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SUMMARY

Methodshave beenproposedo re-designa clinical trial at an interim stagein orderto increasepower.
This maybein responséo externalfactorswhich indicatepower shouldbe soughtat a smallereffect size,or
it couldbeareactionto dataobsenedin the studyitself. In orderto preserethetypel errorrate,methodsor
unplannediesignchangehaveto bedefinedin termsof non-suficientstatisticsandthis callsinto questiortheir
efficiency andthe credibility of conclusiongeached.We evaluatemethodsfor adaptve re-designgxtending
the theoreticalagumentgor useof sufficient statisticsof Tsiatis& Mehta(2003)andassessinghe possible
benefitsof pre-plannedadaptie designsby numericalcomputationof optimal tests;theseoptimal adaptive
designsareconcretesxampleof optimalsequentiallyplannedsequentiatestsproposedy Schmitz(1993).We
concludethattheflexibility of unplannedadaptve designscomesat a priceandwe recommendheappropriate
power for a studyshouldbe determinechsthoroughlyaspossibleat the outset. Then,standarcerror spending
tests,possiblywith unevenly spacedanalysesprovide efficient designsbut it is still possibleto fall backon
flexible methoddor re-desigrshouldstudyobjectiveschangeunexpectedlyoncethetrial is underway.

Key words: Adaptve re-design;Admissibility; Clinical trials; Conditionalpower; Efficiengy; Group
sequentiatests;Sufficiency.

1 Introduction

Therehasbeenmuchrecentinterestin adaptve methodsfor modifying the power, or conditional
power, of a clinical trial at an interim stage. Such adaptationmay be in responseto external
developmentsor to information arising in the study itself. We considerthe situationwherethere
is achangean thealternatve atwhich aspecifiedpower is to beattained.This shouldnot be confused
with the problemof “re-estimating”the samplesize neededo meeta fixed power requirementas
moreis learntabouta nuisancegparametethat controlsthe necessargamplesize; see for example,

Wittes & Brittain (1990)or, for updatingsamplesizein a groupsequentiatest,Denne& Jennison



(2000). Adaptie stratgies have also beenproposedo dealwith changesn treatmentdefinition,
changesn the primary responser the way it is measuredswitching betweentestsfor superiority
andnon-inferiority or adaptve randomisatiomulesfor reducingthe numberof subjectonaninferior
treatment.Many of theseadaptationcanbe accommodateth non-adaptie group sequentiatests
andareessentiallyorthogonako theissueswe considerhere.

Supposd representtheimprovementin efficacy offeredby anew treatmentanda studyhasbeen
designedo testHy: # < 0 againsthe alternatve 6 > 0 with type | error probability « andpower
1— g atf = 4. Motivationfor re-designmay be from externalfactors,for example,the withdrawal
of arival treatmenimay meanthatsmallereffect sizesfor the new treatmentrenow of interestand
power 1 — 3 shouldbe soughtat an alternatve § = ¢’ for some0 < §' < 4. A similar conclusion
might be reachedn the light of informationinternalto the studybut on a secondaryendpoint,for
example,goodsafetyresultscombinedwith a positive efficacy effectat alevel below § couldjustify
useof thenew treatment.

Theremay, insteadbe completelyinternalreasongor re-designarisingfrom interim dataonthe
primary endpoint.It may be deemedappropriateo increasahe remainingsamplesizeof a studyif
continuingasplannedwould give low conditionalpowerunderf = §. Alternatively, whenaninterim
estimated belaw § is reported,jnvestigatorsnay realisethat,although§ is lower thanthe effect size
they had expectedor hopedfor, it still representa worthwhile improvementandthey would like
to extendthe studyto ensurehigh power canbe achiered undersuchan effect size. Monitoring a
studyby repeatedonfidencentenals, asdescribedyy Jennisor& Turnkull (1989),givesflexibility
to modify criteriafor earlystoppingbut this approactstill assumesdherencéo a specifiedsampling
plan: attainingpower 1 — § atanalternatve closerto the null hypothesisiecessitateanincreasan
samplesize.

Specialmethodsare neededo presere the type | error probability at level « if samplesizeis
changedn orderto modify power onthebasisof obsereddata.Bauer& Kéhne(1994)proposewo-
stagedesignsn which P-valuescalculatedseparatelyrom thetwo stagesarecombinedhroughR. A.
Fishers (1932)method;this allows greatflexibility in adaptingthe secondstageto interim databut,
to bevalid, the methodmustbe adoptedat the outset.More recently Cui etal. (1999),L. D. Fisher
(1998),Shen& Fisher(1999)andMiller & Schéafern2001),amongothers,have proposeda variety
of methodghatpresere thetypel errorratedespitecompletelyunplannediesignchangesAlthough
differing in appearancandderivation, thesemethodsare closelyrelatedin thateachpreseresthe

conditionaltype | error probability whenerer the designis modified; Jennison& Turnkull (2003)



prove this mustbethe casefor any unplannede-desigrthatpreserestheoveralltypel errorrate.

The publicationof well over a hundredpaperson adaptve designdn recentyearsindicatesgreat
enthusiasnfor thesemethodswith potentialuseswell beyond the rescueof underpowveredstudies
describedby Cui et al. (1999). In their illustrative examples,Lehmacher& Wassmer(1999)and
Brannath,Posch& Bauer(2002)notethe freedomgivento investigatordo re-desigrthe remainder
of a studyat aninterim stage.Shen& Fisher(1999)promote“variancespending’testsasa means
to gainthe benefitsof low samplesizefor given power achieved by groupsequentiatests. Thach&
Fisher(2002)searchor optimaldesignswithin a classof two-stagevariancespendingests.In Shen
& Fishers (1999)examplesa power cune is not decidedon at the outset,instead, samplesizesare
modifiedto aim for power 1 —  underthe actualeffect size, usingan estimatefrom interim data.
We shallreturnin our discussiorto the contentiousssueof whetherit is reasonabléo postponéull
consideratiorof the power requiremenuntil interim databecomeavailable.

Several authorsexplain adaptve re-designin termsof a weightingfactorfor later obserations:
thus, the responsesf different subjectsare weightedunequallyand decisionsare not functionsof
the sufiicient statisticfor 6. Failure to obsere the principal of suficiency (Cox & Hinkley, 1974,
Sec.2.3) raisesquestionsboth aboutthe statisticalefficiengy of the experimentaldesignsandthe
credibility resultswill have whenreportedto a wider audience.ln ananalysisof selectecexamples,
Jennisor& Turnkull (2003)shav thatadaptve samplingrulescanbehighly inefficientin comparison
with standardyroupsequentiatests.Tsiatis& Mehta(2003)give aformalproofthatary adaptve test
usinga non-suficient statisticcanbe out-performedy a sequentiatestusingthe suficient statistic;
however, the sequentiatestthey constructo do thisis alloweda greatemumberof analysegshanthe
adaptve test. Proponentf adaptie designshave respondedo thesecriticisms: in a comparison
of certainclassesof adaptve and non-adaptie designs,Posch,Bauer & Brannath(2003) found
optimal adaptve designsto have a small advantageover their optimal non-adaptie counterparts.
Theseadaptve designsare examplesof the “sequentiallyplannedsequentiabesigns”proposedoy
Schmitz(1993)andareimplementedaccordingto a preciselydefinedsetof rules,a quite different
prospecfrom theflexible schemesliscusse@bove.

Our objectvesin this paperareto illustrateandcritically appraisenethodsof adaptve re-design

for power criteria,in particular to answerthe questions:

Doestheuseof non-suficient statistican adaptve designsautomaticallyimply alossof

efficiengy?

How greatan improvementover non-adaptie testscan the most efficient adaptve



sequentiatestsoffer andis this large enoughto justify their usein practice?

Examplesn Sectiorn? illustratehow adaptve re-desigrcanbeusedio meetnew objectivesarising
from external or internal information. We measurethe costof delayin learningabouta study’s
real objective by comparingperformanceof the adaptve schemewith a non-adaptie testdesigned
knowing the ultimate objectve at the outset. In Section3 we presenta completeclasstheoremthat
characterisesptimal adaptve and non-adaptie testswhenthe experimentaldesignis pre-planned.
To be admissible,a sequentialtest must be the solution of a Bayesdecisionproblem, and one
implicationof thisis thattestswhich do notadhereo the sufficiengy principle areinadmissible.The
theoreticalresultsof Section3 answerour first questionin the affirmative, re-inforcingthe evidence
of specificexamplesin Section2.

In Section4 we quantify the benefitsadaptvity canyield in pre-planneddesigns. Our results
shav thatsmallgainsareindeedpossiblebut theseareunlikely to be regardedassuficiently greatto
justify the extra compleity of anadaptve design. Nor do the positive benefitsof optimal adaptve
testsprovide a usefulmanin to offsettheinefficiency arisingfrom useof non-suficient statisticsor
sub-optimakamplingrulesin unplannedadaptve tests.

Our conclusionis that the strengthof adaptve re-designlies in copingwith the unexpected,in
particularrespondingo externalinformationthat could not have beenanticipatedat the startof a
study The efficiency costwhen adaptve methodsare usedto rescuean underpowered study is
inescapableand we would recommendnvestigatorsavoid suchproblemsby thinking throughthe

power requirementarefullyatthe planningstage.

2 Sample size adaptation to alter power
2.1 Adaptation preserving thetypel error rate

Cui et al. (1999) cite instancedn their experienceat the U. S. Food and Drug Administration of
researcherproposinganincreasean samplesizeduring the courseof a groupsequentiatrial based
on the obsered samplepath. In one example,a Phaselll study of a drug to prevent myocardial
infarctionin patientsundegoing coronaryartery bypassgraft sugery was designedo have power
0.95t0 detecta 50% reductionin incidence. At aninterim point, the incidenceratein the placebo
groupwasin line with expectationdut theobsenredratefor patientseceving thedrugwasonly 25%
lower. Theinvestigatorgecognisedhata 25% reductionin incidencewasstill clinically significant

but, as designedthe study had little power to detectsuchan effect: consequentla proposalwas



submittedto expandthe studys samplesize. However, no valid testingprocedurewvasavailableto
accountfor suchanoutcome-dependeadjustmenbf samplesize.

SucheventsmotivatedCui et al. (1999)to proposea methodof adaptingsamplesizeduringthe
courseof a group sequentiaktudywhich preserestype | error We describetheir proposalin the

context of ageneralgroupsequentiatestof atreatmenteffect §. Supposefficient scorestatisticsSy,

for 0 areavailableatanalyses = 1,..., K with
S1~ N(0Zy, Ih), )
Sk —Sk-1~ N(O( Ty —Tg—1), Tx — T—1), k=2,...,K,

andincrementsSy, Sy — S1, ..., Sk — Sk_1 areindependentThis joint distribution for a sequence

of scorestatisticsarisesvery generally holdingexactlyin normallinearmodelsandfor large samples
in othercasessee,for example,Jennison& Turnkull (1997). A one-sidedyroup sequentiatestof

thenull hypothesisH: 6 < 0 against? > 0 takestheform
aftergroupk =1,..., K —1

if S, > b,  stop,rejectH
if S, <a, stop,acceptH
otherwise  continueto groupk + 1, )

aftergroup K

if Sk > bx stop,rejectHy

if Sk <ag stop,acceptHy,
whereag = by to ensureterminationat analysisK. Typically, testsare designedwith analyses
at equallyspacednformationlevelsZ,, ... ,Zx. Then,for given K, the maximuminformationZy
andboundaryalues(ax, br), k = 1,..., K, canbechoserto attaintypel errorprobability « under
# = 0 andpower1 — (8 ataspecifiedalternatve 8 = §.

Supposea testof the abore form is underway and, basedon dataobsered at analysisj, it is

desiredto increasehe sizeof the remaininggroupsof obserations. Let S;, k£ > j, denotethe new
scorestatisticsand,for notationalcorveniencegdefines’; = S;. Assumeeachinformationincrement

isincreasedy afactory sothatfor eachk = 5 +1,..., K,
Sk — Sp—1 ~ N(07 (Zy — Zi—1), ¥ (T — 1))

independentlyf otherincrementsFor k& > j, define

k
Sk=8;+ > 4 YA(Si - Sy (3)
i=j+1



Then,underd = 0, incrementsemainindependentN (0, Z; — Z;_1) andapplyingtheboundary(2)
to the newly definedS; preseresthe type |l error probability o exactly The meansof the new
incrementsare multiplied by /2, soif v > 1 thisincreaseshe tests power for § > 0. Cui etal.
(1999)suggest singlere-desigrpointwill usuallysufiice but the methodeasilyextendsto more.

A key featureof this proposalis thatit givesinvestigatordreedomto decidehow to modify a
studyataninterim point. However, in orderto assesshe method,it is necessaryo considerspecific

stratgiesfor adaptve re-design.

2.2 Example 1. Re-design in response to external information

We considerthe exampleof a groupsequentiatestwith 5 analysegestingH,: 8 < 0 againsty > 0
with typel errorprobability = 0.025 andpower1 — g = 0.9 atf = §. A fixedsamplesizetestfor

this problemrequiresinformationfor 6
Iy = {za + 25} /8", (4)

where z, denotesthe 1 — p quantile of the standardnormal distribution. We supposethe study
is designedas a one-sidedestfrom the p-family of error spendingtestsdescribedoy Jennison&
Turnkull (2000, Sec.7.3) With the choicep = 3, theboundaryaluesa;, ..., a5 andby, ..., b5 are

choserto satisfy

Pp{S; >bior...orS; € (ay,b1),...,S_1 € (ap_1,bp_1), Sk > bp} = (Tx/Z5)%
and

Py{S1 <ayor...orS; € (a1,b1),...,Sk—1 € (ag—1,bg—1), Sk < ar} = (Ik/I5)3ﬁ

fork =1,...,5. At thedesignstage gquallyspacednformationlevelsareassume@ndcalculations
shav that a maximuminformationZs; = 1.049Z; is neededfor the boundarieso meetup with
as = bs.

Supposenow that at the second analysis, information becomesavailable that leads the
investigatordo seekpower 0.9 at# = §/2 ratherthanf = §. Sincethis decisionis independenof
dataobseredin thestudy onemight argueadesignmodificationcould be madewithout prejudicing
thetypel errorrate. However, it would bedifficult to prove the datarevealedat interim analyse$iad
playedno partin the decisionto re-design.We considerdesignmodificationaccordingto Cui etal’s
(1999)generaimethod.We choosey sothattheconditionalpower underf = §/2 giventhe obsered

valueof Sy isequalto 1 — 8 = 0.9, with the exceptionthat~ is truncatedo lie in therangel to 6,
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Figurel: Power of the original test(p = 3), Cui et al’'s adaptve designwith samplesizerevisedto
attainpoweratd = 0.5 §, andmatchedhon-adaptie test(p = 0.75) with power0.9 atd = 0.59 4.
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sosamplesizeis never reducedandthe maximumtotal informationis increasedy at mosta factor
of 4. Figure 1 shawvs the power curve of the adaptve testlies well above that of the original group
sequentiadesign. The power 0.78 attainedat § = 0.5 ¢ falls shortof the target of 0.9 dueto the
impossibility of increasingconditionalpower whenthetesthasalreadyterminatedo acceptH, and
thetruncationof ~ for valuesof S, justabore as

It is of interestto assesshe costof thedelayin learningthe ultimate objective of the study Our
comparisorns with a p-family errorspendingestwith p = 0.75, power 0.9at0.59 § andthefirst four
analysesat fractions0.1,0.2,0.45and0.7 of thefinal informationlevel Zs = 3.78 Z. This choice
ensureshe power of thenon-adaptie testis everywhereashigh asthatof theadaptve test,asseenin
Figurel, andthe expectednformationcurvesof thetwo testsareof a similar shape Figure2 shavs
the expectedinformationon terminationasa function of 6/4 for thesetwo tests;the vertical axisis
in units of Z¢, the informationrequiredin a fixed samplesize with power 0.9 at = ¢. Together
Figuresl and2 shav the non-adaptie testdominateghe adaptve testin both power andexpected
informationover the rangeof # values.Also, the non-adaptie tests maximuminformationlevel of
3.78 Iy is about10%lower thanthe adaptve tests 4.20Z.

It is usefulto have a singlesummaryof relative efficiengy whentwo testsdiffer in bothpowerand



Figure2: Ey(Z) of Cui etal’'s adaptve designwith samplesizerevisedto attainpowveratf = 0.54
andof thematchedhon-adaptie testwith powver 0.9 até = 0.59 6, expressedn unitsof Z;.
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expectedinformation. If testA with typel errorratea atf = 0 haspower1 — b4(6) andexpected

informationE 4 4(Z) underaparticulard > 0, we defineits efficiengy index até to be

{20 + 2 (49)}2 1
EI4(0) = 92A Eap(Z)’

theratio of theinformationneededo achieve power1 — b4 () in afixedsampletestto E4 ¢(Z). In

comparingtestsA andB, we take theratio of their efficiengy indicesto obtainthe efficiencgy ratio

ELi(0) 100 — EBo@) {7t 2@}
EIg(0) C Eap(D) {za t 2500}

This canberegardedasaratio of expectednformationfor thetwo testsadjustedor thedifferencein

ERAp(0) = x 100.

attainedpower.

The plot in Figure 3 of the efficiengy ratio betweenthe adaptve and non-adaptie testsfor our
examplequantifiesthe costof delayin learningthe studys objective asa decreasén efficiengy of
over 20% at highervaluesof 8, falling to aroundzeroneard = 0. Valuesof the efficiengy ratio in
excessof 100just abore # = 0 reflectslightly higherpower of the adaptve test, not visible to the

nakedeyein Figurel.



Figure3: Efficiengy ratio betweerCui etal’'s adaptve designwith samplesizerevisedto attainpower
atd = 0.5 6 andthematchechon-adaptie testwith power 0.9 atd = 0.59 4.
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2.3 Example 2: Re-design in responseto internal information

We startwith the sameinitial testasin Examplel, but now supposehedecisionto modify the design
atthe secondanalysisis promptedby the estimated, = S2/Z, andtherealisationthathigh power is
desirableat lower valuesof ¢ which wereoverlooked originally but now appeaiplausiblein thelight
of interim data. This time we choosey so that conditionalpower given the obsered S, if # is in
factequalto the currentestimateds, is equalto 1 — 8 = 0.9. A decreasén samplesizeis allowedif
05 is sufiiciently highto imply v < 1. Asin Examplel, ~ is truncatedo 6 to restrictthe maximum
informationlevel to at most4 timesthat of the original design;this hasthe effect that conditional
power is equalto 0.9for § > 0.5 § but lower for smallervaluesof 8.

The power curvesin Figure4 shav this adaptatiorhasbeeneffective in increasingpower above
thatof theoriginaltest,with powerat = §/2 risingfrom 0.37t0 0.68. In thisexample thereasorfor
re-desigrarosepurelyfrom observing% anddid notdependninformationfrom externalsourceslt
should therefore have beenpossiblefor investigatorgo considerat the designstagehow they would
respondo dataseenatthe secondanalysis.Let us supposdhe above adaptve rule is in accordwith
suchconsiderationsindthe power curwe in Figure4 is deemedo be satishctory We shallcompare

thisadaptve designwith anon-adaptie groupsequentiatestachievzing similar powerthatcouldhave



Figure4: Pawer of the original test(p = 3), Cui et al's adaptve designwith samplesizerevisedto
attainpower atd = 6,, andmatchedhon-adaptie test(p = 0.75) with power0.9 atd = 0.64 6.
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beenchoserfor theoriginal studydesign.Our choiceis theerrorspendingestfrom the p-family with
p = 0.75, power0.9at0.64 § andthefirst four analysestfractions0.1,0.2,0.45and0.7 of thefinal
informationlevel Zs = 3.21Z;. Figure4 shavs the power of this non-adaptie testexceedshat of
theadaptve testatall § valuesandby a substantiamargin atthe highestgs.

Figure 5 shaws that the non-adaptie testhasconsiderablylower expectedinformation over a
wide rangeof ¢ valueshbut slightly higher expectedinformationfor # abore 0.8 § wherethe non-
adaptve tests power adwantages greatestThe efficiengy ratio is particularlyhelpful here. The plot
in Figure6 shawvs that,with adjustmenftor attainedoower, theadaptve testis upto 39%lessefficient
thanthe non-adaptie alternatve. The maximuminformationof 4.20 Z; for the adaptve testis also

substantiallyhigherthanthe non-adaptie tests 3.21 7.

2.4 Discussion of examples

The positive conclusionfrom the precedingexamplesis that adaptve methodsdo exist for making
mid-coursedesignmodificationsto meetchangesin study objectives due to external or internal
factorswhile preservingthe type | error rate. Although a more cost effective designcould have

beenchosenhadthe ultimate objectve beenknown at the outset, this is not an optionin the first
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Figure5: E(Z) of Cui etal's adaptve designwith samplesizerevisedto attainpower at = 6, and
of thematchedhon-adaptie testwith power 0.9 atf = 0.64 ¢, expressedn unitsof Zy.
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example;morewer, it would appearthatinstancef underpoveredstudiesin needof mid-course
rescuecontinueto arise.

The negative aspecif flexible adaptve designds their inefficiency relatve to designssetup to
achieve the correctpower requirementat the outset. Use of non-suficient statisticsas a result of
the weightingby v~'/2 in (3) is a sourceof inefficiengy in both examples. Part of the additional
efficiencgy lossin Example2 canbeattributedto over-relianceon theinterim estimated, whichis, in
fact, highly variable. This resultsin randomvariationin samplesizethatis in itself inefficient: see
Jennison& Turnkull (2003)for further discussiorof this pointin the contet of a two-stagedesign.
Thelack of precisionof early estimatef § aguesagainstthe “wait andsee”approachn which a
firm decisionon the desiredpower curve is delayeduntil interim dataare availableandan adaptve
designmodificationis thenusedto attainthis.

We have carriedout mary morecomparison®f adaptve designsandmatchecdhon-adaptie error
spendingtestswith similar qualitative conclusiongo the two examplesdescribechere. In general,
allowing agreateiincreasen themaximumsamplesizeof anadaptve testleadsto higherinefficiengy.
Theexamplesof Section.2and2.3follow therecommendationf mary authordo basesamplesize

revision on conditionalpower. The adaptve testshave the benefitof early stoppingto acceptHj in

11



Figure6: Efficiency ratiobetweerCui etal’s adaptve designwith samplesizerevisedto attainpower
atf = 6, andthematchechon-adaptie testwith power 0.9 atd = 0.64 4.
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the original design:this stoppingrule was carefully chosento reducethe risk of stoppingto accept
H, undervaluesof 6 in theranged/2 to § underwhich it may be decidedlater that higher power
is desirable.In our experience adaptationsvhich make a noticeablechangeto a tests power curve
areliable to introduceinefficiency atleastasgreatasthatseenin our two examplesandoften much
larger; seeJennison& Turnkull (2003)for an exampleof a two-stageadaptve designwith much
higherefficieng loss. In thefollowing sectionsve complementhis empiricalevidencewith theory

andnumericalevaluationof optimaltestswithin well-definedadaptve andnon-adaptie classes.

3 Theory of optimal adaptive group sequential designs

Considerthe problemof testing Hy: 6§ < 0 against? > 0. Supposehereare M possibleanalysis
timesto choosefrom with associatednformationlevelsZ,,...,Zy;. We assumehe statistic.S,,
is sufficient for # at the analysiswith informationZ,, andthe sequencesy, ..., Sy, hasthe joint
distribution specifiedn (1). We shallconsidemgroupsequentiatestswith amaximumof K analyses,
whereK < M. Whenthe study continuesat aninterim analysis thetiming of the next analysisis
choserasafunctionof currentlyobsereddata. The setof availableinformationlevels{Z, ..., Zy}

is to beregardedasfixed. For adaptve tests,we areinterestedn M > K; thecaseM = K applies

12



to non-adaptie groupsequentiatests.

Denotethe indicesof the informationlevels arisingin a particularrealisationof the experiment
by mi, mg, ..., sothekth analysishasinformationlevel Z,,,, . An adaptve groupsequentiatiesign
is definedby a decisionrule specifyingthe action at eachstage. A deterministicrule specifies
my € {1,...,M — K + 1}, thenfor eachk andobsered X} it choosesan actionfrom the set
of possibilities: stopandacceptHy; stopandreject Hy; continueto analysisk + 1 at information
level Z,,,, ., wheremy 1 € {my +1,..., M — K +k+1}. Theoptionof continuingis notavailable
atanalysisK. It is helpfulin derving theoreticakesultsto allow randomiseduleswhich correspond
to probability distributionson the setof deterministicrules. We denotethe setof all randomisednd
non-randomisedulesby D.

Let A denotethe final decisiontaken, eitherto acceptor to reject Hy, andZ theinformationon

termination.Therisk or expectedossof decisionrule d compriseghetypel errorfunction
R1(0,d) = Py(A = RejectHy), 60 <0,
thetypell errorfunction
Ry(0,d) = Py(A = AcceptHy), 6 >0,
andthe expectednformationfunction
R3(0,d) = Eo(I).

We assumehe preferreddecisionis to reject Hy wheneaer § > 0 but it is straightforvard to modify
R; and R, to changehethresholdor this preferenceWe avoid technicaldifficultiesin our proofsby
consideringisk atafinite setof ¢ values,© = {61,...,0g}, wheref; < ... < fp <0< fp41 <
... < Bg. Thisrestrictionhaslittle impacton the practicalimplicationsof theoreticakresultsasit is
perfectlyacceptabléo take, say tenmillion pointsspacedat very smallintervals over therangeof ¢
valuesof interest.

We combineR;, Ry and R3 into asinglerisk vector
R(d) = (R(1,d),...,R(2Q,d))
= (Ri(01,d),...,Ri(0p,d), Ro(0p+1,d),..., Ra(bq,d),

R3(91, d), ... ,R3(9Q, d))

13



A decisionruled € D is saidto beinadmissiblef thereis arule d’ with
R(i,d") < R(i,d) foralli=1,...,2Q

and
R(i,d') < R(i,d) for atleastone:; € {1,...,2Q}.

A decisionrule whichis notinadmissibleas admissible.
A Bayesdecisionproblemis definedby a prior distribution = = (74, ..., mg) on© andcostsfor

eachelemenif therisk vector R. The Bayesrisk is

Q 3
> g Y cqiRi (04, d) (5)
qg=1 7=1

wherec,; isthecostof rejectingHy, c,» thecostof acceptingly andc,3 thecostperunit of obsered

informationunderf = 6,. Herecy; = 0 for ¢ > P andc,, = 0 for ¢ < P. We shallwrite the Bayes

risk as
2Q
wl R(d) = Y w(i)R(i,d), (6)
=1
whereeachw(i) > 0,7 = 1,...,2Q. A Bayesrule is a decisionrule d which minimisesthe Bayes

risk for somew. In characterisinghe admissiblerulesasBayesrules,therisk set
S ={R(d);d € D}

playsa centralrole.
Theorem 1. For theproblemdefinedabore, therisk setS is closedandcorvex.

Corollary 1. Eachadmissiblerule d € D is a Bayesrule for a problemin which w(:) > 0,

1=1,...,2Q, andatleasttwo of thefollowing hold:
1. w(i) > 0 for somei < P
2. w(i) >0forsomeP +1<i<Q
3. w(i) > 0forsomei > @ + 1.

Let Dyg denotethe set of “non-sequential”decision rules which terminate at the minimum
information level Z; with probability 1 or terminateat the maximuminformation level Z;, with
probability 1. Then,eachadmissiblerule in D\ Dy s is a Bayesrule for a problemin which all three

of theaborve conditionshold. O
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We referthe readerto Chapter2 of Ferguson(1967)for backgroundo completeclasstheorems
which shaw, broadlyspeakingthatadmissiblerulesare Bayesandvice versa,andfor proofsof the
supportinghyperplaneandseparatindnyperplangheoremsThefirst stepin proving acompleteclass
theorems to shav thattherisk setis closedandcorvex. Proving therisk setis closedis oftendifficult
andour problemis no exception.The proofsof Theoreml andCorollary 1 aregivenin Appendix1.

Felguson (1967, Sec. 7.1 and 7.2) and Brown, Cohené& Stravderman(1980) characterise
admissiblerulesin the non-adaptie case,M = K, but combineerror ratesand expectedsample
size into a single risk for eachvalue of . Keepingerror rates and expectedinformation as
separateclementsof the risk vectorin our treatmentmeansthat when a decisionrule is shavn
to be inadmissible the dominatingrule hasboth a superiorpower function and a lower expected
informationfunction— aswasvery nearlythe casein Examplel of Section2. In the non-adaptie
setting,Chang(1996)considersarisk vectorof lengththree,comprisingthetypel errorrateatasingle
6y, power atanalternatve f; andexpectedsamplesizeatd = (6, + 0;)/2. He appealdo standard
decisiontheoryargumentdo concludethatadmissibledesignsareBayesbut doesnot provide a proof
thattherisk setis closed.

It follows from Corollary 1 thatary decisionrule whichis properlysequentiain thatit produces
non-dgeneratalistribution of samplesizesandwhichis notaBayesrule for a problemsatisfyingthe
threeconditionsof the corollaryis inadmissible Sincea Bayesproblemalwayshasa solutionbased
on sufiicient statistics,this establisheshe generalprinciple that a sequentiatestshouldbe defined
asa function of the sequencef suficient statisticsfor 4. The factthatan adaptve rule is defined
throughthe non-suficient statistics(3) doesnot necessarilyneanthe rule is not Bayes:if thefactor
v by which groupsizesafteranalysis; areincreaseds aone-to-ondunctionof S;, thestoppingrule
atinformationlevelsZ; + v(Z; 1 — Z;), ..., Z; + v(Zx — Z;) canbere-expressedn termsof the
sufficient statistics .

Sk=58;+ > (Si—Si_,), k=j+1,...,K.
i=j+1
In the examplesof Section2, truncationof v to a maximum value meansthe samesequencef
futureinformationlevels arisesfor anintenal of S; valuesandconsideratiorof the decisionrule to
acceptor reject Hy at analysisK is sufficient to shawv theseadaptve plansfail to agreewith ary
given Bayesrule on a setof samplepathswith positive probability The variancespendingtestsof
Shen& Fisher(1999)are easily dealtwith sincethe sequencef informationlevelsis fixed andit
is the weightsfor eachgroup of obserationsthat are chosenadaptvely: any non-trivial departure

from equalweightsimplies a positive probability of disagreemenwith a given Bayesrule so, by the
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corollary thevariancespendingestis inadmissible.

Corollary 1 with K < M characteriseadmissibledesignswhich aretruly adaptve in thatdata-
dependenthoicesare madefor eachsuccessie groupsize. Adaptive designsusing non-suficient
statisticsasrequiredin theflexible adaptve approacharedominatedy admissibledesigndasedn
sufiicient statistics.The Bayesoptimaldominatingdesignsareexamplesof the optimal“sequentially
plannedsequentiatiesigns’describedy Schmitz(1993),all aspect®f which arepre-planned.

Thegeneratlassof “designedextension”procedureproposedy Proscha& Hunsbeger(1995)
comprisegre-planneddaptve designswith K = 2. Someof theseprocedureganbe expressedn
termsof sufiicient statisticsandLi, Shih, Xie & Lu (2002)adwcateonesuchprocedure While it is
necessaryor admissibilitythata designcanbe expressedsa function of the suficient statistic,this
is nota sufiicient condition: Corollary 1 shavs whatis requiredof the conditionalerrorfunctionand
samplingrule for suchadesignto be admissible.

In thecaseK = M, adaptve testsbecomenon-adaptie andthe corollarytells usthatwithin the
classof non-adaptie groupsequentiatests thosewith stoppingrulesor decisionrulesbasedn non-
sufiicient statisticsare dominatedby Bayesoptimal designsdefinedin termsof sufiicient statistics.
With the sequencef M possibleinformationlevels heldfixed, increasinghe maximumnumberof
analysesrom K to M only addsto the availableoptions. Thusfor ary Bayesproblem,the optimal
adaptve testwith K < M analysesando no betterthanthe optimal non-adaptie designwith M
analyseslt follows thatarny K-analysisadaptve designusingnon-suficient statisticsis dominated
by anon-adaptie M -analysisdesignbasedn sufiicientstatistics.Thisconclusions similarin nature
to theresultprovedby Tsiatis& Mehta(2003)who startwith a K -analysisadaptve designusingnon-
sufficient statisticsandconstructan M -analysisnon-adaptie testwhichincreasepower andreduces
expectedinformationat parametewraluesé in the alternatve hypothesis.Our resultgoesfurtherin
shawing the type | error probability and expectedinformation function can also be maintainedor
reducedat all valuesof 6 in a compositenull hypothesis.Tsiatis& Mehta (2003) consideronly a
simplenull hypothesisandexpectednformationatthis valueof § mayincreasean their construction;
also,while this constructionmproveson the testbasedon non-suficient statistics the resultis not
necessarilanadmissibleest. Our Corollary 1 providesa characterisationf admissiblgestsandwe
shallusethisin Sectiord to derive andstudyoptimaltests.

Calculationdor optimalgroupsequentiatestsin Eales& Jennisorn(1992)shav thatmostof the
reductionsin expectedsamplesizeto be gainedby sequentiabnalysisare obtainedin testswith as

few as5 or 10 analysessupportingTsiatis& Mehtas (2003, p. 375) agumentthat non-adaptie
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groupsequentiatestswith 5 or 10 groupsshouldbe ableto matchthe performancef adaptve tests
fairly closely This leavesopenthe questionof how greatan advantagecarefully designedadaptve
testsmayhave whenthemaximumnumberof analysess restrictedo K = 2 or 3. Allowing adaptve
choiceof groupsizesextendsthe classof sequentiablesignsandthereareintuitive agumentswhy;,
for example,onemight wish to take a smallergroupsizewhencurrentdatalie closeto the testing
boundary If the efficiengy gainsfor optimal adaptve testsare substantialtherecould be a casefor
usingpre-plannechdaptve designs Also, advantageof adaptvity might meanthatthe performance
of sub-optimatestsusingnon-suficient statisticss still comparablevith thatof thebestnon-adaptie
tests.We shallexplore the extentof thesepossiblegainsfrom adaptvity in Sectior4.

As well aspointing to the needfor efficient teststo be definedin termsof suficient statistics,
Corollary 1 alsoimposesstrict requirement®n the stoppingrule andsamplingrule of anadmissible
adaptve test. It will be of interestto seehow similar the optimal rulesderived in Section4 areto
the proposalsnvolving conditionalpower at a pre-specifiecor estimatedeffect size that have been

proposedy otherauthors.

4 Computing optimal adaptive designs

The theory of Section3 indicatesthe importanceof Bayesoptimal adaptve designsas the set of
suchdesignscoincideswith the classof admissibleadaptve tests. Eales& Jennison(1992) and
Barber& Jennison(2002) have exploited the analogousorrespondenci the non-adaptie setting
to computeoptimal frequentisttests, using backwardsinduction to solve an unconstrainedBayes
decisionproblemand searchingover costsin this Bayesproblemto find the optimal test with a
specifictypel errorrateandpower.

We have extendedhis computationatechniqudo find optimaladaptve tests.Theresultsreported
herearefor testsof Hy: 6 < 0 agains® > 0 with typel errorratea = 0.025 underg = 0 andpower
1— 3 =0.9atd = §. Testsaredesignedo minimisetheintegral of E4(Z) overanormaldistribution
for  with meand andstandardieviation §/2, reflectingoptimismthatthe effect sizemay be higher
thanthevalued atwhich powver1 — 3 is setanda desireto stopparticularlyearlyif thisis the case.
Optimal adaptve testsare calculatedwith M = 50 andZy,...,Z5o equallyspacedetween) and
R1T;, for severalvaluesof R, whereZ; is theinformationneededor afixedsampletestgivenin (4).
Comparisorof resultsfor M = 10, 25 and50indicatesno significantimprovementis to be obtained
by increasingV furthetr

In orderto find the optimal testswe adoptthe device of Eales& Jennison(1992)andformulate
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Bayesdecision problemswith a prior comprising point massesat # = 0 and § mixed with a
N (8, §%/4) kernel, costse; for rejecting Hy whenf = 0 andc, for acceptingH, whenf = §,
anda costof oneperunit of obsenedinformationunderthe continuouscomponentf the prior. The
backwardsinductionalgorithmfor finding Bayesoptimal adaptve rulesis similar to thatemployed
by Eales& Jennisor{1992)andBarber& Jennisor(2002)but now the setof interim statess indexed
bothby theanalysismumberk andtheindex m;, of theinformationlevel atwhichthisanalysisoccurs.
Furtherdetailsof the algorithm are given in Appendix2. Thesecalculationsprovide the optimal
adaptve testsdescribedn abstracform, but without numericalexamplesby Schmitz(1993).

Let f(6) denotethe densityof a N (4, §2/4) distribution. Table1 shavs the integratedexpected

information
[ B 16y a8 W

for optimal adaptve testsexpressedasa percentag®f Zy. The numbersof analysesare K = 2, 3,
4,5, 6, 8 and10 andmaximumsamplesizeis R = 1.05, 1.1,1.2and1.3timesZ;. Thetablesalso
shav the minimum possiblevalue of (7) for (a) a non-adaptie testwith K analysest information
levelsZ,,...,Zx placedoptimally betweerO and R 7; and(b) a non-adaptie testwith K analyses
atinformationlevels equallyspacedetween0 and RZy. Thesearchfor optimalinformationlevels
in (a) wasby thesimplex algorithmof Nelder& Mead(1965).

Theresultsshaw thatadaptve testscanreduceexpectedinformationwell belov that of a fixed
sampletest. This reductionincreaseswith the numberof analysesk and, at leastinitially, with
the factor R specifyingthe maximumallowable information. However, well chosennon-adaptie
testsarealmostasefficient. For a givennumberof analysed< andmaximuminformationRZ;, the
averageEy(Z) of the bestnon-adaptie testwith equallyspacednformationlevelsis within 2% of
Z; of the optimal adaptve testin mostcases:exceptionswhenkK = 2 andR > 1.2 or K = 3 and
R = 1.3 aredueto thesevaluesof R beingunnecessarilyigh for the numberof analyses.Eales
& Jennisor(1992)andBrittain & Bailey (1993)have proposedptimisingthe informationlevels at
which analyse®f a groupsequentiatestare performed.OptimisingZi, . .. , Zx subjectto anupper
boundof R for Zx givesthemiddlecolumnof resultsin Tablel, noneof whichis morethan1.5%
of Z; higherthanthe averageFEj(Z) of the optimal adaptve test. We have found similar differences
with otherchoicesof « and 8 andwhentestsare optimisedfor a variety of criteria, for example,
Ejs/2(Z) or {Eo(I) + Es(Z)}/2. Optimisingtheinformationlevelsis morecrucialfor criteriasuch
as{Ey(Z) + Es(T) + Ens(T)}/3 with H = 3 or 4, say whereit is importantto stopearly under

a high 6 value:in thesecaseson-adaptie testswith optimisedinformationlevels still do almostas
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Tablel: Minimum possiblevaluesof [ Ey(Z) f(#) df for adaptve andnon-adaptie testswith typel
errorratea = 0.025, power1 — 3 = 0.9 at# = ¢, K analyseandmaximuminformationlevel RZ;.
Valuesareexpressedsapercentagef Z;.

Numberof Adaptve Non-adaptietests Non-adaptre
analysesi tests with optimised testswith
Ti,..., Ik I, = (k/K)RIf

R=1.05
2 74.7 74.7 74.7
3 68.0 68.8 69.0
4 64.9 66.2 66.5
5 63.3 64.7 65.1
6 62.3 63.7 64.1
8 61.1 62.5 62.8
10 60.5 61.8 62.1
R=11
2 73.2 73.3 73.8
3 66.0 66.8 67.0
4 62.8 63.9 64.2
5 61.0 62.3 62.7
6 59.9 61.3 61.6
8 58.6 60.0 60.3
10 58.0 59.3 59.5
R=12
2 72.5 73.2 74.8
3 64.8 65.6 66.1
4 61.2 62.4 62.7
5 59.2 60.5 60.9
6 58.0 59.4 59.8
8 56.6 58.0 58.3
10 55.9 57.2 57.5
R=13
2 72.4 73.0 77.1
3 64.5 65.5 66.6
4 60.8 61.9 62.5
5 58.6 60.0 60.5
6 57.3 58.7 59.2
8 55.8 57.2 57.6
10 55.0 56.3 56.7

19



well asthe optimaladaptve tests.

The small advantagesof adaptve designsover non-adaptie testsare in keepingwith results
reportedoy PoschBauer& Brannath(2003)for thecaseK = 2. Ourresultsaremorefarreachingn
thatwe optimiseover completelygenerakamplingrulesandstoppingboundariesndconsidehigher
valuesof K. Controllingcomparisonat a fixed maximuminformationlevel is appropriatesincethe
maximumpossiblesamplesizeis oftenconstrainedn practiceandits valuehasa substantiaéffecton
the performanceof a sequentiablesign. Evenif thelimited benefitsof adaptve designsaredeemed
worthwhile, from anadministratre perspectie it may well be preferableto achieve thesein a non-
adaptve designwith additionalanalyses.Thatthesegainscanbe obtainedin mary instanceswith
just oneor two extra analysess a very tight resultwhencomparedwith the agumentthatonecan
expectto dominateanadaptve testwith 2 or 3 analysedy a non-adaptie testwith 10 analysesince
thisis known to deliver almostall the benefitsof continuousmonitoring.

Thegapbetweerthebestadaptve andbestnon-adaptie testsis largeenoughthatanadaptve test
basedon non-suficient statisticsmay not be dominatedoy a non-adaptie test. However the magin
for errorhereis small. We have found samplingrulesfor optimaladaptve teststo follow a consistent

pattern: at analysisk, smallerincrementsin information are chosenwhen S,,,, is closeto either

k
stoppingboundaryandlargerincrementsaretakenwhen.S,,,, is nearthe middle of the continuation
region. Thisis in contrasto the monotonencreasen informationincrementsasS,,, decreaseseen
in samplingrulesbasedon constantconditionalpowver atd = §/2 or§ = 6, asin the examplesof
Section2, or basedon constantconditionalpower at# = ¢ assuggestedy Denne(2001). Thus,
althoughconditionalpower criteria have anintuitive appeal they shouldnot be expectedto leadto

efficientsequentiatiesigns.

5 Discussion

Non-adaptre groupsequentiatestsarewell studiedandoptimaltestshave beenderivedfor avariety
of designcriteria. Barber& Jennison2002)shav that membersof the p-family of error spending
testswith equallyspacednformationlevelsarehighly efficientfor arangeof criteriainvolving Ey (Z)
atvaluesof § between-¢/2 and34/2. Theseerrorspendingestsareeasilyimplementedandprovide
flexibility to dealwith unpredictablenformationsequences.

Adding anelemenbf adaptvity in pre-plannedroupsequentiatlesignsasproposedy Schmitz
(1993),produces smallbenefitover non-adaptie testswith the samenumberof analysesHowever,

similar or betterperformances often achieved by a non-adaptie designwith one extra analysis,
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avoiding theadministratve complicationsof a pre-planneddaptve design.

Using adaptve methodsn an unplannednanneroffers flexibility to studyorganisersut, since
the sufficiengy principle is contravened, thereis an automaticefficiency cost. One agumentfor
flexible adaptve designgs thatthey allow investigatordo choosea study’s power cune in thelight
of earlyestimate®f theeffect size,d. Suchanapproachmaybe suggesteavhenthereis uncertainty
aboutthelikely effectand,in particular optimisticestimate®f theeffectsizeareconsiderablyarger
thanthe minimum clinically or commerciallysignificanteffect. Schafer& Mdiller (2004) consider
testsfor arangeof detectabldreatmenteffectsandproposea novel groupsequentiatiesignin which
attentionshifts to smallereffect sizesat successie analyses.An alternatve solutionis simply to
specifyhigh power at the smallbut clinically significanteffect sizeandchoosea stoppingboundary
that gives low expectedsamplesize underthe larger effects investigatorshopeto see. Reducing
expectednformationundervaluesof 8 well above thatat which power is setmayrequirespecialised
versionsof standardgroupsequentiatests. Examplesof thesearethe p-family error spendingests
seenin Section2 with p = 0.75 anda specialsequencef informationlevelsincluding a coupleof
very early analyses.Jennison& Turnkull (2004)investigaterelatedtests,assessingerformanceoy
the averageexpectedinformation{ Ey(Z) + Es(Z) + Eys(Z)}/3 with H = 2, 3 and4; they shaw
that p-family error spendingtestswith an optimisedinformationlevel for the first analysisperform
almostaswell asthebestpre-planneddaptve designs.

In somestudiesa nuisanceparametersuchasthe varianceof a normalresponsegdetermineshe
samplesizeneededo achieve agivenpower ata specifiedeffect size. Thereis a substantialiterature
on methodsfor modifying samplesizein responseo estimatef sucha nuisanceparameteand
thesemethodscanbeincorporatedn groupsequentiatests.In the “information-basednonitoring”
approachdescribedoy Mehta& Tsiatis(2001),the maximuminformationlevel neededn anerror
spendingestis known at the outsetbut, sincethe relationshipbetweernsamplesizeandinformation
dependson parametersvhich areinitially unknawn, the target samplesize is adjustedrepeatedly
duringthe studyasnew estimate®f theseparameteareobtained.Sincethis modificationof sample
size follows pre-specifiedules,independenbf the estimatedreatmenteffect, thereis no needfor
ary adjustmentto presere the type | error rate. The importancefor our discussionis that this
procesoperatesndependentlyf ary designchangeshatmight be madeto alterthe original power
requiremenandthis form of samplesizeadjustmenshouldnotbeconfusedvith theissuesaddressed
in this paper

A key role that remainsfor flexible adaptve methodsis to help investigatorsrespondto
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unexpectedexternal events. As Miuller & Schéfer(2001) and Posch,Bauer & Brannath(2003)
point out, it is good practiceto designa study as efficiently as possiblegiven initial assumptions,
so the benefitsof this designare obtainedin the usualcircumstancesvhereno mid-coursechange
is required. But, if the unexpectedoccurs,adaptve methodsare available to dealwith this. The
approactbasedn maintainingconditionaltypel errorprobability put forwardby Denne(2001)and
by Miller & Schéfer(2001)is particularly promisingasit hasthe potentialto be usedwith error
spendingdesignsthat alreadyadaptto unpredictableénformation sequenceand, possibly update
samplesizein responséo estimate®f a nuisanceparameter

Finally, the useof flexible adaptve methodsto rescuean underpowered study should not be
overlooked. While it is easyto becritical of a poorinitial choiceof samplesize,it would be nave to

think suchproblemswill ceaseo occur
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APPENDIX 1

Proofs

Proof of Theorem 1. In the problemformulatedin Section3, we restrictattentionto caseswith 7, = 1/Q,
g =1,...,Q. Then,theBayesrisk w” R(d) in (6) impliescostsunderd = 6, of Qw(q) for awrongdecision
andQw(Q + q)7 for obseredinformationZ. Sinceary expression(5) canbewrittenin theform (6), thisdoes
notreducethe classof problemsconsideredlt will be helpful to treatthe Bayesrisk asthe expectationunder
priorm, =1/Q,¢=1,...,Q, of the“lossfunction” L(w, A, Z, f) where

{ Qw(q) I(A =RejectHy) + Qw(Q +q)Z, ¢q<P,
L(w,A,Z,6,) = (8)
Quw(q) I(A = AcceptHy) + Qw(Q +q)Z, ¢> P.

Supposeisk vectorsr; andry belongto therisk setS and0 < A < 1. Then,therearedecisionrules
d; andd, for which r; andry arethe risk vectors. Defineds; asthe randomisedule which mixesd; with
probability A andd, with probabilityl — A. Therisk vectorof ds is R(ds) = A1 + (1 — M)re € S. Showing
thata generalinearcombinationof pointsin S is alsoin S provesthatsS is convex.

To provethatS is closedwetake agenerabointr; ontheboundaryof S andshaw thatit isin S. We use
thesupportinghyperplanetr, to definea Bayesdecisionproblem.A decisionrule solvingthis Bayesproblem
canbefoundby backwardsinduction;seethe proof of Lemmal for details. Therisk vectorof thisruleisin S
andliesin thesupportinghyperplanelf thehyperplanéntersectsheclosureof S in asinglepoint, thismustbe

theoriginal pointr,. However, the supportinghyperplanenayintersecthe closureof S ata setof pointsand
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thenwe needto prove this setis closedandcontainsr;. Thefull proof of thetheoremis by induction. We start
by outlining thefirst two stagesf the generalschemeo motivatethe definition of theinductive hypothesis.
Let S denotetheclosureof S andtake anarbitrarypointr; ontheboundaryof S. Wewishtoshawv r; € S.

By the supportinghyperplangheoremthereis a hyperplane
P ={r: wlTr =k}
which passeshroughr; with S ononeside,i.e.,w!r = k; andwlr > k; forallr € S. Let
Si=PiNnS and Q1 =P NS.

Considerchoosinga decisionrule to minimisew? R(d). If someelementof w; arenegativethisis anunusual
Bayesdecisionproblem,but thatis unimportant. Direct constructionof a decisionrule, d; say minimising
wi R(d) is possibleby backwardsinduction. Sincew{r > k; for allr € S, we know wi{ R(d;) > k. But,
thereare decisionruleswith risk vectorsapproaching-, sowe alsohave w! R(d;) < wir, = k;. Hence
wiR(dy) = k1 andR(d;) € 81, demonstratinghatS; is non-empty Taking linear combinationf decision
rulesin theusualway; it is easyto seethatS; is corvex. If r1 € S;, we havethedesiredresultthatr; € S; the
situationwe mustconsiderfurtheris whereS; is a strict subsebf Q; andr; € Q;\S;. Ourplanis to shav

that

(i) &; isclosedandthen

(i) S =,
from whichit followsthatr; € S;. Lemmal provesthat(ii) holds,given(i). Proving (i) is similarto proving
the original theorembut we have madesomeprogresssinceS; is a subsewof the (2Q — 1)-dimensionalP;

whereasS wasa subsebf R29.
Takinganarbitrarypointr, ontheboundaryof S;, we canfind a supportinghyperplaneawithin P,

Po={r:wlr=k}nP
for whichwl'ry = ke andwl’r > k, for all r € S;. We thendefine
S=PNS and Qo = Pgng.

Pointsin S, ariseasrisk vectorsof decisionrules solving the following problem: first, minimise wi R(d)
then,asa secondarriterion, minimisew R(d) amongrulesminimisingw{ R(d). Sucharule, d, say can
be constructedoy backwardsinductionand, following earlierreasoningjt mustsatisfyw? R(d2) = k; and
wi R(dy) = ko. Thus,S, is non-emptyand,by the usualargument,corvex. We now wish to shaw (i) S» is
closed,andthen(ii) S; = Qs, in orderto deducer, € S,.

Furtheriterationsof this procesdeadeventuallyto a non-emptycorvex S,, of dimensionzero. As thisis

asingletonset,it is closedso (i) holds. We still needto shav that (i) holdsatthis level,i.e.,S, = 9., and
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work backto deduceS; is closedandS; = Q;. Thesequencef hyperplanesndsubsetof S arisingin this
processs definedbelow.

For notationalconsisteng, let S, = S and P, = R2¢. We shall considersequence§(r,,w,);v =
1,...,2Q} suchthatforv =1,...,2Q:

r,, IS apointontheboundaryof S, 1,

P, ={r:wlr = k,} N P, 1 isasupportinghyperplando S, _; within P, _; atthepointr,, for which

wlr, = k, andwlr > k, forallr € S,_1,

S, = P,Nn Sisnon-emptyandQ, = P, N S. 9

Notethatarbitrarychoiceof boundarypointsr, is allowedin (9). A supportinghyperplaneP, existssinceS,
is corvex and,hence sois S, _1; if thereis morethanonesupportinghyperplaneary definingvectorw, may
bechosen.To seethateachsS, is non-emptynotethatbackwardsinductioncanbeusedto constructadecision
rule d, minimisingw? R(d) first, thenminimisingw? R(d) amongrulesthatminimisew? R(d), andsoforth.
Argumentsoutlinedabove andgivenmorefully in the proof of Lemmal shaw thatw] R(d,) = wlr, = ki,
etc.,soR(d,) liesin eachhyperplanePy, . .., P, aswell asin S, andthereforeR(d,) € S,.
Lemmal, proved below, statesthatin this settingif, forary 1 < v < 2Q, S, is closedthenS, = Q,.

In otherwords, property(i) implies property(ii) ateachlevel v. We usethislemmain aninductive argument
combiningresultsover levelsv to prove thetheorem.Theinductive hypothesido be provedfor 0 < h < 20Q
is:

If thedimensiorof P, < h, thenS, is closed. (20)
This hypothesiss satisfiedfor h = 0 sincethens, is asingletonset. To prove theinductive step,supposg10)
is truefor h < h, where0 < h < 2Q — 1. Considera generalS,_; in a hyperplaneP,_; of dimension
h + 1. For ary r, onthe boundaryof S,_;, take a supportinghyperplaneP, anddefineS, = P, NS and
9, = P,n&. Thedimensiorof P, is h so,by theinductive hypothesisS, is closed.Thereforepy Lemmal,

S, = 9,. Now, r, isin S andP,, hence
Ty €EQy = 1y €Sy = 1, €S = 1y, €Syt

Asr, wasageneraboundarypointof S,_1, we seethatS, _; is closedandthis establishe§10)for h < h+ 1.
Puttingv = 0 andh = 2Q) in (10) givestheresultthatSy = S is closed,completingthe proof of thetheorem.
0

Theproofof Theoreml is complicatedby the possibilitythata Bayesdecisionproblemmayhave multiple
solutions. This doesnot seemvery plausibleand an alternative stratgy would be to prove directly that the
Bayesproblemdefinedby wy hasauniquesolution,upto setsof measureero.Exceptionacasesvherewhole
section®f w; arezerodo have multiple BayessolutionsandneedspecialtreatmentFor othercasesapossible

routeis offeredby thepropertieof analyticfunctionsusedoy Brown, Cohen& Stravderman(1980)in proving
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their Theorem3.3. However, the argumentfor the non-adaptre problemis not simpleandits extensionto our
settingwould be non-trivial. Furthermorepur new methodof proof generalise$o discretedistributionswhere

someBayesproblemsdo not have uniquesolutions.
Lemma 1. In thesettingdefinedat (9), forarny 1 < v < 2Q, if S, isclosedthensS, = Q,.

Proof of Lemma 1. As notedin the proof of the theorem,S, is non-emptyand corvex. SupposeS, is
closedbut S, # Q,. Then,thereis apointy € Q,\S, and,by the separatindiyperplangheorema vectorb
andconstant > 0 suchthat

Ty < bTr—e forallres,.

Sincey € S, therearedecisionrules{d;} with lim;_, ., R(d;) = y. We shallprove thelemmaby constructing
a decisionrule d for which by > b R(d), contradictingthe assumptionsboutthe pointy. Therule d is

definedby thefollowing criteria:
1. Minimise w{ R(d)

2. Subjectto satisfyingcondition1, minimisew? R(d)

v. Subjectto satisfyingconditionsl to v — 1, minimisew! R(d)
v+1. Subjectio satisfyingconditionsl to v, minimiseb” R(d)
v+2. Subjectto satisfyingconditionsl to v + 1, take thefirst actionin list £.

Here, L is theorderedist: (1) Stop,acceptHy; (2) Stop,reject Hy; (3) Continueto ananalysisatinformation
levelZy; ... ; (M +2) Continueto ananalysisatZ,,. Conditionv + 2 ensureshatruled is preciselyspecified,
up to variationson a setof measurezero. The particularorderingof actionsis not significantbut the labelling
of possibleactionswill be of uselater.

A rule satisfyingtheabove criteriacanbe constructedy backwardsinduction,finding the optimalactions
to take at analysesk’, K — 1, ... ,0 in succession.The actionat analysiszerorefersto the choiceof m;.
Writing . fOr (S, .-« Smyima, ..., my), let fo (21) bethe probability densityof thepath (s, , - - . , Smy,)
underfixed informationlevels Z,,,,, . . ., Z,,, , anddenoteby «(d, z) the conditionalprobability underrule
d of taking the sequenceof actionsto continue samplingat stagel with next information level Z,,, . ,,
l =0,...,k — 1, asthe samplepath (s, - - -, $m, ) unfolds. For the loss function definedby (8) with
a given value of w, we write the conditional expectedloss underrule d, whend = 6, and outcomes

Smi = Smay---,9m, = Sm, havebeenobsened,as

Eg {L(w,A,T,0,) | x;d}.
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Thus,the contritutionto w? R(d) from samplepathsfollowedup to at leastanalysisk canbewritten as

> / 2 fo,(xx) a(d, ) Bo, {L(w, A, Z,8,) | x1;d} dsm, ... dsm,. (1)
(ma,...,mg) (smyseesomy) g=1
Denotethe densityof the path(s,,,, ..., sm,) for fixedinformationlevelsZ,,,, ..., Z,, undertheassumed
uniform prior distributionon @ by
Q
1
folzn) = D = fo, (k).
g=1 @

Theposteriordistribution of & givenzy, is 7(0, | xx) = Q*lfgq (zk)/ f=(zx). For concisenessye write ¥ dxy,

to denotethe sumover (my, . .. ,my) followedby integrationover (sp,, , - . ., $m, ). We canre-write (11) as
}[f,xk (d, xy) Zwe |21) Eo, {L(w, A, T,0,) | zx; d} dzy,. (12)
q=1
In thebackwardsinductionprocesstheoptimaldecisionsatanalyse%+1, . . . , K areknovnwhenanalysisk is

consideredStandardeasoninghawvs thata Bayesoptimal proceduranustminimisethe expectedconditional
lossunderthe posteriordistribution of 6. Let Ey, {L(w, A, Z, 6,) | zx; J, d} denotethe conditionalexpectation
of lossL(w, A,Z,6,) whené = §,, pathz, hasbeenobsened,actionj is takenatanalysisk andthe optimal
ruled is followedatanalysisk + 1 andbeyond. Following thelist of v + 2 criteria, the optimal choicewhenin

stater;, atanalysisk is theactionj minimising

Z’IT 9 |l’k E.g {L(wl,.AI 0 )|l’k,],CZ}

q=1

If two or moreactionsattainthis minimum,the seconccriterionis appliedto breakthetie, sowe minimise
Z (0 | 2%) B, {L(ws, A, T,0,) | zx; j, d}
g=1

amongthe contendingactions,and so forth. The final criterion ensuresa uniquely defineddecisionrule.
Continuingthis processackto k = 0, wherem; is chosendeterminesi.

SinceR(d) € S, thedefinitionof w; andk; impliesw! R(d) > k;. Butw?r; = k, for r, ontheboundary
of S, sotherearerisk vectorsr in S with w!'r arbitrarily closeto k; . As d minimisesw? R(d) overR(d) € S,
we concludew] R(d) = k;, henceR(d) € P, andR(d) € S;. Similarly, R(d) € S, impliesw] R(d) > k,
but therearerisk vectorsr in S; with wl r arbitrarily closeto w1 r, = k, and,asd minimisesw? R(d) over
R(d) € Si, we have w? R(d) = ko, R(d) € P, andR(d) € S,. Repeatinghis agumentshaws, ultimately,
thatR(d) € S, .

If wlR(d;) = wlR(d),...,wIR(d;) = w?!R(d), criterion v + 1 in the definition of d implies
bTR(d) < bT R(d;) andit cannotbethe casethatb” R(d;) = b R(d) — e. However, we needto shaw this

situationcannotbe reachedn thelimit asi — co. To comparerule d; with d, definerulesd?, k = 0,..., K,
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whered”® behaesasd; atanalyse$ to k andasd atanalyses: + 1 to K. By this definition,dX = d; andfor

notationalconsisteng we setd; ' = d. Then
~ K
R(d;) - R(d) = R(d) - R(d;") = Y R(d;) = R(d;™"), (13)
k=0

Thetermk in this suminvolvesrulesd? anddf‘1 which differ only at analysisk andboth proceedoptimally,
asrule d, atanalysisk + 1 andbeyond.
Supposesamplepathzy,, = (Smy, - - -5 Smy; M, - - - , My ) Arisesandstoppingdoesnotoccurbeforeanalysis
k. Then,atanalysisk, the conditionalexpectatiorof lossL(w, A, Z, 6,) underrule d, andthereforeunderrule
dr1is
Q ~
> w0 | 2x) B {L(w, A, T,0,) | zx; d}-

q=1
Ruled® maytake a differentaction,, at analysisk, then proceedasd, in which casewe write the conditional

expectedossas

Q
Zﬂ' 0 |.’Ek E@ {L(w .AI 0 )|.’L‘k,],ci}
q=1

Let
Q

G(w,xk, j Z (0 | zx) [Bo, {L(w, A, T,0,) | z; j,d} — Eg, {L(w, A, T,0,) | zx;d}].  (14)
=1

Define 3(d;, xx, j) to be the probability that rule d; takes action j whenin statez;, indexing actionsby
j €41,..., M + 2} accordingo theorderingL. Then,combining(12), (13) and(14),

K
w'R(d;) —w'R(d) = Y w'R(d}) —w"R(d[™") =
k=0

K M+42
k=0

}[fﬂ(xk) a(ds,2) B(ds, 70, ) G(w, Tk, §) das.

=1

EN

Define
Al - {(xka ) G(wlaxka ) > 0}7

and,letting A° denotethe complemenbf A, define
At = {(xk7j) G(U}t7.’L'k, ) > O} mA:‘,:—l t=2,...,v

For pairs(z,7) in (A; U... U A,)¢, actiony is optimal for minimising eachof w{ R(d), ..., w} R(d), in
order For pairs(zy, j) in A;, actiony is optimalfor minimising eachof w{ R(d), ..., w}_; R(d) in orderbut
not thenoptimal for minimisingw? R(d). ThefunctionsG(w, zx, j) satisfy: G(wy, xx,5) > 0 for (zx, j) in
A andG(wy, zg, j) = 0for (zx, 7) in AS then,for eacht = 2,. .., v, G(wy, xx, j) canbepositive or negative

on(A;U...UA;), G(ws,xk,j) > 0for (zk,7) in A, andG(w;, xx, j) = 0 for remainingpairs(z, 7).

27



Recall {d;} is a sequenceof decisionruleswith R(d;) — y € Q,\S, wherew!y = wl R(d) for
t=1,...,vandbly < b'r —eforallr € S. Sincew! R(d;) — w{ R(d) = 0,

K M+2

> 3 F felon)aldian) Bldiyzu.d) Glwn, o) dos =

k=0 j=1

K M+2

SN ;L[I{(xk,j) € A1} folwr) alds, ax) B(di, xx, §) Gwr, , §) dox — 0.

k=0 j=1
As §fr(xx) isfinite, a(d;, zx) < 1, B(di, 7k, j) < 1,andG (w1, zx,j) > 0 on Ay, it follows that

K M+2

S ?,[I{(xk,j) € Ar} fr(wn) alds, @) Bdi, zr, ) dzy, = 0

k=0 j=1
and,sinceall thefunctionsG (w;, zx, j) andG(b, xx, j) arebounded,

K M+42

> > ?‘[I{(ﬂﬂmj) € A} fr(z) alds, mk) B(ds, Tk, J) G(we, Tk, j) doe — 0 (15)

k=0 j=1
fort=2,...,v,and

K M42
> }[[{(xk,j) € Ar} fr(wy) aldi, zk) B(ds, Tk, §) G(b, i, ) dze — 0.
k=0 j=1

At thenext level, thefactthatw! R(d;) — w] R(d) — 0 and(15)for ¢ = 2 imply

K M+2

Z Z %I{(.’Ek,j) EAg}f,r(xk)a(di,a:k)ﬁ(di,wk,j) G(’wz,l‘k,j) drr — 0,

k=0 j=1
from which we deduce

K M+2

Sy ?‘[I{(xk,j) € Ao} fr(on) alds, o) B(ds, zrs §) Glws, o, §) doy = 0

k=0 j=1
fort =3,...,v,and

K M+2

S }[I{(mk,j) € As} fr(wr) alds,zx) B(ds, 25, §) G(by 25, §) di — O.

k=0 j=1

Continuingthis processupto t = v shavs thatin thelimit, thereis no contritutionto 5™ R(d;) — b” R(d) from
setsA; to A,. For (zx,j) € (41 U...U A,)¢, actionj is optimalfor eachof w! R(d), ..., wl R(d) in order
andwherethis leavesa choiceof actionsrule d is definedto minimisethe expectedcontritutionto b7 R(d), so
G(b, zx,j) > 0. In consequence,
by —b"R(d) = lim b"R(d;) — b"R(d) =
72— 00
K M+2

k=0 j=1

}[ Fola) a(ds, k) Bdsy 2, §) Gb, 20 §) dcg > 0.
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This contradictshe assumegbropertiesof y andthelemmais proved. a

Extensionof theseresultsto the casewherethe finite setof Z valuesis replacedby aninterval [0, Z;,ax]
appearselatively straightforvard. In obtaininga Bayesrule by backwardsinduction, it is necessaryo shov
thattheinfimum of expectedossunderpossiblecontinuationpointsis attained put this follows from shaving
it is the infimum of a continuousfunction over a finite interval. In expressiondn Lemmal, the sumover
sequencesmy, . .., my) becomesa multiple integral; this raisestechnicalpointsregardingmeasurabilityof
setsof informationsequencewhich needa carefultreatment.

Proof of Corollary 1. GiventhatS is closed,argumentof Ferguson(1967,Ch. 2) canbe applieddirectly
to shaw thethatrisk vectorof anadmissibldest,d, liesonthelowerboundaryof S. This pointcanbeseparated
from theorigin by asupportinghyperplanavhich definesaBayesproblemwith w(i) > Oforalli = 1,...,2Q
andatleastonew(i) > 0. Theruled is a Bayesrule for this problem.

Supposev(i) > 0 only for someindicesi € {1,..., P}. Asthereis nopenaltyfor acceptingd, whené is
positive,a Bayesrule mustacceptH, with probability 1 underall . This canbeachievedstoppingasearlyas
possiblej.e.,with Z = 7;, andsinced is admissiblejt mustdothis. Hence d is alsoaBayesrule for problems
wherew(i) > Oforalli =1,...,Pandi = @Q + 1,...,2Q. Similar reasoningshavs thatif w(i) > 0 only
forindicesi € {P + 1,...,Q}, thend is aBayesrule for problemswvherew(i) > Oforalli =P +1,...,Q
andi=Q+1...,2Q.

Now supposeaw(i) > 0 only for someindicesi € {Q + 1,...,2Q}. Sincethesew(i) imply a costof
samplingbut no costsfor wrong decisionsd muststopatZ = Z; with probability1. As d is admissiblejt is
alsoadmissiblen the classof decisionrulesfor thefixed sampleproblemwith dataS; ~ N (67, Z;), which

hasrisk setS’ = SN 7 where
T={R(d): R(i,d)=T1,i=Q+1,...,2Q}.

Standardargumentsshow this is a closedcorvex set, R(d) is on the boundaryand lies on a supporting
hyperplanewithin 7 which definesa Bayesproblemfor the fixed sampletestwith w(i) > 0 for at least
onei € {1,...,Q}. It followsthatd is Bayesfor the sequentiaproblemwhich combinesw(i),i =1...,Q,
from this fixed sampleproblemandw(i) = H forall i € {Q + 1,...,2Q}, whereH is suficiently large
that stoppingalwaysoccursatZ = Z;. This casedemonstratethatthe corverseto the last statemenbf the
corollarydoesnot hold sincethereareBayesrulesfor problemsin which conditionsl to 3 hold thatfall in the

setDys. a

APPENDIX 2
The backwards induction algorithm

The Bayesdecisionproblemof Section4 is solved by a backwardsinduction algorithm. The prior on

6 comprisespoint probability massest § = 0 andd, which we write asm(0) = 1/3 andm(6) = 1/3,

29



plusadensityrs () = f(0)/3 for € R, where f(6) is the densityof a N (4, 42 /4) randomvariable. We
mustchoosebetweerdecisions4, = “AcceptH,” and.A; = “Reject Hy” with costfunctionC(A4;,0) = ¢,
C(Ag,0) = c2 andC (A, 6) = 0 otherwise.The samplingcostis one per unit of obsenedinformationunder
the continuouspart of the prior distribution; sincethis assignsprobability zeroto § = 0 andf = §, we can
simply saysamplingcostis oneperunit of informationatall 6 ¢{0, 5} and0 otherwise.

Up to K analysesreallowedatanincreasingsequencef informationlevelsfrom theset{Z;, ..., Zum}.
Denotetheinformationlevel atanalysisk by Z,,,, , theteststatisticby S,,,, , andthe posteriordistribution for 6
by p*) (8my, Sm,.), comprisingpointmasseﬁk) (O|mg, Sm,) andpgk) (0]mu, Sm, ) plusacontinuousiensity
p5” (6lmi, Sin,)-

The minimum additional expectedloss incurred by stoppingat analysisk with information Z,,,, and
statistic.S,, is

¢ (mi, Spmy) = min{c1 ptF O, Sy )y c2 01 (8 Sy )}

Foranalyse% =1,...,. K —1,my € {k,...,. M — K+ k} andmyy; € {mp +1,... M — K +k+1},
define¢™™ (my, S,n, , mry1) to betheexpectedadditionalcostwhentheobsenedstatisticis S,,,, of continuing

to analysisk + 1 at informationlevel Z,,, ., andproceedingoptimally thereafter The minimum additional

k41

expectedcostgivenmy, andS,,, is thus
n(k) (mkv Smk) = min [C(k) (mk7 Smk)’ Trrﬁinl {g(k) (mka Smk ) mk-i—l)}]'

Denoting by FEHD (S, My S Mg 1) the conditional cumulative

distribution functionof S, ,, givenmy, S,,, andmy1, we have

g(K_l)(mK—I?SmK—lva) = (ImK _ImK—l)/ 1‘pgK71)(0|mK—laS7nK—1)

+ / ¢ (e, S ) AF U (S [k 1, Sy s 1K)

andfork=1,..., K — 2,

f(k) (mkvsmkvmk+1) = (Imk+1 _Iml.:) / 1 'pgk) (0|mk75m;.;)

+ / U(kH) (mk+1 > S’mk;+1) dF*+h) (Smk-u |mkv S mk+1)'

Proceedindy backwardsinductionthroughk = K — 1,...,2 andall permissiblepairsm; andmg.1, the
above expressiondor &) (my, S, , mr41) arecalculatednumerically In the casek = K — 1, we apply
knowledgeof (5 (m, S, ) andfor k < K — 2 we usevaluesfor n*+1) (my 1, S, ., ) alreadycomputed

onadgrid of valuesof S,,, . ,. Therangeof valuesfor S,,, is dividedinto intervalswithin which the minimum

k41"
additionalexpectedcost,n® (my, S,,, ), is attainedby just oneof the actions:stopnow andacceptHy, stop
now andrejectH,, continueto informationlevel Z,,,, 11, . . ., continueto informationlevel Zy, _ k4 x+1. Then,

within eachinterval, n® (my, S,,, ) is calculatedat a grid of points suitablefor numericalintegration over
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the distribution of S,,,,. Jennison& Turnkull (2000,Ch. 19) provide further detailsof methodsfor recursve

numericalintegrationto derive andevaluategroupsequentiatests.
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