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Abstract

We examine a number of issues which should be addressed in providing the optimal choice of
the finite rotation parameters, both for quasi-statics and dynamics problems. The latter is
concerned with the proper choice of rotation parameters, the corresponding update procedure,
the symmetry of the tangent operators and the resulting robustness of the solution schemes.
The model problems from structural mechanics we consider in detail are beams and shells,
both for thin and thick structures, as well as the multibody systems [1,2,3,4,5].
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Abstract

An adaptive finite element code using linear Timoshenko beam elements called the adaptively shifted
integration (ASI) technique and its modified version, the ASI-Gauss technique, have been applied to various
numerical simulations on the collapse of framed structures. One of its recent applications was a full model
simulation of the aircraft impact with the New York World Trade Center (WTC) Tower 2 in 9/11 terrorist attack
in 2001. According to the simulation, springback phenomena due to rapid unloading occurred in the core
columns during the impact, which might have caused the destruction of member joints. Another simulation
carried out was that of the fire-induced collapse of a high-rise tower mimicking the collapse of WTC 2. The
results clearly show the effect of the weak member joints, which were reported to be 20 to 30 % of the strength
of the members in WTC towers, and also the effect of the strength reduction due to elevated temperatures.

1. Introduction

An adaptive finite element code called the adaptively shifted integration (ASI) technique was developed by Toi
and Isobe [7]. The code can be easily implemented into the existing finite element codes using linear
Timoshenko beam elements. In this technique, the numerical integration point is shifted immediately after the
occurrence of a fully plastic section in the element so that a plastic hinge is formed exactly at that section. The
relationship between the locations of the plastic hinges and the numerical integration points used in the shifting
process was first found by Toi [6], and it was obtained by considering the equivalence condition between the
strain energy approximation of the finite element and a physical model, the rigid bodies-spring model (RBSM).
The technique provided higher computational efficiency than the conventional finite element scheme and was
able to cope with dynamic behavior with strong nonlinearities including phenomena such as member fracture.
However, it lacked accuracy in the elastic range when the number of elements per member was small due to the
low-order displacement function of the linear Timoshenko beam elements. The technique was thus modified
into the ASI-Gauss technique (Lynn and Isobe [3]), to improve its accuracy, particularly in the elastic range.
The numerical accuracy was increased by placing the numerical integration points of two consecutive elements
forming an elastically deformed member in such a way that the stresses and strains are evaluated at the Gaussian
integration points of the two-element member, where the accuracy of bending deformation is mathematically
guaranteed for two-point integration. This technique gives results with high accuracy at a very low
computational cost, even compared with the ASI technique, and is efficient in applications to the dynamic
collapse analysis of large-scale framed structures. An outline of the ASI-Gauss technique is described and
several numerical simulations on the collapse behaviors of high-rise towers such as the World Trade Center
(WTC) towers are discussed in this paper.

2. ASI-Gauss technique

Figure 1 shows a linear Timoshenko beam element and its physical equivalence to the RBSM. As shown in the
figure, the relationship between the locations of the numerical integration point and the stress evaluation point
where a plastic hinge is formed is expressed as (Toi [6])
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r=As (1)

In the above equation, S is the location of the numerical integration point and r is the location where stresses and
strains are evaluated. s and r are nondimensional quantities that take values between -1 and 1.

In both the ASI and ASI-Gauss techniques, the numerical integration point is shifted adaptively when a fully
plastic section is formed within an element to form a plastic hinge exactly at that section. When the plastic hinge
is unloaded, the corresponding numerical integration point is shifted back to its normal position. Here, the
normal position means the location where the numerical integration point is placed when the element acts
elastically. By doing so, the plastic behavior of the element is simulated appropriately, and the converged
solution is achieved with only a small number of elements per member. However, in the ASI technique, the
numerical integration point is placed at the midpoint of the linear Timoshenko beam element, which is
considered to be optimal for one-point integration, when the entire region of the element behaves elastically.
When the number of elements per member is very small, solutions in the elastic range are not accurate since
one-point integration is used to evaluate the low-order displacement function of the beam element.

P — e@
v

u Linear Timoshenko beam element 2

Member

N3 1
a—

<o 3

Iy 0 S¢  -1|1 Sg 0 Ty 1

Element 1 <+—Element 2 —>

Rigid bodies-spring model (RBSM)

X Numerical integration point X Numerical integration point s, =1 - (2A3)

@ Rotational and shear spring connecting rigid bars @ Stress evaluation point rg=-1+(2/ \3)
(Plastic hinge including the effect of shear force)

Figure 1: Linear Timoshenko beam element and  Figure 2: Locations of numerical integration and
its physical equivalent stress evaluation points in ASI-Gauss technique

The main difference between the ASI and ASI-Gauss techniques lies in the normal position of the numerical
integration point. In the ASI-Gauss technique, two consecutive elements forming a member are considered as a
subset, as shown in Fig. 2, and the numerical integration points of an elastically deformed member are placed
such that the stress evaluation points coincide with the Gaussian integration points of the member. This means
that stresses and strains are evaluated at the Gaussian integration points of elastically deformed members.
Gaussian integration points are optimal for two-point integration and the accuracy of bending deformation is
mathematically guaranteed (Press et al. [5]). In this way, the ASI-Gauss technique takes advantage of two-point
integration while using one-point integration in actual calculations.

Structurally discontinuous problems also become easily handled using the ASI and ASI-Gauss techniques by
shifting the numerical integration point of the linear Timoshenko beam element to an appropriate position and
by releasing the resultant forces in the element simultaneously. Axial tensile strain, shear strains and bending
strains are used for the fracture criterion. Elemental contact is considered in the code by introducing gap
elements between pairs of elements determined to be in contact by geometrical relations. More details on the
code can be found in Lynn and Isobe [3] and Isobe and Sasaki [2].

3. Numerical examples

3.1 Analysis of aircraft impact with the World Trade Center tower

We performed an analysis of the aircraft impact with a full-scale model of WTC Tower 2 (Isobe and Sasaki [2])
using the code described in the previous section. Details on the structural members and construction data are
extracted and adopted from previous reports (ASCE/FEMA [1] and NIST [4]). The tower and the B767-200ER
aircraft are both modeled using linear Timoshenko beam elements, of which all members are subdivided into
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two elements. The tower model contains 604,780 elements, 435,117 nodes and 2,608,686 degrees of freedom,
while the aircraft model contains 4,322 elements, 2,970 nodes and 17,820 degrees of freedom. The total mass of
the aircraft at the time of impact is 142.5 t, which is the sum of the masses of the aircraft (112.5 t) and the jet
fuel (30 t). The mass of each engine is assumed to be 19.315 t. The nose of the aircraft is tilted 11.5 degrees to
the east and 5 degrees downward, and its left wing is inclined downward by 35 degrees. It is assumed to collide
with the 81st floor on the south face of WTC 2 with a cruising speed of 590 mph (262 m/s).

(a) 0.12 s, (b) 0.28 s and (c) 0.56 s after impact (a) 0.12 s, (b) 0.28 s and (¢) 0.56 s after impact
Figure 3: Analysis of aircraft impact with WTC Figure 4: Motion of fuselage and engines (upper view)
2 (global view)

The numerical results are shown in Figs. 3 and 4. The left engine reduces its speed rapidly as it directly enters
the core structure. The right engine, on the other hand, glances off the core structure and passes through the
north-east corner of the tower. Figure 5 shows the transition of axial forces in a typical core column every ten
stories from the ground floor to the top floor. The core column is compressed constantly until the front of the
plane reaches the core structure (Phase A in the figure), after which a wave due to the impact and member
fracture propagates in the horizontal and vertical directions. In particular, the compression decreases
instantaneously in the fractured core column (No. 1001) at the floors above the impact point. At the lower levels,
compression changes to tension immediately after the left engine hits the core structure (Phase C), and the
values of axial forces continue to vibrate with large amplitude. Note that the lower the height, the larger the
amplitude becomes. The core column (No.1001) at the 60th floor, for example, moves vertically for 25 cm in
0.2 s as a result of this dynamic transition.
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Figure 5: Time histories of axial forces in core column No.1001

3.2 Analysis of fire-induced collapse of high-rise towers

The analysis of fire-induced collapse is carried out on a 25-story 3-span tower to determine the effect of the
strength reduction due to elevated temperatures. Two cases are analyzed: a strong-member-joint model (member
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joints with 100 % strength compared with the member strength) and a weak-member-joint model (member
joints with 20 % strength), on the basis of the fact that the member joint strengths of typical core columns were
about 20 to 30 % of those of the members in the WTC towers (ASCE/FEMA [1]). Curves showing the reduced
modulus of elasticity and yield strength due to elevated temperatures (NIST [4]) are adopted. It has been
reported that the modulus of elasticity of the columns is reduced to 60 % of the original value, and the yield
strength to 10 % of the original strength, at 700 [1. We can clearly see the difference between the two models in
Fig. 6 when the three middle blocks of the 17" to 19™ floors are heated to 700 []. A red color means that a
plastic hinge is formed within the element. Fractured elements are painted out with white color. The strong-
member-joint model withstands the elevated temperature by redistributing the stresses in the tower while the
weak-member-joint model starts to collapse once it buckles at the floors that are on fire.

(a) Strong-member-joint model (b) Weak-member-joint model (progressive collapse sequence)

(final phase) Figure 6: Analysis of fire-induced collapse of a high-rise tower

4. Conclusion

The adaptive finite element code using linear Timoshenko beam elements described in this paper can be applied
to various collapse problems of framed structures. Other examples of analyses on blast demolition and seismic
collapse are to be presented at the conference.
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Abstract

All problems of the theory of beams are formulated in an identical manner when we decide to use variational
analysis. Within the scope of the static of elastic beams, if F(s,u,u’) is the functional of the problem, u(s) the

generalized displacements and s the arc-length along the curved axis of the element, the Euler-Lagrange
equations systematically provide us with the ordinary differential equations of the problem. These constitute a
convenient frame to develop a unified formulation of the analysis of slender members. We will use the
Legendre’s transformation to improve the deduction of the system of differential equations governing the
problem and to define the linear density of complementary energy of the 1D model. We will finally deal with
the explicit determination of the components of the operators that form the theory and their values at the specific
case of the standard beam (Navier-Bernoulli-Timoshenko). The results will allow us to deduce the conditions on
which the elementary problems get uncoupled as well as to introduce and justify the new concept of hyper-
beam.

1. Legendre’s transformation
Legendre’s transformation (Lanczos [1]) provides us with an elegant way to obtain the canonical form of the
equations of the problem. To do so we will introduce a new function H(s,u,f) by means of the equation:

H= fT(HTu + u')— F
being H=D_ D, the local equilibrium matrix (Monle6n [3]). Solving the equation of definition of generalised
stresses inu’ and substituting it in the expression of the linear density of potential energy F of the model, we can
find the desired form of the function H(s,u,f). In the linear case, this means:

f= % =D, ,u+D,u

0 w=D;(f-D,u)=Djf-H'u and H=1({f"D;f-u'Dyu)+u'Q, beingD, =D, -D,D;D,.
Considering that the definitions of H and F require:

ﬁ=Hru+u', ﬁ:Hf—%:Hf—f’
of ou ou
The equations of the problem are thus transformed into:
w=2 _gu-pif-bu, ¢-v-T _Hf+D u-0Q
of ou

When we arrange them in a matrix form;

u'| |[-H" Dj|fu 0
f[ | D, H|fl |Q
As a result the function H(s,u,f) directly provides the canonical form of the equations of the equilibrium

problem. Let us note that the definition of H adopted herein is slightly different than the traditional
one’: H=f"u'—F . Nevertheless H(s,u,f) being referenced to the generalised strains e=H'u+u’', it
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corresponds to the linear density of complementary energy of the model (see Table I). In resume, Legendre’s
transformation has provided with the next dual structures (Lanczos [1]):

Original system New system
Function Lagrangian F (s, u, u') Hamiltonian H (s, u,f )
linear density of potential energy linear density of complementary energy
Variables Generalised strains e(s) Generalised stresses f(s)
Duality ﬁ _f ﬁ e
Oe of
H=f"e-F F=f"e-H
(linear case) F :%(eTDne+uT]A)OOu)—uTQ H :%(fTD;lf—uTlADmu)Jr u'Q
Equilibrium oF OH
gquations u =f ou =Hf-f'

Table 1. Resume of Legendre’s transformation

2. Unified formulation’s characteristics operators

2.1. Solid’s geometry.

P(s,y,z) =R(s)+ yn(s) + zb(s) , R is the position vector of the points of /"and L is the length of the element,
whereas the cross-section A can vary along it.

Figure 1. Graphical definition of the coordinated lines and surfaces of the system (s,y,z)

The following formula resumes the condition of slender member:h /L<¢ , h= \/(ym vy (2 2 N
where h is the maximum height of the cross-section and e<<1. The natural vectors of the above defined

curvilinear coordinates system are:

oP o P _

. OP .
G1=E=M—T(Zn—yb)/ Gzzazn' 3_az_b

with z=1—yy, being y the curvature and zthe torsién of the curved axis 77s).

2.2. Deformed configuration.

The position of the material points of B and the natural vectors associated to the new configuration become:
P(s,y,2) =P(s,y,2)+d (s,v,2)

and

g*:a_p:G*+£+QTd*’ *_5‘p od *:ap_ od
os ' os 0
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Where Q, defines the evolution of the Frénet-Serret trihedron along the curved axis and vector d*(s,y,z) states
for the displacement of the points P(s,y,z) due to the change of configuration.

2.3. Physical components of the infinitesimal strains.
These components can be written in the form of linear differential operators (Monleén [3]):
0 0 0

* * * * * « T *
e*:{gs &, & Ve Ve }/yz}: E1E+E2@+E3§_Elgo d

being " =1+(r / u)'(y* +2*). Let us apply now the fundamental hypothesis and thus:e” = B,u+B,u’, with
the deformation matrixes: B, =E,h +Eh_ -EQh , B, =Eh.

3. The “Standard Beam” model

In such model, the fundamental hypothesis (Monleén [3]) corresponds to an infinitesimal rigid body
displacement:

d 0 z -y
d'(s,y,2)=|I A]{e},/\: -z 0 0
y 0 0

d={u v w}' defines the translation of the section and 6={6, &, 8}" their infinitesimal rotations with respect to
the coordinated lines. The strain energy is determined by the matrixes:

D, = jA B,CB,udA, D, = L\ B,CB,udA, D, :L B, CB, udA
Evaluating D,,D;;D,, and considering the particular composition of h(s,y,z), it can be checked that the standard
beam model, or the beam model in a simpler way (the cross-sections can only have an infinitesimal rigid body
displacement), possesses the following characteristic: D,, =D, —D,D;'D,, =0. This is independent of the
shape of the axis curve 775).

4. Uncoupling of the static problem and “hyper-beams”

Proposition 1. It is necessary that the deformation matrixes satisfy a relationship of the form
D, =D, -D,D,D,, =0 so that the equations of equilibrium of the 1D model can adopt a purely static

expression (uncoupling of the equilibrium), i.e. they can be expressed as a linear combination of the vector f(s)
and its derivative.

Making use of the linear density of complementary energy we obtain directly: %:Hf—f':Q—lADmu.

Consequently, this equation will only adopt a pure static expression if D, =HD, H' &

Proposition 2. It is sufficient that the fundamental hypothesis of the 1D model represents a rigid body
displacement of the cross-section so that the equations of equilibrium of the 1D model can adopt an expression
purely static (uncoupling of the equilibrium), i.e. they can be expressed as a linear combination of the vector
f(s) and its derivative.

Let us base on the fundamental hypothesis defined: in this case the components of the vector of generalised
stresses are directly:

f(s)=[h'tdA=] [AIT}t*dA - {11\\14((55))}

being the vectorsN :J'At*dA, M =jAATt*dA, which three components are defined as the typical stresses:
axial and shear forces, torque and bending moments respectively. Let us define Qy and Qy as the linear
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densities of force and moment applied to the model. The linear vectorial equilibrium of the element requires that
the following equilibrium equations are accomplished (Figure 2):

N-QN+Q,=0, M-QM+AxN+Q, =0
But AxN=A/N and thus we finally obtain f'—Hf+Q=0. Six equations in the six components of the

generalised stresses f(s) are sufficient to determine the equilibrium. Those are consistent with the fundamental
hypothesis adopted: an infinitesimal rigid body displacement of the cross-section of the slender member®

Figure 2. Generalised stresses at the vectorial equilibrium of the beam

Within the scope of the 1D analysis of slender members, we will refer to the hyper-beam model when the
following conditions are satisfied:

(1) Necessary condition. The fundamental hypothesis includes at least one component of displacement
different than the infinitesimal rigid body displacement of the cross-section.
(2) Sufficient condition. The equilibrium equations couple stresses and displacements, and thus
2.1 At the general case (non linear problems) this requires:
0’H
ou’
2.2 In the linear case it is sufficient to verify 1500 =D,-HD,H z0m

=0

5. Conclusions

1. We systematically introduced at the formulation the local equilibrium matrix of the model H, equal
toD,,D;, in the general case.

2. We adopted new measures of the strains at the model by defining the generalised strains as e=H u+u’.
Legendre’s transformation allowed us to obtain its linear density of complementary energy:

H(s,u,f) = %(fTD]’:f - uTDOOu)+ u'Q.
We also re-wrote the linear density of potential energy (Washizu [2]) as F :%(eTDue+uT]500u)—uTQ,
pointing out the complementary character of both functions as well as the dualities established at Table I.
We demonstrated that it is not always possible to find a pure static form of the equilibrium equations
4. Based on this idea we built the conditions proposed for the definition of the hyper-beams. We can note as

examples the torsion (Vlassov [5]) and distortion theories, including the anti-clastic bending (Oden et al.
[4]), or any bending theory using warping patterns other than the linear one.

w
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Abstract

The existence of analogies between all beam elastostatic problems appears because they can be formulated
using the same procedure: if F(s,u,u’) is the linear density of potential energy, u(s) are the generalized
displacements, and s is the arc-length parameter along the curved axis of the member, then the variational

equation (Benscoter [1], Maisel [8])
OF _i(@_l—“) =0 (1)
Ou ds\Ou

systematically provides the ordinary differential field equations of the problem. For beams with constant
curvature and cross-section, the system of differential equations has constant coefficients. In this case the
solution depends on the system-matrix eigenvalues, which can be presented as slenderness by normalizing the
arc-length parameter s. Thus, it can be stated that the behavior or nature of the response of each 1D problem is
determined by the value of the corresponding slenderness. We will base our work in four uncoupled elementary
problems to consolidate this statement. We will start by reviewing the main concepts necessary to apply the
unified formulation for the analysis of slender members already presented in previous works (Kollbrunner &
Basler [5]) and used herein as the calculation tool. Subsequently we will introduce a new definition of the
mechanical concept of slenderness for the 1-D model of straight beams with constant cross-section and we will
show how this parameter fully controls the member response. This will allow us to demonstrate interesting
conclusions regarding the properties of the solutions, the classification of beams for modeling, and also about
the generalization of physical analogies.

1. Results obtained in four uncoupled problems
By using the explicit form of the F(s,u,u’) function (Monle6n [9], [11]), the system of differential equations
that governs the problem can be written in the form:

iE(s) = W.E(s) - F(s) (2)
ds

At the equation (2), E(s) is the state vector that contains all the variables of the problem (generalised
displacements and efforts) and F(s) is the vector of independent terms or vector of loads:

orfi) lal s
)= f(s)} O o G)

The operator W is a function of the generalised local stiffness D, (Monledn [11]) that derive directly from the
fundamental hypothesis of displacements and the cross-section geometry:
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w=l DD, D @
"|D. -D.D'D,. D D
00 01 11 10 01 11

In problems relative to straight beams with constant cross-section W is a constant matrix and its eigenvalues K
are defined by means of the characteristic equation:

[W-KI|=0 (5)

The solution is built by linearly combining functions of the type e“E, =e™E, where Ex is the eigenvector

associated to the eigenvalue K, {&s/L is the normalised length of arc at the axis and A=KL is a non-dimensional
parameter. The A parameter is key to the nature of the solution: it is at the base of the discussion of the
characteristic solutions and controls the extent to which each phenomenon is influential, in particular the
generalised displacements.

Let us now consider four classic problems of the beam’s theory that will be studied as uncoupled. We present
them by means of their associated linear density of potential energy and then resume in a table the parameters
controlling each response.

I(a) Mixed torsion: The theory of torsion of beams presented therein rests on the assumption that the warp
displacements are proportional to the unitary torsion rotation (Vlassov [15] and Kollbrunner & Basler [5]). Its
main property is to allow for the connection two different theories: the warped torsion at elements of thin wall
cross-section and Pure torsion of St Venant [14]. Assuming that the density of warp ¢(x) and the torsion rotation
G(x) are independent functions (Oden [12] & Oumanski [13], i.e. that @(x) # 8.(x), a slightly different solution
(Benscoster [1], Manterola [7] & Monledn [10]) to this problem can be found. In this problem the linear density
of potential energy can be expressed as:

F=1|GJ(@.) +GW.(6 - ¢) +EL,(¢'}]- (m,6.+b,9) (6)

where m, and b,, are the loads (torques and bi-moments), and the static constants of polar moment of inertia
[, and modulus of warping I, (W, = 0. — ], with J being the module of torsion of the cross-section).

I(b) Column beam (Brush [2]): A linear element subjected to axial compression and transverse loading is
conventionally named column beam. We study its behaviour in the field of geometrical non-linearity, both for
tension or compression axial force. In such case, the linear density of potential energy that derives is:

=4{EAl + 1 (@) +cA -0.F +EL(@F|-(g,0+m.6.) %)

where ¢, and m. are the well-known transverse loads and moments, 4 the cross-section and /. the moment of
inertia. Finally, N, = EA[u' +%(v')2] is the force applied to both ends of the model in the direction of the
longitudinal axis, that is acting here as a known constant, positive in tension.

Il(a) Distortion (Dabrowski [3], Kristek [6], Manterola [7] & Monleon [9]): this problem is typical of the
beams of thin walled cross-section and allows us to disregard one of the main hypothesis of the standard theory
of beams (non deformable transverse section). Nevertheless, in the case of hollow box cross-sections a 1-D
formulation of distortion can be built when shear lag is negligible. If mp and b define the linear densities of
load, in this case distortion “bi-shears” and distortion bi-moments, and GWW,, and EI, are the membrane stiffness
of the element and ET, the frame stiffness of the beam, the linear density of potential energy is shown next:

F=1[ELy2 +GW,(y, -, ) +EL, (8, )]~ (m,ys+b.8,) (8)

1I(b) Floating beam (Hetenyi [4]): this corresponds to the soil model of Winkler, extended through the work of
Zimmermann for the analysis of rails upon sleepers of railroads. Being k the so called ballast coefficient, the
linear density of potential energy becomes in this case:

F=1lko* +GA(w' -6} +EL(6}]-(5,0+m.6.) ©)

The generalised local stiffness, eigenvalues and associated slenderness are resumed at the next table.
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PROBLEM D eigenvalues K slenderness A Additional factors
0 0 0 )
0 GW. -GW, , : .
TORSION ¢ ¢ K*=0;K*= A A =L P k=le1- L
0 -GW. GO, L El, O, 0.
0 0 0 El,]
0 0 0 0]
0 GA -GA 0 Y
FLEXURE I K*=0;K*= A Ay =L kMo =_4
0 -GA GA+N, 0 L EI GA+N,
0 0 0 EL|
El, 0 0 0
0 GW, -GW, 0 s (Y El JELEI
DISTORTION P P K* =22 |a, xa} —1] A, = Ly|—2 a,="—1-*t
0 -GW, GW, 0 L 4EI, 2G6W,
0 0 0 El,
k 0 0 0
0 G4 -G4 0 A Y k JKEL
FLEXURE II K*=2 T [a iﬂlaz,—I] A, =L a, = :
0 -GA G4 0 ( L) Bt v =M 41 " 264
0 0 0 EI

z

Table I. Generalised local stiffness, eigenvalues and associated slenderness at the four problems.

2. Generalised concept of slenderness of straight beams with constant cross-section

It can be shown that the slenderness associated to each problem is the main parameter governing the response of
the beam. Nevertheless, we established its definition in every case in a direct manner by considering the
qualitative definition A=KL, but disregarding a general formula. On the other hand, typical values of ap and ay
defined at table I are less than 1% and, being those equal to £ with 0<e<<1, we find out that:

K:i%«/1+£ii\/1—£] (10)

And the parameter Ap can be written into both the form:
A, :|DK|L—O(£)=|DK|L+O(£) (11)

Where O(¢) is the order of magnitude of the rest of real and imaginary parts in the Bachmann-Landau notation,
that can be evaluated by developing in a power series of £ the functionsv/1+ € and V1-¢ respectively. This
means that a real and positive number C exists so thatO(&) <Ce.Consequently, if we assume that a
phenomenon is considered as elementary when governed by one unique mechanical parameter, then the
eigenvalues that correspond to this problem can always be written in the form:

K =0K +i0K = A{[1+0,(8)|£i[1-0,()]} (12)

Where 4 is a real number and Of &) follow the rules given to define O(&). We can thus define the slenderness
associated to this elementary problem as:

A :Llin&\/(DKcosqo)2 +(OKseng)* , being = WCW”% (13)

It can be seen that this formula covers all the examples studied. In particular, when it is applied to the evaluation
of Ap and Ay, the term £is equal to the shear deformation factor.

3. Structural response and approximation to the problem of selecting a 1D model

Let us consider the solution of the elementary problems described at section 1 for one particular common case:
torsion (flexure or distortion respectively) of a straight element simply supported, i.e. with rotations (transverse
displacement or distortion respectively) blocked and free torsion warp (rotations or distortion warp respectively)
at both ends, and subjected to a punctual torque (punctual force P or punctual bi-shear M), respectively, this last
derived from a torque) at the mid-span. Figure 1 represents the normalised values of the constitutive shear forces
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and “bi-shears” characteristics of the four problems that have been analysed as functions of the slenderness. It
can be seen that the bigger A is the less the values are of all functions so we can conclude that in beams
sufficiently slender (to establish a numerical value for such border is not within the scope of this paper) the
structural behaviour is simpler. The responses then become pure torsion of Saint-Venant or without distortion in
the case of torsion actions and cable response in the case of bending action. Those remarks authorise a structural
simulation which is simpler. The other end of the range of variation of the slenderness, i.e. /=0, conduces to 4
solutions with identical structure to the flexure of Timoshenko (two generalised displacements and K=0).
0.5

M, (6=0)/T

O(E0P 04
or [ \
0.3
MD(‘.(:O)/MD [ \\
02t
0.1 i \ \

(”)\_ 5 T10 T1s to A
Figure 1. Distribution of (I) Warped part of torsion moments-Constitutive part of shear efforts of the beam-

column and (IT) Bi-shears of distortion-shear efforts of the floating beam, normalised, evaluated at &0 and as
function of the slenderness A.

4. Revision of analogies in the problems of beams

Finally, let us consider the analogies at the problems relative to the beam. Table II compares the four elementary
responses described at the section 1: general mixed torsion, the beam-column, the distortion and the floating
beam. The first pair of problems presented are analogous as are the second pair. The organisation of the table
respects this fact and establishes the equivalences in terms of displacements, forces, stiffness and loads. It is
noted that all the elementary responses incorporate herein the shear deformation.

components of E(¢) coefficients de D loads Q(§)
Ia.torsion 6. ¢ M, B, GWe¢ EI, GO m, b,
Ib.flexure v a 0, M, GA EL GA+N, g, m,
IIa.distortion ); op My Bp GWp El, El, mp bp
IIb.flexure % a. 0, M, GA EL k qy m,

Table II. First level of analogies between the problems relative to the beam

We can state that the analogy is absolute between the problems of torsion and the beam column (when subjected
to tension forces) or between the problems of distortion and the beam of Winkler, even in the case that we
consider the deformations due to shear. The equations that govern the torsion problem are nevertheless slightly
different than the ones of distortion.

When we consider that the torsion module J, the axial force N,, the frame stiffness £/, and the ballast coefficient
k are null (always when the generalised slenderness approaches to 0), the above are reduced to three identical
problems that incorporate systematically the deformations due to shear. This is the Second level of analogy for
all responses of the beam.

Finally, when the shear deformations are excluded, the resultant equivalences are between the pure warped
torsion (@ = G.), the flexure of Navier (6, =v") and the distortion without shear deformation (@, = ), ). From a



6th International Conference on Computation of Shell and Spatial Structures TASS-TACM 2008, Ithaca

practical point of view, the most interesting analogy is the second level one: it conduces easily to analytical
solutions for the torsion and distortion problems starting from the well-known ones of flexure.

components of E(§) coefficients of D loads Q(§)
torsion . ) M, B, GWe¢ El, my b
flexure % a 0, M, GA EL qy m,
distortion op Mp Bp GWp El, mp bp

Table I1I. Second level of analogies between the problems relative to the beam

Nevertheless, from a more conceptual or theoretical point of view, we shall give weight to the concept of
slenderness as the main parameter incorporated to and governing the response of the beam and its simulation.
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Abstract

Among the one—-dimensional models available for non linear analysis of rods, the one proposed by Simé
[5] as a extension of the work of Reissner and Antman is capable to treat arbitrarily large rotations of the
cross—sections, and is thus called geometrically exact rod model. Several general-purpose finite element
solutions based on different parmetrizations have been proposed (Simé and Vu-Quoc [6], Ibrahimbegovié
[2], Jeleni¢ and Crisfield [3] and others). In such solutions the field variables need to be referred to the
general spatial frame in order to carry the assembly of the element equations (variables are then said
to be expressed in the spatial form). In contrast to this situation, the constitutive equations and the
equilibrium equations of the problem are most naturally expressed using intrinsic variables (the material
form of the variables). Starting from the late facts, the material form of the variational principles is
deduced and element-free solutions based on these principles are presented.

1 Introduction

The geometrically exact rod model was formulated by Simo [5] starting from the works of Reissner and
Antman [1]. It allows for a exact kinematic description of finite rotations and displacements and has been
extensively studied by several authors. Most general-purpose finite element formulations of the model
are based on the spatial form of the field variables. This spatial formulation allows for a direct assembly
of the element tangent stiffness matrix into the global stiffness, which is very convenient. Although the
spatial form of the tangent operator is very concise (if the natural parametrization of rotations is used),
it is based on the spatial form of the element constitutive matrix, which has to be evaluated in each
integration point by means of transformations of its blocks through the Gauss point rotations, which is
a costly operation. Another drawback of the spatial formulation is the need of transforming the section
forces to the section reference frame after each increment if such information is needed. In this work we
examine the formulation of the model variables and solutions in terms of the intrinsic (material) field
variables.

2 Kinematics, deformation variations and field equations

In the following we use Simo’s terminology and notation. Intrinsic —also called material- variables (de-
noted by capital letters) are referred to the section reference frame. Spatial variables (denoted by small
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letters) are referred to the fixed frame. Cross—sections of the rod are assumed to undergo a rigid body
motion, translating and rotating during the deformation process. The position vector of a material point
can be written in terms of its relative location into the section r*, and the position of the centroid of
the section x as * = x + r* and r* = Ag Ag R* = A R". Section points rotate from a reference (ma-
terial) configuration (described by R*) to the initial configuration through Ay, and then to a deformed
(actual) configuration through A4. Composition of both rotations produces the rotation tensor A, which
together with a are the configuration functions of the model. The 1D deformation gradient dx*/9S
can be written as I' + K x R*, where I' = ATz’ (elongation and shear) and K = ATA’ (change of
orientation) are the intrinsic generalized deformations. The material configuration variations are
dx = AT 6x and 5Q = ATSA (the last one is called spin). Let’s introduce the variations 6I' and § K as
conjugate variables to the section forces and moments IN, M. Then, the intrinsic form of the virtual
work equation (with K and 02 as axial vectors of the change of orientation and the spin)

/(N-5F+M-§K)dS:/(Qn-5x+Qm-5.Q)dS
r r
+ Ny -6x(51) + Ny - 6x(S2) + My - 62(S1) + My - 62(S2), (1)

holds for every admissible variation (dx,02) iff (¢, A) is an equilibrium configuration. It can be shown
from the geometry of the configuration space, that the deformation variations can be expressed as func-
tions of the configuration: 601" = (0x) + K x dx + I' x 002, and 6K = (0£2) + K x f2. Integration by

parts leads to the equilibrium equations N +Kx N+Q, =0, and M +KxM+T x N+Q,, =0.
Consitutitve equations are naturally established between intrinsic variables.

3 Consistent tangent operator

The consistent linearization of the internal virtual work requires the evaluation of the second variations
of the configuration, which, using the geometrical properties of the configuration space, lead to the
following expressions: A(0x) = —AR2x6x, A(G2) =0, A(Bx ) = —AR2 x5x—ARx5x, A(GR) = 0.
The linearizaton of the internal virtual work equation leads to the geometrical tangent operator,

o KN _0o0
NKNI'+MK N M (2)
0 -N o0’
0 0 0o
and to the constitutive operator
—KCFFR —R (Cr}"f‘-‘rCr}(R) —I?Cm" _RCFK
—(PCrr+KCkr)K —(FCrr+KCkr) I'—(FCrx +KCkrix ) K —(I'Crr+KCkr) —(I' Crx+KCkri) (3)
CrrK CrrI'+Crr K Crr Cri
CxrK CrrI'+Crrx K Cxkr Ckri

The virtual work equation can be linearized as A (6W,y — dWeyt). If the configuration x, A is an
equilibrium configuration for a given load factor A, then the virtual work is zero for every admissible
variation, and AdW;,; = AdWe,:. This expression defines the tangent equilibrium of the geometrically
exact model.

4 Numerical experiments

In order to check the performance of the operator we fisrt consider the linear problem consistently
derived from the general nonlinear case. For this purpose the generalized deformations may be split
into initial and deformational parts in the following manner I' = I'g + I'q, K = Ky + Kq4. In the
linear problem, equilibrium is established in the undeformed configuration, thus only the initial parts
of the deformations appear in the equations. The linear equations are N "+ K o X N+Q, =0 and
M + KoxM+TyxN+Q,, =0, with I'y = {1,0,0} and K¢ = {79,0,k0} (torsion and curvature
of the undeformed rod centerline). The initial deformations are not subject to variation, thus only the
constitutive part of the tangent operator is derived.
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We search numerical solutions using the Point Interpolation Method (PIM), Liu [4]. For this purpose
N field nodes are scattered along the problem domain (the interval [S1, S2]) in such a way that intervals
with high nodal density correspond to high values of curvature and/or torsion. The domain is divided
into a certain number of integration cells N..;s. For convenience, cell ends are chosen to be coincident
with field nodes (although they don’t need to). The support domain of each cell is defined as an interval
with the same center as the integration cell, and radius ds; the radius is iteratively determined as the
minimum value for which the relation between dg and the support domain nodal average spacing is greater
than a pre-determined parameter « (typically between 1.0 and 6.0). The number of nodes belonging
to the support domain ng is equal or greater than the number of those belonging to the integration
cell. A number of ny PIM shape functions are constructed using the ng support domain nodes for each
integration cell — this procedure is thoroughly explained in Liu [4]. Integration is carried on by means of
a gaussian quadrature; the number of quadrature points in a cell n4 is chosen so that the polynomial shape
functions are exactly integrated (ny > ny/2). Shape functions and their derivatives are implemented into
the virtual work equation. The solution vector contains the nodal intrinsic configuration increments A® =
{&x, A2}, which need to be transformed into spatial form in order to understand them as displacements
and rotations referred to the fixed frame Ax = Ag Ax and Aw = Ay Af2. Furthermore, it is convenient
to work with incremental rotations A, which are related to Aw through T(8) (Ibrahimbegovié et al. [2]).
In linear problems it can be shown that T(@) = 1, therefore A = Ag Af2.

A simply supported straight beam with flexural rigidity EI = 2.5 102, shear stiffness GA = 1.0 10°,
section height h = 0.1 and length L = 10, under a uniform load ¢ = 1.0 is considered. FElement—
free implementation behavior is tested under different conditions: (a) increasing number of field nodes,
ranging from N = 3 to N = 25, (b) increasing support domain normalized radius, ranging from a; = 1.1
to as = 11.1; this is equivalent to increasing order of the interpolation polynomials, and (c¢) varying size
of integration cells, ranging from 2— to 7-node cells (1 to 6 intervals). A sensitivity analysis is made
for every size of the integration cells. The following deflection—related error parameter is considered for
tracing convergence (Liu [4]):

L 2
Unum — Vezac dS
err = \/fo ( 2 . (4)

[Fv2, . dS

0 Yexact

Results show for a given size of the integration cell and for fixed o, a slow decay of the error parameter
with increasing number of field nodes IV. If the node number is fixed, the error parameter falls remarkably
when the support domain normalized radius o, reaches a certain value. This value is rather independent
of the number of nodes. For 2-node integration cells and a, = 4.1 (interpolation polynomials of order
7, ng = 4), log,(err) falls under —7. For 3-node integration cells values of log,,(err) under —10 are
achieved with a; = 3.1 (interpolation polynomials of order 6, ny, = 3). Remarkably, increasing the
support domain radius above these values does not lead to lower errors.

In order to reach the same accuracy (log;y(err) under —10), 2-node integration cells need a,; = 6.1
(interpolation polynomials of order 11, ny = 6). 4-node cells show, with increasing number of field nodes,
a rather unstable behavior for values of as under 6.1; interpolation polynomials of order 13 (as = 7.1,
ng = 7) are required to reach high accuracies. 5node cells show good results with a; = 4.1, and 7-node
cells need again ag = 7.1.

Two parameters are directly related to the computational efficiency of the solution: the number of
field nodes N and the total number of Gauss points IN;. Focusing our attention on the stable solutions
for increasing N, the better choices for different integration cell sizes are shown in the following table.
Results show very good convergence properties of mesh—free solutions with a low number of field nodes,
3—node integration cells and interpolation polynomials of order 6. For this case the total number of
Gauss points is Ny = 4N¢eis — 2, which is always greater than the number of field nodes N = 2Ny + 1.
The intrinsic formulation operates with no need of coordinate transformation of the constitutive matrix.
Thus, it is very convenient from the computational viewpoint when the number of Gauss points is greater
than the number of field nodes, as in the proposed interpolation.
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2-node cell 3-node cell 5-node cell

Neelis 12 3 2
N 13 7 9
N, 60 10 8
o (order) 6.1 (7) 3.1 (6) 4.1 (8)

Table 1: Lowest number of field nodes and gauss points necessary to reach high accuracies
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Figure 1: Convergence of the element—{ree solution

5 Conclusions

In this work, a novel form of the tangent operator for the geometrically exact beam model has been
proposed. Geometrical and constitutive parts of the operator are deduced using the geometrical properties
of the configuration space. Incremental-iterative solutions can be developed from the tangent operator.
The linear version of this procedure has been developed and implemented by means of an element—free
method (Point Interpolation Method), which is especially well suited to the 1D problem. In a next stage,
nonlinear incremental (—iterative) solutions are being implemented on the basis of the tangent operator
introduced in section 3. Economy in the iterative process may be achieved due to the properties of the
intrinsic solution.
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Abstract

This work shows a simple finite element formulation that enables to impose concentrated moments and rotations
to ANC beams which are finite elements that lack rotational degrees of freedom. The idea is based on an specific
constraint that expresses in a simple form the relation between the deformation of the beam and the rotation of any of
its sections. By controlling this sectional rotation, moments and angles can be easily imposed on any model.

1 Introduction

Finite element beam discretizations based on the Absolute Nodal Coordinate (ANC) Formulation have been recently
proposed by Shabana and coworkers [1, 2]. Their greatest advantage over conventional beam models is that these
new finite elements avoid the use of rotational degrees of freedom by using an elaborated set of nodal parameters.
As a result, their implementation is straightforward, the mass matrix is constant, and they can employ arbitrarily
complex material constitutive laws. Moreover, since no special nodal rotation updates are required, ANC beams can
be incorporated into existing finite element codes with relative ease. We refer to Romero [3] for a recent comprehensive
review.

The absence of rotational degrees of freedom is a great advantage, but it carries some undesirable consequences.
From the point of view of nonlinear structural engineering, maybe the most important one is that neither concentrated
moments nor rotations can be directly imposed to an ANC beam. These boundary conditions are extremely common in
engineering analysis, and unless a simple way to impose them is devised, the use of ANC beams can not be widespread.

In this work we will show how to incorporate rotational degrees of freedom at those points where the boundary
conditions are required, and how to link these degrees of freedom to those of the ANC section. From the mathematical
standpoint this will amount to imposing that the “rotational part” of the section deformation equals the imposed
rotation. How to clearly identify this “rotational part” is the goal of Section 2. From the numerical point of view, we
will accomplish this goal by devising a discrete finite element that will transfer the rotational degrees of freedom to the
section. To do so, the element must manage to convert the virtual work in the rotational degrees of freedom to virtual
work in the ANC node.

2 ANC beams

Beams based on the absolute nodal coordinate formulation (ANC) were originally introduced in Shabana and Yacoub
[1, 2] and have been analyzed an improved by Shabana and co-workers (see for example, [4, 5]). The main novelty of
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the formulation is the deformation parametrization which, for each element e of the beam is of the form:

QOE(Iayazvt) :S(i(xayVZ) be(t) . (1)

The matrix S, contains the element interpolation functions and must be of the form:

JN(I,y,Z) ON ON
Se(xayVZ) = On JN(xvyaZ) (U ) (2)
ON ON JN(‘T7y7Z)

where Oy is the N-dimensional zero row vector and Jy is an interpolation row vector of the form:
2 .3 N-—
In(z,y,2) =1, z, y, z, vy, xz, 2, 2° ... 2V 7). 3)

The constant N determines the degree of polynomial interpolation in the x direction and must be greater or equal to
7. For the rest of the article, as in the original work of Shabana and Yacoub [1, 2], we assume that N = 8, effectively
setting the order of interpolation in the  direction to 3. In view of equation 1, the number of degrees of freedom per
element is 3 X N, which for our choice equals 24.

The vector (a.(t), be(t), c.(t))T contains the coefficients of the element interpolation functions, and can be associ-
ated with nodal degrees of freedom in the following way. Let H, for o = 1, 2, be the set of 12 variables associated
with the local node « belonging to element e:

dp(X2,t) dp(X2,t) aso(Xs,t>>T . @

Ha t = X(y)t ) ) )

20 = ((pixen), 25 o >
The first vector in H " is simply the nodal position of the local a-th node at time ¢, and the remaining vectors the three
tangent vectors to the local coordinate curves x, y, and z at the deformed configuration.

It can be verified that for the interpolation chosen above, the deformation ¢, can also be written as:

‘Pe(xay7zat) = DE(xvyaz) {gﬁ;gg} ) )

for a new interpolation matrix D, related to S.. Although completely equivalent to expression (1), this new interpo-
lation has the advantage that the set of variables (H}, H?2) has a more clear geometrical meaning, which has been
further explored in Sopanen [5]

Let us define G = [t, 2, t3], the three tangent vectors of the deformed beam. This tensor is invertible and, by the
polar decomposition theorem, can be expressed as the product F' = RU, where R is a rotation tensor, and U is a
symmetric, positive definite tensor. Since the goal of this work is to control the rotational part of the beam deformation,
this is equivalent to imposing the value of G to be equal to a given rotation, leaving U unmodified. In other words,
the geometrical interpretation of the beam degrees of freedom and the polar decomposition theorem shows that by
imposing R to be as desired, the whole section of the beam will rotated as wanted.

To formulate such constraint mathematically, let 8 be a rotation vector and let exp[6)] be its associated rotation tensor.
Since we would like to control the rotation part of the motion R by imposing the rotation vector 8 only, it would
suffice to impose the constraint R = exp[0]. The problem is, however, that there is no close form expression from the
rotational part R of a given vector G, which has to be obtained by means of an algorithm. The following result shows
an equivalent statement which can be used explicitly to impose the desired constraint:

Theorem 2.1 Let F' be a second order tensor with positive determinant. Then there exists a unique rotation vector
0 € R? such that R
skew[ exp[—H]F] -0. 6)

Furthermore, exp(0)] is equal to R, the rotation that appears in the polar decomposition of F'.
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Figure 1: Deformation sequence of a cantilever beam under a concentrated moment at its tip.

In the previous equation we have employed the skew[] operator defined on second order tensors by skew[A] =
1(A+ AT). In other words, if we impose the constraint

9(6.G) =0 with g(6,G) = skew| exp[-6(1]G(1)(G") "] ™

then the rotation part of the section deformation R will be identical to the rotation expl6)].

3 The finite element formulation

To implement the proposed constraint we assume that the beam equations result from the minimization of a potential
energy II(¢). Then, using the classical penalty method, the constraint can be approximately imposed by minimizing
the augmented potential energy

I"(ip,60) = 1l(9) + 11°(0.G) . 1(8.G) = = |9(0.G)" . ®)

where k is a large positive number.

To obtain the equations of the internal forces resulting from this connecting element, the first variation of (8) should
be calculated. The tangent stiffness is simply obtained by calculating the second variation of the same equation.

4 Numerical example

Imposing a simple torque on a ANC beam is a complex task as can be seen, for example, in Sopanen [5]. With the
previous formulation, the task becomes trivial. To illustrate this, we use a the classical example of a cantilever beam
of length L = 1, and bending stiffness EI = 175000. When a concentrated moment of modulus M = 27 EI/L is
applied at the beam’s tip, it should bend 27 radians. In order to perform such simulation we simply add a new fictitious
node at the beam’s tip, a node that only has rotational degrees of freedom. After imposing the concentrated moment
the beam bends as the figure 1. The errors at the tip are not due to the imposed moment, but rather related to the beam
accuracy.
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Abstract

The traditional interest in rod and shell theories has been considerably revitalized in recent years by the
availability of finite element methods able to resolve the most nonlinear and complex of these theories. A
typical example of these considerations is the classical theory of Cosserat rods. However, most finite element
formulations developed to date involve the case of shear deformable rods and beams, requiring in particular a

C° -continuous interpolation of the field variables only [1,2,3]. The consideration of rods incorporating the
Kirchhoff assumption of no transverse shear strain (or, simply, Kirchhoff rods) is rare in these finite element
treatments of Cosserat directed models. Nevertheless, this type of rods is of great technological and scientific
importance in areas as diverse as astronautics, biology and smart composite materials, to name a few. The
behaviour of DNA molecules is being the subject of a large amount of research. DNA molecules are composed
by a double helix, each one being a thin biological filament. Some studies regarding the nature of this filaments
[4,5] and the shaping of the helix from a straight filament as a mechanism for DNA formation [6] have been
carried out using Kirchhoff rod models. Space tethers have attracted the interest in the astronautics community
since late seventies. These space structures, which are composed by very long and thin rods (length to thickness
ratios of the order 1/10%), are used to connect spacecrafts to satellites or other orbiting modules. This mechanical
connection provides interesting capabilities [7], as the transfer of momentum between the orbiting bodies or the
creation of electrical energy by means of an electricity conducting tether interacting with the geomagnetic field
[8]. This situation motivates the development of reliable computational tools for the simulation of Kirchhoff
rods leading to a complete understanding of their mechanical response.

We present in this contribution a formulation of Kirchhoff rods in the context of Cosserat theories and its finite
element implementation. The proper parameterization of the basic variables characterizing the rotation of the
cross-section (constrained in this case to be orthogonal to the rod's axis) is shown to be crucial in the

development of the final formulation. In this context, a main challenge appears in the definition of a C'-
continuous finite element interpolation of the axis location in a curved configuration of the rod. A wide class of
schemes is available in the literature for the interpolation of a general curve in space including, for example,
formulations based on the classical Hermite polynomials. These issues apply even to the linear case, where the
considered displacement interpolation needs to represent the basic rigid body modes without self-straining, as
this basic invariance property is sometimes referred to, in a general curve representing the geometry of the
reference axis of the rod.

We have considered different alternatives in this context and studied its adequacy for the mechanical problem at

hand. In particular, we have identified a new C'-continuous interpolation of the rod's kinematics that preserves
the aforementioned invariance property. The new interpolation scheme is combined with mixed and enhanced
treatments of the rod's strain to avoid the well-known membrane locking that appears in curved configurations
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of the elements when trying to reproduce inextensional bending. Different numerical simulations illustrating the
performance of the resulting finite elements will be presented.
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