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My research centers on LP estimates for singular integral operators using techniques
from real harmonic analysis. In particular I use time-frequency analysis and os-
cillatory integral theory. Singular integral operators are frequently motivated by,
and have potential applications to, non-linear partial differential equations.

In my thesis I show a wide range of L” estimates for an operator motivated
by dropping one average in Calderén’s second commutator. For comparison by
dropping one average in Calderén’s first commutator one faces the bilinear Hilbert
transform. Lacey and Thiele showed LP estimates for that operator 11, 12]. By
dropping two averages in Calderén’s second commutator one obtains the trilinear
Hilbert transform. No LP estimates are known for that operator. The novelty in
this thesis is that in order to avoid difficulty of the level of the trilinear Hilbert

transform, I choose to view the symbol of the operator as a non-standard symbol.
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CHAPTER 1
INTRODUCTION

1.1 History

The k-th Calderon commutator, k € {1,2,3,...}, is given by

¢ @) = [ — (A(@‘A(y))kﬂy)dy

RT =Y T —y

where A is Lipschitz and A" € L*(R). Calderén studied these operators in con-
nection with an algebra of pseudo-differential operators. He was also motivated by

possible applications to operators of the type

po [ F(M> Fw) dy (1.1)

r—Yy r—Y
R

where F' is an analytic function. The Cauchy integral on Lipschitz curves and
double layer potentials are examples of the previous operator. In 1965 Calderon

showed

Cl(f):Lp—>Lpf0r1<p<oo

for k = 1 [2]. Coifman and Meyer extended his result in 1975 to k = 2,3,...
[5]. The estimates obtained did not clearly indicate how the boundedness constant
depended on k. Building on the work of Coifman and Meyer, Calderén was able
to prove the above estimates with a boundedness constant that depended on k
exponentially. This way he was able to prove bounds for operators of the type

(1.1), as long as the Lipschitz constant was small. Finally, in 1982 Coifman,



Meclntosh and Meyer showed the above estimates with a boundedness constant
that depended on k polynomially [6] and were thus able to show a wide range of

LP estimates for operators of the type (1.1).

1.2 Motivation

Calderon observed that one can write the following as an average

A(z) — Aly)
T -y

_ /01 Az + aly — 2))da.

Using this trick and a substitution he rewrote his first commutator as

1
W f(z) = /0 /RA’(:;: +at)f(z —i—t)%dtdoz.

He then asked if one dropped the average and fixed o whether LP estimates could
be found for the resulting operator, uniformly in «. This motivated the definition

of the bilinear Hilbert transform

BHT,(f1, f2)(z) = p.v. / fi(z + at) fo(x + t)%dt.

R

In two papers from 1997 and 1999, Lacey and Thiele showed that the bilinear
Hilbert transform BHT, maps LP x L% into L” when %%—é = %, 1 <p,q<ooand
2 < r < oo with a bound depending on « [11, 12]. Uniform boundedness of these

LP estimates was resolved later |9, 19|. Note that r only goes down to %, not % as



one would expect from Holder type estimates. It is still an open problem whether

r can be pushed all the way down to %

In a similar fashion then one can rewrite the second Calderén commutator with
two averages. Dropping both averages motivates the definition of the trilinear

Hilbert transform.

THTs(f1, f2, f3)(x) = p.v. / filx + ant) fo(r + ast) fa(z + t)%dt

R

In contrast to the bilinear Hilbert transform then no L? estimates are known for

the trilinear Hilbert transform.

In this paper we will study a trilinear operator motivated by C’I(f) in a similar

fashion as THTj, except we drop one average, not two. Define

Ts(f1, f2, f3)(2) == p.v./ (/01 fi(x + at)da) folz + Bt) f5(x +t)%dt. (1.2)

1.3 Known estimates

Benyi, Demeter, Nahmod, Thiele, Torres and Villarroya obtained a modulation
invariant bilinear T'(1) theorem [1|. If one fixes f; € L°(R) and looks at the

bilinear operator

01 fi(x + at)da
(f2, f3) HP-U-/ <f ; >f2(93+575)f3(37+t)dt7



one can apply their theorem to obtain the following L? estimates for T}

Ts: L x LP* x LP* — [P

1 1 1
for 5 ¢ {0,1} if —+ — = —, 1 < p;,p2 < 00 and % < p < 00. These are the only
b1 D2 p

known LP estimates for 7.

1.4 Result

The main theorem of this paper establishes the following wide range of L” estimates

for Tg.

Theorem 1.1. Let 8 ¢ {0,1}, 1 < p1,pa, p3 < 00,

1 2
Zepi— P1P2pP3 oo and 2 < D2ps3 < 50

D= <
2 P1p2 + D1p3 + Daps3 3 p2+ps

Then there ezists a constant Cgp, p, ps Such that

1Ts(frs fas F3)llp < Cprpo s | Fillp | F2llpo ] F s

for all f1, fo and f3 in S(R).

The theorem recovers all known LP estimates for the operator. Known L? estimates
for both the bilinear Hilbert transform and for Calderén’s first commutator follow

as a corollary.

Compared to the theorem on the bilinear Hilbert transform, this theorem has

an extra condition.



2 < D2p3

< o0
3 p2+ps

This condition implies that we have not improved the previously known LP esti-
mates for the bilinear Hilbert transform. We also require the condition % < p,
which is not the largest possible range of LP estimates expected. Based on the

known estimates for the bilinear Hilbert transform one would expect to be able to

go all the way down to % This remains an open problem.

Note that if 5 = 0,1 then we obtain trilinear operators that only involve multi-
plication of functions and the first Calder6n commutator. The LP-bounds of these

operators are easy to determine.

1.5 Approach

The standard way of understanding the boundedness of the Calderén commutators
is to use the 7'(1) theorem. In order to use such an approach on T3 we would need
some sort of a trilinear 7'(1) theorem. Despite the existence of some multilinear
T(1) theorems [4, 10| then there is no such appropriate theorem for T;. The
other canonical way of trying to understand 73 would be to establish uniform L?
estimates on the trilinear Hilbert transform. Since no L” estimates exist, uniform
estimates are out of reach. The obvious approaches to find LP estimates fail so we

need some novel ideas.

On the Fourier side it is equivalent to show L? estimates for an operator 1p

given by



Ts(fr, for f) (@) = / { / sgn(a&; +B&+E)da| fi(&) (&) f5(&)

Gt ge qeodes. (1.3)

where sgn is the usual sign function. The symbol fol sgn(a& + P& +E&3)da has a
singularity around the line §; = 0, & +&; = 0 in the sense that it is discontinuous.
This is similar to the bilinear Hilbert transform. Unlike standard symbols, which
are assumed to be smooth outside the set where they are singular, this symbol
is continuous but not differentiable on the planes & + 3& + & = 0 and & = 0
away from the previous line. We approach the symbol as a rough non-standard
symbol and use techniques in the spirit of the bilinear Hilbert transform. An
important ingredient in that approach are new proofs of the LP estimates for the
Calderon commutators by Muscalu [13]. The techniques and notation are also

heavily inspired by Muscalu, Tao and Thiele [14, 15].

There exist theorems that give immediate L? estimates for operators with stan-
dard symbols where the dimension of the singularity is strictly less than half the
dimension of the frequency space of the form associated to the operator [17]. Even
if our symbol had been standard outside the line then those kind of theorems would

not have been applicable because the line is degenerate.



CHAPTER 2
NOTATION

We use A < B to denote the statement that A < C'B for some large constant
C and A < B to denote the statement that A < C~!'B for some large constant C'.

Our constants C' shall always be independent of the tiles P.

Given any interval I, let || denote the Lebesgue measure of I and let ¢/ denote
the interval with the same center as I but ¢ times the side-length. Also define the

approximate cutoff function x; by

|z — x1|)2)_1/2

where z; is the center of /.

Define (n) := 2+ |n| for n € Z.



CHAPTER 3

SYMBOL
The meaning of (1.2) is
! 1
lim (/ filz + at)da) folx + Bt) fs(x +t)=dt (3.1)
e—0t 0 t
[t|>e

where the limit exists. Assume fi, fo and f3 are Schwartz functions on R. We will

show that (3.1) exists in that case and we will rewrite it in a convenient way.

Write (3.1) as

[ [ [l

N—=oo  cq|t|<N

~ . ~ . 1
[ Bleyemee g [ feemsag L
R R

which is equal to

1 ~ —~ o~
lim / /R3 [/0 %6_2”i(_°‘£1_6§2_£3)d01 f1(61) f2(&2) f3(E3)

e—07t
N=oo  c|t|<N

p2miz(6 +€2+§3)d§'1 d&2d&sdt

The function being integrated, viewed as depending on &;, &, &3 and t is clearly
absolutely integrable on R* and by applying Foubini’s theorem together with dom-

inated convergence we see that the formula becomes equivalent to



1 A~ A~ s .
/[/ Sg”(—a§1—5§2—§3)da f1(51)f2(f2)f3(53)€2m(€1+§2+§3)zd§1d§2d§3 (3-2)
0

R3
which clearly exists since ﬁ, ]?2 and ]?3 are also Schwartz functions.

A product of three functions satisfies a Holder type inequality as we obtain in

Theorem 1.1. Since the product can be written as

/ FLE) Fo&2) (&) 2™ @&t e)2 e, e, dgy (3.3)
RS

and using sgn(—z) = —sgn(x) it becomes clear by subtracting (3.2) from (3.3) that

it is enough to consider L? estimates for

Tofo. for f)(x) = / { / Le (061486 +E)da| (e P& Fo(es)

TG e desdes. (3.4)

where 1g, is the characteristic function for the positive real axis.

Similar to what was mentioned in the introduction then the symbol

1
/ g, (a1 +BE+E3)da
0

is not continuous around the line & = 0, 8¢ + €3 = 0, continuous but not differ-

entiable around the planes & + 5§ + & = 0 and & = 0, away from the previous



line, but smooth everywhere else. It is tempting to view the symbol as a trilinear
symbol of the variables &;, &, £&5. That would however result in a problem of the
same difficulty as the trilinear Hilbert transform. We choose thus instead to view

it as a non-standard bilinear symbol of the variables & and &, + &s.

10



CHAPTER 4
DISCRETIZATION

We will now come up with a "discretized" variant of the "continuous" form
associated to (3.4). We start by reviewing some standard definitions and comments

[15].

Definition 4.1. Let n > 1 and o € {O,%,% ". We define the shifted n-dyadic

mesh D = D to be the collection of cubes of the form

DI = {2 (k+(0,1)" + (=1)o)|j€Z, keZ"}
We define a shifted dyadic cube to be any member of a shifted n-dyadic mesh.

Observe that for every cube @, there exists a shifted dyadic cube @’ such that

QC %Q’ and |Q’'| ~ |@]; this is best seen by first verifying the n = 1 case.

Definition 4.2. A subset D’ of a shifted n-dyadic grid D is called sparse, if for
any two cubes Q, Q" in D with Q # Q' we have |Q| < |Q’| implies [10°Q| < |Q'|
and |Q| = |Q'| implies 10°Q N 10°Q" = 0.

Observe that any subset of a shifted n-dyadic grid (with n < 4 say), can be

split into O(1) sparse subsets.

Definition 4.3. Let 0 = (01,09,03,04) € {0,5,2}*, and let 1 < i < 4. An i-tile
with shift o; is a rectangle P = Ip X wp with area 1 and with Ip € D§, wp € D, .
A quad-tile with shift o is a 4-tuble P = (Py, Py, P3, Py) such that each P; is an
i-tile with shift o;, and the Ip, = I are independent of i. The frequency cube Q

of a quad-tile is definied to be II}_wp,

11



We sometimes refer to ¢-tiles with shift o just as i-tiles, or even as tiles, if the

parameters o, ¢ are unimportant.

Definition 4.4. A set P of quad-tiles is called sparse, if all quad-tiles in P have

the same shift and the set {Qp : Pe f’} is sparse.

Again, any set of quad-tiles can be split into O(1) sparse subsets.

Definition 4.5. Let P and P’ be tiles. We write P' < P if Ipr C Ip and bwp C

Swpr, and P < P if PP < P or PP = P. We write P" < P if Ipr C Ip and
10°wp C 107wpr. We write P' <' P if P' S P and P' £ P.

This ordering by Muscalu, Tao and Thiele [15] is in the spirit of that in Fef-
ferman [8] or Lacey and Thiele |11, 12]. The main difference from the previous
orderings is that P’ and P do not quite have to intersect which turns out to be

convenient for technical purposes.

Definition 4.6. Let P be a tile. An LP normalized wave packet on P, 1 < p < oo,

s a function ¢p which has Fourier support in %wP and obeys the estimates

[op(@)] S [p| ™ PX1(2)"

for all M > 0, with the implicit constant depending on M.

Heuristically, ¢p is LP-normalized and is supported in P.

Now that we have the tools from Muscalu, Tao and Thiele [15] then let us start
decomposing. We start with two standard Littlewood-Paley decompositions and

write

12



(&) =D Wy, (&)

and

(& + &) = Zﬁk\a(fz +&)
ko

where as usual, 6;6\1(51) and @(52 + &3) are bumps supported in the regions

|&1] ~ 281 and [& + &3] ~ 2F2 respectively. In particular we get

166 +6) =D ¥nl6)Thll +&) (1)

k1,k2

By splitting (4.1) over the regions where k; < ks, ko < ki and ki ~ ko we obtain

the decomposition

1(&1,6 + &) = Z@(gl)&)\k(£2+£3) + (4.2)
Yo Bu(E)Tk(&+ &)+ (4.3)
Z E’Z(&)@;(@ + &) (4.4)

where @ is a bump supported on an interval, symmetric with respect to the origin

of length ~ 2F.

Note that @(52 + &3) is supported in R? on a strip around the line & + & =0
of width ~ 2¥. We can cover that strip with shifted dyadic cubes with side length

~ 2% Similarly then @(52 + &) is supported in R? on two strips of width ~ 2F

13



but this time away from & + £3 = 0. Again we can cover those strips with shifted

dyadic cubes of a similar scale.

Thus we come up with a decomposition

(€1, 62.6) = Y Part(E1)Pana(E2)Paus(Es) (4.5)

QeqQ

for each of the three cases (4.2), (4.3), (4.4) such that

% < a(£1a§2a€3) < 10.

Here ¢q,; is an L' normalized wave packet on a tile I5 X Q; for i = 1,2, 3, where
Q; is a shifted dyadic interval that depends on the decomposition in each of the

three cases and I is a dyadic interval such that |I5| ~ [Q;|~" for i = 1,2,3.

Since & € %Ql, & € %QQ and & € 19—0Q3 it follows that & + & + &3 €
%Ql + %QQ + 1%@3 and as a consequence one can find a shifted dyadic interval Q4
with the property that 19—0621 + 1%@2 + %Q3 - —%Q4 and also satisfying |Q:| =
|Q2] = |Q3] ~ |Q4|. In particular there exists an L' normalized wave packet ¢g, 4

adapted to I x ()4 such that (,15/624\74 =1on —19—0621 — %Q2 — %Qg.

Thus (4.5) can be written as

061, 6.6) = D 00,1(61)00,2(6)00,5(E)baua(—61 — & — &) (4.6)
Q<q

where this time Q is a collection of shifted dyadic quasi-cubes in R*. Modulo a

finite refinement we can assume that a sum of the type

14



D 6011(60)00,.2(6)90,3(E)d0.a( 61 — & — &) (4.7)
QeQ
runs over a sparse collection of tiles Q In such a sparse collection, then for every
Qe Q there exists a unique shifted cube Q in R* such that Q C 1—7062 and with the
diameter of @ similar to the diameter of (). This allows us to assume that a sum
of the type (4.7) runs over a sparse collections of shifted dyadic cubes such that
Q1] ~ |Qa| ~ |Qs] ~ |Qa]. Let |@] ~ |Qs], i = 1,2,3,4, be the scale of the dyadic

cube.

Further we know that in all three cases (4.2), (4.3) and (4.4) then the scale
Q] fixes the location of the tile Q1. Also in the case (4.2) where we are close to
the line & 4 & = 0 then the tiles ()2 and ()3 can be made to overlap while in the
second two cases (4.3), (4.4), when we are away from the line & + & = 0 then Qs
and ()3 can be made to be a couple of units of length |C§\ away from another so

they don’t overlap.

We will now study the quadlinear form associated to (3.4).

15



Afﬁ(fl,fzafs)(x)f4(x)dx

- { /0 1R+<a§1+652+53>da]ﬁ<51)f2@)ﬁ,(gg)ﬁ(&)d@d&d&d@

&1+E€2+E3+84=0

Jo lei(aéi+ 86+ &) da|
- Z / [ a(&j &, 53) ] ¢Q171(fl)¢Q2,2(52)¢Q373<§3)

Q€Q ¢ +£+E5+€4=0
ona(—& — & — &) F1(€0) Fo(&2) Fi(E3) Fa(Ea) dr dEndéndsy

[fol 1R+<a§1+5§2+£g)da] o
a1, €2, 3) $01.1(61)0022(62) b4 (&)

-5

Jeq &1+€2+E3+84=0

Soua(E) Fr(1) Fal6a) Fa(Es) Fa(Ea) dédéadEsde,
(4.8)

We can write

[fol g, (@& +5§2+§3)da} o
a(€r, €2, 3) 961.1(61)0022(62)d4.5(6)

as

[fol Ig, (O‘£1+5§2+§3>da] - = — e — —
$Q1,1(£1)$Q2,2(82)005,3(63) 01,1 (§1)Dq,.2(€2) P@s5,3(€3)
a(éh 527 53)

——

where Q;ng ®q~5Q2,g ®q5@3,3 is identically equal to 1 on the support of ng/Q: ®¢/Q; ®

¢Q3,3'

Now split

16



[fo 1R+ Oéfl‘i‘ﬁfg—kfg)da} — _—
a(&1, &, &) 901.1(61) b0, 2(E2) 10, 2(65)

as a Fourier series

Z o9 2TGIE i 2 G

n1,n2,n3
ni,n2,n3

The coefficient C9

¥ mamg 1S given by

Q 1 [fo L, O‘&l"‘ﬁ@-ﬁ-fg)da} —
/uw a(y, 6, &) 9001 (61)P022(€2) b0, a(E2)

ninomng |Q’|4
6—27rz|®£1 _2“%526 m zl@\£3d§1d€2d€3 (49)

Lemma 4.7.

| ni,na, n3| ~ C(n17n27n3)

where the implicit constant does not depend on Cj

This lemma is a consequence of lemma 6.2 that we prove in section 6. The main
point for now is that the Fourier coefficient is bounded uniformly independently of

the dyadic cube Cj

We can now majorize (4.8) by

17



S Clmmany) Y| / G (€1) a2 Bora(€s)Fora(€s)
nen2ns Q€Q ¢ +&+E3+64=0

—2m'"—252€ 2mi 3 €3

FE) (&) Fa(&) Fal&a)e T ia% > id 191 gy déadesde,|
= X Clmoman) 31 [ 1506 a6 0l

ni,nz,n3 QEQ RS

¥ bopa(€y)eXm i Crtetestenz ge ge, de,de |

= 2 Clommana) Y1 [ (688, )@ * dama) ) 85,0

n1,n2,13 GeqQ

(fa * $Qua)(x)de|

Here the meaning of gbgl is that if ¢g,; was an L' normalized wave packet on
I5 x @Q; then ¢g,.i 18 an L' normalized wave packet on ]g X @Q; where Ig" is a

dyadic interval sitting n; units of length |5 away from I 5.

Split Q = Usez Qy, where Qy, has cubes Q of scale |G| = 2¥ and thus 5] =27F.

> /R(fl * 00,1) (@) (f2 % 0G0) (1) (f3 % O, 5) () (fa * dgua)()d]

QeQ

=3 Sl )@ ) e s )2 ) (0,02

—

keZ Qer

(f1a % 0q.a) (27 y)dyl

4 / Z Frx ¢ D@7Fm 4+ 278y (fa % 93,) (27 m 4+ 277)

meZ

(fs % 03, 3) (27 m + 27") (fa * 6g,,4) (2 m + 27%y)dy | (4.10)

Now observe that for i = 1,2,3,4 (where we take ny = 0)

18



(fl*¢gl)(2 Fm + 27 7 /fl gb J(27 Fm 427 fy—z)d

- |1~|1/2 / fi(z)”@‘“”%’;,i(?"“m +27My — 2)dz

- Wi |1/2 {fis qsz,z,mn)

where ng im~ 15 @ wave packet translated from qﬁgl by m steps in time and then
additionally shifted by ~ steps. Note that qbQ im~ 1S A1 L? normalized wave packet

since ¢y ; was L' normalized. Now (4.10) becomes

1
/ ZZ| ||[ |1/2 f17¢ 1mfy>|] |1/2<f27¢Q22m7>|] |1/2<f3a¢Q373,m,7>

Q‘ meZ

1 ~
|.[Q‘|1/2 <f47 ¢Q4,4,m,7>dry

1
1 - - - -
= /0 Z _|[ﬂ‘ <fla ¢P1"1,1,7><f27 ¢P§2,2,7><f37 ¢P§L3,3,7><f47 ¢P474,v>d7
pep ' T

where P denotes the tile I} x @Q; where I3 is a dyadic interval such that
[T ~ |Qs] ™! for i = 1,2,3,4 (again we have ny = 0). Again then I7"™ sits

n; +m units of length |/5| away from Ip,.

If we now fix ny,ne, ng € Z and ~y € [0, 1] then it is sufficient to study estimates

for the following discrete variant of (4.8)

Z |]i3| <f17 ¢P1"1,1><f27 ¢p§2,2><f37 ¢P§13,3><f4; ¢P4,4>

S

/!
o]l

Write

19



1

Aﬁ(f17f27f37f4) = Z ‘[ﬁ|

€

<f17 ¢P1nl,1><f27 ¢P;2,2><f37 ¢Pg3,3><f47 ¢P474> (411)

ot
o1

and define T(f1, f2, f3) with

<T13<f17f2;f3>7f4> = Af’(f17f27f37f4)

To compare our quadtiles with the tiles one faces in the bilinear Hilbert trans-
form then notice that if P = (Py, Py, P3, Py) then P is like a paraproduct tile, P,
and P; might at a first glance seem just as in the bilinear Hilbert transform and
Py is essentially as in the bilinear Hilbert transform, just potentially translated a
bit in frequency by P;. Note that the constant in the definition of <’ is 5 as op-
posed to 3 in [15]. We choose a bigger constant to make up for this extra possible
translation of P,. In the next chapter we will see in which cases we are essentially
as in the bilinear Hilbert transform case, and in which cases we have to be more

careful.
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CHAPTER 5
RANK (1,0)

Recall a standard definition of rank [15].

Definition 5.1. A collection P of quad-tiles is said to have rank 1 if one has the

following properties for all ]3, P e P:

o If P#P, then Py # P! for all j=1,2,3.4.
o If P/ < P; for some j =1,2,3,4, then P/ S P; for all 1 <i < 4.

o If we further assume that 10°|15,| < |I3|, then we have P! <' P; for all i # j.

This definition does not work for our collection of quadtiles because the paraprod-

uct tile P, does not uniquely determine the other three tiles.

We only need a frequency or time interval from one of our tiles to determine P,
while we need a whole tile P;, j = 2,3 or 4, to determine the other three. Motivated
by this fact and what ingredients are really important in a rank definition [17] we

give the following definition.

Definition 5.2. Let {i1,1s,13,i4} be some rearrangement of {1,2,3,4}. A collec-
tion P of quad-tiles is said to have rank (1,0) with respect to {{i1,1is,13},{ia}} if

one has the following properties for all 13, P e P:

o If P# P, then Py # P/, for all j=1,2,3 and if I5 = I5, then Py, = P},.
. IfPi’j < By, for some j =1,2,3, then P; S P, forall1 <k <4.

1 Y

o If we further assume that 10°|15,| < |I5|, then there exist at least two indices
71(15), 12(i5) € {1, 2,3, 4} \ {45}, 7a(45) # 72(1;)
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such that we have P’ (i) S Py and Pl < Pryyy. We call those indices
T1(i5) ~ J Ta(ij) ~ T 201

good indices with respect to i; and note that there might be up to three of

them. Here we understand P;, <' P;, to mean wp; Nwp,, = 0.

Note that the orderings < and <’ do not make sense for our paraproduct tiles
because we have the relation < between any two such tiles and thus <’ never
happens. These orderings work well on the bilinear Hilbert transform type tiles
where flexibility is helpful. We have to be more exact with the paraproduct tiles
and thus understand the relation < to mean that the paraproduct tiles intersect

in frequency while <’ means that they don’t intersect.

It is not hard to see that our collection of quadtiles is rank (1,0) with respect
to {{2,3,4},{1}} where a collection corresponds to exactly one of the three cases
we have. The first and second conditions are clearly fulfilled since knowing one
of the bilinear Hilbert transform tiles gives us complete information about all the
other tiles and since the paraproduct tile is completely determined by the time
interval. Modulo a finite refinement of our collection we can also see that the last

condition is fulfilled.

Assume we are in the case (4.2) and that we have 10°|15| < |I5]| and Pj < Ps.
We can not guarantee that P < P5 since P, and Pj3 are essentially the same tile
and similarly for Py and P;. However 10°|1| < |I| guarantees that wpr Nwp, = 0)
which along with the previous observation also guarantees that P; <’ P;. The
other possibilities in this case go somewhat similarly. This particular example

shows how critical the paraproduct tile is in our analysis.

In the case (4.3) then P; has minimal effect so we are essentially in the bilinear

Hilbert case so all the conditions above are fulfilled.
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Assume we are in the case (4.4) and that we have 10°|15| < |5 and P, < P;.
We claim that Py <' P, and Py <' Ps so let us assume for contradiction that
Py < P,. The distance between the centers of the frequency supports of P, and
P[ is roughly |wpr| — |wp,| < |wpr| which means, since Py < P, and Pj < Py, that
the distance between the centers of the frequency supports of P; and P is at most
|wpr| which gives P; < Ps. This must be a contradiction and thus we have P} <' P,

and P; <" Ps. The other possibilities in this case go somewhat similarly.
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CHAPTER 6
FOURIER COEFFICIENT

Recall from (4.9) that the Fourier coefficient C9 is given by

ni,nz,n3

C’Q

ni,ne,m3 ’Q"|4

L [ mea s rg)de] —
/R3 a(&1, &, 6) ¢Q1 (§I)¢Q2 2(52)@5@3 3(&3)

—2miL 51 —2mi2 52 —2mi 3 ¢

e Ial el QI dE déadEs

Change variables and obtain

1 ~
;L AENBEDEE) srime
O”l s /RS |:/0v 1R+ (afl +6§2 +§3)da (51, g?a 53)

6727rin2£26727rin3§3d£1d£2d£3

where qg,(@) ¢Q1 (|Q|&)) is a bump that is of scale 1 and a(&y,&, &) =
a(|@|£1, ]Cj\fg, ’Q‘fg) is also of scale 1 on the support of @(51)52(52)&(53).

see why the last statement is true we have to recall

a(€1,62,63) = Y D1 (61)5,2(62)05, 3(63)
Qe

and split into cases based on (4.2), (4.3) and (4.4). First note that for a term in

3" 06, 1(61)96,2(62)95, 5(6)

Q<@
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to contribute to the sum on the support of Cj we must have Q; N Q; # () for
1=1,2,3.

Start with the cases (4.2) and (4.4). For Q; N Q; # () we must have |C§| ~ Q|

because else ¢, | and ¢gq, 1 have disjoint supports.

The last case is (4.3). Assume we have C:j and Q such that Q; N Q; # 0 for
i =1,2,3. Let’s now for symmetry assume we have |er < |@|. We are in the case
where ()5 and (D3 are several units of length |C§| away from one another and Q, and
Q5 are several units of length |C§| away from one another. However if Q> N Qy # ()

then we can’t have Q3 N Q3 # 0 which is a contradiction. Thus we must have

Q ~14).

We now want to integrate by parts to obtain decay in n;, ng, ng. We do not

(£1)$2(E2)d3(E3)

need to worry about derivatives hitting 2 (e o fs) which is smooth and of scale

1.

In the case (4.3) we do not catch the planes where our symbol is continuous
but not differentiable. In that case we can thus integrate by parts as often as we

want and obtain as much decay in nq, no and ns as we want.

In the other cases, (4.2) and (4.3), we might catch the planes where our symbol
is merely continuous but in both cases we know that (); is away from the origin.

; q
Thus we can write C¥ |, as
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1 /e 01(6)02(62)03(63) _pminse,
/RS |:§1 /0 1R+(0‘+5§2+53)d0‘} &(51762763) ¢

e—27rin2§26—27772n3§3 d£1d£2d€3

- & o1 (E)D(E)D3(E) amime,
= /]R3 |:/O 1R+(Oé+5£2+§3)d06:| d(§1,§2,§3> e

e—?m’nz{z 6—27””363 dfl dfz dSS (6 1)

where ¢1(£;) = équl(é’l) is well defined and still smooth because &; is always away
from zero. As in Muscalu’s treatment of the symbol for the Calderon commutator

[13], which has a non-standard symbol, we get the following lemmas.
Lemma 6.1. One has the following identities
@) 3, (5 1n. (a+BEa+Es)da) = 8ol + B + &) — (B2 + &)
b) O, 0, (fo51 1R+(a+5§2+§3)da> = B(60(&1 + B + &3) — do(BE2 + €3))
¢) g, O, (fo& g, (a+5§2—|—£3)da) = 00(§1 + B +&3)
d) 8522 <f0 ' 1R+(04+5§2+53)d04> = [%(00(&1 + BE + &) — 00(BEa + &3))

) 0e0e, (J5 1w, (0 B+ €)da) = Boo(&1 + B + &)
7) 38, (S5 1r. (o B+ €a)da) = b6 + BE + &)

Proof. This is straight forward. Let us verify a) for instance. One has

&1 &1
8523 (/ 1R+ (O‘+ﬁ§2+§3)da) - 853 (/ 5O(O‘+6§2+§3>da)
0 0

&1+B8E2+E3
= O, (/ (50(a)da)
Bé2+E3

= 00(&1 + B + &3) — 0o(BE2 + &3) u
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Lemma 6.2.

@ ca ! 1 P SR N 1
et~ (ng)2 (g —ng)Me (ng — Bng)Me "7 (ng)? (na)Me (ng — fng)Ms
1 1 1 1 1
+ 03 n n + C4 ’ ' n
Hngh™ (ny — )M (ng — ) Ma TP )M (ng)Ma - (ng — ) Ms
o1 1 1 1 ) 1 1
+ C/g : + Cﬁ

(a0 o) G

where (n) := 2+ |n| and My, My, M3, My are fized large integers and cé, o ,cg

are constants that only depend on (3.

Proof. As mentioned before then this clearly holds in the case (4.3) since then the
symbol is smooth and we can integrate by parts as often as we want in the Fourier
coefficient. In the other two cases (4.2) and (4.4) we must use lemma 6.1. The
idea is to integrate by parts in (6.1) in the & variable as often as we can. Since
both [ 1r, (a4 B&+E3)da and % depend on &3 then derivatives can
hit either of the terms. If the derivative hits the term fogl I, (a+p&+Es)da twice

then because of lemma 6.1 the &3 variable disappears and (6.1) collapses to

~

/ 01(6)02(6)93(=E = BE2) it —ny)es -2
R2 &(517 527 _fl - 552)

[ 0BG _smins —snitrasnes .
R2 d<517€27_€1_ﬂg2) ‘ ‘ 51 52

na—pAnz)é2 d&,dés

The integrands in both those terms are smooth and can be integrated by parts
as many times as we wish and all the derivatives are compactly supported on scale

1. This explains the appearance of the first two terms in the estimate for C’,?;nms.

If however the &3 derivative didn’t hit the term [J' 1g, (a+ & +&3)da two

times, even after running the procedure many times, this means that we already
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gained a factor of the type W, at which point we stop integrating by parts in
& and start integrating by parts in &. If & derivatives hit [;* 1g, (a+B8+&3)do
we face two possible cases, we either end up with 0,0k, <f0§1 g, (a+B& —I—fg)da)
or 02, <f01 1R+(a+ﬁﬁg+§3)da>. Using lemma 6.1 then the integral collapses as

in the first case, that is £ becomes ——53;&

or —% After that we are, as before,
integrating by parts a smooth function, obtaining an upper bound that explains

the appearance of the third and fourth terms in the estimate for Cgm,ng.

If however f01 I, (4 B& +E&3)da has not been hit two times by some com-
bination of &3 and & derivatives after running the procedure many times, this
means that we have already gained a factor of the type W . W at which
point we stop integrating by parts in & and start integrating by parts in &;.
If & derivatives hit f0£1 Ip, (o + p& + &)da we face three possible cases, we
end up with O, 0, (fogl 1R+(Oz+5€2+53)d0z>, e, Ok, <f0£1 1R+(a+ﬁ€2+§3)d0z> or
0z, <f01 1R+(a+6§2+§3)do¢). Using lemma 6.1 the integral collapses as before,
that is & becomes —[&; — &3. After that we are, as before, integrating by parts
a smooth function, obtaining an upper bound that explains the appearance of the

fifth term in the estimate for C’Cj

ni,n2,n3"

Last but not least, if no combination of &, & or &3 derivatives hits fol g, (o4
B +&3)da twice then this means that the derivatives keep hitting the smooth
function in which case we obtain an upper bound that explains the appearance of

the last term in the estimate for C’g’nwg.

28



CHAPTER 7
DISCRETE OPERATOR

Let now P be a finite collection of multitiles which is sparse and has rank
(1,0). Consider also wave packets ((bpjnj ,j)ﬁeﬁ for j = 1,2, 3,4 adapted to the tiles
Pjnj respectively as before where ny,ny and nsz are fixed and ny = 0. Assume also

that they are all L?-normalized. The following theorem will be proven in detail in

section 9.

Theorem 7.1. Let v, and 3 be positive numbers, smaller than 1 but very close
to 1, v be a positive number smaller than % but very close to % Let also Ey, E>,
Es, Ey C R be measurable sets of finite measure. Then there exists E) C E; with

|E}| ~ |E4| such that for every |fi| < 1y, |fo| S 1ky, |f3] S 15, one has

3
[ T 1ot )15 < (H|log2<<nj>>|4) A B2 | By By

j=1

(7.1)

where 4 is defined by 1 + v + v3 + 74 = 1. Moreover the implicit constant s

independent of the cardinality of P.

Using the interpolation theory by Muscalu, Tao and Thiele [17], the symmetries
of T and standard duality arguments then one can deduce the following theorem.
Theorem 7.2. IffS is as before then Tz maps boundedly

Ts : L' (R) x LP*(R) x L*(R) — L**(R) (7.2)
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forany1<p1,p2,p3§ooand§<p4<oosuchthat]%l+pi2+%3:iand§<

p2p3

ot < 00. Furthermore, the constant of boundedness depends on ny, ny, n3 and ny

3
in a way that can be bounded by [] |logy({n;))[*.
j=1

Note that this is a stronger result than in theorem 1.1.

To prove Theorem 1.1 then let py, p2, p3 and py be as in the theorem and recall
that in section 3 we commented that it is enough to show the theorem for Tg. It
ps > 1 then standard arguments extend the theorem to Tﬂ. If however py, < 1 let

fi € LPI(R), i = 1,2,3 and note

ITs(f1, for f)lps = | T5(frs foo fo)P

1 Pa
< (/ ) c<n1,na,n3>Tﬁm<fbf2,f3>dn) (g

ni1,n2,n3

1
S H/o Z C(n1,n2,n3)p4T§fn(f17f27f3)d77H1/p4

ni,n2,m3

This last step is only well defined if py > % because C(ny, ng, n3) includes terms

that contain @ by lemma 6.2 and we need W to be summable. In that case

2p4
then theorem 7.2 and lemma 6.2, along with standard results on the convergence of
series of the type > % where p > 1, can be used to conclude that theorem

1.1 holds true for Tg and thus for Tj.

Note that the reason why p, > % might seem a bit naive. There exist methods
where all the T are treated simultaneously by picking in section 10 a common
exceptional set. It is not hard to check that these more advanced methods yield

the same condition on py.
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CHAPTER 8
TREES

The standard approach to prove the desired estimates for the form Ag is to
organize the collection of quadtiles P into trees. We may assume, and will do so
for the rest of the thesis, that P is sparse and of rank (1,0). We will now recall
basic definitions and comments for trees from [15|. The only change is that we will
not consider 1 trees at all. We will essentially ignore the first position when setting

up the trees. Also note that we set up the trees based on untranslated tiles.

Definition 8.1. For any 2 < j < 4 and a quadtile Pr e 13, define a j-tree with

top Z3T to be a collection of quadtiles T C P such that

P; < Pp; forall PeT, (8.1)

where Pr; is the j component of ]3T. We write Iy and wr; for IﬁT and wp;.

respectively. We say that T is a tree if it is a j-tree for some 2 < j < 4.

Note that T" does not necessarily have to contain its top Pr.
Definition 8.2. Let 2 < i < 4. Two trees T, T' are said to be strongly i-disjoint
if

. B-%Pi’forallﬁET, PeT.

e Whenever P € T, P e T are such that 2wp, N 2wpr # (), then one has

Is, NIy =0, and similarly with T and T' reversed.

Note that if 7" and T" are strongly i-disjoint, then Ip X 2wp, N Ipr X 2wpr = 0
foral PeT, P eT.
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Given that P is sparse, it is easy to see that if 7" is an ¢-tree, then for all

]3,]3’€Tandj7éz',2§j§4,wehave

Wp; = Wp

or

QWPJ. N QWPJ/_ = @

We pick trees for tiles P as in the bilinear Hilbert transform case but remember
that our wave packets are in general adapted to tiles P, i = 1,2,3, that are

translated in time by n; units of length |I5|. Thus the effective trees we face are

translated and are furthermore not evenly translated.

Due to the dyadic structure of the trees and the dyadic structure of the trans-

lation applied to the tiles in the trees then one can see that we can do better than
saying that a translated tree, derived from a tree T, is supported on 0 L}. As
Muscalu observes [13] (and can be seen from the argument in section 1]1:)0then in
fact the translated tree is supported on  |J I3 where Fr(n,) is a set of indices
that contains for example 0, 1 and n;. Vj\/eeF;(lgg know the following fact about the

cardinality of Fr(n;)

|[Er(na)| S logy((ni))-

We call |J [I4 "Ir and friends".

JjEFT(n;)

32



CHAPTER 9
TILE NORMS

Let’s recall the standard tile norms from the paper by Muscalu, Thiele and Tao
[15].

Definition 9.1. Let P be a finite collection of quadtiles, 7 = 1,2,3,4 and let

(ap;) pep be a sequence of complex numbers. We define the size of this sequence by

sizej((ap;) pep) = sup( K |Z‘a %)Y
TcP 4T

where T ranges over all trees in P which are either one quadtile trees or i-trees for
some 2 < i < 4 such that j is a good index with respect to i, as in the definition of

rank (1,0).
We also define the energy of a sequence by
energy;((ap;) pep) = supsup 2" Z | I7|)Y/2
neZ T TeT

where T ranges over all collections of strongly j-disjoint trees, 2 < j < 4, in P

such that

Z|a 1/2 >2n|] |1/2

PeT

for all T € T and
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(Z ‘an‘2>1/2 < 2n+1‘[T,‘1/2

PeT"

or all sub-trees T' C T € T.
[

We will use those definitions for ap, = (f;, ngP;zrj ;). Note that the restriction to
i-trees for some 2 < ¢ < 4 such that j is a good index with respect to 7, as in
the definition of rank (1,0), means that whenever such trees exist then we can
attempt to use square function estimates on our collection of P; tiles that come
with those trees. In other words, the P; tiles stack up similarly as in the bilinear

Hilbert transform case.

Recall the John-Nirenberg inequality [15].

Lemma 9.2. Let P be a finite collection of quadtiles, j = 1,2,3,4 and let (ap,) pep

be a sequence of complex numbers. Then
‘ 1 2 1113 1/2
sizej((ap;) pep) ~ sup m“(z lap,| m) | Lroo (1)
TP 4T Ber P

where T' ranges over all trees in P which are either one quadtile trees or i-trees for
some 2 < 1 < 4 such that j is a good index with respect to i, as in the definition of

rank (1,0).

The proof carries exactly over due to our choice of possible trees in the definition

of size.
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CHAPTER 10
PROOF OF DISCRETE OPERATOR THEOREM

Proposition 10.1. Let P be a finite collection of quadtiles. Then

4
Ao, for fo Pl S size(((fr dpps 1)) pes) | [ (size(((5 005 ) pep))”
=2

J

(energy(((fj, (bp;j 7j>)13€13)>170j

for any 0 < 05,05,0, < 1 with O+605+0, = 1, with the implicit constant depending
on the 6,.

This proposition will be proven in section 14.

Lemma 10.2. Let P be a finite collection of quadtiles, j € {1,2,3,4} and E be a

set of finite measure. Then for every |f| < 1g one has

1
siel (. 0571 pee) S Toeal(n) sup oo [ 1,

for all M > 0, with the implicit constant depending on M.

Lemma 10.2 will be proven in section 12.
Define the shifted dyadic maximal operator M™ as follows [13]

M7 f(z) = 31;;;,—}| [l )iy

where the supremum is taken only over dyadic intervals.
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Lemma 10.3. For any n € Z the shifted mazimal function M™ maps boundedly
LP(R) into LP(R) with a bound of the type O(loga((n))). It also maps boundedly
L®(R) into L*®(R) and L*(R) into LV*(R) with a bound of the type O(logs({n))).

Lemma 10.3 will be proven in section 11.

Lemma 10.4. Let P be a finite collection of quadtiles, j € {2,3,4} and f € L*(R).

Then

energy((f, &prs ;) pep) S (loga((ni))* I/

Lemma 10.4 will be proven in section 13.

We can now prove theorem 7.1.

Proof. Fix Ey, Ey, E3, E4, 71, 72 and 3 as in the hypothesis of theorem 7.1. The
goal is to find E} C E,; with |E}| ~ |E,| such that for every |fi| < 1g,, |f2| < 1g,,

|f3] < 1k, one has

Ag(fi, fo, f3:187)

3
S <H\10g2(<nj>)\4> | En [ [ Es || B | B[
j=1

where we recall that v, is defined by v; + v +v3 + 74 = 1.

Using the dilation symmetry of T, which translates naturally to Ag, one can

clearly assume wlog that |E,| = 1. Define then the set Q by

3

2= ({00 (i) (@) > Closa((o)})

Jj=1
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and observe that |Q)] < 1if C is a large enough constant. Then set Ej := E, \

and notice that |E}| ~ 1 as desired.
Then for any d > 1 define the collection P, by

- - dist(1z,€°
B, - (PeP ot < WlUp)

< < 2%}
115

and let Py be the collection of quadtiles which intersect 2¢. Clearly (J Isd = P.
d>0

We can write

As(fr, for Fi 1) Z / (i for f3)(@) 1y () (10.1)

Fix d > 0 and consider the inner quad linear form of (10.1). It can be estimated

by proposition 10.1. Using lemma 10.2 and lemma 10.3 we obtain

Size((<f,¢Pﬁj7j>)]5‘el3d> 510g2(<nj Sup |I |/XI nj
f P

< (logy({n;)))* min(1, 2| ;)

< (logy({n))) 2| B4

forany 0 <a; <1,j=1,23.

Using lemma 10.4 we also obtain for j = 2,3

energy((f, & ) pep) S (08l () P51/
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Using lemmas 10.2, 10.4 and 10.3 for the fourth position, using n4 = 0, we note

that since |Ey| = 1 we obtain

size(((f, &prs ;) pep,) S 27"

and

energy((<f7 qbpj'LJ"j))ﬁeﬁ) g L.

Putting all this together then proposition 10.1 allows us to bound the corre-

sponding quad linear form in (10.1) for a fixed d > 0 by

2By [P (| Bl | /%) (| By o) | B /2) % 1

— 27#d‘E1|a1 |E2|a292+%(1792)|E3|a393+%(1793)

where # is a strictly positive integer. Then we can make a, arbitrarily close to 1,
a9l + %(1 — 05) arbitrarily close to % by choosing 5 close to 0 and asf3 + %(1 —03)

arbitrarily close to 1 by choosing 05 close to 1 and a3 also close to 1. O
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CHAPTER 11
ESTIMATES FOR THE SHIFTED DYADIC MAXIMAL FUNCTION

We will now recall the proof of lemma 10.3 from [13].

Proof. Observe that it is sufficient to prove the estimates for the "sharp" shifted

dyadic maximal function M™ defined by

M f(w) = sup 7 [ |f(y)ldy

xzel ’[| I

where the supremum is taken only over dyadic intervals.

To see this, fix x and [ so that x € I. One can write

1
g [y £ 3 | [ 1] e

H#EL

In particular, using the above and assuming the theorem holds for M™, one has

#EL

1
1M, < Z Hw S| M £
1

S 2 Ty log, ((n + #))| fl,
1
S 2y (#)100 log, ({n) (F#) I f I,

< logy ()| £l

as desired. We are then left with proving the theorem for M™.
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Let now A > 0. We claim that we have the following inequality

{2« M f(z) > A} S logs((n)[{x : Mf(x) > A} (11.1)

where M is the classical Hardy-Littlewood maximal operator. Assuming (11.1) the
theorem for M" follows from the Hardy-Littlewood theorem in the case L'(R) —
LY>*(R). The case L>°(R) — L>*(R) is trivial. All the other estimates we obtain

then by interpolating between those two cases.

To prove (11.1) denote by Z the collection of all dyadic and maximal, with

respect to inclusion, intervals I™, for which

1
o [ 1wy >

Note that all of them are disjoint and one also has

U I"={x: Mf(x) > \}.

Ime1)

For every such selected, maximal, dyadic interval 1", then it has at most log,({n})
friends as in the tree case. More precisely then there are at most log,((n)) disjoint
dyadic intervals I}, ... I} of the same length as |I"|, so that the translate with
—n corresponding units of any subinterval of I™ becomes a subinterval of one of

these intervals. Now we claim

{w:M"fx)> Xy C | TIru...un)).

Imez)
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To see this, pick zy so that M™f(zo) > A. This means that there exists a dyadic

interval J containing xy so that ﬁ S 1f()|dy > X. Because of the previous
construction, one can for sure find one selected maximal interval of the type I™ so
that J" C I". But then this means in particular that .J itself will be subset of one

of I7, ..., I} which implies the claim.

It is now easy to see that this claim together with the disjointness of the max-

imal intervals I™ along with the fact that N <log,((n)) imply (11.1).

41



CHAPTER 12
SIZE ESTIMATES

We will now prove lemma 10.2.

Proof. Fix j € {1,2,3,4}, n;, E and |f| < 1g as in the lemma. Since P is a finite
set of tiles there exists a tree T' such that the supremum in the size is attained. If
the tree is just one quadtile then the proof is trivial. Let’s thus assume that T is
an i-tree for some 2 < ¢ < 4 such that j is a good index with respect to i, as in

the definition of rank (1,0).

1
Size((<f7 ¢pjnj7j>)}3e13) = (@ Z |<f7 ¢Pjﬁj7j>|2)1/2
PeT

1

< > (m > IS ¢p]7bj7j>|2)1/2 (12.1)

i€Fr(n;) T pet
I5CIL

Now for each i € Fr(n;) take P € T such that I C I% and pick from that

collection of tiles trees that are maximal with regards to inclusion and such that

they contain their top. Call that collection 7:1 for each i € F'r(n;). Then we can

bound (12.1) with

3 Z(ﬁ ST 6p, ) )2

i€FT(ng) TeT; PeT

Note that the trees in 7; are disjoint and in particular

> | <17,

TeT;
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Thus for a fixed ¢ € F'r(n;) we have

1/2
1 / 1 )
Z(m Z 1(f, ¢pj7j>‘2)1 2< | sup m Z I1(f, ¢Pj7j>’2 m

TeT: BeT TeT;

1

N
=

—

TeT; PeT
1/2

TeT,

1
< sup Ty > W for, )N
PeT

Since P is a finite set of tiles then for each friend there exists a tree T which is

an i-tree for some i # 7, 2 < i < 4, such that

1/2 1/2
1113

1 1
swp | 2o omall* )~ g | 2 0m) P
TeT; Tl ger r PeT P L

Here we have also used the John-Nirenberg inequality in lemma 9.2. Clearly it is

enough to prove that

1/2

1r. )
Sltron P ) |5 [ s
PeT P . R

and use the fact that |Fr(n;)| < log,((n;)).

Decompose the real line as a union of intervals

R=|]I}

nez
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where |I}| = |Ir| for every n € Z, I = Iy and all II: are disjoin except for the
endpoints. We think of It as being n units of length |I7| to the right of I if n > 0

and to the left if n < 0. Then split f as

f=Ff Lspp + [ Lirpe.

PeT
from L' into L'* and as a consequence

1/2
17
Since the expression (Z I{f, ¢Pj7j>|2lll_f‘|> is a square function, it is bounded
B

) 21113 <
Z [(f + Lsr7s Op, )| S Lsell

1/2
15

PeT
1,00

which can be majorized by the expression in the right hand side of the lemma.

We are left with estimating

1/2
1;,
SIS 1(51T)c,¢P]-,j>|2]—P
|15l

PeT
1,00

which is clearly smaller than

1|, |6p, -
Z Z <‘f |ZFD‘|1|/?PJ» ‘>’]P| 5 Z Z<’f| . 1]%, |X§Wﬁ|>

[n|>3 PeT In|>3 PeT

for any big number M > 0. In order to complete the proof it is enough to prove

that
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- 1
Z<’f| A, XD S —M/ lg;1m
5 " ()™ Jr
PeT
but this is an easy consequence of the fact that the sum on the left hand side runs

over P for which Ip C Ir. This ends the proof of lemma 10.2.
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CHAPTER 13
ENERGY ESTIMATES

We will now prove lemma 10.4.

Proof. Fix j € {1,2,3,4} and f € L*(R). Let also n and T be as in definition
of energy such that the supremum in the definition is attained. We want to show

that

1/2
2" (Z |]T|> SNl (13.1)

TeT

If we square the left hand side of (13.1) and use the properties of the trees in T

we can write

2

1/2
2" (Z |fT|) = 2" "Iy

TeT TeT

S22 Y A YL M| = D0 Do b )

TET \ Ber TeT \ Per

and this expression is supposed to be smaller than || f||3. We can also write

DD HEopm M= D (f pm 26 5.

TeT per TE€T per

SN Y2 D (F dpms ) oprs Iz
TET per

so it is enough to prove that
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1/2

|| Z Z<f7 ¢P;‘7'7j>¢]3jn‘77j”2 S./ Z Z |<fa ¢P;Lj7j>‘2 (132)

TET Per TeT per

The square of the left hand side of (13.2) becomes smaller than

Z Z ’<f? ¢P;j7j>H<f>¢Q;Lj7j>”<¢P;j’ja¢Q;lj’j>’ =1+ 1 (133)

TT'€T per
QeT’

where I contains the part where T T” while II contains the T'=T" part.

We first estimate I. Observe that if P € T and (Dj € T’ then, in order for
<¢Pjﬁj7j,¢Q:j7j> to be non-zero, we must have wp, Nwg, # ) and so we either
have wp, C wq, or wg, C wp,. Because of the symmetry we can assume that we
always have wp, C wq,. Then, since T" and T" are strictly disjoint, this means that

IsNIr = 0 for any such a Q.

Fix now T, T", P eT and Q € T’ so that wp, € wg,. Using the properties of

the trees T' € T, we can write

1/2

1 n 1 2
m|<f,¢p:j7j>|§2 SW Z<f7¢§:j7j>|

P p

from which we can deduce that
1/2
o )< P (S5 yp (15.4)
PR N [p| L2 R ’ '

u

Similarly we have
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1/2
|15]"? )
(F 0qu ) = 177 > Ao )| (13.5)

E

Using (13.4) and (13.5) we can bound I in (13.3) with

1/2 1/2
75" 2 / |IQ|1/2 2 /
Z Z ’[T|1/2 Z<f7¢15j"j7j>| |IT|1/2 Z<f7¢]3jnj,j>|
TT'ET  per B B
QeT’
wp; Cw;

|<¢p;j g’ QbQ;LJ' 7j>|

:Z Z<f7¢]5;j7j>|2 ZZ Z ﬁIﬁ|1/2|jé|1/2|<¢P;Lj,jﬂ¢Q;j7j>|

TET \ Ber PerT'ET Qe
T#T wp; Cug,
1, -
S (St )P T X5 qltin i)l 030
TeT IgeT ﬁeT;:ir; QET’ J J

wr; EWQ;

Fix T and look at the corresponding inner sum in (13.6).

OIS ﬁKfaP@j»zzQﬁj)l (13.7)

PerT/ET  GeT’
r wp; Cwq;

It is clearly enough to show that this expression is O((log,((n;)))?|I7|).

Fix P € T and recall

dist (T, Ipm)\
Y O J J
’<XIP;LJ’XIQ;L]>’ 5 1+ ’[]3‘ ‘[Q"
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Set Qs = {G € T': T € T,T" # T,wp, C wo,}. Pick Q from Q such

—

that I~ Qs is maximal with respect to inclusion and place all ) € Q 5 such that

I~n N I n # 0 and Q # Q into S Then observe that

dlSt(IPnJ ] n; ) -M
3 s > [ : I3

JeszuiQ} ! ! JeszuiQ}

dlst(IPn, I\ M
’ Q
< (1 E I5].

Q€5§U{Q}

Here we use the fact that || > [I5] for all Qe C)ﬁ. Now note that the /5 for all

@ € S@ are disjoint and they can only come from the friends of [é SO

Y Mgl S logy((ny)|1g]

@EséU{Q}

Now place Q into Q}; and throw away Sé UQ from le and iterate the selection
process. Since P is finite then our selection process will take finitely many steps.

We can bound (13.7) from above with

dist(/ n;,]Q )
> D logs((ny) (1 7 >|l@| (13.8)

PeT GeQy;
where all the 5 for Cj € Q} are disjoint.

Now split (13.8) in the following way
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log,((n;)) Z ﬁz

QREQ
dnj|ls |>|1T\

dist (7 n],]Qn )
tog(n)) Y X (1 —— | gl
PeT (e F

dnj|Ig|<|Ir|
Pick all P € T with |I5| of the same length such that 4n;|/5| > |Ir|. Then for

a fixed P we can estimate

dt_[nj7_lnj
5 (14 Bl
P al S s

Qeq

*
P

and since the I5 are all disjoint for P € T of the same scale then when we add up
|I5| for all of them we get something less than |Ir|. Now note there are at most

O(log,((n,))) scales of P such that 4n|l | = 2°2204%)|T 5| > |Ip| and thus

dlst(IPnj,IQ )
logy((ny)) Z<1+ >\ 31 < (log,((n)))*Hz|.

I3
Per  (edy 5l
dn; 15|17 r
Now look at P € T with 4n;|I 5| < |Ir|. Those P, that are less than 3n; units
of length |/5| away from the endpoints of /7, might interact with Qe Q}; and for

those we estimate

(1) Iy
prl ~or

Qeqr

B

20



Note that for a given scale there are at most 6n; of them. For those that are
[ > 3n; units of length |/5| away from the endpoints of I then /5N 15 = () for all

@ € Q’;g Thus we estimate

2.

dist(1 nj, I nj
(1—{— ” ( Pf]’ QjJ
qea%

)
o ) Il S (1+ (= 3m) ™14

For a given such scale of P, say 15| = 2%, we get

dlSt(]P"] s ]Qn] )
loga((n) D2 > (1+ o )|1@|

S (10g2(<nj>)) <6nj|]ﬁ| + |Il3| Z 1+ _1 3nj))M>

1=3n+1

S 10gy((n))(6n; + 1| 15|

7]

Now if we sum up over all scales such that |/ < -5 we get
J

diSt([Péj , IQr_lj ) |]T|
logy((ny)) >, > 1+ |}13| ’ |[Q'|§10g2(<nj>)<6nj+1)4_7%

S loga((n) 7.
We are now left with the diagonal term II from (13.3) where the sum runs over

T=T.1fP,QeT and wp; Nwg,; 7# 0 then we must have wp, = wp,. We can

majorize II with

o1



SO b P | S 1R
J |[| P, Q.

TeT per QeT !
wp. ZUJQ .
J J

and it is sufficient to show that

S I T )
Qer
WP =WQ;

is O(log,({n;))[L5]) but that follows immediately from the fact that all the I5 for

which wp, = wg, are disjoint.

This concludes the proof of lemma 10.4.
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CHAPTER 14
PROOF OF PROPOSITION 10.1

We will now prove proposition 10.1. Fix the collection P of quad-tiles and the
functions fi, fo, f3, fi- As mentioned before then we assume that P is sparse
and of rank (1,0) and assume it is with respect to {{2,3,4}, {1}} without loss of

generality.

Denote for simplicity

Sj = SiZG(((f, ¢p;j’j>)]3613)

for j € {1,2,3,4} and

Ej = energy(((f, &ps ;) pep)
for j € {2,3,4}.

Proposition 14.1. Let j € {2,3,4} and P' C P, n€Z so that

size({f 0prs ;) pepr) < 27"E;.

Then one can decompose P’ = P"UP" such that

37;26(((.][.7 Qﬁp;f ,j>>13613”> < zinilE]‘

and P can be written as a disjoint union of trees T € T such that
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>l g2

TeT

Proof. Our rank (1,0) collection of quadtiles has all the relevant features in com-
mon with the collection of tritiles in the bilinear Hilbert transform so the proof
from there works here. For completeness we will recall a standard proof of this

result.

For a tile P we denote by {p the center of wp. Then, if P and P’ are tiles, we
write P' <t P if PP < P and &pr > Ep. Similarly we write P <~ P if PP <" P

and 5]3/ < fp.

We perform the following algorithm. We first consider the set of all possible
trees T', which are either one quadtile trees or of type ¢ # j, 2 <7 <4 and j a

good index with respect to i, such that they are "upwards trees" in the sense that

+
P; ST Pry

for all P € T and which satisfy

Z |<f7 ¢Pjﬁj’j>’2 > 272”72’ITHEJ'|2'

pPeT

If there are no such trees we end the algorithm. Otherwise, we chose T" among
all of them such that the center {p,. ; of wp, ; is as big as possible and then as a
secondary goal we make sure that 7" is maximal with respect to set inclusion. Once

we have such a tree T" we also define
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T ={PeP\T:P <P}

which is a j-tree. We remove both 7" and 7" from P’ and add them to our collection
of trees T. Since P’ is finite the algorithm will end after finitely many steps

producing pairs of trees 11,17, T5, Ty, ..., Tp, 1.

We claim that the trees 11,75, ..., T, are strongly j-disjoint. Suppose for con-
tradiction that there exist P € T}, P’ € T}, such that 2wp; N 2wp]< # (). Since P
was assumed to be sparse this clearly can not happen unless |wp, | # |wp/|. By the
sparseness assumption and without loss of generality we may assume |wp,| < |w P! .
If either tile P; or P]’ coincides with the top of its respective tree then it is clear
that both tiles P and P’ would have been selected at the same stage which is a
contradiction. This takes care of the case where either tree is a single quadtile. If
that is not the case then we observe that |wp,| < |wp;| implies that &pr,; < &P, ;
which in turn implies by our selection algorithm that & < k&’. This means that T,
was selected before Tj,. However since |wp| is so much bigger than |wp,| we see
that P/ < Pr, ; which in particular means that P; € T} so P; should have been

selected earlier than at stage k’, which contradicts our assumption.

Using the definition of energy for f/|E;| we see that

n
Z |]Tk| 5 2%,
k=1

Since T} and T}, have the same top we can see that

> | S 27

TeT
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Consider now the set of the remaining tiles in P Clearly, we must have

Z |<f7 ¢P~n'7‘,j>|2 < 2_2n_2|IT||Ej|2
PET:PJ‘S+PT’J' !

for all trees T € P’ because else our algorithm would have continued.

To complete the proof we repeat the algorithm but replace the condition <*

by the condition S~ and select T such that {p, ; is minimized.

By iterating the previous result we obtain the following corollary.

Corollary 14.2. Let P be a finite collection. Then one can split P as

B-|JB,
neL

where for each n € Z and j = 2,3,4 we have

size(({f, quj"j ,j>)13€13n) <min(27"E;, S;).

Also one can cover P, by a collection of trees T' € T, for which

> I S 2

TET,
Lemma 14.3. Let T be an i-tree, i = 2,3 or4, in P and fi, fo, f3, fa fized

functions, then
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> u 11 @ Mo gz o)l o Dy ) s Sy )]

PeT

< |IT|H3236 f ¢p”J >)P€T)

7j=1

Proof. Say T is a 2-tree and assume without loss of generality that 1 and 4 are
good indices with respect to the index 2. This is for example the case for our
particular operator when we are in the case (4.2) as discussed in section 5. We can

bound the left hand side by

1/2

|(f2, D prz o) [(fs, @pps 5)]
Z’<f1>¢131”1,1>‘ (%up %) <§£; 3|]I3|112/273 )

Ber PeT
1/2

Z |(fa, ¢P”4 A4

Per

Since 1 and 4 are good indices with respect to 2 we clearly have for j = 1,4

1/2

Z |<fj7 ¢pjnj7j>| < |]T|1/QSiZe<<<f7 qbp;j,j»ﬁeT)'

PeT
Since trees that consist of a single quadtile are also used in the definition of size

then we clearly also have for j = 2,3

‘<fj7 (bp;‘f ,j>|

sup w S SiZG(((f, QZ)Pﬁj j>)13€T)'
BeT | ﬁl 3z
In a similar manner one can verify the lemma for all other possible trees. O]
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We now have the tools to complete the proof of proposition 10.1.

Proof. Using the corollary and lemma above then the proof runs as in the bilinear
Hilbert transform case. For completeness we will recall a standard proof of this

result.

First, we can renormalize fs, f3, f4 by rewriting the left hand side of (10.1) as

o fs

E>yEsE
21431494 ° ’ (fl’EQ E3 E4

el

which means that we need to prove that

fo fs AN AR
A (f17E2 o E4)|<51 (E) (E) (E) (14.1)

for all permissible 0y, 03, 0,.

By applying Corollary 14.2 and Lemma 14.3 we can decompose P and majorize

the left hand side of (14.1) by

> size(((fr, ¢pr 1)) pes) [H czspw 5 ] > iy

nez TeT,

S Z SiZG(((flaﬁbel 1 [H size( ] ¢p"7 ~>)}3€13n)] -2%" (14.2)

neL

On the other hand we know that

ok (2, 3
sme(((ﬁﬁp?ﬁ,j))ﬁeﬁn) < min(2 ’EJ)
i ’
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52 Sz E—4) then P, is an

and we also know that as long as 27" is larger than max(E— 7

empty collection.

Assume for example that we have

52 Sg 54
T (14.3)
54

Since 27" must be smaller than 2t we have three possible cases.

Sy

The first case is if <2 < - or equivalently 54 <2 < ;’ In this case

Ss
Es3

we can majorize the right hand side of (14.2) by
Sy S Sy S3 E S
ZSl~—2~—3-2"551-—2'—3~—3:Sl'—2
Ey Ej Ey Es 53 Es

which, given (14.3), is clearly smaller than

S & 02 é 03 é 04
"\ B Es E,

The second case is if 52 <2< g?; < 2 E4 This time we have W<

Now the right hand side of (14.2) can be majorized by

Sy
n n 2n
d S a9 = 8 i En 1 (14.4)

ne”

where n runs through a set of indices and we must determine how big that set of

indices can be. Since
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we have at most

S

o (52) ~ton(£2) = g (E

)

s

indices. In particular (14.4) is smaller than

S
s g ()

which is smaller than

52 (E_j)e . 52 1—e E3 €
Sy - 5 (B = Sl(E) (8_3)

for every € > 0, with an implicit constant depending on it. Then our final obser-

vation is that

So 1, Es S2\” S5\ * [ S\ ™
= E_E< _“ 2 =
SI(E2) (53) <51 (E2> (E?,) E,

if € is chosen well enough.

The last case is if 27" < % < % < % In this case we can majorize the right
2 3 4

hand side of (14.2) by

En:sl-2—"-2—”-2—"-22”251;2—"551-fj—z
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0 0 0
which is clearly smaller than S (i> ’ (i) ’ <i> y This concludes the proof.

2 E3 Ey

]
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CHAPTER 15
THE WATER WAVE PROBLEM

In the 2-d water wave problem, Wu showed that if one starts with small initial
data then classical solutions exist for a long time [20]. In a natural way she came

across operators of the following type

A(z) — Aly) | 1L, (Bi(z) — Bi(y))
pr-vR/F( p—y ) @ — gt f(y) dy

and had to obtain LP estimates for them. For such operators LP estimates are
known if A, B} € L®(R) for i = 1,...,n and f € L*(R). The novelty in Wu’s
paper was that she faced B] € L*(R), which indicated that the operator should be

viewed as a multilinear operator.

It is clear that operators similar to Wu’s appear in PDEs. Just as Calderén
commutators appear very naturally in many applications in PDEs and the bilinear
Hilbert transform also appears in applications, such as the AKNS systems [16],
it is natural to anticipate that operators of a similar type as Wu faces, but with
an average dropped, will appear. Thus it is of interest to obtain LP estimates for

operators of the following type

(A,b, ) > p. / F (A(x * ti - A(@) b + Bt f(x + t)% i

R

where F' is an analytic function. The first step would be to obtain L” estimates

for
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(A, b, f) '—>p.v./ (A(“"+t1_’4<5")>m b(:c+ﬁt)f(:c+t)% dt

R

with polynomial bounds in m. Theorem 1.1 is the first step in showing a wide

range of LP estimates for such operators when m = 1.
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