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Transmission of neural information starts by the fusion of a synaptic vesicle inside a
neuron with the membrane of the neuron. This fusion process mainly consists of two
steps. First one is docking which is to bring the vesicle into the proximity of neuron
membrane, against the repulsive forces from electrostatics and hydration. The forces
necessary to overcome this repulsion are provided by a family of proteins known as
SNARE. Second step is fusion pore formation, which leads to the release of the
neurotransmitter, for its collection by the next neuron. We have studied the process of
synaptic vesicle fusion using Continuum and CG molecular models. Continuum
models of the vesicle and neuron membrane are used to understand the deformation
and forces in the membrane system in response to the SNARE and repulsive forces. In
another study, a CG-model of SNARE is combined with continuum model of the
membranes to analyze the deformation and forces during docking. Our calculations
show that about 4-7 SNARE complexes are needed to “dock” the vesicle. Using a
continuum model, we estimated the docking time of a synaptic vesicle under the effect
of hydrodynamics. We found out that it is the nature of the force generated by the
docking machinery which governs it. We have also developed a CG model
incorporating lipid bilayer membrane and SNARE complexes to better understand the

dynamics of the fusion process.
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Introduction

1.1 Neurotransmission

In the body of living organisms, the neural information is transmitted across the
nervous system by the process of neurotransmission. The nervous system is a network
of specialized cells called neurons. Neural information is transmitted from a neuron to
its neighbor in the network by electric impulses and chemical transfer. The chemical
transfer involves transportation of neurotransmitter and is synchronized by an electric
impulse commonly known as an action potential. The neurotransmitters are packed
inside nanometer scale sacs known as synaptic vesicles. These vesicles are fused to the
base of the neuron to release the neurotransmitter towards the next neuron in the
network.

The process of neurotransmission is a crucial step in the functioning of the nervous
system. An improper neurotransmission can lead to various neurological disorders.
For example, GABA (gamma-Aminobutyric acid) is associated with the regulation of
neurotransmission of Glutamate, which is a key neurotransmitter associated with
anxiety. The malfunctioning of GABA receptors at the interface between two neurons
is believed to be the cause behind anxiety [1]. In the case of brain injuries it has been
reported that the level of calcium ions in the neurons goes up, which will result in
improper action potential and hence poor neurotransmission [2]. Huntington’s disease
involves an excessive release of the neurotransmitter Glutamate and reduced release of
Dopamine at the synapse. Glutamate and Dopamine interplay governs the motor

control in living organisms [3]. A reduction on Dopamine release is the major cause



behind Parkinson’s disease. This reduction is caused by the blockage of dopamine
receptors in the neurons [4].

Despite its importance, neurotransmission is not well understood. The length scale
involved in the process of neurotransmission is of the order of ~20nm, which is the
radius of the synaptic vesicle [5]. The time scale associated with the neurotransmission
is few nano-seconds [6]. The lacks of simultaneous spatial and temporal resolution at
nanometer and nanosecond level respectively pose a huge obstacle in visualizing
neurotransmission.

In this thesis we used a simulation based approach to study neurotransmission and
more specifically synaptic vesicle fusion. Coarse Grained Molecular Dynamics
(CGMD) simulation techniques capture the role of molecular interaction in the fusion
process. Continuum mechanics based models provide additional insight on a coarser
scale. n this work, we employed both approaches to study synaptic vesicle fusion.

In the next section, we will give a more detailed description of the synaptic vesicle
fusion process.

1.2 Synaptic vesicle fusion

Synaptic vesicle fusion is the exocytosis process by which neurons exchange the
neurotransmitter between them. As shown in Fig. 1.1, when a neural signal is received
by neuron 1, also known as presynaptic neuron, that signal has to be passed along to
the neuron 2, the postsynaptic neuron. The neural signal travels down the body of
presynaptic neuron in form of an electric impulse referred to as, action potential. This
action potential then reaches the synapse, which is the interface between two

neighboring neurons. It needs to be emphasized that the neurons are not in direct



contact with each other — they are separated by a gap known as synaptic cleft which is

approximately 20nm wide [7].
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Fig 1.1: Schematic of synaptic vesicle fusion (Image ref: J.H. Hurst et al, J. Clin.

Invest., 2013, kennesaw.edu)

The base of the presynaptic neuron has prepackaged sacs of neurotransmitters, known

as synaptic vesicles with a radius of 20nm. These vesicles wait at the base of the

neuron for an action potential to trigger the fusion process. The machinery which

drives the fusion process is a protein complex known as SNARE (Soluble NSF [N-

ethylmaleimide Sensitive Fusion protein] Attachment Protein Receptor). The role of

the SNARE protein complex in fusion can be broken down into two major steps:

1) To position the vesicle into the proximity of neuron plasma membrane and this

step is known as priming of synaptic vesicles or docking;
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2) Upon the arrival of action potential, the SNARE complex undergoes changes
in conformation, which leads to fusion pore formation, allowing the release of

the neurotransmitter into the synaptic cleft.

Before diving into the details of the synaptic vesicle fusion, we will describe the
different components of synaptic vesicle fusion.

1.2.1 Lipid bilayer membrane structures: Synaptic vesicle and neuron plasma
membrane

The surfaces of synaptic vesicles and neuron are composed mostly of lipid bilayers.
The lipid bilayer membrane is an omnipresent biological element playing an extremely
important role in various biological processes. Lipid membranes along with specific
set of proteins regulate the essential cell processes like exocytosis, endocytosis, cell
division, signaling etc. Lipid molecules are the basic building blocks of the lipid
membranes. These molecules are amphiphilic in nature, due to the presence of a
hydrophilic head and hydrophobic tails as shown in Fig. 1.2. When exposed to an
aqueous medium, they tend to form interesting structure in order to minimize their free
energy. The goal of these structures is to keep the hydrophobic tails away from water.
As shown in Fig. 1.2, bilayer membranes are one of many geometric structures which

result under this criterion of energy minimization.



Phospholipid

Fig 1.2: Lipid bilayer and single lipid molecule (Image ref: Wikipedia)

The synaptic vesicle is roughly a spherical structure of radius ~ 20nm. The presence of
neuro-transmitters inside the vesicles creates an osmotic pressure across the synaptic
vesicle membrane.  This pressure is about 0.30sm[8] at room temperature. This
osmotic pressure creates an in-plane tensile stress in the membrane comparable to its
rupture strength of ~10mN /m [9], [10]. The SNARE complex positions and further
regulates the in-plane tension. Specifically, the SNARE complex can imposed
additional tension on the membrane, so a fusion pore can be formed to release its
contents.

In contrast, the neuron plasma membrane is a relatively larger structure. Relative to

the synaptic vesicle, it can be modeled as flat surface as there is no significant osmotic

pressure across this membrane.
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1.2.2 SNARE complex
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Fig 1.3: SNARE complex: a) along with synaptic vesicle and plasma membrane
b) its constituent proteins (Image ref: Wikipedia)
A SNARE (Soluble NSF Attachment Protein Receptor) complex is a tightly bound
bundle of four proteins helices which is attached to the synaptic vesicle and neuron
plasma membrane, as shown in fig 1.3a. Its role is to drive synaptic vesicle fusion. The
four protein helices are contributed by three different proteins of SNARE family and
they are listed below:

1. Synaptobrevin (Syb)

This is a protein which is anchored to the lipid bilayer membrane of the
synaptic vesicle and also known as v-SNARE or VAMP (Vesicle Associated
Membrane Protein) [11], [12]. It contributes one SNARE motif to the SNARE
complex bundle. Fig. 1.3b shows that the helix of this protein can be divided
into three parts:

a. SNARE motif


https://en.wikipedia.org/wiki/SNARE_(protein)

The part of the helix which is contributed towards the SNARE complex
formation.

b. Linker domain
A small portion of the helix which connects the SNARE domain with
the Trans-Membrane Domain. It is believed that it changes its
conformation from unstructured (ribbon like) to structured (helical)
upon arrival of action potential at the synapse [13]-[15].

c. Trans-Membrane Domain (TMD)
The TMD is a helical domain of the Syb which extends into the
membrane of the synaptic vesicle and acts as an anchor for it [16]. Due
to the hydrophobic nature of the TMD it is stable within the
hydrophobic core of the lipid bilayer membrane.

2. Syntaxin (Syx)

Syx is the SNARE protein which contributes one SNARE motif (called t-
SNARE) in the SNARE complex. It is anchored to the neuron plasma
membrane by a similar hydrophobic TMD as that of Syb. Together SNAP-25
and Syx are known as t-SNAREs, means that they are attached to the target
membrane or neuron plasma membrane. It has a very similar structure to that
of Syb as shown in fig. 1.3b, with a SNARE motif, a linker domain and a
TMD. The linker domain of Syx is also believed to change its conformation
from unstructured to structured, upon the arrival of action potential at synapse

[17].



3. SNAP-25

SNAP-25 contributes two SNARE motifs in the SNARE bundle. The two
helices are called SN1 and SN2. The unstructured sequence of SNAP-25
between SN1 and SN2 is anchored to the top of the plasma membrane [18].
This domain of SNAP-25 is adsorbed on the surface of the plasma membrane
due to palmitoylation of few amino acids.

1.3 Role of SNARE on Vesicle Docking

\/ Plasma membrane

SNARE complex

Synaptic cleft »
X YIS

Fig 1.4: Synaptic vesicle docking
A synaptic vesicle which is tightly packed with neurotransmitter migrates towards the
neuron plasma membrane. Upon which the v-SNARE anchored to the lipid membrane
of the synaptic vesicle finds a t-SNARE group on the neuron plasma membrane. These
v-SNARE and t-SNARE zips together to form the SNARE complex. This zippering
process closes the gap between the two lipid membrane structures and results in
docking as shown in Fig. 1.4. Specifically, the zippering of the SNARE motifs

provides energy to counter the repulsive effects of following interactions:
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1. The lipid molecules have a hydrophilic head, which can be charged or polar.
This gives rise to electrostatic repulsion between the two lipid membrane
structures.

2. Due to the polar/charged nature of the lipid heads, the water molecules are
hydrogen bonded with lipid heads. The resistance against breaking the
hydrogen bonds is known as hydration pressure.

3. Hydrodynamic forces can affect the docking process. A pressure gradient is
required to create an outward flow of fluid in between the two membranes.
This allows for the molecular rearrangements in the opposing lipid membranes,

setting the environment for the synaptic vesicle fusion.

1.4 Synaptic Vesicle Fusion

Fig 1.5: Synaptic vesicle fusion



When the action potential arrives at the synapse, the docked vesicle is brought closer
to the neuron membrane. The arrival of action potential initiates several
conformational changes in the docked synaptic vesicle. One of these changes takes
place in the linker domain of Syb and Syx. The unstructured linker domain where
bending stiffness is negligible becomes helical and this stiffening straightens the entire
helix of Syb/Syx from its initial bent state. In this straighten state, these helices
minimizes their elastic free energy [19].

The process of helical straightening brings the two lipid membranes further close to
each other. This squeezes the water out and the molecular rearrangements in the lipid
bilayer structures lead to formation of a fusion pore. The pathway from two lipid
membranes to a fusion pore is a debatable topic [20]-[23]. The intermediate stages of
this process are believed to be a stalk and a hemifused diaphragm. The hemifused
diaphragm then ruptures to release the contents of the synaptic vesicle into the cleft. In
some other observations, it has been proposed that next stage after stalk formation is
fusion pore formation. Another topic of debate in this area lies in answering the
question of how many SNARE complexes are needed for a successful synaptic vesicle
fusion [24].

1.5 Organization

In this work we will talk about the approaches which have been incorporated in
understanding the synaptic vesicle fusion. We have used a combination of continuum
mechanics and CGMD models to simulate various aspects of the synaptic vesicle

fusion.
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In chapter 2, we have used a continuum mechanics model to understand the
deformation and in-plane tension in the synaptic vesicle and neuron plasma
membrane. This is in response to the external force acting on the membrane structures
due to SNARE complexes and the electrostatic repulsion. From the deformed
membrane shape we can locate the point at which the lipid membranes are closest to
each other. This location is the probable site for stalk fusion and subsequently the

fusion pore.

In Chapter 3, we have used the continuum model developed in chapter 2 along with a
CGMD model of SNARE complex to answer the highly debatable question of how
many proteins are needed to dock a synaptic vesicle. The SNARE complex force has
to compete against the electrostatic repulsion and hydration pressure. A vesicle is
assumed to be docked, if the shortest gap between the two membranes is ~2nm
[reference needed]. Based on our calculation 4-8 SNAREs complexes are sufficient to

dock the synaptic vesicle at ~ 2nm away from the neuron plasma membrane.

In chapter 4, we looked into the role of hydrodynamics in the synaptic vesicle
docking. During the docking the physiological fluid has to be squeezed out from the
gap between the vesicle and neuron plasma membranes. We have used a lubrication
theory to compute the traverse time of synaptic vesicle under the effect of SNARE
forces. Based on the experimental studies [25], it takes ~ 250msecto dock a synaptic
vesicle and it requires the force from the SNARE complex to decay rapidly as the gap

closes.

11



Chapter 5 looks into the CGMD simulation of SNARE mediated membrane fusion and
pore formation. The CGMD SNARE model used in [19] is implemented along with a
CGMD lipid bilayer model [26]. The simulation studies inclined towards the
possibility of stalk and subsequently a pore is formed. The simulation is still under the
parameter tuning for interaction between SNARE and lipid bilayer membrane CGMD

models.
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Chapter 2

Synaptic vesicle docking is an extremely crucial step during the neurotransmission
process. A neurotransmitter filled synaptic vesicle is made fusion ready and positioned
in the proximity of the neuron plasma membrane. Docking is mediated by the proteins
of SNARE family. These proteins zip together to form a SNARE complex. This
complex serves as the clamping mechanism for the docking. The constituent proteins
are attached to both neuron plasma membrane and synaptic vesicle at one end. The
other end of these proteins is the initiation site for the zippering. This zippering
provides the necessary force needed for clamping to dock the vesicle and competes
against the electrostatic force. This electrostatic force originates due to the charge
present on the lipid membranes. A force balance between the clamping force and
electrostatic forces determine the deformation and stress in the membranes.

In this chapter we present a continuum mechanics based theory to estimate the state of
the system under a prescribed clamping force. The system is assumed to be an axis-
symmetric model, in which the synaptic vesicle is modeled as a sphere, whereas the
neuron plasma membrane is modeled as a circular disc. The size of the circular is
chosen to be much larger than the size of the synaptic vesicle (~20nm). This
assumption is made based on the cryo-electron images of the synapse. The neuron
plasma membrane is nearly flat compared to the synaptic vesicle. To mimic the far
field, a constant line load is applied on the edge of the neuron plasma membrane. The
clamping force of the SNARE complex is distributed over a circular line on the

synaptic vesicle and the neuron plasma membrane.
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The model predicts the location of the closest proximity between the vesicle and
plasma membrane occurs near the location where proteins are anchored to the
membranes. This suggests that the fusion of the membranes gets initiated at location
away from the bottom of the synaptic vesicle. At this location the in-plane tension in
the membrane of vesicle is significantly high compared to the rest of the surface of the
vesicle. One other important finding indicates that if the location of the load
application is moved away from the center the more SNARE complexes need to be
employed in order to maintain a similar distance of closest proximity between the two
membranes. We also study the effect of surface charge, osmotic pressure and the far

field pretension in the neuron plasma membrane on the deformation in the system.

2.1 Abstract

Neurotransmitter release from neuronal terminals is governed by synaptic vesicle
fusion. Vesicles filled with transmitters are docked at the neuronal membrane by
means of the SNARE machinery. After a series of events leading up to the fusion pore
formation, neurotransmitters are released into the synaptic cleft. In this paper, we
study the mechanics of the docking process. A continuum model is used to determine
the deformation of a spherical vesicle and a plasma membrane, under the influence of
SNARE-machinery forces and electrostatic repulsion. Our analysis provides
information on the variation of in-plane stress in the membranes, which is known to

affect fusion. Also, a simple model is proposed to study hemi-fusion.
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2.2 Introduction

Neuronal transmitters are packed into vesicles and released from synaptic terminals by
fusion of the vesicles with the plasma membrane. Synaptic vesicle fusion is mediated
by the protein complex termed the SNARE. Details of the mechanism are still unclear,
since it occurs at the microsecond scale, and thus it is difficult to capture the process
using current imaging techniques. The release of transmitters into the synaptic cleft
involves two major steps: 1) docking of vesicle on the plasma membrane, and 2)
membrane fusion and subsequently pore opening. The central role in this entire
mechanism is played by a specialized group of proteins termed the SNARE (soluble
N-ethylmaleimide-sensitive-factor attachment protein receptor) complex [1-4]. More
specifically, the process involves two transmembrane proteins Synaptobrevin 2 (Syb),
Syntaxin 1 (Syx) and a protein SNAP-25 [5]. Syb is attached at one end to the vesicle
by embedding a hydrophobic trans-membrane domain [6] into the vesicle membrane.

3

It 1s hence referred to as “v-SNARE”. The protein Syx embeds a transmembrane
domain [7], and the protein SNAP-25 is anchored with a palmitoyl chain [8], onto the
plasma membrane. The proteins attached to the target membrane are termed as “t-
SNAREs”. When a vesicle is near the plasma membrane, t-SNAREs form an acceptor
site for the v-SNARE leading to the formation of the SNARE complex [9,10]. This
SNARE complex consists of four helices (contributed by the Syb, Syx and SNAP-25),
zippered into a tight bundle. It has been suggested that several SNARE complexes are
involved in the docking process and the zippering action of these SNARES provides a

force to counter the repulsive electrostatic force between the membranes. Gao et

al.[11] using optical tweezers controlled pulling experiments, found that the SNARE-
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machinery generates forces of an order of 2-20 pN, depending on the level of
zippering. Recently, calculations of the electrostatic repulsion between the vesicle and
the membrane suggested that the repulsive force changes strongly with distance
between the vesicle and membrane, and is on the order of 100-200 pN for a separation
of 1nm between a typical synaptic vesicle and plasma membrane [12].

Synaptic vesicle and plasma membranes are bilayers made up of relatively long
amphipathic lipid molecules, with their hydrophilic heads in the aqueous solution on
either side of their bilayer and the hydrophaobic tails in the interior. Lipid membranes
are generally regarded as two dimensional fluids that, from modeling point of view,
conserve their area during deformation [13,14]. Because the outer surface of the
bilayer usually carries a net negative charge, considerable force is required to
overcome the electrostatic repulsion between the vesicle and plasma membranes to
dock the former. It has been hypothesized that the energy released during the SNARE
zippering is utilized to overcome the energy barrier of the electrostatic interaction
[15].

Coarse-grained continuum models for the contact mechanics of vesicle membranes
have been studied by various authors [16-28]. Recently, Blount et al. [29], analysed
the problem of a pressurized cylindrical vesicle interacting with a rigid substrate under
a potential which has short range repulsion and long range attraction. Our approach in
this work is similar, except that our vesicle is spherical, our substrate is a lipid
membrane and the attractive potential is replaced by the zipping force exerted by the

SNARE-machinery, which is modeled as a concentrated line load acting on both
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membranes. Electrostatic repulsion between the membranes is modeled using the

Debye-Huckel theory [12].

2.3 Geometry and Model

The geometry is shown schematically in Fig 2.1. We use a cylindrical coordinate
system (r,0,z) with @ the angle of revolution about z axis. To simplify the

calculation, we assume axisymmetry; that is, we model the docking process by
prescribing a circle of line forces of magnitude F on a spherical vesicle of radius
R (see Fig 2.1) as well as on the plasma membrane. These forces represent the zipping
of the SNARE-machinery and counter the repulsive electrostatic forces between them.
As shown in Fig 2.1, the line force acts along a latitude of the undeformed vesicle and
is constrained to remain normal to the deformed surface. The location of the latitude is

specified by the arc length S, of a cross-section in the reference configuration, which is

taken to be a spherical vesicle. Because the plasma membrane is very large compared
to the vesicle radius, its reference configuration is taken to be a flat circular membrane

of radius L under pretensionT,. We allow two different types of line forces acting on
the plasma membrane. Both sets of forces act on a circle of radius S, and have the

same magnitude F . The first set is assumed to be always normal to the deformed
plasma membrane, while the second set is always directed opposite to the force on the
vesicle (Fig 2.1).

The double layer model of charged surfaces in electrolytes has been successfully used

to model the electrostatics near the lipid bilayers [30,31]. In this work, we follow the
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double layer model used by Bykhovskaia et al. [12] where electrostatic repulsion
between the vesicle and plasma membrane is determined by the solution of Debye-
Huckel (DH) equation. Mclntosh et al. [32] observed that when the gap between the
membranes is greater than 1 nm, the DH equation predicts membrane interactions
consistent with their experiments. For membrane separation below 1 nm, which is

close to the Debye length I, =~ (0.67nm) in our system, hydration repulsion, van der

Waals attraction, and nonlinearity in the electrostatics come into play. Thus, as long as
the gap between the membranes is greater than the Debye length, the solution of the
DH equation should give a reasonable description of the electrostatics. It will be
shown in the results section that, for the issues addressed in this manuscript, the
separation between the membranes is always greater than twice the Debye length,
ensuring that our electrostatics is consistent with the DH approximation. In our model,
the electrostatic interaction between curve surfaces is calculated by the Derjaguin
approximation [33], which assumes that locally the surfaces are flat, so interaction
between two material points on the different membranes separated by a distance of
o (see Fig. 2.1, figure on right) can be described by determining the force per unit
area between two infinite parallel planes separated by the same distance. The DH
equation, appropriate for this geometry is given by eq. 2.1a. The repulsive force per

unit area between the two planes, F,, is obtained by solving eq. 2.1a using the

constant charge boundary conditions (eq. 2.1b). Details of solution are given in

Supplementary information (see eq. A2.105).
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where o, (=-0.025C/m?) and o, (=-0.070C/ m?) are the surface charge densities
of the vesicle and plasma membrane respectively, I, (= 0.67nm) is the Debye length,
£(=80) is the relative permittivity of water and ¢, is the permittivity of vacuum.

Our choice of surface charge densities above is based on the work of Bykhovskaia et
al. [17]. It is about 2 to 3 times higher than those reported by Pekker et al. [34].
However, as noted later (see Fig. 2.6), the tension profile between membranes is
insensitive to the magnitude of charge densities within this range. We also check that
the equilibrium distances between the membranes are also not very sensitive to the
magnitude of charge densities within this range (see Fig. A2.5).

The membranes are deformed by the zipping force of the SNARE complexes and
electrostatic repulsion force. We model this deformation using continuum theory. The
strain energy densities W of both membranes are given by,

W =cH? 2.2

where H is the mean curvature and ¢ ~10—20k,T is the bending rigidity of the lipid

bilayer [35].
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Fig 2.1: Schematic of the axisymmetric model. Inset shows the deformed structure under the effect of SNARE-machinery

force and electrostatic interaction.

2.3.1 Governing equations for vesicle membrane

In the following, we use the formulation of Jenkins [17,36] and Long et al. [37] to
derive the governing equations for the deformation of the spherical vesicle and the flat
plasma membrane. The undeformed configuration of the vesicle is a sphere of radius
R with arc-length in a cross-section denoted by S, whereas the plasma membrane

occupies the interior of a circle of radius L >>R. We introduce the notation¢ to

denote the angle made by the tangent to a point on the cross-section of the deformed
membrane in the (I’,Z) plane with the z axis (see Fig 2.1a). The osmotic pressure of
the vesicle is denoted by p,. The forces acting on the vesicle and plasma membrane

due to SNARE complexes (several SNARE complexes can be attached to a vesicle,
and the forces due to these vesicles are distributed uniformly on a closed circular arc

on the vesicle) are denoted by F and —F respectively (see Fig 2.1). Forces are

resolved into a normal (F,) and tangent component (F,) with respect to the deformed
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vesicle and plasma membrane. The electrostatic interaction force F, is given by eq.

2.1 and is assumed to act in the z direction.

The equations describing the deformation involve the angle ¢, the mean curvature H ,
the deformed arc length &, the deformed coordinates of a generic material point
(r,z), which has an arc length coordinate S in the undeformed configuration. The

force variables relevant to the calculation involve the shear forceQ and, d an

integration constant which determines the tension T in the membranes.

To reduce the number of parameters in our simulations we introduce normalized
variables which are indicated by a horizontal bar. All distances are normalized by R,
the radius of the vesicle. Since the bending rigidity C has units of energy, we use it to

normalize force per unit length quantities, i.e., the out of plane shear, Q and in-plane
tension T is normalized byc/R?. Also, force per unit area quantities, p,, F,, F, and

F.are made dimensionless by dividing withc/R®. These variables are summarized in

egs. 2.3, below.

5= vl 7.2 {[_ogH, Fo%,
R R R R
2 2
Q=QR ,dzdR , 2.3
C C
3
. PR CRRS - FRS L ERS
0 C y e C y n C y t C y
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Fig 2.2: (a) Arc length and tangent angle over the membrane, (b) Forces and moment along a cut

in the membrane.

In all simulations, we set the tangential component of snare force F. on the vesicle to

zero. In the Appendix A2, we derived in detail the six ordinary differential equations

governing the deformation of the vesicle membrane (the final forms of these equations

are given in egs. A2.85 & A2.87):
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F
i =§Q, 2.4a-f
r=£sing,

z:fcos¢,

5:( =, COSP+ lftjg,

where the dot denotes differentiation with respect to the normalized undeformed arc

length S , and
EESiLS 249

Eq. 2.4a represents force balance in the normal direction (eq. A2.83). Egs. 2.4b and
2.4c are rearranged form of the mean curvature (eq. A2.74) and shear force (eq.
A2.77) definitions, respectively. Egs. 2.4d and 2.4e represent the geometric
relationship between the variables (eq. A2.65), whereas, eq. 2.4f is obtained from the

force balance in tangential direction (eq. A2.84). The generalized pressure p in Eq.

2.4a is related to the normalized osmotic pressure p,, the electrostatic force per unit
area, F, and the normal component of the line load applied at S =S, F, by
ﬁ:ﬁ0+|563in¢+lfn5(8_—8_0), 2.4h

where 5(S —S,) is the Dirac delta function.

These differential equations are supplemented with the boundary conditions:
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#HS=0)=7.
Q(S=0)=0,
r(S=0)=0,
HS=m)=-7,
Q(S=7)=0,
r(S=r)=0.

2.5a-f

The boundary conditions defined above describe the symmetry in the vesicle

geometry. About the symmetry (z) axis, the curve has zero slope and the out of plane
shear ('5 is zero, at both S=0 and . Also, for the continuity of the geometry, we

impose ¥ =0 atboth S=0and .

The notation for positive shear force and tension is described in
Fig 2.b. Finally, the expression for the normalized in-plane tension T in both the

vesicle and plasma membranes is given by

2 2
-ITZTR =R—(—d—CH2—CH —COS¢J- 2.6

C C r

2.3.2 Governing equations for plasma membrane

The governing equations for the deformation of the plasma membrane are the same as

eqs. 2.4a-2.4f, (see Sl for details) except that eq. 2.4g must be replaced by

IR

&= 21

This change is due to the difference between the reference configurations (one is a

sphere and the other a flat surface). The boundary conditions are:
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HS=0)=7,
Q(5=0)=0,

¢[S= Lj:;’, 2.8a-f

c

0
[—d—HZ—HCOS T, TR

The first three boundary conditions eqs. 2.8a-2.8c are due to axisymmetry. Eq. 2.8f
states that the tension in the plasma membrane approaches the pretension at the
boundary. This boundary condition along with eqs. 8d and 8f allow the plasma
membrane to deflect only in horizontal direction. Had we replaced this boundary
condition with a clamped condition, the deflection everywhere would be zero because
of area incompressibility.

The coupled differential equations given by egs. 2.4a-2.4g and eq. 2.7 with the
boundary conditions given by eqgs. 2.5a-2.5f and eqs. 2.8a-2.8f are solved using the
MATLAB® bvp4c solver. The input parameters for the solver are the osmotic

pressure p, across the vesicle membrane, which remains fixed throughout the
deformation, SNARE-machinery force parameters (S, andF ), electrostatic force
(F,), and pretension (T, ) in the plasma membrane.

2.4 Results
We first study the dependence of the deformed shape on magnitude of the line

force F, for the case where force is equal and opposite on the vesicle and plasma

membrane. The location of force application is fixed at S_O =7/ 6 on both the vesicle
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and plasma membrane, as shown in Fig 2.3. We vary the strength of the line force in
the range of 5-20 in dimensionless terms, which is equivalent to a total force
between 66 — 266 pN . In our axisymmetric model, this force represents the total force

exerted by all the SNARE complexes attached to the vesicle. For example, Gao et al.
[17] found that the unzipping force for a single SNARE complex ranges from 2 to 20
pN. This force range should be treated as the lower estimate of the forces exerted in
vivo, since in the study the SNARE complex unzippering occur at the range of
seconds, while the process of neuronal fusion occurs at the scale of microseconds. If
we assume that the force of 20pN or somewhat higher unzips a single SNARE
complex in vivo, the force range explored in our study would be sufficient to separate
3-6 SNARE complexes. Fig 2.3 shows the deformed shapes of the membranes for four
different values of F . Note that the minimum separation between the membranes does
not occur at the bottom of the vesicle, as is usually assumed, but near the point of load
application where the SNARE complex is located. For practical purposes, the point of
load application can be used as an estimate for the minimum separation. This
separation is representative of the separation between the C-termini transmembrane
domain of Syb and Syx. Fig 2.4 shows this estimate of minimum separation versus the
applied force. The separation decreases rapidly with increasing applied force, with the
rate of decrease of separation becoming slower at higher loads. Note that the minimum
separation in the simulations is greater than twice the Debye length of our system,
which is consistent with the DH approximation.

As shown in Fig 2.5a, the entire vesicle membrane is under tension and the maximum

tension occurs at the bottom of the deformed vesicle. However, due to the direction of
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the applied force, part of the plasma membrane can be under compression despite the
pretension. Our results show that the maximum compression occurs at the center of
the plasma membrane as shown in Fig 2.5b. Because the applied force in the plasma
membrane has a tangential component, the tension is discontinuous across the line of
load application as shown in Fig 2.5b. Fig 2.6 shows that these maxima are quite
insensitive to the surface charge densities, that is, increasing the surface charge
density on the plasma membrane by a factor ~3 does not affect the maximum tension
and compression for a given applied force. The rupture strength of a lipid bilayer is

approximately 10 mN/m[38,39], which on our non-dimensional scale turns out to be

~ 44 units. Therefore, the range of SNARE forces used in our analysis is not sufficient
to cause rupture.

The results in Figs 2.3-2.6 are for membranes that are subjected to equal and opposite
forces. We also carried out calculations for the case where the applied forces are
always normal to the deformed surfaces. Our numerical result shows that except for
the fact that the plasma membrane has much less compression, there are no qualitative
differences between these two loading configurations; therefore, plots similar to Figs
2.3-2.6 for this other loading conditions are given in the Appendix A2. For the rest of
this paper, we will focus on the case in which the applied forces are equal and

opposite.
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Fig 2.3: Deformed geometry for different force magnitudes. The thick lines represent the plasma
membrane and the thin lines represent the vesicle. The inset shows the zoomed-in section near the

load application point (shown as e ). The parameters of the analysis are: load application

point, S, =z /6, pretension in plasma membrane, T, =1 and vesicle pressure. p, =1 .
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Fig 2.5: Tension along the arc length for the vesicle (a) and the plasma membrane (b). The inset in
(b) shows the location of force on the vesicle and the plasma membrane in the undeformed

configuration.

Next, we vary the location of the SNARE-machinery on both vesicle and plasma
membrane (S,), and keep F fixed. It is interesting to note that, because the
magnitude of the line force is fixed, increasing S_0 to S_o' is equivalent to increasing the
number of SNAREs by a factor of sinSj/ sinS, in our simulation. Fig 2.7 shows that

increasing S, increases the deformation of the membranes, bringing them closer. The
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tension (compression) in the membranes also increases with S_o, as shown in Fig 2.8
and Fig 2.9. Note that as S_O increases, there is a smaller jump in tension in the plasma

membrane. This result is due to the fact that, as S, increases, the deformed plasma

membrane surface reorients so that the direction of the SNARE force is closer to the

surface normal. Fig 2.10 shows that, as the SNARE-machinery moves away from the
center (increasing S, ), the maximum tension increases rapidly. Recall in Fig 2.6 the
maximum tension and compression vary approximately linearly with the magnitude of

the applied force. Therefore, the slope of the lines in Fig 2.10 increases with S_O :

1.5 T
—vesicle
—plasma membrane

M'. ETr T ..‘ " f ,r /.
maximum tension Lye. (mN/m)

—0, = —0.025C/m? 7,,, = —0.070C"/m?*
——0, = —0.025C /m? Tpm = —0.025C /m?
-15 : I !
0 50 100 150 200

total force due to SNARFESs (pN)

Fig 2.6: Maximum tension in vesicle and compression in plasma membrane as the load is

increased for different surface charge densities.
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Fig 2.7: Deformed geometry of the membranes under varying force location, while keeping its
magnitude the same. The inset shows the location of the force application point (e ) on the
deformed geometry for different cases. The parameters are: line force magnitude, F =20,

pretension in plasma membrane, T, =1 and vesicle pressure. p, =1 .
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Our pretension boundary condition allows the plasma membrane to deflect. In the real
system of synaptic vesicle fusion, pretension in the membranes is due to the osmotic
pressure inside the neuron cell relative to its surroundings. In particular, the case of
infinite pretension is equivalent to a rigid substrate which was studied earlier by
Blount et al. [29] (see introduction).

To determine the influence of pretension in the plasma membrane, we keep the
SNARE-machinery force at a fixed magnitude and location, while varying the

pretension imposed at the far end of the plasma membrane. Fig 2.11 shows the
deformed shapes for two different values of pretensionT,, the deformation in the

plasma membrane as well as that of the vesicle, decreases as the pretension increases.
The distributions of tension in the membranes are shown in Fig 2.12 for two different
pretensions. For the larger pretension, the entire plasma membrane is under tension.
The critical dimensionless pretension where this occurs is 7, as shown in Fig 2.13,
where we plot the maximum tension (compression) of the plasma membrane versus
pretension. Interestingly, the maximum tension in the vesicle decreases with
pretension. Fig 2.13 shows why this is the case: the minimum separation between the
plasma membrane and the vesicle increases as the pretension becomes higher. The
increase in separation results in a decrease in the electrostatic repulsion. Because the
electrostatic force has a tangential component along the vesicle surface, lowering this

force lowers the membrane tension.
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Fig 2.11: Deformed geometry of the membranes as the pretension in the plasma membrane is

varied. Inset shows the location ( e ) of the force on the deformed geometry. The parameters are:

load application point, S, =z /6, line force magnitude F =20 , and vesicle pressure, p, =1 .
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Fig 2.12: Tension in the vesicle and compression in the plasma membrane along the arc length for

two different values of pretension.
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Fig 2.13: Maximum tension in the vesicle and maximum compression in the plasma membrane
(on the left axis) and minimum separation between the vesicle and the plasma membrane (on the
right axis) as pretension is varied
To determine the influence of osmotic pressure across the vesicle membrane, we keep
the SNARE-machinery force at a fixed magnitude and location, while varying the
osmotic pressure across the vesicle membrane. In the synaptic vesicles the osmolarity
is ~0.30sm, which on non-dimensional scale induces a pressure of about ~ 70 inside
the vesicle [40,41]. As stated in [41], the actual osmolarity could be lower than

0.30sm, as some of the neurotransmitters can bind with the matrix inside the synaptic

vesicle, resulting in a lower osmotic pressure. Fig 2.14 shows the deformed shapes for

42



three different values of osmotic pressure difference, it is evident that the deformation
in the plasma membrane increases as the osmotic pressure increases. However, the
minimum separation between the vesicle and the plasma membrane is nearly
insensitive to the osmotic pressure. The distributions of tension in the membranes are
shown in Fig 2.15 for three different pressure values. As expected, the profile of
tension in the vesicle translates upward with a constant value proportional to the
osmotic pressure. As a result, the maximum tension increases more rapidly in the
vesicle, as compared to the plasma membrane, as shown in Fig 2.16. If the osmotic
pressure of the vesicle is kept at a sufficiently high value, so that the peak tension at
the vesicle bottom exceeds the failure tension value (~44units on the dimensionless

scale), then it could expose a site for fusion of the membranes.

4 T T T T
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25—
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Fig 2.14: Deformed geometry of the membranes as the osmotic pressure in the plasma membrane

is varied. Inset shows the location (e ) of the force on the deformed geometry. The parameters
are: load application point, S, =z /6, pretension in plasma membrane, T, =1 and line force

magnitude F=20.
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2.5 Effect of Hemi-fusion

Numerous theoretical and experimental [2,42—45] studies suggested an intermediate
step in the fusion process that involves the formation of a stalk and hemi-fusion
diaphragm, followed by membrane rupture. The formation of stalk implies that
instability developed at some location between the two bilayers, which induces a
localized lipid rearrangement. Eventually, this rearrangement of lipids leads to the
formation of a single bilayer, which is commonly known as hemi-fusion diaphragm.
As mentioned above, our numerical results indicate that the shortest gap between the
two membranes lies near the SNARE location. This supports the experimental
observation that the trans-membrane segment of SNARE induces distortion in the lipid
packing around it [46]. It is possible that this distortion will eventually lead to the lipid

rearrangement in the membranes resulting into the formation of hemi-fusion
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diaphragm. In the following, we propose that at this point of proximity hemi-fusion is
initiated and propagates from there towards the bottom of the vesicle.

The exact mechanisms behind this complex sequence of events are still an active area
of research. It is difficult to understand hemifusion using continuum membrane theory,
because hemifusion is controlled by events on the nanometer scale. In this section, we
consider a simpler question: assuming that there is a hemi-fused state, what is the
tension in the hemi-fused region?

Because hemi-fusion involves very close contact between the lipid bilayers, it is
reasonable to assume that the two membrane surfaces are completely dehydrated.
Consistent with this assumption, hemi-fusion is modeled in our continuum approach
by turning off the repulsive force inside a specified region on the membranes, which
we define as the hemi-fused region. Thus, in the hemi-fused region, the outer surface
of the vesicle is free of electrostatic repulsion and hence can be modeled as traction
free. A limitation of our model is that it does not account for the fact that the hemi-
fused region has only one bilayer instead of two. Because the real system consists of
only one layer and we have neglected concentrated moments and shear at the edge of
the hemi-fused region, the tension predicted by our model is expected to be lower than
in the actual situation.

Details of these simulations are presented in the Appendix A2. Here we summarize the
main results. Our key result is that the membrane tension increases with the length of
the hemifused region. The deformation and tension are more severe than the case of

without hemifusion. Our results suggest that hemifusion propagation increases the
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chances of membrane rupture. Eventually a fusion pore formation is possible in the

hemifused region, where tension is highest.

2.6 Summary and Conclusion

In this article we use a coarse—grained continuum model based on membrane theory to
study the deformation and tension in the vesicle and base membranes during docking.
The zipping action of the SNARE complex is represented by two sets of equal and
opposite line forces acting on the membranes. The repulsive interaction between the
membranes is represented using Debye-Huckel theory. The magnitude and location of
these line forces are varied in our simulations to study their effects on tension and
membrane deformation. We also study hemi-fusion by turning off the repulsive force
in a region where the membranes are closest to each other. Our results can be
summarized as follows:

e The closest approach between the vesicle and plasma membrane does not
occur at the bottom of the vesicle, but near the location where the components
of the SNARE complex are inserted into the membranes.

e The maximum in plane tension occurs at the bottom of the vesicle membrane.

e The maximum in plane tension increases linearly with the applied force.

e The maximum in plane tension is insensitive to the charge density of the
surfaces. This can be explained by the fact that, the change in repulsive forces
alters the separation between the membranes, while keeping the local

deformation nearly the same as before.
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For small pretensions, the plasma membrane can be under compression, and
the maximum compression occurs at the center, directly below the bottom of
the vesicle.  For normalized pretension greater than 7, the entire plasma
membrane is under tension.

As the location of force is moved away from the bottom of vesicle (which is
equivalent to increasing the number of SNARES in our simulation), the tension
in the vesicle membrane increases.

Hemi-fusion causes an increase in the in-plane tension of both the vesicle and
the plasma membrane. We expect that this increase in the magnitude of the
tension will eventually lead to rupture of the membranes, leading to fusion

pore formation.
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Appendix A2

A2.1 Differential Geometry Primer

Like a plane in Cartesian coordinates, a surface can be defined using two

independent variables, u” (where o =1,2).
Therefore, a point on space can be written as,
r=r(u®). A2l

A local basis can be defined in the tangent plane at a particular position as,

a,=—==r,, A2.2

where, comma denotes the partial derivative with respect to u”. Thus, & and a,are

tangent vectors to curves with constant u*and u”at that particular position.

Reciprocal basis gﬁ can be defined as,

a ea’ =o". A2.3

Normal to the surface can be defined as,

a
, A24

as it can be seen that the normal is a unit vector by definition.
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First fundamental form of surfacea,, is given by the following relation,
=a,eq,, A25
where, @, is the symmetric metric tensor and its inverse matrix isa*” .

Using the fact that, normal is perpendicular to the tangent plane at a given position,

one can get the Second fundamental form of surface, b, as,

nea, =0
n,ea;,+nea, =0
b,=-N,*a,=nea,,. A2.6

Again, we can see that b, is a symmetric tensor.

Mean curvature can be related to the surface parameters as,

H:%bé?:la“ﬁb 1

528 P =75 aﬁ(n oaﬁ):—ln °a" A2T

Elemental area, can be written as,

dA=|a,du’ x a,du?| =|a, x &, du'du? = Jadu'du®. A28

Here, we used the result that|a, x a,| = «/a , which can be shown as follows,

a=det aﬂ a12 =det ai 31 §1‘§2 =det |§1||§1| |§1||§‘2|C050 :|§1|2|§2|2 Sin29
&y Ay a,eq Feod, |§1||§2|COS(9 |§2||§_2|
a=|a,xa,[ =axg|=a A2.9
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Note : Using a,; and a*” for lowering and raising indices

A vector V can be expressed in terms of its covariant and contravariant components
as,

V=V, =V,a’

By performing dot products one can find a relationship between the covariant and

contravariant components as,

V¢ =Va“and vV, =VPa,.

When V =a_, it can be easily shown that,
a, = aa[sgﬁ :

Similarly, when V =a“,

a* =a"a,.

Taking dot product of above two relations,
oy =a”ay, .

Thus it can be clearly seen that a,,and a* can be used to raise and lower indices.

A2.1Covariant Differentiation

First we describe the general covariant differentiation for 3-D curvilinear coordinates.
So, if one moves from one position to other by keeping a vector exactly same, both the
components and basis vectors will change. Therefore, when defining the derivative of

a vector,

\l :Vigi :ngj
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Where, i, jand k can take values1,2 and 3, differentiating with respect to u* gives,
Vi :V,Iig'i +Vi§i,k
\l,k :Vj,kg'j +Vj§‘,{<

Now, let’s define, a;, =T, 3,

We can get a definition for 8 using the following identity.

gea =5

=3, 2 +3ea, =03 ea, =—/,3a *a’

=33, =-I =>a,=-la

Therefore, the expression of covariant derivative can be simplified as,
Vi :(V,L +V1F}k)§i :(Vi,k _Vlrl!k)a'j

\l,k =V|Ii§‘i =Vj|k§~j

where,
Vi =V, +VIr A2.10
Vi =V Vil A2.11

Considering the fact that, for the present case at given position the set of basis

is(a,,n).So the relation of covariant differentiation for a vector
V(V =V“a,+V"n=V,a’ +V,n) can now be written as,

_\/a o n n
\Lv _Vv a, +V Q‘a,y +Vv0 +V Q,Y

V,=Vya,+V*" [nggﬁ +F2yr~1] +V n+V" I:FBYQB +r$n0]

n
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V, =[Vy+VPry +VTy, Ja, +[ V] +VPrg +VIT |

ny

v, =Via, v A2.12
where,
V) =VI+Viro Ve & V=V AV

Similarly,

_ B B
\[’y —VB’VQ. +VBg’Y +VMQ +Vnr~1'y

V, =V, -V [Iha" + T | +V, 0=V, [ 2"+ n |
V, =[V,, V.5 V., [a® +[V,, —V,[h, =V, 5 ]n

o™ By n~ Py n~ ny

_ B
\l,v _Vﬁ\vg +anylj A2.13
where,
VBIY =VB,V _Vrrﬁrv _Vnrl?v & Vﬂlv =er _Vrrnrv _Vnrr?v

The expressions for covariant differentiation in eq. A2.12 and eq. A2.13 can be

simplified by using the following results,

Iy =a, en=h, A2.14
I, =n ea®=-b A2.15
I} =n,en=-ba en=0 A2.16

(for the eq. A2.14, we have used Weingarten’s equation of surface from
eq.A2.Error! Reference source not found.)

to get,
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VO =VEVIE -V & V=V 4V,
A2.17

V

o =V, V.5, -Vb, &V, =V _ +VDb

" By

Thus finally giving us the expressions for covariant differentiation as,

V, =(Vy+V s -vb)a, +(V)+Vb, )n  A2.18

and also,

V, =(V,, —V.L5, - V,b

" By n~yB

)a’ +(V,, +V.b )n  A2.19

A2.1.2 Divergence of vector

divy =VeV =V¢ A2.20

From the definition of covariant differentiation, one can get,

Ve =VELVPre A2.21

We can write the derivative 8, ;in terms of Christoffel’s symbol of second kind and

first kind as follows,

a,p =18 =132 A2.22

~CO

Taking dot product of both sides in eq. A2.Error! Reference source not found.
witha’ gives,

Loyy=1I,,a" A2.23

We can get an expression for 7, as follows.
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Begin with the relation,
=a, a,
Differentiating both sided w.r.t. u”,
=8, =8,,°% +3, 98,
=8, =L st}
On permuting these indices three times, following set of equations is obtained,

FWB + FBW =a

ap,y

I yap +1 apy aﬁv,u

L T

which eventually gives us,
1
I, = E[aﬁw +a,5~ 8, | A2.24

Therefore, in eq. A2.Error! Reference source not found.

I:aﬁw-i_%txﬁ an] a”

(o4 1 [0k
=1 = > a“a,,,
This can be shown with the help of calculations below.
A" (8,0 8y, ) =87 (8. 08, +8,, 08, -3,, 28 -3, *3,)

=8, *a"+27(8,, 8 —8,, %3 )3, *d'

—a ea®ia® o°r o°r . oa’
% *2 ou'ou® *% ou*ou’ % "% 02
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=%, %8 ~g;, *d
=18 8" -8, ea
=107 Iy 0

=1~ 175,

=l =1

=0

Therefore, the expression for divergence in eq.

A2.Error! Reference source not found. can be written as,

1
VeV =Vi+VPirg =Ve+ Evﬁawyﬁa@Y A2.25

From, the definition of derivative of determinant,

da _ oa 0a, 0a,
= =aa

— — ay oy
ou’  da,, ou’ ou’
1 oa
=a“%a ,=——— A2.26
“f - aeu”

Further simplification of eq. A2.Error! Reference source not found. gives,

o(veva
VeV =V VTS RV S LY (v*Va)

2acu® ¢ Jaol® Ja au”

Therefore the divergence of a vector is given as,

IRV

1
= Ja  au®

A2.27
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A2.1.3 Relation between curvatures and elements of bg
Characteristic equation of matrix by is given as,

A% —tr| by |4 +det[b; |=0
= A1*-2HA+K =0 A2.28

Using Cayley-Hamilton theorem,

b*by —2Hh + K32 =0

—=b%a, b a” —2HbY + K =0
= b%b,, 57 —2Hb¢ + K& =0
= b*b,, —2Hb¢ + KS? =0 A2.29

Using the above relation one can get,
b“Bbaﬁ —2Hb? + K8 =0
:>b°“3bqB =4H? - 2K A2.30

A2.1.4 Weingarten Equation of surface

From the second fundamental form of the surface we know that
baB = _D,a i gﬁ

and also,
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Using above two relations, it can be easily concluded that, n , has no component along

n, and

n, =-b,a" =-b,a%a,a" =—bja

Thus Weingarten equation of surface is given as

n,=-ba A2.31

A2.1.5 Gauss equations of surface

Starting with the fact that, @, =0 and taking covariant derivative w.r.t.u?,

QQ\B'D"'@(X'QB:Ojgam°0+§n'n,ﬁ:Ojga\[s'n:buﬁ

Also, substituting a,in the definition of covariant derivative in eq.

A2.Error! Reference source not found., to get,

— T
g‘a\ﬁ - g‘oc,B - gtraﬁ - Qbaﬂ ’

and taking dot product of both sides with a°,

o _ A o _ o _
Qodﬁ.g' _a,B.g raﬂ@r.g U.g‘ baﬁ_o

~0l

Thus the Gauss equation of surface is, a,,=b,,n. A2.32

A2.2 Bilayer Membrane Calculations

Energy stored in a membrane due to bending can be given as,
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W =cH?, A2.33

where, W is the strain energy density, Cis a material property known as lipid bilayer

bending stiffness and H is mean curvature at a particular position.

Consider a patch of lipid bilayer membrane A, with curve C surrounding that area.

Total strain energy U of the membrane patch can be written as,

U =ch 2dA, A2.34
A

where, dA = Jadu'du? using result of eq. A2.Error! Reference source not found..

The local area incompressibility can be written as,

5(dA)=0=5(Va)du'du’ =0=5(a)=0 A235

Imposing the local area incompressibility, using the Lagrange muItipIier;/(u“), U can

be modified as,

U =j(cH2 —Y\E)dA. A2.36
A

Next we introduce a variation to the surface, or.

From the principle of virtual work one can say that,

oU =6P, A2.37

where, 5P is the work done by external forces and moments acting on the membrane

area Aand on the curve C, surrounding the membrane.
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Taking the variation of eq. A2.Error! Reference source not found.,

U =| [2cH5H —y(S(\/a)}dA. A2.38

A

5xjacan be simplified as,

1,1 o
2Ja  2Jaoda,

using the relation from determinant theory,

s\a=

oa

af

o(detA)

= (det A) A",
j
to get,
1 1 Ja Ja
ova= oa= “Psa . =—a*s(a ea, |]=—a™ (¥ )
Ja N R (a.03))="a" 8, +5(a,)+3,*5(a,)
= sJa=+aa"*5(a,). A2.39

Next we simplify oH .

Using the definition of H from eq. A2.Error! Reference source not found.,
SH=-=5(a")en,—=a"e5(n,). A2.40
Simplifying the first term in expression of 6H gives,

—5(2%)en. =a"5(g)en..

Following are the steps for above.
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[0(a")+a5(g) Jon. = [ 8(a") +a”5(a,) | ebia.

using the Weingarten equation n_, =-b’a,

= 5(a")ebia. +a”s(a,)ebia, |

=—[b,.5(a*)ea" +a"b}5(a, )ea, |
using the symmetric nature ofb__,

:_%[bma(aw)mﬁfa(aﬁ,)]

1 ar T
:—E[bgaﬁré(a )+b/a 5(aﬁ,)]
1 ar ar
=—§bf [aﬁj(a )+a 5(%)}
1 ar
=-5bls(a*a;,)
:—%bf5(5§‘):0
Thus, back in eq. A2.Error! Reference source not found., the expression of §H can

be written as,
SH=Za"5(a,)en, —=a"e5(n,) A2.41

Plugging in the results from egs.A2.Error! Reference source not found. and
A2.Error! Reference source not found. into eq.

A2.Error! Reference source not found. to get,
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8U = [[cHa"'5(g,)en, —cHa" #5(n, )-1v/aa" e 5(a, ) |dA

We now expand the middle term in the integrand by using the chain rule of

differentiation as follows,

_CHQ ° 5(0,(1) = _CHQ .5(0),11 = _(CHQ ° 50),0{ + (CHQ ),a *on A2.42

Using definition of covariant differentiation of indexed quantities [1].
Consider a vector, T =T“a,

For the componentT*, covariant differentiation can be defined as

Ta

=T 40T =T, =T, ~T%T°

Now, consider (cHa” e on) ,, which can be written as

(cHa” e6n) , =(cHonea”) ,

Comparing with the above definition we have T“ =cHonea”

= (cHonea”),, =(cHonea”), —I%, (cHonea”) A243

So, eq. A2.Error! Reference source not found. further expands the first term in eq.

A2.42.

Next, If we replace the component T“with some vector pa“, where p is function of
position
(pa”), =(pa“) , +1,(pa”) = (pa”) , = (pa”),, —I',(pa®)

Now, consider (cHa”) ,

Comparing with the above definition we have pa“ =cHa“
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(cHa®) , =(cHa"), - T, cHa” A2.44

am

Substituting back the results from egs. A2.Error! Reference source not found. and

A2.Error! Reference source not found., back into eq. A2.42, to
get,
—cHa“ e5(n,) =—(cHonea”), + %, (cHonea”) +((cHa"), —I'%,cHa”) e 5(n)
= —cHa“ e5(n,)=—(cHonea®),, +(cHa"), eo(n) A2.45
Surface divergence theorem states that,

FZdA=|F“m_dA A2.46
JFida=]Fem,
A C

Where, m is normal to curve C as well as perpendicular to normal to the surface at that
position.
Using surface divergence theorem in our calculations we can get,

—[cHa“ e 5(n,, )dA=—[ (cHonea®), dA+ [ (cHa®),, » S(n)dA
A A A
= —[cHa e 5(n,,)dA=—[ (cHSn e a*)m,dl + [ (cHa"),, » 5(n)dA A2.47
A C A

Now, we use the following identities to simplify the above RHS in eq.

A2.Error! Reference source not found.nen=1=45(n)en=0
a,*n=0=45(n)ea, =-5(a,)*n
As it can be seen above equations, 5(n)is a surface vector and can be written as,

s(n)=—[nes(a,)]a” A2.48

Now consider the area integral term in eq. A2.Error! Reference source not found.
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(cHa"),, »5(n) = (cH ,a“ +cha’) e[ -nes(a,) |’
using the Gauss equation of surface, a” =-b/n=>a’ ea” =0
= (cHa“),, *5(0) = (cH ,a“ e @’ +cha’ e a”)| -ne 5(3,) |
= (cHa"),, #5(n) =—cH ,a”ne5(a,) A2.49

we also acknowledge the fact that covariant differentiation is equivalent to simple

differentiation for un-indexed quantities [1], which givesH , =H ,.

Thus integral in eq. A2.Error! Reference source not found. can be rewritten as,

—ICHQ“ e5(n,)dA= —J' (cHénea”)m,di —J.CH,aaaﬂlj *5(a,)dA
A C A

Substituting back in our original integral expression we get,

8U = [[cHa"n,, —cH ,a*n—y/aa” |« 5(a,)dA- [ (cHa” esm)m,dI  A2.50
A C

Now we simplify the integrand of the area integral
[cHa”’n, —cH ,a”n-y\aa” |ssa, =| cHa”n, —cH ,a”n-y\/aa” |s5(r),,

A251

Considering each term individually to expand the above expression.
1) —cH ,a%ne(sr) 4
—cH ,a”ne(51) , =—(cH ,a”sren) , +(cH ,a”n) , o 5t
We consider the covariant differentiation as defined earlier for a component and

vector respectively as,
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—(cH ,a”sren) , =—(cH ,a”sren), +17%, (cH a“sren)

and

(cH ,a”n) , =(cH ,a”n) , I, cH a*n

Here we have something of the form

(T"n)y,

which can be simplified using the definition of covariant differentiation as,
(T’n), =(T"n) , +T%,Tn

_TA B B TO
_T:ﬁD+T D,ﬂ+rﬁ(uT rJ

_Th s B TO
=T’n,+[T/+,,T%n
_Th B
=T7n,+T,n

Here, we used the fact that,

B_Th T8 T

T =T+ 15,7

and that the covariant differentiation of non-indexed quantities is equal to the

partial derivative

N =04

Therefore, we can write the final expression as

—CcH ,a”ne(sr) , =—(cH ,a”sren), +I7,(cH ,a*’sren)
+ I:CH,aaaﬁD,ﬂ + (CH,aaaﬂ)w D - szCH,aaawDiI i 5[
—cH ,a”ne(sr) , =—(cH ,a”sren), + [CH,aaaﬂQ,ﬂ +(cH ,a”), D] °or
A2.52

2) —yJaa’ e (1) ,
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3)

—yaa” (31) , =—(7Vasrea”) , + (rVaa") , ¢ (o1)
We consider the covariant differentiation as defined earlier for a component and

vector respectively as,

~(rasrea’) , =—(yfasrea’), +1%, (yVasrea”)
&

(rVaa") , = (rNaa”), ~ 17}, 7aa”

Substituting back into the parent equation, we get

—yJaa’ e (51) , =—(/acr ea”),, + T, yfast ea® + o1 o| (V/ad”), ~ 128" |

—y\aa” o (1) , =—(y\asr e a”), +or o (\aa”),
A2.53

cHa*n, ¢ (ST) 4

cHa”’n,, «(1) , = (cHa”'n,, # 1) , —(cHa*'n,,) , ® (ST)

Here we can note that,

T/ =cHa”n, eSr =cHa”b’a, e 5r =cHa”h’Srea,

is a component of vector(i.e. the vector T transforms ). So we can use the covariant

differentiation definition defined for components as,
(cHa”’n,, e 61) , =(cHa”'n,, e 51) , — T, (cHa”n , ¢ 5T)
& the corresponding definition for indexed vectors as,
(cHa*’n,) , =(cHa”’n ), —T,cHa"n,,

Substituting back into the parent equation, we get
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cHa”n,, ¢ (51) , = (cHa"n , e o1),, T, (cHa™n , e 5T) - St o[ (cHa*n ), — I, cHa™n,, |

cHa”’n,, (St) , = (cHa”n,,  5r) , — St e (cHa™n ), , A2.54

Eventually eq. A2.Error! Reference source not found.can be written as,

[cHa“ﬂQ’a —cH a“n- ;/\/Egﬁ} *5(r), = [cHa“ﬂrJﬂ o6r—cH a”nesr—yJaa’ e 5[]/3

~[cHa”n, —cH ,an —%ﬁ@ﬁ]w *or
A2.55

Substituting the result in eq. A2.Error! Reference source not found. back into the

integral in eq. A2.Error! Reference source not found., we get

U = HCHa“”n,a *5r-cH a”nest—yaa" oot | +| -cHa”n, +cH a”n+yVaa’ | '5[}“
A

|
- [ (cHa" e 5n)m, di
C

Using divergence theorem on first term of area integral,

oU = I[_CHaaﬂD,a + CH'aaaﬂD +7\E§ﬂ ]w o SrdA
A
+] [(CHaaﬁQﬁ —cH ,an—y/aa* )« ot - (cHa" -§D)Jmadl A2.56
C

Next, we use Weingarten equation in the eq.

A2.Error! Reference source not found.

n,=-b,8a

yo <
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which gives,
oU = j[ch“"ga +cH a”n+yaa’ ]Iﬂ e 5rdA

A
+ [[ (~oHba, —cH ,a*n - /" ) o 5t - (cHa® « 51) |m,d
C

On the other hand the virtual work done by the forces and moment on the boundary

C can be written as,

5P =[(E e 51+ (M xn)esn)dl + [(t“a, + pn) e 5r dA
C A

From the principal of virtual work U = 5P, stated in eq.

A2.Error! Reference source not found. to get,

[ch“ﬁga +cH a”n+yaa’ lﬁ =pn+t°a, (a)
E:(—ch"ﬂgﬂ —cH,ﬂa“ﬂQ—y«/gg“)ma (b)  A257
M xn=-cHa"m, (©)

This set of equations is valid for any general patch of membrane, which has some
pressure, pacting on the area Aand force F and moment M acting on the curve
C surrounding the membrane.

Eq. A2.Error! Reference source not found.-a is the local equilibrium equation
relating normal pressure p and shear loadt, on the membrane to the geometrical

parameters of the membrane.
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Expression for moment in eq. A2.Error! Reference source not found.-c can be

further by simplified as follows,

Equilibrium eq. A2.Error! Reference source not found.-a can further modified as,
[ch“ﬂQa +cH a”n+ y/aa’ lﬁ

= | (cHb™ + y\Jaa” )a, +cH ,a%n
15

using chain rule of covariant

ifferentiation,

= (cHb* + yJaa” )58, + (CHb + rJaa?)a

af af
~a|ﬂ+(cH'aa )lﬁ,r~1+cH’aa P

using the fact that covariant differentiation of un-indexed quantities is equivalent to

the normal derivative (n, =n ) along with the Gauss (&

s = baﬂD) and

Weingarten (n , = —bfgﬁ) equations of surface,

= (cHb + yJaa”) ,a + (cHb” + yJaa”)b_n+(cH a*),n-cH a”b%a
18 2 o) a® )] 20,
=| (cHb™ + yfaa) , ~cH _b™ |a, +| (cHbb,, +y/abg) + (cH ,a”), |n
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Comparing the above simplification of eq.

A2.Error! Reference source not found.-a with its R.H.S. to get,

(cHb” + yfaa”) , —cH b™ =t* (a) 258
cHb”b,, + yy/ab? +(cH ,a”), =—p (b)

Eq.A2.Error! Reference source not found.-a is the tangential equilibrium
equation of the membrane patch and eq. A2.Error! Reference source not found.-b
is the normal equilibrium equation.

Eqg. A2.Error! Reference source not found.-a can be further simplified by

multiplying both sides with a

o !

(cHb* + y\/aa*’),a,, —cH b™a,, =t"a
= (cHb? + y\/as?) , —cH b; =t"a,,
= cH ;b7 +2cHH , + (7\/5) —cH b) =t"a,,

, @0

o

= 2cHH , +(y\j5)yw ~t'a

ow

:>(CH2 +N§)a =t"a,,

Here we have used the identity,a,, =0, proof of which is appended below.

aaﬂ = g‘a b Q,B

a

afly a

<al

7.§ﬁ+§‘a.§ﬁly

using the Gauss equation of surfacea,, =b, n

=a

afly = baﬁ[].gﬁ +§a .bﬁyD = O

and also the relation

by, =0, =2H,
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which can be easily proved using Mainardi-Codazzi equation, b,, =b,,, and

ly = Soay

a 0

aply

Thus, the highly simplified form of the tangential equilibrium is given as,

(cH?+ NE)M ~t’a,, A2.59

Using the expression of divergence from eq.

A2.Error! Reference source not found. and result in eq.

A2.Error! Reference source not found., the normal equilibrium equation in eq.
A2.Error! Reference source not found.-b can be written as,

1

\/a(c\/aH‘aa‘*B )’B = p A2.60

cH (4H?—2K)+2yvaH +

Thus, finally we can write the equilibrium equation for the case where a membrane

has loading distribution in normal as well as tangential direction,

cH (4H?-2K)+2y+/aH +i(c\/£H,ma°"f‘)B =p

N

(cH 2 +y\/5) ~t’a,,
and at any point in the membrane, Force and moment are given by the relation,

F= (—ch“ﬂgﬂ —cH ,a”n —;«E@“)ma

- op
M =—cHm, &"a,
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A2.3 Calculations for axisymmetric geometry
For the an axis-symmetric membrane we can define the geometry of the problem, by
two surface coordinates, U' =6,u* =S, where 4 is the angle of revolution about z axis

and Sis the arc length in the reference undeformed configuration as shown in Fig.

A2.1.

Fig. A2.1: undeformed and deformed configuration

As shown in the figure, position of a point can be written as,

r=rcosfi+rsind j+zKk, A2.61
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where, 1, ]k are the Cartesian basis vectors. Fig. A2.1 shows the cross sectional
plane for & = constant , with r & zare coordinates on that plane. Because of the
axis-symmetry, r & zdepend only onS§ .

Next, we introduce two new variables, £ & ¢, which are arc length and angle made
by tangent with vertical respectively in deformed configuration. Again, by the
virtue of axis-symmetry, & & ¢ only depend on undeformed arc lengthS .

As observed in Fig. A2.1,

ﬂ=sin¢5, g=cos¢. A2.62

PE o&

Now, we can define the surface basis vectors

as,

or or o& ~oOroE . . 0205y - o s A
A =—==—-—2C0501 + ——=—=sSin@)|+——=k=E&singcosOi +Esingdsin |+ &£ cos gk
85 0& S OE 85 Jagas ssing ssingsin@] +¢cosg

A2.63

or . A -
a,=—==-rsindi +rcoséj, A2.64

00

og

where, &= i It can be clearly seen that both these basis vectors are orthogonal

to each other as ,
a;ea, =0,

~ ~

Normal can be defined as,

80



a a o . 2 . ~
n=075s =C0S¢Ccoshi +cosgsind ] —singk. A2.65
X a,

Next, we define first fundamental form of surface and its inverse as,

-
[aad{roz ;2}:, A2.66
.
R A
0 —|s

It can be easily shown that,

a,,=-Tcosol —rsinéj,
3, =as , =—¢singsingi + Esingeos ],

8 s = (fsin¢+ §'¢5005¢)(0059f +sin 0]) + (5cos¢ — &psin ¢)I2.

Thus, second fundamental form of surface is,

—rcos¢ 0 |¢ A2.68
[bas]:[ﬂ'@aﬁ]{ 0 céf}s’
1 _Cos¢
o[ | —rcos¢ 07 | r " A2.69
CIRCONE U RS I
& 4
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Imposing local area incompressibility (\/a = constant), we can get,
. . R
r

where, R is the radial distance of a point in undeformed configuration.

Therefore, we can define curvatures as,

b“— ["5 C°5¢J EVL_ﬂ), A271
2\ & r 2\' R r

—¢_—(2H C°S¢jcors¢ A2.72

K = det[b“]—— : :

U“mls\

Using the expression of force from eq. A2.Error! Reference source not found.-b,

one can get the in plane and transverse shear forces. As shown earlier, mis

normal to curveC, such that it is perpendicular to the normal to surface at that

point. So if we cut our axis-symmetric geometry at a givenz, we will have

m perpendicular tod, &N . Since 3, & a; are also perpendicular, then it is easy to

conclude that m is parallel toa, .

vlml=1&m,=0=mg =¢
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Therefore, we getm, =0 & mg = & . Also, due to axis-symmetry we can say that

there is no component of force acting along @, . Combining all these facts, we can

write the expression of force as,

: H
F= (—cHa22b22 - ;/\/Eazz)ngz —cH a*mgn = (—cH ?— yﬁ}é—? S 5'5 n.
=S

A2.73

Comparing this with the following expression of force,

F=T2 _qn,
|a]
we get,
T:(—CHQ—%/E) & o= aom
5 ¢
where, H :@.
ES

Now, we can use the above information for the deformed configuration to come up
with its equilibrium equations, using egs. A2.Error! Reference source not found.
& A2.Error! Reference source not found.. For the axis-symmetric case we only

have one variablei.e. S.

Thus equilibrium equations can be modified as,
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(cH? +N§)S =tSag A2.75

1

Ny

cH (4H” —2K )+ 27+/aH +—=(cVaH a%) = p A276

Assuming a new variabled , such that,
d=cH?+y\a A2.77
And, we also get,

ds =t°ag A2.78

Now using eq. A2.Error! Reference source not found.,y could be eliminated

from eq. A2.Error! Reference source not found. to get,

2H (d +c(H? - K))+ia(cﬁHvsaSS )'S =p A2.79

Ny

Now using the definition of Q from eq. A2.Error! Reference source not found.,

and the facts that va =ré=Rand a* = é to get

2H(d +c(H2—K))+%(FQ)YS= p
Q

:>%Q3+Ers+2H(d +c(H2—K))= p
:%Q‘S+%rs+2H(d +c(H2—K))= p

Writing Qg =Q and rg=F¥
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:»%Q: p—2H (d +c(H2—K)>—%r'

:Qz?p—ZH?(d +C(H2—K))—%r'

Again using the definition of K from eq. A2.Error! Reference source not found.,

to get,

~0=-2¢_2H E{d +cH2+c(2H +M)M}+E P A280
r r r r r

Next we simplify eq. A2.Error! Reference source not found., starting with the
idea that we have an electrostatic interaction happening between the two
membranes facing each other and the force due to the interaction is only in vertical

direction. Let the electrostatic force per unit area be denoted by, F,. The main idea

isto get t° in eq. A2.Error! Reference source not found..
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Fig. A2.2: electrostatics force on vesicle

Referring to the above figure, it can be seen that this vertical force could be
resolved into 2 components, one normal to the membrane and one along the tangent
to the arc at that particular point. Also, considering the tangential component of the

concentrated load, F, acting at some specific location, S=S;. Thus, the net

tangential force acting at a particular point on membrane can be written as,

a N F,cosg+F _ Fecos¢+ F
Jas| la| g

t°a; =(F,cosg+F)

Thus, we can write eq. A2.Error! Reference source not found. as,

d=ta, =d =P R

4
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:>d=(Fecos¢+Ft)$ A2.81

Also, we need to modify the expression of pressure used in eq.
A2.Error! Reference source not found., to include the effect of the normal

component of the electrostatic interaction and the concentrated load atS =S, as

follows
p=p,+Fsing+F,5(S-S,)

Thus, we can finally write the complete set of coupled ODE’s as follows:

9=-2Rsing-2H E{d +cH2+c(2H +MJM}+E D,
r r r

r r
(ﬁ:E(ZH +ﬂj,

r r

H=RQ
rec
r':Esin(/ﬁ,
r
Z:Ecos¢,
r

e

d =(F.,cosg+ Ft)$

where,
p=p,+Fsing+F5(S-S,)
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A2.4 Normalization for spherical vesicle

For the spherical vesicle with a undeformed radius p, radial position of a point is

given by, R = psin(g)
2

We use this in our set of ODE’s to get the modified system of equations, as

follows,

o
r r r

Sj sin(sj
#{d +cH2+c(2H +COS¢)COS¢}+,0 P

sing,

COSg,

sin[j
d=(F,cos¢+F)p rp ,

where,
p=p,+Fsing+Fd(S-S,)

Now, we normalize the quantities with p and C, such that
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- 2 _ 2
5=2 r=" 7=Z H=pH, Q=2 g-92
p p p c c

3 3 3 3
Ezpp, EZFep’ ﬁnanp, Ezﬁp
C C C C

This eventually gives us the following set of non-dimensional equations,

Q= —gsismgzﬁ 2H—Sms{d +H?+ (ZH—+cos¢jcos¢}+smSﬁ

r r r r
j= S'nS(ZH cos¢j,

-
-
=315 Ging, A2.82(a-f)

where,
P=p,+Fsing+ lfn5(8_—8_0)

Also, we have the following set of boundary conditions to go along with the
deformation of a pressurized vesicle (pressure acting normally outward) under the

influence of electrostatic interaction with a substrate and a concentrated load,
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#(S=0)= 5

Q(s =0)=0,

i“fzo)zq A2.83(a-f)
#E=m)=-2,

Q(S =x) =0,

r(S=r)=0,

A2.5 Normalization for flat membrane
For the flat circular membrane with an undeformed in-plane radius L, radial distance
of a point in reference configuration is given asR=S. We use this in our set of

ODE’s to get the modified system of equations, as follows,

QZ—S—ZSSinqﬁ—ZH%[d +cH2+c(2H +MJM}

r r
¢:§(m4+9§f)

S
+_
r

r r

H=3Q
rec
r':isinqﬁ,
r
Zzicos¢,
r

d =(F,cos¢+ Ft)%
where,
p=p,+Fsing+F5(S-S,)

Now, we normalize the quantities with pand C , such that
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- 2 _ 2
5=2 r=" 7=Z H=pH, Q=2 g-92
p p p c c

3 3 3 3
Ezpp, EZFep’ ﬁnanp, Ezﬁp
C C C C

6—-2Ssing-2A f[dm +(2H COS¢)M} %ﬁ,

F

q

| 0

sing, A2.84(a-f)

=
Il

N|-
Il

C0So,

qIl‘:’)l _‘Ilml =|

-<||w|

Jz(F cosg+F)=,

where,
P=p,+Fsing+ Ifnc?(S_—S_o)

Also, we have the following set of boundary conditions to go along with the
deformation of a pressurized flat membrane (pressure acting normally outward) under

the influence of electrostatic interaction with a substrate and a concentrated load,
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¢(§—0)=2,
Q(S=0)=0,
F(S=0)=0,

=
R
2]
Il

T
=5 A2.85(a-f)
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|
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A2.6 Electrostatics force calculation
In this section we show the derivation for the electrostatics force per unit area.
Chemical Equilibrium

Consider the chemical concentration of an ionic species inside the neuron, with a z-z
electrolyte. It is known that the far field potential inside the cell is¢@,and the ionic
concentration isCyas shown in Fig A2.3. Based on this information, we write a

chemical equilibrium balance in terms of chemical potential equality as,

H(X) = 14

:kBTIog[ (x )}rezw kTIog{ }+e2(pO

far field

c(x)|_ ez
= log _?_ —kB—T[(Po —p(x)]
_c(x)_ ez
jlog_co_ kT[ —p(x)]
= log ? - let )
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=c(x)=¢, exp(—%[go(x) - (/)o]j A2.86

B

far field
c(x), p(z) Co, Po

inter face

Fig A2.3 : near field and far field quantities inside the neuron

Poisson’s equation

The Poisson’s equation, governing potential inside the electrolyte solution is given

as,

Vip=—- A2.87
€,

where,

p is the charge density inside the electrolyte,
¢ is the dielectric constant of electrolyte,
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&, 1s the permeability of the vacuum.

Charge density of a electrolyte solution, with both cations and anions, can be

defined using eq. A2.89 as,

p=ezfc.(x)+c (x)]=ez, exp(—%[qo(x)—%]}ezco exp(%[co(x)—%]]

B

cations anions

A2.88

Substituting expression of charge density from eq. A2.91 into eq. A2.90, we get,

ezc ez ezc ez
Vip=—""Lexp| ———[p(x) - +—2exp| —[e(x)—
- p T [o(x) %]J o, p(kBT [o(X) (po]j

2 2z’ 0 kBT
= Vip= [;)Zk:T ) E]{exp (keB—fr[co(X) - %]] - exp(—keB—%rMX) — ]ﬂ '

A2.89

let’s assume,

12 - &E'ngT andbzi,
2e°z°c, kT

to rewrite the eq. A2.92 as,

Lvip-t sinh[b(p(X) - ¢,) ] A2.90

K b '
The equation above can be linearized to get, Debye-Huckel equation as,

¢(X) — Oy A2.91

2 1
ID

:>V2(p:

which can be written in 1-D case as,
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_o(X) -, A2.92

Jdi T |2

Modified J-integral

The J-integral used to evaluate force in [2],

2
J= _[[ 1t — DiniE1+ggO§—2nljds, A2.93
D

is only applicable to the corresponding Poisson Boltzmann equation,

Vip=2 =g =2 A2.94
ID ID

For the governing equation A2.7, obtained in the analysis before, the modified J-

integral is given as,

((P_(Do)2
213

J :_[ Diin n, — DinE; + gg n, (ds. A2.95

The above J-integral should go to zero exactly when evaluated along a surface

which doesn’t include a singularity.

2
(/’—%)
J= b 'n nE, + g¢ (—n S
I 1 1 0 2|[2) !
using D; = g4k,
ge,E? ((0—(0 )2
S D

using E; = ¢;,
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g€’ (p—ap)

=J =_£ 5 N — e€gNiPip, + &g 22 n
Using the Divergence theorem,
() ((o-00)"]
= J =z, | 5 L —(pi01). + 1 v
Y, 215
_ P—Do)P
= :880... M_((p,ii(‘),l"' Qi )+(I#}dv
Vi D

now, using eq. A2.97, to get,

:>J=880I - 222 ¢ +W7_(§M dv =0
\VJ D ID

Clearly, this J-integral is the apt for eq. A2.97.

Based on this J-integral, we can write the expression of the force as follows,

2
J =_[ DiE; nl—DiniElJrggoMn1 S.
S

2 213

For the plane strain case, as shown in fig. A2.4, the gradient in potential ¢ is only

along the x-direction. Therefore, the above expression simplifies to,

2
=] :_[ D,5 n — DlnlEquggown1 ds,
S 212
=J =I _DiE n + &g (¢_I(§O) n
S D
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Also, from the geometry, it can be seen that for a particular path parallel to the

membrane surfaces, the integrand is independent of the area, allowing us to write,

((/’—(Po)z
213

Where, A is the area of the membrane under consideration. Also J has dimensions

of force, so force per unit area of the membranes is given as,

2
ggy( do EE 2
=f=-20 = | n+L(p- . A2.96
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Electrostatics between the inner surface of plasma membrane and outer

surface of the vesicle

to oo
i b 3
., A
vy

o

r»Tpms Ppm Ou, Py “JI
‘1
I
:

plasma membrane \ vesicle —far field
' f
1
1
I
I
1
:
1
1 >a’;
a
e e 0
to oo

Fig A2.4: electrostatics between plasma membrane and vesicle

There are two possible scenarios when solving the DH equation. In the case of
constant potential surfaces, the charge densities redistribute (for example K* ions)
or degree of ionization (of lipid heads) varies, to maintain the potential value. The
other case of constant surface charge density, involves fully ionized lipid heads
with a fixed charge. These two cases are the representative of the possible extreme
scenarios for a real lipid bilayer system. Constant potential represents, relatively

softer electrostatic interactions compared to the constant charge density case. In the
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present article we assume constant surface charge densities, to account for high
forces from electrostatics.

Known parameters:

g5k T

Debye length, |, =
ye fendtih o 2e’2°¢c,

surface charge on vesicle, o, ,
surface charge on inner surface of plasma membrane, o, .

(We need to figure out an alternate parameter for o, as it is not known

experimentally.)

Governing equation:

0’ _ o(X) - @,

A2.97
ox? 12

Non-dimensionalisation:

Length in non-dimensionalized by |,

x|
Il
o

and is done for potential by, GV—ID :

€y
_ EE,
¢=¢( °}
GVID

The non-dimensional equation is,

2_

e

ﬁ:qﬁ(i)—(ﬁo. A2.98
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The solution to equation is given by,
@ (X) = psinh(X) + qcosh(X) + ¢, A2.99

Boundary conditions:

We have two charge boundary conditions at x=0and a, as

=0, and ee, 8_(p

x=0 OX

op

=0, A2.100
OX

v

X=a

this, in non-dimensional forma can be written as,

_90) _Tm gng 22| g, A2.101
Xl O, X |g_s
Solution:

After applying the boundary conditions in eq. 13,

7(%) = Zm sinh(x) + SN {1+ Tom cosh(é)} s
O, O,

sinh(a) A2.102

\ v

Force between the membranes:

Based on the result of force per unit area expression, for two charged surfaces in an

electrolyte [3], we have,

eg, (do ? EE 2
f=—T 2| n+—2(p— n,. A2.104
2 (dxj g (0 R)

100



In the non-dimensional form it can be written as,

—\2 2
:F:—lia—?) 0+ P%) A2.105
2\ % 2
where, f_=g—82°f
O,

The net force calculation is done around a loop which surrounds the vesicle

membrane, as shown in Fig. A2.4. The force coming from the sides 12 and 34 is

zero, as Ny =0 along the branches 12 and 34.

f12: f_3.4:0-

Along the far field branch 23, n, =1, but @ =@ .

Along the side 41, we know the expression of the potential. Thus, net force on the

vesicle membrane piece is along x direction, and is given by,
f=1,.
For the sake of simplicity, we just say that,

@ (X) = psinh(X) + qcosh(X) + @,

where, p = _Zm and q=— ! — |1+ Fom cosh(@) |. Also n; =-1.
sinh(a) o,

\ \
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Next, we evaluate,

fL :%[ p? cosh? X +g°sinh’® X + 2 pq cosh X sinh Y]

—%[ p®cosh” X +g°sinh® X + 2 pq cosh X sinh 7]

O, O,

Thus, we have the net force on the vesicle membrane as,

_ 1 Oon O _
f=-————|1+—-+2——cosha |,
2sinh” a o, o,

this, in dimensional form can be written as,

1
~ 2¢5,sinhZ(all,

f= )[af+a§m+20vapm cosh(a/l,)].

Effect of surface charge on membrane deformation

102

_l 2 2| _ 1 O-erm Gpm —
:>f14_§[p —-q }__ZSinh2§|:1+ ;- +2——cosha |.
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Fig A2.5: force versus SNARE end displacements for different charge densities

With SNARE-machinery force always normal to deformed vesicle and neuron

base

Here we present our numerical results obtained under the assumption that the SNARE-
machinery force is always normal to the deformed vesicle and the neuron base.
Overall, the conclusion is that there is not much difference between the two loading
conditions, which is because of the small tangential component of the SNARE-
machinery force under the equal and opposite loading case. We have not considered

the effect of the concentrated moment at point of load application. The reason to
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ignore the moment is to avoid the discontinuity in the curvature of the shape, which is

difficult to handle numerically.

Varying force magnitude

4 —s ]
— 10
—F15
——¢20]]

Fig. A2.6: Deformed shape of vesicle with different value of magnitude of force

applied by protein, position of protein S=pi/6, deformable substrate.
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Tension distribution
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Fig. A2.7: In-plane tension distribution in vesicle and substrate with different
value of magnitude of force applied by protein, position of protein S=pi/6,

deformable substrate.
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Fig. A2.8: Variation of peak of tension in vesicle and substrate with respect to
value of magnitude of force applied by protein, position of protein S=pi/6,

deformable substrate.

Varying force magnitude
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Fig. A2.9: Deformed shape of vesicle with different position of protein, =20,

deformable substrate.
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Fig. A2.10: In-plane tension distribution in vesicle and substrate with different

position of protein, =20, deformable substrate.
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Fig. A2.11: Variation of peak of tension in vesicle and substrate with respect to

position of protein, =20, deformable substrate.

Varying force location
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Fig. A2.12: Deformed shape of vesicle with different pretension of substrate,

f=20, position of protein S=pi/6, deformable substrate.
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Tension distribution
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Fig. A2.3: In-plane tension distribution in vesicle and substrate with different

pretension of substrate, =20, position of protein S=pi/6, deformable substrate.
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Fig. A2.4: Variation of peak of tension in vesicle and substrate with respect to

pretension of substrate, =20, position of protein S=pi/6, deformable substrate.
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Effect of Hemi-fusion

Fig A2.14 shows the deformed shape of the two membranes after turning off the

electrostatic repulsion in a small region [§H ,S_L]at the point of closest approach S_L,

where S, <S,. Weuse L, =S,-S, as a length scale to specify the size of the
hemi-fused region. The results in Fig A2.14 are obtained using 4 different [H . The

largest L, corresponds to S_H = 0where the repulsive force in the region between

bottom of the vesicle and the point of closest approach is turned off. We also plot the

deformation without hemi-fusion as a comparison. Our results show that turning off
the repulsion brings the hemi-fused region into closer contact. For the case of §H =0,

the two membranes actually interpenetrate, and at this point our simulation breaks
down.

The distributions of tension in the vesicle and plasma membrane are shown in Fig
A2.15. Note that as the hemi-fusion region grows (increasing I:H ), the tension in the

hemi-fused region increase significantly. This increase in tension may potentially
result in the in-plane rupture of the membrane leading to the formation of a hole
between vesicle and plasma membrane.

Next, we analyze the effect of variation of different parameters on the membrane
deformations, before and after hemifusion. Evident from the results in Fig A2.16, as
we increase the strength of line force, the maximum tension in the vesicle and
maximum compression in the plasma membrane increases. Thus, full hemifusion

intensifies the overall deformation of the system. In further studies of the effect of full
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hemifusion, while varying pretension (Fig A2.17), force location (Fig A2.18) and
vesicle pressure (Fig A2.19), the similar behavior is observed. In all the cases the
deformation is more severe than the case of without hemifusion. From all these
observations, we can propose that the hemifusion propagation increases the chances of
membrane rupture if the conditions are sufficient to make it happen. Eventually a

fusion pore formation is possible in the hemifused region, where tension is highest.

3.5 \
3 —Ly=7/6 —wvesicle
ese Tip=10.4 —plasma membrane
........ L2
Ly=0 |
-05
1 |
0 1 2 3 4 5 6 7 8 9 10

Fig A2.15 : Deformed shape of the vesicle with different hemi-fused region,
assuming that the hemi-fused region is propagated inward. The parameters are:

load application point, S, =z /6, pretension in plasma membrane, T, =1, line force
magnitude F=20and vesicle pressure, p,=1. Full hemi-fusion is defined as whole

region from S=7/6t0
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Fig A2.16: In-plane tension distribution in the vesicle and substrate with different

hemi-fused regions, assuming that the hemi-fused region is propagated inward.
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Fig A2.17: Variation of peak of tension in the vesicle and substrate with respect
to the concentrated load magnitude. The parameters are: load application

point,S,=z/6, pretension in plasma membrane, T,=1 and vesicle pressure, p,=1.

Full hemi-fusion is defined as whole region from S=z/6t00
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Fig A2.18: Variation of peak of tension in the vesicle and substrate with respect
to the plasma membrane pretension. The parameters are: load application

point,S,=~/6, line force magnitude, F=20 and vesicle pressure, p,=1. Full hemi-

fusion is defined as whole region from S=z/6t00
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Fig A2.19: Variation of peak of tension in the vesicle and substrate with
respect to the position. The parameters are: line force magnitude, F=20,

pretension in plasma membrane, T,=1 and vesicle pressure, p,=1. Full hemi-

fusion is defined as whole region from S=S,tS=0
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Chapter 3

Proteins of SNARE family play an inevitable role in the process of neurotransmission.
Starting with the docking of the synaptic vesicle to the fusion pore formation leading
to the release of neurotransmitter into the synaptic cleft, the complete pathway is
majorly governed by SNARE proteins. Four helices from these proteins zip together to
form SNARE complex. The force generated in the process of zippering counters the
repulsive interactions between the membranes. These repulsive interactions arise
mainly due to the electrostatic interactions between the lipid membranes and hydration
pressure. The electrostatic interactions are a result of the charged/polar lipid molecule
which constitutes the lipid membranes. For membrane fusion it is required that the
water between the two lipid membranes is squeezed out and the lipid molecules from
the two lipid bilayer membranes can see each other. The hydration pressure is the
resistance against squeezing the water out of the gap between the synaptic vesicle and
neuron plasma membranes. The water molecules are hydrogen bonded to
charged/polar lipid heads in the membranes making it difficult to expose the lipid
molecules from one lipid membrane to another. The balance between the SNARE
complex force and repulsive interactions determines the final state of the docked
synaptic vesicle. The deformation and state of stress in the membrane is the crucial for
the membrane fusion and pore formation leading to the release of neurotransmitter
into the synaptic cleft.

In the present chapter we present a study which combines a Coarse Grained Molecular
Dynamics (CGMD) simulation of SNARE proteins with a continuum mechanics based

model of lipid membranes. The CGMD simulation of SNARE complex is developed
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by Prof. Anand Jagota and Nicole Fortoul at Lehigh University. The CGMD SNARE
model has been calibrated against the experimental studies done on single SNARE
unzippering. From this calibration the peak SNARE protein structural parameters are
tuned so that the peak force matches with the experimental values. The continuum
model of the lipid membrane used in the present work is a slightly improved version
from the model presented in Chapter 2. The current continuum model takes into
account both the hydration pressure and electrostatics into account to model the
repulsive interactions.

In the following sections we describe the modeling of the SNARE complex and lipid
membranes. That description is followed by combining the force displacement curves
obtained from two systems to obtain an equilibrium configuration of the docked
vesicle. This equilibrium configuration determines the minimum gap between the two
membrane structures. This location of the minimum gap is expected to be the site
where fusion is expected to initiate. We analyze how the minimum gap between the
two membranes changes by varying the number of SNARE complex in the synaptic
vesicle docking. We conclude that there is optimality in terms of number of SNARE
complexes that can be employed to lead a docked vesicle towards membrane fusion

and subsequently towards a fusion pore formation.

3.1 ABSTRACT
Synaptic transmission requires that vesicles filled with neurotransmitter molecules be
docked to the plasma membrane by the SNARE protein complex. The SNARE

complex applies attractive forces to overcome the long-range repulsion between the
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vesicle and membrane. To understand how the balance between the attractive and
repulsive forces defines the equilibrium docked state we have developed a model that
combines the mechanics of vesicle/membrane deformation with a new coarse-grained
model of the SNARE complex. The coarse-grained model of the SNARE complex is
calibrated by comparison with all-atom molecular dynamics simulations as well as by
force measurements in laser tweezer experiments. The model for vesicle/membrane
interactions includes the forces produced by membrane deformation and hydration or
electrostatic repulsion. Combining these two parts, the coarse-grained model of the
SNARE complex with membrane mechanics and electrostatics, we study how the
equilibrium docked state varies with the number of SNARE complexes. We find that
a single SNARE complex is able to bring a typical synaptic vesicle to within a
distance of about 3 nm from the membrane. Further addition of SNARE complexes
shortens this distance, but an over-docked state of more than 4-6 SNAREs actually

increases the equilibrium distance.

3.2 INTRODUCTION

The SNARE (soluble NSF-attachment protein receptors) (1, 2) complexes are the core
protein machinery involved in synaptic vesicle docking and fusion. SNARE proteins
form a link between vesicles and the plasma membrane, providing a mechanism for
zippering the two together.  The transmembrane vesicle associated protein
synaptobrevin (Syb or v-SNARE) forms a four-helical bundle with the proteins
SNAP-25 and the transmembrane protein syntaxin (Syx), which are attached to the

neuronal plasma membrane and termed the “t-SNARE”. SNAP-25 contributes two
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helices (SN1 and SN2) to the bundle, while both Syx and Syb contribute one helix
each (3, 4). During exocytosis the vesicles are first tethered or targeted towards the
plasma membrane (>25nm (5)), then they are docked at the plasma membrane with the
help of the adhesive forces provided by SNAREs. After docking, priming occurs
which finally leads up to vesicle to membrane fusion (1). The zippering of the SNARE
bundle is thought to provide the necessary force to bring the vesicle in proximity to the
plasma membrane by overcoming the hydration or electrostatic repulsion between the

two.

The process of synaptic vesicle docking and fusion can be viewed as deformation of a
mechanical system, in which a synaptic vesicle, a nearly spherical lipid bilayer shell,
is brought in proximity to the plasma membrane, a nearly flat lipid bilayer, under the
influence of the attractive forces exerted by the SNARE complex. Key structural
characteristics of the SNARE bundle have been determined experimentally, including
its x-ray crystal structure (6) and the location of the layers thought to be essential to
SNARE’s function (7), which has been confirmed through single molecule force
experiments (8). All-atom simulations have been performed to analyze the structural
aspects of the SNARE bundle including detailed interactions between the different
helices (9) as well as to investigate the effects of oxidation and reduction of the
SNAP25 linker domain on the formation of the SNARE bundle (10). Some all-atom
simulation work has been done on the unzippering of the SNARE bundle (11),
however, time constraints prevent simulations for large displacements and longer time

scales. In an effort to overcome timescale limitations, some coarse-grained (CG)
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simulations have been performed (12, 13). Force-fields for CG simulations have been
developed (14). However, to suit a wide range of applications, these force fields still
need to be refined (15). Relatively little has been done on coupling the SNARE
unzipping process to the vesicle-plasma membrane behavior to address questions
including that of how docking depends on the number of SNAREs. This problem is
difficult because it must capture large length scale deformations and electrostatics in
the vesicle-plasma membrane system as well as amino acid-level chemical specificity

that are essential to the functioning of the SNARE bundle.

There is significant debate about how many SNARE complexes are required to make
synaptic fusion happen. Earlier studies suggested that 5 to 8 SNARE complexes form
the fusion pore (16). However, recent studies suggest a smaller number of SNARE
complexes. Thus, it was suggested recently that a single SNARE complex can trigger
fusion, (17), while stating the fact that the fusion rate increases with the number of
SNARE’s. In (18), it has been proposed that two Syb units are required for fusion,
based on fluorescence response of tagged Syb. The work done in (19) suggests that
three SNARE units are needed to carry out the fusion, on the basis of fusion rate. At
the same time, studies performed on model systems in vitro suggest numbers ranging

between 5-11 (20).

To investigate how the number of SNARE complexes affects vesicle docking, we
developed a continuum model of the lipid bilayers and combined it with a CG model

for the SNARE which includes chemical specificity. Specifically, the proteins in the
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SNARE bundle are represented by an alpha-carbon based CG model that includes both
structural and chemical specificity by employing an elastic network model (ENM) (21,
22) and Miyazawa and Jernigan (MJ) contact energies (23-25), respectively. The
SNARE CG model is calibrated to match the peak unzipping force determined by Gao
et al. (8), and is used to calculate a force displacement curve for the unzipping process,
along with snapshots of corresponding structures that provide information about the
unzipping pathway. The continuum model for bilayer deformation is based on lipid
membrane theory developed in Jenkins et al. (26) and is an extension of work done in
Long et al. (27). It computes the force required to counter the vesicle-membrane
repulsion, bringing the vesicle to a given distance from the membrane while taking
full account of the vesicle and membrane deformation. Balancing the SNARE-induced
attraction against the vesicle-membrane hydration or electrostatic repulsion provides
us with information about the equilibrium gap between the two membranes for a given
number of SNAREs. Based on this information we study the effect of the number of

SNAREs from the point of view of the mechanics of the process.

3.3 MATERIALS AND METHODS

3.3.1 All Atom (AA) Simulations

We conducted all-atom molecular simulations of SNARE helices in order to obtain
some of the parameters for the SNARE CG model. AA simulations of the four
individual helices as well as the full SNARE bundle were performed using the

GROMACS molecular simulation package (28) and the CHARM22 forcefield (29).
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The starting structures for the 4 individual helices and the full SNARE bundle were
extracted from the final timestep of a 40 ns AA simulation with initial configuration
given by the high resolution x-ray structure 1N7S (7, 11). (See Supporting Material
for a discussion.) For each set of runs, the corresponding structure was solvated in a
waterbox (70 A x 150 A x 70 A), and potassium ions were added to neutralize the
overall charge. Additional potassium and chloride ions were added so that there was a
150mM concentration of KCI to mimic physiological conditions (30). All bonds were
constrained. Dynamics were run at 300 K first using an NVT ensemble for 100 ps
followed by NPT for 100 ps using the Parrinello-Rahman barostat. Five sets of 40 ns-
long runs were conducted with a timestep of 2 fs for Syb, Syx, SN1, SN2, and the
SNARE bundle. Computations were performed at the Texas Advanced Computing

Center (TACC) through XSEDE resources.

3.3.2 SNARE Coarse-Grained Model

A principal result of this work is the development of a CG model for the SNARE
complex. Our goal has been to make it as simple as possible while still retaining the
identity of individual residues. As shown in Fig. 3.1 A, in our SNARE model every

residue is represented by a bead located at the alpha carbon of that residue.

The size and mass of each bead are equivalent to the Van der Waals radius (31) and
mass (31) of the bead’s corresponding residue. Two major types of interactions were
accounted for in this CG model, those within individual helices and those between

them. An elastic network model (ENM) (21, 22) is used to represent the intra-helical
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bonds and interactions that maintain the individual helical structure as shown in Fig.

3.1 A. Pairs of beads within the cutoff distance, R_, on the same helix are said to be

“in contact” and are connected by a harmonic spring with the energy potential

1 2

uspring :Eks(r_ro) 3.1

where kK is the spring constant, I is the distance between the two beads, and r; is the

natural length of the spring. From the 40 ns long individual helix AA simulations, it
was observed that the natural state of each individual helix was a relatively straight
conformation compared to the helices in the SNARE x-ray crystal structure. (The
mean curvature of the helices in the SNARE bundle (3.11x10" 1/m) is three times as
large as that of the individual helices (1.03x10” 1/m), see Supporting Material)).
Because these straightened-out conformations represent the ‘natural’ or relaxed state
of the helices, they were used to construct the ENM. This is important because, as the
helices unzip from the main bundle and break their helix-helix contacts, they revert

back to their natural straight conformation, releasing elastic energy.
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FIGURE 3.1 (A) The AA (left) and CG (middle) representations of the SNARE
bundle are shown. Both models include helices Syb, Syx, SN1, and SN2 with each
helix contributing one residue to the ionic layer (beads): R56, Q226, Q53, and
Q174 respectively. The C-terminal ends of Syb and Syx play an integral role in
the fusion process in that they attach to the vesicle (Syb) and plasma membrane
(Syx). The ENM spring network (right) that maintains the individual helical
structure is shown for Syb and Syx where the thick lines represents the Ca
backbones and the thin lines represent ENM springs. The Miyazawa and
Jernigan contacts between Syb and Syx are also represented (dotted lines). (B)
The spectra used to compare the fluctuations of the AA and CG models are
shown for Syb. Values for ks of 0.0963 N/m and R of 20 A were used for the CG

model. The inset shows 10 snapshots of Syb during the corresponding AA
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simulation. (C) Mean distance for different values of parameter A along with
snapshots of the SNARE bundle. The original crystal is represented by the black

line. The version chosen for simulation is marked by the black circle.

The values of k, for the ENM were chosen by matching the spectrum of fluctuations of

the AA simulations and the CG model for each helix independently. For the analysis
of individual AA helix simulations, the positions of the alpha carbons were extracted
every 10 ps. For each alpha carbon a time series of distance from its average location
was calculated. The fast Fourier transform (FFT) was then computed for each bead’s
time series and averaged over all beads, yielding a single spectrum per helix. In order
to make this comparison of the fluctuations, CG simulations were conducted for the 4

individual helices using Langevin dynamics at 300 K for a range of values ofk .

(Details on numerical implementation of the CG simulation are provided in
Supporting Material.) The same FFT analysis was conducted for individual helix CG
simulations as the AA simulations. The time length of simulations required was

determined by conducting a normal modes analysis (NMA) on the CG model of the
crystal structure, IN7S, for all helices individually using different values ofk,. AA
simulations were run for 2 ns, which is considerably longer than the characteristic time
given as the inverse of the lowest natural frequency (See Table A3.1). In order to best
match the fluctuations, the root mean squared deviation (RMSD) between the AA and

CG spectra was found for each run. An example of the comparison of both spectra is

shown in Fig. 3.1 B for Syb withk, value of 0.0963 N/m. For all helices k, was varied
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between 0.00009 N/m and 0.4816 N/m and the resulting RMSD for all values of k
are shown in Supporting Material. Based on these data, a value of 0.0963 N/m was

chosen for k for all four helices.

The second main category of interactions in the CG model is helix-helix interactions
that require chemical specificity. These interactions are implemented by utilizing
Miyazawa and Jernigan (MJ) contact energies that provide a scalable reference for
residue-residue interactions (23-25). Any beads on separate helices interact if they are

within the MJ cutoff distance, R_,,,. To avoid checking the distance between every

bead during every timestep, a neighborlist is built every 1000 steps. Any beads on

different helices that are within 1.5*R_,,, of each other are added to the neighborlist.

Contacts are determined from the pairs already chosen by the neighborlist.

Following Kim and Hummer (32), the interaction energy &; between residues i and j
of the SNARE structure is scaled from the Miyazawa and Jernigan contact energies
e; (32).

& =Ae; — &) 3.2
Note that there is no self-interaction, i.e., eq. 3.2 applies only for i = j. Also, these

interactions operate only between residues on different helices, intra-helical
interactions being already represented by the ENM. There are two tunable parameters,
a scaling parameter, 4, and a shifting parameter, #,. Throughout the tuning of

parameters, £, was set to 0. Although it was available as an extra parameter, it was
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not found necessary to match the SNARE structure and hence was not used in order to

minimize the number of adjustable parameters.

Forces corresponding to the MJ contact energies are implemented using a slightly
modified 6-12 LJ potential. The format of this potential varies depending on whether
there is attraction or repulsion between these residues as well as if the distance

between beads is greater than or less than that the distance at which the potential

minimum occurs, rijo. The sign of &, determines whether the interaction between the

residues is attractive (negative) or repulsive (positive). The modified Lennard Jones
potentials (32) are

Ifgij <0:

o 12 o 6
u“.(r)—4\gij\HTJj _(Tjj] 3.3

If &, >0 & r<r’

u, (r) =4, \ﬂ%} - (%j ]+ 2¢, 3.4

If &, >0& r>r’:

o 12 o 6
uij(r)—4\gu\{[T'J —[TJH 3.5

where r is the distance between the two beads and o is the interaction radii. eq. 3.4

contains a shift in the potential that ensures that repulsive pairs of beads will always

repel each other.
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The interaction radii is defined as the average of the VVan der Waals radii of residues i

and j

O.. = A* ! J 3.6

where A is available as a tuning parameter and o, and o; are the Van der Waals radii

of residues i and j. In order to match both CG and AA behavior and structure, A was
adjusted to match the SNARE bundle width, defined as the diameter of the tube
shaped space inside the bundle that can be seen if one looks along the center axis of
SNARE. The reference bundle width was found by computing the mean distance of all
of the nearest MJ contacts from the SNARE crystal structure determined from 1N7S.
These 21 nearest contacts represent the distances between the inner residues of the
bundle and therefore the bundle width. Fig. 3.1 C shows the mean distance for a few
cases. The value of A is directly related to bundle width, and from Fig. 3.1 C we
chose a value of A as 0.8 to produce a similar mean bundle width to the crystal
structure. This value of A corresponds to interaction radii ranging from 3.6 A for Gly-

Gly and 5.44 A for Trp-Trp (32).

The remaining parameter, A, controls the strength of inter-helical interactions and was
determined by calibrating the results of simulated force-extension behavior of the
SNARE complex by the recent experimental study by Gao et al. (8), which provided
characteristic forces for the unzipping of the 4 helix SNARE bundle pulled apart in an

optical tweezer experiment. The value of A was calibrated to match the measured
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peak force of 14 to 19 pN (specifically, 17.2 pN). For our unzipping simulation the C-
teriminal residues of Syx and Syb were each attached to a fixed bead by a spring with
a spring constant Ksp,. Displacement control was used on the bead attached to the C-
terminal Syb bead as opposed to the actual Syb C-terminal bead in order to allow for
rotation of the SNARE bundle. In order to see how much the orientation of the pulling
force on the SNARE matters, the simulations were performed in two ways: by
applying a displacement to pulling beads attached to Syb89 and Syx256 through a
spring (as shown in the manuscript) and by directly applying displacements to Syb89
and Syx256. (The pulling beads allow for rotation of the SNARE bundle during the
simulation and are hence less restrictive.) The results of these simulations were quite
similar. To mimic the experimental setup in which the N-termini of Syx and Syb are
connected, a FENE bond connecting the N-terminal residues of Syb and Syx was
incorporated in the model to represent the additional residues and the N-terminal
disulfide bridge that Gao et al.’s (8) experiment included. The potentials used to
implement the FENE bond are

If r(t) <r, eene:

c

U () =— 2k r21n| 1| FO=A 3.7
FENE 2 F'0 r

0

If r(t)>rc_rene:
1 2
uFENE(t)=_§kF (r(t)_A) 3.8

where r is the distance between two bonds at t, r, is the maximum bond length, A is

the resting bond length or, in this case, the original distance between the two beads
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(34), and r,_ e is 0.9% A. The value of ro was determined by the number of residues

that the spring represents, 8 for Syb and 5 for Syx, times the maximum extension per
residue, 3.65 A (8). The FENE spring constant, ke, used was the same at ks for the
ENM of 0.0963 N/m.

Before beginning the CG displacement control simulations, the SNARE structure
was relaxed for 10° timesteps under quasi-static conditions, i.e., at 0 Kelvin. This
relaxation was performed on the SNARE structure extracted from the final timestep of
the 40 ns AA simulation in order to ensure that the initial structure was fully
equilibrated. After this relaxation period, the C-termini beads were separated under
displacement control using the two pulling beads that were discussed previously. The
bead attached to the Syx C-terminus was held fixed, and all displacements were
applied to the bead attached to the C-teriminal Syb bead. For each displacement, this
bead was moved 1 A along the vector between the two pulling beads. After each
displacement was applied, the structure was relaxed for 10° timesteps in order to allow
it to equilibrate. At the end of the relaxation period, the forces on both pulling beads
were nearly identical, and these forces were recorded as a function of displacement

(See Fig. A3.4).

Displacement control runs were conducted with eleven different values of A between
0.16 and 0.72. This parameter directly adjusted the magnitude of the force, so it was
used to match the peak unzipping force reported by Gao et al. (8) of between 14 pN
and 19 pN. On this basis, a value of 0.3 was chosen to produce a peak force in the

experimentally measured range of 17.2 pN.
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3.3.3 Continuum Model of the Vesicle and Plasma Membrane

The vesicle and plasma membrane are subjected to forces from the SNARE complex
drawing them together and distributed distance-dependent electrostatic and hydration
repulsion. During this process, the vesicle and plasma membrane both deform
considerably and the task of the continuum model is to obtain a consistent solution of
the deformed shape subject to these forces. The continuum calculations are based on
the formulation of Jenkins et al. (26) and its extension to SNARE-mediated fusion by
Long et al. (27). The current axisymmetric continuum model extends these
formulations to include concentrated forces due to the SNARE molecules and the
electrostatic forces due to the charges on the membranes or hydration repulsion.

The axisymmetric geometry is shown schematically in Fig. 3.2. We use a cylindrical

coordinate system (r,6,z) where @ is the angle of revolution about the z axis.

Owing to the axisymmetric assumption, the forces exerted by the zipping of the
SNARE complexes are represented by a circle of line force of magnitude Fon a
spherical vesicle of radius R (see Fig. 3.2 B) as well as on the plasma membrane. This
line force counters the repulsive forces between the vesicle and the plasma membrane.
As shown in Fig. 3.2 B, the line force acts along a latitude of the undeformed vesicle
and is constrained to remain normal to the deformed surface. The location of the

latitude is specified by the arc lengthS, of a cross-section in the reference

configuration, which is taken to be a spherical vesicle. Because the plasma membrane

is very large compared to the vesicle radius, its reference configuration is taken to be a

flat circular membrane of radius L under pretension, T,. The SNARE forces act on a
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circle of radius S, in the reference configuration, have the same magnitude F, and are

always directed opposite to the force on the vesicle (Fig. 3.2 B and C).

~
2
A~

A B

— deformed

__undeformed

FIGURE 3.2 (A) A schematic of the axisymmetric model in the undeformed
configuration, showing the location of SNARE and direction of force applied. (B)
The repulsive forces (shown by the dotted lines) act on the deformed
configuration of the vesicle as does the SNARE force, F. (C) The figure shows the
convention for shear force (Q), in-plane tension (T), and moment (M) acting on

the cross-section of the membrane a location £ (S), where ¢ (S) is the tangent

angle in the undeformed configuration measured from the vertical. (D) Example
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of a deformed vesicle-plasma membrane complex for a 20-nm diameter vesicle

docked by 15 SNAREs.

In our model, the repulsive force depends only on the local separation &, as shown
schematically in Fig. 3.2. Following Bykhovskaia et al. (11), electrostatic and
hydration repulsion between the vesicle and plasma membrane are calculated using
Derjaguin’s approximation (35) in which interaction between curved surfaces is
estimated assuming that the surfaces are locally flat. This approximation is valid if the
length scale over which forces decay is much smaller than the radius of curvature of
the vesicle. The applicable range of separations prior to vesicle to membrane fusion is
2-4 nm. In this range, the principal repulsive forces are due to electrostatics and

hydration.

The functional form of both the electrostatic and hydration repulsion is approximately
the same, an exponential decay. Electrostatics has the larger decay length (typically 1
nm under physiological conditions) and smaller prefactor (35). The decay length for
hydration repulsion is in the 1-4 A range (35-38). Consequently, hydration dominates
for small separation and electrostatics for larger separation. Much of the previous
work suggests that the cross-over distance beyond which electrostatics dominates is
about 1.5 nm (35, 37). However, recent work of Aeffner et al. (36) suggests that
hydration repulsion exceeds electrostatic repulsion for distances upto about 3 nm.
Based on the work of Aeffner et al. (36), we have performed calculations taking

hydration repulsion to be the dominant repulsive interaction. However, given some
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uncertainty regarding the relative importance of electrostatics and hydration, we have
also computed results for the case where electrostatic repulsion is assumed to
dominate. The hydration pressure takes on the form of an exponential decay:
P(d,)=Fexp(-d, / 1,) 3.9
where d, is the lipid bilayer separation, P,is the hydration pressure amplitude, and
A, 1s the decay length. According to Aeffner et al. (36), the prefactor, P,, ranges from

0.24 — 4.13 GPa and 4, ranges from 2.3 — 3.7 A. We chose to use a value of 0.43 GPa

for P, and a 4, of 3.22 A based on the parameters suggested for a synaptic vesicle

corresponding to experiments performed in a physiologically relevant DOPC/Chol

70:30 mixture (36).

Local electrostatic interaction is determined by solving the Debye-Huckel equation for

two infinite parallel planes separated by & . We consider two limiting scenarios,

1) The membranes have fixed charge density throughout the process of docking. This
corresponds to the case when the lipid molecules are completely ionized and have a
fixed charge.

2) The membranes have fixed surface potential. This is achieved by adjusting the
surface charge density of the ions in the Stern layer of the membrane or by varying

the degree of ionization of the polarizable lipid molecules.

For the constant surface charge densities, the repulsive force along the z direction per

unit area is given by
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o ol +ol +20,0,c0sh(5/1,)

1
¢ 2e¢,8inh?*(5/1,) 310

whereo,ando, are the surface charge densities of the vesicle and neuron base
respectively, Iy is the Debye length, ¢ is the relative permittivity of water and &, is

the permittivity of vacuum. The choice of surface charge o, is based on the

electrophoretic measurement by Ohsawa et al. (39) and force-displacement
measurement by Marra et al. (40). The reported value of surface charge is in the range
0.01 — 0.03 C/m?. Also, assuming the same surface charge density on the outer leaflet
of the plasma membrane and based on the observation by Pekker et al. (41) that a
charge density difference of only ~0.0001C/m? between the inner and outer leaflet is

necessary to maintain the resting potential difference of 70 mV for the neuron cell, we

choose the value of o, =0, =-0.025C/m’.

For the case of constant surface potential, the force per unit area is

e __lb —pl-¢l+2ppcosh(s/1y) 3.11
€ 2880 sinh2(5/ |D)

When the two membrane structures are far away from each other, they have charge
density given as o, =0, =-0.025C/m’. The potential on an isolated surface and charge

density are related by,

p=27 3.12
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The value of surface potential for the bilayers ¢, =@, =-25mV | is evaluated using Eq.
3.12. As the vesicle approaches the membrane, the surface potential is held constant
and Eq. 3.11 is used to obtain the force between the membranes. A similar approach
was followed in (11). However, in that work the mechanics of SNARE opening was
not coupled to the electrostatic repulsion, and the SNARE-end opening was picked at
1 nm, whereas here the minimum separation of SNARE-ends is taken to be 2 nm.
Primarily for this reason, the repulsive electrostatic forces in the present work are in
the range of tens of pN instead of the hundreds of pN quoted in (11). Relevant

parameters for modeling electrostatic forces are listed in Table A3.3

3.3.3.1 Governing Equations for the Continuum Membrane Model and Their
Solution

The vesicle-membrane system has been modeled under axisymmetry in an
(r,6,z) coordinate system. In the undeformed configuration, the vesicle is modeled as
a sphere with radius R , whereas the undeformed plasma membrane is a circular disc of
radiusL>>R. As shown in Fig. 3.2, s refers to the undeformed arc length, whereas in

the deformed configuration, the arc length is denoted by&. The tangent to the
membrane makes an angle ¢ with the z axis and the mean curvature of the membrane

surfaces is denoted by H .

The forces in the membranes are shear force, Q, and the in-plane tension, T, as

shown in Fig. 3.2 C. The osmotic pressure inside the synaptic vesicle is represented by
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p, - As shown in Fig. 3.2 B, the repulsive electrostatic force per unit area, F, in Egs.
3.9 and 3.10, acts on both membranes, along the z direction. The force due to SNARE
bundles is represented as line loads acting on the circles over the undeformed
geometry of vesicle and plasma membrane (denoted by vectors F and —F, as shown

in Fig. 3.2 B ). On the vesicle, the radius of this circle, r,, is determined by the

geometrical compatibility condition which is based on the width of SNARE helix, d,

and number of SNARE bundles, as,

number of SNAREs)xd
U : )xd. 3.13
T

The assumption here is that the packing of SNARESs is limited by steric hindrance
between them and Eq. 3.13 represents the smallest radius that would accommodate the

given number of bundles. The equivalent arc length value for load application is given
by S, = sin‘l(rO/R). This arc length is same for both the vesicle and the membrane.
We assume that the strain energy density W of both membranes is given by,

W=cH?, 3.14
and by variation of total energy, the governing equations for the vesicle-membrane
system are obtained in Eqgs. A3.11. These equations represent equilibrium in the
normal (Eg. A3.11a) and tangential (Eq. A3.11f) directions at each point on the
membranes. The geometrical constraints can be used to obtain Eqs. A3.11b-e. These
governing equations form a non-linear system of ODE’s. By specifying the input
geometric parameters (R,L) and the force parameters (F,S,,F, and p,), this system

of ordinary differential equations (ODE’s) can be solved numerically to obtain an
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equilibrium configuration of the membrane system. We use the non-linear boundary

value problem solver bvp4c in MATLABO to solve the ODE’s.

3.4 RESULTS

3.4.1 Force-Displacement Response of the Vesicle-Membrane Interaction

The equal and opposite forces on the Syx and Syb C-termini are transmitted to the
plasma membrane and vesicle, respectively, as forces attracting the two together.
Below separations separations of ~2.5 nm attractive forces are resisted primarily by
hydration repulsion. A characteristic force-separation curve can be obtained for the
vesicle-membrane system using the formulation described in section 3.2.3. By
specifying the number of SNARE bundles attached to the vesicle-membrane system,
the location of the line load can be determined using Eq. 3.13. The effect of zipping of
SNARE bundle is simulated by varying the strength of the line load in small steps. For
each increment in force, an equilibrium configuration of the membrane system is
obtained, and hence we determine the separation between the two load points on
vesicle and plasma membrane, respectively. This separation is the distance between
residues Syb89 and Syx256. By varying the number of SNAREs, a series of force-

separation curves can be obtained as shown in Fig. 3.3 A.
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3.4.2 SNARE Force-Separation Curve
Fig. 3.3 B shows the results of a simulation in which the SNARE bundle has been
pulled apart for a total end-to-end separation of 20 nm between the C-terminal Syb

and Syx end beads.
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FIGURE 3.3 (A) Force versus SNARE end separation for the vesicle-membrane
system for different numbers of SNAREs for the hydration repulsion case. (B)
The force during separation of the ends of the SNARE bundle using A of 0.30 for
the CG model of SNARE along with snapshots of the SNARE bundle at the
corresponding C-terminal end separation. The end separation is defined as the

distance between the Syb and Syx C-terminal beads. Syb, Syx, the ionic layer
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residues (beads), and the C-terminal residues (beads with arrows) that are
attached to pulling beads are shown in each SNARE snapshot. The purple arrows
correspond to the direction along which the C-terminal beads are being pulled.
(C) The force as a function of Syb-Syx C-terminal distance is shown for the
vesicle-membrane (the exponentially decreasing curves) and SNARE. One (solid
line), two (dash line), and three (dash-dot line) SNAREs are shown in this plot.
Intersections between the vesicle-membrane and SNARE force-displacement
responses represent equilibrium states. There are a number of instabilities
represented by load-drops. These correspond to separation of individual layers

and have been so labeled.

Each drop in the force-displacement plot (Fig. 3.3 B) represents the system
overcoming a barrier where there is a strong interaction between the SNARE bundles.
Two examples are the snapshots at 10.9 nm and 11.9 nm in Fig. 3.3 B. With an
increase of only 1.0 nm in displacement and little visible change in structure there is a
significant (5.1 pN) increase in force to a peak value of 17.2 pN, after which the force
immediately drops to about 2 pN. (Because a significant amount of the linker domain
was not present in the crystal structure of SNARE that was used to build the CG
model, the first force jump seen by Gao et al. (8) at 3 nm and 8-13 pN is not present in
these results.) The CG model is able to capture the experimentally determined
precipitous force-drop after which the remaining interactions holding the SNARE
bundle together are relatively weak and are therefore not measurable in a force-

controlled experiment. The subsequent increase in force is associated with stretching
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of the linkage between the N termini of Syx and Syb, and presumably would not be
present in a physiological setting. It is included here because this feature is also
present in the experiments of Gao et al. (8). For simplicity, in the version of the
elastic network model used here, we do not allow the helices to unravel, justified by
the following facts. As the results of the next section show, the equilibrium separation
for all the cases studied in this paper is about 3 nm or less. At these separations the
force on each SNARE is < 5 pN. Based on the work of Gao et al. (2012) the first
unwinding event occurs at ~10-12 pN. Thus our simplifying assumption (which will
be relaxed in future work) that helices remain unfolded is justifiable for the range of
openings and displacements representative of the equilibrium docked state. We have
checked the sensitivity of our results to this assumption by allowing small portions of

the unzippered region to unfold as shown in supporting material.

3.4.3 Combined SNARE and Vesicle-Membrane Results

In the previous two sections we have independently obtained force-separation results
for the vesicle-membrane system (Fig. 3.3 A) and for the SNARE (Fig. 3.3 B). Before
combining the two results, we first accounted for the fact that the distance between
outer surfaces of the membranes is larger by about 2 nm than the distance between
Syb89 and Syx256, the SNARE residues that we move apart (see Appendix A3).
Specifically, we shifted the SNARE force displacement curve to the right by 2 nm in
order to obtain this consistency. Clearly, in the combined SNARE-vesicle-membrane

system there is a single force and corresponding displacement. Applying this
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consistency condition between the two results determines equilibrium. Moreover, we
can determine how equilibrium depends on the number of SNARES.

For systems with 1, 2, and 3 SNAREs, the information from Fig. 3.3 A and Fig. 3.3 B
is combined to produce Fig. 3.3 C. Because it has been shown that SNAREs mediate
vesicle to membrane fusion in a synchronous way, we assume that the force required
to unzip two SNAREs would simply be twice the force required to unzip one SNARE,
and so on (42, 43). In all three cases, the curves intersect at an equilibrium SNARE
end separation of between 2 nm and 3 nm suggesting that even 1-3 SNARESs are
sufficient to overcome hydration repulsion and allow the vesicle to dock at the plasma
membrane. The corresponding structures for the intersection points for all three cases,
shown in Fig. 3.3 C, also suggest there is no important conformational difference
between the three structures other than a difference in the number of residues that have
been unzippered.

It is instructive next to consider the energy landscape corresponding to the force-
separation results shown in Fig. 3.3. For this purpose, the SNARE (positive) and
vesicle-membrane (negative) force-separation results are integrated numerically. Fig.
3.4 B shows the results corresponding to the force-separation results shown in Fig. 3.3.
Note that because the SNARE force-displacement response contains unstable jumps,
the entire energy landscape is not represented in Figs. 3.4 B-C. Because of the nature
of the displacement control simulations, there are several instabilities present in the
original SNARE force separation curve. An example of one of these instabilities is the
drop at 7.5 nm as shown in the SNARE curves in Fig. 3.3 C. Integrating across these

instabilities makes the total energy of the system slightly more negative than it should
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be (see Appendix A3). Figs. 3.4 B-C show contour plots of interaction energy as a
function of the number of SNAREs and end-to-end separation. Fig. 3.4 B shows the
results for a vesicle with radius of 20 nm, representing a synaptic vesicle. The gray
circles represent the global energy minimum for each value of number of SNARES,
corresponding to force equilibria in Fig. 3.3. An example of how these minima were
determined is shown in Fig. 3.4 A that was used to determine the global energy
minimum for 1 SNARE for the hydration repulsion case. It is striking that a single
SNARE produces a distinct energy minimum at ~3 nm. As the number of SNARES
increases to 4 SNAREs the equilibrium SNARE end separation decreases. For 4-8
SNAREs there is little difference in the equilibrium separation. For 5 SNAREs the
total energy per SNARE is ~ -17 KT which is quite consistent with the 13 — 27 kT
range reported by Zorman et al. (44). With increase in the number of SNARES over 8,
the equilibrium SNARE separation slowly increases; the minimum separation (~ 2.1
nm) is achieved with 4 bundles. Thus, we may conclude that 4-8 SNAREs are
sufficient to complete the zippering process and to bring the membrane and the vesicle
at a distance of 2.1 nm. Importantly, a larger number of SNARE bundles do not bring
the vesicle closer to the membrane, because steric hindrance pushes them out to a
larger radius.

We next explored how electrostatics would affect the vesicle to plasma membrane
repulsion. We recalculated the continuum model results using a fixed surface charge
of -0.025 C/m? on the vesicle and the membrane with electrostatic repulsion as shown
in Fig. A3.9 B. For this case for one SNARE the end separation is ~2.4nm which is

smaller than the 3 nm seen for the hydration repulsion case. However, when more than
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one SNARE is added to the system, the equilibrium SNARE end separation is constant
at ~2 nm for 2-13 SNAREs. In this case, the equilibrium configuration of the SNARE
bundle would be a nearly completely zipped conformation. For this case with 4
SNARES the total energy per SNARE is ~ -14 KT which again within the range of 13
— 27 KT reported by Zorman et al. (44).

We next explored how the vesicle size would affect the number of SNARES required
to dock a vesicle to the membrane. Figs. A3.10 B and D show the results for the case
of a vesicle that is 100 nm in radius, corresponding to vesicles in neurosecretory cells.
For the hydration repulsion case, there is a considerable difference between the 20nm
and 100nm vesicles. For the 100nm case the minimum separation is also reached with
4 SNAREs, however that minimum separation is ~2.5nm as opposed to ~2.1nm for the
20nm vesicle. For the case of electrostatic repulsion with a constant surface charge,
the only difference between the two cases is for 1 and 2 SNAREs. For the 100nm
vesicle case the equilibrium separation is ~3.4nm as opposed to ~2.4nm for the 20nm
vesicle. Additionally for 2 SNAREs there is also a larger separation for the 100nm
vesicle of 3nm as opposed to 2nm for the 20nm vesicle. However for 3 of more
SNAREs there is little difference between the two vesicle sizes because both SNARE

configurations are nearly completely zippered.

148



w
5

-16.5¢ ~__ Hydration

—

w

Energy (kT)
5L
Q .
\E
-+
o
/
\
SNARE End Separation (nm)

25}
/
-18+ ,
/ SNARE 2
185 25 3 35 4
SNARE End Separation (nm)
C D

y

(=]
—

w
5

N
3

SNARE End Separation (nm)
w
Normalized Total Ene

2 afalTatsa

0 5 10
Number of SNARESs

FIGURE 3.4 (A) Energy as a function of SNARE end separation when repulsion
between the vesicle and plasma membrane is dominated by hydration repulsion.
The energetic contributions from SNARE (attractive), hydration (repulsive), and
the total (their sum) are shown. The hydration repulsion has been shifted
vertically by -17 kT for clarity. (B) Contour plot of total energy as a function of
SNARE end separation distance for different numbers of SNAREs under
hydration repulsion. Circles correspond to global energy minima representing

the equilibrium SNARE end separation for a given number of SNARES. Vesicle
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radius is 20 nm. (C) Contour plot of total energy as a function of SNARE end
separation distance for different numbers of SNAREs under electrostatic
repulsion for a fixed charge of -0.025 C/m? on the vesicle and the membrane in
the limit of high tension in the vesicle and plasma membrane. For this case,
minimum lateral separation between the SNARE bundles has been increased
from 3 nm to 4nm. (D) The structure of SNARE corresponding to the case shown
in Fig. 4 B, number of SNAREs=1. Syb, Syx, SN1, SN2 are shown with the ionic
layer residues indicated as large beads. (E) The same structure as in Fig. 4 D but
showing only Syb and Syx for clarity. All contacts for residues within 2¢ of each

other are indicated with thin lines.

Fig. 3.4 B and C represent results for an optimized set of parameters describing
molecular details and electrostatic forces. To judge the robustness of the conclusions
gleaned from these results, we explored several variations of parameters including (1)
allowing a portion of Syb to melt with the surface charge held constant, (2) holding
the surface potential constant instead of surface charge, (3) high osmotic pressure in
the vesicle and low pretension in the plasma membrane, and (4) the limit of high
tension in both the vesicle and plasma membranes. These variations in the modeling
assumptions generally make little difference in the conclusions drawn from Fig. 3.4
(see Appendix A3). The main conclusion that 4-8 SNARESs bring the vesicle to the
minimum distance away from the membrane still holds. Because the equilibria of
interest for the problem addressed in this work occur at relatively small separation and

forces, in our model we have not allowed the helices to unravel. In order to see the
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potential effect of unraveling, the first two helical turns of Syb were melted and the
force displacement curve for SNARE was calculated from Fig. 3.3 B. The resulting
energy surface for this case for a 20 nm vesicle with hydration repulsion is shown in
Fig. A3.11 A. 4-10 SNAREs brings the vesicle within a minimal distance of the
plasma membrane. However, that minimal distance is ~2.4nm as opposed to the
~2.1nm for the case where Syb is not permitted to unravel.

In an effort to compare to the experimental prefusion structures of the vesicle and
plasma membrane as shown by Malsam et al. (45) and Hernandez et al. (46), the
continuum model was calculated using high osmotic pressure in the vesicle and low
pretension in the plasma membrane. However, the resulting energy surface for this
modification to the base cases shown in Fig. 3.4 has little effect on the results because
the repulsive force is dominated by hydrostatic repulsion as shown in Fig. A3.14.

The limit of high tension in both the vesicle and plasma membrane was studied using
an analytical model described in the Supporting Material. In order to test the
sensitivity of the solution to the location of the SNAREs, calculated using Eq. 3.13,
the diameter of the SNARE bundle was varied from 2 nm, Fig. A3.17 A, to 4nm,
whereas the base case used 3nm. This variation seems to have the most significant
effect on the solution. Decreasing the size of the SNARE bundle still yields a similar
result in that for more than one SNARE the bundle is nearly completely zipped shut.
On the other hand when the size of the SNARE bundle is increased, instead of having
a nearly fully zippered bundle, there is a minimum separation that occurs at 4
SNAREs. With the addition of more than 5 SNAREs the equilibrium separation again

begins to increase all the way up to ~3nm with 13 SNAREs.
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Fig. 3.4 D and E show the equilibrium structures of SNARE at a 2.1 nm separation for
the case shown in Fig. 3.4 B. SN1 and SN2 were removed from the structure for
clarity in Fig. 3.4 E, and the residues of Syb and Syx that were “in contact” were
determined. Because the Miyazawa and Jernigan forces greatly decrease after a
separation of ~2* o, that distance was used as the criteria for 2 residues being in
contact. At the start of the displacement control simulation, Syb and Syx had 574
contacts between them. After a 2.1 nm separation, only 449 contacts remained. The
removed contacts begin to create a crack-like defect separating the helices. After the
2.1 nm separation, residues 89 (Trp) of Syb and 256 (Lys) of Syx were still in contact.
These residues are still far away from the ionic layer showing that the SNARE bundle

had not yet unzipped to that point.

3.5 DISCUSSION AND CONCLUSION

The docking of vesicles onto the plasma membrane of a neuron involves interplay
between the SNARE complexes that provide attractive forces, long-range repulsion
between the vesicle and membrane, and deformation of all three components.
Although each of these components has previously been investigated in detail, to
understand the biophysics and mechanics of vesicle docking it is imperative to
combine them. We report here the first model which couples chemical specificity of
the SNARE complex with hydration, electrostatic, and mechanical forces imposed on
the vesicle and plasma membrane. Such a model can serve as a tool to investigate how

mutations in the SNARE complex could affect the docking and fusion process.
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We have developed separate coarse-grained models for the deformation of the SNARE
complex and of the vesicle-membrane assembly. The vesicle-membrane model is
based on a continuum description of membrane deformation subjected to either
hydration or electrostatic repulsion and forces from the SNARE complexes. The
fusion of lipid bilayers have been extensively modeled (47) to capture the intermediate
states of fusion, including stalk formation, and to understand their energetics. Our goal
in this study was to understand the forces produced by membrane bending and
hydration or electrostatic repulsion that need to be overcome by the SNARE
complexes to dock a vesicle to the membrane. The continuum membrane model was
coupled with a coarse grain model of the SNARE complex. The SNARE forces are
represented in the continuum membrane model as an axisymmetric line force, an
assumption that is increasingly accurate for increasing number of SNAREs. (A single
SNARE at the axis of symmetry also presumably results in axisymmetric deformations
of the vesicle/membrane.) For a given number of SNARES, the model holds fixed
their anchor points in the vesicle and plasma membrane. This constraint potentially
affects our results. However, we note that the position of the SNARE anchor points
does vary as we change the number of SNAREs (Eq. 3.13). The number of SNAREs
was varied from 1-13. Usually, for 2 or more SNAREs there is little difference in the
equilibrium separation, suggesting that the model results probably will not vary much
if we remove the constraint of holding the positions fixed.

The CG SNARE model is based on an elastic-network representation of each of the
helices combined with Miyazawa-Jernigan potentials to capture inter-helical

interactions. It is a minimalistic model that still represents residue-specificity. Its
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few parameters are calibrated either by comparison with all-atom MD simulations of
individual SNAREs, or by comparison to experimentally measured forces to separate a
single SNARE complex, Gao et al.(8) Specifically, we match the experimentally
observed peak force of 17.2 pN force. Each of the two models separately yields a
force-separation relationship.  Enforcing consistency between the two yields
equilibrium configurations for the SNARE-vesicle-membrane complex, for a given
number of SNAREs.

As the first application of our model, we explored here the effect of the number of
SNARE complexes on the mechanics of vesicle docking and the prefusion state of the
SNARE complex. It is still a matter of debate as to how many SNARE complexes
need to assemble prior to the fusion process. High concentration of Syb on the vesicle
(~70 copies (48)), as well t-SNARE clusters at docking sites (49) suggest that in vivo
fusion may be mediated by multiple SNARE complexes. At the same time,
experiments and model systems suggest that one (50), two (18), or three (19, 51, 52)
could be sufficient. Other studies, however, suggest a larger number of SNARE
complexes per fusion, ranging between 5 and 11 (16, 20, 53). Finally, recent studies
suggest that the number of assembled SNARE complexes may determine the release
efficiency (54) and that it may vary (55). Thus, how vesicle docking might depend on
the number of SNARE complexes remains an open question, previously not addressed
from the biophysical and biomechanical point of view.

We find that one SNARE complex is sufficient to dock the vesicle onto the membrane.
As few as 2-3 SNAREs are sufficient to bring the distance between the membrane and

vesicle to the minimum and thus to complete the docking process. Interestingly, there
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is a point of diminishing returns such that a larger number of SNAREs (i.e., an over-
docked state) does not further reduce the vesicle-membrane separation. The
corresponding predicted SNARE end-to-end separation is in the range 2-3 nm (56, 57)
but one can expect significant fluctuation about the equilibrium state because the
energy profile is relatively shallow (Fig. 3.4 A). This picture of a partially zippered
docked state is consistent with the conclusions of an in-vivo toxin cleavage assay in
crayfish neuromuscular junctions. In this work, we only model docking, not fusion.
That is, we calculate the equilibrium separation between the vesicle and plasma
membrane during docking. The lower bound of ~2 nm separation between the vesicle
and plasma membrane is based on the steric hindrance of having to fit the SNARE
bundles between the two surfaces. This distance is probably a bit too large for fusion
to occur, which suggests that some additional mechanism other than SNARE
zippering must act for fusion.

Several variations in the model including calculations under fixed charge, fixed
surface potential, high vesicle pressure and high membrane tension, and varying
vesicle radius have all shown similar results.

Our results are consistent with the view that a prefusion state involves a partially
assembled SNARE complex (58-60) which keeps the vesicle at a short distance from
the plasma membrane in anticipation of Ca2+-induced fusion rather than the
alternative view that SNARE zippering represents a final step of exocytosis and
rapidly progresses once nucleated (61). Specifically, our model robustly predicts an
equilibrium separation between the vesicle and the membrane to be on the order of

2.0-3.0 nm corresponding to opening of at most layer 8.
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Appendix A3

A3.1 Coarse-Grained Simulations: Solution Procedure

CG simulations were conducted for the 4 individual helices using Langevin dynamics
at 300 K for a range of values of k. The Langevin equation (1) includes an inertial
term, a viscous term, a random force term, and a potential energy term, respectively, in

the form

mx(t)=—yx(t)+R(t)—VE A3.1

where 12 is the mass of each bead, ¥(t) is the bead’s acceleration at time t, ¥ is the
damping constant, x(t) is the bead’s velocity at £, E{t}) is a random force that
represents the protein’s interaction with the surrounding fluid, and E is the potential
energy governing the solute that includes ENM forces. The fluctuation-dissipation

theorem (2) connects the random force and viscous drag

(R(t)-R(t")) =67k, TS(t—t") A3.2

where kg is Boltzman’s constant, T is temperature, R(t"} is the random force applied
at t’, and 5t — t"} is the Dirac delta function. Written as a system of equations for all

beads, the Langevin equation takes the form

167



[MI{t(t)} = —p{a(t)} +{R(t)} - [kH{u(t)} A3.3

where [M] is a diagonal mass matrix, {#(t)}, (it(£)}, and {u(£)} are column vectors
containing the accelerations, velocities, and positions in the X, y, and z directions for
each bead, {E(t])} is a column vector containing the random force in the x, y, and z
directions for each bead, and [%] is a stiffness matrix.

The standard deviation of the random force is derived from Egs. A3.2 and A3.3 to

be

sp= |27k A3.4
\/ At

where At is the timestep. The friction coefficient is dependent on the bead type as well

y= 6zna A35
m

where a is the VVan der Waals radius of the bead and # is the viscosity of water. The

timestep used for Langevin dynamics was based on the characteristic time, t, that is

defined as

A3.6

Al
I
u?vla
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where m is the maximum bead mass. The timestep was adjusted to match the diffusion
of a bead attached to a spring. Using this technique, the timestep was determined to be
43.4 fs or 1/20.

In order to model the dynamics of the coarse-grained model, the Langevin dynamics

equation was solved using a generalized Verlet algorithm (1)

e o L At n n | pn

XM =X"+m 17[—VE(X )—yMX" +R ] A3.7
X" = X"+ At A3.8
-n+l _ -n+l/2 -1 At o n+ly - n+1 n+1

X" =x +m 7[ VE(Xx"")—yMx""" +R ] A3.9

where 7t is the timestep. The position is calculated from the half velocity, and then the

position and half velocity are both used to calculate the full velocity.

A3.2 ENM Reference State

—

FIGURE A3.1 A model showing two beams. The reference or zero energy state

for both beams is when they are separated from each other. When the beams
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form a bundle, mutual interactions deform them into some shape with associated

stored energy that will be released when the beams are separated.

For each of the helices there exists a relaxed, natural, or reference state, and we
maintain that the relaxed state of the springs that comprise the elastic network model
should be defined in this reference state. This idea is illustrated in the Fig A3.1. Say
we have two helices (orange and blue) with two different reference states (bent and
straight). When the two helices come into contact with each other, they will both
deform to form an equilibrium structure. If we assume the energy of the system to be 0
on the left, some energy is required to bend both helices to form the combined
structure on the right. In our model we use our references states, like those on the left,
to help us calculate the energy stored in the bundle that can be released as the bundle
is pulled apart.

The existence of such a reference state is not contingent upon its viability as a stable
state for an actual isolated helix. Although Syb by itself is largely unstructured, we
can still define the Syb helix by itself, i.e., removed from the other SNARE helices. It
is a notional state used merely to obtain the frozen or stored elastic energy in the
SNARE bundle. That is, all that is required is that the helical forms be stable as a
bundle and that we have a systematic procedure by which to define springs on a
relaxed state, again, regardless of whether the relaxed state actually exists.

We recognize that in many sources in the literature it is noted that Syb is largely
unstructured when not in the presence of the SNARE bundle. We conducted 40 ns all-

atom simulation of the individual SNARE helices, starting with a configuration
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extracted from the crystal structure. We found that this timescale was more than
sufficient to allow all of the helices to straighten into relatively straight rod-like
conformations. It was also short enough that each rod retained its helical structure.
Because of this separation of time scales — time to relax an individual helix << time
required for it to lose it structure — we were able to define the natural or reference state

of each helix on which to construct the elastic spring network.

A3.3 Determining the Cut-Off Distance and Spring Constant in the Elastic
Network Model for SNARES

Coordinates from the straightened out helical structures were extracted from the
individual AA simulations, and the connectivity and natural length of the ENM
springs for each helix were determined based on these structures. If the cutoff
distance is too small, the proteins will denature. If it is too large, simulation speed will
be compromised with no significant improvement in representation. In order to find
an optimal value, this distance was adjusted and a histogram was created for each
helix to show the total number of springs that were connected to each bead. The
minimum criterion for the number of springs was that each bead should be connected
by a spring to all of its nearest neighbors. It was concluded that a cutoff distance of a
minimum of 10 A yielded at least 4 springs per bead, which satisfied this criteria.
After further investigation, it was determined that R, was required to be at least 20 A

in order to maintain the helical structure of each helix during AA simulations. The
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histogram for the final value of R¢, 20 A, for the helix Syb is shown in Fig. A3.2. The

histograms for the other three helices are similar.

Frequency

0 10 20 30 40 50 60
Number of ENM Springs per Bead

FIGURE A3.2 A histogram for the number of ENM springs per bead is shown for

Syb with a value of 20 A for R..

The values of ks for the ENM were chosen by matching the spectrum of fluctuations of
the AA simulations and the CG model. For the analysis of individual AA helix
simulations, the positions of the alpha carbons were extracted every 10 ps. For each
alpha carbon a time series of distance from average location was calculated. The fast
Fourier transform (FFT) was then evaluated for each bead’s time series. The average

was taken over all beads yielding a single spectrum per helix. In order to make this
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comparison of the fluctuations, CG simulations were conducted for the 4 individual
helices using Langevin dynamics at 300 K for a range of values of k. The time length
of simulations required was determined by conducting a normal modes analysis
(NMA) on the CG model of the crystal structure, IN7S, for all helices individually
using different values of k. AA simulations were run for 2 ns, which is considerably
longer than the characteristic time given as the inverse of the lowest natural frequency.

The results for Syb are shown in Table A3.1.

TABLE A3.1 The lowest natural frequencies and characteristic times for Syb

determined are shown below for different values of kg

Ks Lowest Natural Time
(N/m) Frequency Squared (ns)
(1/ns)?
0.0963 4.53 4.70E-01
0.1926 9.05 3.32E-01
0.2889 1.36 2.71E-01
0.3853 1.81 2.35E-01
0.4816 2.26 2.10E-01

For Syb, as was seen for all helices, the characteristic times are significantly less than
1 ns. As a result the AA simulations were analyzed for the first 2 ns of the
trajectories, and the CG test simulations were conducted for 2 ns and analyzed with

data collected every 2 ps. In order to best match the fluctuations, the root mean

173



squared deviation (RMSD) between the AA and CG spectra was found for each run.
An example of the comparison of both spectra is shown in Fig. A3.3 for Syb with ks
value of 0.0963 N/m. The RMSD for all helices for all values of ks are shown in Table

A3.2 with the minimum RMSD values shaded in grey.
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FIGURE A3.3 The spectra used to compare the fluctuations of the AA (blue) and CG
(red) models are shown for Syb for 2 ns. Values of ks as 0.0963 N/m and R, of 20 A

were used for the CG model. An RMSD of 4.7E-10 was found.

TABLE A3.2 The RMSD values between the AA and CG fluctuation spectra are
shown below for all helices for a range of values of ke. The minimum RMSD

values are shaded in grey.

ks (N/m) SypRMSD | Syx RMSD | SNLRMSD | SN2 RMSD
0.00009 9.6450e-09 1.0532¢-08 | 1.2658¢-08 | 9.5905€-09
0.0009 4.9432¢-09 55075e-09 | 6.7327e-09 | 4.6640e-09
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0.0096 1.4341e-09 1.1056e-09 1.5941e-09 1.7538e-09
0.0481 7.4334e-10 1.4651e-09 8.5729¢-10 1.6778e-09
0.0963 4.7077e-10 4.3346e-10 1.3671e-09 2.3080e-09
0.1444 7.2271e-10 9.9229¢-10 1.5680e-09 1.1604e-09
0.1926 1.4341e-09 1.1064e-09 1.5941e-09 1.7539%¢-09
0.2889 1.2019e-09 1.5654¢e-09 2.7382e-09 3.0644e-09
0.3853 1.7372e-09 2.0310e-09 3.2207e-09 3.3413e-09
0.4816 2.4969e-09 2.8429¢-09 3.2951e-09 3.5652e-09

Based on the data in Table A3.2, a value of 0.0963 N/m was chosen for ks for all four
helices. For Syb and Syx, this corresponds to the value of ks with the smallest RMSD.
For SN1 and SN2 however, the minimum RMSD occurs either a little above or below
ks of 0.0963 N/m. Because the RMSD is still very small for these two helices with that

value of ks, it was chosen to use a consistent value of ks for all helices.

A3.4 Calibration of A and Displacement Orientation

As described in the SNARE CG model portion in the methods section, the value of A
was adjusted in order to match the peak force reported by Gao et al. (3) of 14 — 19 pN.
We conducted a series of displacement control simulations at OK for a set of A values
ranging from 0.30 to 0.72. Displacement was applied in steps and the system allowed
to relax. Relaxation to equilibrium was monitored by tracking the forces acting on the
C-terminal beads of Syb and Syx as shown in Fig. A3.4. Each force spike corresponds

to a displacement being applied to the C-terminal bead of Syb. After 10° timesteps,
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both forces relax to nearly the same value, which is taken as the equilibrium force for

that displacement, and the next displacement step is then applied.
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FIGURE A3.4 The force as a function of timestep is shown for a displacement
control run with A set to 0.30. The forces on the C-terminal beads of Syb (blue)
and Syx (red) are shown. Each spike in the Syb force corresponds to application

of a new displacement step. A total displacement of 20 nm is shown.

The resulting force displacement curves for a few of these runs for varying A are

shown in Fig. A3.5.

176



30¢ T T T T T T T

25

T

20

15

Force (pN)

10

0 2 4 6 8 10 12 14 16
Displacement (nm)

FIGURE A3.5 Force displacement curves are shown for displacement control
simulations done using A values of 0.16 (red), 0.24 (blue), 0.30 (black), and 0.40

(magenta).

It was clear that as A was increased, the peak force increased as well. By choosing its
value to be 0.3, we attained a peak force of 17.2 pN that lies in the experimentally

measured range.

A3.5 SNARE Force Displacement Instabilities and Their Effect on Energy
There are several mechanical instabilities in the force-separation curve of the SNARE,
for example at 7.5 nm in Fig. 3.3 C. These usually correspond to “breaking” of one of

the layers. When the system jumps from one stable point to the next, it does not
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follow the equilibrium force-separation relationship between these two points; instead,
it lies above it. When we integrate the force-separation curve to obtain energies, we
consequently compute a slightly larger magnitude (more negative) than it should be.

This does not affect any of the predictions about stable equilibria.

A3.6 Continuum Governing Equations and Their Solution
The axisymmetric deformation of the vesicle-membrane system can be reduced to the

solution of a set of ordinary differential equations. The undeformed configuration of
the vesicle is a sphere of radius R with arc-length in a cross-section denoted by S

whereas, the plasma membrane occupies the interior of a circle of radiusL > R. We

introduce the notation ¢ to denote the angle made by the tangent to a point on the
cross-section of the deformed membrane in the (r,z)plane with the z axis (see Fig.

A3.5 A). Briefly, the equations describing the deformation involve the shear force Q,

the angleg, the mean curvature H, the deformed arc length&, the deformed
coordinates of a generic material point (r,z)which has an arc length coordinate S in

the undeformed configuration. To expedite the analysis, we introduce the following

normalized variables:

5= v=r 7.2 H_pH, EF==%5,
R R R R
2 2
g-R° g_dR" A3.10
C C
R~ RR® _ RR® _ RR?
Po= "¢ - Fe= c ' N ¢ Tttt
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where,

P, is the osmotic pressure of the vesicle,

d is an integration constant resulting from integrating the tangential force equilibrium
equation (see supplementary information for details),

F.is the electrostatic force per unit area of the membrane and is always along
z direction,

F is the tangential component of the concentrated load at the material point S, in the
deformed membrane,

F, is the normal component of the concentrated load at the material point S, deformed

membrane.

—deformed
—unde formed

..........

FIGURE A3.6 (A) Arc length and tangent angle over the membrane, (B) Forces

and moment along the cut in the membrane.
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As shown above non-dimensionalization of all the length scales is done by the radius
of the undeformed vesicle,R. As chas units of energy, we use it to non-

dimensionalize force per unit length quantities i.e. in-plane tension, T and out of plane
shear, Qbyc/R?. Also force per unit area quantities, p,,F,,F, and F, are made
dimensionless byc/R®.

Also, in both the loading conditions it has been assumed that the F, for vesicle is

always zero. There are six ordinary differential equations governing the deformation

of the vesicle membrane, they are:

d+H?2+ +&p,

1, COS¢ |COS¢
2H = ]r

(A3.11a- A3.11f)

where, the dot denotes differentiation with respect to the normalized undeformed arc

length S , and

EESip _ (A3.11g)

The normalized normal force acting on the deformed membrane surface, pin Eq.

A3.11a is related to the osmotic pressure of the vesicle, p,, the electrostatic force per
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unit area, F, and the normal component of the concentrated load applied at S =S, F,

by,

p=p,+FEsing+ ﬁn5(§—§0) (A3.11h)

where, 5(S —S,)is the Dirac delta function.

These differential equations are supplemented with the boundary conditions:

¢G=®=§,
Q(§=0)=0,
r(S=0)=0,
¢(S‘=z)=—§,

Q(S=7)=0,
r(S=x)=0,

(A3.12a- A3.12f)

The boundary conditions defined above essentially represent the symmetry in the

vesicle geometry. About the symmetry axis, the curve has zero slope and out of plane
shearQ is zero, at bothS =0 andz. Also, for the continuity of the geometry, we
impose ¥ =0 at both S=0 and =.

The notation for positive shear force and tension is described in Fig. A3.6. Finally, the

expression for the in-plane tension in both the vesicle and plasma membrane is given

=_(—d _cH?—cH _j (A3.13)
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The governing equations for the deformation of the plasma membrane is very similar,

except that Eq. A3.11g must be replaced by,

=l | vy

(A3.14)

This change is due to the difference between the reference configurations. The

boundary conditions are:

HS=0)=7,
Q(§=0)=0,
r(S=0)=0,

¢[S = L]=’2’, (A3.15a- A3.15f)

The boundary conditions at S =01is due to axisymmetry. Eq. A3.15f states that the
tension in the plasma membrane approaches the pretension at the boundary. This
boundary condition allows the neuron membrane to deflect. Had we replaced this
boundary condition with a clamped condition, the deflection everywhere would be
zero because of area incompressibility.

The coupled ODE’s in Egs. A3.11 - A3.15 with the boundary conditions are solved

using the MATLAB® bvp4c solver. The input parameters for the solver are the
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osmotic pressure p,across the vesicle membrane which remains fixed throughout the
deformation, SNARE-machinery force parameters (S,and magnitude F),

electrostatic force and pretension (T,) in the plasma membrane.

A3.7 Example Problem of Continuum Model

Here we show an example of the results of the calculation of vesicle-membrane

interaction. In this example, the location of force application is fixed at S, =Eon

both the vesicle and neuron base, as shown in Fig. A3.7. This location of load
application corresponds to the number of SNAREs of 21. Parameters used in the

continuum model are shown in Table A3.3.

TABLE A3.3 Parameters used for the continuum model of the vesicle and plasma

membrane

Parameter Value Comment
Permittivity of vaccum, &, 8.85 x 102 Fm™

Dielectric constant of water, . 80 dimensionless

lon concentration inside neuron, ¢, | 200 mM (4) (1-1) electrolyte
Debye length, 1, 0.67nm I, = /;:3':210
Synaptic vesicle radius, R 20nm (5)

Surface charge of vesicle and inside | -0.025 Cm™, -0.025 Cm™
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of plasma membrane, &, and o, (5-7)

Surface potential of wvesicle and
inside of plasma membrane, | -25 mV, -25 mV

¢ and @,

Bending rigidity of lipid bilayer, c | ~20 kgT (8) 8.28x 107

The strength of the line force is varied in the range of 5—20 in dimensionless terms,

which is equivalent to a net force between66—266 pN. Fig. A3.7 shows the

deformed shapes of the membranes for four different values of F . The inset on the
right shows the calculated relationship between applied force and separation between
load application points. The force decreases rapidly with increasing separation,

reflecting the steep decay of the electrostatic repulsion.
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FIGURE A3.7 Deformed geometry for different force magnitudes. The thick lines
represent the neuron base and the thin lines represent the vesicle. The inset on
the left shows the zoomed in section of the load application point (shown as e )
and the inset on the right shows the vertical separation between the two ends of
SNARE-machinery versus the net SNARE force. The parameters are for the

analysis are: load application point,S,=z/6, pretension in plasma membrane,

T, =1 and vesicle pressure. p,=1 .

A3.8 SNARE Force Separation Curve Shift

To compare the attractive force imposed by the SNARE bundle to the repulsive force
on the vesicle, we need a consistent definition of separation. The distance connecting
the final residue beads (Syb89 and Syx256) is shorter than the distance between the
outside membrane surfaces due to the presence of other parts of the SNARE. To
address this issue, we created a static coarse grained structure of a 20 nm vesicle and
plasma membrane with a partially opened SNARE at its equilibrium configuration as
shown in the figure below. We found that distance between the outer surface of the
membranes is actually about ~1nm further apart than the distance between Syb89 and
Syx256. We have therefore added this distance when comparing the attractive force
on the SNARE to the repulsive force on the vesicle. Adding the initial separation
between Syb89 and Syx256, the minimum distance allowed between the membranes
at the point of force application is about 2nm. Another related effect is that inter-

SNARE-bundle repulsion can increase the minimum lateral separation. We have
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considered two additional cases where we take lateral SNARE bundle width to be 2
and 4 nm (an additional Debye screening length increase in radius in the latter case).
The larger lateral spacing makes the effect of number of SNAREs significantly
stronger but the minimum separation and the number of SNARES needed to achieve it

does not change much.

Figure A3.8. Drawing of a vesicle near a plane along with a model for the

SNARE bundle.

A3.9 Choice of SNARE Model

The CG simulation model was built using the SNARE X-ray crystal structure 1N7S
that includes Syb (27-89), Syx (189-256), SN1 (5-83), and SN2 (139-204). We
recognize that this structure only includes part of the Syb linker domain (85-95) and
none of the linker domain of Syx (256-266). However, we believe that our choice of

placing the membrane outer surface at residues 89 and 256 is correct. Our choice is
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based on the following papers (9, 10) that show Syb insertion in the membrane starts
at Trp 89. Specifically, they show that 89-94 is unstructured but is inserted in the
membrane. Similarly, the following paper shows that for Syx, residues after 261 are
in the lipid bilayer. Specifically, 261-266 are unstructured but inside the lipid bilayer
(11). The following study (12) also concludes that the linker domains (256-266) and
(85-95) are buried in the top layer of the membrane. Because the reference distance
from the hydration repulsion is the outer surface of the membrane, to be consistent we
believe that it is quite appropriate to define SNARE displacement from 88 for Syb to

256 for Syx, within some uncertainty of a just a few residues.

Whether or not the linker domains have unraveled is debatable. It was shown in Gao
et al’s optical tweezer experiment that the Syb linker domain unravels at 10-13 pN.
Because the equilibrium SNARE end-end distances of interest in this work are <~
3nm), our maximum force only reaches (<5pN) and neglecting helix unraveling in our
model is justifiable. Nevertheless, in order to check the robustness of our solution
against unraveling, we did melt two helical turns of Syb (including up to residue 91).
The principal effect is that the minimum equilibrium separation increases from 2 nm

to 2.5 nm for both hydration and electrostatic repulsion with a constant charge.

A3.10 Robustness of Model Results

To judge the sensitivity of our main conclusions on the various assumptions we have

made, we carried out a number of other simulations. Our main conclusion is that the
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principal results of our model are quite robust with respect to uncertainty in the

assumptions made.

A3.10.1 Electrostatics: We explored how electrostatics would affect the vesicle to

plasma membrane repulsion. Fig. A3.9 shows results for the case where hydration
repulsion is replaced by electrostatics using a fixed surface charge of -0.025 C/m? on
the vesicle and the membrane. Evidently, with these parameters the electrostatic
repulsion is weaker than the hydration repulsion. For one SNARE the end separation
is ~2.4nm, which is smaller than the 3 nm seen for the hydration repulsion case (Fig.
3.4 B). However, when more than 1 SNARE is added to the system, the equilibrium
SNARE end separation is constant at ~2 nm for 2-13 SNAREs, that is, it would be

completely zippered shut.
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FIGURE A3.9 (A) The force in the membrane/vesicle system is shown as a
function of SNARE end separation for a vesicle radius of 20nm with electrostatic

repulsion with a fixed surface charge. (B) The corresponding contour plot of total
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energy as a function of SNARE end separation distance and the number of
SNAREs. Gray circles correspond to global energy minima representing the

equilibrium SNARE end separation for a given number of SNAREs.

A3.10.2 Larger vesicles: Although our primary interest is in the smaller synaptic

vesicles, the model can also be applied to study larger vesicles. Fig. A3.10 shows

results for the case of a 100 nm vesicle.
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FIGURE A3.10 The force in the membrane/vesicle system is shown as a function of
SNARE end separation for a vesicle radius of 100nm with (A) hydration repulsion and

(C) electrostatic repulsion with a fixed surface charge. Contour plots of total energy as
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a function of SNARE end separation distance and the number of SNARESs are shown
for a vesicle radius of 100nm with (B) hydration repulsion and (D) electrostatic
repulsion with a fixed surface charge. Gray circles correspond to global energy
minima representing the equilibrium SNARE end separation for a given number of

SNAREs.

For the hydration repulsion case the minima are significantly larger than those found
for the 20nm case shown in Fig. 3.4 B. For four or more SNAREs the equilibrium
separation is ~2.5nm which is different from the 20nm case where the separation is
~2nm and the SNARE bundle can be nearly fully zippered. For the case of
electrostatic repulsion, for larger number of SNAREs the repulsion is still insufficient

to open the SNARE except when there are three or fewer SNAREs.

A3.10.3Fixed Potential: We also carried out computations assuming a fixed potential

of -25 mV on the vesicle and on the membrane as opposed to the fixed surface charge
case that was assumed in the majority of the paper. The resulting force separation
curves for the 20nm and 100nm vesicle cases are very similar to the case of fixed
charge. This is not unexpected because the electrostatic force for fixed charge versus
fixed potential cases becomes nearly the same for separations greater than the Debye

screening length.

A3.10.4 Unraveling of Syb: Several other modifications were made to the cases shown

in Fig. 3.4. There is some question about whether part of the syb helix unravels. We
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have argued that the forces are small enough that the helical structure should be
preserved. However, to test the effect on our prediction of potential unraveling, we
allowed 2 helical turns to unravel and be represented by elasticity of a worm-like
chain coil. Because the Syb helix touches the membrane at residue 91 and the CG
model only contains up to residue 89, an extra 2 residues were added to the unraveled
portion of Syb. The force displacement curve for the melted portions of Syb were
modeled using a worm like chain model following Gao et al.(3) The force extension

relationship was calculated using the Marko-Siggia formula

po kT 1 e 1 (A3.16)

2
Pmelt 4(1 _ Xmelt J Lme/t
L

‘melt

where F,,.;. is the persistence length of the melted segment (0.6 nm) and x,,,.; is the
end to end distance of the melted segment. L,,.;., the maximum end to end distance of
the melted segment, was calculated assuming a 0.365 nm contour length per residue
(3) which totaled to 1.3 nm due to ~2 helical turns being melted. The master force
displacement curve was slightly adjusted by deleting the portions of the curve that
corresponded to the 7 residues that are now accounted for using the WLC model. The

SNARE end separation, X gy 45z, Was defined by

XSNARE (F) = Xmelt (F) + Xbundle (F) + BW (A3 17)
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where x,,.;. IS the end to end distance of the melted portion of Syb, x,,nae IS
described using the manipulated master force curve described in this section, and BW
is the width of the SNARE bundle or the distance between the Syb and Syx C-termini
when no external force is being applied. The corresponding results are shown is
shown in Fig. A3.11 A for a 20nm vesicle with hydration repulsion and Fig. A3.12 A

for a 20nm vesicle with electrostatic repulsion and a fixed surface charge.
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FIGURE A3.11 For a 20nm vesicle with hydration repulsion, contour plots of
normalized total energy as a function of SNARE end separation distance and the
number of SNAREs are shown. Gray circles correspond to energy minima

representing the equilibrium SNARE end separation for a given number of
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SNAREs. Several cases are shown: (A) 2 helical turns unraveled, (B) Syx frozen,

(C) SNAP25 frozen, and (D) Syx and SNAP25 frozen.
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FIGURE A3.12 For a 20nm vesicle with electrostatic repulsion assuming a fixed
surface charge, contour plots of normalized total energy as a function of SNARE
end separation distance and the number of SNAREs are shown. Gray circles
correspond to energy minima representing the equilibrium SNARE end
separation for a given number of SNAREs. Several cases are shown: (A) 2 helical
turns unraveled, (B) Syx frozen, (C) SNAP25 frozen, and (D) Syx and SNAP25

frozen.
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In both cases, the results differ from those seen in Fig. 3.4 when unraveling was not
permitted. For the case of hydration repulsion, the minimum separation is somewhat
larger (~2.4 nm) than that shown in Fig. 3.4 B (~2.1 nm). There is a similar difference

for the case of electrostatic repulsion.

A3.10.5 Freezing SNAP25 or Syx: In our simulations we allowed SNAP25 helices to

be free to adjust their orientation. This mimics the optical tweezers experiment used
to calibrate our model. However, the situation in vivo is likely different with SNAP25
and/or Syx constrained against motion. In order to see the effects of the positioning of
SNAP25 in relation to the SNARE bundle we studied three variations: freezing Syx,
freezing SNAP25, and freezing both Syx and SNAP25. When Syx was frozen,
SNAP25 still remained associated with Syb. Anytime that SNAP25 was frozen at all,
it remained associated with Syx. The energy calculations were repeated for the
hydration repulsion case (Fig. A3.11) and the electrostatic repulsion case with fixed
surface charge (Fig. A3.12). The freezing of helices in all of these cases has little
effect on the minimum distance and number of SNAREs. The principal difference

occurs for the one-SNARE case where the equilibrium distance reduces significantly.

A3.10.6 High Osmotic Pressure and Low Pretension Limit

Figs. 3.2 and A3.7 show cases of low osmotic pressure and plasma membrane tension
where the plasma membrane bulges near the axis of symmetry because the attractive
forces draw the two membranes to each other at their point of application but near the

axis of symmetry only repulsion acts. Experiments suggest that prior to vesicle to
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membrane fusion, the vesicle retains its spherical shape while the plasma membrane
surface conforms when the two are in contact (13, 14). The continuum model was
recalculated using high osmotic pressure in the vesicle and low pretension in the
plasma membrane with constant potential. The resulting structures are shown for 10

and 15 SNAREs in Fig. A3.16.

no.of SNAREs =10 no.of SNAREs =15
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FIGURE A3.13 For a 20nm vesicle with high osmotic pressure and low
pretension in the plasma membrane with constant potential the vesicle and
plasma membrane structures are shown including their bilayer thickness for (A)

10 SNARESs and (B) 15 SNARES.

Under the conditions of high osmotic pressure and low pretension when 10 SNAREs
are present there is little bulging of the plasma membrane and the vesicle remains
spherical when the vesicle and plasma membrane are brought together. The separation

is relatively constant which is consistent with the Malsam et al.(13) and Hernandez et
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al. (14). As the number of SNAREs is increased to 15, there is some bulging in the
plasma membrane at the axis of symmetry. The vesicle has retained its spherical
shape while the plasma membrane bends to conform to it.

The energy surface for this case is shown in Fig. A3.14. We note that there is little
difference between these and those of Fig. 3.4 B. This suggests that our model is
robust with respect to this uncertainty. (In particular, the value of vesicle osmotic

pressure is difficult to estimate.)
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FIGURE A3.14 Contour of normalized total energy as a function of SNARE end
separation and number of SNAREs for a 20nm vesicle with high osmotic pressure
and low pretension in the plasma membrane, and with constant potential on the
vesicle and plasma membrane. White circles correspond to energy minima
representing the equilibrium SNARE end separation for a given number of

SNAREs.

A3.10.7 High Vesicle Pressure, High Membrane Tension Vesicle-Membrane Model
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In order to display the effects of the deformation considered in the continuum model, a
more simplified analytical model of the Vesicle-Membrane system based on
Bykhovskaia et al.(15) was calculated. The parameters used in the analytical model
were consistent with those used in the continuum model as described in Section 3.3.
Consider the case in which vesicle pressure P, and the membrane tension T are
sufficiently large such that neither the vesicle nor the membrane deform as they
approach each other. In this case Bykhovskaia et al.(15) have shown that the force

between the vesicle and membrane is given by

e 2rReg, | 212 (@ + ¢;)(C°th(gj_1J (A3.18)
Io (a Io
smh(/j
D

for fixed surface potential and

B 7RIb| 20102

+(o? +02) coth(gj—l (A3.19)
o sinh(aj o

Io

for fixed charge. The force separation curves are shown for the vesicle-plasma

membrane for several cases using this model in Figs. A3.15 and A3.16.
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FIGURE A3.15 For the high vesicle pressure high membrane tension limiting
case, the net applied force in the membrane/vesicle system is shown as a function
of SNARE end separation for a vesicle with a (A) 20nm radius with fixed charge,
(B) 20nm radius with fixed surface potential, (C) 100nm radius with fixed charge,

and (D) 100nm radius with fixed surface potential.
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FIGURE A3.16 For the high vesicle pressure high membrane tension limiting
case, the net applied force in the membrane/vesicle system is shown as a function
of SNARE end separation for a radius for a vesicle with a 20nm radius with fixed
charge when (A) the SNARE bundle diameter is 2nm and (B) the SNARE bundle

diameter is 2nm.

A3.10.8 Effect of Lateral Bundle Width: Figure A3.17 shows results of a test of the

sensitivity of the solution to the location of the SNAREs when the lateral size of the
SNARE bundle was varied from 2nm in Fig. A3.17 A to 4nm in Fig. A3.17 B (the
base case used is 3nm, Fig. 3.4 B). Increasing the lateral width of the SNARE bundle
seems to have a significant effect on the solution. There is a minimum separation at 4
SNAREs. With the addition of more than 5 SNAREs the equilibrium separation again

begins to increase all the way up to ~3nm with 13 SNAREs.
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FIGURE A3.17 For the high pressure high tension limiting case, contour plots of
normalized total energy as a function of SNARE end separation distance and the
number of SNAREs are shown. Gray circles correspond to energy minima
representing the equilibrium SNARE end separation for a given number of SNAREs.
Several cases are shown for the vesicle with a radius of 20nm and fixed charge. The

size of the SNARE bundle was varied to (A) 2nm and (B) 4nm.
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Chapter 4
During the process of neurotransmission in a healthy neuron, a large number of
synaptic vesicles are docked at the synapse. These docked vesicles wait for an electric
impulse commonly known as an action potential. Upon the arrival of the action
potential, these vesicles fire the packed neurotransmitter towards the neighboring
neuron and hence transmitting the neural information. It is believed that a neuron fires
approximately 100 synaptic vesicles over a course of 10 mins [1]. New
neurotransmitter filled synaptic vesicles are supplied at the synapse to replenish the
stock of active vesicles. This docking is mediated by the SNARE proteins, which
brings the synaptic vesicle close to the neuron plasma membrane. During the process
of docking, SNARE force is employed to encounter the hydrodynamic forces. The
hydrodynamic forces originate from the flow of physiological fluid away from the
spacing between the synaptic vesicle and neuron plasma membrane. The
hydrodynamic force determines the time taken by SNARE complexes to dock a
vesicle and make it fusion ready by positioning it close to the neuron plasma
membrane. In this chapter we present a continuum mechanics based model to estimate
the docking time. Experimentally, the docking time has been measured to be ~250
msecs [2]. We have used a lubrication theory based transient solution scheme along
with a simplified continuum model of the system to calculate the value of docking
time. We observed that during the docking, SNARE force needs to go through a rapid
change of magnitude to produce the required docking time of the order of msecs. The
nature of force needed for docking can provide insight into the structure of the

SNARE proteins and their zippering. This model can also be used to predict the
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docking time for a similar system based on the force variation during the course of
process.

4.1 Abstract

Synaptic vesicle fusion is a crucial step in the neurotransmission process.
Neurotransmitter-filled vesicles are pre-docked at the synapse, by the mediation of
ribbon structures and SNARE proteins at the ribbon synapses. An electric impulse
triggers the fusion process of pre-docked vesicle, leading to the formation of fusion
pore and subsequently resulting into the release of neurotransmitter into the synaptic
cleft. In the present work, a continuum model of lipid membrane along with
lubrication theory is used to determine the traverse time of the synaptic vesicle under
the influence of hydrodynamic forces. We find that the traverse time is strongly
dependent on how fast the driving force decays or grows with closure of the gap
between vesicle and plasma membrane. If the right behavior is chosen, the traverse
time obtained is of the order of few hundred milliseconds and lies within the
experimentally obtained value of ~250msecs [2]. We hypothesize two different force
behaviors, which comply with the experimental findings of pre-fusion docking of
synaptic vesicle at the ribbon synapses. The common theme in the proposed force
models is that driving force has to very rapidly increase or decrease with the amount
of clamping.

4.2 Introduction

For a continuous neurotransmission process, neurotransmitter-filled synaptic vesicles
are resupplied and primed for fusion, at the ribbon synapse. These vesicles are docked

at the synapse by ribbon structures [3], [4] and proteins of the SNARE (Soluble N-
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ethylmaleimide-sensitive-factor ~ Attachment protein  REceptor) family [5]-[9].
Specifically, there are 3 SNARE family proteins involved in the docking process:
Synaptobrevin 2 (syb), Syntaxin 1 (syx) and SNAP-25 [10]. Syb is attached to the
synaptic vesicle at one end, and is referred as ‘v-SNARE’ [11]. Attached to the plasma
membrane are the ‘t-SNAREs’: Syx and SNAP-25 [12], [13]. During the pre-fusion
docking process, the ribbon structure drives the vesicle to the synapse so that the v-
SNARE and t-SNAREs are within striking distance of each other allowing clamping
to initiate [2].

Using flouresence microscopy, Zenisek et al. [2] showed that the time to dock a
vesicle is about 250 msecs. From this, they concluded that it takes about 250 msecs for
the pre-fusion docking machinery to close the gap between the membranes from
~20nm [2] to ~2nm [14]. The separation of ~2nm, is often considered as the
distance below which electrostatic and hydration pressure dominates [14]-[17]. At this
stage, vesicle is referred to as fusion ready, and it waits for an electric impulse to
initiate the fusion process [2], [18], [19]. Beyond this separation (>2nm), the
dominant impeding force for the docking comes from hydrodynamics. As the vesicle
is pulled towards the plasma membrane, water has to be squeezed out. For this to
occur, an outwards pressure gradient is required. This pressure deforms the
membranes and affects the traverse time.

In this paper, we model this phase of vesicle docking where hydrodynamics forces are
dominant. Our results show that the traverse time is very sensitive to the time history

of the driving force. To agree with the time measured by Zenisek et al. [2], the driving
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force should either decay or rise very rapidly with the gap closure. The length scale

over which this rapid force change takes place is of the order of few nanometers.

4.3 Materials and Methods

(a) (b)

Ty 42

Fig 4.1: (a) Synaptic vesicle docking mediated by ribbon structure and SNARE
proteins, (b) the driving force is represented by single force acting on the south
pole of the vesicle (¢) deformed plasma membrane under hydrodynamic and

driving force, horizontal arrows indicate direction of fluid flow.
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4.3.1 Model: Geometry, Fluid flow and Membrane mechanics

The synaptic vesicle is assumed to be a rigid sphere of radiusR. The entire
compliance of the system comes from the plasma membrane of the neuron. A
justification is that cryo-electron micrsocopy images of synaptic vesicles docked near
the plasma membrane shows very little deformation [20], [21] in the vesicles. This
could be due to high osmotic pressure across the synaptic vesicle membrane [22],
pretaining to the high concentration of neurotransmitter inside it. In addition, the
vesicle is expected to be stiffer since it is much smaller than the plasma membrane.
Therefore, our model lumps all the deformation to the much larger plasma membrane

which before deformation, is modeled as a flat circular disk with radius 1. It is held at

the edge (r=1) by a tension force, which is the pretension, T, of the neuron. Varying

this pretension will allow us to change the compliance of the system. The plasma
membrane is modeled as a lipid bilayer using a continuum theory developed by
Jenkins et al. and Steigmann et al. [23]-[26]. The continuum theory has been used in
literature for mechanistic modelling of the lipid membrane associated processes in red
blood cell shape analysis [23], receptor-mediated endocytosis [27], micropipette
aspiration of and curvature sorting of proteins [28]-[31], two component lipid
membrane systems [32], [33], vesicle adhesion [34]-[37], and synaptic vesicle fusion
[14], [38], [39].

The fluid layer between vesicle and plasma membrane is assumed to be sufficiently
thin so we can use Reynold’s equation in elasto-hydrodynamic lubrication theory to
model the flow [40]-[45]. This theory is well suited for the present problem for the

following reasons,
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1) The flow between the synaptic vesicle and plasma membrane is in the low
Reynold’s number regime, hence it can assumed to be laminar,

2) The film thickness is relatively small compared to the size of the synaptic vesicle.
As in Zenisek et al. [1], we assume the driving force to overcome hydrodynamics is
provided by the ribbon structure and SNARE complex. Because the vesicle is rigid,
the driving force can represented by a point force F acting on the south pole of the
vesicle as shown in Figs. 4.1a and 4.1b. The magnitude of this force depends on the
number of SNARE complex, n acting on the vesicle which can vary from n=1 to 11
[46]-[50]. This membrane model is coupled with a hydrodynamic solver based on
lubrication theory. This allows us to determine the flow as well as the traverse time of
the vesicle given the time history of F.

4.3.2 Lubrication theory

The problem is axisymmetric. For axisymmetric flow, Reynold’s equation is [51],

v(h°vp) =12n%h . 4.1

where ris the radial distance from the symmetry axis (zaxis) of the vesicle (see Fig.
4.1¢),V is the gradient operator in cylindrical coordinates, h(r,t) is the thickness of
the fluid film, p(r,t)is the fluid pressure and 7 is the dynamic viscosity of water. The
film thickness h(r,t) is related to the deflection of the membrane w(r,t) and the shape

of the sphere by,

h(r,t)=—ho(t)+%+w(r,t), 4.2
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where h,(t) is the vertical separation between the lowermost point on the sphere and
the plasma membrane at r=1, where the membrane deflection w(r,t) is zero, as

shown in Fig. 4.1c. We assume | to be much greater than the region where pressure is
significant. The second term on the right hand side of eq. 4.2 approximates the local

shape of the sphere by a paraboloid.

4.3.3 Elastic deformation of the plasma membrane : Calculation of w

The deformation of the membrane is coupled to the flow via the fluid pressure, p(r,t)

which acts normal to the surface. The governing equations of the lipid membrane in
the full form can be used to obtain the deformation in the plasma membrane for a
general pressure distribution. For the present work, the governing equations have been
linearized under the small deflection assumption (see Sl for details). The linearized

equation is found to be,
gv“w(r,t)—TOVzw(r,t):—p(r,t), 4.4

where « is the bending rigidity of the lipid membrane. Eq. 4.4 is solved analytically

(see Sl for details) and the deflection w(r,t) is found to be,

w(r,t):%[Ko( 2T0r)j |0(\/ﬁ§) p(&t)ede + |0( 2T0r)T KO(\/ﬁg) p(f,t)fdf},

4.5
where, 1,(r) andK,(r)are the modified Bessel functions of the 1" and 2" kind

respectively.
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4.3.4 Numerical solution

Details of the numerical methods are given in SI. Briefly, the rigid sphere (vesicle) is
moved towards the plasma membrane at a prescribed rate, 6ait0 For a given h,and

aait", eq. 4.1 is solved iteratively, to determine the pressure distribution, p(r.t) at a

given time. The force F is calculated using the force balance equation,
|
F=27zj p(r,t)rdr. 4.6
0

4.4 Results

Much insight can be gained by considering the special case of an undeformable
plasma membrane. This case provides a lower bound for the traverse time. Also, since
the solution is exact, we can study analytically how the traverse time depends on the
variation of clamping force with time. Details of solution are provided in the S, here

we state the key results.

4.4.1 Undeformable plasma membrane limit

F(t)=nFR(t), t>0, denote the time history of force, where n is the number of
SNARE complexes and Fl(t) is the force exerted by one SNARE complex. Let us first

assume that the force acting on the vesicle is a constant independent of time, that is,
F(t)=17pN, forall t>0, 4.7

where 17pN is the peak force exerted by one SNARE complex [52]. The tranverse

time ¢, is found to be (see Sl for details)
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2
g = 87R o e | 4.8
F hoy

where, h,, ~ 20nmand hy; =2nm are the separations between the vesicle and plasma
membrane at t=0 and t=t, respectively. The presence of the logarithmic function

indicates that the traverse time is insensitive to the initial separation. Fig. 3 shows the
dependence of the traverse time versus to number of SNARE complexes. For n=4, it
is about 200 nanoseconds, which is 6 orders of magnitude smaller than the

experimental value of 250 milliseconds [2].
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no. of SNARFE bundles, (n)

Fig 4.2: Traverse time of the vesicle for a constant force.
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Experiments suggested that the SNARE clamping force is not a constant, but varies
with distance between the clamps [52], [53]. This motivates us to use a clamping force

that varies with distance between the sphere and the membrane, for the present case,

this distance is h, (t) . We assume that,

F(t)= nFlmM[hOhgt)} , forall t>0, 49
where, mgoverns the rate of decay of force (larger m implies faster decay) and
h" ~ 20nm, the separation between the synaptic vesicle pool and plasma membrane [2],

is used as a scaling parameter for the separation and F, . =17pN. Eq. 4.9 states that

clamping force is maximum when the SNARE complex zipping starts and reduces to a
very small value towards the end of docking. The traverse time for this particular force

history is (see Sl for details),

2 " «\™M
g 2SR (o 4.10
mnFlmax hOf hOi

Fig. 4.3 plots t, versus the number of SNARE complexes n. It shows that the traverse

time is very sensitive to the rate of decay the SNARE’s clamping force. To agree with
the experimental result of Zenisek et al. [2], the force has to decay rapidly with

separation, with m between 5.5 - 6.5.
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Fig 4.3: Traverse time of the vesicle versus number of SNARES using eq.

4.10. m governs the rate of decay of SNARE force with distance.

4.4.2 Deformable membrane

The result in previous section shows that decay of clamping force is the dominant
factor controlling the traverse time. For example, increasing the number of SNARE
complexes or the clamping force will not change the traverse time by several orders of
magnitude. However, one may still argue that membrane deformation can also
increase the traverse time, here we study this possibility by solving eq. 1 in

conjunction with the eq. 4.5. All calculations are performed with 7=0001Pa-sec
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(kinematic viscosity of water) and R=20nm. We fixed the bending stiffness of the
membrane to be x ~ 20k, T [54]. This means that the compliance of system depends on
the pretension T,. We vary the decay constant, m, the number of SNARE complexes

n and T,, which controls the compliance of the system.

Fig. 4.4 plots the logarithm of the transverse time t, versus the decay exponent m, for

n=1and for three different plasma membrane tension T, . Consistent with the

undeformable membrane case, the traverse time is extremely sensitive to the decay
constant m. This result is in conjunction with result of our previous section, that is,
the force to dock the vesicle must be derived from the posterior part of the SNARE

complex. In particular, varying the complaince of the system by changing T,, has

negligible impact on the traverse time compared to that of m.
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Fig 4.5: Traverse time with varying number of SNAREs

Fig. 4.5 shows the effect of varying the number of SNARE complexes, n on the
traverse time, with m=6.5and three different values of T,. The traverse time is a
straight line in a log-log plot, indicating that the transverse time is inversely
proportional to n, which is consistent with eq. 4.10 (un-deformable membrane).
Again, variation in membrane pretension T, has little effect on traverse time,
indicating that the compliance of the system plays a secondary role in controlling the

traverse time. Clearly, the traverse time is much more sensitive to the decay constant

than the number of SNARE complexes.
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The effect of pretension T, is shown in Fig. 4.6. As one increases the pretension, the
traverse time very slowly approaches the undeformable membrane limit given by eq.
4.10. Our numerical result shows that the traverse time is approximately constant for

T,=10”°mN /m. This is about three orders of magnitude smaller than the rupture

strength (T

wwre =10mMN 7/ m, [55], [56]) of lipid membranes. This result again supports
the fact that compliance or pretension is not an important factor compared to decay
behavior in determining the traverse time of the synaptic vesicle.

As expected the traverse time of the synaptic vesicle is always higher for deformable
membranes. Our numerical result shows that when the synaptic vesicle is docked
~2nm from the plasma membrane, the deformation in the plasma membrane was
negligible. This result is in agreement with the cryo-electron microscopy images of the

synapse, which shows negligible deformation in the plasma membrane, with synaptic

vesicle docked and ready for fusion [20], [21].
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4.4.3 Different force model

From the comparison of rigid and compliant model of the plasma membrane, a very
clear conclusion can be drawn that the traverse time is extremely sensitive to how the
driving force varies with distance between clamps. The elasticity of the membrane and
the magnitude of the force have relatively small effect on the traverse time. The force
behavior described in the previous analysis is in agreement with the force behavior
obtained from SNARE un-zipping experiment [52], [53]. However, it is possible that
the SNARE complex zipping behavior can be very different and the ribbon structure
might drive the vesicle for a part of its traversal. In the light of this, we propose to
study another force model. Since we have demonstrated that the compliance of

membrane has little effect on the transverse time, all results in this section are obtained

219



using the undeformable plasma membrane limit where an exact solution can be found.

The force behavior is assumed to have the form:

F(t)=nF,. [%] : forallh,(t)>h" 4.11

This force model is based on the idea that as the SNARE complex zips, the force

increases. The clamping force reaches a maximum value nF, . when the synaptic
vesicle is within h* ~2nm proximity of the plasma membrane, after which strong

repulsive forces (electrostatic and hydration forces) acts to resist docking (not modeled
by eq. 4.11). The parameter m in eq. 4.11 controls the rate of increase of the clamping
force.

Fig. 4.7a plots the traverse time versus the number of SNARE complexes for three
different values of m. It should be noted that, a change in the value of m impacts the
traverse time much severely than changing the value of SNARE complexes. In order
to reach a traverse time of 250 msecs, we find m~—6.5. The variation of force versus
ho is shown for m~—6.5is given in the insert of Fig. 4.7a showing that, the SNARE
force changes in a matter of few nanometers. For most of the traverse the vesicle is
driven towards the plasma membrane by the ribbon structure and for the last stretch
SNARE proteins take over the task.

Fig. 4.7b shows the effect of varying the peak force which can be applied by the
SNARE complex on the traverse time. The peak force was varied in the range as
reported in the literature [52], [53]. The impact is not yet as big as varying the

exponent of force behavior.
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4.5 Conclusions
Using elasto-hydrodynamic lubrication theory, we determine the docking time of a
synaptic vesicle against the plasma membrane of a neuron. This docking is driven by
the force exerted by the SNARE complexes and is resisted by hydrodynamics.
The main conclusions are:
1. The decay of the clamping force of SNARE complex is the most important
factor in determining the traverse time of the synaptic vesicle.
2. The effect of membrane pre-tension and number of SNARE complex is
negligible in comparison to the impact of the decay in clamping force.
3. The rapid clamping force decay indicates the possibility that the posterior

segment of SNARE complex is the force generating machinery.
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4. The clamping force decays down to very small values by the end of docking
process, when the vesicle is fusion ready. Our result suggests the possibility of
other force regulating machineries that are needed to bring the synaptic vesicle
closer to the plasma membrane for exocytosis. This is still a subject of debate,
but complexin (cpx) is believed to be a force regulatory agent which initiates
the further clamping of the SNARE complex on the arrival of electric impulse

[57]-[61].
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Appendix A4
A4.1 Lubrication Theory
In this section we show the derivation of Reynolds equation, which governs the fluid
flow between two surfaces. The schematic is shown in the Fig A4.1, where the red and
blue areas represent the surfaces which are in motion, and the vertical height between

two points on the surface is h(x,z).

'

h(z,z)

> [
/ X flurd element
Z

Fig A4.1 : Schematic

In the following derivation, we start with the Navier-Stokes equation, do a scaling
analysis to keep the dominant components of the equation and finally getting to the

Reynold’s equation.
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A4.1.1 Navier Stokes equations

The most general form of Navier-Stokes equation is given as,
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p is the density of the fluid,
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u,v and w are the velocity components of fluid in x,y and z directions, respectively,

X,Y and Z are the body force components on fluid in x,y and z directions,

respectively,

n is the fluid viscosity.

Assuming that, there is no body force on the fluid and also neglecting the inertial term,

the Navier-Stokes equations can simplified to,
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We choose the following non-dimensionalizing scheme for the egs. A4.2,

1) Time is non-dimensionalized by a characteristic time of the system, r,. Hence,

2)

3)

4)

5)

6)

t=r,t.

Length dimensions associated in y-direction are normalized by local film

thickness, h. Therefore,

y=hy andv=£\7.
%o

Length dimensions associated in x and z directions are normalized by

. h
characteristic length of the system, I, where, T<<l' Therefore,

_ _ | _ l _
X=hX,z=hzZ,u=—0andw=—Ww.
Ty )

Density is normalized by room temperature density, p,, which results in,

P=Pop -

2

P
%o

Viscosity is normalized as, 7 =

: . 1?_
Pressure is normalized as, p= '002 p.
To

n.

Applying this normalization scheme to the system of egs. A4.2, to get,
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A4,

3
Eq. A4.2 b, the Navier-Stokes equation in y-direction is identically satisfied on both
sides. The pressure gradient in y direction is negligible compared to the pressure
gradients in x and zdirections. On the right hand side, the quantities are also very

small compared to the corresponding terms in egs. A4.2 a & c.
I 2
Looking at the eq. A4.3, the terms which are scaled by, (ﬁ] [>>1] are dominant and

rest of the terms can be neglected on the right hand side. This gives,

_ 2 — __ 2
@2l Z()| s 22052 Ny
oXx 0oy oy \ h 0z oy oy \ h

On plugging back the dimensional term into eqgs. A4.4, one gets back the dimensional

form as,
2-3l{8)] = -2l{5]
ox oy| \oy oz oyl \oy

For an iso-viscous system, the equations can be modified as,

2 2

. = A4.6
OoX oy 0z oy

This same set of equations can also be obtained by a force balance on a fluid element

shown in Figs. A4.1 and A4.2.
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Fig A4.1 : Force balance on a fluid element

By doing a simple force balance in x-direction, on a fluid element between the two

surfaces, as shown in Fig. A4.2, we can write the governing equations for fluid flow

as,
2
%: ngy—‘j. A4T

Similarly, a force balance in z direction will give us the equation,

2
%:ngy"!. A48

In the above expressions,

p is the pressure in the vertical fluid column and is assumed to be invariant along y
axis,

n is the fluid viscosity.

Both egs. A4.7 and A4.8 can be integrated twice each, to get the fluid velocities as,

u=LP2 Ae A49
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w=t®2 . Coip. A4.10
2n 0z n

Boundary conditions relevant to vesicle adhesion problem

=

Y v, 0
YT ot

Fig A4.2 : Velocity boundary conditions
For the case of lipid membrane fusion and adhesion, the only velocity element is the
: : L oh : e
one in vertical direction, V=E. Therefore, we have following boundary conditions

for the velocity profiles obtained above in egs. A4.9 and A4.10,
u=0,v=0andw=0, aty=0, A4.11
u=0,v=%h andw=0, aty=h. A4.12
Using these boundary conditions in egs. A4.9 and A4.10, we get,

_1lop

us= 277&(y2 ~hy) , A4.13
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2177 ZS(y ~hy). Ad.14

Volume flow rates

The volume flow rate per unit length, in x and z direction can be defined as,

h 3

v, = Juty=-—2 A4.15
0 127 Ox
h 3

v, = fwdy =& A4.16
0 127 oz

Continuity equation

The continuity equation for fluid is,

6_p+6(pu)+6(pv)+ o(pw) 0

A4.17
ot ox dy oz
For a constant density system, the equation can be simplified to,
u v ow_o A4.18
ox oy oz

On integrating this equation with respect to y, between the limits 0 and h, we get,
h h

h
0
[ -

O 0

Using Leibnitz rule of integration,

ijh' udy — u| —+v| -V, +—dey w| on =0,
a 0 -

a h
a—I dy+—+—jwdy 0,
0

oV, oh
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X Oz ot

Plugging in the expressions of V, and V, into the expression above to get,
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:3(h3@]+3(h3@j=12n6—h. A4.19
OX ox) oz 0z ot

Egq. A4.19 above is referred to as Reynold’s equation. In this case, it has been
modified to account for the fluid squeezing between two surfaces, one held fixed and

other approaching it along the vertical direction.

In more general form for any other geometry (spherical, cylindrical or Cartesian), it
can written as,

v(h°vp)= 12;7%“ . A4.20
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A4.2 Rigid sphere against a rigid substrate

Dimensional analysis

ESH

F

Fig A4.4: Rigid sphere traversing against a rigid wall
Starting with the Reynolds equation, which is the only governing equation for the case
under consideration. The problem involves, pushing down a rigid sphere of radius R
onto a flat rigid surface and in between the surfaces, there is fluid, which has to be

squeezed away.

In the part of the geometry, where film thickness is small, following approximation for

the fluid film thickness, can be made,

h(r.t)=h, (1) +— . A4.21
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Next, consider the Reynolds equation,

v(hvp)= 1277%‘ , A4.22

and for the axis-symmetric case, it can written as,

ﬁ(rrﬁ a_p) _12pr A423
or or ot

Also, we have following constraint on the pressure distribution on the sphere, which

has to be satisfied all times,

F :Jp(r,t)Zmdr. A4.24
0

Non-dimensionalization

Following scheme has been chosen to non-dimensionalize egs. A4.23 and A4.24.

F= h=

r
=, , P= A4.25
R P

23 2 =2
i_ r Ho+r_ ZE :]-ZLRTE _O+r_ ,
or 2] or F ot 2

—2 3 A =2
i_[r{ﬁo +r_} 3_E]=ri_(ﬁo +r_]_ A4.26
ar 2 [ or| ot 2
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Also, eq. A4.24 can written in non-dimensional form as,
L_[p(r.oyrer A4.27
2r %

As seen from the non-dimensional analysis, the only quantity with the units of time

2 2

R . So, the time of approach scales with 7R

is and is a function of initial and final

. h .
separations between the surfaces, ho—l Therefore the time of approach of sphere
0,2

against the rigid surface can be written as,

2
At:ﬂf h . A4.28
F h.»

This is also the nature of expression obtained from the analytical derivation appended
in next section.

Analytical calculation

Consider a rigid sphere of radius R , being pushed onto a flat surface, while squeezing
out fluid between the two surfaces. The separation between the lowermost point on the

sphere and flat surface is referred to ash,. The aim of this derivation is to get the time
taken by the sphere to be brought down from initial bottommost separation of h, to

final bottom most separation of h,,, while a force F acts on the sphere in the

downwards direction.
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Thickness of lubrication film

The geometry of the problem has axis-symmetry, therefore r and zrepresents the

coordinates. Henceforth, we have film thickness given as, h=h(r,t). We can write an

expression of h interms of h, and r, as follows,
h=h, +[R—(R2 -rz)”z},

r2 1/2
=h=h+R 1—[1——2] }
R

12 12 oa(r2Y
:>hzh0+R 1- 1———2—— | =l == =]
2R 8\ R ) 16\ R

:>h—ho+il+1ﬁ+li4+
B 2R|” 4\ R?) 8\ R?*) |

In the lubrication region, r << R, hence the above expression can be approximated as,

2

—h=h +—— A4.29
2R

Reynold’s equation

The Reynolds equation for general coordinate system is given by,

v[h*vp] =12772t—h A4.30

For an axis-symmetric case, the Reynold’s equation is given as,

ﬁ[rh“‘ 6_p}=1277r6_h A4.31
or or ot
where,
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p= p(r,t) is the fluid pressure in a vertical column of fluid film,

n is the fluid viscosity.

Solution

The Reynold’s equation can be integrated to obtain an expression of pressure as a
function of fluid film thickness.

Integrating once,

i[rhsﬁ} =1277ra—h,
or or ot
o _6yroh, A

= +—,
or h® ot rht
To avoid a singularity in pressure gradient at r=0, A=0. Hence, we get,

@_ 67r oh

o hoat
oh\er
jjdp=(677§)jﬁdr’

using, eq A4.29, we get, Rdh=rdr, pugging in above expression,

oh ¢dh
_ﬁa_h_l_B,
h® ot

For large h, the pressure goes to zero, for it to be satisfied, B=0. Hence,

_ _3;75 Zt_h' A4.32

This pressure, at any point in time balances the net force applied onto the sphere,
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= F=Ip(2ﬂrdr)
j3 Roh (27rdr),
0
h\¢ rdr
6 J ]
i ) I
oh\ ¢
6n7R* — ]
i I
2
F o Bn7R7oh A4.33
h ot

Eq. A4.24 can be integrated to obtain the time of approach of the sphere from initial

separation of h,, to final separation of h,, .

g A4.34
6nzR h,
We will be integrating eq. A4.34 under different loading conditions, which describes

the variation of force with the gap between the sphere and substrate.

1) Constant Force

Let the force on the sphere be given by the following function,

F= nFlvmax ,
where,

n is the number of SNARE proteins working together,

F1 max IS the maximum force exerted by a single SNARE protein.
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Plugging in this expression of F into eq. A4.34 and integrating,

nFl,max t= h(jf dho _ In hOi
CAt=—[-2=In9
6n7R v hy
Hence,
2
At=87R o e ) A4.35
nFl,max hOf

Force changing with gap

Let the force on the sphere be given by the following function,

F=nFf,., (%) , A4.36

where,

n is the number of SNARE proteins working together,

F1 max IS the maximum force exerted by a single SNARE protein,

ho is the minimum gap between the rigid sphere and rigid substrate,

h" is the characteristic length scale, chosen so that the force is Fimax at the

maximum opening of SNARE.
The maximum opening for a single SNARE bundle is 13nm and measured

force at that opening is 17pN. Hence, to F have desired functional properties,

h™ must be 13nm.
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Plugging in this expression of F into eq. A4.34 and integrating,

Finae o _ “j.fd(h/h)=1_(h_*]m_[h_*]m
67707Z'R2 o hO/h m_ ho hoi

2 * m * m_
VO i L I L I A4.37
mnFlmax hOf hOi
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A4.3Rigid sphere against compliant substrate

A

F

Fig A4.5: Rigid sphere traversing against a flat lipid membrane

Consider a rigid sphere of radius R , being pushed against a initially flat lipid
membrane. During this process, the fluid between the two surfaces is squeezed out.
The squeezing requires a radially outward pressure gradient for the fluid flow. This
pressure field causes the membrane to deform and hence it is an interplay between the

pressure field and membrane deformation.

The aim of this derivation is to get the governing equations for the motion of sphere,

while a force F pushes it towards the flat lipid membrane.
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Governing equations

This problem can be simplified a lot by exploiting the feature of axisymmetry. Under
the assumption of axis-symmetry, mathematically this problem involves solving a
partial differential equation (PDE) along with the system of ordinary differential

equations (ODE’s) which govern the deformation of the lipid membrane.
We begin with explaining the two sets of equations used in this analysis.
1) Hydrodynamics

The equation governing the hydrodynamics of the problem is called Reynolds
equation. In its most general form, it can be written as,

oh

v[hvp]=12n=". A4.38

Under the axis-symmetric assumption, it can be written as,

ﬁ[rrﬁ @} _12r D A4.39
or or ot

along with,

2

h(r,t):—ho(t)+2r—R+W(r,t), A4.40

where,

h(r,t), is the film thickness at some time t and at some radial coordinate r ,
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p(r,t), is the pressure in the fluid film,
n , is the fluid viscosity,
h, (t), is the separation between the lowermost point on the sphere and far field flat

surface,

w(r,t), is the vertical deformation of the surface.

Along with PDE in eq. A4.39, from force balance on the rigid sphere, following

constraint equation can be obtained,
F =I p(r,t)2zrdr, A4.41
0

where, F is the applied force on the rigid sphere, pushing it towards the flat lipid

membrane.

Since, the eq. A4.39 is a second order in space and first order in time, it comes

along with two boundary conditions,

3) op(r,t)

or =0, due to the symmetry of geometry, A4.42 (a-b)

r=0

b) p(r,t)|_. —0,inthe far field the pressure in fluid film should go to zero,

and the following initial condition,

p(r,t=0)=0, initially there is no deformation in the system. A4.43

2) Lipid membrane deformation
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The lipid membrane deformation is governed by a 4™ order differential equation,
gV“W—TOVZW:—p(r) , A4.44
where,

x , IS the bending rigidity of the lipid membrane and has a value of ~20k,T ,

T,, is the far field pretension in the lipid membrane,

w(r), is the deformation of the lipid membrane, and

p(r), is the pressure acting on the lipid membrane at a given location.

Eq. A4.44 resembles a plate equation with a pretension in it.

Non-dimensionalization

Normalizing this system of equations in accordance to the following scheme,

_ hO

H=RH, w=g. R=2,

ols
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Non-dimensionalizing the hydrodynamics equations to get,

i_[n? Zﬁ}mﬂ, A4.46
or or
along with,
=2
A (F,T) =—ﬁo(t_)+%+ w(r©), A4.4T

and following constraint equation,

F =2z p(r.T)rdr. A4.48

a) -0, A4.49(a-b)

b) B(F.T).,, —0.

The initial condition becomes,

p(F.T =0)=0. A4.50

Non-dimensionalizing the lipid membrane deformation equation to get,

VW 2T,V*W=-2p(F). A4.51

Equation A4.51 can be solved exactly analytically using Green’s function to get,
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A4.52

Numerical solution

This problem is solved in a displacment controlled manner, which means h, is

incremented in time according to a specified rate, 6a_t‘0 then pressure is obtained

numerically and subsequently the deformation of the lipid membrane.

The numerical solution of the problem has been broken down into two parts. The
former involves the state when the lipid membrane is significantly deformed and in the
later part the deformation of the lipid membrane is negligible compared to h,. In the

following section each stage is described along with its numerical implementation.

1) lipid membrane significantly deformed (ﬁo = v‘v|?=0)

The system of equations governing the fluid flow eqs A4.46-A4.50 and A4.52 are
solved using a numerical scheme, which is implicit, to obtain the pressure as a

function of location along the radial direction while incrementing in time.

The numerical implementation is described as follows,

a) eq A4.46 can be expanded to get,
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Fig A4.6 : Discretization scheme

b) to solve for pressure field at time t**', the above equation can discretized at a

location ¥ (i=123...N), while using the following definition of the
derivatives,

6ﬁ k+1
(%j = A,i—lﬁik—-;l + A,i ﬁkﬂ + A,i+1ﬁil:-+11! and

2 \k+l
(ZFFZ)] = Bi,i—lﬁik—:l +B; ﬁikﬂ + Bi,i+1F_)iTil’

to obtain,
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—\k+1
|:[ h?+3th? Z_QJ A+ (Fﬁs):Prl Bi,i—l] P

—\k+1
+ (53 +3rh? 2—2} A+ (Fﬁ3)r+l B., } prt

- o A4.53
+[| h*+3rh? Z_QJ Aiat (Fﬁ3)ik+1 Bi,i+1:| Piy
L LR i —”
=12ﬁ[{%] R }
ot At
For these equations, i=2,3, ... N -1.
Also,
—\k+1
[Z_?J = A,i—lﬁi:H + 'A\,iﬁikJrl + A,i+lﬁiﬁl ,
along with,
=2
ﬁk+l — _ﬁok+1 + r-|_ + V_V-k+1.
c) Using the boundary condition eq A4.49b, B, =0.
d) Using the boundary condition eq. A4.49a, to rewrite as,
LB 5 P, pRth A4.54
rZ

e) The rate of change of h, , Z—T_O is specified. For the present simulation it has

i IE _ h— m
been assumed to be, % =——T2h| 2. A4.55
ot 67 h
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This is based on the result from the rigid substrate case when the SNARE

forces decay in accordance with the F=F_, [%] . This dependence of Z—T_O on

h, can be tuned my changing the exponent m.

f) h, isincremented at each time step, by the amount specified according to Z—T_O

— N\
Hok+1:ﬁok+[";_?] At

g) For aspecified h,, the equations A4.53 and A4.54 solved iteratively and a

solution is obtained.
h) From the converged solution of pressure, Force on the sphere is numerically

evaluated using the discretized form of eq. A4.48,

F=27Ar) P . A4.56

This is simulated until the point that the deformation in the middle of the plasma

membrane, W|__is negligible compared to h, .

Upto this point in the simulation force F and location of tip of the sphereh,, is

measured at each time step. Using this data, a fitting of the form, F=F__ [Ei] IS

done to obtain the exponent x.
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2) lipid membrane deformation is negligible(ﬁO > er:o)

In part 1 of the simulation scheme, the deformation at T =0 is compared with ﬁo
and once it is below a threshold value, then it can be ignored. This assumption can

simplify the expression of h as,

_ _ 2
h (F,t_) z—ho(t_)+?.

This assumption makes the convergence in the iterative solver faster. The

numerical scheme remains the same as described in part A4.1).
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A4.4 Small deformation of a flat lipid membrane
Consider a flat circular membrane, of radius | spanned in the polar coordinates of r

and z. The governing equations for this membrane are given by,

%=—9COS¢+2H {d +iH? +K(2H +—S'n¢’j_s'”‘/’}_ 0,
r r r

A4.57(a-e)

i—cosw
5 i)
E.—Singp
é Hl

where, §=§ :

The boundary conditions associated with this membrane are,
1) at S=0,

0,

0, A4.58(a-c)
Ol

Il

these boundary conditions comply with the symmetry at the center of the

geometry.

2) at S=I,
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7=0, A4.58(d-f)

T=-d-xH?-xH—==T,,

these boundary conditions mimic the far field boundary conditions of a flat

lipid bilayer membrane in a finite sized geometry.

Non-dimensionalization

Normalizing this system of equations in accordance to the following scheme,

53 r=l 7.2 fH-ogH, F-%
R R R R
2 2 2
g- R G_dR® £ TR™ A4.59(a-i)
K K K
E_pR?’ _, tSR3
K’ K

In the above scheme, the quantity R is the radius of the synaptic vesicle and « is the
bending rigidity of the lipid bilayer membrane. On applying this non-
dimensionalization scheme to the system of egs. A4.57(a-e) and boundary conditions
eqs. A4.58(a-f), we get,

9.=—gcow+zﬁ[d‘+ H? +(2I—_| +m)m}—ﬁ,
r r r
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L T LU A4.60(a-f)
g r
r;
— =C0S @,
4
7
— =SIn o,
4
where, E:%
The boundary conditions modify as follows,
1) at S=0,
=0,
Q=0, A4.61(a-c)
r=0,
2) at S=lI,
¢=0,
Z7=0, A4.61(d-f)
To—d-A2-AM2_7
@ 0

Udeformed membrane

For an unperturbed membrane, in its undeformed configuration, the loading should be

zero (p=0), and the system variables are given by,

Q=0,H=0,¢=0,r=S andz =0, A4.62(a-f)
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Perturbed solution

Let’s choose the following first order perturbation scheme about the undeformed
configuration,

Q=0+Q,

A=0+A, A4.63(a-f)

Now we can derive the boundary conditions in terms of the perturbed variables as
follows,

The boundary conditions modify as follows,

1) at S=0,
p=0=>¢ =0
Q=0=Q =0 A4.64(a-c)
r=0=>r=0

2) at S=lI,
p=0=>¢ =0
7=0=7 =0, A4.65(d-f)
I -AL =T =T -4 - A7 - A, =T =4 =0
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Hence, d =-T,.

Perturbing the governing equations

We start with perturbing the equations one by one and get a linearized form of

equations.

plugging in the perturbed functions into the above expression and solving step by

step,

(J+H2):—fo+l—_|f ~-T,,
T2(5+ I—_|2):(S_2+2F18_+F12)(—f0)z—(8_2+2T18_)f0,

(ZH_r+Sin(D)Sin(0=[2Hl(rl+S_)+g01Jq)l ~0,

[Fz (CT+ I-_IZ)+(2I-_IF+sin @)sin q)] = —(8_2 +2T18_)'IT

2I-_I§[(CT+ H?)7? +(2HT +sing)sin gp} = 2I-_I1§[—(S_2 +2T18_)'ITO] ~-2HT,S?®,

—pr’S ~—p(S*+2r5)S,
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~QSrcosp=—QS (T +S)cosp ~—QS?,
hence, the R.H.S. of equation simplifies to,

—QSrcos g+ 2H_S_[(J+ H?)T? +(2HF +sing)sin go}— pr’S =-QS*—2H,T,S°— p(S*+21S)S.
On the other hand, L.H.S. can be written as,

= _ —\3 = _ =
Q=(+S) Q ~5°Q.
Combining both L.H.S. and R.H.S., to get,

50, =-Q5* ~2A,T,5° - p(57+25)8,

:le—%—zﬁlfo—p(uz:j. A4.66a

:>Ij|F=—S_C§,

plugging in the perturbed functions,

=H,=-Q A4.66b
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= = 2AF SN0
= =2 > 03
r r r

= T2p =—2HSF —sin ¢S,

plugging in the perturbed functions,

=@ :_ZHl_%'
F
— =C0S g,
S
—F =& cosg,
.S
I =—cosg,
r

. T
>h=—=,

8

7z .

— =SIng,

g
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:>Z=Esinqo,
- S
=7 ==—singp,
T
=TZ=Ssingp,

Hence, we have following system of equations,

Q 5+ A
le—?l—ZHlTO—p(1+2§ij

H_l:_él

21 :_Zﬁl_%’
T

F=-g,

NS

L, =¢p,

Along with following boundary conditions,
1) at S=0,

p=0=>¢ =0
Q=0=Q,=0
r=0=>1r=0

2) at S=I,
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A4.65(a-c)



p=0=>¢ =0

_ _ A4.65(d-e)
Z=0=>7 =0,

Combined equation and comaprison with plate equation

Reviewing the governing equations,
Q o+ A

Q =—Sfl—2H1TO -p 1+2§i

H_l = _61

¢ =—2A, -2, A4.66(a-€)

Start with plugging in the eq. A4.66e into eq. A4.66c,

plugging eq. A4.67 into eq. A4.66b,
— - . 1 . 71 7.
Q=-H,=Q== 21+S:___ , A4.68

plugging eqgs. A4.67 and A4.68 into eq. A4.66a,
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= Viz 2T ViZ =2 p(l+2%j. A4.69

Comparing this with the governing equation in the literature for a plate with

pretension,
Viw-G,V2W=q, A4.70
where, W is the deflection in the plate,

0, is the pretension in the plate,

g is the load per unit area on the plate, and

7 is the r coordinate of the system.

It can be shown that egs. A4.69 and A4.70 are same equations. In order to do that,

consider eq. A4.66d,

- or, 4 _ = =
r=- :—1:—§iz>lnrl+ln8 =C=>TS =c,,

oS

||

along with the boundary condition in eq. A4.65c, %;(S =0)=0

=7S=0=>T =0. A4.71

-l
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This also helps to conclude from eq. A4.67 d,
r=S.

Hence, eq. A4.69 can be written down as,
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A4.5 Solution of Small deformation lipid membrane equation
The non-dimensionalised small deformation equation for an axis-symmetric flat lipid

membrane can be written as,

Vw(r)—2T,v?w(r)=-2p(r) Ad.74
where,

w(r), is the vertical deformation of the membrane at a given location r ,

T,, is the far field tension in the membrane, and

p(r), is the pressure acting on the membrane at some given location r .

Making following replacements,

c?=2T, and q(r)=-2p(r),

to get,
Vw(r)—o’vw(r)=q(r). A4.75
Making one more substitution of ¢(r)=V?w(r) A4.76
to get,
Vip(r)-c’p=q(r). A4.T7

For now, assuming that the pressure distribution is localized on a ring of radius r, .

Hence, we have,

q(r)=5(r-r,),

and it has the following integral result,
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o0

2zfrs(r—r,)dr=1. A4.78

0

Solving for ¢(r)

We solve eq A4.77for ¢(r) and eventually solve forw(r) . Eq A4.77 can be solved
two different ways, method 1 involves use of Hankel Transform and method 2 is
standard ODE solving.

Method 1

Taking Hankel transform of eq A4.77,

~&'p(&) -0 Iq Jo(pE) pdp

0

where, f(&)=|f(r)J,(r&)rdr denotes the Hankel transform of a function f (r).
0

(o]

Further simplification gives,

=¢(&)= —Gziéz [a(p)3.(pE)pdp .

= (1) =] 22 Ta() 3, (o) 0 e
= o(r)= ‘{PQ(P)[{ £J, (;5135(/05) df]

The integral in the [ ] brackets is a standard integral and can be written as follows,

IfJo(é) o(PE) g {Io(m)Ko(ra) 0<p<r

+ & Ko(pa)lo(ra) r<p

Implementing this result in the integral, we get,
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r 0

= o(r)==]pa(p)l,(po)K(ra)dp - pa(p)Ke(po) 1, (ro)dp,

0 r
r

= p(r)=-K,(ro)[ pa(p)1,(po)dp - Io(ro-)o.qu(p) Ko (po)dp.

0

Now, plugging in the fact that q is a delta function to get a solution for ¢

= p(r)=—— {'o(fa)Ko(roa) o A4.79

2z Ko(ro)lo(no) r>r

Method 2

Because of the delta function at r =r, in the region r €[0,0) excludingr =r,, the

solution of the eq A4.77 can be written down in terms of two arbitrary constants as

follows,

Al
¢(f)={ olor) T A4.80
BK,(or) r>r,

From the inspection of eq A4.77, it can be observed that, the delta function on the

right hand side originates from the V?p(r) term, rather than ¢(r) term.

Integrating, both sides of eq A4.77, in the interval re[r,—&,r,+¢],

T(qu) - O'zgo) rdr = ro_rqrdr,

[rar o o-go]rdr—jré(r—ro)dr,

h—¢

a Lte R 1
3[ 6_ -0 ¢r0_5=5
nh—¢ TO,(T
op op 1
:>(r0+g)[5) ~(r _8)(6rj 0-L.
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{51
r r=ry+c or

Apart from this, we have continuity condition for ¢(r) at r=r,,

]=i. A4.81
r=r—¢ 27

Pl = Ploce_. A4.82.

Using the expression of ¢ from eq A4.80 into the eqs A4.81 and A4.82, to get

following set of equations,
n[-B Kl(o-ro)—All(o-ro):|=;—:T, A4.83

Aly(ot,)=BK,(om,). A4.84
Solving egs A4.83 and A4.84 for A and B,

1 K, (o) }

_ 2noT |: lo(o1,)Ki(on, )+ Ko (o) 1 (o) |

B 1 I (O'r )
B 2rot, IO(O'rO)Kl(O'rO)+ Ko(aro)ll(aro) '
Using the Wronskian property of modified Bessel functions,

1o (07) Ky (1) + Ko () (07) ==

0

into the expressions for A and B, to get,

1
A=_EK0(U"0)’

1
B=—Z|O(O'ro).

Going back to eq A4.80, and plugging in the values of A and B to get,

(r)=_i l(oT)Ky(on,) r<ry ALSE
v 27t | Ky(or)lo(at,) r>r, '
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Solving for w(r)
Both methods of solving yielded the same result, as seen in eqs A4.79 and A4.85.

Next step, is to solve forw(r), in the equation,

2

1 {Io(ar)Ko(aro) r<r,

Vzw(r) =§0(f)=—_ Ko (o) |O((;ro) r>r,

ow 1ow_ 1{I0(0'r)K0(0'r0) r<r, ALSE

o ror 2x Ko(or)lo(om,) r>1
The homogeneous solution of eq A4.86 is,
w(r)=Cinr+D.
For a closed form w, C =0 and for the asymptotic solution of w—0, D=0. Hence,
the solution of eq A4.86 only comprises of the particular solution.

Since, 1,(or)and K,(or) are solutions to the following differential equation,

2 2
6—Z+1@—02y=0:a—¥+£ﬂ=o—2y,
or° ror o ror
hence,
2 2
0 Io(zar)+lalo(0'r)=azlo(ar) g 2 Ko(zor)+l6Ko(o-r):GZKO(Gr).
or r or or r or
Using the above fact to obtain the particular solution,
| r)K,(or r<r
S w(r)=-7 o(on)Ko(o) v A4.87
2o Ko(ar)lo(aro) r>r,

This solution of w(r) in eq A4.87 is the Green’s function of the eq A4.75 and can be

written in the standard Green’s function representation as,
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G(r|§)= 1 {Io(ar)Ko(af) r<é A48S

210% | Ky (o) (o) r>¢&

and hence,

o]

W(r)=27sz(r|§)q(<§)§d§,

0

W(r)=—§[Ko(ar)! Iy (02)a(&)cde+ |o(0f)TKo(0§)Q(§)§d§}-

r

Plugging in, the values of q(&)=-2p(¢) ando? =2T,,

w(r) =Ti[KO( 2Tor)j |0(\/ﬁ§) p(£)Edé + |0( 2T0r)T KO(\/ﬁg) p(é)fdﬁ] .

A4.89

Implementation in a numerical scheme

For a numerical scheme when the pressure p(n) is provided at some discrete data
point r,. Apart from that the domain is also finite, hence the second integral instead of
going to oo goes to some large value, |. Under these conditions, the deformation

w(r,) can be written as,

w(n):%[Ko( 2T0ri)

0

j=n

{1o(V2ar, ) ()} + 16 (V2TT) 3

j=i+l

ii

j=0

{ra 2T0rj)p(rj)rj}]

A4.90
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Chapter 5

During synaptic vesicle fusion, SNARE family proteins play an extremely important
role. The SNARE complex is anchored to the membranes of the synaptic vesicle and
neuron base. They mediate the vesicle fusion starting from docking the vesicle, fusing
the lipid membranes and eventually leading to the fusion pore formation. The role of
SNARE proteins and the intermediate stages of this fusion are a topic of debate in the
neuroscience community. It is believed that SNARE complexes work in collaboration
to bring down the synaptic vesicle. The questions on an ideal arrangement of SNARE
complexes, number of SNARE complexes and role of membrane tension are still
unclear.

In the present work, we have used a Molecular Dynamics (MD) scheme to extract
details of synaptic vesicle fusion. The MD scheme used in this work is known as
Coarse Grained MD (CGMD). CGMD simulations are an important tool in analyzing
complex systems. The behavior of multiple particles can be aggregated to be
represented by one single particle. This simplification offers a huge computational
advantage by making simulations faster. A reduction in computational expense allows
researchers to carry out simulations for longer physical times and for spatially larger
systems compared to All Atom (AA) simulations. Due to its capability to run
simulations for longer time durations, we were able to simulate synaptic vesicle fusion
over a span of nano-seconds. During these simulations we were able to demonstrate
the occurrence of synaptic vesicle membrane fusing with neuron plasma membrane

and leading to the fusion pore formation.
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The CG scheme presented in this work is still under development. With this scheme
we aim to understand the dynamics of during the synaptic vesicle fusion. We aim to
study the arrangement of SNARE complexes between the two membranes. This
arrangement plays an important role as it is an outcome of SNARE to SNARE
interaction. Moving further, we will want to answer the most debatable question in the
neuroscience community on how many SNARESs are needed to carry out a successful
synaptic vesicle fusion. We also want to understand the role of high in-plane tension in
synaptic vesicle membrane. This in-plane tension is a result of the osmotic pressure
across the lipid membrane of synaptic vesicle, due to the presence of neurotransmitters
inside it. The lipid membrane tension is believed to increase the probability of fusion
pore formation. In this work we present qualitative results on the effect of in-plane
tension in the lipid membrane.

5.1 Abstract

Synaptic vesicle fusion is a key step in the neurotransmission process. SNARE
proteins mediate the docking of synaptic vesicles at the plasma membrane and
eventually leading to the fusion pore formation which releases the neurotransmitter
into the synaptic cleft. In the present work we propose a CGMD model of two
juxtaposed lipid membranes undergoing a fusion pore formation. We study the
influence of varying number of SNARE complexes and the tension in the lipid
membranes on the vesicle fusion. We find that the strength of interaction between the
transmembrane domain and the hydrophobic core of the lipid membrane is an

important factor in orchestrating the fusion pore formation.
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5.2 Introduction

Neurotransmission at the junction of two neurons is mediated by the SNARE (Soluble
NSF Attachment Protein Receptor) machinery [1], [2]. SNARE complexes are present
in between the synaptic vesicle and plasma membrane of neuron base, linking the two
membrane structures. The membranes are held close to each other with the help of
clamping force provided by SNARE complexes [3]. This clamping force is believed to
be the driving force for the synaptic vesicle fusion and subsequently the fusion pore
formation [4]. The mechanism of the fusion pore formation is still an unanswered
question as it is difficult to witness the process in vitro, due to its extremely small time
and length scales. The process is believed to proceed through two major steps before
the release of neurotransmitter in the synaptic cleft: 1) the docking of the synaptic
vesicle at the neuron base [5] 2) and opening of the fusion pore [6]. The synaptic
vesicles filled with neurotransmitters are continuously replenished near the neuron
base and are docked with the help of SNARE complexes. This docked assembly then
awaits an action potential [7] to trigger the next step of synaptic vesicle fusion, i.e.
pore formation [4], [8].

The SNARE complex driving the synaptic vesicle fusion is made up of four helices,
which are derived from 3 different proteins [9]. These proteins are classified as v-
SNARE and t-SNAREs. Synaptobrevin (Syb) is the v-SNARE (v stands for vesicle)
protein anchored to the membrane of synaptic vesicle membrane with the help of a
hydrophobic Trans-Membrane Domain (TMD). Syb contributes one helix in the
SNARE complex [10]. On the other hand the Syntaxin (Syx) and SNAP-25 are

attached to the plasma membrane of the neuron and are referred to as t-SNAREs (t
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stands for target) [11]. Similar to Syb, Syx is attached to the neuron membrane by
embedding a hydrophobic TMD. SNAP-25 on other hand is anchored to the
hydrophilic surface of the neuron membrane by an adsorbed palmitoyl chain [12]. The
Syx and SNAP-25 contribute one and two helices respectively in the SNARE complex
formation. When the neurotransmitter filled synaptic vesicle is in the vicinity of the
neuron base, the t-SNARES acts as an acceptor site for the v-SNARE. The zippering
of the four helices into a tight bundle leads into the formation of SNARE complex
[3][13]. This zippering is driven by interactions of the amino acid residues on each of
the contributing helices. This provides the necessary force for docking the synaptic
vesicle and bringing the two lipid membranes in proximity of each other. When the
action potential is received at the neuron base, fusion pore formation is triggered.
Some studies claim that the linker domain of the Syb and Syx becomes structured at
this instant [11], [14], [15]. A linker domain is the part of the SNARE proteins which
connects the TMD and the part of helix which contributes to SNARE complex. The
linker domain is present in Syx and Syb. It has been found to be unstructured before
the arrival of action potential, but becomes structured on its arrival.

The two lipid membrane structures [16] involved in this process are synaptic vesicle
and plasma membrane of the neuron. The basic constituent of this membrane is a lipid
molecule. These molecules are amphithatic in nature. This results in self-assembly in
an aqueous environment, such that the hydrophilic portion of the molecule is exposed
to water, while the hydrophobic part is hidden away from it. The synaptic vesicles are
approximately spherical shaped structures with a radius of ~20nm[17]. Due to the

presence of neurotransmitter inside the vesicle, a huge amount of osmotic pressure
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acts across its lipid membrane. Literature suggests that the osmotic pressure is high
enough to keep the membrane of vesicle near the rupture strength [18], [19]. On the
other hand the lipid membrane at the neuron base has a very small curvature relative to
the synaptic vesicle and can be assumed almost flat. The SNARE proteins Syx and
Syb are held to the lipid membrane with the help hydrophobic interaction between the
tails of the lipid membranes and the TMD provides the necessary anchoring force.

The details of the mechanism leading to synaptic vesicle fusion and pore formation are
still unclear and debatable. The system has been studied using experimental and
simulation techniques to develop a better understanding. Molecular simulations
present themselves as an ideal technique to visualize synaptic vesicle fusion [7], [20]-
[23]. But the huge computational cost associated with molecular simulations poses a
limit on length of simulations and spatial details of the system. In such cases coarse
graining techniques can be a low computational cost alternative. Coarse Grained
Molecular Dynamics (CGMD) simulations offer an opportunity to carry out long
duration simulations by cutting down on molecular details. The molecular simulation
models for lipid membranes present in literature lie in an extremely wide range of,
single bead representation of lipid molecule to a full atomic detail model. In the
coarse-grained category, the membrane model with the implicit solvent scheme comes
along with a big reduction in computational costs. The presence of water molecules is
sufficed by a hydrophobic interaction between the hydrophobic tails. The three bead
lipid model by Cooke et al. is chosen for the present work [24]. The SNARE coarse
grained model is based on the work by Fortoul et al. [25]. In this model, each amino

acid residue is represented by a single bead. An Elastic Network Model (ENM) creates
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the helical backbone of the SNARE proteins and Miyajawa-Jernigan (MJ) force field
defines the interaction between the amino acid residues. This CG model of SNARE
proteins is calibrated against All Atom (AA) simulations and force measurements
made in single SNARE laser tweezer experiments. The CG models of lipid membrane
and SNARE proteins have been developed in LAMMPS. The hydrophobic interaction
between the lipid membranes and TMD is found to be an important tuning parameter
for the simulation and with the right choice of hydrophobic interaction the simulations
have shown the formation of fusion pore.

In the following section the outline of simulation scheme is described.

5.3 Model
(a) Neurotransmitter =
Synaptic vesicle ~ \Cf/
SNARE complex \_/
Plasma - i ‘
membrane S

Synaptic cle ft

Fig 5.1: Schematic for SNARE mediated synaptic vesicle fusion a) side view of
pre-fusion geometry b) simplified membrane geometry c) a side view close up of

pre-fusion geometry d) post-fusion and fusion pore formation.
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A synaptic vesicle fusion machinery consists of a synaptic vesicle, SNARE complex
and plasma membrane of neuron. The SNARE complex is present in between the two
lipid membrane structures as shown in Fig 5.1a. The neurotransmitter filled synaptic
vesicle is docked at the plasma membrane with the help of zippered SNARE complex.
In this state the SNARE complex awaits an action potential to fuse the vesicle and
plasma membranes. The number of SNARE complexes present in between the two
membranes is a debatable topic in neuroscience community. The electrical
conductance studies carried out by Han et al. [8] proposes that 5-8 SNARE complexes
are present around the fusion pore. Work of Sinha et al. [26] on fluorescence response
from single fusing synaptic vesicle indicates the presence of only two SNARE
complexes at the fusion site. Titration analysis by Mohrmann et al. [27] comes up with
a conclusion that at least three SNARE complexes are needed for a successful fusion
event. The work of Fortoul et al. [25] using coarse grained simulation studies reports
the requirement of 4-6 SNARE complexes for synaptic vesicle fusion. The
discrepancies in the number of SNARE complexes necessary for fusion is reviewed by
Bogaart et al. [28] and is reported to be in the range of 1-11. This variation in number
is due to the experimental technique used to obtain this number. The common theme
in the reported research on number of SNARE complexes proposes that the expected
fusion site is usually located between a ring of SNARE complexes. All the SNARE
complexes collaboratively mediated the fusion pore formation.

To simplify the analysis, the fusion site can be visualized as two plane lipid
membranes held in proximity of each other by the help of a ring of SNARE

complexes. In the present work, the two membranes have been assumed to span the xy
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plane as shown in Fig 5.1b. Periodic boundary conditions are imposed in both x and y
direction as indicated by arrows in Fig 5.1b. In the initial configuration of the lipid
membranes are placed at a given separation from each other as shown in Fig 5.1c. A
specified number of SNARE complexes are placed in the gap between the membranes.
These SNARE complexes extend their TMD into the two membranes, Syb in vesicle
membrane and Syt in plasma membrane respectively. This system is implemented in
LAMMPS with a NVE ensemble along with a Langevin thermostat to maintain the
temperature of the system at 300K. The expected outcome of this simulation is the
formation of fusion pore as shown in Fig 5.1d. In the next section, we present the
details of the implemented molecular model.
5.3.1 Lipid membrane
In the present work, the 3 bead lipid model by Cooke et al. [24] is implemented for
the lipid membranes. In this model, a single lipid molecule is represented by 3 beads.
The head bead represents the hydrophilic head, whereas the rest of the two beads
represent the hydrophobic tail. This 3 bead chain is connected with two FENE bonds
(ViR ) as shown in Fig 5.2, for which the potential is described in eg. 5.1,

2
Vi () =Lk log[l—[rL] ] 5.1

glivid

where, r is the distance between two beads connected by FENE bonds,

with K =30 and r, =1.56""

K is the potential coefficient,

r. is the maximum extension allowed in the bond,

o
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&™ is the LJ energy parameter for lipid molecule

o' is the LJ the size parameter for lipid molecule.

An additional bond is added to maintain the orientation of the molecule. This is
represented by a harmonic spring (V. ) and it acts between the first (head) bead

harmonic

and the third (second tail) bead as shown in Fig 5.2. The potential of this bond is given

by eq. 5.2
\/ ipid 1 iipia 2 -
harmonic (r) = _E Kharmonic (I’ - ro) .
N Slivid -
Wlth’ K;g)rlr?mnic =10—2 and L= 40‘“p|d .
(O_llpld )

KiPa is the potential coefficient,

harmonic

r, is the length of the spring.
To simulate the implicit solvent a modified short distance repulsive and long distance
attractive potential (V") is implemented for tail beads as shown in eq. 5.3. This

potential keeps hydrophobic core of the lipid membrane together and maintains the

bilayer structure.
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Head Bead

FENE hond

Tail Bead 1

Tail Bead 2

Fig 5.2: FENE and harmonic bonds in a lipid molecule

( ipid \12 ipid \&
4g|ipid|:[0-|pdj _(O"de :| rsrc,
r r

- . r—r

c

0 r+w<r

with, w, =1.66"" which is chosen from the parameter space (Fig A5.3) provided by
Cooke et al [24].

Here r, =2"°5"" | is the location of the minimum of the LJ 6-12 potential.

The interaction between a head and tail bead, and two head beads is governed by

Weeks-Charles-Andersen potential (V™ ) as defined by eq. 5.4. This potential

repulsion

provides the necessary soft repulsion between the beads to avoid them collapsing into

each other.

285



N lipid \12 lipid \® B
lipid 4" A + ghPid r<r,
Vrepulsion (r) = r r 54

0 r<r
The parameters for the lipid membrane model are chosen to reflect the bending
stiffness similar to biological membranes. For the values &"™ = 0.542 kCal/mol and
o™ =9.7 nm, the bending rigidity, « of the membrane is calculated using the
simulation experiment described by Hu et al. [29] and shown in Fig 5.3. This value is
found out to be 11.8 k,T and is in agreement with the work in literature using other

molecular simulation [30]-[32] as well as experimental techniques [33]-[37]. The

details of the bending modulus study are appended in section A5.2.

10 T T
fitting function s stmulation data
8- - T A —fit
F,.=4 7."-’5% S :
6 =0 —
4- K= (1]?’5 i(}«l)ﬁnf i
©
\:‘:‘* 2.—1—!—'—1—,—!—“‘-‘-}-“"‘!—‘—‘& T = § £
Ly, Of-——-——--- T =
-20 b(J = 1]. bl = %.” )
4 by = vy by = ﬁ‘,,v
b-l = \\')];'iz- r'): = I“-‘;'%EJH“
-6 be = gz b7 = worm |
_8 I I 1 I 1
0 0.1 0.2 0.3 0.4 05

strain., 9
Fig 5.3: Bending stiffness calculation of lipid membrane using the methodology

proposed by Hu et al. [29]. F, is the force exerted by the lipid membrane on the

lipid

yz face of the simulation box and is scaled with ETp.d , the coefficients b.’s are the
o
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coefficients in the expansion, L, and L, are the length of the membrane along x

and y directions, k; is the Boltzman Constant and T is the temperature.

5.3.2 SNARE coarse grained model

In the present work the SNARE coarse grained model is based of the work of Fortoul
et al. [25]. The CG SNARE model presented in Fortoul et al. was extended to include
the Trans-Membrane Domains (TMD) and Linker Domain (LD) of the Syb and Syx.
The methodology for extending Syb and Syx is described in section A5.3. This model
represents each residue with a single bead placed at the location of « carbon. The
representative beads retain the identity by having the equivalent van der Waals radius
and mass as that of the residue. The residues interact with other residues in the same

SNARE complex by two interactions which are described below.

5.3.2.1 Bonded interactions

The intra-helical interactions between the residue beads are defined using an Elastic
Network Model (ENM) [38], [39]. These interactions maintain the helical structure of
individual proteins. The location of residue beads along the helices is based on an x-
ray structure of the proteins. A cutoff distance R, is chosen. Two residue beads from
same helix and within this cutoff distance are connected by a harmonic spring. The

spring potential is given by,

VSNARE :_EKSNARE (r_rO)Z’ 55

harmonic 2 harmonic
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SNARE
harmonic

where, K =0.0963N /m and r, is the distance between two beads when the

SNARE
harmonic

individual helices are in relaxed and nearly straight. The value of K is carefully

chosen after comparing the fluctuation spectrum of individual helices of All Atom

(AA) and CG model of individual helices.

5.3.2.2 Non-bonded interactions

The next set of interactions incorporates the chemical specificity of residues which
governs the SNARE complex formation. This interaction acts between the residue
beads from same helix and the residues on the other helices which are part of the same
SNARE complex. The interaction energy of between residues is a scaled version of
the contact energy values provided by Miyazawa et al. [40]-[42]. The scaling used in

the present work is based on Kim et al. [43] formulation,

&,

SNARE =/1(eij _e0)1 5.6

ij
where, £ is the interaction energy, e, is the contact energy, 4 is a scaling factor
and e, is an offset parameter. The beads within a cutoff distance R.,, of each other

are assumed to be in contact and the interaction between the beads is governed by a
modified 6-12 LJ potential (V,"** ) as shown eq. 5.7. The choice of potential is based

j

on the value of "
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5.7

ryis the distance at which the minimum of the LJ potential occurs,

] IS the size parameter of mixed interactions between two

residues and o”"**®is the van der Waal radius of a residue bead, Ais a tuning

parameter to match the bundle width with the experimental acquired value. For the
present work A=0.8. The parameter 1 in eq 5.6 controls the strength of inter-helical
interactions. Its value was chosen so as to match the SNARE unzippering behavior in
comparison to the experimental results of single molecule unzippering by Gao et al.
[13]. The calibration is done by matching the peak value of force (17.2 pN) reported in
the experiments.

In the next step the interaction between the SNARE residue and lipid beads is defined.

The interaction between the hydrophobic residue beads and lipid tails (\,'Pii-s\Re

i tail

) is
defined in eq. 5.8. It is modeled similar to the interaction between the tail beads of a

lipid molecule.
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( lipid—SNARE \12 lipid—SNARE &
- o™ o™
4gi“tp;id|_SNARE [( itail \] _[ itail r S rC'
' r r

—_ iy w(r—r
VﬁﬁSM%(n=<—dﬁﬁwmﬂm§[—£——ﬁ] L<r<r +w, 5.8
‘ ' 2w,

C

0 r+w<r

. — N o'Pid 4 5 SNARE
where, gillpld—SNARE _ {gnpud *gi?NARE and O_illpld—SNARE - A . i .

In the equation above, &£™**"*¢ and o/P~>** are the energy and size parameter
respectively for mixed interaction between the lipid and SNARE beads. The value of

A=0.8 is same as in the case of V.

5.4 Results

The CGMD scheme described in the previous sections is used to simulate lipid
membrane fusion without mediation from SNARE proteins. The purpose of these
simulations was to test the ability of the CGMD lipid model to simulate membrane
fusion. The membrane fusion models proposed in the literature relies on the presence
of explicit solvent, whereas in the present work an implicit solvent scheme is
implemented. In the next section we present the results for membrane fusion under the
effect of an indent and in the following sections we will show the results from the
membrane fusion mediated by SNARE proteins [44].

5.4.1 Membrane fusion under the effect of a rigid indenter

The geometry of the simulation can be described as follows and also shown in Fig.

5.4,
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1)

2)

3)

4)

5)

6)

7)

All the simulation were carried out in planar periodic box, with periodicity in x
and y directions

There are two planar membranes facing each other, the top membrane is
supposed to represent synaptic vesicle membrane and the bottom membrane
represents plasma membrane of neuron. The in-plane stress in the membrane
can be altered by changing the density of lipid molecules in either membrane.

The length of the membranes in x-direction (L, ) is significantly longer than in

y-direction (L,).

For all the simulations described in LAMMPS, fix indent is used to create an
indenter which then pushes the membranes towards each other.

All the indenters are cylindrical, with axis aligned along y axis (into the plane)
The diameter of indenter is specified as 2nm. This is based on the assumption
that the size of bump induced in the lipid membrane due the anchored SNARE
proteins is of the order of few nanometers

All the simulation snapshots are on the xz plane, x is horizontal axis, z is

vertical axis and y is coming out of the page.
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2nm

Fig. 5.4: Schematic of membrane fusion under the effect of indenters

In the next step, we conducted two set of simulations with the above setup to induce
fusion between the two membranes. The first set of simulation did not have any initial
in-plane membrane tension and in the second set of simulations, an initial in-plane

tension was imposed in the membranes.

1. No in-plane membrane tension
During these simulations, the separation between the indenters was varied and
occurrence of hemi-fusion instances was observed as shown Fig 5.5. Hemi-
fusion [45], [46] has been identified as an intermediate state of the apposing
lipid membranes where, the lipid monolayers facing the other lipid membrane

merge with each other while the rest of the lipid membrane (one monolayer on
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each side of the lipid membrane) stay intact. It is believed that, in later stages
of fusion process the hemi-fused diaphragm ruptures and leads to the formation
of fusion pore [45]-[48].

The gap between the surfaces of the cylindrical indenters, d , as shown in Fig.
5.5 was varied and above some critical separation no hemi-fusion was
observed. For this case, when the separation between the indenters was more
than ~3.6 nm, hemifusion ceases to take place. The absence of tension is also a
crucial factor in the formation of hemi-fusion. In the next section we will see

how the in-plane membrane tension affects the membrane conformation when

they are placed close to each other.

I T
No Hemifusion

| | | | |
1 2 3 3.6 4 5 6 7
separation between the bilayers (nm)

Fig 5.5: Critical separation between the membranes for hemifusion to

occur.
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2. In-plane tension present
For this set of simulation, the tension in the membranes was varied, by varying
the number of lipid molecules, while holding the lengths of membranes to be
constant. This is done for both lipid bilayers. The separation between the

indenters was chosen so that the hemi-fusion was expected to take place.

Fig 5.6: Fusion pore formation in membranes under in-plane tension
Few interesting observations, from the variation of tension simulations are,

1. As the tension in the membranes was increased, the length of the hemi-
fused diaphragm increased. This is because, the density of lipid
molecules increases as the length of the hemi-fused diaphragm and the
lipid molecules in two tense membranes are now in one single
membrane.

2. For sufficiently large tensions the membranes rupture during the
indentation, and the broken ends of the membrane end up joining
between the synaptic vesicle membrane and plasma membrane. This

leads to the formation of fusion pore, as shown in Fig. 5.6.
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This simulation study demonstrated the capability of the CGMD lipid membrane
scheme to demonstrate fusion. For the next set of simulations, we have combined the

CGMD schemes of lipid membrane and modified SNARE proteins.

5.4.2 SNARE mediated synaptic vesicle fusion

The fusion pore formation during synaptic vesicle fusion is an expected outcome of
the process. It is believed that fusion pore formation is a result of collaborative effort
of SNARE complexes. It has been proposed the arrival of action potential at the
synapse triggers conformational changes in the LD of Syx and Syb [14], [15]. This
makes the complete helix of both Syb and Syx to straighten and provides extra force
on the opposing membranes to get close to each other and at the same time increases
the level on in-plane tension in the membrane of synaptic vesicle and neuron base. In
Fig. 5.7 we show the results of our initial tudies of these simulations, which led into a
successful fusion pore formation. Fig 5.7 (a) shows the side view (yz plane) of the
fused membranes and fig 5.7 (b) shows the fusion pore from the top going through
both the membranes Fig 5.8 (a) shows a closer look at the fusion pore and it can be
clearly seen that lipid molecules are oriented horizontally around the fusion pore. To
dig deeper into the fusion pore structure, two slices around the fusion pore were
analyzed. Fig 5.8 (b) shows the red slice and fig 5.8 (c) shows the green slice, viewed
along x axis and y axis respectively. In both views it can be clearly seen that the lipid

molecules rearrange to form a fusion pore structure.
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This scheme can be used to characterize the parameters which will enable the fusion
pore formation. In our simulations the interaction between the lipid molecules and the
SNARE beads is one of the key interactions in the process of fusion pore formation.
This interaction is hydrophobic and is similar to the interaction between the
hydrophobic beads of the lipid molecule. If this interaction is weak then the
membranes tend to detach from the TMDs of the SNARE complexes. On the other
hand if the interaction is too strong the lipid molecules tend to aggregate around
TMDs of the SNARE complexes. This aggregation hinders the interaction of the lipid
molecules in the opposing lipid monolayers of synaptic vesicle and neuron plasma

membrane.

Further simulation studies need to be conducted with the current scheme to find the
right parameters. These simulation studies will be done to analyze the effect of
number of SNARE complexes, in-plane tension in the membranes, self-arrangement
of SNARE complexes around the expected fusion site and subsequently the fusion

pore formation.
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Fig 5.8: (a) A closer look at the fusion pore from the top vesicle side (xy plane) (b)
View of the red slice of the fused membranes along x axis (c) View of the green

slice of the fused membranes along y axis

5.5 Summary and Conclusion

The CG simulations presented in this work has been demonstrated to show the fusion
pore formation. The CG lipid membrane model is computationally efficient due to its
implicit solvent scheme and reduces the computational cost of simulations. This
scheme has been demonstrated to show lipid membrane fusion and subsequent fusion

pore formation. The CG SNARE model includes the chemical specificity of the real
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SNARE proteins. This CG model is calibrated to exhibit behavior similar to real
SNARE complex obtained from experimental studies conducted on single SNARE
reconstitution. The SNARE proteins Syb and Syx are extended to include LD and
TMD. These extended proteins are embedded inside the lipid membranes to anchor the
SNARE complexes. The work on choosing the right parameters to have a stable lipid
membrane and SNARE complex assembly is still under progress. The most crucial
amongst those parameters is the interaction between the TMD of SNARE complex
and the hydrophobic core of the lipid membranes. At the beginning of the simulation
the SNARE complexes are arranged in a circular pattern. The simulation scheme has
the capability to vary the number and arrangement of SNARE complexes between the
membranes and vary the tension in the lipid membranes.
The fine-tuned simulation scheme can be used to answer some of the following
questions related to synaptic vesicle fusion,

1. The number of SNARE complex needed to carry out a successful synaptic

vesicle fusion.

2. Self-organization of SNARE complexes around the fusion pore.

3. Collaborative effect of SNARE complexes to lead to the fusion pore formation.

4. Role of in-plane tension in the lipid membranes towards the fusion pore

formation.
5. Role of LD domains in pushing the opposing lipid membranes closer to each

other to initiate the fusion process.
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Appendix A5

A5.1 Brownian Dynamics Calculations
Consider a particle of massm, suspended in a liquid (friction constantI") and moving

at speed V . During this motion, particle has two different forces acting on it, which

are,

1. africtional force of magnitude, —I'V

2. arandom force coming from the bombardment of water particles around this

particle, R(t) and has the following properties,

a) <I§(t)> =0, means that the force can be random in direction

b) <|§(t)-|§(t')> = CO(t—1'), means that the force at two different instants,

IS not correlated,
where, C is the parameter which we are going to obtain from this analysis.

So, the equation of motion can be written as,

dar

= oV, A5.1
dt

m‘i—\t/ =-IV+R(t) . A5.2

Next, we solve for the velocity, Vv from eq. A5.2. Since, it is an ODE, the solution can

be obtained in two parts, a homogeneous solution, v, and a particular solution, v, .

a) Homogeneous solution
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m v =-IV
dt

r
=>V=Vve"

t

where, \70 is the velocity of the particle at time t = 0.

b) Particular solution

—

e _ v 4R
P __ + ’
dt P

r

assuming that the particular solution is of the type, \7IO =e M W(t) and plug it

in the above equation to get,
r -t ¢ dwi(t g _
m —;e/m%+e m % =—LCe"wW(t) + R(t)
15¢ Lol
=i(t) == [e" R(r)dz
msy
Our complete solution looks like,
o1 L PRI
V() =ve ™ +—e " _[em R(r)dr A5.3
m
0

In the next step we calculate the kinetic energy of the particle, which is given by,
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2 —2£t

Vo| e m

using the properties of the R(t),

Zr

2 ——tt £1 —
+=e " [enV,+R(z)dr
m 0

r
—T

t T,

e" R(z)dze[em Fi(r')df']
0

r,

e Vy+(R(z))d7

) <F§(r)-ﬁ(r')>drdr'j

o 2 2 el Lo L
Vo| e ™+=e ™ J'em VO-<R(z')>dz'
m 0 v
1 =0
_Em 1 —2£t L £(r+z") — —
+—e | [[em " (R(r)R(z))drdz’
B m 00 ) =co(r-7')
i r r /t .r ]
:lm |\70|2 o m LZ e m [ Jezmrdr
2 i m ) |
1 I 2 -2t C zrt( Y
==m||V,/e " ———e m|1l-e"
2 i 2I'm |
:im_|\7 |2 —Z%t __C —2% _Cc
2 " 2rm 2r'm

for long timespan as t — o0
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KE %
AT

3
For a particle in a 3D space, the average K.E.of the particle is = > KT . This gives

the value of C as,
c=6I'kT A54

Therefore, we have,
(R(t)+R(t)) =6TKT5(t—t). ASS5

But, in the numerical scheme Dirac delta functions cannot be implemented because of
the discrete time stepping. Thus it has to be replaced by a combination of Heaviside

function as shown in Fig A5.1,

S(t-1) ~§{H {t_(t'_%ﬂ_ " {t_(ﬁ%m

3 A

At
1 f—
At
¢ r ¢ '

Fig A5.1: Approximating Dirac delta function with Heaviside function

Plugging this in eq. A5.5,
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(R()-R(t)) = 6rkT {H { (t —%H “H {t —(t N %ﬂ} A5G

Dimensional consistency

In eq. A5.6 checking the dimension of both sides.
LHS. = [<ﬁ(t)-§(t')>] =[m2eT ]
=[]

=[ MLT 2]

6IKT .
R.H.S.:{ n } [M LT 4]

From the dimensional comparison it can said that the magnitude of the random vector

/6rkT
R(t
O | —

Thus, we can write the vector as R(t) =

6I'KT

n , Where A is a random unit

vector in 3D space.

Coefficient of Diffusion calculation

Again consider eq. A5.2 and dropping the inertial term of acceleration,

312



0~-IV+R(t)

_ R(t) 1 /6FkTA [akTA
r r\ At At
AX f6kTA
= —=,]——N
At -\ TAt
6KT At ,
n
r

= AX =

From this above relation, we can say that the magnitude of the random step,

| [ekTAt
—

Also, it is well known that,
(F(t)er (t)) = NI* =6Dt

where, N is the number of steps taken by the particle in the 3D space in time

t=NAt.

Substituting the values in the above relation, we finally have,

N@%DNN

_kT
r

=D A5.7

Coefficient of Diffusion calculation: Alternative way

We can also get the value of coefficient of diffusion, D from the rms distance

calculation. As we know that,

(F(t)er (t)) =6Dt. A5.8
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Begin with, eq. A5.3 and integrate it to get the position of the particle as a function of
time.
r

—t ] Lo
V(t)=ve ™ +—e ™ jem R(r)dz
m

ar _ Lo LD
= —=Vem+—enm Iem R(r)dr

0
r

:>r=;+jvoe‘mfdz+%j B Ue R(f)drjdr
0 0

—

r t r r T
_, ., mv —t 1 —T —7' . .
>r=f+—21-enm +—J.e m Jem R(z)dz' dr A5.9
I m 5
Using eq. A5.9, we can get the r.m.s distance squared from time t =0 as follows,

(r=r)(r-1,))

m2 \7 ? L ’ LR —Er P Er' —
|20 [1—6 mt) +££1—e mt]je m ( em VO-R(T')dr')dr
/T r ) )
- T
m

{e [je R(r'")dr'"]dr"]

[j e’y Vpo(R(r))d 7 jdr
+%@e;7 @.e;ﬂ [l.e;r' [Ie;T <F\3(T ')-ﬁ(f '“)>dT"IJdT'JdT“JdT]

+

3|._\
[N}
S/ N 7~ X\
ot—..—r
3\-1
7~ N\
O ey

D

3

;U

~—~

3

~—

o

N
.

o

N
;/
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Using the properties of the random force

ﬁ(r),

m2 .1 Yoo _Ft_F,fFT-AfT:’O% ,
= F|20| (1—e mtj +F[1—e mt]!e m [Iem VO-<R(T)>dz' dr

1 t —Er t _ET" T Ez" T" Er R N
+g fem[fem™ |[em | [er \<R(z")-R(r"')>dz"" dz'|dz" |dr
0 0 0 0 =c5(z'-1")
21 |2 r \2 t r (t .z 2r,
:mr\;0| 1-em +i2 je_mf Ie_mf Uem CH(T"—T')dr']dr"jdrj
0 0 0
m2|\7 |2 —£t ? t —Ez' P 271"2_, t —£T"
- on l-e™ | +— 'fe m Jem Ie m H(r"—r')dr"]dr'jdr}
0 0 0
m2|\7 |2 T, 2 c (L T.(n . (v T
= 20 (1—8 "+t .[e m Iem Ie modr ]dr ]dr]
I m-{ 5
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21 |2 r \2 t T r or
m-|v - —rml! = m 2r,
= |20| l_e mt +L J-e m — m _1_e em _l dT
T mC|s T
215 |2 r \2 t r r. r or
m< |V L rr.r or
= |2°| 1-em | + > _[ 2-2¢m —em m|em —1|dr
F 0
2|5 |2 r \2 t r r r r. r
m —— —7 ——t+—r ——t——1
= |2°| l—em | +— I 2-2em™ —em M e (g
r 2r?| 1
m? WP, L) ¢ om(. - I r, m L L
=2 l1-em o 2t——|1-e™ |——e ™ |e™ -1 +Fe mil-e™
m? |\7O|2 Iy ? C 5 Ly Iy 2
= = l-em F 2lt-2m+2me ™ —m+me ™ +me ™ —me ™
m? |\70|2 L ? C I _2h
= > l-em — 2[t-3m+4dme ™ —me ™
I 2

lim((r—1,)(r 1))
L VA T
=lim —+—| 2['t-3m+4me ™ —me "
too 7 2
_m2|\70|2+c_t_3c_m
I )

Plugging in the value of C = 6I'KT |,
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m?[v,[*  6kTt 9KTm
= 7 T Y,
I I I

6KTt
= constant + -

Comparing with eq. A5.8, we can say that,

_KT
-

D

which is exactly the same result obtained in eg. A5.7.
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A5.2 Brownian Dynamics Calculations: Bead with spring calculation
Consider a particle of massm, suspended in a liquid (friction constantI") and moving
at speed V and attached is a spring from origin with unstretched length as O .
During this motion, particle has three different forces acting on it, which are,
1. africtional force of magnitude, —I'V,
2. aspring force of magnitude, —KT,

3. arandom force coming from the bombardment of water particles around this

particle, R(t) and has the following properties,

a) <If(t)> =0, means that the force can be random in direction

b) <|f (t)eF (t)> = CO(t—t'), means that the force at two different instants,

is not correlated,
where, C is the parameter which we are going to obtain from this analysis.

So, the equation of motion can be written as,

2 —
md—zrz—l“d—r—KF+ F(t), As10
dt dt

Next, we solve for the velocity, Vv from eq. A5.2. Since, it is an ODE, the solution can

be obtained in two parts, a homogeneous solution, v, and a particular solution, v .

a) Homogeneous solution

A WY
dt? dt "
t(—l“—\/—4 Km-+I? ) t(—l"+«/—4 Km+I? )
—=r=~Ae +Be  2m
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b) Particular solution

Using the method of variation of parameters, the particular solution can be

obtained which satisfies the following differential equation,

—

dv, - -
m—- =-TV_ —Kr, + F(t)
dt p p
Assuming that the particular solution is of the type,

Fy =W (Or () + W, (O, (),

{(-r—aKmer?) {(-rakmer?)
where, I, (t) =€ 2m and I,(t)=e 2m

The particular solution is then given by,

ry (o
jen T Py,
0 v/ —4km + FZ '
szL(_r_ —4km+F2)12

jer T F)y,
2
0

{-r—Caimr?)
F)=e o

+e 2m

Therefore, we have our complete solution as,
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t(—l“—«/—4 Km+r2) t(—F+ CaKm+1? )

F(t)=Ae  2m +Be  2m

e (—F+ —4km+l"2)r1
t(—F— —4km+r2) 1,

t s .
N ) e m 2m F(T)
+e 2m — Ydr

! \—4km + T2 '

(—r— 4km+T2 )12

t(—r+y—akm+r? Iz, ~

( " ; " )t e m 2m l:(z.2
+e m j
0

)dr2

and also, the velocity is given by,

(- —V=4Km1?) {rLaar) (41+J3555133) {-reFakmer)

= @@= 7 -

e 2m +B e 2m
2m 2m

—T-+\—-4km+T? |7
(_1-*_ _4Km+r2) t(—F— —4km+1"2)t ern:l+( ! o ! ) |f(z-)
e 2m J.— L2 dr,
0 ‘\/ —4km + FZ

. (—F—\/—4km+l"2 )rz
2,

(—F +y—4Km+T? ) {reaianer? j om 2m F(
2
0

—

V() = A

+

2m

+ e 2m
2m

For the sake of simplicity, let us assume that we have following set of initial

conditions,
F(t=0)=0
V(t=0)=0

Using these, we have,
A=B=0,

resulting in,
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o), ta )
F(t):e 2m J._ ]
0

dr
N

o o LT
A )t gm o F(Z_Z)
+ e 2m J‘ dz-z
0

and,
- +\/—4kmﬁ)f1
- —\/T F11+( r -
V(t):(_r— —4Km+1"2)et(r2:(r)j._em 2m E(z,) .
i e
t
+ e

ij‘e m 2m IE(TZ)
2m O

dr
o "

At this point, let’s assume,

F+V=4Km+T?

2m

I —v-4Km+T?

p= 2m

b Jakm+ T

a =

this simplifies our expression of position and velocity vectors as,

—at t

)= J.emlﬁ(fl)dfl+ﬂjeﬂrzlf(rz)dr2,
D D 1

v aeiat t an 2 ﬂeiﬁt t B 2

V() = 5 !e F(z)d7, - 5 !e F(z,)dz, .
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Calculating Kinetic Energy

We get the average K.E. of the particle using the following expression,

i
V V
—at t ~ —ﬂt t
j e F(r,)dr, - pe j e/ F(rz)drz]
—at t L . -ptt
j e F(z)dz, - 22 j e/ F(rz)der
0
: ‘L'+‘l' - ' '
a’e j CUE (1) (r)dzdz,
00
tt
a+ t 7y — =
2D2 —2ape”**P) ! ! e’ F (z,)eF (r,)dr,dr,
tt
+pe | e (2 ) E ())drdr,
00
L =c5(r-71)
a’e™ | j ) (F (7)o F () dridr,
00
. =¢6(11-73)
_ m _ ~(a+p)t ar+pt, = N -
= o7| ~2abe Me (F(r,)*F(z))dr,dr,

=5 (1,-75)

") (F(r,)F (r;)) dride,

ﬂz -2t

O ey —+
o'-_.r—!v
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tt .
aze_zat_Hea(Tl+Tl)5(rl —7,)dr,dz,
00
tt
= ZnE)CZ —Zaﬂe_(mﬁtIIe“rl+ﬁ725(rl —7,)d7,d7,
00
tt
Be _Zﬁtjjeﬂ ). 5(r, —1,)dr,dr,
00
_ me aze‘zmjez"‘“dr —Zaﬂe‘(“mtje(“*mdr + ﬂze‘zﬁtjezﬂ“dr j
= 2D2 O 1 ) 1 ) 2
_ mC2 a’ g2t (ezat _1)_ 208 (aspy (e(a+ﬁ)t _ 1)+:B_ze—2ﬂt (ezm _1)
2D?| 2a @x+ﬁ) 2p
me|ay om\ 208 won), By o2m
_mf_E@ ° )(@+ﬂ% ¢ )'E@ «™")

Under the condition that time scale we are considering very large, t — o0

KE. mc {a+ﬁ_ 23 }
2D*| 2 (a+p)
B mc [F _ZK}
2(r?-4Km)l2m T
_c
4T

It is also known that,

3

K.E.=—=KT,
2

which gives us,

c=6IkT.
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This is exactly the same thing obtained from the case where was no spring involved in

the picture. It means that irrespective of the spring’s absence or presence, the K.E. is

3
going to beE KT , as long as we choose the value of C = 6'KT .

Calculating Potential Energy

We get the average P.E. of the particle using the following expression,

PE. = SK(rer)
—at —ﬂt
——Je””lF(rl)dz'l +—jeﬂf2F(f2)df2]
e_att ar T
?.0 1F(rl)drl+—jeﬂ2F(rz)d12]
tt
e [[e e VE () F (m)drdr,
tt
a+ t 128 =
2D2 7 ”e” F(z,)*F (z,)d7,dz,
tt
vem [ [/ (z,)F (2;)drdr,
00
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=5 (5-1)

e-ZMHe“(Wi) (F(rn)F(r))drdr,
. - =C6(11-73) .
. 2*;2 e [ [genm (F (g, )oF () ) drdr,
00
tt N ~e0(zr2) ~
s [ [ (F (r,)F () dryde,
00
tt
_2at”‘ea gl S(r, —,)dr,dz,
00
tt
= ZKSZ Ha+h t_([?[e”l*ﬂfzé'(rl —7,)d7,d7,
+eZ'Btj-j‘eﬂ(T2+TI2)5(T2 —1,)dr,dr,
00
_ KE [ gt [ g2es (b} [ alerfla o [ g2
BETY je dr, —2e je dr, +e je dr,
0
K 1 oui/ o 2 o+ at 1 _
= 2[;:2 >  (e? t—1)—me (avh) (e( A —1)+£e (e —1)]
Ke (1, 2 PR
=5p? Z(l—e ? t)_(a+ﬂ)(l_e ( ﬁ)t)+£(l—e m)]

Under the condition that time scale we are considering very large, t — o0
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K.E.—> KC{]'— 2 + l}
2D*| 2a (a+p) 2B

_ Kc {(a+ﬂ) 2 }

2D 208 (a+p)

_Ke| I' 2m
_2D2[2K_ r}

B Kc I'? —4Km
_2(F2—4Km){ 2KT }
_C

4T

plugging in the value of C,

=
2

3
So, in case of potential energy it also comes out to be exactly E KT .
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A5.2 Coarse Grained lipid molecule

Fig A5.2 : Coarse grained lipid molecule (image ref: [1])
The lipid molecule is represented by a chain of three beads as shown in Fig. A5.2. One
bead (shown in blue) is a representative of the hydrophilic part of the lipid molecule.
Whereas, the other two beads play the role of the hydrophobic part of the lipid
molecule.

The parameter w,is a tunable parameter, which can be chosen from the parameter

space as shown in Fig. A5.3. The choice of the parameters from the plot below
determines the stability of bilayer. If the values are chosen outside the prescribed zone,

the system tends to be either gas or crystal and doesn’t express the right behavior.
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Fig A5.3: Parameter space for attractive potential (image ref: [1])

For this particular simulation the values of parameters are chosen as, w, =1.6c and

kB—T=1.1.

€
This above formulation of potentials is implemented in LAMMPS to simulate the lipid

membrane formation, under a Langevin thermostat. The details of LAMMPS
implementation are discussed in next section.

LAMMPS implementation

The CG molecular model described in the previous section has been implemented in
LAMMPS. The simulation is carried out under a Langevin thermostat (LT) under
NVE ensemble. LT provides the necessary thermal fluctuations necessary for the

proper lipid membrane behavior. The magnitude of these thermal fluctuation inducing
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forces (F, ) is determined from “Fluctuation-dissipation” theorem, which relates the
viscosity of the solvent (T") and system temperature (T ) in eq. A5.5,
(Fr (e F: () =6Tk, To(t—t).

For a numerical scheme this relationship can be simplified as shown in eq. A5.6

- 6Tk, T
Ft=’ 5,
(0 At

where, At is the time step for the integration,

and, f is a random unit vector in 3D determining the direction of the random force.
This random force is a part of the governing equation for the dynamics of the particles
in the system, which is essentially the Newton’s second law of motion and is a

generalized version of eq. A5.10,

m‘;—‘t’=-r\7+ F(r))+F (@), A5.11

where, mis the mass of the particle,

and, F((t)) is the force due to various system interactions involving spring forces,
intermolecular interactions etc.

Eq. A5.11 essentially describes the Brownian motion of a particle and can be
specialized for the Langevin dynamics by neglecting the inertial term with respect to
the force term, which gives us,

~IV+F(F(t)+F®)~0 . A5.12
The eq. A5.12 can be solved for the location of the particle in the system under the

influence of various system forces, random forces and viscous damping.
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In LAMMPS this set of equations is solved for each and every particle at each time

step. For the current simulation following parameters were chosen.

Parameter value
At 0.001¢
r ™
neighbor list updation 50 At

Below is a snippet from the LAMMPS script, with the molecular model incorporated
with the before mentioned parameters.

# Coarse Grained Lipid

# setting up environment of simulation

units lj

dimension 3

boundary ppp

atom_style  full

# defining the pair potential
# h-h, h-t & t-t attraction

pair_style hybrid/overlay lj/cut 1.12246 table linear 10000
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# defining the bonding between the beads
# bending bond

bond_style  hybrid harmonic fene

# read the parameters of the system and initial conditions

read data  input.data

# defining the pair interaction parameters

pair_coeff 1 1lj/cut10.951.06633 # WCA repulsion between h-h beads
pair_coeff 12 lj/cut10.95 1.06633 # WCA repulsion between h-t beads
pair_coeff 22lj/cut111.12246 # WCA repulsion between t-t
beads

pair_coeff 2 2 table cosine.table cos # attractive potential between t-t beads
pair_modify  shift yes # shifting the potential and forming WCA

pair interaction

# defining bond parameters
bond_coeff 1 harmonic5 4
bond_coeff 2 fene 301.500.95

bond _coeff 3fene301.501

# specifying run parameters
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group all type 12
neighbor 2.0 multi
neigh_modify delay 50

timestep 0.001

# specifying the time integration scheme and ensemble

run_style verlet
fix 1 all langevin 1.100 1.100 1 48279 zero yes
fix 2 all nve

In the next section of this works details are provided on the bending rigidity

measurement by deforming the lipid bilayer membrane into a buckled structure.

Bending the membrane

The procedure of lipid bilayer membranes bending rigidity calculation involves
deforming a periodic membrane inside a box of length less than its natural relaxed

length [2], as shown in Fig A5.4.
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Fig A5.4 : Schematic of membrane bending procedure to determine the bending
rigidity [2]

The procedure firstly involves obtaining a relaxed membrane, which is done is
LAMMPS by incorporating a NPH ensemble. It is assumed that if membrane is let to
fluctuate for a long time under NPH ensemble the membrane is going to attain a
relaxed configuration with zero pressure exerted on the walls of the simulation box in
both x and y directions. The configuration of membrane is such that most of the
deformation occurs in x direction and minimal happens in y-direction. To ensure this,
the length of the membrane is chosen to be much longer than the length in y-direction.
Also, by doing this, one can analyze the membrane in an analytical fashion and get

expressions for forces in and deformations.
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After the complete relaxation the natural length L) of the membrane can be obtained,

which is the reference length of the membrane and strain is further defined in terms of

this reference length as follows,

_L-L

0
L. A5.13

X

4

where, L, is the length of the simulation box at some point during the deformation

process.

From the analytical analysis, the expression of forces can be obtained as follows,

47°L 1 9 21 5 795 945 ]
F.(y)=x M 1+=y+—y*+ 4 + ‘4
A7) 70 [ 273" 1287 T8192” Tle3sa’

2
( ) A5.14
where, F_, is the force measured on the x-faces of the simulation box,
K | is the bending rigidity of the lipid bilayer membrane,

¥ is the strain applied on the membrane.

The CG simulation described before, can be used to simulate the lipid membrane
bending as described to measure the force on the x-faces of the membrane. The force
on the membrane can be measured from the pressure information generated by the
simulation output. The method involves measuring the pressure on the simulation in x-
direction and converting it to force, by making use of the simulation box area as
follows,

Fr(y) = ]D.Y,rL'i‘LZ

AS5.15

In next section, results from the force measurement methodology are shown.
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Results
In this section the results of the case where force is measured from pressure

measurement. The box dimension for the relaxed membrane are used from [2], with

Ly =66.750 and L, =12c. The compression is incrementally increased on the box to

get different values of strain. At each strain value, the simulation is deployed for a
duration of ~10°z . Here r is the characteristic simulation time, given by, T=O'\E :
€

The force is calculated by averaging over non-overlapping windows of size ~ 25000z .
The mean of all the window averages is used to calculate the representative force

values at each strain value.

Below, is the result generated from the simulations in comparison to the result
provided in [2]. The bending rigidity of the membrane is found out to be,

x=11.8+0.4k,T , which is close to the values reported in literature 12.8+0.4k, T [2],

11.740.2k,T [3], 12.5+1.0k,T [3] and 12.44+0.26k,T [4].
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Fig A5.6 : Force vs. strain [2]
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A5.3 Coarse Grained SNARE model

The SNARE model presented in this work is based on the CGMD scheme proposed by
Fortoul et al. [5]. The CGMD scheme is extended to include the linker and
transmembrane domains of the Synaptobrevin (Syb) and Syntaxin (Syx). Below we
describe the methodology for the extension of helical structures of Syb and Syx.
A5.3.1 Synaptobrevin (Syb): sequence beyond C-terminus and its structure

Syb is the v-SNARE protein. It contributes one out of four helix in the SNARE
bundle. It is believed that Syb is unstructured in the pre-SNARE state (before binding
with SNAP-25 and Syx) [6]. Syb is made up of a sequence of 116 amino acids.
Following is the breakdown of the sequences relative to the SNARE bundle [7]:

1. 30-85 : SNARE motif

2. 85-95 : Linker domain

3. 95-116 : Transmembrane domain

Synaptobrevin 2
1 30 8595 116

.

SNARE motif L TMR

Fig A5.7 Residue sequence of proteins in Syb [7]

The linker domain (85-95), is partly in the head region (~ 90-93) and partly juxta-
positioned right next to head region of lipid membrane [6] (~ 85-89). It is proposed
that part of linker domain in the head region of lipid membrane is unstructured. This

unstructured domain provides a hinge for the Syb to bend significantly, without

337



stressing the rest of the - helix. This bend in the Syb has also been observed by Kweon
et al. [8] and Bowen et al. [9]. It has been suggested that in the later stages of clamping
of SNARE complex, the unstructured domain of the Syb between the linker domain
and transmembrane domain goes back to its helical form. This results in an - helix all
the way through [7], from sequences 30 to 116 and this later stage - helix formation is
believed to be a driving force for the stalk formation and its transition into a

membrane fusion pore [10], as outlined in the figure below.
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Fig A5.8 Straightening of linker domain [10]
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The CGMD SNARE model in Fortoul et al. [5] has the sequences of Syb from 27-89,
meaning that,
a) The « helix needs to be extended upto residue 116.
b) The residue sequence ~89-92 needs to be unstructured during the early stage of
simulation.
c) During the later part of the simulation the spring network in the linker domain
needs to be activated to ensure the « helix throughout.
d) There are ~20 residues in the transmembrane domain, which correspond to an

a _helix_length of 3nm, which agrees well with the thickness of the

hydrophobic core lipid bilayer membrane.

Ab.3.2 Syntaxin (Syx): sequence beyond C-terminus and its structure

Syx is the t-SNARE protein. It contributes one out of four helix in the SNARE bundle.
It is present on the plasma membrane of the neuron, while it binds with SNAP-25,
which contributes two helices to the SNARE bundle. Syb is a sequence of 288 amino
acids. Following is the breakdown of the sequences relative to the SNARE bundle [7]:
1. 183-256: SNARE motif

2. 257-265: Linker domain

3. 267-288: Transmembrane domain

a
Syntaxin 1A
1 27 146 183 256 266 288

SNARE motif L TMR
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Fig A5.9 Residue sequence of proteins in Syx [7]

In @ manner similar to Syb, Syx also has the linker domain (257-265), partly in the
head region (~ 261-266) and partly juxta-positioned right next to head region of lipid
membrane [11,12] (~ 257-260). It is proposed that part of linker domain in the head
region of lipid membrane is unstructured. This unstructured domain provides a hinge

for the Syx to bend significantly, without stressing the rest of the - helix.

Lindau et al. [10] concluded that unstructured domain of Syb goes back to its helical
form towards the end of SNARE complex clamping. Similar process takes place for

the Syx helix too.

The CGMD SNARE model in Fortoul et al. [5] has the sequences of Syx from 189-
256, meaning that,
a) The « helix needs to be extended up to 288.
b) Sequence ~261-266 needs to be unstructured during the early stage of
simulation,
c) During the later part of the simulation the spring network needs to activated to
ensure the - helix throughout the whole Syx
d) There are ~21 residues in the transmembrane domain, which correspond to an

a _helix_length of 3.15nm, which agrees well with the thickness of the

hydrophobic core lipid bilayer membrane.
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A5.3.3 SNAP25

SNAP-25 has two helices which contribute towards the SNARE bundle, SN1 (5-83),
and SN2 (139-204). The unstructured sequence of SNAP-25 [13] between SN1 and
SN2 (~85-120) is anchored to the top of the plasma membrane. This domain of SNAP-
25 is adsorbed on the surface of the plasma membrane due to palmitoylation of few
amino acids. Ideally there should have been an interaction between the two, but for the
present work, we are moving ahead without considering this interaction between the

unstructured domain of SNAP-25 and lipid membrane.

A5.3.4 Extension of helices of Syb and Syx
The extension of helices was carried out by extending the existing helical structures to
append the amino acid sequences corresponding to linker and transmembrane domains
of both Syx and Syb. Following steps are involved in the process,
1. Given a helix radius, generate the location of required number of amino acids.
These amino acid units are equidistantly placed along the helical trajectory.
2. Obtain the vector along the axis of this generated helix.
3. Obtain the vector along the axis of existing helix.
4. Based on the last atom of existing helix and first atom of the extended helix,
find the rest of the two axis for coordinate axis alignment.
5. Generate the rotation matrix to align the extended helix with the existing helix
6. Append the list of transformed coordinates at the end of existing coordinate
file

7. Using the list of nearest neighbor location generate an Elastic Network Model.
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8. This will provide the natural length of all the springs and the stiffness is same

for all the helices.
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Chapter 6
6.1 Discussion
In the present work we have proposed coarse-grained computational modeling as a
tool to analyze biological processes. These models are capable of providing details on
various aspects of the systems which might be difficult to obtain experimentally. In
this work we have focused on using continuum mechanics and Coarse Grained
Molecular Dynamics (CGMD) to model synaptic vesicle fusion.
Synaptic vesicle fusion is a crucial step during the neurotransmission and is the
process by which two neighboring neuron cells exchange information with each other.
The synaptic vesicles are lipid membrane structures and carry neural information in
form of neurotransmitters. A protein of SNARE family, Synaptobrevin (Syb) is
attached to the surface of the vesicle. This attachment is due to the Trans-Membrane
Domain (TMD) of the Syb which is embedded inside the lipid membrane of the
synaptic vesicle. On the target side, two other SNARE family proteins, Syntaxin (Syx)
and SNAP25 are attached to the neuron plasma membrane, which is also a lipid
membrane structure. Syx is also attached to the neuron plasma membrane by a TMD
domain and SNAP25 is adsorbed on the surface of the membrane.
When a neurotransmitter filled synaptic vesicle approaches the neuron plasma
membrane, Syx and SNAP25 acts as a receptor site for the Syb attached to the
synaptic vesicle. The SNARE motifs of Syb, Syx and SNAP25 start zippering from
the free ends and closes towards the anchored end. During this process the synaptic

vesicle is positioned closer to the neuron plasma membrane and is known as docking.
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The docked vesicle waits for an arrival of an electric impulse known as action
potential.

In chapter 2 we have presented a continuum mechanics model for analyzing
deformation of lipid membrane structures during the docking. These deformations are
an outcome of multiple forces acting on the system which includes SNARE forces,
electrostatic repulsion between the membranes, osmotic pressure inside the synaptic
vesicle and the in-plane membrane tensions. We obtained the deformed membrane
structures for quasi-static variation of the loading on the membranes [1]. The key
findings from the continuum model indicates the location of closest approach between
the two membranes occur near the protein attachments into the membranes. The in-
plane tension in the region surrounded by SNARE complexes is much higher than rest
of the membrane. The in-plane tension is an important parameter to monitor as it
determines the location of membrane rupture and leads to the fusion pore formation.

In chapter 3 we have used the continuum mechanics and CGMD to answer one of the
most debatable questions in the area of neuroscience on how many SNAREs are
needed to dock a synaptic vesicle. The SNARE CGMD scheme [2] was developed by
Prof. Anand Jagota’s research group at Lehigh University. This SNARE model is
tuned to show the similar force behavior as demonstrated in experimental work by
Gao et al [3]. The model was then used to obtain a force separation curve. This force
separation curve was then used to determine an equilibrium configuration of a docked
synaptic vesicle. In this docked configuration the distance of closest approach was
calculated. This analysis was repeated for different number of SNARE complexes and

based on that we proposed that 4-8 SNAREs are needed to dock a synaptic vesicle.
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Chapter 4 looks into a hydrodynamics of the synaptic vesicle docking. Docking
positions the synaptic vesicle close to the plasma membrane. This requires squeezing
out the water present in between the two lipid membranes. The SNARE forces
compete against the hydrodynamics force to create a pressure gradient away from the
bottom of synaptic vesicle. In the range of separations considered in the analysis,
hydrodynamics is the strongest force in comparison to electrostatics and hydration
pressure. Here we have used a lubrication theory based continuum mechanics model to
obtain the docking time of a synaptic vesicle. In the experiments by Zenisek et al. [4]
the docking time of synaptic vesicles has been measured to be ~250 msec. In chapter
4, we have explored various kinds SNARE force behaviors to achieve similar docking
times. From our analysis we have concluded that the most crucial feature for the
SNARE complex forces is the rate of change of its magnitude with gap closure.
Number of SNAREs and in-plane membrane tension are some other parameters in the
problem. We found that those parameters do not affect the docking time as strongly as
the rate of change of SNARE force with gap.

For the membrane fusion to take place, the lipid membranes need to be in close
proximity of each other. The docked synaptic vesicle is staged for the fusion event as
it waits for an action potential. Upon its arrival, the SNARE proteins undergo a
confirmation change to make Linker Domain (LD) of both Syx and Syb to assume
helical shape [5], [6]. This process pushes the lipid membranes further closer leading
to the fusion event and subsequently a pore formation to release the neurotransmitter
into the synaptic cleft. In Chapter 5, we have presented a CGMD scheme to simulate

how two juxtaposed lipid membranes held close to each other by SNARE complexes
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undergo fusion. We have used the CG lipid membrane model developed by Cooke et
al. [7] and slightly modified CG SNARE model proposed by Fortoul et al. [2]. This
scheme has been demonstrated its capability to simulate membrane fusion followed by
pore formation. The parameters of this scheme are still under evaluation and
subsequently we aim to study the effect of tension on fusion pore formation, required
number of SNARE complexes and their self-arrangement.

6.2 Future Work

The continuum mechanics and CGMD scheme present themselves as a powerful tool
to analyze and visualize intricate biological systems. The continuum mechanics based
model of synaptic vesicle docking can be extended to include the role of lipid
membrane interactions, like electrostatics, hydration pressure and hydrodynamics into
other membrane processes. One such system is hemifused lipid membrane structures
[8]. There is a significant debate about how hemifused diaphragm formation leads into
the fusion pore formation. With continuum mechanics we attempted to model such a
system to understand the parameters of hemifused diaphragm and their impact on
subsequent fusion pore formation. The continuum mechanics models have a limitation
in terms of complexity of the governing equations. This theory is ideal for modeling
plane strain and axisymmetric systems. Adding further complexity increases the order
of governing equations.

Another continuum mechanics tool that we explored during the course of present work
is Finite Element Modeling (FEM). The FEM for lipid membrane has potential of

exploring problems which are 3 dimensional and are more accurate representation of
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the actual biological systems. FEM developed by Klug et al. [9] is an ideal starting
point for someone willing to explore this area.

The CGMD scheme presented in this work provides the details of the system which
are beyond the capabilities of continuum mechanics models at the cost of
computational power. The CGMD scheme can provide molecular details of the fusion
process and can be help to visualize the dynamics. This dynamics is otherwise hard to
capture in continuum mechanics models. The CG SNARE model can be extended to
include the effect of other proteins, for an instance Complexin (Cpx) [10]-[14].

The synaptic vesicle fusion is a kind of problem where molecular details are an
important aspect but are only confined to a small portion of the overall system. We
propose that continuum mechanics models can be used to understand the system
where molecular interactions are not significant. Whereas for the portion which is
driven by molecular interactions can be modeled by MD. This kind of multi-scale
modeling can certainly help to utilize the robustness of continuum mechanics along

with the strength of MD to provide the molecular details.
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