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Permanent ground deformations associated with geohazards such as 

earthquakes, liquefaction and landslides can introduce substantial axial and bending 

strains on buried pipeline systems.  Longitudinal and transverse bending strains 

depend on the force imposed on the pipeline by relative displacement between the 

pipeline and surrounding soil.  

 

Analytical models used currently in design are based on p-y, t-x, and q-z for 

interaction relationships, and they require reliable p-y, q-z and oblique force-

displacement relationships.  Moreover, to advance the state-of-the-art for soil 

continuum models, it is necessary to develop better simulations of soil-pipeline 

interactions rather than rely on empirically based p-y and q-z relationships. 

 

In this study, various modeling procedures are developed for simulating soil-

pipeline interactions under lateral and vertical relative movement between soil and 

pipe as well as relative movement at oblique angles with respect to the pipeline for dry 

and partially saturated sand.  Mohr-Coulomb (MC) strength parameters applied in FE 

analyses for both dry and partially saturated sand are developed from direct shear test 

data and from multiple linear regression.  To represent strain softening, the model 

proposed by Anastasopoulos, et al. (2007) is used in this work to diminish both the 

friction and dilation angles to residual values.  The MC parameters are applied in the 



 

FE simulations to produce dimensionless force vs. dimensionless displacement plots.  

The results show excellent agreement with large-scale 2D experimental results in 

terms of pre-peak, peak, and post-peak for both dry and partially saturated soil.  

 

The modeling process is expanded to investigate and characterize the 

maximum lateral force as a function of pipe depth.  The analytical results from 

simulations of lateral, vertical, and oblique pipe movement for semi-infinite, plane 

strain soil conditions are summarized in dimensionless form.  They are plotted on a 

polar coordinate graph from which the maximum force can be estimated for any size 

pipe at any depth in response to any orientation of relative movement between the pipe 

and soil for both dry and partially saturated sands. 
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CHAPTER 1 

 

INTRODUCTION 

 

1.1 Background 

 

Research and engineering practice for the earthquake response of underground 

lifelines has focused on permanent and transient ground deformation (PGD and TGD) 

effects, with the recognition that PGD often causes the most serious local damage in 

buried lifeline networks (Hamada and O’Rourke, 1992; O’Rourke, 1998; O’Rourke, 

2010).  Permanent ground deformation effects not only apply to earthquakes, but also 

occur in response to floods, landslides, tunneling, deep excavations, and subsidence 

caused by dewatering or the withdrawal of minerals and fluids during mining and oil 

production.  Such loading conditions are becoming increasingly more important as 

technologies are developed to cope with natural hazards, human threats, and 

construction in congested urban environments.  Many previous studies (e.g. 

Trautmann and O’Rourke, 1983; ASCE Guidelines for the Seismic Design of Oil and 

Gas Pipeline Systems, 1984; O’Rourke, 1998; Pauline et al., 1998; Conte et al., 2002; 

Yargici, 2003; Anderson et al., 2004; Bird et al., 2004; Yeh et al. 2006; Giovanazi and 

Cubrinovski, 2007; O’Rourke and Bonneau, 2007; Ha et al., 2008; O’Rourke, M.J. et 

al., 2008 ; O’Rourke, T.D. et al., 2008; Ledezma and Bray, 2010, and Oliveira et al., 

2010) have addressed PGD, including the effects of soil liquefaction, landslides, 

surface faulting, and tunneling and urban excavations on critical underground 

infratructure. 

 

Whereas simplified models for pipeline response to abrupt soil movement 
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(Kennedy et al., 1977; O’Rourke and Trautmann, 1981; O’Rourke and Liu, 1999; 

Netravali et al., 2000;) provide guidance for design, they have been replaced more 

generally in current practice by numerical simulations of the nonlinear and post-yield 

performance of pipelines (O’Rourke and Liu, 1999; Eidinger et al, 2002; O’Rourke et 

al., 2008).  For example, a hybrid model has been developed and successfully applied 

to model pipeline bends and elbows by representing the pipeline as a combination of 

beam and shell elements (Yoshishaki et al, 2001).  Buckling and shell wrinkling 

modes of deformation have been incorporated directly in solid finite element 

simulations of pipeline response to earthquake-induced PGD (Tutuncu and O’Rourke, 

2006; Mason et al., 2010).  Both modeling methods have been validated through 

large-scale tests that simulate soil-structure interaction, which are essential for reliable 

model development and acceptance in practice (O’Rourke and Liu, 1999; O’Rourke, 

2010). 

 

Of key importance for more accurate models is the physical simulation of 

PGD effects on pipelines through large-scale testing.  Such testing is essential to 

discover and refine 3-D mechanical behavior that has not been previously explored, 

validate complex numerical models, and characterize soil properties for accurate 

continuum modeling in the future.  As pointed out by O’Rourke (2010), a significant 

trend in geotechnical engineering has been the implementation of large-scale testing 

facilities for soil-structure interaction, such as those at the Japanese National Research 

Institute for Earth Science and Disaster Prevention that have been used to characterize 

soil-pile interaction during liquefaction (Tokimatsu and Suzuki, 2004) and the large-

scale split box experiments at the George E. Brown, Jr. Network for Earthquake 

Engineering Simulation (NEES) equipment site at Cornell University (e.g., Palmer et 

al., 2006; O’Rourke and Bonneau, 2007).  The large-scale facilities allow for testing 
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in which field conditions can be simulated reliably under laboratory control. 

 

Earthquake-induced PGD often involves large, irrecoverable soil distortion 

with geometric soil mass changes and large plastic pipeline deformation, involving 

both material and geometric nonlinearities (O’Rourke et al., 2004).  Such behavior 

imposes significant demands on modeling.  The current generation of modeling 

accounts for soil-pipeline interaction by means of force-displacement interactions in 

the lateral, vertical, and axial directions (ASCE, 1984; Honegger and Nyman, 2004; 

American Lifelines Alliance, 2005).  This approach benefits from ease of application 

and its incorporation in available finite element (FE) codes (ASCE, 1984; ABAQUS, 

2009), but suffers from the uncoupled representation of soil as a series of spring-slider 

reactions (Honegger and Nyman, 2004).  Continuum models are now being 

developed for replicating soil-pipeline interaction in a realistic way (O’Rourke, 2010).  

Their development is critical for next generation capabilities to address the 

complexities of soil and pipe performance, consistent with full-scale experimental 

results (O’Rourke, 2010). 

 

Of key importance in the response of underground lifelines to PGD is the 

adjacent soil reaction that develops as the pipe moves relative to the ground.  As 

indicated by Trautmann and O’Rourke (1983), lateral, vertical, and oblique soil 

pressures associated with relative soil-pipe movement affect both the pipeline 

curvature and the normal stresses acting on the pipe to generate longitudinal friction.  

The soil reaction forces also affect pipeline ovaling.  Large-scale tests on 400-mm-

diameter high density polyethylene (HDPE) pipelines showed a 12% reduction of pipe 

diameter due to ovaling under abrupt ground movement (O’Rourke, 2010), indicating 

that loss of HDPE pipe cross-sectional area is likely to govern pipe failure for large 
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diameter-to-thickness ratios, D/t, under PGD effects. 

 

Although industry guidelines provide procedures for characterizing the force-

displacement relationships for vertical uplift, settlement, and lateral displacement of 

underground pipelines in soil (e.g., ASCE, 1983), a comprehensive means for 

characterizing the force-displacement relationship for relative pipe movement in any 

direction is not available.  As already mentioned, continuum models are now being 

developed for modeling soil-pipeline interaction.  Such models are able to account 

for the actual stresses and deformation in the soil, and thus provide the means of 

simulating underground pipeline behavior in a more reliable way than the one-

dimensional finite element modeling with spring-slider elements that is often 

preformed in current practice (Nobahar et al., 2007; Xu et al., 2009) 

 

The research described in this thesis was undertaken to improve the analysis 

of underground pipelines under the effects of PGD by simulating soil-pipeline 

interaction with continuum finite element models.  The force-displacement 

relationship between soil and pipe under plane strain conditions is investigated with 

elasto-plastic constitutive laws and a Mohr-Coulomb (MC) yield criterion.  The 

intention is to provide for the comprehensive characterization of force-displacement 

relationships associated with any size pipe at any depth in response to any orientation 

of relative movement between pipe and soil for both dry and partially saturated sands, 

ranging in density from medium to very dense.  Moreover, the results of large-scale 

tests are used throughout to compare with numerical results to either validate the finite 

element models or generate improvements in the modeling process, resulting in more 

effective simulation techniques. 
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1.2 Research Objectives 

 

The overall objective of this research is to simulate the force-displacement 

response of underground pipelines to relative soil displacement under plane strain 

conditions for dry and partially saturated sand.  Various modeling procedures are 

developed for simulating soil-pipeline interaction under lateral and vertical relative 

movement between soil and pipe, as well as relative movement at oblique angles with 

respect to the pipeline.  The ultimate goal of simulating soil-pipe interaction is to 

provide guidelines for characterizing the force-displacement response of underground 

pipe for any angle of soil movement with respect to the pipe. 

 

To accomplish the overall goals, the research was conducted in several 

discrete stages, each with its own objectives and work plan, as discussed briefly under 

the subheadings that follow. 

 

1.2.1. Plasticity and Strain Softening Model 

 

For analytical purposes, an elasto-plastic constitutive model is used to 

represent soil behavior, for which the Mohr-Coulomb (MC) criterion defines the yield 

surface, with a softening relationship to simulate the post peak response of the soil.  

The theoretical background for the constitutive model and post peak stress-

deformation relationships are described herein.  The equations governing the MC 

criterion are presented, which involve a smooth triple symmetric ellipse for flow rule 

characterization.  The softening model proposed by Anastasopoulos, et al. (2007) is 

used in this work.  The model involves an equation to account for scale effects, 

which are evaluated by comparing force vs. displacement relationships for horizontal 
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movement of a pipe in soil using finite element meshes of different sizes. 

 

1.2.2. Comparison of Finite Element and Experimental Results for Lateral Pipe 

Movement 

 

To validate and qualify the soil-structure interaction modeling, full-scale 

laboratory test results are compared with the results of numerical simulations.  

Comparison of numerical and experimental results are made for the lateral force-

displacement behavior of pipelines in dry and partially saturated sand with different 

unit weights under plane strain conditions.  Because many experimental results are 

available for lateral pipe movement, this mode of deformation allows for a detailed 

assessment of the numerical modeling methods, including refinements to represent 

elastic as well as post-peak soil performance, under relatively large pipe displacements. 

 

1.2.3. Expansion of Lateral Soil-Pipe Interaction Model 

 

The modeling process is expanded to account for lateral soil-pipeline 

interaction within a semi-infinite soil medium.  This modeling refinement allows for 

better simulation of pipeline performance in the field.  The numerical modeling is 

performed with infinite elements that are attached within the finite element mesh to 

the boundaries of the regular elements.  Peak forces and force-displacement 

relationships are compared for the experimental and infinite element simulations.  In 

addition, the relationship between peak lateral force and pipe depth is investigated by 

plotting the numerical results in terms of dimensionless lateral force vs. dimensionless 

depth.  It is shown that the dimensionless lateral force attains a maximum value at 

critical depth to pipe diameter ratio (Hc/D) of about 20 for both dry and partially 
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saturated sand at various sand densities. 

 

1.2.4. Comparison of Finite Element and Experimental Results for Vertical 

Upward Pipe Movement 

 

The soil and soil-structure interaction predicted by numerical models are 

compared with full-scale laboratory test results to validate the models for vertical 

upward pipe displacement in dry sand with different unit weights under plane strain 

conditions.  Inconsistencies exist between the numerical and experimental results at 

shallow depth because the continuum elements cannot deform adequately into the void 

beneath the upward moving pipe.  A modified simulation method is developed by 

which the finite element mesh is adjusted to remain level during upward pipe 

movement, thus accounting for the effects of soil movement from top to bottom of the 

pipe.  Favorable agreements between numerical and experimental results are shown 

for this modified procedure.  The relationship between peak upward force and pipe 

depth is evaluated for which the maximum dimensionless force occurs at Hc/D at 

approximately 30, which is similar to the Hc/D at maximum force for lateral 

movement. 

 

1.2.5. Simulations of Vertical Downward Pipe Movement 

 

The numerical model is modified to account for vertical downward soil-

pipeline interaction within a semi-infinite soil medium.  Because there are no large-

scale experimental results for downward pipe movement, the numerical modeling 

procedures are evaluated with respect to full-scale field measurements of pile and 

drilled shaft load vs. settlement behavior.  Downward movements of both pipe and 
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deep foundations in medium to very dense sand result in a strain hardening type 

behavior with a gradual increase in vertical load at high levels of settlement.  

Methods recommended for the interpretation of pile and drilled shaft load tests 

(Hirany and Kulhawy, 1998, 1989, 2002) are used to identify maximum elastic and 

failure threshold levels of load and settlement.  The relationship between the vertical 

load levels so defined and pipe depth is investigated.  The upper bound vertical load 

for downward pipe movement is shown to be lower by approximately 30 – 40 % of the 

bearing capacity load associated with deep foundation bearing surfaces for the same 

dimensions and soil conditions. 

 

1.2.6. Simulations of Oblique Pipe Movement and Guidelines for Practice 

 

To develop a comprehensive basis for evaluating force-displacement 

relationships for underground pipelines, the modeling process is expanded to account 

for oblique movement of the pipe.  Numerical simulations are performed for pipe 

displacement, with both upward and downward movement components, at an angle of 

45 with respect to the horizontal.  With these additional simulations, maximum load 

and force-displacement relationships for lateral, vertical upward, vertical downward, 

and 45 oblique orientations are combined to produce guidance for modeling pipeline-

soil interaction at any orientation for plane strain conditions.  The analytical results 

are normalized with respect to maximum lateral force, and the normalized maximum 

forces are provided on 360 plots that can be used to predict maximum pipe loads for 

medium to very dense dry and partially saturated sand at various Hc/D.  Guidance is 

also provided for choosing the appropriate elastic modulus for elasto-plastic modeling 

at any orientation, and for direct estimation of the force-displacement relationship at 

any depth and orientation for one-dimensional modeling of soil-pipeline interaction. 
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1.3 Scope and Organization 

 

This thesis consists of eight chapters, the first of which provides introductory 

and background information, explains the research objectives, and describes the scope 

of the work.  The second chapter provides the theoretical background for the elasto-

plastic soil model used in the simulation of plane strain soil-pipeline interaction, 

including a description of the MC criterion, flow rule, and stain softening 

methodology.  Chapter 3 compares finite element simulation results with the large-

scale measurements of soil-pipeline lateral force vs. displacement relationships.  This 

chapter also describes the methodology for obtaining Young’s modulus from large-

scale experiments for use in the elasto-plastic model.  Chapter 4 provides a 

description of how the modeling process is expanded to evaluate lateral force-

displacement relationships within a semi-infinite soil medium, and to investigate and 

characterize the maximum lateral force as a function of pipe depth.  Chapter 5 covers 

the modeling of the vertical upward force-displacement behavior of buried pipe, and 

compares numerical and experimental results.  Finite element results are presented 

for a semi-infinite soil medium to show maximum upward reaction force as a function 

of pipe depth.  Chapter 6 addresses the modeling of the vertical downward force-

displacement behavior of buried pipe, and compares the maximum reaction forces for 

downward pipe movement with the forces predicted by conventional bearing capacity 

formulations for deep foundations with the same bearing dimensions and soil 

properties. Chapter 7 presents the numerical results for force-displacement 

relationships of pipe subject to oblique relative displacement.  The analytical results 

from simulations of lateral, vertical upward and downward, and oblique pipe 

movement for semi-infinite, plane strain soil conditions are summarized in 

dimensionless form.  They are plotted in 360° diagrams from which the maximum 
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force can be estimated for any size pipe at any depth in response to any orientation of 

relative movement between pipe and soil for both dry and partially saturated sands, 

ranging in density from medium to very dense.  Chapter 8 presents the conclusions, 

guidelines for practice, and recommendations for future research. 
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CHAPTER 2 

 

MOHR-COULOMB PLASTICITY, FLOW RULE, AND SOFTENING 

BEHAVIOR 

 

2.1 Introduction 

 

Finite element analyses (FEA) with the software package ABAQUS 6.9 

(2009) were performed to predict the pipe forces associated with relative soil 

movement and to compare the analytical peak forces with experimental results.  

Eight-node biquadratic plane strain quadrilateral reduced integration elements 

(element type CPE8R) were used to represent the soil.  The elastic part of the soil 

behavior was assumed to be linear isotropic, and the plastic part of the soil behavior 

was modeled with the Mohr-Coulomb (MC) criterion.  The MC yield criterion has 

been widely used for many geotechnical applications, and still plays major role in 

geotechnical studies and design calculations (Schweiger, 1994; Abbo and Sloan, 1995; 

Schweiger, 2008). 

 

The softening model proposed by Anastasopoulos, et al. (2007) is used to 

represent the softening behavior of the soil.  A FORTRAN subroutine was used 

ABAQUS 6.9 (2009) to apply the proposed softening model.  In this chapter, the 

theoretical background of the MC yield criterion, flow rule associated with MC yield 

criterion, and the softening subroutine are described under the subheadings that follow. 
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2.2 Mohr-Coulomb Yield Criterion 

 

The simulation of soil-pipeline interaction depends on the plasticity model for 

predicting the maximum stress state and peak load, mobilized in the soil.  Many 

constitutive models (e.g., MC, Drucker-Prager, Modified Drucker-Prager/Cap, Cam-

Clay) have been proposed to obtain a better representation of soil behavior.  The 

choice of constitutive model depends on the type of analysis, material characteristics, 

and available experimental data.  Due to its simplicity, an elasto-plastic 

representation of the soil in combination with an MC yield surface is frequently 

applied for soil-structure interaction analyses (e.g., Horn et al., 1994; Smith and Su, 

1997;Bernat and Cambou, 1998; Mroueh and Shahrour, 1999; Ellis and Springman, 

2001; Hu and Pu, 2003; Sun et al., 2006; Li et al., 2009), and many researchers have 

used the MC criterion to investigate soil stress and deformation under yield conditions 

(e.g. Massoudi and Mehrabadi, 2000; Chen and Martin, 2002; Mroueh and Shabrour, 

2003; Rha and Taciroglu, 2007; Wu and Thomson, 2007; Alsaleh and Shahrour, 2009; 

Pimentel, et al., 2009).  Programs, such as ABAQUS (2009), are equipped with 

subroutines that can be applied directly for MC characterization. 

 

  The Mohr criterion was developed in early 1900, and can be considered as 

generalized version of the Tresca criterion (Chen and Han, 1987).  The basic 

assumption of the Tresca and Mohr criteria is that the maximum shear stress controls 

failure.  The difference between the two criteria is that the critical value of the shear 

stress at yield is constant for the Tresca criterion, whereas for the Mohr criterion, the 

shear stress,, is a function of the normal stress, N, on the plane corresponding to the 

point of tangency between the Mohr circle of stress and the yield surface.  This 

relationship can be represented as 
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   f  (2.1) 

 

where  f  is a function that is determined by testing.  

 

Figure 2.1 illustrates the Mohr yield criterion and physical representation of 

Eqn. 2.1.  Equation 2.1 indicates that yield will occur if the radius of the largest Mohr 

circle is tangent to the failure envelope curve,  f .  

 




|| = f()Failure Envelope

 

Figure 2.1 Concept of Mohr Criterion 

 

An illustration of the simplest form of the Mohr failure envelope is shown in 

Fig. 2.2, wherein, the Mohr failure envelope is a straight line, known as Coulomb’s 

equation, which is expressed as 
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  tan c  (2.2) 

 

in which c is cohesion and  is the friction angle of the material.  Both c and  are 

material constants and can be determined by experiment. 

 



 || = c + tan()

Failure Envelope

3 1






c

(1+3)/2

(1-3)/2

c cos()

 

Figure 2.2 Simplest Form of the Mohr Failure Envelope 

 

The Mohr yield criterion associated with Coulomb’s equation is referred to as 

the MC criterion.  In the case of non-frictional material ( = 0), cohesion equals the 

yield stress in pure shear, k, and Eqn. 2.2 becomes  

 

 k  (2.3) 

 

which is known as the maximum-shear-stress criterion of Tresca. 

 

With reference to Fig. 2.2, let 1 = major principal stress and 3 = minor 

principal stress (1  3), then Eqn. 2.2 becomes 
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If we let 
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Eqn. 2.5 can be simplified as 
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where FT is the strength in simple tension and FC is the strength in simple compression.  

Chen and Han (1987) introduced a parameter m, where 
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with which Eqn. 2.8 can be written in slope-intercept form as 

 

 CFm  31   (2.10) 

 

Figure 2.3 shows the failure loci for the MC criterion using Eq. 2.10 in the  

3 = 0 plane.  In the figure, 2 lies between 1 and 3 so that 1  2  3 is satisfied.  

When  = 0 (m = 1), the shape of failure locus is similar to the Tresca hexagon and the 

shape becomes an irregular hexagon as  increases (m decreases). 

 

-1 1

1

-1

  =
 0

 increase

2 /FC

1 /FC

m = 1

m decrease

 

Figure 2.3 The Failure Loci for the Mohr-Coulomb Criterion in 3 = 0 Plane  

(After Chen and Han, 1987) 
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For three-dimensional (3D) conditions, Eqn. 2.5 takes the form 
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where I1 , I2, and I3 are the invariants of the stress tensor, defined as  
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and J1 , J2, and J3 are the second invariants of the stress deviator tensor defined as 
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The angle, , is shown in Fig. 2.4 and defined as  
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and s1, s2 ,and s3 are the principal values of the invariants of the stress deviator tensor 

sij. 
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Figure 2.4 Angle, , Defined in Deviatoric Plane (After Chen and Han, 1987) 

 

In the Fig. 2.4, the 1, 2, and 3 axes are the projections of the 1, 2, and 

3 axes on the deviatoric plane.  OP is the projection of vector OP on the same plane, 

and P is an arbitrary state of stress at a given point with stress components 1, 2, and 

3.  Equation 2.11 can be rewritten in Haigh-Westergaard stress space as 
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in which , , and  are the Haigh-Westergaard coordinates, defined as 
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Equations 2.11 and 2.15 are satisfied only if 1  2  3 and 0
3


. 
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Figure 2.5 Mohr-Coulomb Criterion in Meridian Plane  = 0  

(After Chen and Han, 1987) 

 

Figure 2.5 shows the MC criterion in the meridian plane with  = 0.  In the 

figure, compression is positive.  If we use Eqn. 2.6, c can be expressed on the  

plane as 
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Figure 2.6 Mohr-Coulomb Criterion in Deviatoric Plane 

 

3
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2  

Figure 2.7 Mohr-Coulomb Criterion in Principal Stress Plane 

 

Figure 2.6 and 2.7 show the MC criterion in the deviatoric, and principal 

stress plane, respectively.  The irregular hexagon shown in Fig. 2.7 is formed at 

intersection of the 3 = 0 plane, as shown in Fig. 2.3.  Since the MC criterion 
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possesses the shape of an irregular hexagon, it has vertices in the deviatoric plane, as 

shown in Fig. 2.6.  Therefore, the model may be calibrated and extended.  The 

constitutive model, which is used in numerical simulations for the current study is an 

elasto-plastic model.  The elasto-plastic model has a yield function that includes 

isotropic cohesion hardening, softening, and has the MC form.  The model also uses 

a flow potential G, which is a hyperbolic function in the meridian plane and a smooth 

elliptic function in the deviatoric plane (ABAQUS, 2009).  Thus, the flow potential 

has no corners in the deviatoric plane.  A detailed description of flow potential is 

discussed in the next section. 

 

2.3 Flow Rule Associated with the Model  

 

The flow rule is used to investigate the plastic strain increment, i
pd , and  

is reviewed in this section.  As explained in the previous section, the flow potential 

must be continuous in the deviatoric plane to provide a unique direction of plastic flow.  

Klisinski and Mroz (1988) and Menetrey and Willam (1995) proposed a smooth triple 

symmetric ellipse function, r(,e), based on the five-parameter model by Willam and 

Warnke (1974), which is expressed as  
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The deviatoric eccentricity e describes the out-of-roundness of the deviatoric 

trace in terms of the ratio between the shear stress along the extension and 

compression meridian (Menetrey and Willam, 1995; ABAQUS, 2009).  Along the  
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= 0 (extension meridians) and the 
3

  (compression meridians), r(,e) has the 

following values: 
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Although r(,e) is defined between  = 0 and  = 
3


, it can be extended to all 

directions (2    0) using the triple symmetry shown in Fig. 2.8. 

 

'3

'1

'2

90 > 0
(1.0  e > 0.5)

 = 0e = 1.0)

 = 90e = 0.5)

 

Figure 2.8 The Smooth Triple Symmetric Ellipse Function  

(Menetrey and Willam, 1995) 
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The eccentricity is usually determined by Eqn. 2.20 such that the extension 

and the compression meridians exactly match. 
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e   (2.20) 

 

Convexity and smoothness of the elliptic function does not hold when  = 90 (e = 

0.5).  The upper limit,  = 0 (e = 1.0) leads to r(,1) = 1, which represent a circle in 

Fig. 2.8, and the lower limit,  = 90 (e = 0.5) leads to r(,0.5) = 2cos, which 

represents a triangle in Fig. 2.8.  The triangle shape violates the smoothness and the 

uniqueness of the gradients at the corners.  To avoid the corners,  must be defined 

between 90 >   0 (1.0  e > 0.5). 

 

The finite element analysis used in this study has the flow potential, G, and the 

form of a smooth triple symmetric ellipse function in the deviatoric plane given by 

Eqn. 2.18.  In the meridional plane, G has the form of hyperbolic function, which is 

expressed as 

 

       tantan| 22
0 pqRcG mw    (2.21) 

 

in which p is the equivalent pressure expressed as 

 

 
3
1Ip    (2.22) 

 

q is the von Mises equivalent stress expressed as 
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  jiij SSq
2

9
   (2.23) 

 

S is the deviatoric stress expressed as 

 

 Sij = ij + pij (2.24) 

 

and Rmw(,e), is the elliptic function, expressed as 

 

    
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cos6
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
 ereRmw   (2.25) 

 

In Eqn. 2.21,  is the dilation angle, c|0 is the initial cohesion yield stress, and  is the 

eccentricity that defines the rate at which the function approaches the asymptote. 

 

Figure 2.9 shows a family of flow potentials chosen as a hyperbolic function 

in a meridional plane are used in ABAQUS.  As mentioned above, G is continuous 

and smooth in both meridional and deviatoric planes, and thus, the flow direction is 

defined uniquely in those planes.  The elliptic function, Rmw(,e), ensures that the 

flow potential matches the yield surface for triaxial compression and extension in the 

deviatoric plane.  
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Figure 2.9 Flow Potential Used in ABAQUS (ABAQUS, 2009) 

 

2.4 Strain Softening Behavior in the Model 

 

Walters and Thomas (1982) performed experiments similar to those performed 

earlier by Horsefield (1977) to develop reverse fault rupture through cohesionless soil.  

These experiments were performed in a box with dimensions 100 cm x 10 cm x 10 cm 

in which upward displacement was generated by a rigid motor drive block.  They 

showed that the ground rupture observed in the experiment could be replicated with 

FE analyses using a nonlinear incremental constitutive model, with a non-associated 

flow rule and strain softening behavior.  This study showed that the experimental 

results could only be reproduced by a non-associated flow rule and strain softening 

behavior.  Bray (1990) and Bray et al. (1994a, b) report on the use of numerical 

models, using an elasto-plastic constitutive model with MC yield criteria and strain 

softening behavior to develop recommendations to minimize the potentially adverse 

effects of earthquake fault rupture on dam stability and integrity.  Potts et al. (1990, 

1997) also used similar constitutive laws with strain softening behavior to model the 

failure of embankment dams. 
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To incorporate the strain softening behavior in the numerical analysis in this 

work, the model proposed by Anastasopoulos, et al. (2007) was used to diminish 

linearly the peak plane strain friction angle ’ps-p to a residual value at the critical state 

friction angle ’crit from the plastic strain at ’ps-p to the plastic strain at crit.  

Similarly, the dilation angle p is diminished linearly to a residual value of 0 from the 

plastic strain at ’ps-p to the plastic strain at crit.  The reduction of ’ps-p and p are 

illustrated in Fig. 2.10.  Equation for the strain dependent reduction of ’ps-p and p 

are given as 
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Figure 2.10 Variation of Friction Angle and Dilation Angle (Anastasopoulos, 2007) 
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in which γp
 is plastic shear strain and γp

f is the plastic shear strain at which softening 

has been completed. 

 

Figure 2.11 shows the ratio of shear to vertical stress, ’/’v, vs. horizontal 

displacement, dx, as well as vertical displacement, dv, vs. dx from a direct shear (DS) 

test on Toyoura sand reported by Shibuya et al. (1997).  Four distinct phases of soil 

behavior are identified: 1) quasielastic, 2) plastic, 3) softening, and 4) residual 

behavior.  Jewell and Roth (1987) performed many DS tests and reported quasielastic 

soil behavior between points O and A, after which plastic behavior occurs.  The 

displacement, dx-y, corresponding to point A, is defined where dv/dx is minimum.  The 

displacement, dx-p, is defined at the maximum ’/’v.  After the peak ’/’v, the soil 

shows softening behavior and develops a single horizontal shear band at the middle of 

the specimen (e.g., Jewell and Roth, 1987; Gerolymos et al., 2007).  The softening 

behavior continues until dv/dx becomes approximately 0 at displacement, dx-f.  

Although stress and strain may vary along the DS plane due to progressive failure 

(Terzaghi and Peck, 1948; Morgenstern and Tchalenko, 1967; Saada and Townsend, 

1981; Budhu, 1984), a number of studies (e.g., Potts et al., 1987; Anastasopoulos, et 

al., 2007) show that progressive failure for the DS test is insignificant, allowing the 

interpretation of test results as simple shear (Anastasopoulos, et al., 2007). 
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Figure 2.11 Typical Stress Ratio vs. Horizontal Displacement, and Vertical 

Displacement vs. Horizontal Displacement Curve (After Shibuya et al., 1997) 
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dx '

'

 

Figure 2.12 Typical Direct Shear Test Box 

 

Figure 2.12 shows a schematic of the DS test.  From the beginning of the test 

to the stage when the shear band is created, it is assumed that the shear strain is 

uniformly distributed throughout the test box.  The yield shear strain, y, is 

 

 
H

d yx
y

   (2.28) 

 

for which H is the height of soil sample in direct shear test, and dx-y is shown in Fig. 

2.11.  

 

Similarly, the peak shear strain, p, is 

 

 
H

d px
p

   (2.29) 

 

for which dx-p is shown in Fig. 2.11.  Consequently, the plastic shear strain at p
p can 

be expressed as 
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After the peak, a shear band is formed and plastic shear deformation takes 

place within the shear band.  The soil outside of the shear band is assumed to be in an 

elastic state (Shibuya, et al., 1997).  The plastic shear strain at which full softening 

occurs, γp
f, can be expressed as 
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where Hb is the height of the shear band.  Several researchers (e.g., Roscoe, 1970; 

Vardoulakis and Graf, 1985; Muhlhaus and Vardoulakis, 1987; Bardet and Proubet, 

1992; Huang, et al., 2002)  reported Hb as 8 – 20 d50, where d50 is the median grain 

size. 

 

The solutions from FE analyses associated with the strain softening process 

depend on the mesh size (Pietruszezak and Mroz, 1981; Arslan and Sture, 2008).  

The model proposed by Anastasopoulos, et al. (2007), provides a way to account for 

shear band formation through mesh size selection.   

 

As shown in Fig. 2.13 a), the shear strain calculated in the finite element mesh, 

γmesh, can be expressed as 
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Figure 2.13 Simple Shear Shape for a) Finite Element Mesh and b) Along the Shear 

Band (After Anastasopoulos, et al., 2007) 
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in which Hmesh is the height of the mesh that undergoes uniform shear deformation. 

 

Equation 2.32 is valid until a shear band is formed.  After the peak ’/’v, 

when the shear band forms, shear strain, γb, can be expressed as 
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x
b H
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   (2.33) 

 

The ratio between γb and γmesh is defined as  and can be expressed as 
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Knowing that y and p are not influenced by scale effects, the γp
f compatible with the 

actual strain is obtained by dividing Eqn. 2.31 by . 
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Hence, γp
f depends on the size of the mesh where the shear band develops, 

Hmesh, and the width of the elements surrounding the pipe are chosen such that Hmesh = 

Hb.  In this way, the mesh size is compatible with shear band formation, and shear 

distortion in the FE model is suitably accounted for, as indicated in Eqn. 2.35. 
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CHAPTER 3 

 

COMPARISON OF FINITE ELEMENT AND EXPERIMENTAL RESULTS 

FOR LATERAL PIPE MOVEMENT 

 

3.1 Introduction 

 

A series of finite element (FE) analyses with ABAQUS 6.9 (2009) were 

performed to predict the peak force and to compare the measured peak forces with 

experimental results.  Comparing the results of numerical simulations and actual 

experiments is necessary to validate the numerical model.  The experimental 

database used for the comparisons is derived from full-scale, 2-D tests on pipe buried 

in dry and partially saturated sand.  The experimental results were obtained at the 

Cornell University Large Scale Lifelines Testing Facility, which is part of the George 

E. Brown, Jr. Network for Earthquake Engineering Simulation (NEES) supported by 

the National Science Foundation (NSF), and with testing equipment that predated 

NEES.  The full-scale tests and test results for dry sand are described by Trautmann 

and O’Rourke (1983), Trautmann (1983), Turner (2004), and Olson (2009), and the 

testing and test results for partially saturated sand are described by Olson (2009) and 

O’Rourke (2010).  In this chapter, the procedures for estimating Young’s modulus 

from the large-scale experimental data, peak lateral force from direct shear (DS) 

laboratory test data, and post peak softening characteristics from the DS data are 

described. 
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3.2 Pipe Force vs. Displacement Relationship 

 

To facilitate the comparison of experimental and analytical results, both the 

measurements and numerical output are converted to dimensionless form.  The 

dimensionless format also facilitates the application of the results to a variety of pipe 

diameter and depth conditions of practical interest.  Figure 3.1 shows a typical 

dimensionless pipe force vs. displacement curve.  Shown on the vertical axis is the 
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Figure 3.1 Typical Dimensionless Force-Displacement Curve for Lateral Pipe 

Movement 



 35

lateral force imposed on the pipe by relative lateral displacement in sand, which is 

expressed as F’ = F / (dHcDL), in which F is the measured lateral pipe force, d is the 

dry unit weight of the sand, Hc is the depth from the top of the soil to the center of the 

pipe, D is the external diameter of the pipe, and L is the length of the pipe involved in 

the test.  The horizontal axis is the dimensionless pipe displacement expressed as Y’ 

= Y/D, in which Y is the measured lateral pipe movement.  

 

As shown in Figure 3.1, the dimensionless force-displacement curve can be 

characterized by three major parts.  The pre-peak, observed from the beginning of the 

curve to the peak force, is controlled by Young’s modulus E.  In this stage, the force 

continuously increases as the pipe moves laterally until it reaches a maximum.  The 

peak force is controlled by the peak plane strain friction angle, ’ps-p.  After the peak, 

the force decreases and converges to a residual force controlled by the critical friction 

angle, crit, and plastic shear strain p.   

 

In this study, the peak forces from the experiments and analyses are compared 

first, since peak force is the most important factor when evaluating pipe response to 

lateral movement.  Then the Young’s modulus is evaluated by developing a 

relationship between modulus dry density of the sand, and effective vertical stress at 

the pipe centerline, ’vc, from full-scale experimental data.  Finally, the DS test data 

are incorporated in strain softening model by applying a model proposed by 

Anastasopoulos, et al. (2007). 
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3.3 Dry Soil Strength Properties 

 

Modeling soil-pipe interaction during lateral pipe movement within the 

ground requires that the soil strength properties of the sand be determined by 

appropriate laboratory tests.  In this work, DS test results are converted to plane 

strain strength parameters and used in the Mohr-Coulomb (MC) model of the soil.  

The results of numerical analyses using the MC model are then compared with large-

scale experimental results. 

 

The large-scale tests were performed with different types of fluvio-glacial 

sand having similar, but not identical, grain size characteristics (Olson, 2009), referred 

to as CU filter sand and RMS graded sand.  The DS test results and strength 

characterization for large-scale tests performed by Trautmann and O’Rourke (1983), 

Turner (2004), and Olson (2009) are described under the following subheadings. 

 

3.3.1. Trautmann and O’Rourke Tests 

 

Input parameters for CU filter sand strength were obtained from DS tests 

performed by Olson (2009).  The results from 7 DS tests with d = 15.7 kN/m3 – 17.9 

kN/m3 are plotted in Fig. 3.10.  The figure shows the relationship between ψp and d 

at ’N Ref. = 2.1 kPa as 

 

 56.13466.8
.'/  dp efRN

   (3.1) 
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Figure 3.2 ψp vs. γdry for Dry CU Filter Sand at ’N = 2.1 kPa (Olson, 2009) 
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Olson (2009) provided data for ψp vs. various ’N from DS tests.  All ψp vs. 

’N plots were digitized, and were converted to the normalized ψp/ψp/’N Ref. vs. ’N as 

shown in Fig. 3.3 to estimate ψp for variable ’N.  The data for ψp/ψp/’N Ref. and ’N 

has r2 = 0.77 and nonlinear regression equation for ψp/ψp/’N Ref. is  
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Lings and Dietz (2004) show the relationship between peak direct shear friction angle, 

’ds-p, and ψp as 
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Olson (2009) reported ’crit for CU filter sand as 38.6 and RMS graded sand 
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as 40.8.  The calculated ’ds-p from Eqn. 3.3 is converted to the plane strain peak 

friction angle, ’ps-p, using the relationship first derived by Davis (1968) as 
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Equation 3.4 provides the ’ps-p at maximum obliquity (max ’/’N), which is 

required for the M-C model in ABAQUS.  

 

Full scale tests by Trautmann and O’Rourke (1983) were performed for 

medium CU filter sand (d = 16.4 kN/m3) and very dense CU filter sand (d = 17.7 

kN/m3).  Using the Eqns 3.1 through 3.4, ψp = 5.2  6.2, ’ds-p = 35.6  36.4, 

corresponding to ’ps-p = 42.6  43.3 for medium CU filter sand, and ψp = 12.9  

15.4, ’ds-p = 41.0  42.7, corresponding to ’ps-p = 48.1  49.7 for very dense CU 

filter sand, were obtained for Hc/D = 3.5  11. 

 

3.3.2. Olson Tests 

 

The input parameters for RMS graded sand were obtained from DS tests 

performed by Olson (2009).  The results of 11 tests are plotted in Fig. 3.4, and the 

linear regression equation for ψp and d at ’N Ref. = 2.1 kPa is 

 

 48.10999.6
.'/  dp efRN

   (3.5) 

 

The d measured by Olson (2009) was used with Eqn. 3.5 to obtain   

ψp/ψp/’N Ref., and Eqns. 3.4  3.6 to obtain ψp, ’ds-p, and ’ps-p, respectively. 
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Figure 3.4 ψp vs. γd for Dry RMS Graded Sand at ’N = 2.1 kPa (Olson, 2009) 
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3.3.3. Turner Tests 

 

Turner performed 6 large-scale 2D tests with dry RMS graded sand having d 

= 16.9 kN/m3  17.2 kN/m3, as determined by density scoop measurements (Turner 

2004).  Olson (2009) compared the dry unit weights measured by the more accurate 

nuclear gage, d-ng, with those measured by the density scoop, d-ds, and developed a 

correction equation for the determination of d-ng, using density scoop measurements 

as follows 

 

 95.093.0   dsdngd   (3.6) 

 

The density scoop measurements of d-ds by Turner were corrected with Eqn. 

3.6, and these values were used with Eqn. 3.5 to obtain ψp.  Eqns. 3.2 and 3.3 were 

used to obtain ψ and ’ds-p, which were used in Eqn. 3.4 to calculate ’ps-p.  

 

3.3.4. Summary 

 

Table 3.1 summarizes key dimensions from the full-scale tests as well as soil 

properties, in terms of unit weight and strength parameters, that were used in the full-

scale tests.  These dimensions and soil properties were used in input parameters for 

the finite element analyses of 2-D lateral pipe movement, as described in the next 

section.   

 

The tests reported by Trautmann and O’Rourke (1983), Olson (2009), and 

Turner (2004) were performed with dry sand characterized as medium, dense, and 

very dense.  The soil strength properties associated with each density description are  
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Table 3.1 Summary of the Input Parameters Used in Finite Element Analyses for 

Lateral Pipe Movement 

Test No. Hc/D 
Diameter

(mm) 

Length

(mm) 

d 

(kN/m3)

’ds-p 

(degrees)

ψp 

(degrees) 

’ps-p 

(degrees)

T & O*26, 

27, 29, 30 
3.5 102 1200 16.4 36.4 6.2 43.3 

T & O 46 5.5 102 1200 16.4 36.1 5.8 43.1 

T & O 51 8 102 1200 16.4 35.9 5.5 42.8 

T & O  

48, 49 
11 102 1200 16.4 35.7 5.2 42.6 

T & O 23 3.5 102 1200 17.7 42.7 15.4 49.7 

T & O 24 5.5 102 1200 17.7 42.0 14.4 49.0 

T & O 25 8 102 1200 17.7 41.5 13.6 48.5 

T & O 32 11 102 1200 17.7 41.0 12.9 48.1 

Os 2D-1** 5.47 120 2440 16.9 38.4 7.6 46.3 

Os 2D-2 5.29 124 2440 17.1 38.4 7.5 46.3 

Os 2D-3 5.29 124 2440 17.2 38.4 7.5 46.3 

Tn Test 2*** 5.5 120 1210 17.1 38.4 7.5 46.3 

Tn Test 3 5.5 120 1210 17.2 38.4 7.5 46.3 

Tn Test 6 5.5 120 1210 16.9 38.4 7.6 46.3 

Tn Test 7 5.5 120 1210 17.2 38.4 7.5 46.3 

Tn Test 8 5.5 120 1210 17.2 38.4 7.5 46.3 

Tn Test 9 5.5 120 1210 17.0 38.4 7.5 46.3 

* T & O: Trautmann & O’Rourke (1983); ** Os: Olson (2009); *** Tn: Turner (2004) 
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summarized in Table 3.2.  The full-scale test results associated with each density 

description are listed in the table.  Average values of dry unit weight as well as 

friction and dilation angles are also given.  The experimental range in the friction and 

dilation angle is approximately  1 of the value in the table, and the range in dry unit 

weight is  0.15 kN/m3 of the value in the table. 

 

Table 3.2 Summary of Dry Sand Strength Parameters 

Density 

Description 

d 

(kN/m3) 

’ds-p 

(degrees)

ψp 

(degrees)

’ps-p 

(degrees)
Full-scale Test Results 

Medium 16.4 36.0 4.0 43.8 
Trautmann and O’Rourke 

(1983) 

Dense 17.1 38.5 7.7 46.4 
Olson (2009),  

Turner (2004) 

Very Dense 17.7 40.6 10.9 48.6 
Trautmann and O’Rourke 

(1983) 

 

3.4 Finite Element Analyses Model for Dry Sand 

 

Each FE analyses mesh was developed to replicate the geometry and material 

properties of the soil, pipe, and experimental facilities in each test.  Figure 3.5 shows 

the typical geometry of the numerical model, which is taken directly from the large-

scale experimental test equipment.  In the figure, Hbt is the height from the pipe 

center to the interior box bottom, Hbk is the closest distance from the center of the pipe 

to the test box wall, and Hc and D are as defined previously.  The pipe was modeled 

as a rigid cylinder.  In the simulations the exterior of the test box was fixed in all 

directions.  The finite element mesh was composed of 8-node biquadratic, plane 
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Figure 3.5 Geometry of the Numerical Model for Lateral Pipe Movement 

 

strain, quadrilateral, reduced integration elements (element type CPE8R).  A refined 

mesh was used within a distance of approximately two pipe diameters from the test 

pipe.  The thickness of the elements within the refined mesh was taken as the shear 

band thickness observed by various researchers during DS tests (e.g., Roscoe, 1970; 

Vardoulakis and Graf, 1985; Muhlhaus and Vardoulakis, 1987; Bardet and Proubet, 

1992; Huang, et al., 2002; Olson, 2009).  Approximately 800 to 1000 elements were 

used in the meshes to simulate different experimental conditions.   

A mesh convergence study was performed to select the appropriate mesh for 

analysis.  Starting with a mesh containing 250 elements, analyses were performed 

with meshes of 380, 613, 814, and 1544 elements.  The convergence study showed 

only a 0.1 % difference in peak pipe force as the mesh size was increased from 

approximately 814 to 1544 elements.  Given the very small change in peak force for 

1544 elements, a mesh size of 800 to 1000 elements was used to obtain good 

resolution of results and promote computational efficiency. 
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Geostatic loads were applied at the start of each simulation under K0 = 1 

conditions.  Sensitivity analysis was performed with different K0 values, and the 

results showed that the peak dimensionless force varies approximately 1 % while K0 

varies from 0.5 to 2. A Poisson’s ratio,  = 0.3, was assumed for the sand.  To 

promote numerical stability, all simulations were performed with a nominal cohesion 

c’ = 0.1 – 0.3 kPa.  Sensitivity analyses were performed with different c’ values to 

show that the range of c’ = 0.1 – 0.3 kPa had negligible effect on the results. 

 

Figure 3.6 shows the soil/test box and soil/pipe interfaces.  The interface 

friction angle between the soil and pipe (smooth steel) and vertical box wall (formica 

and glass) was taken as 0.6 ’ds-p on the basis of laboratory tests performed by 

Trautmann and O’Rourke (1983) and Olson (2009).  The interface friction angle 

between soil and the wooden base of the box was estimated as 0.8 ds-p (Kulhawy et al, 

1983).  

 

 

Figure 3.6 The Soil/Test Box and Soil/Pipe Interfaces 

 

Interface
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Figure 3.7 shows the geometry of the numerical model used for analyses of 

each series of tests referred to a) Trautmann and O’Rourke (1983), b) Olson 2D-1 

(2009), c) Olson 2D-2 and 3 (2009), and d) Turner (2004).  The test box used by 

Trautmann and O’Rourke had an inside length of 2.3 m, Hbt, = 0.35 m, Hbk, = 0.65 m, 

and Hc was varied to obtain different Hc/D.  The test pipe had an outsider diameter of 

102 mm, a length of 1.2 m, a wall thickness of 6.4 mm, and is normal to the 2-D plane 

in Fig. 3.6.  Olson performed tests with two different boxes each with an inner length 

of 2.44 m, Hbt = 0.47 m, Hbk = 0.65 m, pipe length = 2.44 m, and pipe wall thickness =  

 

 

Figure 3.7 Geometry of the Test Box for Each Test 
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6.4 mm.  For the 2D-1 test, Hc = 0.66 m and D = 120mm.  For the 2D-2 and 2D-3 

tests, Hc = 0.63 m and D = 124 mm.  For the Turner tests, the box had an inner length 

of 1.6 m, Hbt = 0.36 m, Hbk = 0.36 m, Hc = 0.65 m, D = 0.119 m, and pipe length = 

1.21 m. 

 

The peak angle of dilation, p was evaluated using Eqn. 3.2, where ’N is 

taken as ’vc, which is the vertical effective stress at the pipe centerline.  With p 

estimated relative to ’vc, Eqns 3.3 and 3.4 were used to evaluate ’ps-p.  Because p 

is explicitly related to ’vc = Hc, ’ps-p will decrease with depth for a given d because 

of diminishing capacity for dilation as confining stress increases. 

 

Characterizing p in terms of a single ’vc is a simplification that does not 

account for variable p and ’ps-p with depth or link p with the appropriate ’N at any 

given depth.  As described in Chapter 4, FE simulations were run for layered soil 

conditions in which p and ’ps-p were varied with depth and ’N was estimated with 

greater accuracy.  The results for simulations using a variable friction angle with 

depth and a more accurate assessment of ’N were compared with those using p and 

’ps-p linked to a single ’vc at the pipe centerline.  Because the comparisons show 

only 0.2 – 3.3 % difference in the results, the more simple and straightforward 

characterization of friction angle relative to the vertical effective stress at the pipe 

centerline was used in the production runs of the numerical simulations. 

 

3.5 Comparison of FE Analyses and Measured Peak Forces 

 

The experimental maximum forces for 2-D tests with CU filter sand and RMS 

graded sand were used as reported by Trautmann and O’Rourke (1983) and Olson 
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(2009) because these data were already corrected for side shear effects or steps had 

been taken experimentally to reduce the side shear forces.  The experimental data 

obtained by Turner (2004), however, required correction for side wall friction effects, 

following the procedures used by Olson (2009) to produce a consistent data set for the 

2-D tests with RMS graded sand. 

 

The correction procedure used by Olson was based on tactile pressure sensor 

measurements of soil pressure on the test box sidewalls (Olson, 2009) and 

observations of soil movement patterns, resulting in the following relationship for the 

horizontal frictional resisting force, Ff, contributed by both sidewalls 

 

 sSIsvcf AKF  costan'2 0   (3.7) 

 

in which K0 is the ratio of horizontal stress acting on the sidewalls to vertical effective 

stress at the pipe center, ’vc; As = area of sidewall in contact with displaced soil; SI = 

the angle of interface shear resistance between the soil and sidewall; and s = angle 

with respect to the horizontal of soil movement observed during the tests.  Tactile 

pressure measurements by Olson show that on average throughout the test, K0 = 0.72 

is representative of the 2-D soil test pressures.  The value of  is determined by using 

/’ds-p = 0.6, which was shown by Trautmann & O’Rourke (1983) and Olson (2009) 

to be representative of the glass and formica of the sidewalls.  The DS soil friction 

angle, ’ds-p, is the appropriate strength parameter for failure on a rigid interface, and 

was used to estimate .  Finally, Ff was subtracted from the lateral force measured by 

Turner.  On average, the correction for side wall friction decreased the measured 

peak force between 3 to 5 %, so the change associated with this correction is relatively 

small. 
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Figure 3.8 shows the measured peak dimensionless force plotted with respect 

to the FE peak dimensionless forces.  The preponderance of the measurements 

obtained by Trautmann and O’Rourke (1983), Turner (2004), and Olson (2009) show a 

clear peak load.  For medium sand tests with no clear peak, the procedure used by 

Trautmann and O’Rourke (1983) was used to interpret the maximum load.  With this 

procedure, the horizontal force vs. displacement data were fit to a hyperbolic curve, 

and the peak force was estimated as the asymptote of the hyperbolic fit, multiplied by 

a reduction factor, Rf = 0.9.   
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Figure 3.8 Comparison of the Measured and FE Analyses Peak Force 
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Figure 3.9 Plot of NqH vs. Hc/D for Dry CU Filter Sand 

 

All FE analyses peak forces are within  10 % of the measured maximum 

forces, and no FE analyses forces differ from the experimental data by more than 

9.3 %.   The average difference between the FE analyses and measured force is 

5.1 %. 

 

Figure 3.9 compares the FE analyses and 2-D test results of Trautmann and 

O’Rourke (1983), in which the dimensionless force, NqH, is plotted as a function of the 

dimensionless depth.  There is a favorable agreement among the data for all Hc/D.  

In general, the FE analyses results over predict the measured dimensionless peak force 

by 2 – 7 %.  Both the measured and FE analyses peak forces are relatively constant 

for medium sand at Hc/D = 8 and Hc/D = 11.  Overall, the average difference between 

the FE analyses and measured force for dry CU filter sand is 4.5 %. 
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Figure 3.10 Summary Plot of NqH vs. Hc/D for All Dry FE Results 
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Figure 3.10 summarizes NqH vs. Hc/D for all dry sand tests with CU filter and 

RMS graded sand.  Both the experimental data and numerical results for peak load 

are plotted for medium, dense, and very dense sand as characterized in Table 3.2.  

Nonlinear regression lines are plotted for the experimental data and numerical results 

pertaining to medium and very dense sand.  Also plotted is the regression for dense 

sand numerical results.  Experimental data for dense dry sand are available from 

Olson (2009) and Turner (2004) for Hc/D = 5.5 only.  To produce a curve for dense 

sand, FE analyses were performed for Hc/D = 3.5, 5.5, 8, 11, and the regression line 

for those results is shown in the figure.  The numerical results exceed measured peak 

forces by about 4.1 % for very dense sand, and 4.8 % for medium sand with Hc/D  11.   

 

3.6 Young’s Modulus for Lateral Pipe Movement 

 

The Mohr-Coulomb plasticity model in this work is based on representing the 

soil response as linear elastic until stresses in the soil are equal to and exceed the 

Mohr-Coulomb yield surface.  Thus, an elastic modulus is required as one of the 

constituent soil properties.  The model uses a constant elastic modulus to 

approximate the nonlinear stress-strain behavior of soil before yield, and thus provides 

a simplified “equivalent” representation of soil response to horizontal pipe movement. 

 

To select the Young’s modulus on the basis of an appropriate response, the 

method proposed by Thomas (1978) and used by Trautmann & O’Rourke (1983) was 

applied to the horizontal force vs. displacement response of the pipe as shown in Fig. 

3.11.  Thomas (1978) suggested that using an initial slope, K70, from the origin 

through the point corresponding to 70 % peak force was generally adequate in 1-D 

numerical simulations of soil-structure interaction.  In general, bisecting the 
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experimental pipe-displacement plot by a K70-line results in approximately equal areas 

between K70 and the nonlinear data plot below and above the 70 % peak force value.  

The K70-line thus tends to equalize the amount of over- and under-prediction 

associated with an initial linear slope simplification.  
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Figure 3.11 K70 Approach of Bilinear Model for Dimensionless Force-Displacement 

Curve  

 

The equivalent modulus for lateral pipe movement, E70-H, was determined by 

running FE simulations with different values of E and the same strength parameters 

for each experimental data set from Trautmann & O’Rourke (1983) and Olson (2009) 
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until the initial linear force displacement response coincided with K70 at 70 % of the 

peak force.  The E-value corresponding to this condition was selected as E70-H. 

 

Janbu (1963) proposed a relationship between initial tangent modulus Ei, and 

confining pressure, 3, as 

 

 
n

a
ai p

pKE 







 3'

 (3.8) 

 

in which K = constant, 3 = minor principal effective stress, and n = exponent 

determining the rate of variation of Ei with 3.   

 

In Fig. 3.12 equations following the form of Eqn. 3.8 are fit to the Trautmann 

and O’Rourke (1983) test data for medium, dense, and very dense sand in which ’3 is 

expressed as the vertical effective stress at the center of the pipe, ’vc.  The K and n-

values are 59 and 0.6 for medium sand, and 181 and 0.6 for dense sand.  These K and 

n-values are substantially smaller than the K and n-values for the initial tangent 

modulus, Ei, summarized by Duncan and Chang (1970) and Wong and Duncan (1974) 

for sand having similar d and grain size characteristics.  As explained in Appendix A, 

the moduli back-calculated from the large-scale test data represent strain-compatible 

moduli.  They are consistent with the high levels of soil stress that coincide with the 

peak pipe force.  Appendix A shows that the secant modulus associated with stress 

levels at a high percentage of yield is much smaller than the initial tangent modulus, 

and is consistent with the values depicted in Fig. 3.12. 
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Figure 3.12 Relationships between E70-H/Pa and ’vc/Pa of CU Filter Sand 
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The figure shows that E70-H increases with increasing d, for constant ’vc.  

Multiple linear regression (MLR) analyses were performed on E70-H, ’vc, and d to 

obtain an expression for these variables with highest statistical significance as  

 

 
a

vc

w

d

a

H

P
K

P

E '
loglogloglog 70 


   (3.9) 

 

in which K, , and  are constants, Pa is an atmospheric pressure, and w is unit weight 

of water.  The form of Eqn. 3.9 is similar to that obtained by Jeon and O’Rourke 

(2005) for correlations between earthquake damage and seismic parameters. 

 

Using the data from the Trautmann and O’Rourke (1983) and Olson (2009), 

the MLR analyses provide the following 
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in which log is for base 10.  For this equation r2 = 0.90, indicating a high degree of 

statistical significance. 

 

Equation 3.8 can be re-written in dimensionless form as  
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in which [(d/w)(′vc/Pa)
/] is a scaled parameter combining dry unit weight and 

vertical effective stress.  Using the experimental data, Eqn 3.10 is re-written as 
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 (3.12) 

 

The experimental data and Eqn. 3.12 are plotted in Fig. 3.13.  The equation 

provides a close fit to the data, and thus provides a dependable way of re-producing 

the data trends.  To test the predictive capability of Eqn. 3.12, it is necessary to 

compare the modulus given by the equation with modulus and soil properties obtained 

by independent testing. 

 

 Data obtained by Turner (2004) for medium dense sand from 6 large-scale 2-

D tests were used to determine E according to the K70- procedure previously discussed.  

Figure 3.14 shows a histogram of the E70-H-values and a probability density function 

for the data.  Using the ’vc and average d from the 6 Turner tests, Eqn. 3.12 is used 

to predict E70-H = 3300 kPa, which is plotted in the figure.  The predicted E is 

consistent with the experimentally determined values, and is within one standard 

deviation from the mean. 

 

Figure 3.15 shows the dimensionless force vs. dimensionless displacement 

plot determined by numerical simulation using the predicted E70-H and the peak 

strength data for RMS graded sand compared with the dimensionless force vs. 

dimensionless displacement data for the six 2-D tests in RMS graded sand by Turner 

(2004).  The average dimensionless force vs. dimensionless displacement curve for 

Turner’s data is also plotted in the figure.  The numerical simulation of force vs. 

displacement bisects the average experimental data approximately Y/D = 0.05, and 

compare favorably in terms of peak force and post-peak behavior.  The numerical  
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Figure 3.13 E70-H Multiple Linear Regression for d and ’vc. 

 

simulation is somewhat stiffer within the equivalent elastic range, and over predicts 

the force by about 10 % at Y/D = 0.1.  Overall, the predicted force-displacement 

behavior provides a favorable representation of the experimental trend, which are both 

consistent with the average test data and within 9 % of the measured peak load.  The 

predicted behavior is higher than the measured response between Y/D = 0.05 and 0.15, 

thus resulting in slightly conservative estimate of force in this range.  Table 3.3 

summarized E70-H used in the lateral pipe movement simulation calculated from Eqn. 

3.16. 
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Figure 3.14 Histogram of Equivalent E70-H from Turner (2004) Tests and the 

Computed E70-H from Multiple Linear Regression Analysis 
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Figure 3.15 Simulated Dimensionless Force vs. Displacement Curve for Turner Tests 
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Table 3.3 Summary of E70-H Used in Dry Lateral Pipe Movement Simulation 

Test No. Hc/D E70-H (kPa) Test No. Hc/D E70-H (kPa) 

T & O* 26, 

27, 29, 30 
3.5 1300 Os 2D-2 5.29 3400 

T & O 46 5.5 1800 Os 2D-3 5.29 3600 

T & O 51 8 2400 Tn*** Test 2 5.5 3400 

T & O 48, 49 11 3100 Tn Test 3 5.5 3400 

T & O 23 3.5 3000 Tn Test 6 5.5 2800 

T & O 24 5.5 4200 Tn Test 7 5.5 3300 

T & O 25 8 5600 Tn Test 8 5.5 3400 

T & O 32 11 7200 Tn Test 9 5.5 3100 

Os** 2D-1 5.47 2800    

* T & O: Trautmann & O’Rourke (1983); ** Os: Olson (2009); *** Tn: Turner (2004) 

 

3.7 Strain Softening Behavior  

 

As discussed in Chapter 2, the Mohr-Coulomb model in ABAQUS is not able 

to reproduce strain softening behavior.  To represent strain softening, the model 

proposed by Anastasopoulos, et al. (2007) was used to diminish linearly both ’ps-p and 

p to residual values at ’crit and 0, respectively, from the plastic strain at ’ps-p to the 

plastic strain at crit, using the results of DS testing as 

 

 
FE

xpxfxyxp
f

p

d

dd

H

dd 



   (3.13) 

 

in which H = thickness of the DS specimen, dFE = FE element size, and dxy, dxp, dxf are 
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the horizontal displacements at yield, peak strength, and crit at which full softening 

occurs. 

 

A FORTRAN subroutine was prepared by Robert and Soga (2009) to apply 

the Anastasopoulos, et al. (2007) model in the Mohr-Coulomb model used by 

ABAQUS.  This subroutine was applied in the 2-D FE simulations of soil-pipeline 

interaction. 

 

To illustrate how DS test data are incorporated in the strain softening model, 

the stress ratio and vertical displacement for a typical DS test on RMS graded sand are 

plotted in Fig. 3.16 as a function of horizontal displacement.  The values for the 

various parameters in Eqn. 3.13 are illustrated in the figure.  The dFE in the refined 

part of the finite element mesh was 12 mm.  This thickness compares favorably with 

the shear band thickness as reported by several investigators (e.g., Roscoe, 1970; 

Vardoulakis and Graf, 1985; Muhlhaus and Vardoulakis, 1987; Bardet and Proubet, 

1992; Huang, et al., 2002) as 8 – 20 d50, where d50 is the median grain size.  For RMS 

graded sand, d50 was reported as 0.6 mm (Olson, 2009).  Hence, the element size in 

the FE mesh is consistent with shear band dimensions associated with the DS tests.  

A value of p
f = 0.3 is calculated from Eqn. 3.13. 

 

Because ’ps-p is linearly decreased to ’crit, it is necessary to evaluate ’crit.  

Olson (2009) reported ’crit for CU filter sand and RMS graded sand as 38.6 and 

40.8, respectively.  Olson’s relationships for p as a function of d (Olson, 2009), 

and the procedure explained in Section 3.3 were used to select the peak strength and 

dilation parameters. 
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Figure 3.16 Stress Ratio, dy vs. dx Plot in a DS Test of CU Filter Sand 
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3.8 Comparison of Force vs. Displacement Curves for Analytical and Test Results 

 

Comparisons between analytical and experimental force vs. displacement 

plots are provided in Fig 3.17 to 3.19 for medium and very dense CU filter sand 

(Trautmann and O’Rourke 1983) as well as RMS graded sand (Olson, 2009).  The 

analytical force vs. displacement relationship is based on E70-H as explained in Section 

3.4.2.  The lateral pipe forces are shown as dimensionless force F’= F/(dHcDL), and 

lateral pipe displacements are shown as dimensionless displacement Y’ = Y/D.   

 

The numerical simulations for medium CU filter sand in Fig. 3.17 agree well 

with the test data for Hc/D = 3.5 and 8.  Overall, the analytical results are consistent 

with the data trends for Hc/D = 5.5 and 11, but tend to over predict peak loads by 7 – 

8 %.   

The numerical simulations for very dense CU filter sand in Fig. 3.18 agree 

well with the experimental data for all Hc/D.  The analytical peak forces are larger 

than the measured forces by about 2 – 7 %. 

 

Figure 3.19 shows the dimensionless force vs. dimensionless displacement 

plot predicted by numerical simulation for RMS graded sand compared with the 

dimensionless force vs. dimensionless displacement data for the three 2-D tests in 

RMS sand by Olson (2009).  The numerical simulation for RMS graded sand shows 

favorable agreement with the experimental data for all Olson dry sand tests.  The 

numerical simulation compares favorably in terms of dimensionless force-

displacement curve, except for pre-peak behavior where the experimental data tends to 

higher values than shown by the numerical simulation.  The analytical peak forces 

are within 3 – 6 % of the experimental peak forces. 



 64

 

0 0.1 0.2 0.3 0.4
Dimensionless Displacement  (Y/D)

0

2

4

6

8

10

D
im

en
si

on
le

ss
 F

or
ce

  (
F

/
dH

cD
L

)

HcD = 3.5
Trautmann Pipe Test 26

Trautmann Pipe Test 27

Trautmann Pipe Test 29

Trautmann Pipe Test 30

Numerical Analysis

Cornell Filter Sand

d = 16.4 kN/m3

Pipe Diameter = 102 mm
Hc/D = 3.5

0 0.1 0.2 0.3 0.4
Dimensionless Displacement  (Y/D)

0

4

8

12

D
im

en
si

on
le

ss
 F

or
ce

  (
F

/
dH

cD
L

)

HcD = 5.5
Trautmann Pipe Test 46

Numerical Analysis

Cornell Filter Sand

d = 16.4 kN/m3

Pipe Diameter = 102 mm
Hc/D = 5.5

0 0.2 0.4 0.6
Dimensionless Displacement (Y/D)

0

4

8

12

D
im

en
si

on
le

ss
 F

or
ce

  (
F

/
dH

cD
L

)

HcD = 8
Trautmann Pipe Test 51

Numerical Analysis

Cornell Filter Sand

d = 16.4 kN/m3

Pipe Diameter = 102 mm
Hc/D = 8

0 0.2 0.4 0.6
Dimensionless Displacement  (Y/D)

0

4

8

12

D
im

en
si

on
le

ss
 F

or
ce

  (
F

/
dH

cD
L

)

HcD = 11
Trautmann Pipe Test 48

Trautmann Pipe Test 49

Numerical Analysis

Cornell Filter Sand

d = 16.4 kN/m3

Pipe Diameter = 102 mm
Hc/D = 11

D

Hc

D

Hc

D

Hc

D

Hc

 

Figure 3.17 Dimensionless Force vs. Displacement Curves of Medium CU Filter Sand 
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Figure 3.18 Dimensionless Force vs. Displacement Curves of Very Dense CU Filter 

Sand 
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Figure 3.19 Dimensionless Force vs. Displacement Curves of RMS Graded Sand  
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3.9 Soil Strength Properties and Finite Element Analyses Model for Partially 

Saturated RMS Graded Sand 

 

In the analyses for partially saturated RMS graded sand, the total unit weight 

of the sand total, as well as ds-p, and ps-p were used in the analyses.  Input 

parameters for partially saturated RMS graded sand strength were obtained from DS 

tests performed by Olson (2009).  The results from 7 DS tests with water contents = 

4 – 5 % and d = 15.8 kN/m3 (approximately equal to total = 16.5 kN/m3) are plotted in  
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Figure 3.20 tan(ψp)p.sat vs. N for RMS Graded Sand at γdry = 15.8 kN/m3
 (γtotal = 16.5 

kN/m3) (Olson, 2009) 
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Fig. 3.20.  The figure shows the relationship between tan(p) value for partially 

saturated RMS graded sand, tan(p)p.sat, and N ,which has r2 = 0.95.  The nonlinear 

regression equation for tan(p)p.sat is 

 

     12.0ln58.0exptan
.

 Nsatpp   (3.14) 

 

Rowe (1962, 1969) proposed the flow rule to account for the cohesion 

introduced in partially saturated sand as 

 

    
satppcrit

N

ds
pds

c
.

tansintan 


   (3.15) 

 

in which cds is soil cohesion measured from DS test.  Olson (2009) reported cds for 

partially saturated RMS graded sand as 2.1 kPa at dry < 16.0 kN/m3 and crit as 43.6.  

 

Olson performed 19 DS tests and provided p/N and (ψp)p.sat data for partially 

saturated RMS graded sand.  The data were digitized and plotted in Fig. 3.21.  The 

nonlinear regression for p/N vs. (ψp)p.sat has r2 = 0.91 and the resulting regression 

equation is 

 

   453.0027.0exp
.


satpp

N

p 



 (3.16) 

 

The calculated ds-p from Eqn. 3.15 is converted to, ps-p using the relationship 

derived by Olson (2009) as 
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Figure 3.21 Plot of p/N vs. (ψp)p.sat  
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in which cps is a cohesion in plane strain parameters.  Equation 3.17 is a 

transcendental equation and ps-p must be solved iteratively.  Olson (2009) showed 

that Eqn. 3.17 reduces to Eqn. 3.4 for zero cohesion in dry sand. 

 

The FE mesh was developed to replicate the geometry and material properties 

of the soil, pipe and experimental facilities in partially saturated RMS graded sand 

tests.  Figure 3.23 shows the geometry of the numerical model for analyses of 

partially saturated RMS graded tests referred to  a) Olson 2-D Moist 3, 5, and 6 test  
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a) Olson 2-D Moist 
3, 5, and 6 Test (2009)

b) Olson 2-D Moist 1 Test (2009)  

Figure 3.22 Geometry of the Partially Saturated RMS Graded Sand Test (Olson, 2009) 

 

 



 71

(2009),  and b) Olson 2-D Moist 1 test (2009).   Olson performed tests with two 

different boxes with an inner length of 2.44 m, pipe length = 2.44 m, and pipe wall 

thickness = 6.4 mm.  For the 2-D Moist Tests 3, 5, and 6, Hbt = 0.49 m, Hbk = 0.38 m, 

D = 174 mm, and Hc was varied to obtain different Hc/D.  For the 2-D Moist Test 1, 

Hbt = 0.47 m, Hbk = 0.65 m, D = 124 mm, and Hc = 0.66 m. 

 

The d measured by Olson (2009) was used with Eqn. 3.16 to evaluate (p)p.sat , 

where N is taken as vc, which is the vertical total stress at the pipe centerline.  With 

tan(p)p.sat estimated relative to vc, Eqns 3.17, 3.18, and 3.19 were used to evaluate 

ps-p. 

 

As discussed in Section 3.7, the model proposed by Anastasopoulos, et al. 

(2007) is used to represent strain softening, and a FORTRAN subroutine prepared by 

Robert and Soga (2009) was used to apply the softening behavior in the 2-D FE 

simulation of soil-pipeline interaction.  From the partially saturated RMS graded DS 

test (Olson 2009) and Eqn. 3.13, a value of p
f = 0.4 is calculated.  Olson (2009) 

reported crit for partially saturated RMS graded sand as 43.6 and soil cohesion for 

plane strain, cps = 1.2 kPa.  Olson (2009) reported that no cohesion was observed in 

DS tests for partially saturated RMS graded sand at large displacements.  To 

represent the cps at large displacement (cps-ld), the model was set to linearly diminish 

cps to residual values at 0, from the plastic strain at ps-p to p
f.  A small residual 

values of cps-ld = 0.1 kPa at large displacements was used to promote numerical 

stability.  Sensitivity analyses were performed with different cps-ld values to show that 

the range of cps-ld = 0.1 kPa had negligible effect on the results. 

 

Table 3.4 summarizes the test dimensions and soil properties associated with 
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the full scale 2-D tests with partially saturated RMS graded sand performed by Olson 

(2009). 

 

Table 3.4 Summary of the Input Parameters Used in Finite Element Analyses of 

Partially Saturated RMS Graded Sand 

Test No. Hc/D 
Diameter

(mm) 

Length

(mm) 

total 

(kN/m3)

d 

(kN/m3)

’ps-p 

(degrees) 

ψp 

(degrees)

2-D Moist 

Test 3 
3.5 0.174 2.44 16.7 15.9 44.0 13.0 

2-D Moist 

Test 1 
5.29 0.124 2.44 16.7 16.1 44.0 12.5 

2-D Moist 

Test 6 
6.5 0.174 2.44 16.5 15.8 43.4 9.2 

2-D Moist 

Test 5 
7.5 0.174 2.44 16.5 15.8 43.2 8.5 

 

3.10 Comparison of Partially Saturated RMS Graded Soil Force vs. Displacement 

Curves for Analytical and Test Results. 

 

Data obtained by Olson (2009) for partially saturated RMS graded sand from 

4 large-scale 2-D tests were used to determine E70-H according to K70- procedure as 

discussed in Section 3.4.2.  Using the vc and total from the 4 Olson moist tests, Eqn. 

3.12 was used to predict E70-H = 2500 kPa, 2400 kPa, 3700 kPa, and 3300 kPa for 2-D 

Moist Tests 1, 3, 5, and 6, respectively.   

 

Comparisons between the analytical force vs. displacement plots using E70-H, 
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and the experimental force vs. displacement plots (Olson, 2009) are provided in Fig 

3.23 for partially saturated RMS graded sand.  The results have been plotted in 

dimensionless form.  The predicted E70-H using Eqn. 3.12 tends to under predict 

measured loads by 30 – 70 % in terms of pre-peak behavior.  In general, E70-H for 

partially saturated sand is stiffer than dry sand due to suction.  The suggested 

simplified E70-H for partially saturated sand is approximately E70-H sat  2E70-H.  Using 

this approximation, the following empirical equation applies for the partially saturated 

RMS graded sand  
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Table 3.5 summarizes E70-H sat associated with the full scale 2-D tests with 

partially saturated RMS graded sand performed by Olson (2009), in which E70-H sat is 

determined by using Eqn. 3.18. 

 

Table 3.5 Summary of E70-H sat Used in Partially Saturated RMS Graded Sand Lateral 

Pipe Movement Simulation 

Test No. Hc/D 
E70-H sat 

(kPa) 

Test No. Hc/D 
E70-H sat 

(kPa) 

2-D Moist 

Test 3 
3.5 4700 

2-D Moist 

Test 6 
6.5 6600 

2-D Moist 

Test 1 
5.29 5000 

2-D Moist 

Test 5 
7.5 7400 
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Figure 3.23 Dimensionless Force vs. Displacement Curves of Partially Saturated RMS 

Graded Sand Using E70-H 

 



 75

 

0 0.2 0.4 0.6
Dimensionless Displacement  (Y/D)

0

4

8

12
D

im
en

si
on

le
ss

 F
or

ce
  (

F/
 tH

cD
L

)

Partially Saturated RMS Hc/D=3.5
Olson 2-D Moist 3

Numerical Analysis

t = 16.7 kN/m3

Pipe Diameter = 174 mm

0 0.2 0.4 0.6
Dimensionless Displacement  (Y/D)

0

4

8

12

16

D
im

en
si

on
le

ss
 F

or
ce

  (
F/
 tH

cD
L

)

Partially Saturated RMS Hc/D=5.29
Olson 2-D Moist 1

Numerical Analysis

t = 16.7 kN/m3

Pipe Diameter = 124 mm

0 0.2 0.4 0.6
Dimensionless Displacement  (Y/D)

0

4

8

12

16

D
im

en
si

on
le

ss
 F

or
ce

  (
F/
 tH

cD
L

)

Partially Saturated RMS Hc/D=6.5
Olson 2-D Moist 6

Numerical Analysis

t = 16.5 kN/m3

Pipe Diameter = 174 mm

0 0.2 0.4 0.6
Dimensionless Displacement  (Y/D)

0

4

8

12

16

D
im

en
si

on
le

ss
 F

or
ce

  (
F/
 tH

cD
L

)

Partially Saturated RMS Hc/D=7.5
Olson 2-D Moist 7

Numerical Analysis

t = 16.5 kN/m3

Pipe Diameter = 174 mm

a) Hc/D = 3.5 Partially Saturated
RMS Graded Sand

b) Hc/D = 5.29 Partially Saturated 
RMS Graded Sand

c) Hc/D = 6.5 Partially Saturated
RMS Graded Sand

d) Hc/D = 7.5 Partially Saturated
RMS Graded Sand

D

Hc

D

Hc

D

Hc

D

Hc

 

Figure 3.24 Dimensionless Force vs. Displacement Curves of Partially Saturated RMS 

Graded Sand Using E70-H sat 
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Figure 3.25 Plot of NqH vs. Hc/D for Partially Saturated RMS Graded Sand 

 

Figure 3.24 shows the dimensionless force vs. dimensionless displacement 

plots predicted by numerical simulation using the soil properties test dimensions in 

Table 3.4 and 3.5.  The numerical simulations for partially saturated RMS graded 

sand shows favorable agreement with the experimental data for all Olson moist tests.  

The numerical simulation compares favorably in terms of pre-peak, peak force, and 

post-peak behavior.  The numerical simulation results in a softer soil reaction within 

the equivalent elastic range for Hc/D = 5.29. 

 

The FE analyses and 2-D test results for partially saturated RMS graded soil 

are compared in Fig. 3.25, in which maximum dimensionless force is plotted as a 
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function of dimensionless depth.  There is an excellent agreement among the data for 

all Hc/D.  In general, the FE analyses results differ from the measured dimensionless 

peak force by only –1.5 ~ 8 %.   
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CHAPTER 4 

 

LATERAL PIPE MOVEMENT IN SEMI-INFINITE SOIL AT VARIABLE 

DEPTHS 

 

4.1 Introduction 

 

In this chapter, the finite element (FE) models for simulating lateral pipe 

movement under experimental conditions are expanded to analyze soil-pipe interaction 

in a semi-infinite soil medium.  The modeling procedures using infinite elements are 

described, and the semi-infinite soil medium results are compared with the numerical 

results presented in Chapter 3 as well as large-scale experimental measurements.  FE 

simulations were run for layered semi-infinite soil conditions in which sand strength 

parameters were varied with depth and related to accurate assessments of  normal 

stress, ’N.  The results are compared with FE results for a more simple modeling 

process in which the sand friction and dilation angles are related only to the vertical 

effective stress at the pipe centerline.  Finally, relationships between maximum 

lateral pipe force and pipe depth are developed for semi-infinite soil conditions and 

Hc/D increasing to 100. 

 

4.2 Finite Element Model 

 

FE analyses were run with a semi-infinite soil medium using ‘infinite 

elements’ as proposed by Ungless (1973) and Bettess (1977), and improved by 

Zienkiewicz et al. (1983).  The infinite elements are defined over semi-infinite 

domains with decay functions and are mapped onto the finite element domain.  These 
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infinite elements represent a semi-infinite soil medium and are attached to 8-node 

quadratic elements in closer proximity to the pipe.  The infinite element formulations 

proposed by Zienkiewicz et al. (1983) are used in this study.   

 

Figure 4.1 shows the typical geometry of the model used for simulating lateral 

soil-pipe interaction in both dry and partially saturated sand.  In the figure, Hc is the 

depth from the top of the soil to the center of the pipe, and D is the external diameter 

of the pipe.  As described in Chapter 3, 8-node biquadratic, plane strain, quadrilateral, 

reduced integration elements (element type CPE8R) were used to represent the soil 

around the pipe from A to B, and from the surface to 1.7-m  2.6-m depth, depending  

 

2.3 m

Hc: Depends
on Hc/D

2.3 m

1.7 m ~ 2.6 m

1.0 m 1.0 m

1.3 m

A B

 

Figure 4.1 Geometry for the Numerical Analysis of Each Test 
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on the Hc/D conditions being analyzed.  Five-node quadratic, plane strain, one-way 

infinite quadrilateral elements (element type CINPE5R) are used to represent the semi-

infinite soil medium.  The infinite elements are located outside of the CPE8R 

elements and are 2.3 m, and 1.0 m in width.  The infinite elements at the base of the 

model are 1.3 m in height.  The pipe was modeled as a rigid cylinder.  The interface 

between the soil and pipe has a friction angle of 0.6 ’ds-p on the basis of direct shear 

(DS) tests performed by Trautmann (1983) and Olson (2009).  The interface 

interaction is modeled through surface-based contact, in which separation and slip 

between soil and pipe are allowed.  A refined mesh was used within a distance of 

approximately two pipe diameters from the center of the pipe.  The thickness of the 

elements within the refined mesh was taken as the shear band thickness observed 

during DS test (Roscoe, 1970; Vardoulakis and Graf, 1985; Muhlhaus and Vardoulakis, 

1987; Bardet and Proubet, 1992; Huang, et al., 2002; Olson, 2009).  Approximately 

1482 to 4852 elements were used in the meshes to simulate different Hc/D conditions.  

The geostatic load is applied to the soil and pipe at the beginning of the analysis under 

Ko = 1 condition.  Lateral pipe movement is expressed by imposing a lateral 

displacement boundary condition to all nodes in the pipe. 

 

Input parameters for dry soil strength were obtained from the equations 

developed from DS tests results as discussed in Section 3.3.  The peak angle of 

dilation, p was evaluated using Eqn. 3.2, where ’N is taken as ’vc, which is the 

vertical effective stress at the pipe centerline.  With p estimated relative to ’vc, 

Eqns 3.3 and 3.7 were used to evaluate ’ps-p.  Critical friction angle, ’crit, was 

selected as 38.6 for CU filter sand and 40.8 for dry RMS graded sand.   

 

The FE analyses were performed for the same dry sand experimental results as 
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described in Chapter 3.  Table 3.1 summarizes the input parameters used in lateral 

pipe movement analyses.  

 

Input parameters for partially saturated soil strength were obtained from the 

equations developed from DS tests results as discussed in Section 3.9.  The d 

measured by Olson (2009) was used with Eqn. 3.16 to evaluate (p)p.sat , where N is 

taken as vc, which is the vertical total stress at the pipe centerline.  With tan(p)p.sat 

estimated relative to vc, Eqns 3.17, 3.18, and 3.19 were used to evaluate ps-p.  Olson 

(2009) reported crit for partially saturated RMS graded sand as 43.6 and soil 

cohesion for plane strain, cps = 1.2 kPa.  Olson (2009) reported that no cohesion was 

observed in DS tests for partially saturated RMS graded sand at large displacements.  

To represent the cps at large displacement (cps-ld), the model was set to linearly 

diminish cps to residual values at 0, from the plastic strain at ps-p to p
f.  A small 

residual values of cps-ld = 0.1 kPa at large displacements was used to promote 

numerical stability.  Sensitivity analyses were performed with different cps-ld values to 

show that the range of cps-ld = 0.1 kPa had negligible effect on the results. 

 

As discussed in Section 3.7, the model proposed by Anastasopoulos, et al. 

(2007) was used to represent strain softening, and a FORTRAN subroutine prepared 

by Robert and Soga (2009) was used to apply the softening behavior in the 2-D FE 

simulation of soil-pipeline interaction.  From DS test results from Olson (2009) and 

Eqn. 3.15, a value of p
f = 0.3 and 0.4 were calculated for dry sand and partially 

saturated RMS graded sand, respectively.  The FE analyses were performed for the 

same partially saturated RMS graded sand experimental results as described in 

Chapter 3.  Table 3.4 summarizes the input parameters used in lateral pipe movement 

in partially saturated semi-infinite soil. 
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4.3 Comparison of Peak Forces for Semi-Infinite Soil and Experimental 

Simulations with Measured Peak Forces 

 

Figure 4.2 plots the dimensionless maximum lateral forces from the FE 

analyses for a semi-infinite soil medium, Nq-si, vs. the dimensionless lateral forces 

measured in the large-scale experiments, Nq-m.  The values of Nq-m were determined 

as described in Chapter 3.  There is favorable agreement between Nq-si and Nq-m, with 

all Nq-si within  10 %.  In general, Nq-si for CU filter sand is larger than Nq-m by 1 – 

7 %, whereas the Nq-si for RMS graded sand is smaller than Nq-m by 4 – 10 %.  The 

average difference between Nq-si and Nq-m is 4.6 %, compared with a 5.1 % difference 

between the analytical and experimental results described in Chapter 3. 

 

Figure 4.3 plots the dimensionless maximum lateral forces from the FE 

analyses for a semi-infinite soil medium, Nq-si, vs. the dimensionless lateral forces 

from the FE analyses of the large-scale tests, Nq-e.  There is favorable agreement 

between Nq-si and Nq-e, with all Nq-si within  10 %.  In general, Nq-si is smaller than 

Nq-e by 0.1 – 2.9 %.  The average difference between Nq-si and Nq-e is 1.9 %. 

 

As illustrated in Figs. 4.2 and 4.3, Nq-si for the semi-infinite soil analyses are 

very close to Nq-e and Nq-m, with Nq-si about 2.2 % lower than Nq-e on average.  It is 

instructive to examine the 2-D displacements from the semi-infinite soil and 

experimental simulations for the same pipe diameter, Hc/D, and soil properties. 
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Figure 4.2 Comparison of FE Semi-Infinite Soil Nq-si vs. Measured Nq-m 
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Figure 4.3 Comparison of FE Semi-Infinite Soil Nq-si vs. FE Experimental Nq-e 
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Figure 4.4 shows 2-D plots of soil displacement patterns for a pipe with D = 

102 mm, Hc/D = 5.5 in very dense dry CU filter sand at peak load for semi-infinite soil 

and experimental simulations.  The scales for vector displacement and cross-section 

dimensions are identical.  There are notable differences in the magnitude and pattern 

of soil movement.  The FE simulation of the large-scale experiments results in 

relatively large horizontal displacement near the base of the test basin due to 

horizontal sliding of soil along the experimental timber interface.  In addition, 

relatively large soil movement occurs between the pipe and vertical test basin wall.  

Because the soil is modeled as a continuum with break-away boundary elements 

between the soil and wall, forward pipe movement causes lateral deformation of the 

relatively narrow soil column behind the pipe.  This deformation leads to larger soil 

displacements compared with those of the semi-infinite soil mass model, with larger 

forward pipe movement at a slightly lower horizontal force.  Under these conditions, 

the stiffness of the lateral force vs. displacement relationship for the experimental 

simulation is less than that for the semi-infinite soil. 

 

In contrast, there are no large horizontal semi-infinite soil displacements 

behind the pipe due to the infinite lateral boundary conditions.  The vectors of 

displacement are inclined, with a significant downward component of movement 

behind the pipe. 

 

When compared with the actual displacements observed in the large-scale 

experiments (Trautmann, 1983; Turner, 2004), the semi-infinite model provides a 

better representation of dry soil movement behind the pipe, but does not account for 

horizontal soil sliding along the base of the experimental test box.  Hence, both the 

semi-infinite and experimental simulations capture important aspects of the soil mass  
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Figure 4.4 Displacement Pattern for Very Dense CU Filter Sand FE Semi-Infinite Soil 

and Experimental Simulation at Hc/D = 5.5 
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movement in the actual experimental test basins, and the numerical results from both 

methods of analysis are clustered around the experimental data in Fig. 3.8 and 4.2 and 

are comparable to each other as shown in Fig. 4.3. 

 

4.4 Comparison of Semi-Infinite Numerical and Experimental Results for 

Maximum Force at Variable Depths 

 

Figure 4.5 compares Nq-si, and Nq-m, in which the dimensionless force is 

plotted as a function of the dimensionless depth.  Nq-e is also plotted in the figure for 

reference.  There is a favorable agreement among the data for all Hc/D.  In general 

Nq-si overpredicts Nq-m by 1 – 7 %.  Overall, the average difference between Nq-si and 

Nq-m for dry CU filter sand is 3.3 %. 
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Figure 4.6 summarizes Nq-si vs. Hc/D for all dry sand tests with CU filter and 

RMS graded sand.  Both Nq-si and Nq-m are plotted for medium, dense, and very dense 

sand as characterized in Table 3.2.  Nonlinear regression lines are plotted for the 

experimental data and semi-infinite soil numerical results pertaining to medium and 

very dense sand.  Also plotted is the regression for dense sand semi-infinite soil 

numerical results.  Experimental data for dense dry sand are available from Olson 

(2009) and Turner (2004) for Hc/D = 5.5 only.  To produce a curve for dense sand, FE 

analyses were performed for Hc/D = 3.5, 5.5, 8, 11, and the regression line for those 

results is shown in the figure.  The numerical results exceed measured peak forces by 

about 3.2 % for very dense sand, and 3.3 % for medium sand with Hc/D  11.   

 

4.5 Comparisons of Force vs. Displacement Curves for Semi-Infinite Soil and 

Experimental Simulations with Measured Force vs. Displacement Curves 

 

Semi-infinite soil models were developed that used an equivalent modulus 

according to the K70 procedure discussed in Section 3.6.2.  As discussed in Section 

3.7, the model proposed by Anastasopoulos, et al. (2007) is used to represent strain 

softening behavior in the 2-D FE simulation of soil-pipeline interaction. 

 

Comparisons of semi-infinite soil and experimental FE simulations with 

measured force vs. displacement plots are provided in Fig 4.7 to 4.9 for medium and 

very dense CU filter sand as reported by Trautmann (1983) and Trautmann and 

O’Rourke (1983) as well as RMS graded sand as reported by Olson (2009).  The 

lateral pipe forces are shown as dimensionless force F’= F/(dHcDL), and lateral pipe 

displacements are shown as dimensionless displacement Y’ = Y/D.   
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Figure 4.6 Summary Plot of NqH vs. Hc/D for Infinite Field Boundary Condition FEA 

and FE Simulation of the Large-Scale Tests 
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The semi-infinite soil simulation results for medium CU filter sand shown in 

Fig. 4.7 are consistent with the data trends for all Hc/D but tend to over predict peak 

loads by 3 – 7 %.  The predicted pre-peak behavior from the semi-infinite soil 

simulation is stiffer than that from the experimental simulation as discussed in Section 

4.3.  The semi-infinite soil simulations for very dense CU filter sand in Fig. 4.8 agree 

well with the experimental data for all Hc/D data.  The analytical peak forces are 

larger than the measured forces by 1 – 6 %.  The pre-peak behavior predicted by the 

semi-infinite soil simulations for dense CU filter sand is stiffer than the experimental 

simulation and shows better agreement with the experimental data.  

 

Figure 4.9 shows the dimensionless force vs. dimensionless displacement plot 

predicted by the semi-infinite soil simulations for RMS graded sand compared with 

the dimensionless force vs. dimensionless displacement data for three 2-D tests of dry 

RMS graded sand performed by Olson (2009).  Both the semi-infinite soil and large-

scale test numerical simulations for dry RMS graded sand show favorable agreement 

with the experimental data.  The numerical simulation results compare favorably in 

terms of peak force, and post-peak behavior.  The analytical peak forces are within -7 

– -4 % of the measured peak forces.  As shown in the CU filter sand analyses, the 

pre-peak behavior predicted by the semi-infinite soil simulations is stiffer than the 

experimental simulation, as discussed in Section 4.3. 
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4.6 Comparisons of Semi-Infinite Soil and Experimental Simulations with 

Measured Data for Partially Saturated RMS Graded Sand 

 

The FE analyses were performed for the same partially saturated RMS graded 

sand experimental results as described in Section 3.9 and 4.2.  Table 3.4 summarizes 

the input parameters used in lateral pipe movement in partially saturated semi-infinite 

soil.  The semi-infinite partially saturated soil models were developed that used an 

equivalent modulus according to the K70 procedure discussed in Section 3.10.  Table 

3.5 summarizes E70-H sat used in lateral pipe movement in partially saturated semi-

infinite soil.  As discussed in Section 3.7, the model proposed by Anastasopoulos, et 

al. (2007) is used to represent strain softening behavior in the 2-D FE simulation of 

soil-pipeline interaction.  The model was set to linearly diminish cps to residual 

values at 0, from the plastic strain at ps-p to p
f and a small residual values of cps-ld = 

0.1 kPa at large displacements was used to promote numerical stability. 

 

Figure 4.10 compares the dimensionless force vs. dimensionless displacement 

curve for semi-infinite partially saturated soil, experimental simulations with 

measured data.  The numerical simulations for semi-infinite partially saturated soil 

agree with the measured data for all Olson (2009) tests.  The numerical simulations 

compare favorably in terms of pre-peak, peak force, and post-peak behavior.  The 

numerical simulations, however, result in a softer soil reaction within the equivalent 

elastic range for Hc/D = 5.29.  Overall, the predicted force-displacement behavior 

from the FE semi-infinite partially saturated soil compares very well with the 

measured data.  Similar to the results of the dry sand simulations, the pre-peak 

behavior predicted for the semi-infinite partially saturated soil is stiffer than that of the 

FE simulations of the large-scale tests.   The  lower  stiffness of the experimental  
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Figure 4.10 Dimensionless Force vs. Displacement Curves for Partially Saturated 

RMS Graded Sand 
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simulations is caused by relatively large deformation of the soil elements between the 

pipe and test box wall, as discussed in Section 4.3. 

 

Nq-si and Nq-m of partially saturated RMS graded sand are compared in Fig. 

4.11, in which dimensionless forces are plotted as a function of dimensionless depth.  

There is a favorable agreement among the data for all Hc/D.  In general, Nq-si over 

predict Nq-m by 0.1  4 %.  Overall, the average difference between Nq-si and Nq-m for 

partially saturated RMS graded sand is 2.3 % with Hc/D  7.5. 
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Figure 4.11 Plot of NqH vs. Hc/D of Semi-Infinite Soil and Measured Data for Partially 

Saturated RMS Graded Sand 
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4.7 Refinements in Soil Strength Modeling 

 

As described in Chapter 3, characterizing p in terms of a single ’vc is a 

simplification that does not account for variable p and ’ps-p with depth or link p 

with the appropriate ’N at any given depth.  To evaluate the effects of more 

comprehensive characterization of soil strength, FE simulations were performed for 

layered soil conditions in which p and ’ps-p were varied with depth and ’N was 

estimated with greater accuracy.  The modeling methods and FE results of this study 

are described under the subheadings that follow. 

 

4.7.1 Depth Dependent Soil Strength Properties  

 

DS tests performed by Olson (2009) showed that p and ’ps-p varies with 

depth.  To model the spatial distribution of the depth effects on soil strength 

properties, the soil was divided into layers as shown in Fig. 4.12, and depth-dependent 

values of p and ’ps-p were assigned to each layer.  The mesh geometry, interface 

friction, and modeling procedures are the same as those described in Chapter 3.  

Approximately 1300 to 1500 elements were used in the meshes to simulate different 

Hc/D conditions. 

 

FE simulation with p and ’ps-p, that varies with depth, is referred to as the 

‘Depth Dependent Model’, whereas FE simulation using p and ’ps-p linked to a 

single ’vc is referred to as ‘Pipe Depth Dependent Model’.  Figure 4.13 shows the 

dimensionless force vs. dimensionless displacement curve for both the Depth and Pipe 

Depth Dependent Model with Hc/D = 5.5 and 15.  On average, the difference 

between the two models is 3.3 %, 1.9 %, and 1.6 % in terms of pre-peak, peak, and 
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Figure 4.12 Geometry of Depth Dependent Soil Strength Properties Model 

 

post-peak behavior, respectively.  Because the comparisons show only 1.6 – 3.3 % 

difference in the results, the Depth Dependent Model can be replaced with the Pipe 

Depth Dependent Model, which is a more simple and straight forward characterization 

of p and ’ps-p. 
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Figure 4.13 Dimensionless Force vs. Displacement Curve for Depth Dependent Model 

and Pipe Depth Dependent Model 
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4.7.2 ’N Reference Stress  

 

In the Pipe Depth Dependent Model, ’vc is used as a proxy for ’N.  The 

sand strength, however, is controlled by ’N, which will generally be larger than ’vc 

for soil elements at yield surrounding the pipe.  It is therefore instructive to obtain 

force vs. displacement curves for simulations where the sand strength depends on ’N 

and compare them to similar curves where sand strength is related to ’vc to evaluate 

the difference in results associated with the two modeling procedures. 

 

Figure 4.14 shows the relationship between ’N and the principal stresses at 

yield.  From the figure, ’N can be calculated as 

 

 ppsN 





 'sin
2

''

2

''
' 3131   (4.1) 

 

'ps-p

'ps-p

'1'3
'N ('1+'3)/2  

Figure 4.14 Relationship Between ’N and Principal Stresses 
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Figure 4.15 shows the contours of ’N/’vc for lateral pipe displacement in 

medium and very dense sand at Hc/D = 5.5 and 15.  Values of ’1 and ’3 around the 

pipe were analyzed, and ’N was calculated using Eqn. 4.1.  Each area of ’N/’vc 

was then measured and the weighted averages of ’N around the pipe were calculated 

by the following equation: 
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in which an is the area of each (’N/’v0)n. 

 

The weighted averages of ’N were 1.16 ’v0 and 1.12’v0 for medium sand at 

Hc/D = 5.5 and 15, respectively.  Likewise, the weighted averages of ’N were 1.15 

’v0 and 1.11’v0 for very dense sand at Hc/D = 5.5 and 15, respectively.  The soil 

strength properties obtained from the weighted averages of ’N differ from those 

obtained from ’vc reference stress model by only 0.2 ~ 2.5 %. 

 

FE simulations were performed for both the ’N and ’vc reference stress 

models, and the resulting dimensionless force vs. displacement curves are shown in 

Fig. 4.16.  The difference between results of the two models is less than 1 % for both 

Hc/D = 5.5 and 15.  The predicted force of the ’vc reference stress model is slightly 

higher than that of the ’N model, and thus tends to produce conservative estimates for 

the analysis of pipeline deformation in the ground.  As was the case for the depth 

dependent soil properties, the use of ’N to characterize sand strength produces only a  
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Figure 4.15 ’N/’vc Plot for Hc/D = 5.5 and 15 at the Peak 



 103

0 0.04 0.08 0.12 0.16 0.2
Dimensionless Displacement  (Y/D)

0

4

8

12

16

D
im

en
si

on
le

ss
 F

or
ce

  (
F/
 d

H
cD

L
)

Pipe Diameter = 102 mm
Pipe Length = 1200 mm
Hc/D = 5.5

Very Dense
Sand

Medium
Sand

0 0.1 0.2 0.3 0.4 0.5
Dimensionless Displacement  (Y/D)

0

5

10

15

20

25

D
im

en
si

on
le

ss
 F

or
ce

  (
F

/
dH

cD
L

)

Legend:

'N Model
'vc Reference Stress Model

Pipe Diameter = 102 mm
Pipe Length = 1200 mm
Hc/D = 15

Very Dense
Sand

Medium
Sand

 

Figure 4.16 Dimensionless Force vs. Displacement Curve for ’N Model and ’vc 

Reference Stress Model 



 104

small change in the results compared with the Pipe Depth Dependent Model.  Thus, 

the Pipe Depth Dependent Model is justified to production runs due to its simplicity 

and results consistent with more complex characterizations of strength. 

 

4.8 Relationship Between Maximum Lateral Force and Pipe Depth 

 

Yimsiri et al. (2004) analyzed the lateral force vs. displacement relationship 

for pipelines in dry sand under plane strain conditions.  They showed that a limiting 

value of NqH is reached at a particular value of Hc/D for each friction angle 

investigated.  Large-scale test data obtained by Turner (2004) showed that NqH 

reached a limiting value at Hc/D = 15 – 20.  

 

To explore further lateral NqH vs. Hc/D for underground pipe, FE simulations 

were performed for Hc/D varying from 3.5 to 100 for medium, dense, and very dense 

dry sand and for partially saturated sand.  The analytical investigation and its results 

are described under the subheadings that follow. 

 

4.8.1 Model Geometry and Properties for Maximum Dimensionless Lateral 

Force and Dimensionless Depth 

 

Semi-infinite soil models described in Section 4.2 were used to investigate the 

relationship between NqH and Hc/D for medium, dense, and very dense sand as 

characterized in Table 3.2.  Input parameters for soil strength were obtained with the 

procedures described in Section 3.3.2.  An equivalent modulus, according to the K70 

procedure discussed in Section 3.6.2, and strain softening model described in Section 

3.7 were used in the 2-D FE simulations of soil-pipeline interaction.  Table 4.1  
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Table 4.1 Summary of the Input Parameters Used in Finite Element Analyses for 

Maximum Force and Pipe Depth  

Test No. Hc/D 
d  

(kN/m3)

’ds-p  

(degrees)

ψp  

(degrees)

’ps-p  

(degrees) 

E70-H 

(kPa) 

RMS3.5M 3.5 16.4 36.2 4.3 44.0 1300 

RMS3.5D 3.5 17.1 38.8 8.3 46.8 2000 

RMS3.5VD 3.5 17.7 41.1 11.7 49.1 3000 

RMS5.5M 5.5 16.4 36.0 4.0 43.8 1800 

RMS5.5D 5.5 17.1 38.5 7.7 46.4 2900 

RMS5.5VD 5.5 17.7 40.6 10.9 48.6 4200 

RMS8M 8 16.4 35.8 3.8 43.6 2400 

RMS8D 8 17.1 38.2 7.3 46.1 3800 

RMS8VD 8 17.7 40.2 10.3 48.2 5600 

RMS11M 11 16.4 35.7 3.6 43.5 3100 

RMS11D 11 17.1 38.0 7.0 45.9 4900 

RMS11VD 11 17.7 39.9 9.8 47.9 7200 

RMS15M 15 16.4 35.6 3.5 43.4 3900 

RMS15D 15 17.1 37.7 6.6 45.6 6300 

RMS15VD 15 17.7 39.6 9.4 47.5 9200 

RMS20M 20 16.4 35.5 3.3 43.3 4900 

RMS20D 20 17.1 37.6 6.4 45.4 7800 

RMS20VD 20 17.7 39.3 9.0 47.3 11600

RMS30M 30 16.4 35.3 3.1 43.1 6700 

RMS30D 30 17.1 37.3 6.0 45.2 10800

RMS30VD 30 17.7 39.0 8.5 46.9 15900

RMS100M 100 16.4 35.0 2.6 42.7 17300

RMS100D 100 17.1 36.6 5.0 44.5 27600

RMS100VD 100 17.7 38.0 7.1 45.9 35800
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summarizes the input parameters used in the FE analyses of each large-scale test for 

lateral pipe movement.  A Poisson’s ratio,  = 0.3, was assumed for the sand and all 

simulations were performed with a nominal cohesion c’ = 0.1 – 0.3 kPa to promote 

numerical stability. 

 

4.8.2 Analytical Results of Lateral Maximum Dimensionless Force and 

Dimensionless Depth 

 

Comparisons of NqH vs. Hc/D for medium, dense, and very dense sand are 

shown in Fig. 4.17.  The dimensionless equations NqH = F/(dHcDL) and Hc/D 

defines the lateral pipe forces and depth, respectively.  The values of NqH were 

determined as described in Chapter 3.   

 

Turner (2004) performed three lateral pipe movement tests using mixed CU 

filter sand and RMS graded sand and a pipe diameter of 120 mm.  For Hc/D = 15.2, 

Turner used d = 18.0 kN/m3 and ’ds-p = 45.3 – 46.6 (approximately ’ps-p = 53.2, 

p = 10.5).  For Hc/D = 19.2, Turner carried out two experiments, using d = 17.8 

kN/m3, ’ds-p = 44.1 – 44.9 (approximately ’ps-p = 49.2, p = 9.3) and d = 17.9 

kN/m3, ’ds-p = 44.4 – 45.3 (approximately ’ps-p = 50.1, p = 9.7).  Measured 

values of Nq from Turner (2004) are plotted in Fig. 4.17 for comparison.  The 

measured Nq did not show a significant increase between Hc/D = 15.2 and 19.2, which 

is consistent with the analytical results.  The, ’ds-p-values used in the experiments 

were 4 – 11 % larger than those used in the FE analyses performed for very dense sand.  

Turner’s experimental values of NqH are also 4 – 13 % higher than those obtained from 

the FE analyses for very dense sand, which reflect the higher strength soils used in the 

experimental study. 
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Figure 4.17 Summary Plot of NqH vs. Hc/D for Lateral Pipe Movement 
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The FE simulations of lateral pipe movement show that NqH reaches its 

maximum value at Hc/D = 15  20, and then decreases with increasing Hc/D.  As 

shown in Fig. 4.17, from Hc/D = 15 to 100, NqH decreases approximately by 0.6 %, 

3.3 %, and 3.1 % for medium, dense, and very dense sand, respectively.  The values 

of ’ps-p decrease approximately by 1.5 %, 2.6 %, and 3.4 % for medium, dense, and 

very dense sand, respectively, due to increasing confining stress at higher Hc/D values.  

Between Hc/D = 15 and 20, NqH reaches its limiting values of approximately 15.4, 

18.1, and 22.6 for medium, dense, and very dense sand, respectively.  As illustrated 

in Fig. 4.17, NqH increases steeply at shallower depths and remains relatively constant 

once Hc/D reaches a critical embedment ratio.   

 

It is instructive to examine the 2-D displacements of lateral pipe movement 

from FE simulations at various depths to check soil deformation patterns relative to 

NqH.  Figure 4.18 through 4.21 show the displacement pattern for a pipe in medium 

sand with D = 102 mm and Hc/D = 8 – 100.  Vector displacements less than 4 mm are 

removed from the figures for better visualization.  The figures show that the soil 

displacement pattern at shallower depth is asymmetrically developed from the pipe to 

the surface, whereas the soil displacement pattern at greater depth is symmetrically 

developed around the pipe.  When Hc/D increases to approximately 20, the soil 

deformation pattern becomes symmetric with respect to the pipe so that any further 

change in lateral force with increasing depth is related to changes in soil strength and 

not the geometric characteristics of the soil movement.  
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Figure 4.18 Displacement Pattern for Medium Sand at Hc/D = 8 
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Figure 4.19 Displacement Pattern for Medium Sand at Hc/D = 11 
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Figure 4.20 Displacement Pattern for Medium Sand at Hc/D = 15 
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Figure 4.21 Displacement Pattern for Medium Sand at Hc/D = 100 
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4.8.3 Analytical Results of Maximum Lateral Dimensionless Forces for Various 

Pipe Diameters 

 

Additional FE analyses were run with various pipe diameters to investigate 

the effects increasing diameter on soil-pipe interaction at constant Hc/D.  Figure 4.22 

shows the geometry of the numerical model for simulating lateral soil-pipe interaction 

with various pipe diameters in dry sand.  In the figure, Hc varies according to the 

Hc/D used in the simulation, and the distance from the pipe center to the bottom 

(boundary marked by C) of the model is 10 m.  The closest distance from vertical 

pipe centerline to A and B in Fig. 4.22 is 20 m, and 10 m, respectively.  The selected 

pipe diameters for this study were 500 mm and 900 mm, compared with 102 mm used 

in the production simulations.  The pipe is modeled as a rigid cylinder with surface  
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Figure 4.22 Geometry of the Numerical Model for Various Pipe Diameters  

 



 112

properties similar to those of ASTM Grade A-36 steel.  The interface friction angle 

between the soil and pipe is taken as 0.6 ’ds-p and a refined mesh is used within a 

distance of approximately two pipe diameters from the test pipe. Geostatic load is 

applied to the soil and pipe at the start of each simulation under Ko = 1 conditions.  

Pipe movement is expressed by imposing a lateral displacement boundary condition to 

all the nodes in the pipe. 

 

Input parameters for soil strength were obtained from the procedure discussed 

in Section 3.3.2.  An equivalent modulus according to the K70 procedure discussed in 

Section 3.6.2 and strain softening model described in Section 3.7 were used in the 2-D 

FE simulation of soil-pipeline interaction.  Table 4.2 summarizes input parameters 

used in FE analyses for various pipe diameters.  A Poisson’s ratio,  = 0.3, was 

assumed for the sand, and all simulations were performed with a nominal cohesion c’ 

= 0.1 – 0.3 kPa to promote numerical stability. 

 

Figure 4.23 plots NqH from the FE analyses for various pipe diameters.  The 

dimensionless parameters, NqH = F/(dHcDL) and Hc/D, define the lateral pipe forces 

and depth, respectively.  The plot shows diameter effects increasing with increasing 

d, and decreasing with increasing Hc/D.  For D = 102 mm and 900 mm, the 

maximum difference in NqH is approximately 12 % for both dense and very dense sand.  

The effects of diameter become negligible in medium sand.  NqH for D = 900 mm 

converges to NqH for D = 102 m at Hc/D = 10 – 12.  The results for D = 500 mm fall 

between those of D = 102 mm and 900 mm and are skewed towards the results for D = 

102 mm.   
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Table 4.2 Summary of the Input Parameters Used in Finite Element Analyses for 

Various Pipe Diameters 

Test No. Hc/D 
Diameter

(m) 

d  

(kN/m3)

’ds-p  

(degrees)

ψp  

(degrees)

’ps-p  

(degrees) 

E70-H 

(kPa) 

9D2M 2 0.9 16.4 35.5 3.4 43.3 4400

9D3.5M 3.5 0.9 16.4 35.3 3.1 43.1 6800

9D5.5M 5.5 0.9 16.4 35.2 2.9 43.0 9800

9D8M 8 0.9 16.4 35.1 2.8 42.9 13100

9D15M 15 0.9 16.4 34.9 2.5 42.7 21500

9D2D 2 0.9 17.1 37.6 6.5 45.5 7300

9D3.5D 3.5 0.9 17.1 37.3 6.0 45.2 11300

9D5.5D 5.5 0.9 17.1 37.0 5.6 44.9 16200

9D8D 8 0.9 17.1 36.8 5.3 44.7 21700

9D15D 15 0.9 17.1 36.5 4.8 44.3 35600

9D2VD 2 0.9 17.7 39.5 9.2 47.4 11000

9D3.5VD 3.5 0.9 17.7 39.0 8.4 46.9 17100

9D5.5VD 5.5 0.9 17.7 38.6 7.9 46.5 24500

9D8VD 8 0.9 17.7 38.3 7.4 46.2 32900

9D15VD 15 0.9 17.7 37.8 6.8 45.7 54000

5D2D 2 0.5 17.1 38.0 7.1 46.0 4600

5D5.5D 5.5 0.5 17.1 37.4 6.1 45.3 10200

5D2VD 2 0.5 17.7 40.0 10.0 48.0 6900

5D5.5VD 5.5 0.5 17.7 39.1 8.6 47.0 15400
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Figure 4.23 Summary Plot of NqH vs. Hc/D for Various Pipe Diameters 

 

 



 115

The trends in the numerical results can be explained by the depth-dependent 

characteristics of soil strength for which ’ps-p and p increase rapidly at low ’vc.  

Especially when Hc/D  6, increased D results in increased ’vc for constant Hc/D so 

that ’ps-p and p decrease, resulting in lower NqH.  This trend is amplified by 

increasing ’ps-p, which results in a more rapid reduction in strength with depth.  For 

medium dense sand with little dilatency, the effects of D are negligible. 

 

4.8.4 Investigation of Maximum Dimensionless Lateral Force and 

Dimensionless Depth in Partially Saturated RMS Graded Sand 

 

FE analyses were run with the semi-infinite soil model for partially saturated 

RMS graded sand as described in Section 3.9 and 4.2.  Input parameters for soil 

strength and an equivalent E70-H sat were obtained from the procedure discussed in 

Section 3.9.  Table 4.3 summarizes the soil properties associated with the partially 

saturated sand 2-D simulations.  Strain softening model described in Section 3.7 was 

used in the partially saturated sand 2-D FE simulation and the model was set to 

linearly diminish cps to residual values at 0, from the plastic strain at ps-p to p
f and a 

small residual values of cps-ld = 0.1 kPa at large displacements was used to promote 

numerical stability. 

 

Figure 4.24 shows the analytical results of the maximum dimensionless force 

plotted with respect to the dimensionless depth of partially saturated RMS graded sand 

using the soil properties provided in Table 4.3.  The values of Nq were determined as 

described in Chapter 3.  Figure 4.24 show that NqH has the maximum value between 

Hc/D = 20 and 30, slightly greater than that from the dry RMS graded sand simulations. 
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Table 4.3 Summary of the Input Parameters Used in Partially Saturated Sand Finite 

Element Analyses for Lateral Pipe Movement 

Test 

No. 
Hc/D 

D 

(mm) 

total  

(kN/m3)

d  

(kN/m3)

ψp  

(degrees)

ps-p  

(degrees) 

E70-H sat 

(kPa) 

RMSPS 

3.5 
3.5 102 16.5 15.8 17.6 44.2 2700 

RMSPS 

5.5 
5.5 102 16.5 15.8 13.7 44.1 3800 

RMSPS 

8 
8 102 16.5 15.8 11.1 43.8 5100 

RMSPS 

11 
11 102 16.5 15.8 9.3 43.4 6600 

RMSPS 

15 
15 102 16.5 15.8 7.8 43 8400 

RMSPS 

20 
20 102 16.5 15.8 6.6 42.7 10500 

RMSPS 

30 
30 102 16.5 15.8 5.2 42.2 14400 

RMSPS 

100 
100 102 16.5 15.8 2.6 41.1 37000 
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Figure 4.24 Lateral NqH vs. Hc/D for Partially Saturated RMS Graded Sand  

 

The overall trend of NqH vs. Hc/D for partially saturated RMS graded sand is 

similar to that for dry sand.  The NqH decreases approximately 4.4 % from Hc/D = 20 

to 100, and ps-p decrease approximately 4.6 % at the same range of Hc/D.  The figure 

indicates that a limiting value of NqH, approximately equal to 26.5, is reached at 

critical embedment ratio between Hc/D = 20 and 30. 
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CHAPTER 5 

 

VERTICAL UPWARD PIPE MOVEMENT 

 

5.1 Introduction 

 

A series of finite element (FE) analyses with ABAQUS 6.9 (2009) were 

performed to predict the peak force and to compare the measured peak forces with 

experimental results for vertical upward pipe movement.  Comparing the results of 

numerical simulations and actual experiments is necessary to validate the numerical 

model.  The experimental database used for the comparisons is derived from full-

scale, 2-D tests on pipe buried in dry sand.  The full-scale tests and test results for 

vertical upward pipe movement are described by Trautmann and O’Rourke (1983).  

In this chapter, the modeling procedures for vertical upward pipe movement are 

described.  Next, relationships between maximum upward pipe force and pipe depth 

are developed for dry and partially saturated semi-infinite soil conditions with Hc/D 

varying from 5.5 to 100. 

 

5.2 Finite Element Model and Soil Strength Properties 

 

To facilitate the comparison of experimental and analytical results, both the 

measurements and numerical output are converted to dimensionless form.  Figure 3.1 

shows a typical dimensionless pipe force vs. displacement curve.  The vertical axis is 

the vertical upward forces exerted on the pipe in dry sand, which is expressed as F’ = 

F / (dHcDL).  The horizontal axis is the dimensionless pipe displacement expressed 

as Z’ = Z/D, in which Z is the measured relative vertical upward displacement between 
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pipe and soil. 

 

Each FE analyses mesh was developed to replicate the geometry and material 

properties of the soil, pipe, and experimental facilities in each test.  Figure 5.1 shows 

the typical geometry of the numerical model, which is taken directly from the large-

scale tests.  In the figure, Hbt is the height from the pipe center to the interior box 

bottom, Hbk is the closest distance from the center of the pipe to the test box wall, Hc is 

the depth from the top of the soil to the center of the pipe, and D is the external 

diameter of the pipe.  As described in Chapter 3, 8-node biquadratic, plane strain, 

quadrilateral, reduced integration elements (element type CPE8R) are used to 

represent the soil around the pipe.  The pipe was modeled as a rigid cylinder with 

surface properties similar to those of ASTM Grade A-36 steel.   

 

L = 2.3 m

Hbt = 0.35 m

Hc : Depends
on Hc/D

D = 0.102 m

Hbk = 1.15 m

Interface

 
Figure 5.1 Geometry of the Finite Element Model for Upward Pipe Movement 
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A refined mesh was used within a distance of approximately two pipe 

diameters from the center of the pipe.  As explained in Chapter 3, the thickness of the 

elements within the refined mesh was taken as the shear band thickness observed 

during DS tests.  Approximately 700 to 900 elements were used in the meshes to 

simulate the different full-scale test conditions.  A geostatic load was applied to the 

soil and pipe at the start of each simulation under Ko = 1 condition.  Vertical upward 

pipe movement is generated by imposing a vertical upward displacement boundary 

condition on all the nodes of the pipe.   

 

The interface between the soil and pipe has friction angle of 0.8 ’ds-p on the 

basis of DS tests performed by Trautmann (1983).  The interface interaction is 

modeled by the surface-based contact, in which the separation and slip between the 

soil and pipe is allowed.   

 

Figure 5.2 Displacement Field Interpretive Diagram for Upward Pipe Movement 

(Trautmann and O’Rourke, 1983) 

 

Figure 5.2 shows the displacement field interpretive diagram for vertical 

upward pipe movement.  In the experiments, the pipe was located at the center of the 
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test basin.  Test measurements showed that soil displacement was confined to a 

relatively small zone surrounding the pipe.  A sensitivity study was performed to 

determine how the peak upward force is affected by the interface elements between 

the soil/vertical test basin wall and soil/wooden base of the test basin.  Because the 

study showed only 0.6 % difference in the results, the interface elements between the 

soil and the test basin were removed.  Moreover, the nodes at the vertical boundaries 

were fixed in the x-direction and those at the base were fixed in the y-direction for all 

FE analyses of vertical upward pipe movement. 

 

The input parameters required for vertical upward numerical analyses are 

similar to those required for lateral pipe movement.  The peak angle of dilation, p 

was evaluated using Eqn. 3.2, where ’N is taken as ’vc, which is the vertical 

effective stress at the pipe centerline.  With p estimated relative to ’vc, Eqns 3.3 

and 3.7 were used to evaluate ’ps-p.  Critical friction angle, ’crit, was selected as 

38.6 for CU filter sand (Olson, 2009).  Table 5.1 summarized input parameters used 

in vertical upward pipe movement FE analyses for CU filter sand.  A Poisson’s ratio, 

 = 0.3, was assumed for the sand. 

 

5.3 Comparison of FE Analyses and Measured Peak Forces 

 

Figure 5.3 shows the experimental data and analytical results in terms of 

vertical upward force vs. displacement for medium CU filter sand with Hc/D = 1.5.  

There are notable differences, especially in the maximum forces.  The analytical 

dimensionless peak force, Nq-e, exceeds the measured dimensionless peak force, Nq-m, 

approximately by 42 %.  The post-peak behavior of the experimental data shows that 

the force decreases approximately by 50 % from the peak, whereas the FE results 
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Table 5.1 Summary of the Input Parameters Used in Vertical Upward Pipe Movement 

Finite Element Analysis for CU Filter Sand 

Test No. Hc/D 
Diameter

(mm) 

Length

(mm) 

d 

(kN/m3)

ψp 

(degrees)

’ds-p 

(degrees) 

’ps-p 

(degrees)

T & O* 44 1.5 102 1200 16.4 7.1 37.0 43.9 

T & O 43 4 102 1200 16.4 6.1 36.3 43.2 

T & O 42 8 102 1200 16.4 5.5 35.9 42.8 

T & O 41 13 102 1200 16.4 5.1 35.6 42.5 

T & O 38 1.5 102 1200 17.7 17.4 44.1 51.1 

T & O 

37/50 
4 102 1200 17.7 15.1 42.5 49.5 

T & O 40 8 102 1200 17.7 13.6 41.5 48.5 

T & O 39 13 102 1200 17.7 12.6 40.8 47.8 

* T & O: Trautmann & O’Rourke (1983) 

 

show a continuous decrease of only 20 % from the peak.  The pattern of soil 

displacement at a shallower depth affected the uplift force and led to the differences 

between the Nq-m and Nq-e values. 

 

The soil displacements measured for vertical upward pipe movement in the 

medium CU filter sand at Hc/D = 1.5 (Trautmann and O’Rourke, 1983) are shown in 

Fig. 5.4.  As the pipe moved upward, the soil on the upper side of the pipe was 

pushed upward and outward.  The soil at the sides moved downward and flowed into 

the void created under the pipe, in much the same manner described by Kananyan 

(1966) for uplift tests on disks.  The maximum displacement above the pipe center at 

the soil surface was approximately 45 % of the vertical pipe displacement. 
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Figure 5.3 Force vs. Displacement Curve for Medium CU Filter Sand Vertical Upward 

Pipe Movement Test at Hc/D = 1.5 
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Trautmann & O'Rourke Test No. 44
d = 16.4 kN/m3      D = 102 mm   Hc/D = 1.5

 

Figure 5.4 Displacement Field for Vertical Upward Pipe Movement Test in Medium 

Sand at Hc/D = 1.5 (Trautmann and O’Rourke, 1983) 
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Figure 5.5 shows deformed shape of FE mesh for vertical upward pipe 

movement in medium dense CU filter sand at Hc/D = 1.5.  In the FE analysis, the 

maximum displacement of the soil surface was approximately equal to the vertical 

pipe displacement.  In addition, the soil was modeled as a continuum so that the soil 

elements were not able to separate and flow into the void under the pipe.  As a result, 

all soil elements directly above the pipe still contribute to weight and shear resistance, 

thus increasing the force on the pipe, especially at shallower depths.  

 

Void

Heave
Initial Top Surface

 

Figure 5.5 Deformed Shape of FE Analysis for Vertical Upward Pipe Movement Test 

in Medium Sand at Hc/D = 1.5 

 

To eliminate the extra resistance, a modified simulation was developed by 

which the finite element mesh was adjusted to remain level during upward pipe 

movement.  At Hc/D = 1.5, for example, the soil elements equivalent to 45 % of the 

pipe displacement were removed.  In general, the area of the void under the pipe was 

approximately equal to the area of the removed elements.  In this case, the maximum 
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displacement on the soil surface was approximately 45 % of the pipe displacement, 

which was consistent with the experimental measurement, as illustrated in Fig. 5.4. 

 

Figure 5.6 shows the deformed shape of the FE mesh for medium sand at 

Hc/D = 1.5 for the modified mesh model.  The actual area of removed soil was 

approximately 20 % larger than the void created under the pipe, and the maximum 

displacement on the soil surface was approximately 40 % of the vertical pipe 

displacement.  Because the soil is modeled as a continuum, the modified numerical 

model is not able to account fully for soil that moves into the void beneath the pipe.  

The force acting on the pipe, however, results mainly from soil above the pipe, and  

 

VoidHeaveInitial Top Surface
Removed Soil

Removed Soil  Void

 

Figure 5.6 Deformed Shape of FE Analysis for Vertical Upward Pipe Movement Test 

After Mesh Modification 
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removing the surface elements was enough to eliminate soil weight and shear strength 

so that the numerical results are consistent with the full-scale test observations. 

 

Figure 5.7 shows force vs. displacement relationships for vertical upward pipe 

movement in medium and dense CU filter sand at Hc/D = 1.5 and 4 reported by 

Trautmann (1983) and Trautmann and O’Rourke (1983) in comparison with the results 

of the modified numerical simulations.  In the figure, T & O represents the 

Trautmann and O’Rourke (1983) test.  The vertical axis shows the upward force, and 

the horizontal axis shows the relative displacement between pipe and soil.  The 

modified numerical simulation results are in favorable agreement with the 

experimental data for vertical upward pipe movement in medium and very dense sand 

at Hc/D = 1.5 and 4.  The results from modified numerical simulations show sudden 

changes in the post-peak behavior as elements on the top surface were removed from 

the FE mesh.  The irregular pattern of the upward forces matches that of the full-

scale test measurements. 

 

Finite element analyses without surface modification for Hc/D = 8 and 13 

showed small surface displacement consistent with the experimental data.  To 

identify the smallest Hc/D where unmodified FE analyses results compare favorably 

with experimental data, a series of unmodified FE analyses were performed to 

compare the FE dimensionless maximum vertical upward movement force, NqVU-e, 

with the measured dimensionless maximum vertical upward movement force, NqVU-m. 

Figure 5.8 shows the percentage difference between NqVU-m and NqVU-e with respect to 

NqVU-m from the unmodified FE simulations vs. Hc/D.  The unmodified FE analyses 

over predict NqVU-m at shallower depths (Hc/D = 1.5 and 4) by 17 – 42 %, whereas the 
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Figure 5.7 Force vs. Displacement Curve for Vertical Upward Pipe Movement Test in 

Medium and Very Dense Sand Test at Hc/D = 1.5 and Hc/D = 4 
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Figure 5.8 Comparisons of Vertical Upward NqVU-m and NqVU-e in Medium and Very 

Dense CU Filter Sand Using the Regular FEA  

 

unmodified FE analyses predicts NqVU-m reasonably well at for Hc/D  5.5.  The 

percentage differences for both medium and very dense sand become smaller than 

10 % at Hc/D ≈ 5.5.  Therefore, the modified FE analyses are used for Hc/D < 5.5, 

and unmodified FE analyses are used for Hc/D  5.5. 
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Figure 5.9 Comparisons of NqVU-m and NqVU-e for the Modified Mesh Model 

 

Figure 5.9 shows NqVU-m plotted with respect to NqVU-e after the modification.  

The FEA and the measured dimensionless peak forces match reasonably well for the 

uplift test results.  There are favorable agreements between NqVU-e and NqVU-m, with 

88 % of NqVU-e within  10 % of NqVU-m.  The average difference between NqVU-e and 

NqVU-m is 7.7 %.   
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Figure 5.10 compares the FE results and 2-D test measurements of Trautmann 

and O’Rourke (1983), in which the dimensionless force is plotted as a function of the 

dimensionless depth.  There is a favorable agreement among the data for all Hc/D.  

In general the FE analyses results over predict NqVU-m by 5 – 13 %.  Overall, the 

average difference between the FE analyses and measured force for dry CU filter sand 

is 7.7 %. 
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Figure 5.10 Plot of Vertical Upward Pipe Movement NqVU vs. Hc/D 
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5.4 Young’s Modulus for Vertical Upward Pipe Movement  

 

As discussed in Chapter 3, the Mohr-Coulomb plasticity model in this work is 

based on representing the soil response as linear elastic until stresses in the soil are 

equal to and exceed the Mohr-Coulomb yield surface.  Thus, an elastic modulus is 

required as one of the constituent soil properties.  The model uses a constant elastic 

modulus to approximate the nonlinear stress-strain behavior of soil before yield, and 

thus provides a simplified “equivalent” representation of soil response to vertical 

upward pipe movement.  The K70 approach discussed in Section 3.6.2 is used to 

approximate E70-VU.   

 

The equivalent modulus for vertical upward pipe movement was determined 

by running FE simulations with different values of E and the same strength parameters 

for each vertical upward pipe movement experimental data set from Trautmann & 

O’Rourke (1983) until the initial linear force vs. displacement response coincided with 

K70. 

 

In Fig. 5.11 equations following the form of Eqn. 3.8 fit to the Trautmann and 

O’Rourke (1983) test data for medium and very dense sand in which ’3 is expressed 

as ’vc.  As discussed in Section 3.6.2, the experimental data in Fig. 5.11 shows that 

E70-VU increases with increasing d, for constant ’vc.  Using the data from the 

Trautmann and O’Rourke (1983), the multiple linear regression analyses provide the 

following: 
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Figure 5.11 Relationships between E70-VU/Pa and ’vc/Pa of Vertical Upward Pipe 

Movement Tests 
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in which log is for base 10.  For this equation r2 = 0.95, indicating a high degree of 

statistical significance. 

 

Using the experimental data, Eqn 5.1 is re-written as 
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The experimental data and Eqn. 5.2 are plotted in Fig. 5.12.  The equation 

provides a close fit to the data, and thus provides a dependable way of re-producing 

the data trends.  Table 5.2 summaries E70-VU used in the vertical upward pipe 

movement simulation calculated from Eqn. 5.2. 

 

Table 5.2 Summary of E70-VU Used in Dry Vertical Upward Pipe Movement 

Simulations 

Test No. Hc/D E70-VU (kPa) Test No. Hc/D E70-VU (kPa)

T & O* 44 1.5 400 T & O 38 1.5 700 

T & O 43 4 1000 
T & O 

37/50 
4 1800 

T & O 42 8 1800 T & O 40 8 3300 

T & O 41 13 2800 T & O 39 13 5200 

* T & O: Trautmann & O’Rourke (1983) 
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Figure 5.12 E70-VU Multiple Linear Regression for d and ’vc for Vertical Upward Pipe 

Movement 

 

5.5 Comparison of Simulated and Measured Upward Force vs. Displacement 

Curves 

 

Finite element models were developed that used input properties provided in 

Table 5.1 and 5.2.  As discussed in Section 3.7, the model proposed by 

Anastasopoulos, et al. (2007) is used to represent strain softening behavior in the 2-D 
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FE simulation of soil-pipeline interaction.  

 

Comparisons of FE simulations with measured force vs. displacement plots 

are provided in Figs. 5.13 and 5.15 for medium and very dense CU filter sand, 

respectively, reported by Trautmann (1983) and Trautmann and O’Rourke (1983).   

The vertical upward pipe forces are shown as dimensionless force F’= F/(dHcDL), 

and lateral pipe displacements are shown as dimensionless displacement Y’ = Y/D. 

 

Comparisons between analytical and experimental force vs. displacement 

plots are provided in Figs. 5.14 and 5.15 for vertical upward pipe movement of 

medium and dense CU filter sand (Trautmann and O’Rourke 1983).  The vertical 

upward pipe forces are shown as dimensionless force F’= F/(dHcDL), and vertical 

upward pipe displacements are shown as dimensionless displacement Z’ = Z/D.  The 

vertical upward pipe movement numerical simulations for medium and very dense CU 

filter sand in Fig. 5.13 and 5.14 agree well with the test data for all Hc/D in terms of 

pre-peak, peak, and post-peak behavior.  Overall, the analytical results are consistent 

with the data trends for all Hc/D, but tend to over predict peak loads for medium dense 

sand by 6 – 9 % at Hc/D = 1.5 – 13, and for dense sand by 9 – 13 % at Hc/D = 1.5 – 4.  

The analytical simulations under estimate the peak loads for dense sand by 5 – 6 % at 

Hc/D = 8 – 13. 
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Figure 5.13 Vertical Upward Movement Dimensionless Force vs. Displacement 

Curves for Medium CU Filter Sand 
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Figure 5.14 Vertical Upward Movement Dimensionless Force vs. Displacement 

Curves for Very Dense CU Filter Sand 
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5.6 Relationship Between Maximum Vertical Upward Force and Pipe Depth 

 

Semi-infinite soil models were used to investigate the relationship between 

maximum vertical upward and downward pipe force and pipe depth for Hc/D = 3.5  

100 for medium, dense, and very dense sand as characterized in Table 3.2.  Figure 

5.15 shows the typical geometry of the model used for simulating vertical upward soil-

pipe interaction in both dry and partially saturated sand.  The same FE model was 

used for vertical downward pipe movement, as explained in Chapter 6.  As described 

in Chapter 3, 8-node biquadratic, plane strain, quadrilateral, reduced integration 

elements (element type CPE8R) were used to represent the soil around the pipe. 

1.3 m

Hc: Depends
on Hc/D

1.3 m

1.3 m

1.3 m 1.3 m

1.3 m

A B

C

 

Figure 5.15 Finite Element Model for Upward Pipe Movement in Dry RMS Graded 

Sand 
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Five-node quadratic, plane strain, one-way infinite quadrilateral elements (element 

type CINPE5R) were used to represent the semi-infinite soil medium and were located 

outside of the CPE8R elements (boundary marked by A, B, and C). 

 

Input parameters for soil strength were obtained from the procedure discussed 

in Section 3.3.2.  An equivalent modulus according to the K70 procedure discussed in 

Section 5.4 and strain softening model described in Section 3.7 were used in the 

vertical upward 2-D FE simulations.  A Poisson’s ratio,  = 0.3, was assumed for the 

sand and all simulations were performed with a nominal cohesion c’ = 0.1 – 0.3 kPa to 

promote numerical stability.   

 

Table 4.1 summarizes input parameters used in FE analyses, and Table 5.3 

summarizes the calculated E70 from Eqn. 5.2 for vertical upward pipe movement 

simulations.  The notation ‘_UP’ indicates vertical upward pipe movement.  

 

Comparisons of vertical upward NqVU vs. Hc/D for medium, dense, and very 

dense sand are shown in Fig. 5.16.  The dimensionless parameters NqVU = 

F/(dHcDL) and Hc/D defines the lateral pipe forces and depth, respectively.  The 

values of NqVU were determined as described in Chapter 3. 

 

The FE simulations of vertical upward pipe movement show that NqVU reaches 

its maximum value at Hc/D = 30 at values approximately equal to 14.4, 16.7, and 20.3 

for medium, dense, and very dense sand, respectively. 

 

 

 



 140

Table 5.3 Summary of E70-VU for Vertical Upward Pipe Movement Simulations 

Test No. Hc/D 
E70-VU 

(kPa) 
Test No. Hc/D 

E70-VU 

(kPa) 

RMS5.5M_UP 5.5 1300 RMS20D_UP 20 5800 

RMS8M_UP 8 1800 RMS30D_UP 30 8500 

RMS11M_UP 11 2400 RMS100D_UP 100 25500 

RMS15M_UP 15 3200 RMS5.5VD_UP 5.5 2300 

RMS20M_UP 20 4200 RMS8VD_UP 8 3300 

RMS30M_UP 30 6100 RMS11VD_UP 11 4400 

RMS100M_UP 100 17300 RMS15VD_UP 15 5900 

RMS5.5D_UP 5.5 1800 RMS20VD_UP 20 7700 

RMS8D_UP 8 2500 RMS30VD_UP 30 11100 

RMS11D_UP 11 3400 RMS100VD_UP 100 33600 

RMS15D_UP 15 4500    

 

5.7 Analytical Results of Maximum Vertical Upward Dimensionless Forces 

for Various Pipe Diameters 

 

Additional FE analyses were run with various pipe diameters to investigate 

the effects increasing diameter on soil-pipe interaction at constant Hc/D.  Figure 5.17 

shows the geometry of the numerical model for simulating vertical upward soil-pipe 

interaction with various pipe diameters in dry sand.  The model is similar to that 

shown in Fig. 5.15 except the dimensions.  The selected pipe diameters for this study 

were 900 mm, compared with 102 mm used in the production simulations.  Because 

of the increased pipe size, the mesh dimensions are ten times larger than those shown 

in Fig. 5.15 
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Figure 5.16 Summary Plot of NqVU vs. Hc/D for Vertical Upward Pipe Movement 

 

Input parameters for numerical simulation, including soil strength and 

modulus are the same as those described in Section 4.8.3.  As previously described,  

= 0.3 was assumed for the sand and a nominal cohesion c’ = 0.1 – 0.3 kPa was used in 

the simulations for numerical stability. 
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Figure 5.17 Geometry of the Vertical Upward Pipe Movement Numerical Model for 

Various Pipe Diameters Simulation 

 

Figure 5.18 plots NqVU from the FE analyses for various pipe diameters.  The 

dimensionless parameters, NqVU = F/(dHcDL) and Hc/D, define the vertical upward 

pipe forces and depth, respectively.  The plot shows diameter effects increasing with 

increasing d, and decreasing with increasing Hc/D.  For D = 102 mm and 900 mm, 

the maximum difference in NqVU at Hc/D = 2 is approximately 12 % for both dense 

and very dense sand.  As discussed in Section 4.8.3, the effects of diameter become 

negligible in medium sand and not shown in the figure.  NqVU for D = 900 mm 

converges to NqVU for D = 102 m at Hc/D = 8 – 11. 
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Figure 5.18 Summary Plot of NqVU vs. Hc/D for Various Pipe Diameters 

 

5.8 Analytical Results of Maximum Vertical Upward Force in Partially 

Saturated RMS Graded Sand  

 

FE analyses were run with the semi-infinite soil model for partially saturated 

RMS graded sand as described in Sections 3.9 and 5.6.  Input parameters for soil 

strength were obtained from the procedure described in Section 3.9.  As discussed in 

Chapter 3, the suggested simplified E70 for partially saturated sand is E70-H sat ≈ 2 E70-H.  
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Using this approximation, E70-H sat for vertical upward pipe movement in partially 

saturated sand is calculated using the following equation: 

 

 

061.7130.0

481.070 '
102






















a

vc

w

d

a

satH

PP

E 



 (5.3) 

 

Table 4.3 summarizes the soil properties associated with the vertical upward 

pipe movement 2-D simulations in partially saturated sand.  The strain softening 

model described in Section 3.7 was used in the FE simulation and the model was 

adjusted for a linear decrease in cps to 0, from the plastic strain at ps-p to p
f.  A small 

residual value of cps-ld = 0.1 kPa at large displacements was used to promote numerical 

stability. 
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Figure 5.19 Vertical Upward NqVU vs. Hc/D for Partially Saturated RMS Graded Sand 
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Figure 5.19 shows NqVU plotted with respect to Hc/D of partially saturated 

sand for vertical upward pipe movement.  The values of NqVU were determined as 

described in Chapter 3.  The figure shows that NqVU reaches its maximum value of 

24.6 at Hc/D = 30. 
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CHAPTER 6 

 

VERTICAL DOWNWARD PIPE MOVEMENT 

 

6.1 Introduction 

 

In this chapter, the finite element (FE) models for simulating vertical 

downward pipe movement under plane strain conditions are described.  Because 

there are no large-scale experimental results for downward pipe movement, the 

numerical modeling procedures are evaluated with respect to full-scale field 

measurements of pile and drilled shaft load vs. settlement behavior.  Numerical 

simulations of 2-D deep foundations were performed and compared the maximum 

reaction forces from the model with the forces predicted by conventional bearing 

capacity formulations for deep foundations to validate the model.  The lower and 

upper bound of strain compatible secant modulus for vertical downward pipe 

movement was investigated to determine the appropriate modulus which provided a 

L1 and L2 consistent with load test statistics. 

 

6.2 Finite Element Model and Soil Strength Properties 

 

Semi-infinite FE soil models described in Section 5.6 were used to investigate 

the relationship between maximum vertical downward pipe force and pipe depth for 

medium, dense, and very dense sand as characterized in Table 3.2.  Figure 5.16 

shows the typical FE model geometry used for simulating both vertical downward and 

upward soil-pipe interaction in dry and partially saturated sand. 
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Input parameters for soil strength were obtained with the procedures described 

in Section 3.3.2.  The peak angle of dilation, p was evaluated using Eqn. 3.2, where 

’N is taken as ’vc, which is the vertical effective stress at the pipe centerline.  With 

p estimated relative to ’vc, Eqns 3.3 and 3.7 were used to evaluate ’ps-p.  Critical 

friction angle, ’crit, was selected as 40.8 for dry RMS graded sand. 

 

6.3 Analytical Results of Maximum Vertical Downward Force in Dry Sand  

 

The FE results for force vs. pipe settlement differ from those for lateral and 

upward pipe movement, for which there is generally (but not always) a clear 

maximum load.  For downward pipe movement, the vertical load continues to 

increase at relatively high loading levels with no clear maximum value. 

 

To evaluate the effective maximum load for pipe settlement, the methods 

recommended for the interpretation of deep and shallow foundation load tests (Hirany 

and Kulhawy, 1998, 1989, and 2002; Akbas and Kulhawy, 2009) were used.  Vertical 

downward movements of both pipe and deep foundations in medium to very dense 

sand result in a strain hardening type behavior with a gradual increase in vertical load 

at high levels of settlement.  A typical load-settlement curve for an axial compression 

foundation test is shown in Fig. 6.1 (Akbas and Kulhawy, 2009).  The geometric 

characteristics of this curve are similar for both deep and shallow foundations (Hirany 

and Kulhawy, 2002; Akbas and Kulhawy, 2009).  To help interpret the vertical force 

vs. settlement relationships, L1 is defined at the end of the initial linear region of the 

curve, and L2 is defined at the beginning of the final linear region.  The settlement 

associated with L1 is referred to as L1 and that associated with L2 is referred to as L2.  

The vertical force associated with L2 is called the failure threshold, QL2, after Akbas  
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L1

L2

KL1

 

Figure 6.1 Typical Load-Settlement Curve of Axial Compression Test on Foundation 

(After Akbas and Kulhawy, 2009) 

 

and Kulhawy (2009) [shown as QL2 in Fig. 6.1], and is used to obtain the 

dimensionless maximum downward pipe movement force, NqVD.  

 

It was found that QL2 depends on the Young’s modulus for vertical downward 

movement, EVD, with larger QL2 resulting from larger EVD.  For lateral and vertical 

upward pipe movement, this is not the case.  The peak pipe force is relatively 

insensitive to the choice of modulus under lateral and vertical upward displacement, 

although the actual force vs. displacement relationship is closely related to the 

modulus. 



 149

To determine QL2, the fraction of mobilized soil strength, , was needed to 

estimate the strain compatible modulus at peak pipe force.  The range of  from 0.7 

to 0.9 was taken from Table A.2 in Appendix A.  This appendix describes how strain 

compatible moduli are estimated for vertical uplift, lateral, and vertical downward pipe 

displacement.  The modulus associated with  = 0.8 (mid range of 0.7    0.9) was 

applied through Eqn. A.9 for medium, dense, and very dense sand to obtain the strain 

compatible E-VD at peak pipe force. 

 

Figure 6.2 presents the FE results for the maximum dimensionless vertical 

downward force for medium, dense, and very dense sand for Hc/D = 2 – 100.  As 

Hc/D  0, there is a finite value of NqVD associated with the resistance to vertical 

movement of a pipe buried at a depth of half its external diameter.  This value is 

analogous to the bearing capacity of a shallow foundation with width equal to D at the 

ground surface. 

 

The FE simulations of vertical downward pipe movement show that NqVD 

reaches its limiting value between Hc/D = 8 and 15 at values approximately equal to 

16.3, 18.7, and 23.7 for medium, dense, and very dense sand, respectively.  As shown 

in Fig. 6.2, from Hc/D = 11 to 100, NqVD decreases slightly by approximately 1.7 %, 

2.1 %, and 2.4 % for medium, dense, and very dense sand, respectively.  At the same 

time, ’ps-p decreases approximately by 1.8 %, 3.1 %, and 4.2 % for medium, dense, 

and very dense sand, respectively, due to increasing confining stress at higher Hc/D. 
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Figure 6.2 Summary Plot of NqVD vs. Hc/D for Vertical Downward Pipe Movement 
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6.4 Comparison Between Pipe Peak Force and the Bearing Capacity for Deep 

Foundations 

 

Guidelines for the seismic design of oil and gas pipelines have recommended 

that the maximum vertical force associated with downward pipe movement be 

estimated by conventional bearing capacity formulations (ASCE, 1984).  No full-

scale experimental validation for this recommendation has been performed.  It is of 

interest therefore to compare the maximum vertical pipe force from bearing capacity 

theory with the peak pipe force resulting from the FE simulations. 

 

6.4.1 Deep Foundation Bearing Capacity 

 

The maximum tip resistance of a deep foundation, Qtc, is calculated as  

 

 tipulttc AqQ   (6.1) 

 

in which qult = the maximum bearing capacity at the tip, and Atip = area of the base of 

the foundation.  Kulhawy et al. (1983) have shown that, for drained conditions with 

Hc/D  5, qult can be estimated as 

 

 qdqsqrqult qNq   (6.2) 

 

in which q = vertical effective stress at Hc, Nq = bearing capacity factor, qr = rigidity 

factor, qs = shape factor, and qd = depth factor. 
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The maximum tip resistance force from Eqns. 6.1 and 6.2, Qtc-c, are calculated 

and summarized in Appendix C for medium, dense, and very dense sand as 

characterized in Table 3.2 for Hc/D = 8, 11, 15, 20, and 30.  The peak dimensionless 

force from the FE analyses associated with the QL2 values previously described, Qtc-fea, 

are plotted vs. the bearing capacity values, Qtc-c, for Hc/D = 8 – 30 in Fig. 6.3.  The 

values of Qtc-fea were determined as described in Section 6.2.  As shown in the figure, 

there is a substantial difference between Qtc-c and Qtc-fea, with Qtc-fea approximately 1/3 

of Qtc.  

 

The failure threshold force for 2-D pipe settlement, Qtc-fea, is consistently 

lower than the bearing capacity force, Qtc-c, for a deep foundation by a large margin.  

This discrepancy can be explained qualitatively by recognizing that downward pipe 

movement is accompanied by soil displacement into the void that develops above the 

pipe.  Movement of soil into a zone above the pipe is markedly different from soil 

movement during deep foundation settlement.  The continuous deep foundation 

prevents soil displacement into a zone above the tip, and thus provides substantially 

higher constraint on soil deformation with associated higher resistance to tip 

penetration of the soil mass. 

 

Force vs. displacement measurements from centrifuge tests of pipeline 

response to normal faulting are described by Abdoun, et al (2008).  They compared 

the maximum force generated by downward pipe movement over the footwall of the 

normal fault with the maximum force from conventional bearing capacity equations, 

and showed that the measured force was substantially lower.  Their measurements 

indicate a vertical reaction force approximately one-tenth of the conventional bearing 

capacity force. 
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Figure 6.3 Comparison of Qtc and Qtc-fea 
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6.4.2 Finite Element Model for Deep Foundations 

 

Because experimental data are sparse for downward pipe movement and are 

lacking entirely for 2-D conditions of downward movement, empirical confirmation of 

the FE pipe results cannot be obtained directly.  However, numerical simulations of 

2-D deep foundation bearing elements can be performed, and the failure threshold 

forces so obtained checked against the theoretical bearing capacity forces.  If the FE 

results for deep foundation maximum tip resistance compare favorably with the 

theoretical bearing capacities, such agreement provides for validation of the numerical 

model for deep foundation bearing capacity assessment.  The model can then be used 

for direct comparison between FE results for pipe and deep foundation settlements to 

quantify the differences in behavior for these two conditions of soil-structure 

interaction. 

 

To evaluate deep foundation tip resistance, a new FE model was developed as 

shown in Fig. 6.4.  The model is similar to that described in Section 5.6 except for 

the frictionless foundation at the center of the mesh.  As described in Chapter 5, 

CEP8R elements are used to represent the soil inside the dashed line.  CINPE5R 

elements were used to represent the semi-infinite soil medium and were located 

outside of the CPE8R elements. 

 

Figure 6.5 shows an enlarged view of region A with more detailed boundary 

conditions and mesh arrangements.  Because the largest soil deformations are 

expected near the periphery of the deep foundation, the mesh is dense in this region.  

The interface between the soil and the lower half of the circular foundation tip has a 

friction angle of 0.6 ’ds-p, as described previously in Chapter 4.  The nodes in region  



 155

1.3 m

Hc: 
Depends
on Hc/D

1.3 m

1.3 m

1.3 m 1.3 m

1.3 m

A

 

Figure 6.4 FE Model for Deep Foundation 

 

A were fixed horizontally but unrestrained in the vertical direction to form a rigid 

frictionless surface. 

 

A prime source of uncertainty associated with Qtc-c is related to the rigidity 

factor, qr, which depends on the modulus, E.  To evaluate the strain compatible E-

VD at peak force, the range of  from 0.7 to 0.9 (lower and upper bound value) was 

used from Table A.2.  The modulus associated with this range of  was applied 

through Eqn. A.9 for medium, dense, and very dense sand with Hc/D = 8 – 20 to 

obtain the strain compatible E-VD at peak force.   Table 6.1 summarizes lower and 

upper bound of E-VD for select cases of sand density and Hc/D. 
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Figure 6.5 Detailed Boundary Conditions at A 
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Table 6.1 Upper and Lower Bound E-VD for Select Case of Sand Density and Hc/D 

E-VD (kPa) 

Hc/D Sand Type 

Lower Bound Upper Bound 

8 Medium 2300 8100 

11 Medium 2900 9500 

11 Very Dense 7600 21300 

15 Dense 5900 17000 

20 Very Dense 10300 27100 

 

Figure 6.6 shows a plot of Qtc-d from the deep foundation FE simulations vs. 

Qtc-c for the same sand and Hc/D conditions.  The Qtc-d from the FE analyses and the 

Qtc-c from the bearing capacity formulations (see Appendix C) were calculated for a 

strain compatible secant modulus, E, associated with  = 0.8 (mid range value from 

Table A.2).  The initial modulus, Ei, was estimated as described in Appendix C (Eqn. 

C.8) Ei = K pa (3/pa)
n, for which K and n were taken from data summarized by Wong 

and Duncan database for medium ( = 41.0 – 43.9), dense ( = 44.0 – 46.4), and 

very dense ( = 46.5 – 50.0) sand.  Average values of (K, n) were calculated from 

the Wong and Duncan (1974) for medium, dense, and very dense sand as (550, 0.65), 

(800, 0.55), and (1000, 0.45), respectively.  In this way, the same process for 

computing the strain compatible modulus was used with the same empirical database 

for both the FE simulations and bearing capacity formulations, thus providing for a 

comparison of vertical downward force unbiased by the selection process for modulus. 
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The Qtc-d from the FE analyses for a deep foundation plot approximately 8 % 

above the 1:1 slope of the Qtc-c vs. Qtc-d plot.  A favorable agreement between Qtc-c 

and Qtc-d shows that the FE model gives results that agree with conventional bearing 

capacity predictions within a reasonable range of qr and E-VD-values for the different 

sand densities studied in this work.  
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Figure 6.6 Comparison of Qtc-c and Qtc-d 
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6.5 Young’s Modulus for Vertical Downward Pipe Movement  

 

Field load test data are presented for the vertical force vs. settlement behavior 

of shaft and pile foundations in Appendix D.  The results do not include the effects of 

frictional resistance between the sides of the deep foundation and adjacent soil.  

Hence, the test results are for conditions similar to those simulated in the FE models 

shown in Figs 6.4 and 6.5.  As discussed in Appendix D, the average values of L1 

and L2 (see Fig. 6.1) for the test data are 0.22 % D and 5.94 % D, respectively.  

These values are close to L1 and L2 of 0.23 % D and 5.39 % D, respectively, reported 

by Akbas and Kulhawy (2009) for 205 load tests on shallow foundations, and are 

reasonably consistent with data for drilled shafts (Hirany and Kulhawy, 1988),  

where the average L1 and L2 were found to be 0.40 % D and 4 % D, respectively.  

 

Figures 6.7 and 6.8 show contours of (1  3)/(1  3)f at the peak 

vertical downward force for a deep foundation and pipe with the same bearing 

dimensions obtained from FE analyses for Hc/D = 15 and dense sand.  A mesh 

convergence study, based on stress response, was performed to determine whether the 

meshes shown in Fig. 6.7 and 6.8 were satisfactory.  The study showed that the FE 

analyses converges and the results are satisfactory.  As shown in the figures, the 

highest levels of principal stress difference are within a bulb-shaped zone that extends 

one and a half to two diameters below both the deep foundation and the pipe.  A 

systematic comparison of FE results for deep foundations and pipes at various Hc/D, 

and sand densities, with a circular bearing contact surface show similar stress 

distributions beneath the bearing surfaces, as illustrated in Figs. 6.7 and 6.8.  Given 

that FE deep foundation results agree well with bearing capacity prediction and there 

is close similarity in stress distribution for the pipe and deep foundation conditions,  
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Figure 6.7 Contour of (1  3)/ (1  3)f for Deep Foundation in Dense Sand at 

Maximum Load 
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a) Entire Mesh 
Hc/D = 15, Dense Sand

b) Mesh Adjacent to Pipe
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Figure 6.8 Contour of (1  3)/ (1  3)f for Vertical Downward Pipe in Dense 

Sand at Maximum Load 
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the FE results for the deep foundation are used to obtain strain compatible E-VD for 

vertical pipe movement where bearing surface, sand density, and depth are the same. 

 

Strain compatible E-VD associated with  = 0.8 from FE deep foundation 

analyses were used to predict the maximum downward pipe force for the medium, 

dense, and very dense sands at various Hc/D.  Having E-VD associated with  = 0.8, 

the force vs. settlement curve was checked to see if it provides a L1 and L2 consistent 

with load test statistics.  From the 24 simulations performed with strain compatible 

E-VD for  = 0.8, an average value of L1 = 0.19 % D and L2 = 5.83 % D were 

obtained, which are relatively close to L1 = 0.22 % D and L2 = 5.94 % D, 

summarized for field test data in Appendix D, as well as L1 = 0.23 % D and L2 = 

5.39 % D reported by Akbas and Kulhawy (2009). 

 

Figure 6.9 shows typical vertical force vs. settlement results for a pipe and a 

frictionless deep foundation.  The results are for very dense sand, with D = 102 mm 

and Hc/D = 11 and 20.  The plots a-1) and b-1) show an enlarged view of the linear 

portion of the force vs. settlement curve for Hc/D = 11 and Hc/D = 20, respectively.  

The plots also show L1, L2, as well as KL1, which is the slope of the linear portion of 

the curve.  From these plots, L1 = 0.0019 D – 0.0024 D and L2 = 0.057 D – 0.062 D 

are obtained for both the deep foundation and the pipe, respectively.  Please note that 

QL2 is the failure threshold load.  As discussed in Section 6.3, QL2 is approximately 

30 – 40 % of QL2 for the deep foundation.  Similarly, KL1 for the pipe is 

approximately 30 – 40 % of the KL1 for the deep foundation. 
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Figure 6.9 Typical Vertical Force vs. Settlement Results for a Pipe and Vertical Tip 

Resistance of a Frictionless Deep Foundation 
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6.6 Analytical Results of Maximum Vertical Downward Force for Various 

Pipe Diameters 

 

Additional FE analyses were run with various pipe diameters to investigate 

the effects increasing diameter on soil-pipe interaction at constant Hc/D.  Figure 5.17 

shows the geometry of the numerical model for simulating vertical downward soil-

pipe interaction with various pipe diameters in dry sand.  The selected pipe diameters 

for this study were 900 mm, compared with 102 mm used in the production 

simulations.  

 

Input parameters for numerical simulation, including soil strength, are the 

same as those described in Section. 4.8.3.  An equivalent modulus discussed in 

Section 6.4 and strain softening model described in Section 3.7 were used in the 2-D 

FE simulation of soil-pipeline interaction.  As previously described,  = 0.3 was 

assumed for the sand and a nominal cohesion c’ = 0.1 – 0.3 kPa was used in the 

simulations for numerical stability. 

 

Figure 6.10 plots NqVD from the FE analyses for various pipe diameters.  The 

dimensionless parameters, NqVD = F/(dHcDL) and Hc/D, define the vertical downward 

pipe forces and depth, respectively.  The plot shows diameter effects increasing with 

increasing d, and decreasing with increasing Hc/D.  For D = 102 mm and 900 mm, 

the maximum difference in NqVD is approximately 33 % for both dense and very dense 

sand.  NqVD for D = 900 mm converges to NqVU for D = 102 m at Hc/D = 20 – 30, 

with very little difference between the values at Hc/D  12. 

 

 



 165

0 4 8 12 16 20
Dimensionless Depth, Hc/D

0

5

10

15

20

25

M
ax

im
um

 D
im

en
si

on
le

ss
 F

or
ce

, 
N

qV
D
 =

 F
/(
 d

H
cD

L
)

Legend:
Very Dense Sand, D = 102 mm

Very Dense Sand, D = 900 mm

Dense Sand, D = 102 mm

Dense Sand, D = 900 mm

D Hc

 

Figure 6.10 Summary Plot of NqVD vs. Hc/D for Various Pipe Diameters 

 

6.7 Analytical Results of Maximum Vertical Downward Force in Partially 

Saturated RMS Graded Sand  

 

FE analyses were run with the semi-infinite soil model for partially saturated 

RMS graded sand sand as described in Sections 3.9 and 5.6.  Input parameters for 

soil strength were obtained from the procedure described in Section 3.9.  As 

discussed in Chapter 3, the suggested strain compatible simplified E-VD for partially 

saturated sand is approximately twice higher than that for dry sand. 

 

Table 4.3 summarizes the soil properties associated with the vertical 
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downward pipe movement 2-D simulations in partially saturated sand.  The strain 

softening model described in Section 3.7 was used in the FE simulation and the model 

was adjusted for a linear decrease in cps to 0, from the plastic strain at ps-p to p
f.  A 

small residual value of cps-ld = 0.1 kPa at large displacements was used to promote 

numerical stability. 
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Figure 6.11 Vertical Downward NqVD vs. Hc/D for Partially Saturated RMS Graded 

Sand 

 

Figure 6.11 shows NqVD plotted with respect to Hc/D for vertical downward 

pipe movement in partially saturated sand.  The overall trend of NqVD vs. Hc/D for 

partially saturated RMS graded sand is similar to that for dry sand.  The Nq decreases 

approximately 3.5 % from Hc/D = 15 to 100, and ps-p decrease approximately 4.4 % at 

the same range of Hc/D.  The figure indicates that a limiting value of NqVD, 

approximately equal to 28.3, is reached at critical embedment ratio between Hc/D = 15 

and 20. 
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CHAPTER 7 

 

OBLIQUE PIPE MOVEMENT AND GUIDELINES FOR PRACTICE 

 

7.1 Introduction 

 

A series of finite element (FE) analyses with ABAQUS 6.9 (2009) were 

performed to predict the maximum force on the pipe subject to oblique relative 

displacement with both downward and upward components of movement.  The 

relationship between maximum lateral pipe force and pipe depth are developed for 

semi-infinite soil conditions and Hc/D increasing to 100.  The analytical results from 

simulations of lateral, upward, downward, and oblique pipe movement are normalized 

with respect to maximum lateral force, and the normalized maximum forces are 

provided on 360 plots that can be used predict maximum pipe loads for medium to 

very dense dry and partially saturated sand at various Hc/D.  Guidance is also 

provided for choosing the appropriate elastic modulus for elasto-plastic modeling at 

any orientation of pipe, and for direct estimation of the force vs. displacement 

relationships at any depth and orientation for one-dimensional modeling of soil-

pipeline interaction. 

 

7.2 Analytical Results for Maximum Oblique Force in Dry Sand  

 

The semi-infinite soil models described in Section 4.2 were used to investigate 

the relationship between maximum oblique forces and Hc/D for medium, dense, and 

very dense sand as characterized in Table 3.2.  Input parameters for soil strength were 

obtained with the procedures described in Section 3.3.2.  Figure 4.1 shows the typical 
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geometry of the model used for simulating oblique pipe movement in both dry and 

partially saturated sand.  The pipe was displaced an angle of - 45and + 45 with 

respect to the horizontal for oblique downward and oblique upward FE analyses, 

respectively.  The graphical representation of pipe movement is shown in Fig. 7.1 for 

a) oblique downward and b) oblique upward movement, respectively. 

 

- 45o

+ 45o

a) Oblique Downward

b) Oblique Upward  

Figure 7.1 Directions for Oblique Pipe Movement 
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7.3 Peak Dimensionless Force Associated with Oblique Pipe Movement 

 

Comparisons of the dimensionless maximum oblique downward pipe 

movement force, NqOD, with respect to Hc/D for medium, dense, and very dense sand 

are shown in Fig. 7.2.  The dimensionless parameters NqOD = F/(dHcDL) and Hc/D 

define the pipe force and depth, respectively.  Numerical results for Hc/D = 2, 3.5, 5.5, 

8, 11, 15, 20, 30, and 100 are presented in the figure.  The values of NqOD were 

determined as described in Chapter 3.  The FE simulations of oblique downward pipe 

movement show that NqOD reaches its maximum value at Hc/D = 11  15, and then 

decreases very slightly with increasing Hc/D.  As shown in Fig. 7.2, from Hc/D = 15 

to 100, Nq decreases approximately by 1.3 %, 1.6 %, and 2.0 % for medium, dense, 

and very dense sand, respectively.  In parallel, ’ps-p decreases approximately by 

1.5 %, 2.6 %, and 3.4 % for medium, dense, and very dense sand, respectively, due to 

increasing confining stress at higher Hc/D values.  Limiting values of NqOD are 

reached between Hc/D = 11 and 15 at 16.0, 18.2, and 22.9 for medium, dense, and very 

dense sand, respectively. 

 

Figure 7.3 shows the dimensionless maximum oblique upward pipe movement 

force, NqOU, plotted with respect to Hc/D [Hc/D = 3.5, 5.5, 8, 11, 15, 20, 30, and 100] 

for medium, dense, and very dense sand.  The figure shows that NqOU reaches its 

maximum value at Hc/D = 20  30 and then decreases slightly with increasing Hc/D.  

For example, from Hc/D = 30 to 100, NqOU decreases approximately by 0.6 %, 0.6 %, 

and 0.9 % for medium, dense, and very dense sand, respectively.  Meanwhile, ’ps-p 

decreases approximately by 0.9 %, 1.6 %, and 2.1 % for medium, dense, and very 

dense sand, respectively.  Limiting values of NqOU are reached between Hc/D = 20 

and 30 at 14.9, 17.1, and 21.4 for medium, dense, and very dense sand, respectively. 
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Figure 7.2 Summary Plot of NqOD vs. Hc/D for Oblique Downward Pipe Movement 
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Figure 7.3 Summary Plot of NqOU vs. Hc/D for Oblique Upward Pipe Movement 
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7.4 Relationship Between Force and Pipe Movement Direction 

 

In this section, the maximum load for lateral, vertical upward, vertical 

downward, and 45 oblique orientations are combined to provide a relationship 

between force and any pipe movement direction as described under the subheadings 

that follow. 

 

7.4.1. Simplified Approach 

 

Equations for estimating the maximum oblique pipe force from known 

horizontal and vertical forces have been proposed (ASCE, 1984) on the basis of 

recommendations by Nyman (1982) and Meyerhof (1973).  These equations for the 

maximum dimensionless pipe force are 

 

 qVDqOD iNN   (7.1) 

and 

 qVUqOU iNN   (7.2) 

in which 

  1
75.090

25.0
1 









 uii




 (7.3) 

 

and Nq-OD, Nq-VD, Nq-OU, and Nq-VU are the maximum dimensionless oblique downward, 

vertical downward, oblique upward, and vertical upward force, respectively,  is the 

angle of movement with respect to the horizontal; and iu is the ratio of lateral NqH to 

vertical NqV, expressed as 
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qV

qH
u N

N
i   (7.4) 

 

Figure 7.4 plots the dimensionless oblique downward force from FE analyses, 

NqOD-e, with respect to the dimensionless force, NqOD-s, given by the simplified 

approach embodied in Eqn. 7.1.  All comparisons are made for oblique forces at  = 

- 45.  There is favorable agreement between NqOD-e and NqOD-s, with all NqOD-e 

within  10 % of NqOD-s.  The average difference between NqOD-e and  NqOD-s is 

2.1 %. 

 

Similarly, Fig. 7.5 plots the dimensionless oblique upward force from FE 

analyses, NqOU-e, with respect to NqOU-s, given by the simplified approach embodied in 

Eqn. 7.2.  All comparisons are made for oblique forces at  = + 45.  There is 

favorable agreement between NqOU-e and NqOU-s, with all NqOU-e within  10 % of 

NqOU-s.  The average difference between NqOU-e and NqOU-s is 4.9 %. 

 

7.4.2. Visualization of Maximum Dimensionless Force and Movement Direction 

 

The FE maximum dimensionless force for lateral, vertical upward/downward, 

and  45 oblique orientations are combined in a series of graphs for visualizing the 

variation in maximum pipe force for any movement direction under plane strain 

conditions.  The analytical results are normalized with respect to maximum 

dimensionless lateral force, NqH, and the normalized maximum forces are provided on 

360 plots that can be used to predict maximum pipe loads for medium to very dense 

dry sand at various Hc/D.  
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Figure 7.4 Comparison of NqOD-e and NqOD-s 
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Figure 7.5 Comparison of NqOU-e and NqOU-s 
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Figures 7.6 and 7.7 show the ratio of maximum dimensionless force at any 

orientation and maximum lateral dimensionless force, Nq/NqH, plotted in polar 

coordinates for Hc/D = 3.5 – 100.  The dimensionless force ratio, Nq/NqH has a 

unique value for a given Hc/D and direction of pipe movement, which does not depend 

on sand density and associated friction angles.  This aspect of the relationships is 

illustrated in Fig. 7.9, which compares Nq/NqH for medium and very dense sands.  

These sand densities represent the greatest difference in soil strength that was 

investigated in this work.  Approximately 81 % of Nq/NqH values are within  10 % 

of the line of equality.  The average difference between the two ratios is 4.9 %.  

 

Figures 7.6 and 7.7 show that at low values of Hc/D, the plots are asymmetric 

about the horizontal axis, with low Nq/NqH associated with upward pipe movement and 

high Nq/NqH associated with downward pipe movement.  As Hc/D increases, the plots 

become increasingly more symmetric about the horizontal axis.  At Hc/D = 30 the 

graph in nearly symmetric, and at Hc/D = 100, the graph is a circle.  The perfect 

symmetry at Hc/D = 100 is achieved because at great depth, maximum force is 

identical in all directions for homogeneous soil. 

 

It should be recognized that Nq/NqH at Hc/D  15 is unique for any given Hc/D, 

d, and pipe movement direction only if D is constant.  As explored in the previous 

sections of this work, there is a dependency of Nq on D for constant shallow Hc 

because of confining stress effects on the friction angle.  A correction factor to cover 

different diameters can be obtained from the treatment of diameter effects for NqH,  

NqVU, and NqVD in Chapters 4, 5, and 6, respectively. 
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Figure 7.6 Visualization of Nq/NqH for Hc/D = 3.5 – 11 
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Figure 7.7 Visualization of Nq/NqH for Hc/D = 15 – 100 
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Figure 7.8 Comparison of Nq/NqH of Medium and Very Dense Sand 
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7.5 Relationship Between Young’s Modulus and Pipe Movement Direction 

 

Finite element results were evaluated to estimate the strain compatible E at 

peak pipe force for oblique pipe movement.  Figure 7.9 shows typical contours of 

(1  3)/(1  3)f from FE analyses of the peak oblique pipe force in dense sand at 

Hc/D = 11.  The highly stressed zones at one and two pipe diameters from the pipe 

were used to perform two separate calculations of the mobilized soil strength fraction 

at peak pipe force, , with Eqn. A.11, from which lower and upper bound values of the 

strain compatible modulus at peak pipe force, E, were obtained.  The range of  for 

dense sand at Hc/D = 11 is 0.75 – 0.85 and 0.85 – 0.95 for oblique downward and 

upward pipe movement, respectively.  The procedure for evaluating the mobilized 

soil strength fraction at peak force, described in Appendix A, was applied 

systematically to FE results for oblique pipe movement in medium, dense, and very 

dense sands at Hc/D from 5.5 to 20.  Generalizing from the results of all analyses, it 

appears that 0.75    0.85 for oblique downward pipe movement and 0.85    

0.95 for oblique upward pipe movement.  Table 7.1 summarizes the range of  for 

various direction of pipe movement for dry sands under plane strain conditions. 

 

Table 7.1 Summary of Mobilized Soil Strength Fraction at Peak Pipe Force, , and 

Various Pipe Movements 

Relative Pipe-Soil Movement Mobilized Soil Strength Fraction,  

Vertical Upward 0.90    0.95 

45 Oblique Upward 0.85    0.95 

Lateral 0.90    0.95 

45 Oblique Downward 0.75    0.85 

Vertical Downward 0.70    0.90 
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Figure 7.9 Contour of (1  3)/ (1  3)f for Dense Sand at Peak Pipe Force for 

Oblique Pipe Movement 
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For the movement directions listed in Table 7.1, one can select , from which 

the strain compatible modulus, E, at peak pipe force can be estimated from Eqn. A.9, 

which is given as E = Ei (1  ).  The initial tangent modulus, Ei, can be estimated 

from Eqn. 3.8, using data summarized by Duncan and Chang (1970) and Wong and 

Duncan (1974).  Alternatively, for lateral and upward vertical pipe movement, E70-H 

and E70-VU can be estimated from Eqns. 3.12 and 5.2, respectively, which have been 

derived from large-scale test data. 

 

7.6 Peak Dimensionless Force for Oblique and Vertical Downward Pipe 

Movement in Partially Saturated RMS Graded Sand 

 

The similar numerical model used in the dry oblique pipe movement study 

discussed in the previous Section 7.2 is used to investigate NqOD and NqOU in the 

partially saturated RMS graded sand used in the large-scale testing at various Hc/D.  

The dimensions of the model including the pipe diameter are identical to that used in 

dry oblique pipe movement analytical study.  Input parameters for soil strength are 

similar to that used in Section 4.7.6.  In the analyses for partially saturated RMS 

graded sand, the total unit weight of the sand total, as well as ds-p, and ps-p are used in 

the analyses.  Summarized input parameters used in partially saturated sand for 

oblique pipe movement FE analyses are presented in Table 4.3.  Soil cohesion for 

plane strain condition is selected as cps = 1.2 kPa (Olson, 2009) and a small residual 

values of cps-ld = 0.1 kPa is used to promote numerical stability.  A Poisson’s ratio of 

0.3 is assumed, and the model is set to linearly diminish cps to cps-ld, from the plastic 

strain at ps-p to p
f.  

 

The FE analyses results of oblique pipe movement in partially saturated RMS 
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graded sand are shown in Fig. 7.10 and 7.11.  The procedure explained in Chapter 3 

and 6 is used to obtain NqOU, and NqOD, respectively.  Figure 7.10 show that a 

limiting value of NqOD is reached between Hc/D = 20 – 30 at 27.4.  The NqOD 

decreases with increasing Hc/D after the maximum value of NqOD.  For example, 

NqOD decreases approximately 2.9 % and ps-p decrease approximately 3.7 % from 

Hc/D = 20 to 100.   

 

Figure 7.11 show that a limiting value of NqOU is reached between Hc/D = 25 

– 30 at 25.1.  The NqOU decreases with increasing Hc/D after the maximum value of 

NqOD.  For example, NqOU decreases approximately 1.2 % and ps-p decrease 

approximately 2.6 % from Hc/D = 30 to 100. 

 

Figure 7.12 plots NqOD-e and NqOU-e with respect to NqOD-s and NqOU-s in 

partially saturated sand. NqOD-s and NqOD-s are given by the simplified approached 

embodied in Eqn. 7.1 and 7.2, respectively.  There is favorable agreement between 

the FE analyses and the simplified approach, with all the FE analyses within 10 % of 

the simplified approach.  The average difference between NqOD-e and NqOD-s is 2.7 %, 

and NqOU-e and NqOU-s is 3.7 %. 

 

7.7 Force vs. Displacement Relationships for One Dimensional Modeling of 

Soil-Pipeline Interaction 

 

Pipeline analysis for soil-structure interaction under permanent ground 

deformation is often performed with one-dimensional FE models to represent the 

pipeline and soil force vs. displacement relationships that are mobilized by various 

types of ground movement.  As described by ASCE (1984), soil pipeline interaction  
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Figure 7.10 Summary Plot of NqOD vs. Hc/D of Oblique Downward Pipe Movement in 

Partially Saturated RMS Graded Sand 

 

 



 185

 

 

0 20 40 60 80 100
Dimensionless Depth, Hc/D

0

10

20

30
M

ax
im

um
 D

im
en

si
on

le
ss

 F
or

ce
, 

N
qO

U
 =

 F
/(
 d

H
cD

L
)

Legend:
Oblique Upward
Partially Saturated RMS Graded Sand

D

Hc

 

Figure 7.11 Summary Plot of NqOU vs. Hc/D for Oblique Upward Pipe Movement in 

Partially Saturated RMS Graded Sand 
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Figure 7.12 Comparison of FE Analyses and Simplified Approach 
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is represented by components in the axial, transverse horizontal, and transverse 

vertical directions, as schematically represented by the soil springs in Fig. 7.13. 
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Figure 7.13 Soil Load and Restraints (ASCE, 1984) 

 

The force vs. displacement relationships for transverse force on pipelines 

subjected to differential ground movement can be represented by a rectangular 

hyperbola for the nonlinear characterization of force vs. displacement or by a simple 

bilinear relationship between force and displacement (Trautmann and O’Rourke, 1983; 
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ASCE, 1984; Trautmann et al., 1985; Turner, 2004).  Nonlinear and bilinear force vs. 

displacement relationships for 1-D FE modeling of soil-pipeline interaction are 

developed from the analytical and experimental work described in this study, and are 

presented for lateral, vertical upward, vertical downward, and oblique pipe movements 

under the subheadings that follow. 

 

7.8.1 Lateral Pipe Movement 

 

Following the procedure proposed by Trautmann and O’Rourke (1983), the 

force vs. displacement relationship can be modeled by a rectangular hyperbola.  

Normalizing the force vs. displacement curves with respect to the maximum lateral 

dimensionless force, NqH, and the dimensionless displacement associated with 

maximum force, YfH/D, the data were plotted on transformed axes.  The displacement 

YfH is replotted in Fig. 7.14 as the ratio YfH/Hc.  As shown in the figure, 

representative values of YfH/Hc are 3.7 %, 2.7 %, and 2.1 % for medium, dense, and 

very dense sand, respectively.  Figure 7.15 shows the average hyperbolic relationship 

for selected data from each test.  The representative hyperbolic models for lateral 

pipe movement was found to be 
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in which FH = (F/dHcDL)/NqH, YH = (YH/D)/(YfH/D), F = the force measured at each 

increment of displacement, and YH = horizontal displacement.  Equation 7.5 is close 

to the expression of FH = YH/(0.17 + 0.83 YH) reported by Trautmann and O’Rourke 

(1985) for lateral pipe movement in dry CU filter sand based on the experimental data. 
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Figure 7.14 YfH/Hc vs. Hc/D Plots for Lateral Pipe Movement 

 

Using this relationship and appropriate values of NqH and YfH/D, a force vs. 

displacement relationship can be constructed for any combination of pipe diameter, 

depth, and soil density. 

 

Some computer programs use a bilinear force vs. displacement relationship to 

model soil behavior.  The bilinear force vs. displacement model consists of an initial 

elastic portion and a plastic portion.  The initial elastic portion has a slope of K70H 

and the plastic portion represents the limiting value of maximum pipe force.  To 

select the slope of K70H, the method proposed by Thomas (1978) and used by 

Truatmann & O’Rourke (1983) was applied to the force vs. displacement response of 

the pipe.  As explained in Chapter 3, bisecting the experimental pipe-displacement 
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plot by a K70-line results in approximately equal areas between K70 and the nonlinear 

data plot below and above the 70 % peak force value. 
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Figure 7.15 Force vs. Displacement Relationships for One Dimensional Modeling of 

Soil-Pipeline Interaction for Lateral Pipe Movement 

 

As shown in Fig 7.15, a bilinear representation based on K70H results in a 

maximum force at a normalized displacement of 0.5.  This value is close to 0.4 

reported by Trautmann and O’rourke (1985).  From the observation, the displacement 
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at maximum force for the bilinear relationship is half of the YfH/D and can be defined 

as 
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K70H is then given by the following equation: 

 

 DLNCK dqHKHH 70  (7.7) 

  

The displacement YfH is provided in Fig. 7.14 for medium, dense, and very dense sand. 

 

7.8.2 Vertical Upward Pipe Movement 

 

As explained in Section 7.8.1, the force vs. displacement relationship for 

vertical upward pipe movement can be modeled by a rectangular hyperbola.  

Normalizing the force vs. displacement curves with respect to the maximum vertical 

upward dimensionless force, NqVU, and YfVU/D, the data were plotted on transformed 

axes.  The displacement YfVU is replotted in Fig. 7.16 as the ratio YfVU/Hc.  As 

shown in the figure, representative values of YfVU/Hc are 1.3 %, 1.1 %, and 1.0 % for 

medium, dense, and very dense sand, respectively.  Figure 7.17 shows the average 

hyperbolic relationship for selected data from each test.  The representative 

hyperbolic models for vertical upward pipe movement was found to be 
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in which FVU = (F/dHcDL)/NqVU, YVU = (YVU/D)/(YfVU/D), and YVU = vertical 

upward displacement.  Equation 7.8 is close to the expression of FVU = YVU/(0.07 + 

0.93 YVU) reported by Trautmann et al., (1985) for vertical upward pipe movement in 

dry CU filter sand based on the experimental data.  Using this relationship and 

appropriate values of NqVU and YfVU/D, a force vs. displacement relationship can be 
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Figure 7.16 YfVU/Hc vs. Hc/D Plots for Vertical Upward Pipe Movement 
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constructed for any combination of pipe diameter, depth, and soil density. 

 

Similar to lateral pipe movement, a bilinear representation of force vs. 

displacement for vertical upward pipe movement is plotted in Fig. 7.17.  As shown in 

the figure, a bilinear representation based on K70VU results in a maximum force at a 

normalized displacement of 0.3.  This value is close to 0.2 reported by Trautmann et 

al., (1985).  From the observation, the displacement at maximum force for the 

bilinear relationship is 0.3 times the YfVU/D and can be defined as 
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K70VU is then given by the following equation: 

 

 DLNCK dqVUKVUVU 70  (7.10) 

  

The displacement YfVU is provided in Fig. 7.16 for medium, dense, and very dense 

sand. 

 

7.8.3 Vertical Downward Pipe Movement 

 

As explained in Section 7.8.1, the force vs. displacement relationship for 

vertical downward pipe movement can be modeled by a rectangular hyperbola.  

Normalizing the force vs. displacement curves with respect to the maximum vertical 

downward dimensionless force,  NqVD,  and  YfVD / D,  the data were plotted on 
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Figure 7.17 Force vs. Displacement Relationships for One Dimensional Modeling of 

Soil-Pipeline Interaction for Vertical Upward Pipe Movement 

 

transformed axes. The displacement YfVD is replotted in Fig. 7.18 as the ratio YfVD/Hc.  

As shown in the figure, representative values of YfVD/Hc are 0.81 %, 0.79 %, and 

0.75 % for medium, dense, and very dense sand, respectively.  Figure 7.19 shows the 

average hyperbolic relationship for selected data from each test.  The representative 

hyperbolic model for vertical downward pipe movement was found to be 
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Figure 7.18 YfVD/Hc vs. Hc/D Plots for Vertical Downward Pipe Movement 
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in which FVD = (F/dHcDL)/NqVD, YVD = (YVD/D)/(YfVD/D), and YVD = vertical 

downward displacement.  Using this relationship and appropriate values of NqVD and 

YfVD/D, a force vs. displacement relationship can be constructed for any combination 

of pipe diameter, depth, and soil density. 

 

Similar to lateral pipe movement, a bilinear representation of force vs. 

displacement for vertical downward pipe movement is plotted in Fig. 7.19.  As 

shown in the figure, a bilinear representation based on K70VD results in a maximum  
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Figure 7.19 Force vs. Displacement Relationships for One Dimensional Modeling of 

Soil-Pipeline Interaction for Vertical Downward Pipe Movement 

 

force at a normalized displacement of 0.6.  From the observation, the displacement at 

maximum force for the bilinear relationship is 0.6 times the YfVD/D and can be defined 

as 
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K70VD is then given by the following equation: 

 

 DLNCK dqVDKVDVD 70  (7.13) 

  

The displacement YfVD is provided in Fig. 7.18 for medium, dense, and very dense 

sand. 

 

7.8.4 Oblique Downward Pipe Movement 

 

The force vs. displacement relationship for oblique downward pipe movement 

can be modeled by a rectangular hyperbola.  Normalizing the force vs. displacement 

curves with respect to the maximum oblique downward dimensionless force, NqOD, 

and YfOD/D, the data were plotted on transformed axes.  The displacement YfOD is 

replotted in Fig. 7.20 as the ratio YfOD/Hc.  As shown in the figure, representative 

values of YfOD/Hc are 0.44 %, 0.07 %, and 0.06 % for medium, dense, and very dense 

sand, respectively.  Figure 7.21 shows the average hyperbolic relationship for 

selected data from each test.  The representative hyperbolic models for oblique 

downward pipe movement was found to be 
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in which FOD = (F/dHcDL)/NqOD, YOD = (YOD/D)/(YfOD/D), and YOD = oblique  
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Figure 7.20 YfOD/Hc vs. Hc/D Plots for Vertical Downward Pipe Movement 

  

downward displacement.  Using this relationship and appropriate values of NqOD and 

YfOD/D, a force vs. displacement relationship can be constructed for any combination 

of pipe diameter, depth, and soil density. 

 

A bilinear representation of force vs. displacement for oblique downward pipe 

movement is plotted in Fig. 7.21.  As shown in the figure, a bilinear representation 

based on K70OD results in a maximum force at a normalized displacement of 0.55.  

From the observation, the displacement at maximum force for the bilinear relationship 

is 0.55 times the YfOD/D and can be defined as 
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Figure 7.21 Force vs. Displacement Relationships for One Dimensional Modeling of 

Soil-Pipeline Interaction for Oblique Downward Pipe Movement 
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K70OD is then given by the following equation: 
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 DLNCK dqODKODOD 70  (7.16) 

  

The displacement YfOD is provided in Fig. 7.20 for medium, dense, and very dense 

sand. 

 

7.8.5 Oblique Upward Pipe Movement 

 

The force vs. displacement relationship for oblique upward pipe movement 

can be modeled by a rectangular hyperbola.  Normalizing the force vs. displacement 

curves with respect to the maximum oblique upward dimensionless force, NqOU, and 

YfOU/D, the data were plotted on transformed axes.  The displacement YfOD is 

replotted in Fig. 7.22 as the ratio YfOU/Hc.  As shown in the figure, representative 

values of YfOU/Hc are 1.7 %, 1.3 %, and 1.2 % for medium, dense, and very dense sand, 

respectively.  Figure 7.23 shows the average hyperbolic relationship for selected data 

from each test.  The representative hyperbolic models for oblique upward pipe 

movement was found to be 
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in which FOU = (F/dHcDL)/NqOU, YOU = (YOU/D)/(YfOU/D), and YOU = oblique 

upward displacement.  Using this relationship and appropriate values of NqOU and 

YfOU/D, a force vs. displacement relationship can be constructed for any combination 

of pipe diameter, depth, and soil density. 
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Figure 7.22 YfOU/Hc vs. Hc/D Plots for Vertical Downward Pipe Movement 

  

A bilinear representation of force vs. displacement for oblique upward pipe 

movement is plotted in Fig. 7.23.  As shown in the figure, a bilinear representation 

based on K70OU results in a maximum force at a normalized displacement of 0.4.  

From the observation, the displacement at maximum force for the bilinear relationship 

is 0.4times the YfOU/D and can be defined as 
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Figure 7.23 Force vs. Displacement Relationships for One Dimensional Modeling of 

Soil-Pipeline Interaction for Oblique Downward Pipe Movement 

 

K70OU is then given by the following equation: 

 

 DLNCK dqOUKOUOU 70  (7.16) 
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The displacement YfOU is provided in Fig. 7.22 for medium, dense, and very dense 

sand. 



 204

CHAPTER 8 

 

SUMMARY AND CONCLUSIONS 

 

8.1 Introduction 

 

This study has focused on soil-structure interaction of underground pipelines 

subject to relative displacement between pipe and soil under 2-D plane strain 

conditions.  Finite element (FE) analyses of lateral, vertical upward, vertical 

downward, and oblique pipe movement have been performed.  This chapter provides 

a summary of major research findings associated with this dissertation.  The sections 

that follow summarize the research findings related to 1) comparison of finite element 

and experimental results for lateral pipe movement; 2) lateral pipe movement in semi-

infinite soil at various depths; 3) vertical upward pipe movement; 4) vertical 

downward pipe movement; 5) oblique pipe movement; and 6) guidelines for practice.  

The final section provides a discussion of research needs and future research 

directions. 

 

8.2 Comparison of Finite Element and Experimental Results for Lateral Pipe 

Movement 

 

A series of finite element (FE) analyses with ABAQUS 6.9 (2009) were 

performed to predict the peak force and to compare the measured peak forces with 

experimental results.  The experimental database used for the comparisons was 

derived from full-scale, 2-D tests on pipe buried in dry and partially saturated sand.  

The input soil strength parameters for the FE simulations were obtained from DS tests 
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performed by Olson (2009) and strain softening of the soil was represented by 

applying the model proposed by Anastasopoulos, et al. (2007). 

 

The soil strength modeling used in this research accounts for changes in the 

sand peak angle of dilatency, p, as a function of the confining stress and initial dry 

soil density, d, based on the experimental results of Olson (2009).  Because the peak 

plane strain friction angle, ’ps-p, is related to p as well as the critical angle of shear 

resistance, ’crit, ’ps-p will also vary as a function of confining stress.  A simplified 

analytical approach was developed in which ’ps-p was related only to the vertical 

effective stress at the pipe centerline.  The FE results for this approach were 

compared with the results of FE analyses in which ’ps-p was varied with depth and 

related to the more accurate reference stress, ’N, representing the normal stress at 

maximum obliquity.  The difference between the simplified approach and more 

accurate representation was less than 3.3 %, thus showing that the simplified approach 

provides a suitable method of analysis.  A similar analytical approach was adapted 

for partially saturated conditions using total stress strength parameters for plane strain 

cohesion, cps, and friction angle, ps-p. 

 

For both dry and partially saturated sand, the dimensionless lateral force from 

FE analyses and the 2-D large-scale test results of Trautmann and O’Rourke (1983) 

and Olson (2009) are in very favorable agreement for depth-to-diameter ratios, Hc/D, 

that vary from 3.5 to 11.  In general, the FE analyses results over predict the 

measured dimensionless peak force by a small, but conservative, margin of 2 – 7 %. 

 

To determine the elastic modulus that represents the force-displacement 

relationship before yield, the K70 approach proposed by Thomas (1978) and applied by 
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Truatmann & O’Rourke (1983) was used.  The equivalent modulus for lateral pipe 

movement, E70-H, was determined by running FE simulations with different values of 

E and the same strength parameters for each experimental data set from Trautmann & 

O’Rourke (1983) and Olson (2009) until the initial linear force displacement response 

coincided with K70.  Then, multiple linear regression analyses were performed on 

E70-H, ’vc, and d to obtain an expression for predicting E70-H as a function of ’vc and 

d.  

 

8.3 Lateral Pipe Movement in Semi-Infinite Soil at Various Depths 

 

The modeling process was expanded to account for lateral soil-pipe 

interaction within a semi-infinite soil medium.  Comparisons of experimental FE 

analyses and semi-infinite FE analyses show that the dimensionless maximum lateral 

forces from the semi-infinite FE analyses are smaller than those from the experimental 

FE analyses by 2 %.  The displacement patterns for semi-infinite FE analyses and 

experimental FE analyses are also compared.  When compared with the actual 

displacements observed in the large-scale experiments (Trautmann, 1983; Turner, 

2004), the semi-infinite model provides a better representation of dry soil movement 

behind the pipe, but does not account for horizontal soil sliding along the base of the 

experimental test box.  

 

Semi-infinite soil models were used to investigate the relationship between 

maximum lateral dimensionless force, NqH, and Hc/D for medium, dense, and very 

dense sand.  The FE analyses of lateral pipe movement show that NqH reaches its 

maximum value of approximately 15, 18, and 23 for medium, dense, and very dense 

sand, respectively, at Hc/D = 15  20.  For partially saturated RMS graded sand, the 
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FE analyses of lateral pipe movement show that NqH reaches its maximum value of 

27 at Hc/D = 30.   

 

Additional FE analyses were run with various pipe diameters to investigate 

the diameter effect on soil-pipe interaction at constant Hc/D.  The results show that 

the diameter effect increases when d increases, but decreases when Hc/D increases.  

For constant Hc/D, the pipe depth increases as D increases so that the elevated 

confining stress with depth reduces the dilatancy contribution to sand shear strength.  

For D = 102 mm and 900 mm, the maximum difference in NqH is approximately 

12 % for both dense and very dense sand.  The effects of diameter are negligible in 

medium sand.  

 

The 2-D displacements of lateral pipe movement from FE simulations at 

various depths were investigated to check soil deformation patterns relative to NqH.  

The soil displacement pattern at shallower depth is asymmetrically developed from the 

pipe to the surface, whereas the soil displacement pattern at greater depth is 

symmetrically developed around the pipe.  When Hc/D increases to approximately 20, 

the soil deformation pattern becomes symmetric with respect to the pipe so that any 

further change in lateral force with increasing depth is related to changes in soil 

strength and not the geometric characteristics of the soil movement. 

 

8.4 Vertical Upward Pipe Movement 

 

A simulation procedure was developed to account for the effects of soil 

movement during upward pipe displacement.  The predicted maximum 

dimensionless forces from FE analyses match those from the large-scale tests for Hc/D 



 208

= 1.5  13.  The FE results compare favorably with the measured maximum 

dimensionless forces, with values 5 – 13 % higher than the experimental forces.  

 

A procedure similar to that used for lateral pipe movement was used to 

determine the equivalent modulus for vertical upward pipe movement, E70-VU.  

Multiple linear regression analyses were also performed on E70-VU, ’vc, and d to 

obtain a expression for predicting E70-VU as a function of ’vc and d. 

 

Semi-infinite soil models were used to investigate the relationship between 

maximum vertical upward pipe force and various pipe depths for medium, dense, and 

very dense sand.  The FE simulations of vertical upward pipe movement show that 

NqVU reaches its maximum value of approximately 14, 17, and 20 for medium, dense, 

and very dense sand, respectively, at Hc/D = 30.  For partially saturated sand, NqVU 

reaches its maximum value of approximately 25 at Hc/D = 20  30. 

 

Additional FE analyses were run with various pipe diameters to investigate 

the diameter effect on soil-pipe interaction at constant Hc/D.  Similar to the lateral 

pipe movement results, the vertical upward pipe movement results show that the 

diameter effect increases when d increases, but decreases when Hc/D increases.  For 

D = 102 mm and 900 mm, the maximum difference in NqVU is approximately 11 % for 

both dense and very dense sand. 

 

8.5 Vertical Downward Pipe Movement 

 

The numerical model is modified to account for vertical downward soil-pipe 

interaction within a semi-infinite soil medium.  To evaluate the effective maximum 
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load for pipe settlement, NqVD, the methods recommended for the interpretation of 

deep and shallow foundation load tests (Hirany and Kulhawy, 1998, 1989, and 2002; 

Akbas and Kulhawy, 2009) were used.   

 

The FE simulations of vertical downward pipe movement show that NqVD 

reaches its maximum value of 16, 19, and 24 for medium, dense, and very dense sand, 

respectively, at Hc/D = 8  15.  For partially saturated sand, NqVD reaches its 

maximum value of approximately 28 at Hc/D = 15  20. 

 

The failure threshold forces for 2-D vertical downward pipe movement are 30 

– 40 % of the bearing capacity forces.  Force vs. displacement measurements from 

centrifuge tests of pipeline response to normal faulting (Abdoun, et al., 2008) show 

that the measured force associated with vertical downward pipe movement was 

approximately one-tenth of the conventional bearing capacity force.  The vertical 

downward pipe movement is accompanied by soil displacement into the void that 

develops above the pipe.  In the case of a deep foundation, however, the continuous 

deep foundation prevents soil displacement into a zone above the tip, and thus 

provides substantially higher constraint on soil deformation with associated higher 

resistance to tip penetration of the soil mass. 

 

Because experimental data are sparse for downward pipe movement, it is 

difficult to verify the FE analyses results.  To check the validity of the model, 

numerical simulations of 2-D deep foundations are performed.  The FE failure 

threshold forces of the foundations are then checked against the theoretical bearing 

capacity forces.  The FE results compare favorably with the theoretical bearing 

capacity forces, with values about 5 % higher than the theoretical bearing capacity 
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forces, proving that the FE analyses provides reasonable estimate for deep foundations. 

 

The strain compatible secant modulus for vertical downward pipe movement, 

E-VD, associated with  = 0.8 was used to predict NqVD for the medium, dense, and 

very dense sands at various Hc/D.  The resulting force vs. displacement relationships 

for downward pipe movement were checked to see if they provides a L1 and L2 

consistent with load test statistics.  From the 24 simulations performed with E-VD 

related to  = 0.8, average values were obtained for L1, the displacement at the end of 

the initial linear part of the load vs. displacement plot, and L2, the displacement at the 

beginning of the finial linear part of the load vs. displacement plot.  Values of L1 = 

0.19 % D and L2 = 5.83 % D were obtained, which are relatively close to L1 = 

0.22 % D and L2 = 5.94 % D, obtained from field load test data summarized in 

Appendix D. 

 

Additional FE analyses were run with various pipe diameters to investigate 

the diameter effect on soil-pipe interaction at constant Hc/D.  The FE results show 

that the diameter effect increases when d increases, and decreases when Hc/D 

increases.  For D = 102 mm and 900 mm, the maximum difference in NqVD is 

approximately 30 %. 

 

8.6 Oblique Pipe Movement 

 

To develop a comprehensive basis for evaluating force vs. displacement 

relationships for underground pipelines, the modeling process is expanded to account 

for oblique movement of the pipe.  Numerical simulations were performed for pipe 

displacement, with both upward and downward movement components, at an angle of 
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45 with respect to the horizontal.  The FE simulations of oblique downward pipe 

movement show that the dimensionless maximum oblique downward pipe force, NqOD, 

reaches its maximum value of 16, 18, and 23 for medium, dense, and very dense sand, 

respectively, at Hc/D = 11  15.  For partially saturated sand, NqOD reaches its 

maximum value of 27 at Hc/D = 20 – 30.  The FE simulations of oblique upward pipe 

movement show that the dimensionless maximum oblique upward pipe movement 

force, NqOU, reaches its maximum value of 15, 17, and 21 for medium, dense, and very 

dense sand, respectively, at Hc/D = 20  30.  For partially saturated sand, NqOU 

reaches its maximum value of 25 at Hc/D = 25 – 30. 

 

Equations for estimating the maximum oblique pipe force from known 

horizontal and vertical forces have been proposed (ASCE, 1984) on the basis of 

recommendations by Nyman (1982) and Meyerhof (1973).  The comparisons oblique 

forces from FE analyses compare favorably with those given by the proposed 

equations with only a 2 – 5 % difference between them. 

 

8.7 Guidelines for Practice 

 

The FE maximum dimensionless force for lateral, vertical upward/downward, 

and  45 oblique orientations are combined in a series of graphs for visualizing and 

for modeling soil-pipeline force for any movement direction under plane strain 

conditions.  The analytical results are normalized with respect to NqH.  The 

dimensionless force ratio, Nq/NqH has a unique value for a given Hc/D and direction of 

pipe movement, which does not depend on sand density and associated friction angles.  

The plots of Nq/NqH are asymmetric about the horizontal axis and the plots become 

symmetric about the horizontal axis, as Hc/D increases.  Confining stress effects on 
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’ps-p, and therefore, there is a dependency of Nq on the diameter for constant shallow 

Hc.  A correction factor to cover different diameters can be obtained from the 

treatment of diameter effects for NqH, NqVU, and NqVD. 

 

Finite element results were evaluated to estimate the strain compatible secant 

modulus, E, at peak pipe force for various pipe movement directions.  The range of 

the mobilized soil strength fraction at peak pipe force, , for lateral, vertical 

upward/downward, and  45 oblique orientations is provided.  As Hc/D increases, 

the range of  converges to 0.7    0.9 for any pipe movement. 

 

Hyperbolic and bilinear representations of force vs. displacement curves for 

various pipe movements are provided for simple 1-D numerical analyses.  For a 

problem requiring a high degree of accuracy, the hyperbolic model provides better 

representations of soil-pipe behavior than the bilinear model.  However, the bilinear 

model provides a quick and easy estimation of force with reasonable accuracy.  

 

8.8 Future Research Directions 

 

The purpose of this research is to evaluate soil-pipeline interaction under 2-D 

conditions with readily accessible constitutive models.  In ABAQUS, the most 

widely used model for soil behavior is the MC plasticity model.  When using the MC 

model in this work, direct shear strength data for sand were converted to plane strain 

strength parameters in accordance with the procedure described by Davis (1968), 

Olson (2009), and O’Rourke (2010).  Moreover, strain softening of the soil was 

represented by applying the model proposed by Anastasopoulos, et al. (2007).  To 

best describe the soil-pipeline interaction with the MC elasto-plastic model, it was 
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found that a strain compatible modulus is required.  The selection of a strain 

compatible modulus requires an assessment of the fraction of mobilized peak soil 

strength within the highly stressed soil zone adjacent to the pipe at peak pipe force. 

 

There are alternative models that describe the stress-strain behavior before and 

after the soil yield.  Examples include the hyperbolic stress-strain relationship 

proposed by Duncan (1980), the hierarchical approach proposed by Desai, et al. 

(1986), the Nor-Sand model originally developed by Jefferies (1993) and used by 

Yimsiri, et al. (2004), and the CLoE model described and used by Chambon, et al. 

(2005).  Future research should be focused on applying other models and/or 

developing a more appropriate model to account for the stress-strain relationship at 

any level of soil displacement. 

 

Data from centrifuge tests of buried pipeline response to normal fault 

movement (Abdoun, et al., 2008) show that the measured force associated with 

vertical downward pipe movement was substantially lower than the maximum force 

calculated with conventional bearing capacity formulation.  Finite element analyses 

in this work show that the failure threshold force for 2-D vertical downward pipe 

movement is consistently lower than conventional bearing capacity values.  There are 

no experiments to verify the accuracy of the FE analyses results for vertical downward 

pipe movement.  It would be beneficial for the validation of this model to have 

experiments similar to those performed by Trautmann and O’Rourke (1983), Turner 

(2004), and Olson (2009) in the vertical downward direction for pipe movement. 

 

Because there are limited data available for partially saturated sand, only dry 

strength parameters were considered in this research.  In partially saturated sand, 
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even small changes in grain size characteristics can substantially alter the soil suction 

and the total stress strength parameters of the sand surrounding the pipe.  Moreover, 

the resistance of partially saturated sand with respect to pipe movement is greater than 

that of dry sand for equivalent conditions of soil density and vertical stress (Olson, 

2009; O’Rourke, 2010).  Therefore, to gain a greater understanding of soil-pipe 

behavior, more experiments and numerical analyses in partially saturated sand 

conditions are required. 

 

It would be valuable to study the force vs. displacement relationship of pipes 

in trenches with different geometries and different backfill properties to determine the 

geometric configuration and backfill material specifications that minimize the force 

imposed on the pipe under permanent ground deformation.  The effects of special 

measures, such as the use of light weight backfill, flowable fill, and expanded 

polystyrene, should also be evaluated with FE simulations and full-scale tests to 

validate and qualify the analytical process. 

 

Additional research on soil-pipeline interaction is needed for clays and silts 

subject to undrained loading.  Full-scale tests and numerical simulations are required 

to evaluate and design for this type of interaction. 
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APPENDIX A 

 

STRAIN-COMPATIBLE MODULUS 

 

A.1 Introduction 

 

Implicit in using an elasto-plastic model to predict lateral force vs. 

displacement at maximum pipe load is the selection of E to be strain compatible with 

the level of stress in the soil at the peak pipe load.  This appendix shows how the 

secant modulus, Esec, of sand is related to the fraction of the peak soil strength 

mobilized at maximum lateral pipe force.  The results of finite element (FE) analyses 

are evaluated using the relationship between secant modulus and mobilized peak soil 

strength. 

 

A.2 Derivation of Secant Modulus Associated with Stress Levels 

 

Duncan and Chang (1970) have shown that the stress-strain curve of sand can 

be approximated by hyperbola.  The proposed hyperbolic equation is 

 

   



ba 
 31 ''  (A.1) 

 

in which 1 and 3 are the major and minor principal stress,  is the strain, and a and 

b are defined in Fig. A.1.  In the figure, Ei is the initial tangent modulus and (1  

3)ult is the asymptotic value of the principal stress difference which the stress-strain 

curve approaches at infinite strain. 
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Figure A.1 Hyperbolic Stress-Strain Curve (After Duncan and Chang, 1970) 

 

As shown in Fig. A.1, the hyperbola remains below (1  3)ult within all 

finite values of strain.  The stress difference at the maximum lateral pipe force,    

(1  3)f, is expressed as 

 

    ultff R 3131 ''''    (A.2) 

 

in which Rf is a reduction factor.  The value of Rf = 0.9 reported by Trautmann and 

O’Rourke (1983) was used in this study. 
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If  is the fraction of the peak soil strength mobilized at maximum lateral pipe 

force, Eqn. A.2 can be re-written as 

 

    ultff R 3131 ''''    (A.3) 

  
b

Rf
f


  31 ''  (A.4) 

 

From Eqns A.1 and A.4, the soil strain related to , , is expressed as 

 

 
 




ba
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b

f

  (A.5) 
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f

R

R

b

a
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  (A.6) 

 

Combining the definitions of a and b with Eqn. A.6, 
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'' 31

f

f
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
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Referring the Fig. A.1, the secant modulus related to , E, is the slope of the straight 

line from the origin to ( Rf (1  3)ult, ), expressed as 

 

 
 


 

 ultfR
E 31 '' 

  (A.8) 
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Combining Eqns A.7 and A.8, results in 

 

 if ERE )1(    (A.9) 

 

from which the ratio of the strain compatible modulus, E, mobilized at , to the 

initial modulus, Ei, is 

 

 )1( f
i

R
E

E    (A.10) 

 

In this way, Esec associated with any percentage of the maximum stress level 

can be calculated from the initial tangent modulus. 

 

A.3 Relationship Between Secant Modulus and Mobilized Fraction of Soil 

Strength 

 

Finite element results were evaluated to estimate the relationship between Ei 

and Esec at maximum pipe load.  Figure A.2 shows a typical contour pattern of    

(1  3)/(1  3)f FE analysis at the peak horizontal pipe load in dense RMS 

graded sand at Hc/D = 5.5.  As shown in the figure, the highest levels of principal 

stress difference are within a bulb-shaped zone that extends one to two diameters from 

the pipe.  Each area of (1  3)/(1  3)f within the bulb of elevated principal 

stress difference was measured and the weighted average of (1  3)/(1  3)f, , 

around the pipe was calculated by the following equation: 
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a) Entire Mesh 
Hc/D = 5.5, Dense Sand

b) Mesh Adjacent to Pipe
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Figure A.2 Contour of (1  3)/ (1  3)f for Dense CU Filter Sand at Maximum 

Pipe Load 
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in which an is the area of each [(1  3)/ (1  3)f]n. 

 

Using the relationship proposed by Janbu (1963) between Ei, and minor 

principal effective stress, 3, as Ei = K pa (3/pa)
n, Duncan and Chang (1970) and 

Wong and Duncan (1974) summarized K and n-values obtained from triaxial tests on 

sand, and reported mid-range values of K and n equal to 800 and 0.55 for dense sand.   

The vertical effective stress at the center of the pipe, ’vc, was used as a proxy for 3, 

and the highly stressed zones at one and two pipe diameters from the pipe were used 

to perform two separate calculations of  with Eqn. A.11, from which lower and upper 

bound values of E were obtained.  The range of  for dense sand at Hc/D = 5.5 is 

0.83 – 0.95, corresponding to E = 3200 – 5600 kPa, which was calculated with Eqn 

A.9 and the Janbu expression for Ei above. 

 

Figure A.3 shows the histogram of the moduli back-calculated for Hc/D = 5.5 

in dense sand (see Chapter 3) from the data obtained with 9 large-scale tests (Turner, 

2004; Olson, 2009).  Lower and upper bound values of E are also shown on the 

figure.  The back-calculated moduli were determined by the K70-procedure discussed 

in Section 3.6.  The mean value of E70-H from 9 large-scale tests is 3200 kPa and the 

standard deviation is 480 kPa whereas the lower and upper bound values of E are 

3200 kPa and 5600 kPa, respectively.  The lower bound value of E is consistent with 

the experimentally determined values.  Similar assessments were performed for 
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Figure A.3 Histogram of E-H from Turner (2004) and Olson (2009) Test and the 

Lower and Upper Bound of Computed E-H 

 

medium CU filter sand at Hc/D = 3.5, 8, and 11 to compare E and the back-calculated 

moduli from the large-scale test data (Trautmann and O’Rourke, 1983).  Table A.1 

summarizes the results for medium CU filter sand at Hc/D = 3.5, 8, and 11.  Similar 

to the results for dense sand, the lower bound value of E is consistent with the 

experimentally determined values for all cases. 
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Table A.1 Summary of E-H for Medium Sand at Various Hc/D 

E-H (kPa) 
Hc/D 

Lower Bound Upper Bound 
E70-H (kPa) 

3.5 1300 2100 1300 

8 2200 4200 2400 

11 2800 5000 3100 

 

A.4 Mobilized Soil Strength Fraction for Horizontal, Vertical Upward, and 

Vertical Downward Pipe Movement 

 

The procedure for evaluating the mobilized soil strength fraction at peak force, 

described in the previous section, was applied systematically to FE results for 

horizontal pipe movement in medium, dense, and very dense sands at Hc/D from 3.5 to 

11.  Generalizing from the results of all analyses, it appears that 0.9    0.95 for 

horizontal pipe movement. 

 

A similar assessment procedure was performed for vertical upward and 

downward pipe movement in sand, and the combined results are summarized in Table 

A.2.  For vertical upward pipe movement, a range of  from FE results was used to 

estimate the strain compatible E-VU at peak pipe force.  This E-VU was compared 

with the E70-VU back-calculated from matching FE and measured force vs. 

displacement relationships to further narrow and refine the range of  in Table A.2.  

For vertical downward movement, a range of  from FE results for deep foundations 

was used to estimate the strain compatible E-VD at peak pipe force.  The peak 

vertical downward force associated with E-VD at the midrange of estimated moduli 

was compared with the theoretical bearing capacity force calculated for rigidity factors 



 223

representing upper and lower bounds on E-VD.  The resulting favorable comparison, 

discussed in Chapter 6, confirms that the ranges of  for vertical downward pipe 

movement in Table A.2 are consistent with widely used bearing capacity formulations.  

As described in Chapter 7, the range of  for lateral and vertical upward pipe 

movement converges to that for vertical downward pipe movement in deep 

embedment condition. 

 

Table A.2 Summary of Mobilized Soil Strength Fraction at Peak Pipe Force,  

Relative Pipe-Soil Movement Mobilized Soil Strength Fraction,  

Lateral 0.9    0.95 

Vertical Upward 0.91    0.98 

Vertical Downward 0.7    0.9 
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APPENDIX B 

 

THEORETICAL BACKGROUND OF INFINITE ELEMENTS 

 

B.1 Introduction 

 

Finite element (FE) analyses were run with a semi-infinite soil medium using 

‘infinite element’ as described in Chapter 4.  This appendix reviews the theoretical 

background of the infinite element, and its content is consistent with the theoretical 

basis provided by Zienkiewicz et al. (1983). 

 

B.2 Theoretical Background of Infinite Element 

 

s s

x0 x1 x2 x3

Map

  

u0 u1 u2 u3

d
Pole

 

Figure B.1 Mapped Infinite Element for 1-D Element 

 

The brief concept of the mapped infinite element can be explained by 

considering a simple one dimensional element as shown in Fig. B.1.  It is assumed 

that the solution at infinity is linear and is based on displacement component ui with 

respect to distance d measured from a pole, x0.  The displacement component at the 
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far field converges to 0 as d grows to infinity, and the displacement component at the 

pole increases to infinity as d converges to 0.  Consider an infinite element from node 

x1 to x2 and extending from x2 to x3.  The node x1 lies at the interface between the 

finite and infinite element, and apart from the pole with distance d = s.  The distance 

from the pole to the node x2 is 2lp and x3 lies at infinity.  This element is now mapped 

on to a finite domain -1    1, as illustrated in Fig. B.1.  The mapping function 

chosen by Zienkiewicz et al. (1983) is 

 

     2200 xNxNx    (B.1) 

 

where 
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An important condition of choosing the shape function N0() and N2() is that 

 

     120   NN  (B.3) 

 

It is essential that the mapping should be independent of any change in the 

origin of the co-ordinate system (Zienkiewicz et al., 1983).  Therefore, any shift of 

node in the origin by x results in the new co-ordinates as 
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For any chosen , it is necessary that 

 

 xxxN   (B.5) 

 

Combining Eqn. B.4 and Eqn. B.5 with Eqn. B.1 gives 

 

      xxNxxNxx  2200   (B.6) 

 

resulting in 

 

      xNNx   20  (B.7) 

 

Equation B.7 is satisfied only if Eqn. B.3 is true.  Thus, the relationship between the 

shape function N0() and N2() shown in Eqn. B.3 is required, so that the mapping is 

not affected by any shift of the node. 

 

Using the Eqn. B.1, the corresponding i are 
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The node x1 can be any point between the nodes x0 and x2.  The expression for node 

x1 can be written as 

 

 021 )1( xccxx   (B.9) 
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Usually, c in Eqn. B.9 is taken as 0.5, so that x1 is defined at the center of x0 and x2.  

 

Using the mapping function described above, an unknown function Fu in the 

mapped domain can be expressed with .  Fu can be approximated with a standard 

polynomial function as follows 
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2
210   aaaaFu  (B.10) 

 

Solving Eqn. B.1,  can be expressed as 
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From Eqn. B.9 and for c = 0.5,  

 

 sxxxx  1201  (B.12) 

 

The relationship between x0, x1, and x2 expressed in Eqn. B.12 is illustrated in Fig. B.1.  

If we let d = x – x0 as shown in Fig. B.1, Eqn. B.11 can be re-written as 

 

 
d

s2
1  (B.13) 

 

The displacement component u can be expressed as 
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Please note that Eqn. B.14 gives u = 0 at  = 1, where d approaches to infinity.  

Combine Eqn. B.13 and Eqn. B.14 gives 
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which includes 
d

1
 and 

2

1

d
 behavior.  Similarly, 

3

1

d
 behavior can be included by 

cubic interpolation of the displacement component, u, with respect to , and can be 

expressed as 
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Combining Eqn. B.13 and Eqn. B.16 gives 
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The mapped infinite element for the 2-D element is an extension of the 

method described above.  The mapping function is derived from those for 1-D 

conditions in the  direction, taken to be the infinite direction, and the standard 
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Lagrange shape function in the  direction (Zienkiewicz et al., 1983).  Figure B.2 

shows the mapped infinite element for 2-D element.  The infinite direction maps to 

the local  direction.  In the figure, x is expressed as 
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Figure B.2 Mapped Infinite Element for 2-D Element (Zienkiewicz et al., 1983) 
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where Ni() are standard quadratic Lagrange shape function.  Similarly, y is 

expressed as 
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APPENDIX C 

 

CONVENTIONAL BEARING CAPACITY CALCULATIONS 

 

C.1 Introduction 

 

This appendix presents conventional bearing capacity formulations to predict 

the bearing capacity load associated with deep foundation surfaces for the same 

dimensions and soil conditions used in the finite element (FE) analyses for vertical 

downward pipe movement, discussed in Chapter 6.  The maximum tip resistance 

forces from conventional bearing capacity formulations are calculated and 

summarized for medium, dense, and very dense sand as characterized in Table 3.2 for 

Hc/D = 8, 11, 15, 20, and 30. 

 

C.2 Bearing Capacity for Deep Foundations 

 

The maximum tip resistance of a deep foundation, Qtc, is calculated as  

 

 tipulttc AqQ   (C.1) 

 

in which qult = the maximum bearing capacity at the tip, and Atip = area of the base of 

the foundation.  Kulhawy et al. (1983) have shown that, for drained conditions with 

Hc/D  5, qult can be estimated as 

 

 qdqsqrqult qNq   (C.2) 
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in which q = vertical effective stress at Hc, Nq = bearing capacity factor, qr = rigidity 

factor, qs = shape factor, and qd = depth factor. 

 

The bearing capacity factor, Nq, is calculated as 
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in which ’ = effective angle of friction for the soil. 

 

The rigidity factor, qr, is calculated as 
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in which B = foundation width, L = foundation length, and Ir = rigidity index, which is 

defined as 

 

 
'tanqc

G
Ir 
  (C.5) 

in which G = shear modulus of soil and q is evaluated at a depth of 
2

B
 below the 

foundation. 

 

The shear modulus is computed from the elastic modulus, E, and Poisson’s 

ratio, , by the following: 
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  
12

E
G  (C.6) 

 

As discussed in Appendix A, the following equation is used to approximate E 

as 

 

  f
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R
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E  1  (C.7) 

 

in which  = fraction of the peak soil strength mobilized at maximum downward force, 

Rf = reduction factor.  Initial tangent modulus, Ei, is approximated by the relationship 

proposed by Janbu (1963) expressed as 
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in which K = constant, 3 = minor principal effective stress, and n = exponent 

determining the rate of variation of Ei with 3.  The vertical effective stress at the 

center of the pipe, ’vc, is used as a proxy for 3. 

 

The depth factor, qd, is calculated as 
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in which Hc is a depth from the top of the soil to the center of the pipe and tan-1 terms 

are expressed in radians. 

 

In this work,  = 0.3, c = 0, and qs = 1 were used.  To account for 

uncertainty in the estimation of E, a range of 0.7 <  < 0.9 was used from the 

procedure discussed in Appendix A to determine upper and lower bound Es.  Values 

of Nq, Ir, qr, and qd for Hc/D = 8, 11, 15, 20, and 30 are summarized in Table C.1. 
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Table C.1 Summarized Bearing Capacity Factors 

Ir, qr 

Hc/D 
d 

(kN/m3) 

’ps-p 

(degrees)
Nq Lower 

Bound

Upper 

Bound

Lower 

Bound 

Upper 

Bound 
qd 

8 Medium 16.4 43.6  108.9 66.0 230.5 0.22  0.43  1.27 

11 Medium 16.4 43.5  106.8 61.2 200.6 0.21  0.40  1.27 

15 Medium 16.4 43.4  104.8 56.7 174.6 0.20  0.38  1.28 

20 Medium 16.4 43.3  103.2 52.6 153.0 0.20  0.35  1.28 

30 Medium 16.4 43.1  101.0 47.2 126.6 0.19  0.32  1.29 

8 Dense 17.1 46.1  161.3 101.8 310.5 0.20  0.37  1.23 

11 Dense 17.1 45.9  155.1 91.9 271.4 0.20  0.36  1.24 

15 Dense 17.1 45.6  149.6 82.8 236.9 0.19  0.34  1.25 

20 Dense 17.1 45.4  144.9 74.9 208.3 0.18  0.33  1.26 

30 Dense 17.1 45.2  138.8 64.8 173.1 0.18  0.30  1.26 
8 Very 

Dense 17.7 48.2  229.3 145.7 421.0 0.19  0.34  1.21 

11 Very 

Dense 17.7 47.9  216.6 127.8 357.5 0.18  0.32  1.22 

15 Very 

Dense 17.7 47.5  205.5 111.9 303.5 0.17  0.31  1.23 

20 Very 

Dense 17.7 47.3  196.1 98.6 259.9 0.17  0.29  1.23 

30 Very 

Dense 17.7 46.9  184.4 82.2 208.1 0.16  0.27  1.24 
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APPENDIX D 

 

DATABASE FOR LOAD TESTS ON DEEP FOUNDATIONS UNDER AXIAL 

COMPRESSION 

 

D.1 Introduction 

 

This appendix presents information about 14 case histories of field axial 

compression load tests performed on deep foundations, including piles and drilled 

shafts.  The data show the relationship between vertical force and settlement of the 

pile and drilled shaft foundation tips.  Thus, the data do not include the effects of 

frictional resistance between the deep foundation and surrounding soil.  Table D.1 

provides a list of the case number, reference, test location, soil condition, the 

settlements at the end of the initial linear range, L1, and the settlement at the 

beginning of final linear range, L2.  All the deep foundations were circular in 

transverse cross-section.  The load vs. settlement data for each test was interpreted 

according to the description in Section 6.2.  L1 and L2 are expressed in the table as 

a fraction and multiple, respectively, of the diameter, D.  Brief description of the test, 

including soil and ground water condition are provided under the sections that follow.  

Plots of vertical load vs settlement are presented with L1 and L2. 
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Table D.1 Database for Load Tests on a Deep Foundation under Axial Compression 

Case Reference Test Location Soil Condition L1 (%)1 L2 (%)2

1 
Ismael and 

Klym, 1979 

Walkerton, 

Ontario, Canada

Sand over clay 

silt 
0.15 D3 4.4 D 

2 
Touma and 

Reese, 1974 

Live Oak 

County, TX 
Sand and clay silt 0.22 D 7.85 D 

3G1 
Reese and 

Touma, 1972 
Houston, TX Silt and sand 0.16 D 5.99 D 

3G2 
Reese and 

Touma, 1972 
Houston, TX Silt and sand 0.15 D 5.79 D 

4P1 
Aurora and 

Feese, 1977 
Near Austin, TX

Sand and gravel 

over shale 
0.34 D 7.33 D 

4P2 
Aurora and 

Feese, 1977 
Near Austin, TX

Sand and gravel 

over shale 
0.30 D 6.42 D 

4P3 
Aurora and 

Feese, 1977 
Near Austin, TX

Sand and gravel 

over shale 
0.23 D 6.56 D 

4P4 
Aurora and 

Feese, 1977 
Near Austin, TX

Sand and gravel 

over shale 
0.25 D 4.07 D 

4P5 
Aurora and 

Feese, 1977 
Near Austin, TX

Sand and gravel 

over shale 
0.28 D 5.56 D 

5 
Bustamante and 

Gianeselli, 1980 
France 

Sand and gravel 

over limestone 
0.11 D 4.80 D 

6A 

Gregersen, Aas, 

and Dibiagio, 

1973 

Near Drammen, 

Norway 

Uniform loose 

normally 

consolidated sand

0.18 D 5.39 D 

6D 

Gregersen, Aas, 

and Dibiagio, 

1973 

Near Drammen, 

Norway 

Uniform loose 

normally 

consolidated sand

0.22 D 6.08 D 

7C1 
Ackley and 

Sanders, 1979 
Not reported 

Gravels over 

shale 
0.20 D 6.75 D 

7C4 
Ackley and 

Sanders, 1979 
Not reported 

Gravels over 

shale 
0.32 D 6.17 D 

1.L1: the settlements at the end of the initial linear range; 2.L2: the settlement at the beginning of final 

linear range; 3.D: diameter 
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D.2 Case 1 

 

Case 1 pertains to a load test reported by Ismael and Klym (1979).  The 

concrete drilled shaft foundation was 6.4 m (21 ft) in length and 1067 mm (42 in) in 

width.  The test was performed in sand over clay silt in Walkerton, Ontario, Canada.  

Ground water was encountered at 0.6 m (2 ft) below the surface.  From the force vs. 

settlement plot, a L1 value of 0.15 D % and a L2 of 4.4 D % were obtained. 
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Figure D.1 Case 1 
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D.3 Case 2 

 

Case 2 pertains to a load test reported by Touma and Reese (1974).  The 

drilled shaft foundation was 10.1 m (33 ft) in length and 762 mm (30 in) in width.  

The test was performed in sand and clay silt in Live Oak County, Texas.  Ground 

water was not reported.  From the force vs. settlement plot, a L1 value of 0.22 D % 

and a L2 of 7.85 D % were obtained. 
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Figure D.2 Case 2 
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D.4 Case 3G1 

 

Case 3G1 pertains to a load test reported by Reese and Touma (1972).  The 

concrete drilled shaft foundation was 18.7 m (61.5 ft) in length and 935 mm (36.8 in) 

in width.  The test was performed in silt and sand in Houston, Texas.  Ground water 

was encountered at 4.9 m (16 ft) to 9.1 m (30 ft) below the surface.  From the force 

vs. settlement plot, a L1 value of 0.16 D % and a L2 of 5.99 D % were obtained. 
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Figure D.3 Case 3G1 
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D.5 Case 3G2 

 

Case 3G2 pertains to a load test reported by Reese and Touma (1972).  The 

concrete drilled shaft foundation was 24.0 m (78.8 ft) in length and 790 mm (31.1 in) 

in width.  The test was performed in silt and sand in Houston, Texas.  Ground water 

was encountered at 4.9 m (16 ft) to 9.1 m (30 ft) below the surface.  From the force 

vs. settlement plot, a L1 value of 0.15 D % and a L2 of 5.79 D % were obtained. 
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Figure D.4 Case 3G2 
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D.6 Case 4P1 

 

Case 4P1 pertains to a load test reported by Aurora and Feese (1977).  The 

drilled shaft foundation was 10.2 m in length and 880 mm in width.  The test was 

performed in sand and gravel over shale near Austin, Texas.  Ground water was 

encountered at 2 m below the surface.  From the force vs. settlement plot, a L1 value 

of 0.34 D % and a L2 of 7.33 D % were obtained. 
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Figure D.5 Case 4P1 
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D.7 Case 4P2 

 

Case 4P2 pertains to a load test reported by Aurora and Feese (1977).  The 

drilled shaft foundation was 12.9 m in length and 1290 mm in width.  The test was 

performed in sand and gravel over shale near Austin, Texas.  Ground water was 

encountered at 2 m below the surface.  From the force vs. settlement plot, a L1 value 

of 0.30 D % and a L2 of 6.42 D % were obtained. 
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Figure D.6 Case 4P2 
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D.8 Case 4P3 

 

Case 4P3 pertains to a load test reported by Aurora and Feese (1977).  The 

drilled shaft foundation was 13.0 m in length and 1300 mm in width.  The test was 

performed in sand and gravel over shale near Austin, Texas.  Ground water was 

encountered at 2 m below the surface.  From the force vs. settlement plot, a L1 value 

of 0.23 D % and a L2 of 6.56 D % were obtained. 
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Figure D.7 Case 4P3 

 



 244

D.9 Case 4P4 

 

Case 4P4 pertains to a load test reported by Aurora and Feese (1977).  The 

drilled shaft foundation was 9.95 m in length and 1810 mm in width.  The test was 

performed in sand and gravel over shale near Austin, Texas.  Ground water was 

encountered at 2 m below the surface.  From the force vs. settlement plot, a L1 value 

of 0.25 D % and a L2 of 4.07 D % were obtained. 
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Figure D.8 Case 4P4 
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D.10 Case 4P5 

 

Case 4P5 pertains to a load test reported by Aurora and Feese (1977).  The 

drilled shaft foundation was 10.0 m in length and 1800 mm in width.  The test was 

performed in sand and gravel over shale near Austin, Texas.  Ground water was 

encountered at 2 m below the surface.  From the force vs. settlement plot, a L1 value 

of 0.28 D % and a L2 of 5.56 D % were obtained. 
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Figure D.9 Case 4P5 
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D.11 Case 5 

 

Case 5 pertains to a load test reported by Bustamante and Gianeselli (1980). 

The drilled shaft foundation was 9.8 m in length and 600 mm in width.  The test was 

performed in sand and gravel over limestone in France.  Ground water was 

encountered at 7.5 m below the surface.  From the force vs. settlement plot, a L1 

value of 0.11 D % and a L2 of 4.80 D % were obtained. 
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Figure D.10 Case 5 
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D.12 Case 6A 

 

Case 6A pertains to a load test reported by Gregersen, Aas, and Dibiagio 

(1973).  The driven precast concrete pile was 8 m in length and 280 mm in width.  

The test was performed in uniform loose normally consolidated sand near Drammen, 

Norway.  Ground water was encountered at 1.7 m below the surface.  From the 

force vs. settlement plot,  a L1 value of 0.18 D % and a L2 of 5.39 D % were 

obtained. 
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Figure D.11 Case 6A 
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D.13 Case 6D 

 

Case 6D pertains to a load test reported by Gregersen, Aas, and Dibiagio 

(1973).  The driven precast concrete pile was 8 m in length and 280 mm in width.  

The test was performed in uniform loose normally consolidated sand near Drammen, 

Norway.  Ground water was encountered at 1.7 m below the surface.  From the 

force vs. settlement plot,  a L1 value of 0.22 D % and a L2 of 6.08 D % were 

obtained. 
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Figure D.12 Case 6D 
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D.14 Case 7C1 

 

Case 7C1 pertains to a load test reported by Ackley and Sanders (1979).  The 

driven pile was 10.7 m (35 ft) in length and 340 mm (13.38 in) in width.  The test 

was performed in gravels over shale.  Ground water was not reported.  From the 

force vs. settlement plot,  a L1 value of 0.20 D % and a L2 of 6.75 D % were 

obtained. 
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Figure D.13 Case 7C1 
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D.15 Case 7C4 

 

Case 7C4 pertains to a load test reported by Ackley and Sanders (1979).  The 

driven pile was 22.3 m (73 ft) in length and 340 mm (13.38 in) in width.  The test 

was performed on gravels over shale.  Ground water was not reported.  From the 

force vs. settlement plot,  a L1 value of 0.32 D % and a L2 of 6.17 D % were 

obtained. 
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Figure D.14 Case 7C4 
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D.16 Summary 

 

The vertical force vs. settlement plot for pile foundation tips from the 14 case 

histories were collected and investigated to determine L1 and L2.  Figure D.1 shows 

the histogram of L1 and an inferred normal probability density function.  The mean 

value of L1 is 0.22 % D and the upper limit is 0.34 % D.  This mean value is 

relatively close to the L1 of 0.23 % D reported by Akbas and Kulhawy (2009) for 205 

load tests on shallow foundations. 

 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
L1 (D %)

0

2

4

6

P
ro

ba
bi

lit
y 

D
e

ns
ity

0

1

2

3

4

F
requency

Normal Distribution
n = 14
Mean: 0.22 D (%)
STD: 0.07 D (%)

 

Figure D.15 Histogram of L1 from Field Tests 
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Figure D.2 shows the histogram of L2 and its inferred normal probability 

density function.  The mean value of L2 is 5.94 % D and the upper limit is 7.85 % D.  

This mean value is relatively close to the L2 of 5.78 % D reported by Akbas and 

Kulhawy (2009) for 205 load tests on shallow foundations. 
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Figure D.16 Histogram of L2 from Field Tests 
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