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This work deals with generic quadratic vector fields on C? and the holomorphic
foliations that these vector fields define on CP?. We assume that the extended
foliation has non-degenerate singularities only and an invariant line at infinity.

The first part of the present work deals with the extended spectra of singulari-
ties. The extended spectra is the collection of the eigenvalues of the linearization
of the vector field at each of the singular points in the affine part, together with
the characteristic numbers (i.e. Camacho-Sad indices) of the singularities on the
line at infinity. We discuss what are the relations among these numbers that every
generic quadratic vector field is bound to satisfy. Moreover, we conclude that two
generic quadratic vector fields are affine equivalent if and only if they have the
same extended spectra of singularities.

In the second part we focus on the holonomy group at infinity. We show that
two generic quadratic vector fields that have conjugate holonomy groups must be
orbitally affine equivalent. In particular, this proves that generic quadratic vector
fields exhibit the utmost rigidity property: two such vector fields are orbitally

topologically equivalent if and only if they are orbitally affine equivalent.
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PREFACE

The results presented in this thesis belong to the theory of holomorphic folia-
tions. More precisely, they belong to the study of polynomial vector fields on C?
and the holomorphic foliations that such vector fields define on CP2. The theory of
holomorphic foliations is a rich area of mathematics where several other branches
of mathematics come together: ordinary differential equations, one-dimensional
complex dynamics, complex analytic and complex algebraic geometry, singularity
theory, topology.

The origins of the theory of holomorphic foliations trace back to the beginning
of the qualitative theory of ordinary differential equations, pioneered by Poincaré
towards the end of the XIX'" century. The brilliant insight of Poincaré was that
differential equations belong not only to the realm of analysis, but also to geometry.
For example, providing a non-autonomous differential equation of the form d—f =
f(z,t) is equivalent to giving a vector field, a much more geometric object, of the

form

g 0

— 4+ = t R?
8x+0t’ (z,t) € U C R*,

v = f(x,t)

in some appropriate open set U. A solution to the given differential equation
corresponds to a smooth curve s — ¢(s) that is everywhere tangent to the vector
field v. Under this philosophy, Poincaré made an exhaustive use of geometric
methods to derive geometric properties of the solutions. In particular, Poincaré

set himself to study systems of differential equations of the form

dx dy
— =P —= = 1
where (z,y) € R? and P, Q are real polynomials. To an autonomous equation such

as (1) we can associate a polynomial two-dimensional vector field v = P(x,y)=— +

ox

Q(x,y)—. Poincaré himself introduced the key concept of a limit cycle, a closed

y

viil



trajectory (i.e. periodic solution) isolated from other such trajectories, and proved
that a polynomial differential equation in the plane with no saddle connections
may only have a finite number of limit cycles. In 1900, during the International
Congress of Mathematicians, Hilbert included in his famous list of problems the
following question:

What can be said about the maximal number and position of Poincaré
limit cycles (cycles limites) for a differential equation of the first order
of the form % = £, where P and Q are n'" degree polynomials in z

de — P

and y?
This question, which is the second part of Hilbert’s 16™ problem, remains open —
even in the simplest non-trivial case: that of quadratic polynomials.

The study of complex vector fields goes back to Poincaré and Dulac, yet a huge
development took place towards the end of the 1950’s, when Russian mathemati-
cians Petrovskii and Landis published a paper claiming to have a complete solution
to Hilbert’s 16" problem [L.P57]. The strategy in this paper is to extend equation
(1) to the complex domain. In such an extension the solutions to the equation

define, outside the set of equilibrium points

% = {(z,y) € C’| P(a.y) = Q(a.y) = 0} ,

complex analytic curves locally parametrized by a complex variable t € C. In this
way, the solutions decompose C? \ ¥ into a disjoint union of curves. Moreover,
by the flow-box theorem, this partition locally looks like the standard partition
of the bidisk D x D by parallel horizontal slices D x {y}. These are precisely
the defining properties of what we know as a singular holomorphic foliation. The
integral curves of the equation are called the leaves of the foliation and > its
singular set. Many of the concepts in the theory of real differential equations have
a straightforward complex analog. In particular, the concept of a limit cycle can

be naturally extended to the complex domain. The Petrovskii-Landis strategy

X



consisted of bounding the number of complex limit cycles that may appear in the
complexification of equation (1), thus obtaining a bound on the number of real
limit cycles.

In the middle of the 1960’s Ilyashenko and Novikov found a crucial gap in
the solution to Hilbert’s 16" problem, which completely invalidated the results
claimed by Petrovskii and Landis. The history of this still-open problem has
certainly been dramatic, yet it has inspired great progress in the geometric theory
of differential equations and marked a starting point for the study of complex
polynomial foliations on C2.

A crucial further development of the theory was later achieved by Hudai-
Verenov and Ilyashenko [HV62, Ily78], who proved that the generic properties
of complex polynomial foliations are strikingly different than those of real poly-
nomial foliations. In particular, generic complex polynomial foliations have the
following properties:

e Rigidity: Topological equivalence is extremely rare and closely related to

analytic equivalence.

e Density of solutions: Every leaf on C\ X is everywhere dense on C2.

e Infinite number of limit cycles: There are countably many homologically

independent complex limit cycles.
The meaning of the word “generic” above is something that has been refined thanks
to many authors throughout the years (eg. [Shc84, Nak94, LSS98]) and is now taken
to mean that there exists an open and dense set in the space of all polynomial
foliations of a fixed degree (defined by either algebraic or analytic conditions)

where every foliation from that set satisfies the above properties.

There are two main contributions of this thesis to the theory of polynomial vector

fields on C?2.



First, we provide two completely independent results that provide necessary
and sufficient conditions for generic quadratic vector fields to be affine equivalent.

Previously, no results of this sort were known.

Theorem A. Two generic quadratic vector fields are affine equivalent if and only
if they have the same spectra of singularities and the same characteristic numbers

at infinity.

Theorem B. Two generic quadratic vector fields are orbitally affine equivalent if

and only if their holonomy groups at infinity are analytically conjugate.

Second, Theorem B implies that foliations defined by generic quadratic vector
fields have the strongest imaginable rigidity property. This next theorem signifi-
cantly improves, in the quadratic case, the previously known results about topo-

logical rigidity of polynomial foliations.

Theorem C. Two foliations defined by generic quadratic vector fields are topolog-

ically equivalent if and only if they are affine equivalent.

These results have been published in [Ram16a, Ram16b] and will be discussed

in detail in the present work.

xi



CHAPTER 1
INTRODUCTION

1.1 The class of generic quadratic vector fields

The object of study in this work are quadratic vector fields on C?. These are

sections of the holomorphic tangent bundle of C? of the form

0 0
V= P<xay)£ + Q(w7y)87ya

where P, Q € C[z,y] are polynomials of degree two. Let us regard C? as an affine
chart on CP2. In general, a vector field as above does not have a holomorphic
extension to CP2, for it is known that any holomorphic vector field on CP? comes
from a linear homogeneous vector field on C3. Nonetheless, the holomorphic folia-
tion that the integral curves of v define on C? can always be extended to a singular
holomorphic foliation F, on CP2. Such extension is possible for any polynomial
vector field on C2. And conversely, any singular holomorphic foliation on CP? is

induced by a polynomial vector field on any affine chart [I1y72].

The space of polynomial vector fields of a fixed degree has a natural vector space
structure. We seek to understand the generic properties of such vector fields. We
will say that a property is generic if it is satisfied by every vector field in some
open and dense subset of the space of all vector fields of the given degree. The
nature of these open and dense sets will be specified when needed. For example,
by Bezout’s theorem, a generic vector field of degree n has exactly n? isolated
singularities. Also, it is well known that when extending a foliation from C? to
CP? we generically obtain an invariant line at infinity. This means that the line

L = CP?\ C?, once a finite number of singularities are removed, is a leaf of the



foliation F,. In the generic case, the number of singularities on L is exactly n+ 1.
These conditions are the most basic generic properties of polynomial vector fields,
they are all defined by algebraic conditions and, we will deal exclusively with

quadratic vector fields with these properties.

Definition 1.1.1. We will denote by V, the space of all quadratic vector fields v
on C? having exactly 4 isolated singularities, and such that F, has an invariant
line at infinity with exactly 3 singular points. Also, we will denote by A, the space

of all foliations that come from a vector field from the class Vs.

Remark 1.1.1. Two polynomial vector fields of equal degree generate the same
foliation if and only if they differ only by a non-zero scaling factor; hence, A is

given by the quotient V,/C*.

1.2 Equivalence of vector fields and foliations

The properties we aim to study should not only be generic, but should also be
preserved under analytic (or topological) equivalence. We consider three types of
relations: equivalence of vector fields over C?, orbital equivalence of vector fields

over C2, equivalence of foliations over CP?. The following definitions are standard.

Definition 1.2.1. We say that two vector fields v; and v, are analytically equiva-
lent if there exists an analytic diffeomorphism F' that transforms one into the other;
that is, v2(p) = DF(F~Y(p))-v1(F~(p)). In case the diffeomorphism F is an affine

transformation on C2, we will say that the vector fields are affine equivalent.

Definition 1.2.2. Let F; and F, be singular holomorphic foliations on a com-
plex manifold M. We say that F; and F, are topologically equivalent if there

exists a homeomorphism of M which brings the leaves of F; onto the leaves of F5



while preserving both the orientation of the leaves and of ambient space M. If
such homeomorphism is in fact an analytic diffeomorphism, we will say that the

foliations are analytically equivalent.

Definition 1.2.3. Two vector fields on C? will be said to be orbitally equivalent
if the singular holomorphic foliations they define are equivalent over C? in the

respective sense (topological or analytic).

1.3 Analytic invariants of polynomial vector fields

By analytic invariants of a vector field we mean those objects that we can coher-
ently associate to each (say generic) vector field which are preserved under analytic
equivalence. These objects may be numbers, groups, cohomology classes, sheaves,
and so on. Good analytic invariants should give us valuable information about the
behavior of the vector field in question. Moreover, these invariants are fundamen-
tal in the understanding of the analytic classification of vector fields: in order for
two vector fields to be analytically equivalent, it is necessary that their invariants
should coincide. The question of whether or not coincidence of the invariants is

also sufficient is, in most cases, a delicate question.

Analytic invariants can be of a different nature: local, semi-local or global.
For example, the projective degree of a foliation (the number of tangencies with a
generic line) or the set of invariant algebraic curves are global analytic invariants.
For the class of generic quadratic vector fields these invariants are not interesting: a
quadratic vector field with an invariant line at infinity has always projective degree
two, and in the generic case no other invariant curves. The analytic invariants we
are interested here are of a local nature: the spectra of the singularities; and of a

semi-local nature: the holonomy group at infinity.



1.3.1 The spectra of singularities

Let p be an isolated singular point of some vector field v = P(z, y)a% + Q(z, y)a%.

Consider the linearization matriz

Du(p) = (S% g)
x Y

It is well known that analytically equivalent vector fields have conjugate lineariza-

(z,y)=p.

tion matrices, hence the spectrum of the linearization matrix at each singular point
is an analytic invariant. In case the ratio of the eigenvalues is not a real number
the singularity is said to be complex hyperbolic. 1t is well known that complex
hyperbolic singularities are analytically linearizable. In this case, which is generic,

the spectrum completely determines the local behavior of v around p.

Definition 1.3.1. Let p be a singular point of v. We define the spectrum of
v at p as the ordered pair Spec(v,p) = (tr Dv(p),det Dv(p)). The spectrum of

singularities of v is the set

Spec v = {Spec(v, p) [ v(p) = 0}

1.3.2 Characteristic numbers

In order to study the extended foliation in a neighborhood of the line at infinity

we introduce the following change of coordinates: z = — w = YA simple
x x

computation shows that, in these coordinates, a generic quadratic vector field

induces a foliation given by an equation of the form

dz 3 )\j

dw =

j=1 W — W

+ O(2%).

The line at infinity is given by £ = {z = 0}, and the singular point on it correspond

to the poles w;. The characteristic numbers at infinity are defined to be the residues



A;, which are precisely the Camacho-Sad indices A\; = CS (F,,, £, w;). This number
depends only on the local behavior of F, around wj;, and in the complex hyperbolic

case (A\; ¢ R) it determines it completely.

Definition 1.3.2. The extended spectra of singularities of a generic quadratic
vector field v is the collection of the spectra of singularities over the affine part,

together with the characteristic numbers at infinity.

1.3.3 The holonomy group

Let F be a foliation from the class A3 and denote by Lz its leaf at infinity (i.e. the
line punctured at the singularities). Given a base point b € L and the germ of
a cross section (I',b), transversal to the leaves of F, we can perform the following
standard construction: for any loop 7 on Lz based at b, we follow the leaves of F
along some small tubular neighborhood of the image of v to obtain the germ of a
holomorphic return map A, : (I',b) — (I',b). This germ, the holonomy of F along
7, depends only on the homotopy class of v in the fundamental group 7 (Lx,b).
Moreover, the map A: 7 (Lx,b) — Diff (T', b) is a group antihomomorphism (i.e. a
homomorphism but it reverses the order of multiplication). Fixing an analytic
parametrization Diff(C,0) — Diff (I',b), we will write A: m(Lx,b) — Diff(C,0)
and define the holonomy group at infinity as Gx = Im A C Diff(C, 0). This group

is canonically defined up to conjugacy in Diff(C, 0).

Definition 1.3.3. We say that two foliations F and F from the class A, have an-
alytically conjugate holonomy groups whenever there exist the germ of a conformal

map h, and a geometric isomorphism H.: m(Lr,b) — m (E;,B) that conjugate



the holonomy in the following way:
Yy em(Lrb): hoA,=Ay,oh.

By a geometric isomorphism we mean an isomorphism H,: m(Lr,b) — m (L5, b)

induced by some orientation-preserving homeomorphism H: Lr — Lz.

The holonomy group at infinity has been the main tool in the study of generic
polynomial foliations. It is known that a generic polynomial foliation on C? has
a holonomy group at infinity that is non-solvable. Under the assumption of non-
solvability and a few extra mild restrictions, the geometric properties of the holon-
omy group determine to a great extent the geometric properties of the foliation
on a global level. A finitely generated non-solvable (pseudo) group of conformal

germs Diff(C, 0) — Diff(C, 0) satisfies the following properties:

e The group is topologically rigid [Shc84, Nak94],
e The orbits of the action are dense in sectors [Nak94],

e The group has a countable number of germs whose representatives have iso-

lated fized points different from zero [BLL97, SRO9S].
In consequence, a generic polynomial foliation satisfies the following:

e The foliation is absolutely rigid [Ily78, Shc84, LSS98],

e The leaves of the foliation, except the leaf at infinity, are everywhere dense
in C? [HV62, Shcs4],

e There exist a countable number of homologically independent complex limit

cycles [SRO98, GK17].

The concept of topological rigidity of polynomial foliations will be discusses
in detail in Section 1.4.2 and in Chapter 3, where it will be shown that generic

quadratic foliations have the strongest possible form of rigidity.



1.4 Statement of the results

There are two results that we present as the main components of this thesis. The
first gives necessary and sufficient conditions for two generic quadratic vector fields
to be analytically equivalent. This is done in two independent ways: Theorem 1.4.1
and Theorem 1.4.2. Second, we show in Theorem 1.4.3 that generic quadratic

vector fields have the utmost rigidity property.

Additionally, we prove a series of results that describe the extended spectra of

singularities of generic quadratic vector fields (Theorems 1.4.4-1.4.6).

1.4.1 Moduli of analytic classification

We present two sets of invariants that serve as moduli of analytic classification.
It follows from Remark 1.1.1 that the passage from affine equivalence to orbital
affine equivalence of polynomial vector fields of the same degree is straightforward:
two vector fields v; and v, are orbitally affine equivalent if and only if there exists

A € C* such that v; and Avy are affine equivalent.

Theorem 1.4.1 ([Raml6a]). Two generic quadratic vector fields are affine equiv-

alent if and only if their extended spectra of singularities coincide.

Theorem 1.4.2 ([Raml6b]). Two generic quadratic vector fields are orbitally
affine equivalent if and only if their holonomy groups at infinity are analytically

conjugate.

Genericity in the former theorem is defined by a (complex algebraic) Zariski

open dense set in V5 whose existence is proved but not further described. The



genericity assumptions on the latter theorem (as well as those for Theorem 1.4.3)

are discussed in detail in Chapter 3.

1.4.2 The phenomenon of topological rigidity

It was discovered in [Ily78] that polynomial foliations exhibit a phenomenon known
as topological rigidity. The idea of topological rigidity is that topological equiva-
lence of foliations is extremely rare, and almost only happens when the foliations
are, in fact, analytically equivalent. The main result in the cited paper is that a

generic polynomial foliation is absolutely rigid.

Definition 1.4.1. We say that a foliation F € A, is absolutely rigid if there exist
a neighborhood U of F in A,, and a neighborhood V of the identity map in the
space of self homeomorphisms of CP? such that any foliation from U which is

conjugate to F by a homeomorphism in V' is necessarily affine equivalent to F.

The genericity assumptions in [Ily78] excluded a dense subset of A,. These
assumptions have been substantially weakened over the years, and it is known now
that every foliation in some open and dense subset of A,, is absolutely rigid [She84,
Nak94, 1.SS98]. The key assumption in the latest works is the non-solvability
of the holonomy group at infinity. However, the necessity to restrict ourselves
to a small neighborhood U C A, and to assume proximity of the conjugating

homeomorphism to the identity map were not dropped.

We prove here that the ideal paradigm of topological rigidity may be formalized
for quadratic foliations: topological equivalence implies analytic equivalence —no

additional hypotheses are needed.



Theorem 1.4.3 ([Ram16b]). Two generic foliations from the class Ay are topo-

logically equivalent if and only if they are affine equivalent.

Note that non-solvable holonomy groups are topologically rigid, hence topolog-
ically equivalent generic foliations have analytically conjugate holonomy groups.
For this reason, the above theorem is a direct consequence of Theorem 1.4.2. How-
ever, the question of rigidity was the motivating question that lead to Theorem

1.4.2.

1.4.3 Twin vector fields

Theorem 1.4.1 claims that the extended spectra of singularities is a complete set
of analytic invariants. A natural question is whether or not the finite spectra of
singularities (that is, the spectra of the singularities taken only over the affine part)
determines completely the vector field (up to affine equivalence). The answer is no
—generically, there are two disjoint orbits of the action of the group Aff(2,C) on

V), consisting of vector fields having the same finite spectra.

Definition 1.4.2. We will say that two vector fields v; and vy are twin vector
fields if they are not equal yet they have exactly the same singular locus and, for
each point p in the common singular set, the matrices Dv;(p) and Dusy(p) have the

same spectrum.

Theorem 1.4.4 ([Ram16al]). A generic quadratic vector field has exactly one twin.
Moreover, if two vector fields from the class Vo have the same finite spectra (no
assumption on the position of the singularities) then, after transforming one of
them by a suitable affine map, they are either identical or a pair of twin vector

fields.



1.4.4 Relations on spectra and lack of new index theorems

The extended spectra of a generic quadratic field consists of 11 complex numbers:
8 coming from the finite spectra and 3 characteristic numbers at infinity. These

numbers are not independent, they are constrained by four classical index theorems:

1
—— =0, 1.4.1
v(pz);() det Du(p) ( )
tr Du(p)
———= =0, (1.4.2)
U(pz)::o det Du(p)
> BB(F,,p) = 16, (1.4.3)
peSing Fy
> CS(F,,L,p)=1. (1.4.4)
peLNSing F

These are, respectively, the Euler-Jacobi equations, the Baum-Bott theorem and

the Camacho-Sad theorem.

Let’s do a simple dimension count: on one hand, the space V, has dimension
12 and the affine group Aff(2,C) is 6-dimensional. Therefore, the quotient (in the
sens of Geometric Invariant Theory) Vs / Aff(2, C) has dimension 6. On the other
hand, the extended spectra, which is of dimension 11, modulo the 4 equations
above is a space of dimension 7. This gap in the dimensions implies that there
must exist at least one more algebraic relation among these numbers. This hidden
relation was, until very recently, completely unknown. In order to describe this

relation, let us introduce some notation.

Let v € V, have singularities p,...,ps on C? and singular points at infinity
wy, wa, w3. Denote by (¢, di;) the spectrum of v at py, and by A; the characteristic
number of w;. Denote by A the product A = A; A3, and define S to be the graded
polynomial ring S = Clty, ta, t3, d1, da, d3], where the generators t are of degree 1,

and d, of degree 2. The variables ¢, and d; have been intentionally omitted (cf.

10



Lemma 2.2.1).

Theorem 1.4.5 ([KR17]). There exist homogeneous polynomials Hy, Hy, Hy € S
of degree 1/, such that every generic quadratic vector field satisfies the following
equation

Moreover, the above relation is independent from the identities (1.4.1)—(1.4.4).

In collaboration with Yuri Kudryashov, we obtained this equation using a com-
puter algebra system. The polynomial H = Hy A2+ H; A+ H), which is irreducible,
has a very long expression: it consists of 996 monomials. The fact that the degree
in A is quadratic is closely related to the fact that generic quadratic vector fields

have a unique twin.

Despite the length of the equation, we have used its explicit expression to show
that (1.4.5) does not come from an index theorem. In fact, we show that any possi-
ble “index-theorem-like identity” can be deduced from the classical index theorems,
hence concluding the lack of existence of new index theorems that constrain the
extended spectra of quadratic vector fields. This claim is discussed in detail in

Section 2.4.2; but it follows from the following theorem.

Theorem 1.4.6 ([KR17]). There exists no pair (R,r) consisting of a rational
function R on C® and a symmetric rational function r on C* with the property that

every quadratic vector field with non-degenerate singularities satisfies the relation
R(t;d) = r(}),

except for those that can be derived from the previously known relations: Fuler-

Jacobi, Baum-Bott and Camacho-Sad.
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CHAPTER 2
THE SPECTRA OF SINGULARITIES

2.1 Introduction

Consider a degree n polynomial vector field on C? having only isolated singularities
(both in the affine part and on the line at infinity). We have defined in Section
1.3 the extended spectra of singularities to be the collection of the spectra of the
linearization matrices of each singular point over the affine part together with
all the characteristic numbers at infinity. This collection consists of 2n? +n + 1

complex numbers, and is invariant under affine equivalence of vector fields.

In this chapter we are going to discuss the four classical index theorems that
constrain the extended spectra. After this, we will specialize to the quadratic case
and explain to what extent the spectra determines the vector field (up to affine
equivalence). We conclude by describing the last hidden relation among the spectra
and proving that this equation does not come from an index theorem. In fact, there
are no more index theorems constraining the extended spectra of quadratic vector

fields, other than the ones described above.

2.1.1 The Euler-Jacobi relations

Let us recall, in the particular case relevant to us, a classical result known as the

Euler-Jacobi formula [GH94, Chpt. 5, Sec. 2].

Theorem 2.1.1. If P,Q are polynomials in Clx,y] of degree n whose divisors

intersect transversely in n* different points py,...,pp2 € C* and g(z,y) is a poly-

12



nomial of degree at most 2n — 3 then

“og(p)
2 3)

where J(x,y) is the Jacobian determinant J(x,y) = det

Consider a polynomial vector field v = P 5% + Qa% of degree n > 2. By making
g(x,y) = 1 or g(x,y) = tr Dv(z,y) we obtain polynomials whose value at the

singular point p; depends exclusively on the spectrum of Du(py).

Corollary 2.1.1. A quadratic vector field v having non-degenerate singularities

p1,--.,pa € C? satisfies

=0, 2.1.1
1e§::1 det Dv (pr) ( )
24: tr Dv(pg) _ (2.1.2)
= det Dv(py)

We call these equations the Fuler-Jacobi relations on spectra.

Remark 2.1.1. The Euler-Jacobi indices (each summand on the left hand sides of

the above identities) should be understood as the residues of the rational 2-forms

dx A dy (tr Dv) dz A dy
, and
PQ PQ

at the points py. The residue theorem [GH94, Chpt. 5, Sec. 1] then implies the

total sum is zero.

2.1.2 The Baum-Bott theorem

The Euler-Jacobi indices are well defined for singularities of vector fields, but not

for foliations. One of the most important invariants of an isolated singularity of
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a planar foliation is the Baum-Bott index. Suppose the germ of a foliation (F,p)
with an isolated singularity is given by a holomorphic 1-form w. The Baum-Bott

index of F at p is defined as

1
BB(F.p) = (s [ 6 15

where I" is the boundary of a small ball centered at p, and [ is any smooth (1,0)-
form that satisfies dw = f A w in a neighborhood of I". In the particular case
where F is locally given by a non-degenerate vector field v, the index can be easily

computed as

BB = D)

The Baum-Bott theorem, originally proved in [BB70] in a more general setting,

can be stated in our particular case as follows [Bru04):

Theorem 2.1.2. Let F be a foliation of projective degree d on CP2. Then
> BB(F,p) = (d+2)%.
pESing F
Corollary 2.1.2. Let v € Vy have finite spectra {(ty,dx)} and characteristic num-
bers at infinity {\;}. Then

4 t2 3 )\ 1 2
Zk+z<ﬁW:46 (2.1.3)
J

k=1 %k j=1

2.1.3 The Camacho-Sad theorem

The final classical index theorem, the Camacho-Sad theorem, concerns singularities
of a foliation along an invariant curve. Suppose C'is a smooth curve invariant by a

foliation F (cf. [Bru04] for the general case). If p is an isolated singularity of F on

14



C, we can choose a local holomorphic 1-form w generating F and a local equation

f for C' to obtain a decomposition
w=hdf + fn,

where h is a holomorphic function and 7 a holomorphic 1-form. In this case, the

Camacho-Sad index is defined as follows:

1
CS(F,C,p) = —AZ

21

where v C (' is the boundary of a small disk centered at p.

Theorem 2.1.3 ([CS82]). Let F be a foliation on a complex surface S and let

C C S be a compact F-invariant curve. Then
> CS(F,C,p)=C-C,
peCNSing F

where C' - C' denotes the self intersection number of C' in S.

Corollary 2.1.3. The characteristic numbers at infinity of a vector field v € Vs

satisfy the relation Ay + Ao + A3 = 1.

2.2 Twin vector fields

In this section we prove Theorem 1.4.4, which claims that a generic quadratic
vector field has a unique twin (cf. Definition 1.4.2). An analysis of the quadratic

Hamiltonian case can be found in Appendix A.

2.2.1 The spectra of the fourth singularity

The first thing we need to observe is the following fact.
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Lemma 2.2.1. Let v be a quadratic vector field having four non-degenerate sin-
gularities py,...,ps. The position and spectrum of py is completely determined by

the position and spectra of pi,pa, 3.

Proof. This lemma is a double application of the Euler-Jacobi formula. First, we
can think of relations (2.1.1) and (2.1.2) as a system of equations which we can
solve for Spec(v, ps) every time we are given Spec(v, px) for k = 1,2, 3. Second, if
we let g1(x,y) = x and go(z,y) = y in the Euler-Jacobi formula in Theorem 2.1.1,

then the system of equations

4 4

g1 (pk) 92(pk)
P )
= det Dv(py) = det Dv(py)

determines completely the position of py. O]

Note that the above lemma implies in particular that two quadratic vector
fields are twins if and only if three out of their four singularities agree in position

and spectra.

2.2.2 Proof of the existence and uniqueness of twins

Proof of Theorem 1.4.4. Let us prove the second claim in the theorem first. Sup-
pose that two quadratic vector fields v,? with non-degenerate singularities have
the same spectra. After transforming © by a suitable affine map on C? we may
assume that v and © have three singularities that agree in position and spectra.
By Lemma 2.2.1 the same holds for the fourth singularity. We conclude that either

D =19 or ¥ is a twin vector field of v.

We now prove that twin vector fields exist and are unique. Consider a quadratic

vector field v = P% + Qa% having four non-degenerate singularities py, ..., p;.
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By Max Noether’s theorem, any quadratic polynomial H which vanishes on the

singular set Sing v = {P = 0} N {Q = 0} can be written uniquely as
H = aP + [Q,

for some complex numbers «, 8. This means that any quadratic vector field that

vanishes on the singular set Sing v can be uniquely written as

0

7 + (cP +dQ)
for complex numbers a, b, ¢, d. Let us denote by A the matrix A = (2%) and note
that Do(x,y) = A- Dv(z,y). In virtue of Lemma 2.2.1 the vector field ¢ has the
same spectra as v if and only if they have the same spectra at pq,ps,p3. This

happens if and only if

trA- Dv = trDv(pg), fork=1,2,3,
(Pr) (Pr) (2.2.1)

detA = 1.

The above is a system of three linear equations and one quadratic equation on
a,b, c,d. If the system is independent, we can always eliminate three of these vari-
ables, say b, d, ¢, using the linear equations and then substitute into the quadratic
one. This gives a quadratic equation in the single variable a which generically

would have two different solutions.

These computations can be carried out easily. Direct inspection shows that,
outside an algebraic hypersurface of V,, the linear system is indeed independent

and the discriminant of the quadratic equation non-zero.

This proves that for a generic vector field system (2.2.1) has two solutions; one
corresponds to the original vector field v and the other to a different vector field
U, thus establishing existence and uniqueness of a twin vector field for a generic
vector field v. The explicit formulas to recover the twin © out of the coefficients of

v can be found in Appendix B. ]
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Remark 2.2.1. The discriminant of the final quadratic equation on a always factors
as a perfect square. This has the consequence that the coefficients that define ©

belong to the subfield of C spanned by the coefficients of v (cf. Appendix B).

Corollary 2.2.1. A generic real quadratic vector field on R? having 4 isolated

singularities has a unique twin.

2.3 The spectra as moduli of analytic classification

The aim of this section is to prove Theorem 1.4.1. The spirit of the strategy is
straightforward: define a moduli map from the space V, to the space of possible
values for the extended spectra and show that the generic fiber of this map consists
of a single point. Since affine equivalent vector fields have the same spectra, we

make use of the affine group to normalize the vector fields beforehand.

2.3.1 Explicit expressions for the spectra

Remark 2.3.1. It is straightforward to show that if a polynomial vector field on
C? of degree n has n + 1 collinear singularities then the whole line through these
points is singular itself. In particular, a vector field from the class V, cannot have

three collinear singularities, and hence we have the following lemma.
Lemma 2.3.1. Every quadratic vector field with four isolated singularities is affine
equivalent to a vector field with singularities at p; = (0,0), po = (1,0), ps = (0, 1).

Any such vector field v = P% + Q% is defined by polynomials

P(x,y) = aol‘g + a1ry + a2y2 — QT — a9y,
) (2.3.1)

Q(z,y) = asz? + aywy + asy® — azr — asy,
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for some complex numbers ay, . .., as.

Under this “normal form” we can immediately compute the explicit expressions

for the traces t; and determinants dj at each singular point py, po, ps.

Lemma 2.3.2. The spectra (tx,dy) of a vector field v as in Lemma 2.3.1 at the

singular point py is given as follows.

tl = —Qap — Qs dl = —asa3 + agas
to =ag+ a4 — as dy = —aqa3 + asas + agay — apas
ty3 = —ag +a; + as dg = Q2G3 — Q204 — QoG5 + Q105

2.3.2 The product of the characteristic numbers at infinity

The map that assigns to each vector field its triple of characteristic numbers at
infinity is not a rational map. However, as we will see below, the map that assigns
to a vector field the product of all characteristic numbers is rational. Let us state

the result in its most general form.

Consider a polynomial vector field P(z,y)2 + Q(z,y) 2 5, of degree n. In the

coordinates z = % w = 2 it takes the form
dz P(z,w)

dw Zwﬁ(z,w) —Q(z,w)’
where P(z,w) = 2" P (%, %), Qz,w) = 2"Q (é, %) In the generic case wP (0, w)—

Q(0,w) # 0, therefore
dz S(w)
do _ Cr w) +0(2%), (2.3.2)

where s(w) = P(0,w) and r(w) = wP(0,w) — Q(0,w). By rescaling P and Q if

necessary, we may assume r(w) to be monic. Furthermore, we assume that r(w)

has n + 1 distinct roots.
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From (2.3.2) we see that the characteristic numbers \; are the residues of the

s(w)

r(w)

rational function at the zeros wy of its denominator, hence

P 2.3.3
o= S (233)
Lemma 2.3.3. In the settings introduced above, let A = [[}1 A\ Then
Res(s, r)
A= —"7-=. 2.34
Res(r, 1) (23.4)

Proof. Multiplying (2.3.3) for all k& we obtain the formula

A= [T s(we)

I (wg)
The numerator in the above expression is the product of s(w) at each of the
roots of r, hence is given by the resultant Res(s, ). This equality holds since r was

chosen to be monic. Similarly, the denominator equals Res(r’, ) and so we obtain

(2.3.4). O

Corollary 2.3.1. Let A = A1 A2\3 denote the product of all characteristic numbers
at infinity of some vector field v as in Lemma 2.3.1. In the generic case, A can be

computed as follows:
_ ddy + dads + d3dy
9(a)

A= (2.3.5)

where g(a) is given by

g(a) = 4aday — ala® + 2a2aia5 — 12aasa4 — aja? + 2apatay + 18agaiasas
— 4agaiasas — 18agaqsaszas + 12aoaga?1 + 2a0a4a§ — 4a‘;’a3 + 12a%a3a5
202 — 18 12 2 420,02 27a2a2 + 18
—ajay; — I3ajasazay — 12aq1a3a5 + 2a1a,a5 + 27a3a3 + 13asaszaqas

3 3_ 2.2
— 4agay + 4asay — ajaz.
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Proof. Following Lemma 2.3.3, a simple computation now shows that
Res(s,r) = —az- f(a),  Res(r’,r) = az- g(a),

for some polynomials f, g that we have computed explicitly. The expression for
g(a) is given in the statement of the corollary. The polynomial f(a) turns out to
satisfy the identity f(a) = dids + dods + d3d; (where the expressions for d are
those in Lemma 2.3.2). This identity can be easily verified, yet we do not have a

geometric interpretation of it. ]

Remark 2.3.2. Note that if v is a vector field as in Lemma 2.3.1 and we know the
value of g(a) and {(tx,dy)}, we can always recover the value of A. Moreover, using
the Baum-Bott equation (2.1.3) and the Camacho-Sad relation, we can recover the

exact value of Aj, Ao, A3 from {(¢x,dr)} and A.

2.3.3 The moduli map

Definition 2.3.1. We will call moduli map the polynomial map M: C5 — CT7
that takes

(CL(), e ,a5) — (tl, to, 13, dl; d27 d37 g(a))

The explicit expression of g(a) is given in Corollary 2.3.1.

Note that in virtue of Lemma 2.2.1 and Remark 2.3.2, the value of M(a) is
enough to determine the precise value of the extended spectra of the vector field v

defined by the coefficients aq, . .., as.

In order to prove Theorem 1.4.1 we need to show that the generic fiber of the

moduli map M consists of a single point. In order to do this it is enough to find
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a non-empty open set W C Im M and U C C°® such that U = M~1(WW) and

M|y : U — W is one-to-one.

Proof of Theorem 1.4.1. Consider the following vector field

0 0
— (2 _ _ 2 _
vo = (x° + 2zy I)ax + (—zy + 3y Sy)ay.

Let us denote by Spec the function Spec(a) = (¢4, ...,ds), so that M = (Spec, g).
Let Sy = Spec(vp). A simple computation shows that the unique twin vector field
of vy is

0 7 7 0
v; = (322 + 6y — 3x)% + (—3x2 —bry+y* + 3%~ y) ay

and that the derivative of the map Spec is invertible both at vy and at v;. We can
deduce from the inverse function theorem the existence of neighborhoods W, Uy, Uy
of Sy, vg, v1 respectively such that Specfl(ﬁ/) = Uy U U; and Spec maps both U
and U; diffeomorphically onto W. On the other hand, it is not hard to check that
the values that the polynomial g takes on vy and v; are different. By shrinking U,
and U if necessary we can assume that vector fields in Uy have different g value
from any vector field in U;. This means that if go = g(vy), we can find a small
neighborhood Vj of gy such that no vector field from U; has g value in Vj. Define
W =W x Vy C CSxC. Since M = (Spec, g) and Spec_l(W) = Uy U Uy, we must
have M~ (W) C Uy U U,. However we also know that M~Y(W) is disjoint from
U1, by construction of Vg, and so M~ (W) C Up. If we let U = M~ (W) we have
that M|y : U — W is one-to-one, and so the generic fiber of M consists of a single

point. ]
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2.3.4 A remark about the Baum-Bott indices

We want to point out that Theorem 1.4.1 is very similar in spirit to results in
[Lin12] (for foliations on CP? of degree two) and [IM11] (for foliations on CP?
coming from a generic quadratic vector field on C2?), where it is proved that in the
generic case the Baum-Bott indices completely determine a foliation up to finite
ambiguity (modulo the natural action of PGL(2,C) and Aff(2,C), respectively).
In fact, Lins Neto proves that the generic fiber of the Baum-Bott map, which
associates to a foliation the Baum-Bott indices of its singularities, contains exactly

240 orbits of the natural action of PGL(2, C).

2.4 The hidden relation and lack of new index theorems

Theorem 1.4.2 has the consequence that the space of possible extended spectra
of generic quadratic vector fields is 6-dimensional. This is of course the expected
dimension, since the quotient V5 / Aff(2,C) is 6-dimensional itself. The extended
spectra consists of 11 numbers: 8 coming from the finite spectra {(tx,dy)}, and 3
coming from the singular points at infinity {A;}. These 11 numbers are related by 4
classical index theorems: the Euler-Jacobi relations, the Baum-Bott equation and
the Camacho-Sad formula. However, there must exist one more algebraic relation,

independent of the previous ones, that constrains these numbers.

Remark 2.4.1. The question of the what are the hidden relations on the extended
spectra was inspired by a very similar question on the hidden relations between the
spectra of the derivatives at the fixed points of a regular endomorphism f: CP" —
CP"™ posed by Adolfo Guillot in [Gui04]. See [Raml6¢] for a discussion on how

these two problems relate to each other.
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2.4.1 Description of the hidden relation

The moduli map is a regular map between affine spaces. This map induces a ring
map on the corresponding coordinate rings. These rings are R = Clay, . .., as] and
S = Clty, ta, t3, dy, da, ds, g] respectively. We grade S by declaring that the ¢ are

of degree 1, dj of degree 2, and g of degree 4.

Remark 2.4.2. The regular map M: C% — C7 induces a ring map M*: S — R.
The closure of the image of M is the subvariety of V C C7 defined by the ideal
I = Ker M*. Moreover, since V is a hypersurface in C7, I is an ideal generated

by a single polynomial F' € S.

In order to find the polynomial F', we need only ask a computer algebra system
to compute a basis for the ideal I. This can easily be done by any software that
handles Grobner bases. We have done this using both Macaulay2 and CoCoA, the
resulting generator is the same. The explicit expression of this polynomial may be

found in Appendix C.

Proposition 2.4.1. The ideal I = Ker M* is generated by a single polynomial

F = A(t;d) g* + B(t;d) g + C(t;d). This polynomial has the following properties:

e I is irreducible in S,
e [ is homogeneous of degree 14 (with respect to the grading of S),
[ ] A - 8(d1 + dg)(dg + dg)(dg + d1>,

e B and C are irreducible in S.

By the definition of g in Corollary 2.3.1, in order to obtain the hidden relation

we need only substitute
dydy + dods + dsd,y
g==- A

24



in A(t;d) g* + B(t;d) g + C(t;d) = 0 and multiply by A? to lift denominators.

Explicitly, we have the following:

Hy = A(dydy + dods + d3dy)?,
Hy, = —B(dydy + dad3 + d3dy),

Hy,=C.
This gives the equation claimed in Theorem 1.4.5

Ho(t;d) A2 + Hy(t;d) A+ Ho(t; d) = 0. (2.4.1)

Two alternative approaches of recovering the polynomial H above are described

in [KR17].

Proposition 2.4.2. The identity (2.4.1) above is independent from the identities

(1.4.1)=(1.4.4) coming from the classical index theorems.

Proof. Suppose we have the value of the spectra {(tg,dy)} for k = 1,2,3 of some
vector field v € V,. The Euler-Jacobi relations allow us to solve for (t4,ds). Let
us denote by o;(A) the j-th elementary symmetric polynomial on A = (A1, A2, A3).
The Camacho-Sad relation tells us that o;(A) = 1, and the Baum-Bott equation
implies that

72(A) =t

) _;Jk +9. (2.4.2)

Note that this information is not enough to determine the value of A. In fact, there

is a one dimensional family of numbers A that satisfy o;(A) = 1 and Z;Ei; equals

the right hand side of (2.4.2).

Let us now take into account the hidden identity (2.4.1). This equation allows

us to solve for A = o3()), up to a finite ambiguity coming from the two possible
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roots of the equation. For each possible value of o3(\), we can recover the value
of o3(\) from (2.4.2). Having specified the values of o1()),02()\),03(\), we can

recover the exact value of A1, Ao, A3, up to permutations of the numbering.

Taking into account the hidden relation allows us to recover the whole extended
spectra of v, up to finite ambiguity. In fact, we don’t know if we recovered the
extended spectra of v or of its twin, but this would have been impossible without

the new relation. We conclude that (2.4.1) is independent from (1.4.1)—(1.4.4). O

Propositions 2.4.1 and 2.4.2 conclude the proof of Theorem 1.4.5.

2.4.2 Index theory

The study of indices and index theorems has been fundamental in the development
of and geometry and topology. Theorems like the Poincaré-Hopf index theorem,
the Gauss-Bonnet theorem or the Lefschetz fixed-point theorem are a few impor-
tant examples. These local-to-global theorems, which relate the local behavior of
some geometric object around “special” points to some global invariant (usually

measured in some cohomology space) are indeed powerful and fascinating.

The theorems we previously knew that relate the extended spectra of a poly-
nomial vector field are of all this type, where a sum of local contributions (an
index) taken over all singular points equals a fixed number that depends only on
the degree of the vector field. The indices in question can be computed as residues
of meromorphic forms, or as localizations of certain characteristic classes (see for

example [Suw98]).

It was proved in [Raml6c| that all four classical relations can be realized as
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particular cases of the so-called Woods Hole trace formula, also known as the
Atiyah-Bott fizved point theorem (a generalization of the Lefschetz fixed point the-
orem due to Atiyah and Bott in the complex analytic case, and to Verdier in the
algebraic case), and it was expected that the missing hidden relation would also
be of this type. This is not the case. As it will be shown in this section, there are
no more index theorems that relate the extended spectra other than those which

can derived from the classical ones.

An index is a number we can coherently assign to each isolated singularity of
a vector field, foliation, space or map. This index should only depend on the local
behavior of our geometric object around such singular point. Moreover, this index

should be invariant under analytic changes of coordinates.

We know from Poincaré that a complex hyperbolic singularity of a planar vector
field is analytically linearizable (since in dimension two a hyperbolic spectrum
always lies on the Poincaré domain). Analytic invariance of the index implies that

the index cannot depend on anything but the spectra.

Remark 2.4.3. An index theorem for generic polynomial vector fields of degree n

on C? should be such that the local-to-global equation is of the following form:

n? n+1

> indez (v, pi) + Y indg(F,, w;) = L(n),

k=1 j=1
where indez (v, px) is a rational function on the spectrum of the linearization matrix
Du(py), indz(Fy, w;) is a rational function on the characteristic number Aj, of the

singularity at infinity wy, and L(n) is a number that depends only on the degree

n of the vector field.

Note that in particular the above equation may be rewritten as
R(t;d) =r(N), (2.4.3)
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where R is a rational function on the finite spectra {(¢,dx)}, and r is a rational
symmetric function on the characteristic numbers at infinity {\;}. Note that

indeed the classical relations (1.4.1)—(1.4.4) are all of this form.

2.4.3 Lack of new index theorems

We prove here Theorem 1.4.6, which claims that there are no rational functions R
and r that come from an index theorem as in Remark 2.4.3, other than the ones

that can be derived from the classical identities.

The strategy is the following: we are going to show first that the finite spectra
(t1,d1), ..., (ts,ds) may only satisfy those relations that can be derived from the
two Euler-Jacobi relations. In this way, if the function r in (2.4.3) is constant, then
the equation R(t;d) = r follows from Euler-Jacobi. It is straight forward to see
that, conversely, if R is constant then (2.4.3) follows from Camacho-Sad. Assume
neither R nor r are constant. Every pair of twin vector fields v and v" define the
same spectra {(tg, dg)} yet different triple of characteristic numbers A and \’. An
identity such as (2.4.3) thus imposes a non-trivial equation r(A) = r(\"). The proof

will be completed by studying the space X defined as the affine closure of the set
{(/\7 N) € C°®| 3 twins v,v" with characteristic numbers \, X} :

We shall prove that any equation on X of the form r(A) = r(\') can be deduced

from the Baum-Bott theorem.

Lemma 2.4.1. Any identity of the form R(t;d) = 0 which holds for every quadratic
vector field with non-degenerate singularities follows from the Euler-Jacobi rela-

tions (2.1.1), (2.1.2).
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Proof. As pointed out in Lemma 2.2.1, the first Euler-Jacobi relation (2.1.1) can
be used to solve for d4 in terms of dy,ds,ds, and then the second relation (2.1.2)
used to solve for t4 in terms of ¢;,dy, ..., t3,ds. Therefore we may write R(t;d) =

R(ty,...,ds), for some rational function R on CS.

It can be easily shown that the projection of the image of the moduli map
Im M C C% x C on the first component C° is dense. This implies that the map

Spec: V, — C° that assigns to a generic vector field the spectra (t1,dy, ..., t3,d3)

is a dominant map (this is also proved in [Ram16a]). This implies that there are no
non-trivial polynomials that vanish on every tuple (¢1,ds, ..., t3,ds). In particular,
R = 0 for every generic vector field v implies R = 0. O

Let X be the variety defined as the affine closure of the set of triples (\, ') € C°
such that there exist twin vector fields v, v’ realizing the characteristic numbers at

infinity A and X, respectively.

Note that any pair (A, \') coming from twin vector fields must satisfy the equa-
tion imposed by the Camacho-Sad theorem: o1(A) = o1(\) = 1. Moreover, be-
cause v and v’ are twins, the contribution of the Baum-Bott indices of the singu-
larities of v and v’ over the affine part is the same. Hence, also the contribution

of the singular points at infinity must agree. From (2.4.2) it follows that

0'2()\) 0‘2()\/)
o) = 00 (2.4.4)

The next lemma shows that X is characterized by these three equations.

Lemma 2.4.2. The variety X defined above is the irreducible three-dimensional

affine variety defined by the prime ideal

I'=(01(A) = 1, 01(X) = 1, 02(A)os(N) — 02(N)as(A)) € C[A, .
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Let us postpone the proof of the above lemma and carry on with Theorem

1.4.6.

Proof of Theorem 1.4.6. Suppose we are given a pair of rational functions (R, 1)
satisfying the hypotheses of Theorem 1.4.6. By definition of X, there exists a
Zariski dense subset U of X where every pair (A, \') actually comes from the
characteristic numbers at infinity of a pair of twin vector fields v and v’. For any
such pair, we must have that r(\) = r(\') since, v and v' being twins, we have
R(t;d) = R(t';d’). Since the set U is dense in X, we conclude that r(\) = ()
for every (A, \) € X.

Using the fact that r is a symmetric function, we can rewrite it as a rational
function on the elementary symmetric polynomials oy, 09, 03. Since o1 = 1, we
may further write it as a function on o9 and o3 alone. For convenience, let us

g2

introduce the variables s = o9, ¢ = o In this way we have a function 7(s, q)

defined by

r(A) =7(s,q), 5 = 09, q:@.
03

Finally, note that, by Lemma 2.4.2, those tuples (s, q, s',¢') that satisfy ¢ = ¢/
correspond to pairs (A, \') € X, and we know that any point in X satisfies 7(s, q) =
7(s’,¢'). In this way, we have produced a rational function 7 on two variables that
satisfies

7(s,q) =7(s',¢') whenever ¢=¢.

This implies that 7 does not depend on s and thus we conclude that r(A) = f(22),

for some rational function f.

If f is a constant function, then R(t;d) = f imposes a relation among the finite

spectra (t; d), which must reduce to the Euler-Jacobi relations. But even if f is not
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constant, substituting o3 /03 by the right hand side of (2.4.2) we obtain a relation
4 t2
Rt;d)—f{=>_ 2 +9]=0.
j=1 d;
J
By Lemma 2.4.1 the above relation follows from the Fuler-Jacobi relations. [

Proof of Lemma 2.4.2. Let Y be the affine subvariety of C® defined by the ideal
I=(o1(N)—1, 01(N)—1, o2(N)a3(N)—0o2(N)o3(A)). Clearly we have that X C Y.
It is straightforward to verify that the variety Y is irreducible and 3-dimensional.
The main content of this lemma is that X has also dimension 3. This is a non-
trivial fact and it is proved below. Once it has been established, irreducibility of

Y implies that X =Y.

Recall that we have found in Theorem 1.4.5 that the product of characteristic

numbers A = o3(\) satisfies a quadratic equation
Hy(t;d) A* + Hy(t;d) A+ Hy(t;d) = 0.

Given a pair (A, \') coming from twin vector fields, we have that o3(\) and o3(\')
are the two roots of the above equation. In virtue of this, we can recover the

coefficients of the hidden relation from o3(\) and o3()\’) as follows:

o, a3(A)az(N),
H, ,
E = —0'3()\) — 0'3()\ )

Consider the rational map ®: C® --- C3 given as follows:

Hy H; 4 ¢2
Blag, ... a5) = |20, 22 =3 4 g
(a()a 7@5) (H27H27 = dj+ )

where the expressions for t;,d; in terms of the a; are the ones given in Lemma
2.3.2. It can be easily checked by a computer that the generic rank of the map ®

is equal to 3.
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Finally, note that ® factors through X, since it can be written as

®(ag, ..., a5) = (Ug()\)ag()\’), —a3(N\) — a3(N),

The value of the third component is unambiguous since we have equality (2.4.4).
Since the generic rank of ® is 3 and ® factors through X, we conclude that X is

at least 3-dimensional, in particular X =Y. O
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CHAPTER 3
THE HOLONOMY GROUP AT INFINITY

3.1 Introduction

This whole chapter is devoted to proving the following theorem:

Theorem 3.1.1. Let F € Ay be a generic foliation and suppose its holonomy
group at infinity is analytically conjugate to the holonomy group Ofﬁ € Ay. There

exists an affine map on C2 that conjugates F to F.

This is just a rephrasing of Theorem 1.4.2, since analytically equivalent foli-
ations necessarily have analytically conjugate holonomy groups. In virtue of the
topological rigidity of non-solvable holonomy groups, the above theorem also im-
plies Theorem 1.4.3, which claims that foliations that are topologically equivalent

over CP? are in fact affine equivalent over C2.

We may say even more. Note that if two quadratic vector fields on C? are
orbitally topologically equivalent, it need not be true that the induced foliations
on CP? are topologically equivalent, since the linking homeomorphism need not
extend to the line at infinity. However, if the singularities at infinity are hyperbolic,
it can be proved that such linking homeomorphism takes the separatrix set of the
former foliation onto the separatrix set of the latter one (cf. [TMS13]). Once this
has been established we may carry out with no problem an argument by Marin
which guarantees that, even though the homeomorphism need not extend to the
infinite line, the holonomy groups at infinity are still conjugated (see Theorem A

in [Mar03]). We obtain the following result.
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Corollary 3.1.1. Two generic quadratic vector fields on C* are orbitally topolog-

ically equivalent if and only if they are orbitally affine equivalent.

3.1.1 Genericity assumptions

In order to prove Theorem 3.1.1 we shall consider exclusively foliations from the

class A, that satisfy the generic properties listed below.

(i) The holonomy group at infinity is non-solvable,
(ii) The characteristic numbers A;, A2, Az of the singular points at infinity are
pairwise different and do not belong to the set %Z U iZ U %Z,
(iii) The commutator of the two holonomy maps corresponding to the standard
generators of the fundamental group of the infinite leaf belongs to the class
of parabolic germs with non-zero quadratic term (see Remark 3.2.1 in Sub-

section 3.2.1).

Moreover, there is an additional technical requirement needed to prove Theorem
3.1.1. In Section 3.3.3 we shall construct a dense Zariski open set U C Ay and

assume
(iv) Foliation F belongs to the set U.

In order to prove Corollary 3.1.1 we must further assume that the characteristic
numbers A\;, Ay, A3 are non-real (i.e. the singularities on the line at infinity are

hyperbolic). However, this last condition is not needed to prove Theorem 3.1.1.

The genericity of conditions (ii) and (iv) is obvious. Condition (iii) also defines
a complex Zariski open set in Ay (cf. [Shc84]). Genericity of (i) is proved in [Shc84]

for polynomial foliations of arbitrary degree. For quadratic vector fields we know
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an even stronger result:

Theorem 3.1.2 ([Pya06]). Let A = (A1, A2, A3) be such that Ay + Xy + A3 = 1.
Denote by By the set of foliations in Ay with characteristic numbers at infinity
A1, A2, Ag. Assume that Re A\; > Re Ay > Re A3. Then, if A\;, \y ¢ %Z U iZ, there
exist at least one and at most ten orbits of the group Aff(2,C) in By whose points

correspond to equations with non-commutative solvable holonomy group at infinity.

Moreover, for any A, foliations in B, with commutative holonomy group at
infinity fall into seven families which are explicitly described in [Pya06]. In par-
ticular, it follows from such description (see also Theorem 1 in [Pya00]) that for
A = (A1, Ag, A3) satisfying assumption (ii) above there exist exactly two orbits of
the group Aff(2,C) in B, corresponding to equations with a commutative holon-

omy group.

Throughout this text we will also assume that we have once and for all num-

bered the singular points at infinity of any given foliation in such a way that

Re )\1 ZRQ )\2 zRe )\3.

3.2 Structure of the chapter

3.2.1 Ideas behind the proof of Theorem 3.1.1

Any foliation F € A, is induced, in a neighborhood of the line at infinity {z = 0},

by a rational differential equation

dz  zP(z,w)
TARRERTR (3.2.1)
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such that Q|.,—¢ is not identically zero. In fact, the roots of r(w) = Q(0,w)
determine the position of the singular points at infinity which from now on will
be assumed, without loss of generality, to be given by w; = —1, wy, = 1 and
w3 = 0o. Under this assumption the polynomial r(w) := Q(0,w) may be chosen

to be r(w) = w? — 1.

In Section 3.4 we will normalize the above equation using the action of the
group Aff(2,C). This normalization was originally introduced in [Pya00]. Any
normalized foliation is uniquely defined by five complex parameters: the charac-
teristic numbers Aq, Ay and three more parameters ag, a1, s € C. We will write
F = F(\, a) whenever we wish to emphasize that F is defined by the parameters
A= (A1, A2) and a = (g, ag, az).

Let us also consider the solution ®(z,w) of equation (3.2.1) with initial condi-
tion ®(z,0) = z and expand it as a power series in z using the variations ¢4 of the

solution z = 0 in the following way:

O(z,w) = i_o: wa(w) 2°.

The variations ¢q(w) are defined in a neighborhood of the origin and can be an-
alytically continued along any path on L£r. Moreover, the holonomy map A, (z)

with respect to a given loop v € m(Lx,0) is given by the power series
A,Y(Z) = gOl{,y}(O) Z+ 902{7}(0) 22 +..., (3.2.2)
where 47,3 denotes the analytic continuation of ¢4 along the curve 7.

Note that the fundamental group of the leaf Lz = C\ {—1,1} is a free group

on two generators.

Definition 3.2.1. Let p; and ps be loops in Lz based at the origin which go
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around the singular points w = —1 and w = 1 respectively, once in the positive

direction. We call these loops the standard geometric generators of m(Lx,0).

Now, consider the commutators

M= popapy iyt and vy = papipg py, (3.2.3)

and let fi, fo be the holonomy maps corresponding to the above loops, this is,

fi=4A,,7 =12 We call this germs distinguished parabolic germs; they play a

0
key role in this paper.
Remark 3.2.1. Genericity assumption (iii) in Subsection 3.1.1 can be translated to

requiring that the distinguished parabolic germ

fl = [Aun Auz]

has a non-zero quadratic term.

Suppose F € A, is topologically equivalent to F (A, ). The genericity as-
sumptions imposed on these foliations imply that both F and F have the same
characteristic numbers at infinity and so we may write F=7F (A, B), where [ is
some triple of complex numbers § = (5o, 51, f3). Define f] to be the holonomy
map of F along ;. The topological conjugacy gives raise to a conformal germ
h € Diff(C,0) and a geometric automorphism H, of m;(Lx,0) which conjugate the

holonomy groups as in Definition 1.3.3.

Remark 3.2.2. It follows from [Ram14] that the geometric automorphism H, may
always be assumed to be the identity map. We therefore conclude the existence of

a germ h € Diff(C, 0) such that

hofj—fioh=0, j=12 (3.2.4)
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Because of the above, from now on we will always assume that any given analytic
conjugacy between holonomy groups is given by some germ h € Diff(C,0) and
the identity automorphism of the fundamental group of Lz. In [Raml4] such
a conjugacy is called strong analytic equivalence. However, since we will always

assume H, = id, we shall not use this term.

The essence of the proof of Theorem 3.1.1 may be summarized as follows:
If the holonomy groups of F and F are analytically conjugate then there exits
h € Diff(C, 0) such that (3.2.4) holds. We can compute the first terms in the power
series expansions of the distinguished parabolic germs in terms of the parameters \,
a and [ as explicit iterated integrals using the variation equations of the differential
equation (3.2.1) with respect to the solution z = 0. We also expand h as a power
series with unknown coefficients and substitute all these series into equation (3.2.4)

to obtain an expression of the form

hofj—fjohzz:%wzd,
d=1

for j = 1 and j = 2. Equating each x4 ; to zero should impose some conditions
on the parameter . However, since we do not know the coefficients in the power

series expansion of A, we must consider, for each d, the system of equations
Rd1 = 0, Rdg2 = 0. (325)

A careful analysis of such a system will allow us to compute the coefficient of degree
d — 1 in the power series of h and at the same time obtain a concrete condition
imposed on the parameter 5 by (3.2.5). We do this for d = 3,4,5,6. We will
first obtain conditions imposed on [ expressed in terms of the vanishing of certain
integrals. Even though these conditions are polynomial in 3, the coefficient of

such polynomials are transcendental functions on A and «. A crucial step in the
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proof of Theorem 3.1.1 is that we are actually able to translate these conditions
into algebraic ones. This is done using a Lemma 3.2.2) which is proved in [Pya00].
We lastly prove that for generic A and « the polynomial system of equations we
obtain has a unique solution given by 5 = a. This proves that these normalized
foliations having conjugate holonomy groups are in fact one and the same. This
shows in particular that two foliations, not necessarily normalized, with conjugate
holonomy groups must be affine equivalent. Moreover, in order to obtain such
affine map taking one foliation into the other we consider first the affine maps
taking each foliation to its normal form and compose one of these maps with the

inverse of the other.

The proof outlined above is carried out in a series of lemmas whose formal

statements are given below.

3.2.2 Three fundamental lemmas

The most elaborate part of the proof of Theorem 3.1.1 is to obtain explicit con-
ditions imposed on 3 by the conjugacy of the holonomy groups of F(\, «) and

F (A, ). We do this following closely the constructions presented in [Pya06].

Key Lemma. For d = 3,4,5,6 there exists a polynomial Py(w), whose coeffi-
cients are polynomials in [3, such that the ezistence of a germ h € Diff(C,0) that

conjugates the holonomy groups of F(\, &) and F (X, B) up to jets of order d implies

[yl leq(;;j o1 (w)* ! dw = 0. (3.2.6)

In the lemma above ¢;(w) is the first variation of the solution z = 0 of equa-

tion (3.2.1) and r(w) = w? — 1. Before proving this lemma it is necessary to
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obtain explicit expressions for the coefficients in the power series expansions of the

distinguished parabolic germs. These computations are carried out in Section 3.5.

Remark 3.2.3. Note that the vanishing of the integral in the Key lemma imposes
one linear condition on the coefficients of the polynomial P;(w). The polynomials
Pij(w) do depend on the foliation F (A, «). In fact, the coefficients of these poly-
nomials depend polynomially on o and rationally on A\. The main content of the
next lemma is that, in virtue of Lemma 3.2.2, the linear condition imposed on
the coefficients of P,; by the vanishing of the integral is not trivial. This implies
rightaway that such condition is a polynomial condition on the parameters 5. This

is discussed in detail in Subsection 3.3.2.

Main Lemma. For d = 3,4,5,6 there exists a non-zero polynomial F; € C[f]
such that the ezistence of a germ h € Diff(C,0) that conjugates the holonomy
groups of F(A\, ) and F(X, ) up to jets of order d implies Fy(3) = 0.

Suppose now that F(A, «) and F (A, §) have conjugate holonomy groups. The

above lemma implies that 3 € C? satisfies the polynomial system of equations

F5(8) =0, ..., Fs(8) =0. (3.2.7)

This is a system of four equations on three variables. Generically such a system
will have no solutions at all. However, because of the defining property of F; we
see that § = « will always be a solution. The proof of Theorem 3.1.1 is completed

by the following lemma.

Elimination Lemma. There exists a non-empty Zariski open set U C C° such

that if (A\,«) € U then the polynomial system (3.2.7) has a unique solution given

by B = a.
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3.2.3 Two lemmas about integrals

The following lemmas were proved and used by Pyartli in [Pya00] and [Pya06].

They play a major role in our proof and will be used frequently.

Recall that v, and 7, have been defined to be the commutators v, = pofi1 gty "y "
and vy = piop iy ey ® where gy, pg are standard geometric generators of the fun-

damental group of the punctured line C\ {1, —1}.

Lemma 3.2.1. Let P(w) be a polynomial and let ((w) = (14+w)* (1 —w)"* where

uy, ug are complex numbers and ((0) = 1. Then

/ P(w)¢(w) dw = (1 + exp (27 wy)) / P(w)¢(w) dw.
Y2 71

The proof of this lemma is straightforward: we decompose the loops 71, 7, into
pieces and write down each integral as a sum of integrals along these pieces to

verify that the equality holds.

The next lemma is the fundamental step for deducing the Main lemma from

the Key lemma.

Lemma 3.2.2. Let ((w) = (1+w)"'(1—w)*2, ((0) =1, uy,us ¢ Z, r(w) = w?—1
and P(w) a polynomial of degree at most m. The equality [ P(w){(w)dw =0
holds if and only if there exists a constant C' € C and a polynomial R(w) of degree

at most max (m — 1, —2 — Re (uy + ug)) such that

In this paper we will only use the above lemma in situations where the inequality

m —1 > —2 — Re (u3 + uz2) holds; so that, if it exists, R;(w) will have degree at
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most m — 1. Note that both the vanishing of the integral and the existence of R(w)
impose one non-trivial linear condition on the coefficients of the polynomial P(w).
Clearly the existence of such an R implies the vanishing of the integral since we
are integrating along the commutator loop v, and so (;,,3(0) = ¢(0) = 1. This
implies that both linear conditions are equivalent. A detailed proof can be found

in [Pya00] and the escence of the proof is discussed in Section 3.3.2.

Recall that we have numbered the singular points at infinity of F in such a way

that Re Ay > Re Ay > Re \;. It follows from the fact that A\; + Ay + A3 = 1 that
Re A1 + Re Ay > 2/3, (3.2.8)

This remark will be frequently used as a complement to Lemma 3.2.2. In Section
3.6 we will apply Lemma 3.2.2 to integrals of the form (3.2.6) taking u; = (d—1)\;—
d, for d = 3,4,5,6. In order to use Lemma 3.2.2 we require u; ¢ Z. This is one of
the instances where it is important that genericity assumption \; ¢ %Z U iZ U %Z

holds.

3.3 Sketch of the proofs

3.3.1 Key lemma: the strategy

Suppose there exists a germ h € Diff(C,0) that s the holonomy groups of F =
F(\ «) and F=F (A, 8). We expand the distinguished parabolic germs in power

series

fj(Z) = z+a2j22+a3j23—|—. sy fj(Z) = Z+C~L2j22+(Nl3jZ3+. cey j = 1,2, (331)
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as well as the germ h,
h(z) = hyz + hoz® 4+ ha2® + . ...

Note that the first variations satisfy ¢; = @1, since these functions are completely

determined by A. Throughout this work we will omit the tilde on ¢.

The coefficients aq; are computed in Section 3.5 in terms of the parameters \

and «. In particular, it will be shown that

1
i =ag; = | —pi(t)dt, j=1,2 3.3.2
A2 a2 " ’I“(t) 901( ) y ) ( )
The Key lemma for degree d = 3 will be easily deduced from the fact that
equation (3.3.2) holds, which in turn is a direct consequence of the particular
normal form (3.4.1) that we shall be using. Furthermore, it will be shown that

the equality as; = ao; forces the germ h to be parabolic; that is, h; = 1. The Key

lemma for all higher degrees is proved following a strategy which we now present.

Suppose we have computed all the coefficients ho, ..., hg_s in terms of A\, a, (.
Since the germs f;, fj and h are parabolic, the coefficient of degree d in the power

series expansion of ho f; — f] o h is of the form

(o fy— F0h)(0) = (ha+ ag) — @y +ha) 4. =ag—ag+ ..., (333)
where the multiple dots denote those terms that depend only on ay;, ax; and hy
with & < d. Since ho f; — f] o h = 0, the above equation yields an expression for
Qg — ag; in terms of ayj, ar; and hy with £k = 2,...,d — 1. On the other hand, we
have explicit formulas for the coefficients aq;, and thus for a4 — a4, from Section
3.5 (cf. Propositions 3.5.1 to 3.5.5). We equate this formula for a4 — ag to the

formula we deduced from (3.3.3). This method yields an equation involving the

index 7 and thus by making 7 = 1 and j = 2 we obtain a system of two equations.
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A priori, it is not at all clear what conditions this system of equations imposes on
the parameter 3. The fundamental fact about this system, proved in Section 3.6,

is that it can be simplified to take the form
a2jcd+Idj:07 j:1)27

where ay; is as in (3.3.2), Cq is an expression involving the coefficients ho, ..., hg_1
that does not depend on the index j, Zy = f,yj % 041 dw, and P, is a polynomial
which will be computed explicitly. The Key lemma for degree d is completed by

the following proposition.

Proposition 3.3.1. Let d > 3. If \; ¢ 2557 and the polynomial Py(w) satisfies a

system of equations of the form

a0 Ci+Zyn =0

a99Cq+ Ly =0 (334)
where Cq is a complex number,
Pa(w) d—1
Ty = / dw, 3.3.5
dj " T(W)d SOl(w) w ( )
and ay; is as in (3.3.2) then
Cd - Idj = 0

Proof. We can regard (3.3.4) as a linear system on three unknowns: Cy, Zy and Zgs.
Note that the integrand that appears in (3.3.5) can be rewritten as Py(w)((w),

where

Ga(w) = r(;)dwl(w)d_l = (1 + w) DN — qp)d=Dre=d

since ¢ (w) = (14+w)* (1 —w)*? (cf. expression (3.4.4) and the variation equation

(3.4.3)). Applying Lemma 3.2.1 we can express Zgo as a scalar multiple of Zy,
Lop = (1 + Vil_l)zdh vy = exp (2m’ )\1).
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Since ay; is given in terms of the integral in (3.3.2), Lemma 3.2.1 also implies that
ase = (14 11) ag.
In this way system (3.3.4) becomes
ag Cqg +Za = 0,
(1+v1)ag Ca+ (1 4+ 1Ty =0, (3.3.6)
whose unknowns are C; and Z;;. The determinant of this linear system is

21 1
= CL211/1(V?72 — 1),
<1+V1) 21 1+V{l_1

which is not zero. Indeed, {2 # 1 since v; = exp (27i A;) and \; ¢ 57, and by

our genericity assumptions as; # 0. This implies that Z;y = 0and Cy=0. O O

Note that the fact that Z;; = 0 proves the Key lemma for degree d since the
expression for Z; given in (3.3.5) coincides with the lefthand side of (3.2.6) in the
Key lemma. On the other hand, C; is given in terms of hs, ... hys_1 and so the fact
that Cy = 0 allows us to find an expression for the coefficient hy_;. In this way we
are able to repeat the process now for degree d + 1. That is, at every step d we

will prove the Key lemma for degree d and compute hy_q.

3.3.2 Deducing Main lemma from Key lemma

As pointed out in Remark 3.2.3, the equation

P,
/ —5@‘{!_1 dw =0 (3.3.7)
nr
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imposes one linear condition on the coefficients of the polynomial P,;(w). Since
these coefficients are polynomials on 3, we need only prove that this linear condi-
tion is non-trivial to conclude the Main Lemma. We prove this fact using Lemma
3.2.2. Indeed, Lemma 3.2.2 claims that equation (3.3.7) is equivalent to the exis-

tence of a polynomial Ry(w) such that

WPy g,  Ra(w) d—1
/0 i dt_r(w)d—l o1(w)* "+ C.

This means that

Rq(w) i) _ Palw)
()

r(w)*
on the other hand a short computation shows that

(), ) - Tl (4= o) = )t

r(w)d-1 1 r(w)d ()™

where s(w) = A (w — 1) + Ao(w + 1) and we have taken into account the fact that

1 satisfies the variation equation (3.4.3). This implies that
Py=Rpr+(d—1)(s —1")Ry. (3.3.8)

We will see in Subsection 3.7.1 that the polynomials P, have degree 2(d — 1) and
that deg Ry < deg P; — 1. This fact, together with equation (3.3.8), implies that
the linear condition imposed on the coefficients of P,;(w) by equation (3.3.7) is

non-trivial. The Main Lemma now follows immediately.

Remark 3.3.1. In Subsection 3.7.2 we will explain how to obtain explicit expressions
for the polynomials R4(w) and Fy(f) in terms of the coefficients of the polynomials

P;(w). These will be later needed in order to prove the Elimination Lemma.
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3.3.3 The Elimination lemma

The last step in the proof of Theorem 3.1.1 is to prove that the system

has no solutions other than = «. This is done taking resultants of the polynomi-
als Fy with respect to successive variables (35, 81, 8y. Consider for the time being
the parameters A\, a to be fixed, thus the coefficients of of the polynomials Fy are

also fixed complex numbers.

Recall that if f(z) = apz™+...+a, and g(z) = bpx™ +. ..+ b, are polynomials

in  with coefficients in some field F, the resultant of f and g is defined to be
Res, (f(2), g(x)) = ag'bg [ [(wi — vy),
2%

where u; and v; are the roots of f(z) and g(z), respectively, in F. The resultant can
be defined for polynomials over any commutative ring. Over an integral domain
it has the fundamental property that Res,(f(x),g(z)) = 0 if and only if f(z) and

g(x) have a common factor of positive degree.

We will first take several resultants of the polynomials F; with respect to Ss.
Second, we take resultants of these previously obtained resultants with respect to
(1. The final step has a twist; if we take now a last resultant with respect to g
we are guaranteed to get 0, since 5§ = « is a solution to system (3.2.7). We avoid
this by dividing one of these resultants by the linear polynomial 5y — ay. More

precisely, let us define

Res; (5o, 1) = Resg, (Fa(Bo. 81, B2), F (Bo, B, 2) ) j=14,56,
Res?(ﬂo) = Resg, (Res}l(ﬁo, b1), Res;(ﬁo, 51)), j=5,6,

Res; = Resg, (Resg(ﬁo)/(ﬁo — ), Resg(ﬁo)).

47



Note that as long as we fix @ and A we have that
Res} e Clbo, b1, Res? € Clfo], Res; € C.

Proposition 3.3.2. If Resg # 0 then any solution (ug,uq,us) of the polynomial

system (3.2.7) satisfies uy = ay.

Proof. Suppose on the contrary that Resg # 0 but (ug, u1, us) is a solution of (3.2.7)
such that ug # ap. Note that Fs(ug, u1, B2) and Fj(ug, uq, f2) have a common root

Po = uy for any j = 4,5,6 and so

0= Res,@g (Fg(U(),Ul, 52)7 F}(“Oa ul?ﬁ?)) = Res}(u()aul)a J = 47 57 6.

In particular Res}(ug, 51) has a common root, #; = u, with both Rest (ug, 51) and
Resg(uo, 31). We deduce that ResZ(ug) = 0 and Resg(ug) = 0. Now, since ug # ay
it is still true that Resz(fo)/(Bo — o) and Resg(3) have By = ug as a common

root; in particular, Resg = 0, a contradiction. O O

We would like to be able to guarantee that Resg is never zero, no matter the
choice of A and «. This need not be true. However, we can guarantee that for
almost every choice of A and « the resultant Resj, is not zero. Indeed, as mentioned
in Remark 3.2.3, the coefficients of the polynomials F; depend polynomially on «
and rationally on A. In this way, if we allow o and A to vary, the coefficients of
F; belong to the ring C()\)[a], in particular Resi € C(\)[a]. Let us thus introduce
the notation Resj(), ). If Resg(), ) is not identically zero then the union of its
divisors of zeroes and poles defines a proper algebraic subset of affine space C®.
The complement U of this algebraic set is a Zariski-open subset of C® with the
property that for any (A, a) € U we have Resj(\,a) # 0. Finally we will prove
that Resj(\, a) #Z 0 by exhibiting an explicit point (\,a) € C?, given in (3.7.3),

for which Res; does not vanish.
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The above argument shows that if F = F(\, a) and F = F(), 8) have mon-
odromy groups, then we must have oy = fy. The polynomial F3(3) is linear and
Fy(p) is linear on (31, B2 yet quadratic on fFy. However, if we replace [y by ag we
obtain a linear system on (31, fo (this is verified by direct inspection of the poly-
nomials F3 and Fy whose explicit expression can be found in the the appendix of
the arXiv version of [Ram16b]. The proof of the Elimination lemma is completed

by the following proposition.

Proposition 3.3.3. The pair of equations

Fg(Ozo, 51, 52) = O, F4(O{(), 61, 52) = 07 (339)

forms a linear inhomogeneous system on [y and By. Its determinant is a non-zero
element of C(\)[a] and therefore for almost every (A, a) € C° the system has a

unique solution which is necessarily given by

51 = Qq, 52 = Q.

The proof of this proposition is discussed in Subsection 3.7.3. Propositions

3.3.2 and 3.3.3 together imply the Elimination lemma.

Remark 3.3.2. In the proof of the Main lemma and Key lemma all computations

are carried out in terms of the rational functions K;(w) defined by the formula

dz z P(z,w)
dw — Qz,w) ZKd ’

whose explicit dependence on (A, ) is not provided until Section 3.7. This has been
done to avoid excessively large expressions and make the proof more transparent.
However, in order to prove the Elimination lemma (more precisely, that the final
resultant Resj and the determinant of (3.3.9) do not vanish identically) we do

need to compute expressions for the polynomials Fj; in terms of the parameters
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A, a, B explicitly. Obtaining these expressions and evaluating the resultant Resg
and the determinant of (3.3.9) at a particular point has been done with computer
assistance. This procedure is discussed in Section 3.7 and the program script can

be found in the appendix to the arXiv version of [Ram16b].

3.4 Definitions and normalizations

A foliation F € A, has three singular points at infinity. These can be brought to
any other three different points on the infinite line by the action of the affine group
of C?. We wish to normalize a foliation in such a way that the singular points are
given by w; = —1, wy = 1 and ws = oo in coordinates (z,w) = (1/z, y/x). If
the characteristic numbers are pairwise different we can do this unambiguously by
numbering the singular points in such a way that Re A\; > Re Ay > Re A3 and if

Re A\; = Re A; then Im A\; > Im A; provided 7 < j.

Since the characteristic numbers are not integer numbers it follows from [Pya00]
that we can find an affine change of coordinates such that in the chart (z,w) the

foliation is induced by

dz s(w)(1 + apz) + Kz + nz?

dw r(w)(1+ apoz) + p(w)z?’

where r(w) = w? — 1, s(w) = A\ (w—1)+ Xg(w+1), p(w) = ay(w—1)+as(w+1),

O':/\1+)\2 aIld’I']:OZ1+Oé2.

It follows from [Pya06] that if A;, A2 ¢ Z then the parameter x above is non-zero,
provided that the germ f; constructed in Definition 3.2.1 as the commutator of the
holonomy maps along the standard geometric generators has non-zero quadratic

part. Moreover, if k # 0 we can further normalize the above equation in such a
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way that x = 1. By one of our genericity hypotheses, f; has a non-trivial quadratic
part and moreover this property also holds for any foliation whose holonomy group
is analytically conjugate to that of F. Therefore all foliations considered in this
work may be normalized in such a way that k = 1. We arrive to the following

normal form:
dz s(w)(1+ agz) + z +nz?
—_— =z
dw r(w)(1+ agoz) + p(w)z?

(3.4.1)

In this way any generic foliation F € A, is uniquely defined by five complex
parameters: A1, Ag, g, a1, az. We write F = F (A, @) to emphasize this fact. In
what follows F will denote a foliation from A, whose holonomy group at infinity is
analytically equivalent to that of F. We deduce from such conjugacy and from the
non-solvability of the holonomy groups that F has the same characteristic numbers

at infinity. Therefore we may write F = F (), B) where 3 € C3.

Let us denote the right hand side of (3.4.1) by ¥(z,w). The rational function

U has a power series expansion with respect to z of the form
U(z,w) = Kq(w) 2*, (3.4.2)
d=1

where K} is a rational function in w. Since ¥(0,w) has denominator r(w) we can
expect that the rational functions K4(w) to have r(w) to some power as denomina-
tor. We will see in Proposition 3.4.2 that this is in fact the case and that moreover

such power can always be taken to be equal to d.

In particular the first coefficient K;(w) is the rational function

S(UJ) )\1 )\2

Kl(w):r(w):w+1+w—1'

The first variation of the solution z = 0 to equation (3.4.1) satisfies the linear

equation
dpr

T Ki(w) g1, ¢1(0) =1, (3.4.3)
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and so

o1(w) = (1 +w)M (1 —w)*2, 1 (0) =1. (3.4.4)
The higher variations ¢4, d > 2, satisfy an inhomogeneous linear equation whose
associate homogeneous equation is (3.4.3):

d
% = Ki(w) pq + ba(w), ¢a(0) = 0.

Let us write By(t) = ¢1(t) ' byg(t) so that the solution to the above equation is
given by

palw) = er(w) [ Balt) .
Let us define ¢4(w) = [y’ Ba(t) dt and call these functions the reduced variations.
In this way ¢4 = @1¢4. The non-linear terms b;(w) are well known for an equation
of the form (3.2.1). The following proposition gives an explicit expression for

By = 1" by
Proposition 3.4.1. The functions By defined above are given by the following
formulas:

By = Ky,

By = 2Ks2001 + K37,

By = Ky(2¢301 + d501) + 3K3d207 + Ky,

Bs = 2K5(pap1 + 3dapr) + 3K3(dspl + 9507) + 4Kagogi + Kspl,

Bs = K5 (20501 + 2040001 + ¢301) + K3(3047 + 60302071 + d507)

+ Ky(4¢3¢07 + 6¢3¢07) + 5K5¢001 + Kol

In order to compute the reduced variations ¢q(w) = [;" By dt it will be conve-
nient to split each of the rational functions K4(w) into two pieces, one of these a
scalar multiple of K;(w). Computations are simplified since, in virtue of (3.4.3),

we can compute explicitly an integral of the form [;" K;¢!" dt.
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Definition 3.4.1. Given a rational differential equation d—z = U(z,w) normalized
w

as in (3.4.1) we define the rational function

s(w)(1 + apz)

Clzw) = Zr(w)(l + poz)’

where s(w), r(w), o are as in (3.4.1). We also define S(z,w) by the formula
U(z,w) =C(z,w) + S(z,w). (3.4.5)
Remark 3.4.1. Tt is proved in [Pya00] that a foliation given by

d
ﬁ = C(z,w),

with C'(z,w) as above has a commutative holonomy group. This holonomy group

is in fact linearizable but it is not linear unless oy = 0.

Note that

Clz,w) = Ki(w)d(z),
where 9(z) is the rational function 9(z) = z(1 + ap2)(1 + apoz) L.

Proposition 3.4.2. The splitting of ¥(z,w) given in equation (3.4.5) implies that
for each d > 1,

Sa(w)
r(w)®’

where the polynomials Sq(w) are given by the formula

Ky(w) = cqg Ky (w) + (3.4.6)

S(z,w) = O_O f?f;;]g 2

and the constants cq are given by ¥(z) = 52, cqz®.

Explicit expressions for ¢y and Sy in terms of the parameters A and « are given

at the beginning of Section 3.7.
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Remark 3.4.2. We have expanded the distinguished parabolic germs in power series
fi(2) = 2+ ag2® +azz® + ...

According to (3.2.2) we have ag = @agy,;3(0), and we also know that ¢1,,3(0) =1
since the loops 71, 72 are commutators. The equality s = p1¢4 implies that in

fact
QAgj = ¢d{w}(0)'

This fact will be used in the next section when computing the coefficients ag;.

3.5 Analysis of the power series expansion of the distin-
guished parabolic germs f;

In this section we compute the coefficients ag4; in the power series expansion of the

distinguished parabolic germ f;. These computations follow very closely computa-

tions carried out in [Pya06]. However, in [Pya06] it is assumed that the holonomy

group at infinity of the foliation in question is solvable, and thus several simplifi-

cations take place. The computations provided here are completely general.

3.5.1 Analysis of the terms of low degree

Proposition 3.5.1. The reduced second variation is given by

pa(w) = cap1(w) — 1) + tha(w),

where




and ¢y, Sy are as in Proposition 3.4.2. In particular we have

SQ(U))

r(w)?

Clgj = ng with ij = / (,01(11)) d'LU, ] = 1,2
o7
Proof. The reduced variation is given by ¢o(w) =[5’ Bz dt. It follows from Propo-

sition 3.4.1 and equation (3.4.6) that

5(1)

outu) = [ Koyt = [ (camiio)+ 20 iy,

r(t)?
Note that
w w d
| KW tdt= [t = pyw) - 1,
0 o dt
and so
w Gy (¢
aw) = exr(w) = 1) + [ 20 )
as claimed. O

Proposition 3.5.2. The reduced third variation is given by

(w)? — 1

6a(w) = ()01 () + e T + (),
where
w Ss(t) 2
= t)“ dt
vsu) = [ ey dr
and cs3, Sz are as in Proposition 3.4.2. In particular
. S3(w .
asz; = agj + ng with 1/}3]' = / L??Qpl(U))Z dw, ] = 1,2
7 (W)

Proof. By Proposition 3.4.1 we have that ¢3 is given by

/ Bgdt:Z/ K2¢2gpldt—|—/ Ka? dt.
0 0 0

The first integral on the right-hand side can be easily computed:

Ly

w w w d
/ Koty dt = / By dt = / 292 b dt = 2.
0 0 o dt 2
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For the second integral we split K3 according to (3.4.6):

w 9 w 9 w Sg 9 30% -1
/ K3g01 dt = 03/ K1901 dt+/ —= ¥ dt:Cg +w3
0 0 o 73 2

Adding up both integrals gives the desired result. O]

3.5.2 Analysis of the terms of higher degree

For degrees higher than the third we shall not need an explicit expression for the

reduced variation ¢4(w), so we focus only on the coefficient aqj = dag,,3(0).
We stress that for any given exponent n we have

Kiptdw=0, j7=1,2,

Vi

since % = K1 and ¢14,,3(0) = ¢1(0) = 1.

Proposition 3.5.3. The coefficient of degree 4 in the power series expansion of

fj is given by

C
3 3
CL4j = 2a3ja2j — a2j + §a2j — Czng + Alj + ’l/}4j,

where

and the polynomial q4(w) is defined to be
qu(w) = Sy(w) + c2S3(w)r(w) — = Sy(w)r(w)?,

with the terms cq, Sq as in Proposition 3.4.2.
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Proof. By Proposition 3.4.1 we know that a4; is given by

a4 = s Bydw = 2H,; + Hyj + 3Hs; + Hyj, (3.5.1)
where
Hlj = L Ky¢301 dw, sz = L K2¢3901 dw,
Hy = | Ks¢27 dw, Hy= | Ky} dw.

We now proceed to compute these integrals. It is straight forward that Hy; =

f%_ By¢2 dw, hence

I 1,
Hy; = L <3¢2) dw = 3%2j°

Note that H; = fw Bs¢s dw, so integration by parts yields

d
C;b;¢3 dw = a3ja2; — Bg¢2 dw.
Vi Vi

Using the expression for B3 provided in Proposition 3.4.1 we see that

2
Hlj = a3ja2j — 2 KQQONZS% dw — Kggbggé?? dw = agjagj — gag — ng.
¥j ¥j
Equation (3.5.1) becomes
Q45 = 2a3ja2j — a;’j + H3j + H4j- (352)
We split K3 using equation (3.4.6), thus

_ 2 Ss 2

ng = 03K1¢2Q01 dw + g¢2§01 dw. (353)

¥j ¥j

By Proposition 3.5.1 we have ¢9 = co(¢1 — 1) +1) therefore the first of the integrals

above is given by

/ cs K (ca(pr — 1) + hg) 3 dw = / c3 K127 duw,
y .

Vi

57



since

7.

i
Note that integration by parts yields

1 ! C3 0*382
(290%) Yo dw = §a2j — /7 27“2 gp?l’ dw.

J

Kot dw = C3/

Vi Vi

On the other hand, the last integral in (3.5.3) is given by

S. 2! S
/7 7,3(62(901 — 1) + )¢ dw-[y i;)@?dW—@L 390161 +/ %Sﬁdw
25,
= 13390:1)’ — cothg + Ay
i

Therefore

25 S
H3j = 9CLQJ‘ / 2 3d +/ CQ 3 3dw CQ1/)3+A1J‘.

Lastly, splitting K according to equation (3.4.6) we get

H4j - /
~j

J

S S
<C4K1 + r:) ©F dw = /7 T—:gozf dw.

J

Substituting the above expressions for Hs; and Hy; in (3.5.2) and taking into
account that we have defined ¢4 = Sy + 25351 — %3527’2 we obtain the desired

expression for ay;. O

Proposition 3.5.4. The coefficient of degree 5 in the power series expansion of

fj is given by

c 2¢cy — c3C
4 3 92 4 302
+

_ 2
a5j = 2@4]‘@2]' + — 4a3ja2j + §a2j E%j Ta%

2
9%3j

-+ C%l/)gj — 2CQ¢4j — 202A1j -+ Agj + 2P1j + ¢5j,

901( )3 dwa
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V55 = L o) o1(w)* dw,

5 r(w)

and the polynomial gs(w) is defined to be

ot

2
s = 55 + 262547" + 63537’2 — §(C4 + 0302)527’3

with the terms cq, Sq as in Proposition 3.4.2.

Proof. According to Proposition 3.4.1 we know that as; is given by
P54,1(0) = . Bs dw = 211 + 21y + 3135 + 3145 + 4155 + I, (3.5.4)
where
Lj; = L Kyp491 dw, Iy = /7 Ky¢3¢201 dw, I3; = A K3¢3<P1 dw,

J J J

I4] K3¢2901 15] = K4¢2§0:1') dw, [6 Kg,gﬁl dw

i Y Vi

The first integrals are computed as follows:

12/
y

1 1
(563) éndu = s, — 5 [ Bust

1 1 1
= Sagjay; — 5 | 2Ky¢501 dw — K3¢2901
2 2/, 2

1, 1, 1

1
I3 = / (K397)p3 dw = / (B3 — 2K2¢2p1) 93 dw = §a§j — 21y
.

i Vs
1

1
_ 2 2 -4 )

2

/ i dw = Qy4;Q25 — / B4(b2 dw
dw o7
= Q45005 — L (2K2¢3¢2901 + K1 + 3K3¢507 + K4¢290?) dw

= a4ja2j — 2[2]' — — 3[4j — [5]'

1
192

= Q4;Q25 — CL3JCL2] + 4a2j 2]4] ] .
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Therefore equation (3.5.4) becomes

3
CLQJ + ]4] + 2]5] + Iﬁj (355)

as; = 2a45a25 + 5

2a3j 4a3]a2] +
Next we break K3 according to (3.4.6), so Ij; = [, (% + C3K1) d3p3 dw. Now,

using Proposition 3.5.1 we get

SB 2 9 S3
/7703 ] dw [/T (ca(ipr — 1) + b2) %2 dw

S
= | Z(cet — 208 + 1) + 202(0} — P22 + V3p}) dw

v T
Let us group under a same integral those terms having the same exponent on ¢y,

S
/7. et dw =

23 —2¢285 + 2¢5,8
2 330‘11‘dw—|—/ €303 + 2Co szgo?dw

J Vi 7/'3 Vi TB
353 — 2¢5S S,
+/ 3 = 200550 SoUs s (3.5.6)
¥ ri
On the other hand,
/ sl g7 dw = 03/ < > @3 dw = 23ag] / Bagapt duw.
i i v

The last integral above is given by f%‘ Kypop? dw = f%_ (% + czKl) oo’ dw.

S S
/ = ot dw = / Z(calpr — 1) + 1)l dw
v; T v; T

J J

r2

_ 0252 4d +/ —c255 + Sy 3d
Vi

Vi
and

L

J

2 K120} dw = /

Vi

e Ki(ca(pr — 1) + 12) i} dw = 02/ Ko dw.

Vi
The last equality follows from the fact that f Ki(¢t — ©3) dw = 0. The integral

on the right-hand side above can be integrated by parts to obtain

1 ! 1 S
[ (8 vt == St
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We conclude that

¢ C3C 30255 — 3.5
/ 03K1¢380%dw: gagj — %CLQJ‘—F/ 3+202 . 3 2w2<,pi’dw
K Vi r
— 263055
*A, S eldw, (3.5.7)
J

We proceed in a similar way to compute 2/5; = 2 fw (% + c4K1) ¢2<,pif dw. By

Proposition 3.5.1, ¢o = ca(p1 — 1) 4 19, so

¢2g01 - is4 1 dw +2/ W@?dw. (3.5.8)

Vi Vi Vi

On the other hand,

1 ! 2¢ 2¢
2 c4K1¢2g0:f dw = 204/ (gpi’) O dw = —4a2j — 4/ ngol dw
¥

v v \3

2 —2¢,S
_ %@ﬁ/ 39072 1 g, (3.5.9)
v,

J

since By = (% + chl) 1 and [ Ko} dw = 0.
Lastly, note that writing K5 = % + ¢5 K1 immediately yields

/ 55 14 (3.5.10)

J

The formula claimed for as; is obtained by combining equations (3.5.5) to
(3.5.10). Indeed, substituting in (3.5.5) the expressions found in (3.5.6) - (3.5.10)

yields

c 2cy — cacC
4 3 92 4 302
+ _—

3
a5]~ = 2a4ja2j =+ §a§j — 4@3]'(13]- + ian 5% 3 @23‘ + Egj + Egj + E4j,

where we have grouped all integrals containing ¢; to the k-th power in a single
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integral Ej; given by the following expressions:

B — / C%Sg — 2C253w2 + Sg¢§
2 =
y

3 o1 dw = c3hyj — 2c2A15 + Ao,

gpi’ dw

/ —205537' + 0362527"2 — 2CQS4 + (202537' — 03527’2 -+ 254)w2
gl r

— 2
Coqs + Q41/)2(p;1), duw

" = —20045 + 217y,

I
—

<8

38517 — 2¢3¢2901% 4 26284 — 24553 + S5,
] dw
5

&
Il
—

<0

ds
5§0411 dw = ¢5]

I
Q\

This is exactly the expression claimed by Proposition 3.5.4. [

Proposition 3.5.5. The coefficient of degree 6 in the power series expansion of

fj is given by

ag; = 2055025 + 3a4;a3; — 4a4ja2j 5a3]agj + 7a3Ja2] 2@21

c C3C 3¢ C4C 2 ey
o N Ch D el B e L

C C C3C C
- £¢§j + <4 + . Cg) s + <—23 + 303) Alj — 362A2j + Agj + A(l,l)j

2 3 3
C
+ <_23 + 30%) ¢4j — 602F1j + ?)ng + F(071)j — 302¢5j + 3B1j + ¢6j'
where
3 S3 5
Agj = / @ZJQ A(1,1)]' = / 3 Uoth37 dw,
% v T
- 44 3
Iy; = ¢2S01 F(O,l)j = / l P37 dw,
'YJ 'Yj
gs
By; = 5 ﬁ%@i‘ dw, Yej = Lj 6 7 dw,

and the polynomial qs(w) is defined to be

s = S6 + 302557' + <023 + 3Cg> 547“2 + < 3 + % +c ) 537’

N <_305 _ 3acy cj B 30;;0%) Sy

with the terms cq, Sq as in Proposition 3.4.2.
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Proof. According to Proposition 3.4.1, ag; is given by

QZSG{W}(O) = BG dw

Vi

= 2J1j + 2J2j + Jgj + 3J4j + 6J5j + Jﬁj + 4<]7j + 6J8j + 5J9j + Jlgj,

where

Jij =/ Kopsprdw, — Jy; :/ Ky¢apoprdw, — Js5 = / Kadiir dw,
el 7y i

J J J

Jy = | Kspupidw, Js;= | Ksbsdopidw, Joj= | Ksdppidw
v Vi K

Jrj= | Kugspidw, Jy= | Kipypidw Jo = | Ks¢apidu,
Vi Vi K
7

Let us compute some of these integrals. First, define Jy; = f%_ Koyp3¢3o1 dw.

Taking into account the expression for B, presented in Proposition 3.4.1, we have

1
Joj = / ( ¢2) Gy dw = @43012] 5/ By dw
Vi Vi
1
2

1 1 3
asjaz; — Joj — —a3;

Joj — = Js

) 10°% " 2

Similarly, taking into account the expression found for Bs; we obtain
Jlj = By¢s dw = 552 —/ Bs o dw
Vi i
= (15]'&2]' — 2J2j — 2J0j — 3J5j — 3J6j — 418]’ — Jgj

o — 3J5j — 3J8j — Jgj.

_ 2
= a5ja2j — a4ja2j + 5a2j

We also have

Jgj :/
i

J

Bag? dw = a2,a5; — 2/ Bsss dw = ayaz; — 4Jo; — 255,
Vi

and

J4j :/
Vi

J

(B3 — 2K5¢201) s dw = agjas; — / Bygs dw — 2J5;
.

J

= a4ja3j — 2J3] - JO] - 3<]5] - J7j - 2J2.7
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Taking into account the expressions for Js; and Jy; above we obtain

1
5CL23 + 9J0j + J5J + 3J6] - J7j + Jgj

Jij = agjazj — a4ja2] 2a3]a2j +

We conclude that

— 2 2 5
A5 = 2a5j&2j + 3a4ja3j — 4a4ja2j — 5a3]-&2j + SCL2J-

Note that Jo; = f, (163) dsdw = Lagad; — § [, Bs¢$dw and [, Bag}dw =

243, 4 Jg;. This shows that

1, 2. 1

We arrive to the following formula for ag;,

ag; = 2a5;a25 + 3asjaz; — 4a4]a2j 5a3]agj + 7G3J(12] 2a2j

+ Jsj + J7j + 2Jg5 + 3Jg; + Jio;. (3.5.11)

Let us now compute Js; = fwj K3b3020% dw. We split K3 according to (3.4.6)

and write Js5; = Jéjl-) + Jé?), where

S
Jégl‘) :/ 7§¢3¢2¢% dw, Jé? Z/ 3 K1¢3207 dw.
Vi 7.

i
Note first that using Proposition 3.5.1 and Proposition 3.5.2 we can write ¢3@op?

as

(Cg(ﬁ —2p1+1)+ ;C?,(SD — 1) 4+ 2ca(p1 — 1)) + wz =+ %) (02(901 -1)+ wz)@%,

therefore we obtain

1
¢3¢2901 = 02(90 - 3901 + 3901 801) + 20302(90 901 90? + 90%)

1
+ 3631t — 201 + 1)t + 5ol — D) + 3Pl —D)Ys (35.12)

+ Y307 + (0 — ©1)Us + Ysthae].
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We substitute the above expression for ¢3¢,p? in Jéjl.) and regroup under the same

integral those terms having the same power of ¢; to obtain
3,1
1 (62 + §C302)Sg 5
']5j - A r3 ¥1 dw

(—303 — %C362)53 + (30% —+ %63)53¢2 4
] dw

Vi 3
(3¢5 — 3e3¢2) S5 — 6¢3S3102 4 32 S5105 + 25313
Vi 3
(=3 + 2c300) S5 + (363 — Se3) S50
Vi 3
N —3¢y531)5 + S5 ; oS35 + S31h31bo
r

+

©? dw (3.5.13)

©? dw.
We shall simplify only one of the above terms: Note that

Sy di 1
/w 2 dw = o, /%- Z Sy dw = — el

We thus obtain

1 e+ Legen)S
T = e +/ (6 F gsa) 5 22 2) 2% dw
V5 r

(—30% — 56302)53 + (30% + %Cg)SgL/JQ 4

+ ] dw (3.5.14)

Vi 3
. / (33 — 1c3¢2) S5 — 6¢3S51bs + 3255105 + 2S5ty
Y5 3
_ B 1 S 2 _ 1 S
+/ ( 02 + 2C302) 3 + (302 203) 32/12
. 3
L —3c2 55105 + S35 — 2 S51by + S3hsids

r3

gpf dw

o7 dw.
For computing JS-) = f%_ c3K1d3020% dw we also substitute the expression for

b3¢920? found in (3.5.12). Splitting the integral into individual terms, we get

expressions of the form f%_ K 5wboh dw. For each of these terms we use one of
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the following integration by parts formulas:

S 1 S S S—
K1¢290]f dw = Eazj k’ : 2 1%01f+1 dw,

Vi

K7 dw = ng ws "2 duw, (3.5.15)

V5 ]‘5
2 _ 53 4
Ky31pop] dw = §¢3ja2j - 5 g ﬁ%% dw — %% dw,

L

J

or the fact that f%_ K108 dw = 0. After regrouping we obtain an expression

1 1 1 1 1 1
2
Jéj) = 563a§j - 5636261% + (—gcg + Zc;;c%)czgj + 503w3ja2j — 66302¢3j
(—ic2 — 3¢3¢2)Syr — LeseySs
+ ) 83 4 27“3 3 @i’ dw,
i
20362501 + Le309S5 — 203¢9S919r — L3S
+/ 3C502 5C3Ca03 332 212 5C3 3w2<plfdw, (3.5.16)
Vi r
(ic% - %(330%)52 + 3c3c2521)9 — 303527?% — %(33521?3 3
+ 2 o7 dw.
Vi

Note that by Proposition 3.5.2, J; = [, Ki(¢3 + Te3(? — 1) + )¢ dw.
Regrouping we get Jr; = [ Ky (0393 — 2c39f + 39} + 2espl) dw. Since the

integral Jg; is defined to be [ K303 dw we see that

S 1 1
Jr; = Jgj + (7“;1 + C4K1> <—20380? + ¢39‘7:15 + 20390?> dw.
Vi

=

Expanding the above product and using the integration by parts formula (3.5.15)

we obtain

¢} dw. (3.5.17)

%0334 — %04537“ 8 dw—i—/ —%0354 + Syts
rd ! 5

1
Jrj = J8j+§c4¢3j+ L

Vi J

Now, let us also split Jg; = [ Kidsp} dw as Jg; = Jgj + Jsj with
(1) S 5 3 (2) 23
1y = [ Sedtan, I = [ akigeldw
Y ¥

2
Expanding and substituting ¢2 = (CQ(gOl - 1)+ wg) into the above expressions we
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obtain

rd

0254 —20254 + 202541/12
Jé;):[y-i‘l gp‘i’dw+[y_ : o1 dw

J

28, — 2¢,8 Syt3
+/ C504 Cy ;sz‘F 4% gp?dw, (3518)
v r
1 1 —Leie08
Jg) = gc4a§j ~ gCac2ae; + L % i dw
2 2
2610955 — 2¢48
+/ 2c40o 2T2304 212 o duw. (3.5.19)
¥j

For the last integrals Jy; and Jio; we proceed in an analogous way. We obtain

2S5 — 155513 —c9S5 + S
Joj = “esan, + 205 ?, 502 o dw + Co 5—5F 512 oldw,  (3.5.20)
4 ¥j r %) r
Joi = [ 25s5a
105 = % Y1 aw. (3521)
v T
If we now substitute in (3.5.11) the expressions we have found for Jy;, ..., Jig;

given by equations (3.5.14) to (3.5.21), we obtain

_ 2 2 3 5
ag; = 2as;jaz; + 3a45a3; — 4agjay; — dagz;ag; + Tazjas; — 2a,;

c3 5 c3C2\ o 3c5  C4Co c§ 6303 C3

+ gt (=5 (4_2_8 g v
1 c c3C

— §C2’lp§j + <?:1 - 362) ng -+ D2j + ng + D4j + D5j,

where we have grouped all integrals containing } into a single expression Dy;.

This expressions are given explicitly below.

(—c3 4 3¢3¢2) S5 + (363 — 303)S312 — 3255105 + Ssibs + Sashs
ng = /Y 7‘3 ©1 dw

1 1
= (—Cg + 56302)77/]3]' + (36% — 563)A1j — 362A2j + Agj + A(l,l)j-
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Recall that g4 = Sy + 2531 — 503527“2. We have:

(3¢5 — 3¢3)(Sa + caS3r — 5¢35o1°) — 6ca(Ss + caSar — 33 Sar®)¢hy
Dsj = /y A oy dw
3(S4 + 2531 — 503527’2)1&3 + (S4 + 2557 — 503527“2)1% \
* / 4 o] dw
i

1
= (303 — 503)2/}4]' — 6C2F1j + 3F2j + F(O,l)j’

Recall also that g5 = S5 + 22847 + 3551 — 2(c4 + ¢3¢2)Sor®. Thus,

b —3cy (S5 + 2¢9 Sy + 353r% — %(64 + 0302)527‘3)
-
7

e 30‘11 dw

J

w1 dw

3 (55 + 202547" + C%Sg?“z — %(04 -+ 0302>52T3> lZJQ
+f
Y 7”5

= —3catP55 + 3By

Lastly, we obtain

Se + 3caS5 + (%c;:, + 303) Sar? + (—%04 + e300 + c%) Sqr3
De: — ° dw
5j 6 %0]_
Vi r

(—%C5 — 30402 — %c% — %cgcg) Syrd
+ /
7.

5
7,,6 ¥1 dw7

J

which is exactly g;, by definition of gg(w).

In this way we obtain exactly the expression claimed by Proposition 3.5.5,

hence concluding its proof. m

3.6 Proof of the Key lemma

We now proceed to prove the Key lemma. Let us consider now a normalized folia-

tion F whose holonomy group at infinity is analytically conjugate to the holonomy
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group of F. The genericity assumptions imposed on F and the way we have nor-
malized imply that both foliations have the same characteristic numbers at infinity
at the same singular points. Therefore if F = F(\, a), we may write F = F(\, §).
For every object we have defined for foliation F we define the analogous object
for F and denote it by the same symbol with a tilde on top. In particular f; and
f> denote the corresponding distinguished parabolic germs which are defined as
the holonomy maps along the same loops 7; and 75 from Definition 3.2.1. By the
conjugacy of the holonomy groups, and in virtue of Remark 3.2.2, there exists a

conformal germ h € Diff(C, 0) such that

hofj—fioh=0, j=1,2. (3.6.1)

We reemphasize that the idea of the Key lemma is to show that the above
equation imposes certain conditions on the parameter . We do this by proving
the existence of polynomials P,;(w), whose coefficients depend on A, o and 3, with

the property that if equation (3.6.1) holds up to jets of order d then

[ o

We will first compare the terms of degree 2 in equation (3.6.1) and prove that
the normal form (3.4.1) that we have chosen forces the germ h to be parabolic.
The Key lemma for degree d = 3 will be a corollary of this fact. Once we have
done this we will prove the Key lemma for higher degrees, one degree at the time,

following the strategy explained in Subsection 3.3.1.

3.6.1 Comparison of the terms of low degree

We start with an important observation about the normal form (3.4.1).
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Proposition 3.6.1. The polynomial Sy(w) defined in Proposition 3.4.2 by the

property Ky = co Ky + %2 is exactly Sy(w) = r(w). In particular the function

w w ]
@/)Q(w) = / 72()01 dt = / —1 dt
o T o T

depends only on the characteristic numbers A1, Ao and not on the parameter o, and

s0 we have y(w) = Yo (w).

This proposition is proved by just expanding F'(z,w) in a power series and
computing the quadratic coefficient K5. We omit the proof here since we shall give

explicit expression for all the terms S; and ¢, at the begining of Section 3.7.

Proposition 3.6.2. If h € Diff(C,0) conjugates the holonomy groups of F and F
then h is necessarily a parabolic germ and its quadratic coefficient hy = %h”(O) is

given by hy = ¢y — co, with co, ¢ as in Proposition 3.4.2

Proof. 1f the germ h conjugates the holonomy groups it conjugates the distin-
guished parabolic germs, which by genericity hypothesis have non-zero quadratic
part. By Proposition 3.5.1 the quadratic coefficient in the power series of f; is
azj = 19, and by Proposition 3.6.1 ¢9(w) depends only on the characteristic num-
bers A1, Ag. This implies that as; = ag;. Any germ that conjugates two parabolic
germs with equal non-zero quadratic part must be parabolic itself, hence h is

parabolic.

We now prove the second claim. This is the only instance in this paper where
we will consider holonomy maps other than the distinguished parabolic germs.
Choose any holonomy map A, that is not parabolic (for example, choose v = p,
a standard geometric generator) and consider its power series expansion: A, =

©1(41(0) 2 + 21,3 (0) 22 + O(2*). We also consider the corresponding power series
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expansion for AW. Taking into account that ¢; = ¢, an easy computation shows

that ho A, — Aw o h has a power series expansion of the form

(1£221(0) = Bag} (0) + hapr (4 (0) (123 (0) — 1)) 2” + O(=%),

which implies
By — ¢2{7}(0) - 902{y}(0)
5 =
©1{73(0)(p1111(0) — 1)

since ho A, — AW oh = 0. Now, we use the relation ¢y = ¢1¢9 and Proposition

3.5.1 to simplify the numerator. Taking into account that 1, (w) = s (w), we get

that hg = 62 — Co. ]

We remark that the fact that h is forced to be parabolic depends strongly on
the fact that both F and F have been normalized as in (3.4.1). Without this

normalization the above proposition need not hold.

In virtue of the above proposition we may write
h(z) =2+ hgt.
d=2
Proposition 3.6.3. Define Ps(w) = Ss(w) — Ss(w). If a germ h € Diff(C,0)

conjugates corresponding pairs of distinguished parabolic germs up to 3-jets then

/71 f?g;g o1(w)? dw = 0.

Proof. 1t is easy to check that the commutator of any two parabolic germs is of
the form z + O(z%). This implies that the group of 3-jets of parabolic germs is
commutative, in particular f; and f; have the same 3-jet since ho f; = fj o h and
all these germs are parabolic. This tells us that as; = as; and moreover vs; = ’l;gj

since, by Proposition 3.5.2, as; = agj + 135, and ag; = agj. Recall that we have
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defined 93; = f%, % ©? dw. Hence,

~ S;— S P
0:¢31—¢31:/ - 3 390%dw:/ %@%dw'
T ’\/1T

7

Before moving on to the Key Lemma for degree four, we will use Lemma 3.2.2
to introduce a polynomial R3(w) needed in the next subsection (see Subsection

3.3.2 for the general description of the polynomials Ry(w)).

Proposition 3.6.4. If \j, s ¢ %Z there ezists a polynomial R3(w) such that

[ ety dt = T )~ Ra(0)

Proof. The above proposition is exactly Lemma 3.2.2 with P(w) = P3(w) and
Uj == QAJ — 3. ]

3.6.2 Key lemma for degree four

In Subsection 3.3.1 we have reduced the proof of the Key lemma on degree 4 to

the proof of existence of a polynomial P;(w) and a complex number C, such that
azjCa+Zy; =0, j=1,2,

where Zy; = f%_ % @3 dw. Thus, in order to prove the next proposition we shall
prove the existence of a polynomial P; and a number C, satisfying the above

conditions and cite Proposition 3.3.1.

Proposition 3.6.5. Let Py(w) = Gs(w) — qa(w) — Sa(w)R3(w) with g4(w) as in

Proposition 3.5.3 and Rs(w) as in Proposition 3.6.4. If a germ h € Diff(C,0)
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conjugates corresponding pairs of distinguished parabolic germs up to 4-jets then

i orae=a

Moreover the cubic coefficient in the power series of h is given by

hy = h3 4+ 2

+ R3(0). (3.6.2)

Proof. Taking into account that we know ag; = ag; and as; = as;, a short com-
putation shows that the coefficient of degree 4 in the power series expansion of

ho f; — fj o his given by (hg — h3)ag; — ho(as; — a3;) — daj + agy. This implies

5L4j — Q45 = (hg - hg)CZQj - hQ(CLZSj - agj)a ] = 17 2. (363)

On the other hand, it follows from Proposition 3.5.3 that

C3 — C3
2

as; — (Ga — co)tbs; + Au — Ay + &4;‘ — P4y

(l4j — CL4j =

In the above expression we are using the fact that as; = agj, as; = as; and also

that 153]» = 1)3;. Now, using the fact that gzg(w) = y(w) we see that

< Sy — S
A13'—A1j:/7_ 37’3 3¢2@%dw:/

~j

Py
ﬁwz(ﬂ% dw.
Using Proposition 3.6.4 we can integrate by parts the last integral above to obtain

Alj _Alj :/

R ! R3S
(5’%) Yo dw = R3(0)ag; — / =208 duw, (3.6.4)
v oNT v T
Taking into account that we have defined Py = ¢, — q4 — S2 R3 we see that

C3 —C3
2

. _ P .
Agj — Qg5 = agj — (g — c2)1b3; + R3(0)ay; +/ Tiﬁ dw, j=1,2. (3.6.5)
Vi

We now substitute the right hand side of (3.6.3) into (3.6.5) to obtain an
expression

C3 — ¢ ~
(hs — h3)as; — ho(as; — a3;) = 3 > 3a2j — (82 — ca)bz; + R3(0)ay; +/
7

Py
ﬁgo:f dw.
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Recall that hy = ¢» — ¢o by Proposition 3.6.2, and recall also that as; = agj + 13,
by Proposition 3.5.2, therefore (¢; — ¢3)43; = ha(as; — a3;). The equation above is

thus simplified to

(hg — hg)a@j = (Cg ; “ + R3<0>) (Zgj +/
5

J

Py 4
ﬁgol dw7
which can be rewritten in the form

a2j C4 —+ I4j = O,
where

C3 — C3

2

C, = + R3(0) + h3 — ha,

and

By Proposition 3.3.1 we have
P
241:/ —j:goifdwzo, C4:0
T

This proves the Key lemma for degree four. Note that C; = 0 implies

C3 — C3

hs = h3 + + R3(0).
0
We conclude this subsection by introducing the polynomial R4(w).
Proposition 3.6.6. If \j, \y ¢ %Z there exists a polynomial Ry(w) such that
w P4(t) 3 R4(w) 3
1)’ dt = R4(0).
J) @ e = )+ Ra(0)
Proof. Apply Lemma 3.2.2 with P(w) = Py(w) and u; = 3\, — 4. O
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3.6.3 Key lemma for degree five

We proceed in exactly the same way as we did in the previous subsection.

Proposition 3.6.7. Let Ps(w) = §5(w)—qs(w)—2Ss(w) Ry(w) with the polynomials
gs(w) as in Proposition 3.5.4 and Ry(w) as in Proposition 3.6.6. If a germ h €
Diff(C,0) conjugates corresponding pairs of distinguished parabolic germs up to

5-jets then

L Fy(w) o1(w)* dw = 0.

v r(w)?
Moreover, the coefficient of degree four in the power series expansion of h is given
by

hy = Cy ; Cq B C3Co g C3C2 . R4(0) _ 52R3(0> + 3h3h2 — th -+ C—;hQ (366)

Proof. Taking into account that as; = ag; and az; = as; = agj + 135, a straight-
forward computation shows that the coefficient of degree 5 in the power series
expansion of ho f; — f] o h is given by
— C~l5j —+ as5 — 4h2<6~l4j — a4j) — 2h2a4j —+ 2h2a§j + 3(h3 — h%)agj
-+ <2h4 — 2h3h2 + 2h2w3j)a2j — 3h%w3j (367)

By Proposition 3.5.3,

C
ag; = 2(aj; + 3;)as; — ag; + 53% — ¥z + Ay + Yy,

and equation (3.6.3) implies
Gaj — agj = (hg — h3)as; — hot)s;.
Using the above identities and equating (3.6.7) to zero we obtain
Gs; — az; = 3(hg — h3)ag; + (2hs — 4(hs — h3)hy — 2hghy — 2hat)s; — cshy)as,

+ (h3 + 2coha)bs; — 2halA1; — 2hathy;. (3.6.8)
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On the other hand, we can use Proposition 3.5.4 to compute as; — as;. We use

once more the facts ag; = aqj, as; = as; and 13; = 135, thus

C3— ¢ Cy —C4  C3Cy — C3C
55 — as; = 2(G4j — a4j)a25 + uagj + (2 SR 2> az; (3.6.9)

2 3 3
+ (83 — 3)bs; — 260ty + 209045 — 262015 + 205y (3.6.10)
+ Agj — Agj + 2Ty — 2Ty + 55 — s (3.6.11)

First, note that using the expression found for as; — a4; in (3.6.3) we can rewrite

the right-hand side of (3.6.9) as

Cq C3Cy — C3Co

( (hs = 13) + = C3> a3, + (—2h2¢3j +2C4; - >a2j. (3.6.12)

Now, note that Agj — Nyj = f7 =1 Y2p? dw, and so integration by parts yields

Asj — Doy = Ry(0)a, — A j 2}5"1521/;%0? dw. (3.6.13)

Recall that P, = ¢4 — q4 — 255 R3, therefore

Aoj — Aoy + 2Ty — 2T'y; = R3(0)a3; — 2 ] 52R3zp2 3 dw + QL T4 — BB duw

= R3(0)a3; + 2 3 ﬁwpﬁ dw.
Integrating by parts the last integral we obtain
Lj ilwggp:f dw = —R4(0)ag; — /w R45SZ gp‘f dw.
We conclude that
Agj — Agj + 2Ty — 2T'y; = Ry(0)as; — 2R4(0)as; — / 25;??4 i dw.

Vi
Since we defined Ps = ¢5 —q5 — 2524 and ¢5; = f7 3 ¢} dw we see that expression
(3.6.11) is given by

Ps
Rg(())a%j — 2R4(O)a2j + / 5 901 dw. (3614)

Vi
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Let us now analyse expression (3.6.10). Note that ¢3 — ¢2 = h3 + 2c2hs, since
ha = G — ¢y, therefore the first term in (3.6.10) can be rewritten as (h3 +2c2hs )13,
Next,

—252124]‘ + 2cot45 = —2hothy; — 252(1543‘ — Y4;),
and

—252A1j + QCQAU = _2h2A1j — 262(&1]‘ — Alj)-

We've seen already that Alj — Ay; = R5(0)ag; — I, 520t 5% dw, so taking into
account that 1,; = f%_ 3—3@? dw and Py = G4 — q4 — SaR3 we get that expression

(3.6.10) is given by

- . P,
(h% -+ 202h2)¢3j — 2h2’¢4j — 2h2A1j — 202R3(0)a2j — 202/ 4Q0:1)’ dw,

vy
v T

= (h% + 202h2)w3j — 2h2¢4j — 2h2Alj — 262R3(0)(12j, (3615)

since, according to Proposition 3.6.5, f%_ %(pif dw = 0. Adding up all three expres-
sions (3.6.12), (3.6.14) and (3.6.15), and taking into account that

C3 — C3

hg—hgz 2

+ R3(0),
(which also follows from Proposition 3.6.5) we finally obtain

a5j — Q55 = 3(h3 - h%)agj

Cy — C C3Cy — C3C
+(—2h2¢3j+2 LG Se s 2—234(0)—25233(0)) as;

(3.6.16)

P
+ (h + 2eph2)t)g; = 2ha Ny = 2hatby; + / —Swidw.

0]

We now equate the right hand sides of (3.6.8) and (3.6.16). Note that we can
cancel those terms with agj as well as those terms where ay; does not appear, with

the exception of f%‘ %gp‘f dw. We thus obtain an equation

Q25 C5 +I5j = O,
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c =24 < N S B2 9R.(0) — 263 R5(0) + 6hahy — 4h3 + c3h — 2Dy,

By Proposition 3.3.1,

P,
I51:/ —Sgpi‘dw:(), C5:O
mnT

This proves the Key lemma for degree five. Moreover, it follows from C5 = 0 that

G BB T0%2 b (0) — &Ry (0) + 3hahs — 2h3 + %hQ.

hy = -
! 3 6
Proposition 3.6.7 is now proved. O
We now introduce the polynomial Rs(w).
Proposition 3.6.8. If \j, \y ¢ iZ there exists a polynomial Rs(w) such that
w Ps(t) 4 Rs(w) 4
t)*dt = — R5(0).
/0 T(t)5 901( ) T(U))4 ¥1 5( )
L]

Proof. Apply Lemma 3.2.2 with P(w) = Ps(w) and u; = 4\; — 5.

3.6.4 Key lemma for degree six

Proposition 3.6.9. Let us define
- . 1
Fs =ds — g6 + qaRs5 — §S2R§ — S3Ry — 352 R5,

=

5 and Rs as in Proposition 3.6.8.

with the polynomials qg as in Proposition 3.5.

If a germ h € Diff(C,0) conjugates corresponding pairs of distinguished parabolic

germs up to 6-jets then

J s
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Proof. Let us start by using Proposition 3.5.5 to obtain an expression for ag; — ag;.

Using that as; = ag; and as; = ag; we obtain the following formula for ag; — ag;,

2(&5]‘ — a5j)a2j + 3(d4j — (14]‘)0,3]' — 4(&4]' — a4j)agj (3617)
C3 —C3 . C3C2 — C3Co
+ 5 agj + <c4 — 4 — 2) agj (3.6.18)
355 — 305 5462 — C4Co 62 — C2 6362 — 0362 63 — C3
( 4 - 9 -3 3 3 + 2 4 2 + 9 ng Q2; (3619)
I <C4 G, BT 8% sy c§’> Vs (3.6.20)
2 3 3
+ (—023 + 353) Ay — (—623 + 3c§> Ay (3.6.21)
— 38yAg; + 3205 + Agj — Agj + Ay — Ay, (3.6.22)

+ (—023 + 363) Py — (—623 + 3C§> Yaj — 662f1j + 6col'y; + 3f2j — 3l (3.6.23)

+ T — oy — 362tsj + 3¢atbs; + 3By; — 3By, + the; — Y- (3.6.24)

We now shall rewrite several of the terms in the above expression for ag; — ag;.
For (3.6.17) we can use the expression for ds; — as; found in (3.6.8) and that for
Q4j —aqj from (3.6.3), and write as; = a§j+¢3j. We obtain the following expression

after these substitutions:
5(hs — h3)a3; + (4ha — 12hsh3 + 8h3 — 2cshy — 3hats; ) a3,

+ <3h3’l7b3j — hgng + 462h2’¢)3j — 4h2A1j — 4h2¢4j)agj — 3h2¢§] (3625)

Next, equation (3.6.21) can be rewritten as

C3 —C C A

We have an expression for Aj; — Ay, from equation (3.6.4). Using this, (3.6.21)

becomes

2

_ (_023 v 353) / D21 3 . (3.6.26)
v r

J

(-2 2 +3@ - &) Ay + (—5 +38) RaO)as,
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We also have an expression for Agj — Ay, from (3.6.13), so the first two terms
n (3.6.22) can be rewritten as
—36252j + 362A2j = —3(62 — CQ)AQJ‘ — 362(52]' — Agj)
- . N SRR
—3(02 — CQ)AQJ' — 302R3(0)a§j + 602/ % ’(/JQJ'(,O? dw.
Vi

(3.6.27)

In the same way as we deduced the formulas for Aj; — Ay; and Agj — Ay, we

integrate Agj — Az = f7 3 Y397 dw by parts to obtain

~ SoR
Agj — A3j = R3(0)a§j - S/Y 24 3

V308 dw. (3.6.28)
We now wish to express 5(1,1)]‘ —A(1,1y; in terms of simpler objects. We proceed
as follows. By definition,
< Sy~ - S
A(1,1)]' — A(1,1)j = / % ¢2¢3S0% dw — / % 1/12@@%0% dw,
v T v T

which, taking into account that @ZQ = )9, may be rewritten as

S — S Sy -
[y 3 - 2 by p? dw + y 7“7; Pa (13 — 3) 7 dw. (3.6.29)

j
The first integral in the above equation is given by fv = 3 hyth3t dw, and so inte-

gration by parts yields

SoR S3R
R3(O)a2jw3j —/ 2 31/}3901 / 5 31D2g01 dw. (3630)

Vi Vi

On the other hand, note that

Fa(w) — ba(w) = /0 ’ S ptdt = o1(w)? — Ry(0). (3.6.31)

Thus, the second integral in (3.6.29) can be rewritten as

SsR ~
/ i ’ Yoo} dw — R3(0)Ayq;,
”

J
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since, by definition, Alj =/, §—§ @ggof dw. In fact, taking into account (3.6.36) and

writing Alj = Ay; + R3(0)ag; — f %20 53 duw we obtain that the second integral

7’

in (3.6.29) is given by

SsR SoR
/ i 3 1/}2()01 dw — Rg(O)Alj — R3(0)26L2j + Rg(O) / i4 3 90? dw. (3632)
Vi i
We claim that the following equality holds:
SoR
/ 278 3 dw =y — 1. (3.6.33)
Vi rd

Indeed, by definition, y; = fﬁ{j 4 ¢3 dw and so

7 d1— qa
Vaj — Pay = " o} dw —/ 4901

Vi Vi
since we have defined P, to be exacly P, = ¢4 — q4 — S2R3. But acording to
Proposition 3.6.5 f 4 @3 dw = 0. This proves our claim and so we deduce that

expression (3.6.32), which is the second integral in (3.6.29), equals

/7 Sj’nR?) o} dw — R3(0)A1; — R3(0)%ag; + R3(0)(154j — y;). (3.6.34)

i
Combining the last integral from (3.6.30) and the first one from (3.6.34) into a

single integral we get

/7 —(S 53 Ry wz :/ P3R3 ¢2<P1 dw

e

16, R?
R5(0)%ay, —/ 2
.

J

o} dw. (3.6.35)

N | — [\3\>—t

Combining (3.6.30) and (3.6.34), and taking into account (3.6.35) we obtain the
following final expression:

1 3
Aqj —Appy = (—33(0)@/133‘ - 233(0)2> az; — R3(0)Ar; + R3(0)t)y;

SoRR 15, R?
~ Rs(O0)y; — [ P Pungtdw — [ 2255

6
v T voT

O dw.  (3.6.36)
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Next, we rewrite the first two terms of (3.6.23) as

<—63 ; S 13 - C%)) Y + (—023 + 353) (P45 — tay),

and use equation (3.6.33) to obtain

_ C R
<_ C3 . C3 4 3(E - Cg)) aj + <_C23 + 353) / 53,43 o3 dw. (3.6.37)
e

Similarly,

—662f1j + 602F1j = —6(62 — 02)F1j — 662(f1j — Flj)-

This time we claim

~ SoRR SoRR
Flj - Flj = —R4(0)a2j - /y 305 1 QOle dw +/y j"4 3 1/12(,0? dw. (3638)

i i
Indeed, since Py = ¢4 — g4 — SoR3 and I'y; = fw Z—i a3 dw, we have

SoR
24 3 ot dw.
,

~ P
Flj — Flj = -4 1#%0? dw +
4
v T Yi

The claimed formula is simply obtained by integrating by parts the first integral

on the right-hand side of the above equation. We conclude that

—652f1j + 602F1j = —6(62 — Cg)rlj + 662R4(0)a2j

SaR SoR
+ 62, / 2 Adw — 62, [ 2B B dw.  (3.6.39)
v TP vwo T
The analysis for ngj — 3I'y; is analogous:
~ P Sy R:
3Ty —Ta) =3 [ Sudeldw+3 [ 22 udeldw,
Vi Y

which, after integration by parts of the first integral, becomes

SR
254¢2¢?dw—1—3/
r Vi

SQRg
4

r

3Ty; — 8T, = —3Ry(0)a2, — 6 / V3t dw.  (3.6.40)
Vi
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We now focus on f(o,l)j —T'(0,1);- Let us rewite this expression:

N Gy -
Lo — L) = A "y Y307 dw A — 1#390? dw
J

oo Vi

The first integral in the last expression above is equal to

/

J

SgRg

P
7711 Y308 dw + Y305 dw,

Vi

and integrating by parts the first term gives us

SR
—R4(0)¢3j—/ jf 5 dw +/ 52 3w3¢1dw

Vi

Taking into account formula (3.6.31) we get

Bl 5 duw — Ra(0)idy.

L % (1;3 - ?/13)90? dw =

J Vi

We conclude that

~ SsR
F( i — F(01 = —R4( )¢3j — [y ::«6 4 90? dw + .
R ~
b [ B G~ Ry(0);

g7
The last terms in (3.6.24) are as follows: first,

—38y1s; + eaths; = —3(Ga — ca)bs; — 3¢a(s; — Ps;)

- ~ gs — q
— —3(62 — CQ)’QD5J' — 362 > 7’5 > QO% dw

Vi
- . SoR
— —3(62 — CQ)’QD5J' — 662/ i’5 1 QO% dw,
Vi

since Ps = g5 — q5 — 252 R4 and f £ ot dw = 0. Second,

~ P SoR
3B1j—3B1jI3/ %wg(pildw‘i‘(S/ 254¢2g0‘11dw
i
SoR S. R
= 3R5(O>a2j — 3/ 275 5 d + 6 274 wQQOZiL dw,
Vi ro Vi
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o dw + T—i (V3 — 13) 3 duw.

(3.6.41)

(3.6.42)

(3.6.43)



by a simple integration by parts argument.

Under all these modifications we obtain a new expression for ag;j—ag;. Moreover,
a closer look at the newly found expressions shows that all integrals that appear
in such expressions will cancel each other out except those in which ¢; appears
raised to the sixth power. Indeed, the integral in (3.6.26) is canceled out by the
integral in (3.6.37). Similarly the one in (3.6.27) and the last integral in (3.6.39),
that in (3.6.28) and the last integral in (3.6.40), the first integral in (3.6.36) and
the second one in (3.6.41), the first integral in (3.6.39) and the one in (3.6.42) and
the first integral on (3.6.40) and the last one in (3.6.43) cancel each other out. We

now group all remaining integrals into a single one. We obtain

GiRs — §53R5 — S3Ry — 3S,Rs
7 dw.

Vi 76
But recall that we have defined Ps = §g — ¢ + G4 R3 — %SgR% — S3R4 — 3555 and
Vg = f%_ 4 ¢? dw. Since the expression QZW — 1)g; appears at the end of (3.6.24),

we can group it with the above integral to obtain a term

P -
/7~7“6('01dw'

Note also that the term R3(0)iy; appears in (3.6.36) and (3.6.41) with opposite

signs, so we cancel out these as well.

We finally obtain a new expression for ag; —ag; from equations (3.6.25), (3.6.18),
(3.6.19), (3.6.20), (3.6.26), (3.6.27), (3.6.28), (3.6.36), (3.6.37), (3.6.39), (3.6.40),

(3.6.41), (3.6.42) and (3.6.43) and taking into account the above considerations.
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Formula 1. The difference ags; — ag; is given by the following expression:

5(hs — h3)a3; + (4hs — 12hsh + 8h3 — 2cshy — Bhatby; ) a3; (3.6.44)
+ (Bhats; — h3ths; + dcahotbs; — 4holAyj — Ahatby; ) ag; — Bhat'}, (3.6.45)
e 3 S (54 S L 3 6362) a3, (3.6.46)
N (365 ; 3cs  Galy ; CaCy 2 ; 3 N 303 ; Cc3C3 N s ; Cg%j) t; (3.6.47)
_ 522_02%2,]. + (é‘* 3 Gy B0 3 R cg) s, (3.6.48)
(—53 ; S 3@ - c§)> Ay + (—023 + 3&3) R5(0)as; (3.6.49)
— 3(E2 — ¢2)Agj — 382 R3(0)a3; + Rs(0)as; (3.6.50)
(= R0y — 5 Ra0)2) a2 — Ry(0); — Ba(0)ir (3.6.51)
(—63 ; S 3@ - cg)) Wuj — 6(E — c2)01; + 66 Ry (0)ay; (3.6.52)
— 3R4(0)a3; — R4(0)¢)3; — 3(E2 — c2)ts; + 3Rs5(0)as; (3.6.53)
+ 5 fg o3 dw. (3.6.54)

We now deduce a second expression for ag; — ag;. The coefficient of degree
6 in the power series expansion of h o f; — f] o h is of the form ag; — ag; + . . ..
Let us take into account the formulas for as;, as; and as; found in Proposition
3.5.2, Proposition 3.5.3 and Proposition 3.5.4 respectively. Let us also take into
account that as; = ag;, as; = as; and let us substitute as; and as; by their formulas
implied by equations (3.6.3) and (3.6.8), respectively. Under these considerations
the explicit expression for the coefficient of degree six in ho f; — fj o h may be

easily obtained by a simple computed assisted computation.
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Formula 2. The difference ag; — ag; is also given by the following expression:

— 3hots; + (—hs + 4h3 + 6egha )by — ;hﬂ/}gj (3.6.55)
+ (hg — 2hghy + cohy — 4cohy — 3c5hs)1s; (3.6.56)
— 6hol'yj — 3hoAgj + (—hg + 4h3 + 6cahe) Ay (3.6.57)
+ (= gty + (4hs — 203 + desha)ibs; — 4halAy; )y, (3.6.58)

(3.6.59)

1
+ (3hs — 12hahy — 5h3 — 5Cshs + 28hsh3

— 14h3 + 2c3h3 — 2cahy + cseaha ) ay; (3.6.60)

7
+ (= Bhaths; + Tha — 21hshy + 14h3 — 503112)@; (3.6.61)
+6(hs — h3)a3;. (3.6.62)

We now proceed to compare the two formulas above. We shall see once again
that everything that depends non-trivially on the index j will be canceled out

except for those terms which are a scalar multiple of ay;, and the integral (3.6.54).

Let us start with those terms having agj. For our first formula we have such
terms on expressions (3.6.44), (3.6.46) and (3.6.50), which add up to

C3 — C3

2

(5(h3 —h3) + + Rg(O)) as;.

It follows from (3.6.2) that hy — h3 = 95 4 R3(0), and so the above expression

equals 6(hs — h3) which is exactly (3.6.62); the unique term in Formula 2 having
ag‘]-

Consider now those terms with a3;. Gathering those in Formula 1 from (3.6.44),
(3.6.46), (3.6.50) and (3.6.53) we get

C3Cy — C3C

4h4 — 12h3h§ + 8]73 - 3h2¢3j - 203h2 + 54 — Cq4 — 9

— 38,R3(0) — 3R4(0).
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Using the formula for hy from (3.6.6) we may transform the above expression into
The — 2hghs + 1458 — Leghy — 3h 5
4= 3hg + 2~ 502~ 235 | g,
which is exactly (3.6.61).

Let us consider now those terms that have simultaneously as; and something
else that depends on the index j. Such terms in Formula 1 appear in (3.6.45),

(3.6.47) and (3.6.51). They add up to the following expression:
(Bhatis; — b + dcahatiy; — Ahayy — Aoty + i Rs(0)0s; ) ;.
Substituting hs — h3 instead of ©5% — R3(0), the above turns into
(4hsts; — 2h3s; + deahatds; — 4haldyj — dhathy; ) s,

which agrees with (3.6.58).

Recall that hy = ¢ — ¢o. Those terms having ng are easily seen to cancel
each other out; they are the last term in (3.6.45) and the first one in (3.6.48) for

Formula 1, and the last term in (3.6.55) for Formula 2.

Now, let us consider those terms with a single 13;. In Formula 1 they appear
only in (3.6.48) and (3.6.53), and in Formula 2 they are exactly those terms in
(3.6.56). Let us substitute the hy term in (3.6.56) by the expression given in
(3.6.6). Under this substitution (3.6.56) becomes

— — R4(0) — ¢2R5(0)

Cy —Cyg  C3Cy — C3C
3 6

+ hghg — th + %hQ + Cghg - 402h§ - 3C§h2> 1/}3j. (3663)

According to Proposition 3.6.2 and equation (3.6.2) we have

C3 — C3
2

~ ~2 ~ 2
hQZCQ—CQ h3:C2—26202+02+

+ Ry(0).
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Substituting the above expressions into (3.6.63) yields, after simplification,

<C4 —C4  C3Cy — C3Co
3 3

~ Ri(0) - &+ ) vy,
which matches exactly those terms in Formula 1 having ;.

The term (—hs + 4h3 + 6¢2h2) Ay, in (3.6.57) may be rewritten, after replacing

hs by its formula in (3.6.2), as

<3h§ _G - S _ Ry(0) + 602h2> Auj.

which is easily seen to match those terms with Ay; in (3.6.49) and (3.6.51), once

we replace hy by ¢ — co.

Note that the terms having t4; in (3.6.55) are (—hs + 4h3 + 6caha)tby;. The
coefficient is the same than the coefficient for the A;; term we just analysed, so

the same argument shows that this term cancels out those terms in (3.6.51) and

(3.6.52) having 1)y;.

Taking into account that hy = ¢ — co it is straight forward that those terms
having Agj, I'y; or #5; in Formula 1 will cancel out the corresponding ones in

Formula 2.

We conclude that equating Formula 1 to Formula 2 yields, after simplification,
an equation of the form

a2j Cﬁ + Zﬁj = O,

where

C 365 - 305 6452 — Cy4Co 5§ - Cg 635% — 6363
6 — - -
4 2 8 4

G 1
+ (=5 +38) Ral0) = JRal0)* + 622R4(0) + 35 (0)

1
- 3h5 + 12h4h2 + 5h§ + §C3h3 - 28h3h§ + ]_4h;L - QCghg + 264h2 — CgCQhQ,
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and

I(;j :/ 7680? dw.
7.

i
By Proposition 3.3.1,
P
Ts; :/ S hdw=0, C=0.
v T
This proves the Key lamma for degree six, and completes the proof of Lemma

3.2.2. [

Proposition 3.6.10. If A\, Ay ¢ 7 there exists a polynomial R¢(w) such that

[ et dt = T )+ Ra(0)

Proof. Apply Lemma 3.2.2 with P(w) = Ps(w) and u; = 5\; — 6. O

3.7 Proof of Elimination lemma

We have completed the proof of the Main lemma, which claims the existence of
polynomials Fy, d = 3,...,6, such that if F(\ «) and F(\, ) have conjugate

holonomy groups at infinity then

Fy(B) =0, ..., Fs(8) = 0. (3.7.1)

The Elimination lemma claims that for generic (A, a) € C° the above polynomial
system of equations has a unique solution given by 8 = «. In order to prove such
lemma we need to compute explicit expressions for the polynomials Fj in terms
of the parameters a and A\. We can explicitely construct such polynomials Fj
following the proof of the Key lemma (which is split into Propositions 3.6.3, 3.6.5,

3.6.7, 3.6.9) and the ideas presented in Subsection 3.3.2 (Deducing Main lemma
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from Key lemma). All computations in this section have been carried out using

computer assistance.

Recall that we have defined F(z,w) to be the right hand side of the equation

dz  zP(z,w)
0 (3.7.2)

and that we have defined the rational functions Ky(w) to be the coefficients
F(z,w) =Y Kq(w) 2%
d=1

We replace F'(z,w) by its explicit expression (3.4.1) and expand it into a power
series with respect to z around z = 0. After this, we split each coefficient K,(w)

into
Sd(UJ)
r(w)®’

according to Proposition 3.4.2. We obtain the following expressions for the numbers

Ky(w) = cq Ky (w) +

Cd,

o = op(1 — o), c3 = —ago(l—o), cy = apo*(l — o),

cs = —ayo’(1 — o), ce = agot(l — o),

and for the polynomials S;(w),

Ss(w) = —s(w)p(w)r(w) + (1 — apo)r(w)*

Si(w) = —p(w)r(w)* + ag(20 — 1)s(w)p(w)r(w)* + ago(ags — n)r(w)®

Ss(w) = s(w)p(w)*r(w)* + (2000 — n)p(w)r(w)® + ago(2 - 30)s(w)p(w)r(w)’
+ ago®(n — aoo)r(w)’

Se(w) = p(w)*r(w)® + ao(1 — 30)s(w)p(w)*r(w)* + (2000m — 3a50”)p(w)r(w)"

— apo?(3 — 4o)s(w)p(w)r(w)* + ajo®(ago — n)r(w)®.
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Remark 3.7.1. These computations agree with those presented in [Pya06]. We
remark that it is a consequence of the normal form (3.4.1) we have adopted, that
all the above polynomials are divisible by r(w) to some positive power and that

Ss(w) does not depend on the parameter a (cf. Proposition 3.6.1).

3.7.1 Main lemma revisited

In Subsection 3.3.2 we have proved the Main lemma modulo the auxiliary facts
that

deg Py(w) = 2(d — 1), and deg Ry(w) < deg Py(w) — 1.

It follows from a direct inspection of the expressions found for the polynomials
P,(w) in Propositions 3.6.3, 3.6.5, 3.6.7 and 3.6.9 that for each d = 3,...,6, and
the expressions for Sy(w) above, that the polynomial Py(w) has degree 2(d — 1).

We now show that deg Rq(w) < deg Py(w) — 1 using Lemma 3.2.2.
Proposition 3.7.1. For d = 3,4,5,6, the degree of the polynomials Ry(w) satisfy

deg Ry(w) < deg Py(w) — 1.

Proof. We know that

[ P

and we have defined the polynomials R4(w) by applying Lemma 3.2.2 with P(w) =

Py(w) and w; = (d — 1)A\; — d. Lemma 3.2.2 also implies that
deg Rq(w) < max (deg Py(w) —1, =2 — Re (u; + UQ))

Since Re A\; + Re Ay > 2/3, we conclude that

[GVRIN )

Re(u1 + Ug) Z (d — 1) — Qd,
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and thus

—2 — Re (u; + u2)) < 4d3_ 4.
On the other hand deg Py(w) = 2(d — 1) and
20d—1)—1> Ad =1
for any d > 3. [

3.7.2 Computing the polynomials F}

Now that the Main Lemma has been fully proved we shall explain how to get
explicit expressions for the polynomials Fjy(w). In the next subsection we use

these explicit expressions to prove the Elimination Lemma.

Suppose P;(w) has degree m, and so R;(w) has degree at most m — 1. Let V,,,
Vin_1 denote the vector spaces of polynomials in w of degree at most m and m —1,

respectively. We have seen in Subsection 3.3.2, equation (3.3.8), that
P,;=Rjr+(d—1)(s —1")Ry.
Consider now the linear map
Lq: Viner — Vi, f(w) /= f(w)r(w) + (d = 1)(s(w) = r'(w)) f(w),

where s(w) and r(w) are the polynomials defined in Section 3.4. We prove below
that the map Ly has maximal rank and so its image Lq(V;,_1) is a hyperplane in
V- Any hyperplane is given by the kernel of some (fixed) linear functional Tj.
We have that [ %g@ﬁl_l dt = 0 if and only if P, belongs to the image of Ly, if and

only if T;(P;) = 0. Since the coefficients of P, are polynomials on /3 the expression
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Ty(Py) is also a polynomial on . In this way we have that F,; := Ty(P;) vanishes
if [, Hoftdt=0.
Proposition 3.7.2. The linear map

Lg: Vag 3 — Vag o, fr=fr+d-1)(s—1)f

has, with respect to the standard bases {1,w, ..., w?*=3} and {1,w, ..., w*2}, the

following matrix representation

Ay -1 0o - 0 0 0

By —2d+2 Aqg -2 .- 0 0 0
0 By—2d+3 Ag --- 0 0 0

My = ;
0 0 0 -+ Bg—3 Ay —2d+3
0 0 0o - 0 By —2 Ay
0 0 0o - 0 0 B;—1
where

Ag=(d—=1)(=M + M), By = (d—=1)(A1 + X2).

In particular, if A3 ¢ %Z U iZ U %Z then the linear map Ly has maximal rank

for each d=3,...,6.

Proof. Obtaining the expression for the above matrix is a straightforward com-
putation. Note that if we drop the first row in the above matrix we obtain an
upper-triangular 2(d — 1) x 2(d — 1) matrix whose diagonal entries are of the form
Bi—k=(d—1)(A\1+ X)) —kwith k=1,...,2d — 2. Note moreover that such an

expression may vanish only if

1
Ad3=1—X\ — ]\ — 7.
3 1 2€d—1
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This shows that under our genericity assumptions the matrix My, d = 3,...,6,

has maximal rank. OJ

Remark 3.7.2. Let My be the 2(d — 1) x 2(d — 1) matrix obtained by dropping the
first row of M,. Also, let us denote by Vadg—o C Vag_o the subspace of polynomi-
als without constant term. If we compose the map L, with the natural projection
Vodg—a — f/gd,Q we obtain a linear map f}d: Vag—z — %d,g whose matrix representa-

tion is precisely M. Since My is invertible we conclude that L, is an isomorphism.

In order to compute the polynomials R, and F; we input the expressions for ¢y,
&, Sk(w), Sp(w) and Ry(w) for each k < d. We compute an explicit expression for
the polynomial Py(w) in terms of A, «, # according to the formulas found through-
out Section 3.6. The polynomial R;(w) is the unique preimage of P;(w) under the
linear map Ly. We can compute this preimage by inverting the isomorphism Ly
defined in Remark 3.7.2. Indeed, the projection of P;(w) onto Vaa_s is given by

P;(w) — P4(0) and thus we can find R;(w) by solving the linear equation
La(Ra)(w) = Pa(w) — P4(0) € Vay_s.

Once an expression for Ry(w) has been found we have that L,(Rg)(w) and Py(w)
agree on every monomial of positive degree (i.e. they have the same projections

onto Vag_s). The condition Ly(Ry)(w) = Py(w) is thus reduced to the equation
Li(R4)(0) = Py(0).

The equation F; = Lg(R4)(0) — P4(0) gives us therefore an explicit expression for

F;. Such expressions are quite complicated and so we do not include them here.
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3.7.3 Concluding the Elimination lemma

Recall that we have defined the series of resultants

Res)] (B, 1) = Resg, (F3(Bo, 51, Ba), F(Bo, B, ), j =456,
Res?(ﬁo) = Resg, (Res}l(ﬁo, b1), Resjl-(ﬂo, 61)), j=5,6,

Res; = Resg, (Resg(ﬁo)/(ﬂo — ), Res%(ﬁo)),

and proved in Proposition 3.3.2 that if Resg # 0 as a function of A and « then any

solution (S, 81, f2) to system (3.7.1) satisfies Gy = ap.

After finding explicit expressions for the polynomials F; we have computed the

above resultants and verified that Resg # 0 zero by evaluating it at the values
)\1 =2 i, )\2 = 22, g = 1, o = 0, Oy = O, (373)
and obtaining a non-zero complex number.

The final step in the proof is proving Proposition 3.3.3. The determinant of

the linear system

Fy(ag, B, 52) =0, Fi(ao, b1, B2) =0

is also obtained with computer assistance and verified to be non-zero at the values
of A and « given in (3.7.3). All these computations can be found in the appendix
of the arXiv version of [Ram16b]. This completes the proof of the Elimination

lemma and thus complete also the proof of Theorem 3.1.1.
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APPENDIX A
SPECTRA OF QUADRATIC HAMILTONIAN VECTOR FIELDS

A.1 Introduction

The extended spectra of singularities of quadratic Hamiltonian vector fields can
be fully understood. First of all, a Hamiltonian vector field has vanishing trace at

each singularity on C2. Secondly, each singular point at infinity has characteristic

1
3

number \; = 5. In this appendix we will discuss twin vector fields in the Hamil-
tonian case and we will describe exactly what collections of numbers {dy, ..., ds}

may be realized as the spectra of a quadratic Hamiltonian vector field.

The results in this appendix were obtained in collaboration with Gilberto Bruno

and Jessica Jaurez at Instituto de Mateméaticas UNAM.

A.2 Twins in the Hamiltonian case

Let H, denote the space of quadratic Hamiltonian vector fields. It is straightfor-
ward that this space has dimension 9, since the space of polynomials in C[z, y]
of degree three is ten dimensional. Moreover, a vector field on C? is Hamiltonian
if and only if the trace tr Dv(z,y) = P, + @, vanishes identically. This imposes
three linear conditions on the coefficients of P and (), and so H, is in fact a linear

subspace of Vs.

The quotient H, J/ Aff(2,C) has dimension three. On the other hand, each

singularity of a Hamiltonian vector field carries only one analytic invariant: the
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determinant of its linearization matrix. These invariants are subject to the Euler-
Jacobi relation (2.1.1) and so the space of possible spectra is three dimensional.
We see that the dimension of the space of parameters matches the dimension of
the space of invariants. The space of quadratic Hamiltonian vector fields Hs is a
linear (and hence irreducible) subspace of Vs, and it is straightforward to verify
that the system (2.2.1) does not degenerate in the Hamiltonian case. We conclude

that a “generic” quadratic Hamiltonian vector field has a unique twin.

However, in the case of quadratic Hamiltonian vector fields we can prove the
existence and uniqueness of twin vector fields in a different way, and in this way
we can express the genericity assumptions explicitly in terms of the spectra (and

not the coefficients defining the vector field).

Definition A.2.1. Let v be a quadratic Hamiltonian vector field whose singular-
ities are all non-degenerate. We say that the spectrum of v is exceptional if there

exist singular points p;, py such that
det Dv(p;) + det Du(py) = 0.

A quadratic Hamiltonian vector field is a generic quadratic Hamiltonian vector

field if it has non-degenerate singularities and its spectrum is not exceptional.

Note that if det Dv(p;) + det Dv(py) = 0 then the eigenvalues of Dv(p;) differ
from the eigenvalues of Dv(py) only by multiplication of a common factor of \/—1.

We now have the following theorem.

Theorem A.2.1. A generic quadratic Hamiltonian vector field has a unique twin
vector field. In fact, the twin vector field of a generic quadratic Hamiltonian vector

field v is precisely its negative —uv.
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A.3 Realization theorem for the spectra of quadratic

Hamiltonian vector fields

Definition A.3.1. A collection of four non-zero complex numbers C = {dy, ..., ds}

is called admissible for quadratic Hamiltonian vector fields if it satisfies

An admissible collection is exceptional if there exist d;, dj such that d; + dj, = 0.

Theorem A.3.1. A collection C, admissible for quadratic Hamiltonian vector
fields, is realizable as the spectrum of a quadratic Hamiltonian vector field if and

only if one of the following two conditions holds:

1. C is a non-exceptional collection,

2. C is exceptional of the form {d,—d,d,—d}, for some d € C*.

Proof of Theorems A.2.1 and A.3.1. Consider a quadratic vector field v = Pa% +
Qa% having singularities at p; = (0,0), p» = (1,0), ps = (0,1). According to
Lemma 2.3.1, any such vector field is given by

P(z,y) = apx® + a1xy + asy® — agx — agy,

Q(r,y) = azx® + aszy + azy® — azr — asy.

In the particular case in which the vector field in question is Hamiltonian we further

obtain the following:

ay = 2@17
a5 = _20’17
ag = —Aasg.
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A short computation shows that the determinant of dy := Dv(py) is given by

d1 = —(I% — asdagq,
dg = —CL% — 2CL16L4 + a3y, (A31)
ds = —a? + 2aya3 + azay.

If the spectrum of v is non-exceptional we can always solve the above system of

equations for aq, as, as in terms of dy, ds, d3 to obtain:

a2 = _(dl + d2)(d1 + d3)

2(dy + d3) ’
dy+d
a3 = aq + ! 3,
2(11
dy + ds
ay = —a; — 2a .
1

This proves that non-exceptional admissible collections are realizable. Note that
these expressions yield two solutions (depending on the branch of the square root
chosen for a?) and one solution differs from the other by a sign, hence proving

Theorem A.2.1.

Now, assume v is a Hamiltonian vector field with exceptional spectrum; without
loss of generality we can assume d; + ds = 0. Note that the Euler-Jacobi relation
(2.1.1) implies that d3 + dy = 0. From equations (A.3.1) we deduce that either
a; =0 or a; + a4 = 0. If a; = 0 then we conclude that d3 = dy (and thus dy = dy)
and if a; + a4y = 0 we conclude that d3 = d; (and thus dy = dy). In either case
we see that exceptional spectra of quadratic Hamiltonian vector fields are always
of the form C = {d, —d,d, —d}, for some d € C*. On the other hand any such

collection C can be realized (choosing d3 = dy) by setting a; = 0 and as, ay any
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complex numbers that satisfy azay = d, since equations (A.3.1) become

dy = —asay,
dy = azay,
d3 = a30d4.

Note that the last argument in the above proof shows that, given an exceptional
collection C = {d, —d, d,—d}, there exits a one-dimensional family of quadratic
Hamiltonian vector fields which are pairwise not affine equivalent and realize C as
their spectra of singularities. This implies that a quadratic Hamiltonian vector field
with non-degenerate singularities and exceptional spectrum has a one-dimensional

family of twin vector fields.
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APPENDIX B
COMPUTATION OF TWIN VECTOR FIELDS

B.1 Existence and uniqueness

The following is a Mathematica [Mat] script containing explicitly the computations

performed in Section 2.2.2 to prove the existence and uniqueness of twin vector

fields.

<< Notation'

Symbolize[ParsedBoxWrapper[SubscriptBox["a", "_"]]]

p1={0,0};
p2={1,0};
p3={0,1};

P[{x_,y_}]=ao*x 2+axxxy+agxy 2—agsx—agky;

Q[{x_,y_}|=as*x"24agtxrytag*ry 2—azkx—ag*y;

Dv[{x_y_H={{D[P[{xy}].x.DIP[{xy}].y]}.{DIQ[{xy }].x]. DIQ[{x.y}].y]} };

t1=Tr[Dv[p:]];
dy=Det[Dv[py]];
ta=Tr[Dv[p]];
do=Det[Dv[ps]];
t3=Tr[Dv[ps]];
ds=Det[Dv[ps]];

M= {{e, B}, {7, 0}};
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eq; = Tr[M.Dv[p1]] — ti;
eqz = Tr[M.Dv[p2]] — ta;
eqs = Tr[M.Dv[ps]] — ts;

Solve[eq; == 0 && eqs == 0 && eqs == 0, {3, v, d}]
values = %[[1]]

—2ag + a1 + 2apa — a1«

{B—-

2(13 — a4
v — —( —ajasaq + aoai + 2aiaza5 — 2apaqas + a1aza40 — aoaia — 2ajaza5x
+ 2apasasc) / ((2a3 — ag)(asas — aras))
o — ( — a%ag + 2a1a90a3 + apgaiags — 2agaz2a4 + 2a0a3a4 — agai — 2aiazas + aiaqas

+ a2aza — 2aya0a30 — agayasa + 2apaza4c) /((2a3 — aq)(a2as — aras)) }}

Solve[detM == 1, {a}]

{{a— 1}
{a — ( — 2apa1a3aq + a%a3a4 — 4a2a§a4 + 2a§ai — aoalai + 4a2a3ai — agai
+ 4agaiaszas — 2a%a3a5 + 4a1a§a5 — 4a3a4a5 + 2agpaiaqas — 4aragagas

+ alaia5)/(2(a1a3 — a0a4)(a1a3 — 2@2(13 — apaq4 + asaq + 2&0&5 — a1a5))}}

B.2 The discriminant

The expression found for « above is a rational function on ay, ..., as, even though

we knew that the equation det M = 1 is quadratic. Below we verify that the
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discriminant A of the equation det M = 1 factors as a perfect square and so the

numbers a, . .., 0 belong indeed to the field of fractions of the coefficients ay, . . ., as.

a=SeriesCoefficient[detM—1,{«,0,2}];
b=SeriesCoefficient[detM—1,{«,0,1}];
c=SeriesCoefficient[detM—1,{,0,0}];

A=Factor[b™2—4xaxc]

atas + az(2a0 + 2a3 — ag)ay — a1(2aza3 + agay + 2azas — a4a5))2

A=l
(2a3 — a4)?(azas — aras)?
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APPENDIX C
COMPUTING THE HIDDEN RELATION

C.1 Code to compute a generator of the ideal I

The following is the Macaulay?2 [M2] code used to compute the generator F' of
the ideal I described in Proposition 2.4.1. Passage from the polynomial F' =

Ag*+Bg+ C to HyA’> + Hy A+ Hy is done as described in Section 2.4.1.

--Start with the following rings:
il : R = QQ[a_0..a_5]
S =QQlt_1..t_3,d_1..d4_3,g,Degrees=>{1,1,1,2,2,2,4}]
—--Formulas for the traces, determinants:
i2 : T_1 = -a_0-a_b

T 2

a_0O+a_4-a_b

T 3

-a_0O+a_1+a_5
D_1 = -a_2%a_3+a_0%*a_5b

D_2

-a_1xa_3+a_2*a_3+a_0*a_4-a_0*a_5

D_3 a_2%a_3-a_2%*a_4-a_0%*a_b+a_1%*a_5b

--The polynomial g is given as:

i3 : G = 4%a_073%a_2-a_0"2x%a_172+2*%a_0"2%a_1%a_b-12%a_0"2%a_2*a_4
—a_072%a_b"2+2*%a_O*a_1"2%a_4+18%a_0%*a_1%*a_2%*a_3
-4*%a_O*a_1%a_4xa_b-18%a_0O%*a_2%*a_3*a_b+12xa_Oxa_2%a_4"2
+2%a_O0*a_4*a_b"2-4%a_1"3%a_3+12*%a_1"2*%a_3*a_5
—a_1"2%a_4"2-18%a_1%a_2%*a_3%*a_4-12*%a_1*a_3*a_b"2
+2%a_1%a_4"2%a_b+27*a_272%a_3"2+18%a_2*a_3*a_4x*a_b

-4%a_2xa_A4"3+4*a_3%a_b"3-a_4"2%a_ 572
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—-The list L defines a function F : R <——- S

i4 : L

{T_1,T 2,T.3,D_1,D_2,D_3,G}

M = map(R,S,L)
i5 : gens kernel M
F = 00_(0,0)

—--The coefficients of F in F=Ag~2+Bg+C are:

i6 : A = substitute(diff(g,diff(g,F)),{g=>0})
B = substitute(diff(g,F),{g=>0})
C = substitute(F,{g=>0})

--Finally, H_2,H_1,H_O are defined as follows:
i7 : H2 =C
H_ 1 = -B*(d_1*d_2+d_2*d_3+d_3*d_1)

H O

Ax(d_1*d_2+d_2+%d_3+d_3*d_1)"2

C.2 The explicit expression

Hy = 4did3 + Ad3d} + 12d d2dy + 24d3d3ds + 12d2did; + 12d1dod? + 40d3d2d2 +
A0 d3d2 + 12dydAd3 + Add3 + 24d3dyd + 40d2d3d3 + 24dyd3d3 + AdAd3 + Ad3dS +

12d2dydd + 12dyd2d3 + 4d3ds,

Hy = —dydst} — djdst + 2dy d3d3t] + d3d3t] + dadit! — dydstt — dodst} — 2d3d5t3t s +
2d3d3dstity — 2dydydstity + 10d3dedatsty + 8d d3det3ty + 6d2 3t ity + 14d dod3tits +
Ad3d3t3to+4Ad  dit3ta+Adaditity—Hd3dat3t3—5d3 d3t3t3—10d3 dadst3t—26d3 d3dst 33—
10d  d3dstits — bdsdatats — 32d3dydat?ts — 32dydadatits — 5d3d3t3ts — 11didatits —
28d1dod3t3t3 — 11d3d3t3t2 — 6d1dat3ts — 6dodstits — 2d3dat ts — 2d3dydst ts +
2d3d5dstats + 8d3dad3tets + 10d d3dat ts + Adiditats + 14dydodit, t + 6d3d3t1t3 +

4dydit ts + Adadit ts — didats — didsts + d3daty + 2didydity + d2d3ts — dydsts —
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dodita+6d3d5t3ts+4dy dit3ts+10d2 d3dst3ts+14d, d3dst3ts+4dydst3ts+2d3ded3tit s +
8dyd3d3t3ts + Adsdatity — 2d3d3tts — 2dydod3tity + 10d5d5titats + Adidstitats +
20d3dydzt3tats + 22d3d3dst3tats + 2d1d3dstitats + 10d3d2t3 oty + 22d3dodat 3 oty +
4dy d3d3t3 oty — 2d5d3t3tots + A3 dit 3oty + 2d dadit3 oty — 2d3d5 3t ot s + Ad3d5t 1 1315 +
10d3dst tats + 2d3dodstitats + 22d3dadstitits + 20d dsdst tits — 2didat tats +
Adidod3t tats + 22dydad3t tits + 10dsdat tits — 2didstitaty + 2didedititaty +
Adad3t 3ty + Adjdatits + 6didatsts + 4didstits + 14didadststs + 10d3d3dstats +
Ad3datsts + 8didyditits + 2did3dit3ts — 2dydyd3tsty — 2dadststs — Sd3dat3ts —
L3 d3t3t% — 6dydat3ts — 10d3dadstts — 32d3dadstits — 28d,d3dstits — 6dadstits —
SA3d3t3t3 — 26d3dod3t3t: — 32d d3d3t3t3 — 11d3d3tit — 5didatits — 10d,dod3t3ts —
Sdadstats — 2d3dat tot? — 2d2 A3t tot3 + 2d3 daydstytot? +Ad3 d3dst Lot + 2d  d3dst tots +
4d3d3ttat; + 22didadititot3 + 22did3dititats + Adidititet; + 10didstitats +
20d, daddtytot? + 10d3d3t tat2 — 6didotats — 11d3d3t3t2 — bd2dstat — 6djdstits —
283 dydztats—32d3d5dstita—10d, d3dstati—11d5datata—32d3 dod3tat: —26d, didatats—
Sd3dat3t: —bdid3tata —10d, doditit —bdaditsta+-Adidsty t3+4d  dytts — 2d3 dadsty t3+
8d2d3dst t3 + 14dydidst ts + Adadstits — 2d3d3t,t3 + 2d3dydat ts + 10d,dad3tts +
6d3d3t 13 + 4didatats + Adidatats + Adidstots + 14didadstats + S8d3dadstats —
2d, diydstats + 6d3d5tats + 10d3dad3tats + 2d  d3d5tats — 2d3d5tats — didats + didats +
didsty — dydats — didsts + 2d3dadsts — dydsts + 36d3d3t? + 36d3dats + 108d3dadst? +
180d2d3dst? + T2dyd5dst? + 108d5dyd3t? + 288d2d3d3t2 + 216d,d3d3t? + 36d3dat? +
36d3d312 +180d3dyd3t? +216d, d3d3t? + 72d3d3t? + 36d3dats + 72d, dodits + 36d3dat? —
T2d3d3dst 1ty — T2d3d3dstty — 144d5dadat ity — 288d3dadat ity — 144d dydat ity —
T2d3d3t,ty—288d3dad3t 1ty —288dy dadit to— T2d3d5t 1 ts — T2d5d5t to — 144d, dod3t o —
T2d35dat  to+36d1dot3+36d3 5t +T72d dadst i +180d3 d3dsts+108d3d3d3t3+36d]dats+
216d3 dyd2t2 + 288d2d2d3t3 + 108dy dsd3t3 + 72d3d3t + 216d2dydsts + 180d, dad3ta +
36d3dit2+36d3dit3+T72d dadita+36d3d5tE—T2d3dot 1 t3—T2d3dgt 1 t3—144d3d5dst t3—
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288d3d3dst ity — 144d didstyts — T2d3dod3t ity — 288d3dadat ty — 288d d3dat s —
T2d3d3t s — T2d3dodst ts — 144dyd3dit ts — T2d5d3t t3 — T2d d3tots — T2d5d5tots —
144didydstats — 288d3d3dstats — 144d3dsdstats — T2didatats — 288d3dydatats —
288d3d3d3tats — T2d d3d3tats — T2d3 d3tots — 144d3 dodit ot s — T2dy d3d3tat 3+ 36d T dats +
T2d3d3t2+36d3dat2+T2d dydst 2 +216d5 dadsta+216d2dsdsta+72d, dadst2+36d d2t2+
180d3dyd3t2 + 288d2d2d2t2 + 180d,d3d2t2 + 36d3dat2 + 36d3dst2 + 108d2dydst? +
108d, d3d3t2 + 36d3dat2 — 216d1ds — 216d3ds — 648d i d3ds — 1296d3d5ds — 648d2 dyds —
648d}dod — 2160d3d3d% — 2160d3d3d2 — 648d,dad2 — 216dids — 1296d3dyds —
2160d2d3d3 — 1296d,d3ds — 216d5d3 — 216d3ds — 648d2dyds — 648d,d3ds — 216d3da,

Hy = d3t$t2 + d3dst8t2 + 2d, d2t5t3 + 2dy dodstits — 2d2dst3ts + didotits + dydatits +
d3dstity — Adydadstity + dadstits + 2d2dat3ts — 2d3dstity + 2dydadstity + d3t3tS +
d3dstits + 2d3dstStats + 2dod3tStats — Adydat3tits — 6d5t3t3ts — 2didadstitaty —
8d3dstitats + 2dy d3titits — 8dodatitits — Ad2datitits — 10d,datitsts — Adidstitsts +
2dy dadst t3ts+10d3dst 5t — 8d  datitsts +12dadat tats — 10didat ity ts — Ady d3t3tats +
10d3dst3t5ts 4 2d1dadstitsts — Adadstitsts + 12d,d3t3t5ts — 8dadititsts — 63ttt —
4d3dot?t5ts — 8d3dst3t5ts — 2didodst3tsts — 8dyd3t3t5ts + 2dod3t3t5ts + 2d3dst 15t +
2d d3t1t5ts + dod3tSt: + d3t$t: + 2did3t5tat: — 2didodstitats — 8didstitats —
4dy d3t3tat: — Bdod3titat: — 6dititals + 6d3dot tats + 17d dot 3t + 15d5tit3t2 +
O3 dst t2t3 +Ady dodst tits + 22d3dst 3% + 17d, d3t1t5t3 4+ 22dad3t 5t + 15d5t 155 +
20d3dat3t5t2 + 20d,d3t3t3t2 — 20d3dst3t3t: — Adydadstitst: — 20dadstitsts —
28y d2t3313 — 28dad3 31312 — 20d3 5512 + 15d3 31412 + 1Td3dot315t3 + 6d, d3t3t5t3 +
22d2dst 3312 + Ad dydst 33t + 6d3dst Hata + 22dy d2t35t2 + 1Tdod2t3t5t2 + 15dat 35t +
2d2dyt 1513 — 8d3dst t5t2 — 2dydadst 1512 — 8didat t5t2 — Adodit 153 — 6d3t 1512 +
dyd3t5t3 + d3tSt2 + 2dy dodstits + 2d, d3t5tS — 2dod3t5ts — Ad3datitats — 8d d5t tats —

Ad3dst tats+2dy dodst i tats+12d3dst tats —10d, d3titot3+10dod3t it ots —20d2dot 33t —
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28y d3t3t243 — 20d3t3t363 + 20d3 d3t3t5t3 — Ady dodst3tats — 28d3dst3tat3 +20d, dat3tats —
20dod2t3 313 — 20d3t3t3t5 — 28d3 dot3t3ts — 20d, d3t3t3ts — 28d3 d3t3t3ts — Ady dod3t3t3ts +
20d3d3t3t5t3 — 20d, d3t2t5t3 +20dod2t3 55 — 8d3 dyty tats — Adyd3ty t5ts + 12d3dt  t5ts +
2d1dodsty t5t3 — Ad3dst tats 4+ 10dy d3t t5t3 — 10dad3t1 6583 + 2dy dodsthts — 2d, dat5ts +
2dyd3t5t3 + didatity + d3dstits — Adydadstits + dydatits + doditits + 10didatitats +
12d, d3t3tots — 10d3dst3tots + 2dy dodstitots — 8d3dstitats — Ady d2t3tots — Adod3t3tats +
15d3t33ts + 22d3da 3135 + 22d, d3t3t3t5 + 15d5t 1t3ts + 17d3dst3t3ts + 4dy dodst3t3ts +
17d3dst2t5ts + 6d, d3t2t5ts + 6dod3t215ts + 12d3dot t5t5 + 10d, dat t5ts — 8d3dst t5ts +
2d1dodstyt3ts — 10d3dst 35 — 4d datyt3t5 — Adadatytats + dyditats — 4dydadstats +
d3dstyts + diditsts + doditsts — 2d3dat3t] 4 2d5dstit] + 2dydadstit — 6d5titats —
8d2dat3tats — 8y dat3tat — Ad3dst3tat — 2dydadstitats + 2d3dst3tat] — 8didat t3t5 —
8d dat 3t — Gdstitats + 2d3dstqtat; — 2didadst 5ty — Adidstitaty — 2d,datsts +
2dy dadst3ts + 2d3dsts3ts + d3t3tS + didatts + 2d3datytats + 2dyd5t totS + dydatits +
d3t2tS — AdytS + 8d3d3tS — 4dit® — 6d d3tity + 12did3dstity + 12d3dstity +
42dydod3tty + 12d3d365ty + 24d1dit5ts + 24daditits + 24d3t5t, — 18d2d3t 1t —
30d, d3t1t2 — 36d3 dadst s — 66d, d3dst ts — 30d3dst ts — 18d3d3t1ts — 132d dodat |t —
66d3d3t1ts — 96d,d3tits — 96dodstits — 60datits — 28d3dat3ts + 36d2dydstits +
36d1d3dst3ts + 64d3d3t3t3 + 180dy dod3tits + 64d3dat3ts + 144d, dit3ts + 144daditits +
80dstits — 30d3dqtity — 18dadatity — 30didstity — 66didadstity — 36d d5dstity —
66d3d3t3ty — 132d,dod3t3ts — 18d3d3t3ts — 96d,dit3ts — 96dyditity — 60d5t3ts —
6d3dyt 15 + 12d3dst it + 12d2dydst ts + 12d2d3tt5 + 42dydodatts + 24d,d3t t +
24dydit t5+24d5t 15— Ad TS +8d3d3tS — AdatS +24d, dtit 3+ 24dat t 3 +42d dadstits +
24d3dst5ts + 12d,dod3t3ts + 12d3d3t5ts — 6dyd3tSts + 12daditSts + 36didatitats +
36d, d3titats + T2d3dadstitaty — T2dydadstitats — Sddsdstitats + 36d3d3titats —
72d dod3titats — 108d3d5t tats + 36d d3titaty — Hddydititats + 120d3d3t313ts +

120d, d3t3t5ts — 36d3dadstitits + 264d;dadstitits + 120d5dstitits — 156d5d3t3 5t +
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60d,dod3t3tats + 216d5datitats — 84ddatitits + 96dadititats + 120d3dqtitsts +
120d2d3t3t5t5 + 120d3dst3t5ts + 264d3dadstitsts — 36d,dadstitsts + 216d3d3t3t5t; +
60d, dod3t3t5ts — 156dadatt3ty + 96d,dstitsts — 84dyd3t3tits + 36d3datitits +
36d3d3t tyts — BAdidstitayts — T2d3dadst tats + 7T2dyd3dst ity — 108d3dat tats —
72dydod3t t5ts + 36d3d3t  tats — Had dit t3ts + 36dadat tyts + 24dit5ts + 24d3 datsts +
24d3d3t5ts + 42d3dodstots + 12d3datsts + 12d1daditsts + 12d,d3t5ts — 6daditsts —
18d3d3tit: — 96d,dt t3 — 60dstits — 36didadstit: — 132d,d3dstits — 96d5dstits —
18d3d2t 2 — 66ddodatit: — 66d3datit: — 30d,d3tits — 30dyditits — 156d3dat3tats —
84d, d3titats — 36d3dydstitats + 60didadstitats + 96dsdstitats + 120d3dat3tats +
264ddod3t3tats + 216d5d3t3t0t2 + 120d, d3t3tat2 + 120dodstitats — 180d3datitita —
252d2d2t3t3t2 — 180d, d3t3t3t32 — 180d5dstitats — 396d3dyadsttats — 396d,; dadsttats —
180d5dstitats — 252d5dat3tat: — 396d,dadatstats — 252d3d3t3tats — 180d, dstitsts —
180dydit3tats — 84d3dat tsts — 156d3dat,t3t3 + 96didst tsts + 60d3dadst tsts —
36d d3dstitsts + 216d3d5t t5t35 + 264d,dadit t5t3 + 120d3d3t,t3t5 + 120d, ditqtats +
120dad3t 132 — 60d1t5t2 — 96d3dytats — 18d3d5tata — 96d3dstats — 132d3dydstats —
36d,d3dstst: — 66d2d3tat2 — 66d,dodatst: — 18dadatats — 30d diatsts — 30dodstsats +
6Ad3d3t3 3 + 144d, d3t3t3 + 80dyt3t3 + 36d3dyodst3ts + 180d, d5dstits + 144d3dstits —
282 d2t3t34-36d dad3t3t3 +64d3dat 33 +120d3 dot 2 13+ 2163 dat3t ot 3 +96d, d3t3tats +
120d3dst3tot3 + 264d2dadst3tats + 60d dadsttats — S4d3dst?tats + 120d2d3t2tat5 —
36d,dad3t3tats — 156d5datitats + 96d3dat tats + 216d2dat t5t3 + 120ddyttats —
84d3dst t3t3 + 60d2dydst tats + 264d,d3dst tats + 120d5dst tats — 156d3dat t3ts —
36dydad3t t3ts + 120d3d5t, t3t5 + 80d1t3ts + 144ddatits + 64d3d3tsts + 144d3dstits +
180d2dydstits + 36d, didstists + 64d3datsts + 36d,dodatsts — 28d3d3t5t3 — 30d3dyt3ts —
66d2d3t3ty — 96d,dstats — 60dat3ts — 30d3dst3ts — 66d2dydst?ty — 132d,d3dst3t; —
96d3dstits — 18d3d3t3ts — 36d, dodit3ts — 18d3dat3ts — 5Ad3dat oty — 108d3d5t 1 tots —

54dydstitats + 36didstitats — T2d3dadstytat; — T2did5dstitats + 36dadstitats +
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36d3d3tytats + T2dydodit tots + 36dadit tats — 60ditats — 96d3datots — 66d3d5tats —
30d,ditits — 96d3dstatsy — 132d3dadstits — 66d,dadstats — 30d3dstats — 18d3datats —
36d,dod2t3ts—18d3d2t 3t s+ 12d3 dot 15 +-12d3 d3t 1 t5+24d dit t5+24d5t 5 —6d3dst 1 15+
12d2dydstyt] + 42dydidstqt] + 24d3dst it + 24ditat) + 24d3datsts + 12d3d3tat5 +
12d, d3tot5 + 24d3 dstat] + 42d3 dadstats + 12dy d3dstats — 6ddstat] — 4d1tS + 8d2d3ts —
4d3t5+81d3d3t} 4 108d, dit +243d2 d3dst | + 324d, d3dst + 108dadst ] +243d3 dyd3t ] +
432d, d3d3t}+216d5d3t +81d2d3t+324d, doditi+216d3d5t 1 +108d, djt1+108dad5t +
SAd3d3t3ty — 3T8d2d3dst3ty — 270d,d3dst3ty — 918d2dyd3t3ty — 1188d d3d3t3t, —
324d5d3tity — A86d3d3t3ty — 1350d daditity — TH6d3dt3ty — 432dydit3ty —
432dydit3ty + 297d3d5t35 + 297didstits + 594d3dadstity + 1350d2d3dst3ts +
594d,d3dst?12 + 297d3d3t2t2 + 1998d3dyd2t3t3 + 1998d,dad3t3ts + 297d3d3t3t3 +
945d3d3t3t2 4-2052d doditits +945d5d5 132+ 648d, dat3ts +648dadat 33+ HAd3 dat 1 15 —
270d3dydst 3 — 378d3d3dst 13 — 324d3d%t,t3 — 1188d3dydat ts — 918d dadat ts —
756d3d3t,t3 —1350d, dadit 3 — A86d5d5t 13 — 432d dit t5 — 432dydit t5 + 108d 1 dots +
81d3dats + 108didsts + 324d3dydsty + 243d3d3dsts + 216d3d3ts + 432d2dyd3ts +
243d,d3d3ts + 216d7dsts + 324dydodits + 81dsdit; + 108d,dsts + 108dadsts —
486d3dat3ts — 432dyditits — 918d3dadstity — 1350d,d3dstits — 432dydstits —
378d3dyd3t3ty — 1188dydidatits — TH6d3dat3ts + HAdiditdts — 270d,dyditdts —
324d3d3t3ts — 594d datitats — A32d2dstatats — 1188d3dydstitats — 918d3dedst oty +
270d, d3dst3tots — DA d3t3tats — 918d5dod3titats + 540d  dadatitats +702d5d5t Tty —
432d3d3t3tats + 270d dodstitats + T02d2d5t oty — 432d3d5t 13t — 594d3d5t 5t 5 +
270d3dydst 1ot — 918d3d3dstitats — 1188dydydstitaty + 702didatitaty +
540d3dod3t t3t3 —918d dadat tats — 594d5dat t2ts+ T702d3dat t3ts +270d  dodst  t3t3 —
432d3d3t t3ts — 432didot3ts — 486d3datsts — 432djdstits — 1350d3dadstits —
918d3d3dststs — TH6d3d%t5ts — 1188d3dadatits — 378d d5datats — 324didstits —

270d, dyd3t3ts+54d2d3 33 +297d3 d2t213-+9AB A2 A3 224648 dy At 22+ 594d3 dydst 313+
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1998d3d2dst3t2 + 2052d,d3dst3t3 + 648d5dst3ta + 297d3d3t32 + 1350d3dod3t3t3 +
1998, d3d3t3t2 + 945d5d3t3t: + 297didstit: + 594d,dod3t3t: + 297d3d3t3ts +
702d3d3t tot2 +T02d3d3t 1 tot2 +270d3dodst  tot3 +540d3d3dst 1 tot2 +270d  dydst  tot —
432d3d3t1tot3 — 918d3dadit 1 tot3 — 918d d3dat tat — 432d3d%t tot3 — 59Ad3d3t 113 —
1188d;dod3t tat? — 594d5dst tat: + 648didatats + 945d3d3t5t3 + 297didstats +
648d1d3tats + 2052d3dodstita + 1998d3dadstats + 594ddsdstats + 945d3d3tats +
1998d3dyd3t2t2 + 1350d,d3d3tats + 297d3d3tat2 + 297d3d3tat2 + 594d,daditit? +
297d3d3t3t: — 324d3dit,ts — THOdEdStits — 432didatity — 270d3dydstits —
1188d3d3dst ts — 1350d dsdst t3 — 432dydstet3 + BAdid3tts — 378d3dydit t3 —
918d, dad3t,t3 —A86d3d%t, 13 —432d] dotots — TH6d5 datots — 324d3 d3tot3 — 432d  dtot3 —
1350d3 dadstots — 1188d3dadstats — 270d dadstats — 486d5datats — 918d3dodatats —
378y did3tats + HAd3ditats + 108d1dats + 216d3d5ts + 216d3dst; + 108dydsts +
108didsts + 324d3dadsts + 432did3dsts + 324didsdsts + 108d3dsts + 81didits +
243d2dyd2ts + 243d,d2d3t; + 81d3d3ts — 972d3d5t3 — 972d2d3t? — 2916d5d3dst? —
4860d2d3dst? — 1944d,dydst? — 2916d3dydat? — TT76d3d3d3t3 — 5832d dsd3t? —
972d3d3t? — 972d3d313 — 4860d3dad3t? — 5832d,d3dit? — 1944d3dit? — 972d3d5t? —
1944d,dodit? — 972d3d5t3 + 1944d3d3dst 1ty + 1944d3d5dst ity + 3888didadit ity +
TTT6d3d3d3t ty + 3888d  dadat ty + 1944d3dit 1ty + TTT6d3dod3t o + TTT6d, d2d5t Ty +
1944d3d3t ty + 1944d3dit ity + 3888didaditity + 1944d3dit ity — 972d1d3t3 —
972d3 d3t3 —1944d dydsts — 4860d3 d2dst3 — 2916d3d3dsta — 972d} d2t2 — 5832d3 dyd3ta —
TTT6d3d3d3t3—2916d, d3d3t3—1944d3d3t3—5832d3dyd3t3—4860d, d3d3t3—972d5dats—
972d3dat2—1944d, dodit3 —972d3d A3 +1944d3 d3t t3+1944d3d5t  t3+3888d3d3dst 1 t3+
TTT6d3d3d3t 1 t3+3888d dadst ts+1944d3 dydt t3+TTT6ddad3t 113+ TT776d, d3d3t 5+
1944d3d3tts + 1944d3dodit ts + 3888d dadat ity + 1944d5dat ts + 1944didatats +
1944d3d5tots + 3888didadstats + TTT6d3d3dstats + 3888d3d5dstats + 1944did3tats +
TTT6d3dod3tots + TTT6d2d3d3tots + 1944d, did3tats + 1944d3 d3tots + 3888d2 dadstats +
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1944d, d3d3tots —972d 313 — 1944d5d3t3 — 972d3 dyt2 — 1944d  dadst3 — 5832d3 d3d st —
5832d3d3dst2 — 1944ddidst2 — 972did3t2 — 4860d5dydats — TT76d2d3d3t2 —
4860d, d3d2t2 — 972d3d2t2 — 972d3d3t2 — 2916d2dydst? — 2916d, d3dsts — 972d3d5t2 +
2916d1d3 + 2916d3d; + 8748did3ds + 17496d3d5ds + 8748d3dsds + 8748didyd3 +
29160d3d3d2 +29160d3d3d3 + 8748d dad3 + 2916d1d3 + 17496 d3 dyds 4 29160d3d3d3 +
17496d, d3ds + 2916d3d5 + 2916d3ds + 8T48d2dyd; + 8748d, d2d4 + 2916d3d;.
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