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This thesis is concerned with heat kernel estimates on weighted Dirichlet spaces.
The Dirichlet forms considered here are strongly local and regular. They are
defined on a complete locally compact separable metric space. The associated
heat equation is similar to that of local divergence form differential operators.
The weight functions studied have the form of a function of the distance from a
closed set %, that is, x = a(d(x, Z)). We place conditions on the geometry of the
set X and the growth rate of function « itself. The function a can either blow up
at 0 or oo or both. Some results include the case where X separates the whole
spaces. It can also apply to the case where ¥ do not separate the space, for
example, a domain Q and its boundary X = 9Q. The condition on X is rather

mild and do not assume differentiability condition.
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CHAPTER 1
INTRODUCTION

This chapter reviews some history of heat kernel estimates as it is related to
the work done in this thesis. Even though the subject is less than sixty years old,
it has progressed in many directions — [6],[31],[39],[41],[18],[15],[43],[42],[49].
For example, readers interested in Riemannian manifolds should look at Saloff-
Coste’s book[39] or Grigor’yan’s recent book[15] while those interested in Lie
group should have a look at Varopoulos[48]. Delmotte[7] also study heat equa-
tion on graphs. Recently, Ohta and Sturm[37] also study heat equation on
Finsler manifolds. Several reviews of the subject are also available[40, 1, 38,
24,12,13, 11, 22, 14]. It is impossible to cover all aspect of the subject. What is
written here is rather incomplete and the author apologies for any missing work

that is not mentioned.

The classical heat equation is given by

o= Y (5

u(0,-)

Il
~

for any appropriate function f : R" — R. The solution u of the heat equation
represents the evolution of temperature over time: u(z, x) is the temperature at

point x at time ¢ > 0 given the initial temperature distribution f.

It is well-known that the solution u is given by

1

_ —lx—y* /4t
t,x) = e d
u(t, x) - J) iy y
The function p(t, x,y) = (4,,,1),1/2 ¢ P14 ig called the heat kernel associated to the

2
Laplacian )}, (a%) . One important characteristics of p(t, x,y) is that it depends



only on the distance d(x,y) = |x — y|, not x and y directly. As time t — oo, the dis-
tances d,(x,y) = \/U are getting smaller. This corresponding to the fact heat
spreads further and further away as time goes by. Another important charac-
teristics is the term /2. It might not be cleared at the moment what it is related
to. This could come from the dimension constant n, or the volume of a ball of

radius #(which is equal to #").

In general, the heat equation is given by

ou = Lu
M(O,') = f

for any appropriate function f : X — R. Here L is an infinitesimal operator
associated to a Markov semigroup P, = ¢”“. For example, the Laplacian in the
classical heat equation mensioned earlier is the infinitesimal operator associated
to the Brownian semigroup. Another exampleis L = 7 i1 ax an%iiay 9 where a;; i=aj
are smooth functions on R”. Nash, Moser and Aronson[32, 28, 29, 30, 3, 4, 5]

shows that if (a;;) is uniformly elliptic i.e. there exists a constant ¢ > 1 such that

¢! Zfifj < Zaijfifj < CZfifj
ij i.j i.j

for all (&) € R”, then the heat kernel associated to L = 37} ,_ Bx o= 6x satisfies the

heat kernel estimates

Cl  _evl2/e v Jeat
me b=yt /eat < p(t,x,y) < eyl e
for some fixed constants ¢y, ..., cs. Their approach is based on Harnack inequal-

ity. Nash’s approach is more primitive[9, 32] while Moser’s approach is easier
to generalize[28, 29, 30]. It is well-known today as Moser iteration method. The
Harnack inequality is in itself an interesting subject. Readers interested in the

history of Harnack inequality may look at Kassmann's article[21].



In 1986, P. Li and S.T.Yau[23] prove the following heat kernel estimates

C1

eIt o Dt x,y) < s pcad(xy 1

\/vol(x, Vivol(y, V) \/vol(x, Vvol(y, V)
for the Laplacian on Riemannian manifolds with nonnegative Ricci curvature.
The proof is based on S.T.Yau earlier work on Harnack inequality. For detail
proof, the author suggests interested readers to take a look at R. Schoen and

S.T.Yau’s book[41].

The heat kernel estimates in this case differs from the Euclidean case. The

term /% is replaced by \/ vol(x, Vt)vol(y, V). Of course, in Euclidean space, both
terms differ only by a constant multiple. Riemannian manifolds on the other

hands, one must take into account the inhomogeneity of the volume measure.

Saloff-Coste[39] and many others take a functional analytic approach in
proving heat kernel estimates and arrive at equivalent conditions, one of which
is parabolic Harnack inequality. The results is then further extended to the gen-

eral setting, strongly local regular Dirichlet spaces, by K.T.Sturm[45, 46, 47].

In this work, the author proves heat kernel estimates on weighted Dirichlet
spaces. This could be seen as a perturbation result. But the “perturbation”
can be very significant. The basic setting is as follows. First, one starts with
a strongly local, regular, Dirichlet form (&, D(E)) on a L*-space of a complete,
locally compact, separable topological space. The Dirichlet form can be given in
the form

&ﬁ9=/ﬁnﬁ@

for all f, g € D(E). The weighted Dirichlet space corresponding to a weight 4 is
given by
&(f.9)= [ har(s.o
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for any f, g in an appropriate domain D(E"). The detailed construction of this is
given in Chapter 6. Assuming that the original Dirichlet form (&, D(E)) satisfies
the parabolic Harnack inequality, we consider the question of finding assump-
tions that imply that the weighted Dirichlet form (&", D(&")) also satisfies the

parabolic Harnack inequality.

If the Dirichlet form (&, D(E)) corresponds to the Laplacian in a Riemannian
manifold or Euclidean spaces, the result can be extended to a local divergence

form differential operators L = Y¢ aij ax when (g;;) are comparable to 4 in

lllax

the following sense

') Z &i&; < Z @i < ch() Z &5 VE=(&)
This could be seen as a generalization of Nash and Moser’s results.

Actually this work is not the first studying weighted Dirichlet spaces. Saloff-
Coste and Grigoryan[10] also study such results on weighted manifolds. How-
ever, their results do not allow / to be infinite or vanish even though one would
easily apply their proof to the case where 4 has unique singularity i.e. {h = oo} is

a singleton.

Moschini and Tesei[27] also prove results on weighted Euclidean space
R", n > 1 for the weight h(x) = x|, k < n. All of these results relies on the
fact that the complement of singularity set {# = oo} is connected. In this thesis,
the author try to extend the result to the case where the singularity set separates
the space. The weighted function, on another hand, is assumed to take the sim-
ple form of h(x) = a(d(x, X)) where X is the singularity set. At the end, the author

obtain similar result by assume the following conditions.

The function a : [0, 00) — (0, co] is assumed to be remotely constant i.e. there



exists a constant ¢ > 1 such that

supa <cinf a < oo
[r,3r] [r,3r]

for all » > 0. This means that the function a is uniformly comparable to constant
on balls far away to 0. Any weight function with unique singularity in any dou-
bling space is equivalent to a function in this form. This is not true in general,

however.

A closed set X is assumed to be p-accessible i.e. it has measure zero, satisfies
the p’-skew condition for some p’ > p and that the cone {x : pd(x,0) < d(x,X) < r}
is connected for all 0 € X and r > 0. Examples of p-accessible sets include closed
subsets of hyperplane in Euclidean spaces, boundary of uniform domains and

of Reifenberg domains.
One of the results the author obtain is the following theorem.

Theorem 1.0.1 Let (&, D(E)) be a strongly local, regqular, Dirichlet form in L*(X,v)
with intrinsic metric d satisfies the usual assumptions. Let also X C X be a p-accessible
subset, du = hdv where h(x) = a(d(x,X)), and (E", D(EM)) be the weighted Dirichlet

form corresponding to function h.

Assume (&, D(E)) satisfies the parabolic Harnack inequality and a > 0 on X is
nonincreasing, and remotely constant. Then the Parabolic Harnack inequality for

(&", D(EM)) holds for all balls whenever u is doubling.

The author also gives sufficient condition for the weight measure du =
a(d(-,Z))dv to be doubling. The result works best when v is Alfor-regular of
dimension «, and X is a self-similar fractal of dimension as. In this case it can be

proved that y is doubling if 1/a = o(r*~**). This is exactly what happen when X



is a hyperplane in Euclidean space.

Another related work is that of D.W. Robinson and his colleagues(e.g. [2,
35, 36]). Heat kernels asociated to degenerate operators were studied in their
works. Heat kernels upper bounded were given, including the case that zero
sets separated spaces. Their approach and assumptions, however, are different

from this thesis.

Lastly, the organization of this thesis is as follows. Each chapter are pretty
much independent and could be read in any order. Those who prefer the general
picture first might start from Chapter 5 and then read Chapter 3, 4, and 6 in any
order. Otherwise, one may also start from Chapter 3. Chapter 2 proves the
results in Euclidean setting. Readers who would like to get a taste of the results
may feel free to read it first. It can also be skipped without causing any problem
at all. Chapter 3 reviews doubling spaces and doubling measures while Chapter
5 reviews Dirichlet spaces. Most of the results in these two chapters are from
[6],[39],[45],[46],[47],[18] and [10]. Chapter 4 proves the doubling property for
weighted measures and Chapter 6 gives the construction of weighted Dirichlet
spaces and proves the heat kernel estimates. Those familiar with the subject can

skip Chapter 3 and Chapter 5 altogether.



CHAPTER 2
A TASTE OF THE RESULTS

Before diving into the general theory of Dirichlet spaces, lets first take a look
at the results on Euclidean spaces. All the results in this chapter will be proved
again in the later chapter in the setting of metric spaces. So it can be skipped
without causing any problems. The proofs though, will mostly be based upon

calculus which make it interesting in itself.

In this chapter, n € N is the fixed dimension of the Euclidean space R". Con-
sider the bilinear form (&, D(E)) on L*(R", dx) defined by

Eu,v) = (Vu, Vv)dx = / Z o;u - 0;vdx
R 51

Rn

with domain D(E) = W'*(R"), the Sobolev space in L*(R", dx).
Fixed a continuous function a : [0, o] — (0, o] satisfying

supa<c,infa Vr>0
[r3r] [r:37]

for some constant ¢, independent of r and define i(x) = a(d(x,X)) for any x €
R". Here, X is an affine subspace of R" with positive codimension, and d is
the Euclidean distance on R". By change of coordinate, we may assume that

¥ = RFx {0)"* for somek=0,1,...n— 1.

One example of such a is polynomial function with positive coefficients since
the class of such a is closed under finite addition and multiplication. This class
of functions is also closed under finite maximum and minimum. Therefore, one
may construct new functions from old ones using these operations. Another

note is that a satisfies the above inequality if and only if 1/a satisfy such inequal-



ity. Later on, it will be shown that such a are the quotient of two nondecreasing

functions satisfying the above conditions.

Another example of a is r — [log(e + })]" for any fixed @ > 0. Since this
function decrease slower than any polynomial, the function / associated to it is

always locally integrable. The details proof of this is in the end of this chapter.

For any nonnegative function #, denote &"(u,v) =[5, i(Vu, Vv)dx for any
u,v € CX(R"). It will be shown in a later chapter that if 4 is locally integrable,
then (&", C°(RM)) is closable and its closure, denoted by (E", D(EM)), is a strongly
local, regular Dirichlet space on L*(R", hdx). Also denote d the Euclidean metric

on R”.

The goal of this chapter is to give sufficient conditions for parabolic Harnack
inequality of the weight Dirichlet space (&", D(E")) defined above. This is equiv-
alent to show that the weighted measure du = hdx is doubling and (&, DEM)
satisfies (weak) Poincaré inequality for all balls[45]. Grigor "yan and Saloff-Coste

characterize this further using classes of remote and anchored balls.

Fixed the singularity set X. A X-anchored ball is a ball centered in X, a X-
remote ball is any ball B(x, r) with r < 432 The prefix X is usually dropped if it

can be understood from the context without causing any confusion.

A measure v is said to satisfy the doubling condition for remote balls if for
any remote ball B(x, r), v(B(x, r)) < Cpv(B(x, %)) for some fixed constant Cp > 1, v
is said to satisfty doubling condition for anchored balls if for any anchored ball
B(x,r), v(B(x,r)) < Cpv(B(x, 5)) for some fixed constant Cp > 1, v is said to satisfy
volume comparison condition if for any r = d(x,X) = d(x,0) > 0,0 € %,

V(B(o, ) < Cyv(B(x, 6i4))



for some fixed constant Cy > 0.

A Dirichlet form (&, D(&')) on L*(R", v) with associated energy measure I' is
said to satisfy the (6-weak) Poincaré inequality, 6 € (0, 1], for a family of balls
¥ if there exists a fixed constant Cp > 0 such that for any u € D,,.(&'), and any

B(x,r) e F

inf / (u—&*dv < Cpr? / dr’ (u, u)
£ER J B(x.6r) B(x.r)

It is said to satisfy (weak) Poincaré inequality for remote(anchored) balls if ¥ is

the family of remote(anchored) balls.

The following two propositions are the main tools to prove the results in
this chapter. For the prove of these two propositions, see [10, p.849,852]. Note
that the setting in [10] is on weighted manifolds and the weight function is as-
sumed to have no singularity. The proof, however, still work for weight func-
tions with singularity. Actually, these two results hold for any regular, strongly

local Dirichlet space(see Corollary 3.4.4 and Chapter 5).

Before proceeding, let the author summarises the assumptions for this chap-
ter again. The weight function 4 : R" — (0, 0] is a continuous function on R”" in
the extended sense i.e. h(x;) — h(x) whenever x; — x no matter A(x) is finite or
not. The singularity set X = {h = oo} of & is assumed to have measure zero. This
is to guarantee that the weighted Dirichlet form (&", D(&")) is well-defined as a
regular, strongly local Dirichlet form on L*(R", hdx). Actually, (E", D(EM)) is the
closure of f,g € CX(R") — [, h{Vu, Vv)dx.

Proposition 2.0.2 The weighted Dirichlet form (E", D(EM)) satisfies (weak) Poincaré
inequality for all balls if and only if it satisfies (weak) Poincaré inequality for remote

and anchored balls.



Proposition 2.0.3 A measure satisfies doubling condition for all balls if and only if it

satisfies doubling condition for remote balls and volume comparison condition.

The results of this chapter could be summarized as follows

Theorem 2.0.4 Assume that the function h : X — (0, o] is given by h(x) = a(d(x, X))
where a satisfies

supa<c,infa VYr>0

[r.37] [r,3r]

and X is an affine subspace of dimension k. The weighted Dirichlet form (E", D(E"))
on LA(R", du = hdv) satisfies parabolic Harnack inequality if either one of the following

conditions hold:

(a) k < n—1,and there exists a constant ¢ > 0 such that [; a(s)s"*"'ds < ca(r)r*

forany r > 0.

(b) k = n—1, and there exists a constant ¢ > 0 such that f; a(s)ds < cmin{a(r), a(s)}r

forany r> s> 0.

The proof of this theorem is separated into several parts. The first part is the
proof of doubling property. The second is the proof of Poincaré inequality for
several cases based on relationship between k and n. The case k = O and n > 1
gives the same result as that of Moschini and Tesei[27]. The proof, however, is

mostly based on calculus.

As a consequence of this theorem, we have the following heat kernel esti-

mates.

10



Corollary 2.0.5 Under the assumption of the above theorem, the heat kernel p(t, x,y)
associated to (E", D(EM)) satisfies to following heat kernel estimates

C1

Y et o —be—yP/eat
A(t, x, y)t? ¢ <ptxy) < ¢

A(t, x, y)t/?

where A(t, x,y) = min{a( V1), Va(d(x, Z)a(d(y, X)))} for some fixed constant cy, . . ., cs.

The proof follows from the fact that u(B(x,r)) ~ min{a(r), a(d(x,X))}r* uni-

formly in r > 0 and x € R".

2.1 Proof of the Doubling Property

Lemma 2.1.1 If the weighted measure u satisfy volume comparison condition, then it

is doubling.

Proof. It is sufficient to show that i is doubling for remote balls. For any y in
a remote balls B(x, r), |[d(y,X) —d(x,2)| < r < @. Hence d(y,%) € [@, @]. It
follows that

suph< sup a<c¢c, inf a<c,infh
B(x.r) d(x%) 3d(xy) [dad) 3dE) B(x,r)
> [Z5=.—=5~1] 2 2

Therefore,

((B(x, ) < sup h / dx < 2%¢, inf h / dx < 2eu(B(x, -))
B(x,r) B(x,%) 2

B(x,r) B(X,}’)

This proves the doubling condition for remote balls.

Theorem 2.1.2 The weighted measure p satisfies doubling condition for all balls if and

only if there exists a constant ¢ > 0 such that [ a(s)s"™*'ds < ca(r)r"™* for any r > 0.

11



Proof. If the weighted measure u satisfies doubling property, then it must
also satisfies doubling comparison condition. On the contrary, volume compari-
son condition also implies doubling property by the previous lemma. Therefore,
it is sufficient to show that the above condition is equivalent to volume compar-
ison condition. This is obvious since for any o € %, u(B(o,r)) = u(B(@O,r)) ~

r* [ a(s)s"*'ds while u(B(x, r)) ~ a(d(x, Z))r" for any r < d(x,%)/2.

2.2 Proof of (weak) Poincaré Inequality

Lets first prove the obvious result.

Lemma 2.2.1 The weighted Dirichlet space (E", D(E")) satisfies Poincaré inequality

for remote balls.

Proof. Let B = B(x, r) be a remote ball and u € D,,.(E"NC.(R"). Then u € D(E)

and
inf -&%du < (su hinf/ —&%d
inf /B (u—&)du (B(x% )&R B(u &) dx
< ¢,Cpr?( inf h) / |Vul>dx
B(x,r) B
< ¢, Cpr? / \Vul*du
B
This finishes the proof.

12



Next we prove Poincaré inequality for anchored balls which will immedi-
ately implies Poincaré inequality for all balls. The first result cover the case

n = 1. It will be extended to the case k = n — 1 later on.

Theorem 2.2.2 The weighted Dirichlet form (&", D(EM)) on L*(R, u) satisfies Poincaré

inequality for all balls whenever the following two conditions hold:

(a) u satisfies doubling condition, i.e. whenever there exists a constant ¢ > 0 such

that for a(s)ds < ca(r)r for any r > 0,

(b) a satisfies the following integral inequality: [ a(r)dr < ca(s)t for any 0 < s < t,

and some fixed constant ¢ > 0.

The condition () actually implies that a is equivalent to a decreasing func-
tion. To see this, fixed ¢ > 2s. Then

t c,t
—supa
2 [r.4] 2 (11

IN
|
L
5
Q

IA
9}
2
)
~
~
N’
L
S

IA
Q)
)
Q
Q
—~
%)
N
-~

This implies supj, ;) a < 2c,ca(s) for any ¢ > 2s. Since this also hold for any

s < t < 2s, one must have a(t) < 2¢,ca(s) for any ¢ > s.

If one define a(s) = sup,,,, a(?), then %= < a < a. It should be obvious that a

2c,c —

is decreasing.

Proof. Fixed u € C®(R) and r > 0. Without loss of generality, one may

/r(/x u’(y)a’y)za(x)dx
o Jo

13

assume u(0) = 0. Note that

/ w’du
0



IA

/ r (x / ) Iu’lz(y)dy)a(x)dx
0 0
/0 RO /0 xa(x)x,.,dx)dy

e /0 W P6)a)dy

IA

By replacing u with x — u(-x), one will also have [°ildu <
cr? f_or i’ |*(y)a(y)dy. Therefore,
gﬂg / (u—&%du=2 / urdu < 2cr? / ' Pdu = cr? / ' P du
[

The case n > 2 is based on polar coordinates. To prove it, one can not avoid
proving Poincaré inequality for half line. So before moving on to higher dimen-

sion, lets prove the following result.

Lemma 2.2.3 Let (Ey, D(Ey)) be a Dirichlet form on [0, oo) with Neumann boundary
condition and En(u) = fooo ' [Pdx for any smooth function u. Let b : [0, 00) — (0, oo] be
a locally integrable continuous function. Assume that b satisfies the following inequal-
ity:

supb < cinf b, Vr >0
[r,37] [r3r]

and for b(s)ds < cb(r)r, Yr > 0, with a fixed constant ¢ > 0. Then the weighted Dirichlet

space (E%, D(EL)) on L*([0, c0), du = bdx) satisfies Poincaré inequality for all balls.

The proof of this lemma is based on the following proposition.

Proposition 2.2.4 (e.g. [39], Lemma 5.3.12) Fixed a doubling measure y on a metric

space (M, d). There exists a constant Cpp, depends only on doubling constant such that

14



for any family of balls B; in (M, d) and a sequence of nonnegative number b;,
/ Zle%B y<CDD/ Zbl)(s

Proof of Lemma 2.2.3. Firstnotice that du = bdx is doubling, and (&}, D(EL))
satisties Poincaré inequality, with some fixed constant P > 0, on any interval

(x—s,x+s)with s <3x/5. Letu € D(Sﬁ’v)ﬂCc([O, ®)). Setui = for udu, uy, = ff udu.
2k+1

[e) r

r -1
inf/(u—§)2d,u < Z/z (u — uy)du
geR Jo = ﬁ
< 22/ (u—uk)zd,u+22/ (ux — uy)*du
Rt 7
< 2Py ()’ / | du+22(uk—u1> /
k=1 2kt 2k+1

< /|u|azu+22<uk—u1>u([z,ﬁ1 )

Now,

r

ror 2 * 2
,U([?, W])luk —uen|” = luty — s |"dp

zﬁ
< / (u — we)dy + 2/ (U — 1)
2k+1 2k+1
< 2P(—)[/ |u|d,u+/ ' *dy]
ok+1 2k+2
> [FT 0
< Pr |u'|"du
Sz
and
k—1 5
N2
(uk ul) X[zkil’zkil] < Z |1/lj uj+ll/\/[ k+l 7 IV\/[O 2/3“:1])
J:
o 2T /2 2
< Pr CwPde) "y L Tx.
[FZI IJ([Z/’ 2]+l]) /+2 ) (o, 213+1]:| [W’F]

15



Therefore,

Z (= w) pllzrr 55

IA

IA

IA

Now assume n > 2 and X =

N 2
d R/
/ [Z u(l sz 2/+1]) / o | ,U Yo T ] X[W'zk—lj H

1:1

2P / [ / 74| d,u 5 ]zd,u
0 . 2/7 2/+l]) [0 2/+1]

j=

RS 2
2#C” | Wm/ )
: r
2PCppr /o (.U([gw 4] )/ﬁ2 Eyaya

Jj=

(9]

2PCDDI"ZZ/ZJ_ |I/l,|2d/l

j=1" 32

2PCppr* / Iu’lzd,u
0

Combining all of these, we get

inf / (u—&Ydu < (4Cpp + 1)Pr? / ' du

This prove Poincaré inequality for anchored balls, Hence we are done.

in this case is to follows Grigor’yan and Salof-Coste[10] arguments. See also
[27]. The author, however, will decompose the space using polar coordinate.
Even though this proof is specific to Euclidean space, it will also introduce a

technique that will be useful in later chapter.

Theorem 2.2.5 Assume X = {o} and h = a(d(-,0)) as before. The weighted Dirich-

let form (", D(EM)) on LA (R, u) satisfies Poincaré inequality for all balls whenever
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u satisfies doubling condition i.e. whenever there exists a constant ¢ > 0 such that

[y a(s)s""'ds < ca(r)r" for any r > 0.

Proof. What's left is to prove Poincaré inequality for balls centered at 0.
Fixed r > 0. Let u € C(R") and use polar coordinate (s, ). Denote B = B(0,r),

ug = u(s,-), iy = f udd, and i = f, udu.
inf / (u—&%du < / (u — 1)*hdx
&R Jp B
< 20 / (u, — ity *a(s)s" ' dsd6 + / (it — i1,)a(s)s" ' dsdo)
B B

Using the Poincaré inequality on S"!, one get [(u, — @,)*n0 < C, [ |0pul*dé.

Therefore the first term is

A

/ (u, — ii,)2a(s)s"'dsdd < C, / ( / Iaeuslzde)a(s)s”_]de
B 0

IA

C, / |0u,|*hdx
B

IA

201 / \Vul*du
B

As for the second term, one applies Lemma 2.2.3 with b(r) = a(r)r"~! and get

IA

r d—Y 2

C2r2/ | u‘l a(s)s"'ds

0 dS

Cor? / ( ][ |6xu|d9)2a(s)s”_lds
0

C,r? / ( ][ |8su|2d9)a(s)s"_1ds
0

Cor? / \Vul*du
B

/r(ﬁ — ) a(s)s" \ds
0

IA

IA

IA

Lastly, we gives the proof for the general case.
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Theorem 2.2.6 The weighted Dirichlet form (E", D(E") on L*(R",u) satisfies

parabolic Harnack inequality if either one of the following conditions hold:

(a) k < n—1,and there exists a constant ¢ > 0 such that [; a(s)s"*"'ds < ca(r)r*

forany r > 0.

(b) k = n— 1, and there exists a constant ¢ > 0 such that [’ a(s)s"*'ds <

cmin{a(r), a(s)}r"* for any r > s > 0.

Again it can be proved in case () that the function a is equivalent to a de-

creasing function.

Proof. All one needs to do is to prove Poincaré inequality for anchored balls.

The proof relies on k = 0 case.

Assume here that k > 0. By symmetry, it is sufficient to prove the result for
balls centered at the origin. Fixed r > 0. From now on, we view R" as product
space R* x R"*, i.e. we identify x = (y,z) for any x € R", y € Rf, and z € R".

Moreover, du = a(|z|)dydz.

Let u € C’(R"). Denote B = B0, r) x B0, r), u, = u(-,2), i = fB udx, and
i, = ka(O’r) u.dy. Here, BX(0, r) denote a ball in R¥. Note that iz = de‘k(O,r) i.a(|z)dz,

and hence

/ (it — w)*a(|z])dz
Bi(0.r)

IA

dii, \2
Pir? 3 d
" /Bd"‘(O,r) ( dz ) a(lzhdz

mﬂ/ f (@ allz)dydz
Ba-k(0,r) J Bk(0,r)

for some fixed constant P, independent of r and u. Also,

/ (u, — i)’ dy < &ﬂ/ |0, ul*dy
Bk(O,r) Bk(O,r)

18
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where P, is again independent of r and u. Therefore,

inf / (u—&rdu < / (u — it)*du
éeR Jp B
< 2/ a(|z) (u, — it,)*dydz
B‘H‘(O,r) Bk(O,r)
+2 / / (it — ii,)*a(|zl)dzdy
BK(0,r) J B4(0,r)
< 2P27‘2/ a(|z) |0y ul*dydz
B""‘(O,r) B"’(O,r)
+2P,r? / ][ (0.u)*a(|z])dydz / dz
BA-k(0,r) J BX(0,r) BX(0,r)
<

2(P;y + Py)r? / \VulPdu
B

Now, BX(0, 2) x B"%(0, %) c B"(0,r) ¢ BX0, r) x B**(0, r). Hence,

inf / (u—&>%du < 2(Py + P)r? / \Vul*du
&eR J B0, B(0,27)

Corollary 2.2.7 Let X be an affine subspace of R" with dimension k and h(x) = d(x,Z)”
with @ < 0. Then the weighted Dirichlet Space (&", D(E")) satisfies parabolic Harnack

inequality if and only if &« > n — k.

Proof. Under the assumption @ < 0, the weighted measure du = hdx is

doubling if and only if @ > n - k.

Lastly, lets end this chapter with an example of a weight function that always

work on any Euclidean spaces regardless of its dimension.
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2.3 Example

In this section, let @ > 0 be fixed and denote a(r) = a,(r) = [log(e + })]“ for any
r > 0. Denote h = a(d(-,X)) where X is a k-dimension affine subspace of R". The

goal is to show that

Theorem 2.3.1 Given

Eu,v) = / a(d(x, 2){Vu, Vv)(x)dx = / Z ald(x, X))0;u(x) - 0;v(x)dx
n R~ -1
with domain DE®) = W'2(R",a(d(-,X))dx), the weighted Sobolev space. Then
(&, D(E™)) satisfies parabolic Harnack inequality for all « > 0 and n = 1,2,... More-

over, its heat kernel p(t, x,y) satisfies the following estimates

C1
A(t, x, y)r/?

2. C 2
e—\x—y\ eat < P(t, X, y) < A(t x3y)ln/ze [x=y|"/cat

where A(t, x,y) = (min{~log(in1/2), Iogld(x, DN 2) logd(, DAT/D))" for some

fixed constant cy, ..., cs.

This can be done by showing that there exists a constant ¢ > 0 such that

[l a(s)s"*'ds < cminfa(r), a(s)}r"™* for any r > s > 0. Since a is decreasing,
we obviously have [ a(s)s"*'ds < a(s)r"™* for any r > s > 0. Therefore it
is sufficient to prove there exists a constant ¢ > 0 such that [ a(s)s"*'ds <

ca(ryr* for any r > 5 > 0.

Lemma 2.3.2 The logarithmic weighted function a defined earlier satisfies
supa < ¢, inf a,¥Yr > 0
[3r] [r.3r]

for some constant ¢, < 3%
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Proof. Note that @’ < 0, so sup,3,;a = a(r) and inf, 3,1 a = a(3r). Therefore, it is

sufficient to show that ¢, = sup,. a“(g'r)) < 3. Without loss of generality, one may

assume « = 1. Denote
a(r) log(e + %)
A(r) = = ;
a@3r)  log(e + 3.)

Then lim,_,, A(r) = 1. Also

—1/(r(e+1 3 1
limA(r) = lim ) Sere L
r—0 r—0 —1/(3r2(g + 5)) r—0 er+ 1

Since A > 1, A must attains a finite maximum. Next assume that A attains maxi-

mum at R € (0, o). Using the fact that

—log(e+s) , logle+1)
(er?+r) (Ber?+r)

[log(e + 5.)12

A(r) =

and A’(R) = 0, one must have A(R) = 3:152:15 <3.

The above proof also gives the following result.

log(e+1)

log(e+2)

Corollary 2.3.3 Fixed ¢ > 0. Define A(r) = for r > 0. Then sup, A(r) < oo.

Moreover, sup, A(r) < cif ¢ > 1.

Now lets proof the integral Inequality: [, a(s)ds < ca(r)r. This will implies a

more general inequality [, a(s)s*ds < ca(r)r**'.

For a < 1, there is a simple proof of this inequality.

Theorem 2.3.4 For a < 1, there exists a constant C € (0, 2] such that for a(s)ds <

> 3—¢,

Ca(r)r.
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The sole reason for a requirement a < 1 is to guarantee that ¢, < 3.

Proof. Fixed r > 0,

/r a(s)ds
0

IA I
e >
S L‘*
Q = Q
)
P =
= %)
Y
[2)

k=1 ¥

= 2a(r)r Z 3—Z
k=1

= 2 3 aa(r)r

For general a > 0, the proof is more complicated.
Theorem 2.3.5 Forany r > 0, [; a(s)ds < (e*V2)a(r)r.

Proof. First, one shows that there exists C > 0 such that for any r > 0,

Jy a(s)ds < Ca(r)r. Fixed k > 0 small enough so that ka < 1. For any r < 1A

e’

/ ra(s)ds < L r[log(g)k]“ds
0 N

kv J,
- 1 r 2ka
- E 0 Ska
ka
< 2 rl —ka
= k@

Choose k = ——, then
gr

1 1
inf kr¥log(e + =) = inf —(e™)*log(e + ¢*) = ¢!
0<r§é r I<x<eo x

Hence, [; a(s)ds < 27" ¢%a(r)r. For r > 1nL, use the fact that 1 < a(r) <

a(1 A1) and conclude
e e

J

1

- a(s)ds + / a(s)ds < Ze“a(é/\eia)a(r)r + a(é/\:—a)a(r)r

1
A=
@

Q=

e
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Next, one finds the best C possible. Set A(r) = fr)r [, a(s)ds. By the previous

conclusion C = sup,.,A(r) < oco.

Case I: A does not attain the maximum. Then either there exists a sequence
rx = Osuch that A(r,) — C or there exists a sequence s; — oo such that A(s;) — C.
In the first caselimy_c A(ry) < limy_,e 2791927 ¢® = ¢, In the latter case, fixed r,

so that a(s) < 3%/2 for all s > ry. We have for any r > 2Cr,
/ a(s)ds < Ca(rg)ro + a(ry)(r — ry) < 3% < 3%a(r)
0

Therefore, lim;_,., A(s;) < 3.

Case II: A attains a maximum at R € (0, ). Then A’(R) = 0. But
a’(ryr — (a'(r)r + a(r)) for a(s)ds

A= a?(r)r?
Therefore, A(R) = %. Note that
a(r) = llog(e + DI - _ a(r)
(—r2(e + 1)) (er? + r)log(e + 1)
Therefore
a(R)
AR) =
(R) o(R) o®

(eR+1) log(e+ %)
(eR + 1) log(e + 3)
(eR + 1)log(e + 1%) -1
1+ !
(eR + 1)log(e + ) — 1

Set B(r) = (er + 1) log(e + %) — 1. Since lim,_,y ., B(r) = o0, B attains a minimum

at some point rj € (0, ). Now

0 = B'(ry) = (erg + 1)/(=r(e + i)) +elog(e + l)
ro ro

which implies log(e + %) = L. S0 B(ry) = 1 +log(e + %) — 1 > 1. This concludes

erg”

that C = A(R) < 2.
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This proves Theorem 2.3.1 and ends this chapter. The next chapter reviews
background results on doubling spaces and doubling measures. Readers famil-

iar with the subjects may skip to Chapter 4 right away.

24



CHAPTER 3
DOUBLING SPACES

This chapter introduces the doubling property, one of the two neccessary
conditions for both parabolic Harnack inequality and heat kernel estimates. An-
other condition is the Poincaré inequality which will be covered in Chapter 5. It
turns out that doubling property and Poincaré inequality together are sufficient

to prove heat kernel estimates and parabolic Harnack inequality[47].

Unlike the Poincaré inequality, the doubling property does not depend di-
rectly on the Dirichlet form. Rather, it depends on the geometry of the space.
This allow us to discuss the doubling property without the need to discuss

Dirichlet spaces.

Most results of this chapter are labored from [19],[8],[18], and [10], or are
direct consequence of the results contained in these references. There are two

versions of doubling property, one for spaces, and another for measures.

3.1 Doubling Spaces

Definition 3.1.1 (Doubling spaces) A metric space (X, d) is doubling if there exists

a constant Nx € N such that any ball of radius r can be covered by Nx balls of radius 3.

Note that doubling property is a property of finite dimensional spaces, open

subsets of infinite dimensional spaces cannot be doubling.

Recall that a subset of a metric space is totally bounded if it can be covered

by a finite number of balls with arbitrarily small fixed radius.
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Proposition 3.1.2 Let (X, d) be a doubling space.

(a) A subset of X is bounded if and only if it is totally bounded.

(b) If (X, d) is complete, any ball in X is compact. Hence, (X, d) is locally compact.

Proof. To prove (a), it is sufficient to show that all ball in X is totally bounded.
This follows easily by applying the assumption successively: any ball B(x, r) in

X can be covered by Ny, balls of radius %.

To prove (b), recall that a metric space is compact if and only if it is complete

and totally bounded. Since each ball B(x, r) is complete, the result follows from

(a)

Next we characterize the doubling spaces.

Theorem 3.1.3 Let (X,d) be a metric space. The following are equivalent.

(a) (X,d)is doubling.

(b) There is a function Nx : (0,1/2] — (0, c0) such that any ball of radius r can be

covered by | Nx(g)] balls of radius er.

(¢) Thereisaa > 0, c = c, > 1 such that for any fixed € € (0, 1/2], any ball of radius

r can be covered by | ce™*] balls of radius er.

Proof. Clearly, (¢) = (b) = (a) To prove (a) = (¢), set @ = log, Nx and

¢ = Nx. For each 0 < £ < 1/2, choose k € N so that 2,% <e< % Easy calculation
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show that N&!' = ¢2¥ < cg™. Iterating the assumption, any ball of radius r can

be covered by Ni*! balls of radius 55 < er and the result follows.

Definition 3.1.4 (Assouad Dimension) Let (X, d) be a doubling space. The Assouad
dimension of X, denotes dimy X, is the finite infimum of & > 0 so that there exists ¢, > 1

with the following property: any ball of radius r can be covered by | c,e™*] balls of radius

Er.

Note that dimy X < log, Ny.

Proposition 3.1.5 The completion of a doubling space is doubling and also has the

same Assouad dimension.

Proof. Obvious.

Proposition 3.1.6 Let (X, d) be a doubling space. The Assouad dimension of X is equal
to the infimum of all B > 0 such that there exists a corresponding c; > 1 with the

following property: for any fixed 0 < & < 1/2, any ball of radius r has at most | cze™]

disjoint points of mutual distance at least er.

Proof. Let 8 be as above and choose {x;} a subset of B(x, r) so that d(x;, x;) > er
foralli # j. WLOG, one may assume {x;} is maximized in the sense that no point
can be added to {x;} so that min,;; d(x;, x;) remains at least er. Then B(x;, er) must

be a covering of B(x, r). Hence dims X < S5.
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To prove the converse, fixed g > dimy X and let S be a maximal subset of
B(x,r) such that d(s,S—{s}) > er. Choose an open covering B; = B(x;,5r), i =
1,...,nwith n < [c2P#]. Note that each B; can only contain at most one s € S.

Hence S must have at most | ¢;2° 7| elements.

Let’s finish this section with the existence of homogeneous measures for
doubling spaces. Here an a-homogeneous measure is a Borel measure u such

that there exists a constant ¢ = ¢, > 1 with

u(B(x,r)) \a
By =)

foranyxe XandO0<s<r.

Proposition 3.1.7 (e.g. [18]) Any complete doubling space carries an a-homogeneous

measure for each « larger that the Assouad dimension.

3.2 Doubling Geodesic Spaces
Let’s start this section with the definition of length of a path between two points.

Definition 3.2.1 Let y : [0, 1] — (X, d) be a path in a metric space. The length of y is

defined to be the supremum of

k
D A0y, y(1)
i=1
where the supremum is taken over all partitions 0 =ty <t; <... <ty = 1.
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A metric space is said to be a length space if the distance between any two points is

the infimum of the length of all paths connecting those two points.

A complete length space is a geodesic space if one can always find a path connecting

any two points with the length equal to their distance.

Proposition 3.2.2 Any complete doubling length space is a geodesic space.

Proof. This follows from the fact that any complete doubling space is locally

compact(Proposition 3.1.2).

One of nice features of doubling geodesic spaces is the existance of Whitney

covering on any open sets.

Definition 3.2.3 Fixed an € > 0. A strict e-Whitney covering of an open subset U in

a metric space (X, d) is any family ‘W of disjoint balls such that

(@) Upew3B = U where kB(x,r) = B(x, kr) for any k,r > 0 and x € X,

(b) forany B = B(x,r) € W, r = ed(B,X-U),

Proposition 3.2.4 (e.g. [39], [17],125]) If (X,d) is a doubling geodesic space, then ones
can always construct a strict e-Whitney covering ‘W for an open subset U whenever

€ < 1/4. Moreover, ‘W satisfies the following extra properties

(a) the family ‘W is countable,

(b) there is a finite constant a = a. such that for any k < -, Ypeaw X,y < @

29



3.3 Doubling Measures

In this section, the author assumes that any topological space is path-connected,
Hausdorff, locally compact, and second countable, hence metrizable. The au-
thor also uses the term LCHS space to referred to such spaces. A ball centered
at x and of radius r will be denote by B(x, r). Note that r is always chosen so that

B(x,s) # B(x,r) forall s < r.

Recall that a o-field or a o-algebra A on a LCHS space X is a collection of sub-
sets that is closed under countable unions, complement and contain the whole
space X. A Borel o-field B(X) is the smallest o-field containing all open sets of
X. An element of B(X) is called a Borel set. A Borel o-field is always exists and

is closed under countable intersection as well.

A Borel measure on a LCSH space X is a function u : 8(X) — [0, co] such that

for any disjoint Borel sets A; € B(X), u(U2 | A;) = 2.2, u(A)).

A support of a measure is the smallest close set S such that u(X-S5) = 0. A

measure is said to have full support if its support is X.

A radon measure is a Borel measure such that u(K) < oo for any compact

subset K of X.

Definition 3.3.1 Denote ¥ a family of balls in a metric space X. A Borel measure y on
a metric space (X, d) is said to satisfy volume doubling property, or doubling property

for short, on F if there exists a constant Cp > 1 such that

u(B(x,r)) < Cpu(B(x,r/2)), YB(x,r) € F

Sometimes we write u € (VD) if the measure u satisfies doubling property for all
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balls.

Well-known examples of doubling measures are Lebesgue measures on Eu-
clidean spaces, Haar measures on virtually nilpotent Lie groups, Riemannian
volumes of Riemannian manifolds with nonnegative Ricci curvature. See, for

example, [41] and [31].

Proposition 3.3.2 For any u € (VD), either u is zero or it is a o-finite radon measure

with full support.

Proof. Assume that u(B(x,r)) = O for some x € X, r > 0. By doubling
property, u(B(x,2*r)) < C,’;;;(B(x, r)) = 0 for all k. Taking k — oo, we have
u(X) = 0. Thus, either we have u = 0 or u has full support. Assume that
p # 0. If u(B(x,r)) = oo, then u(B(x,27%r)) > C7lu(B(x,r)) = oo for all k and
hence limy_,. #(B(x,27%r)) = oo, contradicts to the continuity of measure. There-
fore u(B(x,r)) < oo for any ball B(x, r). Particularly, u is radon. Since X is second

countable, we also have u is o-finite.

Obviously, homogeneous measure is doubling. It turn out that the converse
is also true. Moreover, if the underlying metric is geodesic, then doubling mea-

sures must at least grow polynomially.

Proposition 3.3.3 ([39]) Fixed u € (VD) with doubling constant Cp, and denote o =

log, Cp. Then for any s < r, x,y € X, we have

u(B(x,r)) r+d(x,y)\e
B0 =)
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Proof. First we assume x = y, choose k € ZU{0} so that 2¢ < r/s < 2!, Then

Ck = 2% < (r/s)” and

H(B(x,r) < p(B(x,2"'s)

CH ' u(B(x, 5))

IA

IA

Co(=) (Bl 5)

For general case, we use the fact that B(x,r) € B(y,r + d(x,y)) to conclude that

M(B(x, 1)) < Cpl(r +d(x, y))/s1*u(B(y, 5)).

Proposition 3.3.4 ([39]) Let u be a Borel measure in a geodesic space. Assume that
u € (VD) with doubling constant Cp. Denote B = logy(1 + C;*), and cp = (1 + C;) ™"
Then for any s < r, x € X with B(x,r) # M, we have
B(x,r r\B
u(B(x,r)) > CD(—)
u(B(x, s)) s
Proof. Pick z € M—-B(x,r) and choose a path y from x to z. Since the
function ¢ — d(x,y(t)) is continuous, there exists y = y(f) such that d(x,y) =
2r/3. This implies B(y,r/3) and B(x,r/3) are disjoint. Moreover, u(B(x,r/3)) <
3102 Cpu(B(y, r/3)) < Cou(B(y, r/3)). Therefore

H(B(x, 1)) = p(B(x, 7/3)) + u(B(y,7/3)) = (1 + CO)u(B(x,r/3))

For general s < r, choose k € N so that 3* < r/s < 3**!. Then

(1 + C)u(B(x, r/3")
3(k+1)logs(1 +C3)

1+C;}

r -3
(1+ Cﬁ)“(;)“’gz““n Ju(B(x, 5))

p(B(x, 1))

\%

\%

H(B(x, 5))

\%
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The following result is also from [39]. The proof is based on Marcinkiewicz
interpolation theorem. It will be used in the proof of Poincaré inequality later

on.

Proposition 3.3.5 (e.g. [39] Lemma 5.3.12) Assume that u is a doubling measure in
a geodesic space. Then for any K > 0, there exists a constant C > 0 such that for any
sequence B; of balls and nonnegative numbers a;,

[ (Naa) <c [(Ya)

] ]

The next result show that doubling measures only exists in doubling spaces.

Corollary 3.3.6 Fixed u € (VD) and r > 0. For any § > O, there is a number Ks € N
such that for any relatively compact ball of radius r can be covered by at most K balls

of radius or.

Proof. Fixed a relatively compact ball B = B(x,r) and x, € B. For any
k > 0, choose x; € B—UfZOB(xl-, s). Since B is relatively compact, this process
must stop, say at K. Clearly, B ¢ UK B(x;, s). Choose k so that u(B(x,s)) =
ming<;<x 4(B(x;, 5)). Using doubling property and the fact that B(x;, s/2) are dis-
joint,
1 K
K < —— B(x;, s/2
H(B(xi. 5/2)) Z;“ (B 920
u(B(x,r + s/2))
H(B(xi, 5/2))
r+s/2+d(x,x;),
Cn( 52 )
4+6,
5 )

IA

IA

IA

Cn(
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Thus, we can set K5 = [Cp(*2)"].

3.4 Doubling Property: From remote balls to all balls

The original idea of results in this and the next section belongs to A. Grigor’yan

and L. Saloff-coste [10].

Definition 3.4.1 Fixed ¢,1 € (0,1], and ¥ a closed subset in X. A Borel measure
wu on X is said to satisfy volume comparison property on X with parameter (g,X), or
i € (VC)sa for short, if there is a constant Cy > 0 such that for any o € X and any

x € X=X such that d(x,X) > Ad(o, x),

1
u(B(o,d(0,x))) < Cyu(B(x, ﬁsd(O, X))

Note that in many cases, for example when u has doubling property for re-

mote balls, the constant 1/32 is not particularly important.
Lemma 3.4.2 If u € (VD), then u € (VC)s, for any closed set £ and parameter A, ¢.

Proof.

u(B(o,d(x,0))) < C (d(x, 0) +d(x,0) )a
u(B(x, %sd(o, X)) %sd(x, 0)

Cp(64e71)®

IA

64°Cpe™
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Recall that a Ball B(x, r) is said to be e-remote to X if r < %sa’(x, ¥) and is said

to be -anchored balls if its center lies in X.

Theorem 3.4.3 Assume that y satisfies doubling property for e-remote balls. Then u €
(VD) if and only if u satisfies doubling property for Z-anchored balls and p € (VC)s ¢,

for some A € (0, 1].

Proof. We only need to prove sufficiency part. Let B(x, r) be a non anchored
ball and p = d(x,X). Choose o € X so that d(x,0) = d(x,X). If r < gp/2, then B(x, r)
is a remote ball. If r > 3p, then B(x,r) C B(o, 3r) and B(o, 1r) C B(x, 1r). Using

doubling property for anchored balls, we have

1 1
H(B(x, 1)) < Cpu(B(o, £ < Cou(B(x, 57

If 1ep < r < 3p, B(x,r) C B(o,4p) and B(x, 5;6p) C B(x,1r). By (VD) and

(VC)E,S,A’

1
H(B(x, 7)) < CHCyu(B(x, 57

The last result in this chapter is from [10]. Saloff-Coste and Grigor’yan char-
acterize the doubling property using volume comparison on a fully accessible
set. This result will be generalized in the next chapter. Recall that a fully ac-
cessible set is a closed set X such that for any 0 € X and r > 0, there is x € X
with d(x,X) = d(o, x) = r. An example of a fully accessible set is a singleton, any
vector subspace of R" of positive codimension. Another example is £ = 9V in

X = R"-V where V is an open convex subset of R".
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Corollary 3.4.4 ([10]) Let u be a Borel measure on a geodesic space (X, d). Assume
that u satisfies doubling property for balls e-remoted to a fully accessible subset . Then
u € (VD) ifand only if u € (VC)sg .

Proof. It is sufficient to show doubling property for anchored balls. Let
o € Zand r > 0. Since X is fully accessible, there is x € X with d(x,Z) =
d(x,0) = r. Choose a path y from x to o with length at most (1 + §)r. Choose
0 =1 < ... < £ty £ ... £ i so that diy(r),y(ti1)) = zer and
d(o,y(t;)) = min; d(o,y(1;)) = r/4. Clearly, k < 32[3/4 + §le”". It is not hard to see
that each ball B(y(t,), er/8) is e-remote to X. Since B(y(t;),er/32) C B(y(t;),er/8),

u(B(y(t;), er/32)) < Cu(B(y(t;+1), €r/32)). Therefore,

u(B(o,r) < Cyu(B(x,er/32))
< CyChu(B(y(ty), r/32))
< CVCPIE (B0, r/2)

— CyC% w(B(o,r/2)) asdé — 0
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CHAPTER 4
DOUBLING PROPERTY FOR WEIGHTED MEASURES

The goal of this chapter is to answer the question when the weighted mea-
sure u = hdv will satisfty doubling property if v does. The simplest form of
h is a function of distance function i.e. h(x) = a(d(x,X)) for some function
a : [0,00) — [0, 00] and closed set Z. Follows Grigoryan and Saloff-Coste’s idea,
the author will focus to the functions a that will immediately imply doubling

condition for X-remote balls.

4.1 Remotely Constant Functions

Definition 4.1.1 A nonzero function a : [0,00) — [0, o] is said to be remotely con-

stant if a(1) < oo and there exists a constant ¢ = ¢, > 1 such that for any r > 0,

supa < cinf a
[r,37] [r3r]
Note that any reciprocal of remotely constant functions is also remotely con-
stant. This class of functions also closed under finite additions, multiplications,

maximum and minimum.

In a sense, a is remotely constant if and only if it is roughly constant on any
interval remoted to 0. The condition a(l) < oo is simply to guarantee that the
function a is not infinite anywhere except possibly at 0. This condition is es-
sential if one want the weighted measure u = a(d(-,Z))dv to be locally finite. It
will be shown later that any remotely constant function is equivalent to a con-

tinuous function. Moreover, it is equivalent to finitely differentiable functions
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of any finite order. It can be said that remotely constant functions behave rather

well in rough geometry.

Here functions f and g are equivalent, written f ~ g, if there exists a constant

c¢>1lsuchthatc'f < g <cf.

Proposition 4.1.2 For any remotely constant function a, there exists a constant § > 0
and an increasing continuous function a such that a(r) ~ r?a(r).

Proof. First assume that sup; < cinf,3,7a for all r > 0, for some fixed

r,3r] =

constant ¢ < 3. Define a@(r) = [; a. Then

a(r)

gk
\%

IA
8
E/

E

\»‘
.

o7

By the same argument, one also have @(r) > s2<a(r)r. For general a, apply the

1/k

result to a'/* for k big enough so that ¢'/* < 3 gives (@Y (r) ~ r*a(r).

The above proposition implies that there must exists the best i.e. the smallest

nonnegative 8 which is bounded above by log, c. However, both are not equal
-1

in general. Consider for example a(r) = (r)(w’” +Gr+ 1y, + 2”)([3,00>) . In this

case, ¢, = 6 but a(r) ~ r!
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Definition 4.1.3 Let a be a remotely constant function. The decay rate of a is the
infimum of all nonnegative 3 such that there exists a constant ¢ > 0 with

7\~ a(r
( ) B < (r)

_IS) Yr>s5>0

S

Denote [B] the set of all remotely constant functions with decay rate B and (B) the
set of those a € [B] that such that there exists a constant ¢ > 0 with c(f)ﬁ < % Yr >

s > 0. Furthermore, denote (B); = {a € (B) : lim,_ rPa(r) = 0}. For example, (0) is the

set of all functions equivalent to nondecreasing functions.
Proposition 4.1.4 Forall3>0,0 C (B); C (B) < [B].

Proof. The middle inequality is simple. For the first one, consider r —
r#In(1 + r). For the last one, let a(r) = In(e + 1/r). Clearly, a ¢ (0). Denote
by(x) = x*In(e + x). Since b, < 0 outside a compact set, b, is equivalent to
a nonincreasing function. Hence, r — r'a(r) is equivalent to a nondecreasing

function. This directly implies a € [0]. For 8 > 0, use r — r#In(e + 1/r) instead.

O

Proposition 4.1.5 Let a be a remotely constant function with decay rate B, and 8 # fo.

Then there exists a nondecreasing continuous function a such that r*a ~ a if and only

if B> Po.

Proof. If B > By, set @ = sup,_,_, sPa(s). Since sPa(s) < Pa(r) forall r > s > 0,

a~ rfa.

On the contrary, if ¥ #a ~ a for some nondecreasing function &, then

“0 (2P0 2y
r

a(s) als) ~ \r
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Therefore f must be bigger than the decay rate of a.

4.2 Doubling Exponent

The goal of this chapter is, after all, to determine to what extent the doubling
property of weighted measure will hold. In other words, to determine the
biggest 8 so that all du = a(d(-,X))dv,a € [B] satisfies doubling property. It turns

out that on a large class of %, it is sufficient to consider only a(r) = r'.

Definition 4.2.1 Fixed p € (0, 1]. A closed subset X of a complete length space (X, d)

satisfies p-skew condition if for any o € X and r > 0, the set
2 (0,r)={xeX:pr<dxX)<dx,o0)<r}
is nonempty. X is said to be fully accessible if it satisfies p-skew condition with p = 1.
Denote cZ,(0,r) = Up<s<,Zp(0, 5) and cZ,(0) = U,ocZg(0, 7).
Proposition 4.2.2 Let v be a doubling measure in a metric space (X, d). For any closed,
measure zero, subset T satisfying p-skew condition, and any remotely constant a, the

weighted measure du = a(d(-,Z))dv is doubling if and only if there exists a constant

¢ > 0 such that

u(B(o, 1)) < ca(r)v(B(o,r))

forany o e Zand r > 0.
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Proof. First of all, the fact that a is remotely constant immediately implies
that u satisfies doubling property for X-remote balls. Moreover, u(B(x,r)) ~
a(d(x,Z))v(B(x,r)) for any remote balls B(x, r). If one can find a constant ¢ > 0 so
that u(B(o,r)) > c’a(r)v(B(o, r)) for any o € £ and r > 0, then combines this with
the original assumption, we get u(B(o, r)) ~ a(r)v(B(o, r)). This implies both dou-
bling property for anchored balls and volume comparison condition. Therefore,

u must be doubling.

Conversely, if u is doubling, then for each 0 € £ and r > 0, and x € X so that

d(x,X) > pd(x,0) = pr. Then
u(Bo.1) < Cyp(B(x.p33))
~ al(B(x.p53))
Lastly, lets find the constant ¢’. This can be shown analogously as the previ-

ous argument. For each o € X and r > 0, pick x € X,(o, r). Then

u(B(0,2r)) > u(B(x, %))

\%

( inf a)v(B(x, Py
14.%1 2
222

a(r)v(B(o, 1))

¢

Now it is time to introduce the main concept in this section.

Definition 4.2.3 Fixed a doubling measure v on a metric space (X, d). For any closed
measure zero set ¥ C X, the doubling exponent Bp(X) of X is the supremum of all B > 0

such that the weighted measure d(-,£)#dv is doubling.
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Proposition 4.2.4 Fixed a doubling measure v on a metric space (X,d), and closed

mesure zero sets X; C X wherei =1,...,n. Then
Bp(ZU---UL,) > linf Bp(X)
<i<n
Moreover, if all ¥; satisfy p-skew condition, then

Bp(ZU---UX,)) = 1i<r,-1;fn’8D(zi)

Proof. This follows from the fact that

1 1 1
A5 U USf Az T AG sy

for any 8 > 0. So if 8 < inf, ¢, Bp(Z;), then d(., ) Pdvis doubling for all i which

implies d(-,%,U - - - UZ,)Pdy is as well. This proves the first inequality.

Moreover, d(-, %) < d(-,Z,U---UZ,)™. Combining this with the assumption

that all Z; satisfy p-skew condition, then the equality must follows.

Proposition 4.2.5 For any doubling measure v on a metric space (X, d) and any closed
mesure zero subsets X, C X, of X, Bp(X1) > Bp(X,) provided that X, satisfies p-skew

condition.

Proof. First note that X, also satisfies p-skew condition. Also for any g <

Bp(Xr)oeX,andr>0

1 1
dv(x) < / dv(x)
/B(o,r) d(-x’ z:l)ﬁ ( ) B(o,r) d(x7 ZZ)ﬁ (

S LvBo.r)
P

~Y

and the result follows.
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Corollary 4.2.6 Let v be any doubling measure on a metric space (X, d) and X, C X, be
any closed mesure zero subsets of X such that fp(2,) = Bp(X2). Assume that X, satisfies

p-skew condition, then for any £, C T C X, Bp(X) = Bp(Z)).

Theorem 4.2.7 Let v be a doubling measure in a geodesic space. For any 8 > 0 and a

closed mesure zero set X satisfies p-skew condition, the following are equivalent.

(a) B <Bp()
(b) a(d(-,%))dy is doubling for all a € [B], and B # Bp(X)
(¢) a(d(-,X))dv is doubling for all a € (8), and 8 # Bp(X)

(d) a(d(-,X))dv is doubling for all a € (B),, and 8 # Bp(X)

Proof. It is sufficient to prove (a) implies (b) and (d) implies (a). Assume that
(a) holds. If one can show that d(-, £)’dv is doubling, then for any nondecreasing

function a,

IA

a(d(x, X)) . 1
/B((),r) d(X, E)ﬂ dV(X) a(r) B(o,r) d(x’ Z)ﬂ dV(X)

< a5, 1)

Therefore r + a(r)r* must also be doubling. Therefore a(d(:, £))dv is doubling

for all a € [B]. This show that it is sufficient to prove d(-, £)°dv is doubling.

By definition, there exists B, > B such that d(-, £y°dv is doubling. By the same

argument, one would have

0—B
dv(x) = / Mdv(x)
B

1
/B(a,r) d(xa Z)ﬁ (0,r) d(x, Z)BO
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1
< pPF / dv(x)
B(o,r) d(x’ E)BO

< rﬂo_ﬁ%v(B(o, r))

= Pv(B(o,1)
forany o € X and r > 0.

Now, lets prove (d) implies (a). Note that for all r > s > 0,

In(1 +7r) T
In(1+5) s

Therefore r + In(1 + r) is remotely constant. If there exists § > 0 such that for

some ¢ > 0,

In(1 +r) r\6
>cl-), V 0
1n(1+s)_c(s) r>se

Then cln(;—,;“) < &;” — 0 as r — oo which leads to a contradiction. This implies

that r - In(1 + r) € (0),.

Define as(r) = rP[In(1 + r)°. It follows that a; € (8),. Hence for any o € X and

r>0,

[In(1 + r)]° / 1
r Bl d(x, )0

d(x,Z)

9
< PO, 50,1

)
) < / ol + D1 4
B(o,r)

Thus, |, Bor) de < —5v(B(o,r)) which directly implies 8 — 6 < Bp(2). Since

this holds for any 6 > 0, 8 < Bp(X).

Now is the time to face the real question, how can one compute 5,(X)? In the

beginning, the author shows that the doubling exponent of any affine subspace
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of a Euclidean space with respect to Lebesgue measure is its codimension. The
next section show similar result for singleton. For a more general case, however,

is not always true.

4.21 Doubling Exponent of Singleton

At this point, it should not be surprise that the doubling exponent of singleton

is the growth rate of doubling measures.

Theorem 4.2.8 Let v be a doubling measure in a geodesic space (X, d) and o € X. The
doubling exponent Bp(o) of {0} is the supremum of all § > 0 such that there exists ¢ > 0

so that

c(g)ﬁ Yr>s5s>0

V(B©.r) _
V(B(o,5)) ~

Moreover, the measure d(-,0)#*“\dy is not doubling.

Proof. For convenient, denote the supremum of such g as ;. Fixed g > 0

and set du = d(-,0)Pdv. If u is doubling, then there must exists €, ¢ > 0 such that

(’—;)E < (B, n) Vr>s>0

~ (B0, )’

On the other hand, u(B(o, r)) ~ r?v(B(o, r)). This implies that 3+ € < Sy i.e B < Bo.

On the contrary, if 8 < B, then one can choose g’ € (8, 5y). Now,

- 1
(Bo.r)) = / i)
a ; B(0.5)~B(o. 1) d(x,0) O
=1 ; r r
< 2 ﬁ?ﬁ” (v(B(o, 5)) - v(B(o, @))
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[

< Z 3% y(B(o, —))

i=0

§1$WM06)

AN

3ﬂ ﬁ v(B(o, 1))
3B -1 w

IA

This shows that u is doubling.

Corollary 4.2.9 Let v be a doubling measure in a geodesic space (X,d) and o € X.

Denote ap(o) the supremum of all & > 0 such that there exists ¢ > 0 so that

v(B(o, r)) S (Z)ar

' 0
Y(Blo,sy ~ \s)  TTTS7

Then the following are equivalent.
(@) B <apX).
(b) a(d(-,X))dy is doubling for all a € [B].

(¢) a(d(-,X))dv is doubling for all a € (B).

(d) a(d(-,%))dv is doubling for all a € (B);.

4.2.2 Assouad Dimension revisited

In this section, the author compute the bounds of doubling exponent on a class
of X. As in the Euclidean case, the bounds are related to Assouad dimension of

Z. Actually, it is more related to the change in Assouad dimension.
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Definition 4.2.10 A doubling space (X, d) is said to have consistent Assouad dimen-
sion @y = aa(X) if for each a > @,, there exists a constant ¢ > 0 such that for any
r>s>0,xeX, andy € B(x,r), one can find e-sets S (x,r) of B(x,r) and S (y, s) of
B(y, s) such that

. #S E(y, S) S\a
1 DR 2
P as o = ;)

where #A denote the number of elements of A.

Recall that an e-set of a subset B of a metric space is any maximal subset of
B such that each elements are at least € distance to each others. By Proposition
3.1.6, the Assouad dimension is always smaller than the consistent Assouad
dimension. At this moment, the author do not yet know whether these two

numbers are the same.

First the author shows that it actually do not matter which e-set to choose
from as long as one adjusts the constant ¢ appropriately. It also implies that one

may replace lim sup in the definition of consistent Assouad dimension by lim inf.

Lemma 4.2.11 Let (X, d) be a doubling space. Then there exists a constant N > 1 such

that for any x € X, r > 0, and any two e-set S, S’ of B(x, r),

l#S <#S' < N#S
N

Proof. By definition, B(y,€),y € S is a covering of B(x,r). Denote S, = {z €
S’ :z € B(y, €)}. Since X is a doubling space, there is a number N depends solely

on X such that #5, < N. This implies

#S'< ) #S, < N#S

yes

By switching S and S’, one also have #5 < N#S".
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Proposition 4.2.12 Any postcritically finite fractal(e.g. [42]) has consistent Assouad

dimension equal to its Hausdorff dimension.

Proof. For any open subsets U c V of a doubling space X, one have
dimy U < dim, V. The fact that X is a postcritically finite fractal then forces
dimy U = dimy V. Moreover, we know that dim, X equal to Hausdorff dimen-

sion in this case. Therefore, X must have consistent Assouad dimension.

Definition 4.2.13 Let v be a doubling measure in a geodesic space (X,d) and £ C X.

The uniform growth rate ap = ap(X) over X is the supremum of all @ > 0 such that

there exists ¢ > 0 with

v(B(o, 1)) r\a
Y(Blo.s) - C(E)

forany r>s>0ando € X

Recall that if (X, d) is a Euclidean space, v is a Lebesgue measure, and X be its
affine subspace, then Sp(X) = dim X — dimX = ap — @4 as shown in Chapter 2. So
one might ask whether this is always true or not. The answer is no and it should
not be surprising. Consider for example dv = |x|™*'dx on the Euclidean space
of dimension n. In this case ap(R"") = 1 while a4(R"") = n — 1. This happens
simply because the measure is not comparable at different points. This leads the

author to prove the following result.
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Theorem 4.2.14 Let v be a doubling measure in a geodesic space (X,d) and ¥ C X

satisfying p-skew condition and have consistent Assouad dimension a,. Then

Bp(X) 2 ap(X) — as(®)

Proof. If ap — a4 < 0O, then the above inequality becomes trivial. So it is

natural to assume that ap — a4 > 0.

Fixed 0 € £, r > 0, and B8 < ap. Then there exists ¢ > 0 and 3, > 8 such that

for any o’ € X with d(o,0") <r,

v(B(0', 5)) S\Bo
YBo.0) - c(?)

It follows that for such o/,

1 1
dv < / dv
/czp(o’,r) d(7 0/)ﬁ B(o',r) d(a Ol)ﬁ

1 ’
5V(B0.)

A

1
S vB.n)

uniformly. Here p is small but fixed, say p < 1/4. Since on cX,(0’,r), d(-,0") ~

d(-, ), it follows that

1 1
dv < —5v(B(o,1)) 4.1
/Czp(o/,r) d(, Xy i (4.1)

uniformly as well.

Next, fixed @ > a4. Choose ¢ > 0,¢, \, 0, and e-sets S ,(0,7) = S, (0,2r) C S 41

] i‘SE 0 ,S S\a

n—o #S,.(0,r) ¢ r
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Let S, (o', s) be the set of all y € S (0, r) such that B(y, €,)NB(¢’, s5) # 0. It can be
proved the same way as before that #S,(0’, s) 2 #S., (0", s). Therefore, one also

have

#Su(0’, a
lim inf 2229 > (3
n—co  #§,(0,r) r

Fixed 6§ = % —2 > 0. For each x € B(o,r), choose o, € X such that d(x,X) =

d(x,0,) = ry. Let n be big enough so that ¢, < r,, then for any o’ € S (0., or,),

d(x,0")

IA

d(x,0,) +d(0,0")

IA

re+0r, +¢,

IA

2+ 0)ry

Therefore, x € X,(0’, r). This implies

1 1
liminf ——— , > liminf ———#S,(o,, 6
lnnl)gl #S n(o’ r) O/E;w,r)/\/rzp(o " (X) 1’1;11)10? n(Oa r) (0 : )

&y
"
_ (d(x, %) )(x

r

Vv

for any x € B(o, r). Combining this with equation 4.1 and get

1 1 1
_ > 1m 1 -
P Blo.n) 2 h;?lglf /B(O,r) (#S 2(0,7) Z Xegpor (x)) d(x, Xy V(%)

o’'eS  (o,r)

1
2 ————dv(x)
/B(O’,) red(x, Xy«

This is equivalent to fB(n " d(xz)ﬁ ——=5=dv(x) S 75v(B(o, 7).

Since 8 < @p and a > @, are arbitrary, it follows that

1 1
<
/B(OJ) d(x, Z)de(x) S v(B(o,r))

for any 8 < ap — aa.
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Of course, if the measure are comparable at different points in X, then ap >

@,4. The proof is based on following lemma.

Lemma 4.2.15 Let v be a doubling measure on (X,d) and ¥ C X having consistent
Assouad dimension as(X). Assume that there exists ¢ > 1 such that for any 0,0’ € X

and r > 0 with r < d(o,0),
%V(B(O, r)) < v(B(0',r)) < cv(B(o,r))

then ax(X) is at most the infimum of all & > 0 such that there exists ¢ > 0 so that

v(B(o, 1)) r\a
Y(Blo.s) C(E)

foranyoeXandr> s> 0.

Proof. Fixed @ > ap and 0 € £ and r > s > 0. For any e-sets S (o, r) and
Se(0,5), v(B(o,r + &)) = v(B(0, 3)#S (0, r) while v(B(o, 5)) < v(B(0, €,))#S (0, 5).

Therefore,

(_)a > liminf v(B(o,r + €,))
0 v(B(0,5))

.. v(B(o,3)#S,(0,7)
lim inf

0 v(B(0, €))#S (0, 5)
.. #S,(0,1)
liminf ——=

0 #5,(0,5)

\%

Vv
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Theorem 4.2.16 Let v be a doubling measure on (X,d) and £ C X having consistent

Assouad dimension a,(X). Assume that

v(B(o, 1)) N (r)cw

w(B(o,s)) ‘s

uniformly ino €e Zand r > s > 0. Then a, < ap.

Proof. Combining the above assumption with the fact that v(B(o,r)) ~
v(B(0',r)) for any d(o,0’) < r, one also have v(B(o,s)) ~ v(B(¢’,s)) for any

d(o,0") < rand s < r. From the previous Lemma, a4 < ap.

Conjecture 4.2.1 Let v be a doubling measure on (X,d) and £ C X having consistent

Assouad dimension a,(X). Assume that

v(B(o, 1)) B (r)aD

w(B(o,s)) ‘s

forany o € Zand r > 0. Then Bp = ap — aa.

4.3 Examples

This section collects some simple examples to demonstrate the computation
power of all that have been done so far. Most of them will be Euclidean spaces

but the same idea can be more generally applied as well.

Example 4.3.1 Let v be the Lebesgue measure in the Euclidean space and X be the closer

of an open subset of its affine subspace with codimension k. It is not hard to see that
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its consistent Assouad dimension is the dimension of the affine subspace containing it.
Using Theorem 4.2.14, Bp(X) > k. Then the fact that doubling property must be locally
integrable forces Bp(X) = k.

Example 4.3.2 Let v be the Lebesgue measure in the Euclidean space and ¥ = ZFx{0}"*
be its subset. Again, Theorem 4.2.14, Bp(X) > n — k. Moreover,

1 1 1
dv ~ n* / dv + / dv
/B(o,r) d(’ Z)ﬁ B(o,1) d(’ Z)ﬁ B(o,r)—{x:d(x,2)<1} d(’ E)E

~ kP

for any big r > 0. Therefore, doubling property only holds when k < n — 3 and hence
Bp(Z) =n—k.

Note that even though both ZF x {0y"™* and R¥ x {0} * have the same doubling
exponent n — k, their behavior at n — k are different. The weighted measure d(-, ZF x
{0y"y*dy is doubling but the weighted measure d(-,R* x {0}"*y""*dy is not. The

latter is not even locally integrable.

Example 4.3.3 Let v be the Lebesgue measure in the Euclidean space and X be an e-set
of an affine subspace R* x{0}"™*. Then Bp(X) = n—k. The proof is similar to the previous

example.

Example 4.3.4 Let v be the Lebesque measure in the Euclidean space and X be a set
containing an e-set of an affine subspace R* x {0}"* containing X. Then Bp(X) = n — k.

The is an immediate fact of Corollary 4.2.6.

Example 4.3.5 Let v be the Lebesgue measure in the Euclidean space of dimension
n > 1, and X be a finite union of rays originated from the origin. Then Bp(X) = n — 1.

The is also an immediate fact of Corollary 4.2.6.
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Example 4.3.6 Let v be the Lebesgue measure in the Euclidean space of dimension
n > 1, and X be its compact submanifolds, possibly with boundary, of dimension k < n.
It is not hard to see that ey = k, so Bp > n — k. Locally integrability then forces

,BD:n—k.

Note that the compactness condition can also be replaces by the boundedness and
nonnegativeness of curvature. The idea is that this submanifold must be quasi-isometric

to the affine subspace.

Example 4.3.7 Let v be the Lebesgue measure in the Euclidean space of dimension
n > 1, and X be a finite complex with dimension k < n. Then Sp = n — k. This follows

from Corollary 4.2.6 and local integrability condition.

Example 4.3.8 Let v be the Lebesgue measure in the Euclidean space R? and £ = S'xR

where S! is the unit circle in R?. In this case Bp = Bp(S') = 1.

On the contrary, if ¥ = S' X Z, then ay = 1. Therefore B = 2. In contrary to

earlier example, T’ contains a 1-set of X, yet Bp(X’) # Bp(Z).

What about the discrete set ¥ = {e*" 1 k = 1,...,n} x Z? Is Bp(X”) = 3 in this

case? The answer is no. The doubling exponent Bp(X") is still 2.

What happen in this example is that on a large scale, all these sets behave like a one
dimensional space, while locally they behaves different. It then follows that the doubling

exponent can never exceed 3 — 1 = 2.
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CHAPTER 5
DIRICHLET SPACES

This chapter introduces Dirichlet forms on general metric spaces focusing
on the strongly local ones. For more information regarding general theory of

Dirichlet forms, see for example [26] and [6].

5.1 Dirichlet Spaces

A Dirichlet form is a positive symmetric bilinear form with some special prop-
erties, so the author will start by reviewing the definition of symmetric bilinear

forms.

A densely defined positive symmetric bilinear form (&, D(E)) on a Hilbert
space H is said to be closed if its domain D(E) is a Hilbert space under the

Dirichlet inner product

(f’g>8 ::<f’g>H +8(f’g)

It is said to be closable if it has a closed extension. The smallest closed extension
of (&, D(E€)) is called the closure of (&, D(E)). It is easy to show that a densely
defined bilinear form (&, D(E)) is closable if and only if for any Cauchy sequence
(fi) in D(E) with f; = 0in H, f; — 0in D(E).

One way to construct positive symmetric bilinear forms is via the formula

&E(f,g) = (Lf,g) for some operator L.

Corollary 5.1.1 Let L : D(L) c H — H be a densely defined operator with the follow-

ing properties:
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(a) Positivity: (Lf, f) >0, forall f € D(L),
(b) Symmetry: (Lf,g) = (f,Lg) forall f,g € D(L),

(¢) Closability: Lfi — 0 for any f; € D(L) converging to 0 in H.

Define E(f, g) = (Lf, g) with domain D(L). Then (&, D(L)) is closable.

Conversely, all positive symmetric bilinear forms can be obtained this way.

There always exists a unique positive self-adjoint operator L on H with domain
D(L):=theH:&Eh,g) <Clgll, Yge DE), AC > 0}
so that &(f,g) = (Lf,g) forall f,g € D(L) and D(E) = D(L'?).

The Hille-Yosida Theorem state that there is one-one corresponse between a
positive self-adjoint operator, one parameter semigroup and resolvent. So the
above theorem also state that there is a one-one corresponse between a closed
positive symmetric bilinear form, one-parameter semigroup, and resolvent. The

next two theorems state explicitly how they are related.

Theorem 5.1.2 Let (T,) be a semigroup of linear operator on H such that

1. each T; is a contraction: {T.f,T.f) <{f,f), Vf €H,
2. each T, is self-adjoint: (T,f,g) = (f,T,g), forallf,g € H,

3. (T) is strongly continuous: T,f — finHast — O forall f e H.

Define E(f,g) = lim,, (L oy whenever the limit exists and DE) = {f € H :

t

lim,_o (2L fexists}. Then (&,D(E)) is a closed positive symmetric bilinear form.

t

Moreover, all closed positive symmetric bilinear form can be constructed in this way.
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Theorem 5.1.3 Let (G,) be a resolvent i.e. (G,) satisfies the following conditions.

1. aG, is a contraction for all a > 0.
2. each G, is self-adjoint.
3. (G,) satisfies resolvent equation: G, — Gg = (8 — @)G,Gg.

4. (G,) is strongly continuous: aG,f — finHas a — oo forall f € H.

Define &(f, g) = lim,_,o a(f — aG,f,g) whenever the limit exists and D(E) = {f €
H : lim,, o(f — aG.,f, [) exists}. Then (E, D(E)) is a closed positive symmetric bi-
linear form. All closed positive symmetric bilinear form can be constructed in this way.

Moreover,

S(Gaf’ g) + a’<Gaf’ g> = <f’ g>

forall f e H, g € D(E).

5.1.1 Dirichlet Forms

From now on a topological space means a locally compact, second-countable,
Hausdorff topological space. Even though Dirichlet forms generally defined in
more general topological spaces, these assumptions are what make the analysis

possible.

Definition 5.1.4 Let X be a topological space and u be a Borel measure on X. A Dirich-
let form is a closed positive symmetric bilinear form (&, D(E)) on L*(X,du) with the

following property:
VfeDE), g=(fVOAL € DE), and E(g, g) < E(S, f)
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The Hilbert space D(E) is called the Dirichlet space and its norm associated to its

inner product -, )12x 4. + E(-, ) is referred to as the Dirichlet norm.

By linearity, it is easy to see that |f], fVg, fAg, fVec, fAc € D(E) forany f, g €
D(E) and ¢ € R. As for the semigroup associated to it, it turn out to be the

submarkovian semigroup.

Proposition 5.1.5 Let (E,D(E)) be a closed positive symmetric bilinear map on
L*(X, du), (T,) be its associated semigroup, and (G,) be its associated resolvent. The

following properties are equivalent.

1. (aG,) is submarkovian i.e. aG,f < 1 forall f € LI*(X,du) with0 < f < 1.
2. (T,) is submarkovian i.e. T,f < 1 forall f € [*(X,dp) with0 < f < 1.
3. (&, D(E)) is a Dirichlet form.

4. For any f € D(E) and g € L*(X,dp) such that |g| < |f] and |g(x) — g(y)| <
|f(x) = fO)l forall x,y € X, g € D(E) and E(g, g) < E(f, f). Note that such g is

called a normal contraction of f.

5. Forany € > 0, there exists a nondecreasing nonexpansive map ¢, : R — [—&, 1 +
€] such that ¢ is an identity on [0, 1], and for all f € D(E), ¢.(f) € D(E) with
E(@:(f), ¢(f)) < E(f, 1)

5.1.2 Energy Measures

It turn out that one can view a regular Dirichlet form as a measure-valued bilin-

ear form. Here regular means that it poses a core. A core C of a Dirichlet form
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(&, D(E)) is a subset of D(E)NC.(X) such that C is dense in D(E) under Dirichlet
norm and dense in C.(X) under supremum norm. If (&, D(E)) is regular, then

D(ENC(X) is a core of (&, D(E)).

Let (&, D(E)) be a regular Dirichlet form. There exists a unique signed-
measure-valued bilinear form I', called energy measure of (&, D(E)), with do-

main D(E) such that

1
[ odrir.0 = 5160760+ E(s. 1) - Ef. )

for all ¢ € D(ENC.(X), f, g € D(E). Moreover, I'(f, f) is actually a finite measure
for all f € D(E).

The proof of this is based on the fact that for any f € D(E) and ¢ €
D(ENL™(dp),
1
E(f.¢) = 58" ¢) < 19ll.Ef. /)

One nice thing about I is that one can prove Cauchy-Schwarz inequality:

/ oUdT(f.g) < [ / Sdr(f, f) / VdT(g. )]

IA

1
st garn+ [ var.en

for any f,g € D(E) and ¢,y € L¥(du). The prove is similar to other forms of

Cauchy-Schwarz inequality.

5.1.3 Strong Locality

There are three ways to state strong locality, one is its definition, other two are

Leibnitz rule and chain rule.
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Theorem 5.1.6 (e.g. [45, 46, 47]) Let (&, D(E)) be a regular Dirichlet form on some
L*(X, dp) with associated energy measure I'. The following properties of (&, D(E)) are

equivalent.

1. Strong locality: for any f,g € D(E) with (f — a)g = 0 for some constant a € R,
&(f,8) =0.

2. Leibnitz rule: for any f,g,h € D(E), dU(fg,h) = fdI(g, h) + gdU(f, h).

3. Chain rule: for any f,g € D(E)NL™(X,du), and n : R — R continuously differ-
entiable, dU'(n(f), g) = ' (f)dI(f,g)

The condition f,g € L*(x,du) in 3. is redundant in the sense that the chain
rule still hold without this assumption, however, we only know that n(f) is in

the local domain instead of the actual domain D(E).

The local domain D,,.(E) of a strongly local Dirichlet form is defined to be
the vector space of all locally square integrable function f such that for any rel-
atively compact open set V, one can find a function g € D(E) such that f = g on
V. For such f, one can define dI'(f, f) = dI'(g,g) on V. This is well-defined by
strong locality. Of course, the formula extends to any f, 4 € D,,.(E) by polariza-
tion dI'(f,h) = [dU(f + h, f + h) —dU(f — h, f — h)]/4.

Another important concept is the notion of distance. Under mild assump-
tions, this will turn X into a geodesic space. This is another reason why one
should not expect the result to holds beyond locally compact, second-countable,

Hausdorff spaces.

Definition 5.1.7 Let (&, D(E)) be a strongly local reqular Dirichlet form on some
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L*(X, dp) with associated energy measure I'. For any x,y € X, define

sup{f(x) = f(v) : f € DENCAX), dI(f, f) < dp}
sup{f(x) = f(v) : f € DENCX), dI(f, f) < dp)

p(x,y) = pe(x,y)

P (x,y) = pg(x,y)

Here dU'(f, f) < du means dU(f, f) is absolutely continuous with respect to du and that

its Radon-Nykodim derivative bounded by 1 u-a.e. on X.

The functions p, p* depend on both the Dirichlet form and the topology on
X. It is lower-semicontinuous, symmetric, and satisfies triangle inequality. It is,

however, only pseudo-distance. Moreover, it is possible that p # p*(see [20, 44]).

Definition 5.1.8 A strongly local regular Dirichlet form (&, D(E)) on some L*(X, du)

is said to satisfy the basic assumption if the following conditions hold

(a) The pseudo-distance p is actually a distance function on X and X is complete

under p,

(b) The topology induced by p is the original topology of X.

Under these conditions , one also have p = p*. Moreover, (X, p) is a geodesic
space and the distance function f(x) = p(x, V), where 0 # V C X, is in D,,.(E) and
that dU(f, f) < du[20, 44].

5.2 Poincaré Inequality and Heat Kernel Estimates

Let begins this section with the definition of (weak) Poincaré Inequality.
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Definition 5.2.1 Let (&, D(E)) be a strongly local regqular Dirichlet form on some
L*(X, du) with associated enerqy measure U satisfying the basic assumption. (&, D(E))
is said to satisfy weak Poincaré inequality if there exists constants k > 1 and Cp > 0
such that forany r > 0,x € X and f € D(E),

min / |f — &Pdu < Cpr? dr(f, f)
B(x,r)

&eR B(x,kr)

If k = 1, then (&, D(E)) is said to satisfy Poincaré inequality.

Note that under doubling property, the weak Poincaré inequality and
Poincaré inequality are equivalent[39]. Furthermore, doubling property and
Poincaré inequality together imply stronger conditions, parabolic Harnack in-
equality and heat kernel estimates. Recall here that the heat kernel associated
with (&, D(E)) is a function p : (0,0) X X X X — (0,00) such that P,f(x) =
[ fp(t,x,)du for all f € L*(X,du) where P,,t > 0 is the heat semigroup associ-
ated to (&, D(E)).

Definition 5.2.2 Let (&, D(E)) be a strongly local reqular Dirichlet form on some
L?(X, du) with associated energy measure U satisfying the basic assumption. It is said to
satisfy the heat kernel estimates if the heat kernel p associates to it satisfies the estimate

_p(x.y)z _/)(XA,Y)Z
cie c3é 4t
<pt,xy) <

Ju(BGx, VDB, VD Ju(BCx, VDBO, VD

uniformly int > 0 and x,y € X. Here cy, ¢, 3, ¢4 > 0 are fixed constants.

Note that the term \/u(B(x, VHB(y, V1) in the buttom can be replaced either
by u(B(x, V1) or u(B(y, Vi)[41].
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As for parabolic Harnack inequality, one need to clarify first what a solution
of heat equation is. This is nothing but a generalization of the classical heat
equation. Let L be the infinitesimal generator associates to (&, D(E)). Informally,
a solution of the heat equation associated to L is a function u such that d,u = Lu.
This can also be interpreted as [ < du,v > dt = [ < Lu,v > dt = — [ E(u, v)dr for

all test functions v. To make this precise, one must first define test functions.

Given a Hilbert space H and an open interval I, denote L*(I — H) the Hilbert

space of all measurable function u : I — H with finite norm
1/2
e = ( / luoiPdi) " < oo
1

Let W!'(I — H) be the set of all functions u € L>(I — H) whose distributional
derivative u’ can be represented by a function in L*(I — H). Equipped W'(I —

H) with the norm

= ( [ acoiar + [ o onpan)”
1 1

will make W!'(I — H) into a Hilbert space.

From now on, any function u : I - X — R will be viewed as a function
u: I — (X - R). This will allow us to view solutions of heat equation as

function from I — D(E).
Set F(I x X) = L*(I —» DE)NW' (I — D(E)*) and set
FeI x X) = {u € F(IxX) : u(t,-) has compact support for a.e. ¢ € I}

Also denotes F,,.(I x X) the set of all functions u : I x X — R such that for
any relatively compact open subset V of X and J of I, there exists a function

uy € F(I x X) satisfying u = uy a.e. on J x V.
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Definition 5.2.3 Let I be an open time interval. A function u : I X X — R is a (local)

weak solution of the heat equation d,u = Lu if

(@) u € FroI X X),

(b) For any open interval J relatively compact in I and any ¢ € F.(I X X),

/ / @0 ududt + / E(P(t, ), u(t,-))dt =0
JJX J

A simple example of weak solution in the sense introduced above is u(t, -) =
P.f fort € I C (0, ), where I is a bounded interval and f € L*(X, du). For a more

interesting example, one can take a look at Aronson[4] or Gyrya’s thesis[17](see

also [16]).

Fixed an open set V. Note that if one replace D(E) with the closure of the set
{f € D) : fhas compact support in V} in the above definition, then one also

arrives at the definition of local solution (in V) of heat equation[17].

Now, it is possible to define (uniform) parabolic Harnack inequality.

Definition 5.2.4 A regular strongly local Dirichlet form (&, D(E)) on L*(X, u) satisfies
(uniform) parabolic Harnack inequality if there exists a constant Hy > 0 such that
forany x € X, r > 0, and any non-negative weak solution u of the heat equation d,u = Lu
on (0, r*) X B(x, r), one have

supu < H 1g+f u
where Q_ = (r*/4,1*/2) x B(x,r/2), Q, = (3r*/4,r*) X B(x,r/2) and both supremum

and infimum are essential i.e. computed up to sets of measure zero.

A crucial consequence of uniform parabolic Harnack inequality is that all

local weak solutions of the heat equation are continuous in the sense that they
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admit continuous representatives. Another one is that it is equivalent to heat
kernel estimates discuss earlier. The following result is the cornerstone of the
author’s approach in proving uniform parabolic Harnack inequality. It is the
work of Sturm which in turn generalizes the works of many others that came

before[47].

Theorem 5.2.5 ([47]) Let (&, D(E)) be a regular strongly local Dirichlet form on

L?(X, p) satisfying the basic assumptions. Then the following properties are equivalent:

(a) (&, D(E)) satisfies uniform parabolic Harnack inequality.
(D) (&, D(E)) satisfies heat kernel estimates.

(c) (&, D(E)) satisfies Poincaré inequality and p satisfies volume doubling property.
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CHAPTER 6
WEIGHTED DIRICHLET SPACES

This chapter is divided into two parts. The first part deals with the construc-
tion of weighted Dirichlet spaces. The second part gives sufficient conditions
for the heat kernel estimates on weighted Dirichlet spaces. This is equivalent
to doubling property and Poincaré inequality[47]. Since doubling property on
weighted measures is already study in Chapter 4, this chapter will only deals

with the proof of Poincaré inequality.
6.1 Construction of Weighted Dirichlet Spaces

Fixed a locally compact metrisable space X, a radon measure v on X, and a
strongly local, regular Dirichlet form (&, D(E)) with associated energy measure
I" on L*(X,v). Moreover, we assume that (&, D(E)) satisfies the basic assumption

i.e. the intrinsic metric
p(x,y) :=sup{u(x) — u(y) : u € Dy, (ENC(X), dl'(u) < dv}

is a complete metric metrises the topology of X.

For any ¥ < D(E), denote 7_-‘8 the closure of F under the Dirichlet inner

product & = (-,-) + &.

Lemma 6.1.1 Let ¢ € C(X), ¢ >0, u € D(E), and v = (uVO)AL. Then

/¢dF(v, v) < /¢dF(u, u)
X X

Proof. By [6, p.17], the result holds if we further assume that ¢ € D(E)NC(X)
and u € D(E)YNL (X, v). For general u, we have [ ¢dl'(u) = sup, [ ¢dl((-n)Vurn),
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so the result also holds in this case. By regularity of Dirichlet forms, the results
can be extended to any ¢ € C.(X). Since X is a length space, we can extend the

result for any ¢ € C(X).

Lets starts by assume that the weighted function is regular i.e. it only take

finite values.

Lemma 6.1.2 Let h : X — (0,00) be a continuous function and Q be a relatively

compact, open subset of X. Denote du :=hdv and
&' u,v) = / hdT (u,v), Yu,v € DENC(X)
X

Then (E", DENCAQ)) is a densely defined, closable, symmetric bilinear form on
L*(Q, ) and its closure is a strongly local, reqular Dirichlet form on L*(Q,u) with
domain DENC(Q) .

Proof. Clearly, (E", D(E)NC(Q)) is a symmetric bilinear form on L*(Q, p).

First, we show that D(E)NC(Q) is dense in L*(Q,u). Since C.(Q) is dense
in L*(Q,p), it is sufficient to show that D(E)NC.(Q) in dense in C.(Q) under
supremum norm. Fixed u € C.(Q). There exist uy € D(E)NC.(X) such that
lux — ull, = 0 as k — oo by regularity of (&, D(E)). Choose F € D(E)NC.(X) such
that Xsuppuw < F < x,. Such F exists because supp(u) is a compact subset of Q.
Let vy = Fu; € D(ENC(Q). Using u = Fu, we have |[vy — ulle, < IF|loollitx — ulloe —
0.

Next, we show that (&', DE)NC.(Q)) is closable.  First notice that

(&, D(E)NC(Q)) is closable. Denote m = inf,cq h and M = sup, ., h. Since h is con-
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tinuous and Q is relatively compact, 0 < m < M < co. Now, mdv < du < Mdv, and
m& < & < ME. Hence &, and & are equivalent. It follows that (E", D(E)NC(Q))

is also closable and its closure has domain D(S)HCC(Q)S.

By Theorem 6.1.1, (&", D(E)NC(Q) 8) is a Dirichlet form on L*(Q, v). Let u,v €
D(E)NC(Q) be such that u is constant in a neighborhood of a support of v. Then
dl(u,v) is the zero measure and hence E"(u,v) = 0. This proof the strong locality

of (E", DENC(Q) ).

Theorem 6.1.3 Let h: X — (0, c0) be a continuous function. Denote du :=hdv and
E'u,v) = / hdT (u, v), Yu,v € DENC(X)
X

Then (E", D(ENC (X)) is closable and its closure is a strongly local, reqular Dirichlet

form satisfies the basic assumption.

Proof. Fixed o € X and denote Q, = B(o,n). Since X is a length space, Q, is
relatively compact for all n > 1. Let (4,, D(A,)) be the self-adjoint operator as-
sociated to (&', DIE)NC(,) ). Define Au = Ayu for any u € D(E)NC.(L,). Since
for smallest possible n, u = 0 on a neighborhood of Q,. —Q,, A is well-defined
on U,enD(E)NC(Q,) = D(E)NC.(X). It is not hard to see that (A, D(E)NC.(X)) is
a densely defined, positive, symmetric operator on L*(X,u). By Friedrichs Ex-
tension Theorem, (&", D(E)NC.(X)) is closable. By Theorem 6.1.1, its closure is a

regular Dirichlet form on L*(X, u).

Lastly, it is easy to see that the associated energy measure I'" of (§, D(E")) is

defined by dI™(u,v) = hdl'(u,v) and hence dI"(u) < du if and only if dT'(u) < dv.
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Thus, (&', D(EM) also satisfies the basic assumption. Moreover, it defines the

same metric as (&, D(E)).

Theorem 6.1.4 (Friedrichs Extension) Let A be a positive symmetric densely defined
linear operator with domain D(A) in a Hilbert space and let q(x,y):=(Ax,y) for any

x,y € D(A). Then q is a closable symmetric bilinear form.

Recall that a densely defined linear operator A is positive if (Ax,x) > 0 for

any x € D(A), A is symmetric if (Ax,y) = (x,Ay) for any x,y € D(A).

Proof. See [33, p.195,255] and [34, p.177].

Now lets move on to singular weights. Let 7 : X — (0, 0] be a positive
continuous, locally integrable function on X and du = hdv. Here h is continuous

means 4 is lower semi-continuous on X and continuous on X—{4 = oo} i.e.

h(x,) = h(x) whenever x, — x € {h# oo}

h(x,) > co  whenever x, > x € {h = oo}

Note that we can always write & = hh, where h, is bounded from above and #,

is bounded from below. One such choicesisthat iy =hAland h, = h V 1.

Define & (u,v) = [ hidl(u,v) for any u,v € D(E). The previous subsection
show that (&', D(E)NC.(X)) is closable and its closure (&', D(E")) is a strongly

local, regular Dirichlet form satisfies the basic assumption. One can then replace
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(&, D(&)) with (&', D(E)) and assume the following stronger assumptions for the

weight h.

Assumption 6.1.1 & : X — (0, o] is continuous, locally integrable and has positive

minimum 1. Particularly, v(h = c0) = 0.

Theorem 6.1.5 Let h : X — (0, 0] be a continuous, locally integrable function with

positive minimum 1. Denote du :=hdv and
E'u,v) = / hdT (u,v), Yu,v € DENC(X)
X

IfC = {u € DENCAX) : E"(u) < oo} is dense in (Co(X), || - l), then (E",C) is closable
and its closure is a strongly local, reqular Dirichlet form on L*(X, hdv) satisfies the basic

assumption.

Proof. The assumption about C is to guarantee that (", C) is at least densely
defined and its closure, once proved, is regular. Let (u,) be a Cauchy sequence
in (&",C) such that u, — 0 in L*(X,hdv). Since h > 1, u, — 0 in L*(X,v) and

E(u,, — u,) — 0as n,m — oo. It follows that E(u,) — 0.

Using the fact that | [ |¢ldl(u,, u,)l < \/f Pl (u, uy) [ 1B1AT (thy, w,) and
[ 19ldT(u,) < ll¢ll..E(u,) for all n,m, we have

lim / 11T i, 1) = lim / 11T, ) = 0, Y € C(X)NLV(X, V)

Set Uy = {k—1 < h < k+1}. Since X—{h = oo} is a metric space, it is paracompact

and hence there exists a partition of unity {¢;} subordinates to {U;}. Then

hdl'(u,) < hdl (u,
/X ) < > [ ¢ehdT(w,)

keN vV X
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> lim / dehdT (uy, — ty,)
m—oo X

keN

IA

lim inf Z dchdU (1, — u,,)

m—00
keN v X

IA

lim inf/ hdl(u, — u,,)
X

m—o00

Letting n — oo and we have &"(u,) — 0. This proves that (&", D(E)NC.(X)) is
closable. Using the fact that &, < &', D(E") :=D(ENC (X )81 c D(E).

By Lemma 6.1.1, [, hAkdT'(v) < [, hAkdT(u) for any u € D(E") and v =
(uvO)Al. Letting k — co and we have E"(v) < E"(u) which prove that (&", D(E"))
is a Dirichlet form. It is not hard to see that in fact (&", D(&")) is a strongly local,

regular Dirichlet form on L*(X, hdv) satisfies the basic assumption.

Corollary 6.1.6 Let h : X — (0, o] be a continuous, locally integrable function. De-

note du :=hdv and
Eu,v) = / hdT (u, v), Yu,v € DENC(X)
X

Let C = {u € DENCA(X) : E"(u) < oo} If (&, D(E)) admits a carré du champ operator,
then (E",C) is closable and its closure is a strongly local, regular Dirichlet form on

L*(X, hdv) satisfies the basic assumption.

Proof. This follows from the fact that "(u) < oo for any Lipschitz function

with compact support.
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Denote § = S,:={h = oo} where h : X — (0, 0] be a continuous, locally
integrable function. Instead of construct the weighted Dirichlet form as the
closure of C = {u € DENCX) : E"u) < oo}, one might replace it with
DE)NC(X-S). The last goal of this section is to give a sufficient condition

for which there is no different between the two i.e. the sufficient condition for

which DE") = DENC.(X=5))" .

Theorem 6.1.7 Assume that the weighted Dirichlet form (E", D(EM)) is well-defined,

and for each compact subset K of S = {h = oo},

e—0 82

1
lim / hdy = 0 (6.1)
KE

Then D(E") = DENC.(X=5)" .
The proof is based on the following lemma.
Lemma 6.1.8 Let f : [0,00) — [0, 00) be a nondecreasing function with f(0) = 0.

Then

deg, \, 0s.t. f(sn)/si -0 & dg, \\0s.t. f(e,)/(e, — Ens1)’ — 0

Proof. (=) Choose a subsequence ¢,, so that ¢,,,,/€,, — 0. Then

2
f(enk) _ f(gnk) 8nk
(gnk ~ Engyy )2 85,{ (8nk = Enpy )2

- 0

(&) Since &, > &, — &1, f(&2)/€; < f(€2)/ (81 = €411)* — 0.
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Theorem 6.1.7. For any ¢ > 0 and K C X, denote K* the e-neighborhood of

K. It is sufficient to show that D(E)NC.(X)N{u : E"(u) < o0} C Z)(S)HCC(X—S)Sh.
Let u € DE)NC(X) be such that E'"u) < o and set K = {h = oo}Nsupp(u),
f(&) = [, hdv. By assumption, we can choose ¢, \, 0so that f(&,)/(&,—&4+1)* = 0.
Set

P KTy e Ko

En—En+l

Pn(x) =
1 otherwise

Then u,, = p,u € DENC(X-S), u, — u a.e. and hence

/(un —u)’dv < (sup |u])? dv -0

Kén

Since p, — 1 is Lipschitz with constant 2/(g, — €,+1),

/ hdU(u, — u,u, —u) < 2 / [WPhdT (0, — 1, pn — 1) + (0, — 1)*hdT (u, u)]
< 2uplu e (e = oo +2 [ halla)

Ken

- 0

Therefore, ||u, — ul|lgn — O.

The above theorem shows that if the dimension of § is too small compared
to the growth rate of the measure, then it does not matter which domain one
should to prove the Poincaré inequality. This idea is not exploited in this thesis

though.
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6.2 The proof of Poincaré inequality

As state in the background materials, heat kernel estimates is equivalent to dou-
bling property and Poincaré inequality. The doubling property is studied in ear-
lier chapter, so in this section, the author will focus on Poincaré inequality. The
tirst version of the result will focus on nonincreasing remotely constant weights,
while the second one will focus on measure with small growth. Unlike doubling
property with work well with increasing weights, it is simpler to prove Poincaré

inequality for nonincreasing weights.

Another important point is that the proof of Poincaré inequality relies on
paths between points, so the singularity sets must have some kinds of path

property too.

Definition 6.2.1 Let (X,d) be a geodesic space and X c X. The set X is said to be
p-accessible if it satisfies p’-skew condition for some p’ > p and the cone cX,(o,r) is

path-connected for all 0 € Z and r > 0.
A p-accessible set X is said to be p-couniform if the X,(o, r) itself is path-connected

forallo e Zand r > 0.

Although the definition of accessible set does not involve the length of the

path, it is still possible to control it.
Proposition 6.2.2 Let X be a p-accessible set in a geodesic space (X, d). For each py <

p, there exists a constant C, > 0 such that for any x € cX,(0), one can find a path

¥ C cZ,,(0) from o to x with length at most Crd(o, x).
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Proof. First, choose € > 0 so that p > (1 + 2g)p, + 2¢. For any x € ¢Z,(0,r), one
can find a path y C ¢X,(o, r) connecting x to o. For each k = 1,2,.. ., denote # the
last point that d(o, y(1)) > p*r, and also denote 7, = 0. On each interval [#, #;41],

replace the path with the path constructed below.

Denote {x;} an gp*r-set on the path |y, ,.,;- By doubling property, the number
of {x;} is uniformly bounded depending only on doubling constant and &. Rear-
ranging {x;} so that B(x;, 260" r)NB(x;.1, 260" r) # 0. Now, one can replace ylj, 4.1
with the path in this chain. It is easy to see that this new path has length roughly

pfr on [t, 1] so the whole path has length roughly r.
Lastly, for any y € B(x;, go*r),
d(y,0) < d(y, x) +d(x;,0) < (1 + &)p'r

and

dy,%) > d(x;,X) — d(x;,y) > (o — &)p'r

Therefore, y € cX,,(0).

By the same arguments, one can also prove the following result.

Proposition 6.2.3 Let X be a p-couniform set in a geodesic space (X, d). For each py <
p, there exists a constant C;, > 0 such that for any x,y € Z,(o,r), one can find a path

Y C X,(0,7) from x to y with length at most Cd(x, ).

The next result gives the reason why one should not simply assume X satis-

fies p-skew condition.
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Lemma 6.2.4 Let x € cZ,(0), 0 € Z. Then for each € € (0,1) and 6 € T with d(0,0) <

ed(x,X), one have x € cE%pe(é).

Proof. Let x € 2,(0), and d(0, 0) < ed(x, X).

IA

d(x,0) d(x,0) + d(o, 0)

IA

'+ edx,x)

Therefore d(x,X) > ﬁd(x, 0).

Proposition 6.2.5 Let X be a subset of a geodesic space (X, d) satisfying p-skew condi-

tion and 2p < p’. Then for any r > 0 and 0,0’ € T with d(o,0’) <r,

Zy(0,r) C cXy(0',2r)=B(o’, 2pr)

Proof. Clearly, for any x € £, (o, r), d(x,0") < d(x,0) + d(o,0") < 2r.

Now, lets prove Poincaré inequality. There are three versions of the theorem.
The first one is when X is couniform. This case is not new; it is proved in Saloff-
Coste and Gyrya[17] result. The proof given here is an adaptation of Saloff-
Coste and Gyrya’s proof. It is modified to give a basic building block of the other
cases. The second version deals with nonincreasing weight functions when X is
only require to be accessible. The last version try to generalize the result to a

bigger class of function by assume some dimensional conditions on X.

All versions are based on the following theorem.
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Theorem 6.2.6 Let (&, D(E)) be a strongly local, regular, Dirichlet form in L*(X, p)
with intrinsic metric d satisfies the usual assumptions. Let also X C X be a p-accessible
subset. Assume that the measure u is doubling and the local Poincare inequality holds
for all Z-remote balls. Then the local Poincare inequality holds for all balls if and only if

there exists a constant C4 > 0 such that forany o € X, x,y € X,(o,r), and f € D(E),

][ f If(u)—f(V)|2dﬂ(u)dﬂ(V)$CArZJ[ dr(f. f) (6.2)
B(x.er) J B(y,er) B(o,r)

where 0 < & < 1 be a fixed constant independent of o, x,y, r and f.

The proof relies on the Whitney covering so lets us review the definition
here. A strict e-Whitney covering of X-X, denoted W, is a countable family of
disjoint balls B(x, r) such that r = ed(x,XZ) and Upew3A = X-X. Here € is a very

small positive number. For any o € %, denote W, = {A € W : 3ANcZ,(0) # 0}.

In view of Saloff-Coste and Grigor’yan’s work[10], it is sufficient to prove the
result for anchored balls. The arguments relies on the chain arguments and is
divided into 4 steps. First one connects any remote balls to another remote balls
of roughly the same radius and can be connected to a balls of radius roughly
the same size of the anchored ball. Then connects that ball to a fixed remote ball
of radius roughly that of the anchored balls. The difficulty lies in controling the

number of times a ball is used.

Lemma 6.2.7 Let X be a p-accessible set in a geodesic space (X,d). Fixed ¢ € (0, 1].
There exists a constant N > 1 independent of o € £ and r > 0 such that the number of

A € W, with er < r(A) < risat most N.

Proof. For such A = B(x, 5), denote y € cX,(0)NA. Note that

d(x,0) < d(x,y)+d(y,o0)

77



IA

s+p d(y,2)

IA

s+ p ' (d(y, x) + d(x,Z))

IA

s +p_1(s +ely)

= (I+pt+plehs

Therefore A € B(o,(2+p~'+p~'e ")r). By doubling property, there is a number
N depend only on doubling constant, p, €, and ¢ such that the number of such A

is always at most N.

Lemma 6.2.8 Let X be a p-accessible set in a geodesic space (X, d). There exists a con-
stant N,C > 1 such that for any x € cZ,(0),0 € X, we can find a sequence of remote

balls {B; = B(x;,r)};2, € ‘W with the following properties

1. xe€ 3B,
2. 3B,N3B; # 0 if and only if|i — jl = 1,
3. £éd(x,0) < r; < CeMNd(x, 0),

4. there exists a partition Py of {B;}, each with at most N elements such that

L€td(x,0) < r; < Cé'd(x, 0) for any B; € Py

5. B;c CB;forany j>i

Proof. Fixed py < p. Denote d(x, 0) = r. By assumptions, there is a path y from
x to o lying entirely in ¢Z,, (0, r) such that there is a unique #; with d(y(#;), 0) = €'r
and y([t;,ti+1]) € X,,(0,r). The path y can be constructed recursively on each

level.
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i+1

E__
1+e

For each A € W that intersects y([t;, t;11]), S=r < r(A) < ﬁr Therefore there

exists N > 1 such that at most N such A cover y([t;, t;,1]).

Choose B, € ‘W so that x € 3B, then choose B; recursively as follows. Let s;
be the last s so that d(y(s),3B;) = 0. If 5; < t; we are done for this level, otherwise
choose B;;; € W that contains y(s;). This process will be done in at most N
steps. After this repeat the process on each level recursively. It is clear that this
sequence satisfies the first four properties. For the last one, the distance from x;

to x; is at most

1+ e)ér, N+ e
N < l-
Z l-e (-2

Now, one can prove the above theorem.

Proof of Theorem 6.2.6. First choose p’ > p such that X satisfies p’-skew

condition and 0 < € < 1 so that ; f;,e > p. Fixed o’ € ¥ and r > 0. For each

o € B(0o’,3r)NZ, choose x, € X,(o, 2—2). This is possible by p’-skew condition.
It follows that x, € cZ,(0o"). Choose, for each x,, a sequence of remote balls

B, = {B? = B(x;,r;)}2, € W according to Lemma 6.2.8.

i=

Let¥ ={B €W :3BNB(0,r) # 0}. For each B = B(z,rz) € ¥, choose 03 € X so
that z € ¢X,(0p). Notice that d(o’, 0g) < 3r. Then choose Wy € B,, to be the first
ball that has radius at most . Since the radius of Wj is roughly the same as that

of the one before it, its radius must be roughly r.

Next, denote W, = B} and W = B?. Denote also f3 = f,, fdu for any balls B.
Nothing that

I = Ful < 4[1f = fol? +1fa = fival + Ufiva = firo, P + i, — Finl?]

op
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for any B € ¥. Therefore

/ f = fuldu < 4% / \If = fal* + \fs = fs* + Uiy = fiv,, > + 1w, — finl” |d
B(o",r) Bey /4B

The first term is bounded easily. For any B € ¥, 4B C B(o’,2r). The Poincaré
inequality for remote balls then implies

Do = faldu S )| dr(tf)

Bey V4B BeF /4B

P (Y

(0’,2r) BeF

< P / dr(f, f)
B(o’,2r)

AN

The last term is also simple to bounded. Since the radius of each W, is
roughly r, there must be at most N different balls A; by Lemma 6.2.7. There-

fore

Z /43 |fw,, = fwldu

BeF

D\ = fb( ) uaB)

WUB =A;

3
< ZVA,.—fWFu(B(o', p—i))
3
S Z][ ][ @) = FO)Pdu()duu(Bo’, =)
T JaA; Jaw PE

< NP / dr(f. f)
B(o

Y
)

where the last inequality follows from the assumption.

The second term can also be bounded using the same idea, even though it is
a bit more complicated. The map B — Wj is many to one but can be uniformly
bounded using doubling property. Since the radius of B and Wj are roughly the
same, any Whitney balls that maps to the same W must have roughly the same

radius. Moreover, the distance from this ball to Wy is also roughly equal the
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radius of W too. Therefore, the number of B that maps to W must be uniformly

bounded by doubling property. Therefore,
o= fuPdu < w8 F F 100 = S0 dutirducs)
4B 4B J 4Wpg

< A / dr(f. f)
B(og,rg/€)

Denote 7 the set of all those balls in # with radius between 3r/2* and 3r/2%*!.
For any B, B’ € ¥ that B(og, rz/€)NB(op, rp /€) # 0, the distance between B and
B’ must be roughly the same as the radius of B. This implies that ¥ ger X 0,00

can be uniformly bounded. Hence,

S e fwldn = 33| 1fa = fwldu
BeF V4B k Ber” 4B
< ZZ(%)z/B( T D
k  BeFy oBrB/€
s NG/ g

k

< r / dr(f, f)
B(o’ kr)

Lastly, for the third term, we learned that there are only a finite number of
different W,, denoted A;. Each B also pair up with only a finite number of Wy,

therefore the third term is comparable to

PIDIRIETAL

i Aeﬂ,-

where A; is the set of all Wy such that W,,, = A;.

Denote R; = Uy, -4,8,,. For each A € A;, A = B] € 8B, for some o0 and k. Using

the fact that A c CBf for all j < k, we have
k
[fa = falx, < Z oo = S, X
=1
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k

1 172
e Z r(.u(Bﬁ) 168 ) XK,

J=1

1 12
< Zr(@ _dr, ) XiXen

R ER[

Here the second inequality follows from the following estimates

¢

HB)\fz — fo P ABIOABS ) fx — fan P
/ e = foo., du
4BIN4B7_|

2 2
|t P [ i st
4B?ﬂ43?_] 43;043?_1

S [ A= fuy P [V - P
4B°

4 4B°
J-1 J

AN

AN

P /4 dr(f. f) +/ dr(f. f)
B

4B°
J

A

P / dr(f. f)
163;’.

It follows that

¢

[fa = fa,lPdu Z |fa — fal*du

AeA; 44 A€EA; A

1 1/2 2
/A;ﬂi(};%r(lu(R) 16Rdr(f’f)) XAXCR) dys

1
(Y AONC [ arc.n) x) an

A€eA;

(S [ aren) xe) an

RER,‘

[ (S )

RGRI'

N

N

AN

where the last inequality follows from Lemma 3.3.5.

Since balls in R; are disjoint

1
— falPdu < 2/ — [ dU(f, fx.d,
Do - falfdu S ;;‘,.MR) AT P

AeA; 4A
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N

2 [ Y

R €'R,‘

< r / dr(f, f)
B(0’ kr)

Corollary 6.2.9 Let (&, D(E)) be a strongly local, regular, Dirichlet form in L*(X, p)
with intrinsic metric d satisfies the usual assumptions. Let also £ C X be a p-couniform
subset. If the measure p is doubling and the local Poincare inequality holds for all Z-

remote balls, then the local Poincare inequality holds for all balls.

Proof. The proof follows from the chain condition technique and the fact

that X,(o, r) are connected for allo € X and r > 0.

Corollary 6.2.10 Let (&, D(E)) be a strongly local, regular, Dirichlet form in L*(X,v)
with intrinsic metric d satisfies the usual assumptions. Let also X C X be a p-accessible
subset, du = hdv where h(x) = a(d(x,X)), and (E", D(E")) be the weighted Dirichlet

form corresponding to function h.

Assume (&, D(E)) satisfies parabolic Harnack inequality and a is nonincreasing,
and remotely constant. Then the local Poincare inequality for (E", D(E")) holds for all

balls whenever u is doubling.

Proof. Since a is remotely constant,
Fof v sofdam ~ £ 1w - foldodo)
B(x,er) J B(y,er) B(x,er) J B(y,er)
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The fact that a is nonincreasing implies a(r) f Bor) ar(f, f) < f Blor) hdU(f, f).
The doubling property a(r)v(B(o,r)) ~ u(B(o,r)) then implies fB(O’r) dr(f,f) <
a0 HAU(S, £)-

Corollary 6.2.11 Let (&, D(E)) be a strongly local, regular, Dirichlet form in L*(X, p)
with intrinsic metric d satisfies the usual assumptions. Let also X C X be a p-accessible
subset. Assume that the growth rate of 1 on X is less than 2. If the measure u is
doubling and the local Poincare inequality holds for all Z-remote balls, then the local

Poincare inequality holds for all balls.

Proof. Let 8 < 2 denote the growth rate of u. Fixed x € Z,(o,r). Let B; be the

sequence of balls defined in Lemma 6.2.8. Then

= FOF < (D~ fal)

i=1
o, 1 1/2\2
< (2l , Mr0n) )

=

- A

— A\ u(By) Jies,

9i(f-2)

har(f.f)) ")

AN

1 2y
r’ hdU(f, f)( ) 27)
u(By) B(0,2r) ;

1
~ P hdl'(f, f)
u(By) B(0,2r)

This implies —= [, |f = f(0)Pdu < P s [0, hAU(f, ) as well.
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