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Each chapter of this thesis is represented as a metaphorical meeting between mathemati-
cians and their ideas: Stieltjes meet Gauss; Berg meet Urbanik; Dynkin meet Jacobi;
Dynkin meet Villani. In the “Stieltjes meet Gauss” part we provide some new criteria for
the determinacy problem of the Stieltjes moment problem, starting with a Tauberian type
criterion for indeterminacy that is expressed purely in terms of the asymptotic behavior
of the moment sequence (and its extension to imaginary lines). Under an additional
assumption this provides a converse to the classical Carleman’s criterion, thus yielding
an equivalent condition for determinacy. We also provide a criterion for determinacy
that only involves the large asymptotic behavior of the distribution (or of the density if it
exists), which can be thought of as an Abelian counterpart to the previous Tauberian type
result. This latter criterion generalizes Hardy’s condition for determinacy, and under
some further assumptions yields a converse to Pedersen’s refinement of Krein’s cele-
brated theorem. The proofs utilize non-classical Tauberian results for moment sequences
that are analogues of the ones developed by Feigin and Yaschin and Balkema et al. for
the bi-lateral Laplace transform in the context of asymptotically parabolic functions,
which generalize the classical Gaussian setting. We illustrate these results by studying
the time-dependent moment problem for the law of a process whose logarithm is a Lévy
process, which is a generalization of the log-normal distribution. Along the way, we
derive the large asymptotic behavior of the density of spectrally-negative Lévy processes

having a Gaussian component, which may be of independent interest. We continue the



study of this time-dependent moment problem in the “Berg meet Urbanik” part where we
focus on Berg-Urbanik semigroups, a class of multiplicative convolution semigroups on
R thatis in bijection with the set of Bernstein functions. Berg and Durdn proved that the
law of such semigroups is determinate (at least) up to time ¢ = 2, and for the Bernstein
function ¢(u) = u Berg made the striking observation that for time ¢ > 2 the law of this
semigroup is indeterminate. We extend these works by estimating the threshold time
Ty € [2, oo] that it takes for the law of such Berg-Urbanik semigroups to transition from
determinacy to indeterminacy in terms of simple properties of the underlying Bernstein
function ¢, such as its Blumenthal-Getoor index. In particular, we show that T4 = 2 for
any Bernstein function ¢ with a drift component, thereby generalizing Berg’s result to
this entire class. One of the several strategies we implement to deal with the different
cases relies on the non-classical Abelian type criterion mentioned above. To implement
this approach we provide detailed information regarding distributional properties of the
semigroup such as existence and smoothness of a density, and, the large asymptotic be-
havior for all # > 0 of this density along with its successive derivatives, which are original
results in the Lévy process literature. In the “Dynkin meet Jacobi” part we introduce and
study non-local Jacobi operators, which generalize the classical (local) Jacobi operator.
We show that these operators extend to the generator of an ergodic Markov semigroup
with an invariant probability measure and study its spectral and convergence properties.
In particular, we give a series expansion of the semigroup in terms of explicitly defined
polynomials, which are counterparts of the classical Jacobi orthogonal polynomials. In
addition, we give a complete characterization of the spectrum of the non-self-adjoint gen-
erator and semigroup. We show that the variance decay of the semigroup is hypocoercive
in the sense of Villani, with explicit constants, which provides a natural generalization
of the spectral gap estimate. After a random warm-up time the semigroup also decays

exponentially in entropy, and is both hypercontractive and ultracontractive. Our proofs



hinge on the development of intertwining relations—a notion for Markov semigroups
introduced by Dynkin—between local and non-local Jacobi operators/semigroups, with
the local Jacobi operator/semigroup serving as a reference object for transferring proper-
ties to the non-local ones. Finally, in the “Dynkin meet Villani” part, we offer an original
and comprehensive spectral theoretical approach to the study of convergence to equilib-
rium, and in particular of the hypocoercivity phenomenon, for contraction semigroups
in Hilbert spaces. Here we utilize intertwining to transfer spectral information from a
known, reference semigroup P = (e"ﬁ),>0 to a target semigroup P that is the object
of study. This allows us to obtain conditions under which P satisfies a hypocoercive
estimate with exponential decay rate given by the spectral gap of A. Along the way we
also develop a functional calculus involving the non-self-adjoint resolution of identity
induced by the intertwining relations. We apply these results to degenerate, hypoellip-
tic Ornstein-Uhlenbeck semigroups on R¢, and non-local Jacobi semigroups on [0, 1]%;
in both cases we obtain hypocoercive estimates and are able to explicitly identify the
hypocoercive constants.

All work in this thesis was done in collaboration with P. Patie, and the work in
Chapter 4 was done with the additional collaboration of P. Cheridito and A. Srapionyan.

The contents of Chapters 2—5 have been submitted to peer-reviewed journals as follows:

* Non-classical Tauberian and Abelian type criteria for the moment problem,

arXiv:1804.10721 [math.PR], 19pp., 2018;

* The log-Lévy moment problem via Berg-Urbanik semigroups, Studia Math., ac-
cepted, 41pp., 2019;
* On non-local ergodic Jacobi semigroups: spectral theory, convergence-to-

equilibrium and contractivity, arXiv:1905.07832 [math.PR], 40pp., 2019;

* A spectral theoretical approach for hypocoercivity applied to some degenerate

hypoelliptic, and non-local operators, arXiv:1905.07042 [math.PR], 22pp., 2019.
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CHAPTER 1
INTRODUCTION

This thesis is split into two parts, consisting of two chapters each, and each of these
chapters represents a metaphorical meeting between mathematicians and their ideas:

Stieltjes meet Gauss; Berg meet Urbanik; Dynkin meet Jacobi; Dynkin meet Villani.

In the first half we investigate the determinacy problem of the Stieltjes moment
problem, which asks under what conditions a probability measure v supported on [0, o)
is moment determinate, i.e. uniquely determined within the space of probability measures

supported on [0, o0) by its sequence of moments given, for any integer n > 0, by

/ x"v(dx) < oo.
0

The two most widely used critera for establishing moment determinacy and moment
indeterminacy are, respectively, Carleman’s summability criterion on the moment se-
quence [32], and Pedersen’s refinement of Krein’s integrability criterion [103] for the
density, when it exists, of the probability measure itself. However, neither of these crite-
ria are, in general, equivalent to moment determinacy and indeterminacy, respectively,
and are complementary in the sense that the former involves conditions on the moment
sequence, while the latter involves conditions on the measure itself. Thus, investigating
new criteria for moment determinacy and indeterminacy has remained an active area
of research for several decades, with deep connections to, and implications for, other

branches of mathematics, see for instance the recent survey by Schmiidgen, [110]

In Chapter[2)we develop some new criteria for both moment determinacy and moment
indeterminacy. Our first result is a criterion for moment indeterminacy that is expressed
in terms of the large asymptotic behavior of the moment sequence (and its extension to

imaginary lines), and under an additional assumption this criterion provides a converse to



the classical Carleman’s criterion, thus upgrading it to a necessary and sufficient condition
in this context. We also provide a criterion for moment determinacy that only involves
the large asymptotic behavior of the distribution (or of the density if it exists), which
can be thought of as an Abelian counterpart to the previous Tauberian type result. This
latter criterion generalizes Hardy’s condition for determinacy, and under some further
assumptions yields a converse to the Pedersen’s refinement of the celebrated Krein’s
theorem. The proofs utilize non-classical Tauberian results for moment sequences that
are analogues of the ones developed by Feigin and Yaschin [S1] and Balkema et al. [11]]
for the bi-lateral Laplace transforms in the context of asymptotically parabolic functions;
as the Tauberian results in [S1}11] generalize the classical Gaussian setting we term this
part “Stieltjes meet Gauss”. We illustrate these results by studying the time-dependent
Stieltjes moment determinacy for multiplicative convolution semigroups (v;);>0, that is

semigroups satisfying, for n,t > 0,

/ x"v(dx) = / VP, € dy) = '™,
0 -

(0]

where (Y});> is a one-dimensional Lévy process such that E[¢""] < oo, forall n, ¢ > 0. If
(Y;):>0 has a Gaussian component then v, is indeterminate for all # > 0, which generalizes
the famous result that the log-normal distribution is indeterminate. Along the way, we
also derive the large asymptotic behavior of the density of spectrally-negative Lévy
processes having a Gaussian component, which may be of independent interest in the
Lévy process literature. We also provide an example of a Lévy process for which v; is

moment determinate if and only if 7 < 2.

In Chapter 3 the “Berg meet Urbanik” part, we continue our study of this time-
dependent moment problem via Berg-Urbanik semigroups, which are multiplicative

convolution semigroups (v;);>0 such that

[ xtan = (1_[ ¢<k>)
0 k=1

t
>



where ¢ is a Bernstein function. In [19], Berg and Durdn proved that the law of such
semigroups is moment determinate (at least) up to time ¢ = 2, and for the Bernstein
function ¢(u) = u Berg [16]] made the striking observation that for time ¢ > 2 the law
of this semigroup is moment indeterminate. We extend these works by estimating the
threshold time Ty € [2, oo] that it takes for the law of such Berg-Urbanik semigroups
to transition from moment determinacy to moment indeterminacy in terms of simple
properties of the underlying Bernstein function ¢, such as its Blumenthal-Getoor index.
In particular, we show that T4 = 2 for any Bernstein function ¢ with a drift component,
thereby generalizing Berg’s result to this entire class. One of the several strategies
we implement to deal with the different cases relies on the non-classical Abelian type
criterion mentioned above. To implement this approach we provide detailed information
regarding distributional properties of the semigroup such as existence and smoothness of
a density, and, the large asymptotic behavior for all # > 0 of this density along with all of
its successive derivatives. In particular, these results are original in the Lévy processes

literature and also may be of independent interest.

The theme for the second half of this thesis is intertwining of Markov semigroups,
a notion that was introduced by Dynkin [48] while investigating the question of when
functions of a Markov process remain Markovian. Informally, an intertwining is a

commutation relationship of the form
PiA = AP,

where P = (P;);>0 and P = (ﬁ;)t>0 are suitable (e.g. Markov) semigroups of linear
operators and A is a linear operator. As the investigations below reveal, it is desirable
to establish an intertwining on the space L?(v), where ¥ is the invariant probability
measure for P, however, in practice it is often easier to establish such an identity on a
more convenient function space, such as the space of polynomials P. The extension of

the intertwining to L?(¥) then requires that P be a dense subspace of L2(¥), a fact that



is guaranteed when the probability measure v is moment determinate. This connection
between the density of P in L?(v) and the moment determinacy of ¥ is what bridges the

two halves of this thesis.

In Chapter 4] we introduce and study, via intertwining relations, non-local Jacobi
operators, which generalize the classical (local) Jacobi operator on [0, 1]; hence “Dynkin
meet Jacobi”. We show that these operators extend to the generator of an ergodic Markov
semigroup with an invariant probability measure, very much in the spirit of Dynkin’s
original work, and study the spectral and convergence properties of this semigroup. In
particular, we give a series expansion of the semigroup in terms of explicitly defined
polynomials, which are counterparts of the classical Jacobi orthogonal polynomials. In
addition, we give a complete characterization of the spectrum of the non-self-adjoint gen-
erator and semigroup. We show that the variance decay of the semigroup is hypocoercive
in the sense of Villani, with explicit constants, which provides a natural generalization
of the spectral gap estimate. After a random warm-up time the semigroup also decays
exponentially in entropy and is both hypercontractive and ultracontractive. Our proofs
hinge on the development of intertwining relations between local and non-local Jacobi
operators/semigroups, with the local Jacobi operator/semigroup serving as a reference

object for transferring properties to the non-local ones.

The aim of Chapter [3]is to offer an original and comprehensive spectral theoretical
approach to the study of convergence to equilibrium, and in particular of the hypocoer-
civity phenomenon, for contraction semigroups in Hilbert spaces. Again, our approach
rests on exploiting intertwining relationships and thus “Dynkin meet Villani” for this
part. We utilize intertwining to transfer spectral information from a known, reference
semigroup P = (e‘tﬁ)t>o to a target semigroup P, which is the object of study. This

allows us to obtain conditions under which P satisfies a hypocoercive estimate with



exponential decay rate given by the spectral gap of A. Along the way we also develop
a functional calculus involving the non-self-adjoint resolution of identity induced by the
intertwining relations. We apply these results in a general Hilbert space setting to two
cases: degenerate, hypoelliptic Ornstein-Uhlenbeck semigroups on R?, and non-local
Jacobi semigroups on [0, 1]" , which were introduced and studied for d = 1 in Chapter
In both cases we obtain hypocoercive estimates and are able to explicitly identify the

hypocoercive constants.



CHAPTER 2
NON-CLASSICAL TAUBERIAN AND ABELIAN TYPE CRITERIA FOR THE
MOMENT PROBLEM

In this chapter we provide some new criteria for the determinacy problem of the
Stieltjes moment problem. We first give a Tauberian type criterion for moment inde-
terminacy that is expressed purely in terms of the asymptotic behavior of the moment
sequence (and its extension to imaginary lines). Under an additional assumption this
provides a converse to the classical Carleman’s criterion, thus yielding an equivalent
condition for moment determinacy. We also provide a criterion for moment determinacy
that only involves the large asymptotic behavior of the distribution (or of the density if it
exists), which can be thought of as an Abelian counterpart to the previous Tauberian type
result. This latter criterion generalizes Hardy’s condition for determinacy, and under
some further assumptions yields a converse to the Pedersen’s refinement of the cele-
brated Krein’s theorem. The proofs utilize non-classical Tauberian results for moment
sequences that are analogues to the ones developed in [51] and [11] for the bi-lateral
Laplace transforms in the context of asymptotically parabolic functions. We illustrate
our results by studying the time-dependent moment problem for the law of log-Lévy
processes viewed as a generalization of the log-normal distribution. Along the way, we
derive the large asymptotic behavior of the density of spectrally-negative Lévy processes

having a Gaussian component, which may be of independent interest.

2.1 Introduction and main results

The determinacy problem for the Stieltjes moment problem asks under what conditions

a measure v supported on [0, co) can be uniquely determined by its sequence of moments



M, = (M, (n)),>o where, for any n > 0,

M, (n) = /000 x"v(dx) < 0.

When a measure is uniquely determined by its moments we say it is moment determi-
nate, otherwise it is moment indeterminate. Note that we consider only measures with
unbounded support since otherwise the problem is trivial. For references on the moment
problem see the classic monographs [2] and [[111], the comprehensive exposition [112],
and the more recent monograph [[110], where the interested reader will find a nice de-
scription of its connections and interplay with many branches of mathematics, as well

as its broad range of applications.

2.1.1 A Tauberian type moment condition for indeterminacy, and a

converse for Carleman’s criterion

One of the most widely used criteria for determinacy is Carleman’s criterion, which
states that if

i 1

D M) = oo,
then v is moment determinate, where for a sequence (ay),>0 of real numbers Y, a,, = oo
denotes 3., a, = oo for some index ny > 1 whose choice does not impact the divergence
property (the same notation holds for integrals of functions). However, it is well-known
that the divergence of this series is not a necessary condition for moment determinacy,
see e.g. Heyde [65] for an example. The main result in this section is a condition
for indeterminacy that is entirely expressed in terms of the moment transform (and its
extension to imaginary lines) of the measure, which under an additional assumption
yields a converse to Carleman’s criterion. In order to state this criterion we need to

introduce some notation.



Let C2(I) denote the set of twice differentiable functions on an interval I C R whose
second derivative is strictly positive on /. We define the set A of asymptotically parabolic

functions, a notion which traces its origins to [[10} [11], as
{G € C2((a,»)), a > —o0; G” (u + W(G”(u))-%) 2 G”(w), loc. unif. in w € R}, @.1)

where f(u) ~ g(u) means that lim,_ % = 1. We are now ready to state our Tauberian

type criterion for the Stieltjes moment problem.

Theorem 2.1.1. Let M, be the Stieltjes moment sequence of a measure v and assume

that the following two conditions hold.

(a) There exists G € A such that

M, (n) < G,

(b) There exists ny € [0, o) such that for n > ng, writing n*(n) = (log M, (n))”, the

functions

n(n)
M, (n)

My (n+ i) .

are uniformly (in n) dominated by a function in L'(R).

(1) Then, the condition

/ (uG'(u)—G(u))G"(u)e_GT(u)du < o0 = v is moment indeterminate. (2.3)

G'(w)

(2) If in addition lim, . ue™ "2 < oo then

v is moment determinate < / (uG'(u) — G(u))G”(u)e_GT(M) du = oo

® _Gw
— e 2 du=o0

— Z M;ﬁ(n) = oo. 2.4)




This Theorem is proved in Section [2.3.1] We call it a Tauberian type result since
assumptions on the moment transform alone give sufficient information regarding the
measure for concluding indeterminacy. In Section [2.2.1] below we shall provide an
application of this criterion to the time-dependent moment problem for the law of log-
Lévy processes. Invoking now a useful result from Berg and Durén [19, Lemma 2.2
and Remark 2.3] regarding factorization of moment sequences in relation to the moment

problem, we deduce the following corollary of Theorem [2.1.1{(1)

Corollary 2.1.1. Let M« be the Stieltjes moment sequence of a measure V and suppose
that, forn > 0,

My (n) = M, (n)m(n),

where M, is a Stieltjes moment sequence that satisfies the assumptions of Theorem[2.1.1]

and (m(n)),>0 is a non-vanishing Stieltjes moment sequence. Then,

/ (uG'(u) - G(u))G”(u)e_GT(M)du < oo = YV is moment indeterminate.

We proceed by offering a few remarks regarding our criterion in relation to the recent
literature on the moment problem. In Theorem[2.1.1)1)[we provide a checkable criterion
for indeterminacy based solely on properties of the moment transform, which seems
to be new in the context of the moment problem. For example, the assumption that

M, (n) > cn®+o" for some constants ¢, £ > 0 and n large enough, together with

. xV'(x)
lim =

S (0

—00, (2.5)

where v(dx) = v(x)dx, allows one to conclude indeterminacy, see Theorem 5 in the
nice survey [80]. The condition expressed by (2.5), which goes back to [78]], is called
Lin’s condition in the literature, and involves the a priori assumption of the existence

and differentiability of the density on a neighborhood of infinity.



In the same spirit, the integrability condition in Theorem [2.1.1[b)] can be replaced by

(but is not equivalent to) the assumption that v(dx) = v(x)dx is such that
x — —logv(e*) is convex, for x large enough. (2.6)

Under the assumption in (2.6)), Pakes proved in [94] that Carleman’s criterion becomes
an equivalent condition for moment determinacy. However, as with Lin’s condition,
this involves assumptions on both the moment sequence and the density, and is a rather
strong geometric requirement on the density itself. We point out that, as by-product of
Theorem [2.1.1] we have v(dx) = v(x)dx, x > 0, and that v(e*) satisfies a less stringent
asymptotic condition, which is in fact implied by (2.6), see [11, Theorem 2.2 and

Equation (4.5)].

In Theorem We are able to show, under a further mild assumption on G, that
Carleman’s criterion becomes necessary and sufficient for determinacy. The additional
assumption on G is what allows us to connect the condition in (2.3) to the finiteness of
the sum in (2.4), which is the harder of the two implications to prove. While both Lin’s
condition in (2.5]) and Pakes’ condition (2.6)) yield converses to Carleman’s criterion, we

avoid having to make distinct assumptions on the moment transform and the density.

2.1.2 An Abelian type tail condition for determinacy, and a converse

for Krein’s criterion

The celebrated Krein’s criterion, refined by Pedersen [[103]], states that if v(dx) = v(x)dx

and, for some xy > 0,

X

1+
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then v is moment indeterminate (the case xo = 0 yields the original version of Krein’s
theorem). It is also well-known that this condition is not necessary for moment inde-
terminacy, see the counterexample in [[103]. In this section we provide conditions for
moment determinacy that are stated in terms of the measure directly, which under some

additional assumptions yields a converse to the refined Krein’s criterion.

To state our result we define the set of admissible asymptotically parabolic functions

as

x—o0 X

Ap = {G* € A; lim G _ oo},

and note that not all asymptotically parabolic functions are admissible, see e.g. the last
row of Table 2.1] in Section [2.2.2] The admissibility condition is equivalent to the
condition that, for large enough x, the function x — ¢%-(1°2%) grows faster than any
polynomial. Hence our reason for assuming admissibility is to avoid trivial situations in
terms of the moment problem. We suggestively write G, as it will turn out that G, will
be the Legendre transform of a function G € A, see the beginning of Section and in

particular Lemma [2.3.2] for further details.

f)
g(x)

Next, we write, for suitable functions f and g, f(x) = O(g(x)) if limy_seo < o0

and f(x) = g(x)if £ = O(g(x)) and g(x) = O(f(x)). We also write ¥(x) = [ v(dx)
for the tail of a probability measure v. The following result may be thought of as the

Abelian counterpart to the Tauberian type result in Theorem [2.1.1]

Theorem 2.1.2. Let v be a probability measure with all positive moments finite.

(1) Suppose that there exists G, € Aqp such that either
v(x) = O™ e ), 2.7
or, if v(dx) = v(x)dx, that

v(x) £ O(e~C+logx)y, (2.8)

11



Then, writing vy for the inverse of the continuous, increasing function G-,

(o]
_vm) . .
Z eI =o0o = v is moment determinate. (2.9)

(2) If in addition

y(x) OXO e—G* (log x),

and lim,_,. G.(x)e™2 < oo, then

(o)

. . . _vm
v is moment indeterminate <= Ze 2

< 0
= / G.(x)e 2dx < o
— / og—v(x)dx < 00,

1+ x2

This Theorem is proved in Section [2.3.2] It leads to a generalization of Hardy’s
condition for moment determinacy, which was proved by Hardy in a series of papers [63,
64] and seemed to have gone unnoticed in the probabilistic/moment problem literature

until the recent exposition by Stoyanov and Lin [114], see also [80]. The criterion states

that if

/ ec‘/;v(dx) < oo, for some ¢ > 0, (2.10)
0

then v is determinate.

Corollary 2.1.2. Let v be a probability measure with all positive moments finite.

(1) Hardy’s condition is satisfied, i.e. (2.10) holds, if and only if
V(x) £ O(emeVE2logx),

Consequently Hardy’s condition implies that (2.7) and [2.9) of Theorem 2. 1. 1)|

are satisfied, with x — G.(x) = ce? + %x € Ap.

12



(2) If
co  _avx
v(x) < e logx (2.11)

then v does not satisfy Hardy’s criterion, i.e.

/ ec‘/;v(x)dx =00, VYc>0,
0

yet v is moment determinate for all a > 0.

This Corollary is proved in Section[2.3.3] and we proceed with some remarks concern-
ing it as well as Theorem[2.1.2] The fact that Theorem leads to a generalization
of Hardy’s condition shows that the assumptions we make are rather weak yet still yield
the moment determinacy of v. Note that the requirement in or in (2.8) does not
trivially imply moment determinacy since a function G. € Ap may be sublinear at the

log-scale, e.g. G.(log x) = x® for @ > 0.

It was shown in Stoyanov and Lin [114]] that Hardy’s condition implies Carleman’s
criterion, so that the same argument that disproves the necessity of Carleman’s criterion
also shows that Hardy’s condition is not necessary for moment determinacy. This
argument, which goes back to Heyde [63]], involves the subtle manipulation of point mass
at the origin. In Corollary we are able to give explicit examples of densities,
characterized only by their large asymptotic behavior, for which Hardy’s condition fails

yet, by Theorem Carleman’s criterion holds.

In Theorem [2.1.2(2)| we give necessary and sufficient conditions on the density v
for moment indeterminacy, and also show that Krein’s criterion becomes necessary and
sufficient in our context. The existing criteria in the literature that give converses to
Krein’s theorem require either the differentiability of the density, such as Lin’s condition
in (2.5)), or an exact representation for the density, e.g. [94, Theorem 4], neither of which

we suppose.

13



Finally, we mention that we apply Theorem [2.1.2] to study the log-Lévy moment

problem for so-called Berg-Urbanik semigroups in Chapter 3]

2.2 Applications

2.2.1 The log-Lévy moment problem

One of the most famous indeterminate measures is the log-normal distribution, and
the indeterminacy of this measure has the consequence that the random variable e is
moment indeterminate for all r > 0, where B = (B;);>¢ is a standard Brownian motion.
In this section we apply Theorem [2.1.1] to study this time-dependent moment problem
when B is replaced by a Lévy process (admitting all exponential moments), which we

call the log-LLévy moment problem.

We recall that a (one-dimensional) Lévy process Y = (¥;);>0 is a R-valued stochastic
process with stationary and independent increments, that is continuous in probability,
and such that ¥p = 0 a.s. Such processes are fully characterized by the law of Y;, which

is known to be infinitely divisible, and whose characteristic exponent is given by

1 [(o¢]
Y(u) = bu + Eazuz + / (e" =1 —urly<1y) 1(dr), u €iR, (2.12)
with b € R, o > 0, and II a o-finite, positive measure satisfying I[1({0}) = 0 and the
integrability condition

/ B min(1, r?) TI(dr) < oo.

As we are interested in the log-L.évy moment problem we only consider Lévy processes
admitting all positive exponential moments, i.e. E[¢""'] < oo for all u,¢ > 0. This

condition is equivalent to ¥ admitting an analytical extension to the right-half plane, still

14



denoted by ¥, which in terms of the Lévy measure can be expressed as
/ e"'TI(dr) < o0, u >0,
1
see [108, Theorem 25.3 and Lemma 25.7]. In this case we have that
E[e"V] = 'YW, u > 0.

Theorem 2.2.1. Let Y = (Y;);>0 be a Lévy process admitting all exponential moments.

(1) Ifin @.12) o > 0, then the random variable e is moment indeterminate for any

t>0.

(2) If¥(u) = ulog(u+ 1), u > 0, then the random variable €' is moment determinate

if and only if t < 2.

This Theorem is proved in Section[2.3.4] In Theorem[2.2.1(2)|we provide an example
of a Lévy exponent such that the log-Lévy moment problem is determinate up to a
threshold time, and then indeterminate afterwards. This phenomenon has been observed
in the literature by Berg in [[16]] for the so-called Urbanik semigroup and in the next chapter
we extend Berg’s result to a large class of multiplicative convolution semigroups, which
do not have a log-normal component. We also mention that we prove Theorem [2.2.1(2)|

also via an application of Theorem [2.1.1] and interestingly, the additional condition in

Item [(2)| of Theorem [2.1.1]is only fulfilled for ¢ > 2.

We point out that, as a by-product of the proof of Theorem in the case
of spectrally-negative Lévy processes, we get the following large asymptotic behavior
of their densities, valid for all + > 0, which seems to be new in the Lévy literature.
Note that, from [108, Ex. 29.14, p. 194], we have, for o? > 0 and any fixed t > 0,
P(Y; € dy) = fi(y)dy,y € R, where y — f;(y) € C*(R), all derivatives of which tend to

15



0 as |y| — oo, and where C*(R) stands for the space of infinitely differentiable functions

on R.
Corollary 2.2.1. Assume that, in @.12), 0> > 0 and I1(0) = I1(0, o) = 0. Then, for any
fixed t > 0, we have the following large asymptotic behavior of the density

2

’ o 1 ~Lto2y240y? [0 &7 rTl(=co,r)dr
LV () 2 2t [0 r)dr (2.13)
V2ot

The proof of this Corollary is given in Section[2.3.5] When IT = 0 then one can easily
invert ¥ in (2.13)) to reveal the classical asymptotic for the density of a Brownian motion
with drift. We point out that if TI(dr) = a|r|"*"'dr,r < 0,0 < @ < 2, that is the Lévy
measure of a spectrally-negative a-stable Lévy process, then /_ OOO e’ rIl(—oo, r)dr =
% o2yt 4 2

3
U+ suz2,a

—T'(2 — @)y®~2. As an illustration, when @ = % and we choose Y(u) = 5

straightforward computation allows one to get that, for ¢ > 0,

00 1 _L_H( )
ﬁ(y) ~ e 2% > s
2no2t

where H is given by

H(y,t) = +

Note that, for fixed ¢,

H(y,t)f£(1+ﬁ),

o3t 3

and that the two terms in the above asymptotic scale differently in ¢.
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2.2.2 Some new and classical examples of asymptotic behavior for

densities

In the following table we list some further examples of functions G, € A, and state

whether or not any probability density v satisfying

v(x) 2 e—G*(log x)

admits all moments, and if so, whether it is moment determinate, possibly as a function

of some parameter.

v(x) S = Gellogx) M, (n) < +o0  parameter moment (in)determinacy
exp (—ﬁ)ﬁ) neN a>0 determinate Ya > 0

exp (—x#) neN B>0 determinate < S > 3
exp (—(log x)°) neN 6>1 indeterminate V6 > 1
exp (—k(log x)log(log x)) neN k>0 indeterminate Vk > 0
exp (~(logx)! +logx) n<1 1€(0,1)

Table 2.1: Examples of asymptotically parabolic functions and moment (in)determinacy
of v.

The first row corresponds to (2.11]) of Corollary 2.1.2] The example from the second
row of Table [2.1]is well-known in the literature. The authors in [114] use it to illustrate
that the exponent 1/2 (i.e. square root) in Hardy’s condition cannot be improved, and in
this sense Hardy’s condition is the optimal version of Cramer’s condition for moment
determinacy. As can be readily checked, the function x +— ePx e Aq, for all B > 0,

and the condition in (2.9) of Theorem organically reveals the threshold value of

B=73

This example also illustrates how a natural transformation of functions G, € A

influences the moment determinacy of v(x) 2 ¢7G:log)  For ¢ > 0 let d. denote the
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dilation operator, acting on functions f : R, — R via

de f(x) = f(cx).

From the fact that A is a convex cone, we get that, for any ¢ > 0 and G, € A, cG, € A.

However, we also have, for any ¢ > 0 and G, € A, thatd. G, € A since
(de G.)' (x) = *G(cx)

and hence the defining properties of G, in (2.1)) carry over to d. G... Now let G.(x) = eA*
and consider v(x) = exp(—x#). Then taking cG, leads to v(x) 2 exp(—cxP), which is
moment determinate if and only if g > %, independently of ¢ > 0, while taking d. G.

*® . . . . . 1
leads to v(x) < exp(—x“?), which is moment determinate if and only if ¢ > 5.

2.3 Proofs

Before we begin with the proofs of the main results we introduce some notation, then
state and prove some preliminary lemmas that will be useful below. For a > —co, we say

that a function s : (a, ) — (0, o) is self-neglecting if

s(u+ws(u))

lim =1 locally uniformly in w € R.

o s(u)

Hence a function G € A if and only if G € C2?((a,0)) and its scale function
sg(u) = (G”(u))_% is self-neglecting. Note that the self-neglecting property is closed
under asymptotic equivalence, that is if s(x) ~ p(u) and s is self-neglecting then p
is self-neglecting. We refer to [22, Section 2.11] for further information regarding

self-neglecting functions. Next, a function b is said to be flar with respect to G € A if

b
lim W =1 locally uniformly in w € R,
U—00 u
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where s¢ is the scale function of G. It is immediate from the definition that both s
and 1/sg are flat with respect to G. In the following lemma we collect some results
regarding self-neglecting and flat functions. They are essentially known in the literature,
however we provide proofs for completeness sake. For two functions f and g we write

(1) = o(g(u)) if lim,_e [L2| = 0.
! 8 @

Lemma 2.3.1.

(1) Let s : (a,00) — (0,), a > —co, be self-neglecting. Then s(u) = o(u).
(2) Let b be flat with respect to G € A. Then,

1
i og b(u) _ 0
e Glu)

Proof. The representation theorem for self-neglecting functions, see [22, Theorem

2.11.3], states that
() = c(u) /O ¢()dy, (2.14)

where ¢ is measurable and lim, .. c(#) = y € (0,00), and g € C*(R) is such that

limy_, g(y) = 0. Now let k > 0 be fixed. From (2.14) we get

sy 1 [ k u-—k
-1 / sy < 5 sup 180+ =X sup 1g()
MC(M) uJo U yelou] U yelku]

and thus we deduce that

. s(u)
lim — < ysup g(y)].

u—00 y>k

Since k > 0 was arbitrary and lim,_,., g(y) = 0 the conclusion of Lemma [2.3.1(1)| then
follows. For the next claim, we invoke [[10, Proposition 3.2] to get that, on the one hand,

there exists a C*°(R)-function 8 such that b(u) <~ (1) and

LS _
e B
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On the other hand, Proposition 5.8 from the same paper yields

1
lim 0.

= 560G ()
Then, by L'Hospital’s Rule,

oghw)  Bw . s 1
M TGw) TR BWG @) e pw) 5G|

0,

and the claim follows from b(x) < B(u) together with lim,_,. G(u) = oo, see [10,

Theorem 5.4]. O

For the next lemma we recall that the Legendre transform of a convex function G is

G.(x) = sup{xu — G(u)}.
ueR

When G is differentiable the supremum is attained at the unique point u = G'~!(x),
where G’~! stands for the inverse of the continuous increasing function G’, so that the

Legendre transform is given by
G.(x) = xG" 1 (x) - G(G"' (x)). (2.15)

The function G, is always convex, and the Legendre transform is an involution on the
space of convex functions, i.e. for G convex one has (G.). = G. In the next lemma we
prove another closure property regarding the Legendre transform, pertaining to the set

Ap.

Lemma 2.3.2. The set of admissible asymptotically parabolic functions is closed under
Legendre transform, that is if G. € Aqp then (G.). = G € Ap. Consequently if G, € Aqp

then limy_,o G'(x) = lim,,_,0, G’ (1) = oo.

Proof. Let G, € Aqp. Since G, : (a,00) — R, for some a € [—o0, ), and G, is convex

we have the standard inequality
G.(x) = Gu(y) < G(x)(x = y),
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for all x, y € (a, o). Fixing y and letting x — oo we see that the admissibility property
implies lim,_,o, G’ (x) = oco. In [10] it was shown that the set of asymptotically parabolic
functions is closed under Legendre transform, in the sense that the restriction of (G.). =
G to the image of (a, o) under G, is asymptotically parabolic. Since, the image of
(a, o) under G, is (b, o) for some b € [—o0, 0), it follows that G restricted to (b, 00) is
asymptotically parabolic. Hence it remains to show that G is admissible. To this end,

we consider the function
F) = e .
The admissibility of G, implies that, for any n > 1,
xh_{?o F)e™ = xh_r& enx—G*(x)l{x>0} ~0
i.e. that f has a Gaussian tail in the sense of [[11]. This in turn yields that, for any n > 1,
uh_)rglo e€™(1 - F(u)) = Mh_)n(}o e /00 f(x)dx =0
u
which is equivalent to

U—00

lim e'"”/ e f(x)dx = oo, (2.16)

see e.g. the discussion after [11, Theorem C]. However, the Gaussian tail property of f

allows us to invoke the same result to conclude that

) - D
/ e f(x)dx ~ G,

w0 sG(u)

This asymptotic, combined with logsg(u) = o(G(u)) from Lemma and the
property in (2.16)), allows us to conclude that G is admissible, from which lim, ., G’'(1) =

oo follows as before. O

In the following we provide a Tauberian result on the moment transform which is an
analogue to the one obtained for the bi-lateral Laplace transform, originally by Feigin

and Yaschin, see [[51, Theorem 3].
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Proposition 2.3.1. Let M, be the Stieltjes moment sequence of a measure v, and suppose
that the conditions in Theorem[2.1.1|are satisfied. Then, v is absolutely continuous with
respect to Lebesgue measure and its density v(dx) = v(x)dx, x > 0, satisfies

1 e—G* (log x)

V27 xsc.(log x)’

v(x) =

where G is the Legendre transform of G and sg, is its own scale function. Furthermore,

G, € .A@.

Proof. Let u be the pushforward of the measure v under the map x — log x, meaning
that u(dy) = v(e”)e’dy,y € R, when v is absolutely continuous with a density v. It is
immediate that u is a probability measure with supp(u) = R, and for u > 0,

Fulcin) = [ ety = [ xtvido = Mo,

(o)

where the left-hand equality sets a notation. Since v admits all positive moments we get
that ¥, (—iu) < coforall u > 0. Let k > 1 be fixed and choose M large enough such that
log M > k. Then,

M,(n) = /000 x"v(dx) = /°° x"v(dx) = v(M)M",

M

and v(M) > 0 by assumption on the support of v. By the choice of M,

lim M, (n)e ™ > lim ¥(M)e"1°8M=5) = oo,
n—oo n—oo

u

from which we conclude that lim,,_, ﬂ(u)e‘k = co. Let us write F for the cumulative

distribution function of u. Then the properties ¥,(—iu) < oo, for all u > 0, and

“ = oo for any k > 1, are equivalent to F' having a very thin tail

lim, 0 ﬂ(—iu)e‘k
in the sense of [I1]]. Note that, since M, (n) ~ %", the property of F having a very
thin tail which by Lemma and its proof is implies that both G, G, € Ap. Next,

for n > 0, we recall that the Esscher transform of y is the probability measure whose
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cumulative distribution function is given by f_t e udx)/ f_ 0:0 e"* u(dx), which is well-
defined thanks to the fact that F, its distribution, has a very thin tail. Write &,(n) for the
normalized Esscher transform of u, which means that its bi-lateral Laplace transform

takes the form
u

My (n+ 5t5) , (_M;<n> )
M, (n) M)

By applying Taylor’s theorem with the Lagrange form of the remainder to the right-hand

Fe,(n)(—iu) =

2.17)

side we get
2 i
’7 (”‘ + n(%) 2

et | (2.18)

Fe,(m(—iu) = exp

where n?(n) = (log M,(n))” and 6(u,n) is such that |§] < 1. Now, the fact that
lim,—,o(log M, (n) — G(n)) = 0 allows us to use [11, Theorem A] to conclude that
ﬁ = sG(n), where s is the scale-function of G. By assumption sg is self-neglecting,
and the self-neglecting property is closed under asymptotic equivalence, so we get that
1/ is self-neglecting. From (2.18) it then follows that lim,—,c Fe,n)(—iu) = et'/2,
where the convergence is uniform on bounded u-intervals. Since the convergence of
the bi-lateral Laplace transform yields the convergence in distribution, we then also get

that limy, e Fe,(n)(y) = e V2 uniformly on bounded y-intervals. However, note that

substituting iy for u in (2.17) gives

M, (n+ii)

n(n)

|7—:‘3,,(n)(}’)| = M, (n)

Therefore, the assumption in (2.2) of Theorem [2.1.1] is that, for all n > ng, we have
|Fe, M| < h(y), for some h € L'(R) and uniformly in n. By the dominated
convergence theorem, we get the stronger convergence property lim,— e ||Fg,m)(y) —
e’/ | lLi@®) = 0. This allows us to invoke [11}, Theorem 5.1], from which we conclude
that u(dy) = u(y)dy, y € R, and that the continuous density u(y) has a Gaussian tail.

Then, Theorem 4.4 in the aforementioned paper allows us to identify the asymptotic
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behavior of u as
1 e GO

H) > V2r 56.(y)

where G. is the Legendre transform of G, and sg, is its own scale function. By changing
variables it follows that v(dx) = v(x)dx, x > 0, and

1 e—G*(log X)

v(x) = .
V27 x56,(log x)
o
2.3.1 Proof of Theorem 2.1.1]
First we use Proposition to get that v(dx) = v(x)dx, x > 0, with
v(x) < x ' B(log x)e €002 ), (2.19)

where G, is the Legendre transform of G, and the function B is flat with respect to G... To
prove the indeterminacy of v we apply a refinement of Krein’s theorem due to Pedersen

[103], which amounts to showing that there exists xy > 0 such that

/Oo — 8 V(—XZ) dx < oo

2
0 1+x

First take ¢ > 0 large enough so that at least G.(x) > 0 for x > ¢, which is possible
since G € Ap and thus lim,_,., G.(x) = co. Given the large asymptotic behavior of v

in (2.19) it suffices to show that

B(2log x)
/"" 2log x N log(1 - G*(Zlooggxx)) G.(2logx)

1+ x2 1+ x2 1+ x2

dx < oo,
0

for some suitably chosen xo > €. The integral of the first term in the sum is plainly

finite for any xo > 0. Since B is flat with respect to G,, Lemma [2.3.1[2)| gives that

lim, 00 103*1(9)(6;;) = 0, and therefore the integral of the second term is also finite for any
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xo = €. Consequently it remains to bound the integral of the last term, for which, after

performing a change of variables, we obtain

[ eweir i< [T meta
— % e X % e s
3 ), GO y)e2dy

Yo

where yp = 2log xo. Then, using (2.15)) and making another change of variables yield

/00 G*(y)e_%dy = /m(uG'(u) - G(u))G”(u)e_G;(u) du, (2.20)

Yo

where ug = G'"'(yo). The assumption in Theorem is that the integral on the
right is finite for some xy (and thus ug) large enough, and thus we conclude that v is
moment indeterminate, which completes the proof of Item[(T)| For the proof of the next
claim say G is defined on (a, o), for @ > —co. Then, from the assumption in Item (a)] we

get that

o0

SoMEwmsa Y o

max(1,[a]) max(1,[a])

for some constant C; > 0. Since G is convex and differentiable it satisfies the inequality,
G(n) - G(s) < G'(n)(n —s),

for all n, s € (a, ). Choosing some fixed s € (a, o) and using this inequality we get

o0 oo (o)

_Gn) G’ (n)s—G(s) _G'(n) _G(s) _G'(n)
Z e n > Z e 2n e 2 > C2 Z e e T2

max(1,[al) max(1,[al) max(1,[al)

max(1,[al)

where C,, C3 > 0 are constants. Putting all of these facts together yields that

oo

> M%) > C > o, 2.21)

max(1,[a]) max(1,[a])
for some positive constant C > 0. We wish to compare the sum in the right-hand side of

(2.21]) with the integral in (2.20). To this end we integrate the right-hand side of (2.20)
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by parts to obtain

/w(uG’(u) - G(u))G”(u)e_%du = 2(uG'(u) — G(u))e_%|c><>

o . (2.22)
+2/ uG”"(u)e™ 2 du

uo
Using the assumption that lim,_,« ue= 3 < oo, an application of ”Hopital’s rule

allows us to conclude that

limM:ZIim < 00

Uu—>00 w Uu—>00 w ’
2 e 2

e

and hence the boundary term in (2.22)) is a finite constant, say b;. Integrating by parts

again the right-hand integral in (2.22)), we obtain

o —Gw _Gw|® ® G'w
b+ 2/ uG"(u)e” 2 du = by — 4ue™ 2 + 4/ e 2 du. (2.23)
uo

uo 2]

The limit at infinity for the boundary term in (2.23) above can be controlled by the

. . _G'w) . .
assumption that lim, . ue™ "2~ < oo, and hence this boundary term, say b,, is also

finite. Thus we get

/ (wG'(u) - G(u))G"(u)e_GT(u)du =by+ by + 4/ e du.
17) uo

Now, since G’ is non-decreasing we have, taking uo > max(1, [a]),

00 o
_G'w) _G'n
/ e 2 du< E e 2,
uo

n=|u|

so that finally we establish the inequalities

/ (uGl(u) - G(u))G”(M)e_GT(M)du =bi+by+ 4/ e_GZ(u) du

4 L
< bl +b2+EZMV2"(n)’

where b1,b, € R and C > 0 are finite constants. Hence, if the Carleman’s sum

G’ (u)

on the right-hand side of (2.24)) is finite we conclude that f e "2 du < oo, which

implies that / “(uG’ (u) — G(u))G”(u)e‘GT(u) du < oo, which in turn yields the moment
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indeterminacy of v. Conversely, if the integral on the left-hand side of (2.24) is infinite

G () . , . . . .
2 du = oo, which forces Carleman’s sum to be infinite, thus yielding the

then f T e
moment determinacy of v. This completes the proof of Item [(2)] and hence of the

Theorem.

2.3.2 Proof of Theorem 2.1.2

We first note that it suffices to prove Theorem under the assumption that v(dx) =
v(x)dx such that

V(X) ® O(e—G*(log x))

This is because establishing the result in this case allows us to apply it to the probability

density
v(x)
M, (1)

—

which is the density of the so-called stationary-excess distribution of v (of order 1), and
whose moment determinacy implies the moment determinacy of v, see 135, Section 2].

Hence, we suppose that there exist constants A’, C’ > 0 such that
v(x) < C'e”Cxllog)

for x > A’. Without loss of generality we can replace G.(x) by G.(x) — x, since the
addition of linear functions does not affect the asymptotically parabolic property or
the other conditions of the Theorem. Hence we may assume that there exist constants
A, C > 0 such that

v(x) < Ce—G*(log x)-log x (2.24)

for x > A. Set, forn > 0,

(o]
s(n) = / x"e~Cxllogx)-logx g,
A
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By a change of variables

s(n) = / ™G0y, (2.25)
log A

and since G, € Aqp the right-hand side is finite for all n > 0. This combined with (2.24)

allow us to obtain the bound

) A o
M, (n) = / x"v(x)dx < / x"v(x)dx + C/ x"e” G080 =X g < A" + Cs(n),
0 0

A
for n > 0. Since supp(v) = [0, o) it is straightforward that A" = o(M,(n)) and hence,
for n large enough,

Al’l
M, (n)

Cs(n) > M,(n)— A" = M,(n) (1 - ) > cM,(n),

where ¢ € (0, 1) is a constant. Therefore to prove moment determinacy it suffices to show
the divergence of the sum > s_ﬁ(n) for a suitable lower index, since this would imply
the divergence of Carleman’s sum Y M, ﬁ(n). To this end, we note that G, € Aqp
implies that the function

fO) = e %D 1004

satisfies the conditions of [[11, Theorem C], see e.g. the proof of Proposition[2.3.1] The

expression for s given in (2.25]) allows us to invoke this quoted result to conclude that

where (G.). = G is the Legendre transform of G, and s¢ is its own scale function.

Hence, choosing a such that G is well-defined on (a, o), we have

(o) (o)

_.L L _Gw
D, sEmEC Y samre

max([a],1) max([a],1)

for some constant C; > 0. By combining Lemma [2.3.1(T)] and Lemma [2.3.2] we have

that sg(n) = o(n), and thus

1
G(n) n 1 G(n) G

(o] (o) _E (o)
Z SG(n)ZLne_T = ( ) nane 2 2 (C Z e n
max([a],1) max([a],1) s(n) max([a],1)
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for C; > 0 a constant. Next, let y denote the inverse of G’,, so that by (2.15)) the function

G can be written as
G(n) = ny(n) — G.(y(n)).

Using this expression we get

(o] [ee] (o]
_G@n) _(M _Gx(y(n) ) _7_
e 2n = E e 2 2n E 2
max([al,1) max([a],1) ax([a

for some constant C3 > 0. Putting all of these observations together gives us the

inequality

(o) o0

s(n)" 7 > Z -1

max([a],1) ax([a

for some constant C > 0, depending only on A. If the sum on the right-hand side
diverges, which is the condition of Item [(T)] it follows that v is moment determinate,
which concludes the proof in this case. Next, for the proof of Item[(2), we again assume,

without loss of generality, that

I _ _ _ _
e G.(log x)—log x < v(x) < Ce G.(log x) logx’

C

for some constants C, A > 0 (which may be different from the ones above) and for x > A.

Then, for K > 0 another constant,

/ logv(xz) </ G. (210gx)+10g(Cx2)
A A

X

1 + x2 1+ x2
® G,(2log x) /°° e?
<K+ | 2222V =K+ Gu(y)—
‘/A 1+ x2 * 2log A (y)2(1 + y)

1 ‘/‘X’ Y
<K+ ——— G.(y)e 2dy.
2(1 + A_Z) 2log A

Thus it suffices to show that if the right-most integral is infinite then v is moment

determinate. To this end, we wish to perform a similar integration by parts calculation

as in Theorem [2.1.1] which requires us to have



By properties of the Legendre transform the functions G’, and G’ are inverses of each
other, so that
G'w

=z W . X
lim ue™ 2 < oo & lim G.(x)e 2 < oo,
X—00

U—>00

and the rest of the proof proceeds as in the proof of Theorem [2.1.1]

2.3.3 Proof of Corollary 2.1.2]

Suppose that v satisfies Hardy’s condition, that is, for some ¢ > 0,

/ ec‘/;v(dx) < oo,

0

Then an application of Fubini’s theorem yields

T ey = [ e _ [T vy o
/Oe v(dx)—/o (‘/0 2\/;e dr)v(dx)—/o 2\/Fe v(r)dr < oo,

so that in particular ¥(r) = O(e‘c‘/;‘%logr). Conversely suppose v(x) < K e=cVx—3 logx

for some K, ¢, A > 0and x > A. Then, for0 < ¢’ < c,
/ e Viy(dx) < VA 4 / e V¥y(dx).
0 A
By applying Fubini’s theorem to the integral on the right-hand side we get

) A ’ 00
/ ec,‘/xv(dx) = / C—ec/‘ﬁﬂA)dy + K/ (¢ =OVE-3 logx 1 00,
A 0 24y A

and thus Hardy’s condition is satisfied for ¢’ € (0, ¢). The fact that x — ce? + %x € Ap
is readily checked, which completes the proof of the first item. Next, from (2.11)), there

exist M, x > O such that, for x > x,
_avx
v(x) > Me Toex,

Consequently, for ¢ > 0,

/00 eVy(x)dx > M‘/OO eﬁ(c_ﬁ)dx
0 X
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1

and clearly the right-hand side is infinite for any ¢ > 0. Write G..(x) = ax~'e? and note

that, by (2.11)), we have

V(X) OXO e—G*(IOg x).

To show moment determinacy of v, we will show that G, satisfies the assumptions of

Theorem A straightforward computation gives,

X

2e” 4

Vafx)

which is plainly positive for x > 0. Since A is a convex cone, f(x) ~ x~!, and self-

s, (x) = where f(x) = (% - % + %) ,

neglecting functions are closed under asymptotic equivalence, it suffices to show that the

function

BI=

e

s(x) =

X

is self-neglecting. However, this is immediate, as lim,_,o, s(x) = 0 and

s(x + ws(x)) _ e W) (1 + M) .

s(x) X

Next, since G/.(x) = ax'e2 (% - %) it follows that lim,_,, G%(x)e”2 = 0. Finally, for

(s} . [o¢] 1
/ G.(x)e 2dx = a// —dx = oo,
X0 X0 X

so that by Theorem v is moment determinate for all & > 0.

any xo > 0,

2.3.4 Proof of Theorem 2.2.1]

Proof of Theorem [2.2.1(1)

First we shall prove the claim in the case I1(0) = 0 and o > 0. Since ¥ = (¥;);0 admits

all exponential moments its characteristic exponent ¥ admits an analytical extension to
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the right-half plane, which we still denote by ‘P, and takes the form (2.12)) for u > 0. Let

t > 0 be fixed. Differentiating ¥ in (2.12), see e.g. [108], p. 347], one gets

0
W(u)=b+0%u+ / (e = 1qr<1y) rI(dr) (2.26)

oo

and

0
V() = o + / r2e" T1(dr) > 0, (2.27)

o0

where the integrability conditions on IT also ensure that ¥ is well-defined on R, . Next,

. . . . 0
invoking the dominated convergence theorem, we have lim,,_, f_ - r2e TI(dr) = 0 and

N SV §

functions are closed under asymptotic equivalence, it follows that ¥ € A. Furthermore,

hence Since constants are trivially self-neglecting, and self-neglecting

since A is a convex cone we get that 'V € A, and thus the condition in Theorem 2.1.1

is fulfilled. Let us now write v;(dx) = P(e® € dx),x > 0, and, forall n > 1,
n?(n) = (log M,,(n))" = 19" (n). (2.28)

Then, for all n > 1 and y € R, we have

g | A(j;;;@)) ~ iRe (¥ (n+ 775 - ¥n)
= e [ o (eos (i) < 1) mian
to?
"2

where we simply use the trivial bound for the integral term. By combining (2.28) with
(2.27), one easily gets that, for any n > 1, n?(n) > to> and thus

M, (n + n(n)) _%2
M,,(n)

e 7,

which shows that the condition in Theorem [2.1.1[b)| is satisfied. From (2.27), one
observes, since o2 > 0, that

P (u) < o2, (2.29)
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and thus by integration, see [92, Section 1.4], ¥’ (u) < 0-2u. Therefore

X AU
lim ue "2 < oo.

u—00

Finally, noting that W(n) = %2n2 + Wo(n) where ¥, as a Laplace exponent of another
spectrally negative Lévy process (possibly the negative of a subordinator) is such that

Yo(n) > 0O for n large enough, we obtain the following upper bound
0 1 0 o2
Zszn(n) < Z e +" < oo,

By Theorem it follows that v;, the law of €', is moment indeterminate for all

t > 0. In the general case when IT(0) # 0 we may separate the terms and write

1 0 *
Y(u) = bu + Ea'zu2 + / (" =1 —urly,<1y)I(dr) +/ (" =1 —urly<i1y)(dr)
—o0 0
=Y_(u) +/ (" =1 —urly,<1pIl(dr)
0

=Y_(u) + ¥ (u),

where W_ is a characteristic exponent whose Lévy measure II_ satisfies I1_(0) = 0.
Thus, for any n > 0,
M, (n) = / x"P(X; € dx) = / ¢V P(Y; € dy) = /F-(+¥(m),
0 —00

and from the earlier observations (e/*-"),s¢ is an indeterminate moment sequence.
Since ¢"*+(" > 0 for all n,t > 0, Corollary gives that the random variable ¥ is

moment indeterminate for all ¢ > 0.

Proof of Theorem 2.2.1(2)|

First, for any n, ¢ > 0, writing again v,(dx) = P(e" € dx), x > 0, we have
MV (I’l) — emlog(n+1),

33



and hence

(o) L o ,
DM = D+ 1)
The latter series diverges if and only if # < 2, which by Carleman’s criterion yields
the moment determinacy of v, for # < 2. For the proof of indeterminacy we resort
to an application of Theorem [2.1.1| and to this end we first check that the function
W(u) = ulog(u + 1) is asymptotically parabolic on R*. Plainly, WV is twice differentiable

and taking derivatives we have, for any u > 0,

u+?2

¥ (u) = m >

0, (2.30)

and thus ¥ € C2(R,). Clearly kPl = < u and it is readily checked that u — /u is
" u

self-neglecting. Since self-neglecting functions are closed under asymptotic equivalence

it follows that ¥ € A, and since A is a convex cone we get that ¥ € A, for any ¢ > 0.
We proceed by verifying that the condition in Theorem [2.1.1[(b)]is fulfilled for all 7 > 0.
Write Log : C — C for the holomorphic branch of the complex logarithm such that

Log(1) = 0, and let 17 be defined by

n+?2
(n+1)%

n*(n) = (log M, (n))" = t
Then, foralln e Nand y € R,

Myt (n + %) l‘Re(("H'%) Log(n+l+%)—nlog(n+l))
MV[ (n) - .

Focusing on the term inside the exponential, we have

Re((n + %) Log (n +1+ %) —nlog(n + 1))

\/(”+1)2+n2y_(2n> y y
x| (n(n)(n ¥ 1)) |

= nlog
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Simplifying within the logarithm and substituting for the definition of 7 then yields
Re ((n + %) Log (n +1+ %) —nlog(n + 1))
= Elog(l + v ) - Y+ 1) arctan | ——>—| .
: tn+2)]  \fi(n+2) Vi(n +2)

Since log(1 + x™1) = x~! + o(x~1) (resp. arctan(x~!) = x~! + o(x~")) , we have that

2 2 1 2
lim —log (1 + Y ) =2 (resp. lim M arctan _ Y =X .

n—oo 2 t(l’l + 2) 2t n—0eo \/m

It follows that there exists ng > 0 such that for all n > nyg,

M, (ﬂ+,7(n)) < CF
My |

where 0 < C < 5 1s a constant depending only on ny. Hence the integrability condition
in Theorem [2.1.1(b)| is satisfied for any # > 0. The proof will be completed if we can

show that the additional condition in Theorem holds, namely that

. _t‘P/(u)
limue™ 2 <oo for t>=2.

U—00

However, simple algebra yields that for ¢ > 2

. A UO)
lim ue™ 2 = lim e 2(@r+logrD) — hm w(u + 1) Ze T < oo

U—00 U—00

2.3.5 Proof of Corollary 2.2.1]

In this case, we write v;(x)dx = P(e¥ € dx),x > 0, see the comments before the
statement. In the proof of Theorem it was shown that, for any r > 0, M,,
fulfills the assumptions of Proposition when o2 > 0 and TI(0, c0) = 0. Invoking
this result, noting that (t¥).(y) = t‘I@(%), and changing variables, we get for f;(y)dy =

P(Y; € dy),y € R, and any ¢ > O,

o e e

\/_
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Next, we have, for y > 0,

(') = yW () -Y0O)
1 0
= EO'Zy2 + y/ (eyr - 1{|r|<1}) rH(dr)
0
—/ (eyr -1- yr1{|r|<1}) H(dr)
o2v2
= S5 +HO)

where the first equality follows from (2.13), the second follows from (2.26) and some
straightforward algebra, and the third equality serves as a definition for the function H.

Observe that an integration by parts yields

0
H(y) / (1— e (1 - yr) T(dr)

0
= —y2/ e’ rIl(—oo,r)dr + (1 — & (1 — yr)) I1(—oo, r)|900

(o)

0
= —y2/ e’ rIl(—oo, r)dr,

(o)

where we used that lim,_,_. I1(—c0, #) = 0 and lim,_,o 7*II(—c0, ) = 0. Finally, since

(P (y) = and ¥(y) < o2,

7 (y)

we conclude that

o 1 _ / o 1 _ 0 VT (oo
ﬁ(t\y/(y)) x© Tt /\P:k/ (\P/(y))e tY.(P'(y)) b Z—%e %[O-Zy2+ty2 Lw e’ rII( ,r)dr.
Vit VZTTO
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CHAPTER 3
THE LOG-LEVY MOMENT PROBLEM VIA BERG-URBANIK SEMIGROUPS

We consider the Stieltjes moment problem for the Berg-Urbanik semigroups which
form a class of multiplicative convolution semigroups on R, that is in bijection with
the set of Bernstein functions. In [19], Berg and Durdn proved that the law of such
semigroups is moment determinate (at least) up to time # = 2, and, for the Bernstein
function ¢(u) = u, Berg [[16]] made the striking observation that for time r > 2 the law
of this semigroup is moment indeterminate. We extend these works by estimating the
threshold time Ty € [2, oo] that it takes for the law of such Berg-Urbanik semigroups
to transition from moment determinacy to moment indeterminacy in terms of simple
properties of the underlying Bernstein function ¢, such as its Blumenthal-Getoor index.
One of the several strategies we implement to deal with the different cases relies on the
non-classical Abelian type criterion for the moment problem proved in the previous chap-
ter. To implement this approach we provide detailed information regarding distributional
properties of the semigroup such as existence and smoothness of a density, and, the large
asymptotic behavior for all # > 0 of this density along with its successive derivatives. In
particular, these results, which are original in the Lévy processes literature, may be of

independent interest.
3.1 Introduction

In this chapter we continue our study of the Stieltjes moment determinacy for multiplica-

tive convolution semigroups (v;),>0, that is semigroups satisfying, for n, ¢ > 0,

/ x"vi(dx) = / VP, € dy) = ™
0 —

o0
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where (Y;);>0 is a one-dimensional Lévy process such that E[¢] < oo, foralln,t > 0. In
other words, we study the moment determinacy of the law of a process whose logarithm

is a Lévy process, and we call this problem the log-L.évy moment problem, for short.

We first point out that if W(n) = %nz then (v;);>0 boils down to the semigroup of
the geometric Brownian motion, whose law is indeterminate by its moments for all
t > 0. This is because for any ¢ > 0 the geometric Brownian motion is log-normally
distributed, and it is well-known that a log-normal distribution is indeterminate by its
moments. More generally, in Theorem [2.2.1(T)] it is proved that the log-Lévy moment
problem is indeterminate for all # > O whenever the associated Lévy process has a

Gaussian component, a case that we exclude from our analysis.

Moreover, Urbanik, in [[121], introduced the multiplicative convolution semigroup

of probability densities (e;);>0 satisfying, for n,t > 0,

"e/(x)dx = (n!) = log k
/Oxe(x)x (n!) exp(tZog)

_exp(/ (e™=-1-ne?-1)——— (y—l)

and Berg [16, Theorem 2.5] discovered that the measure e,(x)dx is moment determinate

3.1

if and only if # < 2. This interesting fact reveals that the log-Lévy moment problem can
be non-trivial, since there can exist a threshold time T € [0, co] such that v, is moment

determinate for 0 < ¢ < J and moment indeterminate for ¢t > 7.

In the same paper, Berg defined a family of multiplicative convolution semigroups
(v1)r>0 that are in bijection with the set of Bernstein functions B, see (3.5) below for

definition. In particular, for any ¢ € 8, the moments of v; are given, for n, ¢t > 0, by

M, (n) = /0 x"vt(dx>=(ku¢<k)) (3.2)

where M,, is called the moment transform of v; and for n = 0 the product is assumed to

be 1. We call these the Berg-Urbanik semigroups, since (3.1) corresponds to the specific
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case ¢(u) = u of (3.2). Note that, for a probability measure A, there is the notion of
Urbanik decomposability semigroups ID(1), which have also been referred to as Urbanik
semigroups in the literature, see e.g. [[71,/70], and are distinct from the semigroups (v;);>0
defined via (3.2). Furthermore in [17, Theorem 2.2] it was also shown that, M,, admits

an analytical extension to the right-half plane, and, for Re(z) > O and r > 0,
M, (z) = ¥

where

¥(z) = zlog ¢(1) + /Om(e—zy —1-z(e” - 1))% (3.3)

and

I
/0 UK = gy

with «(dy) = foy U(dy — r)(ru(dr) + 64(dr)), where U is the potential measure, u the
Lévy measure and d the drift of ¢, see (3.6) and (3.4) below for definitions. This is the
general form of the right-most equality in (3.1I), and we note that Hirsch and Yor have
also derived (3.3)) using different means, see [66, Theorem 3.1]. We mention that Hirsch
and Yor also offer a nice exposition on the wealth of results by Urbanik in [122], which

continues the investigations started in [[121].

The log-Lévy moment problem for general Berg-Urbanik semigroups is only partially
understood. It is known that any Berg-Urbanik semigroup is moment determinate
for + < 2, see [16], and that there are Berg-Urbanik semigroups that are moment
determinate for all ¢+ > 0, see [17], however much less is known concerning moment
indeterminacy. We were inspired by Berg’s results, in particular his remarkable discovery
of the threshold for the classical Urbanik semigroup (e;);>0, to further study the log-Lévy
moment problem in this setting. In particular, our aim was to understand how to estimate
the threshold time T from simple properties of the underlying Bernstein function, and

our main contribution in this regard is Theorem [3.2.1|below, which provides several new
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and original results in this area.

One of our approaches stems on a recent Abelian type criterion for the moment
problem that gives a necessary and sufficient condition for moment indeterminacy, see
Theorem 2.1.2] To utilize this criterion we resort to proving the existence of densities
for certain Berg-Urbanik semigroups and study their large asymptotic behavior. To
obtain such asymptotics we apply, in a novel and non-standard way, a closure result for
Gaussian tails obtained by Balkema et al. [10] combined with some recent Gaussian tail

asymptotics estimates due to Patie and Savov [99].

The remaining part of the chapter is organized as follows. In Section[3.2] we state our
main result for the log-Lévy moment problem, as well some auxiliary results on Berg-
Urbanik semigroups and Lévy processes. In Section we discuss some illustrative
examples of Berg-Urbanik semigroups. Finally, Section [3.4]is devoted to the proofs of

the results stated in Section[3.2]

3.2 Main results

We start with some preliminaries. Let ¢ : [0, c0) — [0, o) be the function defined by

d(u) = k +du + /00(1 — e "Nu(dy), (3.4)
0

where k,d > 0 and u is a Radon measure on (0, co) that satisfies fooo(l A y)u(dy) < oo.

We write B for the set of Bernstein functions, which is defined as
B ={¢:[0,00) = [0,00); ¢ is of the form (3.4)} . (3.5

Note that 8 is a convex cone, i.e. for ¢, ¢ € B and c1, ¢, > Oone has c1¢; + 2y € B,

and also that the triplet (k,d, i) in (3.4) uniquely determines any ¢ € 8. We recall
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that the mapping u +— ¢’(u) is completely monotone, i.e. ¢’ € C*(R"), the space of
infinitely continuously differentiable functions on R* and for all » € N and u > 0,
(=1"¢"*D(u) > 0. Tt is well-known that the mapping u ﬁ is also completely
monotone and the corresponding Radon measure U is the so-called potential measure of

(the subordinator associated to) ¢, i.e. for any u > 0,

0 1
“WU(dy) = ——. 3.6
/0 e U(dy) ) (3.6)

We refer to the excellent monograph [109]] for further information on Bernstein functions,
and also to [99, Section 4] and [98, Section 3], in which several properties of Bernstein
functions that are used in the proofs are collected. In what follows we systematically
exclude the trivial Bernstein function ¢ = 0 since this yields the degenerate convolution

semigroup of a Dirac mass at 1 for all time.

A family of measures (v;);>0 is said to be a multiplicative convolution semigroup
if, for £, s > 0 we have v; o vy = vy, where ¢ denotes the product convolution on the
multiplicative group (R, x). Next, we define the moment transform of an integrable
function f : Ry — R, and of a probability measure p supported on [0, o), for (at least)
z €iR as

Ms(z) = /000 x*f(x)dx, and My(z) = ‘/0'00 x*p(dx),

and observe that the moment transform is simply a shift of the classical Mellin transform.

The moments of p, if they exist, are given, for n > 0, by

/\/(p(n):/0 x" p(dx).

We say that a measure p supported on [0, o) is Stieltjes moment determinate, or sim-
ply moment determinate for short, if the sequence (M,(n)),>0 uniquely characterizes
the measure p among all probability measures supported on [0, c0) and admitting all

moments. Otherwise, we say p is moment indeterminate. The moment problem for
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probability measures supported on [0, o) has been intensively studied for many years,
going back to the original memoir by Stieltjes [[113]]. For excellent references on aspects
of the Stieltjes (and other) moment problems see the classic texts [2]] and [[111], as well

as the more recent monograph [110].

We now state the definition of Berg-Urbanik semigroups, whose validity is justified

by [[16, Theorem 1.8].

Definition 3.2.1. Let ¢ € B. Then the Berg-Urbanik semigroup associated to ¢ is the
unique multiplicative convolution semigroup (v;),>0 of probability measures character-

ized, for any r > 0 and Re(z) > 0, by
MW(Z) = et‘P(z)
where W was defined in (3.3). Recall that, forany n € Nandz > 0, V™ = (TT%_, ¢(k))".
Occasionally we write (vfb )r=0 to emphasize the dependence of the Berg-Urbanik

semigroup on the Bernstein function, but will mostly drop this superscript for conve-

nience. In such cases the Bernstein function will be clear from the context.

3.2.1 The log-Lévy moment problem for Berg-Urbanik semigroups
To describe our first main result we introduce the threshold index. For each ¢ € B we
let Ty € [0, o] be defined by

Ty = inf{r > 0; vf5 is indeterminate} = sup{r > 0; vf is determinate},

where we utilize the bijection between B and the set of Berg-Urbanik semigroups, as
well as the convention that sup® = 0. It is justified to call T4 a threshold index since

(v¢)s>0 is a multiplicative convolution semigroup and according to [19, Lemma 2.2 and
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Remark 2.3], a measure uoo is moment indeterminate if u is indeterminate and o # cdy,
¢ > 0. Since, for any ¢ € B, v; is moment determinate for ¢ < 2, it follows that T4 > 2.
In the case when T4 = oo we say the Berg-Urbanik semigroup is completely determinate,
otherwise if Ty € [2, co) we say the semigroup is threshold determinate. We proceed by

defining some subsets of B that will be useful to state our main results. First, let
Bi={peB;d>0}
denote the set of Bernstein functions with a positive drift. Next, write
Bqg ={¢ € B; u(dy) = v(y)dy with v non-increasing}

and note that this is sometimes referred to as the Jurek class of Bernstein functions,
due to [69], see also [109, Chapter 10]. For a Bernstein function ¢ we write ¢(co) =

lim, o ¢(u) € (0, co], and define its Blumenthal-Getoor index as
By = inf {,8 > 0; Tim uPé(u) < oo} € [0,1], 3.7)

noting that this definition coincides with the original one in [23] for driftless subordina-

tors. We also define the lower index of ¢

d¢ = sup {(5 > 0; lim u_6(/)(u) > O} ,
u—00
which has appeared in the study of shift-Harnack inequalities for subordinate semigroups,
see [42]. From these definitions it is clear that 0 < 64 < B4 < 1, and moreover one can

construct an example for which strict inequality is possible, see [23, Section 6]. In view

of this, we set
B. = {(b € B; 5¢ :,8¢}.

We are now ready to state our main result regarding the log-LLévy moment problem for

Berg-Urbanik semigroups.

Theorem 3.2.1. Let (v;);>0 be the Berg-Urbanik semigroup associated to ¢ € B.
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(1) The inequality

holds, and if By > 0 and limy—se0 4 P2 $(u) < oo then vy , Is moment determinate.

In particular, if ¢(c0) < oo then By = 0 and (v;);>0 is completely determinate.
Moreover, the following hold.

(2) If ¢ € By then Ty = 2, and v, is moment determinate.

(3) If ¢' € By forallt € (0,1), then

2 2
— < Ty < —, (3.8)
By Oy
and hence, if additionally ¢ € B, then
2
Tp = —.
B

(4) If there exists ¥ € B such that % € B, then Ty < Ty. In particular, if 9* € By for

all t € (0, 1), then
2
< —.
09

To
Remark 3.2.1. Note that all complete Bernstein functions satisfy the property ¢' € 8.+
for all t € (0,1). Indeed, writing H = {z € C; Imz > 0} for the upper half-plane,
we recall that a Bernstein function ¢ is said to be a complete if its Lévy measure u
has a completely monotone density, or equivalently if Im ¢(z) > O for all z € H. Such

functions are also sometimes called Pick or Nevanlinna functions in the complex analysis

literature. If ¢ is a complete Bernstein function, then for t € (0, 1) and z € H,

Im (/)t(z) = Im e!loglo@I+iarg ¢(2)) _ ,tlogld(2)] [, pitargd(z) > 0,

and hence ¢' is a complete Bernstein function, and in particular its Lévy measure has a

non-increasing density. In particular u — (u# + m)® is a complete Bernstein function, for
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any m > 0, @ € (0,1), and thus u — (z + m)?" is also a complete Bernstein function,
for any t € (0,1). We refer to [109, Chapter 16] for abundant examples of complete
Bernstein functions and to [[109), Chapter 6] for further details on the theory of complete
Bernstein functions; see also [54] for some interesting mappings related to complete

Bernstein functions.

Remark 3.2.2. We mention that for Item Patie and Savov, see [99, Proposition 4.4],
have given sufficient conditions for the ratio of Bernstein functions to remain a Bernstein

function, see also Proposition [3.4.1| below for another set of sufficient conditions.

This Theorem is proved in Section[3.4.4]and the proof makes use of several strategies
that will be detailed throughout the rest of the paper. We proceed by offering some

remarks regarding our results in relation to what has been proved in the literature.

First, Theorem [3.2.1(T)| provides a generalization of the example provided in [16]
for which the threshold function is infinite. Therein, the author considers the Bernstein
function u — u%, for which lim,,_, u% < oo and therefore trivially 84, = 0. However,
there exist ¢ € B such that ¢(co0) = oo but B4 = 0, for example the function given, for

u > 0 and any A4 > 0, by

$(u) = log (1+ =) = /0 (1 - el

which we note is a specific instance of Example [3.3.2] below. This shows that a Berg-
Urbanik semigroup may have unbounded support for all # > 0, see Theorem [3.2.4(1)
below, but is still completely determinate. Furthermore, in Theorem [3.2.1(T)| we provide
a condition on ¢ that ensures that the lower bound in ((3.8) is sharp, in the sense that v .
is moment determinate. It would be interesting to know what situations can occur when

this condition is not fulfilled, in particular if it is possible that vy, is indeterminate.

In Theorem [3.2.1(2)| we provide an exhaustive claim for the case when ¢ € By,
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thereby generalizing Berg’s result that the classical Urbanik semigroup (e;);>( is moment
determinate if and only if # < 2, which corresponds to the case ¢(u) = u. The proof
relies on an application of Theorem [3.2.1(4)| to yield the matching upper bound, which
shows that B4 can serve as a reference class for proving more general estimates. We
borrow this idea of using reference objects from [99, Section 10] where the concept of
reference semigroups was developed in the context of spectral theory of some non-self-
adjoint operators. The fact that one can construct ¢ € B such that 0 < 64 < By < 1
shows that the inequality in (3.8) may be far from optimal. Nevertheless, when ¢ € B.,
Theorem allows one to classify the behavior of Ty entirely by the analytical
exponent 4. Finally, as was suggested by an anonymous referee, it is worth emphasizing
that for any 7' € (2, oo) there exists a Bernstein function ¢ whose associated Berg-Urbanik

semigroup has threshold index T = 7, see e.g. Example[3.3.1]

3.2.2 A related moment problem on infinitely divisible moment se-

quences

Before we proceed with developing results leading to the proof of Theorem [3.2.1] we
briefly discuss a related moment problem, which requires us to introduce the notion
of infinitely divisible moment sequences. A Stieltjes moment sequence (m(n)),s¢ is
said to be infinitely divisible if, for any ¢ > 0, the sequence (m’(n)),>o is again a
Stieltjes moment sequence, and this notion goes back to Tyan who introduced and
studied infinitely divisible moment sequences in his thesis [120]. By definition, for each
t > 0, there exists a random variable X; with moments (m’(n)),>o and it is natural to ask
how the moment determinacy of X; (meaning the moment determinacy of its law) relates

to the moment determinacy of X!, as a function of 7. This latter random variable XI’ is
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the #""-power of a random variable with moments (m(n)),s0, and it is straightforward
that X| has moments given by (m(tn)),>o. From Theorem below it follows that,
for any ¢ € B, the moment sequence (M, (n)),>0 is infinitely divisible and hence Berg-
Urbanik semigroups provide a natural setting in which to investigate this question. In
what follows we let, for ¢ € B, X;(¢) denote the stochastic process whose law at time
t > 0 is given by vfb and write simply X(¢) = X;(¢), suppressing the dependency on ¢

when this causes no confusion.

Theorem 3.2.2. Let ¢ € B.

(1) The random variable X' is moment determinate for t < ﬁ%’ and if By > 0 and

- 2
lim, 0o B2 (1) < o0 then XP¢ is moment determinate.
Moreover, the following hold.

(2) If ¢ € By then X' is moment determinate if and only if t < 2.

(3) If p € By then X' is moment indeterminate for t > %. If in addition 64 = g

and limy_,eo u™P¢ ¢(u) < oo then X' is moment indeterminate if and only if t > ﬁ%.
(4) If there exists ¥ € B such that % € B then, for any t such that X' () is moment

indeterminate, the variable X'(¢) is also moment indeterminate.

This Theorem is proved in Section [3.4.5] While Theorem [3.2.1] concerns the -
dependent moment determinacy of the process (X;);>0, Theorem is the analo-
gous result regarding the moment determinacy of X', or equivalently of the sequence
(M, (tn))y>0. Note that the conditions in Theorem are weaker than those in
Theorem [3.2.1(3)] which shows that the log-Lévy moment problem is the harder of the
two moment problems. In [[79] Lin stated the following conjecture regarding the moment

determinacy of infinitely divisible moment sequences.
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Conjecture (Conjecture 1 in [79]]). Let (X;);>0 be a stochastic process such that
(EBIX Dns0 = (M'(n))ns0, i.e. (M(n))ys0 is an infinitely divisible moment sequence.

Then X; is moment determinate if and only if X{ is moment determinate.

As a corollary of Theorems [3.2.1] and [3.2.2] we get an affirmative answer to Lin’s

conjecture for a subclass of Berg-Urbanik semigroups.

Corollary 3.2.1. Let ¢ € B and suppose that any of the following conditions are satisfied:

(i) By =0,
(ii) ¢ € Ba,

(iii) ¢ € B= with ¢ € By forallt € (0,1), By > 0 and lim, e u™P p(u) < .

Then Lin’s conjecture holds.

We point out that recently Berg [18] proved a related conjecture by Lin (Conjecture
2 in [79]) concerning the moment sequence (I'(tn + 1)),>0, which among other things
confirms Lin’s conjecture (Conjecture 1) for this particular example. Note that the
moment sequence (['(tn + 1)),>0 corresponds to the Bernstein function ¢(u) = u, which

falls under the assumption (ii)|in Corollary[3.2.1]

3.2.3 A new Mellin transform representation in terms of Bernstein-

Gamma functions

The proof of Theorem[3.2.T|relies on several intermediate results that are of independent

interests. The first one is an alternative representation of M, . For a € R we let

48



C(a0) = {z € C; Re(z) > a} and then write A, ) for the set of analytic functions
on C, o). Recall that a function f : iR — C is said to be positive-definite if, for any

S1y...,8, €iRand zy,...,z, € C, Z;szl f(si—s)ziz; 2 0.

Next, for any ¢ € B we let Wy : C(..) — C denote the so-called Bernstein-Gamma

function associated to ¢, which is given by

i R (3.9)

Wy(2) = 3(2) Ll ¢(k+z)e¢)

where the infinite product is absolutely convergent on at least Cg ), and

e = Jim (Z 2L —tog ¢<n>) e |-tozon £ - ogon)|.
k=1

p(k) ¢(1)
This function, as defined in (3.9) on R, was introduced and studied by Webster [[124], and
was extended (at least) to C(g ) by Patie and Savov who introduced the terminology and
studied their analytical properties, such as uniform decay along imaginary lines, in the
works [99, Chapter 6] and [98]. The product in (3.9)) can be thought of as a generalized
Weierstrass product, as it generalizes the classical Weierstrass product representation for
the gamma function. Indeed, this case can be recovered by setting ¢(u) = u, in which
case yy boils down to the Euler-Mascheroni constant. Furthermore, W is the unique

positive-definite function that solves the functional equation
We(z+ 1) = ¢(2)Wy(z), Wy(1) =1,

valid for at least z € C(g ), see [99, Theorem 6.1(3)]. Write Log for the branch of the
complex logarithm that is analytic on the slit plane C \ (—o0, 0] and satisfies Log 1 = 0,

commonly referred to as the principal branch. We use it to define, forz > Oand z € C(g ),
W;(Z) — et Log W¢(Z),

as well as ¢/(z) = e 029,
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Theorem 3.2.3. Let ¢ € B and let (v;);>0 be the corresponding Berg-Urbanik semigroup.

Then, fort > 0,
M, (2) = / x“vi(dx) = W(;(z +1), Re(z) > -1, (3.10)
0

where Wy : C(g) — C is the Bernstein-Gamma function associated to ¢. Moreover,
W; € A(o,00) and Wy is the unique positive-definite function that solves, for all t > 0, the

functional equation,
Wiz +1) = ¢'(QWh(z), Wil =1, 3.11)
valid for z € C( ).

Remark 3.2.3. Note that when ¢ = 1, the equation (3.11]) restricted to R, was studied
by Webster in [124]], who showed that W¢|]R+ is the unique log-convex solution to the

restricted functional equation.

Remark 3.2.4. We point out that in [98, Theorem 4.1] the authors proved that Wy €

A(vg,00)» Where
b¢ — sup{u < 0; ¢(u) = —00 Or ¢(u) = O} S [_Oo’ O],

which is more than what we claim in Theorem fort = 1. However, fort # 1, W; is
only defined on the slit plane C \ (—oo, 0] and hence it is not possible to extend the strip

of analyticity of Wj beyond C(g,«).

This Theorem is proved in Section [3.4.1]. Our proof of (3.10) in Theorem [3.2.3]
generalizes an argument given by Berg [16] for the case Wy(z) = I'(z), i.e. ¢(u) = u,
which uses the (classical) Weierstrass product representation for the gamma function.
We are able to readily adapt his argument to the generalized Weierstrass product for Wy

given by (3.9), which emphasizes the utility of such a product representation.
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3.2.4 Existence, smoothness, and Mellin-Barnes representation of

densities

In this section we obtain the existence of densities for subclasses of Berg-Urbanik semi-
groups, and quantify their regularities based on properties of the associated Bernstein
function. We write Cy(R..) for the set of continuous functions on R, whose limit at in-
finity is zero. Then, for each n € N, we write C(’)’(R+) for the set of n-times differentiable
functions all of whose derivatives belong to Cop(R ), and C;°(R+) for the set of infinitely
differentiable functions all of whose derivatives belong to Cy(R.). Finally, for notational
convenience, we write u € Cj/(R.) to denote that a measure u on R, has a density, with

respect to Lebesgue measure on R, and that this density belongs to C{/(R.).

To state our next result we need to consider some further subsets of 8. Following
[98], we say that a Lévy measure u satisfies Condition-j if u(dy) = v(y)dy with
v(0*) = oo, such that v = v; + v, for vi, v, € LI(R,), and v; > 0 is non-increasing, while
/OOO va(y)dy > 0 satisfies |vo(y)| < (/yoo vl(r)dr) V C, for some C > 0. Given this, we
let

B; = {¢ € B; u satisfies Condition-j}

and note that B4 C B,;.
Write [|v||eo = supysq [v(y)| for the sup-norm of a function on R, and set
B, ={¢ € B\ By; pu(y) = v(y)dy with ||v||e < oo},

so that ¢ € B, implies that ¢(co0) < co. We define the quantity Ny as

v(0T)
¢(c0)

if p € B,
Ny =

(o) if¢€BjU.Bd,
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and set
By = {¢ EB/UBVUBd; N¢ >0}
Next, let

1 b
{¢ € B; Oy = lim — D] arg ¢(1 + iu)du > O},
h—sco

and note that ®4 € [0, %] due to [98] Theorem 3.2(1)]. In fact, if ¢ € B, then Oy = %,
while if lim, e ¢(u)u™" = C,, for @ € (0, 1) and a constant C, € (0, ), then Oy = a7
(see [98] Theorem 3.3]). Furthermore, there is nothing special about the 1 in arg ¢(1+iu)
as it can be replaced by any a > 0 without changing the value of ®4, which follows from
a combination of [99, Proposition 6.12] and [98], Theorem 3.1(1)]; in the definition of Bg

we simply choose to evaluate arg ¢ along the imaginary line Re(z) = 1 for convenience.

For 6 € (0, 7] let
AB) = {f : C — C; f is analytic on the sector | arg z| < 6},

that is A(r) denotes the set of functions that are analytic on the slit plane C \ (—o0, 0].

Finally, we denote by supp(u) the support of a measure u.

Theorem 3.2.4. Let (v;);>0 be the Berg-Urbanik semigroup associated to ¢ € B.

(1) Assume that ¢ # K for k > 0. If ¢(c0) < oo then supp(v;) = [0, ¢(0)'], otherwise
supp(v;) = [0, o) for all t > 0.

(2) If ¢ € By then, for any t > NL, v, € CS(Z)(RQ, i.e. vi(dx) = vi(x)dx, x > 0, where
n(t) = |[Ngt| — 1 > 0. Furthermore, for each n < n(t), the density v,(x), and its

successive derivatives, admit the Mellin-Barnes representation

Y (=1 e T(z+n)
(x) = 2mi /C_,-OO o I'(z)

Wy(2)dz,
for any c, x > 0.

(3) If ¢ € Bg, then, forany 0 <t < ®L¢, v; € A(Oyt), and for any t > ®L¢’ v; € A(n).
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Remark 3.2.5. From Theorem |3.2.4(1)| it follows that the support of v; is bounded,
pointwise in ¢, if and only if ¢ is a bounded function. Note that we exclude the case
when ¢ = k as this corresponds to a Berg-Urbanik semigroup with degenerate support,

i.e. supp(vy) = Ok.

This Theorem is proved in Section [3.4.2] A key ingredient in the proofs of Theo-
rem (3.2.4(2)[and Theorem [3.2.4)(3)| are estimates for Bernstein-Gamma functions along

imaginary lines provided in [98 Theorem 4.2].

The main point of Theorem is to quantify the differentiability of the Berg-
Urbanik semigroup as a function of ¢ and simple quantities associated to ¢. In this
sense our result complements and extends [99, Theorem 5.2], which deals with the
differentiability at time 1. Finally, in Theorem [3.2.4(3)] we describe the analyticity of v,
both as a function of ¢ and ¢, and show that the sector of analyticity grows linearly in z.
This gives rise to another kind of threshold phenomenon, whereby for large enough ¢ we

get that the density is analytic on C \ (—oo, 0].

3.2.5 Asymptotics at infinity of densities and their successive deriva-

tives

In this section we consider a subset of Berg-Urbanik semigroups admitting smooth
densities, for all + > 0, for which we are able to obtain the exact large asymptotic
behavior of the density, as well as for all of its successive derivatives, for all time ¢ > 0.
We write f(x) ~ g(x) if limy_ o % =1, and f(x) = o(g(x)) if limy_eo % = 0. The

following theorem is the main result of this section, and one of the main results of this

paper.
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Theorem 3.2.5. Let ¢ € B be such that ¢(c0) = oo with ¢' € By, for all t € (0,1), and
let (v¢);>0 be the corresponding Berg-Urbanik semigroup. For any t > 0, v; € C°(R4),
i.e. vi(dx) = vi(x)dx, x > 0, and the densities v;(x) satisfy the following large asymptotic

behavior
t

C x
v (%) ® \/% [x1=1 ¢’ (x) exp (—t‘/k @d}’) (3.12)

where Cy > 0 is a constant depending only on ¢, and ¢ : [k,00) — [0, 00) is the
continuous inverse of ¢. Furthermore, for any n € N and t > 0, the successive

derivatives of the density satisfy
v (x) T (1" (e (+) (3.13)

which can be specified as follows.

(1) If p € B, then

(/A tx t [*E
v (x') = L exp “Z —/ (r)dr
2t d dJc r

where 5¢ > 0 is a constant, and E(u) > 0 satisfies E(u) = o(u). Furthermore, for

anyn € Nandt > 0,

Vt(n) (xt) @ (_1)ndnxn(l—t)vt (xt) )

(2) If p(u) < Cou®, for a constant C, > 0 and « € (0, 1), then

w Cop Lau -1 *H
v (x) ~ \/zixIZ_a exp (—taCa @ X+ t/ (r)dr)
wt kT

where a,b > 0 is a constant, and Hu®) = o(u). Furthermore, for any n € N and

t >0,

Vt(n) (xt) © (_1)nc;cn_yx§(l—at)vt (x’) )

Remark3.2.6. Note the asymptotic (3.12)) is a key ingredient in the proof of Theorem[3.2.1]

regarding the moment determinacy of the Berg-Urbanik semigroups.
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Remark 3.2.7. In the special case ¢(u) = u the identity in (3.12)) boils down to

=1

e(x) = (—1)”%xl2_7xn(%_l)e_’x; (3.14)
where we recall that (e,),~0 stands for the classical Urbanik semigroup, see (3.1I). For
n =0 and ¢ > 0 this asymptotic was proved by Berg and Lépez in [20], see also Janson
[68] for an independent proof. In both papers the authors apply a delicate saddle point
argument hinging on special properties of the gamma function such as the Stirling’s
formula with Binet remainder for the gamma function as in [20]]. Furthermore, Janson
outlines how his saddle point argument can be applied to yield the asymptotics in (3.14]))
for arbitrary n € N, see [68, Remark 6.2]. It would be interesting to see if a saddle
point approach could be applied for general Berg-Urbanik semigroups, using the Mellin
transform representation we provide in Theorem together with further study of

Bernstein-Gamma functions.

This Theorem is proved in Section [3.4.3] There are three main steps in the proof

of the asymptotics (3.12) and (3.13). The first one hinges on a non-classical Tauberian

theorem whose version we use is due to Patie and Savov [99, Proposition 5.26] but
originates from the work of Balkema [11, Theorem 4.4]. It enables us to get the large
asymptotic behavior of the densities and of its successive derivatives at time ¢ = 1, under
the less stringent conditions ¢ € B4. Since the conditions to invoke this non-classical
Tauberian theorem are difficult to check, one can not follow this path for other times than
1. Instead, we combine the asymptotic at time 1 of the densities from [99, Theorem 5.5]
together with assumption that ¢' € B, for all t € (0, 1), to obtain the asymptotic at time
t. Lastly we adapt to our context a closure result due to Balkema et al. [10, Theorem
1.1], which states that the (additive) convolution of probabilities density with Gaussian
tails also has a Gaussian tail, to extend the asymptotic from t € (0, 1) to all # > 0. Our

application of this closure result is novel, since we use it not only for the densities (as it
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is stated in [[10]) but also for their successive derivatives.

As a by-product of Theorem [3.2.5] we obtain the large asymptotic behavior of the
density and its successive derivatives for the law of certain Lévy processes, which
seems to be new in the Lévy literature. To state this we briefly recall that a (one-
dimensional) Lévy process (Y;);>0 is a R-valued stochastic process with stationary and
independent increments, that is continuous in probability, and such that ¥y = 0 a.s. For
further information regarding Lévy processes we refer to the monograph [108]]. Note
that to each Berg-Urbanik semigroup there exists a corresponding Lévy process whose

characteristic exponent is given by (3.3)).

Corollary 3.2.2. Let ¢ € B be such that ¢(c0) = oo with ¢' € B, forall t € (0,1), and
let (Y;);>0 be a Lévy process whose characteristic exponent ¥ is given by (3.3). Then,
fort >0, P(Y; € dy) = fi(y)dy,y € Rwith f; € C°(R) and, for any n > 0,

t

17002 g el @) exp (-r / e Md)

where Cg > 0 is a constant depending only on ¢, and ¢ : [k, 00) — [0, 00) is the

continuous inverse of ¢.

This corollary is obtained by combining (3.12) and (3.13) with the relation f[(")(y) <

e+ 1)y vl(")(ey ), for any n > 0, which is established in the proof of Theorem We
are not aware of such a detailed description of the large asymptotic behavior for the law
of a Lévy process, for all # > 0 as well as of its successive derivatives, having appeared

in the Lévy literature before, except in some special cases.
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3.3 Examples

In this section we consider two examples of Berg-Urbanik semigroups that illustrate the

previous results.

Example 3.3.1. Let @, . be the Bernstein function defined, for u > 0, by

I'(au + a)
D ="

aab(t) I'(au + )
with @ € (0,1]and 0 < b < a < b + 1, where the fact that @, . is a Bernstein functions
follows from [73] Proposition 1 and Remark 1]. Next, let, for 7 € R, G(z|1) denote the

double gamma function, and recall that it satisfies the functional equation
G@+1h):r(5yﬂdﬂ, (3.15)
T
for z € C(g,00), With G(1|7) = 1. We claim that

G(z+ 4L rmYGL|L
Wa, .(2) = Caap (—(;hf), where Cyap = Lﬁ:li’) (3.16)
Gz +5l3) T(@)G(L[3)

Indeed, from (3.13) it follows that

Gz+1+513) T(az+a)Glz+513)
G(z+1+21)  T(az+0)G(z+ 2Ly

for z € C(p), and the choice of C,qp ensures the required normalization. Hence
it remains to prove the uniqueness. To this end we note that, by a Malmsten-type

representation for G(z|7) due to [75], we have

G&+§%ﬁ

oo | CEHwla) :_C_Kz+/ @@ — 14 2) fuasMdy, (.17
g G(Z+§|é) A V) Jaan(y)dy

where c, k are real-constants depending only on the underlying parameters, and
(7’ — )
(= e)(1 - ey
see for instance [77, (2.15)]. Differentiating the right-hand side of (3.17) twice, which

fa,a,b()’) =

is justified by dominated convergence, shows that the ratio of double-gamma functions
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is log-convex. However, Wy, ., is the unique log-convex function on R solution to the

functional equation, and thus the claim is proved.

Next, we note that @, ,p is a complete Bernstein function. Indeed, @, o is obtained
by the dilation and translation of the argument of the function @, ,, below, whose Lévy
measure is easily seen via direct calculation to be completely monotone, and these
operations preserve the property of being a complete Bernstein function, which can be
seen by using the upper half-plane criterion as outlined in Remark [3.2.1] Moreover, the
density of the Lévy measure of @, . is necessarily infinite at 0, which follows from

Dy o p(00) = 00, and 50 Dy € B;, which gives by definition that No = oo. Thus,

a,a,b
invoking Theorem [3.2.4(2)| yields that, for all > 0, v; € C°(R) and since, by Stirling
formula, recalled in (3.33)) below, @ 5(1) ~ Cu®~®, for a constant C > 0 and witha—b €

(0, 1), these densities satisfy the large asymptotic behavior specified by Theorem

From [98, Theorem 3.3(2)] we get that Og,,, = (a_zb)", see the discussion prior to

Theorem for the definition, where we may apply this result since @ . € B, with

¢ = 1 inthe notation therein. Hence invoking Theorem gives that v, € ﬂ(m)
2

for t < ﬁ and v; € A(r) for t > =. Finally, the property ®gqp(u) < Cu®® gives,

by Theorem that To,,, = ﬁ and, by Theorem ‘ we also have that the

semigroup is moment determinate at the threshold. As remarked earlier, this example
reveals that for any 7 € (2, o) there exists a Bernstein function, namely ®, ., with
a—b= % and any « € (0, 1], whose associated Berg-Urbanik semigroup has threshold

index Jp . =T.

a,a,b

Now let us now mention that for the special case whena = am+1andb = am+1-a,

where m € [1 — é, o), so that a — b = @, some expressions above simplify. Indeed, in
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this case, the Bernstein function takes the form

INau+am+1)
IN'au+am+1-a)

= —F(am 1) + /00(1 - e_“y)e_(mé)y(l - e_(y_r)_“_]dy,
Flam+1-a) Jy

Dy m(u) =

and was studied in the context of the so-called Gauss-Laguerre semigroup in [97], see
the computations on p.808 therein for the above equality. For z € C(g ), the ratio of
double gamma functions in (3.16) boils down to

INaz+am+1-a)
W. = ,
(@) = T e )

see e.g. [97, Lemma 3.1], and we also have
1
xm+$—le—x5
= —’ > 0,
)= Toma "

see [99, Equation (3.10)] and more generally Section 3.3 of the aforementioned paper.

Example 3.3.2. Let ¢ € B and consider the function defined, on R*, by

d(u + 1))
(1) |

¢c(u) = log (

Observe that,
g (St DY Furl) .
m(u)—log( il ) Sl [ evenan = [ e,

where we used that ¢((:)) fooo e "k(dy) and have set k.(dy) = e Vk(dy). It means

that ¢, is completely monotone and since ¢, is plainly positive on R*, we deduce that

¢, € B. Next, as a general result on Bernstein functions gives 1im, oo ulop(u) <
oo, see for instance [99, Proposition 4.1(3)], it follows readily that for any g > 0,
limy 00 4 P¢e(u) = 0 and thus Bs, = 0, see (3.7) for definition. Hence, the Berg-

Urbanik semigroup associated to the Bernstein function ¢, is completely determinate.

As an illustration, we choose, for 4 > 0, ¢(u) = 1 + % € B and we have, writing
¢¢ = ¢,, that
#alu) = og (1 / (1- e‘”y)—dy (3.18)

59



It follows plainly from the right-hand side of the equality (3.18) that the Lévy measure of
¢, is completely monotone, and thus ¢, is a complete Bernstein function. Furthermore,
we have that N4, = oo, since ¢, satisfies Condition-j and ¢,(c0) = co. Hence we get
from Theorem that supp(v;) = [0, o0) for all ¢ > 0, and from Theorem
we conclude that for all 7 > 0, v(dx) = v,(x)dx with v; € C°(R;). A straightforward
computation yields that the continuous inverse of ¢, is given by u +— A(e* — 1). Hence,

by Theorem [3.2.5] we have, for all > 0, that

C! e x
v (x) R X2 exp (—/lt Ei(x) + —) ,
l ( V2t 2
where C > 0 is a constant and Ei(x) = — f_ O; et;'dt is the exponential integral, and

e’ -1
r

we also used the well-known relation Ei(x) = y + log x + fox dr, where vy is the

Euler-Mascheroni constant.

3.4 Proofs of main results

Throughout the proofs we write f(x) = O(g(x)) to denote that lim ’% < 00, and recall
X—00

that £(x) < g(x) if lim, o £ = 1, and f(x) = o(g(x)) if lim, e £ = 0.

3.4.1 Proof of Theorem

We begin with the proof of (3.10) and start by showing that the function b
—Log Wy(1 + ib) is a continuous negative-definite function, i.e. a continuous func-
tion f such that £(0) > 0 and u — e */® is positive-definite for all > 0, see [109,
Proposition 4.4]. As mention in the introduction, this fact has already been established
by Berg [[17] and independently by Hirsch and Yor [66] and we shall provide yet another

proof utilizing the Weierstrass product representation for Ws. We follow closely the
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arguments given by Berg for the proof of [16, Lemma 2.1]. First, from (3.9) we have,
for Re(z) > 0,

(o)

et é(k) ew,
Wy(z) = 5@ 1—[¢(k+z) esm,

: ‘(k 1
where y4 = lim, e ( et % — log ¢(n)) € [— log ¢(1), % — log ¢(1)]. Hence,

—Log Wy(1+ib) = y4(1+ib)+Log ¢(1+ib)—z (Log (%) +(1+i )(Z((k)))

Next, for n > 1, consider the truncated functlons Ly, defined by

n

Lyn(1+ib) = y4(1 +ib) + Log ¢(1 +ib) — Z (Log (%) (1+1ib)

k=1

’(k))
¢(k)

. Sk S gk +ib)
=L’n(1)+lb(’y - E ) E Log )
’ O gk glk)

where

Lyn(l) =yp - Z ¢(k) = vy — 8(n),

and the last equality serves to deﬁne g(n). We claim that n — g(n) is non-decreasing with
lim,,_,. g(n) = y4. Indeed, we have from [99, Proposition 4.1(4)] that é is completely
monotone so that <" is completely monotone, as the product of two completely monotone

¢
functions. Thus u +— % is non-increasing, and we get that

d(n+2) "%(u) YD)
°¢<n+1>‘/n+1 o) ™S g 1)

which yields
d(n+1) o(n + 2)
—— —log
dp(n+1) o(n + 1)
Additionally, by [99, Proposition 4.1(6)]

¢(n + 1)

e gn)

gn+1)—g(n) =

b

so that

Jim ) = Jim | 37505~ 0g )+ og o) 1oz tn 1)
=1




Putting all of these observations together, we conclude that L¢,n(1) > 0. Furthermore,

for any a € R the function b +— iab is continuous negative-definite, and for any

¢(k+ib)

I1<k<n+1,b— Log 50 is continuous negative-definite since u — log Pk tu)

¢(k)

Bernstein function, as the composition of two Bernstein functions, see [109, Corollary

isa

3.8(iii)]. This shows that Ly ,(1+ib) is a continuous negative-definite function, and since
lim,—co Ly n(1 +ib) = —Log Wy(1 + ib) pointwise it follows that b +— — Log Wy(1 + ib)

is a continuous negative-definite function.

Consequently, using the homeomorphism x — e* between R and (0, o), we find that

there exists a unique multiplicative convolution semigroup (V});>0 such that

/ ) Y Vi(dy) = Wi(1 +ib). (3.19)
0

From [99, Theorem 6.1] we know that Wy, € Ay« and hence W(; € A(p,0) for any
t > 0. Thus the identity in (3.19) extends to
| vian = wio

for z € C(,). However, again from [99, Theorem 6.1], we have that M, (z—1) = Wy(z)
and thus Vi = v, since the Mellin transform uniquely characterizes a probability
measure. By uniqueness of convolution semigroups it then follows that V;, = v, for all
t > 0, and thus (3.10) is established. Finally, from [99, Theorem 6.1] we have that
Wy : C0,00) — C is the unique positive-definite function, i.e. the Mellin transform of a

probability measure, that satisfies the functional equation
Wo(z+ 1) = p(2)Wy(z), Wy(1) =1,

for z € C(g,c0), from which the last claim follows.
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3.4.2 Proofs for Section 3.2.4

Proof of Theorem

It is immediate from [[19, Theorem 1.5] that ¢(co) = oo implies supp(v;) is unbounded,
and we also get from [99, Theorem 5.2(1)] that supp(v;) = [0, o0). By the homeomor-
phism x +— e* between R and (0, co) mentioned above, together with the fact that the
boundedness from below of the support of the law of a Lévy process is time-independent,
see [108, Theorem 24.7], we then conclude that supp(v;) = [0, o) for all # > 0. Hence,
we suppose that ¢(c0) € (0,00). To prove the claim we will rely on the following
auxiliary result: for any measure u on R, supp(u) C [0, c], for ¢ > 0, if and only if
fooo x"u(dx) = O(c™), see [19, Lemma 2.9]. Since for any ¢ € 8 we have, by definition,

that ¢’ is completely monotone it follows that all Bernstein functions are non-decreasing

on R,. Thus we have, for any n > 0,

M, (n) = (]‘[ ¢<k>) < ploo)".
k=1

By the quoted result, the above estimate implies that supp(v;) C [0, ¢(c0)’]. For the
reverse inclusion, let € > 0 be small and choose N, 4 large enough (depending on £ and
¢) such that for k > Ng4 — 1 we have ¢(k) > ¢(c0) — & > 0. Then, for n > N, 4 and

again since ¢ is non-decreasing,

Nog-1 t " t
My =| [T s@]|| [] ¢®)| > Conule(eo) - &)™,
k=1 k=Ng.q

where
g(1) Moo
S (plo0) - )Nt

is a constant, which depends only on &, ¢, and ¢. Since € > 0 is arbitrary this estimate

shows that supp(v;) cannot be contained in any sub-interval of [0, ¢(c0)']. Thus we must

63



either have that supp(v;) = [0, ¢(c0)'] or supp(v;) = G40y, a Dirac mass at the point
¢(c0)'. In the latter case,
n t
My, (n) = g(eo)" = (ﬂ ¢<k>) ,
k=1

foralln > 0 and ¢ > 0, from which it follows that ¢ must be constant.

Proof of Theorem 3.2.4(2)|

We split the proof into two cases. First, suppose that Ny = oo, which implies that
¢ € B, U B;. Then one may invoke [98, Theorem 4.2(3)] to get that, for any p > 0 and
a >0,

|bl|im |b|P|Wy(a + ib)| =0,

where Wy : C(g) — C is the Bernstein-Gamma function associated to ¢. Hence, for

any ¢ > 0 and t > 0 fixed,
|bl|im |b|?|Wg(a +ib)|" =0,

which yields the estimate

Wi(a +ib)| = O(1b] ™),

uniformly on bounded a-intervals, i.e. uniformly on bounded intervals of a € (0, o).
Indeed, the functions E4 and Ry in [98, Theorem 4.2] are uniformly bounded for all
a > 0 and all ¢ € B, while the function G4 in [98, Theorem 4.2] depends only on a and
Gy(a) < alog ¢(1+a), so that G4 is uniformly bounded on bounded a-intervals, see also
[98, Remark 4.3]. By Theoremwe know that M,, (z—1) = Wj(z), for Re(z) > 0, so
the estimate for W; established above, together with the fact that W; € A(o,0), justifies

the use of Mellin inversion, see e.g. [119], to conclude that, for any ¢ > 0,

1 c+ico
n() = 5 / X W(dz. (3.20)
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Note that the integrand in (3.20) is absolutely integrable for any x > 0, since
|x_(c+ib)||W(;(c + ib)| = x‘clw(;(c + ib)| and |W;(c +ib)| = O(|b|™), for |b| large
enough. Taking lim,_,. v;(x) in (3.20) and using the dominated convergence theorem
to interchange the limit and the integral gives that v, € Cy(R;). However, since for
any ¢ > 0O and a > 0, |Wf(a +ib)| = O(|b|™9), we deduce that, for any n = 0, 1,2, .

- z”lW;(z)| is absolutely integrable and uniformly decaying on a complex strip

containing ¢ + n + iR, see e.g. [99, Section 1.7.4], and thus we get

) = 5

( l)n /c+n+zoo . F(Z) W;(z—n)dz.

X
27 Jern-io Tz =n)

By the change of variables z — z + n then yields the claimed Mellin-Barnes representa-
tion,

Y (x) = (- 1)"/ x_z_nF(ZJr”)

Wi(z)dz,
270 Jeiea I'(z) ola)de
where we note that the integrand is absolutely integrable by Stirling’s formula for the
gamma function, see (3.35) below. Using the dominated convergence theorem once

more to evaluate the limit at infinity yields that v, € C°(R+).

Next, suppose that ¢ € B,, i.e. Ny = € (0,00). Another application of [98,

¢(°<>)
Theorem 4.2] yields that, for a > 0 fixed and any € > 0,

|1|1m |b|" ¢ |Wy(a + ib)| =

while

|bl|im 16N |Wy(a + ib)| = oo

The first equality thus guarantees that, for # > 0 and any € > 0,
lbllim 16N~ |Wy(a + ib)|" = 0. (3.21)

Now let t > ﬁ and observe that n(t) = [Nyt] — 1 > 0 and is the largest integer less than

or equal to Nyt — 1. Choose € such that Nyt — 1 —n(¢) > & > 0. Then, by (3.21), it follows
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that, uniformly on bounded a-intervals, and for |b| large enough
\Wy(a +ib)|" < C|b|717"0~2

for C > 0 a constant. Since the right-hand side is uniformly integrable and W(; is
analytic on C(g ), another application of the Mellin inversion formula and dominated
convergence allows us to conclude that v; € Cg (t)(R+). The Mellin-Barnes representation

follows as in the previous case.

Proof of Theorem [3.2.4(3)!

Since ¢ € Bg we have, for any £ > 0 and |b| large enough,
Ag(a +1ib) > (B4 — &)|b], (3.22)

where Ag(a +ib) = /Oh arg ¢(a + iu)du. Invoking [98, Theorem 4.2(1)] gives, for any
a>0,

. 8@) \' asaniv
w b l‘:C B t¢(a+z )’
Wto + 01 = s ()

where Cy,; > 0 is a constant depending only on ¢, a and ¢. Since [98, Proposition
3.1(9)] gives that |¢(a + ib)| > ¢(a), it follows from the estimate for A, in (3.22) that,

for £ small enough such that ®4¢ — & > 0,
Wyl +ib)|" = 0 (e @oeltl), (3.23)

where the big-O estimate holds pointwise in a, and thus uniformly on bounded a-
intervals. By similar arguments as given in the proof of Theorem [3.2.4(2)] above, it

follows that v, € C° (R.), and hence we have the Mellin-Barnes representation for v,

1 c+ioco
vi(x) = >— /  XTW(2)d, (3.24)
c—ico

for any ¢ > 0. To show that v; is analytic on the claimed sector it suffices to analytically

extend the right-hand side of (3.24)), which amounts to replacing x by a suitable complex

66



number. Let & > 0 be fixed and consider w € C such that | arg w| < @4t — &. From the

estimate (3.23) it follows that, for any ¢ > 0 and b € R,
Wi +ib)| < 1T Wy(c + i)l 2 O (e @srmelamerllvl),

and by choice of w the right-hand side is integrable in b. Thus the integrand on the
right-hand side of (3.24)) is well-defined for | argw| < @4t — &, which by uniqueness
of the analytic extension gives that v, € A(O4t — &). Since & > 0 is arbitrary we get

v, € A(Ogyt), and thus for ¢ > ®L¢ we have v, € A(n).

3.4.3 Proofs for Section 3.2.5

The proof of Theorem [3.2.5| combines ideas from several different areas. Hence we first
state some definitions, and detail some lemmas and propositions that will be useful in the
proof. We say that a function s : (a, ) — (0, 00), for some a > —oo, is self-neglecting if

lim W =1, locally uniformly inw € R.
U—00 s(u

Furthermore, we say a function G : (a, ©) — R is asymptotically parabolic if it is twice
differentiable with G” > 0 on (a, ), and if its scale function sg(u) = (G”(u))_% is
self-neglecting. Denote the set of asymptotically parabolic functions by A and note that
it is a convex cone. A function 4 : (a, ) — (0, ) is said to be flat with respect to G if

h(u + wsg(u))

lim =1, locally uniformly in w € R, (3.25)

U—00 h(u)
where s¢ is the scale function of G. In the following lemma we collect some properties

of flat and asymptotically parabolic functions.

Lemma 3.4.1. Let G € A and h be flat with respect to G.

(1) The function u — 1/h(u) is flat with respect to G.
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(2) For any c > 0, the function u +— h(cu) is flat with respect to G.

(3) The identity function is flat with respect to G and, for any a > 0, the function
u — h%u) is flat with respect to G. In particular, for any n > 0, the function

u — u" is flat with respect to G.

(4) The function h satisfies

. log h(u)
=7 _0
usseo  Gu)

(5) Forany c¢ > 0, the function u — cG (%) € A.

Proof. The first claim is obvious from the definition in (3.25). Let ¢ > 0 and consider

the function A, defined by h.(u) = h(cu). Then, writing v = cu,

o he(u+wsg(u)) . h(cu + cwsg(cu)) o h(v + cwsg(v))
lim = lim = lim =

1,
e h(w)  wee hcu) )

where the last limit follows from fact that (3.23)) holds locally uniformly for w € R. For
the third claim, note that sg(«) = o(u), see Lemma , so that, locally uniformly in

w € R,

u+wsg(u sc(u
lim—G():1+wlim G():
U—00 u U—00 u

I.

The fact that, for @ > 0, u — h%(u) is flat follows trivially from the definition, and the
proof of the fourth item is essentially known in the literature, see again Lemma [2.3.1]
Finally, for the proof of the last claim, write a(u) = cG, (%) and s for the corresponding
scale function. Then sz(u) = Vesg (%) so that, for w € R,

sglu+wsgu))  sg (% +vewsg (%))

sgw) 56 (2)

and the self-neglecting property of sg carries over readily to sg. O

In the next lemma we collect some properties about the specific asymptotically

parabolic functions that will play a role in the proof of Theorem [3.2.5] To state it we
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recall that the Legendre transform of a convex function ¢ : R — R, which we denote as
Ly, is given by
Ly(y) = sup{uy — y(u)}.
ueR

If in addition ¥ € C!(R) then the above supremum is achieved at the unique point

u = ¢’ 1(y), and hence

Ly(y) =y o) -y @)

The variables u and y obeying the relations y = ¢’(u) and u = ¢'~!(y) are called

conjugate variables.

Lemma 3.4.2. Let ¢ € Bg be such that ¢(co) = co. Then the function s : Ry — Ry

defined by

P(u)

¢’ (u)

is self-neglecting, and consequently G € A, where G : (1, 00) — R is the function defined

sc(u) =

by
G(u) = /u log ¢(r)dr + log ¢(1). (3.26)
1

The Legendre transform of G is given by

e’ #(1)
L= [ Ear- [T g

r

where ¢ : [k,00) — [0, c0) is the continuous inverse of ¢, and y and u are conjugate

variables related by y = log ¢(u) and u = ¢(e”). Furthermore, Lg € A.

Proof. The fact that s is self-neglecting was proved in [99, Proposition 5.40] under the
additional condition that k = ¢(0) > 0. However, an inspection of the proof reveals that
this property is not crucial for the self-neglecting property of sg. Differentiating G twice

shows that s¢ is indeed the scale function of G, and hence G € A.
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Taking derivatives in (3.26) we get G’'(u) = log ¢(u) so that the conjugate variables
are y = log ¢(u) and u = ¢(e”). Also, by integration by parts we can rewrite G as

“re'(r)

50) dr.

G(u) = ulog (u) -

Hence,

I CORVY
£6() = ye(e) - Ggten = [

e’ e’ #(1)
= / @dr = / Mdl’ _/ Mdr
o) T k T k r

where the third equality follows by the change of variables r = ¢(w). Finally, the fact that

dr

L € A follows from a closure property of A with respect to the Legendre transform,

see [10, Theorem 5.3].

In the final lemma before the proof we collect some properties concerning additive
convolution, especially a stability property for Gaussian tails under additive convolution.

We write = for the additive convolution of suitable functions f, g : R — R, that is

(f * g)(x) = / FGr— g)dy = / Fgx = y)dy,

with the additive convolution of measures being defined similarly. A probability density
f is said to have a Gaussian tail if f(y) <~ (y)e ") for some ¢ € A and some 7 flat

with respect to .

Lemma 3.4.3.

(1) Let (v;);>0 be a multiplicative convolution semigroup and let, for each t > 0, f; be
the pushforward measure under the map x +— logx. Then (f;);>0 is an additive

convolution semigroup, i.e. fort,s > 0, f; * fs = fi+s.
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(2) Let f,g € LY(R) be such that f(y) < e and g(y) < %20, for some v, ¥
with limy o /1 (y) = limy e Y5(y) = co. Then (f + g)(y) = (e7¥" x e™2)(y).

(3) Let f and g be probability densities with Gaussian tails, that is f(y) ~
1 ()e ™) and g(y) < na(y)e ™20, and suppose that we have limy 0 ((y) =
limy e Y5(y) = 00. Then f * g has a Gaussian tail, i.e. (f * g)(y) < no(y)eHo0)
for some Yoy € A and some no flat with respect to Wo. Specifically, writing

yu)=q1+qr = l//;_l(bt) + lﬂé_l(u), we have

o(y) = ¢i(q1) + ¥2(q2)
V2754, (q1)M1(q1) 50, (q2)712(2)
VS + 53, (a2)

no(y) =

In particular, for d > 1, the d-fold convolution of f with itself f* satisfies

d-1

gy (27 )T )
o= o)

Before giving the proof, we note that Item of Lemma [3.4.3] gives conditions
under which the asymptotics of the convolution of integrable functions can be identified
from the asymptotics of the functions themselves. On the other hand, Item [(3)] states
that Gaussian tails are closed under additive convolution and allows one to identify
the asymptotic explicitly, this latter feature being particularly useful. The statement
of Lemma [3.4.3(3)| is the content of [10, Theorem 1.1 and (1.11)], and our aim, in
incorporating it as an item of a lemma, is merely to improve the clarity and presentation

of the proof of Theorem [3.2.5]

Proof. The first claim is straightforward. The proof of Item[(Z)]is in the spirit of the proof
of [10, Proposition 2.2]. Since f and g are asymptotic to positive functions it follows
that they are themselves eventually positive. This, and the other properties of y; and ¥,

allows us to choose a > 0 large enough such that: (1) both ¢ and i, are well-defined
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on (a, ). (2) W} s > 0 on (). (3) [© |g()ldy # 0 and [* [f(y)]dy # 0. and (4)

Cg = ‘/ac-li-:z g(x)dx > 0 and cr = /;_l:iz f(x)dx > 0. For x > 2a,

(f # §)(x) = / = g(dy + / FGr— V)g)dy + / FO)g(x - y)dy,

so by symmetry it suffices to show that f_ aoo e Ve(y)dy is of order

o (7" f(x = y)g(y)dy) at infinity. Since y; > 0 on (a, )

a
‘ / e g(y)dy

(o0

< Ce—¢l(x—a)

with C = /_ aoo |g(v)|dy # 0 a constant. By the mean value theorem,
a+2
/ T g(y)dy 3 e 1D = ¢ 0 ()
a

+1
a
/ e—llfl(x—y)g(y)dy' ,

oo

Co 1o
> _gel/q(x Z)

with |z| < a + 1, and letting x — oo finishes the proof of the second claim. Finally,

Item [(3)]is the content of [10, Theorem 1.1 and (1.11)]. o

Proof of Theorem

For convenience we write « in place of t and thus our assumption is that ¢ is a Bernstein
function such that ¢(c0) = oo and ¢ € B, for all @ € (0, 1). We write (v;);»0 for the
Berg-Urbanik semigroup associated to ¢ and, for any a € (0, 1), let (v;);~o denote the
Berg-Urbanik semigroup associated to ¢“. Then, for n > 0 and any @ € (0, 1), we have

by the moment determinacy of any Berg-Urbanik semigroup up to time 2 that

Mg, (n) = | | ¢ (k) = (H ¢(k>) = M, (n)
k=1 k=1

and applying [[17, Theorem 2.2] then gives that (V;);>0 = (Vas)r>0. Since ¢* € B, for
any a € (0,1), and plainly ¢(co) = oo implies ¢p?(c0) = oo, we conclude that Nge = oo.

Invoking Theorem [3.2.4(2)| then yields, for any > 0 and @ € (0,1), v, € C(R;),
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from which we deduce that v, € C°(R;), where v,(dx) = v/(x)dx, x,t > 0. Since
¢* € B with ¢*(c0) = co we may apply [99, Theorem 5.5] to obtain, for any n > 0, the

asymptotic relation

700 =) 2 (1) f_‘”x "l (e e D

where Cy, > 0 is a constant depending only on ¢ and a, ¢, : [k?, c0) — [0, 00) is the

continuous inverse of the function u +— ¢*(u) and k = ¢(0). The constant Cy, may
be identified as Cg, where Cy4 > 0 is a constant depending only on ¢, cf. [99, Theorem
5.1(2)], and plainly ¢, (u) = <p(ué), where ¢ : [k, 00) — [0, 00) is the continuous inverse

of ¢. Thus, by some routine calculations, we conclude that

@ 1
O O e A N O
T

Since a@ € (0, 1) is arbitrary this proves the claimed asymptotic for any n > 0 and

erdr, (3.27)

te(0,1).

We proceed by showing that for n = 0, i.e. for the density v;(x) itself, the claimed
asymptotic holds for all # > 0, and then extend this to the case when n > 1. To this end
we define, fory € Randt > 0, f,(y) = e”v,(e”) and set fy = dp. Then by Lemma(3.4.3(1)|
(ff)r>0 is an additive convolution semigroup of probability densities, and from (3.27)

together with some simple algebra we get, for @ € (0, 1),

@

¢
V2ﬂa

— ¢(1)
5= [ = o+ [

where L is the Legendre transform of the function G is defined in (3.26). From

b1
¢ @dr‘

fa) = 2\Jew g (en)e k (3.28)

Let us write

Lemma we get that i/ € A, and writing  for the function

Q\‘<

w(y) = @ /k Md = ai/ (2). (3.29)
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we get from Lemma that ¥ € A. A straightforward calculation gives that its

f a
sy(y) = m,

so combining Items|(1)|and|(2){of Lemma|3.4.1|we get that 4/ ea (p’(ezy'r) is flat with respect

to . Furthermore, as ¢’ is non-increasing positive, lim, . ¢’(#) < co and thus we have

1 y y
\/? = \/5}1_{20 e 2@ (p(e)) = 0.
eag'(ew)

wsy (y)
2

scale function s, takes the form

5y

lim sy(y) = Va lim
y—00 y—00

Hence

lim exp

) =1, locally uniformly inw € R,

y—00

which shows that e? is flat with respect to . Constants are trivially flat with respect to
¥, so that putting all of these observations together we get that all the terms in front of
the exponential in (3.28) are flat with respect to . Hence, for each a € (0, 1), f, has a

Gaussian tail.

Now we may invoke the second part of Lemma|3.4.3(3)l which states that the property

of having a Gaussian tail is stable under additive convolution, to obtain for any d € N

d-1 d-1

fda(y>°~°%( w,,zé)) o (g)d:%(%) (2)"

Since for any r > 0 we can find @ € (0,1) and d € N such that t = ad we get from

the above relation the asymptotic of f; for all # > 0. Hence, after performing some

straightforward computations and changing variables again, we get that for any ¢ > 0,

t

00 C -t X% (r)
V’(X)N_x/ziz Vi P atye k5 (3.30)
JT

which proves the claim for n = 0.

Next, suppose that n > 1. A straightforward application of the chain rule gives that

fé”)(y) = (e”v4(e”))™ is a linear combination of terms of the form e+ vék)(ey ), for
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0 < k < n. However, from (3.27) we deduce that, for large y, the term ety v((,")(ey )

grows faster than all terms of lower order. Therefore,

%

C e¥ oir
£ () 2 Dy () 2 (m1y1 L g(eF Wer gr(eD)e kT TP (331)

V2ra
and the asymptotic on the right-hand side is obtained from the one in (3.27) after
changing variables. From the right-hand side of (3.31)) it is apparent that the mapping
y i (=1)" f(i”)(y) is eventually positive, so that there exists a, € R (depending on n)
such that f, ,(y) = (-1)" OE")(y)I[{y>an} is a positive function. Since y — gp(eﬁ) is the
derivative of ¢, which we recall from earlier denotes the function appearing within the
exponential in (3.31), we have from [10, Proposition 5.8] that y + go(e§) is flat with
respect to ¢, and combined with Lemmathls gives that y — go”(ea) is flat with
respect to . Thus, once again all terms in front of the exponential in (3.31)) are flat with

respect to . Let € € (0, @) so that, from Lemma 4)| applied to (3.28)), we deduce

the estimate

fan(y) = O

Y
e@o " Md) . (3.32)

Then (3.28)) allows us to identify the right-hand side of (3.32)) as the dominant term in
the asymptotic for the probability density f,—-(y) = €¢”v4—c(e”), see (3.28). Indeed, the
fact the function inside the big-O estimate of (3.32) term dominates all others in (3.28))
is immediate, as the term in front of the exponential is increasing at infinity. Noting that
dilating a function does not affect its integrability, we conclude that, for any a € (0, 1)
and n > 1, the function f,, is integrable. In particular, for each @ € (0,1) and n > 1

there exists a constant ¢, , > 0 such that ¢, ,f,, is a probability density.

Now, let us write t = a + 7, where @ € (0,1) and 7 > 0. If, for any n > 0,
() ¢ L2(R), and f, € L2(R), then a standard result (see [52, Chapter 8, Ex. 8 & 9])

allows us to interchange differentiation and convolution to write that

F20) = (f7 % )3, y € R. (3.33)
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To this end, let ¢ > 0 and observe that

e 2 o0 2
/ (e(”ﬂ)yv;n)(ey)) dy:-/O (x”+%v§")(x)) dx

_ 1 [®r1+n+ib)?
21 ) |T(1 +ib)?

where the first equality follows from a change of variables, and the second is a com-

(3.34)

2
‘W;,(l + ib)‘ db,

bination of the Parseval formula for the Mellin transform applied to the function
x > x™1y"(x) combined with Theorem By [98, Theorem 4.2(3)(c)], the
fact that ¢(c0) = oo with ¢* € B4 implies that b +— |Wé(1 + ib)| decays faster than
any polynomial along the real line. Next, we recall Stirling’s formula for the gamma

function, for any a + ib with a > 0 fixed
IT(a + ib)| 2 C,|b|o~2e 310 (3.35)

for some constant C, > 0. Hence, the term in (3.34) involving the ratio of gamma
functions grows like |b|?**2, which by the aforementioned decay properties of Wé gives
that the integral in (3.34) is finite. Since fT(”)(y) = (e’vq(e?))™ is a linear combination
of functions of the form e®**DYy®)(e?), for k < n, we get that £ € L2(R) forany n > 0,

and that f, € L>(R). Hence the equality in (3.33) is justified.

Next we aim to use a combination of Lemma together with (3.33)) in order
to show that fl(") has a Gaussian tail. From (3.31]) we have

") = h(y)e)

where the function ¢ is defined in (3.29), and & denotes the function consisting of
all terms in front of the exponential of (3.31). Since & is flat with respect to ¢ we
know, by [[10, Proposition 3.2], that there exists y € C®(R) such that y(y) ~ h(y)
and sy (y) X' () = o(x(y)). Further, from Proposition 5.8 in the aforementioned paper
limy_, sy ()Y’ (y) = co. Using these facts we get

(log x()) _ .. X' lim sy(V)X' () 1

= = =0,
yoo Y(y) oo xOW' () vy () sy (VW' (¥)
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which is enough to show that f; satisfies the assumptions of Lemma (3 Since

the arguments for f; are similar we have, invoking Lemma [3.4.3(2)] that

(=1 Canf ™) = (Canfan * f)),

with both ¢, ,f., and f; having Gaussian tails. Applying Lemma again we
conclude that ¢y ,fe.n * fr has a Gaussian tail, and hence ft(")(y) (=1)"no(y)e™%o),

where Yy € A and 5y is flat with respect to .

To conclude the proof it remains to identify 1y and ¢, which may be computed as
described in Lemma[3.4.3[3)] using a combination of (3.3T)) and, after changing variables,
(3:30). As in the lemma, we write y(u) = q(u) + ¢2(u) = alog ¢(u) + vlog dp(u) =
tlog ¢(u), where the second equality serves as definition of ¢g; and ¢, and the last
equality defines the conjugate variables y and u. Using this notation it is straightforward

to conclude that

z ;
@(r)
r

ll’o(y)=a/kw1£)d +7 /k“ SD(r)dr—(cx+7)/(u)wal —t/ke ——d

The associated scale function sy, is then

t
Spe(Y) = [ 57—
erg’(er)
Let 1 and 77, denote the flat terms, while y; and i, denote the asymptotically parabolic
terms, in the Gaussian tails of ¢, ,f,, and f; respectively. Then,

a

— ¢ 5 1,1 u ’ u
ni(q1(u)) = Nz P(u)@' (¢(u)),

and

m(q2(u)) = P(u)¢'(p(u)).

C¢
V2nt

Furthermore,

a T
R T e e S T )
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where sy, and sy, are the scale functions of ¢ and ¢, respectively. Putting all of these
observations together we get that 779 can be written, after canceling like terms, as

(a+7) y
C"\N2n \erg'(er) Ct

e?NaNT———¢"'(e )— —L et n(e’) 6’90(3’)

no(y) = N N %

This gives us ft(")(y) 2 (=1)'no(y)e o) T glnt 1)y vt(n)(ey ), and changing variables again,

we finally obtain the claimed asymptotic
t

1
00 -t X1 o(r)
Vr(n)(x) ~ (_1)n—,2imx_n90"(x%) XITQD’(X%)e_t/k & dr,

for any n > 0 and ¢ > 0, which completes the proof.

Proof of Theorem and Theorem

The proof is the same for [99, Theorem 5.5(1)] and [99, Theorem 5.5(2)], but we give

the arguments for sake of completeness. Suppose that d > 0, so that

d(u)=k+du+u /00 e "u(y)dy.
0

Then, invoking [99, Proposition 4.1(3)] we have ¢(x) ~ du and hence ¢(u) ~ d~lu.

Furthermore, differentiating the identity u = ¢(p(u)) gives ¢'(u) = and since,

1
¢’(so(u))
by the monotone density theorem, see [22, Theorem 1.7.2], ¢'(u) ~ d, we get that

@' (1) < d~'. Next, as u = ¢(¢(u)) we have, on [k, c0),

= K+ deu) + (1) /0 " )y = k -+ de(u) + E(u)

where the last equality serves to define the function E. By dominated convergence we
have that lim, fooo e ?“Y7(y)dy = 0 which, together with ¢(u) ~ d~'u, shows that
E(u) = o(u). Re-arranging, we obtain ¢(y) = d~!(u — k — E(u)), so that substituting all

of these quantities into the identities (3.12) and (3.13)) proves Item [(T)]
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Next, assume that ¢(u) ~ Cou®, with C, > 0 a constant and € (0, 1). A standard
result from regular variation theory gives that ¢(x) ~ C, éui, see e.g. [22, Theorem
1.5.12]. This allows us to define H(u) = C;éué — ¢(u), so that H(u) = o(ué). Next, the
monotonicity of ¢’ allows us to again invoke the monotone density theorem to conclude
that ¢’ (1) ~ C,au®"", see again [22, Theorem 1.7.2]. Combining these two statements

_1
with the identity ¢’(u) = m yields the asymptotic ¢’(u) ~ a/‘lCa"ué_l. Finally,

substituting these asymptotics proves the claim.

3.4.4 Proofs for Section 3.2.1]

Before beginning with the proofs we state some preliminary results that will be used in

the proof of Theorem and Theorem [3.2.1)(3)

Proposition 3.4.1. For @ € (0,1) and m > 0, let ¢pom : [0, 00) — [0, o) be defined by

Gam(u) = (u+m)®.

(1) Forany a € (0,1) and m > 0, ¢o.m is a complete Bernstein function.

(2) The potential measure of ¢pom admits a density, denoted by U, ., given by

1

Ua’m(y) = Fa,)e—myyd—l .

Furthermore, U,y is non-increasing, convex and solves, on R, the differential

equation

, -«
Uy = —Uam(y) (m + ) .
y
(3) Let ¢ € By, i.e. d > 0. Then, for any a € (0, 1),

Yo = inf{y > 0; yu(y) > d(1 — @)} € (0, o0},

and, for any m such that dm > ﬁ(%) + Kk, we have that ¢fm € 8.
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Proof. The fact that ¢, is a complete Bernstein function is straightforward and was
also mentioned in Remark [3.2.1 To show that U,,,, defined as above is the density of

the potential measure of ¢, ., we observe that

and then substitute # + m for u. The claimed properties of U, ., can then be verified by
straightforward calculations. The proof of the last claim is, mutatis mutandis, the same
as the one given for [99, Proposition 4.4(2)], so we omit it here. We note that the proof
of [99, Proposition 4.4] does not explicitly use the fact that the Lévy measure of ¢ has
a non-increasing density, and hence this restriction can be removed. Furthermore, we

have modified y, and the condition on m to suit our potential measure Uy . O

(o)

We write, for two functions f and g, f(x) = g(x) if f(x) = O(g(x)) and
g(x) 2 O(f(x)). In the following theorem we rephrase, in the context of Berg-
Urbanik semigroups, the Abelian type criterion for moment indeterminacy given in

Theorem [2.1.2] which we use in the proof of Theorem [3.2.1[3)]

Theorem 3.4.1. Let (v;);50 be a Berg-Urbanik semigroup and suppose that, for some

t >0, vi(dx) = vi(x)dx, x > 0, and

o _
v,(x) = e G(logx)’

with G € A satisfying limy_,« G’(y)e_% < oo. Then, writing 7y for the inverse of the

continuous, increasing function G’,

o0

_Yn) . . .
Z e 2 <oo, forsome ng =1 — v; Is moment indeterminate.

n=nq
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Proof of Theorem 3.2.1§(1)}

First, invoking [99, Theorem 5.1(2)] we get

My(n) = Wy(n + 1) < Coy/p(n)e®™

where G(n) = fln log ¢(r)dr and C4 > 0 is a constant depending only on ¢. Integrating

G by parts, for any ¢t > 0 and n > 1, gives us

—G(n) - log o(n) — — (log o(1) + nui(( )) )

Consequently, for some C; > 0 a constant, we have

Zwﬁ(m 1>

1 AC)
C1 ) exp [—— (log o(n) + — log ¢(n))] exp [ (log o(1) + u )]
Z 2 2n 1 ¢u)
(3.36)
The estimate ¢(n) = O(n), see e.g. [99, Proposition 4.1(3)], gives log ¢(n) = o(n), which
together with the positivity of the terms within the second exponential in (3.36) allows

us to obtain, for C, > 0 a constant, the bound

D W+ 1) > e Y g7 ),
n=1 n=1

so to prove moment determinacy it suffices to show the divergence of this latter series.

Let 8 > By. By definition of By, ¢(u) = O(uP), so that for some constant C3 > 0

iqﬁ‘%(n) > G in
n=1

n=1

Nlm

The latter series diverges if and only if 18 < 2, whence the moment determinacy of v;

ﬁ
Ty = oo for By = 0. Flnally, if lim, 0 % (1) < oo then we may choose 8 = By and

forany r < % < . Since B > f is arbitrary we conclude that Ty > Ba 2 if Bs > 0 and

apply the above argument to conclude that v, is moment determinate.
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Proof of Theorem 3.2.1§3)|

It suffices to treat the case when 64 € (0, 1], since otherwise the claimed right-hand
inequality in (3.8) is trivial. Therefore we assume also that 0 < 64 < B4 < 1,and 55 > 0
is easily seen to imply that ¢(co) = co. Invoking Theorem we get that, for any

t>0,
t 1

C T
05t et f
X% Al (x1)e™" K
V2

it

vi(x) =
Let b(log x) denote all the terms in front of the exponential and set G(log x) for the
function within the exponential on the right-hand of the above asymptotic relation. It
was shown in the proof of Theorem that b is flat with respect to G, and thus, by

Lemma ‘ we have that b(log x) = o(G(log x)). Hence, for any ¢ € (0, 1) fixed we

get that

vi(x) = ¢~ Cllogx)

where L
G(logx) = ( — ¢) / AU

From Lemma it follows that G € A and a simple calculation, after substituting
= log x, gives that

) = tg(er)

G ="

where we write ¢ = =9 c)

€ (0, 1) for ease of notation. Observe that, for any ¢ € (0, d4),
the property lim | u‘5¢(u) > 0 is equivalent to lim, e u_Ego(u) < oo. Hence, for any

0>dpandt > we have

lim G’(y)e_% =t lim (,o(e%)e_% =t lim e_%cp(e%)e(ﬁ_%)y < 00,

and thus all the assumptions of Theorem [3.4.1|are fulfilled for any ¢ > %. The inverse

of G’ is easily identified as y(u) = tlog ¢(tu) so that,

i e = i ~3(tn). (3.37)
n=1

n=1
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Now, for any ¢ € (0, d4), there exists a constant C > 0 (depending only on ¢) such that,
for n large enough,

¢_%(tn) < Cn_%

Thus for any ¢ > % the series in (3.37]) converges, so that v; is indeterminate. Since ¢ can

2

be taken arbitrarily close to ¢, this gives the indeterminacy of v, for any 7 > 3

Proof of Theorem 3.2.1(4)|
Let % € B and write (p;);>0 for the Berg-Urbanik semigroup associated to ¢. Since
% € B we may invoke [98, Theorem 4.7(3)] to get that, for any > O and n > 0,

W(;(n +1)= W%(n + D)Wy(n + 1)

where each of the terms is a moment sequence. Applying [19, Lemma 2.2 and Remark

2.3] we conclude that whenever p; is indeterminate then v; is indeterminate, i.e.
{t > 0; p; is indeterminate} C {¢ > 0; v, is indeterminate},

which implies that Ty < Ty. If MHeB 7 forallt € (0, 1), then invoking Theorem|3.2.1

yields Ty < %, which completes the proof.

Proof of Theorem 3.2.1§2)}

First, by Proposition and using the notation therein, we have for any a € (0,1)

H(%)+k ) .
- that 7 € 8. Hence, by Theorem [3.2.1(4)| it follows that T4 <

Tpam- Proposition gives that ¢,,n is a complete Bernstein function so that

and m >

qﬁl,m € Bqg forallt € (0,1), see e.g. Remark Plainly ¢4 ~ u®, which implies

that d4,,, = Bs,.. = @. Invoking Theorem we get that Ty < % Since this

inequality holds for any a € (0,1) we get T4 < 2, whence T4 = 2. The claim that v,
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is moment determinate follows from Theorem [3.2.1(T)} since d > 0 implies 85 = 1 and

that limy—eo u~ (1) = limy_e0 u~ ' ¢(u) = d.

3.4.5 Proofs for Section 3.2.2)

In the proofs below we write, for any ¢ € B, X(¢) = X for the positive random variable

whose law is vf, and, for any x, 7 > 0, oy(dx) = P(X" € dx).

Proof of Theorem

From [99, Theorem 5.1(2)] it follows that, for t > 0,

E [(Xl)”] =Wy(tn + 1) b C¢\/¢(7e6(’”>

where G(tn) = flm log ¢(r)dr and C4 > 0 is a constant depending only on ¢. By
following similar arguments than the ones developed for the proof of Theorem [3.2.1(1)

we obtain the estimate
(o] _L (o) _L
Z W, (tn+1) > CZ o5 (tn),
n=1 n=1

for some constant C > 0. Now, for any g > B4, ¢(n) Z O(n®) so that, for a constant

C; > 0 depending on ¢ and 3,

i (/J_%(tn) > C i 7
n=1

n=1
This latter series diverges if and only if < % < ﬁ%, so that by Carleman’s criterion X’
is moment determinate whenever 1 < --. When lim,_, u #?¢(1) < co we may take

By
B = By and apply the above argument, which finishes the proof.

84



Proof of Theorem

Observe that, for z € 1 + iR and ¢t > 0, we have
Mo, (z=1) = B[(X(¢)) '] = BIX'C™V] = Wy(rz — 1 + 1),

Since Wy € A(,0) it follows that M., (z—1) can be analytically extended toRe(z) > 1-+,
and we write M., for this analytical extension. Next, we may assume that 64 > 0, since
the claim is trivial otherwise, from which it follows that ¢(co) = co. Combining this with
the fact that ¢ € B4 gives Ny = oo, where we refer to Section for the definition
of Ny, and invoking [98, Theorem 4.2(3)] allows us to conclude that, for any g > 0 and
a>0,

[Wy(a +ib)] = O(|b] ™)

uniformly on bounded a-intervals, so that for any g > 0 and a > —l

Mg, (a +ib)] = O(|b| %)

uniformly on bounded a-intervals. By Mellin inversion we get o-(dx) = oy(x)dx for each
t > 0 and, from similar arguments as given in the proof of Theorem [3.2.4(2), we get the

Mellin-Barnes representation

1

oy(x) = i

c+ioo
/ x“Wy(tz =t + 1)dz,

(z )

valid for any ¢ > 1 — % The change of variables z — + 1 reveals that

1 c+ico (1)
o) =g [T Wi (3.38)

2mit

for any ¢ > 0, and using Theorem [3.2.4(2)] to identify the right-hand side of (3.38)) we

establish, for all # > 0, the equality

1 1 1
ai(x) = 2 ()
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where vi(dx) = vi(x)dx. This identity allows us to use the asymptotic behavior of v,

described in [99, Theorem 5.5] to get that

1
i

o Cp 1 | T p(r)
or(x) ~ X7 ¢ (x7)exp —/ —Zdr
T o 7

where Cy > 0 is a constant depending on ¢ and ¢ : [k, 00) — [0, c0) is the continuous
inverse of ¢. Repeating, mutatis mutandis, the arguments from Theorem [3.2.1§(3)| we

conclude that X’ is moment indeterminate for ¢ > %, and the last claim is straightforward.

Proof of Theorem

The proof is the same as the one of Theorem[3.2.1[(4)|after observing that the assumptions

imply the factorization of moment sequences
Wy(tn +1) = We (tn + 1)Wy(tn + 1)
9

valid forany t > O and n > 0.

Proof of Theorem [3.2.2(2)|

When ¢ € B, Proposition guarantees, for any @ € (0, 1) and suitable m, that

¢
ba,m

€ B. Applying Theorem [3.2.2(4)| it follows that X’(¢) is indeterminate for any ¢

such that X’(¢pq,m) is indeterminate. However, ¢ m(u) = (u+m)?, so by a combination of

Proposition[3.4.1)and some straightforward asymptotic analysis one gets that ¢, € 8=

with B4, = @ > 0 and 1imy, o0 4% m(ut) < co. From Proposition we get

that ¢, is a complete Bernstein function and hence, in particular, ¢om € B5. Thus
Theorem ‘ gives that X’(¢,,) is moment indeterminate if and only if 7 > %, from

which we conclude that X’(¢) is indeterminate for ¢ > % Since a € (0, 1) is arbitrary
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we get that X'(¢) is moment indeterminate if # > 2, and from Theorem we get

moment determinacy for ¢ < 2, which finishes the proof.
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CHAPTER 4
ON NON-LOCAL ERGODIC JACOBI SEMIGROUPS: SPECTRAL THEORY,
CONVERGENCE-TO-EQUILIBRIUM AND CONTRACTIVITY

We introduce and study non-local Jacobi operators, which generalize the classical
(local) Jacobi operator. We show that these operators extend to the generator of an ergodic
Markov semigroup with a unique invariant probability measure and study its spectral
and convergence properties. In particular, we give a series expansion of the semigroup
in terms of explicitly defined polynomials, which are counterparts of the classical Jacobi
orthogonal polynomials. Inaddition, we give a complete characterization of the spectrum
of the non-self-adjoint generator and semigroup. We show that the variance decay
of the semigroup is hypocoercive with explicit constants, which provides a natural
generalization of the spectral gap estimate. After a random warm-up time the semigroup
also decays exponentially in entropy and is both hypercontractive and ultracontractive.
Our proofs hinge on the development of commutation identities, known as intertwining
relations, between local and non-local Jacobi operators/semigroups, with the local Jacobi
operator/semigroup serving as a reference object for transferring properties to the non-

local ones.

4.1 Introduction

In this chapter we study the non-local Jacobi operators given for suitable functions f on
[0, 1] by
Tf(x) = Juf(x) = f o h(x), (4.1)

where J, is the classical Jacobi operator
Juf(x) = x(1 = x) f"(x) = (A1x = ) f'(x),

88



and ¢ denotes the product convolution operator

£ o hix) = /0 C FhGer Yy dr,

with Ay, g, and the function 4 satisfying Assumption below. The classical Jacobi
operator is a central object in the study of Markovian diffusions. For instance, it
is a model candidate for testing functional inequalities such as the Sobolev and log-
Sobolev inequalities, see for instance the papers by Bakry [8], Saloff-Coste [[107], and
Fontenas [53]. When u = %‘ = n, an integer, there exists a homeomorphism between
this particular Jacobi operator and the radial part of the Laplace-Beltrami operator on
the n-sphere, revealing connections to diffusions on higher-dimensional manifolds that,
in particular, lead to a curvature-dimension inequality as described in Bakry et al. [9,
Chapter 2.7]. From the spectral theory viewpoint, the Markov semigroup Q) = (e/J+),
is diagonalizable with respect to an orthonormal, polynomial basis for Lz(,Bﬂ), where
B denotes its unique invariant probability measure. As a consequence of these facts
the semigroup Q) converges to equilibrium in various senses, such as in variance and
in entropy, and is both hypercontractive and ultracontractive; see Section 4.5 where
we review essential facts about the classical Jacobi operator, semigroup, and process.
We mention that Jacobi processes have been popular in applications such as population
genetics, under the name Wright-Fisher diffusion, see e.g. Ethier and Kurtz [50, Chapter
10] and the works by Griffiths et al. [58] 57], Huillet [67], and Pal [93]], and in finance,

see for instance Delbaen and Shirikawa [41] and Gourieroux and Jasiak [56].

Due to the non-local part of J and its non-self-adjointness as a densely defined and
closed operator in L?(8) with B denoting the invariant measure of the corresponding
semigroup, a fact that is proved below, the traditional techniques that are used to study
J. seem out of reach. Nevertheless, our investigation of J yields generalizations of the
classical and substantial results mentioned above. A central tool in our developments

is the notion of an intertwining relation, which is a type of commutation relationship
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for linear operators. Fixing A; and for some parameters p, u to be specified below, we

develop identities of the form
JA=AJz; and VI=J3V,

on the space of polynomials, the first of which allows us to prove that J generates an
ergodic Markov semigroup = (Q;);>0 with unique invariant probability measure S.

We also establish, for ¢ > 0,
QA =AQ¥ and VQ =QWY,

on Lz(ﬁﬁ) and L?(B), respectively, where A : Lz(ﬁﬁ) — L2(B)and V : L2(B) — Lz(ﬁﬁ)
are bounded linear operators. These latter identities are crucial for obtaining the spectral

theory, convergence-to-equilibrium, hypercontractivity, and ultracontractivity estimates

for Q.

The chapter is organized as follows. We state our main results in Section [4.2] All
proofs are given in Section [4.3] and a specific family of non-local Jacobi semigroups
is considered in Section 4.4] Finally we collect known results on the classical Jacobi

operator, semigroup, and process in Section

4.2 Main results on non-local Jacobi operators and semigroups

4.2.1 Preliminaries and existence of Markov semigroup

In this section we state our main results concerning the non-local operator J defined in
#@.1). We write R, = (0,0) and 1 for the indicator function, and throughout we shall

operate under the following assumption.
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Assumption 4.2.1. The function 4 : (1, c0) — [0, 00) is such that I1(dr) = —(e" h(e")) dr
is a finite, non-negative Radon measure on R,, and # = floo h(r)dr < co. Furthermore,
if h #0,

A > 1{/1<1+h} + u and u > h,

while otherwise 4; > u > 0.

Anticipating the results of Theorem[4.2.1]below, we already mention that the cadlag
realization of the Markov semigroup () has downward jumps from x to e™"x, r, x > 0,
which occur at a frequency given by the Lévy kernel I1(dr)/x, see Lemma and
(.16)) below. Note also that, for & # 0, we have 2 > 0 and thus A; > 1. Next, we consider
the convex, twice differentiable and eventually increasing function ¥ : [0, c0) — R given
by

TW):f+{u—h—Du+uZmU—r”MUMn (4.2)
which is easily seen to always have 0 as a root, and has a root r > 0 if and only if

u <1+ Set

o = I’l{”<1+h} and rp=1- ro, (4-3)

and define ¢ : [0, c0) — [0, c0) to be the function given by

Y(u)
u-—ro '

$u) = (4.4)

For instance, when rg = 0, then

du)=u+(u-h-1)+ ./1 (1 = r™)h(r)dr,

and we note that both ¢ and J are uniquely determined by Ay, u, and A so that, for fixed
A1, there is a one-to-one correspondence between ¢ and J. As we show in Lemma4.3.2
¢ is a Bernstein function, i.e. ¢ : [0, c0) — [0, o0) is infinitely differentiable on R, and
(—1)”+‘j—;¢(u) >0, foralln = 1,2,... and u > 0, see Bertoin [21] and Schilling et

al. [109] for a thorough exposition on Bernstein functions and subordinators.
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Any Bernstein function ¢ admits an analytic extension to the right half-plane {z €
C; Re(z) > 0}, see e.g. Patie and Savov [99, Chapter 4], and we write W for the unique

solution, in the space of positive definite functions, to the functional equation
Wo(z + 1) = p(2)Wy(2).  Re(z) >0,

with Wy(1) = 1, and we refer to Patie and Savov [98]] for a thorough account on this set
of functions that generalize the gamma function, which appears as a special case when

#(z) = z. In particular, for any n € N,
n
Woln+1) = [ | ¢(k), 4.5)
k=1

with the convention ngl ¢(k) = 1 and where throughout we write N = {0, 1,2,...}.

Let C([0, 1]) denote the Banach space of continuous functions on [0, 1] equipped
with the sup-norm || - ||, and let, for k € N, C¥([0, 1]) denote the space of functions on
[0, 1] admitting k continuous derivatives with C*([0, 1]) = N> ,C k([0,1]), €°([0,1]) =
C([0, 1]). What we call a Markov semigroup on C([0, 1]), Q = (Q;);>0, is a one parameter
semigroup of operators such that, forall > Oand f € C([0, 1]), Q:1j0,1] = 1j0,1}, Q:f = 0
when f > 0, ||Q;fleo < ||f]leo, and lim;—q ||Q;f — fllo = 0. A probability measure 8

on [0, 1] is invariant for a Markov semigroup Q if, for all f € C([0,1]) and ¢ > O,

1
BIQuf] = BIf] = /0 £y,

where the last equality serves as a definition for the notation B[ f]. It is then classical,
see either Bakry et al. [9]] or Da Prato [39], that given a Markov semigroup on C([0, 1])
with invariant probability measure 3 one may extend it to a Markov semigroup on L?(3),

the weighted Hilbert space defined as
L*(B8) = {f : [0, 1] — R measurable with [ f*] < oo} .

Such a semigroup is said to be ergodic if, for every f € L*(B), limy_,c0 > fOT Q. fdt =

Bl f] in the L*(8)-norm.
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Next, for any x € [0,0) and a € R\ {0,-1,-2,...} we write (a), to denote the

Pochhammer symbol
I'(a + x)
(a)x = W

Writing P for the algebra of polynomials and letting p,(x) = x" we define formally the

following sequence, for any n € N,

_ (rl)n W¢(l’l + 1)
- (A1)n n! '

Blpn] (4.6)

and note that in Lemma we show that r; € (0, 1]. Recall that a sequence is said
to be Stieltjes moment determinate if it is the moment sequence of a unique probability
measure on [0, o). Our first main result provides the existence of an ergodic Markov

semigroup generated by the non-local Jacobi operator J.

Theorem 4.2.1.

(1) The sequence (B[pn])ns0 is a determinate Stieltjes moment sequence of an abso-
lutely continuous probability measure 8 whose support is [0, 1], with a continuous

density that is positive on (0, 1).

(2) The extension of J to an operator on L*(B), still denoted by J, is the infinitesmal
generator, having P as a core, of an ergodic Markov semigroup Q = (Q;);>0 on

L%(B) whose unique invariant measure is J3.

The proof of Item[(Z)|makes use of an intertwining relation stated in Proposition[4.3.1]
which is an original approach to showing that the assumptions of the Hille—Yosida—Ray
Theorem are fulfilled; see Lemma 3.7 and its proof for more details. More generally, the
idea of constructing a new Markov semigroup by intertwining with a known, reference
Markov semigroup goes back to Dynkin [48] whose ideas were extended by Rogers

and Pitman in [[104]. More recently, Borodin and Olshanski [26] also used intertwining
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relations combined with a limiting argument to construct a Markov process on the Thoma

cone.

We also point out that the invariant measure £ is a natural extension of the beta
distribution, which is recovered when ¢(u) = u, as in this case in (4.6) we get Wy(n+1) =
n!. The condition in Assumption that I1(dr) = —(e"h(e")) dr is a finite measure
is necessary for the existence of an invariant probability measure for (). Indeed, as we
illustrate in our proof of Theorem [@4.2.1] any candidate for such a measure must have
moments given by (4.6). If TI(dr) = —(e"h(e")) dr is not a finite measure, then estimates
by Patie and Savov in [98, Theorem 3.3] imply that the analytical extension of (4.6)) to
{z € C; Re(z) > r1} is not bounded along imaginary lines, a necessary condition to be a

probability measure.

4.2.2 Spectral theory of the Markov semigroup and generator

We proceed by developing the L?(8)-spectral theory for both the semigroup @ and
the operator J. Recalling that, for fixed A;, there is a one-to-one correspondence
between J and the Bernstein function ¢ in (d.4)), we define, for n € N, the polynomial

Pf:[O,l]eRas

$oN _ S (D)™ = Dy () 2
PR = NG 2 (i =D, (e Wak £ 17 @7

where C,(ry) is given by

n!(A1)n-1
(r)n(A —r11)n

Note that when & = 0 then in (4.2) we get Y(u) = u(u — (1 — p)) and the functions

C.(r))=2n+1,-1)

(?f )ns0 boil down to (P,S“ ))n>0, the classical Jacobi orthogonal polynomials reviewed in
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Section[4.5] Next, we write R,, for the following scaled Rodrigues operator,

2" d"
n! dx"

R, f(x) = (" f(x)) (4.8)

and set
A=A1—r = (u=Dlzrmy — Mluciin-
We write B(dx) = B(x)dx for the density given in Theorem [4.2.1(1), and define, for

every integer n > 1, the function 4,14, : [0, 1] — [0, 00) as
P _ ne
,8/11+n,/11(x) = ( nl’)n .x/ll 1(1 — X) 1.

We denote by L?([0, 1]) the usual Lebesgue space of square-integrable functions on

[0, 1].

Proposition 4.2.1. Let (V0¢ = 1land, forn=1,2,..., define (V,fb :(0,1) > Ras

1 (ll rl)n
Bx) (A ( )

Then w, € C*((0,1)) and, if A > % in addition, w, € L*([0,1]). If |A] > 2 then
V¢ e clA-1((0, 1)).

VI(x) = — - JC (1) Ru(Bayina, © B)(X) = —wa(x).  (4.9)

Remark 4.2.1. The definition in (4.9) makes sense regardless of the differentiability of
B, since Ba,+na, € C((0,1)) and R,(Ba,+na, © B) = RuBa,+na, © B. However, the
differentiability of (V,f is limited by the smoothness of 8, which is quantified by the
index [A] — 1. Note that, when & = 0 then 8 = 8, and, by moment identification and
determinacy, it is easily checked that (4.9) boils down to the Rodrigues representation of
the classical Jacobi polynomials SD,E” ) given in (4.72)). In this sense (90,? )n>0 and ((Vn¢)n>0
both generalize (P,g” ))n>0 in different ways, coming from the different representations of

these orthogonal polynomials.

We say that two sequences (f;)n>0, (gm)m>0 € L?(8) are biorthogonal if B[ fugm] = 1,

when n = m, and B[f,g,] = O otherwise, and then write f, ® g, for the projection
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operator given by f — B[fgulf,- Moreover, a sequence that admits a biorthogonal
sequence will be called minimal and a sequence that is both minimal and complete, in
the sense that its linear span is dense in L?(8), will be called exact. It is easy to show that
a sequence ( f,,),>0 is minimal if and only if none of its elements can be approximated by
linear combinations of the others. If this is the case, then a biorthogonal sequence will be
uniquely determined if and only if ( f,),s0 is complete. Next, a sequence ( f,),=0 € L?(5)
is said to be a Bessel sequence if there exists B > 0 such that, for all f € L?(8),

> BlfT < BB

n=0
The quantity B is a Bessel bound of ( f;;),>0 and the smallest such B is called the optimal
Bessel bound of (f,),>0, see the book by Christensen [37] for further information on

these objects that play a central role in non-harmonic analysis.

We write o(Q;) for the spectrum of the operator @, in L*(8) and 0p(Q;) for its point
spectrum, and similarly define o-(J) and o7, (J). For an isolated eigenvalue o € 0,(Q;)
we write M, (o, Q;) and M,(o, Q,) for the algebraic and geometric multiplicity of o,

respectively. We also define, for n € N,
y=nn-=D+Ain=n*>+,-n, (4.10)

noting that A; = Ay, which explains our choice of notation, and recall that o(J,) =
0p(Ju) = {—4s; n € N}, see Section We write Qy for the Lz(ﬁ)—adjoint of Q,. We

have the following spectral theorem for Q.

Theorem 4.2.2. Lett > O.

(1) Then, with equality holding in operator norm, we have

(o)

Q = Z e_/l"’P,? ® (V,f,
n=0
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where the sum converges in operator norm and (P)ns0 € LA(B) is an exact Bessel
sequence with optimal Bessel bound 1, and (q/f)n;o € L%(B) is its unique biorthog-

onal sequence, which is also exact. Moreover, for any n € N, P,‘f (resp. (Vn¢ ) is an

eigenfunction for Q; (resp. Q) associated to the eigenvalue e~

(2) The operator Q; is compact, i.e. the semigroup ) is immediately compact.

(3) The following spectral mapping theorem holds

T(Q)\ {0} = 0,(Q) \ {0} = &P = 7D = {4 e W}

Furthermore, 0(Q;) = 0(Q;) and, for any n € N,
—Ant _ —Ant _ At OV — =Ant )% —
Ma(e ,Qt)—Mg(e ’Qt)_Ma(e ’Qt)_Mg(e ,Qt)_ 1

(4) The operator Q; is self-adjoint in L*(B) if and only if h = 0.

The expansion in Theorem is not valid for ¢t = 0 as (SD,? )0 is a Bessel
sequence but not a Riesz sequence, as it is not the image of an orthogonal sequence by
a bounded linear operator having a bounded inverse, see Proposition 4.3.5| below. The
sequence of non-self-adjoint projections Pf ® (Vf is not uniformly bounded in n, see
Remark and, in contrast to the self-adjoint case, the eigenfunctions of ); and Q; do
not form a Riesz basis of L?(8). Finally, we note that from Theorem 7’,? + (Vf
foralln=1,2,....

4.2.3 Convergence-to-equilibrium and contractivity properties

For an open interval I C R, we say that a function @ : / — R is admissible if

® e C*(I) with both @ and —1/®” convex. 4.11)
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Given an admissible function we write, for any f : [0, 1] — I with f, ®(f) € L1(B),

Entg(f) = BLO(F)] - PBLS]) (4.12)

for the so-called ®-entropy of f. An important case is when ®(r) = 2, I = R, so
that (#.12) gives the variance Varg(f) of f € L?(8). Recall that in the classical case,
i.e. h = 0, we have the following equivalence between the Poincaré inequality for J,, and

the spectral gap inequality for Q*),

/11 —inf _ﬁ,u[prf]

(1) 211 2
=V <e ™V f L dr>0
f Varﬁﬂ (f) arﬂ" (Qt f) € arﬁu (f) or f € (IB/J) an

where the infimum is over all functions in the L2-domain of J u» see for instance Bakry
et al. [9, Chapter 4.2]. The above variance decay is optimal in the sense that the decay
rate does not hold for any constant strictly greater than 24;. Another important instance
of @.12) is when ®(r) = rlogr, I = R, which recovers the classical notion of entropy
for a non-negative function, written simply as Entg(f). Here the classical equivalence is

between the log-Sobolev inequality and entropy decay,

(W . _4,By[fJ,uf]
/llogS - 1r}f Ent 5. ( f2)

Entg, (Qg”)f) < e_'l(y

>0

)
es' Entg, (f) < oo for f € L'(B) and 1 > 0.

Note that the optimal entropy decay rate is obtained only when u = % > 1, in which

case /1(1’; LS = 2A1,, while otherwise /l(l’; ZO,S < 24,, see, for instance, Fontenas [53]] and
Saloft-Coste [[107]. We refer to the excellent article by Chafai [33], the book by Ané
et al. [3]], the relevant sections of Bakry et al. [9], and also to Section 4.5 where we
review these notions for the classical Jacobi semigroup. However, due to the non-self-
adjointness and non-local properties of J, it seems challenging to develop an approach
based on the Poincaré or log-Sobolev inequalities. For this reason, we take an alternative

route to tackling convergence to equilibrium by using concept of completely monotone
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intertwining relations recently introduced by Patie and Miclo in [87, Section 3.5] and

[38].

Next, recalling that when 7 # 0 we have 4; > 1, we let p : [0,00) — [0, 00) be

() = /u N (A1 :L 1)? 3 /112— 1

and note that it is a Bernstein function, as it is obtained by translating and centering the

defined as

well-known Bernstein function # +— +/u. In the literature p is known as the Laplace
exponent of the so-called relativistic 1/2-stable subordinator, see Bakry [7] and Bogdan

et al. [25]]. For any Bernstein function ¢, we denote by
dy = inf{u > 0; ¢(—u) = 0 or ¢p(—u) = co} € [0, 0], (4.13)
and we let, for any & € (0, dy] U {dy},
die=111crin +(dp + 1 =)l z14m) (4.14)

noting that when dy = O then & = 0. We write, for any m € (1 <14s + A1) and

g € (0,dgy] U {ds}, T for a random variable with Laplace transform

—uty _ (drl,s)p(u) (ﬂl - m)p(u)
(m)p(u) (/ll - drl,a)p(u),

and write Q. = fooo Q+5P(7 € ds).

E[e u >0, (4.15)

Theorem 4.2.3. Let t > 0. For any m € (1{y<14n + p, A1) and & € (0,dy] U {dy}, we

have the following.

(1) Forany f € LZ(,B)

m(/ll - dl’l,e)

—2A1t
e Var ,
drl,e(/ll - m) ﬁ(f)

Varg(Q, f) <
with (A — dy, ¢) > dy, (2] —m).
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(2) The function 7 : u > —log E[e ] is a Bernstein function, which gives that T is
d
infinitely divisible and hence there exists a subordinator T = (1;);>0 With T @ T.

For any f € LY(B) with Entg(f) < oo
_/{m) ¢
Entg(Qr+r f) < € =5 Entg(f).
Furthermore, if A1 > 2(1{,<1+n) + p) then, with m = A /2,

Entg(Qr+r f) < e Entg(f).

Suppose, in addition, that 1, c14py +u < A1/2 €N, and let ® : I - R, I CR,
be an admissible function, as in (@.11). Then, for any f : [0,1] — I such that
£, ®(f) € LYB) and with Entf;( f) < oo,

Ent3(Qrerf) < eV Entg (/).

_dr & . . .
Remark 4.2.2. Since % > 1 the estimate in Theorem 4.2.*1) gives the hypoco-
r.e

ercivity, in the sense of Villani [[123], for non-local Jacobi semigroups. This notion
continues to attract research interests, especially in the area of kinetic Fokker-Planck
equations, and we mention the works by Baudoin [12], Dolbeault et al. [43]] and Mis-
chler and Mouhout [89]. We are able to identify the hypocoercive constants, namely
the exponential decay rate as twice the spectral gap, and the coefficient in front of the
exponential, which is a measure of the deviation of the spectral projections from forming
an orthogonal basis and is 1 in the case an orthogonal basis. Note that in general the
hypocoercive constants may be difficult to identify, and may have little to do with the
spectrum. Similar results have been obtained by Patie and Savov in [99] and Achleitner
et al. in [1]. Our hypocoercive estimate is obtained via intertwining, which suggests
that hypocoercivity may be studied purely from this viewpoint, an idea that is further

investigated in the next chapter.

Remark 4.2.3. The second part of Theorem[4.2.3| gives the exponential decay in entropy

of Q but after an independent random warm-up time. Note that, for 11 < 2(1y,<i+n) + 1)
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the entropy decay rate is the same as for Q™ while under the mild assumption that
A1 > 2(1yy<14ny + 1) we get the optimal rate for more than simply a fixed value of p.
The proof relies on developing so-called completely monotone intertwining relations,
a concept which has been introduced and studied in the recent work by Miclo and
Patie [88], where the classical Jacobi semigroup Q™ serves as a reference object, see

Proposition §.3.6| below.

Remark 4.2.4. The additional condition A;/2 € N for the ®-entropic convergence in
Theorem [4.2.3(2)| ensures that we can invoke the known result in for the classical
Jacobi semigroup Q“1/2). However, our approach allows us to immediately transfer any

improvement in to the non-local Jacobi semigroup Q.

Next, we recall the famous equivalence between entropy decay and hypercontractivity

due to Gross [59], i.e. forany r > O and f € Ll(,Bﬂ) such that Entg, (f) < oo,

_ A m m)
Ent;, (Q\"f) < e Agst Entg, (f) = [|IQ"™ |y < 1where2<g<1+ s,

where we use the shorthand || - |[,4 = || - [lLr(8,)—La9(8,) fOr 1 < p,g < oo. To state

our next result we write, when 4; — m > 1, ¢, > 0 for the Sobolev constant of J,, of

2(A1—m)

order ==’

and recall that as a result of the Sobolev inequality for J,, one gets that
_ Ap-m

||Q§m)||l—>oo < emt T for 0 < ¢t < 1, which implies that QU™ is ultracontractive,

ie. Q™| e < oo forall 1 > 0, see Section 4.5/ for a review of these concepts. We

have the following concerning the contractivity of Q.

Theorem 4.2.4. For any m € (1 <14n) + 1, A1) and € € (0,dy] U {dy}, the following
holds:

(1) Fort > 0, we have the hypercontractivity estimate

/{m) t

||Ql‘+‘1‘||2—>q < 1, Where 2 < q < 1 + ¢ logs ,
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and furthermore, if A1 > 2(1( <14y + W), then, with m = 3,

Qrsrll—g <1, where 2<qg<1+ e,

(2) If in addition A1 — m > 1 then, for 0 < t < 1, we have the ultracontractivity
estimate
||QI+T||1—>00 < Cmt_/llimil

A _ 4
where, as soon as A1 > 2, one can choose m = 5 giving C/ITI = T

4.2.4 Bochner subordination of the semigroup

We write Q7 = (QF );»0 for the semigroup subordinated, in the sense of Bochner, with
respect to the subordinator 7 = ()50 Whose existence is provided by Theorem 4.2.3]
ie.

o = [ QB s

so that QT = Q. Note that Q7 is also an ergodic Markov semigroup in L%(B) with 8 as
an invariant measure, and its generator is given by —¢™(-=J) = log Q., see Sato [108,

Chapter 6]. We have the following results concerning the subordinated semigroup.

Theorem 4.2.5. For any m € (1{,<14n) + 1, A1) and & € (0,dy] U {dy} the statement

of Theorem |4.2.2| holds for QT upon replacing (A,),s0 by (log %)wo for
r,.e/n n

t > 1, and the statements of Theorem and Theorem 4.2.41)| hold for QT

upon replacing A1 by log % and T by 1. Moreover, for any m and & such that
r,&

< di—m < (n—dy, A —m—1), QF f(x) = i f0)a\”(x, v)B(dy) for any f € L2(B)

and t > 2, where the heat kernel satisfies the following estimate

1-2¢
(™) - m(d; —dy ;)\ 2

, _ 1 < E Ap—m—1 + 1 ,

|QI (x y) | Cm( [T ! ] ) (drl’s(/ll _ m) <0
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A

for Lebesgue a.e. (x,y) € [0,1]%. As above, as soon as 1 > 2, one can choose m = 3

giving cy = m.

We point out that the Markov process which is the realization of @ (resp. Q7) has
non-symmetric and spectrally negative (resp. two-sided) jumps and can easily be shown
to be a polynomial process on [0, 1] in the sense of Cuchiero et al. [38]. We emphasize
that what also belongs to this class are the realizations of Markov semigroups obtained by
subordinating () with respect to any conservative subordinator T = (7;);>0 with Laplace
exponent ¢(7) (growing fast enough at infinity, e.g. logarithmically) and we obtain, from
Theorem [4.2.2] the spectral expansion for the subordinated semigroup by replacing
(A)ns0 With (¢ (1,))ns0. Note that in the aforementioned paper the authors investigate
the martingale problem for general polynomial operators on the unit simplex, of which J
and —¢(7(=J) are specific instances. In particular, J is a Lévy type operator with affine
jumps of Type 2, in the sense of [38]], and for such operators they prove the existence and
uniqueness for the martingale problem under the weaker condition 4; > u. However,
the conditions in Assumption [4.2.1] allow us to obtain the existence and uniqueness of

an invariant probability measure.

4.3 Proofs

4.3.1 Preliminaries

We state and prove some preliminary results that will be useful throughout the paper.
We start by giving an alternative form of the operator J, which will make some later

pI’OOfS more transparent.
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Lemma 4.3.1. Recall that T11(dr) = —(e"h(e"))dr, r > 0. Then, Il is a finite, non-
negative Radon measure on (0, co) with fooo rII(dr) = h < oo, and the operator J defined

in @.1)) may be written, for suitable f, as
Jf(x) = x(1 = x)f"(x) = (Aix — p+ 1) f'(x)

0 (4.16)
+ /O (Fex) — £(x) + xrf/(x)) )

x €[0,1].

’
X

h = / h(r)dr = / e h(e")dr < o
1 0

it follows that lim, ., €"h(e”) = 0. Consequently, for any y > 0,

Proof. Since

I(y) = /00 I(dr) = — /Oo(erh(e’))’dr = e h(e) - rli_)rglo e h(e") = e’h(e”).
y y

Thus, by a change of variables and integration by parts, one gets

/0 ) rIl(dr) = /0 ) (r)dr = /1 ) h(r)dr =T < co.

Next, we again use 7 < oo to get that

/ T (Fe) £ + e B9 g 4 / REACEE e (019
0 0 X

x
Integrating the right-hand side by parts, and noting that the boundary terms evaluate to

zero, yields

/oo f(e—rx) — f(x)H(dr) __ /OO e—rf/(e—rx)ﬁ(r)dr
0 * y

T / " TR dr = ~f o h(x)
0

where the last equality follows from a straightforward change of variables, and uses the

definition of product convolution. O

In the sequel we keep the notation I1(dr) = —(e" h(e")Ydr,r > 0and I1(y) = €Y h(e”),
y > 0. Let gb{ : [0, 00) — [0, o) be the function given by

u+
u+

o7 (1) = rll S + 1). (4.17)
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The following result collects some useful properties of the functions ¢ and ¢r/1 .

Lemma 4.3.2. Let ¢ be given by (4.4).

(1) ¢ is a Bernstein function and satisfies lim,_,o

M _ .

u

(2) We have ry € (0,1], withry = 1 if and only if u > 1 + h where we recall that ry is

defined in (@.3). Additionally, if u > 1 +h then $(0) = u—h— 1 whileifu < 1 +n

then ¢(0) = 0.

(3) Suppose u < 1+ h. Then ¢r/1 defined in is a Bernstein function that is

in correspondence with the non-local Jacobi operator J o with parameters A,
"

My =1+ 1 and the non-negative function h¢/ (r)= r‘1ﬁ¢/ (logr),r > 1, where
n n "

I1 " the finite non-negative Radon measure given by
1

H(M (dry=e™" (H(dr) + ﬁ(r)dr) , r>0.

Furthermore, writing h% = /1 h¢r/l (r)dr, we have h¢r/l < 0o with ,u¢r/1 >1+ h¢{

and A1 > My -
"

Proof. First we rewrite (4.2) using a straightforward integration by parts to get, for any

uz=0,

Pu)=uw?+(u—-h—Du+u /'00(1 —r h(r)dr
1

Since, by Lemma

o (4.18)
=w+(u—-h-Du+ / (e™ + 1 —ur)II(dr).
0

4.3.1

we have fooo rI1(dr) < oo, werecognize ¥ as the Laplace exponent

of a spectrally negative Lévy process with a finite mean given by ¥/(0*) = u—#%—1. In

particular, on [0, c0), WV is a convex, eventually increasing, twice differentiable function

which is always zero at O and hence it has a strictly positive root rg if and only if u < 1+7%.

By the Wiener-Hopf factorization of Lévy processes, see e.g. [/4, Chapter 6.4], we get,

when W/(07) > 0 (resp. ¥/(0%) < 0) that Y(u) = up(u) (resp. ¥(u) = (u — ro)p(u))
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for a Bernstein function ¢. The limit then follows from the well-known result that
lim,—e0 4 >¥() = 1, which can be obtained by dominated convergence since II is a
finite measure, and this completes the proof of the first item. Next, we will show that
W(1) > 0, which, by the convexity of W is equivalent to ry € [0, 1). Indeed, from (4.18]

and an application of Fubini’s theorem we get

Y1) =u-h+ /000(1 — e (r)dr > 0,

where we used the assumption that y > 7 and the positivity of IT. Next, if u > 1 + #

then, as ro = 0 in this case, we get, from ({.18), that

dw)=u+(u-h-1)+ Am(e_”r + 1 —ur)II(dr),

and the expression for ¢(0) readily follows. On the other hand if ry > 0, then the fact
that ¥(0) = —rp¢p(0) = 0 forces ¢(0) = 0, which completes the proof of the second item.
Next, write ¥ (1) = u“?‘P(u + 1) so that, according to [34), Proposition 2.2], we get that
Y, is also the Laplace exponent of a spectrally negative Lévy process whose Gaussian

component is 1, mean is o and Lévy measure is H¢/. Observe that ¥{(0%) = ¥(1) > 0
" 5

and

M+r] _ V4
0+ 1) = g ()

W (1) = — S+ L= )¢+ 1) =

u+

so, by the Wiener-Hopf factorization of ¥y, it follows that ¢r/1 is a Bernstein function.

Moreover, integration by parts of II ;. gives
bl

h¢\/ :/ ﬁ¢/(r)dr :/ e_rﬁ(r)di’ < h < 090,
5] 0 n 0

where the boundary terms are easily seen to evaluate to 0. Finally, using the assumption
that u > hwegetthat,ud)/ = 1+u—h¢/ +h¢/ >l+pu—h+hn, > 1+h¢/,while
8 " " 1 "

the condition 4; > u o follows from the assumption that 41 > 1(,cipn +u=1+pu=
"1

. O
:u¢r/1
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4.3.2 Proof of Theorem 4.2.1(1)

Before we begin we provide an analytical result, which will allow us to show that the
support of B is [0, 1] and will also be used in subsequent proofs. We say that a linear
operator A is a Markov multiplicative kernel if A f(x) = E[f(x])] for some random

variable /. With the definition of dys in (.13)), we let, for any & € (0, dg] U {dy},

die=1ciimy + (dg + 1= )14y, (4.19)

recalling that when dy = O then & = 0, so that at least dy, > 1. Note that d, = d; .

when r; = 1 explaining the notation. By [99, Lemma 10.3], the mapping

u

u ¢g, (u) = it d,

is a Bernstein function, writing simply ¢; = ¢, and by Proposition 4.4(1) of the same

paper we also have that, for any m € (1;,<14+ + i, A1), the mapping

$(u)

4.21
u+m-—1 ( )

= Gr(u) =

is a Bernstein function. We define the following linear operators acting on the space of

polynomials P, recalling that for n € N, p,(x) = x",

d en
Agq, Pn(x) = %pn(x), (4.22)

W¢(l’l + 1)
Vg pn(x) = Tpn(x), (4.23)

and
¢;,(0)

U v Pn(x) = ———pn(x), 4.24
o P (%) o (n)p (x) (4.24)

where V: is defined for any m € (1 <144 + 1, A1), and ¢r/1 was defined in (4.17). We
write B(C([0, 1])) for the unital Banach algebra of bounded linear operators on C([0, 1])
and say that a linear operator between two Banach spaces is a quasi-affinity if it has

trivial kernel and dense range.
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Lemma 4.3.3. The operators Ay dy Vg:, and U ¥ defined in (4.22) are Markov mul-
tiplicative kernels associated to random variables X e Xy and X o1 respectively,
valued in [0, 1], and hence moment determinate. Furthermore, all operators belong to
B(C([0,1])), and A¢d1,g is a quasi-affinity on C([0, 1]) while V4 and U¢r/l have dense
range in C([0, 1]).

Proof. The claims regarding the operators A d and V- , and their respective random
variables, have been proved in [99], see e.g. Proposition 6.7(1), Theorem 5.2, and
Section 7.1 therein. Let W : [0,00) — [0, 0) be the function characterized by its

Laplace transform via

e 1
e W(x)dx = ——, u>0,
|, ewman= g

and note that W is increasing and, since W has a Gaussian component, it is at least
continuously differentiable, see e.g. [74, Section 8.2]. Then X o is the random variable
"

whose law is given by
P(X,, € dx) = ¢ ()W (~logx)dx, x € [0,1],
"

which is clearly supported on [0, 1], and the claims concerning U 4, were shown in [100,
"

Lemma 4.2], where we note that W(0) = 0 since ¥ has a Gaussian component. O

Now, suppose u > 1 + 7 so that, by Lemma[.3.2] r; = 1. Then, for all n € N, (£.6)

reduces to

_ Wq)(l’l + 1)
Blpal = .

Since A1 > p > 1, we get that ¢ as in (4.21) is a Bernstein function. Indeed, in the

case when ¢ = 1 we clearly must have # = 0, and the function u — is Bernstein

_u
u+d—1

since 41 > 1, see e.g. [109, Chapter 16], while on the other hand the same Proposition
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4.4(1) guarantees that ¢j‘ll is a Bernstein function. Thus, one straightforwardly checks

that, for all n € N,
Bloal = Wy, (n+1)
which implies from [19] that, in this case, (8[p.])s>0 is indeed a determinate Stieltjes

moment sequence of a probability measure S, and its absolute continuity follows from

[96, Proposition 2.4]. Now suppose u < 1 +7% so that 41 > 1+ u > 1 and observe that

factorizes as

_ W¢(I’L + 1) (rl)n
ﬁ[pn] - (Al)n n!’

where the first term in the product is a Stieltjes moment sequence by the above arguments,

and the second term is the moment sequence of a beta distribution, see e.g. (4.68).
Consequently, in this case one also has that (8[p,]),>0 is a Stieltjes moment sequence,

and we temporarily postpone the proof of its moment determinacy, and its absolute

continuity, to after the proof of Lemma 4.3.4] For our next result we write (8 % [Pn]Dnz0
"

for the sequence obtained from (@.6) by replacing ¢ with ¢ defined in @I7), and with

the same A;.

Lemma 4.3.4. With d,, . as in @.14)), the following factorization of operators holds on

the space P,

,BA%’E =Bd,.» PmVg, =P and 'B‘Pﬁ U¢r/1 =0, (4.25)
where the second identity holds for u > 1 + h, while the third holds for u < 1 + #.
Remark 4.3.1. Once we establish the moment determinacy of g for u < 1 + #, then the
factorizations of operators in Lemma [.3.4]extends to the space of bounded measurable

functions. Indeed, (4.23) implies

@
B¢ X X¢d]’g = Bdrl,s

where By and By, . are random variables with laws 8 and fq, ., respectively, and x

denotes the product of independent random variables.
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Proof. Observe, from (4.22)), that for any n € N,

(dl,s)n ,8[ 1= (dl,e)n (rn W¢(n +1) _ (dl,s)n (r)n
Wor + D P S Won+ D@D, 1t al s

IB[A%L‘SPn] =

By considering the cases r; = 1 and r; < 1 separately we obtain the desired right-hand
side, noting that g4, , is well-defined, i.e. 4 > dy + 1, due to Ay > u = (u —h) + f and
[99, Proposition 4.4(1)]. For the second claim we get that for any n € N and since, by

Lemmaf@d.33) > 1 + fiif and only if r; = 1,

Wy(n + 1) We(n+1) (m), Wen+1)
[V, Pal = ] = = = Blpnl,
PnlVounl = =G =Pl = =G5, an, = Tan, A
which, by linearity, completes the proof. For the last claim we have, by Lemma 4.3.2(3)|
and using the notation therein, that u o >1+n o and thus O is the only non-negative
" 1

root of u u¢> (u). Consequently

Some straightforward computations give that, for any n € N,

(n+ Dy Woln+2) () = F0)  rg()(n+ 1)
m+ DI (1) P T ) T kg 1)

¢/( 1) = Pn(x).

Putting these observations together yields

I rnrp+1), m+1) We(n+ 2) 1
A1)y (n+1) + D! gn+1) (A1),

ﬁ¢rfl[ ¢/pn] (rl)n W¢,(l’l + 1) B[pn]

where we repeatedly used the recurrence relations for both the gamma function and the

function Wy, see e.g. (4.5). o

Now suppose that, when y < 1 + %, the measure £ is moment indeterminate. Then,

as the sequence (Vl(’jérfzri)) . is a non-vanishing Stieltjes moment sequence, it follows,
nz

by (#.25) and invoking [19, Lemma 2.2], that the beta distribution f4, , is moment

indeterminate, which is a contradiction. Therefore we conclude that, in all cases, S is
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moment determinate and consequently we have the extended factorization of operators

as described in Remark [4.3.1] To get the absolute continuity of 3 in the case 4 < 1 + 7

. . 1
we note that the factorization B[p,] = W&(T; ) (rrll ?,,

implies, by moment determinacy, that
B is the product convolution of two absolutely continuous measures. Next, take £ = d
so that d,, . = ry, see (4.14). As in the proof Lemma the distribution of Xy,
denoted by ¢, satisfies supp(¢) = [0, 1], where supp(¢) denotes the support of the measure
t. Consequently, since supp(8y,) = [0, 1], it follows from (4.25)) that supp(B) = [a, b] for
some 0 < a < b < 1, which may be deduced from the corresponding factorization of
random variables, see again Remark To show that, in fact supp(8) = [0, 1], we
suppose that b < 1. Then, by (4.25) we have

1
0 < B[] = fb BlLis1lldy) < AlLipy] = O,

which is a contradiction. If u > 1 +7 then, since supp(By,) = [0, 1] and supp(B) = [a, 1],
we deduce from (#.25)) and similar arguments as above, that the distribution of Xy , say
Vi, satisfies supp(vi) = [c, 1], for somec € [a, 1). Assume a > 0. Then, from (4.23) we

get that
1
0= Blljon] = / BulLioan V(@) > Bulliom] > O

which is a contradiction. Therefore, a = 0, and we conclude that supp(8) = [0, 1] in
this case. The case when u < 1 + 7 follows by similar arguments, with B, and Xy
replaced by By and X e respectively, where we note that supp(8 ¢/) = [0, 1] since
"1 "1 "
> . i 2.
Mgy 1+h ¥ This completes the proof of Theorem? ? I ﬂ O

4.3.3 Proof of Theorem 4.2.1(2)

We start by stating and proving the following more general intertwining that will be

useful in subsequent proofs, recalling the definition of Ay, in (#.22).
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Proposition 4.3.1. With d,, . and d, . as in .14) and @.19), respectively, we have, for

any € € (0,dg] U {dy},
TANgy, =Ny, Ja, .. on P (4.26)

Remark 4.3.2. Note that A is the common parameter of the Jacobi type operators in
(4.26) while the constant part of the affine drift, as well as the non-local components are

different. The commonality of A is what ensures the isospectrality of these operators,

as their spectrum depends only on Ay, see Theorem [.2.2(2)|and (@.73).

We split the proof of Proposition [4.3.1] into two lemmas and, among other things,
our proof hinges on the interesting observation that intertwining relations are stable
under perturbation with an operator that commutes with the intertwining operator, see

Lemma.3.6|below. Let L, be the operator defined as

L, f(x) = xf"(x) + puf'(x) (4.27)
and write I, f(x) = —f” ¢ h(x) where A is as in Assumption and set . = L, + L.
Lemma 4.3.5. With the notation of Proposition the following holds on P,

]LA¢d1,£ = A¢d1’£ Ldrl,s ° (428)

Proof. Using that 7 = /loo h(r)dr and the symmetry of ¢ we get, by straightforward

calculation, that, for any n € N,

Lpu(x) = 11 = Dpui(x) + anpa-1(6) = np(x) /1 D dr

P2pat (X) + (= = Dapyi(x) = npyr () /1 (1= P

(n = 10)p(n)pn-1(x).

Thus, combining this with (4.22) one obtains, for any n € N,

(dl,s)n (dl,s)n

LA!Z’d,,gpn(x) = (n=ro)p(n)pp-1(x) = (n = ro)pn-1(x),
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while on the other hand,

(dl,a)n—l _ (dl,g)n
an—l(x) = (n—ro) Wa(n)

A¢d1’£Ldrl,8pn(x) = n(n + dl’],s - 1) pn—l(x),

where the second equality follows by considering the cases r{ = 1 and r; < 1 separately.

The linearity of the involved operators completes the proof. O

The next lemma allows us to identify a family of operators commuting with the
Markov operators defined above, although, more generally, itis a statement on commuting
operators and intertwinings. Denote by D,, the operator acting via D, f(x) = x”f—z f(x)

and write d, f(x) = f(yx), y > 0 for the dilation operator.

Lemma 4.3.6. Let A, f(x) = /01 f(xy)n(dy), where n is any signed measure on [0, 1]
endowed with the Borel sigma-algebra. Suppose for a linear operator A on C([0, 1]) and

any f in its domain we have
nAf =Anf and d,Af=Ad,f, Vy>O0.

Then, for such functions,

AN, f = AAS.

In particular, suppose that fol Y'n|(dy) < oo, for all n € N, where |n| stands for the

total variation of the measure 1. Then, for any n € N we have for f € C*([0, 1])

D, A, f = A,D,f.

Proof. Since

1 1
Apf(x) = /0 Foryn(dy) = /0 de fO(dy) = nd,f

it follows that any operator A commuting with 7 and with dy, for any x > 0, commutes

with n, for suitable functions f. Next, the assumption on the measure n allows us to

113



invoke Fubini’s theorem and conclude that 7R, = R,7n. Finally, observing that, for any

neNandx,y>0,
dyD,.f = y"x"f"(yx) = D,dy f

completes the proof. O

Proof of Proposition It is now an easy exercise to complete the proof of Proposi-
tion 431l Let us write

A:D2+/11D1.

Then, for any f € P, we get by combining Lemma[4.3.5]and Lemma[4.3.6] that

I, = (L= M) Agy [ =Agy (Lay = A) f = Ay, Ja. S

where we also use the linearity of the involved operators. O

Having established the necessary intertwining relation we are now able to show that

J extends to the generator of a Markov semigroup.

Lemma 4.3.7. The operator (J, P) is closable in C([0, 1]), and its closure is the infinites-

imal generator of a Markov semigroup Q) = (Q;);>0 on C([0, 1]).

Proof. We aim at invoking the Hille—Yosida—Ray Theorem for Markov generators, see
[28, Theorem 1.30], which requires that both P and, for some (or all) g > 0, (¢ — J)(P)
are dense in C([0, 1]), and that J satisfies the positive maximum principle on P. Since
the density of P in C([0, 1]) follows from the Stone—Weierstrass Theorem, we focus
on showing that (g — J)(P) is dense in C([0, 1]). To this end, set & = dy, and note,
by Lemma that Ay is injective and bounded on C([0, 1]), which gives that its
inverse Ar_bl is a closed, densely defined, linear operator on Ag(P). Furthermore, since

Ay is a Markov multiplicative kernel it follows that it preserves the set of polynomials,
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i.e. Ag(P) = P, and consequently by injectivity we get A;I(TP) = P. Putting these

observations together we deduce, from the first intertwining in Proposition [4.3.1] that
J=ApJyA;' on P,
and hence, for any g > 0,
(@ = D(P) = (g = ApJr, AZ)(P) = Ag(g — T DAL (P) = Ag(g = T )(P),  (4.29)

where we use the trivial commutation of Ay with g. Next, the assumption on 4,
guarantees that A; > ry, since we always have 4; > l andr; = 1 —ry € (0, 1]. Thus it
follows that P belongs to the domain of Ji,, which is explicitly described in , and
as P is an invariant subspace for the classical Jacobi semigroup Q") we get that P is
a core for Jy,, see [28, Lemma 1.34]. Hence, by the converse of the Hille-Yosida—Ray
Theorem, we get that (g —J;,)(P) is dense in C([0, 1]) for any g > 0. Itis a straightforward
exercise to show that the image of a dense subset under a bounded operator with dense
range is also dense in the codomain. Thus it follows that Ag(g — J;,)(P), and from
(#@.29) we get that (¢ — J)(P) is dense in C([0, 1]) for any ¢ > 0. Next, let f € P, set

f(xo) = SUP e[0,1] f(x), and observe that
f(axg) — f(xp) < 0 forany a € [0, 1]. (4.30)

Using Lemma[.3.1] we can write J f(xp) as

H(dr)

J f(x0) = xo(1=x0)f"(x0) = (/hxo—ﬂ)f(xo)+/ (f(e™"x0) = f(x0)) , (4.31)

where we note that since 71 = /OOO rI1(dr) these two terms cancel. Then, from (4.30) it

follows that, for x¢ € [0, 1],

H(dr)

/ (Flex0) — f(x0))

Now suppose that x( € (0, 1]. From the previous equation it suffices, in this case, to only

consider the terms involving derivatives in (4.31). When x € (0, 1) then f”(xp) < 0 and
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f'(x0) = 0, and thus plainly Jf(xp) < 0. On the other hand, if xo = 1 then we must
have f’(1) > 0 and so Jf(1) < —(A; — ) f’(1) < 0, where the latter follows trivially
from A; > w. Finally assume that xo = 0, so that then f’(0) < 0. For x small we
w = ¢ f/(0) + R(x), where the function R satisfies lim,_,( &xx)' < oo,

from which it follows that Jf(0) < (u + fooo e "TI(dr))f'(0) < 0, since both u and

have

fooo e "II(dr) are clearly positive. Thus J satisfies the maximum principle (and in
particular the positive maximum principle) on P, which gives that J extends to the
generator of a Feller semigroup @ = (Q;);>0, in the sense of [28, Theorem 1.30].

However, the fact that @) is conservative, i.e. Q;1j0,1] = 1jo,1], follows from J1o ) = 0,

since
t
Qo) — Loy = / QsJ1o1y ds =0,
0

see e.g. [28, Lemma 1.26]. O

Proof of Theoremd.2.1{2)} To complete the proof it suffices to establish the claims

concerning the invariant measure. For f € P we have,

ﬁ[JA¢f] = ﬁ[A¢Jr|f] = IBFI [Jnf] =0, (432)

where successively we have used Proposition (setting &€ = dg), Lemma @],
and the fact that 3, is the invariant measure of J;,. The fact that (4.32)) holds on the
dense subset Ay(P) = P of C([0, 1]) implies that S is an invariant measure for Q, see
for instance [9), Section 1.4.1]. To show uniqueness, we note that any other invariant

measure S for J must first, have all positive moments finite, and also satisfy

BlIAsf1= BlApdr f1=0,

for any f € P, where we used that A4(P) = P. By uniqueness of the invariant measure
for J,, we then get the factorization of operators EA¢ = [, on P, and the moment

determinacy of  then forces E = . Finally the extension of () to a Markov semigroup
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on L?(B) is classical, see for instance the remarks before the theorem, and it is well-
known that if () has a unique invariant measure then it is an ergodic Markov semigroup,

see e.g. [39, Theorem 5.16]. O

4.3.4 Proof of Proposition 4.2.1

Before giving the proof of Proposition[#.2.T| we state and prove two auxiliary results, the
first of which characterizes w, in a distributional sense. To this end we recall that the
Mellin transform of a finite measure v, resp. of an integrable function f, on R, is given
by

M, (2) = v[p.-1] = /00 x*y(dx), resp. Mi(z) = /000 x¥7 f(x)dx,

0

which is valid for at least z € 1 + /R. We denote by E,, (resp. E, ), with p < g reals,
the linear space of functions f € C*(R.) such that there exist ¢, ¢’ > 0 for which, for all
k €N,

o d*
Xk+1+c _q—f(X)

k+1 dk
wH1pe S p() =

dx*

lir% =0 and Ilim =0,

(resp. the linear space of continuous linear functionals on E,, , endowed with a structure
of a countably multinormed space as described in [90, p. 231]). Next, we write, for any
n € Nandx € [0,1],

(/ll - rl)n

ey — )y =
() = B (P () =

Cn(rl)Rnﬁ/ll +n,r ()C),

where R,, denotes the Rodrigues operator defined in (4.8) and the last identity follows
from (@.72)). For suitable a we also extend the Pochhammer notation (), to any z € C
with Re(z) > 0 and, for the remainder of the proofs, we shall write -,-) 5 for the L%(B)-

inner product, adopting the same notation for other weighted Hilbert spaces.
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Proposition 4.3.2. For any n € N, the Mellin convolution equation
Rof(x) = pi () (4.33)

has a unique solution, in the sense of distributions, given by

A - n
wy(x) = % Cu(r1) Ru(Ba,+na, © B)(x) € E = Uysr Erp g (4.34)
Its Mellin transform is given, for any z € C with Re(z) > ro, by
_(=2)" (A1 =)y T I'(z)
Mwn(Z) = ! (/ll)n n( ) ( )Mﬁ,11+n A (Z)M,B(Z) (435)

Proof. The proof is an adaptation of the proof of [99, Lemma 8.5] to the current setting.
We write ¢*(y) = «(1/y)1/y where ¢ is the density of X4, which is well-known to exist,

and let A:; be the operator characterized, for any f € L?(8), by

Apf(x) = / Fy)Bxy)(y)dy = Ao(fB)(x)

1
IBrl( x) Br, (x)

where K¢ f(x) = /01 f(xy)*(y)dy and B(x) is the density of the invariant measure 3.

Then, for any non-negative functions f € L?(3,,) and g € L2(B), we get

(Aofog)s = /O ( /0 f(xy)t(y)dy) ¢(X)B(X)dx
= [" om0 ( / L<r/x>g<x>ﬁ<x>/xdx)ﬁw)dr
0 0
- [" o) ( / g(rV),B(FV)L*(V)dV)ﬁn(r)dr
0 0
= (f. g-NsgB)p,

However, f € L?(8) implies that | f| € L?*(8), so we conclude that the above holds
for any f € L*(B) and g € L*(B,). Thus A} is the L*(8)-adjoint of the Markov
multiplicative kernel A4 which justifies the notation and, by Lemma [4.3.10, we have
A € B(L*(B), L*(Br,)). Next, since the mapping z — M,(z) = Ma,(z) = My(1 - 2)

is analytic on Re(z) > 0 and |[Mj,(z)| < Ma,(Re(z)) < oo, for any Re(z) > 0, see for
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instance [99, Proposition 6.8], we deduce from [90, Theorem 11.10.1] that ¢ € E/ . for

every ¢ > 0and (" € E;,l for every p < 1. Consequently, since for any f € Eqg4, g > 0,

1
Nof )= [ FGesudy = o Fx e

we have, for any w € E/ o with g > 0,

(Apw. gy Boy = WV 6 e Eoy = W Asf)E; By Y € Eog,

where we recall that the last relation is a definition given in [90, 11.11.1], and where
we used the notation quw := w+/ ¢ with w+/ ¢ being the Mellin convolution operator in
the space of distributions, see [90, Chapter 11.11] for definitions and notation. Here
also note that for w € L!(1*), we have the identities w+/ «(x) = fooo w(x/y)(y)dy/y =
fom wxy)(y)dy = K¢w(x), which justifies the notation above. Next, recalling that
K¢w = w+/ ¢ and taking w € E’!q, g > 0, and, with 0 < Re(z) < ¢, p,(x) = x* € Eqg,

we have

M3, (2) = WV DB By = (0 Appz1)Ey By = May (M),

where we used that Agpp;—1(x) = p;—1(x)Ma,(z). On the other hand, for any n € N, we

get, from [90, 11.7.7] and a simple computation,

(— )" [(z) ()1
Mpgn(z) = (A1 =)y n(lrl)r(Z D Ao

Putting pieces together, we deduce that the Mellin transform of a solution to (4.33) takes

the form

M e(2)
Ma,(2)

_ Y e @ _ (r)e-1 Wo(2)
- n! ”( ) ( n)(/ll rl)n(/ll)m—n—l F(Z)

_ 2" I'(z) (A—r)n (A1)z-1
PR L) v Sy TS M 7 S M

(=2 (A =)y I'(z)
T A, ! Calr ) T(z- )M,B/lﬁ-n/ll(z)Mﬁ(Z)

Mp(z) =
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Next, we have that for Re(z) > ro, z = Mp(z) is analytical with [Mp(z)| < Mg(Re(z)) <
o0, so we deduce, from [90, Theorem 11.10.1] that 8 € E__, for any g > ry. Hence, by

r0.q°

means of [90, 11.7.7], we have that f € E/ , with f = wy is a solution to @#33)), and
the uniqueness of the solution follows from the uniqueness of Mellin transforms in the

distributional sense. |

Lemma 4.3.8. For a > rg fixed and b € R, we have the estimate
|(Mg(a +ib)| < Clb|™,

which holds uniformly on bounded a-intervals and for |b| large enough, where C > 0 is

a constant depending on ¢ and a.

Proof. By uniqueness of Wy in the space of positive-definite functions, the Mellin

transform of S is given by
(r1)z-1 We(2)
(A1 T(2)

where z = a +ib, with a > ry > 0. Invoking [98, Equation (6.20)] we get the following

Mp(z) =

estimate, which holds uniformly on bounded a-intervals and for |b| large enough,

W¢(Cl + lb)

< Cy|b|?O+(0) 4.36
T(a + ib) olbl ’ (4.36)

with C4 > 0 a constant depending on ¢, and where, for any y > 0, v(y) = fy * v(ds) with
v denoting the Lévy measure of ¢. Lemma gives in all cases the expression
of ¢(0) and when u > 1 + 7, v(dy) = II(y)dy follows from #@.4). Thus to utilize the
estimate in (4.36) we need to identify v(0) when p < 1 + A, which we do as follows.
First, let us write W(u) = (u — ro)¢p(u) = (u — ro)dr, (4 — ro), where ¢ (1) = d(u + ro).
From the fact that ¥'(rg) = O we conclude that ¥ (u + ro) = u¢y,(u) is itself a function of
the form (#.18), which gives v, (dy) = II,,(y)dr, y > 0, where I, is the Lévy measure

of W(u + rp) obtained via (4.18) and v;, denotes the Lévy measure of ¢,. As ¢y, is a
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Bernstein function it is given, for u > —r, by

Gro(u) = k +u+u /0 e "o, (V)dy,

for some « > rg. Thus, for u > 0,
(1) = by (1 — o) = K + (1 = r0) + (u — o) /0 e TNy (v)dy
=(k—rp)+u+ u/o e ey (y)dy — ro‘/o e ey (y)dy

=(k—-ro)+tu+ M/o e ey (y)dy

oo y
—rou/ e_”y/ € vy, (s)dsdy
0 0
o0

y
=(k—rp)+u+ u/ e (erOrVro(y) - rO/ erosVro(s)ds) dy.
0 0
The third equality follows from Fubini’s theorem, justified as all integrands therein are

. . — o0 —_—
non-negative, and using e™* = /y ue "*ds. Thus we deduce

y o)
7(y) = eroyvl’()(y) - rO/ erosvr()(s)ds = / erosvl’()(ds)a
y

0

where the latter follows by some straightforward integration by parts and shows that v is
indeed the Lévy measure of ¢. Next, an application of [99, Proposition 4.1(9)] together
with another integration by parts yields fooo e OTI(y)dy < fooo I(y)dy = #. Putting
pieces together we get v(0) = v,(0) < #, so that in all cases ¥(0) < 7. Therefore from

the estimate in (4.36) we deduce

W¢(a + lb)

< Cy|b|? O+, 4.37
T(a + ib) Colbl (4.37)

which, as before, holds uniformly on bounded a-intervals and for |b| large enough. Next,

we recall the following classical estimate for the gamma function,

lim Cu|b|2% 2 [T(a + ib)| = 1, (4.38)

|b]— o0
where C, > 0 is a constant depending on a. Combining this estimate with the one in

(4.37) we thus get, uniformly on bounded a-intervals and for |b| large enough,

|Mﬁ(Z)| < C|b|_/ll+rl+¢(0)+h,
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for a constant C > 0. Since C is a function of Cy4 and the constants in the estimate

for the I'-function, it follows that it only depends on ¢ and a. Finally, the fact that

A = Ay —r; — ¢(0) + #i follows by Lemma 4.3.2(3)| O

Proof of Proposition Note that R,B1,4+na, € C%((0,1)) and, trivially, g €
L!([0,1]). Then, well-known properties of convolution give R, (Bay+na, © B)

R,.B1,+n.1, © B, and that w, is a well-defined C*((0, 1))-function, which completes the
proof of this claim. To show that A > % implies w,, € L?([0, 1]) we note that the classical

estimate for the gamma function given in (4.38)) yields that, for z = a + ib witha > n

fixed,

I'(z)
|bj—e0 | T'(z — 1)

I'(z) T+A-1) |
IFz-n)T(z+A+n-1)]

Mﬁalm,al (z) C,

= bl|iinoo(/ll)”
where C is a positive constant depending only on a, 41, and n. Thus, from (4.34) we
get that M, has the same rate of decay along imaginary lines as Mg, and combining
Lemma [4.3.8] together with Parseval’s identity for Mellin transforms shows that w, €
L2([0,1]). Finally, since w, € C®((0, 1)), it follows that the differentiability of (V,fj is
determined by the differentiability of . Invoking Lemma [4.3.8| we get, for a > ry and
|b| large enough that
|(a + ib)" Mg(a + ib)| < C|b]" "4,

uniformly on bounded a-intervals and with C > 0 a constant, so that, forany n < |[A]| -1,

the right-hand side is integrable in b. A classical Mellin inversion argument then gives

B e C((0, 1)). O

4.3.5 Proof of Theorem 4.2.2]

To prove this result we shall need to develop further intertwinings for J, and then will

lift these to the level of semigroups. We write J o for the non-local Jacobi operator with
"
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parameters A1, u o/ and & g > aS in Lemma , which is in one-to-one correspondence
5] 5]

with the Bernstein function ¢ﬁ defined in (4.17)).
Lemma 4.3.9. For any m € (1(,<14n) + i, A1), the following identities hold on P,

Jqu)]*n = V¢§IJ, and J‘/’r/lUff’{ = U¢;TJL (439)

in the cases u > 1 +hand u < 1 + #, respectively.

Proof. It suffices to prove that L,,Vyg: = Vg IL and L ¢r“1U o = U ¢r“1]L hold on P,

where we write IL o = L#¢ ‘ + ]Ih¢ ‘ and refer to and subsequent discussion for
the definitions, as then the same arguments for the proof of Proposition 4.3.1] will go
through. In the case u > 1 + #i, we have, for any n € N and using the recurrence relation

of the gamma function,

W¢(I’l + 1)
Lqu)Tnpn(x) = —————Lupa(x)
(M)
We(n +1
= Mﬂ(n +m = D)pp-1(x)
(M)
W¢,(n + 1) ( )
= ——npp—1(x).
(m)n—l Pt
On the other hand, since Wy(n + 1) = ¢p(n)Wy(n) and ry = 1,
W¢(I’l) W¢,(I’l + 1)
Vg Lp,(x) = no(n)p,—1(x) = ———np,_1(x),
L) = (LS = ngmpas (1) = =i ()
which proves this claim in this case. Finally,
7 (0) 7 (0)
Ly Uy pu(x) = ——Ly/ pu(x) = ——ngy (m)pn-1(x) = ¢/, (0)np,_1(x),
¢r] ¢r1 ¢|\’{(n) ¢r1 ¢ﬁ(”) r r

while on the other hand, using the definition of qS{ in @.17),

Uq)% Lpu(x) = (n - r0)¢(n)U¢r/1pn—l(x)

(0
—(n- ro>¢<n>¢r/j’5(';—(_)1)pn_1<x>

= ¢/ (0)np,-1(x),

which completes the proof, by linearity. O
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The following result lifts the intertwinings in Proposition [4.3.Tand Lemma[4.3.9]to
the level of semigroups. We write here Q = Q% = (Qf),>0 to emphasize the one-to-one

correspondence, given fixed 41, between ¢ and Q.

Proposition 4.3.3. Let £ € (0,dg] U {dg} and m € (1 <14ny + i, A1). Then, with d;, .

as in (#14), the following identities hold for all t > 0 on the appropriate 1*-spaces,

(dry.e)
l,e t

¢
Qf Ay, = Ao, , QMVy =V Qf, and Q'U s = Uy Q. (440)

with the latter two holding when pu > 1+ h, and u < 1 + #, respectively.

We shall need an auxiliary result concerning the corresponding intertwining oper-
ators, which extends their boundedness from C([0, 1]) to the corresponding weighted
Hilbert spaces. For two Banach spaces B and B we write B(B, E) for the space of

bounded linear operators from B to B.

Lemma 4.3.10. Under the assumptions above, the operators Ag dy Vg, and U¢/
,E I'l

belong to Z%(LID(,B,,Irl ). LP(B), B(LP(B), LP(Bw)), and B(LP(B), LP(,8¢/ )), respectively,
B 5|
forany p € {1,2,...,00}; in all cases, and for all p, the Markov multiplicative kernels

have operator norm 1.

Proof. Let f € P with p < oco. Then, applying Jensen’s inequality to the Markov

multiplicative kernel Ay, together with Lemma @ gives

B| (e, 1) | = /0 | (Agay, 7)) Blax)
< /01 A¢d1’£fp(x)ﬁ(d)€)
= BlAga, , f71= Pa, Lf7):

where we used that f7 € P. Since B, . is a probability measure on the compact set

[0, 1] it follows that P is a dense subset of L”(Bq, ), see e.g. [44, Corollary 22.10], so
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by density we conclude that B(L” (ﬁdrl,s)’ L?(B)) with operator norm less than or equal
to 1, and equality then follows from Ay dl,.sl[o’l] = 1jo,1). The case when p = oo is
a straightforward consequence of Ay dy . being a Markov multiplicative kernel and the
claims regarding the other operators are proved similarly, by invoking the remaining

items of Lemma[4.3.4] m|

Next, since J and Jg4, . are generators of C([0, 1])-Markov semigroups, it follows

that their resolvent operators, given for g > 0, by
Ry=(q-0)", and R,=(q-Ja,,)"

v
are bounded, linear operators on C([0, 1]). We write Ri! (resp. Rg”) for the resolvent

associated to Ju (resp. J /).
3

Lemma 4.3.11. Ler g > 0. Under the assumptions in Proposition the following

identities hold on P

v
RyAg,, = Ao Re Vo, Rg=R) Vg, and Uy R, = Ry Uy (44D

Proof. We shall only provide the proof of the first claim, which relies on the intertwining
in Proposition[4.3.1] as the other claims follow by invoking Lemma4.3.9]and involve the
same arguments, mutatis mutandis. First, suppose that R,(P) € P and R,(P) € P, and
let f € P so that there exists g € P such that (¢ — Jdr],s)g = f. Applying Ay a, 1O both

sides of this equality gives that

A¢d1’8f = A¢d1,£ (q - Jdl’l,s)g = (A¢d1!€q - A¢d1’ngl’l,S)g

= (qAgy,, = Iy, )8 = (g = DAy, &

where in the third equality we have invoked Proposition4.3.1] which is justified as g € P.

This equality may be rewritten as RyAg, f = Ay, g and consequently, for any f € P,
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we get

RgAga,, [ = Noa, 8 = Nog Rqf.
Thus it remains to show the inclusions R,(P) € P and R,(P) € P for which we recall,
from the proof of Proposition that J = L — A with Lp, = (n — ro)p(n)pp-1,
for any n > 1. A straightforward computation gives that Ap, = (D, + 1D)p, =

(n(n — 1) + A1n)p,, and hence
(g = I)pn = (g +n(n—1) + lin)p, — (n = r0)p(n)pp-1,
from which it follows, by the injectivity of R, on P C C([0, 1]), that
Ry (¢ + n(n = 1) + 2in)p, — (n = r0)¢(n)pn-1) = pn.

Rearranging the above yields the equation

- ! . (n=r0)¢(w)
= (q+l’l(l’l_ 1)+/11n)p” ((]+I’l(l’l— 1) +/11n) qPn-1,

Rypn (4.42)

which is justified as, for any ¢ > 0, both roots of the quadratic equation n°+(A;—1)n+q =
0 are always negative. Note that R,po = g~! so by iteratively using the equality in (#.42)
we conclude that, for any n € N, R, p, € P, and by linearity R,(P) C P follows. Similar
arguments applied to R, then allow us to also conclude that R,(P) € P, which completes

the proof. O

Proof of Proposition We are now able to complete the proof of Proposition[4.3.3]
As was shown in the proof of Lemma {.3.11] above and using the notation therein,

R4 (P) € P and R,(P) € P, so that on P c C([0, 1]) we have
RcZIArﬁdLg = RgRgAgy,, = RaAgy ,Rg = Ay, RgRg = A¢41,£R?p
and, by induction, for any n € N,
IRZA%“s = A¢d1,£RZ.
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In particular, for any f € P and ¢ > 0,

(”/I)RZ/,AWL&]C = A¢d1’€ (”/I)RZ/zf'

Now, taking the strong limit in C([0, 1]) as n — oo of the above yields, by the exponential
formula [[101, Theorem 8.3] and the continuity of the involved operators guaranteed by

Lemma4.3.3| for any f € Pandz > 0,

(d )
Qg =Ny Q. (4.43)

where Q) = (di”’g))t;o is the classical Jacobi semigroup on C([0, 1]) with param-

eters A1 and d,, .. By density of P in L?(8;,) and since Lemma |4.3.10| with p = 2
gives Ay, €8 (Lz(ﬂdrlﬁ), L2(B)) it follows that the identity in (#.43) extends to L*(8;,),
which completes the proof of the first item. The remaining items follow by similar

arguments and so the proof is omitted. O

For A1 > s > 1 we define, for n € N, the quantity ¢,(s) as

(9= & \/cnu) _ \/<s>n (4= 1) i

Cn(l) n! (/ll _S)n,
where the first equality comes from some straightforward algebra given the definition of

C,(s) in (4.70). Note that, with s = 1 we get ¢,(1) = 1, for all n. We shall need the

following result.

Lemma 4.3.12. Forany A1 > s > r > 1 the mapping n — EZE:; is strictly increasing on

. Cn(s) _ F(/l] — S)
2L T\ Tera -’ (4:49)

Proof. Using the definition in (4.44)) we get that

N with

Gals) _ ﬁ (s + A1 =7+ )
ar) g DA =s+j)
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Since s > r each term in the product is strictly greater than 1 and together with Stirling’s

formula for the gamma function this completes the proof. O

Next we write V. L*(8,) — L*(B8) and U; L LB o) = L?(B) for the Hilbertian
m 51 n

adjoints of the operators Vy: and U/, respectively.
"

Proposition 4.3.4. Let m € (1 <145y + 1, A1) and & € (0,dy] U {dy}. Then, with d
as in @19), the sequence (c,(d; ) P90 is a complete, Bessel sequence in LX(B), with

Bessel bound 1. Furthermore, for any n € N, we have, when u > 1 + #h, that

Vi = eV, P, (4.46)
while otherwise
6 _ Cn(m) (m).
Cn(l’l) ¢r1 %P (4.47)

and (V, ¢),,>0 is the unique biorthogonal sequence to (?f Yus0 in L2(B), which is equivalent

to (V¢ being the unique L*(B)-solution to A s8 = 50,5”), for any n € N. In all cases

(c"(r‘)(V‘b) 0 is a complete, Bessel sequence in L?(8) with Bessel bound 1.

cp(m)

Remark 4.3.3. Note that Propositionyields norm bounds in L?(3) for the functions
P,‘f and (V,? for any n € N. Indeed, writing || - ||z for the L%(B8)-norm we get, from
the boundedness claims of Lemma for any € € (0,dgy] U {dg} and any m €
(Lp<trny + p A1),

1

12| (m)
B diy)

()

where C > 0 and we used for the two estimates Lemma [4.3.12] We show in the proof

<Cn e, and ||V||5 < < Cn™

below that
am)  (m)
Cn(dl,s)cn(rl) Cn(drl,s)’

and since m > d,, ., invoking again Lemma |4.3.12, we have that the above ratio grows

with n.
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Proof. Since, for all n € N, 73,([1) € L2(B;,) we get from the intertwining in and

the linearity of Ay that

)y S ED"M A = D () K X
Ao (x)-x/cn(n);)(n_ BT D GO TR - T (449)

Recall that the sequence (P),50 forms an orthonormal basis of L2(5,,) and thus, as
the image under a bounded operator of an orthonormal basis, we get that (P,f’ )ns0 is a
Bessel sequence in L?() with Bessel bound given by the operator norm of Ay, which
by Lemma4.3.10)is 1. When r; > 1 we have ¢,(d} ) = ¢,(1) = 1, so that the first claim
is proved in this case. In the case when r; = 1 we suppose, without loss of generality,

that dy > 0 and & € (0, dy). Then P,‘f reduces to

b - S S EDTE @ = Daggent o
Pr9) = C"(l);) (n—k)! (A= 1), k!'Wy(k+1)

and from the intertwining (4.40) we get

i), \ _ S (D" = Dy (dre)n dioe
Agy, P () = \/c'n<d‘1,g)kzz‘5 BT @ W

= tu(d10)P(x).

By Lemma4.3.10|A 4 ar, € B (Lz(,BdLE), L?(B)) with operator norm 1 and thus, by similar

arguments as above, we deduce that (¢, (d 1,g)¢’f )n>0 is also a Bessel sequence in L?(3)
with Bessel bound 1. We continue with the claims regarding (V,,d’, starting again with the
case when r; = 1. Following similar arguments as in the proof of Proposition 4.3.2] we

get that, for any f € L*(8,)

1 ~
Vi f(x) = — Vg (B f)(x),

" B(x)  Pmiom
where Vﬁnf(x) = /01 fxy)vie(3)dy with v;;(y) = v(1/y)/y, and where v, denotes
the density of the random variable Vi , whose existence is due to [96, Proposition 2.4].

Thus it suffices to show that, for all n € N,
Wa(X) = 6V g, (BuPr™)(x) = 64 (1) Vs Pl (x).
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To this end, taking the Mellin transform of the right-hand side yields, for Re(z) > ro,

quﬁﬁlpgn)(Z) = qubﬁx (Z)Mp(m) (Z)

_ 2" (A - m)nmwcﬁ(@ ['(z) Mg )

n! (/11)” (m)z—l F(Z — n)
_ (=2 =m), I'(z)
=, YO ME T Menna, M)

After substituting the definitions of ¢,(m), C,(m) in (4¢.44)) and (4.70), respectively, we

get, by some straightforward algebra,

(/11 - m)n VCn(m) n(/ll - m)n (m)n Cn(m) n VCn(l) (/ll - 1)11

(2 (m)zn =2 =2 s

(A1)n n! (A)n 1! p1yJC, (1) n!t (A

and the right-hand side is the constant in front of the definition of w, in (4.34) when

ri = 1. Invoking the uniqueness claim in Proposition[4.3.2]yields (4.46)), as desired. The
case when r; < 1 follows by similar arguments, albeit with more tedious algebra, and its

proof is omitted. Next, using the second intertwining relation (4.40) we get that

Ve PPx) = VCu(4 Pal
¢m ”( ) n( 1) kZO (n —_ k)' (/ll - 1)n k' (m)k W¢(k + 1)
= ¢, (P (x).
As (P,gm))n;o is an orthonormal sequence in L2(83,,), we have for any n, p € N,

6up = (PPN, = (Ve 2L Y g, = am)(PE Vi PR

and thus we get that ((V,?)n;o is a biorthogonal sequence in L?(8) of (P,‘fS )n>0. As before,

the continuity of V7. given by Lemma {4.3.10| combined with the fact that P™),50

forms an orthonormal basis for L?(83,,) implies that (¢, l(m)(Vf)n;o is a Bessel sequence
in L?(8) with Bessel bound 1. To show uniqueness, we first observe that any sequence

(gn)n>0 € L2(B) biorthogonal to (P,‘f )n>0 must satisfy

6np = <Pr?’ gp)ﬁ = <Pr(zrl)’ AZ&S’p),Br]
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that is (A;gn),go must be biorthogonal to (50,5”)),120. However, since (P,(,”))n;o is an
orthonormal basis for Lz(ﬁﬂ) the only sequence in Lz(,B,,) biorthogonal to it is itself.
Thus, if there exists another sequence (g,),>0 € L2(3) biorthogonal to (P,‘f )n>0 it follows

that, for all n € N,
A (V¢ Pl = Aygn = A (‘”V,f —gn) =0.

Since Lemma m gives that Ran(Ay) is dense in L%(B) it follows that Ker(A ) = {0}
and we conclude that ((Vn )n>0 is the unique sequence in L?(3) biorthogonal to (SDn )n>0-

Finally, assume now that r; < 1. Then, using the definition of ¢r/1 in (4.17) we get that

PP () = e ST D Q= Dant(k+ 1) _g(1)
() = VCulr) Z — k) (A = 1), (r + D We(k +2)°

¢r1< )

On the other hand, since U, p, = e ——p,,, see (#.24), simple algebra yields that
st

e C) Z( D™ @) = Duenlk +1) ()t

¢
Ugyy Pu(x) = ST = D)y (11 + Dy Walk +2)

(4.49)
= Cn(l’l )Pn r] (x)

v
We know that, since 4; > m > 1+ u = pu o> ((\/'jr1 Vns0 = (cn(m)szli’,(,m))Wo is the
v
unique sequence biorthogonal to (PZ) ")n=0, and combining this with @#.49) gives the
biorthogonality of ((Vn¢)n>0 in L?(8) as well as uniqueness, using similar arguments as

above. Finally, the completeness of ((Vn¢)n>0 is a consequence of the fact that (Vf is, inall

cases and by Lemmas4.3.3|and[4.3.10} the image under a continuous operator with dense

range of the sequence ((”813 P(m)) , which is itself easily seen to be complete. O
nz

Proof of Theorem We are now able to give the proof of all items of Theorem[4.2.2]
which we tackle sequentially. Setting & = dy in (4.14) we get, by the first intertwining in
Proposition and the spectral expansion of the self-adjoint semigroup Q") in (#.74),
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that for any f € L?(,,) and t > 0,

QAsf = MeQf = ) e L P P = Y e (A £ Vi NpPL,
n=0 n=0

where the second identity is justified by ((f, P,E'”);;rl Yaso € €*(N) and the fact that
(P,‘f )us0 is a Bessel sequence in L?(8), see [37, Theorem 3.1.3], and the last identity
uses the fact that, by Proposition (Vf is the unique L?(8)-solution to the equation
A’;‘Vf = P,Srl). Next, from the first intertwining in (4.40) and the fact that, for any
neN, QWP = o) see @74), we get that 7 is an eigenfunction for Q
with eigenvalue e~*’. Taking the adjoint of the first identity in (#.40) and using the
self-adjointness of Qgr‘) on L2(B,,) yields A;Q;" = QE”)A;; and thus, for any n € N and
t>0,

ApQ V) = QALY = QP = e M = A,

and since Ker(AZ) = {0} we deduce Qt*(Vf = e‘ﬂnt(Vf. Next, let S; be the linear

operator on L?(3) defined by

Sif = Y QL. VpPy
n=0

so that, by the above observations,

Sif = ;)«Qtf, VI Py = ZO M, VP

For convenience, we set (Vf = EZE;‘S(V,?, n € N. Then, for any r > 0 and f € L?(3) we

have, for C > 0 a constant independent of n,

< CBLF?] < oo,

(rvi),|

n=0

where the first inequality follows from the asymptotic in (4.45) combined with the

decay of the sequence (e~>%'),5o, ¢ > 0, and the second inequality follows from the
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Bessel property of ((V,(f)n>0 guaranteed by Proposition m Hence we deduce that

(e‘ﬁ"’ {f, ‘Vn‘p)[;) e (2(N) and, as (P?),s0 is a Bessel sequence, it follows that S

n=0

defines a bounded linear operator on L2() for any ¢ > 0, again by [37, Theorem 3.1.3].
However, S; = Q; on Ran(Ay), a dense subset of L2(,8). Therefore, by the bounded linear
extension theorem, we have S; = Q; on L?(8) for any # > 0. Note that, by similar Bessel

sequence arguments as above, for any N > 1,

2

o (M)
< Bl sup € u”’—c';(r 3
n=zN+ n\U1

Q-3 et (r.0)

n=0

B

Since the supremum on the right-hand side is decreasing in n, for any ¢ > 0, we get that

in the operator norm topology

N
Q; = lim e_/l"’?f ® (anj,

N—oo
n=0

where each ZQ’:O e~ 50,? ® (Vf is of finite rank. This completes the proof of Item
and also shows that (), is a compact operator for any ¢ > 0, which completes the proof
of Item Next, the intertwining identity (4.40) and the completeness of (P,‘f )n>0 and
((Vn¢)n>0 enable us to invoke [99, Proposition 11.4] to obtain the equalities for algebraic

and geometric multiplicities in Item and also to conclude that

Tp(Q) = 0p(QF) = 0p(Q") = {e™™'; n € N}.

Since Q) is compact we get that )y is compact, and thus for both of these operators their
spectrum is equal to their point spectrum. To establish the remaining equalities we use
the immediate compactness of QQ to invoke [49, Corollary 3.12] and obtain o(Q,) \ {0} =
"7 while we also have from [49, Theorem 3.7] that, op(Q) \ {0} = ¢'»0)_ Putting
all of these together completes the proof of Item|[(3)] Finally it remains to prove the last
item concerning the self-adjointness of Q). Clearly if 2 = 0 then () is self-adjoint, as in

this case 8 reduces to 8, and Q reduces to the classical Jacobi semigroup Q| which is
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self-adjoint on Lz(ﬁﬂ). Now suppose that Q is self-adjoint on L?(8), that is Q, = Q; for

all > 0. By differentiating in ¢ the identity, for any n,m € N,

(Qipns pm)ﬁ = {Pn» lem>,8

we deduce, by a simple application of Fubini’s Theorem using the finiteness of the

measure [, that

<=]Ipn, pm)ﬂ = <pn’ me)ﬁ . (4.50)

Note that (4.50) holds trivially if either n = 0 or m = 0, or if n = m, so we may suppose
that n # m; all together we take, without loss of generality, n > m > 0. Now, for any

n > 1, a straightforward calculation shows that
Jpn(x) = lII(”)pn—l(x) - /lnpn(x)a 4.51)

where we recall from ([@#.4) that ¥(n) = (n—rp)¢(n) and from (@.10) that 2, = n>+(A;—1)n.
Using (4.5T)) on both sides of (4.50) and rearranging gives

(/ln - /lm)ﬁpn+m = (lp(n) - lP(m)) BPn+m-1- (4.52)

By (4.6) and the recurrence relations for Wy and the gamma function, the ratio
ﬁ[pn+m]/18[pn+m—l] evaluates to

Blpniml _  (n+m+r) Pn+m) ¥(n+m)
ﬁ[pn+m—l] - (n+m+/11 - 1) (n+m) - Antm '

so that substituting into (4.52)) shows that the following must be satisfied
Y(n+m) Ay — An) = Apam (P(n) — P(m)) . (4.53)
Next, we write ‘¥ as

YY) =n*+(u—-h-Dn+ n/oo(l —r™MAr)dr =n* +(u—Dn+n /°° r"h(r)dr,
1 1
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where the first equality is simply the definition of ¥ in (4.2) and the second follows
from the assumption that 7 = floo h(r)dr < co. Let us write G(n) = n> + (1 — 1)n and

H(n)=n floo r~"h(r)dr. By direct verification we get

G(n+m)(Ady = ) = (n=m) [(n+m)® + (A1 + = 2)(n+m)*(A; = (= 1)(n +m)]

= Apem (G(n) — G(m)),
so that (4.53)) is equivalent to
H(n+m) (A — An) = Ansm (H(n) — H(m)) . (4.54)
Observe that
Hn+m) (A —Ap)=(n—m)n+m)(n+m+2; - 1) /1 B r= p(rdr,
while
Apem (H(n) = H(m)) = (n+m)(n +m+ A; — 1) (n /] M h(r)dr - m /l ) r'mh(r)dr) .

Hence canceling (n + m)(n + m + A} — 1) on both sides of {#.54), then dividing by nm

and rearranging the resulting equation yields

/ r " h(r)ydr = / r~"h(r)dr + (— - —) / r= h(rYdr
1 1 n-mjJi

Applying the dominated convergence theorem when taking the limit as n — oo of the

right-hand side we find that, for all m > 0 with m # n,

/ r " h(r)dr =0,

1

which implies that 2 = 0. This completes the proof of Item [(4)|and thus the proof of the

theorem. O
To conclude this section we give a result concerning the intertwining operators in

Proposition [4.3.3] which illustrates that, except in the self-adjoint case of &7 = 0 and
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u < 1, none of these operators admit bounded inverses. This latter fact combined with
the relation (4.48)) imply that (P?)ns0 is a not a Riesz sequence in L2(), as it is not the
image of an orthogonal sequence by an invertible bounded operator, see [37]. Recall
that a quasi-affinity is a linear operator between two Banach spaces with trivial kernel

and dense range.

Proposition 4.3.5. Let m € (1 <145y + p, A1) and € € (0, dy] U {dy}.

(1) The operators A¢d1’£ : L2(,8d1,5) — L2(B), Vg, L%(B) — L*(By), and U")ﬁ :

LB ¢¢) — L2(B) are all quasi-affinities.
5

(2) The operator Ay 4, Admits a bounded inverse if and only if h = 0 and u < 1 when
dic = 1, where dy ; was defined in (4.19). In all cases V 4: and U ¥ do not admit

bounded inverses.

Proof. Since polynomials belong to the L?-range of the operators Ay dp Vg: ,and U o
»E 8]

we get, by moment determinacy, that each of these has dense range in their respective

codomains. For the remaining claims we proceed sequentially by considering each

operator individually, starting with Ay, . Proposition @ gives that, for any n € N

1
¢ - A (dl,s)
" Cn(dl,s) ¢d1’8 " ’

and also that (Pf )n>0 and ((V,f)”?o are biorthogonal. Consequently,

1 I
6up = (P2, ﬂ/p"’>ﬁ - < Aga PA, (V,f> = —— (P, )
s

Cn(dl,s) - Cn(dl,s) B Ba ‘

However, as (50,2"1’5))”;0 forms an orthonormal basis for LZ(ﬁdLE) it must be its own
unique biorthogonal sequence, which forces

1 (dyz)
—A* (V¢ — P l,e ,
Cn(dl,a) ¢d1’8 " "
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for all n € N. Thus we conclude that P C Ran(AZd ), so that by moment determinacy
l,e
of (B4, ), we get that Ker(A dy 8) = {0}. Next, by straightforward computation we have,

forany n € N,

2 _ W¢(2n + 1) (dl,s)% 3 W¢d1,5(2n + 1) (ny)Z
B Win+1) (dien W;dl (n+1) 2n)I

(4.55)

-2
Ipaliz2 (A, 2o

where the second equality follows by using the definition of ¢4, ,, see (#.20), together
with the recurrence relation for Wy dy Now, the same arguments as in the proof of
[99, Theorem 7.1(2)] may be applied, see e.g. Section 7.3 therein, to get that the ratio

in (#.53)) tends to 0 as n — oo if and only if ¢4, (0) = 0and 1 =0 < h =0.

This is because, with the notation of the aforementioned paper, the expression for %
. ¢a () . . ¢a; (1)
is equal to d"T‘ in our notation, and we have o2 = 1 from lim, e d"u‘ = 1. From

the definition of ¢4, in (4.20) we find that, if d1. = 1, then ¢4, ,(0) = ¢(0) = 0 and
from Lemma we get that ¢(0) = u— 1 —#if u > 1+ 7 while ¢(0) is always zero
when y < 1 + i, which shows that if d; . = 1 then ¢(0) = 0 <= u < 1. On the other

hand, from (@.20), it is clear that if d , > 1 then always ¢4, ,(0) = 0. This completes the

proof of the claims regarding A gy, - Next, by Proposition 4.3.4{ (V,f € Ran(V*, ), for

each n € N, and as proved in Proposition the sequence (Wn¢)n>0 is complete. Thus
Ran(V*, ) is dense in L?(8,,), or equivalently Ker(Vg: ) = {0}. By direct calculation we

get that, )
Wor+1) (m)y, 5 oK)

-2 2 _
lpallg ||V¢:1pn||ﬁm T Wsn+1) (m)?2 D ¢k (k +n)

(4.56)

where ¢;, was defined in (4.21)). Now the fact that lim,_,c @ = 1 allow us to deduce
lim, 0 ¢5,(u) = 1 and, as noted earlier, ¢}, is a Bernstein function and hence non-
decreasing. As the case ¢;, = 1 is excluded by the assumption on m, we get that, as

n — oo, the ratio in (¢.56) tends to 0. Next, by taking the adjoint of (4.40) we get

U¢r/l [1 :Qt Ug&;{
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v ¥
and using this identity we get that U* /(Vf is an eigenfunction for Q," associated to
1

Vv
the eigenvalue e !, Then, Theorem 4.2.2(3)| forces U; y (V,f = (Vf", and the latter

"

is a complete sequence, whence Ker(U ¢/) = {0}. Finally, another straightforward
"

calculation gives that

2
Ip ||_2HU " _ O gn+ 2nrr 5/ (0) 21N ( nt! )2 #(2n + 1)
B || ﬁ‘f’r/l ¢r/12(n) rne(l) 2n+1 g (n+ I‘1)2 d(n+1) 2n+1 "7
and using the fact that lim,_,o @ = 1 we conclude that the right-hand side tends to 0
asn — oo. ]

4.3.6 Proof of Theorem 4.2.3(1)|

Theorem gives, forany f € L*(8) and t > 0,
Qf = ) e VP
n=0
so that, since Ap = 0 and Pg =1= (VO¢,

Quf = Bf =) e (£, VPr. (4.57)
n=1

Next, we note that

20t co(m) < o 2N cp(m)

n>1 c%(drl,s) C%(drl,s)
(m+ 1) -d,.+1)

(dy e+ 1A —m+ 1))’

(4.58)

241t > log (

since
n—1

-2n-D)it 2(m) i(drz) _ 1—[ e_%,(m + ) A —d s+ )
a(dye) H(m) (dr e+ ) A1 =+ )

and m > d, ., which is trivial when r; < 1, as then m > 1 > d, . = ry, while if

Jj=1

ri=1wehave m -1 > dg > d; ¢ — 1 from [99, Proposition 4.4(1)]. Now, we claim
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that the following computation is valid, writing || - || again for the L%(8)-norm and

¢ _ () 9
(Vn (n(nll)(v
G (m)

2
ta(dre) <f’ (Vf>

!

Q. V[ =Y e

1Q.f - BFI < §:2wu)

< m(A; - drl,e)e_z,llt i

2
S dye(2 - m) <f’ (VZ>ﬁ‘

n=1

_ m(d; - drl,a)e_z,llt Z
drl,a(/ll - m)

< m(/ll - dl’],&‘)

h dl’],s(/ll - m)

(r- ﬁfW”>r

n=1

M f = Bl -

To justify this we start by observing that the first inequality follows from together
with (¢, (d 1,5)7);? )n>0 being a Bessel sequence with Bessel bound 1, which was proved in
Proposition Next we use the fact that (Vn¢' is an eigenfunction for Q); associated to

the eigenvalue e~ and then the identity

Cn(rl)cn(dl,s) = Cn(drl,s)’

which follows by considering the cases rj = 1 and r; < 1 separately. Indeed, when
ri = 1thend,, = di and c%(rl) = 1, while otherwise di. = 1 so that d;, . = 1|
and ¢2(d,,) = 1. The second inequality follows from (#.58) and then we use the
biorthogonality of (SD,? )n>0 and ((Vn¢)n>0a given by Proposition which implies that
for any ¢ € R, (c1jo,1}, (V,(f)ﬁ = 0 if n # 0. The last inequality follows from the fact that

((Vf),wo is a Bessel sequence with Bessel bound 1, again due to Proposition Next,

(1+m)(1+A1—-dy )

when 0 < 2417 < log ({Frp e

) and since m > d., ., we get

m(/ll - drl’g)e—Z/lll S m drl’g + l /ll - dr]’g /11 - m+ 1
drl’g(/ll - m) m + 1 drl’g /ll - dr]’g + 1 /ll -

> 1,

so that the contractivity of the semigroup Q yields, for f € L*(3) and any ¢ > 0,

1Q.f - BfIE < e M7 |1 f = BSII%.
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Finally, since f is an invariant probability measure,

1Q.f - BfIl5 = BUQ.f - Bf)]
= Bl(Q:£)*] - 2BLF1BIQ: 1+ (BLF])?
= Bl(Q:f)*] = (BLF])* = Varg(Q, f),

which completes the proof. O

4.3.7 Proof of Theorem

We first give a result that strengthens the intertwining relations in Proposition 4.3.3]and
falls into the framework of the work by Miclo and Patie [88]. Write V4, _ for the Markov
multiplicative kernel associated to a random variable with law B4, ., which, by the same

arguments as in the proof of Lemmai.3.10, satisfies Vg4, . € B (Lz(ﬁdr],‘g), L%(B,)). We

write V¢ = A¢d1 \%

p and, for u > 1+#, let V¢ = V4 and otherwise let i'/¢ = V¢;§1U¢/.
I‘l,&‘ 5]

Recall that a function F : R, — [0, 00) is said to be completely monotone if F € C*(R.)
and (—1)”%F (u) > 0, foru > 0 and n € N. By Bernstein’s theorem, any completely
monotone function F is the Laplace transform of a positive measure on [0, o), and if

lim,_,o F(u) < oo (resp. lim,—o F(u) = 1) then F is the Laplace transform of finite

(resp. probability) measure on R, see e.g. [109, Chapter 1].

Proposition 4.3.6. Under the assumptions of the theorem, we have a completely mono-
tone intertwining relationship between ©Q and Q™, in the sense of [88], that is fort > 0

and on the respective L*-spaces
Q?V(/) = V¢Q§m) and V¢Q? = ng)v(p with V¢V¢ = F¢(_Jm)9 (459)

where —log Fy is a Bernstein function with Fy : [0, 00) — [0, 00) being the completely
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monotone function given by

(dre)pwy (A1 —m)p)
(M)pwy (A1 —drye) o)’

WV
o

Fy(u) =

Proof. We give the proof only in the case y > 1 + %, so that d,, . = d ., as the other

case follows by similar arguments. From Proposition we get, with J = Jgq, .,

dis
ng)vdl,s = le,ng b )’

and taking the adjoint and using that both Q™ and Q') are self-adjoint on L*(8,)

and Lz(ﬁdlﬁ), respectively, we get that
Qv =i Q.
Combining this with the first intertwining relation in Proposition 4.3.3| then yields
Qtvrﬁ = V¢Q§m),
and, together with second intertwining relation in Proposition @.3.1] we conclude that
Q"VyVy = V4Q, Vs = V4 V,QM. (4.60)

As ng) is self-adjoint with simple spectrum the commutation identity (4.60) implies,
by the Borel functional calculus, see e.g. [103], that V¢V¢ = F(J,,) for some bounded
Borelian function F, and to identify F it suffices to identify the spectrum of {7¢V¢. To

this end we observe that, for any g € L2(ﬂd1’8),

<V;1,5P’5m), g>'8d1,g = <P'(lm)’ Vd1,8g>ﬁm

Z‘X’ dye di.c
= <g’ P”(n " )>Bd1,g <p’$m)’ le&P”(n b )>ﬁm
m=0

_aldie)  dys)
= am) 8
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where we used that (P,Edl’g))nw forms an orthonormal basis for LZ(,BdLg) and the identity
le’gp,;dl’g) = ¢u(d 1,8)4’,2“) /cm(m) follows by a straightforward, albeit tedious, compu-

tation. Consequently, for any n € N,

Cn(dl,a) P(dl,g) _ C;%(dl,s)v ¢ _ Cyzl(dl,s)

L2V A LN e Py = M,
um) O ca(m) T2y

V¢V¢P,(,m) =

where the second and third equalities follow from calculations that were detailed in the

proof of Proposition|4.3.4] Using the definition of ¢, in (4.44) we thus get that, forn € N,

C%(dl,s) _ (dl,s)n (/ll - m)n

F(tn) = m) () (A —dig

recalling from (.10)) that (1,),>0 are the eigenvalues of —J,,, which proves that Fj, = F.
Next, one readily computes that the non-negative inverse of the mapping n — 4, is given
by the function p defined prior to the statement of the theorem, which was remarked to

be a Bernstein function. For another short proof of this fact, observe that, for u > 0,

1
2

Py = (g =12+ 4u) 7

which is completely monotone. Since u +— F¢(u2 + (A1 = Du) is the Laplace transform
of the product convolution of the beta distributions B4, , and B, we may invoke [109,
Theorem 3.7] to conclude Fy is completely monotone. Finally, to show that —log Fy is a
Bernstein function we note that, for any a, b > 0, the function u +— log(a + b), —log(a),

is a Bernstein function, see e.g. Example 88 in [[109, Chapter 16]. Since

m)p(u A —d glpu
(M) o) 10g( 1= d1g) )
(d1.6) p(u) (A1 = M) )

with d1, < m, and the composition of Bernstein functions remains Bernstein together

—log Fy(u) = log

with the fact that the set of Bernstein functions is a convex cone, see e.g. [109, Corollary

3.8] for both of these claims, it follows that —log F; is a Bernstein function. O

Proof of Theorem Since m € (1{,<14+# + 4 A1) we may apply Proposition4.3.6]

to conclude that V¢V¢ = Fy(=Jw) and a straightforward substitution gives E [e™] =
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Fg(u), u > 0, with —log Fs a Bernstein function. From the Borel functional calculus we

get, since ng) is self-adjoint on L?(8,,), that

QM = / Q"P(r € dr) = / eI B(r € di) = Fy(=Jw) = VgV,
0 0

Combining this identity with (#.59) yields, for non-negative f € L(8),

VoVyVsf = /0 Q" fP(r € di) = /0 VoQifP(r € di) =V, /O Q. fP(r € dt),

and the general case follows by linearity and by decomposing f into the difference of

non-negative functions. By Proposition qu has trivial kernel on L2(8) so we deduce

VoVy = /0 ) QP(r € dt) = Qq, (4.61)

and thus () satisfies a completely monotone intertwining relation with Q™) in the sense
of [88]]. Consequently we may invoke [88, Theorems 7, 24] to transfer the entropy decay
and ®-entropy decay of Q™), reviewed in Section to the semigroup () but after a time
shift of the independent random variable 7. Note that, when 41 > 2(1{,<14n) + 1), We
may take m = % so that the reference semigroup is Q4/2), which has optimal entropy

decay rate. O

4.3.8 Proof of Theorem 4.2.4

The proof of Theorem follows by using Equation (4.61)) above to invoke [88]
Theorem 8]. Next, by Equation (4.61)) and using Proposition 4.3.6| we get

NQiselli oo = 1Q: Vs Vol = IV6Q ™ Vgl me0 < [1QM™ 111 S0

where the last inequality follows by applying Lemma.3.10]twice, once in the case p = oo
for V¢ and once with p = 1 for \~7¢. The claim now follows from the corresponding

ultracontractivity estimate for Q™. O
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4.3.9 Proof of Theorem 4.2.5

The following arguments are taken from the proof of [87, Proposition 5]. We denote
by QM7 for the classical Jacobi semigroup Q™ subordinated with respect to T =
(1¢)r>0- By [88, Theorem 3] we obtain, from Proposition a completely monotone
intertwining relationship between the subordinate semigroups, i.e. writing V¢ and V¢ as

above, we have, for any # > 0 and on the appropriate L?-spaces,
Q'Vy =V4Q™ and V,QF = Q™7V, with V,V, = Q. (4.62)
Using this we get, for any f € L>(8) and t > 1
QFf = Q7 VoVuf = VoQ" Vo f = Z B [e ] (Vo f, P ), Vo Py

_ AT 1 (dr1,8) ) )
Z E (%(m) <f’ (Vn >,3Pn

- ZE 4 Tt <f (V¢>,Bmpi(1p’

where in the second equality we used the boundedness of V¢ together the expansion
for the subordinated classical Jacobi semigroup which follows from and stan-
dard arguments, then the properties of G(p and V¢, detailed in previous sections, and
finally the expression for E[e~7] in (#.15). All but the last claim of the corollary
then follow from [88, Theorems 7, 24] applied to (#.62). Next, we establish the ul-
tracontractive bound ||Q [|i e < cn(E[r7P] + 1) for ¢t > 2. From (4.15) we get, by
applying Stirling’s formula for the gamma function together with lim,_.e. e~ /2 p(u) = 1,

> 0, we get by

that limy—_,e u™ %1-<)E[¢77] = 1. Writing for convenience p = /1} —

assumption on the parameters that p < m — d,, . so that the previous asymptotic yields,

fort > 1,

7 7] e PV du < / e uP du = E[t7P] < oo,
1T T / I(p)
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where the two equalities follow by applying Tonelli’s theorem together with a change of

variables, and the inequality follows from the fact that, for all u > 0, r +— E[e™""] is
d

non-increasing, recalling the notation 7 @ 7. Hence, from the ultracontractive bound

||Q§m)| l1 00 < ey max(1, s7P), valid for all s > 0, we deduce that for r > 1

Q™10 < /0 Q™ |1 osP(r; € ds)

1 00
< O (/ sPP(1; € ds) + / P(r; € ds))
0 1

< em(E[r7P]+1).
Consequently from (4.62)) we get that, for r > 2,
10500 = Q7 Vo Vollimem = IVeQ" " Vollieo < 11Q" llimsen < cn(E[r1+1),

Then it is easy to complete the proof of the last claim by following similar arguments as
in the proof of [9, Proposition 6.3.4], noting that the required variance decay estimate

therein, namely
m(/ll - dr1,8)
dl’l,s(/ll - m)

valid for all # > 0 and f € L?(B), follows trivially from Theorem via subordina-

-2
Varg(Q; f) < ( ) Varg(f)

tion. O

4.4 Examples

In this section we consider a parametric family of non-local Jacobi operators for which
h is a power function. More specifically, let § > 1 and consider the integro-differential

operator Js given by

To () = x(1 = ) f"(x) = Ay = 8 = D f(x) = x O+ /0 C ftar
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Then Js is a non-local Jacobi operator with u = & + 1 and h(r) = , r > 1,

or one easily gets that equivalently II(r) = 79"

, r > 0. One readily computes that
h= /100 h(r)dr = 6" and thus the condition u > 1 +7 is always satisfied, which implies
that ry = 1. Writing ¢s for the Bernstein function in one-to-one correspondence with

Js, we have that for u > 0,

¢5(u):u+ / (1- 51y, _(u+6+1)(u+6 1). 463)

u+o

From the right-hand side of (4.63) we easily see that dg; = 6 — 1. Now, we assume
that A; > & + 2 > 3 and, for sake of simplicity, take A; — & ¢ N. The following result

characterizes all the spectral objects for these non-local Jacobi operators.

Proposition 4.4.1.

(1) The density of the unique invariant measure of the Markov semigroup associated

to Jg is given by

(A =6-2)x+1)
0+ 1)1 -x)

B(x) = Bs(x), x € (0,1).

(2) We have that Pg‘s = 1 and, forn > 1,

P(/l]+1 (5+3)( )

! P(/116+2)( )
VCu(1)
(6 +2), VC,(6+2) 6 [5 oy +3)

making explicit the dependence on the two parameters for the classical Jacobi

P¢6( ) —

polynomials, see (4.69), and where Co(6+3) =n!2n+ A1) (A1 + 1), /(6 +3)n(A; —
5 -2

(3) For any n € N the function (V,f‘S is given by

Wy(x)

®s —
Vi = S5

€ (0, 1),
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where w,, has the so-called Barnes integral representation, see e.g. [30], for any

a >0,

ZdZ,

w(x) = —C J_/““m F@+2-MM@E-2)
m T TGy camico T(@+1=2)(-n—2)[(z+ A1 +n)
sin(z(6 — 1)) i S+ Dgsn Dk+86—n—-2,+1)

k=0

(6 + 1)y k!

= Ch,.6n (k = 1)x**°,

T

with |x| < 1 and Cp, 5, = 6(A1 — D)I'(A1 + n — 1)4/C,(1)(=2)"/(n!T'(6 + 2)).

Proof. First, from (.63)) and (4.5)) we get that, for any n € N,
Wys(n+ 1) 0 (06+2) (4.64)
n =— n .
¢s n+d

so that from (4.6)) we deduce that

_ Wys(n+1) 6 (6+2),
Al = = a0 T avs o

(4.65)

The first term on the right of (#.63)) is the n'"-moment of the probability density fs(x) =
6x%7" on [0, 1] while the second term is the n'*-moment of a Bs,» density. Thus, by
moment identification and determinacy, we conclude that S(x) = fs5 ¢ Bs+2(x) and after

some easy algebra we get, for x € (0, 1), that

[(A;)6x%! ! (A -6-2)x+1)

y(1 =)ty =

PO = Fevara, —6-2) J. 6+ D1 —x)

Bs(x),

which completes the proof of the first item. Next, substituting (4.64) in (4.7), gives
P =1,andforn=12,...,

oy 1 e (S CDE (= Dyt

o (D" = Dyt ko X
+;)(n—k)z(,11—1)n Hé(mz)k)

al & PED (1) 17),%1+1’6+3)(X)

= —‘ + ’
R N R e
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where, to compute the second equality we made a change of variables and used the
recurrence relation of the gamma function, and the definition of the classical Jacobi
polynomials, see Section 4.5 and also [116]. This completes the proof of Item [(2)} To
prove Item we recall from that, for any n € N, (anbs (x) = ﬁwn(x), where,
by (#.33), the Mellin transform of w, is given, for any Re(z) > 0, as

I['(z) T(z+6)

w, = n ! ’
M, (2) = Cayon(z+ 6 + )F(Z—n) [(z+ A1 +n)

used twice the functional equation for the gamma function and the definition of the
constant Cy, 5., in the statement. Next, writing z = a + ib for any b € R and a > 0, we

recall from (4.38)) that there exists a constant C, > 0 such that

) 3 I'(z) I'(z+0)
lim C,|p|t*"-1 5+1 =1, 4.66
bt alb] (z+8+ )F(z—n)r(z+/ll T n) (4.66)

where we recall that 1 > 6 +2 > 3 and n > 0. Hence, since z — M, (z) is analytic on
the right half-plane, by Mellin’s inversion formula, see e.g. [90, Chapter 11], one gets

forany a > 0,

wn(X) = Ca 07— (z+6+1) x"tdz,

1 /a”“’ ['(z) T(z+6)
270 Jo—ico I'z-n)I(z+ A1 +n)

where the integral is absolutely convergent for any x > 0. Note that this is a Barnes-

integral since we can write, again using the functional equation for the gamma function,

‘dz,

1 /-a”“’ Iré6+2-z) I'(-z2) ' -z)

w, (x) 1,0, i dico F(6 +1 - Z) F(—Z - n) F(Z + A + n)x

see for instance [30]. Next, since (z + 6 + Dr(rz(f)n) =(z+6+1)(z—-n)---(z-1),it

follows that the function z - (z+6+1) F{Z(fl) does not have any poles, while the function
Z F(I;Ef;‘i)n) has simple poles at z = —k — 6 for all £ € N. Consequently, by Cauchy’s

residue theorem we have, for any |x| < 1,

1 - k)(—k = 68) (-1 xk+o
I'(~k—6-n) k! T(~k-6+A1+n)

Wn(x) = C/l],ﬁ,n Z (
k=0
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where we used that the integrals along the two horizontal segments of any closed contour
vanish, as by (#.66) they go to 0 when |b| — co. We justify the radius of convergence of
the series as follows. Since A; — d ¢ N, using Euler’s reflection formula for the gamma

function, i.e. I'(2)['(1 — z) = 7 ¢ Z, we conclude that

T
sin(rz)’

(k _ 1)xk+6,

in(7(6 — A1) v (6 + 1 Fk+6-n—-2A;+1
Wn(x):C/ll,é,nSIH(ﬂ(ﬂ_ 1))2( + Dgsn Tk +6-n—-21+1)
k=0

— (6 + 1 k!
where we used that sin(x + kx) = (=1)¥ sin(x) for k € N. Using the recurrence relation
of the gamma function we deduce that the radius of convergence of this series is 1, which

completes the proof. O

4.5 Classical Jacobi operator and semigroup

4.5.1 Introduction and boundary classification

Before we begin reviewing the classical Jacobi operator, semigroup, and process we
clarify the notational convention that is used for these objects throughout the paper.
Namely, with A being fixed, instead of writing J,, , we suppress the dependency on
Ay and write simply J,, and similarly for the beta distribution, Jacobi semigroup, and
polynomials. The exception is when these objects depend in a not-straightforward way
on A1, in which case we highlight the dependency explicitly. Now, let A; > u > 0 and
let QW = (Qﬁ“ ))r>0 be the classical Jacobi semigroup whose cadlag realization is the

Jacobi process (Y;);>0 on [0, 1], i.e. for bounded measurable functions f

Q¥ f(x) =B, [f(¥)], x€[0,1].
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Then Q™ is a Feller semigroup and its infinitesimal generator J x has, for any f €

C?([0, 1]), the following form

Juf(x) = x(1 = x) f"(x) = (hix = W f'(x),  x €[0,1].

Note that when the state space of the Jacobi process is taken to be [—1, 1] then the

associated infinitesmal generator jﬂ is given by

Juf) = (1 =xDf"(x) + 2u = A1 = 41x)f(x),

x+1

and setting g(x) = %5- yields

Ju(f o )(g™ () = x(1 = x)f"(x) = (1x = ) f'(x) = T f (x).

Since the operator J,, is degenerate at the boundaries {0, 1}, it is important to specify
how the process behaves at these points. After some straightforward computations, as
outlined in [27, Chapter 2] and using the notation therein, we get the boundaries are

classified as follows,
exit-not-entrance for u <0,
01is {regular for O<u<l,

entrance-not-exit for u > 1,

and

exit-not-entrance for Ay < M,
lis 4 regular for 0<A; <1+p,

entrance-not-exit for Ay > 1 + pu.

Thus assumptions on A} and y guarantee that both 0 and 1 are at least entrance, and may
be regular or entrance-not-exit depending on the particular values of A; and u. Let us
write Dr(J,) for the domain of the generator J,, of the Feller semigroup, and to specify

it we recall that the so-called scale function s of J, satisfies

s'(x) = x~ (1= x)" 0 x €(0,1).
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Let /™ and f~ denote the right and left derivatives of a function f with respect to s, i.e.

Jx+h) - f(x) Jx) - fx—h)

S = T s M= S T

Then,
DrJ,) = {f € C*([0,1]); f*(0") = f(17) =0}, (4.67)

and in particular, P C Dr(J,), since for any f € P we have
JHORE 11?3 xMf(x)=0 and f(17) = 11%1]1(1 — XY (x) =0
X X

From the boundary conditions in we get that if any point in {0, 1} is regular then
it is necessarily a reflecting boundary for the Jacobi process with 41 > u > 0.
4.5.2 Invariant measure and L’-properties

The classical Jacobi semigroup QW = (QE“ )),20 has a unique invariant measure §,,,

which is the distribution of a beta random variable on [0, 1], i.e

A
Bulan) = By = por a1 - xe @)
and we recall that, for any n € N,
[ (W
ﬁﬂ[Pn] —/ X IB,u(d x) = (/l )n (4.63)

Since B, is invariant for Q™ we get that Q) extends to a contraction semigroup on
Lz(ﬁu) and, moreover, the stochastic continuity of Y ensures that this extension is strongly
continuous in Lz(ﬂﬂ) and thus we obtain a Markov semigroup in LZ(,Bﬂ), which we still
denote by QW) = (QE“ )),>0. The eigenfunctions of J, are the Jacobi polynomials given,

for any n € N and x € [0, 1], by

()] _ ( 1)n+k (/ll - 1)n+k (ﬂ)n
P = ”(“)Z SO D, (o K 69
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where we have set

Co() = 2n+ A, — 1)M. (4.70)

()n(A1 = p)n

In particular, when u = 1 then, we get, for any n € N,

1)n+k A = D)ys 1! k
P(l)(x)—\/n—(lz( )k)!E/li—l; kZ!)lz! “71)

where we note that C,(1) = %(Zn + A1 — 1). These polynomials are the orthog-

onal polynomials with respect to the measure §,, and, by choice of C,(u), satisfy the

normalization condition

1

and thus form an orthonormal basis for L2(,B,,). Furthermore we have, for n € N, the

following formula

(1) 2" 1 a n
P#(x)— V€ n(u)ﬁu( Y = (x"(1 = x)"Bu(x))

IB,u( )ﬁ/ll u[pn] Cn(,u)Rn,B/lHn,/l(x) 4.72)

where we recall the definition in (4.8) of R,,. All of these relations follow, by the change
of variables x +— 2x — 1 and simple algebra, from the corresponding relations for the
polynomials P,(j‘ “LAi=#=D - defined in [72, Section 0.1], which are orthogonal for the
weight (1 — x)“~1(1 + x)*=#~1 and are also called Jacobi polynomials in the literature.

Indeed, the relationship between P and P17V i5 given by

Wy _ gy @+ = Dnl@0)n-1 pu-1.2-p-1),,
P (x) = ( 1)\/ o, (1-2x).

Next, the eigenvalue associated to the eigenfunction P,(l'” )(x) is, forn € N,
—y=-n* = - Dn=-nn-1)-An. 4.73)

Observe that when n = 1 reduces to —4; and that 1p = 0, so that —4; denotes the

largest, non-zero eigenvalue of J,, which is also called the spectral gap. The semigroup
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Q) then admits the spectral decomposition given, for any f € Lz(,Bﬂ) andt > 0, by

(o) o0

Qg,u) — Z e—/lnt< . Pr(tﬂ)>ﬁypr(tﬂ) — Z e—/lnlpflﬂ) ® ?r(llu) (474)
n=0 n=0

where the equality holds in the Lz(ﬁﬂ)—sense and in operator norm, and the sums converge
in the operator norm. The domain of J,, the generator of the Markov semigroup in L%(B8 1)
which we write as D;2(J ), can then be identified as

D) = {f L Y|Py < oo} .

n=0

4.5.3 Variance and entropy decay; hypercontractivity and ultracon-

tractivity

As mentioned in the introduction, the fact that Q) has nice spectral properties and
satisfies certain functional inequalities gives quantitative rates of convergence to the
equilibrium measure 8,,. For instance, from one gets the following variance decay

estimate, valid for any f € Lz(ﬁﬂ) andr > 0,

Varg, (Qgﬂ)f) < e 2! Varg, (f),

which may also be deduced directly from the Poincar€ inequality for J,, see [9, Chapter
4.2]. This convergence is optimal in the sense that the decay rate does not hold for any
constant greater than 24;. Next, let us write /l(lg ;S for the log-Sobolev constant of J,

defined as
—4B,Lf]
/l(l#)S: inf ﬁ,u[f uf]
°%5 = feD»() | Entg,(f?)

Note that always /l(lg ?gS < 241, and in the case of the symmetric Jacobi operator, i.e. u =

; Eng%(fz)izO}. (4.75)

2
71>1,weget

A7) 2o 476
logs - 1 b ( . )
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while otherwise A(l‘é )gS < 211, see e.g. [3], although the equality for the symmetric case
goes back to [102]]. As aconsequence of we have on the one hand the convergence

in entropy, for any 7 > 0 and f € L'(8,,) such that Entg (f) < co,

Entg, (Q¥f) < ¢ us' Entg, (1) 4.77)

and on the other hand from Gross [39] the hypercontractivity estimate, that is for all
t >0,
() A ¢
11Q" =g < 1 where 2 < ¢ < 1+ ¢"loss’. (4.78)
From (4.76) we thus get that the symmetric Jacobi semigroup attains the optimal en-
tropic decay and hypercontractivity rate. Further, when % = n € N there exists a
homeomorphism between J, and the radial part of the Laplace-Beltrami operator on the

n-sphere, which leads to the curvature-dimension condition CD(A; — 1, A;), see [9] for

the definition. Thus for any admissible function ® : I — R, we get

Entg') 1/2(Q§11/2)f) <eMVEng  (f) (4.79)

2 Bay 2

for any r > 0 and f : [0,1] — [ such that £, ®(f) € L'(Ba,/2)-When 4; — pu > 1
the operator J,, also satisfies a Sobolev inequality, see e.g. [8], and thus we get by [9,

Theorem 6.3.1] that, for0 < ¢ < 1,

() T
||Qt ||1—>oo < cul A-p-l

where ¢, is the Sobolev constant for QW of exponent p = (i(l’l_lﬂ__“ 1)) ,i.e.
A = 1A
cy, = inf — LI f#0,.
M reDn) { BulfIuf] g

The fact that Q) is a contraction on Ll(,Bﬂ) together with the above ultracontractive
bound yields the estimate ||Q§“ Mo < cyu, for any ¢+ > 1. Finally, we mention that

Ca

4 = m and upper and lower bounds are known in the general case, see again [§]].
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CHAPTER 5
A SPECTRAL APPROACH FOR HYPOCOERCIVITY APPLIED TO SOME
DEGENERATE HYPOELLIPTIC, AND NON-LOCAL OPERATORS

The aim of this chapter is to offer an original and comprehensive spectral theoretical
approach to the study of convergence to equilibrium, and in particular of the hypocoer-
civity phenomenon, for contraction semigroups in Hilbert spaces. Our approach rests
on a commutation relationship for linear operators known as intertwining, and we uti-
lize this identity to transfer spectral information from a known, reference semigroup
P= (e"g)@o to a target semigroup P which is the object of study. This allows us to ob-
tain conditions under which P satisfies a hypocoercive estimate with exponential decay
rate given by the spectral gap of A. Along the way we also develop a functional calculus
involving the non-self-adjoint resolution of identity induced by the intertwining rela-
tions. We apply these results in a general Hilbert space setting to two cases: degenerate,
hypoelliptic Ornstein-Uhlenbeck semigroups on R¢, and non-local Jacobi semigroups
on [0, l]d , which have been introduced and studied for d = 1 in the previous chapter.
In both cases we obtain hypocoercive estimates and are able to explicitly identify the

hypocoercive constants.

5.1 Introduction

When a system has a steady-state, one is naturally interested in how quickly the dynamics
convergence to this equilibrium. We think of such a system as being described by a
contraction semigroup P = (P;);»0 = (¢7"4);50 acting on a Hilbert space H, and the
equilibrium consisting of P-invariant vectors given by {f € ‘H; P;f = f, YVt > 0} with

corresponding projection P.,. Of particular interest is an estimate of the form
1Pt f = Poofllgg < Ce™" If = Poofllgs
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where C > 1 and y > 0 are constants, which is said to be hypocoercive. The literature on
this topic is very rich and active, and several elegant techniques have been developed; we
mention, without aiming to be exhaustive, generalizations of the I'-calculus by Baudoin
[12] and Monmarché [91], entropy functional techniques by Dolbeault et al. [43] and
Arnold [6], the shrinkage/enlargenment approach by Gualdini et al. [62], Bouin et al. [29]]
and Mischler and Mouhot [89], generalized quadratic and Dirichlet form approaches by
Ottobre et al. [93]] and Grothaus and Stilgenbauer [60], respectively, a weak Poincaré
inequality approach by Grothaus and Wang [61], a direct spectral approach for some
toy models by Gadat and Miclo [535]], and a spectral approach combined with techniques
from non-harmonic analysis by Patie and Savov [99] and Patie et al. [100]. We also
mention the fundamental memoir by Villani [123]], noting that the techniques developed
therein were inspired by the work of Talay [117]. Now, when C = 1 and P is self-adjoint
in H, the constant y can be identified as the spectral gap of the operator A and thus
there is a clear connection with the spectral theory of the underlying generator; however,
outside of this situation a description of the constants C and y is, first, difficult to obtain,
and, second, is often not connected to the spectrum of A. The aim of this work is to offer
a new and spectral approach to the hypocoercivity phenomenon. Our approach rests on
investigating the commutation relationship, known as intertwining, given, for any ¢ > 0,
by
PiA = AP,

where A : H — H is a bounded, linear operator and P = (e_tg)[>() is a reference
contraction semigroup on another Hilbert space . Our main results in this context
assume that A is a normal operator with a spectral gap ¥, and we are able to show,
under some conditions, that P satisfies a hypocoercive estimate with exponential rate |,
the spectral gap of the reference operator A. As applications of these results we obtain

hypocoercive estimates for degenerate, hypoelliptic Ornstein-Uhlenbeck semigroups on
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R, and for non-local Jacobi semigroups on [0, 1]¢. In both cases we make explicit the

two hypocoercive constants in terms of the initial data.

This chapter is organized as follows. In the remainder of this section we consider
a motivating example and some preliminaries. In Section[5.2] we state our main results
in a general Hilbert space setting and in Section [5.3] we present our application of these
general results to degenerate, hypoelliptic Ornstein-Uhlenbeck semigroups and non-local

Jacobi semigroups. Finally, in Section [5.4] we provide the proofs.

5.1.1 A motivating example

We present a motivating example from [99]], which served as an inspiration for this
work. Denote by P = (¢7"¢),50 and P= (e"é),>0 the generalized and classical Laguerre
semigroup, which are contraction semigroups on the spaces L?(v) and L?(g), respectively,
where £(x) = e™*, x > 0, and v is the unique invariant probability density on (0, co) for

P, see [99, Theorem 1.6(2)]. The operator —G acts on suitable functions f via

~Gf(x) = a’xf"(x) + (k+a> —x)f'(x) + /0 (f(e7x) = f(y) + yxf'(x) I(x, dy),

where, in what follows, we consider ¢ > 0, k > 0 and II(x, dy) = x‘ll'[(dy) with IT a
finite Radon measure on (0, co) satisfying fooo(y2 A y)II(dy) < oo. Note that —G is given
from the above formula by setting a®> =1,k = 0, and IT = 0, and that in [99] the authors
treat a much wider class of parameters. For each generalized Laguerre semigroup P,
there exists a bounded linear operator A : L2(¢) — L?(v) with dense range such that, for
all # > 0 and on L?(¢),

PiA = AP;. (G.D

Recall that P, as a self-adjoint and compact semigroup on L?(g), is diagonalized by an

orthonormal basis (£,),=0 of L?(¢) formed of Laguerre polynomials, i.e. for f € L?(¢)

157



and 7 > 0, we have P, f = Ym0 € " fs Lu12(e)Ln- This fact, together with (5.1)), gives,
for ¢+ > 0 and on the dense subspace Ran(A),

Pif = ) e (AT f, Lodiagy P (5.2)

n=0
where AT denotes the pseudo-inverse of A, and $, = AL, is a Bessel sequence, i.e. for
f € L%(v) we have oo IS5 7Dn>L2(V)|2 < ”f”il(y) (A has operator norm 1). For
this subclass of generalized Laguerre semigroups there exists (V},),s0 € L?(v) solving
the equation A*V, = L,, where A* denotes the Hilbertian adjoint of A, see Section
8 of the aforementioned paper. It follows that (#,),s0 and (V,),s0 are biorthogo-
nal, i.e. (Pp, Vi)r2y = 1 if n = k and 0 otherwise, but as (V,),>0 is not itself a
Bessel sequence we cannot substitute A*V, for £, in (5.2). Nevertheless, the mul-
tiplier sequence given by m2 = %, where m = a2 (k + /000 yH(dy)) < o0,
is such that (m,V,).s0 becomes a Bessel sequence, and consequently L?(v) 3 f +—
2ol Sfs My Vi) 2(,)Pn defines a bounded linear operator. Furthermore, there exists a
constant 7,, > 0 such that, for t > T, supn>1(mne”’)_1 < Vm+ le™ and for any
fel(v),
Pif = > e (f, Vadiag)Pa-
n=0

A consequence of the above spectral expansion for P is the hypocoercive estimate
P f = vIfllapy < Vm+ le™ || f - v lize s

which holds for all # > 0 and any f € L?(v), noting that, as the only P-invariant functions
are constant, P, f = v[f] = fooo f(x)v(x)dx. In this paper we provide a comprehen-
sive framework that generalizes this approach, wherein the reference semigroup admits
merely a spectral gap and does not necessarily have a discrete point spectrum, neither is

necessarily compact.
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5.1.2 Preliminaries

For a (real or complex) separable Hilbert space H we write (-, -)¢r and ||-||4 for the inner
product and norm, respectively. Given two Hilbert spaces H and H we write B(H, H )
for the space of bounded linear operators from H to H, with norm Il gy, gz> Writing
simply B(H) for the unital Banach algebra of bounded linear operators on H. Next,
recall that a mapping P : [0, co) — B(H) is said to be a strongly continuous contraction

semigroup, or simply contraction semigroup for short, if

(1) Py = I, where I is the identity on ‘H,
(2) Piys = PPgforanyt, s > 0,
3) |1Pllgg—p < 1forallt >0,

(4) and lim;o ||P;f — fl|4 forall f € H.

For a contraction semigroup P let

D(-A) = {f e H; lir% Ptft_ f exists} , and —-Af= lir% Plft_ f, VfeH.
t— t—

The operator (—A, D(—A)) is generator of the semigroup P, which justifies writing
P = (e7™);50, and we adopt this convention in order to have, by the Hille-Yosida
Theorem, that the spectrum of A is contained in {z € C; Re(z) > 0}. When A is
a normal operator then P = (e*A);50 also holds in the sense of the Borel functional
calculus for A, see e.g. [106, [14]. We refer to the excellent monographs [40, 49] for
further aspects on the theory of one-parameter semigroups. Next, recall that P, denotes
the orthogonal projection onto the closed subspace {f € H; P,f = f, Vt > 0} of

P-invariant vectors.
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Definition 5.1.1. We say that P converges to equilibrium with rate r(t) if, for all f € H

and ¢ large enough,

|Prf = Poofllgr < r@) [1f = Poofllgs (5.3)

where lim;_,, r(t) = 0. In the case when, for some C > 1 and y > 0,

|1Pif = Poofllgg < Ce" || f = Poofllg (5.4

then we say that P satisfies a hypocoercive estimate.

Note that our definition of hypocoercivity for a contraction semigroup P = (e7"),59
agrees with the definition (on the semigroup level) given by Villani in [123) Chapter 3],
when Ran(Ps) = Ker(A). However, for our purposes, it is useful to maintain a definition
of convergence to equilibrium, and of hypocoercivity, purely on the semigroup level.
When P = (e7A),5¢ is a normal semigroup and satisfies a hypocoercive estimate with
C =1 and y > 0 then vy is a gap in the spectrum of A, in which case is also known
as the spectral gap inequality see [9, Section 4.2]. Indeed, for the converse assertion,
assuming that P is normal and that A admits a spectral gap y; > 0, one gets that, for any

f € H with Pof =0and ¢ > 0,

1P fllg; = / e 2ROV G(E, f, fhgq = / e RN GEF, e < eI £,
o(A) {Re(y)271}

where E is the unique resolution of identity associated to A, see the proof of Lemma[5.4.2]
below where we recall this classical argument in more detail. We mention that Miclo
in [86] gives a sufficient condition for a self-adjoint operator to admit a spectral gap.
However, in general, the constants C and y in (5.4) may have little to do with the spectrum
of A, and one of the purposes of our work is to elucidate their role. Finally, we now state

our definition of intertwining.

Definition 5.1.2. Two contraction semigroups P and P on H and H, respectively, are
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said to intertwine if there exists A € B(?TI , H) such that, for all # > 0 and on 7?(,
P,A = AP;.

A ~
The operator A is called the intertwining operator and we use the shorthand P — P.

5.2 Main Results

5.2.1 The similarity case

Throughout this section P and P = (e_t;)t>() shall denote contraction semigroups on
Hilbert spaces H and H , respectively. We think of P as the object of interest and P as
a reference semigroup so that the intertwining P & P allows us to transfer properties
from the reference to the target. The relation < between contraction semigroups on
Hilbert spaces is trivially reflexive and transitive but is, in general, not an equivalence
relation due to the lack of symmetry. There are several ways that one can symmetrize this
relation, one that involves further assumptions on the intertwining operator and another
that is more structural. First, if P & P and the intertwining operator A is a bijection
then it is straightforward that < defines an equivalence relation among contraction
semigroups on Hilbert spaces. We denote the equivalence class of P by S (ﬁ), which we

call the similarity orbit of P. Hence,
P € S(P) & 3A € B(H,H) abijection s.t. P, = AP,A™", Vt > 0.

For a bijective operator A € B(ﬁ, H) we denote its condition number by x(A) =
ALl gy ||A_1||7{_)77 > 1. Next, we write O'(K) C C for the spectrum of A and B(C)
for the Borel subsets of the complex plane. Recall that a densely defined operator A on

H is normal if AA* = A*A, where A* denotes its adjoint in H. To every normal operator
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A on H there exists a unique (self-adjoint) resolution of identity E : B(C) — B(?TI ) such

that, by the Borel functional calculus for K,

P, :/_ e V' dE,,
(&)

where we recall that, for each Q € B(C), Eq is a self-adjoint projection and that, for
(f,g) € H x H, y + d(E,f,g) defines a complex valued measure on O'(K), see
e.g. [106,14]. Let £L(H) be the space of linear (not necessarily continuous) operators on
H and write D c; H if D is a dense subset of H. Then, we say that F : B(C) — L(H)

is a non-self-adjoint (nsa) resolution of identity if

(1) there exists D c; H such that for each Q € B(C), Fq is a closed, linear operator

with domain D,
(2) foreach Q € B(C), Fq # Fy,,
(3) Fp = 0, Fe=1, and, for any subsets Q1,8 € B(C), FQIFQZ = FQzFQI = FQIQQZ,

(4) for a countable collection of pairwise disjoint subsets (€2;);, we have, in the strong

operator topology,

o0
FUfilQi = Z Fo,.
i=1

We shall always write F for a nsa resolution of identity, keeping the notation E exclusively
for a self-adjoint resolution of identity, and this notion has been studied, with C replaced
by R, by Burnap and Zwiefel [31]]. A semigroup P is a spectral operator in the sense of
Dunford [435}46] if there is a uniformly bounded nsa resolution of identity F commuting

with P, and is of scalar type if, for all t > 0,

P, = / e ' dF,.
o(A)

We refer to [47] for more on the theory of scalar and spectral operators. The following
result, proved in Section [5.4.2] highlights a first connection between intertwining and

convergence to equilibrium.
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Proposition 5.2.1. Suppose that P € 8(13) If P converges to equilibrium with rate
r(t) then P converges to equilibrium with rate k(A)r(t). In particular if P satisfies a
hypocoercive estimate with constants C > 1 and A > 0, as in (5.4), then P satisfies
a hypocoercive estimate with constants Ck(A) and A. Furthermore, if P is a normal

semigroup then P is a scalar, spectral operator in the sense of Dunford.

The idea of classifying and studying contraction semigroups via their similarity orbit
has been used, in the context of transition semigroups of Markov chains, in [[35,36] where
the authors study more than simply convergence to equilibrium. As a concrete example to
which the above proposition applies, one can take P to be a normal, contraction semigroup
onR?, d > 1, and let Af(x) = f(Vx), where V is an invertible, d-dimensional matrix.

Then the semigroup P defined via P, = AEA‘I, t > 0, is a scalar, spectral operator.

5.2.2 Beyond the similarity case

In this section we go beyond the case when P is a scalar, spectral operator in sense of
Dunford, and when the intertwining operator is a bijection. To this end we need the

following notion.

A ~ ~ —_
Definition 5.2.1 (Proper intertwining). Let P < P = (e7'A),5(, where A is a normal
operator. We say that A is a proper intertwining operator if Ran(A) c; H and if, for

any Q € B(C),

Eo (Ran(A*)) C Ran(A*),

where E : B(C) — B(?T{ ) is the unique resolution of identity associated to A, and
Ran(A*) denotes the closure of Ran(A*). In such case we say that P intertwines with P

A ~
properly, or P — P properly, for short.
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We note that the second property of the definition holds trivially, and independently of
E, when Ker(A) = {0}. Anoperator A € B(?T{, H)withKer(A) = {0} andRan(A) c; H
is said to be a quasi-affinity, and two semigroups P and P are said to be quasi-similar
if P & P A P, with A and A being quasi-affinities. The study of quasi-similarities of
contraction operators on Hilbert spaces was initiated by Sz. Nagy and Foias, see [115].
This notion yields another symmetrization of the relation <, and the results presented
below may be viewed as extending the quasi-similar framework. We also mention
that Antoine and Trapani [4] have studied quasi-similarity applied to pseudo-Hermitian
quantum mechanics. Given A € B((I? , H) we write AT for its pseudo-inverse, which is
well-defined as A is a closed, densely-defined linear operator, see e.g. [[13, Chapter 9].

As a stepping stone towards convergence to equilibrium we establish the following.

A ~ ~ —
Proposition 5.2.2. Suppose that P < P = (e 7"A);so properly and that A is a normal
operator with unique resolution of identity E : B(C) — B(?T( ). Then the intertwining

induces a nsa resolution of identity F : B(C) — L(H) with domain Ran(A) via
Fo = AEQA’.

Furthermore, for each (f,g) € Ran(A) X H, vy — (F, f, g) defines a complex-valued

measure, and for all t > 0,

Pt = / _ e_ytdFy
o(A)

on Ran(A), in the sense that (P, f, g)y = /a(X) e "d(F, f, g)n.

A ~
This result is proved in Section |5.4.3| Note that the intertwining P < P allows P; to

be expressed as a spectral integral, with respect to the nsa resolution of identity induced

by A, over the spectrum of A ie.

e"A:/~ e ”dF,, on Ran(A).
o(A)
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As we show in Lemma the function y +— ¢~ may be replaced more generally by
any bounded measurable function on O'(K) and thus we get a Borel functional calculus
for A, even though A itself is not necessarily normal. Let us mention that such a spectral
integral with respect to an nsa resolution of identity has also been shown in Patie et al.

[100] in the context of Krein’s spectral theory of strings, see Corollary 2.6 therein.

Next, we say that a normal operator A on H with o(A) C {z € C; Re(z) > 0} has a

spectral gap, denoted by y, if

Re(Af, )z

y, = inf {Re(y);Re(y) >0,y € a(K)} = inf{ el @(X)} > 0.
7

We write L°°(0'(K)) for the space of complex-valued, bounded Borelian functions on
O'(K) equipped with the uniform norm ||-||., and, for any complex valued measure u we

denote its total variation by |u|. The following is one of the main results of this work.

A ~ ~ —
Theorem 5.2.1. Let P <— P = (e7"A),5¢ properly, and suppose that A is normal with

spectral gap y . Assume that there exists a function m € L°°(0'(1§)) such that

(a) for (f,g) € Ran(A) x H,

/@X) im(Y)Id|(Fy fr @) < N1 fllge 118l »

where F is the nsa resolution of identity induced by the intertwining,

(b) and fort > T,, > 0, with T, a constant,

=yt _
€ L7((A)).

Y [
Then, we have the following.

(1) Fort > T, f(r @& e "t dF,, extends to a bounded, linear operator on H.
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(2) Let Mt("l) € L®(c(A)) be given by th)(y) = %I{Re(y)%,l}. Then, forall f € H

andt > T,,
IPf = Peofllge < M7l I1f = Peo Sl

IfMt(y') attains its supremum at y then, for all f € H andt > T,

I1Pif = Poofllg < e N f = Peofllgy -

1
Im(y )]

This theorem is proved in Section[5.4.4and in Theorem [5.2.2) we provide a sufficient
condition for Item @ of the theorem to be fulfilled. Note that, except in the case when

A~! € B(H, H ), the function m must be decreasing as |y| — oo. Indeed, supposing that

|m(y)| > ¢ >O0forall y € cr(K), the condition in Theorem yields

c / CAlE £ )l < 1l gl
(&)

However, as we show in Lemma [5.4.3| the measure y + (F, f, g)4 has total variation

no greater than ||AT Fllg 1Az lI8ll4 and thus, for a finite constant K, we deduce that
||AT f ”7{ < K || fll4¢. Similarly, the condition in Item |(b)| cannot hold for ¢ = 0 except
in the case when A admits a bounded inverse. In this sense the function m indicates the
departure of F from being a uniformly bounded nsa resolution of identity, and the rate

of convergence in Theorem [5.2.1(2) is given by the norm of an operator that measures

this departure.

The second part of Theorem [5.2.1[2)] provides a simple condition under which P
satisfies a hypocoercive estimate with a rate equal to the spectral gap of the normal
operator A associated to the reference semigroup P. As mentioned earlier, this is not
surprising given that intertwining transfers spectral information from the reference to the
target semigroup. In Section [5.3|below we will give examples of functions m satisfying
the conditions of Theorem and for which Mt(y‘) attains its supremum at the spectral

gap y,. Finally, the fact that the small-time behavior for the rate of convergence may
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be different from exponential has been observed in the context of some toy models by
Gadat and Miclo [55], for degenerate, hypoelliptic Ornstein-Uhlenbeck semigroups by
Monmarché [91]], see also Theorem[5.3.1|below, and in the context of some non-reversible
Markov chains by Patie and Choi [35} 36]. This suggest that studying hypocoercivity

only for ¢ > T, may be natural.

For the next result, we recall that a normal operator A is said to have simple spectrum
if there exists a vector v € H such that, for all non-negative integers k, [, v € D(K*k;&l)

and  is the closed linear span of {A*Al; k,1 > 0}.

A =~ 1 A ~
Theorem 5.2.2. Let P < P = (e7'A),59 < P properly, and suppose that A is normal

with spectral gap y . If there exists m € LOO(O'(K)) such that
m(A) = AA,

then the condition in Theorem is fulfilled with the normalized function
m/ HAH‘]?—»WHKHW—ﬂ?' In particular, if A has simple spectrum then there exists
m € L°°(0'(K)) such that m(x) = AA. If such a function m also satisfies the condi-

tion in Item|(b)|then the conclusions of Theorem hold.

This theorem is proved in Section [5.4.5] The observation that the composition of
intertwining operators can equal a function of the generator has been made before, and
has been used recently in [87, |88] as well as in the previous chapter. In particular, in
[88]] the authors introduce and study the notion of completely monotone intertwining
relationships, which corresponds to m in Theorem being a completely monotone
function, and obtain, among other things, entropic convergence and hypercontractivity

in this manner.

We have the following corollary of Theorem [5.2.2] which follows at once from the

observation that, if P — P — P with A and A quasi-affinities, then P* — P* — P*
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with A* and A* being quasi-affinities.

Corollary 5.2.1. Under the assumptions of Theorem[5.2.2} suppose that the intertwining
operators A and A are quasi-affinities, and that the function m € L>(o(A)) satisfies
the condition in Theorem Then the conclusions of Theorem hold upon
replacing P by its adjoint semigroup P* = (P} );s0, and by replacing F by F, the nsa

A~
resolution of identity induced by the intertwining P* — P*.

This result gives that, under a mild strengthening of the hypothesis in Theorem|[5.2.2]
the adjoint semigroup may be also expressed as an integral over the spectrum of A* with

respect to another nsa resolution of identity.

5.3 Applications

5.3.1 Hypoelliptic Ornstein-Uhlenbeck semigroups

In this section we apply the results from the previous section to hypoelliptic Ornstein-
Uhlenbeck semigroups on R, d > 1. Without aiming to be exhaustive, we mention that
[82]] and the series of papers [83, 184} [85] have been important works on the Ornstein-
Uhlenbeck semigroup, as well as the Ornstein-Uhlenbeck operator, and the main findings
are collected nicely in [81, Chapter 9]; the recent survey [24], which presents a thorough
account on the state-of-the-art for Ornstein-Uhlenbeck semigroups, shows that these

objects continue to be active areas of research.

Let B be a matrix such that o(B) C {z € C; Re(z) > 0} and suppose Q is a positive

semi-definite matrix such that, with

t
0, :/ e Boe B gs,
0
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we have detQ; > 0, for all + > 0. In particular, this holds when Q is invertible,
which we call the non-degenerate case, although it can happen that det Q; > 0, for all
t > 0, with det Q = 0, which we call the degenerate case. Under these assumptions on
(Q, B), the hypoelliptic Ornstein-Uhlenbeck semigroup P associated to (Q, B) admits the

representation

1

PO = Giiaeg)n

/ FleBx — y)e=@ gy
R4

where f is a bounded measurable function and (-, -) denotes the Euclidean inner product
in R?, and also extends to a contraction semigroup on the weighted Hilbert space L2(pe),

which plays the role of H from the previous section, where

! (0 w02,

Pel) = et O 2

with Qo = /000 e BQe™"B ds, and

L%(pe) = {f : R? - C measurable; ||f||]?:2(pm) = /Rd | £ ()2 peo(x)dx < oo} i

In fact po is the unique invariant measure of P in the sense that, for any f € L?(pe)
and r > 0, ./Rd P f(x)poo(x)dx = ./Rd f(x)peo(x)dx, and, since the only P-invariant
functions are constants, we get that the projection Py, is given by Py f(x) = peol f] =
fRd F(x)peo(x)dx. The generator of the Ornstein-Uhlenbeck semigroup P = (e7"),5¢
acts on suitable functions f : R¢ — R via

d d
“Af(x) = % D @00, F(x) = Y byjx;0; f(x) = %Tr(QVz)f(X) — (Bx, V) f(x)
1

ij= i,j=1

and the condition det Q; > 0, for all ¢ > 0, is equivalent to the hypoellipticity of % + A
in the d + 1 variables (¢, xy, .. ., x4), hence the terminology. In [84, Theorem 3.4] it
was shown that the spectrum of A in L?(p.) is entirely determined by the matrix B,

specifically that, writingN = {0, 1,2, ...},0(A) = {Zle kid;; k; € N}, where 44, ..., A,

are the distinct eigenvalues of B. Hence, in particular, the spectral gap ¥, of A is given
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by the smallest eigenvalue of %(B + B*). Recall that «(V') denotes the condition number
of any invertible matrix V, and note that if V is positive-definite then x(V) = vnax /Vmin,
where Viax, Vmin > 0 are the largest and smallest eigenvalues of V, respectively. The

following is the main result of this section, and one of the main results of this paper.

Theorem 5.3.1. Let P be an Ornstein-Uhlenbeck semigroup associated to (Q, B) such
that Ker(Q) does not contain any invariant subspace of B*. Suppose that B is di-
agonalizable with similarity matrix V, and that o(B) C (0,00). Then, there exists a
non-degenerate, hypoelliptic Ornstein-Uhlenbeck semigroup P, self-adjoint on L*(pw),
such that P A) P A P, where A and A are quasi-affinities. Furthermore, setting
t = yll log «(VQw V™), we have

AA = P;.

Consequently, for any f € L*(pe) and t > 0,

1P, f = pol FlllLzey < KVQV)E 11 = pool FlllLzp -

This result is proved in Section[5.4.6]and we proceed by offering some remarks. First,
we emphasize that our result covers the case when Q is degenerate, which has attracted
a lot of research interest and seen several elegant techniques developed, see e.g. [S5, 76,
93,160, 15]. The difficulty in dealing with the degenerate case stems, in part, from the fact
that a degenerate Ornstein-Uhlenbeck semigroup can never be normal on L2 (peo), cf. [93,
Lemma 3.3]. We mention that Arnold and Erb [6] have already shown hypocoercivity,
under our assumptions, with exponential rate given by the spectral gap y and that Arnold
et al. [S] and Monmarché [91] have proved hypocoercivity with exponential rate y
without assuming that B is diagonalizable. However, in contrast to these existing results,
we are able to explicitly identify the constant in front of the exponential, i.e. k(VQ V™),
in terms of the initial data Q and B. In particular, if B is symmetric then V is unitary

and k(VQ«V*) = «(Q). Similar results have been obtained by Achleitner et al. [1]],
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and by Patie and Savov [99] in the context of generalized Laguerre semigroups, as well
as in Chapter [] in the context of non-local Jacobi semigroups. Let us mention that
the restriction o(B) € (0, c0) was made only to simplify the computations involving
the composition AA, and we believe that with some additional effort Theorem m
holds for all diagonalizable matrices B with o(B) C {z € C; Re(z) > 0}. Finally, we
note that the intertwinings in Theorem [5.3.1] yield a completely monotone intertwining
relationship, in the sense of [88], between P and P, and this stronger type of intertwining
will be exploited to investigate, among other things, the hypercontractivity of Ornstein-

Uhlenbeck semigroups.

5.3.2 Non-local Jacobi semigroups

In this section we consider the non-local Jacobi semigroup on [0, 1]¢, whose generator is
a non-local perturbation of the classical (local) Jacobi operator on [0, 1]¢. Giveny, > 0
and u € R4 such that vy > >0,foralli =1,...,d, werecall that the classical Jacobi

operator —A , acts on smooth functions f : [0, 119 — Rsuchthat f(x) = fi(x1)-- - fa(xq)

via

U

d

Auf(r) == xi(1 = ) () + D (1% — u)di f ().
i=1

i=1

It generates the Jacobi semigroup P = (e“g

)0, Which is a self-adjoint contraction
semigroup on the weighted Hilbert space LZ(,BN), where £, is the unique invariant
measure of P consisting of the product of beta densities on [0, 1]. Moreover, ¥, is the
spectral gap of Kﬂ — hence the notation — and the spectral gap uniquely determines the

spectrum of Kﬂ in LZ(,B#), which is given by 0'(11/,) ={n(n—1)+yn; n € N}. We refer

to [9, Section 2.7.4], as well as Section @ for a review of these objects.

The non-local Jacobi semigroup P = (e™"A),;50 on [0, 1]¢ is the tensor product of the
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one-dimensional non-local Jacobi semigroups that have been recently introduced and

studied in Chapter The generator —A acts on suitable product functions f : [0, 1]¢ —

R, f(x) = fi(x1)--- fa(xq), via

d 1
AP = Ruf )+ ) [ Ay a
i=1
where we assume that, foreachi = 1,...,d, h; : (1,00) — [0, o0) is such that

— (" hi(e”)) is a finite non-negative Radon measure on (0, o)

o (5.5)
withy; > u; > 1 +/1 hi(y)dy.

Note that the condition flw hi(y)dy < oo is implied by the previous requirement. This

operator generates a contraction semigroup on the weighted Hilbert space L?(8) =

L2(B1) ® - - - ® L?(B4), where each ; is the probability density on [0, 1] uniquely deter-

mined, for n > 1, by its moments

1 n I
n ¢i(k) / —u
e = [ ] 28 where i) = u- D= [y .
) p = [T where = == [y

and ¢; : [0, c0) — [0, c0) is a Bernstein function, i.e. ¢ € C*(R; ), the space of infinitely
differentiable functions on R?, with ¢’ a completely monotone function, see [109].
The invariant measure B(x)dx of P is unique, and again we have that P, f = B[f] =
/[O,l]d f(x)B(x)dx, however, except in the trivial case & = 0, the semigroup P is non-
self-adjoint on L?(8). We refer to Section of Chapter 4 for detailed information,
specifically Theorem [4.2.2] regarding the last two claims. In the following we use the

notation (a), = I'(x + a)/T'(a) fora > 0 and x > 0.

Theorem 5.3.2. Let P be a non-local Jacobi semigroup with parameters y,, p and
hi, ..., hy satisfying the conditions in (5.5). Then, for each m € (max y;,y,) there
exists a local Jacobi semigroup P = (e‘gm)»o on [0, 119, with spectral gap v, and

A A ~
drift vector (m, ..., m), such that P < P™) < P, where A and A are quasi-affinities
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satisfying

(l)y (71 B m)7 = LOO(O'(Km))'

AA = Fy(Aw), where 7y Fu(y) = o =D
Y 1 Y

Consequently, for any m € (max u;,y,), f € L*(8) andt > 0,

(yi1-1)

1P = BU Mg < M=

eI f = Bl g -

This result is proved in Section Note that the non-local components of P may
be different in each coordinate. Any homeomorphism H : [0,1]¢ — E c R¢ induces a
non-local Jacobi semigroup PH with state space E and invariant measure 89, the image
of 8 under H, and also a unitary operator Ay € B(L?(8), L*(8™)) such that PH & p.
Consequently, by a combination of Theorem 5.3.2]and Proposition[5.2.1| we deduce that
PH satisfies the same kind of hypocoercive estimate as P. In this way one may construct
non-local dynamics on compact state spaces which are guaranteed to be hypocoercive.
As a concrete example one may take H : [0, 1]9 — S? to be the homeomorphism from
[0,1]7to S¢ = {x e R%; x; +---+x4< 1, x,>0,i=1,...,d}, the standard simplex

in d-dimensions.

5.4 Proofs

5.4.1 Preliminaries

Before giving the proofs of the main theorems we state and prove some preliminary
results. Recall that an idempotent IT is any operator satisfying IT> = II. The following
simple result concerns the robustness of the convergence to equilibrium condition in

(5.3) when considering bounded idempotents different from Pe.
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Lemma 5.4.1. Let P be a contraction semigroup on a Hilbert space H. If there exists

an idempotent 11 € B(H) such that, for all f € H and t large enough,

IPef =T fllge < r@[1f =T f i,

with limy_,e r(t) = 0, then Il = P, and hence P converges to equilibrium with rate r(t).

Proof. Suppose that f € Ran(P). Then, by the convergence assumption and as f is

P-invariant, it follows that for ¢ large enough

I =T fllge = 1P f = TLf llgy < v NLf = TLf Mgy s

and hence f = IIf, i.e f € Ran(Il). On the other hand if f € Ran(II) then, for any

s >0fixedand ¢ > O,

”Psnf - Hf”‘]—{ < ||Ps+tf - Hf”‘H + ||Ps+tf - Pst”‘H

SNPstof =T fllgg + 1P f = TLf|lgy,

where the second inequality uses that || Ps||4/_¢; < 1. Taking the limit as  — oo yields,
by the convergence assumption, that I1f = P(I1f, and thus f € Ran(P). To finish the

proof we observe that for any f € H,

ITLfll g < 1Pefllgg + 1Pef =T fllgy < Sl + 1P f = TLf |l gy,

and taking t — oo yields ||I1f|l4; < || f|l4- This gives that |[II||¢;_4; < 1, however, any
idempotent satisfies ||I1||¢;_,¢; > 1, and thus we deduce ||I1||4_,4 = 1. Consequently
IT must be an orthogonal projection, and since orthogonal projections are uniquely

characterized by their range we get [1 = P. m|

Lemma(5.4.T]allows us to prove the norm convergence of P; to any bounded idempo-
tent, a strategy we will use in the sequel. Using it we can establish the following classical
result, which will also be used in the proofs below, and we provide its proof for sake of

completeness.
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Lemma 5.4.2. Let P = (e"g)go be a contraction semigroup on a Hilbert space H and

suppose A is normal with spectral gap y, > 0. Let Q be either {0} oriR. Then, for any

where E : B(C) — 3(7?{ ) is the unique resolution of identity associated to A. Conse-

fE??andt?O,

Pi—Eaf|, <" IS ~Eaflz,

quently, Eqoy = Er = Pc.

Proof. By the Borel functional calculus for A we have, forany # > O and f € H, writing

f=rf-Eonf

P.f

‘2~ = HE{0}7H2~ + / e PRUAEf g
H H Jo@AnN{o}

[ e

where the inequality uses the fact that A has spectral gap y,. Next, by the spectral

mapping theorem, see e.g. [106], we get that E{p) = P, and this may also be deduced

from the Borel functional calculus for A via

~ 2
7 - eopes], = [ 1o - 1PaEEws g = [ 1= 1PdE, s 1
H  Jo@A) {0}

Thus invoking Lemma we conclude that P satisfies the spectral gap inequality and,
in particular, converges to equilibrium. Hence it remains to show that E(p; = Er. To
this end, for any f € H and ¢ > 0, we have
2

_ —2Re(y)t o 2 —2Re(y)t ~
R T P - A IR P
“H L(A) Y H ! H Y H

o(A\IR

P.f

Taking f —E(qo, f = f — Po f in the above identity yields

~ —~ 2
VRN

—~ _ 2
by |
/=Pt

= |[Er(f - E{O}f)”% + /(A)\,R e 2RO AE, (f = E1 /). f — Eqoy -
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The left-hand side converges to zero as t — oo since P converges to equilibrium, while
the integral on the right-hand side is also easily seen to convergence to zero as t — oo.

Hence, by orthogonality of E, we get

2_
(]_{,

0 = |[E=(f - E{O}f)”;?{ = |[E=f - E{O}meH;:, = |[Eirf — Eqoyf

and since f € H was arbitrary we get E{g) = E;r as desired. O

5.4.2 Proof of Proposition

Since A € B(?TI, ) is a bijection we get that its inverse satisfies A~ € B(H, 7?{). Set
1 = APLA™,

where P, is the projection onto the set of P-invariant vectors. Then, as the composition
of bounded operators we get that IT € B(H), and it is straightforward to check that
1> = 11, i.e. IT is a bounded idempotent. If P converges to equilibrium with rate ()

then

1Pif =T1f = [APATf = aPA |

< Il |PeA 7 = P |

< kA1 = Pt -

and hence P converges to equilibrium by Lemma [5.4.1] The proof of the last claim is

straightforward and hence omitted. O

5.4.3 Proof of Proposition [5.2.2]

To begin we establish the following lemma, and we say that A € B(?T( , H) is proper with

respect to a self-adjoint resolution of identity E if the conditions in Definition [5.2.1] are
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fulfilled.

Lemma 5.4.3. Let A be a normal operator on H with unique self-adjoint resolution
of identity E : B(C) — 3(77) Suppose A : H — H is a proper linear operator with
respect to E, and define F : B(C) — L(H) via

Fqo = AEQAT.

Then F : B(C) — L(H) is a nsa resolution of identity with domain Ran(A) and, for

(f,g) € Ran(A) X H, we have the following properties.

(1) The measure y + (F,f,g)y is of bounded variation, and y > (F,f,g)x =
(2) For each m(g) € LOO(O'(K)) there exists a unique closed, densely-defined linear

operator

/ _ m(y)dF,
a(A)

with domain Ran(A), which satisfies

(AmAIATf, gy = /  m)d(Ey fog)n.

o(A)

(3) Foranym € LOO(O'(K)),

[ 1m0, 130 = [l Am@N s ]

(A)

(4) Formy,my € L°°(0'(K)) we have, on Ran(A), the multiplicative property

(/O-(K) ml(?’)dFy) (‘L_(K) m2(7)dFy) = L(K)(mlmZ)(Y)dFy-

Proof. First we note that all the properties of the pseudo-inverse AT used below are given

in [13, Theorem 9.2], starting with the fact that Z)(AT) = Ran(A). Then, by assumption
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on Ran(A), we get that, for each Q € B(C), Fq is densely-defined, and the linearity
of Fq follows from the linearity of each of the factors in the definition. Since AT is a
closed operator, and both A and Eq are bounded, it follows that Fg, is closed. Next, let
Q1,Q; € B(C), so that

Fo,Fa, = AEq, ATAEq,A",

where we used the fact that Fo(Ran(A)) € Ran(A). Since ATA is the projection onto the
closed subspace Ran(A*), the assumption that A is proper with respect to E then gives
that

AEq, ATAEq, A" = AEq Eq, A" = AEg,na, AT = Fo,nq,.

Finally, we suppose that (€;)7>, € B(C) is a countable collection of pairwise disjoint

subsets. Then, by continuity of the inner product we get, for (f, g) € Ran(A) X H,

Fane, fr8n = Z(Fﬂif’ 8)H = Z(EQ,»ATf, A8y
i1 i1

and the countable additivity of F follows from the same property for E, which completes
the proof that F : B(C) — L(H) defines a nsa resolution of identity. As shown above,

we have, for Q € B(C),

(Faf,&)n = (AEQA' f, &) = (EaA"f, A"g)

and sincey - (E, A’ f, A*g)z has total variation | AT f]|,., IAll.z . 18|44 we complete

the proof of Item Next, let s € L°°(0'(K)) be a simple function, i.e. for k > 1,

k
s(y) = ) aila,(y),
i=1

where Qy, ..., Q; € B(C) are disjoint subsets and a1, ..., a; € C, so that by the Borel

functional calculus for K,

k
S(A) = Z CL’,‘EQi.
i=1
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Then, with (f, g) € Ran(A) € H, we have that
B k k
(AsRIATF, @)y = D" ai(AEQAT £, )y = ) ailFo, f, 8w = / 5, SOMES )
i=1 i=1 7

Now lete > 0, m € L°°(0'(K)) and choose a simple function s such that ||m — s||,, < €.

Then, using the above representation for s we get that

‘(Am(K)ATf,gM - / . m()’)d(Fyf,gM'

< [(Am(A)AT £, @)a = (As(AAT f, g)g| +

/ (m— ), f. g)
o(A)

< MA Nz 1 = sl AT £l Ng g

+ L(K) lm(y) - S(?’)|d|<E7ATf’ A g)gl

< 28 Ao 1A Al Nellge -

Since & was arbitrary it follows that
Am(K)AT = / _ m(y)dF,
o(A)
on Ran(A), and the fact that Am(K)AT is closed follows immediately from the closedness
of A7, which completes the proof of Item For the proof of Item let again
s € L°°(0'(K)) be a simple function. Then, for (f, g) € Ran(A) X H,

k k
d B = l'l . d . = i iJ o )
L < ISONIE £ /0_ (A);'“' o (VdI(F, f. )] ;mwgf -

while on the other hand, since the measure y +— (FyAs(K)AT f, )4 is the sum of Dirac

masses,

k k
/ . d[(Fy AR f,8)p = Y KaiFa, f. 2l = Y laill(Fo, £, ).
o i=1 i=1

For general m € L°°(0'(K)) and given € > 0, let s be a simple function such that

||m — s||o < co. Write u,, for the measure y <Fy1\m(A)AT f )4, and similarly for
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Us. Then, using what we just proved for simple functions, we get

/ Im)IAICE, f. )yl - / i d|<FyAm(A>ATf,g>ﬂ|‘

o(A) o(A)

< / )~ s AIE £ )] + [l B) ~ el B
a(A)

< ALy I = sl JIAT £l gl + /

[oa

_dIF,A (mR) = sR)) AT L. )l
A)

<28 Al g A7

where in the second inequality we used the reverse triangle inequality for the sup-norm,
while in the last inequality we used the reverse triangle inequality for the total variation
norm together with linearity of the inner product in the first variable. This completes
the proof of Item [(3)] Finally, for the multiplicative property of the integrals we observe
that, by the multiplicative property for E, Ami(A)ATAm(A)AT = Ami(A)ma(A)AT =

A(mlmz)(K)AT, where we again used that A is proper with respect to E. O
A —~
Proof of Proposition Applying AT to both sides of the intertwining P < P gives

P,AAT = APAT,

By [13, Theorem 9.2(e)], we have that AAT is the projection onto Ran(A), and from
Ran(A) cs H, we deduce that this projection is the identity on Ran(A). Thus, together
with Lemma and the fact that P = (e_tx)[>() we conclude that, on Ran(A),
P, =APA" = / _ e7VdF,,
o(A)

and the remaining claims were proved in Lemma [5.4.3] m]
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5.4.4 Proof of Theorem 5.2.1]

Let M; : 0(A) — C be the function defined by
e V!
Mi(y) = —,
T m(y)
which, for ¢t > T, belongs to LDO(O'(K)) by assumption. From the condition in Item

we deduce that, for (f, g) € Ran(A) X H and ¢ > T,

</ _eVdFy f.g)p| < / _ |edI(Fy f. 8)n
o(A) o(A)
e

—yt
<
(@& |m(y)

< IMilloo 1S Nl 11l -

Im(V)d|<Fy f, &)l

Thus we conclude that, for ¢ > T,,, the operator /{T @) et dF, is bounded on Ran(A) ¢4
9H, so that by invoking the bounded linear extension theorem we obtain a unique,
continuous linear extension to all of H. Next, let us write simply Ey and Fy in place of
E(oy and Fyq), respectively. Then, by evaluating the assumption in Item|(b) at y = 0 we
get that the idempotent Fp = AEgA~! satisfies, for all (£, g) € Ran(A) X H,
1
[KFof, @yul < | ——Im(y)Id|[Fy [, &)nl
0y Im(y)|
i .
< —= Im(y)|d|(Fy f, &)l
|m(0)| Joa) 7

1

<
[m(0)]

1 g N1l »

and thus we deduce that F is bounded on Ran(A). Since Lemma gives thatEg = Pos
we get

P,Fy = AP, AANEgAT = AP,EQAT = F,

so that Fy is invariant for P, and in particular
(P; — Fo)(I — Fo) = P, — P,Fo — Fo + Fy = P, — Fg — Fo + Fo = P; — F, (5.6)
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where both of these equalities hold on Ran(A). Putting all of these observations together

we get that, for r > T),, and any f € Ran(A),

1Pof — FofI2, = / o €A R P o

< / _ |edKE(f = Fof) Pif = Fof)d
o (A)\{0}
_ / e |d|(Fy(f = Fof), Pif = Fof )l
Re(y)>y,
<Jm [ mOaE = Fof) Pif o
*° JRe(y)>y

< [M7)| 15 = Fofllac 12 = Fo Tl 5.7

where, in order, we have used (5.6), the representation for P, as a spectral integral, the
fact that A admits a spectral gap ¥, > 0 and finally the assumptions on the function m.
Canceling ||P; f — FoF || from both sides of the inequality in yields, for t > T,,, and
f € Ran(A),

1Puf = Fof llse < M| _11F = Fof e,

which extends by density, and the continuity of the involved operators, to all of H. Then,
invoking Lemma[5.4.T|completes the proof that P converges to equilibrium, since plainly

=0. O

(o)

limt—wo HMt(yl)

5.4.5 Proof of Theorem 5.2.2]

We shall provide two proofs of Theorem[5.2.2] one that invokes Theorem|[5.2.T|and hence
is based on properties of nsa resolutions of the identity, and another that makes use of
the Borel functional calculus for A. We need a preliminary results regarding commuting
operators. We say that an operator M € B(?T( ) commutes with a closed, densely-defined

operator A on H if for some z € p(K) =C\ 0'(13;), the resolvent set of A, we have

MR,(A) = R,(A)M,
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where R; (K) denotes the resolvent operator. The following two results are adapted from

[118], and we refer to [[118, Chapter 3] for the appropriate definitions.

Lemma 5.4.4. Let P = (e"g),>0 be a contraction semigroup on H and suppose that A

is normal and has simple spectrum. Then for operator M € B(7?()

MP, = PM, VYt >0 & M =m(A), for some m € L*(c(A)).

Proof. First we will show that
MP, = PM, Vit >0 < MR,(A) = R.(A)M. (5.8)

For the only if direction, if A is normal and commutes with a bounded operator M,
then M f(A) = f (K)M for any f € L“(G(K)), which includes the exponential function

v+ e, for any ¢ > 0. In the other direction we use the fact that, for z € p(g),
R.(A) = / e ¥ P,dr.
0
Then, M ﬁ, = EM , for all + > 0, implies that
RZ(K)M = / eI P,Mdt = / e I MP,dt = MRZ(K).
0 0

Having established (5.8)), the claim follows by similar arguments as in the proof of [118|
Theorem 4.8]. i

First proof of Theorem[5.2.2] By assumption we have, for A : H > HandA : H > H

proper intertwining operators,
PA=AP, and AP, =PA,

and by combining these two identities we deduce that P,AA = AAP,. Now, if A has
simple spectrum then we may invoke Lemma to get that there exists m € L¥(c(A))
such that

m(A) = AA. (5.9)
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Next, by Lemma and for (f, g) € Ran(A) x H, we have

/ mOVAIE, f.g)n] = / dlE, AmBIAT £, ).
a(A) o(A)

A

Together with and Lemma [5.4.3(1)] this gives

/ mCIdICE, f. g) = / dI(F,ARS, gl
a(A)

o(A)

<A [ATARS gl
< Iz [A, 1T gllge

where we also used that AAT is the identity and that ATA is a projection and thus a
bounded operator with norm 1, see [13, Theorem 9.2] for both of these claims. Invoking

Theorem then completes the proof. m|

Second proof of Theorem[5.2.2] By assumption on the function m, there exists 7,, > 0

such that for t > T,,,,
e !

m(y)

y > Mi(y) = e L®(c(A)), (5.10)

and by the Borel functional calculus for A it follows that M,(K) is a bounded operator
A ~
for t > T,,. Next, by the intertwining P < P and by the multiplicative property of the

Borel functional calculus for K, we get, for t > T,
AM,A)AA = AM,(A)m(A) = Ae™A = P,A,

and thus we deduce that

P, = AM,(A)A

where the equality holds on Ran(A). However, as the right-hand side is a bounded linear

operator we get, by the Bounded Linear Extension Theorem, that for ¢ > T,

P, = AM,(A)A, on H. (5.11)
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Next, since ||M;||,, < oo for t > T, and taking y = 0 in the definition of M, in (5.10), we

get that
y = mp(y) = — )1{7 _oy € L™(c"(A)),
and also note that mo(K)E{o} = E{o}mo(A) = mO(K). Let IT € B(H) be the operator
defined by I1 = Amo(K)K. Using m(x) = AA, the previous observation, and the
multiplicative property of the Borel functional calculus for A we get
e = (AmO(K)K) (Amo(K)K) = Amo(A)m(A)mo(A)A
= Amo(A)Ey A = Amp(A)A =TI,
and we conclude that IT is a bounded idempotent. Now, by (5.11)) we get, for r > T,,,,
PII = (AM,(K)K) (Amo(I&)T\) = AM,(A)m(A)mo(A)A
= AM,(A)Ey A = Amo(A)A = T1f,
and thus it follows that
P, - - =P, — PN -T+112=P, -TI -1+ =P, - II

Recall that, for t > T, Mt(y‘) : O'(K) — C is given by Mt(y')()/) = %I{Re(y)>,,l}, and

observe that

—'y[

e V!
S P -
(7) {y#0}

m(y)

e

1M, = ol = sup = Mo

yeo(A)

sup
0£yco(A)

= sup
Re(y)>0

where in the third equality we used the fact that E;g = Eg, which is a consequence of
Lemma , and for the last equality used that A admits a spectral gap . Then, we

conclude that, for any f € H and t > T,
1Py =D = Tl = [[(AMBR = Amo®R) (£ =11
= |A (M) = mo@)) Rer - 119,
< I [A,, 1M = moll 1 = 1l

= 18 [A], o [ =1
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5.4.6 Proof of Theorem 5.3.1]

To give the proof of Theorem [5.3.1] we state and prove some auxiliary results that may
be of independent interests. We write ¥ for the Fourier transform of a suitable function

f, which for a function f € L'(R?) and any ¢ € R¢, can be represented by

70 = [ & s
and use, when needed, the notation e;z : x ¢€-X)  'We also write < for the Lowner
ordering of positive-definite matrices, that is, for two symmetric matrices X and Y,
X <Y ifand only if X —Y is positive-definite. Hence X > 0 is shorthand for saying that

X is positive-definite.

Proposition 5.4.1. Let P and P be two Ornstein-Uhlenbeck semigroups associated to
(O, B) and (Q, B), respectively, and suppose that 0 < Qw < Qco. Then the operator

Ay_g = A LX(RY) — LX(RY) defined, for f € LA(RY), by

Far(§) = e (O0ROPF (), ¢ e R,

belongs to B(L*(RY)). Moreover, A € B(L*(pw), L*(pw0)) is a quasi-affinity with

A ~
1Al 25..)>12(p0) = 1, and we have the intertwining P — P.

For the proof of this proposition we shall need the following lemma, where we recall
that any Ornstein-Uhlenbeck semigroup P extends to a contraction semigroup from

Lp(Rd),p > 1, to itself, see e.g. [81, Proposition 9.4.1].

Lemma 5.4.5. Let P be the Ornstein-Uhlenbeck semigroup associated to (Q, B). Then,

forany f e L*(R) and t > 0,

1

We—(Qzﬁf)/zy_‘f(é:)’ £e R4

Fp,(eB &) =
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Proof. By a change of variables we have that

P = [ 1Ot = e 0y
Then, since for any f € L2(RY) NLY(RY), P, f € L>(RY) nL'(R?), we get using Fubini’s
Theorem
Fos@) = [ s = [ &€ [ fpr - e aavax
R Rd R
= [ 100 [ €0 ps - e Ppaay
R4 R4

1 _ i/ tB*
= m /Rd ) /Rd e ite g’”ﬂr()’ + x)dxdy
1

_ U 0B e B )2 i(e'B &,y)
= |det(6,3)|e /Rde f(y)dy,

and the claim follows from L?(R¢) n L1(RY) ¢y L*(RY) together with the continuity of

the Fourier transform. O

Proof of Proposition First, we note that A is a Fourier multiplier operator whose
multiplier is, by the assumption O — Qo > 0, a bounded measurable function; thus
A € B(L*(RY). By identifying the multiplier we deduce that A is the convolution
operator associated to the Gaussian measure with covariance matrix (Qm - 0.)7 L,
i.e. writing p for this Gaussian measure, A f(x) = f * pa(x), with % denoting the
additive convolution operator. Clearly for any f € L?(pw), Af makes sense, and hence
it remains to show the boundedness and that A is a quasi-affinity. To this end we observe

that the following factorization of measures holds

Poo ¥ PA = ﬁooa
which follows from the identity,

Fo (&) - Fop (€) = (@b /2, ((Qe0=0u)E) /2 _ ,~(0wéE)/2 _ Fs (), Ee RY,
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together with the fact that the Fourier transform uniquely characterizes probability mea-
sures. Using this factorization we get, for any f € L?(p), and by appealing to Jensen’s

inequality

/ IAF )P peol)dx < / Al @) poo(x)d = / £ ()P0,
R4 R4 R4

and thus A € B(L*(oo) L*(p0)) With [|Alli25.)512(0) < 1; however, equality is
achieved by the constant function 1 € L*(p.,). Next we observe that, for any ¢ € R?,
Aejg(x) = ¢ (0-0w)E6)/ 2ei,f(x). Thus Ran(A) contains the linear span of the set
{eig; € € R4} and to show that Ran(A) c; L*(pe.) it then suffices to show that this
linear span is dense in L?(p.). To this end, we suppose there exists g € L?(po)
such that (ei¢, g)12(,.,) = 0, for all ¢ € R?. Then, by standard application of Jensen’s
inequality, g € L*(pe) implies that g € L'(ps) and hence (gpe) € L'(R?). Thus
(g0 ) is an integrable function with vanishing Fourier transform, and we conclude that
g = 0 € L%(ps). Now, for any f € Ker(A) we have that f * po(x) = 0 a.e., which
forces f(x) = 0 a.e. and thus f = 0 in L?(p.), which gives that A is a quasi-affinity.
Finally, it remains to show that the intertwining relation P A> P holds. Using the fact

that A € B(L%(R?)), we have on the one hand, for f € L*(R¢) and ¢ € R,

—tB* _ 1 —{0;¢, 2
Foafe B gy = |det(etB)|e (0:6.6)/ Fas(&)

1
| det(e'®)]

b 0e-00e8)/2,(0u0)2
| det(e)] ’

e—(Qt&f)/28—<(Qoo—Qoo)§,§>/2ﬁ(é:)

while on the other hand,

Fap, (€7 &) = U™ OF5 (e 8)

1 17 —tB* ¢ —tB* N
- S (@m0l 667 8) 2~ GO ()

where we used twice Lemma[5.4.5] Then, since

e B e B = /°° e BB g — /Oo e™PQe™ ds = 0w - O
0 t
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we get that
¢~ (Q=00)e™™ £ )2 ,~(01£8)/2 _ y~((Q=0EE) /2 p{(Q=01)EE) 2 ,~(016) 2

= o{(0e-0DEE)2 ,~(0n£) /2,

and thus we conclude that, for any f € Lz(Rd Jand t > 0,

Fear(e™ &) = Fup, (e 8).

By the L?-isomorphism of the Fourier transform we then deduce that, for any f € L?(R%)
andt > 0,

PAf = AP,f.

In particular, this holds for f belonging to CX(R?), the space of smooth, com-
pactly supported functions on RY and we have the inclusions C®*(RY) c; L?(pe) and
C2(RY) ¢y L2(pw). Hence, by density and the continuity of all involved operators, the

claimed intertwining also holds on L?(p). m|

In the following we write, for a vector a € R4, D, for the diagonal matrix with
diagonal entries given by a. For a,§ € R? we denote by D,s = diag(a16y, . . ., @qd4) =

D, Ds.

Proposition 5.4.2. Let P be an Ornstein-Uhlenbeck semigroup associated to (Q, B), and

suppose that B = Dy, with b; > 0 for alli. Foranyi € {1,...,d} set

bi [ bmi
qoo,max) /mm

{oo,min

@ = Goomin ( and  0; = Goomins

where Goomin and qeomin are the largest and smallest eigenvalues of Q«, respectively,

and byiy, is the smallest eigenvalue of B.

(1) We have D, > Qo > Ds, and there exist matrices Q(“), Q(é) > 0 such that

D, =/ e_SBQ(")e_SBdS, and Dyg :/ e_SBQ(é)e_SBds.
0 0
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(2) The Ornstein-Uhlenbeck semigroups P® and P associated to (Q'®), B) and
Ao A As. o
(Q(‘S), B), respectively, are self-adjoint and P — p@) p) <4 P, and P < P@)
where, in the notation of Proposition Ao = Agp@, As = Mg, and
Nso = AQ(&)_>Q(<Y). Hence,

A A A% AsAy
p &8 p@ e p g pl@) S p@),

(3) Forx,& e R?

A:;’QA(;AQeig(x) = e_<D(“2‘52)/”)§’§>/265§(D§x).

-1
min

log (oo, max

L)
oo, min

Consequently, witht = b

AjoAshg = PV

Proof. Writing 1; for the d-dimensional identity matrix we recall that, for the Lowner
ordering of symmetric positive-definite matrices, geomaxld > Oco > Goominls- BY
definition of « it follows that the smallest eigenvalue of the diagonal matrix D, is
goo.max, from which we conclude that D, > Goomaxls > Q. Next we recall that
fooo e?Bds = (2B)™!. Since B, D,, and ¢~*B, for any s > 0, are diagonal matrices it

follows that they commute. Setting Q(O‘) = Dy + 2B = D425 > 0 we get that

/ e—sBQ(a)e—sBds — Dw(2B)/ e—SZBdS — Da'-
0 0

Similarly, setting Q) = doomin2B we get that fooo eBQW©We=3Bds = Ds, which proves
the first claim. The intertwinings P Lo p@) pé & P, and P° og P@) then follow from
Propositionand the factthat D, > Q. > Djs. The self-adjointness of P(*) and P9 is
equivalent to the commutation identities 0B = BO® and Q¥B = BQ, respectively,
see e.g. [81] Proposition 9.3.10]. Taking the adjoint of the identity P®) Aif P@ and

A*
using the self-adjointness of P(%) and P¥) then yields P(® i P which combined
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with the aforementioned intertwinings finishes the proof of the second claim. For the

last claim we get, from the definition of A, and Ay that, for all x, ¢ € R4,

AsAgeie(x) = e Pa=QuEO2N (o (1) ((PamQuIEO/2,~( QDR 2, (1)

— €_<Da—6$s€>/zel§(x).

Next, we shall characterize the adjoint operator Aj . To this end we note that, since

D, > Ds > 0, the invariant measures of P®*) and P'®) admit Gaussian densities, which

we denote by pg) and pg), respectively. Let us formally define, for f € Lz(pg)), the

operator A  : L2(p9) - L2(o) by
1

5o f () = ——(fp&) * poalx), x € RY, (5.12)
Poo (X)

where ps , is the Gaussian density satisfying 7, ,(£) = e~ {(PamDe)6&)/2 = p=(Da-s£6)/2,
which is well-defined due to D, — Ds = D,-s > 0. Then, for non-negative functions

feL?(p)and g € L2(p),

* 0
(A afs &) amy = (PR * Psar @2z

= / ( /R ) P psalx - y)dy) o(x)dx

R4

= / ( / g(xX)ps.a(y = X)dX) P )dy
R4 R4
= <f, A6,(18>L2(p(£))

where we used Fubini’s theorem and the symmetry of the density ps,. By decomposing
any f € Lz(pg)) and g € Lz(pffj)) into the difference of non-negative functions it follows
that the above holds for all f € L2(0)) and g € L2(p?), so that indeed A} is the

Lz(pg)) adjoint of the operator As,. By substituting the expression for the densities in
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(5.12)) we find that

* - det D 1
Njaeie(x) = @m0 [ e Pl
.

y / N O 2 B e g
R

I R CIR IR
(det D S5(a=96) )1/2

« / ¢ (Da-a) xi£3) y=(D5 +(Das) D3 2
R4

Qr)?2  p_s xx)2 (D_y x+ity) ~(Dga_g) y)/2
— (dtD—)l/ze a(a—9) e a-s e a dy
et Ds-o6) R4

—~D_s xx}[2 (Dsq-s)(D 1 x+ié),D | x+i§)/2
e

1
=e a(a-96) @ a-6 a-0

~D_s %02 (D_s 502 i(eDsx) D) EE)2
=e a(a-6) e al@-9) e a e —a

i(€.Dsx)y —(Dsa-5£&8E)/2
=e a (4 a

b

where in the second equality we expanded the quadratic form, and we repeatedly used

some standard properties of diagonal matrices. Putting things together, we deduce that

i(€.Dg x>€_<(Da—6+D S(a-0))6:E)/2 ei(.f,D 5 %) o Dia2g2))abE) 12

[e2 =

Ao Ashaeic(x) = e

Next, we note that

P@eie(x) = 6" g~ (01EO/2,

Since B = D;, we get, by definition of @, § and ¢, that the identity e™*P» = D is satisfied.
Using the identity an) = QW — e tPr QW o=tDs = D, — ¢=tDb D, ¢~1Db and substituting

e P» = D we find that
0" = Dy = DgDaDyg = Do = Dipjo = Dig-s2)ja

This gives that A§ AsAgeig(x) = Pt(a)el-g(x) and, as the Fourier transform uniquely

characterizes probability measures, the proof is complete. O

We are now able to give the proof of Theorem [5.3.1]
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Proof of Theorem Since B is diagonalizable with similarity matrix V we have that
VBV~! = D,, where b € R? is the vector of eigenvalues of B with b; > 0 for all
i. Under this change of coordinates, (Q, B) gets mapped to (VQV*, Dp) and a simple
calculation shows that QO then gets mapped to VQ.V*. The change of coordinates map
@y f(x) = f(V~'x) is a unitary operator from L?(ps) to L2(p%), where p>’ denotes

the image density of p., under @y, i.e. for x € RY, p?;"

(x) = wpm(qbv(x)). Hence
if we prove the desired result for the Ornstein-Uhlenbeck semigroup P associated to
(VQV*, Dy) then, since P; = Oy P,0y we get, by Propositionand the unitarity of
®y, that the claims hold for the Ornstein-Uhlenbeck semigroup P associated to (Q, B).
Thus, we suppose that B = D;, with b; > 0 for all i. We aim to invoke Theorem [5.2.2]
and to this end, since B is diagonal, Proposition furnishes the intertwinings
P A;; P@ Ag’ii\d P, where P is the non-degenerate Ornstein-Uhlenbeck semigroup
associated to (Q?), B), see the notation therein. From Proposition we have that A,
As, and As, are quasi-affinities, and hence A(’;ﬂA(g is also a quasi-affinity which proves
that the intertwinings are proper. Next, Proposition gives that the function
m : o(A@) — C, in the notation of Theorem and where —A(®) is the generator of
P@_is given by

m(y) = e,

with ¢ = Klm log Zeomax ﬁ log k(Qw). However, from [84, Theorem 3.4] we get that

oo, min

Y1 = bmin, and thus ¢ = 7% log k(Q) as claimed. Now, for any 7 > ¢,

e "t

m(y)

y = 7 e L¥(a(AW)),

and plainly

Sup e_’Y(t_t) — e_)/l(t_t)'
Re(y)>y,

= Land[|A; A

Next, Proposition|5.4.1|gives that || A ||, » (0 SL2ow) 2L 2 <

= 1 it suffices to observe that Aj; al =1, which

3k
5,(1A5

1. To deduce that ‘A

L2(peo)—L2(p)
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follows from Equation 1| and the identity pg) * P50 = pgf), with the notation therein.
Consequently, invoking Theorem we deduce that, for any f € L?(po,) and ¢ > ¢,

1P f = Poofllizp) < €N f = Poofllizpn) = K(Qu)e ™ NI f = P flli2(p) -

However, for 0 < ¢ < t we have that k(Qw)e 71" > 1 and thus, by the contractivity of
P on L?(p..), it follows that the hypocoercive estimate holds for all ¢ > 0. Finally, as

remarked before the theorem, we have that Py, f(x) = peo| f] = fRd f(x)poo(x)dx. O

5.4.7 Proof of Theorem

In this proof we use standard properties of tensor products of semigroups and generators,

see for instance [9] Section 1.15.3]. Letus write P®) for the one-dimensional factors of the

product semigroup P. By Proposition4.3.6|we get that, foreachi = 1, .. ., d, there exists

a one-dimensional classical Jacobi semigroup plmi) = (e‘“z"hi )r>0 on L2(By) such that
Ami ~ o~ Awi

pi) ' plmi) P(i), where Ay, € B(Lz(ﬁm), Lz(ﬁi)) and Km,i € B(LZ(Bi)’ Lz(ﬁm))

are quasi-affinities with operator norm 1, such that
Am,iAm,i = Fqb(Am,i),

see Proposition 3.5 and Lemma 3.10, respectively, of the same paper, and where we note
that the quantity d, in the notation therein, may be taken to be 1. Since the parameter m is
common to all factors of the product semigroup we get, by tensorization, the intertwinings
P &) pm & P, where A, actson f € L2(,B) via A f(x) = A1 fi(xr) - - Awafa(xq),
and similarly for Km, and plainly both A,, and Km are also quasi-affinities, hence proper
linear operators. Next, the fact that F,, € L* (O'(Km)) follows from F,, being the

Laplace transform of a probability measure on [0, o0), see Section 3.7 in the same paper,

so that |F,(y)| < oo for any Re(y) > 0. Recall that O'(Km) = {yn;n € N} where
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e_yt e_ynl e_n71[ (yl — 1) oyt
sup = sup ——— < sup <m e 7
Y2y, Fua(¥)  us1 Fa(yn)  nz1 Fa(yn) (¥ —m)

see (4.59). Hence, by Theorem[5.2.2] we deduce the convergence to equilibrium estimate

(1 —-1
(yi-m)

. . . 2 1 yi(m+1)
which is valid for all f € L“(8) and r > ¥ log W However, for any 0 < 1 <

1P, f = Pafll2gp) < m NN f = Peoflliogs) (5.13)

1 yi(m+1)
7_1 10g 2(711 —m+1)

in (5.13)) is strictly greater than 1 so that, by the contractivity of P, the estimate (5.13))

it is straightforward to check that the constant in front of the exponential

holds for all f € L?(8) and ¢ > 0. Recalling that P, f = B[f] = f[01]d f(x)B(x)dx we

complete the proof of the claimed hypocoercive estimate.
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