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The classic L,-based estimates for solutions of elliptic partial differential equa-
tions satisfying general boundary conditions were obtained by Agmon, Douglis,
and Nirenberg in 1959. In Chapter 2, we rework these estimates to make their
dependence on p explicit. It has long been believed that p enters these estimates
as a single multiplicative factor of (p —1)~! for p close to 1 and p for p large. This
is verified for second-order equations with boundary conditions of order at most
one. Poorer results are obtained for more general problems. Local estimates for
solutions of homogeneous equations satisfying homogeneous boundary conditions
are also established. These are shown to be independent of p.

Now consider the finite element approximation of a solution of a second-order
elliptic partial differential equation. A typical finite element space that we consider
is the Lagrange space of continuous functions which are piecewise polynomials on
the elements of an unstructured but quasiuniform triangulation of the domain.

As proved by Schatz in 1998, the finite element error is localised in the sense
that its Lo, and WL norms in a region depend most strongly on the behaviour of
the true solution at points closest to that region. In Chapter 3, we show that the
pattern in the positive norm error estimates continues into the L.-based negative
norms. In particular, the error is localised in the negative norms in the same sense

that it is in the positive norms.



A class of a posteriori W1 estimators for the finite element error was inves-
tigated by Hoffman, Schatz, Wahlbin, and Wittum in 2001 for the homogeneous
Neumann problem. In Chapter 4, we obtain analogous results for an analogous
class of L., estimators. Conditions are given under which these are asymptotically
equivalent and asymptotically exact. One specific concrete example is provided.

In the finite element approximation for the homogeneous Dirichlet problem, the
computational domain does not typically match the domain on which the original
problem is posed. In Chapter 5, we investigate this issue in conjunction with
numerical integration. We find that superparametric elements preserve the 1998

weighted Lo, and W1 error estimates of Schatz.



BIOGRAPHICAL SKETCH

Andrew William Cameron was born March 31, 1981 in Montreal, Quebec to
Alexander Walker Cameron and Mary Kay Emery. His family moved to Rochester,
New York, where he attended Allen Creek Elementary School, Pittsford Middle
School, and Pittsford Sutherland High School, graduating in 1999. He studied
piano at the Eastman School of Music and earned a Diploma in Piano from East-
man’s Community Education Division in 1999.

Andrew got a head start on his undergraduate studies by taking courses at the
University of Rochester in Summer 1999. He then enrolled at the University of
Virginia in Charlottesville, Virginia in Fall 1999. He graduated in Spring 2002,
after three years, with a B.S. with Highest Distinction in Physics and Mathematics.

In Fall 2002, Andrew entered the Ph.D. programme in Mathematics at Cornell
University in Ithaca, New York. He earned an M.S. in Mathematics in Spring 2006
and completed the requirements for the M.S. in Computer Science in Spring 2009.

He graduated in Summer 2010, after eight years at Cornell.

1l



ACKNOWLEDGEMENTS

I would like to thank the members of my committee for helping me in my
graduate studies.

My advisor, Alfred H. Schatz, suggested the topics of this thesis and devoted a
substantial amount of his time over the past six years to discussing these problems
with me. His NSF grant DMS-0612599 helped support my studies.

The idea of pursuing research in partial differential equations first occurred to
me after taking a particularly enjoyable course taught by Lars B. Wahlbin in Fall
2003. His notes from a seminar in Spring 1998 were crucial in preparing me to do
research on the finite element method.

My understanding of numerical analysis has been further enriched by Stephen
A. Vavasis and Charles F. Van Loan. I have had the pleasure of taking two courses

taught by each of them in my time at Cornell.

v



TABLE OF CONTENTS

Biographical Sketch . . . . . . . ... iii
Acknowledgements . . . . .. ..o iv
Table of Contents . . . . . . . . . .. ... . v
Preliminaries 1
1.1 Notation . . . . . .. ... 1
1.1.1 Imteger Sets . . . . . . . . .. . ... 1
1.1.2 Points and Sets in RN . . . . ... ... 1
1.1.3  Multiindices . . . . . . .. ..o 3
1.1.4 Matrices . . . . . . . . 3
1.1.5 Differentiation . . . . . . . .. ... oL 3
1.1.6 Integration . . . . . ... . ... o 4
1.1.7 Polynomials . . . . . ... .. ... ... 4
1.1.8 Lebesgue and Sobolev Spaces . . . . . ... ... ... ... 5
1.1.9 Product and Dual Spaces . . . . . .. ... ... ... ... 6
1.1.10 Convolution . . . . . . . . .. ... ... 7
1.1.11 Logarithmic Factors . . . .. .. .. ... ... ... .... 7
1.1.12 Weight Functions . . . . . .. .. ... ... ... ... ... 7
1.1.13 Weighted Norms . . . . . . ... .. ... ... ... ..., 8
1.2 Elementary Inequalities . . . . . . . . . . . .. ... ... 9
1.2.1 Scaling Inequalities . . . . . . . .. ... ... ... 9
1.2.2  Negative Norm Inequalities . . . . . ... .. .. ... ... 9
1.2.3 Sobolev’s Inequalities . . . . . . . .. .. ... ... ... .. 10
1.2.4 Measure Inequality . . . .. ... .. .. ... ... ... .. 11
1.2.5  Young’s Inequality . . . . . ... ... 12
1.2.6  Weighted Seminorm Inequality . . ... ... .. ... ... 12

Explicit Constants in L,-Based Estimates for Solutions of Elliptic
Partial Differential Equations Satisfying General Boundary Con-

ditions 14
2.1 Introduction and Statement of Results . . . . . ... ... ... .. 14
2.2 Relationship to Prior Work . . . . . . . ... ... oL 17
2.3 Differential Operator Properties . . . . . . . . ... ... ... ... 19
2.4 Operator Transformations . . . . . . ... ... ... ... ... .. 21
2.5 Estimates in the Interior . . . . . . .. .. ... ... 23
2.6 Estimates at the Boundary . . . . . .. .. ... ... ... ..., 25
2.6.1 The General Case . . . . . . .. .. ... ... .. ...... 25
2.6.2 A Special Case . . .. ... ... ... ... ... 36
2.7 Green’s Function Estimates . . . . ... .. .. ... ........ 46
2.8 Global Estimates . . . . . . . ... .. ... 47
2.8.1 The General Case . . . . . . .. ... . ... ... ...... 47
282 A Special Case . . .. .. ... ... 49



2.9 Local Estimates . . . . . . . . . . H2

2.9.1 Domains in the Interior . . . . . . . . . . ... ... ... .. 52

2.9.2 Domains at the Boundary . . . ... ... ... ... .... 57

2.9.3 General Domains . . . . . . ... ... 68
2.10 Appendix: Singular Integral Operators . . . . . . . ... ... ... 69
2.11 Future Work . . . . . . . . . 76

3 L.-Based Negative Norm Error Estimates for the Finite Element

Method 78
3.1 Introduction and Statement of Results . . . . . .. ... ... ... 78
3.2 Motivation . . . . . . .. 80
3.3 Relationship to Prior Work . . . . . . . ... .. ... ... ..... 82

3.3.1 Improvement Over Announced Results . . . . .. ... ... 82

3.3.2  An Extrapolation of Positive Norm Results . . . . . . . . .. 82

3.3.3 A Sharpening of Previous W' Results . . . . ... ... .. 84

3.34 A Trivial Estimate . . . . . . . .. ... ... .. .. 85
3.4 Proofof Results . . . . . . . . . ... .. ... 87
3.5 Appendix: Mollifiers . . . . ... ... ... 94
3.6 Future Work . . . . . . . . . . 105

4 Asymptotically Exact L., A Posteriori Error Estimators for the

Finite Element Method 107
4.1 Introduction and Statement of Results . . . . . .. ... ... ... 107
4.2 Motivation . . . . . . . . 109
4.3 Relationship to Prior Work . . . . . . .. ... ... ... ... 113
4.4 Proof of Theorem . . . . . . . . . . . . ... ... ... .. 114
4.5 Proofof Lemma . . . . . . . . ... 117
4.6 An Approximate Identity Operator . . . . . . . .. . .. ... ... 121
4.7 Future Work . . . . . .. 126

5 Weighted L., and W! Error Estimates for the Finite Element
Method with Superparametric Elements and Numerical Integra-

tion 128
5.1 Introduction and Statement of Results . . . . . .. ... ... ... 128
5.2 Motivation . . . . . . ... 131
5.3 Relationship to Prior Work . . . . . .. ... ... ... .. ..... 134
54 Proof of Results . . . . . . .. . .. ... .. ... ... 135
5.5 Analysis of Perturbation Terms . . . . . .. .. ... ... ..... 143
5.5.1 Terms due to the Mapping &, . . . . . ... ... ... ... 143
5.5.2 Terms due to Using Extended and not Mapped Data . . . . 150
5.5.3 Terms due to Quadrature Error . . . . . .. ... ... ... 151

5.6 Future Work . . . . . . ... 156
References 157

vi



CHAPTER 1
PRELIMINARIES

1.1 Notation

1.1.1 Integer Sets

For integers i, j, we use the MATLAB-inspired notation i : j to denote the set

of integers k with i < k < 7.

1.1.2 Points and Sets in RY

Let ey, ..., ey denote the standard basis for RY.
For z € RY and 1 < p < oo, let |z, be the Lebesgue norm of x with exponent
p and let |x| = |x|2 be the Euclidean norm.

For z € RY and d > 0, define the open ball of radius d centred at z
By(z) ={y e RY : [y — 2 < d} (1.1)
and the open cube of side length 2d centred at x
Ca(z) ={y € RY : |z; —ys| <dforallic1:N}. (1.2)

Define the open unit ball

BY ={z e RN : |z] < 1}, (1.3)
the unit sphere
YN ={x e RY : |z| = 1}, (1.4)
and the closed unit simplex
N
TN:{xGRN:a:izOforalliE1:Nandingl}. (1.5)

=1



Define the upper half-space
RY = {z e RY : 2y > 0}, (1.6)

the upper half unit ball BY = BY NRY, and the upper half unit sphere XY~ =
NN RY.

For # € RY, let 2* = (xy,...,2n_1,—2y) be the reflection of x in the Nth
coordinate. For V.C RY let V* = {z* : x € V} be the reflection of V in the Nth
coordinate.

Suppose that U C RY. Let U denote the closure of U. Let OU denote the
boundary of U, and, for z € 09, let vy(z) denote the outward-pointing unit
normal vector to QU at x. Define diam(U), the diameter of U, as twice the radius
of the smallest ball that contains all the points of U. We say that U is star-shaped
with respect to a point x € RN if tx +(1—t)y € U for ally € U and t € [0,1]. We
say that U is star-shaped with respect to V' C R¥ if U is star-shaped with respect
to each point in V.

For U C RY and = € RY, define the point-to-set distance

dist(z,U) = inf |z — y|. (1.7)

yeU

For U,V C RY, define the set-to-set distance

dist(U, V) = inlf]|x —yl. (1.8)
vev

For U C RY and u : U — R, define the support of u by

supp(u) = {x € U : u(z) # 0}. (1.9)



1.1.3 Multiindices

For N > 1 an integer, a multiindex of length N is an element of {0,1,2,...}".

For a a multiindex of length N, define

N
o] =) o (1.10)
i=1

and
N
ol =[], (1.11)
i=1
and, if z € RY, define

v = (1.12)

1.1.4 Matrices

For integers M, N > 1, let RM*YN be the set of M x N matrices with real
entries. For A € RM*N let AT denote the transpose of A, and, for A € RV*V,
let det A denote the determinant of A. The identity matrix I € R¥*Y has entries
given by the Kronecker delta, I;; = d;;. Elements of RY will be identified with
elements of RV*!. We use the FORTRAN-inspired notation R®“)**4) to denote
a matrix whose rows are indexed from ¢ to j and whose columns are indexed from

k to £. Similarly, R® will denote a vector whose entries are indexed from i to j.

1.1.5 Differentiation

For U an open subset of RY, u : U — R, i € 1 : N, and x € U, let D;u(z)
denote the derivative of u with respect to its ith argument at . For U an open

subset of RY, u : U — R, a a multiindex of length N, and x € U, define

D%u(zx) = D --- DWW u(z). (1.13)



For U an open subset of RN, ® : U — RM and x € U, define the total derivative

D®(z) € RM*N of @ at x by

For i > 0 an integer and U an open subset of R, let C*(U) denote the set of
u : U — R for which all derivatives of order at most i exist and are continuous
and let C¢(U) denote the set of functions in C*(U) whose supports are bounded
subsets of U. Let C*°(U) denote the set of u : U — R for which all derivatives of
all orders exist and are continuous and let C§°(U) denote the set of functions in

C*(U) whose supports are bounded subsets of U.

1.1.6 Integration

For U C RY, let measy(U) denote the N-dimensional Lebesgue measure of U.
For U an (N — 1)-dimensional manifold in RY let measy_;(U) denote the surface
measure of U inherited from the (N — 1)-dimensional Lebesgue measure on RV~1.

For U an open subset of RY and v : U — R, let fUu denote the integral
of u over U with respect to the N-dimensional Lebesgue measure on RY. For
U an (N — 1)-dimensional manifold in RY and u : U — R, let [, udS denote
the integral of u over U with respect to the surface measure inherited from the

(N — 1)-dimensional Lebesgue measure on RV~

1.1.7 Polynomials

For U C RN and r > 0 an integer, let II"(U) denote the set of polynomials in
N variables of total degree at most r defined on U. For U an open subset of R,

r >0 an integer, z € U, and u : U — R, let TFu € II"(R"Y) denote the rth-order



Taylor polynomial of u centred at x, defined by

Tiu(y) = 3 - Dula)(y — )" (1.15)

|laf<r

1.1.8 Lebesgue and Sobolev Spaces

Let U be an open subset of RY. For 1 < p < oo and u: U — R, let |jul|L,w)

denote the Lebesgue norm of v with exponent p on U. That is,

1/p
</|u|p> , ifl1<p<oo
_ U

ess sup |ul, if p = o0.
U

Jullz, @) (1.16)

For1<p<ooandu:U —R,let |[ufwsw) and |u|we ) denote, respectively, the

Sobolev norm and seminorm of v with exponent p and differentiability order k on

U. That is,
i/p
(Z/\Dau]p> , fl1<p<oo
U
lullwewy = lelsk (1.17)

max ess sup | D%/, if p=o00

lal<k U
and

1/p
(Z/|D°‘u|p> , ifl<p<oo
U

ulwrwy = 1el=* (1.18)

max ess sup | D%u|, if p = oo.
lal=k U

For 1 < p < o0, let p’ denote the Holder conjugate exponent of p. For 1 < p <
o0, let C,, = max{(p — 1), p}. Notice that C}, — oo as p — 1 and p — occ.

For 1 <p < o0, k> 1 an integer, and v : U — R, define the negative Sobolev
norm of v with dual exponent p’ and dual differentiability order k on U by

e T R (1.19)
veC§e(U) U
1

ol 0=



Although the p = oo case will be of principal interest in this work, it is not
standard to include the p = 1 or p = oo cases in the definition of a negative norm.
For instance, these cases are explicitly omitted in the treatment of negative norms
in the standard references [1, Section 3.13] on Sobolev spaces, [13, Section 1.3.1] on
partial differential equations, and [28, Section 2.3.1] on interpolation spaces. These
cases appear in several papers on finite element analysis, including [23, Section 1],
25, Section 1], [19, Section 1], and [9, Section 5].

A more general negative norm is sometimes more natural than the negative
norm above. For V an open subset of R¥, 1 < p < oo, k > 1 an integer, and
u:UNV — R, define the negative Sobolev norm of u with dual exponent p’ and
dual differentiability order £ on U NV, disregarding where U N’V abuts on 0V, by

HUHWI;’“(U,V) = sup | wvl. (1.20)

vecse(U)  Junv

”'UHW:/(U>:1

1.1.9 Product and Dual Spaces

Suppose that U is an open subset of RY, S is a vector space of functions
u : U — R with seminorm |u|g, and ® : U — RM. Define the product seminorm

of ® with respect to | - |s by

M

|Blsn =D [®ils. (1.21)

i=1
If | - |s is actually a norm, then so is | - |[gn.
Suppose that U is an open subset of RY, S is a vector space of functions
u : U — R with norm ||ul|s, and F' : S — R. Define the dual norm of F' with
respect to || - ||s by
1Pl = sup [F(). (1.2

uec
flulls=1



1.1.10 Convolution

Let V,W be open subsets of RN, U = {z —y,z e W,y € V},u: U — R, and

v:V — R. Then we can define uxv : W — R, the convolution of u and v, by

(uxv)(z) = /V u( — y)o(y) dy.

(1.23)

If 0 € V and w is not integrable at 0, then this integral will usually fail to converge.

To overcome this issue, we define the principal-value convolution u * v of u and v

by

(u*v)(x) = lim u(z — y)v(y) dy.

e—0%t {yeV:|z—y|>€}

1.1.11 Logarithmic Factors

For 0 < a,b <1 and P a proposition, define the logarithmic factors

1
ly, =1+ log—,
a

l,, if P is true
EP,a -
1, if P is false,

and

l,, if P is true
gP,a,b =
0y, if P is false.

These definitions were inspired by [9, Section 2.3].

1.1.12 Weight Functions

(1.24)

(1.25)

(1.26)

(1.27)

For U C RY and w > 0 a weight parameter, define the weight function oy, :

RY — R by
B w
—w +dist(x, U)’

OUw (SC)

(1.28)



This definition loosely follows [9, Section 2.3]. The weight function defined in [19,
Equation 0.7], [20, Equation 1.6], and [22, Equation 1.6] allows only those sets U
consisting of a single point in RY. Observe that 0 < op,(z) < 1 for all z € RY
and that oy, (z) gets smaller as x gets farther from U. Furthermore, w — oy, (x)
is increasing, t — oy, () is decreasing, and oy, () increases as U expands. In

[19, Equation 2.10], the multiplicative property

O (a0 (V)0 fy3w(2) < 20(0y0(2) (1.29)

is shown. The generalisation of this is essentially given in [9, Section 2.3],

Uw(Y)T g1 w(2) < 2000(2). (1.30)

1.1.13 Weighted Norms

The definitions in this section follow [9, Section 2.3]. For 1 < p < oo, U an
open subset of RN, V C RN w > 0, t € R a weight power, and u € L,(U), define

the weighted norm
[l ), Vot = llovwtllz, @). (1.31)

For 1 < p < 00, k > 0 an integer, U an open subset of RN, V C RN, w > 0, t € R,

and u € W(U), define the weighted norms and seminorms

o /p
( Z 1D “HLp(U),V,w,t) , 1 <p<oo

max || Du|| . w),v,u.t if p=o00
la|<E

and

o /p
( Z 1D uHLp(U),V,w,t) , fl1<p<oo
|ulwr @), Vs = o=k (1.33)

lIllEi}]g | D%u|| oo (1), Vit if p = oo.



1.2 Elementary Inequalities

1.2.1 Scaling Inequalities

The following result concerns how the Sobolev seminorms of a function change
under mappings which are nearly scalings. A straightforward proof is furnished by

the chain rule and the change of variables formula.

Proposition 1.1. Suppose that 1 < p < oo, k > 0 is an integer, U is an open
subset of RN, w e WF(U), and ¢,d > 0. Let ® : U — RN be invertible, U=aoU),

and 4 =uo ®1.
1 If 1@ wywyy <ed ™t and |7 gy gy < ed’ for alli € 1: k then
[ilwgoy < Ca"H ullwgy, (1.34)

where C' depends on N, k, and c.

2. If |®{wywyy < cd™l @7 gy gy < ed, and |97 i gy = 0 for all
1€ 2:k then

|a|wg(0) < Od_N/p+k|u|W§(U)a (1.35)
where C' depends on N, k, and c.

3. If D® = dI then

[tlyyr oy = AN ful ). (1.36)

1.2.2 Negative Norm Inequalities

We state several properties of the general negative norm. These facts are trivial

to verify.

Proposition 1.2. Suppose that 1 < p < oo and k > 1 is an integer.



1. If U,V are open subsets of RN and u € L,(UNV) then
[l vy < llullw-r @y (1.37)
2. If U,V are open subsets of RN with U C'V and u € L,(U) then
||U||Wp—k(U,v) = ||u||wp—k(U)- (1.38)

3. If Uy, Uy, Vi, Vs are open subsets of RNV, Uy C Uy, Uy NV, = Uy N Vs, and
u € L,(UyNVy) then

HUHW;’“(Ul,Vl) < ”UHW;’“(UQ,VQ)' (1.39)
4. If Uy, Uy are open subsets of RY with Uy C Uy and u € L,(Us) then

HUHW;’“(Ul) < ||u||WI;k(U2)‘ (1.40)

1.2.3 Sobolev’s Inequalities

We single out two particular Sobolev inequalities.

Proposition 1.3. Suppose that U is a bounded open subset of RN with sufficiently
smooth boundary.
1. Ifue WHU) then
fulle @) < Cllullwgon, (1.41)
where C' depends on U and N.

2. If u € W (U) then

[ull Loy < Cllullwy, @), (1.42)

where C' depends on U and N.

10



One unsatisfactory aspect of this is the untracked dependence on U. To remove
this dependence, we map U, assumed to be of size roughly d, to a reference domain
U, of roughly unit size, and apply the Sobolev inequalities there. The result has
an untracked dependence on the reference domain U and an explicit dependence
on d. The scaling inequalities are used to translate the results obtained on the

reference domain back to the original domain.

Corollary 1.4. Suppose that U is a bounded open subset of RN with sufficiently
smooth boundary, ¢ > 0, and let d = diam(U). Let ® : U — RN be invertible,

U= @(U), ’(I)’(WOIO(U))N < Cd_l, and ’(I)_ly(Wolo((A]))N < cd.
1. Ifue WHU) then
lullz e @) < C(d i) + lulwyn ). (1.43)
where C' depends on U, N, and c.
2. If u € Wyn(U) then
lellzw) < Ca2(d o) + gy ) (1.44)

where C' depends on U, N, and c.

1.2.4 Measure Inequality

The following is such a widely-used consequence of Holder’s inequality that it

deserves to be singled out.

Proposition 1.5. If U is a bounded open subset of RV, 1 < p < q < o0, and
u € L,(U) then

lull oy < (measy (U)YP~ul| 1, w). (1.45)

11



1.2.5 Young’s Inequality

The first result below is Young’s inequality for convolution and the second is
a consequence. The third is a generalisation, the proof of which can be modelled

after that of [1, Theorem 2.24].

Proposition 1.6. Suppose that 1 < p,q,r < oo, é%—i =1 —{—% and V,W are open
subsets of RN. Let U ={x —y:2 € W,y € V}.

1. Ifue L,(U) and v € L (V) then

|u vl oy < llullz,anllvllz,o)- (1.46)

2. Ifu € Ly(U), v e Ly(V), u: WxV =R, wx)= [, u( y) dy for

x e W, and |u(x,y)| < u(x —y) forx € W andy € V then
lwllz.owy < [z, @llvllz,w)- (1.47)

3. If u(x, ) € L,(V) forallz € W, u(-,y) € L,(W) forally € V, ve LyV),
and w(z) = [, u( y)dy for x € W then

||w\|Lr<W)s(supr|u< ) (50 s B ) 0y (1.48)
zeW yev

1.2.6 Weighted Seminorm Inequality

The following proposition provides an estimate for the weighted seminorms. It
is a generalisation of an intermediate result in the proof of the asymptotic error

expansion inequalities of [19, Theorem 4.1].

Proposition 1.7. Suppose that U is an open subset of RN, V.W C RY, w,c > 0,
k >0 is an integer, t > 0, and u € Wfoﬂﬂ (U). Assume that U is star-shaped with

respect to W and that, if x € U then
dist(z, W) < e(w + dist(z, V)). (1.49)

12



Then
M-1

|U‘W§O(U),V,w,t < C( Z wi|u|W§o+i(W) + wt‘u|W§c+m (U))’ (1.50)
=0

where C' depends on N, diam(U), k, [t], and c.
Proof. In this proof, let C' denote different positive constants that depend on N,
diam(U), k, [t], and ¢. Let € U and |a| = k. Choose y € W such that
|z —y| < 2dist(z, W). From the definition of the Taylor polynomial, it is clear
that
[t1-1
)1 D ()| < C Y D"l wlz — yl' (1.51)

i=0
By Taylor’s theorem,

|(D%u — Tym_lDau)(:L’ﬂ < Clz —y|M [ D%l ) (1.52)
Observe that, if 1 € 0 : [t] then

oty o (@) — y[' < Coty ()] — gm0

min{z 153)
|.T — y| torh in{i max{0,t—i} (
=C min{s,t} s .
<w + dist(z, V) v TV (z)
Also,
|z —y| < 2dist(z, W) < C(w + dist(z, V)). (1.54)

Using the fact that 0 < oy, < 1, along with Equations 1.53 and 1.54, we obtain
that, for i € 0 : [¢t],
a&w(x)\:v —ylt < Cr™indith (1.55)
Putting together Equations 1.51, 1.52, and 1.55, we see that
01 (2)| Du(z)| < o, (2) (T} D) ()]

+ 0yu(@) (D% = T D) (2)]

(1.56)
[t]-1
< O( X D ubwy ) +w' Dl g0 ).
i=0
The proposition follows by summing over all |a| = k. O
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CHAPTER 2
EXPLICIT CONSTANTS IN Lp-BASED ESTIMATES FOR
SOLUTIONS OF ELLIPTIC PARTIAL DIFFERENTIAL
EQUATIONS SATISFYING GENERAL BOUNDARY CONDITIONS

2.1 Introduction and Statement of Results

Let N > 2 be an integer and let Q be a bounded open subset of RY with
sufficiently smooth boundary. Let m > 1 be an integer and, for 7 € 1 : m, let
m; > 0 be an integer. Define kg = maxjc1.,m{2m,m; + 1} and let £ > 0 be an
integer. For o a multiindex of length N with |a| < 2m, let a, : 2 — R be
sufficiently smooth. For j € 1:m and § a multiindex of length N with |5] < m;,
let b; 5 : 92 — R be sufficiently smooth.

Define the differential operator L on functions u : 2 — R by

Lu = Z ao D" u. (2.1)
lal<2m
We assume that L is uniformly elliptic. That is, there exists a constant Cg; > 0

such that, if z € Q and £ € RY then

Z aa<x)§a > Cell|§|2m' (22)

|a|=2m
We also assume that L satisfies a certain algebraic root condition, as described in
[2, pp. 704, 663] and [11, p. 74]. If z € Q and &, € RY are linearly independent,
define P, ¢, : R — R by

Pren(t) = ) aa(a)(&+tn)". (2.3)

|a|=2m
It is assumed that P, ¢, has has exactly m roots with positive imaginary parts,

T foriel:m.

which we will denote by T emi
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For j € 1 : m, define the boundary differential operator B; on functions u :
Q0 — R by

Bju= Y bjsD’u. (2.4)

|B]<my;

We assume that L and the B; satisfy a certain algebraic complementing condition,
as described in [2, pp. 704, 663] and [11, p. 74]. If z € 9Q, £ € RY is such that
£#0but {Tvg(z) =0, and j € 1:m, define Pj,¢ : R — R by
Pragt)= D bis(x)(€ +tra(x))”. (25)
|8]=m;
Also define P;’r ¢ R—Rby

m

i=1
It is assumed that the Pj,c mod P, ¢ for j € 1:m are linearly independent.

We will let C' denote different positive constants that depend on N, €2, m,
k, Cqn, various norms of the coefficients of the differential operators, and various
quantities arising from the algebraic conditions on the differential operators.

The following five theorems are our main results.

Theorem 2.1. If1 <p < oo, k> kg, u € WIf(Q), Lu € WIf*Qm(Q), and, for each

jelim, v; € Wj_mj(Q) is such that Bju = v; on 0X2, then
sy < OC2 (1Ll amy + 3 [0yl g + Coltllg ). (27
j=1

Theorem 2.2. Assume that m = 1 and m; € 0 : 1. If 1 < p < o0, k > 2,
ue WHRQ), Lu € W2(Q), and vy € WF(Q) is such that Byu = vy on 99
then

ubwgior < CCo(ILuhyssa) + Ioallysm gy + ullwgry ) (29
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Theorem 2.3. Assume that m =1 and my € 0 : 1. Furthermore, assume that, if

feC%Q) and g, € C™(99), then the boundary-value problem

Lu=f on$
(2.9)

Blu =g 0on 8Q

has a unique solution u € C2(Q)NC™ (Q). If1 <p < oo, k>2, ue WHQ), and
Biu =0 on 050 then
[ullwe) < CCl[Lullyr—2q). (2.10)

Theorem 2.4. Assume that m =1, m; € 0: 1, and k > 2. Let d > 0 and let

U,V be open subsets of RN with U C V and dist(U,0V) > d.

1. ]f% §p§2N,uEW§(VﬂQ), Lu=0o0onVNQ, Biu =0 on VNS,

and ¢ €1 :k then
||“||W§(Uﬂﬂ) < Od_(k_g)nunwg(vm)- (2.11)

2. If1<p< %, uEWf(VﬂQ), Lu=00onVNQ, Biju=0 on VNOS, and
¢e2:k then

||“||W,£“(Uﬂﬂ) < Cd_(k_Z)HUHWZf(VﬂQ)- (2.12)

3. If2N <p<oo,u € Wi(VNQ), Lu=00onVNQ, Biu=0 onV NoQ,

and ¢ € 2 : k then
||uHW§’1(UﬂQ) < Cdi(kie)”””wﬁ*l(vmﬂ)' (2.13)

Theorem 2.5. Assume that m; +1 < m for all j € 1 : m. Furthermore, assume
that, if f € C°(Q) and g; € C™i(0N) for all j € 1 : m, then the boundary-value

problem

Lu=f on
(2.14)

Bju=g; on0Q foralljel:m

16



has a unique solution u € C*™(Q) N C™&xierm™i(Q). Let U,V be open subsets of
Q such that, if v € U and y € V then di < |z —y| < dy. Suppose that 1 < p < o,

u € WIf(Q), Lu =0 outside of V', and Bju =0 on 0N for all j € 1:m.
1. If 2m — k = N then
N 1
ulwg) < O3 (1 +1og| ) | Ll v (2.15)
2. If2m —k > 0 and 2m — k # N then

|ulwswy < Cd3™ || Lul L, v)- (2.16)

3. If2m — k=0 and dy > 0 then

d
[l < Clogd—iHLuHLp(v). (2.17)

4. If 2m — k < 0 and dy > 0 then

—(k—2m
[ulwrey < Cdy ™| Lul|, 1) (2.18)

2.2 Relationship to Prior Work

The classic L,-based estimates for solutions of elliptic partial differential equa-
tions satisfying general boundary conditions are given in [2, Theorem 15.2]. In
these estimates, the dependence on p is not made explicit.

Theorems 2.1 and 2.2 improve upon [2, Theorem 15.2] by making the depen-
dence on p explicit. If we blindly trace the dependence on p through the proof of
[2, Theorem 15.2], we obtain far poorer estimates than those of the present work.
Theorem 2.1 is just as general as [2, Theorem 15.2]. Theorem 2.2 pertains only
to second-order equations and boundary conditions of order at most one, but the

result is sharper than that of Theorem 2.1.
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Theorem 2.3 improves upon the estimate of [2, p. 706] by making the depen-
dence on p explicit for problems with unique solutions. However, Theorem 2.3
pertains only to second-order equations and homogeneous boundary conditions of
order at most one.

In [12, Theorem 9.13], W estimates for solutions of second-order equations
satisfying homogeneous Dirichlet boundary conditions are given. Again, the de-
pendence on p is not made explicit. When the dependence on p is traced through
the proof of [12, Theorem 9.13], a somewhat poorer estimate is obtained than that
of Theorem 2.2.

In [29, Equation 2], W[? estimates for unique solutions of second-order equations
satisfying homogeneous Dirichlet boundary conditions are given for p > 2, and
the dependence on p is made explicit. This is done by freezing the coefficients
and applying a linear transformation so that the principal part of the differential
operator is the Laplacian. Estimates near the boundary are obtained by locally
flattening the boundary and odd reflection. The precise dependence on p here
is obtained from the estimates for the Newtonian potential in [12, Theorems 9.8
and 9.9]. Some of the techniques in this proof are used in the present work and
are crucial for obtaining sharper results than those found by simply tracing the
dependence on p through the proofs of the estimates in [2, Theorem 15.2] and [12,
Theorem 9.13].

In [9, Remark 5.3], it is stated that no explicit dependence on p is known for
Wp2 and Wg’ estimates for unique solutions of second-order equations satisfying
general first-order homogeneous boundary conditions.

Theorem 2.3 is stated without substantial proof or reference in several papers.
We list some of these here.

The large p case is claimed in [24, p. 3] for homogeneous Dirichlet boundary

18



conditions.

The k = 2,1 < p < 2 case is claimed in [25, Lemma 2.2| for co-normal derivative
boundary conditions. However, as can be seen from [25, Equations 3.58 and 1.3],
the result appears to be mistakenly applied to a problem with more general first-
order boundary conditions. The case of general first-order boundary conditions
seems substantially more difficult to handle than the case of co-normal deriviative
boundary conditions.

The k > 2,2 < p < oo case is claimed in [19, Equation 1.7] and [20, Lemma
2.2] for two problems. One has co-normal derivative boundary conditions and the
other has more general first-order boundary conditions.

Theorem 2.4 gives local estimates for solutions of second-order homogeneous
equations satisfying homogeneous boundary conditions of order at most one.

Theorem 2.5 gives local estimates for unique solutions of homogeneous equa-
tions satisfying homogeneous boundary conditions. This is simply a convenient

repackaging of the Green’s function estimates of [17, p. 965].

2.3 Differential Operator Properties

In this section, we single out several facts about the differential operators.

Although the coefficients of the boundary differential operators need only be
defined on the boundary of the domain, they may easily be extended into the
interior of the domain. Local extensions are naturally obtained by locally flattening
the boundary. Global extensions are obtained from the local extensions with a
partition of unity. Thus we may think of b; 5 : Q — R.

Freezing the coefficients of the differential operators at a point, we obtain con-

stant coefficient operators, which are more amenable to analysis. For x € €2, define
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the constant coefficient operator L, on functions u : 2 — R by
L,u= Z aq(z)D. (2.19)
|a|=2m
For x € Q2 and j € 1 : m, define the constant coefficient operator B, , on functions
u: ) — R by

Bjau= Y bjs(x)D’u. (2.20)
|B]=m;

We now single out two propositions which we will use several times in proving

our results.

Proposition 2.6. If U is an open subset of Q, 1 < p < oo, |y| =k, and u €
2m—+k
W+ (U) then

ILD u||L,w) < C(’LU|W;(U) + HUHWPZ"L’H’“(U)>' (2.21)
Proof. By the general Leibniz rule,

D'Lu—LDw= Y cuD, (2.22)
|a|<2m+k

where the ¢, : & — R can be expressed in terms of v and the coefficients of L.

The proposition is immediate from this. O

Proposition 2.7. If U is an open subset of 0, 1 < p < 00, k > 2m, and u €

k
W3 (U) then
ulwiw) < C<|LU|W§*2W(U) + e | Dulwzmw) + HUHW,’,“’l(U))‘ (2.23)
¢n=0

Proof. Notice that || D"u||r,w) is bounded by the right side of Equation 2.23, for
all |n| = k with nx € 0: 2m. In this case, there exist |y| = 2m and || = k — 2m
such that n =~ + ¢, yv = nn, and {y = 0.

We proceed by induction, following the proof of [10, Theorem 6.3.5]. Assume

that || D"ul|z, ) is bounded by the right side of Equation 2.23 for all || = k with

20



ny € 0 : i, for some ¢ € 2m : k — 1. Then let |n| = k and ny = i + 1. Since
Ny > 2m, we can write n = 2mey + (, where |(| = k — 2m and (y =i+ 1 — 2m.
Obseve that

LDu= Y auD*"u+ agpe, D"V, (2.24)

|a|<2m
an<2m

If x € U then, by uniform ellipticity,

a2meN($) = Z aa<l’>€?‘\7

|a)=2m
2.2
Z C|€N|2 ( 5)
=C.
Therefore we can divide both sides of Equation 2.24 by agpe, , yielding
1

D = (L%~ 0. D" ). 2.26
a2meN Z ( )

lal<2m

any<2m

If |o| = 2m and ay < 2m then |a + (| = k and (o + )y < i. Therefore, by the
induction hypothesis, || D**¢ul|r, ) is bounded by the right side of Equation 2.23.
By Proposition 2.6, ||[LDul|., @y is bounded by the right side of Equation 2.23.
These facts, together with Equations 2.26 and 2.25, show that D"u is bounded by

the right side of Equation 2.23. O]

2.4 Operator Transformations

Let ® : RY — RY be invertible and sufficiently smooth and have sufficiently
smooth inverse, and let ) = ®(Q2). In this section, we investigate how the differen-
tial operators transform under ® and show that all our assumptions are preserved.

Define the transformed operator L on functions @ :  — R by

Li= Y a,D"i, (2.27)



where the coefficients a, : EZ — R are such that
Li = L(tio ®) o &1 (2.28)
For j € 1: m, define the transformed operator Bj on functions i : O — R by

Bji= Y b;sD"a, (2.29)
|1B|<m;
where the coefficients l;j,ﬁ : Q0 — R are such that

Bjii = Bj(iio ®) o &1, (2.30)

>

Fix # € Q and let £ = ®'(&). We know by [4, Section 3.9] that the normal
vector transforms according to
va(z) = (D®(2)) vg (7). (2.31)

Fix £ € RN and let € = (D®(z))T€. Define @ : Q — R by

i) = Y e (2.32)

|a|=2m

It is easily computed that

£, if |a| = 2m
D*u(z) = (2.33)
0, otherwise.
Now let u = w0 ®. If |a| = 2m then, writing a = e;, + - - - + €;,,,, we see that
N
— (DO()E), -+ (DD) D), (234)
= ((D2())"€)
pu éa'

))jl,ii e (Dq)(x>>j2m,i2méj1 o .éjZm

||F12
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If |a| < 2m then D*u(z) = 0. By Equations 2.33, 2.27, 2.28, and 2.34,

= Lu(x) (2.35)

= Z Ao ()€

|a|=2m

A similar argument establishes that, for 7 € 1 : m,

Y i@ = > big(a)e”, (2.36)

|B]=m; [B]=m;
Using Equation 2.35, it easily verified that uniform ellipticity and the root
condition are preserved under transformation. Using Equations 2.36 and 2.31, it is

easily verified that the complementing condition is preserved under transformation.

2.5 Estimates in the Interior

Lemma 2.8. Suppose that zo € Q2 and d > 0. Let U = By(xg) and V = Bsg(xo)

and assume that V C Q. If1 <p < oo, k > ko, and u € WF(V) then

ulwew) < C<Cp|LU|W§—ZM(V)
+ Cydlulwr vy (2.37)
+(Cy+ Al 1 )
Proof. For i € 1: 3, let U; = Big(xo).
By the Bramble-Hilbert lemma, there exists some x € II*72(Us) such that, if
t€0:k—1 then

lu = X[wiws) < Cdk*l*i\UIWg—l(UB)). (2.38)

Let w € C§°(Us) be such that w =1 on U, and, for i € 0 : k,
|wlws ) < Cd™. (2.39)
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Let || = k. Then there exist |¢| = 2m and |n| = k — 2m such that v = ( +n. By

the general Leibniz rule,

D" Lay(w(u = X)) = g+ h, (2.40)

where
g=wD" (Lu - Z (ao — ao(0)) DU — Z aaD“u> (2.41)

|a|=2m lal<2m
and
h = Z ClasD*wDP (u — x), (2.42)
ol +|B|=F
|ae|>0

and the c; o g are constants that depend on 7 and the coefficients of L, .
Let T : RY \ {0} — R denote the fundamental solution corresponding to the
constant coefficient operator L, as given in [16, pp. 69-70] and described in [3,

p. 213] and [2, p. 652]. By [3, Chapter 5, Equation 5],
w(u —x) =T Ly, (w(u — x)). (2.43)
By [3, Chapter 5, Equation 26], along with Equations 2.43 and 2.40,
DY (w(u—x)) = DT % (g + h) + co(g + h), (2.44)

where ¢, is a constant that depends on ¢ and the coeflicients of L, .

By [2, Equation 4.2], we see that the (2m — 1)st-order derivatives of I' are
homogeneous of degree —(N — 1). Notice that h = 0 outside of Us \. U, and that,
if z € Uy and y € Us N\ Uy then d < |x — y| < 4d. Therefore, by Corollary 2.25,
Part 1,

IDT 5 (g + W)y < C(Collglley ey + Il (2.45)

By Equations 2.44 and 2.45,
1D @t = XDy < C(Collglywn + 10z, )- (2.46)

24



It remains to estimate ||g|z,wy) and |||z, ws,)-

By Equation 2.41,

9llzar < C(1ulygsn iy + dlulwgy + el ) (247)
If |a| + |8] = k and |B] < k then, by Equations 2.38 and 2.39,

HDQWDB(U’ - X)HLp(U?)) < |W|W£\(U3)|U - X|W,‘,ﬁ|(U3)

< cdlelgt=0=18l)y | (2.48)

“HUs)

By Equations 2.42 and 2.48,
Pl 2,0 < Cd*1|u|W;71(U3). (2.49)
Putting together Equations 2.46, 2.47, and 2.49,

1D |y = [P (@l = X))y @)

< C(CP|LU|W§*2W(U3) (2.50)
+ Cpd|ulwrwy)

+(Cp+ )l o)

The lemma follows by summing this inequality over all |y| = k. O

2.6 Estimates at the Boundary

2.6.1 The General Case

First we handle the case of a flat boundary portion.

Lemma 2.9. Suppose that xog € 0 and d > 0. Let Ut = By(zo) N Q, VT =

Bsg(z9) N Q, and T = Bsy(xo) N Q. Assume that VY C RY and T C ORY. If
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1 <p<oo, k>ky,ueWFVT) and, for each j € 1 :m, v; € sz_mj(Vﬂ is

such that Bju = v; on T, then

|u’WII)€(U+) S C<C§|Lu’wzl;:727n(v+)
FC )Y eyl
s (2.51)
+ Cid‘U|W§(V+)

+ Cpd ™ (Cp+ a7l ).

Proof. For i € 1: 3, let U; = Biq(x0) and U;" = B;a(xo) NRY.

By the extension theorem, there exists an extension u : U3 — R of u such that,
fori € 0: k,

‘E|W;(U3) < C|U‘WI§(U;')' (2.52)

Although it is not explicitly stated, it is easily seen in the proof of [1, Theorem
5.19] that this constant does not depend on p or d.

By the Bramble-Hilbert lemma, there exists some y € I1*72(Us) such that, if
1 €0:k—1then

‘ﬂ’ - X‘Wg(Ug) < Cdkilii‘q_”W;f*l(UB)- (253)

Let w € C§°(Us) be such that w =1 on U and, for i € 0 : k,

Ideally, we would be able to proceed, as in Section 2.5, by analysing a repre-
sentation of w(@ — x) in terms of L, (w(@— x)). This will not work here, however,
because it appears impossible to bound the extension of Lu in terms of Lu. A
proposed method like this would also be suspect because it completely ignores the
boundary conditions.

Here we start by finding a function v : RY — R such that w(a — x) — v is
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L,,-harmonic on RY. By the general Leibniz rule,
Laotu = 1)) = (£u =

- Z (@a — aa(20))D*(u — X)

|a|=2m
2.55
- Y ) %)
la<2m
+ Z ClasD*wDP (u — X)),
a4 [B=2m
|a|>0

where the ¢, are constants that depend on the coefficients of L,,. By the
extension theorem, there exists an extension f : Us — R of L(u — x) such that, for
1€0:k—2m,

| Flwiws) < CIL(u— Xlwiw)- (2.56)
Also by the extension theorem, there exist sufficiently smooth extensions a,, : U3 —

R of a, for |a| < 2m. Now define F': U3 — R by

|a|=2m
2.57
- ¥ a0 v) (290
la]<2m
+ Z Clya’gDawDﬂ(ﬂ — X),
|| +[B]=2m
|| >0

and notice that, by Equation 2.55, on Uj,
F =L, (wu-—Yx)). (2.58)

Let T : RY \ {0} — R denote the fundamental solution corresponding to the

constant coefficient operator L,, and define v : RY — R by

v=TxF. (2.59)
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By Equation 2.58 and [3, Chapter 5, Equation 5], we see that, on Uy,
Ly,v = Ly (w(u—X)). (2.60)

Let |y| = k. Then there exist |(| = 2m and |n| = k — 2m such that v = { + 7.
By the general Leibniz rule,
D'"F =g+ h, (2.61)

where

g=uw (D’?f = Y (G — Ga(20)) DU+ > 30D (U — X)) (2.62)

lor|=2m lo| <k

and

h = Z CiapsD*wDP f + Z Cs5.0,8D"wD" (T — X), (2.63)
|oo|+[B|=k—2m || +|8]<k
la[>0 o] >0

and the ¢34, €14, and c5 o g are constants that depend on 7 and the coefficients

of L,,. By [3, Chapter 5, Equation 26], along with Equations 2.59 and 2.61,
D' = DT % (g + h) + cs(g + h), (2.64)

where cg is a constant that depends on ¢ and the coefficients of L,,.

By [2, Equation 4.2], we see that the (2m — 1)st-order derivatives of I' are
homogeneous of degree —(N — 1). Notice that h = 0 outside of Us \ U, and that,
if v € U and y € Uz \ U, then d < |x — y| < 4d. Therefore, by Corollary 2.25,
Part 1,

1D (g + Wy ) < C(Collallon + Bl (265)

By Equations 2.64 and 2.65,

1Dy, ) < C<Op||9||Lp(U3) + ||h||Lp(U3))- (2.66)

28



We will need an estimate for D7v on RY in addition to this one on U;". By Theorem
2.23,
IDT % (g + )y e) < CC (gl zawe) + 1Al ). (2.67)

By Equations 2.64 and 2.67,

1070l e) < CCp(llgllzywy + Il ) (2.68)

It remains to estimate ||g||z,wy) and ||h]z,ws)-

By Equation 2.62,

9llzaiwn) < C (1 Fhws—sm oy + Al + lalwgrary ) (269)
By Equation 2.56,

|lf_‘Wk72m U S ClL(u — X)|ch72m Ut
p ( 3) P ( 3 ) (270)

S C<|LU|W[§*2’“(U;) + |LX|WZ',“*2’”(U3+)>'
Using the fact that y is a polynomial of degree at most k£ — 1, along with Equations

2.53 and 2.52,

EXlwp=2m iy < CllXlwg-1 o)
< (Il = Xl + el ) (2.71)
< CHUHWZ’)C*I(U;).

Putting together Equations 2.69, 2.70, 2.71, and 2.52 yields

91l @) < C(‘LU|W;§’27”(U;) + dfulyp oy + HUHW;H(U;))- (2.72)

Suppose first that |a| + |G| = k — 2m and |«| > 0. By Equations 2.56, 2.53,
and 2.52,

) < ClL(u—=x)

< Cllu— XHW,‘]B‘“"L(U;) (2.73)

< Cd(k_l)_“m“m)|u|W1;)c_1(U3+),
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so, by Equation 2.54,

Next, if || + |B] < k and |a| > 0 then, by Equations 2.54, 2.53, and 2.52,

||DaWDﬁf_‘||Lp(U3) < |w|W£|(U3)|f_‘|W1‘D’B‘(U3)

< Cd~1el gk=1)=(8l+2m

= Cd_1|u\W§_1(U;).

lulis05)

ID*wD? (@ = X) Iz, ws) < |wlypiet ) 1T = X191,

< Cd“""d(’“‘l)“ﬁ'||u||W§_1(

= C'd_1|u|W§_1(U;

Putting together Equations 2.63, 2.74, and 2.75,

IRl @s) < Cd™ M ullyr-gt)-

Equations 2.66, 2.72 and 2.76 show that

and

107l 1, ) < C(ColLtlyg—smes

+ Codlulyr )

)

Uy)

+ (Cyp+ ) g )

Equations 2.68, 2.72 and 2.76 show that

1D70]| L, @y < Ccp<|LU|W§—2’”(U;) + dlulypr) + d_1||u||wg—1(U3+)>~

Summing Equations 2.77 and 2.78 over all |y| = k, we find that

and

Wlwswt) < C<CP|L“|W§—M(U;>

+ Opd|u|W§(U;)

+(C, + d—1)||u||wg,1w;))

|U|W§(M) < CCP(|LU|W§’QW(U;) + d|U’W5(U;) +d
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So far, we have constructed a function v : RY — R such that w(u — x) — v is

N

Y, and we have obtained estimates for it. As we will see, we

L,,-harmonic on R
will be able to obtain sharper estimates if, in addition, B;,,v = 0 on ORf for all
J € 1:m. Such a construction seems most plausible for m = 1. This possibility is
investigated in Section 2.6.2.

A representation of L, -harmonic functions which satisfy general boundary
conditions is given in [2, Section 2]. We use this to obtain estimates for w(u—x)—wv,
which, combined with the estimates for v that we have already demonstrated, yield
estimates for w(u — x).

Once again let |y| = k. By [2, Theorem 4.1 and Corollary to Theorem 14.1],

N
on R,

D'(w(u=x)=D"w+> Y Y D, (2.81)

7j=1 =1 \77|:k—mj—1
nn=0

where, by [2, Equations 4.13 and 4.13'], for z € RY~! and ¢ > 0,

Lijo(z,t) = /RN1 Kij(x —y,t)D"Bj 4 (w(u — x))(y, 0) dy. (2.82)

Here, by [2, Lemma 2.1], the K;; are sums of terms K € C*°(RY) which are ho-
mogeneous of degree —(IN —1) and satisfy || K|, @y < C, and, by [2, Equation
3.15], have the property that

K(z,0)dS(x) = 0. (2.83)

N2

Let j € 1 : m and let |n| = k —m; — 1 have ny = 0. By the general Leibniz
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rule, on ORY,
D"B; o (w(u —x) —v) =wD" (Bju

= D (g —biglwe)Du— meﬂu)

|B]=m; |B]<m;
' ’ (2.84)
+ Z CrapsD WD (u — X)
lof+]B]=k—1
|a|>0
- DnBj@OU,

where the c7 4 g are constants that depend on 7 and the coefficients of B; ,,. Now
define G : Rﬂf — R by
G =wD" (Uj
— > (bjg —bjslae)) Dou— Y bj,ﬁDﬁU)
|Bl=m; |8l <m;
+ Z 10D wD" (4 — X)

o +]B|=k—1
|| >0

(2.85)

— D"B, zv,
and notice that, by Equation 2.84, on RY,
G =D"Bj,,(w(u—x)—v). (2.86)
By the general Leibniz rule, if / € 1 : N then
DG = g+ hy, (2.87)

where

e = wD"e (vj - Z (bjp — bjs(20)) D u — Z bj7ﬁDﬁ'U/)

|Bl=m; 18l<m;

(2.88)
— DB, v

2,20
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and

he = Dyw (D%j + ) cg,gDﬁu> + Y coapDwD(u—x), (2.89)
|B1<k | +|Bl=k
|| >0

and the cg 3 and ¢y o p are constants that depend on 7, ¢, and the coefficients of

B

2,20 "

The last term on the right side of Equation 2.88 is the most damaging in
the estimates that follow.

Notice that h, = 0 outside of U;" \ U, and that, if z € U} and y € Uj" \ Uy
then d < |z — y*| < 4d. Therefore, by Equations 2.82, 2.86, and 2.87, along with

Theorem 2.29,

N
Lisalwywr) < €D (Collgelzayy + Iell o)) (2:90)
(=1

It remains to estimate ||gg||Lp(Rf) and ||hg||Lp(U;r).

By Equation 2.88,

el 2, @y < C(’Uj\wj—mjw;) + d!“|wg,c(U3+) + HUHW,’f—l(U;)

(2.91)
+ ’U’WZI;(RQ))
If |a| +|5] = k and |a| > 0 then, by Equation 2.75,
ID*wD(w = )l wy) < ID°wD?(@ = X)l| L, wa)
(2.92)
By Equations 2.89 and 2.92,
P (7 P 1 . (2.93)
Equations 2.90, 2.91, and 2.93 show that
Lisalwywr < C((Co+ d il km )
+ Cpd|u| +
PTIW ) (2.94)

+(Cp + dil)”“”wﬁ’l(U;)

+ Cp|”|wg(M))-
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The triple sum on the right side of Equation 2.81 is estimated by summing Equation
2.94 first over all |n| = k —m; — 1 with ny = 0 and then over all j € 1 : m. The

result is that
1D @l = XDl < (ol

+(C,+d! Zyw ki

(2.95)
+ de|u|wg(U;)

+(Cp + d_l)HUHWI’f*l(U;)
+ Cp|U|W§(M)>-
Using Equation 2.79 to estimate the first term and Equation 2.80 to estimate the

last term, we obtain

||D7u||Lp(U1+) = || D" (w(u — X))”LP(Ulﬂ

S C<C§|LU|W;§_2’”(U§')

+(Cptd™) Yol s ) (2.96)

J=1

+ Cﬁd|u|wg(U;)
+Cd MO, + d_1)||u||W§_1(U;)>.

The lemma follows by summing Equation 2.96 over all |y| = k. O

Next we consider the general case of a curved boundary. The idea is to flatten

the boundary and use Lemma 2.9.

Lemma 2.10. Suppose that zo € 02 and 0 < d < d'. Assume that d' and d/d’ are
sufficiently small. Let Ut = Bg(xo) NQ, VT = By (x0)NQ, and T = By (1) NONQ.

If1<p<oo, k>ky,ueWiV"), and, for each j € 1:m, v; € Wf_mj(VJ“) is
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such that Bju = v; on T, then

[l < c(c;wung,m(vﬂ
F(Cyt )Y il st
j=1 (2.97)
+ C’;d\u|wg(v+)
+ Gy (Cy+ A7) ullgr s )
Proof. Let U = By(xo) and V = By ().

For sufficiently small d’, there exists an invertible and sufficiently smooth ® :
RY — RY which flattens the boundary of Q in V and has sufficiently smooth
inverse. With &y = ®(x0), Ut = &(U*), Vt = d(V1), T = &(T), U = o(U),
and V = ®(V), this means that V* C RY and T C 9RY. If d/d’ is sufficiently
small, there exists some d > 0 such that U C By(io) and B, ;(Zo) C V. Define the
transformed operators L and Bj as in Section 2.4. Let & = uo® ! and 0; = v;0P 1.

Applying Lemma 2.9 to the transformed setup,

C _'_d Z |U]H k ”LJ(V"")

(2.98)
+ C§d|ﬂ|wg(w)
+ Cod ™ (Cy + d il )
We bound the left side of Equation 2.97 by
ulwrw+) < Cllaflyr e+
’ W (2.99)

< (o) + Nl o))
The first term is bounded by the right side of Equation 2.98 and the second term
is bounded by the fourth term on the right side of Equation 2.97. It remains to
show that each of the four terms on the right side of Equation 2.98 are bounded

by the right side of Equation 2.97.
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The first term on the right side of Equation 2.98 has the factor

| L] yyiom gy < ClLLau yyi—2m qs
p (V1) p (V1) (2.100)

< C(|Lulygsm oy + s )
and is thus bounded by the first and fourth terms on the right side of Equation
2.97. Since d ! < Cd™1, the second and fourth terms on the right side of Equation
2.98 are bounded by the second and fourth terms on the right side of Equation
2.97, respectively. Since d< Cd, the third term on the right side of Equation 2.98

is bounded by the third and fourth terms on the right side of Equation 2.97. [

2.6.2 A Special Case

Throughout this subsection, we assume that m = 1 and m; € 0 : 1. That is,
we consider the case of second-order equations with boundary conditions of order
at most one. We improve the boundary estimates of Section 2.6.1 in this special
case.

We proceed in three stages. First, we assume that we start with a flat boundary

portion and a differential operator whose leading part, at a point, is the Laplacian.

Lemma 2.11. Suppose that xo € 02 and d > 0. Assume that L,, = A. Let
Ut = By(zo)NQ, VT = Bsy(x0)NQ, and T = Bsy(x)NIN. Assume that V' C RY
and T C ORY. If 1 <p <oo, k>2, ueWHV"), and vy € W™ (V") is such
that Biu = vy on T then
[ulwgws < C(ColLulysr)
+(Cp +d ™) [Jvr ]l rmi

g We V) (2.101)

+ Cpd|ulwer v+

+(Cp+ a7l s ).
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Proof. Fori € 1:3, let U; = Big(zo) and U;" = Byg(x) N Rf.
Let |(| = k — 2 have (y = 0 and let |y| = 2. By the Bramble-Hilbert lemma,

there exists some constant y € I1°(Us) such that, if 7 € 0 : 1 then
DU = Xy < Cd' 7' [Doulyy . (2.102)
Let w € C§°(Us) be such that w =1 on Uy and, for i € 0 : 2,
wlwi ) < Cd™. (2.103)

We start by finding a function v : Rf — R such that w(D%u—x)—wv is harmonic
on RY and By ;v =0 on ORY. Define f: RY — R by

A(w(DSu — z), if zn
P ECE T o

0, otherwise.

By the general Leibniz rule,

f=g+h, (2.105)
where
w(LDcu - Z (aq — ag(20)) D> Su + Z aaDaHu), ifxy >0
g= la|=2 o] <2 (2.106)
0, otherwise
and

Z ClapD*wDP (DS — ), ifzy >0
h= 1o (2.107)

0, otherwise,

and the c; o, are constants that depend on N. By Equation 2.106,

9]l L, ws) < C(“LDCU”L,,(U;) + ||u||W]ff’1(U§L) + d|U|W1§(U3+)>- (2.108)
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If || + |5] = 2 and || > 0 then, by Equations 2.103 and 2.102,

| D*wDP (D u — Xz, < ‘W‘WL?‘(U;)|DCU = Xl

< Cd™ N Pl i (2.109)

= Cdil‘U|W§—1(U;r).

By Equations 2.107 and 2.109,
1Al ws) < CA™ ulyr-1ty- (2.110)
Define I' : RV \ {0} — R by
1 .
— log |z, if N =2
I(z) =4 27 ) (2.111)
2|~ ™=2 " otherwise.

" N(N — 2)measy(BV)
By [12, Equations 2.12 and 2.17], T is the fundamental solution corresponding to
A. Obviously the first-order derivatives of I' are homogeneous of degree —(N —1).
Notice that h = h* = 0 outside of Uz \. Uy and that, if x € U;” and y € Us \ U,

then d < |z — y| < 4d. Therefore, by Corollary 2.25, Part 1,

IDT % 0y < C(Collglnyiwn + Il ) (2.112)

and
IDT % |0ty < C(Collg" I + 11l (2.113)

First we consider the case m; = 0. By definition of mq, if v : Rf — R then

By 4,v = byv for some constant by. For z,y € Rf and z # vy, let
G(z,y) =T(z —y) —T(z —y"). (2.114)

Define v : RJX — R by

(2.115)



That is,
v=Tx(f—f"). (2.116)
If z,y € RY then = # y*, so Al'(x — y*) = 0. Therefore Av = A(I'x f) = f on
RY.
Observe that I'(z*) = I'(z) for z € RY \ {0}. Therefore, if z € ORY and

Y € Rf then
By ,,G(z,y) =by(l'(x —y) — T'(z — y"))
=by(l'(z —y) =Tz —y")) (2.117)
=0.
By Equations 2.115 and 2.117, we see that By ,,v = 0 on GRf.

By [3, Chapter 5, Equation 26] and Equation 2.116,

Dv=D"Tx(f—f)+c(f—[f), (2.118)

where ¢, is a constant that depends on 7. By Equations 2.118, 2.112, 2.113, and
2.105,

1D, 0y < C(Collgllzawn) + Il

(2.119)
+ Cyllg*[| ,ws) + |\h*HLp(U3>>-

Next we consider the case m; = 1. By definition of mq, if v : Rf — R then
B 4,0 = Zf\il b;D;v for some constants b;. By the complementing condition, we

must have b # 0. Following [12, Equation 6.62], define © : RY . {0} — R by
O(z) = 2|by]| / DnT (z + sign(by)tb) dt. (2.120)
0

Using the fact that the second-order derivatives of I' are homogeneous of degree
— N, it is easily seen that the first-order derivatives of © are homogeneous of degree

—(N —1). Again using Corollary 2.25, Part 1,
1070 % Il ) < C(Collg” lnm + 10 ly0)- (2.121)
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For z,y € RY and x # y, let
G(z,y) =T(x —y) —T(z —y*) + Oz — y*). (2.122)
Define v : Rﬂf — R by

v(r) = [ G(z,y)f(y)dy
/M (2.123)

= /RN (F(:U —y)f(y) —T(z —y)f(y) +O(z - y)f*(y)) dy.
That is,
v=Tx(f = f)+Ox*f" (2.124)

If z,y € RY then z # y*, so AT'(z — y*) = 0. Since A =0 on RY, DyAT =0
on RY. If 2 € RY and ¢ > 0 then z+sign(by)th € RY, so ADyI(z+sign(by)tb) =
0. By Equation 2.120, we see that, if z,y € RY then z —y* € RY, so AO(z —y*) =
0. Therefore Av = A(I' % f) = f on RY.

Fix z € RY and define 6 : (—zn/[b|, 2n/]b]) — R by

0(s) = O(z + sign(by)sb)
= 2|by]| /0 DnT (2 + sign(by)(t + s)b) dt (2.125)
= 2|by| / h DNT (2 + sign(by)tb) dt.

Then
DO(s) = —2|by|DnT (2 + sign(by)sb). (2.126)

In particular,
N
> " b:D;O(z) = sign(by)DH(0) = —2by DyT(2). (2.127)
i=1

Observe that, for z € RN < {0},

DI(z), ifiel:N—1
DT(z) = (2.128)

—DyI(2), ifi=N.
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Now, if z € ORY and y € RY then, by Equations 2.128 and 2.127,

B G i (D I'(z—y)—DI'(x —y")+ D;O(x — y*))

Z:: (D Dz —y) — DI(z* — y*) + DiO(x* — y*)) (2129)

= 0.
By Equations 2.123 and 2.129, we see that By ,,v = 0 on aRf.

By [3, Chapter 5, Equation 26] and Equation 2.124,
Dw=DT#(f— f)+DO% "+ esf +euf (2.130)

where c3 and ¢4 are constants that depend on v. By Equations 2.130, 2.112, 2.113,
2.121, and 2.105,

107l ) < C(Collgln,wn + Il
(2.131)

+ Collg ) + 10 yiom ).
Now we rejoin the cases m; = 0 and m; = 1. In both cases, we have constructed
a function v : RY — R such that w(D% — x) —v is harmonic on RY and B; ;v = 0
on 8Rﬂ\:. Using Equations 2.119, 2.131, 2.108, and 2.110, and summing over all

|7| = 2, we have that

Ohvzry < C(Collglywn + IRz, )

< C(CILD Ul )

(2.132)
"‘de|u|w§(vg)
+(Cy+ d Yl )
Define vy ¢ : U — R by
V¢ = DC(’Ul — Blu) + BlDCU. (2133)
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On T, D(v; — Byu) is a tangential derivative of a function which is zero on T,
and is thus itself zero on 7. Therefore, By D u = viconT.

Once again let |y| = 2. We can now follow the proof of Lemma 2.9, starting
from Equation 2.81, with all occurrences of u, vy, and k replaced by DSu, v; ¢, and
2, respectively.

If |n| = 2—m;—1 and ny = 0 then, on IRY, D"B; ;v is a tangential derivative
of a function which is zero on ORY, and is thus itself zero on ORY. That is, the last
term on the right side of Equation 2.84 vanishes. If we omit the last term on the
right side of Equation 2.85 then Equation 2.86 still holds. The last terms on the
right sides of Equations 2.88, 2.91, 2.94, and 2.95 disappear, With the appropriate

substitutions, Equation 2.95 reads

107 (@(Du = XDy < C(10hwzry

+(Cp + d_l) HULCHWE‘W(U;)

(2.134)
+(Cy+ d)ID Uy ) )
By the general Leibniz rule,
Vi = Do, — Z cs 8D, (2.135)

|,@\<k—2+m1
where the ¢5 5 : U — R can be expressed in terms of ¢ and the coefficients of B.

Therefore,

[vie Wy (Ut < C(HDCWHWE‘W(U;) + HUHW;“*(U;)) (2.136)

42



By Equations 2.134, 2.132, and 2.136, along with Proposition 2.6, we have that
1D DCull, ity = 1DV (@ (Du = X))l 0
< C<Cp\L“’w§-2(U;)
+ (G d7)orlyomi (2.137)
+ de|u|W[§(U§r)
+(Cp+ ) ullygr g )
Summing this inequality over all |y| = 2, we see that |D<u|W3(U1+) is bounded by

the right side of Equation 2.137. The lemma follows by Proposition 2.7. ]

Second, we assume that we start with a flat boundary but allow the differential
operator to be arbitrary. The idea is to transform the domain, while preserving
the flat boundary, so that the leading part of the transformed differential operator,

at a certain point, is the Laplacian. We then use Lemma 2.11.

Lemma 2.12. Suppose that ©og € 0Q and 0 < d < d'. Assume that d/d" is
sufficiently small. Let Ut = Bg(xo) NQ, VT = By (x0) N, and T = By (x9) NONQ.
Assume that VT C RY and T C ORY. If 1 <p < oo, k > 2, u € WHVY), and

v € sz_ml(VJr) is such that Biu = v, on T then

|ulwr @+ < O<OP|LUJ|WZ§’2(V+)

(G d ) erll s g

(2.138)
+ Cpdlulwr v+
(Gt d )l )
Proof. Let U = By(zo) and V = Bg/(xp).
Define A € RV*N by
Aij = (ez+,€j)!aei+ej (o). (2.139)



Obviously A is symmetric. It is positive-definite because, if ¢ € RY then, by

uniform ellipticity,

N
cag=3Y el e

2!
ij=1
S e (2140
|a|=2
> CleP.
Therefore, by the spectral theorem, there exists an orthogonal @ € R¥*¥ such

that QAQT = D, where D € RV*¥ is the diagonal matrix of eigenvalues of A, all
of which are positive.

Let ¢ = DY?2Qey and let P € RY*N be an orthogonal matrix whose Nth
row is £7/|¢|. Finally, define ® : RY — RN by &(z) = PD™'/2Qz. Obviously
® € (C>(RM))" and has inverse @1 € (C*(RM))V. Let R = PD~Y2(Q). Notice

that D®(x) = R at every point x € RY and
RAR" = (PD™'?Q)A(PD™'?Q)"
— PD71/2(QAQT)D71/2PT (2141)
=1
Let & = ®(x0), Ut = ®(U), V = d(V*), T = &(T), U = ®(U), and V =
®(V). If d/d' is sufficiently small, there exists some d > 0 such that U C Bj(#)

and B,;(Z) C V. Define the transformed operators L and Ej as in Section 2.4.

Let &« =uo® ! and 0; = v; 0 P71

44



First we show that the flat boundary is preserved. If i € 1 : N then

en®(e;) = eXN PD7V2Qe;
1

€]

1

- EeﬁQTD” *D7?Qe; (2.142)
1

= —€L€i

gTDfl/ZQei

Since ® is linear, this means that, if x € R" then

ém. (2.143)

From this we can conclude that V* C RY and T C ORY.

(P(x))y = ex®(z) =

Second we show that, at Zj, the leading part of the transformed differential

operator is the Laplacian. If é € R¥ then, by Equations 2.35 and 2.141,

D a(@)é = aalao) (Do) 7€)

|af=2 |af=2

N
=Y Ai(RTE(RTE),

ij=1

(2.144)
= ¢"RARTE
= [¢*.
Taking € = e; for some i € 1 : N, we find that d, e (&) = 1. Taking £ = ¢; + e;
for some 4,5 € 1 : N with ¢ # j, we find that G, e, (Zo) = 0. This means that
Lz = A.
Applying Lemma 2.11 to the transformed setup,
|ﬁ|wg([]+) < O<Op|La|W,§“*2(V+)

+ (Cp + d71>H’IA)1 HWI];gfml (V+) (2 145)

+ Cpdltlyy i+

+(Cpt d oy )
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The lemma follows from this in the same way that Lemma 2.10 follows from Equa-

tion 2.98. O

Third, we consider the general case of a curved boundary and an arbitrary

differential operator. The idea is to flatten the boundary and use Lemma 2.12.

Lemma 2.13. Suppose that zo € 02 and 0 < d < d'. Assume that d' and d/d’ are
sufficiently small. Let Ut = Bg(xo) NQ, VT = By (x0) N, and T = By (x9) NON.
If1<p<oo, k>ky,ueWFVT), and vy € W™ (V™) is such that Byu = vy

on T then

|U|WI§(U+) <C (Cp|Lu|W§*2(V+)

(O dY) |or]] o
. Wo TV (2.146)

+ C'pd]u|W§(V+)
+(Cp+ d )l )
Proof. Let U = By(zo) and V' = Bg/(xp).

We proceed with a slight modification of the proof of Lemma 2.10. For suffi-
ciently small d’, there exists an invertible and sufficiently smooth ® : RY — R¥Y
which flattens the boundary of €2 in V' and has sufficiently smooth inverse. With
iy = B(xo), Ut = ®U), VT = &(VH), T = &(T), U = ®(U), and V = &(V),
this means that V*+ C RY and T C ORY. Given € > 0, if d/d’ is sufficiently small,
there exist d,d > 0 with d/d’ < ¢ such that U C Bj(z) and By (z) C V. The
lemma follows from Lemma 2.12 in the same way that Lemma 2.10 follows from

Lemma 2.9. O

2.7 Green’s Function Estimates

In this section, we prove Theorem 2.5.
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By the uniqueness assumption, we have by [17, Corollary to Theorem 3.3] that,

for x € €,
ule) = [ Gla.v)Luty) dy (2.147)
Q
where the derivatives of the Green’s function G satisfy the estimates | DG (z,y)| <

CGy(x —y) for |a| = k, where

1+ [log |, if2m— N —k=0

Gr(z)| < (2.148)
| 2|2~ N=F otherwise.
Let W={z—y:2eUyeV} If 2m — N — k =0 then
. d> 1 1
Gl oy < 0/ (1+1log~[)r""dr < CdY (1+[log ). (2.149)
dy 2
If 2m — k > 0 but 2m — k # N then
— d2
Gill, oy < C p2m=N=kpN=L g < O q2m=k, 2.150
1(W) 2
d1
If 2m — k =0 and d; > 0 then
_ d2 ds
|Grll,owy £ C p2mN=kpN=Lgr < Clog i (2.151)
dy 1
If 2m — k < 0 and d; > 0 then
— d2
Gl <C [ r2rNpN=Lgp < gy 2™, 2.152
1( ) 1
di

Young’s inequality, along with Equations 2.149, 2.150, 2.151, and 2.152, prove

Parts 1, 2, 3, and 4, respectively.

2.8 Global Estimates

2.8.1 The General Case

In this subsection, we prove Theorem 2.1.
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Let d > 0, diny = d, di,y = 3dint, dpary = diyy, d{)dry > dpary, and define Qi =
{z € Q : dist(x,00) > d!

int

}. For x € Qi let U, = By, (v) and V, = By_(x), and
notice that V, C Q. For z € 9Q, let U, = By, ,, () NQ and V, = By, (x) N .
There exist finite subsets X; and X5 of {2, and 0f2, respectively, such that €
is covered by the open sets U, for x € X; U X5 and no point of €2 is in more than
C' of the sets V,, for x € X; U X5. The sizes of the sets X; and X5 are irrelevant.
If x € X then, using Lemma 2.8 and the fact that |- |; and |- |, are equivalent

on the finite-dimensional vector space R3,

[0lfy 0,y < C7(CEIEU oy

+ (de)p\umg(w) (2.153)
(Gt Nl )
If dyary/d},qyy is sufficiently small and 2 € X3 then, using Lemma 2.10 and the fact

that | - |; and | - |, are equivalent on the finite-dimensional vector space R™ "3,

[0lfyy 0y < C7((C2PILuf,

WE=2m (V)
+(Cy+d! Z||UJ||P —
(2.154)
+<C2 ) ‘U|Wk(v)
+(Cd PGy d Pl )
By Equations 2.153 and 2.154,
|u|€[/1§(ﬂ < Z |u|wk(Ux
rzeX1UX2
< cp(<c?>p|Lu|’;Vk_zm(m
+(Cp+d! ZH%H” - (2.155)

+ (Cid)p|u|€vﬁ(m

T (Cod Gy + A Nl )
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Taking pth roots of both sides of this equation and using the fact that | - |, and

| - |1 are equivalent on the finite-dimensional vector space R™"3 we find that
[ulwgie) < C(C1Lulygon g

+(Cp+d ™) vl 1oy
7j=1

2
+ de|U|W§(Q)

(2.156)

+Cpd (Gt d )l )-

Choosing d so that d < %C’Cg and kicking back the second-last term on the right
side, we obtain the theorem.

It is possible to iterate this result and use Sobolev inequalities to replace the
||u||W§_1 () on the right side of the estimate of Theorem 2.1 with even lower order
norms of u. However, this will require additional factors of C), to be multiplied by

the other factors on the right side. We will not explore this option here.

2.8.2 A Special Case

Throughout this subsection, we assume that m = 1 and m; € 0 : 1. That is,
we consider the case of second-order equations with boundary conditions of order
at most one. We use the results of Section 2.6.2 to improve the global estimates
of Theorem 2.1 in this special case.

First we prove Theorem 2.2. We proceed as in Section 2.8.1 to obtain Equation
2.153. This time, if dpary/ d{)dry is sufficiently small and z € X5 then, using Lemma

2.13 and the fact that |- |; and | - |, are equivalent on the finite-dimensional vector
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space R*,

ulfy ) < C7(CILUL o,

(Gt a0l y,)
(2.157)

+ (de)p’u‘gv;;(v )

+(Cpt 7l o, )-

The theorem follows from Equations 2.153 and 2.157 in the same way that Theorem
2.1 follows from Equations 2.153 and 2.154.

As remarked at the end of the proof of Theorem 2.1 in Section 2.8.1, it is
possible to use Sobolev inequalities to replace the ||“||WI’,“*1 () on the right side of
the estimate of Theorem 2.2 with even lower order norms of u. Doing so in this
situation does not require additional factors of C), to be multiplied by the other
factors on the right side. In fact, if we make an assumption about the unique
solvability of our boundary-value problem, we can dispose of the norm of u on
the right side entirely without introducing extra factors of C,. This is done in
Theorem 2.3, which we now prove. We consider only the case of homogeneous
boundary conditions.

If 2,y € Q then obviously |z — y| < C, so, by Theorem 2.5, Parts 1 and 2,
lullwr) < CllLullL,@)- (2.158)
Therefore, in order to prove the theorem, it remains only to show that
lullwsioy < CCy (1 Zullig-20y + gy (2.159)
First, we consider the case k = 2. By Theorem 2.2,

lullwze) < lulwz@) + lullwi@

(2.160)
< CCP<HLU”LP(Q) + IIUIlw;(Q)>-
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Second, we consider the case k£ > 3 and p < % By the measure inequality,

[2, Theorem 15.2], a Sobolev inequality, and the measure inequality once more,

HUHW]f_l(Q) < C”U’HW’“]_Vl ()
N-T

< (1Ll o)+ Nl @) 101
< O(IILullyg-2y + lullwpo)
< O (Ll + lulhwyiey ).
Therefore, by Theorem 2.2,
lullwe@) < |ulwi@) + lullyr-1q)
< CO (1 Lullwg-20) + el (2162)

< CCy(ILullyg-2a + Iulhwyo).
Third, we consider the case p > 2N. By the measure inequality, a Sobolev

inequality, [2, Theorem 15.2], and the measure inequality once more,

ety < s 10

< Cllullwe, @)

(2.163)
< O (I Ll + el zanien)
< Ol Lullyg-2ey + lullzyio)-
Therefore, by Theorem 2.2,
lellwge) < Tulwp@ + lullys-rq
< CCy(ILullyg2(ay + Iullgc) (2.164)

< G, (ILulyg—2g + el zyio) ).

Fourth, we consider the case k > 3 and % < p <2N. By [2, Theorem 15.2],

[ullwr@) < C(HLUHngz(Q) + ||u||Lp(Q))- (2.165)
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2.9 Local Estimates

2.9.1 Domains in the Interior

Lemma 2.14. Suppose that xo € Q and d > 0. Let U = By(xg) and V = Bag(x)
and assume that V C Q. ]f% <p<2N,k>kyuc W;(V), and Lu = 0 on
V' then

ulwrw) < Cd*l”“”vvg—l(\/)' (2.166)

Proof. By the Bramble-Hilbert lemma, there exists some y € II*¥"2(V) such that,
ifti€0:k—1then

Ju = xlwivy < O fulyre - (2.167)

Let w € C§°(V) be such that w =1 on U and, for i € 0: k,
wlwi 1y < Cd™. (2.168)

Since Bj(w(u — x)) = 0 on 09 for all j € 1 : m, we have by Theorem 2.1 that

|U|W5(U) = |w(u — X)|W;(U) (2.169)
< C (1L = 3 ygomy + 190 = llya=rrr)-
Here we have used the fact that C}, < 2N.

Let |y| = k — 2m. By the general Leibniz rule,
D'L(w(u—x)) =—wD7x + CagD*wD"(u — ), 2.170

B

o] +]8]<k
1Bl<k

where the ¢, 3 : V' — R can be expressed in terms of v and the coefficients of L.

Using the fact that y is a polynomial of degree at most k — 2, along with Equation
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2.167,

1D Lx|l L, vy < Clixllwg,
= Clixllys-1
o (2.171)
< O(llu = Xlhwgsv + Il o)
< Cllullyr-1)-
If || + |B] < k and |B| < k then, by Equations 2.168 and 2.167,
1D%D (= 0l < eyl = Xl
ol 3(k—1)—
< Cd gy (2.172)

= Cdil‘U|WZI;—1(V).

Using Equations 2.170, 2.171, and 2.172 and summing over all |y| = k — 2m, we

can estimate the first term on the right side of Equation 2.169,
Ll =X g2y < a7 g (2173)

The second term on the right side of Equation 2.169 is estimated by Equations
2.168 and 2.167,

k-1
[Jw(u — X)“WI’,“*(V) < CZ lwllwz, vy llw = XHWI’f*l*i(m
=0

k—1

i (k1) (k—1—1) (2.174)
<C) dd [l vy
=0
S O‘u’wgq(v).
Equations 2.169, 2.173, and 2.174 prove the lemma. ]

Lemma 2.15. Suppose that xg € Q and d > 0. Let U = By(xg) and V = Bag(xo)
and assume that V C Q. If k > ko, u € WF(V), and Lu =0 on V then

|U|WkN @) < Cd_lHUHWl’“(V)' (2.175)
N-T
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Proof. By the Bramble-Hilbert lemma, there exists some y € II*=1(V) such that,
if i € 0: k then

lu = Xlwiery < Cd"" Julyw - (2.176)

Let w € C§°(V') be such that w =1 on U and, for i € 0 : k,
w1y < Cd ™. (2.177)

Since Bj(w(u — x)) = 0 on 09 for all j € 1 : m, we have by Theorem 2.1 that

|U‘W’QL(U) = |w(u — X)|W’“L(U)
n n (2.178)
< O(ILwlu =)z + Il = )i v, ).
N-T1T N-T

Let |y| = k — 2m. By the general Leibniz rule,

D'L(w(u—x)) = —wD"x + Z CapD*wD? (u — X)), (2.179)
o +|B|<k
|B]<k
where the ¢, 3 : V' — R can be expressed in terms of v and the coefficients of L.

Using the fact that y is a polynomial of degree at most k — 1, along with a scaled

Sobolev inequality and Equation 2.176,

ID"Lxll y vy < Clixllws, vy
N-1 N-T
= Od_IHX”Wf(V)

(2.180)
<Cd? (IIu = Xllwrony + ||“||W{“(V)>

< Cd_l““”wf(vy

If |a] + |B] < k and |B| < k then, by a scaled Sobolev inequality and Equations
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2.177 and 2.176,

ID*wD? (u — x)

< Cdl (d’llu — X’WI‘B‘(V

+ Ju— X|W1IBI+1(V)>

< catol (a1 P ulyy

X d’“’('ﬁ'“)W\wlk(m)

< Cd_l’u‘wl’c(V)-

It 00 < Wl e =xwis, )
—1

(2.181)

Using Equations 2.179, 2.180, and 2.181 and summing over all |y| = k — 2m, we

can estimate the first term on the right side of Equation 2.178,

| L(w (= X)) lyr-2myy < Cdlullwp -

N—-1

(2.182)

The second term on the right side of Equation 2.178 is estimated by a scaled

Sobolev inequality and Equations 2.177 and 2.176,

k—1
lw(u =)l @) < C D wlwawlle = Xl
=0

N
N-1 N—1
k-1
<O d (a7 fu= Xl
=0

+ [Ju— X||wf*i(V)>
k
S C d—i (d_ldk_(k_l_i)|U|W{c(V)

+d |U|W{“(V))

< O|U|Wl’“(\/)‘
Equations 2.178, 2.182, and 2.183 prove the lemma.

(2.183)

]

Lemma 2.16. Suppose that xo € Q and d > 0. Let U = By(xg) and V = Bag(x)

and assume that V. C Q. If k > ko, u € Wiy(V), and Lu =0 on V then

|ul i1y < Cd*m”””w;glw)-
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Proof. By a scaled Sobolev inequality,

’u‘Wfo_l(U) < Cd'? <d71HuHW2kA_,1(U) + ‘u’WQ’CN(U))' (2.185)

By Lemma 2.14,
ulwp ) < Cd”HuHW;wa)- (2.186)
Equations 2.185 and 2.186 prove the lemma. O

Lemma 2.17. Suppose that xg € Q, d > 0, and k > ky. Let U = By(zo) and

V' = Borg(wo) and assume that V C €.
1 If &5 <p<2N,ueWi(V), Lu=0onV, and { € ko —1: k then

[ullwew) < Cdf(kfg)Hung(V)- (2.187)

2. IflSpS%,UEWIf(V), Lu=0o0nV, and { € ko : k then

[ullwrw) < Cd_(k_e)”uHWﬁ(V)- (2.188)

3. If2N <p<oo,ue Wi (V), Lu=0onV, and { € ky : k then

el ) < C4 40l (2.189)

Proof. Fori € 0: k,let U; = Byig(x), so that U = Uy and V = Uy. First consider

Part 1. Iterating Lemma 2.14 k& — ¢ times,

lullws ey < Cd™*lullwew,_» (2.190)

which proves part 1.

Next consider part 2. By the measure inequality,

gy < OV s, o (2.191)

N
N-1
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Iterating Lemma 2.14 k£ — ¢ times,

||UHW’€N o) S Cd_(k_Z)HUHWZN (Up—g)*
N-1 N-1

By Lemma 2.15,
HUHW"'L(Uk,Z) < Cd_l”“”wf(Uk,m)-
N—1

Again using the measure inequality,

Hu”Wf(Uk,gH) < CdVrP Huuwg(Uk,m)-

Putting together Equations 2.191, 2.192, 2.193, and 2.194 proves part 2.

Next consider part 3. By the measure inequality,
||UHW§*1(UO) < OdN/pHUHngl(UO)-

By Lemma 2.16,
Hunfo—l(UO) < Od_l/ZH“HW;“]#(Ul)'

Iterating Lemma 2.14 k£ — ¢ times,

—(k—¢
Hu|’W2kI§1(U1) < Cd )Hunfg,l(Uk_gH)'

Again using the measure inequality,

1/2—N,
HUHWQZJGI(U;C%H) < CcdY /pHu“WIf‘l(Uk,ul)‘

Putting together Equations 2.195, 2.196, 2.197, and 2.198 proves part 3.

2.9.2 Domains at the Boundary

(2.192)

(2.193)

(2.194)

(2.195)

(2.196)

(2.197)

(2.198)

Throughout this subsection, we assume that m = 1 and m; € 0 : 1. That is,

we consider the case of second-order equations with boundary conditions of order

at most one.
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Lemma 2.18. Suppose that zq € 0 and d > 0. Let Ut = By(xo) NQ, VT =
Bsa(o) N, and T = Boy(xo) N O, Assume that V C RY and T C ORY. If

P <p<2N, k>2, ueWHVT), Lu=0 on V', and Byu =0 on T then
lulwy ey < Cd M ullys1 4y (2.199)

Proof. Define U = By(xg) and V' = Bag(zo).

Let w € C§°(V) be such that w =1 on U and, for i € 0 : k,
wlwe oy < Cd ™ (2.200)
Let || = k — 2 have (,y = 0. Our first goal is to show that there exist
x € I°(V*) and vy € W27 (Q) such that By (w(Du — x)) = v1 on 99,
Jor oy < ™ sy (2.201)

and, fori € 0: 1,
| D = Xlwiv+) < Cd™ ulyrry4)- (2.202)
First we consider the case m; = 0. Here we take y = 0 and v; = 0. By
definition of my, if v : Q@ — R then Byv = byv for some by : Q& — R. By the
complementing condition, we must have bo(x) # 0 for all z € 0. Therefore,
u=0on 0. On T, DSu is a tangential derivative of a function which is zero on

T, and is thus itself zero on T'. Equation 2.202 follows by the mean value theorem.

Also observe that, on T,
By (w(D%u — x)) = bow(Du — x) =0 = vy. (2.203)

Equation 2.201 is obvious.
Next we consider the case m; = 1. By the Bramble-Hilbert lemma, there exists

some 7 € I1*72(VT) such that, if i € 0: k — 1 then
|U - T/lW;;'(V"") S Cdk_l_i|u|wll)€*1(v+)- (2204)
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By the general Leibniz rule,

Bi(wD'(u—n)) =wD'Bi(u—n)+ Y crLasDwD’(u—n), (2205

lal+181<k—1
laf<1

where the ¢ 44 : ) — R can be expressed in terms of ¢ and the coefficients of Bj.
On T, D*B;u is a tangential derivative of a function which is zero on T, and is
thus itself zero on T'. Therefore, if we define

vy = —wD*Byn + Z CrasD*wDP (u — 1), (2.206)

laf+[8]<k—1
laf<1

then, by Equation 2.205, B;(wD¢(u — 1)) = v; on 99Q. Observe that
lorllwy vy < C (oD Binlwy oy

N 2.207
Y ID%D (= ). (2207)

loo|+18|<k
laj<2
Since n is a polynomial of degree at most k — 2, we see by Equations 2.200 and
2.204 that
lw D Binllwav+y < llwllwe ) lnllwe—r o+

< Cd™ (Hu - 77|’W11f_1(v+) + "u“wg—l(w)) (2.208)
< Cd_l““”w,’f—l(vﬂ-
If |a| + |8] < k and || < 2 then, by Equations 2.200 and 2.204,
1D*wD? (u =)Lty < lwhypiat )l = D ypist v

< Cd_|a‘d(k_l)_lﬁl|U’Wk—1(v+ (2.209)

)
f— Cd_l’u|Wé€—l(v+)
Equations 2.207, 2.208, and 2.209 prove Equation 2.201. Now let x = Dn. By
Equation 2.204, if i € 0 : 1 then
|DCU - X|W1§(V+) < fu— 77|W1’f*2+i(v+)

< O g1~ (=2+9) [l i1 e (2.210)

= Cdl_i|“|w§—1(v+)a
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verifying Equation 2.202. Also observe that, on T,
By (w(Du — x)) = By(wD*(u — 1)) = v;. (2.211)

Now we rejoin the cases m; = 0 and m; = 1. Since B;(w(D%u — x)) = v; on

L), we have by Theorem 2.1 that

\D<u|W3(U+) = ]w(DCu — X)’Wg(UJr)

C(IL(wD (u — X))z, v+
< C (I L@DS (@ = )z, (2.212)

+ HleWg*ml(Vﬂ
+ DS (= llwarn )

Here we have used the fact that C;, < 2N. By the general Leibniz rule,

Lw(D% —x)) =wL(D‘u—x)+ >  capDwD?(Du—x), (2.213)

o] +[8]<2
18]<2

where the ¢4 : () — R can be expressed in terms of ¢ and the coefficients of L.

Since Lu = 0 on V*, we have by Proposition 2.6 that
|LDCullyis) < Clullyss g (2:214)
Using the fact that x is a polynomial of degree 0, along with Equation 2.202,
LX)z, v+ < Clixllwz+)

= C||X||Wpl(v+)

(2.215)
< (0% = Xy + 1Dullwyors)

< OHuHWg*l(VJr)-

If || + |5] < 2 and |5] < 2 then, by Equations 2.200 and 2.202

ID*wD? (DU = X)L, v+) < |wlypiet ) DU = Xl yp151 1)
< C’d_|°“d1_|ﬁl|u|wpk_1(v+) (2.216)

- Cd_1|u|WZI)€—1(V+).
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By Equations 2.213, 2.214, 2.215, and 2.216,
1L((D%u — x)Dllgye) < Cd s e (2.217)
By Equation 2.216,

lw(Du = X)lwir+y <C > [D*wD(Du = x)l|1,004)
lal+18]<1 (2.218)

< CdilHuHWﬁ”(vﬂ-

By Equations 2.212, 2.217, 2.201, and 2.218,
| Dulwzw+y < Cd™ ullyrry+y. (2.219)
The lemma follows by Proposition 2.7. [

Lemma 2.19. Suppose that zq € 0Q and d > 0. Let Ut = By(xo) NQ, VT =
Bsa(0) N, and T = Boy(xo) N ON. Assume that V' C RY and T C ORY. If
k>2, ue WFEV), Lu=0 on V"', and Biu=0 on T then
|U|W%(U+) < Cd™ M ullwp - (2.220)
Proof. Define U = By(z¢) and V' = Bag(zy).
Let w € C§°(V) be such that w =1 on U and, for i € 0 : k,

wlwe vy < Cd ™ (2.221)

Let |{| = k — 2 have (y = 0. Our first goal is to show that there exist
x € (V) and vy € W2 () such that By(w(Du — x)) = vy on 99,

HUlHWQijl(Vﬂ < CdilHUHV[/lk(vﬂ, (2.222)
N—-1
and, for i € 0 : 2,
D% = Xlwir+) < Cd*ulyp e (2.223)
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First we consider the case m; = 0. By definition of my, if v : & — R then
Byv = byv for some by : Q — R. By the complementing condition, we must have
bo(x) # 0 for all x € 9. Therefore, u = 0 on 9. Let v be the extension of
DSu from VT to V that is odd in its Nth argument. On T, DSu is a tangential
derivative of a function which is zero on T, and is thus itself zero on T'. Therefore,
veWV). Ifiel: N —1then D;jvis odd in its Nth argument. Let ¢ be the
average value of Dyv on V. Here we take x(x) = czy and v; = 0. Notice that y is
odd in its Nth argument, D;x =0 fori € 1: N — 1, and Dyx = c. It is now clear
that, for |o| < 1, D%(v — x) has average value 0 on V. Equation 2.223 follows by

Poincaré’s inequality. Also observe that, on T, y = 0, so
B (w(Du — X)) = bow(Du — x) = 0 = vy. (2.224)

Equation 2.222 is obvious.
Next we consider the case m; = 1. By the Bramble-Hilbert lemma, there exists

some 7 € IT*"1(VT) such that, if i € 0 : k then
= i) < O sy (2.225)
By the general Leibniz rule,

By(wD(u—n)) =wD'Bi(u—n)+ > crapD*wD’(u—n),  (2.226)
|l +[8]<k—1
laf<1
where the ¢; 5 : 2 — R can be expressed in terms of ¢ and the coefficients of B;.

On T, D*B;u is a tangential derivative of a function which is zero on T, and is

thus itself zero on T'. Therefore, if we define

vy = —wD*Byn + Z CrasD*wDP (u — 1), (2.227)

laf+|8]<k—1
laf<1
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then, by Equation 2.226, B;(wD‘(u — 1)) = v; on 9. Observe that

loallwy @) < C(loD*Bunlw,

N-1

2.228
+ > ID°wDP(u— )|, 2 (Vﬂ) (2.228)
|al+|B|<k -

|| <2
By Equations 2.221 and a scaled Sobolev inequality,

1
oD Binllw vy < D llwllwg vy | DEBinly i s
1=0

N-1 N-1

1

< Oy a (1D Bty
i=0 (2.229)

+ \DCBmlwfwﬂ)
2

i=0
For i € 0 : 1, we can use the fact that n is a polynomial of degree at most k — 1,

along with Equation 2.225, to find that
\DCBl77|Wf*i(v+) < CHWHW{%W)
< C(llu = nllwr + lullwr) (2:230)
< C'||u||wf(v+)~

For i = 2, this type of estimate will not suffice. Instead, we first observe that, by

Equation 2.225,

1D By (1 = )y vy < Cllw = llyyr-r 4,

(2.231)
< Cd‘“|w{€(v+)-
Since D*Byu = 0 on T, we see, using the mean value theorem, that
ID Byul|,(v+) < Cd| D Byulyy v+
(2.232)

< Cd||u||wf(v+)~
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By Equations 2.231 and 2.232,

DByl ,ov+) < I1DBi(w — )|z, ov+) + 1D Biul|py o+

(2.233)
< Cd”““wﬁ(%)-
Putting together Equations 2.229, 2.230, and 2.233, we have that
lwDBinllw: vy < Cd™ ullwp ). (2.234)

N-1
If |a] +|B] < k and |a| < 2 then, by a scaled Sobolev inequality and Equations
2.221 and 2.225,

1D°w D (u — 77)||L%(V+) < |w|W£\(V+)|U - U’W&(VH

< Od 1 (d_1|u — 77|W1|5I(V+)
+lu =ty (2.235)
< odlel (d‘ldk_|ﬁ||u|wf(v+)
4 dk_(|ﬁl+l)|u|wf(v+)>
< Cd™ M ulywr+).
Equations 2.228, 2.234, and 2.235 prove Equation 2.222. Now let Y = Dn. By

Equation 2.225, if + € 0 : 2 then

|Du — Xlwiv+) < lu— 77|W1k*2+i(v+)
< Cdk’(k’2”)]u|wlk(v+) (2.236)
= Cd[ulwr+),

verifying Equation 2.223. Also observe that, on T,
By (w(Du — X)) = By(wD*(u — 1)) = v;. (2.237)

Now we rejoin the cases m; = 0 and m; = 1. Since B;(w(D%u — x)) = v; on
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L), we have by Theorem 2.1 that

‘DCUIWL(UH = |w(Du — X)’Wl(m)
1

2
N— N-1

< C(HL(wDC(u =Xy o

(2.238)
+ HleWQ—Lml(Vﬂ
N-—-1
D4 = llwy )
N-1

By the general Leibniz rule,

Lw(D - X)) =wL(Du—x)+ Y  capDwD?(Du—x),  (2.239)
o] +[B]<2
16l<2
where the cy,5: 2 — R can be expressed in terms of ¢ and the coefficients of L.
Since Lu = 0 on V't we have, by Proposition 2.6 and a scaled Sobolev inequality,
that

||LDCU||LL(V+) < C““”W’“jv1 V+)
e N1 (2.240)

< CdilHUHW{“(Vﬂ‘

Using the fact that y is a polynomial of degree at most 1, along with a scaled

Sobolev inequality and Equation 2.225,

—1

Il s ) < Clixlh

‘v (V)
N

= Cd™ ! Ixllwzv+) (2.241)
<Cd? <\|D<u —Xllwzer) + ”DC“HWE(W))
< OdHullws+y.

If |a] + |B] < 2 and |B] < 2 then, by Equations 2.221 and 2.223 and a scaled
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Sobolev inequality,

107D (D =)y 00) < Wy oy DU = Xl v
—1

< Cd_la‘ (d_1|D<U’ - X|Wl\ﬂ\(v+)

+ |DSu — X|W1‘5'+1(v+)>

(2.242)
< Cdfw (d71d27|m‘u|wlk(v+)
1 dz_(|m+1)\u|wf(v+)>
< Cd_1|u|wf(v+)‘
By Equations 2.239, 2.240, 2.241, and 2.242,
IL@D u=))e_y vy < Cd ullwprs): (2.243)

By Equation 2.242,

(DU =0llwr, o <C Y DD (Du=)l y vo)
N-1 ‘06|+|/8‘§1 (2244)

< Cd_l”“”wl’f(vﬂ-

By Equations 2.238, 2.243, 2.222, and 2.244,

|DCU‘W2L(U+) < Cd™ M ullyp e (2.245)
N-1
The lemma follows by Proposition 2.7. [

Lemma 2.20. Suppose that xg € 9 and d > 0. Let Ut = By(zo) NQ, VT =
Baa(xg) N Q, and T = Bay(x) N ON. Assume that VT C Rﬂy and T C 8Rﬂf. If
k>2,ueWk(V'), Lu=0on V™, and Bju=0 on T then

[ulyr @y < Cd™2ullyrorysy- (2.246)
Proof. By a scaled Sobolev inequality,
ful s ey < CdM? <df1||uHW2k§1(U+) v |u\W§N(U+)). (2.247)
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By Lemma 2.19,

‘U|W2’VN(U+) < Cd*lH“”W@;l(vﬂ- (2.248)

Equations 2.247 and 2.248 prove the lemma. ]

Lemma 2.21. Suppose that zq € 02, d > 0, and k > 2. Let Ut = By(xo) N1,
V't = Borg(wo) NQ, and T = Bory(x9) NIQ. Assume that V' C RY and T C ORY.

1. If 55 <p<2N,ueW}(V*'), Lu=00on V", Blu=0o0onT, andl €1k
then

lullwr @+ < Cd%k*m””“wg(vﬂ- (2.249)

2. IflSpS%,UEWIf(VJr), Lu=0o0on V', Bu=0onT, andl €2 : k
then

[ullwr @+ < Cd_(k_e)”uHWZf(Vﬂ- (2.250)

3. If2N <p<oo,ue Wx,(V*), Lu=0onV*, Blu=0onT, and { €2 : k
then

el ey < CaC O ullypergy- (2.251)

Proof. These results follow from Lemmas 2.18, 2.19, and 2.20 in the same way that

Lemma 2.17 follows from Lemmas 2.14, 2.15, and 2.16. O]

Lemma 2.22. Suppose that xq € 02, 0 < d < d', and k > 2. Assume that d’
and d/d" are sufficiently small. Let Ut = Bg(xg) N Q, VT = By(x0) N Q, and
T = Bd/(l'g) N of).

1. If 55 <p<2N,ueW}(V*'), Lu=00on V", Blu=0o0onT, and €1k
then

[ullwrw+) < Cd*(kfg)”ung(vﬂ. (2.252)
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2. ]flgpgﬁ,UGW}f(Vﬂ, Lu=0o0onV*T, Blu=0onT, and l € 2 : k
then

lullws ) < CaEOllullwgs). (2.253)

3. If2N <p<oo,ue€ Wk,(V*), Lu=0onV*, Bju=0onT, and { €2 : k
then

[llysr ey < Cd_(k_z)”UHWg*l(vﬂ- (2.254)

Proof. Let U = By(xo) and V = By ().

For sufficiently small d’, there exists an invertible and sufficiently smooth ® :
RY — RY which flattens the boundary of Q in V and has sufficiently smooth
inverse. With Zg = ®(x), Ut = ®(U*), VF = &(VH), T = &(T), U = &(U), and
V = ®(V), this means that V+ C RY and 7' C ORY. If d/d’ is sufficiently small,
there exists some d > 0 such that U C Bj(io) and By (i) C V. The results

follow by applying Lemma 2.21 to the transformed setup. O]

2.9.3 General Domains

In this subsection, we prove Theorem 2.4.

Let diyy > 0 be such that, if di, = 2¥diy, dpary = d;

int>»

and dj,q,, = d, then

d{adry > dpary. Define Qi = {2z € Q @ dist(z,00) > d}

int

}. For x € U N Qg let
U. = By, (v) and V, = By (z), and notice that V,, C V N . For x € U N, let
Upr = Bayy,, () NQ and V, = Bdery (x) N Q, and notice that V, C V NQQ.

There exist finite subsets X; and X5 of U Ny, and U N OS2, respectively, such
that U N €2 is covered by the open sets U, for x € X; U X5 and no point of VN
is in more than C' of the sets V, for x € X; U X5. The sizes of the sets X; and X5
are irrelevant.

We apply Lemma 2.17 with domains U, and V, for all x € X;. Taking
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dbdry/ dl’odry sufficiently small, we apply Lemma 2.22 with domains U, and V, for
all z € X5. Raising the results to the pth power, summing over all z € X; U X5,

and taking pth roots, we obtain the theorem.

2.10 Appendix: Singular Integral Operators

Central to any proof of the L,-based estimates for solutions of partial differential
equations that relies on potential theory, including those of [2, Theorem 15.2],
[12, Theorem 9.13], [29, Equation 2|, and the one given here, are estimates for
various singular integral operators. We make explicit the dependence on p in these

estimates.

Theorem 2.23. Suppose that K € C*(RY \ {0}), ¢ > 0, |K(z)| < c|z|™" and
1D, K (z)| < c|z|~ M+ for allz € RVNN{0} andi € 1: N, and [, K(tz)dS(z) =
0 forallt > 0. If1 <p<oo and f € L,(RY) then

|K % flln,@yy < CO|lfllL, @y, (2.255)
where C' depends on N and c.

Proof. This result is given by [27, Chapter II, Theorem 2]. The precise dependence

on p is given by [27, Chapter II, Further Result 6.2(a)]. O

Theorem 2.24. Suppose that K : RY ~ {0} — R is odd and homogeneous of

degree =N, ¢ >0, and ||K||p,sv-1) < e. If 1 <p < oo and f € L,(RY) then
K % fllz, @) < CGll L, @), (2.256)
where C' depends on N and c.

Proof. This result is given by [6, Theorem 3|. The precise dependence on p can be

traced through the proof of this theorem. It is easily seen to be the same as that
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of the norm of the Hilbert transform on L,(R”), which we know from Theorem

2.23. [l

In the results presented thus far, we have found estimates on all of RY. How-
ever, we are also interested in estimates on bounded domains. Furthermore, some
of the functions we are operating on are supported in a bounded domain away
from the domain of interest. The following corollary and the results which follow
from it take these possibilities into account and give sharper estimates than we

would have otherwise.

Corollary 2.25. Assume that 0 < dy < dy and V,W are open subsets of RN such
that, if v € W and y € V, then dy < |z —y| < dy. Let 1 <p < o0, g, h € L,(RY),

assume that h = 0 outside of V', and let f = g+ h.

1. Suppose that G € C*(RN ~ {0}) is homogeneous of degree —(N — 1), ¢ > 0,
and ||G|lwz,sv-1y <c. Ifiel: N and K = D;G then
15 % Fl,omy < C(Collgly @ + Iz, ). (2.257)

where C' depends on N, ¢, and ds/d;.
2. If K : RN <\ {0} — R is odd and homogeneous of degree —N, ¢ > 0, and
| K|, (mn-1y < ¢ then
1 # fllz,on < C(Collgln,em + Il ,m ) (2.258)
where C' depends on N, ¢, and dy/d;.
Proof. Define U ={z —y:x € W,y € V}. By assumption, U C By, (0) . By, (0).
By Young’s inequality, || K * hl[z,w) < [[K||z,@)l|P||z,v)- Therefore, to prove the
corollary, it remains only to estimate || K||z, @) and || K * ||, w).-

First consider part 1. By [3, p. 223], [oy_, K(tx)dS(x) = 0 for all t > 0.

Obviously K € C*(RY~{0}) is homogeneous of degree — N and the first derivatives
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of K are homogeneous of degree —(N + 1). Furthermore, |K(x)| < c|z|™" and
|D; K (x)] < clz|~ ™+ for all z € RN \ {0} and j € 1 : N. Therefore,

1K oy < / 2] da
di<|z|<d2

do
<C | t NNt (2.259)
dq

= ClOg(dz/dl),
where C' depends on N and c. This, along with Theorem 2.23, gives part 1.

In the case of part 2, we see that

1K ooy < / K (2)|da
di <|z|<d2
da
/ / K(tz)[tN "t dS(z) dt
BN-1 (2.260)

~ / e ([ K@) as)

< clog(ds/d)).

This, along with Theorem 2.24, gives part 2. O

In the remainder of this appendix, we revise various estimates of [2, Section 3].

First we have the analogue of [2, Lemma 3.2].

Lemma 2.26. Suppose that K € C°(RY) is homogeneous of degree —N, ¢ > 0,
and HKHLI(qu) < c. Assume that 0 < dy < dy and V.W are open subsets of
RY such that, if v € W andy € V, then dy < |z — y*| < da. Let 1 < p < oo,
g, h € L,(RY), assume that h = 0 outside of V, and let f = g+ h. For z € RN™!
and t > 0, define

u(z,t) = lim K(z —y,t+ s)f(y,s)dsdy. (2.261)
e—07F
jo—yl>e SRy
Then
lullz,ov) < C(Collgllzyey + WAl ). (2.262)

where C' depends on N, ¢ and do/d .
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Proof. Let K be the odd extension of |K| from RY to RY. This differs from the
treatment in the proof of [2, Lemma 3.2], where K is taken to be the extension
that is odd in its Nth argument. Notice that K is homogeneous of degree —N and

|K||p,mv-1y < 2¢. For x € RV~ and ¢ € R, define

7

0, if ¢t >0
gla,t) = (2.263)

lg(z, —t)|, ift <0
\

and
.

0, if £ >0
h(z,t) = (2.264)

\h(z,—t)|, ift<0.

\

We point out that & = 0 outside of V*. Let f = g+ h and @ = K % f. Then, for

x € R¥-"Land ¢t > 0,

ot < lim [ [ Ryt )i -s)dsdy
|lz—y|>e JR

e—0t

= lim/ /K(x—y,t—s)f(y,s)dsdy
le—y|>e JR

o (2.265)
= lim/ / K(x —y,t—s)f(y,s)dsdy
=0 Jig—y|>e J|t—s|>e
= u(x,t).
By Corollary 2.25, Part 2,
wll, oy < [l@llL,w) (2.266)
< C(Cyllgllzyem) + Illzy) )
where C' depends on N, c and dy/d;. Since ||g| 1, @~y = [|9]l 1, @y) and 1Al L, v =
|2]| 2, (v, this proves the lemma. O

Next we have the analogue of [2, Theorem A3.1].

Lemma 2.27. Suppose that K € C*(RY) is homogeneous of degree —(N — 1),

c>0, and HKHW%(Ey_l) < c. Assume that 0 < dy < dy and V,W are open subsets
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of RY such that, if v € W andy € V, then dy < |z — y*| < dp. Let 1 <p < 00
and f € W)(RY). Forie1:N, let g;,h; € W) (RY) be such that h; = 0 outside
of V.and D;f = g; + hi. Forx € RN"! and t > 0, define

u(z,t) = lim K(x—y,t)f(y,0)dy. (2.267)

e—0F |z—y|>e

Ifi1€1: N —1 then
N
IDiwll vy < C D (Collgslly ey + Mhsllz,mn)- (2.268)
j=1
where C' depends on N, ¢ and do/d; .

Proof. Tt is shown in the proof of [2, Theorem A3.1] that, for z € R¥~1 and ¢t > 0,

—Du(z,t) = lim / D;K(x —y,t+ s)Dnf(y,s)dsdy
lz—y|>e JR4

e—0t

(2.269)

+ lim / DNK(x —y,t+s)D;f(y,s)dsdy.
jo—yl>e IR

e—0t

For j € 1: N, D;K is homogeneous of degree —NN. Therefore, by Lemma 2.26,

IDaullz,) < C(Colllgnlln, ey + 19z, e)
' ! (2.270)
Il + il )

where C' depends on N, ¢, and dy/d;. ]
Next we have the analogue of [2, Lemma A3.1].

Lemma 2.28. Suppose that K € C°(RY) is homogeneous of degree —(N + 1),

c>0, HKHLOO(Ef—I) <e¢, and

K(z,t)de =0 (2.271)
RN

for all t > 0. Assume that 0 < di < dy and V,W are open subsets of RY such

that, if v € W and y € V, then di < |x —y*| < dy. Let 1 < p < oo and
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feW RY). Foriel:N, let gi,h; € W) (RY) be such that h; = 0 outside of V
and D;f = g; + h;. For v € RVN=L and t > 0, define

u(z,t) = 1im+ Kz —y,t+s)f(y,s)dy. (2.272)
=07 Jlz—y|>e
Then
N
lllz, o < C D (Collgsllzy @y + s, ) (2.273)
j=1

where C' depends on N, ¢ and do/d; .

Proof. First consider the case N = 2. It is shown in the proof of [2, Lemma A3.1]

that, if z € R and ¢ > 0, then

e—0t

u(z,t) = lim / K(x —y,t+s)Dyf(y, s)dsdy, (2.274)
lz—y|>e JRy
where K € C°(R}) is homogeneous of degree —2 and || K|, (s1) is bounded by a
constant that depends on ¢. The lemma follows by applying Lemma 2.26.

From now on we assume that N > 3. It is shown in the proof of [2, Lemma

A3.1] that
N-1

u = Z(civi + w;), (2.275)
i=1
where the ¢; are constants that can be bounded in terms of N and ¢, and, for

i€l:N—1,z€R¥"! and t >0,

vi(z,t) = lim / K(z —y,t+8)D;f(y,s)dsdy (2.276)
0" Jig—y|>e JRy
and
w;(x,t) = lim / Ki(x —y,t+s)D; f(y, s) ds dy. (2.277)
0% Jig—y|>e JRy

Here, K € C°(RY) is homogeneous of degree —N and ||I_(||L1(2171) is bounded by a
constant that depends on N. Also, fori € 1: N—1, K; € C°(RY) is homogeneous

of degree —N and, for x € RN~! and ¢ > 0 with (z,¢) € Y1,

_ 1
[Ki(z, 1) < C(1+log ;)’ (2.278)
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where C' depends on N and c. If i € 1: N — 1 then, by Lemma 2.26,

N
[vill £, w) < CZ (CpngHLP(M) + thHLp(V))a (2.279)

j=1
where C' depends on N, ¢, and dy/d;. If ¢ € 1 : N — 1 then, since t — log% is
integrable at 0, HKiHLl(zﬁfl) is bounded by a constant that depends on N and c.

Therefore, by Lemma 2.26,

N
il < O3 (Collgsllya) + Isll ). (2:280)
j=1

where C' depends on N, ¢, and dy/d;.

The lemma follows from Equations 2.275, 2.279, and 2.280 O
Finally we have the analogue of [2, Theorem 3.3].

Theorem 2.29. Suppose that K € C*(RY) is homogeneous of degree —(N — 1),
c>0, ||K|y- @y <6 and

K(x,0)dS(z) = 0. (2.281)

»N-2

Assume that 0 < dy < dy and V,W are open subsets of Rﬂ\rf such that, if x € W
andy € V, then dy < |z —y*| < dy. Let 1 < p < o0 and f € W;(Rf) For
1€1:N, let g;,h; € Wpl(]Rf) be such that h; = 0 outside of V and D;f = g; + h;.

For x ¢ RVN=! and t > 0, define

u(w,t) = hHL/ K(z —y.1)f(y,0)dy. (2.282)
=07 Jlz—y[>e
Then
N
[ulwpowy <C (Cp\lngL,,(M) + thHpr)), (2.283)
j=1

where C' depends on N, ¢ and do/d; .
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Proof. Since ||K||W11(zf*1) is bounded by a constant that depends on N and c, if
1 €1: N —1 then, by Lemma 2.27,

N
IDill vy < C D (Collgslly ey + Mhsllz,mn)- (2.284)
j=1
where C' depends on N, ¢, and dy/d;. It is shown in the proof of [2, Theorem 3.3]
that
—Dyu=v+w, (2.285)
where, for z € R¥ "t and t > 0,
v(z,t) = lim DNyK(x —y,t+s)Dnf(y,s)dsdy (2.286)
e—0t
jo—yl>e JRy
and
= lim DY K(z —y,t+s)f(y,s)dsdy. (2.287)
0% Jjz—y|>e /R,

Since DyK € C°(RY) is homogeneous of degree —N and ||DNKHL1(21—1) is
bounded by a constant that depends on N and ¢, we have by Lemma 2.26 that
lollz,on < C(Collanllz, @) + 1wl ) (2.28)
where C' depends on N, ¢, and dy/d;. It is shown in the proof of [2, Theorem 3.3]
that [pn DY K (y,t)dy = 0 for all ¢ > 0. Since, in addition, D} K € C°(RY) is
homogeneous of degree —(N + 1) and HD]QVKHLOO(EQ) < ¢, we have by Lemma 2.28

that
N
lwllz,an < €Y (Collgsllz,ey + Iill,m ) (2.289)
j=1

where C' depends on N, ¢, and dy/d;. Putting together Equations 2.284, 2.285,

2.288, and 2.289 gives the result. [

2.11 Future Work

The most egregious aspect of Theorem 2.1 is the factor of C’;’ multiplying the

Hu||W§71(Q) on the right side of the estimate, and it is not clear how to avoid this.
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Ideally, Theorems 2.2 and 2.3 could be made more general. However, these rely
on the estimates of Section 2.6.2. At the crux of these arguments are two facts.
First, any second-order differential operator can be linearly transformed into an
operator whose leading part, at a certain point, is the Laplacian. Second, we know
explicit representations of the solution of Poisson’s equation in the half-space with
homogeneous Dirichlet or constant coefficient oblique derivative boundary condi-
tions. There is no obvious generalisation of these ideas to higher-order equations
and multiple boundary conditions.

The local estimates on domains in the interior of Section 2.9.1 make no restric-
tions on the order of the differential operators, but the local estimates on domains
at the boundary of Section 2.9.2 do. If such restrictions could be lifted, Theorem
2.4 could be made more general.

The estimates of Theorem 2.5 involve Sobolev and Lebesgue space norms with
the same exponent on the left and right sides. Generalising this to allow for
different exponents on the left and right sides seems straightforward, but a listing

of all the possible cases would be messy.
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CHAPTER 3
L.-BASED NEGATIVE NORM ERROR ESTIMATES FOR THE
FINITE ELEMENT METHOD

3.1 Introduction and Statement of Results

Let N > 2 be an integer and let Q be a bounded open subset of RY with
sufficiently smooth boundary. For i,j € 1: N, let a;, b;, ¢ : Q — R be sufficiently
smooth. Define the bilinear form A on functions v, w : 2 — R by

N N
Av,w) = /Q ( Z a; ; DivDjw + Z b;D;vw + cvw). (3.1)
ij=1 i=1
We assume that A is coercive over W3 (). That is, there exists a constant C,, > 0

such that, if v € W} () then
Aw,0) > Collolginy 32

We also assume that A is uniformly elliptic on 2. That is, there exists a constant

Cen > 0 such that, if z € Q and ¢ € RY then

N

Y aii(@)8 > Call” (3.3)

ij=1

Let h > 0 be sufficiently small, let » > 2 be an integer, and let Cyp, Csep > 0.
Let Sj, be a finite-dimensional subspace of W1 () and let Ij, : WL (Q) — S), be a
projection. Assume that the following hold whenever U; and U, are open subsets

of RY with U, C Uy and dist(Ul,(?Ug) > Cseph.
LIf1<p<oo, ke0:1,Lek:r andve WL(Q) NW,(U;NQ) then

v = Ipvwrwing) < Caphé_k”UHWIf(UzﬂQ)- (3.4)
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2. 1<g<p<o0,le€—r:0,and x € S, then

__N(L_1
Xl @in00) < Caph™ ™™ Ixllwearnny (3.5)

and, fori € 1: N,

1 1)

1Dix |2, @wr0) < Caph™ ™M™ I Dixllwwaney- (3.6)

3. If ke 0:1, we C®(U,), and x € S), then

k
[wx = In(@X)lwp@ing) < Caph Y w1y X wiwans)- (3.7)
=0

Let u € WL(Q), up € Sy, F € (W5(Q2))', and assume that

A(u —un, x) = F(X) (3.8)

for all Y € S. Let h < H < 1 and let U be an open subset of RY with diam(U) <
H.

We will let C' denote different positive constants that depend on N, €2, various
norms of the coefficients of A, Ceo, Cen, 7, Cap, and Cyp, in addition to other
explicitly stated quantities.

The following theorem and its corollary are our main results.
Theorem 3.1. Ifkel:r—2andr—2—k<s<r—2 then
k41 .
||u - uhHW;Dk(U,Q) <C <h * gs:r—Z,h,h/H < xlélsfh ||U - XHWolo(Q),U,w,s
+ Gl Fllor @y ) (3.9)
+ Pl )

where

W — (hr72kasf(r72fk))l/s (310)

and C depends on s.
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Corollary 3.2. If k > r — 2 is an integer and 0 < s < r — 2 then

lw = wnllwr o) < CH¥ 2 (hr_lésr—Z,h,h/H< inf [lu— xllw @).v.ms
oo A XESh
+‘€th7H(WQ(Q)y) (3.11)

+£hH’f||F||(me»,),

where C' depends on k and s.

3.2 Motivation

In this section, we motivate u, uy, F', and their relationship in Equation 3.8.
Define the differential operator L on functions v : {2 — R by
N N
Lv=— Z Di(aiij]”U) + Z bZDl’U + cv. (312)
ij=1 i=1
The corresponding co-normal derivative operator B is defined on functions v : Q —

R by

N
Bv = Z a/i,j(Vﬂ)jDiU' (313)

irj=1
We typically think of u € C?(2) N C*(Q) as the solution of the classical homoge-

neous Neumann problem

Lu=f on{
(3.14)
Bu =0 on 09,
where f € CY(Q) is given.

We may also think of u € W} (Q) as the solution of the weak problem

A(u,v):/ﬂfv (3.15)

for all v € W3 (), where f € Ly(Q) is given. By integration by parts, it is easily

seen that, if u is a solution of the classical problem, then it is a solution of the
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weak problem. Notice that the weak problem admits solutions with less regularity
than the classical problem.

In general, it is not feasible to find an explicit formula for u, so we resort
to numerical methods to approximate it. We think of Sj, as an abstract finite
element space and I, as its interpolant. Assumptions 1, 2, and 3 are standard
approximation, inverse, and superapproximation properties, respectively, and are
essentially the same as those in [19, Section 1(B)]. These are satisfied by many
commonly-used finite element schemes. The finite element approximation of the
solution of Equation 3.15 is the unique solution u, € S;, of the finite-dimensional

linear system
At = [ fx (3.16)
Q

for all x € S,. From Equations 3.15 and 3.16, we have that
Alu —up, x) =0 (3.17)

for all x € S),. This is the F' = 0 case of Equation 3.8.

It is advantageous to study the more general Equation 3.8 instead of Equation
3.17 because nonvanishing F' arise in many applications. For instance, numerical
quadrature must often be used to approximate the integrals on both sides of Equa-
tion 3.16. This issue is discussed in [25, Section 5], [14, Theorem 1.4], and Chapter
5. In [9, Theorems 3.1 and 5.1], solutions of nonlinear problems are treated as
perturbations of solutions of linear ones.

Theorem 3.1 and Corollary 3.2 give estimates for general L..-based negative
norms of the finite element error v — w, on arbitrary sets. Corollary 3.2 is an

immediate consequence of Poincaré’s inequality and Theorem 3.1.
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3.3 Relationship to Prior Work

3.3.1 Improvement Over Announced Results

Theorem 3.1 was initially announced in [22, Theorem 3]. Several improvements
have been made to this. First, U is now allowed to be any arbitrary subset of RY
instead of just a ball centred at a point in ). Second, the more general definition
of the negative norm is used. Third, the initial announcement covered the cases
0 <s <r—2—Fk and had a logarithmic factor of ¢/}, s—,_o_; multiplying the first
term on the right side of Equation 3.9. Now, the s = r — 2 — k case has the much
smaller logarithmic factor of ¢;,5 here instead, and the cases 0 < s <r —2 -k
are of no interest. New results are obtained in the cases r —2 — k < s < r — 2,
although we must take our weight parameter w > h. Fourth, we now allow for the

possibility that F' # 0.

3.3.2 An Extrapolation of Positive Norm Results

A pointwise estimate for the difference between the true solution and the finite

element solution is given in [19, Theorem 2.2]. If z € Q and 0 < s < r — 2 then
0= @) < € (han( nf = w0
XESh
S L3 [T (3.18)
+ ﬁhHFn(Wg(my),

where C' depends on s. The ﬁfll(Q) and ﬁ/f(Q) in [19, Equations 2.5 and 2.6]
should read W} (Q2) and W2(Q), respectively.
An estimate for the maximum difference between the first derivatives of the

true solution and the finite element solution in small neighbourhoods is given in
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[19, Theorem 3.2]. If x € Q and 0 < s < r — 1 then

= wnllws ooy < C(fomprn inf = Xlwa @ oy
Xeon (3.19)

+ 5h||F||(W11(Q))I>7

where C' depends on s. The I/%/ll(Q) in [19, Theorem 3.2] should read W} ().

Notice that the estimates for the error in the positive norms of Equations
3.18 and 3.19 involve single points or small neighbourhoods on the left side and
distances to the point or to the centre of the neighbourhood on the right side. In
contrast, the estimates for the error in the negative norms of Theorem 3.1 involve
an arbitrary set on the left side and the distance to that set on the right side.
We now put the positive norm estimates in this form. This is easily done using
the observation that, if x € U N Q) then o), < oyp. If 0 < s < r — 2 then, by

Equation 3.18,
| — up|| Lo (vna) < C(hfsr—z,h< inf [lu— xllwy@)vns
XESh
S L (3.20)
+ €h||F||(Wf(Q))'>,

where C' depends on s. If 0 < s < r — 1 then, by Equation 3.19,

lu — unllwr (wna) < C<€s:r—1,h lélsf lu — xllw (@),uh.s
X (3.21)

+ Ol F ooy )
where C' depends on s.
At this point, we can make a sensible comparison of the positive norm error

estimates of Equations 3.20 and 3.21 with the negative norm error estimates of

Theorem 3.1. If F =0,U C Q, and k € —(r — 2) : 1 then

lu = wnllwe 0y < Ch o/ Xlélbf v — xllwy ©),0hr—2+k- (3.22)
h
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Notice that the weight power is chosen to be r — 2 + k. This is precisely the
condition under which the logarithmic factor ¢ is present for the positive norms
in Equations 3.20 and 3.21. By Equation 3.10, it is also the condition under which

the weight parameter is h for the negative norms.

3.3.3 A Sharpening of Previous W_' Results

Estimates for the error in the W_! norm are given in [9, Lemma 5.4]. The
proof of these results uses the finite element space inverse assumption in a way
that prevents an extension to Wgok estimates for any integer £ > 1. Here we
avoid this limitation by using the inverse property of mollifiers instead of the finite
element space inverse assumption.

HUCQ0>0,7r>3 and 0 < s <r —2 then, by [9, Equation 5.4],

H.s .
Hu - uhHWo_ol(U) S C(h2<(ﬁ> + £S=T72,h) (Xlél‘sfh Hu - XHW&O(Q),U,H,S

+ Gl Fllwy oy ) (3.23)

T HEHHFH(WW),

where C' depends on s and §. One difference between this and Equation 3.9 is that
the first term on the right side of the former has the factor (%)5 +ls—r_2, Whereas
that of the latter has the factor s—,_a 4 r/n. In [9, Remark 5.2], it is noted that the
(%)5 could likely be improved to a logarithmic factor, presumably £f/,. This would
be the case if a certain dependence on p of L,-based estimates of the solutions of
second-order partial differential equations with first-order homogeneous boundary
conditions could be established. The desired dependence is given by Theorem 2.3.
With this, the factor in question in Equation 3.23 matches that of Equation 3.9.
The other difference between Equation 3.23 and Equation 3.9 is that the first

term on the right side of the former has weight parameter H, whereas that of the
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latter has weight parameter w, which we can take to be

h, Hfo<s<r-—3
w = (3.24)
(Rr3H*= =3 ifr —3<s<r—2.
If h < H then we always have w < H, which makes Theorem 3.1 sharper. The
crucial tool in proving these sharper results is Theorem 2.4. This gives local
Ly-based estimates for solutions of homogeneous second-order partial differential

equations satisfying homogeneous first-order boundary conditions.

If r=2and U C Q then, by [9, Equation 5.3],
— - <(CH ( inf — 1
L T T (Y A T
+ ||F||(W11(Q))’> (3.25)

T ||F||<W;(Q>y).

This agrees exactly with Corollary 3.2.

3.3.4 A Trivial Estimate

We consider a trivial estimate obtained using Poincaré’s inequality and the
pointwise error estimate of [19, Theorem 2.2].
If £ > 1is an integer and 0 < s < r — 2 then, by Equation 3.20 and Poincaré’s

inequality,
lu = wnllwzr ) < CH" (hfs:r—z,h < ;élsfh lu = xllwe ©),v.hs
+ “FH(Wll(Q),U,h,—s)’) (3.26)

+ Pz ),
where C' depends on k£ and s.

First we compare the cases £k < r — 2 of Equation 3.26 with Equation 3.9.

Equation 3.26 has the advantage over Equation 3.9 that the weight parameter
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appearing in the first term on the right side on the former is h, which is smaller,
in general, than the w of the latter. Equation 3.9 has the advantage over Equation
3.26 that the first term on the right side of the former is multiplied by A*, which
is smaller, in general, than the H* of the latter. Disregarding logarithmic factors,
the first term on the right side of Equation 3.9 is smaller than that of Equation
3.26. This is because, for z € €,

wS

hrop ,(x) = h" (w + dist(z, U))*

h\r—2—s hs
= (— H*
(H) (w + dist(z, U))*
k h®
(h + dist(z,U))*

(3.27)

= HkUUh( ),

so h*Hop < Hhoy,),.

Next we compare the cases k& > r — 2 of Equation 3.26 with Equation 3.11.
Again, disregarding logarithmic factors, the first term on the right side of Equation
3.11 is smaller than that of Equation 3.26. This is because, for x € €2,

HS

ka(er)hr72 s — chf(r72)hr72
7011 () (H + dist(x, U))®

_ <£)7‘—2—5 . hs
H (H + dist(z,U))*
k h?
(h + dist(x,U))*

(3.28)

= HkUUh( ),

so HE==2pr=1gs < H*ho ).
The second term on the right side of Equation 3.26 has no straightforward
comparison to that of Equations 3.9 and 3.11. The third terms, however, are all

the same.
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3.4 Proof of Results

In this section, we prove Theorem 3.1.

By the general definition of the negative norm,

lu—wnllyor o= sup | (u —up)gl. (3.29)
pece ) Juna

19l 7y =1
Let ¢ € C3°(U) have |[@|| @) = 1. By Theorem 3.3, there exists an open subset
V of RY and some ¢ € C§°(V) such that U C V, dist(U,0V) < Ch, and, if
1 <p < oo then

16 = ¥llL,ov) < Ch*|lwiw) (3.30)
and

[ellwsry < CR NP9l . (3.31)

By Equation 3.30, Poincaré’s inequality, and Equation 3.31, we see that, if 1 <

p < 0o, then

19l ,00) < Mo = Yl + 19z, 0v)
< C(h" + Hk)\¢|wg'(v>
(3.32)
< CHFp NP [ llwew
= CH"h NV,
Define the bilinear form A’ on functions v,w :  — R by
N N
Al (v,w) = A(w,v) = / ( Z a; jDjvDw + Z byvDw + cvw). (3.33)
7,7=1 =1
Notice that A has the same coercivity and ellipticity constants as A. Define the

differential operator L on functions v : Q — R by

N N
Ly = — Z Dj(a;;D;v) — Z D;(biv) + cv, (3.34)

i,j=1 i=1
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and define the boundary differential operator B on functions v : O — R by
N N
BT’U = Z CLLJ‘(VQ)J'DiU -+ Z bl(VQ)ZU (335)
ij=1 i=1
Since AT is coercive over Wy (€2), we know by the Lax-Milgram theorem that there

exists a unique v € W3 () such that

Al (v, w) :/91/)10 (3.36)

for all w € WZ(€). Although regularity of weak solutions of the Dirichlet problem
is established in [10, Section 6.3, Theorems 1 and 4], the same arguments, with
very slight and obvious modification, can be used to show that v € WZ(Q) here.

By integration by parts, it can now be seen that

L'v =1 onQ
(3.37)
B'v =0 on 09.
By [2, Theorem 15.2], v € Wi ().
By Equations 3.36 and 3.33,
/(u —up)) = A(u — up, v). (3.38)
Q
By Equation 3.8,
A(u — up,v) = A(u — up, v — Iv) + F(Ipv). (3.39)
Since F' is linear,
F(Iyw) = F(v) — F(v— Iv). (3.40)
Putting together Equations 3.38, 3.39, and 3.40, we find that
| (u —up)p| = | (v — up) @
UnQ Vo
<l (w—w)(@=0)+] ] (u—u)l
Vo VNQ (3.41)

< Hlu —up|lpwvnll® — ¥l (vhe)

+ |A(u — up, v — L) + |F(v — L) + |F(v)].
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To prove Theorem 3.1, it will suffice to show that each of the four terms on
the right side of this equation are bounded by the right side of Equation 3.9. The
inequalities

v = Invllwi ) —s < CH* ey o pnm (3.42)
and
[vllwz@) < CH"(), (3.43)

are central to this endeavour. Before proving these two inequalities, we see how
Theorem 3.1 follows from them.

By Equation 3.30,

16— Yl Lyvoe) < CR @l o,

= Ch*.

(3.44)

If x € VNQ then dist(z,U) < Ch, from which it is readily observed that oz}, <

Coy . Therefore, by Equation 3.18,
lu = up| o (viey < Ch® (hfsr_zh<xiélsfh lu = Xllwy @),0,hs
+ ||F”(W11(Q),U,h,fs)/) (3.45)
+ il Pz )

Multiplying both sides of Equation 3.19 by of; (), using the multiplicative

property of weights, and taking the maximum over all z € ) gives

|l — unllwr @), vws < C(gszrq,h inf [|u — x|lwy (@), vws
XESh

(3.46)
+ Gl Fllor @y ).
Using Equations 3.46 and 3.42,
|A(u = up, v — )| < Ju — unllwe @).vws 10 — Invllwi @) vw,—s
< Ohk+1€s:r—2,h,h/H< inf ||u - XHWOlo(Q),U,w,s (347)
XESh,

+ Gl Pl @y ).
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Using Equation 3.42,

|[F(v— Ihw)| < |lv = Inv|lwie ,U,w,—sHFH W(Q),Uw,—s)’
() (Wi(©) ) (3.48)
< CthrlgS:T—?:hah/HHFH(WII(Q),U,w,—s)’-

Using Equation 3.43,

[F ()] < lvllwz@ 1wz )y
T (@) (Wi () (3.49)

< CH"0,||F || w2 ayy-

By Equations 3.44, 3.45, 3.47, 3.48, and 3.49, we see that all four terms on
the right side of Equation 3.41 are bounded by the right side of Equation 3.9.
Therefore, it only remains to prove Equations 3.42 and 3.43.

If UNQ = 0 then the left side of Equation 3.9 is zero, and Equation 3.9 is
trivial. Therefore, we can assume that U N Q # (). Let R = diam(f2) and notice
that, if x € Q then dist(z,U) < R.

We first define a sequence of annuli around U. For i > 0 an integer, let d; = €',

Ui ={z e RN : d; < dist(x,U) < dj1}, (3.50)
U =U;_1 UU; UUgy, (3.51)

and
U'=U,_,uU/UU,,. (3.52)

Notice that U; C U/ C U/, dist(U;, 0U}) = e~'d;, and dist(U}, 0U!") = e~2d,.
Let Io be the smallest integer such that dj_,1 > R, let [, be the smallest

integer such that dj

int

> w and dy,—1 > Csph, and let Iq > g + 1 be the
smallest integer such that dy_., > H and d;_,,—1 > dist(U,0V'). Notice that dj,,
is bounded above and below by Cw, d;_,, is bounded above and below by C'H,
and dy,, < C. If i > Iy then dist(U;,0U]) > Csph. If @ > I + 1 then

dist(U/,V) > di_1 —dp,.,-1 > (e7' — e ?)d;. If i > Iy then U; N Q = 0.
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Define

Ui = {z € RY 1 dist(x,U) < dy,, }, (3.53)
UL, ={z e RY : dist(x,U) < dy, 11}, (3.54)

and
Umia = {z € RY : dist(z,U) < dy_., }- (3.55)

Notice that Uy, C Ul C Upig and dist(Uiyg, OU,

int

) > (e —1)d;

int

> Clph.

Roughly speaking, the set Uy, includes points which are at a distance up to w
from U, the set U,,;q includes points which are at a distance up to H from U, and
the annulus U; contains points that are at a distance between d; and d;,; from U.
The sets U; for i € Ii : Iox, along with Uy, cover Q.

First we show Equation 3.42. Let p = ¢,5. By the measure inequality,
[olwi2 @ angy < CHY Pl lwiea, 00 (3.56)

and by Theorem 2.3,
lllwsrz@) < CplWlws - (3.57)

By Equations 3.56, 3.57, and 3.31,

ol <o ()" slol
Ullwk+2 (Uian0) = <_> Pli®llwe )
v (mial) h : (3.58)
< Clyg.
On Uiy, a[}i} <, so
v — IthWf(UimﬂQ),U,w,—s < Cllv— IhUHW}(Umm)- (3.59)
By the finite element space approximation assumption,
o = Tntllw oy < CR lollyssr ey (3.60)
Combining Equations 3.59, 3.60, and 3.58, we see that
lv— IhUHWll(UimﬂQ),U,w,—s < C7Lk+1€h/H~ (3.61)
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Next we make some general observations about the annuli. Suppose that i €

Ling * Lexe. On Uy, o, < 2 < O g0
di $
v = Dol oo s < C(5) o = Tl oo (3.62)
By the finite element space approximation assumption,
v = Invllwiwing) < ChT?lHUHW{(U{ﬂQy (3.63)
Putting together Equations 3.62 and 3.63,
d’i s r—1
I = Il oo vas < C(5) B ol ainn: (3.64)

Now we look at the small annuli. These are roughly at distances between w

and H from U. If 7 € I : Iniq then, by Theorem 2.4,
—(r—2—k
ollwywine) < Cdr "2 [olly iz ingy- (3.65)

Now we sum up the contributions from all the small annuli. By Equations 3.64,

3.65, 3.10, and 3.58,

Itnia Imida N

1 —(r—2—
Y o = Inollwy ioe),vw—s < CH ™ Y d; v )HU“W1’C+2(U;/mQ)
i=Iint 1=lIing

(3.66)

< Ch ™t {5270 HU H WET? (UniaN9)

< CR" Yy p.
Now we look at the large annuli. These are roughly at distances greater than

H from U. If 1 € I4;q + 1 : Iy then, by Theorem 2.5,

[vllwy @iney < Cd; 7219 nyven)- (3.67)

If s < r — 2 then, by the geometric series formula,

Iext

Z di—(r—2—s) < Cd]—(r—Q—s)

id

i=Inia+1 (3.68)
< OH—(T—2—S) )
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If s=r—2then

Iext
Yo T = Lag = L
i=Ipia+1
1 (3.69)
< C +log—
<O+ ogH
< Cly.
Putting together Equations 3.68 and 3.69,
Iext
> d; " <OH Iy, (3.70)
i=Ipia+1

Now we sum up the contributions from all the large annuli. By Equations 3.64,

3.67, 3.32, 3.70, and 3.10,

Iext Iext
r—1, —srrk —(r—2-s)
E v = Invllwiw,ne)vw—s < CR"w™H E d;
1=Iniq+1 1=Iniq+1

3.71
cowtur g, 0T

= Cthrlgs:T—ZH-
Finally we add up the contributions from the innermost domain, the small

annuli, and the large annuli. By Equations 3.61, 3.66 and 3.71,

||U - Ihv”Wll(Q),U,w,—s = ||U - IhU“Wf(UmtﬂQ),U,w,—s

Imia

+ Z v = Invllwwine)vw,—s
i:Iint
cht

+ Z ||U - [h’UHWf(UiﬂQ),U,w,—S
1=Iniqa+1

S C(hk—i_l(gh/H + Es:'r’—Q,H)

(3.72)

S Chk+1£s:r—2,h,h/H:
which establishes Equation 3.42.

It remains only to show Equation 3.43. Let p = ¢;. By the measure inequality,

[vllwz@) < CH“”WZ,(Q)? (3.73)
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and by Theorem 2.3,
HUHW;,(Q) < CPWHLP,(Q)- (3.74)
By Equations 3.73, 3.74, and 3.32,
[vllw2i) < CH*RY/Pp
1 (3.75)
S CHkéha

which establishes Equation 3.43.

3.5 Appendix: Mollifiers

The typical application of mollification is to extend a result for smooth functions
to nonsmooth functions. This is done by applying the result to a sequence of
mollifications of a nonsmooth function. In this sort of an argument, the fact that
the sequence converges is crucial, but the rate of convergence is irrelevant.

In this appendix, we begin with infinitely differentiable functions and approxi-
mate them with their mollifications. Our result is framed in terms of simultaneous

approximation and inverse properties in various Sobolev space seminorms.

Theorem 3.3. Suppose that m > 0 is an integer, d > 0, U is an open subset of
RN, u € C(U), and V = {x € RN : dist(x,U) < dv/N(m + 1)}. Then there

exists some v € C§°(V') with the following properties.
1. If 1 <p<oo, k>0 is an integer, and £ € k : k + 2m + 2 then
Ju = vlwry < Cd™Fulwew), (3.76)
where C' depends on N and m.

2. If1<qg<p<o0, k>0 1isan integer, and £ € 0 : k then
olwrary < CdNPHO=E0 1y ), (3.77)

where C' depends on N, m, and k.
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Let J € C5°(C1/2(0)) be an even function such that [, J = 1.
Proposition 3.4. There exist cg, ..., cn € R such that, for all i € 0 :m,
1« 4
5 Z/ ¢i(J(z —5) + J(x + j))ax¥ dzx = 8;0. (3.78)
j=0 R

Proof. We exhibit ¢ € R%™ as the solution of a nonsingular linear system of equa-
tions.
If © > 0 is an integer then, using the change of variables formula and the fact

that J is even,

cij(J(z —j) + J(x + j))a* dx

Ocj </RJ(x—j)x2idx+AJ(—x—j)x2idx)
(

Aj(x)(x+j)2idx+/RJ($)(—x—j)%dx>

<

I NS
DN | — N | — QME
M= Il s~

J

(3.79)
Cj
0

cj/RJ(:E)(af—i-j)%dx.

J

M

[en]

]:
IfxreR,j7€0:m,and i > 0 is an integer, then, by the binomial theorem,
2 (2i
@+ =) ( k) Rk, (3.80)
k=0

If i and k are integers and k is odd then 2i — k is odd so x — 2%~* is odd, and
therefore, since J is even, [, J(x)z* % dz = 0. Thus, by Equation 3.80,if j € 0: m

and ¢ > 0 is an integer then
i

/RJ(x)(erj)% dr = (;;)ijéj(x)x2<i—k> dz. (3.81)

k=0

For integers ¢ > 0, define

ag = | J(x)r* da. (3.82)

N
Ay = Z) a; i (3.83)



Also define b € R%™ by

By Equations 3.79, 3.81, 3.82, 3.83, and 3.84, we see that the claim of the proposi-
tion is that there exists a solution ¢ of Ac = b. We now show that A is nonsingular.

Define L,V € RO:m)x(0m) 1y

9
( l)aik, if k& S 1
Liy =4 \%k (3.85)
0, otherwise
and
Vij =3 = (5°)". (3.86)

Since L has 1s along the diagonal and is lower triangular, det L = 1, so L is
nonsingular. Since the squares of distinct nonnegative integers are distinct, the
Vandermonde matrix V' is nonsingular. Now notice that, if 7,7 € 0 : m then, by

Equations 3.83, 3.85, and 3.86,

k=0
That is, A = LV. Since L and V are nonsingular, so is A. n

Now define J,, : R — R by

3

() = % >~ i@ — ) + T+ ). (3.88)

Since J € C§°(C1/2(0)), certainly J,,, € C5°(Cpy1(0)). If x € R then, since J is

Il
=)

even,

icj(J(x‘f‘j)—i-J(x—j)) (3.89)

96



That is, J,, is even. If 7 is odd then = — 2’ is odd, so, since .J,, is even,

/ Jm(2)2" dz = 0. (3.90)

If 2 € 0:2m and 7 is even then, by Equation 3.88 and Proposition 3.4,

/ I (2)2" d = i0- (3.91)
R

Combining Equations 3.90 and 3.91, we have that

/ I (7)2" dz = 8; (3.92)
R

for all € 0: 2m + 1. Notice that, if £ > 0 is an integer then

1 m
D*J,(z) = 5 > ¢ (D*JI(x — j) + D*J(x + j)), (3.93)
§=0
SO
| Tl &) < | |we w) Z lc;| < C, (3.94)
=0

where C' depends on m and k.

Now define J,, x : RY — R by

N

T (@) = [ ] T (22). (3.95)

i=1
Let 1 <p < oo and let k > 0 be an integer. If || = k then, for x € RY,

D Jyn(z) = lN‘[ D% Jy (1), (3.96)

=1

SO

N
1D o x| vy = [ I Tl 2,0
i=1 (3.97)
< “JmH%I’f(R)‘
Since supp(J,,) C Cri1(0), we see by Equation 3.94 and the measure inequality
that

| o, N Wk ey < C, (3.98)
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where C' depends on N, m, and k.
Now define ® : RN — RY by &(z) = z/d and let J,,, yg = d "~ Jn o ®. That
is,
N
Tmna(@) = d N ] Tmai/d). (3.99)
i=1
By Equation 3.98 and a scaling inequality, if 1 < p < oo and k£ > 0 is an integer
then

| Ton vl w@yy < Cd-NO—YP7E (3.100)
where C' depends on N, m, and k. Since J,,, € C5°(Cy1+1(0)), certainly J,, nva €
C3°(Caim+1)(0)). If |of < 2m + 1 then a; € 0:2m + 1 for alli € 1 : N, so, by
Equation 3.92 and the change of variables formula,

/RN Imn,a(x)x® de = /RN (d—N ﬁ Jm(xi/d)> (ﬂ x?) dr

i=1
N
1] / T/ d)ad " da
-1 JR

I ()2 do; (3.101)

[
=
=
—

To prove the theorem, we take v = J, yg*u. If 2 € supp(u) C U and
y € supp(Jmn.d) € Cagmyny(0) then dist(z — y,U) < dvVN(m+1),s0z —y € V.
This shows that supp(v) C V.

Our first result concerns the approximation property of mollification.

Lemma 3.5. If 1 <p<ooand k €0:2m + 2 then
HJm,Nd*U—u”LP(RN) S C’dk|u|W5(Rw), (3102)
where C' depends on N and m.
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Proof. First we consider the k£ = 0 case. Using Young’s inequality and Equation

3.100,

[T, v,a * =l g, @yy < [ mna * ulln,@yy + lJulln, @y
< vl oy ey [l o, vy + w2, @y (3.103)
< CHUHLP(RN)a
where C' depends on N and m.

From now on, we assume that & € 1 : 2m + 2. Observe that, if z € RY, then,

by Equation 3.101,

u@w) = Y DD ()b
ol <k-1
= > 5(—1)°‘|Dau(m)/1v Jm.v.a(y)y” dy
jal<k—1 " 1 K (3.104)
= [ Fovaln) 3 D uta) ) dy

o <k—1
— [ a0 e )
RN
S0
(S, Na ¥ u—u)(z) = /R N T na(y)(w— T u)(z — y) dy. (3.105)
Now define w : RY x RY — R by w(z,y) = (u — T u)(z — y). By Taylor’s

theorem,

w(z,y) = ﬁ Z (—y)a/o D%u(x — sy) ds. (3.106)

|lal=k

Since supp(Jp,n,a) C Caim+1)(0), we have by Equations 3.105 and 3.106 that

(SN *u—u)(z) = / w(x,y)Im.na(y) dy. (3.107)
Ca(m+1)(0)

Therefore, by Young’s inequality,

[ g w—ullp,evy < sup fJw( y)lln, @)l JmnallLy(Capninyop- (3-108)
yecd(7n+1)(0)
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We now wish to show that, if y € Cygnq1)(0) then
[w(, )|z, vy < Cd*|ulwp@yy, (3.109)

where C' depends on N and k. Let y € Cyoni1)(0) and |a] = k. Then |(—y)?| <
Cd*, where C' depends on N, m, and k.

First we consider the 1 < p < oo case. If # € RY then, by the measure
inequality,

1 1
| / D%u(x — sy)ds|P < / | D%u(x — sy)|? ds. (3.110)
0 0

Therefore,

1 1
/ | / D%u(x — sy)ds|P dx < / / |D%u(x — sy)|P dx ds
RN Jo 0 JRN

= /01 /RN |Du(z)|P dz ds (3.111)

S |u‘€V;(RN)’

from which Equation 3.109 follows.

Now consider the case p = co. If # € RY then, by the measure inequality,

1
/ |D%u(x — sy)| ds < |ulwe @y, (3.112)
0

from which Equation 3.109 follows.

Putting together Equations 3.108, 3.109, and 3.100, we see that
Hjm’Nyd*u—UHLp(]RN) S Cdk|U’WZ€c(RN), (3113)

where C' depends on N, m, and k. The dependence on k can be eliminated because
the number of possible values of k depends on m. Equations 3.103 and 3.113 give

the lemma. 0

We now extend our approximation result to higher-order derivatives. The fol-

lowing lemma gives Theorem 3.3, Part 1.
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Lemma 3.6. If k > 0 is an integer and £ € k : k + 2m + 2 then
| Jin,N.a % = Ul < Cdé‘uywé(RN), (3.114)
where C' depends on N and m.
Proof. If |a| = k then
D(JpNa*u—u) = Jynag*x DU — D%, (3.115)

so, since £ — k € 0 : 2m + 2, we see by Lemma 3.5 that

1D (v 1 = )|, vy < CdF Dl yrs ey (3.116)
< Cd™Fulwr@m),

where C depends on N, m, and ¢ — k. The dependence on ¢ — k can be eliminated
because the number of possible values of ¢/ — k depends on m. The lemma follows

by summing this inequality over all |a| = k. O
The following lemma gives Theorem 3.3, Part 2.

Lemma 3.7. If1 < g <p<oo, k>0 is an integer, and £ € 0 : k then
|Jm,N,d « U‘Wg(RN) < CdiN(l/pil/q)i(kJ)|U|W(§'(RN)7 (3_117)
where C' depends on N, m, and k.

Proof. Let r be such that %+% =1+ %. For || = k, choose 8,7 with 8+ = a,
|| = k — ¢, and |y| = ¢. Then

D*(Jna*u) = D Jp na* D (3.118)
By Young’s inequality,

||D6Jm7N,d * DVul|p,myy < ||Dﬂ‘]m,N7d||Lr(RN)||D%u||Lq(RN)- (3.119)
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By Equation 3.100,

1D° Tl 2y @y < | Jmvalyyre g
= WD (3.120)

< Crdi(lfl/r)f(kfé)7
where C' depends on N, m, and k — ¢. The dependence on k£ — ¢ can be replaced

by a dependence on k because the number of possible values of £ — ¢ depends on

k. Combining Equations 3.118, 3.119, and 3.120, we see that
||Da(Jm,N,d * u>||Lp(Q) < Cd_N(l/q_l/p)_(k_e)|U|W§(RN), (3'121)

where C depends on N, m, and k. The lemma follows by summing this inequality

over all |o| = k. O

As an additional application of our results on mollification, we provide a nega-
tive norm inverse property for Sy. The inverse property assumed for S, bounds a
positive norm of a function in terms of a norm with lower order or lower exponent,
or possibly both. Notice that we must start with a positive norm on the left side,
but we can have negative norms on the right side.

The standard proofs of the inverse property for the Lagrange finite element
spaces, such as those in [5, Theorem 4.5.11] and [32, Proposition 3.1], proceed by
first proving the property on the unit simplex, where all norms are equivalent, then
mapping this result to an element using scaling inequalities, and finally summing
up the contributions over the elements in question. If we try to prove an inverse
property with a negative norm on the left side, the scaling inequalities forbid us
from proceeding in this manner. Evidently we need another approach.

We exhibit the following negative norm inverse property as a consequence of the
standard inverse assumption on S, of Equation 3.5, so it applies to more general
finite element spaces than just the Lagrange spaces. It is explicitly stated in [31,
Remark 4.1] that no inverse property with a negative norm on the left side is known

for the Lagrange spaces, except in 1 dimension.
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Lemma 3.8. Suppose that U, and Us are open subsets of RY with U, C Us and

dist(Uy,0Us) > 2Csph. If 1< qg<p<oo,kel:r,L€k:r, and x € Sy, then

HXHWg‘“(m,Q) < Ch~NW/a=1/p)=(t=k) HXHWQ_Z(UP,,Q)? (3.122)

where C' depends on N, r, C,,, and Csp.

Proof. In this proof, let C' denote different positive constants that depend on N,
7, Cap, and Cgep.

First observe that there exists an open subset Us of RY such that U; C Uy C Us,
dist(Uy, OUs) > Cyeph, and dist(Us, OUs) > Cseph. By the general definition of the
negative norm,

||XHWI;’“(U1,Q) = sup | X9|- (3.123)
peC§°(Ur) U1nQ

Hd)”W::/(Ul):l

Let ¢ € C5°(Ur) have [[¢[[yx 1,y = 1. Let m be an integer such that 2m + 2 > r,
and let d be such that dv/N(m + 1) = Cseph. By Theorem 3.3, there exists some
¢ € C§°(Us) such that

||§ZS - ¢||Lp/(U2) S CdkHQbHW:/(Ul) (3124)
and
||¢”W[/(U2) < Cd—N(l/p’_l/q’)_(f—k)||¢||Wk,(U1)‘ (3'125)
Observe that
| xo| = | X9
ine Lane (3.126)
<| X(¢— )|+ | XY
UaNQ UaNQ

We estimate the first term using Holder’s inequality, the inverse assumption on S},
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and Equation 3.124,

| X(¢ = )| < XLy @wane) |0 = YllL, wane)

UaNQ2
< C(W N gy ) (6l ) 127

< C’h_N(I/q_l/p)_(z_k)||X||W;£(U3m)-

To estimate the second term on the right side of Equation 3.126, we first recall

that supp(y) C Us, and therefore, by the general definition of the negative norm,

‘ . QXW < HX”WL;Z(UQ,Q)”wnwé’/(Ug)- (3.128)
2N

By Equation 3.125,

’WHVV;/(UQ) < Cg~—N/p _1/q)_(£_k)H¢HWI’j,(U1)

(3.129)
< Op~NW/a=1/p)—(t=Fk)
Putting together Equations 3.128 and 3.129,
[ xul < opNaEmER (3.130)
UsNQ
The lemma follows from Equations 3.123, 3.126, 3.127, and 3.130. O

The result is strengthened by the presence of the general negative norm on the
left and weakened by the presence of the general negative norm on the right, with
respect to how it would read if the usual negative norms were used.

Consider what would have happened if we did not have the theory of mollifiers.
In order to obtain Equation 3.129, we could have turned to the inverse assumption
on Sy, and taken v = I¢. There are two difficulties with this.

First, since ;¢ is only defined on €2, we can not use the general negative norm
in Equation 3.128. In fact, the only sensible thing we can do is to use the usual

negative norms in both Equations 3.123 and 3.128.
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That is, we assume that supp(¢) C U; N Q) in Equation 3.123. Equation 3.128
then requires that supp(I,¢) C UyN€2. This will be true if I;, respects homogeneous
boundary conditions, but we have made no such assumption here.

Second, functions in .S, are guaranteed only one order of differentiability, unlike
mollifications of infinitely differentiable functions, which are themselves infinitely
differentiable. In Equation 3.129, we would be restricted to having ¢ = k = 1. It
is for this exact same reason that the negative norm error estimate in [9, Lemma
5.4] only handles the W_! case and has no straightforward extension to the W_*

cases for any integer k > 1.

3.6 Future Work

In Equation 3.22; where the positive and negative norm estimates are compared,
it would be satisfying if the logarithmic factor ¢, in the positive norm cases could be
reduced to £j,/g. This would result in an unbroken pattern with the negative norm
cases. It is interesting to note that, as announced in [22, Section 2], it was initially
thought that the negative norms would have the more damaging logarithmic factor
than the positive norms.

We avoided stating the comparison in Equation 3.22 for F' # 0 because the
results do not form a very nice pattern in this case. Furthermore, although the
second perturbation terms in the estimates of Equations 3.9 and 3.11 are readily
compared with that of Equation 3.26, the same is far from true for the first per-
turbation terms. Along these same lines, it should be mentioned that the positive
norm estimates for a local problem in [20, Theorems 1.1 and 1.2] take F' in norms
analogous to those in [19, Theorems 2.2 and 3.2]. However, in [21, Theorems 1 and
2], where a local problem is also considered, F' is taken in sharper but substantially

more complicated norms. These estimates have an obvious analogue for the global
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Neumann problem. The norms of F' appearing in Equations 3.9 and 3.11 were
chosen because they are the simplest to state and make results easiest to prove.
They are not necessarily the sharpest or the most natural, and many other options
are available.

Unfortunately, a more careful analysis of the perturbation functional in the
negative norm estimates is not merely a matter of obtaining sharper estimates
for v — Iv and v than those of Equations 3.42 and 3.43. The handling of the
perturbation functional in both of the positive norm estimates comes into play
and complicates matters, as can be seen from Equations 3.45 and 3.47. Since there
is not yet any application of a better handling of the perturbation functional, we
question whether this is really worth investigating.

It would be nice to have an application for which Theorem 3.1 works but the
weaker result of [9, Lemma 5.4] does not. At this point, the only application of
either is to the pointwise a posteriori error estimators of Chapter 4, and, for this,

both results suffice.
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CHAPTER 4
ASYMPTOTICALLY EXACT L, A POSTERIORI ERROR
ESTIMATORS FOR THE FINITE ELEMENT METHOD

4.1 Introduction and Statement of Results

Let N > 2 be an integer and let Q be a bounded open subset of RY with
sufficiently smooth boundary. For i,j € 1: N, let a; , b;, ¢ : Q — R be sufficiently
smooth. Define the bilinear form A on functions v, w : 2 — R by

N N
A(v,w) = /Q ( Z a; ; DivDjw + Z b;D;vw + cvw). (4.1)
ij=1 i=1
We assume that A is coercive over W3 (). That is, there exists a constant C, > 0

such that, if v € W} () then
Aw,0) > Collolginy (12

We also assume that A is uniformly elliptic on €. That is, there exists a constant

Cen > 0 such that, if z € Q and ¢ € RY then

N

Y aii(@)68; > Call” (4.3)

ij=1
Let h > 0 be sufficiently small and let ¢,¢ > 0. Let T}, be a finite collection of
subsets of {2 for which the following hold.
1. The union of the elements of 7T}, is €.
2. Elements of T}, are simplices whose faces are straight unless they meet 0f).
3. Elements of T}, meet face-to-face or not at all.

4. Each element of T}, contains a ball of radius ch and is contained in a ball of

radius ¢h.
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Let r > 3 be an integer and let S), denote the set of x € C°(2) such that, if
7 € T, then y € TI" (7).

Let u € WZHH(Q), uy € Sy, define e = u — uy,, and assume that
Ale,x) =0 (4.4)

forall x € Sp,. Let h < H < 1 and let U be an open subset of Q2 with diam(U) < H.

Let 0 < € < 1 and define

h H r+1
m' = ﬁ€r=3,h,h/H + (E) O (4.5)

Assume that there exists an open subset V of RY and a constant s such that
U C V and dist(U,0V) < kH. Assume furthermore that there exists an operator

Py on WL (U) and a constant Cp such that, if v € W2 (Q) then
lv = Prollrw) < CPH™ ol g, (4.6)
and if v € WL(V N Q) then
1Pavl| L@y < CrH ™ ollyo viay: (4.7)
Let 7 € T}, be such that 7 C U. Define
E(1) = llun — Prup| Lo (n)- (4.8)

We say that 7 is nondegenerate if

lulwy(r) = h1_€||u||ng1(g) (4.9)
and degenerate if
ulwz () < h1_€||u||wgo+1(gz)- (4.10)

The following theorem is our main result.
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Theorem 4.1. There exist constants C,C" > 0 such that the following hold with

m=0C"m.

1. If T is nondegenerate then

C " ulwy () < llellpwir) < CR [ulwy, (), (4.11)
el > O ull g . (4.12)
and
L ) < el (4.13)
—&(T e s )
1+m - Leo(r)

and, if, in addition, m < 1, then

lell ot < T——E(). (4.14)
2. If 7 1s degenerate then
lell oy < CR™ Nl g (4.15)
and
E() < (C+m)P " ulyrir - (4.16)
3. If
lellzeir) = CR™H " lullyrisq) (4.17)

then T is nondegenerate.

The constants C' and C' depend on N, €, various norms of the coefficients of A,

Ce, Cou, ¢, ¢, 7, and k. In addition, C" depends on Cp.

4.2 Motivation

First we motivate u, uy, and their relationship in Equation 4.4.
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Define the second-order differential operator L on functions v : 2 — R by
N N
Lv=— Z D;(a;;D;v) + Z b;D;v + cv. (4.18)
ij=1 i=1
The corresponding co-normal derivative operator B is defined on functions v : Q —

R by

N
By = Z a,i’j(l/Q)jDﬂ). (419)

ij=1
We typically think of u € C?(2) N C(Q) as the solution of the classical homoge-

neous Neumann problem

Lu=f on{
(4.20)
Bu=0 on 09,
where f € CY(Q) is given.

We may also think of u € W3 (Q) as the solution of the weak problem

A, v) = /va (4.21)

for all v € W} (), where f € Ly(Q) is given. By integration by parts, it is easily
seen that, if u is a solution of the classical problem, then it is a solution of the
weak problem. Notice that the weak problem admits solutions with less regularity
than the classical problem.

In general, it is not feasible to find an explicit formula for u, so we resort to
numerical methods to approximate it. The space S}, is the Lagrange finite element
space, consisting of continuous functions on €2 which are polynomials of degree at
most r — 1 on each element of the quasiuniform partition 7},. This space has the
standard approximation, inverse, and superapproximation properties. The finite
element approximation of the solution of Equation 4.21 is the unique solution

up € Sy of the finite-dimensional linear system
Alup, x) = / fx (4.22)
Q
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for all x € Sj,. From Equations 4.21 and 4.22, we obtain Equation 4.4.

In regions where the finite element error e is large, one would want to refine
the partition in order to obtain a more accurate result, and in regions where e is
small, refining the partition would be needlessly expensive. However, since u is
unknown, it is not obvious where e is large and where it is small.

This motivates £, which is a local L., error estimator on elements in U. We
say that £ is asymptotically equivalent if there exists a constant ¢ > 0 such that,

if h is sufficiently small then
c (1) < lell oy < c€(T) (4.23)

for all 7 € Tj, with 7 C U. If this holds with ¢ — 1 as h — 0T, we say that £ is
asymptotically exact.

As defined in Equation 4.8, £ is a posteriori in nature because it involves
the approximate solution uy, and thus can not be computed until after the finite
element solution has been obtained. It is local in nature because it only takes into
account the values of u, on V' N2, and not on all of €.

Once uy, is known, £ is only as difficult to compute as Pgyuy is. We see from
Equation 4.6 that Py is an approximate identity operator and can approximate
functions to higher order than the finite element space can. Equation 4.7 is an
inverse or smoothing property. An example of an approximate identity operator
with these properties is given in Section 4.6. If m < 1 then Pgu; approximates u
better than u; does on nondegenerate elements, as we will see in Equation 4.36.
This is the underlying reason why our error estimator works.

From Equation 4.10, we see that, as h — 07, degeneracy can only persist in
regions in which all the rth order derivatives of u vanish. Therefore, for typical
problems, we would expect degeneracy to be rare.

Theorem 4.1 has three parts. First, it gives some consequences of nondegen-
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eracy. These can be used to prove asymptotic equivalence and exactness of &£.
Second, it gives some consequences of degeneracy. Third, it gives a condition
which implies nondegeneracy.

Equation 4.11 indicates that, in the nondegenerate case, the error behaves
exactly as the interpolation error. That is, it is free of pollution.

We now give conditions under which £ is asymptotically equivalent and asymp-
totically exact. Assume that, for sufficiently small h, every 7 € T}, with 7 C U
is nondegenerate. If m’ stays bounded, Equation 4.13 gives the first inequality in
Equation 4.23. If m < 1, Equation 4.14 gives the second inequality in Equation
4.23. If 0 < mg < 1 and m < my for all sufficiently small h then £ is asymptoti-
cally equivalent. If m — 0 as h — 0" then £ is asymptotically exact. We now give
a simple example of a relationship between H and h which leads to asymptotic
equivalence, and a more complicated example which leads to asymptotic exactness.

To obtain asymptotic equivalence for » > 4, consider taking H = kh for k fixed.
Then

1
m=C'( (1 +logk) + k"' h + h(1 +1logk)). (4.24)
k

Let k be sufficiently large that +(1 +1logk) < 55. For all sufficiently small h, we

have h¢(k"™! 4+ 1 +log k) < =%, and thus m < 2/3.

307
To obtain asymptotic exactness, consider taking H = h'™%, where k < T s
fixed. Then
! k 1 —k(r+1)+e € 1 :
C h(1+klog—>+h +h<1+klog—) Cifr>4
m = h h (4.25)

C’(hkfh + pRr D +e 4 hggh), if r =3.

The first and third terms obviously go to 0 as h — 0. Since € > k(r + 1), the
second term does the same. Therefore m — 0 as k — 0%.
It may seem disappointing that we do not establish asymptotic equivalence

in the presence of degenerate elements. However, the extreme degenerate case
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is when e = 0 on an entire element, and detection of this event appears to be
difficult. Furthermore, the degenerate case, unlike the nondegenerate one, can
occur when the error in one element is mostly due to pollution from elements far
away. It appears to be difficult to construct an equivalent estimator in the case of
pollution, especially one which is local in nature.

An element being degenerate does not typically mean that the error is large
on the element. To the contrary, if m stays bounded then, by Equations 4.15 and
4.16, both the error and the estimator behave better than the interpolation error.

We also point out here that Equations 4.12 and 4.17 together show that non-

degeneracy is equivalent to

> grt+l—c
lell o ~ R Nl @)- (4.26)

4.3 Relationship to Prior Work

The approximation and inverse assumptions on an approximate identity oper-
ator in Equations 4.6 and 4.7 are analogous to those of [15, Equations 2.3 and 2.2]
on an approximate gradient operator. The construction of an estimator for e from
the approximate identity operator in Equation 4.8 is analogous to the construction
of an estimator for De from the approximate gradient operator in [15, Equation
2.4]. The results of Theorem 4.1, which concern degeneracy and the estimator for
e, are analogous to those of [15, Theorem 2.1 and Corollary 2.2], which concern
degeneracy and the estimator for De.

The main technical tools for proving Theorem 4.1 are L., and W' error ex-
pansion inequalities. Weighted error estimates in L., and W_! are given in [19,
Theorem 2.1] and Theorem 3.1, respectively. These are then combined with Propo-
sition 1.7, which gives expansion inequalities for weighted norms. Similarly, the

proofs of [15, Theorem 2.1 and Corollary 2.2] require WL and L., error expansion
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inequalities. These are given in [19, Theorems 4.2 and 4.1], respectively. Although
the Lo, error expansion inequality of [15, Equation 3.3] mistakenly applies [19, The-
orem 4.1] with a noninteger weight power, it may be obtained from [19, Theorem
3.1] and Proposition 1.7.

In Section 4.6 we give an example of an approximate identity operator and
prove that it satisfies the required properties. This is not straightforward. In [15,
Examples 1.1-1.3], three examples of approximate gradient operators are given.

All three are quite easily shown to satisfy the properties of [15, Section 4].

4.4 Proof of Theorem

We first state a lemma which will imply Theorem 4.1. This is analogous to [15,

Proposition 3.1], which implies [15, Theorem 2.1].

Lemma 4.2. There exist constants Cy,Cs, Cs, Cy > 0 such that

= Prrtnllecir) < CoCom! (Wl oy + B gy ). (427)
lellzair) 2 Col"lulwe, () = Col™ ull s . (4.28)

and
lellzar < Co(ulwz i + B fullywzs )- (4:29)

The constants Cy, Cy, Cs, and Cy depend on N, ), various norms of the coefficients

Of A7 C'co; Oell; ¢, E; r, and K.

Notice that Equation 4.28 contains two constants, whereas the analogous esti-
mate in the first inequality of [15, Equation 3.2] contains only one constant. As
we will explain, in the proof of Equation 4.28, the first inequality of [15, Lemma

3.3] is in error, and is responsible for this discrepancy.
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We now see how Theorem 4.1 follows from Lemma 4.2. We defer the proof of

this lemma to the next section.

First consider part 1. That is, we assume that Equation 4.9 holds. By Equa-

tions 4.28 and 4.9,

lellzoir) = Collulwy () — Csh"™ |l )
Z (CQ — Cghe)hqu‘wgc(ﬂ

For h sufficiently small, C3h® < Cy/2, so
1 T
||6||Loo(7’) Z 50211 |U|Wgo(7.)

If we take C' > 2/C5, we obtain the first inequality in Equation 4.11.

By Equations 4.29 and 4.9,

le]| Lo(r) < Ci (hr,U‘Wgo(r) + herEHUHW&“(Q))

S 204h’"|u|wgo(7).

If we take C' > 2C}, we obtain the second inequality in Equation 4.11.

By the first inequality in Equation 4.11, along with Equation 4.9,
lellzwir = C A" ulwyr)
2 CithlieHUHW&“(Q)a
which proves Equation 4.12.
By Equations 4.27 and 4.9,
lu = Prrtnlliry < CrCpm! (W lulwey + 0l g o)
S ZClem’hr|u|Wgo(T).
Combining this with Equation 4.31,

4010pml
lu = Paun| i) < —F——lléll o)

Cs
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If we take C" > 4C,Cp/Cy, we obtain
| — Prup||poory < mf|u—up||no - (4.36)
Therefore,

un — Prun|| Loy < v — unllLoory + lu — Prun||lp. @)

(4.37)
< (@ +m)lju = upll L),
which proves Equation 4.13, and
lun = Prun||Loor) 2 [l = unllw) — lu = Prunll oo
(4.38)

> (1 =m)lu—unl[Lw @),
which proves Equation 4.14.

Next consider part 2. That is, we assume that Equation 4.10 holds. By Equa-
tions 4.29 and 4.10,

el Loo(r) < Cu (hr|U‘WgC(T) + hHl%HuHWyl(Q))

(4.39)
If we take C' > 2y, we obtain Equation 4.15.
By Equations 4.27 and 4.10,
lu — Prrup|p(r) < clcpm'(mungo(f) + hr+1—6|yuuwgoﬂ(m>
(4.40)
S 2010Pm/hr+1_6||U/||Wc’>ro+1(Q)
If we take C" > 2C,Cp, we obtain
ot — Prrtnll oy < mA" [ty - (4.41)
Combining this with Equation 4.15,
lun = Prun|[ 1oy < v = wnllpwe) + lu — Prunll e
(4.42)

<(C+ m)h’”“‘EI|UI|WgO+1(Q),
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which proves Equation 4.16.

To obtain all the results of parts 1 and 2 together, we take C' = max(2/Csy, 2Cy)
and ¢ = max(4C1Cp/Cy, 2C,Cp).

Finally we consider part 3. That is, we assume that Equation 4.17 holds. By

Equation 4.29,

CH el o) < llellzae)

(4.43)
< Cy (h/T|u|Wgo(7') + hr+1_€||u\|wgo“(n)> :
Dividing by C'h™ and using the fact that C' > 2C);, we see that
Wl < 5 (Julwee + 5 ul (144
wet@) = 5 \ W) wit@) ) '
Kicking back the last term on the right side, we obtain
1., 1
SNl @ < Sl (1.45)

which proves Equation 4.9.

4.5 Proof of Lemma

In this section, we prove the three inequalities of Lemma 4.2. We let C' denote

different positive constants that depend on NN, €2, various norms of the coefficients
of A7 C1(:07 C1e117 GG, and .

First we show Equation 4.27. By Equations 4.6 and 4.7,

[ = Prrunl| Loy < [lu = Prull ) + 1 Pa (v — un)|| Lo

(4.46)
< Cp (B ulhygnoy + H e = wnlworvay)-
By Theorem 3.1,
||U — uhHW*I(VQ) S Chzf,ﬂ:g,h,h/[-[ inf HU - X‘|Wolo(Q)7V7hT*3H47’I‘71. (447)
Rl XESh
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Using the approximation property of the Lagrange finite element space, as in [19,

Equation 4.4],

Xlélsf ||U — X”W(}O(Q),V,hT*?’H‘L*T,l S Chr_l|u|WgO(Q)7V,hT73H47T71. (448)
h

Since h™3H*™" < H and w + ovy,,(z) is increasing for all x € Q,
ulwr (@) viar-sma—r 1 < ulwz @) vim (4.49)
If z € Q then dist(x, 7) < dist(z, V) + (k + 1) H. Therefore, by Proposition 1.7,
lulwe v < o(|u|WgO(T> + H|u|Wgo+1(Q)). (4.50)

Putting together Equations 4.46, 4.47, 4.48, 4.49, and 4.50,

|u = Prupllp.ry < CCp (H_lhﬂ_lgr:?;,h,h/H|U|Wgo(7-)

(4.51)
+ (Hr+1 + hqdrlgr:&h,h/H) |’uHW§o+1(Q)) .
By Equation 4.5,
h
H’lhrﬂﬁr:g,h,h/H = hTﬁgr:B,h,h/H
(4.52)
< h'm'
and
H~N\r+1
Hr+1 + hr+1£r:3,h,h/H — h?"+1—e ((ﬁ) he + hegr&h,h/H)
(4.53)
< hrJrlfem/'
Combining Equations 4.51, 4.52, and 4.53,
Hu — PHuhHLOO(T) < CCpm/<hr‘u’Wgo(7—) + hr+17€HuHWQ’1(Q)>7 (454)

which proves Equation 4.27.
Next we show Equation 4.28. There exists an invertible affine linear map

F,: TN — 7 such that 7 = F.(TV). Let &4 = uo F,.
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If ||y (rvy = 0 then, by a scaling inequality, |u|wz ) = 0, so Equation 4.28
is trivial.

From now on, we assume that |i|yr 7~y > 0. Then there exist |3] = r and
2o € TV such that

| Da(i0)| = lalwy () (4.55)
By a scaling inequality and the definition of the Lagrange finite element space,

T > inf - T
lellzar 2 Inf flu—Xllzwem

(4.56)
= inf U — X .
centrn 18~ A
Suppose that y € II""}(TV). Then
[t = Xl ooiryy 2 1 T30 = Xl pooirmy = 10 = T3l e ). (4.57)
The second term is easily estimated by Taylor’s theorem,
[ = T3, p vy < Cllyrer - (4.58)

Now we turn to estimating the first term. For |a| < r, define p, € II"(TV) by

2 and let V,, denote the vector subspace of II"(T") such that II"(T") =

Pa(?)
span(ps) @ V,. The Lo (TV) distance between p, and V, can be bounded below
by a positive constant that depends only on N and r.

If |/ < r then 2 — (& — Z¢)* is a linear combination of p, with v < a.
Therefore, by definition of the Taylor polynomial, T7 @ — éDﬂﬂ(io)pﬁ is a linear
combination of p, with v # 3, and is thus in Vj. Since x € II""Y(T%), certainly
X € V3. Now we see that T} 4 — X — éDﬁﬁ(iO)pg € Vj. Since DPa(zy) # 0, there
exists some 7) € V3 such that

P | o .
Tiyi =X = gD%i(E0)(po — ). (4.59)
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Therefore, by Equation 4.55,

T o 1 ~ (2 ~
172, % = Xl| o) = @!D%(wo)\l\pa = M L)
: (4.60)

By Equations 4.57, 4.60 and 4.58,

It is not possible, in general, to combine the two constants here into one. The
analogous combination of constants in the proof of [15, Lemma 3.3] appears to
be in error. Using scaling inequalities and Equations 4.56 and 4.61, we obtain
Equation 4.28.

Finally we show Equation 4.29. Let = € 7. By [19, Theorem 2.1],

|(u —up)(@)] < Ch nf Jlu—Xllwy @) fzhni-e (4.62)

Using the approximation property of the Lagrange finite element space, as in [19,

Equation 4.4],
Xlélsfh lu = Xllw @) ey ni— < CR " Hulwr @) 1o} h1—e (4.63)
If y € Q then dist(y, 7) < |z — y| + ¢h. Therefore, by Proposition 1.7,
[ulwy (@), g2y 1 < C<|U|Wgom + hl_elﬂngl(m)- (4.64)
Putting together Equations 4.62, 4.63, and 4.64,
(= ) (@)] < OW (Julwe, ) + ' Julyesiy)- (4.65)

Taking the supremum over all z € 7 gives Equation 4.29.
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4.6 An Approximate Identity Operator

Assume that there exist constants ¢y, g, c3 > 0 and a subset W of €2, which is
star-shaped with respect to a point, such that U contains a ball of radius ¢; H and
is contained in W, measy_,(0U) < coHN ™1, and diam(W) < c3H. In this section,
C will denote different positive constants that depend only on ¢y, ¢, c3, 7, and N.

For v € Ly(U), the Riesz representation theorem guarantees that there exists

a unique Pyov € I1"(U) such that, for all xy € II"(U),

/U (Puv)x = /U X (4.66)

That is, Py : L1(U) — II"(U) is the projection onto the space of polynomials of
degree at most r on U. We will verify that Equations 4.6 and 4.7 hold with Py
defined by Equation 4.66, xk = 0, V = U, and Cp depending only on ¢y, co, c3, 1,
and N.

First we prove an inverse property. Since all norms are equivalent on the
finite-dimensional vector space ITI"(R"), we know that, for k € 0: 1, £ € —1: 0,
1 <p,q<oo,and x € II"(RY),

[X[lwx s 0y < CllXlwecs., ©)- (4.67)
Let xg be such that B., g(zo) C U. Since diam(U) < H, we must have U C Bpy(xg).
Define @ : RY — RY by ®(x) = (v —xo)/H. fk€0:1,0€ —1:0,1<p,q < o0,
and x € II"(RY) then yo®~! € II"(RY), so, using scaling inequalities and Equation
4.67,
||XHW§(U) < ||X||Wg(BH(x0))
< CH NPy o @_1||W;(Bl(0))
< CHFN/P||y o @7t lwe s, ) (4.68)
< 0~ k=O=NU/p=1/4) X[t (Be, 1 (o))

< CH®=0-NUDD |y g

121



Next we show that Py is bounded on Lo(U). If v € Ly(U) then, by Equation

4.66,
| Paro]2, 0, = / (Pyv)(Paro)

_ /U o(Pyv) (4.69)

< ol o) | Pavll ow)-
If Pyv # 0 then, dividing by || Pyv||r,w), we obtain ||Puv| @y < [|v|lo@). If
Prv = 0 then this is trivial.

Next we show that Py is bounded on L. (U). If v € Lo (U) then, using
Equation 4.68, the fact that Py is bounded on Ly(U), and the measure inequality,
| Pervl| sy < CH™N2| Pro|| pywy

< CH™M2|0]| 1y (4.70)
< Clollpew)-
Now we show that Py satisfies Equation 4.6. Let x be a point with respect

to which W is star-shaped. Suppose that v € W7 (Q). Since T/v € I"(U),

PyT7v =T]v. Therefore,

v— Pyv = (v—"T,v) — Py(v—"T,v). (4.71)
By Taylor’s theorem,

lv = Tyl Loy < CH™  olyr . (4.72)

Using Equation 4.71, the fact that Py is bounded on L., (U), and Equation 4.72,
we find that
v = Ppolliow) < v = T30l eew) + 1Pr(v = T0)|[ L)
< Cllo = Tv[ oo (4.73)
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This is slightly better than Equation 4.6 because the right side has the (r 4 1)st-
order seminorm of v on W instead of the (r 4 1)st-order norm of v on €.
Next we show that Py is bounded on L,(U). Suppose that v € Ly(U). If

¢ € Lo (U) then, using Equation 4.66 twice, along with the fact that Py is bounded

/U (Puv)g = /U v

N /UU(PH(b) (4.74)

< vl 1Pa ¢l oy

on Ly (U),

< Cloll Ly @) 11| Loy

Therefore, by the extremal version of Holder’s inequality,

|Pavley = sup / (Pyo)d
$E€Loo(U) U

18l oo (y=1 (475)

< Clfv]| ., @)-

Next we show that Pp is bounded on W} (U). Suppose that v € W(U) and
let ¢ denote the average value of v on U. Since ¢ € II"(U), Pyc = c. Therefore, by

Equation 4.68, the fact that Py is bounded on L;(U), and Poincaré’s inequality,

‘PHU’Wf(U) = |Pu(v— C)’Wf(U)
< CHY|Pu(v =o)Ly
(4.76)
< CH Mo — |,
< O|U|W11(U)-
Combined with Equation 4.75, this shows that Py is bounded on W}(U).
Finally we show that Py satisfies Equation 4.7. Suppose that v € L (U). We

don’t actually need to assume v € W (U) here. By Equation 4.68,
1Pl ) < CH [ Prvllyz o (4.77)
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By definition of the negative norm,

IPutlymry = swp | / (Pyv)d). (4.78)
pec=w) Ju

=1
||¢HW11(U)

Let ¢ € C5°(U) have [|¢[lwry = 1. Let € < ¢;H/2 and define U, = {z € U :
dist(x,0U) > €}. Let we € C5°(U) be such that w. =1 on U, and, fori € 0: 1,

|welwi @) < Ce™. (4.79)

Having made the assumption that measy_1(0U) < co HY=! we can conclude that
measy (U \ U,) < CHN le. Writing 1 = (1 — w,) + w, has two advantages. First,
1 — w, and the first derivatives of w, are only nonzero on the set U ~ U,, whose
measure vanishes with e. Second, the support of w, is contained in U, which helps
set up an estimate in a negative norm.

Using Equation 4.66 twice,
P =
/U( HU)® /chb
:/U(PHgb) (4.80)
U
:/U(PH¢>(1_WG)+/U(PH¢)W5-
U

U

First we estimate the first term on the right side,

|/UU(PH¢)(1 — wo)| < ol e 1Pl Loon 11 = well 2y vy (4.81)
By Equation 4.68 and the fact that Py is bounded on L, (U),

1Pa ¢l oy < CH || ProllL, @)
< CH™||¢ll1, ) (4.82)
< CHN,

By the measure inequality and Equation 4.79,

||1 - w€||L1(U\U5) S OHN_1€. (483)
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By Equations 4.81, 4.82, and 4.83,

|/UU(PH¢)(1—%)| < CH ellol o). (4.84)

Now we estimate the second term on the right side of Equation 4.80. Since

supp(w.) C U, we have by definition of the negative norm that

|/UU(PH¢)we! < ol 1o [(Prd)we lwa w)- (4.85)
The trick is to estimate

I(Pu@)wellwi @) < I1Padllwi o) lwell Lo

(4.86)
+ 1P o Lo 0 lwellwi (1) -
Using the fact that Py is bounded on W(U), along with Equation 4.79,
1P dllwi ) lwell o) < Cliellwiw
1 () 1 () (4.87)

<C.
Using Equation 4.68, the fact that Py is bounded on L;(U), and Poincaré’s in-
equality,
1Pr6 || Loy < CH™ | Prdl|yw)
< CH™™l1, @)
(4.88)

< CHI_N|¢|W11(U)

<CH'N.
Using the fact that the derivatives of w, are zero except on U \ U, along with the

measure inequality and Equation 4.79,

”WeHWf(U) < ||wellz, @) + ’wé‘Wll(U\Ue)
< O(H |l + B elwaon)
(4.89)
S C(HN + HN—l)

< CHN !
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By Equations 4.85, 4.86, 4.87, 4.88, and 4.89,

| / v(Pud)wd] < Cllollyr o, (4.90)

Putting together Equations 4.80, 4.84 and 4.90,

|/U(PHU>¢1 < C(H ol + Nollwzro) ) (4.91)

Taking € — 01, we are left with

| / (Puv)d] < Cllollwer o, (4.92)

Therefore, by Equation 4.78,

1Pl wy < Cllvllwe wy- (4.93)

This is equivalent to Equation 4.7 because U C ().

4.7 Future Work

We have only demonstrated one approximate identity operator, in Section 4.6.
Others may be considered. One idea would be to approximate the Py defined in
Equation 4.66 by numerical integration.

It would also be nice to have some numerical examples to demonstrate that
the theory is actually useful in practice. The effectivity of the estimator, which
is the ratio of the predicted error to the true error, is a standard measure of the
quality of an estimator. An effectivity of 1 means that the estimator is perfect.
Effectivities close to 0 or very large mean that the estimator is poor.

First, we would consider a smooth problem whose solution has non-negligible
derivatives of order r. In this case, all elements would be nondegenerate, so we
would expect our estimator to be accurate. That is, the effectivity would be close

to 1.
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After this easy example, we push the estimator to its theoretical limits. Next
we would have a problem which has regions where the rth-order derivatives of the
solution happen to be very small. Elements in these regions would be degenerate.
We would expect that our estimator would be small and that the true error would
be small, although these would not necessarily be commensurate.

Finally we would investigate a nonsmooth problem to observe the effects of
pollution from outside our region of interest. Although our theory does not extend
to this case, it is possible that we could still have decent results.

In all of these examples, we could vary the mesh size h and the patch size H

and observe how this affects the results.
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CHAPTER 5
WEIGHTED L,, AND W! ERROR ESTIMATES FOR THE FINITE
ELEMENT METHOD WITH SUPERPARAMETRIC ELEMENTS
AND NUMERICAL INTEGRATION

5.1 Introduction and Statement of Results

Let N > 2 be an integer and let  be a bounded open subset of R with suf-
ficiently smooth boundary. For 4,5 € 1: N, let a; ,b;, ¢, f : © — R be sufficiently

smooth. Define the bilinear form A on functions v, w : 2 — R by

N

N
Alv,w) = /ﬂ ( Z a; jD;vDjw + Z b; D;vw + cvw). (5.1)
i=1

ij=1
We assume that A is coercive over {v € W}(Q) : v = 0 on 9Q}. That is, there

exists a constant C., > 0 such that, if v € W3 () and v = 0 on 99 then
Av,v) > CCOH“H%/[/%(Q)‘ (5.2)

We also assume that A is uniformly elliptic on §2. That is, there exists a constant

Cqn > 0 such that, if z € Q and ¢ € RY then

N
Z a;;(2)&& > Canlé|%. (5.3)

ij=1

Define the linear functional A on functions v : 2 — R by
M) = / fo. (5.4)
0
Let u € W, () have u = 0 on 99 and satisfy
A(u,v) = A(v) (5.5)

for all v € W3 (Q) with v = 0 on 99Q.
Let h > 0 be sufficiently small, let ¢ > 0, and let Qj be an open subset of RY.

Let T}, be a finite collection of subsets of €2} for which the following hold.
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1. The union of the elements of T}, is .

2. If 7 € T}, then there exists an invertible map F, : TV — 7 such that 7 =
F.(TV).
3. Elements of T}, meet face-to-face or not at all.

4. If 7 € Ty, then F; is sufficiently smooth on T, F~! is sufficiently smooth on
7, and |Fy| i vy~ < ch’ and [F7 gy (v < ch™ for all i € 0 : k, where

k is a sufficiently large integer.

Let r > 2 be an integer and let S, denote the set of y € C°(€,) such that, if
7 € T}, then y o F, € II""H(TN).
Let m > 2 be an integer and assume that there exists a homeomorphism

®;, : Q — Q such that, forz € 0: 1,

and

Furthermore, assume that, if 7 € T},, then ®;, is sufficiently smooth on 7, (ID,jl is
sufficiently smooth on ®,(7), and || @ | wx (v < ¢ and [P || we (@, (v < ¢ for
some sufficiently large integer k.

Let ¢ > 0 be an integer and let Q € (CO(TM)) be a quadrature rule of order ¢

on TV. That is, if y € II%(T") then
- & 59
TN
Assume that Q € (Loo(TN))'. For 7 € Ty, define Q; € (C°(7))’ by

0.0 — Q((v o F.) det DFT>. (5.9)
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Fori,7 € 1: N, let ai,j7[_)z'a ¢ f:Q, — RY be sufficiently smooth extensions of

a; j, b, ¢, and f, respectively. Define the bilinear form A on functions x, 7 : 2 —

R by N N
Anxom) = QT( > @ DixDim+ > biDixn + CXU) (5.10)
€T, ij=1 i=1

and define the linear functional A\, on functions y : €2, — R by

M) =Y Q-(fx). (5.11)

TET),

Let uj, € Sj, have u, = 0 on 012, and satisfy

An(un, x) = An(x) (5.12)

for all x € S;, with x = 0 on 9€,.

We will let C' denote different positive constants that depend on N, 2, various
norms of the coefficients of A, Ce,, Cen, ¢, 7, m, g, and HQH(LOO(TN))/, in addition
to other explicitly stated quantities.

The following two theorems are our main results.

Theorem 5.1. Ifr € Q,0<s<r—2 m=r+s, and ¢ = max{2(r —2),1} +s

then

[ = un © @5 Loo(@) L} s < Ch%(HUllwgo(m,{x},h,s + hs!lfllwg;sm)), (5.13)
where C' depends on s.

Theorem 5.2. Ifr € Q, 0<s<r—1,m=r+s, and g =2(r —2) + s then

|u = 0 @5 lwa (@) fap s < CRTH, <||u||Wgo(Q),{:c},h,s + hs||f||wg;1+5(g)>, (5.14)

where C' depends on s.
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5.2 Motivation

In this section, we motivate v and wy,.
Define the differential operator L on functions v : {2 — R by
N N
Lv=— Z D;(a;;D;v) + Z b;D;v + cv. (5.15)
ij=1 i=1
We typically think of u € C2(2) N C°(€) as the solution of the classical homoge-

neous Dirichlet problem
Lu=f on(
(5.16)
u=0 on 0L,

where f € C°(Q) is given. By integration by parts, it is easily seen that, if u is
a solution of the classical problem, then it is a solution of the weak problem of
Equation 5.5. Notice that the weak problem admits solutions with less regularity
than the classical problem.

In general, it is not feasible to find an explicit formula for u, so we resort to
numerical methods to approximate it. It is typically unrealistic to partition the
domain 2, so we settle for partitioning an approximation €2, of it. The space
Sh, consists of continuous functions on €2, which, when mapped from any element
7 € T), back to the unit simplex TV through F, are polynomials of degree at most
r—1. This space has the standard approximation, inverse, and superapproximation
properties. It also respects homogeneous Dirichlet boundary conditions on 0€2.

For m = 2, we could take each element of T} to be a straight simplex that
contains a ball of radius ch and is contained in a ball of radius ¢h, where ¢,¢ > 0
are constants. In this case, we have F, € (II'(T™))"N for each 7 € Tj,. In [18,
Section 3], it is shown how to modify such a partition in order to obtain one that
works for general m, in which F, € (II™"Y(T™))N for each 7 € T},. In this case,

each element of T}, is a curved simplex. The use of curved simplices allows €2}, to be
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a better approximation of ) without decreasing the size of the elements. Actually,
only the faces of simplices which form part of 0€2, need to be curved. For this
partition, Equations 5.6 and 5.7 are obtained in [18, Section 5].

We say that €, approximates the geometry of €2 to order m and S;, approxi-
mates functions to order r. The method is said to be subparametric or hypopara-
metric if m < r, superparametric or hyperparametric if m > r, and isoparametric
it m=r.

Define the bilinear form Aj, on functions x,n : {2, — R by

N N
A, (xsn) = /Q ( Z a; ; Dix Djn + Z b Dixn + CXU) (5.17)
noNgj=1 i=1

and define the linear functional A} on functions x : {2, — R by

A(X) = ) fx. (5.18)

The theoretical finite element approximation of the solution of Equation 5.5 is the

solution wj, € Sy, with u}, = 0 on 09 of the finite-dimensional linear system

Al (g, x) = Ny (x) (5.19)

for all x € S), with y = 0 on 0f). Notice that the boundary condition for the true
solution w is imposed on 92, but the boundary condition for the finite element
solution wj, is imposed on 0€Yy,.

In practice, the integrals involved in computing A} and A, can not be done
exactly. Instead, the typical procedure is as follows. First, an integral over 2y, is
written as the sum of integrals over all the elements. Second, integrals over each
element are transferred to the unit simplex by the change of variables formula.

Lastly, integrals over the unit simplex are approximated by the quadrature rule Q.
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For v € C°(7), this means that we approximate

/th:z v

TETh T

= Z/ (vo F,)det DF,
TN

TETH

(5.20)
~ > Q((vo F)det DF,)

TET}

Approximating the integrals in Equations 5.17 and 5.18 in this manner, we see from
Equations 5.10 and 5.11 that A} (x,n) = An(x,n) and X, (x) =~ An(x). Equation
5.12 arises by equating the approximations of the left and right sides of Equation
5.19.

When ), = €, the finite element error has a clear meaning. We simply compare
u to uy on €. It is not true in general that €, = €2, so u will not be defined on all
of ), and u;, will not be defined on all of 2. However, we could compare u to uy,
on 2N Q. We could also extend u by zero to 2, and then compare u to uy, on all
of Q,, or we could extend uy, by zero to €2 and then compare u to uy on all of Q.

Here we take a different approach, following [18, Section 4]. We compare u to
Up, © tbgl on all of 2. This means that u at a point = € €) is compared to u, at
the corresponding point ®;'(z) € Q. By Equation 5.7, the points z and ®,'(z)
are at a distance up to C'’h"™ apart. Theorems 5.1 and 5.2 give estimates for global
weighted L., and WL norms of u — uy, o ®; .

The condition m = r + s means that we need to use superparametric ele-
ments if we want weighted estimates. The order of approximation of the geometry
must exceed the order of approximation of functions by the weight power desired.
[soparametric elements are sufficient to obtain nonweighted estimates.

The condition ¢ = 2(r —2) + s means that we need to use an integration scheme
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of order 2(r — 2) to obtain nonweighted estimates. The integration scheme must
be one order higher than this for each weight power we desire. The exception to
this is in the L., estimate when r = 2. Here, no weight is possible. Instead of
requiring an integration scheme of order 0, as the general pattern would predict, it
appears that the scheme must be of order 1. Notice that the quadrature accuracy

requirement does not involve m.

5.3 Relationship to Prior Work

Estimates for v — uy, in W3 (€2),) and Ly(£2;,) with the combined effect of using
isoparametric elements and numerical integration are given in [8, Examples 6 and
7]. Here, u is extended by zero to Q, and only the r = m € 3 : 4 cases are
considered.

The combined effect of using isoparametric elements and numerical integration
is again considered in [30, Theorem 1.1]. This time, u;, is extended by zero to
and u — uy, is estimated in L (€2). Only the specific case N = 2, r = m = 3 of
isoparametric quadratic elements in the plane is examined. The quadrature rule
integrates quadratics exactly, and thus has ¢ = 2. The error is bounded in terms
of [[fllws(- In the present work, the error in this case is bounded in terms of
|fllws (@) and another term. A more careful analysis would give a sharper result,
but this would complicate matters and obscure the main point of this work.

An estimate for v — uy, in W3 (2) in the presence of quadratic isoparametric
elements with second-order numerical integration is given in [7, Theorem 43.1].
That is, r = m = 3 and ¢ = 2. The error is bounded in terms of |ully;z(q) and
| fllwz(q) for some appropriate p > 2. In [7, Section 39], it is stated that this result
could possibly be a fluke. At the time, it was expected that, in general, the use of

curved elements would require more accurate quadrature schemes. In the present
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work, we show that this is not the case.

In [24, Theorem 5.1], estimates for u — uy, in Lo (€2 N §2y,) are obtained using
exact integration and straight elements. The results are consistent with those in
the present work.

In [18, Section 5], optimal Wy () estimates for u —uy o ®; ' are obtained using
isoparametric elements and exact integration.

It was found in [25, Section 5] that a quadrature rule of order 2(r—2) is required
to preserve the interior W1 estimates for u — uy, of [25, Theorem 1.2]. This result
corresponds to the result of the present work in the case of no weight.

Similarly, it was found in [14, Theorem 1.4] that a quadrature rule of order
2(r —2) + s is required to preserve the interior weighted W1 estimates for u — uy,
of [20, Theorem 2.1], where s is the desired weight power. This result is consistent
with the result of [25, Section 5| in the case of no weight, and corresponds to the
general result of the present work.

It should be pointed out here that the L., estimates are much trickier than the

WL estimates in several respects.

5.4 Proof of Results

Define the bilinear form A} on functions x,n : 2, — R by

N N
An(m) = /Q ( > (aij o ®u)DixDim+ > (b o @4)Dixn + (co <I>h)>m> (5.21)
hoNj =1 i=1

and define the linear functional A} on functions x : 2, — R by

() = / (f o Ba)x. (5.22)

Define T}, = {®,(7) : 7 € Tp,}. Tt is easily verified that 7T}, is a finite collection

of subsets of 2 with the following properties.
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1. The union of the elements of T}, is Q.

2. If ¥+ € T), then there exists an invertible map F; : TV — 7 such that 7 =
F-(TM).

3. Elements of T}, meet face-to-face or not at all.

4. If ¥ € T), then F; is sufficiently smooth on TV, F-! is sufficiently smooth on
#, and | Fy| i vy < ch® and |F7 Y gy )y < ch™ for all i € 0 : k, where

k is a sufficiently large integer.

Define S, = {xo®;"': x € Sy}. That is, S}, is the set of x € C°(Q) such that, if
7 € T, then Yo Fr € I""Y(TN). Just like Sy, Sy, has the standard approximation,
inverse, and superapproximation properties. It also respects homogeneous Dirich-
let boundary conditions on §2. The crucial difference is that, unlike the functions
in S),, which are defined on €, the functions in S), are defined on €. It is on 2,
and not €y, that the weak problem of Equation 5.5 is posed.

Define the bilinear form A, on functions y,7 : Q@ — R by
An(X. 1) = A3 (X © Dp 1) © D) (5.23)

and define the linear functional )\, on functions ¥ : Q — R by

An(X) = Ap(X 0 ). (5.24)

Define ), = uy, o <I>,71. By Equations 5.23, 5.12, 5.24, and 5.5, it is easily seen

that, if Y € S, and Y = 0 on 99, then
Alu — i, X) = F(X), (5.25)

where

F=>F, (5.26)
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and, for ¢ : 2 — R,

Fi(¢) = (An — A)(an, 9), (5.27)
Fy(¢) = —(dn = A)(9), (5.28)
F3(¢) = (A}, — Ap) (un, ¢ 0 ), (5.29)
Fu(¢) = —=(X, — Ap)(¢ o @n), (5.30)
Fy5(¢) = (An — A},) (un, ¢ 0 D), (5.31)
Fs(¢) = —(An — A,) (¢ 0 Pp). (5.32)

The terms Fi; and F; arise from transforming the weak problem from €2 to €2, the
terms F3 and F}j arise from using extensions of the data instead of composition of
the data with ®;, and the terms F; and Fg arise from numerical integration,

We now give estimates for global weighted L., and W1 norms of u — 1y in

terms of the perturbation functional F'.

Theorem 5.3. If k€ 0:1,0<s<r—2+k, and x € Q) then

Hu — ﬁh”W&(Q),{x},h,s < hr_kgszr—wrk,hHUHW&(Q),{QJ},h,s + SUP ‘F<X)’7 (533)
xeGk
where G‘fL is the set of X € S, with x = 0 on OQ for which there exists some
v e WEHRQ) with v =0 on 0Q such that

v = Xllwz@) < Ch' ey, (5.34)
HUHWIP’f(Q) <, (5.35)

and
||U||W12*k(g) < Oy, (5.36)

Proof. Although the homogeneous Neumann problem is considered in the error

estimates of [19, Theorems 2.1 and 3.1}, an essentially identical proof can be used
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to furnish this result. We have used the approximation property of S), to write
W =H|ullwe (@.e,s in place of inf [|u — X|lw (@).{z}.n.s OVer all ¥ € S, with ¥ = 0 on
02, as in [19, Equation 4.4].

In the k& = 0 case, [19, Equation 2.24] shows that the left side of Equation 5.33
can be bounded by the first term on the right side of Equation 5.33 plus |F'(gn)|,
where g, € S, has g, = 0 on 9Q. Furthermore, there exists some g € W2(1Q)
such that, as shown in [19, Equations 2.25 and 2.26], ||g — gnllw1 o) < Chl, and
lgllwz@) < Cln. A proof that |lgllwiq) < C can be easily modelled on [19,
Equation 2.26]. This shows that g, € GY.

In the k£ = 1 case [19, Section 3(C)] shows that the left side of Equation 5.33
can be bounded by the first term on the right side of Equation 5.33 plus |F'(gn)|,

where g, € G}. O

The following result gives estimates for the various components of the pertur-

bation functional that appear on the right side of Equation 5.33.

Lemma 5.4. If ¢ € W[} (Q) then
F1(6)] < O (Il = tnllwaor + lullwa@ )6l (5:37)
If ¢ € W2() then
[F1(o)] < C<hm_1\|u — p|lwa @ llollwi) + hm”“”wgo(mWHWl?(Q))- (5.38)

If o € Li(2) then

|F2(0)] < CA" | flleo@ @l 2y (- (5.39)

If p € WEH(Q) then
|F2 (@) < CR™|[ fllwy @ll@llw - (5.40)

If € WH(Q) then
1) < O (Ju = nlws @ + e ) Idlwor (541
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If € L1(Q2) then

[Fi(o)] < Ch™ [ flwa @19l Ly@- (5.42)

If x € Sy, then

IF(01 < O (M0 = g @ + A7l @) Ky (5:43)
Ifx € S, and r > 3 then

5001 < € (220w — gl oy + A7 el v )

<3 vz, .
#eT,
If X € Sy, then
[Fs(OI < CRI | fllypara-r g IX w0 (5.45)
Ifx € S, and r > 3 then
[Fs(X0)] < CRI T fllyararay D IXllwzee)- (5.46)

+€Th
We now show how Theorems 5.2 and 5.1 follow from Theorem 5.3 and Lemma
5.4. We defer the proof of Lemma 5.4 to the next section.
First we prove Theorem 5.2. Let y € G}L That is, ¥ € S, and ¥ = 0 on 99.

Furthermore, there exists some v € W}(£2) such that
v = Xllwi@ < Cly (5.47)

and

[vllwi) < Cl. (5.48)

Therefore,

IXllwie) < llv = Xllwr @ + vllwie
1 () () 1 () (5‘49)

< CYp,.
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By Equations 5.26, 5.37, 5.39, 5.41, 5.42, 5.43, 5.45, and 5.49,
\F@nso&<ww4+MH*“”mu—mm@m>
+ hm*l(\lﬂl!wgo(m + Hwa;(ﬂ)) (5.50)

+ R ([ullyzor o) + 1 llwero—r@)) |-
()

Sincem—1>s+land¢g+1—-2(r—2)=s+1,
(R 4 pIHI=20=2)) gy — Unllwr @) < CR*|u — s lw o) (5.51)

Sincem—-1=q+3—r=r—1+s,

W Hullwa @) + Al ) < CR 2 ullyr g (5.52)
and
W Fllwa @ + P27 fllwars—r gy < CR™ 2 Flliz 1+ oy (5.53)

Putting together Equations 5.50, 5.51, 5.52, and 5.53, and using the fact that

U{m},h Z Ch on Q,

\F@MSC&(WU—MMumMmm

(5.54)
+hnt (Huuwggl(ﬂ),{z},h,s + hs“f”wgo—HS(Q)))-
Therefore, by Theorem 5.3,
ot — il ey < Ol (hnu ~ nllw @ty e
(5.55)

0 (b onre + 1 o))

For h sufficiently small, C¢,h < 1/2, so we can kick back the first term on the
right side. This gives Theorem 5.2.

Next we turn to proving Theorem 5.1. Let x € C??L. That is, ¥ € S, and xy = 0

on 0. Furthermore, there exists some v € W2(2) such that

v = Xllwy @) < Chty, (5.56)
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[vllwi < C, (5.57)

and

[vllwz) < Cl. (5.58)

Therefore,

Xl < llv = Xllwr + [vllwre
1@ a ol (5.59)

<C.
By the approximation property of Sy, there exists some 7) € S, such that, if i € 0 : 2

then

v =iilwie < CR 7 ollwa - (5.60)

’f'ETh
By the inverse property of Sj,
Z IX = llwaiy < ChHIX = llwia)
reTy (5.61)
< n (o = Hlwpe + Il = llwyo )-
Putting together Equations 5.61, 5.56, 5.60 and 5.58,
> lhweey < D2 (1% = llwzy + 1o = Allwzce) + lolwzn))
‘f‘GTh fGTh (562)
< Oy,
Suppose that r > 3. By Equations 5.26, 5.37, 5.38, 5.40, 5.41, 5.42, 5.44, 5.46,
5.56, 5.57, 5.58, 5.59, and 5.62,

[FOOI < IR =)l + [F()] + Y IR

1=2

S C( hm—l + hq+1—2(7‘—2) u—1 1
( )l nllwe @) (5.63)

17 (Gullulbwz o + | lwam)

+ hq+4_T€h(HUHW§;1(Q) + ||f||Wgo+4T(Q))>'
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Sincem=q+4—r=r+s,

™ fullwz, @) + 2T ullr-1 ) < OB llullyz- g (5.64)
and

Putting together Equations 5.63, 5.51, 5.64, and 5.65, and using the fact that

Ofz}h = Ch on (Q,

|FWN§C%OW—ﬂNmymuM§

(5.66)
4 hr—lgh(||u||W;,1(Q),{x},h,s + h5||f||wg:5<m>)'
Therefore, by Theorem 5.3,
= tnleon e < OB lu = 0l 0,0
(5.67)

- h”‘léh<|IUI|ng(Q),{z},h,s + hs||f||ng5(sz)>) :

Using Theorem 5.2 to estimate the first term on the right side, we obtain Theorem
5.1.

Now suppose that » = 2. In this case, ¢ = 1+ s. By Equations 5.26, 5.37, 5.38,
5.40, 5.41, 5.42, 5.43, 5.45, 5.56, 5.57, 5.58, and 5.59,

6

IF(O| < IFi(x = v)| + | F(0)] + Y |F(X)]

=2

S C((hml + hq+172(r72))Hu . ahHWolo(Q)

(5.68)
+h" <£h||ullwgo(9) + HfHW&o(Q)>
+ B (ullygr ) + 1S ”wso+3"“<ﬂ>>)'
Sincem=q+3—r=r+s,
Wl o+ 0 s ) < O flullwe @) (5.69)

142



and

W fllwae) + TP fllwgrar gy < CRT Nl o)- (5.70)

Putting together Equations 5.68, 5.51, 5.69, and 5.70, and using the fact that
0z}, = Ch on (), we obtain Equation 5.66. Theorem 5.1 follows from this and

Theorems 5.3 and 5.2, as in the r > 3 case.

5.5 Analysis of Perturbation Terms

5.5.1 Terms due to the Mapping P,

We begin with a simple result in which the difference of two products of the

same length is expressed in terms of the differences of corresponding terms.

Proposition 5.5. If n > 1 is an integer and, fori € 1:n, a;,b; € R, then

ﬁai—ﬁbizzn:(ﬁai>(aj—bj)( ﬁ b) (5.71)

i= i=j+1

Proof. The proof is by induction on n. The n =1 case is trivial. The n = 2 case,

a o — blbg = a1a9 — a1b2 + a1b2 — blbg
(5.72)
= ai(ag — by) + (a1 — by)by,

is used to prove the induction step. Assuming the proposition holds for some
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arbitrary integer n > 1, we find that

n+1 n+1 n n
Hai - Hbi = <Hai>an+1 - (Hbi>bn+l
i=1 i=1 i=1 i=1
= <H Cbi) (@ps1 — bpgr) + (H a; — H bi>bn+1
121 n+21:1 i=1
= <H@z‘> (ant1 — bn+1)< H bi) (5.73)
i=1 i=n-+2
n j—1 n
+ Z <H(IZ) (CLj — b])( H bi>bn+1
j=1 i=1 i=j+1
ntl j—1 n+l
85 ([T 1)
j=1 i=1 i=j+1
which demonstrates the n + 1 case. ]

By definition of the matrix determinant and Proposition 5.5,

det D®; ' — 1 = det D®; ' — det DI

= Z sgn(a)(ﬂDai((I)El)i - ﬂD‘”IZ)
o€Sy i=1 =1
) . (5.74)
—U;;V gn( 4)
<3 (TTPo@i)) ot = T1 Pt

where Sy is the set of permutations of 1 : N, considered as elements of (1 : N)¥,

and sgn is the signature map on Sy. Therefore, by Equation 5.7,
| det DP, " — 1|1 (@) < CR™ L. (5.75)

This is given in [18, Proposition 3(ii)] for the particular ®; constructed in [18,
Section 5.1]. We have derived it here in order to make it clear that it follows from

the assumption of Equation 5.7 and is not exclusive to any particular ®y,.
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First suppose that v € WL (Q) and ¢ € W} (). Observe that

N

N
Ap(v,0) = /Q ( Z (@; ;) nDivD;o + Z(i)i)hDiU¢ + éhﬂ¢)>
i—1

where

and

ij=1

(@i)n = Y _ aro((De(@n)iDe(®1);) © B, ") det DB,

k=1

(bi)n

N
> " bu(Di(@1); 0 @5 1) det DP; Y,
k=1

¢, = cdet D@,:l.

By Equations 5.76 and 5.1,

Notice that

(@35)

ks

N

(Ap — A)(v, 0) = /Q < > ((@g)n — ai;)DwD;

ij=1

=Y aro((Di(@1)iDe(®);) 0 @) det DD, —

S e (((DL(®1):iDu(®1);) 0 7" det DO — 614 )

N
k=1
N
A=

1

N
3 au( (D(®1, — 1)) De(@4);) 0 ;1) det DO; !

R

A=1

+0ik(De(®n — 1);) 0 @) det DO,

+ 5i,k(5j,g(det D(D}_Ll — 1)),
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bo(Dy(®1); 0 ®771) det DD, — b

—~
(=l
<
N—
>
|
S
N
Il
M >

i
I

hE

by ((Dk@h),- o ®; 1) det DD, — 51,,9)
1 (5.82)

B
Il

NE

bk(((Dk((I)h —I);) 0 ;') det DD} "

b
Il

1
+ 6,5 (det DD — 1)),
and

¢ — c = c(det DO, ' —1). (5.83)
Using Equations 5.80, 5.81, 5.82, 5.83, 5.7 and 5.75, we see that
(A — A)(v,0)| < Ch™ Hvllwa @ 19llwi@)- (5.84)
In particular, by Equation 5.27,
[Fu(¢)| < Ch™ H|anlwaollollwy @) (5.85)

from which Equation 5.37 follows.

Now suppose that ¢ € L1(€2). Observe that

M) = /Q b, (5.86)
where
fu=fdet D®, . (5.87)
By Equations 5.86 and 5.4,
(w=N@) = [ (G~ 116 (559
Q
Notice that
fo— f = f(det D®; 1 — 1), (5.89)

Using Equations 5.88, 5.89, and 5.75, we see that
[(An = N ()] < CR™ I fll Lo (5.90)
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Equation 5.39 follows from this and Equation 5.28.

Equations 5.38 and 5.40 are more difficult to prove than Equations 5.37 and
5.39. The basic idea is that we use integration by parts to transfer a derivative
from ®;, — I or @, — I to ¢.

The following result will imply Equations 5.38 and 5.40.

Proposition 5.6. Suppose that K € W} (Q) and i,5,k, 0 € 1: N. Let

I = / K(Dy(®p — I); 0 ®; ") det DD 1, (5.91)
Q

Jy = / K (Du(@y — 1);De(@1)c 0 ;1) det D, (5.92)
Q

Js = / K(det D®; ' —1). (5.93)
Q

Then |1, 172l | Jo] < CH|[K |y 0

Before proving this, we see how Equations 5.38 and 5.40 follow from it.

First suppose that ¢ € W2(€2). By Equation 5.81 and Proposition 5.6,
\/Q((di,j)h — a; ;) DiuD;o| < Ch™||ullwz @)lléllwzq)- (5.94)
By Equation 5.82 and Proposition 5.6,
| (@ = 5)Dsus] < ™l o ol o (5.95)
By Equations 5.83 and Proposition 5.6,
| @ = sl < ™ ullw o oy o (5.96)
Putting together Equations 5.80, 5.94, 5.95, and 5.96, we see that

(A = A)(w, )] < CR™ ullwz @ éllwz@)- (5.97)

It is not possible to substitute w; for u here, because %, does not necessarily have

two derivatives on 2. However, from Equation 5.84, we know that
[(Ap = A)(u — @, ¢)] < Ch™ Hju — i |lw @) [0 lwio)- (5.98)
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Equation 5.38 follows from Equations 5.27, 5.97, and 5.98.

Now suppose that ¢ € W(Q). By Equation 5.89 and Proposition 5.6,

| / (o — D6l < CH™ [ llwroyldllw e (5.99)
Q

Equation 5.40 follows from Equations 5.28, 5.88, and 5.99.
Finally we turn to the proof of Proposition 5.6. First observe that, by integra-

tion by parts,

/ (K 0 ®)Dy(®y — I); = / (K 0 ®,)(®), — 1);(va, )i dS
o o (5.100)

— | Di(Ko®,)(®, —1I);.

Qp,

Therefore, by Equation 5.6 and the trace inequality,

[ (5 0 ®)Di(@, = ) < OR (IIK 0 B0, + 1K © Baluyia, )
. (5.101)

< Ch™ || Kllwaa-

By the change of variables formula,
J1= / (K 0 ®p)Di(®p, — 1), (5.102)
Qp,

so Equation 5.101 furnishes the bound on J;.

By the change of variables formula,
J2 - / (K @) CDh)Dz(q)h — ])jDk(q)h)g
Qp

= / (K 0 ®,)Dy(®)y, — I); (Dk(cbh — 1)+ Dkfe)
Q, (5.103)
_ / (K o ®,)Dy(®), — I);Di(®), — 1),

+ 5k’g/ (K O (I)h)DZ((I)h - I)]
Qp
By Equation 5.6,

| [ (K o®,)Di(®), — 1);Dyp(®), — I)g| < CR2™ VK 0 &y |1, 00
Qn (5.104)

< CR™ VK| 1, (0.
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Equations 5.103, 5.104, and 5.101 give the bound on Js.

All that remains is to prove the bound on J3. A straightforward integration by

parts, using Equation 5.74 to represent det D<I>;1 — 1, would involve transferring a

derivative from @gl — 1 to @;1. This is not possible because CID;I does not neces-

sarily have two derivatives on ). A more intricate representation of det D®; ' — 1

1s needed.

Foroc e Sy andie1: N, let

N
Poi = sgn(o) Do (@5 = 1)i( T] Daly).

j=i+1

i—1
Qa,i = H DUj‘[j7
j=1

and
i1 j—1 i—1
Ra,i: (HDUk(égl)k>Daj(q)f:1_[)j( H DUk]k>‘
j=1 k=1 k=j+1
Obviously
i—1 i—1 i—1
H DUj (q)ftl)j = Qa,i + (H de((pijl)j - H DUj[j>'
j=1 j=1 j=1

By Proposition 5.5,
i—1 i—1
12,2, = [[ Do 1j = Rou:
j=1 j=1
Putting together Equations 5.74, 5.105, 5.108, and 5.109, we see that

N
det Dq)_l —1= Z Z Pcr,i(Qo,i + Rcr,i)'

ceSy =1
Observe that

Pa,iQa,i =
0, otherwise.
By integration by parts,
/ KDy(®,' = 1);= [ K(®;'—1)i(rq):dS
Q

o0
— / D;K(®,' —I);.
Q
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By Equations 5.111, 5.112, and 5.7, along with the trace inequality,

| [ KPasual < OH (1K siom) + Ko
z (5.113)
< Ch™ || Kllwaey-
By Equation 5.7,
| / KP,,Rys < CR2™D||K |1, 0. (5.114)
Q

The bound on J3 follows from Equations 5.110, 5.113, and 5.114.

5.5.2 Terms due to Using Extended and not Mapped Data

These terms are the most straightforward to estimate.

Assume first that ¢ € W} (). Then

N
( Z (az‘,j o (I)h — di7j)D7;UhDj (Qb O (I)h)

,j=1

(4~ A){un, 0 @) = [

Qp
N

+ (b 0 By — bi) Diun (¢ 0 By) (5.115)

=1

+ (C o®; — E)uh(gb o q)h)> .

Since

am- (@) CIDh — C_Li,j = di,j o (I)h — ‘_li,j O I7 (5116)

we see by the mean value theorem and Equation 5.6 that
llai; o ®n — GijllLo(,) < CR™. (5.117)
The same argument establishes that
165 0 @1, — bil 1o () < CR™ (5.118)

and

e o @), — &l puy < Ch™. (5.119)
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By Equations 5.115, 5.117, 5.118, and 5.119,
| (Al = Ap) (un, ¢ 0 ©n)| < CR™ [[unllw, @) |6 © allwy )

< Ch™ [ anllwy @ 9wy @)

Equation 5.41 follows from this and Equation 5.29.

Next assume only that ¢ € L1(€2). Then

OZ—AQWO¢w=i/(f0¢h—fﬂ¢0®w-

Qp

Since
fo®y—f=fod,—fol,
we see by the mean value theorem and Equation 5.6 that
1f o @h = fllcin) < CR™[flwy -
By Equations 5.121 and 5.123,
(A, = AR (@0 n)| < CR™|flw @i l|¢ © Pallzyen)

< CR™ | fllwa @ 18]l Ly -

Equation 5.42 follows from this and Equation 5.30.

5.5.3 Terms due to Quadrature Error

(5.120)

(5.121)

(5.122)

(5.123)

(5.124)

We estimate the quadrature error on each element and then sum over all the

elements. Since all quadratures ultimately take place on the unit simplex, we begin

by defining £ € (CO(TV)) by

For 7 € Ty, define E, € (C°(7))’ by

B0 = [v-Q0)

- / (vo F,)det DF, — Q((v o ) det DFT)
.

= E((v o F,)det DFT).
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The following is the central result we will use to estimate quadrature error.

Proposition 5.7. If 7 € Ty, k € 0 : q, x € II*¥(TV), and v € WL (1) then,

with x = x o F71,
|E-(0x)] < CRT N o] g ) X v (5.127)

Proof. Define E € (C(TN)) by E(0) = E(dx). If & € WL *1(TN) then, using
the facts that Q € (Loo(TN))’ and all norms on the finite-dimensional vector space

[I*(TN) are equivalent,

|E@®)| < Clollprm Xy
P (5.128)

< CH@”W(;IO—’““(TN)HXHM(TN)'
That is, | E|| gya-t+1gnyy < ClIXN Ly v)- By Equation 5.8, if & € TI°*(T) then

E(vx) = 0. Therefore, by the Bramble-Hilbert lemma of [7, Theorem 28.1], if

0 € W HL(TN) then
BO) < Clolygeos oy [Klscr- (5.129)

By Equation 5.126,

B, (vx)| = ]E((v o F,) det DFT>|

(5.130)
< C’(U o F.,-) det DFT'WngJrl(TN) H)%HLI(TN).
By a scaling inequality,
|(vo Fy)det DE;| a1y < ChTFH 0] g
W TH(TN) W& T (r) (5.131)
X ||det DF; o F;IHW&%H(T).
By a scaling inequality and the assumptions on F, and F !,
[ det DF o F7Y|yans1 () < ChY. (5.132)
The proposition follows by combining Equations 5.130, 5.131, and 5.132. ]
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Let x € S), be fixed throughout the rest of this subsection.

First we prove Equations 5.43 and 5.44. Let 7 € T},. By Proposition 5.7,

N N
ua( > @ DiunDjix + > biDiunx + cuhx> | < ChT Ny [y

ij=1 i=1

(5.133)

x ||XHW§O+2(T)‘
By the element approximation property of Sy, there exists some 1 € S}, such that,

forie0:r—1,
uo @y —nlwe () < CH 1 luo @yl e . (5.134)
By the element inverse property of Sy,

Huh”Wg:'_Q('r) < CHuhuwgo—l(T)

< C(H”h = nllwr10n

(5.135)
+ |luo @5 =l
+ lwo Pallyrr))-
Again using the element inverse property of Sy,
lun = Nllyyr=1(ry < Ch™ 2wy, = nllwy )
v (5.136)
S Ch_(T_Q) (||u O @h — uhHW;O(T) + ||u O CI)h — 77||Wgc(7_)>
Putting together Equations 5.135, 5.136, and 5.134, we see that
”“h”wgﬁ(f) < C(h*(r*Q)Hu o Dy — up|lw (r) + [Juo ‘I’h”vvgo—lm)- (5.137)
Again using the element inverse property of Sy,
Ixllwart () < Clixllwe (5.138)
X[l < Ch= "2V Ixllw () (5.139)
and, for r > 3,
Iy < CH DN llyace. (5.140)
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Putting together Equations 5.17, 5.10, 5.126, 5.133, 5.137, 5.138, and 5.139,

N N
(A = Ap)(un, ) < ) |Er< Y @i DaunDix + Y biDyupx + CUhX) |

€Ty, ij=1 i=1

5.141
S C<hq+1—2(r—2)”u o CI)h . uh”Wolo(Qh) ( )

+ A 0 By, ) I
Together with Equation 5.31, this implies Equation 5.43. If » > 3 then, using

Equation 5.140 instead of 5.139 in the above, we find that

(4 = An)un )| < O (h72 20 Do @1 = s o)

(5.142)
A o @l ) S Illwz:

T€TH
Together with Equation 5.31, this implies Equation 5.44.
Now we prove Equations 5.45 and 5.46. Let 7 € T}, and k € 1 : 2. Our first

goal is to show that

| E-(FX)] < CREET| Fllasavir iy X ) (5.143)

First we handle the cases r > 4 and the case where r = 3 and kK = 1. Let
X = x o F,. By definition of Sy, x € II""}Y(TV). By the Bramble-Hilbert lemma,

there exists some 7 € I[I¥~1(T%) such that

X = 77“W1’€(TN) < C|)%\W{c(TN)~ (5.144)

Let n = o F-!. Since k —1 < r —1, we have that x —7 € II" ' (T"). Also notice

that » — 1 < ¢g. Therefore, by Proposition 5.7,

B (FOc = )] < CRP N Fllyasari 5 = ll o) (5.145)

By Equation 5.144 and a scaling inequality,
1% = Dz, vy < CRMNlxllwe - (5.146)
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Combining Equations 5.145 and 5.146, we see that

1 B-(F(x = )] < CRIZHET fllypaar i X wir)- (5.147)
Since k—1 < r—k—1, we have that /) € [I""*"1(T"). Also notice that r—k—1 < q.

Therefore, by Proposition 5.7,

B, (F)| < RPN Fl e il oy vy (5.148)
By Equation 5.144 and a scaling inequality,

17l vy < X =y + X py @)
= CH)%HW{C(TN) (5.149)
< Ch*NHXHWIk(T)-

Combining Equations 5.148 and 5.149, we see that

B, ()] < CA> P Lz o Il o (5.150)

Equations 5.147 and 5.150 now give Equation 5.143.
Next we consider the cases where either r =3 and £k =2, orr =2 and k£ = 1.

By Proposition 5.7,

B-(F0] < ORI N Flygaen o Il oy (5.151)

By the element inverse property of Sy,

Ixllwarrry < Clixllwr—1(,
We (1) W) (5.152)
< Ch7¥Ixlwr-1(-

Notice that ¢+ 1=¢g+ 2+ k —r and r — 1 = k. Therefore, combining Equations

5.151 and 5.152 gives Equation 5.143.
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At this point we have shown Equation 5.143 except in the case where r = 2

and k£ = 2. Putting together Equations 5.18, 5.11, 5.126, and 5.143,

(% = A0 < D 1Bl

TET

< CHH fllpassocroy 3 It
TETh

Together with Equation 5.32, the £ = 1 case gives Equation 5.45 and the k = 2

(5.153)

case gives Equation 5.46.

5.6 Future Work

It would be nice to extend these results to handle the case of nonhomogeneous
boundary conditions. To set this up, we let ¢ € W} (Q2) and let g : 9Q — R be
such that g = ¢ on 0€). Then, instead of requiring u = 0 on 02, we require that
u = g on O0f2.

Now let ¢, € S), be a good approximation of ¢ and let g, : 92, — R be such
that g, = ¢, on 0€2,. Then, instead of requiring u;, = 0 on 0€),, we require that
Uup, = gp on 08Yy,.

The naive approach is to apply Theorem 5.3 to (u— ¢) — (u, — ¢p) o ®; !, which
makes sense because u — ¢ = 0 on 0f2 and uy, — ¢, = 0 on 0€2,. Another approach
would be to rework Theorem 5.3. An idea on how to proceed is given in [26, p.
420).

The only unsatisfactory aspect of our results is that the pattern in Theorem
5.1 for the L., estimates is interrupted in the case r = 2. Here, no weight is
possible. It appears that we can not get away with a quadrature rule that does
not integrate linear functions exactly. This is consistent with a report in [30, p.
178] of the midpoint rule, which integrates linear functions exactly, being used to

obtain optimal L., estimates.
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