

! I 

" 2l+X31 

Replicate 

II 

5 

10 

15 

III 

4 

8 

Total 

.Frorn missing plot formulae given on page 134 of Federer [1955] we find 

A vx,.+(n-l)X.l+X.3-x •• 
. x31= : (n-2 )(v-1) 

= 3(15~+(3-1)(21)+12-63 = 18 
.. 3-2) (3•1)=2 

.... vx3• +X •1 +(n-l)X. ,-x .. 
·x,,= (n-2) (v-1) · 



•ll-

Substituting the missing plot values in the table of yields and completing the 
-· 

analysis of variance results in: 

where 

Source of variation 

Blocks 

Treatmenta 

Error 
Correction for mean 

Total uncorrected 

df -
2 

2 

4-2=2 

l 

7 

Sum of s qus.rcs 

31.50 

166.50 

7.00 
992.25 

119'7.25 

The "o.nova." using the "method of fitting coOGtants" i::n 

Source of variation df - s~ of squares 

Blocks (1gn. treat.) 2 . . 2 I 2 I 25,50 = EK.j n.J-x •• ~n •• 

Treatments ( elim. blocks ) 2 91.50 = l:tiQ1· 

Error 2 7.00 by ~ubtraction 

Correction for mean 1 567 
··------·---·-····-··------~·--··--~---··--·----------------' 

Total uncorrected 

t - 3~15)+21+12-63 
3 - 3(3-2) 

Q1· = 15-10.5-10-6=-11.5 

~- c 33-10.5-1o-6=6.5 

Q,. = 15-10 =5.p 

1 ~1 

Variances 

S 2 - 1 f! + .!} = l 
A-B - 2 l3 3 3 

2 7 [2 { 35 
sA-C= 2 3 + 1 ) = ~ 

2 7 f2 { .22 
8 B-C = 2 t3 + 1 j = 0 
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. . . ' ' ..... \ 
]! Missing Values ·!2!. ~. of the Treatments 

.'.l'lah and ~41shart [1930] am Yates [1933] were the first to present discus

sions far one and· several m~ssing values, respective~; Yates [1933] presents an 

iterative procedure for two or more missing values. Federer [1951] ga.ve:piissing 

plot formulae for k different varieties missingb k different replicates and 

for k varieties missins in one replicate (or alternatively, k replicate.yields 

missing for one variety). . Some time later 'lllompson [ 1956] presented the same 

formulae with a numerical.application. 

For the case of k(k <n) values missing for one of tbe treatments, sey one, 
$ r;.lutions for the ti are given by: 

/ 
It \ l'v-1 1 

- v(!~k) 1 '\ 

v(n-k) -v{n-k) ••• -. v(n-k) : ( Ql• 1 

.I 
1 nv-n-kv nv•n .. kv nv-n-kv 

i 1;;~ 
1 ••• '~ . - v(n-k) -- nv(n-k)(v-1) -nv(n-k) (v-1 - nv(n-k){v-1} l ·~ 

n 

I 1 nv•n•ltv 1 nv-n-kv nv-n-kv ~· . 
It-:; = -v(n-k) -nv(n-k) (v-1) -- nv(n-k){v-1) 

I 0 I -nv(n-k) (v-1) • I .J n ,. 
I . 
I 
I • • • • 
I : • • • • • • 
I 

\t 1 nv .. n-kv nv-n-kv ••• 1 nv•n•kv 

"'· - vrn-k) - nv(n-k) (v-1) 
.. 

nv(n-k) (v-1) -- rrr(n-k) (v-1) \f n 

n _ . ·.. . n .. 
>lhel"e G_l =X1.- t x j' Q .. ,=X1 .- Ex j for i=21 31 ••• 1v. 

• J=k+l • • J=l • 

. . 
The variances become: 
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The normal equations for tbis situation are, say for treatments 1 a.nd 2 miss

ing in block 1: 

~ 

(nv-2)~-t1-t2-2r1 =X •• 

(n-1) (~+t1 )-r 1 = xl· 

(n-1) (a+t2 }-r1 = x2• 

n(~+t1 ) :: X. 
l• 

for i=31 ••• 1 v 

(v-2)(a+r1)-t1-t2 = X •1 

v(a+r j) =X •j for j=2, • • • ,r 

?"'rom the above 
.. •t +t 

a+r1=(X. 1+t1+t2 )/(v~2)=x. 1+ !_22 
·:. ~ ... 
. ..... ~ ..... -

' ' 
Therefore, substituting the value for r ;t ... tn th~ t 1 and t 2 equations we obtain: 

. . . 
' I ~...:.. 

·-~· -" 
(nv-v-2n+l)t1-t2=(v-2)X1 .+x.1-n(v-2}~ .·. 

.._/•lt. 

-t1+(nv-v-2n+l)t2=(v-2)x2 .+x.1-n(v-2)~ 

Solving 
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Also, 
for i=31 •••,v 

Solving, 

,. x·. • (nv-v-2n)+v(X1_+X2.)+2nX •l 
~ = nv(v-2){n-l)=nv(A+l) 

....... 

Therefore, far A=nv·v-2n+l and A+l=(n-l)(v-2) 

• 

- "" A where the formulae for the two missing plot values, x11 and ~21 , are those given 
by Federer_[l955] in fo~ulae (V-53) and (V-54). 

The solutions for the t 1 in matrix form are: 



\-There 

v-1 
v(n-1) 

1 
- v(n-1) 

1 
- v(n-l) 

• • • 

1 
- v(n-1) 

~. 

1 
.. v(n ... l) 

v-1 
v(n .. l) 

l 
- v(n-1) 

1 
- v(n-1) 

n 
= x2 -Ex . • •J 

. j=2 

n 
=X. •Ex. 

J.. • J 
j=l 
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1 ••• 1 
- v(n-1) - v(n-1) 

1 1 
- v(n-n ••• - v(n-1) 

1 vn-v-2n vn-v .. 2n 
n - nv{n-l)(v-2) ••• - nv(n-l)(v-2) 

vn-v-2n 1 vn-v-2n 
• nv(n-1) (v-2) ••• n- nv(n-1)(v-2) 

for 1=3,4, • • • ,v· • 

The variance of a difference between the two means having a missing plot, 

;;ay 1 and 2, is 

• 

• • • 

~ . 

The vari&~ce of a difference between two treatments with no missing plots, Saf 3 
and 4, is 

The variance of a difference between two treatment means, one with a missing plot .. 
and the other with no missing plots, say 1 and 3, is: 
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~ Treatments Missing 1E ~ Replicate 

·-Suppose tbat treatments 1,2,•••,k (k<v) are missins in replicate one and that 

the remaining v-k treatments are pt"esent in all replieat.es. After substitution 

for the lol+r J' the solutionS for the t 1 are obtained by subtractiuS 1/ (n-1) (v-k) 

times the sum of the first k normal equations from each of the last v•k equations, 

am then, dividicg through by n to obtain 

tl '\ /1 
0 0 0 0 0 Q1.1 

,_ .... • •• n-1 

t .. 2 0 1 n:r ••• 0 0 0 ••• 0 ~-
• • • • • • • • • 

\: 0 0 ••• ...L 0 0 ••• 0 ~-. n .. l 

= • 

tk+l 
1 1 1 1 0 ••• 0 ~+1 -- -- ••• !'"- -a a a n 

tk+2 
1 1 '1 

0 1 
0 ~+2 -- .. - ••• -- - ••• a a a n 

• • • • • • • • • 

tv 
l l 1 0 0 ••• 1 

~-.. - -- ••• .. - -
I a a a n 

where a.=n(n-l)(v-k), 
. n- n-

Q1 =Xi -Ex j for 1=1,2, ••• ,k, and Q1 =Xi - t x j for • • j=2 • • • J=l • 

i=k+l, k+2,•••,v. 

The above matrix may be rewritten as (remember that ~,.=0): 
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rl l ( V•l 1 ·L l 
., -·- 1· 1 

.. v(;-1)~ ~l·l v(n-1) - v(n.:;l) ••• - v(~-1) - v(n-1) - v(~~1) ••• 
l I ! I I I 

I j . 1 v-1 1 1 1 
t2 j- v(n-1) v{n-1) ••• -v{n-1) - v(n-1) - v(n-1) ••• - v(n-1) ~-

I I I • I I • • 
• I I • • • I • • 

tk 
1 1 v-1 l 1 1 

~. - v(n-1) - v(n-1} ••• v(n-1) - v(n-1) -v(n-1) ••• - v(n-1) 

= r tk+l 
1 1 1 1 b b b ~+1 - v(n-1) - v(n-1) ••• - v(n-1) 

- + •. • •• n 
I 

I I tk+2 
1 1 ••• 1 b 1+b b 1· v(n-1) - v{n-1) - v(n-1) ••• ,~+2 n 

• • • .. • • • • • 

tv 
1 1 1 b b ••• 1+b ~.) - v(n-1) - v(n-1) ••• - v(n-1) ) n 

where b=(kn+v-nv)/nv(n-l)(v-k). 

The various variances of differences between treatments are given below. 

The variance of a difference between two treatments each of which has a missing 

value in the same block, say t 1 and t 2, is: 

The variance of a difference in means for two tr·eatments which have no missing 

plots, say tk+l and tk+2, is: 

The variance of a difference between two treatment means for a treatment with a 

missing plot and for one with no missing plots, say t 1 and tk+l' is: 

( ) ....2 [ 2 v-k+ 1 } 
v tl-~+1 = 0E n + n(n-l)(v-k) • 
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~Missing Values !9r·.D!.:f'fereJ;lt Treatments !!'!Different Blocks 

Assume that treatment one is missing in replicate one and tbat treatment 

two is missing iri replicate two. Then, the normal equations become (after using 
n v 

the restrictions that I: r.,.=O= I: t 1 ): 
j=l "' 1=1 

(nv-2)~-t1-t2-r1-r2 ~ x •• 

(n-l)(~+t1 )-r1 = xl• 

(n•l)(~+t2 )-r2 = x2• 

n(a+t:.L.) = xi• 

(v-l)(~+r1 )-t1 = x.l 

(v-l)(~+r2)-t2 = x.2 

v(a+r J) = x.J 

for i=31 4, • • • ,v 

for .1=3,4, • • • ,n 

After solving for r 1 and r2 in terms of '\ 1 t 2 and the observations the fol

lowing equations in the ti result: 

v-1 { x.l ""'} t = X + - •l'lf.L 1 nv-n-v 1 ~ v-1 

... v-1 [x x.2 ""'} .. = +- .. 2 nv-n-v 2 • v-1 l'lf.L 

v 
Since the I: t 1=0, we sum the above equations and obtain 

1=1 

" v(x1• +X2• )+n(X.1 +X.2 )+X •• {nv-n-v) 
~ = nv(nv-n-v+2) 

Also, 



··.·::· ... 
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v-1 [ f ) ( ) t = ~r n··l v-, X 
1 v(nv-v-n)(nv-n-v+2) ' - 1• 

~ X '· 
,.. v-1 t •1 ~ nv-n•v ,.. J tJ.+t = X + - -nJ.L+ J.1 l nv-n7v 1• v-1 v-1 

... ' ,.. 
X1• ~- vX1.+nX.1-nvJ.L 

=-+ n n(nv-n .. v) 

,.. 
where ~ll is obtained from formula (V-55) on page 134 (1oc. cited). 

Likewise, 

v-1 { · 
t2 = v(nvwv-nHnv-v-n+2) v(n-1)(v-1 )x2• 

{v(nv-n-v+2)-n(v-1)) -
+X 2 1 -vx1 -nX 1 o v- • • 

-X (nv-n-v)J •• 

and 

,.. 
where ~22 is computed .rrom .. ~~ula (V-56) on page 134 of F~derer [ 1955]. 

• . . =r· 

In matrix form1 the solution~ for the t 1 ~e ~ 
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-·. 1 

(tl Ia. c 0 0 ••• 

t2 c a 0 0 ••• 

-l 
t' b b n 0 ••• 

= 
t4 b b 0 n -1 ••• 

• • • 

tv 
i, ;·, 

b ·l) 0 0 ••• 
' 

where a. ~ (n-l)(v-1)2 / [{n-1)2 (v-l)2-l] 

b = -l/n(nv-n-v+2) ' and 

c = -{v-l)/[(n•l)2 (v-l)2-l] • 

The various variances are: 

V(t1-t2 ) = 2~(a-c) , 

V(t1-t3) = a:(a+n-1-c) , and 

V{t3-t4) = 2a~/n • 

oj 
0 

0 

• 

0 

n -l 

, 

{. n_ 
= Ql• fXl•- ·~ x.j 

J-

n 
x2.-i.1- z x.J = ~. 

j=3 

n 
x3- I: x.j .. 

J=l 

n 
x4 - I: x.j 

• J=l 

n 
X - I: X 

V• J=l •j 

• • • 

,! Treatments Yl!:!?l! .Q!!t Missins ~ !;! !!£!1.9!.,! Replicates 

Suppose tbat treatments 11 2, • • • ,k (k ~ the smaller of n and v) each have one 

yield missing in such a way that no two treatments have plots missing in the same 

replicate. The remaining v-k treatments have no missing yields in the n repli

cates. Then, after substituting for J,l+r J values in the normal equations tor the 

treatments, subtract the sum of the first k equations divided by (n-l)(v-l)+(k-1) 
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from each of the last equations, ana subtract the sum of the other k-1 equations 
···i ·.·.· · ·:·~r~ :;·y;:J· : .. 

divided by (n~oil){v-l);..(k-2) frOm each of the first k equations. After diViSiOn 

by the coefficient for each of the t 1 the following solutions are obtained: 

• • • 

= 

r 
lc 

• • • 

c 

A 

••• c 

••• c 

C C • •• A 

B 

B 

• • • 

B 

B 

B 

••• B 

••• B 

••• B 

1 
B = - n[{n-1)(v-l)+k•l] 

0 

0 

0 

-1 n 

0 

0 

0 

0 

0 

0 

-1 n 

0 

(v-1~ · 
C = - (n-1) (v-l)[(n-1) v-l)+k•2]•k+l 

••• 

••• 

••• 

••• 

••• 

••• 

• • • 

·.0 Q_ 
~k.• 

• 

0 ~+l• 

0 ·' ~+2· 

• 

-1 • ,: • ) 
n ·.'~~-

The variance of e. difference between two treatments with missing plots, say 



.. \ ., 
• -·~ t, 
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The variance of a difference bet~.reen two trea~p~ vTith no missing plots, say 
..... ·"-'· . 

• 

The variance· of a difference between a. tz·eatment with a missing plot and one 

w1 tb no missing plots 1 say t 1 and tk+l, is : 
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