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This dissertation focuses on the multi-armed bandit problem (MAB) where the
objective is a sequential arm selection policy that maximizes the total reward
over time. In canonical formulations of MAB, the following assumptions are
adopted: the size of the action space is much smaller than the length of the time
horizon, computation resources such as memory are unlimited in the learning
process, and the generative models of arm rewards are time-invariant. This
dissertation aims to relax these assumptions, which are unrealistic in emerging
applications involving large-scale complex systems, and develop corresponding
techniques to address the resulting new issues.

The first part of the dissertation aims to address the issue of a massive num-
ber of actions. A stochastic bandit problem with side information on arm simi-
larity and dissimilarity is studied. The main results include a unit interval graph
(UIG) representation of the action space that succinctly models the side informa-
tion and a two-step learning structure that fully exploits the topological struc-
ture of the UIG to achieve an optimal scaling of the learning cost with the size
of the action space. Specifically, in the UIG representation, each node represents
an arm and the presence (absence) of an edge between two nodes indicates sim-
ilarity (dissimilarity) between their mean rewards. Based on whether the UIG
is fully revealed by the side information, two settings with complete and partial
side information are considered. For each setting, a two-step learning policy

consisting of an offline reduction of the action space and online aggregation



of reward observations from similar arms is developed. The computation effi-
ciency and the order optimality of the proposed strategies in terms of the size of
the action space and the time length are established. Numerical experiments on
both synthetic and real-world datasets are conducted to verify the performance
of the proposed policies in practice.

In the second part of the dissertation, the issue of limited memory during
the learning process is studied in the adversarial bandit setting. Specifically,
a learning policy can only store the statistics of a subset of arms summarizing
their reward history. A general hierarchical learning structure that trades off
the regret order with memory complexity is developed based on multi-level
partitions of the arm set into groups and the time horizon into epochs. The
proposed learning policy requires only a sublinear order of memory space in
terms of the number of arms. Its sublinear regret orders with respect to the time
horizon are established for both weak regret and shifting regret in expectation
and/or with high probability, when appropriate learning strategies are adopted
as subroutines at all levels. By properly choosing the number of levels in the
adopted hierarchy, the policy adapts to different sizes of the available memory
space. A memory-dependent regret bound is established to characterize the
tradeoff between memory complexity and the regret performance of the policy.
Numerical examples are provided to verify the performance of the policy.

The third part of the dissertation focuses on the issue of time-varying re-
wards within the contextual bandit framework, which finds applications in
various online recommendation systems. The main results include two re-
ward models characterizing the fact that the preferences of users toward dif-
ferent items change asynchronously and distinctly, and a learning algorithm

that adapts to the dynamic environment. In particular, the two models assume



disjoint and hybrid rewards. In the disjoint setting, the mean reward of playing
an arm is determined by an arm-specific preference vector, which is piecewise-
stationary with asynchronous change times across arms. In the hybrid setting,
the mean reward of an arm also depends on a joint coefficient vector shared
by all arms representing the time-invariant component of user interests, in ad-
dition to the arm-specific one that is time-varying. Two algorithms based on
change detection and restarts are developed in the two settings respectively, of
which the performance is verified through simulations on both synthetic and
real-world data. Theoretical regret analysis of the algorithm with certain modi-
fications is provided under the disjoint reward model, which shows that a near-

optimal regret order in the time length is achieved.
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CHAPTER 1
INTRODUCTION

This dissertation focuses on the problem of online learning and sequential
decision-making under unknown models. The objective in this class of prob-
lems is to learn, in real time, the most rewarding actions among a number of op-
tions. Example applications include various socio-economic applications (e.g.,
ad display in search engines, product/news recommendation systems, targeted
marketing, political campaigns, and drug therapy in clinic trials), and network-
ing issues in communication systems (e.g., dynamic channel access) and urban

transportation (e.g., route selection).

The problem is formulated and studied under the classic framework of multi-
armed bandits (MAB) in this dissertation. We point out several emerging issues
and new challenges in applications with large-scale complex systems that call
for new models and new learning strategies, and develop corresponding solu-

tions with performance guarantees in both theory and practice.

1.1 Multi-Armed Bandits

The MAB problem was first posed in [60] for the application of clinical trials.
In a bandit model, potential actions with unknown rewards are abstracted as
arms of a slot machine. At every time in a horizon of length 7', a player selects
one arm to play and receives a reward generated from an unknown reward
model. The objective of the player is to choose sequentially which arm to play
based on past reward observations, with the hope of improved performance

over time. The essence of the problem is in the tradeoff between exploration—



to gather information from less explored arms—and exploitation—to maximize

the instantaneous reward by favoring arms with better reward history.

A commonly adopted performance measure of an arm selection policy is re-
gret, defined as the (expected) cumulative reward loss over the entire time hori-
zon against a properly defined benchmark policy with hindsight vision and/or
certain clairvoyant knowledge about the problem. A policy is said to achieve
no-regret learning if the induced regret has a sublinear growth rate in 7. In
other words, the policy offers, asymptotically as T — oo, the same average re-

ward as the specific benchmark adopted in the corresponding regret measure.

1.1.1 Reward Models and Regret Measures

Depending on the generative model of arm rewards, bandit problems can be
categorized into the stochastic and the adversarial settings. In the former, re-
wards from successive plays of an arm obey a given, albeit unknown, stochastic

model. In the latter, rewards are assigned by an adversary.

Earlier studies on MAB focused on the stochastic setting. The canonical
model assumes that rewards from each arm are drawn i.i.d. from a fixed dis-
tribution. In this case, the benchmark policy in the regret definition is to play
the arm with the greatest mean reward throughout the time horizon, and the
regret is measured in expectation taken over the randomness of both reward
realizations and the arm selection policy. There exist two settings in evaluat-
ing the regret performance of a learning policy: problem-specific and problem-
independent. In the former, the regret is specific to the set of reward distri-

butions associated with the given problem instance. In the latter, the regret is



measured against the worst-case assignment of reward distributions.

In the problem-specific setting, the seminal work by Lai and Robins in 1985
showed that the minimum regret growth rate is Q(logT') [46]. A number of
learning policies have since been developed that offer the optimal regret order
in T (see [9, 34, 61] and references therein). In the problem-independent setting,
an Q(VT) lower bound on regret was shown in [10] and an optimal learning

policy was later proposed in [7].

A number of variations of stochastic bandits have been studied in recent
years for diverse application domains. One notable example in the application
of personalized recommendation is the contextual bandit formulation where the
reward distributions are affected by certain context information revealed at each
time. The context information can be feature vectors associated with either the

current user or the available items to be recommended.

Under the commonly adopted assumption of linear rewards, the mean re-
ward of playing an arm at each time step is assumed to be the inner product
of the currently revealed context vector and an unknown coefficient vector rep-
resenting the preference of users towards items. In this model, the benchmark
policy in the regret definition is to play the best arm specific to the current con-
text information at every time step. The regret performance is usually evaluated
under the problem-independent setting where the lower bound was shown to
be Q(VT) [24]. A number of near-optimal policies that achieve a regret order

of O(NT polylog(T)) have been developed (see [24, 1] and references therein).

The adversarial bandit problem, first studied in [10], was motivated by the

problem of learning in repeated unknown games. In the game setting, a player’s



reward of playing an action (arm) is jointly determined by the payoff function of
the game and the actions taken by all opponents, which can be aggregated as an
adversary from the view of the player [20]. Connections between the regret per-
formance of every player and certain system-level objectives (e.g., convergence
to equilibria of the game) have been revealed [68, 54, 31]. A comprehensive sur-
vey on distributed no-regret learning in multi-agent systems can be found in

our tutorial paper [67].

Various benchmark policies have been considered, leading to different regret
notions. Corresponding to the external regret in the game setting, weak regret
was proposed in [11], which is defined against the best fixed arm with the great-
est cumulative reward in hindsight. The weak regret is evaluated against the
worst-case assignment of the reward sequence by the adversary (not necessar-
ily follows a stochastic model). It was proven in [11] that the lower bound on
weak regret is in the order of ©( VT), which was shown to be achieved by a class
of randomized policies proposed in [7]. It should be noted that randomization
is necessary to achieve no-regret learning against an adversary: it was shown
in [13] that for every deterministic policy, there always exists a reward sequence

that inflicts a linear regret order in 7.

A stronger regret notion is the shifting regret, which is defined against a se-
quence of actions with a hardness constraint on the number of action changes.
Achieving no-regret learning under this stronger regret notion and its variations
plays a key role in achieving certain optimality in terms of the system-level per-

formance in games with dynamically changing compositions [54, 31].



1.1.2 Emerging Issues and Challenges

In the past few decades, the MAB problem with various reward models has
been extensively studied in their canonical forms. However, existing results
are usually established upon idealistic assumptions in terms of the small size
of the action space compared with the time length, the availability of unlim-
ited resources such as memory during the learning process, and the stationarity
of the underlying reward models. Many emerging complex systems, however,
involve a massive number of actions with a limited memory space, and are in-

herently dynamic in the reward models.

In addressing the aforementioned issues, the results of this dissertation are
partitioned into three parts. In the first part, we focus on the issue of a massive
number of actions in the stochastic bandit setting. We develop optimal learn-
ing strategies that scale well with the large action space. In the second part,
we study the problem of learning with memory constraints in the adversar-
ial bandit setting. We develop memory-efficient learning strategies that trades
off the regret order with the memory complexity. In the third part, we con-
sider time-varying reward models in the contextual bandit setting. We develop
near-optimal learning strategies that adapts to the changing environment. We

summarize the main results of the three parts in the following section.



1.2 Main Results

1.2.1 Bandits with Many Arms

The first part of this dissertation focuses on the stochastic bandit problem with
a large action space. Classical solutions to stochastic bandits were developed
under the assumption of independent arms, i.e., there is no structure in the set
of reward distributions. As a result, a linear scaling of regret with the size of
the action space is unavoidable due to exploring every arm sufficiently often
to identify the optimal. For applications involving a massive number of arms,

those solutions are no longer suitable.

The key to achieving a sublinear scaling with the number of arms is to exploit
the inherent structures of the action space, i.e., various relations among the vast
number of actions. In this part, we consider the statistical similarity and dissimi-
larity relations across arms, which is formulated through the difference between
the expected rewards of arms. We first show that the similarity-dissimilarity
structure of the action space can be represented by a unit interval graph (UIG)
where the presence (absence) of an edge between two arms indicates that the
difference of their mean rewards is within (beyond) a given threshold. Based
on whether the UIG is fully revealed to the player, we consider two cases of

complete and partial side information.

For both cases, we propose a general two-step learning structure—LSDT
(Learning from Similarity-Dissimilarity Topology)—to achieve a full exploitation
of the topological structure of the side information. The first step is an offline

reduction of the action space to a candidate set, which consists of arms that



can assume the largest mean rewards under certain assignments of reward dis-
tributions without violating the side information. Arms outside the candidate
set are sub-optimal and hence eliminated from online exploration. The second
step carries out an online learning algorithm that further exploits the similarity
structure through collective exploration using aggregated reward observations

from similar arms.

The order optimality of the proposed learning strategies in terms of both
the size of the action space and the time length was established in both cases
with complete and partial side information. Specifically, we provide theoretical
regret analysis of the learning strategies in the problem-specific setting along
with matching lower bounds. Extensive numerical experiments on both syn-
thesized and real-world datasets are conducted to verify the performance of the

learning strategies in practice.

1.2.2 Bandits with Limited Memory

In the second part of this dissertation, we study the memory-constrained MAB
problem under the adversarial setting. Existing policies for canonical adver-
sarial bandits require a memory space linear in the number K of arm to store
certain statistics of every arm, which is infeasible in applications involving a

large action space but limited memory.

In the problem of memory-constrained adversarial bandits, a policy is only
allowed M words of memory space (which has a sublinear growth rate with K)
for storing input values and necessary variables. Therefore, a policy with mem-

ory size M can only store the statistics of at most M arms at any given time. As



a result, two new problems arise in addition to arm selection: one on deciding
the statistics of which arms to store in the memory at every time step, the other

on how to memorize the reward history of arms whose statistics are not stored.

To address the new issues induced by the memory constraint and trade off
between memory complexity and regret performance, we propose a general
hierarchical learning structure—HLMC (Hierarchical Learning with Memory Con-
straints)—based on multi-level partitions of the arm set into groups and the time
horizon into epochs through a properly designed hierarchy. At every level of the
hierarchy, every arm group (time epoch) is further partitioned into several next-
level groups (epochs). The policy recursively zooms into an arm group selected
for every epoch at the same level, and carries out a next-level selection strategy
until the end of the epoch. At the last level, a group of arms are targeted and
their arm statistics are stored in the memory for arm selection within the corre-
sponding epoch. The reward information of the other arms outside the targeted
group are jointly memorized in certain aggregated group statistics that are used

for group selection at higher levels.

We show that HLMC requires a memory space with size sublinear in K in a
representative case with a two-level hierarchy. By adopting appropriate selec-
tion strategies as subroutines at all levels, the HLMC policy achieves sublinear
regret orders in 7 under notions of both weak regret and shifting regret. We
turther establish a memory-dependent regret bound for the general case with a
D-level hierarchy to characterize the tradeoff between the memory complexity
and the regret order of HLMC. By properly selecting the depth D of the adopted
hierarchy, the HLMC policy adapts to different sizes of the available memory

space and achieves no-regret learning.



1.2.3 Bandits in Dynamic Environments

The third part of this dissertation focuses on the contextual bandit problem with
dynamic reward models. In applications such as online recommendation, user
interests are dynamically changing and the preference changes toward different
items may be asynchronous and distinct. To characterize such phenomena, we

study two reward models: the disjoint and the hybrid reward models.

In the disjoint reward model, the expected reward of playing an arm is
the inner product of the given context vector and an arm-specific unknown
coefficient vector, which represents the preference of the user towards the
arm. The preference vector is assumed to be piecewise-stationary and the
change points are different across arms. We propose an upper confidence
bound (UCB) based algorithm—PSLinUCB (Piecewise-Stationary Linear UCB)—
that selects arms based on estimates of the unknown preference vectors from
past observations. To address the challenge of time-varying interests, the algo-
rithm adopts a change-detection procedure to identify potential changes on the
preference vectors, and an efficient restart procedure after detected changes to

re-estimate the preference vectors using up-to-date observations.

We further extend the algorithm to the general hybrid reward model. In
addition to the arm-specific preference vector, the expected reward in the hy-
brid model also depends on a joint coefficient vector shared by all arms, which
corresponds to the time-invariant component of user interests. We conduct ex-
periments on both synthesized data and real-world datasets to evaluate the per-

formance of the proposed algorithms in both models.

We also provide theoretical guarantee on the regret performance of the pro-



posed algorithm. To avoid certain technical difficulties in analysis, we introduce
a modified PSLinUCB algorithm and analyze its regret performance in the dis-
joint reward model. We show that a near-optimal regret order in T is achieved

in the problem-independent setting.

1.3 Organization of the Dissertation

The rest of the dissertation is organized as follows. In Chapter 2, we discuss
bandits with many arms in the stochastic setting. We introduce the LSDT learn-
ing structure that fully exploits the topological structure of the side information.
In Chapter 3, we consider bandits with memory constraints in the adversarial
setting. We present the HLMC learning structure that trades off the regret per-
formance with memory complexity. In Chapter 4, we study bandits in dynamic
environments under the contextual bandit framework. We propose the PSLin-
UCB algorithm that adapts to the time-varying environment in both disjoint and
hybrid reward models. Chapter 5 concludes the dissertation. Additional results

and all proofs are included in the Appendices.
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CHAPTER 2
BANDITS WITH MANY ARMS

In addressing the issue of a massive number of arms, there has been a growing
body of studies aiming at exploiting certain side information on the relations
among the large number of arms. Among various formulations of the side in-
formation (see a more detailed discussion in Sec. 2.1), one notable example is
the statistical similarity and dissimilarity among arms. For instance, in recom-
mendation systems and information retrieval, products, ads, and documents in
the same category (more generally, close in some feature space) have similar ex-
pected rewards. At the same time, it may also be known a priori that some arms
have considerably different mean rewards, e.g., news with drastically different
opinions, products with opposite usage, documents associated with key words

belonging to distant categories in the taxonomy.

The side information on arm similarity and dissimilarity opens the possi-
bility of efficient solutions that scale well with the large action space. In this
chapter, we introduce a mathematical formulation of such arm relations in the
stochastic bandit setting, and provide a UIG representation of the action space.
The central question we seek to answer in this chapter is: how to fully exploit
the topological structure of the action space with side information to achieve an optimal

regret order in terms of both the size of the action space and the time length?
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2.1 Literature Review of MAB with Structured Action Space

Existing studies on MAB with structured action space and reward models can
be categorized based on the types of arm relations adopted in the MAB mod-
els. The first type is realization-based relation that assumes a certain known
probabilistic dependency across arms. Examples include combinatorial bandits
[52, 33, 23, 45], linearly parameterized bandits [30, 57, 1], and spectral bandits
for smooth graph functions [64, 39]. The second type of arm relation can be
termed as observation-based relation [18, 15, 6]. Specifically, playing an arm
provides additional side observations about its neighboring arms. See [63] for a

survey on various bandit models with structured action spaces.

The problem studied in this chapter considers another type of relation
among arms: ensemble-based relation that aims to capture the relations on
ensemble behaviors (i.e., mean rewards) across arms, rather than probabilis-
tic dependencies in their realizations. Related work includes Lipschitz bandits
[2, 44, 55], taxonomy bandits [59] and unimodal bandits [26]. Specifically, in
Lipschitz bandits, the mean reward is assumed to be a Lipschitz function of the
arm parameter. Taxonomy bandits have a tree-structured action space where
arms in the same subtree are close in their mean rewards. In unimodal bandits,
the action space is represented by a graph where from every sub-optimal arm,

there exists a path to the optimal arm along which the mean reward increases.

Different from these existing studies, the bandit model studied in this chap-
ter considers an action space represented by a UIG indicating not only similarity
but also dissimilarity relations across actions. Besides, the structure of the pro-

posed learning policy consists of a two-level exploitation of the UIG structure,
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which is fundamentally different from the existing ones. Recently, a general for-
mulation of structured bandits was proposed in [25], which includes a variety of
known bandit models (e.g., Lipschitz bandits, unimodal bandits, linear bandits,
etc.) as well as the bandit model studied in this work as special cases. The learn-
ing policy developed in [25], however, was given only implicitly in the form of a
linear program (LP) that needs to be solved at every time step. For the problem
studied in this chapter, the LP does not admit polynomial-time solutions (unless

P=NDP).

2.2 Problem Formulation

Consider a stochastic K-armed bandit problem. At each time 7, a player chooses
one arm to play. Playing an arm i yields a reward X;(f) drawn ii.d. from an
unknown distribution f; with mean y;. We assume that f; belongs to the family
of sub-Gaussian distributions' for all i. Extensions to other distribution types

will be discussed later in Sec. 2.6.

Across K arms, the similarity and dissimilarity relations are defined through
a parameter € > 0: two arms are similar (dissimilar) if the difference between
their mean rewards is below (above) e. The similarity-dissimilarity structure of
the action space can be represented by an undirected graph G: = (V, E;). In the
graph representation, every node i € V represents an arm with reward distri-
bution f; and the presence (absence) of an edge (i, j) corresponds to a similar
(dissimilar) arm pair. Throughout this chapter, 1 < i < K is used to refer to an

arm or a node, exchangeably. We first show that G; is a UIG.

! A random variable ¥ with mean y is sub-Gaussian with parameter o (or o sub-Gaussian) if
E[e!Y ] < ¢ ¥/2 for all 1 € R [16].
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Definition 1 (Unit interval graph and unit interval model) A graph G = (V,8)
is a unit interval graph if there exists a set of unit length intervals {1}, on the real line
such that each interval I; corresponds to a node i € V and there exists an edge (i, j) € &
if and only if I, N I; # 0. The set of intervals {I;};cy is a unit interval model (UIM) for
the UIG.

It should be noted that if a UIG is finite (with a finite number of nodes), there
is no difference between taking open intervals or closed intervals to represent
nodes [32]. Without loss of generality, we assume that I; = (/;, r;) where [;, r; are

the left and right coordinates of interval /.

Through a mapping from every node i € V to an e-length interval ; = (u;, ; +

€), it is not difficult to see that
i —pjl<ees ;NI; 0, (2.1)

which indicates that G; is a UIG (see an example in Fig. 2.1). Without loss of
generality, we assume that G; is connected. Extensions to the disconnected case

will be discussed in Sec. 2.6.

We define &}, EL as the side information on arm similarity and dissimilarity.
Based on whether &, EP fully reveal the UIG G, we consider the following two

cases separately. In the case of complete side information, &

,EP are identical to
the edge set and the complement edge set of G, i.e., & = &, EP = &. In the case

of partial side information, they are subsets of the latter, i.e.,, & € &;, EP C 8_§

The objective is an online learning policy 7 that specifies a sequential arm
selection rule at each time ¢ based on both past observations of selected arms
and the side information &},EP. The performance of policy r is measured by

regret R,(T; &S, EL) defined as the expected reward loss against a player who
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Figure 2.1: Action space as a UIG.

knows the reward model and always plays the best arm iy, (chosen arbitrarily

in the case of multiple optimal arms), i.e.,

T T
RAT;E5,ED) = Br | Y i ()= > X (1)], (2:2)
t=1 t=1

where y;  is the largest mean reward and 7, is the arm selected by policy r at
time 7. In this chapter, we consider the problem-specific regret measure, i.e., the
regret is a function of the unknown reward distributions f = (fi, ..., fx). When
there is no ambiguity, the dependency of regret on f is omitted and the notation

is simplified to R(T).

Let 7,(T') denote the number of times that arm i has been selected up to time

T. We rewrite the regret as:

K K
R(T) = i, T = ) wEIT(T)] = )" AB[T(T)], (2.3)
i=1 i=1

where A; = ;. — ;. The objective of maximizing the expected cumulative
reward is equivalent to minimizing the regret over a time horizon of length

T. In order to minimize regret, it can be inferred from (2.3) that every sub-
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optimal arm (A; > 0) should be distinguished from the optimal one with the

least number of plays.

2.3 Two-Step Learning Structure

While classic stochastic bandit algorithms have to try out every arm sufficiently
often to distinguish the sub-optimal arms from the optimal one, which induces
a linear scaling of regret in the number of arms, the side information on arm
similarity and dissimilarity allows the possibility of identifying a set of sub-
optimal arms without even playing them. To be specific, we define a candidate

set B determined by the side information &}

,EP as follows.

Definition 2 (Candidate Arm and Candidate Set) Given the side information
&S,E2, an arm i is a candidate arm if there exists an assignment of reward distribu-
tions with means p = (uy, ..., ux) conforming to &;,EP and p; = max,cjcx p;. The

candidate set B is the set consisting of all candidate arms.

Note that the optimal arm i,,,x under the ground truth assignment of reward
distributions in the bandit problem always belongs to the candidate set 8. It is
clear that if we can find the candidate set 8 from the side information efficiently,
the action space can be reduced to 8. Only arms in B need to be explored.
Furthermore, certain topological structures of the revealed UIG on the reduced
action space can be further exploited to accelerate learning. In estimating the
mean reward of every arm in the candidate set, observations from similar arms
can also be leveraged as approximations, which reduces the number of plays

required to distinguish sub-optimal arms from the optimal one.
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The aforementioned facts motivate a general two-step learning structure:
Learning from Similarity-Dissimilarity Topology (LSDT) for both cases of complete
and partial side information. Specifically, LSDT consists of (1) an offline elim-
ination step that reduces the action space to the candidate set and (2) online
learning of the optimal arm by aggregating observations from similar ones. We
specify each step for the cases of complete and partial side information sepa-

rately in Sec. 2.4 and Sec. 2.5.

24 Complete Side Information

We first consider the case of complete side information that fully reveals the UIG
G:. We follow the two-step learning structure proposed in Sec. 2.3 and develop
a learning policy: LSDT-CSI (Learning from Similarity-Dissimilarity Topology with
Complete Side Information) along with theoretical analysis on its regret perfor-
mance. While restrictive in applications, this case provides useful insights for

tackling the general case of partial side information addressed in Sec. 2.5.

2.4.1 Offline Elimination

The first step of LSDT-CSI is an offline preprocessing that aims at identifying
the candidate set from the complete side information. Since the UIG G is fully
revealed, we denote the candidate set in this case as 8" to distinguish from the
case of partial side information. We show that 8* is identical to the set of left

anchors of the UIG G:.
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Definition 3 (Left Anchor) Given a UIG G = (V, &), a node i € V is a left anchor if

there exists a UIM for G where i corresponds to the leftmost interval along the real line.

Since the mirror image of an UIM with respect to the origin is also an UIM
for the same UIG, the node corresponding to the rightmost interval in a UIM
is also a left anchor. Based on the definition of the UIG G; that represents the
similarity-dissimilarity structure of the arm set in Sec. 2.2, it is not difficult to
see that the candidate set 8* is identical to the set of left anchors of G;, which can
be identified through a BFS-based algorithm proposed in [27]. The BFS-based
algorithm starts from an arbitrary node in a UIG and returns a set of left anchors.
We apply the algorithm two times: in the first time, we start from an arbitrary
node in G; and obtain a set of left anchors. In the second time, we re-apply
the algorithm starting from one of the returned node in the last time. One can
directly infer from Proposition 2.1 and Theorem 2.3 in [27] that the obtained set

is the candidate set 8. The detailed algorithm is summarized in Algorithm 1.

Algorithm 1: Offline Elimination of LSDT-CSI

Input: Fully revealed UIG G:.
Output: Candidate set 8*.
Initialization: 8* = 0.

£

Start from an arbitrary node i and perform a BFS on G:.
Let £ be the set of nodes in the last level of the BFS.
for each j € L do
if deg(j) = minic, deg(k) then
B — B*U{j}.

Start from a node j € 8" and repeat the previous steps.
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Note that the computation complexity of the offline elimination step is O(|E}]),

which is polynomial in the problem size.

2.4.2 Online Aggregation

We now present the second step of online learning that further exploits topolog-
ical structures of the candidate set 8*. We first introduce an equivalence relation

between nodes in the UIG G:.

Definition 4 (Neighborhood Equivalence) Two nodes i, j in G are (neighborhood)
equivalent if N[il = NI jl, where NTi] is the set of neighbors of i in G, including
i. Moreover, let {B;} denote the partition of the arm set V in G: with respect to the

neighborhood equivalence relation.

Note that arms within the same equivalence class have the same set of neigh-
bors and thus, they are topologically indistinguishable in the UIG. Based on the

equivalence class partition, we obtain a closed-form expression for 5.

Theorem 1 When the side information fully reveals the UIG G: (assumed to be con-
nected), the candidate set B* is the union of two equivalence classes containing the
optimal arm im. and the worst arm iy, (with minimum mean reward). Note that the
two equivalence classes containing the optimal and the worst arm are identical in the
special case where G* is fully connected. The proposed algorithm and analysis still apply

in this case. Without loss of generality, we assume that G: is not fully connected., i.e.,

B =8B USB:

Imax Imin’

(2.4)
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Figure 2.2: Left anchors and the candidate set

where

B, .. = {7 N1 = Nlimax]}, (2.5)

Imax

B, .. =i NUJ1 = Nliminl}- (2.6)

Imin

Proof 1 See Appendix A.1.

The result is also illustrated in Fig. 2.2 : the node corresponding to ; (or /)
is the left anchor under the current UIM (or its mirroring). Switching I;, I, I5 (or
I, 111) does not change the graph connectivity, i.e., each node in B;“mm ={1,2,3}
(or B; =1{10,1 1}) is a left anchor. Hence the candidate set 8 = {1, 2, 3}U{10, 11} is
the union of the two equivalence classes, which can be directly obtained through

the offline elimination step.

Based on the topological structure of the candidate set, we develop a hier-
archical online learning policy that aggregates observations from arms within
the same equivalence class. By considering each class as a super node (arm), we

reduce the problem to a simple two-armed bandit problem.
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Specifically, the second step of LSDT-CSI carries out a hierarchical UCB-
based online learning on the candidate set 8" by maintaining a class index H,(z)
for each equivalence class 8! and an arm index L;(f) for each individual arm j

in B*. The arm index is defined as:

8logt?
Li) = %0 + 4| T;tg) : 2.7)

where X;(1), 7;(t) are the empirical average of observations from arm j and the

number of times that arm j has been played up to time ¢. The class index H;(r)

aggregates the same statistics across arms in the class:

2jes X[(DT;(D) / 8logt
H()="—"—"—1 """~ _— 2.8
® 2 jes: Tj(1) * 2 jes: Tj(1) (2:8)

At each time, the online learning procedure selects the equivalence class with
the largest class index and plays the arm with the largest arm index within the
selected class. Once the reward has been observed, both class indices and arm

indices are updated.

Algorithm 2: Online Aggregation of LSDT-CSI

Input: Candidate set 8" = 8] U B8] where 8], B; are two disjoint equivalence
classes.
Initialization: Play each arm in 8" once, update all the arm indices {L;(?)} jc5-

and class indices H;(¢), H>(t) defined in (2.7) and (2.8).
fort =B+ 1,|8+2,...do
Let ij = argmax;.; 5, Hi(t — 1).

Play arm j; = argmax jes:, Li(t =1).

It should be noted that the two-step learning structure LSDT is indepen-

dent of the specific arm selection rule adopted at the online learning step. In
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particular, different arm selection techniques developed for the original bandit
problems may be incorporated into the second step of LSDT, except based on
aggregated observations. In Sec. 2.6.3, we discuss the use of Thompson Sam-
pling (TS), another representative strategy in stochastic bandits (see [60, 21, 3, 4]

and references therein), with LSDT to fully exploit the side information.

2.4.3 Order Optimality

We first present the regret analysis of LSDT-CSI, which focuses on upper bound-
ing the expected number of times that each suboptimal arm has been played
up to time 7. We show that when the total number of times that arms in 8;

have been played is greater than Q(log T'), the class index H; () will not be cho-

sen with high probability. Besides, if each suboptimal arm j € B; has been
played more than Q(log T') times, the arm index L;(f) will not be chosen with
high probability. The following theorem provides the performance guarantee

for LSDT-CSI.

Theorem 2 Suppose that G: is connected. Assume that the reward distribution for
each arm is sub-Gaussian with parameter o = 1 2. Then the regret of LSDT-CSI up to

time T is upper bounded as follows:

32 MmaXes; . Ai
min

R(T) < ( 1—2) log T + O(B")), (2.9)

ieB” \A i

Imax

- +
(minjeg:  A; — maxieg:  Ay)?
min max

where A is the set of arms with largest mean rewards (i, € A).

Proof 2 See Appendix A.2.

2See Sec. 2.6 for extensions to general .
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Remark 1 For fixed A;, the regret of LSDT-CSI is of order
o((1+18;, \ A log T), (2.10)

as T — oo. In certain scenarios (e.g., G: is a line graph), |B; | < K, which indicates a
max

sublinear scaling of regret in terms of the number of arms given such side information.

Remark 2 If G is fully connected (e.g., € is large), then B; = B; =V. In this case,
LSDT-CSI degenerates to the classic UCB policy and R(T) ~ O(K log T).

We discuss in Sec. 2.7 that if the mean reward of each arm is independently and
uniformly chosen from [0, 1] and € is bounded away from 0 and 1, the expected
value of |8 is smaller than O(K'/? log K), which indicates a sublinear scaling of
regret in terms of the size of the action space. We also use a numerical example

to verify the result in Sec. 2.7.

To establish the order optimality of LSDT-CSI, we further derive a match-
ing lower bound on regret. We focus here on the case that the unknown mean
reward of each arm is unbounded (i.e., can be any value on the real line). We
adopt the same parametric setting as in [46] on classic MAB where the rewards
are drawn from a specific parametric family of distributions with known distri-
bution type. It should be clarified that although the upper bound on regret of
LSDT-CSI is derived under the non-parametric setting (the distribution type is
unknown), the non-parametric lower bound suffices to show the order optimal-

ity of LSDT-CSI since it is no smaller than that in the parametric one.

Specifically, we assume that the reward distribution of arm i has a univariate
density function f(-; 6;) with an unknown parameter 6, from a set of parameters

©. Let 1(0)|1) be the Kullback-Leibler (KL) distance between two distributions
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with density functions f(-;6) and f(-; 1) and with means u(6) and u(1) respec-
tively. We assume the same regularity assumptions on the finiteness of the KL

divergence and its continuity with respect to the mean values as in [46].

Assumption 1 Forevery f(-;0), f(-; A) such that u(2) > u(8), we have 0 < 1(6]|2) < co.

Assumption 2 For every € > 0 and 6,4 € © with u(A) > (6), there exists n > 0 for

which |1(0)|11) — 1(0]|p)| < € whenever u(Ad) < u(p) < u()+n, p € O.

Note that the regret measure studied in this chapter is problem-specific.
There exist an issue of trivial lower bounds on regret caused by policies that
heavily bias toward specific arms. For example, a policy that always plays arm
1 incurs O regret if arm 1 is indeed optimal in certain given problem instances.
To avoid such trivial lower bounds, we focus on the set of uniformly good poli-
cies as did in [46]. A policy r is called uniformly good if for every f, the regret
of r satisfies R(T) = o(T*),Ya > 0, as T — 0. We then establish the lower bound

on regret in the following theorem.

Theorem 3 Suppose G: is connected. Assume that Assumptions 1, 2 hold and the
mean reward of each arm can be any value in R. For any uniformly good policy, the

regret up to time T is lower bounded as follows:

. R(T)
lim
T—-e log T

> (), (2.11)

where C, is the optimal value of an LP that only depends on fi, ..., fx and € (see (A.32)
in Appendix A.3 for details). It can be shown that for fixed A;, 1(0,|6}) and 1(6:16;,..),

the regret for any uniformly good policy is of order
Q((1+18;, \ AlogT),

as T — oo.
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Proof 3 See Appendix A.3.

Remark 3 LSDT-CSI is order optimal since its upper bound on regret matches the

lower bound shown in Theorem 3.

Remark 4 If there is a unique optimal arm, i.e., |Al = 1, R(T) ~ G)(lBj‘ml log T), as

T — oo.
2.5 Partial Side Information

In this section, we consider the general case of partial side information where
the UIG G is partially revealed. We develop a learning policy: LSDT-PSI (Learn-
ing from Similarity-Dissimilarity Topology with Partial Side Information) following
the two-step structure proposed in Sec. 2.3 and provide theoretical analysis on

the regret performance.

2.5.1 Offline Elimination

A partially revealed UIG can be represented by an undirected edge-labeled
multigraph G. = (V, &, EP) (see Fig. 2.3). Specifically, G. consists of two types
of edges: type-S edges (EF) and type-D edges (EP) indicating the presence and
the absence of the corresponding UIG edges. The absence of an edge between

two nodes indicates an unknown relation between the two armes.

We first show that finding the candidate set under partial side informa-
tion &7, &P is NP-complete. We notice that finding the candidate set is equiv-

alent to considering every node i individually and deciding if i can be a left
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Figure 2.3: Partially revealed UIG as an undirected edge-labeled multi-
graph: black solid lines represent type-S edges and red dash
lines represent type-D edges.

anchor of a UIG G. = (V, &) consisting of the same set of nodes with G, and the

potential edge set E’ satisfying
& cé&l, (2.12)
EEnEL =0. (2.13)

For example in Fig. 2.3, if we take € = 0.15, there exists a graph conforming as-
signment of mean rewards u = (0.8,0.8,0.8,0.9,1,1,0.9,0.9,0.8, 0.7, 0.6) of which
the resulting UIG satisfies (2.12) and (2.13). In this assignment, node 5 and 6 are
left anchors and thus belong to the candidate set. However, finding the candi-
date set is difficult in general. Specifically, we show the NP-completeness of the

following decision problem.

LEFTANCHOR

[INPUT]: A multigraph G = (V, &y, &) knowing that there exists a UIG G’ =
(V,E3) where &, € E; and E3 N E, = 0, and a specific node i.

[QUESTION]: Does there exist a UIG G” = (V, E,) where &, C E4and E,NE, =

0 such that node i is a left anchor of G”?
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Theorem 4 LEFTANCHOR is NP-complete.

Proof 4 To show the NP-completeness of LEFTANCHOR, we give a reduction from a
variant of the 3-SAT problem: CONSISTENT-NAE-3SAT.

CONSISTENT-NAE-3SAT

[INPUT]: A not-all-equal satisfiable 3-SAT instance: there exists a truth assign-

ment such that every clause contains one or two true literals .

[QUESTION]: Does there exist a consistent truth assignment, i.e., every clause

contains only one true literal OR every clause contains only two true literals?

The NP-completeness of CONSISTENT-NAE-3SAT is proved in Appendix A.4. The

reduction to LEFTANCHOR and the remaining proof are presented in Appendix A.5.

It should be noted that LEFTANCHOR is similar to the so-called UIG Sand-
wich Problem [37] where two graphs G, = (V,&)) and G, = (V, &) are given
satisfying &; € &,. The question is whether a UIG G5 = (V, &;) exists satisfying
&1 C & C &,. Itis not difficult to see that the type-S edge set E corresponds
to &; in the sandwich problem and the complement of E? corresponds to &,.
However, LEFTANCHOR is different from the sandwich problem as we know
that the sandwich problem is satisfied by the ground truth UIG G;, and what

we are interested in is whether a specific node i can be a left anchor.

To address the challenge of finding the candidate set in polynomial time,
we exploit the following topological property of G, to obtain an approximation

solution.
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Proposition 1 Given G, an arm i is sub-optimal if it is similar to two dissimilar arms,

i.e., if there exist j, k, such that (i, j), (i, k) € ES but (j,k) € E?, theni ¢ B.

Based on this property, we develop the offline elimination step of LSDT-PSI
with O(K|E?|) complexity in Algorithm 3.

Algorithm 3: Offline Elimination of LSDT-PSI

Input: G. = (V,E5,EP).
Output: 8.
Initialization: 8, = V.
fori=1,2,....,Kdo
By « By \ {i} if there exist j, k € V such that

@, ), (i, k) € E, (j, k) € E.

It is clear that in general, 8* € B C B,. However, in certain scenarios, the
partially revealed UIG provides sufficient topological information to identify
the ground truth candidate set 8* obtained from the fully revealed UIG. We
show that such information is fully exploited by the offline elimination step of
LSDT-PSI to achieve the same performance as that of LSDT-CSI for the case of

complete side information.

Specifically, we make the following assumptions on G; and its equivalence
classes {8B:}" assuming that the neighbor set of every arm i ¢ 8" is diverse
enough. Without loss of generality, we assume an increasing order of the equiv-
alence classes along the real line, i.e., V1 <i < j < mand Vk; € B},k; € B, we

have y;, < w,. Note that 8* = 8] U B,
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Assumption 3 For every 1 < i < m, assume that there exist j, k such that j <i < k

and B, B; are connected to B; but mutually disconnected in G..>

Assumption 4 Assume that there exists a constant k > 0 and for every i, |B;| >

klog K.
We further make a probabilistic assumption on the partial side information.

Assumption 5 The presence and the absence of an edge in the UIG G are revealed
by the partial side information & and EP independently with probabilities ps and pp.

-2/k

Assume that pipp > 1 — e /%, where k is defined in Assumption 4.

Note that as « increases, for every arm i ¢ $*, the number of dissimilar arm
pairs that are similar to i increases. Therefore, smaller probabilities of observing

edges can still guarantee that arm i is elilminated with high probability.

Based on these assumptions, we provide performance guarantee for the of-
fline elimination step of LSDT-PSI through the following theorem. We also ver-

ify the results through numerical examples in Sec. 2.7.

1

Theorem 5 Given a UIG G;, under Assumptions 3-5, with probability at least 1 — -,

every arm i ¢ B* is eliminated by the offline elimination step of LSDT-PSI and thus,
Eg; ep[1Bol] = 18] + o(1), (2.14)

as K — oo, where By is the arm set remaining after the offline elimination step of

LSDT-PSI.

Proof 5 See Appendix A.6.

3Two equivalence classes are connected if and only if at least one pair of arms from the two
classes are adjacent in the UIG. It can be inferred from the equivalence relation that if there exists
an adjacent arm pair from the two classes, all arm pairs are adjacent.
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2.5.2 Online Aggregation

Now we present the second step, the online learning procedure of LSDT-PSIL
We first define a similarity graph G, = (V",&}") restricted to the remaining arm
set By: V' = By and &' = {(G, j)li, j € By, (i, j) € E}. For every arm i € By, we de-
fine an exploration value z; € [0, 1], which measures the topological significance
of node i in the similarity graph G, and determines the frequency of playing
arm i. Intuitively, a node with a higher degree has a higher exploration value
since playing this node provides information about more (neighboring) nodes.

Specifically, we define exploration values {z;};c5, as the optimal solution to the

following LP.
P Cry=ming,_,, Dy Zis (2.15)
st Yiennzi 2 1, YieV, (2.16)
720, VieV, (2.17)

where N’[i] is the set of neighbors of node i in G, (including i). In the online
learning procedure, the number of times arm i is played is proportional to its
exploration value z;. Note that if at least n; plays are necessary to distinguish
a suboptimal arm i from the optimal one in the classic MAB problem, now if
suffices to play only zn; times by aggregating observations from every neigh-
boring arm j € N’[i] that is played z;n; times. Note that z; < 1, Vi and C, is upper

bounded by the size of the minimum dominating set of G.".

We briefly summarize the second step of LSDT-PSI: the algorithm is played
in epochs and during epoch m, arms are played up to 7,(m) ~ O(z;log T) times.
Arms less likely to be optimal are eliminated at the end of every epoch and
only two types of arms will be played in the next epoch: 1) non-eliminated

arms and 2) arms with non-eliminated neighbors. After a sufficient num-
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ber of epochs, only arms close to the optimal one remain and we use single arm

indices for selection. Let X;(m) be the average reward from arm i up to epoch m.

Algorithm 4: Online Aggregation of LSDT-PSI

Input: G, = (V', &), time horizon T, parameter A > 0.
Initialization: Let Ay = 1, Sy = By, {z}icy» be the solution to Ps, m; =
min o ()] 1om )
form=0,1,..,m; do

if 8,,| = 1 then Play i € B,, until time 7.

else

foreacharmie S,, do
Play arm i until 7;(m) = [%ﬁmgﬂ.
Let Bm+] = Bm.

for each armi € 8,, do

Bt — By \ i} if

zwmmmmm+J log(TA2)

—  —  + €<
2 jeneiy Tj(m) 22 jeniiy Tj(m)

{zwmmmwm J mwM>}
max - .

2.18
keBy 2 etk Ti(m) 23 jenii Ti(m) ( )

LetS, .1 ={i: N'[[]NB,.1 = 0}.

Let A1 = A,/2.

fort =Y.y ti(myp)+1,...,T do

_— _ 2log(t-1)
Play arm iy = AZMAXjeg,, ., x(t-D+ =5
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2.5.3 Order Optimality

The following theorem provides an upper bound on regret of LSDT-PSI for any
given partially revealed UIG.

Theorem 6 Given a partially revealed UIG G.. Assume that the reward distribution
of reach arm is o = 1/2 sub-Gaussian®*. Let Q = {i € By : A; > 4€}. Then the regret of
LSDT-PSI up to time T is upper bounded by:

8log T 32z;log(Te€?) 321og(TA?) ,
R(T) < ' Z AJ maX{ AZ s 2 + Z A,‘ ,'T + 0(|(V |),
JEBY\(QUA) J i€cQ i
(2.19)

where A,‘ = max{min.,-eNf[[] Aj - 36, 6}.
Proof 6 See Appendix A.7.
Remark 5 For fixed A, the regret of LSDT-PSI is of order

O((1(G) +1B0\ QU A)) log T), (2.20)

as T — oo, where y(G.) is the size of the minimum dominating set of graph G. and
180 \ (QU A)| is the number of sub-optimal arms that are 4e-close to the optimal one. It
is not difficult to see that as € increases, y(G.) decreases and | B, \ (QU A)| increases. For

an appropriate €, a sublinear scaling of regret in the number of arms can be achieved.

Recall in Theorem 5, we show that under certain assumptions, the offline
elimination step of LSDT-PSI achieves the same performance as LSDT-CSI for
the case of complete side information. The following corollary further estab-

lishes the order optimality of LSDT-PSI in terms of both K and T

“Certain sub-Gaussian distributions (e.g. Bernoulli distribution, uniform distribution on
[0, 1]) have parameters o = 1/2. See Sec. 2.6 for extensions to general .
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Corollary 1 Assume that Assumptions 3-5 hold and A; > 4€,¥i € B; . For fixed
A, ps, pp, the expectation of regret of LSDT-PSI taken over random realizations of the

partial side information E5, EL is upper bounded as follows:

Imax

Ees ep[R(T)] < O((1 +18;, \ A)logT), (2.21)

as T — oo, which matches the lower bound on regret for the case of complete side

information established in Theorem 3.

Proof 7 See Appendix A.8.

2.6 Extensions

In this section, we discuss extensions of the proposed policies: LSDT-CSI and
LSDT-PSI as well as their regret analysis to cases with disconnected UIGs and
other reward distributions. We also discuss the extension of applying Thomp-

son Sampling techniques to the LSDT learning structure.

2.6.1 Extensions to disconnected UIG

Suppose that the UIG G; has M (M > 1) connected components. It is not difficult
to see that every connected component of G: is still a UIG and the set of left an-
chors of G; is the union of left anchors of all components. Therefore, in the case
of complete side information, the offline elimination step of LSDT-CSI outputs
at most 2M equivalences classes and the second step of LSDT-CSI can be directly

applied by maintaining a class index for every equivalence class as defined in
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(2.8). Moreover, by extending the regret analysis of LSDT-CSI in Theorem 2 as
well as the lower bound on regret for uniformly good policies in Theorem 3 to
the disconnected case, we can show that LSDT-CSI achieves an order optimal
regret, i.e.,

R(T) ~ O((M + |8}, \ AlogT), (2.22)

as T — oo. In the extreme case when M = K (e.g., ¢ — 0), LSDT-CSI degenerates
to the classic UCB policy and R(T) ~ O(K log T).

In the case of partial side information, the LSDT-PSI policy along with its
regret analysis applies to any partially revealed UIG without assumptions on
the connectivity of the graph. The upper bound on regret in Theorem 6 still
holds when G has M connected components. In the extreme case where M = K,
the size of the minimum dominating set of the similarity graph G. equals K and

thus, R(T) ~ O(K log T).

To show the order optimality of LSDT-PSI in the disconnected case, we need

certain modifications on the assumptions of the UIG. We consider every con-

nected component m of G with ¢ equivalence classes {B;?('")}le. We assume that
Assumptions 3 and 4 hold for every connected component and without loss of
generality, we assume that the optimal arm i,,,x is in component m = 1. Then
under Assumption 5, we can extend the regret analysis in Corollary 1 to the
case where G has M connected components. It can be shown that the expected

regret of LSDT-PSI is upper bounded by
O((M +8;, \ AlogT), (2.23)

as T — oo, which matches the lower bound in the case of complete side infor-

mation.
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2.6.2 Extensions to Other Distributions

Recall that in the regret analysis of LSDT-CSI and LSDT-PSI, we assume sub-
Gaussian reward distributions with parameter o = 1 (e.g., standard normal
distribution) or o = 1/2 (e.g., Bernoulli distribution). We first discuss extensions

to general sub-Gaussian distributions with arbitrary parameters o

In LSDT-CSI, by replacing the second terms of the UCB indices defined

in (2.7) and (2.8) by /‘:L(;g)t and /Z.";’gt‘m where « is an input parameter, the
J jeB; Tj

regret analysis in Theorem 2 still applies and the upper bound on regret is only

affected up to a constant scaling factor, as long as @ > 602. A similar exten-

sion also applies to LSDT-PSI if we change the second terms of the UCB indicies
in (2.18) to . /% where 8 > 20°2.

Furthermore, we can extend the results for sub-Gaussian reward distribu-
tions to other distribution types such as light-tailed and heavy-tailed distribu-
tions. There are standard techniques for such extensions by replacing the con-
centration result with the corresponding ones for light-tailed and heavy-tailed
distributions (the latter also requires replacing sample means with truncated
sample means). Similar extensions for classic MAB problems without side in-
formation are discussed in [62, 61]. To illuminate the main ideas without too
much technicality, most existing work assumes an even stronger assumption of

bounded support in [0, 1] (see [9],[34], [47], etc.).
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2.6.3 Extensions to Thompson Sampling Techniques

The two-step learning structure LSDT is in general independent of the specific
arm selection rule adopted in the online learning step. We discuss here how
Thompson Sampling (TS) techniques can be extended and incorporated into

the basic structure with aggregation of reward observations.

Specifically, in the case of complete side information, after reducing the ac-
tion space to the candidate set via the offline step, we adopt a similar hierarchi-
cal online learning policy as that used in LSDT-CSI by maintaining two posterior
distributions on the reward parameters, one at the equivalence class level, the
other at the arm level. At each time, the policy first randomly selects an equiva-
lence class according to its class-level probability of containing the optimal arm
and then randomly draws an arm within the class according to its arm-level

probability of being optimal.

In the case of partial side information, similar to LSDT-PSI, an eliminative
strategy is carried out to sequentially eliminate arms less likely to be optimal.
At each time, an arm is randomly drawn according its arm-level posterior dis-
tribution of being optimal. The observation from the selected arm is also used
to update higher level posterior distributions of its neighbors, which aggregate
observations from all similar arms. According to the high level posterior dis-
tribution, the arm that is least likely to be optimal is eliminated if it has been

explored for sufficient times.

Simulation results in Sec. 2.7.4 show a similar performance gain by exploit-
ing the side information on arm similarity and dissimilarity through the two-

step learning structure when TS is incorporated in both cases. To achieve a full
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exploitation of the side information and establish the order optimality on regret,

however, further studies are required.

2.7 Numerical Examples

In this section, we illustrate the advantages of our policies through numerical
examples on both synthesized data and a real dataset in recommendation sys-
tems. All the experiments are run 100 times using a Monte Carlo method on

MATLAB R2014b.

2.7.1 Reduction of the action space

Complete Side Information

We use two experiments to show how much the action space can be reduced by
exploiting the complete side information. In the first experiment, we fix K = 100
arms with mean rewards uniformly chosen from (0, 1) and let € vary from 0 to 1.
For every €, we obtain a UIG G;. We apply the offline elimination step of LSDT-
CSI to G; and compare the size of the candidate set 8* with K. In the second
experiment, we fix € = 0.2 and let K increase from 10 to 200. We generate arms
and UIGs in the same way as in the first experiment. We show how |8*|/K varies

as K increases. The results are shown in Figs. 2.4 and 2.5.

As we can see from Fig. 2.4, when € is small (¢ < 0.1), the graph is dis-
connected. As e increases, the number of connected components decreases and

thus, |8*| decreases. When the graph is connected (e > 0.1), the candidate set 8
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Figure 2.4: Reduction of the action space with complete side information:
|B*| v.s. €.

only contains two equivalence classes and thus |8*| is much smaller than K.
When € is large (e > 0.9), the probability that the graph is complete increases
as € increases. In this case, the candidate set contains all the arms. Thus, |B|
increases to K as € grows to 1. In Fig. 2.5, we notice that 8* has a diminish-
ing cardinality compared with K. Since the mean rewards are uniformly chosen
from (0, 1), the set of arms becomes denser on the interval (0, 1) as K grows. It

can be inferred from [43] that the maximum distance d between two consecu-

tive points uniformly chosen from (0, 1) is in the order of 0(10\%5) with probabil-
ity 1 — 1/K. If we choose € = M’Tff for some p > 0, G. will be connected with

* )is

Imin

high probability. Moreover, it can be shown that the cardinality of 8; (8
smaller than the number of nodes whose distance to ij. (imin) is smaller than d.
Therefore, it follows that the cardinality of the candidate set in this setting is

smaller than O(K'"? log K).
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Partial Side Information

We use two other experiments to show the reduction of the action space with
partial side information. In the first experiment, we fix K = 100 arms with mean
rewards uniformly chosen from (0, 1). We choose € = 0.2 and obtain the UIG
G:. Welet ps = pp = p vary from 0.1 to 1 and for every p, we observe the
presence and the absence of edges in G; independently with probability p. We
apply the offline elimination step of LSDT-PSI on G, and compare the size of the
output set B, with K. Note that when p = 1, G; is fully revealed and we use
the offline elimination step of LSDT-CSI to obtain 8*. In the second experiment,
we fix € = 0.2, ps = pp = 0.5 and let K increase from 10 to 150. We generate
arms and side information graphs in the same way as in the first experiment
and show how |By|/K varies as K increases. The results of the two experiments

are shown in Figs. 2.6 and 2.7 .
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It can be seen from Fig. 2.6 that as p increases, |B,| decreases to |8*|. Besides,
when p > 0.5, the performance of the offline elimination step of LSDT-PSI is
as good as that of LSDT-CSI, which is optimal, i.e. only arms in 8" remain.
Moreover, in Fig. 2.7, we see that | 8|/ K decreases as K increases which indicates

a diminishing cardinality of the reduced action space in terms of K.

2.7.2 Regret on Randomly Generated Graphs

Complete Side Information

We compare LSDT-CSI with existing algorithms on a set of randomly generated
arms. We obtain the UIG G; on K = 100 nodes with means uniformly cho-
sen from [0.1,1] and € = 0.1. Every time an arm i is played, a random reward
is drawn independently from a Gaussian distribution with mean y; and vari-
ance 1. We let T' vary from 10 to 1000 and compare the regret of LSDT-CSI and

four baseline algorithms:

1. UCBI1: classic UCB policy proposed in [9] assuming no relation among

arms.

2. TS: classic Thompson Sampling algorithm proposed in [60] assuming Beta

prior and Bernoulli likelihood on the reward model.

3. CKL-UCB: proposed in [55] for Lipschitz bandit exploiting only similarity

relations.

4. OSUB: proposed in [26] for unimodal bandits. Note that if the UIG G is

connected, it satisfies the unimodal structure: for every sub-optimal armi,
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Figure 2.8: Regret performance on randomly generated arms with com-
plete side information (K = 100, € = 0.1): comparison with ex-
isting algorithms.

there exists a path P = (i; = i, 62, ..., i, = imax) Such that for every ¢ € [1,n—1],
Hi, < iy,

5. OSSB: proposed in [25] for general structured bandits. At each time, OSSB
estimates the minimum number of times that every arm has to be played

by solving a LP.

The results shown in Fig. 2.8 indicate that LSDT-CSI outperforms the
baseline algorithms. In particular, when T < K, LSDT-CSI has already
started to exploit the optimal arm while the other algorithms are still ex-
ploring. We also compare LSDT-CSI with a heuristic algorithm apply-
ing UCBLI on the candidate set in Fig. 2.9. With the same setup, we see per-

formance gain due to the online step.
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Figure 2.9: Regret performance on randomly generated arms with com-
plete side information (K = 100,e = 0.1): comparison with a
heuristic algorithm.

Partial Side Information

We compare LSDT-PSI with existing algorithms. We obtain the UIG G; on K =
100 arms with means uniformly chosen from [0.1,0.9] and € = 0.1. We let ps =
pp = p = 0.5 and get the partially observed UIG G, based on Assumption 5. The
random rewards for every arm i are independently generated from a Bernoulli

distribution with mean ;. We consider T € [100, 1000].

Given that finding the candidate set is NP-complete, the OSSB policy is not
applicable since the LP is unspecified. Besides, OSUB is also inapplicable since
Ge is not unimodal in general. Therefore, we only compare LSDT-PSI with three
baseline algorithms: UCB1, TS and CKL-UCB. In LSDT-PSI, we choose the input
parameter A = 1/8. Note that the choice of 1 does not affect the theoretical upper

bound on regret. However, in practice, it is better to use a smaller A to avoid
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Figure 2.10: Regret performance on randomly generated arms with partial
side information (K = 100,e = 0.1, p = 0.5): comparison with
existing algorithms

excessive plays of suboptimal arms. The simulation results shown in Fig. 2.10
indicates that LSDT-PSI outperforms the other algorithms. Similar to the case
of complete side information, we compare LSDT-PSI with a heuristic algorithm

applying UCB1 on 8. A similar performance gain is observed in Fig. 2.11.

2.7.3 Online Recommendation Systems

In this subsection, we apply LSDT-PSI to a problem in online recommendation
systems. We test our policy on a dataset from Jester, an online joke recommen-
dation and rating system [36], consisting of 100 jokes and 25K users and every
joke has been rated by at least 34% of the entire population.”. Ratings are real

values between —10.00 and 10.00. In the experiment, we recommend a joke

> Available on http:/ /eigentaste.berkeley.edu/dataset/.
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Figure 2.11: Regret performance on randomly generated arms with partial
side information (K = 100,e = 0.1, p = 0.5): comparison with
a heuristic algorithm

(modeled as an arm) to a new user at each time and observe the rating, which
corresponds to playing an arm and receiving the reward. Note that although
different users have different preference towards items, every item exhibits cer-
tain internal quality that is represented by the mean reward, i.e., the average
rating from all users. The variations of ratings from different users correspond
to the randomness of rewards. Notice that the algorithms we propose work
for any reward distribution as long as it is sub-Gaussian, Jester is a suitable
dataset for the purpose of evaluating the performance of our algorithms since
any distribution with bounded support is sub-Gaussian. In accordance with the

assumptions of the policy, all ratings are normalized to [0, 1].

To test our policy using side information, we partition the dataset into a
training set (5% or 10% of the users) and a test set (20K users). We obtain the

partially revealed UIG from the training set as follows: we estimate the dis-
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tance between two jokes i, j by calculating the difference between their average
ratings from users in the training set who have rated both jokes. We define a
confidence parameter a > 0. If the distance between (i, j) is larger than (1 + a)e,
we add (i, j) to EP. Otherwise if the distance is smaller than (1 — a)¢, we add
(i, j) to &. Tt is clear that there exist certain pairs of arms whose relations are
unknown. We let @ = 0.2 if the size of the training set is 2% of the entire dataset
or a = 0.1 if the size of the training set is 5%. Note that as the size of the training
set increases, the estimation of distances between jokes becomes more accurate
and thus, the confidence parameter can be smaller. As a consequence, the num-
ber of joke pairs whose relations are known increases. For the hyper-parameter
€, we use an iterative approach to find the best € that minimize the size of 8,
i.e., the set of arms that need to be explored. Intuitively, as € increases, |By| first
decreases since the side information graph becomes more connected and more
similarity relations can be observed. Therefore, the probability of eliminating
sub-optimal arms by the offine step becomes higher. When ¢ is large, the graph
approaches a complete graph and less dissimilarity relations are observed. As
a consequence, the probability of eliminating sub-optimal arms decreases and
thus |B,| increases. A similar tendency of variation can be observed on the over-
all regret performance of the learning policy. Based on this, the iterative ap-
proach starts from a small €(0) (i.e., 0.01) at time 7 = 0 and find B,(0). It keeps
doubling the value of € at each step until time t when [By(7)| > |By(t — 1)|. Then a
binary search method is applied to find the best " (with a minimum increment

of 0.01) between €(t — 1) and €(¢) that achieves the minimum |By)|.

We use an unbiased offline evaluation method introduced in [49] and [50]
to evaluate algorithms including LSDT-PSI, UCB1, TS, CKL-UCB and UCB1

on By, on the test set. Fig. 2.12 shows the average rating per user with con-
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Figure 2.12: Joke recommendation on Jester.

tidence intervals (scaled back to [0, 10.00]) of every policy. Note that CKL-UCB
needs to estimate the KL-divergence between two distributions. Since the dis-
tribution type in the real dataset is unknown, we can only use A* to approxi-
mate the KL-divergence where A is the distance between the average ratings.
For LSDT-PSI, we choose the input parameter 4 = 1/32. Simulation results in
Fig. 2.12 show that LSDT-PSI has the best performance with relatively small
variations. Besides, the effectiveness of the adaptive approach on selecting the
hyper-parameter € is verified. Moreover, it can be observed that as the size of
the training data increases, the performance of LSDT-PSI and UCB1 on 8, get

improved since more side information is available.
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2.74 LSDT with Thompson Sampling Techniques

As discussed in Sec. 2.6.3, we use numerical examples to show the performance
of applying TS techniques in the two-step learning structure: LSDT. We adopt
the same experiment setup with that in the simulation of regret analysis on ran-
domly generated graphs with complete side information (Sec. 2.7) and compare
LSDT-TS (CSI) (applying TS in LSDT learning structure in the case of complete
side information, which is introduced in Sec. 2.6.3) with classic TS that ignores

side information.

The results in Fig. 2.13 verify the advantage of our two-step learning struc-
ture, which fully exploits the topological structure of the side information
graph. Besides, we also compare LSDT-TS (CSI) with another heuristic algo-
rithm, which simply applies classic TS on the reduced action space 8* without
aggregation observations from similar arms in the second step of online learn-
ing. The results in Fig. 2.14 further indicates that the online aggregations step

in the two-step learning structure improves the performance.

In the case of partial side information, we conduct an experiment similar
with that in Sec. 2.7 to evaluate the performance of LSDT-TS (PSI), which ap-
plies TS in LSDT learning structure in the case of partial side information as
discussed in Sec. 2.6. We compare LSDT-TS (PSI) with classic TS ignoring side
information and another heuristic algorithm applying TS on the reduced action
space without online aggregation. The results shown in Fig. 2.15 and Fig 2.16

verify the performance gain through both offline and online steps of LSDT.

48



350 .
—A—Ts p

—6— LSDT-TS (CSI)
300 R

250 b

N

o

o
T
1

Cumulative Regret
=
a
o

100 b

50 b

o ;
10* 102 108
Time (logT)
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2.7.5 Comparison of Running Times

We compare the running time of LSDT-CSI as well as the baseline algorithms in

Table 2.1 for the case of complete side information. It is not difficult to see that
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LSDT-CSI has a relatively low computation complexity in contrast to algorithms
with comparable performance, i.e., CKL-UCB and OSSB. Note that CKL-UCB
and OSSB are time consuming since they have to solve an optimization problem
at each time step. Besides, it can be seen that the time complexity of the offline

reduction step is not too high to be applied.

Algorithm UCB1 TS CKL-UCB
Running Time (ms) 9.7 37.6 849.5
Algorithm OSUB OSSB UCB1 on 8*
Running Time (ms) 880.3 3.3x10° 9.1
Algorithm LSDT-CSI (offline) | LSDT-CSI (online)
Running Time (ms) 14.1 18.6

Table 2.1: Running times in the case of complete side information.

For the case of partial side information, we summarize the running times
of LSDT-PSI and the other baselines in Table 2.2. Note that the running times
of UCB1 and TS are smaller than LSDT-PSI since they ignore the similarity-
dissimilarity relations across arms and have worse performance. When com-
pared with CKL-UCB (achieves a comparable performance by exploiting the

similarity relations), LSDT-PSI has a smaller computation complexity.

Algorithm UCB1 TS CKL-UCB
Running Time (ms) 10.3 38.3 354.2

Algorithm LSDT-PSI (offline) | LSDT-CSI (online) | UCB1 on 8B,
Running Time (ms) 12.6 161.4 10.1

Table 2.2: Running times in the case of partial side information.
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CHAPTER 3
BANDITS WITH MEMORY CONSTRAINTS

In canonical bandit models under both stochastic and adversarial settings, ex-
isting studies only focus on the regret performance of the learning policies with-
out considering their memory complexity. Classical learning policies require a
memory space with size linear in the number K of arms to store a statistic of
every arm summarizing its reward history throughout the entire time horizon,
which is infeasible in applications involving a large action space but limited
memory. In this chapter, we study the memory-constrained adversarial bandit
problem where a learning policy can only store the statistics of a subset of arms

in the memory at any given time.

The memory constraint gives rise to two new problems in addition to arm
selection: (i) which arms’ statistics should be stored in the memory at every time step,
and (ii) how to memorize the reward history of arms whose statistics are not stored?. In
this chapter, we develop a hierarchical learning policy as a solution to the two

new problems, which trades off the regret order with memory complexity.

3.1 Literature Review of MAB with Memory Constraints

Memory-constrained bandit problems have been recently studied under the
stochastic reward models in [51, 22]. Two policies adopting best-arm identifica-
tion techniques [14] in deciding which arm to store in the RMS were developed.
Specifically, both policies partition arms into groups (the group size depends

on the memory constraint) and time horizon into epochs. Within every epoch,
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a new group of arms are selected in a round-robin fashion and the arms are
stored in the RMS along with the predicted best arm that has been played so
far. The prediction of the best arm is iteratively refined according to a best-arm
identification strategy at the end of every epoch after exploring the new arm
group, and the statistics of sub-optimal arms are eliminated from the memory.
The difference between the two policies is that, the one in [51] is based on an
explore-then-exploit structure while the other in [22] conducts exploration and
exploitation simultaneously by a UCB policy during every epoch. Sublinear

regret orders were established for both policies in the stochastic setting.

In the adversarial setting, however, the above mentioned policies for
stochastic bandits are no longer applicable due to the inconsistency between the
comparison of arms within a time period and their true rankings over the entire
time horizon. Specifically, induced by the memory constraint, only a subset of
arms can be played and compared during a period of time. In the stochastic set-
ting with fixed reward distributions, the partial views on arm rewards within
a time period are consistent with the ground truth. Hence, arm eliminations
from the memory with sufficiently high probabilities can be carried out without
inflicting a large regret. In the adversarial setting, however, the partial views
and the ground truth over the entire time horizon are inconsistent. Therefore,
all arms need to remain in the contention until the end of the horizon. More-
over, the policies developed in the stochastic setting are deterministic, and thus
suffer linear regret orders in T against adversaries (we verify the claim numeri-
cally in Sec. 3.6). New learning policies are needed for the memory-constrained

adversarial bandit problem.

Another type of memory constraint that has been studied in the MAB litera-
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ture is temporal across time steps: a policy can only make decisions based on the
reward outcomes of the m most recent plays. This problem was first considered
in [56] where a two-armed bandit problem with Bernoulli rewards was studied.
It was later shown in [29] that there exsits a policy with m = 2 that achieves an
asymptotically optimal average reward in the two-armed bandit instance. The
decision process with temporal memory constraints was further modeled as a
finite-state machine in [28], where the past reward history was aggregated as a
tinite-valued statistic. The objective considered in these studies was the asymp-
totic convergence of the empirical average reward. Analysis on the convergence

rate or the regret order, however, was lacking.

The objective of minimizing regret with temporal memory constraints was
considered in [53] under the full-information feedback setting (i.e., the rewards
of all arms that the player could have played are revealed after every time step).
A learning algorithm with O(m*) states (each arm statistic can take O(m) values)
was developed. It was shown that if m = O( \VT), the algorithm achieves an
optimal regret order up to a logarithmic factor. However, the full-information
feedback setting is fundamentally different from the bandit setting studied in
this dissertation. Moreover, the proposed learning algorithm needs to store a
statistic of every arm and the total number of states is exponential in K. There-

fore, the algorithm is inapplicable in cases with a massive number of arms.

3.2 Problem Formulation

We consider an adversarial bandit problem with a finite arm set A = {1, 2, ..., K}.

At each time ¢t = 1,2,...,T, a player chooses one arm to play. The reward r;, €

54



[0, 1] of playing an arm i at time ¢ is assigned by an adversary. We assume
that the adversary is oblivious, i.e., the assignment of the reward at time 7 is
independent of the player’s past actions. Equivalently, an oblivious adversary
determines the sequence of rewards ((ry, ..., rKJ))tT: , ahead of time. We assume

that the player can only observe the reward of the selected arm at each time.

The objective of the player is an online learning policy n that specifies a se-
quential arm selection rule at each time ¢ based on the observation history. We
assume that the policy can only use M (M = o(K) as K — o) words of memory
space to store input values and necessary parameters. We follow the memory
model studied in [22] where each of the variables used by the policy takes O(1)
word space! and thus, a policy with memory size M can only store the statistics
of at most M arms (or aggregated statistics of at most M groups of arms) at any

given time.

The performance of policy r is measured by regret, which is defined as the
reward loss against the best benchmark action sequence a’ = (ay, ..., ar) with the

greatest cumulative reward, i.e.,

~

R.(T) = max ZTl Yaot — Z Y5 (3.1)
-1

aleAT
t= =1

where 7, is the arm selected by policy 7 at time . When there is no ambiguity,

the notation is simplified to R(T).

As the regret R(T') can be randomized due to the potential randomness of the
arm selection policy 7, we consider two types of no-regret learning conditions in
this chapter. A policy r is said to achieve no-regret learning in expectation if, for

every sequence of rewards ((ri,, ..., k)., the expected regret E,[R(T)] = o(T)

'The number of bits in a word depends on how real numbers are stored in the memory,
which is out of the scope of this chapter.
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as T — oo, where the expectation is taken over the possible randomness of 7.
The second condition states that a policy 7 achieves no-regret learning with high
probability if, for every sequence of rewards and every given ¢ € (0, 1), the regret

R(T) = o(T) as T — oo with probability at least 1 - 6.

It is not difficult to see that achieving no-regret learning, either in expecta-
tion or with high probability, is impossible if the benchmark sequence is chosen
arbitrarily [11]. Therefore, certain restrictions on the benchmark sequence is
necessary to make the problem feasible. In this chapter, we consider two types
of regret notions with different restrictions on the benchmark sequence. The
tirst regret notion is the so-called weak regret where the benchmark sequence
consists of a single arm, i.e.,

T

T
Rw (T) = max Z Fir — Z Tt (3.2)
1€,
t=1 =1
A stronger regret notion is the so-called shifting regret where the benchmark
sequence is constrained by its hardness. Specifically, the hardness of a sequence
a’ = (ajy, ...,ar) measures the total number of action changes over time, i.e.,
T-1
H(@") 21+ ) Wa, # a), (3.3)
t=1
where I(-) is the indicator function. The shifting regret with a hardness con-

straint V is defined as

T

T
Rs(T,V) = max § Z Yot — Z Tt (3.4)

T.1y(,T
al:H(a")< puy =1

It is clear that the shifting regret is a stronger notion than the weak regret: no-
regret learning under the former implies no-regret learning under the latter, but

not vice versa.
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3.3 Hierarchical Learning with Memory Constraints

In this section, we propose a general learning structure: HLMC (Hierarchical
Learning with Memory Constraints) for the memory-constrained adversarial ban-
dit problem. We first present the general framework of HLMC with a multi-
level hierarchy on the partitions of the arm set and the time horizon. Then we
use a representative case with a two-level hierarchy to illustrate the details of

the HLMC policy.

3.3.1 A General Framework with Multi-Level Hierarchy

To address the issue that only the statistics of a subset of arms can be stored
in the memory at any given time, the key technique is to properly aggregate
and store the statistics of a group of arms to memorize their reward history
jointly. We introduce a general D-level hierarchy partitioning arms into D levels
of groups in an iterative way: the arm set is defined as the level-0 group, every
level-d (d < D-1) group is partitioned into several level-(d+1) groups, and every
level-D group consists of a single arm. Similarly, the time horizon is iteratively

partitioned into D levels of epochs.

The HLMC policy with a D-level hierarchy is then specified by D selection
strategies at all levels in a recursive fashion: at the beginning of every level-
d epoch, a level-d group is selected by a level-d strategy. Within that epoch,
the policy zooms in to the selected group and conducts a level-(d + 1) selection
strategy based on the group statistics of all involved level-(d+1) groups. A level-

(d + 1) group statistics aggregates the reward information of arms within that
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Figure 3.1: HLMC with a three-level hierarchy.

group, and is stored in the memory until the end of the corresponding level-d
epoch. At the last level of the hierarchy, the selection strategy decides which arm
within the targeted group to play at every time step based on the arm statistics.
The set of arms (and arm groups) whose statistics are stored in the memory is
called the reward-memorized set (RMS). See Fig. 3.1 for an example of the HLMC

policy with a three-level hierarchy.

The HLMC policy solves the problem on deciding which arms’ statistics to
store in the memory: only arms within the targeted group at the last level is
stored in the RMS during the corresponding epoch. For the other arms outside
the targeted group, their reward information is jointly stored in the memory

through certain group statistics at higher levels.
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3.3.2 A Representative Case with Two-Level Hierarchy

We use D = 2 as a representative case to present the details of HLMC. The two
levels in the hierarchy are referred to as the group and the arm levels. Specifi-

cally, the set A of arms is partitioned into equal-sized groups {A,}%_, where

A = {1+ N = 1), ..., min(NE, K))}, (3.5)

N = [M=YM-3Kq j5 the group size (note that the number of arms in the last group

may be smaller than N), and L = [%] is the number of groups. The time horizon

is partitioned into equal-length epochs {7 Y}le where
T, =1[1+A(s—1),min(AS,T)], (3.6)

A € N* is the epoch length to be determined later, and § = [%] is the number of

epochs. Note that the length of the S-th epoch may be smaller than A.

By treating each arm group A, as a “super arm” £ and each epoch 7 a “super
time-step” s, we reduce the group selection problem to a classic adversarial ban-
dit problem. The reward of playing a “super arm” £, at a “super time-step” s is
defined as the average per-time reward from the corresponding arm group A,
during the corresponding epoch 75, i.e.,

1
Vo5 = ﬁ ; Tiots (3.7)

where i, € A, is the arm selected at time .

The problem on deciding which arm to store in the RMS is then addressed
by solving the adversarial bandit problem constructed by the reduction. Once a
group of arms is selected and stored in the RMS, the decision problem on play-

ing arms is addressed by conducting a learning algorithm for classic adversarial

59



bandits as a subroutine on the selected arm group during every epoch. The de-

tailed HLMC policy with a two-level hierarchy is summarized in Algorithm 5.

Algorithm 5: HLMC

Input: M the memory size, T the time length, A the set of K arms, and A > 0
the epoch length.
if M > K then
Run a classic adversarial bandit algorithm on A.
else
Obtain arm group partition {A,}%_, according to (3.5).
Obtain epoch partition {‘7's}f:l according to (3.6).
Initialize and store the statistics of every arm group.
fors=1,2,...5 do
Select arm group ¢, according to the group-level selection strategy.
Initialize and store the statistics of every arm in A,
Initialize y, ; = 0,7 = 0.
forre 7, do
Play arm i, according to the arm-level selection strategy and receive
reward r; ;.

Update arm statistics in the memory using r; ;.

Vg, sTH it

P ,T=17+1.

Update Ye,s =

Update all group statistics in the memory using yy, .

It should be noted that at both group and arm levels in the HLMC learning
policy, any adversarial bandit algorithm that achieves no-regret learning can be
incorporated as a subroutine to guarantee a sublinear regret order in 7. In the

next section, we discuss applying three different learning algorithms for classic
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adversarial bandits to minimize two notions of regret in expectation and/or

with high probability.

3.4 Memory Complexity and Regret Performance in the Two-

Level Case

In this section, we analyze the memory complexity and regret performance of
the proposed HLMC learning policy in the case with D = 2. We notice that in
HLMC, the group-level strategy requires L words of memory to store a statis-
tic of every group. Once a groups is selected, the statistics of all arms within
the selected group should also be stored, which require N additional words of
memory. Therefore, the total memory size required by the HLMC policy is N +L.
As long as M > 2 VK, the group partition in (3.5) is legitimate and one can verify
that N+L < M. Therefore, the minimum memory space required by HLMC with
a two-level hierarchy is or order Q( VK).

In terms of the regret performance, it is clear that the regret order achieved
by HLMC depends on the specific selection strategies adopted as subroutines at
both group and arm levels. In the following three subsections, we discuss min-
imizing weak regret in expectation and with high probability, and minimizing
shifting regret in expectation respectively through adopting different learning

algorithms as subroutines.
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3.4.1 Minimizing Weak Regret in Expectation

We first consider minimizing the expected weak regret through applying EXP3
at both group and arm levels in the HLMC policy. The EXP3 algorithm was
first proposed in [10]. It randomly selects an action i, according to a distribu-
tion (p;,)icn at every time z. The probability p;, is the sum of two components.
The first one is proportional to a weight w;, exponential in the estimated cumu-
lative reward from arm i up to time 7, i.e., w;, = [[._, exp(y#;-/|Al), where y > 0
is the learning rate and 7;. is an unbiased estimator of r;, with respect to the
random choice of i,. The second component is a random exploration term y/|A|
guaranteeing sufficient exploration of every arm. The EXP3 algorithm achieves
a sublinear regret order in the time length if y is selected appropriately. The

details of EXP3 are summarized in Algorithm 6.

Algorithm 6: EXP3 [10, 11]

Input: A the arm set and y € (0, 1).
Initialize w;; = 1,Vi € A.
forr=1,2,....,T do

Let

Wit Y
—_— + —_
Z jeA Wj,t |~7(|

Draw arm i, according to the probabilities (p;,)ica.

pi) =1 -7y) Vie A.

Receive reward r;, ;.

Let 7, = ;L_”[I[(i, = i) and update

V?i,z
|A|

Wirel = Wi(t) CXP( ), VieA
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We show in the following theorem that adopting EXP3 at both group and
arm levels in HLMC (with learning rates y, and 7y, respectively) guarantees a

sublinear regret order in 7 under the notion of expected weak regret.

Theorem 7 For any T,K, and M, assume M > 2 VK. If the input parameter A =
[ A /%} (where N, L are defined in the algorithm), adopting EXP3 at both group and
arm levels with learning rates y; = (|45t and y, = J55% quarantees that, for every
assignment of the reward sequence, the expected weak regret of HLMC with a two-level

hierarchy is upper bounded as follows:

Eggppic [Rw(D)] < 4+ 2V2)TiKi(InK):2. (3.8)

To obtain the upper bound in Theorem 7, we decompose the expected weak

’
max

regret into two parts by introducing an intermediate term C;,,, as follows: for
every fixed reward sequence, let iy, be the best arm with the greatest cumula-

tive reward over the entire time horizon and A, the arm group to which i,

’
max

belongs. We define C},, as the expected cumulative reward obtained by run-
ning the arm-level EXP3 algorithm with learning rate y, on A, during all

epochs, i.e.,

s
Chnax = Z EArm-EXP3(#,,.,) [Z r i,,t] ’ (3.9)

s=1 €T

where E Arm-EXP3, )[~] denotes the expectation taken over the randomness
of the arm-level EXP3 algorithm when conducted on group A, . Then the ex-

pected weak regret of HLMC is decomposed as:

E Rw(T)]=(.. . —-C + (Crax — C0)s 3.10
HIMC [Rw(D)] = (Chx — CHLMC) *+ ( ) (3.10)
R(T) Ry(T)

where

T
CHarmc = EHLMC [Z r,-,,,] :

t=1
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T
Crmax = Z Vi ot * (311)

=1
Note that in the decomposition, R,(T) corresponds to the group-level reward

loss due to not selecting A, at every epoch, and R,(T) corresponds to the

max

arm-level reward loss due to playing suboptimal arms in A, assuming that

group A, is selected at all epochs.

We first upper bound the group-level reward loss R,(T). Noticing that the
arm selection process during every epoch is independent of the group and arm
selection history in the past, we can thus rewrite the expected reward of the

HLMC policy as follows:
T
EHLMC [Z "m}
=1 S
Z; EArm—EXP?)(ﬂm [Z r i,,z” ) (3.12)

T

EGroup—EXPS

where EGroup—EXPB['] denotes the expectation taken over the randomness of
the group-level EXP3 algorithm, and A, is the group selected at epoch s. To
ease the analysis, we assume without losing generality that all epochs have an

equal length A. We further define

Xts = EArm-EXP3ca,

% > r,-r,,] . (3.13)

€Ty

It is not difficult to see that

S S
R(T) = A (Z Xtpuss = EGroup-EXP3 {Z xgs,sn : (3.14)

s=1 s=1

It is then clear that upper bounding R,(T) is equivalent to upper bounding
the weak regret of applying the group-level EXP3 algorithm to the adversar-

ial bandit problem constructed by the reduction in Sec. 3.3. Specifically, the
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reward of selecting a group A, at epoch 7 is defined as y,, according to (3.7)
where i, is randomly selected by the arm-level EXP3 algorithm. Therefore, y;
is a random reward with mean x;,. The group selection problem is reduced
to a classic adversarial bandit problem with noisy observations. It should be
noted that after fixing an assignment of the reward sequence ((ry, ..., rK,,))thl, the
expected reward x,; is fixed. Meanwhile, the realization of y,, is independent
across ¢, s and is independent of the arm (group) selection history up to epoch s.
We obtain the following result on applying the group-level EXP3 algorithm to

the constructed adversarial bandit problem.

Lemma 1 By choosing y, = |55k, the group-level EXP3 algorithm guarantees that,
for every assignment of the reward sequence ((r, ..., rx.))~,,
s s
max ), s = EGroup-EXP3 [Z; xa,s] <2V2SLInL, (3.15)

where £ is the arm group selected by the group-level EXP3 algorithm at epoch s.
Proof 8 See Appendix B.1.

For the arm-level reward loss R,(T), we notice that

S
RZ(T) = Z (Z Vipaxot — EArm-EXP3(ﬂgmax) [Z ri,,t] ) (316)

s=1 MteTy 1T

It suffices to upper bound each term in the summation, that is, the weak regret of

conducting the arm-level EXP3 algorithm on group A, during each epoch 7.

Lemma 2 (Corollary 3.2 in [11]) By choosing y,» = | /%, the arm-level EXP3
algorithm conducted on arm group A, during epoch T guarantees that, for every as-

signment of the reward sequence,

> rl-t,t} <2V2ANInN, (3.17)

teTy
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where i, is the arm selected by the arm-level EXP3 algorithm at time t.

Theorem 7 is then proved by applying Lemma 1 and Lemma 2 to R(T)

and R,(T), respectively.

Proof 9 (Proof of Theorem 1) Combining (3.14) with Lemma 1, and (3.16) with

Lemma 2, we can derive that

R(T) < 2AV2SLInL =2V2TALInL,

272
RAT) < 2S5 V2ANInN = 2w/TN1n N. (3.18)
TNInN

By choosing A = [ T w, we obtain the upper bound in Theorem 7.

It should be noted that although the proposed learning policy requires the
knowledge of the total time length T for choosing input parameters to achieve
no-regret learning, the issue of unknown 7 can be easily addressed by the dou-
bling technique as used in the classic adversarial bandit problem [11]. Specifi-
cally, we partition the time horizon into phases with length 7, = 2",r = 0, 1, ...,
and run the HLMC policy as a subroutine in every phase. The input parameters

are chosen accordingly by letting T = 7. It is not difficult to show that the same

regret order still holds.

3.4.2 Minimizing Weak Regret with High Probability

In this subsection, we further discuss applying EXP3.P [11, 13] at both group
and arm levels of HLMC to achieve no-regret learning with high probability

under the notion of weak regret.
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Different from EXP3 that uses an unbiased estimate 7;, = r”ﬂ(” 2

in updat-
ing arm weights, the EXP3.P algorithm adopts an upper confidence bound 7,
instead, which guarantees that the true reward is upper bounded by the new

estimate with high probability. The detailed EXP3.P algorithm is summarized

in Algorithm 7.

Algorithm 7: EXP3.P [13]

Input: A the arm set, > 0, and y,5 € (0, 1).
Initialize w;; = 1,Vi € A.
forr=1,2,..,T do

Let

Y .
pi)=0-y)c—— A Vie A
Zjeﬂ |ﬂ|

Draw arm i, according to the probab111t1es (Pin)ica-
Receive reward r;, ;.

Let

Update
Wi = wi()exp(mfy,), VieA

We show in the following theorem that by adopting EXP3.P at both group
and arm levels with parameters (1, yi,81) and (172, 2, 82) respectively, the weak

regret of HLCM has a sublinear growth rate in 7 with high probability.

Theorem 8 For any T, K, M, assume that M > 2 VK. For any 6 € (0, 1), if the input
parameter A = [ \ /%w (where N, L are defined in the algorithm), and the EXP3.P

algorithm is adopted at both the group level with B, = 1“(2” 2 m =095 hen =
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1.05 /2L, and the arm level with B, = ,/h‘(%{#,m = 0.95 /5%y, = 1.05 /N

then for any assignment of the reward sequence, the weak regret of HLCM with a two-

level hierarchy is upper bounded by
Rw(T) < 12.5TKi(In 2KT/5))?, (3.19)
with probability at least 1 — 6.
Theorem 8 is proved through a similar structure with that used in analyzing

the expected weak regret of HLMC in Sec. 3.4.1. Specifically, the weak regret is

decomposed as:

Rw(T)

S S
DD Fias = D Tl
s=1 teTy s=1
S S
# D T W tps = D D T (3.20)
s=1

s=1 teT
Ri(T) + Ry(T),

where iy, is the arm with the greatest cumulative reward in hindsight, £y, is
the group index of ima, ye,..s i the average reward obtained by running the
arm-level EXP3.P algorithm on A, during epoch s, and i, is the arm selected

by the algorithm at time r.

We first upper bound R, (T), which corresponds to the arm-level reward loss
due to playing suboptimal arms in A, assuming that A, is selected at all
epochs. It suffices to upper bound

D it = Tty (3.21)

1T

for every s. It is clear that (3.21) is equivalent to the weak regret of applying the

arm-level EXP3.P algorithm on A,

max

during epoch 77, which is upper bounded

in the following lemma proved in [13].
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Lemma 3 (Theorem 3.2in [13]) For every &, € (0,1), by choosing B, =
,/m(ll\v’ﬂ, m = 0.95 |52y, = 1.05 /28, the arm-level EXP3.P algorithm conducted

on arm group A, during epoch T, guarantees that, for every assignment of the reward

sequernce,

D it = [Tl < 515 NAIN(N/ o) (3.22)

€Ty

with probability at least 1 — 6.

To upper bound R,(T), which corresponds to the group-level reward loss
due to not selecting A, at every epoch, we rewrite R,(T') as

S S
Ry(T) = A (Z Vewaws = ) ym] (3.23)

s=1 s=1
where /; is the group selected by the group-level EXP3.P algorithm at epoch s

(we assume without loss of generality that every epoch has equal length A).

As argued in Sec. 3.4.1, the realization of y, is independent across ¢, s and

is independent of the past group selection history. Once we fixed a sequence

S
s=17

of realizations of ((yi,...yLs)) Lemma 3 can be applied to upper bound the

group-level regret R,(T) with high probability.

Proof 10 (Proof of Theorem 8) For any 6 > 0, we apply Lemma 3 to all groups € =
1,...,Land all epochs s = 1, ...,S by choosing &, = % Then using the union bound,
we obtain that with probability at least 1 — §/2, the upper bound in (3.21) holds for all

tand s. As a result, the arm-level regret R,(T) is upper bounded as:

R\(T)

IA

5.155 \/NAIn(2NLS /6)

T2 2KS
5.154,/—N1 , 3.24
\/A ( - ) (3.24)

with probability at least 1 — 6/2.
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Moreover, we apply Lemma 3 again to the group-level selection strategy by choosing

8o = 8/2. We obtain that with probability at least 1 — 6/2,

5.15A /LS In(2L/5)
5.15\/TALIn(2L/9). (3.25)

The upper bound on Ry (T) in Theorem 8 is obtained by choosing A = [, /%ﬁig‘”-‘
and combining (3.24) and (3.25) using the union bound.

Ry(T)

IA

3.4.3 Minimizing Shifting Regret in Expectation

To achieve no-regret learning under a stronger regret notion: shifting regret, we
consider applying EXP3.S, a variant of the EXP3 algorithm, at the group level of
the HLMC policy.

In the EXP3.S algorithm, a fixed share is added to the update process of arm
weights, i.e., gr 1 = grsexXp(¥' Vi) + @'G,. One step forward gives that g/ .0 =
8rs exXp(yY Grs + Vese1)) + @' Gsexp(y'Ves41). 1t is not difficult to see that y, . has
a greater impact than j,, on future arm weights. As a result, the arm selection
relies more on recent rewards. The detailed EXP3.S algorithm is summarized in

Algorithm 8.

At the arm-level, we still adopt the EXP3 algorithm for arm selection. It
should be noted that the arm-level strategy in the HLMC policy is restarted at
the beginning of every epoch, which guarantees quick elimination of the past
experience. Therefore, the hierarchical structure automatically adapts to the
variation of the benchmark sequence. In the following theorem, we provide an

upper bound on the expected shifting regret of HLMC when EXP3.S and EXP3
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Algorithm 8: EXP3.S [11]

Input: A the arm set, y € (0, 1), and a > 0.
Initialize w;; = 1,Vi € A.
forr=1,2,....,T do

Let
+ L
ZJE.?{ |ﬂ| ’

Draw arm i; according to the probab111t1es (Pin)ica-

pit) = (1 — y)—2— Vie A

Receive reward r;, ;.

Let 7, = %I[(i, = i) and update

Wirel = Wi (t)eXP( Iﬂl) K Z Wis.

are applied at the group and arm levels, respectively.

Theorem 9 For any T, K, M, and V, assume that M > 2K and T > VK. If the input

parameter A = [ LNInN } (where N, L are defined in the algorithm), adopting EXP3.S

VLIn(TL)

at the group level with y, = ,/%, a = 1/S, and EXP3 at the arm level with
y2 = 2N quarantees that, for every assignment of the reward sequence, the expected

shifting regret of HLMC with a two-level hierarchy is upper bounded by:
Epgp mcIRs(T, V)] < 9T VK (In (KT))?, (3.26)

under a hardness constraint V on the benchmark action sequence.

Corollary 2 If V = o(T) as T — oo, the HLMC algorithm achieves no-regret learning

in expectation under the notion of shifting regret with hardness constraint V.
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To upper bound the expected shifting regret of the HLMC algorithm against
an arbitrary benchmark action sequence a’ with a hardness constraint V, the
key technique is to construct an alternative benchmark sequence b’ such that:
(i) H(b") <V, (ii) the cumulative reward achieved by b" is close to that achieved
by a’, and (iii) the actions specified by b” are invariant within each epoch. With
such a sequence b7, it suffices to show that the expected shifting regret of HLMC

against b” has a sublinear growth rate in 7.

We follow the same proof structure with that used for analyzing the expected
weak regret in Sec. 3.4.1. First note that the constructed sequence b” is fixed
within each epoch. Therefore, the arm-level regret analysis in Lemma 2 directly
carries over. At the group-level, the reduction to a new adversarial bandit prob-
lem with noisy observations is still legitimate since the group specified by the
benchmark sequence is fixed within each epoch. Based on the reduction, we

obtain the following result on applying the EXP3.S algorithm at the group level.

Lemma 4 By choosingy, = 4/ % and « = 1/S, the group-level EXP3.S algorithm
guarantees that, for every assignment of the reward sequence ((r1, ..., rx,))._, and every

benchmark sequence of arm groups h® = (hy, ..., hs) where Hh®) <V,

<4+/VLS In(LS), (3.27)

) s
I EGroup-EXP3.S [Z Xt,.s

s=1 s=1

where £ is the arm group selected at epoch s.
Proof 11 See Appendix B.2

The upper bound in Theorem 9 on the expected shifting regret of the HLMC
algorithm against any benchmark action sequence with hardness constraints V

is obtained by combining Lemma 2 in Sec. 3.4.1 and Lemma 4 together.
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Proof 12 (Proof of Theorem 9) For an arbitrary benchmark action sequence a” such
that H(a") < V, we first construct an alternative benchmark sequence b" as follows:

suppose the time horizon is partitioned into V segments:
[T\, T5),[T2, T5), ... [Ty, Ty+1), (3.28)

where Ty = 1,Ty,yy =T + 1, and a, is fixed for all t € [T\, T,+,) (let j, denote that arm
and h, denote the group it belongs to). Suppose T, belongs to epoch s,. The alternative

benchmark sequence b" is defined as
bt = jv’ l_fS(t) € [sv’ Sv+1)’ (329)
where s(t) is the epoch to which time t belongs.

One can check that the action specified by b" is fixed within each epoch and H(b") <
V. Moreover, b" differs from a” only in the epochs when a change happens in a’, i.e.,

{s,}\_,. Therefore,

T
> (s = 1h0) < VA, (3.30)
=1

We decompose the expected shifting regret against a” as:

Eygr mclRar(T)]

T T Vo os-1
D Caa = 10) + [Z Fia = mxh‘,,s] (3.31)
=1

t=1 =1 % s=$

Voosyi—1 o
+( Z Z |7~s|xhv,s - EHLMC [Z riht} )

v=1 s=s, =1

= Rl(T) + Rz(T) + R3(T) (332)

[

<

Note that R;(T) < VA. For Ry(T), we have

V o spe—1 Vo ospe—1
RAT) = ). Z D= Z 3%,
v=1 s=s, €T v=1 s=s,
< 2SV2ANInN, (3.33)
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where the last inequality uses Lemma 2.

For R3(T), we can show that

Vo osyi—1 S
R(T) = >, ) mlxhv,s—Ecmup-gxps.s[ A]
s=1

v=1 s=s,

4A~VLS In(LS), (3.34)

IA

where the last inequality uses Lemma 3.

Combining the above inequalities together and choosing A = [ VTL’\]’I}E‘T’H, we can
derive that
Epgp McIRa(T)] < 8THVAK(In(KT))? + VIVK InK. (3.35)

Notice that if T > VK, the first term on the RHS of (3.35) dominates. Since a” is chosen

arbitrarily with hardness constraint V, we obtain the conclusion in Theorem 2.

It should be noted that to achieve the upper bound established in Theorem
9, the knowledge of V is required in selecting input parameters. When V is un-
known, we show in the following theorem that no-regret learning under shifting

regret can still be achieved by HLMC in expectation under certain conditions.

TNInN

Theorem 10 By selecting A = [ Lln(ml and y, =

% (the other parameters

are selected as specified in Theorem 9), the expected shifting regret of HLMC with a

two-level hierarchy under hardness constraint V is upper bounded by:
Epgp MCIRs(T, V)] < (V + 3)T 3K+ (In (KT))>. (3.36)

IfV = o(T""*)as T — oo, no-regret learning is achieved by HLMC in expectation under

shifting regret with hardness constraint V, even with V unknown.

Proof 13 The proof is similar to that of Theorem 9 and thus, we omit the details.
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3.5 Tradeoff Between Memory Complexity and Regret Perfor-

mance

In this section, we characterize the tradeoff between the memory complexity
and the regret order of the HLMC policy through analyzing its performance
with a general D-level hierarchy (D > 2). For simplicity, we provide detailed
analysis for the case with D = 3. All the results can be easily generalized to

cases with more than three levels.

We first introduce some notations used in the analysis. The three levels in the
hierarchy are referred to as the group, subgroup, and arm levels, respectively. In
the first level, the arm set A is evenly partitioned into N, groups {A,}",. Within
each group A, arms are further evenly partitioned into N, subgroups {8:}),
in the second level. In the last level, each subgroup B¢ consists of N3 arms.
We assume without losing generality that the size of every group (subgroup) is
identical. It is clear that K = N;N,N;. Similarly, the time horizon 7 is evenly
partitioned into S, epochs {7 Y}f:’l and every epoch 7 is evenly partitioned into
S, subepochs {Z$}°! . We assume that every sub-epoch consists of S ; time steps

and thus, T = §5,S55.

The HLMC policy consists of three selection strategies at the group, sub-
group, and arm levels. At the beginning of every epoch 77, the group-level
strategy selects an arm group Ay,. The statistics of all sub-groups within A, are
stored in the memory during 7. Within epoch 77, the subgroup-level strategy
selects a subgroup Bi at the beginning of every subepoch 77 and the statistics
of arms within Bf; are stored in the memory during 73. The arm-level strategy

is conducted on the selected subgroup to play arms at every time step within
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the corresponding subepoch.

It is clear that the size of the memory space required by HLMC with a three-
level hierarchy equals Ny + N, + N3. As long as M > 3[K'?], there exists an
partition of groups and subgroups satisfying that NyN,N; > K and N, + N, +
N3 < M. Therefore, the minimum memory space required by HLMC is of order
Q(K'?). More generally, if we adopt a D-level hierarchy where each level d
(d = 1,2, ..., D) consists of N, level-d groups such that ]—[5: | Ng > K, the minimum
memory complexity of HLMC with D levels is of order Q(DK'/?). It should be
noted that a level-d group should contain at least 2 level-(d + 1) groups. As a
result, the number D of levels is upper bounded by [log, K] and the minimum
memory complexity that the general HLMC learning architecture can achieve

is Q(log, K).

We show that HLMC with a three-level hierarchy achieves no-regret learning
in expectation under the notion of weak regret if we adopt EXP3 at all three
levels. Using a similar approach with that in analyzing the regret performance
of adopting a two-level hierarchy, we prove an upper bound on the expected

weak regret of HLMC in the following theorem.

Theorem 11 For any T, K, M, suppose M > 3[K'*] and there exists an arm partition

with parameters Ny, N, N3 such that N\N,N5 = K and Ny + N, + N3 < M. Then at every

level i = 1,2,3, by choosing S; = [%} and applying EXP3 with parameter
yi = 2o the expected weak regret of HLMC with a three-level hierarchy against

every assignment of the reward sequence is upper bounded by

Egr pmclRw(T)] < 12T°°K*(In K)'/2. (3.37)

Proof 14 See Appendix B.3.
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For the general HLMC policy with a D-level hierarchy (2 < D < [log, K1), the

following corollary on the expected weak regret can be directly derived.

Corollary 3 If EXP3 is applied to all D levels of the general HLMC policy, the expected
weak regret is of order

O(DT' " K) (3.38)

up to a logarithmic factor, as T — oo.
Proof 15 The proof is similar to that of Theorem 7 and 11 and thus, we omit the details.

Corollary 3 indicates that the regret order of the HLMC policy depends on
the depth of the adopted hierarchy: with less available memory, a deeper hi-
erarchy is required, and a larger regret order is induced. In particular, with M
available words of memory, we define the minimum number D*(M) of levels

required by HLMC to achieve no-regret learning as:
D*(M) = min{D € N* : D[K'P1 < M}. (3.39)
The minimum regret achieved by HLMC with M memory space is of order
o (D' (T K ). (3.40)
In the special case without memory constraints (i.e., M > K), it is clear that
D*(M) = 1 and the HLMC policy with a single-level hierarchy reduces to a clas-
sical learning policy for standard adversarial bandit problems. In this case, the

regret order achieved by HLMC is O( VKT) up to a logarithmic factore, which

coincides with the classical results. In another extreme case when M = 0(log, K),
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the size of available memory space reaches the minimum requirement of a legit-
imate hierarchy where D*(M) = [log, K. In this case, the regret order achieved
by HLMC is still sublinear in 7.

One may notice that the theoretical regret performance of HLMC does not
improve when M increases but with D*(M) unchanged since the dependency of
the regret order with respect to the available memory is quantized. However,
we show in Sec. 3.6.3 through numerical examples that in certain cases, a better
performance can be achieved with a larger memory space, even if the number

of levels in the hierarchy is unchanged.

3.6 Numerical Examples

In this section, we illustrate the regret performance of the proposed HLMC pol-
icy numerically through simulations. All the experiments are run 10 times using

a Monte Carlo method on Python 3.7.

3.6.1 Weak Regret Minimization

We conduct two experiments to compare the regret performance of the HLMC
policy with baseline ones under the notion of weak regret. Given that this is the
first work on memory-constrained adversarial bandits, we consider two base-
lines: UCB-M (proposed in [22] for memory constrained stochastic bandits) and

EXP3 (for classic adversarial bandits without memory constraints).

We first notice that the only randomness of UCB-M comes from the random
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shuffle of arm indices before playing arms, which provides no improvement on
the performance in the stochastic setting. Without the random shuffle, UCB-
M is purely deterministic and thus, we can easily construct a reward sequence
such that UCB-M incurs a regret linear in T. Specifically, in the first experi-
ment, we consider the following setup: let K = 100, M = 20, and T = 10’. In
accordance with the UCB-M policy, we partition the time horizon into phases
with length 2'hoby (i = 0,2,...) and each phase evenly into hj sub-phases with
length 2'by. We select hy = I'ﬁ—:ll'l and by = M(M + 2). For each phase, we as-
sign arm rewards as follows: during each subphase u = 0,2,...,hy — 1, we let
arm (M(u + 1) mod K) offer reward 1 and the other arms offer reward 0. Since
UCB-M selects arm groups with size M in a round-robin fashion, it is clear that
arms selected by UCB-M offers 0 reward at almost all time steps. The weak
regret of UCB-M is clearly linear in 7. For HLMC, For HLMC, we adopt a two-
level hierarchy and apply EXP3 to both group and arm levels. The simulation

results on the expected weak regret are presented in Fig. 3.2.

From Fig. 3.2, we can observe that the proposed HLMC policy outperforms
the UCB-M policy under the constructed adversarial environment. The error
bar indicates that the proposed learning policy is robust with low variance.
Note that although the EXP3 algorithm achieves the best performance, it re-
quires ©(K) memory size, which is infeasible in the memory-constrained set-
ting. We also plot the theoretical upper bounds on the regret of HLMC and
EXP3 (ie., T iK3(InK)? and VTKInK where the constant factors are omitted),
which verify that the expected weak regret of HLMC is indeed upper bounded
by the theoretical bound established in Theorem 7. It should be noted that the
gap between the theoretical and the simulated results is due to the fact that the

cumulative reward of the best arm is 7'/5 instead of T in this experiment. There-
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Figure 3.2: Weak regret v.s. time: comparison of UCB-M (without shuffle),
HLMC, and EXP3.

fore, the theoretical upper bound is not tight because we use T to upper bound
the cumulative reward of the best arm (see the proof of Lemma 1 in Appendix

B.1 for details).

We further use another example to show that even with random shuffle,
UCB-M still cannot avoid a linear regret in T against adversaries. We consider
the same experiment setup with a different reward assignment. Specifically, the
phase and subphase partitions are the same with those in the first experiment.
During each subphase u = 0,2,...,h) — 1, we let arm 1 offer (« mod 2) reward
and the other arms offer € = 1 x 10™* rewards. It is not difficult to check that
after every time arm 1 is selected by UCB-M and offers reward 1, it will offer 0
reward in the next subphase and will be excluded from the arm memory. As a
result, the UCB-M policy suffers a linear regret order in 7. For HLMC, we adopt

EXP3 at both group and arm levels. The results are shown in Fig. 3.3.
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Figure 3.3: Weak regret v.s. time: comparison of UCB-M (with shuffle),
HLMC, and EXP3.

The results in Fig. 3.3 illustrate the advantage of HLMC against UCB-M.
Moreover, the random shuffle step in UCB-M introduces extremely high vari-
ance with little improvement on the expected weak regret. The comparison
between the theoretical upper bounds and the simulated results again verifies

the correctness of the analysis in Theorem 7.

3.6.2 Shifting Regret Minimization

We further conduct an experiment to show the regret performance of HLMC
with a two-level hierarchy under the notion of shifting regret. As discussed in
Sec. 3.4.3, by adopting EXP3.S at the group level, HLMC achieves a sublinear
scaling of shifting regret in 7. In this experiment, we compare the performance

of HLMC adopting EXP3.S at the group level and EXP3 at the arm level (referred
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Figure 3.4: Shifting regret v.s. time: comparison of HLMC.S, HLMC, and
EXP3.S.

to as HLMC.S in this subsection), HLMC adopting EXP3 at both group and
arm levels (referred to as HLMC in this subsection), EXP3, and EXP3.S. The
experiment is set up as follows: let K = 16,M = 8§, and T = 10°. The time
horizon is partitioned evenly into V = 10 phases. In phasev = 0,1,...,V -1,
we let arm i, = (vN mod K) offer reward 1 and the other arms offer reward 0
(N is the group size defined in the HLMC algorithm, which equals 4 in this
experiment). It is clear that the best benchmark policy in the shifting regret
definition with hardness V is to play the best arm i, within every phase v. The

simulation results are presented in Fig. 3.4.

It can be observed from Fig. 3.4 that HLMC.S outperforms HLMC and
EXP3, which are designed for weak regret minimization. Adopting EXP3.S at
the group level of the HLMC structure improves the regret performance under

the notion of shifting regret. Moreover, the error bar verifies the robustness of
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Figure 3.5: Weak regret v.s. time: comparison of HLMC with M =
14, 20, 50, 80 memory space.

the proposed policies. It should be noted that although EXP3.S outperforms
HLMC and HLMC.S, it requires ®(K) memory space, which is inapplicable in

the memory-constrained setting.

3.6.3 Impact of Available Memory on Regret Performance

In this subsection, we show the impact of the size of available memory space
on the regret performance of HLMC. We use the same experiment setup with
that in the first experiment in Sec. 3.6.1. We compare the weak regret of HLMC
with M = 14,20, 50, 80. Specifically, when M = 14, the HLMC policy adopts a
three-level hierarchy with Ny, = 5,N, = 5, and N3 = 4. When M = 20, 50, 80, the

HLMC policy adopts two-level hierarchies with N = [#=¥/=4K VzMz“‘K'I and L = [K/N].
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The results in Fig. 3.5 show that the regret performance of HLMC improves
as the size of the memory space increases. In particular, adopting a hierarchy
with fewer levels improves the regret order as indicated in Corollary 3. Even
with the same number of levels, a smaller regret can be achieved with a larger
memory space. Intuitively, as M increases, the group size N and the epoch
length A decrease. Since the reward sequence assigned in the experiment is
stable within a short period but varies vastly in the long run (it has been argued
in [70] that such a reward assignment is justified in various real-world applica-
tions), the arm-level regret is dominated by the group-level regret and the latter
decreases with the epoch length. We also plot the theoretical upper bounds on
the regret of HLMC with different levels of hierarchies. The comparison be-

tween the theoretical the simulated results verifies our analysis.
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CHAPTER 4
BANDITS IN DYNAMIC ENVIRONMENTS

Dynamicity abound in various application domains. A typical example is on-
line recommendation, in which users’ interests toward items are dynamically
changing and the preference changes are distinct and asynchronous across dif-
ferent items. For example, in news recommendation, changes on the prefer-
ences of readers towards different news categories are triggered by the occur-
rence of related hot events, which are unlikely to happen at the same time.
In e-commerce platforms, customers’ life-long interests over different products
also exhibit distinct changes: a customer is more likely to purchase toys in his
childhood while in adulthood, he may become more interested in sport-related
products. However, the preference changes over the two categories can happen
asynchronously as there may exist a time period (e.g., adolescence) when the
customer likes both toys and sports. Moreover, it is possible that the customer’s

preferences towards other products (e.g., snakes) remain unchanged over time.

To characterize the above phenomena in real applications, we introduce two
reward models within the contextual bandit framework in this chapter. Under
each model, we develop a learning strategy that adapts to the changing envi-
ronment. We provide performance guarantees of the proposed algorithms in

both theory and practice.
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4.1 Literature Review of MAB with Dynamic Reward Models

In addressing the issue of dynamic environments, various reward models have
been studied in the bandit literature. The adversarial bandit model discussed
in Chapter 3 is a typical example with dynamicity where the reward at every
time step is arbitrarily assigned. However, in applications such as online rec-
ommendation, users’ preferences toward items are usually stationary within a

short period of time, but may change abruptly in the long term.

Therefore, a more appropriate model is the piecewise-stationary stochas-
tic reward model, which allows arbitrary changes on the reward distributions
at certain unknown time points but remains fixed between two consecutive
change points. Under the piecewise-stationary assumption, the problem has
been well studied in the classical context-free setting. A number of learning
algorithms have been developed that adapts to the abrupt reward changes by
either triggering a reset of the learning algorithm after the detected changes
[41, 69, 17] or applying a discount factor on past observations [35]. Theoretical

regret analysis showed that a sublinear scaling of regret in T is achieved.

Within the contextual bandit setting, however, only a few recent studies have
taken the issue of non-stationary environment into consideration. In [40], a
contextual Thompson sampling algorithm with a change detection module was
proposed but theoretical regret analysis is lacking. In [65], a hierarchical bandit
algorithm was developed that detects and adapts to changes by maintaining a
suite of contextual bandit models and a regret sublinear in 7 was proved. How-
ever, the existing results assumed a uniform reward model where all arms share

a common coefficient vector representing the user interests, which fails to char-
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acterize the fact that users’ preferences towards different items vary differently.
Recently, a so-called context-dependent property was considered in [66] where
arms are partitioned into change-invariant and change-sensitive ones based on
their context vectors to characterize the distinct reward changes. However, the
changes are not completely asynchronous across arms. A more detailed com-

parison between various models is discussed in the next section.

4.2 Problem Formulation

Consider a contextual bandit problem with K arms and a time horizon of
length T. At each time 7, a recommender system observes the current user u,
with a d-dimensional feature vector x,,. A subset A, C [K] of arms is available
for selection and each arm a € A, is associated with an m-dimensional feature
vector y,. The system recommends an arm g, to the user u, and observes a ran-
dom reward r,,,,(¢) (i.e., clicks, ratings, etc.), which is drawn from an unknown
distribution f(-; x,,, ya,,» W(¢)) where W(t) = (w(2),...,w,(t)) € R is a time-
varying unknown weight matrix representing the preferences of users towards
items in the feature space. The conditional expectation of the reward r,, ,,(f)

given the feature vectors and the weight matrix is defined as

Elr a0, (D%, Ya WO = x, W(D)y,,. (4.1)

Without loss of generality, we assume that the probability distribution of the
random reward r,, ., (¢) is sub-Gaussian with parameter o. The objective is an
arm selection policy 7 that maximizes the expected cumulative reward over the
entire time horizon, i.e., IE[Z,T:1 tu.r(1)] where 7, is the arm selected by policy

n at time 7. Equivalently, we may find a policy 7 that minimizes the expected
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cumulative regret defined as the expected reward loss of policy 7 against the

best policy in the known model case, i.e.,

R(T)=E

T
RO ru,,ﬂ,m] , (4.2)

=1
where a; is the arm with the largest expected reward at ¢. It should be noted
that the benchmark policy is different from that in the stochastic bandit setting
discussed in Chapter 2: the best arm at every time step is specific to the given
context information and can be different across time. It is also stronger than
the benchmark policies adopted in the adversarial bandit setting discussed in
Chapter 3 where a best fixed action or a best action sequence with a hardness
constraint are considered. Moreover, in this chapter, we focus on the problem-
independent setting in analyzing the regret performance. In particular, the re-
gret is measure under the worst-case assignment (satisfying certain regularity
assumptions) of the context vectors of both users and items, the unknown pref-

erence matrix, and the resulting reward distributions.

In the stationary scenario where W(r) is fixed over time (i.e., W(t) = W),
the above formulation is equivalent to the standard contextual bandit model
with linear rewards as studied in the literature [8, 24, 5]. Specifically, let z,,, =
vec(x,,y") be the context vector! associated with arm a at time ¢ and 8 = vec(W)
be an unknown preference vector. It is clear that E[r,, ,(t)|x,,, Y. W] = z;aﬂ. The
unknown preference vector 3 can be efficiently estimated in an online fashion
at each time ¢ via ridge regression (see the LinUCB algorithm in [49]), and is

applied to the reward estimation and the arm selection at time 7 + 1.

In the non-stationary scenario, however, estimating W(z) is in general chal-

lenging if elements of W(¢) vary arbitrarily: without constraints on the variation

lvec(-) is the vectorization operator that concatenates columns of a matrix to a single vector.
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of the parameters, estimating W(¢) is impossible. Moreover, to characterize the
fact that the preferences of users towards different items vary asynchronously
and distinctly, elements of W(r) should exhibit different varying patterns. How-
ever, the effects of different elements of W(r) on the obtained rewards are dif-
ficult to be distinguished, which leads to the challenge of detecting unknown
changes on each element from reward observations. To address the two chal-
lenges, we turn to consider approximated reward models to simplify the prob-
lem, and adopt certain assumptions on the varying patterns of the reward pa-
rameters. Specifically, we study two reward models, i.e., the disjoint reward model

and the hybrid reward model.

4.2.1 Disjoint Reward Model

In the disjoint reward model, we let the combination of W(¢) and y,, i.e., 6,(¢) =
W(t)y, be the unknown preference vector associated with arm a at time 7. The
expected reward of recommending item a to user u at time ¢ is then equivalent

to the inner product of x, and 6,(?), i.e.,

B[ a(1)|Xus 6a(D)] = 2, 6,(0). (4.3)

We adopt a piecewise-stationary assumption on 6,(¢). To be specific, the time
horizon is partitioned into M, stationary segments with M, + 1 change points
{vﬁf)}gfo where v = 0 and v = T. Within each segment, 0,(7) is assumed
to be fixed, i.e., 6,(t) = 62, ¥t € PV + 1,091, 0 < € < M,. The sequence of

changes points may be different across arms, which characterizes the fact that

users’ preferences towards different items may change asynchronously.
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4.2.2 Hybrid Reward Model

In a more general model with hybrid rewards, we further assume that W(z) con-
sists of both a time-varying component W, () and a time-invariant component
W, ie., W(t) = W,(t) + W... In particular, W, (¢) represents the dynamically chang-
ing preferences of users towards items and W. represents the stationary internal

interests of users that are unaffected by the external environment.

For the time-varying component W,(7), we adopt the same approximation
method as the one used in the disjoint setting and define 6,(r) = W,(¢)y, be the
arm-specific preference vector of arm a. For the time-invariant component, we
define 8 = vec(W,) be the joint coefficient vector shared by all arms. It is not
difficult to see that the expected reward of recommending arm a to user u at

time ¢ satisfies that

E[ru,a(t)l-xua Zu,as Ha(t),ﬁ] = xgga(t) + Zz;gﬁ’ (44)

where z,, = vec(x,y!) is a k-dimensional (k = d x m) cross-feature vector of
the user-item pair. We adopt the same piecewise-stationary assumption on the
arm-specific vectors 6,(f) as that assumed in the disjoint setting, which allows

asynchronous changes across different arms.

4.2.3 Comparisons with Existing Models

We first compare the two reward models with the stationary ones in the classical
contextual bandit setting. It is clear that both models are direct extensions of the
stationary reward models studied in [49] where the preference vectors 6,(t), Va

are assumed to be fixed over time. As discussed in the introduction section, it
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is more realistic to consider non-stationary preferences in real applications as

users’ interests are in general time-varying.

In considering the non-stationary environment within the contextual bandit
setting, the majority of existing studies [65, 66] assumed a uniform (joint) re-
ward model where all arms share a common coefficient vector 6,(¢) representing

the interests of user u. The expected reward is thus defined as

ElFua(Olyas 0u(O] = ¥ 0,(2). (4.5)

Notice that the uniform reward model is another approximation of the bilinear
model defined in (4.1): ,(7) is the combination of x, and W(z), i.e., 6,(t) = W' (f)x,.
In the literature, 6,(¢) is assumed to be piecewise-stationary to model the time-
varying interests of users. The fact that users’” preferences change differently

towards different items is, however, not characterized.

The issue was partially addressed in [66] where the so-called context-
dependent property was considered. It has been assumed that the expected re-
wards of certain arms are insensitive to the changes of 6,(¢) (i.e., for some sta-

T oM

tionary periods i and j, |y, 6, — ygeﬁ,fﬂ < A;, where A; is a small constant), while
the other arms are change-sensitive. The partition of arms based on their con-
text vectors models the distinct reward changes on different arms. However,
the change points across arms are not completely asynchronous: it has been
assumed in [66] that between any two stationary periods, there should be a suf-
ficient number of change-sensitive arms undergo perceivable changes to distin-
guish the two periods. As a result, the user preferences towards a large fraction

of arms change simultaneously at the change points of 6,(¢).

Moreover, we further study a general hybrid reward model consisting of

both arm-specific and joint preference vectors that correspond to the time-
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varying and the time-invariant interests of users respectively. To the best of our
knowledge, the hybrid reward model with dynamically changing user interests

has not been studied in the literature.

4.3 PSLinUCB Algorithm in the Disjoint Reward Model

We first consider the disjoint reward model in this section. The key to achiev-
ing the objective of minimizing regret under the assumption of piecewise-
stationary rewards is to i) estimate the preference vectors accurately, and ii) de-
tect the abrupt changes timely and correctly. We propose a PSLinUCB (Piecewise-

Stationary Linear Upper Confidence Bounds) algorithm to address the two issues.

To estimate the preference vectors, we adopt a learning structure similar to
that of the LinUCB algorithm (proposed in [49] in the stationary contextual ban-
dit setting). In particular, the unknown preference vectors 6,(), Ya are estimated
through ridge regression and can be updated incrementally at each time ¢. To
detect the preference changes timely and correctly, the key technique adopted
in the algorithm is to maintain a sliding window for each arm consisting of the
most recent reward observations from the arm. If the preference vector learned
from observations before the sliding window cannot accurately predict the re-
wards observed within the window, it is likely that the preference vector has
changed. A new model should then be rebuilt based on the observations after

the change point.

To be more specific, the estimation and the change detection of the prefer-
ence vector 6,(7) of every arm a can be executed independently in the disjoint

reward model. For every arm g, the algorithm maintains a sliding window S W,
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and three different models M}, M5, and M. The sliding window S W, of
length w consists of the w latest observations from arm a (including the observed
context vectors and the obtained rewards). M}" consists of necessary statistics
for estimating the preference vector 6,(¢). It is learned from observations after
the last detected change point and before the sliding window S W,. Similarly,
MZ" with the same set of statistics is learned from observations within the slid-
ing window, and M is learned from all observations from the last detected
change point to the current time step. In the following subsections, we describe
the details of the three models and their usage in the two key components of the
PSLinUCB-Disjoint algorithm: (i) parameter estimation and arm selection, and

(ii) change detection and model update.

4.3.1 Parameter Estimation and Arm Selection

In each of the three models M}, M5, and MS*", the preference vector 6,(f) can
be estimated by applying ridge regression to the associated set of observations.
Without loss of generality, we take M"" for an example to illustrate the esti-
mation process. Denote {(x,,, 7, q)}erem as the set of observations where 75"
is the set of time steps when arm a is played from its last detected change
time (initialized to be 0) to the current time step. #%" can be estimated as
gem = (A“"7 1" where A" = I+ 3, Feun xutx;, I, is a d xd identity matrix, and
b, = Y crem 1y a(t)x,,. The statistics A;" and b, can be updated incrementally

as described in[49].

Based on the estimated preference vector 65" of every arm a € A,, we select

arms according to the UCB principle to balance the tradeoff between exploration

93



and exploitation. Similar to the LinUCB algorithm, we define a UCB index for
every arm a at time ¢ as x7 89" + « \[x7 (AS"")'x,,. The arm with the greatest
index is selected and the reward observations from the selected arm is used to

update the corresponding models.

4.3.2 Change Detection and Model Update

To detect potential changes on an arm a, we use M}, to predict the rewards
of playing arm a at the time steps within the sliding window. We compare
the predicted rewards with the observed ones to test if the model learned from
earlier data still fits the current observations. To be specific, let {(x,, r,)}*_, be the

set of observations within the sliding window. We test if |$(Z§f’:1 XTI — ry)

>0,

where ¢ is an input threshold.

If a change is detected on arm g, i.e., the average distance between the pre-
dicted rewards and the observed ones in the sliding window exceeds the thresh-
old, we have to restart the learning process of arm a using only observations af-
ter the detected change point. Instead of re-constructing a new model without
using history data, we exploit the observations within the sliding window again
as a warm-start to accelerate learning. In particular, we initialize M5, M}",
which are used for arm selection and change detection respectively, with MJ",
which is the model learned from the latest observations after the change point
(i.e., within the sliding window). The sliding window is then emptied to collect

new observations until its length reaches w again.

If no change is detected on arm g, i.e., the earlier and the current reward

observations follow the same model, we should keep both sets of data to en-
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hance the estimation accuracy. Therefore, M;"" keeps unchanged and the slid-
ing window is right-shifted by one time step. Note that M}" and M should be

updated accordingly after the right-shifting of S W,.

The detailed implementation of the entire algorithm is summarized in Algo-
rithm 9. Note that the computation complexity in each time step is O(Kd”) (a
finite number of matrix operations for each arm) and the memory size required
for learning is O(K(d* + dw)) (three sets of statistics and a sliding window for

each arm).

4.4 PSLinUCB Algorithm in the Hybrid Reward Model

In the hybrid reward model, the preference of a user towards an arm a is de-
termined by both an arm-specific preference vector 6,(¢) and a joint coefficient
vector 8, which should be estimated simultaneously. Therefore, in addition to
a sliding window S W, and three models M}, M5, and M5 for each arm q,
the PSLinUCB-Hybrid algorithm maintains two global models G* and G*"" to
estimate 8. Specifically, G’ is the model learned from the observations from
all arms before their sliding windows and is used for change detection. G is
the model learned from the observations from all arms up to the current time
step and is used for arm selection. The statistics in the two global models are
obtained by applying ridge regression to the associated data. We omit the te-
dious theoretical derivations of ridge regression and describe the key process of

updating the arm-specific and the global parameters below.
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Algorithm 9: PSLinUCB-Disjoint

Input: @ > 0,w e N*,6 > 0.
forr=1,2,....,T do
Observe the feature vector x,, of the current user u, and the set of available
arms A,.
/ / Parameter Estimation and Arm Selection
fora € A, do
if a is new then

Ai{pre,cur,cum} — Id/ bilpre,cur,cum} - 0d><l; SWu - @

Neum cumy—11.cum
o — (A" 'b,™.

T Heum T ( Acumy-1
Pra < %,05" + a \[xI (AZ") ' x,,.

Play a, = arg maX,e#, p;,, obtain reward r,, ., ().
Append (x,,, 7, 4(?)) to the end of SW,,.

{cur,cum} {cur,cum} T
Aj —A; + Xy Xy, -
{cur,cum} {cur,cum}
b, < b, + Vo, (D)X, -

/ / Change Detection and Model Update
if SW,,| > w then
0L (ALY B
Let SW,, = {(x,, 1)},
if 129, X0 — ry) > 6 then
Alprecum) . pcur, b{g[:re,cum} — b,
AL 14, by — 041, SW,, < 0.
else
(x1, 1) < Popleft(SW,,).
Al — AP+ xix], AL — AT - xix],

pre pre cur cur
b, — b, +rx, b, b, —rmx.

4.4.1 Parameter Estimation and Arm Selection

By applying ridge regression to the observed data, it can be shown that the joint
coefficient vector 3" is estimated as 5" = (A5"")~'b"" where A§"" and b;"" are
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coupled with arm-specific parameters A", B;" and b;"". Therefore, the global
and the arm-specific parameters should be updated simultaneously. Specifi-
cally, Ag"" and by are initialized to I,,,, 0,,x« respectively and the parameters are

updated as follows:

az

bgum P baum + (Bzzjm)T(Acum)—leI:m’

ai
cum cum T
A" = AT+ XX,

B — B+ x,z, (4.6)

Ur,az?

cum cum
b, « b," +ry.q (X,

. . T : T : —-1lpc
ABum — A(L)um +Zu,,a,z _ (B::m) (Acum) BZ{m’

Uy, dy ar

bgum — bgum + ru,,a,(t)zu,,a, _ (BCMM)T(ACMWZ)fl‘bZl;tm.

a ai

The update procedures of Ay, B, and b, are similar to the ones of A", B,

a a /

and b, as described above.

In the arm selection step, we follow [49] to define the UCB index of arm a

at time 7 as x7 69 + z B + a5, where 65 = (AS™)7 (b — BS™'3™). The

()] (2 3

exploration term s, = s,, + 5,, + 5;, is computed as follows:
@ T -1 T -1
st,a - Zu,,a(Af)um) Zu,,a + xu,(AZMm) -xu,’
2 - -
soo= =2z (AF™YT B (AL xy,, (4.7)
5o = xiPAS™'P'x,,

where P = (AS"")~ 1B
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4.4.2 Change Detection and Model Update

We conduct a change detection process similar to the one adopted in PSLinUCB-
Disjoint to test if the preference vector 6,,(f) of arm g, changes or not. The oc-
currence of a change on a; is equivalent to a, being replaced by a new arm with
a different set of arm-specific parameters specified by A7”, B;”, and b;". As a
result, the global parameters Aj"" and by are coupled with two sets of arm-
specific parameters associated with both the old and the new arm. In particular,

um

the original arm-specific parameters (i.e., A;"", BS™, and b;,"") used in estimat-
t 1

ing Aj"" and by should be replaced by the aggregation of the parameters corre-
sponding to the old arm (i.e., AL, B/*, and b}") and the new arm (i.e., A;", By,

ar

and b;,"):
Agum — Agum + (BZitm)T(AZ?m)—lBZ?m _ (Bgtre)T(Agtre)—lBg:‘e _ (BZitr)T(AZ?r)—lBZI;r
bgum — bgum + (Bgz:m)T(AZI;tm)—leltAm _ (BZ;e)T(AZ:’e)—letre _ (BZ?r)T(Azztlr)—lel:r'

(4.8)

Moreover, G is re-initialized to the updated G after the detected change
and the arm-specific parameters are updated in the same way with that in the

disjoint reward case.

If no change is detected on a;, the updating process is similar to that in
PSLinUCB-Disjoint. Since the overall structure of PSLinUCB-Hybrid is simi-
lar to that in the disjoint case, and the detailed implementation of the algorithm

is rather lengthy, we present all details in Algorithm 11 in Appendix C.1.
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4.5 Theoretical Regret Analysis of a Modified Algorithm

In this section, we introduce a modified version of PSLinUCB and provide an
upper bound on regret in the disjoint reward model. While PSLinUCB un-
der both disjoint and hybrid reward models outperform existing baseline algo-
rithms as shown in Sec. 4.6, there are several technical difficulties in analyzing

their regret performance directly.

Specifically, a warm start after a detected change by initializing the parame-
ters based on reward observations in the sliding window introduces statistical
dependency between parameter estimation and future change detection. In ad-
dition, the change detection process exhibits heavy dependency across different
time steps since the sliding windows may overlap. Moreover, in the hybrid re-
ward model, estimations of arm-specific parameters and global ones can hardly
be decoupled. To avoid such technical difficulties, we make several modifica-
tions on the algorithm without changing the learning structure and key strate-

gies, and analyze its regret performance in the disjoint reward model.

4.5.1 Modified PSLinUCB in the Disjoint Reward Model

The modification includes three steps. First, to avoid dependency between the
estimation and the change detection of the underlying parameters, the obser-
vations in the sliding-window are not re-used for parameter estimation after a
detected change. Also, the change detection procedure only uses observations
within the sliding window rather than all observations after the last detected

change to get rid of heavy dependency across time.
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Second, once a change is detected on an arm, the learning procedures of all
arms get restarted. Note that this modification is only for the purpose of sim-
plifying the analysis. Its impact on the regret order is rather limited: instead
of only re-exploring the arm with reward changes, re-exploring every arm in-
creases the regret order in K. The regret orders in terms of the time length 7 and

the total number of reward changes are unaffected.

Finally, a round-robin exploration step is added to guarantee sufficient ex-
ploration of every arm so that reward changes can be detected timely. To further
simplify the algorithm design and regret analysis, we assume that the arm set
is fixed throughout the time horizon, i.e., A, = A. The details of the modified

PSLinUCB-Disjoint algorithm are summarized below in Algorithm 10.

4.5.2 Regret Analysis

Before providing the theoretical regret analysis, we first introduce some nota-

tions. Let M be the number of total piecewise-stationary segments, i.e.,

T-1
A4:1.+§:ﬂa4n¢eu@—1)ﬁmsmneae;ﬂ) (4.9)

t=1
Let {v[}?ﬁo be the change points where v, = 0,vy = T. Define L = w[K/y] where
w,y are input parameters of the modified PSLinUCB policy. Let Ag)(x) be the
amplitude of the preference change of a user with feature vector x towards an

arm a at the i-th change point, i.e.,

AP(x) =[x 0,0v; + 1) = x"6,(v). (4.10)

Without loss of generality, we assume that the sub-Gaussian parameter o in

the distribution of the random reward is 1 and [|6,(?)ll> < 1, x|l < 1,Vt,Va € A.
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Algorithm 10: Modified PSLinUCB-Disjoint

Input: @ > 0,w € N*,b,c > 0,y > 0, and the arm set A.
Initialization: 7 « 0, AJ"" « I;,,b."" « 0441, SW(a) « 0,Ya € A.
forr=1,2,....,T dodo
/ / Round-Robin Exploration
Leta = (t — 7) mod | K/y].
if a < K then
Play arm g, = a.
else
/ / Parameter Estimation and Arm Selection
Observe the feature vector x,, of the current user u;.
fora € Adodo
B, (AL™YTBE™

T ) [T ( A Ctmy—1
Pra < 'xu,ell +a 'xu,(Aa ) Kugy-

Play a, = arg max,e#, p: 4, Obtain reward r,, .

Append (x,,, 7, 4,(t)) to the end of S W(a,).

AL — AL+ xu,xgr, bf;”" — b;’t’m + Fypay X, -
/ / Change Detection and Model Update
if |SW,,| > w then
Let SW,, = {(x,, r)} .
2 2 ~ _
Al = SRy xT b2 = W xT, O — (AD) B
. 2 A

Yae A: A" «— 1;,b)" «— 041, SW, «— 0, T 1.

Moreover, to guarantee that the reward changes are discernible to the learn-
ing process, we further assume that the lengths of stationary segments and the

magnitude of reward changes are sufficiently large.
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Assumption 6 Assume that v,y —v; > LYl <i<M—1landv, > L/2.

Assumption 7 Assume that there exists A > 0 such that for every user vector x and

change point i, AP(x) > A.

We provide an upper bound on regret of the modified PSLinUCB-Disjoint

algorithm in the following theorem.

Theorem 12 Suppose Assumptions 6 and 7 holds. With appropriate choices of the
input parameters, the cumulative regret of the modified PSLinUCB algorithm under

the disjoint reward model satisfies:

R(T) < C,NTMKw + C;\|[TMKd? log* T, (4.11)

where C, C, are constants independent of T, M, and K.
Proof 16 See the Appendix C.2.

Remark 6 The cumulative regret achieved by the modified PSLinUCB-Disjoint algo-
rithm has a sublinear scaling in T and M, i.e., R(T) ~ O( \MT) where the O notation
hides the logarithmic factor. In other words, the average regret per time step diminishes
to zeroas T — oo if M ~ o(T). Moreover, if we assume that M, K are constants, the
regret order in T is optimal up to a logarithmic factor since the lower bound on regret

in the stationary setting is Q(NT) [24].

We present here a sketch of the proof based on three key lemmas as pre-
sented below. We first consider a stationary scenario where the preference vec-

tor 6,(t) is fixed for all a € A.
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Lemma 5 Consider a stationary scenario with M = 1. For any 6, € (0,1) and
> [2dlog % the expected cumulative regret of the modified PSLinUCB algorithm is

upper bounded as follows:

T
E[R(T)] < TP(r; < T) + (8o + )T + K + 2a 42T dK log - (4.12)

where T, is the first detection time.
Proof 17 See Appendix C.3.

Second, we upper bound the probability of raising false alarms, i.e., changes

are detected in the stationary environment.

Lemma 6 Consider a stationary scenario with M = 1 and let 6, = 1/(2T?), the proba-

bility of false alarm is upper bounded by
P(r; <T)< KT (4.13)
if the thresholds b, c are chosen to satisfy (C.22) (in Appendix C.4) for all a € A and

¢ > 42 log2T).

Proof 18 See Appendix C.4.

We further upper bound the probability of a late detection.

Lemma 7 Consider a piecewise-stationary scenario with M > 2. Assume that A >
b + c. Then we have
P(t; > vy + L/2) < 2T (4.14)

Proof 19 See Appendix C.5.
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Theorem 12 can be proved based on the above three lemmas. The detailed

proof is presented in Appendix C.2.

4.6 Numerical Examples

We use both synthetic and real-world data to evaluate the performance of the

proposed learning algorithms under the disjoint and the hybrid reward models.

4.6.1 Regret Analysis on Synthetic Data

We first use synthetic data to compare the regret performance of the proposed
learning algorithms with LinUCB, a representative algorithm for stationary con-
textual bandits [49, 24]. There are three versions of LinUCB corresponding to
three different models with uniform, disjoint, and hybrid rewards. We compare
the proposed algorithms with the disjoint and the hybrid versions of LinUCB

under the corresponding reward models.

In the first experiment, we generate a dataset under the disjoint reward
model. Specifically, we assume a time horizon of length 7" = 20000. We ran-
domly generate K = 10 arms. Each arm a is associated with a m-dimensional
(m = 5) feature vector y, with [|y,|l, < 1. We consider a single user setting where a
user u is associated with a d-dimensional (d = 5) feature vector x, with ||x,|l, < 1.
The d-dimensional preference vectors 6,(t), Ya are randomly generated satisfy-
ing the piecewise-stationary assumption (the preference vector 6,(¢) changes ev-
ery 2000 time steps) and [|6,(1)|l>» < 1. The reward of playing an arm a at time ¢ is

generated according to the disjoint reward model, i.e., r,(r) = x]6,(r) + €, where
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€ is a Gaussian noise with u = 0 (mean) and o = 0.2 (standard deviation).

We compare the cumulative regret of PSLinUCB-Disjoint and LinUCB-
Disjoint. To guarantee a fair comparison, the parameters a balancing the trade-
off between exploration and exploitation in the UCB indices of the two algo-
rithms are equal (¢ = 1). In PSLinUCB-Disjoint, we set w = 100 and 6 = 0.35.
The experiment is run 100 times and the simulation results are included in Fig.
4.1. It can be seen that the PSLinUCB-Disjoint algorithm adapts to the changing

environment and achieves a lower cumulative regret (30% performance gain).

—f— PSLinUCB_Disjoint
2000 1 LinUCB_disjoint

1500 4

Regret

1000 4

500

T v v v T T T T T
0 2500 5000 7500 10000 12500 15000 17500 20000
Time

Figure 4.1: Regret v.s. time under the disjoint reward model.

In the second experiment, we consider the hybrid reward model. In addition
to the parameters generated in the first experiment, we further construct an

m x d-dimensional joint preference vector 5. The random reward of playing an
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arm a at time ¢ is generated according to the hybrid reward model, i.e., r,(?) =
X0 0,(0) + 2} B + €, where z,, = vec(x,y}) and € is a Gaussian noise with u = 0 and
o = 0.2. We compare the regret performance of PSLinUCB-Hybrid and LinUCB-
Hybrid with @ = 1.5. In PSLinUCB-Hybrid, we set w = 100 and 6 = 0.4. The
experiment is also run 100 times and the simulation results are included in Fig.

4.2. Similar performance gain can be observed.
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Figure 4.2: Regret v.s. time under the hybrid reward model.

4.6.2 Recommendation Performance on Real-World Datasets

We use two real-world datasets to evalute the recommendation performance of

the proposed algorithms. The first dataset is a collection of user-visit log infor-
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mation from Yahoo! front page, which is widely used for algorithm evaluation
in the contextual bandit setting [49, 50]. The Yahoo! dataset contains 45,811,883
user-visits to Yahoo Today Module in a ten-day period in May 2009. The log
information of each user-visit includes a feature vector of the current user, a
pool of candidate articles (arms) for recommendation associated with feature
vectors, the recommended article, and the feedback from the user (click or not).
It has been observed in [66] that the preferences of users towards different items

are dynamically changing in this dataset.

The second dataset is extracted from the Last.fm online music system, which
is made available on the HetRec 2011 workshop. This dataset contains 1892
users, 17,632 artists (arms), and 92,834 user-artist listening records. Each user
may assign multiple tags to the listened artists, which can be preprocessed as
the context information to fit into the contextual bandit setting. Following [42],

a non-stationary environment can be simulated.

Except LinUCB, we further compare the proposed learning algorithms with

the following baselines:

1. Random: a policy that selects arms uniformly at random.

2. UCB [9]: one of the most well-known algorithms developed in the station-

ary context-free bandit setting.

3. MUCB [17]: an extension of UCB to the context-free setting with

piecewise-stationary rewards.

4. DenBand [66]: a new algorithm developed under the uniform reward
model with piecewise-stationary rewards. Under the assumption of con-

tinuous rewards with little noise, the original algorithm only compares
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the predicted reward at a single time step with the observed one to de-
tect potential changes. In cases with larger noise (e.g., binary rewards),
we modify the algorithm by using observations at multiple time steps for

change detection.

Yahoo! Dataset

We randomly sample a subset of data from the original dataset for testing (i.e.,
each user-visit is selected independently with probability 0.1). We adopt an
unbiased offline evaluation method proposed in [49, 50] to evaluate the online

performance of the proposed learning algorithms and the baseline ones.

The detailed recommendation performance (i.e., CTR) of the proposed al-
gorithms along with baseline ones are summarized in Table 4.1. In PSLinUCB-
Disjoint, we set @ = 0.2, w = 1000, and ¢ = 0.025. In PSLinUCB-Hybrid, we set
@ =0.15, w = 1200, and § = 0.03. In addition to the comparison results discussed
in the main file, PSLinUCB-Disjoint and PSLinUCB-Hybrid achieves a perfor-
mance gain of 59.2% and 61.2% compared with the Random policy, which does

not learn from the observation history.

Stationary Non-Stationary
Algorithm CIR Algorithm CIR
Random 0.03541 / /
UCB 0.04002 MUCB 0.04058
LinUCB-uniform | 0.04121 DenBand 0.04353
LinUCB-Disjoint | 0.05491 | PSLinUCB-Disjoint | 0.05639
LinUCB-Hybrid | 0.05638 | PSLinUCB-Hybrid | 0.05711

Table 4.1: Comparison of CTR on Yahoo dataset.

We also illustrate the simulation results in Figure 4.3. We first observe that al-
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Figure 4.3: Average CTR v.s. time in the Yahoo! dataset.

gorithms exploiting the context information (i.e., PSLinUCB, LinUCB, and Den-
Band) outperform context-free ones (i.e., UCB and MUCB). This observation
is rather intuitive since context vectors provide significant side information on
the preferences of users towards items. In addition, under each reward model
(i.e., classical context-free bandits and contextual bandits with uniform, disjoint,
and hybrid rewards), the algorithm that adapts to reward changes outperforms
the one that does not (i.e., MUCB v.s. UCB, DenBand v.s. LinUCB-uniform,
PSLinUCB-Disjoint v.s. LinUCB-Disjoint, and PSLinUCB-Hybrid v.s. LinUCB-
Hybrid). In particular, PSLinUCB-Disjoint achieves a performance gain of 2.7%
(2.9% at the peak) against LinUCB-Disjoint and PSLinUCB-Hybrid achieves an
improvement of 1.3% (2% at the peak) against LinUCB-Hybrid. The compari-
son results verify the assumption that users’ interests are dynamically changing

and should be taken into consideration in learning.
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Moreover, within the contextual bandit setting, algorithms developed under
the hybrid reward model (i.e., PSLinUCB-Hybrid and LinUCB-Hybrid) or the
disjoint reward model (i.e., PSLinUCB-Disjoint and LinUCB-Disjoint) achieve
better performance compared with the ones developed under the uniform re-
ward model (i.e., DenBand and LinUCB-Uniform). This is because the uniform
reward model fails to exploit the personalized interests of different users. An
alternative approach is to learn the preferences of every user individually. How-
ever, the amount of data associated with a single user is rather limited. Fur-
thermore, the performance gain of PSLinUCB over DenBand (31.2% under the
hybrid model and 29.5% under the disjoint model) verifies the fact that users’

preferences towards different items vary differently.

LastFM Dataset

Given that the original LastFM dataset dose not provide context vectors of nei-
ther users nor items, we first preprocess the dataset to fit into the contextual
bandit setting. Specifically, following the settings in [19, 66], we treat the ‘lis-
tened artists” of each user as positive feedback. For each artist, we use its as-
sociated tags to create a TF-IDF feature vector and then apply PCA to reduce
the dimension to 10. For each user, we adopt a method similar to the one used
in [49] to generate a feature vector: we use matrix factorization to obtain a raw
feature vector and then apply the K-means method to group users into 10 clus-
ters. The final user feature is a 10-dimensional vector corresponding to the soft-
membership of the user in the 10 clusters (computed with a Gaussian kernel
and then normalized). In the experiment, we only consider artists that have

been listened by at least 100 users and we follow [65] to generate the log data.
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We summarize the simulation results of the proposed algorithms and their
corresponding opponents in the stationary setting in Table 4.2. Note that in
PSLinUCB-Disjoint, @ = 0.15, w = 1200, 6 = 0.035. In PSLinUCB-Hybrid, = 0.2,
w = 1000, 6 = 0.02.

Stationary Non-Stationary
Algorithm CTR Algorithm CTR
LinUCB-Disjoint | 0.03341 | PSLinUCB-Disjoint | 0.03408
LinUCB-Hybrid | 0.04046 | PSLinUCB-Hybrid | 0.04143

Table 4.2: Comparison of CTR on LastFM dataset.

The results are also presented in Figure 4.4 and similar conclusions with
those in the experiment on the Yahoo! dataset can be drawn. In particular,
PSLinUCB-Disjoint achieves a performance gain of 2% against LinUCB-Disjoint
and PSLinUCB-Hybrid achieves a performance gain of 2.4% against LinUCB-

Hybrid, which again verify the advantages of the proposed algorithms.

Sensitivity Analysis

We further test the sensitivity of the proposed algorithms against hyper-
parameters: w and ¢ on both the Yahoo! dataset and the LastFM dataset. Since
the effect of users’ changing interests on the recommendation performance
emerges after a sufficient time of learning, we use the first 1/2 of the Yahoo
dataset and the entire LastFM dataset for testing. From the results shown in Fig-
ure 4.5 and Figure 4.6, we observe that both PSLinUCB-Disjoint and PSLinUCB-
Hybrid are relatively robust towards the change of the hyper-parameter within

certain ranges.
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Figure 4.4: Average CTR v.s. time in the LastFM dataset.
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Figure 4.5: Sensitivity analysis on Yahoo! dataset.
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Figure 4.6: Sensitivity analysis on LastFM dataset.
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CHAPTER 5
CONCLUSION

This dissertation focused on the online learning problem within the frame-
work of multi-armed bandits. Three emerging issues in terms of the massive
number of actions, memory constraints on learning strategies, and dynamicity

in reward models were studied under various bandit models.

In the first part of the dissertation, we studied a stochastic multi-armed ban-
dit problem with side information on the similarity and dissimilarity across
arms to address the issue of a large action space. The similarity-dissimilarity
structure is represented by a UIG where every node represents an arm and the
presence (absence) of an edge between two nodes represents similarity (dis-
similarity) of their mean rewards. We considered two settings with complete
and partial side information based on whether the UIG is fully revealed, and
proposed a general two-step learning structure: LSDT consisting of an offline
reduction of the action space to the candidate set and online aggregation of ob-
servations from similar arms. Theoretical regret analysis along with matching
lower bounds in both settings showed the order optimality of LSDT in both the
size of the action space and the length of the time horizon. Extensive simulation

experiments were conducted to verify the performance of LSDT numerically.

In the second part of the dissertation, we studied the problem of adversar-
ial multi-armed bandits with memory constraints. We proposed a general hi-
erarchical learning architecture that adopts a multi-level hierarchy to partition
the arm set into groups and the time horizon into epochs. By adopting appro-
priate selection strategies as subroutines at all levels, we showed that the pro-

posed HLMC policy achieves no-regret learning under two regret notions using
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a memory space with size sublinear in the number of arms. We further char-
acterize the tradeoff between the regret order and the memory complexity by
establishing a memory-dependent regret bound of HLMC. We conducted nu-
merical experiments to verify the advantages of the proposed learning policies

against existing baselines.

In the third part of the dissertation, we studied a contextual bandit problem
for personalized recommendation in a non-stationary environment. To charac-
terize the fact that users’ interests towards different items vary asynchronously
and distinctly, two models with disjoint and hybrid piecewise-stationary re-
wards were considered. For each model, we proposed a PSLinUCB learning
algorithm that adapts to the changing environment via change detection and
restart. We further introduced a modified version of the learning algorithm with
theoretical analysis validating a near-optimal regret order in the time length un-
der the disjoint reward model. Numerical results on both synthetic data and
real-world datasets verified the advantages of the proposed learning algorithms

against baseline ones.

115



APPENDIX A
PROOFS OF LEMMAS AND THEOREMS IN CHAPTER 2

A.1 Proof of Theorem 1

We first show that Bj‘mx U B;‘mm C B*. Clearly imax € 8. For each j € B;“mx, NIjl =
Nlimax]. Thus if we construct a new set of mean rewards (u}, ..., ity,) where the
mean values of j and i get switched and the others remain the same, the UIG
G remains unchanged. Thus, j € $*. Similar result holds for 8; . Therefore

B UB CBH.

Imax

Next, we show that 8* C B;‘max U Bjmm. For each j ¢ Bjmax U B;‘min, consider two

cases:

1. j € Nlimax] U Nliminl: without loss of generality, assume that j € N[ipax]-
Since j ¢ B; , there exists an arm k such that k € N[j] but k € Nlimal.
Now suppose there exists an assignment of mean rewards (Ui, ... My con-
forming to G; such that arm j is optimal, then 1,4 € (W) — €,47] and
thus, arm k and iy, are neighbors. This contradicts the assumption that
k & Nlima]. Hence, there doesn’t exists a set of mean rewards conforming
to G: where j is optimal. Thus j ¢ 8*. Similar result holds for the case

when j € Nlinnl-

2. & Nlimax] U Nliminl: define

ki = argmin g, (A1)
keN[jlpu>p

k, = argmax . (A.2)
ke N [j].pe<p
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Notice that &, k, are not neighbors. However, since the component is con-

nected, k;, k, must connect with arms in N[j]. Now suppose there exists

an assignment of mean rewards (i}, ..., %) conforming to G; such that j is

optimal, then ; , 1 € (¢, —2€, 1, — €]. This contradicts the assumption that

ki, k, are not neighbors. Thus, j ¢ 8*.

Therefore, we have that if j ¢ 8*

B UB

Imax Imin

U B

.7
min

then j ¢ 8*. This implies that 8* C

Imax

In summary,

B =8B USB:

Imax Imin

(A.3)

A.2 Proof of Theorem 2

When G; is connected, 8" = 8; U B; where 8; and B; are disjoint if G;

is not complete. We upper bound the number of times that arms in 8; have

been played up to time T. Let 75: (T) = Zjes: Ti(T), 15 (T) = Yjeg  T/(T).

Letc,s = +/(8logt)/s. Let &, be the arm selected at time 7 and I{-} be the indicator

function. Let £ > |B; | be an arbitrary integer, then with H;(z) defined in (2.8),

IA

IA

IA

T
Efrg (DI=E|1B; |+ ), lmeB )
t=|B*|+1
T
t+ Y B(mesm (-2
=B+ 1 "
T
C+ > P(Hi, (1= 1) 2 Hy (t= 1,75 (1= 1)2¢) (A.4)
1=18"1+1

T-1 t t
€+ Z Z Z P(Himm(t) > Himax(t),TB?min (t) =5, TB?max (l) — I").

t=|8*| s=C r=1
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To upper bound each term on the RHS of the last inequality in (A.4), we consider

+Crs 2
s r

LZjes; TiDX;(1) Djes:  TiNX,(T)
P( - +c,,r)

<

Djes: TiOX;(1)  Xjes: THOH,
P( min Z min + Ct’s)

S S

Qe TiOX (D) Dieg Ti(O;
+P i T < i J—ct,) (A.5)

r r

ZjeB"f‘ T (D, Zjezz;, T
_I_P max < min + 2C[’S ,
r k)

where s 0 = 5,718 (1) =r. The inequality holds because the event on the
LHS indicates that at least one of the three events on the RHS happens. To upper
bound the first term, let Z, = Z.,-ngmm m, = jiX;(t), where X;(?) is the random
reward from arm j at time 7. Letv, = } je8; I{m, = jiu;. Note thatif r, ¢ B; ,

Z, = v, = 0. Consider the first term on the RHS of (A.5):

t— Z‘r —Vr 1 ! ]
P(ZT‘l( Vi) > /8 Ogt’TB.* (t) = s} < P(I[{TB_* (f) = 5} - e T @) > e/l\/Sslogt),
S K ‘min 'min
(A.6)

Using the Markov inequality, we have

P(]I{Tg:; (D) = 5)- AT 3 \/8slogt) < Vsl g

It (1) = s}e’thT:l(ZT—v,)] |

(A7)
Let ; = 0(Zi,...,Z) be a filtration on the observation history, ¥, = Iir, € 8; };
clearly Y, € iy Let S, = Y, Y., G, = e %1% (note that G, = 1 and S, = 0).

We show that {Gt / e 'S ’}t is a submartingale. Consider

LE |et@ | F, Y, = 1]
. G,  yeil- G [e Fi1, Yi - G, e G,
tes, P e T T 125, +1) = LIRS, 1) Tooles,
xS e 2t 251
(A.8)
and
G G, E |:e/l(ZI_VI) Fio1, Y, = O:| G,
t _ _ _ —
E[—giﬂzsr Fr-1, Y = O] = TS = Teo (A.9)

118



Note that the inequality in (A.8) holds because given ¥,_;, n, is fixed and thus
Z, = X,,(t) which is a sub-Gaussian random variable. Equation (A.9) holds be-

cause given ¥, = 0, Z, = v, = 0. Therefore, {G, / e ’s '}t is a submartingale and

G[ GO _
SR DA a0
Moreover, we have
B G, G,
E[JI{S, = s}ewsl] < ELWS:] <1, (A.11)
and thus
E[IS, = s}G,] < 2™, (A.12)

Applying this to (A.7) and choosing A = —'Ssslogt, we have

P(I[{TBZ‘ . (f) — S} . e/lZ;=l(ZT—vT) > e/l \/8slogt) < e%/lzx—/l\/&vlogt — e—410gt — t_4. (A13)

Similarly, the second term can also be upper bounded by r*. For the third term,

let
32log T
> 05 - (A.14)
(Minjeg; (= MaXjes: ()
Then, since s > ¢, t < T, we have
Yjes M Djes MM 32log 1’
i —2¢;5 2 min p; — max u; — % >0. (A.15)
r s i rmax je'(B;kmln s
Therefore, if we choose € = [ — 32log T -1, we get
(mlnjez;l.*max Hj—maX jegt H))
T-1 t t
Blrg (M]<C+ > Y > 2t
" =8| s=1 r=1
32log T
< , g =+ 0(1) (A.16)
(Minjes; =~ Hj—MaXjeg: H;)
32log T
_ g +0(1).

: 2
(mmjeg;; - Aj —max jes; Aj)
min
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Now we upper bound the number of times that arms in 8; have been played

up to time 7. For eachi Bf \A,

T
Blr(T)] =B[1+ > I{ﬂt:i}]
t=|8*|+1
T
< C+ Z P(r, =i, 7(t— 1) > ) (A.17)

t=|8*|+1

IA

T
£+ Y PLilt—1)2 L, (t= 1,7t = 1) 2 0).

=18"1+1

Using an argument similar to that for 75 , we get

32log T
A?

E[ri(T)] < + 0(1). (A.18)

Therefore, we get the upper bound on regret of LSDT-CSI in (2.9) if G} is con-

nected but not complete.

A.3 Proof of Theorem 3

The basic structure of the proof follows that in [46] and [15]. For every subop-
timal arm i (v; < p,,, ), we construct a new set of reward distributions with
parameters 6 = (9?%9;”,...,6’?) and means p? = (y(li), ,u(zi),..., ,uf,?) such that

@)
:uil =

= maxey y?). Then we can generate a new graph G¥ = (V?,&7) where

VW is the set of new arms, and (u, v) € &? if and only if |u)’ — x| < €.

To establish the relationship between the new problem and the original one,
we need to retain the same graph connectivity. Since 8* is the set of arms that
could potentially be optimal given G;, we could only construct for each i € 8*\A
a set of new reward distributions with parameters 6 such that arm i is optimal.

Thus, for each i € 8* \ A, consider §” with mean rewards u satisfying:
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LIfieB \Au’ =, +n ﬂ@ =u;,Vj#i.

2. IfieB; ,uf’) =u@) +n,u (Z) = (@), V¥ j # i, where u(6)), u(¢) are defined as

i, Vje Bl*max

AR Milgeg: Mk = Miyr VJ € B (A.19)

M+ minkeg;max M — i, Vj¢ B

One can check that in both cases, G¥ and G: have the same connectivity if

<e—max{y; — min u; max u;—u; .} A.20
7 Hige jeNims -7 jeNtimt T H e} (A.20)

Then we define the log-likelihood ratio between the observations from two
sets of arms with distribution parameters 6 = (6, ...,6) and 6 = (6", ..., 95?) up

to time 7" under any uniformly good policy r as

7(T)

< f(Xis5:6))
T E E L A21
= 45 f(Xw@('))) (A2

where 7,(T) is the number of times arm j has been played by policy 7 up to time
T and X, is the reward obtained when arm j is played for the s-th time. We
show that it is unlikely to have
D16y < (1-y)log T, (A.22)
jev
under two separate cases: L(T) < (1 —6)log T and L(T) > (1 — §)log T where

6,7y > 0 are determined later.

1. If LUT) < (1 - 6)log T: by the uniform goodness of policy x, we have

Poo 4 Y T, (DIO,169) < (1 - 7)log T}

Jjev
< P {r(DIEN6) < (1= ) log T}
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1-vy)logT
= Py dT —1(T)>T - % (A.23)
1(6:116,”)
Bgo [T —7(T)] 4
< S aer ST
116"

foralle >0as T — oo.

We let

H = { D M6y < (1 y)log T, LO(T) < (1 - 6) log T}. (A.24)

jev

By a change of measure from Py» to Py, we have

< f dp, = f exp(L(i)(T))dPgmSTI_‘SO(T‘H):O(I), (A.25)
H H

foralld > 0as T — o if we choose a < 0.

I LY(T) > (1 - 6)log T: by the strong law of large numbers, as 1 — co, we

have
f( ]S’ j) ()
= Z (l)) — 1(6 j||6?j ) almost surely. (A.26)
s=1 jS’
Rewrite L9(T) as
1A (S
L) = log | A A27
(T) ;VTJ( ) ](T) Z 0og f(Xj,wa))) ( )

and then

Pa{ D TDIEN6) < (1 = y)log T, L(T) > (1 - 5)log T}

JEV

Pa{ D TUDIO167) < (1= y)log T,

jeK
7;(T)
1 X J(Xs:0)) }
(T 1-6)logT A28
;(TJ( )Tj(T) ; (X ]Y’G(,))) ( ) log ( )
= o),

as T — oo if we choose y > 6.
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Now we have proved that for all i € 8" \ A, we have

E[Tj(T)] (M)
;V 0T 16,167) > 1. (A.29)

To be specific,

1. Ifie B;f‘max \ A, letn - 0, we have

logT
E[r(T)] 2 ——, A30
DI= 16165 (A.30)
2. Ifie B;‘min, let — 0, we have
> EIT,(T)I6,16) = logT. (A31)

Jj¢B:

Imax

Therefore, the optimal constant in front of log 7' is the solution to the linear pro-
gram $i:

P, :C, = min ZA[T[,

{Tiliev ey

5.t > e = 1,

Jj¢8B:

imax

T2 —, ViEB:f‘ \ A, A.32
16116 (A-32)

7, >0, YieV.

where ¢ is the parameter of the density function f(x;;¢;) whose mean value

u(#) is defined in (A.19).

In light of the LP #;, each sub-optimal arm in 8; has to be played Q(log 7)
times to be distinguished from the optimal one. Moreover, the total number of
times that arms in V' \ 8; are played should be at least Q(log T). Thus if we

consider the regret order in terms of the number of arms and the time length, we
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can conclude that for fixed A;, 1(6;16)) and 1(6,l16;,..), the regret for any uniformly

Imax

good policy is of order
Q1 +18;, \ AhlogT),

as T — oo, which matches the upper bound on regret of LSDT-CSI. Therefore,
LSDT-CSI is order optimal.

A4 Proof of NP-Completeness of CONSISTENT-NAE-3SAT

The problem is clearly in NP since a given truth assignment can be verified
in polynomial time. To show the NP-completeness, we first show that 1-
CONSISTENT-NAE-3SAT is NP-complete. Note that 1-CONSISTENT-NAE-
3SAT asks if there exists a truth assignment such that every clause has exactly 1

true literal given true instance of NAE-3SAT.

It is clear that 1-CONSISTENT-NAE-3SAT is in NP. We give a reduction from
1-IN-3SAT, a known NP-complete problem [58], as follows: given an instance of
1-IN-3SAT, for every clause C; = (x;, X;2, X;3), we construct three clauses in the
corresponding 1-CONSISTENT-NAE-3SAT instance with two additional vari-

ables a;, b;:
Ciy = (X1, Xi, 1), Cip = (X2, Xi3,b1), Ciz = (ai, by, Xi2).
This is clearly a polynomial time reduction.

We first show that the 1-CONSISTENT-NAE-3SAT instance we constructed
is not-all-equal (NAE) satisfiable, i.e., there exists a truth assignment such that
every clause is satisfied and contains at most 2 true literals. For any arbitrary

truth assignment of (x, ..., x,), we can choose (ay, b, ..., a,, b,,) according to Table
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A.1. One can check that every clause is satisfied with at most 2 true literals.

Therefore, the 1-CONSISTENT-NAE-3SAT instance is NAE satisfiable.

Xi1 Xip X3 |a b
O O o011 1
0 0 1 {1 O
0 1 010 O
1 0 00 1
0 1 110 O
1 0 1|1 1
1 1 010 O
1 1 1 0 O

Table A.1: Truth table for NAE-3SAT.

Now we assume that the original 1-IN-3SAT instance is satisfied by an as-

signment of (xy, ..., x,) with three cases:

1. only x;, is true: leta; = 0,5, = 1;
2. only x;, is true: leta; = 0,b; = 0;

3. only x;3 is true: leta; = 1,b;, = 0.

It is clear that the 1-CONSISTENT-NAE-3SAT is satisfied by the assignment of

(-x15 ey Xy Ay, bla cees Ay bm)-

On the other hand, assume that the 1-CONSISTENT-NAE-3SAT instance is
satisfied by an assignment of (xy, ..., x,, ai, by, ..., a4, b,). Consider clause C;; =

(xi,l , Xi2, 4;):

1. only x;, is true: x;, = a; = 0. It is clear that b; = 1 since C;3 is satisfied.
Thus, x;3 = 0 since C;, is satisfied with only one true literal (b;). Therefore,

wehave x;; = 1,x, =0,x;3 =0;
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2. only x;, is true: since C;, C;», C; 3 are all satisfied with only one true literal

in each clause, we have x;; = x;3 =a; = b; = 0;

3. only q; is true: x;; = x;» = 0. since C;,, C;3 are satisfied with only one true

literal in each clause, we have b; = x;, = 0 and x;5 = 1.

Therefore, every clause C; = (x;}, x;2, X;3) in the original 1-IN-3SAT instance is

satisfied with only one true literal.

In summary, we have shown that the 1-IN-3SAT instance is satisfiable if
and only if the corresponding 1-CONSISTENT-NAE-3SAT instance is satisfi-
able, which indicates the NP-completeness of 1-CONSISTENT-NAE-3SAT.

Finally, we show that CONSISTENT-NAE-3SAT (clearly in NP) is NP-
complete via a reduction from 1-CONSISTENT-NAE-3SAT. Given an instance of
1-CONSISTENT-NAE-3SAT with n variables (xi, ..., x,,) and m clauses Cy, ...,C,,
we add a new clause Cy = (x;, X;,0) and get an instance of CONSISTENT-NAE-
3SAT with n variables and m + 1 clauses. This is clearly a polynomial reduction
and there must exist a NAE satisfiable assignment for the new instance. Now
we assume that the original 1-CONSISTENT-NAE-3SAT instance has a satisfi-
able assignment (x, ..., x,), it follows immediately that the CONSISTENT-NAE-
3SAT is also satisfied by the same assignment. On the other hand, we assume
that CONSISTENT-NAE-3SAT is satisfied by a truth assignment (x, ..., x,). Since
Cy is satisfied with exactly 1 true literal, so are the other clauses. Thus (xi, ..., x,)
is a satisfiable assignment for the 1-CONSISTENT-NAE-3SAT instance. Hence,
we have shown that the 1-CONSISTENT-NAE-3SAT instance is satisfiable if and
only if the corresponding CONSISTENT-NAE-3SAT instance is satisfiable.

In conclusion, CONSISTENT-NAE-3SAT is NP-complete.
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A.5 Proof of Theorem 4

It is clear that LEFTANCHOR is in NP since given a graph, one can verify if
it is a UIG and if a specific node is a left anchor in polynomial time. Now
we show the NP-completeness of LEFTANCHOR through a reduction from
CONSISTENT-NAE-3SAT. The reduction is similar to the one used in proving
the NP-completeness of the UIG Sandwich Problem in [37].

Given an instance of CONSISTENT-NAE-3SAT, let xi,...,x, be n vari-
ables and C,...,C, be m clauses where C; = (x;;,x;2,%3) and x;; €
{X1, ..., Xy, X1, ..., X,}. For every variable x;, we construct a variable gadget with 5
vertices (x;, x}, p, %/, %) in the LEFTANCHOR instance: add 4 type-S edges
(xi, x0), (x}, p), (p, X)), (X}, X;) to & and 6 type-D edges (x;, p), (x;, X)), (x;, Xi), (x/, X)),
(x}, X;), (p, X;) to &, (see Figure A.1: solid line edges represent type-S edges in &,

missing edges represent type-D edges in &;).

Moreover, for every clause C; = (x;1, X;2, X;3), we construct a clause gadget
with 6 vertices (x;1, Xi2, Xi3, Vi1, Vi2,Vi3) in the LEFTANCHOR instance: add 3
type-S edges (x;;,vi;),j = 1,2,3 to & and 9 type-D edges (v;;, xix), j # k and
(Vij»vix),J # k to &, (see Figure A.2: solid line edges represent type-S edges
in &, missing edges represent type-D edges in &,, and dash line edges repre-
sent unknown edges in &, U &,). Note that every vertex x; ; in the clause gadget

belongs to one of the variable gadgets, we don’t create additional vertices.
In summary, there are 4n + 3m + 1 vertices in the LEFTANCHOR instance:

V=A{plU{x,x, X, xli=1,...0} U{vi1,vio, visli = 1, ...,m},

12771
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Figure A.2: Clause gadget

4n + 3m type-S edges:
&1 = {(xi XD (& ). (0. %), (&, Z)li = 1, oo U {Griovi li = 1, oum, j = 1,2,3),
and 6n + 9m type-D edges:

82 = {(-xi’ p)’ (xi’ X:)’ (xi’ xi)’ (-xll" x:)’ (x;’ X-l')’ (P’ X-l)’l = 1’ ey n}

u{(vi,j,xi,k)'i =1, j # K} U {(vi,,-,v,.,k)‘i =L..m, j#k|. (A33)

Clearly the construction is done in polynomial time. Moreover, it is shown
in [37] that if there exists a truth assignment of (xy, ..., x,) such that every clause
C; is satisfied with at most two true literals, there exists a UIG G’ = (V, E;3) such

that & € & and & N E, = 0. Now, let x; and x; be two nodes that we want to
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decide if they can be left anchors. Then we get two corresponding instances of
LEFTANCHOR for any given instance of CONSISTENT-NAE-3SAT. We need to
show that the instance of CONSISTENT-NAE-3SAT is satisfiable if and only if at
least one of the two corresponding instances of LEFTANCHOR is satisfiable, i.e.,
at least one of the two nodes x; and x; can be a left anchor of a UIG G” = (V, &y)

where 81 c 84 and 84 N 82 =0.

We first assume that the CONSISTENT-NAE-3SAT instance is satisfied by
a truth assignment of (xi,...,x,). Suppose every clause has only 1 true literal
and with out loss of generality, we assume x; = 1. We show that x; can be a
left anchor of a UIG satisfying the constraints. We assign a unit length interval
for every vertex in V as follows (see Figure A.3): we let I(p) = P. For i =
L,..,nif x; = 1, welet I(x;) = A;, I(x}) = L, I(X)) = Rand I(X;) = B;; if x; =
0, we let I(x;) = B;, I(x})) = R, I(X)) = L and I(X;) = A;. In other words, we
put all the true (or false) literals to the left (or right) “staircases” and assign
x; and x accordingly. For every clause C;,i = 1,...,m, let x;; be the true literal
in C;, then we let I(v;;) = I(x;;). For the other two false literals x;,, xix,, the
two corresponding intervals both have non-overlapping tails. Therefore, we
can assign I(viy,) and I(vi,) extending from the respective tails. For example
in Figure A.3: consider a clause (xi, X», ¥3), A;, B, B3 are assigned to the three
literals and V;, V,, V5 are assigned to the associated vertices v;, v;2, v;3. One can
easily check that the induced UIG from the interval assignment of vertices in
V satisfies all the edge constraints and x,; is a left anchor. Similarly, we can
show that if x; = 0, then x; can be a left anchor of a UIG in the LEFTANCHOR
instance. Now suppose every clause has 2 true literals, we can use similar proof
structure to show that if x; = 0, then x; can be a left anchor of a UIG satisfying

the edges constraints; otherwise X, can be a left anchor.
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Figure A.3: Unit interval realization of a satisfiable instance of
CONSISTENT-NAE-3SAT.

On the other hand, we assume that at least one of the two nodes x; and
X; can be a left anchor of a UIG G” = (V,&,) satisfying the edge constraints
and we need to show that the original instance of CONSISTENT-NAE-3SAT is
satistfiable. Without loss of generality, we assume that x; can be a left anchor.
Let I(v) be the unit interval assigned to vertex v in the UIM of the UIG G”. By
changing scale and shifting, we can assume that every interval has length 1 and
I(p) = [0,1]. Consider for every variable gadget i = 1, ..., n, It is not difficult to
see that /(x;) contains either —1 or 2. We assign truth values to the variables as
follows: let x; = 1 if I(x;) contains —1 and x; = 0 if I(x;) contains 2. Now we show
that every clause is satisfied with only 1 true literal OR every clause is satisfied

with only 2 true literals by the truth assignment.

Consider every clause gadget: we show that there is exactly one edge among

(x;j, xix), j # k that belongs to &,:

1. if all three edges belong to &, then v;;,v;,,v;3 form an asteroidal triplel,

which is forbidden in a UIG [48];

!An asteroidal triple in a graph is a triple of mutually non-adjacent nodes i, j,k such that
between any two of them, there exists a path avoiding the neighborhood of the third.
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2. it exactly two edges belong to &, e.g., (x1,x2) and (x;;,x;3), then

Xi1, Xi2, X;3 and v;; form a claw (K 3) which is also forbidden in a UIG [48];

3. I(x;;) contains either —1 or 2. Hence, there always exist two intervals con-
taining the same point, thus intersecting. Therefore, at least one edge be-

longs to &s.

Since there is exactly one edge among (x;j, x;x), j # k that belongs to &,, it fol-
lows that every clause has only 1 or 2 true literals. Furthermore, since x; is a left
anchor of G”, within every clause gadget containing x,, the truth assignment of
x; should be different from the other two variables: consider a clause gadget
containing x;, assume that x;; has the same truth assignment as x; and x; is con-
nected to vy, then we have (xy, x;), (x1,v1) € &, but (v, x;x) € E4. This contradicts
the assumption that x; is a left anchor since (v;, x;x) should also belong to &, if

x is a left anchor and (xy, x;), (x1,v1) € E4.

We first consider if x; = 1, then we claim that every clause has exactly
one true literal. We prove by contradiction: assume that there exists a clause
Ci = (xi1, Xi2, x;3) with two true literals, e.g., x; 1, x;». By the assignment of truth
values, it is clear that /(x;;) = [l1,r] and I(x;2) = [L, ;] contains —1. Without
loss of generality, we assume that /; < /,. Then we consider I(v;;) = [/,, r,]: since
(i1, Xi1) € &g and (vi1, xi2) ¢ &4, we have [} < r, < [,. Then it is not difficult to see
that I(v;;) doesn’t contain —1 and /, is smaller than the left coordinate of I(x,),
i.e., x; is not a left anchor. Contradiction! Therefore, we have shown that every
clause has exactly one true literal. On the other hand, if x; = 0, it can be shown
similarly that every clause has exactly two true literals. In summary, we have
shown that the original instance of CONSISTENT-NAE-3SAT is satisfiable if at

least one of the two nodes x; and X, can be a left anchor of the corresponding
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UIG. This completes the entire reduction and we conclude that LEFTANCHOR

is NP-complete.

A.6 Proof of Theorem 5

We first show that with probability at least 1 — 25, every arm i ¢ 8" is eliminated

by the offline elimination step of LSDT-PSI. Consider any i ¢ 8*. Note that

under Assumption 3, there exists j, k € [m] s.t. Yu € Bj., vE B,
(u,i) €&, v,i) €&, (u,v) € & (A.34)

Let N = min{lB’;L |B;]}. According to Assumption 4, we have N > «log K. We

select {uy, uy, ..., uy} from Bj and {vi, vy, ..., vy} from B;, then forn = 1, ..., N, define

E,i = {(us.i) € EF, (A.35)
E,y = {(v,, i) € &), (A.36)
Ey = {(uy.vy) € EP). (A.37)

According to Assumption 5, {E, (},=1,.n¢=123 are independent and P(E,;) =
P(E,,) = ps, P(E,3) = pp. Therefore, according to the offline elimination step
of LSDT-PSI, the probability that arm i is not eliminated is upper bounded as

follows:

N 3
P(i is not eliminated from B,) < n (1 — 1—[ ]P)(E,,,g)] =(1-pspp)".  (A.38)

n=1 =1
Since N > klog K and according to Assumption 5, pipp > 1 — ™%, we have
1
(1= pspp)" < (e?/)yPek < —. (A.39)

KZ
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Moreover, we can show that as K — oo:

K
Egs ,ag[lf;ol] Z P(i is not eliminated from B)

i=1
1
18] + Z = 1B+ o(1). (A.40)
igB*

A.7 Proof of Theorem 6

The basic structure of the proof follows that in [12] and [15]. Define Q = {i € V" :
A; > 4€} (note that V' = By). For each i € Q, let

m; = min {m >0:2"< w} (AA41)
One can easily verify that
min {1, —m(Ai — 36)} <2< —\/ﬁ(Ai — 36), (A42)
2 8 4
and
max m; < max{l {log ( 8 ﬂ} (A.43)
@ ’ 2 \/ﬁf ’ )

We first consider suboptimal arms in Q and analyze regret in the following

cases:

(a) Some suboptimal arm i € Q is not eliminated in round m; (or before) with an

optimal arm iy € B,y,.

Consider i € Q, note that if

X ienvii X(m)T (m) < 2 jentit My () + 10g(TA_'2") , (A44)
2 jenti Tj(m) 2 jenrii Tj(m) 2 X jenin Tj(m)
and
ZJEN,[imax] Xj(m)T](m) 2 ZjeNl[imax] lJJT/(m) _ log(TA’%'l) , (A.45)
2 jeN liman] Ti(M) 2 JeNTimas) Tj(110) 2 2 jeN limee) Ti (1)
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hold for m = m;, then under the assumption that in.y, i € 8,,, we have

log(T A2, log(T A2, A A=3
\/ eThn)  _ eThn) B € (A46)
2 X jenri Tj(my) \ 243 jenrn 2 log(TAZ) /A2, 22 4
log(T A2, log(T A2, A, A-3
\/ eh) gTh) B Aim3e 44y
2 ZJEN,[imax] Tj(mi) \ 2/1 Z]IE/V’[imax] Zf log(TAgnt)/A%”z \/ﬁ 4
Thus,
2 jenviiy Xj(m)T (m;) N \/ log(TA%”) e
)y jen' i T j(my) 2% jeniil T j(my)
ien i GTm) A =3
< ZJN[]MJ i( )+ e+€
2 jenpi Ti(m:) 2
Ai -3¢
< ui+2e+
2
A -3
= Hins ~€~ € (A.48)

2 jeN i) T (M) ) \/ log(TA2,)
2 JeN Timax] Ti(M2) 2 2 jeN linas) Ti(0)
2N lima] X (M) T j(m;) _ \/ log(TAIZn,-)

2 ieNlimae] T(11) 2 X ieN lima) T(110)

Therefore, arm i will be eliminated in round m;. Using Hoeffding’s inequal-

ity, we know that for every m =0, 1,2, ...,

1
P{(A.44) doesn’t hold} < —, A49
{(A.44) doesn’t hold} ) (A.49)
1
P{(A.45) d ‘thold} < —. A.50
{(A.45) doesn’t hold} TR (A.50)

As a consequence, the probability that a suboptimal arm i is not eliminated in
round m; (or before) by an optimal arm is bounded by 2/(TA2 ) and thus, the

regret contributed by case (a) is upper bounded by

2A, ,
RLT) < Z = = 0(V). (A.51)
€@ Tmi
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(b) The last remaining optimal arm iy, is eliminated by some suboptimal arm i

in some round m* < my.

Note that if (A.44) and (A.45) hold at m = m*, then

2N ] X5 ()T (1)

2. jeNTima) T(1T°)
D JeN i) KT /(M)

log(TAi*)
+ +e
2 2 JeN lima) Ti(M)

227N Tima) T7(MY)

(A.52)

ZjeN’[iJ ,ujTj(m*)

2 jeneii X (m*)T ;(m*) ~

2 jenviy Tj(m*)

2 jenpiy Ti(m*)

log(TA2,)
2 X jenriil 7(m*)’

Therefore, the optimal arm i, will not be eliminated in round m*. Conse-

quently, by (A.49) and (A.50) the probability that iy, is eliminated by a sub-

optimal arm i in round m* is upper bounded by 2/(TA%,). Thus the regret con-

tributed by case (b) is upper bounded by

Ry (T)

(c) Each arm i € Q is eliminated in (or before) round m;.

IA

IA

my

2
2. Dy 7 max AT
0 ieyAA TAm* jeV\A

my 2
2. 2 5w

i€eV\Am*=0
Z 2(22mf+2 _ 1)
i€V'\A 3
8
Z 2(16'(\/275
3

i€V'\A

(A.53)

¥ -1

= O(V').

Note that arm

i will be played until the last arm in N’[i] is eliminated or the last round

my < [og,(8/ V21e)]. Thus,

R(T) < ) Azi———

Alog(TA2)
' (A.54)

ieQ n;
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where

8
' < mi 1 . A55
= {mw " {ng(\/_z/leﬂ} (A:59)

Therefore, the regret contributed by arms in Q is upper bounded by

32 log(TA?
RaT) < 3 2z 8880 | oy, (A56)
i€Q Ai
where
A; = max{ min A; - 3¢, }. (A.57)
JEN'[i]

Moreover, for each arm j € V' \ (QU A), if j is eliminated before m/, then the

number of times that arm j has been played up to time T is upper bounded by

322, 1og(T€>
#(E)_ (A.58)

E[r(T)] <
Otherwise, j will only be played when L;(t) > L;, (¢) if imax is not eliminated.
Since we have already shown in case (b) that the regret caused by the fact that
imax 1S eliminated before m; is upper bounded by O(V’|), we assume that iy, is
not eliminated after m; rounds. Using an argument similar to that in the proof

of Theorem 2, we have

E[r/(T)] < 81%. (A.59)

2
i

Note that the constant before log T becomes 8 /A% instead of 32/A% because the

reward distributions are assumed to be 1/2 sub-Gaussian. Thus, the total regret

of LSDT-PSI is upper bounded by

loe T 32z;log(Te€* 32 log(T A2
R(T) < Z Aj-max{8 0% %4 og( 6)}+2Aizig—(l)+0(|q/’|).

2 2 A2
JEV\(QUA) Aj € i€Q Ai

(A.60)
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A.8 Proof of Corollary 1

According to Theorem 6, for every realization of the partially revealed UIG G. =
(V, &5, EP), the expected regret of LSDT-PSI is upper bounded by
o(IV\@QUA+ > z)logT), (A.61)
ieQ

where Q ={i € V' : A; > 4e€).
Let Cpgp = [V \ ( QU A)| + ¥ cqzi, we need to show that

Egs ep[Cps] < a1 +1B;  \ A, (A.62)

Imax

where « is a constant independent of 7" and the size of the action space. We

simplify the notation of expectation in (A.62) to E[Cpgj]. Note that
E[Cpgl = E[Cpg]|FIP(F) + E[Cpg[|FP(F) (A.63)
where F = {every i ¢ 8" is eliminated from B,}.

From Theorem 5, the probability that every arm i ¢ 8" is not eliminated is

upper bounded by 1/K?, therefore, we have

_ 11
PF)< ) — < —. (A.64)
;B: K~ K

It is clear that E[CPSIIF ] < K and P(F) < 1, therefore it suffices to show that

E[CpglF] < a(1+18; \AD - 1. (A.65)

Notice that given F, every arm out of 8* is eliminated. Besides, we assumed

that B C Q. Thus,

ECpgilF] =E| Y |F|+18;, \ Al (A.66)

i€B;

'min
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Moreover, it is clear that no matter what realization of the revealed UIG is, every
arm i € B; will not be eliminated. The fact that every arm i ¢ 8" is eliminated
only affects the probabilistic assumptions on edges with at least one end point
not in B*. Therefore, we can claim that conditioned on F, every type-S edge
between arms in B; is still observed independently with probability ps and
hence E[Zi637min z|F] is equal to the expectation of the optimal value C;, of the
following linear program:

L

CL= min ZZ;‘»
21 L “ 1
l:

.....

st m+ Y G ) €82 1, Vi, (A.67)
J#i
z; =2 0,Vi.
where L =|8; |and Vi, j € [L], (i, j) € & happens independently with probabil-
ity p = ps. We show that E[C,] < ¢, where ¢, is a constant only related to py.

We consider a solution 7! = ,%L’ Vi € [L]. We first show that {z}} is in the feasible

region with probability at least 1 — 1/L. Define A = {{z}} is feasible}, then

P(A) < ZL: P(z + Z GG ) et < 1) (A.68)
= =

- ZP ﬁ ;]I{(i, )ed)< ;(i — f)) (A.69)

< ZP ﬁ ;H{(i, Heé& < g) (A.70)

< ZP (% ; I{(i, j) € 8)) - p < —g) (A.71)

< i o 2-DE (A.72)

Il
—

Note that the last inequality is derived through the Hoeffding inequality. With-

4logL
L-1

out loss of generality, we assume that < 1 (otherwise, E[C,] is trivially

upper bounded by a constant independent of L). If p > /4%E, the RHS of
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(A.72) is upper bounded by 1/L. Since it is obvious that C;, < L, we have

E[C.] = E[CLIAIP(A) + E[CLIAIP(A)
L
2
< T+l=—=+1=8,,. A73
;Zz + p + ﬁp,l ( )
4log L

On the other hand, if p <

— (this is equivalent to that L is smaller than
a constant that only depends on p, we denote the constant as 3,,), we have
E[C.] £ L < B,,. In summary, if we let ¢, = max(8,,8,2), we have that E[C,] <

cp. Finally, we let @ = ¢, + 1 and combining with (A.66), we get the desired result

in (A.65).
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APPENDIX B
PROOFS OF LEMMAS AND THEOREMS IN CHAPTER 3

B.1 Proof of Lemmal

Let q¢s = 1.2, exp(y19¢,) denote the weight of group ¢ at epoch s where

oy = e =0< 2,
qe.s L
Y1 )’
qges = (I—=vy1) + === (B.1)
ZL’ 1 8¢5 L L
Let G, = Zﬁzl gcs- We have
Gs+1 — - gé’,senzm _ i qes — %ey”;“
Gs = O = -7
5 ges -2 ) Prs)
< Z ST L (1 + Y1Yes + (Vlye,s) ] (B.2)
= 1- Y1 L L
/L 5 (y1/L)*
< 1 1’)/1_712 tsYes T YI Z €S €v
=1

The second inequality holds due to the facts that e* < 1+ x + x%,Vx € [0, 1] and

1k € [0, 1]. Notice that

L
§ qesyes = Yegs»
=1

L L
a Yeg,s a
DAty = Qe <= ) Su (B.3)
=1 qegs =1
Taking logarithms on both sides of (B.2) and summing over s gives
) s L
Gs+1 _ /L (/L) N
In < Ves + Ves- (B.4)
G 1—71;€ 1—712:11{,:1 ‘
Meanwhile, for every ¢,
yfl Zf:[ }AY,S
1 s+ S I 868+, 8¢
G G G
s
=2z Jes—InL. (B.5)
L s=1
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Therefore, we have

> . Lhnl oy &
Z)’a,sz(l—%)Z)’f,s— " —ZZZW,s- (B.6)

We take expectation on both sides of (B.6) over the randomness of y,, for all ¢

and s (more specifically, the randomness of the arm-level EXP3 algorithm run on
the ¢-the group within the r-th epoch), conditioned on the sequence of selected
arm groups (¢, ..., {;) and past observations {y, -}’ _,. Note that for every fixed
sequence of reward assignment, y, , is independent across ¢ and s. Moreover, y
is independent of the past history of group selection, i.e., (¢, ...,{,). Therefore,
we can obtain

; X LInL vy S G ox
l,s 1 l,s
2tz (=) Y Bl = 0= = = T ) ) TEHL =0, (B)

s=1

We further take expectation over the randomness of (¢i, ..., {s) selected by the

group-level EXP3 algorithm. Notice that

Xe,s

Xt,s
Efs [ & I{gé = f}] = qe.s +0- (1 - qt’,s) = X¢,s- (BS)

qes qge.s

Therefore, we have

S

s
LinL
EGroup-EXP3 [Z Xeos| 2 (L=y1) ) Xes = v y1S. (B.9)
s=1 s=1 !
Since ¢ is chosen arbitrarily, by choosing y; = /%%%, we can conclude that
s s
max ; Xes — EGroup-EXP?) [; xg‘w,] <2V2SLInL. (B.10)

B.2 Proof of Lemma 4

Let g¢, and ¢, denote the weight and the selection probability of group ¢ at
epoch s. Let G, = Y/, g, For every h’ = (hy,...,hs) such that H(h*) < V,
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consider the V-partition of the time horizon [1,S]:

[Sla -~-7S2)’ [SZa cees S3)9 ceey [S Vs .S V+l)a (Bll)

where S| = 1and Sy, =S + 1, such that A, is fixed for s € [S,,S 1), Vv =1, ..., V.

For each segment [S,, S +1):

Gont _ i 8esrl i gese? et 4 ealf}l
G, — G, £ G,
L _n
= Z qg,& L e’Yl)h/L + ea
=1 1=y
L aes — i Y1 Y1\2
< Dy (e () ')”“ B.12)
KZ:; 1 - Y1 ( L™ L L,s (
L
niL S /D )
< 1 1 Zq&syt’s 1 fsy?S'Fe(Y

L3 L3

We can further derive that

L 2 L
lnGm < 7’1/LZ . +(71/L)

2
= sYe,s sYrs T e
G. 1=, £ sVt 1 wa t.sYe,
L Ly <
n/k, b > 50+ ea. (B.13)
l-n -y 4
Summing over s = S,,...,S,+1 — 1, we have
Spe1-1 Spa—1 L
Gy y1/L "X (y1/L)?°X
In =21 < s e +eal(S i1 —S,). B.14
GSv 1 _71 & yfsa 1 _'}/1 A;SV ;yé’, +1 ( )

By abuse of notation, we let 4, be the action in this segment and then

7 Su+1_1
1 N
8hSvei = 8hyS,+1 EXP T Z Vhy.s

s=S,+1
eqa y Sv+1_1
1 A
> —Gs, exp(z > yhv,s] (B.15)
s=S,+1
a y Sv+1_1
1
> —Gg e — Vi<l
—Gs, Xp[L ZS: yhv,)
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where the last inequality holds since

In.s < 1/gn,s < Lfy1, ¥s. (B.16)
Therefore, we have
ln GSv+l > ln(a/)_'_ ,)/1 Sv+l—]§} (B 17)
= 7 - hy,Ss .
Gs, )" L &

and as a consequence,

Sv+1_1 Sv+1_1

R Lin(L/a) S G eal(S,. - S))
Z Yeos = (L=y1) Z Yhys — Sy Zyg,s— + . (B.18)

5=S, 5=S, " L 5=, =1 "

We sum over all segments v and take expectation on the both side of the in-
equality, using a similar argument as that used in the proof of Lemma 1, we can

obtain that

S

s
Z Khys = EGroup—EXP3.S [Z Xty

s=1 s=1

LV In(L L
M + »)/IS + 6_ (B19)
g Y1

S’)’]S+

if we choose a = 1/S. We further choose y; = 1/% to obtain the conclusion

of Lemma 3 (assuming without loss of generality that VIn(LS) > e).

B.3 Proof of Theorem 11

The proof follows the same structure with the one in the proof of Theorem 7. Let
imax b€ the arm with the greatest cumulative reward. Let A, and Bi:“n“ be the
group and subgroup to which iy, belongs. We decompose the expected weak

regret of HLMC with a three-level hierarchy as follows:

A

EHLMC [RW(T)] = (Cmax - Cr,nax) + (C;nax - Cr’rllax) + (C;xllax - CHLMC)

R\(T) + Ry(T) + Rs(T), (B.20)
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where

M-

Chax = Viaxots
=1
S1 S»
Coax = Z Z EArm-EXP3(gim) [Z Tiva | » (B.22)
s=1 7=1 tely
S[ S2
Coax = Z ESubgroup-EXP?)(ﬂ,mx) Z EArm-EXPCS(B;’Tm [Z r z},t” ) (B.23)
s=1 =1 tely
T
CHLMC = EHLMC-3L [Z il |
t=1

- EGroup-EXP3

So
Z::‘ EArm—EXP?)(BZ; ) [Z Tipt

tely

M
Z ESubgroup-EXP&gng)
s=1

Specifically, R,(T) corresponds to the arm-level reward loss due to not play-

ing the best arm, assuming that group A, and subgroup Bfl‘;:* are selected at

max

all epochs and subepochs. By applying Lemma 2 at every subepoch, we have

R](T) < 25152 \/2S3N3 11'1N3. (B25)

For R,(T), which corresponds to the subgroup-level reward loss due to not
selecting subgroup Bi‘;zx at all subepochs, assuming that group A, is selected

at all epochs, we apply Lemma 1 at every epoch by defining

1
5 > ri,,,] : (B.26)

ls _
X = EArm-EXP3e)

Then we obtain that

Rz(T) <2 1S3 ZSZNz In Nz. (B27)

Finally, R;(T') corresponds to the group-level reward loss due to not selecting

group Ay, atall epochs. By defining
1 &
— l,s
s = ESubgroup-EXPS(A(;) [S_z Z xlm] ’ (B.28)
=1

144

(B.21)

(B.24)



we can apply Lemma 1 again to obtain that

R3y(T) <2S5,83 25 N, InN;. (B.29)

The upper bound in Theorem 11 is obtained by combining (B.25), (B.27), and
(B.29) together and selecting

G- { T'3(N;InN;)*

= ,Vi=1,2,3.
(I_Ij;&ilean)l/}“ l
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APPENDIX C
ADDITIONAL RESULTS AND PROOFS IN CHAPTER 3

C.1 Implementation of PSLinUCB-Hybrid

Algorithm 11: PSLinUCB-Hybrid

Input: @ > 0,w e N*,6 > 0,k =d X m.
Initialization: A", A§"" = I;. b{™, by = Ok
forr=1,2,....T do
/ / Parameter Estimation and Arm Selection
Observe the feature vector x,, of the current user u, and the cross-feature
Zuq fOT every arma € A, .
N
fora e A do
if a is new then
Alprecurcum) y plprecusam) - glprecurcm) g Sy g,
i (AZ™Y (B — B,
i
Play a, = arg maX,e#, p; ., obtain reward r,, ., ().
Append (xy,, Zu, 4, Tu,.0, (1)) to the end of SW,,.
Update Ay, bg™, A;™, B, b, using (4.6).
Update A;, B;”, b, in the same way with that in updating A", B, b,
(replace cum with cur).

(continued in the next page.)
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Algorithm 12: PSLinUCB-Hybrid (continued)

/ / Change Detection and Model Update
if SW,| > w then
B (AT bg, 8 — (AL) (bl — BLBT).
Let SW,, = {(xy, 25, 7))},
if L2, xTO0 + ZIrre — ry)| > 6 then
Update Ay, by, Ay, by © using (4.8).
Al — AJ" b — by SW,, « 0.
AT AT AL
Blrrecun) B B 0,
B b, B O
else
(x1,21,11) < Popleft(S W,,).
Update A", by, A, B, bl according to (4.6) (replace cum with pre
and (X, Zu,a,> Tua, (1)) With (x1, 21, 11)).
Update A7”,B;”,b," in the same way with that in updating

Al B, bl (replace pre with cur and operation + with —).

C.2 Proof of Theorem 12

Defineevents F; = {r; > v}, 1 <i<M-land D; = {r;<v;+L/2},1 <i<M-2,

Dy = {ty-1 £ T}. Then we have

E[R(T)] < E[R(DI(F)] + T(1 = P(Fy))

IA

E[ROVDICF)] + E[R(T) = Rv)] + K (C.1)

(60 + Y1 + 2a 1 [2v1dK log % + 2K + E[R(T) — R(»))]
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Note that the first inequality follows from Lemma 6 on bounding the proba-
bility of false alarm in the first fist stationary segment [0, v;] provided that b
satisfies (C.22) and ¢ = /% log(2T). The second inequality follows from Lemma

5 on [0, v;]. The next step is to bound E[R(T) — R(v,)], which satisfies

E[R(T) = R(v1)]

IA

E[R(T) = R(v)IF 1Dy] + T(1 = P(F\Dy))

= E[R(T) — R0)IF D]+ T(P(F\Dy) + P(F\D;) + P(F,Dy)) (C2)

IN

E[R(T) — R(T)IF1D1] + E[R(71) = R(v)|F1D1] + 2K

IA

E[R(T — 11)] + E[r, — vi|F\D;] + 2K

IA

E[R(T — 7))] + w[K/y] + 2K,

where the second inequality holds due to the following facts

1. P(F\D,) = P(F,) < KT according to Lemma 6, provided that b satis-

fies (C.22) and ¢ = /2 log(2T);

2. P(F\D,) = P(D,) < 2T* according to Lemma 7;

3. P(F1D) = 0 since F; and D; cannot happen simultaneously.

The third inequality holds due to the fact that the learning process is restarted
once a change is detected and E is the expectation taken over the random pro-

cess induced by the learning algorithm after the first detected change time.

Finally, if we recursively upper bound E[R(T — )] by the same arguments

as above and repeat the process for M — 1 times, we have

M
EIRT)] < Go+NT + Y 20 [2vidK logg
i=1

+4KM + wM[K/v]. (C.3)
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Letoy = 1/T,y = ¥, & > [2dlog %, and apply Cauchy-Schwatz inequality

to the second term, we can obtain

E[R(T)] < C, VTMKw + C> \|[TMKd?1og’ T. (C.4)

C.3 Proof of Lemma 5

Let I(-) be the indicator function and R,, be the one-step regret at time t when

the algorithm plays arm a,. The expected cumulative regret can be partitioned

as follows:
E[R(T)] = E[R(T)I(t; < T)] +E[RT)(r; > T)]
< T-P(r; <T)+E[R(TD)(t; > T)]
< T-P(ry<T)+ ZT: E[R,I(t > T,a, is random selected)] (C.5)

t=1
T

+ Z E[R,I(t; > T, a, is selected by UCB index)].

t=1

According to the algorithm, it is not difficult to see that the second term on the
RHS of the above inequality satisfies

T
T
Z E[R,I(t; > T, a, is random selected)] < K - [%] <K+ Ty. (C.6)

=1

For the last term, we have:

Mﬂ

E[R,I(T; > T, a, is selected by UCB index)]

t=1

M’ﬂ

E[(re — ro)I(Va € A,no change detected up to time 7 - 1,

~
l
—_

a, is selected by UCB index)] (C.7)

T
Z(xzﬁa; — x,.0,)1(Va € A, no change detected up to time 7 — 1,
=1

a, is selected by UCB index).
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Note that if no change has been detected up to time ¢ — 1, the estimation
of 6,,Ya € A has not been restarted and thus, 8, is calculated based on all
past observations. Thus, according to the algorithm, the RHS of (C.7) is upper
bounded by

T
Z(x,i@af — x; 0,)I(Ya € A, no change detected up to time 7 — 1,
t=1

a, is selected by UCB index)

A . . . .

< (00 + 164 — HarllAa; -1y 1%, 1l A-lo-1) ~ x,,0)1(a, is selected by UCB index)
T T

x,,0a, + x| Azl-1) ~ %x,,0a, (C.8)

IA

DM 1M 1

2a| |xu, | |A;r1 (t-1)»

I
—_

i
where A,(t—1) =1 + Z’T_:ll Ia, = a)quxZT and ||x|lx = VxTAx. The first inequality
simply follows from Lemma 2 in [38]. By selecting o > 116, = 6.l A,c-1),Ya € Aand
t, the second inequality follows from the fact that the UCB index of a, is greater
than a; at time 7. The last inequality also holds according to Lemma 2 in [38]
and the selection of . It has been shown in [1] (specifically, Theorem 2) that for

an arm a and any constant ¢ € (0, 1), with probability at least 1 — ¢,

o 1+1¢

102 = Oalla,o-1) < 1+ q|dlog (T) (C.9)

Therefore, if we choose § = 6y/K and @ > +/2d1og(KT /), then with proba-
bility at least 1 — 6y, we have a > 16, — 6, Au-1), Ya € Aand t, and consequently,
(C.8) holds with probability 1 — ¢,. Moreover, with probability 6, when (C.8)

does not hold, the cumulative regret is trivially upper bounded by T.

Furthermore, let 7, be the set of time steps when arm a is selected up to time
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T, the RHS of (C.8) satisfies:

T
> 20l iy (C.10)
=1
= 20 ) > Iullagoeny (C.11)
acA teT,
< 20 (T IR, (C.12)
aeA 1T, ¢
< 2aZ |7;|-2d10g(1 + 'Z“') (C.13)
aeA

< 2a+[2TdK log(g), (C.14)

where the first and third inequalities hold by Cauchy-Schwarz inequality and
the second inequality hold by Lemma 11 in [1] and Lemma 3 in [38]. In sum-
mary, the expected cumulative regret under the stationary environment is upper

bounded by

E[R(T) < T -P(r1 < T) + K + T(y + 8) + 2 | 2TdK log (g) (C.15)

C.4 Proof of Lemma 6

Define 7, be the first detection time of arm a. Then 7| = min,ca{7,;} and

Pty <T) < ) P(ra1 < 7). (C.16)

acA

Let {(xi, 70i)}i=i—w+1... De the last w observations of arm a before time ¢ and define

2| .
Se==| > Hb-w+1,1-w/2)-ra, (C.17)
i=t—w/2+1

where 0,(t — w + 1, — w/2) is the estimate of 6§, based on the observations in

{(xi, )}, ~wi2 According to the modified PSLinUCB algorithm, we have

i=t—w+1"

Ta1=inflt <w: S, >b+c}. (C.18)
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Moreover, we define Tij)l = inf{t = j+nw,n € Z* : S,; > b+ c¢}. Then it is not
difficult to see that at each 1, = j + nw,n € Z*, the observations used for change

detection are disjoint and thus, v

a,l

is a random variable with the geometric
distribution:

P(r)) = nw+ j) = p(1 = p)", (C19)

a,l

where p = P(S,,, > b + ¢) and thus
P(re1 <T) < w(1 = (1= p)""). (C20)
To upper bound p, we have

P(S,o>b+0)

t
< P(% > A -w+ Lt-w/2) - X6, > b] (C.21)
w i=t—w/2+1
2 t
+P[— Z x,-TQa —Tail > c].
w i=t—w/2+1

For the first term in the RHS of (C.21), if we choose b to satisfy the following

condition for any #:

w\| 2 J
b [2dlog|=||= > Illiwr i | (C22)
o)\ @ i=t-w/2+1

where A, (t-w+1, 1-w/2) = [+ x;x!, then the first term in the RHS of (C.21)

i=t—w+1

is upper bounded by 6, according to Lemma 2 in [38] and Theorem 1 in [1].
The second term can be bounded by 2 exp(-wc?) according to the Hoeffding’s
inequality. Let 6; = 1/(2T?) and ¢ > /% log(27), it is not difficult to see that

p=P(S,u>b+c) T2 (C.23)
Since (1 —x)* > 1 —axfora > 1 and x € (0, 1), it can be shown that

P(ry<T)< ) Pty <T)< KT (C.24)
acA
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C.5 Proof of Lemma?7

Notice that the round-robin exploration in the algorithm guarantees that within
L/2 time steps, each arm is sampled at least w/2 times. We upper bound the
probability of {r; > v, + L/2} as follows: consider a be the arm at which the
change point occurs. Let ¢ be the time step when a is sampled w/2 times in the
new stationary segment (notice that r < v, + L/2). The change at a is not detected

only if one of the following events happens:

t
E, = {3 > - w+ L -w/2) - 2700 > b}, (C.25)
w i=t—w/2+1
2 t
E, = {— > AW > c}, (C.26)
w i=t—-w/2+1
t
E; = {% S ade0ld _Tgnew| < p 4 c}, (C.27)
i=t—w/2+1

where 61'*W and Gfl)ld correspond to the ground-truth preference vectors of arm

a after and before the change point. Therefore,
P(ty > vy + L/2) < P(E)) + P(E>) + P(E3). (C.28)

The first two terms has been shown to be upper bounded by 1/7* in the proof of
Lemma 6 and the last term equals 0 under the condition that A > b+c. Therefore,

the conclusion in Lemma 7 holds.
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