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The main result of this thesis is the two-sided heat kernel estimates for both Dirich-
let and Neumann problem in any inner uniform domain of the Euclidean space R™.
The results of this thesis are shown to hold more generally for any inner uniform
domain in many other spaces with Gaussian-type heat kernel estimates. We as-
sume that the heat equation is associated with a local divergence form differential
operator, or more generally with a strictly local Dirichlet form on a complete locally
compact metric space. Other results include the (parabolic) Harnack inequality

and the boundary Harnack principle.
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Chapter 1

Introduction

1.1 Basic setting

To introduce our approach, we focus on the case when U is an unbounded do-
main in R”, keeping in mind that our approach will be extended to a much more
general setting including in particular manifolds with boundary. This paper is con-
cerned with the problem of obtaining global two-sided heat kernel estimates for
the Dirichlet heat semigroup in U. That is, we want to estimate the fundamental

solution
(t,z,y) — pp(t, z,y)

of the PDE problem

O+ANu=0 1in (a,b) xU
(0 + A) (a,b) (1)
u=0 on (a,b)xoU

with @ = 0, b = oco. Here A = — > 7 9? is the Laplacian in R™ and 9U is the
boundary of U. Equation (1.1) is the heat equation in U with Dirichlet boundary
condition and pZ (¢, z,y) is the Dirichlet heat kernel in U. A classical solution of
(1.1) in a cylinder Q = (a, b) x U is a continuous function on (a, b) x U vanishing on
(a,b) x OU which, in @, is twice continuously differentiable in the space variable,
once continuously differentiable in the time variable, and satisfies (1.1). Note that
such classical solutions do not always exist because U \ U can contain a polar
set where nonnegative solutions of the heat equation cannot vanish (e.g. isolated
points, submanifold of dimension at most n—2, or other irregular boundary points).

In this generality, estimating the Dirichlet heat kernel is a challenging question

with difficulties arising both from the possible lack of regularity of the boundary



and from the global geometry of the domain. See Figure 1.1. This problem is well
understood but already non-trivial when U is a cone. See, e.g., [9, 22, 67, 68, 69]
and the references therein. The case when U is the domain above the graph of
a Lipschitz function has been studied intensively, especially from the view point
of elliptic theory. See [4, 15] and also [2, 6, 45] for generalizations and further
pointers to the literature. Deep results concerning the heat equation are obtained
in [28, 29, 52] and in [64, 65, 66] where further references can be found. Interesting
global phenomena are studied in [8] in the case where U is the inside of a parabola.
Other specific cases such as the exterior of a compact set [36, 70] and horn shaped
and twisted domains [23] have also been studied. Further references include [17,
62, 63, 56, 71] among many others.

The goal of the present work is to present a general approach that leads to very
good two-sided bounds in cases where the effects of the boundary and of the global
geometry of the domain are relatively mild. This can be illustrated by treating

two simple but essential examples,

U is the domain above the graph of a Lipschitz function ® : R"~! — 1.2)

U =R"\V where V is a convex domain. (1.3)

In particular for the case (1.3) our results are new.

To explain our main idea, let us consider another important and perhaps better
understood problem which is the study of the Neumann heat kernel ply (, x, y), that
is, the fundamental solution of the heat equation in U with Neumann boundary

condition, that is,

O+ANu=0 1in (a,b) xU
(0 +A) (a,b) (1.4)
2u=0 on(ab)xdU

Here 77 = 7i(x) is the normal vector to OU at x and we assume for simplicity

here that QU is smooth. A classical solution of (1.4) in a cylinder @ = (a,b) x U



Figure 1.1: The complement of three cones in R

is a continuous function u : (a,b) x U — R with continuous first space partial
derivatives in (a,b) x U which, in Q, is twice continuously differentiable in space,
once continuously differentiable in time and satisfies (1.4).

The main reason this is a simpler problem comes from the fact that there is
no heat loss, i.e., the heat flow is conservative. Technically, this means that one
can make use of most of the tools developed to study the heat equation for diver-
gence form elliptic operators in R” and Laplace operators on complete Riemannian
manifolds without boundary. Here, we are referring in particular to the celebrated
works of Nash and Moser on Harnack inequalities and of Aronson on two-sided
Gaussian type heat kernel estimates. See [18, 33, 34, 50, 51] and the references
therein. For instance, the techniques of [35, 37] leads to sharp two-sided estimates
for the Neumann heat kernel in the region shown in Figure 1.1. We review some of
these tools in Chapter 2.6 and illustrate their use by proving two-sided heat kernel
estimates for pY (¢, z,y) when U is an inner uniform domain. See Theorem 1.3.1
and Definition 3.1.2.

Returning now to the heat equation in U with Dirichlet boundary condition, the
main idea we want to apply here is to reduce the problem to one without Dirichlet

boundary condition to which the techniques alluded to above can be applied. The



crucial first step in this direction is to use the technique of Doob’s transform. This
is a well-known idea and one of the most relevant references for us in this spirit
is [17]. Surprisingly, and despite a rather large literature, e.g., around the notion
of intrinsic ultracontractivity [7, 17, 18, 21], this idea has not been developed and
used as much as it can to study the Dirichlet heat kernel. Recall that, to any
positive function h on U and any semigroup F; the Doob’s transform technique

associates another semigroup defined by
PM(f) = ' Py(h).

If P, is the heat diffusion semigroup with Dirichlet boundary condition in U and
h is harmonic, then P/ is a diffusion semigroup to which one may hope to apply
the techniques of analysis of local Dirichlet spaces by working on L*(U, h*du), p
being the Lebesgue measure. Moreover, if the harmonic function h vanishes at
the boundary, one may hope to show that P! is conservative. In this last case
and in probabilistic terms P} is the semigroup associated with Brownian motion
conditioned to leave U at infinity. A function h that is positive harmonic in U
and vanishes (in the appropriate sense) at the boundary, is called a réduite for
U. The existence and unicity of réduites is discussed in the literature for various
specific domains (e.g., [4, 67]). In terms of the notion of Martin boundary, réduites
are produced by points at infinity. From the viewpoint taken in this work, the
properties of the réduite h are essential for the analysis of P/,

One of the aims of this paper is to present a complete implementation of these
ideas. However, in order to obtain interesting estimates by analysing the semi-
group P! acting on L?(U, h?dyu), one needs to prove some basic results concerning
the réduite h and the corresponding Dirichlet space on L?(U, h?du). In fact, the
hope behind the use of this method is that most of the analysis can be reduced to

verifying some basic properties of the réduite h. It is thus very important to be



able to construct an appropriate réduite A and we will do so in Chapter 5.5. The
strategy outlined above is illustrated in this paper by treating inner uniform do-
mains including domains of types (1.2)-(1.3). This strategy is presented in general
context in Chapter 1.2. In the well studied case (1.2) of domains above the graph
of a Lipschitz function, our analysis makes no use of the many existing results in
the literature (e.g., [4, 15, 28, 64]). Instead, we recover some of these results by a
different method. In case (1.3), the results we obtain are new. Further examples
where the method developed here applies will be discussed in Chapter 3.2. The

structure of this paper is discussed at the end of Chapter 1.2.

1.2 General approach

Let X be a connected locally compact complete separable metric space, p - a
positive Borel measure on X with full support. The natural setting for this paper
is that of regular strictly local Dirichlet space (£,D(€)) on L*(X,p). Such a
Dirichlet form is associated with a self-adjoint nonnegative operator L acting on
the domain D(L) which is a dense subset of L?(X,u). In Chapter 2.2 we will

explore a notion of a local weak solution of the elliptic equation
Lf=g
and of the parabolic heat equation

ol =M

on X. The heat semigroup (P)so of contractions on L?*(X,u) is defined by the

spectral theorem via

Pt = e_Lt



By the spectral theorem we know that g(t,x) = P,f(z) is naturally a weak global

solution of

S9g=—Lg, t>0
9(0,-)=f(), t=0

We are interested in the case when (X, u, £, D(€)) is a Harnack-type space (see
Chapter 2.5 and Theorem 2.6.1). On such a space there exists a kernel p(¢, z,y)
of the heat semigroup (P;)i~o. Moreover, p(t,z,y) is Holder continuous and the
two-sided heat kernel estimates (2.40) are satisfied (see the work of Stiirm [60]).

For any subset U C X we may consider the analogue of a heat equation in U
with Dirichlet or Neumann boundary conditions on QU by restricting the Dirichlet
form & to certain subsets of D(E). There are two corresponding heat semigroups
P, and P, We ask when can we obtain the heat kernel estimates for each
of these semigroups. The answer is surprisingly general - the estimates we are
obtaining hold for any uniform subset of X.

For the Neumann case, our aim is to prove that the Dirichlet space (£}, D(EY))
on L2((7 , it) corresponding to the Neumann problem on some completion of U is a
Harnack-type space (the set U denotes a completion of U with respect to the inner
geodesic metric py, see Chapter 3). In view of Theorem 2.6.1 this includes proving
the doubling property of the measure p on balls in U and the family of Poincaré
inequalities for the balls in U. This is done for uniform sets in Chapter 4.

For the Dirichlet case, which is the main focus of this work, the Dirichlet heat
semigroup P(ft does not preserve the total heat content and so the Dirichlet space
(ER, D(ER), LA(U, 1)) cannot be Harnack-type. We will see that for inner uniform
domains there exists a réduite h which is a global (weak) solution of Lh = 0 with

weak Dirichlet boundary conditions on QU. This function h can be used to relate



the semigroup P2, via h-transform to a conservative semigroup

1

Phf = T POhS)

acting on L*(U, h*dp). Our aim is to prove that the semigroup P, , corresponds
to a Harnack-type space. In view of Theorem 2.6.1 this requires showing that the
measure h%du satisfies the doubling condition on U. This also requires proving the

family of Poincaré inequalities for the Dirichlet form

ECW(f,9) = EC (LS, hg)

with domain

1
D(EY,) = ED(&’}’) C L*(U, h*dp).

The structure of this paper is as follows. In Chapter 2 we will introduce the
context of Dirichlet forms, the associated metric, Harnack-type spaces and state
the main tool for this work. In Chapter 3 we will discuss, with examples, the
notions of a uniform and inner uniform domains, for which our estimates of the
heat kernel will be proved to hold in this paper. In Chapter 4 we will show that the
heat kernel for the Neumann heat equation in U satisfies the two-sided estimates
of the same type, provided U C X is uniform or even inner uniform.

In Chapter 5.4 we will prove boundary Harnack principle in the context of the
uniform subset of X - this is the main tool for the construction and analysis of
the réduite function on U. In Chapter 5.5 we will construct some réduite function
h and we will use the h-transform technique to obtain the two-sided estimates on
the heat kernel of the Dirichlet heat semigroup in U if U is uniform or even inner

uniform.



1.3 Statement of results

In this section we state some of the main results proved in this paper. We start
with heat kernel estimates for the Neumann heat kernel in inner uniform domains
in R™ and then discuss the Dirichlet heat kernel in domains of types (1.2)—(1.3).
The distance
P = pPu
used in the statements below is simply the shortest path distance in U (paths must
stay in U). We call it the inner geodesic distance in U. Later we will see how this
metric is also associated to both Dirichlet and Neumann diffusion problems in U
via Definition 2.1.12. The ball of radius r around x € U for the distance py is
denoted by
By(z,r)={y €U : py(z,y) <r}.

Inner uniform domains are described in Definition 3.1.2 below. These domains
include the domains of types (1.2)-(1.3) above and many more. Note however that
it does not include all convex domains (e.g., the interior of a parabola is not inner
uniform). As Theorem 1.3.1 makes very clear, the condition of inner uniformity is

both local (boundary regularity) and global (geometry of the domain).

1.3.1 Neumann heat kernel

In the following statements, the boundary of any set is always the boundary in the

ambient Euclidean space R"™.

Theorem 1.3.1 Let U be an unbounded inner uniform domain in R™. There
exist positive finite constants ci, ..., cs such that the Neumann heat kernel pY in

U satisfies

et ™2em@ It < pN(t xy) < est TP 9 N = pu(a,y),



for all z,y € U and all t > 0. For any integer k > 0 there ezists a constant C(k)

such that the k-th time derivative of the Neumann heat kernel satisfies

o k
‘(@) Pt )

for all x,y € U and all t > 0. The constants cq,...,c5 above depend only on

< C(kythremes’lt p = py(z,y)

the dimension n and the constants co,cq; that appear in Definition 3.1.2, which
introduces the notion of inner uniform domain. The constant C'(k) depends only

onn,cy,cq and k.

We will prove two generalizations of this result - Theorem 4.0.5 and Theorem
4.2.7. By [33, 50, 60] (see also Theorem 2.6.1 below), given that the volume of any
geodesic ball of radius r in an inner uniform domain grows like ", the two-sided
inequality above is equivalent to saying that the heat equation with Neumann
boundary condition in U satisfies a uniform parabolic Harnack principle as stated

in the following theorem.

Theorem 1.3.2 Let U be an inner uniform domain in R"™. There exists a constant
C' such that, for any z € U, r > 0, and for any non-negative solution u of (1.4) in

Q = (0,4r?) x By(z,2r), that is,

(0 + A)u=0 in (0,4r?) x By(z,2r)
Zu=0 on(0,4r?) x (0By(z,2r)NoU),
we have

sup{u} < Cinf {u} (1.6)
Q_ Q+

where Q_ = (r?,2r*) x By(z,r), Q4+ = (3r?,4r%) X By(z,r).

Remark 1. Note that the boundaries in (0By(z,2r) NoU) are understood in R™.

To make sense of the explicit boundary condition in (1.5), one needs to assume

some minimal regularity of OU. In fact, we will interpret (1.5) in a weak sense in
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such a way that no additional regularity assumption is needed. Namely, consider
the geodesic closure U of U obtained by completing U for the distance py (this is
not a subset of R"). Let B(z,r) = {y € U : py(x,y) < r}. Then, a weak solution
of the heat equation in I x B(z,r) = I x B is a function u in L2(I — W(B))

with time derivative in the sense of distribution d,u in L*(I — W?'(B)') such that

/I/B[(atu)qb +Vu-Voldp =0

for all ¢ € L2(I — WY(B)) with compact support in B(z,r) C U. Here W(B)
denotes the Sobolev space in B, and W1(B)’ denotes its dual with respect to the
inner product in L?(U). Because the test function ¢ is required to have compact
support not in B but in B , the equation above implies that %u = 0 on the part

of the boundary OU that touches B, assuming that %u makes sense.

Remark 2. As we already mentioned, not all convex domains are inner uniform.
However, the Harnack inequality stated in Theorem 1.3.2 does hold for any convex
domain U. Indeed, any geodesic ball By (x,r) (geodesic and Euclidean distances
coincide) is a convex set of diameter at most 2r. The necessary Poincaré inequality
holds for such sets. The volume V' (z,r) of By(z,r) can be significantly smaller
than 7™ but a simple argument shows that the doubling property holds. These
properties together with Theorem 2.6.1 (proved in [37, 60]) imply the following

two-sided estimates for the Neumann heat kernel
aVix, \/%)_16_02”2/1t < p][}[(t,x,y) < 3V (x, \/%)‘16_04”2/’5, p=pu(z,y),

for all x,y € U and all ¢t > 0.
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1.3.2 Dirichlet heat kernel

To state similar estimates for the Dirichlet heat kernel, we need some notation. Let
h = hy be a réduite of U, that is, a positive harmonic function in U which vanishes
continuously on the boundary OU (in the cases considered below, a posteriori, it
turns out that the réduite is unique, up to a positive multiplicative constant). For
general domains, in order to deal with the possible existence of irregular boundary
points, the more correct requirement is that h is a positive harmonic function on

U that vanishes quasi-everywhere on oU. Set

‘Mwb/ h(y)dy.
By (z,r)

Theorem 1.3.3 Let U be an unbounded inner uniform domain in R™. Let h be a
réduite for U. There are positive finite constants ¢y, ..., cs such that the Dirichlet
heat kernel py(t,z,y) in U satisfies
C1h(x)h(y)€_c2p2/t D Csh(x)h(y)e_c4p2/t
VVir(a VOViely, VE) Ve VD Viely. VB

for all z,y € U and all t > 0. For any integer k > 1 there ezists a constant C(k)

) p:pU(xay)7

such that the k-th time derivative of the Dirichlet heat kernel satisfies
C(k)h(w)h(y)e /"

8 k
(5) po(t 2, y) , p=pu(z,y)
tk\/th th ’y \/_)

for all x,y € U and all t > 0. The constants cy, ..., ce above depend only on the

constants cg, c; which appear in Definition 3.1.2, which introduces the notion of

inner uniform domain. The constant C'(k) depends only on n,cy,c; and k.

Remark. In the assumptions of Theorem 1.3.3 there exists a constant cg depend-
ing only on the constants ¢y, c; which appear in Definition 3.1.2, such that for any

x € U and r > 0, the volume function Vj2(z,r) can be estimated by

cs "R (2, )p(By(z,7)) < Vie(z,r) < cgh® (2, )p(By(x, 7))
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where , is any point with py (2., v) = 7 and py(x,,0U) > 7, and ¢ is a constant

appearing in Definition 3.1.2. Such a point z, exists by Lemma 4.1.5.

In fact we will prove Theorem 5.0.8 which is a generalization of Theorem 1.3.3
. Our proof also provides a parabolic Harnack inequality which takes the following

form.

Theorem 1.3.4 Let U, h be as in Theorem 1.3.3. There exists a constant C' such
that if u is a (classical) non-negative solution of %% +Au = 0 in (0,4r?) x By(z, 2r),

z € U, which vanishes continuously on (0,4r?) x (0By(z,2r) NoU), we have

e {uf(biﬂj)} <O, {U}SS)} (1.7)

where Q_ = (r?,2r*) x By(z,r), Q4+ = (3r?,4r%) X By(z,r).




Chapter 2

Dirichlet forms

2.1 Dirichlet spaces

The main setting for this paper is that of a regular, strictly local Dirichlet space.
Let X be a connected locally compact separable metric space, u - a positive Radon
measure on X with full support. For any open set U C X, let C.(U) be the
set of all continuous functions with compact support in U and let Cy(U) be the
completion of C.(U) with respect to the supremum norm. Consider a Dirichlet
form, i.e., a closed densely defined symmetric Markovian bilinear form &£ with
domain D(E) C L*(X, p). For a detailed introduction to Dirichlet forms we refer

to [31, Chapter 1]. We recall some important definitions and results.

Definition 2.1.1 ([31], p.5) A function v on X is called a normal contraction

of a function u on X if
Ve,y € X, |v(x) —v(y)| < |u(z) —u(y)| and Ve € X, |v(z)] < |u(x)|.

A function v € L*(X, ) is called a normal contraction of u € L*(X, ) if some

Borel version of v is a mormal contraction of some Borel version of u.

Lemma 2.1.2 ([31], Theorem 1.4.1) Normal contractions operate on (€, D(E)),
i.e., whenever u € D(E) and v is a normal contraction of u, we have v € D(E)

and

E(v,v) < E(u,u).

Definition 2.1.3 Let (£,D(E)) be a closed form on L*(X, pu). For any function
feDE) let

1 flloe) = \/ /X f2du+ E(F. f) (2.1)

13
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denote the norm of f in the Hilbert space D(E).

Definition 2.1.4 ([31]) A setC C D(E)NCy(X) is called a core for the Dirichlet
form (£,D(E)) if C is dense in D(E) for the norm (Hf||%2(X’u)+5(f, £))2 and dense
in Co(X) for the uniform norm. A Dirichlet form is called regular if it admits a

Ccore.

The following lemma is an important property of the domain D(E).

Lemma 2.1.5 ([31], Theorem 1.4.2) Let (£,D(£)) be a Dirichlet form. Then

the space D(E) N L>®(X, p) forms an algebra.

We will make use of the functions constructed in the following lemma as ” cutoft”

functions.

Lemma 2.1.6 ([31], Problem 1.4.1) If a Dirichlet form (€, D(E)) is regular
then it admits a core C which is a dense subalgebra of Co(X). Also for any compact
set K and relatively compact open set G containing K, there exists a nonnegative

function u € C such thatu =1 on K andu=0 on X \ G.

Definition 2.1.7 A Dirichlet form D(E) is called strictly local if for any u,v C
D(E) such that the supports of uw and v are compact and v is constant on the
neighborhood of the support of v, we have E(u,v) = 0. See [31, p 6] where such

Dirichlet forms are called ”strong local”.

Any strictly local regular Dirichlet form £ can be written in terms of an ”energy

measure” dI' so that
E(u,v) :/ dl'(u, v)
X
where dI'(u,v) is a signed Radon measure on X. The quadratic form dI'(-,-) is

defined for u € D(E) N L>(X, p) as a Radon measure by

6 € DE)NC, /X 6T (u, 1) = E(u, du) — %5(1& %) (2.2)



15
and extended to all u € D(E) by
dl'(u,u) = sup{dl'(v,v)| v = min(n, max(u, —n)),n =1,2,--- }.
As in [49] we define the measure-valued bilinear form dI'(+,-) on D(E) x D(E) by

dl'(u,v) = —(dTl'(u +v,u+v) —dl(u —v,u — v)). (2.3)

A

The "energy” form dI'(+,-) is symmetric by definition. Moreover dI'(-,-) satisfies
the Leibnitz rule and the chain rule, see [49]. Also the form dI" is strictly local in

the sense that for any open Q2 C X, and any f1, fo,g9 € D(E), we have
dl'(f1, 9)|a = dU(f2, g)|q whenever f; — fo = const on €. (2.4)

We now introduce the notion of a local domain of the Dirichlet form.

Definition 2.1.8 For any open set {2 C X denote
Floe(2) = { f €Ly (Qu):V compact V C Q, 3f € DE): f= f a.e. in W%)

We extend the measure-valued form dI'(+, ) to Fpe(2) X Froe(€2) in the following

way.

Definition 2.1.9 In the above contezt, for any function f € F,.(S) define the
quadratic form dUq(f, f) to be the unique nonnegative Radon measure on € that
coincides on V with dU(f, f) for any pair (V, f) as in (2.5). We then define the
bilinear form dUq(-,-) to be the polarization of the quadratic form dUq(-,-) in the
sense of (2.3).

Such a measure exists because the bilinear form dI'(-,-) is local in the sense of
(2.4). We will often omit the reference to €2 from the notation dl'q(-,-).
We will often assume that the Dirichlet form (€, D(€)) admits a carré du champ

operator in the sense of the following definition.
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Definition 2.1.10 (see e.g. [44]) The Dirichlet form (£, D(E)) is said to admit
a carré du champ operator if for any f, g € D(E), the measure dU(f, g) is absolutely

continuous with respect to du. We denote Radon-Nikodym derivative by

dU'(f,g)

m c LNX,n), for f,ge D).

T(f.g9) =

For any open set €, the carré du champ operator Y : D(£) x D(E) — LY (X, p)

can be extended to an operator

To EOC(Q) X EOC(Q) - Llloc(Q’ :u)

Ta(f,9) = %jj’g) (2.6)

because of the following lemma.

Lemma 2.1.11 Assume that the Dirichlet form (£, D(E)) admits a carré du champ
operator in the sense of Definition2.1.10. Then for any open set Q C X and any
two functions u,v € Fioe(2), the measure dUq(u,v) on Q is absolutely continuous

with respect to du.

Proof. Take any compact V' C (). By definition there exist functions u,v €
D(E) coinciding on V' with u and v respectively. Therefore dI'(@, v) is absolutely
continuous w.r.t. du by assumption. It remains to notice that dl'o(u,v) coincides
with dI'(@, ) on V' by definition. This holds for any compact V' C €, therefore

dl'o(u, v) is absolutely continuous with respect to dy as a Radon measure on 2. [

2.1.1 The metric associated with the Dirichlet form

Let X be a connected locally compact separable metric space, u - a positive Radon
measure on X with full support and (£, D(€)) be a strictly local regular Dirichlet

form on L?(X,u). In this section we define and explore the properties of the
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metric and the corresponding length structure associated with the Dirichlet form

(E,D(E)) on X.

Definition 2.1.12 (See [60]) Let ps denote a pseudo-metric associated with the

form (€, D(E)) and given by
p(e,y) = pe(e,y) = sup {u(z) —u(y) : u € D(E) N Co(X), dl'(u, u) < dp} (2.7)

The condition dI'(u,u) < du is understood in the sense of Radon-Nikodym deriva-

tive % being less than or equal to one. We will often omit the reference to
m

E from the notation unless the Dirichlet form is other than the original form

(E,D(E)) on LA(X, ).

Note that pe is always a lower semicontinuous function. It is only a pseudo-
metric because it might happen that p(x,y) = 400 for some z,y. For a careful
introduction to this definition and the associated geometry we refer the reader to
[61].

For the rest of this paper we will restrict our attention to the case when the

Dirichlet form (€7, D(EF)) is local and satisfies two assumptions:

(A1) The pseudo-distance pg is finite everywhere and the topology induced by pe
is equivalent to the initial topology on X. In particular z,y — pe(z,y) is a

continuous function.

(A2) (X, pe) is a complete metric space.

We will state these assumptions again in Chapter 2.1.2. Such Dirichlet forms
were studied in [61, 60, 58, 59]. For such Dirichlet forms there is another way to

define a metric associated with the Dirichlet form, e.g.,

p*(@,y) = pe(x,y) = sup {u(x) — u(y) : u € Fioe(X) N C(X), dl'x (u, u) < dp}
(2.8)
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and it is proved in [61] that in the case that is of interest to us here, i.e. under
assumptions (A1) and (A2), these associated metrics coincide, i.e. p = p*.

It is known [61, Corollary 1] that under assumptions (A1) and (A2), the metric
pe is a length metric in the sense of Definition 3.0.4, i.e. the distance between
two points can be computed by looking at the length (in the metric pg) of paths

connecting these two points,
p(x,y) = inf{L(y) : v is a continuous path connecting x and y in X},

where for a path v : [a,b] — X, its length L(7) associated with a metric p is given
by

L(vy) = sup {S p(y(ti),¥(tix1)) : k€ Nty = a,tp, =b,t; <t; fori < j}
i=1
Throughout this paper we let B(z,r) denote the open ball in (X, pg) of radius
r around z,
B(z,r)={y € X : pe(x,y) <r}.
If y € B(z,r) then when p is a length metric, the distance p(x,y) can also be
computed by looking only at continuous curves v which stay in B(x,r), because

all other curves joining = and y have L(vy) > r. In other words,
p(x,y) = inf{L() : v is a continuous curve in B(z,r) joining x and y}  (2.9)

We prepare the following lemma which shows how the length of a path is
related to the energy measure dI'. We include the proof found in [61, Theorem 3|

for convenience and clarity.

Lemma 2.1.13 ([61], Theorem 3) Assume the conditions (A1) and (A2) are
satisfied. Assume that the path v : [a,b] — X does not have self-intersections.
Then

L(v) = sup{u(y(a)) —u(y(b)) : Y is an open neighborhood of v(|a,b]) C X,

u € Fioe(Y)NCY),dly (u,u) < dp on Y}(2.10)
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Proof. Denote the right hand side of (2.10) by L*(y). Choose ¢ > 0, an open

neighborhood Y of «([a, b]) and an admissible function v on Y with

u(y(a)) —uly(b)) = L*(y) — e

(here and below we call a function u on an open set Y C X admissible if u €
Froe(Y)NC(Y) with dl'y (u,u) < dp on Y).

Let 6 = 2p(7([a,b]), X \'Y). By Since both y([a,b]) and X \ 'Y are closed, we
have 6 > 0. Choose a =ty < t; < -+- < t, = b with §; := p(v(t;),v(tix1)) < 6.
Then for every ¢ = 1,...,n the function u is defined and is admissible on the whole

ball B(v(t;),46;). Hence so is the function

5(2) = min (3@- =t a), ule) - u(v(ti_m).

It immediately follows that 0; < 0 on B(v(t;),46;) \ B(y(t;),30;). Hence the func-
tion
max(?;, 0), on B(vy(t;),34;)
V; =
0, else,

is defined, nonnegative and admissible on the whole space X. From the Definition

2.1.12 of the metric p it follows that

vi(7(t:) —vi(y(tic1)) < p(y(ti), y(tic1)) = 0

and thus

This implies that

L*(y) —e

IA
=N
=
Q
SN—
S~—
|
=N
=
[y
S~—
SN—
I
<
—~
.
—~
S
|
=N
)
=
L
S—
S—
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This holds for every € > 0, therefore L*(v) < L(v). The opposite inequality follows

because the following function is admissible in Y

w(z) =1inf {L(y") : 7' :[0,1] — Y is a curve connecting v(a) and z in Y},
(2.11)
and as Y becomes smaller and smaller neighborhood of ~([a, b]), the right hand
side of (2.11) tends to L(7).

2.1.2 The assumptions on the Dirichlet space

We will be interested in Dirichlet forms that satisfy the following properties (see

e.g. Theorem 2.6.1).

(A1) The pseudo-distance pg is finite everywhere and the topology induced by pe
is equivalent to the initial topology on X. In particular z,y — pe(z,y) is a

continuous function.
(A2) (X, pe) is a complete metric space.

(A3) The measure p on X satisfies doubling condition, i.e for any z € X and any
R >0,
u(B(z,2R)) < cop(B(z, R)) (2.12)

(A4) The following Poincaré inequality is satisfied for any z € X and any R > 0

inf /B IR / 4T (u, ) (2.13)

3 B(x,R)
for any u € C.
Remark 1. The infimum in (2.13) is attained at £ = up e r) = m fB(m) udp.
Remark 2. The family of Poincaré inequalities (2.13) is equivalent to the same

family of inequalities for u € D(E) since C is dense in the Hilbert space D(E).
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2.2 Weak solutions

Let (-,-) denote the inner product on L?(X,u). Let (L,D(L)) be the nonnega-
tive self-adjoint operator associated with the Dirichlet form (£, D(E)), implicitly

defined using the Riesz representation theorem by

D(L) = {feD():3C >0, VgeD(E),E(f,9) < Cllgllrxm}

(Lf,g) = &(f.9) (2.14)

Indeed for each f € D(L), the map

extends to a bounded operator on L?(X, ). The function Lf is then the rep-
resentation of this map as an element of L*(X,u). Our goal in this section is
to introduce the notion of a local solution of the elliptic and parabolic equation

involving L.

2.2.1 Local domains and their properties

Let X be a locally compact separable metric space and let ;1 be a Radon measure
on X. Let (£,D(€)) be a strongly local regular Dirichlet form on L*(X, u). Let
be an open subset of X. In this section we explore some properties of the domain

Froe(2) and other important function spaces associated with the Dirichlet form

(€,D(€)).

Lemma 2.2.1 Let Q C X be an open set. The space Fioe(€2) N L3S

loc

(Q, ) is an
algebra. If additionally the Dirichlet form (€,D(E)) admits a carré du champ

operator T as in Definition 2.1.10, then

Yalgf,9f) <29°Talf. f) +2/°Talg, 9). (2.15)
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Proof. Let f,g € Fioe(2) N LSS

loc

(Q,u). Say, |f],|lg] < C ae. on Q. Then fg €
LOO

loc

(Q,u)NLE (2, 1). To show that fg € Fi,.(Q) take any compact subset V of Q.
Let f,§ € D(E) be the functions coinciding a.e. on V with f and g respectively.
Without loss of generality we can assume that f and ¢ are in L>°(X, u), otherwise
we may replace them by the functions of type f; = min(max(f, —C), C') which is
in D(E) because (£, D(E)) is a Dirichlet form. By Lemma 2.1.5, f§ € D(£), and
so the condition (2.5) is satisfied for the function fg and every compact subset V'

of Q. Therefore fg € Fi,.(€2). We can estimate its local energy measure using the

chain rule by

Yolgf,9f) = ¢*Talf.f)+ f*Talg.9) +2fgTa(f.9)

= 2¢°Ta(f, f) +2f°Talg, 9) (2.16)

by Minkovski inequality since YTq(-,-) is a nonnegative-definite L} (€, u)-valued

loc

bilinear form.

Using the quadratic form dl'g(-, -) we define

F(Q) = {f € Froe(Q) NLA(S2 p) : /QdFQ(f, f) < oo}, (2.17)

F.(2) = {f e F(Q): essential support of f is compact in Q}

We can extend each function in F.(2) by zero outside of € to become a function

on X, thus we will regard F.(Q) as a subset of L?(X, ).
Lemma 2.2.2 The space F.(2) is a subset of D(E), and

F() ={f €D(): essential support of f is a compact subset of 1}
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Proof. Every f € D(€) with essential support being a compact subset of ) is
trivially in F.(Q2). Take any f € F.(Q2), and regard it as a function on X. Let
V C Q be the essential support of f. Let V’ be any precompact neighborhood of
V in Q. Then by definition of F(U) there exists a function f € D(£) such that
f=finV'. Since (§,D(E)) is a Dirichlet form, for every N > 0 the function
fv = min{max{f, —N}, N} is in D() N L=(X). Also fy — f as N — oo in the
Hilbert space D(E), see [31, Theorem 1.4.2].

Pick two intermediate open sets V" and V" with V. c V", V¥ Cc V" and
V™ c V'. By Lemma 2.1.6 there exists a bounded nonnegative ”cutoff” function
¢ € D(&) such that ¢ = 1 on V" and ¢ = 0 outside V. Since D(E) N L>(X)
is an algebra, we have fy - ¢ € D(E). Denote fy = min(max(f,—N), N). Then
fx = fnp € D(E).

To show that f € D(E) we let N go to oo and notice that fy — fin L2(X, u);
to show the convergence is in D(€) it remains to prove that fy is a Cauchy sequence

in D(E). We estimate

E(fu— In, fu—fn) = 5((fM—fN)<Pa(fM—fN)S0)
= /Xdr(fM fNS0> fM fN))

_ { [+ . v/ \V,] AT ((Fu — F)e, (Pt — F)o)

= [t Fedu - Fo+ [ a0+ [ areo
v VAV X\V’

by strict local property of dI'. Indeed (fM — fN)ap = fM — fN on a neighborhood
of Vi fur — fv = 0 ae. on an open set V' \ Vi ¢ = 0 on a neighborhood X \ V7
of X \ V'. Therefore

E(fu — fn, fu — fv) < /Xdr(fM — o far — ) = E(fur — fvs fu — fv) —

as N — oo since fy — f in E-norm. O
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The following Lemma is a weaker version of (2.15) in a more general setting.

Lemma 2.2.3 Let f,g € Fie(2) N LE(Q, 1) and assume that g € D(E) is a

loc

continuous function with compact support in Q. Then gf € F.() C D(E) and

Eaf.gf) <2 /Q GdL(f, f) + 2 /Q f2dr (g, 9) (2.18)

Proof. The function fg is compactly supported in © and is in Fo.(2) N L. (2, 1)
by Lemma 2.2.1. Therefore it is in F.(€) and thus in D(E) by Lemma 2.2.2. Let
D denote the difference between the right hand side of (2.18) and the left hand

side. We need to prove D > 0. Using the chain rule we write

D = 2/g2dr(f, f)+2/f2df(g,g)—5(gf,gf)
Q Q
= /gzdF(f, f)+/fzdf(g,g)—2/f9df(f79>
Q Q Q
_ / U], f) + / 2dr (g, g) — 2 / fgdl(f,g)+ [ f2dr(g, g12.19)
1% 1% 1%

ov

where V' is an open set of points where g is nonzero. Then é € Fioe(V)NL(V, 1)

loc

because each of the functions

—

if [g(z)] = 3

1
h, = n2g(z)’

g(x), if |g(x)] <

3=

coincides with n%g on V, = {z € X : g(x) > 2}, is a normal contraction of g, and
thus belongs to D(€). Since both g and ; are in F,.(V) N L. (V, ), so is their
product by Lemma 2.2.1. By chain rule we know that for any function h € F,.(V),

we can write the energy measure

1 1 1
ATy (1, h) = dT'y <g§, h) = —dl'y (g, h) + gdl'y (—, h) . (2.20)
g g

Since the Dirichlet form (&€, D(E)) is strongly local, dI'y(1,h) = 0 and so (2.20)

gives

dry Gh) __dvig.h) (2.21)

g2
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Since dI' is a nonnegative Radon measure, we can drop the last term in (2.19) and

estimate

D

v

/ ATy (f, f) + / £2dUy (g, ) — 2 / FgdTy (£, g)

Vv Vv Vv

- / gt [%drv(f, f)+ fry (1, 1) +oftary <1,f)}
\% g g g g g

- [ (L2 =0
1% g9 9

because dI'y (h, h) is a nonnegative Radon measure on V for any h € Fj,.(V). O

2.2.2 Weak solutions, elliptic case

We identify L?(X,u) with its dual and let D'(€) be the dual of D(E) so that
naturally D(€) C L*(X, u) C D'(€). For and open subset Q of X let F.(2) be as
in (2.17) and let F(Q) denote the dual of F.(Q) with respect to L?*(€, u)-norm.
Naturally L*(Q, u) C D'(E) C FLQ).

Definition 2.2.4 Let Q2 be an open subset of X. Let f € F.(Q). We say that a

function u : Q — R is a weak solution of
Lu=f
in Q if

(1) u€ Froel)

(2)  For any function ¢ € F.(Q)we have
[ draté.) = [ of du (2.22)
) )
Remark. If u is a weak solution of Lu = f in ) and there exists a function

u’ € D(L) such that ' = u a.e. in some subset ' C Q) then Lu’ = f a.e. in Q' by

definition of the operator L.
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The examples below demonstrate boundary conditions that may be hidden in
Definition 2.2.4.
Examples. Let D be the open unit ball in R?, i - the Lebesgue measure on D
and consider the Dirichlet form associated to the Neumann heat semigroup in D,

given by

_ 0f 0g  Of dg
EN(f.9) = /D{%a—xﬂLa—ya—y}d

DEN) = {f € L*(D, p) : distributions g—i and Z_f are in L2(D,,u)}
Y

Let LY be the self-adjoint nonnegative operator associated with this Dirichlet form.
1. A smooth function u is a weak solution of Lu = f in D for some smooth

function f if and only if the condition (2) above is satisfied, i.e. for any ¢ € F.(D)

0pou  0¢ Ou B
A[i%*a_ya_y} dﬂ—/DW dps (2.23)

Since the function ¢ is compactly supported in D, we can integrate by parts the

we have

left hand side to obtain the equivalent equality

el gyl Lo

In other words, u is a smooth weak solution of Lu = f in D if and only if

Au=—f in D.

2. A smooth function u is a weak solution of Lu = f in D for some smooth
function f only if for any smooth function ¢ € F.(D) (e.g. any smooth function
¢ on D) the equality (2.23) holds. Since the function ¢ is no longer required to
be compactly supported in D, integrating the left hand side of (2.23) by parts we
pick up the boundary term

ou 0*u 0%u
8D¢%dv—/[)¢{(8x)2+ (&C)z]du—/[)wdu
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where a% is the normal derivative of u and v is the natural measure on 9D. Since

w(0D) = 0, the right hand side does not depend on the boundary values of ¢.
It becomes clear that for u to be a smooth weak solution of Lu = f in D it is

necessary that

% =0 on 0D,
(2.24)

Au=f in D.

2.2.3 Weak solutions, parabolic case

The next definition introduces the notion of (local) weak solution of the heat

equation

ou

A
ot b

We need the following notation. Given an open time interval I and a Hilbert space

H, we let L*(I — H) be the Hilbert space of the functions v : I — H equipped

oll e ( JAe ||Hdt)

We let W'(I — H) be the Hilbert space of functions v : I — H with distributional

with the natural norm

time derlvatlve Y that belongs to L?*(U — H), equipped with its natural norm

2 3
l|ollwi—m) = (/Hv (t)||3;dt + / dt).
I H

F(Ix X)=L*I - DE)NWI — D(E)).

v(t

We set

Given an open interval I and an open set Q@ C X, we define Fj,.(I X Q) to be
the set of all functions v : I x © — R such that, for any open interval I’ C [
relatively compact in I and any open set ' C Q relatively compact in 2 there

exists a function v’ € F(I x X) such that v’ = uw a.e. in I’ x Q. Finally F.(I x Q)
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is the set of all functions v in F(I x X) such that, for a.e. t € I, v(t,-) has compact

support in 2.

Definition 2.2.5 Let I be an open time interval. Let €2 be an open set in X and
Q =1x8Q. We say that a function u : Q — R is a weak solution of the heat

equation in Q) if

(1) u € ]:IOC(Q>

(2) For any open interval J relatively compact in I and any function ¢ € F.(Q)

we have

/]Adrg(¢(t,.),u(t,.))dH/J/Q(ﬁ%u dudt = 0 (2.25)

Notice that if u is a weak solution of the heat equation in I x €2, then by definition
of Fioe(I x Q), for almost all ¢t € I the distributional derivative v(t,x) = %u(t, x)
is in D'(E). Letting the function ¢ in (2.25) be independent of time, we see that

for any bounded interval J C I the regularization

uy(x) = m[]u(t,x)dt

is a weak solution of the equation

1 0
Luy;=—v; = __|J\ /J—tu(t, x)dt

This is similar to saying that for almost all ¢ > 0, the function u(t,-) is a weak
solution of the equation

Lu

I
|
S

in the sense of Definition 2.2.4.
The following lemma presents an example of a local weak solution, as well as
demonstrates how one could glue together weak local solutions on consecutive time

intervals.
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Lemma 2.2.6 Let ¢ € D(E). Let P, be the heat semigroup defined in Chapter

2.3. The following two properties hold for the function

@D(t,x) _ Ptgb(:c), if t>0 (2.26)
P(z), if t<0

(i) The function v is in Fi.(R x X). For any finite open time interval I C R

the function v is in F(I x X).

(ii) If for some open Q C X the function ¢(x) is constant one in ) then the

function ¥(t, x) is a weak solution in R x Q of

Proof. To show (i) it suffices to prove ¢ € F(I x X). To see that ¢ € L*(I —
D(E)) it suffices to notice that the functions ¢ and P,¢ are in the Banach space
D(€) and the norm (2.1) of P;¢ in D(E) is uniformly bounded by the corresponding

norm of ¢ since

1P|y = E(Pi, Piop) + / (Po)*dp < £(9,9) +/ ¢ dp = |1l[pe)
b b
To see that ¢ € W(I — D’'(€)) notice that the function

o(t, ) = —LPp(x), if t>0

0, if t<0

is the distributional derivative of % (t,x) by spectral theorem for the self-adjoint

nonnegative operator L. Indeed for any real numbers s > 0 > r we have

/Tse(t,-)dt — /OS—LPtqsdt:/os (/OOO—Ae—MdEA(qs)) dt

_ /OOO (e7** = 1) dE\(¢) = Psp — ¢ = (s, -) — (r, ).
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For every ¢ > 0 the norm of 0(t,-) in the Hilbert space D’(£) can be estimated by

0
|ge|| = 1oime = sw { [ ot oline <1
D/(€) peD(E) X

~ s { [ snrodn Bloe <1
BeD(E) X

= sup {E(P¢,B) : [|Bllpe) < 1}
BED(E)

< sw {VERG P VEGA): lloe < 1}
BED(E)

< \/g(Pt¢a Pi¢) < \/g(¢a })

uniformly in ¢. Therefore ¢ € W(I — D'(€)) and thus in F(I x X) as desired.

To show (ii) according to (2.25) it suffices to check that for almost every ¢ € [

/Q dTa(b(t, ) alt, ) + / G dip = 0 (2.27)

for any bounded open interval I C R and any test function ¢ € F.(I x Q). We
know that @ is the distributional derivative %@D. Notice that for almost every ¢ < 0,
t € I we have
dla(¢(t,-), q(t, ) = dla(1,4(t,-)) = 0

because the measure dI' is strictly local in the sense of (2.4). Also for t < 0,
6(t,-) = 0. Therefore both integrals in (2.27) are zero. For almost all t € I, ¢ > 0
we have ¥(t,-) = P and 0(t,-) = —LP,(¢) and q(t,-) € F.(2). Therefore the
equality (2.27) follows from the integration by parts formula (2.22) and the remark

thereafter. O

2.3 The heat semigroup and kernel

Fix a Dirichlet form (£, D(€)) on L*(X, u). Let L be the nonnegative self-adjoint
operator defined on a dense subspace D(L) C L*(X,p) given by (2.14). There

exists a unique self-adjoint semigroup {P;};~¢ of contractions acting on L*(X, p),
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tL in the sense of the

having —L as its infinitesimal generator so that P, = e~
spectral theorem. Moreover, { P}~ is (sub-)Markovian, see [31, section 1].

It has been proved in [60] that with the assumptions of Theorem 2.6.1 the
transition function A — (P,14)(x) of the semigroup P, is absolutely continuous
with respect to the measure u for every x, and so there exists a kernel p(¢, z,y) of

the semigroup P, relative to the measure pu. The next proposition is a well-known

consequence of spectral theory.

Proposition 2.3.1 Assume that the heat semigroup P, associated with any Dirich-
let form (€, D(E)) on L*(X, u) possesses a kernel p(t, z,y) with respect to the mea-
sure dp. Then for any fized to and yo, the function p(ty, z,vo), as a function of x,
belongs to the domain of every power of the operator L. In particular, p(to,z,yo)

belongs to the domain D(E). Also for any t > 0 and any z,yy € X we have

0
ap(thvy(]) = _Lp(t7$7y0> (228>

Proof. As a function of z,

plto,,u0) = (Paplte/2, ) ) (2) = Po f(2) (2:29)

with f(z) = p(te/2,x,v0). Also f € L*(X, i) because by symmetry

1p(to/2, - yo)lIZ2(x ) =/p(to/Q,yo,x)p(to/lx,yo)du(x)=p(to,yo,yo) <00
b'e

since the kernel exists. By spectral theorem for L, we have Py, = e~ 2L and
2

p(to, -, %) = /000 e_%OAdE,\(f)

where F), is a family of projection operators associated to the self-adjoint nonneg-
ative operator L. Therefore p(to, -, yo) belongs to the domain of every power of L

by spectral theorem, since for every n the integral

/ Ae~ 3AEL(f)
0
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is absolutely convergent in L?(X, u). To show (2.28), we notice similarly to (2.29)
that for any ty > 0 and any t > /2, p(t,x, yo) = Pi—i,/2f (x) and therefore satisfies

the heat equation (2.28) by definition of the semigroup P, via spectral theory.

In particular Proposition 2.3.1 implies that for ¢ > 0 the function v(t,y) =

p(t,x,y) is a local (weak) solution of

EU(TH y) = —LU(t, y)

and therefore is Holder continuous in variables ¢t and y by Proposition 2.5.2. The

heat kernel p(t, x,y) is also Hélder continuous in x variable by symmetry.

2.4 Boundary conditions in open sets

Let X be a connected locally compact separable metric space, u - a positive Radon
measure on X with full support, and (£, D(€)) - a strictly local regular Dirichlet
form on X. Let U C X be an open set. In this section we will define the bi-
linear forms on L?(U, 1) associated with the Neumann and Dirichlet problems in
U. These bilinear forms will give rise to the Dirichlet and Neumann operators,
semigroups and kernels. The definitions below are analogous to the known bilin-
ear forms associated with the Neumann and Dirichlet problems in a smooth open

subset of R™. We start with the Dirichlet problem in U.

2.4.1 Dirichlet boundary conditions

Definition 2.4.1 Let (£, D(EF)) denote the minimal closed extension for the

restriction of the Dirichlet form (€, D(E)) to the domain F.(U) C D(E).

Remark. The domain D(E7) is a subset of D(€). A function f € D(E) C

L? belongs to the domain D(EF) if and only if there exists a quasi-continuous
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representative f of f € L?*(X) such that f = 0 quasi-everywhere on X \ U, see [31,
Lemma 2.1.4 and Corollary 2.3.1]. To explain this statement, we recall from [31,
section 2.1] that quasi-everywhere means ’everywhere except on a set of 1-capacity

zero’, where A-capacity is defined as follows

Capy(V) = inf {A[|ull72(x ) + E(u, ) : (2.30)

u € D(E),u>1a.e. onsome open V' containing V'}.

A quasi-everywhere defined function f is called quasi-continuous if for every ¢ > 0
there exists an open set V' C X with Cap,(V) < € such that f|x\y is continuous.
Remark. Sets of 1-capacity zero are exactly sets of 0-capacity zero, according

to [31, Theorem 2.1.6].

The form (2, D(ER)) is closed by definition. It is straightforward to see that
(ER D(ER))) is regular on U with core F,(U)NC.(U) because (£, D(E)) is regular
on X with core F(U)NC.(X). The form (7, D(ER)) is also Markovian because the
set F.(U) is preserved under normal contractions (see Definition 2.1.1). We denote
by LB, and P&’t the associated nonnegative self-adjoint operator and contractive
semigroup on L?(U, p).

As we will see in section 2.7, for any Borel set A C X the expression (P[?tx 4)(zx)
- which is called the transition function of the semigroup P(ft - is a monotone
increasing function of U. Also if U = X, the domain D(ER) is closed and includes
a core of (£,D(€)). Thus (E2,D(ER)) coincides with (£, D(£)) and therefore
P)’Zt = P.. So if the operator P, on L?(X,u) possesses a kernel, each of the
operators P[?t does. Let pP(t,x,y) denote the kernel of P[?t. Then pZ(t,z,y) is a
monotone increasing function of the domain U.

Remark. The form (7, D(E})) on U does not in general satisfy the condition

(A2) stated in Chapter 2.1.2, i.e. (U, pg[?) is not a complete metric space. If instead
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we consider the form (£F, D(EF)) on the geodesic closure U of U with respect to
the metric py, then the condition (A1) will not be satisfied, as the topology given

by the metric psp treats OU as one point.

Definition 2.4.2 For any Dirichlet form (£,D(E)) possessing a kernel, let G¢

denote its Green function,
G (x,y) = / p(t, z, y)dt
0
The Green function GE for the form (EF, D(ER)) will be denoted by Gy .

The expression Gy (z,y) is then a monotone increasing function of the domain
U. Notice that the integral does not converge in general unless the Dirichlet form
(€,D(€)) is transient.

Remark. If the Dirichlet form (€, D(€)) does not possess a kernel, G¢(z, -)

must be understood as a measure

G (z,A) = /000 (Pxa)(z)dt

where P; is the semigroup on L*(X, i) associated with (€, D(E)).
Further properties of the Dirichlet Green function on a precompact domain will

be studied in Chapter 5.3.

2.4.2 Weak solutions, Dirichlet case

Let py be the inner metric in U as in Definition 3.0.3. We define by analogy with
Froe(U) the following space of local (weak) solutions (of Lu = f) in V' with weak

Dirichlet boundary conditions on 0U.

Definition 2.4.3 Let V' be any open subset of U. Let

FL.WV,U) = {feLli (V.uly):V open QCV rel. cpt. in U with py(Q,U\V) >0,

loc

3feDED): f=f p-ae on Q}

(2.31)
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In case V = U, we abbreviate the notation F_.(U,U) to F2 (U).

Remark 1. A space D(EF) is clearly a subset of F.(U) which in turn is a
subset of Fj,(U). In view of Definition 2.4.3 and the description of the domain
D(EF) following Definition 2.4.1, any function in F) (U) has a quasi-continuous
representative - a function on U - which can be extended by zero in a quasi-
continuous way to a function in Fj,.(X).

Remark 2. It is interesting to observe that the space F_ (V,U) in Definition
2.4.3 would not change if we replace U by U in (2.31), see Definition 3.0.3.

Lemma 5.2.3 gives an alternative view on Fp,.(V,U). Next we define the notion
of a local (weak) solution of the elliptic equation Lu = f with weak Dirichlet

boundary conditions on OU.

Definition 2.4.4 Let Q2 be an open set in U. Let f € F.(Q). We say that a

function u : Q@ — R is a local (weak) solution of the equation
Lu=f
in  with weak Dirichlet boundary conditions on OU if
(1) u€ Fp.(2,U)

(2) For any function ¢ € F.(2) we have
/ dTa (6, u) / ofdp (2.32)

Finally for any open subset V' C U, similarly to Chapter 2.2 we will define
the notion of a (local) weak solution of the heat equation with Dirichlet boundary

conditions on QU. For any open interval I, we set

FOUIxUU)=L*I —DE))NWHI — D'(EF)).
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Given an open interval I and an open set V C U, we define Fp..(I x V,U) to be
the set of all functions v : I x V' — R such that, for any open interval I’ C [
relatively compact in I and any open set Q C V relatively compact in U with

pu(Q,U\ V) > 0, there exists a function v’ € F°(I x U,U) such that v’ = u a.e.

in I’ x Q.

Definition 2.4.5 Let I be an open time interval. Let ) be an open set in U and
let Q =1 x 8. We say that a function u : QQ — R is a weak solution of the heat
equation

0
Euthu:O

in Q with weak Dirichlet boundary conditions on OU if the following two conditions

are satisfied

(1) uwe F(Q,U)

loc

(2) For any open interval J relatively compact in I and any function ¢ € F.(Q,U),

we have

/J/QdFQ@(t,-),U(t,.))dH/J/qu%u dpdt =0 (2.33)

2.4.3 Neumann boundary conditions

Now we begin defining the Neumann problem in U for an open set U C X.
Definition 2.4.6 Using (2.17) we define the form (€Y, D(EY)) by

D(E)) = F(U)C L*(U,p)

EN(f.g) = / ar(f. )

where dI' = dl'y is a measure-valued bilinear form on Fioe(U) X Fioe(U) as in

Definition 2.1.9.
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Notice that the form (&5, D(EY)) on L*(U, ) is strongly local, since (€, D(E))
is strongly local on L?(X,u). Normal contractions [31, p.5] clearly operate on
(&Y, D(EY)) since they operate on (£,D(€)). To show that (&Y, D(EY)) is a
Dirichlet form it suffices to show that it is closed. We will need the following

definitions and lemmas.
Definition 2.4.7 Let V C U be a compact set. Set

_ plz,V)
Yy () = max <1 T I00) 0) (2.34)

The function ¥y on (X, p) is Lipschitz, identically one in V' and is compactly
supported in U. These functions will be used as cutoff functions thanks to the

following Lemma.

Lemma 2.4.8 Assume that the metric pg associated with the Dirichlet form (€, D(E))
on X satisfies the conditions (A1) and (A2) of Chapter 2.1.2. Let V' be any com-
pact subset of U. Then vy € D(E)NL®(U, ). For every u € Fi,.(U) the function
Yyu is in F(U) C D(E) and

E(yvu,pyu) < C (/ uzd,u+/ dF(u,u)) (2.35)
where V' C U is the support of Yy and the constant C' depends only on U and V.

Proof. For any compact V C U, the function ¢y u is compactly supported in U
so in view of Lemma 2.1.6, in order to prove ¢Yyu € F.(U) C D(E) it suffices to

show (2.35). Using Lemma 2.2.3 we estimate

/dr(¢vU,¢vu) < 2/ w?dl (v, bv) +2 | Pidl (u,u)
U / v

< QSUPM/ uzdu+28upw‘2// dl’ (u, u)
V! d/JJ / v’ y

So (2.35) follows from the following estimate [58, Lemma 1]

dr(p(-, V)v p('v V)) <dp
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which essentially states that under assumptions (Al) and (A2) of Chapter 2.1.2
the distance function of the regular strictly local Dirichlet form (£,D(€)) is in
Froe(X) and has a weak gradient bounded by one. Finally ¢y € F.(U) by the

above argument with u =1 € F,.(U). O

Proposition 2.4.9 Assume that the Dirichlet form (€, D(E)) is strongly local and

regqular on X. Then for any open subset U of X, the form (£, D(EY)) is closed.

Outline of the proof. For the case X = R" and £(f, f) = [, |V f|*dp, the proof
is a simple application of the theory of distributions. Namely, a Cauchy sequence
{f:}2, in the space D(EY) is a Cauchy sequence in L?(U, u) such that the sequence
of weak gradients V f; (each of the weak gradients V f; can be represented by a
n-dimensional vector of functions in L?*(U, u)) is a Cauchy sequence in L?(U, p).
Since L?(U, i) is complete, there must exists a limit f of the sequence of f; and the
limit g of V f;. The limit is unique in the distribution sense, and therefore Vf = ¢
in the sense of distribution, i.e. Vf can be represented by an L*(U, u)-function,

and so
/ IV f?dp < .
U
This shows that in the case X = R", the limit f of the Cauchy sequence {f;}22; is

in D(&Y).

Proof of Proposition 2.4.9. Let {u;}%°, be a Cauchy sequence in L?(U, u) and
in 5{]\7 -sense. First, this sequence converges in L?-sense to some u € L*(U, u). For
any compact subset V' C U, the sequence ¢y u; is a Cauchy sequence in D(E) by
Lemma 2.4.8 and therefore converges since the form (£, D(€)) is closed. Since
Yy =1 on V, we have shown that the sequence u; converges to u in fv dr(-,-)-
sense for any compact V' C U. In particular u € Fj,.(U) and for any f € Fj,.(U)

the measure dI'(u, f) is well-defined as a measure on U.
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To prove that the sequence u; converges to u in &-sense, we first aim to
establish the existence of such limit. Let .# (U) denote the space of signed Radon
measures on U. Let also .#*(U) denote the space of finite signed Radon measures
on U, which is the dual to Cy(U) with supremum norm. The associated norm on
AU is

lV[l.or@wy=" sup / odv=v,(U)+v_(U)
U

0€Co(U),|o|<1

where v = v, — v_ and both v, and v_ are nonnegative Borel measures with
disjoint supports. The space .#*(U) is then a Banach space with respect to this
norm.

For any function v € F,.(U), consider the linear mapping T,

T’l) : ‘EOC(U) - %(U)7

fo— dl(v, f)

Since dI is local in the sense of (2.4), the operator T, is local, i.e. for any open set
Vcu
T,(f)lv = T,(g9)|y whenever f=gae inV (2.36)

Notice that the correspondence v — T, is linear. If v € D(E)Y), then also
T, : D(EY) — 4 (U)
Equipping the space D(&}) with the seminorm

mwzwmwzﬁwmm
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we see that for v € D(EY), the operator T, : D(EY) — .#*(U) is bounded because

for every f € D(E}) we have

u'cvu

35}3{\//,drf’ \///df‘vvdu—l—\//U\U, (f, f \//U\U, vvd,u}
§¢lﬁﬂuw¢éﬂﬂﬂﬂ=Hwﬂﬁw

with the equality when f is proportional to v. We used that vab + vVed <

ITDLr = {00 Do)+ 70 )00} = s { [ o= [ v )

V(a+¢)(b+d) for a,b,c,d > 0. We could apply the Minkovski inequality because

for every Borel set V', the quadratic form fv dI'(u, u) is non-negative definite. Thus
T llpeyy—.ar ) = 0]l =/ EF (v, v) (2.37)

Since u; is a Cauchy sequence in D(EY), the sequence of linear operators T, :
D(E&Y) — A1 (U) is a Cauchy sequence by (2.37). Since .#'(U) is complete,
the sequence T),, converges in the operator norm to some bounded linear operator
T:DEY) — . # (U).

We will prove that the operators T and T, coincide on F,.(U). Take any
© € Froe(U). It suffices to compare T'(¢) to T,(p) locally, i.e. on any compact
subset V' C U. Since both T and T, are local operators by (2.36) and ¢ = @iy
on V, it is left to compare T(piy) and T, (pty) as Radon measures in V. Let
v =y € F.(U). Let V! C U be the neighborhood of the support of v. To prove
T(v) = T,(v) we will show that

dl (u;,v) — dl'(u,v)
in #1(U) as i — co. We estimate .#'(U)-norm of the difference

dT(w — ui, V)| @y = AL ((w —ws) Vv, )|y = [ To((w — wi)bvo)| | @

< | = w)vrl| - W[ Tollpey) -y = [0l - 11(w = wi)oy]|



41

by (2.37). The right hand side tends to zero by the argument in the beginning of
this proof.

This holds for any compact V' C U, therefore T" coincides with T}, on F,.(U) D
D(&Y), and thus the sequence T,,, converges to T, in the operator norm. Therefore

by (2.37), we have

[ = wil| = [|Tu—wil lpeyy—.ar @y = T = Tullperyy—.ar vy — 0,

as i — 00. Therefore u; — w in both &) and L*(U, u) norms as desired. U

The closed form (&Y, D(EY)) is associated with a nonnegative-definite self-
adjoint operator and a contractive semigroup, which are denoted L and P(]},’t
respectively. For a general open set U C X, however, the form (£}, D(&Y)) is not
necessarily regular. This and further properties of these objects will be developed

in section 4.2.

2.5 Harnack-type forms and Holder continuity of weak so-

lutions

In this section we introduce the notion of Harnack-type Dirichlet form and begin
to introduce their important properties. Let X be a locally compact Hausdorff
space equipped with Radon measure p with full support. Let (£,D(E)) be a
Dirichlet form and let L be the associated nonnegative self-adjoint operator on

D(L) C L*(X, p). Let B(z,r) denote a ball in metric space (X, pg), centered at z.

Definition 2.5.1 We say that a regular strictly local Dirichlet form (£, D(E)) on
L3(X, 1) is of Harnack type if the distance pge satisfies the conditions (A1) and
(A2) of Chapter 2.1.2, and the following uniform parabolic Harnack inequality is

satisfied with some uniform constant C. For any z € X, r > 0 and any (weak)
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non-negative solution u of % + Lu = 0 in (0,47?) x B(z,2r), we have
sup u(t,z) <C inf wu(t,x) (2.38)
(t,z)EQ_ (tx)eQ+
where Q_ = (r?,2r?) x B(z,r), Q+ = (3r%,4r%) x B(z,r) and both sup and inf are

essential, i.e. computed up to a set of measure zero.

For any Harnack-type Dirichlet form (€, D(€)) the following elliptic Harnack
inequality holds trivially with the same constant C' as in (2.38). For any z € X and
r > 0 and any (weak) non-negative solution u of the equation Lu = 0 in B(z,2r),
we have

sup u < C inf w. (2.39)
B(z,r) B(z,r)

One of the important consequences of the Harnack inequality (2.38) is the

following quantitative Holder continuity estimate found in [51, Theorem 5.4.7].

Proposition 2.5.2 Assume that (£,D(E)) is a Harnack-type Dirichlet form on
L*(X, ). Fiz T > 0. Then there exists o € (0,1) and A > 0 such that any local
(weak) solution of 2u+ Lu=0in Q= (s—7r%s) x B(z,r), z € X, r >0 has a

continuous representative and satisfies

{ uly, t) — uly', )] }

[t —t]V2 4 pe(y,y')]*

Here Q- = (s—37r% s —37r?) x B(z,r/2) and B(z,r) is a ball in (X, pg) centered

Sup (uf.
re Qp

sup
(t,y),(t"y)eQ -

at x.

2.6 Heat kernel estimates for Dirichlet forms of Harnack
type

It turns out that the L2-semigroup associated with each of the Harnack-type Dirich-

let forms has a kernel that can be very well estimated from both sides using the
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associated metric pe. Also there are simpler conditions to see if a particular Dirich-
let form is of Harnack type. The following theorem is our main tool and is proved

in [60].

Theorem 2.6.1 Let X be a locally compact Hausdorff space and p - a Radon
measure on X. Let (£,D(E)) be a strictly local regular Dirichlet form on X.
Assume that the metric pe satisfies the assumptions (A1) and (A2) of Chapter

2.1.2. Then the following properties are equivalent:

o The form (£,D(E)) is of Harnack type, i.e. the uniform parabolic Harnack

: : : : : du _
inequality (2.38) is satisfied for the (weak) local solutions of % + Lu = 0.

e For any x € X and r > 0 the doubling condition (2.12) for the measure

and L* Poincaré inequality (2.13) are satisfied with some constants.

o There exist constants ¢y, co, C3, ¢4 such that the kernel p(t,x,y) of the semi-

group P, associated with the Dirichlet form (€, D(E)) on L*(X, ) satisfies

o exp (~ec222)

V(B VD)u(B(y. Vi)

for all x,y € X and all t > 0.

C3 €Xp <— pe o (ci’tyﬁ )

V(B VD)u(Bly. Vi)

<p(t,z,y) < (2.40)

In fact the constant ¢4 in Theorem 2.6.1 can be chosen to be ¢4 = 4 + ¢ for
any € > 0, see [51]. In the setting above it is possible to use the upper heat kernel
estimates to obtain the related upper estimates on the time derivative of the heat
kernel using the method presented in [16]. For Harnack-type Dirichlet forms the
following is a straightforward corollary of Propositions 2.5.2 and 2.3.1, since the

kernel p(t,z,y) exists.

Corollary 2.6.2 Assume that the Dirichlet form (£,D(E)) is of Harnack type.

Then the heat kernel p(t,z,y) is Hélder continuous in X and for every t,t' > 0
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and z,y,y € X satisfies

ip(t, 2, ) — p(t' 2, )] < A (V £ t"jfg(y’y”) p(2t,2,)

whenever [t —t'| < /2, p(y,y') < VT

Also for Dirichlet forms of Harnack type, the semigroup P, turns out to be

conservative, and we present here one of the several ways to show this.

Lemma 2.6.3 Let (£,D(E)) be a Harnack-type Dirichlet form on L*(X,p). For

anyt >0 and any v € X,

| vt pdnt) = 1. (241)
b's
in other words the semigroup P, is conservative.

Proof. Since the semigroup P, is Markovian, we have

‘Aprwmmmg1.

Fix z € X and R > 0. Let
¢r(x) = min(1,max (0, R+ 1 — p(z, 2))).

We know that the function ¢g is supported in B(z, R+ 1) and is identically one
on B(z, R). Since p(z,-) € Fioe(X) with dI'(p(z, -), p(2,-)) < dp by [58, Lemma 1],
it follows that ¢pr € F.(X) C D(€) and dI'(¢g, ¢r) < dp on X.

Let ¢r be the function ¢ defined in (2.26) based on the function ¢p. Consider

the function
Jxpt z,y)dy, ift>0

1, ift<0

v(t,z) =

which is an increasing limit of the functions ¢z by dominated convergence theorem.
Each of the functions 1 is a nonnegative weak solution in R x B(z, R) of the

parabolic equation

0
—tbn = —Lip.
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Since 0 < ¥r < 1 by Holder estimates of Proposition 2.5.2, for for any ¢,t" with

it —t'| < R* and y,y' € B(z, &) we have

[t — 1Y% + pe(y, y))*
Re '

[Vr(y,t) — vy, t)] < A

Taking the limit as R — oo, we see that for all y, ¢ € X and ¢, € R

_411/2 Nl
{A[It | ;zrape(y,y)] }:0‘

lo(y,t) —o(y', )] < limsup

R—oo

Let B = B(z, R) be any ball in (X, pg). The following theorem summarizes the

important estimates of the Dirichlet heat kernel pZ (¢, z,y) found in [41].

Theorem 2.6.4 Let (£,D(E)) be a Harnack type Dirichlet form on L*(X,u).
Then the Dirichlet heat kernel p5(t,xz,y) in the ball B = B(z, R) satisfies the

following estimates

(i) There exist constants £,C1,Cy > 0 and € € (0,1) such that for any x,y €
B(z,€R),

G

u(B(z, V1))

whenever 4p(x,y)* <t < (eR)?.

Cs
W(B(z, V1))

< pp(t,z,y) < (2.42)

(i) There exist constants C,e > 0, and for any 0 < 0 < 1 there exists a constant

Cy such that for all x,y € B we have

Cy

Vt > 0(cR)?, pp(t,z,y) < w(B(z,eR))

exp (-og,%) (2.43)

(iii) There exist a constant Cs3, such that for all z,y € B we have

D Cy p(z.y)°
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All the constants above depend only on the constants ca, c3 appearing in (2.12) and

in (2.13).

Proof. The upper bounds in the estimates (i) and (%ii) follow by comparing
the Dirichlet heat kernel to the original heat kernel p(¢, z,y) in X, as explained in
Chapter 2.7. The lower bound in (%) follows from [41, Lemma 3.7] and the parabolic
Harnack inequality (2.38). The estimate (ii) follows by changing notation in [41,

Lemma 3.9, part 3].

2.7 The Markov process and the harmonic measure

Let (£,D(€),L*(X,u), X, pe) be a Harnack-type Dirichlet space. Let P; be the
semigroup associated with the Dirichlet form (£, D(£)) and for any relatively com-
pact set V' C X set
P(t,z,V) = (Pxv)(z) 2 0

to be the transition function of the semigroup FP;. In view of Theorem 2.6.1 we
see that for any ¢ > 0,z € X the expression P(¢,x,-) on X is a Radon measure
which is absolutely continuous with respect to u with kernel p(t, z, y) - a continuous
function of ¢, z,y which vanishes at infinity. Combining this with the Markovian

property of P, we see that for every ¢ > 0 the map

f—g= /Xf(y)p(t, S y)dp(y)
sends the space of bounded function into the space C'(X) of bounded continuous
functions. This means in other words [25, p.52], that P(t,x,-) is a Feller transition
function. The heat kernel estimates from above (2.40) are more than sufficient
to apply Theorem 3.5 in [25] which states that there exists a continuous Markov

process {X;}+>0 with transition function

PP X, €V} =P{X, € V|X, =2} = P(t,z,V).
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This process is then strong Markov by [25, Theorem 3.10], and moreover is strong
Feller [26, p.28]. The equation (2.41) is called the stochastic completeness for the
semigroup P;. It implies that the process { X; }+>0 has almost surely infinite lifetime
because for any ¢t > 0,
P{X, alive at time t| Xy =z} = P(t,z, X) = / p(t,x,y)du(y) =1
X

The process X; has the following characterizing property: Vi > 0, Vo € X,
(Bf) (x) = E[f(Xe)| Xo = 2]

According to [31, Theorem 4.4.2] the semigroup P(ft associated with the Dirichlet

problem in an open subset U can be described in terms of this process X;,

(Po.f) (x) = E [f(Xt)l{KJX\U}\XO = x]

Here and later ox\y denotes the first hitting time of X \ U by the process X;.
Because the sample paths of X, are continuous, the first hitting time of X \ U
is a monotone nondecreasing (random) function of U, and so for any nonnegative

f € L*(X, 1), the expression (PU% f) () is a monotone nondecreasing function of

U.

Definition 2.7.1 Let V' be an open subset of X and E C OV be compact. Then

w(xz, E,V)=Plox\v < 00, X, € E|Xy=12)

X\V
denotes the harmonic measure of a set V', as seen from x € V.
As a function of z, w(z, E,V) € Fioe(V) and Lw(z, E,V) = 0 weakly in V'

by [26, Theorem 12.13]. The strong Markov process X; has continuous paths,

therefore the measure w(z, -, V') is supported on 9V'.
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Definition 2.7.2 (see [26], p.32 and Theorem 13.1) Let V C X be a Borel
set, and let o’ be the first exit time from V after 0. A point x € OV is called

reqular if P*{c’ > 0} =0, i.e.
P{3Ie>0st Vt<e, X e V|Xog=2}=0.

Remark. An alternative definition of regular points will be presented in Chapter
5.1, see also [10, p.9] and [31] for identification of these notions.
By [26, Theorem 13.1 on p.32] at every regular point a € 9V which is an

interior point of E, we have

lim w(z, E,V)=1.

V3zr—a

Similarly at every regular point b € 9V \ E we have

lim w(z, E,V)=0.

Vox—b

The space X is unbounded and satisfies the doubling estimate (2.12). Together
with the heat kernel estimates (2.40) this shows that for any bounded open V' C X,

the exit time 7 is almost surely finite. Therefore w(z, 0V, V) = 1.



Chapter 3

The inner metric and uniform sets

Let (X, p) be a connected locally compact separable metric space. We can define

the associated length function by setting for any path v : [a,b] — X,

k—1
L(v) = sup {Z p(y(t:), ¥ (tiz1)) : k€ Nty = a,ty, = b, t; < t; for i < j} (3.1)
=1

Definition 3.0.3 Let U be an open subset of a metric space (X, p). Define py to

be the geodesic metric in U associated with the length function L(vy) given by (3.1),
pu(z,y) = inf{L(7y): 7 is a continuous curve connecting x and y in U)3.2)
Let U be the completion of U with respect to the metric py.
There exists a natural continuous map from U onto the closure U of U in X.

Definition 3.0.4 We say that the metric p on X 1is a length metric if p = px,
1.€.

p(x,y) =inf{L(v) : v is a continuous curve joining x and y}
If p is a length metric, then the equality (2.9) says exactly that for y € B(z, ),

p(x,Y) = PBas) (T, Y). (3.3)

In particular, if r = py(z, U \ U), then all paths with L(y) < r starting at = must

stay in U, therefore B(z,r) C U and thus for all y € B(z,r) we have

p(x,y) = By (T,y) = pu(z,y). (3.4)

49
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3.1 Uniform sets

In this section we will define two related notions of uniform sets which are the

main focus of our study.

Definition 3.1.1 A metric space (U, p) is called uniform with respect to a closed
subset I' if any two points x,y € U\T can be connected in U by a continuous curve

v of length L(v) at most co - p(x,y) such that for any z € v,

p(z,2)p(2,9y)

Alal) 2 e p(z,y)

(3.5)

An open subset U of a metric space (X, p) is called uniform if (U, p) is uniform

with respect to its subset OU .

Remark. The condition (3.5) can be replaced by a simpler equivalent condition

p(zT) = emin(p(z, ), pl2,y))

with a new constant ¢. For the sake of not modifying the computations of the

following sections, we will keep our current definition.

Definition 3.1.2 An open subset U of a metric space (X, p) is called inner uni-
form if (ﬁ,pU) is uniform with respect to U \ U, i.e. if any two points x,y € U
can be connected in U by a continuous curve v of length L(vy) at most co - py(z,y)

such that for any z € v,

v(z,2)pu(z,y)
pU(Iv y)

pu(2,U\U) > 2 (3.6)

Any uniform domain is clearly an inner uniform domain. We are interested in

developing the theory of heat kernels for inner uniform domains.

Definition 3.1.3 Let Lip(U) be the space of Lipschitz functions on (U, py). Let
Lipc(fj) be the space of Lipschitz functions on (ﬁ,pU) which are compactly sup-

ported in U.
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Lemma 3.1.4 Assume that the measure p on the metric space (X, p) satisfies the
doubling condition (2.12). Let U C X be inner uniform. Then the measure pu|y on

(U, pv) satisfies the doubling condition.

Proof. Fix any x € U and R > 0. Without loss of generality assume that the ball
By(z, R) is not contained in any ball of smaller radius. Then the ball By (z, R)
contains a point z with py(z,z) > R/2. Applying the uniform condition (3.6) we
see that there exists a continuous curve «y connecting = and z and satisfying (3.6).
Take some point y € By(x, R) on the path 7 such that py(z,y) = R/4. Such a
point exists because the distance function py(z,-) is continuous and py(x,z) >

R/2. By the uniform condition (3.6) and by triangle inequality, we have

oo Yooy, 2) R/ pu(y,2) R/ pu(,z) — pu(z,y)

pU(yvU\U) 2 pU(l',Z)

C1 R/4 C1
> 2 — ) =R
= 4R( R/2) g 1

Therefore the ball By (y, g R) also happens to be the ball B(y, 3 R) in (X, p). On

pu(, 2) pu(, 2)

the other hand the ball By (x,2R) is a subset of B(y,4R). The doubling property

(2.12) of the measure p gives

“LR)) < Cu(By(x, R))

w(Bu(z,2R)) < u(Bly,4R)) < Cu(Bly, ¢

for some constant C' depending only on ¢; and the constant ¢, appearing in (2.12).

O

3.2 Examples

In this section we present some examples of uniform and inner uniform domains
in R™. For some of these, the behavior of a réduite function h discussed in the

introduction will be studied in the Appendix.
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Figure 3.1: Von Koch snowflake - a domain in R? with fractal boundary.

Before we proceed to examples in R"™, notice that a wide and natural class
of examples of inner uniform subsets of Harnack-type Dirichlet spaces is - inner
uniform subsets of complete Riemannian manifolds of nonnegative Ricci curvature,

see [50].

Proposition 3.2.1 Let U be a domain above the graph of a Lipschitz function

®: Rt — R. Then U is uniform with respect to the usual metric in R™.

Proof. The proof is in the Appendix. O

Proposition 3.2.2 Let U be a domain of the form U = R™ \ V' for some closed

convex set V. C R". Then U C R" is inner uniform with ¢ = 21, ¢; = 1/462.

Proof. This result is not as obvious as it may appear. The proof is in the

Appendix. O

For the next example we look at the von Koch snowflake domain. It can be
constructed by starting with an equilateral triangle, then recursively altering each

line segment via the following procedure:
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Figure 3.2: The Fibonacci spiral in R2.
1. Divide the line segment into three segments of equal length.

2. Draw an equilateral triangle that has the middle segment from step 1 as its

base.
3. Remove the line segment that is the base of the triangle from step 2.

The von Koch curve is the limit approached as the above steps are followed
over and over again. These domains and other domains with fractal boundaries

were studied from the point of view of heat equation in [19, 20].

Proposition 3.2.3 Both the interior and the exterior of a von Koch snowflake

domain of Figure 3.2 constructed above are uniform domains in R?.

Proof. This result is well-known., and we will present the proof in the Appendix.

O

We will end this section with the following example without proof.

Proposition 3.2.4 The complement in C of the spiral S given in the parametric
form by z(t) = exp(t + icwt) (see Figure 3.2) for some constant ¢ > 0 is inner

uniform.



Chapter 4

Neumann heat kernel

Let X be a connected locally compact separable metric space, p - a positive Radon
measure on X with full support, and (€, D(£)) - a strictly local regular Dirichlet
form on X. Let p = pg be the metric associated with the Dirichlet form (£, D(E))
on X, and assume that conditions (A1-A4) stated in Chapter 2.1.2 are satisfied.
Let U be an open subset of X. Let py denote the inner geodesic metric in U.
Let U be the completion of U with respect to py. Throughout this section let
By(z,7) denote the open ball in (U, py) centered at z. Let V(z,r) denote its
volume p(By(z,1)).

The goal of this section is to apply Theorem 2.6.1 to obtain the heat kernel
estimates for the kernel of the Neumann semigroup Py, in case when U C X is
inner uniform. We will assume that the energy measure dI" is absolutely continuous
with respect to p in the sense of Definition 2.1.10.

We will prove the following result that implies Theorem 1.3.1 when X = R".

In fact, later we will prove another generalization of this result - Theorem 4.2.7.

Theorem 4.0.5 Let (X, p) be as above. Assume that the Dirichlet form (€, D(E))
satisfies the conditions (A1-A4) of Chapter 2.1.2 and admits a carré du champ
operator Y : D(E) x D(E) — LY X,pu). Let U be an inner uniform domain in
(X, pe), see Definition 3.1.2. Then the Neumann heat kernel ply (t,z,y) in U exists
and satisfies

o exp (<)

\ (Bu (. VD) u(Bu (v, VD)

for all x;y € U and all t > 0. For any positive integer k there exists a constant

oy ()

\ (Bu e VD) u(Bu (v, VD)

<py(t,a,y) < (4.1)

o4
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C(k) such that the k-th time derivative of the Neumann heat kernel satisfies

2\ C(k)eXp< M)
‘(&) P (t,z,y) tk\/u Bu (Vi) i(Bo (4, VD))

for all x,y € U and all t > 0. Also for arbitrary z € U every nonnegative (local)

(4.2)

weak solution in (0,4r%) x By(z,2r) of the equation

u
E + Lgu = 0
satisfies
sup u(t,x) <cg inf wu(t,x) (4.3)
(t,z)eQ— (tz)eQy

where Q_ = (r?,2r?) x By(z,r), Q4 = (3r%,4r?) x By(z,r). Here the constants
C(k),c1,...,ce depend only on k and on the constants cg, c1, co in Definition 3.1.2
and (2.12). In particular the from (EY,D(EY)) is a Harnack-type Dirichlet form
on (7, see Definition 2.5.1.

The plan of the proof. We learned in Proposition 2.4.9 that (&5, D(EY)) is a
closed symmetric form on L?(U, ). In view of Theorem 2.6.1, the following results

combined imply this theorem

e Lemma 3.1.4. The doubling condition (2.12) for the measure p|y on (U, py ).

e The family of Poincaré inequalities (2.13) for the form (£, D(EY)) on LA(U, uly)

with respect to the metric pyy. This follows from Proposition 4.1.1 applied

to the measure pu|y.

e The form (&Y, D(EY)) is a regular and strictly local Dirichlet form on L2(U, ).

We will explore these basic properties in Chapter 4.2.

o Lemma 4.2.5. The metric pgy associated with the Dirichlet form (&}, D(E7))
coincides with py. In particular this implies conditions (A1) and (A2) of

Chapter 2.1.2.
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e Finally any time derivative of the heat kernel can be estimated from above
as in (4.2) by [16, Theorem 4] which uses the estimates of the heat kernel to
produce the estimates on its time derivative using the analytic nature of the

heat kernel.

Remark. Theorem 4.0.5 holds more generally if the Dirichlet form (&}, D(E}Y))
on L*(U, ) is replaced by the form (£, D(E))) on LA(U,vdy) as will be dis-
cussed in Theorem 4.2.7.

The outline above provides the structure for the remainder of this section,
where we will complete the analysis of the Neumann heat kernel in U. We now
focus on proving the Poincaré inequalities for the balls in (17 ,pu) incase U C X

is inner uniform.

4.1 Poincaré inequalities for inner uniform subsets

Let X be a locally compact separable metric space. Let (£, D(€)) be a strongly
local regular Dirichlet form on L?(X, u). Let p = pe be the metric associated with
(€,D(€)) via (2.7). Assume that the conditions (A1) and (A2) of Chapter 2.1.2
are satisfied for the metric p. Let py be the inner geodesic metric in U. Let U be
the completion of U with respect to the metric py. Throughout this section let

By(x,r) denote the open ball in (U, py) centered at z of radius 7.

Proposition 4.1.1 Let (X, p) be a locally compact separable metric space. Let p
be a positive Radon measure on X with full support. Let U be an inner uniform
domain in (X, p). Let (£,D(E)) be a strongly local Dirichlet form on L*(X, ),

given by the energy measure,

E(f,g9) = /de‘(f, g), whenever f,g € D(E).
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Let v be any nonnegative Radon measure on U that satisfies the doubling property
(2.12) for all balls in (U, py).
Fiz a constant N > 1 and assume that there exists a constant A such that for

any ball B = By (x, R) such that py(B,U\ U) > NR, the L? Poincaré inequality

v e DE), int [ 17~ ePiv < AR [ an(s.g) (1.4)

holds. Then there is a constant C such that the L? Poincaré inequality

Vf € ]—"(B),inf/ If — €2dv < 032/ dr(f, f) (4.5)
SER Jp B
holds for any geodesic ball B = By(x, R) in (ﬁ, pU)-

Remarks. 1. The main point of this proposition is that the balls involved in the
assumption (4.4) are balls in (X, p) that happen to be in U, whereas the conclusion
(4.25) holds for all balls in (U, py).

2. Even if the domain U is such that py is comparable to p, the Poincaré
inequalities (4.25) do not hold true if instead of inner geodesic ball B we consider

the trace of a ball in (X, p) on U (see figure 4.1), i.e.

By(w,r) ={y € U: p(,y) <r}.
In this case for these balls, only the weaker inequality (4.7) below holds.

Outline of the proof. First, notice that the assumption f € D(€) in (4.4) can
be relaxed in the following way. For any ¢ > 0 and for any f € F(By(z, R +
€)) there exists a function f € D(E) coinciding with f on By(x, R). Therefore
AUy ey (fy f) = AUy (f, ) on B by the local property (2.4) of dI', and hence
(4.4) implies that for any ball B = By(z, R) such that py(B,U \ U) > NR, the

L? Poincaré inequality

Vf € F(By(x, R+ e), g:g[f&/

By (z,R)

| — £Pdy < AR? / dr(f.f)  (46)

By (z,R)
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Figure 4.1: A bad Euclidean ball for U (large Poincaré constant)

holds and dI' is understood as dI'g. We prove (4.25) in two stages. First we prove

that there exists k > 1 such that

¥f € F(Bule, bR)), int /

By (z,R)

f — €Pdv < OR? / ar(ff) (A7)

By (z,kR)
for each ball By(z,R), © € U , m > 0. We call this a weak Poincaré inequality
because the ball on the right-hand side has been enlarged.

The second step consists of showing that the family of weak L? Poincaré in-
equalities (4.7) for z € U, R > 0 and functions f € F(By(z, kR)) implies the
standard L? Poincaré inequality (4.25) for functions in F(B). This is a well estab-
lished result, and we will omit the proof. See, e.g. [51, Chapter 5.3.2-5.3.3] and
the references therein.

In fact the proof of the second step is very similar to the proof of step one.
It is essential that the requirement f € D(E) of (4.4) can be relaxed to f €
F(By(xz,kR)) of (4.7) in step one, and henceforth similarly relaxed to the require-
ment f € F(B) of (4.25) in step two.

We now focus on proving the weak Poincaré inequality (4.7).

4.1.1 Proof of the weak Poincaré inequality (4.7).

In this section we aim to prove (4.7) in the assumptions of Proposition 4.1.1. We

will use a Whitney cover of the domain U by the balls in (U, pry) whose distance to
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the boundary of U is large compared to their radius and for which, by hypothesis,
the L2-Poincaré inequality (4.4) is satisfied.

We will need the following notation. On a general metric space, a set can be a
ball in more than one way. Thus we follow the convention that a ball B in (1'7 . PU)
is always assumed to be given in the form B = By(z, R) with a specified center

and a radius R = r(B) which is minimal in the sense that
By(z,s) # B if s<r(B). (4.8)

For any ball B = By (x,r) with fixed center and radius, define the multiple kB of
B by setting
kB = By(z, kr).

Definition 4.1.2 A strict e-Whitney cover of an open set U in a metric space
(X, p) is any set R of disjoint balls A = B(x,r) C U such that the union of the
balls 3A cover U and for any A = B(x,r) € R:

r(A) = ep(z, U\ U). (4.9)

For ¢ small enough, e.g. ¢ € (0, %) such a cover exists for any open set by a
general argument using Zorn’s lemma. If, as in the case of interest for us here, the
metric space is equipped with a Borel measure satisfying the doubling property,

the cover will always be countable.

Remark. For a domain in Euclidean space one can use a very neat Whitney
covering using cubes instead of balls (see figure 4.2). Consider all the cubes of size
length 2% with edges parallel to the coordinate axis and each of the vertices having
all coordinates of the form n2*. A given cube @ is included into the covering R
if and only if its distance to the boundary is at least equal to the fixed desired

multiple of its side length and no larger cube has this property.
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Figure 4.2: Typical cover by Whitney cubes

Whitney covers have the following nice property.

Lemma 4.1.3 (Finite intersection property) Let R be a strict e- Whitney cov-
ering of an open set U in some metric space (X, p) with e € (0,%). Assume that X
is equipped with a Borel measure having the doubling property (2.12). Then there

s a finite constant a; such that

1
VEk < 102" ZXkA < aj.
AeR

Proof. Pick any point y € U. It belongs to some triple of a Whitney ball B € R
with center z. If a k-multiple of a given Whitney ball A = By (z,r) contains point

y, then py(z,y) < kr. Since
~ r
pule, U\ V) = -
by the Whitney covering condition (4.9), this means that by triangle inequality
r ~ r
g—krng(y,U\U) < E—Fkr.
Applying the Whitney covering condition (4.9) and a triangle inequality,
r(B) = ep(z, U\U) < £(3r(B) + ply, U\ U))

since y € 3B. Therefore

€

r(B) < ——p(y, U\ U) < 2¢ (g + k:r) = (2 + 2ke)r < 3r(A).

1—¢
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Similarly 7(A) < 3r(B). Hence, 2 € 5kB, and A C 10kB C 1B. But by doubling
condition (2.12), there are only finitely many disjoint Whitney balls of radius at
least r(B)/3 in the ball 1B: their number is uniformly bounded from above by
doubling property (2.12). Thus the number of Whitney balls A with the property
that a k-multiple of it covers y, is finite and bounded from above by a constant

independent of y.

We return to the proof of (4.7). Set e = 107*/N, where the constant N comes
from the assumption of the Proposition 4.1.1. Let R be a strict e-Whitney covering

of the set U in (U, pu).

Definition 4.1.4 For any ball B = By(z,r) in (U, py) define the collection (B)

by
(B) = {A| A€ R, 3ANDB # 0} (4.10)

Fix a ball B = By(z, R) in (U, py). Recall that we aim to prove (4.7) for the
ball B. If B is relatively far from the boundary, i.e. p(B,U \ U) > NR, then
the strong L2-Poincaré inequality (4.6) holds. Hence assume that B = By(z, R)

is relatively large compared with p(B, U \ U), namely
1 ~
R> <o(B,T\U) (4.11)

The ball B is covered by the triples of the balls in the collection ¥(B). All the
balls A € R are small compared to their distance to the boundary in the sense of
(4.9), and the ball B is relatively large by assumption (4.11). Hence it is not hard
to see that

Bc |J s34ceB (4.12)
AeS(B)

Lemma 4.1.5 Let U be inner uniform domain in (X, p), and let py be the geodesic

metric in U. Then for every ball B = By(z, R) in (U, py) with R = r(B) being
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the minimal radius of the ball B in the sense of (4.8), there exists a point y € B
with py(y, U\ U) > SR and py(y,v) = R/4. Here c, is the constant appearing in
(3.6).

Proof. Take some point z € By(z, R) \ By(z, R/2), which is a nonempty set
because by convention the radius R of the ball B is minimal in the sense (4.8).
Let 7 be a path from x to z given by the uniform condition (3.6). Take some
point y € B on the path « such that py(z,y) = R/4. Such a point exists because
the distance function py(z,-) is continuous and py(z,z) > R/2. By the uniform

condition (3.6) and by triangle inequality, we have

puly, U\U) = clpU(i’Uy()ji()y’z> — ¢|R/4 - Zggi 2 > ciR/4- pU(x’;g(;,PZlg(%w
1 R/4 1
(1) g

Definition 4.1.6 Let By be a ball from the Whitney cover S(B) with the property
that the point y constructed in Lemma 4.1.5 is inside 3By. We call the ball By the

central ball in B.

Note that by construction, we have

pu(Bo, U\ U) > 16R (4.13)

We proceed to estimate the left-hand side of (4.7) for any function f € F(kB),
where the constant k& will be chosen later. Choose £ = fip, = m i) 4By fdv and
estimate

wf [ =ePar < % [ 1f - Pl

DeS(B)

2 Z |:/ |f4D—f430|2d1/+/4D|f—f4D|2dl/:|(4.]_4)

DES(B)

VAN
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Estimating the second term is easy since for every D € (B) we have 4D C 2B,
the ball 4D is far from the boundary compared to its radius in the sense of (4.9)
and thus the Poincaré inequality (4.6) is satisfied on 4D for any f € F(3B). Thus
there exists a universal constant C' such that

Z)/4Dwf—f4D| dv < CR Z)/wdF(f,f)SCR /23 > xup | dU(f.f)

DES(B DeS(B DES(B)

(4.15)
The sum of characteristic functions appearing in (4.15) is bounded from above by

a universal constant by Lemma 4.1.3.

To estimate the first term of (4.14), we will use the following Lemma which
estimates the difference of averages of a function on close Whitney balls via its

energy integral.

Lemma 4.1.7 Let ¢ € (0, ﬁ) and let R be a strict e-Whitney cover of an open
set U in (X, p). There exists a constant ay such that for two neighboring Whitney
balls, i.e. any balls D, E € R with 3DN3E # 0, and for any f € F(16D)NF(16E)

we have )
1 3
| fap — fap| < ar(D) (m /16D dr(f, f))

Proof. Using the Poincaré inequality (4.6) we estimate

v(4D N4E)|fip — fae* = / |fip — fap|dv
4DN4E

< 2/ |f—f4D|2du+2/ F = fupl?dv
4DN4FE 4DN4FE

< 2/ |f—f4D|2dV+2/ |f — fap|?dv
4D 4F

< 24- r(D)2/

4D

dT(f. )+ 2A - r(E)? / ar(f.p

4

As Whitney balls D, E are neighboring, their radii must be approximately equal,
up to the multiple of 4/3, by the Whitney condition (4.9) and the triangle inequal-

ity. Therefore the four multiple of F is contained inside the 16 multiple of D.
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Furthermore, by the doubling property (2.12) for the measure v on U , we have
v(4DN4E) > Cv(D),

up to a universal multiplication constant C' depending on the doubling constant

of v appearing in (2.12). The desired inequality follows.

Next in order to estimate the first term of (4.14), we need the following con-
struction. Recall that for each ball D € (B), the uniform condition on the domain
U produces a path 7 of length at most copy(By, D), connecting the closest points
of By and D. Let’s choose a string of distinct balls S(D) = {BP, BP,... BP} of

length [ = [(D) with the following properties:
1. Vj, BP e ®
2. By=Bf and BP =D
3. 3B N3BY | #0
4. 3BP Ny #0

In other words, connect the two balls By and D by Whitney balls along the path

given by the uniform condition.

Lemma 4.1.8 Let R be an e-Whitney cover of an inner uniform domain U (see
3.0) in (X, p). There is a constant az such that for any inner geodesic ball B =
By(z, R) satisfying (4.11) and for any ball D € (B), the sequence of Whitney

balls S(D) constructed above satisfies for any index j
(Z) pU(B]D,BQ) < CQpU(B(),D) < QCOR, so that B]D C 4coB

(it) pu(BY,D) < %r(BP), so that D C azBp.

2 J
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Proof. The first inequality (i) follows from the length estimate on the path given
by the uniform condition (3.6) and from (4.12). To show (ii), we use the Whitney

condition (4.9), the uniform condition and the triangle inequality to obtain

2 D D 77 PU(BjDaBO)PU(BjDaD)
2 nD D 77 - D
—r(Bj") = pu(B;, U\ U) = py(Bo, U\ U) — pu (B}, By) (4.17)

€
One of these inequalities will give the desired result in each of the two cases

below.

(a) Assume 2py(BP, By) > pu(Bo, U\ U). Because py(By, D) < 2R, (4.13) and

(4.16) give
Dy £, 00 I
r(B;) = 30755 2R

for some constant C' = ec?/128.

(b) Assume instead that 2py(BF, By) < pu(DBo, U\ U), then (4.17) allows us to

estimate 7(B}) from below by

pu(Bo, U\ U) > “p> 1

BPY >
r(Bj) = = 64T 1286,

i pU(Bj?, D).

N ™
N —

Here, to obtain the last inequality, we have used (3.6) to see that

pu(BY, D) < L(7y) < copy(Bo, D) < 2¢0R

This gives py (B}, D) < %r(BJ) with ag = min (256 @> as desired.

J ec?’ ec

Definition 4.1.9 Given U, R, B = By(z, R) and $(B) as in (4.10), set

$1(B) ={By(z,r) € R| By(z,r) € S(D) for some D € I(B)}.
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Note that the first part of Lemma 4.1.8 can be rephrased as

) AcaeB (4.18)

A€eS1(B)
Returning now to estimating the first term of (4.14) for f € F(kB), observe

that the doubling property (2.12) gives
> / |fap — fag,|*dv < Cz/ Z |fap = faso|*xp dv (4.19)

De(B) 4 De(B

Using, for each D, the string S(D) = {BD} write

]1’

[NIES

I(D) I(D) .
| fap = fap,| < ; [fapp = fapp | < ;%T(BJD) (W /1613;3 dr'(f, f))

J

by Lemma 4.1.7. Using Lemma 4.1.8, we see that yp = XDXa3BP> and thus

N

(D) 1
|fap = fapolXp < Zaﬂ“ < (B ) /6BD I'(f, f)) " XD * Xag-BP

ag’l“ (

where we have extended the summation from the collection S(D) to the collection

drff)) XD * Xag-a (4.20)

.

We will need the following result which is a special case of [51, Lemma 5.3.12].

Lemma 4.1.10 ([51], Lemma 5.3.12) Assume that the doubling condition (2.12)
is satisfied for the balls in (U, py) with respect to the measure v. Fiz K > 1. There
exist a constant C' = C(K) such that for any (possibly infinite) sequence of balls

B; = By(z;, 1) in (U, py) and any sequence of non-negative numbers b;, we have

/U<Z biXKBi>2dl/§ C’/U (Z bz-XBZ.)zdu. (4.21)

2
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To complete the estimation of the first term in (4.14), we continue the estimate

(4.19) using the inequality (4.20) and Lemma 4.1.10 with K = a3 to get

> / |fap — fa,|Pdv < 02/ > fip — fano*xpdv

DeS(B) DeS(B)
2

/ Z agr(A) <ﬁ /16A dr(f, f))é “XD " XazA | dv

DeS(B) \ AeSt (B)

IA

2

= G / oo || D ar@ (ﬁ /IGAde,f))%xagA dv

DeS(B) Ae(B)

IN

dic) [ | X ) (i [ arn) ) a

AeS1(B)

IN

363C (a3) - B? / > e dF(f,f)SalcSaiC(as)‘RQ/

A€S1(B) 64coB

We used that the balls D are disjoint to see that (ZDG%(B) XD) < 1, and, for
the last inequality, Lemma 4.1.3 and the fact that if A € 34(B) then A C 4¢oB by
(4.18).

This completes the analysis of the first term in (4.14) and together with (4.15)

establishes the weak Poincaré inequality (4.7) with k = 64c¢y.

This completes the proof of Proposition 4.1.1, in view of the outline presented
after the statement of Proposition 4.1.1. To complete the proof of Theorem 4.0.5
it remains to establish some properties of the Neumann Dirichlet form and the
associated metric, which we complete in Chapter 4.2. Before we focus on those, we
will explore how Proposition 4.1.1 establishes the family of Poincaré inequalities for

a symmetric form obtained from the original form by a simple change of measure.

dr'(f, f)
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4.1.2 Neumann type Dirichlet forms obtained by the change
of measure

Assume that the form (£, D(€)) admits a carré du champ operator T : D(E) x
D(E) — LY X,pu). Let U C X be an open set and let v € L. (U, u) be a locally

loc

uniformly positive and locally bounded measurable function on U. Set

&) = [ vdrp = [ T (1.22)

DIEY) = 7(0) = {1 € Fiul0) (O v [ T( Do <

to be a symmetric form on L*(U, vdyu).
Remark. If we take the function v to be constant one, the form defined in (4.22)
becomes (EF, D(EY)).

Notice that because of the special structure of this form, the normal con-
tractions operate on ()", D(&)")). The form ()", D(E)")) is symmetric and
densely defined in L?*(U, vdu) since compactly supported in U functions which are
Lipschitz with respect to the metric p are in D(EIZJV ). Tt is also closed by the
proof of Proposition 2.4.9. So we see that the form (£}, D(£)"")) is a Dirichlet
form. It is also strongly local because the form (€, D(E)) is. So each of the forms
(E)0, D(EN)) is associated with the nonnegative self-adjoint operator Liy" and
a self-adjoint semigroup P[]]\f " on L2(U,vdp). Tt is straightforward to see that the
energy measure associated with the form (£, D(E)")) on L*(U,vdu) by (2.2) is
simply

dl(f,g) = vdl'(f, 9) = Y(f, g)vdp.

and so the Radon-Nikodym derivative of dI'™¥ with respect to the reference measure

vdp is

_dre(fg) _

T(f,9) odn

T(f.9) (4.23)
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The following straightforward corollary of Proposition 4.1.1 is important to

proving the heat kernel estimates for the heat semigroup associated with (£, D(E)")).

Corollary 4.1.11 Let X be a locally compact separable metric space. Let p be a
positive Radon measure on X with full support. Let (£,D(E)) be a strongly local
Dirichlet form on L*(X,u). Let p = ps and assume that the conditions (A1-A4)
of Chapter 2.1.2 are satisfied. Let U be an inner uniform domain in (X, p). Let
v € L (U p) be a locally bounded measurable function on U. Assume that the
measure vdp on U satisfies the doubling condition (2.12). Assume also that there
exist positive constants C' and N such that the function v satisfies the Harnack
inequality
s%pv < Ci%fv (4.24)

on any ball B = By(xz, R) with py(B,U \ U) > NR. Then for any geodesic ball
B = By(z,R) in (U, pv), we have

Vf e F'(B), §2£[B|f—g|2vdu§032[9vdr(f, ), (4.25)
i.e. the family of L* Poincaré inequalities for the form (EIJ]V’”,D(&]JV’”)) with refer-
ence measure vdpu holds on U.

Proof. The idea is simply to apply Proposition 4.1.1 for the Dirichlet form
(£, D(EY™)) with replacing X by U, pu by vdp and p by py. Notice that the
condition (4.4) translates to

vf e £ ), int [ 17 = €Podn < AR [ wir (s, £)
and is satisfied for any ball By (z, R) = B(x, R) with py(B,U \ U) > NR by the

assumption (A4) of Chapter 2.1.2 together with the assumption (4.24). O

Remark. An example of a function v satisfying the conditions of Corollary

4.1.11 is any positive power of distance to the boundary,

v(z) = 0y(z)®, where &y(z) = py(z, U\ U)
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The heat kernel estimates for the forms (£, D(£,)")) will be used for ob-
taining the heat kernel estimates for the Dirichlet form (£, D(EF)) in Chapter

D.

4.2 Properties of Neumann type Dirichlet forms

We first aim to prove that the form (&, D(EY)) is regular on some superset of
U. Recall that the form (&), D(EY)) is a special case of the form ()", D(E)™))
when the function v is taken to be constant one. Thus the following proposition

is interesting.

Proposition 4.2.1 Assume that the Dirichlet form (£, D(E)) satisfies conditions
(A1-A2) of Chapter 2.1.2 and admits a carré du champ operator Y, as in Definition
2.1.10. Let U C X be an open subspace of X and let € be any positive number. Let
v be a locally bounded measurable function on U which is locally uniformly positive
on U. Assume that the form (SIJJV’U, D(é’év’v)) on U satisfies the following family of
Poincaré inequalities with respect to the metric py

Vxeﬁ,0<R<e, irglf/

(u — &)*vdp < C'RQ/ T (u,u)vdp. (4.26)
By (z,R)

By (z,R)
for any f € F’(By(x, R)). Assume that the measure vdu|y satisfies the following

doubling condition on U with respect to the metric py,

VzeU,0< R <e / vdp < C vdp. (4.27)

By (z,2R) By (x,R)

Then the form (), D(EY™)) on L2(U, vduly) is regular with core Lip,(U).

In order to prove Proposition 4.2.1 we will need the following description of

Lipschitz functions on X, given in [44, Corollary 3.6].
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Proposition 4.2.2 Assume that the Dirichlet form (£, D(E)) satisfies conditions
(A1-A2) of Chapter 2.1.2 and admits a carré du champ operator Y, as in Definition

2.1.10. Then every Lipschitz function on (X, pg) with Lipschitz constant k is in
Froe(X) and satisfies

k= sup VIS, f)

Corollary 4.2.3 Let U be an open subset of X . In the setting of Proposition 4.2.2,
every function on U which is Lipschitz with respect to py with Lipschitz constant

k is in Fioe(U) and satisfies

k2 sup VIS f) (4.28)

Proof. For any open ball B = B(xz,r) in (X, p¢) which happens to be in U and
such that p(B,0U) > 2r, the restriction f|p is Lipschitz with respect to py and
thus with respect to p since p = px is a length metric (see [61]). Therefore we
can extend f|y to some compactly supported Lipschitz function f” on (X, pg) with
the same Lipschitz constant. We have f = f’ in B. Using Proposition 4.2.2 and
the local property (2.4) of dI' we see that f' € D(E), f € F(B) and the Lipschitz

constant k of f’ satisfies

k:s?(p Y(f, 1) Esgp\/T(ﬁf)-

This holds for any open ball B = B(z,r) in (X, pg) which is in U such that
p(B,0U) > 2r, therefore f € F,.(U). Also this shows that f is locally Lipschitz
in (U, p). Since py is the inner geodesic metric in U based on p, the function f
is Lipschitz in (U, py) with Lipschitz constant k satisfying the desired estimate
(4.28).

Proof of Proposition 4.2.1. The space Lip,.(U) is dense in Cy(U) with supremum

norm by [42, Theorem 6.8]. To see that Lip,(U) is dense in D(E)"), we follow [39,
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page 205], [40, page 13] and [38, Lemma 10]. Let
dv = vdu

denote the reference measure on U. Let g be any function in D(E)) = Fo(U).
We aim to prove that g can be approximated by functions in Lipc(ﬁ ). Be-
cause we can approximate the function g in D(cﬁ'éV ") by bounded functions g, =
min(max(g, —n), n), without loss of generality we can assume that the function g

is bounded. Set

¢r(r) = R~ min{(2R — pu(z, U\ U))4, 2R — pu(w,0))+, R}

where ¢ is a fixed point in U and (¢); = min{0,¢}. Since v is locally finite on
U, these compactly supported 'cut-oft’” functions ¢g are in FU(U) N L*>°(U, vdu).
Since g € FU(U) N L*(U,vdp), we have gpr € F'(U) by the energy estimate of
Lemma 2.2.1. It is easy to see that ¢rg tends to g in 5(Z]V’v-n0rm and in L2(l7, dv)
when R tends to infinity. Thus, in the rest of the proof, we assume that g is a

function in D(EIZJV ") with compact support in U.

For any r > 0, set

1
W) = By /BU@,” gdv

where By(y,r) denotes the ball in (U, py) centered at y. Fix r € (0,¢) and set

r; = 27'r, B; = By(z,r;). We say that x € X is a Lebesgue point of g if

lim g,,(z) = g()

It is known that for every g € L?(X,v), the points in X that are not Lebesgue for

a function g form a set of v-measure zero.
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For every Lebesgue point € U, using the Jensen’s inequality we can write

— [l = gty >)é

9(@) — ()] < Z\gn ool < (

< ir&i—%/jf@@ ) <@ZT2\/M 9))(@)

1=0

= OO/ MY (g,9)(x). (4.29)

by Poincaré inequality and the doubling property of the measure v on ((7 L PU)-

Here M(f) is the 2e-maximal function of f, i.e.

1
Mf(l’) = M2e.f(x) = 0221525 m LU(x s) fdl/

Similarly for any Lebesgue points z,y € U with p(z,y) < r, the doubling property

of v|y and the Poincaré inequality (4.26) yield

19-(2) =9 ()] < [gr(2) = gar ()] + 9r(y) — gor(@)]

<2 (e /. PCE (o))

cc’ / 2
< | —— Yu(g, 9 du)
(V(BU(x> 2T)) By (z,2r) U( )

< (2VCC'r)\/ MY (g, 9)(x). (4.30)

Combining (4.29) and (4.30) we see that for any Lebesgue points z,y € U with

pu(z,y) < r, there exists another constant C' such that

9(2) = g(y)| < Cr [V MT(g,9)(@) + VMY (g, 9)w)| . (431)

For any A > 0, set

Ey, = {z€U: zisaLebesgue point of g, g(z)*> < \* and MY (g, g)(z) < \*}

Fy, = U\E,

Note that F is precompact in U for A large enough, say A > \g, because g has

compact support in U. Furthermore, the restriction g|g, of g to Ej is Lipschitz
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with constant 2C'A on F) by (4.31). Let f\ be some Lipschitz extension of g from
E, to U with the same Lipschitz constant (see, e.g., [42, Theorem 6.2]). Let A > Xo.
For such A, F) is precompact in U. As fr = gin E,, it follows that f) is a bounded
function in U with compact support in U and with || fy]|ee < A(1+2CR,) where Ry
is the diameter of F),. Moreover, f\ has compact support. Since g € D(Sg ), we
have g € L*(U,v), and [, (g, g)dv < co. It is known that the maximal function
M7 (g,g) is in weak L(U,v), i.e.

Nv{zeU: MY(g,9) >N} —0
as N — o0, see [48, Theorem 2.19]. Also, we have

lg]2dv — 0, as A\ — oo.
Fy

Since non-Lebesgue points of g form a set of measure zero,

Nv{FY} < Xv{zreU: MY (g, 9) > N} + iz eU:gx)* > )N}

< Muv{zeU: MTY(g,g) > N} +/ lg|?dv — 0 (4.32)

- {9>3%)
as A — 0o. The function fy is bounded by A(1+2CRy) and Lipschitz with respect
to py with Lipschitz constant 2C'\. Therefore Y(f, f) < 4C*)\? by Corollary 4.2.3.

Inequality (4.32) gives

/F (AP + T (s ) dv < X ((1+ 20R,)* + 4C*) v{F\} — 0

as A — 0o. Now, since f), = g on F), we have

/ (lg=HP+Y(— fHrong—fr)dv < 2/ (Ig]> + | A1+ Y(g,9) + Y(fr, fr)) dv
U Fy

and the right-hand side tends to 0 as A tends to infinity. Thus f) tends to g in

Hilbert space D(£)""), as desired. O



Corollary 4.2.4 In the context of Proposition 4.2.1, the form ()", D(EY™)) is

a strongly local regular Dirichlet form on Lz(fj, vdp).

Lemma 4.2.5 Letv € LS. (U, ) be a locally uniformly positive and locally bounded

measurable function on U. In the context of Proposition 4.2.1, the metric PeNw 0N

U coincides with the geodesic metric py .

Proof. For any z,y € U we have

pgg,u(x, y) = sup {u(:c) —u(y) :u e DEY")NCo(U), T(u,u) < 1 ae. on U} :
(4.33)
To show Pe (z,y) > pu(z,y) it suffices to notice that the function max(py (z,y) —
pu(z,-),0) is a compactly supported Lipschitz function on (ﬁ, pv) with T(u,u) <1
a.e. on U.
To show the opposite inequality, we first focus on the case when x,y € U. Let
v :[0,1] — U be any continuous curve without self-intersections connecting = and

y. In view of Lemma 2.1.13,

L(y) = sup{u(v(1)) — u(y(0)) : Y is an open neighborhood of v([0,1]) C X,

u € Froe(Y)NC(Y), T(u,u) <1ae. onY}

which is greater than pg[zjv,v(x, y) because we can choose Y to be U. Therefore the

distance p.~..(x,y) can be estimated b
Peh Yy y

v < | = .
pey-(wy) < inf L(y) = pu(@,y) (4.34)

where the infimum above is taken over all continuous curves which are not self-
intersecting.
To show pg[z]v,v(x,y) < pu(z,y) in case at least one of the points x,y belongs

to U \ U, choose a sequence {x;}°, of points in U approximating x € U and a
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sequence {y;}2, of points in U approximating y € U. For any continuous function

u on U satisfying conditions (4.33), we estimate

u(z) = uly)| < inf [Ju(z:) — u()] + Ju(@) — ulz)] + |uly) — u(y)]
< liminf |u(z;) = u(y;)| < lminf pev.o(zs, y:) = liminf py (23, 4:) = pu (@, )
O
Corollary 4.2.6 In the context of Proposition 4.2.1, the metric PeNv 1S every-
where finite and the topology given by this metric coincides with the original topol-
ogy on U, i.e. the assumptions (A1) and (A2) of Chapter 2.1.2 are satisfied for
the Dirichlet form ()", D(E))).

Since all the results used to prove Theorem 4.0.5 were extended to be true for
the Dirichlet form (£, D(E})")) under some conditions for the function v, in fact

we have shown a stronger result.

Theorem 4.2.7 In the assumptions of Theorem 4.0.5, let v € L2 (U, pn) be a
locally uniformly positive and locally bounded measurable function on U. Assume
that the measure vdp on U satisfies the doubling condition (2.12). Assume also
that there exist positive constants C' and N such that the function v satisfies the
Harnack inequality

supv < C'info (4.35)
B B

on any ball B = By(z, R) with py(B,U\ U) > NR. Then there ezists a kernel
Pt (t, x,y) of the semigroup ng on L*(U,vdu) and it satisfies

__PU (w7y)2 )

1 exp ( o _M>

C3 €Xp ( "

< py(t x,y) <

VVele VOValy, Vi) VVale VValy, Vi)

for all x,y € U and allt > 0. Here V, denotes the volume

Vi) = [ vy
By (z,r)

(4.36)
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For any positive integer k there exists a constant C(k) such that the k-th time

derivative of the heat kernel p]g’”(t, x,y) satisfies

N C(k) exp (‘M)
KE) S N AT

for all x,y € U and all t > 0. Also for arbitrary z € U every nonnegative (local)

<

(4.37)

weak solution in (0,4r?) x By(z,2r) of the equation

ou N
satisfies
sup - u(t,r) <cg inf u(t, ) (4.38)
(t,:E)EQ, (tvx)eQJr

where Q_ = (r?,2r?) x By(z,r), Qy+ = (3r%,4r?) x By(z,r). Here the constants
c1,...,¢c6 and C(k) depend only on k,N,C" and the constants cy,c1,co appearing
in (2.12) and in Definition 3.1.2. In particular the form ()", D(ESY)) is also a

Harnack type reqular Dirichlet form on U , see Definition 2.5.1.

Proof. Similarly to Proposition 2.4.9 we know that the form (&, D(&Y)) is a
closed strictly local symmetric form on L?*(U, ). In view of Theorem 2.6.1, the

following results combined imply this theorem
e The assumption that the measure vdyu satisfies the doubling condition (2.12)
on (U, pu).
e The family of Poincaré inequalities proved in Corollary 4.1.11.

e Proposition 4.2.1 shows that the Dirichlet form (£, D(E}"")) is regular on
L2(U, vdp).

e Lemma 4.2.5 shows that the metric PeNw associated with the Dirichlet form
(E)", D(EY™)) coincides with py. In particular this implies conditions (A1)

and (A2) of Chapter 2.1.2.
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e Finally any time derivative of the heat kernel can be estimated from above
as in (4.37) by [16, Theorem 4] which uses the estimates of the heat kernel
to produce the estimates on its time derivative using the analytic nature of

the heat kernel.

This completes the analysis of the Neumann heat kernel, and the proof of
Theorem 4.0.5 and Theorem 1.3.1. These results will be reused for the analysis of

the Dirichlet heat kernel.



Chapter 5

Dirichlet heat kernel

Let X be a connected locally compact separable metric space, p - a positive Radon
measure on X with full support, and (€, D(£)) - a strictly local regular Dirichlet
form on X satisfying the conditions (A1-A4) of Chapter 2.1.2. Let U be an open
subset of X. Let p = pg be the metric associated with the Dirichlet form (€, D(E)),
and let py denote the inner geodesic metric in U, see (3.2). Let U be the completion
of U with respect to py. Throughout this section let By (z, ) denote the open ball
in (ﬁ , pu) centered at x, unless otherwise specified.

The goal of this section is to obtain the heat kernel estimates for the Dirichlet
semigroup PU% in case when U C X is unbounded inner uniform. We will use the
technique of h-transform to prove the following result that implies Theorem 1.3.3

when X = R™.

Theorem 5.0.8 Let (X, i) be as above and assume that the Dirichlet form (£, D(E))
admits a carré du champ operator Y : D(E) x D(E) — L' (X, i), as in Definition
2.1.10. Assume that the Dirichlet form (£, D(E)) satisfies the conditions (A1-A4)
of Chapter 2.1.2. Let U be an unbounded inner uniform domain in X, see Def-
inition 3.1.2. Then there exists a monnegative local (weak) solution h € FP (U)

of Lh = 0 in U with weak Dirichlet boundary conditions on OU. For any such

function h, the Dirichlet heat kernel p5(t,z,y) in U satisfies

c1h(z)h(y) exp (—%) csh(z)h(y) exp (—%)
< py(ta,y) < (5.1)
Vi (2, VD Vi (y, V) Vi (e, VO Vi (9, V)
for all x,y € U and allt > 0. Here
Vie(z,7) :/ h*du (5.2)
By (z,r)

79
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is the volume of By (z,r) with respect to the measure h*du. For any positive integer
k there exists a constant C(k) such that the k-th time derivative of the Dirichlet

heat kernel in U satisfies

8 k
‘(E) pUtﬁy

for all x,y € U and all t > 0. For any z € U every nonnegative weak solution of

k)h(x)h(y) pu(z,y)*
tk\/th 2(y, V1) o <_ ot ) Y

the heat equation in (0,4r?) x By(z,2r) with weak Dirichlet boundary conditions

o () <, (567) 51

where Q_ = (r?,2r*) x By(z,7), Q.+ = (3r%4r?) x By(z,r). The constants

on OU satisfies

c1,...,c7 depend only on the constants cg, ¢y, co, c3 appearing in Definition 3.1.2,

(2.12) and (2.13).

Remark 1. In the context of Theorem 5.0.8 the volume function appearing in

(5.2) can be estimated by
c7 W (@) u(By(x, R)) < Via(@,7) < erh*(a,)u(Bu(x, R)),

where z, is any point with py(z,,r) = § and py (=, ﬁ\U) > gr. Such a point z,
exists by Lemma 4.1.5. The constant ¢; depends only on the constants cg, ¢y, co, C3

appearing in (2.12), (2.13) and in Definition 3.1.2.

Remark 2. In the context of Theorem 5.0.8 using the heat kernel estimates (5.1)

we can see [35] that the quotient h}éy) is comparable to

= P[?tlU(x)v

which is the probability that the process X; started at x stays in U for the duration

of time ¢, or the total heat content after time ¢ of the diffusion system with original
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heat distribution given by a delta mass at x. We will denote this probability by
P(t,x). This implies in particular that the Dirichlet heat kernel can be estimated
by

cat

)2 x,y)?
c1P(t, ) P(L,y) exp (_M> B c3P(t,x)P(t,y) exp (—7’)”(64’5’) )
S bu (ta xZ, y) S :

V@OV (5. VD) VV VOV (. VD)

Before embarking on the proof of Theorem 5.0.8 we focus on developing some

tools.

5.1 Application of the axiomatic potential theory, the har-

monic measure and the maximum principle

The setting of this section is that of a Harnack-type Dirichlet space (€, D(€)) on
a locally compact separable metric measure space (X, ). The aim of this section
is to provide the basis for the axiomatic potential theory as described in [14]. We
will state a theorem that uses the method of Perron-Wiener-Brelot to construct
the harmonic measure from the point of view of potential theory, rather than
the theory of Markov processes, as in Chapter 2.7. Even though the two notions
coincide, throughout the rest of this paper we will work only with the potential

theoretic notion of the harmonic measure. We will need the following notation.

Definition 5.1.1 Let 'H denote the sheaf of harmonic functions on X, i.e. for

any open set V- C X let H(V') denote the set of local weak solutions in V' of Lu = 0.

Harmonic functions are Holder continuous according to (2.5.2). The elliptic version
of the Harnack inequality (2.38) is satisfied for every function in H(V'). The sheaf
‘H coincides with the sheaf of harmonic functions with respect to the process X;
defined in Chapter 2.7, see [31]. The space X together with a harmonic sheaf H

is a Brelot space, and even a P-Brelot space, see [10, Chapter 2.5 and Theorem
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3.1.1]. Such spaces possess a rich potential theory and we refer to [10, 14] for the

terminology and results, some of which we recall here.

Definition 5.1.2 An open relatively compact subset V' of X is called reqular if for
every continuous function ¢ on OV there exists a unique harmonic function H ;/

on V' which is a continuous extension of ¢ to V.

We recall that by definition, Brelot spaces are such that the regular sets form a

base of the topology for X. For any regular set V' and any point x € V, the map
HY(z): C(0V) =R, ¢ — H} ()
is then associated with a measure which will be denoted by w(x,-, V'), so that

HY (x) = » o(y)w(z, dy, V).

The measure w(z,+, V) is called the harmonic measure of V. The probabilistic
approach of Chapter 2.7 allowed us to construct such a measure (and the function

HJ) via the process X;.

Next we will extend the harmonic measure to more general sets. We will need

the following definitions.

Definition 5.1.3 A lower semicontinuous function f with values in R U {+o0}
is called hyperharmonic in V' if for any xq € V, there exists a neighborhood
V' C V of x such that for any reqular set V' with V' C V', we have

fyw(z,dy, V") < f(z), for any x € V"
8‘///

Let U denote the sheaf of hyperharmonic functions on X, so that U(V') denotes

the convex cone of hyperharmonic functions on V.
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Definition 5.1.4 An upper semicontinuous function f with values in RU{—o0} is
called hypoharmonic if —f is hyperharmonic in V. Let L denote the sheaf of hy-
poharmonic functions on X, so that L(V') denote the convex cone of hypoharmonic

functions on V.

We will now introduce the harmonic measure for non-regular open sets. Let V
be any relatively compact open subset of X. Let f be a function on 0V. As in

[14, p.18], we define the 'upper class’ of hyperharmonic functions associated with

J by

Z/{}'/ = {u € U(V) : u is bounded from below on V,
non-negative outside a compact subset of V'

and Yy € 9V, liminf u(z) > f(y)}

Vaz—y

Similarly we define the "lower class’ of hypoharmonic functions by

[,}/ = {u € L(V) : u is bounded from above on V,
non-positive outside a compact subset of V'

and Yy € OV, limsupu(z) < f(y)}

Voz—y
We define the upper and lower solutions of the Dirichlet problem in V' with bound-

ary conditions f by
F}/(x) = inf {u(:r) Tu € U}/}, ﬂ}/(x) = sup {u(:r) tu € E}/}, (5.5)

If the class U} (resp. L}) is empty, then ﬁ}/ (resp. HY) is identically +oo

(resp.—o0). A simple argument shows that H }/ < F}/ on V.

Definition 5.1.5 ([14], p.19) An open set V C X is called resolutive if for any
finite continuous function ¢ with compact support on OV, the upper and lower

. =V . o
solutions H, and ﬂ}; on V' coincide and are harmonic in V.
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On resolutive sets we will set H) = F}; = H). The function Hj can be repre-

sented as
HY (z) = ) o(y)w(x,dy, V)
v

for some measure w(z,-, V') on V. This completes the extension of the harmonic

measure to resolutive sets. We recall the following important result.

Theorem 5.1.6 (see [14], Theorem 2.4.2) Any open relatively compact subset

V' of X is resolutive.

Definition 5.1.7 ([14], §2.2) A hyperharmonic function f € U(V') is called su-
perharmonic in an open subset V' of X if for any relatively compact open subset
V'V, the function

fy)w(z, dy, V')
ov’

is harmonic in V'. A hypoharmonic function f € L(V) is called subharmonic

i Voif —f is superharmonic in V.

Definition 5.1.8 ([14], §2.2) A positive superharmonic function p on'V is called
a potential on V' if no positive harmonic function u on V satisfies u < p on V.
For any potential p on V', we denote the harmonic support S(p) of p to be the

set where p is not harmonic.

Definition 5.1.9 ([14], §6.2) A bounded set K C X is called polar if there ex-
ists a covering of K by a family B of open subsets W € B of X for every W € B
there ezists a positive hyperharmonic function f on W which is finite on W \ K

and identically +00 on W N K.

In our context the following axioms are satisfied for the harmonic sheaf ‘H and

the hyperharmonic sheaf U.



85

Proposition 5.1.10 (Axiom of Proportionality, see Theorem 3.1.1 in [10])

Any two potentials which are harmonic outside a given point are proportional.

Proposition 5.1.11 (Axiom of Domination, see §9.2 in [14]) For any open
relatively compact subset V' of some reqular subset of X and for any bounded hyper-
harmonic function u defined in a neighborhood of V., HY is the greatest harmonic

minorant of the restriction uly .
Proof. See Theorem 9.2.1 in [14] and Theorem 4.12 in [13].

According to [14, Theorem 9.2.1] the Axiom of Domination in our setting im-

plies the following equivalent facts.

(i) Any locally bounded potential p on X is continuous if its restriction to the

set S(p) is continuous.

(ii) For any locally bounded potential p on X and any positive hyperharmonic

function u on X, we have

u>pon S(p)=u>pon X.

Proposition 5.1.12 (Axiom of Polarity, see §9.1 in [14]) For any open set

V' of X and for any family S of positive hyperharmonic functions on V', the set

1s polar. Here ]? denotes the lower semi-continuous reqularization of f.

Proof. In our setting this proposition follows from [31, Theorems 4.1.2 and 4.1.3]
together with [14, Theorem 9.1.1]. Alternatively, the axiom of domination is known

to imply the axiom of polarity.
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In our context polar sets are exactly the sets of one-capacity zero, see e.g.
[31, Theorem 4.2.1, Theorem 4.1.2, Theorem 2.1.6]. Therefore the notion ’quasi-
everywhere’ introduced through capacity in Chapter 2.4.1 also means ’except on a
polar set’.

We now move on to prepare a version of maximum principle.

Definition 5.1.13 A point y € OV is called regular if for every continuous func-

tion ¢ on OV we have

lim HY (x) = 6(y).

Vaz—y

a point y € OV is called irregular if it is not reqular.

It is known that the set of irregular points of JV form a set of capacity zero,
see [12, VII.4.2] and [14, Theorem 9.1.1 (i)] together with [31, Theorem | where it
is proved that such sets are polar. It is also known that the measure w(x, -, V') does
not charge subsets of 0V of capacity zero. Also both F}/ and H }/ do not change
if we alter the function f on a set of capacity zero. These facts are shown in [14,

Chapter 2] and are sufficient to imply the following maximum principle.

Proposition 5.1.14 (Maximum principle) Let V be a relatively compact sub-
set of X. Let u be any bounded from above subharmonic function in V. Assume

that for some constant C, we have

limsupu(z) < C
Voz—y
for quasi every y € V. Then u < C in V. Moreover if we also assume that for

some D < C we have

limsupu(x) < D
Vazr—y

forally € E C OV, then

u< D+ (C—-D)w(-,0V\EV) onV.
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Proof. Define ¢ : 9V — R by

o(y) = limsup u(z).
Voz—y

The function u belongs to the lower class E};. Therefore since H }; < F};, we have
u < FZ on V. The first part of this proposition follows from the fact that FZ

does not change if we alter the function ¢ on a set of capacity zero. Therefore,

on V. To show the second estimate of this proposition, consider any continuous
function ¢ on 0V which is at least C' on OV \ E and at least D on E. Then we

have ¢ > ¢ quasi everywhere on 0V, and therefore for any x € V', we have

u(e) ST (2) < T (x) = HY (2) = / ew)sta.dy.V)

on V. Taking the infimum over all such continuous functions ¢, we obtain the

desired inequality

u< D+ (C—D)w(,0V\E, V) onV.

It follows that in order to compare two bounded local solutions of Lu = 0 in

an open set V' it suffices to compare their limit behavior around quasi every point
of OV.
5.2 Local solutions, Dirichlet case, revisited

In the context of a Harnack-type Dirichlet form (£, D(€)) on L*(X, i), we are now

ready to give an alternative view on Fp,.(V,U), see Definition 2.4.3.
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Definition 5.2.1 For any set V C U let V# denote the interior of the closure of

VinU.

Lemma 5.2.2 Let V' be any open subset of U. A function f belongs to the space
F2 (V,U) of Definition 2.4.3, if and only if for any open set Q C V which is

loc

relatively compact in V¥ the function f|q has an extension to a function in D(ER).

Proof. Indeed, the sets €2 considered in Definition 2.4.3 are exactly the open sets at
a positive py-distance from U\ V which are relatively compact in U, or equivalently,
relatively compact in U. The relatively compact in U set Q is relatively compact

in V# if and only if py(Q,U \ V) > 0.

Lemma 5.2.3 Let V' be an open subset of U. A function f € Fioe(V) is in
FLV,U) if and only if for every bounded function ¢ € F(U) with some com-

pact support Q C U such that %(Z’(b) is bounded on U and py(QU \V) > 0, we

have ¢ f € D(ER).

Proof. To prove the ’if” implication, pick any open €2 C V relatively compact
in U (equivalently,  is relatively compact in U ) with py(2,U \ V) > 0. Denote
e = py(U\V,Q) > 0. Let @ be an §-neighborhood of Q in (U, py). Then
pu(¥,U\V) > 5 > 0. Consider a compactly supported in some Q" C U cutoff

function of the form

é(r) = max <0,1— pulz, &) )

pU(U \ Q,a Q)

The support Q" of ¢ is a subset of the closure of ' in (U, py), and therefore
pu (Y, UN\V) = py(,U\V) > 0.

We have ¢f = f on Q. So the function f = ¢f satisfies the conditions of Definition

2.4.3 and is in D(EF) by assumption.

O
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To show ’only if’ pick any bounded function ¢ € F(U) with some compact
support © C U such that py(Q,U \ V) > 0 and %f@) is bounded on U. By
definition of F2 (V,U) there exists a function f € D(EY) coinciding with f on
QN U. By definition of D(EY), f can be approximated in the Hilbert space
D(EF) by functions f, € F.(U). Since (£, D(EF)) is a Dirichlet form, each of the
functions f,, can be approximated in the Hilbert space D(EF) by bounded functions
h? = min(max(f,, —m),m) € F.(U)NL*(U, u). By the standard argument there

[e.e]

exists a sequence in the family {A}, } _; that converges to f in the Hilbert space

D(&F). Therefore w.l.o.g. we can assume that each of the functions f, is in
F(U)N LU, ).

Let ¢, € D(E) N L>®(X, ;1) be any function coinciding with ¢ on the support of
fn. Since both ¢, and f, are in D(£) N L*®(X, 1), we have

by Lemma 2.1.5. Since the function f,, is compactly supported in U, so is ¢ f,, and
therefore ¢ f, € F.(U) C D(EF) by Lemma 2.2.2.

Since ¢ is bounded, ¢f, — ¢f in L*(U, u|y). To prove that ¢f, — of in ER-
norm it suffices to show that the sequence ¢f, in D(EF) is Cauchy. Using Lemma

2.2.1 and the chain rule we estimate

ED(Gfn— & foms & — bFm) < 2 /U Gy (fo — oo fo— fo) +2 /U AT5(6, ) (fo — fn)?

v(¢,9)
S2Sgp¢2/UdFU(fn_fmafn_fm)_‘_ngp d /( fm)2d:u_)0

as m,n — oo because f, is a Cauchy sequence in the Hilbert space D(EF) and

both ¢? and %f@) are bounded on U by assumption. O
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5.3 Green function as a tool

The context of this section is that of a Theorem 5.0.8, i.e. of a Harnack type
strongly local regular Dirichlet form (€, D(€)) on L?(X, i) and an open subset U
of X. Throughout the section let By (z, R) denote a ball in (U, py) centered at z,
and let B(x, R) denote a ball in (X, p). Let £ € U\ U and R > 0. For any open
subset V' C X let Gy denote the Green function of the Dirichlet form (£2, D(EF))
as in Definition 2.4.2. Let Gr = Gy, denote the Green function for the Dirichlet
form (£ ,D(EF.)), in Up = U N B(£, R), i.e. a Dirichlet Green function for the
domain Ug. As a local (weak) solution of LGg(+,y) = 0 in Ug, the Green function
Gg(+,y) satisfies the elliptic version of the Harnack inequality (2.38) by Theorem
2.6.1. From Chapter 2.5 we know that Gr(x,y) is Hélder continuous locally in Ug.
Also the Green function Gg(z,y) is symmetric since the semigroup P[?R’t is.

The following definition introduces the notion of Green capacity.

Definition 5.3.1 Let V' be an open subset of X with Green function Gy . Define

the Green capacity Capy (E) for a Borel set E C V' by
Capy (E) =sup{u(E) : Gyu <1 on V, p is a Borel measure supported on E}

In the usual way Capy, (E) extends to a general set E C V.

Remark. It turns out that if a set £ has capacity zero relatively to one open set
V', then it has capacity zero relative to any open set V' containing E. In other
words, the property of having capacity zero does not depend on the set V. Also
it is known that sets of Green capacity zero in this definition are exactly sets of
O-capacity zero, see (2.30) and [31, Chapter 2.2 and Theorem 2.1.6].

For any « € U let 6y(x) denote the distance py(z, U \ U) = p(z, X \ U). We

will make extensive use of the following Green function estimate.
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Lemma 5.3.2 In the context above for any constant € < 1 there exist constants

C4, Cy such that for any x,y € U N B(&, R) with p(x,y) > eR, we have

R2
Gr(r,y) < C1———== 5.6
o) = OB ) o0
Moreover if U is a uniform domain in X then whenever x,y € B(£, %) and

we also have
R2
w(B(y, R)))

where the constants Cy and Csy depend only on € and the constants cq, ¢y, Ca, C3

Gr(z,y) > Cy

appearing in Definition 3.1.1, (2.12) and (2.13).

Proof. We will use the representation of the Green function G via the heat

kernel of the corresponding Dirichlet heat semigroup in U N B(&, R),

GR(%?J):/O PgmB(g,R)(ta%y)dtS/o P[B)(g,R)(ta%y)dt

For the upper bound (5.6), we use doubling (2.12) together with Theorem 2.6.4

to estimate the Dirichlet heat kernel in the ball B(¢, R) by

c _ plz,y)? : 2.
(Bl /D) eXp( Bt ) if ¢ < R

PBer bz, y) <
m exXp (—03#) y if ¢t > R2,

where the constants A, C', C3 depend only on the constants cg, ¢1, ¢o, 3 from Defi-
nition 3.1.1 (2.12) and in (2.13). Integrating over ¢ and making use of the doubling
condition (2.12) gives the estimate (5.6).

To prove the corresponding lower estimate in case dy(x),0u(y), pu(z,y) €
(eR, %), notice that by a simple geometric argument, we also have p(z,y) > eR.

We first estimate Gr(z,y) for some z close to y. Let r = 0y (y) € (R, 52&). When

7 2¢co
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z € B(y,r) CUNB(& R), we can use the comparison of Dirichlet heat kernels in

UNB( R) and in the ball By(y,r) = B(y,r) to estimate

GR(Zay) > / pg(y,r) (t’ Z7y)dt
0
Using the doubling condition (2.12) and Theorem 2.6.4 to estimate the Dirichlet
heat kernel in the ball B(y, d;(y)), we see that for ¢ such that 4p(z,y)? < t < (e17)?,

€3 €3

W(Bly, VD) — #(B(y,7))

Vz e B(y7 62T>7 pg(y,r) (t7 Y, Z) >

for some constants €1, €9, €3 depending only on ¢, ¢1, ¢2, c3. Let €4 = min(es, iel).

Then for every z € B(y,esr) we can integrate the inequality above over t from

(e17)?
)

to (e17)? to get

(e1r)? r2

3
pg(y,r) (tv Y, Z>dt > 1636% (

o)z | W(B5.1)

(e1r)?/4

Using the doubling condition (2.12) we obtain

R2
R TN )

for some constant €5 > 0 depending only on the constants cg, ¢y, co, c3. Assume
w.lo.g. that & B(y,esr). In order to compare Gg(z,y) with Gg(z,y) for some
z € 0B(y,e4r), we make use of the uniform property of U together with the
Harnack principle. Since (U, pyy) is uniform and 6y (2), 5y (y), pu(z, y) € (eR, ﬁR),
there exists a path v : [0,1] — U between x and y of length at most copy(z,y) <
CO% = ’—2%. The path ~ stays in B(, %R). Also the path v satisfies V¢, py(y(t), ﬁ\
U) > e R for some small positive constant €5 depending only on ¢y, ¢1, ¢, ¢3. The
constant €z will be assumed to be less than eey, without loss of generality. Let z
be the last point on the way along the path + from y to x that is in the closure
of B(y,esR). Such a point exist because egR < e4c6R < ¢4r and so x & B(y, g R)

by assumption above. The whole segment of the path v from 2z to x stays inside
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B(&, R)NU at a distance at least egR away from y, from 0U and from 0B(¢, R).
In view of the Harnack inequality for the function Gg(+,y), there is a constant e;
such that

R2
> > (B(r PV
Gul(r,y) 2 Gnlz,y) 2 s mrp,

and all the constants introduced in this lemma depend only on the constants

Co, C1, C2, c3 appearing in (2.12), (2.13) and in Definition 3.1.1. O

Proposition 5.3.3 Let V be a bounded domain in X. Then for any yo € V, the

function Gy (yo, ) belongs to the space Fp..(V \{yo}, V).

loc

Proof. Fix any yy € V. Applying Lemma 2.3.1 to the Dirichlet form (€2, D(EF))
on L?(V, j1), we see that for every ¢ > 0 the Dirichlet heat kernel p£ (¢, -, y5), belongs
to D(EF) as a function of the second variable.

Next we choose any nonnegative bounded function ¢ € D(E) with compact
support K C X such that yg ¢ K and %ﬁ’@ is bounded on X. We will show that

the convergence of the integral

o(2)Gy (Yo, x) = ¢(x) lim pe(t,yo,x)dt (5.7)

N—oo 0

is in L?(V, u). By dominated convergence theorem this would follow from the fact

that ¢(z)Gv (yo,z) € L*(V, ) as a function of x. Let

N
IN(:);):/ pe(t,yo,x)dt.
0

Let R be the diameter of V' with respect to p. By Theorem 2.6.4 together with
the doubling condition (2.12), the heat kernel for the Dirichlet problem in the ball

B(yo, R) C X satisfies

¢ p(x,y0)2 . 9.
78Xp<—T>, lftSR7
PByo.r) (%0, 7) < “(B(?\/f)) .
t . 9
oy P (—Csgs), ift> R
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Integrating over ¢ and using doubling (2.12), we see that the Green function

G B(yo,r) (Yo, -) is uniformly bounded on K. Now V' C B(yo, R), therefore

Gv (Yo, ) < GB(yo.r) (Y0, )

is also uniformly bounded on K as a function of x and so since ¢ is supported
on K indeed ¢(x)Gyv(yo,z) € L*(V,u). Therefore the convergence in (5.7) is in
LAV, ).

Finally we will show that the convergence in (5.7) is in &7 - norm by showing
that the sequence ¢ly is Cauchy in Hilbert space D(EF). Take any M > N and
let f(z) = Iy — In > 0. We know f € D(EP)NL>®(V, ). We estimate the energy

using the chain rule

E2Gtn —Iv) ol —In)) = [ dr(6f,00)
= [ pacw.or+2 [ orire.n+ [ #ar.s)
v v v
- /f2dr(¢,¢)+/dF(f,d)2f)
\e 14

dT (¢,

< sup [ Pdus [ @ ripsan

_ dF(QS,QS) 2 2 M 8 D

- [ e [ ([ g s m) o
dT (¢,

< sup E;Z ?) KﬂvfszﬂL[S(%I‘)/ [0y (M, z,10)] /Knvfdu

The first term tends to zero as M, N — oo since drgi’gb) is bounded on X and
In(x) — Gy (yo,x) in L*(K NV, p), so that f — 0in L*(V N K, u). Hence f — 0
in L'(K NV, u) since u(V N K) < co. Therefore the second term tends to zero as
M, N — oo because both ¢ and the Dirichlet heat kernel pf (¢, z, o) are bounded
from above for z € V N K, using (5.8).

So the sequence ¢l is Cauchy in D(EF). Since the form (£, D(EL)) is closed,

the function ¢(x)GP (yo, x), which is the L*(V, p)-limit of ¢I, must be in D(ER).
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This holds for all nonnegative bounded ¢ € D(E) with compact support K C X

such that yo ¢ K and %(Z’(b) is bounded on X; taking for various integers n,
¢ = min<17 max(”ﬂ('vyO) —1, 0))7

we see that by definition Gy (yo,-) € F2.(V \{yo},V).

loc

This shows that the Green’s function Gy (yo, ), as a measurable function, has
a quasi-continuous representative which is zero quasi-everywhere on 0V. In our
context of a Harnack-type Dirichlet space, the Green function Gy (yo, -) is a Holder
continuous function in U, is uniquely determined (at least up to a constant multi-
ple) by the property that it is a potential with harmonic support yo, see Chapter
5.1 and the equivalent notion of potential in [31, Lemma 2.2.6]. Similar to [24,
Chapter VIIL.4] it is known that in our context the Green function Gy (yo, -) van-
ishes at every regular point of OV, i.e. Gy (yo,-) vanishes q.e. at OV, see Chapter

5.1. There are examples where Gy (1, ) does not vanish at some points of V.

5.4 Boundary Harnack Principle on a uniform subset

We will make extensive use of the boundary Harnack principle which we will prove
in this section following the ideas in [2]. First, it is useful in constructing a harmonic
function h which plays a central role in the h-transform - our approach to solving
the Dirichlet heat diffusion problem in U. Second, we will use it to prove that the
measure dv = h%du satisfies the doubling condition (2.12).

Let X be a connected locally compact separable metric space, i - a positive
Radon measure on X with full support, and (£,D(€)) - a strictly local regular
Dirichlet form on X satisfying the conditions (A1-A4) of Chapter 2.1.2. Let p = p¢
be the metric on X corresponding to the Dirichlet form (£, D(E)). Let U C X be

an open subset of X.
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For any z € U let 8y(z) denote the distance py(z, U\ U) = p(z, X \ U).

Definition 5.4.1 In this section we say that two functions f and g are comparable
on a setV C U (write f < g on V') if there exists a constant A depending only on
the constants cg, c1, Co, c3 appearing in (2.12), (2.13) and in Definition 3.1.1 such
that

1
ZgSfSAgonV

Theorem 5.4.2 Let (X, p, ) be a metric measure space with a reqular Dirichlet
form (£,D(E)) on a Hilbert space L*(X,p). Assume that the doubling property
(2.12) and the L? Poincaré inequality (2.13) are satisfied for all x € X and R > 0.
Let U C X be an unbounded uniform domain in (X,p). Then there exists a
constant Ay > 1 depending only on cq,cy1,ca, c3 such that for any & € OU and
any R > 0, the following boundary Harnack principle holds. Suppose u and v are
positive local solutions of Lu = 0 in UNB(&, AgR), bounded on UNB(&, AgR) and
vanishing q.e. on OU N B(&, AgR). Then

:j((j)) = :j((xx/)) uniformly for x,x’ € U N B(§, R)

where the constant of comparison depends only on the constants cy,cy,ca, 3 ap-

pearing in (2.12), (2.13) and in Definition 3.1.1.

We follow the proof of H.Aikawa [2] making use of the Dirichlet Green function

estimates proved in Lemma 5.3.2.

Definition 5.4.3 Let 0 < n < 1. For V. . C X we define the capacitary width
wy, (V') by

CapB(er)(B(xv T) \ V)
CapB(w,2r) (B(ZIZ', T))

wn(V):inf{r>O: znforalleV}.
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Proposition 5.4.4 In the setting of Theorem 5.4.2 there exist constants Ay, > 0
depending only on the constants cy,cy,co,c3 appearing in (2.12), (2.13) and in

Definition 3.1.1 such that for any r > 0 we have
wy,({x €U :dy(zx) <r}) < Ayr (5.9)

Proof. Let V ={x € U : §y(x) < r}. Using the uniform property of U, for every
y € V, there exists a point z € B(y, %r) NU with p(z,0U) > 2r. Let A = 02_1 + 1.

Then B(z,r) C B(y, Ar)\ V, and therefore

CapB(yQAr) (B(Za AT) \ V) > CapB(yﬂAr) (B(Z> T)) > CapB(z,i’)Ar) (B(Z> T))

It remains to prove that

CapB(z,?)Ar) (B(Zu T)) = CapB(yﬂAr) (B(y7 A’f’))

This follows from the following capacity estimate for X proven in our setting in

[36]

CapB(y,R)(B(y,T))X/T mds

which together with the volume doubling condition (2.12) implies

,
Capp(.3ar)(B(2, 7)) < (3Ar — T)m
Ar
Cap ~(B(y, Ar)) < (2Ar — Ar)————
B(y,2A )( (y )) ( )M(B(y,AT’))
and the right hand sides are comparable. O

The following Lemma relates harmonic measure to capacitary width, and for

the proof we closely follow [2].

Lemma 5.4.5 In the setting of Theorem 5.4.2 there is a positive constant As

depending only on the constants cqy,c1,ca,c3 appearing in (2.12), (2.13) and in
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Definition 3.1.1 such that for any nonempty open subset V of X, any x € V and

any R > 0, we have

w(xz,VNoB(z,R),V NB(zx,R)) <exp (2 — Agﬁ) (5.10)

Proof. For any ¢ > 0 we can choose r with w, (V) <r < w,(V) + ¢, such that

CapB(y,2r) (B(y7 T) \ V)
CapB(y,2r) (B(yv T))

>n forally eV (5.11)

For a moment we fixy € V. Let E = B(y,r)\V and let G be the Green function

GB(y2r)- Let up be the capacitary measure of £, i.e.

L is supported on E C X,

‘ ‘:uE‘ ‘ = Ca“pB(y,2r) (E)v

Gpug =1q.e. on E.

The existence of such a measure can be established in the general context in a way

similar to [31, (2.2.13)]. We claim
Gpig > enon B(y,r) (5.12)

for some constant € depending only on the constants cg, ¢y, co, c3 appearing in
(2.12), (2.13) and in Definition 3.1.1. To this end let v be the capacitary mea-
sure of B(y,r). Then v is supported on B(y,r) and |[v|| = Capp, o, (B(y,7)). By

Harnack principle,

3
() = Gale) on 08 (1. 51

uniformly for x € B(y,r). Hence

Goun(z) = /E Gz 2)dpe(z) = Co(z )|zl

Gplz) = / Gz, 2)du(z) < Gz, y)lv]
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uniformly for z € dB(y, 2r). Since Gpv =< 1 on B(y, 3r), it follows from (5.11)
that on dB(y, 3r),

Gour _ llnell __Cvpn(B)
Gov Wl Cappgyan(Bl.r) =

By the maximum principle of Proposition 5.1.14 applied to the function —Gpug,

Gpup <

(5.12) follows.

Now let us move on to the proof of Lemma 5.4.5. For simplicity write €2 for
w(-,VNdB(x,R),V N B(x, R)). Because of the factor of ¢? on the right hand
side of the desired estimate (5.10), without loss of generality we may assume that
R/w,(V) > 2 and let k be the positive integer such that 2kw,(V) < R < 2(k +
Dw, (V). Take r > w, (V') so close to w, (V) that 2kr < R. We claim

sup Q< (1—en) (5.13)
VNB(z,R—2jr)

for j =0,1,..., k. Since k ~ WR(V)’ (5.13) implies

Q) < (1 - en) < exp <—A2$)

where Ay &~ —1log(1 — en) > 0.
To prove (5.13) by induction, we start with the obvious estimate (5.13) for
j = 0. Assume that (5.13) holds for 7 — 1 and we shall prove (5.13) for j. In view

of the maximum principle of Proposition 5.1.14, it is sufficient to show that

sup Q< (1—en). (5.14)
VNoB(z,R—2jr)

Let y € VNOB(z, R — 2jr). Then B(y,2r) C B(z, R — 2(j — 1)r), so that (5.13)
for 7 — 1 implies

Q< (1—en) ' onVnNB(y2r).
Since € vanishes q.e. on 9V N B(x, R) D dV N B(y, 2r), the maximum principle

of Proposition 5.1.14 implies

Q< (1 —en)y'w(-,VNoB(y,2r),VNB(y,2r)) on VN B(y,2r). (5.15)
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Let us compare w(-, VN 0B(y,2r),V N B(y,2r)) and 1 — Ggur where ug is as in

(5.12). By the maximum principle of Proposition 5.1.14, we have
w(-,VNoB(y,2r),VNB(y,2r) <1—Gpug on VN B(y,2r),

because this inequality holds qg.e. in the limit sense on d(V N B(y, 2r)) and both

functions are harmonic inside. In particular

by (5.12). Substituting this into (5.15), we obtain Q(y) < (1 — en)? for any point
y € VNIB(z, R —2jr). Hence (5.14) and (5.13) follows. O

Lemma 5.4.6 For any point & € OU and any R > 0 there exists a point g € U
with

p(€.€r) = AR, and y(Er) = plEr, OU) > 4eiR (5.16)

Proof. Choose ¢ € OU C X. Choose an integer ¢ > 0. Applying the uniform
condition (3.5) to some point & € U with p(£,&;) = 1/i and some other point
& € U with p(§,&)) = i, we obtain a path v connecting & and & satisfying the
condition in Definition 3.1.1. For any R > 0 let & r be a point on this path
with p(&;,& r) = 4R. Then the uniform condition (3.5) together with a triangle

inequality gives

letting ¢ go to oo we obtain a sequence of points &; g in B(£,5R). Since the balls
in X are compact, we can choose a subsequence converging to some point £ with

p(&,€r) = 4R and p(€gr, 0U) > 4ci R, as desired.
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For any r > 0 we let U, = B(x,r) N U and we let G, to be the Green function
for the Dirichlet form (), D(E})), i.e. the Dirichlet Green function in U,. This

function has been studied in Chapter 5.3.

Lemma 5.4.7 In the setting of Theorem 5.4.2 there exists a positive constant As
and As depending only on the constants cg, c1, 2, c3 appearing in (2.12), (2.13) and

in Definition 3.1.1, such that for any & € OU, any R > 0, and any k > A3 we have

n(B(E, R))

w(,UNOBE R, UNBER) < A=

Grr(- Er) on UN B(E(BIT)

where £ is any point in U that satisfies p(r, &) = 4R and 41 R < oy (€r) < 4R,

e.g. a point produced in Lemma 5.4.6.

Proof. We follow the structure of the proof in the paper of H.Aikawa [2]. Choose
Az = 100c¢y large enough so that in particular all the paths given by the uni-
form condition (3.5) connecting points in B(§, 10R) must stay in Ug,pe = U N
B¢, %R). By the monotonicity of the Green function on the domain it suffices

to prove the lemma with k = As. Since
1
B(¢r, §5U(§R)) CUNB(E6R)\ B(§,2R) CUayr \ B(§,2R),
it follows from the maximum principle of Proposition 5.1.14 that

Gasr(&r) < sup Gasr(y,&€r) on UNB(E,2R)
y€dB(¢r,30u (§R))

The right hand side is comparable to #;R)) by Lemma 5.3.2 since both y and
&g are in By( ,%f). Hence we can find ¢; > 0 such that
61%61%1{(-,53) < exp(—1)
on UN B(£,2R). Then
UNB(2R) = JU;nB(£,2R), (5.18)

>0
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where

U, = {x c U :exp(—27) < 61%GASR(L§R) < exp(—2j)} :

Let V; = U, ) N B(&,2R). We claim that
J k>j

wy(V;) < AR exp (—%) (5.19)

with some constants A, A depending only on the constants cg, ¢y, co, c3 appearing
n (2.12), (2.13) and in Definition 3.1.1. Suppose x € V;. Observe that for z €

OB(&R, 30u(&r)), by the uniform condition (3.5), the length of the Harnack chain of
balls in Ua,r \ {{r} connecting x to z is at most €3 log (63 5000 ) for some constants

€2, €3 depending only on ¢y, ¢1, ¢2, c3, and therefore

u(B(E R))

R2 GASR(x7£R>
(B R))

MPETN Gl £R)( 3(;>)A— (5;(3))

by Lemma 5.3.2 for some positive constants €, €5, A depending only on the con-

exp(—27) > ¢

stants cg, ¢1, ¢, c3. To apply Lemma 5.3.2 we have used that both z and {g are in

By (&, iif) and that p(z,&r) > 2R. Therefore for any x € V; we have

e < e (2)

This together with (5.9) yields (5.19).

We proceed by induction. Let Ry = 2R and

6 <~ 1
k=1

for j > 1. Then R; | R and

- j+1 A2 (Rj—l — Rj)
Zexp (2 T ARexp(—2 /)\)) (5:20)

A 2
_Zexp (2”1 0 2j_2 exp (X)) < (< o0.
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where the constant C' is independent of R. Let wy = w(-,U N 9B(§,2R),U N
B(£,2R)) and

R2wo(z) .
SUDycU;nB(¢,R;) u(B(ﬁ,R))GOASR(x,ﬁa)’ if U; N B(E, Ry) # 0,
0, if U; N B(§, R;) = 0.

dj:

It is sufficient to show that there exists a constant C' depending only on the

constants ¢y, ¢1, ¢, ¢3 appearing in (2.12), (2.13) and in Definition 3.1.1, such that
supd; < C < o0
j=0
Since wy < 1, we have by definition of Uy,

R2W0($) 2

dop = su < ge
* 7 vanbieer) H(BE R)Gar(@, €r) —
Let j > 0. For x € U;_1 N B(&, Rj_1) we have
B(¢, R
wo(x) < dj—leAgR(% r)

Also wy < 1. Therefore the maximum principle of Proposition 5.1.14 yields
that

p(B(E R))

wo(z) < w(z, V;NOB(E, Rj—1), VN B(§, Rj-1)) + djy 2

Gasr(2,ER)
(5.21)
forx € V}ﬂB(&, Rj—l)- Ifx e UﬂB(é-, Rj), then B(I, Rj_l—Rj)ﬂaB(ﬁ, Rj—l) = (Z),

so that the first term on the right hand side is not greater than

w(z, V;NOB(x, Rjy — R;),V; N B(x, Rjy — Rj)) < exp (2 - @M)
wy(V;)

A i - — R. 27
< exp (2 — ZQ exp <X) y> = exp <2 — €6j " exp (X))

by Lemma 5.4.5 and (5.19). Here €5 = %. Moreover, 61@GA3R([L’,§R) >

exp(—2711) for x € U; by definition. Hence (5.21) becomes

(U()(ZL') < exp <2 - eﬁj_2 eXp (%)) + dj—l%GAgR(:%gR)

(oo (o (2)) 0 ) HEED
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Dividing both sides by %G Asr(7,&R) and taking the supremum over z €

U; N B(&, R;), we obtain

. 27
dj < € exp <2j+1 —egj 2 exp (X)) +dj—1

and hence for every integer ¢ > 0

b . A 27
d; < € Zexp (2”1 — %j‘2 exp <X)) < 00

j=1
by (5.20). O

Let A3z be the constant appearing in Lemma 5.4.7. The next lemma is a version

of a boundary Harnack estimate for Green’s functions. For the proof we follow H.

Aikawa [2].

Lemma 5.4.8 In the setting of Theorem 5.4.2, there exists a constant Ay depend-
ing only on the constants cy,cy,Co,c3 of (2.12), (2.13) and Definition 3.1.1 with
Ay > A3+ 7, such that for any £ € OU and any R > 0, we have

Ga,r(r,y) _ Gar(z,y)
Gar(@,y)  Gar(@,y)

with the constant of comparison depending only on the constants cg, cq, o, c3 ap-

forx,2" € B(§,R) and y,y' € UNOB({,6R) (5.22)

pearing in (2.12), (2.13) and in Definition 3.1.1.

Proof. Set Ay = A3+ 7 > 100cy + 7 so that in particular all the paths given by
the uniform condition (3.5) connecting points in B(¢, 10R) must stay in Ua,r/2 =
UNB(4R). Let us take 2* € UNIB(E, R) and y* € U N IB(E,6R) such that
1R <dy(z*) < R and 6¢; R < oy (y*) < 6R. It is sufficient to show

GA4R(x*7y)
GA4R(x*7y*>
fore e UNB(E, R) and y € UNOB(E,6R).

GA4R(QU, y) = GA4R(QU, y*) (523>
First we show that the left hand side of (5.23) is not less than the right hand

side of (5.23) up to a multiplicative constant. To this end we fix y € UNOB(§,6R)

and observe that
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o u(x) = Ga,r(z,y) is a positive harmonic function on Uya,r \ {y} vanishing

q.e. on OUy,g;
o v(x) = %GA4R(SL’ y*) is a positive harmonic function on Ug, g \ y*

vanishing q.e. on 90U, g.

Since y* € U NIB(,,6R) and 6¢1R < dy(y*) < 6R, it follows that the ball
B(y*,3¢.R) € UN B(,9R) \ B(¢,3R) C U.
Let us prove that v > Av on 0B(y*,ciR). Take z € 0B(y*,c1R). Then by

repeated application of the Harnack inequality,

GA4R(x*7y) GA4R( *7?/) * *
v(z) Gar(z,y )GA4R(Z Y) < Gar(z *’y*)GAALR(x Y°)
] R
= GA4R(ZE' ,y) S Clm (524)

by Lemma 5.3.2.

If y € B(y*,2c1R), then u(z) = Ga,r(z,y) > Cy—=t— by Lemma 5.3.2,

M(B E R))
so that u(z) > Awv(z) for some constant A independent of R and £. If y € U\
B(y*,2c1R), then z and x* can be connected by a Harnack chain in Ua,g \ {y} of

fixed length, and so

v(2) X Ga,r(2",y) < Ga,r(z,y) = u(z2)

by (5.24). Hence we have u > Av on 0B(y*,c;R) in any case. By the maximum
principle of Proposition 5.1.14, u > Av on Ua,r \ B(y*, ¢c1R) which includes U N
B(&, R).

For the opposite estimate we make use of Lemma 5.4.7. For x € U N B(,2R)
and z € UNB(§,9R) \ B(£,3R) we have

R2

Cawnlr:2) < O e Ty
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by Lemma 5.3.2. Regarding G a,r(z,2) as a harmonic function of z, we obtain

from the maximum principle of Proposition 5.1.14 that

R2
Canl2) < e 7y

We obtain from Lemma 5.4.7 and the Harnack inequality that

w(-,UNOB(E,2R),UNB(£,2R)) on UN B(£2R)

2
GA4R(SL’,Z) S CIM(BZ R))A5M(Bg£ R))GA4R(LU,£R) S ElGA4R(SL’,y*) (525)

forx €e UNB(&,R) and z € UN B(£,9R) \ B(£,3R) and some constant €; >

0 independent of £, R. Now fix x € U N B({,R) and y € U N9JB({,6R). 1If
ou(y) = 3c1R, then Gag(z,y) < Gar(z,y*) and Gar(z*,y) < Gar(z*,y")
by the Harnack inequality, so that (5.23) follows. Hence we can assume that
ou(y) < zc1R. Then we can find a point & € 9U such that py(¢,y) < 3R
Observe that y € U N B(¢, %clR) C U N B(&, R) since without loss of generality

c; < 1. Also
UNB(E,2R)  UN B(y,3R) C UN B(E,9R) \ B(£,3R).
Hence (5.25) implies Ga,r(x, 2) < €1Ga,r(z,y*) for z € U N B(£,2R), so that
Gar(r,y) < eaGar(z,y w(y,UNIB(E,2R),U N B(',2R)). (5.26)

Let us invoke Lemma 5.4.7 with replacing & by &'. Since p(&, &) < p(&,y) +
p(y, &) < TR, it follows that U N B({', A3R) is a subset of U N B(&, (A3 + 7)R) =

Ua,r. Hence

wly.UN 0B, 2R), U0 BE,2R) < ALPPE I Gy, 60)

p(B(E,R)) u(B(E,R)
N Tr ¢

with £ € UN0B(&',4R) such that 4¢; R < dy (&) < 4R. Here we have used the

GA4R(y7£}%) = A4R(£}27y> (527>

symmetry of Green function and the doubling condition (2.12). Hence (5.26) and

(5.27) give

1(B(& R))

R2 GA4R(£}27 y)

GA4R(LU, y) S €2GA4R(x7 y*)
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for some constant €, > 0 independent of £ and R. Observe that since w.l.o.g.

c1 < 1, we have

1
PR y) = pEr &) —p€y) > 4R — 5a R > 2R,

p(z*y) = p(&y)—p(x,§) =6R— R=5R.

Therefore using the uniform property of U we can connect z* and £, by a fixed
length chain of balls B(z;,e3R) in U \ {y} so that B(x;,2¢3R) C U \ {y} and
B(x;,e3R) N B(x;y1,e3R) # (. Here the constant e3 depends only on the con-
stants cg, ¢1, c2, c3. Then by Harnack principle Ga,r(&g,y) =< Ga,r(x*,y). Since

Ga,r(z*,y*) < #ZR)) by Lemma 5.3.2, it follows that

GA4R(x*7 y)

G < g 177
Aar(T,Y) < e Can(@ ")

GA4R(I7 y*)

for some constant €, which depends only on the constants cg, co, c3, ¢4 appearing
in (2.12), (2.13) and in Definition 3.1.1. This completes the proof of the upper

estimate in (5.23) and thus the proof of this lemma. O

In order to prove Theorem 5.4.2 we represent u and v as regularized reduced
functions and then as Green potentials. In general let £ be a subset of Uy, and
let u be a positive harmonic function on Uga,g. Let ®E be he family of all positive

superharmonic functions v on Uy, such that v > v on E and let
RE(z) = inf{v(x) : 2 € ®F}

The lower regularization Rf is called the regularized reduced function of u to F

relative to Uga,g. It is known that f?f < win Ug,pg, RE =y g.e. on F and that }?E

U

is superharmonic on Uy, r and harmonic on Uga,r \ F, see [14, §5.3]. The global

positivity and superharmonicity of u over Uy, g is essential.
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Proof of Theorem 5.4.2. Let u, v be positive harmonic functions as in Theorem
5.4.2. Then RY"PE5R) ig 4 lower semicontinuous superharmonic function on Uy, g
such that RY"PE5% — 4 qe. on UNIB(E,6R) and harmonic on U N B(£, 6R).
Moreover 0 < RY NOB(E,6R) < u and u vanishes q.e. on AUy, pNOUsx by assumption.
Hence R{™PESR) — yonUN B (¢,6R) by the maximum principle of Proposition
5.1.14. By [14, Proposition 5.3.5], RUMOBESR) 5o 3 Green potential of some Borel

measure u supported on U N 9B(£,6R), we have

u(z) = / Goaurl,y)duly) for = € U N B(E,6R)
UNOB(£,6R)

Choose any y' € U NIB(£,6R). Using Lemma 5.4.8, we can write

fUnaB(g,ﬁR) Gar(2',y)dp(y)
GA4R(:C/7 y/>

u(x) < Gar(z,y) for x, 2" € UN B(§, R)

Therefore

u(x) _ Ganr(zy) _ v(x) :
W) Gl y) o) for any z, 2" € UN B({, R)

5.5 Construction and properties of a réduite

Let X be a connected locally compact separable metric space, i - a positive Radon
measure on X with full support. Throughout this section we assume that (£, D(E))
is a strictly local regular Dirichlet form on L?(X, i) satisfying the conditions (A1-
A4) of Chapter 2. Let U be an unbounded domain in X.

In this section we will construct a réduite, i.e. a local (weak) solution h €
FL.(U) of the equation Lh = 0 in U, see Definition 2.4.3. As a consequence of the

remark following Definition 2.4.3, the harmonic function h that we are looking for
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will equal to zero on U in quasi-continuous sense. For our construction we will
assume that the following local boundary Harnack principle is satisfied for local
(weak) solutions of Lu = 0 in U with the Dirichlet boundary conditions on 0U,
see [6].

Definition 5.5.1 Let (£, D(£)) be a strongly local regular Dirichlet form on L*(X, ).
Let U C X be an open subset of X. We say that a local boundary Harnack princi-
ple is satisfied for the set U if for any & € OU there exists exist constants A > 1,
C >0 and R > 0, such that the following boundary Harnack principle holds. Sup-
pose u and v are positive local solutions of Lu = 0 in U N B(§, AR), bounded on
UnN B, AR) and vanishing q.e. on OU N B(§, AR). Then

U)o e e U BELR) (5.28)

u(z’) v(x!

~—

Remark. In case when U is a uniform domain in (X, p), a stronger boundary
Harnack principle holds by Theorem 5.4.2.

Fix a point y € U. Let {r;}3°, be an increasing sequence of radii, ; — o0
as i — oo. Let {B;}2,, B; = By(y,r;) be a sequence of balls in (U, py). Let
x; € By(y,ri/2),i = 1,2,... be a sequence of points converging to a point at
infinity of the one-point compactification of X. Consider the sequence of functions

o GBZ-(%, ZE)

M) = )

We will construct a réduite function h as a limit of some subsequence of {h;}°;.

We prepare a sequence of lemmas in the above context.

Lemma 5.5.2 There ezists a subsequence of {h;}2, that converges uniformly on

K and in L*(K, i) for every compact subset K C U.

Proof. For every index i, we have h;(y) = 1. Therefore, the sequence h; is

bounded on every compact subset of U by Harnack inequality that follows from
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Theorem 2.6.1. We aim to apply the Arzela-Ascoli theorem to show that there
exists a convergent subsequence for {h;}32,. We need to show that this sequence
is equicontinuous, i.e. Vo € U, Ve > 0 there exists an open neighborhood V' of x in

U such that whenever z € V,

hi(z) = hi(2)] < &

for i large enough. This estimate follows from the Holder continuity estimates for
local (weak) solutions of Lu = 0 in X, see Chapter 2.5. Indeed for every ¢ > 0
and any open ball By(z, R) C U we can choose small enough radius r such that
for any z € By(z,r) we have
|hi(x) — hi(2)] <6 [ sup h; — inf hi] <¢§ sup h; < Céhi(y)=C6
By (z,R) By (z,R) By (z,R)

for i large enough by Harnack inequality. It remans to choose § = ¢/C.

The Arzela-Ascoli theorem implies that there exists a subsequence converging
pointwise to some function h. Moreover the convergence is uniform on compact
subsets of U. The convergence is then in L?(K, i) for any compact subset K C U

since p(K) < o0.

Without loss of generality we assume that the subsequence chosen in Lemma
5.5.2 is the sequence h; itself, and it converges almost everywhere on U to some

function h.

Lemma 5.5.3 The subsequence {h;}32, constructed in Lemma 5.5.2 converges to

hoin L2 (U, plo).

loc

Proof. Let h; be the subsequence constructed in Lemma 5.5.2, and let h be its
limit. Choose any compact subset V' C X, and let V' = V N U. It suffices to show

that for any such V, the sequence h; is Cauchy in L*(V’, u|y). For every € > 0
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we define a compact set
Ve={xeVnU:p(z,oU) > ¢}

Choose any point z € OU. Let R be twice the diameter of V' U {z}. Let g be
any positive local weak solution of Lg = 0 in U N B(z, AR) vanishing q.e. on
oUNB(z,AR), e.g., the Dirichlet Green function. For large enough i and j we can
use the local boundary Harnack principle (5.28) to estimate the difference |h; —hy|
in V by |2Cg| and therefore

i = bl o,y = w—mﬁm+/ \hy — by Py
V- A\A

< M= bylBage, o+ [ 12CoPdn
VAVL

Since the sets V. exhaust V’ and hy € L*(V', u|y), we can choose & small enough
so that the second term in the estimate above becomes arbitrarily small. The first
term tends to zero as i,j — oo for any € > 0 because h; — h in L*(V., u) by

Lemma 5.5.2.

Proposition 5.5.4 The subsequence {h;}2, constructed in Lemma 5.5.2 con-
verges to h in the Hilbert space F (V') for every open set V. C U relatively compact
in X. The limit function h belongs to the space Fp.(U) and is a local (weak) so-

lution of Lh = 0 in U with weak Dirichlet boundary conditions on OU. Also the

function h vanishes quasi everywhere on OU .

Proof. Let h; be the subsequence constructed in Lemma 5.5.2. Let V' C U be an
open set in U which is relatively compact in X, i.e. the closure V of V in X is

compact. To show that the convergence h; — h is in F(V), we set

¢(x) = (1= p(z,V))y = max(1 — p(z,V),0).
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We know by [58, Lemma 1] that ¢ € Fj,.(X) with dI'(¢, ¢) < du, thus ¢ € F.(X).
Let V' be the support of ¢ in X and let V" = V'NU. Since h; € F (B \{x:}, B;),
for large enough i we know that z; ¢ V" and V" C B;. Thus V" C B; \ {z;} and
so ¢h; € D(ER) C D(EL) by Proposition 5.3.3. Let V" be some neighborhood of
V" in U. Assume without loss of generality that py(z;, V") > 0.

If we prove that the sequence ¢h; is Cauchy in the Hilbert space D(E{) then we
would know that h; — hin F(V), ¢h € D(EF) and thus h € F2 (U) by Definition
2.4.3. Since the sequence ¢h; converges to ¢h in L2(U, uly), it is left to estimate

the energy

e (ks ~ ooty = k) = [ dD(0(h; = k). oy = ho)
= [ s =mpareo.o) + 2 [ 6= hodr(o.y = 1) + [ vty —hhy—n)
= [ (b= h2dro0) + [ Uy = b - h)
U U

Let’s integrate by parts to get rid of the second term in the last line. Integrating
by parts works because the function h; — h; is a weak solution of Lu = 0 in V"
with Dirichlet boundary conditions on OU. Also the function ¢?(h; — h;), which
is zero in the open set U \ V" is in D(EY) by Proposition 5.3.3, and therefore in

D(ELR.) thus can be approximated in D(E) by functions in F,.(V"). Therefore,

EF (d(hy — hi), p(hy = hy)) < /”<hj — h;)?dT (¢, ¢) < /”(hj — hy)*dp — 0,

as i,j — oo because the sequence h; converges to h in L2 _(U,uy) and V" is
relatively compact in U. Here we have used the inequality dI'(¢, ¢) < du. There-
fore the sequence ¢h; is indeed Cauchy in the Hilbert space D(EF). In particular
h € FP.(U) by Definition 2.4.3.

To show that h is a weak solution of Lh = 0 in U with weak Dirichlet boundary

conditions on QU, take any test function ¢ € F.(U) with support in any compact
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K C U, let W be a relatively compact in U neighborhood of K and write

/ Ay (h, 8)dps = / A0y (lim hi,¢) = lim | dTy(h, @) = lim | dUy(hs, é) = 0
U w teo

i=oo Jw = Ju
because each of the functions h; is a weak solution of Lh; = 0 in B; \ {z;}. Here
we have used that the sequence h; converges to h in F(W) to interchange the
operations of taking the limit and integration.

Choose any point z € 9U. To show that the function h vanishes quasi every-
where on OU N B(z, 1) it remains to notice that each of the functions h; used to
approximate h does so in a controlled way. More specifically, let g be any positive
local weak solution of Lg = 0 in U N B(z, A) vanishing q.e. on 0U N B(z, A), e.g.,
the Dirichlet Green function for the set U N B(z,2A). For large enough i and j we
can use the local boundary Harnack principle (5.28) to estimate h; in B(z,1) by
cg for some positive constant ¢. We get h; < cg for large enough 7 and therefore
h < cg and so the function h vanishes g.e. on U N B(z,1). This holds for any
z € OU as desired. O

The next Lemma is an interesting result which could be used to alternatively

show that h € F_(U).

oc

Lemma 5.5.5 Let U be an open subset of X. Let U; be an exhaustion of the set
U and let {fi}2, be a sequence of functions such that f; € Fioe(U;). Extend each
of fi to all of U by zero. Assume that for some bounded compactly supported in U

function ¢ there exist constant Cy and Ny such that ¢ f; € D(EF) and

EF(ofi 0fi) < Cy.

for every index i > Ny. Assume that f; converges in L7, (U) to some function f.

Then f € Fioe(U), ¢f € D(ER) and

EF (o, 0f) < Cy. (5.29)
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Proof. According to the spectral theorem for the nonnegative self-adjoint operator

LE associated with the form &7, for any function f € D(L{)) we have

1of = /0 AEL(f)

where E_o, = 0, E,, = Id and for every A\, \y € [—00,+00| with A\ > g,
the expression F), — F,, is a bounded linear orthogonal projection operator on
L*(U, p). In particular E) is a self-adjoint operator of orthogonal projection.

Let (-,-) denote the inner product on L?(U, u). As in [31, (1.3.8)], for any two

functions f,g € D(EF) we can express EF as a Lebesgue-Stiltjes integral

ep(fa) = [ MIEAD.)
D) = {reriwa: [T <) 630)

It suffices to prove (5.29). For any f € L?(U, ) the quadratic form

Ra(f) == (EX(), ) < (EX(f), /) < {f. /) (5.31)

is a nonnegative nondecreasing function of A because for A\; > Ay, the difference
(Ex,(f) — Ex,(f), f) > 0is an inner product of f and its orthogonal projection.
Therefore R,(f) is almost everywhere continuous function of A. Also for fixed

AN ER, Ry\(-) : L*(U, ) — R is a continuous functional. Therefore

[e%) N
ED(6f.0f) = /0 AUEA(6f), 6f) = limsup /0 AR ()

N—oo

— limsup [NRN<¢f>— / i RA(W)CM}

N—oo

N—oo

N
= limsup {N lim Ry(of;) — / lim R,\(qbfi)d)\}
1—00 0 1—00

By (5.31), 0 < Ry(¢f:) < ||#f;]|3, which is of bounded integral on [0, N|. Therefore
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by the dominated convergence theorem, we can continue

N
£0(0f.0) = s [N lim Ru(or) -~ lim [ Raforian]

N—oo
N N
= limsup lim MRy (¢f;) < sup / MRy (o f;)
N—oo = Jg >0,N>0.J0

= sup/ )\dR,\(qbfZ) = Sgg g[?(¢fza bez) < C¢

>0 Jo

in particular ¢f € D(EF) by (5.30). O

Lemma 5.5.6 Let X be a connected locally compact separable metric space, p -

a positive Radon measure on X with full support and (£, D(E)) - a strictly local

regular Dirichlet form on L*(X,u) satisfying the conditions (A1-A4) of Chapter

2. Let U be a uniform domain in X. Let h be a function constructed in Lemma

5.5.2. Then the measure h?dp on U satisfies the following volume estimate
Viz(xz, R) = / R2dp < h*(zg)p(B(x, R)) (5.32)

UNB(z,R)
for any x € U, any R > 0 and any point xp with p(zg,z) = & and p(zp, OU) >

S R. The following doubling condition
Ve e X,VR >0, Vpz(z,2R) < CVj2(z, R) (5.33)

holds for some constant C' depending only on the constants cy,c1, ca, 3 appearing

in (2.12), (2.13) and in Definition 3.1.1.

Proof. Fix z € U and R > 0. Let g € U be a point with p(zg,z) = £ and
p(rr,0U) > ¢ R given by Lemma 4.1.5. We know by Proposition 5.5.4 that h is a
local weak solution in U of Lh = 0. It suffices to prove (5.32) because the volume
doubling condition (5.33) would follow from the doubling condition (2.12) for the

measure y and by comparing h(xg) to h(xag) using the Harnack principle and the

curve v between xr and zyg given by the uniform condition (3.5).
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Assume first that dy(z) = p(z,0U) > 2R. Then the doubling condition (5.33)
follows from the Harnack inequality for the function A and the doubling condition
for the measure p.

Assume now that dy(x) < 2R and choose a point £ € U with p(x,§) < 2R.
Let Ay be a constant appearing in Theorem 5.4.2. Let {4,z be a point in U with
p(&,€r) = 4AgR given by Lemma 5.4.6. For every R > 0 let U, denote U N B(&,r)
and let GG, denote the Dirichlet Green function in U,. Let k = 20Agcy where ¢ is
a constant appearing in (3.5).

Both h and Gyr(-,&r) are in F2 (Usa,r, U), both of these function are nonneg-
ative weak solutions of Lu = 0 in Uy, and have a quasi-continuous representative
that is vanishing quasi-everywhere on 0U N B(x,4AgR). Since h is vanishing q.e.
on QU by Proposition 5.5.4, we can use the boundary Harnack principle of Theorem

5.4.2 to see that
h(-) _ Ggr(-&r)
Waxr) ~ Grr(zr, Er)
which includes B(£,4R) and therefore includes B(z,2R). So if we denote ¢, =

on B(£,5¢R)

h(zg)/Grr(xr,£Rr) then we obtain

h(-) =< e1Grr(+,€R) (5.34)

on B(§,4R). The lower estimate of (5.32),

/ Rdp > eoh(@p)u(B(x, R))
UNB(z,R)

follows by the doubling condition (2.12) for the measure p and the Harnack esti-
mate for the function h since B(zg, {5R) C U N B(x, R) and h is a positive weak

solution of Lh = 0 in B(zg, § R) C U. The upper estimate of (5.32),

/ Ry < ER2(ep)p(Bla, R))
UNB(z,R)

follows from the estimate h(-) < esh(zg) on B({,4R). The latter estimate is true

because of (5.34) and Lemma 5.3.2 which estimates the supremum of the Green’s
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function Gig(+,&r) in B(£,4R) by its value at xx. Here we have used that both

£r and xR are in the ball B(¢, £8) = B(¢,5A0R).

A Ye)

5.5.1 Dirichlet type Dirichlet forms obtained by the change
of measure

Assume that the form (£, D(€)) admits a carré du champ operator T : D(E) x
D(E) — LY (X, u). Let U C X be an open set and let v € L2 (U, 1) be a locally
uniformly positive and locally bounded measurable function on U. Similarly to the

Neumann type forms of (4.22) we define the Dirichlet type form associated with

the function v in the following way

Definition 5.5.7 We set (£, D(EF")) to be the closure of a symmetric form

&P h) = [ varo(rin) = [ Yol fyedu (5.35)
on L*(U,vdu) with initial domain F,(U).

Such a form is indeed closable since F,(U) € D(E)"") and the Neumann type form

(E)°, D(EY™)) is closed by the proof of Proposition 2.4.9. In particular
D(ED") c DENY).

If we take the function v to be constant one, the form we defined in (5.35) becomes
(ED.DEP)).

Notice that because of the special structure of this form, the normal con-
tractions operate on (7", D(E)")). The form (7", D(E)")) is symmetric and
densely defined in L?(U,vdpu) since compactly supported in U functions which are
Lipschitz with respect to the metric p are in D(é’g ). Tt is also closed by defini-

tion, and so the form (£, D(E7")) is Dirichlet. It is also strongly local because
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the form (€, D(£)) is. So each of the forms (£, D(E")) is associated with
the nonnegative self-adjoint operator Lg’” and a self-adjoint semigroup P(ft’” on

L*(U,vdp). Tt is straightforward to see that the energy measure associated with
the form (7, D(E)")) on L*(U,vdu) by (2.2) is simply

dl(f,g) = vdl'(f, g) = Y(f, g)vdp.

and so the Radon-Nikodym derivative of dI'” with respect to the reference measure
vdp is

dr(f, g)

In view of the main equivalence Theorem 2.6.1 notice that the volume doubling
condition (2.12) for the measure vdy and the Poincaré inequalities for the Dirichlet
form (7", D(EYY)) follow from the same estimate for the Neumann type form
(Sg’hz,D(Eg’hz)) on L*(U,vdu). We will use this fact to obtain the heat kernel
estimates for the Dirichlet form (€7, D(EF)). Specifically, in the next section we
will explore the technique of h-transform which, if A is a harmonic function, will

in fact produce the form (55’h2, D(Eg’hz)).

5.6 h-transform

In this section we will develop the technique of h-transform that allows one to con-
struct a family of symmetric forms associated with a Dirichlet form. Let (£, D(E))

be a Dirichlet form on L?(X, i) and let h be a measurable positive function on X.

Definition 5.6.1 Let H be a multiplication by h, as a unitary map:
H: L*(X,h*dp) — L*(X,p), f — hf

and let (€, D(E)), Ly and Py be the pulled-back form, operator and semigroup
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on L*(X, h%du) defined by

En(f,9) = E(hf, hg), D(&) = H'D(E)
L, = H'oLoH, D(L,) =H'D()

Pui(f) = H'oPoH (5.37)

The form (€, D(E)) is a closed symmetric densely defined form on L?(X, h2du)
by the unitary nature of the map H. This form corresponds to the semigroup P, ¢
and the operator L;, on L?(X, h*dp) in the usual way. The form (&5, D(&},)) is not,
however, Dirichlet for general function h because it is usually not Markovian, i.e.
normal contractions do not operate on (&,, D(&,)). It is Markovian if and only
if the semigroup P, is Markovian, i.e. if and only if P,,1 < 1 a.e. in X. This
happens if and only if P,h < h a.e. in X. Here Pj,; and P, are understood as
integral operators, initially defined on L?(X, h%du) and L?(X, du) respectively.

The following statements are immediate from Definition 5.6.1.

Lemma 5.6.2 Assume that the linear space W is dense in the Hilbert space D(E).
Then the set H='(W) is dense in the Hilbert space D(E).

Lemma 5.6.3 If the semigroup P, possesses a kernel p(t,z,y) with respect to the
measure [, then the semigroup P, also possesses a kernel with respect to the
measure h*du. This kernel py(t,z,y) is related to the kernel of the semigroup
p(t,z,y) by

p(t, z,y) = p(t, z,y)h(x)h(y) (5.38)

Proof. By definition for any function f € L?(X, u), we have

Puad (@) = 3 20) = s [ ot fhautn) = [ RS )ty

and therefore the function
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is the kernel of the semigroup P, ; with respect to the measure h%dpu.

Let us now focus on the h-transform of the Dirichlet form (7, D(E[)), which

will be denoted by (£, D(EF)))-

Lemma 5.6.4 Assume that the function h € Fi,.(U) is locally finite and locally
uniformly positive on U. Then the set H Y(F.(U) N L>®(U,p)) is dense in the

Hilbert space D(EY),), and
H™Y(F(U) N L¥(U, p)) = Fo(U) N LU, h*dp) (5.39)

Proof. The set H™'(F.(U) N L™(U, u)) is dense in the Hilbert space D(Ef),)
because the linear operator is unitary and the set F.(U)NL>*(U, u) is dense in the
Hilbert space D(EL). Since both h, + € Fioo(U) N Li2 (U, 1), the equality (5.39)
follows because the space Fi,.(U) N L2, (U, ) is an algebra by Lemma 2.2.1.

It turns out that if h is a weak solution of Lh = 0 in U then the form

(E0n, D(ER),)) is a Dirichlet form because it coincides with the form EX" DEDY)

obtained from (7, D(EF)) by the change of measure.

Proposition 5.6.5 Assume that h is a weak local solution of Lh =0 in U. Then
the form (€7, D(EL),)) coincides with the form (55’h2, D(Sg’hz)) defined in (5.35).

Proof. For both forms, the space F.(U) N L>(U,du) is a dense subset of the
domain by Lemma 5.6.4 and by Definition 5.5.7. It remains to compare these
forms on this space. For any g € F.(U) N L>(U, ), by Lemma 2.2.1 we know
that the functions g, g%, gh, g>h belong to the space Fj,.(U) and thus to the space

F(U) since they are compactly supported in U. Using the chain rule we have

Eln(g.9) = /UdFU(hg,hg):/

U

= /dFU(h,gzhH/ thFu(g,g)zfhzdFu(g,g)Zfrﬁj’hQ(g,g)
U U U

because g*h € F.(U) and h is a weak solution in U of Lh = 0 by assumption.

O

Ty (h, ) + 2 / ghdTy(g, h) + / B2dT0 (g, g)
U U

O
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5.7 Proof of Theorem 5.0.8

In this section we will prove Theorem 5.0.8, so the context of this section is that of
a Harnack-type Dirichlet space (X, i, p,E,D(E)) together with an inner uniform
subset U C X. Let L be a nonnegative self-adjoint operator on L?(U, 1) associ-
ated with the Dirichlet form (£, D(€)). We are interested in the the heat kernel
associated with the Dirichlet form (€7, D(ER)).

Notice that the form (7, D(EF)) can also be obtained from the form (£, D(EY))

on U by considering Dirichlet boundary value diffusion problem in U, i.e.

D(&7) = D((EN)r)

EP(f.g) = (EN)B(f.0) = /U dTy(f.g), whenever f,g € D(EP)

The advantage of this approach is that now U is a uniform domain in (17 U )
rather than only an inner uniform domain - and the theory developed in Chapter
5 applies, because according to Theorem 4.0.5 the form (&, D(EY)) is a strongly
local regular Dirichlet form on U of Harnack type, see Definition 2.5.1.

The boundary Harnack principle proved in Theorem 5.4.2 provides the basis
for the construction of a réduite function h on U that is carried out in section 5.5.

The function A is in F})

..(U) and is a nonnegative local (weak) solution in U of

Lh = 0 with weak Dirichlet boundary conditions on QU by Proposition 5.5.4. In
fact the function h is positive on U by Harnack inequality in any compact subset
of U, because h(y) = 1 for the point y chosen in Chapter 5.5.

Let (€7, D(Ef,)) denote the h-transform of the Dirichlet form (7, D(EF))
on L*(U, j1). The following important lemma relates the closed form (7, D(Ef,))
to the Dirichlet form (Eév’m,l)(é’év’m)) defined in (4.22).

Proposition 5.7.1 Let h be a positive local (weak) solution of Lh =0 in U with

weak Dirichlet boundary conditions on OU. Assume that the measure h*du satisfies
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the doubling condition (4.27) for some € > 0. Then the closed form (£, D(ES),))
coincides with the reqular Dirichlet form (Sév’hz, D(Sév’hz)) on U defined by (4.22).

Proof. Since the forms in question are closed, it suffices to compare their cores and

the values of these form on each of the functions in their cores. A space Lip,(U) is a

core for the form (Sév’hz, D(Sév’hz)), by Proposition 4.2.1, while F,(U)N L (U, h?u)
is a core for the form (€7, D(E[,)) by Lemma 5.6.4. For any f € Lip,(U), we have
f € D(&Y) and by Lemma 5.2.3, applied to the Dirichlet form (£, D(£7)) instead

of (£,D(£)), we have hf € D(E7). Therefore by Definition 5.6.1, f € D(Ef,). So
Lip(U) C D(ES))

and therefore it suffices to check that the two forms in question coincide on F.(U)N
L>(U, h*u), which is a core for the form (E7,, D(Ef,)). For any g € Fo(U) N
L>(U,h*p), by Lemma 2.2.1 we know that the functions g, g2, gh, g*h belong to
the space Fi,.(U) and thus to the space F.(U) since they are compactly supported

in U. Using the chain rule we have

&g, 9) = /UdPU(hg,hg):/

U
= /dFu(h,g2h)+/ hzdFU(g,g)zfh2dFU(g,g)=55’h2(g,g)
U U U

because g*h € F.(U) and h is a weak solution in U of Lh = 0 by assumption.

Theorem 5.0.8 follows as the exact translation of results from Theorem 4.2.7
using the relationships between different Dirichlet forms, kernels, semigroups and
self-adjoint operators established in Lemma 5.6.3 and in Proposition 5.7.1. This
completes the proof of Theorem 5.0.8 and Theorem 1.3.3.

Theorem 1.3.4 follows from the parabolic Harnack estimate of Theorem 4.2.7
using the following relationship between the classical solutions and the weak solu-
tions of the heat equation with Dirichlet boundary conditions that we present in

the last proposition of this section. We will need the following notation.

g*dTy (h, h)+2/ghdFU(g,h)+/ h*dl'y (g, 9)
U U

O
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For any set V' C U we denote by C*°(V) the set of smooth functions f on VU

such that for any y € V' \ U and any integer k£ > 0, the limit

lim  f®) exists .
UNnVaz—y

Proposition 5.7.2 Let U be a domain in R"™. Let h be a positive harmonic func-
tion in U that belongs to ﬂgc(ﬁ) Set dv = h*dp. Let I be an open time interval,
Q be an open set in U. Set Q= 1x8Q. Let u be a continuous function on Q) which
vanishes on I x (XN (U \ U)), is once continuously differentiable in time, twice
continuously differentiable in space and satisfies Oyu + Au = 0 in QN U. Then

v =wu/h is a weak solution of the heat equation in I x § in the sense of Definition

2.2.4 for the Dirichlet form (55’}‘2,@(5[]]\[’}‘2)) on L2(U, dv).

Proof. This is essentially well known. For instance, [30, Corollary 2.3] is a very
similar (essentially equivalent) statement. However, we do not know of a proper
reference making use as we do here of the set U. Since this is an important technical
result, we give a complete proof. Without loss of generality, we can assume that u
is bounded on @ (simply replace @ by an arbitrary Q" = I’ x (' relatively compact
in I x ). For every € € (0,1), let G be a smooth function of one real variable
such that G¢, GL, G? > 0, G, vanishes on (—oo, €] and G. =1 on (3¢, 00). Given u
as above, set u, = Ge(vVu2 + €2 —¢) on Q. This function has the same smoothness
property as u and vanishes on {u? < 3¢*}. Moreover, a simple computation shows
that %ue +Au, <0on QNU. Let ¢ € COO([}) with compact support in € and

0 < ¢ < 1. Note that ¢u. has compact support in QN {u? > 3¢*} C U. Now,
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using the inequality satisfied by u. and integrating by parts, we obtain

It ( /Wue\ du) /\v pu)Pdu < — /(;SzueAuE /¢ue (due)d

— / urpApdy — /gbueng Vucdpu

[ onodu— [ w0 Viouydn+ [ wvolan
Q Q Q

1
< Co [ atdu; [ IVouPdn

Hence

0
o [ Jouau+ [ 19GuPan <20, [ tan
Q Q

Multiplying ¢u. by an appropriate cutoff function in time and integrating in time

yields (after some simple manipulations)

sup l / |uﬁ|2d,u} + / IV 2dtdp < C(Q) / Edtdy (5.40)
I % Q' Q

for any @' = I' x ' relatively compact in (). Next, observe that sgn(u)u. tends

to u in L*(Q) and that |Vu.| tends to |Vu| pointwise in @'. Hence we also have

sup/ \u\2d,u+/ |Vul*dtdy < C(Q/)/ |u|*dtdp (5.41)
I Joy Q' Q

By straightforward variant of Lemma 5.5.5 for functions of time and space it follows
that, for any function ¢ € C'OO([} ) with compact support in €2, the function w =

du(t,-) is in D(EF) for a.e. t € I’ and satisfies
/ lw|* + |Vw|*dtdu < C(é, Q )/ |u|?dtdp.

Moreover, for any ¢ € D(EF) and a.e. t € I’, we have

3o -

/U ¢¢Audu‘

IA

/ w«mw\ 4 / lude| + |Vu - Vlldy
U U

IN

/ V- V() + / lludAd] + [V - Volldp
U U

1/2
< C0.Q) ([ 1P+ D) [l
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for some constant C; depending on ¢ and @'. It follows that %w belongs to the

dual D'(E) of D(ER) and that

19l epydt < Cs(6, Q) / |u|2dtdy.
r Q

We want to show that the function v = u/h is in the space Fioc(I x Q) used in

Definition 2.2.4. For this it suffices to show that, for any ¢ € C'*°(U) with compact

support in ', we have ¢pv € F(I' x U), that is,
v e LA(I' — D(EY™))

and

O (6v) € (I — D(EY™))

By Proposition 5.7.1, D(EY™) = h='D(EP). Therefore, the two desired conclu-

sions for ¢uv follow directly from the estimates of w = ¢u given above.



Appendix A

Uniform domains
Proposition A.0.3 (postponed from Chapter 3.2) Let U be a domain of the

form U =R™\ 'V for some closed convex set V-C R™. Then
(1) The domain U C R™ is inner uniform with ¢y = 21, ¢; = 1/462.

(2) For any x,y € U there exists z € U such that py(x,z) + pu(z,y) < 4p(x,y)

and pU(xv Z) < 4‘1’— Z‘? pU(Z7y) < 4‘y_ Z"

Proof of Proposition A.0.3 This result is not as obvious as it may first appear
and the proof is somewhat technical. We need some notation. For any x € U, let
z(z) be the closest point of V. Set u(x) = (x — 2(z))/|z — z(x)|. Both z(z) and

u(z) are continuous functions of x. See, e.g., [32, pages 11-12].

Claim. For any two points x,y € U with min{py (z, V), pu(y,V)} = r > 0, there
exists an absolutely continuous curve v C U joining x to y, of length at most

A(py(z,y) + 2r) such that py(y,V) > r.

Proposition A.0.3(1) easily follows form this claim. Indeed, let x,y be points
in U with R = py(z,y), r = min{py(z, V), pu(y,V)}. If R < r the straight line
segment [z,y| from z to y is contained in U. Moreover, [z,y] is contained in a
half-space E contained in U (to see this, consider a point £ of [z,y]| such that
pu(lz,y], V) = pu(€,V)). The semi-circle with diameter [z, y] contained in E and
orthogonal to the hyperplane bounding E yields a curve of length mpy(z,y) =

7|z — y| such that

pU(Z V) > |Z—£L’||Z—y| _ pU(Z,l')pU(Z,y).
N | pu (T, y)

Consider now the case where R > r. Let xgp = x + (R/2)u(x), yp = y +

126
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(R/2)u(y) and let 4/ be the curve joining zx to yr given by the claim. Note that
min{pU(va V), pU(va V)} € (R/Q, 3R/2)

Hence, py(7/,V) > R/2 and +' has length at most 4(py (g, yr) +3R) < 20R. Let
~ be the absolutely continuous curve that goes straight from x to g, then from zp
to yr following 7/, and finally straight from yz to y. By construction, the length

of v is at most 21 R and for any point z on 7,

pu(z,x) if z € [z, zR]
pu(z,V) > q R/2 if z €4/
pu(zy) if 2 € [yr, y].

If z € [x,2R] (resp. 2z € [yr,y]) then we have py(z,y) < 3R/2 (resp. py(z,z) <

3R/2) and thus

ng(Z, Zlf)pU(Z, y)
pU(l', y)

If 2 € v then py(z,2)pr(z,y) < 231R? and thus

p(z, V) >

1 pU(Zax)pU(z>y)
2, V) > — )

To finish the proof of Proposition A.0.3(1) we are now left with the task of
proving the claim made above.

For any x € U, let H, be the linear hyperplane orthogonal to @(z). By con-
struction V' is contained in the half-space {£ : (£ — z(z)) - d(x) < 0} and we
have

pu((x+ H,), V) = py(z,V).

Fix two points z,y € U with min{py(z, V), pu(y,V)} =r > 0 and set

a=afz,y) =) uy).
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If @« =1 we must have H, = H, and it follows that the straight line segment [z, y]
satisfies the conditions required in the claim. Assume next that o € (—v/2/2,1)

and let P be the (n — 2) dimensonal vector space H, N H,. The unit vectors
Uy) = (1 —a®)"2(d(x) — adly)) € H,, H(x) = (1-a?)""2(d(y) - ailz)) € H,
are orthogonal to P and have scalar product
i(x) - v(y) = (1 —a®) ' (—a+a?) = —a.
We can write (uniquely)
y—x=p+at(x)+biy), p€ Pa,beR.

Since x,y € U, we must have (z —y) - u(y) > 0 and (y — x) - @(z) > 0, that is,

a<0,b>0. Thus if a« > —1/2,
1
ly — x|* = |p|* + a® + b* — 2aba > |p|* + Z(a2 +b?).

Consider the curve v made of the three straight line segments

[z, 2 + at(z)] C x+ H,,
[z +at(x),y —bi(y)] Cx+at(z)+ P C(v+ H,)N(y+ Hy),

ly — bi(y), vl Cy+H,.

Its length is

[l + lal + [B] < V3V/[pP? +a? + 02 < 2V3ly — 2] < 2V3py(a,y)

and
pu (v, V) =min{py(z, V), pr(y,V)}.

Thus ~ satisfies the conditions required in the claim.



129

Finally, consider the case when o € [~1,—+v/2/2]. Let 7/ be an absolutely
continuous path in U from x to y of length Apy(x,y) for some arbitrary A > 1.
Let [0,7] 2 t — ~(t) be the arclength parametrization of . and let a(t) = u(z) -

—

@(y(t)). The function ¢ — «a(t) is continuous and varies from «(0) = |i(z)|? =

to a(T) = u(x) - u(y) = a € [—1,—1/2]. Hence there exists ¢, € [0,7] such
that a(tg) = 0. Let g = 7(fo). As the unit vectors ,u(x),u(x),u(y) satisfy
i(z)-i(wo) = 0, d(z)-u(y) < —v/2/2, we must have |i(zo) - i(y)| < v/2/2. Observe

however that zy may be closer to V' than z and y. Thus, let x = xo + ri(x) so

that

ﬁ(x6> = ﬁ(.ﬁ(]o), pU(be V) >, pU(xvxIO) + pU(Iguy) <2r+ ApU(xvy)

As ii(x) - d(x)) = 0 and @(z}) - d(y) > —v/2/2, the argument above yields curves
71,72 from x to xf, and z{, to y which stay at least distance r away from V" and have
length at most 2v/3py (z,7}), 2v/3pu(x), y), respectively. Putting i, 7, together
we obtain a curve from x to y that stays at distance at least  away from V' and has
length at most 2v/3(Apy(z,y) + 2r). Picking A > 1 close enough to 1 proves the
claim. This finishes the proof of Proposition A.0.3(1). In addition, the argument
above also proves Proposition A.0.3(2). Indeed, if @(z) - ii(y) > —v/2/2, take z = y
and if @(x) - @(y) < —v/2/2, take z = . O

Proposition A.0.4 (postponed from Chapter 3.2) Let U be a domain in R"
above the graph of a Lipschitz function ® : R"~! — R with Lipschitz constant k.
Then U is (co, ¢1)-uniform with respect to the usual metric in R™, with ¢ = 4k +3

and c; = (2k +2)72.

Proof. Given any two points z,y € U, let R = p(z,y) be the Euclidean distance

between x and y. Let €, be the unit vector pointing 'up’, in relationship to the
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graph of the function ®. Consider the path + consisting of three line segments:

(z,2"), («',y') and (y',y),
where
¥ =z + (2k+1)Re,, and ¥ =y + (2k + 1)Re,

We have p(2/,0U) > 2R and p(y',0U) > 2R, while p(z’,y’) = R, so the second
segment of the curve 7 is at least R away from 0U. The length of the path ~ is at
most (4k + 3)R. It remains to confirm that on the first segment of the path ~, for

2z =x +te, with t < (2k+ 1)R,
p(z,0U) > clt@

Using the Lipschitz nature of the function @, after a simple trigonometry exercise

we obtain
. t t p(z,y) p(z,y)
te,,oU) > > > > gt
plo 16, 00) 2 Z== 2 g 2 ks R = U R

Proposition A.0.5 (postponed from Chapter 3.2) The interior and the ez-
terior of von Koch snowflake discussed in Chapter 3.2 is a uniform domain in

R2.

Proof. Let U denote the interior of von Koch snowflake. Let x and y be any two
points in the interior of von Koch snowflake. Then both x and y belong to one
of the triangles that were part of the iterative construction. Say, = € Tj for some
triangle Ty which was constructed on the n-th iteration. Consider the sequence
{T;}%_ of triangles constructed in the following way. Let T} be the triangle which

side serves as a base b(Tp) of the triangle Ty, let T be the triangle which side serves
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as a base b(T}) of the triangle 17, etc., until T} is the main triangle 7" of the von
Koch snowflake. Let {T7}!_, be a similar sequence for the point y € T,

Let 1 be the side length of the main triangle in the von Koch snowflake, and let
R = p(x,y) be the Euclidean distance between z and y. Without loss of generality
we can assume that Ty # T} ;, or otherwise we can zoom in and consider the
triangle T_1 as the main triangle of von Koch snowflake.

Since x and y are located in different triangles and since the Euclidean distance
p is comparable to the inner geodesic distance py in the interior of von Koch

snowflake, we know that
pu(,b(Ti-1)) < CR, and py(y,b(T_,)) < CR

for some positive universal constant C'. Let 7’ be the geodesic curve in U connecting
x to the base b(Ty_1) and let } =~ Nb(T;),i=0,...,k—1. Let |T;| denote the
length of the edge of the triangle T;. Let x; be the closest point in the base b(T;)

to z with

pu(x;,0U) > min (g, uj‘) , (A.1)

so that

pv (i, 2}) < min kT
U 79 7 — 47 2

and the sequence {z;}= of points z; € b(T}) satisfies

k—1 k—1
> puwiwia) < LEY)+ Y 200(wi, ) (A.2)
j=1 =0
< CR+ Y ITl+ > R/
it |Ty|<R/2 it |Ti|>R/2
R 1 1 R
< —(1+=4+=4+... — N
_C’R+2<+3+9+ )+2

where N is the number of triangles in the family {7}};7) with |T;| > Z. The

diameters of the triangles in the sequence {T;}*~} are growing at least exponentially
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and there is at most one triangle in this sequence with |7;| > py(z,y) because for

any index ¢ < k — 1, we have

pu(x,y) > pu(b(T;),b(Tiy1)) > |15

Therefore the constant N in (A.2) is uniformly bounded, and so there exists a
constant C’ such that
k-1

Z pu (Yir yi-1) < C'R.

j=1
Similarly consider a sequence {y; é‘_:% of points y; € b(T7) in the base of the triangle
T} with
R |T}
pu(y;, 0U) > min <§, %) ;

-1

Z,OU(.% yi-1) < C'R.

j=1

Let z be the point in T, = T} with py(z,0U) > & py(z,21-1) < 2CR and

pu(z,yi—1) < 2CR. The path ~ consisting of line segments connecting the points

Ty L0, L1y ey Th—1525 Yi—1,Y1-2,-- -5 Y0, Y

in this order is a desired path satisfying the uniform condition (3.5).
Similarly we can prove that the exterior of von Koch snowflake is a uniform
domain in R?, because it can be represented as a union of countably many triangles

constructed via similar procedure. O



Appendix B

Behavior of a réduite h

In this section we will focus on examples of the domains in R™ where the function

h constructed in Chapter 5.5 is known.

Proposition B.0.6 (see [9]) Let U = Ry x Q C R” be a cone in R™ based on
the spherical domain Q C S™1, where a sphere S~ ! is the unit sphere in R™. Let
¢ be the first Dirichlet eigenfunction of the spherical Laplacian with eigenvalue .

Then in polar coordinates,
h(z) = [z]*¢(x/|x])

with
(n—2)2+4\— (n—2)

_ > 0
@ 2

(so that a(a+n —2) = \) is a positive harmonic function in U vanishing on OU.

Proof. This result follows from the positivity of the first Dirichlet eigenfunction

and the representation of A in polar coordinates via spherical Laplacian Lgn-1,

A:%Lsnmt L 9 <r"—1ﬁ) (B.1)

=19 or
O
Proposition B.0.7 Let U = R"\ H be the exterior in R™ of the half hyperplane
H={(x1,...,2,) 71 < 0,29 =0}

Then the function
h(Z) = Rey/x1 + ixo

is a harmonic function in U vanishing on OU. Here \/z is taken to be an analytic

function on C\ R_, i.e. outside the set of non-positive reals.
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Proof. The function A is the real part of the conformal map from C\ R_ to the
set of complex numbers with positive real part. Therefore h is harmonic, positive

and vanishes on 0U.

Notice that for n = 2, the level sets of the function h defined in Proposition
B.0.7 are parabolas, therefore the function A is given by a similar formula for the

exterior of the parabola in R2.
Proposition B.0.8 Let U C R" be the exterior of the cylinder,

U={Z=(z1,...,2,) 07 +a5+---+22_, >1}

and let (%) = \/a1+ a3+ -+ 22_,. Then for n >4 the function
h(Z) =1—r(@)*™"
is a harmonic function in U vanishing on OU. For n = 3 the function
h(Z) = log r(Z)
is a harmonic function in U vanishing on OU.

Proof. We look for the function h(Z) among the functions independent of z,,, thus
reducing the problem to dimension n—1. It remains to use the representation (B.1)

of A in polar coordinates to check that h is harmonic.

Proposition B.0.9 Let U C R? = C be the complement of the infinitely winding
spiral S (see Figure 3.2 of Chapter 3.2) given in the parametric form by z(t) =

exp(t + icmt) for some constant ¢ > 0. Then the function

1 —1cm

0() = i oxp (5T logtx, + icxa) )|
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is a harmonic function in U vanishing on OU. Here the function log is considered

to be any branch of a complex logarithm function in the simply connected domain

C\ S.

Proof. For this result we constructed the function h as the imaginary part of the

combination of conformal maps,

h=Imo¢ Lo,
where
¢:{z€C:O§Im(z)§%}—>C\S, z — exp (z + icmz)
and
w:{zEC:OSIm(Z)S%}HH, z—>exp<1+TC27T2z).

The function A is the imaginary part of the conformal map from C \ S to the set
H of complex numbers with positive real part. Therefore h is harmonic, positive

and vanishes on 0U.

Remark. For points in the complement of the spiral S of the form ¥ = exp(t +

icrt — 0) with fixed 6 € (0, %), we have

1—i 14 22
h(Z) = Im [exp ( QICW(t +iemt — 9))] = exp <#t) e~ % sin <9C77T) = |X|

This shows the growth of the function h in C\ S resembles that in the cone with

2
angle T2

O

1«%(:27'r2
2
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