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1. Introduction. In[11], a trust region and affine scaling approach, based on a trust region subproblem

with a 2-norm bound constraint, is proposed for solving a nonlinear /; problem:

. def
(1.1 min Y(z) = |le(2) [ + f(2),
zER™
where f(z) : R — R and ¢(z) &ef [c1(z); - sem(z)] - R® — R™ are twice continuously differentiable
functions.

Increasingly, trust region methods have become an attractive tool for unconstrained minimization [7].
Unfortunately, there is far less research on trust region methods for nonlinearly constrained minimization.
Although trust region methods for nonlinear equality constrained problems have been suggested [2, 3, 15, 16],
we are not aware of any trust region method, with explicit conditions on the steps for achieving optimality,
for general nonlinearly constrained minimization including inequalities. We believe that the new trust region
and affine scaling approach described in [11] offers, via exact nondifferentiable penalty functions, a trust
region approach for a general nonlinearly constrained minimization.

The novelties of the approach proposed in [11] are the following. Firstly, affine scaling is employed
to overcome the difficulty of nondifferentiability. Moreover, it is used to obtain a simple quadratic which
provides, asymptotically, a second-order approximation to the nondifferentiable /; function. Secondly, a
trust region subproblem with a 2-norm bound constraint, whose solution can asymptotically yield sufficient
decrease, is employed. Thirdly, explicit conditions for complementarity, dual feasibility, and second-order
optimality are proposed. The new approach is a further development of some of our previous research on
solving simpler problems including linear /1 [5], ls [4], p-th norm minimization [10], and minimizing a
nonlinear function with bound constraints [6].

Affine scaling, which has recently attracted a great deal of attention for linear programming problems
(e.g.,[8, 1]), plays an important role in the proposed method. It is essential for deriving a second-order ap-
proximation to the nonlinear nondifferentiable /; function. It is indispensable in the trust region subproblem
for handling nondifferentiability, generating sufficient decrease and maintaining second-order approxima-
tion to the nondifferentiable objective function. In addition, it facilitates satisfaction of the Kuhn-Tucker
conditions.

The proposed method works in a surprisingly similar fashion to a trust region method for unconstrained
minimization. At each iteration, an affine scaling (diagonal) matrix M, is chosen to ensure a step can be
generated for both complementarity and dual feasibility. A trust region subproblem with a 2-norm bound
constraint is then approximately solved to determine a step based on second-order information. A second-
order approximation to the change of the nonlinear /| objective function can be sufficiently decreased and the
agreement between the approximation and the original objective function is measured. Finally, according
to the agreement measurement, the trust region size Ay, is adjusted in a simple fashion to ensure sufficient
reduction of the nonlinear /; function at each iteration.

The main cost per iteration is an evaluation of the functions/gradients/Hessians of f(z) and ¢(z)
and computing an approximate solution to a trust region subproblem with a 2-norm bound constraint and
consistent linear equality constraints. Hence the techniques for solving a trust region subproblem, developed

for unconstrained minimization, can be readily applied.
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The main purpose of this paper is to analyze the global convergence properties of the trust region
affine scaling method (TRASM) proposed in [11]. In particular, we prove that the three explicit conditions
proposed in [11], (AC.1), (AC.2) and (AC.3) guarantee complementarity, dual feasibility and second-order
optimality. The global convergence analysis is carried out in a parallel fashion to that of trust region methods
for unconstrained minimization.

Notationally we use (-) to emphasize a dependence relation, e.g., A\gx(Dy) depends on Dj. Our

presentation follows many Matlab [12] notations. For example, a semicolon ; in [¢1; ¢;] is used to create

C1 . . . .
a column vector l ] while , in [c1, ¢2] is used to create a row vector [cjcz]. Matrices can be generated

6]

by submatrices in the same fashion. In addition, given any d € R™, diag(d) denotes an m-by-m diagonal
matrix with the vector s defining the diagonal entries in their natural order; |d| denotes a vector of the same
dimension with the ith component equal |d;|. Moreover, for any nonsingular matrix A € R®™*™ and any
kE > 0, A~* denotes the inverse of A*, where A* is the k-th power of A. The sign function is defined as

below:
1 ife; > 0,
def .
(1.2) sgn(c;) = ¢ 1 ife; =0,
-1 ife; <O.

We also make the following smoothness and compactness assumptions throughout the presentation:
Given an initial point o € R", we assume that the level set £ of Y(x) is compact, where £ &ef {z:z¢€
R™ and Y(z) < Y(z0)}. The functions f(z) and ¢(z) are assumed to be at least continuously differentiable
in L.

2. Review of the Method TRASM. The main components of algorithm TRASM are motivated in
great detail in [11]. In this section, we summarize the method.

Algorithm TRASM maintains an approximation Iy, (s) to the change of the original nonlinear /; function.
This approximation is globally first-order and can be asymptotically second-order. The algorithm works in
the usual trust region fashion: compute a step sg, based on a trust region subproblem with a 2-norm bound
constraint, which yields a sufficient reduction of the approximation I'y(s). The approximation I'y, and step
s, are chosen to achieve sufficient reduction for complementarity and dual feasibility. A correction step u
can be computed if second-order optimality is desired. If I'y(sy) approximates well to the change of the
nonlinear /; objective function, a step is taken and computation proceeds to the next iteration. Otherwise,
the trust region size is reduced and the computation proceeds. This model algorithm is summarized in FIG.

1. Details of each step are described subsequently.

Affine Scaling Matrices Dy, D and M. The diagonal matrix M, is defined to be either Dy, or Dy,
and Dy, is a measurement of the distance to the nondifferentiable curves:

@2.1) Dy & diag{|ex|2}-

The affine scaling matrix Dy, is considered to ensure dual feasibility. It depends on the Lagrangian



TRASM (Trust Region and Affine Scaling Method):
Let0<({(<n<land0< vy <1< 7.
For k. =0,1,---

Step1 Choose My, between Dy and Dy;

Step2 Compute sg and I'x(sg);

Step3 If s, € Fy and 'y (sg) = ¥ (sk), compute uy on the curve
Pyr; Otherwise, uy = sg;

Step4 Compute

T(:Ek + uk) — Y(:Ek) )
Ti(sk) ’

If pr > ( then set x| = z + ug. Otherwise set x| =

Pk =

Tk
Step 5 Update A, as below:
1. If pp, < ( thenset Agy; € (0,71Ag].
2. If pr, € (¢,m) then set Ag11 € [y1Ak, Ag].
3. If px, > m then
set Ak+1 € [Ak,’)/zAk].

FIG. 1. A Trust Region and Affine Scaling Method for a Nonlinear l; Problem

vector of multipliers A, (Dy), which is a least squares solution to

(2.2) l T ] \B [ Vifx + Jrsgn(ck) ] ’
—Dy, 0

where the Jacobian matrix J; & J(zy) with J(z) def [Ver(z),- -, Vem(z)] € R*™.

As analyzed in [11], the Kuhn-Tucker conditions can be expressed as below:

J(@)A = =(Vf(z) + J(z)sgn(c)),
(2.3) —diag(|e|2)\ = 0,
—2e < diag(sgn(c))A <0,

where e & [1;---; 1] € R™. The first two equations in (2.3) are referred to as the complementarity condition

and the inequality —2e < diag(sgn(c))A < 0 is called dual feasibility. Furthermore, we say that the strict

complementarity condition is satisfied at a point z if |¢| + min{|A|, |diag(sgn(c))A + 2¢|} > 0.

Let e be a small positive number (e.g., € = 10~ 3). Define the set V as the indices of the functions ¢; which

are approaching zero, relative to the corresponding multipliers with a tolerance e, but the corresponding

multipliers A\g;(Dy) predict that they should not:

Q4) V¥ {j: either (\g;(Dg)sgn(cr;) > 0and |c;| < e\ (Dy)])

or (Ar;(Dg)sgn(ek;) < —2 and |eg;| < &|2 + Mg, (Dy)sgn(ck;)]) }-
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Identify a function cg,, among Vi, which is the “closest” to a nondifferentiable curve: |cg,| &« min(|cg;]| :
J € V). Define the diagonal scaling matrix Dy, as below:

D if Vi = 0;
2.5) D | V=0
Drii = Dryy Vi #2and Dy,, = 1 otherwise.

The definition of Dg,, = 1 may seem arbitrary. However, this choice works well in our computations; we
assume Dy,, = 1 for simplicity.

Subsequently, we denote M}, which is either Dy or Dy, as the scaling matrix under consideration.
For notation simplicity, if a quantity depends on M, this dependence is implicitly assumed. For example,
we use Py to denote the orthogonal projector onto the null space of [JI', —My], while Py (Dy,) denotes the
orthogonal projector onto the null space of [JF, —Dy]. Similarly, we use [gx; k] to denote the projection
of the augmented gradient to the null space of [JF, —My], i.e.,

€ € J
2.6) g & [ Zk ] “ _p [ Vik+ gsgn(ck) ] -
k

The following assumption is made to ensure proper determination of g.

(AS.I)[ J(2) ]and[ I (@) ]havefullrankinﬁ.
—D(z) —D(x)

Let ¢ (s) denote the following piecewise linear approximation to the nonlinear /| objective function:

def

2.7) or(s) = VL s+ llex + JF sl = llexlli-

The affine scaling matrix M, can be selected based on reduction of the first-order approximation ¢(s)
incurred by the projected gradients gr(Dy) and g (Dy). It is clear that Dy, and Dy, differ only by one
diagonal element; this can be exploited computationally. An interested reader is referred to [11] for an

example of determining M.

Approximation I';(s). Ateach iteration, an approximation I'(s) is chosen to approximate the change
of the nonlinear /; function Y(z).

Let By, denote an approximation to the Lagrangian Hessian of (1.1):

By = Vi + Vel + D MiVeri,

=1

where A is a solution to the least squares problem:

[ Jr ]Alis_lvfk+Jksgn(ck)‘|‘

2.8
(2.8) M, 0

In [11], the approximation I (s) is selected as either a piecewise linear ¢ (s) or a (extended) piecewise

quadratic:

2.9) Ti(s) déf{ either ¢(s),

or or(s) + %STBkS.
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Let F% denote the following region corresponding to a first-order sign restriction:
(2.10) Fie & {s: diag(ep)(cp + JT's) > 0}

When V%, is available, let 1, (s) denote the quadratic

1 1 -
(2.11) Y (s) &f ViLs+sgn(er)TIEs + ESTVkas + EST Z Me; Ver;s.

i=1
If is clear that, if T'x(s) = ¢r(s) + %STB]CS, By = V2 + VAlerlli + 57 A; Ve, and sp, € Fy, then
' (s) is the simple quadratic ¥ (s).
Let [Zy; Z;] be an orthonormal basis for the null space of [J,F;F, —My], where Z, € R™*™ and Z;, €
Rmxn - Assume further that

Jk
~ M,

1s orthonormal.

(2.12) l

Y; _ Y;
—| * Ry, where Y € R™**™, Y}, € R™*™ and k
Yk Yk

Let 9% (s) denote the following addition to the first-order change ¢, + J{ s of ¢(z) at zy:

%sTvzckls
(2.13) Ur(s) = — : , foranys € R".

1 T2
78" Vg, s

Assume that s € R",w € R™ satisfy equality constraints: Dyw — JI's = 0, i.e., s = Zgz. Let ug(s)
denote the parametric quadratic curve:

Pr = {u(s) : uk(s) € s+ ViR T0k(5), 5 = Zpz}

The following theorem, proved in [11], states that I't(s) is at least a first-order approximation to

Y(zr + s) — Y(x) and the approximation can achieve second-order accuracy asymptotically.

THEOREM 2.1. [Theorem 3.5 in [11]] Assume that the functions f(z) and c¢(z) are twice continuously
differentiable on the compact level set L and the full rank assumption (AS.1) holds. Assume that {xy}
converges to ©*, where Ty = x + ug(sg), with ug(sg) = s + YkR;Tﬁk(sk) and J,?sk — Mpwg = 0.
Then

Y(zg + ur) — Y(2x) = Tr(sk) + o(l[sell2),

where Ty, is defined by (2.9). Moreover, if, for sufficiently large k, My, = Dy, By, = V2f, + VAlerl1 +
S AkiVaers Tr(s) = ¢r(s) + %STB]CS and s € Fy, then

Y(zx + ur) — Y(zx) = Tr(se) + ol|Iskll3)



The Trust Region Subproblem. The following trust region subproblem is derived in [11] to provide

sufficient reductions for approximations:

1 1
Iglgl(ka + Jrsen(c)) T sp + EsTBks + EwTC’kw

(2.14) subjectto  Jis— Mpw =0

||[Z

Asymptotically, the solution [pg;gx] of this subproblem is closely related to the Newton step of some

l2 < Ag.

nonlinear equations for fast local convergence [11].

Explicit Conditions for Optimality. Now we describe the acceptance conditions on the steps for
producing sufficient decrease. First, we introduce some additional notations.
Let W (s, w) denote the following extended piecewise quadratic for the quadratic objective function in

the trust region subproblem (2.14):

Y (s,w) &ef o1 (s) + 35T Bs + %wTCkw,

(2.15)
Cr & diag(|Ae])-

Given s, € R and wy, € R™ such that Mpwy — J,?sk = 0, we can compute the stepsizes ay and
dr, which are the smallest and second smallest stepsizes along s to the boundary of the first-order sign

restriction region Fp:

def . __ Cks . o Ckg <3<
.16 ag = min{ VerTor | T VeTer 0, 1 <i<m},
. x def . Cki . _ _ Cki ;
¢y = min{ VerTor | " VerTor > ag, 1 <i<m}.

Let the superscript x denote the minimum value within the trust region while the superscript * denote
the minimum value within the trust region and the sign restriction region Fp.

Specifically, denote these minimum values of Wi (s, w) as below:

def
Wilsk, we] = Wr(rfsk, iw)

Sk
”2 < Ak}a

def min,>o{We(7sk, Twg) : 7 < &g, ||T l
.17 def
Wilsk,wi] = Wr(rfsk, iwy)

def Sk

= min,>o{Wr(7sk, Twk) : Tk + 75k € Fi, [T [ » 2 < Ag}.
k

The approximation I'y, and sj, are chosen to satisfy the following sufficient decrease conditions:



Let 0 < Bes, Baf, Bqs Pona < 1,85 > 0. Let [g, hi| denote the projected gradient
(2.6) and [pg; gx] be a global solution to (2.14). Assume that there exists wg € R™
such that JI sy, — Mgwy, = 0 and ||sg|l2 < BsAk. (Recall that py, def pr(My) etc.)

(AC.1) Tk(sk) < BesWilgr(Dr), hi(Dr)];
(AC.2) Ti(sk) < Bar¥;lgr(Dr), he(Dr)]s

(AC3) Ti(sk) < Bond¥ilpk,qr]. In addition, if Wi[pk,qr] <
Bq¥i[9k, hr), then By, = Vi + V|l + 72 Aes Veki,
Tk(sk) = Yr(sk) and s € Fy.

There are different ways to construct algorithms in the model given. An example algorithm satisfying
the conditions (AC.1), (AC.2) and (AC.3) is described in [11]. We subsequently prove that the conditions
(AC.1), (AC.2) and (AC.3) lead to optimality. Specifically, (AC.1) is necessary for complementarity; (AC.2)
for dual feasibility; (AC.3) for second-order optimality. Since the conditions (AC.1) and (AC.2) can be
satisfied without the availability of the Hessians of ¢(z), first-order optimality can be obtained without

knowledge of the second-order information.

3. Global Convergence Properties. In this section, we study the global convergence properties of
algorithm TRASM in FIG. 1.

The main results are in Theorems 3.6, 3.8 and 3.14. Assume that the level set £ is compact, ¢(2)
and f(x) are continuously differentiable and the full rank assumption (AS.1) holds. We subsequently
prove that, if the reduction of the approximation I'y(sg) satisfies (AC.1), then every limit point satisfies
the complementarity condition (see Theorem 3.6). If the reduction of the approximation 'y (sg) satisfies
both (AC.1) and (AC.2) and strict complementarity holds, then every limit point satisfies the first-order
necessary conditions (see Theorem 3.8). Assuming strict complementarity condition and twice continuous
differentiability of f(z) and ¢(z), if the reduction of the approximation ' (s ) satisfies both (AC.1), (AC.2)
and (AC.3), then there exists at least one limit point at which the first and second-order necessary conditions
are all satisfied (see Theorem 3.14).

From (2.6) and (2.8), it is easy to verify that

_ | Vet Jesgn(er) | Jr
(3.1) _ l Vi + Jrsgn(er) — JrAk ] .
Mg

The following Lemma 3.1 from [11] will be repeatedly used.

LEMMA 3.1. Assume that the level set L = {x : Y(x) < Y(zo)} is compact. Let {x}} be any sequence
in L. Assume that the full rank assumption (1) holds. Then
1. If f(x) and c;(z) are continuously differentiable, then the multiplier function Ay is bounded, i.e.,
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there exists X such that

Aell2 < xa

2. If f(x) and c;(z) are twice continuously differentiable and J¥'s — Myw = 0, then

lu= sl = | [ . ] Re"04(9)]l2 = O(sI).

We first prove Theorem 3.6: the complementarity condition is satisfied at every limit point. Assume
that the full rank assumption (AS.1) holds. The complementarity condition is satisfied at z* if and only if the
orthogonal projection of the argumented gradient [Vf* 4 J*sgn(c*); 0] onto the null space of [J*T, — D*]
is zero. Similarly, based on Lemma 3.3 in [11], under the additional strict complementarity condition, dual
feasibility holds if and only if the orthogonal projection of the argumented gradient [Vf* + J*sgn(c*); 0]
on to the null space of [J*T, —D*] is zero. Since the argumented gradient [V (z) + J(z)sgn(c(z)); 0] is
not a continuous function, we need to examine the asymptotic behavior of these projections.

LEMMA 3.2. Assume that the full rank assumption (AS.1) holds and {x}} is any sequence in L which
converges to x*. Then
1. The complementarity condition is satisfied at =* if and only if {gr(Dy)} converges to zero.
2. Assume further that the Kuhn-Tucker condition with the strict complementarity is satisfied at x*.

Then, for sufficiently large k and any t such that ¢; = 0,
—2 < sgn(eg;) A\k; < 0.

Moreover, Dy, = Dy, for sufficiently large k.
3. Assume further that the strict complementarity holds at ©*. Then dual feasibility holds at x* if and
only if {Gr (Dy)} converges to zero.
Proof. We consider each result in order.
1. Let A= {i: ¢f =0} and a” be any vector such that a] = 0, if j & A and aj is either O or 2 if
Jj € A. Recall the definition (1.2) of sgn . It is clear that, if {gx(Dy)} converges to zero, then

l J* ] A*(D*):_lVf*”*@g“(‘f*)—“*)].
—D* 0

for some ¢*. From (2.3) and (3.1), complementarity holds at x*.
On the other hand, assume that the complementarity conditions are satisfied at z*. Hence there
exists A*(D*) such that

l J** ]A*(D*) [ Vf*+«;*sgn(c*) ] .

Then it is clear that

[ Vf* 4+ J*(sgn(c*) — a*) ] .
0



Since there are finite number of such a* and sgn(cg) equals sgn(c*) — a* for some a*, we conclude
that {gx(Dy)} converges to zero.
. Under the full rank assumption (AS.1) and the limit z* being a Kuhn-Tucker point with the strict

complementarity, there is a unique solution to

J* . .
l _p ] y* = —Vf*, with y7 =sgn(c]), if ¢ # 0,
and —1 <y} < 1,if ¢f = 0.

From the first result proved, limg_, o, gx(Dy) = 0. This is equivalent to

k— oo

lim [ T ] (A (Dg) + sgn(cx)) = —Vf*.
- Dy,

*

J
D* ] has full rank, {Ar(Dy) + sgn(ck) } converges to y*. Thus, for sufficiently large £,

Since l
for any ¢ such that ¢ = 0, —1 < Ag;(Dy) + sgn(cg;) < 1 or equivalently
-2< sgn(cki))\ki(Dk) < 0.

In addition, by definition (2.5) of Dy, it is clear that Dy, = Dy, for sufficiently large k.

. Using the above result, if 2* is a Kuhn-Tucker point with strict complementarity, then Dy = Dy,
for sufficiently large k. Hence, {gr(Dy)} converges to zero.

Next we consider the other direction. Assume that {gg (D)} converges to zero and strict comple-
mentarity holds at z*. We show, by contradiction, that dual feasibility holds at z*, i.e., V* =
where V* is defined by (2.4).

Assume that V* # () and D}, = 1. From {gx(Dy)} converging to zero, it is clear that there exists

some vector a*, satisfying a7 = 0, if ¢j # 0 and a] equals either O or 2, such that
7 | gy — [ T TGl —at) ]
-D* 0
Hence A\(D*) = 0. But it is clear that
7 Y epry - _ [ I T —at) |
—D* 0

If o = 0, this implies that the strict complementarity is violated. Hence V* = {.

Assume that a) = 2. Since complementarity is satisfied at 2*, we have

—D* 0
But either \*(D*) < —2 or A*(D*) > 0. This means that \*(D*) + a* # A\*(D*) = 0. This
contradicts to the uniqueness of the solution to the equations (3.2) due to the full rank assumption.
Therefore, D* = D*. In other words, dual feasibility is satisfied at z*.
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This proof is completed. [

Lemma 3.2 indicates that, to establish satisfaction of the complementarity condition, we only need
to prove that {gx(Dyg)} converges to zero. In addition, assuming that {gx(Dy)} converges to zero, dual
feasibility is satisfied at every limit point if {gx(Dy)} converges to zero.

Let H denote the Hessian of the quadratic in the trust region subproblem (2.14) and H}, denote the
projected Hessian below:

T
3.3) deéle’“ 0] and deéfll_/’“] Hklyk]
0 C%
where [Y%; Y] is an orthonormal basis as defined in (2.12).

We subsequently assume that { By} is uniformly bounded: there exists x p > 0 such that || Bg|]2» < xB-
If By, = V% + Vlerlli + = AkiVr, this condition is satisfied under the compactness assumption
of L, the full rank assumption (AS.1) and twice continuous differentiability of ¢(z) and f(z). If {By} is
uniformly bounded, the level set is compact and the full rank assumption (AS.1) holds, then there exists
xg > 0 such that

(3.4) | Hill < xa-

Now we prove a useful technical lemma. Recall that g = [gx; hg] is defined by (2.6).

LEMMA 3.3. Assume that oy, > X1||k||2 for some x1 > 0 and by, is any vector in R™ with b{gk <0.
Moreover, ¢(z) and f(x) are continuously differentiable, { By, } is uniformly bounded, the level set is compact

and the full rank assumption (AS.1) holds. Then, there exists xo > 0 such that,

bkgk 23k Hidr el i B X0

. 1
min — — <S
o<r<min(ion) Gl 2 Gkl 2 AR
)

2 X1)bF G-

Proof. Let 1 be the minimizer of w(7) in [0, min(Ag, o})], where we consider

bT 1 T
def | Vk Ik + TZ/Lk, where g def gﬁ kﬁgk
2

min w(r
0<7<min(Ag,0) |9k l2

If 7} € [0, min(Ag, o%)), then pg > O (thus g Hygx > 0) and

bflggk
|G ll2 2k

T = —
Using pu < |Hill < xz and b g < 0, we have

bigr 1 _bigk

1
2 |gell2)l Hell = 2 xallgell2’

ATy

IN

T
ﬁ when pg > 0, and w(Ag) < Ak

Assume 7} = Ag. Then Ay < — b9 Gince urpAr <

gk ll2pr * |ng||2

otherwise, we have

1 b;?,rgk

w(A
(A%) < 38715
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* T gx . bl gz bT gy,
Assume 70 = op. Then o} < —=br. Since ppop < — e when pg > 0, and w(og) < Ok 5l
otherwise, using the assumption o > x1||gx||2, we have
1 bpge _1_ ¢
w(ok) < 50% < 5X10% gk
Igell2 = 2
In conclusion, letting xo = XLH, we have
. 1 Ar X0 T
min w(r) < = m X1)b% Gk-
o<r<hinonon) "l Tawl X%

This completes the proof. [
The following result expresses (AC.1) in a manageable form. It is similar to Lemma (4.8) in [13].
LEMMA 3.4. Assume that the level set L = {z : Y(z) < Y(zo)} is compact, c(x) and f(z) are

continuously differentiable, { By} is uniformly bounded and the full rank assumption (AS.1) holds. Then
there exists xo, x1 > 0 such that

1 mln A XO sgnlcC T
Wilgr(Dr), hi(Dr)] < = (Ilgk(Dk)llz Ilgk(Dk)llz’Xl)(vfk + Jrsgn(cx))” gr(Dy)

where Y, is defined by (2.17).
Proof. In this proof, we assume the dependence on Dy, and drop it from the notation, i.e., gg &t gk (Dg)
etc.

We estimate W (g, ~x]. Define w(7) : # — R as the following quadratic:

T T
def T Ik 1 2ngkgk 1 2hk0khk
= 7(Vfe+ J, = = :
w(r) = (Ve + Jusgnler) lgel " 27 gl 27 gl

Equivalently, we have

Vi +J T TH
w(r) = ( fr + Jrsgn(ck))” gk n 1 2. where & i kgk'
|3k |l2 2 13k 113
Let
. Cki Ck; . . Ik
ap = min{— D= >0, 1<i:<m} withdy = ——.
k { VCk’;Tdk VCk;de T = } k ||gk||2

It is clear that w(7) = W (7 gk, Thx) when 7 < min(ay, Ag). Hence, by definition (2.17),

\P* h = i
k[9k> hi] OSTﬁgillll?Akaak)w(T%

Since VckZ dp = Dku o ” , hy = Dy using (3.1), we have

)\k-
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From Lemma 3.1, there exists x > 0 such that ||[Ag||2 < xa. We have
_ 1
3.5 ar > x1l|gkll2, where x; = X_A

Applying Lemma 3.3 with by, = Vfj + Jsgn(ck),

Ay X0
7l m, x1)(Vfr + Jksgn(ck))Tgk.

: I .
min w(7) < = min(
0<T<min(Ag, o) 2

Hence

Ay X0

- - x1) (Ve + Jrsgn(cr)) L gr-
gll2” g l2’

, 1
Yilgk, i) < Emln(

The proof is completed. U

From (3.1), we have

(Vi + Jesgn(cr)) g = — |Gk (Di) 13-

If condition (AC.1) is satisfied, then

(3.6) Cr(sk) < BesWrlgr(Dr), hi(Dy)] < —% min(Ag, X0, X1|Gx(Dr)[|2) |3k (D) |2-

Assume that x| = ) + ug is a successful step. Lemma 3.4 implies that

(3.7 Y(zg) — Y(2py1) = —CTr(sk) >

,Bcs . _ _
=S min (e, x0, 117 (D) [2) 13 D)o

This inequality is important for the convergence proof.

Next, in Theorem 3.6, we prove that the complementarity condition is satisfied at every limit point of
{zy}. We first prove that there exists a limit point satisfying complementarity. The proof of the following

lemma is a slight modification of Theorem (4.10) in [13].

LEMMA 3.5. Assume that the level set L = {z : Y(z) < Y(zo)} is compact, c(x) and f(z) are
continuously differentiable, { By} is uniformly bounded and the full rank assumption (AS.1) holds. Assume
further that Y(zp +ug) — Y(zx) = Tr(sk) + o(||sk||) and {sk} and {uy} are generated by TRASM in FIG.
1, if Tx(sk) satisfies (AC.1), then

3.8) liminf ||gx(Dg)ll2 = 0.

Proof. We show that {||gx(Dy)||2} is not asymptotically bounded away from zero by contradiction.
Assume that there is an e > 0 such that ||gx(Dyg)||2 > € for all sufficiently large k. We first prove that

(3.9) > A < oo
k=1
13



If there are a finite number of successful iterations then Ag4; < 1Ay for all k& sufficiently large and then
(3.9) clearly holds. Assume that there is an infinite sequence {k;} of successful iterations. From (3.7),

| fxll2 > € and {Y ()} is monotonically decreasing and bounded below, we have

EAki < +o00.

=1

Now the updating rules of TRASM in FIG. 1 imply that

ZAk§(1+ ” )ZA’%
k=1 L=m"=

Therefore, {Ax} converges to zero.
Next we prove that (3.9) implies that {|pr — 1|} converges to zero. First, using Lemma 3.1 and
Isk|| < BsAk, we have

2kt — 2kl = llurllz < lIskll2 + lluk = skll2 = O(Ar) + O(A}).

Hence (3.9) shows that {z} converges and {s} and {u} converge to zero.
By assumption that I'y (2 + ux) — Tk(2x) = Tk(sk) + o(||sk||2), there exists a sequence of positive

numbers {ex } converging to zero such that
Yk + uk) = Y(zk) — T(sk)| = exllsellz < exBsAr.
From (3.7) and ||gx (Dx)|l2 > e, for sufficiently large k,
1
—Fk(Sk) > EG/BCSA’(H

we readily obtain that {|pr — 1|} converges to zero. The updating rule of A implies that {A;} cannot
converge to zero. This contradicts (3.9) and establishes the result. O

The next theorem establishes that {gx (D)} converges to zero. The proof of this theorem is similar to
that of Theorem (4.14) in Moré [13].

THEOREM 3.6. Assume that the level set L = {z : Y(z) < Y(x0)} is compact, c(z) and f(x) are
continuously differentiable, { By} is uniformly bounded and the full rank assumption (AS.1) holds. Assume

further that Y (xp +ug) — Y(2x) = Tr(sk) + o(||sk||) and {sk} and {uy} are generated by TRASM in FIG.
1 and (AC.1) holds for T'y(sg). Then

(3.10) lim ||gx(Dg)l2 = 0.
k—oco0

Proof. Again we drop the dependence on Dy in our notation in this proof and prove the result by

contradiction. Let ¢; in (0, 1) be given and assume that limsup_,  ||gx|2 > €.

14



For any ¢, in (0, €1), there exist two subsequences {l;} and {m;} with {/;} denoting the subsequence

of all the indices with ||g;, ||» < € and

(3.11) gkll2 > €2, mi <k <l g2 < e

> =0.
If the k-th iteration is successful, then according to (3.7),

Theorem 3.5 guarantees that liminf,_, |31,

1 .
(3.12) Y(:Bk) — Y(mk_H) > E,@CSCGQ mln(Ak,Xo,lez), m; < k <l;.

Since Y(z) is bounded below on £ and {Y(z)} monotonically converges, {Y(zx) — Y(zr+1)} converges
to zero. Hence {A;} converges to zero. From ||z 1 — 2|2 < |Iskll2 + lur — skll2 = O(Ar) + O(A2), it
follows that, there exists e3 > 0 such that, for sufficiently large ¢,

(3.13) Y(:Ek) — T(xk+1) > 63||33k_|_1 — xk||2, m; < k <l
Using (3.13) and the triangle inequality,

Y(zm;) — Y(zx) > €&]|zr — Tm;

2, mi k<.

Consider a subsequence of /; (for notational simplicity we still denote it by /;) such that {z;, } converges
to z* and {g;, } converges to zero. Hence complementarity holds at z* and {z,, } converges to z*. Since
the complementarity condition is satisfied at z*, from Lemma 3.2, {gn,; } converges to zero. Hence, for ¢

sufficiently large,
1gm. 12 < €2.
This leads to
€2 < ||Gm,||2 < €2, for sufficiently large i.

This is a contradiction and the proof is completed. [
Next, in Lemma 3.7 and Theorem 3.8, we prove that {gx (D)} converges to zero.

LEMMA 3.7. Assume that the conditions in Lemma 3.6 hold. Consider any subsequence {g;,} gen-
erated by TRASM. Moreover the strict complementarity condition is satisfied at every limit point and

liminf, . ||g1,(Dy1,)||2 > 0. Then, there exist xo, X1, x2 > O such that, for sufficiently large i, if T'1,(s1,)

satisfies (AC.2) then

_Fli(sli) > IBdflPZ- [gli (Dli)) hli (,Dll)] > ﬂde2 min(Alia X0, X1 th (Dh)

2)19(Dr,)

2

where V7, is defined in (2.17).
Proof. For notational simplicity, we still denote the subsequence /; by k and drop the dependence on
Dy, unless explicitly denoted, e.g., gx = gr(Dp) etc.
15



We estimate W*[gy, hi]. From definition (2.17), it is clear that

. Gk hy, .
Y9k, hi] = mln{‘Pk(T“ngZ,T“gk”z) 10 < 7 < min(dg, Ag) },
where o, and ¢y, are as defined in (2.16) for d, = ||§qkk||2:
a = mjn{—vcj:?idk : _chkfdk >0, 1<i<m},
& = mjn{—vci’i;dk : _chk}idk > ap, 1 <i<m}.

Assume that at the k-th iteration,

Ck]'

(3.14) o = —
¢ Ver! g

, for some j.

From definition (2.17),

>33 Hi i
l|3x113

W [gr, ha] < min (Vi + Jesgn(ey))T 2

1
— —T
0<r<min(Ay,ak ) lgell2 2

If j # 2 or Dy = Dy, then a, > x1]|gk||2. Applying Lemma 3.3, there exist xo, x1 > 0, such that
| _ _
(3.15) Wilgr, he] < 5 min(Ag, x0, X1[1gk[12) 1 gkll2-

Now assume that Dy, # Dy and j = 1. We first prove the inequality below:

_ T
liminf (Vi + Jrsgn(ck) — 2Jk,sgn(ck,))” g

> 0.
k—oo0 (Vfr + Jesgn(cx))T gr

Since {g(Dyr)} converges to zero, using (3.1), we have
kll)n;o Vit + Jrsgn(cg) + JgAx(Dr) =0 and kll)n;o Dy (Dy) = 0.
Hence there exists a sequence {¢g : € € R™} converging to zero such that
Vfr + Jesgn(cr) = —JeAk(Dr) + €.

In addition limy_,o, DgA(Dg) = 0. From JI g, — Dihy, = 0, Dg;i = Dyyj, for any i # 1, and
limg_, 00 DAk (Dy) = 0, we have

(Vi + Jisgn(er)) g = =g Jkde(Dr) + O(||exll2)
(3.16) = —hr Ak (Di) + O(é),

where {€} converges to zero. Since
lim inf (Vi + Jxsgn(cx))” gx = lim inf(—||gc3) <0,
k— oo k—oo
hi, Ak, (D) > 0 for sufficiently large k.

16



From (3.14) and the assumption j = 1,

_kallGrlla _  crallGell2
(JFgr), Dy, b,
From definition (2.5) of Dy and Dy, # Dy, either Ag,(Dg)sgn(ck,) > 0 or Ag,(Dy)sgn(cg,) < —2. Since

ag > 0,sgn(cg,)hg, < 0. But hg,A\g,(Dy) > 0forsufficiently large £. This implies that A\, (Dy)sgn(cg,) <
0 for sufficiently large k. Hence we know Ag,(Dy)sgn(cg,) < —2 for sufficiently large k.

From (3.16) and Jk;"wgkZ = hg,, we have

(Vi + Jesgn(er) — 2Jk,520(ck)) gk = —hi(Mka (D) + 2sgn(cx,)) + O(éx)
(3.17) = —hg,5g0(ck,) (Ar,(Dr)sgn(cg,) + 2) + O ().

From definition (2.5) of D and limg_, g = O,we conclude that ¢ = 0. Using strict complementarity,

there exists g > 0 such that, for sufficiently large k,
(3.18) — Ak, (Dr)sgn(cr,) — 2 > €q.
Since sgn(ck,) Ak, (Dr,) < —2 and {Ag(Dy)} is bounded, it is clear that

(3.19) lim inf —S&2(%:)

> 0.
k—oo )\kz(Dk)

From liminfy_, oo (Vf% + Jrsgn(cx))T g < 0 and (3.16),

O (&) — iy Ao (D)
3.20 hm =0 and hm
G20 I8, (e T Tesgn(ee)) 7o A e T Jesen(en)Ty

Hence, using (3.17), (3.18) and (3.20), we have

(Vfr + Jesgn(c) — 2Jx,sgn(ck,))” gr

lim inf
koo (Ve + Jisgn(e))” g
- —hp, Ak, (D
(3.21) > eqliminf sen(e,) ki ko (Dr)

k—oo  Ag,(Dr) (Vfr+ Jrsgn(ck))T gk
> 0.

This means that, for sufficiently large k, (Vfx + Jrsgn(ck) — 2Jk,5gn(cx,)) T gr < 0. Hence the minimizer
Ty defining W} [gk, hi| is greater than oy Therefore,

Wi gk, hi]
2
) Ik 1 7 5=
= min ViLar + |lex + 7JL —= 1= lleelh + 57=—59% HrJx
<<y gy VI 9 ek 7T o = e 2|| o3 %k g

2

1
= min (Vi + Jusen(ce 2J.sen(e T 4+ - T
et 7OV Tisgn(en) = Vsen(eun) ! e = 2ewl + 5 o0k B
1 72

IN

min (Vi + Jesgn(cg) — 2Jk,sg0(cg,)) T ~——G% Hy.Gx-
or< il en(ex) = nsen(en)) i+ 3 ot

17



Since &, > XLA, applying Lemma 3.3 with by = Vi, + Jrsgn(ck) — 2Jk,8gn(ck, ), we have

72

. 9k 1 ~T 77 =
min T(Vfr + Jpsgn(cy) — 2Jg,sgn(cg, T_ + - — Hyi gy,

A
n{——, EC—O, X1} (Vf + Jisgn(cx) — 2Jx,sgn(ck,))” gk
lgell2” |Gk l2

<

Applying (3.21), there exists Y2 > 0 such that (Vfy + Jrsgn(cx) — 2Jrsegn(ck)) gr < x2(Vfr +
Jrsen(ck))T g = —x2/|9%/|3, the proof is concluded. O

THEOREM 3.8. Assume that the level set L = {z : Y(z) < Y(20)} is compact, c(z) and f(z) are
continuously differentiable, { By} is uniformly bounded and the full rank assumption (AS.1) holds. Assume
further that Y (zy + ug) — Y(2g) = Tk(sk) + o(||skll), {sk} and {uy} are generated by TRASM in FIG.],
(AC.1) and (AC.2) hold for Ty (sy), and strict complementarity holds at every limit point. Then

(322 Jim {|gx (D)2 = 0.

Proof. The proof is by contradiction and indeed very similar to Lemma 3.5. Once again, we drop the
dependence notation (Dy) in this proof.

We observe that the difference between Lemma 3.7 and Lemma 3.6 is that the inequality below

1 _ . _
Y(zr) — Y(zpt1) > —CTr(sk) > ECﬂde2||gk”2 min{Ag, x0, X117 ll2, }

is asymptotically true only under the assumption that liminfy_,, ||gx||2 > O.

It is straightforward to verify that
liminf [|gg[l2 = 0,

since, otherwise, Lemma 3.7 applies and the same arguments of Theorem 3.6 can be applied.

We now argue that {gz} converges to zero.

Assume that lim supy,_, . ||gx||2 > €1 for some €; > 0.

For any € in (0, €1 ), there exist two subsequences {/;} and {m,} with {/;} denoting the subsequence
of all the indices with ||gz,||> < € and

”gk”z Z €2, My S k < lia ||glZ 2 < €.
Since liminfy_, ||gx|| = 0, we have liminf, , |G, ||» = 0.
Consider the subsequence {gx : k = m;,---,l; — 1}. Since

likminf{gk ck=my,-- L — 1} > e,

Lemma 3.7 applies. Therefore, for sufficiently large ¢, we have an inequality similar to (3.12) in the proof

of Lemma 3.6: If the k-th iteration is successful, then according to Lemma 3.7,

Y(zx) — Y(Zry1) = BesCx2e2 min{Ag, X0, X162}, mi <k <.
18



The rest of the arguments are essentially the same as those after the inequality (3.12) in Lemma 3.6. [

We have so far established that, under the strict complementarity assumption and the conditions (AC.1)
and (AC.2), both {gx(Dr)} and {gr(Dr)} converge to zero. This means that, at every limit point of
{z1} generated by TRASM in Fig. 1, the Kuhn-Tucker conditions are satisfied. Next we consider the
second-order necessary conditions.

We recall the trust region subproblem (2.14). Assume that By, = V2fy, + Vlcklli + 57 Ari Veri.
Then the trust region subproblem (2.14) becomes:

) 1
%wk(s) + EwTC’kw

subjectto  Jis— Mpw =0

||[j}

Lemma 3.4 in [11] states that, under strict complementarity, the second-order sufficiency condition is

|l < Ag.

equivalent to z* satisfying the first-order necessary conditions and the projected Hessian being positive
definite. Since the subspace restriction J{ s — Dyw = 0 changes at each iteration, we need to examine
the asymptotic behavior of the projected Hessian. We subsequently denote eig .. (Hy) as the smallest
eigenvalue of the projected Hessian Hy, defined by (3.3).

LEMMA 3.9. Assume that the limit z* of {zy} is a Kuhn-Tucker point and By, = V*fy + V3| cxll1 +
S AkiVers. Ifliminfy_ o eig,.. (Hy) > 0, then the second-order necessary condition is satisfied at x*.
Proof. We prove the result by contradiction. Assume that there exist s and w with J*T's — M*w = 0

T
suchthat[s] E*[S S] = [Sk
w w w W

s¥ 5 + wiaty = 0. Since J*T's — M*w = 0, {JI's — Myw} converges to zero. This implies that

< 0. Let +

_k ] where J,?sk — Mpwp = 0 and
W

lim JE'5, — Dyiy = 0.
k— oo

From s%gk + wgu')k = 0and J,rfsk — Mpwg, =0, { l s_k ] } converges to zero. It is clear that
Wk
T T - _
Sk _ Sk s _ s S
Wk W w w | Wk
T -
s _ s _ _ Sk
= l ] H* [ + O(||Hk — H[|2) +0(|Il _ ] 1)
w w | Wk
T
and {||Hy — H*||]2} converges to zero. Hence limy_, Sk ] Hy, l % | < 0. This is a contradiction
W W,

and thus the second-order necessary condition holds at z*.
The proof is completed. [
19



Since the projected Hessian H* is positive definite at * if the second-order sufficiency holds at z*
(Lemma 3.4 in [11]) and the continuity of [J(z), D(z)], Hy, is positive definite near z*.
Now we consider the second-order optimality conditions. Recall that [pg; ¢x] denotes a global solution

of the trust region subproblem (2.14). Let

Dk Ly
3.23 =~ ,
329 l k ] [ Zk ] *

V4
where [ ok ] is an orthonormal basis for the null space of [J{, —M]. Then there exists g > 0 such that
k
(3.24) Hy + pIn = Ry Ry,
with pr(Ar — || l Pk ] l2) = 0, Rg is an n-by-n an upper triangular matrix, Hy + uxl, is positive
4k

semi-definite and a solution [pg; gx] to (2.14) satisfies (e.g.,[9]):

Dk ] _ l Vi + Jrsgn(cg) ] n l Jr

3.25 Hy + prImin
(3.25) (Hy + p +)[qk 0 M,

] Yk+1

for some ygy; € R™. Then

(3.26) (07 aF ) (Hi + prImesn) [ ’q’ * ] = —pi (Vfx + Jesgn(ck)),
k
(3.27) — (Vfr + Jrsgn(cr)) Tpr, = || Reza 3.

The above equations will be used repeatedly in the subsequent proofs.

LEMMA 3.10. Assume that (AC.3) is satisfied. Let [py;qx| be a global solution to the trust region
subproblem (2.14). Then

—Tr(sk) > Bond¥x [Pk, qk] > %[ﬁlin(la ap) kAL + min(1, o) | Rezk|[3],

Z
where ay, the stepsize defined by (2.16) and py, = l Zk

k
Proof. Recall definition (2.17): W} [pk, gx] = Yk (T Dk, T£ @) Where

] 2 asin (3.23).

2
. T _
i = augmin{7(Vfy, + Jrsgn(ex)) pr + ?[pk;Qk]THk[ka Q] 1 T >0, 2 + Tpr € Fr and ||7[pr: qrll2 < Ax}.

It is easy to see that

1 _
7(Vf + Jesgn(er)) T or + 572[2919; ar)” Hi[pk; g

1 1
= 7(Vfr+ Jisen(cx)) pr — ETz(ka + Jrsgn(cx)) pr — ETzﬂkH[Pk; @lll3,  (from (3.26))

1 1
= —7||Rezll3 + 572I|szk||% - ETz/LkAi, (from (3.27)).

20



From 73 = min(1, ay,), 73 < 7§. Therefore,

* 1, - I 1 .
i (Vfy, + Jrsgn(er)) T pr, + ETkZ[PkQQk]THk[PkQQk] <-3 min(1, o) || Re2|3 — 3 min(1, ag ) prAf-

Hence, from (AC.3), we have

—Tr(sk) > —Bond¥Yi[pr, 6]
Bond ;. .
> 5% [min(1, of) upAf + min(1, ar) | Rezell3].

The proof is completed. O

The following lemma provides further estimation of the reductions in the quadratic model. We empha-
size that the results hold for any subsequence generated by TRASM in FIG. 1 (consequently, it holds for the

entire sequence as well).

LEMMA 3.11. Assume that the conditions of Theorem 3.8 and (AC.3) hold. Furthermore, {x,} is any
subsequence generated by TRASM in FIG. 1. Then, there exists x4 > 0 such that, for i sufficiently large,

dr . .
_Fli (Sli) > _ﬂlndlp;; [Pl,-, QIi] > ﬂ% [H]ll’l(l, X4)2/'1’1¢Al2,' + Hlln(l, X4) ”Rlizli H%],
and if the l;th iteration is successful, then

Y(:Eli) — Y(xli-f-l) > %C[min(l,x;;)zﬂliAi + min(l,x4)||R1iz1i %]

Proof. For notational simplicity, we still use k to denote the subsequence index ;.
Using Lemma 3.10,

IBan
2

where oy, is the stepsize along py, as defined in (2.16):

(3.28) — Ip(se) 2 [min(1, ax ) A% + min(1, ) || Rezx 13,

Cki . Cki
T - T
Ver; P Ver; pr

ap = min{— >0, 1 <i<m}.

Following Theorems 3.6 and 3.8, {gx(Dy)} and {gr(Dg)} converge to zero. Since strict complementarity
holds at every limit point and {z} is bounded, there exists 0 < €4 < 1 such that, for sufficiently large £,

lek| + min(|Ag|, [sgn(ck) Ak +2|) > 2eqe, e=][1,---, I]T € R".

(Otherwise, there would be a degenerate limit point of {z}).

Assume that

Ckj .

o = — 4 for some j.
T

Vck]' Pk

If j # 12 or Dy, = Dy, for sufficiently large £, then it is clear that



Assume now j = 2 and Dy, # Dy, for an infinite subsequence. For notational simplicity, we still use the
subscript k£ to denote this subsequence.
Since limg o0 Gr(Dg) = 0, limg_, oo DpAg(Dy) = 0. In addition, when |cg,| < €4, we have

min(| g, (Dg)|, |sgn(cr,) e, (Dr) + 2|) > €.

Hence, for k sufficiently large, if |cg,| < €4, =2 < sgn(cg,) Ak, (Dg) < 0. (Otherwise, there would be
a limit point at which the Kuhn-Tucker conditions are violated.) However, since Dy,, # Dg,,, either
sgn(cg,) Ak, (Dr) > 0 or sgn(cg,) Ak, (Dx) < —2. This implies that, for sufficiently large k, |ck,| > €q4.
Hence

ak>—.

XA
Using (3.28)

IBan

—T(sx) > 5

. € . €
[min(1, ~4)2u,A2 + min(1, ~2)|| Ry 2 ]|2)-
XA X\

Let x4 = <2, the results are established. 0
X2

We subsequently refer the step p,lcv def Zkz,]cv as a Newton step for (2.14) where
(3.29) Hyzy = —Zi (Vfr + Jrsgn(cr)),

whenever the projected Hessian Hy, is positive definite.
Next, assuming (AC.3) is satisfied and {z} converges to a strict complementarity point z*, we prove

below that asymptotically s € Fy and ['g(sg) = ¥r(sk).

LEMMA 3.12. Assume that the level set L = {x : Y(z) < Y(zo)} is compact, c(z) and f(x) are
continuously differentiable, {By} is uniformly bounded and the full rank assumption (AS.1) holds. In
addition, assume that {x,} converges to x* satisfying Kuhn-Tucker conditions with strict complementarity.

Assume further that {[py; qx) } converges to zero where [pr; qi] solves (2.14). Then, for k sufficiently large,

In addition, if (AC.3) is satisfied, then U(sy) = Yr(sk) and sy € Fy, for sufficiently large k.

Proof. Under the assumption that {x} converges to z* satisfying the Kuhn-Tucker conditions with
strict complementarity, following Lemma 3.2, M}, = Dy, for sufficiently large k.

From (3.25),

<[B’“ o S

0 Ck

Dk ] _ [ Vi + Jrsgn(ck) ] N l Ji
qk 0

for some yi4; € R™ and py, > 0.
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Since {[pr; x|} converges to zero, this implies that

J J
(3.30) lim Vi + Jesgn(ck) n o e — P | _ .

Let o, denote the stepsize (2.16). Next we prove that

liminf o, > 1.

k—oo

Assume that the subsequence {oy, } converges to liminfj_, o and the corresponding {4, } converges
(possibly to +00). For notational simplicity, we still denote o, by {a }. There are two possibilities: either
the corresponding limg_, oo pg = +00 or limg_, oo g < +00.

First let us assume that limg_, o, i < +00. Under this assumption, from {[p; ¢z} converges to zero
and (3.30),

lim Vi + Jesgn(ck) n Jr R
But
\Y J J
lim fr + Jrsgn(ck) n Eoly—o.
Hence

. Jk
lim — ) =0.
l D, ] (Yr+1 — k)

k—oo
From the full rank assumption (AS.1), this implies that
klggo Yr+1 — Ak = 0.
Since J ,? Pr = Dprqr, the last m equations of (3.25) state that
(3.31) Tk = —Di(Cr + prdm) Ys1-
From limg_, o Yk+1 — Ak = 0 and (3.31), we have

Chs Aki| +
lim o = lim — kg zlimM:1+lim .

T > 1.
T S S A AN koo [gke

Now we assume that limg_, o ptx = +00. From (3.31), we immediately have

J
I R = )
The full rank assumption (AS.1) implies that
lim 4L — 0 or equivalently  lim Hr
k—oo lif k—oo Yp41
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From

it is clear that limy,_, o, g = +00.
Hence we conclude that liminfj_, o, af > 1.

Next we prove that
1 _
(3.32) (Ve + Jrsgn(er)) Tpe + E[Pk;Qk]THk[Pk;Qk] < Wilgk hel.
Recall definition (2.17) of W% and 75
1 1
Whlgks i) = TEVIE g + llex + 757 gl — llewll + iTizngkgk + f/?zh;‘fokhk-
If 77 < oy, since || 7} [gk; he]|| < Ak, we have

1 )
P9k, hi] > (Ve + Jesgn(er)) pr + E[ka ar)” Helpr: qr)-

* x . Ck4
Assume ay < 15 < &y and o = —wk;‘_ppk. Then

Ok (TEgk) = TEVfi gk + 75 (Trsgn(cr))” gk — 2sgn(ex;) (7 Jk) 9k + ckj) > 76 (Ve + Jesgn(cr)) g
Hence, again, we have
Wilge, hi] = 74 (Vfr + Jesgn(er)) g + %Tzﬁz[gk; hi)" Hi[gw; b
> (Ve + Jrsgn(er)) pr + %[Pk?ka]TErk[Pk; gx], since |75 (g Axlll < A,

i.e., (3.32) holds. From min(1, az) > min(1, o )%, we have

Wi lpk, 4]
W9k hi]
_ min(l, ar)gF pr + min(1, ar)[pr; ar] T Hilps g] y (Vi + Jesgn(cr)) Tor + 5ok ar]” Hilpr: ai]
(Ve + Jisgn(cr)) "ok + 5Pk ax)T Hrpr: ae] Wi 9k, hi]
Vi +J, Tk + Lok qu] ¥ Hi s
> min(ag, 1) x (Vfr + Jrsgn(ck)) *Pk+ 3[Pks qk]” Hi[pr: qx]
Wi 9k, P

Using (3.32) and liminfj_, o, oy > 1, we have for 0 < 3, < 1, and & sufficiently large,

If, in addition, (AC.3) is satisfied, then it immediately follows that I'y(sx) = ¥r(sk) and s € Fy, for
sufficiently large k. The proof is completed. O

Before we state the second-order convergence result, we quote Lemma (4.10) in [14] below.
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LEMMA 3.13. Let x* be an isolated limit point of a sequence {z} in R™. If {z1} does not converge

then there is a subsequence x;, which converges to =*, and an € > 0 such that

21,41 — 21| > e

The next theorem indicates that the first-order and second-order necessary conditions can be satisfied.

THEOREM 3.14. Assume that ¢(x) and f(x) are twice continuously differentiable on the compact level
set L. Assume further that Y (z + ur) — Y(zr) = Tr(sk) + o(||sk||) and {sk} and {uy} are generated by
TRASM in FIG. 1. then

1. Ifthe condition (AC.1) is satisfied, the sequence {gr(Dy)} converges to zero;
2. If the conditions (AC.1) and (AC.2) are satisfied and strict complementarity holds at every limit
point, then
(a) The sequence {gr(Dy)} converges to zero;
(b) If, in addition, (AC.3) is satisfied, then

e There is a limit point x* at which the projected Hessian H* is positive semi-definite;

e Ifx* is an isolated limit point, then the projected Hessian H* is positive semi-definite;

o [fthe projected Hessian H* is nonsingular at some isolated limit point * of {z}}, then
the projected Hessian H* is positive definite. Moreover, if Wi (sk, wr) < BoVi [Pk, qk]
for some By > 0 and sufficiently large k, then {x} converges to z*, all iterations are
eventually successful and {Ay} is bounded away from zero.

Proof. We prove each result in order.

1. The sequences {gx(Dy)} converges to zero: this has been proved in Theorems 3.6.
2. Now we assume, additionally, that (AC.2) is satisfied and strict complementarity holds at every
limit point.
(a) The sequence {gr(Dy)} converges to zero: this has been proved in Theorem 3.8.
(b) Now assume further that (AC.3) is also satisfied.

e Consider first the case when liminfg_,, ur = 0, where py, is defined by (3.24). Let
eig, i, (Hk) denote the minimum eigenvalue of Hj. Since pp > max(—eig,,;,(Hk),0),
liminfy_,o, max(—eig,;, (Hr),0) = 0. Hence liminfy_, eig,;,(Hx) > 0. Using
Lemma 3.9, there exists a limit point 2* at which H* is positive semi-definite.

Next we prove liminfg_.., ux = O by contradiction. Assume that pr > € > 0 for
sufficiently large k. First we show that {Ay} converges to zero.
Using Lemma 3.11, for sufficiently large k,

ﬂan

(3.33) — Ty (sk) > min(1, x4)° urAz.

Moreover, for sufficiently large k£ and successful iterations

(3.34) Y(a) ~ Y(aie) > 22 min(1, ) e,
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The rest of arguments are similar to the proof of Theorem 3.5. If there are finite number
of successful iterations, {Ax} converges to zero. Otherwise, let {l;} be the infinite
sequence of successful iterations. The inequality (3.34) and the fact that {Y(zg)}
converges imply that

ZAllen 1, x4)pt; < 0.

Since liminfg_,o pr > 0, {Ax} converges to zero. Furthermore, {z}} converges from
zk+1 — zkll2 = O(Ax). Using ||skll2 < BsAk, |lpellz < A and |lgll2 < Ar, we
conclude that both {sg}, {pr} and {gx} converge to zero.

Using Lemma 3.12, for k sufficiently large I'y(sg) = ¥x(sg) and s € Fr. From
Theorem 2.1, we have

Y (2 + w) — (k) — Yr(se)| = oll|skll®)-

This relation, ||sg|| < BsAg, (3.33), liminfy_, o, ur > 0 and {s;} converging to zero
imply that {|pr — 1|} converges to zero. In other words, the entire sequence {py}
converges to unity. According the trust region size updating rules, {A} cannot converge
to zero, which is a contradiction.

In conclusion, liminfy_,., ur = 0. Hence there exists a limit point with the projected

Hessian H* positive semi-definite.

If {z} converges to z*, the result follows from above. If {z}} does not converge then
Lemma 3.13 applies. Thus, if {z;; } is the subsequence guaranteed by Lemma 3.13 then
Alj > ﬂ%e, for some ¢ > 0. From Lemma 3.11, {m].} converges to zero. Thus the

projected Lagrangian Hessian H* is positive semi-definite.

Since z* is an isolated limit point, the projected Lagrangian Hessian H* is positive
definite following (b).

Consider any subsequence of {x, } which converges to the isolated limit z* (for simplicity
of notation, we still use the subscript k).

From Lemma 3.12, for k sufficiently large,

But (AC.3) holds, hence I'y, = 9r(sk), sk € Fr for k sufficiently large. Moreover, using
Lemma 3.2, M}, = Dy, for sufficiently large k.
Since Dywy, — Ji s, = 0, there exists z such that

Sp = Zp2g, Wk = Zp2k-

By assumption that Wi (sg, wr) < Bo¥i [Pk, qk). Wk (sk, wk) < 0. From definition (2.7),
Yr(sk) = (ka—|—Jksgn(ck))Tsk—|—%s,c (VAlerlh+327% ) AkiVek;)sk. Hence, whenever
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the projected Lagrangian Hessian Hy, is positive definite,

1 i | _
(Vfi+Trsgn(cr) T s < —EZI{ZIFEF(VZHCICHWZ )\kiVZCki)Zkzk_EZI{ZI{CkaZk < 0.
=1

Therefore
1 _
(3.35) Ellzkllz < HZ 120128 (Vfx + Jisgn(er)) ]2,

whenever the projected Lagrangian Hessian Hy, is positive definite. But {Z,{(ka +
Jrsgn(cg))} converges to zero. We conclude that limy_, o, 2, = 0. Hence {sr} and
{[Pr; qr]} converge to zero. Following Lemma 3.13, the entire sequence {z } converges
to z*.

Next we prove that {Ag} is bounded away from zero. Assume that e > 0 is a lower
bound on the eigenvalues of Hy. Let py, = Zkzi .

Using Lemma 3.11, for sufficiently large &,

x [
Yilok, @] < =5 min(1, xa) || Re2 13-
From (3.24),
IRezR 13 > ell2fl13 + mell=f 113,
12812 < Ag and 2% = 28 if ||2F||]2 < A, we have
1
(3.36) |Wilpk,qx]| > 3¢ min(1, x4) min(AZ, ||z ||3), for sufficiently large k.

Recall that, whenever Hy, is positive definite,

1 _
3 lerllz < 18y Nall ZE (Vfe + Jesgn(er)) |2
Let % be an upper bound on the condition number of Hy. From ZF (Vfi. + Jisgn(ct)) =
—H kz,iv whenever Newton step exists, using (3.29) and (3.35),
1
Sl < k12 |l2-

Hence, using (3.36), (AC.3), ||zx||2 < BsAg and the above inequality, there exists € > 0
such that

—~ P (sk) > —Bond¥h [Pk, k] > €|l 23
Using Theorem 2.1,
Y (zx +ue) — Y(zk) — Yr(sk)| = o(l|skl*) = o([|z& /).

From —1x(sx) > |2k

We immediately conclude that {Ag} is bounded away from zero.

2, pr > n for k sufficiently large.

In conclusion, all the results hold. 0O

The local analysis of the method will be presented in a subsequent paper. Nonetheless, Theorem 3.14
indicates that Newton steps will be eventually successful and Maratos effect will not occur. We believe that
the method is locally superlinearly convergent.
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4. Conclusion. In this paper, we give a succinct description of the trust region affine scaling method
(TRASM) proposed in [11] for solving a nonlinear /; problem (1.1) and present a global convergence
analysis of this algorithm. Similar to analysis of trust region methods for unconstrained minimization,
strong convergence results are obtained in an elegant fashion.

Sufficient decrease conditions (AC.1), (AC.2) and (AC.3) are proposed for optimality. The condition
(AC.1) uses the projected gradient gi(Dy) as a benchmark and ensures complementarity. The condition
(AC.2) uses the projected gradient gx(Dy) and is necessary for dual feasibility. The condition (AC.3)
is necessary for second-order optimality. In addition, Theorem 3.14 indicates that Newton steps will be
eventually successful and Maratos effect will not occur.

Some preliminary computational results are presented in [11]. Our real objective is to develop a
method which is capable of computing a solution for a nonlinearly constrained problem efficiently and
reliably. Further investigation is needed to explore efficient computational implementation.

The local analysis of the method is also under investigation. We believe that the method is locally
superlinearly convergent; This is certainly consistent with our computational observation.

In the large scale setting, it may be impractical to perform a correction step and one may choose to
skip correction steps of TRASM in FIG. 1 entirely or partially. The resulting algorithm (without correction
steps) retains the first order convergence result but the second-order convergence properties will not be

guaranteed.
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