
PRINCIPLES 
OF 

TIIE MECIIANICS 

OF 

l\iACII INERY AND ENGINEERING. 

SECTION I. 

THE .APPLICATION OF MECIIANTCS IN BUlLDING. 

Oil.APTER I. 

OF THE EQUILIBRIUM: .A.ND PRESSURE OF SEMI-FLCIDS. 

§ 1. Sand, earth, corn, seeds, shat, te, {tc., may be considered as 
semi-jluids.-Tliey resemble flu.ids in so far as, like these, they require 
external support that thoy may preserve a particular for1n. The 
mutual aclhcsion of the pa1�ts of semi-fluids is of course greater than 
in the ease of water. Water always requires external support, 

• ,vhile this is only the more frequent case with so called semi-fluids; 
and whilst ,vatcr is in equilibrium only when its surface is horizontal, 
the disintegrated rna8,uJ8 or semi-fluids in question, 111ay be in stable 
equilibrium, though their surf 11cc be inclined.

If the pt1,1·ts of a disintegrated mass be connected by their mutual 
friction alone, the mass ,vill be in equilibrium 

Fig. 1.,vhon its surface is not inclinetl to the horizon _at a greater angle than the angle of reJJose p
(Vol. I. § 159). Tho natu'ral slope of <lisinte
gra.ted masses is determined by the angle of re
pose. If by the eloz1e of a declivity.AB, Fig. 1, 
,ve understand the ratio b of the base .A. 0= b to 

• 
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14 PRESSURE OF EARTH. 

the height OB=a, it is evidently=cotang. p, or, as tang.pis equal 
to the co-e.flicient of friction j� 0 = 1 . 

a •f
According to Martony de KiiBZe.lJh, the no.turn! slope of perfectly 

dry soil, for example,= 1,243, and for n1oist soil= 1,083. ITcncc,
the angle of slopo in tho first case is= 3H0 , antl in the second -!3° . 

For very fine sand, the slopeh= :, therefor(.', tl10 angle of slope 
= 31° . For rye seeds, the author found p = 30° , for fine shot 
/J= 25°, a.nd for the finest shot p= 22}0• 

Remark. Experiments on the slope of disintegnued 1nusiscs are made by hcnping then\ 
up. o.nd dressing thco1 off from belo,v UJ)\Vardtl. 

§ 2. Pressu:re of Eartli.-If a disintegrated mass, such ais earth,
be supported by a reto.ining ,v,tll, it exerts ::t pressure (zJoussee)
ngninst it, a kno,vledge of ,vhicll is of importance in practice. up
pose a body of earth M, Fig. 2, supported by a retaining ,vall Al.,,

the back of which is vertical. Take 
Fi�. 2. as a first case that the earth and ,vnll 

arc the sa.n1c height, and tho earth's 
( .  I ) I·: 1 l 11 I , 

,- surface in no way extraneously loaded.
I'. � II/ upposc that a weclgc-shape<1 piece ' ' ' '/, �r

• .- ADE separates f1·om the general 1nass,
::-.: 

H and thus re8ts on the retaining wall on 
•·· 4 H 'A{� the one side, and on tl1e earth on the 

other; put the height �lD of the cnrth 
nna '\Yall = 71, the density of the earth JJI = "I, nnd the unglc AE.D 
which the surface of separation Ah' n1akcs with the llorizontal = t,
Let us con�idcr a length of the 1nass (n.t right tingles to tho plane of
the figure) equul unity, then the weight of the wcuge AJJ.E: 

G =AI>�I>E_ 1. "f= ½ 7t. lt cotg. qi. y= }h1 eotg. if>.'>'· -
The vertical back AD is acted upon by the pressure SP= P ut 

right angles to it; and, therefore, it may be assun1ed that nn equal
opposite horizontal pressure maintains the prism AJJ.E on the in
clined plane. Wc kno,v also('' ol. I. § 159) that a. foroc "·ill be taken 
up by a body if its direction does not deviate from the normal to the
plane of contact by more than the angle of repose, and ,vc may,
therefore, assume that the second component force R of G is taken 
up by the mass bclo,v .11.E, CYen supposing its direction to deviate 
from the normal SJV' by nnglo RSN = p. As NSG = .flED = <t>, 
we haYe RSG = t- p, a.ncl, therefore, the horizontal pressure on 
the retaining ,vall P= G taug. (4> - p), ( compare Vol. I. § 162), or 
P J. 1,-2 'Y cotg. gi tang. (1>- p) . ,Tlns force <lepenus upon an unkno"·n angle q,, or upon the di1ncn.s1ons of the prism of pressure, and is thus dilfcrent for different 
Yalucs of 4>, and a maximum for a, certnin valuo. If, now·, AJJE 
be the pris111 of greatest pres'ure, and ADO a, pris1n exerting a.
less pl'essure, ''"c haye in AEO a prism "·hich requires no force to
maintain it on its basis, but which would rather rec1uire s01nc force 
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Now cotang. q, tang. ( t-p) = s n. (2 q,-p)- s� �n. 

PRESSURE OF EARTH. 

to pull it downwards. And so for other wedges A OH, &c., into 
which we might divide AE.F, because these rest on still less inclina
tions; we may therefore assume, that by an opposite force equal to 
the maximum pressure P, not only the prism ADE, but also the 
prism below AE and AEF, is perfectly sustained, and that there
fore this maximum pressure is that which the retaining wall is sub
jected to from the whole mass. 

§ 3. Prism of greatest Pressure.-,ve must now determine the 
prism of maximum pressure. We have manifestly only to determine 

sin. ( 

that value of q, for ,vhich cotang. q, tang. ( t-p) is a maximum. 
P, and as this 

2 q, -p) + sin. p
fraction is greater, the greater sin. (2 4>-p) is,we shall have cotang.
t tang. ( t-1') a maximum when sin. (2q,-p) is a maximum, that 
is= 1, or 2 f-p= 90° , i.e. q,= 45° + �- Hence we name the ... 
pressure of the earth against the retaining wall: 

P= ½ h2 r cotang. (45° + ;) tang. (45° - ;), 

or since cotang. (45° + ;) = tang. (45° -;), 

P = ½ 7i2 r [tang. (45° -.;)]
2 

• 

900
The complement ofht= 45° +�,is DAE= 45° _P, == -p

2 2 2 
= one half of D.IJF the complement to 90° of the angle of friction p.

Therefore the surface .IJE of the prism of pressure bisects the angle 
D.ll.F which the natural slope .llF makes with the vertical .ll.D. We 
can now very easily compare the pressure of a disintegrated or semi
fluid mass v;ith that of ,vater. In the latter the pressure is ½ h2 r1
(Vol. I. §276), when h = height, 1 = breadth of the pressed surface. 
In the case of earth, on the other hand, we have the pressure 

P = ½ h2 E r1 [tang.(45° -;)]
2 

, 

where r1 = the density of water, and , the specific gravity of the 
semi-fluid. Hence the pressure of earth is always 
, [tang. (45° - ;)]

2 

times as great as the pressure of water, or the 

pressure of a semi-fluid may be set as equal to the pressure of per
fect fluid of specific gravity , [tang. (45° -;)]'· 

Thus "·e see that the pressure of earth increases gradually from 
the surface downwards,or is proportional to the pressure height.

It follo�s, �ikewise, that the centre of pressure of earth-works,
&c. &c., c�1nc1des with the centre of pressure of water, and that,
�h?refore, 1n �he case in question, where the surface is a rectangle,
1t 1s at. one-third of the height It from the base (Vol. I. §278). 
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or, as tang. (4> - p) = tang. t - tang. P 

-x h cotang. p [ I - [tang. ( 45° - ;) ]
2

] 

COHESION OF SEMI-FLUID MASSES. 

Example. If the specific gravity ofa mass of corn seeds, heaped 6 feet high, be 0,776 
(Vol. I. § 291, remark 1), it exerts a pressure against each foot in length of a vertical 

wall: P = ½ . 6' . 0,776A. 63A. [ (ta,ag. 45° - 15°

) ]' = 18 . 63A. 0,776 (tang. 30°)' = 

880 X 0,5773,51 = 293i lbs. (English.) 

§ 4. Cohesion of Sem.i-fluids.-In the above investigations we
have omitted to consider the cohesion, or that mutual union of the
parts of the ma.ss, increasing with the surface of contact. As this
cohesion, however, in the case of the less disintegrated masses, as, 
for instance, in well compacted earth, is not unimportant, we shall 
now introduce it into the formula. Let us put the modulus of co
hesion, or the force of union for the unit of surface of contact = ",
we have for the case shown in Fig. 2, the force required to separate
the prism .llDE on the surface 

.IJE, = 1 . .IJEg. x = �h 
sin. t 

. 

The vertical component . "h sin. t= "  h counteracts gravity, an<lsin. t 
the horizontal component ." h . cos. 4> = " li cotg. t, counteracts the 

sin. 4> 
pressure. If, therefore, we introduce into the formula P = G tang.
( t-P), instead of P, P + "  h cotang. t, and instead of G, G - "  h, 
we then obtain the equation : 

P= ( G - "  h) tang. (1> - p)-" h cotang. 4>.
If again we substitute G= ½ h2 "I cotang. t, we have : 

P =  (½ h2 "I cotang. t-" It) tang. (t - p) - x h cotang. 4>.
It is, however, convenient to make the following transformations 

in this formula. 
P= h [(½ h "I +  x cotang. p) cotg. t tang. (t-p)- x cotang.

f - x (1+ cotg. t cotg. p) tang. ( t- p)J, 

1 + tang. t tang. p 
= tang. t - tang. p . cotang. 4> • cotang. p,

1 + cotang. t cotang. p
we have P= h [(½ h "I+ x cotang. p) cotg. 4> tang. (t-P) 

- "g(cotg. t + cotg. p - cotg. t)], hence
P= h [(½ h "I+  x cotg. p) cotg. 4> tang. ( t-p)- x cotang. p].
This force becomes a maximum when the product cotang. t tang.

(t- p) is a maximum, and as we have seen this latter is so, when 
�=4 5 ° + ; ; therefore, the entire horizontal pressure of the earth 

against the wall : 
P =  h [(½ h ,., + x cotg. p) [tang. ( 45° - ;)]g

2
- :ic gcotang.gp] 

° = ½ h2 "I [tang. (4 5
2 

_ ;) ]
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2or as cotang. p = ------ ------- ---, anlt 
tang. (45° + ;) - tang. (45° -;) 

2

1 - [tang. (-t5° -;) ]

= [tang. (45° + ;) - tang. (45° - ;) J tang. (-!5° _ ;), 

P = ½ 7t2 y [tang. (45° - ;) ]
2 

- 2 lt "  tang. (-15° - ;) 

= li tang. (45° - ;) [7�r tang. (45° - ;) - 2 � ]· 

This force is O for } h1 y tang. (4:5° - ;) = 2 ", tha.t is, 

r 4 x ..1or lt1 = 
"I tang. (45° - ;) 

For this height, therefore, a coherent mass may be cut vertically, 
and shoul<l continue so to stand. Inversely, from the height 7,1 of
the vertical face of any soil, ,ve may deduce the modulus of cohesion, 
for 

" =  t h1 y tang. (45° - ;)•  
Therefore, the cohesion of a mass i s  greater or less, according to 

the height lt1 for which it maintains a vertical face. 
If ,ve int1·oduce n1 into the expression for P, we obtainn: 

P = l�y (lt - li1) [tang. (45° 7)Ji · 
For sand, seeds, shot, and for newly turned soils, 7L1 is very 

small; for compressed compact soils, it is sometimes considerable; 
for disintegrated, moist earth, l\'Ia,rtony found h1 = 0,9 feet, whilst, 
for the same material soaked ,vith water, li1 = 0. According to ci1·
cumstances, a vertical face of from 3 to 12 feet maintains itself in 
<lifferent soils. 

In most cases of practical application, it is advisable to 01nit the
effects of cohesion. 

§ 5. Su1·clia1·,qed 1ln1sses of Eartlt.-If the 
Fie-. 3. earth-"·ork J\,J, Fig. 3, be loa<led on the sur-

face, ,vith buildings or other,vise, as DEII,
the retaining ,vall undergoes an incrcnsctl 
pressure. 1'o cleterotine this increased pres
sure, let us put the pressure on each sc1uare
foot of the horizontal surfaceh= <J, then the 
pressure on the surface for ../1.DE= q . J)E 
=qlt cotang. qi, and, therefore the horizontal' 
pressure, ."'ll hout 1·ef�rencc to cohesionh: 

P=(G + q It cotang. «ti) tang. ( 1>-P)
;:)* -
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18 RETAINING W .ALLS. 

= (½ 7tz "I + q Ji) • cotg. ii> tang. (t - p), or as q, = 45° + � -
2

P = (½ li'J "I +  qlt) [tang. (45° - i) ] , 

To finrl the point of applicntion of this force, we must decompose 
2

it into its two parts ½ /t 'J. 1 [tang. (45° -i) ] antl 

q 7L [tang. (45o· - ;)]2 
• The first part has its point of applica

tion at l of the height li n.bovo the base A, nnd, therefore, its stnti
eal moment refer1·eu to this point: 

2 2 = ! . ½ h2 "I [tang. (45° - ;)] = Ji�" [t,in:1- (45° - ;)] ; 

By the second part, howe11cr, equal portions of the vertical wnll nre 
equally pressed, antl therefore the resultant pressure of this part 
passes through the centre of gravity of the wall, and acts at half 
the height li from tho base. Hence the statical moment of the se-

9. 
cond force 

2 2h q h2 
= 2 . qlt [tang. (45° - p )]2 

= 
2 [tang. (45° - P2)]

The moment of the entire prct:isuro
2
is thus : 

(1 /t3 
1 + ½ 'J h2) [tang. (45° - ;)] , and, therefore, the leverage 

of the force, or the distance .110 = a of its point of application 0
from the base,: 

(A li,3 y + ! 71,2 q) [tang. (45° _ f.) ]2 
2 A li2 ,, + ¼ h q r'f - ----------�---- - -

- (½ h2 
y + It q) [tang. (45° _ �) ]

2 
- ½ h "I +  q 

+ 3= ( Ji 'Y q )3 lt -r + 6 q  . Ji. 

Remurk.-If the earth be carried above 11.te cope of tlte "•all, ancl form from it n nnturnl "lope. tho fon11nlu of § 3 is still npplicuble, if h be put equal to the !,eight of the earth,
anti not that of the \\•all. 

§ 6. Retaining Walls.-The pressure of earth has often, in  engi-
neering, to be withheld by retaining walls (Fr.

Fig. 4- revete1nents), or by ioalli'ng-ti,nbers, and slteet
p?'.ling. Retaining walls of masonry are most 
usunl, n.nc.1 ,vc shnll, therefore, here treat of these
in  grenter detail. 

1\. wall Jil', Fig. 4, may be either pu. heel for
ward, or tiu·noc.l o,·cr by a force J(P= P. If we 
suppose this wnll composed of horizontal coru·ses
of stono bedded on each other, "·e may assume
thnt, should the wall give "·uy, a horizontal crack 
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will form, upon ,vhich the uppor part CU slides for,Yard or turns
about. For security we shall neglect the effects of mortar, and
take only the friction between the beds into consicleration. From 
the force P, and the weight G of the part CU of the ,va11, there 
results a force KR = R upon the magnitude and direction of which 
the possibility of an ovortm·n or sliding forwai·d of this part of the 
wall depends. If the angle RKG, by which this resultant deviates 
from tho normal to the plane of separation UV, be less than the
angle of friction p, the wall cannot slide fo1·,vard ("\T ol. I. § 159); and 
if the direction of tho resultant pass within the /oint or plane of 
separation, then rotation about the axis V is not possible ('\T ol. I.
§ 130). 

In most cases of application it will be found tha.t rotation more
readily tnkes place than sliding, and therefore, in building retaining 
wal1s, provision against the former has to be rnadc. Rotation, or 
heeling is the more apt to occur, in ns much as it not nnfl'equently 
takes place, not about the a:\-is V, but about a point V1 nearer the 
resultant R; because the pressure concentrated in V, compresses or 
breaks the stone near the point V. 

If the points of intersection W, for a series of resultants R pass
ing through the joints, be found, and a. line <l.rown through these, 
w� have what is termed the line o,f' 'resistance, and it jg easy to pcr
ce1vc that an overturn of the wall cannot take place, so long :is this _line does not pass beyond the joints of the ,Yall. 

If the force P, which the ,va.11 has to ''°"ithstnnd, deviates in direc
tion from tho vertjca,l more than the angle P, there can be no ques
tion of its sliding, because the resultant of P and G al\\·ays makes a
smaller angle with the vertical than P alone.

§ 7. Slipping of Walls. -If ,ve substitute for P the pressure of 
earth found above, we can determine 
the thickness, having which, a ,vall Fig. 5. 
will be sufficient to withstand this 
pressure. Let us consider, in the 
first place, the case of slipping for a 
,vall .flC, Fig. 5. up pose that the 
earth-,vork pushes for,vard the part 
UC, on the joiut UV. If we put the 
thickness at top of ,vall CD = h, the 
relative battere= n, and the height 
DU= x, ,vc have the thickness : 
UV= b + n x, a,nd the contents of UC for 1 foot in length 

n x2
= b x  + ., , nn<l, therefore, the "·eight,... 
G = (b + ¥) .v being the density of the n1n�onr,v·. For the y1 ; y1 

pressure of the earth on DU., we bavc crcncrallve:0 • 
2

P= ( 1 :r.2 r + qx) [ tang. (-:10° -;)J ; 
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ancl hence, for the angle RJ(G= 4> made by tho resultant R ,vith the
ve1·ticnl : 
ta,iy. t = � = . [tallg. (45° - ;)J'; or as t must ::;;::

( , 

be le .. s than therefore, tang. q, < .f,p,( ! : i)Y, • [tang. (45° - ;) J < f, from which we have the 

thickness of wn1 1 : 
b > ½ �;17 q [tan,9. (-150 -;) ]2 -n2r. 

For X =  0 we have the thickness at the toph:
2

b > 
f

q
'lt [

tang. (45° - ;)] , therefore, for q= O, we bu vc b= 0 ;·.
for x= /1, the ,rholc height of w11ll, the thickness is : 

} li r + (j [t (450 P )]2 nlib > f ang. - :;-·- ":)'Y1 - -
To nipply this formula. to a uyke or dam, ,Ye 1nust put p = 0, and 

q =  0 ;  then ,ro get b > ( r - 1i) :, (Vol. I. § 2 0) . 
"" .f "11The formulas give for q = 0, (that is, ,vbcn the surface of the finid 

or semi-fluid reaches to the top of tLc wall), tLc breadth nt top= 0 ;
but experience has proved that the thicl-ness here shouhl rarely Le
less than 2 feet, and in positions liabJe to ,vear nnd tear, al"·a.ys 
above this dimension. 

Remark. The co-efficient of friNion for �tones and l,rkks in c-ontact ,,·ith each other 
(Vol. J. § 101 ), 1s from 0.07 to 0,75. And when a h�d of frcsli 1noru1r i� inter11o!led1 only
U,60 to 0,70. l\Tortar ouce set, acts by cohe�ion or nJlies,on, and, nc:conting lo Boi:.turd,
the cohesion of mortar i,- frmn 800 10 1500 lbs. per square fwc. According to l\lorin, 
:lib n1nounL-. to lh>m 2000 to 5UOO lb:.. 

§ . Abuttin,'J Re.�ietanee o.f Eartlt. -We 1nust distinguish bet,rccn 
the ll<'fh1c and JJassii1e pre "ure of the earth. In the cases hitherto 
considered, the pressure is actiYc, pressing oo-n.inst n, passive resist
ance. The pressure of earth, ho,vcver, bc;'omes passive whcu it
opposes an active force as resistance, as when it resists the thrust of 
an arch, &c. &c. Poncelet Las termed this effect of earth-"'orks 
iutee des tcrres (German, Hebelcraft der Etde), and i\Ioscley has 

termed it resistance of eart/1. Tue
Fig. 6. resistance "�hich a body opposes to

being pushed up an inclined plane, 
is greater thn.n the forco necessary to 
pre,rent the sliding of the body do,vn 
the inclined pluuc, nnd just so, in the 
case of disintegrated masses, the re. 
sistance ,vhich they oppose to 11 ver
tical surface, moYc<l horizoutally, is 

http:al"�a.ys
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[tang. ( 4 5 ° + �) ]2= ½ /t2 r [tang. ( 43° - ;) ]
2 

ltJG + ½  1
2r1 

DEPTIT OF FOUNDATIONS. 

greater than the force with which they press against a. vc1·tical plane 
:it rest. Whilst ,vo have above (Vol. I. § 162) put the latter force, 
P= G tang. ( t -p ), the 1·esistance of the latter must be set ,!' = G 
tang. (4> + p), or, as G is the weight t lt 2 "f cotang. q, of the pr1�m of 
pressure .llDE, Fig. 6, P= ¼ It� 'Y cotang. q, tang. (<ti +p). This re
sistance P depends on tho ""anglo .llE.D = q, at which the assumed 
plane of separation intersects the horizontal, ancl is a. minimum for 
a certain value of q,. But in order to find this value, let us put: 

t ( ) Bin. (2 t + p) + sin. pco ang. t q, ang. + ,q, p = . (!'\ .
8tJL. � 4> + p) - 8111, p 

nnd we see at once that this is a minimum, ,vhen sin. (2 q, + p) is a. 
maximum, that is ,vhcn 

2 q, + p = 90°, therefore, g, = 45 °- �-
2

If we now introduce this "'alue into the formula for P, we obtain
the least resistance of tl1e earth-work. 

P = ½ lt2 'Y cotang. (45° - ;) tang. (45° + ;) 

= ½ 7'2 o/ [tang. (-15° + ;) ]2• 

This is, generally, the resistance with which earth or any other
disintegrated mass withstands a moving force; for 11s soon as this 
force is equal to that resistance, a yicl<ling of the mass takes place. 

§ �- .Depth of Foundations.-A.n important application of the
pnss1ve resistance of earth, arises in the founding of retaining and 
other walls. If the ground on which the reta,ining wall is to stand 
be clayey, or wet, the co-efficient of friction between the wall and the
ground may fall as low as 0,3, :1nd then 
a slipping of the wall may ve1·y easily Fi!!. 7. 
occur. It is, therefore, necessary in 
such cases to dig the foundation to such 
a depth that the passive resistance on 
the outside, combined with the friction 
on the bottom, may counterbalance the 
active pressUI·e on the inside. If G be
the "'eight of a supporting wall .IJC,
Fig. 7, therefore JG its friction on the 
bottom, .llB, if /1, be the height of the 
earth at the bnck, and h1 the height in
front ; if further, p and r be the angle of friction, nncl the density
for the one, and p1 and o/1 those for the other earthy n1ass, ,re have: 

and therefore the depth BK of the foundation for such a ,vall: 

7,2 'Y [tang. (45° _ �)]
2 

- 2/' G
2 (4�0 P1)

-------------- . tlOl(f, 0 - - • 
"I1 

.. -:-)-
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For security a co-efficient of stability 1,4 has been introduced ( hv 
French engineers for the revete,nent walls of fortifications), anti 
therefore the depth: ·--------------

• 1 ,4 tang. (45 ° - ;•) / ( 2)J
i

\ 1 ']1, 2 ,y [tang. 45° - f. - 2fG 
�1 

r, ____
1s given to such wnlls. 

E.ramplt� To \vhnt clepth must n pamllel \Vall 8 feet thick, nncl I 3 feet clcur hrighr, 
have its foundation Hlllk, that il 1noy \\.'ithstnncl the prcssnrc of \\'Ult't staudiog lc.n•cl 

"'ith tl1e top of tbe woll 1 In thi'< cnse e =0,n,, = 62,25 lh:.. (for wl1icll ,ve take 03) 
h= l 3 feet ; nl,-o / = 0,3, e, = 30° , )' = J ,0 x C\3 = 100,S lbs., an,1 G (tlw density of rlu: 
ruu:sonry) being 2 X U3 = 12tl lh'l,, 1n1t!,t lien= 8 X 13 X 120 = 1310-1 lbs, therefore, 

Ii,n= 1,,1 Lang. ( Hi0- 15°) J1a� X u3- 2 X o,3 X 131OJ = •t,'25 feel very nearly,
100 ' I 

§ 10. Ht!elin,q of Retaining Walls.-In order to npprccin.tc a
retaining ,Ynll in reference to stability, it is necessary to de

termine its line o.f resistance. For simplicity,
Fig. s. "·e shall first take a pnrnllel ,ya]l .11.C, Fig. 8. If 

we hnd only a horizontal force KP = P to clenl 
\f, ,vith, the point of application of which is at a dis_ tance DO= a from the cope of the wall, the line 

T 

K l'• of resistance ,voul<l be a hyperbole, as the follo,vI 
V 1,w-�-------1 U iog simple vic,v of the subject sho"·s. Of tLe force

P (whose point of npplicntion "'e assun1e in. the 
. .  1J ;:· ··--��- . J line passing through the centre of g1·avity of the
B F  A wall) antl the "·eight G of UTTCD, the resultant is 

R ,vhich intersects UV in TV, a point in the line of 
1·esistn nce sought. If ,ve no,� put tho thickness of the wall .IJB = 
CDh= b, its densityh= ,y1, the abscissa l(.J\ · = :i·, and the 01·dinato 
.iYW= y, we have G = (a + x) b iy1, anu. f1·om similarity of tri
angles : 

KW.JV. and KRG: W.,V = RG, that is '!Ih= p ,
J(.JV. KG :r. (a + :r) b ,y1 

and hence the equation of the line of resistance y = ( p x)- .a + X b ')' 1

From this ,ve see th:1t ,rhcn x = 0, y = O, ancl for x = co, 
= - co. Tl1e curved line of resist

ance, therefore, passes through I(, anu 
has not only the horizontal CD, but likc
"hrise a vertical EF for a,symptotc, distant 
ST= p from the centre of gravity S of

b 'Yi
the wn.11. 

It is otherwise, of course, for n. wall to
withstand pressure of cnrth or water ns
.11.C, Fig. 9, for here a is varin.ble, because
P is applied at a point U at ¼ of the height 

!I = p , and for a:= - a, y
h r1 

Fi:r. o. 
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x + h )i( 3
equation y = 'Y [tang. (45° - �)Ji 

_ 

!!_ = r [tang. (450 - �)]2 (h + hi)1, 

� h,If we take r =  30° , . , we obtain b= 0,4 (h + h ) JPoncelet gives : 

HEELING OF RETAINING WALLS. 

DU from the base. If we draw the end of the vertical line through 
S as origin of the co-ordinates, that is, if we put HJY= x, we have : 

2JL = p , or as P= ½ x2 r [tang. (45° - P )] ,

ix b x ri 2
2"Iy= [tang. (45° _ �)] • x2• This equation corresponds to 

6 b ri 2
the common parabola with absciss y and ordinate x. 

If, however, we suppose the earth-work carried a height h1 above 
the cope of the wall, we must adopt the proportion : 

iY = ½ 'Y [tang. (45° -�)J (x + hi)2, whence we ha,·e the 
¼ (x + h1) b x ,-1 2 

x6 b 'Yi 2
§ 11. The stability of a retaining wall requires not only that the 

line of resistance be within the wall, but also that it shall not come 
too near the outside of it. The famous Marshal Vauban gives the 
practical rule: that the line of resistance should intersect the basis
of the wall in a point whose distance from the vertical passing 
through the centre of gravity of the wall is at most t of the distance 
of the outer axis of the wall from this line. If, as Poncelet does, 
we call the reciprocal of this number, or the ratio :: between the 
distance of the outer axis from the vertical passing through the
centre of gravity, and the distance of the point of intersection L
of the line of resistance from this gravity line, the co-effici.ent of 
8tability, and represent it generally by c5, we have for the stability 
of a parallel wall, withstanding the pressure of earth, ( by introducing 
into the last formula instead of x, the height h of the wall, and 
instead of y ½c5b) .  

2 c5  6 b r1 2 h
and, therefore, the requisite thickness of the wall : 

b = ( h + h1) tang. (45° -�) J c5 r . h + hi .
2 3 r, h 

If for c5 we substitute f = 2,25, and for .J_ ,  •i a mean value, we
'Y1get : 

h-t;. hb = 0,707 (h + h,) J , . tang. (45° -P· 

b = 0,865 (h + h1) tang. (45° -;) J:. , or approximately: 

b = 0,285 (h + h1), for cases in which hh1 varies from 0 to 2 h. 



24 PONCELET'S TABLES. 
Example. What must be the thickness of a parallel wall of 28 feet in height to reta in broken stones, mine rubbish for a height of 35 feet1 Assuming that the <lensity of tl1e wall = 2,4 X 63 = 151,2 lbs. The density of the rubbish 1,3 X 63= 81,3 lbs., anJ ,= 50° . According to Poncelet's formula: 

b= 0,865 X 35 tang. (45° -25°) /T3 = 30,3 /l3 . tang. 20° = 8,ll  feet. .Ju .Ju 
§ 12. Poncelet' s Tables. -To facilitate applications of the for

mula, Poncelet has calculated the following table, which contains 
values of b corresponding to given values of h1, !_, and p. There

h h r1 
are two cases distinguished in the table, namely, the case when the
earth-work is heaped, as is shown in Fig. 7, the coping being covered,
and the case shown in Fig. 10, where a berme of the breadth 0,2 h,
from the outer edge of the cope of the wall, is left before the natural
slope of the embankment begins : so that, in short, a promenade is 
left of the width CL -= 0,2 h.

The headings of the table explain themselves. 



0,7 

= 0  

0,477 

Values of Q for h< 
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I It Berme. Berme. Berme. Berme. Bermt-. 

=0.2h
� 

= 0  = 0,2 h =0 =0,·2 h = b  = 0  = 0,2 h = 0  = 0,2h lI 
0,0 
0,1 
0,2 
0,3 
0,4 
0,5 
0,6 

0,452 
0,498 
0,548 
(),604 
0,665 
0,726 

0,452 
0,507 
0,563 
0,618 
0,670 
0,717 

0,258 
0,282 
0,309 
0,338 
0,369 
0,402 

0,258 
0,290 
0,326 
0,361 
0,394 
0,423 

0,270 
0,303 
0,336 
0,368 
0,399 
0,436 

0,270 
0,306 
0,342 
0,375 
0,405 
0,431 

0,270 
0,303 
0,326 
0,343 
0 357 ' 
0,368 . 

0,350 
0,393 
0,439 
0,485 
0,532 
0,579 

0,350 
0,398 
0,445 
0,489 
0,522 
0,549 

0,198 
0,222 
0,249 

. 0,274 
0,303 
0,332 

0, 198 
0,229 
0,262 
0,283 
0,299 
0,314 o,�2s
0,343 

0,754 0,436 0,4500,778 0,457 0,377 0,617 0,572 0,360 
0,824 0,790 0,472 0,476 0,512 0,481 0,385 0,645 0,593 0,387 

0,8 
0,91,0 
1,4 
2,0 
3,0 
5,0 

1,00 
2,00 
3,00 

00 

0,847 
0,903 
0,930 
1,0231,107 
1,180 
1,2471,283 
1,309 
1,316 
1,337 

0,820 
0,848 
0,873 
0,945 
1,004 
1,060 
1,101 
1,137 
1,156 
1,162 
1,175 

0,510 
0,541 
0,571 
0,684 
0,812 
0,981 
1 ,206 
1,508 
1,757 
1,866 
2,144 

0,501 
0,524 
0,546
0,624 
0,714 
0,835 
0,994 
1,182 
1,327 . 
1,389 
1,541 

0,544 
0,575 
0,605 
0,696 
0,795 
0,892 
1,002 
1,109 
1,171 
1,194
1,248 

0,504 
0,523 
0,540 
0,602 
0,655 
0,717 
0,779 
0,839 
0,878 
0,894 
0,927 

0,391 
0,398 
0,405 
0,416 
0,425 
0,435 
0,445 
0,452 
0,456 
0,458 
0,461 

0,668 
0,690 
0,707 
0,762 
0,811 
0,852 
0,883 
0,909 
0,922 
0,926 
0,934 

0,610 
0,624 
0,636 
0,672 
0,705 
0,731 
0,751 
0,771 
0,780 
0,783 
0,789 

0,413 
0,437 
0,457 
0,537 . 
0,622 
0,726 
0,862 
1,013 
1,129 
1,174 
1,279 

0,357 
0,371 
0,384 
0,428 
0,475 
0,531 
0,5!16 
0,667 
0,712 
0,730 

l o,769• 
I 
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+ ½ nit) 6 It ( b 

pns:s1ng through the centre of gravjty, is : 

RETAINING ,vAtLS WITll BATTER. 

In this tnble tho limiting values have been principally hcltl in 
view. Thus 'Yi = 1 corresponds pretty nearly to one limit of the 

"I 
ratio of the densities of masonry and eartl1, whilo 'Y, = f corre-
sponds to tl1c other. Again, f or tang. p = 0,6, is the 

'Y
value for the 

least coherent eo.rtbs, and f = 1,4 the vaJue for stiff compact earth
work. In many practical cases, the requi1·cd proportion has to be
deduced by interpolation. 

Remark. Tbe formula b=n. 865 (h+ h,) tang. (.i:s0 - �) }'if- give� results corre

sponding ,vith those in the table to \\·ithin y1,. 

The values in the table refer to parallel walls, built with mortar. 
It the external batter of tho wall does not exceed 0,2, tha.t is 2,4 
inches :per foot, the breadth b found above, will bo that of the ,l·nll 
at 1 of its height from the base, and through this point the line of
batter is to be drawn. 

Rtt11ark. The dimensions re:inlting fron1 Ponce let's rules or table::1 nre applied in France 
for ,vall!I of fortifications, but give dimonsioul3 nearly one-Jot"tl' grtaltr tbun the a veragi.: 
practice ofcivjl engineers .in Britain for the :same relnLJVt\ circu1nstances-Tn. 

§ 13. Retaining Walls -zvitlt Batter.-If 
Fig. 10. the ,vall has o. batter, or if its profilo be a 

trapezium . .flC, Fig. 10, the thickness neces
sary to insure resistance to rotation can
only be determined by nid of a complicate<l 
expression. If ,ve assume the face .llB ns
tho plnne of separation, and put KF= O.lJ 
= x, and FL = JI, ,ve then have againh: 
y p-=h-, and 
X G 

F'B = lJ Y= i Px But as x = ! (li+li1 ), andG . 

P = ½ (h + h1)'l 'Y [tang. (4 5 ° -;)]
2 

, 

and if b the thickness at top, and n, the re1a.ti,·c batter, therefore,
n It the absolute batter, G = (bll + !· nli2) ,y1, antl, therefore, 

(h + lt,)'h. [tang. (..15° - ;) J 

0 

31FB = -
y1 •

The distance BF of the outer edae of the ,vall from the vertical 
. 

_ o + nli 3 b + nil nh 3 b2 + 6 n It b + 2 n2 lt2 

- • 6 = ' 3 (2 b + n /1,) 2 + 2 b + 1ilt
and llence ,vc may put : 

3 b2 + G n lt b  + 2 n2 lt2 =�·=. (h + 71 1) 

"Ii It 

3 

[tang. (-:15° _ f.)]2 
2 
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and hence the thickness of wall at top: 
b = - nh +J::. . (hj.h,)' [tang. (45° -;)J + ¼ n• h'. 

Remark 1. If the be.ck of the wall have a battet likewise, we have a different prismof greatest pressure to deal with, because the force applied to the wall is no longer horizontal. The investigation beoomes complicate, and we forbear to enter upon it, but shall refer to works treating of the subject. 
Remark 2. C.Oulomb was the first to propound a good theory of the pressure of earth. See "  Theorie des machineti simples." Prony, in his "Le�ns sur la poussee des terres, ( 1802,)" extended C.Oulomb's theory. Navier pursues the same notions, with much elegance and precision, in hist" Le�ons sur !'application de la mecanique, tome r." May•niel, in 1808, published a special treatise on the pressure of earth, in which the observa

poustiee des terres." tions and theories of C.his predecessors are teviewed, "Traite experimental, &c., de la Martony de Koszegh n1ade experiments on a large scale for theAustrian go\"ernment, which were published in 1828, under the following titlet: " Versuche uber den Seitendruck der Erde, ausgefuhrt auf hochsten Befehl. &c.. und verbunden1nit den tbeoretischen Ahhandlungen von C.Oulomh und Fran�is, Wien, 1828." The most oomplete work on the pressure of earth is that of Poncelet in the " Memorial del'officier du genie, 1 838," and which has been translated into German by Lahmeyer, Braunschweig, 1 844. In Motieleys " Engineering and Architecture," this subject is handled with great elegance and success. Hagen has a chapter on this subject in the second part of his ad,niral>le " Wasserbaukunst," in which he takes a peculiar view of it. 

C H A P T E R  II.  

T H E O R Y  O F  A R C H E S. 
§ 14. Archei.-An arch (Fr. voute, Ger. Gewolbe), is a system of 

bodies resting upon each other, and supported by two fixed points, 
in such manner that they are in equilibrium not only among them
selves, but with certain external forces. The material of these bodies 
is usually stone, and hence are termed arch-stones (Fr. voussoirs,
Gr. Gewiilbesteine). The planes of contact of the stones are thebeds or joints. The fixed points upon which the arch rests are 
termed abutments (Fr. Pieds-droits, Ger. Widerlager), and in cer
tain cases piers (Fr. culees, piliers, Ger. Pfeikr). Of the arch
stones, the highest is termed the key-,tone (Fr, clef, Ger. Schluastein), and those which rest on the abutments or piers, are termed!mposts or springers, (Fr. coussinets, Ger. Kampfer.) An arch is
included between two more or less curved surfaces, the intradol and
extrados, which are sometimes termed the ,offit, and the back of the 
arch. 

�s r�gards the intrados and extra.dos, arches are very various. 
Cyhndr1cal surfaces are most usual, but conical surfaces occur, and 
we have do�es, and variously proportioned groinings. We shall 
treat of �yl1n�rical arches only, and limit ourselve� still further, to 
the cons1derat1on of those having a horizontal axis. Such arches 
are bounded by two vertical parallel planes, the face, of the arch, 



LI�E OF PRESSURE A�D RESISTANCE. 

(Fr. pare,ncnts, Ge1·. tir1t/lt¥cl1e11 . )  According ns the faces are
pcrpend1culnr or inclined to tho g�o1netti(•nl axis of tho n,rcli, the
arch js direct or oblique, or skeu1ed (Fr. clroites or bia/,<.tcs); groinetl
arches or vaults (Fr. 11011tes d'arite, Ucr. l(reuz, or l(loste,�qc1otiloe),
nrc n1crely intersecting cylin<lrical nrchl's. Dornes 01· cupolns (lfr. 
1,1011te.rt ,in do11ll', (tor. Jt111111el or .Ke1sselgeunJlbf'), nrc ttrches generated 
uy• the revolution of a curve ubout a vertical nxis . 

... \.s rcgurtl tL.e curvature of u,rche�, it is Ycry various. The sec-
tion is Bomctin,es circulnr, sometin1e� cllipticn.l, catcnnri:t n, or formed
of �everal circular a.res, un<l plate bands, or straight arches ore some
times built. 

-Rl'uwrk.-As expl'rienC'e hn<1 nh1111ch1111ly prcn•111l 1hn1 nrch�!I foil or give ,vny hy a
ro1111inn of 1lt>tt•rminn1e parts rrn111ll 11,e euues ,vhPr•• ct>rm1n J01111a rncet the ..-x1n1tlos or
intrndo:-, amt not by �litliug di�l(lNt1ion, we ncl'd lwH· nnly ,·orn-idc•r the co11di1ions of
e11uil iurium in rc>ft>rPnco to tlw lonner ,•irl'mn .. mnct-, orni11111� our n11tho1·'<1 in\'e:;11g-n1in11 

of the l>111cr, wbic-11 -lhn\\', 11s i� 11,,.1111lly clone ln donH•tHnry lrt'Hti"t"• nf 111t•l'h1111it•-.:, tl rn t  
fnr rhe t-fl:-1' or t'fJt11lihri11m wi1l111111 fri,·11011. Lite u•eiglit of th, arrlt•lflnnrs ,11usl bt tn rndtft1l/1rr ,,s the t!ifferl't1re.� o tJ,r t'Olaugcnts o:l tJw angles oj' i11rli110IUJ11 a/ ll,e jowls to th"- lto,·i-
:on-'J'n .  

Rn11u1·ks-Tlie 11i�l0Pntinn of an nrl'h by slippin� of vou:-�oirs rnight OO"llr in  two 
wn.�·s :  ur·1•orcli 11!::( us rite j1,i11t of maxi1n111n pre�,-urc lk:- 11l.x1n· or ht•l11\\' rlw juint of
n11r1imuru prcsi.ure. lu tho foriner co:-t'1 fig. 1 1 ,  the hn111'11c-l of Ilic arch slick• u111, l\lld 

Fig. 1 1 .  Fl· .,.... , ., ... 

t.l1e ('TO\\'ll $lirs clown. Jn 1l1r other t.•o;;r., lhl' re,-,•r,ae hnppt-n�. Fig. 12. 1'hi� lil:lrontl
l'n,e �carcely ever occurs, ::;o 1hnl \\ o shull 11ot fnrthcr rec:ur to 11. 

§ 15. Line of' J:>res1;1tre and lleFig. 13. sistancl'.-l1,..n arch is o rnuch n1ore 
likely to ful l  in by rotn tion l'ound 
the outer or inner ctlgo of n joint 
tlinn Ly slipping, Lhnt the forn1c;.
1na_y be considered as the u�u.tl ac
cident. 'l'ho stnhility of nu arch 
in reference to rotation mny ho 
considered exactly• in tho sn.n1e 
1nnnncr as the stability of fL pier
or ,vall C \'ol. II.  * 6). Fro1n tho
horizontal force P 1 applied n,t auy
point 0, Fig. 13, in the crown of
the arch and the "1ciglit of the first 
arch-stone acting in its centre of

gra.Yity 81• t}1cre results tho force P2 acting on the fir t joint, nnd
the intersection OJ of the direction of this force " ith the joiuts £

1 
Fi. 
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LINE OF PRESSURE AND RESISTA�CE . 

.A.gain, from the pressure P2, and the ,veight G2 of the second arch
stone,acting in its centre of gravity 8',l, there results the pressure P3
in the second joint, and the intersection 02 of the direction of this 
force with the second joint. Proceeding in this manner, we obtain 
the remaining normo1 pressures, and the intersections 03, 04, &c.,
in the other joints. But the lines 0, On 02, 03 • • •  , "�hich unite 
the intersections or points of application of tho pressures Pu P2,

P3 • • •  , is the line of resistan,ce (Fr. ligne de Pression, Ger. Wider
sta1idslinie), (Vol. II. § 6). So long as at least one line of resistance 
can be found in the face of an arch, which neither passes beyond 
the intrados no1· the extl·ados at any point, so long dislocation of the 
arch by rotation cannot occur. If, on the other hand, the line of
resistance intersects the intrados, the arch ,vill fall inwards, and if
it goes beyond the extrados, the arch will rise up,vards, and so fall 
to pieces. Fig. 14 represents the former case, and Fig. 1 5  the latter. 

Fig. 14. Fig. 15. 

Tbe dislocation becomes inevitable, however, from the circumstance
that the incompressibility of the stones opposes resistance to the 
forces RR, acting with the leverages E0, F0. The cohesion of the 
mortar alone resists this force; but as a very slight concussion is 
sufficient to destroy this cohesion, its effects should not be relied 
upon as available. 

It is easy to perceive that arches are so much the more stable (in
reference to rotation) the greater the number of lines of resistance 

that can be drawn within them; the less, 
Fig. 16- therefore, the number of lines of resistance 

that intersect the intrados or extrados. The 
arch of greatest stability, Fig. 16, is neces
sarily that in ,vhich a line of resistance may
be drawn, ,vhich passes through the cent1·e 
of all the arch-stones, or bisects their depth. 

For the usual construction of arches, that
is, for circular arches, a rotation or rising
upwards, that is, an intersection of all lines. .of res1�t�nce with the extrados, cannot possibly occur; we may, there

fore, limit ourselves in the investigation of stability to the rotation
from ,vhich the arch falls inwards. That we 1nay be certain that at
least one line of 1·esistance pnsses beyond neither intrados nor ex-

3* 
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·11•h1t•l1 vJJ JoRe tl,t> rotation o+' 1

nnce dcterruincrl this pressure nt the crown of the u.rch, it is c-nsy to 
find the pressure in any other part of the nrch . 

EQUILIDRilJM l� REFERENCE TO ROT.\TION. 

tratlos, "'e may tart to <lra,v it from tho point D in tho cro,vu, and 
try "·bether it intersects the intra<los. 

s lu . .ECJ. ttilibriuni in R,:t'cren,·c to Rotation.-The conditions of 
stnbilitv in refo1·ence to rotation 1uny • 

Fig. 17. be considered in another point of view,
nnd one more u.duptctl for culculation. 
,vc n1ny c1i1ninntc the forces P1, P2,

P3 , acting in the cro,vn D, :F'j,r, 17,
"·ltich a.re nccc sory to hintler 11. rotation 
of tho arch-stones round the inner e<lgcs 
E1 , E2, E,, ,tc., and then investigate 
"·ltich is the grcn.tcst of thcso forces. 
If we dC'Kignn tc the lcvcrnges E1 Lu
E2L2, E3L3, • • •  of the force P rcforrcu 
to tho points E ' E2, E3, &c., ns axis of

l

rotntion hy a1• a2, a3, &c. antl tho lever
ages E1 IJ1, E2 ll2, E3 ll3, &c., of the 

"·eights G.,., G1 + G2, G1 + G2 + U3, &c., in reference to these 
�u1ne axis by b1, b2, b3, &c., w·e have for the force P acting at tho 
cro,rn : 

pl = bl G1, pi = b2(G1 + G2), p3 = b3 ( G1 + G.2 + c:3), &c. 
(tl l/2 <13

But not 01tly the fuctort=i l,11 , an<l G1 + (;2 + . . . + G11 of the nutne
rntor iucrca:sc• fro1n the cro,rn towards abutn1c11ts, Lut the dcnon1i-
11a,tor .IJ" incrensc' n J,o ; l1ence one of tLe vnlucs of P,, P2, P3, &c., 
is a n1axin1um ; n11d it is ucccssury for equilibrium, that the effective 
force Pm , acting in the cro,"n, should he equal to it. That joint
"·hich corresponds to the 1naximum pressure or the pre!:lsare on the 
cro"·n, is tcr1nc<l the Joint o.f rupture (Fr. Joint clc 'l'UJ>fure, Ger. 
Bruelij'nge), because cUs1ot·ation by rotation first begins roun<l its 
lo,vcr edge if the force Pm at the cro"ll uiminishes. It is detcr-
1nine<l by the angle o.f rupture, ,vhich its plane makes ·with the 
horizon (or ,vith the vertical). I t  is also cnsy to perceive, thn.t the 
a.ngle of rupture gives that point in the arches, in l\'hich tho lino 
of resistance, �tarting in D in the crown of the arch, touches the 
intrados. 

If ,ve compare the maximum effort required to hinder rotation 
in"·n1:ils with the n1a:rimum effort required to resist Rlipping, ,re find 
that 1n 1nost cases the force require<l to resist rota,tiou i� greater 
t�an that tot1·csist slipping, and, therefore, tlte 1,,·,•.<�sur(' in tht• ,·,·ou1n
O.f '!n arclt zs. ,•qua[ to the greatrst of all the j'orces P1, P2, P3, d·r•., 

( .'1 + G l 
'./ tlte J'larts o+· the arclt G (; + G2,'.I J '  I

If, therefore, ,vc have2 + G3, i5·c:., round tlte inner edges. 

e falling by rotntion outzuards are exceptional cases..r\1:ch. .t To cl1scr111;11nute hy c?-lculatiou as to the possibility of such an nrcident 
occurring, the point of application of the force P is taken tit tho 

II 
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lower edge .11., Fig. 18, of the joint of the key-stone, because the
le,7erage, in reference to rotation about 
Fv F2, F3, &c., is here the least. If now Fig. 1 s. 

=== we again designate the leYerages : F1L1>
F2L2, F3L3, 

'- '"" /f ''.,- .':---.,, I11 : . ,.,I '; E• I' 
I•.l.;;:-- 7  I I1--{o. �,, _ , 

oTc., by alI' a2, a3, &c., and the 
leverages F1H1, F2H2, F3H3, &c., of the 

G1 + G2 + G3, &c.,weights Gn G1 + G2,

we have the values of P :  
' F:� 

= t G, P2 = b2 (G1 + G2), I I -pl / /a1 az �-E.: 1:1 . 1�?  
P3 = l13 (Gl + G2 + G3),

a3 'i /IJ___ _ _ _ _ _ _ _  :-antl if the least of these values be g1·eater 
thun the pressure in the cro,vn, or the 
greatest of the forces "·hich prevent a 
falling inwards, the arch is stable ; unless this be the case, disloca
tion takes place. 

Re·mark. The fnlling 10 pieces of nn ar<'h by rotation tnny like,vi�e happen in t,vo "'ays: according ns lhe joiol of rupture of 1ue maxi,num value is allO,•e or below the joint of rnpture of tl.Je 1nioitnu1n value. Fig. 10 represents the first, and Fig. 20 tLe ::.ecouu case. 
Fig. 19. Fig. 20. 

§ 17. Stabilit,y of Abutrnents.-If 1\-e ha.ve autisfiecl ourselves by 
the calculations indicated in the forego-
ing paragraphs, that an arch is stable, Fig. 21. 

and ha.ve also determined the pressure
in the key-stone, �ve have still to inves
tigate the stability of the abut1ncnt 
,valls; that is, to detern1ine the thick
ness of abutmcn t wall necessary to re
sist a dctrusion or an overturn. This 
investi#?;ation is the more important, as 
it  is  not unfrequently in consequence
of insufficient resistance of these, that 
arches, in  themselves stable, fall in. 

It is eviclent that a. retaininO' ,val]
FB, Fig. 21, is stable ,vhcn the 

0
dircc

tion of the resultant force K1 Rt = Rt
of the weight of the one semi-arch act
ing at its centre of gru,vity 8, the hori-

• 
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32 STABILITY OF ABUTMENTS. 

zontal thrust P acting at the crown, and 81, the weight of the re
taining wall, passing through its centre of gravity, passes through
the base FO of the retaining or abutment wall, and deviates from 
the vertical K1N by an angle less than the angle of repose P· 

For the angle t, which the resultant R1 of the forces P - KP1 and
ll + G1 - K1 G1, makes with the vertical, we have tang. t == G pG ;+ 
but tang. the co-efficient of friction f, and hence to insure sta-

1 
p -

bility in reference to sliding, we should have G p+ G1 < f. 
In order, further, that the resultant may pass through the outer

edge F of the abutment, let us put the moment of P, referred to this
edge, equal toh· the sum of the moments of the weights G and G1•

If a be the rise of the arch BL, and h the height of the abutment, 
then the moment of the force P referred to the edge F as an axis 
== P (a + 1,,); if, again, b be the horizontal distance BH of the ver
tical passing through the centre of gravity of the semi-arch .IJC from
the inner edge B of the springing point, c the thickness of the abut
ment wall, and e the distance FN of the vertical gravity-line of
the abutment wall from the edge F, we have the moment of the 
weights G and G1 == G (b + c) + G1e, and thus we get the equa
tion: P (a + h) -= G (b + c) + G1e.

In order to  insure permanence, experience dictates, according to 
Audoy'a deductions, the employment or 1,9 P instead of P, so that
the equation for determining the thickness of the abutment becomes : 
1,9 P (a + la) - G (l, + c) + G1e. If h1 be the mean height of the
abutment or pier, and -r the density of its.masonry, we have for each
foot in length of the pier the weight G1 =- k1 c 'Y, and if we put e ::a ½ c,
the moment G\e = ½ h1 c' 'Y, and hence: 

½ h1 c
2 'Y + G c = 1,9 P (a + h) - G b, or,

c2 +  2 G c == 1,9 P (a + h) - G b  
,h1 'Y ½ h1 r

and hence the thickness of the abutment in question:
G 

. 1,1 'Y 
Jl,9 P (a + h) - G b + ( G )

2------=-__;_____ -- • 
½ k1 'Y h1 r

In order to secure this wall against sliding, we must have: 
P G . P - f GG1 > - - , 1. e. C > ----. 
f f hl 'Y

It will usually be found that the former value of c is greater than 
the latter; and that, therefore, the thickness of the abutment must
be regulated by the former condition of stability. 

For very high piers, as G c, 1, 9 P a and G b, arc very small com
pared with 1 ,9 Ph and i A1 c2 'Y ( which may be put ½ h c2 'Y), we have: 
½ h c' 'Y - 1,9 P h, i.e. i c' 'Y= 1, 9 P, and hence the greatest strength: 
c - Js,: P_ 
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LOADED • .\.RCilES. 

§ 18. Loaded Arches.h-"re have hitherto neglected to consider 
the influence of the backing on the arch; ·which, however, it is essen
tial to examine. That the stability of an arch, such as a bridge, 
may not be altered by the passage of heavy weights upon it, it is 
necessary that the arch should in itself possess such ,vcight, or be 
permanently loaded with backing, that n,ny ,vcigbt arising from traffic, 
such as heavy ,vagons, locomobvcs and the like, can only occasion a
slight change in tho entire lourl, or force in action. 

The backing consists usnol1y of a system of ,valling (s11andril 
walls), supporting the rond-,vny, and carried up either to form a 
horizontal lino EF, Fjg. 22, or an inc]ined line, Fig. 23. In very 

Fig. 22. Fig. 23. 

many cnscs, the sp:indrjl wnlls or hncking of n,ches consi�t. of tho 
same n1n.tcrials a::i the arches; and if it be uniformly huilt, . we may
assume a cominon density for the ,vho1c, anJ thus considerably ab-
brevintc calculation. If, according to ,, ol. I. § 5 \ "·e take the spe
cific gravity of masonry at from 1,G to 2,J, ,ve ba,Tc for the density 
of the masonry 100 to 150 lbs. per cubic foot, the former nns,vering 
to brick-,vork, the latter to ashlaring. The loacling of arches gene
rally increases their thrust, an<l a 1 o their stability. That the vous
soirs may resist crushing, they must have a, certain depth propor
tioned to the pressure of the arch ; and ns this increases from the 
cro"·n to,vards the springing, the depth of the vou� oirs should like
wise increa e from the crown to the springin�. Pcrronct ha:-i given as 
a rule for tho depth at the cro,vn, the forn1t1lnt: d= 0,06B-!r + 0,325
metres, or, in English measure tZ = 0,0G9..J:r + 1 foot. in which for
mula 1· is the greatest radius of curYtttUl'e of the intra.dos. 

For arches ,vhose 1·adius is a..bo�'e 48 feet, or 15 metres, this for
n,nla, giYes greater tlimen . .ions thnn is giYen in ortljnary practice. 
The �epth of voussoirs mu ·t be regulntetl by the strength of the 
"?1:1ter1al�, a.nd the position of the line of resi tnnce in the nrcli. T�e 
JO�nts being kept very thin, so that the mortn r serves ru th_er t? <l1s
tr1butc the pressure uniformly over the bod of the stone,}t will be
foun<l that u, thickness which retluccs the strain to 22t> 1bs. per 
squar� inch of surface, allows of nmplc security for !lie average of _materials. One-half thjs thickness must, ho,vcYcr, exist on eaclt .side 
of the line of resistance. • 

• 
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Rcma1·k 1 .  22:; lus. per square incb is 011ly r1tr of the nbsoluto strength of sound snnJ .. 
stone an<l Hmestone. In the cclebmtijd bridge nt Neuilly, near Paris, built in 1768 to 
1780, by Perronet, lhe esti111ateJ pressnre per .squnre ioch is 280 lbs. 

Rtmark 2. \Vhen, as in the sequel ,ve ah\rnys <lo, ,ve take the thrust or pres�ure nt 
the top or tho crO'\Vll of the arch, and in like 1nn11ner, only con<.ider n rotntion rounu the 
IO\\.'el:'t point or the angle of rupture, it is the more neccs!':Rt)" to nqsume this high <legree
of se<;urity, und to give the nrch corresponding dept.h of vou�c:.oir!-1, ns in tbeso ni,; ump
tion:. ,ve only �ct me least Yaluo of the pres,;aure. &sit.Jes, it is cbiefiy the uppur edges
of Ille vonsroir' at the cro\\·n of t11e 1u-ch, llnd tlic to,ver ed�es of tho::1e nt th1.' joi11ts of 
rupture that ha,·e to ,vilhtitand rhe pre,scure, nnd, 1hercfore, �nest give way; the 
depth ·we hnve indicated on eaoL c;icfe the line of pres ure is, therefore, nec,'li81\ry to 
insure stability. 

§ 19. Telt o.f tlte Eq·uilibration o.f Arcnes.-Thc investigation of
the stability of un arch may be gone tl1rough as follo,vs: let .IJBCD,
Fig. 2:.J., be the one-half of the n1·ch to be examined, und CDHK the 

Fig. 24 • 

• 

span<lril "'all, which for simplicity's sako wo shaJI assume to be of 
the same density as the arch. First, <liviue the arch in any con ve
nient nun1ber, in  this case six, equal or unequal parts, by lines E1 F1,

E2F2, E3 F3, &c., in  the <lireotion of the joints, and dctc1·mine, not
only the area and the centres of gt·n.vity Ti, T2, l's . . =. of these parts, 
but also the areas a.nd centres of gra,�ity 81, 82, 83 • •  • of the super
incumbent parts l1

1H, F"L1, F3L2 • • •  This done, take the statical 
moment of the first part .IJF1 an<l F1H referred to the first point of 
division Ei, and divide their sum by the vertical distance of this 
point of division from the horizontal DN d1·awn through the crown.
In like manner take the 1no1nents of AF1, E1F2, F1H n.nd F2Ln
rcferre<l to the second point of division E2, and divide tho sum of the�e moments by the vertical <lista.ncc of this seconc.l J\Oint from the 
horizontal D.lY. 1\.ga.in, determine the moments of the parts of the
a1·ch .IJF1, E1F'2, E2l�, nnd the parts of tho spandril F1H, FiiLn F3L2,
referred to the edge E3, and divide that sum by the vertical distance 
of the point £3, from the horizontal DN, &c. By going through
this process for all the parts, fro1n ./1 to B, we arrive at the forces 
that must be applied at .D to prevent rotation round the points 

http:1\.ga.in
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5i0, respectively, therefore, 

)'= 50,1 57,73 . tang. 41  ° . )' lbs. . ,, = 62,6 90,56 tang. 34° 40' PP4 . . >' lbs. ,-= 72,3 . ,,  lbs. 
8 

134,13 tang. 28° 20' . ,-= 76,2 P
P6 

= = = = 188,53 tang. 22° . . >' lbs. 5 

TEST OF THE EQUILIBRATION OF .ARCHES. 

E17 E2, E3, &c., and the greatest of these forces is that which has to
be taken as acting at the crown.

Having done this, multiply the sum of the areas .IJF1 + F1H by
the tang. (a1 - p), and again .IJF1 + E1F2 + F1H + F2L1 by tang.
(a2 - p), &c.,(where a1, a2 • • • are the several angles of inclination of
the joints with the horizon), and find the greatest value of these 
products. If the greatest of these values be less than that neces
sary to prevent rotation round E1, E2, E3 • • • , there need be no
further consideration of these forces ; but if it be greater, then must
this value be introduced as the pressure in the crown, and not that
first found.

Lastly, it has to be determined whether the horizontal force so
found is not sufficient to dislocate the arch by pushing or turning
out a part of it.

With the horizontal thrust, determined as above, we can examine, 
as shown in § 16, the conditions of stability of the abutment. 

Example. The relative stability of the arch in Fig. 24, may be calculated as followso:area of the part .AF1 = 6,89 square feet; area of the piece 1''.Babove d� 8,48 squarefeet, the lever of the former referred to E, = 2,50, and of the latter = 2,45; i. e,  themoment of botho= 6,89 . 2,5 + 8,48 . 2,45 = 38,001. The distance of E1 from DN,or leverage of horizontal force in D = 1,50 ; and, therefore, the first value of this force 
= 38 · 

I,50
>' = 25,33 . )' lbs. Area of second part E1F,. = 7,15, and the part of spandril" 

above it F2L1 = 1 1,02 square feet; the moment ofboth referred to E1 c:.o17.:S2 + 23,69= 4 J ,2 1,adding to this the moment of..dL1 = 38+ 15,37 . �.IO as 38 .:+- 78,39-= 1 16,39,and hence the moment of the \\"hole piece .AL.o= 157,60 ;  the distance of Ev from DN 
= 2,35, and hence the second value of the horizontal force in D = 157 60 · )' = 

t)' lbs. Again, the area ofthe third piece E,F3 = 7,68, and ofthe part of spandril aboTe 
· 67,05o. 

it F'lL, = 16,51 square leet; the moment of both = 46,61, adding to this the momentof the piece �H= 157,60+ 16602o=o323,62 ; we fi11d the moment of the whole= 370,23 ; and as the distance of the point E3 from HN= 3,90, the value ofthe force in 
D = 370•23 · >' = 94.93 . .., lbs. Proceedin<r in this manner, a value of the force that. ' .,

3 90I 1has to counteract the tendency to rotation round E, = 701 92 · >' = 1 18,97 . ,- lbs.; and ,,. ,9 
a fifth force in reference to rotation round E5 = 1 163• · )' = 137,68 . )' lbs.; and,l:l,4

43

51760 21lastly, in reference to rotation round B, a force = • · >' = 157,74o. )' IIJS. As this1 1  6' is the greatest value found, we put the pressure or thrust at the crown, P = 151,74 .  )',or, taking the weight of masonry as 150 lbs. per cubic foot, P= 22761  lbs. The depthof arch at crown is 1,3 feet ; and, therefore, the area for each foot of length of the arch= 144 . 1,3 = 187,2 square inches; and hence the pressure on each square inch 
2

1:
7 

7�� = 122 lbs., supposing the line of resistance to bisect the voussoirs. 
If, with M. Petit, we take the angle of reposeo= 30°, we obtain for the force to pre

vent dislocation of the arch by sliding, the following values. The joints E.Fu EsFE3F3 • • · are inclined to the horizon at the angles 83° 

P1 = (6,89 + 8,48) tang. (83°

P2 = { 15,37 + 18,17) tang. (77° 20'-30°) 

"'40', 77° 20', 71° , 64° 40', 58° 20', 
= 15,37 . tat1g. 53° 40' . )' - 20,9 . )' lbs.;
)' = 33,54 . tang. 47o 20'.)'=36,4 • >'  lbs.;40' . )'•- 30°) 



less tho.n the half of the central angle a, and of tho o.rc of the vault. 

36 TADLES Fon ARCilES. 

aud, tht>rcli1re, the greate;;t hori�ontnl pre,.-111rc countP.mcting !l1i1ling = 7Li,2 . ,, lhl'!, AR,
however, tl,i� pre��nr,.., in it� tcolle11cy ro cou,-o rotntion ron11d u11 imwr joi1111 UrtlOIH1t:J 
t<.1 1 fl 1,7 . -y. it i:> cvidl'lll that n �tiding cannot tnkt• place. At1d i11 likt• tt11111111•r it is
en;.;y to t·1111,·i11ce our::-elvt•s that llt•itlwr rouuicm nor ..Jidi11g ou1w11rds is pnssil,lr. A to 
1l1e :-1aui li1y of tile abutment OUK, the 1non1cnt of the furco P rcli•rre1l 10 0 HS nn nxi11 
of rotatiou = 151,7•1 . >' • O V = U'H,7,1 • 18 • -y = 2731 . ,, ll,:J. i tho 1110111cnt uf the lontlou
arch �'lBKH, is:  

1760,2 . ,, + 1 S,53 . OU . .,, = (1760,2 + t 88,53 . G,8) ,, =30-12 . >' lb11.,
nntl thnt of ll11.: piern= :J-13 . .,, ll,s. ; hence tile rnon1e1n n��isti111,; r-111111ion roun,t 
0 =  (301:2 + 3-13) . ,, = :.l:l!s.'J • .,, l!J�., and, thcrclhre, J,relwg cnnnot pos--ihly tnko phLee.
lf, ho,vcver, 111on• urnplc s('curiry bo Je .. ircd, \\'l' 11111st :iub:-tillttc for P, 1,9 P, tUI obove 
explained, und, thert•fort•, tnkc tlic tnotnent of tho force to pr0<l1wc! ht'clh1g = � 18!1 • ,-,
und 1h11 \\·e see tllnt our «uutrnc11t wuuhl uc too thin; i11�1cnd of' !\ 15 r,•ot thickn<.'-is,

• it ,vould n•quirc frc,m 1 1  to I "2 fee1. For a thi<:kn<'ois of 1 1  ft'ct, tlw n1on1ent c,f �1n.
liilityn= 17uU12 .  ,..+ 1 ,53n. 1 1  ,..+ 12Sln. ,-= 5 1 1 5 n. ,.., which ,voukl prov!! a 1t!ffecu:nt 
stability. 

§ 20. Pahles for Areltes.-I11 order to fncilitn,te investigations on 
t11c sto.hility. of arches of tho more usual for1ns,

Fig. 2:;.__ l\f. 1,.etit calculated a series of tables or ,vhich 
\\'C slin11 here give a short al>struct. Tho first
of t Lese tnbles refers to sc1ni-circulnr vaults, ns 
in Itig. 25, the second refers to sc1ni-ciroulnr 
arches "·ith spau1lril "·n 11� at nn angle of 45° ns 
sho"·n by the dotted lino in Fig. 2:J. The third
table refers to semi-circular a.rcbe ,vith hori
zont:tl span<li·ils, as shown by the dott t'd lino in
Fig. 22, nnd the four th ta blc refers to segrncntn.l 
nrched Ynults. 

In the fir�t three tables, the tw·o first Ycrtical columns contain
the proportions of the urchese: the thinl co]unu1 contains the nnglc 
of rupturee: the fourth nn<l fifth co-efficients of horizontal tln·uHt, in
terms of the 1·adius or half spnn, and the weight of the 1nutoriu.ls 
(see example 1 follo,ving)� an<l in the sixth, the co-efficient of the
1uaximum thickness of abutment in torn1s of lhc half span. 

To apply these tables, we ha re to look in column 1 for tho rulio 
k = 1

·2 of the radius of the cxtrn.dos to that of the intratlos, antl 
r1

pass along horizontally to the fourth and fifth columns, nnd the 
greater of the numbers foun<l in these t,vo colun1us is to be tukcu as 
a co-efficient by "hich to multiply the square of r i, the radius of 
intraclos, and the ,veight per cubic foot y of the mnsonry, tho pro
duct of ,vhich gives the horizontal thrust in  qucslion. 1'ho sixth 
column gives the thickness of abutment, supposing the height infi
nite, by n1nltiplying the co-efficients there founrl by tho rndius r •

For lo,Y abutments, the thickness is less, nnd should be cn1culu,tcd
1

according to § 17. 
The fourth tnble contains in its first column the ratio k = ,.1 , 

r 
and in the other columns the thrust of the arch for various propo;._t1ons of the span s to the versed sine or heicrht 71. '11]1is htttcr table
is only applicable "·hen the angle of rupture/given in the first table, is 

http:toriu.ls
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49 
64 

3,333 

53 

4,000 

5,000 

54 
Q,17171 

47 
0,23292 0,12032 

TABLES FOR ARCHES. 

TABLE I. 
SEMICIRCULAR ARCH WITH PARALLEL VAULTED SURFACES. 

Ratio of the Ratio of radius r11dii. of intra<los to Angle of depth of vous rupture.k = �t 
r. tlOir. 

Co-efficient p of the Co-efficient for thrust of arch ; gre1uest thick-ness of abut· 
rnents.for rotation. for sli<ling. 

0,00000 0,9892300' 
0,9626242 0,00211

0,02283 0,8034652
4 

0° 

13
2,732 11,154

1,1762,70
2 50 1,333

1,666
2,000
2,500 

17 
24 

0,08648 0,58767
0,13017 0,45912 1,3223
0,16373 0,34281 1,1414
0,17517 0,23874 0,9t25

0,21464 0,90310,17478
9 0,17254 0,19130 0,8527
5 0,16872 0,8007 

3 

51
57
61
63 

2,20
2,00
1,80
1 60 
1,55 3,636
1,50 4,000

4,444 
64
64
63 

0,16798
48 0,16167 0,14691 0,7838
19 0,12587 0,7622 

1,45
1,40 5,000

5,714 63 0,15287
0,14330 0,10559 0,7370

0,08608 0,6987 

1,35
1,30 6,666 62 14

8,000 61 15
59
57 

0,12847
0,11140 0,06733 0,6504

0,5905 

1,25
- 1,�0 10,000 41 

1 0,09176 0,04935
0,06754 0,03218 0,5066
0,0ii813 0,01568 

1,15 13,333
1,10 20,000 15

221,05 40,000 46 
12 0,01691 0,00618

1,00 00 0 00 0,00000 0,00000 

TABLE II. 
SEMICIRCULAR ARCHES, MASONRY AT THE BACK, OF 45 ° 

Ratio of the Ratio of radius Co-efficient p of the ra<lii. of intrados to Angle of thrust of arch ;
k= r11_ depth of vous- rupture. 

r, soir. for rotation. I for sli<ling. 

1 02 100,000 38 

INCLINATION. 

Co-efficient for gre11test thick-ness of abut• ments. 
2,00 2,000 60° 0,26424 1 o,14361 1,7264
1,80 2,500 60 0,29907 0,57383 1,5147

3,333 60 0,42191 1,2990
3,636 

0,31245
61 0,31222 0,38673 1,2437
61 0,30996 0,35266 1,1877
60 0,30587 I 0,31971 1,1308 
59 1,0954 
58
57 

1,60
1,55 

4,444
1,50
1,45
1,40
1 35' 

0,30001 0,28787
0'29285 1,0823

0,22756 1,0626 
· 

1,30
1,25 

0,28231
0,27102
0,25806
0,24477 

5,714
6,666
8,000 

50 
1,0412
1,01601,20 10,000

1,15 13,333
1,10 20,000 42
1,05 40,000 86 

VOL. II.-4 

0,9894
0,9652
0,95710,22902 
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44 
54 

4,444 
59 

TABLES· FOR ARCHES. 

TABLE III. 

SEMICIRCULAR ARCHES, WITH HORIZONTAL MASONRY ABOVE. 

Ratio of the Ratio of radius Co-efficient p of the Co-efficient for 
radii of intrados tc Angle of thrust of arch ; greatest thick 

k =  rs. depth of vous- rupture. neis of abut-
ments.aoir. for rotation. for eliding. 

' rl 

0,05486 0,50358 1,3834
0,37901 1,20010,08508

0,12800 0,26755 1,0082
0,24173 0,9584 

86° 

52 

2,00 2,000
1,80 2,500
1,60 8,383
1,55 3,636

4,000 56 
0,13027
0,13648 0,21673 0,90750,14122 0,19256 0,8554

1,501 45 1,40 57 

60 
0,14421 0,16920 0,8018
0,14504 0,14666 0,7465

5,0005,714
6,666

1,351,801,25 0,12495 0, 7379 
0,7260

61 0,14332
0,138728,000 62 0,10405

0,08397 0,7048 
0,6723

1,20 63 0,1307310,000
13,333 64 
20,000 

0,11895 0,06471
0,10279 0,04627 0,6249

0,02865 0,5573 

1,15
1,10 
1,05
1,00 

65
6940,000 0,081755

0,055472 0,011857500 

TABLE IV. 

VAULTED ARCHES, WITH PARALLEL ARCHED SURFACES. 

Ratio of Co-efficient p of the thrust of the arch. 
the radii 

k - r1.-
• = 4  h • = 5 h  •=6  h •= 7 /a  , - s h  •- IO h  • == 16 h 

0,15445 0,14691 0,14691 0,14691 0,14691 0,14478 

r1 

1,40
1,35
1,30
1 25 ' 
1 20 ' 
1,15
1,10
1,05
1,01 

,0,14771 0,13030 0,12587 0,12587 0,12587 0,12405 
0,13764 0,12331 0,10682 0,10559 0,10559

1
0,10406

0,12547 0,11402 0,10009 0,08668
10,08608 o,o8483io,011so

0,11023 0,10196 0,09102 0,07999 0,06981 0,06636 0,05616;0,09123 0,08634:0,07866 0,07050 0,06259 0,04904�0,04110
0,06737 o,o6563:o,o6t58 o,05666 0,05160 0,0241410,02681
0,03776 0,03804 0,03709 0,03550 0,03357 0,02944 0,01882
0,00834 o,00811:o,ooss6 0,00889 0,00885 0,00862 0,00747 
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36 
53 

37 

TABLES FOR ARCHES. 

The following table contains a synopsis of the relative dimensions
of segmental arches. 

Ratio of the span 
to height Half central nn. •·• angle •·-,, 

Ratio of radius of 
intrados r I to 

height h. r,
,;· 

2,50053° 30" 0,8000 
3,625

4 
43 36

7' 
10

52
5
6 
7
8

10
16 

31
28
22
14 

4 

15 

0,6897 
5,000

26
10 0,6000 

6,6250,5283 
8,500

10 0,3846
20 0,4706 

13,000
0 0,2462 32,500 

Example 1 .  A semicircular arch with horizontal road-way over it, having radius of 
intrados r1 = 10 feet. What should be the dimensions 1 What will be the thrust'� 
According to Perronefs formula, d= 0,0694 . 10 + 1 = 1,694 feet, for which take 1,7 

feet. We have now r = 11,7 and k = ,
.2 = 1,17. From Table 3, the angle of rup-9 
r, 

ture is 63J0, the co-efficient of horizontal thrust= 0,1190 + f . 0,0118 =0,1237 (0,0118 
being the difference between . 119, and the number next above it). Takirig 150 lbs. per 
cubic foot as weight of ma!Onry, the thrust at crowna= 0,1237 • 150 . J 01 = 1855 lbs.
For the extreme thickness of abutment, we have from the same 1able thf'I co-efficient 
0,6723 + f . 0,0325 = 0,68:'15, and, therefore, the thicknessa= 0,6855 • 10 = 6,85 feet. 
For low abutments, the formula of § 17 gives smaller dimensionL 

Exampk 2. What dimensions and forces correspond to a vault of 10 feet span, and 2 
feet rise? Here we have !!. = ¼, therefore, the half central angle • =  43° 36' 10'', and • nn. • = 0,6897, and the radius ,. =  3,625. 2 = 7,25 feet. Table 4 gives the co-efficient 
of horizontal thrust, (as • =  5 h., and according to Perronet's formula: d = 1,5, so that 
k= 1,2) = 0,10196, and hence the thrusta= 0,102 . 150a. 7,252 = 804 lbs. 

Remark 1. That the part of the abutment on  which the arch rests may not be thrust 
away, it is necessary that the horizontal thrust P=pr.,, should be /ea, than ½/a ( r2

2-r /) 
-,, the friction on  the bed If this be not the case, as, for example, in very flat arches,
this sliding out of the upper part of the abutrnent must be prevented by artifices, such as 
iron tie rods. The co-efficient of friction / = 0,76, therefore, ½/= U,38, and, therefore, 
the strength of the ties must be such as to resist a forcea= p - 0,38 • (ki-1) r,2 

,-.

This is the state of the case when , = 4 h and k is less than 1,06 ; when • = 5 h to lU 
h, and k less than 1,15, and when ,= 16 h, this sliding is sure to take place. 

Remark 2. The literature on  the subject of arches is very extensive; but the theories 
treated therein are not always admissible, because the assumptions are inconsistent with 
experience. We shall here only mention the authors whose theories and investigations 
are generally accepted as the best approximations. We refer, therefore, to Coulomb,
" Theorie des machines simples," who first gave a rational theory of the arch, and such 
as is in substance given in the foregoing paragraphs. This theory is given with pester
('.Ompleteness by Navier, " Resume des Le�ns sur )'application de la Mecanique," t._ I. 
There ar� papers by Audoy, Garidel, Poncelet and Petit, in the " Memorial de l'�cier _du genie.a' The substance of the papers of Garidel and Petit,and their tables, •� given
by Mr. Hann in his Treatise on Bridges, published by Weale, 1839. M�el�y • paper 
on  th? "Theory of the Arch," is, perhaps, the most ele�ant exp:,eition �f th11 interesting 
and important subject. The works of Robison, Whewell, Eytelwean, Gerst?er, and 
others, contain particular expositions of Coulomb's theory. Hagen has published an  
interesting essay, entitled " Uber Forin und Stark� gewolbter Bogen," Berlin, 1844. 



40 �•OODEN STRUCTURES. 

C II A P T E R  I I I. 

THEORY OF FRAMINGS OF ,vooD AND IRON. 

§ 21. Wooden, Structurcs.-Structures of "'ood nnd of iron differ 
essentially from tl1ose in stone, in that these materials arc subjcctetl
to ,vhat have been termed teusilc o.nd transverse, ,ve]l comtLs ttij

pressive strains, to ,rhich htttor alo�e mnsonr� is exposed.n I[oncc,. .in carpentry and iron-work, tho piC(.'<'8 of ,vhtch tho frn1n1ngs are
composed are not only Jaid one upon the other, but nre rnortir£•<.i
tenoned, fished, holtl'd, strap1,ed, &c., to unite thc1n tllgethcr. Th�
principal axis of the pieces of any frnn1ing 1nny ho ltorizontal, in
clined, or vertiocrl. In the first ca.so, they a,re ter1nct.l bea,ns or ;'oists . 
in tho seconcl, rafter�, braces, or spears, &c. ; in the other, posts' 
pillars, 1.iprights, &c. According to the function they fulfil, soru�
pieces are termed struts or az1ears (viz: those resisting con1pression)' and others, ties or braces (i.ne. those resisting tension).

To investigate the stabilif,IJ or equilibriuui of a fra1ning, it is c�sential, in the first place, to know the forces u.n<l. '\\·eights ,\·hit'h the framing hns to counteract. From these ,ro determine not only the 
forces which individual pieces have to ,vithstnnd, but the forcr:, acting a.t !he p�ints of connection, and the strains or p�cssures upon
the points of support. Each part should have such for1n, positionand dimensions, as to co1nplote]y "'ithst.1,nd every forco nctin1T on it.

As to the connection of the pieces of a framing ,vith eu,ch other '1t'e have principally to distinguish bolts and pins, tenons and 1nor: 
tices, 8carfs an<l sl1oulders. Ilolts u.nd pins countcrnct, or take up
n.11 forces passing th1·ough their axes. Tenono anll mortices counter
act only forces acting in certnin directions, and shoulders or scarfs 
counteract such forces as are directed o.t right angles to the plane 
of the shoulder. 

§ 21*. A beam AB, Fig. 26, lying on inclined planes, i s  in an  
instable condition, unless friction or somo 
artificial fa.stenin!!, as bolts or niortices i·e-F., na�. <: • ...,

ta.in it. To establish equilibrium, it is a 
necessary condition that the vertical /:,'G
passing th1·ough tho centre of grnvity of 
the beam, shotild pass through the point 
C, in ·which the normals to the ends .11 
und B of the planes intersect ench other, 
for only then are the tw·o components .1v· 
and P, into ,vhich the ,vcight G of the 
beam may be dccon1posctl, taken np or 
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WOODE� STRUCTURES. 

counteracted by the planes. If a. and J3 be the angle Ji.OK andBOL of the planes to the horizon, these forces are: 
1\r _ G sin. /3 _ G sin. a.JV _ -----, and p _ ----·(ein. a + J3) sin. ( a. + /3) 

If, again, l be the length AB of the beam, 8 the distance JlS of 
its centre of gravity 8 from the end .11, and 8 the angle of inclina
tion B.11.M of the beam to the horizon, then the horizontal projection 
of .11.8 = s is ./l_Jvf = s cos. 8, or = J1 C sin. a., but as 

.11.C = .11B sin . .flB C l sin. ( 90° - /3 + a) l cos. (i3 - 8)
sin,. J1 CB sin. (a.g+ /3) 

= = ,
sin. ( a.+ /3) 

.szn. (a.h+ p 
equation of condition-:s sin. (a. + ;.1) cos. IS = l sin. 

) 
, an , t ere ore, we O 111have J.iJt ha,e the we = 

a. cos. (i3 - 8). 
If one of the planes be horizontal as ./10 in Fig. 27, then as a. =  0,
we have s sin. /3 cos. 8 = 0, i.se. /3 = 0, or the other plane must like
wise be horizontal. In order to prevent slipping of the beam in 
every other position, we must, Fig. 28, mortice one end of the beam 

Fig. 27. Fig. 28. 

as A, or fasten it in some way. The pressure which the end of 
the beam there exerts on the inclined plane OB ma.y be deduced 
from the theory of the bent lever Jt,[Jl C, ,vhose arm ./1.Af = .118 cos. 
8.11M = s cos. a, a.nd .IJ.C = .IJ.B cos. B.IJ.l' = l cos. (Jj - �), an<l
hence P the pressure required 

G s  co:s. 8 
- l C08. (/3 - �)

As the pressure on the point of support .11. is equal to the mean 
of all the forces acting on .11B, we may assume that the vertic�l 
pressure G1 = G, o.n<l its counter pressuro P1 = P, nets a.t tb1 
point. If, therefore, we decompose this latter into the horizontal 
force H1 = P1 sin. /3, and the vertical force V1 = P1 cos. Jj, we ob
tain for the total pressw·e in .IJ. the horizontal component or tllrust 

G s sin,. f3 cos. 8 .
l cos. (t3 - �) t' 1H = --::------:---, and the y-ert1cal component, or ver 1c:1 prcs-

sure: 
4* 



J' = G - JI' = G (1 - 8 COB. /3 COll, i) ' 

H = G cos. s � !. cotg. 6 = P, a.n<l V = G = = G 
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1 
[ t:08. ( p - 6)

from which we can ensily calculate the 1ungnitudc nntl direction of
the toto,l pressure or strain.

For the co.se of n beam leaning on a ,rull, Fig. 2n, fl = V0° ,
hence: 

the weight of the beam.
l sin. cS l 

�ii!'. 29. 

For the cu�, of ;1, bcan1 lenning on cti "·all i11clinecl nt the san1c
nnglel) us the bean1, U8 iu l�ig. ;}U ut B, p = 6, heucc: 

P = G !!. co.I?. �. 
l 

11 = G ; sin. 6 cos. �, nntl f.T = G ( 1 - ; cos. 62) .
� 2:?. Tl11·u.{(t <�f l{oo_t:Y.-'l'lic for1nuln�  found jn the prcce(lin"' pnra

grnph� ort• i 1n1ncdit1 t l'ly npp1il'aLle to c11Jc11lating t11t• thrust of i-nftcr8
or '" coupJt, ·'' for ruof (Fr . .ft.'r11H•�). Accor<liug to tltest', "'e have in
the c,u,e of simple lean-to untl coupled roofs, us iu .Fig!-l. 31 nn<l 32, 

Fig. 31. Fig. 32. 

for the ho1 izontn.l thr11st actinl1' at the lower an<l UJlpcr encl ·
G o11 = -l

8 eotg. 6, or, a.s in this case 8 = ½ l, II = J G cotv. 6;
again tl.c ,·crtical pressure nt the upper end = O, :int:= G tl1c "·eight 
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P = l. 

6 + cos. sin � cos. �) . (sin. . J 

TIIRUST OF ROOFS. 

of the couple a.nd its load at the lower end. If we put the height
of roof BC = It, and the span or width .JIG = DC = b, then 
cotg. o = 

h
b , and hence the thrust of the couple = ½ G 

h
b ; and thus 

tve see that tlie liorizontal th1·ust increaseB directly as the span, and inversely as the height or E_itch of the roof·. The usutil limits of 7,,
are between 2 b and ½ b. The former ratio is that of church roofs 
of the Saxon and Norman period, and the latter that of the flat
Italian roofs of modern houses. In the former, i = 26° 34', and 
in the latter 63° 26'. The thrust of the couples is very great in  flat
roofs ; in the Italian roof, for instance, as above specified, the thrust 
equals the whole weight of the couple and lon<l ; in the Saxon roof 
the thrust is not above one-fourth of this. The feet of the couple 
must be mor1icJu, or otherwise fastened into the bearn (tie-beam) to 
prevent slidiIJg. The entire pressure of n. rafter at its foot .Ii. isn: 

2I

R = ✓H2 + V2 = ✓1 + ¼ (cotg. �)2I
• G = J1 + (}h) • G, 

and for R.JlH = 4>, the angle made by the line of pressure with the 
horizon, we have 

G G 2htang. "1 =  - = -- = - = 2 tang. 8. 
H b¾ G � ... Ji 

Thus we may find the direction of t11e total thrust at the foot, by
doubling the height of the couple ; or, by making CE = 2 . CB,
and drawing a line through the foot .fl, from the point E, and pro
ducing it to R.

For the pair of rafters, Fig. 32, in which the rafters are of equal
length, these exert on each other only a horizontal thrust ; but if 
the rafters be of unequal length, as in Fig. 33, the force P with 
which one rafter presses upon
the other, deviates by a certain Fig. 33. 
angle from the horizontal. If
G be the weight of one 1·after 
.IJ.B, and G1 that of the other 
CB, and if 6 and 81 be the 
angle of inclination of these 
rafters to the horizon, ancl if f3 
be the angle of inclination
BDCof the plane in ,vhich ,ve
may conceive the rafters to 
abut on each other, and against 
which the force P acts a.t right
angles, ,ve h.1.ven: 

G cos. 8 1. G1 cos. � 1., -� - -, and _ •l ---..!---..--:--, 
cos. (1 0°I- ,3 - 6 1 ) 

hence 
- cos. (,1

<:os. 6 1 c:os. (P - a), or 
- -

:sin. t3 cos. � ' 
-

) = (.; 1 - G aos. i c:os. (r3 + a1
G (8in. J3 s1'.n . a 1 - cos. >3 cos. � 1)

siu. >3 cos. 61 
= (;1 



J tang. 6 . 
- G1 cotang. i3 = G tang. 8
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· <li,·iding, we have-: 
G (tang. 61 - cotg. 13) = tang. 6 + cotg. JJ), thusG1 

G +  Gl
<\.nd from this ,vc have the horizontal thrust of both rafters : 

G sin,. J3 cos. 6 i GH- p 8 •  A _ ,�.. ---,_ __ _ - tn.h,., - - ---- = 
cos. ( t3- 6) cofg. p + tang. 6 

½ (Gh+ G )= I -· 
tang. 6 + tan.<J. 61

As to tho vertical pressure V ancl V1 at the rafter feet, the one
is equal to the "·eight G, minus the vertical co1nponent Q = p.:os. ;3, and the other is equal to the weight G1 plus this co1npo
nent ; or, 

, (G tang. 61 - G1 tnn,r;. «')T�= Gr - ll COtg. j3 = Gr - ;T ..;_ ___,;:;;___.. - --- ,tang. 6 + tang. Jt 

n.n<l y1 
= G + 1 (G tang. 61 - G1 tang. i)· J - tang. � + tang. 61 

E.rampl,. The roof ..i..BD (Fig. 32), is 40 feet span, anti 30 feet height, nncl con..ist�
of couples 4 feet from centre to centre, 6 X 8 inch scan11ings - required lho tliru 1.
A�sutning each �qunre foot of roofing to ·weigh 15  l'l>i;., \VO linvc for the loatl on ench 
rafter 1!'j X 4 ✓20�+ 30-= 60 ✓13UU=2163 ll>s. The mfier ifcielf ,vcigbs .½ X f X -t4
✓:2U' + 302 = \' ✓l 300 = 029 lbs., nnd, tl1crefore1 tho vertical pressure of n rnOcr 
V= G = 2163+ 529 = 2692 Jt,�., ond the thrust = ½  G �

h = i.  2u02 §} = 897 11, ... 

§ 23. Oompound Roofs.-In n1a.ny frnmings, ns in mn.nso.ru roofs,
the rafter DE, Fig. 34, does not rest on a tic-

Fiit. 34. beam, but on a second rafter CD, nn<l this agnin
on a third, and fourth, ancl so on. Th�t the 
pressure of one bellJll may be completely t1·ans
ferred to the next in this case, it is necessary
that they should hnivc certain relative positions.
These positions are determined by the condi
tions that any t,vo beams abutting against ench 
other should undergo equal horizontal pressures.
The hori7.ontal pressure of the rn.fte1· DE, is 
H= ½ G cotg. �, ·when G = the ,veight, nnd 6
its inclination. For the second bca.m or 1·aftcr 

½ ( G  + 01)DC:  H= , when G 
1 

and o
1 

de-
tang. 81 - tang. 6 

note ,veight and inclination of this second beam. Ilence by cquuting
the two values, ,re have: 

G +  Gl .G t _____.:;_ _  , 1. e.:1" cog. �o = tang. 61 - tang. 6 
= ( G  + GI ) Gtanu. 01 tang. o + ta119. 6 = (2 + (]-) tan[J. 6 ;  

and, in like manner. for the
G
inclination o of a third beatn' sccinrr 

that tlte ltorizontal thrust i:; l'l'l'ryu•lu:ri: tlte 
2 
8a,nc. 

0 

... 

http:mn.nso.ru
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H = b h . G, while in  the ease of the beam simply leaning, we 

SUPPORTED RAFTERS. 

G + G 
G cotg. a = 1 2 , hencetang. 02 - tang. 01

G + G 1tang. o2 = tang. o1 + 2 tang. o 
G 

= (2 + �1 + �1 + �2) tang. o = [2 ( 1 + �1
) + �J tang. o, 

and in like manne1· for a fourth : 
tang. o2 = tang. o2 + G2 + G3 tang. o

G 

= [2 (1 + �1 + �2) + �3] tang. o, &c. 

If each beam be of the same weight G, then 
tang. o1 = 3 tang. o, tang. 02 = 5 tang. o, tang. o3 = 7 tang. o, 
tang. 6

4 
= 9 tang. o, &c. 

If, therefore, in this form of roof, the height EH, Fig. 34, corre
sponding to the first beam or rafter DE, be set off upvtards repeatedly, 
and through the divisions 1, 3, 5, 7, &c., lines Dl, D3, D5, D7, &c., 
be drawn, these lines give the inclinations of the other rafters. It 
is also evident, that the figure of this combination of rafters is that 
of a funicular polygon formed by the ·weights G1, G2, G3, &c. (�ee 
Vol. I. § 144), and this coincidence is quite explained, if we conceive 
the t"·o halves of the ,veight G of each beam collected at its ends 
D, C, B, Jl., &c., and pulling downwards, that is, if we assume the
weight G acting at each of these points.

If ,ve take the hen.ms very short, and very numerous, the axis of 
such a framing becomes a catenary. 

§ 24. Supported Rafters.-If the head of a rafter rests on a pillar 
BC, Fig. 35, the thrust of the rafter is less 
than ,vhen it merely leans on a vertical ,vall. Fie:. 35. 
In  this case, according to § 21 *, the pressure 
on the head of this pillar is: 

8P = G - cos. 6 = ¼ G cos. 6,
l ., 

and the horizontal thrust: 
H= P sin. 8 = ½ G cos. o sin,. 6 = ¼ G sin .. 2 6. 
As the pillar supports a part of the weight 
G = V = P cos. 8 = ½ G (cos. 6}i, the bean1 
does not, of course, press with its ,vhole weight
G on the foot .11.: but with a force: 

V1 = G - ½  G (cos. 6)2 = G [1 - ½  (cos. 8)2] = ½ G [1 + (sin. �)2
].

]from this vertical pressure, and the horizontal thrust II, �,-e get
the angle 4>, which the resultant R makes with the horizon, viz: .H l. Bln. ()- otang. t = _

V1 
= ., . .,. ------· 

1 + ( sin. 0)2 

If we introduce the depth .llC = b and height BC= Ii, we get 
• 

b2 + 7t2 2 
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b c;lia.d JI = - . -. If each unit of length of the rafter bears n, loa.tl
It 2 

whose weight is r, we have G = ✓ui + lt2 • .,,, and therefore in tho 
b ✓b-s + J,i 'Y,b 71 'Yone case n = , and for the other II = •

2 ✓h2 + hi 2 It 
so that if the pillnr support the rafter, the horizontal thrust is so
much the less the lo,\·er the roof; while for roofs "·ithout such sup
port, the thrust is greater as the roof is lower.

That tho post BC may not 1e overturned by the horizontal force
II, it is necessary to support it by a ,rn11. 

The relations of t11c forces 
Fiiz. 36. no,v discnsAecl, occur in tho

couplc1l roof, sho,vn in Fig.
36, applicable iu soruc ca es, 
'"·here tho rn.fters nrc sup
ported 11t the ridge by a cen
tral ,vull or coluniu. The pil
lar t:1kes up the ,veights ½ G
(cos. �)2, ½ G (cos. 8)\ nn<l 
trnnsf crs, therefore, tho ver
tical p1·rsstu·o G ( eoR. 6)2 to
its support, and tho hori

zontal thrust fl = l G sin. 2 !. There is no side support rcquire<l
for the pillar, as the horizontal thrust is equal ou each sitlo . 

.Ezan,plt.. For the roof in the r.xnrnple to § 22, tho loiulin!l or ono raf'tor G= �CO� lbs. 
b = 10 li--et, ,, = 30 f\!el, therefore, ta,,g. !" = JI (IC a, = 5U0 lb' :Hi" ;  mul, theretore/' when a pil111r i,) put in, the Llori:.i:ontnl thrust is; 

H= 2t.\112' ,in. 1 12° 37' 12" = tl73 ,in. 07° 22' 46" = 021 ll>s. 
4 

'>OQ•JTbe V"ellicnl pressure taken up lJy the- pillnr is rr= ... ., "' (ro,. 50° 16' 3611)i = 7,tO 3 , 
• Jbs.; and, therefi>re, the bean1 !nppor� a strn111 ofouly 2002 - 740,3 = J.\145 lb�. 

§25. King-posts.-Whilst in the cases just considered the posts
relieve the tie-beam (or wn1ls in the absence of a tie) of a part of tho 
thrust of the rafters, the king-post, BC, Fig. 87, acts in a very 

Fii,?, 37. 
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different way ; it carries a part of the "·eight of the tie-beam AD,
and transfers it through the rafters .llB and DB to act as thrUBt on 
the side walls, or rather as tensile strain on the tie. The force Q
acting through the king-post, may be clednccd from the scantlin&s 
of, and kind of load acting on the beam .JlD. If the load be uni
formly rustributed, it may be assun1cd, that the one half is supported 
by the side walls, the other half hangs on the king-post ; but if the 
load be applied at the centre of the tie, it must be considered �s 
acting entirely on the king-post. 1'he force Q on the king-post 1s 
decomposed into two others in the direction of the rafters, the Yalue 
of each of which is S = Q ; an<l if we combine these forces "·ith 

2 sin. 6 
those arising from the weights G, G of the rafters, we get the hori
zontal thrust in  A and D :  

G +  QH =  ½ G cotg. 6 + Saos. 8 = • cotg. t>,9... 
and the vertical pressure at that point : 

V = G + 8 sin. 8 = G + Q
2

. 

For bridges and roofs of great span, more complicuted fra1nings, 
with two or more posts, and termed trusses, are applied. Fig. 3 

Fig. 38. 

represents a truss ,rith two posts, termed queen-11osts, BC and B1 C11

with a. collar beam between them BB1• The manner of calculating 
the strains in  this framing is exactly similar to that for the simple 
couple with king-post. F1·om the load on a queen-post Q, the hori
zontal thrust on the collar-beam tending to compress it, and acting 
on the sitle walls, if there be no tie, is H = ½ Q cotg. �, when 6 is 
the inclination of the rafters or braces .IJB and A1B1 to the horizon. 
As this angle is frequently a small one, the thrust is considernble, 
and, therefore, care must be taken ,vith the foot fastenings (see
Vol. II. § 17). The scantlings of the braces and collar bea.ms must
be fixed by the rules in Vol. I. § 206, &c., so that they sha11 resist 
flexure and fracture, ,Yhen exposed to forces 

Q8 = . , and H = ¼ Q cot(,. 8.
9 ., "'::. sin. l> 

The force Q <lepcn<ls on the lon.tling of the uritlge or roof. If the 



4 

>, JI = Q e.otg. a, = (Q + Q) rot(, a-11 l1c11cl' cotg. � = 2 t'otg. 
2 a-ur tang. &'a = la11g. 

§ 26. Tinzber Bridges.-'l,he framings in the foregoing scot ion 

TIMBER BRJDOES. 

load he uniformly diffused, '"e sha.11 <lo best to assume that each post
carries ¼, and each side 1r0,ll 1 of the load . 

.E,:umplc. SupposP 1lie trut>:iell bridge in F,i�. 38, desi�ncd "s ont- of two for a uO feet 
1>pa11 nncl 12 fel't wirle brulv.c 1>11ppo_c each squnre foot or the l,rulg� 1ogcther ,vith its 
)oat.I weighs 50 lb� . the wright of' the bridge i!5 12 X 00 X 50= 30000 lbs.,nnd thetoa(l 

311000011 the quceu•po�ts = __ = 12000. ThercJorc1 for nn joolinntion ot' the rnfiers of 
3 

22!0, th«-horizontal prO!'l!IUro =:: i 12000 
to• rotg. 2'.2½0 = UOl)O X �.-1 I •I '2 = I •14 86"Or t!!. •• • lb.i I nml I I It 1e l 1rus1 t1ro lu� 1 cnch rnl\cr

flOOO 15�7"' 1•· 1'_ --,----,,-= = ,Li u us. he half
li1l. ��½o 

of thc�c i;rrnins come on the pieces of
eucb or the two iru!-st•�, bO tlJar on each 
collnr there ,voul<I bt• 7:! l'.?,5 lhs., ant! 
on eiwh mftcr 7�:JH,5 lbs. lf wo tako 
�he rt'8J!;t11ncc of \\'ooci (\'ol I. § 2UO)
ot 7 HJO lbs , nod If Wt• 8lru1n only to 

vf tht' nl./.'!Olutc fil rcngth, ,vu get!rs
Jur the section of each t·ollar bcnm

7'242,5t. 20 _ 1448,JF - 74 - 19•6-- ? Ill() 
_ 

783!1.fi . 20 15079square inches, anc.l for (•Adi t,rncc or rnncr ____ = -- = 21,2 squnre inches.7.JOU 74 

Rtm(lrk. 1\{ore co,nposhe lrt1sse!, ns 
incli<.•nt<'d iu Figs. 3\} nncl -ID, nro cnlcu

Fi!!. 4n. lnted in tho t-JHrl0 munner as the nbove. 
In eacl1 ,)f 1hcse il rnny ba f\tt:<urnetl 
thnt ,·nt•h ur the four posts or uprights
c:itrrit"• 011t••lihli of tho entire lontl, an<I 
thot thu ren1uinin� fifth rc,st!I in1n1e(lj. 
ntc•ly on tlw :-itlc \\ nib. 111 tlw con
struction �i.own in Fil{. 40, llae tlirec
tionlj of 1l1t• rlilT1•n•111 r11ft1•r:1 nre not 
nptionnl, 11111 dc1wndt·11t one upon the 
othC'r. lfQ b1• tlrn w,•iµht 1)11 encti po�,
and J 1l1e i11clinlllin11 or llae hrnce Be' 
nncl &'J tl1RI nf .,/ B, 1lw hnri�o11u1I lhrus; 

support the road-"·11y or ceiling by 
Fig. 4 1 .  suspension, but there are trusses 

applie<l for bridgcR, ,vhich support 
the road-"·ny on the opposite prin
ciple of su,staining them. Iu these
J.tttcr, the distribution or the pres
sure takes pln.co exactly as in the 
forruer. In the simple c11se shown 
in Fig. 41, we have from the verti

cal force Q acting nt the centre of the bridge .IJ.JJ1, the horizon
tal thrust H = ½ Q coff/· �, and the strain on the spear or strut 

BC = 8= } . (J. , "'hen � is the inclination of the strut. In the
Bl.'JL. 6 

ex,tmple, Fig. 42, the forces are the same, but in this case Q mny 

http:783!1.fi


TIMDER BRJDGES. 
be tnken n,t ¼ of the "'hole loncl, ,vhi1st in the cnse Fig. -11 ,  Q = ½ 
the load. The piece CC1 in Fig. 42 i.s termed a straini,1.q eill. If 

there bo a double set of struts or spears, as indicated in Fig. 43,
there are four struts, and it  may be assumed tluLt each carries one
fifth of the ,vho1e load, or 
Q = ¼ G. To prevent de Fi'!. t" 
flection of Jong spears, braces
or counte1·-b1·aces .RD, .Jl.1D1 
are added, particularly,vhen 
there arc severlll sets of 
spears. The distribution of 
the pressure in the ca"e of 
spears of uncqun,1 lcngth be

Fie-. 44-. ing use<l as in Fig. 44, is to 
be taken as exactly the same 
as in  Fig. 43, only that in  
these the braces or suspend
ing posts CD, C1D1 become 
the more requisite as the 
struts come to have consi
derable length. It is proper Fia. 4fi. 
to take the weight of all the 
parts into calculation, and to 
reckon that half the ,veight 
of each part acts at its end. 

The centerings for bridges
afford the most frequent ap
plication of the kind of fram
ing ,ve ru·e now considering. 
Figs. 45 and 46 rep1·esent 
two such centres. The pressure which each simple frame J1.BB1J11 
or J1.BJ1.1 undergoes and has to resist, may easily be determined
by calculating the weight of the part of the arch bearing upon it. 

VOL. II.-5 
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50 POSTS. 

Fig. 46. If the two spears nbutting
on each otbor hnvo difforcut
inclinations to tho horizon, 
as in the construction shown 
in Fio-. 46, the strain on theu1 
is of cour�c u11cqnal. If tho
angles of inclinu.tion of t,vo
snch �penrR = 6 anJ 611 an1l 
i f  tIic vertical pressure nt
the abutting joint = Q, the 

strain a.long the spears S= . Q COS.( 81 , au1 = . Q CflH. 6 ) nntl 
8lll. 6 + b1 ) SHn. (I> + 61

Q ,·08. 6 C:08. 61the Lorizontal thrust o f both = 11 = -·. · -----· sin. (6 + 61 )
§ 27 .  Roo_fs. - In roofs, col1ar

Fi!!. 47. beams arc nppliccl to prevent dcflox
ion of the rafLers, a.s also queen-poBts, 
braces, &c., and the nn.turc of the
forces may bo traced, as in Figs. 47, 
4 , 49. 

§ 2 . Posts.-'fhc strength or pi1-
la.rs aud posts subjected to tensile or 
con1pressivo strains, when tlacRc act 

in  the <lircction of the axis, h:ivc been iuvc tigu.tc<l, Vol. I. § 1 3 to 
§ 20ti. It, ho"·cvcr, not unfrequently hnppens, tluit the forces n.ct 

Fig . .i8, Fig. •1 ti. 

Fig. 50. out of the axial direction, and wo shall, tho ref ore,
exa1ninc this case. EF in Fig. 50, represents a 
suspending post to ,vhich a tensile strain P is 
applied exccntrically. Let F = tho urcn l, tl1c
length EF of tlte post a = the le,·cragc Fil, 01'
the Jistance of tl1c direction of the force from that 
of the axis. Prolong FH in the opposite direc
tion, and make FLg= Fil = a, and conceiYe that
in L t,vo equal and opposite forces ! P, - 1  P 
act: there results u.n axi:il force PPt= P, and 
a couplet½ P,- �  P. The fortuer extends all tho 
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Pa - �2 WE = 

§ 195). 

¼ instead of ¼ for rectangular columns. 
be taken as the greatest compression. 

• 

POSTS. 

fibres uniformly by a quantity �1 = p . l, but the latter extends 
F . E  

the fibres unequally on one side, and compresses them unequally on
the other. If the post be rectangular, with the sectional dimen
sions b and lt, where h is in the same plane as a, the moment of the
force : 

- l 
">-2 b h  

3 
E (Vol. I.h§ 191), 

12 l 
fibres at the distance 1 frombut the extension or compression of the

12 P al .the axis : �..,. ---, and t at of t e extremeh h fibres= 
b h3 E 

= -h . �
22 

6 P al h- - , t ere,ore t e greatest extension := � h
b h2 E 

_ h,2 Pl ( l  6 a - Pl (t 6 a)+ 2
. = 

E F + b h2 )h + .� - �l - Ebh h 
. 
But for the force K producing rupture: K = ,., hence the modulus of 

E l 
strength : 

K = p (1 + 6 a), and inversely : 
bh h

b h

p = . K. 
6a1 + 

h
If the post be cylindrical, and its radius = r, we have (Vol. I. 

4 P a l- . _ r4 , -- , � "' E h ence �2 = l 4
Pa = 

n r4 E  
and the longitudinal extension :

P Pl 
( 

4a)= -- -
n r E  r 

4Pal  
E

l + --
te r3 E  

, hence,. = ,., + n.2 == 1 + ,e r
n r Kp = .

4a
1 + 

r 
If the force act at the periphery of the post, we have in the first 

case a = ½ h, and in the second a= r, and, therefore, for the rectan-
gular section P = b4

h K, and for the cylindrical P = "�K. Thus, 
theoretically, a rectangular post will carry onlyh¼, and a cylindrical.
one only i when loaded in the direction of the side of what it will
ca!ry when fairly loaded. Experiment.s on cast iron give results of 

The same laws apply to the uprights .!JC, Fig. 51, but then � must 

If the c?lumn be inclined, as in Fig. 52, and if its foot make an 
angle a., �1th the horizon, we may decompose P into two others
Pi = P azn. a, and P3 == P cos. a, and in the equations for ).1 

and ).2, 
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"'C must subst:tutc P sin. o, for P, ontl besides this the oxto1asion ). 
protlucetl by tho normn I fo1·c�

Fig. 51 .  === Fi1it 62. p eo8. a, l11ai:; to Le introduced.
If ,Ye sub titutc J> cos. e1 for 
P, an<l l for a, ,vo obtains.!:._).,_•> 
for the grcntcst extension 

_, 

ot
con1prc��iun producc1l by the
force 11 l'OS, n, nnil l1euce fol' 
rccta1111u]u1· Rcctionccl lH'1l ln:-1 
this extension or cou11n·cssion. 

It R p zi (�(18. a 1Clcc'i\ - -- --, l l 
., 3 -_. 1l'J It . r.�.I:., 

?I. ?I. + 11 .1.2 + 71 ).3 = ]JI [( 1 = G fl )  sin. a + G l c'Olf. �]= 
l :2 :! E b h b h2 b It� 

= - [(1 + - sin. " + - cos. a.J ,Pl Ga
) 

0 l 
E b  /,. lt It .

antl therefore the tcn�ion : 

J, 

b lt I( 
6 lo + - cos. a
/1

If the ar111 FIi be on the up-sitlc of the Lcu1n, n.s 

p = .'Fi!?. 53. 

-

sho"-u iu li'ig. 5j, \\'e then lu1vc: 
b I, J( 

U l
8Ol. o. + h COB. o.

(l  o Cl)+ 7,, . 

and for round colu1nns the expression bcco1ne : 
1t r2 Kp = ---------- -· 
. 4 l(1 + 4-"

) 81n, 0. + - COS, G 
- 1· 1· 

§ 20. If a loaded beam .ll.B, Fig. 54, 1·ests upon t\YO nprigl1t., the 
loall P bear upon each in the proportion !1 P on .llD, and �1 P on 

l l 
BE, "'hen li, l�, an<l Z, represent the lengths .ll.B, CJl, and CB re-

Fil', 54. Fig. 55. Fig. 56. 

bpt•cti, cly. If a sunilar bl•an1 rests upon three or 111ore uprights,
the pre:- �1re 0�1 cnch can only be deterrnined by aid of the theory of 
tho elastic resistance uf materials. If weights P n.n<l P n et at the 



3 
- 5 p = p - p l3 ll3.IJD = p 6 l3 - ) l 1 l 1 I ( 

3 
1 

- 3 p ll l
- 3 pt t2 ) = p 3l. a. . = ( p TE = CE . l 

3 2 

P • If, again, l be the cotg. 6, and the thrust along the brace l� _

6 WE ' 3 WE2 WE
and the tangent distance: 

POSTS. 53 

centre of the lengths ./1.C and BC, and if we assume that the one 
part .11.C is independent of the other part BC, the pressure on the 
centre uprighth= P, and that on each of the othersh= ½ P. Buteif _we consider the beam as an entire piece, the circumstances a.re dif
ferent. 

When a beam fastened by one end into a wall .IJB, Fig. 56, sup
ports a ,veight P at C, a.nd is supported at the other end B, the 
beam forms an elastic cur,·e, horizonta.l at .fl., but inclining upwards
at B. For simplicity's sake, let us assume P as acting at the middle
C, and put the length .IJ.B = 2 l. The deflexion BT of the outer
half CB is equal to the deflexion of the inner half ./JD = BE plus
the tangent distance TE. But according to Vol. I. § 189, the height 
B T  = Pii-�, if P1 be the force -0n the end B required. Again the

3
defiexion: 

3 WE 3 1 

2WE' 2 WE 2 WE 2WE 
tang 

and hence it follows: 
; _ 5{1 + ; 3:1 , or 16 P1 = 5 P, therefore P1 == 1 

5g P.�1 

According to this view of the matter, the support B bears •l''{J P,
and the point of fixture .fl } l P. The same relations obtain in the 
case of a beam supported by three uprights, when the ends .fl and B
are free to move up, but the middle part C kept horizontal. The
uprights under .fl and B carry, therefore, each T

5 of the weight P,
whilst the centre post carries �i P. 

r; 

If the supports be inclined as shown in Fig. 57, there arises a 
horizontal thrust H= ¼.. P 
cotg. a, with which the feei Fig. 57. Fig. 5S. 
of the posts tend to spread. 

A ('. l'-1 1\If, again, a beam resting • ' ----� - ·  
=l 1 

upon two uprights be I / . "' I
B "" Blstrengthened by two braces 

• 

Ias sho,vn in Fig. 58, we p
may, though only as an ap
proximation, assume that at 
each encl .IJ, .111 a pressure 

5-z P acts; whilst on each - i
p_oint C, C0 there is a pressure of 1 � P. If � be t�1e angle of inc!i:a
t1on BC.IJ. of the braces BC, the horizontal thrust 1n C and B, = 2 2 P 

81,11,. 6 
whole length .11.D, and [1 the part BD of the support measured up to 

1the brace, the horizontal strain on the upright = � • 1
8
i P cot:;. i, 

5* 
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lh 

/
, I 

I};;•' 

n�J hy tl11s equntion, the section b h of the beam must be determined. F?
on the upright. �rhc part DE of the upright is comprcssc<l by the 

r the cnse sho"·n in Fig. 61, we have to .6.n<l the strain 

DKACE� OR bTRUT�. 

nn<l, therefore, the column hns not only to bear the vertic11l pres ure 
�,  but, likewise, a horizontal force = �1 1

8
1 • P cot9. i, crettting flex

ure rouncl B. In order, therefore, to insure tho sufficiency of such 
o. fra1nc, the fornntla : 

- 71)� <Jotg. i),!• P = b It K : (1 + 0 . } � �

mu t he �atisfictl. 
5 D  sho"·s n. cnse of frequent occnr

,,here n. be1un JJB, fixed in a ,v1111 or 
.§ 3U. Braces or Struts.-Fih

grc>ncc. 
Fig. 59. othor,vise n.t one end, 101tdcd nt tlie other, is 

streugtltcnccl by a brnce or trut l'D. Let 
{ I 

:\ 

.I/B the length of the bcnn1 = l, nnd the part n JJlt = l., the inclination of the bcntn = a., a.ncl
tlult of tho strut = 8. Fron1 tho lontl P there 

C 

.,
'/ 

,.;. 

1
p arises a vertical pressure in C do1v11u1ardsh: 

� P, and a vertical pressure n.t ./1 11pu1ards: 

. 

:..:. . 

/
/ 

v· = 
l1 

rr1 = (lh
-;.

71 ) P. The first vcrticn1 pres ure 

<lo"·n,vnr<ls resolYes itself into t'wo forces along the axes of the .piecesh: 
T7 cos. � l P cos. 6 , nud8 = = sin. (6- e1) l1 sin. ( 6 - o-) vcos. (l, z P l'os. " 81 = �ill,. (6 - o.) 

= 
l, sin. (a -e1) 

. 

The case shown in :Fig. 60, where the beam is supported by a. tie
btace, is to be treated in a nu1nner exu.ctly sitn.ilar to the n.bove. In.n1ost cases, the beam .llB is horizontal, or a =  0° , then ,vc haveh: 

l P  l P8 =  V cutg. 8 = - cotg. 6 and 81 = ---· 
l1 l1 8in. 6 

· The dimensions of the 
Fig. GO. • Fig. 01. brace have to  be determined

in proportion to the strain 
81 acting on it,nncl thn t of 
the beam ,rith ref f:'rence to
the strain S comprcs, ing it, 
and likcw·ise the c1·oss strain
arising from P, acting "ith 
the mo1ncnt P (l-l1). l icnco 
(§ 28) : 

J> = b 7, K :  (!:. cotg. a = G ( / - l1)),l1 I,,. 
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COMPOUND BEAMS. 
force P, and strained across by the moment Pl, therefore we must 
put P = b lt K , in orde1· to get the required section b ll. The piece

6 ll 
+ T • 

.IJD, on the other hand, is under a tensile straine= (z li) P,whilst
-;1 •

the cross strain is the same, as for lower part ; we have, therefore, 1n 
this case : b h K 

p = .
l- ll + 6 l _ •11,

If at the foot of the upright
l1 

there be placed a strut FG, this 
would tnkc up the strain S = l p , if a. be its inclination, and

a C08, a.
Pla = EF, and the force 81 = h tarig. a, passes tlu·ough the up• 

rights. Hence the part EF of the upright is strained by a force 
= P - 81 or 81 - P, the former when a cotang. < l, and thea,

latter when a cotang. a. >  l, or according as the strut falls within, 
or beyond, the point of suspension. 

&ample. In the framing, Fil(. 61, suppose P = 1500 lbs., ..iB = 12 feet, the upright
E.11. = 24 feet, the inclination ofthe braces = 45°, and the horizontal projection ofeach = 6 r�e1 ; re')uiretl the necessary strength for t.be frame. 

Tbe braces bave strains:
I P 12 . I 500 3000 .S,= -- = ___ = --- = 4243 lbs. to ,v1tbstaod. 

• 
I, ti11. � 6 sin. 45° 0.7U7 l

Taking 7400 as nioJnlus of strength, we get, allowing 20 times absolute strength, the 
. 4243section of eac!J brace = - - . 20 = ll,5 square 1nclles. For the bean1 ,ve may take 

7400 
according to Vol. I. § 1981 K = 120U0 lbs., for breaking across is here mo:St likely to 
occur. Allowing 20 times the absolute strength, we bave to put:

J2000 b h b h20 . l500 = or = 5.' 
· l2 . 1 + 6 1 + �
h h 

If no,v we make the depth of I.he beam double its breadth, ,ve get: 

2 b'l = 5 (1 + :) , or bS - i b = '/· From Lhis we get the brendth of the beam 

3,1 inches, and tbe depth 6,2 i11ches. For the upright, that is, for the centre pan, by 
similar rea�ning ·we get: 

l"'OO _ l :ZOOO b h ., . bh _a,. b h _ s + lbO2u· • •J _ - - -- ,  u1at 1s --- _ 2, or - !" --, 
l + li • I:.! l+ 7"!, h 

h It 
and if in tlii case ,ve make h = 2 b, ,ve get bl - f b = 45, from ,vLich b = 3,7, and 
h = 7,4 inclws. 

� 31.  Gornpound Beam8.-Bean1 laid upon one another, and
united only by bolts, Fig. 62, ha.ve 3, resistance equal only to the
suni of the resistances of tl,e indii,idual bean1s. If the beams only
abut on each other, as in Fig. 63, and the butting joints uc n1ade to 

Fir(. 62. FiJ{. 63. 



'-=======-----

2 )/1_p = ((a + 3
� a3) 

by t. An<h·c,v s crosses oi- lnttice-f -
t

in,q. In like tnnnncr, "·c dctcrn1i"ne tho 
rani

68, hut it mu ·t be strictly borne in 

Fi!!. 01. 

� 
�tl'cngth of wooden bcants, con1posed
of cur,·ed pieces, ns in the hri<lge, Fig. 

mind, thnt '\\·hoo<len fnuni11g1-1 loflo 1nuch 
of their strength by dcflcxion. 
t:>tructions i 

5G CO.\fPOUXD JJEA�IB. 

hrea.k joint, tho strength of one beani is lost to the u•l1olt•. If tho 
hcams be morticeJ, and tenoned as iu }?igs. U4 and 6,5, "·ell struppccl
to,,ether th{} strcucrth of the co,nbinu.tion is ahuost equal to thut of0 ' I:)
a soli<l Learn of the same tlitnensions. 

Fig. 6,t. Fig. 65. 
.\ � l :-� _____.., · ·t. - -� :: • -�E- ur · -'� · -- --o  ' 

Bcatns a.re frequently built in this n1n111�<•r, to gt•t grcu� st�·ength.
�rhc rcsistuncc of the clewcntri of n. Lri11n Hlcrcasc, ll!i then· ch�tnnce

frorn the ncutrnl axis. Jf\ th •refore, ''"C 
Fil(. on separate t,Yo bcnrns by thick tenons or 

\\·edges. and then strap or Lolt thc111 to-
gcthcr, as in ]?ig. ti6, their strength is co11•Ii;:====---'----.... siderobly incrca8cd. If b be the brea.tlth

and 71 the depth, l the length and a the distance bet,vcen the tv" o  
beams, the strength of the combinations (Vol. I. § 200) is:

b�-
6l (,i + 2 h) 

h 712 K . tf' ,vherea.s p lIf, for exa1nple, a = 2 It, then P = 14 

4 l>:L 
2 

. ! , if the tw·o beams hnd only been morticcd together.* 

The same relations obtain in the benm, lio"·n in Fig. Gi, unitetl 

= 

A principal aclvnntngc of such con
·, that they are more stiff, o.nd less liable to vibrate than 

Fil?, 08. 

Ohvious n� i� t�1e truth of rliis iflllPtllf'tH, and t.>n�y ns is its npplicmion in JJt·Rctice, itis •�.•n_i;tulartlhnt .o little 11:ie i 1nntle or it 111 tlie con!.itruction of 1i 111b1•r bridges nod other _htuldmg� JO this ('Ollntry. It is e,•id1•11Lly npplienule 10 the douule OCl\111 orcl1ec:, often111:.erted 111 the � cull,�d urch out! tr11:,:. uritlgl':..-All. Eo, 
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simpl� beams; and that, as they act only vertically on their points 
of suppol't, they reqnire no nbutnients, properly so called. .

Curved beams, ns sho,vn in Fig. GD, have been frequently applied 

Fig. 69. 

in  cast iron structu1·es, and cast iron arches, as in Fig. 70, are a very 
usually ernploye<l uri<lge material. To judge of the strength of such 

Fig. 70. 

a structure, its line of resistance must be determined. If this fa.11 
everywhere within the arch, it sho,vs that there is no cross-strain on 
the material, but only compression ; but if the line of resistance fall 
witliou,t the arch, the ,\·e�k point is ,vhere it  1·uns fm-thest from the 
arch, and the resistance of the material to cross-strains, is that upon 
,vhich the stability of the structure depends. 

[Proof of tlte strengtli o..f Ovn111lea; Structures by means o.f Models.
The plan of solving questions in practical mechanics and engineer
ing by faithfully constructed 1no<lcls, presents the Yery obvious ad
vantage of substituting the modru·ate cost of e:rperinient for the ofte�
burdensome, sometimes ruinous, expense of experience. The c?nd1-
tions to be fulfilled in constructing models, so as to gi\·c rehable
information in regard to the action or the stability of structures,
may be stated as follo"-s:-

lst. An entire corrcsponuence must e.ri t in the model, (at le�st,
of all essential parts,) to the scale of tlin1ensions and "·eights on ,vh1ch 
it is proposed to represent the structure. 
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2d. Identity not only in the nature, but also in the condition of 
materials employed in the model and structure respectively. 

3d. Proportional accuracy in forming junctures; and proportional
tension given by tightening screws, keys, wedges, and other me
chanical means, by which the parts are compacted together. 

In testing the model, modes of introducing, distributing, and with
drawing loads, conformable to those which practice will involve in
regard to the structure, must be observed, so as to subject the model 
to shocks, jars, inequality of pressure and irregularities of applica
tion, at least proportional to those which the structure will be 
required to sustain.

Supposing the model of a bridge to have been constructed accord
ing to the above requirements, it might be used for either of the two 
f ol1owing purposes:-1. To deterniine what weight the structure will bear when under
going a given deflexion, or 1ohen on the point of breaking. 

2. To ascertain whether the principle of construction he adequate
to furnish a bridge of the proposed dimensions, and materials that 
can fulfil the specified duty. 

As a beam or bridge of uniform dimensions throughout will bear 
half as much weight accumulated at the centre as it could sustain if
distributed throughout its length, the simplest mode of arriving at 
the result desired is to determine and apply to the centre of tho
rnodel a. weight \\·hich shall represent one-half the load supposed to 
come upon the structure. 

The following formula applies to the loading of the model at its 
centre.

Letah - the length, in feet, of the model between the points of
support; p the weight in pounds which the model is t o  sustain at
the centre, representing a load uniformJy distributed over its length ; 
10 = the weight of so much of the model as lies over the clear open
ing between its piers ; r = the ratio of dimensions bet"·een tho 
structure and the model; P == the load which the str·ucture must be 
able to bear, when accumulated at the centre. Then it is evident 
that r l = the length of structure between the piers. Since the 
relative resisting powers of similar beams or bridges are as the 
second powers of their corresponding dimensions, . ·. r2 

: 1 : : resist
ing power of the structure : resisting power of the model. Hence, 
r2 (p + ½ w) = the absolute resisting power of the structure. Also,
since the weights of similar structures are as the third powers of 
th�ir corresponding dimensions-or, what is the same thing, as the
third powers of their ratios of dimensions-therefore r3 w .. the 
nbsolu�ehweight of the structure; so that the weight P, which, �y.suppos1t1on, the structure can bear, accumulated at its centre, will _
be its absolute resisting po,ver, diminished by half its own weight. 

(r - 1 ) ;  = r2 (p - ;  X r - l) [l]. 
2 

= r p-

r 
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But as, by supposition, P is known, and it is desired to fiud 1', the 
conversion of the last formula gives p = p + 10 (r - 1) [2]. 

r 2 
Example. It is required to construct, on a 1,riven plan, a britlge having a clear opening 

between the piers of 150 feet, and capable of su:-taining two ton:. per foot of its lenµtli,
or 300 tons in all, equally tlistributec.l over its s11rtitce. A model is matlo 011 the scale of 
one inoh to the foot, ancl \.veigh ing J 30.3 pounlls, exrlusive of tile part wbicli reH;, 
directly upon the abutments. It is required to find wl1at number of pounds must be 
suspended from the centre of tbe model, in order to prove wbether any bridl,(e co11• 
structetl 011 thi:, plan, ·with the relatj ve ilin1en::aioos antl of the materials used ill tLe model,
,viii bear the loau above specified. 

Substittning the values of the several syn1hols in the seconrl of the above equations, 
. P w . 300 X 2240 13tj 3v1z: p = -+ - (r- 1), we obm1np = -- - - + ' X ( 1 2 - 1) = 308'2 

r 2 l\! X 12 '2
pounds; anti twice this nun1ber1 or Gl64 pouncl�, is the ,vcight which the mo<lcl ouglit 
to bear, ,vben distributed uniformly over its surfoce.J 

§ 32. Ohain or Suspension Bridges.-Suspension bridges involve 
considerations distinct from the principle of the stability of either 
stone, wood, or cast iron brjdges, inasmuch as the road-way is sus
pended from chains or ropes, or is supported upon these. The
former is the more frequent construction. Chains or cables ch·awn 
up with considerable force, between two or more piers or supports, 
pass over these to fastenings in rock or masonry, as shown in Fig.
7 1 . The chains are formed of malleable iron bars, united by pins 

Fig. 71. 

or bolts : and cables of iron or steel wire, laid parallel or twisted 
together, are frequently employed instead of bar-chains. The 

Fig. 72. Fig. 73. 
A 1 

@·@ 
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same 1ntcrvnl. 

GO CHAIN OR susr11N:--ION BRIDGES. 

<limen ions of the linlrR or bn.rR, depend upon those of tl10 bri,l 11·c. 
In · large bridges they ore n1adc nhont 1 inch thick, fro1n ·� to !)
inches deep, nntl fron1 10 to 16  feet long. lJsually, several St't!-3 of
bars arc hung together, forming n con,pount1 chnin united by coupl ing
plates and l>olts, as ·hown in ]fig. 72 (or -without coupling plntci--,
nccor\ling to 1\(r. Howard's patent plun). \\.,ire cn,J,lc8 arc con1-
posed of \'iires of fron1 'l'cr to l of an inch in flia.111ctcr, nnd nre 111:1de _
of any requisite diun1ctcr, varying fron1 ½ nn inch to :l 111t·�1 •s. rl'he 

f!uspc1uling rotls coni:-1st ot ,vrougl tt 
fjg, 74. Fig. 75. irou rods, or of �·ire ropt'S. 'l1l io

rods .IJB, .IJ1 B1 , are hung by pitts
passing throu�h th coupling plate 
tt8 sho,rn in J:l'ig. 7:3, ur1tl �uspcutl
ing ropes aro iLttnchccl as sho,yn 
in Figs. 74 nnd i5, hy 1ucnns ofy shackles ,vith eyes, or by n sitnplc
loop. The cross-l1cun1s of the rou.ll1J 
,vny C, G1 nl'e sotnoti1ncs fui--tenctl 
to the suspending rods us AhtH\'n i n  
Fig. 74, so1netin1es ns sho"·n 111 l•'ig. 

73. The rocl goes either tb1·ough the Ul�:un nnd is then fustcnl'd 
by a nut resting on tL metal pla.te, or u,aslurr, or a stlrr,q,, 01· lrap
is put over the beam, a hook on the upper isi1lo of \\ ltich goes into 
the eye of tho shackle of the suspension rope, or into the loop for1ncd 
on it. Upon the cross-bcnrers longitudinn.1 bentn:-( arc laid, and these 
are covered with three inch planking, an(l again three inch cro�s 
planking, a.ccortling to circumst:1nces, nncl upon thi� rotul-t11t>t1tlli11n· 
&c., is laid. In general there nrc t,ro sy�torus or clinin51, one nbo�; 
the other, on each side of tho bridgt•, tinu heucc the n11111Ul'l' of sus
pension l'O<ls is t,,--ice tho number of joints in auy one. chuin :-:ystc-111• 
Tho distance from contre to ccn tro of suspending rods is n uout fi, e
feet. 

The parapet of the bri<lgo ought lo be friuncd so Oii to giYo the
91·eate8t stijfness to tl1e ron1l-u1ay.*

The width of road-way depends on tho purposes ,yhi<·h I he hridrro 
is to subserv-c. Thero should bo ;3 feet at lenst for tt foot-pall,, n�,l
7 to 7½ for n. carriage wa.y. For a britlgo for ortlinu,ry traflic, tt total 
width of 25 feet between the parapets is sufficient. 

§ 33. The versed sine of the arc of suspension bridges, is gencrnl lv 
smnJl in proportion to the corJ, varying from , to
fore, the strain on the chain is very great (Vol . I. § 144). 'rhc piers 
on "'hich the chains pass, o.nd the fastenings by ,Yhich chains ure
hcltl must withstand very considerable forces, anu hence piers of 
great stability, and abutments, or rather ancltorage, of great rc�ist• 
aucc must �e p1·ovidcd. The spn1n of suspension bridgcij is rcrru
la teu by various ciI·cun1stanccs. A sc1·ios of snntlJer spo.n iij offen 
muchnn1oro economical than one 01· more. lnrge spans to cover tLc 

• See Appemlix. 
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The �1enai bridge in England, the two bridges at Fribourg in 
Switzerla,nd, the bridgo at Roche Bernard in France, the bridge over 
the Danube at Ofen, are examples of large spans of from 600 to 720
feet ; whilst there are innumerable instances of less span in every
country. If the chain be not equally strained on the tvio sides of 
t�e pier, which always occurs when one side only is loaded, the chain 
slides forward towards the side on which there is the greater load. 
As, however, there would arise considerable friction between the rope 
and the head of the pier, under the pressure of the resultant force 
being on it, the pier must have stability to counteract a force equal 
to this frict.ion. To prevent this action, special contrivances are
adopted for diminishing the friction. These means consist, either in 
passing the chains over rollers or pullies, Fig. 76, which reduces the 
sliding friction to a rolling friction on a small axle, or the chains 
pass over a sector which rocks on the head of the pier, inclining to 
one side or the other as external forces act upon it ; or, lastly, tl1e 
pier is made as a column rocking on its foot, or on a horizontal ax.is 
at its foot. That the resultant of the forces acting on the chain may 
press vertically on the pier head, nn<l thus be least strained by it, it
is necessary that the parts of the chain on each side of the pillar 
should have equal inclinations to the horizon. If this equality can
not be obtained, as is not unfrequently the case for the land pie1·s
of bridges, the piers must be considerably strengthened. 

Fig. 76. 

To fasten the ends of the chains to the land, Yarious clevices ha-ve
been practised, the general plan of which is to carry the chains by
wells or drifts into the rock or soil, and there to fasten them to
broad iron or wooden piles, or planking as at .RB, Fig. 77, which 
abut upon substantial retaining walls of masonry, or against a!-1 arch, 
or ag�1nst the rock itself. The fastenings can thus be exam1nod at 
any t1�e, and adjusting ,vedges for compensating the influences of
expansion and contraction be conveniently manipulated. 
• Re:,nark. On thf' subject of suspension bridges, the most complete treatise is that of Nnv1er, " Rapport et l\1emoire sur les pouts suspeudos1 Paris, 1823." The papers of l\lr. 

VOL. ll.-6 
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Da\'ies Gilh!!rl, in then" Tran-.nctions of the Roynl , odNy of Lontlon, lo'.?r.," ure ilnport• 
nnt iu the hbtory or tlll.,qe brid;;e--. In ,:\fo-ieley's " En!{iuccring 011il Ar1•hitcl·ture" there 
i� n very ell�g11111 inve-.1i�1ion of the propertit•s or 1111•. L� :-1ruet11re�. 'fhn trcati c of 
Dre'\\'ry on '' Su pen�ion Brid�t.>l', I 32,'' is n vt•ry excellent r •�11u16 of rlll g(!11t•ml prnr
tico in re-.pect 10 s11:-pt•n:,.ion brit!�e--. The nc1·ou111 of tli..: �11Spl•nsiu11 briil�o ovi:,r tlic Vi
lniue, at Ln Roche Bf>rnor,l, l,y Leblanc, Pnri., UH l,  i ,•t•ry ins1r11c1iv1•. 'l'ht.!re is rt 
trt'atiHl of �t'gui111 " �lemoirc eur les poul� ('fl fll ,lc li.•r,'' \\'orthy of ntw111io11. 1'htro 
are mnuy Hll'tunirs in 1hc ·• Anunlc clcs µontl'! 01 chnu'lq�c:-,. on this subjrct; nnd, in the 
\'Olume fvr l 42, there is nu account of u bri<ll?e 1naJo ofribbot1s uf' hoop iron. 

§ 34. The cur¥e for1necl by the chain or cnblc of a suspension
bridge, lies bct,yecn the pnrn.bo]n and tho catonury, n11d is very 
nearly an ellipse. 1'hc parabola npproximn.tc-s tho cur,·c in the
loaded bridge, the catenury in the unloaded ( compare ,,ol. I. § 144 
an<l § 145, &c.). 1Vc unll cousi,ler tho curvo usau parn.bolo., or the
bridge in its loaded state. 

If the two points of uspeusion B ond D, Fig. 78, of n chnin, be 

Fig. 7 

on tho same level, nntl if BD = 2 b, nnd .IJ. C the versed sine or •height of tho nrc = a, and the ongle OBT = CD1' = u, then 
C T  2atann, a. =- = - ( Tvol. I. § 144) . .., B C  b

If the points of suspension bo at different levels, ns in Fig. 7Sl, the
• 

Fig. 70. 

n.pex of the curve is not in the centre, and the ends of tho chain 
hn.ve different inclinations. If wo put tho co-ordinates ./Jl' nncl BC 
= a nnd b, ond the co-ordinates JlF and FD = a1 nncl bu we put 
the ,vholo span BE = s, and the difference of DE = 7,, we have: 
h = a - ai, B = b + hi, anda-!: = b:, 1vc have, therefore, from Ii, 

a1 b1s, and a :  
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8 _ ,  3 , b1 = s - b = 
1 + J� 

DIMENSIONS OF THE CHAINS AND ROPES. 

1 ,  a1 = a - h, 2 , b = 8 

a 

_, 

1 + J.!!:...
a1

and for the angles of inclination a. and a.1 : 

2 a 2 a,1tang. a. = - - ,  and tang. a.
1 

i:=: • b bl
The length of the parts of the chain .llB = l and ./lD = l1, is

expressed by: 
2 2

l = b [1 + f (;) ], and l1 = b1 [t + i (::) ], (Vol. I.h§ 147).
If we have the distance e between the suspension rods, their num

ber for a length BCe= b, is n = ! ; and if in the equation x = �: a, 

we substitute for y the values o, e, 2e, 3e, 4e, &c., we get for the 
lengths of the suspension rods: e2 4e2 9e2 a 4a 9aO, - a, - a, - a, &c., or 0, -,  -, -, &c.,bs � � n2 � � 
to each of which a few inches are to be added. 

From the weight G of the loaded half of the chain .llB, the hori
zontal tension of the whole chain: 
H= G cotg. "' = .!!,_ G, and the entire tension on the end: 

2 a
G 2 a Gs = --,--. - = ---:;;===�•. sin. a. ✓ b2 + 4as

If we know the modulus of strength of the chains and suspension 
rods, we can determine the sectional dimensions they should have. 
According to French experience, the greatest load that should be 
brought on chains, is 12 kilogrammes per square millimetre ( or about 
8 tons on the square inch), and for cables of iron wire 18 kilog. per 
square millim., or about 12 tons per square inch. The suspen,ion
rods are made much stronger in proportion, as they have to resist the shocks of loaded wagons, &c., passing along the bridge. The load 
on them is reduced to from 1 ½ to 3 tons per square inch of section. 

§ 3 5 . Sectional Dimensions of the Ohains and Ropes.-In order 
to determine the dimensions of the parts of a suspension bridge, we
have to take into consideration, not only the weight of the road-way,
but also the greatest weight of men, as troops, or of cattle, or or
wagons, that can be brought to bear upon it. This has been taken 
as 42 lbs. per square foot of surface by Navier, but in the case of a
dens� crowd of persons, it might amount to 72 lbs. per square foot.
Having assumed a certain maximum load, the dimensions of the.
cross and longitudinal beams have to be determined, and hence we
find the entire weight of the road-way. If we put the sum of this 
constant weight, and the maximum load that may come on to the
bridgeh= G1, and the modulus of strength of the suspension rods 
= K, we get for the section of these F1 =- G

K 
1• From this we have 



K = 17500, b = 75 X 12 = 900, � = 15  = 0,2083 • • • •  if, GI = 158794, , , ,- == 0,29, 5

0,�US:J') 1 7  JUU . 0,3714 - 90U. U,29 ( I + f 04 V9,5 - 2GS,5 . 
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the weight of these rods, which has to be added to that of the road 
and load, in order to put the total load on the cha.in G. If we 
put the section of the cha.insg== F, and the specific gravity of the 
irong= ,,, we have, retaining the notation as above, the weight of the
chains : 2 

G2 = Fl,, == Fb [1 + i (:) ] ,,, 

and hence the total load on one-half the bridge :
2 

G = G1 + G2 == G1 + Fb [t + i (;) ] r, 

and the strain at the point of suspension 
G + Fh [1 + i (;)'J.r

G 1

8 -- --- == ••sin. o sin. e1

But for the necessary security 8 =- FK (where K is the modulus of 
strength), therefore : 2

F K sin. o - b [1 + i(:) Jr== G1, 

-i. e., the section of the chains : 
F - GI- •

K sin. o - b [1 + i (;)2]1
&ampl1. The dimensioris of the parts of a suspension bridge of 1a50 feet spnn, 15

feet detlexion, and 25 feet in width are required. Suppose 45 su11pension rods on each 
side, we have then 44 equal parts of 3,409 feet each. The length of these roe.ls, com-

15 15 15 I 5 mencing at the centre would be 0, - =  0,031, 4 .  _ z:::: 0,124, 9 .  --= 0,279, 16 .  _
22• 22a 2211 22a 

= 0,496, 25 . 15 = 0,775 feet, &c., or if we add to each 2 inches, the length becomes : 
2211 

2, 2,37, 3,49, 5,35, 7,95, 1 1 ,30 inches, &c. 
The rnaximmn load on the half bridge, we shall take according to Navier

75 X 25 X 42 ll,s. = 78750 lbs., and if the road-way weighs a little less than a ton per 
foot of len�th G1 = 157500, and the section of all the rods of one-half of the bridge: 

1 57500
F1 = = 72 square inches. The whole bridge is suspended on 00 ro<ls, and,

21VU 

hence the section of each rod is 72 · 2 = 1,6 square inches, or the diameter of the rods 
4 5 . 2 

must be 1.427 inches. According to the rules for the quadrature of the parabola, the 
mean length of a suspension roda= j that of the largest, therefore,= j . 15 =5 feet,
and if as above, we add 2 inches to it, then it= 5! feet, or 62 inches. Thus the volume 
of �II t_he rods is 90 X 62 X 1,6 = 8928 cubic inches, and the weight taken at 0,29 lbs. per 
cubic inch = 2598 lbs. The half of this adde<l to the above-found weight of half the 
road-way gives G = 158794 . 5 lbs., and, hence, according to the formula: 

F- Ga
-

K lin. " -b [ l + f (; ) 1J ,- t 

b 7�
2 4 30 1 1r.=:::::::;== =���=-=-;::======= = --;==

✓b'+ 4 a1 ✓75'+ 301 ✓ti,25 + 1 ✓7,25 

F==------ 158794,5 158794,� 

and sin. 4 = 
1 58704,5- - -== .. 

6231,0 

• 
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l = b [
2

and bl l l = [+ i (;) ] + i (�•)
2

], , 1 

2 2
) _ i (a - a) ( a- l  - l - i (a + a) 1 - a 1 1 

ELONGATION OF CHAINS. 
= 25,48 square inches, and, therefore, for 4 chains the section of each ·would be 6,37 
square inches. 

§ 36. Elongation of Ohains.-The chains are elongated by the
load, and, therefore, the deflexion is increased. Changes of tem
perature also, produce variations in the length of the chains. ,ve 
must know the effects of both these. If the deflexion changes from 

the length. a to a1, 

and hence the elongation of the chain : 
-

b -).• - 1 b ' 
or if A be the increase in the deflexion, and if we put as an approxi
mation a + a1 =2 a, ,.1 = f a 

A, and, therefore, for the whole chain
b 

). = J : A, inversely A = f ! ).. From the weight G of the half 
bridge, the horizontal tension or tension at the apex, H == G cotg. a., 
and the tension at the ends : S = 

sin. " 
G , therefore, the mean tension . 

== H + 8 == G ( l-+: cos. 0L, and the extension of the chains caused 
2 2 sin. a. 

by this force ,. == ( l + cos. a) . _£_ .2 l, ( Vol. I. § 183), for which_2 sin. a. FE 
. . 2 G b  .we may put as an approx1mat1on : � c::: If we intro uce d , • •FE sin. a.

this value into that for A, we get the increase in the deflexion for 
the loaded chains : 

b2 
A == b 2G b G

f • - = -=-=-- = f -=---- • -' a FE sin. a. FE sin. " a 
. 2 a  2 aor sin. a. = , or approximately = 

b 
, we get 

✓h2 + 4 a2 

b3G
A = f · FE · a2 • 

Malleable iron expands 0,0000122 of its length for a rise of tem
perature of one degree of centigrade ( =,0000068 for 1° Fahr.).
This increase is, therefore, 0,0000122 . 2 l t for the length of chain 
l, and a rise of t degrees of temperature, or 0,0000244 l t. Putting
this in the expression for A, we get the increase of defiexion for a. 
rise of temperature t :  

b h'
A = f . - . 0,0000244 . lt, or approximately == 0,00000915 • t -. 

a a 
In like manner the contraction is determined for decrease of tem
perature.

Example. Retaining the VRIUC'S of the example in the la!lt p11mi;mph, we iret the increase of the height of the arc corresponding 10 the load, 1uking the mo1lulu@ of elas• 
6* 
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ticity of mnllcablc iron = 20000000 (Vol. l. § l G), nnd ndtling 0841,8 llJs. 11i� hnlf 
weight of the chnins to the loud J 5�70.tt'i lo«. 

G = 15 701,5 + 1381118= l 05630,3 lb • 
165636 3 {1003 1 3\.17 Ia = a . • -- = -- = 1,9 1nch. For n change of tc1npemu1ro

:.!5,4ti • 20000UflU 1 i? 73tl 
of 20° C. this change of dcffcxiou is: 

20 • OOO'010000001ri . = O,.J inch�s. 
I U 

Fig. so. § 37. Pi<,r8 and .11buf.1nents.-TI1c pro-
poi-tions of the piers an1l nbutmcnts for1n 

n n  in,portnnt cousidcrotion. 
If 8 nnd 81 be the tension on the ends of

the cbo.in, Fig. 80, n.n<l a. u.nd ci 1 the an1rlcs
of incliuntion tho rcrticn.1 prc!-<sure on the .pier: .

TT J, JT = .
1'

;2 
= + 1 s S'8llt, o. + �  

1 Blll, ci., 
nn<.l the horizontal pressure, us tho hol'izon
tal tensions countcrnct c11ch othl'r. 

Ill= I[- 111 = s cos. a. - SJ ('08. a.l.
If, no·w, It be the height, b the breadth, and tl the depth or thick

ness of a. pier, the density of the n1nsonry of ,vhich = "t, it� ,reight 
is b cl Ii y = G, and the total vertical pressure= J'h2 + () == S 1<i11. o. 

+ S1 sin. a1 + b d 11 'Y· In order, ho,Yever, that the horizontul force 1/2 = IJ-H1 rnay not turn the pier on the edge B, it i · requisite that
the statical moment : 

112 • L,,Y= Il2 It = ( CO,'f. a - 81 cos. o1) It
·houltl be Jess than the statical n1omcnt:  

( J"' 
3 + G) B L = ( ' ein. o + 1 sin,. a.1 + b d lt 1) � ,  

i.ge. it is requisite that: 
b2 + S sin. a. + ""}1 sin. a1 b >2 ( " . cos. a. - >C?1 cos. a.1), or 

d rd h r
V+ JTl b 2 (H - Ill) .b'l + d lt h1 > d 1

For the sake of secw·ity, the greatest vnluo of eos. o. n.ncl the 
Jen t value of 81 cos. ci1 are to be tnkcn, that is to sn.y 8 is to bo 
ta.ken as completely loaded, and I ns unloaded. This for111uln, us-
umes that the forces S and 81 a.re eutirc]y tra.nsferred to the pier 

.hend, ,vhich, of course, only take· place "hhen tho friction on the 
pier head exceeds the difference '- 81 of the tensions. According
to Vol. I. § 17 5, this friction is: 

F= [(1 +2f sin. :)�- 1 J St, 

·where �f is the co-efficient of friction, n the nombcr of links on tho
pier head, and >-3 the central angle corresponding to one link, it is
hence requisite that: 

' - 1 <" [ ( 1 + 2 j' sin. �)"_ 1J 1, or 
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f u I fillet1 h t e , S < 1 2 + 

PIERS AND ADUTME'N'TS. 

( f sin. ii2)" 8. Unless this condition be 

chain will slide on the pier hea.cl, and therefore ,ve ha.ve only to put 
8 = ( 1 + 2f sin. �)'� 81, or for ropes S = el« 81 (Vol. I. § 176), 
in the above formula. If the chain or cable be la,id upon pulleys,
this difference is much less, and, therefore, the requisite thickness of 
pier is less. If the radius of the pulleys,= a, and the radius of the 
axes on ,vhich they turn = r, then: 

8 = 8l + ja (8 Bin. Cl +  81 8i11. a.1),r 
for the friction rccl11ced to that of the ax.is ma.y be put,= f a (8sin.r 
o. + 81 Bin. a-1 ) = f a ( Tr + V1). If the rope passes over rollers, 

r
then the friction is so much reduced, that we may put S = 81 •

From the tension S on the land or back 
chains, ,ve can determine the dimensions of Fig. SL 

the retaining wnJl JJ.C, Fig. 81. 
The strain 8 tends to tw·n the masonry 

JJ.C round C, and acts ,rith a. leverage 
CN = CD sin. a = l sin. a, if a. be the 
angle of inclination SDC of the rope to 
the horizon, anJ l the length CD of the 
wall. The height of the wall resists ,vith 
the moment: 

G . CM, = h d l y . 2 
l = ½ li d  l,y, 

where lt is the height BC, d the depth, and 
1 the weight of the masonry. For equilibrium '"9 l sin,. o. = ½ 7i d l2 y,

2 S sin. aand, therefore, the reqnisite width of wall l = . To insure 
li d1  

stability this must be doubled. That such a wall may not be pushc<.l 
forwar<l, the friction f ( G - 8 itin. a) must be greater than the hori
zontal force S cos. a., or, f G > S (co8. a. + f sin. o.), 
i.,e. l > h1 

Y 
(

cos, a. + sin. a.) , in which f mny be ta.ken = 0,67. 
f• 

Examplt. For tbe suspension bri<lg� mentioned in previous pamJ?rnphl!, the vertical .force of the loaded chaint. V = 1G5636,3 lbs., anu that of the unloaded : 
V. = V- 78750 = 80880,3 lbs., if now we suppose friction pulleys to be applied, the 
radius of each pulley bc1ng to thnt of it.s nxis as � = ¼ an<l /=¼, the friction at the pul-

r
leys would be ¼ . ¼ • ( 165030,3 + 80886,3) = l5782,6 lbs., or muclt Jess than the d!f
fereoce of the tensions, and therefore tile chains ,voulJ movie', and the pulleys turn till 
the tension oo the one had so for increaaed, antl that on the other so f."U' decreased that
the difference woul�l l>e only 1578'2,6 lbs. If no,v the heiJ!ht of the pier be Hi feet, the 
thickness 4 feet, antl 1he \\·eight of the mnsonry 130 lbs. per cubic foot, ,ve have for the 
ne(;efillllry ,vithh of pier� : 
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200 

Therefore, b = 56136 

STRENGTH or MATERIALS. 

252522,6 == 2 . 15782 ,6 ro,. • i. ,. b' + 30 4 6 b2 + ' ' 16 . 4 . 130 4 . 130 
b 15782,6 . 0,928� -=  56,36_. _ 

- b' == 1,75 feet. This would, in practice, be made 4 to 5 feet. 
30,4

The requisite length of retaining wall, when h -=  16 and d == 16 feet, is: 
. 2 S lin. • 2 . 165636'3 .1= ___,,.....,....-= = 15,9 feet, which would Le ma<l 20 e to 21(" 1·n pract'ice. 

h d'>' 16 , 10 . 130 

STRENGTH OF MATERIALS.* 

The strength of an engineer's work depends upon its proporti'o�B,
the materials of which it is composed, and the manner of putting 
tltem together. 

As to stability, a structure may yield, under the pressures to which 
it is subjected, either by the slipping of certain of its surfaces of co·n
tact upon one another, or by their turning over upon the edges of one 
another. The former case very rarely occurs.

The strength of mater·iala depends upon their physical constitu
tion, viz : form, texture, hardness, elastici'ty, and ductility. t Tho
resistance of materials in buildings is tested in reference to various
strains-compression-extension-detrusion--deflexion under a cross
strain, and fracture under a cross strain. 

A. Oompre,,ion.-In prismatic pieces of 1tM1,e, wood, or cast iron, 
which absolutely cr,uh under a strain, the strength is directly pro
portional to tAe tran,verse area of the pi'ece. 

Pieces exposed to compression a.re not fairly crushed, but in some 
measure broken across, where their height is to their diameter or 
least lateral dimensions in the case of, 

Stone, more than as 6 to 1 ? 
Wood, " " 4 to 1 
Cast iron, " " 3½ to 1 
Wrought iron, " 2½ to 1 

The manner in which materials yield under a crushing strain is
very remarkable, as is exhibited by the experiments of Rondelet,
Vicat, and E. Hodgkinson, the latter of "·horn has found, that the
plane of rupture is always inclined at the same angle to the base of
the column, when its height is within the limits above mentioned. 
The angle of r�pture depends upon the nature of the material. In 
cast iron, for instance, it varies from 48° to 58° in different makes 
of iron, though confined to narrow limits for different pris1ns of the 
same make.-See " Report British Association," 1836, and Mose

·ley s " Engineering," p. 550. 

• Professor Weisbach has tr£-ated this subject as it is usually given in elemeutnry 
works on mechanics. Ex<•epti11g as exhibiting 11pproximately the laws of the phenomerm, 
the '· theory of the strength of the materials'' has many practical defects. These we shall 
not �ere enumerate; but have put together, in as concise a form as possible, what we 
cons:m1er to �  the most valuable part of our present kno·wledge on this su!Jject to engi•
11eers or architects engaged in the exer.ution of works. 

t &,, on this subject, Poncelefs " ll�ni<111c I11<lutotriellc." 
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TABLE OF TIIE RESISTANCE OF MATERIALS TO CRUSHING. 

lbs. per sq. inch. lbs. per sq. inch. 
Granite, Scotch 10804 10 8184 5 unsea�ned • . 6480

Oak" Cornwall . 6292 � sea!Oned • 10000 
Sandstone, Dundee . 6490 Mahogany 8198

" Derby . 31 )0 5 unseasoned . 3200
LarchMarble (white) • 9[>83 � seasoned . • 55138 

Limestone (Portland) 13550 · 5 unseasoned . • 3100
P 1op ar Stourbridge brick . 1695 l seasoned . 5100 

5 unseasoned 6780 Cast iron, good common 109800
Deal � seasoned 7290 " " Stirling', toughffled 145500 

Beech 5 unseasoned • 7730 Wrought iron • • 560001 
� seasoned 93130 

The effect of seasoning or drying timber, in increasing its strength, 
is never to be lost. sight. of. In wrought iron, a. strain of 28000 lbs. 
reduces the length, a.nd causes a slight lateral bulging, corresponding 
to the slight reduction in length ; that is to say, for a. compressive 
strain of about ¾ tbs of the absolute crushing-strain, wrought iron is 
quite " crippled." 

Stirling's process of toughening cast iron, consi!ts in adding to it 
proportions of malleable scrap, varying according to the nature of 
the cast iron in its normal state. 

Scotch hot blast, No. 1, will take 28 to 30 lbs. of scrap per cent. 
" " " No. 2, " 20 " " " 

Welsh and Staffordshire hot or cold blast iron require a. less ad-
dition of scrap.

This process increases the strength of all cast irons, from 50 to 80 
per cent. 

The strength of pieces, such as pillars, that break across, but are 
enot crushed under compression, may be calculated by the following 
formulas, as found by Mr. Hodgkinson's " Experimental Researches 
on the Strength of Pillars," published in the Phil. Trans., 1840, 
and in his edition of " Tredgold on Cast Iron," published 1846. 

ad'For stone: b = - 1 For timber: 

For cast iron. Solid pillar, round ends 

" atJS, r. r." flat ends b _t
- ,. I 7 •

� length 1 bnng -not lu, than 30 d. 
1)3 , 7e - as  7 6'H 11 ·o ow p1 ars, 11 round Ienc s b - a 

- l' ' 7
The length 1 being not lu, than 1 5  d. 

1)3 ,  5 5 _ dS  6 S  Hollow pillars, flat ends b -- a  .
l' '' 

The length 1 being not leu than 30 d. 

= acJS,76--·Wrought iron, round ends b 
l9 

b = ad' '  6 '. II " flat ends 
1 •

Whm the length i, from 30 to 90 time, the diameter. 



1s nearly as the area of the transverse section. 
The strength of pillars not less than 80 times their diameterathat of cast iron with rounded ends being set == 1000 

: 
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The laws indicated by the formulas do not hold good for shorter
columns. 

TABLE OF THE vALUES OF a, (D and d being in inches, l in feet, and
the result b being the cruahing-weiiJht in lbs. 

Granite • • flat ends • • 25000 ? 
Sandstone . • • • • • 15000 ? 
llarble • • • • • • 24000 ? 
Dantzic oak • • • • • 24542 

Red deal • • • • • • 17511 

Cast iron solid pillar, flat ends • 98922 

" " " " round ends • • 88379 

Hollow pillars, flat ends • • 99318 " " round ends • 2{)074 

Wrought iron flat ends • • 299617" " round ends • 95844 

The numbers4iere given are co-efficients, and have no meaning,
apart from the special position they occupy in the formulas. 

In all pillars of cast iron, whose length is thirty times the diameter 
or upwards, the strength of those with flat ends seems to be three 
time, as great as the strength of those of the same dimensions "'ith 
rounded ends : when l is less than 80 d, the ratio of the strength of
pillars of the same dimensions with flat and with rounded ends, is 
very variable.

When pillars are reduced in length below the proportion above
indicated, there is a falling off of their strength, nearly in propor
tion to the reduction in the length of the pillar; and this obvious}� 
must be the case, as the strength to resist flexure, under a compres
sive strain, increases as the fourth power of the diameter, whilst the 
resistance to crushing increases only as the square of the diameter.

For pillars of less length than 15 times their diameter, there is a 
falling off in the resistance, on account of the change produced in
the position of the molecules of the material by the great weight
necessary to break them: Mr. Hodgkinson has, however, given a 
formula which includes this case, and by which the strength of the 
pillars, however short, may be deduced from the results of the for
mulas for long columns, when the crushing strength of the material 
is known. The formula is y = b c in which b is the strength of 

. b +  fc
�he p1l!ar, as calculated by the rules for long pillars, and c the crush
ing wei�ht of the material, and y = the strength of the short pillar.

In similar pillars, the strength is nearly as the square (1,865
power) of the diameter, or of any other lineal dimension; and as
�he area of the section is as the square of the diameter, the strength 
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1 ton per lb. weight per • • 

2 tons per lb. weight per Wire, (N ewa.11 and Co.) 

THE TENSILE S'iRAIN. 

'\V rought iron • • • • is= 174 5
Cast steel • . • • = 2 5 18 
Dantzic oak, square ends • • = 108,8
Red deal . • . • • = 78,h5 

In all long pillars, whose ends are firmly fixed, the power to resist 
breaking is equal to that of pillars of the same diameter and half 
the length, with the ends rounded or turned, so that the strain runs
through the axis. 

B. Extension.-When a tensile strain passes up tlie centre of a 
piece of stone, wood, or metal, the resistance iB proportional to the transverse area of the piece. 

TABLE OF THE RESISTANCE OF MATERIALS TO RUPTURE BY 
TENSILE STRAIN. 

Stone. Portland • • • • 8 5 7  lbs. per sq. inch. 
Fine sandstone • . • 21h5
Brick . • . • 2 7  5 to 300 

Glass . . • • • • 3 5 6 5  
Hydraulic lime, best • • • 168 
Good . . • . . • 142 
Mean quality • . • . • 100 
Common lime . . . . • 43
Timber. Deal • • • • 128 5 7  to 115 49 

Beech • • • • 17850 
Oak . . . . 9198 to 12780
Mahogany . . . 16500 
Larch • • . • 9700 to 10220
Poplar . • • • 7200

Cast iron (Hodgkinson) • . . 13 5 0 h5 to 17136 
" ( Rennie) . • . . 19200 
" (Cubitt) . . . • 27773?

" Stirling's toughened . • 28000 
Wrought iron bars . . . • 6 5 h520 to 5 6000 

Wire (hard) • • 128000 to 6 5 360 
Wire (annealed), half the strength of hard. 
Plates • . • 5 2100 

Brass wire (hard) • • • • 98960 to 63000 
Annealed . • • 49000 

Gun metal (ha.rd) . • • • 36368
Copper rolled 8 5 000 

19200 
• • . .
• • . •" 

fathom. 

ca.st .
Hemp 

• 

Ropes. 

fathom. 
In refere�ce to the above table, it may be stated t�at it contains 

numbers ,vh1ch are the mean values of the tensile strain, as deduced 
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after a careful weeding of the experimental results that have hitherto
been published. 

[ Thermotension, or the Effect of Heat on tlte Tenacity of Iron.
The following table exhibits the effect of heat on the tenacity of iron,
both while actually hot and also subsequent to the application of a
strain at high temperature. The comparisons are made on thirty
two different specimens of iron, the origin of which is designated in
the first column of the table. The temperature at which either the
" hot fracture" or the hot strain was made on each bar, and which
produced the strengthening effect of "thermotension,"  is contained
in the second column. The third contains the number of trials
made on each specimen of iron to ascertain its strength in its ordi
nary state and temperature, as it came from the hammer or the
rolls, and before being put under strain at a high temperature.
Column fourth shows the number of times the specimen was broken,
or at least strained, at the temperature marked in column third.
Column fifth gives the number of fractures made on the specimen to 
obtain the average strength after being heated, strained, and then
cooled again to ordinary temperature. Columns six, seven, and
eight, contain the absolute strength given in the three different 
states respectively. Column nine exhibits the per centage increase 
of strength by treatment with thermotension, and ten, the difference 
in strength between the iron at ordinary temperature in its original
state, and that which it possessed while heated as in column third.
In three cases only does it appear that the strength had been di1ni
nished by heating up to the J>oint at which the trials were made.
One of those trials was at 766 , one at 662°, and the third at 552°.
The average temperature at which the effect was produced was
573.7a° , at which point the tenth column shows that the strength of
thirty varieties of iron, was 5.9 per cent. greater than at ordinary 
temperatures, say at 60 or 80 degrees. 

It also appears that the average gain of tenacity in thirty-two
samples of iron, by the process above mentioned, was 17 .85 per
cent., ranging from 8.2 to 28.2 per cent. In a report by the Editor 
to the Bureau of cons�ruction, eq�ip�ent, and repairs of the Navy 
Department of the U n1ted States, 1t 1s proved that tho average gain
of length of bolts of iron treated at the ,vashin�ton Navy Yard by
this same process, was 5.75 per cent., and the gain of strength 16:64,
making together the gain of value 22.4 per cent. The addition of 
5.75 to 17 .85, gives 23.6 per cent. for the total gain of value. In 
many instances the experiments proved the gain of lengtlt to exceed
7 per cent. The total elongation of a bar of iron, broken in its
original cold state, is from two to three times as great as the same

for'!e ·would produce upon it if applied at a temperature of 57 3°,
which force will, moreover, not break the bar at that temperature. 
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THERMEOTENSION. 

TABLE EXHIBITING THE EFFECT OF HEAT ON THIRTY-TWO VARIETIES 
OF MALLEABLE IRON. 
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Fig. 82represents the tenacity of wrought iron at various tem
peratures from 0° up to 1317° as measured in parts of the total
maximum tenacity, the line a b representing that maximum, and the 
line 0°d (indefinite towards d) being the scale of observed tempera
tures, in degrees Fahrenheit marked below it. The Yertical dotted
lines, or ordinates of the curve, therefore, exhibit temperatures, and
the corresponding horizontal ones, or abscissas, show diminutions from
the maximu1n strength, at the temperature observed. Thus, at a 
temperature of 1030° , the diminution from maximum tenacity is
.4478, and, consequently, the remaining strength is 55.22 per cent.
At 1187° the diminution is .6352, and the remaining strength 86:48 
per cent., and at 1245° ( a  dull red heat in daylight) the diminut1ou
is .6715, and the remaining cohesion only 32.85 per cent., &c. 
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Fig. 82. 
c,, Mazimum tenacity or iron. 
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THE TENSILE STRAIN. 

For a more full exposition of the effect of heat on the tenacitJ: of
iron under direct tension, and for investigations of the relation
between temperature and tenacity, reference may be had to the 
" Report on the Strength of Materials for Steam Boilers," page
212-218. 

At page 7 5 of the same report, will be found the law of tenac�ty 
as a.ffected by temperature for rolled copper. In that metal no in
crease of strength takes place from increase of temperature in any 
part of the scale; and the law eliminated from about 180 comparisons
of different experiments on several specimens of copper, is, that the
diminutions of strength by augmentations of temperature follow the
prii:ciple of a parabola, of which the ordinates representing the ele
vation of the temperature above 32°, have to the abscissas repre
senting the diminutions of tenacity, a relation expressed by saying,
that tlte third power8 of tlte temperature are proportional to tlte liecond 
powers, of the diminution of strength which they produce. This law 
,vas ascertained in the following manner : Putting t = any observed 
temperature above 32°; t' = any other observed temperature above 
the same point; d = the diminution of tenacity by the former tem
perature and d'= that by the latter : also making x = that power of 
the temperature according to which the diminution of tenacity takes 
place ; we have, by the supposition F :  t'x : : d :  d', or- = -· 

t'x d 
. . log. d' -log. d F th.rom 1s we der1ve t he expression x = - - ----· 

log. t!-log. t 

tX 

Example. At a temperature of 1016° the tenacity of a bar of copper was found to havebeen diminished 66.9 I per cent. below its strength at 3�0 • at the temperature of 492°it was 21.33 per cent. below what i t  was at 32° ; acoordin� to what power of the ten1-perature did the tenacity vary 1 
/ou. .  6691 - Zou . .  2133 H 

:--·�:---=-0 50 l · 1ence t 1,5 : 1t ,." : : d : .JIere x= -:--�-:::-:-=- -:--,--- - = 1. • a or' ' wg. G,1016 -32)-Zog. (492 - 32) 
t3 : t'3 : : <fl : <f2. 

Transforming this into an equation, we get (t;) 3 
= (:)

2
, and : = (t:) ½, or d' 

= d  ct;)t From this i (log. t'-log. t) + log. d=  log. <l; by which, knowingthe dimi• 
nution d at any one temperature t, "'e are enabled to calculate what it will be at the temperature t'.] 

In reference to cast iron, the first or lower numbers (p. 70) are the
results of Mr. Hodgkinson's experiments; the higher number is the 
re�ult of numerous experiments made for Mr. Thomas Cubitt by Mr. 
Di_nes. * _This difference is chiefly of importance in respect of there
being a discrepancy so wide. between results stated by two ca.re!'il _
expe�•m�nters. In reference to the experiments on Mr. Morr1es 
St1rl1ng s toughened iron, they were made by the same direct means. 
�s w�re all Mr. Hodgkinson's experiments. The tensile strain of cast
1ro� 1s seldom brought directly into action; and the part it plays in the 
resistance to cross strains is evidently not that for which the direct 
strength shown by Mr. Cubitt's experiments can be attributed to it. 

• &e Mr. Henry Law's edition of Gregory's " Mathe1natics for Practical Men," p. 375. 
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76 THE TENSILE STRAIN. 

The elongation of wrought iron, under a given tensile strain, ma.y
be judged of from the following experiment.* 

·t
Load per square inch in producing an elongation of Load per TotaI e-longa
- . -·- - -- --- - square iuch, �ion clivide<l 

producing by originalJ 

'(j1bu Tb-o J
J IJ � fr1tcture. Jength. 

lbs. lbs. lbs. lbs. lbs. Ibs. 
34700 40980 46124 I 52122 56834 •086 

According to Vicat, the elongation of iron wire for a load of 1428
lbs. per square inch, or '(7J the breaking strain, amounts !o 0,000057.

Mr. E. Hodgkinson's experiments have proved, in hke manner,
that no material is so elastic as to recover itself perfectly from even 
very sma11 loads allowed to act for a considerable time, and the de
fect of elasticity is ne"rly as the square of the weight applied.

The modulus or co-efficient of elasticity, is a term first suggested
by Dr. Thomas Young, to denote the measure of the elastic reaction, 
or the energy of the resistance of any substance, and is represented 
thus: E = -p · .ll i  

,vhere E is the co-efficient of elasticity, P the weight in pounds, 
producing the pfoportional elongation i (=- 1 where l== the elonga

tion, and L the original length) in a bar with a base of sectional 
area .11. 

R. .d . .  . E.11igi it!/ 1s expressed by t eh ratio L . 

Thus, the elastic resistance of a prism of any material, is rea11y
only the rigidity referred to the unit of length of the .prism. 

-- --- ·- ·-· · . · - · -- ·  - . . . - -
[• In the report of the Committee of the Frankli11 Institute, on the materials for stean1 

boilers, p. 2 1 9-20, will be found very 11u1nerous observations on the elasticity of iron, of 
\\'hich the following may be cited as the results of direct rneasurement. 

- .._.___ _ 

Recoil, when relieveJ from strain, 8a f • • 1 1 1 

••• - -• 

/I • k '  • h TotaI 1 •rea ·mg we1g t e ongauon 

ata blooms. 
inch.

tAw �¼,
" bI(, t .030 Jbs. 54.1:stiU I s. 

per square inch. per square iuch. 57.565 6.9 per cent.------ ------,-------1-------,------1

j
1 1lir

43.�UU lbs.&r 226. 49.053 6.25 per cent. 

40.643 

per S'luare inch.j_ 

per square inch. 
Bar 228. 

____,_
tiir

47.155 lhs. 
, __,______________ ,__

Bur 230. 49.308 

Ax. F:d.] 
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THE ELASTIC RESISTANCE. 

TABLE OF DAT.A CONNECTED WITH THE ELASTIC RESISTANCE OF 
MATERIALS. 

.. ..  . c -
4) .s >- - •- OS 
c.. .4;; _... ... ·- . C -;3 � ....- ·-u o:i- .s ;: >-- - ·-- ·- ·- ::::s 0

...c: ;; ti!= 0 "' >..ti: -� 0 c..,. ·; ::, .:: 
-·= o c - :.i  ....OS uC -..ti ·- Q.) 

c..
::::SGO

Name of material. 
� G) 'o 
C "' a: 
4) ::s 

- u·-::::s0 i <I:
C. ct> C - -gt;; =s�

._ - ..
0 C bOo c ·- 4> .. 0 0:: ._ C E -= c... - !: 0

4) "' 
-·-
EE-o er·- � 8 § GO -

lbs.•Oak . . . . • • . 2856 0.001157 0.23 1 ,713600 
Yellow pine . • . . . • 3332 0.00 1 17 0.33 1,856400 
Red pine . • . . • . 4498 0.002n10 0.44 2,142000 
Larch • • 2470 0.00192 0.30 1,28::>200• • . •. 

0.00242 0.30 1,385160
·28,400000

Beech . • . . • . • 

0 00062 0.30
0.44

Bar iron, or1linary quality . . ." " 1 7,600 
0.0009324,400

18,850 
·29,365000 
·.!9,465000
28,825000 0.49 

" " 0.00072
Swe�ish hammered � selected .Enghsh rolled 

Wire, No. 9, unannealed • • ." " annealed • . . • 

0.00165 47,532 
0.001'29 0.58 28,08100036,300 

42,60000093,720 0.00222 0.67 
29,50000035,700

Steel plates, tempered blue • . • 
Steel wire of commerce . . . • 0.500.00120 

17,000000
to 

. . . . . .Cast iron • • • • • • . . . 
13,000000 

NoTE.-By " Limit of Elasticity," is meant the limits )Vithin which displacement of 
the parts of materials under strain may be ca1led into play without ptrmanmt palpabk
derangement, or crippling. 

C. IJetrusion is the resistance that the coherence of the particles 
of materials opposes to their sliding on each other, under a detrusive 
strain.

The resistance to detrusion, or the " force · necessary to shear 
across" any material, is called into play at the joints, and in the 
bolts of framings of timber and iron, and the rivets of steam 
boilers, &c. 

The resistance of deal to detrusion in the direction of fibre is 592 
lbs. per square inch. 

The resistance of cast iron to detrusion is about 73000 lbs. per 
square inch, as deduced from experiments on crushing. 

The resistance of wrought iron to detrusion, or to a force " shear
ing it across" is 45000 to 50000 lbs. per square inch, or from 70 to 
80 per cent. of the resistance to a direct tensile strain. 

D. IJeflexion.-When a beam is deflected by a cross strain, the 
side of the beam which is bounded by the concave surface is com
pressed, and that bounded by the convex surface is extended. The
surface at which extension terminates and compression begins, is 
termed the neutral surface. 

The property of elasticity, inherent in all substances in a. greater 
or less degree, causes them to resume their original form, very
nearly, when, under forces of compression, extension, or d�fle�io!1,
they have undergone a limited change of form. Up to this hm1t,
the amounts of extension and compression for a given cross strain 

7* 
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Moseley s work,n" Engineering and Ard1i1ecture," Part V. 
• For_the most complete development of this subject, the student is n•forred to Mr. 

78 ON FRACTURE. 

�re nearly equal, �nd, therefore, the neutral surface lies ve�y nearly,
1f not accurately, 1n the centre of gravity of the cross section of the 
beam. 

Beyond this limit the position of the neutral surface changes, as 
the flexure increases ; because, in  stone and cast iron st least, the 
resistance to compression is greater than the resistance to extension,
whilst the amount of deformation, under the compressive strain, is
less than under an equal tensile strain. In "·rought iron, as it pos
sesses great ductility, this limit occurs much later than in cast iron. 
In timber, the resistance to extension is greater than that to com
pression, and its want of homogeneity "renders the limit alluded to
very variable. 

The general law of deflexion is, that it increases, cn!teria paribus,
directly as the cube of the length of the piece, and 1uvcrsely as the
breadth and cube of the depth.* 

E. .Fracture.-The theory of deflexion, �hich gives the displace_ments of the parts of beams before the cond1t1ons even of criJ>pling
has few practical applications ; while equations for the resistance t� 
fracture, which is what is essential in practice to be known, arc n1orc
simply established. 

The hypothesis for the theory of resistance of materials to fracture 
or rupture, propounded by (talilco, consists in placing the horizontal 
axis of equilibrium at the lowest point of the section of rupture, or 
in supposing the material incompressible ; and he considered the
internal force developed at each point of the section as constant jor
every point. 

The hypothesis common]y attributed to Mariotte and Leibnitz 
consists in like manner in p1acing the horizontal axis of equilibriun; 
at the lowest pointif the section, and in supposing the internal force 
developed at each point proportional to tlte di11ta.nce oj· tltat point 
from tlte axis of equilibrium. 

The hypothesis now generally adopted, consists in admittinc, that 
the resistance of each point, at the instant rupture is going t� take 
place, continues proportional to the extension and compresaiun, and 
therefore, that the axis of equilibriitrn, or neutral aurj'ace, ltaa ti,; 
same position aa in the case of a very small defle.xion. 

Experiments have proved that none of these hypotheses is true
and, that, according to the physical constitution of the material, th;
formula deduced from the one or the other 1nay be taken as repre
senting experiments. Experiments on cast iron are best represented
by the deduction from Galileo's hypothesis ; those on stone, lf_y
�fariotte's, and those on timber and wrought iron, by the modern
hlpothesis, announced by Hooke, and first developed by Dr. �r.
loung.

The formula commonly employed for reducing experirnents, or
for calculating dimensions by aid of experiments, on beams of uni-

···---------· · · 
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form rectangular section, fixed at one end and loaded at the other,
fb d2tis W = _n l  
On Galileo's hypothesis . . . . n = 2 
On Leibnitz and Mariotte's . . . n = 3 
On Young's hypothesis . . . . n = 6 
The mean of experiments gives for cast iron n = 2.63

" " stone . . . n = 3
" " wrought iron and wood n = 6 ?  

To ans"·er the imperfection of the theory, however, / 1 is substi
tuted for f; or for the resistance to a direct tensile or compressive 
strain there is substituted a co-efficient of the composite resistance
to fracture, under a cross strain. 

The most convenient general formula in use for calculating the 
. f1 I· ·resistance to fracture un er a cross d strain 1s W = .

l Cl
Where W = the breaking weight, I= the moment of inertia. of

the cross section of the beam, round an axis passing through its 
centre of gravity, c1 the distance of the neutral surface, froiµ the side 
at which the material gives way ; and l the length. The beam is 
supposed fixed in the circumstances above mentioned. 

For a. beam supported at each end, and loaded in the middle, 
4f1 Ithis becomes W = --, and for beams of triangular section :

l c1 
W= if1 b<P_

l
For a beam supported at each end, if the load be uniformly dis-

8f1 Itributed over it, we have W = -'--, and for beams of rectangular 
l c1 . 4 b d2

section, W = 
3J1 .

l 
If the weight of the beam G be taken into account, the above for-

2 /1 I 8f1 Imulre become respectively W+ ½ G = _:..,._, and lV + G =-- .
l c1 l c1

For the forms of transverse section commonly met with in prac
tice, the values of I in terms of the breadth b, and depth d of the ,
beam, are as follows: 

l
I CJ = ½  J.1 .  Rectangular section. 

3.2. Circular section. 
I shaped and hollow rectangular, b 1 and d1• being the breadth and depth of hollow. f4. Hollow cylinder, or annu-

Ilar section, r1 =radius of hol

Ci = ½  d. 

c1 == r. 
low.5. Inverted J. (Mr. Hodgkinson's for cast iron). When .A1..i2 ..i3 are the aretU, and d, d, d,the depth, of the top flange, thebottom flange and the unitingrib retipectively. 

II c1 dependingon the form of the bean1. 



80 

when the pieces are bent. 

MODULUS OF RUPTURE. 

The following table contains values of f1, or modulu, of rupture,
being deductions from experiment by the formula f1 - ! ; ;

2, all 

dimensions, that is, l, b, and d, being in inches. 

Name of material. Modulus of rupture. Working load. 
lbs. lbs. 

Stone (Rochdale) 2358 235" • • • •
Yorkshire flag • • • 1116 112" Caithness slate • • • 5142 514 

Beech • • • • • • 9836 1550 
Birch • • • • • • 9624 1600 
Deal �hristiania) . • • • 9864 1640 

" emel • . • • • 10386 1700 
Fir • • • • • • 6700 1100 

Larch • • • • • • 6894 1150 
Oak,English • • • • 10000 1700

" Dantzic • • • • 8742 1500 

Cast iron • • • • 30000 to 46900 5000 to 8000,, Hot blast mean . 36900 6000" Cold blast mean • 39987 6500" Stirling's toughened . 46750 7800 
Wrought iron • • • . 54000 9000 

The following table, drawn up by Mr. Hodgkinson, gives the re
lation between the resistances to crmhing, rupture by tension, and
by cro88 atrain. 

Mean transverse
Assumed resistance Mean resistance to strength ofa bar 1 

to crushing per rupture by extension inch square and l 1fo otMaterial. 
square inch. per square inch. long. 

1900 or 1.9 85.1 or 0.0451000 or 1Timber . • • 
158 or 0.16 19.8 or 0.02Cast iron • • 1000 or 1 
100 or 0.1 9.8 or 0.01Stone • • • 1000 or 1 
123 or 0.125 10. or 0.01Glass • • • 1000 or 1 

From this table we get an idea of the extent to which the mutual
dependency of the fibres or particles of the material comes into play 

This table indicates, too, that the resistance of the same area of 
cross section must vary according to the disposition of the n1aterial
compres�ed and extended in the section. Mr. llodgkinson has
proved, _in r�ference to this, that for cast iron, one mode of dispos. _ing the 1ro1;1h1n the section gives a. greater strength per square inch 
of the sect1?n than another, in the ratio of 40 to 23, and the prin
ciple holds in other materials. 

For the inverted ili-shaped girder, the strongest form is that in 
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which the bottom flange is six times the area of the top flange.
When, in these girders, the length, depth, and top flange are con
stant, and the thickness of the vertical rib between the flanges small 
and constant, the strength is nearly in proportion to the area of t�te 
bottom flange. Again, in beams of this form which vary only 1n
depth, the strength is nearly as the depth. 

Mr. Hodgkinson has hence deduced the following simple rule for 
calculating the strength of cast iron beams approaching tlte form of 
greatest strength, viz : W = 2·16: fl d in ,vhich W = the breaking 

weight in tons ; a = the area of bottom flange at centre of length in 
square inches, d = the depth of the beam in inches, and l its length 
in feet. 

As it is very usual to express the load a girder or beam has to 
bear, in terms of its length, or W = to w l, (as, for example, the 
girders of railwa.y bridges have to be of dimensions to bear a strain
of 2 tons per foot of their length,) Mr. Hodgkinson's formula may
be converted into the following very simple one for calculating the 

w 12 

area of the bottom flange, vize: a = in which w is the weight 
2,116 d 

per foot of the girder, of the load up<ftl it. Further, as d is generally 
a simple fraction of l = x l, we may make the formula a = 2;,;Bl2e

. 

For example, it is a usual and generally convenient proportion 
to make d == 11, l, and hence, for railway girders, in which w = 2,

l + 16 l + 16 .we may put a == ka =  h" h . Eng1neers now ma e 
12_99 

, w 1c 
13

girders of proportions such as to bear 6 times the greatest load 
likely to come upon them. Hence, as there are generally 4 girders
to take the load in a railway bridge, our formula may be written 

a -:- �.! ; for the area of the bottom flange ( at its centre) of each 
6

girder.
Open cast iron girders are bad in principle. Of all systems of

framing girders or beams, the principle of perfect continuity of the 
component parts, involved in l\tlr. Fairbairn's patent malleable iron
girders, is the best. 

Without entering further into an examination of this subject, it 
appears tha.t the present is a fitting place to give a concise account
of the so-called " TUBULAR BRIDGES," now being erected by Mr. 
Robert Stephenson for crossing the Conway, and the Menai straits
on t�e line of the Chester and Holyhead railway. The problem of 
passing �oth these points with the " Holyhead road," was solved by
Telford 1n 1825, by the erection of the well known Conway and 
�fenai suspension-bridges. Suspension-bridges have been rejected 
as inapplicable to railways, and Mr. Stephenson has proeosed, nay,
has already completely settled the practicability of carrying out the 
girder system to meet the case. A girder to span 462 feet is an 
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83 TUBULAR BRIDGES. 

original and bold conception ; and now that it may be said to have
been executed, an attempt, if only imperfect, to sketch the progress
of engineering art in the direction that has led· to this master-piece, 
cannot but be useful. 

The circumstances demanding or necessitating the erection of a 
bridge of great span, occur but seldom, and the double condition of
erecting the bridge without centering, still more rarely. 

The deep and rapid rivers of Switzerland, seem first to have called 
forth constructive skill for this purpose. In the year 1757, Jean 
Ulrich Grubenmann, born at Taffen, in the canton Appenzell, erected 
the celebrated bridge at Schaft"hausen, over the Rhine, in lieu of a 
stone bridge that had been swept away by the stream. In design
ing his bridge, Grubenmann took advantage of a rock about mid
way across, for the erection of a pier to support the ends of two
frames or compound girders of carpentry, the one of 170 feet, the 
other 193 feet clear-bearing, or span. 

In 1778, Grubenmann and his brother constructed the W ettingen 
bridge over the Limmat, on the same principle that had guided
them so successfully to the erection of that at Schaffhausen. This
bridge had a clear span of 390 feet.* 

To Chretien von Michel, an engraver at Bale, we are indebted 
for the preservation of a record of the details of construction of these 
two bridges, viz. : "Plans, coupes et �levations des trois Ponts de 
Bois lea plus remarquables de la Suisse, publies d'apres lea dessins 
originaux, Basie, 1803."

Both these bridges were burnt by the French in 1799, the one 
having stood 42 years, the other 21 years. Over the one, stones 
weighing 2 5  tons each had passed ; and over the other a division of
the French army with its artillery, in extreme haste. (" Erny, Traite
de la Charpente.") The points of construction in Wittingen bridge;
to which we would direct especial attention, are :-

1. The continuity of the framing, especially in its vertical plane,
as perfect as the nature of the materials allow.

2. The introduction of a roof as an integral part of the comtruct
ive strength of the bridge, and of the disposition of the �reater ma,a
of the timber towards the top and bottom, while the intermediate 
more slender pa.rt, or rib, is stift"ened at every 15 feet by strongly.
framed uprights on the outside and inside. The timbers are laid
nearly horizontally, accurately bedded on, and indented into each
other, and bolted together by numerous wrought iron through-bolts.h· 

3. The circumstance that the two side frames of each were railed 
ready framed into their positions. This latter is an inference from 
the fact, that powerful screw-}ack, placed on a scaffolding, supported 

• (The single arch WO()(len bridge, built by Lewis Wernwag,over the river Schuylkill, 
at Fairmount, Philadelphia, had a span of 340 feet 4 inchea, and a riee of the arch in 
the centre of nearly 19 feet or above .�•h of the chord line. Thia bridge had a triple
beam arch of timber surmounted by 'ing-poat, and tru11 braces, with longitudinal ties 
above, the whole being strengthened by 10rew-bolta. See a ftawe ot it in Rees' Cyclo.,
Amer. Edition, vol. 34.-Ax. En.] 

' .  
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Fig. 84. bri1lcrc at  Schn.fflua.uscn, nn,l 
that the T,in11t1n..t. upnr tl1(• 
convent of \Vcttingcn, is of 
grcnt a�ptli.

l◄,ig. 84 is ii scctiou of tl1C1 

l
O 

d l'. 8r: 

Fi�. 85. 

Cllls, f'-11 i 1g. ;) (L HCction 
at  tho ct�ntrc. 'J'hcy suffi
cieutJy illnstrntP ,vhnt ,ro
hn,vc snitl nboYo in rcfcronco 
to the princip]cof oontinuitv, 
iu1d tbo <li�position of the 
roof and thnbcr oftho fr:uncs 
gcncru lly, in rcl'orence to 
the t--trcngth of the bridge. 

At the period ,vhon the 
1Vcttiugcn britlgc ,vns erect
ed by tho .i\ pcnzell carpen
ter, the seionce of the
�trength of n1u.tcriu ls hu.d 
r;carrt1ly begun to be formed. 
Gnlilco 's theory. ptu·tio.lly 
col'rectc1l h)� the hypoLhcsis 
of J fookc and Ijeibniti, u nu 
by the expcriinents of l\Ia
riottc a ud Buffon, l>cgnn to 
u.ttract notice ; but our pre
sent kuowledge of the n1e
ch11ui�u1 of tho trnnsversc 
�tntiu, resulting fron1 the 
later cxpcri,nenls of Duhu
n1el, Rondclet aull Ba.rlo"'· 
n,nd the theories foundeci 
upon thorn ,vorc undevelop
ed. Y ct ,ve find tho essen
titil elc1nc11 ts oft hcsc theories
fully reeoguizcd i11 tho co11-
struction of the lJri1lgcs erect
ed by the brothers l1ruhon
n1ann. Art is the 1notho1· 
of cicnce. 
'rhis \\'llS the In rgc:-Jt bridge 

ever e.rf'eted on G-rubcn-
111a11n's principle ; but, in  
1772, there "·ns cxhibitc<l, 
ot  the IIotel d' Espagnt', rue 
Dauphine, a mo<lcl of' a 
bridge designed by one �1. 
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Claus, for Lord Iler,ey.• This was the model of a bridge 900 feet 
span, to be thrown across the 

Fi�. 86.Derry. The model was 20 
f�et long, or 1

1 
-,, 

of the full 
size. The engravings were 
executed by Lerouge, and
Fig. 86 is taken from the 
plate. It is a transverse sec
tion of the bridge at aibout 
½ of tho span from the abut
ment or pier. The scale
being about 1 i-s .-

Grnbenmnnn's principle is 
adopted. The frames are
here again nearly continuous. 
They consist of beams laid 
1iearly horizontal, indented 
into each other, bolted to
gether by innumerable long 
wrought iron bolts, forming 
the side ribs, and these '"ere 
stiffened la.tera11y by uprights. The floor and roof are so framed 
with the trusses or ribs, as to form one great double box, or hollow 
girder, nearly every pound in the ,veight of ,vhich is available towards 
the absolute strength of the whole.

This bridge ,vn.s never executed ; but we see in it a still more perfect adoption of the plan of making the floor and roof a part of the 
framing, and also a recognition of the fact that wood hns double the 
resistance to extensjon, that it has to compression ; and, hence, the 
timbers of the upper part are arranged conformably to this fnct. 
This was clearly recognized by Grubenmann, but not so perfectly
,vorkcd out in the construction of his bridges, as was done by Claus. 
The introduction of a roof, as an integral part of the structure, is, 
of course, limited to cases in ,vhich the span is such as necessitates 
a deptl1, of girder of 16 to 18 feet at least. The proportion of the 
depth to the length of the bridge of W ettingen is nearly -?�• (For
further details of the construction of the model, see " Erny, Traite 

de la Ollarpente, Vol. II. p. 398, and plate 134.) 
In Great Brito.in, the problem of erecting bridges of wide span had 

scarcely ever been mooted till about the beginning of this century,
when the joint influence of the inventions of her Dudleys, Brindleys, 
llarg�·eaves, Arkwrights, Smeatons, Watts, Corts, ,vya,tts, Myln�s.
Re�es, Tclfords, so rapidly developed the long latent industrial 
ge!11us of the country, that in the short space of half a century, from 
being as low as any she became the first in the scnle of nations for 
perfection in inter�al communication manufa.cturinrr skill, and in' 

In the year 1800, the subject of rcplncing Oltl London Bridge, 

0 

VOL. II.-8 

http:Brito.in
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occupied the attention of nearly every engineer of eminence, and of 
many men of acknowledged scientific attainments. At this period 
the success of the Wearmouth Bridge, designed by Mr. Wilson, i�
1793, and erected in 1796, by Rowland Burdon, and of that of Bui}.
:wash, erected by Telford, 1796, seems to have drawn the attention
of the most distinguished engineers to this material, as that best
facilitating the execution of bridges of great. span. The wonderful
progress of the iron trade at this period, also, had its influence. The
question of rebuilding London Bridge was shelved at this period ;
but Messrs. Telford and Douglas gave in designs for spanning the
'.Thames by a single arch of 600 feet span, and the practicability of
'the design was supported by the opinions of Playfai�, Robison, Watt,_
'Southern, and others. In 1808 12, Staines Bridge was erected 
.by Mr. Wilson, that of Boatoo by Mr. Rennie, and that at Bristol
:by Mr. Je880p. Vauxhall Bridge was commenced, 1818, by Rennie,
.finished 1818, by Mr. Walker. The magni�cent Southwark Bridge
:w.a erected 1814 to 1818, bl Messrs. Rennie, father and son.

The p_!'inciple of conetruct1on adopted in all these, was that of the 
arch. The cast iron was framed so as to render the structure as
:strictly analogous to that of an arch of voussoirs as possible. We
shall here only notice that the adoption of this principle involves a
prodigious expenditure of cast iron, to insure the lateral stability
essential in the voussoir principle, beyond what is necessary for th�
Yertical strength required to bear the load. 

The use of cast iron as the framing of machinery, floor-girders
lock-gate8, swivel.bridges, &c. &c., became more and more usual i�
the construction of works executed after 1808, at which period
Brunel, by demonstrating the practicability by using cast iron as 
the framing of his block.machinery, gave new confidence in adopt.
ing the recommendation of Smeaton, on this subject, made 50 years
earlier. 
. In 1817, Barlow's Essay on the " Strength of Timber, Iron, and 
other materials," was published, and English engineers were thus 
put far on the way of making " principles of science rules of their 
art." A few years afterwards, Tredgold's Essay " On the strength
of cast Iron and other Metals," was published ; and this remarkable 
work of a most remarkable man, together with Barlow's work, had
all engineers will admit-a powerful influence in extending the ra.
tional use of iron in construction. Ten years later, Mr. Eaton
Hodgkinson, of Manchester, began a course of inquiry on the
strength of iron, which, while it has earned for him and his coad.
ju�or, Mr. Fairbairn, a high reputation for scientific knowledge and
s�1ll, has, even more directly than the earlier works mentioned, con.
tr1buted to the present important position of iron as a material in
construction.

During this period, too, the dependence of England on Russia and
Sweden, for malleable iron, was put an end to, by the improvements
an� vast extension of the Welsh and Staff'ordshire rolling-mills,
which, towards 1810, began to stock the markets with iron, equal 
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·for all ordinary purposes to that which, up to this period, had been
chiefly supplied by foreigners. 

It is a distinguishing element in the engineer's art, to adopt the
material best suited, economically speaking, to the work be has to
accomplish.

In 1806, the price of bar iron, larger size, was £20 per ton ; in 
�816, it was £10 per ton ; in 1828, it was £8 per ton ; and in 1831,
It was £ 5  to .£6 per ton. 

Thus this material has gradually come into the domain of applica
tions in construction, from which its high price had long excluded 
the.consideration of its qualifications. Roofs of great span began
to be formed of combinations of cast and malleable iron. The eligi
bility of the one to resist strains of compression, and of the other to 
resist tensile strains, became familiar to those engaged in practical 
construction.

In 182 5 ,  a new engineering era had arisen. As the genius of
Brindley, under the mighty influence of the policy of a Chatham,
had created the inland navigation of England, the genius of a Ste
phenson, under the influence of the policy of a Huskisson, created 
the railway system. Steam navigation advanced from mere essays 
to a system of vast importance. The demands of the ship builder, 
the locomotive maker, the railway engineer, gave rise to new exertions 
of the iron masters. Blooms were puddled, of sizes hitherto deemed
impracticable. It became usual to have bars rolled, and pieces forged 
of sizes exceeding those which, within a few years, had been deemedh, 
wonderful or isolated examples. In this respect, the complacent
dictum of a celebrated engineer, that " no difficulty can arise in 
engineering or mechanical art, that is not certain to be overcome," 
has been fully borne out. 

In the construction of the London and Birmingham Railway, the 
Great Western Railway, the Midland Counties Railway, and others, 
the engineers made ample use of cast iron, and examples of girders 
of 5 0, 60, even 70 feet in length are to be found on these lines of
railway. The scientific principles. of construction of such girders 
were not at once recognized or learned, and we consequently find 
excess of iron in most instances, and mistaken construction in others. 
There was no time for gathering exact knowledge, though extant. 
� limited experience of successful cases led to endless repetitions of
�!rde�s of not very happy proportions, and " trussed" in the wrong
?1rectio_n. The outcry made in England on the subject of hot blast 
Iron ben�g so .i!lferior in quality, so treacherous, &c. &c., the conse-
9.uent high price demanded for castings of what was termed good 
�ron, �ad con�iderable influence in limiting the applications of iron 
in railway bridges. Stone and brick were preferred for the few .br!dges of great span erected. Suspension bridges were .tried and 
failed. • Of the wooden bridges erected, that over the Tyne at Scots
wood, by Mr. Blackmore, deserves mention as involving the best 
principles of construction. ·The path 80 well opened up by Gruben-.
mann had long been lost. The system of the Bavarian engineer, 
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Wiebecking, and applied by him successfully to the bridge at Bam
bery, 215 feet span, and others, were extensively made known by
his published writings, whilst the better principle of Grubenmann 
was overlooked. The essential part of Wiebecking's system consists
in putting the main ,trength of the frame in arches of curved timbers
trenailed together, on to which the rest of the timbers of each truss
is framed, ,uspending the hon'zontal tie,, from which the �oad-way
is supported. Wiebecking's system, with certain modifications, was
adopted in France by M. Emmery, about 1880, and by the Messrs.
Green, ofNewcastle, about 1840. In imitation of Wiebecking's plan,
too, the how and ,tring fashion of open cast iron girders was adopt
ed, small as is the analogy between wood and iron. Beginning with
the bridge over the Regent's Canal at Camden Town, this fashion 
ofgirder has been many times repeated, on various scales; and is in
execution even at the present moment, for spans of 120 feet, in the
high level bridge at Newcastle-upon-Tyne. 

In the mean time, in America, Town's lattice frame bridges, and 
Long's diagonal frame bridges, had been invented, and railway 
bridges of 150 to 180 feet clean span, bad been executed accord
ing to each system. In the largest application of Long's system
the depth of the frame is about 20 feet, and the sides and floor, and
roof are connected together, so as to form one hox-li'lce girder. The
diagonal framing, even when carried out in the form of lattice work 
makes but an imperfect continuity in the fra.ming, or ribs connecting 
together the top and bottom rails or flanges ; but this is tlie principle 
aimed at, and the bridges are to be considered as Tery successful 
engineering. They have been adopted in England, in a few cases 
the largest being that of an occupation bridge on the Birmingha�
and Gloucester railway ; but wooden structures are avoided in that
country, on account of the extreme variations in the hygrometric 
state of the atmosphere. 

Of the many lattice bridges erected in America, the most interest
ing in reference to our subject, is the iron tubular lattice bridge in
the great hotel, Tremont House, at Boston. This is an elliptical 
tuhe of lattice or trelli, work, the height being 7 to 8 feet, the minor 
axis of the ellipse being 4'-6", the span about 120 feet. The top
is stiffened by a longitudinal bar. The flooring of wood on the bot
tom, is about three feet 6 inches wide, and helps to stiffen the whole. 
This foot bridge had been several years in use in 1848, and its per
fect rigidity, it may be here mentioned, at once suggested the appli
cability of the plan for carrying a railway across the Menai straits.

Among the circumstances concurring to the result consummated 
b! A'Ir. Stephenson, the success of iron ships of enormous dimen
sions� in resisting the strain they have t.o undergo, is certainly a 
pro�inent one. The Great Britain steam-ship, for example, is 253 
feet in length. It is mainly composed of sheet and angle iron, of
less than half an inch in thickness ; it is thus, like other iron ships,
a mere shell ; and yet from its perfect continuity, and the nature of 
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the materials, has, unimpaired, withstood lateral strains under whichh· 
a vessel, on almost any other construction, must have broken up. 

Such was the state of preparation of engineers' minds for solving 
the problem of carrying a railway across the Menai straits by girders, · 
when, early in 1845, Mr. Stephenson's " aerial tunnel'' was spoken 
of: On the 5 th of May, 184 5 ,  he announced his plan before a com-. 
m1ttee of the House of Commons. 

Few inventors can explain the development in their minds of an 
original conception. Invention in art consists of two distinct intel
lectual efforts-first, in seizing the ideal conception of the object to
be made for a given end ; and second, in the contrivance of the suit
able arrangement of materials ( or of mechanism, in the case of a. 
machine) for that object. The nature of the first conception seems
always to depend on the existing state of analogous objects, and, .
hence, the two parts of the process are generally intimately con
nected, though not inseparable. In Mr. Stephenson's case, the two 
processes seem to have been separated. For as early as April, 184 5 ,  .
Mr. Eaton Hodgkinson and Mr. Fairbairn seem to have been con
sulted as to experiments on the strength of _cylindrical tubes of 
riveted sheets of iron, and as to the necessity of a. combination of 
the girder plan with suspension chains, for his great bridges._ We 
learn from a. communication of Mr. Hodgkinson's to the Mech_a.nical 
Section of the meeting of the British Association, held at Southamp
ton, in 1846, " that a number of experiments were made upon cylin
drical and elliptical tubes, and a few upon rectangular ones ; " but,
inasmuch as a girder has to resist in its vertical direction much more 
than in its horizontal, �he oblong rectangular form should have 
immediately suggested itself as the best ; and, therefore, these first 
experiments were works of supererogation. 

Mr. Hodgkinson's experiments were, therefore, at once directed to 
ascertaining what should be the distribution of the metal in hollow 
rectangular girders, to secure a maximum of strength with a minimum 
of weight. !\-Ir. Hodgkinson, whose investigations, published in 1840,
had proved experimentally that hollow columns have a grea�er re
sistance to. compression than the same weight of material in a solid 
column ( as the usual theory had indicated, and the practice of
Wiebecking and Gauthey thirty years earlier, and of Polonceau, in 
1839, had testified), now made further experiments to ascertain the 
relative resistance of circular and rectangular tubes, with the object 
of disposing of the malleable iron, of which the girders were to be 
made in this hollow form, on the upper side, i. e., the part com-

.
As might have been anticipated, the " buckling" of the plates on 

�he top_ had to be prevented by particular contriv�nces, or by greatly 
1ncreas1ng their substance beyond that of the bottom or extended 
side. 

Th! following are some _of _the leading resu_lts of Mr. Hodgkinson�s
experiments.

E�pcriments on two similar tub�s. . 8* 
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Length
of 

tube. 

Weight
of 

tube. 

Distance 
between 
supports. 

Depth
of 

tube. 

Breadth 
of 

tube, 

Thickne-u of Breakin1 
Ultimatemetal in 16ths weight in deft�ionof an inch. tone. 

311-611 

47-0 

cwt. qu. 
20-3 

61-1 45 

feet 
2 

3 

11-411 

2'-0 

TopBottom Side Inches 
6 4 2 26,I 21 

9 6 3 o�,� 3f 

This breaking weight in tons is in ezce,, of the resu]ts deduced
from the usual formula, when the value of I (the moment of inertia),
is calculated by our formula 5 (page 79), when /1 is taken - 56000.
To ascertain the power of such tubes to resist a lateral strain-as
from the action of wind-the smaller of these two tubes, after being 
well repaired, was laid on its side and broken. The mean of two 
experiments gave 15,2 tons as breaking weight, which is about 25 
per cent. above the result of calculation by our formulas, when the
value of f1 is taken as indicated. Experiments on the strength of
sheet iron, however, give the tensile resistance as high as 62000
lbs. per square inch, and if we introduce this as the value of /1, the 

· experimental results would almost exactly correspond with the re
ceived theory. 

Mr. Hodgkinson's experiments on the resistance of sheet iron tubes
to compression, show ( as his experiments on cast iron columns made
in 1889, had previously done, and as Euler's theory indicates), that 
rectangular tubes are weaker than square ones, and both of these
much weaker than cylindrical tubes ; so much so, indeed, that the
,ul>atitution of cylindrical for ,quare or rectangular tube,, would
according to Mr. Hodgkineon's experiments, effect a laving of one:
fourth of the metal in the top.

Mr. Fairbairn, at the same meeting of the British Association
September, 1846, made the following communication of " Experi: 
ments on the Tubular Bridge, proposed by Mr. R. Stepken,on for
crossing the Menai straits. These experiments, says Mr. Fair
bairn, have put us in possession of facts, which greatly increase our 
knowledge of the properties of a material, whose powers, when it is
properly put together, are but imperfectly understood ; for exclusive 
of the rapidly increasing use of wrought iron in the construction of 
ship-boilers, &c., its application to bridges o( the tubular form is
perfectly novel, and originated with Mr. Robert Stephenson. Ex
periments of the most conclusive character were those made on a
model tube on a large scale, containing nearly all the elements of
the proposed bridge, and the various conditions with regard to form 
and construction, which had been developed by the previous inquiries
(above alluded to). It occurred to Mr. Fairbairn that the strongest
form would be that, wherein the top and bottom consisted of a series .of pipes, with riveted plates on their upper and under sides. This
form of top, says Mr. Fairbairn, would possess great rigidity, and is
well adapted to resist the crushing forces to which it is subjecteda•
and the bottom section appeared equally powerful to resist tension: 
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Fig. 87. 

plates, the experiments proceeded as before. 

parts, the tube was a third time subjected to the usual tests. 
Third exp�riment. Breaking weight 126,138 lbs. = 56,3 tons, '.' 

�fr. Fairbairn thought that thls i s  the strongest form that coulJ be 
devised ; but practical difficulties present themselYes in its construc
tion, as an easy access to the different parts for the purposes of 
painting, repa.irs, &c., is absolutely necessary. The scale of the 
model tube was exactly one-sixth of the length, breadth, depth, and 
thickness of metal of the bridge intended to cross one spun of the 
s�ra.its, 450 feet, (since increased to 462 feet.) In ea.ch of the expe
riments, the weights were laid on at the centre, a.bout one ton at a 
time, and the deflection was carefully taken as well as the defects of 
elasticity after the load was removed. 

"The rectan�ular model tube, Fig. 87,  was 80 feet long, 41-611

deep, 21-8" wide, 75 feet between the 
supports. The thickness of the plate:
bottom .156 inch, sides .099 inch, top 
.147 inch, sectional area of bottom 8, 8 
inches, weight of the tube 4,86 tons = 
10,889 lbs. First experiment, breaking
weight 79,578 lbsh= 35½ tons. Ultimate
deflexion 4,375 inches, permanent set un
der strain of 6 7,842 lbs. .  792 inch. With
the strain of 3 5 ½ tons, the bottom was torn 
asunder, directly across the solid plates, 
at a, distance of 2 feet from the centre of 
the shackle, from ,vhich the load was sus
pen<led. One of the principal objects of 
this inquiry ,vas to determine the ratio 
bet,veen tl1e top and bottom of the tube. 
From the experiments immediately preceding this, it appeared that
the ratio of the area of the top to th:tt of the bottom, in a. rectangu
lar tu,be ( of thin sheet iron), should be as 5 to 3. 

"The plates forming the top of tho model tube were somewhat
thicker than intended, and consequently gitve (as former experiments
indicated) a. preponderating resistance to that part. To obviate this 
disparity, two additional strips, 6! by /1r, weighing about 4 cwt. 
were riveted along the bottom, extending 20 feet on en.ch side the 
centre. This raised the area of the bottom to nearly 13 inches,

0

being about the ratio of 5 to 3, or 23,5 to 13. With thcse propor
tions, and having repaired the fractured part by introuucing new 
_

': Second experiment. Breaking weight 97,102 lbs.h= 43,3 tons. 
Ultimate defiexion 4,11 inches. In this experiment the tube failed 
by one of the ends giving way, "·hich caused the sides to collap�.c. 
The �veak point in this girder was evi<lcntly a want of s�ncs� rn
the sides. T? remedy this evil and keep them in form, Ycrt1cal ribs, 
C?mpose� of hght angle iron, were riveted along the interior ?f each
side at distances of2 feet ; and, having again restored the lDJure<l. 

ultimate deflex1on 5,68 inches. The tube was torn asunder through 
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�he bottom plates. The cellular top rrnvc evident symptoms of yiold-
1n0 to a crushing force by tho puckcrincrs of eac:l1 aide, ,vhich grn.
clunlly enlarged os the deflection increased. These appcnranccs
became more appnrent as the joints of the pln.tes on tho top side lttld
8hcareJ off a nuniber o.f tlte riveta, and the holes had slid over cnch 
other to an extent of nearly 1 

8" of an inch." 
()n 1'1r. Fairbairn's most admirably stntctl fact�, ,re shnll onli

remark, th:i.t n eellul{tr bottont ,vould probably be found to be tho 
u,cakeft and not the strong<'st form in "·hich tho iron could bo tlis
tributed there: for there is no tendency to buckle in the bottom: and 
to re ist the t1·ansrerse stra.in of passing loud� (in the actual hridgo),
the separation of the plu.lcs con1posing the botto1n. should only bo
such us to allow of the introduction of connecting pintcs or joists to 
stiflcn it. ·o us to make the botto11z a ronuwa.y. 1\.gn it1l the ru,tio of 
t11c arc:ts of tl1c fuj> null hotto111, t1.hovc deduced, is evidently not tin
absolute 1p1:1ntity, but refers only to the purtieulu.r jtn·1J1 of ,·ells 
adopted i11 these experiments. Theory n,ud experitocnt indicnte this 
to lie the truu vie\\' of tl1e case. 

�l1hcsc experiu1ents w·ere used in determining the din1ensions of the
bri<lgesn lreudy erected
nnd no,v in construction�Fig. 88. 
In reference to the '011-

"·a.y Briclg<•, the first 
tube of ,rltich ,,n.s erect
ed in l\Inrel1, 1848, the 
follo"·ing particulars nrc
taken fro,n the Civil En
gineers' und Architects,
.Tournnl, for Junc, of this 
yea1·.

" J?ig. 8 exhibits a. 
trnns,·crsc section of one
of the tubes. li'ig. 8ft is 
n, si<le e]evntiou, of 12
fcet in longth, of the tuhc. ' l1·cst1ng ou t 1e 1nn sonry. 
Tho tube consists of si<lcs 
a, a, of ,vrought iron
pla.tc8, fro111 4 to 8 feet 
long, n.nd 2 feet 1vidc, by
½ inch tl1ick in the cen
tre, and j ths of an inch 
thick tow111·(ls the end
of the tube, rivetc,l to'c,,cthcr to !1 -anglr-iron
rius, placed on both sides
of the joints, and nnglc

gus�cts at the feet of the ribs to stiffen then, ; n, ceiling (or top
flange), composed of 8 cells or tubes h, ench 20J inches ,,· ide, un<l 
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21 inches high; and a floor containing 6 cells or tubes a, 27½ inches
wide, and 21 inches high. The whole length of the tube is -!12 feet; 
it is 22 feet 3½ inches l1igh 
at the ends, and 25 feet 6 Fjg, 89. 
inches high in the centre,
( including the tubes at top 
anu bottom, running the
,vhole length,) and 14 feet 
"·ide to the outside of the
side plates. The upper cells 
are formed of wrought iron 
pla.tes, { inch thick in the
middle, and ½ inch thick 
towards the ends of the 
tube, put together with an
gle-iron in each nngle of the
cells; an<l. over the upper 
joints is riveted a, slip of ½
inch iron, 4½ inches wide. 
The lo,ver cells consist of 
¾ inch iron plates for the
divisions, and the top and 
bottom of two thicknesses 
of plate, ca.ch 12 feet long,
2 feet 4 inches broad, and 
½ inch thick in the centre, 
and l inch thick at the ends, 
and so arranged as to break
the joint; and a covering plate of ½ inch iron, 3 feet long, is placed 
over every joint on the underside of the tube. The external casing 
is united to the top and bottom cells by angle-iron, on both the 
inside and outside of the tube. The ends of the tube, where it rests 
on the masonry, are strengthened by cast iron frames d, to the 
extent of 8 feet of the lower cells. The tube wa.s constructed on a 
platform erected on the shore of the river, close to "'here it was to 
cross; and, when finished, six pontoons ,vere placed under the tube 
at low ,vater, and at high water tbcy lifted the tube off the piles
upon which the stage was erected. It was then flonted to its desti
nation, and placed between the t,vo to,vers, part of the masonry bein_g
left un�one until the tube was put into its proper position, and as 1t
w3:s ra1sed by means of hydraulic lifting presses, the masonry was
built up under the tube. In order to allow of the free expansion 
�nd contraction of the tube, the ends rest on 24 pairs of iron rollers 
i, connec�ed together by a wrought iron frame, and placed b�tween 
t,v_o cast ll'on plates ;", k, 12 feet long by 6 feet "·ide, nnd 4 inches
th1ck. The lower plate is laid on a fioorincr of 8 inch planks l, bedded 
on the sto1_1e:work.h Fig. 88, n., Ii, are up�ights, into which are fitt�d _the cross-l1ft1ng gll'ders for attaching the chains of the hydraulic
presses.h'' 
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The weight of each tube of the Conway Bridge has been stated 
to be 1300 tons, but whether this is the weight including the fixtures 
for the rail@, or of the tube per ,e, is not recorded in the papers to
which we have had access. The total length being 420 feet, the 
weight may be stated as not less that 62 cwt. or 8,1 tons per " foot 
running." It is difficult to conceive anything more admirable than 
this final result, when we learn that, under the passage of the heaviest 
goods-trains, there is no sensible motion, by deflection, among the 
parts of the tube-girders. No method of construction, hitherto 
adopted for large spans, could have accomplished this absolute secu
rity with so small a weight of materials. 

In what precedes, we have endeavored to trace the progress
of a particular part of the engineer's art, with a view to encourage
young engineers to look upon their art as capable of being formed 
into a science ; and we yet venture to add, in reference to what we 
have said as to the separate intellectual efforts involved in Mr. Ste
phenson's invention-that the adoption of the results of the above
mentioned experiments, the execution of the designs ultimately 
determined upon, and the erection of t11e tubes, are details requiring
the highest order of skill and practice in the execution of works ;
but, the " keeping hold of th, original idea," until brought to the
form of ascertaining, experimentally, the best shape or arrangement 
of the materials, is certainly the essence of invention-marks out the 
Engineer-in-chief's work unmistakably-is the element in the grand 
result that commands the homage pai4 to engineering genius, by the
lesa fifted of the profession, and secu.res to itself, envy or jealousy 
notWJthetanding, the due meed of fame and public applause. The
co-operation of Mr. Hodgkinson, lir. Fairbairn, and Afr. Clark
has doubtless been of very great service to Mr. Stephenson, and
the Holyhead Railway Company, in working out the details of a
design, in proposing which, however, they had no share ; but it 
seems impossible to associate the names of others with that of Ste
phenson in this work, further than we associate the names of Davies
Gilbert, Rhodes, and Provis, with that of Telford, in connectio� 
with the Menai Suspension Bridge. Just as well might " all but
the original idea" of the block machinery be claimed by Maudslay, 
who made it for Brunel. The same of the safety-lamp, by the tin
smith, who made the first for George Stephenson. The same of the
hot-blast, by Mr. Wilson or Mr. Condie, who first applied it for Mr.
Neilson ; and the same of many other cases, in which, from impera
tive circumstances, the inventor has found himself necessitated to
delegate to others the actual execution of his " original idea."

Whilst the experiments on the Tubular Bridges were in progress,
letters-patent were granted to Mr. Fairbairn, for " improvements in
constructing iron beams;" in which he claims " the novel application 
and u�e of plates or sheets of iron, united by means of angle iron
and �•vet�, or by other means, for forming or constructing, by such
comb1nat1on, hollow beams or girders for the erection of bridges or
other buildings.a" 
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forces must obviously be equal. 

by Mr. Charles Ellet, J r.-Ax. En. 

STRENGTH OF STEA?tl BOILERS, TUBES, ETC. 

Although the principle of Mr. Fairbairn's patent is perfect, the
limits of its economical application, is, as far as we can judge, to
cases of great span, and where extreme strains are likely to be sud
denly brought upon the structure.

The system successfully applied by Wiebecking, for wooden 
bridges, and in cast iron, by Reichenbach and Gauthey, and, lat
terly, to a certain extent, by Polonceau, in the beautiful Pont du 
Carrousel, over the Seine, has recently been revived in malleable
iron. On the extension of the London and Blackwall Railway, and 
elsewhere, Mr. Locke has introduced a hollow sheet iron arch, with
suspended tie and diagonal bracings, to carry the roadway. We
object to this form of bridge, as being a retrogression in the principle 
of construction, and consequently offering no economical advantage,
but the contrary.* 

[STRENGTH OF CYLINDRICAL STEAM BOILERS, TUBES, AND FIRE-AR:n(S. 

It has been generally supposed that the rolling of boiler-plate iron,
gives to the sheets a greater tenacity in the direction of the length, 
than in that of the breadth. Supposing this to be correct, it has 
frequently been asked how the sheets ought to be disposed in a 
cylindrical boiler of the common form, in order to oppose the greatest 
strength to the greatest strain. It has also been asked whether the 
same arrangement will be required for all diameters, or whether a 
magnitude will not be eventually attained, which may require the 
direction of the sheets to be reversed? 

To determine these questions in a general manner recourse must
be had to mathematical formulas, assuming such symbols for each
of the elements as may apply to any given case of which the sepa
rate data are determined either by experiment or by the conditions
of the case. The principles of the calculation require our first notice.

1. To know the force which tends to burst a cylindrical vessel in 
the longitudinal direction, or, in other words, to separate the head 
from the curved sides, we have only to consider the actual area of
ihe head, and to multiply the number of units of surface by the
number of units of force applied to each superficial unit. This will 
give the total divellent force in that direction. 

To counteract this, we have, or niay be conceived to have, the
tenacity of as many longitudinal bars as there are lineal units in the
circumference of the cylinder. The united strength of these ·bars 
?Onstitutes the total retaining or quieacent force; and, at the moment 
when rupture is about to take place, the divellent and the quiacent 

2. To ascertain the amount of force which tends to rupture the 

• Of alln_ the_ designs for iron bridgt>s hitherto planned and t>xecuted-when we C?n• 
.s1dt>r the situation, the extent, the elevation above the water and th• eoenery by, wh1cb

it_ is surrounded-the most impoeing is that of the wire bridg; ov�r Niapl'a river, a short 
distance below the Falls. Thia bridge is ,till in progress. It wu planned and executed· · · ,  · .. 
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cylinder along the curved side, or rather along two opposite sides,
we may regard the pressure as applied through the whole breadth
of the cylinder upon each lineal unit of the diameter. Hence the
total amount of force which would tend to divide the cylinder in 
halves by separating it along two lines, 6n opposite sides, would be 
represented by multiplying the diameter by the force exerted on
each unit of surface, and this product by the length of the cylinder. 
But even without regarding the length, we may consider the force 
requisite to rupture a single hand in the direction now supposed,
and of one lineal unit in breadth ; since it obviously makes no differ
ence whether the cylinder be long or short in respect to the ease or
difficulty of separating the sides. The divellent force in this direc
tion is, therefore, truly represented by the diameter multiplied by
the pressure per unit of surf ace. The retaining, or quie,cent force,
in the same direction, is only the strength or tenacity of the two 
opposite sides of the supposed band. Here, also, at the moment 
when a rupture is about to occur, the divellent must exactly equal
the quiescent force. 

3. In order to estimate the augmentation of divellent force conse
quent upon an increase of diameter, we have only to consider, that,
as the diameter is increased, the product of tlie diameter, and the 
force per unit of ,urf ace, is increased in the same ratio. But unless
the thickness of the metal be increased, the quie,cent force must
remain unaltered. The quie,cent forces, the refore, continue the 
same-the divellent increase with the diameter.

4. Again, as the diameter of the cylinder is increased, the area
of its end is increased in the ratio of the 19uare of the diameter. 
The divellent force is, therefore, augmented 1n this ratio. But the 
retaining force does not, as in the other direction, remain the same 
since the circumference of a circle increases in the same ratio as th�
diameter. The quie,cent force will, consequently, be augmented in
the simple ratio of the diameter, without any additional thickness
of metal. So that, on the whole, the total tendency to rupture in
this direction will increase only in the simple ratio of the diameter.

5. Since we have seen that the tendency to rupture, in both direc
tions, increases in the simple direct ratio of the increase of diameter
it is obvious that any position of the sheets which is right for on�
diameter, must be right for a11. Hence there can never be a condi
tion, in regard to mere magnitude, which will require the sheets to
be reversed.

6. The foregoing considerations being once admitted, we may
proceed to ascertain what is the true direction of the greatest tena
ci!y in the sheet, if any difference exist, and what that difference
�1ght_ amount to, consistently with equal safety of the boiler in both
d1rect1one.

7. Let z - the diameter of the cylinder• 
. f- the force or pressure per unit of surface (pounds per square
inch, for example).

T - the tenacity of metal which, with the diameter x, and tlie 
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order to hold on the head. 

4T 

4T 

at 1s, the diameter will be found by 1VKCing -wice 1M; 
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force f, will be required in the lineal unit of the circumference, in· 

Then will the whole quiescent force be 3.1416 x T. while the divel
lent will be . 7854 x�f; consequently, . 78 54  x2 f = 3.1416x as above 
stated. 

Dividing by . 78h5 4  x, we have xf= 4T; and we derive immedi�
ately-

-
fX = n

X 

' 
==f ' 

and T = xf. 
4 

That is, the tenacity of the longitudinal bar of the a,sumed unit in 
width, will be one-fourth of the product of the diameter into the pres
sure, measuring the tenacity by the same standard as the pressure; 
whether in pounds or kilograms.

8. Now assuming the tenacity required in the circular band of the 
same width to be t, we shall, agreeably to what has already been
said, have the divellant force expressed by xf, and the quiescent by

xf 2t 2t2t, so that xf= 2t and t = -. Alsof== -; and X =  -· 
2 X f

Having thus obtained two expressions for each of the quantities z
and f, we may, by comparing them, readily discover the relative 
values of T and t,-thus: · 

x == 4T 
l 4T 2t .f hence = - whence 4T = 2t, or t = 2T. From which 2t ]x == - f f 

j'
it follows, that under a known diameter, and with a given force or 
pressure, the tenacity of rnetal in a cylindrical bniler of uniform thick
ness, ought to be twice as great in the direction of the curve as in. that
of the length of the cylinder, and that if this could be the case the 
boiler would st-ill have equal sefety in both directions. 

In whatever direction, therefore, the rolling of metal gives the 
greatest tenacity, in the same direction must the sheet always be
bent in forming the convexity of th& cylinder. It follows that if 
w_e_ suppose the tenacity precisely equal in both directions, th? Iia_•
b1hty to rupture by a mere internal pressure ought to be twice as 
gre_at along the longitudinal direction as at the juncture of the head..
This supposes the strain regular, and the riveting not to weak�n
the sheet.

9_. To know how large we may safely make a cylindrical boi�er,.having the absolute tenacity of the metal, in the strongest direction,
and with a known thickness, we have only to revert to the formula 

.2t 
x - f

. .Th d.�.,. t ,,._ 

VOL. 11.-9 
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tenacity by the greatest force per unit of surface, which the boiler is ever to sustain. 10. ,vhen knowing the absolute tenacity of a metal, or other 
material reckoned in weight, to the bar of a given area. in its cross 
section, we would determine the thickness of that metal which ought
to be employed in a boiler of given diameter, and to sustain a certain 
force, we may use the formula t - xf, and dividing the latter num-

her of this equation by the strength 2of the square bar, which we may
call a, we obtain the thickness demanded in the direction of the curve, 
which we may denominate ph; so that p - f,;  this will give the 

thickness of the boiler plate either in whole numbers or decimals. 
Thus, suppose the diameter of a c1lindrical boiler is to be thirty-six
inches-that it is to be formed of iron which will bear 55,000 lbs. to 
the square inch, and is to sustain 750 lbs. to the square inch-what 
ought to be the thickness of the metal ? 

Here x -=- 86 
f - 750

2a =- 1 10000, consequently, 3
:1;0��0 - .2454, or a little less than one-quarter of anp = 

inch. 
. It must, however, be evident that the mi-nimum tenacity of any
particular description of metal, is that on which all the calculations
ought to be made when there is any probability that the actual pres
sure will, in practice, ever reach the limit assigned as the value of fin the calculation. 

If we had plates of different metals, or of different known degrees 
.of tenacity in the same kind of metal, and were desirous of ascer
taining how strong a kind we must employ under a limited thiclrnes,diameter, and pressure, we should decide the point by transforming 
the formula p -= xf, into pah_ 1:_, and then intoh, - xf. In other� 2 � 
terms, in order to know the strength of the metal required, or the
direct strain which an inch square bar of the same ought to be capable
of sustaining, we must multiply the diameter of the boiler in inches by the pre,aure per square inc1a in pounds, and divide the product bytwice the intended thickness in parts of an inch. 

Thus, how strong a metal ought to be employed to sustain a
p�essure of 1000 lbs. to the square inch, in a boiler thirty inches in 
diameter, and one-fourth of an inch thick ? 

Here a - 3�X lOOO _ 60.000. Hence we see that the metal 
X .25

mu�t be capable of sustaining 1ixty tkousand pounds to the inch bar
or 1n t�at proportion for any other size. This formula enables us t� 
determine whether among the metals of known tenacity, any one canbe found to fulfil the conditions under the thickness assigned.] 
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separately, as they are, in fact, perfectly distinct. On this subject, there are eY:cellent _
du &ifflca."-Ta. 

.MACHINES. 

D I V I S I O N  I I .  

APPLICATION OF lfECHANICS TO MACHINERY. 

INTRODUCTION. 

§ 38. Machines.-Machines are artificial arrangements, by which 
forces are applied to produce mechanical e:ff ect. Tools or instru
ments differ from machines chiefly in their being applied immediately 
to the work to be done, whilst machines are intermediate. 

In every machine we have to distinguish between the power and
the resistance. Power is the cause of the motion of the machine, 
and remtance is that which opposes the motion, and which it is the 
object of the ma.chine to overcome. The power, applied to machines 
are modifications of those supplied by nature in the expansive force 
of heat, the action of gravity, the physical force of men and animals, 
&c. (Vol. I. § 60). The resistances to be overcome are the transport,
and the change of form and texture of rnaterials.

There are in every machine three principal parts. One which 
receives the power, a second transmitting, communicating, or modify
ing the power, and a third applying it. In the common flour mill,
considered as a machine, a water wheel receives the power of a water
fall; the spur wheel and pinion, or a train of gear, communicates
the motion of the water wheel to a pair of stones revolving in a dif
ferent plane, and at quite different speed it may be, from that of 
the water wheel, and these stones grind the corn, or do the work
desired. 

Rm.ark. This sub-division is not always manifest ; for there are machines, in whichthe power �s transmitted so directly to the work to be done, that the communicato�•above mentioned are not apparent. The sub-division is, however, convenient, tb�gb Jtwould, perhaps, be equally so to apply to recipients of power, the generic term INI"" ormachine_i to the communicators of the motion, the general term michanum; a�d to the parts doing tbe work, the general term of operator,, and in  this manner to consider each 
observations in Willis' "Prittcipla of Mechanima, 1840 " and in Ampere's "Plrilo,ophw' 

§ 39. Mechanical Effect.-The mechanical efFeet produced by a
machine, is measured by the work done in a given time, or by the 
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product of the force exerted, and the distance gone through in a unit 
of time in the direction of that force. If P be the force exerted, and 
, the distance passed through in a second, then is Ps a true measure
of the effect of the machine L - Ps ft. lbs. 

It is very usual to assume a somewhat arbitrarily chosen, but now 
pretty generally adopted measure, termed horse power, as the unit
of mechanical effect of engines or machines. The hor,e power is in
England 33,000 lbs. avoird. raised I foot high in a minute. This is 
the cheval vapeur of the French, and which in French measures 
is 75 kilogramme, raised I metre high in a ,econd. It is the 
Pferdekraft of the Germans, or 510 lbs. Prussian, raised 1 foot high
in a second. 

We have to distinguish the useful effect, the Jost effect, and the
total effect of machines. The useful effect is the work done, the lost
effect is that consumed in overcoming the friction of the parts of the 
machine lost in shocks, &c., and the total effect is the sum of these
the effect inherent in the power, or the effect taken out of it. An
engine or machine is so much the more perfect, the smaller the lost
effect compared with the total effect, or the less Joss there arises in
adapting and transmitting the power. The ratio of the useful effect 
produced to the total effect, has been termed the efficienc-u of th� 
machine. If L == the total effect L1 - the useful effect, and L1 - the 
Jost effect, the efficiency ., - �1 - L�Ls . Thus, the more per
fect the machine, the more nearly its efficiency approaches to unity • 
but as there is always friction, and other resistances and losses, that
degree of perfection cannot be attained. 

Ezamplt. An ore stamping mill consists of 20 1ta,npw1, each of which weighs 250 lbs 
and each is raised 40 times per 1ninute1 1 foot high. The mnchine drivin1e these is � 
water wheel, taking on 260 cubic feet per minute, 1&nd the fall is 20 feet high-required
the efficiency of thi:! ruachine. The useful etfect i s :  

20 • 250 · 40 · 1 = 3333! ft. pounds per second =- 6 horse power; the total effect
60 

however, is : 260 X 62•25 270 pounds water through 20 feet pt"r second aa 5400 feet
60 

lbs. per second = 9,8 horse power; the lo,t tjfect -= 5400 - 3333i - 2066-f fet-t 
Jbs. == 3,75 horse power; and the efficiency of the whole arrangement _ :J333! 

540U
- 0,62. 

· § 40. Useful and pre}udicial Resistance.-The resistance to be 
overcome by machines may be subdivided, in like manner, into 
useful and prejudicial resistance, but as the power is applied to 
t�e useful and prejudicial resistances at different points, we cannot
d!rectly set the power equal to the sum of the useful and prejudi
cial resistance, but there must be a preliminary reduction. This
reduction is made by means of the spaces simultaneously passed
through by the different points of resistance of the machine. If the 
power P be exerted for a space a, and the useful resistance P for 
a space 11, and the prejudicial resistance P, for a space s2, "'e };ave 
Pa = P1s1 + P2s2, hence P .. .!.!. P1 + 89 P2• 

8 8 
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The point in the machine or system at which P is applied, is
termed the point of a.pplic:i.tion of the po,ver, and the points at which 
P1 and P2 act, are the points of application of the resistances; we have 
in .!!. P1 the useful resistance reduced to the point of application of 

8 

power, and in 82 Ps, the prejudicial resistance red'l.tced to the same 
8

point. Tlte power is, therefore, equal to the sum of the useful and 
pre;'udicial resistances, reduced to the point of ap11lication of tlie 
power. Again P1 = .!__ P - 82 Pu or the useful resistance is equal 

81 81
to the difference of the po,ver reduced to the point of application of
that resistance, and the prejudicial resistance reduced to the same 
point. Hence the efficiency of a ma.chine: f.'- =  p181 = 81 P1 : P=P1 :

Ps s 
!_ P, that is, the quotient of the useful resistance reduced to the 
81
power-point and the power, or the quotient of the useful resistance, 
and the power reduced to the point of application of the useful
resistance. 

Very many machines are adaptations of the "·heel and axle (Vol. I. 
§ 152), and hence the redu,ctions may often be accomplished as for 
a lever. If in the wheel and axle .llBC, Fig. 90, 
the radius of the wheel C.11 = a, the drum's ra- Fig. 90. 
dius CBn= b, then the statical moment of the 
power P, = Pa, and that of the useful resist
ance P1 = P1b, and therefore the useful resist-
ance reduced to the power-point .11 = b P1, and 

a
the power reduced to the point of application b 
of the resistanceh= a P. If the prejudicial re-

b 
sistance P2, consist in the axle friction f( P + P1+ G), and if r = the radius DC of the axle, the 
�oment of it  is= P2r, and therefo1·e the preju
dicial resistance reduced to the application of 

P2rpowerh= = fr (P + P1 + G), the prejudi-
a a

cial resistance reduced to the point of applica-
P2rtion of the resistanceh= = .fr (P + P1 + G).
I> b 

IIence p= b_P1 =fr (P+ P1 + G),also P,= a 
b p_f

b 
rI

( 
P+ P1 + G),a a

b . a P bI 1 = - = : _ast y, ,z p1 • P p1 _ p - 1 ·a b Pa 
Et:ample. For a 11Jhccl nn<l drum ,veigbing 250 lbs I the wheel beiug 30 inches m<lius, 

9* 
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• For the <'omplete discussion of this tmbject ,u Morin, " Ll'�ons <le M1:c:nni'} ue 

OF THE RIGIDITY OF CORDAGE. 

11nd the drum 6 inches radius. the Rile ½ inch radius--the useful resistance being 500 
lbs., tl1e co-efficient of axle friction 1�, then the useful reeis&ance reduced to the point of 

6l. . t e power - _ b P1 .. _ 500 - 100 lbs, and the .d".preJu 1c1a l resist.app 1cat1on o f h 
a 30 

ance reduced to the same point :  
/r 1 P= � (P + P1 + G) == "(,T • 2 . (750 + P) - f + 6U0 ,30 

and henoe we have to put the power: 
P =  100 + f + p , i.t e. P -=  101,25n. 600 - 101,42 lbs.,

600 599 
and the tjµifflcy of the machine: ,, -= lOO .. 0,986. 

lUl,4� 

ON THE RIGIDITY OF CORDAGE. 

Amontons, and, after him, Coulomb, experimented on the rigidity
of hemp ropes &nd cords: and Weisbach, adopting Coulomb's method,
has recently experimented on the rigidity of hemp and wire rope,
such as are used in the drawing-shafts of mines.

Coulomb deduced from his experiments, that the law of this resist
ance to winding may be represented by a formula. composed of two
terms ; the one, a constant for each drum or pulley, which we may
designate by a, and which the distinguished experimenter termed
"anatural rigidity," because it depends on the mode of manufacture
of the rope, and on the degree of twist given to the threads and 
strands; the other, proportional to the tension T on the rope, and
expressed by the product � T, in which /3 is a constant for any rope
or drum. Thus the resistance to winding, R - a + J3 T.

Coulomb also deduced from his experiments that the resistance to
winding varies inver,ely as the diameter d of the drum or pulley •, 80

� Tthat R - a +  7. 
Naviet, in using Coulomb's experiments to construct a for1nula 

assumed that the co-efficients, a and il, are proportional to a certai� 
power of the diameter, depending on the state of wear of the ropeh. 
but this as8umption is not true. For it would lead to this, that � 
worn rope of 1 foot diameter has the same rigidity as a new one 
which is evidently not true: and besides, the comparison of the value;
of a and � prove that the power to which the diameter has to be
raised cannot be the same for the two terms of the resistance.

Coulomb's experiments, however, show that the rigidity is propor
tional to the number n of threads in the rope, for ropes of a g1 ven 
manufacture. 

For new white ropes, the formula: 
R - n [.0002 + .000171 n + .000243 Q] lbs. 

for drums or pulleys of 1 foot in diameter, and 
R .. � [.0002 + .000171 n + .000248 QJ lbs. 

for a drum of diameter d in feet, accords well with experiments.* 

' pratique," Jere partie. 
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§ 41. 

WORKING CONDITION. 

For tarred ropes: R = n [.001+ .000232 n + .00028 QJ lbs.
d

Whence it appears that tarred ropes are rather more rigid than \Yhite 
ropes.

Weisbach has deduced from his experiments on wire rope, (4 ,rires 
round a core in each strand, n.nd 4 strands round a co1·e in the rope,) 
weighing 3 lbs. to the fathom, the formula : 

QR = 0, 72 + 0,0262 d lbs., 

in which Q is the strain on the rope in cwts., and d the diameter of 
the pulley. Whereas, for the hemp ropes, fit for the Bame 'l.tBes, or 
of the same strength, R = 3,02 + 0,086 Q

d 
: or the rigidity is con-

siderably greater.
Wire ropes, newly tarred or greased, have about 40 per cent. less 

rigidity than untarred ropes.* 
Working Condition.-When a machine is set in motion, it soon

comes to its working condition, that is, there recur at regular periods 
the same relative position of the parts, the periodic motion becomes 
uniformly so. In this condition we assume machines to be in apply
ing our principles, but theu· working condition may, according to 
circumstances, be either uniform or variable. The causes inducing
irregularity are variations in the power or in the resistance, as also
the proportions of, or construction of the machine, in reference to 
variations in the spaces described in a. given time by the po,ver and 
resistance, and the state of motion of inert masses. 

In a steam-engine, the po,ver is variable when the engine " works 
expansively," that is, ,vhen the steam is cut off 
during the progressive motion of the piston. Fig. 91. 
In a mill for rolling iron, the power o.nd resist
ance a1·e continual1y varying, because the forge hammer is out of gear when f allin,g on the 
blooms, and, therefore, the working condition 
of the machines is irregulai·. If the engine 
work expansively, then there ·would arise from 
the combination of the engine, and hammer, 
and rol1ers, three causes of irregularity. When 
a weight G, Fig. 91, is raised by a steam
engine with uniform pressw·c by means of a 
wheel C..i0, and crank CB0, the machine has 
a variable working condition, because equal
spaces .110./Ju .IJ1.ll2, .112.113, .ll3..i4, of the resist
ance correspond to very unequal distances
described by the power, and, therefore, the 
ratio during a half revolution is variable, but 
for periods of a half revolution it is uniform. 

• Weisbach's paper on this subject is oooraine<l in the first number of a journal pub
lished at Freyberg, under the title •1 Der Ingen.ieur Zeitschrift fur dns gesa1nmte lnge
nieurweseo,·1 1846. 
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WORKING CONDI1ION. 

1 1 

10-l 

In the case of uniform working condition, the inert masses on a
machine are without influence, because it is only at first, when the
machine is still accelerating in motion, that they absorb mechanical
effect, but lateir, when uniform motion has established itself, there is
neither loss nor gain of mechanical effect (Vol. I. § 52). But if, on
the other hand, a machine be subject to irregular working conditions,
the inert masses of the parts have an essential influence on the motion
of the machine, because they absorb mechanical eff"ect at every acce
leration of speed, and this they again give off at each retardation.
If M be the sum of all the masses reduced to the power or resistance
point of a machine, v1 and v1, the minimum and maximum velocities
of the power, or resistance-points, we have the mechanical effect
which the inert m&eses absorb during their transition from the
velocity v1 to v1, and which they again give out in passing from vI 

to v1 - (v• 
I 
-;v1 

2 
) .M. Thus, in each period, the inertia of the 

masses increases and diminishes the lost effect by the above amount
and, therefore, the total effect for the whole period, or the mea�
eff"ect is the same as if these inert masses were not there. llence 
as a general formula, Ps - P1s1 + P1,1 holds good for a variabl� 
working condition, if by ,, 81, s1, we understand the spaces described 
in a. complete period, or if for P, P1, P1, we substitute the mean
values of the power, and useful and prejudicial resistance, for a
given period. For the case of accelerating motion : P, - P1a1 + 

(v 1-v •) Pa - (P ,  + P a  )1 1P1,1 + M, hence v1 - v1 
.This for-2 (v "1 )M• 1 

mula. shows that the variations of velocity of a machine are not only
less, the less the difference between the effects of the power and the 
sum of the effects of the resistances, but also the greater the masses
of the parts of the machine, and the greater their velocity.

Rmtark. It does not follow that because the mass of the parts <lo not affect the efficiencyof a machine, but only its working condition, that it is a rnatter of inditfereuce, whether the parts of a machine hove more or less mR!lS. Weight increases friction, gi\·es rise toshocks, &c., which are prejudicinl. But of this iu the se11uel. 
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	at a greater angle than the angle of reJJose p(Vol. I. § 159). Tho natu'ral slope of <lisintegra.ted masses is determined by the angle of repose. If by the eloz1e of a , Fig. 1, 
	declivity.AB

	,ve understand the ratio b of the base .A. 0= b t
	o 

	• 
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	the height OB=a, it is evidently=cotang. p, or, as tang.pis equal 
	to the co-e.flicient of friction = . 
	jŁ 
	0 
	1

	a 
	•
	f

	According to Martony de KiiBZe.lJh, the no.turn! slope of perfectly 
	dry soil, for example,= 1,243, and for n1oist soil= 1,083. ITcncc,the angle of slopo in tho first case is= 3H, antl in the second -!3. 
	0 
	° 

	For very fine sand, the slopeh= :, therefor(.', tl10 angle of slope = 31. For rye seeds, the author found p = 30, for fine shot /J= 25, a.nd for the finest shot p= 22}• 
	° 
	° 
	°
	0

	Remark. Experiments on the slope of disintegnued 1nusiscs are made byhcnping then\ up. o.nd dressing thco1 off from belo,v UJ)\Vardtl. 
	§ 2. Pressu:re of Eartli.-If a disintegrated mass, such ais earth,by ::t pressure (zJoussee)ngninst it, a kno,vledge of ,vhicll is of importance in practice. uppose a body of earth M, Fig. 2, supported by a retaining ,vall Al,
	be supported 
	a reto.ining ,v,tll, it exerts 
	.,

	the back of which is vertical. Take 
	as a first case that the earth and ,vnll 
	FiŁ. 2. 

	arc the sa.n1c height, and tho earth's 
	(. I ) I·: 1 l 11 I , 
	,
	-

	surface in no way extraneously loaded.
	. Ł I/ 
	I'
	I

	upposc that a weclgc-shape<1 piece 
	' '/, Łr
	' 
	' 

	• ADE separates f1·om the general 1nass,
	.-

	::-.: 
	H and thus re8ts on the retaining wall on 
	•·· 4 
	'A{
	H 
	Ł 

	the one side, and on tl1e earth on the 
	other; put the height ŁlD of the cnrth nna '\Yall = 71, the density of the earth JJI = "I, nnd the unglc AE.D which the surface of separation Ah' n1akcs with the llorizontal = t,Let us conŁidcr a length of the 1nass (n.t right tingles to tho plane ofthe figure) equul unity, then the weight of the wcuge AJJ.E: 
	G=I>I>_ 1. "f= ½ 7t. lt cotg. qi. y= }heotg. if>.'>'
	A
	Ł
	E
	1 
	· 

	-
	The vertical back AD is acted upon by the pressure SP= P ut right angles to it; and, therefore, it may be assun1ed that nn equalopposite horizontal pressure maintains the prism AJJ.E on the inclined plane. Wc kno,v also('' ol. I. §159) that a. foroc "·ill be taken up by a body if its direction does not deviate from the normal to theplane of contact by more than the angle of repose, and ,vc may,therefore, assume that the second component force R of G is taken up by the mass bclo,v .11.E, CYen supposing its 
	2 

	,
	force <lepenus upon an unkno"·n angle q,, or upon the di1ncn
	Tlns 

	.
	s1ons of the prism of pressure, and is thus dilfcrent for different Yalucs of 4>, and a maximum for a, certnin valuo. If, now·, AJJE be the of greatest pres'ure, and ADO a, pris1n exerting a.less pl'essure, ''"c haye in AEO a prism "·hich requires no force tomaintain it on its basis, but which would rather rec1uire s01nc force 
	pris111 

	PRESSURE OF EARTH. 
	to pull it downwards. And so for other wedges A OH, &c., into which we might divide AE.F, because these rest on still less inclinations; we may therefore assume, that by an opposite force equal to the maximum pressure P, not only the prism ADE, but also the prism below AE and AEF, is perfectly sustained, and that therefore this maximum pressure is that which the retaining wall is subjected to from the whole mass. 
	§ 3. Prism of greatest Pressure.-,ve must now determine the prism of maximum pressure. We have manifestly only to determine 
	sin. ( 
	that value of q, for ,vhich cotang. q, tang. (t-p) is a maximum. P, and as this 
	2q, -p) + sin. p
	fraction is greater, the greater sin. (2 4>-p) is,we shall have cotang.t tang. (t-1) a maximum when sin. (2q,p) is a maximum, that 
	'
	-

	f-p= 90, i.e. q,= 45+ -Hence we name the 
	is= 1, or 2 
	° 
	° 
	Ł

	... 
	pressure of the earth against the retaining wall: P= ½ hr cotang. 45+ ;tang. 45-
	2 
	(
	° 
	) 
	(
	° 
	;
	), 

	or since cotang. 45+ = tang. 45-
	(
	° 
	;) 
	(
	° 
	;), 

	P = ½ 7i[tang. 45-.)• 
	P = ½ 7i[tang. 45-.)• 
	2 
	r 
	(
	° 
	;
	]
	2 

	90
	0


	The complement ofht= 45+Ł,is DAE= 45_P, == -p
	° 
	° 

	2 2 2 
	= one half of D.IJF the complement to 90of the angle of friction p.Therefore the surface .IJE of the prism of pressure bisects the angle D.ll.F which the natural slope .llF makes with the vertical .ll.DWe can now very easily compare the pressure of a disintegrated or semifluid mass v;ith that of ,vater. In the latter the pressure is ½ h(Vol. I. §276), when h = height, 1 = breadth of the pressed surface. In the case of earth, on the other hand, we have the pressure 
	° 
	. 
	2 
	r
	1

	P = ½ hE r[tang.45, 
	2 
	1 
	(
	° 
	-
	;
	)
	]
	2 

	where r= the density of water, and , the specific gravity of the semi-fluid. Hence the pressure of earth is always 
	1 

	, [tang. (45-times as great as the pressure of water, or the 
	° 
	;
	)
	]
	2 

	pressure of a semi-fluid may be set as equal to the pressure of fect fluid of specific gravity , [tang. 45-;)'
	per
	(
	° 
	]
	· 

	Thus "·e see that the pressure of earth increases gradually from downwards,or is proportional to the pressure 
	the 
	surface 
	height.

	It folloŁs, of earth-works,&c. &c., cŁ1nc1des with the centre of pressure of water, and that,Łhe case in question, where the surface 1t 1s at. one-third of the height It from the base (Vol. I. §278). 
	Łikewise, 
	that the 
	centre 
	of pressure 
	Łh?refore, 
	1n 
	is a 
	rectangle,

	COHESION OF SEMI-FLUID MASSES. 
	Example. Ifthe specific gravity ofa mass of corn seeds, heaped 6 feet high, be 0,776 (Vol. I. § 291, remark 1), it exerts a pressure against each foot in length of a vertical 
	wall: P=½.6.0,776A. 63A. ta,ag. 45-15= 18 .63A. 0,776 (tang. 30)'= 
	'
	[
	(
	° 
	°
	)
	]
	' 
	°

	880 X 0,5773,5=293i lbs. (English.) 
	1 

	§ 4. Cohesion of Sem.i-fluids.-In the above investigations wehave omitted to consider the cohesion, or that mutual union of theparts of the ma.ss, increasing with the surface of contact. As thiscohesion, however, in the case of the less disintegrated masses, as, for instance, in well compacted earth, is not unimportant, we shall now introduce it into the formula. Let us put the modulus of cohesion, or the force of union for the unit of surface of contact = ",we have for the case shown in Fig. 2, the force 
	.IJE, = 1 . .IJEg. x = Ł
	h 

	sin. t 
	. 

	The vertical component "sin. t=" counteracts gravity, an<l
	. 
	h 
	h 

	sin. t 
	the horizontal component " . cos. 4> ="li cotg. t, counteracts the 
	.
	h 

	sin. 4> pressure. If, therefore, we introduce into the formula P= G tang.(t-P), instead of P, P+" h cotangt, and instead of G, G-" h, we then obtain the equation : 
	. 

	P= (-" h) tang. (1>-p)-" h cotang. 4>.
	G

	If again we substitute G=½ h"I cotang. t, we have: P= (½ hcotang. t-" It) tang. (t -p)-x h cotang. 4>.
	2 
	2 
	"I 

	It is, however, convenient to make the following transformations in this formula. 
	P= h [(½ h "I+ x cotang. p) cotg. t tang. (t-p)-x cotang.f-x (1+cotg. t cotg. p) tang. (t-p)J
	, 

	1 p 
	+ tang. t tang.

	= 
	tang. t-tang. p 
	tang. t-tang. p 
	. cotang. 4> • cotang. p,

	1 cotang. t cotangpwe have P=h [(½ h"I+ x cotang. p) cotg. 4> tang. (t-P
	+ 
	. 
	) 

	-"g(cotg. t+ cotg. p -cotg. t)], hence
	Ph[(½ h"I+ x cotg. p) cotg. 4> tang. (t-p)-x cotang. p].
	=

	This force becomes a maximum when the product cotang. t tang.(t-p) is a maximum, and as we have seen this latter is so, when 
	Ł=45+ ; ; therefore, the entire horizontal pressure of the earth 
	° 

	against the wall : 
	h (½h,.,+xcotg. p)tang.( 4--:icgcotang.gp
	P= 
	[
	[
	5
	° 
	;)]g
	2
	] 

	° 
	= ½htang. 45
	2 
	"I 
	[
	(
	2 

	;) ]
	_ 
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	2
	or as cotang. p = -----------, 
	-
	--
	--
	an
	l
	t 

	tang. 45+;)-tang. 45-;) 
	(
	° 
	(
	° 

	2
	1-[tang. (-t5-;) ]
	° 

	= [tang. 45;)-tang. (45-;) J tang. (-!_ ;), 
	(
	° 
	+ 
	° 
	5
	° 

	P = ½ 7ty tang. 45-;) -2 lt" tang. (-15-;) 
	2 
	[
	(
	° 
	]
	2 
	° 

	= li tang. 45-;)[Łtang. 45-;)-2Ł 
	(
	° 
	7
	r 
	(
	° 
	]· 

	This force is O for } htang. 4:5-;) = 2", tha.t is, 
	1 
	y 
	(
	° 

	4 x 
	r 
	.

	.1or lt= 
	.1or lt= 
	1 

	"I tang. 45-
	(
	° 
	;) 


	For this height, therefore, a coherent mass may be cut vertically, and shoul<l continue so to stand. Inversely, from the height 7,ofthe vertical face of any soil, ,ve may deduce the modulus of cohesion, 
	1 

	for 
	"= t hy tang. 45)• 
	1 
	(
	° 
	-
	;

	Therefore, the cohesion of a mass is greater or less, according to the height ltfor which it maintains a vertical face. If ,ve int1·oduce ninto the expression for P, we obtainn: 
	1 
	1 

	P = lŁ(lt-li) [tang. (457)J· 
	y
	1
	° 
	i 

	For sand, seeds, shot, and for newly turned soils, 7Lis very small; for compressed compact soils, it is sometimes considerable; for disintegrated, moist earth, l\'Ia,rtony found h= 0,9 feet, whilst, for the same material soaked ,vith water, li= 0. According to ci1·cumstances, a vertical face of from 3 to 12 feet maintains itself in <lifferent soils. 
	1 
	1 
	1 

	In most cases of practical application, it is advisable to 01nit theeffects of cohesion. 
	§. Su1·clia1·qed 1ln1sses of Eartlt.-If the 
	5
	,

	Fie-. 3. 
	earth-"·ork J\,J, Fig. 3, be loa<led on the sur
	-

	face, ,vith buildings or other,vise, as DEII,
	the retaining ,vall undergoes an incrcnsctl pressure. 1'o cleterotine this increased pressure, let us put the pressure on each sc1uarefoot of the horizontal surfaceh= , then the pressure on the surface for ../1.DE= q . J)E =lt cotang. qi, and, therefore the horizontal
	<J
	q

	Figure
	' pressure, ."'ll hout 1·efŁrencc to cohesionh: 
	P=(G + q It cotang. «ti) tang. (1>P
	-
	)

	;:)* 
	-
	RETAINING W .ALLS. 
	(½ 7t"I + Ji) • coii> tang. (t -p), or as q, 45+ Ł 
	= 
	z 
	q 
	tg. 
	= 
	° 

	-
	2
	P = (½ li"I+ qlt) tang. 45-i) ], 
	'J 
	[
	(
	° 

	To finrl the point of applicntion of this force, we must decompose 
	2
	it into its two parts ½ /t 1tang. 45-i) ]antl 
	'J. 
	[
	(
	° 

	q• The first part has its point of applica
	7L 
	[
	tang. 
	(
	45
	o
	· 
	-
	;)
	]
	2 

	tion at l of the height li n.bovo the base A, nnd, therefeal moment refer1·eu to this point: 
	ore, 
	its 
	stnti
	2
	2 

	= !.½ h"I [tang. 45-;tn45-;)
	2 
	(
	° 
	)
	]
	= 
	JiŁ" 
	[
	,i
	:1
	-
	(
	° 
	]

	; 
	By the second part, howe11cr, equal portions of the vertical wnll nre equally pressed, antl therefore the resultant pressure of this part passes through the centre of gravity of the wall, and acts at half 
	the height li from tho base. Hence the statical moment of the se
	-

	9. 
	cond force 
	2 2
	h q h
	2 

	(p )][(-P)]
	= 
	2
	. qlt 
	[
	tang. 
	45
	° 
	-
	2 
	= 
	2 
	tang. 
	45
	° 
	2

	The moment of the entire prct:isurois thus: 
	2

	½ 'J h) tang. 45-, and, therefore, the leverage 
	(1 /t
	3 
	1 
	+ 
	2
	[
	(
	° 
	;)
	]

	of the force, or the distance .110 = a of its point of application 0from the base,: 
	(A li,y + ! 71,q) tang. 45_ f.]
	(A li,y + ! 71,q) tang. 45_ f.]
	3 
	2 
	[
	(
	° 
	) 
	2 

	2 A li,, + ¼ h q 
	2 


	r'f -----------Ł-----
	-

	-(½ hy + It q) tang. 45_ 
	2 
	[
	(
	° 
	Ł) 
	]
	2 
	-½ h "I+ 
	q 

	+ 
	+ 
	3

	Ji 'Y q 
	Ji 'Y q 
	= ( 
	)

	lt-r+6q . Ji
	3
	. 


	Remurk.-If the earth be carried above 11.te cope of tlte "•all, ancl form from it n nnturnl "lope. tho fon11nlu of § 3is still npplicuble, if h be put equal to the !,eight of the earth,anti not that of the \\•all. 
	§ 6. Retaining Walls.-The pressure of earth has often, in engi
	-

	neering, to be withheld by retaining walls (Fr.
	revete1nents), or by ioalli'ng-ti,nbers, and slteetp?'.li. Retaining walls of masonry are most usunl, n.nc.1 ,vc shnll, therefore, here treat of thesein grenter detail. 
	Figure
	Fig. 4-
	ng

	1\. wall Jil'Fig. 4, may be either pu. heel forward, or tiu·noc.l o,·cr by a force J(PP. If we suppose this wnll composed of horizontal coru·sesof stono bedded on each other, "·e may assumethnt, should the wall give "·uy, a horizontal crack 
	, 
	= 

	SLIPPING OF WALLS. 
	will form, upon ,vhich the uppor part CU slides for,Yard or turnsabout. For security we shall neglect the effects of mortar, andtake only the friction between the beds into consicleration. From the force P, and the weight G of the part CU of the ,va11, there results a force KR= R upon the magnitude and direction of which the possibility of an ovortm·n or sliding forwai·d of this part of the wall depends. If the angle RKG, by which this resultant deviates from tho normal to the plane of separation UV, be les
	In most cases of application it will be found tha.t rotation morereadily tnkes place than sliding, and therefore, in building retaining wal1s, provision against the former has to be rnadc. Rotation, or heeling is the more apt to occur, in ns much as it not nnfl'equently takes place, not about the a:\-is V, but about a point Vnearer the resultant R; because the pressure concentrated in V, compresses or breaks the stone near the point V. 
	1 

	If the points of intersection W, for a series of resultants R passing through the joints, be found, and a. line <l.rown through these, whave what is termed the line o,f' 'resistance, and it jg easy to pcrce1vc that an overturn of the wall cannot take place, so long :is this 
	Ł 

	_
	line does not pass beyond the joints of the ,Yall. 
	If the force P, which the ,va.11 has to ''°"ithstnnd, deviates in direction from tho vertjca,l more than the angle P, there can be no question of its sliding, because the resultant of Pand G al\\·ays makes asmaller angle with the vertical than P alone.
	§ 7. Slipping of Walls.-If ,ve substitute for P the pressure of earth found above, we can determine 
	the thickness, having which, a ,vall 
	Fig. 5. 

	will be sufficient to withstand this pressure. Let us consider, in the first place, the case of slipping for a ,vall .flC, Fig. 5. up pose that the earth-,vork pushes for,vard the part UC, on the joiut UV. If we put the thickness at top of ,vall CD = h, the relative battere= n, and the height DU= x, ,vc have the thickness: UV= b + n x, a,nd the contents of UC for 1 foot in length 
	nx
	nx
	2

	=bx + , nn<l, therefore, the "·eight,
	., 

	... 
	G= (b + ¥).v being the density of the n1nŁonr,v·. the 
	For 

	y1 ; y1 
	pressure of the earth 
	on 
	DU.
	, 
	we 
	bavc 
	crcncr
	allve
	:

	0 • 
	0 • 
	2

	= ( 1 :r.r + qx) [ tang. (-:10-;)J ; 
	P
	2 
	° 

	Figure
	.ABUTTING RESISTANCE OF EARTII. 
	hence, for the angle RJ(G= 4> made by tho resultant R,vith theve1·ticnl: 
	ancl 

	ta,iy. tŁ . tallg.45-)'; or as t must 
	= 
	= 
	[
	(
	° 
	;
	J

	;;
	:
	:
	:
	:

	(
	, 

	be le .. s than therefore, tang. q, < .f,
	p,
	( ! : i)[tang. (45-;) J < f, from which we have the 
	Y, • 
	° 

	thickness of wn11: 
	b > Ł;17 tan,9. (-15-;) ]-n2r. 
	½ 
	q 
	[
	0 
	2 

	For X= 0 we have the thickness at the toph:
	2
	b > [tang. (45-;, therefore, for q= O, we bu vc b= 0;
	f
	q
	'lt 
	° 
	)
	]

	·
	.
	for x= /1, the ,rholc height of w11ll, the thickness is: 
	}i r + (j [t (450 P)]2 li
	l
	n

	b > ang. -:;-
	f 
	·

	":)
	-

	'Y-
	1 
	-

	To nipply this formula. to a uyke or dam, ,Ye 1nust put p = 0, and 
	q= 0; then ,ro get b > ( -1i):,(Vol. I. § 2 0) . 
	r 

	"" 
	"" 
	."11
	f


	The formulas give for q= 0, (that is, ,vbcn the surface of the finid or semi-fluid reaches to the top of tLc wall), tLc breadth nt top= 0;but experience has proved that the thicl-ness here shouhl rarely Leless than 2 feet, and in positions liabJe to ,vear nnd tear,above this dimension. 
	al"·a.ys 

	Remark. The co-efficent of friNion for Łtones and l,rkks in c-ontact ,,·ith each other (Vol. J. § 101 ), 1s from 0.07 to 0,75. And when a hŁd of frcsli 1noru1r iŁ inter11o!led1 onlyU,60 to 0,70. l\Tortar ouce set, acts by coheŁion or nJlies,on, and, nc:conting loBoi:.turd,the cohesion of mortar i,-frmn 800 10 1500 lbs. per square fwc. According to l\lorin, :lib n1nounL-. to lh>m 2000 to 5UOO lb:.. 
	i

	§ . Abuttin,'J Re.�ietanee o.f Eartlt.-We 1nust distinguish bet,rccn the ll<'fhc and JJassiie pre "ure of the earth. In the cases hitherto considered, the pressure is actiYc, pressing oo-n.inst n, passive resistance. The pressure of earth, ho,vcver, bc;'omes passive whcu itopposes an active force as resistance, as when it resists the thrust of an arch, &c. &c. Poncelet Las termed this effect of earth-"'orks iutee des tcrres (German, Hebelcraft der Etde), and i\Ioscley has 
	1
	1

	termed it resistance of eart/1. Tue
	Fig. 6. 
	resistance "�hich a body opposes tobeing pushed up an inclined plane, is greater thn.n the forco necessary to pre,ent the sliding of the body do,vn the inclined pluuc, nnd just so, in the case of disintegrated masses, the re. sistance ,vhich they oppose to 11 vertical surface, moYc<l horizoutally, is 
	Figure
	r

	DEPTIT OF FOUNDATIONS. 
	greater than the force with which they press against a. vc1·tical plane :it rest. Whilst ,vo have above (Vol. I. § 62) put the latter force, P= G tang. ( t -p ), the 1·esistance of the latter must be set ,!' = G tang. (4> + p), or, as G is the weight t lt "f cotang. q, of the pr1Łm of e .llDE, Fig. 6, P= ¼ ItŁ 'Y cotang. q, tang. (<ti +p). This e P depends on tho ""anglo .llE.D = q, at which the assumed plane of separation intersects the horizontal, ancl is a. minimum for a certain value of q,. But in order
	1
	2 
	pressur
	re
	sistanc

	t ( ) Bin. (2 t + p) + sin. p
	co ang. t q, ang. ,
	+ 

	!'\ 
	q, 
	p 
	= 
	. 
	(
	.

	8tJL. Ł 4> p)-8111, p 
	+ 

	nnd we see at once that this is a minimum, ,vhen sin. (2 q, + p) is a. maximum, that is ,vhcn 
	2q, p= 90, therefore, g, = 45 Ł
	+ 
	°
	°
	-
	-

	2
	If we now introduce this "'alue into the formula for P, we obtainthe least resistance of tl1e earth-work. 
	P½ ltcotang. (45-;) tang. (45;) 
	= 
	2 
	'Y 
	° 
	° 
	+ 

	= ½ 7'o/ [tang. (-15+ ;) ]• 
	2 
	° 
	2

	This is, generally, the resistance with which earth or any otherdisintegrated mass withstands a moving force; for 11s soon as this force is equal to that resistance, a yicl<ling of the mass takes place. 
	§ Ł-.Depth of Foundations.-A.n important application of thepnss1ve resistance of earth, arises in the founding of retaining and other walls. If the ground on which the reta,ining wall is to stand be clayey, or wet, the co-efficient of friction between the wall and the
	ground may fall as low as 0,3, :1nd then a slipping of the wall may ve1·y easily Fi!!. 7. occur. It is, therefore, necessary in such cases to dig the foundation to such a depth that the passive resistance on the outside, combined with the friction on the bottom, may counterbalance the active pressUI·e on the inside. If G bethe "'eight of a supporting wall .IJC,Fig. 7, therefore JG its friction on the bottom, .llB, if /1, be the height of the earth at the bnck, and hthe height in
	1 

	front; if nncl the densitythe one, and pand those for the other earthy n1ass, ,re have: 
	further, 
	p 
	and 
	r 
	be the angle 
	of friction, 
	for 
	1 
	o/
	1 

	Figure
	and therefore the depth BK of the foundation for such 
	a 
	,vall: 

	Figure
	7,'Y [tang. (45_ Ł-2/'G
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	llEELLŁO OF RETAINING ,vALLS. 
	For security a co-efficient of stability 1,4 has been introduced (hv French engineers for the revete,nent walls of fortifications), anti therefore the depth: 
	·---------
	--
	-
	-
	-

	• 1,4 tang. 45 -;•) / )J
	(
	° 
	( 
	2
	i

	\ ']1, ,y tang. 45f. -2fG 
	1 
	2 
	[
	° 
	-

	1 
	Ł

	r, ____
	1s given to such wnlls. 
	E.rampltŁ To \vhnt clepth must n pamllel \Vall 8 feet thick, nncl I 3 feet clcur hrighr, have its foundation Hlllk, that il 1noy \\.'ithstnncl the prcssnrc of \\'Ult't staudiog lc.n•cl "'ith tl1e top of tbe woll 1 In thi'< cnse e =0,n,, =62,25 lh:.. (for wl1icll ,ve take 03) h= l3 feet; nl,-o / = 0,3, e, =30, )'= J ,0 x C\3 = 100,S lbs., an,1 G (tlw density of rlu: ruu:sonry) being 2 X U3 = 12tl lh'l,, 1n1t!,t lien= 8 X 13 X 120 = 1310-1 lbs, therefore, 
	° 

	Ii,n= 1,,1 Lang. (Hi-15°) OJ •t,'25 feel very nearly,
	0
	J
	1
	aŁ X u
	3
	-
	2 X 
	o,
	3 
	X 
	131
	= 

	100 ' 
	I 
	§ 10. Ht!elin,q of Retaining Walls.-In aretaining ,Ynll in reference to stability, it is necessary to determine its line o.f resistance. For simplicity,"·e shall first take a pnrnllel ,ya]l .11.CFig. 8. If 
	order to npprccin.tc 
	Fig. s. 
	, 

	we hnd only a horizontal force KP= P to clenl ,vith, the point of application of which is at a dis
	\
	f, 

	_ 
	tance DO= a from the cope of the wall, the line of resistance ,voul<l be a hyperbole, as the follo,v
	T 
	K 
	l'• 

	I 
	V 1,w-Ł-------1 U iog simple vic,v of the subject sho"·s. Of tLe forceP (whose point of npplicntion "'e assun1e in. the .. 1J ;:· ··--ŁŁ-. J line passing through the centre of g1·avity wall) antl the "·eight G of UTCD, the resultant is 
	of the
	BF 
	A 
	T

	R ,vhich intersects UV in TV, a point in the line of 1·esistnnce sought. If ,ve no,� put tho thickness of the wall .IJB = CDh= b, its densityh= ,y, the abscissa l(.J\ = :i·, and the 01·dinato .iYW= y, we have G = (a x) b iy, anu. f1·om similarity of triangles: 
	1
	· 
	+ 
	1

	KW.JV. and KRG: = that is ,
	W.,V 
	RG
	, 
	'!Ih= 
	p 

	J(.JV:r. (a + :r) b ,y
	. 
	KG 
	1 

	hence the equation of the line of resistance y x)-.
	and 
	= 
	( 
	p

	a+X b ')'
	1

	From this ,ve see th:1t ,rhcn x = 0, y = O, ancl for x = co, = -co. Tl1e curved line of resist
	ance, therefore, passes through I(, anu 
	has not only the horizontal CD, but likc"hise a vertical EF for a,symptotc, distant 
	r

	ST= from the centre of gravity S of
	p 

	'Yi
	b

	the wn.11. 
	It is otherwise, of course, for n. wall towithstand pressure of cnrth or water ns.11.C, Fig. 9, for here a is varin.ble, becausePis applied at a point U at ¼ of the height 
	!I = p , and for a:= -a, yh r1 Fi:r. o. 
	HEELING OF RETAINING WALLS. 
	DUfrom the base. If we draw the end of the vertical line through Sas origin of the co-ordinates, that is, if we put HJY= x, we have: 
	2
	JL = , or as P= ½ xr tang. (45-P)],ix xri 
	p 
	2 
	[
	° 
	b
	2

	2
	"I
	y= [tang. (45_ Ł)]• x• This equation corresponds to 
	° 
	2

	6 b2
	r
	i 

	the common parabola with absciss y and ordinate x. 
	If, however, we suppose the earth-work carried a height habove the cope of the wall, we must adopt the proportion : 
	1 

	i
	= ½ 'Y tang. (45-Ł)J(x+ h, whence we ha,·e the 
	Y 
	[
	° 
	i
	)
	2

	¼ (x+ h) bx,-2 
	1
	1 

	x
	6 b 'Yi 2
	§ 11. The stability of a retaining wall requires not only that the 
	line of resistance be within the wall, but also that it shall not come too near the outside of it. The famous Marshal Vauban gives the practical rule: that the line of resistance should intersect the basisof the wall in a point whose distance from the vertical passing through the centre of gravity of the wall is at most t of the distance of the outer axis of the wall from this line. If, as Poncelet does, 
	we call the reciprocal of this number, or the ratio between the 
	:: 

	distance of the outer axis from the vertical passing through thecentre of gravity, and the distance of the point of intersection Lof the line of resistance from this gravity line, the co-effici.ent of 8tability, and represent it generally by c5, we have for the stability of a parallel wall, withstanding the pressure of earth, (by introducing into the last formula instead of x, the height h of the wall, and 
	instead of y ½c5b). 2c5 6b
	r
	1 

	2 
	h
	and, therefore, the requisite thickness of the wall: 
	b = ( h + h) tang. (45° -Ł) c5 r . .
	1
	J 
	h 
	+ h
	i

	2 3 h 
	r, 

	If for c5 we substitute f = 2,25, and for .J_, •i a mean value, we
	'Y1get: 
	-t;. 
	h
	h

	b=0,707 (h + h,) 
	J 

	, . tan. 45-P· 
	g
	(
	° 

	b= 0,865 h+ h) tang. 45:. , or approximately: 
	(
	1
	(
	° 
	-;) 
	J

	h), for cases in which hhvaries from 
	b= 
	0,28
	5 
	(h + 
	1
	1 
	0 
	to 2 h. 

	PONCELET'S TABLES. 
	Example. What must be the thickness of a parallel wall of 28 feet in height to retain broken stones, mine rubbish for a height of 35 feet1 Assuming that the <lensity of tl1e wall= 2,4 X 63= 151,2 lbs. The density of the rubbish 1,3 X 63= 81,3 lbs., anJ ,=50. According to Poncelet's formula: 
	° 

	b=0,865 X 35 tang. (45-25) /T3 = 30,3 /l3. tang. 20=8,ll feet. 
	° 
	°
	° 

	.Ju .Ju 
	§ 12. Poncelet' s Tables. -To facilitate applications of the formula, Poncelet has calculated the following table, which contains 
	, !_, and p. There
	values of 
	b 
	corresponding to given values of 
	h
	1

	h r1 
	h 

	are two cases distinguished in the table, namely, the case when theearth-work is heaped, as is shown in Fig. 7, the coping being covered,and the case shown in Fig. 10, where a berme of the breadth 0,2 h,from the outer edge of the cope of the wall, is left before the naturalslope of the embankment begins: so that, in short, a promenade is left of the width CL -= 0,2 h.
	The headings of the table explain themselves. 
	Values of Q for 
	h
	< 
	Values of 
	0 

	t"'
	• 

	"'-1 · /-06 )'-1·/-14 )', /= 0,6. 
	1 

	---,. ,-,-= 15·/-l ;
	--' -, . . = i)', = ij f1,4. 
	' 
	, ' -
	= 

	• !!L 
	)' 
	)' 
	,, 
	,, )'

	Berme. Berme. Berme. Bermt-. 
	I 
	It 
	Berme. 

	=0.2h
	=0 
	Ł 

	=0,2 h 
	=0 =0,·2 h =b =0 =0,2 h =0 
	=0,2h 
	l
	I 
	0,0 
	0,1 0,2 0,3 
	0,4 
	0,5 0,6 
	0,452 
	0,498 0,548 
	(),604 0,665 
	0,726 
	0,452 
	0,507 0,563 
	0,618 
	0,670 
	0,717 
	0,258 0,282 
	0,309 
	0,338 
	0,369 
	0,402 
	0,258 
	0,290 
	0,326 
	0,361 
	0,394 
	0,423 
	0,270 
	0,303 
	0,336 
	0,368 0,399 
	0,436 
	0,270 
	0,306 
	0,342 
	0,375 
	0,405 0,431 
	0,270 
	0,303 
	0,326 
	0,343 
	0 357 
	' 
	0,368 
	. 

	0,350 
	0,393 
	0,439 
	0,485 
	0,532 
	0,579 
	0,350 
	0,398 
	0,445 
	0,489 
	0,522 
	0,549 
	0,198 
	0,222 
	0,249 
	. 0,274 
	0,303 
	0,332 
	0, 198 
	0,229 
	0,262 
	0,283 
	0,299 0,314 
	o,Ł2s
	0,343 
	Figure
	0,754 0,436 
	0,450
	0,778 
	0,457 0,377 
	0,617 0,572 0,360 
	0,824 0,790 0,472 
	0,476 
	0,512 0,481 0,385 0,645 0,593 0,387 
	0,8 
	0,9
	1,0 
	1,4 
	2,0 
	3,0 5,0 
	1,00 2,00 
	3,00 
	00 
	0,847 
	0,903 
	0,930 
	1,023
	1,107 
	1,180 
	1,247
	1,283 
	1,309 1,316 
	1,337 
	0,820 
	0,848 
	0,873 
	0,945 
	1,004 1,060 
	1,101 1,137 
	1,156 
	1,162 
	1,175 
	0,510 
	0,541 
	0,571 
	0,684 
	0,812 
	0,981 
	1,206 
	1,508 
	1,757 
	1,866 
	2,144 
	0,501 0,524 
	0,546
	0,624 
	0,714 
	0,835 
	0,994 
	1,182 
	1,327 
	. 
	1,389 
	1,541 
	0,544 
	0,575 
	0,605 
	0,696 
	0,795 0,892 
	1,002 
	1,109 
	1,171 
	1,194
	1,248 
	0,504 
	0,523 
	0,540 
	0,602 0,655 
	0,717 
	0,779 
	0,839 
	0,878 
	0,894 
	0,927 
	0,391 
	0,398 
	0,405 0,416 0,425 
	0,435 
	0,445 0,452 
	0,456 
	0,458 
	0,461 
	0,668 
	0,690 
	0,707 
	0,762 
	0,811 
	0,852 
	0,883 
	0,909 0,922 
	0,926 
	0,934 
	0,610 
	0,624 0,636 
	0,672 
	0,705 
	0,731 0,751 
	0,771 
	0,780 
	0,783 
	0,789 
	0,413 
	0,437 
	0,457 
	0,537 . 
	0,622 
	0,726 
	0,862 
	1,013 
	1,129 
	1,174 
	1,279 
	0,357 
	0,371 
	0,384 
	0,428 
	0,475 0,531 
	0,5!16 
	0,667 
	0,712 
	0,730 
	l o,769
	• 
	I 
	RETAINING ,vAtLS WITll BATTER. 
	In this tnble tho limiting values have been principally hcltl in 
	'Yi = 1 corresponds pretty nearly to one limit of the 
	view. Thus 

	"I 
	ratio of the densities of masonry and eartl1, whilo , = f corre
	'Y
	-

	sponds to tl1c other. Again, for tang. p = 0,6, is the value for the least coherent eo.rtbs, and f = 1,4 the vaJue for stiff compact earthwork. In many practical cases, the requi1·cd proportion has to bededuced by interpolation. 
	'Y

	Remark. Tbe formula b=n. 865 (h+ h,) tang. (.i:s-�) }'if-give� results corre
	0 

	sponding ,vith those in the table to \\·ithin y,. 
	1

	The values in the table refer to parallel walls, built with mortar. 
	It the external batter of tho wall does not exceed 0,2, tha.t is 2,4 inches :per foot, the breadth b found above, will bo that of the ,l·nll at 1 of its height from the base, and through this point the line ofbatter is to be drawn. 
	Rtt11ark. The dimensions re:inlting fron1 Ponce let's rules or table::1 nre applied in France one-Jot"tl' grtaltr tbun the a veragi.: practice ofcivjl engineers .in Britain for the :same relnLJVt\ circu1nstances-Tn. 
	for ,vall!I of fortifications, but give dimonsioul3 nearl
	y 

	§13. Retaining Walls -zvitlt Batter.-If 
	Fig. 10. 
	the ,vall has o. batter, or if its profilo be a trapezium . .flC, Fig. 10, the thickness necessary to insure resistance to rotation canonly be determined by nid of a complicate<l expression. If ,ve assume the face .llB nstho plnne of separation, and put KF= O.lJ = x, and FL = JI, ,ve then have againh: y 
	p

	-=h-,and 
	X G 
	lJ Y= But as x = ! (li+li), and
	F'B 
	= 
	i Px 
	1 

	G . 
	P = ½ (h + h)'Y [tang. (45-;), 
	1
	'l 
	° 
	]
	2 

	and if b the thickness at top, and n, the re1a.ti,·c batter, therefore,n It the absolute batter, G = (bll + !· nli) ,y, antl, therefore, 
	2
	1

	Figure
	(h +lt,)'h. [tang. (..15-;) J 
	° 

	0 
	1
	3

	FB = 
	-
	-


	Figure
	y•
	1 

	distance BF of the outer edae of the ,vall from the vertical 
	The 

	. 
	_ o nli 3b + nil nh 3 b+ 6n It b + 2 nlt
	+ 
	2 
	2 
	2 

	-
	• 
	6 
	= 

	' 
	3 2 b + n /1,) 
	(

	2 2 b 1ilt
	+ 
	+ 

	and llence ,vc may put : 
	3 b+ Gnltb + 2 ntŁ·=. h 1) 
	2 
	2 
	l
	2 
	=
	(
	+ 
	71

	"Ii 
	It 

	tan-:15
	3 
	[
	g. 
	(
	° 

	_ 
	f.]
	f.]
	)
	2 
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	and hence the thickness of wall at top: 
	b = -n+::. . (j.,)' tang. (45-;)J ¼ n• '. 
	h 
	J
	h
	h
	[
	° 
	+ 
	h

	Remark 1. If the be.ck of the wall have a battet likewise, we have a different prismofgreatest pressure to deal with, because the force applied to the wall is no longer horizontal. The investigation beoomes complicate, and we forbear to enter upon it, but shall refer to works treating of the subject. 
	Remark 2. C.Oulomb was the first to propound a good theory of the pressure of earth. 
	See" Theorie des machineti simples." Prony, in his "Le�ns sur la poussee des terres, ( 1802,)" extended C.Oulomb's theory. Navier pursues the same notions, with much elegance and precision, in hist" Le�ons sur !'application de la mecanique, tome r." May•niel, in 1808, published a special treatise on the pressure of earth, in which the observations and theories of his predecessors are teviewed, "Traite experimental, &c., de la 
	poustiee des terres." 
	C.
	Martony de Koszegh n1ade 
	experiments on a large 
	scale for 
	the

	Austrian go\"ernment, which were published in 1828, under the following titlet: "Versuche uber den Seitendruck der Erde, ausgefuhrt auf hochsten Befehl. &c.. und verbunden1nit den tbeoretischen Ahhandlungen von C.Oulomh und Fran�is, Wien, 1828." The most oomplete work on the pressure of earth is that of Poncelet in the "Memorial del'officier du genie, 1838," and which has been translated into German by Lahmeyer, Braunschweig, 1844. In Motieleys "Engineering and Architecture," this subject is handled with g
	CHAPTER II. 
	THEORY OF ARCHES. 
	§ 14. Archei.-An arch (Fr. voute, Ger. Gewolbe), is a system of bodies resting upon each other, and supported by two fixed points, in such manner that they are in equilibrium not only among themselves, but with certain external forces. The material of these bodies is usually stone, and hence are termed arc-stones (Fr. voussoirs,Gr. Gewiilbesteine). The planes of contact of the stones are thebeds or joints. The fixed points upon which the arch rests are termed abutments (Fr. Pieds-droits, Ger. Widerlager), 
	h
	and

	arch. 
	ŁrŁgards the intrados and extra.dos, arches are very Cyhndr1cal surfaces are most usual, but conical surfaces we have doŁes, and variously proportioned groinings. We shall arches only, and limit ourselveŁ fthe cons1derat1on of those horizontal axis. Such arches are bounded by two vertical parallel planes, the face, of the arch, 
	s 
	various. 
	occur, and 
	treat 
	of 
	Łyl1nŁrical 
	still 
	urther, to 
	having a 

	LIŁE OF PRESSURE AŁD RESISTANCE. 
	(Fr. pare,ncnts, Ge1·. tir1t/lt¥cl1e11.) According ns the faces arepcrpend1culnr or inclined to tho gŁo1netti(•nl axis of tho n,rcli, arch js direct or oliue, or skeued (Fr. clroites or bia/,<.tcs); groinetlarches or vaults (Fr. 11011tes d'arite, Ucr. l(reuz, or l(loste,Łqc1otilnrc n1crely intersecting cylin<lrical nrchl's. Dornes 01· cupolns (lfr. do11ll', (tor. Jt111111el or .Ke1sseleunJlf'), nrc ttrches generauythe revolution of a curve ubout a vertical nxis . 
	the
	b
	q
	1
	oe),
	1,1011te.rt ,in 
	g
	b
	ted 
	• 

	... \.s rcgurtl tL.e curvature of u,rcheŁ, it is Ycry various. The 
	sec
	-


	tion is Bomctin,es circulnr, sometin1eŁ cllipticn.l, catcnnri:t n, or formof Łeveral circular a.res, un<l plate bands, or straight arches ore somtimes built. 
	ed
	e

	-Rl'uwrk.-As expl'rienC'e hn<1 nh1111ch1111ly prcn•111l 1hn1 nrchŁ!I foil or give ro1111inn of 1lt>tt•rminn1e parts rrn111ll 11,e euues ,vhPr•• ct>rm1n J01111a rncet the ..-x1n1tlointrndo:-, amt not by Łlitliug diŁl(lNt1ion, we ncl'd lwH· nnly ,·orn-idc•r the co11di1ioe11uiliurium in rc>ft>rPnco to tlw lonner ,•irl'mn .. mnct-, orni11111Ł our n11tho1·'<1 in\'e:;11g-n1in11 of the l>111cr, wbic-11 -lhn\\', 11s iŁ 11,,.1111lly clone ln donH•tHnry lrt'Hti"t"• nf 111t•l'h1111it•-.:, tlrnt fnr rhe t-fl:-1' or t'f
	,vny 
	hy 
	a
	s 
	or
	ns 
	of
	·
	bt 
	tn 
	rndt

	f
	t1l/1rr ,,s the t!ifferl't1re.Ł otJ,r t'Olaugcnts o:l tJw angles oj' i11rli110IUJ11 a/ ll,e jowls to th"-
	lto,·i
	-


	:on-'J'n. 
	Rn11u1·ks-Tlie 11iŁl0Pntinn of an nrl'h by slippinŁ of vou:-Łoirs rnight OO"llr in wnŁ·s: ur·1•orcli11!::( us rite j1,i11t of maxi1n111n preŁ,-urc lk:-11l.x1n· or ht•l11\\' rlw juint fig. 11, the hn111'11c-l of Ilic arch slick• u111, 
	two 
	.
	of
	n11r1imuru prcsi.ure. lu tho foriner co:-t'
	1 
	l\lld 

	Fig. 11. Fl· .,. , ., 
	...
	... 

	Figure
	t.l1e ('TO\\'ll $lirs clown. Jn 1l1r other t.•o;;r., lhl' re,-,•r,ae hnppt-nŁ. Fig. 12. 1'hiŁ l'n,e Łcarcely ever occurs, ::;o 1hnl \\ o shull 11ot fnrthcr rec:ur to 1. 
	lil:lrontl
	1

	e of' Jres1;1tre and lle
	§ 15. Lin
	:>

	Fig. 13. 
	sistancl'.-l1,..n arch is o rnuch n1ore likely to full in by rotn tion l'ound the outer or inner ctlgo of n joint tlinn Ly slipping, Lhnt the forn1c;.1na_y be considered as the u�u.tl accident. 'l'ho stnhility of nu arch in reference to rotation mny ho considered exactlyin tho sn.n1e 
	• 

	1nnnncr as the stability of fL 
	pier

	or ,vall C\'ol. II. * 6). Fro1n thohorizontal force Papplied n,t auypoint 0, Fig. 13, in the crown ciglit of the first arch-stone acting in its centre of
	1 
	of
	the arch and the "
	1

	• t}1cre results tho force Pacting on the fir t joint, nnd
	gra.Yity 8
	1
	2 

	the intersection Oof the direction of this force "ith the joiuts £F. 
	J 
	1 
	i

	Figure
	• 
	LINE OF PRESSURE AND RESISTAŁCE . 
	.A.gain, from the pressure P, and the ,veight Gof the second archstone,acting in its centre of gravity 8, there results the pressure P3in the second joint, and the intersection 0of the direction of this force with the second joint. Proceeding in this manner, we obtain the remaining normo1 pressures, and the intersections 03, 04,&c.,in the other joints. But the lines 0, On 0, 0••• , "�hich unite the intersections or points of application of tho pressures PP,P• •• , is the line of resistan,ce (Fr. ligne de P
	2
	2 
	',l
	2 
	2
	3 
	u 
	2
	3 

	Fig. 14. Fig. 15. 
	Figure
	Tbe dislocation becomes inevitable, however, from the circumstancethat the incompressibility of the stones opposes resistance to the forces RR, acting with the leverages E0, F0. The cohesion of the mortar alone resists this force; but as a very slight concussion is sufficient to destroy this cohesion, its effects should not be relied upon as available. 
	It is easy to perceive that arches are so much the more stable (inreference to rotation) the greater the number of lines of resistance 
	that can be drawn within them; the less, 
	therefore, the number of lines of resistance 
	Figure
	Fig. 16-

	that intersect the intrados or extrados. The arch of greatest stability, Fig. 16, is necessarily that in ,vhich a line of resistance maybe drawn, ,vhich passes through the cent1·e of all the arch-stones, or bisects their depth. 
	For the usual construction of arches, thatis, for circular arches, a rotation or risingupwards, that is, an intersection of all lines. .of res1t�nce with we may, therefore, limit ourselves in the investigation of stability to the rotationfrom ,vhich arch falls inwards. That we 1nay be that atleast one line of 1·esistance pnsses beyond neither intrados nor ex
	Ł
	the 
	extrados, 
	cannot 
	possibly 
	occur; 
	the 
	certain 
	-

	3* 
	Figure
	EQUILIDRilJM lŁ REFERENCE TO ROT.\TION. 
	tratlos, "'e may tart to <lra,v it from tho point D in tho cro,vu, and try "·bether it intersects the intra<los. s lu . .Ettilibriuni in R,:t'cren,·c to Rotation.-The conditions of stnbilitv in refo1·ence to rotation 1uny 
	CJ. 

	• 
	be considered in another point of view,
	Fig. 17. 

	nnd one more u.duptctl for culculation. ,vc n1ny c1i1ninntc the forces P, P,P, acting in the cro,vn D, :F'j,r, 17nccc 11. rotation of tho arch-stones round the inner e<lgcs E, E2, E,, ,tc., and then investigate "·ltich is the grcn.tcst of thcso forces. If we dC'Kignn tc the lcvcrnges ELEL, EL, •• of the force P rcforrcu to tho points E' E, E, &c., ns axis of
	1
	2
	3 
	,
	"·ltich a.re 
	sory to hintler 
	1
	1 
	u
	2
	2
	3
	3
	•
	2
	3

	l
	rotntion hy a• a, a, &c. antl tho leverIJ1, Ell, Ell, &c., of the + G, G+ G+ U, &c., in reference to these 
	1
	2
	3
	ages E
	1
	2
	2
	3
	3
	"·eights G
	.
	,., G
	1 
	2
	1 
	2 
	3

	Łu1ne , , , &c., w·e have for the force P acting at tho cro,rn : 
	axis by 
	b
	1
	b2
	b
	3

	p= l Gp= 2(GG), p= 3(G+ G+ c:), . 
	l 
	b
	1
	, 
	i 
	b
	1 
	+ 
	2
	3 
	b
	1 
	.2 
	3
	&c

	l l/2 <13
	(t

	But not 01tly the fuctort=i l,, an<l G+(;+...+ Gof the nutnerntor iucrca:sc• fro1n the cro,rn towards abutn1c11ts, Lut the dcnon1i11a,tor .IJ" incrensc' n J,o; l1ence one of tLe vnlucs of P,, P, P, &c., is a n1axin1um; n11d it is ucccssury for equilibrium, that the effective , acting in the cro,"n, should he equal to it. That joint"·hich corresponds to the 1naximum pressure or the pre!:lsare on the cro"·n, is tcr1nc<l the Joint o.f rupture (Fr. Joint clc 'l'UJ>fure, Ger. Bruelij'nge), because cUs1ot·ation 
	11 
	1 
	2 
	11 
	-
	2
	3
	force P
	m
	m 
	-

	If ,ve compare the maximum effort required to hinder rotation in"·n1ils with the n1a:rimum effort required to resist Rlipping, ,re find that 1n 1nost cases the force require<l to resist rotatiou iŁ greater Łtot1·csist slipping, and, therefore, tlte 1,,·,•.<Łsur(' in tht• ,·,·ou1n
	:
	,
	t
	an 
	that 

	O.f '!n arclt zs,•qua[ to the greatrst of all the j'orces P, P, P, d·r•., 
	. 
	1
	2
	3

	( .+ G l 
	'1 

	'./ 
	tlte J'larts o+· the arclt G (; + G,
	2

	'.I J' I
	If, therefore, ,vc have
	2 G, i5·c:., round tlte inner edges. 
	+ 
	3

	falling by rotntion outzuards are exceptional cases.
	e 

	.r\1ch
	:

	. .t
	To 
	cl1scr111;11nute hy clculatiou as to the possibility of such an nrcident occurring, the point of application of the force P is taken tit tho 
	?-
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	lower edge .11., Fig. 18, of the joint of the key-stone, because theerage, in reference to rotation about 
	le,
	7

	FF, F, &c., is here the least. If now 
	v 
	2
	3
	Fig. 1 
	s. 

	=== 
	=== 
	we again designate the leYerages: FL
	1
	1>


	FL, FL, 
	2
	2
	3
	3

	1 : 
	'-'"" /f '
	'.,-.':---.,, I1

	.,
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	I '; 
	I '; 
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	• 
	I
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	I•
	I 
	I
	_ , 
	oc., by a' a, a, &c., and the leverages FH, FH, FH, &c., of the G+ G+ G, &c.,
	T
	lI
	2
	3
	1
	1
	2
	2
	3
	3
	1 
	2 
	3

	+ G2,we have the values of P: 
	weights Gn G
	1 

	' F:Ł 
	b2I I 
	= t 
	G, P
	2 
	= 
	(G
	1 
	+ G
	2
	), 
	-

	l 
	p
	/ 
	/

	a1 z 
	a

	Ł-E.: 1:.1Ł? 
	1 

	P= l1(G+ G+ G),
	3 
	3 
	l 
	2 
	3

	3 
	a

	'i /__________ :
	'i /__________ :
	IJ

	-
	antl if the least of these values be g1·eater 
	thun the pressure in the cro,vn, or the greatest of the forces "·hich prevent a 
	falling inwards, the arch is stable; unless this be the case, dislocation takes place. 
	10 pieces of nn ar<'h by rotation tnny like,viŁe happen in t,vo "'ays: according ns lhe joiol of rupture of 1ue maxi,num value is allO,•e or below the joint of rnpture of tl.Je 1nioitnu1n value. Fig. 10 represents the first, and Fig. 20 tLe ::.ecouu case. 
	Re·mark. The fnlling 

	Fig. 19. Fig. 20. 
	§ 17. Stabilit,y of Abutrnents.-If 1\-e ha.ve autisfiecl ourselves by the calculations indicated in the foregoing paragraphs, that an arch is stable, and ha.ve also determined the pressurein the key-stone, �ve have still to investigate the stability of the abut1ncnt ,valls; that is, to detern1ine the thickness of abutmcn t wall necessary to resist a dctrusion or an overturn. This investi#?;ation is the more important, as it is not unfrequently in consequenceof insufficient resistance of these, that arche
	-
	Fig
	. 
	21. 

	It is eviclent that a. retaininO' ,val]FB, Fig. 21, is stable ,vhcn the dircction of the resultant force KR= Rof the weight of the one semi-arch acting at its centre of gru,vity 8, the hori-
	0
	1 
	t 
	t

	• 
	Figure
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	zontal thrust P acting at the crown, and 8, the weight of retaining wall, passing through its centre of gravity, passes throughthe base FO of the retaining or abutment wall, and deviates from the vertical Nby an angle less than the angle of repose P· 
	1
	the 
	K
	1

	For the angle t, which the resultant Rof the forces P-KPand
	1 
	1 

	+ G1 -KG, makes with the vertical, we have tangt ;
	ll 
	1 
	1
	. 
	== 
	G 
	p
	G 

	+ 
	tang. the co-efficient of friction f, and hence to insure sta-
	but 
	1 

	p -
	bility in reference to sliding, we should have p. 
	G 
	+ 
	G
	1 
	< f

	In order, further, that the resultant may pass through the outer
	edge F of the abutment, let us put the moment of P, referred to thisedge, equal toh· the sum of the moments of the weights G and G•If a be the rise of the arch BL, and h the height of the abutment, then the moment of the force Preferred to the edge Fas an axis == P (a + 1,,); if, again, b be the horizontal distance BH of the vertical passing through the centre of gravity of the semi-arch .IJC fromthe inner edge B of the springing point, c the thickness of the abutment wall, and e the distance FN of the ve
	1
	1 
	+ 
	1
	+ 
	1

	In order to insure permanence, experience dictates, according to Audoy'a deductions, the employment or 1,9 P instead of P, so thatthe equation for determining the thickness of the abutment becomes: 1,9 (a+ la) -G (l, + c) + Ge. If hbe the mean height of theabutment or pier, and -r the density of its.masonry, we have for eachfoot in length of the pier the weight G=-kc 'Y, and if we put e ::a½c,the moment Ge = ½ hc''Y, and hence: 
	P
	1
	1 
	1 
	1 
	\
	1 

	½ hc'Y + G c = 1,9 P (a + h) -G b, or,
	1 
	2 

	c2+ 2 G c 1,9 P(a + h)-Gb 
	== 

	,
	hand hence the thickness of the abutment in question:
	h
	1 
	'Y 
	½ 
	1 
	r

	G 
	. 
	1,1 'Y 
	l,9 P (a + h)-G b ( G 
	J
	+ 
	)
	2

	------=-__;_____ --• 
	k1 'Y 1 
	½ 
	h
	r

	In order to secure this wall against sliding, we must have: 
	. P-fG
	P 
	G 

	G> -, 1. e. C > ----. 
	1 
	-

	f f 'Y
	h
	l 

	It will usually be found that the former value of c is greater than the latter; and that, therefore, the thickness of the abutment mustbe regulated by the former condition of stability. 
	For very high piers, as G c, 1, 9 P a and G b, arc very small compared with 1,9 Ph and i Ac'Y ( which may be put ½ h c'Y), we have: ½ h c' 'Y-19 Ph, i.e. i c''Y= 1, 9 P, and hence the greatest strength: c-Js,: P_ 
	1 
	2 
	2 
	,
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	LOADED • .\.RCilES. 
	§ 18. Loaded Arches.h-"re have hitherto neglected to consider the influence of the backing on the arch; ·which, however, it is essential to examine. That the stability of an arch, such as a bridge, may not be altered by the passage of heavy weights upon it, it is necessary that the arch should in itself possess such ,vcight, or be permanently loaded with backing, that n,ny ,vcigbt arising from traffic, such as heavy ,vagons, locomobvcs and the like, can only occasion aslight change in tho entire lourl, or 
	The backing consists usnol1y of a system of ,valling (s11andril walls), supporting the rond-,vny, and carried up either to form a horizontal lino EF, Fjg. 22, or an inc]ined line, Fig. 23. In very 
	Fig. 22. Fig. 23. 
	many cnscs, the sp:indrjl wnlls or hncking of n,ches consiŁt. of tho same n1n.tcrials a::i the arches; and if it be uniformly huilt, we may
	. 

	assume a cominon density for the ,vho1c, anJ thus considerably ab-
	brevintc calculation. If, according to,, ol. I. § 5 \ "·e take the specific gravity of masonry at from 1,G to 2,J, ,ve ba,c for the density of the masonry 100 to 150 lbs. per cubic foot, the former nns,vering to brick-,vork, the latter to ashlaring. The loacling of arches generally increases their thrust, an<l a 1 o their stability. That the voussoirs may resist crushing, they must have a, certain depth proportioned to the pressure of the arch; and ns this increases from the cro"·n to,vards the springin
	T

	For arches ,vhose 1·adius is a..bo�'e 48 feet, or 15 metres, this forn,nlagiYes greater tlimen . .ions thnn is giYen in ortljnary practice. The �epth of voussoirs mu ·t be regulntetl by the strength of the "?11ter1al, a.nd the position of the line of resi tnnce in the nrcli. T�e JOnts being kept very thin, so that the mortn r serves ru th_er t<l1str1butc the pressure uniformly over the bod of the stone,}t will beu, thickness which retluccs the strain to surface, allows of nmplc security for 
	, 
	:
	Ł
	Ł
	? 
	fo
	un<l 
	that 
	22t> 
	1bs. per 
	squarŁ 
	inch of 
	!lie 
	average 
	of 

	_
	thjs thickness must, ho,vcYcr, .side • 
	materials. 
	One-half 
	exist 
	on 
	eaclt 
	of the line of resistance. 

	• 
	TEST OF THE EQUILIBRATION OF ARCIIES. 
	Rcma1·k 1. 22:; lus. per square incb is 011ly of the nbsoluto strength of sound snnJ .. stone an<l Hmestone. In the cclebmtijd bridge nt Neuilly, near Paris, built in 1768 to 1780, by Perronet, lhe esti111ateJ pressnre per .squnre ioch is 280 lbs. 
	r1tr 

	Rtmark 2. \Vhen, as in the sequel ,ve ah\rnys <lo, ,ve take the thrust or pres�ure nt the top ortho crO'\Vll of the arch, and in like 1nn11ner, only con<.ider n rotntion rounu the IO\\.'el:'t point or the angle of rupture, it is the more neccs!':Rt)" to nqsume this high <legreeof se<;urity, und to give the nrch corresponding dept.h of vou�c:.oir!-1, ns in tbeso ni,; umption:. ,ve only �ct me least Yaluo of the pres,;aure. &sit.Jes, it is cbiefiy the uppur edgesof Ille vonsroir' at the cro\\·n of t11e 1u-ch
	§ 19. Telt o.f tlte Eq·uilibration o.f Arcnes.-Thc investigation ofthe stability of un arch may be gone tl1rough as follo,vs: let .IJBCD,Fig. 2:.J., be the one-half of the n1·ch to be examined, und CDHK the 
	• 
	Fig. 24 
	Fig. 24 
	• 



	span<lril "'all, which for simplicity's sako wo shaJI assume to be of the same density as the arch. First, <liviue the arch in any con venient nun1ber, in this case six, equal or unequal parts, by lines EF,EF, EF, &c., in the <lireotion of the joints, and dctc1·mine, notonly the area and the centres of gt·n.vity T, T, ofthese parts, but also the areas a.nd centres of gra,�ity 8, 8, 8•• • of the superincumbent parts l1H, F"L, FL•This done, take the statical moment of the first part .IJFan<l FH referred to 
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	. 
	1
	2
	3 
	1
	1
	3
	2 
	•• 
	1 
	1
	i
	1
	1
	2
	1
	2
	rcferre<l to the second point of division E
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	1\.ga.in
	1
	1
	2
	2
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	n 
	3
	2,
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	Figure
	TEST OF THE EQUILIBRATION OF .ARCHES. 
	E7 E2, E, &c., and the greatest of these forces is that which has tobe taken as acting at the crown.
	1
	3

	Having done this, multiply the sum of the areas .IJF+ FH bythe tang. (a-p), and again .IJF1 + EF2 + FH + F2L1 by tang.(a2 -p), &c.,(where a, a2 • ••are the several angles of inclination ofthe joints with the horizon), and find the greatest value of these products. If the greatest of these values be less than that necessary to prevent rotation round E, E, E•••, there need be nofurther consideration of these forces ; but if it be greater, then mustthis value be introduced as the pressure in the crown, and no
	1 
	1
	1 
	1
	1
	1
	1
	2
	3 

	Lastly, it has to be determined whether the horizontal force sofound is not sufficient to dislocate the arch bypushing or turningout a part of it.
	With the horizontal thrust, determined as above, we can examine, as shown in § 16, the conditions of stability of the abutment. 
	Example. The relative stability of the arch in Fig. 24, may be calculated as followso:1 = 6,89square feet; area of the piece 1''.Babove dŁ8,48 square2,50, and of the latter = 2,45; i. e, the8,48 . 2,45 = 38,001. The distance of E1 from DN,or leverage of horizontal force in D= 1,50 ;and, therefore, the first value of this force 38 
	area of the part .AF
	feet, the lever of the former referred to E,= 
	moment of botho= 6,89 . 2,5+
	= 

	· 
	>' = 25,33 . )'lbs. Area of second part EF,. = 7,15, and the part of spandril
	I,50
	1

	" 
	above it FL= 11,02 square feet; the moment ofboth referred to Ec:.o17.:S2 +23,69= 4J,21,adding to this the moment of..dL1 = 38+ 15,37 . Ł.IO as 38 78,39-= 116,39,60; the distance of Ev from DN 
	2
	1 
	1 
	.:+-
	and hence the moment of the \\"hole piece .AL.o= 157,

	2,35, and hence the second value ofthe horizontal force in D = · )'= 
	= 
	157
	6
	0

	t
	= 7,68,and ofthe part ofspandril aboTe 
	)' lbs. Again, the area ofthethird piece E,F
	3 

	·
	67,05o. 
	6,61, adding to this the moment57,60+ 16602o=o323,62 ; we fi11d the moment of the whole370,23;and as the distance ofthe point Efrom HN= 3,90,the value ofthe force in 
	it F'lL, = 16,51 square leet; the moment of both = 4
	of the piece ŁH= 1
	= 
	3 

	D= · >'= 94.93 . .., lbs. Proceedinin this manner, a value of the force that
	370
	•
	23 
	<r 

	.,
	. ' 

	3 90
	I 
	1

	has to counteract the tendency to rotation round E,= · >'= 1 18,97 . ,-lbs.; and 
	7
	Figure
	0192 

	,,9 a fifth force in reference to rotation round E= · = 137,68 . )' lbs.; and,
	.,
	5 
	116
	Figure
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	l:l45
	,
	43

	21
	1760

	lastly, in reference to rotation round B, a force = •· >' = 157,74o.)'IIJS. Asthis
	11 6
	11 6
	' 

	74. )',
	is the greatest value found, we put the pressure or thrust at the crown, P= 151,

	P22761 lbs. The depth3 feet; and, therefore, the area for each footof length of the arch144 . 1,3 = 187,2 square inches; and hence the pressure on each square inch 
	or, taking the weight ofmasonry as 150 lbs. per cubic foot,
	= 
	of arch at crown is 1,
	= 

	27 
	Figure
	1:

	= 122 lbs., supposing the line ofresistance to bisect the voussoirs. 
	7
	ŁŁ 

	30, we obtain for the force u EsF
	If, with 
	M. Petit, we take the angle of reposeo= 
	°
	to 
	pre
	vent dislocation of the arch by sliding, the following values. The joints E.F
	E3F3••
	·
	are inclined to the horizon at the angles 83
	° 

	P1 (+8,48)tang. (83= {15,37 + 18,17) tang. (7720'-30
	= 
	6,89 
	°
	P
	2 
	° 
	°
	) 

	"'
	7720', 71, 6440', 
	40', 
	° 
	° 
	° 
	58
	° 
	20', 

	7 . tat1g. 5340' .)'-)'= 33,54. tang. 47o 20'.)'=6,4•>' lbs.;
	= 15,3
	° 
	20,9 .
	lbs.;
	)'
	3

	40' 
	. )'•
	30) 
	-
	°
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	aud, tht>rcli1re, the greate;;t horiŁontnl pre,.-111rc countP.mcting !l1i1ling = . AR,1 UrtlOIH1t:J t<.1 1fl1,7 . -y. it i:> cvidl'lll that n Łtiding cannot tnkt• place. At1d i11 likt• tt11111111•r it isen;.;y to t·1111,·i11ce our::-elvt•s that llt•itlwr rouuicm nor ..Jidi11g ou1w11rds is pnssil,lr. A to 1l1e :-1auili1y of tile abutment OUK, the 1non1cnt of the furco P rcli•rre1l 10 0 HS nn nxi11 
	7Li,2 
	,, lhl'!, 
	however, tl,iŁ preŁŁnr,.., in itŁ tcolle11cy ro cou,-o rotntion ron11d u11 imwr joi111

	of rotatiou = 151,7•1 . >' • O V = U'H,7,1 • 18 • -y = 2731 . ,, ll,:J. i tho 1110111cnt uf the lontlouarch Ł'lBKH, is: 
	1760,2 . ,, 1 S,53 . OU . .,, = (1760,2 + t 88,53 . G,8,, =30-12 . >' lb11.,nntl thnt of ll11.: piern= :J-13 . .,, ll,s.; hence tile rnon1e1n nŁŁisti111,; r-111111ion roun,t 0= (301:2 +3-13) . ,, = :.l:l!s.'J • .,, l!JŁ., and, thcrclhre, J,relwg cnnnot pos--ihly tnko phLee.lf, ho,vcver, 111on• urnplc s('curiry bo Je .. ircd, \\'l' 11111st :iub:-tillttc for P, 1,9 P, tUI obove explained, und, thert•fort•, tnkc tlic tnotnent of tho force to pr0<l1wc! ht'clh1g = Ł18!1 •,-,und 1h11 \\·e see tllnt our «uutrnc11t
	+ 
	) 
	\
	s,

	• it ,vould n•quirc frc,m 11 to I "2 fee1. For a thi<:kn<'ois of 11 ft'ct, tlw n1on1ent c,f liilityn= 17uU2. ,..+ 1 ,53n. 11 ,..+ 12Sln. ,-= 5115n. ,.., which ,voukl prov!! a 1t!ffecu:nt stability. 
	Ł1n.
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	§ 20. Pahles for Areltes.-I11 order to fncilitn,te investigations on t11c sto.hilityof arches of tho more usual for1ns
	. 
	,

	l\f. 1etit calculated a series of tables or ,vhich \\'C slin11 here give a short al>struct. Tho firstof t Lese tnbles refers to sc1ni-circulnr vaults, ns in Itig. 25, the second refers to sc1ni-ciroulnr arches "·ith spau1lril "·n 11� at nn angle of 45ns sho"·n by the dotted lino in Fig. 2:J. The thirdtable refers to semi-circular a.rcbe ,vith horizont:tl span<li·ils, as shown by the dott t'd lino inFig. 22, nnd the four th ta blc refers to segrncntn.l nrched Ynults. 
	Figure
	Fig. 2:;.__ 
	,.
	° 

	In the firŁt three tables, the tw·o first Ycrtical columns containthe proportions of the urchese: the thinl co]unu1 contains the nnglc of rupturee: the fourth nn<l fifth co-efficients of horizontal tln·uHt, interms of the 1·adius or half spnn, and the weight of the 1nu(see example 1 follo,ving)Ł an<l in the sixth, the co-efficient of the1uaximum thickness of abutment in torn1s of lhc half span. 
	toriu.ls 

	To apply these tables, we ha re to look in column 1 for tho rulio 
	k = ·of the radius of the cxtrn.dos to that of the intratlos, antl r1
	1
	2 

	pass along horizontally to the fourth and fifth columns, nnd the 
	greater of the numbers foun<l in these t,vo colun1us is to be tukcu as a co-efficient by "hich to multiply the square of r, the radius of intraclos, and the ,veight per cubic foot y of the mnsonry, tho product of ,vhich gives the horizontal thrust in qucslion. 1'ho sixth column gives the thickness of abutment, supposing the height infinite, by n1nltiplying the co-efficients there founrl by tho rndius r•For lo,Y abutments, the thickness is less, nnd should be cn1culu,tcdaccording to § 17. 
	i
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	fourth tnble contains in its first column the ratio k = ,., 
	The 
	1

	r 
	and in the other 
	columns 
	the 
	thrust 
	of 
	the 
	arch 
	fo
	r 
	various 
	propo;.

	_
	to the versed sine or heicrht 71. '1]1is htttcr tableis only applicable "·hen 
	t1ons 
	of 
	the 
	span 
	s 
	1
	the 
	angle 
	of 
	rupture/given 
	in 
	the 
	first 
	table, 
	is 

	TABLES FOR ARCHES. 
	TABLE I. 
	SEMICIRCULAR ARCH WITH PARALLEL VAULTED SURFACES. 
	Ratio of the Ratio of radius r11dii. of intra<los to Angle of depth of vous rupture.
	k=Łt 
	r. tlOir. 
	Co-efficient p of the 
	Co-efficient for thrust of arch ; 
	gre1uest thick
	-

	ness of abut· 
	rnents.
	for rotation. for sli<ling. 
	0,00000 0,98923
	00' 
	0,96262
	42 
	0,00211
	0,02283 0,80346
	52
	4 
	° 
	0

	13
	2,732 1,154
	1

	1,176
	2,70

	2 50 1,3331,666
	2 50 1,3331,666
	2,000
	2,500 
	17 
	24 
	0,08648 0,587670,13017 0,45912 1,3223
	0,16373 0,34281 1,14140,17517 0,23874 0,9t250,21464 0,9031
	0,174780,17254 0,19130 0,85270,16872 0,8007 
	0,174780,17254 0,19130 0,85270,16872 0,8007 
	9 
	5 

	3 

	51
	57
	61
	63 
	2,20
	2,001,80
	160 
	1,55 3,636
	1,50 4,000
	4,444 
	64
	64
	63 
	0,1679848 0,16167 0,14691 0,12587 0,7622 
	0,1679848 0,16167 0,14691 0,12587 0,7622 
	0,7838
	19 

	1,45

	1,40 5,0005,714 
	63 
	0,15287
	0,14330 0,10559 0,73700,08608 0,6987 
	0,14330 0,10559 0,73700,08608 0,6987 
	1,35

	1,30 6,666 62 148,000 61 15
	59
	57 
	0,12847
	0,11140 0,06733 0,6504
	0,5905 
	1,25-1,Ł0 10,000 
	41 
	1 
	0,09176 0,04935
	0,06754 0,03218 0,5066
	0,0ii813 0,01568 
	1,15 13,333
	1,10 20,000 
	15
	22
	1,05 40,000 46 
	12 0,01691 0,0061800 0 00 0,00000 0,00000 
	1,00 

	TABLE II. 
	SEMICIRCULAR ARCHES, MASONRY AT THE BACK, OF 45 
	° 

	Co-efficient p of the intrados to Angle of thrust of arch ;depth of vous-rupture. 
	Ratio of 
	the 
	Ratio 
	of radius 
	ra<lii. 
	of 
	k
	=
	r11_ 

	for rotation. for sli<ling. 
	r, 
	soir. 
	I 

	1 02 100,000 38 
	INCLINATION. 
	Co-efficient for gre11test thickness of abut• ments. 
	-

	600,26424 1 o,14361 1,7264
	2,00 
	2,000 
	° 

	60 0,29907 0,57383 1,514760 0,42191 1,29903,636 
	1,80 
	2,500 
	3,333 

	0,3124561 0,31222 0,38673 
	1,2437

	61 0,30996 0,35266 60 0,30587 I 0,31971 
	1,1877
	1,1308 

	1,0954 58
	1,0954 58
	59 

	57 
	1,601,55 
	4,444
	1,50
	1,45
	1,40
	135
	' 
	0,30001 0,28787
	1,0823
	0
	'
	29285 

	0,22756 
	1,0626 

	· 
	1,30
	1,25 
	0,28231
	0,271020,25806
	0,24477 
	5,7146,666
	8,000 
	50 
	1,04121,0160
	1,20 10,0001,15 13,333
	1,10 20,000 
	42
	1,05 40,000 86 
	VOL. II.-4 
	0,98940,9652
	0,9571
	0,22902 
	TABLES· FOR ARCHES. 
	TABLE III. 
	SEMICIRCULAR ARCHES, WITH HORIZONTAL MASONRY ABOVE. 
	Ratio of the Ratio of radius Co-efficient p of the Co-efficient for radii of intrados tc thrust of arch ; greatest thick depth of vous-rupture. neis of abut
	An
	g
	le 
	of 
	k= rs. 
	-

	ments.
	for rotation. for eliding. 
	aoir. 

	rl 
	' 

	0,05486 
	0,50358 1,38340,37901 1,2001
	0,08508
	0,12800 0,26755 1,00820,24173 0,9584 
	86
	86
	° 

	52 
	2,00 2,0001,80 
	2,500
	1,60 8,3831,55 3,636
	4,000 
	56 
	0,130270,13648 0,21673 0,90750,14122 0,19256 0,8554
	1,50
	145 
	1,40 
	57 
	60 
	0,14421 0,16920 0,80180,14504 0,14666 0,7465
	5,000
	5,714
	6,666
	1,35
	1,80
	1,25 
	0,12495 0, 7379 0,7260
	61 0,14332
	0,13872
	8,000 
	62 
	0,10405
	0,08397 0,7048 0,6723
	1,20 
	63 0,13073
	10,00013,333 64 20,000 
	0,11895 0,06471
	0,10279 0,04627 0,62490,02865 0,5573 
	1,15
	1,10 
	1,05
	1,00 
	65
	69
	40,000 
	0,081755
	0,055472 0,01185
	75
	00 
	TABLE IV. 
	VAULTED ARCHES, WITH PARALLEL ARCHED SURFACES. 
	Ratio of 
	Co-efficient p of the thrust of the arch. 
	the radii 
	k -r1.
	-
	•=4 h •=5h •=6 h •=7/a ,-sh •-IOh •==16 h 0,15445 0,14691 0,14691 0,14691 0,14691 0,14478 
	1 
	r

	1,40
	1,351,30125 
	' 
	120 
	' 
	1,151,101,051,01 
	,0,14771 0,13030 0,12587 0,12587 0,12587 0,12405 0,13764 0,12331 0,10682 0,10559 0,105590,10406
	1

	0,12547 0,11402 0,10009 0,086680,08608 o,o8483io,011s0,11023 0,10196 0,09102 0,07999 0,06981 0,066360,05616
	1
	o

	;
	0,09123 0,08634:0,07866 0,07050 0,06259 0,04904Ł0,041100,06737 o,o6563:o,o6t58 o,05666 0,05160 0,024140,026810,03776 0,03804 0,03709 0,03550 0,03357 0,02944 0,01880,00834 o,00811:o,ooss6 0,00889 0,00885 0,00862 0,0074
	1
	2
	7 

	TABLES FOR ARCHES. 
	The following table contains a synopsis of the relative dimensionsof segmental arches. 
	Ratio of the span 
	Half central nn. •·
	to height 

	• angle•
	·

	-
	,, 
	Ratio of radius of 
	intrados r to 
	I 

	height h. 
	r,
	,;· 
	2,500
	5330" 0,8000 
	° 

	3,625
	43 3610
	4 
	7' 

	52
	5
	6 
	7
	8
	1016 
	31
	28
	22
	14 
	4 
	15 
	0,6897 
	5,00026
	10 0,6000 
	10 0,6000 
	6,625

	0,5283 
	8,50010 0,3846
	20 0,4706 
	20 0,4706 
	20 0,4706 
	13,000

	0 0,2462 

	32,500 
	ample 1. A semicircular arch with horizontal road-way over it, having radius of intrados r= 10 feet. What should be the dimensions 1 What will be the thrust'Ł According to Perronefs formula, 0,0694 . 10 + 1 = 1,694 feet, for which take 1,7 
	Ex
	1 
	d=

	feet. We have now r= 11,7 and k = ,= 1,17. From Table 3, the angle of rup
	.
	2 
	-

	9 
	r, 
	ture is 63J, the co-efficient of horizontal thrust= 0,1190 + f . 0,0118 =0,1237 (0,0118 being the difference between .119, and the number next above it). Takirig 150 lbs. per cubic foot as weight of ma!Onry, the thrust at crowna= 0,1237 • 150 . J 0= 1855 lbsFor the extreme thickness of abutment, we have from the same 1able thf'I co-efficient 0,6723 + f . 0,0325 = 0,68:'15, and, therefore, the thicknessa= 0,6855 • 10 = 6,85 feet. For low abutments, the formula of § 17 gives smaller dimensionL 
	0
	1 
	.

	Exampk 2. What dimensions and forces correspond to a vault of 10 feet span, and 2 
	feet rise? Here we have!!.=¼, therefore, the half central angle•= 4336' 10'', and 
	° 

	• 
	•= 0,6897, and the radius,.= 3,625. 2 = 7,25 feet. Table 4 gives the co-efficient 
	nn. 

	of horizontal thrust, (as•= 5 h., and according to Perronet's formula: d = 1,5, so that k= 1,2) = 0,10196, and hence the thrusta= 0,102 . 150a. 7,25= 804 lbs. 
	2 

	Remark 1. That the part of the abutment on which the arch rests may not be thrust away, it is necessary that the horizontal thrust P=prshould be /ea, than ½/a ( r-r /) -,, the friction on the bed If this be not the case, as, for example, in very flat arches,this sliding out of the upper part of the abutrnent must be prevented by artifices, such as iron tie rods. The co-efficient of friction/ =0,76, therefore,½/= U,38, and, therefore, the strength of the ties must be such as to resist a forcea= p -0,38 • (ki
	.,, 
	2
	2
	2 

	Remark 2. The literature on the subject of arches is very extensive; but the theories treated therein are not always admissible, because the assumptions are inconsistent with experience. We shall here only mention the authors whose theories and investigations are generally accepted as the best approximations. We refer, therefore, to Coulomb,"Theorie des machines simples," who first gave a rational theory of the arch, and such as is in substance given in the foregoing paragraphs. This theory is given with pe
	Ł 
	'

	_
	du genie.a' The substance of the papers of Garidel and Petit,and their tables,•givenby Mr. Hann in his Treatise on Bridges, published by Weale, 1839. MŁelŁy• paer on th? "Theory of the Arch," is, perhaps, the most eleŁant exp:,eition f th11 interesting isubject. The works of Robison, Whewell, Eytelwean, Gothers, contain particular expositions of Coulomb's theory. Hagen has published an interesting essay, entitled " Uber Forin und StarkŁ gewolbter Bogen," Berlin, 1844. 
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	Ł
	and 
	mportant 
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	er, 
	and 

	Ł•OODEN STRUCTURES. 
	CIIAPTER III. 
	THEORY OF FRAMINGS OF ,vooD AND IRON. 
	ooden, Structurcs.-Structures of "'ood nnd of iron differ essentially from tl1ose in stone, in that these materials arc subjcto ,vhat have been termed teusilc o.nd transverse, ,ve]l 
	§ 21. W
	ctetl
	com
	

	ttij
	tLs 

	pressive strains, to,rhich htttor aloe mnsonris exposed.n
	Ł
	Ł 
	I[on
	cc,

	. .
	in carpentry and iron-work, tho piC(.'<'8 of ,vhtch tho frn1n1ngare Jaid one upon other, but nre tenoned, fished, holtl'd, strap1,ed, &c., to unite thc1n tllgethcr. principal axis of the pieces of any frnn1ing 1nny ho ltorizontal, clined, or vertiocrl. In the first ca.so, they a,re ter1nct.l bea,ns or . in tho seconcl, rafterŁ, braces, or spears, &c.; in the other, hts, &c. According to the function they fulfil, pieces are termed struts or az1ears (viz: those resisting con1pressi
	s 
	are
	composed 
	not only 
	the 
	rnortir
	£•
	<.
	i
	ThŁ
	in
	;'oists 
	posts
	' 
	pillars, 1.ipri
	g
	soruŁ
	on)

	' 
	and others, ties or braces (i.ne. those resisting tension).
	To investigate the stabilif,IJ or equilibriuui of a fra1ning, it is c�sential, in the first place, to know the forces u.n<l. '\\·eights ,\·hit'h the framing hns to counteract. From these ,ro determine not only the forces which individual pieces have to ,vithstnnd, but the forcr:, acting a.t he pints of connection, and the strains or pcssures uponthe points of support. Each part should have such for1n, positionand as 1T 
	!
	Ł
	Ł
	dimensions, 
	to co1nplote]y "'ithst.1,nd every forco nctin
	on 
	it.

	As to the connection of the pieces of a framing ,vith eu,ch '1t'e have ons and 1nor: oulders. Ilolts u.nd pins countcrnct, or take up
	other 
	principally to distinguish bolts and pins, ten
	tices, 8carfs an<l sl1

	n.11 forces passing th1·ough their axes. Tenono anll mortices counteract only forces acting in certnin directions, and shoulders or scarfs counteract such forces as are directed o.t right angles to the plane of the shoulder. 
	§21*. A beam AB, Fig. 26, lying on inclined planes, is in an 
	instable condition, unless friction or somo 
	as or ortices i·e-
	artificial fa.stenin!!, 
	bolts 
	ni

	,naŁ. <: • ...,
	F.

	ta.in it. To establish equilibrium, it is a necessary condition that the vertical /:,'Gpassing th1·ough tho centre of grnvity of the beam, shotild pass through the point C, in ·which the normals to the ends .11 und B of the planes intersect ench other, for only then are the tw·o components .1v· and P, into ,vhich the ,vcight G of the beam may be dccon1posctl, taken np or 
	Figure

	WOODEŁ STRUCTURES. 
	counteracted by the planes. If a. and J3 be the angle Ji.OK andBOL of the planes to the horizon, these forces are: 
	1\r _ sin. /3 _ sin. a.
	G
	G 

	JV _ -----, and _ ----
	p 
	·

	(ein. a + J3) sin. (a.+ /3) 
	If, again, l be the length AB of the beam, 8 the distance JlS of its centre of gravity 8 from the end .11, and 8 the angle of inclination B.11.M of the beam to the horizon, then the horizontal projection of .11.8 = s is ./l_Jvf = s cos. 8, or = J1 C sin. a., but as 
	.11B sin . .flB C lsin. (90-/3 +a)l cos. (i3 -8)
	.11.
	C
	= 
	° 

	sin,. J1CB sin. (a.g/3) 
	+ 

	= = 
	,
	sin. (a.+ /3) 
	.
	szn. (a.h+ p 
	equation of condition-:
	s sin. (a. + ;.1) cos. IS = l sin. 
	) 
	, an , t ere ore, we 


	O 
	O 
	11
	1

	have J.iJt 
	ha,e the 
	we 
	= 
	a. cos. (i3 -8). 
	If one of the planes be horizontal as ./10 in Fig. 27, then as a.= 0,we have s sin. /3 cos. 8 = 0, i.se. /3 = 0, or the other plane must likewise be horizontal. In order to prevent slipping of the beam in every other position, we must, Fig. 28, mortice one end of the beam 
	Fig. 27. Fig. 28. 
	as A, or fasten it in some way. The pressure which the end of the beam there exerts on the inclined plane OB ma.y be deduced from the theory of the bent lever Jt,[Jl C, ,vhose arm ./1.Af = .118 cos. 8.11M = s cos. a, a.nd .IJ.C = .IJ.B cos. B.IJ.l' = l cos. (Jj -Ł), an<lhence P the pressure required 
	Gs co:s. 8 -C08. (/3 -Ł)
	l 

	As the pressure on the point of support .11. is equal to the mean of all the forces acting on .11B, we may assume that the vertic�l pressure G= G, o.n<l its counter pressuro P= P, nets a.t tb1 point. If, therefore, we decompose this latter into the horizontal force H1 = Psin. /3, and the vertical force V= Pcos. Jj, we ob
	1 
	1 
	1 
	1 
	1 

	tain for the total pressw·e in .IJ. the horizontal component 
	or 
	tllrust 

	s sin,. f3 cos. 8 .
	G 

	lcos. (t3 -Ł) 
	t' 1

	= --::------:---, the
	H 
	and
	y-ert1cal 
	component, 
	or
	ver
	1c:1 
	prcs-

	sure: 
	4* 
	42 
	TOR UST OF nooi.·s. 
	[ t:08. ( p-6)
	1 

	from which we can ensily calculate the 1ungnitudc nntl direction the toto,l pressure or strain.
	of

	For the co.se of n beam leaning on a ,rull, Fig. 2n, fl = 
	V0
	° 
	,

	hence: 
	the weight of the beam.
	l sin. cS 
	l 
	Figure
	Łii!'. 29. 
	Figure
	;1, bcan1 lenning on cti "·all i11clinecl nt the nnglel) us the bean1, U8 iu lŁig. ;}U ut B, p = 6, heucc: 
	For the cuŁ, of 
	san1
	c

	P = G !!. co.I?. Ł. 
	l 
	11 = G sin. 6 cos. Ł, nntl f= G ( 1 -cos. 6).
	; 
	.T 
	; 
	2

	� 2:?. Tl11·u.{(t <�f l{oo_t:Y.-'l'lic for1nuln� found jn the prcce(lin"' pnragrnph� ort• i1n1ncdit1tl'ly npp1il'aLle to c11Jc11lating t11t• thrust of i-nftcr8or '"coupJt, ·'' for ruof (Fr . ft.'r11H•�). Accor<liug to tltest', "'e have inthe c,u,e of simple lean-to untl coupled roofs, us iu .Fig!-l. 31 nn<l 32, 
	.

	Fig. 31. Fig. 32. for the ho1izontn.l thr11st actinl1' at the lower an<l UJlpcr encl·G o11=-l8 eotg. 6, or, a.s inthis case 8 =½ l, II=JG cotv. 6;again tl.c,·crticalpressure nttheupper end=O,:int:=G tl1c"·eight 
	TIIRUST OF ROOFS. 
	of the couple a.nd its load at the lower end. If we put the heightof roof BC = It, and the span or width .JIG = DC = b, then 
	cotg. o = , and hence the thrust of the couple = ½ G ; and thus 
	h
	b 
	h
	b

	tve see that tlie liorizontal th1·ust increaseB directly as the span, and inversely as the height or E_itch of the roof·. The usutil limits of 7,,are between 2b and ½ b. The former ratio is that of church roofs of the Saxon and Norman period, and the latter that of the flatItalian roofs of modern houses. In the former, i = 2634', and in the latter 6326'. The thrust of the couples is very great in flatroofs; in the Italian roof, for instance, as above specified, the thrust equals the whole weight of the coup
	° 
	° 

	2I
	R = ✓H+ V= ✓1 + ¼ (cotg. �)• G = J1 }) • 
	2 
	2 
	2I
	+ (
	h
	G, 

	and for R.JlH = 4>, the angle made by the line of pressure with the horizon, we have 
	G G 2h
	tang. "1= = --= -= 2 tang. 8. 
	-

	H b
	¾ G 
	Ł 

	... 
	... 
	Ji 

	Thus we may find the direction of t11e total thrust at the foot, bydoubling the height of the couple; or, by making CE = 2 . CB,and drawing a line through the foot .fl, from the point E, and producing it to R.
	For the pair of rafters, Fig. 32, in which the rafters are of equallength, these exert on each other only a horizontal thrust ; but if the rafters be of unequal length, as in Fig. 33, the force P with which one rafter presses upon
	the other, deviates by a certain 
	Fig. 
	33. 

	angle from the horizontal. IfG be the weight of one 1·after .IJ.B, and Gthat of the other 
	1 

	CB, and if 6 and 8be the angle of inclination of these rafters to the horizon, ancl if f3 be the angle of inclinationBDCof the plane in ,vhich ,vemay conceive the rafters to abut on each other, and against which the force P acts a.t rightangles, ,ve h.1.ven: 
	1 

	Figure
	G cos. 8 Gcos. Ł
	1. 
	1 
	1

	., -Ł--, and •l ---..!---..--:--, 
	_ 
	cos. (1 
	0
	°I
	-,3-6
	1 
	) 
	hence 

	-cos. (,1
	<:os. 6c:os. (P-
	1 
	a
	), 
	or 

	-
	-
	:sin. t3 cos. Ł 
	' 
	-
	) 
	= (.; 
	1 

	-G aos. i c:os. (r3 + a
	1

	G (8in. J3 s1'.n. a-cos. >3 cos. Ł
	1 
	1)

	siu. >3 cos. 6
	1 

	= 
	(;1 
	Figure
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	COŁ!I>OUND ROOFS. 
	· 
	<li,·iding, we have-: 
	(tang. 6-cotg. 13) = 
	G 
	1 

	tang. 6 + cotg. JJ), thus
	1 
	G

	G+ G
	l

	<\.nd from this ,vc have the horizontathrust of both rafters: G sin,. J3 cos. 6 G
	l 
	i 

	H-p 8• A _ ,Ł---,_ __ _ 
	.. 

	tn.h,., -----= 
	-
	-

	cos. (t3-6) cofg. p + tang. 6 
	½ (Gh+ G)
	Figure

	= -· 
	I

	tang. 6 + tan.<J. 6
	1

	As to tho vertical pressure V ancl Vat the rafter feet, the is equal to the "·eight G, minus the vertical co1nponent Q = p.:os. ;3, and the other is equal to the weight Gplus this co1nponent; or, 
	1 
	one
	1 

	, (G tang. 6-Gtnn,r;. «')
	1 
	1 

	TŁ= Gr-ll COtg.j3 = r-;T ..;_ ___,;:;;___
	G

	----,
	.. 

	tang. 6 + tang. J
	t 

	<+ G tang. 6-Gtang. i· 
	n.n
	l 
	y
	1 
	= 
	G
	1 
	(
	1
	1 
	)

	J 
	-

	tang. Ł + tang. 6
	tang. Ł + tang. 6
	1 

	Figure
	E.rampl,. The roof ..i..BD (Fig. 32), is 40 feet span, anti 30 feet height, nncl conof couples 4 feet from centre to centre, 6 X 8 inch scan11ings -required lho tliru \VO linvc for the loatl on 
	..
	istŁ
	1.
	AŁsutning each Łqunre foot of roofing to ·weigh 15 l'l>i;., 
	ench 

	rafter 1!'j X 4 ✓60 ✓13UU=2163 ll>s. The mfier ifcielf ,vcigbs .½ X f ✓:2U' + 30= \' ✓l 300 = 029 lbs., nnd, tl1creforetho vertical pressure of n rnOc
	20Ł+ 30-= 
	X 
	-t4
	2 
	1 
	r 

	V= G = 2163+ 529 =2692 Jt,Ł., ond the thrust=½ G Ł=i. 2u02 §}= 897 11, ... 
	h 

	§ 23. Oompound Roofs.-In n1a.ny frnmings, ns in roofs,the rafter DE, Fig. 34, does not rest on a 
	mn.nso.ru 
	tic-

	beam, but on a second rafter CD, nn<l this on a third, and fourth, ancl so on. Th�t pressure of one bellJll may be completely t1·ansferred to the next in this case, it is necessarythat they should hnivc certain relative positions.These positions are determined by the conditions that any t,vo beams abutting against ench other should undergo equal horizontal pressuresThe hori7.ontal pressure of the rn.fte1· DE, is H= ½ G cotg. �, ·when G= the ,veight, nnd 6its inclination. For the second bca.m or 1·aftcr 
	Fiit. 
	34. 
	agnin
	the 
	.

	½ (G + 0)
	1

	DC: H= , when G and ode-
	1 
	1 

	tang. 8-tang. 6 
	1 

	note ,veight and inclination of this second beam. Ilence by cquuting
	the two values, ,re have: G+ G.
	l 

	G t _____.:;__ , 1. e.
	:1" cog. Ło = 
	tang. 6-tang. 6 
	1 

	(G + G) G
	= 
	I 

	o ta119. 6= 2 + (]-) tan[J. 6; 
	tanu. 
	0
	1 
	tang. 
	+ 
	(

	and, in like manner. for theinclination o of a third beatnsccinrr that tlte ltorizontal thrust i:; l'l'l'ryu•lu:ri: tlte 8a,nc. 
	G
	' 
	2 
	0 

	... 
	Figure
	SUPPORTED RAFTERS. 
	G+G 
	G cotg. a = 
	1 
	2 
	, 
	hence

	tang. 0-tang. 0
	2
	1

	G+G 
	1
	tang. o= tang. o+ tang. o 
	2 
	1 
	2 

	G 
	= + o Łg. 
	(2 
	Ł
	1 
	+ 
	Ł
	1 
	+ 
	Ł2) 
	tang. 
	= 
	[
	2 ( 1 
	+ 
	1
	) 
	+ 
	Ł
	J
	tan
	o, 

	and in like manne1· for a fourth: 
	= tang. o+ tang. o
	tang. o
	2 
	2 
	G
	2 
	+ 
	G
	3 

	G 
	= [2 (1 + Ł1 + Ł) + Ł] tang. o, &c. 
	2
	3

	If each beam be of the same weight G, then 
	tang. o= 3 tang. o, tang. 0= 5 tang. o, tang. o= 7 tang. o, 
	1 
	2 
	3 

	tang. 6= 9 tang. o, &c. 
	4 

	If, therefore, in this form of roof, the height EH, Fig. 34, corresponding to the first beam or rafter DE, be set off upvtards repeatedly, and through the divisions 1, 3, 5, 7, &c., lines Dl, D3, D5, D7, &c., be drawn, these lines give the inclinations of the other rafters. It is also evident, that the figure of this combination of rafters is that of a funicular polygon formed by the ·weights G1, G2, G, &c. (ee Vol. I. § 144), and this coincidence is quite explained, if we conceive the t"·o halves of the ,
	3
	Ł

	If ,ve take the hen.ms very short, and very numerous, the axis of such a framing becomes a catenary. 
	§ 24. Supported Rafters.-If the head of a rafter rests on a pillar BC, Fig. 35, the thrust of the rafter is less than ,vhen it merely leans on a vertical ,vall. Fie:. 35. In this case, according to § 21 *,the pressure on the head of this pillar is: 
	8
	P = G-cos. 6 = ¼ G cos. 6,
	., 
	l 

	and the horizontal thrust: H= P sin. 8 = ½ Gcos. o sin,. 6 = ¼ G sin .. 26. As the pillar supports a part of the weight G = V = P cos. 8 = ½ G (cos. 6}i, the bean1 does not, of course, press with its ,vhole weight
	G on the foot .11.: but with a force: 
	V= G-½ G(cos. 6)= G [1 -½ (cos. 8)] = ½ G [1 (sin. Ł].this vertical pressure, and the horizontal thrust the angle 4>, which the resultant R makes with the horizon, viz: 
	1 
	2 
	2
	+ 
	)
	2
	]from 
	II, 
	Ł
	,-e 
	get

	.
	Bln. -o
	H 
	l. 
	()

	tang. t _., . ------· 
	= 
	V
	1 
	= 
	.,. 

	1+ (sin. 0)
	2 

	If we introduce the depth .llC = b and height BC= Ii, 
	we get 

	Figure
	• 
	2 7t
	b
	+ 
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	2 
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	KING-POSTS. 
	b c;
	JI= -. -. If each unit of length of the rafter bears n, loa.tl
	lia.d 

	It 2 
	whose weight is r, we have G = ✓u+ lt• .,,, and therefore in tho 
	i 
	2 

	'Y,
	'Y,
	b 
	✓
	b
	-s 
	+ 
	J,
	i 

	b71 'Y

	one case n = , and for the other = •
	II 

	2 ✓h2 hi so that if the pillnr support the rafter, the horizontal thrust is somuch the less the lo,\·er the roof; while for roofs "·ithout such support, the thrust is greater as the roof is lower.
	+ 
	2 It 

	That tho post BC may not 1e overturned by the horizontal forcII, it is necessary to support it by a ,rn11. 
	e

	The relations of t11c forces 
	no,v discnsAecl, occur in thocouplc1l roof, sho,vn in 36, applicable iu soruc ca es, '"here tho rn.fters nrc supported 11t the ridge by a central ,vull or coluniu. The pillar t:1kes up the ,veights G(cos. �, ½ G (cos. 8)\ nn<l trnnsf crs, therefore, tho vertical p1·rsstu·o G ( eoR. 6)toits support, and tho hori
	Fiiz. 
	36. 
	Fig.
	·
	½ 
	)
	2
	2 

	zontal thrust fl= l G sin. 2 !. There is no side support rcquire<lfor the pillar, as the horizontal thrust is equal ou each sitlo . 
	.Ezan,plt.. For the roof in the r.xnrnple to § 22, tho loiulin!l or ono raf'tor G=ŁCOŁ b = 10 li--et, ,, = 30 f\!el, therefore, ta,,g. !" = J(IC a, = 5Ulb' :Hi"; mul, there
	lbs. 
	I 
	0 
	tore/

	' 
	when a pil111r i,) put in, the Llori:.i:ontnl thrust is; 2t.\112
	H= 

	' ,in. 11237' 12" = tl73 ,in. 0722' 46" = 021 ll>s. 4 
	° 
	° 

	'>OQ•J
	Tbe V"ellicnl pressure taken up lJy the-pillnr is r= ... "' (ro,. 5016' 36)= 
	r
	., 
	° 
	11
	i 
	7,tO 3 
	, 

	• Jbs.; and, therefi>re, the bean1 !npporŁ a strn111 ofouly 2002-740,3 = J.\145 lbŁ. 
	§25. King-posts.-Whilst in the cases just considered the posts
	relieve the tie-beam (or wn1ls in the absence of a tie) of a part of tho 
	thrust of the rafters, the king-post, BC, Fig. 87, acts in a very 
	Fii,?, 37. 
	Figure
	Figure
	KL.ŁG-POSTS. 
	different way; it carries a part of the "·eight of the tie-beam AD,and transfers it through the rafters .llB and DB to act as thrUBt on the side walls, or rather as tensile strain on the tie. The force Qacting through the king-post, may be clednccd from the scantlins of, and kind of load acting on the beam .JlD. If the load be uniformly rustributed, it may be assun1cd, that the one half is supported by the side walls, the other half hangs on the king-post; but if the load be applied at the centre of the ti
	&
	Ł

	of each of which is S = ; an<l if we combine these forces "·ith 
	Q 

	2 sin. 6 
	those arising from the weights G, G of the rafters, we get the horizontal thrust in A and D: 
	G+ 
	Q

	H= ½ G cotg. 6 Saos. 8 = • cotg. t>,
	+ 

	9
	... 
	and the vertical pressure at that point : 
	V = G + 8 sin. 8 = G . 
	+ 
	Q
	2

	For bridges and roofs of great span, more complicuted fra1nings, with two or more posts, and termed trusses, are applied. Fig. 3 
	Fig. 38. 
	Figure
	represents a truss ,rith two posts, termed ueen-11osts, BC and with a. collar beam between them BB• The manner of calculating the strains in this framing is exactly similar to that for the simple couple with king-post. F1·om the load on a queen-post Q, the horizontal thrust on the collar-beam tending to compress it, and acting on the sitle walls, if there be no tie, is H = ½ Q cotg. �, when 6 is the inclination of the rafters or braces .IJB and ABto the horizon. As this angle is frequently a small one, the
	q
	B
	1 
	C
	1
	1
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	1
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	Q
	8 = . , and H = ¼ Q cot(,. 8.
	., "'
	9 

	::. sin. l> 
	The force Q <lepcn<ls on the lon.tling of the uritlge or roof. If the 
	TIMBER BRJDOES. 
	load he uniformly diffused, '"e sha.11 <lo best to assume that each postcarries ¼, and each side 1r0,ll 1 of the load . 
	.E,:umplc. SupposP 1lie trut>:iell bridge in F,iŁ. 38, desiŁncd "s ont-of two for a uO feet 1>pa11 nncl 12 fel't wirle brulc 1>11ppo_c each squnre foot or the l,rulgŁ 1ogcther ,vith its )oat.I weighs 50 lbŁ. the wright of' the bridge i!5 12 X 00 X 50= 30000 lbs.,nnd thetoa(l 
	v.

	311000
	011 the quceu•poŁts = __ = 12000. ThercJorcfor nn joolinntion ot' the rnfiers of 
	1 

	22!th«-horizontal prO!'l!IUro =:: irotg. 2'.2½= UOl)O X Ł.-1 I •I '2 = I
	3 
	0
	, 
	12000 
	to• 
	0 
	•14 
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	"Or t!!. •• • 
	lb.i nml I I I
	I 

	t 1e l 1rus1 t1roluŁ 1 cnch rnl\c
	r

	flOOO 
	flOOO 
	15Ł7"' 1•· 1'

	_ --,----,,-= = ,Li u us. he half
	li1l. ŁŁ½o 
	of thcŁc i;rrnins come on the pieces eucb or the two iru!-st•Ł, bO tlJar on each collnr there ,voul<I bt• 7:! l'.?,5 lhs., ant! on eiwh mftcr 7Ł:JH,5 lbs. lf wo tako 
	of

	Łhe rt'8J!;t11ncc of \\'ooci (\'ol I.§ 2UO)
	ot 7 HJO lbs, nod If Wt• 8lru1n only to f tht' nl./.'!Olutc fil rcngth, ,vu 
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	Jur the section of each t·ollar bcnm7'242,5t. 20 _ 1448,J
	F4 -19•6
	-
	7

	-
	? Ill() 
	-
	_ 

	1
	783!1.fi . 20 
	5079

	square inches, anc.l for (•Adi t,rncc or rnncr ____ = = 21,2 squnre inche
	--
	s.

	7.JOU 
	74 

	Rtm(lrk. 1\{ore co,nposhe lrt1sse!, ns 
	incli<.•nt<'d iu Figs. 3\} nncl -ID, nro cnlcu
	lnted in tho t-JHrl0 munner as the nbove. In eacl1 ,)f 1hcse il rnny ba f\tt:<urnetl thnt ,·nt•h ur the four posts or uprightsc:itrrit"• 011t••lihli of tho entire lontl, an<I thot thu ren1uinin� fifth rc,st!I in1n1e(lj. ntc•ly on tlw :-itlc \\ nib. 111 tlw construction �i.own in Fil{. 40, llae tlirectionlj of 1l1t• rlilT1•n•111 r11ft1•r:1 nre not nptionnl, 11111 dc1wndt·11t one upon the othC'r. lfQb1• tlrn w,•iµht 1)11 encti po�,and J 1l1e i11clinlllin11 or llae hrnce Be' 
	Fi!!. 4n. 

	Figure
	Figure
	&'J tl1RI nf .,/ B, 1lw hnriŁo11u1I lhrus; 
	nncl 

	support the road-"·11y or ceiling 
	by 

	suspension, but there are trusses applie<l for bridgcR, ,vhich support the road-"·ny on the opposite principle of su,staining them. Iu J.tttcr, the distribution or the sure takes pln.co exactly as in the forruer. In the simple c11se shown in Fig. 41, we have from the 
	Fig. 41. 
	these
	pres
	
	verti

	cal force Q acting nt the centre of the bridge .IJ.JJ1, the horizon
	tal thrust = ½ coff/· Ł, the strain on the spear or strut 
	H 
	Q 
	and 

	BC= 8= } . (J. , "'hen Ł is the inclination of the strut. In the
	Bl.'JL. 6 
	ex,tmple, Fig. 42, the forces the same, but in this case Q mny 
	are 

	Figure
	TIMDER BRJDGES. 
	be tnken n,t ¼ of the "'hole loncl, ,vhi1st in the cnse Fig. -11, = ½ 1 in Fig. 42 i.s termed a straini,1.q eill. If 
	Q 
	the load. The piece CC

	Figure
	there bo a double set of struts or spears, as indicated in Fig. 43,there are four struts, and it may be assumed tluLt each carries onefifth of the ,vho1e load, or Q = ¼ G. To prevent deflection of Jong spears, racesor counte1·-1·aces .RD, .Jl.Dare added, particularly,vhen there arc severlll sets of spears. The distribution of the pressure in the ca"e of spears of uncqun,1 lcngth be
	Fi'!. t" 
	b
	b
	1
	1 

	Fie-. 44-. 
	ing use<l as in Fig. 44, is to be taken as exactly the same as in Fig. 43, only that in these the braces or suspending posts CD, CDbecome the more requisite as the struts come to have considerable length. It is proper to take the weight of all the parts into calculation, and to reckon that half the ,veight of each part acts at its end. 
	1
	1 
	Fia. 4fi. 

	The centerings for bridgesafford the most frequent application of the kind of framing ,ve ru·e now considering. Figs. 45 and 46 rep1·esent 
	two such centres. The pressure which each J1.B1J11 undergoes and has to resist, may easily dterminedby calculating the weight of the part of the arch bearing upon it. 
	simple 
	frame 
	B
	1 
	or J1.BJ1.
	be 
	e

	VOL. II.-5 
	Figure
	Figure
	Figure
	• 
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	If the two spears nbuttingon each otbor hnvo difforcuinclinations to tho horizon, as in the construction shown inFio-. 46, the strain on theu1 is of courŁc u11cqnal. If tho
	Fig. 46. 
	t

	angles of inclinu.tion of t,vosnch ŁpenrR = 6 anJ 611 an1l 
	if tIic vertical pressure the abutting joint = , the 
	n
	t
	Q

	strain a.long the spears S= . ( , u= . ) nntl 
	Q COS.
	8
	1 
	a
	1 
	Q CflH. 6 

	8lll6 + b) SHn. (+ 
	. 
	1 
	I> 
	6
	1

	,·08. 6 C:08. 61
	Q 

	the Lorizontal thrust o f oth = = -·. · -----· 
	b
	11 

	sn. (6 + 6)
	i
	1 

	§ 27. Roo_fs. -In roofs, col1ar
	beams arc nppliccl to prevent dcfloxion of the rafLers, a.s also queen-poBts, braces, &c., and the nn.turc of theforces may bo traced, as in Figs. 47, 
	Fi!!. 47. 

	4 , 49
	. 

	§ 2 . Posts.-'fhc strength or 
	pi1
	-


	la.rs aud posts subjected to tensile or 
	con1pressivo strains, when tlacRc act 
	in the <lircction of the axis, h:ivc been iuvc tigu.tc<l, Vol. I. § 1 3 to 
	§ 20ti. It, ho"·cvcr, not unfrequently hnppens, tluit the forces 
	n.ct 

	Fig . .i8, Fig. •1 ti. 
	Figure
	Figure
	Figure
	out of the axial direction, and wo shall, tho ref ore,exa1ninc this case. EF in Fig. 50represents a suspending post to ,vhich a tensile strain P is 
	Figure
	Fig. 50. 
	, 

	applied exccntrically. Let F = tho urcn l, tl1clength EF of tlte post a = the le,·cragc Fil, 01'
	the Jistance of tl1c direction of the force from that of the axis. Prolong FH in the opposite direction, and make FLg= Fil= a, and conceiYe thatin L t,vo equal and opposite forces ! P, -1 P act: there results u.n axi:il force PPt= P, and a couplet½ P,-� P. The fortuer extends all tho 
	Figure
	Figure
	• 
	POSTS. 
	fibres uniformly by a quantity Ł1 = . l,but the latter extends 
	p 

	F.E 
	the fibres unequally on one side, and compresses them unequally onthe other. If the post be rectangular, with the sectional dimensions b and lt, where his in the same plane as a, the moment of theforce : 
	-l 
	">-bh 
	2 
	3 

	E(Vol. I.h§ 191), 
	12 l 
	fibres at the distance 1 from
	but the extension or compression of the
	12P al 
	.
	the axis : ..
	the axis : ..
	Ł
	,. 

	---, and t at of t e extreme

	h h 
	fibres
	= 
	E 
	b 
	h
	3 

	= 
	h
	-
	. 
	Ł
	2

	2 
	6Pal 
	h

	--, t ere,ore t e greatest extension :
	= Ł h
	b
	b
	h
	2 
	E 

	_ h,Pl(l 6 a-Pl (t 6a
	2 
	Figure
	)

	+ 2 .
	2
	.
	= 
	E 
	F 
	+ 
	b
	h
	)h
	+ 

	Ł -Łl -Ebh h 
	. 
	But for the force K producing rupture: = ,., hence the modulus of 
	K

	E l 
	strength: 
	= (1 + a, and inversely: 
	K
	p 
	6
	)

	bh 
	h
	h
	b

	= .K. 
	p

	6a
	1 
	+ h
	Figure

	If the post be cylindrical, and its radius = r, we have (Vol. I. 
	4Pal
	-. _ r4 , --, 
	Ł "' E h ence Ł= 
	2 

	l 4
	P
	a = 
	nr4E 
	and the longitudinal extension :
	P 
	Pl 4a)
	( 


	= --
	= --
	-

	nrE r 
	4Pal 
	E
	E
	l 
	+ 
	-
	-


	ter3E 
	, hence
	,. = ,., + n.2 == 
	1 + 
	,er
	nrK
	= .
	p
	Figure

	4a
	1 + 
	r 
	If the force act at the periphery of the post, we have in the first e a=½ h,and in the second a= r, and, therefore, for the rectan
	cas
	-

	gular section P = K,and for the cylindrical P = "K. Thus, 
	b
	4
	h
	Ł

	theoreticical
	ally, 
	a 
	rectangu
	la
	r 
	post 
	will 
	carry 
	onlyh
	¼, 
	and 
	a 
	cylindr

	.
	one only i when loaded in the direction of the side of what it willfairly loaded. Experiment.s on cast iron give 
	ca!
	r
	y 
	wh
	en 
	result
	s 
	of 

	apply to the uprights .!JC, Fig. 51, 
	The 
	same 
	laws 
	but 
	thenŁ 
	must 

	e inclined, as in Fig. 52, and if 
	If the c
	?lumn 
	b
	its 
	foot 
	make 
	an 

	horizon, we may decompose P iazn. a, and P== Pa, the equations for ).and )., 
	ang
	le a., Ł
	1
	th 
	the 
	into 
	two 
	others
	P
	= 
	P
	3 
	cos. 
	and in 
	1 
	2

	}lQSTS. 
	"'C must subst:tutc P sin. o, for P, ontl besides this the oxto1asion ). 
	protlucetl by tho normn I fo1·cŁ
	Fig. 51. === Fi1it 62. 
	p
	eo8. 
	a, l11ai:; 
	to Le 
	introduc
	ed.

	,Ye sub titutc Jcos. e1 for 
	If 
	> 

	P, an<l l for a, ,vo obtains
	.!:._).,_

	•> 
	for the grcntcst extension con1prcŁŁiun producc1l by force 1l'OS, n, nnil l1euce fol' rccta1111u]u1· Rcctionccl lH'1lln:-1 this extension or cou11n·cssion. 
	_, 
	ot
	the
	1 

	It R p z(Ł(18. 
	i 

	a 1Clcc
	'i\ ----, l l 
	-

	., 3 
	-

	_. 1l'J It . r.Ł.I:., 
	?I. ?I. 11 .1.71 ).3 = ]I [( = Gfl) ia + 
	+ 
	Figure
	2 
	+ 
	Figure
	J
	1 
	s
	n. 
	G l c'Olf. Ł]

	= 
	l :2 :! E b h b hb ItŁ 
	2 

	= -1 + -sin. " -cos. a.,
	[(
	+ 
	J

	Pl Ga0 l 
	) 

	Eb /,. lt It .
	antl therefore the tcnŁion : 
	Figure
	J, 
	b lt I( 6 lo + -cos. a/1If the ar111 FIi be on the up-sitlc of the Lcu1n, n.s 
	p = 
	.
	'Fi!?. 53. 
	Figure
	-
	sho"-u iu li'ig. 5j, \\'e then lu1vc: 
	b I, J( 
	U l
	8Ol. o. + h COB. o.
	(l 
	oCl)
	+ 7,, 
	Figure
	. 
	and for round colu1nns the expression bcco1ne : 
	1t rK
	2 

	p= -----------· 
	. 4 l
	1 + -81n, 0. + -COS, G 
	(
	4
	"
	) 

	-1· 1· 
	§ 20. If a loaded beam .ll.BFig. 54, 1·ests upon t\YO nprigl1t., the 
	, 

	loall P bear upon each in the proportion !P on .llD, and ŁP on 
	1 
	1 

	l 
	l 

	"'hen l, lŁ, an<l Z, represent the lengths .ll.B, CJl, and CB re-
	BE, 
	i

	Figure
	Fil', 54. Fig. 55. Fig. 56. 
	Fil', 54. Fig. 55. Fig. 56. 


	bpt•cti,cly. If a sunilar bl•an1 rests upon three or 111ore uprights,the pre:-1re 0Ł1 cnch can only be deterrnined by aid of the theory of tho elastic resistance uf materials. If weights P n.n<l P net at the 
	Ł

	' 
	' 
	6 WE

	3 E
	W

	2 E
	W

	and the tangent distance: 
	POSTS. 
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	centre of the lengths ./1.C and BC, and if we assume that the one part .11.C is independent of the other part BC, the pressure on the centre uprighth= P, and that on each of the othersh= ½ P. Buteif 
	_
	we consider the beam as an entire piece, the circumstances a.re different. 
	When a beam fastened by one end into a wall .B, Fig. 56, supports a ,veight P at C, a.nd is supported at the other end B, the beam forms an elastic cur,·e, horizonta.l at .fl., but inclining upwardsat B. For simplicity's sake, let us assume Pas acting at the middleC, and put the length .IJ.B = 2l. The deflexion BT of the outerhalf CB is equal to the deflexion of the inner half ./JD = BE plusthe tangent distance TE. But according to Vol. I.§ 189, the height 
	IJ

	BT = ii-Ł, if Pbe the force -0n the end B required. Again the
	P
	1 

	3
	defiexion: 
	3 WE 
	3 
	1 
	2WE' 
	2WE' 
	2WE' 

	2WE 
	2 WE 


	2WE 
	2WE 
	tang 
	and hence it follows: 
	_ {+ ; :
	; 
	5
	1 
	3
	1 

	, 
	or 16 P= 5 P, therefore P=
	1 
	1 

	= 
	1 
	g P.
	5

	1 
	Ł

	According to this view of the matter, the support B bears •l''{J P,and the point of fixture .fl }l P. The same relations obtain in the case of a beam supported by three uprights, when the ends .fl and Bare free to move up, but the middle part C kept horizontal. Theuprights under .fl and B carry, therefore, each of the weight P,whilst the centre post carries Łi P
	T
	5 
	. 
	r; 

	If the supports be inclined as shown in Fig. 57, there arises a horizontal thrust H= ¼P cotg. a, with which the feei of the posts tend to spread. 
	.. 
	Fig. 57. 
	Fig. 5S. 

	1 1\
	Figure
	A ('. l'-

	If, again, a beam resting 
	• 
	'----Ł-· 
	=l 1 

	upon two uprights be 
	I / . "' I
	B ""B
	l
	strengthened by two braces 
	• 
	I
	as sho,vn in Fig. 58, we 
	p
	may, though only as an approximation, assume that at each encl .IJ, .11a pressure Pacts; whilst on each 
	1 
	5
	-z 

	Figure
	there is a pressure of 1 Ł P. If be tŁ1e angle !t1on BC.IJ. of the braces BC, the horizontal thrust 1n 2 2 P 
	p_o
	int 
	C, 
	C
	0 
	Ł
	of 
	inc
	i
	:
	a
	C 
	and 
	B, 
	= 

	Figure
	81,11,. 6 
	whole length .11.D, and [BD t measured up to 
	1 
	the part 
	of 
	the 
	suppor

	1
	the brace, the horizontal upright P cot:;. i, 
	strain on the 
	= 
	Ł
	• 1
	8
	i 

	5* 
	Figure
	DKACEŁ OR bTRUTŁ. 
	nn<l, therefore, the column hns not only to bear the vertic11l pres ure �, but, likewise, a horizontal force = • Pcot9. i, crettting flexure rouncl B. In order, therefore, to insure tho sufficiency of such 
	Ł
	1 
	1
	8
	1 

	o. fra1nc, the fornntla : 
	Ł <Jotg. i),
	-
	71
	)

	!P = bIt K : (1 + 0 . }Ł Ł
	• 

	mu t he Łatisfictl. 
	5D sho"·s n. cnse of frequent occnr,,here n. be1un JJB, fixed in a ,v1111 or 
	.
	§ 3U. Braces or Struts.-Fih
	g
	rc>ncc. 
	othor,vise n.t one end, 101tdcd nt tlie other, is streugtltcnccl by a brnce or trut l'D. Let 
	Fig. 
	59. 

	{ I 
	:\ 
	.I/B the length of the bcnn1 = l, nnd the part JJlt = l., the inclination of the bcntn = a., a.ncltlult of tho strut = 8. Fron1 tho lontl P there 
	n 

	C 
	.,
	'/ 
	,.;
	. 
	1
	1
	p 

	arises a vertical pressure in C do1v11u1ardsh: 
	ŁP, and a vertical pressure n.t ./1 11pu1ards: 
	. 
	:..:. . 
	/
	/ 


	v· = 
	v· = 
	1 
	l

	rr= () P. The first vcrticn1 pres ure 
	1 
	lh
	-;.
	71

	<lo"·n,vnr<ls resolYes itself into t'wo forces along the axes of the 
	.
	piecesh: 
	T7 cos. Ł lPcos. 6 
	T7 cos. Ł lPcos. 6 
	, nud

	8 = = 
	Figure

	sin. (6-e1) lsin. 6o-) 
	1 
	Figure
	(
	-

	vcos. (l, z Pl'os. " 
	8
	8
	1 
	= 

	Łill,. (6 -o.l, sin. (a-e1) 
	) 
	= 
	Figure
	. 

	The case shown in :Fig. 60, where the beam is supported by a. tiebtace, is to be treated in a nu1nner exu.ctly sitn.ilar to the n.bove. In
	.
	n1ost casesthe beam .llB is horizontal, or a= 0, then ,vc haveh: 
	, 
	° 

	lP lP
	8= V cutg. 8 = -cotg. 6 and 8= ---· 
	1 

	ll8in. 6 
	1 
	1 

	· 
	· 
	The dimensions of the 

	Fig. GO. • Fig. 01. in proportion to the strain 8acting on it,nncl thn t of 
	brace have 
	to 
	be 
	determined
	1 

	the beam ,rith ref f:'rence tothe strain S comprcs, ing it, and likcw·ise the c1·oss strainarising from P, acting "ith the mo1ncnt P (l-l). licnco § 28): 
	1
	(

	Figure
	> = b 7, K: (!:. otga G ( / 1
	J
	c
	. 
	= 
	-
	l
	)
	),

	I,,
	l
	1 

	. 
	• 
	COMPOUND BEAMS. 
	force P, and strained across by the moment Pl, therefore we must 
	= K , in orde1· to get the required section b ll. The piece
	put 
	P
	b 
	lt 

	6l
	6l
	l 

	+ 
	T 
	• 

	.IJD, on the other hand, is under a tensile straine= (zli)P,
	whilst

	1 •
	-;

	the cross strain is the same, as for lower 
	part 
	; 
	we 
	have, 
	therefore, 
	1n 

	this case : b h K 
	= .
	p 

	l-6l 
	l
	l 
	+ 

	_ 
	_ 

	•
	•
	11,

	If at the foot of the uprightthere be placed a strut FG, this 
	l1 

	would tnkc up the strain S= l, if a. be its inclination, and
	p 

	C08, a.
	a 

	Pl
	a = EF, and the force 8= h tarig. a, passes tlu·ough the up• 
	1 

	rights. Hence the part EF of the upright is strained by a force = P-8or 8-P, the former when a cotang. < l, and the
	1 
	1 

	a,
	latter when a cotang. a.> l, or according as the strut falls within, or beyond, the point of suspension. 
	&ample. In the framing, Fil(. 61, suppose P = 1500 lbs., ..iB = 12 feet, the upright
	E.11. = 24 feet, the inclination ofthe braces = 45, and the horizontal projection ofeach 
	°

	6 rŁe1; re')uiretl the necessary strength for t.be frame. Tbe braces bave strains:
	= 

	IP 12 . I500 3000 .
	S,= --= ___ = ---= 4243 lbs. to ,v1tbstaod. 
	• 

	I, ti11. Ł 6 sin. 4507U7 l
	° 
	.

	7400 as nioJnlus of strength, we get, allowing 20 times absolute strength, the 
	Taking 

	. 4243
	section of eac!J brace --. 20 = ll,5 square 1nclles. For the bean1 ,ve may take 
	= 

	7400 
	according to Vol. I.§ 198K= 120U0 lbs., for breaking across is here mo:St likely to occur. Allowing 20 times the absolute strength, we bave to put:
	1 

	J2000 b h bh
	20 . l500 or 5.
	= 
	= 

	' 
	l
	·

	2.1+1+Ł
	6 

	h h 
	If no,v we make the depth of I.he beam double its breadth, ,ve get: 
	2 b'l = 5 (1 + :), or bS -ib = '/· From Lhis we get the brendth of the beam 
	3,1 inches, and tbe depth 6,2 i11ches. For the upright, that is, for the centre pan, by similar reaŁning ·we get: 
	l:ZOOOb h . bh _ lbO
	l"'OO _ 
	.
	, 
	_a
	,. b h 
	s 
	+ 

	• •J _ --, u1at 1s ---_ , or -!" --, 
	2u· 
	--
	2

	li • I:.! 7"!, h 
	l 
	+ 
	l+ 

	h It 
	and if in tlii case ,ve make h = 2 b, ,ve get bl -f b = 45, from ,vLich b = 3,7, and h = 7,4 inclws. 
	Ł 31. Gornpound Beam8.-Bean1 laid upon one another, andunited only by bolts, Fig. 62, ha.ve 3, resistance equal only to thesuni of the resistances of tl,e indii,idual bean1s. If the beams onlyabut on each other, as in Fig. 63, and the butting joints uc n1ade to 
	Fir(. 62FiJ{. 63. 
	. 

	Figure
	Fi!!. 01. Ł Łtl'cngth of wooden bcants, con1posedof cur,·ed pieces, ns in the hri<lge, Fig. mind, thnt '\\·hoo<len fnuni11g1-1 loflo 1nuch of their strength by dcflcxion. t:>tructions i 
	CO.\fPOUXD JJEAŁIB. 
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	strength of one beani is lost If tho 
	hrea.k 
	joint, tho 
	to the 
	u•l1olt•. 

	hcams be morticeJ, and tenoned as iu }?igs. U4 and 6,5, "·ell struppto,,ether th{} strcucrth of the co,nbinu.tion is ahuost equal to thut of
	ccl

	0 ' I:)
	a soli<l Learn of the same tlitnensions. 
	Fig. 6,t. 
	Figure
	Fig. 65. 

	.\ 
	u
	r · -'Ł · 
	----o ' 
	Figure
	Bcatns a.re frequently built in this n1n111<•r, to gt•t grcuŁ Łrhc rcsistuncc of the clewcntri of n. Lri11n Hlcrcasc, ll!i then· frorn the ncutrnl axis. Jf\ th •refore, ''"C 
	Ł
	stŁ·eng
	th.
	chŁtn
	nce

	Fil(. on separate t,Yo bcnrns by thick tenons or 
	\\·edges. and then strap or Lolt thc111 to-
	gcthcr, as in ]?ig. ti6, their strength is co11•
	Ii;:====---'-.... 
	---
	siderobly 
	in
	crca8cd. 
	If 
	b 
	be 
	the 
	bre
	a.tl
	th

	and 71 the depth, l the length and a the distance bet,vcen the strength of the combinations (Vol. I. § 200) is:
	the 
	tv"o 
	beams, 

	bŁ-6
	l(,i 2 h) 
	+ 

	h 71K 
	2 

	. ,vherea.s p 
	tf' 

	l
	If, for exa1nple, a = 2 It, then P = 14 
	4 l>:L 
	2 

	! , if the tw·o beams hnd only been morticcd togethe* The same relations obtain in the benm, lio"·n in Fig. Gi, 
	. 
	r.
	unitet
	l 

	= 
	A principal aclvnntngc of such con·, that they are more stiff, o.nd less liable to vibrate than 
	Figure
	Fil?, 08. 
	Ohvious nŁ iŁ t1e truth of rliis iflllPtllf'tH, and t.>nŁy ns is its npplicmion in JJt·Rctice, itis •nulartlhnt .o little 11:ie i 1nntle or it 111 tlie con!.itruction ofi111b1•r bridges nod other 
	Ł
	•
	Ł
	.
	_i;t
	1

	_
	htuldmgJO this ('Ollntry. It is e,•id1•11Lly npplienule 10 the douule OCl\111 orcl1ec:, oftentlgl':..-All. Eo, 
	Ł 
	111:.erted 111 theŁ cull,Łd urch out! tr11:,:. uri

	CO)IPLEX STRUCTURES. 
	simplŁ beams; and that, as they act only vertically on their points of suppol't, they reqnire no nbutnients, properly so called. 
	.
	Curved beams, ns sho,vn in Fig. GD, have been frequently applied 
	Fig. 69. 
	Figure
	in cast iron structu1·es, and cast iron arches, as in Fig. 70, are a very usually ernploye<l uri<lge material. To judge of the strength of such 
	Fig. 70. 
	Figure
	a structure, its line of resistance must be determined. If this fa.11 everywhere within the arch, it sho,vs that there is no cross-strain on the material, but only compression; but if the line of resistance fall witliou,t the arch, the ,\·eŁk point is ,vhere it 1·uns fm-thest from the arch, and the resistance of the material to cross-strains, is that upon ,vhich the stability of the structure depends. 
	[Proof of tlte strengtli o..f Ovn111lea; Structures by means o.f Models.The plan of solving questions in practical mechanics and engineering by faithfully constructed 1no<lcls, presents the Yery obvious advantage of substituting the modru·ate cost of e:rperinient for the ofteburdensome, sometimes ruinous, expense of exerience. The cnd1tions to be fulfilled in constructing models, so as to gi\·c rehableinformation in regard to the action or the stability of structures,may be stated as follo"-s:
	Ł
	p
	?
	-
	-

	lst. An entire corrcsponuence must e.ri t in the model, (at lest,of all essential parts,) to the scale of tlin1ensions and it is proposed to represent the structure. 
	Ł
	"·eights 
	on 
	,vh1ch 

	58 
	COMPLEX STRUCTURES. 
	2d. Identity not only in the nature, but also in the condition of materials employed in the model and structure respectively. 
	3d. Proportional accuracy in forming junctures; and proportionaltension given by tightening screws, keys, wedges, and other mechanical means, by which the parts are compacted together. 
	In testing the model, modes of introducing, distributing, and withdrawing loads, conformable to those which practice will involve inregard to the structure, must be observed, so as to subject the model to shocks, jars, inequality of pressure and irregularities of application, at least proportional to those which the structure will be 
	required to sustain.
	a bridge to have been constructed according to the above requirements, it might be used for f ol1owing purposes:
	Supposing 
	the 
	model 
	of 
	either 
	of 
	the 
	two 
	-

	1. 
	1. 
	1. 
	To deterniine what weight the structure will bear when undergoing a given deflexion, or 1ohen on the point of breaking. 

	2. 
	2. 
	To ascertain whether the principle of construction he adequateto furnish a bridge of the proposed dimensions, and materials that can fulfil the specified duty. 


	As a beam or bridge of uniform dimensions throughout will bear half as much weight accumulated at the centre as it could sustain ifdistributed throughout its length, the simplest mode of arriving at the result desired is to determine and apply to the centre of thornodel a. weight \\·hich shall represent one-half the load supposed to come upon the structure. 
	The following formula applies to the loading of the model at its centre.
	Letah -the length, in feet, of the model between the points ofsupport; p the weight in pounds which the model is to sustain atthe centre, representing a load uniformJy distributed over its length; 10 = the weight of so much of the model as lies over the clear opening between its piers ; r = the ratio of dimensions bet"·een tho structure and the model; P== the load which the str·ucture must be able to bear, when accumulated at the centre. Then it is evident that r l = the length of structure between the pie
	2 
	2 
	Ł

	third powers of their ratios of dimensions-therefore r3 w .. the 
	nbsoluehweight of the structure; so that the weight P, which, y
	Ł
	Ł

	.
	suppos1t1on, the structure can bear, accumulated at its centre, will 
	_
	be its absolute resisting po,ver, diminished by half its own weight. 
	(r -1); =r(p -; X r-l)[l]. 
	2 

	2 
	= 
	r p
	-

	r 
	OJIAIN OR SUSPENSION DRIDGES. 
	But as, by supposition, Pis known, and it is desired to fiud 1', the 
	conversion of the last formula gives p = p + (r-1) [2]. 
	10 

	r 2 
	Example. It is required to construct, on a 1,riven plan, a britlge having a clear opening the piers of 150 feet, and capable of su:-taining two ton:. per foot of its lenµtli,or 300 tons in all, equally tlistributec.l over its s11rtitce. A model is matlo 011 the scale of one inoh to the foot, ancl \.veigh ing J 30.3 pounlls, exrlusive of tile part wbicli reH;, directly upon the abutments. It is required to find wl1at number of pounds must be suspended from the centre of tbe model, in order to prove wbether a
	between 

	Substittning the values of the several syn1hols in the seconrl of the above equations, 
	. P w . 300 X 2240 13tj 3
	v1z: p = --(r-1), we obm1np =----+ ' X (12-1) = 308'2 
	+ 

	r 2 l\! X 12 '2
	pounds; anti twice this nun1beror Gl64 pounclŁ, is the ,vcight which the mo<lcl ouglit to bear, ,vben distributed uniformly over its surfoce.J 
	1 

	§ 32. Ohain or Suspension Bridges.-Suspension bridges involve considerations distinct from the principle of the stability of either stone, wood, or cast iron brjdges, inasmuch as the road-way is suspended from chains or ropes, or is supported upon these. Theformer is the more frequent construction. Chains or cables ch·awn up with considerable force, between two or more piers or supports, pass over these to fastenings in rock or masonry, as shown in Fig.
	71. The chains are formed of malleable iron bars, united by pins 
	Fig. 1. 
	7

	Figure
	or bolts : and cables of iron or steel wire, laid parallel or twisted together, are frequently employed instead of bar-chains. The 
	Fig. 72. Fig. 73. 
	A 1 
	@·@ 
	•: .B ,. •J ; @ • 6)• 
	CHAIN OR susr11N:--ION BRIDGES. 
	GO 

	<limen ions of the linlrR or bn.rR, depend upon those of tl10 bri,l11·c. In· large bridges they ore n1adc nhont 1 inch thick, fro1n ·Ł to !)inches deep, nntl fron1 10 to 16 feet long. lJsually, several St't!-3 oflinglntci--,nccor\ling to 1\(r. Howard's patent plun). \\ire cn,J,lc8 arc con1posed of \'iires of fron1 'l'to l of an inch in flia.111ctcr, nnd nre 111:1de 
	bars arc hung together, forming n con,pount1 chnin united by coup
	plates and l>olts, as ·hown in ]fig. 72 (or -without coupling p
	.,
	-
	cr 

	_
	of any requisite diun1ctcr, varying fron1 ½ nn Łrl'he 
	inch 
	to 
	:l 
	111t·
	1 •s. 

	l
	f!uspc1uling rotls coni:-1st ot ,vroug
	tt 

	fjg, 74. Fig. 75. irou rods, or of Ł·ire ropt'S. 'lliorods .IJB, .IJB, are hung by pitts
	1
	1 
	1 

	passing throuth coupling plate 
	Figure
	Łh 

	tt8 sho,rn in J:l'ig. 7:3, ur1tl �uspcutling ropes aro iLttnchccl as sho,yn in Figs. 74 nnd i5, hy 1ucnns ofshackles ,vith eyes, or by n sitnplcloop. The cross-l1cun1s of the rou.ll
	Figure
	y 

	1J 
	1 nl'e sotnoti1ncs fui--tenctl to the suspending rods us AhtH\'n in Fig. 74, so1netin1es ns sho"·n 111 l•'ig. 
	,vny C, G

	73. The rocl goes either tb1·ough the UlŁ:un nnd is then fustcnl'd by a nut resting on tL metal pla.te, or u,aslurr, or a stlrr,q,, 01· lrapis put over the beam, a hook on the upper isi1lo of \\ ltich goes into the eye of tho shackle of the suspension rope, or into the loop for1ncd on it. Upon the cross-bcnrers longitudinn.1 bentn:-( arc laid, and are covered with three inch planking, an(l again three inch croŁs planking, a.ccortling to circumst:1nces, nncl upon thiŁ rotul-t11t>t1tlli11n· &c., is laid. In g
	these 
	t

	feet. 
	The parapet of the bri<lgo ought lo be friuncd so Oii to giYo 
	the

	ay.*
	91·eate8t stijfness to 
	tl1e ron1l-u
	1

	The width of road-way depends on tho purposes ,yhi<·h I he hridrro 
	is to subserv-c. Thero should bo ;3 feet at lenst for tt foot-pall,, nŁ,l
	7 to 7½ for n. carriage wa.y. For a britlgo for ortlinu,ry traflic, tt total 
	width of 25 feet between the parapets is sufficient. 
	§ 33. The versed sine of the arc of suspension bridges, is gencrnllv 
	smnJl in proportion to the corJ, varying from , tofore, the strain on the chain is very great (Vol. I.§ 144). 
	'rhc piers o"'hich the chains pass, o.nd the fastenings by ,Yhich chains urehcltl must withstand very considerable forces, anu hence piers of great stability, and abutments, or rather ancltorage, of great rc�ist• aucc must �e p1·ovidcd. The spnn of suspension bridgcij rcrruI·cun1stanccs. A sc1·ios of snntlJer spo.n iij offen muchnn1oro economical than one 01· more
	n 
	1
	is 
	la teu by various ci

	. 
	lnrge spans to cover 
	tLc 

	• See Appemlix. 
	CHAIN OR SUSPENSION BRIDGES. 
	The Ł1enai bridge in England, the two bridges at Fribourg in Switzerla,nd, the bridgo at Roche Bernard in France, the bridge over the Danube at Ofen, are examples of large spans of from 600 to 720feet; whilst there are innumerable instances of less span in everycountry. If the chain be not equally strained on the tvio sides of te pier, which always occurs when one side only is loaded, the chain slides forward towards the side on which there is the greater load. As, however, there would arise considerable fr
	Ł

	Fig. 76. 
	Figure
	Figure
	To fasten the ends of the chains to the land, Yarious clevices ha-vebeen practised, the general plan of which is to carry the chains bywells or drifts into the rock or soil, and there to fasten them tobroad iron or wooden piles, or planking as at .RB, Fig. 77, which abut uon substantial retaining walls of masonry, or against aarch, or ag1nst the rock itself. The fastenings can thus be exam1nod at any t1e, and adjusting ,vedges for compensating the influences ofexpansion and contraction conveniently manipula
	p
	!-1 
	Ł
	Ł
	be 

	•nark. On thf' subject of suspension bridges,the most complete treatise is that of 
	R
	e:,

	1 Paris, 1823." The papers ofl\lr. 
	Nnv1er, 
	"Rapport et l\1emoire sur les pouts suspeudos

	VOL. ll.-6 
	CHAIS OR USPEN:5ION DRIDOE:::. 
	62 

	Da\'ies Gilh!!rl, in then" Tran-.nctions of the Roynl , odNy of Lontlon, lo'.?r.," ure ilnport• iu the hbtory or tlll.,qe brid;;e--. In ,:\fo-ieley's "En!{iuccring 011il Ar1•hitcl·ture" there L� :-1ruet11re�. fhn trcati c of Dre'\\'ry on '' Su pen�ion Brid�t.>l', I 32,'' is n vt•ry excellent r •�11u16 of rlll g(!11t•ml prnrtico in re-.pect 10 s11:-pt•n:,.ion brit!�e--. The nc1·ou111 of tli..: �11Spl•nsiu11 briil�o ovi:,r tlic Vilniue, at Ln Roche Bf>rnor,l, ly Leblanc, Pnri.UH l, i ,•t•ry ins1r11c1iv1•. '
	nnt 
	iŁ n very ellŁg11111 inve-.1iŁ1ion of the propertit•s or 1111•. 
	'
	,
	, 
	1 
	,
	b

	§ 34. The cur¥e for1necl by the chain or cnblc of a suspensionbridge, lies bct,yecn the pnrn.bo]n and tho catonury, n11d is very nearly an ellipse. 1'hc parabola npproximn.tc-s tho cur,·c in theloaded bridge, the catenury in the unloaded ( compare ,,ol. I. § 144 an<l §145, &c.). 1Vc unll cousi,ler tho curvo usau parn.bolo., or thebridge in its loaded state. 
	If the two points of uspeusion B ond D, Fig. 78, of n chnin, be 
	Fig. 7 
	Figure
	on tho same level, nntl if BD = 2 b, nnd .IJ. C the versed sine or height of tho nrc = a, and the ongle OBT = CD1' = u, then 
	•

	CT 2a
	tanna.=-= -(vol. I. § 144) . 
	, 
	T

	.., 
	.., 
	BC b

	If the points of suspension bo at different levels, ns in Fig. 7Sl, the
	• 
	Fig. 70. 
	Figure
	n.pex of the curve is not in the centre, and the ends of tho chain hn.ve different inclinations. If wo put tho co-ordinates ./Jl' nncl BC = a nnd b, ond the co-ordinates JlF and FD = anncl bwe put the ,vholo span BE = s, and the difference of DE = 7,, we have: 
	1 
	u 

	h = a -a, B = b + h, anda-!: :, 1vc have, therefore, from Ii, 
	i
	i
	= 
	b

	a1 b1
	s, and a: 
	DIMENSIONS OF THE CHAINS AND ROPES. 
	1, a= a -h, 2 , b = 
	1 

	8 
	a 
	, 
	_

	1 + J.!!:...
	a1

	and for the angles of inclination a. and a.: 
	1 

	2a 2 a,
	1

	tang. a. = --, and tang. a.i:=: • 
	1 

	b b
	l

	The length of the parts of the chain .llB = l and ./lD = l, isexpressed by: 
	1

	2 
	2 
	2

	[1 f (;) ], l1 = b1 [t + i (::)], (Vol. I.h§ 147).
	l 
	= 
	b 
	+ 
	and 

	If we have the distance e between the suspension rods, their number for a length BCe= b, is n = ! ; and if in the equation x = �a, 
	: 

	we substitute for y the values o, e, 2e, 3e, 4e, &c., we get for the lengths of the suspension rods: 
	2 2 2 
	e
	4e
	9e

	a 4a 9a
	O, -a, -a, -a, &c., or 0, -, -, -, &c.,
	s 
	s 
	b

	Ł Ł nŁ Ł 
	2 


	to each of which a few inches are to be added. 
	From the weight G of the loaded half of the chain .llB, the horizontal tension of the whole chain: 
	H= G cotg. "' = .!!,_ G, and the entire tension on the end: 
	2a
	G 2aG
	s = --,---= ---:;;===Ł•. 
	. 

	a. 
	sin. 

	✓ b2 + 4as
	If we know the modulus of strength of the chains and suspension rods, we can determine the sectional dimensions they should have. According to French experience, the greatest load that should be brought on chains, is 12 kilogrammes per square millimetre ( or about 8 tons on the square inch), and for cables of iron wire 18 kilog. per square millim., or about 12 tons per square inch. The suspen,ionrods are made much stronger in proportion, as they have to resist the shocks of loaded wagons, &c., passing along
	§ 35. Sectional Dimensions of the Ohains and Roes.-In order to determine the dimensions of the parts of a suspension bridge, wehave to take into consideration, not only the weight of the road-way,but also the greatest weight of men, as troops, or of cattle, or orwagons, that can be brought to bear upon it. This has been taken as 42 lbs. per square foot of surface by Navier, but in the case of adensŁ crowd of persons, it might amount to 72 lbs. per square foot.Having assumed a certain maximum load, the dimen
	p
	bridgeh
	= 
	G
	and 
	suspension 
	rods 
	= 
	K, we 
	get for 
	the 
	section of 
	these 
	F
	1 
	=-
	G
	K 
	1
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	DIMENSIONS OP THE CHAINS AND ROPES. 
	the weight of these rods, which has to be added to that of the road and load, in order to put the total load on the cha.in G. If we put the section of the cha.insgF, and the specific gravity the irong= ,,, we have, retaining the notation as above, the weight of the
	== 
	of 

	chains: 
	2 
	G= Fl,, == Fb [1 + i (:) ,,, 
	2 
	] 

	and hence the total load on one-half the bridge :
	2 
	G = G+ GG+ Fb [t i (;)] r, 
	1 
	2 
	== 
	1 
	+ 

	and the strain at the point of suspension 



	G+ Fh [1 + i (;)'J.r
	G+ Fh [1 + i (;)'J.r
	G 
	G 
	1

	8-----== 
	•

	•
	sin. o sin. e1
	But for the necessary security 8 =-K (where K is the strength), therefore : 
	F
	modulus of 

	2
	F K sin. o-b[1 + i(:) Jr== 1, 
	G

	-i. e., the section of the chains : 
	GI
	F-

	-•
	K sin. o -b[1 + i ;]1
	(
	)
	2

	&ampl1. The dimensioris of the parts of a suspension bridge of 1a50 feet spnn, 15feet detlexion, and 25 feet in width are requiredSuppose 45 su11pension rods on each side, we have then 44 equal parts of 3,409 feet each. The length of these roe.ls, com
	. 
	-

	5 15 15 I 5 
	5 15 15 I 5 
	1

	mencing at the centre would be 0, -= 0,031, 4. _ z:::: 0,124, 9. --= 0,279, 16. _
	22• 22a 2211 22a 
	496, 25 . = 0,775 feet, &c., or if we add to each 2 inches, the length becomes: 
	= 0,
	15 

	2211 49, 5,35, 7,95, 11,30 inches, &c. 
	2211 49, 5,35, 7,95, 11,30 inches, &c. 
	2, 2,37, 3,

	The rnaximmn load on the half bridge, we shall take according to Navier75 X 25 X 42 ll,s. = 78750 lbs., and if the road-way weighs a little less than a ton per foot of lenŁth G1 = 157500, and the section of all the rods of one-half of the bridge: 
	1 57500
	F1 = = 72 square inches. The whole bridge is suspended on 00 ro<ls, and,
	21VU 
	hence the section of each rod is = 1,6 square inches, or the diameter of the rods 
	72 
	· 
	2 

	4 5 . 2 
	427 inches. According to the rules for the quadrature of the parabola, the mean length of a suspension roda= j that of the largest, therefore,= j . 15 =5 feet,and if as above, we add 2 inches to it, then it= 5! feet, or 62 inches. Thus the volume of II t_he rods is 90 X 62 X 1,6 = 8928 cubic inches, and the weight taken at 0,29 lbs. per cubic inch= 2598 lbs. The half of this adde<l to the above-found weight of half the road-way gives G = 158794 . 5 lbs., and, hence, according to the formula: 
	must be 1.
	Ł

	F-Ga
	-
	K lin. " -b l + f (; ) J 
	[
	1
	,-

	t 
	b 7Ł
	30 1 1
	2 
	4 

	r.=:::::::;== ŁŁŁ=--;::======= 
	=
	=
	= 
	--;==

	✓b'+ 4a✓75'+ 0✓ti1 ✓7,25 
	1 
	3
	1 
	,25 
	+ 

	----158794,5 
	F
	==
	--
	158794,Ł 

	and sin. 4 
	= 

	58704,5
	1

	---== 
	.. 
	Figure
	Figure
	Figure
	6231,0 
	• 
	ELONGATION OF CHAINS. 
	25,48 square inches, and, therefore, for 4 chains the section of each ·would be 6,37 square inches. 
	= 

	§ 36. Elongation of Ohains.-The chains are elongated by theload, and, therefore, the deflexion is increased. Changes of temperature also, produce variations in the length of the chains. ,ve must know the effects of both these. If the deflexion changes from 
	the length. 
	a to a, and hence the elongation of the chain : 
	1

	-
	b 
	-
	).• 
	-
	-


	1 
	b 
	' 
	or if A be the increase in the deflexion, and if we put as an approximation a + a2a, ,.f A, and, therefore, for the whole chain
	1 
	=
	1 
	= 
	a 

	b ). = J : A, inversely A = f ! ).. From the weight G of the half 
	bridge, the horizontal tension or tension at the apex, H == G cotg. a., and the tension at the ends : S= , therefore, the mean tension 
	sin. " 
	G 

	. 
	L, and the extension of the chains caused 
	== 
	H
	+ 
	8 
	== 
	G 
	(l
	-+: 
	cos. 
	0

	2 by this force,. == l a. _£_ .2l, (Vol. I. § 183), for which
	2sin. a. 
	(
	+ 
	cos. 
	)

	_
	a. FE . 2 Gb .
	2 sin. 
	. 

	c::: If we intro uce d 
	we may put as an approx1mat1on : Ł 

	, •
	• 

	FE sin. a.
	this value into that for A, we get the increase in the deflexion for the loaded chains : 
	2 
	b

	== 
	A 
	b 
	2G 
	b 
	G

	f •-= -=-=--= f -=-----' 
	• 

	a. FE sin. " a 
	a FE sin. 

	. 2a 2a
	a. = , or approximately = , we get 
	or sin. 
	b 

	✓h
	✓h
	2 
	+ 
	4a
	2 

	3
	b

	G
	A = 
	· · a
	f 
	FE
	2 
	• 

	Malleable iron expands 0,0000122 of its length for a rise of temperature of one degree of centigrade (=,0000068 for 1° Fahr.).This increase is, therefore, 0,0000122 . 2 lt for the length of chain l, and a rise oft degrees of temperature, or 0,0000244 lt. Puttingthis in the expression for A, we get the increase of defiexion for a. rise of temperature t: 
	b h'
	0,0000244 . lt, or approximately == 0,00000915 
	A 
	= 
	f 
	. -
	. 
	• t 
	-
	. 

	a a 
	In like manner the contraction is determined for decrease of temperature.
	Example. Retaining the VRIUC'S of the example in the la!lt p11mi;mph, we iret the increase of the height of the arc corresponding 10 load, 1uking the mo1lulu@ of elas• 
	the 

	6* 
	PIERS AŁD A BUTŁIE'XTS. 
	Figure
	ticity of mnllcablc iron = 20000000 (Vol. l. § l G), nnd ndtling 0841,8 lJs. 11iŁ hnlf t'i lo«. 
	l
	weight of the chnins to the loud J 5Ł70.
	t



	G = 15 701,5 + 138118= l 05630,3 lb 
	G = 15 701,5 + 138118= l 05630,3 lb 
	1
	• 

	65636 3 {1003 13\.17 
	1

	I
	a a . • --= --= 1,9 1nch. For n change of tc1npemu1ro
	= 

	:.!5,4ti • 20000UflU 1 i? 73tl 
	of 20C. this change of dcffcxiou is: 
	° 

	OOO'
	OOO'
	20 
	• 

	00000001ri . = O,.J inchŁs. 
	1

	I U 
	§ 37. Pi<,r8 and .11buf.1nents.-TI1c pro-
	Fig. so. 

	poi-tions of the piers an1l nbutmcnts for1n nn in,portnnt cousidcrotion. 
	If 8 nnd 8be the tension on the ends ofthe cbo.in, Fig. 80, n.n<l a. u.nd ci 1 the an1rlcsof incliuntion tho rcrticn.1 prc!-<sure on the 
	1 

	.
	pier: 
	pier: 
	pier: 
	.

	TT J, JT .
	= 


	1'= + s S'8llt, o.+Ł Blll, ci., 
	;2 
	1 
	1 

	nn<.l the horizontal pressure, us tho hol'izontal tensions countcrnct c11ch othl'r. 
	Il= I[-11= s cos. a. -S('08. a..
	l
	1
	J 
	l

	If, no·w, It be the height, b the breadth, and tl the depth or thickness of a. pier, the density of the n1nsonry of ,vhich = "t, it� ,reight is b cl y = G, and the total vertical pressure= 'h+ () == S1<i11. o. 
	Ii
	J
	2 

	+ Ssin. a+ b d 11· In order, ho,Yever, that the horizontul force 1/IJ-Hrnay not turn the pier on the edge B, it i · requisite thatthe statical moment: 
	1 
	1 
	'Y
	2 
	= 
	1 

	11• ,,Y= Il2 It = ( CO,'f. a -8cos. o) It
	2 
	L
	1 
	1

	·houltl be Jess than the statical n1omcnt: 
	( J+ G) B L ( ' ein. o sin,. a.+ b d lt 1) Ł, 
	"' 
	3 
	= 
	+ 
	1 
	1 

	i.ge. it is requisite that: 
	S sin. a. + ""}sin. a2 (" . cos. a. ->C?cos. a.)
	b
	2 
	+ 
	1 
	1 
	b 
	>
	Figure
	1 
	Figure
	1
	, or 

	dr
	dr
	dhr
	dhr


	V+ Jl 2 (H -Il)
	Figure
	T
	b 
	Figure
	l

	.
	.
	b'l + 
	dlth
	1 
	> 
	d
	1


	For the sake of secw·ity, the greatest vnluo of eos. o. n.ncl the Jen t value of 8cos. ciare to be tnkcn, that is to sn.y 8 is to bo ta.ken as completely loaded, and ns unloaded. This for111uln, us-
	1 
	1 
	I 

	umes that the forces Sand 8a.re eutirc]y tra.nsferred to the pier 
	1 

	.
	hend, ,vhich, of course, only take· place "hhen tho friction on the pier head exceeds the difference '-8of the tensions. Accordingto Vol. I. § 17 5, this friction is: 
	1 

	F= 1 +2fsin. :)Ł-1 J S
	[
	(
	t
	, 

	·where Łf is the co-efficient of friction, n the nombcr of links on thopier head, and >-3 the central angle corresponding to one ink, it ishence requisite that: 
	l

	' -<" [ ( 1 + 2j'sin. Ł)"_ 1J , 
	1 
	1
	or 

	PIERS AND ADUTME'N'TS. 
	( 
	ii)Unless this condition be 
	f
	sin. 
	2
	"
	8. 

	chain will slide on the pier hea.cland therefore ,ve ha.ve only to put = ( 1 + 2fsin. Ł)'Ł 8, or for ropes S = el« 8(Vol. I. § 176
	, 
	8 
	1
	1 
	)
	, 

	in the above formula. If the chain or cable be la,id upon pulleys,this difference is much lessandthereforethe requisite thickness of pier is less. If the radius of the pulleys,= aand the radius of the axes on ,vhich they turn = r, then: 
	, 
	, 
	, 
	, 

	8= 8+ a (8 Bin. Cl+ 88i11. a.),
	l 
	j
	1 
	1

	r 
	for the friction rccl11ced to that of the ax.is ma.y be put,= (8sin.
	f
	a 

	r 
	o. + 8Bin. a-) = f a T+ V). If the rope passes over rollers, 
	1 
	1 
	(
	r 
	1

	r
	then the friction is so much reducedthat we may put S= 8•
	, 
	1

	From the tension Son the land or back chains, ,ve can determine the dimensions of the retaining wnJl JJ.C, Fig. 81. 
	Fig. SL 

	The strain 8 tends to tw·n the masonry JJ.C round C, and acts ,rith a. leverage CN = CD sin. a = l sin. a, if a. be the angle of inclination SDC of the rope to the horizon, anJ l the length CD of the wall. The height of the wall resists ,vith 
	the moment: 
	G . CM,= h d l. = ½ lid l,, 
	y 
	2 
	l 
	y

	where lt is the height BC, d the depth, and 
	1 the weight of the masonry. For equilibrium '"9 l sin,. o. = 7i d ly,
	½ 
	2 

	2 S sin. a
	and, therefore, the reqnisite width of wall = To insure 
	l 
	. 

	li d1 stability this must be doubled. That such a wall may not be pushc<.l forwar<l, the friction G-8itin. a) must be greater than the horizontal force Sos. a., or, fG > S 8. a. + f sin. o.), 
	f
	(
	c
	(
	co

	i.,e. l > 1 a. + sin. a., in which mny be ta.ken = 0,67. 
	h
	Y 
	(
	co
	s,
	)
	f

	f• 
	Examplt. For tbe suspension bri<lgŁ mentioned in previous pamJ?rnphl!, the vertical 
	Examplt. For tbe suspension bri<lgŁ mentioned in previous pamJ?rnphl!, the vertical 
	.

	force of the loaded chaint. V = 1G5636,3 lbs., anu that of the unloaded: 
	V. = V-78750 = 80880,3 lbs., if now we suppose friction pulleys to be applied, the 
	V. = V-78750 = 80880,3 lbs., if now we suppose friction pulleys to be applied, the 
	radius of each pulley bc1ng to thnt of it.s nxis as Ł = ¼ an<l /=¼,the friction at the pul-
	r
	leys would be ¼ . ¼ • (165030,3 +80886,3) = l5782,6 lbs., or muclt Jess than d!ffereoce of the tensions, and therefore tile chains ,voulJ movie', and the pulleys turn till the tension oo the one had so for increaaed, antl that on the other so f."U' decreased thatthe difference woul�l l>e only 1578'2,6 lbs. If ,v heiJ!ht of the pier be Hi feet, the thickness 4 feet, antl 1he cubic foot, ,ve have for the 
	the 
	no
	the 
	\\·eight 
	of 
	the mnsonry 
	130 lbs. 
	per 

	ne(;efillllry ,vithh of pierŁ: 
	Figure
	STRENGTH or MATERIALS. 
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	-b' 1,75 feet. This would, in practice, be made 4 5 feet
	== 
	to 
	. 

	30,4
	The requisite length of retaining wall, when h-= 16 and d == 16 feet, is: 
	. 2 S ln. • 2 . 1656363 .
	i
	'

	= 
	·
	hd16, 10. 130 
	'>' 

	STRENGTH OF MATERIALS.* 
	The strength of an engineer's work depends upon its proorti'oB,the materials of which it is composed, and the manner of putting 
	p
	Ł

	tltem together. 
	As to stability, a structure may yield, under the pressures to which 
	it is subjected, either by the sliping of certain of its surfaces of co·n
	p

	tact upon one another, or by their turning over upon the edges of one 
	another. The former case very rarely occurs.
	The strength of mater·iala depends upon their physical constitu
	tion, viz: form, texture, hardness, elastici'ty, and ductility. t Tho
	resistance of materials in buildings is tested in reference to various
	strains-compression-extension-detrusion--deflexion under a cross
	strain, and fracture under a cross strain. 
	A. Oompre,,ion.-In prismatic pieces of 1tM1,e, wood, or cast iron, which absolutely cr,uh under a strain, the strength is directly proportional to tAe tran,verse area of the pi'ece. 
	Pieces exposed to compression a.re not fairly crushed, but in some measure broken across, where their height is to their diameter or least lateral dimensions in the case of, 
	Stone, more than as 6 to 1 ? 
	Wood, " " 4 to 1 
	Cast iron, " " 3½ to 1 
	Wrought iron, " 2½ to 1 
	The manner in which materials yield under a crushing strain isvery remarkable, as is exhibited by the experiments of Rondelet,Vicat, and E. Hodgkinson, the latter of "·horn has found, that theplane of rupture is always inclined at the same angle to the base ofthe column, when its height is within the limits above mentioned. The angle of rŁpture depends upon the nature of the material. In cast iron, for instance, it varies from 48to 58in different makes 
	° 
	° 

	of iron, though confined to narrow limits for different pris1ns of the same make.-See " Report British Association," 1836, and Mose
	·
	leys " Engineering," p. 550. 
	• Professor Weisbach has tr£-ated this subject as it is usually given in elemeutnry works on mechanics. Ex<•epti11g as exhibiting 11pproximately the laws of the phenomerm, the '· theory of the strength of the materials'' has many practical defects. These we shall not Łere enumerate; but have put together, in as concise a form as possible, what we cons:m1er toŁ the most valuable part of our present kno·wledge on this su!Jject to engi•11eers or architects engaged in the exer.ution of works
	. 

	t &,, on this subject, Poncelefs "llŁni<111c I11<lutotriellc." 
	STRENGTH OF PILLARS. 
	TABLE OF TIIE RESISTANCE OF MATERIALS TO CRUSHING. 
	lbs. per sq. inch. Granite, Scotch 10804 10 8184 5 unseaŁned • 
	lbs. per sq. inch. 
	. 6480

	Oak
	Cornwall . 6292 Ł sea!Oned 10000 Sandstone, Dundee . 6490 Mahogany Derby . 31 )0 5 unseasoned . 3200
	" 
	• 
	8198
	" 

	Larch
	Marble (white) • 9[>83 Ł seasoned . • 55138 Limestone (Portland) 13550 unseasoned . • 
	· 
	5 
	3100

	P 1
	op ar 
	Stourbridge brick . 1695 lseasoned . unseasoned 6780 Cast iron, good common 109800
	5100 
	5 

	Deal 
	Ł seasoned 7290 " " Stirling', toughffled 145500 
	unseasoned • 7730 Wrought iron • • 560001 Ł seasoned 93130 
	Be
	ech 
	5 

	The effect of seasoning or drying timber, in increasing its strength, is never to be lost. sight. of. In wrought iron, a. strain of 28000 lbs. reduces the length, a.nd causes a slight lateral bulging, corresponding to the slight reduction in length ; that is to say, for a. compressive strain of about ¾ tbs of the absolute crushing-strain, wrought iron is quite "crippled." 
	Stirling's process of toughening cast iron, consi!ts in adding to it proportions of malleable scrap, varying according to the nature of the cast iron in its normal state. 
	Scotch hot blast, No. 1, will take 28 to 30 lbs. of scrap per cent. 
	" " " No. 2, " 20 " " " 
	Welsh and Staffordshire hot or cold blast iron require a. less ad
	-

	dition of scrap.
	This process increases the strength of all cast irons, from 50 to 80 per cent. 
	The strength of pieces, such as pillars, that break across, but are 
	enot crushed under compression, may be calculated by the following formulas, as found by Mr. Hodgkinson's "Experimental Researches on the Strength of Pillars," published in the Phil. Trans., 1840, and in his edition of " Tredgold on Cast Iron," published 1846. 
	Figure

	ad'
	For stone: b = -1 For timber: 
	For cast iron. Solid pillar, round ends 
	atJS,
	" 
	r.
	r
	.

	" flat ends 
	b
	_t

	-,. 7 •
	I 

	Ł length 1 bnng -not lu, than 30 d. 
	1)37e -as 7 6
	1)37e -as 7 6
	,

	'

	H 11 o ow p1 ars, 11 round Ienc s b-a -' '7
	·
	l

	The length 1 being not lu, than 15 d. 
	1)3, 55_dS 6S 
	Hollow pillars, flat ends b 
	-

	-a .
	' '
	l

	' 
	The length 1 being not leu than 30 d. 
	acJS,76
	=
	-
	-·

	Wrought iron, round ends b 
	l
	9 

	=ad'' 6 '. 
	b 
	Figure

	" flat ends 
	" flat ends 
	II 

	1•

	Whm the length i,from 30 to 90 time, the diameter. 
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	STRENGTH OF PILLARS. 
	The laws indicated by the formulas do not hold good for shortcolumns. 
	er

	TABLE OF THE vALUES OF a, (D and d being in inches, l in feet, andthe result b being the cruahing-weiiJht in lbs. 
	Granite • • flat ends • Sandstone . • • • llarble • • • • Dantzic oak • • • • • • • Cast iron solid pillar, flat ends 
	• 
	25000 ? 
	• 
	• 
	15000 ? 
	• 
	• 
	24000 ? 
	• 
	• 
	24542 
	Red deal 
	• 
	• 
	17511 
	• 
	98922 

	" " " " round ends • Hollow pillars, flat ends 
	• 
	88379 
	• 
	• 
	99318 

	ends • 2{)074 Wrought iron flat ends • 
	" " 
	round 
	• 
	299617

	" " 
	round ends 
	• 
	95844 

	The numbers4iere given are co-efficients, and have no meaning,apart from the special position they occupy in the formulas. 
	In all pillars of cast iron, whose length is thirty times the diameter or upwards, the strength of those with flat ends seems to be three time, as great as the strength of those of the same dimensions "'ith rounded ends : when l is less than 80 d, the ratio of the strength ofpillars of the same dimensions with flat and with rounded ends, is very variable.
	When pillars are reduced in lenth below the proportion aboveindicated, there is a falling off of their strength, nearly in proportion to the reduction in the length of the pillar; and this obvious}� must be the case, as the strength to resist flexure, under a compressive strain, increases as the fourth power of the diameter, whilst the resistance to crushing increases only as the square of the diameter.For pillars of less length than 15 times their diameter, there is a falling off in the resistance, on ac
	g

	is known. The formula is y = in which is the strength of . 
	b 
	c 
	b 
	b+ 
	fc

	�he !ar, as calculated by the rules for long pillars, and c the crushht of the material, and y= the strength of the short pillar.r pillars, the strength is nearly as the square (1,865the diameter, or of any other lineal dimension; and section is as the square of the diameter, the strength 
	p1l
	ing 
	wei
	Ł
	In 
	simila
	power) 
	of 
	as
	Ł
	he 
	area 
	of 
	the 

	THE TENSILE S'iRAIN. 
	'\V rought iron • • • • is= 1745
	Cast steel • . • • = 2518 
	Dantzic oak, square ends • • 
	= 
	108,8

	Red deal . • . • • = 78,h5 
	In all long pillars, whose ends are firmly fixed, the power to resist breaking is equal to that of pillars of the same diameter and half the length, with the ends rounded or turned, so that the strain runsthrough the axis. 
	B. Extension.-When a tensile strain passes up tlie centre of a piece of stone, wood, or metal, the resistance iB proportional to the transverse area of the piece. 
	TABLE OF THE RESISTANCE OF MATERIALS TO RUPTURE BY TENSILE STRAIN. 
	Stone. Portland • • • • 857 lbs. per sq. inch. 
	Fine sandstone • . • 21h5
	Brick . • . • 27 5 to 300 
	Glass . . • • • • 3565 Hydraulic lime, best • • • 168 Good . . • . . • 142 
	Mean quality • . • . • 100 
	Common lime . . . . • 43
	Timber. Deal • • • • 12857 to 11549 
	Beech • • • • 17850 
	Oak . . . . 9198 to 12780Mahogany . . . 16500 
	Larch • • . • 9700 to 10220Poplar . • • • 7200
	Cast iron (Hodgkinson) • . . 1350h5 to 17136 
	" (Rennie) . • . . 19200 " (Cubitt) . . . • 27773?" Stirling's toughened . • 28000 
	Wrought iron bars . . . • 65h520 to 56000 
	Wire (hard) • • 128000 to 65360 Wire (annealed), half the strength of hard. Plates • . • 52100 
	Brass wire (hard) • • • • 98960 to 63000 
	Annealed . • • 49000 
	Gun metal (ha.rd) . • • • 36368
	Copper rolled 85000 
	19200 
	• • . .
	• • . •
	" 
	fathom. 
	ca.st .
	Hemp 
	• 
	Ropes. 
	fathom. 
	In refereŁce to the above stated tat it contains numbers ,vh1ch are the mean values of the tensile strain, deduced 
	table, it may 
	be 
	Ł
	as 
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	THE&MOTENSION. 
	after a careful weeding of the experimental results that have hitherbeen published. 
	to

	[Thermotension, or the Effect of Heat on tlte Tenacity of Iron.The following table exhibits the effect of heat on the tenacity of iron,both while actually hot and also subsequent to the application of astrain at high temperature. The comparisons are made on thirtytwo different specimens of iron, the origin of which is designated inthe first column of the table. The temperature at which either the"hot fracture" or the hot strain was made on each bar, and whichproduced the strengthening effect of "thermoten
	d

	cooled again to ordinary temperature. Columns six, seven, andeight, contain the absolute strength given in the three different states respectively. Column nine exhibits the per centage increase of strength by treatment with thermotension, and ten, the difference in strength between the iron at ordinary temperature in its originalstate, and that which it possessed while heated as in column third.In three cases only does it appear that the strength had been di1ninished by heating up to the oint at which the 
	J>
	°

	573.7a, at which point the tenth column shows that the strength ofthirty varieties of iron, was 5.9 per cent. greater than at ordinary temperatures, say at 60 or 80 degrees. 
	° 

	It also appears that the average gain of tenacity in thirty-twosamples of iron, by the process above mentioned, was 17 .85 percent., ranging from 8.2 to 28.2 per cent. In a report by the Editor to the Bureau of consruction, eqipent, and repairs of the Navy Department of the U n1ted States, 1t 1s proved that tho average gainof length of bolts of iron treated at the ,vashinton Navy Yard bythis same process, was 5.75 per cent., and the gain of strength 16:64,making together the gain of value 22.4 per cent. The
	Ł
	Ł
	Ł
	Ł

	5.75 to 17 .85, gives 23.6 per cent. for the total gain of value. In many instances the experiments proved the gain of lengtlt to exceedper cent. The total elongation of a bar of iron, broken in itsoriginal cold state, is from two to three times as great as the same
	7 

	for'!e ·would produce upon it if applied at a temperature of 57 3°,force will, moreover, not break the bar at that temperature. 
	which 

	THERMEOTENSION. 
	TABLE EXHIBITING THE EFFECT OF HEAT ON THIRTY-TWO VARIETIES OF MALLEABLE IRON. 
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	Fig. 82represents the tenacity of wrought iron at various temperatures from 0up to 1317as measured in parts of the totalmaximum tenacity, the line b representing that maximum, and the line 0d (indefinite towards d) being the scale of observed temperatures, in degrees Fahrenheit marked below it. The Yertical dottedlines, or ordinates of the curve, therefore, exhibit temperatures, andthe corresponding horizontal ones, or abscissas, show diminutions fromthe maximu1n strength, at the temperature observed. Thu
	° 
	° 
	a
	°
	a 
	° 
	° 
	:
	° 
	&c. 

	• Of Pittsburgh. 
	VOL. II.-7 
	-------------------------·--------
	74 
	THERMOTENSION. 
	Fig. 82. 
	c,, Mazimum tenacity or iron. 
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	THE TENSILE STRAIN. 
	For a more full exposition of the effect of heat on the tenacitofiron under direct tension, and for investigations of the relationbetween temperature and tenacity, reference may be had to the "Report on the Strength of Materials for Steam Boilers," page
	J: 

	212-218. 
	At page 7 5 of the same report, will be found the law of tenac�ty as a.ffected by temperature for rolled copper. In that metal no increase of strength takes place from increase of temperature in any part of the scale; and the law eliminated from about 180 comparisonsof different experiments on several specimens of copper, is, that thediminutions of strength by augmentations of temperature follow theprii:ciple of a parabola, of which the ordinates representing the elevation of the temperature above 32, hav
	°
	°

	place; we have, by the supposition F: t'x : : d: d', or-= -· 
	t'x d 
	. . log. d' -log. d 
	F th
	.

	rom 1s we der1ve t he expression x = -----· 
	-

	log. t!-log. t 
	X 
	t

	Example. At a temperature of1016the tenacity of a bar of copper was found to havebeen diminished 66.9I per cent. below its strength at 3Ł• at the temperature of 492°it was 21.33 per cent. below what it was at 32; acoordinto what power of the ten1perature did the tenacity vary 1 
	° 
	0 
	° 
	Ł
	-

	/ou.. 6691 -Zou .. 2133 
	H ·Ł:---=-50 l · 1ence t 1,: t ,." : : d : .JI
	:--
	0
	5 
	1

	' ' 
	wg. G,1016-32)-Zog. (492-32) 
	t3 : t'3 : : <fl : <f2. 
	Transforming this into an equation, we get (t;) , and:(t:) ½, or d' 
	3 
	= 
	(:)
	2
	= 

	=d (log. -log. log. d= log. nution d at any one temperature t, "'e are enabled to calculate what it will be at the temperature t'.] 
	c
	t
	;)t From this i 
	t'
	t) 
	+
	<l; by which
	,
	knowing
	the 
	dimi• 

	In reference to cast iron, the first or lower numbers (p. 70) are theresults of Mr. Hodgkinson's experiments; the higher number is the reult of numerous experiments made for Mr. Thomas Cubitt by Mr. Dines. * This difference is chiefly of importance in respect of therebeinga discrepancy so wide. between results stated by two ca.re!'il 
	Ł
	_
	_

	_
	expeŁ•mnters. In reference to the experiments on Mr. Morr1es St1rl1ng s toughened iron, they were made by the same direct meanss wŁre all Mr. Hodgkinson's experiments. The tensile strain of cast1roŁ brought directly into action; and the part it resistance to cross strains is evidently not that for which the direct strength shown by Mr. can be attributed to it. 
	Ł
	. 
	Ł
	1s 
	seldom 
	plays 
	in 
	the 
	Cubitt's 
	experiments 

	• &e Mr. Henry Law's edition of Gregory's" Mathe1natics for Practical Men," p. 375. 
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	THE TENSILE STRAIN. 
	The elongation of wrought iron, under a given tensile strain, ma.ybe judged of from the following experiment.* 
	·t
	Load per square inch in producing an elongation of Load per TotaIe-longasquae iuch, �ion clivide<l 
	-
	.
	-·
	--------
	r

	producing by original
	J 
	'(j
	fr1tcture. Jength. 
	1bu 
	Tb-o 
	J
	JIJ Ł 

	lbs. 
	lbs. lbs. lbs. lbs. Ibs. 
	34700 
	34700 
	40980 46124 52122 56834 •086 
	I 


	According to Vicat, the elongation of iron wire for a of 1428lbs. per square inch, or '(7J the breaking strain, amounts !o 0,000057.
	load 

	Mr. E. Hodgkinson's experiments have proved, in hke manner,that no material is so elastic as to recover itself perfectly from even very sma11 loads allowed to act for a considerable time, and the defect of elasticity is ne"rly as the square of the weight applied.
	The modulus or co-efficient of elasticity, is a term first suggestedby Dr. Thomas Young, to denote the measure of the elastic reaction, or the energy of the resistance of any substance, and is represented 
	thus: E = -p · 
	.lli 
	,vhere E is the co-efficient of elasticity, P the weight in pounds, producing the pfoportional elongation =-1where l== the elonga
	i(

	tion, and L the original length) in a bar with a base of sectional area .11. .... . E.11
	R
	d

	igi it!/ 1s expressedby t eh ratio . 
	L 

	Thus, the elastic resistance of a prism of any material, is rea11yonly the rigidity referred to the unit of length of the.prism. 
	-----·-·-··. ·-·--· -... -
	-

	[• In the report of thmittee of the Frankli11 Institute, on the materials for stean1 boilers, p. 219-20, will be found very 11u1nerous observations on the elasticity of iron, of \\'hich the followinmay be cited as the results ofdirect rneasurement. 
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	Recoil, when relieveJ from strain, 
	8

	af • • 1 1 1 
	•--• 
	•• 

	/
	I 
	• 
	k' • h TotaI 1 
	•

	rea ·mg we1g t e ongauon 
	ata blooms. 
	inch.
	tAw Ł¼,
	" b
	I(, t .030 Jbs. 54.1:stiU I s. 
	per square inch. per square iuch. 57.565 6.9 per cent.
	------------,-------1-------,-----
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	1
	1 
	1 
	j

	1lir

	43.ŁUU lbs.
	&r 226. 
	49.053 6.25 per cent. 
	40.643 
	per S'luare inch.
	j
	_ 
	per square inch. 
	Bar 228. 
	____,_
	tiir
	47.155 lhs. 
	, 
	_,________
	_

	______
	_,_

	Bur 230. 
	49.308 
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	THE ELASTIC RESISTANCE. 
	TABLE OF DAT.A CONNECTED WITH THE ELASTIC RESISTANCE OF MATERIALS. 
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	Name of material. 
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	lbs.
	•
	. • • . 2856 0.001157 0.23 1,713600 Yellow pine . • . . . • .
	Oak . . 
	. 
	3332 0
	00117 0.33 
	1,856400 

	. . • . 4498 0.002n10 0.44 2,142000 • 2470 0.00192 0.30 1,28::>200
	Red pine 
	. • 
	Larch • 

	• • . •
	. 
	0.00242 
	0.30 1,385160
	·28,400000
	Beech 
	• . . • 
	. 
	. • 

	000062 
	0.30
	0.44
	Bar iron, or1linary quality . . .
	" " 
	17,600 
	0.00093
	24,400
	18,850 
	·29,365000 
	·.!9,46500028,825000 
	0.49 
	" " 
	0.00072
	Sweish hammered 
	Ł
	Ł 
	selected 

	.
	Enghsh rolled 
	Wire, No. 9, unannealed • • .
	" " 
	annealed • . . • 
	0.00165 
	47,532 
	0.001'29 0.58 
	28,081000
	36,300 
	42,600000
	93,720 0.00222 0.67 
	29,500000
	35,700
	Steel plates, tempered blue • . • 
	Steel wire of commerce 
	. . . • 
	0.50
	0.00120 
	17,000000
	to 
	. . . . . .
	Cast iron • • • • • • . . . 
	13,000000 
	NoTE.-B"Limit of Elasticity," is meant the limits )Vithin which displacement of the parts of materials under strain may be ca1led into play without ptrmanmt palpabkderangement, or crippling. 
	y 

	C. IJetrusion is the resistance that the coherence of the particles of materials opposes to their sliding on each other, under a detrusive strain.
	The resistance to detrusion, or the "force · necessary to shear across" any material, is called into play at the joints, and in the bolts of framings of timber and iron, and the rivets of steam boilers, &c. 
	The resistance of deal to detrusion in the direction of fibre is 592 lbs. per square inch. 
	The resistance of cast iron to detrusion is about 73000 lbs. per square inch, as deduced from experiments on crushing. 
	The resistance of wrought iron to detrusion, or to a force " shearing it across" is 45000 to 50000 lbs. per square inch, or from 70 to 80 per cent. of the resistance to a direct tensile strain. 
	D. IJeflexion.-When a beam is deflected by a cross strain, the side of the beam which is bounded by the concave surface is compressed, and that bounded by the convex surface is extended. Thesurface at which extension terminates and compression begins, is termed the neutral surface. 
	The property of elasticity, inherent in all substances in a. greater or less degree, causes them to resume their original form, verynearly, under forces of compression, extension, ŁflŁ!1,have undergone of form. Up to this hm1t,the amounts of extension and compression for a given cross strain 
	when, 
	or d
	e
	io
	they 
	a limited 
	change 

	7* 
	78 
	ON FRACTURE. 
	Łre nearly equal, nd, therefore, the neutral surface lies veŁy nearly,1f not accurately, 1n the centre of gravity of the cross section of the beam. 
	Ł

	Beyond this limit the position of the neutral surface changes, as the flexure increases ; because, in stone and cast iron st least, the resistance to compression is greater than the resistance to extension,whilst the amount of deformation, under the compressive strain, isless than under an equal tensile strain. In "·rought iron, as it possesses great ductility, this limit occurs much later than in cast iron. In timber, the resistance to extension is greater than that to compression, and its want of homoge
	to

	The general law of deflexion is, that it increases, cn!teria paribus,directly as the cube of the length of the piece, and 1uvcrsely breadth and cube of the depth.* 
	as 
	the

	E..Fracture.-The theory of deflexion, hich gives the displa
	Ł
	ce

	_
	ments of the parts of beams before the cond1t1ons even of criJ>plinghas few practical applications ; while equations for the resistance tŁ fracture, which is what is essential in practice to be known, simply established. 
	arc 
	n1orc

	The hypothesis for the theory of resistance of materials to fracture or rupture, propounded by (talilco, consists in placing the horizontal axis of equilibrium at the lowest point of the section of rupture, or in supposing the material incompressible; and he consider
	ed 
	the

	internal force developed at each point of the section as constant jorevery point. 
	The hypothesis common]y attributed to Mariotte and Leibnitz consists in like manner in p1acing the horizontal axis of equilibriun; at the lowest pointif the section, and in supposing the internal force developed at each point proportional to tlte di11ta.nce oj· tltat point from tlte axis of equilibrium. 
	The hypothesis now generally adopted, consists in admittinc, that the resistance of each point, at the instant rupture is going tŁ take place, continues roportional to the extension and compresaiun, and therefore, that the axis of equilibriitrn, or neutral aurj'ace, ltaa ti,; same position aa in the case of a very small defle.xion. 
	p

	Experiments have proved that none of these hypotheses is and, that, according to the physical constitution of the material, th;formula deduced from the one or the other 1nay be taken as representing experiments. Experiments on cast iron are best represented
	true
	by the deduction from Galileo's hypothesis; those on stone, 
	lf
	_y

	Łfariotte's, and those on timber and wrought iron, by the modernhlpothesis, announced by Hooke, and first developed by Dr. Łr.loung.
	The formula commonly employed for reducing experirnents, for calculating dimensions by aid of experiments, on beams of 
	or
	uni-

	···--------
	-

	··· 
	ON FRACTURE. 
	form rectangular section, fixed at one end and loaded at fb d2t
	the 
	other,

	is W=
	Figure
	_

	nl 
	On Galileo's hypothesis . . . . n = 2 
	On Leibnitz and Mariotte's . . . 
	n = 3 

	On Young's hypothesis . . . . n = 6 
	The mean of experiments gives for cast iron n = 2.63
	" " 
	" " 
	" " 
	" " 
	stone . . . n = 3

	" " 

	wrought iron and wood n = 6? 

	To ans"·er the imperfection of the theory, however, / is substituted for f; or for the resistance to a direct tensile or compressive strain there is substituted a co-efficient of the composite resistanceto fracture, under a cross strain. 
	1 

	The most convenient general formula in use for calculating the 
	. 
	. 
	f
	1 
	I

	· ·

	resistance to fracture un er a cross d strain 1s W = .
	Cl
	l

	Where W = the breaking weight, I= the moment of inertia. ofthe cross section of the beam, round an axis passing through its centre of gravity, cthe distance of the neutral surface, froiµ the side at which the material gives way; and l the length. The beam is supposed fixed in the circumstances above mentioned. 
	1 

	For a. beam supported at each end, and loaded in the middle, 
	4I
	f
	1 

	this becomes W = --, and for beams of triangular section :
	lc
	1 

	Wifb<P_
	= 
	Figure
	1 

	l
	For a beam supported at each end, if the load be uniformly dis
	-

	I
	8f
	1 

	tributed over it, we have W = -'--, and for beams of rectangular 
	lc1 
	. 4 b d
	2

	section, W = .
	3J
	1 

	l If the weight of the beam Gbe taken into account, the above for
	-

	2/I 8fI
	1 
	1 

	mulre become respectively W+ ½ G = _:..,._, and lV + G =--.
	1
	lc
	1 
	lc

	For the forms of transverse section commonly met with in practice, the values of I in terms of the breadth b, and depth d of the 
	,
	beam, are as follows: 
	l
	Figure

	I C=½ J.
	I C=½ J.
	J 

	1. Rectangular section. 
	Figure
	Circular section. 
	3.
	2. 
	Ishaped 
	and hollow rect

	and d• being the breadth and depth of hollow. 
	angular, b
	1 
	1

	f
	f
	Figure

	4. Hollow cylinder, or annu-

	I
	lar section, r=radius of hol
	1 

	C=½ d. 
	i 

	c== r. 
	1 

	5. Inverted J. (Mr.Hodgkinson's for cast iron). When .A..i..iare the aretU, and d, d,d,the depth, ofthe top flange, thebottom flange and the unitingrib retipectively. 
	low.
	1
	2 
	3 

	IIc1 dependingon the form of the bean1. 
	MODULUS OF RUPTURE. 
	The following table contains values of f, or modulu, of rupture,
	1

	being deductions from experiment by the formula f-! ; ;all 
	1 
	2
	, 

	dimensions, that is, , b, and d, being in inches
	l
	. 

	Name of material. Modulus of rupture. Working load. 
	lbs. lbs. 
	Stone (Rochdale) 2358 
	235

	• • • •Yorkshire flag • • • 1116 
	" 
	112

	" 
	Caithness slate • • • Beech • • • • • • 9836 Birch • • • • • • 9624 Deal hristiania). • • • 9864 
	5142 
	514 
	1550 
	1600 
	Ł
	1640 

	" emel • . • • • 10386 Fir • • • • • • 6700 Larch • • • • • • 6894 1150 Oak,English • • • 10000 1700
	1700 
	1100 
	• 

	Dantzic • • • 8742 1500 Cast iron • • • 30000 to 46900 5000 to 8000Hot blast mean . 36900 6000
	" 
	• 
	• 
	,, 

	" 
	Cold blast mean • 39987 6500
	" 
	Stirling's toughened . 46750 7800 Wrought iron • • • . 54000 9000 
	The following table, drawn up by Mr. Hodgkinson, gives the relation between the resistances to crmhing, rupture by tension, andcro88 atrain. 
	by 

	Meantransverse
	Figure

	Assumed resistance 
	Assumed resistance 
	Assumed resistance 
	Assumed resistance 
	Assumed resistance 
	Assumed resistance 
	Assumed resistance 
	Mean resistance to strength ofbar 1 
	a 


	to crushinper 
	g 


	rupture by extension inch square 
	and
	l
	1
	fo 
	ot


	Material. 

	square inch. 

	per square inch. 
	long. 


	1900 or 1.9 85.1 
	or 
	0.045

	1000 or 1
	Timber . • • 
	158 or 0.16 19.8 or 
	0.02

	• • 
	Cast iron 

	1000 or 1 
	100 or 0.1 9.8 or 
	0.01

	• • • 
	Stone 

	1000 or 1 
	123 or 0.125 10. 
	or 
	0.01

	Glass • • • 
	1000 or 1 
	From this table we get an idea of the extent to which the dependency of the fibres or particles of the material comes into 
	mutual
	play 

	This table indicates, too, that the resistance of the same area 
	of 

	cross section must vary according to the disposition of the n1aterialcompres�ed and extended in the section. Mr. llodgkinson in rference tothis,that for cast iron, one mode of dispos
	has
	proved, 
	_
	Ł

	. 
	_

	1ro1;1h1n the section gives a. greater strength square inch of the sect1?n than another, in the ratio of 40 to 23, and the principle holds in other materials. 
	ing 
	the 
	per 

	For the inverted ili-shaped girder, the strongest form is that in 
	TUBULAR BRIDGES. 
	which the bottom flange is six times the area of the top flange.When, in these girders, the length, depth, and top flange are constant, and the thickness of the vertical rib between the flanges small and constant, the strength is nearly in proportion to the area of t�te bottom flange. Again, in beams of this form which vary only 1ndepth, the strength is nearly as the depth. 
	Mr. Hodgkinson has hence deduced the following simple rule for calculating the strength of cast iron beams approaching tlte form of 
	greatest strength, viz: W= in ,vhich W = the breaking 
	2
	·
	16
	:
	fl d 

	weight in tons ; a = the area of bottom flange at centre of length in square inches, d= the depth of the beam in inches, and l its length in feet. 
	As it is very usual to express the load a girder or beam has to bear, in terms of its length, or W= to w l, (as, for example, the girders of railwa.y bridges have to be of dimensions to bear a strainof 2 tons per foot of their length,) Mr. Hodgkinson's formula maybe converted into the following very simple one for calculating the 
	w 
	w 
	1
	2 

	area of the bottom flange, vize: a = in which w is the weight 
	2,116 d 
	per foot of the girder, of the load up<ftl it. Further, as dis generally 
	a simple fraction of l = x l, we may make the formula a = 
	2;Bl2eFor example, it is a usual and generally convenient proportion to make d== 1, l, and hence, for railway girders, in which w = 2,
	Figure
	;,
	. 
	1

	l + 16 l 16 .
	+ 

	we may put a == k
	a= h" h . Eng1neers now ma e 
	12_99 13
	, 
	w 1c 

	girders of proportions such as to bear 6 times the greatest load likely to come upon them. Hence, as there are generally 4 girdersto take the load in a railway bridge, our formula may be written 
	-:-Ł.! for the area of the bottom flange ( at its centre) of each 
	a 
	; 

	6
	girder.
	Open cast iron girders are bad in principle. Of all systems offraming girders or beams, the principle of perfect continuity of the component parts, involved in l\tlr. Fairbairn's patent malleable irongirders, is the best. 
	Without entering further into an examination of this subject, it appears tha.t the present is a fitting place to give a concise accountof the so-called "TUBULAR BRIDGES," now being erected by Mr. Robert Stephenson for crossing the Conway, and the Menai straitson tŁe line of the Chester and Holyhead railway. The problem of passing Łoth these points with the "Holyhead road," was solved byTelford 1n 1825, by the erection of the well known Conway and 
	Łfenai suspension-bridges. Suspension-bridges have been rejected as railways, and Mr. Stephenson has has already completely settled of carrying out the girder system to meet the A to span 462 feet is an 
	inapplicable to 
	proeosed, 
	nay,
	the 
	practicability 
	case. 
	girder 

	Figure
	• 
	• 
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	TUBULAR BRIDGES. 
	original and bold conception ; and now that it may be said to have
	been executed, an attempt, if only imperfect, to sketch the progress
	of engineering art in the direction that has led· to this master-piece, 
	cannot but be useful. 
	The circumstances demanding or necessitating the erection of a 
	bridge of great span, occur but seldom, and the double condition of
	erecting the bridge without centering, still more rarely. 
	The deep and rapid rivers of Switzerland, seem first to have called forth constructive skill for this purpose. In the year 1757, Jean Ulrich Grubenmann, born at Taffen, in the canton Appenzell, erected the celebrated bridge at Schaft"hausen, over the Rhine, in lieu of a stone bridge that had been swept away by the stream. In designing his bridge, Grubenmann took advantage of a rock about midway across, for the erection of a pier to support the ends of twoframes or compound girders of carpentry, the one of
	In 1778, Grubenmann and his brother constructed the W ettingen bridge over the Limmat, on the same principle that had guidedthem so successfully to the erection of that at Schaffhausen. Thisbridge had a clear span of 390 feet.* 
	To Chretien von Michel, an engraver at Bale, we are indebted for the preservation of a record of the details of construction of these two bridges, viz. : "Plans, coupes et Łlevations des trois Ponts de Bois lea plus remarquables de la Suisse, publies d'apres lea dessins originaux, Basie, 1803."
	Both these bridges were burnt by the French in 1799, the one having stood 42 years, the other 21 years. Over the one, stones weighing 25 tons each had passed ; and over the other a division ofthe French army with its artillery, in extreme haste. (" Erny, Traitede la Charpente.") The points of construction in Wittingen bridge;to which we would direct especial attention, are :
	-

	1. 
	1. 
	1. 
	The continuity of the framing, especially in its vertical plane,as perfect as the nature of the materials allow.

	2. 
	2. 
	The introduction of a roof as an integral part of the comtructive strength of the bridge, and of the disposition of the reater ma,aof the timber towards the top and bottom, while the intermediate more slender pa.rt, or rib, is stift"ened at every 15 feet by strongly
	Ł



	.
	framed uprights on the outside and inside. The timbers are laidnearly horizontally, accurately bedded on, and indented into eachother, and bolted together by numerous wrought iron through-bolts.h· 
	3. The circumstance that the two side frames of each were railed ready framed into their positions. This latter is an inference from the fact, that powerful screw-}ack, placed on a scaffolding, supported 
	• (The single arch Wer the river Schuylkill, at Fairmount, Philadelphia, had a span of 340 feet 4 inchea, and a riee of the centre of nearly 19 feet or above .•h of the chord line. Thia bridge hplebeam arch of timber surmounted 'i-, tru11 braces, with longitudinal ties above, the whole being strengthened b10-bolta. ftawe ot it in Rees' Cyclo.,
	O()(len bridge, built 
	b
	yLewis Wernwag,ov
	the 
	ar
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	in 
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	ng
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	Amer. Edition, vol. 34.-Ax. En.] 
	'. 
	Figure
	Figure
	TUDt;J,AR DRtDGEf-. 
	• 
	on piles(' des i,erins place sur <lcs cchufitu1lngcs (5taJ,lis sur p·ilotes)
	H
	,

	"·ere U:-it'd in ndsing 
	the 

	bri1lcrc at Schn.fflua.uscn, nn,l that the T,in11t1n..t. upnr tl1(• convent of \Vcttingcn, is of grcnt aŁptli.
	Fig. 84. 

	l◄,ig. 84 is ii scctiou of tl1C1 
	ld l'8r: 
	O 
	. 

	FiŁ. 85. 
	Cllls, f'-11 i 1g. ;) (L HCction 
	at tho ct�ntrc. 'J'hcy sufficieutJy illnstrntP ,vhnt ,rohn,vc snitl nboYo in rcfcronco to the princip]cof oontinuitv, iu1d tbo <li�position of the roof and thnbcr oftho fr:uncs gcncru lly, in rcl'orence to the t--trcngth of the bridge. 
	At the period ,vhon the 1Vcttiugcn britlgc ,vns erected by tho .i\ pcnzell carpenthe seionce of 
	ter, 
	the

	�trength u.d r;carrt1ly begun to be formed. Gnlilco 's theory. ptu·tio.lly col'rectc1l h)� the hypoLhcsis of Jfookc and Ijeibniti, u nu by the expcriinents of riottc a ud Buffon, l>cgnn to u.ttract notice; but our present kuowledge of the n1ech11ui�u1 of tho trnnsversc 
	of n1u.tcriu ls h
	l\Ia

	�tntiu, resulting fron1 the later cxpcri,nenls of Duhun1el, Rondclet aull Ba.rlo"'· nnd the theories foundeci upon thorn ,vorc undeveloped. Y ct ,ve find tho essentitil elc1nc11 ts oft hcsc theoriefully reeoguizcd i11 tho co11struction of the lJri1lgcs erected by the brothers l1ruhonn1ann. Art is the 1notho1· of cicnce. 
	,
	s
	-

	'rhis \\'llS the In rgc:-Jt bridge ever e.rf'eted on G-ubcn111a11n's principle; but, in 1772, there "·ns cxhibitc<l, ot the IIotel d' Espagnt', rue Dauphine, a mo<lcl of' a bridge designed by one Ł1. 
	r
	-

	Figure
	TUDULAR BRIDGES. 
	Claus, for Lord Iler,ey.
	• This was the model of a bridge 900 feet span, to be thrown across the 
	FiŁ. 86.
	Derry. The model was 
	20 

	fet long, or of the full 
	Ł
	1
	1 
	-,, 

	size. The enravings were 
	g

	executed by Lerouge, and
	86 is taken from the 
	Fig. 

	plate. It is a transverse sec
	tion of the bridge at aibout 
	½ of tho span from the abut
	ment or pier. The scale
	.
	being about 
	1
	i
	-s 

	-
	Grnbenmnnn's principle is adopted. The frames arehere again nearly continuous. They consist of beams laid y horizontal, indented into each other, bolted together by innumerable long wrought iron bolts, forming the side ribs, and these '"ere 
	1iearl

	stiffened la.tera11y by uprights. The floor and roof are so framed with the trusses or ribs, as to form one great double box, or hollow girder, nearly every pound in the ,veight of ,vhich is available towards the absolute strength of the whole.
	This bridge ,vn.s never executed; but we see in it a still more perfect adoption of the plan of making the floor and roof a part of the framing, and also a recognition of the fact that wood hns double the resistance to extensjon, that it has to compression; and, hence, the timbers of the upper part are arranged conformably to this fnct. This was clearly recognized by Grubenmann, but not so perfectly,vorkcd out in the construction of his bridges, as was done by Claus. The introduction of a roof, as an integ
	Great , the problem of erecting bridges of wide span had scarcely ever been mooted till about the beginning of this century,when the joint influence of the inventions of her Dudleys, Brindleys, llarg·eaves, Arkwrights, Smeatons, Watts, Corts, ,vya,tts, Mylns.ReŁes, Tclfords, so rapidly developed the long latent industrial ge!11us of the country, that in the short space of half a century, from being as low as any she became the first in the scnle of nations for a.cturinrr 
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	occupied the attention of nearly every engineer of eminence, and of many men of acknowledged scientific attainments. At this period the success of the Wearmouth Bridge, designed by Mr. Wilson, iŁ1793, and erected in 1796, by Rowland Burdon, and of that of Bui}.wash, erected by Telford, 1796, seems to have drawn the attentionof the most distinguished engineers to this material, as that bestfacilitating the execution of bridges of great. span. The wonderfulprogress of the iron trade at this eriod, also, had i
	:
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	The
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	the
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	_
	'Southern, and others. In 1808 12, Staines Bridge was erecte.by Mr. Wilson, that of Boatoo by Mr. Rennie, and that at Brist:by Mr. Je880p. Vauxhall Bridge was commenced, 1818, byRenni.finished 1818, by Mr. Walker. The magniŁcent Southwark Bridg:w.a erected 1814 to 1818, bl Messrs. Rennie, father and son.
	d 
	ol
	e,
	Figure
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	The p_!'inciple of conetruct1on adopted in all these, was that of the arch. The cast iron was framed so as to render the structure as:strictly analogous to that of an arch of voussoirs as possible. Weshall here only notice that the adoption of this principle involves aprodigious expenditure of cast iron, to insure the lateral stabilityessential in the voussoir principle, beyond what is necessary for thŁYertical strength required to bear the load. 
	The use of cast iron as the framing of machinery, floor-girderslock-gate8, swivel.bridges, &c. &c., became more and more usual iŁthe construction of works executed after 1808, at which perioBrunel, by demonstrating the practicability by using cast iron as the framing of his block.machinery, gave new confidence in adopt.ing the recommendation of Smeaton, on this subject, made 50 yearsearlier. 
	d

	. In 1817, Barlow's Essay on the "Strength of Timber, Iron, and other materials," was published, and English engineers were thus put far on the way of makin" principles of science rules of their art." A few years afterwards, Tredgold's Essay "On the strenthof cast Iron and other Metals," was published; and this remarkable work of a most remarkable man, together with Barlow's work, hadall engineers will admit-a powerful influence in extending the ra.tional use of iron in construction. Ten years later, Mr. E
	g 
	g
	sŁ1ll, 

	this period, too, the dependence of England on Russia andfor malleable iron, was put an end to, by improvementsanŁ vast extension of the Welsh and Staff'ordshire rolling-mills,which, towards 1810, began to stock the markets with iron, equal 
	During 
	Sweden, 
	the 
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	·
	for all ordinary purposes to that which, up to this period, had been
	chiefly supplied by foreigners. 
	It is a distinguishing element in the engineer's art, to adopt thebest suited, economically speaking, to the work be has accomplish.
	material 
	to

	1806, the price of bar iron, larger size, was £20 per ton; in 
	In 

	Ł816, it was £10 per tonin 1828, it was £8 per ton; and in 1831,It was £5 to .£6 per ton. 
	; 

	Thus this material has gradually come into the domain of applications in construction, from which its high price had long excluded the.consideration of its qualifications. Roofs of great span beganto be formed of combinations of cast and malleable iron. The eligibility of the one to resist strains of compression, and of the other to resist tensile strains, became familiar to those engaged in practical construction.
	In 1825, a new engineering era had arisen. As the genius ofBrindley, under the mighty influence of the policy of a Chatham,had created the inland navigation of England, the genius of a Stephenson, under the influence of the policy of a Huskisson, created the railway system. Steam navigation advanced from mere essays to a system of vast importance. The demands of the ship builder, the locomotive maker, the railway engineer, gave rise to new exertions of the iron masters. Blooms were puddled, of sizes hither
	In the construction of the London and Birmingham Railway, the Great Western Railway, the Midland Counties Railway, and others, the engineers made ample use of cast iron, and examples of girders of 50, 60, even 70 feet in length are to be found on these lines ofrailway. The scientific principles. of construction of such girders were not at once recognized or learned, and we consequently find excess of iron in most instances, and mistaken construction in others. There was no time for gathering exact knowledge
	Ł limited experience of successful cases led to endless repetitions ofŁ!rdeŁs of not very happy proportions, and "trussed" in the wrong?1rectio_n. The outcry made in England on the subject of hot Iron benŁg so .i!lferior in quality, so treacherous, &c. &c., the conse-9.uent high price demanded for castings of what was termed good conŁiderable influence in limiting the applications inrailway bridges. Stone and brick were preferred 
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	great span erected. Suspension bridges failed. • Of the wooden bridges erected, that over the Tyne at ScotsBlackmore, deserves mention as principles of construction. ·The path 80 well opened up by Gruben-.mann had long been lost. The system of the Bavarian engineer, 
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	Wiebecking, and applied by him successfully to the bridge at Bambery, 215 feet span, and others, were extensively made known byhis published writings, whilst the better principle of Grubenmann was overlooked. The essential part of Wiebecking's system consistsin putting the main ,trength of the frame in arches of curved timberstrenailed together, on to which the rest of the timbers of each trussis framed, ,uspending the hon'zontal tie,, from which the �oad-wayis supported. Wiebecking's system, with certain 
	was
	,
	adopt

	In the mean time, in America, Town's lattice frame bridges, and Long's diagonal frame bridges, had been invented, and railway bridges of 150 to 180 feet clean span, bad been executed according to each system. In the largest application of Long's systemthe depth of the frame is about 20 feet, and the sides and floor, androof are connected together, so as to form one hox-li'lce girder. diagonal framing, even when carried out in the form of lattice work makes but an imperfect continuity in the fra.ming, or ri
	The
	that

	Of the many lattice bridges erected in America, the most interesting in reference to our subject, is the iron tubular lattice bridge inthe great hotel, Tremont House, at Boston. This is an elliptical tuhe of lattice or trelli, work, the height being 7 to 8 feet, the minor axis of the ellipse being 4'-6", the span about 120 feet. The is stiffened by a longitudinal bar. The flooring of wood on the bottom, is about three feet 6 inches wide, and helps to stiffen the whole. This foot bridge had been several ye
	top

	Among the circumstances concurring to the result consummated ! A'Ir. Stephenson, the success of iron ships of enormous dimensions� in resistinthe strain they have t.o undergo, is certainly a proinent one. The Great Britain steam-ship, for example, is 253 in length. It is mainly composed of sheet ofhalf an inch in thickness; it is thus, like other iron ships,a mere shell ; and yet from its perfect continuity, and the nature of 
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	the materials, has, unimpaired, withstood lateral strains under whichh· 
	a vessel, on almost any other construction, must have broken up. 
	Such was the state of preparation of engineers' minds for solving the problem of carrying a railway across the Menai straits bygirders,· when, early in 1845, Mr. Stephenson's "aerial tunnel'' was spoken of: On the 5th of May, 1845, he announced his plan before a com-. m1ttee of the House of Commons. 
	inventors can explain the development in their minds of an original conception. Invention in art consists of two distinct intellectual efforts-first, in seizing the ideal conception of the object tobe made for a given end; and second, in the contrivance of the suitable arrangement of materials ( or of mechanism, in the case of a. machine) for that object. The nature of the first conception seemsalways to depend on the existing state of analogous objects, and, .hence, the two parts of the process are gener
	Few 

	.
	.
	Mr. Eaton Hodgkinson and Mr. Fairbairn seem to have been consulted as to experiments on the strength of _cylindrical tubes of riveted sheets of iron, and as to the necessity of a. combination of the girder plan with suspension chains, for his great bridges._ We learn from a. communication of Mr. Hodgkinson's to the Mech_a.nical Section of the meeting of the British Association, held at Southampton, in 1846, " that a number of experiments were made upon cylindrical and elliptical tubes, and a few upon rec

	Mr. Hodgkinson's experiments were, therefore, at once directed to ascertaining what should be the distribution of the metal in hollow rectangular girders, to secure a maximum of strength with a minimum of weight. !\-Ir. Hodgkinson, whose investigations, published in 1840,had proved experimentally that hollow columns have a grea�er resistance to. compression than the same weight of material in a solid column ( as the usual theory had indicated, and the practice ofWiebecking and Gauthey thirty years earlier,
	made 
	com
	-
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	have been anticipated, the "buckling" of the plates he top_ had to be prevented by particular contrivŁnces, or by greatly 1ncreas1ng their substance beyond that of the bottom or extended side. 
	As 
	might 
	on 
	Ł

	some _of_the leading resu_lts of Mr. experiments.
	Th
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	following 
	are 
	HodgkinsonŁs

	EŁpcriments on two similar tubŁs. 
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	Lengthof tube. 
	Lengthof tube. 
	Lengthof tube. 
	Weightof tube. 
	Distance between supports. 
	Depthof tube. 
	Breadth of tube, 
	Thickne-u of Breakin1 Ultimatemetal in 16ths weight in deftŁionof an inch. tone. 

	311-611 47-0 
	311-611 47-0 
	cwt. qu. 20-3 61-1 
	45 
	feet 2 3 
	11-411 2'-0 
	TopBottom Side Inches 6 4 2 26,I 21 9 6 3 oŁ,Ł 3f 


	This breaking weight in tons is in ezce,, of the resu]ts deducefrom the usual formula, when the value of I (the moment of inertia),is calculated by our formula 5(page 79), when /is taken -56000.To ascertain the power of such tubes to resist a lateral strain-asfrom the action of wind-the smaller of these two tubes, after being well repaired, was laid on its side and broken. The mean of two experiments gave 15,2 tons as breaking weight, which is about 25 per cent. above the result of calculation by our formul
	d
	1 
	1 
	lbs. per square inch, and if we introduce this as the value of /
	1

	· experimental results would almost exactly correspond with the received theory. 
	Mr. Hodgkinson's experiments on the resistance of sheet iron to compression, show ( as his experiments on cast iron columns madein 1889, had previously done, and as Euler's theory indicates), that rectangular tubes are weaker than square ones, and both of thesemuch weaker than cylindrical tubes ; so much so, indeed, that 
	tube
	s
	the

	,ul>atitution of cylindrical for ,quare or rectangular tue,, wouldaccording to Mr. Hodgkineon's experiments, effect a laving of one:fourth of the metal in the to.
	b
	p

	Mr. Fairbairn, at the same meeting of the British AssociationSeptember, 1846, made the following communication of "Experi: ments on the Tubular Bridge, proposed by Mr. R. Steken,on forcrossing the Menai straits. These experiments, says Mr. Fairbairn, have put us in possession of facts, which greatly increase our knowledge of the properties of a material, whose powers, when it isproperly put together, are but imperfectly understood; for exclusive of the rapidly increasing use of wrought iron in the construc
	p
	is
	Ex
	a
	of

	.
	of pipes, with riveted plates on their upper and under sides. Thisform of top, says would possess great rigidity, and well adapted to resist the crushing forces to which it is subjecteda•and the bottom section appeared equally powerful to resist tension: 
	Mr. Fairbairn, 
	is

	Figure
	Łfr. Fairbairn thought that thls is the strongest form devised; but practical difficulties present themselYes tion, as an parts for the purposes of painting, necessary. The scale of the tube was exactly one-sixth of the length, breadth, thickness of metal of the bridge intended to cross one Łra.its, 450 feet, (since increased to 462 feet.) In riments, the weights were laid on at the centre, a.bout one ton at a time, and the deflection was carefully taken as well as elasticity after the load was removed. 
	that 
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	depth, 
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	"The rectanŁular model tube, Fig. 87, was 80 feet long, 4
	111
	-6

	deep, 2-8" wide, 75 feet between the 
	1

	supports. The thickness of the plate:bottom .156 inch, sides .099 inch, top .147 inch, sectional area of bottom 8, 8 inches, weight of the tube 4,86 tons = 10,889 lbs. First experiment, breaking= 35½ tons. Ultimatedeflexion 4,375 inches, permanent set under strain of 67,842 lbs.. 792 inch. Withthe strain of 35½ tons, the bottom was torn asunder, directly across the solid plates, a, distance of 2 feet from the centre of the shackle, from ,vhich the load was suspen<led. One of the principal objects of this 
	weight 79,578 lbsh
	at 

	From the experiments immediately preceding this, it appeared thatthe ratio of the area of the top to th:tt of the bottom, in a. rectangular tu,be ( of thin sheet iron), should be as 5 to 3. 
	"The plates forming the top of tho model tube were somewhatthicker than intended, and consequently gitve (as former experimentsindicated) a. preponderating resistance to that part. To obviate this disparity, two additional strips, 6! by /1r, weighing about 4 cwt. were riveted along the bottom, extending 20 feet on en.ch side the centre. This raised the area of the bottom to nearly 13 inches,
	0
	3, or 23,5 to 13. With thcse proportions, and having repaired the fractured part by introuucing new 
	being about the ratio of 5 to 

	_
	= 43,3 tons. 
	': Second experiment. Breaking weight 97,102 lbs.h

	Ultimate defiexion 4,11 inches. In this experiment the tube failed by one of the ends giving way, "·hich caused the sides to collapŁ.c. The Łveak point in this girder was evi<lcntly a want of sŁncsŁ rnthe sides. T? remedy this evil and keep them in form, Ycrt1cal ribs, CmposeŁ of hght angle iron, were riveted along the interior ?feaches of2 feethaving again restored lDJ
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	�he bottom plates. The cellular top rrnvc evident symptoms of yiold1n0 to a crushing force by tho puckcrincrs of eac:l1 aide, ,vhich grn.clunlly enlarged os the deflection increased. These appcnranccsbecame more appnrent as the joints of the pln.tes on tho top side lttld8hcareJ off a nuniber o.f tlte riveta, and the holes had slid over cnch other to an extent of nearly " of an inch." 
	-
	1 
	8

	()n 1'1r. Fairbairn's most admirably stntctl fact�, ,re shnll onliremark, th:i.t n eellul{tr bottont ,vould probably be found to be tho u,cakeft and not the strong<'st form in "·hich tho iron could bo tlistributed there: for there is no tendency to buckle in the bottom: and to re ist the t1·ansrerse stra.in of passing loud� (in the actual hridgo),the separation of the plu.lcs con1posing the botto1n. should only bosuch us to allow of the introduction of connecting pintcs or joists to stiflcn it. ·o us to ma
	g
	l 

	t11c arc:ts of tl1c fuj> null hotto111, t1.hovc deduced, is evidently not tinabsolute 1p1:1ntity, but refers only to the purtieulu.r jtn·1J1 of ,·ells adopted i11 these experiments. Theory n,ud experitocnt indicnte this to lie the truu vie\\' of tl1e case. 
	Łl1hcsc experiu1ents w·ere used in determining the din1ensions of the
	bri<lgesn lreudy erectednnd no,v in constructionŁ
	In reference to the '011
	Fig. 88. 
	-

	"·a.y Briclg<•, the first tube of ,rltich ,,n.s ed in l\Inrel1, 1848, the follo"·ing particulars nrctaken fro,n the Civil gineers' und Architects,.Tournnl, for Junc, of this 
	erect
	En

	yea1·.
	"J?ig. 8 exhibits a. trnns,·crsc section of oneof the tubes. li'ig. 8ft is n, si<le e]evntiou, of 12fcet in longth, ofthe tuhc
	. ' 
	l
	1·cst1ng ou t 1e 1nnsonry. 
	Tho tube consists of si<lcs a, a, of ,vrought ironpla.tc8, fro111 4 to 8 feet long, n.nd 2 feet 1vidc, byinch tl1ick in the centre, and j ths of an inch thick tow111·(ls the of the tube, rivetc,l 
	½ 
	end
	to

	'
	c,,cthcr to !1-anglr-iron
	rius, placed on both sides
	of the joints, and nnglc
	gusŁcts at the feet of then,; n, ceiling (or topflange), composed of 8 cells or tubes h, ench 20J inches ,,·ide, un<l 
	the ribs to 
	stiffen 
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	Figure
	21 inches high; and a floor containing 6 cells or tubes a, 27½ inches
	wide, and 21 inches high. The whole length of the tube is -!12 feet; 
	it is 22 feet 3½ inches l1igh 
	at the ends, and 25 feet 6 Fjg, 89. 
	inches high in the centre,
	(including the tubes at top anu bottom, running the,vhole length,) and 14 feet "·ide to the outside of theside plates. The upper cells are formed of wrought iron pla.tes, { inch thick in themiddle, and ½ inch thick towards the ends of the tube, put together with angle-iron in each nngle of thecells; an<l. over the upper joints is riveted a, slip of ½inch iron, 4½ inches wide. The lo,ver cells consist of ¾ inch iron plates for thedivisions, and the top and bottom of two thicknesses of plate, ca.ch 12 feet l
	the joint; and a covering plate of ½ inch iron, 3 feet long, is placed over every joint on the underside of the tube. The external casing is united to the top and bottom cells by angle-iron, on both the inside and outside of the tube. The ends of the tube, where it rests on the masonry, are strengthened by cast iron frames d, to the extent of 8 feet of the lower cells. The tube wa.s constructed on a platform erected on the shore of the river, close to "'here it was to cross; and, when finished, six pontoons
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	The weight of each tube of the Conway Bridge has been stated to be 1300 tons, but whether this is the weight includinthe fixtures for the rail@, or of the tube per ,e, is not recorded in the papers towhich we have had access. The total length being 420 feet, the weight may be stated as not less that 62 cwt. or 8,1 tons per "foot running." It is difficult to conceive anything more admirable than this final result, when we learn that, under the passage of the heaviest goods-trains, there is no sensible motion
	g
	g 

	In what precedes, we have endeavored to trace the progressof a particular part of the engineer's art, with a view to encourageyoung engineers to look upon their art as capable of being formed into a science; and we yet venture to add, in reference to what we have said as to the separate intellectual efforts involved in Mr. Stephenson's invention-that the adoption of the results of the abovementioned experiments, the execution of the designs ultimately determined upon, and the erection of t11e tubes, are d
	the
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	the original idea" of the block machinery be claimed by Maudslay, who made it for Brunel. The same of the safety-lamp, by the tinsmith, who made the first for George Stephenson. The same of thehot-blast, by Mr. Wilson or Mr. Condie, who first applied it for Mr.Neilson; and the same of many other cases, in which, from imperacircumstances, the inventor has found himself necessitated toto others the actual execution of his " original idea."
	tive 
	delegate 

	the experiments on the Tubular Bridges were in progress,t were granted to Mr. Fairbairn, for "improvements inconstructing iron beams;" in which he claims " the novel application plates or sheets of iron, united by means angle ironŁ•or by other means, for forming or constructing, by suchcomb1nat1on, hollow girders for the erection of bridges orother buildings.a" 
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	Although the principle of Mr. Fairbairn's patent is perfect, the
	limits of its economical application, is, as far as we can judge, to
	cases of great span, and where extreme strains are likely to be sud
	denly brought upon the structure.
	system successfully applied by Wiebecking, for wooden bridges, and in cast iron, by Reichenbach and Gauthey, and, latterly, to a certain extent, by Polonceau, in the beautiful Pont du Carrousel, over the Seine, has recently been revived in malleableiron. On the extension of the London and Blackwall Railway, and elsewhere, Mr. Locke has introduced a hollow sheet iron arch, withsuspended tie and diagonal bracings, to carry the roadway. Weobject to this form of bridge, as being a retrogression in the principl
	The 

	STRENGTH OF CYLINDRICAL STEAM BOILERS, TUBES, AND FIRE-ARS. 
	[
	:n(

	It has been generally supposed that the rolling of boiler-plate iron,gives to the sheets a greater tenacity in the direction of the length, than in that of the breadth. Supposing this to be correct, it has frequently been asked how the sheets ought to be disposed in a cylindrical boiler of the common form, in order to oppose the greatest strength to the greatest strain. It has also been asked whether the same arrangement will be required for all diameters, or whether a magnitude will not be eventually attai
	To determine these questions in a general manner recourse mustbe had to mathematical formulas, assuming such symbols for eachof the elements as may apply to any given case of which the separate data are determined either by experiment or by the conditionsof the case. The principles of the calculation require our first notice.
	1. To know the force which tends to burst a cylindrical vessel in the longitudinal direction, or, in other words, to separate the head from the curved sides, we have only to consider the actual area ofihe head, and to multiply the number of units of surface by thenumber of units of force applied to each superficial unit. This will give the total divellent force in that direction. 
	To counteract this, we have, or niay be conceived to have, thetenacity of as many longitudinal bars as there are lineal units in thecircumference of the cylinder. The united strength of these ·bars ?Onstitutes the total retaining or quieacent force; and, at the moment is about to take place, the divellent and the 
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	cylinder along the curved side, or rather along two opposite sides,we may regard the pressure as applied through the whole breadthof the cylinder upon each lineal unit of the diameter. Hence thetotal amount of force which would tend to divide the cylinder in halves by separating it along two lines, 6n opposite sides, would be represented by multiplying the diameter by the force exerted oneach unit of surface, and this product by the length of the cylinder. But even without regarding the length, we may consi
	and 
	di

	3. 
	3. 
	3. 
	In order to estimate the augmentation of divellent force consequent upon an increase of diameter, we have only to consider, that,as the diameter is increased, the product of tlie diameter, and the force per unit of ,urf ace, is increased in the same ratio. But unlessthe thickness of the metal be increased, the quie,cent force mustremain unaltered. The quie,cent forces, the refore, continue the same-the divellent increase with the diameter.
	


	4. 
	4. 
	Again, as the diameter of the cylinder is increased, the areaof its end is increased in the ratio of the 1uare of the diameter. The divellent force is, therefore, augmented 1n this ratio. But the retaining force does not, as in the other direction, remain the same since the circumference of a circle increases in the same ratio as thŁdiameter. The quie,cent force will, consequently, be augmentethe simple ratio of the diameter, without any additional of metal. So that, on the whole, the total tendency to rupt
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	5. 
	5. 
	Since we have seen that the tendency to rupture, in both tions, increases in the simple direct ratio of the increase of it is obvious that any position of the sheets which is right for �diameter, must be right for a11. Hence there can never be a condition, in regard to mere magnitude, which will require the sheets be reversed.
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	6. 
	6. 
	The foregoing considerations being once admitted, we proceed to ascertain what is the true direction of the greatest tenain the sheet, if any difference exist, and what that difference
	may
	ci!y 



	ghtamount to, consistently with equal safety of the boiler in bothd1rect1one.
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	7. z-the diameter of the cylinder• f-or pressure per unit of surface (pounds per squareinch, for example).
	Let 
	. 
	the 
	force 

	T-the tenacity of metal which, with the diameter x, and tlie 
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	force f, will be required in the lineal unit of the circumference, in· 
	will the whole uiescent force be 3.1416 xT. while the divel
	Then 
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	lent will be . 7854 xŁf; consequently, . 7854 x2 f = 3.1416x as above 
	stated. 
	Dividing by . 78h54 x, we have x= 4T; and we derive immediŁately-
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	That is, the tenacity of the longitudinal bar of the a,sumed uit in width, will be one-fourth of the product of the diameter into the pressure, measuring the tenacity by the same standard as the pressure; whether in pounds or kilograms.
	n

	8. Now assuming the tenacity required in the circular band of the same width to be t, we shall, agreeably to what has already beensaid, have the divellant force expressed by xf, and the uiescent by
	q

	xf 2t 2t
	2t, so that xf= 2t and t = Also==-;and X= -· 
	-
	. 
	f

	2 X f
	Having thus obtained two expressions for each of the quantities zand f, we may, by comparing them, readily discover the relative 
	values of T and t,-thus: 
	· 

	x == 
	x == 
	4T 2t .
	4T 
	l 


	hence = whence 4T = 2t, or t = 2T. From which 
	f 
	-

	2t 
	]

	==-f 
	x 
	f 

	j'
	it follows, that under a known diameter, and with a given force or pressure, the tenacity of rnetal in a cylindrical bniler of uniform thickness, ought to be twice as great in the direction of the curve as in. thatof the length of the cylinder, and that if this could be the case the boiler would st-ill have equal sefety in both directions. 
	In whatever direction, therefore, the rolling of metal gives the greatest tenacity, in the same direction must the sheet always bebent in forming the convexity of th& cylinder. It follows that if esuppose the tenacity precisely equal in both directions, thIia_•b1hty to rupture by a mere internal pressure ought to be twce as gre_at along the longitudial direction as at the juncture of the head..the strain regular, and the riveting not to 
	w_
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	the sheet.
	large we may safely make a cylindric
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	tenacity of the metal, in the wn thickness, we have only to revert 
	having 
	the 
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	tenacity by the greatest force per unit of surface, which the boiler is 
	10. ,vhen knowing the absolute tenacity of a metal, other material reckoned in weight, to the bar of a given area. in its cross section, we would determine the thickness of that metal which oughtto be employed in a boiler of given diameter, and to sustain a certain 
	ever 
	to sustain. 
	or 

	force, we may use the formula t -, and dividing the latter num-
	x
	f

	2
	her 
	of 
	this 
	equation 
	by the 
	strength 
	of the square 
	bar, which we 
	may

	call a, we obtain the thickness demanded in the direction of the curve, which we may denominate phso that p -f,; this will give the 
	; 

	thickness of the boiler plate either in whole numbers or decimals. Thus, suppose the diameter of a c1lindrical boiler is to be thirty-sixinches-that it is to be formed of iron which will bear 55,000 lbs. to the square inch, and is to sustain 750 lbs. to the square inch-what ought to be the thickness of the metal ? 
	Here x-=-86 -50
	f
	7

	2a =-110000, consequently, .2454, or a little less than one-quarter of 
	2a =-110000, consequently, .2454, or a little less than one-quarter of 
	3
	:1;0
	ŁŁ
	0 
	-
	an

	p = 

	inch. 
	. It must, however, be evident that the mi-nimum tenacity of anyparticular description of metal, is that on which all the calculationsought to be made when there is any probability that the actual pressure will, in practice, ever reach the limit assigned as the value in the calculation. 
	of
	f

	If we had plates of different metals, or of different known tenacity in the same kind of metal, and were desirous taining how strong a kind we must employ under a limited diameter, and pressure, we should decide the point by transfor
	degre
	es 
	.
	of 
	of 
	ascer
	
	thiclrne
	s,
	ming 

	the formula p -= x, into pah_ 1:_, and then intoh, -xf. In 
	f
	othe
	r

	Ł 2 
	Ł 
	Figure

	terms, in order to know the strength of the metal required, or direct strain which an inch square bar of the same to be capabof sustaining, we must multiply the diameter of the boiler in inches by the pre,aure per square inc1a in pounds, and divide the product bytwice the intended thickness in parts of an inch. 
	the
	ought 
	le

	Thus, how strong a metal ought to be employed to sustain apŁessure of 1000 lbs. to the square inch, in a boiler thirty inches in diameter, and one-fourth of an inch thick? 
	Here a Ł_ 60.000. Hence we see that the metal 
	-
	3
	X lOOO 

	X .25
	capable of sustaining 1ixty tkousand pounds to the inch baror 1n tŁat proportion for any other size. This formula enables us tŁ determine whether among the metals of known tenacity, any one canbe found to fulfil the conditions under the thickness assigned.] 
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	.MACHINES. 
	DIVISION I I. 
	APPLICATION OF lfECHANICS TO MACHINERY. 
	INTRODUCTION. 
	§ 38. Machines.-Machines are artificial arrangements, by which forces are applied to produce mechanical e:ff ect. Tools or instruments differ from machines chiefly in their being applied immediately to the work to be done, whilst machines are intermediate. 
	In every machine we have to distinguish between the power andthe resistance. Power is the cause of the motion of the machine, and remtance is that which opposes the motion, and which it is the object of the ma.chine to overcome. The power, applied to machines are modifications of those supplied by nature in the expansive force of heat, the action of gravity, the physical force of men and animals, &c. (Vol. I.§ 60). The resistances to be overcome are the transport,and the change of form and texture ofrnateri
	There are in every machine three principal parts. One which receives the power, a second transmitting, communicating, or modifying the power, and a third applying it. In the common flour mill,considered as a machine, a water wheel receives the power of a waterfall; the spur wheel and pinion, or a train of gear, communicates
	the motion of the water wheel to a pair of stones revolving in a different plane, and at quite different speed it may be, from that of the water wheel, and these stones grind the corn, or do the workdesired. 
	Rm.ark. This sub-division is not always manifest; for there are machines, in whichthe power Łs transmitted so directly to the work to be done, that the communicato•above mentioned are not apparent. The sub-division is, however, convenient, tbgbJtbe equally so to apply to recipients of power, the generic term e_i to the communicators of the motion, the general term michanum; ad to the parts doing tbe work, the general term of operator,, and in this manner to consider each 
	Ł
	Ł
	would, 
	perhaps, 
	INI"" 
	or
	machin
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	observations in Willis' "Prittcipla in Ampere's "Plrilo,ophw
	of 
	Mecha
	nima, 
	1840
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	and 

	' 
	§ 39. Mechanical Effect.-The mechanical efFeet by amachine, is measured by the a given time, or by the 
	produced 
	work done 
	in 
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	USEFUL AND PREJUDICIAL RESISTANCE. 
	product of the force exerted, and the distance gone through in a unit of time in the direction of that force. If P be the force exerted, and , the distance passed through in a second, then is Ps a true measureof the effect of the machine L-Ps ft. lbs. 
	It is very usual to assume a somewhat arbitrarily chosen, but now pretty generally adopted measure, termed horse power, as the unitof mechanical effect of engines or machines. The hor,e power is inEngland 33,000 lbs. avoird. raised I foot high in a minute. This is the cheval vapeur of the French, and which in French measures is 75 kilogramme, raised I metre high in a ,econd. It is the Pferdekraft of the Germans, or 510 lbs. Prussian, raised 1 foot in a second. 
	high

	We have to distinguish the useful effect, the Jost effect, and thetotal effect of machines. The useful effect is the work done, the losteffect is that consumed in overcoming the friction of the parts of the machine lost in shocks, &c., and the total effect is the sum of thesethe effect inherent in the power, or the effect taken out of it. Anengine or machine is so much the more perfect, the smaller the losteffect compared with the total effect, or the less Joss there arises inadapting and transmitting the 
	L
	1 

	-. Thus, the more per
	Jost 
	effect, 
	the efficiency ., -
	Ł
	1 
	L
	Ł
	Ls 

	fect the machine, the more nearly its efficiency approaches to • but as there is always friction, and other resistances and losses, degree of perfection cannot be attained. 
	unity
	that

	Ezamplt. An ore stamping mill consists of 20 1ta,npw1, each of which weighs 250 lbs 1 foot high. The mnchine drivin1e these is Ł 260 cubic feet per minute, 1&nd the fall is 20 feet high-reqthe efficiency of thi:! ruachine. The useful etfect is: 
	and each is raised 40 times per 1ninute
	1 
	water wheel, taking on 
	uired

	= 3333! ft. pounds per second =-6 horse power; the total eff60 
	= 3333! ft. pounds per second =-6 horse power; the total eff60 
	20 
	• 
	250 
	· 
	40 
	· 
	1 
	ect

	270 pounds water through 20 feet pt"r second aa 5400 60 
	however, is: 
	260 X 
	62•
	25 
	feet

	lbs. per second = 9,8 horse power; the lo,t tjfect -= 5400 -3333i -2066-f 
	fet-t 

	Jbs. == 3,75 horse power; and the efficiency of the whole arrangement _ :J3! 
	33

	-0,62. 
	540U

	· § 40. Useful and pre}udicial Resistance.-The resistance overcome by machines may be subdivided, in like manner, into useful and prejudicial resistance, but as the power is applied to t�e useful and prejudicial resistances at different points, we !rectly set the power equal to the sum of the useful and prejudiresistance, but there must be a preliminary reduction. Thisreduction is made of the spaces simultaneously passedby the different points of resistance of the machine. If the power P be exerted for a s
	to 
	be 
	canno
	t
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	cial 
	by means 
	through 
	1
	for a 
	space 
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	Pa = Ps+ Ps, hence P .. .!.!. P+ P• 
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	The point in the machine or system at which P is applied, istermed the point of a.pplic:i.tion of the po,ver, and the points at which Pand Pact, are the points of application of the resistances; we have 
	1 
	2 

	in .!!. Pthe useful resistance reduced to the point of application of 
	1 

	8 
	power, and in P, the prejudicial resistance red'l.tced to the same 
	8
	2 
	s

	8
	point. Tlte power is, therefore, equal to the sum of the useful and pre;'udicial resistances, reduced to the point of ap11lication of tlie 
	power. Again P= .!__ P -Por the useful resistance is equal 
	1 
	8
	2 
	u 

	81 81
	to the difference of the po,ver reduced to the point of application ofthat resistance, and the prejudicial resistance reduced to the same 
	point. Hence the efficiency of a ma.chine: f.'-= = P: P=P:
	p
	1
	8
	1 
	8
	1 
	1 
	1

	Ps s 
	!_ P, that is, the quotient of the useful resistance reduced to the 
	81
	power-point and the power, or the quotient of the useful resistance, and the power reduced to the point of application of the usefulresistance. 
	Very many machines are adaptations of the "·heel and axle (Vol. I. § 152), and hence the redu,ctions may often be accomplished as for a lever. If in the wheel and axle .llBC, Fig. 90, the radius of the wheel C.11 = a, the drum's ra-
	Fig. 
	90. 

	dius CBn= b, then the statical moment of the power P, = Pa, and that of the useful resistance P= Pb, and therefore the useful resist
	1 
	1
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	ance reduced to the power-point .11 = P, and 
	b 
	1

	a
	the power reduced to the point of application b 
	of the resistanceh= P. If the prejudicial re-
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	b 
	sistance P, consist in the axle friction ( P + P
	2
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	+ G), and if r = the radius DC of the axle, the 
	�oment of it is= Pr, and therefo1·e the prejudicial resistance reduced to the application of 
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	Et:ample. For a 11Jhccl nn<l drum ,veibi250 lbs the wheel beiug 30 inches m<lius, 
	g
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	I 
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	Figure
	Artifact
	OF THE RIGIDITY OF CORDAGE. 
	11nd the drum 6 inches radius. the Rile ½ inch radius--the useful resistance being 500 
	lbs., tl1e co-efficient of axle friction Ł, then the useful reeis&ance reduced to the point of 
	1

	6
	l. 1 .. _ 500 -100 lbs, and the .d".preJu 1c1a l resist.
	. 
	t e power -_ 
	b 
	P

	app 1cat1on o f h a 30 ance reduced to the same point: 
	/r 1 
	Figure
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	(P + P1 + G) == "(,T • (750 + P) -f+ 
	= Ł
	2 
	. 
	6U0 
	,

	30 
	and henoe we have to put the power: 
	P= 100f p , i.te. P-= 101,25n. -101,42 lbs.,
	+ 
	+ 
	600 

	600 599 
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	ON THE RIGIDITY OF CORDAGE. 
	Amontons, and, after him, Coulomb, experimented on the rigid
	ity

	ofhemp ropes &nd cords: and Weisbach, adopting Coulomb's metho
	d,

	has recently experimented on the rigidity of hemp and wire rope,
	such as are used in the drawing-shafts of mines.
	Coulomb deduced from his experiments, that the law of this resisance to winding may be represented by a formula. composed of terms; the one, a constant for each drum or pulley, which we designate by a, and which the distinguished experimenter termnatural rigidity," because it depends on the mode of manufacturof the rope, and on the degree of twist given to the threads and strands; the other, proportional to the tension Ton the rope, andexpressed by the product Ł T, in which /3 is a constant for any ropeor d
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	two
	may
	ed
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	Coulomb also deduced from his experiments that the resistawinding varies inver,ely as the diameter d of the drum or •
	nce 
	to
	pulley 
	, 
	80

	ŁT
	that R-a+ . 
	7

	Naviet, in using Coulomb's experiments to construct a for1nula assumed that the co-efficients, a and il, are proportional to a certaiŁ power of the diameter, depending on the state of wear of the ropeh. but this as8umption is not true. For it would lead to this, that Ł worn rope of 1 foot diameter has the same rigidity as a new one which is evidently not true: and besides, the comparison ofthe of a and Ł prove that the power to which the diameter has raised cannot be the same for the two terms of the resist
	valu
	e;
	to 
	be
	e.

	Coulomb's experiments, however, show that the rigidity is proortional to the number n of threads in the rope, for ropes of a g1 ven manufacture. 
	p

	For new white ropes, the formula: R -n [.0002 + .000171 n + .000243 Q] lbs. drums or pulleys of 1 foot in diameter, and 
	for 

	R .. [.0002 + .000171 n + .000248 QJ lbs. 
	Ł 

	for a drum of diameter din feet, accords well with experiments.* 
	' 
	pratique," Jere partie. 
	WORKING CONDITION. 
	For tarred ropes: R = [.001+ .000232 + .00028 lbs.
	n 
	n 
	QJ 

	d
	Whence it appears that tarred ropes are rather more rigid than \Yhite ropes.
	eisbach has deduced from his experiments on wire rope, (4 ,rires round a core in each strand, n.nd 4 strands round a co1·e in the rope,) weighing 3 lbs. to the fathom, the formula : 
	W

	Q
	R= 0, 72 + 0,0262 d lbs., 
	in which Q is the strain on the rope in cwts., and d the diameter of the pulley. Whereas, for the hemp ropes, fit for the Bame 'l.tBes, or 
	of the same strength, R = 3,02 + 0,086 : or the rigidity is con
	Q
	d 
	-

	siderably greater.
	Wire ropes, newly tarred or greased, have about 40 per cent. less rigidity than untarred ropes.* 
	Working Condition.-When a machine is set in motion, it sooncomes to its working condition, that is, there recur at regular periods the same relative position of the parts, the periodic motion becomes 
	uniformly so. In this condition we assume machines to be in applying our principles, but theu· working condition may, according to circumstances, be either uniform or variable. The causes inducingirregularity are variations in the power or in the resistance, as alsothe proportions of, or construction of the machine, in reference to variations in the spaces described in a. given time by the po,ver and resistance, and the state of motion of inert masses. 
	In a steam-engine, the po,ver is variable when the engine "works expansively," that is, ,vhen the steam is cut off 
	during the progressive motion of the piston. In a mill for rolling iron, the power o.nd resistance a1·e continual1y varying, because the forge hammer is out of gear when f allin,g on the blooms, and, therefore, the working condition of the machines is irregulai·. If the engine work expansively, then there ·would arise from the combination of the engine, and hammer, and rol1ers, three causes of irregularity. When a weight G, Fig. 91, is raised by a steamengine with uniform pressw·c by means of a wheel C..i
	Fig. 91. 
	0
	0

	spaces 
	.11
	0
	./J
	u 
	.
	IJ
	1.ll
	2
	, 
	.11
	2
	.11
	3
	, .ll
	3
	.
	.i
	4
	, 

	of the resist
	ance correspond to very unequal distancesdescribed by the power, and, therefore, the ratio during a half revolution is variable, but for periods of a half revolution it is uniform. 
	• Weisbach's paper on this the first number of a journal published at Freyberg, under the title •Der Inge.ieur Zeitschrift fur dns gesa1nmte lnge·1 1846. 
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	Figure
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	the case of uniform working condition, the inert masses machine are without influence, because it is only at first, when machine is still accelerating in motion, that they absorb mechanicaleffect, but lateir, when uniform motion has established itself, there isneither loss nor gain of mechanical effect (Vol. I. § 52). But if, onthe other hand, a machine be subject to irregular working conditions,the inert masses of the parts have an essential influence on the motioof the machine, because they absorb mechani
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	Thus, 
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	period, 
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	masses increases and diminishes the lost effect by the above and, therefore, the total effect for the whole period, or the meaŁeff"ect is the same as if these inert masses were not there. llence as a general formula, Ps -Ps+ P1,holds good for a variablŁ working condition, if by ,, 8, s, we understand the saces described P, , P, we substitute the meanvalues of the power, and useful and prejudicial resistance, for aa
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	mula. shows that the variations of velocity of a machine are less, the less the difference between the effects of the power sum of the effects of the resistances, but also the greater the of the parts of the machine, and the greater their velocity.
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	only
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	mass
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	Rmtark. It does not follow that because the mass of the parts <lo not affect the efficiencyof a machine, but only its working condition, that it is a rnatter of inditfereuce, whether the parts of a machine hove more or less mR!lS. Weight increases friction, gi\·es rise toshocks, &c., which are prejudicinl. But of this iu the se11uel. 









