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A problem involving minuscule probabilities
R. G. D. Steel

Problem: Mutation rates in A and B lines of corn were observed as

Non~-mutants Mutants Total (approx.)
A 5 x 107 10 5 x 100
B 6 x 107 N 6 x 107

Is there a significant difference between lines?
Solution 1. Very small probabilities are involved and, in spite of
the sample size, one might hesitate to use a X2-test. An obvious non-

parametric test is Tchebycheff's Inequality:

P(|x=un|>ko)< %2

For k = 5, %2 = ,Ob, Since this is close to the common probability
of .05, k = 5 seems desirable. For k = 3, %2 = .11. Since small numbers
are involved in two cells and since the inequality is valid for any continu-
ous (we have a discrete) distribution with finite variance, the value k = 3

might be acceptable.
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I.e. We have had to estimate o.

Observed k
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Since this implies a probability of about .26, we cannot reject the
null hypothesis of no difference.

Solution 2. Cochran (e.g. 1) has shown that statisticians have been
conservative in regard to small expected values in the common X2 tests.
Hence, we might boldly apply the %2 test. This is equivalent to assuming
that a binomial with a very small p can be approximated by a normal distri-
bution if the sample size is sufficiently large. Ve will obtain, within

rounding errors,

X2 = k2

it

3,80

so it is a matter of comparing the observed k with a value from the normal
table.

P (It1>1.96) = ,05

Hence we are almost exactly at the 5% point.with k = 1.95,
As usually computed,

{u(s)lo5 - 10(6)105} 2 (11)105

X2 =
(11)107 (14) (5)10° (6)10°

3,81

Tabulated X2 (.05, 1 d.f.) = 3.841.



Solution 3. (Courtesy I. Blumen.) Since very small numbers of
mutants are observed in very large samples, we may assume that the Poisson
distribution offers a reasonable explanation of the data. The test is
based on determining whether or not the 4:10 split is improbable in sampl-
ing a population where the true proportions are 6 x 105 1 5 x 105 and we
stop after 14 trials. Ve are seen to be dealing with a conditional Poisson
distribution involving 14 mutants. See Steel (2). This may also be con-
sidered as apprroximating a ball and urn problem where sampling is with re-

placement from & + 5 balls and stops after 1l trials.
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P(xZ10}p = .46, n=14) = .0500

so that

LO0426<P (x Z 101 p = 5/11, n = 14) < .0500

The result is seen to be virtually identical with that obtained by %2,
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