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APPLICATION OF RAO'S GENERAL METROD OF ANALYSIS TO 
A SIHPLE OR DOUBLE LATTICE DESIGN--vl. T, Federer 
4/1/51 BU-16-M 

In 1947 C. R· Rao put forth a general method of analysis for incomplete 

block designs (Jour. Amer. Stat. Assoc. 42:541). The incomplete blocks designs 

are of the type that have v varieties in b incomplete blocks of k varieties 

with each variety repeated r times. Rao also considers the case where the 

number of replicates varies for the different varieties but this is not rele

vant to the simple lattice design for which v = k2 , b = 2k, and r = 2. 

The general form of tho analysis may be considerably simplified for the 

simple lattice design • Therefore, it was decj_ded to sot forth tho analytical pro-

cedurc and tho specific paranrotors for tho simple lattice design. An illustra-

tivo example of k2 = 9 items or varieties in 2 replicates is presented also. 

The simple lattice design represents two different groupings of the k2 

varieties such as the followingt 

X grouping 

of varieties 

Y grouping of varieties 

00 01 I 02 i • • • I o. k-1 
10 11 ! 12 ••• I 1, k-1 
20. 21 1 22 _I ••• : 2, k-1 . 

! ' • j i • ! ••• ' .. 
k-1. 0 ··k-l,l·k-1,2! ••• ! k-l.k-1 I 

Thus in tho X grouping variety 00 appears with tho k-1 varieties, 01, 02, ••• 

O,k-1 in an incomplete block while in tho Y grouping 00 ~?-ppoars with varieties 

10, 20, ••• , k-1,0. It is obvious then that every one of tho k2 varieties will 

occur with 2(k-l) varieties in an incomplete block in tho two groupings. Like

wise, thoro will be (k-1) 2 varieties with which a given variety will not be 

associated in an incomplete block. 



On the basis of "association" of varieties in the incomplot(; block, Rao 

sots up a system of associates. First associates (or logically zeroth asso-

ciatos) arc varieties which do not appear together in an incomplete block. 

[Kompthorno (written correspondence 2/15/51) calls those second associates and 

vice versa. ] Rao's second associates refer to pairs of varieties appearing 

together once in incomplete blocks. 

The terminology zeroth, first, second, etc. associates will be adopted 

henceforth and these will be equivalent to Rna's first, second, third, etc. 

associates. Tho reason for this chango is to have tho degree of tho associate 

refer to the number of times, .A., that varieties appear together in tho incom
l 

plate blocks. 

Thoro arc n0 = (k-1) 2 zeroth associates and n1 = 2(k-l) first c.ssociatos 

for any variety. .A0 = 0 refers to a pair of varieties uhich nrc not com-

pared in an incomplete block. .A1 = 1 refors to a pair of varieties which 

appear together in one of the incomplete blocks. If a pair of varieties appeared 

together twice in tho b incomplete blocks, then .A2 would oquc.l 2. However, tho 

association of varieties in tho incomplete blocks for tho simple lattice design 

is either none or once and therefore thoro arc only tho two such parameters, 

.A0 = o o.nd .A1 = 1. 

One further typo of parameter peculiar to the pc,rticulo.r incomplete block 

design in question will be tho number of associctos in common among the vario~s 

pairs of varieties vii th varying degrees of association. For a pair of varieties 

which arc zeroth associates thoro arc 4 parameters, p0 = (k-2) 2 = number of 00 
0 0 varieties in common among their zeroth nssocintos, p01 = p10 = 2(k-2) = num-

. 0 
bcr of varieties in cow~on among their zeroth and first associates, and p11 = 
2 = number of varieties in common among tho first associates of tho two vc.rio-

tics in question. 
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Likewise there are 4 parameters for a pair of varieties which are first 

1 associates. Thus, p00 = (k-l)(k-2) = number of varieties in common between 

zeroth associates of the two varieties in question, p~1 = Pio = k-1 = number of 

varieties in common between zeroth and first associates of the two varieties, 

and pi1 = k-2 =number of varieties in common among their first associates. 

The parameters for the simple lattice are summarized in Table 1. along 

with Rae's general notation and Kempthorne's notation. 

Table 1. Parameters for a simple lattice design with the corresponding notation 
from Rao t s paper and I\cmpthorno 's letter. 

Parameters for simple lattice r 
lj Rao ' s general 

terminology 
Present terminology Kempthorno 1s 

number of varieties 

2 = II 11 replicates 

2k = " 11 blocks 

k = It per block 

n = 0 

}.,0 = 0 

n = 2(k-l) 1 

\ = 1 

0 p •• 
l.J 

= ((k-2) 2 

2(k-2) 

2(k-2) 1 
2 1 

= ( (k-l)(k-2) 

\ (k-1) 

(k-1 ~) 
(k-2) 

terminology 

2 

2k 

k 

! 

I 
i 
I 
l 

I 
I 
I 
! 

I 

I 
! 

Al I 

I 

( 
2 2(k-2) ) 1 

= 2(k-2) (k-2) 2 1 

(
(k-2) Ck-1:) )I 

= (k-1) (k-1) (k-2) . 

v 

r 

b 

k 

With tho above parrunotcrs for tho simple lattice designs tho follm.ring 

constants arc computed~ 
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AOl = 2k-l ~ 

~1 = p~1 = k-1 ( 

BOl = 1 \ 

B11 = 2k-1 + (pg0 - p~0 ) = k+1 ) 

A00 = 2(k-1) 

A = - p0 = - 2(1~-2) 10 01 • 

Boo= -1 
. 1 0 

B10 = 2(k-1) - (p11 - p11) 

2w' 
R = 2w + i{:i' 

~ = w- w' 

1\ = 0 0 

A01 = (2k-1) '" + wt 

A' =I\ p1 = (k-1)(w-w 1 ) 11 'L ~1 01 

B' = w-wt 01 

Br A' B' ( J. 2 ) . 11 = 01 + 01 p 00 - p 00 

= (k+1)w + (k-1)wt 

A' = 2(k-1)w + 2w' 00 

_) 

0 . 
A' =- (w-w') p 1 ~~=- 2(k-2)(w-w') .10 0 

. 1 0 00 10 10 00 
Bio = Abo + Bbo (p11 - P11) 

= (k+2)w + (k-2) w' 

chock 

The variance of a moan difference for a pair of varieties which arc zeroth 

associates is 

2k Bio 
= 

ll 
k-1 ~ +-2w 



and for a pair of varieties which are first associates is 

2 r 2 k-2 < 
= k cW+W• + 2w J 

The average standard error of a mean difference is 

2k(k-ll:(g) [L + !s_:g 2 2k(2k-2l (2) ( 1 k-1 '2 
__ ..;;;2;._-..:Ck:...)~-:::w-:-+w:r.'--=~.;;:;.2w~5--=+~~-=2~-.~.:(k:...)~(.;:.w~+w:.:..· _1 _+_.;;:;.2w=5 = ..2_ ~ _L + k-1 ( 

2k(k-l£ 2k(2k-2) k+l ( w+wr 2w j 
2 + 2 

since there are k(k-1) 2 comparisons among zeroth associates and 2k(k-l) com-

parisons among first associates. 

The remainder of the analysis and adjustment of treatment means is easily 

comprehensible from an example. An artificial example of k2 = 9 varieties in 

2 replicates was constructed and is. presented in Table 2. The variety totals 

and calculations for the analysis of variance aro presented in Table 3 and the 

analysis of variance in Table L~. The adjusted moans aro presented in Table 5 • 

The method of analysis follows the ordinary procedure for tho analysis of a 

simple lattice design. 

Table 2. Yields per plot for a simple lattice oxporiroont with k2 = 32 synthetic 
varieties in two replicates. Entry numbers in parenthesis. 

(00) 

8 

Block L, 

Replicate 'L 

Replicate I (y arrangement) 

(20) (10) 

5 

(Y) = 16 -· 0 

3 

(02) (12) (22) (21) 

3 2 6 3 

(Y) 2 = 11 

(11) (01) 

7 

(Y)1 = 13 

4o 

3 

Replicate II (X arran,omcn~~ FR) (22) (10) (11) (12) (01) (02) (00) 

2 7 3 3 3 2 I 4 6 
I l 

Block 2:: (X) 2 = 11 

Replicate ~ 
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Table 3. Total yields and other totals required for the analysis of tho 
simple lattice experiment presented in Table 2. 

Totals (B)j 

(Y). 
J 

(B)j-2(Y)j 

cr 
y 

(00) 

(10) 
(20) 

141' (01) 5 [ (02) 7 ll 26 
6j (11) 10! (12) 5 1

; 21 

71 (21) 51 (22) lJii 25 

-.61 i 
I 

27 II --· 20 11 - 25 T ?2 

i' I 
16 ! 13 I 11j; 4o ! 

-61 3 •: -8 ; 

I ;: 
1: -.73 .37 ,: 

! JJ 

-5 

12 

9 
11 

32 

2 

3 

3 

0 

.24 

.37 

.37 

Table 4. Analysis of variance for tho data of Table 2. 

.v. 

Randomized complete blocks analysis 

Source of variation 

Replicates 

Varieties or treatments 

Residual 

Total 

1 

8 

8 

17 66.oo 

Simple lattice anq±Ysis 

Source of variation 

Replicates 
Varieties (ignore blocks) 

Blocks (olim. var.) 

Among (A).-2(X). 
~ 1 

Among (B)j-2(Y)j 
Intrablock = residual 

Total 

d.f.* £..& 
1 1 

k2 -1 8 

2(k-l) 4 

(k-1) 2 

(k-1) 2 

(k-1) 2 4 

2k2 -l 17 

" General case 

3.56 

6.125 

1.680 = El 

~ 

3.56 
49.00 

8.22 

1.111 

7.111 

5.22 

66.oo 

e 

3.56 
6.125 

2.0~5 = Eb 

Table 5. Adjusted totals and moans for the experiment in Table 2. 

Variety Unadjusted Sum of Adjusted Adjusted 
number totals ad,jus tmonts totals means 

00 14 -.37 13.63 6.82 
01 5 -.49 4.51 2.26 
02 7 .61 7.61 3.80 
10 6 -.24 5,76 2.88 
11 10 -.36 9.64 4,82 
12 5 .?4 5.74 2.87 
20 7 -.24 6.76 3.38 
21 5 -.36 4.64 2.32 
22 13 .74 13.74 6.87 

Total 72 .o3 72.03 36.02 
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For Rae's general method of analysis, the parameters for the example aret 

r = 2, k2 = 9, b = 61 k = 3 

),.0 = o, n0 = 4, \ = 1, n1 = 4 

P~j = (~ ~) Pij = (~ ~ 
From Table 4, 1 w=-= 

Ee 
Oe3565e 

the simple lattice are now computed asc 

A01 = 5, All = 2~ B01= 1, Bll = 4, and ~= 18 

A00 = 4, A10 =-2, B00=-l, B10 = 5, and ~= 18 

R = 2w+w' = 1.8891, /\1 . = w-w I = .4098, /\0 = 0 

The constants for 

Ab1 = 4,1880, Afl = .8196, Bbl = .4098, Bfl = 3.7782 

Abo = 3.7782, Afo = -.8196, Bbo = -.4098, Bfo = 4.1880 

~ = Abl Bf1 - Afl Bbl = Abo B:f.o - A:f.o B6o = 2k2w('1-r+w') = 15,487230. 

Equipped with the A .. and B.j, it is now possible to begin construction 
1J 1 . 

ef Table 6, The first column contains the variety number, the second column 

contains the variety totals a (see Table 5), and the third column contains the 

sum of the block totals containing a particular variety, for example variety 

01 appears in blocks (Y)1 an~ (X)0 and the ~ value for variety 01 is 13+12=25. 

Tho fourth column is computed from columns 2 and 3. For example tho 

second Y value is 

y = ka - ~ = 3(5) - 25 = -1o. 

The fifth column contains the (k-1) 2 varieties which arc zeroth asso-

ciates of variety a, The sixth column contains the sum of the Y values for 

variety a and its zeroth associates, The second c value is computed as 

-1o -7 -5 -6 + 17 = ... 11 

-7-



Table 6. Computations for simple lattice by Rao 1s method. 

Var. 
no. a ~ Y=ka-~ A B c D 

00 14 28 
01 5 25 I 

02 71 23 i 
1o 6 25 I 
11 1o 22 1 

12 5 20 I 

14 11,12,21,22 i 251 2.5000 20.7102 I 60.5115 I 3.99921 l 6.8175 
-10 10,12,20,22 -11'-2.1667 1.2495 33.99421- .56162 j 2.2567 
• 2 10,11,20,21 -16 Oe3333 6.6669 30.8757 .98535 I 3.8042 
- 7 I o1,o2,21,22 ..:.11 -1.3333 3.5484 33.99L:-2 : .o6ooL~ 1 2.3783 

8 oo,o2,2o,22 31 .5ooo 13.9734 67.2483 1.99921 i L:-.8175 
-5 1 oo,o1,2o,21 -161 •.5ooo. 3.2985 31.9452 .oL:~65 12.8649 

20 7 27 
21 5 · 24 I 

22 131 22 I 
-6 lo1,o2,11,12 -151 -.8333! 5.o277 3o.216o .56oo4, 3.3783 
- 9 oo,o2,1o,12 - 9 -2.ooro

1
· 1.6593 35.3833 -.5oo79 I' 2.3175 

17 00.01.10.11 22; 3.5000 20.8701 60.3516 i 4.01:-668. 6.3650 

Total 72,216 I 
=G ,=kG 

o l ---- o! o.oooo 177 .oo4o b85 .o2oo llo.63527135 .9999 
=kw'G =G/2 

a = variety or treatment total 

~ = Sum of block totals in which variety a appears 

y = ka-~ 
o = zeroth associates of variety a 

£ = Sum of the Y values for variety a and its zeroth associates 

n = (BOl + Bll)y _ BOl~ = (k+i) Y _ .1_2£ 

'( 6 ~ 2k 2k 

A = kwa-(w--vr' )~ 

B = Sum of A for variety a and its zeroth associates 

C = (Bbl + BJ_l)A _ Bbl B = ((k+2)w+(k-2)wr) A- ('!-w_!_)] 
AT AI 2 ) 
u w 2k w(w+w' 

- m D = c + X - k2 

The 1 values in the seventh column are computed from the formula 

_ (BOl+ Ell) y - BOl £ _ .Qc+2) y - £ 1 - ~ - . 2k2 • • 

For example, the first ~ value is 

2.5000 = (3 + 2)1~4) - (251 = i~ 

With the above values, the analysis of variance may now be completed. The 
replicate sum of squares (Table 2) is 
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The blocks within replicate (ignoring variety) sum of squares is 

162 + 112 + 132 + 112 + 92 + 122 (402 + 322 ) -· 
3 . - 9 - 5.?8 

The variety (eliminating block) sum of squares is 

and the variety (ignoring block) sum of squares is 

Therefore the blocks (eliminating variety) sum of squares is 

5.?3 -·(49.00- 51.44) = 8.22 

as given in Table 4. 

With the analysis of variance the values of w = .7663 and wt = .3565 are 

computed. The values of Alj' Blj and~' (see above) and the last 4 columns 

of Table 6 may now be calculated. 

Tho first A value is computed from the formula A= kwa- (w-wr)~ = 

3(.7663)14- (.7663- .3565)28 = 20.7102. Tho B value, equal to the sum of 

tho A values for a variety and its zeroth associates, for variety 00 is calcu-

latod as 

20.7102 + 13.9734 + 3.2985 + 1.6593 + 20.8?01 = 60.5115. 

The C values arc obtained from the formula 

[(k+2)\-r + (k-2)wt] A - (w-w' )B 

2k2w(w+i..r 1 ) 

- (5( .7663) + .3565 J A - •409BB - .27o4163l~A - e02646051B, 
- 15.487230 -

the first C value being 3.99921. 

The D values arc tho adjusted variety moans and should corronpond (within 
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rounding errors) to those given in the last column of Table 5• The adjusted 

mean for variety 00 is 

( - ~c) - - 6 D = C + (X- kZ)- 3e99921 + 2.81830- e8175e 

There are several partial checks available in the construction of Table 6. 

These are 

L.a = G = grand total 

L:~ = kG 

:z y = 2: c. = ~ Y = zero 

2:A = kw'G 

L.B = [ (k-1) 2 + 1] ;_:A 

~C = 2k:lw(J-+"t-rr) [C(k+2)w + (k-2)w' ]~A- (w-wt)D3} 

2:1) = G/2 

Rao gives the following test of significance for an incomplete block 

design 

X2 = ~ { L:AD - l:i:iD ~ = 37 .4808 

with k2-l = 8 degrees of freedom. From a preliminary examination, it does 

not appear that the above X2 value is algebraically or numerically equal to the 

' sum of squares of adjusted totals divided by tho average effective error vari-

.. ance 

= g__(25.65545) 
1.5Z-3ll65 = 33.2502 

as is the case for a balanced lattice design. 
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