APPLTICATION OF RAO!'S GENERAL METHOD OF ANALYSIS TO
A SIMPIE OR DOUBIE LATTICE DESIGN=~-We Te Federer
4/1/51 BU-16-M

In 1947 Ce« Re Rao put forth a general method of analysis for incomplete
block designs (Jours Amer. State Assoce 428541)e The incomplete blocks designs
are of the type that have v varieties in b incomplete blocks of k varieties
with each variety repeated r timese. Rao also considers the case where the
number of replicates varies for the different varieties but this is not rele-
vant to the simple lattice design for which v = k%, b = 2k, and r = 2

The general form of the analysis may be considerably simplificd for the
simple lattice designe Thercfore, it was decided to sct forth the analytical pro-
cedurc and the spceific paramcters for the simple lattice designe An illustra-
tive cxample of k* = 9 itoems or varictics in 2 rcplicatcs is prescnted alsos

The simple lattice design represcnts two different groupings of the k?
varietics such as thc followings

_ Y grouping of varietics

00! 01 |02 ess | 0O, k=1
10, 11 12 ses i 1, k=1
X grouping 201 21 122 lees ! 2, k=1

of varictics . ‘o0 i XX
k=1, O l1k=1l,1k=1,2  ses | kel,lc=1

Thus in the X grouping varicty 00 appcars with thc k-l varictics, 01, 02, e
O,k=1 in an incomplctc block while in the Y grouping 00 appcars with varictics
10, 20, ese, k-1,0e Tt is obvious then that cvery onc of the k*® varictics will
occur with 2(k-1) varictics in an incomplete block in thc two groupingss Likc-
wisc, thcre will be (k=1)? varictics with which a‘givon varicty will not be

associated in an incomplcte block.



On thc basis of "association" of varictics in the incomplcte block, Rao
scts up a system of associatcse First associates (or logically zcroth asso-
ciates) arc varictics which do not appcar together in an incomplcte blocke
[ Kempthornc (writtcn corrcspondence 2/15/51) calls thosc sccond associates and
vice versae. )] Rao's scecond associatcs rofer to pairs of varictics appearing
together once in incompletc blocks.

The terminology zeroth, first, sccond, ctce associates will be adopted
henceforth and these will be cquivalent to Rao's first, sccond, third, cté.
associatecse The rcason for this change is to have the degrce of the associate
rcfer to the number of times, Ki’ that varictics appcar together in the incom=-
plcte blockse

There are ng = (k=1)? zeroth associates and n, = 2(k=1) first associates
for any varicty. AO = 0 rcfcrs to a pair of varictics which arc not com-
parcd in an incomplctc blocke X1'= 1 rcfers to a pair of varictics which
appecar togethcr in onc of the incomplcte blockse If a pair of varictics appcarcd
together twice in the b incomplete blocks, then 32 would cquel 2. However, the
association of varictics in the incomplcte blocks for the simple lattice design
is cither nonc or oncc and thercfore thore arc only the two such paramcters,

}\O=Oand)\1=l.

One furthcr type of paramcter pecculiar to the particulor incomplete block
design in question will be thc number of associates in common among the various
pairs of varictics with varying degrces of associations For a pair of varictics

pgo = (k=2)% = numbcr of
varietics in common among thoir zeroth associates, pgl = pgo = 2(k-2) = num=-

which are zcroth associates there arc 4 paramcters,

bor of varictics in common among their zcroth and first associates, ond pgl =
2 = numbcr of varicties in common among thc first associates of the two varice

tics in questione
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Likewise there are 4 parameters for a pair of varieties which are first

associates. Thus, péo = (k=1)(k=2) = number of varieties in common between
1 = 1 =
Po1 7 P1o

varieties in common between zeroth and first associates of the two varieties,

zeroth associates of the two varieties in question, k=1 = number of
and pil = k=2 = number of varieties in common among their first associates.
The parameters for the simple lattice arc summarized in Table le along

with Rao's general notation and Kempthorne's notation.

Table 1. Parameters for a simplc lattice design with the corrcsponding notation
from Rao'!s papcr and Xempthorne's lettcre.

Parametcrs for simple lattice
Prescnt terminology Kempthorne's Rao's gcneral
terminology terminology

k?® = number of varicties x? v
2 = " " preplicates 2 r
2k = " " blocks 2k b
k = "  per block . k k

!
= =1)? !

ng (k=1) n, ny

Ao =0 A A
ny = 2(k~1) ny n,

N=1 M | o

[ oy2 _ _

o (x=2)?  2(k=2) ) 2 2 2(k=2) ;1
Y 2(k-2) 2 o l2(k-2) (k-2)? +
1 ((k-—l)(k—z) (ke=1) 1 ((k-2) (k-1) ,

Pis = : Prs = D s
13 (k-1) (k=2) 3\ (e-1) (k1) (k-2) 1

With the above peramcters for the simplc lattice designs the following

congtants are computed:



= 2l
AO1 -1 A
Ay = Py = k- é 2
I IN\= Ag By = Ayy By = 2%
oL~ /N
B, = 2kl + (pO = pt ) = kel
11 00 00
check
Ay = (k1) |
0
A, = =p = = 2(k=2) ‘ A\
10 ol [\= By Byg = Ay By = 2P
B = a1 . 700 0 0 ~00
00
o 1 .0
BlO = 2(1{"1) ha <pll - pll)
- 2u!
R = 2w+ ==
Al =w - wt
N\,=o0
] = - t
AL (2k=1) w + w '>
e l - - e
Ail "Al pOl - (k 1)(W w')
B' = W"W' = t 4 [ = 2 t
0 O\ = a8 Bly - Ajy BY = 2Ru(ieut)
BI. = At + BL (p._ = p>) N
CT11 01 01'*00 00 \

1]

(k+1)w + (k=1)w? —

v - _ ot cheek
A, = 201w + 2
- o 0 - - !
Aly = (we=?) Po1 * 2(k=2) (w=w") \/‘
BL. = = (w~u!) \ 1 = Al 1 - Al 1 = 2% 1
00 . . VA Ay Bly = Al B, = 2wt )
= At : -
B{y = 4bo * Bho (P13 = Ppy)

(k+2)w + (k=2) w!

The variance of a mean differencc for a pair of varictics which are zcroth

associatcs is

B _ 2 _1_+1£—_%
ééi k wHw! 2w



and for a pair of varieties which are first associates is

2k B! ¢

1L . 252 k=2
N Tk 2_w+w' T o }
The average standard error of a mean difference is

2k(=1)%(2) (2 kgg , 2&k(2k-2) (2) g_;_ N 1_<:_1_§

2 (k) Lwsw? 2 (k) Cu+ir? 2w) _ 2 2, k=1
2k (k=1)% R 2k (2k~2) k+1 | wtw!? 2w
2 2

since there are k(k-1)? comparisons among zeroth associates and 2k(k-=1) com-
parisons among first associatese.

The remainder of the analysis and adjustment of treatment means is easily
comprehensible fromAan examples An artificial example of k® = 9O varieties in
2 replicates was constructed and is presented in Table 2. The variety totals
and calculations for the analysis of variance arc presented in Table 3 and the
analysis of variance in Table 4+ The adjustcd means are presented in Table 5.
The method of analysis follows the ordinary procedurc for thc analysis of a
simple lattice designe

Table 2. Yields per plot for a simple lattice cxpcriment with k? = 32 synthetic
varictics in two rcplicatese Entry numbers in parcnthesis.
Replicate I (Y arrangcment)
(00) | (20) | (20) { (02) | (12) | (22) [ (=21) | (11) | (01)
8 5 3 3 2 6 3 7 3

Block 5 (Y)O = 16 (Y)2 =11 (y)1 =13

Replicate 3 40

A Replicate IT (X arrangement)
(21) | (20) | (R2) | (10) | (12) | (12) | (01) | (0R) | (00)

2 2 7 3 3 3 2 4 6
|

Block 5 (x)2 = 11 (x)l =9 (x)o =12

Replicate 2 32
5=



Table 3« Total yields and othcr totals requircd for the analysis of the
simple latticc experiment presented in Table 2.
varicty mumbers and totals I(A)i (X)i (A)i-»Z(X)i cl
(00) 14| (01) 5| (02) 7i 26 | 12 2 o2k
(10) 6 (11) 10.(12) 5 5 21 9 3 37
(20)  7((21) 51 (22) 13 25 | 11 3 037
Totals (B); 27 20 57 12 | 32 3
!
(), 16 13 11§ 40
(B) -2(1); -5 -6 3, =8 | 0
c! —.61 "073 037 '
J l
Table 4. Analysis of variancc for thc data of Table 2.
Randomized complcte blocks analysis
Source of variation defs SeSe meSe
Replicates - 1 3456 3456
Varietics or trcatments 8 49400 64125
Residual 8 1344 14680 = B!
Total 17 66400
Simplc lattice analysis
Source of variation defe*  dofe SeSe MeSe
Replicates 1 1 3456 3456
Varieties (ignore blocks) k?-1 8 49,00 64125
Blocks (clime. vare) 2(k=1) 4 8,22 24055 = E
Among (A)i--:a(x)i (k-1) 2 1.111
Among (B) j-?.(y) 3 (k=1) 2 7,111
Intrablock = residual (k~1)? 4 5422 1.305 = E
Total 2k2-1 17 66400
%eGeneral case
Table 5¢ Adjusted totals and mcans for the cxperiment in Table 2.
Varicty Unad justcd Sum of Adjusted Adjusted
numbcr totals ad justments totals mcans
00 14 -e37 13463 6482
01 5 -9 4451 2426
02 7 61 7 461 3.80
10 6 -e24 5476 2638
11 10 -036 9.64 4982
12 5 o7 574 2487
20 7 ~e24 6476 3.38
21 5 -e36 4 62, 2432
22 13 o7k 13,74 6437
Total 72 003 72 003 36 002

b



For Rao's general method of analysis, the parameters for the example are:

r=2,k*=9,b=6,k=3
KO =0y n, = 4, %1 =1, ny 4
- ) S
From Table 4, w = %;= 047663 and w'! = ZE;EEG = 043565« The constants for

the simple lattice are now computed ass

=1, By = 4, and /\= 18

oL Byg = 5, and AC§= 18

Aoy = 55 411 = 2 By

Bop = 4y Ayp =2y B

R= 2wt = 148891, /N = vt = 44098, /\ =0

Al 41880, A, = 8196, B}, = 4098, BJ; = 347782

01
AC')O = 307782, Aio = -.8196, B(')O = -,4098’ Bio = 4,1880 |
L= 4y By - 4]y BY = A%y B]o = M Bl = 2fulusut) = 15487230,

Equipped with the Aij and Bij’ it is now possible to_begin construction
of Table 6+ The first column contains the variety number, the second column
contains the variety totals a (see Table 5), and the third column contains the
sum of the block totals containing a particular variety, for example variety
o1 appea}s in blocks (Y)1 and (X)o and the B valuc for variecty 01 is 13+12=25,

The fourth column is computed from columns 2 and 3. For example the
second Y value is

| y =ka -8 = 3(5) - 25 = -10.

The fifth column contains the (k-1)? varietics which arc zcroth asso-
ciates of variety as The sixth column contains the sum of the Y valucs for
variety a and its zeroth associatese The second € value is computed as

~10 =7 =5 =6 + 17 = «11
.



replicate sum of squares (Table 2) is

Table 6. Computations for simple lattice by Rao's method.
Var.
noe | a| B|yv=ka-p o el b A B c D
00 | 14| 28 14 [11,12,21,22| 25| 2450002067102 | 6065115 | 3499921 | 648175
0l 5| 251 =10 [10,12,20,22 |=11{=R1667| 142495 | 3349942 | = 456162 | 242567
02 71 23] =2 ]10,11,20,21|=16| 043333 66669 | 308757 «08535 | 348042
10 625 =7 |01,02,21,22|~11|-143333| 345484 | 33,9942 «06004 | 243783
11 |10} 22 8 100,02,20,22| 31| 45000{13e9734 | 6742483 | 1499921 | 448175
12 5/ 20| =5 [00,01,20,21|=16! =e5000! 342985 | 3149452 e0L665 | 248649
20 | 7| 27| -6 |01,02,11,12|=15| ~483331 540277 | 3042160 56004 | 343783
21 5241 =9 |00,02,10,12|= 9|=R0000; 166593 | 3543833 | =e¢50079 | 243175
22 113} 22| 17 (00,01,10,11| 22 3.5000[20.8’701 6063516 | 4404668 ! 643650
Total 72|26 | 0 ——— | 0] 0400007740040 [385.0200 | 10463527 |35.9999
=G =kG =kw!G =G/2
a = variety or treatment total
B = Sum of block totals in which variety a appears
Y = ka=B
O = zeroth associates of variety a
€ = Sum of the Y values for variety a and its zeroth associates
_ B *B)Y Bu€  guoyy 1
7 A N 2k? 2k?
= kwo-(w=w!)p
B = Sum of A for variety a and its zeroth associates
oo Bt Bly)A Bh B [(ea2Vur (2wt ] A = (=it )B
a' o 2k 2w (w+w!)
D=C+x - %—%
The values in the seventh column are computed from the formula
- <B01* Bll) Y- BOl & - (k+2) vy = €
A 2k 4 ¢
- For example, the first ¥ value is
_ (3 +2)(4) - (25) _ 45
245000 = 18 = 38
With the above valuves, the analysis of variance may now be completeds The



2 2 2
W R LT - 56

The blocks within replicate (ignoring variety) sum of squares is

162 + 112 + 132 + 112 + 9% + 122 (40% + 32%)
3 » 9

='5.78
The variety (eliminating block) sum of squares is
EE = 51444
and the variety (ignoring block) sum of squares is

2
z%— - 'P'i%:' = 49400
Therefore the blocks (eliminating variety) sum of squares is
5678 = (49400 = 51e44) = 8422
as given in Table 4.

With the analysis of variance the values of w = #7663 and w'! = 43565 are
computeds The values of A{j’ Bij and A (see above) and the last 4 columns
of Table 6 may now be calculated.

The first A value is computed from the formula A = kwo - (w=wt)p =
3(67663)14 = (47663 = o3565)28 = 20,7102« The B value, equal to the sum of
the A values for a varicty and its zeroth associates, for varicty 00 is calcu-
lated as

2047102 + 1349734 + 3.2985 + 146593 + 2048701 = 60451154

The C valucs arc obtained from the formula

[(k+2)w + (k=2)w!] A = (w=uw')B
22w (wwt)

_ [5(a7663) + 4356514 - J40O9SB _
) 15487230 = +27041634A - 40R646051B,

the first C value being 3499921
The D valucs arc the adjusted varicty means and should correspond (within

Q-
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rounding errors) to those given in the last column of Table 5. The adjusted
mean for variety 00 is

D=¢C+ g X - -Z-%g 3499921 + 2481830 = 6.8175,

There are several partial checks available in the construction of Table 6.
These are

Y0 = G = grand total

78 = kG

ZY=2E€=3YY = zero

A = kw'G

B =[(k-1)% + 1134

% = gy L1002 + (ke20ut 134 - (et )20
_ w! (k=1)=w(k=3)
= wiG 2w ()

D = G/2

Rao gives the following test of significance for an incomplete block

design
X? = & {ZAD -HD ¢ < 3708
with k?~1 = 8 degrees of frecdoms From a preliminary examination, it does

not appear that the above X? value is algebraically or numerically equal to the
sum of squares of adjusted totals divided by the average effective error vari-
ance

znz -(E’D)szz _ 2(25465545)
% T T1.5431165

= 3342502

k+1 {_ «+w'

as is the casc for a balanced lattice designe



