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This thesis consists of two chapters. In the first chapter, we compute the K-
theory of weight varieties by using techniques in Hamiltonian geometry. In the
second chapter, we construct a set of divided difference operators in equivariant
K K-theory.

Let T be a compact torus and (M, w) a Hamiltonian T-space. In Chapter 1, we
give a new proof of the K-theoretic analogue of the Kirwan surjectivity theorem
in symplectic geometry (see [HL1]) by using the equivariant version of the Kirwan
map introduced in [G2]. We compute the kernel of this equivariant Kirwan map.
As an application, we find the presentation of the K-theory of weight varieties,
which are the symplectic quotients of complete flag varieties G/T', as the quotient
ring of the T-equivariant K-theory of flag varieties by the kernel of the Kirwan
map, where GG is a compact, connected and simply-connected Lie group.

Demazure [D1], [D2], [D3] defined a set of isobaric divided difference operators
on the representation ring R(7"). It can be seen as a decomposition of the clas-
sical Weyl character formula. In [HLS], Harada, Landweber and Sjamaar defined
an analogous set of divided difference operators on the equivariant K-theory. In
Chapter 2, we explicitly define these operators in the setting of equivariant K K-
theory first defined by Kasparov [K1], [K2]. It is a generalization of the results
in [D3] and [HLS]. Due to the elegance and generality of equivariant K K-theory,

some interesting applications of the result will also be given.
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CHAPTER 1
K-THEORY OF WEIGHT VARIETIES

1.1 Background

1.1.1 Symplectic Geometry

A symplectic manifold is a pair (M,w) consisting of a smooth manifold M and a
symplectic form w which is a 2-form that is closed, i.e. dw = 0 and nondegenerate,
i.e. for all p € M, there does not exist non-zero X € TM such that w(X,Y) =0

forallY e TM.

Remark 1 Note that w is skew-symmetric, that is, w(X,Y) = —w(Y, X) for all
X, Y € TM. Recall that in odd dimensions antisymmetric matrices are not in-
vertible. Since w is a non-dengerate 2-form, the skew-symmetric condition implies

that all symplectic manifolds (M, w) have even dimensions.

The symplectic form w on M allows us to associate to each function H €

C>*(M) a vector field Xy, called its Hamiltonian vector field
dH = 1x,w
Note that Xy is unique by the non-dengeneracy condition on w.

Conversely, given a vector field X on M, if X = Xy for some functions H €
C*(M), then X is called a Hamiltonian vector field and H is called its Hamiltonian

function. The Hamiltonian function H is unique only up to an additive constant.



Let G be a compact connected Lie group acting smoothly on M. This action

is called symplectic if it preserves the symplectic form w, that is
Jw=uw

for all g € G. The G-action on M is called Hamiltonian if it is symplectic and each
&, € € g, is a Hamiltonian vector field. In this case, there is a map ¢: M — g*,

called a moment map, satisfying the following properties:

(i) ¢ is equivariant with respect to the G-action on M and the coadjoint action

of G on g*, that is,
¢(g.p) = Ad*(9)(¢(p))

forall pe M and g € G.

(ii) For each ¢ € g*, the function ¢* € C®(M) defined by ¢*(p) = {(¢(p), ) is

a Hamiltonian function for the vector field &,;:

d¢5 = g, W

A compact symplectic manifold (M,w) on which the G-action is Hamiltonian

is called a compact Hamiltonian G-space.

In this Chapter, we will only deal with a compact torus action, so we will use
the T-action on M as our notation instead, where T is a compact torus. Let 7" be
a subtorus in T, @|r: M — ¥ is the restriction of the T-action to the T"-action.

We call ¢|7+ the component of the moment map corresponding to 7" in T'.



1.1.2 Representation ring and Equivariant K-theory

Let G be a compact Lie group, the representation ring of G, R(G), consists
of all formal differences of isomorphism classes of finite dimensional complex-
linear representations of G. Addition in R(G) is given by the direct sum of
representations. Multiplication in R(G) is given by the tensor products of rep-
resentations over C. Alternatively, R(G) can be defined as the free abelian
group generated by all irreducible characters. For example, let T be a maxi-
mal torus in G, let Z(T) = Hom(T,U(1)) be the character group of 7. Then
R(T) = Z|Z (T)]. Note that 2 (T) is a discrete group. The multiplication
is defined by (35 Ag9)(Q_pnh) = >, Aghingh for g € G,h € H,\j,pup, € Z.
In fact, the character group of a torus of rank n is isomorphic to Z". Thus
R(T) = Zlay,a;, ...,a,,a;'] which is a ring of Laurent polynomials with coef-

ficients in Z.

The G-equivariant K-theory of a compact G-space M, KX(M), is the
Grothendieck ring of virtual G-equivariant complex bundles over M. In partic-
ular, if M is a point, then

Ke(pt) = R(G)
In this case a G-vector bundle is just a (finite-dimensional) G-module. If G is

trivial, then we use the notation K°(M) instead.

Given a continuous map M — N where M, N are compact G-spaces, we can
pullback a G-vector bundle on N to the corresponding G-vector bundle on M.
This operation is well-behaved with respect to the isomorphism classes of vector
bundles. We obtain a map f*: K&(N) — K2(M). So, K2 is a functor from
compact G-spaces to commutative rings. Note that Kg(M) is naturally endowed

with a R(G)-module structure because any G-space X has a natural map onto a



point (so that we have the map R(G) — K2(M)). For further properties about

equivariant K-theory, see [S].

The main theme of Chapter 2 is to compute the K-theory of certain compact

manifolds, Weight Varieties, by using techniques in Hamiltonian geometry.

Alternatively, equivariant K-theory can be defined by using equivariant K K-

theory of C*-algebras, see Section 2.2.

1.2 Introduction

For M a compact Hamiltonian T-space, where T" is a compact torus, we have a
moment map ¢: M — t*. For any regular value p of ¢, ¢~ () is a submanifold of
M and has a locally free T-action by the invariance of ¢. The symplectic reduction
of M at u is defined as M//T(u) := ¢~ (u)/T. The parameter p is surpressed
when p = 0. Kirwan [K] proved that the natural map, which is now called the

Kirwan map,
ke Hy(M;Q) — Hp(¢7'(0);Q) = H'(M//T; Q)

induced from the inclusion ¢=(0) C M is a surjection when 0 € t* is a regular value
of ¢. This result was done in the context of rational Borel equivariant cohomology.
In the context of complex K-theory, a theorem of Harada and Landweber [HL1|
showed that

ke Ki(M) — K7(¢7'(0))

is a surjection. This result was done over Z.

In Section 1.3, we give another proof of this theorem by using equivariant



Kirwan map, which was first introduced by Goldin [G2] in the context of rational

cohomology. It can also be seen as an equivariant version of the Kirwan map.

Theorem 2 Let T be a compact torus and M be a compact Hamiltonian T-space
with moment map ¢: M — t*. Let S be a circle in T, and ¢|s :== M — R be the
corresponding component of the moment map. For a regular value 0 € t* of ¢|s,

the equivariant Kirwan map
kst Kp(M) = K1([5'(0))

18 @ surjection.

As an immediate corollary of a result in [HL1], we also find the kernel of this

equivariant Kirwan map.

In Section 1.4, for the special case G = SU(n), we find an explicit formula
for the K-theory of weight varieties, the symplectic reduction of flag varieties
SU(n)/T. The main result is Theorem 12. The results in this section are the

K-theoretic analogues of [G1].

1.3 Equivariant Kirwan map in K-theory

We fix the notations about Morse theory. Let f: M — R be a Morse function on
a compact Riemannian manifold M. Consider its negative gradient flow on M,
let {C;} be the connected components of the critical set of f. Define the stratum
S; to be the set of points of M which flow down to C; by their paths of steepest

descent. There is an ordering on I: i < j if f(C;) < f(C;). Hence we obtain a



smooth stratification of M = US;. For all 7,5 € I, denote
MF =S, M7 =S
j<i j<i
As we are working in the equivariant category, we require that the Morse function

and the Riemannian metric to be T-invariant.

In the following, we will consider the norm square of the moment map. In gen-
eral, it is not a Morse function due to the possible presence of singularities of the
critical sets but the norm square of the moment map still yields a smooth stratifi-
cations and the results of the Morse-Bott theory still holds in this general setting
(Such functions are now called the Morse-Kirwan functions). For the descriptions
and properties of these functions, see [K]. Kirwan proved that the Morse-Kirwan
functions are equivariantly perfect in the context of rational cohomology. For more
results in this direction, see [K] and [L]. In the context of equivariant K-theory,

the following result is shown in [HL1]:

Lemma 3 (Harada and Landweber) Let T' be a compact torus and (M,w) be
a compact Hamiltonian T-space with moment map ¢: M — t*. Let f = ||9||* be
the norm square of the moment map. Let {C;} be the connected components of the
critical sets of f and the stratum S; be the set of points of M which flow down to
C; by their paths of steepest descent. The inclusion C; — S; of a critical set into

its stratum induces an isomorphism K3.(S;) = K3(C;).

For a smooth stratification M = US; defined by a Morse-Kirwan function f,
i.e. the strata .S; are locally closed submanifolds of M and each of them satisfies
the closure property S; C M;r. We have a T-normal bundle N; to S; in M. By
excision, we have

K5(M;", M) = K7(N;, N\S;)



If N; is complex, by Thom Isomorphism we have
K7(N;, Ni\Si) = K~ (s))

where the degree d(i) of the stratum is the rank of its normal bundle N;. Since the
collection of the sets M gives a filtration of M, we obtain a filtration of K3 (M)
and a spectral sequence
Er = D K (7M7) = DK (S), Boo = GriG(M)
iel iel
which converges to the associated graded algebra of the equivariant K-theory of
M. By Lemma 3, the spectral sequence becomes
By =@ E(C),  Ex = GriG(M)
iel
Definition 4 The function f is called equivariantly perfect for equivariant K-

theory if the above spectral sequence for equivariant K -theory collapses at the Ey

page, or equivalently speaking, we have the following short exact sequences:
0 — K3 "N(C) — Kp(M;") — KiH(M;]) — 0

for each i € I.

In [HL1], Harada and Landweber showed the following theorem. (Indeed, they
showed it for compact Lie group G. But in our paper, we only need to consider

the abelian case.)

Theorem 5 (Harada and Landweber) Let T be a compact torus and (M,w)
be a compact Hamiltonian T'-space with the moment map ¢: M — t*. The norm

square of the moment map f = ||9||* is an equivariantly perfect Morse-Kirwan



function for equivariant K-theory. By the Bott-periodicity in complex equivariant

K-theory, we can rewrite the short exact sequences as:

0 — Kn(C;) — Kin(M") — Ki(M;) — 0

Let ¢|s: M — R be the component of the moment map ¢ corresponding to a
circle S in T'. Equivalently we are considering a compact Hamiltonian S-manifold
with the moment map ¢|s. By Theorem 5 above, the norm square of the moment
12

map ||¢|s||* is an equivariantly perfect Morse-Kirwan function for equivariant K-

theory. We can give our proof of Theorem 2 now.

Proof of Theorem 2. Our proof is essentially the K-theoretic analogue of

Theorem 1.2 in [G2]. For the Morse-Kirwan function f = [|@|s|?, denote Cy =

f710) = ¢l5'(0).

First, we need to show that Kx(M;") — Ki(¢|5'(0)) is surjective for all i € 1.

We will show it by induction.

Notice that Ki(My) = K:(Cy) = Ki(d|s'(0)) by Theorem 5. Assume the
inductive hypothesis that Ki;(M;") — K;(Cy) is surjective for 0 < i < k — 1. By

the equivariant homotopy equivalence, we have
Kp (M) = Kp(MiZy)
Hence, we now have the surjection of
K (M) = Kp(M;Z,) — K7(Co) (1.1)

By Theorem 5, we know that Ki(M;") — K%(M,") is a surjection for each i. Using
it and equation (2.12), K;(M;") — K3;(Co) is a surjection and hence our induction

works.



Notice that K} (M) = K}(l‘ug M) = l’&lK}(M;r), these equalities hold be-
cause we have the surjections Kj(M;") — Ki(M;) for all i. Hence we have the

surjection result for kg: Ki(M) — Ki(Cy) = Ki (0|5 (0)), as desired. m

Corollary 6 Let T be a compact torus and M be a compact Hamiltonian T -space
with moment map ¢: M — t*. Suppose that T acts freely on the zero level set of

the moment map. Then
k: Kn(M)— K*(M/]T)

18 @ surjection.

Proof. Choose a splitting of T' = Sy X 53 X ... X Sgj Where each S; is quotiented
out one at a time. Since T" acts freely on the zero level set of the moment map, by

Theorem 2, we have
kst K (M) = K7(¢l5,(0) = Ky, (M//S1)
is a surjection. By reduction in stages, we have
K (M) = K15, (M//51) = Kpjg5, x50 (M/ [ (S1%53)) = ... = Kgyp(M//T) = K*(M//T)
as desired. m

We compute the kernel of our equivariant Kirwan map, which can be seen as a

K-theoretic analogue of [G2].

Theorem 7 Let T be a compact torus and M be a compact Hamiltonian T-space
with moment map ¢: M — t*. Let T' be a subtorus in T. Let ¢|r be the corre-
sponding moment map for the Hamiltonian T'-action on M. For 0 a reqular value

of ¢|r, the kernel of the equivariant Kirwan map

krr: Kp(M) — K7(017/(0))



is the ideal (K% generated by Kb = Ugey K5, where

K5 ={a e Ki(M) | a|c =0 for all connected components C of M with (¢(C),€) < 0}

Proof. Choose a splitting of 7" = 5 x S x ... x S. For each S in 7", let ¢|s be the
corresponding component of the moment map ¢. By Theorem 3.1 in [HL2|, the
kernel of the equivariant Kirwan map kg is generated by K% and Kﬁ for a choice
of generator ¢ € s. By successive application of this result to one-dimensional

subtori of 7", we get our result as desired. m

1.4 K-theory of weight variety

1.4.1 Weight varieties

If G = SU(n), we can naturally identify the set of Hermitian matrices H with
g* by the trace map, i.e. tr: (H) — g* defined by A — itr(A). So A € t* is
just a real diagonal matrix with entries Ai, Ao, ..., A, in the diagonal. Through
this identification, M = O, is an adjoint orbit of G through A. The moment
map corresponding to the T-action on O, takes a matrix to its diagonal entries,
call it p € t*. Hence, O,//T (1), u € t* is the symplectic quotient by the action
of diagonal matrices at p € t*. The symplectic quotient consists of all Hermitian
matrices with spectrum A = (A1, Ag, ..., A,) and diagonal entries = (1, o, .-y fin)-

We call this symplectic quotient O,//T (1) a weight variety.

If A = (A1, A2, ..., Ay) has the property that all entries have distinct values, then
O, is a generic coadjoint orbit of SU(n). It is symplectomorphic to a complete

flag variety in C". In this section, we mainly deal with the generic case unless

10



otherwise stated. For more about the properties of weight varieties, see [Kn|. For
the Weyl element action of any v € W on \ € t¥, we are going to use the notation

Ay = (Ay=1(1), .-y Ay—1()) for our notational convenience in our proof.

1.4.2 Divided difference operators and double Grothendieck

polynomials

Let f be a polynomial in n variables, call them xy, 25, ..., x, (and possibly some

other variables), the divided difference operator 0; is defined as

) _ f(...,$i, Lit1, ) - f(...l’i+1, ZTi, )

aif("'a$i:$i+1a'-' T — 1
i — Tit1

The isobaric divided difference operator is

Wz(f) _ az(l’zf) _ l‘if(...,$i,l’i+1, ) — $i+1f(...,l'i+1,l‘i, )

Ti — Tit1

The top Grothendieck polynomial is
Guala.y) = [T =)

i<j !

Note that the isobaric divided difference operator acts on G4 naturally by m;(Gyq).
And m;(P.Q) = m;(P)Q provided that @ is a symmetric polynomial in z1, xg, ...7,.
So this operator preserves the ideal generated by all differences of elementary
symmetric polynomials e;(xy, ..., 2,) — €;(y1, ..., yn) for all i = 1,...,n, denote this

ideal by I. That is, the operator m; acts on the ring R defined by

+1 +1 41 +1
Zlay, ety Ly

= T

For any element w € S, w has reduced word expression w = s;,s;,...5;, (Where

each s;. is a transposition between i;,7;.1). We can define the corresponding
J 79 Y9+

11



operator:

7]-82‘181‘2...82‘ - ﬂ-sh "'7TSZ‘Z

l

which is independent of the choice of the reduced word expression.

For any u € Sy, the double Grothendieck polynomial G, is:
T,1Gig = G,

Define the permuted double Grothendieck polynomials G by

Gl(2,y) = Gy1u(2, 4y) = o1, Gia(@, yy)

where y, means the permutation of the y, ..., y, variables by ~.

Example 8 For G = SU(3),W = S3, we have

Y2 Y3 Y3
=1-201-2)n-=
Cu= (1= 2)0 =0 -2

Ggi; = 7T(23)(12)Gid($7y(12))

o (1-2)(-2) (-2
1 T T2

nion) (-8)(o8)-m(o8) 0-8) (-

1.4.3 T-equivariant K-theory of flag varieties

We have the following formula for K5(SU(n)/T) (see [F]):
K7(SU(n)/T) = R(T) ®r(e) R(T) = R(T) ®z R(T)/J

12



where R(G) = R(T)" and R(T) are the character rings of G, T where G = SU(n)
respectively. J C R(T) ®z R(T) is the ideal generated by a ® 1 — 1 ® a for all

elements a € R(T)Y. R(T)V is the Weyl group invariant of R(T).
R(T') can be written as a polynomial ring:

R(T) = Kz(pt) = Z[ay", .., ;L]

ey U

In the equation K}.(X) = R(T) ®z R(T)/J, denote the first copy of R(T') by
Zyi, ..., yEt,] and the second copy of R(T) by Z[zi!, ..., 2], Then the ideal J
is generated by €;(y1, ..., Yn_1) — €i(x1, ..., Tp_1),2 = 1,...,n — 1, where ¢; is the i-th

symmetric polynomial in the corresponding variables. Equivalently,

+1 +1
LYy, o Yt Ty ey T

(J’ (H?:l yl) - 1)

Notice that xi_l,i = 1,...,n can be generated by some elements in the ideal J,

Ki(FI(CMY) (1.2)

where J is the ideal generated by e;(y1, ..., yn) — €i(21, ..., z,), for all i = 1,... n.

Let G® be the complexification of a compact Lie group G, B C G® be a Borel
subgroup. In our case, G = SU(n), G = SL(n,C). Then G/T ~ G*/B. G*/B
consists of even-real-dimensional Schubert cells, C,, indexed by the elements in the

Weyl Group W. That is,
C,=B wB/BweW
The closures of these cells are called Schubert varieties:
X,=B_wB/B,weW

For each Schubert variety X,,,w € W, denote the T-equivariant structure sheaf on
X, C GY/B by [Ox,]. Tt extends to the whole of G®/B by defining it to be zero

in the complement of X,,. Since [Ox,] is a T-equivariant coherent sheaf on G®/B,

13



it determines a class in Ko(T, G¢/B), the Grothendieck group constructed from
the semigroup whose elements are the isomorphism classes of T-equivariant locally
free sheaves. The elements [Ox,_] .y form a R(T)-basis for the R(T')-module
Ko(T,G®/B). Since there is a canonical isomorphism between Ko(T, G/B) and
Kr(G®/B) = Kr(G/T) (see [KK]), by abuse of notation we also denote [Ox, ] oy
as a linear basis in K;.(G/T) over R(T).

On the other hand, the double Grothendieck polynomials G,,w € W, as Lau-
rent polynomials in variables z;,y;,i = 1,2,...,n form a basis of Kpyp(pt) =

R(T) ®z R(T) over Kr(pt) = R(T). By the equivariant homotopy principle,
KTXB(pt) = KTXB(Man)

where M,,.,, denote the set of all n x n matrices over C. By a theorem of
[KM], we are able to identify the classes generated by matrix Schubert varieties
in Kryp(M,xn) (matrix Schubert varieties form a cell decomposition of M,,.,,/B)
with the double Grothendieck polynomials in Kp«p(pt). The open embedding

t: GL(n,C) = M,«, induces a map in equivariant K-theory:
*: Kryg(Myxn) = Krwp(GL(n,C)) = K7(GL(n,C)/B) = Kr(SU(n)/T)

Under this map, the classes generated by the matrix Schubert varieties in
Kryp(M,x,) are mapped to the classes, [Ox,] € Kp(SU(n)/T), of the cor-
responding Schubert varieties in SU(n)/T. By identifications of the double
Grothendieck polynomials in Kryp(pt) and the classes generated by the matrix
Schubert varieties in Kryp(M,x,), the map ¢* sends the double Grothendieck
polynomials to the T-equivariant structure sheaves [Ox, | .y, as a R(T')-basis in
Kp(G)T) =2 R(T) ®ge) R(T). For more results about the geometry and com-
binatorics of double Grothendieck polynomials and matrix Schubert varieties, see

KM,

14



By abuse of notations, from now on, we will take the double Grothendieck poly-
nomials G, (x,y),w € W as a basis in K;(SU(n)/T) over R(T). Under our nota-
tions, notice that the top double Grothendieck polynomial G;4(z,y) corresponds
to the T-equivariant structure sheaf [Ox, |, where wy € W' is the permutation with

the longest length, i.e. wyp = s,5,_1...535251.

For more about K-theory and T-equivariant K-theory of flag varieties, for

example, see [F] and [KK].

1.4.4 Restriction of T-equivariant K-theory of flag varieties

to the fixed-point sets

Recall that the flag variety is compact, by [HL2], we have the Kirwan injectivity
map, i.e. the map

o KR(FI(CY) — Ka(FI(C™)T)

induced by the inclusion ¢ from FI(C")T to FI(C) is injective. We compute the
restriction explicitly here. Notice that FI(C")T is indexed by the elements in the
Weyl group W = S,,. The T-action on C” splits into a sum of 1-dimensional vector
spaces, call them [, ...,[,,. The fixed points of T-action are the flags which can be

written as:

P = (o)) C (lw), lu@)) C (lu@)s lw@)s lu@) C - C Loy, o lom)) = C"

where w € W and call
Did = <l1> C <ll,l2> C <l1,l2,lg> C...C <l1, ,ln> =C"

the base flag of C". The description of the restriction map is as follow:
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Theorem 9 Let p,, be a fized point in FI(C™)T as above. The inclusion v,: p, —

FI(C™) induces a restriction

ty: Kp(FI(C") = K7(po) = R(T) = Zly", ... yn |

L yiﬂ,L*: Ty = Yoyt = 1,...,n. Also, the inclusion map

such that %: yF "

2 FI(C™)T — FI(C™) induces a map
o KR (FIC™) = Kp(FIC)T) = @y wewZlyr s - Yo ]

whose further restriction to each component in the direct sum is just the map ¢,.

Proof. Consider K (FI(C")) as a module over Ki(pt) = Z[yf, ..., 4], the map
K7 (FI(C") — Kz(p)

induced by mapping any point p into FI(C") is a surjective R(T")-module homo-
morphism and K (FI(C")) has a linear basis over K (p) = R(T) = Z[y, ..., y].
Hence we must have ¢, : y;tl — y;ﬂ,i =1,...,n, forallw € W. To find the image of
x; under ¢f, first, notice that in K3.(pt), y; = [pt x C;]. C; corresponds to the action
of T'= 5! x ... x St on the i-th copy of C* = C x ... x C with weight 1 and acting
trivally on all the other copies of C. More generally, y,;) = [pt X Coiy]. In K7(ps),
Yo(i) = [Pw X Cuiy], where p,, x C,y(;) is the T-line bundle over the point p,,. By the
Hodgkin’s result (see [Ho|), K7.(G/T) = R(T)®r)K&(G/T) (=2 R(T)@p)R(T)).
Following our use of notations in 1.4.3, z; comes from the second copy of R(T')
(which is isomorphic to K(G/T) under our identification). Hence, each z; is the
class represented by the G-line bundle G xr C; over G/T. T acts on G x C; di-
agonally and G xp C; is the orbit space of the T-action. In particular, x; is a
T-line bundle over G /T by restriction of G-action to T-action. So, ¢} (x;) is just
the pullback T-line bundle of the map ¢,: p, — FI(C"). For i = 1, we have
(1) = [pu X Couy] = Yuw(ny. Similarly, ¢} (z;) = yw@) for i = 2,...,n. And hence

the result. m
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1.4.5 Relations between double Grothendieck polynomials

and the Bruhat Ordering

Recall our definition of the permuted double Grothendieck polynomials G7, in
Section 1.4.2:

GZ}($7 y) = G'yflw(aja y’y) = WwflvGid(xa y'y)

where y., indicates the permutation of the yi, ..., y, variables by v. For v € W,

define the permuted Bruhat ordering by
V<, W ’y’lv < 'y’lcu
Notice that the permuted Bruhat ordering is related to the Schubert varieties
in the following way: Each of the T-fixed points of a Schubert variety X, sits in

one Schubert cell C, (the interior of a Schubert variety) for v < w. So the T-fixed

point set can be identified as:
(X)T = {v | v < w}
For a fixed v € W, we can define the permuted Schubert varieties by
X} =7B-y"wB/B
for any w € W. Then the T-fixed point set of X are
(X)) = {v]v <, w)
Notice that {X7},ew also form a cell decomposition of G*/B ~ G/T.
Define the support of the permuted double Grothendieck polynomials by
Supp(GY) ={z € W[ G]|. # 0}

17



Here we consider G as an element in K;.(FI(C")) (see Section 1.4.3). So G7|.
is the image of G under the restriction of the Kirwan injective map at the point
z € W. That is,

Ve Kp(FI(C")) = Kp(p-)

Notice that the restriction rule follows Theorem 9. That is,

Gl(l’;yﬂz = GZ(I’l,SUQ, <oy Ty Y,y 7Z/n)‘z = Gw(yz(1)7yz(2)7 "'7yz(’n)7y17 7y7l>

Example 10 Using the same notations as in the example in 1.4.2, Ggg =(1-

%) € K;(FI(C?)). There are six fixed points for each element in Sj,

Gg;’% #0G23\123 # 0, GE§§| =0

12 12 12
23%| 132) =0, G523§|(12) 7& 07 GE23;|id 7é 0

So the support of a permuted double Grothendieck polynomial contains

id, (12),(23),(123). On the other hand,

(Xoa)" = {veSs| (12)v < (12)(23) = (123)}

= {ve S| (12)v <id,(12),(23) or (123)}

= {veS3|v<(12),id,(123) or (23)}

which is the same as Supp(Ggg).

Now we show a fundamental relation between the permuted double

Grothendieck polynomials and the permuted Bruhat Orderings:

Theorem 11 The support of a permuted double Grothendieck polynomial G, is

{o]v<, w)

18



Proof. We need to show Supp(G,,) = (X,)? first. We do it by induction on the
length of v € W, I(v), which stands for the minimum number of transpositions in

all the possible choices of word expressions of v.

For w = id, G4 is just the top Grothendieck polynomial. It is non-zero only at
the identity and zero at all the other elements. Assume the inductive hypothesis
that Supp(G,) = (X,,)T for all I(w) < I — 1. Consider v € W,I(v) = I, write
U = 8;, Si,..-8;, Where each s;, is a transposition of elements i;,7; + 1, let w = vs;, =

Siy---Si_y, 80 l(w) =1 —1 and

Gv|z = 7Tv*1G|z = 7Til7Til_1...7Ti1G|Z = ﬂile|z
2 Go(,y) — 2 Gols,, y) |
Lip — Lig+1 ’

_ yz(zl)GW<yZ7 y) - yz(zl-l-l)Gw(yZSzl ) y) (1 3)
Ya(ir) = Yz(i+1)

First, to prove that Supp(G,) C (X,)?, suppose that z & (X,)7, then z & (X))

since w < wv. Since l(w) = [ — 1, we have z &€ Supp(G,). That is Gy, (y.,y) = 0.

Hence,
_yz(il+1)Gw (yzsil ) y)

Gv|z -
Ya(ir) = Yz(i+1)

We claim that it is zero. If it were not zero, then Gw(yzsil Y) = Gu(z,y) asi, £ 0.
Equivalently, zs;, € Supp(G,) = (X,)'. If 2 < zs;, then z € (X,)” which
contradicts z ¢ Supp(G,,) shown before. If z > zs; , then s;, increases the length
of zs;,. Then zs; € (X,)7 implies that z € (X,)” which contradicts z & (X,)7.

So the claim is proved. i.e. 2 ¢ (X,)T = G,|. =0 2z € Supp(G,).

Second, we need to prove that (X,)” C Supp(G,). Suppose that z & Supp(G,),

i.e. Gy, = 0. Assume that z € (X,)7. From (1.3),

yz(mGw (yza y) = yz(il+1)GW(yzsil ) y) (1'4)

Now there are two cases, z = v and z # v. We consider these two cases separately.
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If z=w, then z € w (since [(w) =1 —1 and I(2) = l(v) = )& 2 € (X,)T =

Supp(G,) & Gul, = 0 < Gu(y.,y) =0 < Gw(yzsil,y) = 0. The last equality is

by (1.4). So we now have G, (z,y) sy, = 0 € 28y, ¢ Supp(G.) = (X,)T. Since

zs;, = vs;, = w € (X,)7, it’s a contradiction.

If z # v, then I(2) < I(v), then l(z) < [—1. Let t € W with [(t) = [—1 such that

/

z < t. Although ¢ may not be the same as w but ¢ = v's;; for some j € 1,....1 (v
is another word expression for v) By our inductive hypothesis, Supp(G;) = (X;)7,

SO

z € Supp(Gy) & Gi(y=,y) = Gi(w,y)]. # 0 (1.5)

But zs;, £ t implies that zs;, & (X;)" = Supp(G,). By (1.4), (but now we have w
replaced by ¢), Gy(yzs,,y) = 0. By (1.3) and (1.5), we have G,[. # 0 contradicting

our initial assumption that z ¢ Supp(G,).
Hence, we have z € Supp(G,,) = z ¢ (X,)”. The induction step is done.

Then we need to show that the statement holds for the permuted double
Grothendieck polynomials, i.e. Supp(G?) = (X2)T. By definition, GY/(z,y) =

G'y—lw(xv y’y)a S0,
SuppG,-1,(7,y) = (X’rlw)T ={veW|v<ylw}
By permuting the y’s variables by 7, we obtain

Supp(GY) = SuppG,-1,(7,y,)
= {weW|v<ylw}
= fveW |y w<yw}

= {(x)"}
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1.4.6 Main theorem

In this subsection, we prove the following result:

Theorem 12 Let Oy be a generic coadjoint orbit of SU(n). Then

2Lz, ...,xn,ylﬂ]

(1, (L= vi) = 1), mG(x, )

for allv,r € S, such that Y77, Aoy < D oipyq M) for some k =1,..,n—1. T

I

K*(Oz//T (1))

is the difference between e;(xy, ,xn) —e;(y1, .., yn) for alli =1,....,n, where e; is

the i-th elementary symmetric polynomial.

It is a K-theoretic analogue of the main result in [G1].

To make the symplectic picture more explicit, we denote M = O, ~ SU(n)/T
to be the generic coadjoint orbit. So we have K7(M) = K5 (O,) = K5 (FI(C™)).
For A € t, A = (A\q, ..., \n), assume that A\; > Ao > ... > A\, and A\; + ... + A\, = 0.
Since M = O, is compact, MT has only a finite number of points. The kernel of
the Kirwan map x is generated by a finite number of components, see Theorem
7 and [HL2]. More specifically, let Mg‘ C M,¢ € t be the set of points where

the image under the moment map ¢ lies to one side of the hyperplane ¢+ through

= (1, ..., 1) € t5 i€

Mg ={m e M| (£ o(m)) < (& u)}
Then the kernel of k is generated by

K¢ = {a € K3(M) | Supp(a) C M}

That is,

ker Z Kg

fet
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Now, we are going to compute the kernel explicitly. Our proof is similar to the
results in [G1]. In [G1], Goldin proved a very similar result in rational cohomology
by using the permuted double Schubert polynomials as a linear basis of Hj}.(M)
over Hi(pt). In K-theory, the permuted double Grothendieck polynomials are
used as a linear basis of K5(M) over K (pt) = R(T'). The following lemma will

be used in our proof of Theorem 12:

Lemma 13 Let O, be a generic coadjoint orbit of SU(n) through X € t*. Let
a € K7(0y) be a class with Supp(a) C (Oy);. Then there exists some y € W such

that if o is decomposed in the R(T')-basis {G) }wew as

where al, € R(T), then al, # 0 implies Supp(G]) C (Oy);. Indeed, v can be chosen

such that & attains its minimum at ¢(\,), where Ay = (A\y-171), ..., Ay-1)) € t".

Proof. The proof is essentially the same as Theorem 3.1 in [G1]. m

Proof of Theorem 12. : Let ¢; be the coordinate functions on t*. That is, for

A= (A1, A2, o Ay) €15, e;(N) = \;. For v € S, define 7, by

n

=Y e

i=k+1
We compute M 7’; ; explicitly:
MY = {me M| (g, 6(m)) < ()}
= {me M|[nl(o(m)) <nl(n)}

= {meMnem) <> o}
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For any w € W,

n

M) = Y eme) = D einAu11) o dumi(n)

i=k+1 i=k+1

= > A

i=k+1

Notice that 7],;’ attains minimum at A, (due to our assumption that A\; > Ay > ...

v

An) and respects the permuted Bruhat ordering, i.e.

HZ(M) < TIZ(/\w)

if v <, w. By restriction to the domain Supp(G}) = (X)) ={ve W |v <,
w}={veW |y v <~y 1w} n attains its maximum at A\, and minimum at A,.

If 90 (Aw) = 2oiipis Awty() < Doimpp Hy(), then for v e (X7)7,

M) = D Ay € D Ay < D e

1=k+1 i=k+1 i=k+1

and hence
Supp(GY) = (XZ)T ={velV| vl < 7_1w} C M:}I

Since G (x,y) = m,-1,G(x,y,), we have m,G(x,y,) € ker(x) if D77, . Ay <

Z?:kﬂ Hoy (i) -

For the other direction, we need to show that the classes 7,G(x,y,) with v,y €
W having the property that > ", | Ay < Doipiq ey for some k € {1,...,n—1}
actually generate the whole kernel. Let @ € Ki5(M) be a class in ker(k), so
Supp(a) C M{ for some § € t. We take v € W such that {(\,) attains its
minimum. Decompose « over the R(T')-basis {G] },ew,

_ TG
oz—E al G

weWw
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where @) € R(T). By Lemma 13, we need to show that Supp(GY) C M;@ for
k
some k. Since 7] is preserved by the permuted Bruhat ordering and attains its

maximum at A, in the domain Supp(G?), we just need to show that

m(Aw) < (k) (1.6)

for some k. It is actually purely computational: Suppose (1.6) does not hold for
all k. We have

Aomtatm) 2 o)

Aomiy@) ot Artam) 2 @)+ )

For £ = Y7  bie;,by,....,b, € R (recall that £ attains its minmum at A, by our
choice of v € W), we have £(\,) < &();,,) where s; is a transposition of 4 and i+ 1.

And hence

bidy=1() + bip1 Ay —13i11) < bidy—1(i41) + biga X135

By our assumption that A\; > A1, we get by < byir1). And hence b1y < byg) <
.. < b,y(n). Then,

(bym) = byn-)Awt3m) 2 (Bym) = byn1)) ()

(0y(n-1) = by(n-2) A1) T Awmtym)) = (byn=1) = byn—2)) (ly(n—1) + Hoy(m))

(0y2) = by(1)) Awm14(2) T oo T Aumtym) = (By2) = by)) (Ha(2) + -+ ()
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Using > 7 ;A\ =0=>"", y; and summing up all the above inequalities to get

D iAo =Y bi
=1 =1
N z": bido-1) = z”: bifii
i=1 i-1
&) = &)

the last inequality contradicts Supp(a) C M{ since ), has the property that

w € Supp(a). So (1.6) is true.

So the kernel ker(k) is generated by the set 7,G(x,y,) for v,y € W satisfying
Do i1 Ao(i) < D Moy for some B =1,...,n—1. By (1.2) and the surjectivity

of the Kirwan map &,
ki K7(SU(n)/T) = K3(0)) = K7(67 (1) = K*(05//T (1))

It implies that
K*(O5//T (1)) = K7(Ox)/ ker (k)

With ker(x) explicitly computed and by (1.2), Theorem 12 is proved. m

1.5 K-theory of symplectic reduction of generic coadjoint
orbits

The goal of this section is to generalize the results in 1.4 to the K-theory of

symplectic reduction of generic coadjoint orbits.

For a compact, connected and simply connected Lie group G, we consider the
coadjoint orbit O, of G through a point A € t*, where t* is the dual of Lie algebra

of the maximal torus 7" C G. O, is diffeomorphic to the flag variety G/T. O, is
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a symplectic manifold with a symplectic form w known as the Kirillow-Kostant-
Souriau form. The torus T" acts on O, by left multiplication on the coset ¢g7'. The

T-action on O, is Hamiltonian. Hence, there is a moment map
QZ5Z @ A t*
The image of the moment map ¢ is the convex hull of W.\, a Weyl group orbit

of \. We assume that A sits in the fundamental chamber in t*. For a regular value

i1 € ¢(O,), we have the symplectic reduction at u:

¢~ (1)/T = Ox//T (1)

By Corollary 6, we have the Kirwan surjective map:
ki K(O0)) = Kp(¢™ (1)
For the T-equivariant K-theory of O, = G/T, we have the following formula
for Ki(G/T), see [KK]:
K7(G/T) = R(T) ®r() R(T)
The inclusion iz from (G/T)T to G/T induces a map
ip: Kr(G/T) — Kr((G/T)") = F(W, R(T))

where F(W, R(T)) is the set of functions from the Weyl group W to R(T). It is
shown in [KK] that i is injective and the image i%.(K7(G/T)) is isomorphic to a
R(T)-subalgebra in F(W, R(T)), in which a R(T)-basis {¢,, }wew exists. By pulling
this R(T")-basis back through ¢%., we obtain a R(T')-basis of Kr(G/T), denote each
element in this basis by z,, = (i%) ' (¢,) for all w € W. For the details of the proof

and the construction of the basis {¢, twew in F(W, R(T)), see [KK].
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Define the support of of any class a € K5(O0,) = K;(G/T) by

Supp(a) = {vA: ip(a)(v) # 0}

In particular, it is shown in [KK] that
Supp(z,) = {vA: w < v}

where the elements w,v € W are ordered by the Bruhat order. Fix v € W and for
all w € W, define ¢} by

¢Z = 7'¢'y—1w

where the action of v € W on ¢.-1,, is defined by

/y'gbvflw(v) = ¢7’1w(7_lv)

Define
), = (ip) "' (4))

It is quite obvious that
Supp(z)) = {vA: 77w <y Mw}
and {x) },ew form a R(T)-basis of K7(G/T) = K7(O,).
For £ € t, define f¢(x) on O\ = G/T by
Jfe(x) := (&, 0(x))
It is well-known that f, is a Morse-Bott function.

Let Ay, ..., \; € t* be the fundamental weights associated to the positive Weyl

chamber of t*. Denote the Weyl chamber explicitly by
C={amM +aro+..+aqN|a>01=12, 10}
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Denote the closure by C. We have the following lemma on the behaviour of the
Morse-Bott function fe in terms of the fixed-point set WA = {wA | w € W} in t*,

see [GM].

Lemma 14 (Goldin and Mare) Let v € W and £ € vC. If v'v <y lw, then
fe(0A) < fe(wh).

Lemma 15 Suppose that © € K5(O,) has the property that

P(Supp(w)) C{y € t* | (&) < (& y)}

When x is decomposed in the basis R(T)-basis {x]},ew as

— Y
T = E alx)

weWw

where a), € K5(pt) = R(T'), such that if a), # 0 then

o(Supp(x])) C{y € [ (£, ) < (& u)}

Proof. Suppose £ € vC, we look at the decomposition of x in the R(T)-basis

{ZL’Z} }wEW- Let

W' ={weW [{p) < (§wA)}

Then write

— E ( Vol — E ( Y Y Yo v o
T = a,r) = ATy, + Ay T+ oo+ ay Ty
weW weWw’

For all v;, i = 1,2, ....n,
<£7U’i> < <€,/L>

and

ay. #0
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We can rearrange v; such that v; has the property that there exists no j > 1 such
that v~ 'v; < 47 tuy. Since (§,v1\) < (&, 1) < (§,w) for w € W’ and by Lemma

14, we know that v, A ¢ Supp(z?) for w € W’. Hence, we have

ir(xl)(v1) =0

for w € W’. Similarly,
ip(z))(v1) =0

since v~ tv; £ v 'v;. Hence,

(Y alal +alal + .+ a]a) )(v) =al, #0
wew’

So it means that @%.(z)(vy) # 0. That is, v;A € Supp(z). But (&, 11 A\) < (&, p).

Contradiction. m
Now we can state our main theorem:
Theorem 16 Let Oy = G/T be a generic coadjoint orbit of a compact, con-

nected, simply-connected Lie group G. K}x(¢~'(u)) is isomorphic to the quotient
of K5.(G/T) by the ideal generated by

{27 | there exists j such that (Aj, v ) < (\j,7 oA}

Proof. Suppose v,y € W have the property that

<>‘j7 ’7_1ﬂ> < <)‘j> ’y_lv)‘>

for some 1 < j <. Let £ = v)\; € 7C, if w\ € Supp(z]), then v 'v <y 'w. By
lemma 14, we have

(€ 1) < (& vA) <(§wA)
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Hence, ] € ker(x), where & is the Kirwan map
Kt Kp(05) = Ki(67 (1)

For another direction of the proof, let us consider a class x € Ki(O,) sitting in

ker(k). Equivalently, = has the property

Supp(z) C{y € t" [ (& 1) < (€, v)}

for some ¢ € t*. Suppose 7 € W has the property that £ € yC, x can be

decomposed over the R(T)-basis {z] }uew:

— VY
T = E a),x),

weWw
By lemma 15, if a), # 0, then

(&, )y < (& wA)

We can write £ € t* as
1
=7 a)
j=1

where a; > 0 for all j. These two equations imply that we must have

(YA, 1) < (YA, wA)

for some j € {1,2,...,1}. It means that any class x € ker(k) C K7(O,) is generated

by some classes x7, described in theorem 16. m

Remark 17 This result is very similar to [GM], where the rational cohomology
H*(0,//T (1)) is computed. Our result is slightly different since our T-equivariant
K-theory K7(0O,) is over Z, instead of Q. Hence, due to the possible presence of
torsion elements, K%(¢!(u)) may not be isomorphic to K*(O,//T(w)). This
isomorphism holds when G = SU(n), or at the very reqular value p of the moment

map for any flag variety G/T where G is a compact connected Lie group, see [Sj].
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CHAPTER 2
DIVIDED DIFFERENCE OPERATORS ON KASPAROV’S
EQUIVARIANT KK-THEORY

2.1 Introduction

Let G be a compact connected Lie group, T be a maximal torus of G and X
be a compact G-space. In [A], Atiyah showed that K}(X) is a direct summand
of K5(X). The restriction map from the G-equivariant K-ring K (X) to the
T-equivariant K-ring K7 (X) has a natural left inverse. This pushforward ho-
momorphism is defined by means of the Dolbeault operator associated with an
invariant complex structure on the homogeneous space G/T. In [HLS], Harada,
Landweber and Sjamaar showed that the action of the Weyl group W on K;.(X)
extends to an action of a Hecke ring & generated by divided difference operators,
which was first introduced in the context of Schubert calculus by Demazure [D3].
The ring 2 contains an augmentation left ideal 1(2) and they showed that K (X)

is isomorphic to the subring of K}(X) annihilated by I(2).

This chapter can be seen as a natural generalization of these results from
equivariant K-theory to equivariant K K-theory introduced by Kasparov [K1],
[K2]. First, we extend the action of the ring & to the Kasparov’s T-equivariant
KK-group KKr(A, B) where A and B are G-C*-algebras. Next, we show that
K Kg(A, B) is isomorphic to K Kr(A, B) annihilated by I(2). The key results of
this paper rely on theorems due to Wasserman [W]. Since it is unpublished, T will

prove Wasserman’s Theorems in Section 2.6 and 2.7.

31



2.2 The definition and properties of K K-theory

Kasparov’'s K K-theory is a bivariant functor that assigns an abelian group
KK(A, B) to the C*-algebras A and B. The abelian group KK (A, B) is con-
travariant in A and covariant in B. If G is a group acting on A and B in a reason-
ably nice way, then we also have the equivariant K K-theory group K Kq(A, B).
As in the case of K-theory, K K-theory has an even and an odd part, we will only

deal with the even part in this thesis.

The construction of K K-theory was motivated by index theory, and in particu-
lar by a desire to find generalizations and more elegant proofs of the Atiyah-Singer
Index Theorem. The definition of K K-theory is fairly technical. This section may
serve as a rapid introduction to the basic properties of K K-theory. More informa-
tion in K K-theory can be found in Kasparov’s original papers [K1], [K2], see also

[B] and [JT].

Definition 18 A C*-algebra is a complex Banach space (A4, ||.||) equipped with
an associative bilinear product (a,b) — ab and an anti-linear map a — a* of order

2, such that for all a,b € A, we have the following properties:

(ab)* = b*a*
lladl| < lall|[b]]

laa*[] = [lalf*

A x-homomorphism of C*-algebras is a homomorphism of algebras that inter-

twines the star operations. These homomorphisms are automatically bounded.

It follows from the definition of C*-algebra that ||a*|| = ||a|| for all @ in a
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C*-algebra.

Example 19 Let X be a locally compact Hausdorff space. A complex-valued
function f on X is said to wvanish at infinity if for all € > 0 there is a compact
subset C' C X such that for all z € X —C, we have |f(z)| < e. The vector space of
continuous functions on X vanishing at infinity is denoted by Cy(X). The norm on
this space is the supremum norm. The multiplication of two functions is defined by
point-wise multiplication. The anti-linear map is defined by f*(z) := f(z). Then
Co(X) is a commutative C*-algebra. Note that if X is compact, then all functions

on X vanish at infinity. In this case, we use the notation C'(X) to stand for the

set of all continuous functions on X.

In fact, every commutative C*-algebra is isomorphic to the C*-algebra of con-
tinuous functions that vanish at infinity on a locally compact Hausdorff space, by

Gelfand-Naimark Theorem.

In this thesis, all C*-algebras are assumed to be separable. This assumption is
necessary for the definition of Kasparov product in K K-theory. A commutative
C*-algebra Cy(X) is separable if X is metrisable. Because we usually work with

smooth manifolds, this assumption is not an important restriction.

Remark 20 Let A, B be C*-algebras, we can form the algebraic tensor product
A ® B with the *-map defined by (a ® b)* = a* ® b*. It is easy to show that at
least one norm can be defined on A ® B. In general, there may be more than one
way to define a C*-norm on A ® B. The minimal C*-norm on A ® B is called the
spatial norm. And by abuse of notations, we denote A ® B the C*-completion of

the algebraic tensor product of A and B under the spatial norm and call it spatial
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tensor product. All tensor products of C*-algebras in this thesis are taken to be
the spatial tensor products. A is called a nuclear C*-algebra if A ® B admits only
one norm for any C*-algebra B. The set of nuclear C*-algebras forms an important
class of C*-algebras and has been studied extensively by C*-algebraists. For an
introductory course on this topic, see [Mu]. We will not make use of any technical
aspect of this theory in this thesis. But it is worth pointing out an important

theorem by Takesaki that every abelian C*-algebra is nuclear, see Theorem 6.4.15

in [Mu].

Definition 21 Let A be a C*-algebra. A Hilbert A-module is a complex vector
space E, equipped with the structure of a right A-module, and with an ‘A-valued
inner product’ (—,—): E x E — A which is additive in both entries and has the

following properties for all e, f € FE, a € A:

{e.fa) = (e, fla

(e, ) = (f.e)
(e,e) > 0
and F is complete in the norm ||.|| defined by ||e||* = [|{e, €}|| .

A homomorphism of Hilbert A-modules is a A-module map that preserves the

A-valued inner products. An isomorphism is a bijective homomorphism.

If A = C, then a Hilbert C-module is nothing more than a Hilbert space. So
Hilbert modules over C*-algebras can be seen as a generalization of Hilbert spaces.
The motivating example of Hilbert A-modules that is used in this thesis is the

following.

Example 22 Let X be a locally compact Hausdorff space, and let E be a complex
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vector bundle over X, with a Hermitian structure (—, —). Let I'((EF) be the space
of continuous sections s of E such that the function x — (s(z), s(z)) vanishes at
infinity. Then I'o(£) is a Hilbert Cp(X)-module, whose module structure is given

by pointwise multiplication and with the Cy(X)-valued inner product

(s,0)(x) := (s(), 1(2))

for all s, € I'o(X) and = € X.

As an analogue to the tensor product of two Hilbert spaces, we can form a

tensor product in a similar way as follows.

Let E be a Hilbert B-module and F' a Hilbert C-module. The algebraic tensor
product E ®c¢ F' is a right module over the algebraic tensor product B ®¢ C such
that (e®c f)b®cc = eb&c fefore € E| f € F,b € B,c € C. By considering B&¢C
as a dense *-subalgebra of the spatial tensor product B&C, we can define a B&® C-
valued ‘inner product’ on £ ®¢ F as the map (—, —): EQc F X E®cF - B®C
by

(e®c f,e1®c f1) = (e, e1) @ ([, f1)

Then E ®c F is almost a pre-Hilbert B ® C-module, the difference being that it is
only a right module over the dense *-subalgebra B ®¢ C' of B® (', not over B® C'
itself. Then we consider the B&cC-submodule N = {x € EQcF|(x,x) = 0}. Take
the completion of E ®¢ F/N in the norm ||(—, —)||2. It is a right B ®¢ C-module
and we have the inequality ||zb|| < ||z||||b]| for all z € E ®c F/N and b € B®¢ C.
Therefore we can extend the right B ®¢ C-module structure by continuity in two
steps to obtain a right B ® C-module structure. We call such a construction
external tensor product of E and F', which turns a product of Hilbert B-module

and Hilbert C-module into a Hilbert B ® C-module. By abuse of notations, we
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denote E'® F the external tensor product of E and F. It is not to be confused with
the internal tensor product of E and F' that will be defined and used extensively

a while later.

As an analogue to the algebras of bounded operators on a Hilbert space, we

have the following generalization to Hilbert C*-modules.

Definition 23 Let A be a C*-algebra, and let E be a Hilbert A-module. The
algebra B(E) of adjointable operators on E consists of the C-linear A-module map

T: E — E such that there is another C-linear A-module map T™* that satisfies
(Ta,b) = {(a, T*b)

for all a,b € E.

By definition, it is plain to show that all adjointable operators are bounded with
respect to the norm ||.||g. A simple argument by Riesz Representation Theorem
shows that every bounded linear operator on a Hilbert space is adjointable. But

in general, it is not true that every C-linear A-module map is adjointable for a

Hilbert A-module when A # C, see [Sk].

B(E) is a C*-algebra in the operator norm, with the anti-linear map defined

by T — T*.

Next, we will define the set of compact operators on Hilbert A-modules as an

analogue to the set of compact operators on Hilbert spaces.

Definition 24 The subalgebra F(E) C B(E) of finite rank operators on E is

algebraically generated by operators of the form

9617622 €3 — €1 <€2, €3>
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for ey, e9,e3 € E. The C*-algebra K(E) of compact operators on E is the norm
closure of F(E) in B(E).

Note that, by the following computation:

(Ocreo (), ) = (erlez, z),y)
= (y,ex(ez, 7))
= ((y.er)(e2,2))"
= (e2,2)"(y,e1)"
= (z,e2)(e1,y)
= (2, ealer, )

= (2,0c5.0, (V)

We have 0, ., =0 . € F(E).

€2,€1

The basic building blocks of K K-theory are the Kasparov bimodules.

Definition 25 Let A, B be C*-algebras. A Kasparov (A, B)-module is a triple
(E, ¢, F) such that

(i) £ is a countably generated Hilbert B-module.
(i) ¢: A — B(E) is *-homomorphism.
(iii) F' € B(F) is an adjointable operator such that for all a € A, [F, ¢(a)] €

K(E),(F — F*)¢(a) € K(E) and (F? — 1)¢(a) € K(E).

To define equivariant K K-theory, we need to use Zy-graded Kasparov modules
which are equipped with suitable actions by a group G. We always assume that G

is a locally compact Hausdorff group that is second countable.
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Definition 26 A Zs-graded Hilbert A-module is a Hilbert A-module F with a

decomposition Ey @ E; such that ea € Ej, for all a € A and e € E), where k =0, 1.

Note that a Zs-grading on a Hilbert A-module E naturally induces Z,-gradings
on the C*-algebras B(E) and F(E).

Definition 27 A C*-algebra A is a G-C*-algebra if G acts on A by *-
automorphism and the map g — g.a is a continuous map. If A is a G-C*-algebra,
then a G-Hilbert A-module is a Hilbert A-module equipped with a continuous left

action of GG by bounded, invertible C-linear operators such that
(i) For all ej,e5 € E and g € G, one has (g.e1, g.ea) = g.(e1, €2).

(ii) For alla € A, g € G, e € E, one has g.(ea) = (g.€)(g.a).

The G-C-alebras we will use are all of the from Cy(X), where X is a G-space.

A Zs-graded G-Hilbert A-module is a G-Hilbert A-module with a Zs-grading
and the G-action respects the grading. An operator F' € B(F) has degree 1 if F
reverses the grading on F = Ey @ F4, that is, F' sends elements in Ey (the even
part) to elements in E; (the odd part), and sends elements in F; to elements in

Ey.

Definition 28 Let A, B be G-C*-algebras. A Zs-graded equivariant Kasparov
(A, B)-module is a Kasparov (A, B)-module (F, ¢, F') with the following additional

properties:

(i) £ is a Zy-graded G-Hilbert B-module
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(ii) ¢: A — B(F) is a G-equivariant *-homomorphism which respects the Zo-

gradings, where G acts on B(F) by conjugation.

(iii) F' € B(F) has degree 1 and has the properties that the map g — gFg™!
from G to B(E) is norm-continuous. And (gFg~' — F)¢(a) is compact, that is,
(gFg~" — F)é(a) € K(E).

Remark 29 By Prop. 20.2.4. in [B], when G is compact, F' € B(F) can be
assumed to be G-invariant. Then in Definition 28 (iii) above, (¢Fg~! — F)¢(a) =

0 € K(F). We will make use of this proposition in Section 2.6.
Define Eq (A, B) to be the set of all Zy-graded equivariant Kasparov (A, B)-

modules. We have the following operations on E¢ (A, B).

(i) Direct Sum: Let (Ey, 1, F1), (Fa, ¢o, F3) € Eg(A, B). We can then form
the G-Hilbert B-module E; @ E,. Given Fi, F, € B(FE), we can define an element
F1 D FQ S B(El D EQ) by

Fy & Fy(ey,e3) = (Fiey, Faes)

for e; € Fy and ey € Ey. It is easy to see that F} @ Fy € K(E; @ Es) if and only if
Fy € K(F) and F; € K(E,). Similarly, define ¢; ® ¢o: A — B(E; @ Es) by

$1 @ P2(a) = ¢1(a) @ da(a)
Then (El D Eg,gbl D ¢2,F1 D FQ) S Eg(A, B)

(ii) Pullback: Let (E, ¢, F) € Eq(A, B) and let ¢o: C' — A be a G-equivariant
s-homomorphism. Then (E,¢ o ¢, F) € Eq(C,B) which is also denoted by
v (E, ¢, F).
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(iii) Pushout: Let (E,¢,F) € Eg(A,B) and ¢: B — C be a G-equivariant
*-homomorphism. We can form the G-Hilbert C-module £ ®, C as the internal
tensor product of two Hilbert modules. It is defined as follows: First we form the
algebraic tensor product E ®p C' which is a right C'-module in the obvious way:
(x ®@p y)c = x ®p ye. We can define a map (—,—): E®pC x E®@pC — C to
be the map which is linear in the first variable and conjugate linear in the second,

and satisfies
(1 ®p T2, y1 @B Yo2) = (T2, Y ({21, Y1))Y2)

for x1,y, € E, x9,y, € C. This is legitimate since

(W), V({T1,y1))y2) = (T2, Y ({710, Y1))Y2)

(2, ¥ ({21, y1))Y(b)y2) = (@2, Y ({x1, 11b))y2)
forallb € B. Set N = {z € E®pC|(z,z) = 0}. Then N is an C-submodule and we
can consider the quotient EQgC'/N and the quotient map ¢: EQpC — E®QgC/N.
Then F®pC/N is a right C-module by ¢(z)c = ¢(xc),z € EQpC,c € C. And we
can define the C-valued inner product on E®pC/N by (q(x),q(y)) = (z,y),z,y €
FE®pC. The completion with respect to this pre-norm is denoted by £'®,, C. The
G-action on E ®, C' is defined by g.(e ®y ¢) = (ge ®y gc),g € G,e € E,c € C.
E ®, C is called the internal tensor product of £/ and C'. Then the pushout
Y (E, ¢, F) is defined by (£ ®,, C, ¢ ®id, F ®1id), which is an element in Eq(A, C).

The equivariant K K-theory K Kg(A, B) is the set Eg(A, B) modulo certain

unitary equivalence and homotopy relation as defined as follows.

Definition 30 Two Zs-graded equivariant Kasparov (A, B)-modules (Ey, ¢g, Fo),
(E1, ¢1, F1) are said to be wunitarily equivalent if there is a G-equivariant isomor-
phism of Hilbert B-modules Ey = E; that respects the gradings, and intertwines
Fy and Fy, and ¢g(a) and ¢(a) for all a € A.
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Definition 31 Two Zs-graded equivariant Kasparov (A, B)-modules (Ey, ¢g, Fo),
(E1, ¢1, F1) are said to be homotopic if there exists a Zs-graded equivariant Kas-
parov (A, C([0,1], B))-module (E, ¢, F') with the following property. For j = 0,1,
let ev;: C([0,1], B) — B be the evaluation map at j. Then (ev,).(E, ¢, F) =

(E ®ev; B, ¢ ®@1id, F ®id) is unitarily equivalent to (E}, ¢;, F}).

Remark 32 A special case of homotopy of Zs-graded equivariant Kasparov
(A, B)-modules is operator homotopy. Two Zs-graded equivariant Kasparov
(A, B)-modules (F, ¢, F) and (E,¢,F') are said to be operator homotopic if
there is a norm-continuous map t +— F; from [0, 1] to B(E) such that for all ¢,
(E,¢,F;) € Eg(A,B) and Fy = F and F; = F. If two Zy-graded Kasparov
(A, B)-modules are operator homotopic, then they are homotopic. The two homo-
topy relations are equivalent when the C*-algebra A of Eg(A, B) is separable, see
Section 2.1 in [JT].

Definition 33 The equivariant KK-theory of A and B is the abelian group
K Kg(A, B) of Zs-graded equivariant Kasparov (A, B)-modules modulo homotopy,

with addition induced by the direct sum. The inverse is given by

—(Eo® Er, ¢, F) = (EW @ Ey, 9, —F)

We call an element (E, ¢, F) € Eg(A, B) degenerate when [F, ¢(a)] = (F? —
Dg(a) = (F* — F)p(a) = 0 for all a € A. The class of degenerate elements
is denoted by Dg(A, B). It is not too difficult to show that every element in

D¢ (A, B) is homotopic to 0, see Lemma 2.1.20 in [JT].

Example 34 Let (M,w) be a symplectic manifold. There is a natural almost

complex structure associated with the symplectic form w of M. Let A = Cy(M)
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and B = C. Let D' = 9 + 0* be the Dolbeault operator acting on smooth forms
with compact support. Let H be the Hilbert space of L2-forms of bidegree (0,*)
on M, that is, H = L?(A% (M)). H is a Hilbert space graded by decomposing
the forms into even and odd forms. Then D’ is an essentially self-adjoint operator
(see [HR]) of degree 1. Note that D’ is an unbounded operator. Let f be the
real-valued function defined by f(z) = x/v/1 + 22. By functional calculus, define
F = f(D'). F is now a bouned operator acting on the smooth forms with compact
support. Extend such an action to H by continuity. By abuse of notation, this
operator is denoted by F. Let m be the function multiplication of Cy(M) on H.
Then [H,m, F] € KK(Cy(M),C). It is also called the Dolbeault element of M,
denoted by [Da].

Remark 35 The Dolbeault element serves as an important motivating example
for K K-theory. An element similar to it can also be defined in equivariant K K-
theory. It will be introduced in the next section, in which its properties will be

exploited to give results that are important to our main theorems.

KKg(A, B) is a homotopy invariant bifunctor. 1t is contravariant in the first
variable: 1f ¢»: D — A, then we have the map ¢*: KKg(A,B) - KKg(D, A)
given by the pullback construction. It is covariant in the second variable: If £: B —
C, then we have the map &,: KKg(A, B) - KKg(A,C) given by the pushforward

construction.
If the group G is trivial, we omit it from the notation and write it as K K (A, B).
In general, the equivariant K-homology of a G-C*-algebra A is defined as

K2(A): = KKg(A,C)
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In particular, if M is a locally compact Hausdorff space on which G acts properly,

then we can define the equivariant K-homology of M as:
K§(M): = KKg(Cy(M),C)
On the other hand,
KK(C,B) = K (B)

where K§(B) is the K-theory of G-C*-algebras B, see Proposition 17.5.5 and
Theorem 18.5.3 in [B]. For the properties of K-theory of C*-algebras, see also [B].
We will not use the general theory of K§(B) here but only the following particular

case: If M is a compact G-space, we have
KKg(C,C(M)) = Kg(M)

where K2 (M) is just the equivariant K-theory of M. A special case comes out of

it automatically: If M is a point, then

where R(G) is the representation ring of G.

The introduction to K K-theory would be incomplete without mentioning the
Kasparov Product, which is the most important feature in K K-theory. The most

general form of it is the map:
KKg(A1, By ® C) x KKa(C ® Ay, By) 2% KKa(A1 ® Ay, By @ Bs)
It is a bilinear map. We will use the following notation for the Kasparov product:
(x,y) — 2z ®cy

Its definition is highly sophisticated so we will not define it here. A complete
discussion of this product can be found in [B], or [JT]. We will only use some

special cases of the Kasparov product:
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(i) When By = Ay = C, the Kasparov product becomes

KKa(A1,C) x KKa(C, By) 2% KKq(Ay, Bs), (z,y) = 2 ®c y

(ii) When C = C, the Kasparov product becomes
KE(Ay,By) x KKg(As, By) =% KKa(A ® Ay, By ® By), (1,y) = 2 ®c y

We also note the following two properties of Kasparov product, which will be
used frequently in the upcoming sections:

(i) The Kasparov product is associative. That is, if v € KKg(A, D), y €
KKa(D,E), » € KK¢(E, B), then

(r®@py)®pz=12®p (y R 2)

(i) KKg(A, B) is endowed with a R(G)-module structure by the Kasparov

product:

KKg(C,C) x KKa(A, B) =% KKg(A, B)

2.3 Main results

Let G be a compact Lie group and T be its maximal torus. Let ¢: T" — G be the
inclusion from 7" to G. Then every G-C*-algebra A can be naturally considered as
an T-C*-algebra via i, that is, t.z = i(t)z where t € T' and x € A. Hence we have

a map naturally induced from 1,

" KKg(A, B) — KKr(A, B)
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for all G-C*-algebras A and B. This map is also called the restriction map and we

will also make use of a more descriptive notation as follows:
ress: KKg(A, B) — KKrp(A, B)
The goal of Sections 2.3.1 to 2.3.4 is to show that there is a left inverse
iv: KKr(A,B) - KKg(A,B) of i*: KKg(A, B) - KKr(A, B). That is,
1) 0 =1 KKg<A, B) — KKg(A,B)

where *: KKg(A,B) — KKr(A,B) is induced by the inclusion i: T — G.
Then we will prove our main Theorem 54 in 2.3.5 which describes the subgroup

i*(KKg(A, B)) in terms of the divided difference operators.

2.3.1 Construction of [i*] € KKs(C,C(G/T))

If Ais an G-C*-algebra, define Ind$(A) to be the G-C*-algebra of all continuous
functions f: G — A such that f(gt) = t7'f(g) for all ¢ € G, t € E and ||f||
vanishes at infinity. The G-action on Ind$(A) is by left translation. Then there is

a fairly natural way to define the induction map
ind%: KKp(A, B) — KKg(Ind$(A), Ind$(B))

for all T-C*-algebras A and B. Its definition and properties will be explained in

details in Section 2.6.

If B is an G-C*-algebra, denote Res%(B) to be the T-C*-algebra by restrict-
ing the G-action to T-action. It can be shown that for all G-C*-algebras A,

Ind$(Res$(A)) is equivariantly isomorphic to A ® C(G/T), see Section 2.6.
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We will construct an element [i*] € K Kg(C,C(G/T)) corresponding to
i*: KKg(A, B) — KKp(A,B)

Define
[i*] = [C(G/T),idc,0] € KKq(C,C(G/T))
where id¢ stands for the scalar multiplication and C(G/T) is naturally viewed as

a G-Hilbert C'(G/T)-module. We need the following result by Wasserman [W].

Theorem 36 (Wasserman) Let G be a compact group, and T be its closed sub-
group. If A and B are G-C*-algebras, then KKr(A,B) =2 KKg(A, B C(G/T)).
Precisely speaking, if v € KKp(A,B), then there is an isomorphism x
§*(ind$(x)) where j* is the map induced by the inclusion j: A =2 A® 1 —
A® C(G)T) = Ind¥(A). And the inverse is given by y +— ev.(res$(y)) for
y € KKg(A,B ® C(G/T)) where ev: B® C(G/T) — B is the evaluation at
identity, i.e. b® f+— bf(1).

For a proof of it, see Section 2.6. Let 6 be the isomorphism ev, o

res$: KKq(A, B® C(G/T)) = KKr(A, B).

Lemma 37 For any element v € KKg(A, B),

0(z @c [i*]) = i*(x) € KKr(A, B)

Proof. It can be done by routine checking. Let x = [E, ¢, F] € KKs(A, B), then
r®c[i*] = [E® C(G/T), ¢ @id, F @ id]

where £ ® C(G/T) is the same as the external tensor product of two G-Hilbert

modules and hence is a G-Hilbert B ® C(G/T)-module.

0(z2c[i*]) = evioress(z@c[i*]) = (ERC(G/T))®ew B, ¢Qide ®idp, F @id®idp)]
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where (£ ® C(G/T)) ®.y, B is a T-Hilbert B-module. It is clear that (£ ®
C(G/T)) ®e, B is isomorphic to E as a T-Hilbert B-module. Let f be the iso-
morphism from (£ ® C(G/T)) ®, B to E. Then it is straightforward to check
that

fo(p®id®idp)(a) = ¢(a)o f
and

fo(F®id®idg)=Fof

for any a € A, ¢ is viewed as a T-equivariant map and F' is viewed as a T-Hilbert
B-module map by restricting the G-action to T-action. Hence, 0(z ®¢ [¢*]) and

i*(z) are unitarily equivalent in Ex(A, B) and our result follows. =

2.3.2 Construction of [i|] € KKq(C(G/T),C)

G /T is equipped with a G-equivariant complex structure corresponding to a choice
of positive root system relative to (G/T"). Then we can construct an equivariant
Dolbeault element K Kg(C(G/T),C) in almost the same way as in Example 34:

The G-action on C(G/T) is defined by

g.f(x) = f(g~"'x)
forany g € G,z € G/T and f € C(G/T). The G-action on any smooth (0, *)-form
is defined by
g-s(z) = g(s(¢™'))
where ¢ € G, © € G/T and s is a smooth section of vector bundle Q©* of
complex differential forms of degree (0, ) over M. This action extends to an action

on L?(M, Q) by continuity. Then let 0 + 0* be the G-equivariant Dolbeault

operator acting on smooth forms on G/T. From here, we simply use the same
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technique as in Example 34 to construct an (equivariant) Dolbeault element [Og /7]

in KKq(C(G/T),C). Define [i)] to be [0g/].

Remark 38 If A = C, B = C(M), where M is a compact G-space, then
KKg(C,C(M)) = Kg(M) and 4, is the holomorphic induction from Kp(X) to
Kg(X) by Atiyah | see [A].

2.3.3 Kasparov product [i*] ®c /1) [#1]

Following the definition of Kasparov product, we can get the following:
[i*] ®c(yr) [it] = [C(G)T) @, L*(G/T, S),i,1® D]

where C(G/T) ®,, L*(G/T, S), as an internal tensor product of two Hilbert mod-

ules, is viewed as a G-Hilbert space. G acts on it by

9-(f @m h) = (9.f) ®m (9-h)

where g € G, f € C(G/T) and h € C*(G/T,S). We can extend this action to an
action on C(G/T) ®,, L*(G/T, S) by continuity. 7 is the scalar multiplication on
C(G)T) ®,, L*(G/T.,S).

In general, the Kasparov product is hard to compute. But in our particular

case, Kasparov [K2] showed the following result:

Theorem 39 Let G be a compact group and M be a compact G-manifold. Let
[E] € K&(M) be an element in the equivariant K-theory of M and let [Oy] €

KKq(C(M),C) = K§ (M) be the equivariant Dolbeault element. Then
[E] @c(ary [D] = G-index((Onr) k)
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where (On) g is the Dolbeault operator with coefficient in E.

Remark 40 If D is, say, an order-zero elliptic operator and F is a complex vector
bundle over a compact manifold M. In general it is permissible that D acts on
sections of bundles like the Dolbeault operator. But for the sake of notational
simplification we pretend that D acts on functions. We should think of D as a
bounded operator, by some basic functional calculus, on L*(M). Then we can

construct Dg as an operator
Dg: L*(M,E) — L*(M,E)

acting on sections of . In general we define Dg by using the local triviality of E
together with a partition of unity argument. Thus we choose a partition of unity
{f1, -, fx} for M such that each f; is supported within an open set U; over which
the bundle E is trivializable. Choosing trivializations and hence isomorphisms
L*(U;, Ely,) = L*(U;) ® C* where k is the dimension of the bundle, we define

operators (fil/QDfilp)E on L*(U;, E|y,) by pulling back the operators fz.1/2Dfil/2 ®1

on L?(U;) ® C* via these isomorphisms. Finally we define Dg to be the operator

k

Dy =Y (£*Df"*)p

i=1
on L?*(M, E). The operator we obtain in this way depends on the choice of partition
of unity. However, whatever the choices Dg is a Fredholm operator and its index
does not depend on the choices. In this way we obtain an index ind(Dg) € Z
for every [E] € K°(M). In the equivariant case where G is compact, Dg is then
a G-equivariant Fredholm operator for [E] € K&(M). The kernel and cokernel
are now (finite-dimensional) G-vector spaces and hence we get the G-index G —

index(Dg) € R(G).

49



Topologically, the element [i*] € KKq(C,C(G/T)) = K2(C(G/T)) corre-
sponds to the trivial G-bundle Ey over G/T. The homogeneous pseudo-differential
operator D, has G-index 1 € R(G) by a result of Bott, see [Bo|]. By Theorem

39, we have the following result:

Theorem 41 [Z*] Qc(a/T) [Zr] =1€ KKg(C, (C)

2.3.4 Push-pull operators

Recall the notation from Section 2.3.1 that 6: KKq(A,B ® C(G/T)) —
KKr(A,B) denote the isomorphism by Wasserman’s Theorem.  Then let
6~': KKr(A,B) — KKg(A,B ® C(G/T)) be the inverse of 6. Define
iv: KKp(A,B) = KKg(A, B) by

i(y) =07 (y) @c(am) 0]

fory e KKr(A, B).

Lemma 42 4,04* =1 as an action on KKg(A, B).

Proof. By Lemma 37 and by associativity of Kasparov product,

a(i*(r) = 00z @c [i*]))
= (z®c[i*]) ®cym [0l
= 2®c ([*] ®c(a/m) [0])
= zQ®cl

= T

20



for all x € KKg(A, B) as desired. m
Define o: K Kr(A, B) — KKr(A, B) by
g = i* e} i!

Some properties of ¢ can be stated immediately.

Lemma 43 02 = o and o(i*(z)) = i*(z) for any x € KKg(A, B).

Proof. By Section 2.3.3 and associativity of Kasparov product,
([ @ ["]) © ([a] @ [i*]) = [a] @ (] @ [0]) @ [i*] = [a] @ [¢"]

Now it is obvious that ¢ = ¢ and o(i*(x)) = i*(z) for any r € KKg(A, B). =

Remark 44 If A = C and B = C(SU(n)/T), then KKp(C,C(SU(n)/T)) =
Kr(SU(n)/T). Then o is simply the divided difference operator d,,, where wy is
the longest element in .S,,, the symmetric group of n letters, see Section 1.4.2. See

Section 2.3.5 for further explanations.

In particular, if A = C, B = C, then KK;(C,C) = R(T) and KK4(C,C) =
R(G). o is the top Demazure’s operator 0, acting on R(T'), where wy is the
longest element in the Weyl Group W. More generally, Demazure [D3]| defined
a set of operators ¢, for every Weyl element w, see Section 2.3.5 for a very brief

introduction.

We do not introduce the definiton of the top Demazure’s operator at this point.
For the properties of this operator, see 2.3.5. But we just want to point out

that the most important property of d,, is its relation to the Weyl character
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formula. Let #Z be the root system of (G,T) and W be the Weyl Group. Let
Z(T) = Hom(T,U(1)) be the character group of T. We denote by e* the element
of R(T') defined by a character A € 2°(T"). We fix a basis of the root system and

let

pzéz&

aERT

be the half-sum of all positive roots. The the Weyl character formula can be

interpreted as the following formula:

ch(u) = # (2.1)

for all w € R(T'). A(u) is the following alternating sums of elements in R(T'):

A(u) = (=1)!@ebw(eru)

weWw

where [(w) is the length of the Weyl element w as explained in Section 1.4. d is

defined as follows:

d= H(l—e‘o‘)

aERT

In [D3], Demazure showed the following formula:
(2.2)

for all w € R(T). Recall that the classical proof of the Weyl character formula
was done by using theory of compact Lie group and its Lie algebra, for example,
see [BD]. But in [AB], it was shown that the Weyl character formula can also be
interpreted as a computation of the character of an induced representation by an
analytic Lefschetz fixed-point formula. In terms of our definition of ¢ = * o 4
where i*: KKg(C,C) — KKr(C,C) and i: KK7(C,C) — KK(C,C) in this

special case, this interpretation is equivalent to the following result:

o(u) = q (2.3)



in which we have used the identification K K7-(C,C) = R(T). By (2.2), we have
o(u) = Oy () (2.4)

In the other words, the operator o: K K1 (A, B) — KK (A, B) can be interpreted
as generalizations of both the Weyl character formula and the top Demazure’s

operator to Kasparov’s K K-theory.

We call a compact Lie group G a Hodgkin group if it is connected and has a
torsion-free fundamental group. In [Ho], Hodgkin proved the following result in

equivariant K-theory:
K7(M) = R(T) ®pray K&(M)

where G is a Hodgkin group, 7' is a maximal torus of G and M is any G-space
which is locally contractible and of finite covering dimension. Note that it is an
isomorphism of R(7)-modules. The following generalization of Hodgkin’s result to

K K-theory was due to A. Wasserman [W]. See Section 2.7 for a proof of it.
Theorem 45 (Wasserman) Let G be a Hodgkin group and T be a mazximal torus
in G. For all G-C*-algebras A and B,

KKT(Aa B) = KKG(A7 B) ®R(G) R(T)
They are isomorphic as R(T)-modules. The map KKqg(A, B) Q@) R(T) —

K K7 (A, B) is given by x @ a — a.i*(x) where i: T — G is the inclusion map.

The next result is crucial for the constructions of divided difference operators

in Section 2.3.5.
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Theorem 46 Assume that G is a Hodgkin group. Identify the R(T)-modules
KKr(A,B) and KKg(A, B) @) R(T) via Theorem 45, then 0 = 1® 0, where

1 denotes the identity operator of K Kg(A, B).

Proof. By the Wasserman’s Isomorphism 6: KKs(A, B ® C(G/T)) —
KKr(A,B) and Theorem 45, we can identify KKqg(A, B) Qg R(T) with
KKg(A,B® C(G/T)). But R(T) is isomorphic to K Kq(C,C(G/T)). Hence
we can consider KKq(A,B) ®pe) KKg(C,C(G/T)) instead. Note that the
relation (2b) ® ¢ = = ® (bc) € KKq(A,B) ®pe) KKq(C,C(G/T)) where
r € KKg(A,B), b € R(G) and ¢ € KKg(C,C(G/T)) is equivalent to (af-
ter making identifications of R(G) = KKg(C,C)) the associativity of the Kas-
parov product (r ®c b) ®@c ¢ = = Q¢ (b ®c ¢). Then this theorem is almost
trivial. For any @ ® a € KK¢g(A, B) ®p(e) R(T), the operator 1 ® d,, acts on
KKq(A, B) ®re) KKa(C,C(G/T)) by

1®0y(r®a) = ®0J0,,a

= 1® (a®c@/r) [1] ®c [1])

In terms of Kasparov product, ®c¢ (a®c(c/m)[ir]|@cli*]) = (2®@ca)@cc/m)li]@cli*].

But then (z ®c a) ®c(q/7) [i1] ®c [i*] is essentially the same as o(a.i*(x)). =

The next result is analogous to a result by Snaith [Sn].

Lemma 47 Let T be a torus and s: T — T a covering homomorphism. Then the

map s*: KKp(A, B) = KKz(A, B) is injective for all T-C*-algebras A and B.

Proof. Let t: C — T be the kernel of s. Let Er be

Er= [] Er(A B)

AEZ(C)
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where 27 (C) is the character group of C'. We write an object of Er as an 2 (C)-
tuple ([Ex, &, F)])re2 (), Where each [Ey, ¢y, F)\] is an element in Ep (A, B). The
restriction homomorphism s*: 2°(T) — 2 (C) is surjective, see [Sn]. We choose
a set-theoretic left inverse 7. Let E+ = E+(A, B) and [E, ¢, F| € Ez. Since C' acts
trivially on T-C*-algebra B, the C-invariant subspace E¢ of E is a well-defined
T-Hilbert B-module. For all objects [E, ¢, F] in E;, define v: E; — Er by

v([E, ¢, F)) = [Hom(Vy(n), B), éx, Flae 27(0)

where Hom(V;(y), £) is the set of all T-maps from Vioy to B Tt is a T-Hilbert

B-module with the B-module structure defined by

for all b € B and v € V. Then Hom(VT(A),E)C is a T-Hilbert B-module.
dr: A — B(Hom(V;(y), E)°) where A is a T-C*-algebra by taking C-invariant

of the T-action on A, is defined by

for all f € Hom(Vyix), E), v € Vyny and A € €(C). Tt is easy to check that ¢y is

a T-+-homomorphism. Similarly, F\ € B(Hom(Vy(y), E)C) is defined by

for all f € Hom(V;), E)¢ and v € Vr(n- Again, it is routine to check that F)\ is

a T-Hilbert B-module map.
For all objects [Ey, ¢, F\]xe2(c) in Ep, define pi: Ep — Ez by

L([Ex, ox, Falaea ) = @ Vi) @ $* By, id ® s*¢y, id @ s*F)]
AeZ(C)
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where s*F, is regarded as a T-Hilbert B-module through s. Likewise, s*¢, and
s*Fy are regarded as T-s-homomorphism and 7-Hilbert B-module map via s re-
spectively. Vi) ® s*E) is the external tensor product of V() (as a T-Hilbert
space) and s*E). Hence it is an T-Hilbert B-module itself after identifying C @ B

with B as T-C*-algebras.

Then, for all [E), ¢z, F)]re2 (o) in Er,

v(u([Ex, éx, Fal)) = [Hom(V, @VTW@s E)) C,@(id@s*@ » 6P (id @ " F\)g)we sz (c)
A A
And
Hom(Vz(y), @VT()\) ® S*E,\)C = @Hom Viy ® s *Ey)°
A
_ @Hom Vo) ® (s°Ey)°
— Ew

From here it is easily verified that

e~

(id @ s* )y = by
(id® 5 Fy)y = Fy

P

if A =1. And (idg\;qb,\)w =0, (id ® s*F\)y = 0 otherwise. and Hence,

vi([Ex, ¢x, FA]) = [Ex, ¢x, Fla

For all objects [E, ¢, F] in E4,

p(v([E, ¢, F))) = BV @ s*(Hom(Vo(), E)°),id @ 5° ¢y, id @ s* F)]
A

We have

2

P V- @ 5" (Hom(Vn), E)) 2 E

A
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by virtue of Chapter III (6.4) in [BD]. From here it is easily verified that

Pide s or=¢

A
@zd@s*ﬁ,\ = F
A

Hence, we have
n([E, ¢, F]) = [E, ¢, F]

We conclude that the categories E; and Er are equivalent.

If two elements in x,y € E7(A, B) are homotopic, i.e. they represent the same
class in K K#(A, B), then there exists an element a € Ex(A, B[0,1]) such that
(evg)«(a) = = and (evy)«(a) = y, where ev;: B([0,1]) — B is the evaluation at
J, j = 0,1. We consider the element v(a) = (ax)rcz () € [[,Er(A, B([0,1])).
Then (evo)«((ax)rez(c)) and (evi).((ax)rcz(cy) are homotopic in [[, Er(A, B).
A couple of definition-tracing arguments show that p((evo).((ax)x)) = = and
w((evi)«((ax)r)) = y in Ex(A, B). It means that there is a well-defined injective
map from KK4(A, B) to ®\KKr(A, B). A very similar argument starting from
two homotopic elements in [[, Er(A, B) shows the reverse inclusion and hence we
obtain

P KKr(A B)= KK;i(A B)
AeZ(C)

The isomorphism @& \K Kr(A, B) - KK4#(A, B) is defined by

[Ex, &x, Falaez ) = Z Vel ®c s*([Ex, ¢a, F)])
A2 (C)

where [V (n] € R(T) = KK3#(C,C) and ®c is the Kasparov product over C. In

particular, setting A = C and B = C gives

AEZ(C)
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and hence

& KKr(A B) = R(T)®@pr KKr(A, B)
AeF(C)

Hence, we have

KKi(A,B) = R(T) @pary KKp(A, B)

which proves the lemma. m

2.3.5 Main Theorem

In this section, we will show our main theorems, Theorem 52 and Theorem 54.

Let Z be the root system of (G,T) and W be the Weyl group. We fix a basis
of #Z. Let « be a root, G, be the centralizer in GG of kera and i,,: T — G, be
the inclusion. Motivated by the definition of 4, we want to define a ‘pushforward’
map i, KKr(A, B) - KKg, (A, B) for every root a. First, we choose a complex
structure on G, /T. We do this by identifying G, /T with the complex homogeneous
space (Gy)c/B where B, is the Borel subgroup of (G,)c generated by T¢ and the
root space gc“. Then [iy,] is defined in the same way as [i] in Section 2.3.2.
Moreover, the map i, : KKr(A,B) - KKg, (A, B) is also defined in the same

way as 1, see 2.3.4.
Define o,: KKr(A, B) — KKr(A, B) by
Oa =1 0l
for every root .

By Lemma 43 for G = G, 0, has the properties that 02 = o, and 0,(i} (7)) =
i* (z) for x € KKg, (A, B).
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Definition 48 o, as defined above is called the divided difference operator corre-
sponding to the root . The set {o,|a € Z} is called the set of divided difference

operators which act on K Kr(A, B).

Under the same assumptions as in Theorem 46 we have o, = 1 ® J, for all

roots c.

Remark 49 As stated before, the power of equivariant K K-theory comes from
the fact that it generalizes both equivariant K-theory and equivariant K-homology.
On the K-theory side, when A = C and B = C(M ) where M is a compact G-space,
our set of divided difference operators specializes to a set of divided difference
operators in T-equivariant K-theory of M, Kp(M), which was first defined in
[HLS]. On the other hand, if B = C, then it simply means that we have now
abstractly defined a set of divided difference operators in K%(A), which is clearly

a new result.

The isobaric divided difference operators were introduced by Demazure [D3]
on R(T). The precise definitions were as follows. Let s, € W be the reflection
element in the root a. Let 2°(T) be the character group of T and A € 2°(T), the
element e* —e~%e** is uniquely divisible by 1 —e®, then a Z-linear endomorphism
do of R(T) is defined by

So(u) = u—e%sa(u) (2.5)

1—e@
for all w € R(T'). It has the following important property:

52 = G,

and



Alternatively, in a series of earlier papers [D1], [D2], Demazure defined the opera-

tors
U — So(u
) = 4ol 26)
It is easy to see that
(6,)% =4,
and
6, (1)=0

In the literature, d,, are usually called isobaric divided difference operators. For any

w € W and any reduced expression w = sg,5s,...53, in terms of simple reflections,

1
the composition ds,0g,...05, takes the same value d,. Similarly, the composition
07, 05,--0p, takes the same value 9, = e770,,e™", see [D3]. For the longest element

wp, we call d,, the top Demazure’s operator.

Remark 50 When A = C, B = C(SU(n)/T), the set of divided difference opera-

tors o, is the same as J; we used in Section 1.4.2, where ¢ stands for the reflection

element s; = (i,i+ 1) € S,. S, is the Weyl Group in this case.
KKr(C,C(SU(n)/T)) = Kp(SU(n)/T) = R(T) @rsv(m) R(T)

Then by Theorem 46, 0, acts as 1®0, on R(T)@r(sum))R(T'). By the identification

+1 +1
of R(T) ®@g(sumy R(T) with Z[y% - (ngl ;)1:'1'536"] as we have done in equation (1.2)

in Section 1.4.3, it is now clear that 1 ® J,, acts as the divided difference operator

0; that we defined in Section 1.4.2.

Let & = Endg)(R(T)) be the R(G)-algebra of R(G)-linear endomorphisms
of R(T). Let 2 be the subalgebra of & generated by 0, and the elements of R(T)
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(as multiplication operators). By definition of d,,, d/,, we have 0,0, € 2 for all
w. As a ring & is isomorphic to the Hecke algebra over Z of the extended affine

Weyl group 2 (T) x W, see [KL]. In [HLS] Z is called the Hecke algebra.

The augmentation left ideal of & is the annihilator of the identity element
1 € R(T), that is
I(2)={A € 2|A(1) =0}

By (2.5), Z contains the group ring Z[W] when Z[W] is viewed as an algebra of
endomorphisms of R(7T"). Hence I(Z) naturally contains the augmentation ideal

I(W) of Z[W]. Since 0,(1) = 0 for w # 1, I(Z) contains all 9, when w # 1.
Some properties of Z and I(Z) are noted as follows.
Theorem 51 (Harada, Landweber, Sjamaar) (i) (0,)wew is a basis of the
left R(T')-module 9.
(i) (0,)wew is a basis of the left R(T')-module 9.
(111) (Ou)w1 s a basis of the left R(T)-module 1(2).
Let M be a left Z-module. We say an element of M is Z-invariant if it is

annihilated by all operators in the augmentation left ideal 1(2). We denote M!(?)

the group of invariants. By Theorem 51,
M'") = {m € M|d.,(m) = 0,for all w # 1}
Since I(2) contains the augmentation left ideal I(W) of Z[W], we have
M MW (2.7)
where M"W contains elements that are invariant under the Weyl group action.
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We now show that K Kr(A, B) is equipped with a left Z-module structure in

Theorem 52. Then, by (2.7), we have the following
KKp(A B! C KKp(A,B)Y (2.8)

We will discuss (2.8) in Section 2.5.

Theorem 52 The operators o, for a € X, together with the natural R(T)-module

structure generate a unique Z-module structure on K Kr(A, B).

Proof. The proof is very similar to Prop. 4.5 in [HLS| and is essentially an
application of Theorem 45, Theorem 46 and Lemma 47. First, assume that G is
a Hodgkin group. Idenitfy K Kr(A, B) with KK¢g(A, B) ®rq) R(T) through the

isomorphism of Theorem 45. Let
E(A,B)=KKg(A,B)® &

Then the map ¥ — &(A, B) defined by A — 1 ® A, where 1 is the identity map
of KKg(A, B), is a well-defined algebra homomorphism. Since 0, = 1 ® d,, 04

generates an well-defined action of 2 on K Kr(A, B).

If G is not a Hodgkin group, we choose a covering s: G — G such that G is a

Hodgkin group. By Lemma 47 the pullpack
s*: KKr(A,B) - KK#(A, B)

is injective, where 7' is the maximal torus s 1(T) of G. Let G, = 7% 04y be the
operator on K K#(A, B) corresponding to «, where ita: T — Gy, is the inclusion.

By the naturality properties of i} and i,

$*0q = 048" (2.9)



By Lemma 2.4 [HLS], s induces an injective algebra homomorphism

59— 9
We already know that &, generate a well-defined Z-action on K K (A, B). This
Z-module structure on K K#(A, B) is unique due to Theorem 46. The restriction
of the Z-action to the subalgebra 2 preserves the submodule K K7(A, B) and by

(2.9), the elements o, act in the required fashion. It is clear that the Z-module

structure on K K1 (A, B) so defined is unique. m

By Theorem 52, it is now clear that if A = B = C, our set of divided difference
operators o, that acts on KKr(A,B) = KKr(C,C) = R(T) is the same as the

set of Demazure’s operators d,,.

If G is a Hodgkin group, let = 2-Mod and % = R(G)-Mod be the categories
of left modules over the rings 2 and R(G) respectively. Before stating our next

theorem, we invoke the following result shown in [HLS].

Theorem 53 (Harada, Landweber, Sjamaar) If G is a Hodgkin group, then
the functor . B — U defined by

B — B ®pq) R(T)
is an equivalence with inverse % : U — A given by
A~ Homg(R(T),A)
Moreover, .F is naturally isomorphic to the functor ¢ : U — A given by

A AN)

The following result describes K K(A, B) as a direct summand of K Kr(A, B).
More precisely, KKg(A, B) is isomorphic to K Kr(A, B) annihilated by ‘divided

difference operators’.
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Theorem 54 For all G-C*-algebras A and B, the map i* is an isomorphism from

KKg(A, B) onto KKrp(A, BY?) where i is the inclusion T — G.

Proof. First assume that G is a Hodgkin group, consider the Z-module A =
KKr(A, B) and the R(G)-module B = K K(A, B). By Theorem 45,

9Y(B)=A
Hence, by Theorem 53,

B

I

FA) = g (A) = A1

If GG is not a Hodgkin group, we use the same trick as in the proof of Theorem 52

to get our desired result. m

2.4 Some applications of Theorem 54

If A=C and B = C(M) where M is a compact G-space. Theorem 54 specializses
to equivariant K-theory:

Kg(M) = Kr(M)'?)

which is one of the main results in [HLS].

On the other hand, if B = C, then Theorem 54 gives the corresponding result

in equivariant K-homology, that is

Corollary 55 If A is a G-C*-algebra, then

Kg(A) = Kp(A)'™)

In particular, if A = C(M) where M is a compact G-manifold, then we have
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Corollary 56 Let M be a compact G-manifold, then

K (M) = K (M)

2.5 The difference between K Kr(A, B)\?) and KKr(A, B)"

Note that if A = B = C, then the equivariant K K-group K K(C, C) is isomorphic

to R(G). And Theorem 54 gives the following result:
R(G) = R(T)!?

But R(G) is also isomorphic to the Weyl invariant of R(T), R(T)". It means that
in the case of character ring of T', R(T)" = R(T)!?). One may wonder whether
this result generalizes to the equivariant K K-group for any G-C*-algebras A and
B. But the following example clearly shows that it is far from being true even for

equivariant K-theory, let alone equivariant K K-theory.

Example 57 It was first given by Mcleod [M]. Let M = SU(2) x RP? be a G-
space with G = SU(2) acting freely on the SU(2) factor and trivally on the second

factor RP?. We have the following:
Ke(M) = Ksp@)(SU(2) x RP?) 2 K(RP*) X Z & Zy
while
Kr(M) = Ky (SU(2) x RP?) 2 K(S* x RP?) 2 (Z & ZH) @ (Z & Zs)

where H is the Hopf bundle. The Weyl group is isomorphic to Sy which acts on
the Hopf bundle by H — H~! =2 — H. Thus,

Kr(M)Y = Kyay(SU(2) x RP))® = Z & Z & Zs

For a generalization of this example, see [HLS].
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Mcleod gave a criterion for Kg(M) to be isomorphic to K7 (M)W as follows.

Theorem 58 (Mcleod) If Kr(M) is a free module over R(T), then

Kg(M) = Kr(M)Y

However, the previous example showed that the free module requirement is very

restrictive.

If M is a compact Hamiltonian G-manifold, then the restriction map
Kr(M) — Kp(M7) induced by MT — M is injective by Theorem 2.5 in [HL2].

Based on this result, it was shown in [HLS] that

Kq(M) = Kr(M)" (2.10)

In [K2], Kasparov constructed a map 7: KKqg(C(M),C) — KKq(C,C(M))
for any even-dimensional compact G-manifolds M with G-equivariant spin®-
structure and used it to show that it is an isomorphism in G-equivariant K K-

theory:
KKg(C(M),C) = KKq(C,C(M)) (2.11)

It is called the Poincare duality in equivariant K K-theory. The generalization of
this result to other topological spaces M is one of the most important themes in

K K-theory.

For a compact Hamiltonian G-manifold M with a G-equivariant symplectic
form w, there is an G-equivariant almost complex structure naturally associated
with w. It is canonical in the sense that it is unique up to homotopy. We obtain a

G-equivariant spin‘-structure on M by this equivariant almost complex structure.
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Thus, we can combine Kasparov’s result (2.11) with (2.10) to give the following

corollary.

Corollary 59 If M is a compact Hamiltonian G-manifold, then
Kg'(M) = Kq (M)"

where K& (M) is the G-equivariant K -homology of M.

Finally, we state some criteria for K K¢ (A, B) to be isomorphic to K K7(A, B)Y
in this section. Recall that d =[], .,+(1 —e ™) € R(T) is the Weyl denominator

in (2.1).

Lemma 60 Assume that the Weyl denominator d = [[,cp+ (1 —e™) € R(T) is
not a zero divisor in the R(T)-module K Kr(A, B), then the map i* is an isomor-

phism from KKq(A, B) to KKr(A, B)Y where i is the inclusion T — G.

Proof. It follows immediately from Lemma 3.5 in [HLS]. =

The following corollary is immediate by Lemma 60. It is a generalization of

Theorem 58.

Corollary 61 If KKr(A, B) is a free module over R(T), then

KKq(A,B) =2 KKp(A,B)Y

2.6 Proof of Theorem 36

Theorem 36 is a version of Frobenius Reciprocity in equivariant K K-theory. As

promised in section 2.1 a proof will be provided here. We will only prove it for the
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case that G is a compact group and A, B are G-C*-algebras.
Recall from 2.3 that if A, B are G-C*-algebras, the we have the restriction map:
res$: KKq(A, B) - KKp(A, B)

which is defined by sending x = [E, ¢, F| € KKg(A, B) to x| = [E|r, |1, F|r] €
K K7 (A, B) where E|r is regarded as an T-Hilbert B-module. ¢ is regarded as an
T-% homomorphism and F' is regarded as an T-bounded operator in B(F|r). To
avoid notational confusion, we will also use the notations Res$E, Res$F, Res$d

for E|r, F|r, ¢|r respectively.

On the other hand, if M is an T-C*-algebra, then Ind% (M) is the G-C*-algebra
of all continuous functions f: G — M such that f(gh) = h™'f(g),Vg € G,h €T
and such that || f || vanishes at infinity. Since we are dealing with the case that
G/T is compact, the C*-norm of each element in Ind$(M) is just the maximum

norm. The G-action on Ind% (M) is left translation.

If Ais an G-C*-algebra, then Ind$(Res$(A)) is equivariantly isomorphic to
A® C(G/T). We denote the isomorphism from Ind%(Res$(A)) to A® C(G/T)
by ®. More explicitly, if Fy € Ind$(Res%(A)), then ®(F4)([g]) = gFa(g). The
inverse map ®': AQC(G/T) — IndS(Res$(A)) is defined as follows: for a® f €
A@C(G/T), @7 (a® f)(g) = f(g)g"a.

We are going to describe an induction map from the T-equivariant K K-theory

to the G-equivariant K K-theory for any G-C*-algebras A, B.

Let E is an T-Hilbert B-module, define E := I nd$E by

Ind$E ={fp: G — E| f(gt) =t f(9)}
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It has an Ind$ B-valued inner product defined by

(fo, f£)(9) == (fe(9), [£(9))

for any fg, fi € Ind$(E) and g € G.

Lemma 62 E is an G-Hilbert Ind$ B-module.

Proof. For fp € Ind?(B) and fr € Ind$(E), we have

(fefB)(gt) = fe(gt)fs(gt)
= (t'fel9)(t™" f5(9))
= 7 (fu(9)f5(9))
= t7'(fefp)(9)

Hence frfp € Ind$(E). Moreover,

(fe, fE)(9t) = (fe(gt), fE(gt))
= (7' fr(9),t" fu(9))
=t (fe(9), fe(9))
= t7'((fe, [5)(9))

Hence, (fg, fy) € Ind$(B). Tt is easy to check that (fg, fpf) = (fr, f&) s and

other properties of Hilbert Ind$B-module are easily verified. The G-action on

IndS(E) is left translation for all fg € Ind%(E). Then

9{fe, fu)(x) = (fo, fu)(g~ 2
= (fe(g™"'x), folg~ )
= (9f6(®), gfp(x))
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Similarly, other properties of G-Hilbert module structure are easily verified. m

If : A — B(E) an T-+-homomorphism, define ¢ := Ind§¢: Ind$A —
B(Ind$E) by

o(fa)(fe)(g): = o(fal9))(fE(g))

for all g € G, fa € IndS A, fp € IndSE.

Lemma 63 ¢ is a well-defined G-x-homomorphism.

Proof. First of all, we need to check that it is well-defined:

S(fa)(fe)(gt) = o(falgt)(felgt))
= ot falg)(t™ ful9))
= (t7'o(falo)t)(t™ fE(9))
= t7'¢(fal9))(fe(9))
= t70(fa)(f5)(9)

So ¢(fa)(fe) € Ind$(E). And

I6(f) ()9 17 = |l ¢(Fa(9))(Fe(9)) II”
< 1 o(fa@) IPIl felo) I”
< o) 1Pl fe 12

Hence, ¢(f4) € B(Ind$(E)). It is straightforward to see that ¢(f4)* exists and
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o(fa)* € B(IndS(E)). Tt is readily checked that ¢ is an G-*-homomorphism:

(90(fa)g ) (fe)(@) = go(fa)(g~" fu)(x)
= go(fa(2))(g™" fr(x))
= 90(fa(@))(fe(g7))
= 90(9falgr))(fe(gz))

= g&(gfa)(fE)(gz)

= ¢(g9fa)(fE)(x)

Hence, (96(f4)g~ ) (f5) = ¢(gfa)(fp).

Let F € B(E) where F is an T-Hilbert B-module. We construct F €
B(Ind%(E)) as follows:
F(fe)(9) = F(f(9))

Lemma 64 F is a well-defined operator on Hilbert Ind$ B-module map E. F s

G-invariant.

Proof.

F(fe)(gt) = F(fa(gt)) = F(t  falg))
= t'F(fe(9)t=t"F(fe(g))

= t"F(fp)(9)

So, F(fg) € Ind$E.

F(fefs)g) = F(fefs(9)) = F(fe(9)fs(9))
= F(fE(g))fB(g) = F(fE)(fB)(g)
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i.e. F(fufs) = F(fg)fs. Hence, F is an Ind$ B-module map.

I E(fe) lmage = sup || F(f£)(9) I=sup || F(fz(9)) |
< sup [ F ||} fe(g)
= [ F [I'sup || fe(g) |

= I fe
So, F € B(Ind$E). Define F*(fg)(g) := F*(fz(g)).

(F(fe), fe)9) = (F(fe)(9), fr(9)
= (F(fe(9)), f6(9))
= (fe(9), F"(fE(9))
= {fe, F*(fp))(9)

So, F* = F*. F is also G-continuous. i.e. ¢ — ¢.F is continuous in norm topology.

9-F(fe)(x) = gFg™'(fp)(x)
= Flg ' fe)lg'x)
= F(g ' felg ')
= F(fs(2))
= F(fe)(@)

So, F is indeed G-invariant. m
The induction homomorphism
ind$: KKr(A, B) = KKg(IndS(A), Ind$(B))

is defined by sending 2 = [F,¢,F] € KKp(A,B) to ind%(z) = [E,¢,F] €
KKg(Ind$A, Ind$B). 1t is clear that it is well-defined.
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We give a proof of Theorem 36 now.

Proof of Theorem 36: Let x = [E, ¢, F] € KKp(A, B) and i*(ind$ (z)) = [E, ¢o
i, F] where ¢ oi: A — B(E). For a € A, define K, € Ind%(A) by K.(g9) = g 'a.
Note that the G-action on K, gives g.K, = K,,. Under the isomorphism between
A®C(G/T) and Ind$(A), we can identify a®1 € AQC(G/T) with K, € Ind%(A)

for each a € A.

(doi)(a)(fr)(9) = &(K.)(fe)(9)
= o(Ka.(9))(fx(9))
= o9 "a)(fElg))

And res§ oi* oind$(x) = [E |7, ( o) |r, F |7]

For a G-x-homomorphism f: B — D, the pushforward f.: KKq(A,B) —
KKg(A, D) is, by definition, [M,&, N| — [M®;D,®idp, N®idp| where M ®¢ D
is the internal tensor product of G-Hilbert B-module with D, viewed as a Hilbert

D-module. For z = [E, ¢, F] € KKr(A, B), we have

ev, o ress o it 0 ind$(x) = [resS(E) ®e B, (res$(¢ o)) @ idg, resS(F) @ idg]

which is an element in K K7 (A, B). res¢(E) is a T-Hilbert B ® C(G/T)-module,
resG(E) ®e B is then a T-Hilbert B-module, where ev: B ® C(G/T) — B is the

evaluation at identity. For fg, f € resE(E), by, by € B,

(e @b [ © Vet pronn = biev((fi, fo))bs
= B f ) (1)bs
— B {fe(L), (1)
= (fe(L)by, fo(1)be)

Our goal is to show that z = ev, ores§ oi* 0.1%(x) € KKr(A, B).
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Claim: E ®., B is isomorphic to E as T-Hilbert B-modules, i.e. res%(E) Qe
B~FE.

Proof of claim: Define Q: res%(E) ®ew B— E by fe @b fr(1)b.

QUfe@bb) = Q(fs@bby) = fe(1)bby = (fr(1)b)b,
= Q(fe®b)b

Qt(fe®b)) = Qtfr@th) = (tfe(1))(t(b)) = t(fe(1)b)
= tQ(fr®b)

Hence, ) is a T-Hilbert B-module map. Since G is compact, for each x € E, we
can choose a constant function f,: G — F in E defined by f, (9) =z forallg € G.
Then Q(f, ® b) = zb for all b € B. So @ is surjective. Notice that

(f5 @by, [ @ ba) = (fp(1)by, fp(1)b2)

(Q(fE @ 1), Q(fg ® b)) = (fp(1)b1, f£(1)b2)

So, Q is isometric. Hence Q is an isomorphism between E®., B and E as T-Hilbert

B-modules.

Claim: For any a € A, b € B, the following diagram is commutative:

~ resG (¢oi)®idp)(a®b ~
T‘GS%(E) Rev B (resr ($on)®idp) (a8 )) Tes?(E) Rew B

Js Je

¢(a)

Proof of claim: For any fr® b € res%(E) Rev B,

Q((resf(¢oi) @idp)(a@b)(fe®b)) = Q(resf(doi)(a)(fp) @idp(b))
= (resf(¢oi)(a)(fr)(1)b
= o(K.(1))(fe(1))b
= ¢(a)(fe(1))b
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And

¢(a)(Q(fe @ b)) = ¢(a)(fe(1)b) = ¢(a)(fp(1))b
So the claim is proved.

Claim: The following diagram is commutative:

resG (F®idg
E—

resG(F) @, B resG(F) @, B

e e

E LN E

Proof of claim: For any fz @b € res$(F) Qe B,

Q((resiF) @idp)(fr®b) = QresiF(fr)®idg(b))
= F(fs)(1)b
= F(fe(1)b

And
F(Q(fe ®b)) = F(fp(1)b) = F(fp(1))b
The claim is proved. We have shown that = ev,ores$oi*oind%(z) € KKr(A, B).

On the other hand, take any y = [V v, W] € KKg(A,B ® C(G/T)). By
Prop.20.2.4 in [B], we can assume that W is G-invariant. V is a G-Hilbert B ®
C(G/T)-module. Ind%(res$ (V) ®e, B) is a G-Hilbert B ® C(G/T)-module.

Claim: V is isomorphic to Ind$(res$ (V) ®., B) as G-Hilbert B @ C(G/T)-

module.

Proof of claim: Define ®: V — IndS(res$(V) ®q, B) by ®(efs)(9) = g e ®
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fB(g) for any e € V, fg € Ind$(B) = B® C(G/T),g € G. Then

I (efp) IIF = max || ®(efs)(g) |I”
= max || g 'e® fg(g) ||

= max || (g7'e® f5(9),9 'e® f5(9)) |

= max || f5(g9)* (g7 e, g7 e)(1) fa(9) |

= max || f5(9)* g "(e,e)(1) fr(g) |

lefs |7 = max|| efs(g) [

= max || f5(9)"(e.€)(9)f5(g) |l
= max || fz(9)" g e, e)(1)fa(g) |

So, ® preserves the norm.

D(efpfp)g) = g 'e® f5(9)f5(9) = (97'e® fu(9)f5(9) = P(efr)(9)f5(9)
= (®(efr)f5)(9)

9®(efp)(g1) = P(efp)(g™'g1)
= (9790 e ® frlg"'g1)
= 91 '9¢®gfp(9)
= ®((9e)(9/5))(91)
= ®(g(efB))(g1)

So, ® is a G-Hilbert B ® C(G/T)-module map. And it is clear that ® is surjective
s0 it defines an isomorphism between Ind$ (res$(V) ®e, B) and V as G-Hilbert

B ® C(G/T) modules.
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Claim: For any a € A, the following diagram is commutative:

v ¥(a) %

L L

Ind$ (resGy@Idg)oi(a
Ind$ (resSV ®., B) plreeryelis)oia), Ind$(resSV ®., B)

Proof of claim: For any e € V, fp € Ind$(B) 2 B® C(G/T), g € G,

((a)(efs))(g) = ®((¥(a)(e))fs)(9)
= g '(¥(a)(e)) ® falg)
= Y(g'a)(g7'e) ® frlg)

The last equality is due to:

On the other hand,

(Indf(resf @ Idg) o i(a))(®(efp))(9) = (Indf(resfy @ Idg))(Ka)(®(efs))(9)
= (resfy ® Idp)(Ka(9))(®(ef5)(9))
= (resfy ® Idg)(g~'a)(g e ® f5(g))

= P9 'a)(g'e) ® fr(g)
It proves the claim.

Claim: The following diagram is commutative:

1% LN 1%

L L

IndG (resfWeId
Ind%(res$V ®., B) et Wolds), Ind$(res$V ®., B)
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Proof of claim: For any v € V, fg € Ind%(B), g € G,

Ind3(resgW @ Idp)(®(vfp))(g) = (resiW @ Idg)(®(vfp)(g))
= (resiW & Idg)(g~'v @ f5(g))

= W(g'v)® fs(g)
PoW(vfp)(g) = ®(W(vfr))(g) =W (v)fs)(9)
= g7 (W(v)® fs(g)
Since W is G-invariant, then
g (W) = g (W(gg'v)) =g " W(gv) =W(g )

The last equality is by G-invariance of W. Hence we have shown that y = i*oind$o

ev, oresG(y) € KKg(A, B® C(G/T)). Tt concludes our proof of the theorem.

2.7 Proof of Theorem 45

In this section, we give a sketch proof of Theorem 45:

Proof. The basic idea is similar to the one proved by Rosenberg and Schochet
in Theorem 3.7 (i) of [RS] for the case of K-theory of C*-algebras. Therefore we
content ourselves here with a sketch of proof. A particular case of a theorem in

[K2] showed that there is a Poincare duality
d: KKq(C(G/T),C) - KKq(C,C(G/T))
which is an isomorphism. And more generally, we have an isomorphism
dowry: KKq(C(G/T),C(G/T)) - KKq(C,C(G/T) ® C(G/T))
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By a theorem of Mcleod [M],
KKq(C,C(G/T)®C(G/T)) = K&(G/T xG)T) = Ki(G/T) = R(T) ®rc) R(T)

Steinberg’s theorem [St] provides a free basis {e, },ew for R(T) as a R(G)-module,
where W = N(T')/T is the Weyl group of (G,T'). Then there exist an unique set
of elements {b,, }wew of R(T) = KKs(C,C(G/T)) such that

dca/ry(ler)) Z b, ®c €y

weW
Note that ®¢ is the Kasparov product. For w € W, let
a, = 0 1(b,)

Then we have, for 1o/ € KKq(C(G/T),C(G/T)),

-1
lewry = domdcem)(le@m))

weWw

= Z(S ®<c6w

The third equality is done by the associativity of Kasparov product. Then we have

the following calculation for any v € W:

€ = €, Qca/r) Lo/ = ev Qo) (Z y ®c €y)

weWw
= Z (ev ®c(a/T) Gw) Bc €w
weW
which means that if v = w, €, ®c(q/r) 0w = 1r@). And e, ®c(q/r)a. = 0 otherwise.

For any element y € KKr(A,B) = KKg(A,B® C’(G/T)) (the isomorphism is by
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Theorem 36),

y = y®cwm Lo/

= y®c@m () twSce)

weW

= Z (¥ ®c(a/r) w) @c €y (2.12)
weWw

Note that Yy ®C(G/T) a, € KKg(A, B) If
Y= Z Ty Qg €y
weW

for some z, € KKg(A, B). Then

Yy ®C’(G/T) Ay = (Z ZTw Qc ew) ®C(G/T) Ay
weW

= Z ZTw Qc (ew ®C(G/T) au)
weW

= Z ZTw Oc 5uw

weW
= :L'u

Hence, equation (2.12) is an unique expression for y € K K7(A, B). It means that
KKrp(A,B) and R(T) ®p) KKg(A, B) are isomorphic as R(G)-module. It is

clear that they are also isomorphic as R(7)-module. =
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