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Asymptotic Distribution Theory for Correspondence Analysis

CHARLES E. McCULLOCH™

The asymptotic distribution of the eigenvectors and eigenvalues in
correspondence analysis is derived using a method of Anderson (1963).
The results are illustrated on a condensed version of data of Maung
(1941). The results are also applied to derive the asymptotic dis-
tribution of the eigenvectors and eigenvalues in principal components

analysis of a correlation matrix from multivariate normal data.
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1. INTRODUCTION

Correspondence analysis is a scaling technique which assigns a score
to each of the categories of a cross-classification. Though it has come into
widespread use in the ecology literature, e.g., Hill (1973), Swan (1970) or
Whittaker (1967), it has received little statistical attention or investiga-
tion of its properties. Hill (1974) has demonstrated the equivalence
between correspondence analysis of a two-way table of counts and canonical
analysis of a contingency table and between correspondence analysis and
principal components analysis. O0'Neill (1978a, 1978b, 1981) has derived
distributions for the canonical roots in contingency tables which thus may
be used in some types of correspondence analysis. In correspondence analysis,
attention focuses equally or more intently on the scores. Using work by
Anderson (1963) on principal components analysis, the work of 0'Neill is
elaborated and extended. It is also shown how the same theorems can be used

to handle the asymptotic distribution theory for principal components analy-

sis performed on correlation matrices from a multivariate normal sample.

2. ASYMPTOTIC DISTRIBUTION THEORY

Anderson (1963, Theorem 1) derives the asymptotic distribution theory
for the eigenvalues and eigenvectors of the sample variance-covariance matrix,
g, when the sample is from a multivariate normal distribution with variance-
covariance matrix 5 . The proof can be divided into three parts:

1. Establishing asymptotic normality of the normalized elements of g.

2. Establishing the functional convergence of the solutions of certain
matrix equations as g-*Z .

3. Deriving conclusions about the distributions of the eigenvectors and

eigenvalues of E using 1 and 2 above and Rubin's Theorem.
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The key point is that many of the conclusions hold when the assumption -
of multivariate normality of the observations is replaced by the assumption
that n%(ﬁ -%) is asymptotically normal. Notably, part two of the proof remains
intact. These conclusions are embodied in Theorem 1. The results are only
stated Por distinct roots, though, as in Anderson (1963), the results for sets
of equal roots are straightforward.

Theorem 2 is a parallel theorem for the singular value decomposition of
a sample matrix, as opposed to its spectral decomposition (as is used in prin-
cipal components analysis).

Since we will be working with matrix distributions, we will make use of
some special matrix results and it is convenient to introduce them now. The
vec(-) operator is a matrix operator which stacks the columns of a matrix one
upon the other to make a large column vector, i.e., the (i,j) element of A

mXn

is the n(i -1) +j element of the mnX 1 column vector, vec A . A salient

property of the vec(.) operator is that

vec(ABC) = (C'®A)vecB

where ® denotes the Kronecker product. A special matrix we will make use of,

connected with the above, is the commutation matrix, Km n (Magnus and Neudecker,
2

1979). We will use the following property of K, o
)

vec( A ) =K _vec(A')
mXn m,n nxm

For descriptions of these and other results see Henderson and Searle (1979).

Suppose that ¥ is positive definite with spectral decomposition given by

L =TAT'
DXP



t i — = i PP P
where IT' =TT = Ip and A dlag{)\l, , ).p} M >A> >>\p>o . We assume
that Yii> O so that I' is uniquely defined. Write a similar decomposition for
g, which is assumed to be positive definite with probability one,
5 = TAl
PXPp
Theorem 1. Write I' = (.Yl’ Yor t0 s Xp) . Notation as above. Assume

1 ~
n3(vec T - vec £)~AN(0,V), then

;L_A
n2()\-)\)~AN(O,W'):) (2.1)
n¥ (Y - ¥ ) ~AN(O, W)  k=1,2,..-,D (2.2)
B, - ), @ - V)] ERITREYY)
asy. cov[n2(Y, -V ),n2(Y.-Y¥.)] = £ Y)Y ~ , (2.3
L S R L M g2y (Ay2p)

A . ! 1 . e
where (W)\)jk = [(XJ.®ZJ. )V(.Y.k®l{k)]jk and W,_ is specified by (2.3).
Proof. See the Appendix.

Similar results can be derived for the singular values of a sample matrix.
As we will see in Section 3, the distributions of the decomposing matrices can
be found using Theorem 1, so we will concentrate on the sample singular values.

Suppose that B (p<q) is an estimator of B such that
pXa

n%(vec/ﬁ - vecB) ~AN(0,Z) .
Suppose also that B has singular value decomposition (Seber, 1977, p. 393)
given by
= s(z o) ,
where
ss'=8'S$=I1, s.>0 ,

Tr'

]

™T =1, (2.4)

™M
[

—d::.ag{crl,oe,---,op}, al>02>-~->crp>0 .



This decomposition is unique, except perhaps for the last p-q columns of T

(3p+1’ 3p+2’ cen, Eq) and has the property that

jgi:a;lB'gi i=1,2,..ep .

Theorem 2. Write S = (fl’ cee, fp) and T = (1:1, ---,fq) . Notation as
above. Under the above assumptions,
o (3 - ) ~aN(0, W)
where

[ -— 1 1
(Wd)jk B Hi—’,j@Ej)Z(Ek@EK)]jK
Proof. See the Appendix.

The utility of these two theorems is that they translate the statements
about the asymptotic normality of sample matrices into asymptotic normality

of decomposing matrices.

3. ASYMPTOTIC DISTRIBUTIONS FOR CORRESPONDENCE ANALYSIS

The simplest form of correspondence analysis, that of a two-way conting-
ency table of counts, is equivalent (Hill, 1974) to a canonical analysis of
the contingency table. The canonical vectors are interpreted as scores in an
ordination procedure. That is, the scores are used to order the row categories
and the column categories. The ordinations are then interpreted as a gradient,
hopefully making sense in the problem at hand.

Let o g be the count in the (i,j) cell of a contingency table (i=1,2,...,p,
j=1,2,--+,q, pSq) and assume that the counts are multinomially distributed
with E[nij] = n“]gij . In the usual notation, n; o0 4 and P; 0P, denote the
marginal totals and marginal probabilities. Let B = [nij/(ni.n.j)%] and

suppose it has singular value decomposition as in (2.4),



where

S = (El’ Spy cy fp) and T= (fl’ 3‘2: "')Eq) .

Sets of scores are then found from (gi’ii) i=1,2,.-.,p and are used for
ordination. These sets of scores are ordered in importance by their singular
values, Gi’ just as sets of canonical vectors are ordered by eigenvalues in a
canonical correlation analysis. The ties between correspondence analysis and
canonical analysis of contingency tables are that

1. The usual X2 test for independence is related to the singular values

P aq D
X2= 3 £ (m.,-n,n./Mn )/(n,n./n )=n =0
321 3-1 ij ie7e] . i 3’ ..o

2. The canonical vectors or canonical polynomials (g?,ﬁ;, 0'Neill, 1978b)

A

are related to the decomposing matrices S and T

~ . -~
s; = dlag{n%: ’ né., cee, n%.}gi
N . 2 %
1:']. = dlag{n%l, n%g, coe, n?q}..j .

The asymptotic distribution theory for correspondence analysis can be ob-

tained by applying Theorem 1 to BB' and Theorem 2 to B . TLet us first

A

consider the sample singular values, oy
Lemma 1. Tet B = [n,./(n, n .)%] = [5../(3. ® .)¥] . Then
_—— ij i-7¢] ij 153
1 A
n?(vec B - vec B)~AN(0,Z) ,

where

V = diag{vec B}(diag-l{vec P} -3 éql.q® gL

(3.1)
‘l [} 1 .
-3¢ ®1pép+i—lq®Q®1};+%lq®Q®}p)dlag{vec B} ,



= = i =di = ' = .o o
and P—(Pij)’ R dlag{:pi,}’ C dlag{P_j}} Q (Pij/pi'p'j) and !:Il" (ll l)])(n'

Proof. It is convenient to first work with 4n ﬁu . Using a theorem of

L
Bishop, Fienberg and Holland (1975, Theorem 14.6-4), n®(4n Skz - znbu) is

asymptotically multivariate normal with means zero and covariances given by

asy. cov(n%,Zn gk!.’ n%l?/n gk g )

Mnhu d4nb

k'4' A A
-y 5 5 z:( )( >COV(p 3D _1r)

2 ' hh's PPgn /\ dPgmys gh’“g'h

aznbk P ax(’.nbk g aanM a!,nbk g

=z Z( 3p X 3p )Pgh' 2L~ Pan|X| 2 2 5 Pgrn?

gh gh gh g h gh g' h' g'h'

However,
d4nd 5 & )

(Sij is the Kronecker delta)

1 A 1l A
so that asy. cov(nzznbu,nzznbk,z,) is given by

b!,nbu alnbk 141

sz
g h( %Pgh Py / €B

Sk'g_;sz'h>
Ppigr 2Py, 2P 4./ 80

s Z(Skgszh_}_ kg 1 azh)x (8k’g8!, m o1
gn' Py P EP,

. Z(Skgak'gszhsl 1 OkgPanlicrg 1 BgPan®ym
g h\  PigPrrye 2 PP, 2 PPy

o1 %% 1 Bkelete 1 BkePan
2 D Pprgr B PP, FDP,,
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_1%m%®m 1 Bt 1 %n !,'h)p
27D, Py BB, kD b, en :
T 38kk 3% 1 Py 1 Pk'z
Py  F P * P hpk 2 FRE,

Using the 5-method (Bishop, Fienberg and Holland, 1975, Theorem 14%.6-2) to go
L -~ ~
from the distribution of n®fnb , to n%bu yields the result that u (b bkl)

are asymptotically multivariate normal with means zero and covariances given
by
1A 1A
asy. cov(nzbkz,nabk,z,)

Poc®et 3%k 3% 1 P 1 Pk'z)
oy F P kD, kP, ED,.P,

= PP

This can be written in matrix notation as

n%(vec/ﬁ - vecB)~AN(0,Z) ,
where

= diag{vec B}[diag-l{ vec:(pi )} -%}q&é@ diag-l{pi‘}

P
-1 ij
- 241 11'+31 ® ) '
ag {P }~ 2y (Piop-j ®}'P

1 (2L

+ —\® di B} .

iq8 (55 7) 01 |Healvee 5]

J' ]

Theorem 3. Let the matrix B = [Pij/(pi'p'j)é] have singular value decom-

position,

= 5(z o)T’

~ A~ A A 1
as in (2.4), with a similar decomposition for B = [p../(p. p .)31,

A

= /S\(/Z\ O)/'f' 53

then
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RN
n? (o - o) ~AN(O,W8)
where

(W5) g = (55®57)2(5 O 5)

and 7 is given by (3.1).
Proof. Applying Theorem 2 to ﬁ gives the desired result.

Calculating the asymptotic distribution as in Theorem 3 obviates the need
of specifying particular preliminary transformations, as in O0'Neill (1978a,b).
It also represents the results in matrix notation.

Although 0'Neill (1978b, equation 19) calculates an asymptotic expansion
for the vectors gi’ he never explicitly calculates the limiting normal distri-
bution. With the use of Theorem 1 we now calculate the limit distribution of
5; and ¥ .

Since B = S(= 0)T', we have

BB' = S5ZS’
and therefore S is the decomposing matrix in the spectral decomposition of BB'.

To get the asymptotic distribution of gi we may apply Theorem 1 to gﬁ' . First

we need a lemma about the asymptotic normality of BB’

Lemma 2. Notation as above.

n%(vec S'BB'S - vec £2)~AN(0,V") s
where
]
V = (I o+K S'®ZTN)Z(S®T.2)(I - +K
(1 +K, (' @ISR T (T 4K )
and

T’- = (t t LA 4 t ) .
~12 22 ’ .
XD P



Proof. First note that (S"ﬁg'S):.L'j = s{ﬁﬁ'sj . Working from the -

identity

n%Ei(BB' -BB')§j néfj'_B(B - B) 'Ej +n%§i'(B -13)}3'3j +n%§j’_(B—B)(B- B) 'EJ

we obtain

E J - % B(B - t % (B - '
n (s BB’ 85 0’10'3813) n fiB(B B) s;+m Ei(B B)B S5 +op(1) (3.2)

1 AN
by Lemma 1. Also by Lemma 1, (3.2) shows that n2(vec S'BB'S -vec £2) is asymp-
totically normal with variance-covariance matrix given by

3#*

1l A A
v asy. var[vec S'Bn2(B - B)'S+vec S 'n%(B -B)B'S]

Il

]

RN
asy. var[(K p+I 2)vec S'2n2(B - B)S]

(I 2+K )(s ® S'B)asy. var[n2vec(B B)](S@B s)(z 2+Kp P)

(IP2 +KP,P)(S ! ®ml')z(3® Tl'z)(ng +KP’P) R

where Tl is a matrix consisting of the first p columns of T .

1 N
Remark. If we write Uy = n-"-’[s'(B-B)t ], then another way to represent

the results of this lemma is ne(s'ﬁﬁ §.-0,0.5,.) = 0.u,,.+0.U,.
~J i°37i3 i'ij Jj a1

are now ready to derive the asymptotic distributions of the gi and %j .

+0 (1) . We
o(1)

Theorem 4. Notation and assumpticms as in Theorem 3, and let

= asy. cov[fg(B-B)E,Eé(B -B)i:d] ,

Yabed
then
1 A R
ng(fi-fi) i=1,2,--+,p ,
1
na(fj -Ej) i=1,2,-¢,p ,

are asymptotically multivariate normal with means zero and variances and covari-

ances given by
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1 L A
asy. cov[n‘?(§i -55_);112 (Ek - .S.k)]

_ s 5 ossr AT enei T o T ik e e s
- . ~4-m .
241 mfK (oi_oi)(ci_oi)
*
= Z- 2 fzfé (L;i)izl,EZ‘i;P+k i,k=1,2,---,p (3.4)
2741 m7ék ( i- L)( k" m)
B(E. -+.),05(% -t
asy. cov[n (~j -~J.),n (Pn-..n)]
— g § t £ 95%0"34mn* %30 " j4nm 740" 4 jmn 720V 4 jom
B ~4~m
2=1 m=1 (02-02)(c3-03)
245 mén I
O.W., +0,W,.
cr s t,t0 - jinm "¢ £jnm
Z;l m=p+1" " (05-05)0,
L#]
q P 0O W. +ao W,
+ 5 st g1 2 Jénm m jimn (3.5)

~Am
£4=p+1 m=1 (oi-oi) o

m#n
a q LA
+ Z T bt ?§%§E
£=p+1 m=p+1~ jn

Proof. To derive the asymptotic distribution of the gi we can apply Lemma

2 and Theorem 1 to conclude that

1l A
2 - ~
w5 (5, - 5;) ~AN(0, 1)

with variances and covariances given by

1 t
as cov[n%(g -s:) n%(A -8 )]l =35 =s,s (§£®§i)v(§m®§k)
v ~i <i’? Sk "3/ C 245m .

L1 mfK (A=A ) (=2 )

] _ 2 t 1 : s
For this case, )LJ. =05 and (§z®§i)v(§m®§k) is given by Lemma 2 as
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3 .
V( £-1)p+i, (m-1)p+k’ or following the Remark, as

95 0m¥itmie T %% i tkm Y 2% 4imk T 4% Y hikm  °

This completes the proof for the §i . To derive the distribution of E’j (3=p)

we use the relation

Arguing as in Lemma 2 shows that

1l A~ Ll A- - 1 A -
n2(tj -t.) = B's.na(cjl-cjl) +B'n2(s:j -s.)o 1

J J ~3773

; . (3.6)
+ n2(B-B)'s.o. +o (1 .
(3-8)'s 05" +o (1)
Let us simplify (3.6) term by term. Using Theorem 2 and the &-method shows

1 - - '
that nz(cjl-cjl) = - (ujj/c§) +op(l) . Since B'fj =Gji—’j’ the first term sim-
plifies to "33‘ (ujj/cj) +op(l) . The second term can be represented using the

first part of the proof as

The third term can be rewritten as

A - a 1. A - q -
né(B -B)§.o.l = ( z tzté>n2(B-B)s.c.l = 3 tzu.zc.l .
Jd d L4=1""" ~J J z__,l“' J& J
Combining the results and simplifying yields the result,
1A P ujzoj+u£jcz q ujz
2 - = o J ZJ 7 L2
n (1}3 fa) Tk, + ot +oP(1) .

2=1 (62-02) L=p+1"" ¢,
. 2
2 743 J d



The remainder of the proof follows.

1 A
Remark. As it appears in (3.5) it seems that asy. var[ﬁf(tj-tj)] cannot
be consistently estimated since it depends on tj with j>p . The representa-

tion given in (3.6) shows this is not the case.

L. AN EXAMPLE
We illustrate the previous computations with a condensed version of an
example due to Maung (1941) and used in Lancaster (1958), reproduced in Table

1.

—TABLE 1 HERE-—-

The data are a cross-classification of school children by eye and bair

color. The matrix

.534866  .635599  .321250
.082947  .282126  .476h2k

‘and has singular value decomposition,

B = S(E 0)T"
.508810 .565038  .649L95 '
692041 .178869 -.698455 .

. 876681 .u81o72][1 0 0

L81072 -.876681)|0 .32669 0

.510828 -.805443  .300528

The interpretation of the second column of T is that the hair categories are
assigned scores of .565, .179 and -.805 and are ordered as expected from dark
to light.

Also,
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A l._ A N
asy. cov[n®(vec B-vec B)] = Z

1 21 12 22 13 23

11 [.262645 -.111469 -.140913 .052254 -.085351 .067287]
21 .297809  .026959 -.06890k  .020903 -.105565
12 .232380 -.19524h -,109226  .118375
) 22 497738 L06763%  -.342006
13 357031 -.338267
23 | .T70758 ]

and (/'f'®,S\')/Z\(@®,S\) is given by

11 21 12 22 13 23
11 0 0 0 0 0 0
21 .223319  .072956 -.079895 0 -. 040394
12 .223319 -.008299 0 -.068420
22 .971995 -.061822 -.31074k
13 .250000 -.036913
23 | 749728 |

The numbers across the top and sides are to indicate which entries are referred
to in the original matrix. From this ﬁg = asy. cgv[n%(g -0)] can be read off

as

. 0 0
We = .
0 .971995

The zero entries are to be expected since 31'='1 . From this an approximate

confidence interval for 9, can be found as

32:h2$.e.(32) = .32669 +2(.971995/22, 361)%‘ = (.313504,.339876) .
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so the result is
1.21768 -.92644  .64849
asy. var[nf (%, - 5,)] = .96888 -.u3u76| .
.35838

This could be used to set individual asymptotic confidence intervals on the

Atk2 or to set a confidence ellipsoid on %2 .

5. ASYMPTOTIC DISTRTBUTIONS FOR PRINCTPAL, CCMPONENTS ANALYSIS
BASED ON A CORRELATION MATRIX
Theorem 1 can also be used to derive the asymptotic distribution of the
eigenvectors and eigenvalues of the sample correlation matrix. Let R = (rij)

[cr /(crllaJJ) ] and R = (oy /(cllUJJ) ] . As in Section 3, the asymptotic

normality of o implies the asymptotic normality of R .

Lemma 4. TLet R be the sample correlation matrix from a random sample of
size n from a multivariate normal distribution with positive definite variance-

covariance matrix, ¥ . Then

1 -
n2(vec R - vec R)~AN(O,VR) s

where VR has entries given by

o JR T,

1 1 ' '

asy. cov(n2r, .,n2r,, ,) =r,.T, R E R SR F
ij i’ igi'g’ g. .0.

ijrit'g!
Osst0ss1 Os:10:cy OioyOssy O.oyO.s,
S "R S S 1 A ii +dd " Ji
°15% 0 %15%30 %1%y %3501y

1 - - - -
+5ly r 5y )
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_To get confidence intervals for the gi or %,j we need asy. cov of vec Iﬁg'. . .

We will illustrate for the §j .

A % 'A"‘ 22 (0] . N
The asy. var [n vec(T'B'BT) -vec(o O) is given by

11 21 31 12 22 32 13 23 33
11fo 0 0 o) 0 0 0 o 0]
21 .1995 0 .1995 -.0116 .0180 0 .0180 0
31 .2500 0 .0kOk L0121 .2500 .0121 O
12 .1995 -.0116 .0180 0 .6180 0
22 A1k9 -.0663 .04O4 -.0663 O

32| .0800 .0121 .0800 O
13 .2500 .0121 ©
23 .0800 ©
33 1 0

From this we can obtain, for example,

A ' L oW +0.,W.
asy. var[n2 (32 -32)] =54 s _,_13]'-33, 2 2:391}\1223
(0'2'0'1)(02' l) ( 2" 1)62

.
Vi,

Gy 4O W
2"2321"%%2310 ., ¥2323 .

+ t'tt
~3.1 Ao Ao A ~ A
’ (65-07)0, > o3
We have
.508810 .649kos
5 = .692941 1:3 = |-.698455 | ,
.510828 .300528
- R 31 = 1 \?*82 = .32669
Y2123 = - Oko39h yu = -199
W, S
;;2321 = -.040394 1:1223 = -.068420
2323 = ,T7h9728 o310 = -.068420
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1 A
Proof. Since n2(vec I -vec %) is asymptotically multivariate normal we
can again apply the 5-method as long as we are careful to only use the func-
tionally independent entries of $ . Tet us work only with the entries rij and
gij with 1=2Jj . The distributions of rij (i< J) will follow from the fact that
1
_ . - . ‘é‘ - ot . s
iy =Ty - Using the 3-method again, n (I,nrij l,nrij) are asymptotically multi

variate normal with means zero can covariances given by

2 2
asy. cov(n22nrij,n inr, i3 ')

aznr aznrl,a, ~ ~
=22 =& = coV(0 45T, 1y 0)
gh g'h' 30, A0 . €
gzh g'zh'
5. B, 5. B, 5. 5.
-5 s % (1g3h_l ig'ih 1 Jg,]h)
eh g'h' cij 2 05 2 ij
g2h g'2h'
x <8i1g'8j1hl -1 Sllg Slihl -]: SJ‘ lg|8j lhl)x(c G +G 0, )
1 1 1 1
Tj150 2 Oiase 2 Tgrg gh' hg gg' hh
05 51055 1+054 4105 0.240:2y O..,0.., O..,0.., . 0.
- _1J J3 ii' 33’ 11l Jl * iJ  JJd + 1J 11 _+ JJ Ji'
O..0. ¢4 0. .0. O:oO-gy 0220, 4.4
ij i'j ijtitit ij '3 iitit'j 3313

1 - - - -
+§[I‘§il+r§jv+r§jr+lz-t] .

ji

Thus, n%(vec R-vec R) is asymptotically multivariate nommal with variance-

covariance matrix VR’ say. The entries of V_ can be found from

R
L L - 1;] 31 11'033
asy. cov(n ri.,ani,.,) =T, .T; {
Jd J Ji'] 13 1 g
B RS E RIS B R0 P A & it & S b A
3%t %1% Taafavgr %5y

1. - - - -
+§[r§i'+r§j'+r§j'+r§i']} .
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We may now apply Theorem 1 to derive the asymptotic distributions of the eigen-

vectors and eigenvalues of R .

Theorem 5. Assumptions as in Lemma 4. TLet the matrix R have spectral
decomposition,

R=EAE"' ,

L t = = i LI Y LA .
where EE' =E'E=T, (e;;>0) and A = diag{)y, -, xp} (A >2,> 00> > 0) . ILet
R have a similar decomposition,

R = FAE"' ,

where E = (§1, §2, ceey, §p) . Then the asymptotic distribution of the eigenvectors
and eigenvalues is given by

2)

1 A

n2 (A - \) ~AN(0, Vo
1l,.A ‘ A
n2 (Sk-sk)~AN(o,vk) k

1,2,...,p s

where

(Vg = (5®e)Vp(e ® )

1n 1~ e.,e ,,
asy. cov(nzejk,n?-e ) = % 4w

~m zazék £ (N A ) (Am2,0) SO o)

Proof. Use Theorem 1 and Lemma 4.

Remark. The above asymptotic results can be expected to take effect very

slowly considering the slow approach to normality of rij .
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- 6. SUMMARY )
This paper has shown how results of Anderson [1963] can be applied to
asymptotic eigenvector and eigenvalue analyses of matrices other than the sample

variance-covariance matrix from a multivariate normal population. Results are

derived for correspondence analysis and principal components analysis for corre-
lation matrices. The results are considerably more complicated than the results
for principal components of the sample variance-covariance matrix. 1In that case,

the covariance structure of I''ST’ (from Theorem 1) takes a particularly simple

form.
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APPENDIX: PROOFS OF THEOREMS 1 AND 2

Both of the following proofs follow Anderson (1963) closely:

Proof of Theorem 1. Denote T = I"ﬁl“ and let

1 A 1
U=n03(C'Sr-A) = 02(T-4) .

Let the spectral decomposition of T be given by

T = EAE' , (A1)

where EE' = E'E = I_ and eii>0 . A appears since T has the same eigenvalues

as ﬁ and the requirement that eii> 0 is to guarantee that the elements of E

and A are uniquely specified. Also define

= nf(A-A) (a2)
n%eu k#4
ke 0 k=g (43)

Using the convention that diag{ A } is an nXn diagonal matrix with the same
nXn
diagonal elements as A, we can write,

a
A+n=20="17T
= EAE'

(diag{E} +E - diag{E}) x(diag{E} +E - diag{E})"

]

(diag{E} +n%F) X(diag{E} +n%F)'

diag{E} Adiag{E} + n"2F Adiag{E)

-1 S =1 A
+ n 2diag{E}AF' +n lFAF' .

Solving (A2) for ?\ and inserting into the above yields the equation,
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A+n"2U = diag] E} Adiag{E]} +n’%diag{E}Hdiag{ E}
+ n'%FAdiag{E} +n-]FHdiag{E}

1 -1 (Ak)
+ n 2diag{E} AF' +n ~diag{E}HF'
+ 0 FAR + 0”3 P
Since E is orthogonal,
I =EE'
-1 -1
= (diag{E} +n 2F)(diag{E} +n 2F)"
-1
= diag{E}diag{E} +n ZFdiag{E}
-1 -
+ n 2diag{E}F' +n Yepr .
The on- and off-diagonal equations from the above matrix equation are
2 -1 t
ekk =1l-n (FF )kk (AS)
1
—1 -3 ! —3 L
0=f e, +f, e, +n 2(FF )M k,4=1,2,--+,D . (A6)

In matrix notation (A5) can be written

diag{E}diag(E} = I -n laiag(Fr'} ,

which implies that

A-n Taiag{FF'} A .

diag{ E} Adiag{E}

Using this in (A4) yields

1

1 - -1
A+n"3U = A-n""diag{FF'}A+n 2diag{ E}Hdiag{ E}

+ n"3F Adiag] E} + n"IFHdiag E}

1

-1 -
+ n 2diag{E} AF' +n ~diag{E}HF'

+ 0" F AP +073 P

Cancelling A from both sides, the on- and off-diagonal equations can be written

as



-2]1-

L
elzskhkk+n 2 or smaller terms k=1,2,-+-,p (AT)

Yk

-1
= 2
L) )‘kfzkekk'!')‘zfl !eM’ +n or smaller terms (A8)
k,£=1,2,---,p k#4¢ .

To derive the asymptotic distributions from (A7) and (A8) we need to show that
diag{E}, H and F converge as U converges. This is proved in Anderson (1963,

Section 7). Thus, in the limit,

_ 2
Y = il 2
e = Mo T f e o
O =T p®e0 " Toxtrx

determine the asymptotic distribution of the hk_k’ Sl and fk . Thus, by

Rubin's Theorem, the asymptotic distributions can be found as

T
€1 2y, (A9)
h has the same asymptotic distribution as w, , (A10)
f,, has the same asymptotic distribution as -f,, , (A11)
£, has the same asymptotic distribution as ulk/(xk- )‘z) . (a12)

Thus the asymptotic distributions translate directly from those of U . Since

1 A
n2(vec T - vec £)~AN(O,V), we have

n%(vec U -vec A)~AN[O, (T'I)V(rel)] . (A13)

Since b = n%(fck -)‘k)’ (A13) together with (A9) and (A10) prove (2.1). To

prove (2.2) note that [ =TE, so



-oo.

>

-1
=¥ +n 2 Y, .
S - = YeSx z#k Toxis

!

Since € gr_> 1,

1A %/\
asy. cov(n2Y.,n8Y, ) = asy. cov( T f,.Y,, = .Y )
~377 <k 243 23~2 ok mk~m

l

£ Y,y asy. cov(f Py )
43 m#k ~&n mk

Z ZY,Y! cov , )
oy <zz®zj>V<3m®xk
= o~ 4~ :

Asymptotic normality follows from the asymptotic normality of the u Ik

Proof of Theorem 2

Denote R = S'BT and let

Z = n%[s'ﬁT- (z 0)] = n%'[R- (z 0)]

Let the singular value decomposition of R be given by

= E(Z o)a' .

Y. appears since R has the same singular values as B . Also define

K = n%’(ﬁ-z) ,
F = né(E—diag{E}) ,
H = n%(G-diag[G}) .

Using (Alh) and (A15) we can write

(A1k)

(A15)

(A16)
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(= 0) _n%g

R

E(Z 0)G'

(diag{E} + E-diag{E}) (£ 0)(diag{G} +G - diag{G})

(diag(E} +nEF) (2 0)(aiag(G} +n m)

diag{E} (S 0)aiag{G} +nZF (S 0)diag{c)

+ n‘%diag{E}(E 0)a' +n ¥ (§ o) .

Solving (A16) for 2 and inserting in the 2bove equation yields the equation,
-1 . . -3 .. .
(£ 0)+n"2z = diag{E}(z 0)diag{G} +n 2diag{E}(K O)diag{G}
+ n—%F(Z 0)diag{G} +n'lF(K 0)diag{ G}
-1 -1..
+ n 2diag{E}(z 0)3' +n ~diag{E}(X O)H'

+ (s o) +n7 328k O . (A17)

Since E and G are orthogonal we have

diag{E}diag{E} = I-—n-ldiag{FF'}
and
diag{G}diag{G} = I -n Tdiag{HA'} ,
which imply
ekk=].+n_l or smaller terms k=1,2,+--,q
8y = 1+n° 1 or smaller terms £=1,2,+44,p .

Using these in (Al7) yields the following
Z = diag{E}(K 0)diag{G} +F(Z 0)diag{G} +diag{E}(z O)H'
+ n? or smaller terms . (A18)

Since E is the diagonalizing matrix for RR', convergence of R implies converg-

ence of diag{E}, F and K by exactly the same argument as in the proof of



) I

Theorem l. Since g = Reid;.'_l (i=1,2,-.-,p), this also implies convergence
of gy and b, (k,£=1,2,++<,p) . Thus, in the limit, (A18) becomes

Zi; = ®3%4850 2 1=8; amd  1l=g, .

By Rubin's Theorem, we obtain
e.. 21
ii
g, 2y
ii

kii has the same asymptotic distribution as 255 -

Since n%vec Z~AN[O,(T'®S')Z(T®S)], the result follows.
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Table 1

Eye color Fair

Hair color

Medium

Dark Total
Light to medium 5,335 8,634 3,217 17,186
Dark Lsh 2,103 2,618 5,175

Total 5,789 10,737 5,835 22,361




