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Summary

. A new method of construction of Latin squares and orthogonal Latin
squares is introduced here. We use a method of sum composition as contrasted
with product composition used by other authors. We shall show that, under

i, certain regularity condition, it is possible to construct a Latin square

or order n by composition of two Latin squares of orders and n

! 2°
n, + n, =n. Then we prove three theorems regarding the construction of a

pair of orthogonal Latin squares of order n = n, + n,. The first two

theorems provide a method of construction of a pair of orthogonal Latin

squares of order n = n, + n, for n1 > 7 except n,

odd prime or n, = 2%, ¢ a positive integer provided that n

o
= 13, where =p, Dan

"1
2 = (0 - D2
and n, = n1/2 respectively. In the third theorem we shall exhibit a
method of construction of a pair of orthogonal Latin squares of order

pa +3, p=7 when p is a prime and has any of the following forms:

3m+ 1, 8m+ 1, 8m + 3, 24m + 11, 60m 4 23, and 60m + 47. Obviously these
results include an infinite collection of orthogonal Latin squares of order

4t + 2, We have also indicated possibilities of obtaining more results in

several directions.

1, Introduction. Perhaps one of the most useful techniques for the con-

struction of combinatorial systems is the method of composition. To

- mention some, here are few well-known examples: 1) If there exists a
set of t orthegonal latin squares or order n, and if there exists a
set of t orthogonal Latin squares of order D), then there exists a set

of t orthogonal Latin squares of order n 2) 1f there are Steiner

ln2 .
triple systems or order V1 and Vs there is a Steiner triple system of

order v = VVye 3) If H1 and H2 are two Hadamard matrices of order

n, and n, respectively, then the Kronecker product of H, and H, is

1 2

a Hadamard matrix of order nyn,. 4) 1If Room squares of order n, and
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n, exist, then a Room square of order n;n, exists. 5) 1If BIB (vl,k,xl)
. 2
and BIB (vz,k,xz) exist and if f(xzvz) > k, then BIB (vlvz,k,xlxz)
exists where f(xzvi) denotes the maximum number of constraints which are

possible in an orthogonal array of size ) v2 with v, levels, strength
2°2°

2
2, and index Xz' 6) As a final example, the existence of orthogonal
arrays (xivz,qi,vl,t), i =1,2,.0.,r implies the existence of an-
orthogonal array (xvt,q,v,t), vhere 3 = xlxz...xr, V=V VeV, and
q= min(ql,qz,...,qr).

The reader will note that each of the above examples involved a pro-
duct type composition. The method that we will describe utilizes a sum

type composition, by means of which one can possibly construct sets of

orthogonal lLatin squares for all n = 10,

2, Definitions. In the sequel by an 0(n,t) set we mean a set of t
mutually orthogonal Latin squares of order n.

a) A transversal (directrix) of a Latin square L of order n on an
n-set ¥ 1is a collection of n cells such that the entries of these
cells exhaust the set ¥ and every row and column of L 1is represented
in this collection, Two transversals are said to be parallel if they have
no cell in common.

b) A collection of n cells is said to form a common transversal for

an 0O(n,t) set if the collection is a transversal for each of these t
latin squares, Similarly, two common tramsversals are said to be parallel
if they have no cell in common.

Example. The underlined and paranthesized cells form two parallel common

transversals for the following 0(4,2) set,

1 2 (3 & 1.2 (3 &
1 4 3 43 2 1
3 @) 2 2 () 3

1 4
4 3 2 Q) 3.4 1 (2)



3. Composing Two Latin Squares of Order ny and n,.

A very natural question in the theory of Latin squares is the follow-

ing: Given two Latin squares L., and L, of order n, and n (n1 = nz)

1 2 1 2
respectively. In how many ways can one compose L1 and L2 in order to
obtain a Latin square L3 of order m, where m is a function of n, and

n, only? This question can be partially answered as follows. First, it
is well-known that the Kronecker product L3 = L1 ® L2 is a Latin square

of order m = n,n, irrespective of the combinatorial structure of L1 and

LZ' Secondly, we show that if L1 has a certain combinatorial structure,

then one can construct a Latin square L of order n = n, + n,. Naturally

enough we call this procedure a "method of sum composition',

Even though our method of sum composition does not work for all pairs
of Latin squares, it has an immediate application in the constructinon of
orthogonal Latin squares including those of order 4t + 2, t =2 2, We
emphasize that the combinatorial structure of orthogonal Latin squares con-
structed by the method of sum composition is completely different from
those of known orthogonal Latin squares in the literature. Therefore, it
is worthwhile to study these squares for the punpose of constructing other
combinatbrial systems derivable from sets of mutually orthogonal Latin squares.

We shall now describe the method of '"sum composition'". Let Ll and
L = n,, on two non-

be two Latin squares of order n, and n,, n

2 1 1
intersecting sets Ty < {al,az,...,anl} and T, = {bl,bz,...,bnz}

respectively. If L1 has n, parallel transversals then we can compose

L1 with L2 to obtain a Latin square L of order n = n1 + n,. Note

that for any pair (nl,nz), there exists L, and 1, with the above

1 2
requirement, except for (2,1), (2,2), (6,5) and (6,6).

To produce L put L1 and L2 in the upper left and lower right

corner respectively. Call the resulting square Cl’ which looks as follows:



e
Ly

Name the n, transversals of L1 in any manner from 1 to n,. Now
£fill the cell (i, ny +Kk),k= 1,2,...,n2, with that element of trans-
versal k which appears in row i, i = 1,2,...,n1. Fill also the cell
(n1 +k,j) ,k = 1,2,...,n2, with that element of transversal k which
appears in columm j, j = 1,2,...,n1. Call the resulting square Cz. Now
every entry of c, is occupied with an element either from I, or Tys
but C, is obviously not a latin square on 21 u 22. However, if we
replace each of the ny entries of tramnsversal k with bk’ it is easily
verified that the resulting square which we call L is a latin square of
order n on 21 U 22.

The procedure described for filling the first n, entries of the
row (column) n, + k with the corresponding entries of transversal k is,

naturally enough, called the projection of transversal k on the first

entries of row (column) + k.

M
We shall now elucidate the above procedure via an example, Let

£, = {1,2,3,4,5}, 5, = {6,7,8,

s |

12345 , 1
T . 2

s5¥234. 7 7 678
A " ,ﬂ
N L/ 4 7 -
LIX }9 51 ? 3 I and L2 786 .
/34502 867
: 1 e
Kifig/é,? !

Note that the cells Sﬁyfhe same curve in L1 form a transversal,
12345 ’ }1 2345/123
51234 51 234|451
45123 4 5123|234
34512 34512512

C. = 23451 and c. = 234511345
1 678 n 2 13524678
786 52413/786

8 67 l41352/867

And finally
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which is a Latin square of order 8 on 21 U Ty = {1,2,...,8}%.

Remark. Note that it is by no means required that the projection of
transversals on the rows and columns should have the same ordering. In-
deed, for the fixed set of ordered n, transversals, we have nzl choices
of projections on columns and n2! choices of projections on the rows.
Hence we a@an generate at least (n21)2 different Latin squares of order

n =ny + n, composing Ll and L2.

4. Constructionn of 0(n,2) Sets by Method of Sum Composition.

In order to comstruct an 0(n,2) set for n = n, + n,, we require that
ny = 2n2 and there should exist an 0(n2,2) set, and an 0(n1,2) set
with 2n2 parallel transversals., It is well known that any n = 10 can
be decomposed into n, +n,, n, = pa, n, = an, n, 2 3, n, # 6. Thus for
any n = 10 there is a corresponding ny and n, which fulfill the above
requirement. We now present three theorems which state that for‘certain n

one can construct an 0(n,2) set by the method of sum composition.

Theorem 4.1, Let n, = ¥ =27 for any odd prime p and positive integer

o, excluding n, = 13. Then there exists an 0(n,2) set which can be con-

structed by composition of two O0(n;,2) and 0(n,,2) sets for n, = (nl-l)/z

i@i n=n1+n2.

We shall first give the method of cmnatruction and then a proof that
the constructed set is an 0(n,2) set,

Construction., Let B(r) be the n, X n, square with element rg, + ¢

i
in its (i,j) cell, @y oy 0#r in GF(nl), i,j = 1,2,...,n1. Then

3
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it is easy to see that {B(1),B(x),B(y)}, x #y, vy = x-l, is an 0(n1,3) set,

Consider the n, cells in B(l) with ¢, + aj =k a fixed element in

i
GF(nl). Then the corresponding cells in B(x) and B(y) form a common

transversal for the set {B(x),B(y)}. Name this common transversal by k.
It is then obvious that two common transversals kl and kz, kl # k2 are
parallel and hence {B(x),B(y)} has n, common parallel transversals, Now
let {AI’A2} be any 0(n2,2) set, which always exists, on a set ()} non-
intersecting with GF(nl). For any ) in GF(nl) we can find (nl-l)/2
pairs of distinct elements belonging to GF(nl) such that the sum of the
two elements of each pair is equal to ). Let S and T denote the
collection of the first and the second elements of these (nl-l)/2 pairs
respectively, Note that for a fixed ) the set S can be constructed in
(nl-l)(n173)...1 distinct ways., Now fix 3 and let L1 denote any of
the (nzl)2 Latin squares that can be generated by the sum composition of
L(x) and Al using transversals determined by the n, elements of S,

Let L2 be the Latin square derived from the composition of L(y) and A

2
using the n, transversals determined by the elements of T and the follow-

ing projection rule: Project transversals ti’ i= 1,2,...,n2 on the row

(column) which upon superposition of L, on L1 this row (column) should

2

be superimposed on the row (column) stemmed from the transversal )\-t

i
Shortly we shall prowe that {LI,LZ} forms an O(n,2) set.

The preceding arguments show that {LI’LZ} can be constructed non-
isomorphically in at least (n1-3)(nzl)z[nl(nl-l)(n1-3)...1] ways., For
instance in the case of n, = 7, there is at least 12096 non-isomorphic pairs
of orthogonal Latin squares of order 10. Therefore, Euler has been wrong in

his conjecture by a very wide margin.,



Proof. The constructional procedure clearly reveals that:
A, L1 and L2 are Latin squares of order n on GF(nl) U Q.
B. Upon superposition of L1 on L2 the following are true:

bl‘ Every element of () appears with every other element of Q.

bz. Every element of () appears with every element of GF(nl).

b3. Every element of GF(nl) appears with every element of Q.
Therefore, all we have to prove is that every element of GF(nl) appears
with every other element of GF(nl). To prove this recall that B(x) 1is
orthogonal to B(y). However, since we removed the n, transversals from
B(x) determined by the n, elements of S and n, transversals from
B(y) determined by the n, elements of T therefore the following 2n2n1

pairs have been lost.

+ i = .
(xay + oys ¥y aj) with o + @ =Y for any vy € GF(nl), VDY

We claim that the given projection rules guarantee the capture of these
lost pairs by the 2n2n1 bordered cells, To show this note that the
superposition of the projected transversal s from B(x) on the projected

transversal t = )\-s from B(y) will capture the ny pairs.

-1
(Xai + O"j’ yo + ozj) with oy + O[j = kl(s,t) = (yt +s8)(1 +y)

if these tramsversals have been projected on row border and ny pairs

; P ovith o oy =l = s+ @+

if these transversals have been projected on column border. Now because

+
(xai @y Yo + o

1 = . ' '

k + k A and if s, # s, then k, # k, and kj # k) hence the 2n,n,
pairs which have been resulted from the projection of transversals de-
termined by S and T will jointly capture the 2n2n1 lost pairs and

thus a proof.

We shall now clarify the above constructional procedure by an example.
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Example. let n, =7, GF(7) = {0,1,2,...,6}. Then for x =2, y = x-l =4

1
we have
{B(1),B(2),B(4)} =
0123456 0123456 01234568
1234560 2345601 4560123
2345601 4560123 1234560
3456012 6012345 5601234
4560123 1234560 2345601
5601234 3456012 6012345
6012345 5601234 3456012
For n, = (nl-l)/Z =3 let Qz = {7,8,9} and
789 7809
{AA,} =897 ,978, Finally for ) =0, S = {1,2,3} and
978 897
T = {6,5,4} we have {Ll’LZ} =
0789456123 0123789654
7895601234 4567893210
8960127{345 1278960/543
9012378456 5789234{106
1234789560 7895601432
3457892(601 8912347065
5678934012 9456078321
21065643789 30415257829
4321065897 6304152{978
654321q9782630415897

the reader can easily verify that le,LZ} is an 0(10,2) set.

Corollary 4.1. The method of Theorem 4.1 produces infinitely many pairs

of orthogonal latin squares of order 4t + 2.

Proof, Let p=7 (mod 8) and o odd, then p¥ = (8t + 5)/3 and thus
n, + n, = 4t + 2.

Remark , The method of Theorem 4,1 fails for n
= 1

is no 0?6,2) set, Otherwise, there will be no otthogonality contradiction

= 13 only because there

5& the other parts of L1 and L2 with their 6 X 6 lower right square

missing.

Theorem 4.2. let n, - 2% 58 for any positive integer «. Then there

exists an O(n,2) set which cws we copgtructed by composition of two

0(n1,2) and 0(n2a2) sets for n, = n1/2 and n = ny + nye
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We shall here give only the method of construction. A similar argument
as in Theorem 4.1 can be used that the constructed set is an O0(n,2) set.

Construction. In a similar fashion as in Theorem 4.1 construct the set

{B(1),B(x),B(y)} over GF(2%). Let also {A},A,] be any 0(n,,2) set,
which always exists, on a set (I non-intersecting with GF(2%). For any
A#0 in GF(Za) we can find n1/2 pairs of distinct elements belonging
to GF(ZQ) such that the sum of the two elements of each pair is equal to
e Let S8 and T denote the collection of the first and the second
elements of these n1/2 pairs respectively. Note that for a fixed

the set S can be constructed in nl(n1-2(n1-4)...1 distinct ways.

Now form L1 from the sum composition of B(x) and A, and L, from the

1 2

sum composition of B(y) and A2 using the same projection rule as given
in Theorem 4.,1. Now {Ll,LZ} is an 0(n,2) set.
Example. Let n =8, GF(8) = {0,1,2,...,7} with the following addition (+)

and multiplication (X) tables:

+01234567 Xi012345¢617
0/l012345617 0j0 0000000
1110643725 1101 234567
2126075413 21023456171
3134701652 3|103456712
4143510276 4104567123
557462031 5105671234
6/6 2157304 6|06 712345
1717 5326140) |7107123456
Then for x =2,y = x-l =7 we have
{B(1),B(2),B(7)} =
01234567 012345617 012345617
10643725 26075413 75326140
26075413 34701652 10643725
34701652 43510276 26075413
43510276 57462031 34701652
57462031 62157304 43510276
62157304 75326140 57462031
75326140 10643725 62157304
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. For n2=n1/2=4 let Q = {A,B,C,D} and
ABCD ABCD
BADC DCBA
{Aphy) CDAB’>BADC
DCBA CDAB
- Finally for )\ =35, § = {0,1,3,4} and T = {5,7,6,2} we have
{Ll,L2}=
AB2CD567{0134 0OlD34ACBIB7 62
BAODCA413(6257 75C26BDA0134
34A01DBC|7526 DC6BA7253401
CD5AB276/1043 26B75CADI1043
DC4BAO31i2675 34A01DBC|7526
62D57ACB(3401 AB5CD276/4310
75B26CADI4310 CD4ABO316257
10c43BDAI5762 BA1DC304/26735
06712345ABCD 427 63510ABCD
21360754BADC 63042157/ DCBA
47635102 CDAB 50317462BADC
531748620DCBA 17250643 CDAB
which is an 0(12,2) set,
. Theorem 4.3. If a prime p has one of the following forms:
I 3m+1
II 8m+ 1
IITI 8m + 3

IV  24m + 11
v 60m + 23
VI 60m + 47

then, using the method of sum composition, it is possible to construct a

pair of orthogonal Latin squares of order pa + 3, The method gi con-

struction depends on the form of p but does not depend on its specific

value,

Proof. We start indicating the method of proof for one form of p, say,
p = 3m + 1. Other cases can be handled analogously. In accordance with the
‘ previous notation we choose three mutually orthogonal Latin squares B(1l),

B(x) and B(y) with y#x,y=x-1. Let S={sl,sz,33} and
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T = {tl,tz,t3} denote the transversals projected from the squares B(x)
and B(y). Furthermore we shall in this case make the elements of the
pairs (Si’ti) i =1,2,3 belong to the n, + ith rows and columns of the
resulting squares of size n., The problem is now to examine under what
conditions will the ranges of the two functions kl(si’ti) and kz(si’ti)
exhaust the set S U T and be compatible with the restriction that the

six values of this set are distinct.,

Lets choose the following values for kl(si,ti) and kz(si’ti)

ki(85ty) =5, ky(systy) =ty
kl(SZ’tZ) = 8g kz(sz,tz) = t3
kl(SB’tB) = s k2(53’t3) =ty .

It is easy to establish that this system of equations will be consistent
provided that y2 + 3 = 0, Any four elements of the set S U T can be
expressed as linear combination of the remaining two arbitrarily chosen.
This means when <3 1is a quadratic residue of p or alternatively
p =3m + 1 the above pattern gives a uniform rule for constructing two
orthogonal squares of size pa +3 for p=3m+ 1.

Here is one solution satisfying the above pattern., In this system
Sy and s, are arbitrary and the remaining variables are expressed as
linear functions of 8, and Sy

s, = s, - /2 + 85(1 + /2

2
1= sl/y + s3(y - /y

sl(y - /2y + 93(y'+ 1) /2y

(aJ
]

2
N R N

t

For each of remaining patterns we shall also give one system of solutinns
satisfying it.

Next we shall list the patterns which will yield the remainder of the

theorem.
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For II and III let

ky(saty) =8, ky(sypty) = 55
ki(sgsty) = tg ky(sgsty) =ty
ky(s3,tq) =8, ky(835t5) = t, ©

This system will give a distinct set of values for S U T provided that
2
2y +1=0 i.e. =~2 1is a quadratic residue or alternatively p = 8m + 1

or p = 8m + 3,

Here is a solution for this system of equations:

w
I

2 = Sl(l -y) + 84Y

ty = -8y + s3(1 + y)
t, = -Zsly + 55(1 + 2y)
ty = -31(2y -1 + 233y

Case 1V, Take now:

kp(sppt) =5, ky(s,5t)) =t
kl(SZ’tZ) = 8,4 k2(52’t3) = t1
ky(s35tq) =5y ky(sg,t) =t

In this case the condition for consistent and distinct solutions becomes

4y2 +6y +3 =0 i.e, -1 and 3 or -3 and 1 have to be quadratic
residues. Clearly the second case yields a subset of primes obtained in

case I. Hence we will consider only the case when -1 and 3 are quadratic
residues i.e., p = 24m + 11,

The following is a solution to this system of equations.

2]
|

5 = t3(2y3 r2y vyl + D) - sl(Zy3 2y’ - D/ D

53 = =ty + sl(y + 1)

2
tl = t3(2y + 2y +1) ~ ZSl(y + 1)y
t. =

5 = t3(y +1) - 89 »
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To establish the cases V and VI we may choose:

k(5potp) =3y kp(sy083) = &y
kl(sz,tz) = 33 kz(sz,tz) = t3
k1(83,t3) = Sl k2(83’t1) = t2 .

The condition becomes now 2y2 + 3y + 3 = 0, Hence the distinct solutions
will be obtained provided that -3 and 5 or 3 and -5 are quadratic
residues, Again a new class will be obtained only in the second case i.e.
if and only if p = 60m + 23 or p = 60m + 47.

One possible solution of this system of equations is the following:

®
I

1583/ + 1) +tyy/(v + D)
, =832y + /@y + 1) - t3y/(y + 1)
s, (2" /G + D + eyt + 2y + D/ + D)

0
I

ct
]

rt
]

9 s3y/(y + 1) + t3/(y +1).
This concludes the proof.

Corollary 4.3. Each of the six cases enumerated in Theorem 4.3 gives

infinitely many pairs of orthogonal Latin squares of the form 4t + 2,

The proof is obvious.

Remark, We wish to remark that the patterns used here to prove Theorem
4.3 are not unique., We do know all the patterns which could be used to
establish the theorem, We know in fact all the patterns which could be
used for constructing a pair of orthogonal Latin squares of order p* +3
using the method of sum composition. However some of the patterns are hard
to analyze and we were not yet successful to overcome the difficulties.

We hope that the remaining patterns would enable us to extend the theorem
to include all forms of p.

Discussion. The necessary requirements for the construction of an 0(n,t)

set, n =n, +n,, t <n,, by the method of sum composition are: The

1 2 2?
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existence of an O(nl,t) set, n, > tnz, with at least tn2 common parallel
transversals, and an O(nz,t) set, These conditions are obviously
satisfied whenever n, and n, are prime powers.,

While for some values of n there exists only a unique decomposition
fulfilling the above requirements, for infinitely many other values of n
there are abundant such decompositions,
We believe the restriction y = x-1 imposed in the preceeding three
theorems is not necessary. Even though we have not yet been able to remove
this restriction but we have sufficient evidence to believe that this
restriction is unnecessary. 1In fact we conjecture that for any x and
y, x # 1, y # x, there exist suttable sets S and T together with a
proper projection for which one can use the method of sum composition
to construct pairs of orthogonal Latin squares at least of those orders
given in these three theorems. To support this conjecture we have fully
investigated the case 10 =7 + 3. For this case let § = {0,1,3} and
T = {2,4,5}. Now we show that any pair of x and y satisfying the
above restriction can be used to construct a pair of orthogonal Latin
squares of order 10. To give the complete list of solution let (al,az,a3)
and (bl’bz’b3) be any two permutations of the set ({8,9,10}. If we
project transversals (0,1,3) on the rows (al,az,a3) and columas
(bl’bZ’bS) in the formation of Ll’ then the following table indicates
what permutation of transversals {2,4,5} should be projected on the rows
(al,az,aB) and columns (bl’bz’b3) in the formation of L,. Obviously

2
these permutation will be a function of the pair (x,y).
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| Pair 5 Rows Columns
(.5) | 3123033 | bpbysby
(2,3) 4, 2, 5 4, 2, 5
(2,3) 2,5, 4 2, 5, 4 |
@4 | 2,54 % 2.5
(2,5) 4, 2, 5 4, 2,5
2,6) | 2,5, 4 2, 5, &4
(3,4) 2,5, 4 2,5, 4
(3,5) 2,5, 4 4, 2, 5
(3,5) 4, 2, 5 5, 4, 2
(3,5) b4y 2, 5 2,5, 4
(3,5) 5, 4, 2 2,5, 4
(3,6) | 4, 2,5 2, 5, 4
| (3,6) 5, 4, 2 4, 2,5
(4,5) 2, 5, 4 2, 5, 4
(4,6) 5, 4, 2 4, 2, 5
(4,6) 2, 5, 4 2, 5, 4
| (4,6) 3, 4, 2 5, 4, 2

(This table is by no means exhaustive.)

-1 in the above table the

The reader may note that whenever y = x
given solution(s) are different from the one' prcvided by the method of
Theorem 4.1,

Thus we can conclude that any pair of orthogonal Latin squares of order
7 based on the GF(7) can be compased with a pair of orthogonal Latin
squares of order 3 and make a pair of orthogonal Latin squares of order 10.
In addition, since we have six choices for (al,az,a3) and (bl’bz’b3)
hence from every line in the above taBlle we can produce 36 non-isomorphic
0(10,2) sets or 16 X 36 = 576 sets for the entire table. Since all
these pairs are non-isomorphic with all previous pairs, produced by Theorem

4.1, thus by the method of sum composition one can at least produce 12,672

non-isomorphic 0(10,2) sets.
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We believe that for other values of ny there are sets of "8 and T
together with proper projections which make - the restriction y = x-1
unnecessary.

Let n, = pa, o a positive integer, Dy = 7 and n, any positive
integer except 1, 2 and 6 such that 2n2 < . Then we conjecture that
there exists an 0(n,2) set based on Balois field GF(nl) which can be
composed with any arbitrary 0(n2,2) set to produce an 0(n,2) set,

n =0y + nye To support his conjecture and shed more light on the method
of sum composition we present here some highlights of the results which we
hope to complete and submit for publication shortly.

In the following table for each decomposition of n we shall give the
value of x, the sets S and T with the rules of projection on rows
and columns. The reader can check for himself that the corresponding
values of k1 and k2 will exhaust the set S U T. Having the values of
nl,nz, x and S and T one can easily, by our method of sum composition,
construct an 0(n,2) set based on Galois field GF(nl) and compose it
with any arbitrary 0(n2,2) set to obtain an 0(n,2) set . Note that
one can construct two nonisomorphic 0(22,2) sets by composition of 19

and 3 (see Theorem 4.,3) or composition of 17 and 5 (see the following

table).



n = n, + n, X Set S Set T Projection on Rows Projection on Columns
15=11+4 2 0,1,2,3 6,7,8,9 0,7),(1,9),(2,6),(3,8) 0,8),(1,6),(2,9,(3,7)

17 =13 +4 5 7 0,3,2,3  8,9,10,11 0,9),(1,8),(2,11),(3,10) 0,9,(1,8),(2,11),(3,10)
18=13+5 2 0,1,2,3,4 7,8,9,10,11 0,8),(1,11),(2,7),(3,10), (4,9) ©,7),1,9,(2,10),3,11),(4,8)

22 =17 +5 2 0,1,2,3,4 9,10,11,12,13  (9,10),(1,11),(2,12),(3,13), 4,9) _ (0,10),(1,11),(2,12),(3,13), (4,9)

Note:

In this table (s,t) in the fifth and sixth columns indicate that transversal s and ¢t
of the Latin squares L1 and L2 should be projected on row (column) of L1 and L2
such that upon superposition of L1 and L2 the transversal s in Ly should be

superimposed on transversal t in LZ-

- L'[-
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