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This thesis deals with four models of stochastic dynamics on relevant large finite
systems.

The first one is the contact process on random graphs on n vertices with
power law degree distributions. If the infection rate is ), then nonrigorous mean
tield calculations suggest that the critical value \. of the infection rate is positive
when the power « is larger than 3. Physicists seem to regard this as an estab-
lished fact, since the result has recently been generalized to bipartite graphs in
[25]. Here, we show that the critical value ). is zero for any value of « larger than
3, and the contact process starting from all vertices infected, with a probability
tending to 1 as n increases to infinity, maintains a positive density of infected
vertices for time at least exp(n'~?) for any positive . We also establish the ex-
istence of a quasi-stationary distribution in which a randomly chosen vertex is
infected with probability p()\). It is expected that p()) is asymptotically C )\’ as
A decreases to zero for some positive constants C' and 3. Here we show that
lies between o — 1 and 2a — 3, and so (3 is larger than 2 for any « larger than 3.
Thus even though the graph is locally tree-like, 3 does not take the mean field
critical value which equals 1.

The second one is a model for gene regulatory networks that is a modifica-

tion of Kauffmann’s [30] random Boolean networks. There are three parameters:



n = the number of nodes, » = the number of inputs to each node, and p = the
expected fraction of 1’s in the Boolean functions at each node. Following a stan-
dard practice in the physics literature, we use an appropriate threshold contact
process on a random graph on n nodes, in which each node has in degree , to
approximate its dynamics. We show that if r is larger than 2 and r - 2p(1 — p) is
larger than 1, then the threshold contact process persists for a long time, which
corresponds to chaotic behavior of the Boolean network. We prove that the per-
sistence time is at least exp (cn’®) with b(p) > 0 when r - 2p(1 — p) > 1, and
b(p) = 1when (r —1)-2p(1 —p) > 1.

The third one is related to a gossip process defined by Aldous [3]. In this
process, space is a discrete NV x N torus, and the state of the process at time ¢ is
the set of individuals who know the information. Information spreads from a
vertex to its nearest neighbors at rate 1/4 each and at rate N~ to a vertex chosen
at random from the torus. We will be interested in the case in which « is smaller
than 3, where the long range transmissions significantly accelerate the time at
which everyone knows the information. We prove three results that precisely
describe the spread of information in a slightly simplified model on the real
torus. The time until everyone knows the information is asymptotically (2 —
2a/3)N*/3log N. After an appropriate random centering and scaling by N*/3,
the fraction of informed population is almost a deterministic function which
satisfies an integro-differential equation.

The fourth and the final one is about the discrete time threshold-two con-
tact process on a random r-regular graph on n vertices. In this process, a vertex
with at least two occupied neighbors at time ¢ will be occupied at time ¢ + 1 with

probability p, and vacant otherwise. We use a suitable isoperimetric inequality



to show that if r is larger than 3 and p is close enough to 1, then starting from
all vertices occupied, there is a positive density of occupied vertices up to time
exp(c(p)n) for some positive constant ¢(p). In the other direction, another ap-
propriate isoperimetric inequality allows us to show that there is a decreasing
function ey(p) so that if the number of occupied vertices in the initial configu-
ration is smaller than e;(p)n, then with high probability all vertices are vacant
at time 2logn/log(2/(1 + p)). These two conclusions imply that the density of
occupied vertices in the quasi-stationary distribution (defined in Chapter 5) is

discontinuous at the critical probability p. € (0, 1).
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Chapter 1

Overview

In recent years it has become increasingly clear that to effectively understand
complex stochastic systems, it is crucial to analyze the interplay between the
underlying spatial structure and the stochastic dynamics of the system. It has
been unanimously established that many social, biological and technological
systems are complex networks. However after the structures have been esti-
mated and the geometric properties of the graphs such as their “small world”
nature have been studied, there remains the question: how does the structure
of the networks affect the behavior of processes taking place on the networks?
This thesis considers several processes in the context of epidemiology, biology

and percolation of information that take place on large finite networks.

1.1 Contact process on power-law random graphs

There is empirical evidence that many real-world communication networks,
such as the Internet network [22], social networks [39], human sexual contact
networks [36] etc., have degree distributions with power-law tails, i.e. the degree

of a typical vertex is k with probability
pr ~ Ck™® as k — oo for some constants C, a > 0. (1.1.1)

However, in addition to estimating the degree distributions, one must consider

the implications for the behavior of processes that take place on these networks.



One of the standard models used in the study of viral infections is the contact
process, also called the susceptible-infected-susceptible (SIS) model, which has been
studied extensively for bounded degree homogeneous graphs [35, Part I]. In this
model, every vertex of the underlying graph is either infected or healthy (but
susceptible). An infected vertex becomes healthy at rate 1 independent of the
status of other vertices, and a healthy vertex becomes infected at a rate equal to
the infection rate, )\, times the number of infected neighbors. In order to study
epidemics on real-world networks, it is natural to consider the contact process

on the networks with power-law degree distributions.

Motivated by this, we have studied the behavior of the contact process with
infection rate A on a random graph G, on n vertices with power-law degree

distributions, i.e. the degree d; of any vertex i satisfies (1.1.1).

Nonrigorous mean field predictions [43, 44, 45] suggest that if the power
a > 3 (which is equivalent to the finite second moment condition for the degree
distribution), then the critical value A, of the infection rate is positive, i.e. for
small enough infection rate, everyone heals quickly. Also the critical value in-
creases to 1 as « increases. Physicists seem to regard this as an established fact,
since the result has recently been generalized to bipartite graphs [25]. We show
that the critical value A, for the contact process on G, is zero for any o > 3. So

there is always a chance of an epidemic even if the infection rate is small.

Ours was not the first result in this direction. The contact process on a gen-
eralization of the preferential attachment graph was considered by Berger, Borgs,
Chayes, and Saberi [6]. They argue that the critical value A\, = 0 for their graph

model. Their arguments also suggest that the infection on such a graph model



may persist for a time longer than exp (cn'/(®=Y) for some constant ¢ > 0, when

the associated degree distribution satisfies (1.1.1).

Based on the behavior of the contact process on (Z mod n) [19, 21] and on
(Z mod n)? [37], it is natural to conjecture that the right lower bound for the
maximum possible survival of the infection for the contact process on G, is
exp(cn) for some constant ¢ > 0. Here we almost prove the right lower bound
for the persistence time: with high probability the contact process on G, starting
from all infected vertices maintains a positive density of infected vertices till

time exp(n!~°) for any 6 > 0.

We also establish the existence of a quasi-stationary distribution in which a
randomly chosen vertex is infected with probability p(A). It is expected that for
some critical exponent 3 > 0, p(A) ~ C(A — \.)? as X decreases to .. We prove
a—1< g < 2a— 3. Our bounds for 3 disproves the nonrigorous mean field

predictions about the critical exponent as well.

In the physics literature the mean field arguments are widely used and be-
lieved to give correct results specially in case of locally tree-like graphs. But
they lead to erroneous conclusions for the contact process on G,,, even though

the random graph G, is locally tree-like.

1.2 Random Boolean networks

Experimental evidence [1] suggests that the complex kinetics involved in dif-

ferent steps of a transcriptional pathway in real biological systems are, in many



cases, reasonably well approximated by much simplified Boolean network mod-
els. In these models, each gene is represented by a node of a directed network
and each node has one of two states: ‘on’ (i.e. expressing its target protein) or
‘off”. The state of every node is simultaneously updated according to some func-
tion of its inputs, which approximates the action of activators (or inhibitors), i.e.

proteins that act to increase (or decrease) expression of a given gene.

Random Boolean networks were originally developed by Kauffman [30] an
abstraction of genetic regulatory networks. Recently similar approaches have
been used in [29] and [33] to model the cell-cycle and transcriptional networks
for yeast respectively. We consider a modification of Kauffman’s model. There
are three parameters: n = the number of nodes, » = the number of inputs to
each node, and p = the expected fraction of 1’s in the Boolean functions at
each node. The state of a node z € V,, = {1,2,...,n} at time ¢t = 0,1,2,...
is n:(x) € {0,1}, and each node z receives input from r uniformly chosen
distinct nodes y;(x),...,y.(z) € V, \ {z}, which are called input nodes for
x. We put oriented edges to each node from its input nodes to get a ran-
dom graph G, having uniform distribution over the collection of all directed
graphs on the vertex set V,, in which each vertex has in-degree r. Once cho-
sen the graph remains fixed through time. The updating rule for node z is
e (2) = fa(m(yi(x), - m(yr(2))), where the values f,(v), x € Vi, v € {0,1}7,
chosen at the beginning and then fixed for all time, are independent and = 1

with probability p.

An important question for these Boolean network models is: when is the net-

work ‘“chaotic” (i.e. the values (n,(z),x € V,,) fluctuate for a long time), and when is



it ‘ordered’ (i.e. those values stabilize quickly)? Real biological systems avoid the
chaotic phase as expected, see e.g. [31, 46, 42]. A number of simulation studies
have investigated the behavior of these Boolean network models, see e.g. [2] for

a survey. The degenerate case of » = 1 has been studied [24] in detail.

Derrida and Pomeau [15] have argued that a network is ‘chaotic’, if r - 2p(1 —
p) > 1, and ‘ordered’, if r - 2p(1 — p) < 1. To explain their conclusion, we have
considered another process ¢ = {(;(z) € {0,1} : ¢t > 1,2 € V},}, which they have
called the annealed approximation, where (;(x) = 1 if and only if n(z) # m_1(z).
Following a standard practice in the physics literature, we have used a threshold

contact process to approximate ¢.

P (Geer(2) =1 Gy (2)) + -+ + Glyn(2)) > 0) =2p(1 —p) = ¢.

It is widely accepted that the condition for prolonged persistence of the
threshold contact processis gr > 1. Asin Section 1.1, the maximum possible per-
sistence time is exp(yn) for some constant v > 0. We prove that if ¢(r — 1) > 1,
then the threshold contact process on G, starting from the all-one configura-

tion, persists for time > exp(yn) for some constant v > 0.

The ‘r — 1" in the condition occurs because we use an “isoperimetric inequal-
ity” to bound a worst-case scenario. We have also shown that if ¢r > 1, then the
threshold contact process on G, starting from the all-one configuration, persists

for time > exp (yn?@), where B(q) ~ (1/8)log(qr)/ log(r).

The quasi-stationary density of 1s” is given by the survival probability of an

appropriate branching process.



1.3 Aldous’ Gossip Process

In the last few years there has been a lot of interest in studying many real-world
networks including social and professional networks. In these systems informa-
tion sometimes reaches one part of the network, and then gradually circulates in
the entire network. Exchange of information during insider trading in the finan-
cial market and gossip percolation in a society are two such examples. In order to
study the percolation of information through networks one of the main techni-
cal tools is the first-passage percolation process associated with the communication

strategy of the network agents.

In this context, Aldous [3] considered a first-passage percolation process,
which he called short-long FPP, on the N x N torus. In this process, the state
of any vertex is either 1 (informed) or 0 (uninformed). Once a vertex gets the
information, it never loses it. If z is informed, each of its uninformed neighbors
gets the information at rate 1/4. In addition, at rate N~* it sends the information

to a vertex uniformly chosen from the torus.

The most important question in percolation of information is: how quickly
does the information spread and if T is the cover time, i.e. the time when everyone has
got the information, then how does it grow with the size of the network? In order to
have a deeper understanding of the percolation process and to analyze its con-
sequences, one also needs to know: what are the appropriate centering and scaling
factors for the size of the set of informed individuals and after the right centering and

scaling how does the proportion of informed individuals increase from 0 to 1?2

Here we answer these questions for the short-long FPP process, but for a



slightly simplified model on the (real) torus (R mod N)?, which we call “bal-
loon process” C;. The balloon process starts with one “center” chosen uniformly
from the torus at time 0. When a center is born at z, a disk with radius 0 is put
there, and its radius grows deterministically so that the area of the disk after
time s is s?/2. New centers are born at rate N~%|C;|. The location of each new
center is chosen uniformly from the torus. A new center landing on C; has no

contribution. For the balloon process we have:

e if & > 3 and TV is the cover time, then 7 /N converges in distribution to

a limit, which is a point mass at Vrifa >3,

e if o < 3, then there is a random variable M so that for ¥ (t) ;== N%/3[(2 —
2a/3)log N —log M +t], N72|Cy,| converges in probability to a determin-

istic limit h(-) satisfying

h(t) = 1 — exp (- / " hs) “‘28)2 ds>

—00

uniformly on compact time sets.

e if a < 3, then Ty /N®/?log N converges to 2 — 2a/3.

So, the long range transmission significantly accelerates the cover time only
when o < 3. In that case, there is a cutoff phenomenon, as the time that the
fraction of covered area takes to reach a small level ¢ is O(N®/31og N), whereas
the time that it takes to increases from € to 1 is O(N af 3), which is much smaller

than the previous time.



1.4 Threshold-two contact process on random regular graphs

In many situations, e.g. social networks, random graphs are better models than
regular lattices for the spatial structure of the underlying system. Because of
this, particle systems on random graphs need to be studied, as they often behave

much differently from their Euclidean analogues.

Inspired by our study of random Boolean networks, and the fact that the
sexual reproduction model has been studied extensively on regular lattices, see
[20, 38], we study the behavior of the threshold-two contact process on random
undirected r-regular graphs on n vertices. In this discrete time system, the state
ofasitex € V,, := {1,2,...,n} attimet = 0,1, ..., {;(z), is either 0 (vacant) or
1 (occupied). (;41(x) = 1 with probability p, if at least two of the neighbors of

are occupied at time ¢, and (;+1(x) = 0 otherwise.

Like many other particle systems, the first question is whether there is any
phase transition in the behavior of the system. The next concern is whether
there is any quasi-stationary distribution as in the case of the contact process
on power-law random graphs, and if yes, what are the properties of the corre-

sponding density? Here we address these questions.
P g y q

Using appropriate isoperimetric inequalities we prove that that the criti-

cal probability p., which defines the boundary between rapid convergence to
all-zero configuration within logarithmically small time and exponentially pro-
longed persistence of changes, lies strictly between 0 and 1. We also show that
for p > p,. there is a quasi-stationary distribution with density u(p) > 0. Note

that u(p) is an analogue of the density of occupied vertices in the upper invari-



ant measure for the contact process with sexual reproduction on regular lattices,
which is conjectured to have a continuous phase transition (see Conjecture 1 and

heuristic argument following that in [20]). Here we show

inf u(p) > 0.

P>pe
So, unlike the predicted behavior of its Euclidean analogue, the quasi-stationary

density of the threshold-two contact process on a random regular graph is dis-

continuous at the critical value p..



Chapter 2

Contact process on power-law random
graphs

2.1 Introduction

In this chapter we will study the contact process on random graphs with a
power-law degree distribution, i.e., for some constant «, the degree of a typ-
ical vertex is k with probability p, ~ Ck™ as k — oo. Following Newman,
Strogatz and Watts [40, 41], we construct the random graph G, on the vertex
set {1,2,...,n} having degree distribution p = {p; : & > 0} as follows. Let
di,...,d, be independent and have the distribution P(d; = k) = p;. We condi-
tion on the event E,, = {d; + - - + d,, is even} to have a valid degree sequence.
As P(E,) — 1/2 as n — oo, the conditioning will have a little effect on the dis-
tribution of d;’s. Having chosen the degree sequence (d;, ds, . .., d,), we allocate
d; many half-edges to the vertex 7, and then pair those half-edges at random.
We also condition on the event that the graph is simple, i.e., it neither contains
any self-loop at some vertex, nor contains multiple edges between two vertices.
It can be shown (see e.g. [16, Theorem 3.1.2]) that if the degree distribution p
has finite second moment, i.e., if « > 3, the probability of the event that G, is
simple has a positive limit as n — oo, and hence the conditioning on this event

will not have much effect on the distribution of d;’s.

We will be concerned with epidemics that take place on these random

10
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graphs. First consider the SIR (susceptible-infected-removed) model, in which
sites begin as susceptible, and after being infected they get removed, i.e., be-
come immune to further infection. In the simplest discrete-time formulation,
an infected site  at time n will always be removed at time n + 1 and for each
susceptible neighbor y at time n x will cause y to become infected at time n + 1

with probability p, with all of the infection events being independent.

In this case the spreading of the epidemic is equivalent to percolation. To
compute the threshold p, for a large, i.e., O(n), epidemic to occur with positive
probability, one notes that for a randomly chosen vertex z, the number of ver-
tices at distance m from z, Z,,, is approximately a two-phase branching process
in which the number of first generation children has distribution p, but in the
second and subsequent generations the offspring distribution is the size biased
distribution q = {g; : £ > 0} satisfying

k
Qk—1 = % where 1 =), kpy. (2.1.1)

This occurs because vertices with degree £ are £ times as likely to be chosen for
connections, and the edge that brings us to the new vertex uses up one of its
degrees. For more details on this and the facts that we will quote in the next

paragraph, see [16, Chapter 3].

With the above observation in hand, it is easy to compute the critical thresh-

old for the SIR model. Let v be the mean of the size biased distribution,

v=> kg (2.1.2)
k

Suppose we start the infection at a randomly chosen vertex z. Now if Y, is

the number of sites at distance m from x that become infected, then EY,, =
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pu(pr)™ 1. So the epidemic is supercritical if and only if p > 1/v. In particular,
if pp ~ Ck™ as k — oo and o < 3, then v = oo and p. = 0. Conversely if o > 3
then v < oo and p. = 1/v > 0. Hence for the SIR epidemic model on the random
graph G,, with power-law degree distribution, there is a positive threshold for

the infection to survive if and only if the power o > 3.

We will study the continuous-time SIS (susceptible-infected-susceptible)
model and show that its behavior differs from that of the SIR model. In the
SIS model, at any time ¢ each site x is either infected or healthy (but suscepti-
ble). We often refer to the infected sites as occupied, and the healthy sites as
vacant. We define the functions {¢; : t > 0} on the vertex set so that (;(x) equals
0 or 1 depending on whether the site z is healthy or infected at time ¢. An in-
fected site becomes healthy at rate 1 independent of other sites and is again
susceptible to the disease, while a susceptible site becomes infected at a rate A
times the number of its infected neighbors. Harris [27] introduces this model
on the d-dimensional integer lattice and named it the contact process. See [35]
for an account of most of the known results. We will make extensive use of the
self-duality property property of this process. If we let {, = {z : (;(z) = 1} to be
the set of infected sites at time ¢, we obtain a set-valued process. If we write £

to denote the process with &' = A, then the self-duality property says that
PENB#0)=PEENA#0) (2.1.3)
for any two subsets A and B of vertices.
Pastor-Satorras and Vespignani [44, 43, 45] have made an extensive study of

this model using mean-field methods. Their nonrigorous computations suggest

the following conjectures about ). the threshold for “prolonged persistence” of
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the contact process.

o If <3, then A\, = 0.

o If 3 < o < 4, then A\, > 0 but the critical exponent 3, which controls the

rate at which the equilibrium density of infected sites goes to 0, satisfies

6> 1.

o If & > 4, then \. > 0 and the equilibrium density ~ C(A — A;) as A | A, i.e.

the critical exponent 5 = 1.

Notice that the conjectured behavior of A, for the SIS model parallels the results

for p. in the SIR model quoted above.

Gomez-Garderies et al. [25] have recently extended this calculation to the
bipartite case, which they think of as a social network of sexual contacts between
men and women. They define the polynomial decay rates for degrees in the two
sexes to be v, and v, and argue that the epidemic is supercritical when the

transmission rates for the two sexes satisfy

e > A = (k)u (k)p

(k) (K?)m
where the angle brackets indicate expected value and £ is shorthand for the

degree distribution. Here ). is positive when vy, ¢ > 3.

Our first goal is to show that A\, = 0 for all @ > 3. Our proof starts with the
following observation due to Berger, Borgs, Chayes, and Saberi [6]. Here, we

follow the formulation in [16, Lemma 4.8.2].
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Lemma 2.1.1. Suppose G is a star graph with center 0 and leaves 1,2, ..., k. Let A; be
the set of vertices infected in the contact process at time t when Ay = {0}. If kA* — oo,

then P<Aexp(k)\2/10) # @) — 1.

Based on results for the contact process on (Zmodn) [19, 21], and on
(Z mod n)? [37], it is natural to conjecture that in the contact process on G,,, with
probability tending to 1 as n — oo, the infection survives for time > exp(cn) for
some constant c. It certainly cannot last longer, because the total number of
edges is O(n), and so even if all sites are occupied at time 0, there is a constant
c so that with probability > exp(—cn) all sites will be vacant at time 1. Our next

result falls a little short of that goal.

Theorem 2.1.2. Consider a Newman, Strogatz and Watts random graphs G,, on the
vertex set {1,2,...,n}, where the degrees d; satisfy P(d; = k) ~ Ck™*as k — oo
for some constant C and some o > 3, and P(d; < 2) = 0. Let {&} :t > 0} denote
the contact process on the random graph G,, starting from all sites occupied, i.e., & =
{1,2,...,n}. Then for any value of the infection rate A\ > 0, there is a positive constant
p(A) so that for any § > 0

One could assume that v > 1 and look at the process on the giant component,
but we would rather avoid this complication. The assumption P(d; < 2) = 0is

convenient, because it implies the following.

Lemma 2.1.3. Consider a Newman, Strogatz and Watts graphs, G,,, on n vertices,

where the degrees of the vertices, d;, satisfy P(d; < 2) = 0, and the mean of the size
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biased degree distribution v < co. Then
P(G,, is connected ) — 1 asn — oo,
and if D,, is the diameter of G,

P(D, > (1+¢)logn/logr) — 0 foranye > 0.

The size of the giant component in the graph is given by the nonextinction prob-
ability of the two-phase branching process, so P(d; < 2) = 0 is needed to have
the size ~ n. Intuitively, Lemma 2.1.3 is obvious because the worst case is the
random 3-regular graph, and in this case, the graph is not only connected and
has diameter ~ (logn)/(log2), see [8, Sections 7.6 and 10.3], but the probability
of a Hamiltonian cycle tends to 1, see [28, Section 9.3]. We have not been able
to find a proof of Lemma 2.1.3 in the literature, so we give one in Section 5. By
comparing the growth of the cluster with a branching process it is easy to show

P(D,, < (1 —¢)logn/logr) — 0 for any € > 0.

In a sense the main consequence of Theorem 1 is not new. Berger, Borgs,
Chayes, and Saberi [6], see also [7], show that \. = 0 for a generalization of the
Bérabasi-Albert model in which each new point has m edges which are with
probability $ connected to a vertex chosen uniformly at random and with prob-
ability 1 — /3 to a vertex chosen with probability proportional to its degree. It has
been shown [13, Theorem 2] that such graphs have power law degree distribu-

tions with « = 14 2/(1 — /3), so these examples have a € [3,00) and A, = 0.

Having acknowledged the previous work of BBCS, it should be noted that

(i) our result applies to a large class of power law graphs that have a different



16

structure; and (ii) the BBCS proof yields a lower bound on the presistence time
of exp(ent/@=1) compared to our exp(n'~%). Our improved bound on the sur-
vival times relies only on the power law degree distribution and the fact that

the diameter is bounded by C'logn, so it also applies to graphs BBCS consider.

Theorem 2.1.2 shows that the fraction of infected sites in the graph G, is
bounded away from zero for a time longer than exp(n'/2). So using self-duality
we can now define a quasi-stationary measure ¢, on the subsets of {1,2,...,n}
as follows. For any subset of vertices A, P(¢L, N A # 0) = P({;‘(p(nm) # 0).
Let X,, be uniformly distributed on {1,2,...,n} and let p,(\) = P(X, € &.).

Berger, Borgs, Chayes and Saberi [6] show that for the contact process on their

preferential attachment graphs, there are positive, finite constants so that
bAC < pn(X) < BXC
In contrast, we get reasonably good numerical bounds on the critical exponent.

Theorem 2.1.4. Suppose o > 3. Thereisa Ay > 0sothatif 0 < A < Agand0 < 6 < 1,

then there exists two constants c(«, §) and C(«, d) so that as n — oo

P(c)\l+(a—2)(2+6) < Pn(/\) < C)\l+(o¢—2)(1—5)) 1.

When « is close to 3 and ¢ is small, the powers in the lower and upper bounds
are close to 3 and 2. The ratio of the two powersis < (2+6)/(1 — ) ~ 2 when

is small.

The intuition behind the lower bound is that if the infection starts from a

vertex of degree d(z) > (10/))**?, then it survives for a long time with a proba-

2+6)(a—1

bility bounded away from 0. The density of such points is C'Al ), but we
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can improve the bound to the one given by looking at neighbors of these ver-

240)(«

tices, which have density C\( ~2) and will infect their large degree neighbor

with probability > cA.

For the upper bound we show that if m(«, ) is large enough and the infec-
tion starts from a vertex z such that there is no vertex of degree > A~(!~9 within
distance m from z, then its survival is very unlikely. To get the extra factor of A
we note that the first event must be a birth. Based on the proof of Lemma 2.1.1,
we expect that survival is unlikely if there is no nearby vertex of degree > A2

and hence the lower bound gives the critical exponent.

It is natural to speculate that the density of the quasi-stationary measure
pn(A) — p(X) as n — oo. By the heuristics for the computation of . in the SIR
model, it is natural to guess that, when o > 2, p()\) is the expected probability
of weak survival for the contact process on a tree generated by the two-phase

branching process, starting with the origin occupied.

Here the phrase ‘weak survival’ refers to set of infected sites being not empty
for all times, in contrast to ‘strong survival’” where the origin is reinfected in-
finitely often. As in the case of the contact process on the Bollobas-Chung small
world studied in [18], it is the weak survival critical value that is the threshold

for prolonged persistence on the finite graph.

Sketch of the proof of Theorem 1.

The remainder of the chapter is devoted to proofs. Let V,S be the set of ver-

tices in the graph G, with degree at least n°. We call the points in V¢ stars. We
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say that a star of degree k is hot if at least Ak /4 of its neighbors are infected and
is Iit if at least Ak /10 of its neighbors are infected. Our first step, taken in Lemma
2.2.2,is to improve the proof of Lemma 2.1.1 to show that a hot star will remain

lit for time exp(cn®) with high probability.

To keep the system going for a long time, we cannot rely on just one star.
There are O(n!~“(®~V) stars in this graph which has diameter O(logn). If one
star goes out, presence of a lit star can make it hot again within a time 2n¢/3 with
probability at least n~. See Lemmas 2.2.3 and 2.2.4 for this. Lemma 2.2.6 shows

that a lit star gets hot within 2 exp(n“/?) units of time with probability
> 1 — 5exp(—A2n3/16),

and Lemma 2.2.5 shows that a hot star eventually succeeds to make a non-lit

star hot within exp(n/?) units of time with probability
Z 1 — 8€_>\2716/80.

Using these estimates, we can show that the number of lit stars dominates a
random walk with a strong positive drift, and hence more than 3/4’s of the
collection will stay lit for a time O(exp(n'~*¢)). See Proposition 2.2.7 at the end

of Section 2 for the argument.

To get a lower bound on the density of infected sites, first we bound the
probability of the event that the dual process, starting from a vertex of degree
(10/X)?*9, reaches more than 3/4’s of the stars. We do this in two steps. In the
tirst step (see Lemma 2.3.2) we get a lower bound for the probability of the dual
process reaching one of the stars. To do this, we consider a chain of events in

which we reach vertices with degree (10/)\)*° for k > 2 sequentially. In the
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second step (see Lemma 2.3.4) we again use a comparison with random walk
to show that, with probability tending to 1, the dual process, starting from any
lit star, will light up more than 3/4’s of the stars. Then we show that the above
events are asymptotically uncorrelated, and use a second moment argument to
complete the proof of Theorem 2.1.2 and the lower bound for the density in

Theorem 2.1.4.
Open Problem. Improve the bounds in Theorem 2.1.4 and extend the result to ov > 1.

When 2 < o < 3 the size biased distribution has infinite mean. Chung and
Lu [11, 12] obtained bounds on the diameter in this case, and later it has been

shown [48] that if H,, is the distance between 1 and 2 then

2loglogn

H, ~ ——2 280
—log(a — 2)

When 1 < a < 2 the size-biased distribution has infinite mass. It has been

shown [47] in this case

lim P(H,=2)= lim 1— P(H,=3)=pe€ (0,1)

n—oo n—oo

so the graph is very small.

All of the results about the persistence of infection at stars in Section 2 are
valid for any a, since they only rely on properties of the contact process on a
star graph and an upper bound on the diameter. The results in Section 3, rely
on the existence of the size biased distribution and hence are restricted to o > 2.
The proof of the lower bound should be extendible to that case, but the proof of

the upper bound given in Section 4 relies heavily on the size-biased distribution
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having finite mean. When 1 < a < 2, the size-biased distribution does not exist

and the situation changes drastically. We guess that in this case p,,(A) = O(\).

2.2 Persistence of infection at stars

Let € > 0 and let V¢ be the set of vertices in our graph G,, with degree at least
n. We call these vertices stars. We say that a vertex of degree k is hot if it has at
least L = Ak /4 infected neighbors and we call it /it if it has at least 0.4L = A\k/10
infected neighbors. We will show that if ¢ is small, then in the contact process
starting from all vertices occupied, most of the stars in V¢ will remain lit for time

O(exp(n'—ae).

We begin with a slight improvement of Lemma 2.1.1 which gives a numerical

estimate of the failure probability, but before that we need two simple estimates.

Lemma221. If0<z<a<1lthene* <1+ (1+a)rande ™ <1—(1—2a/3)x.

Proof. Using the series expansion for e”
P T P B £
(& T _— —_ — o ..
- 2 2 2
= < n az [ n 1\? . 0\ N
e —_— x — _— —_— DY
- 2 2 2
and summing the geometric series gives the result. [

Lemma 2.2.2. Let G be a star graph with center 0 and leaves 1,2, ... k. Let A; be the
set of vertices infected in the contact process at time t. Suppose X < 1 and N\*k > 50.

Let L = M\k/4 and let T = exp(kA?/80)/4L. Let Py ; denote the probability when at
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time O the center is at state i and L leaves are infected. Then

Pr; (tig; |4 < 0.4L> < T7e MR fori =0, 1.

Proof. Write the state of the system as (m,n) where m is the number of infected
leaves and n = 1 if the center is infected and 0 otherwise. To reduce to a one
dimensional chain, we will concentrate on the first coordinate. When the state
is (m,0) with m > 0, the next event will occur after exponential time with mean
1/(mA + m), and the probability that it will be the reinfection of the center is
A/(A 4+ 1). So the number of leaf infections N that will die while the center is 0

has a shifted geometric distribution with success probability /(A + 1), i.e.,

P(N =j) = LY, A forj >0
—= A+1 J =5

Let Ny, be the realization of N when the state of the system is (L,0). Then N,

will be more than 0.1L with probability
Ppo(Np > 0.1L) < (14 X) 01 < /20 — o=\h/80, (2.2.1)

Here we use the inequality 1 + A\ > eM2 1f N; < 0.1L, then there will be at least

0.9L infected leaves when the center is infected.

The next step is to modify the chain so that the infection rate is 0 when the
number of infected leaves is L = A\k/4 or greater. In this case the number of

infected leaves > Y, where

at rate
Y=Y, —1 )\k/4

Y=Y, +1 3X\k/4 forY,< L.
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Y, =Y, — N 1

To bound the survival time of this chain, we will estimate the probability
that starting from 0.8L it will return to 0.4L before hitting L. During this time Y,
is a random walk that jumps at rate Ak + 1. Let X be the change in the random

walk in one step. Then

(

—1 with probability (A\k/4)/(Ak + 1)

X' =94 41 with probability (3\k/4)/(\k + 1)

—N with probability 1/(Ak + 1),

\

and so
3 Ak 1 Ak
EfX 0.2 9 1
¢ SIS VA L R v |
1 & 5 1) A
+Ak+1§)€ <>\+1) A1

Ife=?/(A+1) < 1, the third term on the right is

A 1
Me+1 14 XN—e 9

If we pick § < 0so thate™ =1+ \/2, then

A 13 12
B = S (LEN2) )
‘ )\k+1(1+)\/2 1 TN 4+)\kz)

Sincel/(14+x)<l—z+a*for0<z <1,

L8
1+X/2 4

2T 1)1T 8
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where in the last inequality, we have used A < 1. Since we have assumed Ak >

50, the right-hand side is < 0.

To estimate the hitting probability we note that if ¢(z) = exp(6z) and Y, >
0.6L, then ¢(Y;) is a supermartingale until it hits L. Let ¢ be the probability
that ¥; hits the interval (—oo, 0.4L] before returning to L. Since 6§ < 0, we have

¢(z) > ¢(0.4L) for z < 0.4L. So using the optional stopping theorem we have

q$(0.4L) + (1 — q)¢(L) < ¢(0.8L),
which implies that
q < ¢(0.8L)/$(0.4L) = exp(0.40L) < e /40,
ase =14 A\/2 > e** when )\/4 < 1/2 (sum the series for e%).

At this point we have estimated the probability that the chain started at a
point > 0.8L will go to L before going below 0.4L. When the chain is at L,
the time until the next jump is exponential with mean 1/(L + 1) > 1/2L. The

probability that the jump takes us below 0.8L is (since 1 + A > ¢*/?)
< (1+ )02 < o~ AL/10 _ ,—N?k/40

Thus the probability that the chain fails to return to L, M = ¢*’*/%0 times before

going below 0.4L is

< 9p—A2k/80

Using Chebyshev’s inequality on the sum, Sy, of M exponentials with mean 1
(and hence variance 1),

P(Sy < M/2) < 4/M.
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Multiplying by 1/2L we see that the total time, 7, of the first M excursions
satisfies

P(Ty < MJAL) < 4™ F/%0,

Combining this with the previous estimate on the probability of having fewer

than M returns and the error probability in (2.2.1) proves the desired result. [

Thus Lemma 2.2.2 shows that a hot star will remain lit for a long time with
probability very close to 1. Our next step is to investigate the process of trans-
ferring the infection from one star to another. The first step in doing that is to

estimate what happens when only the center of the star infected.

Lemma 2.2.3. Let G be a star graph with center 0 and leaves 1,2, ... k. Let 0 < A < 1,
§ > 0 and suppose N*°k > 10. Again let P,; denote the probability when at time 0
the center is in state i and [ leaves are infected. Let 1y be the first time 0 becomes
healthy, and let T); be the first time the number of infected leaves equals j. If L = \k/4,

v =10/(44 25), and K = \k'7 /4, then for k > ko(9)

P0,1<TK > 7'0) < 2/]{:77
Pa(Ty <Tp) < exp(=A°k'77/16) < 1/k7,

EO,l(TLlTL < OO) < 2.

Combining the first two inequalities Py (7, < oo) > 1 — 2/k7, and using
Markov’s inequality, if we can infect a vertex of degree at least £ such that
k > ko(d) and A%k > 10, then with probability > 1 — 5/k” the vertex gets

hot within the next k7 units of time.
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Proof. Note that 7, ~ exp(1), and for any ¢ < 7, the leaves independently be-
comes healthy at rate 1 and infected at rate A. Let p,(t) is the probability that leaf
j is infected at time ¢ when the central vertex of the star has remained infected

for all times s < ¢. py(0) = 0 and

dpo(t
So solving gives po(t) = [j Ae ATV ds = A (1— MDY From this it
follows that
P()J(TK < 7'0) > P(Binomial(k,po(k_v)) > K)P(To > k—’Y)' (222)

Now if k7 > 8/3, (A + 1)k~ < 3/4 and it follows from Lemma 2.2.1 that
po(k™7) > Nk™7/2.
Writing p = po(k~7) to simplify formulas, if § > 0
P(Binomial(k,p) < K) < e’ (1—p +pe_9)k.

Since log(1 + z) < x the right-hand side is

ONEI— Y Tl
gexp( 1 + (e —1) 5 )

Taking 6 = 1/2 and using Lemma 2.2.1 to conclude /2 — 1 < —1/3, the above
is

< exp(—Mk'7/24) < exp(—k'/271/8),
since A%k > 9. Using this in (2.2.2), the right-hand side is

> (1—exp(=k"*77/8))(1 = k77) > 1= 2/k7,

if k/2-7 > 8ylog k.
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Using the supermartingale from the proof of Lemma 2.2.2, if ¢ = Pk (T <
T1), then we have
q-1+ (1 —q)et <X,
and so ¢ < €% < e /4 In the last step we have used ¢/ = 1/(1 + \/2) < e™/4,
“AK/4 =Mk TT/16

which comes from Lemma 2.2.1. Filling in the value of K, e

Now

)\2k1—7 — ()\2+6k)2/(2+5)kl—'y—Q/(2+5) > 102/(2+5) ]{75/(4+25) ]

So if k%/(4+20) > 16 . 1072/~ Jog k, then e M/ < 1/k7,

To bound the time we use the lower bound random walk Y; from Lemma

Mk 1 Ak —2
Em(?‘;)“( ) )t-

Let T} be the hitting time of L for the random walk Y;. Using the optional

222. EN =1/),s0

stopping theorem for the martingale Y;—(\?k—2)¢/2)\ and the bounded stopping
time 7} At we get

Nk —2
EYTLYM—( N )E(T{/\t) = EY, = 0.

Since EYry o < L = Ak/4, it follows that

L,

2\ 2
E(T{/\t)§< )L MR/2 !

- = = <
Nk —2 Nk—2  2—4/Nk
as by our assumption A’k > 4. Letting ¢ — oo we have ET} < 1. Since Y; is a

lower bound for the number of infected leaves, 17,17, <o) < T{ . Hence

Epq (TL]-[TL<oo])
P071(TL < OO)
Eo,ngf 1

< < — =2
- PO,l(TK < To)PKJ(TL < To) o 1/2

E071(TL|TL < OO) =

for large k. O]
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To transfer infection from one vertex to another we use the following

Lemma.

Lemma 2.2.4. Let vy, vy, ... vy, be a path in the graph and suppose that v, is infected
at time 0. Then the probability that v,, will become infected by time m is > (e~ (1 —

e Me hHm,

Proof. The first factor is the probability that the infection at v, lasts for time 1, the
second the probability that v, infects v; by time 1, and the third the probability
that the infection at v; remains until time 1. Iterating this m times brings the

infection from 0 to m. O]

When the diameter of the graph is < 2log n, the probability in Lemma 2.2.4 is
> n~" for some b € (1/2,00), and the time required is < 2logn. Combining this
with Lemma 2.2.3 (with £ = n° and v = 1/3) shows that if n is large, then with
probability > Cn~% we can use one hot star to make another star hot within time

2n¢/3. Using Lemma 2.2.2 and trying repeatedly gives the following Lemma.

Lemma 2.2.5. Let sy and sy be two stars in V¢ and suppose that s, is hot at time 0.

Then, for large n, s, will be hot by time T = exp(n/?) with probability

Z 1 — 86_/\2n6/80.

Proof. If n is large, Lemma 2.2.2 shows that s; remains lit for 7" units of time
with probability > 1 — 7e=**/%, Let t,, = 2n/? and consider the discrete time
points ¢,,2t,,.... At all of these time points we can think of a path starting

from an infected neighbor of s; up to s,. Using one such path the infection gets
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€/3

transmitted to s, and it gets hot in 2n*/? units of time with probability > Cn~"

for some constant C. So s, fails to make s, hot by time 7" with probability
< (1 —Cn )Tt < exp(—Cn~"T/t,) < exp(—\*nc/80)

for large n. For the first inequality we use 1 — x < e~*. Combining with the first

error probability in this proof, we get the result. O

Next we show that a lit star becomes hot with a high probability, and then

helps to make other non-lit stars lit.

Lemma 2.2.6. Let s be a star of V.S and suppose that s is lit at time 0. Then s will be

hot by time 2 exp(n</®) with probability

> 1 —5exp(—=A\?n?/16), ifn is large.

Proof. Since s is lit, it has at least An/10 infected neighbors at time 0. If s itself is
not infected at time 0, let N be the number of leaf infections that die out before s
gets infected. Using similar argument as in the beginning of the proof of Lemma

222,

P(N =j) = LY, A forj >0
—= A+1 J=5

which implies
P(N > An/20) < (14 X))~/ < e_/\2"5/40,

as 1+ X\ > V2 by Lemma 2.2.1. Also the time Ty, taken for M = A\n</20 leaf
infections to die out is a sum of M exponentials with mean at most 1/(A+1)M <

1/M. Now if n?/3 > 40,16, the above error probability is < e~**"/*/16,
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Using Chebyshev’s inequality on the sum, S, of M exponentials with mean

1 (and hence variance 1), we see that if exp(n“/?) > 2, i.e., n/3 > log 2

1
M (exp(n/3) — 1)
< 4
~ M exp(2n/3)

P(Sy > Mexp(n6/3)) <

< exp(=A?n3/16).
where in the final inequality we have used M > 4, i.e., n® > 80/), and A\?/16 < 2.

Multiplying by 1/M we see that the total time, T}, satisfies
P(Ty > exp(n®?)) < exp(—=A>n/?/16).

Combining these two error probabilities gives that s will be infected along with
at least An</20 infected neighbors within exp(n</?) units of time with error prob-
ability

< 2exp(—\*n/?/16). (2.2.3)
Now An€/20 > An“/?/4, when n?/3 > 5. So if s is infected and has at least An /20
infected neighbors, then using the second inequality of Lemma 2.2.3 (with v =

2/3 and k = n®), s becomes hot with error probability
< exp(=A2n3/16).

Finally using Markov’s inequality and the third inequality of Lemma 2.2.3, the
time T, taken by s to get hot, after it became infected, is more than 7" = exp(ne/ 3)
with probability

< 2exp(—n/?) < 2exp(—\*n/3/16),

as A < 1. Combining all these error probabilities proves the Lemma. O
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We now use Lemmas 2.2.5,2.2.6 and 2.2.2 to prove that if the contact process

starts from all sites infected, then for a long time at least 3/4’s of the stars will

be lit.

Proposition 2.2.7. Let I}, , be the set of stars in V,; which are lit at time t in the contact
process {£} 1t > 0} on G,,. Let t,, = 2exp(n/?) and M, = exp(n'~2). Then there is

a stopping time T, such that T,, > M,, - t,, and
| T ’ < (3/4) ]VED < exp(—Cnf).
Proof. Let o, = |Vj5|. Clearly |I} ;| = a,. We will estimate the probability that

starting from (7/8)a, lit stars, the number goes below (3/4)a,, before reaching

a,. Define the stopping times 7;s” and o;s” as follows. Let 7y = 0y = 0 and for

1> 0let
Tir1 = inf {t > 7+ oitn Iy = (7/8)an} ,
011 = min {s EN: L s ((3/4)an,an)} :

We need to look at time lags that are multiples of ¢,, in the definition of o; because
in our worst nightmare (which is undoubtedly a paranoid delusion) all the lit

stars of degree k > n° at time 7,4, have exactly 0.1k infected neighbors .

Lemma 2.2.6 implies that a lit star of V¢ gets hot within time 2 exp(n</?) <
exp(n¢/?) (for large n) with probability > 1 —5 exp(—A?n“/?/16). Combining with
Lemma 2.2.2 gives that a lit star at time 0 gets hot by time ¢,,/2 and remains lit at
time t,, with probability > 1—6 exp(—A?n/3/16) for large n. Now if |I¢ ,| < «, for
some ¢, then the number of lit stars will increase at time ¢ + ¢,, with probability

> P(AN B), where



31

o A: All the lit stars will get hot by ¢,,/2 units of time, and be lit for time ¢,,.

e B: A non-lit star will become hot by time ¢, /2 in presence of another hot

star, and remain lit for another ¢,,/2 units of time.

Now using the above argument P(A) > 1 — 6nexp(—A\>n“/3/16), as there
are at most n stars. Combining Lemma 2.2.5 and 2.2.2 gives P(B) > 1 —
9exp(—A2nc/80). So P(AN B) > 1 — exp(—n/*) for large n. Using the stop-

Ié

n,7;+7rtn

ping times

> W, for r < o;, where {W, : r > 0} is a discrete time

random walk satisfying

W, — W, — 1 with probability exp (—n/*),
W, — W, + 1 with probability 1 — exp (—n/*), (2.2.4)

and Wy = (7/8)a,. Now 6" is a martingale where

B exp(—n/*)
1 — exp(—n</1)

< exp(—n*/2). (2.2.5)

If ¢ is the probability that IV, goes below (3/4)a,, before hitting «,,, then applying

the optional stopping theorem
q- 8(3/4)0% + (]_ — q) L0 < ‘9(7/8)0‘717

which implies
q < Q(an/S) < exp (_Cnl—(a—l)e> :

as q,, ~ Cnl-(a—1)e

for some constant C'. So the probability that the random walk
fails to return to «, at least M,, = exp(n'~*¢) times before going below (3/4)a,

is < exp(—Cnf). Now if

K=min{i>1:|I5_ .| <3/},



32

the coupling with the random walk will imply P(K < M,,) < exp(—Cn°), and

hence for T,, = 751, + o0, - tn
(| T, ’ < (3/4) ]VGD < exp(—Cnf).

As o; > 1 for all ¢, by our construction 7,, > M,, - t,,, and we get the result. O

So the infection persists for time longer than exp (n'~%¢) in the stars of V,‘.

2.3 Density of infected stars

Proposition 2.2.7 implies that if the contact process starts with all vertices in-
fected, most of the stars remain lit even after exp(n'~¢) units of time. In this
section we will show that the density of infected stars is bounded away from
0 and we will find a lower bound for the density. We start with the following
Lemma about the growth of clusters in the random graph G,,, when we expose
the neighbors of a vertex one at a time. For more details on this procedure see

[16, Section 3.2].

Lemma 2.3.1. Suppose 0 < 6 < 1/8. Let A be the event that the two clusters, starting

from 1 and 2 respectively, intersect before their sizes grow to n°. Then

P(A) < Cn G,

Proof. 1f dy, ..., d, are the degrees of the vertices, then

P (max d; > n3/<2a—2>> <n-P(dy >n¥® ) <¢/\/n (2.3.1)

1<i<n
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/(2a—2)

for some constant c. Suppose all the degrees are at most n%/ . Suppose R,

and R, are the clusters starting from 1 and 2 up to size n°. Let B be the event

that R, contains a vertex of degree > n'/(2*=2)_ Let e,, be the sum of degrees of

/(2a—2)

all those vertices with degree > n!/ ). While growing R, the probability that

2a—2)

a vertex of degree > n'/( will be included on any step is

< En =
= S d; — ndt3/(2a=2) = B

Since the size biased distribution is ¢, ~ Ck~(*Y as k — oo, Dk s ™~ Ck—(e=2)
as k — oo, and we have e,, ~ Cn'~(@=2/(22=2) and hence 3, ~ Cn—(@=2/(2a=2) 54

n — oo. So for large n 3, < cyn~Y* for some constant ¢;, when a > 3. Thus
P(B®) > 1 — ¢ /n'/*7.

If B¢ occurs, all the degrees of the vertices of R, are at most n'/(?*=2)_ In that

case, while growing R, the probability of choosing one vertex from R; is

nd+1/(20-2)
= Zz L d; —nd+3/(2a=2)

< ¢y nt 01/ 20=2)
So the conditional probability
P(AB%) > (1 - Czn—(1—5—1/(2a—2)))n‘s > 1 — ¢y /W1 (20-2),
Hence combining these two
P(A°) > (1 — cl/n1/4_5)(1 _ 02/n1—26—1/(2a—2)) >1— Cl/n1/4_5,
and that completes the proof. O
Lemma 2.3.1 will help us to show that in the dual contact process, staring

from any vertex of degree > (10/1)*™ for some § > 0, the infection reaches a

star of V¢, with probability bounded away from 0.
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Lemma 2.3.2. Let & be the contact process on G,, starting from &' = A. Suppose
0 < e < 1/20(a — 1). Then there are constants Ny > 0, ng < 00, ¢o = ¢o(A, €) and
p; > 0 independent of A < Ao, n > ng and € such that if T' = n®, vy is a vertex with

degree d(vy) > (10/X)?+° for some 0 < & < 1 and v, is a neighbor of vy,

PP 0vi)zpm  P(envi) =i

Proof. The second conclusion follows immediately from the first, since the prob-
ability that v, will infect v, before time 1, and that v, will stay infected until time
1is

A

Z m(l — 67()\+1))671 2 CA.

Let A,, be the set of vertices in G,, of degree > (10/\)™° for m > 2. Define

_ )
’}/—mand

B = 2(0( — 1) log(l()/)\)7 U = (6_1(1 _ e_)\)e_l)f(BJrl) ’
w, = log(n°)/log(10/\) — & T,=T-+T2

where T}, = (10/0)(m+97, T2 = y™, and we let n® = """ T,,,.

Define F, = {5%2} N A3 # (Z)} and for m > 3, having defined E», ..., E,,_,
we let

Em = {fj{ﬂ::"} N Am+1 7é @} ) and Um € 57{1:?,11} N Am

Let A,, be the event that the clusters of size (10/\)™*+9+D(@=2) gtarting from two

neighbors of v,,, do not intersect and

F=n%_,A,.
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Since ¢ < 1/20(a — 1), the cluster size (10/)\)mT9+D(@=2) i5 at most n'/1? for

m < w,. So using Lemma 2.3.1 and the fact (}) < &2,

Wn

P(F) < (Z(IO/)\)Q’””5> o~ (1/4-1/10)

m=2

< n2en~WA=1/10) o =(1/4-3/20) 1/6
for large n.

Since each vertex has degree at least 3, if ' occurs then by the choice
of B the neighborhood of radius Bm around v,, will contain more than
(10/)m+o+(@=2+m yertices. Let Gy, be the event that the neighborhood of ra-
dius Bm around v,, intersects A,,;;. In the neighborhood of v,, probability of

having a vertex of A, is at least ¢(\/10)™+5+D(@=2) Hence

(lo/A)m+(m+6+1)(a72)

P(GE, N F) < (1= c(A/10)tmorhe=2))

< exp(—(10/A)™).
If Xissmall, >, exp(—(10/A\)™) < 1/6.

On the intersection of F' and G,, we have a vertex of A,,;; within ra-
dius Bm of v,,. Using Lemma 2.2.2 and Lemma 2.2.3, in the contact process
{ffv’"} > 0}, v gets hot at time T}, and remains lit till time 7, with error
probability < cA™*+97 for small A. If v, is lit, then Lemma 2.2.4 shows that
v, fails to transfer the infection to some vertex in A,,,; within time 72 with

probability

2 m
S [1 o (671(1 o ef)\)efl)Bm]Tm/(B )

< exp [~(e7H(1— e e )/ (Bm)] = .
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where = indicates we are making a definition, and hence P(E{ G, F) <
AT o Tf A is small YU [eA™mF)Y ] < 1/6, we can take py = 1/2

and the proof is complete. O

Lemma 2.3.2 gives a lower bound on the probability that an infection starting

244 reaches a star. Lemma 2.2.3

from a neighbor of a vertex of degree > (10/))
shows that if the infection reaches a star, then with probability tending to 1
the star gets hot within n“/? units of time. Combining these two we get the

following.

Proposition 2.3.3. Suppose 0 < € < 1/20(a—1). There are constants Xy > 0, ny < 00
c1 = c1(A, €) and py > 0, which does not depend on A\ < X\, n > ng and ¢, such that for
any vertex vy with a neighbor vy of degree d(vy) > (10/X)**° for some 6 € (0,1), and

T = n® the probability that f}”l} contains a hot star is bounded below by p; \.

Next we will show that if we start with one lit star, then after time exp(n/?)

at least 3/4’s of the stars will be lit.

Lemma 2.3.4. Let Iy, be the set of stars which are lit at time t in the contact process

on Gy, such that | I, o| = 1. Then for T' = exp(n/?)

P(| I 70| < (3/4)|V;i]) < Texp(=A*n/?/16).

Proof. Let s; be the lit star at time 0. As seen in Proposition 2.2.7, s; remains lit

at time 7" = exp(n®/?) with probability > 1 — 6 exp(—\?n/?/16) for large n. With

€/3

probability > C'n~" another star gets hot within time ¢, = 2n“/? and remains lit

at time 7”. Using similar argument as in Lemma 2.2.5, the process fails to make



37

(3/4)|V,¢| many stars lit by time 7" with probability
< (B/4)|Vi|(L = Cn =ty /e
< (3/4)|Ve| exp(=Cn~"T"/t,)) < exp(—\*n/3/16),

as |V¢| = Cn'~(@Ye<and 1 — 2 < e™®. So combining with the earlier error

probability we get the result. O

Now we are almost ready to prove our main result. However, we need one

more Lemma that we will use in the proof of the theorem.

Lemma 2.3.5. Let F and G be two events which involve exposing n’ many vertices

starting at 1 and 2 respectively for some 0 < § < 1/8. Then

|P(FNG)— P(F)P(G)| < Cn~ /49,

Proof. Let R; and R, be the clusters for exposing n’ many vertices starting from
1 and 2 respectively, and let A be the event that they intersect. Clearly
P(FNG)<PA)+P(FNGN A9
=P(A)+ P(FNA°)P(GnN A
< P(A)+ P(F)P(G).
Using similar argument for F° and G we get
|P(FNG)—P(F)P(G)| < P(A).

We estimate P(A) using Lemma 2.3.1. O

1/8 yer-

Lemma 2.3.5 shows that two events which involve exposing at most n
tices starting from two different vertices are asymptotically uncorrelated. Now

we give the proof of the main theorem.
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Proof of Theorem 1. Given 6 > 0, choose ¢ = min{d/«a, 1/20(cv — 1)}. Let A, be

the set of vertices in G,, with a neighbor of degree at least (10/)\)*"°

. Clearly
|An|/n — co(N/10)2+9@=2) a5 5 — oo for some constant cy. Define the random
variables Y,z € A, as Y, = 1 if the dual contact process starting from z can

light up a star of V¢ and 0 otherwise. By Proposition 2.3.3, EY, > p; A for some

constant p; > 0 and for any z € A,

If we grow the cluster starting from = € A, and exposing one vertex at a
time, we can find a star on any step with probability at least cn=(*~2<. So with
probability 1—exp (—cn®), we can find a star of V,¢ within the exposure of at most
n“¢ vertices. So, with high probability, lighting a star up is an event involving at

most n(**D¢ many vertices. As (a + 1)e < 1/8, using Lemma 2.3.5, we can say

< (1 —exp (—cn)) Cn~WA=@4DI L oxp (—en®) = 6,.

Using our bound on the covariances,

(; Y) <n+ (2)9n,

and Chebyshev’s inequality gives

‘

for any v > 0, since ¢, — 0 as n — oo. Since EY, > p;A and |A4,|/n —

> (¥, - EY,)

2~2
n
CCeAn ’y

2n7>§L(2)0n—>0 asn — oo,

co(A/10)ZF0@=2) if we take p; = p1\ - ¢o(A/10)ZF9)(@=2) /2 then

lim P < d V> npl> =1. (2.3.2)

TEA,

Now if Y, = 1, Proposition 2.3.3 says that the dual process starting from x

makes a star hot after 71 = n“ units of time. Then by Lemma 2.3.4 within next
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Ty = exp(n“/?) units of time the dual process lights up 75% of all the stars with

probability 1 — 7exp(—\2n/3/16).

Let I, be the set of stars which are lit at time ¢ in the contact process

{¢}:t >0} and
Ty =inf {t > exp(n' ™) : |Is,| = (3/4)|V,]}.
By Proposition 2.2.7, P(T; < 00) > 1 — exp(—cnf). Let
S={Sc{1,2,...,n}:&=5=|Ic,|> 3/}

Using the Markov property and self-duality of the contact process we get the
following inequality. For any subset B of the vertex set, and for the event F), =

[T5 < o] we have

P [(5%1+T2+T3 > B) a Fn}

:ZP(€§1+T2 DB)P(§71“3 :S|Fn) P(Fn)

Ses

-Syr (g}ﬁn NS0V e B) P (&, = S|F,) P(F,)
Ses

>3 P (168 N Inl > (3/0)IVi| ¥z € B) P (&, = SIF.) P(F)
Ses

> P(Y, =1Vz € B) (1 — 7|Blexp (=A*n/*/16)) P(F,)

> P(Y, = 1z € B)(1 — 2exp (—en/*)),

as |B| < nand P(F,) > 1 — exp(—cn®). Hence for T' = T} + T3 + T3, combin-
ing with (2.3.2) and using the attractiveness property of the contact process we

conclude that as n — oo

inf P (|§—t1| > pl) =P <@ > pl> (2.3.3)
t<T n n
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2P<5§;;{xzyx:1},Zsznm)_>1,

IEATL
which completes the proof of Theorem 1, and proves the lower bound in Theo-

rem 2.

24 Upper bound in Theorem 2

For the upper bound, we will show that if the infection starts from a vertex x
with no vertex of degree > 1/\!~° nearby, it has a very small chance to survive.
To get the 1 in upper bound we need to use the fact that first event in the contact

process starting at = has to be a birth so we begin with that calculation.

Let A; be the set of vertices of degree > \°~!. Define Z,,z € {1,2,...,n} as
Z, = 1 if the dual contact process {§t{$} : t > 0} starting from = survives for
T' = 1/X*"! units of time, and 0 otherwise. We will show EZ, < CA+(@=2)(1-9)
for some constant C. If T; is the time for the first event in the dual process,
then ET7 < 1 and using Markov’s inequality P(7T}, > 1/A*') < A\*~1. So if
Ty < 1/X71, the first event must be a birth for Z, to be 1. So for = € As,

i
P(Z,=1) < P(Ty>1/X*1+ Z pi—)\ifrl

i>A0-1

< AThpon ) ey
i>N0-1
< /\afl + O\ - )\(0472)(175).
For z € A§, let w(\) < CA@=20-9) pe the size-biased probability of hav-
ing a vertex of As in its neighborhood. If d(z) = i, the expected number

of vertices in a radius m around z is at most i - £Z,,, where Z,, is the total
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progeny up to m'" generation of the branching process with offspring distribu-
tion g, = (k + 1)prs1/1 ~ ck® . So the expected number of vertices, which are
within a distance m = [(a — 1)/d], the smallest integer larger than (a — 1)/9,
from z and belong to Aj, is

a/nt-°
< Z pi-i- BEZ, - ONe=20-0) < c\(a=2)(1-6)

1=2
Using Markov’s inequality the probability of having at least one vertex of A;

within a distance m from z has the same upper bound as above.
Until we reach Ay, |£fx}| <Y, where

Y, - Y, —1 atrate Y,

Y, =Y, +1 atrate Y\ (1/\)'70 =Y\

So Y, jumps at rate Y;(1+\°) and it jumps to Y; + 1 with probability X\°/(1+)%) <
M. If Ty < 1/X*7L, the first event in the dual process 5}”} must be a birth for
Z, to be 1. Let Ty, is the time of the 2m!" event after the first event. Then

ETy, < 2m/(1+ X°) and using Markov’s inequality
P(Tyy, > 1/A7H) < OX> L

Now if Ty,, < 1/XA* ! and there is no vertex of A; within a distance m of z, the
infection starting at = survives for time 7" only if Y; has at least m up jumps
before hitting 0. If there are < m — 1 up jumps in the first 2m then Y; will hit 0

by T5,, as Yy = 2. The probability of this event is

< P(B>m) where B ~ Binomial (2m,\°)

S 22m/\m5 S 22m/\a—1'
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Combining all three error probabilities, for any z € A§,

P(Z,=1) < P(Ty > 1/X* ") + P(Ty,, > 1/X*7Y)

i
+ 2 P 1

iSXS*l

O )\e=2)(1-9)

< OAMHe-2)(1-0),

Using an argument similar to one at the end of the proof of Theorem 2.1.2

‘

for any v > 0. Since £Z, < CA*T(@=20-9) forall z € {1,2,...,n}, if we take

> (2. — EZ,)

T

>n7>—>0 asn — 0o

Py = 3ONH(@=2(=0) then

P(ZZzanu) — 0 asn — oo.

So by making C' larger in the definition of p, and using the attractiveness of
the contact process

i I < 1
inf P(g!| < pun) —

as n — oo. O]

2.5 Proof of connectivity and diameter

We conclude the chapter with the proof of Lemma 2.1.3. We begin with a large
deviations result. The fact is well-known, but the proof is short so we give it for

completeness.
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Lemma 2.5.1. Let Xy, X5, ... be i.i.d., nonnegative with mean . If p < p, then there

is a constant v > 0 so that

P(Xi+ -+ X, < pk) < e "

Proof. Let ¢(0) = Ee ?X.1f 6 > 0 then
e PPP(Xy + -+ X < pk) < ¢(0)".

So we have

P(Xy+ -+ X < pk) < exp(k{0p +log¢(0)}).

log(¢(0)) =0and as § — 0

d ¢'(0)
—1 = — — L.
So log ¢(0) ~ —pb as 6 — 0, and the result follows by taking ¢ small. O

Proof of Lemma 2.1.3. We will prove the result in the following steps.

Step 1: Let &, = (log n)?. The size of the cluster C,, starting from z € {1,2,...n},

reaches size k, with probability 1 — o(n™1).

Step 2: Thereisa B < oo so that if the size of C, reaches size B logn, it will reach

n?/3 with probability 1 — O(n~2).

Step 3: Let ¢ > 0. Two clusters C, and C,, starting from x and y respectively, of

size n1/2+¢ will intersect with probability 1 — o(n~2).

Steps 2 and 3 follow from the proof of Theorem 3.2.2 of [16], so it is enough to

do Step 1. Before doing this, note thatif di, . . ., d, are the degrees of the vertices,
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and n > 0 thenas n — oo,

p (max d, > n(1+n)/(a1)> <n-P(dy > n+/@D) L o,

1<i<n

Given « > 3, we choose 1 > 0 small enough so that (1 +7)/(o — 1) < 1/2.

To prove step 1, we will expose one vertex at a time. Following the notation
of [16], suppose A;, U, and R; are the sets of active, unexplored and removed
sites respectively at time ¢ in the process of growing the cluster starting from
1, with Ry = {1}, Ap = {z: 1 ~z}and Uy = {1,2,...,n} — Ay U Ry. At time
7 = inf{t : A, = 0} the process stops. If A, # 0, pick i, from A; in some way

measurable with respect to the process up to that time and let

Ri1 = Ry U {3y}

Ay = Au{zeU ig~ 2z} — {iy}

Un=U—{2€U i~ z}.
Here |R;| = t + 1 fort < 7 and so C; = 7 + 1. If there were no collisions,
then |A;11| = |A| — 1 + Z where Z has the size biased degree distribution g¢.
Let ¢" be the distribution of (Z|Z < n(!+m/(@=1)) Then on the event {max; d; <
n(+m/(@=1} 11 4,] is dominated by a random walk S; = Sy + Z; + - - - + Z;, where
So = Ag and Z; ~ ¢". Since qx_1 = kpr/p, we have ¢ = ¢ = 0 and hence

g0 = ¢q{ = 0. Then S; increases monotonically.
If weletT = inf{m : S,, > k,} then
P(|Cy| <k,) < P(S; —|Ai| > 4 forsomet <T). (2.5.1)

As observed above, if n is large, all of the vertices have degree < n® where

B=014+n)/(a—1) <1/2. Aslong as S; < 2k, each time we add a new vertex
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and the probability that it is in the active set is at most

2k, n"
n — n = < Ckn Al
T S g — 2k =

for large n. Thus the probability of two or more collisions while S; < 2k, is

< (2kn)*; = o(n™h).

If Sp — Sr—1 < ky,, then the previous argument suffices, but Sy — Sy_; might
be as large as n”. Letting m > 1/(1 — 2(3), we see that the probability of m or

more collisions is at most

(nﬁ)m(C’nﬁ’l)m =o(n).

To grow the cluster we will use a breadth first search: we will expose all the
vertices at distance 1 from the starting point, then those at distance 2, etc. When
a collision occurs, we do not add a vertex, and we delete the one with which
a collision has occurred, so two are lost. There is at most one collision while
Sy < 2k,. Since Sy > 3, it is easy to see that the worst thing that can happen in
terms of the growth of the cluster is for the collision to occur on the first step,
reducing Sy to 1. After this the number of vertices doubles at each step so size

k. is reached before we have gone a distance log, k,, from the starting point.

In the final step we might have ajump S, —S;_1 > k, and m collisions, but as
long as k,, = (logn)? > 2m we do not lose any ground. In the growth before time
T, each vertex, except for possibly one collision, has added two new vertices to
the active set. From this it is easy to see that the number of vertices in the active

set is at least k,,/2 — 2m.

To grow the graph now, we will expose all of the vertices in the current active
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set, then expose all of the neighbors of these vertices, etc. Let ¢ > 0. The proof
of Theorem 3.2.2 of [16, page 78] shows that if ¢ is small then until né vertices
have been exposed, the cluster growth dominates a random walk with mean
v —e. Let Jy, Js, ... be the successive sizes of the active set when these phases
are complete. The large deviations result, Lemma 2.5.1, implies that there is a
~v > 0 so that

P(Jiy1 < (v —2€)Ji|J; = 7;) < exp(—~7i)

Since J; > (logn)?/2 — 8, it follows from this result that with probability >

1 logn
(5 + C) log(v — €)

steps, the active set will grow to size n//2+¢. Using the result from Step 3 and

1 —o(n™'), in at most

noting that the initial phase of the growth has diameter < log, k,, = O(loglogn)

the desired result follows. O]



Chapter 3

Random Boolean networks

3.1 Introduction

Random Boolean networks were originally developed by Kauffman [30] as an
abstraction of genetic regulatory networks. The idea is to identify generic prop-
erties and patterns of behavior for the model, then compare them with the be-
havior of real systems. Protein and RNA concentrations in networks are of-
ten modeled by systems of differential equations. However, in large networks
the number of parameters such as decay rates, production rates and interaction
strengths can become huge. Recent work in [1] on the segment polarity network
in Drosophila melanogaster, see also [10], has shown that Boolean networks can
in some cases outperform differential equation models. Random Boolean net-
works have been used in [29]to model the yeast transcriptional network, and

this approach have been used tin [33] to model the yeast cell-cycle network.

In our version of his model, the state of each node x € V,, = {1,2,...,n}
at time ¢t = 0,1,2,... is n,(x) € {0,1}, and each node z receives input from r

distinct nodes y;(z), . .., y,(x), which are chosen randomly from V,, \ {z}.

We construct our random directed graph G, on the vertex set V,, =
{1,2,...,n} by putting oriented edges to each node from its input nodes. To
be precise, we define the graph by creating a random mapping ¢ : V,, x

{1,2,...,r} — V,, where ¢(x,i) = y;(z), such that y;(z) # zfor1 < i < r

47
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and y;(r) # y;(xz) when i # j, and taking the edge set £, = {(yi(z),z) : 1 <
i < rx € V,}. So each vertex has in-degree r in our random graph G,. The
total number of choices for ¢ is [(n — 1)(n — 2)--- (n — r)]". However, the re-
sulting graph G, will remain the same under any permutation of the vector
Ve = (n1(2),...,y.(z)) forany z € V,,. Soif e,, € {0,1} is the number of directed
edges from node z to node z in G,,, then >_"_, e, , = r, and the total number of
permutations of the vectors y,, 1 < z < n, that correspond to the same graph is

(rh)™. So if P denotes the distribution of G,,, then

nn 1
Ple,, 1 < z,x <n)= (r!) —

[(n—=1)(n—=2)-(n—r)" [(n—l)}”’

r

ife,, € {0,1},e,, =0and > e, = rforallz € V,, and P(e,,, 1 < x,2 <
n) = 0 otherwise. So our random graph G,, has uniform distribution over the
collection of all directed graphs on the vertex set V,, in which each vertex has
in-degree r. Once chosen the network remains fixed through time. The rule for

updating node z is

N1 () = fae(yr(2)), - me(ye())),

where the values f,(v), v € V,,, v € {0,1}", chosen at the beginning and then

tixed for all time, are independent and = 1 with probability p.

A number of simulation studies have investigated the behavior of this
model. See [2] for survey. Flyvberg and Kjaer [24] have studied the degen-
erate case of r = 1 in detail. Derrida and Pommeau [15] have argued that for
r > 3 there is a phase transition in the behavior of these networks between rapid
convergence to a fixed point and exponentially long persistence of changes, and

identified the phase transition curve to be given by the equation r-2p(1—p) = 1.
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The networks with parameters below the curve have behavior that is ‘ordered’,
and those with parameters above the curve have ‘chaotic’ behavior. Since chaos
is not healthy for a biological network, it should not be surprising that real bio-

logical networks avoid this phase. See [31], [46] and [42].

To explain the intuition behind the conclusion of [15], we define another
process {(;(z) : t > 1} for = € V,,, which they called the annealed approximation.
The idea is that (;(z) = 1 if and only if n;(z) # m_1(z), and ;(z) = 0 otherwise.
Now if the state of at least one of the inputs y;(z),...,y,(x) into node x has
changed at time ¢, then the state of node x at time ¢ + 1 will be computed by
looking at a different value of f,. If we ignore the fact that we may have used

this entry before, we get the dynamics of the threshold contact process

P (Ga(z) = 1 Gy (2) + -+ + G(ye(x)) > 0) = 2p(1 —p), and

P (G1(x) = 0[ Gy () + -+ + Gy (x) =0) = 1.

Conditional on the state at time ¢, the decisions on the values of (;,1(z), z € V,,

are made independently.

We content ourselves to work with the threshold contact process, since it
gives an approximate sense of the original model, and we can prove rigorous
results about its behavior. To simplify notation and explore the full range of
threshold contact processes we let ¢ = 2p(1 — p), and suppose 0 < g < 1. As
mentioned above, it is widely accepted that the condition for prolonged persis-
tence of the threshold contact process is gr > 1. To explain this, we note that
vertices in the graph G,, have average out-degree r, so a value of 1 at a vertex

will, on the average, produce ¢r 1’s in the next generation.
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We will also write the threshold contact process as a set valued process. Let
& = {x : G(r) = 1}. We will refer to the vertices x € & as occupied at time ¢.
So if Py, is the distribution of the threshold contact process £ = {{ : t > 0}

conditioned on the graph G, then
PGn(‘T6£t+1|{yl(x>7"'7y7“(x)}m§t?éq)) = g and
P, (v € &ul{n(e), . p(x)}n&=0) = 0,

and if P denotes the distribution of the threshold contact process on the random

graph G, which has distribution P, then
P()=EFg, ("), (3.1.1)
where E is the expectation corresponding to the probability distribution P.
Let £€* = {¢':t >0} denote the threshold contact process starting from
&' = A CV,, and &' = {¢ :t > 0} denote the special case when A = V. Let

p be the survival probability of a branching process with offspring distribution

pr = g and py = 1 — ¢. By branching process theory

p=1—0, where 0 € (0,1) satisfies =1 — g+ qf". (3.1.2)

Using all the ingredients above we now present our first result.

Theorem 3.1.1. Suppose q(r — 1) > 1 and let 6 > 0. Let P be the probability distribu-

tion in (3.1.1). Then there is a positive constant C'(9) so that as n — oo
t<exp(C(d)n) n

1
inf P(sz—25>—>1.

The threshold contact process will eventually die out on any finite graph. But

it certainly cannot last longer than exp(O(n)) units of time, because the number
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of vertices is n, and so even if all vertices are occupied at time 0, there is a

probability > (1 — ¢)™ that all of them will be vacant at time 1.

To prove Theorem 3.1.1, we will consider the dual coalescing branching pro-
cess € = {§ : t > 0}. In this process if = is occupied at time ¢, then with
probability ¢ all of the sites y;(z), ..., y,(x) will be occupied at time ¢ + 1, and
with probability 1 — ¢ none of them will be occupied at time ¢ + 1. Birth events
from different sites are independent. Let EA = {&A . t > 0} be the dual process
starting from &' = A C V,,. The two processes can be constructed on the same
sample space so that for any choices of A and B for the initial sets of occupied

sites, £ and éB satisfies the following duality relationship, see [26].

&me#@}={§mA¢%},t:0@g,“. (3.1.3)

Taking A = {1,2,...,n} and B = {z} this says

{zeg}={&" +0}, (3.1.4)
or, taking probabilities of both the events above, the density of occupied sites in
&' at time ¢ is equal to the probability that é o survives until time ¢. Since over
small distances our graph looks like a tree in which each vertex has  descen-

dants, the last quantity ~ p.

From (3.1.3) it should be clear that we can prove Theorem 3.1.1 by studying
the coalescing branching process. The key to this is an “isoperimetric inequal-
ity”. Let G, be the graph obtained from our original graph G, = (V,,, E,) by
reversing the edges. That is, G, = (V,,, E,,), where E,, = {(z,y) : (y,x) € E,}.

GivenasetU C V,, let

U'={yeV,:z— yforsomezx € U}, (3.1.5)
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where © — y means (z,y) € E,. Note that U* can contain vertices of U/. The
idea behind this definition is that if U is occupied at time ¢ in the coalescing

branching process, then the vertices in U* may be occupied at time ¢ 4 1.

Theorem 3.1.2. Let E(m,k) be the event that there is a subset U C 'V, with size

|U| = m so that |U*| < k. Given n > 0, there is an €y(n) > 0 so that for m < eyn

PLE(m, (r —1 —n)m)] < exp(—nmlog(n/m)/2).

In words, the isoperimetric constant for small sets is » — 1. It is this result that

forces us to assume ¢(r — 1) > 1 in Theorem 3.1.1.

Claim. There is a ¢ > 0 so that if n is large, then, with high probability, for each

m < cn there is a set U,,, with |U,,,| = mand |U}| <1+ (r — 1)m.

Sketch of Proof. Define an undirected graph H,, on the vertex set V,, so that x and
y are adjacent in H,, if and only if thereisa z so thatz — zand y — zin G,. The

drawing illustrates the case r = 3.

The mean number of neighbors of a vertex in H,, is r?2 > 9, so standard argu-
ments show that there is a ¢ > 0 so that, with probability tending to 1 as n — oo,

there is a connected component K,, of H,, with |K,| > cn. If U is a connected
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subset of K,, with |U| = |cn|, then by building up U one vertex at a time and
keeping it connected we get a sequence of sets {U,,,m = 1,2,...,|cn|} with

|Un| =mand |U}| <14 (r—1)m. 0

Since the isoperimetric constant is < r — 1, it follows that when ¢(r — 1) < 1,
then for any € > 0 there are bad sets A with |A| < ne, so that £ ’f{“ < |A|.
Computations from the proof of Theorem 5.1.5 suggest that there are a large
number of bad sets. We have no idea how to bound the amount of time spent
in bad sets, so we have to take a different approach to show persistence when

I/r<q<1/(r—1).

Theorem 3.1.3. Suppose qr > 1. If 6 is small enough, then for any 0 < § < dy, there
are constants C(0) > 0 and B(0) = (1/8 — 26) log(qr — 0)/logr so that as n — oo
14|
inf P(—>p—2)) — 1.
t§exp(C(5)~nB(5)) n
Based on results for the basic contact process on (Z mod n) [19, 21] and on
(Z mod n)?¢ [37], it is natural to believe that the conclusion of Theorem 3.1.1
holds in all situations with ¢r > 1. But here we content ourselves with the

rather weak result.

To prove Theorem 3.1.3, we will again investigate persistence of the dual.

Let
do(z,y) = length of a shortest oriented path from z to y in G,
d(z,y) = minlde(z, ) +do(y, 2)], (3.1.6)

and for any subset A of vertices let

m(A, K) = rglcazf{\ﬂ cd(z,y) > K forall z,y € S,z # y}. (3.1.7)



54

Let R = logn/logr be the average value of dy(1,2). So R is an average distance
between any two distinct vertices of the graph. Alsoleta = 1/8 — ¢ and B =
(a—9)log(qr—0)/logr. We will show that if m < A9 [aR]) < |n?| at some time
s, then with high probability, we will later have m (f{‘, 2 (aRl) > |n?| for some
t > s. To do this we explore the vertices in G, one at a time using a breadth-
first search algorithm based on the distance function dy. We say that a collision
has occurred if we encounter a vertex more than once in the exploration process.
First we show in Lemma 3.3.1 that, with probability tending to 1 as n — oo, there
can be at most one collision in the set {u : dy(z,u) < 2[aR]} forany z € V,,. Then
we argue in Lemma 3.3.2 that when we first have m (ASA, 2 [a}ﬂ) < [n?], there
is a subset N of occupied sites so that |[N| > (¢—9)|[n? ], and d(z,w) > 2[aR] —2
for any two distinct vertices z,w € N, and {u : dy(z,u) < 2[aR] — 1} has no
collision. We run the dual process starting from the vertices of N until time
[aR] — 1, so they are independent. With high probability there will be at least

one vertex w € N for which ‘é?f&q

{w}
[aR]—17

> [n®]. By the choice of N, for any two

distinct vertices x, z € £ d(z,z) > 2[aR]. It seems foolish to pick only one

vertex w, but we do not know how to guarantee that the vertices are suitably

separated if we pick more.

3.2 Proof of Theorem 3.1.1

We begin with the proof of the isoperimetric inequality, Theorem 5.1.5.

Proof of Theorem 2. Let p(m, k) be the probability that there is a set U with |U| =
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m and |U*| = k. First we will estimate p(m, ¢) where £ = |(r — 1 — n)m].

p(m, 0) < > P(U* =U") < > P(U* c U").
(U |U=m.|U"|=t) {(UU{U|=m,|U"|=t)

According to the construction of G, for any « € U the other ends of the r edges

coming out of it are distinct and they are chosen at random from V,, \ {z}. So

(‘Urq) ] Ul . (n|(£,|1)r|U|7

(")

p(m, €) < <;) <Z> (n f 1)@ (3.2.1)

To bound the right-hand side, we use the trivial bound

(:z) <t ()" (32.2)

where the second inequality follows from e > m™ /m/!. Using (3.2.2) in (3.2.1)

plon, ) < (nefmyne/0 (1) ()

n—1

PU* CU') =

and hence

Recalling ¢ < (r—1—n)m, and accumulating the terms involving (m/n),r—1—n

and e the last expression becomes

< em(rfn) (m/n)m[flf(rflfn)Jrr] (7” . n>7(r717n)m+rm[n/<n . 1)]rm

— )™= 1= )" = 1)

Letting c(n) = r —n—+rlog(n/(n—1))+ (1+n)log(r—1—n) < Cforn € (0,r—1),
we have
p(m, [(r=1—=mn)m]) < exp (=pmlog(n/m) + Cm).

Summing over integers k = (r — 1 — 1)m with / > 7, and noting that there are

fewer than rm terms in the sum, we have

P[E(m, (r — 1 —mn)m)] < exp(—nmlog(n/m) + C'm).
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To clean up the result to the one given in Theorem 5.1.5, choose ¢, such that

nlog(1/ey)/2 > C". Hence for any m < ¢n,
nlog(n/m)/2 > nlog(1/e)/2 > C',

which gives the desired result. O

Our next goal is to show that the graph G,, locally looks like a tree with high
probability. For that we explore all the vertices in V), one at a time, starting from
a vertex z, and using a breadth-first search algorithm based on the distance
function dy of (3.1.6). More precisely, for each = € V,,, we define the sets A%,
which we call the active set at the k' step, and R¥, which we call the removed
set at k' step, for k = 0,1, ..., 3, where 3, = min{l : Al = ()}, sequentially as
follows. R? = () and A% = {x}. Let D(x,1) = {y : do(x,y) < I}. For 0 < k < f3,,
we get ko = min{l : 0 <1 < k, A" N D(z,1) # 0}, and choose z;, € A¥ N D(z, ko)
with the minimum index.

If v, € R%, then A*! = A%\ {z;)}, R = R¥ and

if 1, ¢ RE, then A = A U {y(21), ..., ye(zi)} \ {o}, R = RE U {1},
If 2;, € R*, we say that a collision has occurred while exploring G, starting from
z. The choice of z;, ensures that while exploring the graph starting from z, for

any j > 1, we consider the vertices, which are at d, distance j from z, prior to

those, which are at d, distance j + 1 from x.

The next Lemma shows that with high probability R* will have k vertices,
and for x # z, R¥ and R* do not intersect each other, when k < n!'/27°. For the

lemma we need the following stopping times.

mi=min{l >1:|R| <},
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Tp.=min{l >1: RENR.L # 0}z # 2,
o =min{l >1: |RL| > [n}/279] 1},0<1/2, (3.2.3)
B, =min{l >1: A =0}

So 7} is the time of first collision while exploring G, starting from z, and 7, , is

the time of first collision while exploring G, simultaneously from = and z.

Lemma 3.2.1. Suppose 0 < 6 < 1/2. Let I}, x € V,,and I, ,, x,z € V,,,x # z, be the

events
= {71'; A By > a;"s} , L.=0LNIN {m}z > o™ v aZ"s} ,
where wl, T, ., o™ and (3, are the stopping times defined in (3.2.3). Then
P[(I))] <n®, PU.) <50 (3.2.4)

for large enough n.

Note that the randomness, which determines whether the events I} and I, ,
occur or not, arises only from the construction of the random graph G,,, and

does not involve the threshold contact process ¢' on G,,.

Proof. Let o' = 1/2 — §. Since in the construction of the random graph G, the
input nodes y;(z),1 < i < r, for any vertex z are distinct and different from z,

there are at least n — r choices for each y;(z). Also ‘R;] <l for any l. So
PR = [R:™) < (k= 1)/(n—7). (3.2.5)

It is easy to check that 7} A 3, > ™9 if |R¥| # |RF!|for k =1,2,...,[n%]. So

f”ﬂ

T
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n5,'|
< (k—=1)/(n—7r)<n®* /n=n"2
k=1

-

for large enough n. For the other assertion, note that I, . occurs if |RY| #
|RE-Y|RF| # |REY and RFNRF = 0 for k = 1,2,...,[n%]. Also if for some
k>1RRM £ Qand RINR! = (forall1 < < k, then either Rf = RF-1U{z;_,}
and 7, 1 € R* !, or R¥ = RF-1 U {2} and 2;,_, € R*. Now since each of the
input nodes in the construction of G,, has at least n — r choices, and |RL|, |R.| <

for any [,

PRENRE#AO,RENRL=0,1<1<k) <P (241 € RE)+P (24-1 € RY) < (2k—1)/(n—r).
(3.2.6)
Combining the error probabilities of (3.2.5) and (4.4.6)

P(12.) <P [UT (1R = |RE) Ofr (RE =[RS U (R RE #0)]

< 37 [P(RY = R +P(RE = [REY) + P (RENRE £ 0, R0 RL = 0,1 < 1 < )]

< (4k —3)/(n —r) < 5n¥ 1 =52
k=1

for large n. O]

Lemma 3.2.1 shows that G,, is locally tree-like. The number of vertices in
the induced subgraph G, 5, with vertex set G,, N {u : do(z,u) < M} is at most
I+r+--+rM < 2rM Soif I! occurs, then, for any M satisfying 2r < n'/279, the
subgraph G, ), is an oriented finite 7—tree, where each vertex except the leaves

has out-degree r. Similarly if I, , occurs, then for any such M, (?m, MmN CAJZ, u = 0.

In the next lemma, we will use this to get a bound on the survival of the dual

process for small times. Let p be the branching process survival probability
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Lemma3.2.2. Ifqg > 1/r, 6 € (0,qr—1),v = (20logr)~!, and b = ~log(qr — J) then

forany x € V,, if nis large,

(‘537}10%”1 Wﬂ) > p—0.

Proof. Let I, be the event

= {7l A B, > a4},

1/4
where 7!, 3, ay’ /

are as in (3.2.3). Let Pz- be the distribution of a branching
process Z* = {Z} : t = 0,1,2,...} with Z§ = 1 and offspring distribution
po = 1 —qgand p, = ¢. Since ¢ > 1/r, this is a supercritical branching process.

Let B, be the event that the branching process survives. Then
Pge (BJJ) =P

where pisasin (3.1.2). If we condition on B,, then, using a large deviation result

for branching processes from [4],

A
Py < th;l qr

>5Pﬁ)§e*mt (3.2.7)

for some constant ¢(6) > 0 and for large enough t. So if F, = {Z},, > (¢qr —
0)ZF for [ylogn| <t < [2vlogn]}, then

(T2 logn])-
Py (F¢|B,) < Z: < Cyn~e0ON/? (3.2.8)

t=|ylog |

for some constant C5 > 0 and for large enough n. On the event B, N £,

Z“F%logn] > (qr — 5)!—2710gn-\_t710g7ﬂ > (qr — 5)710gn — 7 log(ar—5)

9
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since ZF > 1on B,.

[vlogn]

Now coming back to the dual process é{m}, let P;i denote the conditional
distribution of & e given I!. This does not specify the entire graph but we will
only use the conditional law for events that involve the process on the subtree
whose existence is guaranteed by .. By the choice of v, the number of vertices
in the subgraph induced by {u : do(z,u) < [27logn]} is at most 2r/27lenl < pl/4,

Then it is easy to see that we can couple P with P. so that

St

o {(J

Combining the error probabilities of (3.2.4) and (3.2.8)

0<t< [2710g7ﬂ> € } = Pr [(Z7,0 <t <[2ylogn]) € -].

> ) = Py (€5 gm| = 1) P
= Poe (Zhyiogn) = [n1) P(LD)

> Pue(B, N E)P(I))

{z}
(‘6[27 logn]

= Pz(By) Py (Fy| Bo)P(I})

> (1—05n 7/2) (1—n_1/2)2p—(5

for large enough n. O

Lemma 3.2.2 shows that the dual process starting from one vertex will with
probability > p — ¢ survive until there are [n’] many occupied sites. The next
lemma will show that if the dual starts with [n’] many occupied sites, then for
some e > 0 it will have [en| many occupied sites within time [en]| with high

probability.

Lemma 3.2.3. If ¢(r — 1) > 1, then there exists e, > 0 such that for any A with
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|A| > [n®] the dual process éA satisfies

P max é{‘ <emn | <exp (—nb/4) .
t< (elnfnb—l
Proof. Choose n > 0 such that (¢ —7n)(r —1—mn) > 1, and let ¢y(n) be the constant

in Theorem 5.1.5. Take ¢; = ¢y(n). Let v = min {t: I3

{|é = |én

> (qm}. Let F, =

>

+ 1}, and

2| occupied sites of £ give birth} ,

C, ={|U/| = (r—1—n)|U|}, where U, = {x e &tz gives birth}.

B, = {at least (¢ — 1)

Now if B; and C, occur, then

>

FA
&

&t , (3.2.9)

=0/ =2 (r=1=n)|U| = (r =1 =n)(g —n)

cA
St

ie. Fy1q occurs. So Fyyy O B, NCyforallt > 0. Using the binomial large

deviations, see [16, Lemma 2.3.3, page 40],

Pe, (Bt\ é;“) > 1 —exp (—F((q —n)/a)q |

) , (3.2.10)

&

> [n] on the event H, for all ¢ > 0. Keeping that in mind

where I'(z) = zlogz —x +1 > 0 for x # 1. If we take H, = {
&
in the right side of (3.2.10) by n’ to have

> (nﬂ} and
H, =nN!_, F,, then

&'

we can replace

Po,(Bf N Hy) < Po, (B0 { ¢

> ['}) < exp (<I((g—n)/@)an’) ¥t 0.

(3.2.11)
The same bound also works for the unconditional probability distribution P.
Next we see that Py, (C;|U;) > 1gc, where E = E(|Uy|, (r — 1 —n)|Uy|), as defined

in Theorem 5.1.5. Taking expectation with respect to the distribution of G,,
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P(Cy|U;) > P(E°). Since for t < v, |Uy| < eo(n)n, and |U;| > (g —n)n® > nb/(r —1)

on H, N B,, using Theorem 5.1.5

P(CCN B, N H,N {t <v}) < PO N {(n/(r — 1)) < |U}| < ern)]

b _
< exp (—Q G _ 1)). (3.2.12)

2r —1 n

Combining these two bounds of (3.2.11) and (3.2.12) we get

P(Fe, NH,N{t<v}) < P(B,NC) NHN{t<v})

< P(BfNH)+PCNB,NH,N{t<v}) <exp(—n"?)
for large n. Since v < [e;n — n®] on Hi.,,, 1,

P(v>[egn—n"]) < P [(V > [ein —n"]) N <Ut[ilin_nb1 Ff)]
[e1n—nb]

> PEFENH_N{y>t-1}

< (Jem ) () < oxp ()

IN

for large n and we get the result. O

The next result shows that if there are [en| many occupied sites at some time
for some e > 0, then the dual process survives for at least exp(cn) units of time

for some constant c.

Lemma 3.2.4. If g(r —1) > 1, then there exist constants ¢ > 0 and e; > 0 as in Lemma

3.2.3 such that for T = exp(cn) and any A with |A| > [ein],

. CA
P (e

< eln) < 2exp(—cn).

Proof. Choose > 0 so that (¢ — n)(r — 1 —n) > 1, and then choose ¢,(n) > 0

as in Theorem 5.1.5. Take ¢; = ¢y(n). For any A with |A| > [en], let U] =
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{:c e &)z gives birth}, t =0,1,.... If |U/| < |en], then take U, = U,. If
|U{| > e1n, we have too many vertices to use Theorem 5.1.5, so we let U; be the

subset of U, consisting of the |e;n| vertices with smallest indices. Let

=

B, = {at least (¢ — n)

FA
&

> (wﬂ} . H,=n._,F.,

many occupied sites of £ give birth} ,

FA
&

Cy ={|U;| = (r =1 —n)|U|}.

Now using an argument similar for the one for (3.2.9), Fi;.1 N H, D B,NCy N
H; for any t > 0. Using our binomial large deviations result (3.2.10) again,
e, (Btl 55‘) > 1 —exp (—F((q —n)/a)q | &

and so

> [en],

). On the event F},

Pe,(B; N H;) < Pg, (Bf N { &t

> [en] }) < exp (=I'((g —n)/q)gern)
The same bound works for the unconditional probability distribution P.

Since |U;| < €1n, and on the event H, N B, |Uy| > (¢ — n)ein > en/(r — 1),

using Theorem 5.1.5 and similar argument which leads to (3.2.12) we have

n €n r—1
P(CyNnH, NB;) < —— 1 :
(CyNHy N t)_exp( 57108 - )

Combining these two bounds

P(Ff, N H,) <P[(B,NC)°NH,

<P(BfNH,) +P(C;NB,NHy) < 2exp(—2¢(n)n),

where

1. q—n n € r—1
S r{=—= < 1 )
c(n) 2mm{ ( p )q61,2r_1 og , }
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Hence for T' = exp(c(n)n)

p (tig; Al < eln) <P (ut@lF;)
|T)—1
< Z FfiNGy) < 2T exp(—2¢(n)n) = 2exp(—c(n)n).
which completes the proof. O

Lemma 3.2.4 confirms prolonged persistence for the dual. We will now give

the

Proof of Theorem 3.1.1. Choose § € (0,qr — 1) and v = (20logr)~!. Define the

random variables Y, 1 < x < n, so that Y, = 1 if the dual process é{x} starting

at x satisfies ‘5 F;} log n]

> [n®] for b = vlog(qr — §), and Y, = 0 otherwise. By

Lemma 3.2.2, if n is large, then

EY, > p—¢ forany x.

Let 7} , Ty and ozn3/1

be the stopping times as in (3.2.3), and I, I, . be
the corresponding events as in Lemma 3.2.1. Recall that G, j; is the subgraph
with vertex set V,, N {u : do(x,u) < M}. On the event I, ., GA;E,[Q»Y]Ogn] and
éz,m logn] are oriented finite r—trees consisting of disjoint sets of vertices, since

2r[?vleenl < pl/5 by the choice of . Hence if Py, _ is the conditional distribution

(S{x},&’ ) given I, ., then

P (€70 <t < [2y10gn]) €, (67,0 <t < [2y10gn]) €

= P, [(}{‘”},o <t< (2ylogn1> € } P, [(}{z},o <t< [QVIOgnD € ] .

Having all the ingredients ready we will now estimate the covariance be-

tween the events {Y, = 1} and {Y, = 1} for x # 2. Standard probability argu-
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ments give the inequalities

=
&5
I
\.D—‘
=
I
=
IN

P(Y,=1Y,=1)N1,,] +IP’(I§,Z)
- PI:c,z (Yac =1Y, = 1)[@(]35’2) + ]P)(];’Z)
= P, (Yo =1)P, (Y. = 1)P(L,.) + P(I7.)

= PV, =1)NL.JP(Y. =1)N1L.]/P(L..) + P,

IN

P, = DP(Y. = 1)/P(L..) + P(I; ).

Subtracting P(Y, = 1)P(Y, = 1) from both sides gives

< P0G =P = 1) (7 1) R
< P+ 1/B(L)), (3213)

where in the last inequality we replaced the two probabilities by 1. Now from

Lemma 3.2.1 P(I¢ ) < 5n3/5, and so
PY,=1Y,=1)-PY,=1)P(Y,=1) <5n*° (1+1/ (1 —5n"%?)) < 150737
for large enough n. Using this bound,

var (Z Yx) <n+15n(n — 1)n=%">,
=1

and Chebyshev’s inequality shows that as n — oo

d

Since EY, > p — ¢, this implies

n

r=1

n24? =0

_ 1)n—3/5
> n(5> < n+ 15n(n — 1)n

lim P (Z Y, > n(p — 25)) = 1. (3.2.14)
rx=1
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Our next goal is to show that &} contains the random set D = {z : Y, = 1}
at ' = T + T, a time that grows exponentially fast in n. We choose n > 0 so
that (¢ —n)(r —1 —n) > 1. Let ¢, and ¢(n) be the constants in Lemma 3.2.4. If
Y, = 1, then ‘f} =} ‘ > [n”] for T} = [27logn]. Combining the error probabilities
of Lemmas 3.2.3 and 3.2.4 shows that for T, = |exp(c(n)n)] + [e;n — n’|, and for

any subset A of vertices with |A] > [n®]

p (\gg\ > (elnq) > 1 — 3exp (—n"*) (3.2.15)

for large n.

Let C be the set of all subsets of V,, of size at least [n’], and denote C, = & {m}.
Using the duality relationship of (3.1.4) for the conditional probability distribu-
tion

P()=P (

éjw}vostSTthVn>7

we see that

P <§71“1+T2 2 D) =P [mﬂCED {I = é“7{1-1-7“2}}
= P [Naen {€0, #0}].
Since D = {z : Y, = 1}, it follows from the definition of Y, that C, € C for all

x € D. So by the Markov property of the dual process the above is

= Z P [ﬂxeD ( :{FﬁrTz # 0, f{z} = )}

CzeC,xeD

- Z P |:mx€D (é% 7 @>] P [ z€D (5{36} - Cx)] '

CyeC,xeD
Using (5.8.1) P (55 ”] @) > P (]5%3 >

is

> >1—3exp (—nb/4). So the above

> (=aplew () Pfnen (87 = 1))

CzeC,xeD
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> 1—3nexp (—nb/4) .

For the last inequality we use |D| < n and P(Y, = 1Vz € D) = 1. Since the

lower bound only depends on n, the unconditional probability

P (&am 2 {2 : Y, =1}) > 1—3nexp (—n'*).

Hence for T' = T + T3 using the attractiveness property of the threshold
contact process, and combining the last calculation with (3.2.14) we conclude

thatasn — oo

1 1
ian<‘§—t|>p—2<5> :P(@>p—25)
n

t<T n

zP(fflpg{x:szl},Zszn(p—25)> — 1.

=1

This completes the proof of Theorem 3.1.1. O

3.3 Proof of Theorem 3.1.3

Recall the definition of the active sets A* k = 0,1,...,3,, and the removed sets
RF k = 0,1,...,3,, introduced before Lemma 3.2.1. Also recall the stopping

times 7! and o”° in (3.2.3) and define
72 =min {l > 7} : ‘RH <l—1}.

This is the time of second collision while exploring G, starting from z. First
we show that with high probability for every vertex z € V,, the second collision

occurs after [n!/479] many steps for any ¢ € (0,1/4).
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Lemma 3.3.1. Let § € (0,1/4) and I? be the event
2={m2NB, > a;’1/4+5} .

Then for I = N,ey, 12, P(1€) < 2n~% for large enough n.

Proof. Let ¢ = (1/4) — ¢. Since in the construction of the random graph G,, the
input nodes y;(z),1 < i < r, for any vertex z are distinct and different from
z, there are at least n — r choices for each y;(z). Also |R§C‘ < [ for any [. So
P(|RE| = |RE-Y) < (k —1)/(n — r). Now if I? fails to occur, then there will be k;
and k; such that 1 < k; < ky < [n®] and |R¥

PI)] < X p(RE|=|me

1<ki <k2<[nd']

< Z (k1 — 1)(k2 — 1) < Z 2(k1 —1)(ka — 1) < opto-2

(n—r)? n?

= |R¥~Y fori = 1,2. So

B | =R )

1<ky <k <[nd'] 1<k1,ka<[nd"]

for large enough n. The second inequality holds because the choices of the input

nodes are independent. Hence P(1°) <Y _ P [(12)] <2n* ' =2n"%. 0O

Lemma 3.3.1 shows that with high probability for all vertices there will be at
most one collision until we have explored [n/47%] many vertices starting from
any vertex of G,,. Now recall the definition of the distance functions d, and d
from (3.1.6), and m(A, K) given in (3.1.7). Let R = logn/logr, a = (1/8 — ) and
let p be the branching process survival probability defined in (3.1.2).

Lemma 3.3.2. Let P; denote the conditional distribution of & {x}, x €V, given I, where
I is the event defined in Lemma 3.3.1. If qr > 1 and & is small enough, then for any
0 < < dy there are constants C(6) > 0, B(6) = (1/8 — 2§) log(gr — 9)/logr and a

stopping time T satisfying

Py (T < 2exp (C(é)n3(5))) < 2exp [—C’((S)nB((S)] 7
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such that for any A with m(A,2[aR]) > |nB©®], ‘574’ > |nP0)],

Proof. Let m; = m (fg“, 2(aR}>. We define the stopping times o; and 7; as fol-

lows. 09 =0, and for: > 0

Tit1 Emin{t>ai:mt < LnBJ},

Oit1 = min {t > Tigq o my > LnBJ}.

Since 7; > 0,y fori > 1, m,,_; > |n?], and hence there is a set X; C é;‘},,l of
size at least |n®” | such that d(u,v) > 2[aR] for any two distinct vertices u,v € X;.
Let E; be the event that at least (¢ — J)|.X;| many vertices of X; give birth at time

7,. Using the binomial large deviation estimate (3.2.10)

Pg,(E;) > 1—exp (=T((¢ —6)/q)qln"]) (3.3.1)

where I'(z) = zlogz — x + 1.

Now let I be the event defined in Lemma 3.3.1. Since [{z : dy(z, 2) < 2[aR]}|
is at most 2r2[#l < 2rn2e < /4% goif I occurs, then for any vertex = € V;, there
is at most one collision in {z : dy(z, z) < 2[aR]}, and hence there are at least r—1
input nodes u; (), ..., u,—i(z) of x such that {z : do(u;(x), 2) <2[aR] — 1} is a
finite oriented r—tree for each 1 < i < r — 1. Since the right hand side of (4.3.8)

depends only on n,
P(INE;) = Pr(E;) >1—exp (—c1(6)n”),

where ¢ (6) = T'((q¢ — 6)/q)q/2. If I N E; occurs, then we can choose one suitable
offspring of each of the vertices in X;, which give birth, to form a subset N; C é;“

such that |N;| > (¢ — 0)|n®?], d(u,v) > 2[aR] — 2 for any two distinct vertices
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u,v € N;, and {z : do(u,z) < 2[aR] — 1} is a finite oriented r—tree for each

By the definition of NV, it is easy to see that for each x € N;

A (J&

where Z" is a supercritical branching process, as introduced in Lemma 3.2.2,

St

,0<t<2[aR] — )e-]=Pzz[(Zf,O§t§2faR1—1)6-],

with distribution Pz. and mean offspring number ¢r. Let B, be the event of

survival for Z%, and F, = ﬂ[ali;RJQ AZEa = (qr —0)Z7}. So Pye(B,) = p > 0 as

in (3.1.2). Using the error probability of (3.2.7)

[aR]—2
Pzz(FgﬂBx) < Z 6—0’(6)15 < Oée—c’(é)élogn/@logr Csn™ c'(8)8/(21logr) (332)
t=[6R]—1

for some constants Cjs, /(0) > 0. On the event B, N F,

Z:FaR]fl > (QT - 5)(|'aR]71)7(L6RJ71) > (QT . 5)(a75)R — n(afzi) log(qr—4)/logr _ nB‘

Hence for Q, = {‘é&}ﬂq

arguments and (4.4.26) to have

> (nB}} for x € N;, we use standard probability

Pr(Qs) = ( [aR]-1| = (”BD = Pze (Z%aR]—l > [n1)

for large enough n.

Since d(u,v) > 2[aR| — 2 for any two distinct vertices u,v € N;, ¢Niis a
disjoint union of ft{x} over x € N, fort < [aR| — 1. Let H; be the event that there
is at least one = € N; for which @, occurs. Then recalling that |N;| > (¢ — ) |n” |
on FE;,

Pr(H|E;) < (1= p+6) T = exp (—cp(0)n”) (33.4)
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where c3(8) = (¢ — ) log(1/(1 — p+0))/2.

If H; N E; occurs, choose any vertex w; € N; such that @, occurs and let
S; = f‘[{;”RLl By the choice of w;, |S;| > [n?]. Since ([aR] — 1) + [aR] =
2[aR] — 1, for any two distinct vertices x,z € S; the subgraphs induced by
{u:do(z,u) < [aR]} and {u : do(z,u) < [aR]} are finite r—trees consisting of
disjoint sets of vertices, and hence d(z, z) > 2[aR]. Hence using monotonicity

of the dual process o; < 7; + [aR] — 1 on this event H; N E;. So
P](O’i > T+ [CLR—I - 1) S P](EZC) + P](HﬂE,) S 2exp(—20(5)nB),

where C(0) = min{c;(0),c2(6)}/2. Let L = inf{i > 1:0; > 7, + [aR] — 1}. Then

Pr[L>exp (C(6)n")] > [1 - 2eXp(—2C(5)nB)]eXp(C(6)"B)

>1—2exp (—C(6)n").

FA
oL—1

Since o; > T; > 04-1, Op—1 > 2<L — 1) As

> |n?], we get our result if we

take T = o7_;. O

As in the proof of Theorem 3.1.1, survival of the dual process gives persis-

tence of the threshold contact process.

Proof of Theorem 3.1.3. Let 0 < 6§ < 6y, p,a = (1/8—4) and B = (1/8 —20) log(qr —

9)/log r be the constants from the previous proof. Define the random variables

{z}

Y,,1 <x <n,asY, = 1if the dual process é{x} starting at « satisfies ‘é faR] -1

>

|nP| and Y, = 0 otherwise.

1 1/44+96 1/4+6
Consider the event [, = {77; A By > ai* }, where 7!, 3, and a'/*™ are
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stopping times defined as in (3.2.3). Using Lemma 3.2.1 and 3.3.1

< 2~ (/2429 (3.3.5)

Pr{(12)] <

T

Let J, = I N I} and P;, be the conditional distribution of é{x} given J,. Since
the number of vertices in the set {u : do(z,u) < [aR] — 1} is at most 2r/*Fl-1 <

2raft < p1/4=9 by the choice of a,

Al

where Z” is a supercritical branching process, as introduced in Lemma 3.2.2,

A}
t

,ogtg(am—1)e-}:PZI[(Zf,OStsfam—l)e-],

with distribution Pz. and mean offspring number ¢r. Let B, and F, =

ﬁ{i}f;;f_Q {ZF., > (qr —6)ZF}. So Pz:(B,) = p > 0 as in (3.1.2), and similar

to (4.4.26)

[aR]—2
Py (F¢|B,) < Z e=¢ O < ¢ (9)3/(210g)
t=|0R]—2

for some constants Cs,¢(6) > 0. On the event B, N F,, Ztm1 2 (qr —

§)[eRI=D=(5R]=2) ~ (gr — §)(a=9R > | nB|. Hence using (4.3.7)

=
&S
I
=
\Y

Pr(n{jéfho| > 1))
= P (|| > 0%)) Puz)

[aR]—1
= P (cham,1 > [n"]) Pi(1})

v

Pze(B, N F)Pr(I}) = Pge(By)Pge (Fy|By)Pr(I2) > p— 0
for large enough n.

Next we estimate the covariance between the events {Y, = 1} and {Y, = 1}.

We consider the stopping times 7}, 3, 7, ., ap'/** as in (3.2.3) and the corre-

sponding event I, , as in Lemma 3.2.1. We can use similar argument, which
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leads to (3.2.13), to conclude
P (Yo =1,Y. =1) = P(Yo = )Py (Y: = 1) < Pr(I; ) (1 + 1/ P(Ls2)).

From Lemma 3.2.1 and 3.3.1,

c —2(1/4+6
P(I7 ) < on (1/a+8) < 105, (1/2+20)

PrIc) <
I( z,z)— P(D = 1 _—9N—4 —

for large enough n, and so
P(Y,=1Y,=1)— P(Y, = 1)P(Y, = 1) < 30n~(1/2+2)
for large n. Using the bound on the covariances,

vary (Z Yz> <n+30n(n—1)n"?%,
=1

and Chebyshev’s inequality gives that as n — oo

& n+30n(n — 1)n=2
P Y,—EY,)| >nd| < — 0.
1 ( ;( ) n > n2(52
Since EY, > p — ¢ for all z € V,,, this implies
lim P; (Zyx > n(p — 25)) =1. (3.3.6)
r=1

Our next goal is to show that &} contains the random set D = {z : Y, = 1}

with high probability for a suitable choice of 7. If Y, = 1, then éf{pf} > |n?f],

where 77 = [aR]| — 1. Note that [aR] — 1+ [aR]| < 2[aR], and on the event /
there can be at most one collision in {u : dy(x, u) < 2[aR]}. Even though the first
collision occurs between descendants of two vertices in f{{rf}, still we can exclude
one vertex from é}‘f} tohaveaset W, C é}f} of size atleast |n” | such that for any
two distinct vertices z, w € W, the subgraphs induced by {u : dy(z,u) < [aR]}

and {v : do(w,v) < [aR]} are finite oriented r—trees consisting of disjoint sets
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of vertices, i.e. d(z,w) > 2[aR]. Soif Y, = 1, then m <£{x} 2(aR]> > [n®] on
the event /. Using Lemma 3.3.2, after an additional 75 > 2exp (C(6)n”) units
of time, the dual process contains at least [n” | many occupied sites with P;

probability > 1 — 2exp (—C(d)n”).

Let F be the set of all subsets of V,, of size > [n”|, and denote F, = 5{36}.
Using the duality relationship of (3.1.4) for the conditional probability P;(-) =
P(:|I), where

P()=P (

§r0<i<Tee,),

we see that

Pr(&ron, 2 D) = PrlMwep{z €& in}]

= P [ 2€D {fgin # @H :

Since D = {z : Y, =1}, F, € F forall x € D. So by the Markov property of the

dual process the above is

= Y Pr|Neen (&1, # 0.6 = 1]

FreF,xeD
FyeF,xeD

Now since W, C F,, using monotonicity of the dual process, P; (éT; # @) >

Pr (é:r; #+ ®>. Also using Lemma 332, P; <‘5T2Z

>[nf)) = 1 -

2exp (—C(6)n?) for any F, € F. So the above is

> (1 —2|D|exp (—C’(é)nB)) Z P [ﬂzeD (f{x} = ﬂ

FyeF,xeD
> 1—2nexp (—C(6)n").

For the last inequality we use |D| < n and P;(Y, = 1Vzx € D) = 1. Since the
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lower bound only depends on n,

Pr(&pqm, 2 {z: Yo =1}) > 1= 2nexp (=C(8)n")

= P (&opn 2{z:Y,=1}) > PU)[1-3nexp(—C(6)n")] =1,
asn — oo, since P(I) > 1 — 2n~* by Lemma 3.3.1.

Hence for T' = T + T, using the attractiveness property of the threshold

contact process, and combining the last calculation with (3.3.6) we conclude that

asn — oo
1 1
ian<|§—t|>p—25> :P(@>p—25)
t<T n n

ZP(5%2{17:%:1},2”:%2%(,0—25)) 1,

r=1

which completes the proof of Theorem 3.1.3. m



Chapter 4

Aldous’ Gossip Process

4.1 Introduction

We study a model introduced by Aldous [3] for the spread of gossip and other
more economically useful information. His paper considers various game the-
oretic aspects of random percolation of information through networks. Here
we concentrate on one small part, a first passage percolation model with near-
est neighbor and long-range jumps introduced in his Section 6.2. The work
presented here is also related to work in [23] and [9], where the impact of long-
range dispersal on the spread of epidemics and invading species have been con-

sidered.

Space is the discrete torus A(N) = (Z mod N)?. The state of the process at
time t is & C A(N), the set of individuals who know the information at time t.
Information spreads from i to j at rate

1/4 if 7 is a (nearest) neighbor of i
Vij =

Av/N? if not.
If Ay = 0, this is ordinary first passage percolation on the torus. If we start
with & = {(0,0)}, then the shape theorem for nearest-neighbor first passage
percolation, see [14] or [32], implies that until the process exits (—N/2, N/2)?,
the radius of the set & grows linearly and ¢ has an asymptotic shape. From

this we see that if Ay = 0, then there is a constant ¢, so that the time T, until

76
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everyone knows the information, satisfies

TN P
— Cp,

N

where 5 denotes convergence in probability.

To simplify things, we will remove the randomness from the nearest neigh-
bor part of the process, and formulate it on the (real) torus I'(V) = (R mod N)2.
One should be able to prove a similar result for the first passage percolation
model but there are two difficulties. The first and easier to handle is that the
limiting shape is not round. The second and more difficult issue is that the
growth is not deterministic but has fluctuations. One should be able to handle

both of these problems, but the proof is already long enough.

We consider what we call the “balloon process”, in which the state of the
process at time ¢ is C; C I'(IV). It starts with one “center” chosen uniformly
from the torus at time 0. When a center is born at z, a disk with radius 0 is put
there, and its radius grows deterministically as r(s) = s/4/27, so that the area
of the disk at time s after its birth is s?/2. If the area covered at time t is C;,
then births of new centers occur at rate Ay C;. The location of each new center is
chosen uniformly from the torus. If the new point lands at x € C;, it will never
contribute anything to the growth of the set, but we will count it in the total

number of centers, which we denote by X.

Before turning to the details of our analysis we would like to point out that
a related balloon process was used by Barbour and Reinert [5] in their study
of distances on the small world graph. Consider a circle of radius L and intro-

duce a Poisson mean pL/2 number of chords with length 0 connecting randomly
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chosen points on the circle. To study the distance between a fixed point O and
a point chosen at random one wants to examine S(t) = {z : dist(O,z) < t}.
If we ignore overlaps and let M(¢) be the number of intervals in S(¢) then
S'(t) = 2M(t) and M (t) is a Yule process with births at rate 2pM (t) due to the
interval ends encountering points in the Poisson process of chords. This is a
balloon process in which the new births come from the boundaries. As in our
case, one first studies the growth of the balloon process and then estimates the
difference from the real process to prove the desired results. There are interest-
ing parallels and differences between the two proofs, see [16, Section 5.2] for a

proof.

Here we will be concerned with Ay = N~¢. To begin we will get rid of trivial
cases. If the diameter of C, grows linearly, then fOCON Cidt = O(N?). Soif a > 3,
with probability tending to 1 as N goes to oo, there is no long range jump before
the initial disk covers the entire torus, and the time 7Ty until the entire torus is
covered satisfies

TN P
~ where ¢, = /7.

If o = 3, then with probabilities bounded away from 0, (i) there is no long range
jump and Ty =~ ¢; N, and (ii) there is one that lands close enough to (N/2, N/2)

to make Ty < (1 — §)Ne¢y. Using = for weak convergence, this suggests that

Theorem 0. When o« = 3, Ty/N = a random limit concentrated on [0, ¢;] and with

an atom at c;.

Proof. Suppose without loss of generality that the initial center is at 0, and view

the torus as (—N/2, N/2]>. The key observation is that the set-valued process
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{Cni/N,t > 0} converges to a limit D,. Before the first long-range dispersal, the
state of D, is the intersection of the disk of radius t/v/27 with (—1/2,1/2]>. Long
range births occur at rate equal to the area of D, and are dispersed uniformly.
Since the distance from (0,0) to (1/2,1/2) is 1/v/2, if there are no long range
births before time ¢; = /7 or if all long range births land inside D; then the
torus is covered at time ¢;. Computing the distribution of the cover time when
it is < ¢; is complicated, but the answer is a continuous functional of the limit

process, and standard weak convergence results give the result. O

For the remainder of the paper we suppose \y = N~® with a < 3. The
overlaps between disks in C; pose a difficulty in analyzing the process, so we
begin by studying a simpler “balloon branching process” A;, in which A, is the
sum of the areas of all of the disks at time ¢, births of new centers occur at rate
AnA:, and the location of each new center is chosen uniformly from the torus.

Let X, be the number of centers at time ¢ in A,.

Suppose we start Cy and A, from the same randomly chosen point. The
areas (; = A; until the time of the first birth, which can be made to be the
same in the two processes. If we couple the location of the new centers at that
time, and continue in the obvious way letting C; and A, give birth at the same
time with the maximum rate possible, to the same place when they give birth

simultaneously, and letting A; give birth by itself otherwise, then we will have

CGCA, C<A, X <X forallt>D0. (4.1.1)

X is a Crump-Mode-Jagers branching process, but saying these words does

not magically solve our problems. Define the length process L, to be v/2m times
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the sum of the radii of all the disks at time ¢.

t
L, :/ (t —s)dXs = X ds, (4.1.2)
0

At:/ dX /LdS

Here and later we use f(f for integration over the closed interval [0, t], i.e., we

include the contribution from the atom in dX, at 0. (X, = 1 while X, = 0 for
s < 0.) For the second equality on each line integrate by parts or note that
L, = X, and A} = L;. Since X, increases by 1 at rate AyA;, (X;, L, 4;) is a

Markov process.

To simplify formulas, we will often drop the subscript NV from Ay. For com-
parison with C}, the parameter ) is important, but in the analysis of A, it is not.

If we let
X =X@A73), LI = ANBLaATY3), Al = NBAGRNTY3, (4.1.3)
then (X}, L}, A}) is the process with A = 1.

To study the growth of A, first we will compute the means of X;, L,, and A;.
Let F(t) = M\t*/3\. Using the independent and identical behavior of all the disks

in A it is easy to show that (see the proof of Lemma 4.2.4)
t
EXt = 1 +/ EXt—s dF(S)
0

Solving the above renewal equation and using (4.1.2), we can show

o o0 /\kztSk
EX, =) F*t)=V(t)= &

k=0

0 )\kt?)k-‘rl

FL =Y ———,
—~ (3k +1)!

(4.1.4)
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0 )\kt3k+2
FEA, = —_—
! % (3k +2)!
To evaluate V' (t) we note that V"'(t) = AV (t) with V(0) = 1, V'(0) = V"(0) = 0,

SO

1
V(t) = 3 [exp(/\l/gt) + exp(\3wt) + exp()\l/?’th)} : (4.1.5)

Here w = (—1+1iv/3) /2 is one of the complex cube roots of 1 and w? =
(=1 —1iv/3) /2 is the other. Note that each of w and w? has real part —1/2. So

the second and third terms in (4.1.5) go to 0 exponentially fast.

If s = o{X,, L, A, : r < s}, then

Xy 0 0 A X,

d

EE L, | Fs =110 0 L|- (4.1.6)
A, 01 0/ |A,

t=s

Let () be the matrix in (4.1.6). By computing the determinant of ) — 1/ it is easy
to see that ) has eigenvalues n = A\/3 wAY3 W2\, and e (X, +nL; + 12 4;) is

a (complex) martingale. To treat the three martingales separately, let

It = Xt + )\1/3[/75 + )\2/3At, Mt = exXp (—)\1/3t) [ty
Jp =Xy + (WAL + (WAV3)2A,, T, = exp (—wA\Y?t) J,,

Ky = X + (W3 L 4+ (WAV3)24,, K, = exp (—w?\/3%) K,
so that M, is the real martingale, and J, and K, are the complex ones.

Theorem 4.1.1. {M, : t > 0} is a positive square integrable martingale with respect

to the filtration {F; : t > 0}. EM; = My = 1.

1
EM? = % —3 exp(—A3t) 4+ 0O (exp(—5)\1/3t/2)) :
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~ ~ 1
E|J* E|K,* = G exp(2A/3t) + O (exp(A\/3t/2)) .
If we let M = lim;_, My, then P(M > 0) = 1 and
exp(= A2 X;, A3 exp(=AV3) Ly, A3 exp(=A\Y3t) A, — M/3

a.s. and in L*. The distribution of M does not depend on \.

The last result follows from (4.1.3), which with (4.1.2) explains why the three
quantities converge to the same limit. The key to the proof of the convergence

results is to note that 1 + w + w? = 0 implies

3Xy =L+ Ji + Ky,
3)\1/3Lt = ]t + WQJt + CUKt,

3NYBA, = I, + wJ, + W?K,.

The real parts of w and w? are —1/2. Although the results for E|J;|* and E|K,|?
show that the martingales J; and K; are not L2 bounded, it is easy to show that
exp (—A/3t) J; and exp (—A/3t) K, — 0 a.s. and in L?, and Theorem 5.1.2 then

follows from M, = exp (—A\'/3t) I, — M.

Recall that Ay = N~ and let
a(t) = (1/3)N?*Bexp(N~°/3t), I(t) = N~Ba(t), x(t) = N72*3a(t), (4.1.7)
so that A, /a(t), L, /I(t), X,/z(t) — Ma.s.. Let
S(e) = N°/3[(2 — 2a/3) log N + log(3€)], (4.1.8)
50 a(S(e)) = eN2 Let

o(e) =inf{t: A, > eN?} and 7(¢) = inf{t: C, > eN?}. (4.1.9)
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The first of these is easy to study.
Theorem 4.1.2. If 0 < e < 1, thenas N — oo
N=(o(e) = 5(e) = — log(M).
The coupling in (4.1.1) implies T(e) > o(€). In the other direction, for any v > 0
1/3

liJI\?sup Plr(e) > o((L+7)e)] < P (M < (1L+7)e/?) + 1167.

The last result implies that for e < 1
7(€) ~ (2 — 2a/3)N*/?log N. (4.1.10)

Our next goal is to obtain more precise information about 7(¢) and about how

|C;|/N? increases from a small positive level to reach 1.

The first result in Theorem 4.1.2 shows that (o(¢) — S(€))/N®/? is determined
by the random variable M from Theorem 5.1.2, which in turn is determined by

what happens early in the growth of the branching balloon process. Let
R = N°3[(2 — 2a/3)log N — log(M)], (4.1.11)

R is defined so that a(R) = (1/3)N?/M, and hence Ar/N? 5 1/3. Define
Y(t) = R+ N3t W =(log(3¢)), and I, = [log(3e), 1] (4.1.12)

for log(3¢) < t. W is defined so that (W) = eN?/M and hence Ay /N? L ¢. The
arguments that led to Theorem 4.1.2 will show that if ¢ is small then Cy /Ay is

close to 1 with high probability.

To get a lower bound on the growth of C; after time W we declare that

the centers in Cy and Ay to be generation 0 in C; and A, respectively, and
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we number the succeeding generations in the obvious way, a center born from
an area of generation k is in generation k£ + 1. For ¢t > log(3e), let C’{jvﬂp(t) and
A’;W(t) denote the areas covered at time 1(¢) by respective centers of genera-

tions j € {0,1,...,k} and let

(t —log(3¢))?

go(t) =€ {1 + (t — log(3e€)) + 5

} ;o Jolt) = go(t) — €75, (4.1.13)

To explain these definitions, we note that Lemma 4.4.3 will show that for any ¢,
there is an ¢y = ¢(t) so that for any 0 < € < ¢

]\}E{l)op (sselft ’N_QA?/WJ(S) - go(s)| > n) =0 foranyn >0,

P (ér}ft N7 Cvps) = Amius)) < —67/6) < P(M < ')+ e/t
Since Cfyy. 1y < Ay if € is small, with high probability go(t) and fy(t) provide

upper and lower bounds respectively for Cf;, b(t)"

To begin to improve these bounds we let

A =1- 1= e (- [ N ) ),

039 2
and define g, similarly. To explain this equation note that an = ¢ C}, »(r) Will not

be in Cévw(t) if and only if no generation 1 center is born in the space-time cone

= {(y5) € TN x (W ()] : ly = 2] < (6(t) = 5)/V2r ).
Lemma 4.4.4 shows that for0 < e < ¢gand 6 > 0,

lim sup P ( inf N72Cyy 0 — fi(s) < —(5) < P(M < €3) 4 /12,

N—o0 s€le

To iterate this we will let

fa®) = 1= (1= oy (- | L ) i)

0g(3e) 2
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for k > 1. The difference fi(s) — fr—1(s) in the integral comes from the fact that
a new point in generation £ + 1 must come from a point that is in generation k

but not in generation £ — 1. Combining these equations we have

L= fual®) = (1= Al - / <t‘5)2<fk<s>—fk_1<s>>ds)

og(3e)

t )2 k
= (1= fe—1(t)) exp <— Z (fi(s) = fi-a(s)) d )
log(3¢) I=k—1
o e [ bt —s)?
= (1= /o(t)) p( Lg(ge) lz:; fi(s) = fi-1(s)) + fo(s) d )
so that
t (t — s)?
) =1-a=pwye (- [ P pea). @
log(3¢)
Since fi(t) > fo(t), letting k — oo, fr(t) T fc(t), where f,. is the unique solution
of
r=1-a-pees (- [ pea) @115)
log(3¢)

with f.(log(3¢)) = € — €/5. g,.(t) and g.(t) are defined similarly.

ge(t) and f(t) provide upper and lower bounds on the growth of Cy ) for

t > log(3e€). To close the gap between these bounds we let e — 0.

Lemma 4.1.3. Forany t < oo, if I.; = [log(3¢), t], then as e — 0,

sup |fe(s) = h(s)], sup [ge(s) — h(s)| — 0

s€le s€ley

for some nondecreasing h with (a) lim;_,_. h(t) =0, (b) lim;_. h(t) =1,

© o =1-ew (- [ 50 as)

—00

and (d) 0 < h(t) < 1 forall t.
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If one removes the 2 from inside the exponential, this is equation (36) in
[3]. Since there is no initial condition, the solution is only unique up to time

translation.

Theorem 4.1.4. Let h be the function in Lemma 5.8.5. For any t < oo and 6 > 0,

N—oo s<t

lim P (sup IN2Cys) — h(s)| < 5) =1

This result shows that the displacement of 7(¢) from (2 —2a//3) N/3 log N on the
scale N°/3 is dictated by the random variable M that gives the rate of growth
of the branching balloon process, and that once C; reaches e N 2 the growth is

deterministic.

The solution h(t) never reaches 1, so we need a little more work to show that

Theorem 4.1.5. Let Ty be the first time the torus is covered. As N — oo

Twn/(N*/*log N) 52 — 2a/3.

The remainder of the paper is organized as follows. In section 2, we prove
the properties of A4, presented in Theorem 5.1.2. In section 3, we prove the
properties of the hitting times s o(¢) and 7(¢) stated in Theorem 4.1.2. In section
4, we prove the limiting behavior of C; mentioned in Theorem 4.1.4. Finally in

section 5, we prove Theorem 4.1.5.

4.2 Properties of the balloon branching process A;

Lemma 4.2.1. [! s (t — s)ds = 2y,
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Proof. If you can remember the definition of the beta distribution, this is trivial.

If you can’t then integrate by parts and use induction. O

Let F(t) = M*/3lfor t > 0, and F(t) = 0 fort < 0. Let V(¢) = >_;2, F**(t),

where *k indicates the k-fold convolution.

Lemma 4.2.2. Ifw = (—1 + Z\/g) /2, then

o0 )\kt?’k
Vi =3 (B3k)

k=0

[exp (Al/gt) + exp (Al/Swt) + exp (Al/Sth)} :

W

Proof. We first use induction to show that

N3k /(3R >0
F*(t) = (4.2.1)

0 t<0

This holds for £ = 0,1 by our assumption. If the equality holds for k£ = n, then
using Lemma 4.2.1 we have for ¢t > 0

t )\n(t _ S)Bn )\82 /\n+1t3n+3

F*<"+1>(t):/o F*”(t—s)dF(s):/O e T

It follows by induction that V() = >_,2, \*t**/(3k)!. To evaluate the sum we

note that setting A = 1, U(t) = >, t3*/(3k)! solves
U"(t)=0U(t) withU(0)=1and U’'(0) = U"(0) = 0.

This differential equation has solutions of the from ¢!, where v* = 1,i.e. v = 1,w

and w?. This leads to the general solution
U(t) = Ae' + Be*' 4 Ce™
for some constants A, B, C. Using the initial conditions for U(¢) we have

A+B+C=1, A+Bw+Cuw’=0, A+ Buw’+Cw=0.
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Since 1 +w +w? = 0, wehave A = B = C = 1/3. Since V (t) = U(A/?t), we have

proved the desired result. O

Our next step is to compute the first two moments of X;, L, and A,. For that

we need the following lemma in addition to the previous one.

Lemma 4.2.3. Let {N; : t > 0} be a Poisson process on [0, co) with intensity \(-) and
let 11, be the set of points at time t. If {Y;, Z, : t > 0} are two complex valued stochastic
processes satisfying

}/;/ = y(t> + Z iftisﬂ Zt = Z(t) + Z Ztifsﬂ

s; €Il s; €Il

where (Y',Z"),i=1,2,...arei.id. copies of (Y, Z), and independent of N, then

t
BY,=y(t)+ [ BYieAs)ds
0

B2) = (BY)(E2) + [ Bz As) ds

Proof. N; has Poisson distribution with mean A, = fot A(s)ds. Given N; = n, the
conditional distribution of II; is same as the distribution of {ti,...,t,}, where
t1,...,t, areiid. from [0,¢] with density 5(-) = A(-)/A+. Hence
Ny t
BN =y + 3 EYE, =y + N, / EY, \A(s) ds,
1=1

and taking expected values EY; = y(t) + fOt EY,_\(s) ds.

Similarly £Z, = z(t) + fot EZ,_\(s)ds. Using the conditional distribution of

I1; given Ny, E(Y:Z|Ny) is
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= y(t)z(t) + y(t) Ny /Ot EZ,_sB(s)ds 4 z(t) N /Ot EY; ((s)ds
LN, /0 E(YZo ) A(s)ds + NN, — 1) /0 "BY,. (s) ds /0 B2, 3(s)ds.
Taking expectation on both sides and using EN, (N, — 1) = A7, we get
BYiZ) = (EV)(EZ)+ [ B2 )Mo,

which completes the proof. O

Now we use Lemma 4.2.2 and 4.2.3 to have the first moments.

Lemma 4.2.4. E(X,, L, A,) = (V(£), V'(£)/\, V(1) /).

Proof. Recall that F(t) = At3/3l. In the balloon branching process, the initial
center z gives birth to new centers at rate F'(t) = At?/2, and all the centers
behave independently and with the same distribution as the one at x. So
Xp=1+ Y X, (4.2.2)
si€ll
where II; C [0, t] is the set of times when new centers are born in A; and X*,i =

1,2,...,areii.d. copies of X, and using Lemma 4.2.3,
t
EXt = 1 +/ EXt—s dF(S)
0

Using (4.5) from Chapter 3 of [17] and then (4.1.2):
o0 \y3k

35)

k=0 (
t 20 \kgk+1

EL :/ EX,ds = —_—
A kzzo (3k +1)!

o >\kt3k+2

t
EA :/ ELyds =Yy ——
A ;(3“2)!

(4.2.3)
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Since V() = 14 > ooy NFH353 /(3K + 3)), it is easy to see that EA, = V'(¢)/\

and EL, = V"(t)/\. 0

Lemma 4.2.5. If M; = exp(—\/3)[ X, + \V3L, + \2/3A,), then {M, : t > 0} isa

square integrable martingale with respect to the filtration {F, : t > 0}. EM, = 1 and

EM? =

4
exp (—)\1/315) + 60, where 0] < 1—56Xp(—5)\1/3t/2).

3| 0o
W =

and hence (8/7) — EM? < exp(—=A\'/3t).

Proof. Let h(t,z,¢,a) = exp(—AY3t)[x + A\/30 + \*/3q], and let £ be the generator
of the Markov process (¢, X;, L;, A;). (4.1.6) implies Lh = 0, so M, is a martingale

from Dynkin’s formula. EM; = EM, = 1.

To compute EM? we use Lemma 4.2.3 as follows. Let V; = Z; = X; + A3 L, +
A2/34; and ¢(t) = (EY;)?. Since EM, = 1, g(t) = exp (2A'/*t). Combining (4.1.2)
and (4.2.2), letting L = [} X! dsand A} = [/ Li ds,i = 1,2,..., and changing
the variables u = s — s;, we see that
L= fot T4+, e Xiy ] ds =1+, o, Otfsi Xidu=1t+3Y, oy, Li_,,, and hence

At = fOt [t + ZSiEHs Lifsi] ds = t2/2 + Zsieﬂt f()t_Si LZ du = t2/2 + Zsieﬂt Azitfsi'

Thus all of X;, L; and A, satisfy the hypothesis of Lemma 4.2.3 and so do Y; and

Z,, as they are linear combinations of X;, L; and A,. So applying Lemma 4.2.3
t
EY? = g(t) +/ EY? dF(s).
0
Solving the renewal equation using (4.8) in Chapter 3 of [17],

t
EY? =g*V(t) =exp (2/\1/315) + / exp(2AY3(t — 5))V'(s) ds,
0
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where V =77 | F**. To evaluate the integral we use Lemma 4.2.2 to conclude

t
/ exp (—2A\3s) V'(s) ds
0

t
:%/ exp (—2)\1/35) L3 [eXp (>\1/3s)+wexp (Al/SwS) —|—w2exp (/\1/3w2s)}ds
0
1 1 w
=3 L — {exp (—)\1/315) — 1} + — {eXp (( )\1/315) 1}
W 1/3
2_2{6XP(( 2)A5E) — 1} .
Now using 1 = —w —w?and w® =1,
P R o it W S
w=-2 wr-2 W -2w?-2wrt+d T T

Since w = (—1 + Z\/§> /2 and w? = (—1 — z\/g) /2, the remaining error satisfies

2

) exp ((w2 — 2))\1/375)

w
316, = ‘w — exp (w— 2))\1/315)‘ + ‘

1 1 92
- <|w 9 + w2 — 2|) exp (—5A%t/2) <2 £ oxp (—5AY3¢/2)

since w — 2 and w? — 2 each have real part —5/2. Putting all together

! 11
/ exp (—2A%5) V/(s) ds = = — g exp (=AV°t) + 6, (4.2.4)
0
Since EM} = exp (—2A'/3t) EY}?, the desired result follows. O

We use the previous calculation to get bounds for EA?, EL? and EX?, which

will be useful later.

Lemma 4.2.6. Let a(-),(-) and z(-) be as in (4.1.7). Then

27

27
?F(t), EX? <

“—22(1).

27
EA? < 76L2(1t), EL? < .
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Proof. By (4.2.4) we have

t
1
/ exp (—2\"35) V'(s) ds < 5 +—=—=-—x (4.2.5)
0

Now using Lemma 4.2.3

t t
BA = (AP + [ BALaF(), L= (BLP+ [ BLEaF()
0 0

t
EX? = (EX,)?+ / EX? dF(s).
0

Solving the renewal equations FA? = ¢, * V(t), EL? = ¢, * V(t) and EX? =
¢r * V(t), where V(-) is as in Lemma 4.2.2 and ¢,(t) = (FA;)? ¢i(t) = (EL;)?
and ¢,(t) = (EX;)?. A crude upper bound for ¢,(t) is 9a*(t). Since a(t — s) =
a(t) exp (=A'3s),

3a*(t)
2

a?* V(1) = a®(t) [1 + /Ot exp (—/\1/38) V'(s)ds| < (4.2.6)

by (4.2.5). Hence FA? < 9a* x V (t) < (27/2)a?(t).

Similarly using the bounds 9/*(¢) and 92%(¢) for ¢;(t) and ¢,(t) respectively
and noting that I(t — s)/1(t) = z(t — s)/z(t) = exp (—A/3s), we get the desired

bounds for EL? and EX?. O

Lemma4.2.7. Let J,, KK, = e (X, +nL,+1>A,) with n = wAY/3, w2\/3 respectively.

Then J, and K, are complex martingales with respect to the filtration F,, and
TR A 1/3 1 2 1/3
E|J)°, E|K|* = 6exp(2)\ t)+ 5t 0, where |0, < 3 eXP (A't)2),
and hence E|J,|?, E| K> < (4/3) exp (2A'/3t).
Proof. Let h(t,z,0,a) = e "(z + nl + n*a), and let L be the generator of the

Markov process (t, X;, L;, A;). (4.1.6) implies £Lh = 0 when 1 = A\/3w, \/3w?, so

that J; and K, are complex martingales by Dynkin’s formula.
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First we compute E|.J;|>, where J; = exp (A/3wt) J,. For that we use Lemma
423 with Y; = J, and Z, = J,, the complex conjugate. Since .J; is a complex

martingale with J, = 1 and w = (-1+14v3) /2, EJ, =1 and hence
|EJ,|?> = exp(=A3t).

Using Lemma 4.2.3 E|J,|*> = |EJ,|> + [, E|Ji_s|?dF(s). Solving the renewal

equation as we have done twice before
t
E|J,]* = exp(=\3t) + / exp(=AY3(t — ))V'(s) ds.
0

Repeating the first part of the proof for K; = exp (A\/3w?) K,, we see that E| K, |?

is also equal to the right-hand side above.

The integral is exp(—\!/3t) times

1

t
§/ exp ()\1/33) A3 [exp ()\1/38) + wexp (Al/gws) + w?exp ()\1/3w25)} ds
0

311+1 w

w2

+w2+1

_ 2 { ! {exp (2A1/) — 1} + il {exp ((w+DAt) -1}

{exp ((w? + 1)AY3) — 1}

Now using 1 = —w —w? and w® =1,

1 w w? 1 WHwtwdi+w? 3

2 w+l @?+1 2 PrPtw+rl 2

Since w = (—1+iV/3) /2and w? = (—1 —iV/3) /2, if we take

1 2
b= 5 |5 o (G D) 4 T oxp (WP 1N)| | then

w—+1
1 1
36 < (!w+ TR 1|) exp (\/7t/2) < 2exp (A°t/2),

since each of w 4+ 1 and w? + 1 has real part 1/2. Putting all together

E|J* < éexp (\Y3t) + %exp (=A%) + gexp (=A3t/2), (4.2.7)
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which completes the proof, since E|J;|>/E|J|> = exp(\'/3t) = E|K,]>/E|K,|?.

]

Lemma 4.2.8. If M = lim; ., M,;, we have P(M > 0) = 1 and

M
exp(— A2 X, N2 exp(=AV3) Ly, A3 exp(=A\Y3) A, — 5 s and in L2,

Proof. M = lim;_,., M; exists a.s. and in L?, since M, is an L? bounded martin-

gale. Recall that
It — Xt + )\1/3Lt + )\2/31475,
Jt = Xt + (,{)AI/BLt + C(JQ)\Q/BAt,

Kt = Xt + w2)\1/3Lt + w>\2/3At.
Sincel + w+w? =0and w? =1,

3Xy =L+ Ji + Ky,
SAVBL, = I, + W, + wkK,, (4.2.8)

3NBA, = I, + wJ, + W?K,.

Since M; = exp(—AY?t)I, — M, it suffices to show that exp(—\'/3t)J; and
exp(—AY3t)K; go to 0 a.s. and in L2 We will only prove this for .J;, since the
argument for K, is almost identical. J, is a complex martingale, so ]jt\ is a real
submartingale. Using the L? maximal inequality, (4.3) in Chapter 4 of [17], and
Lemma 4.2.7,

. . 1
E <max \JS\Q) <A4E|J|* < 56 exp(2A1/31). (4.2.9)

0<s<t
The real part of w is —1/2. So writing J, = exp(A/3(1 — w)s) - exp(—=A'/3s).J,, we

see that

E <max |js|2> > exp(3\Y3u)E (max ‘exp(—)\l/3s)Js|2) . (4.2.10)

u<s<t u<s<t
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Combining these bounds with Chebyshev inequality, and taking ¢, =

223 lognforn=1,2,...

P ( max |exp (—)\1/33) JS}Q > e) <e’E ( max !exp(—)\l/gs)Js}2)

tn<s<tn+41 tn<s<tp+41

16 16 1)4
< 36_2 exp (/\1/3(2tn+1 _ 3tn)) — 36_2 (n + )

(4.2.11)

nb

for any € > 0. Summing over n, and using the Borel-Cantelli lemma
|exp(=AY3s)J,| = 0 as.
To get convergence in L? we use (4.2.7).

E ‘eXp (—)\1/325) Jt‘Q < %exp (—)\1/315) — 0ast — oo.

To prove that P(M > 0) = 1 we begin by noting that convergence in L?
implies that P(M > 0) > 0. Every time a new balloon is born it has positive
probability of starting a process with a positive limit, so this will happen even-

tually and P(M > 0) = 1. H

4.3 Hitting times for .4, and C,

Recall that o(¢) = inf{t : A, > eN?} and 7(¢) = inf{t : C; > eN?}. Also
recall the definitions of a(-),{(-), z(-) and S(-) from (4.1.7) and (4.1.8). Note that
a(S(e)) = eN? and A;/a(t), L;/l(t), X;/x(t) — M a.s. by Theorem 5.1.2. We
begin by estimating the difference between M and each of A;/a(t), L,/I(t) and
Xi/x(t).

Lemma 4.3.1. Forany v,u >0

P (sup |Ai/a(t) — M| > 72> < 07—4 exp (_)\1/3u)

t>u
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for some constant C. The same bound holds for P (sup;s,, |L¢/1(t) — M| > ~?) and

P (supys,, [ Xo/2(t) — M| > 4?).

Proof. Using (4.2.8) Ai/a(t) = M, + wexp (—A\/3t) J, + w?exp (—AY/3t) K;. For

0 < u <t the triangle inequality implies
|Ai/a(t) — M| < [ My — M|+ |exp (=A%) J| + |exp (=AV3¢) K| (4.3.1)

Taking the supremum over ¢,

t>u t>u

P <sup Aufalt) — M]| > 72) < p <sup M,y — M| > 72/3)

+P (sup ‘exp (—Al/gt) Jt‘ > 72/3) +P (sup ‘exp (—/\1/315) Kt| > 72/3> :
t>u t>u

(4.3.2)

To bound the first term in the right hand side of (4.3.2) we note that

E (sup|Mt —M|2) = (}im E (max | M, —M|2) .

t>u u<t<U
Using triangle inequality |M, — M| < |M, — M,,| + |M,, — M |. Taking supremum

over t € [u, U] and using the inequality (a + b)* < 2(a® + b?),

E(max |Mt—M\2> <2 (E(max |Mt—Mu\2) —|—E]MU—M|2).

u<t<U u<t<U

Using the L? maximal inequality, (4.3) in Chapter 4 of [17], and orthogonality of

martingale increments,

E (maX | M, — Mu|2> <4E(My — M,)* = 4(EM{ — EM?).

u<t<U

Since the martingale M, converges to M in L?, EM? = lim;_.., EM? = 8/7. Then

using orthogonality of martingale increments and Lemma 4.2.5,

E(M, — M)* = EM? — EM? < exp (—\"?u).
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Combining the last four bounds with Lemma 4.2.5, and using Chebyshev in-
equality
P (sup |M; — M| > 72/3) <9y 10exp (—Al/su) : (4.3.3)

t>u

To bound the second term in the right hand side of (4.3.2) we take t,, =
u+2\"Y3logn for n = 1,2,... and use an argument similar to the one leading

to (4.2.11) together with Chebyshev inequality to get

t>u t <t<tn+1

P(Sup»exp (—A31) Jt»zf/?))fZP( max [exp (—\'/%1) thzf/?))
n=1

oo 2
<ov '3 (e lesw (1) )

<9. —7 4Zexp }(2tpy1 — 3tn))
= 1)
— 48y exp(=\30) Z U (4.3.4)
n=1

Repeating the previous argument for the third term in the right hand side of
(4.3.2) we get the same upper bound as in (4.3.4). Combining (4.3.2), (4.3.3) and

(4.3.4) we get the desired bound for A;/a(t).

The bound in (4.3.1) also works for both L;/l(t) and X;/xz(t), since using
(4.2.8)

Li/1(t) = My + w? exp(=A\Y31) J, + wexp(— A3t K,

Xi/x(t) = My + exp(—)\l/?’t)Jt + exp(—)\l/gt)Kt,

and so the assertion of this lemma holds if A;/a(t) is replabed by L,/I(t) or

Xi/z(t). n

We now use Lemma 4.3.1 to study the limiting behavior of o (e).
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Lemma 4.3.2. Let W, = S(e/M), where S(-) is as in (4.1.8) and M is the limit random
variable in Theorem 5.1.2. Then for any n > 0
lim P(|Aw, — eN?| > nN?) = lim P(|Lyw, — eN?7e/3| > pN2=o/3)

= lim P(| Xy, — eN* 72| > gpN?720/%) = 0,

N—oo

Proof. Since P(M > 0) = 1, given 6§ > 0, we can choose v = v(#) > 0 so that
v < n/eand

P(M <~) <. (4.3.5)

Using Lemma 4.3.1 we can choose a constant b = b(7, #) such that

P( sup |A¢/a(t) — M| >72> < 0.

t>bNo/3

Combining with (4.3.5)

P < sup |Ai/a(t) — M| > 7M> < 20.

t>bN/3

Since a(W,) = eN?/M, by the choices of y and b,
P(|Aw, — eN*| = nN*) < P(|Aw, — eN?| = eyN?)
= P(|Aw,/a(W.) — M| > vyM) < 20+ P (W, < bN°/?).
By the definition of S(-),
3€

P (W, <bN*/?) =P (M > ?N2‘2“/3) — 0

as N — oo, and so limsupy_, P (JAw, — eN?| > nN?) < 260. Since 6§ > 0 is

arbitrary, we have shown that
: — N2> nN?) = 0.
]\}lm P (|AWe eN*| > nN ) =0

Repeating the argument for Ly, and Xy, and noting that [(W,) = eN?~%/3 /M

and z(W,) = eN*72/3 /M, we get the other two assertions. O
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As a corollary of Lemma 4.3.2 we get the first conclusion of Theorem 4.1.2.

Corollary 4.3.3. As N — oo, N=/3(c(e) — S(e)) 2 — log(M).

Proof. For any n > 0 choose vy > 0 so that log(1++v) < nand log(1 —+) > —n. Let
W, be as in Lemma 4.3.2. Clearly W, = S(€) + N*/?[log(1 + v) — log M] and
Wi—ye = S(€) + N*3[log(1 — ) — log M]. Using Lemma 4.3.2
P[N"(a(e) — S(€)) > —log M + 1]
<P (‘7<€) > W(lﬂ)ﬁ) =P (AW(1+“/)6 < €N2) — 0,
PIN(o(e) - S(e)) < ~log M — 1]

< P(o(e) <Way) =P (AW(H>E > €N2> —0

as N — oo, and the proof is complete. O

The second conclusion in Theorem 2 follows from C; < A;. To get the third
we have to wait till Lemma 4.3.6. First we need to show that when A;/N? is
small, C;/N? is not very much smaller. To prepare for that we need the following

result.

Lemma 4.3.4. Let F(t) = M\*/3\. If u(-) and [((-) are functions such that u(t) <

(t) + Jo u(t — s)dF(s) for all t > 0, then

u(t) < B V(t) /ﬁt—sdv

where V (-) is as in Lemma 4.2.2.

Proof. Define ﬁ = 0(t) + fo (t — s)dF(s) — u(t). So B(t) > (0forallt > 0. If
B(t) = B(t) — B(t), then

Mﬂ:mﬂ+lu@—WW@)
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Solving the renewal equation we get u(t) = 3%V (t), where V(-) is as in Lemma

4.2.2. Since ((t) < (t) for all t > 0, we get the result. ]

We now apply Lemma 4.3.4 to estimate the difference between EA; and EC;.

Lemma 4.3.5. Forany t > 0 and a(-) as in (4.1.7),

11a?(t)
N2z

EC, > EA; —

Proof. In either of our processes, if a center is born at time s, then the radius of
the corresponding disk at time ¢ > s will be (¢ — s)/v/27. Thus z will be covered

at time ¢ if and only if there is a center in the space-time cone
Koy = {<y, ) € D(N) % [0,8] : |y — ] < (t — s)/\/27r} . (4.3.6)

If 0 = sg, s1, S9, ... are the birth times of new centers in C;, then

P(x & Ci|so, 51,52, ...) = H [1 - %} < exp [_ Z (tz—]\;z) ] ;

i:5; <t i:5; <t

since 1 —x < e ". Let q(t) = P(z & C;), which does not depend on z, since we
have a random chosen starting point. Recall that X, is the number of centers

born by time ¢ in C;. Using the last inequality

q(t) < Eexp {— /0 t <t2;\,z)2dffs} :

and EC, = N?(1 — ¢(t)). Integrating e™¥ > 1 —y gives 1 — e ® > x — 2%/2 for

x> 0. So

EC, > N’E {1 —exp (— / t “2_—]\;)2@25)] (4.3.7)
0

[t )]

> N2F
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For the first term on the right we use EX,=1+\ f(f EC,ds. For the second term
on the right, we use the coupling between C; and A; described in the introduc-
tion, see (4.1.1), so that we have [} (¢ — s)2dX, < [}(t — s)?dX,. Combining these

two facts

2 tr )2 tr )2 2
Eotzt—+/ (t 23) NEC.ds — —— [/ (t 28) dXS]
0 0

2 2N?
t2 bt —s)? EA?

The last equality follows from (4.1.2), as does the next equation for EA;:

t2 t t _ 2 t2 t t _ 2
BA =5+ / =S gy as =L 4 / =5 \pa,as. (4.3.9)
> ") 2 2o "), 2

Here V(-) is as in Lemma 4.2.2 and FA; = V'(¢)/A by Lemma 4.2.4. Combining

(4.3.8) and (4.3.9), if u(t) = EA; — EC;, and F(s) = \s®/3!, then

EA? bt —s)? EA?
u(t) < SN? +/O 5 Au(s)ds = e

+/Otu(t—r) dF (r),

where the last step is obtained by changing variables s — t — r. If §(t) =

FEA2/2N?, then by Lemma 4.2.6 3(t) < 27a4%*(t)/4N?, and using Lemma 4.3.4

and (4.2.6)
27 27 3,
u(t) < B V(1) < o (@?) « V() € 2 2a%(1),
which gives the result, since 81/8 < 11. O

To complete the proof of Theorem 4.1.2 it remains to show the third conclu-
sion of it, which we separate as the following lemma and prove it using Lemma

4.3.5.

Lemma 4.3.6. Forany v > 0

1/3
limsup P(7(e) > o((1+7)€)) < P (M < (1+7)e/?) + 11—
N—o0 Y
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Proof. Let U = o((1 +7)e) and T = S(e*/3), where S(-) is as in (4.1.8). Now
(%) = S((1+7)9 = N7 | log(e) ~log(1 + 7).
It follows from Corollary 4.3.3 that limsupy_,., P(U > T))
<P <— log(M) > —% log(€) — log(1 + 7)) =P (M < (1+7)e?).
Using Markov’s inequality, Lemma 4.3.5, and a(T) = ¢/ N?,
B(Ar = Cr) _Oa(T)P _, "

<11.—-. 4.3.10
veN? ~ qeN* — vy ( )

P <|AT — CT| > ’YENQ) <
Using these two bounds and the fact that |A; — C;| is nondecreasing in ¢, we get

limsup P[r(e) > o((1+7)e)] = limsup P [|Ay — Cy| > veN?]

N—oo N—oo

< limsup P(U > T) + limsup P [|Ay — Cy| > veN*, U < T

N—oo N—oo

<limsup P(U > T) + P (|Ar — Cr| > 7eN?),

N—oo

which completes the proof. O

4.4 Limiting behavior of C;

Let CJ, be the set of points covered in C; at time ¢ by the balloons born before
time s. If we number the generations of centers in C, starting with those existing
at time s as C;-centers of generation 0, then C?, is the set of points covered at
time ¢ by the generation 0 centers of C;. Let C, be the set of points, which are
either in C,, or are covered at time ¢ by a balloon born from this area. This is the
set of points covered by C;-centers of generations < 1 at time ¢, ignoring births

from C!, \ C?,, which are second generation centers. Continuing by induction,
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we let C¥, be the set of points and C*, = |C¥ | be the total area covered by C;-
centers of generations 0 < j < k at time ¢. Similarly A%, denotes the total area
of the balloons in A, of generations j € {0,1, ..., k} at time ¢, where generation

0 centers are those existing at time s.

Recall the following definitions from (4.1.7), (4.1.8), (4.1.11) and (4.1.12).

a(t) = (1/3)N**/3exp (N~*/3¢)
S(e) = NY3[(2 — 2a/3) log N + log(3€)],

R = N3[(2 — 2a/3)log N — log(M)],
where M is the limit random variable in Theorem 5.1.2, and for log(3¢) < ¢,
Y(t) = R+ N3t W =(log(3¢)), and I., = [log(3e),].

Note that 1(¢) < 0 only if M > N272/5¢,

Obviously C?, < A,. For the other direction we have the following lemma.

Lemma 4.4.1. Forany 0 < s <1,

a*(s)
N2

EC’gt > EAS’t — P ((t — 8)/\1/3) ,

where for some positive constants cy, co and cy,

p(z) = ¢ + cox? /2! + cyat /4. (4.4.1)

Proof. By the definition of A,

S t o 2 t _ 2
A = / (Tr) X, = %XS +(t— 8L, + A, (4.4.2)
0

For the second equality we have written (t—7)% = (t—s)?+2(t—s)(s—7r)+(s—1)?

and used (4.1.2). As in Lemma 4.3.5, a point z is not covered by time ¢ by the
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balloons born before time s, if and only if no center is born in the truncated

space-time cone
Koot = {(9.7) €T(N) x [0,5] : Jy — ] < (¢ = 1)/v2r )

So using arguments similar to the ones for (4.3.7) and 1 — e™* > z — 2%/2,

0 2 (t-r)? S
ECs,t Z N°E |:1 — exXp <—A WdXT>:|

t-r)? o 1 / t—7)?2 -\
E dX, — -E X, ) |.
/0 2N? 27 \Jy 2N?

For the first term on the right, we use EX, =1+ )\ fg EC.ds. For the second

> N?

term on the right, we use the coupling between C; and A; described in the intro-

duction, see (4.1.1), to conclude that

/ (t —r)?dX, < / (t—r)*dX, =247,
0 0

Combining these two facts, using the first equality in (4.4.2), EX; = 1 +
A fg FEA,ds, and Lemma 4.3.5,

t2 S(t—r)? E(AY,)?
0 > N ) - S,
ECS, > 5 —|—/0 5 ANEC, dr e
12 S(t—r)? S (t—1r)? Xa®(r) E(A%,)?
> EA —11 — :
Z 3 —I—/O 5 AEA, dr /0 5 e dr e
S (t—1r)? Xa®(r) E(A7,)?
=FEA% —11 ( — LI 4.4.
s,t /0 2 N2 d7° 2N2 ( 3)

To estimate the second term in the right side of (5.8.1), we write
(t—7r)?/2=(t—5)/2+ (t—5)(s—71)+ (s —1)%/2,
change variables r = s — ¢, and note a(s — ¢) = a(s) exp (—A"/3¢), to get

s _ )2 —5)? °
[ e =) [%W | Ao (~20) dg
0 0
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2

+(t— s)/\1/3/ M3qexp (—2/\1/3q) dq + / /\% exp (—2)\1/3q) dq
0 0

a*(s)

<
- 2

[(t _28>2)\2/3 4 (t _ 8))\1/3 + 1:| . (4:44:)

For the last inequality we have used

. > k!
/ r¥exp(—pur)dr < / r exp(—pr) dr = —T
0 0 H

To estimate the third term in the right side of (5.8.1) we use (4.4.2) to get
E [(A2,)?] <3[EXZ(t—s)'/4+ EL(t —s)* + EAZ.

Applying Lemma 4.2.6 and using the fact that a(s) = A\71/31(s) = A\72/3z(s),

AY!
E [(Agt)Q] <3. g {x%s)% + 12(s)(t — 5)* + aQ(s)}
AY/! )2
< 243a%(s) [%%/3 + %W?’ + 1] : (4.4.5)
Combining (5.8.1), (4.4.4) and (4.4.5) we get the result. O

To show uniform convergence of C’{j[,’w(_) to Cy(.), we also need to bound the

difference A, and A%, for suitable choices of s and ¢.

Lemma 4.4.2. If T = S(e*?), where S(-) is as in (4.1.8), then for any t > 0

t

EAqp yoss — EAE <3N ;

T T+tN/3
j=k+1
Proof. By (44.2) EAY, = EA,+EL,(t—s)+ EX,(t—s)?/2. If X¥, and L}, denote
the number of centers and sum of radii of all the balloons in A; of generations
j € {1,2,... Kk} at time ¢, where generation O centers are those which are born

before time s, then for ¢t > s,

d d d
%EX;,t = N_aEAg,t, EEL;J = EXs,l,t7 EEAi,t = EL;,t'
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Integrating over [s, t] and using (4.4.2) we have

[ t—s)? t—s)3
EX!, = N7 |(t — s)BA + ( 218) EL, + %EX} ,
1 e | (E=8) (t—s)° (t—s)!
ELy =N~ | =5 BA + == BLy + - EX.,
r t — 3 t — 4 t — 5
EAL, = N~° ( 3"9) Ba,+ ! 4,5) BL,+ 5,8) EXS}

Turning to other generations, for £ > 2and ¢ > s,

% (EXE, — EXEY) =N (BEAL T — EAR?)
S (BLE, ~ B = (BXE, - BXEY)

d

dat (EA';t - EAI;,;l) - (ELI;,t - ELI;,;I) )

and using induction on £ we have

(t — )+ (t — s)%+2

EL;+ ; EX|.
(37 +2)!

k .
Y= (37)! (37 + 1!

Since A¥, 1 A, for any s < t, EA, = limj_.. EA*, by Monotone Convergence
s,t y s,t y g

Theorem. Replacing s by T'and ¢ by T + tN°/3,

E‘fl']—'-i—t]\f"“/3 - EA’;",T+tNa/3 (4.4.6)
[eS) t3j t3j+1 /3 37+2 20/3

= ——FAr + ———— N*°ELp + ———— N**"EXp|.
> [(3]')! R CYIY Tt o) T

j=k+1

Using the fact that EAp + N*3ELy+ N?*3EX7p —3a(T) = 0and a(T) = €/3N?,
the right hand side of (4.4.6) is < 3¢**N?3°>, | #//j!, which completes the

proof. ]

Recall the definitions of ¢(-), W and I. ; from the displays before Lemma 4.4.1

and that for log(3¢) < ¢,

(t — log(3¢))?

5 (4.4.7)

go(t) =€ |1+ (t —log(3e) +
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Lemma 4.4.3. For any t < oo, there is an ¢y = €y(t) > 0 so that for 0 < € < ¢,
Jim_ P (Ss;}pt |N“2 A% ) — 90(s)| > n) =0 foranyn >0,

P ( inf N7 (Ch ) — As) < —67/6) < P(M <€) + /72,

s€let

Proof. To prove the first result we use (4.4.2) to conclude

(t — log(3e¢))?

Ay = sza/gXW + (t —10g(3¢)) N Ly + Aw.
Applying Lemma 4.3.2
P (i‘}p [N A = 9o(5)] > 77)
< lim P |[N"C2B8 Xy — | > 21
= N—oo v 3(t — log(3e))?
lim P[NPy — >
T <| w—e > 3(t — log(3¢))

+ Jim P(IN"2 Ay — ¢ > g) —0.

N—oo

Let ¢y = €o(t) be such that 6(1)/12]9(75 —log(3¢)) < 1, where p(-) is the polynomial

in (4.4.1). Let T = S(¢*/3), where S(-) is defined in (4.1.8), and 7" = T + (t —
log(3€))N/3. Using the fact that A%, — C?_,, is nondecreasing in s, Markov’s

inequality, and then Lemma 4.4.1 we see that

0 0 7/6 n72
P (Sup [ A0 = Coiio | > €N W < T)

s€lect
0 0
E|AT,T/ - C'T,T/|
€7/6 N2

< P(|A}p — Ch | > €/°N?) <

- a*(T)p(t — log(3¢))
- €7/6 N4

Noting that P(W > T) = P(M < €'/3), a(T) = €2/3N?, and €'/*2p(t — log(3¢)) < 1
g

for e < ¢y we have

P (Sup ’AW,w(s) — CW,zp(s)‘ > 67/6N2> <P (M < 61/3) + 61/12,

SEIe,t
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which completes the proof. O

Our next step is to improve the lower bound in Lemma 4.4.3. Let
pg = N72AW,1/)(15) - 67/6.

On the event

F={|N7Cly )| > pforalls e I}, (4.4.8)
which has probability tending to 1 as ¢ — 0 by Lemma 4.4.3, Cy, ) can be
coupled with a process By, so that N72|B] | = p{ and Cyy .,y 2 By, for
s € Iy. If for k > 1 B, is obtained from By, in the same way as Cy;, ;) is
obtained from C‘[}W(t), then, on F, C’V““Iw(s) ») BQ(S) for s € I.;. For k > 1 let

ph = N_2|B$(s)|-

We begin with the case k = 1. For fy(t) = go(t) — €"/5, where gy is as in (4.4.7), let

a=1=0-imen (- [ Lo pwar). @)

Lemma 4.4.4. For any t < oo there is an ¢y = €y(t) > 0 so that for 0 < € < ¢y and any

6 >0,

lim sup P [ inf (N_QC%W,(S) — fi(s)) < —5} < P(M < €/3) 4 /12,

N—o00 Sele,t

Proof. AsinLemma4.3.5,ifx ¢ B, thenz ¢ By, if and only if no generation

1 center is born in the space-time cone

= {) € TON) x W w(0)] : ly - 2l < (0() - 5)/V2r |

Conditioning on Gy = O'{B?Z}(S) : s € I.,}, the locations of generation 1 centers

in B} is a Poisson point process on I'(V) x [W, ¢ (t)] with intensity

N_2 X |BS|N_a = pgbfl(s)N_a,
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Using this and then changing variables s = (r), where ¢(r) = R + N%/3r,

Y(t) _ <)2
zwxg@mmﬁzu—@nm(—/ ﬁﬂﬁ—ﬁmmwwﬂw)

w 2

= (1—p)) exp (—/ ( 5 ) p?dr)
log(3¢)

Let E,; = {z ¢ B;}. Since K¢, and K, are disjoint if |z — y| > 2(t —

log(3€))N/3//2r, the events F,; and E,; are conditionally independent given
G if this holds. Define the random variables Y,, € T'(N), so that Y, = 1 if E,,

occurs, and Y, = 0 otherwise. From (4.4.10)

0 0 ' (t— 3)2 0
E(Y,]G)) = (1—p)exp —/ p.ds | . (4.4.10)
log(3¢) 2

Using independence of Y, and Y, for |z — 2| > 2(¢t — log(3¢))N*/3/y/27, and the

fact that {z : [z — z| < 2(t — log(3€))N*/3/y/27} has area 2(t — log(3e))?N?/3,

var </ Y, dx g?)
z€I'(N)

— [ [E(VYIG) - B (%16 E(Y.IGY)] ded:
z,2€L(N)

< N?-2(t — log(3€))>N?/3. (4.4.11)

Using Chebyshev’s inequality, we see that
7
Combining (4.4.10), (4.4.11), and (4.4.12) gives

t 2 2
(t—s) n 8(t — log(3e))
P<‘(1—pt1)—(1—p§’)exp<—/1 5 P8d5>’>§‘gz?>§ PN2-2a/3

og(3e)

o) < (Jeeron Yode| 97)
t ] = 772N4 )
(4.4.12)

[ B () de] > L
2€T(N) 2

The same bound holds for the unconditional probability. By Lemma 4.4.3 if

n > 0and

Sele,t

Fo, = { sup |p) — fo(s)] < 77} , then A}im P(Focm) =0.



110

Let/ =n[1+ (t —log(3¢))3/3 " /2. Using (4.4.9) and the fact that for z,y > 0

y
/ e *dz

we see that on the event F{,/, we have for any s € I,

’(1—PS) exp (— /IS (S;T)Qﬂgdr) - (1—f1(5))‘

< le—yl, (4.4.13)

e e =

0g(3¢)
s s—r)? s — log(3¢))?
R R A e
log(3¢) 3! 2
So for any s € I,
Jim P ([os = fils)] > m) < lim P (Fg,)
s 2
+ lim P(‘(l—p;)—(l—pg)exp(—/ (s—7) pgdr)‘>ﬂ>:0.
N—oo log(3¢) 2 2

Since n > 0 is arbitrary, the two quantities being compared are increasing and

continuous, and on the event F' defined in (4.4.8) N *QC’{}V’MS) > ptfor s € Iy,

N—o00 SEIe,t

limsup P {inf (N_QC%VMS) — fi(s)) < —5}

waw+mmwp(wm¢—ﬁ@hw>spwm

N—oo SEIe,t

and the desired conclusion follows from Lemma 4.4.3. O]

To improve this we will let

f@ﬁ%ﬂ—ﬂ—ﬁwkm<j[@fpjmﬁ@—hq®wa,@AM)

and recall from (4.1.15) that as k T oo, fx(t) T fe(t).

Lemma 4.4.5. Forany t < oo there is an ey = €y(t) > 0 so that for 0 < € < ¢ and any

6 >0,

limsup P | inf (N72Cys) — fe(s)) < =8| < P(M < /%) 4 /12,

N—o00 Sele,t
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Proof. Conditioning on GF = o {be(s) 0<j<k,s€e Ieyt}, we have

) = (1= by (= [ 5 () as)
pE = fi(s)] < n}, and o' = [l +2(t — log(3¢))%/3] " /2.

Using (4.4.14) and e ® — e Y| < |z — y| for z,y > 0, we see that on the event

P (x ¢ Bt

ka/ = ka/ N Fk—l,n’/ for any s ¢ Ie,t

O O e R F) B e )
e

SHPWD—U—h@WM#/

log(3e¢) 2

ds

=’ + 21/ (t — log(3¢))*/3 < n/2.

Bounding the variance as before we can conclude by induction on % that for any

n>0

N—oo Sele,t

lim P (sup oY = fuls)| > 7]) = 0. (4.4.15)

Next we bound the difference between f.(t) and f.(t). Let G(t) = ¢3/3! for
t > 0,and G(t) = 0 for t < 0. If xk indicates the k-fold convolution, then for
k > 1, using arguments similar to the ones in the proof of Lemma 4.2.2, G**(t) =
3 /(3k)! for t > 0,and G**(t) = 0 for t < 0. Now if fxG**(t) = [T f(t—r)dG*(r),
Fr(-) = fu(-+log(3¢)) and f.(-) = f.(-+log(3¢)), then changing variables s — ¢ —r
in (4.1.14) and (4.1.15), and using the inequality in (4.4.13),
[fi(t = log(3€)) — [e(t — log(3e))
< exp(—fio1 * G(t — log(3¢€))) — exp(—f. = G(t — log(3¢)))
< femr = ol * Gt —log(3e)).

Iterating the above inequality and using | f.(s) — fo(s)| = f.(s) — fo(s) < 1.

() = f(D)] = | [t —og(3€)) — [e(t —log(3¢))|
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< |fo = fel % G (t — log(3e)) (4.4.16)

(t — log(3¢))3*

< G™(t — log(3¢)) = B!

where the last equality comes from (4.2.1).

Choose K = K(e,t) so that (t — log(3¢))*" /(3K)! < 6/2. Since Cys) > Cy, 1)
for any k > 0, and on the event F' defined in (4.4.8), we have Cx]fv,w(t) > |B§)(t) |,

we have

P < inf (N7 Cy) — fe(s)) < —5) < P(F)+ P <Sup |pX — fr(s)] > 5/2) :

SEIe,t Sele,t

Using (4.4.15) and Lemma 4.4.3 we get the result. O

It is now time to get upper bounds on Cy,). Recall go(t) defined in (4.4.7), let

g-1(t) =0and for k > 1 let

gu(6) = 1 — (1 — gus(8)) exp (— / . C 2P (g s(5) = geats) ds) (4417)

As in the case of f;(t), the equations above imply

) =1 = (=s(ies (= [ 5090,

so we have g (t) T g.(t) as k T oo, where g.(t) satisfies

) =1- (1= gy (- L) ).

0g(3e)

Lemma 4.4.6. For any t < oo there exists ¢y = ¢y(t) > 0 such that for 0 < ¢ < ey and

any 6 > 0,

sup (N72Cy(s) — ge(8)) > 6

SEIe,t

lim sup P < P(M < /3) 4 /3.

N—oo
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Proof. Cyyyy < Awpe- I ¢ = N2 Ay, ) is the fraction of area covered by gen-
eration 0 balloons at time (¢), generation 1 centers are born at rate N 2‘a¢2}_1(,).
Let ¢ denotes the fraction of area covered by centers of generations < 1 at time

(t), then using an argument similar to the one for Lemma 4.4.4 gives
lim P (sup ot — gi(s) > n) =0
N—oo s€lcy

for any 1 > 0. Continuing by induction, let ¢} be the fraction of area covered by
centers of generations 0 < j < k. Since (4.4.17) and (4.4.14) are the same except

for the letter they use, then by an argument identical to the one for Lemma 4.4.5,

Jim P (sup 0% — gi(s)] > n) =0 (4.4.18)

SEIeA’t

for any 1 > 0. Now using an argument similar to the one for (4.4.16)

— log(3¢))3k
sup () ()] < )

(4.4.19)

Next we bound the difference between CY;, .,y and Cy(. Let T = S (€2/3), where

S(-) is as in (4.1.8). Using the coupling between C, and A;,

Cuw) = Civpey < Ay — Alvpey-

Using the fact that FA,,, — FA%,, is nondecreasing in s, the definitions of

W and T, Markov’s inequality, and Lemma 4.4.2, we have for 7" = T + (t —

log(3€)) N3,
. 5N? 5N
P Sel}p (Ow(s) — CW&/)(S)) > T < P(W > T) + P Ap — AT,T’ > T

4
< P(M < é/3) + WE(AT’ — Ar )

1223 SN (t —log(3e))?
< P(M < €/3 .
< P( e’?) + 5 j:EkH i
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Choose K = K(¢,t) large enough so that 3% ., (t — log(3¢))’ /5! < 6/12. If we

let

Fx = {sup (Cs) — C&iw(s)) < (5/4)N2}, then P(F%) < P(M < e/3)4+€*3,

s€let
By the choice of K and (4.4.19), sup,,_, |9x(s) — ge(s)| < 6/2. Combining the last

two inequalities and using the fact that N72Cfj, , < ¢Ff = N72AR o,

P <sup N72Cys) — ge(s) > 6) < P(Fg)+ P (sup |0 — gk (s)]| > 5/4) :

Seje,t Sele,t

So using (4.4.18) we have the desired result. O
Our next goal is the

Proof of Lemma 5.8.5. We prove the result in two steps. To begin we consider a

function h.(-) satisfying h.(t) = €'/3 for t < log(3e).

log(3€) —5)2e8 t — )2
he(t) =1 —exp (—/ (t 5 ) gds—/l (t 5 ) he(s) ds) (4.4.20)

—o0 og(3¢)

for t > log(3¢), and prove that h(-) converges to some h(-) with the desired

properties.

Lemma 4.4.7. For fixed t, h.(t) in (4.4.20) is monotone decreasing in e.

Proof. 1f we change variables s = t — « and integrate by parts, or remember the

tirst two moments of the exponential with mean 1, then

t o0
/ (t —s)e®ds = / ue™"du = €,
—00 0

t _o)2 o )2 00
/ (t=s) e®ds = / Yoet—u gy = et/ ue " du = e (4.4.21)
0 0

2 2



115

Using (t —s)?/2 = (t —7)*/2+ (t —r)(r — s) + (r — 5)? /2 now gives the following

identity.

/7" (t—=8)" 1 o [(t —27")2 Yt —r)+ 1] , (4.4.22)

Using (4.4.20), the inequality 1 — e™® < z, (4.4.21), and changing variables s =

t—u,

1 bt —s)? 1
he(t) — e < / (hg(s) - —es) ds
3 log(3¢) 2 3

t—log(3e) 1 2
= / he(t —u) — —e'™ Y du.
0 3 2

Applying Lemma 4.3.4 with A = 1 and §(-) = 0 to h.(- + log(3¢)) — exp(- +
log(3€))/3,

he(t) — %et < 0 for any ¢ > log(3e).
This shows thatif 0 < € < ¢ < 1, then hs(t) > h(t) for t < log(3d). To compare

the exponentials for ¢ > log(39), we note that

og(3e) 0g(39)

2

t—log(36) U
< 0+/ (he(t —u) —hg(t—u))gds.
0

Applying Lemma 4.3.4 with A = 1 and (-) = 0 to h.(- +1og(39)) — hs(- +1og(30)),

we see that h(t) — hs(t) < 0 for t > log(34). O

Lemma 4.4.8. h(t) = lim. o h(t) exists. If h # O then h has properties (a)—(d) in

Lemma 5.8.5.

Proof. Lemma 4.4.7 implies that the limit exists. Since 0 < h.(t) < €'/3, 0 <

h(t) < e'/3 and so lim;_, ., h(t) = 0. To show that

h(t) =1 — exp (— / - S)Zh(s) ds) , (4.4.23)

—00
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we need to show thatase — 0

' (t—s)? - bt —s)? o) ds
/log(ge) g hels)ds /_ Ty hs)ds (4.4.24)

Given 7 > 0, choose § = §(n) > 0 so that
§ [1+ (t —log(38)) + (t —log(30))?/2] < n/4.

By bounded convergence theorem, as ¢ — 0,

/t (= S)Zhe(s) ds — S S)zh(s) ds.

og(38) 2 log(35) 2

So we can choose €y = €y(n) so that the difference between the two integrals is

at most 77/2 for any € < €y. Therefore if € < ¢;, then

/lt (t _28)2116(3) ds — /t (t ;S)Zh(s) ds

og(3e) —00
log(34) t— 2 1
< n + 2 u—es ds.
S 2 3

Using the identity in (4.4.22) we conclude that the second term is
< 26 [1+ (¢t —log(38)) + (t —log(34))?/2] < g
This shows that (4.4.24) holds, and with (4.4.20) and (4.4.22) proves (4.4.23).

To prove lim;_., h(t) = 1 note that if 4(-) # 0, then there is an r with h(r) > 0,

and so fort > r

ot — s)? Lt —s)? t—r)3
/ ( 2)h(S)dSZh(T)/%dS:h(T)%—)OO

—0o0 T

ast — oo. So in view of (4.4.23), h(t) — 1l ast — oo, if h(-) #Z 0.

The last detail is to show if i(-) # 0, then h(t) € (0,1) for all ¢. Suppose,

if possible, h(ty) = 0. (4.4.23) implies ff(;o h(s)[(t — s)*/2]ds = 0, and hence
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h(s) = 0 for s < ty. Changing variables s — t — r, and using (4.4.23) again with

the inequality 1 — e™ < z, imply that for any ¢ > ¢,

h(t)g/ (t_;) h(s)ds:/ooh(t—r)%dr.

—00

Applying Lemma 4.3.4 with A\ = 1 and () = 0 to the function h(- + t,), we
see that h(t) < 0 for any ¢ > ¢,. But h(t) > 0 for any ¢, and hence h = 0, a

contradiction. ]

To complete the proof of Lemma 5.8.5 it suffices to show that |f.(-) — he(-)]

and |g.(-) — h.(-)| converge to 0 as ¢ — 0. To do this, note that if

log(3€) t— 2 s
ho(t) =1 —exp <—/ ( 28) %ds) ,

ho(t) = 1 — (1 — ho(t)) exp (— Ltg(ge) t _23)2;15(3) ds) ,

then

and so using the inequality |[e™* —e™¥| < |z — y| for z,y > 0,

|he(t) — ge(t)] < [ho(t) — go(t)] +/ (t—s)

log(3¢) 2

Ihe(s) = gc(s)] ds.

Using the inequality 0 < e™* — 1 + 2 < z?/2, and the identity in (4.4.22),

|ho(t) — go(t)] < % |:€ + e(t — log(3e€)) + 6%}
< ;8 {1 + (¢ — log(3¢))? + W} .

Applying Lemma 4.3.4 with A = 1 and 3(t) = 1 + t* + ¢*/4 to the function

|he(- +log(3€)) — ge(- + log(3e))],

we have |h.(t) — g.(t)] < (3¢2/2)3 * V(t — log(3¢)), where V(-) is as in Lemma

4.2.2. Using A = 1 in the expression of V'(-) and Lemma 4.2.1,

BxV(t)=p(t) + /Otﬂ(t —s)V'(s)ds
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< 6e’.
5 Ry O be

e { t3k t3k+2 t3k+4
p— ‘ ~
2| (3K + 4)!

S0 |he(t) — gc(t)| < (3€2/2) - 6 exp(t — log(3¢)), and so

sup |he(s) — ge(s)| < 6ee/2.

s€lc
Repeating the argument for f(-), and noting that |ho(t) — fo(t)| = |ho(t) —go(t)| +

€7/s,

1
sup |he(s) — fe(s)| < <6;€2 + 67/6) exp(t —log(3¢)) = (561/6 + 3€> e’

SGIe,t

This completes the second step and we have proved Lemma 5.8.5. [
Now we have all the ingredients to prove Theorem 4.1.4.

Proof of Theorem 4.1.4. Let h(-) be as in Lemma 5.8.5. Choose ¢ € (0,9/6) small

enough so that

sup [ge(s) = h(s)] <6/2, sup [fe(s) — h(s)| < /2.

Seje,t Sele,t

Let D = {M < 3eN*72*/3}. On the event D, W = ¢(log(3¢)) > 0. So
P (sup |IN"2Cys) — h(s)| > (5) < P(D°) + P (N~*Cw + h(log(3¢)) > 9)
s<t

+ P (sup (N2Cys) — h(s)) > 5) + P ( inf (N7?Cys) — h(s)) < —5) :

86157t Se[ﬁyt

(4.4.25)
To estimate the second term in (4.4.25) note that h(log(3¢)) < (1/3) exp(log(3¢)) <
9/2,and

P(N?Cy >6/2) < P (Aw > (6/2)N*) =0
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as N — oo by Lemma 4.3.2. To estimate the third term in (4.4.25) we use Lemma

4.4.6 to get

N—oo Sele,i

lim sup P (sup (N72Cys) — h(s)) > 5)

N—oo Seleﬁt

< limsup P (sup (N72Cys) — ge(s)) > 5/2) < P(M < €/3) 4 3.

For the fourth term in (4.4.25) use Lemma 4.4.5 to get

lim sup P < inf (N7 Cys) — h(s)) < —5)

N—o00 SEIe,t

N—oo

< limsup P ( ir}f (N72Cys) — fe(s)) < —5/2) < P(M < €/3) 4 /12,
s€let

Letting € — 0, we see that for any § > 0,

SEIe’t

dim P <Sup |INT2Cys) — h(s)| > 5) =0. (4.4.26)

It remains to show that i(-) # 0. Let ¢, v be such that

l/3
PIM < (1+7)e? +11— < 1.
Y

Fix any > 0 and let ¢, = log(3¢(1 + ) + 3n). Using Lemma 4.3.2 and 4.3.6

limsup P (N 2Cy,) < €) = limsup P(7(e) > ¥(to))

N—oo N—oo

< limsup P[r(e) > a(e(1 +7))] + limsup Plo(e(1 + 7)) > 1(to)]

N—oo N—o0

< limsup P[r(€) > o(e(1 +7))] + limsup P (’N_QAWE(HV)M —e(l+79)— 77‘ > 77)
N—o0 N—oo
BYE
< PM < (1+7)e+11— < 1.
Y

But if h(ty) = 0, we get a contradiction to (4.4.26). This proves h(-) # 0. O
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4.5 Asymptotics for the cover time

Proof of Theorem 4.1.5. Theorem 4.1.4 gives a lower bound on the area covered
whcih implies that if 6 > 0 and N is large, then with high probability the
number of centers in Cy) dominates a Poisson random variable with mean

M) N2~(2a/3) where

If 0y is small enough, \g = A(dy) > 0. Dividing the torus into disjoint squares
of size kN°/3\/log N, where & is a large constant, the probability that a given
square is vacant is exp(—Aox?log N). If ky/log N > 1, the number of squares is
< N2-(a/3) So if \gx? > 2, then with high probability none of our squares is
vacant. Thus even if no more births of new centers occur then the entire square

will be covered by a time ¥(0) + O(N*/3\/log N). O



Chapter 5

Threshold-two contact process on random
regular graphs

5.1 Introduction

Interacting particle systems are often formulated on the d-dimensional integer
lattice Z?. See e.g. [34] or [35]. However, if one is considering the spread of
influenza in a town, infections occur not only between individuals who live
close to each other, but also over long distances due to social contacts at school
or at work. Because of this, one should consider how these stochastic spatial
processes change when the regular lattice is replaced by the random graphs

that have been used to model social networks.

[18] considers the contact process on a small world graph S. In the contact
process, each vertex is either occupied or vacant. Occupied vertices become va-
cant at rate 1, while vacant vertices become occupied at rate A times the number
of occupied neighbors. The small world random graph, which [18] considers, is
a modification of the d-dimensional torus 77 := (Z mod L)¢ in which each ver-
tex has exactly one long-distance neighbor, where the long-distance neighbors

are defined by a random pairing of the vertices of the torus.

The contact process on the small world (or on any finite graph) cannot have

a nontrivial stationary distribution, because it is a finite state Markov chain with

121
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an absorbing state. However, on the small world and many other graphs, there
is a “quasi-stationary distribution” which persists for a long time. To explain
the concept in quotes, we recall the situation for the contact process on the d-
dimensional torus 7;. Let ¢ C Z¢ denote the contact process on Z? starting

with single occupied vertex at the origin and let
Ae == inf{\: P(Qs) > 0}, where Q. := {¢{ # 0 for all ¢}.

Let ¢} C Z9 denote the contact process on Z? starting with all vertices oc-
cupied. Monotonicity and self-duality imply that (see [35]) if A > A, and
¢l = lim;_ . ¢}, where the limit is in distribution, then ¢! is a translation in-

variant stationary distribution with P(x € (1) = P(Q).

Returning to the torus 77, and letting ¢/

Tz C 7}, denote the contact process on
it starting from all vertices occupied, if A < A, then there is a k;(\) > 0 so that
P(C;;(Ti) ogn 7 0) — 0asn — oo, where n = L% is the number of vertices in 7;..
If A > )., then with high probability ¢;"”* persists to time exp(ky(\)n) for some
ka(A) > 0. Furthermore, at times 1 < ¢ < exp(k2(A)n) the finite dimensional dis-
tributions of Ctl’TL are close to those of (1, (see [35]). Thus the quasi-stationary

distribution for the contact process on the finite graph is like the stationary dis-

tribution for the contact process on the associated infinite graph.

Locally, the small world graph S looks like an infinite graph that is called the
big world B in [18]. In this graph, traversing a long range edge brings one to an-
other copy of Z¢. Sophisticates will recognize this as the free product Z¢ {0, 1},
where the second factor is Z mod 2. Like the contact process on the homoge-
neous tree, the contact process on B has two phase transitions A\; < Ay, which

correspond to global and local survival respectively. That is, if ¢"® C B denotes
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the contact process on B starting with single occupied vertex at the origin, then

A= inf{\: P(Q8) > 0} and

Ny 1= inf {/\ liminf P (o e gE’B) > 0} ,

where as earlier Q8 = {¢?® # 0 forall t}. Let ¢}* denote the contact process
on B3 starting with all vertices occupied. Monotonicity and duality imply that if
A > A and (L8 = limy o ¢'F, where the limit is in distribution, then (17 is a

translation invariant stationary distribution with P(z € (1.5) = P(Q5).

In order to study the persistence of the contact process ¢;"° C S on the small
world S, [18] introduces births at a rate v from each vertex, which go from an
occupied vertex to a randomly chosen vertex. With this modification it is shown
that if A\ > )\, then there is a constant k3 = k3(\,y) > 0 so that for n = L¢, Qtl’s

persists to time exp(ksn) with high probability.

In this paper, we study the behavior of the discrete time threshold-two contact
process on a random r-regular graph on n vertices. We construct our random
graph G,, on the vertex set V,, := {1,2,...n} by assigning r “half-edges” to each
of the vertices, and then pairing the half-edges at random. If r is odd, then
n must be even so that the number of half-edges, n, is even to have a valid
degree sequence. Let P denote the distribution of GG,,. We condition on the event
E, that the graph is simple, i.e. it does not contain a self-loop at any vertex, or
more than one edge between two vertices. It can be shown (see e.g. Corollary
9.7 on page 239 of [28]) that P(E,) is bounded away from 0, and hence for large

enough n,

if P:= P(-|E,), then P(-) < ¢P(-) for some constant ¢ = ¢(r) > 0. (5.1.1)
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So the conditioning on the event E,, will not have much effect on the distribution
of GG,,. Since the resulting graph remains the same under any permutation of
the half-edges corresponding to any vertex, the distribution of G,, under P is
uniform over the collection of all undirected r-regular graphs on the vertex set
V,,. We choose G,, according to the distribution P on simple graphs, and once

chosen the graph remains fixed through time.

We write = ~ y to mean that z is a neighbor of y, and let
Ny ={zeV,:z~y} (5.1.2)

be the set of neighbors of y. The distribution P, , of the (discrete time)
threshold-two contact process & C V,, with parameter p conditioned on G, can

be described as follows:

Po,p(x €&y | INoNE| >2)=pand

Pa, p (€ &y | ‘Nz N&l<2)=0,

where the decisions for different vertices at time ¢ + 1 are taken independently.
If P, denotes the distribution of the threshold-two contact process & on the

random graph G,, having distribution P, then
Ppy() = EPGn,p(')v
where E is the expectation corresponding to the probability distribution P.

Let &' C V,, denote the threshold-two contact process starting from &' = A,
and let ¢} denote the special case when A = V/,. In the long history of the contact

process the first step was to study whether the critical value of the parameter
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lies in the interior of the parameter-space or not. Based on results for the thresh-
old contact process on random directed graph in [? ], and basic contact process
on the small world S in [18], it is natural to expect the existence of a critical
value p. € (0, 1) defining the boundary between rapid convergence within log-
arithmically small time to all-zero configuration for p < p., and exponentially
prolonged persistence of changes for p > p.. We define the boundary p. between
convergence to the all-zero configuration within time C(p) log n, and exponen-

tially prolonged persistence as

| | e el ) }
c:=1inf<p e 0,1]: lim P inf == >u = 1 for some k(p),u(p) >0 ¢ .
poimint {pe0.1): tim Py (_int s ) (5). u(r)
(5.1.3)
In order to show that p. < 1, it suffices to show that if p is sufficiently close to
1, then & maintains a positive fraction of occupied vertices for time > exp(cin)

for some constant ¢; > 0.

Theorem 5.1.1. If r > 4 and n € (0,1/4), then there is an ¢, = €;(n) € (0,1) such

that for
1-— €1

1 - (27‘3—4 +77) €1

and for some positive constants Cy and c1(n, p),

<p<l, (5.1.4)

. € | )
P inf == <1l—e ) <Ciexp(—ci(n,p)n).
! (téexp(m(n,p)n) n 1) < Grep(-anp)n)

In words, if p is sufficiently close to 1 and r is larger than 3, then the fraction
of occupied vertices in the threshold-two contact process starting from all-one
configuration remains close to 1 for exponentially long time with probability
1 —o(1). Here and later o(1) denotes a quantity that goes to 0 as n goes to co. So

Theorem 5.1.1 confirms that p. < 1 for » > 4. The argument does not work for



126

r = 3, as the lower bound in (5.1.4) is higher than 1 if we put r = 3. We believe
that similar result holds for » = 3, but the problem remains open. The key to
the proof of Theorem 5.1.1 is an ‘isoperimetric inequality’ (see Proposition 5.1.6

below).

Next we study the behavior of ¢!, when |A] is small.

Theorem 5.1.2. There is a decreasing continuous function e, : (0,1) — (0,1) and
a collection G of simple r-reqular graphs on n vertices such that for any p € (0,1),

Co(p) :=2/10g(2/(1 + p)), and any subset A C V,, with |A| < e2(p)n,

() SPG,e0 Pavn (Frmonn #0) = ol1).

(it) P(G°) = o(1).

Hence lim,, ., P, (5{‘00(19) logn] 7 @) =0.

In words, for any value of p € (0,1), whenever the fraction of occupied
vertices drops below a certain level depending on p, all vertices of G,, become
vacant within logarithmically small time with probability 1 — o(1). Thus the
density of occupied vertices doesn’t stay in the interval (0, e2(p)) for long time.
The key to the proof of Theorem 5.1.2 is another ‘isoperimetric inequality” (see

Proposition 5.1.5 below). As a consequence of Theorem 5.1.2, we have:
Corollary 5.1.3. There is a py € (0,2/3) such that for 0 < p < py,

lim Py, (£1cy () 41)10an] 7 9) = 0, where Cy(p) is as in Theorem 5.1.2.

n—oo

That is, if p is sufficiently close to 0, then starting from all-one configuration all
vertices of G, become vacant within logarithmically small time with probability

1 — o(1). So Corollary 5.1.3 confirms that p. > 0.
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Theorem 5.1.1 shows that p. < 1, and so for p € (p., 1) the fraction of oc-
cupied vertices in the graph G,, is bounded away from zero for a time longer
than exp(n'/?). So we can now define a quasi-stationary measure ¢ , which
is an analogue of the upper invariant measure, as follows. For any A C V,,
& {B:BNA#ID}:= Pp(gﬁexp(nl/gﬂ N A # 0). Let X,, be uniformly distributed
onV,, and let

1
Pn = gio{B : X’Vl € B} = ﬁ ‘f%exp(nlm)] .

So p, is the quasi-stationary density of occupied vertices in the threshold-two
contact process on the random graph G,. Note that p, is an analogue of the
density of occupied vertices in the upper invariant measure for the contact pro-
cess with sexual reproduction on regular lattices, which is conjectured to have
a continuous phase transition (see Conjecture 1 and heuristic argument follow-
ing that in [20]). As we now explain, things are different in the threshold-two

contact process on a random regular graph.

First observe that if p > p., then p,, is bounded away from zero with high
probability, because if p, < e3(p), where €;(-) is as in Theorem 5.1.2, then
€ expnivzy | < mea(p). In that case, for o = [exp(n'/?)] + [Cylogn], either
¢! # 0, which has P,-probability o(1) by Theorem 5.1.2, or ¢! = (), which has
P,-probability o(1) by the definition of p. in (5.1.3) and the fact that p > p..

Therefore, for p > p., p, > €2(p) with P,-probability 1 — o(1).

Next observe that for any p;,ps € [0, 1] with p; < ps, the random variables
Z; ~ Bernoulli(p;),7 = 1,2, can be coupled so that Z; < Z,. Using this coupling

for all the Bernoulli random variables, which are used in deciding whether = €
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&forz eVt =1,2,.. ., itis easy to see that
Pe, » < Pa, »,, 1.€. for any increasing event B, P, ,,, (B) < Pg, ,,(B).

The same inequality holds for the unconditional probability distributions P,
and P,,. Since {p, > €} = {[¢ %exp(nl /Qﬂ| > en} is an increasing event, it follows

that for any p > p’ > p,.

Pp(pn > 62(17/)) = Pp’(pn > 62(17/)) =1-o0(1)

by the above discussion. Taking p’ sufficiently close to p. and noting that e;(-)
is a decreasing continuous function, we get the result of this paper that the
threshold-two contact process on the random graph G, has a discontinuous

phase transition at the critical value p..

Theorem 5.1.4. Let p := €3(p.), where ey(+) is as in Theorem 5.1.2 and p, is as in

(5.1.3). Then p > 0. For any p > p.and 6 > 0,

lim P,(p, >p—0) =1

The key to the proof of Theorem 5.1.2 is an “isoperimetric inequality”. Given

asubset U C V,, let
U?:={yecV,:y~zandy ~ z for some z, z € U with x # z}. (5.1.5)

The idea behind this definition is that if U = ¢, for some ¢, then U*? is the set of
vertices which have a chance of being occupied at time ¢ + 1. Note that U*? can

contain vertices of U.

Proposition 5.1.5. Let E(m, k) be the event that there is a subset U C V,, with size

\U| = m so that |U**| > k. Then there is an increasing positive function es(-) so that



129
forany n > 0and m < es(n)n,

P (Bl (1-+n)m)] < Coexp (~Lmlog(n/m))

for some constant C's = Cs(r).

In words, if U is a small set, then for any > 0, |[U*?| < (1 4 n)|U| with high
probability. Now if E, , is the expectation corresponding to the probability
distribution Pg, ,, then Eg, ,(|&11] &) = pl&?|. Given p € (0, 1), we can choose
n(p) > 0 so that p(1 4+ n(p)) < (1 + p)/2. So using Proposition 5.1.5, if |&| is
small, Eg, ,(|&+1] &) < [&](1 + p)/2 with high probability. This observation
together with large deviation results for the Binomial distribution implies that
&1 < |&|(1+p)/2 with high probability if |¢;| is small. Finally if the number of
occupied vertices reduces by a fraction at each time, all vertices will be vacant

by time O(logn) and so Theorem 5.1.2 follows.

The key to the proof of Theorem 5.1.1 is another ‘isoperimetric inequality’. If
W =V, \ & is the set of vacant vertices at time ¢, then (17°)*? is the set of vertices
which have a chance of being occupied at time ¢ + 1, and so ((17¢)*?)¢ is the set

of vertices which will surely be vacant at time ¢ + 1.

Proposition 5.1.6. Let F'(m, k) be the event that there is a subset W C V,, with |W| =
m so that |((W¢)*?)¢| > k. Given n > 0, there are positive constants e4(r,n) and Cy(r)

so that for m < esn,

P [F (m, (ﬁ " n) m)] < C; exp(—(n/8)m log(n/m)).

In words, if I is a small set, then for any n > 0, |[((W*)**)¢] < (3/(2r — 4) +

n)|W | with high probability. As noted above, Eg, ,(|&11] [€:) = pl&?]. For p asin
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(5.1.4), we can choose d(p,n) > 0so that (p—9)(1—(3/(2r—4)+n)e;) > 1 —€;. So
using Proposition 5.1.6 with W = V,,\ &, if |&|/n > 1 —¢€;, then Eg, ,(|&11] &) >
p(1 — (3/(2r —4) + n)er)n > (1 — e1)np/(p — §) with high probability. This
observation together with large deviation results for the Binomial distribution
implies that |£,11] < (1 — € )n with exponentially small probability if |§|/n >
1 — €. Thus if 7 is the first time the fraction of occupied vertices drops below

1 — €, then 7 > exp(ci(n, p)n) with high probability for a suitable choice of

c¢1(n, p), and so Theorem 5.1.1 follows.

The remainder of the paper is organized as follows. In section 5.2, we present
sketches of the proofs of Proposition 5.1.5 and 5.1.6. In section 5.3 and 5.4, we
use the propositions to study the behavior of &, starting from a small occupied
set and the fact that p. € (0, 1) respectively, while in section 5.6 and 5.7 we
present the proofs of the propositions. Section 5.5 is about the first order phase
transition at p.. Finally in section 5.8 we prove several probability estimates,

which are needed in the proof of the propositions.

5.2 Sketch of the proofs of the isoperimetric inequalities.

Recall the definition of U*? from (5.1.5). We need some more definitions and
notations. For any vertex x € V,, and subsets U, W C V,, let 9U be the boundary
of the set U, U*' be the set of vertices which have at least one neighbor in U,
e(U, W) be the number of edges between U and W. Also let Uy, be the set of

vertices in U which have all their neighbors in U¢, and U, be the complement of
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U(). So
U .={yeUc:y~xforsomerc U}, U':={yeV,:y~xforsomexrec U},
e(UW):=|{(z,y):x€Uandy € W},

Uy ={reU:y~zximpliesy € U}, U;:=UnNU.

(5.2.1)
5.2.1 Isoperimetric inequality in Proposition 5.1.5
From the definitions in (5.2.1) it is easy to see that if |U| = m, then
rmz ) e({yh U) 2 U\ U2+ 20U = U]+ U,
yeU*1
So for any subset U of vertices of size m,
if |U*?| > k, then |U*'| < rm — k. (5.2.2)

In view of (5.2.2), for proving Proposition 5.1.5 it suffices to estimate the proba-
bility

P[H(m,(r —1—n)m)], where H(m,k) = Ucv,.juj=m} { U <k} (5.2.3)
is the event that there is a subset U of vertices of size m with |U*!| < k.

Note that U*! is a disjoint union of U and U;. Our first step in estimating

(5.2.3), taken in Lemma 5.8.2, is to show the following.

I For |U| = mand anyn > 0, e(U,U¢) > (r — 2 — n)|U| with probability at least

1 —exp (—(1 4+ n/2)mlog(n/m) + Aym) for some constant A.

Take o = (r — 2 — i) /r in Lemma 5.8.2 so that (1 — «)r/2 = 1 + 1/2. We cannot

hope to do better than » — 2. Consider a tree in which all vertices have degree
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r and let U be the set of vertices within distance k£ of a fixed vertex. If s =
r—1,then |Ul =1+r+rs+ - +rs" 1 x~rsf/(s—1)and e(U,U¢) = rs*, so

e(U,U)/|U|~s—1=1r—2.

In the next step, see Lemma 5.8.4, we show the following.

II. Given e(U,U¢) = u|U| for some constant w and n > 0, if m = |U| < e5(n)n,
then |0U| > (u — n)|U| with probability > 1 — exp (—nmlog(n/m) + Aym) for some

constant A\,.

Considering all possible values of u > r — 2 — n and using I and II,
|0U| > (r—2—2n)|U| with probability > 1—-2exp (—(1 + n)mlog(n/m) + (A1 + Ag)m) .

Using the fact (see Lemma 5.8.1) that

III. the number of subsets of V,, of size m is at most exp(m log(n/m) + m),

the expected number of subsets U of size m with [0U| < (r — 2 — 2n)|U| is

exponentially small if m < e(n)n for some small fraction (7). Therefore,

with high probability |[U*'| > [0U| > (r — 2 — 2n)|U|, whenever |U| < e(n)n.
(5.2.4)
But this is not good enough, so we need to work to improve the first inequality

above.

Recall the definitions of Uy and U; from (5.2.1). There are two possibilities
based on |U;|. Given n > 0, if |Uy| < (n/2r)|U|, then e(U,U¢) > r|Uy| > (r —

n/2)|U| . So using II,

if |U| =m, then |0U| < (r —1 —n)|U| and |U;| < (n/2r)|U| with probability at most
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exp (—(1 +n/2)mlog(n/m) + Aym) .

Combining with III the expected number of subsets of size m with the above

property is exponentially small, if m < e(n)n. Therefore,

with high probability |U*!| > |0U| > (r—1—n)|U| whenever |U,| < (n/2r)|U|.

Next we look at the other possibility |U;| > (n/2r)|U|. Using an argument

similar to the one leading to (5.2.4),

with high probability e(Uy, Uy) > (r—2—n)|U;| whenever |U| < e(n)n and |Uy| > (n/2r)|U]|.
(5.2.5)

Using the equalities e(Uy, U¢) = e(Uy, U§) = r|Up| and e(Uy,U¢) = e(Uy, U5),

we have e(U,U°¢) = r|Uy| + e(Uy,Uf). Combining this with another equality

\U*| = |Uy| + |0U| and a little algebra give that {|[U*!| < (r — 1 — n)|U|} =

{e(U,U®) — |0U| > (1 4+ n)|Uo| + e(Uy,U) — (r — 2 — 1)|U4]}. In view of (5.2.5),

the probability of the last events is estimated to be small enough (see (5.6.14) for

details), so that using III the expected number of subsets U of size m with the

above property is exponentially small. Combining the last two arguments,
with high probability |[U*!| > (r — 1 —n)|U| whenever |U,| > (n/2r)|U|.

This completes the argument to estimate the probability in (5.2.3) and thereby

proves Proposition 5.1.5.

5.2.2 Isoperimetric inequality in Proposition 5.1.6

Recall the definition of V,, from (5.1.2). We need some more notations for Propo-

sition 5.1.6. For any subset I of V,,, let W" be the subset of vertices which are in
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W and have at most 1 neighbor in W¢, and W' be the subset of vertices which

are in W¢ and have at most 1 neighbor in W*. So
WO ={yeW: : IN,nW|>r—1}, Bo(W):=|W°/|W]|,
Whi={yeWe: IN,nW|>r—1}, B(W):=|W!/[W|]. (5.2.6)
The idea behind these definitions is that if W¢ is occupied at tine ¢ in the

threshold-two contact process, then the subset of V,,, which cannot be occupied

attimet¢ + 1, is

(W) =WOUW!, and |((W)*) | = W + W),

By I, e(W°, (W%)¢) > (r —2— (2r — 4)n)|W°| with high probability if |IW| < e(n)n.
But e(W°, W¢) < |W°| by the definition of W°. So if e(W?, (W°)¢) > (r — 2 —
(2r — 4)n)|W?|, then

e(WO, W\ W0 = e(Wy, (W) — e(Wy, W)

> (r—2—(2r = 4n)|W°| — [W°.
Using e(W?, W¢) < |W°| again with W, C IV and the last inequality, we have
e(W,We) = e(W \ W° W¢) + e(W°, W*)
< r[WA\ WO —e(W\ W° W) + [W°

=[r=@r =41 =n)B(W)]|W].

Each z € OW has e({z}, W) > 1 while each x € W' has e({z},W) > r — 1. So

using the previous result and the definition of 3;(1V),

oW < e(W, W*) — (r — 2)|W"|

<= (2r =4 =n)G(W) = (r = 2)B.(W)]|W].
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Now if (2r —4)(1 —n)Bo(W) + (r — 2)51(W) > 2 4 n, then the above implies
that |OW| < (r — 2 — n)|W|, which has a small probability as mentioned earlier.

From another viewpoint,
(r —2)|W < e(W, W) — |oW|. (5.2.7)
By II, if |W| = m, then
e(W, W) —|oW| < (142n)|W| with probability > 1—exp (—(1 + 2n)mlog(n/m) + Asm),

and combining with III the expected number of subsets W with e(W, W¢) —

|OW| > (1 + 2n)|W| is exponentially small if || < e(n)n. Therefore,
with high probability e(W, W¢) — [0W| < (1 + 2n)|WW| whenever |IV| < e(n)n.
From (5.2.7), if e(W, W¢) — |0W| < (1 + 2n)|W|, then 51 (W) < (1 + 2n)/(r — 2).

Combining the last two observations, and noting that the maximum value
of By + 1 under the constraints (i) 2(1 — )Gy + /1 < (2 +n)/(r — 2) and (ii)
B1 < (1 + 2n)/(r — 2) is achieved when both constraints are equalities, we see

that with high probability

1 L+2y _ 3 2 n§2(32)
r —

Bo+ B <

Sor—2) =2 Sar—2) Tr—2 K

for r > 4, and Proposition 5.1.6 is established.

5.3 Behavior of ¢, starting from a small occupied set

In this section, we will use Proposition 5.1.5 to prove Theorem 5.1.2.
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Proof of Theorem 5.1.2. If p € (0,1), we can choose n > 0 so that (p + 7)(1 + n)
equals any value between p and 1. To fix idea, we want to choose > 0 so that
(p+n)(1+n) = (1+p)/2. The roots of the quadratic equation n*+ (1+p)n+p =
(1+p)/2are ny = (—(1 +p) £ +/3+p?)/2. Clearly n_ < 0. Since p € (0,1),

(1+ p)? < 3+ p?, which implies (1 + p) < /3 + p? and so ;. > 0. We choose

V3+p2—(1+p)

1
: 1Py (531)

2

n=rn(p) = > 0 s0 that (p +1)(1 +17) =

Next we take €2(p) := e3(n(p)), where €;(-) is as in Proposition 5.1.5 and 7(-) is
as in (5.3.1). Since ¢;(-) and 7(-) are continuous, so is €;(-). Also note that €;(-) is

increasing by Proposition 5.1.5, and

on D 1
—=—————-<0,asp <3+
op  2\/3+p> 2

which implies that 7(-) is decreasing. Combining these two observations, €;(-)

is decreasing. Having chosen ¢, let

G .= ﬂﬁ?(f)njEc

m?

2 where E,, = E(m, (14n)m) is the event defined in Proposition 5.1.5.

(5.3.2)

The argument for (i) consists of two steps.

Step 1: Inthe first step we show that for suitable choices of Cp; > 0and b € (0, 1),
if |[A|] < e9n, then the number of occupied vertices in the threshold-two contact
process & reduces to n® within time Cp; logn. The argument of this step goes
through for any choice of b € (0, 1). But for future benefits we will choose b with

the following desirable property.

First note that using the inequality (1 + p) < /3 + p?,

V3+p2  3+p*  (1+p)2+2(1-p) o 1—p
< = , which implies n < ——.
2 2(1+p) 2(1+p) PReST = 17%
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By the last inequality,

2
14+n < ——, so that
+p

log(1+n) “ 1and log(2/(1 +p)) —log(1 +n)
log(2/(1 +p)) log(2/(1 + p)) +log(1 +n)

€ (0,1).

(5.3.3)

The assertion in (5.3.3) suggests that we can choose

b=10b(p) € (0,1) small enough, so that b+(b+1)

log(1 + n)

oV "V ~1andb < n?/16r.
log(2/(1+ p)) </

(5.3.4)

Having chosen b, let A be any subset of vertices with |A| < e;n, and define

v
Ji

Ly

min {t : }ftA‘ < nb} ,

1+
{l6t < (F32) bl o e im i for o2 1, s= (1] < cam).

{ at most (p +n)(1 +n) |&'| many vertices of (5;4)*2 are occupied at time ¢ + 1} :

Now if L, occur, then by the choice of ),

1+p

5 ) €] S0 Jip1 D L. (5.3.5)

&8 < e+ +n) & = (

By the definition of (&)*2, each vertex of ({/*)** will be in &, with probability p,

and for G,, € G, |(£/)*?| < (1+n)|&| on the event N,. So using the binomial large

deviations, see Lemma 2.3.3 on page 40 in [16], and the stochastic monotonicity

property of the Binomial distribution,

Pe,p(Li VNEY) < P(Binomial((1+n)I&],p) > (p+m)(1+n)[&1)

< exp (=T((p +m)/p)p(1 + 1) |&1]) , (5.3.6)

where I'(z) = rlogz — 2 + 1 > 0 for x # 1. Since |£| > n’ on {t < v}, we can

replace || in the right side of (5.3.6) by n’ to have

P, p(LiNNiD{t < 1}) < P, (Ly 0 NN {[E] 2 n"}) < exp(=T((p+1)/p)pn’).

(5.3.7)
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Combining (5.3.5) and (5.3.7) we get

Fo,p(Jia NN O {E <v}) < Pa, (LN NN {t <v))

< exp(=T((p+n)/p) pn°). (5.3.8)

We choose

‘ 1 +p Co1logn ,
Coi(p) .= (1 —10b(p))/log(2/(1+ p)) to satisfy (T) n=n", (53.9)

so that N{C(Jl logn] - {|€Af46'0110gn‘|| < [(1 + p>/2]001 logn|A| < nb}' Hence {V >
[Corlogn]} C Nfg, 1ogny- Therefore, recalling the definition of N; and noting

that Ny is the disjoint union U._, (J¢ N Ny_y),

Pg,»(v>[Cologn]) = Pa,, ({V > [Co logn|} N N]gcmlogn'\)

< Fo,p [Ut[gfllogn](JtC NN gN{y>t— 1})]
(CUI lognl
< Y Pe(JnNoin{v>t-1}).

t=1

Using (5.3.8) we can bound the summands of the above sum, and have

P, »(v > [Corlogn]) < [Corlogn] exp(—T((p+n)/p) pn®) < exp(=T((p+n)/p)pn’/2)
(5.3.10)

for large enough n.

Step2: Our next goal is to show that starting from any subset B of size |B| < n®,
the threshold-two contact process &7 dies out within time Cy, log n for a suitable
choice of Cj, > 0. Note that we always have |¢2,| < [(¢f)*?|. In addition, for
G, € G we have [(£P)*?] < (1 + n)|&P| only when |¢P| < ex(p)n. Keeping this in

mind, we recall the choice of b from (5.3.4) and choose

Coz2(p) := (b+1)/1og(2/(1 + p)) to satisty b + Cyz log(1 +1n) < 1, (5.3.11)
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so that for G, € G and t < Cy; logn and large enough n,
€8] < L+ e8] < - < U+ [&F] < (14 n)'n® < pbHC2loslt) < 6 (p)n,
Now if F; = 0{¢8 : 0 < s < t}, then

Ec,» (|51 | 7) =p](§t3)*2 , and so (5.3.12)

fort < Cpplognand G, € G, Eg, , (654 | 7) < p(1 + n)|€P].

Iterating the above inequality,

EG,p (|€tnmoznt|) < (1 +m)] 5" EF] for Gy, € G

Now by the choices of 7 in (5.3.3), p(1 + 1) < (1 + p)/2, and by the choice of Cj;

in (5.3.11), [(1 + p)/2)Co=lo8n = = (140)_Go

1 Cozlogn
[p(1 + )]0 |g | < (#) = 1n.

Combining the last two inequalities,

1
By (Hanien]) < L for G e 6

Finally using Markov inequality,

1
Pep (|€feotogn | = 1) < Eawp ([€fcm105m1]) < _forGn, €6

Combining with (5.3.10), and using the Markov property of the threshold-two
contact process under the probability distribution P, ,, we get the result in (i)

for Cy(p) := Co1(p) + Coa(p), where Cy, is as in (5.3.9) and Cjy, is as in (5.3.11).

To show (ii) we use Proposition 5.1.5 and the fact from (5.1.1) that P(-) < cP(-)

to have

Le2(p)n]
PG < Y P(Ep) < cCs

m=1
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Noting that the function ¢(n) = nlog(1/n) is increasing for n € (0,1/e) (see
(5.8.2)) and recalling that e;(p) < 1/e by its definition, m log(n/m) = n¢(m/n) is
an increasing function of m for m < e;(p)n. So we can bound the summands of

the last display by the first terms of the respective sums to have

I@’(gc) < cChy [(n —nP) exp (—g—inb log(n/nb)) + n exp(—(n?/8r) logn)| = o(1),

as b < n?/16r by our choice in (5.3.4). O

5.4 The critical value p,

In this section, we show that the critical value p. is in the interval (0, 1). The fact

that p. > 0 follows as a consequence of Theorem 5.1.2.

Proof of Corollary 5.1.3. If H, := o{¢&! : 0 < s < t}, then, as observed in (5.3.12),

Eg, p(I&41] |1He) = pl(&})*| < np. So using Markov inequality,

lf Kt = {|£tl| Z 3np/2}, then PGn,p(Kt+1|Ht) S

Wl N

Using properties of the conditional expectation,
2
EGnyp (10?:'11[(5‘ Ht) = 1m§:1KsEGn7p(1Kt+l ’Ht) S 5102:1](57
so that Eg, plae g, < 2E,p1r_ k.- lterating the last inequality,
Pg, p(NE5™ ) < (2/3)8n) < (3/2)n 86/, (5.4.1)

Now since ¢ : (0,1) — (0,1) is decreasing and continuous, by intermediate
value theorem there is a unique p, € (0,2/3) such that e;(py) = 3py/2 and for p €

0,p0), €2(p) > 3p/2. Soif p € [0, py), then (5.4.1) suggests that |£}|/n drops below
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e2(p) for some s < logn with Pg, ,-probability > 1 — (3/2)n~1°¢(*/2). Combining
this with (i) of Theorem 5.1.2, noting that |logn| + [Cy(p)logn] < [(Co(p) +

1)logn], and using Markov property of F, ,, we have

GSU% PGnm (5%(Co(p)+1) log n] 7é @) = 0(1) fOI‘p - [O,po) and Gn € g

This together with (ii) of Theorem 5.1.2 proves the desired result. [
Now we show that p. < 1 using Proposition 5.1.6.

Proof of Theorem 5.1.1. Given n € (0,1/4) let e4(n) be the constant in Proposition
5.1.6 and take ¢; :=¢4. Sincer > 4and n < 1/4,3/(2r — 4) < 3/4 < 1 — g so that
the fraction in (5.1.4) is < 1. For p between this fraction and 1, we can choose

d = d(n,p) > 0 such that

(p—9) (1 - (QT?’_4 +n> el) >1—¢. (5.4.2)

Fort=0,1,...if [§}| < |(1—€1/2)n], thenlet U, = &, and if |¢}| > [ (1 —€1/2)n],

we have too many vertices to use Proposition 5.1.6, so we let U; be the subset of
&} consisting of [ (1 — €/2)n] many vertices with smallest indices. Thus |Uf| >

ein/2 for any ¢t > 0. We begin with some notations. For ¢ > 0 let

I = {lg1 2 0 —e)n}, 0=l

* 3 c
Sy = {’UtQ Zn—<m+ﬁ>\Ut|}a

T, = {atleast(p—9)|U;”

many vertices of U,? are occupied at time ¢ + 1} .

On the event S; N Ty, &1 > (p— 0)|U2| > (p—0)[n — (3/(2r — 4) + n)|U¢|], and

on the event Oy, |} | > (1 —¢€;)n so that |U;| = min{|¢}|, (1 —e1/2)n]} > (1 —€1)n
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and hence |Uy| < €;n. Therefore, using (5.4.2) it is easy to see that on the event

StﬂEmOt/

& > (= 9) (1 - (% +77> 61) n > (1—e)n.

SoIi;1NOy DS, NT,NO, for any ¢t > 0. Next we see that if we take F; :=
F(|Uf|, (3/(2r —4) + n)|Uf|), where F(-,-) is defined in Proposition 5.1.6, then
P, »(Si|Up) > 1pe, since [(U;?)°] < (3/(2r — 4) + n)|Uf| on the event S,. Taking
expectation with respect to the distribution of G,,, P,(S;|U;) > P(Ff). As noted
above, |U¢| < e;n on the event O;. So, recalling from (5.1.1) that P(-) < ¢P(-), we

can apply Proposition 5.1.6 with m = |U{| to have
P, (SE N OfU) < Py(S7 0 H{|UF| < en}|Ur) < cCuexp(—(n/8)|Uf[log(n/|Uf])).

Since ¢ = ¢, < 1/e by (5.7.10), combining the facts that the function ¢(n) =
nlog(1/n) is increasing on (0,1/e) (see (5.8.2)) and |Uy| is always > e;n/2 by
its definition, we have ¢(|Uf|/n) > ¢(e1/2) or equivalently |Uf|log(n/|Us|) >
(€1/2)nlog(2/€;) on the event O,. Keeping this in mind, we can increase the

upper bound in the last display to have

P,(ScN0,) < P, (SN {en/2 < |US| < en}) < cCyexp (—g% 10g(2/61)n> .
(5.4.3)
On the other hand, using the binomial large deviation, see Lemma 2.3.3 on page
40 in [16],
Pa,p(Ti | U?) > 1 —exp (=T((p — 0)/p)p |U;?]) , (5.4.4)
where I'(z) = zlogz — x4+ 1 > 0 for x # 1. As noted earlier in the proof, on
the event Oy, |£}| > (1 — €;)n so that |U;| = min{|¢}], |(1 — &1/2)n]} > (1 — &)n.

Therefore, on the event S, N Oy, |U;?| > [1 — (3/(2r — 4) + n)e1]n. Keeping this in
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mind, we can replace |U;?| in the right hand side of (5.4.4) by [1 — (3/(2r — 4) +

n)€1]n to have

P, p(Tf NS, N0y < Po, (T N{IUF] > [1 = (3/(2r — 4) + n)er]n})

< o (100 {1- (50 +n)afufas)

The same bound also works for the unconditional probability distribution P,
Combining these two bounds of (5.4.3) and (5.4.5), and recalling that 7,11 N O; D

S:NTyNO,,
P, (I7,,N0;) < P,((S:NT)NO;) < PL(SiN0y)+Py(TENS;NO;) < Cexp(—2c1(n, p)n),

where C; = 2max{1, cCy} and

c1(n,p) = %min {771_2 log(2/e1), I'((p — 6)/p)p (1 - 2:’? 1 7751) } :

Hence for 7 = exp(c1(n, p)n), we use the above estimate of P,(I;,; N O,) and the

relation between O, and I; to have

P, (e <(1-ey) - P, (ut@lff)
7] -

= Pp t+1 N Ot < C(17— eXp( 201(77,]))71) = Ol eXP(—Cl(Uap)n)>
t=0

and we get the desired result. O

5.5 First order phase transition at p,

In this section, we use Theorem 5.1.1 and 5.1.2 to prove Theorem 5.1.4.

Proof of Theorem 5.1.4. First we estimate the probability P,(p, > e(p)) for p €

(pe, 1). Let oy = [exp(n'/?)] and o4(p) = [Cy(p) logn], where Cy(p) is as in Theo-
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rem 5.1.2. Depending on the fate of the process ¢! at time o, + 0, and whether

G, € G or not, where G is defined in Theorem 5.1.2, we have

Py(pn < e2(p)) = Py(I&,| < e2(p)n)
< Pyloria = 0) +EPs, (16, < ex(p)n, &, 4, #0)

< P&l o, =0) +Elge + E [16P,, (161, < e2(p)n, €2 4gy # 0)](5.5.1)

By the definition of p,. in (5.1.3), the first term in the right side of (5.5.1) is o(1)
for p € (p.,1). By the estimate in (ii) of Theorem 5.1.2, the second term is also
o(1). To bound the third term in (5.5.1) we use Markov property of Fg,, , and the

estimate in (i) of Theorem 5.1.2 to have

1gPGm,P<|€;1’ < 62(p) 9 6;1+02 # ®> = Z PGm,p(é-;l = A>1QPGn,p(€oA2 # @)
A:|Al<ea(p)n
< o(l) ). Pa.p& =A)
A:|Al<ea(p)n

Combining the last three observations,

Py(pn < &(p)) So(1) +o(1) +o(1) D EPs, (&, =A) = o(l).
AilA|<nea(p)

Since p. < 1 by Theorem 5.1.1 and e»(p) > 0 for p € (0, 1) and €(+) is a decreasing
continuous function by Theorem 5.1.2, e3(p.) > 0 and for any § € (0, ex(p.)),

there exists p’ > p. such that ex(p’) > e2(p.) — 0.

Therefore, using the fact that e,(-) is a decreasing function and the stochastic
monotonicity of the probability distributions P, p € [0, 1], which is discussed in
the introduction before Theorem 5.1.4, for any p € (p., 1]

Py(pn > €(pc) = 0) = Pylpn > e2(p'))

Z Pp/\p’(pn 2 62(1? /\p/)) =1- O<1>7

where p A p/ = min{p, p'} > p.. So letting n — oo the desired result follows. [
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5.6 Proof of the first isoperimetric inequality

In this section, we present the proof of the isoperimetric inequality in Proposi-

tion 5.1.5.

Proof of Proposition 5.1.5. In view of (5.2.2), it suffices to estimate the probability
P[H(m,(r — 1 — n)m), where H(m,k) = {3U C V, : [U| = m,|U*| < k}.
Recall the definitions of U, and U; from (5.2.1). We need some more notations

to proceed. Given 1 > 0 define the following events for a subset U C V,,.

Ay = {|Ui| > (n/2r)|U|}, By = {|U*| < (r — 1 =n)|Ul}, (5:61)
Dy = {e(U,U°) < (r —2—n)|U|}.

There are three steps in the proof.

Step 1: Our first step is to estimate the probability that there is a subset U of
vertices of size m for which By NA§; occurs. On the event A, |Uy| > (1—n/2r)|U|
and so e(U,U¢) > r|Uy| > (r — n/2)|U|. Also on the event By, |0U| < |[U*| <
(r —1 —mn)|U|. From these two observations we have
P(ByNAy) < P{|OU] < (r =1 =n)|U} N {e(U,U) = (r—n/2)|U})
< P(e(U,U°) —|0U| > (1 +n/2)|U]). (5.6.2)

Combining (5.6.2) with the bound in (ii) of Lemma 5.8.4,

if [U| =m < esn, then P(By N A7) < exp[—(1+n/2)mlog(n/m) + Asm].
(5.6.3)
Suppose

Fy := Uy, u=my (Bu N Ag) .
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Using (5.6.3) and the inequality in Lemma 5.8.1,

if m < esn, then P(F}) < (:;) exp [—(1 4+ n/2)mlog(n/m) + Agym]

< exp[—(n/2)mlog(n/m) + (1 + Ay)m]. (5.6.4)

If m is small enough, then the above estimate is exponentially small, and so with

high probability there is no subset U of size m for which By N Af; occurs.

Step 2: Our next step is to estimate the probability that there is a subset U of
vertices for which Ay occurs and e(Uy, Uf) < (r — 2 — n)|Uy|. If Ay occurs for
some subset U of size m, then |U;| € [pm/2r,m]. So we consider all possible

subsets having size in that range, and let

Fy = Ugw./2rym<iwi<m} Dw -

Then using Lemma 5.8.2 with @ = 1 — (2 4+ n)/r and the inequality in Lemma

5.8.1,

]P)(FQ) =P (Um’e[nm/ZT,m} U{W:|VV|=m’} {6(W7 WC) < (T -2 - n)m/})

< 3 ]@,)cf)exp [— (?) Nog(n/m') + Agm’

m/€[nm/2r;m

< Z Csexp (—(n/2)m/log(n/m') + (1 + Ay)m'). (5.6.5)

m! €[nm,/2r,m]
Noting that the function ¢(n) = nlog(1/n) is increasing on (0,1/e) (see (5.8.2)),
if m < n/e, then for m’ € [nm/2r,m|, m'log(n/m’) > (nym/2r)log(2rn/nm).
Using this inequality and the fact that (1/2r) log(2r/n) > 0, we can bound each
summand in (5.6.5) by Cs exp(—(n/2)(n/2r)mlog(n/m) + (1 + Ay)m). As there

are fewer than m terms in the sum over m’ in (5.6.5), if we use the inequality
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m < e™ form > 0, and

if m <n/e, then P(Fy) < Csexp (—(n/2)(n/2r)mlog(n/m) + (24 Ay)m).
(5.6.6)
If m is small enough, then the right-hand side of (5.6.6) is exponentially small,
and so with high probability there is no subset U of size m for which Ay occurs

and e(Uy, Uf) < (r —2 —n)|Uy|.

Step 3: Our final step is to estimate the probability that there is a subset U of
size m for which By occurs assuming F; and F, do not occur. Noting that U 1 jg

a disjoint union of U; and 90U, and |U| = |Uy| + |U4/, a little arithmetic gives

U | =|t7] + |oU]|

=(r =1=n)|U[+10U| = (r =2 =n)|U:] = (r =1 = n)|Uq|-

Letting
AU) = |oU] = (r =2 =n)|Ui| = (r — 1 = n)|Us|, (5.6.7)

we see that if By occurs, then A(U) has to be negative. Also if |U| = m, then by
the definition of F, ByNFY C ByNAy, and on the event AyNFs, |Uy| > (n/2r)|U|

and so e(Uy, UY) > (r — 2 — n)|U;|. Combining these two observations,

P(ByNFiNEy) < P(ByNAynky) <P{AU) < 0}n{e(Ur, Uy) > (r—2-n)|U1l}).
(5.6.8)

Now by the definitions of U, and U,

€(U0, Ug) = G(Uo,Uc) = T’Uo‘ and G(Ul,Ulc) = G(Ul, UC>, so that

e(U,U°) = e(Up,U°) + e(Uy,U) = r|Us| + e(Uy, Uy), (5.6.9)
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and a little algebra shows that {A(U) < 0} = {e(U,U*) — |0U| > (1 + n)|Us| +

e(Uy,Uf) — (r — 2 —n)|Ui|}. Also e(Uy, UY) < r|Uy|. So

PHAU) <0} n{e(U,U7) > (r =2 —n)|U1]}) (5.6.10)

= > P{eUy,Uf) = (r=2=n+)|Ui} N {e(U,U°) = [8U| = (1 + n)|Uo| +7|U}).

~v€(0,2+n)

Combining (5.6.8) and (5.6.10), and recalling that |U;| € [pm/2r,m|,

if wewrite R=r—2—n,
and if r(v, k) := P(e(Uy, Uy) = (R + ) |Uy|, |U1| = k) and
$(7,k) :=P(e(U,U) = |0U] = (L +n)|Us| +~|Us| | e(Ur,U7) = (R +7)|U1|, [Ui] = k).,

then P(By N Ff N F5) = Y > r(rk)s(y. k). (5.6.11)

v€(0,247n) kE€[pm/2r,m]
In view of (5.6.9), if L = (R + v)k + r(m — k), then {e(Uy,Uf) = (R + 7)|U1|} N
{IU| =k} ={e(U,U°) = L} n{|U;| = k}. So

s(7, k) = P(e(U,U%) = [0U| = vk + (1 +n)(m — k) |e(U,U°) = L, [U:| = k).

Since under the conditional distribution P(-|e(U, U¢) = L) all the size-L subsets
of half-edges corresponding to U¢ are equally likely to be paired with those
corresponding to U, the conditional distribution of (U, U¢) —|0U | given e(U, U°)
and |U;| does not depend on |U;|. So we can drop the event {|U;| = k} from the
last display and use (i) of Lemma 5.8.4 with ) replaced by (vk+(1+n)(m—k))/m

to have

s(v, k) <exp(—{vk+ (1 +n)(m — k)}log(n/m) + Aam), when m < ezn.

(5.6.12)

In order to estimate (7, k), we again use (5.6.9) and recall that R = (r—2—1)
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to have
r(v, k) = Ple(Uy,U7) = (R+7)k, [U:] = k)

= P(e(U,U°) = (R+7)k +r(m — k), [U,] = k)

< Pe(U,U°) =rm—(2+n—7)k),
Using Lemma 5.82 witha =1 — (2+ 17— v)k/rm,

2+n—vy
(v, k) < Csexp —Tklog(n/m) +Am |. (5.6.13)

Combining (5.6.11), (5.6.12) and (5.6.13), if m < esn, then

P(By N Fy N Fy)

< Y ¥ C’5exp[—{(M)k:—i—(1+77)(m—k:)}10g(n/m)—i—(Al—i—Az)m.

2
v€(0,24n) k€[nm/2r,m]

Noting that there are fewer than rm terms in the sum over v and at most m
terms in the sum over &, and using the inequality m? < ¢™ for m > 0, the above
is

< Osrm?exp [—(1+n/2)mlog(n/m) + (A; + Ay)m)|

< Cyrexp[—(1+n/2)mlog(n/m) + (1 + Ay + As)m]. (5.6.14)
Recalling the definition of H (m, (r—1—n)m) and considering whether the events
F;,1=1,2, occur or not,

P(H(m, (r =1 —=mm)) = P (Uwu-mBv)
< P(F) + P(Fy) + P (Ugguiemy (Bu N FY N F))

< P(R)+P(F)+ Y P(BynFNE).
{U:|U]=m}

Combining (5.6.4), (5.6.6) and (5.6.14), and using the inequality in Lemma 5.8.1

to estimate the number of terms in the sum, if m < min{1/e, e5(n)}n, then

P(H(m, (r =1 —n)m))
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IN

P(Fy) + P(Fy) + (:;) Csrexp [—(1 +n/2)mlog(n/m) + (1 4+ Ay + Ag)m]
< P(F) +P(F2) + Csrexp [—(n/2)mlog(n/m) + (2 + A1 + Ag)m]

< Czexp[—(n*/4r)mlog(n/m) + (2 + Ay + Ag)ml, (5.6.15)

where (5 = 3max{1, Csr}. To clean up the result to have the one given in Propo-

sition 5.1.5, choose € such that

(n*/4r)log(1/€5)/2 =2+ A1+ Ay, and  es(n) = min{1/e, &5(n), €5(n)},
(5.6.16)
where ¢; is defined in (5.8.8). So for any m < e3n, the estimate in (5.6.15) holds,
and

(n?/4r)log(n/m)/2 > (n*/4r)log(1/€5)/2 = 2 + A + Ay,

which gives the desired estimate for the probability in (5.2.3), and thereby, in
view of (5.2.2), provides the required bound for the probability in Proposition

5.1.5.

To finish the proof of Proposition 5.1.5 it remains to check that e;(-) is increas-
ing. By the definition of ¢5(-) in (5.8.8) and the properties of 3(-,-) in Lemma
5.8.3, €5(+) is increasing. Also by the definition of €} in (5.6.16), log(1/€5(+)) is
decreasing and hence €}(-) is increasing. Since minimum of increasing functions

is still increasing, we conclude from (5.6.16) that ¢;() is increasing. O

5.7 Proof of the second isoperimetric inequality

In this section, we present the proof of the isoperimetric inequality in Proposi-

tion 5.1.6.
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Proof of Proposition 5.1.6. Recall the definitions of W* and ;(W) from (5.2.6). We

need some more notations to proceed. Given n > 0, let

Qw = {BO(W) + 6 (W) >

+77}, Ry = {51(W>> 1”"}.

2(r — 2) r—2

We divide the argument into three steps.

Step 1: Our first step is to estimate the probability that there is a subset W C V,,
of size m for which Ry, occurs. Since each x € OW has e({z}, W) > 1 and each

re€Wlhase({z},W)>r—1,
e(W.We) = (r = DIW! + (|oW] = [WH]) = (r = 2)|WH| +[oW],  (5.7.1)

and so Ry C {e(W,W¢) — |0W| > (1 + 2n)|W|}. Therefore, using (ii) of Lemma

584
if W] =m < ezn, then P(Ry ) < exp|—(1 + 2n)mlog(n/m) + Aam].  (5.7.2)

Now if

My = Ugwyw)=my Bw

then using (5.7.2) and the inequality in Lemma 5.8.1,

if m < esn, then P(M;) < (n) exp[—(1 + 2n)mlog(n/m) + Agm)]
m

< exp[—2nmlog(n/m) + (1 + Ag)m)]. (5.7.3)

If m is small enough, the above estimate is exponentially small, which implies

that with high probability there is no subset W of size m for which Ry, occurs.

Step 2: Our next step is to estimate the probability that there is a subset W C V,

for which Qw N RS, occurs and e(WO (W9)¢) < (r—2—(2r—4)n)|W°|. If QwNRS,
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occurs for some subset W of size m, then a little algebra shows that for r > 4,

3 L2y 1

5°(W)22(r—2)+77 r—2 = 2(r—2)

and so |W°| € [m/(2r — 4),m]. For this reason we consider all possible subsets

having size in that range and let
Ma == Utuiefm/@r—2m3{e(U,U°) < (r—2 = (2r — 4)n)|U[}.

Applying Lemma 5.8.2, using the inequality in Lemma 5.8.1, and then using an

argument similar to the one leading to (5.6.6),

if m <n/e, then

P(Ms) = P (Unvepm/@r—aym Yo v=my {e(U,U°) < (r—2—(2r — 4)n)|U[})

IN

2

m/€[m/(2r—4),m

< Csexp [—gmlog(n/m) +(2+ Al)m} :

If m is small enough, then the right hand side of (5.7.4) is exponentially small,
and so with high probability there is no subset W of size m for which Qw N Ry,

occurs, and e(W° (W0)¢) < (r — 2 — (2r — 4)n)|W").

Step 3: Our final step is to estimate the probability that there is a subset W C V,
for which Qw occurs assuming M; and M, do not occur. If |W| = m, then by
the definition of M;, Qw N M7 C Qw N R§,. On the event Qw N Ry, N Mj,
W € [m/(2r —4), m] and so e(W°, (W°)¢) > (r—2—(2r —4)n)|W°|. Also by the
definition of W, e(W° W¢) < |IW°|. Combining these three observations with

the fact that W° C W, on the event Qy N M N M,

eWO,WA\W?) = e(W° (W) —e(W?, W°)

Z (ﬂi/) Cs exp {—wm’ log(n/m') + Aym/
]

(5.7.4)
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> (r—2—(2r —4)n)[W°| - [W°|

= (r=3—=(2r=4)n)6(W)[W|. (5.7.5)

Next we see that W is a disjoint union of W% and W \ W°, and (W \ W°)¢is a

disjoint union of W and W*. So

e(W, W) = e(W\ W We)+e(W, W)

= e(W\W°% W\ W) —e(W\ W2 W% +e(W°, W) (5.7.6)

Combining the inequalities in (5.7.5) and (5.7.6), recalling that e(W \ W°, (W \
W) < r|W \ W9, and again using the inequality e(W" W¢) < |W?|, we see

that on the event Qyu N My N M5,

e(W, W) < r|W\WY —e(W, W\ W% +e(W°, W°)

< fr=@r =41 =n)G(W)][W].
Therefore by (5.7.1),

OW] < (W, W*) = (r — 2)[W]

< [r=@2r =490 =n)B(W) = (r = 2)B(W)]|W]. (5.7.7)

Now we show that (2r —4)(1 —n)Go(W) + (r — 2) 51 (W) > 2 + n on the event
Qw N M N M. By the definition of M, 5;(W) < (1 + 2n)/(r — 2) on the event
Qw N My N M. Soif (2r —4)(1 —n)Bo(W) + (r — 2)51 (W) < 2 4 1 on the same
event, then noting that the maximum value of 3, + 3; under the constraints (i)
(2r —4) (1 —n)Bo + (r —2)01 < 2+ nand (ii) 51 < (1 + 2n)/(r — 2) is attained
when both constraints hold with equality, a little algebra shows that

1+ 27 1 3 2 3

ﬁl—i-ﬂoﬁ r—29 +2(r_2):2<r—2)+r—2n§2(r_2)

+1
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on the event Qy N M{ N M. But the definition of Q1 contradicts that. So, on the
event Qu N M{ N M, we must have (2r —4)(1 —n)Go(W) + (r —2)5,(W) > 2+1n
and hence [0W| < (r — 2 —n)|W| by (5.7.7). Thus P(Qw N M{N M5) < P(|oW] <
(r—2—mn)|W|). In order to estimate the right-hand side of the last inequality we

apply Lemma 5.8.5 to have

if |W] =m < ezn, then P(QwNMiNMs) < Crexp(—(1+n/4)mlog(n/m)+(1+A1+Ag)m).
(5.7.8)
Recalling the definition of F'(m, k) and considering whether the events M;,i =

1,2, occur or not,

PIF(m, [3/(2r —4) +nm)] = P (Ugw:jwi=mQw)
< P(My)+P(My)+P (U{W:\W\:m}(QW NnM;nN Mzc))

< P(M)+P(M)+ > P(Qw N MjnMg).
{W:|W|=m}

Combining the probability bounds in (5.7.3), (5.7.4) and (5.7.8), using the in-
equality in Lemma 5.8.1 to estimate the number of terms in the sum, if m <

min{1/e, e5(n)}n, then
PLE(m, [3/(2r — 4) + n]m)]
< P(M,) +P(Ms) + (:1) Crexp [—(1+n/4)mlog(n/m) + (1 + A1 + Ag)m)|

< P(M) + P(Ms) + Crexp [—(n/4)mlog(n/m) + (2 + Ay + Az)m]

< Cyexp[—(n/4)mlog(n/m) + (2 + Ay + Ag)m), (5.7.9)

where Cy = 3max{1, C7}. To clean up the result to have the one given in Propo-

sition 5.1.6, choose € (n) such that

(n/8)log(1/e)) = (2+ A1+ Ay), and ¢ :=min{l/e, es5(n),e,(n)}, (5.7.10)
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where ¢; is defined in (5.8.8). So for any m < ¢n, the estimate in (5.7.9) holds,

and
(n/8)log(n/m) > (n/8)log(1/€}) = (2 + A1 + Ay),

which gives the desired result. O

5.8 Probability estimates for e¢(U, U¢) and |0U|

We begin with a simple estimate for the number of subsets of V,, of size m.

Lemma 5.8.1. The number of subsets of V,, of size m is at most exp(m log(n/m)+m).

Proof. The number of subsets of V,, of size m is (). Using the inequalities n(n —

1)---(n—m+1) <n™and e™ > m™/ml,

(n> < s (E)m = exp(mlog(n/m) +m).

m m)! m

In order to study the distribution of |0U|, the first step is to estimate e(U, U*).
Because of the symmetries of our random graph G, the distribution of e(U, U°)

under [P depends on U only through |U|.

Lemma 5.8.2. Let U be any subset of V,, with |U| = m. Then for any o« € (0,1),

r

P(e(U,U°) < ar|U]) < Csexp ( 5(1—a)mlog(n/m) + Alm)

for some constants Cs and A,.
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Proof. Let f(u) be the number of ways of pairing v objects. Then

u!

)= e
If p(m,s) =P(e(U,U°) = s), then we have

r;n> (T(n N m)) gfrm = S>§<(::§,7> —m)—s)

To see this, recall that we construct the graph G, by pairing the half-edges at

p(m, s) < (

random, which can be done in f(rn) many ways as there are rn half-edges. We
can choose the left endpoints of the edges from U in (") many ways, the right
endpoints from U* in (’"(”;m)) many ways, and pair them in s! many ways. The
remaining (rm — s) many half-edges of U can be paired among themselves in
f(rm — s) many ways. Similarly the remaining (r(n — m) — s) many half-edges

of U° can be paired among themselves in f(r(n — m) — s) many ways.

Write D = rn,k = rm and s = nk for n € [0,1]. Combining the bounds of
(6.3.4) and (6.3.5) of [16] we get

2\ /L k(1-n)/2 1+ n)k (D—(1+n)k)/2
p(m, s) < Csk/? (?) (5) <1—%) (5.8.1)

for some constant Cs. Now

if ¢(n) = nlog(1/n), then ¢'(n) = —(1 +logn) and ¢"(n) = —%- (5.8.2)

So ¢(+) is a concave function and its derivative vanishes at 1/e. This shows
that the function ¢(-) is maximized at 1/e, and hence (1/5)" = ¢?™ < el/¢ for
n € [0,1]. So (e?/n)™ < C* for C = exp(2 + 1/e). If we ignore the last term of

(5.8.1), which is < 1, then we have

larm|

P, U) <arm) = 3 pms) < 3 Gty e (2)7

n
s=1 {n: nrmeN, n<a}
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?

<067“3/2m3/207‘m <T>T(1—a)m/2
N n

as there are at most rm terms in the sum and (m/n)*™" < (m/n)=@ for n < a.

The above bound is

< Csexp (—g(l — a)mlog(n/m) + rmlog C + 3m/2> :
and we get the desired result with C5 = Cgr®/? and A, = rlog C + 3/2. O

Lemma 5.8.2 gives an upper bound for the probability that e(U, U¢) is small.
Our next goal is to estimate the difference between e(U, U¢) and |0U|. In order

to do that, first we need the following large deviation probability estimate.

Lemma 5.8.3. If T3, T, . . . are independent random variables and T; ~ Geometric(p;)
with p; = (n — i + 1)/n, then for any u > 0 and n € (0, u) there are positive constants

Ay and = [(u,n) such that for large enough n and any m < fn,
P (T1 + T+ 4+ Tunym] > um) < exp[—nm log(n/m) + Agm].

Moreover, (u,n) | 0asn | 0and for fixed n, 5(u,n) is a decreasing function of w.

Proof. Letq; =1 —p; = (i — 1)/n. Then for 6 < log(1/q;),

E [T — 1 gk _ pie
[6 ] = ;Piqi e = 1_—%69-
Lete =m/n,0 > 0and ee’ < 1/(u—mn) so that Ee®?i is finite fori = 1,2,..., | (u—
n)m|. Using Markov inequality

(=]
P (T + -+ Ty > um) < exp[~0um] ] Ee"
=1
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Using € = m/n and the formula for E exp(#T;), a little arithmetic shows that the

above is

< exp | —Ouen + Z log

<exp |—Onen+n - - Z log | (5.8.3)

— —(i—1)e?/n

1
—
e
s
)
S
i
—_
|
—~
o~
|
—_
~—
~
N
I |

Since ¢/ > 1, it can be verified that the function g(x) = log[(1 — z)/(1 — xe?)]
is increasing, so that we can bound the Riemann sum for the function g(x) in

(5.8.3) by the corresponding integral. Thus the above is

(u—n)e (u—n)e
< exp [—Onen +n (/ log(1 — z)dx — / log(1 — xe%dw)] . (5.84)
0 0

To bound the last quantity we let

(u—n)e (u=n)e
h(0,u,n,€) = One — </ log(1 — z)dx — / log(1 — xe%dm) :
0 0

Clearly h(0,u,n, €) = 0. We want to maximize h with respect to § keeping all the

other parameters fixed. Changing the variablesy =1 — z and z = 1 — z¢€?,

1 1
h = 0ne— (/ logy dy — ea/ logzdz)
1—(u—n)e 1—(u—n)ee?

= One—(—(1 — (u = n)e) log(L — (u —n)e)

+e? (1= (u—mn)ee’) log (1 — (u—n)ee’)), (5.8.5)
where to evaluate the integrals we recall (zlogz — )" = log x.

Oh)90 = ne+ e’ (1 — (u—mn)ee’) log (1 — (u— n)ee’)

+e % (u—mn)ee’log (1 — (u—mn)ee’) —e™? (1 — (u—n)ee’) —(u = m)ee

1 — (u—n)ee?

=ne+ (u—n)e+ e ’log (1—(u— 77)660> — ue + e ’log (1—(u— n)eee) .
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Oh/00 = 0 implies exp(—uee?) = 1 — (u — n)ec’. Letting

B = B(u,n) be the unique positive number satisfying e ™’ = 1 — (u — 1)},
(5.8.6)
Oh/00 > 0 if ee’ < 3. (5.8.6) suggests that 3 € (0,1/(u —n)). So for fixed u,n,
e < B(u,n) and 6* := log(3/¢), 0* > 0 with ee’ < 1/(u — 1), and the function  is
maximized at §*. Plugging the value of §* in (5.8.5),

€

h = nelog(B/€) +(1—(u—mn)e)log(1 = (u—mn)e) — = (1—(u—n)8)log(1—(u—n)5).

g

Noting that the function

_ _ _5— _ —1ifé6 — 0
»(d) = (1=9) l(()sg(l %) satisfies ¢/ () = g 105(1 %) > 0, and ¢(0) — 1

0ifo — 1
[4(0) —1(8")] > —1for ,d" € (0,1), and so
h = nelog(1/€) +nelog 8+ (u —n)e[tr((u —n)e) — P((u —n)H)]
> nelog(1l/e) — ca(u,n)e, (5.8.7)

where cy(u, 1) = u —n +nlog(1/6(u,n)).

To see that 3(u,n) has the desired properties, note that if ¢, (u,n) = e ** —
14+ (u—n)z, then for x > 0, dp,/0u = —xe ™™ + x > 0 and dp,/On = —x < 0. If
we put z = 3(u,n), use (5.8.6), and note that ¢,(u,n) < 0if and only if 0 < z <
B(u,n), then

for u' > u, @aeuy (W', 1) > @sm(u,n) = 0, and so we must have (v, 1) < B(u,n),

for ' < 0, s@m (U, n') > ©aeun(u,n) = 0, and so we must have §(u, ') < B(u,n).

To ensure that 5(u,n) | 0asn | 0, see that if 5(u,0) := lim,_ 5(u, 1), then using

continuity of 5(u, n) and (5.8.6), exp(—u/(u,0)) = 1 —uf(u,0) and so B(u,0) = 0.
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Using the properties of 3(u,n) we can show that ¢, (u, 3) is bounded above
as n and u vary. From the inequality eV > 1 —ywehave 1l —e¢ ™" = [Je v dy >
Jy (1—y)dy = x—2?/2 for any x > 0. In view of (5.8.6), using the last inequality
we see that

u2 62

1—(u—n)f = e’ < 1—uf+

2 2
, which implies g > —Z and so ¢y (u,n) < u—n+nlog (;—) )
u n

and limsup, . c2(u, 1) < u. In the other direction, #(u,n) — oo as n — u, since
for any 3y > 0 we can choose 7o € (0, u) so that 1 —(u—mny)8y > e~ % (e.g. choose
no satisfying 1 — (u — n9)fo = (1 + e~%%)/2) to make sure 3(u,n,) > 3. Thus
ca(u,m) — —oo as n — u. From the behavior of ¢;(u,n) when 7 is close to 0 and

u , and noting that c;(u, n) depends continuously on 7,
co(u) := max{ca(u,n) : n € (o,u)} < 0.

Next we recall that e(U, U¢) < r|U]| so that u € [0, r]. Since ((u,n) is decreasing
in u, recalling the definitions of ¢3(u, n) and ¢y (u) it is easy to see that for fixed 7,

c2(u, m) is increasing in u, and hence so is ¢(u). Therefore,

if Ay :=co(r), then co(u,n) < co(u) < Agforany 0 <n < u <.

Coming back to estimate /, we can convert (5.8.7) to
h = nelog(1/€) — Age.
Plugging the bound on i and € = m/n in (5.8.4) we get
P(Ti 4 -+ + T{(u—nym| > um) < exp(—nmlog(n/m) + Aym).

which completes the proof of Lemma 5.8.3 O
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Now we use Lemma 5.8.3 to get an upper bound for the probability that the

difference between e(U, U¢) and |0U| is large.

Lemma 5.8.4. If U is a subset of vertices of G,, such that |U| = m, then for any n > 0,
u € (n,r] and Ay as in Lemma 5.8.3, there is a constant €5 = e5(n) > 0 such that for

large enough n and m < ezn,

(@) P(OU] < (u—=n)|U[| e(U,U) = u|U]) < exp(—nmlog(n/m)+ Aym),

(i) P (e(U,U") —|0U| > n|U]) < exp(—nmlog(n/m) + Aym).

Proof. Since |U¢| = n — m, there are r(n — m) many half-edges correspond-
ing to U¢. In order to have e(U,U¢) = um, we need to choose um half-edges
corresponding to U¢ and pair them with the same number of half-edges cor-
responding to U. Since the half-edges are paired randomly under the proba-
bility distribution P, all the subsets of half-edges corresponding to U* of size
um are equally likely to be chosen under the conditional probability distribu-
tion P(-|e(U,U¢) = um). Noting that the subset of size um, which is obtained
by choosing um objects one at a time from a set of size r(n — m) uniformly at
random without replacement, has uniform distribution over all possible subsets
of that size, we can assume that the half-edges corresponding to U“ mentioned

above are chosen one by one uniformly at random without replacement.

Suppose R, half-edges are chosen by the time ¢ many distinct vertices are
chosen. Let 7] = Ry = land 1] = R; — R;_; for ¢ > 2. Since each vertex has r
half-edges, R;11 < 1+ riand e(U,U¢) < r|U| so that u < r. A little arithmetic

gives that for large enough n,

n n—1 n— n . .
< < sothatform < ——andi=1,...,um,ri+1+rm < n.
r2+r+1 7 2+ T orutr r?+r+1
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Combining these inequalities, after choosing the ' distinct vertex the failure

probability to choose the (i + 1) distinct vertex at any step is

T —1 ) ,
< . < —fori < um.
r(n—m)—ri—1"n

Then, on the event {e(U,U¢) = um}, the T/ can be coupled with geometric ran-

dom variables 7; with failure probability (i — 1)/n so that T} < T;. So

P(R|(u—mym) > um|e(U,U°) = um) =P (T} +--- + T (unym) > umle(U, U°) = um)

<P (T4 + Tuepym > um),
whenm < n/(1+r+r?). If we let

es(n) = min{1/(1+ 7 +7%), 3(r,1/2)}, (5.8.8)

where [ is defined in Lemma 5.8.3, then for m < e;n we have the above inequal-
ity and can use the probability estimate of Lemma 5.8.3 as 3(u,n) > B(r,n).

From those two inequalities we conclude that

P(|oU| < (u—mn)m | e(U,U°) = um) < P(R|(y—nym| > umle(U,U°) = um)

< exp(—nmlog(n/m) + Aym)
for m < esn, which completes the proof of (i).
To prove (ii), recall that e(U, U¢) < rm. So based on e(U, U¢) we have

P(e(U,U°) = [0U| = nm)

IN

Z P(e(U,U°) — [0U| > nm,e(U,U°) = um)

u€(n,r]: umeN

= > P(e(U.U) = |0U| = nmle(U,U°) = um)P(e(U, U°) = urth.8.9)

u€(n,r]: umeN
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If m < esn, we can use (i) to bound the first terms of the summands in the

right-hand side of (5.8.9) and have

P(e(U,U*) = |0U| = nm)
< exp(—npmlog(n/m) + Asm) P(e(U,U°) = um)

w€(n,rl: umeN

< exp(—npmlog(n/m) + Agym).

Lemma 5.8.4 gives an upper bound for the probability that the difference be-
tween |0U| and e(U, U¢) is large. Now we use Lemma 5.8.2 and 5.8.4 to estimate

the probability that |[OU]| is smaller than (r — 2)|U|.

Lemma 5.8.5. Let U C V,, be such that [U| = m and n > 0. For the constants A, of

Lemma 5.8.2, €5 and Ay of Lemma 5.8.4, if n is large enough and m < esn, then
P(joU] < (r =2 =n)|U]) < Crexp[=(1 +n/4)mlog(n/m) + (1 + Ay + Ag)m]

for some constant C.

Proof. First we estimate the probability P(|0U| = (r — 2 — #')|U|) when ¥’ > n.

Noting that |0U| < e(U,U°) < r|U| forany U C V,,

P(|oU| = (r =2 =n)|UJ)

= Y P(U|=(r—2-)|Ul,e(U,U) = (r—2—n'+)|U]). (5.8.10)

vE[0,2+7]
For the summands with v > 7//2, we write each summand as the product of

two terms

P(e(U,U°) = (r=2—n'+)|UN) P(|0U] = (r—2=1)|U[le(U, U) = (r—2—1'+7)|U]).
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We can use Lemmas 5.8.2 to estimate the first term above. For the second term,
note that by the definition of €; in (5.8.8) and the properties of 3(-, ) in Lemma
5.8.3,if v > 1//2, then f(r —2 —n' +v,7) > B(r,n/2) > €. Soif |U| = m < en,
we can use (i) of Lemma 5.8.4 to estimate the second term in the last display,

and have

P(|0U| = (r =2 =n)|U],e(U,U°) = (r =2 =n' +7)|U])

2 F—
<Cjexp [— (y) mlog(n/m) + Aym| - exp(—ymlog(n/m) + Aam).

As there are fewer than rm terms in the sum over v and each term has the same

upper bound Cs exp(—(1+1n'/2)m log(n/m)+ (A; + Ag)m), noting that m < e™/?

form >0,
Y. P(oU|=(r=2=1)|U}e(U,U) = (r =2 =1 +7)|U])
vEM' /2,2+47]
2+
< rCsexp |— 5 mlog(n/m)+ (1/2+ A1 + Ay)m| . (5.8.11)

For the summands in (5.8.10) with v < 7/2, we can ignore one of the two events

and use Lemma 5.8.2 to have

> P(oU|=(r—2—)|U],e(U,U) = (r=2-n'+7)|U)) (5812

€07’ /2)

< P(e(U.UY) < (r—2—n/2>rvr><05exp( /2

mlog(n/m) + Alm) .

Combining (5.8.11) and (5.8.13), noting that there are at most rm terms in the
sum over 7’ below, and again using the inequality m < e™/? for m > 0,
P(oU| < (r=2=n|U) = > P(oU|=(r—2=1)|U])
' €n,r—2]

< Z (C5 + Csr) exp(—(1 + 7' /4)mlog(n/m) + (1/2 + Ay + Az)m)

n'€[n,r—2]
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<rCs(1+r)exp(—(1+n/4)mlog(n/m) + (1 + A1 + Ag)m),

and we get the desired result with C; = Csr(1 4 r). O
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