
OfIAPTER VIII. · 

KINEMATIC AN1\LYSIS. 

§ G3. 

The Problems of Kinematic Analysis. 

THE analysis of a kinen1atic arrangement as such consists in sepa­
rating it into those parts which may be regarded kinematically 
as elements, and in detern1ining the manner in which these are 
combined into pairs and kinematic chains. All constructive details 
are left out of the question. The notation which ,ve have formed 
gives us the 1neans of representing the results of the analysis
in a forn1 ,vhich can be easily surveyed, and which distinctly
expresses the law of their connection. We shall now undertake 
a series of such investigations; partly in order to show how the 
method of analysis is applied, but principally in order to deter­
mine clearly the nature of certain important subdivisions of l\fa. 
chine-science. Our work ·will show· us that hitherto there has been 
an entire want of definiteness about many fundamental ideas, 
,,,ith ,vhich nevertheless it has been thought easy to operate.
We shall have to rectify many common notions ; indeed we 
shall find necessary the destruction, or at least total transformation, 
of s0111e propositions_e apparently universal. As compensation
for t,his, how�vcr, ,re shall be able to place on a really scientific 
hn.sis other conceptions of ('Yf'n greater n1enning and "'eight. 



§ 64. 

275THE MECHANIC.AL POJVERS. 

The "Mechanical Powers" or "Simple Machines." 

The mechanical arrangements ,vhich go· by the name of" mechanical po,vers" or " simple machines " are familiar to · all.Since the time of Galileo, or before it, they have been describedin the majority of text-books as those arrangements to which,to a greater or less extent, all machines can be traced back,­of which, in other words, they may all be regarded as comp-0unded. As to the how and the whether, however, there has not beencomplete agreement; and it is specially noticeable, and at firstsight astonishing, that the higher Mechanics has more and moreseparated itself from any connection with these arrangements.For if they have really the meaning put upon them,-andthe contrary, in spite of the sceptics, is nowhere shown,-theyshould here only acquire a higher value. The highest science could not then venture to overlook them,-however homely or trifling they might appear to be,-while in point of fact the notion seems to be gaining ground that ,vhile the "simple machines" are good enough for elementary mechanics, they areworthless for the higher part of the science. If we look more closely into the question, and compare one text-book with another, we discover everywhere a doubtfulnessas to the real significance of the ideas of ,vhich they yet retain the outward form.'6 Even as to the number of" mechanical powers" there is no unanimity. Some speak of six-Lever, Inclined Plane,,v edge, Pulley, ,vheel and Axle, Screw ;-,vhile others wouldinclude unconditionally the "funicular machine"* as a seventh. 
The definition of the "simple machine" fares even worse-no twobooks can agree upon one. The most various places also are given to them in the treatment of the subject. Sometimes they stand at the beginning, sometimes in the n1iddle, son1et.imes at the end, sometimes taken in different chapters; sometimes they are treated of without being called by their traditional names, as if with the suspicion that if they were acknowledged nothing 

* A cord suspended from both. ends, 11.nd having weights attached to it at difl'erent 
points. I have not noticed this among the mechanical powers in English works, but 
here generallythe "toothed wheel" takas it:! place- not to mention the "compound 
whee] and axle," &c., occasionally met with. 
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could be done ,vith then1. In short, such a comparison sho,vs that there is no co1nmon idea really underlying the matter, for the differences are more than superficial; it rather leads to doubt as to ,vhether the "si1uple n1achines" have any right whatever to their Iian1e. And yet there is so1nething specially characteristic in thesearrangements,-at least in son1e of then1, as, e.g., the lever andthe inclined plane,-,vhich have so entirely passed ft·o1n a special department into con1mon language and ideas. There is somethinghomely and familiar about then1, they excite, I might aln1ostsay, a senti1uental interest. Does this n1erely result from recol­lections of youthful mechanical study, or is it a breath from the childhood of science itself playing upon us ? Or has thissympathy, to ,vhich even the most abstract theorist would pro­bably have to ackno,vledge in his quiet mo1nents, really no deeper 
s' 

FIG. 19:?. 

ground? Kinematic analysis must give us a distinct ans,ver to these questions; it n1ust sho,v us whether ,ve have really to give up these old heirlooms of n1echanics, and if so it must enable us to remove them altogether, or whether there is not some­thing really indestructible in them. Let us proceed ,vith theexamination.The Lever.-A straight bar or knee-shaped body supported upon a fixed angular bearing, about ,vhich it ca,n turn, (Fig. 192); two forces act on the bar on the one or the other side of the support; their equilibriun1 is to be studied. The problem has been stated thus since the time of Archin1edes. In most casesthe description is not exact. It is assumed, but not distinctly stated, that the support is so arranged that only plane motions can occur; it remains unsaid that in cases where the direction of the forces is such as to move the lever from the support, this does not occur, in other "'ords that it is prevented by suitable 
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The "principle of the wedge," if it be expressed in a sufficientlygeneral form, gives the conditions of equilibrium of the forces in this chain. The traditional representation stands for a co1nbina­tion of bodies, forc e -closed throughout, ,\7hich only roughly ap­proximates to the combination really intended. The Pulley.-A disc turning about a fixed pin, and havjng agrooved periphery over which rests a rope stretched at both ends(Fig. 197) ; the equilibrium of the forces acting at the ends of the rope and upon the pin is studied. The pulley takes a remarkable position among the simple machines. In the first place, we havehere not t'wo but three bodies used in combination. As a rule no n1ention is made of the assumption that the bearings of thepulley are supposed to be such as to prevent cross n1otions. Thenagain it is remarkable that while here a force-closed element, the1·ope, is employed, there is very insufficient recognition of itscharacteristic property of one-sided resistance. If the bracket forthe pulley-spindle be considered as fixed, the kinematic formula for the chain is as follows :-
f . . . T�f 

c+ c- . . .  . . .  R+, T . . . ) . . T_�
' J
. 

a mechanism of three links covering very indefinite 1notions, which approximate to maehinal strictness only in consequence of force-closure. The mechanism is commonly known as the f ixed  pulley, but under the head " pulley " another arrangement, the loose pulley (Fig. 198), is usually treated. - Here the pulley fran1e is movable and loaded, and one end of the rope fixed, as in the formula. 
T­

c+f C'- . . . 1 ' · · ·  7. . .  R+ T . . .  
. . .  T+ 

-

This expression differs from the former only in the lif:tk which is fixed. The old mechanicians have busied themselves ,vith the inversion of a kinernatic chain ! In the loose pulley also force­closure is applied to the fullest extent. 
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all this may be found in the general mode of development of 
machinal ideas which we have already studied, ·  and under which 
we have seen the early machines to have grown up gradually fron1 
force-closed combinations of fixed and moving bodies. In the 
history of 1nachine-development the simple machines formed the 
first experiment at a scientific arrangement of existing material ; 
the same train of ideas which governed its phenomena as a ,vhole 
repeated itself upon a s1naller scale in the early attempts at the 
scientific explanation of what had been empirically determined. 

Beyond this, we may ask further ,vbether, when the necessary
strictness of conception and definition has been obtained, the 
" mechanical powers " do really constitute the elementary parts of 
all machines ? The answer must be most distinctly negative. 

Three of the simple machines indeed, stripped of their con­
ventional disguise, are no other than the three lower pairs (R), (P) 
and (S),- and another the higher pair R,T; but all the other 
higher pairs are wanting, while there is no representative of the 
pressure- organs, not to speak of the springs. With steam-engines and 
pumps-tne triumphs of pressure organs-before us, how is it 
possible to assert that the traditional simple n1achines have formed 
the foundation for all others ? It seems scarcely conceivable that 
this should ever have been said. It  has been so far modified as to 
be replaced by the statement that all the static problems of 
machinery were contained in the simple machines, and that it was 
this that gave them thei� importance and formed the real connec­
tion betw·een them. This also, however, is incorrect. The 
" principle of the levere" does not teach the relations among forces 
in the higher cylinder-pairs-for that purpose we have to go back to 
the infinitely small instantaneous motions-norin the hyperboloidic 
pair. There are many dynamic problems in machinery of which 
the simple machines teach us nothing. In themselves they teach 
nothing of couples, and they leave entirely ,vithout notice the 
application of fluid-organs as elements in machinery, although they 
recognise their contra-positives the tension-organs. In short, the 
assertion th_at all machines can be tf'.tced back to those which have re­
ceived the name of " simplee" is justified from no point of view 
whatever. 

We can now well understand the increasinQ fear of recoonisina 
� b O 

the simple n1achines, in spite- or 1 heir historical position, which 
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appears in modern text-bookse; and we see also the reason of the neglectful treatment they have received from the higher mechanics, but our investigations have shown us something which helps toexplain the attachment to these old and well preserved problems. This no doubt rests chiefly upon the fact that three of them, thelever, inclined-plane and screw, represent pa i rs o f  elements,­perhaps also upon the existence in another, the pulley, of a timid step towards a free and exhaustive treatment of a kinematic chain.It was therefore in the first place an indistinct feeling that themotions of a machine were founded upon those of parrs of bodies,which led to the " simple machines." In point of fact theyhave, as it were, felt the way in this direction. It is this that has allowed the lever, inclined-plane and screw-to which we arrivedby a priori reasoniug as the three lower pairs (§15)-to take such deep root. The faint trace of the law of the kinematic chain which appears in the two forms of pulley is both interesting and stri.king--only to this extent do the venerable problems seemjustified. I think, however, that our examination of them has shown that this whole department of elementary Mecbanic_s, whether treated by itself or as a part of Physics,-in text-books or orally,-absolutely requires a very searching revision. 

§ 65. 

The Quadric (Cylindric) Crank Chain (O�). 

The kinematic chain which consists of four links coonectedby parallel cylinder pairs, and which bas already repeatedly engaged our attention, is one of the most important chains occur­ring in practical machine-construction, and we shall now proceed toits analysis. Its complete treatment belongs to applied and not to theoretic Kinematics ; our purpose here is not its exhaustive treatment, but simply the examination of the various forms in 
,vhich it is applied as a mechanism. ,·ve shall find that they havevery great variety. "ere may Jook first at the train alr€ady described in § 62 andshown in Fig. 201,-where the four links are so proportioned that, 
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\henO!her ,wln,,"> ; from this pe,eul.iuity woru�y co\\ it a Je...,r-<1ml­c..,ok t .. in, or oimply a \ever.;,unk •.Tite m«hani,m (C-::• I( ,.-enow plaootho ch,.iu on b, th•t i,, ..-,J..,.. thenfraine d and fi•it"tead ofit the roup\e, b (I'ig. 202) we ol,tain a ru<ehani,m inwl,kh .. and e ogain tum a,.d owing Telll""'" 

lively, hutnuow •OOul the e,,uln,o 2 at"l J iu.t-.l nf l ""'l .1 fnune d i..., be<:ome the <'<'UJ>k•, ''"' t1,eoo,11>lo• b ll,o l'MIM The ,.-ho\o i, otill a \e,·e,.;,rank, an<lnOiffatt froru the forn,er only in the re.lsth'olengtha of the coopler •nd fn1me. There io then,fon,nno ,lifference in  k ind  bet"""n thc \.,.o in"d"'nioms, and we ha,·e ((!"fn. �,·:;• The mechonlilm -:C';)•. If tho link � 1,., ffi4de tho fr>.me, }'ig. 2<1�, we ohuin ti,� cntiroly dilferent m,<tianiow, one which ,..., ha,·e pn,vionoly euminod in § 9. Thr. linh b and ,l rot,,u, oboutt!oc ueo 2 an,\ 1,----that is, <hey be=ite cnmko,-<, on the <>!her hand, !,emrueo tit.. ooup\er. Tho m•dani.m UI know11 in praclioo M • drag-\ink ooupling. w�n•holleall itthondouble-crank l'htc=ih move 'll'ith varying angular •eloci\y ratio in a woy "hioh we •ere al,le to N'J>,-nt oonvcniemly by ih� aid ,,r re­J"°"" eeo\roid• in •'i;l. ��-The 1n<>Chani,m (C':}• . In thi• 1",t nTTllng,im,i,t th,, link, h on,\ d nin;, to righl and ld\ al,o,i1 th,ir --�-• .1 and �; < hu Looo.w.e lhe fl'UM,•nd � tbe ooupfor. lo tbe po&tion 4 1' 2 3 •lt0wn in dotted lineo, b baa oompkted ib, ,wing to the ri,;ht; .. it rcti,m3,however, d am moven.,me.,·hot forthc• to the right and the1twil\ 1wing in then"'""" Ji...,tion until al l " il ,....he,i thn lef\nlimilof it..tr.1v.,J. A., it return, b in it1 turn ,.,oveo fllJ'lloer tothe lcftond thcnnreturns .. d di,lbcfore:-----4 l� 2 � a ,1tun a11 intermedi,,.u, po:,oition ,.;,h ,� linh ,,__i, W� may call thi.o mcch•niom,�"llld, io fr,.q_u�ntlynu"""1 in the p;>n.llel motion, of u,achinery, but tlten no\ to the liruito af its motioo,. · the rlouble 
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(O';), ond b.V<l found t.l,at Uiree oul ,A U,e fou, med1aniom• 
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§ 6�Pant.llel Cranks. 1, i,, oh,·iow,!U...l by ■Jto,ing! th<>! rel.o.tiv•! lcngll"! "'!'ho!linb inlh<!chain (l:J,.o olterthe mocliOlli>n» to he ol4o;,,.,,Jfrom ii, and therd'.o,rc ong1, ,,r ,.,.,..;11,r;,,,, ,. the res ulting .,,ohon•.-fo, hy utending! tho • ..,.,!oonv<'t! .,)0Ll'"! •"'inging into!ro\&tkm or>d!...., '"'""' Wn ,hall =.;dtt th" """'\ ;..,..,rtant ■pecio! ·......, ,.J,i<h uioo h;,..,_ Jn th• origin>i mocMnlsm u hW 
�;; �! �:·.:�=.1:= �� ,t ::!�!;::�\.:,:;; a p..rollOW1!:=. •• 'F¾:. 2H;,, Thehwer o �  o or,rnk .,.!Ml to •. •nd (ll \,,ingfix"'1) i, mo .... olwoy,fhrough tho! ...,,,.. on,:lc. 

n..,! ..,,,,..,,t..d ,ymhol fo1 tho, ohain, Ll,e "Pl'<"ile lint, being ahny �r■Jfol,i, (C';IC;� 1\ i, Ullll"".,,.,..,.,.h> ""' tbo ,.;gn .jj:.•for \<1<! 1 i■ h1 it.elf lllffid�ot t,, u efodc lho =-i11g ,,lud,, oofac u \be ron,tl'\lction of ll,. cl,ainitodf i, ctmoemed,i, -ible, (§ 47). '11,., ,i,;n of! ,qu■Jity,on th<l <>1h<1 h,r,d.would oo\ bo 1nf!ici<J>,t byil..,.lf, fot !l,� "lnali\y-,/ p,,in rui�ht bo a - !> !•ud • - d, wJ,;cb ...ould ,llo.- o < <>< > •• gn .jj: may i"«><lrutcn, with oor oolk!ition.,. 'l'l<t aiand ,nn1ld lherefo"' 1., l,o """r,«1fort1•cooo,!..-l,c,., tbe!ponllclogrn.m i, � ,honibm, 
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lfothoo-h�ni,mobeopl-i on tl, aa iooFig.o2U5,oit..oformolo 
n111&o(c;,oc;1•. lifoll,into the •1110 c1 ... ,.1,o11,.,oi1 l,ep1-:I 
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Wcoha,-eoalreadyo-no1hatoinothootleodopooition1oZ'o1 3' 4 ond 
\ 2"4 3'oU,ooch&in i,o�ocon,t,..inNllJ elooed. lfolhe11oitoil 
to be -i oo thol-tl>< point& 2' and �-- ran be J-' aome apeciol 
ckltur<1 mnlt he orra,w,d. Wo buo fovru\ (§ 4�) that tbia conld 
bodoneby tlH,oodditionolo,noth••timila, ehain in 1he twoo,..p. 
•�oolhcn,ehownoinoFigs.o2•l6oando :!07. Weohaveono,rolo 
findo_n, f()roindicali1',( ll1-iuoouroki1>e1Utic nollllioo. 



289COMBI!{ED CHAilvS. 

"\Ve have here chain-closure. It may thrrefore be indicated, as 
1nentioned in § 57, by placing the sign k as a divisor belo,v 
the original for1nula, so that both chains could be written 
(C" II O")- •2-- - -� 

k 
- But the addition to the k of the sign of equality, and 

the inclosure of both in brackets ,vill allo,v us to make distinct 
that the closing chain is eq nal to the one closed. The formula 

(C" II C"),vould then be (: =)s
2 

, or i n  ,vords : a pair of parallel cranks 
closed by another pair of parallel cranks. ,ve may, l1owever, 
choose a still more convenient ,vay of indicating the combination 
of t,vo chains ,vhich are both equal and reciprocally closing, 
namely, by adding the factor 2 to the formula for the single 
chain : 2 (o; II O�)-

Tbere is, lastly, another doubtful point to make c1ear,-the 
difference bet,veeu the two arrangements of Figs. 206 and 207. 
In the first case the cranks of the closing chain are rigidly con­
nected into links ,vith those of the other ;-in the second, one of 
the cranks of the c�osing chain appears to be identical with 
one of those of the prin1ary chain, the other being separately 
constructed but connected by a coupler also with the second 
primary crank. If ho,vever we compare the t\VO chains more 
carefully, and in their most abstract forms,-so as to see distinctly 
,vhat is actually before us,-we find that the t,vo chains (not the 
mechanisms) are id entical. The ternary links a a' and c c' of 
the chain Fig. 206 correspond to the ternary links a a' and c c' of 
Fig. 207,-and the binary links d, b and b' of the first to those 
similarly lettered in  the second. If then, as the figures indicate, 
the chains be made into mechanisms by placing them upon d d' 
and a, a' respectively, the second is nothing more than an inversion 
of the first, so that the di:fference between the two will be 
indicated in the general formulre, 2 (C'; II c.;)d for Fig. 206, and 
2 (0� ll C'�)• for Fig. 207. They are both formed from the same 
five-linked chain, and they are examples of the only t"'O classes 
of mechanisn1s into which this chain can ·be formed. 

K u 



�blAnti-parallel Crnnks. 
in !ly woo.n,of pair-do,.,re wo ran,&,! ..-e l,ue ol....aJy -.i § 47,.,,,.,,.erttheoronk!p,rallologram!intoon!anti•panllelogra.,,d tbUI ""n be oo «11.,,<n.ined .. to n:t.&in ii. opocial pn>J-"'l\Y n,,Hin every pooition. t·igs. 20� ,od 2(Y.l rep,-nt tho two fonno o( tlm oh>in, �. wh.id, we h••• a\"""1y oouoid•""" We 1noy c.\l tho n�h:ui:.,n" lo be r�nn"1 from it onli·poralle\ 

cra11l.: n,iuo, Two diiT,n:nt n,oult, ean be oht.ai,,..l by tl1e different!mO<leo of rl>eing t.bo cli•in,ooo if it!bo plaood on d or b,I� uther if � or , bo the�,,.! Hak 11 ,! 00 f,�oJ,"" i, •upr-o-1 in ooth the figu,..., tbe t,..o ernnk,! turn in opl""ile dim,tiona,or rovonoly, for whicl, ,_,n I l,a,e alrftdy given tJ,., mechaniam tho name of reverse cnnko (� 47, fi g. 105). er, howe•er,thoohain bo placed on <> (t'ig. 210),to thAt! < booomcothe o,up!er ahd tho former coupler on,\ fromo both beoomo oranb,then i ond d both ..,,..,lvo!oontiuuou,ly,but in the oune dire::tion,or we way .. y con,,roely. 1,. the fm .- the uti• parnllologram gt,·.,. ,,. ,�,.,.� &Titi-po,ro!M c1uk.o, in Iha -8nd 0011veuo antl•paralld! cmnko. It ohould ho notic,,J that tho u.aluro of 11,o ,..Jati;·e rotaliollO io th� .. .,.., ii, both ..-. T�i,, &ru.ell from lhe! equality, - lh""'l! h tl,e ontl­para!leli,m, of tho an�].,. 123 a:11d 143. Wo may th�rdon, uoe • 1  .. ir o< oon.,"11Jeul ell;1- u redu<;<-d c,entroi,la (§ \l) for! the 
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unless we wish to combine the t,vo expressions in ( a;zO�')d=b. 
The converse anti-parallel cranks ,vill be (a; z a;)", if in the 
same way vle omit the exponent c as superfluous, or ( c;z a;)­
if ,ve wish to express the fact that the chain placed either on a 
or on c gives the sa1ne meclu1.nism. 

The pair-closure has still to be indicated. This "rill only be 
necessary if the action of the mechanism extends over the dead 
points. If the clo&ure exists, and if it be arranged as in Fig. 208, 

. (c;z O�)d . . . (c;za;)d 
t11e formula will run - �s - - - · 1f as 1n F1a. 209, - -·s- --- -· (P ) Ct. C 

' O (P ) b. d ' 
where the existence of the pair-closure is denoted by p (see end of 
§ 57), while the brackets and the addition of the symbols for the 
paired links sufficiently indicate the rest. It ,vill frequently, 
however, be unnecessary specially to indicate the pair-closure, 
for the n1aintenance of the anti-parallelism,-the assumption, that 
is, of the continued validity of the sign Z,-presupposes it. The 
anti-parallel cranks haYe here and there been used, but ,vithout 
being recogniseds; Dtibs's locomotive coupling is an instance, and 
here the ellipses actually serve as profiles for the buffers.• 

§ 68. 

The Isosceles Crank-train. 

\Ve obta1n a -special case of the chain ( a:) ,vhich has very great 
theoretical interest if we make a = d, b = c, and, as before, a <  c. 
,ve have already described. (§ 47) the pair-closure in a mechanism 
formed from this chain. Figs. 211 and 212 represent the 
mechanism first "·ithout, and then with, the pair-closure. A 
diagonal joining the points 2 and 4 of the quadrilateral divides 
it always into two isosceles triangles, for lvhich reason we shall 
call the train Isosceles. The writing of the chain is easy after 
the foregoing ; the formula must be,-using the symbol for isosceles 
given in § 47 (O�..e:::: O_�). If the higher pairing of Fig. 212 have 

( C"..e::::: C")to be expressed ,this becomes 2 - 2 • As with the anti-

parallel cranks) the higher ;pairing n1ay here be arranged between 
• Diibs and Copestake's patttnt coupJing was •illustrated and .Iescribed in Engi• 

nur,:ng, vol. xi. p. 318. 
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ti. &1>d b i� or Leh,·""n " aw.I, ;-or 11>o i-ir.c\.,...,.. may
� partJyobotwocno<> aOOo,oandoprtJyb.ot11·r,,no,J andob,obu1o1hii 
giYM ID DOol>CWo...,UJ\4. 

The chain g;,.,. us t,ro kind, of m�,mo, on� 1,y 1,laciog
it ou d. or "• th< "'her Ly placing it o" , ur �. 

// ,: . 

1" ' 

\ ,,•....•. ... .. ··. 

·•.. . .,.
\ 

7' 

•·· ·/····. 
ll,e ""'°ha"ii"' of F,g. 211, whid, ii plao,,,.l on <l, ho, \l>e 

fotmula (l';..::l';)'. The motion ofo< ii re�11,rhble,ofor iino,r 
notomerolyo1'1rUlgoobntocomplete\y�volYa,-ndoitohaooaomean 
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a»g,1lu ,·elocily«1"•\nt.ohalr tho.t of a, .. ..-e haTI> al,-dy oe<en iu � �7. By fi�h'l! o (ot�) WO okain tho mecba.oi,.m •hown in 
::��!�•":: ttz�fg;� 

n 

:: ::::: 

i 

:: :,� :=::.:: \hon thM of the firot m""�nl•rn. It i, in oome ""P"'tl oimiio, to t.1,at of lhe Je,,e,..:,r11nk (C:J'. Tholink d hu beoou,e tho cronk, ond a tl,e coop],.,-, � 1,,,,.-e,·�• •wi"R' about it.s aii, 3 

.. ... . ·:. 

,_, 1<rn,olrieally k> , Unou.,�, ,�,:, ..... •uglo th•I the Hfflltoot diolane,, of 2 from �, when � former i, in ei,li,r of tho }'Ollition, Z ot � •, is "'!n•l to 2�. The point. 2' at<! 2" tben,fo.., • .., nearly ro.,, orank !ngthit aput,.,..l,ik in U,o m,,ch&nis1n (O:)'th, ,n.l 3 of Ll,olov<rn-illa\.oo \hrougli • distanoe wl,iol,napproximat<,o on!y tor<lum !o tl,i, intme,b.,�e•,.._ t,,o onrnk l,ngth.<. W, ,b,ll · f,,rth,r on l,a-en""""'lon to 
* 6V. 

The Cylindric Slider-crank Cha.in (C';f'i} Continning omnenrnination of lhe ohain /c;) let u1 uow .. me­what. ,llff it.s form. Wo earn Ollboti\ut,, for tb,, le,,er , ,  ,mall oector of an onnnfa, eylindo,.and ino1- this in a c;rtularn•lot,(Yi�. 214) rigidly oonn""ted 'll'ilb the •� ot 1. lf thence.ntre 0tnthe1lot •nJ of tbena.ector e be plaood •< • distanoe fMn l eqa.al 1<> thodL>taru>o l.( in tLenforn><r<aM, then11<>C1m bu exactly tl,e •""' rcl.,.1h·o moti-Ono u it voo.ld have, had had ii been 



oonnecW to thc le,uc. We m•y thernfon, ..Uow it to tw tho phc,, of 1,o lotto, , - we ,ha.11 find fort.her on th.al k.in,matically 1ti,., two! .,.. i�cntiMl. Tho new o,nngemenl "'"1 be wri\t-cn, br,ginni,,g.,·i\h!a, 

C= O+ . .  I . . .  AC. A ... I ... C_for! "'" hne al1""'-1y oh,_n (§ 57/ the aymhol A for! • cimdarocctor. The rontnckd formnh i, ((';,I'). TI,i• •ho'" ,.,n mo1" dii:tinct.lyth:i.n in tte forn1e,- ""'"" tltM the linb mlllit be .., pmport.ioned that , ,lide, bo.c.kwa,-,J• anJ fonn.rd,, in it. cuned ro,th;for othen,ioo th<-.!J"'i•A.:.•Cwouldbe imuffici,nt. w., can! now,witbonL!itoh,o,h1cing! anyoonolrncti,·e! ,\;/lieulfa.s, 

:��ui:.: ,:1
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•� o�h� �� •.�� ':i
w

t. �;�
tu

�m�
M

n:,��,h,.,,hof=. J..et u, tho .. fo,e lllalo thi> mdiu,! infinite. With thia tho Wlllallco of the eent,e -i from the point 1, thot i, the length of the hnkd, mu• al><> become info1ite. In o\h,r word, tho linb • • nd d, or loo di,tn= �.4 ornl 1.1, nn'. m,u!o infwi(e sirunltaneoni!ly ; ..., \hat 
Om 108! formula will 11,.,. require ..Jt< r•tion, for the oro A beoom"' • priom l', r.ndtho!J""ir .A.!._A- 1" n,phc"'1 \Jy tho priwu­I"'irP!.P-. l\ follo,r, from \h, "']_UaliLy of, filfil d  tha, 1ho]ine !" which � movN relativelr lo d i- \W,;u,;h the poinl !, and la p,J,pendumlll' to bo\b th, n0l 3 and 1, Tho new ohain, thero­foro,..-hicb i.o ohown in lh" follo,.ing fig,,,.,,, and ,..hichi> alre&dy i<oown touo, muolbo!..-ritten 

o• . . .  fl . . .  01 0 . t . . .  u_ c• . . .  _ 1'! � 
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or more!,hortly, c� . - l . . .  (CJ . . .  f . , .  (C) . . .  I, . . .  (P) ... .!_ •• c.;.or in it, cont!'&CW IW'UI (l";f'J..J, In lhio =t importo11t!ch._lll thelink e aliJ.,. olong!• •t"'ight lino! ins!.<a.l! of•"·inging i,t ,w f·!fi{�t:il���I!�;�:.::;\� ro .... ard, a, the """"� rotak;, �ml we lel.ve before u• :�;:�•.�n::'.n�l;«i::1 �� =�.••:...;•�;_:�\� hi:� . .��"r,��"; �: ::\\"!,�'th;' b7:c"{ 0!;' t���'.'.�� .the ,hde,wl;en we illveoooa,i<,n\o "•'"" \bow. rho wholo mo,:h,m,m ...-o may e.,.U a \u rning •lid�,-. .�:•:::,,:,J:::: % � �i::°'.::�: �ll�,�� a; J',o, !U. l!eo,mie, !hadri,·i,,g hnk,oo th.,t lhe g,noni.1 formula (C';l'-'-)' gi,-,. uo th<, ,poci,l formnla{C';J'-'-)} .tho!o\her!ap)Uicalion,of itwhichwc m<nlioned Ui<!cnm� a i,, the ln Jri,w,-tb,irop,«1'11 form11l• io therefore {l";J'..1./ .  l'ha eomplez motion of the ronpler l, can bo en<llydekrmiu"'1 byitt <>entroi<l1, 

t. ut t)"'"" we moot here lea.re unexaminod, moroly 1>oticing that thoyan,!oymmetrioal abo,,t \heu.i, H. The!,,...,hanism (({P.1.)'. FoUo..-;ugth6 oNler fonnc,-ly odop\,d le\ ll• J,,,,.. placo the ihain on b, F;g, 217.• Tue erank! <& now• I• !'r<". R.. :-,•, -.., ,,,, .,._ (C:N) -- -- - lko .... a..,u, .,,.,,..,J.,,..,., ..w.i, 1, "'"""' '" ""'" " ..,. '"'-
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tn= at.c.,t �• .,·hith ,..., rorn,erly the Cffllk-pin!; the l,lock •ooci!lat<o abQ u\ the! point3,al>d! ean- th<,! oliJo! lo tuni•1,cmt the •mepoin\in aJJitio,n lo follo,.jng tho! motion of tho c1t.nk. \l'ooha!l call tbe!tnochanUlm a ••inging-block (aliJcr-crank)lt •ill b.n,membenod thal. •o C&D nl.en< any ot' tl,.,lo,r..,pain (§ 16) "itbou.t alMing! thoir relativo! motioru ; by ohooaini! Uie .,..,,,.monl! ot' ol,@ onJ! \,lock! oho,.n in Fig. 218, thon,fon,,!,.·e do nol. altorlho!mocl,.n;,..n. fo tl,io for,n it Ul oi<eodingly ...,ll lrno,wn, all.hough not! "'-' oounantly employed u {l';f'.1.)'. A 

lt � Lee •i.L for inolar,o,,,th1t the former Ul!limplythe!diN>Ct­""'"ll! •ng,n,, with tho ]ougth o( it.o! conoecting!rod redueed lo tero,and 1t1he!oamo timo, in orderthat! 1Mti011 may be poooibl•, with it.o cylinder modo oo lbol it can! -illato ahont an &:<i .. 
�...":.!:, ::�:::;!':!. ��n:io:.: ,.!�=now how nt.iroly dill' ren� Ind at the - limo how oompletoly 

familiar llluotration! UI lhe! -ill•ting!•nglno,o( whith! Fig. 218 "'!""-'- """indo!n• llenthoolido!d, in tho! oh..po ot'!tho pioto", iathe!dri'ring link,the opocio\!form"I• be:ng thernf,;,re (O"; f'.J..>'iThere baH boon ,·orion, allerupt,, lo eh,ci.Ja&e tho conneolion bel .... n tllC mec,hani$.., of tho �lating and the COIUIBOD diroc\. acli11i!•lam�oe,tho! uplawatiou1! being g,:  nerally!fonndod!on oome! r- ot'altering! tl1 e relafo'o! dimenaiow,! of their! paru.. 



JiOI Jim ply in the inTemoo or lh� kine""lic choin which form, 
thco booiooot'bolho,qully.o Onotheodill't�obet,r....,oU.. tW<1 



. .A tl.iM m-, }·,g. 220. •n,. li,ok I, .,-J, id, w .. tho ronpla now rc<ol�""•boutt1eni, 2,- it lu.,tba.\i.,, Leoorno a on<tok; the crank � beoomu tho r,..,,.,.,. The sli<Je d, dri,·en b)' llte bloc!k,, turn> obout the o,i, l. It. mtation, if the cn.uk bnnifornily, ;, nn-nnifonn. tho lotter irnpo.rtin� lo it a( 3"' \nl'II•minimum �nd o\ :r • ,.,._,c;,n.,,,. •�looily. On o.ooonnl al
TI, o mcd,oni,m (l; P 1 f. JJy pl>cing tLe d,ain on! "we obloin 

.prol"'rly Whit,..OTtJ,. ond othon i,,.., l!scd i t in lhe form (C';l''}< thi,., , <j_uick r<lnrn, Ac oonling to Goode,�• \l, e rnc,h,...i,m ia an old on,,and..-•• long og,:,"""'1 lor,r,,._ntthe!mot.ion oflh<woon r•lati,·dy lo (1,8 ,-,th. W• .hall oall i i  tl,e \ urning-block (,li,h,r-,:,l'llnk).'fie m..,1, ,nnm w;r� )'. nw, fomth and !alt moc l,oniom ohlain...t byfiWlg thc block , in<tct1d of tbelink�,fig.221. Th0 .,con pk, 0 .,.-,.,. ,,..ing,, abo11t the fued a,i., 3,-lhe ,Hd� d ""'�'"l'\lCtiJ;n..,,lyt.-. and!fro iu lbe Llod, <,D<>,. 1,ooomo u..  fram<,-• o-i ... , �-�-� .,. ,, ... ...,._, ,.. -� 
i



andthe!cn.1tk G b&oomeo • oouplerandmak0>oomple:r!<>1<illoJ.ioI1LW� oh..Ucall•h� rnooh"11iom,on ...,,.,un\ofthc owiuging ol ,bo l;uk�, • owiuging •lider-orank. Tirlamt,chani.;m i, li\t\e known,buldou het1l rnd there tiod applicotiooo. Among otl,e,. tlwn, iolho•P!"™n• •hkhe<l in }'i;:. 22:l,which i, uW in <lioc-poli,bingmaehiu"' in ONer to giTc lhc poliohi:i.g ,.-h,.J • to1n�-fM motim,a,i..Uy•longwithit, MAtjon. The tr•in i, ..,( iu wolion by thclink � (by wean, of the worm), ood it, •1>ecial forwula io th....,.fore!(C:JU-):°, I hare! elo,o,.,hew d~ribed• onothcr applicoJ.i-011of thi, m<eh,niom in th� ..,uo forrn,aud l ,ha.ll! colllC furtheron t.o anothor v ery nuUlbleone.O\oro1uJy,i, h•• •ho"'nlha\ four we<:hWw, c,w be GLtoine,.\f,om tho!chain (C';" l'-J, o! which tl�! tint i, ,.ln,n,.ly fa,nili•,.\ hc lo.>t!Yerylittle!kno,ru;-the couueetion!be\wNJnthcn,,hoo·owr, 

h"" remaine,.luntil!nowoornplctelyunse,n. At the oarne fo00!'0'6 ..,., ;hat we h"'·� uhuotcd the cl».in ,,.bicl:, i, Lefo1<1 uo;-wnknow! thotno n,o,e rnochimi'1AO thon! \!-fomoon!beforllllldGutof it. If wo uow pu\ u,_ togcthu and oon•J•, tl"'"' once1110,..,,,..• ,hall be obl,. to rec;.wU,.,, �y \ho l,elp or tl,dr formulz,,til ;l ck,o<:r! "'WiODOhipo t.etw..n thern. With thi• objoct! let 1U1writ,, the fo,mu� ol leugth, ono obo,·o the other, oo U1a\ theyn,av be eMilycoiuiru'9d. Wo tben h••e• � 0 c d(l';l'.1.!!- c�c�i7�(c;P 1.)' a C+ . � . . .  J. . . .  . . .J.. . .  0_. . . .  ! . . , (VJ . . .  1. . . .  (P)(P). . .l_, .. C,;.I . . , �. . .l.. . .C� 
· c,n1_,_.,.,,!,o1.1,.!li"- I'- � 

(C:1',._)' • C+ ... f . . .  (V)(C;P.1.j• - l' . . .  (CJ . . .If "'" rwollcol that theoe forwula, an, uvtmOI11 1"hfoh rel11tunpoo thei:w,,clv,•, that thty c.n o,l,o be read, 01 wri\len, fruw 
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upnmi<,n OOtl, to theorcla1ion,bip 
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An exactly anlogOIUI t<JnnN:tion e.,:i1!t bet,.·ottn tho fint ond 
1h• founh m«h•niom"- The hed link ia i11 ,.,h .,_ C . . • .  L .. P, 
l,aving on 1Moone ,ide. 1 link C . . . • o• .  C aJ>doon thoooth•r a link 
C . . .  L . . .  l', th,oe ill tl>•ir lllru b.,ing ,,mnert<,d by one of Ulo form 
C ... 1 .. C. H•rn alao the d;l!',n,11ce kiwc,,n tho m..:heuiow, 
dq,eudo upon \l,e, mla\iYe length• oro" and b, and ..-e l,u·e aso.in 
<mployr<l nmet which inrlk:ate U,at relotiou,hip in calliug them 
turningandosvringingo&lider.cnwk, 

Won<>tioel:,,Uy,wl,ati,oYerystriking,othAtino,llfonrmechonl>llUJ 
tho 1,rn odjo<,,,nt linh of the forn, C . . .  .l . . .  l , otheoblockoand the 
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The peripheral ratio 

KJ.1VE1\fATlCS O.li' 1YI.ACBI1VERl ... 

However extraordinary this may seem at first, it is perfectly true; and requires moreover to be ,vell ren1en1bereJ. by anyone who wishes readily to understand existing mechanisms ;-it is sufficient to cite Fig. 219 as an illnst1-ation of this. The chains which are re­presented in the four figures 223 to 226 are kinen1atically absolutely identical throughout. The external differences ,v hich appear ineach case are merely due to that reversal of lo,ver pairs which,ve emphasised so strongly,-it can no,v be seen with how goodreason,-in an earlier chapter (§ 16). 
s '"'o·S I • 

The Isosceles Slider-crank Chain. 

\Ve have seen that the difference bet,veen the two n1ecbanisms(C; P.L)b and (C;P.1-)a is simply dne to our having taken b > a ;the difference bet\\·een (C;P.L)d and (C;P.L)c is due entirely to the same cause. We n1ust therefore obtain an intermediate fortn for each pair of cases if ,ve make a = b ;-the chain thus obtained is the one already described in § 47 and shown in }"ig. 227. Thelinks a and- b are here made equal; the links c and d are also equal, for they are the two infinite links which always forn1 part of the chain (C;P.1.). 'l'he equal links are adjacent in each case,so that the general conditions of the chain are the same as in the isosceles crank train of }"'ig. 211 ; the chain before us is sirnply aspecial case of the former, and ,ve shall therefore give it a similarname, calling it an isosceles  s l ider-crank chain. We have already considered its centroids in § 47. They are t\vopairs of Cardanic circles, the smaller being the centroids for the links a and b, the larger those for c and d.which appears here is a general property of the isosceles quadriccr-dnk chain,-,ve found it before where the centroids had unlikeand complex forms, and ""e find it here also in the lin1itina case
b ',vhich is one, as ,ve see, of peculiar simplicity.The four mechanisms of the slider-crank here become t,vo only, of which the first is sho\vn in :Fig. 227. Omitting the symbols for the higher pairing, its formula will be (C; b 0" P.L)d=c. The same 1nechanism is obtained whether the chain be placed on c or d, ,vhich is indicated by their equality in the exponent. We shall 



/�/Mf;8Ll/8 �Lll)l/lH'BA.YII T"A/5� C&l.l il,---<:anying oullbo oy>leutol now<!>Cht11n>tl"""1yo.dopt<J,­on i101oele• turning alidor--ennl<. Jflho obaio be plaood on a or b ....,! obtain tho """"°d of it• r<-ib!e moob.ani,mo, for which tho fonun!o run, (� ..: (:' JU.)"••, h O! rep,.,.n\al. in Fig, 2�& Tl"' cnnk 5 J.,.. bceomo the frame, thc oonplor b lhe c,,u,k. Thehlook, Oran,u1it.the!ro1.otion of tho latte, tothe oli<lo ,l, o, OW.....t. Wo ohall calltM!w,;,::J,oni&rnan iooood .. \urning block.• 

TI,. ti1oko b ond d l,;IJ,. rota\", lh<y rorol•o in t.oo •me di...,tion, on,lh._.., the oons<Ant angulor!v <l wero lv.'O ,pur wheel, hnini oxacUy ... hat il ,..,u!J l., if � •ndolocilymlio 2 : l ;  Lhe D>Otiou io intem.! oont.ac\ andhaviugthe ni!.in l : 2 behroen tho uun,bon of tb,i.r tooth. In fad the toolh!!d �...,_,;,,g ohown in }'i�. 229,-in ..-hicb ,i,....,,u.,. .,.1t,,e[ a hao lwo !<db with cylindri<al profil,,o (piu.tooth),-i> v"'Y olrnilll' tothe!1necha,10!rn b.J',-,,w,, o.ltbough il hu o""hnki..... Tl>e fou,-tootheJ .,·he,l b oorn,opoodo to 11"' l•tming olidod. Tho oi1"il•ri1y bt,;o"""' 1- ,ppam,l if ..-orw.k• tl,. numbe"of le<th!3 ••�1 6, .. i., }'ig. 230, ond di.,.ppean!&lmooientin,ly if otl,er formo of tttth bc n110<L! Tho ,...l n,Lation betw .. t1tl,e m,,eh,oUmo io h<,""""' ,· ory ob·,.;ow, ; th-Oy lia•• Klentico.l ,.,lltroido. The "hole "'"\ter gi,.,. u, an int,;,,.ting iUutntion 
·. u-. ..  ,. r..- .,_, ... .....,. .. .,"",.",.\ " «• '" oM.o.1 " '_,. .....,  :..'7,.f•.._ ....,. ., ,.,  _,,-i.Jo ... r u.,., .... , ;, •.m ..,,.,...,. .. 



:'.ir�;n-;:�ohn.,,�;:e and the .. m<I kiuemalie problem hy quito Tbenmotion of tho block , (fig. 22d) i, oloo N11n&rbhl.,_ H• <'Cllll'oi<l 1tLlively to 4 i, a grtatnC..nl•Hioncircle,d""'ribed obo<lhocont� :l, andthonom111kreentroidn"i\h1<hich thi>roll, mu,t1"' ,i 

irn"l(insd to be hal tu a, ,nd to lum, 2 fo,it., ooH(.,,. H therefore coinoidea ,.ilh \.he ci'<'ui., c,,nlroiJ or tl,e linl:�. The motion of , can tlrn, be rmli.,,,d by rem,ohberingnthat it, c,nlroid rol!,about 11,e hod omaller centroid of <>. The poiul•l"'\ho of u,. �lock an, thorelorenallnpui-trod,oida 
Eipanalon of Elements In tho Slider-crank Cha.in. 



dimenojons or tho three cyliodtt p<1in io the dc>in (Cj/'J.JT!.oa<tcno><><i!ofour n,oulL.to to otber c..,. .,ill th= he qllilo � E,ao!1 of ll1• four link1 of the alider--,.-.nk chaio (C;JU.J Fig. Z31 io m= or l_ d....,lyco,,-..J •·itl, ita! tb,...,oylinder pair. I, �, ,,.d 3, ood tl,eir fo1m1 .,. Lben:(.,... dcpe1Klent 11pon t h e  .
/ .;---..,.._ ' 

-· -� - --

232.! The opcn cJli1.d•r of <luact.ly the oamo u\.ellt! 1nuot oo• ohvioaaly be eal� Lo , oo that tho po.ir m&J II.ii! M d._J_ 'Jhio •,.rTangemont,which nu.ybo! ohortly �bed u • !i ,,.;1hio l,H OOCun iu practi"" io ..-,mo! •!otting anJ obMring! """'lww, ood in ,i-,n.t,1,,. ......, ... hen a ahori ennk fonoa cwe pi- •·ith ita owe, 

�ti,-..!M- 0F thalalkT, al1hoo.,gh,uwehoYo!llli.J, the oatureor tbeir! ,not.ioo! io rn>t!o/1'..,t,J! hy tbe! wne! ...,.. E,idently,f...,inst..oce,•e!do nOl.!alf.er!tloed,..in ki,,.maticilllyifwo gi,... to t h e  full!eyliudor,!or pin l, onwLicl..!t h e en.nka n>,· o!voo,o!diameter!oo lo� thot!the profilooftbe!pin 2 followi1J,iniL Sucbon!enllrgo­ment,we Wll eall it on .,P"no.ion,• ofthe!rin io obo•n!iu Fi:;. 

http:alider--,.-.nk


- - �-

KlSEJJJ.nTU:lJ or .VJ.CJ/l,\'ERJ[. lf n.., e�p11nd thopin 2 inot<:M or 1, andn1n•ke it lar-geneoo,q:;hto i,,o!ude l withinit.o profile, wenobt.ointhe form of chain sbo"nf l��n •��!�,3! (C� p��!' � 1�, w!i::•t; ;��l:�': �:� 

"-.. ____ , eccentric and rod. lt ..n OO _, ot oncethltil dilrersonlylnit.o oonstntel.i..., fonn from the common olider-enmlr.aion i1 al80 11oed in pnctioo p1Aced on ,., oo .. to givo n11 1� lurn­Thi, expon­ing bloeknolider-crnnk.n(<-';1"--f. Fig. 2:Hshowo & fonn in which 

J.fr. Wbitworllt • bu tbn11 •pj1licd it, ..-Item-!, befog the d,ivinglinli:-ita •peciol formula beoom.,. (C; I'-') ; ii io ,�,.., UOO. &11 aqniek-rttum motion, ond b.. .i-dy 1-n d...uibed ond named byJ!eJtenba¢her.t T11e driving rod arnl parla oonneeted witb it do • llo,r..(n&.,11<1"• ,......, ,,/'!'<'--', l' I>�I t;;. &_..,_,_ (-1-



lt'JllTWOI/T/1'.> QUICK Kl:TUJ:.Y .l/llf/UY. 

notooo,.,.,m UAohc.,,,onorotlo<,o theo"l'"'-"''""'L Jnotl,ch<>d)' ofolhe 
lattcr,ho-..ev.,-,.o"'""'"on,eogn;'"o,h<\ooonpleT,olhoot..-ooelemcnt.ooo£ 
whiehoa.,,orepre;,euW byotheoop,ucy];uJe, 2 an,lthcpin 3. The 
latk, lito into oml enrri"' the block <, .,-bieh in its turn mov .. in 
tl1eoopeo, pri■m ofollMJ1lided. 

It the pinot beofurt.ho•oe<panJe,:I until it inc\ud"' aloo 3, we 
obtain thooom,.n;:,n,ento,11.-Jwn in fig. t:t:i. Tuothi• cue we have 
modo . .. -..·eooreoah,-..y,ootolihertyol.-.o<lo,theclemcutoofotlooocylinder 
1\&ir 2 whi,h bekmgo to lbo cranko« "' on opeo tigure. The 

couples I, 00001n,,1o111o,ooentric ,Ii,,. wl,ichowinga aloout tbe full 
cylinder :I of the blocko,, while it remain• ol..-ay, in oontact with 
lheoopenodioco2 of thooo,ankoa 

lnai-! of placin� j with;n 2 ffomay ollo..- 2 toofallwilhin3. 
M in Fig. 236. TboooouplOl" b i,oogain an ceoontric dioc; but it 
,..,,. oocillatoo in I ring forming po.It of the blocko<, ,.-J,ilo \he 
crank pin drive,, it by iut<m&l cont.ct. Tho n:adcr wbooo eye 
it. not yo\ oooual<>wed lo detoot the obltrad form of O\ld, rnc­
chaniem,o.,.otl,_ behiodoth<'irooo,11t1'lcti,;eoo"tline,oondoto .. hom 
therefore theyornayl,.,o.,,.,,ewl,..iodiffioult tcounder,t.,.11d

� ;n fi,.d 

http:lattcr,ho-..ev


We U.-·• \hu, oon,idcrul four wetl•>:h of pin...,�p•usiw in 1h� 
,liJ,.-<:raak eboia, o\,to.inc,,J by rlaciuJ 

� within I •'.t'i� 232 l will,in 2 (t·;�
I ..-itl,in 1 (F>l· 23?) � ,dtliin 3 ;t·ig. 



· �•· , ·  •.'

Wehavetbcr,,foro c<hnnstodthe 1irnlic•Jih, oombi11t1ti0M of th� 
pino l, 2, ....,d 3 in pai?'f. Womay, Lowcvet, goforther, o.n<l m•ka 
one of the pill• i.udude \,.·o ollie,s. l ean l., vl"""'1 in 2, for in­
otanre, •t the Mme time tl,�t � i• lying in :·l, "" th�t we can rla,·e 

l within � within :1 

- 1/� . :,;:: ' 
, ·mi 

. - ' 



310 KINEMAeTICS OF M.AeCBJ;.VERY. 

Turning again to the fourth 1nethod of expansion, 2 within 3, a 
closer examination of it sho,vs us that the link c may be made with 
a concentric cylindrical projection, which can be fitted jnto a cor-
1·espon<ling opening or eye in the link b, }"'ig. 239. Suppose the 
mechanisn1 placed on d as before. The coupler b has no,v become 
a ring of rectangular cross-section which makes oscillato1·y motions 
in the annular groove of the block c. \Ve have in no way altered 
the 1nechanisn1 by this, for so long as we keep the pair 3 as a 
closed turning pair we can alter its profile at '\\1ill. Th.is con­
dition allows us to go still further. Let us suppose the crank a to 
be the driver, the mechanism having for its special formula ( o;P.J...)�, 
\\'e then have simply the rectilinear reciprocation of the block c 

to consider. The coupler b, as it is moved to the right, drives c 

both at A and at D, and as it is n1oved to the �eft both at B and at 
0, ,ve n1ay certainly replace this double contact in each direction 
by a single one ; and this can be done in several ,vays. ,,1e shall 
attain the object very conveniently if we substitute a sector of the 
ring b for the ,vhole of it, choosing the sector so as to iuclude the 
pin 2, as is shown by the dotted lines. This can then drive the 
block to the right through A, and to the left through B, the motion 
of the coupler itself being always an oscillation in the annular ring 
of c. Of the latter we require to use no more than a piece large 
enough to afford room on each side of the centre line for the swing 
of the sector b. 

Fig. 240 represents the anangement altered in this way. It must 
not be forgotten that b is still. the coupler as it was before, and 
that its motion as a link in the chain remains quite unaltered and 
con1pletely constrained. Kinematically it consists of just the 
same parts as before, as does also the link c. The form of the link 
b is still, C . . .  II . . . 0, one of the cylinders being the eye enclosing 
the crank pin 2, ,\'hile the other "·orks, with sufficient restraint, 
in the portion of an open cylinder belonging to c, relatively to 
,vhich it has exactly its former motion. If ,ve ,vish to write the 
links b and c in a manner corresponding to their constructive for1n 
,ve 1nust use the symbol for sector, A, instead of that for the com­
l'lete cylinders in the pair 2, and ,ve thus have : 

b C 
c- . . . ll . . . A+ �4. - . . . ..L . . . J>+. 



This ,hows u, tl>At a p:iir of the form U!. O- or c:.c� moviuJooiy in <>ocill•tion• of omall •n�la, may Le re�lace<l by a 1..ir o( lhefon.o A:!;A- or .1:A+,sonthatinnouchcaroo 
(C) - (A) Woh:ivc already (§ O!l) had oocasioJ.L to cm1>loy tL.i, ouho.titu. lion of the pair """"'°r and curv..J olot. (A), fur a q!indor pair. lt ""'1 now be 1c,:m th•twe wore fullrju•tifioo.l in dolng oo, th•I the chango di,! nOI in any woy alt.er tho nat<lno of the chain.TlLioc<J'Cllrn,11>n08io >ory froq uOY1tlyntal.eunadnntagenof iui,no-­tke; pine.'I"'"llion,tbotiston.._y,oocunthcrcvery f"'-!neullr. Thomochau.i1m or l"ig. �40 i,, both hiown o,ad """1, al\Lough ii luu not. hilhorlobooiinrolilidt=didcntical_.will, lhe turning 1lidcr-<:l'Ulk.lt Jw,be,,u oJ,01.-u * tholthcnbloel<wl,ondrivcn bythc enml< rnovo, 

e.i;ICtJy iu U1<>n...we �·ay1ha;il wonl,l ,no,·e >1·enl it oonuool<>:\witl, 
�:: ::: i �,;�: \;o:oc��t: :::�.��:!:,.:::\� little -� /,  n,�\ly i ,  iholf tloi. wuneeting rod or oo'1rler. Th••noall •paoe whiuhnit=upi.,.m,Jco,nthianfonu of mcobani11m vcry ronveuicr1t in 11<1no0ncas,,,o..t Wo .,., very familian rithita employ. mentin rev.,,,,ing gmr,both in link, of thenrornmou furw., auJ in (loocb'o link, aad otl,u,. Thco<J moello.,,;,m,n•rc oompoun,lnand nutoimJ>le enmk eh.ai,.,, oo tholwc l,a,·o ootlonoono:idertlicrnhem. Luttl,� repl.,.,Illmt of (C} Lyn(.J.Jnoceul'l! in tl«w iu v&1iou, fon<10, forwing ann08seut.ialnpartofncachn\oou1pare § 16) 

• s..o,... w,.o;ooa;-,;.,.oc;.,.,.,,.,_op.o1w. 
t l  .. ., """'1 !a , -. p. J,O, • -•h•t io....,,;nJ """,a ol 1._ _ 

:::,;-:::����=«"r��I : ,�;. �.<;,:::•�:..:;:� :.=.; 



• • 

The ,oe,:ho!li•o1 •ho�-n in tho follo"i"l( ti!(Uro, .,J,i,;,h o«m• oomelw>M in ,lotlit1g-machin...,!for,1i•l,.,.!uawith •no\h,r!illnst,._ ,;on of pio-e:,;po.ooion. TI,e whole form,! • turning oJ.iJ,, ,.._nl: ha,i"gU>e!fonnulo (o;'/'-'-�.  Th• link b, the ooople,, i., formed -nwJlyu it ,.-... in tho!i..tcase,hat! herethe! profi!eo"Pinot which it •wh uo co.cioa,-6 on both ,;.1.., or the pin 2, tho npp<,r proll\o bcingof!l anoi thelowe,vf ,·,ryotnal! IMiua,liut bolh arg,,fo=ing \"'rt of the block ,. The block c ia in thio cue!"' dOHd bytho bin<le,dtlLalthe!p,ofile,,repn,­.,n,ing! tl>e pin 3 1ie entirelywithi11 t!,e pritm-poir 4. We ],a,·o hu,, t!,ereforc, 11,� ,.kn,cot, of ti,. o.l.ider enw.k! dWn! .., proportionO<l! that! l)i,,a! ,.·ithin 3 am!! 3 within 4, an 
,• - • • m�'"""" "' "'" -, •• •••' '"• ' 11>C1ho<l!ofupaooion 0&n bo opplieJ abo to tlu, foorth po.it. To 1bo• ho,.., oonvemdy, we may pl&<:e 4•ithin 3 ,re may take the chain 

e 

,hown in t'ig. 2-1:l. litre th<, pj.i, �of the !iok , i, mode ,o la'll" th,t tho open pri,,m of the pai,40&n be l,mne,,J ,.·ilhin k I.:pon 3 thcmDOT ..,.illatQtbo opon cylinder or tl,o wup\or b, ,..,J,icl,, l,owc,-.,., mu" he cuta,,3y al u,.. .;J .. IIO .. lo allow it to den tl, e r ... m� d.. Tb• extent lo ,.1,ich tl,ili 

Lyull.ing oway rnuoi ta�, vJ..,. can he fom><I, M tbe 6guno ,bow,, d.. ,.ing ,t in th• hrn pooition, in ,.hid, it ""' a\ right. �,,at•t angl'-'" .. ith b. Tue.o o«ur,.·heo a .00 d """],- the •ng!c,,. We oi..Jl ha,• lo •:."1gider!10,neav;,licaliont of thilfonn o( ,xpon1;on!f"rth<r!on 
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§ 72. 

DOf.lBLE SLIDER-CRAn�K. 

In general the expansion of elements occasions, as ,ve have seen, 
extraordinary alterations in the form of a mechanism, alterations 
,vhich on the one hand tend very much to conceal its original and 
real nature, and on the other hand frequently offer great constructive 
advantages. This is true also for other mechanisms besides those 
we have been considering. JVIany familiar arrangements appear in 
a ne,v and unexpected light if we replace slots and sectors by the 
complete cylindric forms, C . . .  II • • •  C, which they representh; others 
again, by the reversed process, can be put iuto a form which allows 
of their use in practice ,vhcre ot.her,Yise this ,vould le impossible.* 

The Normal Double Slider-Crank Chain. (C;P}). 

,ve have already, in § 68, considered the limiting case of the 
substitution of the pair (A) for a s\vinging (C) pair, in taking the 
lever c of infinit� length. If ,ve apply the method there used to 
the coupler b of the slider-crank chain, which appears already in 
Fig. 240 as a sector ,vorking in a slot, we can make it also infinite. 
The slot of the block c ,vill then be straight and at right angles to 
the line 1, 3, the coupler becon1es a pris1natic slide ,vith a cylinder 
normal to it, as Fig. 243 shows. If ,ve ,vrite tl1e new chain in full, 
beginning ,vith the crank a, ,ve have : 

(l b C cl 

<.'+ • . •  II . . .  C-f:. c- . . .  .l . . .  p+ J>- . . .  J_ . . .  /'� P- . . .  J.. . . .  c - .  
The block c has become a pair of prisn1s at right angles to 

each other, one of then1 (as in }l·ig. 243,) or both (as in 
:Fig. 248) being open, or in the form of slots. ,ve shall call it a 
cross-block, or in particular a normal cross-block, and the 
,vhole chain (as it now c·ontains t,vo sliding-pairs) a nor1nal 
double slider-chain. The crank a ren1ains as before, the coupler, 
ho,vever, has assumed the form O . . .  J.. . . .  P. 

* In the Constructeiir I have for a long time made use of the method of 
expansion of elements, but I have not there been able to analyse it causally, 
f?r this, as we have seen, is a matter which requires a somewhat lengthy investiga­
tion. J do not wonder therefore thai it has remained greatly misunderstood, and 
ha� been sometimes pronounced unimportant, an<l. even superflnons.-R. 



.thatthocbo.in oonWt., of lvopruo.llel cylindc:r-po.l,. o.n� hronl"'i"" of p•"""" normal I<> ea.ch other; wn muel u..,,,,foro write i,Topntthe fo,mulointotho oootm.c...-l ohape ,., l11we to notic., 
(l';I';). 

♦•. ',. Tltenruechnion1n((';/';-) ... •. lnnoon,idcring 1henmechani1m., ,.,J,ich can b., forwetl from the choin before ""' we may �in, a., Le!oTt,nbyplodogit 11po,, d. We noti<:,,naton«:nthattl"'"""Plernbi•  kinewalically=Uyequalt.Qthenfr>.m<d,andlioono.<a<tly,imil.orly inthencho.in,nha,·io:i-=u>dy • link C . . . ! . . . O ou oneoiJc o[ it, 

o.nJ a link P . . .  .l . . .  P on the othern;anJ (C;P-J-J• amnth..,.,,forenidontieal. lhenllle<honislllll (C: P-}f In .F4;. ��i. d is mado U,tt r,,.,J.nlink. following the analogy ofournf"1"ID<rnom<ndatn.-.nwa m•y call the lrain a lnrningnJonblen■li<!cr-<:ronk. or ,horlly turning donhle dider, for w, ohtoin it by thana.ddition of a "'-'Wn<lalidiJJgpairtoUwturning•lider--cr.u,1'. The tr.Unn(l';PJ)',.
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'>'hid, i. formed fro,n th� owingiug block,we may ct.II a owi1>giug 
ctOH·blodc n,�motionpTOOuoedi.veryo•imple. 1'hotenuoidaof 
« and • an, 0.riliwie eirdco, tho omaller (for ") h.o,•iug a Ji>.m<tc, 
- l.2, auJ tho ]a,ger d"""'•ibed i'J,;,n, tho tent.re of tho CJ<lM.-block 
with & ..Ji1111 - a, Mill 'Fil(. U3. � priwary oentroido for b and 
d •m infinite, anJ 1nuM lo, 1"phoo.l hy •:<xmd&rie", which aro 
Lem omittal; they would ohow that every point iu b J"""',il""' 
circletre!,,ting to d.othowboloopi..,,,,,oo,·ingoalw•J'lparallel tooit.self. 

Tite lurui.ogoduublo olidcr-cnmk iool>OI, uufn,quent.ly uoed,oita 
mootoomwonoapplication bei11gointhcodri,-ingg,e,.rof,team pumpa 

:� 
1:;:r

::11�
c;::to �n7 oft.en of v•lne aloo frow the fact tliat 

fonnly, it  impo.no to 111< 
c-blc.,ko e o. ooi1upleoha,­
mo1t" IJ>.,t'ozc 

Tlrn weehani,m (C; l'fr 
lf thoo chaiuo b,,opl&c<,loon 
a, tho linko b owl d move 
ab.:,ut fix.,Joax,,. 2 0,,,\ l 
1'he Cto,o.-blockn"·oh..,it. 
ccnttoi<lorollingoo.lwayoupon 
tl,at of a, .. i, ,hown in 
J'ig.ot4-t Weo•hallooalloitoa 
!"ming cron-block." The linl..• h Ando,/ are J;,in,ematically
i<IB!,li.,.],oaltbough comtruoliY�ly JilTe,.,nt; their aJ1gnlarmolium 
""'oal .. ay, thoo&amo. 

Then,o'"""" been many ptactieal app!i""lioWI of thU! trllil\. Tho 
well kno�·n Oldham'& conp!ing (>'ig U�) gh-.,. u, one inter· 
-.iug illu.11'11.tion, The object ofothi,, mechani,111 ii th,, oom­
iunnioationoor a uniform rotation bct,..een twoopan1llel •hofu, ita 
•recial formula i, U,e,.,fo"' {C:P-t)r« (C:P,�)�- 11,o be.l-p!ste of 
U,et1>·0o.Ju,ft.oiolhooframeo5(theo""'11koorigi11•

l
ly),themiddlediocis

tll<l iiuk <, Ul<lo.,,._.hloek P . . .  l_ • . .  l'; tho l1moohafl. on,lotlteir con­
nectooodi.,.oan, tho link• 6 ar>d rl. To rnahtl,o oon,\n,ctionoof 
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:"l<Jlyoin �·;g. �411 TI,o •!""i�l propertyooflhetrain (O; l'j)" ,.J,i,·h _
>0out1h<e<J in 0\Jlnm'•o"'"'l'lingoi,othe \rnifor.,,ityoofothe rot.at.on 
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ulnthelinb b an,l d. h w•, applied in au origin.alnmotu>er in )lr.Wioan"o " Ci�u-;-t." *  

Tho « eJliptie chuck " ohown i n  fig.n2�:-•hich oo far .. •·• know •·n inventOO by 1.-ononlo da Vioci, andn..,.. oertaiul, ,._.,.;,,mu,,v,1,.,_,, ...._ ,,. . . ,,..,_n r. ,:, y 
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3l7 ELLIPTIC CHUCK. 

investigated 1y him-is a Yery re1narkaLle application of the 
n1echanis1n before us. Use is here 1nade of the fact that all points 
connected with the sn1aller centroid, that is in this case all points 
connected ,vith the fixed link a, describe ellipsesh* relatively to 
the piece to ,vhich the larger Cardanic circle belongs. In the 
apparatus itself the cross is formed upon the back of the disc c. 
ln one of its t,vo slots it encloses the full prism 3, which is attached 
to the lathe-spindle. The headstock a forn1s the cylinder pair 2 
along ,vith the spindle b. The cylinder of the pair 1 which belongs 
to a is attached to the headstock by scre,vs ; it is made annular, so 
that the spindle b passes tl1rough it, in other words, it i-s expanded 
sufficiently to allo,v 2 to lie ,vithin 1. The piece d is 1nade as. a 
ring :-its inner surface forn1s the hollow cylinder paired with a, 

,vbile it can·ies outside the full prism of the pair 4 (divided into 
t,vo) which works in the second slot of the cross c. The describing 
point or tool P forms a part of the fixed link or frame a. The ellipses 
,vhich are described relatively to the disc by the point of P, have­
if P lie beyond a-a difference bet,veen their semi-axes equal to 
the length a ;  if P lie bet,veen 1 and 2, a is equal to the su1n of the 
semi-axes. The enlargement of the pin 1 allo,vs the n1agnitude of 
a (that is the distance 1, 2) to be varied ·within certain limits, and 
this, together with alteraitions in the posit.ion of P, allo,vs very 
great variety in the ellipses produced by this apparatus. The link 
b being the driving link, the con1plete formula is (0�Pt):. The 
n1echanism might also be so arr�nged that d, ""hich is kinema.tically 
equal to b, became the driving link. (Compare § 76). It must be 
remen1bered.tbat the poi:nt-paths of tlhe disc chare those deterniined 
by the �arger ·Cardanic -circle,,and ,are :therefore peri-trochoids, in­
cluding the pa.rticu1ar ,case of -eardioids. The path of the centre M 
of the <lisc c is the smaller centroid, through which it passes twice 
for eae.h revolution of b or,fl. 

The mechanism (c;, Pt)c. 'i\Ve have now left only the train ob­
tained by placing the chain on c. This may be called the swinging 
double slidel'-c.Fank, or ·shortly swinging double slider ; it is 
the moohmismh.familiarh,to us as the " tram1nelh" used by draughts-

* LabC71lk.ye-(Oinfmati11ue, 1861, p. 863) attempts to show that the curves de· 
scribed in '1:.his,�:i,.paratus are not ellipses, but he is mistaken. I shall afterwards 
(§ 76) come to •1lhetfonn of the mechanism given by him, which differs somewhat 
from the one represented above.-R. · 



JI>011, or in tl"'!cl"moiu fonu of bg.N8 etuploy,d for dra,.ing on 
�'::..:."! :: ._::u:::'.i1":"���t;.. �\ 7':'7.:: ,-eniot, of • dWn-wu dis• oo,·m,,l by Cl1MIM, .. l hav,, , al-1y=tioued in a ooteto§ 3; ho mi-t, ],o...,,-e,-, lbo !'rin<iplo!mollyuoderlying iL The c haiu(C:1';-) is,u we bove! -1>,f""J.uently!u.oed in IU<hine,y. h, real nature, hoirevtt, is e,"en mon,! hioJ<len lhon that of mo&L clwna by ;,. oonotn><tin forn, ; and oo tJw. .....,.,,nt ita -1 MmH>ctiun with other<hain,huhilbnto remointd DD"""'{!lliood. 

The Croaaed!Blider-crank Chain, (C: I") Thoveey oonoidon.bl-0 numbe< ol fornu1 in which ,ro ha,·e now -• •hoqu•dri<:! <1>nkcbain by1,o .- -0,ha""" iLfor i11 tl,o ,i;.1.,. ,nmk eh•in ((';JU.J and t� d,ri,·..,l fmm it it is ah ... yo p<>OMhle to ,no.h a diffaruea in lenglh between tho in6nitdy long Jin�• lly uoing dil'f...,n\ poiot■ in ou, moeh,niom!"" oW'ting pointa,M i, wmo,for! tl1o! iofiniu,!l,ngtho, .-o can! ,oa�o! b<t'ftt11 \\- a 6niu, ditfcrenc,o of ••Y d...ind magni\ad� We ,ball very bri;ffycoruid.,,.tMalteratiomwhich 01nth,u bemadc i n tho ohaio. !f in tho crankoh>.in (C;), t'ig. 2l�, we mah ti,. link , in. flnitcly\ong. an,\ the..Co,. at tho •me!ti1ne make! d inSnite,bu,.,..,ngethom ., U..t ,be loni:,,rthan d,two obl,,intbe chain ohown in Figo. 2:.0ond 2�1. The! dirootiou of motion!(rela\iYelyto ,l) of u..,pin 3 no � i- thro�gh l , b11\ aUdiotan« frQmit oq.,.\ to tb<> finito dil&,fffi<>O �,. .. n e and ,l. Wo ohol.l <all � • C.,W h, 0..., .. ,- .........!.... ,• .._ _ """""' "' -·t l-po l< _ N _ ,. ,.,,..1o, ,-, ,- 1u,u .,. • .....,.,iu.., i!_ ,..., ., 11,- .... .. .., ,� ..... ........... _,., .. --· 
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=�:i:i":.c.T<nud •lider-cronko, Ind th<,i, �noontra<:ted for. 
c• . . . • . . .  C!.0-. . .  , . . .  C.;. C• ... l_ . • .  r:r· . .  + .. . c: (Y,g. 250) c• . . .  1. . .  C!C . . n. . .  c�• . . .  + . . .  l'!P-. . .  1_ • • •  c.: (Hg, 2�]) 111 1,)..., ol oneol the(ormo:r •ymbob f.,.. norm•l _.. ba,.,,her,. either inlbe link < or in J, r.he •ymbol lor norm•lly croHed. or c,-1.at rig'ht &llgloo. 

\_____) . •1 I • .  

'·,.. ./ 

Jnnitanoontr&ete<l ohaJlfl thenformulan1rm mu (C;P•). 11,e ohain.nlikotbe mor,, oirnple ooe (C;ru.J, gi- .,. fonrmechani,ma, ......,.pooJing toit, four�tions on J, b, 4. and o. We mayuse for lhem the Ame namet .. Won,, proli�iog the 1l"Old croued in oochn.....,_ We baventhn1n1he croHed turning 11ider-cr1nk, (C;P>)' the c,o .. ed ••inging block (C; Pl)•.•nd .., .,,,. Tbe motionl OCC1Uting innt1- chaiwrn..,., mo"'noompte.ntlosnninnlhe 



fonne, .,,._, tho! linbbeing DO loog,r oymm,,trfoal ; .- rily,1,o.,..,..,., ,bey o,., ,·,ry clooolynelaldl!tothem. 'Their ,ppU...tioo,on, for 1- common. Seh..-,rt,kopr, adjusting opaoncr, �-ig. 2S�.io a ,·ery original �um1,to of one o( 1Lem. It io• oelf...tinguni,·e,_l ,paooor. To 1,rod0<:4 1ho requin,J! J,reAuro ou \l..,,oo,· ol,le obo•k <,tbe ,nccl,ani.w> oftbe o.-1 turning olid..,..,,,.,.ki, noedinthe form(o;P+'f. ']1,o \c,,J;- s, o p<>1'ioo of ,..bich _.ea,.. , handl,,io tho! orank,tnmilll! ahooL the pin l ea:rriro by theframo J. Al � it io ronn..,ted by• pin ..-iththo oouplor b, ,..hichjoino tho b\oek r utl,e oylindo,-pair 3,anJ woveo it iutbo direo­tion C /J 4 io tho!J>rilm-pairb,t.-,.n! linh , oud //. H ll"'handle be p-.l in th<, direotion of thethe '""",the meohaoio,n�,.,;potho uut!be,we.,utl.., ohocko of t ohd ,1,and },oldo it tbe nlOl'e 

�,mlythe honler!"be pro-i. Tho nut and tl� 01,anner tl,u,1->n,o! ,·irtuall1 ono pi....,, and tl,o ,aotiou of tl,e handlo a iooimply th,t of a l,ver att0<bed totho nut-,by whk·h it con betighi,ned,ot byreve"ill3 1he oponner, Jo<-ned,•l "·ill, YMb t.i.,.,lho op111ner i1 pl.aoed upo11 a out,w, Lave tbc ruool1a11is,o((';I''J°;­in ,aotio11 fo,a 1l,orl! perio<i.•
.;���-::."::.�:.:;:::-;-si:;.,::·1�r.:.�1111), UO Won .._ ,,,. ... ,, H<W]' D■ ..,. .... -r �"lr .... o1ti.n oloo,., , ........, _ "'l,M"l - - oolr. H,,. ... liok , io ...i. ,ri,•. ........ .. ........ ...... ..,..,,, ... "°C'• ., ... _1.... ....i ;. tb ,.....lo pl&<,4 • - � •>i,• - •M pio o, "'ll! •rl;�1,,,t o.. p,l, l. r-......... ......,...,.;..... 1..;,j.1-n fl'>lll �•ill.. _..... .... ,...,.. ..... ...-....ii,,....&l � ........ ,.. _...._!1, •.,\;.,, ;, ....... , t-1�- ,.1,.�..,, ,. ,bo >lo< ;, �  H it b. t.,«1 ;, 11,,po,;ti,o-. .... ... 
�1::.�:..::�f=.E,'tt7t2:l�..��i:i:!:: 
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a+ . . .  11 • • •  c+ c- . . .  1.. • . .  P± p- . . . L . . .  p+ p- . . .  -1. . . . c:.. 

use a shorter word well known to engineers, skew, as in Fig. 253. The chain will be written : 
a b C d 

The symbol for crossed disappears, and makes room for that of obliq_ue. If, as in former cases, we make prominent in the con­tracted formula the characteristic symbol of relation of the links,it will in this case be (G; Pf). The links b and d are again equaland similarly placed, so that the chain gives us, like (C; Pf), threemechanisms, namely-
The turning skew (double) slider or swinginge} (C" PL)d=bskew cross-block . . . . . . . . . 2 2The turning ske,v cross-block . . . . . (c;P�)a 

The swinging ske-1,v (double) slider . . . . (a;P�)c 

Besides these special cases, the crossed-slider chain has, lastly,two more special forms, which ,ve can onlye. mention here. Theseare the forms obtained if, instead of three only, "\\·e take a ll fourlinks of infinite length. If we make c = d = oo as before, and then make b and a alsoinfinite but having a finite difference, we get the chain shown inFig. 254, of which the following is the formula :-
a b C d 

c+ . . .  ..L • • .  p+ p- . . .  + . . . c+ c- . . .  ..L . . . p+ P - . . . 1- . . .  c-

-4·-·-·-·-·- ·C--·-·-·-· 
d d 

FIG. 254. 

,ve may call this a single crossed-slide chain, and write itshortly as (GP+ CP.l). .All its links are dissimilarly placed, it there­fore gives us four mechanisms. If the lengths of c and d have a difference as well as those of b and a, but the two differences are unequal, we obtain the chain of Fig. 255, which we may call a double crossed slide chain (0 P+)2• The links a and c are here 
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similarly placed in the chain, as are also b and d, it gives us there­
fore only two mechanisms. In all these mechanisms the centroids 

b 

i>-•---·---·-·---·-·---·-·- b--

FrG. 255. 

have only infinitely distant points. The single crossed slide has 
sometimes been used in machinery. 

§ 74. 

Recapitulation of the Cylindric Crank Trains. 

The number of important mechanisms which we have formed or 
derived from the chain ( C�') has been so large that in order that 
their mutual relations may be more clearly surveyed it will be 
well to place them together in a tabular form. This has been done 
in the following pages, with the addition of a small schematic out­
line of each mechanism, the fixed link being in every case shaded. 
The higher pairing, where it occurs, is omitted . 

.A. Quadric Crank Chain ( O�).* 

1. Lever-crank . • • 

2. Double-crank • • • (O�)a 
I 

* I� this table I have put in brackets words which, although they fonn an 
�ntial part of the name of the mechanism, might yet very often be omitted .
without mdicrtinctness in referring to it. 

y 2 
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3. Double-lever . . . . . . (C';)c 

4. Parallel-cranks . . . . . (c·;11 O�')d=b=a=c 

5. Reverse anti-parallel cranks . (a; z (JJd=b 

6. Converse anti-parallel cranks . (o;z o;)a=c 

( a" _,. C")d=a7. Isosceles double-crank . ' • 2 "'= '2 

8. Isosceles double-lever . . . 

B. Sli der-Crank Chain (O;P1.). 
9. (Turning) slider7crank 

10. Swinging block (slider-crank) (o;P.1.)b 

, 11. Turning block (slider-crank) . (c;p.1.)8 



� 

13. 
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( o;P.1-)c12. Swinging slider-crank . . /::;:;;;t.,,)-

Isosceles (turning) slider-crank (o;� C" P.1-)d=cfu.,,,,,;;,;,f,!,�,,> . 

14. Isosceles turning block } (a;� O"p.1-)a=b
(slider-crank) . . . .e

G. �ormal double slider-crank chain (O;P;-). 

15. Turningdoubleslider(-crank) ) (0,, p.1..)d=b 
,,2 2or swinging cross-block . f 

, 

16. Turning cross-block . . . (C;Pt)a 

t 
17. Swinging doubleslider(-crank) (o;P;-t 

II • 

D. Crossed slider-crank chain ( c;P+). 
' i I

18. Crossed (turning) slider-crank.( a;p+ )d \,::mm� .ax
i I 
; 

I19. Crossed swinging block . . co;P+)b 

i 20. Crossed turning block • . (O;P+)a 

7/r,�,,,,. .,,.. 
i 

l 21. Crossed swinging slider-crank ( O"P + )c V*:;;:Zk! . 
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E. Ske,v d ouble s l ider-crank chain (C�Pf;:). 
22. (Turning) skew double slider,or s\vinoina ske,v cross- } (O"PL)d=b

O O 2 2 Ii, ,,,-block . . . . . . 
23. (Turning) ske,v cross-block (c;P�)a 

24. Swinging skew double slider (O;Pt)c 

F. Single crossed-slide chain (GP+ OP..L) 

25. to 28. Four mechanisms. y..,G. Double crossed-slide chain (CP+)2• 

.J..di29 & 30. T\vo mechanisms. \ 
• -- I 

This recapitulation furnishes the best possible proof o f  thenecessity of our previous kinematic analysis to acquaint ourselves even with chains apparently so simple as (C:) and those derivedfrom it. We also see how absolutely necessary it was to choosedefinite names for those of the mechanisms found by our analysiswhich occur most frequently. These names have been chosen"'ith care and systematically, and they can be easily ren1embered,especially in  connection with their fo1mulre. The removal ofunessentials, which they greatly promote, is an enormous helpto the recognition of the real kinematic nature of the construc­tively complex forms 1vhich occur in actual machinery. We shallalso see immediately that we have in no wa.y exhausted the listof mechanisms which can be formed from the four cylinder-pairs,. notwithstanding its necessary limitations ; indeed that we have yet to examine another great family of them, quite different fron1those we have been considering. 



--

§ j5. 

The Conic Quadric Crank Chain (Cf,) H too""'" of the fonr �-ylincler pain of the ch:,.in (l-:) be not iw-ailo!, hul ho.a a cow.won J>Oi.ul of inkIN<:tion at � fiuil8di,tanoe, \he dWn n:,m,rim m<Jnl,!o, a.nd (the fonne, <)(lllditi.on, OOi.ug og>.in ful@leJ) ,J.;,., d� Tho a,oido will no lo,,go, be cyli•J.,,,.but oonc,,--,o,oall tho inslAnt.o.....,,,n1axoa h"·• tht, point of h1l<enooctionin oo111won,-----..d l1o mo\ion of lbo linh,..ill bo <lct,on•incd hy th<,iroonic rolling, 11,o g,neral n11t11ro of whicb we �mu.,d in § JO, Tl tho len:,ch, of tho lioh- m.,.,rurod .., """' of W-COt!circloaupona ,phcrn dro.,vnabont the poi.nl of int.<T• -inn (M) of t.!,o .,,.oo---folfil tho! oonditiono lAid do,m fo, tbooe of (l'J io � GS , ,..,  ho.�c a ohnin of ouch n form o, io ohowu in f;g. 256. We moy call ita con;• rpuO,i e o rauS chAin, or 

a\ 
- ::;:?,. M  

fou,.\inkeU! couic o ronlr! cl,ain. 11! ,t.,nds ina vcry! ,Jo.., rel•!.im, 1o th� cylin<lrie cnw.lc chain, whid, indttd may bo eon ,ido,edisat = infu,itc di,t,moe_� Jhc!formnl• forlhe cbaini., .. the 'l"-,cia! cuo!ofitwhenthe point ofaxial intc,w;!ion, 
" b ' .zC� c ·  . . .  L. ... c:;; � �;;.lt <an be oonlract,;d into th, wry.Uwpk fono. (CT), in using ..-hich we ,mde1'!\"1!d n<>\ ot1ly lliol the ]<Un u� obliquo to _,:t, other,hut oloo tha\ lhei r u,. ho.-.aoonunon pointof!iu1o!'Oi1Ction,u io ,hownabo>e in }'ig. �"6. 'N>e ,·orou, funn, oftM eyliudriooho.in re,.,.t lhom.,clv,.witl, 

http:lllditi.on


328 KINE}rfATICS OF MACHINERY. 

the conic one, but with certain differences in their relations. The 
principal of these relates to the relative lengths of the links, 
which would vary if they ,vere measured upon spheric surfaces 
of different radii,-if they were taken, that is, at different distances 
from the point of intersection. The rat�o, however, between the 

· length of a link and its radius remains constant for all vi:i lues of 
the latter, and these ratios are simply the values in circular measure 
of the angles 1 lrf 2, 2 M 3, 3 JI 4, and 4 M 1, subtended by the 
links. Instead of the link lengths therefore we must consider 
the relative magnitudes of these angles, which we can also indicate 
by the letters a, b, c, and d. 

The series of alterations in these lengths which ,ve supposed 
in the former case, and which we carried on until all the links be­
came infinite, are here represented by corresponding angular changes. 
The infinitely long link corresponds to an angle of 90° . For the 
case where two links are infinite but have a finite difference (§ 73) 
we have now one subtending a right, and the other an obtuse, 
angle. As however we must always imagine the axis of the links 
prolonged through and beyond the centre of the sphere, the 
obtuse angle bet,veen two axes gives on the other side also an 
acute angle between them,-so that no real difference exists 
between acute and obtuse-angled links. A similar simplification 
affects the centroids and axoids. The infinitely distant points of 
the centroids in the chain (0:), of which ,ve had illustrations in 
§ 8, are here represented by the points in which the common normal 
to the fixed axes cuts the sphere. The axoids here are consequently 
cones (circular or non-circular) upon some closed base. 

Keeping these points in view we may now proceed t-0 examine 
the mechanisms formed from the conic quadric crank-chain, which 

•,ve shall do as far as possible in the same order as before. 
A. Conic quadric crank-chain (Cf-) Fig. 257. All links 

subtend less angles than 90.0 We obtain from it, as from ( C�'), 
eight mechanisms for its eight principal special cases or posi­
tionss; to these we can give the sa1ne names as before, only pre­
fixing the word conic  in each case. Their formulre, also, are 
analogous to the former ones, the form-symbol for oblique replacing 

· that for parallel. I do not know of any applications of these 
mechanisms, but it is quite possible they may exist, disguised 
under dissi1nilar constructive forms. 
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The parallel and anti-parallel. cranks repeat themselves in the 
conic chain along with th� others. The arrangements necessary 
for passing the dead-points are not, however, those examined before. 
_ If we join two conic parallel crank-chains in a way corresponding 
to Fig. 206, ,ve obtain a rnechanisn1 by which it might appear at 
first sight that a uniform rotation could be transmitted between 
shafts whose axes are neither coincident nor parallel, a problem for 
which a solution has often been attempted. . The formula of such 
a train would be 2 (0;- 11 C&-)ds. In reality, however, this combina­
tion is an in1possible one. For the chain (O&- II O&-) has only four 
positions-the four cardinal ones-in which its opposite links lie 
parallel to each other ; in all other positions the opposite angles of 
what was the parallelogram are unequal, and the rotation of the 
cranks is therefore not uniform. While therefore the chain 
(O&- II 0�) has its own special interest, it will be seen that it is not 
entirely analogous with ( c; ll O�'). 

B. Conic slider-crank chain (0&-0-f), Fig. 258. The links d 
and c are right-angled, that is, the angle bet\veen the axes 1 and 4 

d 

,,­
,/ 

I 
I--·-"'---- - -· 

\ 

FIG. 258. 

and between 4 and 3 = 90° . The comprehension of this chain, 
which may present at first difficulties to some of 1:11-Y readers, may 

perhaps be made more easy by the help of Fig. 259. Here the 
principle of pin-expansion is applied to the mechanism. For the 
arm M 3 (which the figure shows as the projection of a quadrant 
!ike c, Fig. 258), turning about an axis at M ( corresponding to the 

FIG. 257. 

l } 
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rod 4, Fig. 2.58) perpendicular to the plane of the paper,-we
substitute the small section 4 of a cylinder, sliding upon a com­
sponding section d of another cylinder ; c is now the block, d the 
frame, a the crank and b the coupler as before. Below the conic 
chain a similar cylindric chain is shown; the juxtaposition of the 
two makes it very easy to realise that the latter is siinply the conic 
chain with the point M removed to an infinite distance. The conic 
slider-crank chain, like its cylindric counterparL, giyes us six me­
chanisms, four principal forms and two secondary ones. "\Ve shall 
give them the same names as before ,vith the prefix conic to each. 
There appears to be very · little, if any, use made of them in 
practice.

0. Conic (normal) double slider chain (CfGL), Fig. 260. 
Here the links b, c and d are right-angled, and a only acute-angled. 
This chain corresponds to the one bearing the same name in the 
cylindric series, and by applying the method of pin;.expansion, it 
can be brought into a very similar form, as in ltig. 261. The me­
chanism of Fig. 262 is essentially identical with that of the one 
before it. The slide d is nothing n1ore than a portion of a cross 
section of the cylinder which in Fig. 261 appears as a round bar,
marked with the same letter. The link b subtends an angle of 90° 

and is thus identical with the sector b in Fig. 261. This chain,
, 

like the cylindric double slider, gives u8 three mechanisms, which 
will be called 

15.• The conic (turning) double slider, l 
(CfQL)d=b.

or conic swinging cross-block S 
16. The conic (turning) cross-block . .  . (CfCL)a •
17. The conic swinging double-slider . .  . (CfCL)o .  

Considerable use is made of these mechanisms in practice. One 
well-known application of No. 16 is to be found in the mechanism 
known as the universal or Hooke's joint.t Writing out the 
formula (Cf OL)a in full we have 

b c d a 
o+ . . . .1 . . .  c+- o- . . .1- . . .  c- c+ . . .1- . . .  c+ o- . . . L . . . c: 

and this formula, corresponding to the chain in Fig. 260, we have 
already found (� 58) to be that of the universal joint Fig. 263. 

* The chains (Cf,) and O�O{) together, as we have seen, give 14 mechanisms. 
t In Germany also as Cardano's coupling. 
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333 REDUCTION OF CHAINS. 

· E. Skew double slider-crank chain (CLQ.1..)2, Fig. 265, a 
and c are.acute, b and d right-angled. This chain corresponds both to 
the cylindric skew double slider chain and to the cylindric crossed 
slide chains F and G (p. 322). It gives us three mechanisms 
(22 to 24), of which very occasionally we find an application
ex1s,1ng. 

In all, therefore, this conic crank chain gives us 24 mechanisms, 
dividiIJg themselves into five different classes. The majority of 
these have been hitherto unknown ; whether they are " practicals,, 
ors" unpractical " is not a question which concerns us here. Our 
unerring analysis will allow us further on to obtain very important 
results from them. Summing up the results of the last ten sections 
we find that the number of mechanisms formed or essentially 
derived from the quadric crank chain has been 54, and that they 
have occurred in 12 distinct classes. 

§ 76. 

Reduction of a Kinematic Chain. 

If. we wish to obtain the motion of any particular link in a 
complete mechanism, without requiring at the same time to use the 
motions of any other of its links, it is often possible to remove one 
of these, its place being supplied by a suitable pairing between 
the two links which it con11ected. The number of links in 
the chain can thus be diminished without affecting the particular 
motion which is required, and it is evident tbat this may often be 
very advantageous. We shall examine some examples of it. 

Suppose that it be wished to obtain a reciprocating sliding motion 
by means of the turning slider-crank ( o;P.1..)� Fig. 266, and that 
none of the other motions in the chain be required, then the coupler 
b may be removed if we pair the crank a to the block c direct. This 
can be done, for example, by attaching to a a pin of suitable 
diameter, and connecting with the block an envelope (§ 3, Fig. 4) 
for it,-which will in this case take the form of a curved slot 
touched by the pin upon both sides, as in Fig. 267. Th'e pin and 
ils envelope form together a higher pair of elements.s . The 
simplest arrangement will be obtained by using the former crank 
J>.in, )Vhich will pair with a slot' described from the centre of thes• 



ooupler Tith A nulino "'lual to it.a length,- forlbo olots which 
""'11.idobeo""l,nimlouoonve!o"""'oforpinoofuttherofromotboo oentrool 
ha..., fon111 muoh mo,,e troub].,,omo to deal wilh, •w::h U the pnth 

(obownodutlOO}oot theopointo't . If Ibo liokob be removed and the 
chlinalb!rward.o cl,-\ in this simplno.,,.y,iioooompltte formnla, 
(pt.oedooo 4).willoruno:-

-~• - _, _ __ ,_c• . . .  1 . . .  0•, A"' · · · .1.···1>:: � 

Wo mu,t f,r,d m.n• ro,oJislingniohing this chain from the 
tonne,o(0:I'-'-)':----

!0+ . .  · ... O!. C· . . .  ... C: C• ..• _l_ ... l'!. I'- . . .  . . .  0-:... 

M itogiveo uoonooncw motiono.ob<otoonlyofo.,,..,, motion1o1ha11 
Lefore,oweohallnol mAke 1 now cl ... r�o;1,butooh:JJ treat it .. & 
dorivod form of thofour-linkod cbain,ooblained from il by 

tho rcmova\ ofoon<1olink, inoUtiaoeueob We ohalloca\l this 
n:,moval of 1 link from a complete cha.in and ita l>lplacemeot by 
hlghupai,iug 1 re,!nction of the chain l,yo lh.t.olink, ando,hall 



POll.llUL,W ,OIi, RIIDVCEQ CIIAI.YS. ;,.dioale itio thcncootrw:!oonformu.l.& for the new chain by writing t.l>e lattm-:- (CU'-J._) - 1>.  

olnrnducing thoncllllm (c; P-'-) hy orniUir.gnthenolock ,, they re­Jlretel>l therefore (C; P-'-)-e. In th� fin,t .,f theru there io add.,d lcylinwhieh<> the dru-, &lid thill is pairo;I with ita envelope in the olider, U1 a .t,_jghl 1\o<,or oeg•livo pri,moou.p!er, oonnillllywith the formercy'lill<kr pair 3 ,• oolid . In Hg. 269, ou lhe Dthe, hand, the sl.idet io �e • po•itivo priom,nd pair,:,:! .. �t.bit,, ... vclope in tho end of I.he oonplcr. Tho lall<lr taha too form of .,, X ... haped ,_ whkh Ii.., clooely on the ollder only at tho )}<>iot.,,n<>f gre,,.t,,at p,.....rue,---{i.o<, whennthe axconofn11n111d fn;b - &t rigltt ongl01),-hut in �ll othu J""'itiono ha,, ooMidcmW� odom, ond worb therefore u.uder fo"'6-doourc. Tho poi,..cloo,m, oowd be romplote only if the priatn d were ioflnitdy 
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Uiel<"""\ly!c.:rpanded pin 2 or u,. n,ed liok 4, oud fonn! ,.;1b il----tbl, link O •hich ..,.,necto th<m inth<> romp\ot,!choin bav;ng 

""""mno,·ed_.,_ Mgher �•- 'The •�ponoion of on dcmen\ onJ th• redoc\iou of!• ch•in .,. he..., thcl"Ofon,, uood togeth<,. By tb. adj�uoti.ng ..,...• •nd! ocalu the r,ol.iive! pooi\ic,na of •• •od •
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«�-tlw. io ,ho len;.'!l, of (].., link ,i,--ean ho --mr Mjn.st«I at pJ,,..ure,- d"' piooe •• being mode ,ery open inside t,, ollow of thio. On thcfore of ttte croo11•bloek!t1be! ehnek can bc 3U.,.hcd in tho! 11,u..i! w1mu,r. Thi, appon.iuo lbe"' ia a ocro.,. l,o which i;ivca us on excellent ilfostno.lion of I.Lo extraordinary way in l\"hich ,he ocm,tnicth·e detailll of a W«Oh•ni= may hide ia 
real naluf'f', It e.an .,._.;Jy bo ooon how thU. elli1�ic chucl, ahhoui;h ..,! oflen! u..J,h.., be<,n hithcrto ..,! lit\le! undr:ntood. The '""Y in .,-hioh 11"1 wry di....Jvontag,<m• ,-e,Jnc,tion of the chain hupcrpetuate<iiuelf i, mally! extnofflin"'J'". 1'he higher pair2.3 ,.·e•"' "'P;JJ1 01 1  acoo,mt of it, defici<.n<yin surf..,.,o,.d tbe! rnoLiot,! uf! llle! u...,J,aai.,.,! 1",c001M! ti-.f.,,,,! i,,ex/\c"\.. The 

.,.,.,,;;eu,eul ohowu in bg. �47,• in which tho chO,i, i• u.,J un.,,.juC<l<l,aml t,, ,.hich om U,-,1ic.,J! inveol�io1oo! <lil"C<lly .lod ""' I,.. JJQC, \\ti, di,ad,·•lllag,l- II is al,o in other W3)"' iur,,e ,xmvoni,,,., lJ.,.u Ilic oommoo plA1>, ""l"'<i•IIJ in it.. ,implo �'.�m=t of! lhc prio1» 1.. in 3 ond! 4 upon lho! ba e k ! -0f n Weh.ve!oe=!thatil!i•p<>Miblat-0! re.luce a four•linled! cuin v, onn of th- liMuoo a three- nk•:- it mus\ in t!,. ,..we .,...y OO poo,,iblo to link<>:l to a \,.·o-Jin<ed ohain un<ier •ui(ablocirouw-
h

::= ""::;;� :'n: ;;,.i!::t11,:\:i::\na it: �::i:t.:a s o n il!u■trntion..-ill•Uo,.. Fii;. 272 •l•ow, the ol,oi" "'P�ted in Fig. 2GS roduooJ by •uo!.her link, namely th� oraul. a. }'..,,." i<. t•l!"f""'"'"'' ""!'•! --m ... ,.,_, � b.! "'°"" o( thla -;.., !a tM ki.,-1;,, ...;J ...... d .. , 1'S.'11. 0-,,!,, A1<,.._;,, i• IIM'I"'- A ,oo,l,,;., ,..,., .... ,m,,..,., ,,_.. i,., -,.f.ol<o ""- t i•w�U ·lM -li• ..., ...,. "-...,• -• ..!.... , v· r.,· >,, ,"C-.J!.,i,,,, a., .!¼w,/ofU. I' /,.;,.�,. (11,.· >oJ Dm.,...,), l'J. !H. 
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t.hi1opmix,ee a fnll <7lindor on tJ.e end 2 of th,, ooupler ii �red 
withita Mlvelop,, on the r ... me, an open onnuhr eylinderoh&ving 

lfor iteocelltre. S�ch aocbain ilowri\ten (C: f<L)o-<>-<. 
It ilotwc,.linkod:-i<lother worda it hu heenoreduced to & �r 

ofoelement.e,otheotwoopi,,..ol aodod. !tocanobeop1-dot.l,w,foro, 
in twoo.,.y,,oonly. Placed upon d it gi.,. n• t.he Wmingooli<ler­
c""'k (C: PJ.'f'_,._,, in & form which might he noed ino.,._ 
wbe,eotheoonl7omotionor(l<Jnirt<loilothatoofotheoooupler.o l'l-1 
upon b we havetheorwinginsohlocl<,o.odcaoontilaeotheomotion of 
tltolllidet<>nly. 

Fig. 273, an arn.r,g,,ment which came bofon, u.o &I tho very 
.,.,_oofoou,owork,oiooanotheru,implooofoaoNdncedochaia It 
u.n <Uily bo .e,en \hat it ii -11,- a portion  ofo• twioo Nduc«I 
.tew douhle..,lirlerocha.inoouch uof"ig.o2li3o(Cf.o:So.o24 � 326). 
"l'he pieooomarhd u dd il tho akewoc..,..t,Joc:t, and b , othecnnk. 
Itaoformu.la.oilotherdon,o: 

(C';Pj-)-6-d. 

An7 point p in the cn.nk mo...., .. .-. han, fr,,quer,\ly -"• in 
au eIIii- TI., pairing rendered n_,,- by the omi-.ion of 
thelinkoi1obe..,,ou inotheoothero.,...,.,ohighorop&iring.ot.he p&irof 
elemutlloohllined b7o1>lti,.,.t,,oreduction from aoch&in il & higher 
pair. Thc,oNductionocanobeoooniodonoo lurther,oforo aonaehinal 
ain.ng,o1nontcannot beonwfooW'ithl- 1bantwoobodi& 

Pnw:tica.l ,- i1 '"'1eoofo lhillo � olo red11C1ionoi"oother 
cbaini, U,aootbo10o-..ltichowoohan,obecnoconaidering. I rnay jut. 
gh-eoo0<> uample of t.hio. Thoo,pnr chain (l-'ig.o2i4) ean he 
Nd...;ed to the higher pair of dement.o oho.-n in zl't 275 by 
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1,.u,:111u, r1ru or y,1011s111<r. omittilll(!tho frame.! Th:" ""mplel<l chaio b.,, lho fonnula (C!l";) _in iu, r-oduc,,d fonn 1t Wl thercloni be w ritt,m (C:-c;)-o.ltmuOl noi bo oupr-J that \h<, n,duoed chainsb,.-.t«ua:lly h<10n! dori""'1 in thia! •,..yfn,m U.. _,,p1,,t,o _ Wo havtoo tho ooot.ruy! (Chopter \'!.) -1>.!ca,,.. I0 1oppooe! that t.be pn,o,a  

or development hu JDO"<cd i n  t.he <>l'J'O'it<l dfrection. Tha bo,.. ov,r nf!Od Ml pn,ven\ u, from tn,o.ting 1h-0 matrer deduotively when ouch a tenabloo uo to a,... toien! gre,otlJ foci!itat"' ito rornpr,henuOII, and 
Xlid! endl_!.,,pnitions. if 'n had lO ronoi.der -h roduoed chain H • "'P"r&le form of kinem&tic li11k"l,"" we ohould oht&io, thmugh the v e ry,-ariouo fonn1! which tl1o highcr 

poiring! eau!take. a1t enormo1U nun,bor of addi1ion•l!rombin1lfont, witbnu\ a\ tho •me time ha•ing added a oi!lilo oow molion IO thooe olready! e,iotiog! io the! roo,plcte! chaiu. 'The! admitt.an,:,. therefON'. of tbo prinoiple oC choin-r-oductiooin1<>01>.r! "Wkhelpo ua nry grco1ly io ,implifying it, a,r11o;,-e111Ent. ln \he! ...., of 

http:admitt.an


3-11 A UGME1VTATI01V OF CHAINS. 

compound 1nechanisms it can often be very advantageously employed, and the exact analysis of these combinations forms a very interesting and instructive problem in applied Kinematics.49 

§ 77. 
Augmentation of Kinematic Chains. 

The augmentation of a chain stands logically as the contra-positive of its reduction. A chain ,vhich has been already reduced can obviously be restored to its original completeness by such a process. But there is no reason why the augmentation shoulrl stop here ;-the pairing bet,veen any t"'o pieces may be replaced bychaining, i.e. by linkage, if the link introduced bet,veen them be so arranged as not to alter their relative motjons. If the chain already possess the largest nu1nber of links ,vhich it can have as a simple closed chain, any augmentation must be so arrangedas to make it a compound closed chain (§ 3, p. 49). In general therefore the process leads us to such chains, which do not belong to the part of our subject at present under consideration. Wemay merely mention a few illustrations of it. The (so-called) parallel motions are augmentations of this kind: the parallel motions of Watt or Evans, for instance, replace a prism pair by a kinematic chain having only turning pairs, which therefore essentially is a crank mechanisrn. A common train of wheel­work again, which is used really as a substitute for a pair of wheels of inconveniently large diametral ratio, may be considered an augmentation in the same way. It ,vill be seen from these examples alone that a very extended use is made in practice of this method of chain augmentation. We shall content ourselveshere ,vith having thus stated the general nature of the principle, and shall not go further into the matter. Its further considera­tion forms indeed a part rather of applied than of theoretical Kinematics. 
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