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ABSIRACI _ . -

| “The purpose of this note is to show that there exict
noa—tegulat languages whose memory tequirementa for recog-
aition by one-way and two-way automata differ by a double

».xponencial and that this difference cannot be exceeded.



INTRODUCTION .

ﬁarly in the study of finite automata [1] it was shown
that permitting the finite automaton to move its read-head
in both directions on the input tape did not increase the
automaton's computational capabilities. That is, for any
two-way finite automaton which accepts a -language L there
exists a one-way automaton which accepts the same language.

Furthermore, it was shown [2] that any two-way automaton with

n states could be replaced by a one-way automaton with no

more than (u+1)n+1 states. Thus for régularAlangﬁages the
memory requirements for omne-way and two-way recognizers could
not differ by more than an exponential, In a later paper
Karp [3] investigated the problem of approximating non-regular
languages by finite automata, by determining the membry required
for a finite automaton to recognize correctly the strings of
a non-regular language up to langth n , Again the same ex-
ponential relationship was established between the memory
requirements for one-way and two-way automata which approxi-
mate a8 non-regular language up to length n ,

These results secem to suggest (as 1s sometimes assumed)
that the difference in memory requirements between one-way
and two-way recognizers cannot exceed an exponeantial amount
even for non-regular languages. In the next section we show
that for non-regular languages the memory required Sy one-way
and téo-way recognizers can differ by a double exponential

and observe that it can not differ by more than this amount,
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THE DOUBLY EXPONENTIAL MEMORY GAP

In this section we establish the existence of a doubly
exponential memory gap between omne-way and twvoe-way recognizers
of non-regular languages. |

In the following discussions we are coneidering automata
vith.a read-only input tape on which we place the input sequences
over some finite alphabet, The one-way automaton can scan the
1nput tape only once, say from left-to—right, whereas the
two-way automaton can move its reading head in either directiom
on the input tape, |

_ fhe specific organization ;f the nendty énd the state-
to-state ﬁransitions»of the autondton are of little interest
. 20 us in this note and we define ;he auton#ton only for the

sake of completeness.

" A one-way automaton (called a sequential machiae in 31

46 a S-tuple M = (A,Q,qo;G,I) s Where A 1is the finite input

“alphabet, Q is the (possibly 1nfin1:e)ise: of étatgé, 9,
is the starting state, G§8:QxA - Q: is the next sc;te fﬁnctibn,
and f is the set of accepting states. A sequence '§ °

w € A* » 18 accepted by M 41if and only 1f M started on the
left end symbol of w 1leaves the right end of w ‘1n an
accepting state (vithout loss 6f generality we assume that M
moves one square to the right with each state ttansition).

i *
A set of sequences D, DC A , is said to be accepted by -

M provided w 1s accepted by M 1if and only 1f w 48 1n D .



A two-way automaton is a 6-tuple N = (A,Q,qo,ﬁ,m,T)

which 1is defined in the same way as a2 one-way automaton, with
the addition of m:QxA -+ {-1,0,1} which at each state transi-
tion determines thc number of tape squares the rcading head

18 to be moved to the right,

Our mcasure of memory used in processing a string w ,

of length n , is the logorithm of thec number of different
gstates entered by M (on N ) during the computation, With

each machine M <(or ¥ ) we associate the memory count:

M(n) = 1032[number of different states entered by ¥ 1in

*
processing all w in A such that 2&(w) < n] .

We now define the sect D on which a doubly exponential
memory gap is achieved between omne-way and two-way recognizers.,

The set D 1is defined on a six-symbol alphabet,
0011aa
a=1g,1,0,1,0,1} -

and we think of sequecnces over A as two sequences written
(one above the other) on two separate tracks of the input

tape:

k
1 alOallal 000al01 a,..al0 aj, _ 1,2,3,...1 -

D= {
xlxz PRPIP xkxlxz xkzl e e e zr

Thus the 'upper’ scquences in 3 all are sequenczs consisting

of binary representations of the integers 1,2,3,....2k .
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‘separated by the marker "a" 3

1a10allal00a...a10%a ;

the corresponding lower part is any binary sequence
U = Wt

such that 2&(w) = k .

Theorem. The set D cannot be recognized by any one-way

sutomaton with
- M(n) <& .
‘ There exists a‘tvo-way automaton N which recognizes
D. with
W;_J;;M_Q' N(n) :.cllogzlogznl for n >4,
Proof. First, we prove that for a one-way zecognizér‘ M of
- D we must have M(n) > n . This ia done by formalizing the
intuitive observation that, since' M does not know how long

the input sequence will be, it‘nuat remember the lower part

of any prefix read in order to compare it with what follows.
There are 2" different prefixes of length n in ‘D and

thus M mnmust have entered at least 2% different states in
- processing these sequences. But then M(n) > n ., More

precisely, assume that M hasvééanned the two prefixes,
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l al0a,.. a
X1%2 *°° %4

and

1l al0a,.. a

Y172 o+ Yy

with
X XgeeeX ¢ FyTqpeeeTq o

Then there exists a sequence which can be concatenated with
these prefixes so that the first sequence is in D and the

second sequence is not in D 3

1 210a... & cee alo® a
XX coe XpX1XgecoXpZ1Zp000 2,

is in D and

1 alf0a... a coe alo® a
V9V eov TpX3Xgee X 2320000 2,

is not in D . If M 1is in the same state after scanning
these two different prefixes, then, we conclude, M will be
in the same state after scanning the extended sequences.
Since only one of these is in D M would not recognize

D . This implies that after scanning any two different pre-

fixes (of sequences in D ) the automaton recognizing D nust

be in different states. Since there are 2" such different

T e L e L AT T



prefixes, we conclude that
M(n) > 10322n =a .,

This proves the first part of the theorem.
Next we show that D can be recognized by a two-way

automaton N with

H(n) < C ° logzlogin , for large =n .

First, note'that“vn is so constructed that by successively

" "

counting awvay from two comsecutive "a

markers an automaton
‘with three counters (and a few control states) can check digit
by digit whether the upper sequence is properly. constructed

At each stage N - checks whether the two binary sequences under
inspecticn represent the integers‘ r and © + 1 , respectively.

Since the length of the representatiomn of r 1s less than

"og:cggglgyo k + 1 and since
E+1< log2 n,

for any sequence in D , we sce that nonme of the counters will

ever exceed the count of log2 a ., After M has found that
the upper sequence is properly formed up to the representation
of a powver of two, sey, 2® , it checks, using the three

counters, whether the lower sequence has the form

uewwz, Lw) =8 .



After this 1s determined, N resumes the further checking

of the upper sequence making sure that it leaves the last

symbol of the previously varified segment in an accepting state
if u = wwz , 2(w) = 8 , and not in an accepting state other-
wise. This insures that N leaves sequences in D in an
accepting state and all other sequences in non-accepting states.
Thus D can be recognized by a two-way device entering no

more than

k3 <C, + Cz[log n]3

c, +C

1 2 1

states while processing input sequences of length n ( cl

- accounts for the handling of very short sequences, k3 comes
from the fact that M has three counters counting up to k

and C2 accounts for the control étates). But then

B(a) < log,(C; + C,l1l0g n]3).§ C log,log,n ,

for C > 0 and for n > 4 . This completes the second part
of the proof, The two parts jointly establish the existence
of a doubly exponential memory gap between one-way and two-
way automata recognizing the set D ,

The next result will be used to show that the doubly
exponential memory gaés between one-way and two-way recog-

nizers cannot be exceeded,



Theorem. Let N be & two-way automaton with an unbounded

¥(n) . Then

N(n
.up logzlog2 >0

Proof. The ﬁtoof is just a slight generalization‘of a proof
in [4] or a proof in Section 10.5 of [5], and involves a
simple counting argument on croeging sequences, |

We now observe that any F , FC A* » can be recognized
by a one-way automaton M with M(n) < Can ., Thus we see that
for one-vay and two-way automata the meﬁory gap cannot exceed

'a_the double exponential one and that for the set D thié gap
48 achieved, | _

‘e . FNote. The fact that any F , P C a* , c;n be aqéepﬁed
 by a8 cne-ﬁay automaton with K(n)‘i Cn (even 1if F dis not
t‘gursivaly enumerable) may'hdt be 1ntﬁitive1y satisfying
and we may expect that for more "realistic" models the doubly
exponential memory gap could be exceeded, It turams out thét
‘this 1s not the case for."réalistic" models. For example,
for tepe-bounded computations (as defined in [4] or [5]),

‘the difference in memory requireménts between one-way and two-
.'ny autonmata disapéears for tape length L(n) 3 n , Thus
lgain, for tape-bounded computations there exists a doubly
exponential memory gap between one-way and two-way models and

thia gap cannot be exceeded,
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