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Abstract

A number of estimators of squared prediction error have been suggested for use in
model and bandwidth selection problems. Among these are cross-validation, generalized
cross-validation and a number of related techniques based on the residual sum of squares.
For a number of situations with squared error loss, for example nonparametric smooth-
ing, these estimators have been shown to be asymptotically optimal in the sense that in
large samples the estimator minimizing the selection criterion also minimizes squared er-
ror loss. However, cross-validation is known not to be asymptotically optimal for some
“easy” location problems. In this article, we consider selection criteria based on estimators
of squared prediction risk for choosing among location estimators. We show that criteria
based on adjusted residual sum of squares are not asymptotically optimal for choosing be-
tween asymptotically Normal location estimators that converge at rate n!/2, but are when
the rate of convergence is slower. We also show that leave-one-out cross-validation is not
asymptotically optimal for choosing between |/n-differentiable statistics but leave-d-out

cross-validation is optimal when d — oo at the appropriate rate.
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1 Introduction

Many modern data modelling techniques are adaptive in the sense that, rather than depending
on a parametric model, they involve only mild regularity conditions and a family of estimators
indexed by a tuning parameter which determines its properties. Under squared error loss, pre-
diction risk and estimation risk differ by a constant independent of the estimator. Accordingly,
many popular selection criteria, such as cross-validation (CV) and adjusted residual sum of .
squares, are based on minimizing estimators of prediction loss or risk.

Héardle and Marron (1985) showed that CV is asymptotically optimal for choice of band-
width in kernel regression estimation, while Hardle, Hall and Marron (1988) showed the asymp-
totic optimality of a large class of squared prediction loss estimators based on adjusted residual
sum of squares in the context of regression smoothing. However, Stone (1977) showed that CV
is not asymptotically optimal for the “easier” problem of choosing between the mean and me-
dian in the Normal location problem with squared error loss, and Pruitt (1988) extended this
result to show that CV is not asymptotically optimal for selecting the best trimming proportion
in an adaptive trimmed mean.

In this article we show the relationship between the rate of convergence of the family of
estimators and the optimality of prediction based selection criteria in the location problem. We
consider a family including a finite number of asymptotically Normal location estimators (with
rate nP, p < 1/2, where n is the sample size). The lessons that can be learned in this simple
context shed light on the behavior of similar methods in more complex situations. Prediction
loss differs from estimation loss by a term depending only on the data and a cross-product term
depending on the tuning parameter which converges to zero. Optimality is possible only if the
cross-product term is of smaller order than the estimation loss term and that in turn depends
on the rate of convergence of the estimator.

The paper is organized as follows. In Section 2, we show that selection criteria based
on adjusted residual sum of squares or an independent validation sample of the same size are
asymptotically optimal if and only if p < 1/2. We also show that if the estimators satisfy a weak
differentiability condition, leave-one-out CV is not asymptotically optimal, thus generalizing

results of Stone (1977) and Pruitt (1988). On the other hand, we show that leave-d-out CV
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is asymptotically optimal if d/n converges to 1 while n —d — oo . This result is similar to
Shao (1993) in the context of model selection in regression. Finally, it is argued that bootstrap
estimates of risk, because they are expectations, do not include a cross-product term and so
do not suffer from this problem. Section 3 reports on the results of a small simulation study
examining the use of leave-d-out CV to choose between \/n—convergent location estimators

and between y/n-convergent regression estimators. Section 4 summarizes our conclusions.

2 Non-optimality of Sum of Squared Prediction Error Esti-

mators

Consider the location problem where y1,...,y, are identically and independently distributed
(ii.d.) from a distribution F with mean 8 and variance o2 and let §(y) be any estimator of 8
depending on the vector of data y. We wish to select an estimator that minimizes the value of
the squared error estimation loss:

(6(x) - 6)%. (1)
Suppose that 6(y) is the minimizer of a selection criterion in a class of estimators Q. We say
that the selection criterion is asymptotically loss optimal if

8(y) - 6)?
mil(lo((}(;)(Y) —) 0) .

We also consider the weaker condition of risk optimality: a selection criterion is asymptotically

(2)

risk optimal if the probability of selecting the estimator with the smallest risk goes to 1.

Li (1987) shows that asymptotic risk optimality implies asymptotic loss optimality in the
context of bandwidth selection for nonparametric regression, but this need not always be the
case. Consider estimating the mean of a Normal distribution using the sample mean or median.
Clearly, the mean is asymptotically risk optimal. To see that there is no asymptotically loss
optimal estimator for this case, note that the sample mean and median are asymptotically
jointly normal. Assuming that the population mean is 0, loss optimality implies that for any
€ > 0, the probability of the two upper and upside down “V” regions delimited by the lines with
slopes 1+ € and —1 — € tends to 1 as » — oo. But that probability tends to the corresponding

normal probability given by the joint asymptotic distribution which is different from 1.
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Many selection criteria are based on minimizing an estimator of the squared error prediction
loss:
[v* = 61 = (v - 6)* — 2(y" - 6)(6(y) - 6) + (6(y) - 6)° (3)
where y* is a new datum from the distribution. Note that because E(y* — 8)(4(y) — ) = 0,
prediction risk and estimation risk differ by a constant not depending on é(y), but that the
corresponding losses differ by a cross-product term that does depend on the location estimator.
The main goal of this paper is to show that asymptotic optimality is only possible if the cross-
product term converges faster than the estimation loss term. This, in turn, depends on the
rate of convergence of the location estimator.
We consider three classes of estimators of squared error prediction loss for the purpose
of choosing among a family of location estimators. The (leave-one-out) cross-validation (CV)

estimator of average squared error prediction loss (Stone, 1974) is:
CVI0a(y)] = 1/n Y [ - 675, (y)P, (4)
=1

where the subscript denotes the sample size on which the estimator is based, and the superscript
—1i indicates that the i*® datum was not used in computing the estimator. (Generally we will
suppress the subscript for 8, which always uses the full sample.) Intuitively, CV estimates
prediction risk as a mean of prediction losses, each based on predicting y; from the remainder
of the data. More formally, F(y; — é;il )2 = 02 + E(f,_1 — 0)2, and for consistent estimators,
E(6,_, — 0)? and E(f, — 0)? are close.

A second class of prediction risk estimators is based on adjusted residual sum of squares.

The residual sum of squares has expectation
1o - 5 . _
E (; 3l - o<y)12) = 0* + E (16(y) - 01?) - 2 Covariance(g, §()] (5)
1=1

Estimates of average squared error prediction loss based on adjusted residual sum of squares
have the form:
n 1 <& n .
ARS(8(y)) = = 3 [vi = 6(y)PEln, 8()] (6)
i=1
where Z[n,8(y)] = 1+ 2 Covariance[§, §(y)]/o? + 0,(1/nP*+1/2) (in the case where f(y) con-

verges at the rate n?). This class has been used mainly in a regression context where it includes
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generalized cross-validation (Craven and Wahba, 1979), Akaike’s information criterion (Akaike
1974) and a large number of other selectors (for example, Hirdle, Hall and Marron, 1988).
Under appropriate assumptions, the term 21 3°% ; y? Covariance[7, 6(y)]/o? cancels the Co-
variance term in (5), so that the bias of the estimator is of smaller order than the prediction
erTor.

Adjusted residual sum of squares and CV are averages of n prediction risk estimators, one

for each data value. As a third alternative we consider average prediction loss of the form,

n

API[(y)] = > lyf - 03P

et
lzn 1 & - -
= D -6 -2 > _lyr = 6l8(y) - 6] + [6(y) — 61%, (7)
=1 =1
where yf,...,y% is an ii.d. validation sample from the same distribution as y;,...,y, and

independent of them. Note that the cross-product term in this expansion has expectation zero,
and that for reasonable estimators, E(6 — §,,)? converges to zero with n. If this term converges
more rapidly than estimation loss then average prediction loss differs from estimation loss by
a constant (which depends on the realization but not the estimator) and a negligible term so
average prediction loss may be asymptotically loss optimal.

Theorem 1 shows that asymptotic loss optimality of average prediction loss (7) for choosing
between two consistent asymptotically Normal estimators depends on their rate of convergence.
In particular, if they converge slowly (rate less than 1/n) average prediction loss is asymptoti-

cally loss optimal, but if they converge rapidly it is not even risk optimal.

Theorem 1 Suppose y1,...,Yn,¥3,..-, Y5 s an i.i.d. sample from distribution F with mean

0 and finite variance 2. Suppose 61(y) and 8,(y) are both estimators of 0 such that

b(y)-0 \ p 0 ol 0102p
= N R

ba(y) - 6 0 o102p 0}

np

where o? is the asymptotic variance of 6; and p is the asymptotic correlation between the
estimators. Assume also that |p| # 1. Then average prediction loss is asymptotically loss

optimal if p< 1/2. If p=1/2 then average prediction loss is not asymptotically risk optimal.
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Proof: Without loss of generality, we may assume § = 0. Consider the difference in estimation

loss

DEL[:(y),02(y)] = bi(y)* - b2(y)?
[01(y) = 02(9)]b1(y) + ba2(y)]

and the difference in average prediction loss

DAPL[(:(y),0:(y)] = —27*[0:(y) — ba(3)] + b1()? - ba(y)?
= [6:(y) - bo2(3))[-27; + 61 (y) + B2(y)]

—=x __ 1 n
where ¥ = » 3L, yF.

By the asymptotic normality of the estimators,

01(y) — 62(y) Dy 0 o} + 02 —20103p 0} — 03
b

61(y) + 62(y) 0 o} — o2 0% 4+ 02 + 20109p
so n2? DEL[#;(y), 2(y)] converges in distribution to a product of correlated Normals, which
has support on the entire line.

Also v/ng* B N(0,02). If p < 1/2 then n?[~27;+6, (y) +02(y)] = n?[61(y) +02(3)]+0,(n?)
giving DAPL[(61(y), 65(y)]/ DEL[81(y), 82(¥)] £ 1 which is equivalent to asymptotic loss
optimality.

However, if p = 1/2 then nDAPL(6:(y), 63(y)] = nDELI:(y), b2(3)]— 20561 (¥) — o(y)]
and the second term in this sum is not negligible. By definition 7* and 6;(y) — 05(y) are
uncorrelated, so this term goes to a product of independent Normals, which is symmetric

about zero. Thus DAPL[(6:1(y), 82(y)]/ E(DEL[#1(y), 62(y)]) converges to a random variable.

Remark 1 Theorem 1 covers most cases of interest including many L- and M-estimators
(Serfling 1980), and in particular, the mean, the median and trimmed means. Even in the
optimistic case where we can use a validation sample of the same size, average prediction loss
cannot be used to choose among two v/n—convergent location estimators. The reason for this is
the rate of convergence of the mean of the validation sample which is the same as that of §(y).

To match adjusted residual sum of squares methods and leave-one-out CV, we have chosen the
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sizes of the validation and estimation samples to be the same. Suppose instead we choose the
validation sample to be of size n¥ where v is a constant larger than 2p. Then for sample size n
we haven*/2g5, 3 N(0,02) and DAPL[(61(v), 82(y))] = [61(¥) —62(3) (=205 +61(3) +2(¥)].
For this larger validation sample (in the case p = 1/2), n?[—27% + 61 (y) + 62(y)] = 7?[6; () +
,(y)] + o0p(n?) and we have asymptotic loss optimality for choosing between 61(y) and 6,(y).

Remark 2 For an example of a class of location estimators with an asymptotically Normal

distribution and p < 1/2, see the kernel estimates of the mode studied by Romano (1988).

Theorem 1 suggests that selection criteria based on average prediction loss may not be
asymptotically loss optimal. Theorem 2 shows that prediction risk estimators based on adjusted
residual sum of squares (Equation 6) are not asymptotically risk optimal for i/n-convergent

estimators under the conditions of Theorem 1 plus additional regularity conditions.

Theorem 2 Suppose yy,...,Yn, F, 8, 01(y), 02(y) and p satisfy the conditions of Theorem 1
and that Covariance[F, 0;,(y)] = 02K ;/nP+1/240(1/nPt1/2), Assume also that Correlation[7, 6, (y)—
0,(y)] b+ 1. Then prediction risk estimators of the form (6) are asymptotically loss optimal in
choosing between 61(y) and 8,(y) if p < 1/2 and are not asymptotically risk optimal if p = 1/2.

Proof: Without loss of generality, we may assume § = 0. Consider the difference in the

prediction risk estimators:

LS - PR ]~ Yl - Bl ()

=1

P P A . n g2
= 6(y)? - 6a(y)* - 29101 (y) - b2()] + 2%;;5%: (K1 - K3)

- n 2
R 2 o 9 A A i=1Y;
to0, [61(y)° — 02(y)* + 7[6:1(y) — 62(y)] + n3/2+p

= (i) - Do) r(y) + Baly) — 2] + 2 ZEEE (1, — Iy)

-

_ .
A 2 3 2, =14 5 i=1Y;
+op |Bi(y)" ~ oy + 70) =~ b)) + 57T |

Then for p < 1/2 we find that n?[—27 + 61(y) + 62(y)] = n?[01(y) + 62(3)] + 0p(n?) and

n2 3" y2/n3/21P — 0 so the prediction risk estimator is asymptotically loss optimal.
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If p = 1/2, the difference in risk estimators is

DEL | #4(y), 03] - 2000:(y) - By + =5 Y 93 (Ks - Ka)

=1

+op (DEL[él(y), B2()] + 961 (y) — b2(¥)] + Xn:y?/ nz) :

=1
and ng[f1(y) — 62(y)] goes to a product of correlated Normals which has support on (—o0, c0)
as long as the correlation does not have absolute value 1. This shows the risk estimator is not

asymptotically risk optimal.

We now turn to the question of asymptotic loss optimality of CV. Expanding CV in terms

corresponding to those of average prediction loss we obtain:
n n n
CVI(y)] = 1/n ;(yi - 8)?-2/n ;(yi ~6)(6i -0 +1/n ;(0 —6;%,)% (®)

The three terms in (8) estimate the corresponding terms in (7). In light of Theorems 1 and 2 it
is expected that leave-one-out CV will not be asymptotically loss or risk optimal for p = 1/2.
On the other hand, Remark 1 suggests that for d increasing with n, leave-d-out CV might be
asymptotically risk optimal. We first need some notation.

For a fixed n, let d = d,, be an integer less than n and » = n — d. Following Shao and
Wu (1989), define Sy, » to be the collection of subsets of {1,...,n} which have size r. For any
S ={i1,...,is} € Snr, let 65 = 6(ys,,.. ., ;). The leave-d-out CV estimator of risk is

CVa(9;) = ;ZIW; (Z (v - é‘f)z) ,

1€SC

where $€ is the complement of the set S and N = (?) is the number of subsets of size 7.

Shao (1993) has studied risk optimality for the problem of estimating the “true” model in
a linear regression model. He discusses the well-known fact that with probability tending to
1, leave-1-out cross-validation (also known as PRESS), adjusted residual sum of squares and
other asymptotically equivalent criteria such as C,, will include all variables with non-zero
coefficients, but may include more variables. He provides a convergent estimator of the “true”
model based on leave-d-out CV with r — co and 7/n — 0. As with the location problem, the

regression estimators are y/n-convergent.
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We now show that, for choosing among /n-differentiable location estimators satisfying
a weak differentiability condition, leave-d-out CV is asymptotically risk optimal under the

conditions on r introduced by Shao.

Theorem 3 Suppose y1,...,Yn S an i.i.d. sample from distribution F with mean 6 and finite

variance 2. Suppose 61(y) and 6,(y) are both estimators of 0 such that

~

0; =1Tj+ Run;

where #; = L%, hi(y:), Elhj(yi)] = 6, Varlhj(y:)] = 0% < co. Assume that E(R2 ) =
o(1/n), r — oo, and r/n — 0. Then with probability converging to 1, the leave-d-out cross-

validation criterion will choose the estimator with smallest asymptotic variance.

Proof: Without loss of generality, we may assume that § = 0. Let 7“'55' = 1/ ies hj(yi),

RS ;=67 — #9 and U$ = RS ; — Ry ;. It can be shown that
CVabi(y)) ~ CVallaly)) = zsha = 2k ©)
+_n(n1— 5 2220 ha(wdha(ue) - ﬁ S5 ha(wi)ha(yr) (10)
ik itk
1) 222 viba(w) + ——— 1) YD viha(w) (11)
itk i#k

1
+0p (;&%,1)

where s . = 1/n Tk (hi(y:) — hj)?, hj = 1/n 37y hj(y;). Since s} ; converges a.e. to the
asymptotic variance of §;, (9) is Op(1/r). Terms (10) and (11) are U-estimators and are
Op(1/n). Since r/n — 0, these terms are of smaller order. The largest remaining terms are

Op(E(U?)?) = op(1/r) and op(1/nd). In either case, these terms are negligible compared to

sh /T

Corollary 1 Suppose y1,...,Yn, F, 9, az, él(y) and ég(y) satisfy the conditions of Theorem
& and suppose that the asymptotic correlation between them is not 1. Then for any fized d,
leave-d-out C'V is not asymptotically risk optimal for choosing between 6, (y) and ég()’).
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Proof: For fixed d, r/n — 1, so (9) is Op(1/n), which is the same size as (10) and (11). All

other terms are op(1/n).

Remark 3 The differentiability condition of Theorem 3 is weak and covers a wide variety of
cases of interest. Similar conditions were discussed in Shao and Wu (1989) in the context of
delete-d jackknife estimates of variance. Section 6 of that paper verifies our condition, under
regularity conditions on the distribution F’, for a number of statistics including quantiles, some
L- and M -estimators. In particular, under the conditions r/n — 0 and r — o0, leave-d-out CV

can choose between the mean and the median, unlike leave-one-out CV.

Remark 4 The number of computations in computing a leave-d-out CV estimate increases
rapidly with d. It is possible to reduce the amount of computation by means of balanced
subsampling or by Monte Carlo simulation as in Shao (1993). In the first case, subsets are
chosen so that each observation y; appears in the same number of subsets and each pair (y;, y;)
appears in the same number of subsets. It is easy to see that in this case Theorem 3 remains

valid. By choosing subsets at random, the same properties are satisfied on average.

Remark 5 The need to use most observations to validate is not inherent to the resampling
procedure. As in Theorem 1, the average prediction risk estimator of the form (7) using an
independent validation sample of the same size as the original sample would not be risk optimal
due to the size of the cross-product term. But as in Remark 1, using a much larger sample size
would render the cross-product negligible and lead to an asymptotically risk optimal selection

criterion.

Remark 6 Another class of methods for choosing among competing estimators is based on
bootstrap estimates of risk. By bootstrapping, one can estimate estimation risk directly rather
than going through prediction risk estimates. For instance, to choose among a fixed (and finite)
number of unbiased location estimators, one can compute a bootstrap estimate of variance and
select the estimator with the smallest bootstrap estimate of variance. The resulting adaptive
estimator would be asymptotically risk optimal provided that the bootstrap estimate of variance

for each estimator is consistent, a condition met by most \/n—convergent location estimators.
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For more details, see Léger and Romano (1990a,b). Note that minimizing bootstrap estimates
of prediction risk would also be asymptotically risk optimal because bootstrap estimates of
prediction risk, being prediction risks for the same estimator but under a different distribution,
are the sum of a variance estimate (the same for all location estimators) and the bootstrap

estimate of estimation risk discussed above. Hence the cross-product term is 0.

Remark 7 The results in this paper are for families with a finite number of estimators. Usu-
ally, the family contains an infinite number of estimators, such as the class of trimmed means.
Clearly, our non-optimality results are valid in this case. Asymptotic optimality requires
smoothness of the risk (or loss) estimator in the tuning parameter A. This often depends
on the smoothness of the family of estimators 8. This issue is discussed in more detail in, for

example, Léger and Romano (1990a,b).

3 Simulations

To verify the small sample loss and risk behavior of leave-d-out CV selection criteria we per-
formed 2 small simulation studies, one for ordinary location estimation and the other for re-
gression estimation. They confirmed that deleting a large proportion of observations improves
the risk behavior of unbiased /n-convergent estimators.

For each simulation, we simulated 1,000 samples of size 100, computed the delete-1 CV
criterion exactly, and simulated 100 CV samples to approximate the delete-10 and delete-90
CV estimators. For each adaptive estimator, we computed the probability that the selected
estimator corresponds to the one with smaller risk, and the relative efficiencies of the adaptive
estimator compared to the risk optimal estimator.

The 2 studies were:
1. choosing between the mean and the median for Normal and double exponential data

2. choosing between weighted and unweighted least squares regression when the data are
generated by the model y = 1 + z + s(z)e where € is generated i.i.d. N(0,.2) and s(z)
is either the constant 1 or a normalized version of the inverse square root of the weight

function. The weights are w(z) = 1+ 4(.25 — (z — .5)?)
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The sample mean is the minimum variance unbiased estimator of the mean for the Normal,
and the median is optimal for the double exponential. The probabilities of selecting the optimal
estimator by CV for the Normal distribution were 0.50, 0.62 and 0.92 for the delete-1, delete-10
and delete-90 criteria, respectively. The corresponding results for the double exponential were
0.71, 0.77, and 0.88 respectively. In this example, deleting a larger proportion of observations
improves the probability of choosing the estimator with the smaller risk. For the Normal
distribution, the efficiencies of the adaptive estimators (computed as the variance of the better
estimator over the variance of the adaptive estimator) were 88%, 92% and 97% for the delete-
1, delete-10, and delete-90 CV criteria, respectively. The corresponding results for the double
exponential were 74%, 73% and 90%, respectively. Note that the efficiencies of the delete-90
CV are always much better than the other two.

For the linear regression problem, we considered ordinary least squares versus weighted
least squares regression. The 100 z’s were equally spaced on [0,1]. To avoid variance inflation
in regression estimates caused by too small a range of z in the delete-90 samples, 3 points were
selected at random on the interval [0,.3], 4 at random on (.3,.7] and 3 at random on (.7,1]. The
delete-10 samples used the complement of these selected points.

When the variance of the errors is constant, the relative efficiency of the weighted to un-
weighted regression estimator is 80%. The ASE of the weighted estimator was smaller than that
of the unweighted 38% of the time and the relative risk of using the (ideal but unattainable)
estimator with smaller loss was 115%. The probabilities of selecting the estimator with smaller
risk were 0.85, 0.81 and 0.95 for delete-1, delete-10, and delete-90 CV criteria respectively, with
respective relative efficiencies of 99%, 98% and 99%. Although delete-1 CV has high relative
efficiency, it is picking the “wrong” estimator a large proportion of times, which would lead,
for example, to incorrect confidence intervals if the intervals are based on the selected model.

When the variance of the errors varies with z, the weighted estimator is optimal. The
relative efficiency of the unweighted to the weighted estimator is 71%. The ASE of the un-
weighted estimator was smaller than that of the weighted 34% of the time and the relative risk
of using the estimator with smaller loss was 121%. The probabilities of selecting the estimator

with smaller risk were 0.83, 0.80 and 0.93 for delete-1, delete-10, and delete-90 CV criteria
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respectively, with respective relative efficiencies of 86%, 86% and 98%.

Remark 8 The claim is often made (e.g. Hart, 1995) that CV is estimating prediction loss
and that it therefore may do better at estimating the loss optimal estimator for the data set at
hand than methods clearly aimed at estimating risk. However, the results of this study strongly
suggest that CV is estimating risk. In the regression problem, the risk optimal estimator has the
smaller ASE only about 2/3 of the time, but it has smaller CV 80-99% of the time, depending
on the number of data points deleted. There was no apparent tendency of CV to select the

“wrong” estimator when that estimator had smaller ASE.

4 Conclusion

The increasing availability of fast, convenient desk-top computing, has spurred statisticians to
develop data-analytic methods which do not require stringent distributional assumptions. To
work well, procedures such as nonparametric smoothing and other “self-modeling” techniques
require data-adaptive selection of tuning parameters from a class of available estimators. Cross-
validation and adjusted residual sum of squares have been suggested in a number of contexts
— examples include nonparametric regression, (Hardle and Marron, 1985; Wahba and Wold,
1975) and variable selection in multiple linear regression, (Allen, 1974) — due to their ease of
use and intuitive appeal. Although recent research has shown that the convergence of tuning
parameters selected by these methods can be slow compared to competing methods (Hérdle,
Hall and Marron, 1988; Jones, Marron and Sheather, 1992), they are heavily used in practice.

In this article we have shown that for squared error loss, the cross-product term of prediction
risk estimators plays a crucial role in the asymptotic optimality of selection criteria. While its
expectation is 0, so that prediction risk and estimation risk are equivalent for the purpose of
choosing a tuning parameter, its size may be just as large as the estimate of estimation risk
or loss. This has been shown for \/n-convergent estimators of location and so leave-one-out
CV, adjusted residual sum of squares, and even average prediction loss estimates based on
an independent validation sample do not lead to asymptotically loss optimal criteria. On the
other hand, we have shown that the latter two are asymptotically loss optimal for choosing

between two asymptotically Normal estimators which converge at the rate n? with p < 1/2.
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For /n-convergent estimators which satisfy a weak differentiability condition, risk optimality
can be obtained by using a leave-d-out CV where (n —d)/n — 0 with (n — d) — oo is required.
This latter result is in agreement with Shao (1993) in the context of model selection in multiple
linear regression with a fixed number of variables.

It is worth noting that bootstrap estimators of prediction risk do not suffer from this prob-
lem, because the bootstrap method computes actual expectations rather average prediction
losses and so no cross-product is involved. Moreover, the bootstrap can also be used to esti-
mate estimation risk directly rather than going through prediction risk. This is particularly

important if the loss is different from squared error.
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