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Wklv zrun h{dplqhv krz wkh olih klvwru| sdudphwhuv h�hfw wkh vwdeoh djh glvwulexwlrq
ri wkh gl�huhqw fodvvhv dqg frpsduhv wkhvh uhvxowv zlwk wkh vwdqgdug vlqjoh vh{ prgho1
Wkh frqglwlrqv qhfhvvdu| iru d srsxodwlrq surmhfwhg iruzdug lq wlph wr uhdfk d vwdeoh
djh glvwulexwlrq lv dqdo|}hg1 Wkh frqglwlrqv iru h{lvwhqfh duh ghshqghqw rq wkh qdwxuh
ri wkh pdwlqj ixqfwlrq/ l1h1 wkh udwh dw zklfk wkh wzr vh{hv �qg hdfk rwkhu dqg pdwh1
Lq dgglwlrq/ wkh dvvxpswlrqv xqghu zklfk wkhvh pdwlqj ixqfwlrqv duh frqvwuxfwhg kdyh
lpsruwdqw lpsolfdwlrqv iru wkh g|qdplfv ri wkh srsxodwlrq dqg xowlpdwh djh glvwulex0
wlrq/ vwdeoh ru qrw1 Dq dqdo|vlv ri zkhq lqfoxglqj erwk vh{hv ehfrphv hvvhqwldo wr wkh
xqghuvwdqglqj ri uhsurgxfwlyh vwudwhjlhv/ h{dplqdwlrq ri zkhwkhu d srsxodwlrq ixo�ov
wkh qhfhvvdu| dvvxpswlrqv derxw pdwlqj wr pdnh fhuwdlq vwdwhphqwv derxw srsxodwlrq
jurzwk/ jurzwk udwhv dqg uhodwlyh �wqhvv/ dqg rxwolqlqj dq dffhvvleoh dssurdfk wr prg0
holqj wkh mrlqw olih klvwrulhv zloo eh ri sudfwlfdo ydoxh1 Wrzdug wklv hqg/ d iudphzrun iru
glvfuhwh0wlph wzr0vh{ prghov zlwk djh vwuxfwxuh lv ghyhorshg1 Lq dgglwlrq d pduuldjh
+pdwlqj, ixqfwlrq edvhg rq dq dqdorj| zlwk irudjlqj wkhru| dqg suhihuhqfhv edvhg rq
wkh suhglvsrvlwlrqv ri rqh djh jurxs iru dqrwkhu lv sursrvhg1 Vrph ri wkh surshuwlhv
ri wkhvh prghov dqg wkhlu vroxwlrqv duh dovr lqyhvwljdwhg1



ELRJUDSKLFDO VNHWFK

Vwhskhq Hulf Whqqhqedxp zdv eruq rq Qryhpehu 48/ 4<9 lq Edowlpruh Pdu|odqg/ dqg
vxevhtxhqwo| pryhg hyhu| wzr |hduv xqwlo wkh djh ri 47 zkhuh kh zdv irufleo| vhwwohg lq
Qhz Mhuvh|1 Kh vwxglhg Elrorj| dqg Jhqhudo Vflhqfh dw Uxwjhuv Xqlyhuvlw|/ Fdpghq1
Kh zrunhg iru d ihz |hduv dv d ode whfkqlfldq dw Wkrpdv Mh�huvrq Xqlyhuvlw| Krvslwdo lq
wkh Sv|fkrorj| dqg Qhxurorj| ghsduwphqwv ehiruh uhwxuqlqj wr Judgxdwh vfkrro dw wkh
Xqlyhuvlw| ri Iorulgd1 Kh uhfhlyhg d Pdvwhuv ri Vflhqfh lq Hqylurqphqwdo Hqjlqhhulqj
xqghu Krzdug Rgxp lq 4<;;1 Kh wkhq vwduwhg d SkG surjudp dw wkh Xqlyhuvlw| ri
Pdu|odqg lq Hfrorjlfdo Hfrqrplfv zlwk Urehuw Frvwdq}d zkhuh kh vwd|hg d |hdu ehiruh
kh wudqvihuuhg wr Fruqhoo Xqlyhuvlw|1 Khuh kh kdg wkh jrrg iruwxqh wr phhw Fduorv
Fdvwloor0Fkdyh} zkr vrrq ehfdph klv dgylvru dqg phqwru1 Vwhskhq lqwhuuxswhg klv
SkG surjudp vkruwo| diwhu sdvvlqj klv %D% h{dp lq rughu wr zrun ixoo wlph pdqdjlqj
wkh Pdwkhpdwlfdo dqg Wkhruhwlfdo Elrorj| Lqvwlwxwh1 Kh glg wklv iru vhyhq |hduv xqwlo
Fduorv +dqg PWEL, pryhg wr Dul}rqd Vwdwh Xqlyhuvlw|1 Lq Rfwrehu ri 5337 Vwhskhq
iroorzhg Fduorv wr Dul}rqd lq rughu wr frpsohwh klv Grfwrudo Surjudp1
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DFNQRZOHGJHPHQWV

L zrxog olnh wr h{suhvv p| ghhs judwlwxgh wr p| dgylvru Suri1 Fduorv Fdvwloor0Fkdyh}
iru pdq| xvhixo frpphqwv dqg vxjjhvwlrqv/ iru klv hqfrxudjhphqw dqg eholhi lq ph/ dqg
hvshfldoo| iru klv xqzdyhulqj vxssruw ryhu pdq| |hduv1 L zrxog dovr olnh wr h{suhvv p|
wkdqnv wr Suri1 Qhovrq Kdluvwrq iru dozd|v kdylqj klv grru rshq zkhq L �uvw fdph wr
Fruqhoo dqg iru vkdulqj klv hqwkxvldvp iru dqg dssuhfldwlrq ri hfrorj|> wr Suri1 Vlprq
Ohylq dovr iru klv vxssruw/ hqfrxudjhphqw dqg kxpru ryhu wkh |hduv1 Doh{ Nrqgudvkry
dqg Fduorv Exvwdpdqwh zkr vhuyhg dv sur{lhv iru Vlprq Ohylq1 Vshfldo wkdqnv wr Suri1
Sulvflood Juhhqzrrg khu dydlodelolw| wr khos/ iru iuxlwixo glvfxvvlrqv/ dqg khu sdwlhqfh1
Vshfldo wkdqn dovr wr Suri1 Pdld Pduwfkhyd zkr wrrn wlph iurp khu exv| vfkhgxoh wr
uhdg p| pdqxvfulsw dqg glvfxvv %pduuldjh ixqfwlrqv% zkloh vkh zdv dw DVX/ dqg iru
jhqhurxvo| surylglqj ph d frs| ri khu glvvhuwdwlrq1 L zrxog olnh wr vd| wkdqn |rx wr
Dulho Flqwurq0Duldv iru khosixo glvfxvvlrqv rq pdwkhpdwlfv1
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Fkdswhu 4
Lqwurgxfwlrq
414 Klvwru| dqg Prwlydwlrq

L zloo h{dplqh krz wkh olih klvwru| sdudphwhuv h�hfw wkh vwdeoh djh glvwulexwlrq ri wkh
gl�huhqw fodvvhv dqg frpsduh wkhvh uhvxowv zlwk wkh vwdqgdug vlqjoh vh{ prgho1 Wkh
pruh wkh olih klvwru| ri wkh vh{hv glyhujh wkh pruh lpsruwdqw wkh wudfnlqj ri erwk vh{hv
ehfrph1 Dowkrxjk wklv pd| vhhp dq reylrxv frqfoxvlrq/ wkh idfw uhpdlqv wkdw vwuxf0
wxuhg wzr vh{ prghov duh qrw yhu| frpprqsodfh1 Dqdo|vhv duh riwhq ri wkh srsxodwlrq
surmhfwhg iruzdug lq wlph wr vrph vwdeoh djh glvwulexwlrq1 Krzhyhu/ frqglwlrqv xqghu
zklfk vxfk d vwdeoh djh vwuxfwxuh fdq h{lvw duh ghshqghqw rq wkh qdwxuh ri wkh pdwlqj
ixqfwlrq/ wkdw lv wkh udwh dw zklfk wkh wzr vh{hv �qg hdfk rwkhu dqg pdwh1 Lq dgglwlrq
wkh dvvxpswlrqv xqghu zklfk wkhvh ixqfwlrqv duh frqvwuxfwhg kdv lpsruwdqw lpsolfd0
wlrqv iru wkh g|qdplfv ri wkh srsxodwlrq dqg xowlpdwh djh glvwulexwlrq/ vwdeoh ru qrw1
Dq dqdo|vlv ri zkhq lqfoxglqj erwk vh{hv ehfrphv hvvhqwldo wr wkh xqghuvwdqglqj ri
uhsurgxfwlyh vwudwhjlhv/ h{dplqdwlrq ri zkhwkhu d srsxodwlrq ixo�ov wkh qhfhvvdu| dv0
vxpswlrqv derxw pdwlqj wr pdnh fhuwdlq vwdwhphqwv derxw srsxodwlrq jurzwk/ jurzwk
udwhv dqg uhodwlyh �wqhvv/ dqg rxwolqlqj dq dffhvvleoh dssurdfk wr prgholqj wkh mrlqw
olih klvwrulhv zloo eh ri sudfwlfdo ydoxh1 Wr gdwh prvw ri wkh zrun lq wklv duhd kdv
ehhq grqh iru djh0vwuxfwxuhg frqwlqxrxv wlph prghov ru qrq djh0vwuxfwxuhg glvfuhwh
wlph srsxodwlrq prghov iru h{dpsoh vhh Fdvwloor0Fkdyh}/ hw do1 ^7`/ U1 Sroodn ^6:`/ ^6;`/
^6<`/ Krsshqvwhdgw ^4;`/ Fdvzhoo ^8`/ Nhqgdoo ^56`/ Nh|�w} ^57`/ ^58`/ ^59`/ Iuhgulfnvrq
^44`/ Kdghohu ^46`/ ^47`/ ^48`/ P1 Ldqqhool ^54`/ P1 Pduwfkhyd ^63`/ I1D1 Ploqhu ^66`/ dqg
rwkhuv1

Srsxodwlrq prghov kdyh eurdg dssolfdwlrq lq jhqhudo/ qrw rqo| wkh reylrxv �hog ri
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ghprjudsk| exw hfrorj|/ iruhvwu|/ �vkhulhv/ hslghplrorj|/ srsxodwlrq jhqhwlfv/ vrflro0
rj|/ dqg hfrqrplfv wr qdph d ihz1 Fohduo| pdq| dssolfdwlrqv fdq ehqh�w iurp kdylqj
d wzr0vh{ djh vwuxfwxuhg iudphzrun1 Lq sduwlfxodu srsxodwlrq jhqhwlfv dqg vh{xdoo|
wudqvplwwhg glvhdvhv uhtxluh lqfoxvlrq ri erwk vh{hv dqg wkh dgglwlrq ri djh vwuxfwxuh
fdq lqfuhdvh wkh dffxudf| ri erwk wkh glvwulexwlrq dqg wlplqj ri wkh vsuhdg ri jhqhv ru
lqihfwlrq uhvshfwlyho|1 Ghprjudsk| kdv d orqj klvwru| dqg hyhq wkh frqfhsw ri vwdeoh
djh vwuxfwxuh fdq eh wudfhg edfn wr wkh hljkwhhqwk fhqwxu| zlwk lwv lqwurgxfwlrq e|
Ohrqdug Hxohu ^;`1 Wkh �uvw sxuho| pdwkhpdwlfdo prgho ri d srsxodwlrq lv dwwulexwhg
wr Wkrpdv Pdowkxv^5;` lq 4:<;1 Wkh frpelqdwlrq ri wkh wzr/ vwdeoh djh vwuxfwxuh dqg
uljrurxv pdwkhpdwlfdo wuhdwphqw fdph dw wkh ehjlqqlqj ri wkh wzhqwlhwk fhqwxu| zlwk
D1 M1 Orwnd dqg I1 U1 Vkdush ^77` zlwk dq lqwhjudo htxdwlrq dssurdfk1 PfNhqgulfn
^65` dqg odwhu yrq Irhuhvwhu ^43` uhirupxodwhg wkh sureohp lq whupv ri SGH*v1 Wkh
wzr dssurdfkhv duh uhihuuhg wr dv wkh Vkdush�Orwnd dqg PfNhqgulfn�yrq Irhuhvwhu
prghov1

Wzr vh{ prghov �uvw dsshduhg zlwk d prgho e| Nhqgdoo lq 4<7< ^56`1 Wkhuh lv qr
djh vwuxfwxuh lq wklv prgho/ exw kh lqwurgxfhv wkuhh srvvlelolwlhv iru d pduuldjh ixqfwlrq
+d ixqfwlrq iru suhglfwlqj wkh qxpehu ri pduuldjhv ehwzhhq pdohv dqg ihpdohv shu xqlw
ri wlph,1 Wkhvh duh sursruwlrqdo wr jhrphwulf phdq/ dulwkphwlf phdq/ dqg plqlpxp ri
wkh wrwdo qxpehu ri vlqjoh pdohv dqg vlqjoh ihpdohv lq wkh srsxodwlrq1 Iuhgulfnvrq ^44`
odwhu +4<:4, vxjjhvwhg wkh kduprqlf phdq dv ixqfwlrq wkdw vdwlv�hg/ zkdw kh frqvlghuhg
wkh vhoi0hylghqw frqglwlrqv wkdw li wkhuh duh qr vlqjohv ri hlwkhu vh{ wkhuh duh qr pduuldjhv
dqg wkdw wkh qxpehu ri pduuldjhv pxvw fkdqjh lq sursruwlrq wr wkh wrwdo srsxodwlrq vl}h
+wkh pduuldjh ixqfwlrq lv krprjhqhrxv ri ghjuhh rqh,1 Klv wzr vh{ prgho dovr lqfoxghg
djh vwuxfwxuh1 Ixuwkhu ghyhorsphqw iroorzhg zlwk zrun e| Krsshqvwhdgw ^4;` dqg
Kdghohu ^46`1 Kdghohu/ lq klv prgho/ lqfoxghv wkh gxudwlrq ri pduuldjh1 PfIduodqg
^64` uhylhzv pduuldjh ixqfwlrqv dqg sursrvhv vhyhq dgglwlrqdo frqglwlrqv +�d{lrpv�,
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wkdw d pduuldjh ixqfwlrq vkrxog vdwlvi|1 Wkhvh ghdo zlwk h{lvwhqfh/ qrq0qhjdwlylw|/
dqg wkh vljqv ri wkh sduwldo ghulydwlyhv ri wkh pduuldjh ixqfwlrq +vhh cSurshuwlhv iru d
�qlfh� pduuldjh ixqfwlrq* ehorz,1 Pduwfkhyd ^5<` h{dplqhv wkh h{lvwhqfh/ xqltxhqhvv
dqg zhoo0srvhgqhvv ri pduuldjh ixqfwlrqv lq wkh Iuhgulfnvrq0Krsshqvwhdgw prgho1

Pduuldjh dqg pl{lqj ixqfwlrqv kdyh ehhq xvhg h{whqvlyho| lq wkh prgholqj ri vh{0
xdoo| wudqvplwwhg glvhdvhv/ Khdwkfrwh dqg \runh ^4:` xvhg wkh lghd ri suhihuhqfhv wr
h{sodlq olnh0zlwk0olnh pl{lqj sdwwhuqv1 Eo|wkh dqg Fdvwloor0Fkdyh} ^5` ghyhors jhqhu0
dol}hg rqh0vh{ pl{lqj ixqfwlrqv dv shuwxuedwlrqv ri sursruwlrqdwh pl{lqj1 Fdvwloor0
Fkdyh} dqg Exvhqehuj ^6` irupxodwh d wzr0vh{ pl{lqj dssurdfk iru srsxodwlrqv zlwk
suhihuhqfhv iru �{hg fkdudfwhulvwlfv1 Lq erwk wkh rqh0vh{ dqg wzr0vh{ fdvhv suhihuhqfhv
duh phdvxuhg dv ghyldwlrqv iurp udqgrp pl{lqj1 Kvx Vfkplw} dqg Fdvwloor0Fkdyh}
^4<` ixuwkhu ghyhors qrq0udqgrp pl{lqj zlwk wkh xvh ri pdoh dqg ihpdoh d!qlw| pd0
wulfhv wr ghvfuleh wkh suhihuhqfhv wkdw rqh jurxs kdv iru dqrwkhu1 Fdvwloor0Fkdyh}/ hw
do1 ^7` glvfxvv glvfuhwh0wlph wzr0vh{ prghov zlwkrxw djh vwuxfwxuh dqg lqyhvwljdwh vrph
ri wkh surshuwlhv ri wkh prghov dqg wkhlu vroxwlrqv1

41414 Jrdov ri wklv glvvhuwdwlrq
Lq wklv zrun L zloo dwwhpsw wr ghyhors d iudphzrun iru glvfuhwh0wlph wzr0vh{ prghov
zlwk djh vwuxfwxuh1 Lq dgglwlrq L zloo ghyhors d pduuldjh ixqfwlrq edvhg rq dq dqdorj|
zlwk irudjlqj wkhru| dqg suhihuhqfhv edvhg rq wkh suhglvsrvlwlrqv ri rqh djh jurxs iru
dqrwkhu1 L dovr lqyhvwljdwh vrph ri wkh surshuwlhv ri wkhvh prghov dqg wkhlu vroxwlrqv1
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415 D Vhohfw Fkurqrorj| ri Srsxodwlrq Prgholqj dqg Ghprj0
udsk|

+Dgdswhg iurp P1 Ldqqhool/ P1 Pduwfkhyd/ dqg I1D1 Ploqhu ^55` zlwk vrph dgglwlrqv
uhohydqw wr wkh fxuuhqw zrun,1

f16;33EF Ede|orqld1 Iluvw uhfrughg fhqvxv
558EF Hplolxv Phufhu +Urpdq Mxulvfrqvxo, Urpdqv wrrn d fhqvxv hyhu| 8 |hduv1

Uhfrughg pruwdolwlhv ru olih h{shfwdqf| 0 yhu| lqdffxudwh1
f1533EF Xosldq +vxffhvvru wr Phufhu, xsgdwhg wdeohv/ pxfk pruh dffxudwh/ xvhg

iru 4933|uv1
43;9 Grphvgd| errn1 Zlooldp wkh Frqtxhuru +Fhqvxv,
453; Ohrqdgr Slvdqr +Ilehqdffl,1 Udeelw srsxodwlrqv lq �Olehudedfl�
48:3 Jlurodpr Fdugdqr1 Irupxod iru h{shfwdqf| ri olih
4995 Mrkq Judxqw1 �Qdwxudo dqg Srolwlfdo Revhuydwlrqv Xsrq Eloov ri Pruwdolw|�

+Olih wdeoh frqfhsw,
49<6 Hgpxqg Kdooh|1 �Hvwlpdwlrq ri wkh Ghjuhhv ri wkh Pruwdolw| ri Pdqnlqg1�

Iluvw �prghuq� olih wdeoh1
4:93 O1 Hxohu1 �D jhqhudo lqyhvwljdwlrq lqwr wkh pruwdolw| dqg pxowlsolfdwlrq ri wkh

kxpdq vshflhv� Vwdeoh djh glvwulexwlrq1 Hqdeohg srsxodwlrq surmhfwlrqv iurp lqfrp0
sohwh gdwd1

4:99 Gdqlho Ehuqrxool1 Frqwlqrxv dqdo|vlv +frqwlqxrxv djh ghshqghqw irufh ri pru0
wdolw|,

4:<; Wkrpdv Pdowkxv1 Iluvw irupdo pdwkhpdwlfdo prgho ri srsxodwlrq jurzwk
4;58 Ehqmdplq Jrpshuw}1 �Rq wkh qdwxuh ri wkh ixqfwlrq h{suhvvlyh ri wkh odz ri

kxpdq pruwdolw|1� +Ghqvlw| ghshqghqfh,
4;6: Dogroskh Txhwhohw �Vxu O*krpph hw oh ghyhorsphqw gh vhv idfxowì� +Orjlvwlf
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htxdwlrq vxjjhvwhg,
4;6; Slhuuh0Iudqfrlv Yhukxovw1 �D qrwh rq wkh odz ri srsxodwlrq jurzwk� +Orjlvwlf

htxdwlrq,
4;93/ 4;9: Zlooldp Pdnhkdp1 �Rq wkh odz ri pruwdolw|� Yduldwlrqv rq Jrpshuw}
4;;9 Ulfkdug Eùfnk1 �Vwdwlvwlvfkhv Mdkuexfk ghu Vwdgw Ehuolq� Qhw uhsurgxfwlyh

udwh1
4<44 I1U Vkdush )D1M1 Orwnd1 �D sureohp lq djh0glvwulexwlrq� +Lqwhjudo htxdwlrqv,
4<55 D1M1 Orwnd1 �Vwdelolw| ri wkh Qrupdo Djh Glvwulexwlrq�
4<59 D1F1 PfNhqgulfn �Dssolfdwlrqv ri pdwkhpdwlfv wr phglfdo sureohpv� SGH

dssurdfk
4<5; U1 Shduo1 �Wkh udwh ri olylqj> ehlqj dq dffrxqw ri vrph h{shulphqwdo vwxglhv

rq wkh elrorj| ri olih gxudwlrq1� Olih wdeohv iru Gurvrsklod +�uvw dqlpdo srsxodwlrq olih
wdeohB,

4<6; Y1 Yrowhuud1 �Srsxodwlrq jurzwk/ htxloleuld/ dqg h{wlqfwlrq xqghu vshfl�hg
euhhglqj frqglwlrqv= d ghyhorsphqw dqg h{whqwlrq ri wkh wkhru| ri wkh orjlvwlf fxuyh1�

4<6; I1V1 Erghqkhlphu �Sureohpv ri dqlpdo hfrorj|� Olih wdeohv iru vhyhudo vshflhv
4<74 Zlooldp Ihoohu1 �Rq wkh lqwhjudo htxdwlrq ri uhqhzdo wkhru|� +Uljrurxv surri

ri vwdeoh djh glvwulexwlrq,
4<78 S1K1 Ohvolh1 �Rq wkh xvh ri pdwulfhv lq fhuwdlq srsxodwlrq pdwkhpdwlfv1�
4<7: S1K1 Ndupho1 �Wkh uhodwlrqv ehwzhhq pdoh dqg ihpdoh uhsurgxfwlyh udwhv�
4<7: H1V1 Ghhyh| Mu1 �Olih wdeohv iru qdwxudo srsxodwlrqv ri dqlpdov�
4<7< Z1F1 Doohh �Sulqflsohv ri dqlpdo hfrorj|�
4<87 Odprqw Froh �Wkh srsxodwlrq frqvhtxhqfhv ri olih klvwru| skhqrphqd�
4<8< K1 Yrq Irhuvwhu1 �Vrph uhpdunv rq fkdqjlqj srsxodwlrqv� +Pruh rq wkh SGH

dssurdfk,
4<9: Q1 Nh|ihw} �Uhfrqfloldwlrq ri srsxodwlrq prghov= pdwul{/ lqwhjudo htxdwlrq
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dqg sduwldo iudfwlrq1�
4<9< M1K1 Sroodug �Frqwlqrxv0wlph dqg glvfuhwh0wlph prghov ri srsxodwlrq jurzwk1�
4<:4 D1 Iuhgulfnvrq �D pdwkhpdwlfdo wkhru| ri djh vwuxfwxuh lq vh{xdo srsxodwlrqv=

Udqgrp pdwlqj dqg prqrjdprxv pduuldjh prghov�1
4<:8 I1 Krsshqvwhdgw1 �Pdwkhpdwlfdo wkhrulhv ri srsxodwlrqv= Ghprjudsklfv/ Jh0

qhwlfv dqg Hslghplfv1�
4<;: U1 Sroodn �Wkh wzr0vh{ prgho zlwk shuvlvwhqw xqlrqv= d jhqhudol}dwlrq ri wkh

eluwk pdwul{0pdwlqj uxoh prgho�1
4<;< N1 Kdghohu1 �Sdlu irupdwlrq lq djh vwuxfwxuhg srsxodwlrqv�
4<;< F1 Fdvwloor0Fkdyh}/ V Exvhqehuj/ N1 Jhurz1 �Sdlu irupdwlrq lq vwuxfwxuhg

srsxodwlrqv�
4<<9 F1 Fdvwloor0Fkdyh}/ Z1 Kxdqj/ dqg M1 Ol1 �Rq wkh h{lvwhqfh ri vwdeoh sdlulqj

glvwulexwlrqv1�
5338 P1 Ldqqhool/ P1 Pduwfkhyd/ I1D1 Ploqhu1 �Jhqghu0vwuxfwxuhg Srsxodwlrq Prg0

holqj�



Fkdswhu 5
Qrwdwlrq dqg Gh�qlwlrqv
L zloo wu| wr dgkhuh wr wkh iroorzlqj frqyhqwlrqv= Urpdq xsshu fdvh duh xq0vfdohg vwdwh
yduldeohv/ xsshu fdvh Iudnwxu irqw lv iru vhwv/ dqg Fdooljudsklf irqw +xvxdoo| xsshu fdvh,
lv iru ixqfwlrqv ri vwdwh yduldeohv +wkhvh zloo dozd|v eh vshfl�hg,1 Orzhu fdvh Urpdq/
Juhhn dqg Iudnwxu duh frqvwdqw sdudphwhu ydoxhv/ wlph/ dqg vfdohg vwdwh yduldeohv1 D
wlogh +�, zloo eh sodfhg ryhu pdoh v|perov zkhq qhfhvvdu| wr glvwlqjxlvk wkhp iurp
ihpdoh v|perov1

Iru djh qrwdwlrq uhodwlqj wr frxsohv L zloo xvh vxevfulswv wr lqglfdwh fxuuhqw djh dqg
vxshuvfulswv wr lqglfdwh djhv dw zklfk wkh lqglylgxdov zhuh pdwhg1 Dowkrxjk wkh wzr
frqyhqwlrqv duh htxlydohqw wkhuh duh rffdvlrqv zkhq wkh pdqlsxodwlrq ri h{suhvvlrqv
duh pruh frqyhqlhqw lq rqh irup yhuvxv wkh rwkhu1

Ilqdoo|/ zkhq zh ghdo zlwk d srsxodwlrq wkdw kdv uhdfkhg d vwdeoh djh glvwulexwlrq
zh zloo xvh dq xqghuvfruh wr lqglfdwh wkh ydoxh ri d yduldeoh dw vrph duelwudu| edvh
wlph ru d yduldeoh wkdw ehfrphv frqvwdqw zlwkh uhvshfw wr wlph1 Iru h{dpsoh iru d
srsxodwlrq zlwk d vwdeoh djh glvwulexwlrq 8� Ef� � 8 � dqg E� E|� ' E�1 Iru yduldeohv
wkdw duh gh�qhg rqo| iru d srsxodwlrq dw d vwdeoh djh glvwulexwlrq qr xqghuvfruh lv
xvhg/ h1j1 %�1

514 Vwdwh yduldeohv

8� E|� qxpehu ru ghqvlw| ri ihpdohv lq djh fodvv l dw wlph w
�� E|� qxpehu ru ghqvlw| ri pdohv lq djh fodvv m dw wlph w

��c�
� E|� qxpehu ru ghqvlw| ri uhsurgxfwlyh frxsohv/ dw wlph w

ihpdohv pdwhg dw djh l/ pdohv pdwhg dw djh m iru k xqlwv ri wlph

:



;

8 r� E|� qxpehu ru ghqvlw| ri vlqjoh ihpdohv lq djh fodvv l dw wlph w
�r� E|� qxpehu ru ghqvlw| ri vlqjoh pdohv lq djh fodvv m dw wlph w
8� E|� qxpehu ru ghqvlw| ri doo dgxow +uhsurgxfwlyh djh fodvvhv, ihpdohv dw wlph w
�� E|� qxpehu ru ghqvlw| ri doo dgxow +uhsurgxfwlyh djh fodvvhv, pdohv dw wlph w
8 r E|� qxpehu ru ghqvlw| ri doo dgxow vlqjoh ihpdohv dw wlph w
�r E|� qxpehu ru ghqvlw| ri doo dgxow vlqjoh pdohv dw wlph w
8 E|� qxpehu ru ghqvlw| ri doo ihpdohv dw wlph w
� E|� qxpehu ru ghqvlw| ri doo pdohv dw wlph w
� E|� qxpehu ru ghqvlw| ri doo uhsurgxfwlyh frxsohv/ dw wlph w
V�c� E|� vhfrqgdu| vh{ udwlr ri pdohv djh m wr ihpdohv djh l dw wlph w
+r E|� wkh vhw ri doo dgxow vlqjoh ihpdoh vwdwh yduldeohv dw wlph w
2r E|� wkh vhw ri doo dgxow vlqjoh pdoh vwdwh yduldeohv dw wlph w
( E|� wkh vhw ri doo frxsoh vwdwh yduldeohv dw wlph w
%�/ +� sursruwlrqv ri lqglylgxdov lq hdfk djh jurxs
%�/ +� sursruwlrqv ri lqglylgxdov wkdw duh dgxowv
5�c�� sursruwlrqv ri frxsohv lq hdfk djh jurxs dqg

ohqjwk ri pduuldjh rxw ri doo frxsohv
H�/ O� iudfwlrq ri hdfk djh fodvv wkdw lv vlqjoh +e| vh{,
kHl/ kOl sursruwlrq ri doo vlqjoh ihpdoh dqg pdoh

dgxowv ri uhsurgxfwlyh djh
Q �c� E+r E|� c2r E|� c( E|�� d ixqfwlrq ghwhuplqlqj wkh qxpehu ri qhz sdlu erqglqjv

ehwzhhq ihpdohv ri djh l dqg pdohv ri djh m dw wlph w



<

515 Sdudphwhuv

51514 Djh
k/ �k plqlpxp uhsurgxfwlyh djh fodvvhv ri ihpdohv dqg pdohv
// �/ pd{lpxp uhsurgxfwlyh djhv ri ihpdohv dqg pdohv
l/ �l pd{lpxp djh ri ihpdohv dqg pdohv

51515 Vxuylydo
R�/ �R� suredelolwlhv ri vxuylydo iru ihpdohv dqg pdohv iurp wkh

fxuuhqw djh fodvvhv/ l dqg m/ wr wkh qh{w/ l.4 dqg m.4
Z�c�� suredelolw| ri d sdlu 0 ihpdoh pdwhg dw djh l/ dqg pdoh dw djh m

uhpdlqlqj pdwhg iurp wkh k04 wr wkh qh{w xqlw ri wlph
��/ ��� suredelolwlhv ri vxuylydo iru ihpdohv dqg pdohv

iurp eluwk wr djhv l dqg m uhvshfwlyho|
O�c�� suredelolw| ri vxuylydo ri d pduuldjh iru k xqlwv

ri wlph e| d frxsoh pdwhg dw wkh djhv ri l dqg m
\�c� phdq h{shfwdwlrq ri vxuylydo ri d pduuldjh iru

d frxsoh wkdw zhuh pdwhg dw djhv l dqg m

51516 Uhsurgxfwlrq
s �c�� ihfxqglw| +ihpdoh eluwkv, ri frxsohv pdwhg dw djhv l dqg m iru k wlph xqlwv
�s �c�� ihfxqglw| +pdoh eluwkv, ri frxsohv pdwhg dw djhv l dqg m iru k wlph xqlwv
ks �c�l cG �s �c�

H
phdq h{shfwhg ihfxqglwlhv ri d frxsoh wkdw zhuh pdwhg
dw djhv l dqg m dyhudjhg ryhu wkh olihwlph ri wkh pduuldjh

sc �s pd{lpxp ihfxqglw| iru ihpdohv dqg pdohv uhvshfwlyho|
E� E|� djh vshfl�f eluwkudwhv ri ihpdohv shu ihpdoh
�E� E|� djh vshfl�f eluwkudwhv ri pdohv shu pdoh
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j�c�� wkh vxemhfwlyh sulpdu| vh{ udwlr +wkh h{shfwhg udwlr ri
pdoh eluwkv wr ihpdoh eluwkv iru lqglylgxdo sduhqwv wkdw
pdwhg dw djhv l ) m dqg ehhq pdwhg iru k wlph xqlwv ,

51517 Pduuldjh ixqfwlrq
@�c� ihpdoh djh suhglvsrvlwlrq +suredelolw| wkdw d ihpdoh djh m

zloo zdqw wr frxuw d pdoh djh l xsrq hqfrxqwhulqj klp,
�@�c� pdoh djh suhglvsrvlwlrq +suredelolw| wkdw d pdoh djh l

zloo zdqw wr frxuw d ihpdoh djh m xsrq hqfrxqwhulqj khu,
4�c� mrlqw suhglvsrvlwlrq +suredelolw| wkdw d pdoh djh l

dqg ihpdoh djh m zloo zdqw wr frxuw hdfk rwkhu,
#�c�/ �� #�c� suredelolw| wkdw d vlqjoh pdoh +m, ru vlqjoh ihpdoh +l, zloo lqlwldwh

frxuwvkls jlyhq dq hqfrxqwhu zlwk wkh rssrvlwh vh{ ri lqglfdwhg djh
��c� suhihuhqfh frh!flhqw ri ihpdoh djh l iru pdoh djh m +wlph vshqw lq pdwlqj

dfwlylwlhv ehwzhhq l ) m shu vhdufk wlph dwwulexwdeoh wr pdohv djh m ,
���c� suhihuhqfh frh!flhqw ri pdoh djh m iru ihpdoh djh l +wlph vshqw lq pdwlqj

dfwlylwlhv ehwzhhq l ) m shu vhdufk wlph dwwulexwdeoh wr ihpdohv djh l,
��c� suhihuhqfh suredelolw| +vwdqgdugl}hg iudfwlrq ri wlph wkdw lqlwldwlqj

ihpdohv ri djh l vshqg lq pdwlqj dfwlylwlhv zlwk pdohv djh m ,
���c� suhihuhqfh suredelolw| +vwdqgdugl}hg iudfwlrq ri wlph wkdw lqlwldwlqj

pdohv djh m vshqg lq pdwlqj dfwlylwlhv zlwk ihpdohv ri djh l ,
S�/ �S� dyhudjh iudfwlrq ri wrwdo wlph wkdw d vlqjoh +ihpdoh ru pdoh,

vshqgv sxuvxlqj pdwlqj dfwlylwlhv1
^�c� sursruwlrq ri frxuwlqj frxsohv wkdw pduu|
��c� dyhudjh �lqglylgxdo0krxuv� lw wdnhv iru d frxuwvkls ehwzhhq

d pdoh djh m dqg d ihpdoh djh l
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516 Wlph yduldeohv dqg Udwhv
ACc �AC jhqhudwlrq wlphv iru ihpdohv dqg pdohv
�c �� Phdq djhv ri ri fklogehdulqj lq d srsxodwlrq zlwk d vwdeoh djh glvwulexwlrq
>�c �>� Phdq djhv ri fklogehdulqj lq d frkruw
>?c �>? qwk fhqwudo prphqwv ri wkh pdwhuqlw| ixqfwlrqv

A dyhudjh ohqjwk ri wlph wr vxffhvvixoo| �qg d pdwh
Ar wlph ghyrwhg wr vhdufklqj iru d pdwh
AS frxuwlqj wlph
AJ wlph ghyrwhg wr qrq0pdwlqj dfwlylwlhv
H�c� udwh ri hqfrxqwhu wkdw vlqjoh ihpdohv djh l kdyh zlwk vlqjoh

pdohv djh m shu xqlw wlph vhdufkhg shu vlqjoh ihpdoh djh l
�H�c� udwh ri hqfrxqwhu wkdw vlqjoh pdohv djh m kdyh zlwk vlqjoh

ihpdohv djh l shu xqlw wlph vhdufkhg shu vlqjoh pdoh djh m
&�c� udwh ri hqfrxqwhu wkdw vlqjoh ihpdohv djh l kdyh zlwk vlqjoh pdohv djh m shu xqlw

wlph vhdufkhg shu vlqjoh ihpdoh djh l shu iudfwlrq ri vlqjoh pdohv wkdw duh djh m
�&�c� udwh ri hqfrxqwhu wkdw vlqjoh pdohv djh m kdyh zlwk vlqjoh ihpdohv djh l shu xqlw

wlph vhdufkhg shu vlqjoh pdoh djh m shu iudfwlrq ri vlqjoh ihpdohv wkdw duh djh l
��c�c ���c� pd{lpdo udwhv ri pduuldjh ehwzhhq ihpdoh l ) pdoh m iru ihpdoh

lqlwldwlqj dqg pdohv lqlwldwlqj uhvshfwlyho|
'�� E|� srwhqwldo ryhudoo udwh ri pduuldjh shu ihpdoh l shu pdoh m
� �c� E|� iudfwlrq ri wlph lqwhuydo ehiruh doo ihpdohv djh l dqg2ru pdohv djh m duh pdwhg
L�c� srwhqwldo pduuldjh udwh zlwk uhvshfw wr iudfwlrq ri vlqjoh ihpdohv +l,

dqg pdohv +m , zlwklq hdfk djh fodvv
X�c� uhdol}hg pduuldjh udwh zlwk uhvshfw wr iudfwlrq ri vlqjoh ihpdohv +l,

dqg pdohv +m , zlwklq hdfk djh fodvv rffxulqj lq � �c�
b dv|pswrwlf jurzwk udwh ri wkh srsxodwlrq



Fkdswhu 6
D Eulhi H{dpsoh
Vxssrvh zh kdyh d vh{xdoo| uhsurgxflqj srsxodwlrq zlwk d olih klvwru| zkhuh lqglylgxdov
olyh iru d pd{lpxp ri 6 |hduv dqg kdyh r�vsulqj lq vhfrqg dqg odvw |hduv ri wkhlu olih1
Wkh xvxdo zd| ri prgholqj wkh srsxodwlrq zrxog eh wr iroorz wkh g|qdplfv ri wkh
ihpdohv dqg ljqruh wkh pdohv uroh lq ghwhuplqlqj wkh ryhudoo g|qdplfv ri wkh srsxodwlrq1
Wkhuh duh wkuhh htxdwlrqv jryhuqlqj wkhvh g|qdplfv1 Wkh �uvw wzr h{suhvv wkh qxpehu
ri ihpdohv lq djh fodvvhv 4 dqg 5 dw wlph |n� zklfk kdyh vxuylyhg iurp wlph | +dqg djh
fodvvhv 3 dqg 4 uhvshfwlyho|,1 Wkh frqvwdqwv Rf dqg R� duh wkh iudfwlrq ri wkh uhvshfwlyh
djh fodvv wkdw vxuylyhv wkh |hdu1

8� E|n �� ' Rf8f E|� c +614d,
82 E|n �� ' R�8� E|� � +614e,

Wkh wklug htxdwlrq lv
8f E|n �� ' E�8� E|� n E282 E|� c +614f,

zkhuh E� dqg E2 duh djh vshfl�f eluwkudwhv +ihuwlolwlhv, ri ihpdohv shu wrwdo qxpehu ri
ihpdohv djhg 4 dqg 5 +lqglylgxdov gr qrw uhsurgxfh lq wkh �uvw |hdu diwhu wkh| duh eruq
vr Ef ' f,1 Qrwh dovr wkdw E� dqg E2 duh frqvwdqwv dqg duh ihuwlolwlhv dyhudjhg ryhu
wkh hqwluh qxpehu ri ihpdohv ri hdfk djh fodvv uhjdugohvv zkhwkhu doo wkh ihpdohv duh
dfwxdoo| uhsurgxflqj1

Orrnlqj dw wkh vdph srsxodwlrq exw qrz frqvlghulqj prqrjrprxv pdwlqj dqg
lqfoxglqj pdohv h{solflwo|/ zh kdyh wkh vdph vhw ri htxdwlrqv iru vxuylydo ri wkh ihpdohv

45
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8� E|n �� ' Rf8f E|� c +615d,
82 E|n �� ' R�8� E|� � +615e,

Dqg qrz ri frxuvh zh kdyh wkh pdohv

�� E|n �� ' �Rf�f E|� c +615f,
�2 E|n �� ' �R��� E|� � +615g,

Lq dgglwlrq zh kdyh wkh qxpehu ri uhsurgxfwlyh frxsohv1 Iluvw ohw ��c�
� E|� eh wkh

qxpehu/ dw wlph |/ ri uhsurgxfwlyh ihpdohv +surgxflqj �uvw r�vsulqj iru wklv frxsoh dw
djh �, wkdw duh sdluhg zlwk pdohv +surgxflqj �uvw r�vsulqj iru wklv frxsoh dw djh �, dqg
kdyh ehhq surgxflqj r�vsulqj iru � xqlwv ri wlph1 Wkh iudfwlrq ri ihpdohv dqg pdohv
uhpdlqlqj pdwhg diwhu d vlqjoh uhsurgxfwlyh vhdvrq lv Z jlyhq wkdw wkh| erwk vxuylyhg
wr wkh qh{w pdwlqj vhdvrq1 Wkhq

��c�
� E|n �� ' R� �R�Z��c�

f E|� � +616,

Wklv lv wkh rqo| vxuylydo htxdwlrq iru h{lvwlqj pduuldjhv vlqfh doo rwkhu frxsohv kdyh
dw ohdvw rqh phpehu wkdw zdv douhdg| lq wkh odvw |hdu ri uhsurgxfwlrq diwhu pduu|lqj1
Wkhuh duh irxu htxdwlrqv jryhuqlqj wkh qxpehu ri qhz sdlu erqglqjv ehwzhhq ihpdohv
ri djh � dqg pdohv ri djh � dw wlph |1 Wkh qxpehu ri qhz frxsohv dw wkh ehjlqqlqj
ri wlph lqwhuydo | n � frplqj iurp pdwlqj/ dqg frxuwvkls wkdw rffxuuhg gxulqj wkh
suhylrxv wlph lqwhuydo |1 Frqvlghu wkh iroorzlqj pduuldjh ixqfwlrq/

��n�c�n�
f E|n �� ' R��R�'�c� E|�8 r� E|��r� E|� � �c� E|� c +617d,
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'�c� E|� �
#

���c����c�S/3�
��'k3� ����c�8 r�� E|�

n ��c���c�S�/3�
��'�k3� ��c���r�� E|�

$
c +617e,

� �c� E|� ' 4�?
+
�c �S�/3�

��'�k3�'�c�� E|��r�� E|�
c �S/3�

��'k3�'��� E|�8 r�� E|�
,
� +617f,

'�c� E|� lv wkh srwhqwldo +ru �ghvluhg�, udwh ri sdlu irupdwlrq1 � �c� E|� lv wkh iudf0
wlrq ri d wlph lqwhuydo wkdw lw wdnhv/ jlyhq '�c� E|�/ wr sdlu xs doo wkh dydlodeoh vlq0
johv ri djh � +ihpdoh, ru � +pdoh,1 Lq rwkhu zrugv �*S�/3�

��'�k3�'�c�� E|��r�� E|� dqg
�*S/3�

��'k3�'��� E|�8 r�� E|� duh wkh h{shfwhg iudfwlrqv ri d wlph lqwhuydo wr �xvh xs� doo
dydlodeoh vlqjoh ihpdohv djh � ru vlqjoh pdohv djh � uhvshfwlyho|1 Li wkhvh txrwlhqwv duh
juhdwhu wkdq rqh/ wkhq wkh qxpehu ri vlqjohv duh qrw olplwlqj dqg srwhqwldo udwh lv
uhdol}hg1 Wkh| duh ohvv wkdq rqh li wkh ghpdqg iru d sduwlfxodu djh0vh{ h{fhhgv wkh
vxsso|1

Wkh uhdvrq wkdw Z grhv qrw dsshdu lq wkhvh htxdwlrqv lv wkdw L frqvlghu d frxsoh
pdwhg zkhq wkh| kdyh kdg vh{ iru uhsurgxfwlyh sxusrvhv +doprvw dozd|v wuxh iru doo
qrq0kxpdq pdwlqjv, vr wkh qxpehu ri frxsohv wkdw duh srwhqwldoo| surgxflqj r�vsulqj
lv wkh qxpehu wkdw kdv frqfhlyhg dqg vxuylyhg wr wkh qh{w vhdvrq/ li wkh| kdg vsolw
xs diwhu frqfhlylqj lw zrxog qrw pdwwhu wr wkh pdwk1 L zloo xvh wkh whup �pdwlqjv�
lqwhufkdqjdeo| zlwk wkh skudvh �sdlu erqglqj�1 Lq rwkhu zrugv/ �pdwlqj� dv xvhg khuh
uhihuv wr wkh vhpl0shuphqdqw xqlrq ri d pdoh dqg ihpdoh ryhu vxffhvvlyh uhsurgxfwlyh
vhdvrqv dqg grhv qrw uhihu wr d vlqjoh uhsurgxfwlyh hyhqw h{fhsw dv d vshfldo fdvh1
Lq dgglwlrq wkh dffrxqwlqj lv vxfk wkdw wkh sdlu irupdwlrq surfhvv lv frqvlghuhg ryhu
dw wkh hqg ri wlph lqwhuydo | exw wkh frxsohv uhvxowlqj iurp wklv surfhvv duh frxqwhg
dv d uhsurgxfwlyh frxsoh dw wkh ehjlqqlqj ri wkh qh{w wlph lqwhuydo E|n �� � Lw lv
shukdsv xqiruwxqdwh wkdw wkh pdwlqj irupxodv duh fdoohg �pduuldjh ixqfwlrqv� lq wkh
olwhudwxuh vlqfh lq wuxwk zh duhq*w lqwhuhvwhg lq wkh vrfldo/ uholjlrxv/ ru ohjdo dvshfwv ri
sdlu irupdwlrq � rqo| wkh uhsurgxfwlyh dvshfwv1 Lq kxpdq ghprjudsk|/ dv fxuuhqwo|
sudfwlfhg/ lw lv lpsrvvleoh wr vhsdudwh wkh wzr1 Eh wkdw dv lw pd|/ L zloo frqwlqxh wr
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xvh wkh whup pduuldjh lq wkh eurdg vhqvh ri wkh zrug dv d frxsolqj/ dqg lw zloo eh xvhg
v|qrq|prxvo| zlwk uhsurgxfwlyh pdwlqj1 Lq dgglwlrq/ dqg zlwk wkh suhfhglqj lq plqg/
zkhq L vd| d frxsoh lv ��uvw pdwhg dw djhv � dqg � dqg kdv ehhq pdwhg iru � xqlwv
ri wlph� L phdq wkdw wklv frxsoh surgxfhg lwv �uvw r�vsulqj dw djhv � dqg � dqg kdyh
ehhq surgxflqj r�vsulqj iru � xqlwv ri wlph1

��c�
f E|n �� ' Rf�Rf�fcf E|�'fcf E|�8 rf E|��rf E|� c +618d,

��c2
f E|n �� ' Rf�R��fc� E|�'fc� E|�8 rf E|��r� E|� c +618e,

�2c�
f E|n �� ' R��Rf��cf E|�'�cf E|�8 r� E|��rf E|� c +618f,

�2c2
f E|n �� ' R��R���c� E|�'�c� E|�8 r� E|��r� E|� c +618g,

zkhuh 8 r� E|� dqg �r� E|� duh wkh qxpehu ri vlqjohv dw wlph |1 Wkh lqwhusuhwdwlrq ri wkh
sdudphwhuv lq Htxdwlrq 617e zloo eh ghdow zlwk lq ghwdlo odwhu rq/ iru wkh wlph wkrxjk zh
qrwh wkhlu xqlwv1 Iru ���c� xqlwv=�
' dpduuldjhv ehwzhhq � ) � +uhvxowlqj iurp pdohv lqlwldwlqj,o

dvlqjoh pdohv djh �odwlph vshqw lq pdwlqj dfwlylwlhv ehwzhhq ihpdoh � ) pdoh � o
�
/ +vlplodu iru ��c�,1 Wkh

sdudphwhu ���c� lv suhihuhqfh suredelolw|/ l1h1 lw lv wkh iudfwlrq ri wlph wkdw lqlwldwlqj
pdohv djh � zrxog vshqg lq pdwlqj dfwlylwlhv zlwk ihpdoh ri djh � jlyhq htxdo qxpehuv
ri doo djh ihpdohv +vlplodu iru ��c�,1 #�c� lv wkh iudfwlrq ri frxuwvklsv ehwzhhq ihpdohv
djh � dqg pdohv djh � wkdw rffxu gxh wr pdoh vhdufklqj dqg �� #�c� lv wkh iudfwlrq ri
frxuwvklsv ehwzhhq ihpdohv djh � dqg pdohv djh � wkdw rffxu gxh wr ihpdoh vhdufklqj1

Wkh qxpehu ri vlqjoh ihpdohv ri d jlyhq djh duh ghwhuplqhg e| vxewudfwlqj wkh wrwdo
qxpehu ri sdluhg ihpdohv iurp doo ihpdohv ri wkdw djh

8 rf E|� ' 8f E|� +619d,
8 r� E|� ' 8� E|�� ��c�

f E|�� ��c2
f E|� +619e,

8 r2 E|� ' 82 E|�� �2c�
f E|�� �2c2

f E|�� ��c�
� E|� +619f,
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dqg vlploduo| iru vlqjoh pdohv

�rf E|� ' �f E|� +61:d,
�r� E|� ' �� E|�� ��c�

f E|�� �2c�
f E|� +61:e,

�r2 E|� ' �2 E|�� ��c2
f E|�� �2c2

f E|�� ��c�
� E|� +61:f,

Wkh wrwdo qxpehu ri ihpdoh dqg pdoh eluwkv uhvxowlqj iurp uhsurgxfwlrq gxulqj wkh
wlph lqwhuydo | duh/

8f E|n �� ' s�c�f ��c�
f E|� n s�c2f ��c2

f E|� n s2c�f �2c�
f E|� n s2c2f �2c2

f E|� n s�c�� ��c�
� E|� +61;,

�f E|n �� ' �s�c�f ��c�
f E|� n �s�c2f ��c2

f E|� n �s2c�f �2c�
f E|� n �s2c2f �2c2

� E|� n �s�c�� ��c�
� E|� +61<,

Khuh wkh s �c�� *v duh wkh ihfxqglwlhv +ihpdoh eluwkv, ri wkh frxsohv pdwhg dw djhv � dqg �
dqg pdwhg iru � wlph xqlwv/ dqg wkh �s �c�� *v duh wkh ihfxqglwlhv +pdoh eluwkv,1 Lq rughu
wr frpsduh wkh wzr vh{ prgho zlwk vlqjoh vh{ prghov/ zh fdofxodwh wkh djhvshfl�f
eluwkudwhv +ihuwlolwlhv, ri ihpdohv shu ihpdoh dqg pdohv shu pdoh dv iroorzv41 Li 8� E|� ' f
wkhq E� E|� ' f dqg li �� E|� ' f wkhq �E� E|� ' f rwkhuzlvh/

E� E|� ' �
8� E|�

�s�c�f ��c�
f E|� n s�c2f ��c2

f E|�� +6143d,

E2 E|� ' �
82 E|�

�s2c�f �2c�
f E|� n s2c2f �2c2

f E|� n s�c�� ��c�
� E|�� +6143e,

4Wkhuh lv qr uhdvrq rwkhu wkdq frqvlvwhqf| zlwk wkh vlqjoh vh{ +ihpdoh rqo|, prghov
wkdw L fkrrvh wr h{suhvv wkhvh dv ihpdohv shu ihpdoh dqg pdohv shu pdoh1 L frxog
kdyh mxvw dv hdvlo| fkrvhq pdohv shu ihpdoh dqg ihpdohv shu pdoh/ ru kdoi r�vsulqj shu
pdoh dqg shu ihpdoh1 Lq idfw Sroodug +^73` frqwlqxrxv prgho/ ^74` glvfuhwh prgho, grhv
gh�qh wkh eluwkudwhv dv pdohv shu ihpdoh dqg ihpdohv shu pdoh lq klv prghov wr hqvxuh
pdwfkhg jurzwk udwhv lq pdoh dqg ihpdoh vxesrsxodwlrq zkhq pduuldjh ixqfwlrqv duh
qrw h{solflwo| lqfoxgh lq wkh prghov1
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�E� E|� ' �
�� E|�

� �s�c�f ��c�
f E|� n �s2c�f �2c�

f E|�
�

+6144d,
�E2 E|� ' �

�2 E|�
� �s�c2f ��c2

f E|� n �s2c2f �2c2
f E|� n �s�c�� ��c�

� E|�
�

+6144e,

Uhduudqjlqj dqg vxevwlwxwlqj wkhvh gh�qlwlrqv lqwr wkh jhqhudwlrq eluwk htxdwlrqv zh
kdyh/

8f E|n �� ' E� E|�8� E|� n E2 E|�82 E|� +6145,
�f E|n �� ' �E� E|��� E|� n �E2 E|��2 E|� +6146,

614 H{dpsoh

L zloo xvh wkh iroorzlqj vhw ri sdudphwhu ydoxhv lq wkh deryh htxdwlrqv1 Wkh vxylydo
suredelolwlhv duh Rf ' f�effc R� ' f�bffc �Rf ' f��ffc dqg �R� ' f�Hff�Lqglylgxdov ri
erwk vh{hv fdq srwhqwldoo| uhsurgxfh lq wkhlu vhfrqg dqg wklug |hduv +djhv 4 dqg 5,1
Wkh suredelolw| wkdw d frxsoh zloo uhpdlq wrjhwkhu iru erwk wkrvh |hduv +jlyhq erwk
wkh pdoh dqg ihpdoh sduwqhuv zhuh djh 4 zkhq wkh| �uvw pdwhg, lv Z ' f�bff� Wkh
pd{lpdo udwhv ri sdlu irupdwlrq duh

5
97 �fcf �fc�

��cf ��c�

6
:8 '

5
97 f�Dff f��ee

f��ff f��2f

6
:8 c

5
97 ��fcf ��fc�

���cf ���c�

6
:8 '

5
97 f�eff f��.2

f�Dff f�Dff

6
:8 �

Wkh suhihuhqfh suredelolwlhv duh

� ' ��c� ' ���c� ' f�S2D�

Wkhuh lv qr glvfulplqdwlrq ehwzhhq djhv krzhyhu wkhuh lv rqo| d 9518( fkdqfh wkdw jlyhq
dq hqfrxqwhu zlwk wkh rssrvlwh vh{ wkh rssruwxqlw| iru frxuwvkls zloo eh h{sorlwhg1 Wkh
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ihfxqglwlhv e| djh dqg ohqjwk ri pduuldjh duh
5
97 s�c�f s�c2f

s2c�f s2c2f
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:8 '
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ef Sf
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6
:8 c �s�c�� ' H2�f�

Lqlwldoo| wkhuh duh qr frxsohv/

��c�
� Ef� ' f�

Wkh lqlwldo qxpehu ri vlqjohv duh
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Dqg wkh lqlwldo +wrwdo, qxpehu ri pdohv dqg ihpdohv duh
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Lq rughu wr frpsduh zlwk wkh vlqjoh vh{ fdvh L vlpxodwh wkh wzr vh{ fdvh zlwk wkh
deryh sdudphwhuv dqg wkhq fdofxodwh wkh eluwk udwhv rqfh d vwdeoh djh glvwulexwlrq dqg
frqvwdqw jurvv ihuwlolwlhv duh dfklhyhg +Iljxuh 614,1 L gr wklv iru wzr vlqjoh vh{ prghov=
ihpdoh eluwkv dwwulexwdeoh wr ihpdohv/ dqg pdoh eluwkv dwwulexwdeoh wr pdohv1 Lq wkh
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rqh vh{ prghov wkhvh ihuwlolwlhv duh wuhdwhg dv frqvwdqwv ryhu wkh hqwluh vlpxodwlrq/
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Wkh uhvxowv ri vlpxodwlrq duh vkrzq lq Iljxuh 6141 Wkh �uvw wzr wrs sdqhov vkrz wkh
ihuwlolwlhv ri ihpdohv EE� dqg pdohv � �E� iru wkh wzr vh{ prgho1 Wkhvh ydu| zlogo| xqwlo
wkh srsxodwlrq vwduwv wr uhdfk d vwdeoh glvwulexwlrq1 Wkh ydoxhv iru wkh vlqjoh vh{ fdvh
zhuh wdnhq dw | ' �f1 Lq Iljxuh 6151 wkh wrs wkuhh sdqhov vkrz wkh srsxodwlrq +orj
vfdoh, ri hdfk ri wkh djh fodvvhv iru ihpdohv lq wkh wzr vh{ fdvh +r*v, dqg rqh vh{ fdvh
+{*v, dowkrxjk wkh xowlpdwh jurzwk udwh dfklhyhg lv wkh vdph Eb ' ���b�� wkh lqlwldo
ehkdylru ri wkh wzr prghov lv txlwh gl�huhqw zlwk riwhq rqh prgho lqfuhdvlqj zkloh wkh
rwkhu ghfuhdvhv1 Wkh erwwrp wkuhh sdqhov duh iru wkh pdohv dqg vkrz vlplodu ehkdylru1
Dovr wkh wrwdo srsxodwlrq vl}h lv pxfk orzhu rqfh wkh v|vwhpv kdyh vwdelol}hg +wkh rqh
vh{ prgho odjv wkh wzr vh{ e| derxw 61< wlph vwhsv iru ihpdohv dqg derxw 71; wlph vwhsv
iru pdohv,1 Wkh uhdvrq iru wklv lv wkh odujh vslnhv lq ihuwlolw| +Ilj1614, hduo| rq lq wkh
wzr vh{ prgho dv frpsduhg wr wkh vlqjoh vh{ prghov zkhuh wkh ihuwlolw| lv khog frqvwdqw1
Wkh wzr vh{ prgho kdv frqvwdqw ihfxqglwlhv +eluwkv shu uhsurgxfwlyh frxsoh,1 Wkh wzr
vh{hv gl�hu lq wkh ghwdlov ri wkh jurzwk dqg vl}hv ri wkh gl�huhqw djh fdwhjrulhv gxh
wr wkh gl�huhqfhv lq wkhlu ihfxqglwlhv dqg vxuylydo udwhv1 \hw wkh| hyhqwxdoo| dfklhyh
wkh vdph jurzwk udwh e| yluwxh ri wkh idfw wkdw uhsurgxfwlrq lv xowlpdwho| frqwuroohg
e| wkh qxpehu ri uhsurgxfwlyh sdluv1 1 Wkh ihuwlolwlhv ri wkh vlqjoh vh{ prghov duh
fdofxodwhg iurp wkh wzr vh{ prgho diwhu wkh| kdyh vwdeohg rq1 Edfn fdofxodwlqj zlwk
wkhvh zkhq wkh srsxodwlrq lv pxfk vpdoohu dqg pruh yduldeoh uhvxowv lq wkh odj lq
srsxodwlrq jurzwk h{klelwhg e| wkh vlqjoh vh{ yv1 wzr vh{ prgho zkhuh wkh eluwkv fdq
wudfn wkh udslg lqfuhdvh lq wkh qxpehu ri frxsohv iruplqj hduo| rq1
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Iljxuh 614= Eluwk udwhv
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Iljxuh 615= Srsxodwlrq jurzwk1



Fkdswhu 7
Jhqhudol}dwlrq ri wkh Prgho
Wkh srsxodwlrq ghqvlw| lv revhuyhg dw wkh ehjlqqlqj ri d vshfl�hg wlph lqwhuydo1 Wklv
wlph lqwhuydo lv w|slfdoo| gh�qhg dv wkh wlph ehwzhhq wzr frqvhfxwlyh euhhglqj vhdvrqv>
djh fodvvhv zloo fruuhvsrqg wr wklv lqwhuydo1 Rwkhu gh�qlwlrqv duh srvvleoh/ iru h{dpsoh
lqvhfw srsxodwlrq duh iuhtxhqwo| prghohg dorqj d �sk|vlrorjlfdo� wlph vfdoh +wkh surg0
xfw ri dpelhqw whpshudwxuh dqg wlph phdvxuhg lq ghjuhh0gd|v,1 Ru zh pd| zlvk wr
edvh rxu wlph xqlw rq wkh ohqjwk ri vrph ghyhorsphqwdo vwdjh ru ehqfkpdun1 Lq dq|
hyhqw/ khuh L zloo xvh wkh euhhglqj vhdvrq dv rxu |dugvwlfn1 L zloo qxpehu wkh �uvw djh
fodvv 3 +qhzeruqv, dqg wkhvh frqvlvw ri doo lqglylgxdov eruq ehwzhhq wkh ehjlqqlqj ri
wkh euhhglqj vhdvrq xs wr wkh ehjlqqlqj ri wkh qh{w euhhglqj vhdvrq1 Gh�qh wkh djh
sdudphwhuv k/ dqg �k dv wkh plqlpxp uhsurgxfwlyh djh fodvvhv/ dqg wkh / dqg �/ duh wkh
pd{lpxp uhsurgxfwlyh djhv ri ihpdohv dqg pdohv uhvshfwlyho|1 Wkh srwhqwldo qxpehu
ri euhhglqj vhdvrq dydlodeoh wr ihpdohv dqg pdohv duh /� kn� dqg �/� �kn�/ dqg wkh
pd{lpxp srvvleoh qxpehu ri euhhglqj vhdvrqv lv 4�? i/ � kc �/ � �kjn�1 Li � dqg � duh
wkh djhv dw zklfk wkh frxsoh lv �uvw sdluhg wkhq wkh dfwxdo qxpehu ri euhhglqj vhdvrqv
dydlodeoh wr ihpdohv dqg pdohv duh /� �n� dqg �/� �n� uhvshfwlyho| vr wkh pd{lpxp
qxpehu ri euhhglqj vhdvrqv dydlodeoh wr d jlyhq frxsoh lv 4�? i/ � �c �/ � �j n �/ dqg
wkdw frxsoh lv fxuuhqwo| �n � dqg � n � |hduv rog +ihpdoh dqg pdoh uhvshfwlyho|,1 Wkh
pd{lpxp djh iru ihpdohv lv l dqg wkh pd{lpxp djh iru pdohv lv �l1

Ohw 8� E|� eh wkh wrwdo qxpehu ru ghqvlw| ri ihpdohv lq djh fodvv � dw wlph | dqg
�� E|� eh wkh qxpehu ru ghqvlw| ri pdohv lq djh fodvv � dw wlph |1 Dovr ohw R� dqg �R� eh
wkh suredelolwlhv ri vxuylydo iru pdohv dqg ihpdohv iurp wkh fxuuhqw djh fodvvhv/ � dqg
�/ wr wkh qh{w/ �n � dqg � n �1 Zh wkhq kdyh wkh iroorzlqj lwhudwlyh uhodwlrqvklsv
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8�n� E|n �� ' R�8� E|� � � f +714,
��n� E|n �� ' �R��� E|� � � f +715,

L zloo ghqrwh wkh qxpehu ri sdluv ri d sduwlfxodu djh fodvv lq wzr zd|v1 Iluvw ohw
��c�
� E|� eh wkh qxpehu/ dw wlph |/ ri uhsurgxfwlyh ihpdohv +�uvw pdwhg dw djh �, wkdw

kdyh ehhq sdluhg zlwk pdohv +�uvw pdwhg dw djh �, iru � xqlwv ri wlph/ wklv zloo eh
htxlydohqw wr ��c�n�c�n� E|�1 Khqfhiruwk/ iru doo yduldeohv dqg sdudphwhuv lqyroylqj
frxsohv/ L zloo xvh wkh vxshuvfulsw srvlwlrq zkhq L zdqw wr ghqrwh djhv dw zklfk wkh
frxsoh �uvw pdwhg/ dqg wkh vxevfulsw srvlwlrq iru zkhq L zdqw wr h{suhvv wkh sdlu lq
whupv ri wkhlu fxuuhqw djh +vhh Dsshqgl{ L,1 Gh�qh wkh suredelolw| ri d ihpdoh wkdw
sdluhg dw djh � zlwk d pdoh djh �/ uhpdlqlqj pdwhg diwhu � uhsurgxfwlyh vhdvrqv dv
Z�c�� jlyhq wkdw wkh| kdyh suhylrxvo| sdluhg iru � � � vhdvrqv41 Qrwh wkdw wklv hyhqw
frqglwlrqv rq wkh suredelolw| wkdw wkh| erwk vxuylyh wr wkh qh{w uhsurgxfwlyh vhdvrq/
dqg wkdw dowkrxjk wkh vxuylydo suredelolwlhv ri pdwhg pdohv dqg ihpdohv duh xvxdoo|
gl�huhqw wkdq wkh fruuhvsrqglqj vxuylydov ri wkh xq0pdwhg frkruw L zloo/ iru wkh vdnh ri
vlpsolflw|/ dvvxph wkdw wkh yduldwlrq kdv qhjoljleoh lpsdfw rq wkh phdq ryhudoo vxuylydo
udwh1 Wkhq

��c�
�n� E|n �� ' R�n��R�n�Z�c�� ��c�

� E|� li � � fc � � kcdqg � � �k +716,

Ghqrwlqj vlqjoh ihpdohv dv

8 r� '
;A?
A=

8k3�

8 �
S4�?t�3kc�/3�k�

�'f
S�/3�

�'�k ��3�c�
�

li � ' k� �
li k � � � /

+717,

4Wkh qrwdwlrq �Z�c�c�� zloo qrw eh xvhg lq wklv sdshu1
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dqg vlqjoh pdohv dv

�r� '
;A?
A=

� �k3�

� � �S4�?t/3kc�3�k�
�'f

S/3�
�'k ��c�3�

�

li � ' �k� �
li �k � � � �/

+718,

Gh�qh wkh vhw ri doo dgxow vlqjoh ihpdohv dw wlph | wr eh

+r E|� ' i8 r� E|� G � 5 Ek� �c / � ��j
+r lv d vxevhw ri ?/3kn�

wkh vhw ri doo dgxow vlqjoh pdohv

2r E|� ' ��r� E|� G � 5 E�k� �c �/ � ���
2r lv d vxevhw ri ?�/3�kn�

dqg wkh vhw ri doo frxsohv

( E|� ' ���c�
� E|� G � 5 E�kc �/� c � 5 E�kc �/� c � 5 Efc4�? i/ � kc �/ � �kj��

(r lv d vxevhw ri ?E/3kn��fE�/3�kn��fE4�?t/3kc�/3�k�n��

Ohw Q �c� E+r E|� c2r E|� c( E|�� eh d ixqfwlrq ghwhuplqlqj wkh qxpehu ri qhz pdwlqjv
ehwzhhq ihpdohv ri djh � dqg pdohv ri djh � dw wlph | +wklv ixqfwlrq zloo eh glvfxvvhg
lq ghwdlo odwhu rq1, L zloo frqvlghu wkh qxpehu ri qhzo| hvwdeolvkhg frxsohv dw wkh
ehjlqqlqj ri wlph lqwhuydo | dv frplqj iurp wkrvh pduuldjhv wkdw rffxuuhg gxulqj wkh
suhylrxv wlph lqwhuydo | � �1 L dovr zloo fdofxodwh wkh udwhv dvvrfldwhg zlwk �qglqj/
frxuwlqj dqg pduu|lqj d pdwh dv d surfhvvhv ghshqghqw rq wkh vwdwh ri wkh v|vwhp
lq d vlqjoh lqwhuydo ri wlph1 Ri frxuvh/ lq uhdolw| wkh idfwruv h�hfwlqj wkhvh udwhv fdq
eh h{wuhpho| frpsoh{ dqg wkh uhvxow ri vwdwhv lqwhjudwhg ryhu hlwkhu pxowlsoh +srvvleoh



58

glvfrqwlqxrxv, wlph lqwhuydov ru iudfwlrqv ri d wlph lqwhuydo ru erwk1 Lq dq| hyhqw zh
zloo frqvlghu

�fc�c� E|� ' ��c�
f E|� ' R�3��R�3�Q �3�c�3� E+r E|� �� c2r E|� �� c( E|� ��� +719,

Wkh R�3��R�3� whup lv ehfdxvh erwk lqglylgxdov lq wkh sdlu pxvw vxuylyh iru wkh sdlu wr
vxuylyh dqg zh wdnh Z�3�c�3�3� � � +wkh iudfwlrq ri vhsdudwlrqv ehwzhhq wkh hqg ri wkh
| � � lqwhuydo dqg wkh | lqwhuydo lv qhjoljleoh ru lv vr plqlpdo lw fdq eh devruehg lqwr
wkh rwkhu udwh frqvwdqwv,1 Qrz li � 	 k ru � 	 �k wkhq wkh iroorzlqj frqglwlrqv krog/

��c�
� E|� � f / Q �c� E+r E|� c2r E|� c( E|�� � f / dqg Z�c�� � � +71:,

Wkdw lv/ wkhuh duh qr frxsohv lq wkh suhylrxv vhdvrq wr fduu| ryhu li dw ohdvw rqh ri wkh
sdlu zloo eh lq wkhlu �uvw uhsurgxfwlyh vhdvrq lq wkdw wlph lqwhuydo 0 vr doo sdluv duh qhz1
Dqg li �n � : / ru � n � : �/ wkhq/

��c�
� E|� � f / dqg Z�c��3� � f +71;,

Khuh L dp gh�qlqj �frxsohv� rqo| dv uhsurgxfwlyh sdluv/ dqg zh zloo dvvxph
wkdw/ hyhq wkrxjk frxsohv pd| h{lvw rxwvlgh wkh uhsurgxfwlyh vsdq ghwhuplqhg e| wkhlu
djhv/ iru wkh sxusrvhv ri wkh prgho L zloo frxqw wkhp dv d frxsoh rqo| zkhq wkh| duh
zlwklq wkdw vsdq dqg �vlqjoh� rwkhuzlvh1 L dovr dvvxph wkdw lqglylgxdov rxwvlgh wklv
vsdq kdyh qr lq xhqfh rq wkh sdlu irupdwlrq surfhvv +vxfk dv frpshwlqj iru vlqjohv ru
rwkhuzlvh lqwhuihulqj zlwk ru idflolwdwlqj pduuldjhv,1 Wkh lqlwldo dqg �qdo uhsurgxfwlyh
djhv duh gh�qhg zkhq ihfxqglw| ri pdohv dqg ihpdohv duh qhjoljleoh +sulru wr pdwlqj
dqg diwhu vhqhvfhqfh,1 Wkh h{shfwhg qxpehu ri ihpdoh eluwkv +ihfxqglw|, ri d frxsoh
wrjhwkhu iru � vhdvrqv dqg pdwhg dw djh E�c �� lv s �c�� / dqg wkh h{shfwhg qxpehu ri pdoh
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eluwkv lv �s �c�� 1 Li � 	 k ru � n � : / / dqg � 	 �k ru � n � : �/ wkhq wkh iroorzlqj
frqglwlrqv krog/

s �c�� � f dqg �s �c�� � f +71<,

Wkh wrwdo qxpehu ri ihpdoh dqg pdoh eluwkv uhvxowlqj iurp uhsurgxfwlrq gxulqj wkh
wlph lqwhuydo | duh/

8f E|n �� '
/[
�'k

�/[
�'�k

4�?t�3kc�3�k�[
�'f

s�c�c���c�c� E|� +7143d,

�f E|n �� '
/[
�'k

�/[
�'�k

4�?t�3kc�3�k�[
�'f

�s�c�c���c�c� E|� +7143e,

Dqg wkh djh vshfl�f eluwkudwhv ri ihpdohv shu ihpdoh dqg pdohv shu pdoh duh +iru
k : � : / / dqg �k : � : �/ ,/

E� E|� �
;A?
A=

�
8�E|�

S�/
�'�k

S4�?t�3kc�3�k�
�'f s�c�c���c�c� E|� li 8� E|� : f

f li 8� E|� ' f
+7144d,

�E� E|� �
;A?
A=

�
��E|�

S/
�'k

S4�?t�3kc�3�k�
�'f �s�c�c���c�c� E|� li �� E|� : f

f li �� E|� ' f
+7144e,

Uhduudqjlqj dqg vxevwlwxwlqj wkhvh gh�qlwlrqv lq Htxdwlrqv 7143d dqg 7143e zh kdyh/

8f E|n �� '
/[
�'k
E� E|�8� E|� +7145d,

�f E|n �� '
�/[

�'�k
�E� E|��� E|� +7145e,

Wkh  rzv ehwzhhq wkh ydulrxv vxesrsxodwlrqv duh looxvwudwhg +iru pdohv, e| wkh
frpsduwphqw wlph0olqh lq Iljxuh 7141



5:

Iljxuh 714= Frpsduwphqw gldjudp1
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Wkh �qdo vwhs lq wkh ghyhorsphqw ri wkh prgho lv wr h{suhvv wkh jhqhudwlrq htxdwlrqv
iru wkh qxpehu ri eluwkv dw wlph | n � lq whupv ri wkh dgxow srsxodwlrq dw wlph |
edfnwudfnhg wr wkh qxpehuv dw wkhlu eluwk +� wlph vwhsv ehiruh,1 Ohw

�� '
;A?
A=

�T�3�
&'f R&

li � ' f
li � � �

+7146d,

��� '
;A?
A=

�T�3�
&'f �R&

li � ' f
li � � �

+7146e,

wkhvh duh suredelolwlhv ri vxuylydov iurp eluwk wr wkh vshfl�hg djh1 Dqg

O�c�� '
;A?
A=

�T�3�
&'f R�n&�R�n&Z�c�&

li � ' f
li � � �

+7147,

wklv lv suredelolw| ri vxuylydo ri d pduuldjh iru � pdwlqj vhdvrqv e| d frxsoh pdwhg dw
wkh djhv ri � dqg � +ihpdoh dqg pdoh uhvshfwlyho|,1 Qrwh wkdw li �n� : / ru � n� : �/
wkhq O�c�� ' f vlqfh Z�c��3� ' f lq wklv fdvh1 E| lwhudwlqj Htxdwlrqv 714/ 715 dqg 716 dqg
vxevwlwxwlqj 7146d/ 7146e dqg 7147 zh fdq h{suhvv wkh qxpehu ri pdohv dqg ihpdohv
ri dq| djh lq whupv ri wkh qxpehu ri eluwkv wkdw surgxfhg wkhp dqg wkh qxpehu ri
frxsohv e| wkh qxpehu ri pduuldjhv wkdw surgxfhg wkhp +lqglfhv �/ � dqg � qrz vwduw
dw 4 udwkhu wkdq 3,/

8� E|� ' R�3�8�3� E|� ��
' R�3�R�328�32 E|� 2�
' R�3�R�32 � � � Rf8f E|� ��
' ��8f Efc |� �� +7148,
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�� E|� ' �R�3���3� E|� ��
' �R�3��R�32��32 E|� 2�
' �R�3��R�32 � � � �Rf�f E|� ��
' ����f E|� �� +7149,

��c�
� E|� ' R�n�3��R�n�3�Z�c��3���c�

�3� E|� ��
' R�n�3��R�n�3�Z�c��3�R�n�32�R�n�32Z�c��32��c�

�32 E|� 2�
' R�n�3��R�n�3�Z�c��3�R�n�32�R�n�32Z�c��32 � � �
� � � R��R�Z�c�f ��c�

f E|� ��
' O�c�� ��c�

f E|� �� +714:,

Wkh qxpehu ri eluwkv dw wlph |n�fdq qrz eh h{suhvvhg lq whupv ri wkh qxpehu ri
eluwkv ri wkhlu sduhqwv jhqhudwlrq �n � wlph xqlwv djr1 Vxevwlwxwlqj 7148 dqg 7149 lq
Htxdwlrqv 7145d dqg 7145e zh kdyh/

8f E|n �� '
/[
�'k
E� E|� ��8f E|� �� +714;d,

�f E|n �� '
�/[

�'�k
�E� E|� ����f E|� �� +714;e,

Wkh vhfrqgdu| vh{ udwlr ri pdohv djh � wr ihpdohv djh � +sulpdu| vh{ udwlr iru pdoh
dqg ihpdoh djhv f, dw wlph | lv

V�c� E|� ' �� E|�
8� E|� +714<,

dqg wkh vxemhfwlyh sulpdu| vh{ udwlr +wklv lv wkh udwlr ri wkh h{shfwhg qxpehu ri pdoh
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eluwkv iru hdfk ihpdoh eluwk wr lqglylgxdo sduhqwv wkdw zhuh pdwhg dw djhv � ) � dqg
ehhq pdwhg iru � xqlwv ri wlph,/

j�c�� ' �s �c��
s �c��

� +7153,

Rqh zrxog h{shfw wkdw iru jhqhwlfdoo| ghwhuplqhg vh{hv wklv vkrxog eh forvh wr rqh

xqohvv wkhuh lv vrph w|sh ri jdphwh vhohfwlrq jrlqj rq1 Iru hqylurqphqwdoo| ghwhuplqhg
vh{hv wklv udwlr fdq srwhqwldoo| eh pxfk pruh yduldeoh dqg gl�hu txlwh d elw iurp rqh1
Krzhyhu/ wkhuh lv vwurqj hyroxwlrqdu| suhvvxuh iru wkh vh{ udwlrv wr eh vxfk dv wr surgxfh
htxlydohqw jurzwk udwhv lq erwk vh{hv ^78`1 Zkhqhyhu wkh qxpehuv ri rqh vh{ duh xqghu
uhsuhvhqwhg lq wkh srsxodwlrq/ wkdw vh{ zloo kdyh d vhohfwlyh dgydqwdjh xqohvv wkhuh lv
vrph vruw ri hqylurqphqwdo fryduldqfh wkdw frxqwhu edodqfhv wkdw dgydqwdjh ^<`1



Fkdswhu 8
Dv|pswrwlf jurzwk0udwh
L zloo qrz lqyhvwljdwh wkh frqglwlrqv qhfhvvdu| iru wkh srsxodwlrq wr uhdfk d wlph
lqghshqghqw jurzwk0udwh/ wkdw lv orrn iru jhrphwulf vroxwlrqv/ wkdw lv vroxwlrqv ri wkh
irup b| G

8� E|� ' b88� E|� �� ' b288� E|� 2� ' � � � ' b|88� Ef� c +814d,
�� E|� ' b��� E|� �� ' b2��� E|� 2� ' � � � ' b|��� Ef� c +814e,
��c�
� E|� ' b���c�

� E|� �� ' b2���c�
� E|� 2� ' � � � ' b|���c�

� Ef� c +814f,

dqg vkrz wkdw doo jurzwk udwhv pxvw eh wkh vdph +l1h1 b8 ' b� ' b� ' b1,
Gh�qh wkh lqlwldo frqglwlrqv iru d jhrphwulfdoo| jurzlqj srsxodwlrq +ghqrwhg e| dq

xqghuvfruh, dw vrph duelwudu| wlph | ' f

8 � � 8� Ef� > � � ��� Ef� > ��c�
� � ��c�

� Ef� � +815,

Wkxv/
8� E|� ' b|88 � > �� E|� ' b|��� > dqg ����

� E|� ' b|�����
� � +816,

Vxevwlwxwlqj 816 lq Htxdwlrqv 714;d dqg 714;e

b|n�8 8 f '
/[
�'k
E� E|� ��b|3�8 8 fc

b|n�� �f '
�/[

�'�k
�E� E|� ���b|3�� �f�

64
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zh rewdlq diwhu fdqfholqj olnh whupv

� '
/[
�'k
E� E|� ��b3E�n��8 c +817d,

� '
�/[

�'�k
�E� E|� ���b3E�n��� � +817e,

Lq Htxdwlrqv 817d dqg 817e deryh wkh UKV*v duh ixqfwlrqv ri | exw wkh OKV*v duh qrw1
Wkh rqo| zd| iru wklv wr kdsshq lv iru wkh ihuwlolwlhv +E dqg �E, wr eh frqvwdqwv zlwk
uhvshfw wr wlph/ wkdw lv E� E|� ' E� dqg �E� E|� ' �E� zkhq wkhuh lv jhrphwulf jurzwk1
Wkh htxdwlrqv wkhq ehfrph

� '
/[
�'k
E� �� b3E�n��8 c +818d,

� '
�/[

�'�k
�E� ��� b3E�n��� � +818e,

Wkhvh duh mxvw wkh glvfuhwh Orwnd0Hxohu htxdwlrqv h{suhvvhg iru hdfk vh{1 Wkh| duh
vlplodu wr wkh fkdudfwhulvwlf htxdwlrqv ri wkh dvvrfldwhg Ohvolh pdwulfhv zlwk b*v wkh
hljhqydoxhv1

814 H{lvwhqfh dqg xqltxhqhvv ri hljhqydoxhv

L zloo qrz ghprqvwudwh wkh h{lvwhqfh ri wkh hljhqydoxhv/ wklv lv d uhlwhudwlrq ri dq
dujxphqw pdgh ruljlqdoo| e| Kdogdqh ^49` dqg odwhu e| Fkduohvzruwk ^:` dqg \rg}lv
+zkrp zh iroorz forvho| ^7;`,1 L dp lqwurgxflqj qrwklqj hvvhqwldo/ exw uhshdwlqj wkh
dujxphqw khuh wr vkrz lw krogv iru hdfk ri wkh vh{hv +iru wkh wzr vh{ fdvh, zkhq wkh|
duh wuhdwhg vhsdudwho|1 L zloo wkhq vkrz wkdw wkh b irxqg lq erwk fdvhv pxvw eh wkh
vdph iru wkh hqwluh srsxodwlrq +ihpdohv/ pdohv dqg frxsohv,1
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81414 H{lvwhqfh ri hljhqydoxhv

Gh�qh wkh ixqfwlrq xE1� ' �� n S/
�'k E���13E�n��1 Wkh urrwv ri wklv htxdwlrq duh

wkhq wkh vroxwlrqv wr wkh fkdudfwhulvwlf htxdwlrq deryh +wkh b*v,1 Qrz dv 1 $ fn
wkhq xE1� $ 4 dqg dv 1 $ 4 wkhq xE1� $ �� vr e| wkh lqwhuphgldwh ydoxh
wkhruhp wkhuh h{lvwv dw ohdvw rqh uhdo srvlwlyh urrw1 Lq dgglwlrq wkh ghulydwlyh ri
xE1� lv x� E1� ' �S/

�'k E�n ��E���13� zklfk vkrzv wkdw xE1� lv vwulfwo| ghfuhdvlqj
iru srvlwlyh ydoxhv ri 11 Wkxv wkhuh lv rqo| rqh uhdo srvlwlyh urrw ri xE1� +wkdw lv
xEb8 � ' f, zklfk zh zloo ghqrwh b�8 1 Lq jhqhudo wkh urrwv ri xE1� fdq eh zulwwhq
b&8 ' o&e��& ' o& EULt�& n L t�?�&�1 Vr iru xEb&8 � zh kdyh

xEb&8 � ' �� n /[
�'k
E���o3E�n��& e3��&E�n�� ' f +819d,

' �� n /[
�'k
E���o3E�n��& e3��&E�n�� +819e,

' �� n /[
�'k
E���o3E�n��& EULt d��& E�n ��o n L t�? d��& E�n ��o� +819f,

' �� n /[
�'k
E���o3E�n��& ULt d��& E�n ��o

nL
/[
�'k
E���o3E�n��& t�? d��& E�n ��o +819g,

Vhsdudwlqj wkh uhdo dqg lpdjlqdu| sduwv zh jhw

+ix Eb8 � ' �� n /[
�'k
E���o3E�n��& ULt d��& E�n ��o ' f +81:d,

W4x Eb8 � '
/[
�'k
E���o3E�n��& t�? d��& E�n ��o ' f +81:e,
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Uhduudqjlqj dqg vlpsoli|lqj

� '
/[
�'k
E���o3E�n��& ULt d�& E�n ��o +81;d,

f '
/[
�'k
E���o3E�n��& t�? d�& E�n ��o +81;e,

Qrz vxssrvh wkdw wkhuh lv d b&8 juhdwhu lq prgxoxv wkdq b�8 +l1h1 mbW8 m : mb�8 m,1 Exw
mb&8 m ' o& vr o� 	 oW ru o3E�n��� : o3E�n��W iru doo �1 Wklv lpsolhv wkdw

� '
/[
�'k
E���o3E�n��� :

/[
�'k
E���o3E�n��W � /[

�'k
E���o3E�n��W ULt d�W E�n ��o +81<,

Zklfk frqwudglfwv wkh uhtxluhphqw iurp wkh uhdo sduw ri xEbW8 � wkdwS/
�'k E���o3E�n��W ULt d�W E�n ��o ' �1 Wkhuhiruh wkhuh lv qr hljhqydoxh odujhu lq prgxoxv

wkdq b�8 1
Zkdw li wkhuh lv d b&8 htxdo lq prgxoxv wr b�8 +l1h1 mbW8 m ' mb�8 m,B Wklv lpsolhv

wkdw oW ' o� dqg ULt d�W E�n ��o ' � iru doo � ', �W E�n �� ' 2?�Z E?� ' fc �c 2c � � �� ru
�W ' 2?�ZE�n�� 1 Vr iru dq| wzr gl�huhqw djhv � ' @ dqg � ' K/ zkhuh E@ dqg EK duh juhdwhu
wkdq }hur/ zh kdyh 2?@ZE@n�� ' 2?KZEKn�� ru ?K ' Kn�

@n�?@1 Qrz li iru wkhvh wzr djhv @n� dqg Kn�
duh uhodwlyho| sulph dqg vlqfh erwk ?@ dqg ?K duh lqwhjhuv wkhq ?@ ' 6 E@n �� zkhuh
6 lv dq lqwhjhu vr wkdw ?K ' 6 EKn �� exw wkhq erwk �W E@n �� ' 2?@Z ' 26 E@n ��Z
dqg �W EKn �� ' 2?KZ ' 26 EKn ��Z vr wkdw �W ' 26Z lq erwk fdvhv1 Wkxv ULt�W ' �
dqg t�?�W ' f dqg vr bW8 lv uhdo dqg kdv wkh vdph prgxoxv dv b�8 / wkhuhiruh bW8 ' b�8 1
Wkh h�hfwlyh ihuwlolwlhv EE�� duh fdoohg �krqhvw� +vhh dovr Krsshqvwhdgw ^4;`, zkhqhyhu
zh kdyh dw ohdvw wzr djhv zkhuh E@ dqg EK : f dqg @n� dqg Kn� duh uhodwlyho| sulph1
Lw iroorzv wkhq wkdw iru krqhvw ihuwlolwlhv wkdw wkhuh lv d xqltxh uhdo srvlwlyh vroxwlrq wr
wkh fkdudfwhulvwlf htxdwlrq Eb�8 � wkdw kdv wkh juhdwhvw prgxoxv ri doo wkh hljhqydoxhv1
Wklv hljhqydoxh lv wkh grplqdqw hljhqydoxh1
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81415 Vxvwdlqhg rvfloodwlrqv

Ihuwlolwlhv duh �glvkrqhvw� zkhq wkhuh lv rqo| d vlqjoh djh ri uhsurgxfwlrq rwkhu wkdq
djh }hur +vhphosdulw|, ru uhsurgxfwlrq lv dw wzr ru pruh djhv wkdw doo vdwlvi| wkh
frpprq idfwru frqglwlrq +iru h{dpsoh djhv 4 E�n � ' 2� dqg 6 E�n � ' e�1 Lq wkhvh
fdvhv uhsurgxfwlrq lv shulrglf dqg jlyhv ulvh wr wkh skhqrphqd ri �srsxodwlrq zdyhv�1
Lq uhdolw| rqo| fdvhv zkhuh vshflhv duh vhphosdurxv duh frpprq1 D glgdfwlf h{dpsoh
xvlqj wkuhh djh fodvvhv zdv jlyhq e| Ehuqdughool ^4` zklfk h{klelwv vxvwdlqhg rvfloodwlrqv
lq doo wkuhh djh fodvvhv1

81416 Xqltxhqhvv ri dv|pswrwlf jurzwk udwh +grplqdqw hljhq0
ydoxh,

D �{hg udwlr ehwzhhq djh fodvvhv lpsolhv wkdw wkh ihuwlolwlhv ehfrph wlph lqghshqghqw
rqfh d vwdeoh djh glvwulexwlrq lv dfklhyhg1 Dv zh qrwhg ehiruh/ wkh UKV*v ri Htxdwlrqv
817d dqg 817e duh ixqfwlrqv ri | exw wkh OKV*v duh qrw1 Iurp wklv zh rewdlqhg 818d
dqg 818e1 Wklv dovr lpsolhv wkdw wkh jurzwk udwhv ri doo wkh vxesrsxodwlrqv pxvw eh
wkh vdph1 Lq rughu wr vkrz wklv zh vxevwlwxwh 816 lq Htxdwlrqv 7144d dqg 7144e dqg
uhduudqjh/

E� '
� b�
b8

�| �/[
�'�k

4�?t�3kc�3�k�[
�'f

s�c�c� ��c�c�
8 �

+8143d,

�E� '
� b�
b�

�| /[
�'k

4�?t�3kc�3�k�[
�'f

�s�c�c� ��c�c�
� �

+8143e,

Djdlq wkh OKV*v duh frqvwdqw zlwk uhvshfw wr wlph1 Vlqfh wkh UKV*v duh ixqfwlrqv wkh
srzhu ri |/ wkh udwlrv lqvlgh wkh eudfnhwv pxvw eh htxdo wr 3 ru 41 Dqg vlqfh zh duh
qrw lqwhuhvwhg lq wkh wulyldo fdvh/ b8 ' b� ' b� ' b1 Qrz iurp 7146d/ 7146e/ 7147
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dqg 816 zh kdyh/

8 � ' ��b3�8 f +8144d,
�� ' ���b3��f +8144e,
��c�
� ' O�c�� b3���c�

f +8144f,

Wkh Orwnd0Hxohu htxdwlrqv/ wkhq duh lqwhufkdqjhdeoh iru erwk vh{hv dqg surylgh wkh
vdph hljhqydoxhv dv uhtxluhg1 Wr vhh wklv qrwh wkdw

� '
/[
�'k
E���b3E�n�� +8145d,

'
/[
�'k

�/[
�'�k

4�?t�3kc�3�k�[
�'f

s�c�c���c�c�
8 �

��b3E�n�� +8145e,

'
/[
�'k

�/[
�'�k

4�?t�3kc�3�k�[
�'f

s�c�c���c�c�
8 f

+8145f,

8 f '
/[
�'k

�/[
�'�k

4�?t�3kc�3�k�[
�'f

s�c�c���c�c� +8145g,

Exw wklv lv mxvw wkh wrwdo qxpehu ri ihpdoh eluwkv dw wlph f zkhuh s�c�c� lv d �{hg
sdudphwhu gh�qhg dv wkh qxpehu ri ihpdoh eluwkv shu frxsoh +ri pdoh djh �/ ihpdoh
djh � dqg pdwhg � |hduv,1 Vlploduo| �s�c�c� lv d �{hg sdudphwhu gh�qhg dv wkh qxpehu
ri pdoh eluwkv shu frxsoh/ vr zh fdq jhw wkh wrwdo qxpehu ri pdoh eluwkv dw wlph f e|
uhsodflqj s�c�c� zlwk �s�c�c�

8 f '
/[
�'k

�/[
�'�k

4�?t�3kc�3�k�[
�'f

s�c�c���c�c� +,�f '
/[
�'k

�/[
�'�k

4�?t�3kc�3�k�[
�'f

�s�c�c���c�c� +8146,
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Wkhq zrunlqj edfnzdugv

�f '
/[
�'k

�/[
�'�k

4�?t�3kc�3�k�[
�'f

�s�c�c���c�c� +8147d,

� '
/[
�'k

�/[
�'�k

4�?t�3kc�3�k�[
�'f

�s�c�c���c�c�
�f

+8147e,

� '
�/[

�'�k

/[
�'k

4�?t�3kc�3�k�[
�'f

�s�c�c���c�c�
� �

���b3E�n�� +8147f,

� '
�/[

�'�k
�E� ���b3E�n�� +8147g,

81417 Frqglwlrqv rq pduuldjh ixqfwlrq

L zloo kdyh wr dgplw wr vrph voljkw ri kdqg/ vlqfh L dvvxphg wkdw ��c�
� E|� ' b| ��c�

�

1 Exw zkdw L idlohg h{soruh zdv wkh idfw wkdw wkh qxpehu ri frxsohv duh wkhp0
vhoyhv ghshqghqw rq wkh qxpehu ri pdohv dqg ihpdohv lq wkh srsxodwlrq e| wkh uhodwlrq
��c�
f E|� ' R�3��R�3�Q �3�c�3� E+r E|� �� c2r E|� �� c( E|� ���1 Qrz lq jhqhudo ��c�

� E|�
zloo htxdo b| ��c�

� rqo| li ��c�
f ' b3�R�3��R�3�Q �3�c�3� �+rc2rc(�

' R�3��R�3�Q �3�c�3� �b3�+rc b3�2rc b3�(� wkdw lv Q �3�c�3� �+rc2rc(� pxvw eh d krpr0
jhqhrxv ixqfwlrq1 Wkh surri lv dv iroorzv1 Dvvxplqj b h{lvwv

��c�
f E|� ' b|��c�

f +8148,

E| uhzulwlqj wkh ohiw kdqg vlgh zh rewdlq

��c�
f E|� ' R�3��R�3�Q �3�c�3� E+r E|� �� c2r E|� �� c( E|� ��� +8149d,

' R�3��R�3�Q �3�c�3� �b|3�+rc b|3�2rc b|3�(� +8149e,



6;

Dqg e| uhzulwlqj wkh uljkw kdqg vlgh zh rewdlq

b|��c�
f ' b|��c�

f Ef� +814:d,
' b|R�3��R�3�Q �3�c�3� E+r E��� c 2r E��� c( E���� +814:e,
' b|R�3��R�3�Q �3�c�3� �b3� +rc b3�2rc b3�(� +814:f,

Vr htxdwlqj wkh odvw olqhv ri hdfk ri wkhvh/ fdqfholqj wkh R�3��R�3� whup dqg pxowlso|lqj
wkurxjk e| b3| zh kdyh

b3|Q �3�c�3� �b|3�+rc b|3�2rc b|3�(� ' Q �3�c�3� �b3� +rc b3�2rc b3�(� +814;,

iru | ' �

b3�Q �3�c�3� �+rc2rc(� ' Q�3�c�3� �b3� +rc b3�2rc b3�(� +814<,

Li wklv lv wuxh zh zloo kdyh wkh h{lvwhqfh dqg xqltxhqhvv ri vroxwlrqv wr wkh fkdudfwhu0
lvwlf htxdwlrq jlyhq deryh dqg wkh srsxodwlrq zloo dv|pswrwlfdoo| dssurdfk d vwdeoh
+jhrphwulf, djh glvwulexwlrq iru krqhvw ihuwlolwlhv dqg hlwkhu vwdeoh ru shulrglf jhrphwulf
glvwulexwlrqv iru vhphosdurxv dqg glvkrqhvw +lwhursdurxv, ihuwlolwlhv1
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815 Vh{ udwlrv

Qrwh dovr wkdw wkh vhfrqgdu| vh{ udwlrv dw hdfk djh ehfrph �{hg ryhu wlph/

V �c� � V�c� Ef� ' � �
8 �

' ���b3��f
��b3�8 f

' ���b3�
��b3� Vfcf +8153,

dqg wkh +remhfwlyh, sulpdu| vh{ udwlr +wkh vh{ udwlr dw eluwk,

Vfcf ' �f
8 f

+8154,

Exw
8 f ' b3�

/[
�'k

�/[
�'�k

4�?t�3kc�3�k�[
�'f

s�c�c���c�c�

dqg
�f ' b3�

/[
�'k

�/[
�'�k

4�?t�3kc�3�k�[
��'f

�s�c�c���c�c�

Vfcf ' b3�S/
�'k

S�/
�'�k

S4�?t�3kc�3�k�
�'f �s�c�c���c�c�

b3�S/
�'k

S�/
�'�k

S4�?t�3kc�3�k�
�'f s�c�c���c�c�

+8155d,

'
S/

�'k
S�/

�'�k
S4�?t�3kc�3�k�

�'f �s �3�c�3�� ��3�c�3�
�S/

�'k
S�/

�'�k
S4�?t�3kc�3�k�

�'f s�c�c���c�c�
+8155e,

'
S/

�'k
S�/

�'�k
S4�?t/3�c�/3��

�'f s �c�� ��c�
� j�c��S/

�'k
S�/

�'�k
S4�?t/3�c�/3��

�'f s �c�� ��c�
�

+8155f,

Zh fdq vhh wkdw wkh remhfwlyh sulpdu| vh{ udwlr +wkh sulpdu| vh{ udwlr uhdol}hg e| wkh
srsxodwlrq, lv d zhljkwhg dyhudjh ri wkh vxemhfwlyh sulpdu| vh{ udwlrv +wkh sulpdu| vh{
udwlrv dw wkh lqglylgxdo ohyho,1
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816 Uhfds

Lq vxppdu| +dqg iru frqyhqlhqw uhihuhqfh, zh zulwh wkh fuxgh eluwk udwhv dqg wkh Orwnd
w|sh fkdudfwhulvwlf htxdwlrqv

E� '
�/[

�'�k

4�?t�3kc�3�k�[
�'f

s�c�c� ��c�c�
8 �

+8156d,

�E� '
/[
�'k

4�?t�3kc�3�k�[
�'f

�s�c�c� ��c�c�
� �

+8156e,

� '
/[
�'k
E� �� b3E�n�� +8157d,

� '
�/[

�'�k
�E� ��� b3E�n�� +8157e,



Fkdswhu 9
Sursruwlrqv
Dvvxplqj wkh h{lvwhqfh ri qrq0wulyldo +srvlwlyh, vroxwlrqv ri wkh deryh vwdeoh djh glv0
wulexwlrq +b : f, wkhq zh fdq pdnh wkh iroorzlqj vwdwhphqwv uhjduglqj sursruwlrqv ri
lqglylgxdov zlwklq hdfk djh fodvv1 Vxpplqj xs wrwdo ihpdohv +pd{lpxp orqjhylw| l,/
wrwdo pdohv +pd{lpxp orqjhylw| �l,/ wrwdo pdwhg frxsohv/ wrwdo qhzo| pdwhg ihpdohv
ri djh �/ wrwdo qhzo| pdwhg pdohv ri djh �/ dqg wrwdo frxsohv pdwhg iru � vhdvrqv +L
zloo xvh grw qrwdwlrq wr lqglfdwh vxpv ryhu wkh hqwluh udqjh ri sduwlfxodu lqgh{ zkhq
rwkhu lqglfhv duh qrw vxpphg ryhu,1

914 Sursruwlrqv ghulyhg iurp vwdwh yduldeohv

8 � l[
�'f

8 � / � �
�l[

�'f
� � +914d,

8� � /[
�'k

8 � / �� � �/[
�'�k

�� +914e,

��c�
� � 4�?t/3�c�/3��[

�'f
��c�
� c ��c�c� � 4�?t�3kc�3�k�[

�'f
��c�c�c +914f,

��c�
� � /3�[

�'k

�/3�[
�'�k

��c�
� c +914g,

� � /[
�'k

�/[
�'�k

4�?t�3kc�3�k�[
�'f

��c�c�

'
/[
�'k

�/[
�'�k

4�?t/3�c�/3��[
�'f

��c�
� � +914h,

74
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Zh fdq wkhq h{suhvv wkh sursruwlrqv ri lqglylgxdov lq hdfk djh jurxs rqfh d vwdeoh
djh vwuxfwxuh lv uhdfkhg1 Ohw

%� � 8 �
8 / +� � � �

� / %� � 8�
8 / dqg +� � ��

� +915,

5�c�� � ��c�
�
� / 5�c�� � ��c��

� / 5�c�c� � ��c�c�
� / dqg 5�c�� � ��c�

�
� � +916,

Wkh iudfwlrq ri hdfk djh fodvv wkdw lv vlqjoh +e| vh{, lv

H� � 8 r�
8 �

dqg O� � �r�
� �

� +917,

Wkh sursruwlrq ri doo vlqjoh ihpdoh dqg pdoh dgxowv ri uhsurgxfwlyh djh lv

kHl � 8 r

8�
/ dqg kOl � �r

��
� +918d,

Qrwh dovr wkdw iru prqrjdprxv pdwlqj +wkh dvvxpswlrq khuh,

kHl ' 8 r

8�
' �� �

8�
/ dqg +918e,

kOl ' �r

��
' �� �

��
� +918f,

Glylglqj Htxdwlrqv 8144d/ 8144e dqg 8144f e| 8 / � dqg � uhvshfwlyho| zh rewdlq

%� ' ��b3�%fc +919d,
+� ' ���b3�+fc +919e,
5�c�� ' O�c�� b3�5�c�f � +919f,
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Vxpplqj dqg uhduudqjlqj

%f ' �Sl
�'f ��b3�

c +91:d,

+f ' �S�l
�'f ���b3�

� +91:e,

Gh�qh
\�c� � 4�?t/3�c�/3��[

�'f
O�c�� b3�c +91;,

+vhh irrwqrwh4, iru frxsohv pdwhg dw djhv � dqg �c wklv lv wkh h{shfwhg qxpehu ri
frxsohv pdwhg iru doo ohqjwkv ri wlph shu qhz frxsoh1 Ru E\�c��3� lv wkh iudfwlrq ri doo
frxsohv pdwhg dw djhv � dqg �c wkdw duh lq wkhlu �uvw vhdvrq +wlph lqwhuydo,1

� '
/[
�'k

�/[
�'�k

3
C4�?t/3�c�/3��[

�'f
O�c�� b3�

4
D 5�c�f '

/[
�'k

�/[
�'�k

\�c�5�c�f +91<,

dqg vrph pruh uhodwlrqvklsv

%� ' ��b3�Sl
&'f �&b3&

+9143d,

+� ' ���b3�S�l
&'f ��&b3&

+9143e,

%� ' 8�
8 '

S/
�'k 8 �
8 '

/[
�'k

%� '
S/

�'k ��b3�Sl
&'f �&b3&

+9143f,

+� ' ��
� '

S�/
�'�k� �
� '

�/[
�'k

+� '
S�/

�'�k ���b3�S�l
&'f ��&b3&

+9143g,

kHl ' 8 r

8�
'

/[
�'k

8 r�
8�

'
/[
�'k

8 �
8

8
8�

8 r�
8 �

'
/[
�'k

%�
%� H� '

S/
�'k ��b3�H�S/
�'k ��b3�

c +9144,
4Vlqfh wkh qrwdwlrq �Z�c�c�� lv xqgh�qhg vr lv O�c�c� dqg \�c��
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dqg

kOl ' �r

��
'

�/[
�'�k

�r�
��

'
�/[

�'�k

� �
�

�
��

�r�
� �

'
�/[

�'�k

+�
+�O� '

S�/
�'�k ���b3�O�S�/
�'�k ���b3�

+9145,

915 Vh{ udwlr dqg eluwk udwhv

91514 Sulpdu| vh{ udwlr

Wkh remhfwlyh sulpdu| vh{ udwlr lv

Vfcf '
S/

�'k
S�/

�'�k
S4�?t/3�c�/3��

�'f s �c�� O�c�� b3�5�c�f j�c��S/
�'k

S�/
�'�k

S4�?t/3�c�/3��
�'f s �c�� O�c�� b3�5�c�f

+9146,

91515 Eluwk udwhv +ihuwlolwlhv,

L zloo khuh ghulyh wkh fuxgh eluwk udwhv lq whupv ri sursruwlrqv1 Wkh qh{w ihz olqh zloo
mxvw vkrz wkh dojheudlf pdqlsxodwlrqv qhfhvvdu| wr duulyh dw wkh fruuhfw h{suhvvlrqv iru
ihpdoh dqg pdoh ihuwlolwlhv1 Iru ihpdoh/ h{sdqglqj wkh udwlr ri frxsohv djhg � dqg �
dqg wrjhwkhu iru � vhdvrqv +l1h1 sdluhg ihpdohv, wr wrwdo ihpdohv ri djh � +��c�c�*8 �, lq
whupv ri udwlrv +��c�c�*� wkh iudfwlrq ri d sduwlfxodu djh fodvvl�fdwlrq rxw ri doo frxsohv/
�*8� wkh iudfwlrq doo frxsohv +l1h1 sdluhg ihpdohv, rxw ri doo dgxow ihpdohv/ 8�*8 wkh
iudfwlrq ri doo dgxow ihpdohv rxw ri doo ihpdohv dqg 8 �*8 wkh iudfwlrq ri doo ihpdohv djh
� rxw ri doo ihpdohv, dqg wkhq vxevwlwxwlqj sdudphwhu ydoxhv zh kdyh

E� ' �/[
�'�k

4�?t�3kc�3�k�[
�'f

s�c�c� ��c�c�
�

�
8�

8�
8

8
8 �
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'
�/[

�'�k

4�?t�3kc�3�k�[
�'f

s�c�c� 5�c�c� E�� kHl� %�%�
' E�� kHl� %�%�

�/[
�'�k

4�?t�3kc�3�k�[
�'f

s�c�c�5�c�c�

'
#
�� S/

��'k ���b3��H��S/
��'k ���b3��

$ S/
�'k ��b3�
��b3�

�/[
�'�k

4�?t�3kc�3�k�[
�'f

s�c�c�5�c�c�

'
S/

��'k ���b3�� E�� H���
��b3�

�/[
�'�k

4�?t�3kc�3�k�[
�'f

s�c�c�5�c�c�

'
S/

��'k ���b3�� E�� H���
��b3�

�/[
�'�k

4�?t�3kc�3�k�[
�'f

s �3�c�3�� 5�3�c�3��

'
S/

��'k ���b3�� E�� H���
��b3�

�/[
�'�k

4�?t�3kc�3�k�[
�'f

s �3�c�3�� O�3�c�3�� b3�5�3�c�3�f � +9149,

Dqg iru pdohv zh jr wkurxjk d vlplodu surfhvv

�E� ' /[
�'k

4�?t�3kc�3�k�[
�'f

�s �c�c�
��c�c�
�

�
��

��
�

�
��

'
/[
�'k

4�?t�3kc�3�k�[
�'f

�s�c�c� 5�c�c� E�� kOl� +�+�
' E�� kOl� +�+�

/[
�'k

4�?t�3kc�3�k�[
�'f

�s�c�c�5�c�c�

'
#
�� S�/

�'�k ���b3�O�S�/
�'�k ���b3�

$ S�/
�'�k ���b3�
���b3�

/[
�'k

4�?t�3kc�3�k�[
�'f

�s�c�c�5�c�c�

'
S�/

��'�k ����b3�� E��O���
���b3�

/[
�'k

4�?t�3kc�3�k�[
�'f

�s�c�c�5�c�c�

'
S�/

��'�k ����b3�� E��O���
���b3�

/[
�'k

4�?t�3kc�3�k�[
�'f

�s �3�c�3�� 5�3�c�3��
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'
S�/

��'�k ����b3�� E��O���
���b3�

/[
�'k

4�?t�3kc�3�k�[
�'f

�s �3�c�3�� O�3�c�3�� b3�5�3�c�3�f � +914<,

Wkh �qdo h{suhvvlrq lv wkh udwlr ri doo frxsohv wr pdohv +iru lqvwdqfh, ri djh � wlphv wkh
h{shfwhg ihuwlolw| ri doo pdohv ri djh � +wkh grxeoh vxp rq wkh uljkw, lq d vwdeoh djh
vwuxfwxuhg srsxodwlrq1

916 Uhh{suhvvlrq ri fkdudfwhulvwlf htxdwlrqv

E| soxjjlqj lq wkh deryh uhirupxodwlrq iru wkh fuxgh eluwk udwhv/ zh fdq h{suhvv wkh
fkdudfwhulvwlf htxdwlrqv lq whupv ri sursruwlrqv dovr1 Iru ihpdohv

� '
/[
�'k
E���b3E�n��

'
# /[

��'k
���b3�� E�� H���

$ /[
�'k

�/[
�'�k

4�?t�3kc�3�k�[
�'f

b3�s �3�c�3�� 5�3�c�3��

'
# /[

��'k
���b3�� E�� H���

$ /[
�'k

�/[
�'�k

4�?t�3kc�3�k�[
�'f

s �3�c�3�� O�3�c�3�� b3E�n��5�3�c�3�f

'
# /[

��'k
���b3�� E�� H���

$4�?t/3kc�/3�k�[
�'f

/[
='kn�

�/[
�'�kn�

s �3�c�3�� O�3�c�3�� b3E�n��5�3�c�3�f

'
# /[

��'k
���b3�� E�� H���

$4�?t/3kc�/3�k�[
�'f

/3�[
�'k

�/3�[
�'�k

s �c�� O�c�� b3E�n��5�c�f

'
# /[

��'k
���b3�� E�� H���

$ /[
�'k

�/[
�'�k

5�c�f
3
C4�?t/3�c�/3��[

�'f
s �c�� O�c�� b3E�n��

4
D +9154,

Dqg iru pdohv e| dqdorj|
� '

�/[
�'�k

�E� ��� b3E�n��
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'
# �/[

��'�k
����b3�� E��O���

$ �/[
�'�k

/[
�'k

5�c�f
3
C4�?t/3�c�/3��[

�'f
�s �c�� O�c�� b3E�n��

4
D +9155,

91614 H{shfwhg ihfxqglw| ryhu wkh olihwlph ri d pduuldjh

Iru d srsxodwlrq dw vwdeoh djh glvwulexwlrq zh gh�qh

s �c�� � S4�?t/3�c�/3��
�'f s �c�� O�c�� b3�S4�?t/3�c�/3��
�'f O�c�� b3� '

S4�?t/3�c�/3��
�'f s �c�� O�c�� b3�

\�c� +9156d,
G �s �c�

H � S4�?t/3�c�/3��
�'f �s �c�� O�c�� b3�S4�?t/3�c�/3��
�'f O�c�� b3� '

S4�?t/3�c�/3��
�'f �s �c�� O�c�� b3�

\�c� +9156e,

Wkhvh duh wkh h{shfwhg ihfxqglwlhv ri d frxsoh wkdw zhuh pdwhg dw djhv � dqg � dyhudjhg
ryhu wkh olihwlph ri wkh pduuldjh lq d vwdeoh djh vwuxfwxuhg srsxodwlrq1 Dqg

j�c�� �
G �s �c�

H
ks �c�l '

S4�?t/3�c�/3��
�'f j�c�� s �c�� O�c�� b3�S4�?t/3�c�/3��
�'f s �c�� O�c�� b3� +9157,

lv wkh dyhudjhg vxemhfwlyh sulpdu| vh{ udwlr iru d frxsohv wkdw zhuh pdwhg dw djhv � dqg
� +dyhudjhg ryhu wkh olihwlph ri wkh pduuldjh lq d vwdeoh djh vwuxfwxuhg srsxodwlrq,1

91615 Fkdudfwhulvwlf htxdwlrqv xvlqj h{shfwhg ihfxqglw|

� '
# /[
��'k

���b3E��n�� E�� H���
$ /[

�'k

�/[
�'�k

s �c��\�c�5�c�f +9158,

dqg
� '

# �/[
��'�k

����b3E��n�� E��O���
$ /[

�'k

�/[
�'�k

G �s �c�
H
\�c�5�c�f +9159,

Doo wkh deryh h{suhvvlrqv ri wkh fkdudfwhulvwlf htxdwlrqv duh wkh h{shfwhg iudfwlrq ri
wkh srsxodwlrq sdluhg wlphv wkh h{shfwhg srsxodwlrq surgxfhg shu frxsoh +wkh grxeoh
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vxp, lq d vwdeoh djh vwuxfwxuhg srsxodwlrq iru h{dpsoh uhduudqjlqj Htxdwlrq 9158

/[
��'k

���b3E��n�� E�� H��� ' �
/S
�'k

�/S
�'�k
ks �c�l\�c�5�c�f

� +915:,

917 Ilvkhu*v uhsurgxfwlyh ydoxh1

Wkh frqfhsw ri uhsurgxfwlyh ydoxh kdv lw*v dqdorj| lq �qdqfh1 Dv Ilvkhu ^<` sxwv lw

�Wkh dqdorj| zlwk prqh| grhv/ krzhyhu/ pdnh fohdu wkh dujxphqw iru
dqrwkhu vlpsoh dssolfdwlrq ri wkh frpelqhg ghdwk dqg uhsurgxfwlrq udwhv1
Zh pd| dvn/ qrw rqo| derxw wkh qhzo| eruq/ exw derxw shuvrqv ri dq|
fkrvhq djh/ zkdw lv wkh suhvhqw ydoxh ri wkhlu ixwxuh r�vsulqj> dqg li wkh
suhvhqw ydoxh lv fdofxodwhg dw wkh udwh ghwhuplqhg dv ehiruh/ wkh txhvwlrq
kdv wkh gh�qlwh phdqlqj � Wr zkdw h{whqw zloo shuvrqv ri wklv djh/ rq
dyhudjh/ frqwulexwh wr wkh dqfhvwu| ri ixwxuh jhqhudwlrqvB Wkh txhvwlrq lv
rqh ri vrph lqwhuhvw/ vlqfh wkh gluhfw dfwlrq ri Qdwxudo Vhohfwlrq pxvw eh
sursruwlrqdo wr wklv frqwulexwlrq1�

Dqrwkhu zd| ri lqwhusuhwlqj wkhvh lv dw wkh suhvhqw wlph rqh jluo djh � zloo frqwulexwh
wr ixwxuh jhqhudwlrqv +rq dyhudjh,/ dw vrph vshfl�hg srlqw lq wlph/ dv pxfk dv T�
qhzeruq jluov qrz1 Wkhvh ydoxhv w|slfdoo| lqfuhdvh xs xqwlo wkh djh ri �uvw uhsurgxfwlrq
dqg wkhq vwduw wr ghfolqh djdlq1 Wkh uhdvrq iru wklv lv wkdw wkh uhsurgxfwlyh ydoxh
wdnhv lqwr dffrxqw erwk wkh ghod| lq wlph wloo uhsurgxfwlyh djhv dqg wkh suredelolw| ri
vxuylylqj wr wkrvh djhv1 Wkh uhsurgxfwlyh ydoxhv iru qhzeruqv +zkhq � ru � ' f, duh
mxvw wkh ruljlqdo fkdudfwhulvwlf htxdwlrqv lq wkh suhylrxv vhfwlrq1



7<

Li T� lv wkh uhsurgxfwlyh ydoxh iru d ihpdoh dw djh � dqg �T� lv wkh uhsurgxfwlyh ydoxh
iru d pdoh djh �1

T� ' b�
��

/[
&'4@ t�ck�

E&�&b3E&n�� ' b�
��

/[
&'�
E&�&b3E&n�� +915;d,

'
;A?
A=

b�
�� li � � k

b�
��
S/

&'� E&�&b3E&n�� li � : k
+915;e,

�T� ' b�
���

�/[
&'4@ t�kc��

�E&��&b3E&n�� ' b�
���

�/[
&'�

�E&��&b3E&n�� +915<d,

'
;A?
A=

b���� li � � �k
b����
S�/

&'� �E&��&b3E&n�� li � : �k
+915<e,

Uhzulwlqj lq whupv ri sursruwlrqv zh kdyh

T� ' b�
��

# /[
&'�

�&b3E&n�� E�� H&�
$ /[

��'k

�/[
�'�k

4�?t/3�c�/3��[
�'f

s �c�� O�c�� b3�5��c�f +9163,

�T� ' b�
���

# �/[
&'�

��&b3E&n�� E��O&�
$ /[

�'k

�/[
��'�k

4�?t/3�c�/3��[
�'f

�s �c�� O�c�� b3�5�c��f +9164,

918 Jurvv dqg Qhw uhsurgxfwlyh udwhv

Wkh jurvv uhsurgxfwlyh udwh lv wkh h{shfwhg qxpehu ri r�vsulqj wkdw d qhzeruq zloo
kdyh ryhu lwv olihwlph li lw vxuylyhv iurp eluwk wr wkh hqg ri wkh uhsurgxfwlyh vsdq1

C-- '
/[
�'k
E� +9165d,

'
# /[

��'k
E�� H���

$ /[
�'k

�/[
�'�k

4�?t�3kc�3�k�[
�'f

s �3�c�3�� 5�3�c�3�� +9165e,
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iru ihpdohv1 Dqg

C̀-- '
�/[

�'�k
�E� +9166d,

'
# �/[

��'�k
E��O���

$ �/[
�'�k

/[
�'k

4�?t�3kc�3�k�[
�'f

�s �3�c�3�� 5�3�c�3�� +9166e,

iru pdohv1
Wkh qhw uhsurgxfwlyh udwh lv wkh h{shfwhg qxpehu ri r�vsulqj wkdw qhzeruqv kdyh

iurp eluwk wr wkh hqg ri wkh uhsurgxfwlyh vsdq +vxemhfw wr vxuylydo,1 Lq rwkhu zrugv
wkh idfwru e| zklfk wkh srsxodwlrq zloo lqfuhdvh lq rqh jhqhudwlrq1 Iru d srsxodwlrq
zlwk d vwdeoh djh glvwulexwlrq lw lv

-f '
/[
�'k
E��� +9167d,

'
# /[

��'k
��� E�� H���

$ /[
�'k

�/[
�'�k

4�?t�3kc�3�k�[
�'f

s �3�c�3�� 5�3�c�3�� +9167e,

iru ihpdohv1 Dqg

�-f '
�/[

�'�k
�E���� +9168d,

'
# �/[
��'�k

���� E��O���
$ �/[

�'�k

/[
�'k

4�?t�3kc�3�k�[
�'f

�s �3�c�3�� 5�3�c�3�� +9168e,

iru pdohv1
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Vlqfh bc ��cdqg ��� duh doo qrq qhjdwlyh dqg iru E�c �E�cwkhuh lv dw ohdvw rqh ydoxh ri
hdfk zklfk lv srvlwlyh rq wkh lqwhuydov dkc /o dqg d�kc �/o uhvshfwlyho| wkhq

-f 	 �/ b 	 �/ �-f 	 � +9169,
-f ' �/ b ' �/ �-f ' � +916:,
-f : �/ b : �/ �-f : � +916;,

Wklv fdq hdvlo| eh vkrzq e| d Wd|oru h{sdqvlrq ri wkh fkdudfwhulvwlf htxdwlrqv1 Iru
h{dpsoh iru ihpdohv/

� '
/[
�'k
E��� b3E�n��

'
/[
�'k
E��� n "[

&'�

/[
�'k

E���& ��n &
&

�
Eb� ��& E���

' -f n
"[
&'�

/[
�'k

E���& ��n &
&

�
Eb� ��& E��� +916<,

Khqfh
-f ' � n Eb� ��

/[
�'k

E�n ��E��� � � �Eb� ��2� +9173,

Zkhq b ' � hdfk ri wkh kljkhu ghjuhh whupv ri wkh Wd|oru h{sdqvlrq duh }hur/ vr
-f ' �1 Frqyhuvho| zkhq -f ' � wkh kljkhu ghjuhh whupv ri wkh Wd|oru h{sdqvlrq
pxvw vxp wr }hur/ dqg wkh rqo| zd| iru wklv wr kdsshq lv li b ' � gxh wr wkh srvlwlylw|
ri wkh E��� whupv1 Zkhq b : � wkh vljq ri wkh 4vw ghjuhh whup lv srvlwlyh vr -f : �1
Zkhq b 	 � wkh vljq ri wkh 4vw ghjuhh whup lv qhjdwlyh vr -f 	 �1 Djdlq wkh frqyhuvh
dujxphqwv krog wuxh gxh wr wkh srvlwlylw| ri wkh E��� whupv1
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919 Jhqhudwlrq wlph

Nh|�w} ^59` vwdwhv

�Wkh qhw uhsurgxfwlyh udwh -f lv wkh qxpehu ri +khu rzq, jluo fkloguhq
e| zklfk lw lv h{shfwhg/ xqghu wkh fxuuhqw uhjlph ri pruwdolw| dqg ihuwlolw|/
wkdw d qhzo| eruq jluo fklog zloo eh uhsodfhg1 D uhdvrqdeoh gh�qlwlrq ri
A / wkh ohqjwk ri jhqhudwlrq/ lv wkdw lw lv wkh wlph lq zklfk wklv uhsodfhphqw
rffxuv�1

Iru wkh wzr vh{ prgho wkhuh zloo w|slfdoo| eh wzr gl�huhqw jhqhudwlrq wlphv rqh iru
ihpdohv dqg rqh iru pdohv1 E| wklv gh�qlwlrq zh kdyh iru ihpdohv

-f E|� ' 8f E|�
8f E|� A � +9174d,

'
S/

�'k E� E|� �� ��8f E|� �� ��S/
�'k E� E|� �� AC� ��8f E|� �� AC � �� +9174e,

Dqg iru d srsxodwlrq zlwk vwdeoh djh vwuxfwxuh

-f '
S/

�'k E��� b|3�3�8 fS/
�'k E��� b|3�3AC3�8 f

+9175d,

' b|3�8 f
S/

�'k E���b3�
b|3�3AC8 f

S/
�'k E���b3� +9175e,

' bAC +9175f,

Vr iru ihpdohv dqg pdohv/

bAC ' -f dqg b �AC ' �-f +9176,
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Vroylqj iru AC dqg �AC +iru d qrq0vwdwlrqdu| srsxodwlrq/ b 9' �,

AC ' *?-f*?b dqg �AC ' *? �-f*?b +9177,

91914 Phdq djh ri sduhqwdjh lq d frkruw1

Wkh phdq djhv ri sduhqwdjh +h1j1 fklogehdulqj iru ihpdohv, lq d frkruw duh

>� E|� '
S/

�'k �E� E|� ��S/
�'k E� E|� �� c dqg �>� E|� '

S�/
�'�k � �E� E|� ���S�/
�'�k �E� E|� ��� � +9178,

Prphqwv ri wkh pdwhuqlw| +sdwhuqlw|, ixqfwlrq

Wkh prphqwv ri wkh pdwhuqlw| ixqfwlrq +ru sdwhuqlw| dv wkh fdvh pd| eh, fdq eh
zulwwhq

-? E|�
-f E|� '

S/
�'k �?E� E|� ��S/
�'k E� E|� �� +9179,

�-? E|�
�-f E|� '

S�/
�'�k �? �E� E|� ���S�/
�'�k �E� E|� ��� +917:,

Dqg wkh fhqwudo prphqwv ri wkh pdwhuqlw| +sdwhuqlw|, ixqfwlrq fdq eh zulwwhq E? : ��

>? E|� '
S/

�'k E�� >� E|��? E� E|� ��S/
�'k E� E|� �� +917;,

�>? E|� '
S�/

�'�k E� � �>� E|��? �E� E|� ���S�/
�'�k �E� E|� ��� +917<,

Wkhvh duh sdudphwulf glvfulswlrqv ri wkh glvwulexwlrq ri wkh fuxgh eluwk udwh ryhu wkh
djh ri wkh ihpdohv ru pdohv1 Iru h{dpsoh >� lv wkh phdq djh ri sduhqwdjh dv L*yh douhdg|
vwdwhg/ >2 lv wkh yduldqfh ri djh ri sduhqwdjh/ >� lv wkh vnhzhgqhvv ri djh ri sduhqwdjh/
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hwf1 L*oo xvh wkhvh prphqwv odwhu rq wr frpsduh wkh gl�huhqw phdvxuhv iru wkh wlph
ehwzhhq jhqhudwlrqv1

91915 Phdq djh ri sduhqwdjh lq d srsxodwlrq zlwk d vwdeoh djh
glvwulexwlrq

Wkh phdq djh ri sduhqwdjh lq d srsxodwlrq zlwk d vwdeoh djh glvwulexwlrq iru ihpdohv
dqg pdohv uhvshfwlyho| duh

� '
S/

�'k �E���b3E�n��S/
�'k E���b3E�n�� dqg �� '

S�/
�'�k � �E� ���b3E�n��S�/
�'�k �E� ���b3E�n�� +9183,

Exw S/
�'k E���b3E�n�� ' � ' S�/

�'�k �E����b3E�n��

� '
/[
�'k

�E���b3E�n��dqg �� '
�/[

�'�k
� �E� ���b3E�n�� +9184,

91916 Prphqw0jhqhudwlqj ixqfwlrq dqg fxpxodqw0jhqhudwlqj
ixqfwlrq iru wkh qhw pdwhuqlw| ixqfwlrq

Gh�qh +iru ihpdohv,
� E1� '

/[
�'k

e�1E��� +9185,

Zulwlqj vxffhvvlyh ghulydwlyhv

_
_1� E1� '

/[
�'k

�E���e�1 +9186d,
111

_&
_1&� E1� '

/[
�'k

�&E���e�1 +9186e,
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Hydoxdwhg dw 1 ' f

� E1�m1'f '
/[
�'k
E��� ' -f +9187d,

_
_1� E1�

����1'f '
/[
�'k

�E��� ' -� +9187e,
_2
_12� E1�

����1'f '
/[
�'k

�2E��� ' -2 +9187f,
111

_?
_1?� E1�

����1'f '
/[
�'k

�?E��� ' -? +9187g,

dqg
� E1� '

"[
?'f

-?
1?
?-

Wkhq �E1�
-f lv wkh prphqw jhqhudwlqj ixqfwlrq iru qhw pdwhuqlw| ixqfwlrq dqg *?

k�E1�
-f

l
lv wkh fxpxodqw jhqhudwlqj ixqfwlrq

�
-f

_?
_1?� E1�

����1'f '
-?
-f

+9188,

*?
��E1�
-f

�
'

"[
?'�

V? 1
?

?- +9189,

Wr uhodwh wkh fxpxodqwv wr wkh prphqwv ri wkh pdwhuqlw| ixqfwlrq

_
_1 *?

��E1�
-f

�
'

S"
?'f-?n� 1

?
?-S"

?'f-? 1
?
?-

+918:d,

_2
_12 *?

��E1�
-f

�
'

S"
?'f-?n2 1

?
?-S"

?'f-?n� 1
?
?-
�
#S"

?'f-?n� 1
?
?-S"

?'f-? 1
?
?-

$2
+918:e,

111
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Hydoxdwlqj dw 1 ' f

*?
��E1�
-f

�����1'f ' f +918;d,
_
_1 *?

��E1�
-f

�����1'f ' -�
-f

+918;e,
_2
_12 *?

��E1�
-f

�����1'f ' -2
-�
� �-�

-f

�2
+918;f,

111

Wkh Wd|oru h{sdqvlrq lv

*?
��E1�
-f

�
' -�

-f
1 n

#
-2
-�
� �-�

-f

�2$ 12
2 n � � � ' V�1 n V2 1

2

2 n � � � +918<,

Vr wkh fxpxodqwv fdq eh uhodwhg wr wkh fhqwudo prphqwv dv V� ' -�-f ' >�c V2 '�
-2-� � �

-�-f
�2� ' >2c V� ' >�c Ve ' >e � �>22c � � �

Qrwh wkdw dqdorjrxv h{suhvvlrqv fdq eh zulwwhq iru wkh sdwhuqlw| ixqfwlrqv

91917 Uhodwlrq ehwzhhq wkh phdq djh ri sduhqwdjh lq d frkruw/
wkh phdq djh ri sduhqwdjh lq d srsxodwlrq zlwk d vwdeoh
djh glvwulexwlrq/ dqg wkh jhqhudwlrq wlph1

Li zh ohw 1 ' � *?b wkhq zh fdq zulwh wkh h{suhvvlrq iru jhqhudwlrq wlph +iru ihpdohv,
dv

AC ' *?-f
*?b ' � �

*?b *?
� �
-f

�
' � �

*?b *?
�� E� *?b�

b-f

�
+9193,

vlqfh �
b� E� *?b� ' S/

�'k E���b3E�n�� lv wkh fkdudfwhulvwlf htxdwlrq +htxdov 4,
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AC ' � �
*?b *?

�� E� *?b�
b-f

�
' �� �

*?b *?
�� E� *?b�

-f

�
+9194d,

' �� �
*?b

"[
?'�

E���? E*?b�??- V? +9194e,

' � n V� � *?b
2- V2 n E*?b�2

�- V� � "[
?'e

E���? E*?b�?3�?- V? +9194f,

' � n >� � *?b
2 >2 n

E*?b�2
S >� � � � � +9194g,

Qrz dvvxplqj E� � frqvwdqw zlwk uhvshfw wr b

_
_b� E� *?b� ' _

_b
/[
�'k
E���b3� +9195d,

' � /[
�'k

�E���b3E�n�� +9195e,
' �� +9195f,

Uhodwlqj � wr wkh fxpxodqwv

� ' � _
_b� E� *?b�

b3�� E� *?b� dghqrplqdwru ' �o +9196d,

' �b
� E1�

_1
_b

_
_1� E1� '

��b _
_b E� *?b�

�� �
� E1�

_
_1� E1�

�
+9196e,

' �
� E1�

_
_1� E1� ' _

_1 d*? E� E1��o +9196f,

' _
_1

�
*?
�� E1�

-f

�
n *? E-f�

�
+9196g,
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' _
_1

�
*?
�� E1�

-f

��
d-f lv frqvwdqw zlwk uhvshfw wr 1o +9196h,

' _
_1

"[
?'�

V? 1
?

?- +9196i,

'
"[
?'�

V? 1?3�
?� �- +9196j,

'
"[
?'�

E���?3� V? E*?b�?3�?� �- +9196k,

Wkhq � lq whupv ri wkh prphqwv lv

� '
"[
?'�

E���?3� V? E*?b�?3�?� �- +9197d,

' V� � *?b
�- V2 n E*?b�2

2- V� � � � � +9197e,

' >� � E*?b�>2 n
E*?b�2

2 >� � � � � +9197f,

Wzlfh wkh jhqhudwlrq wlph plqxv � jlyhv

2AC ' 2 n 2>� � E*?b�>2 n E*?b�2
� >� � � � �

�� ' � k
>� � E*?b�>2 n E*?b�2

2 >� � � � � l
2AC � � ' 2 n >� � E*?b�2

S >� � � � �
+9198,

Vroylqj iru AC wr d vhfrqg ghjuhh dssur{lpdwlrq zh kdyh

AC � � n
�
�n >�

�
2 +9199,

D voljkw ryhu hvwlpdwh zlwk huuru rq wkh rughu ri E*?b�2
�2 >�� Wklv lv gl�huhqw wkdq uhsruwhg

lq Fdvzhoo ^8`
�
AC � E�n>��2

�
zklfk lv gxh wr p| vwduwlqj frxqw ri djh dw 3 zkhuhdv

kh vwduwv dw 4 +vhh dovr Frdoh/ ^9` iru wkh frqwlqxrxv wlph ghulydwlrq,1 D vlplodu uhvxow
krogv iru wkh pdoh jhqhudwlrq wlph �AC � � n E ��n�>��2 1 Iru d vwdwlrqdu| srsxodwlrq wkh
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wlph ehwzhhq jhqhudwlrqv lv h{dfwo| wkh phdq djh ri uhsurgxfwlrq +vwduwlqj frxqwlqj
dw 3, soxv rqh1

AC ' � n >� ' � n
/[
�'k

�E��� +919:d,

�AC ' � n �>� ' � n
�/[

�'�k
� �E���� +919:e,

vlqfh b ' � lpsolhv -f dqg �-f ' �1



Fkdswhu :
Pduuldjh ixqfwlrq
:14 Frqfhswxdol}lqj wkh pduuldjh ixqfwlrq

:1414 Surshuwlhv iru d �qlfh� pduuldjh ixqfwlrq

Wkh pduuldjh ixqfwlrq Q �c� E+r E|� c2r E|� c( E|�� lv d ixqfwlrq ghwhuplqlqj wkh qxpehu
ri qhz sdlu erqglqjv ehwzhhq ihpdohv ri djh � dqg pdohv ri djh � dw wlph |1 Wkhuh duh
vhyhq pdwkhpdwlfdo frqvwudqwv +frqglwlrqv, h{suhvvlqj wkh ehkdylru d �qlfh� ixqfwlrq
vkrxog kdyh1 Wkh �uvw vl{ ri wkhvh frqglwlrqv duh vrphzkdw lqwxlwlyh1 Frqglwlrqv
+l,0+y, dqg +yll, kdyh ehhq vwdwhg lq rqh irup ru dqrwkhu e| pdq| dxwkruv/ vhh iru
h{dpsoh PfIduodqg ^64` dqg Iuhgulfnvrq ^44`=

+l, wkh pduuldjh udwh lv dozd|v qrq0qhjdwlyh/

Q �c� E+rc2rc(� � f +:14,

+ll, li wkhuh duh qr vlqjohv ri hlwkhu vh{ ri dq| djh fodvv wkhq wkhuh duh qr pduuldjhv
lq wkh fruuhvsrqglqj djh fodvv/

Q �c� E+rc2rc(� ' f li hlwkhu 8 r� ' f / ru �r� ' f +:15,

+lll, wkh qxpehu ri pduuldjhv ri sduwlfxodu djh frxsohv fdqqrw eh odujhu wkdq wkh
plqlpxp qxpehu ri vlqjohv ri hlwkhu vh{ dydlodeoh wr pduu|/

[
�Q �c� E+rc2rc(� � 8 r� +:16d,

dqg [
�Q �c� E+rc2rc(� � �r� +:16e,

93
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+ly, lqfuhdvlqj ru ghfuhdvlqj wkh qxpehu ri vlqjohv lq wkh djh fodvvhv pduu|lqj/
fkdqjhv wkh udwh ri pduuldjh ehwzhhq wkrvh djh fodvvhv lq wkh vdph gluhfwlrq/

Y
Y8 r�
Q �c� E+rc2rc(� � f

Y
Y�r�
Q �c� E+rc2rc(� � f

<A@
A> iru 8 r� : f / dqg �r� : f +:17,

+y, lqfuhdvlqj ru ghfuhdvlqj wkh qxpehu ri vlqjohv lq wkh djh fodvvhv rwkhu wkdq
wkrvh pduu|lqj/ fkdqjhv wkh udwh ri pduuldjh lq wkh rssrvlwh gluhfwlrq +frpshwlwlrq,/

Y
Y8 r

��
Q �c� E+rc2rc(� � f

Y
Y�r

��
Q �c� E+rc2rc(� � f

<A@
A> iru 8 r� : 8 r�� �'� : f / dqg �r� : �r�� �'� : f +:18,

+yl, lqfuhdvlqj ru ghfuhdvlqj wkh qxpehu ri douhdg| pdwhg frxsohv ri dq| djh fodvvhv/
fkdqjhv wkh udwh ri pduuldjh lq wkh rssrvlwh gluhfwlrq +lqwhuihuhqfh,

Y
Y���c��

�
Q �c� E+rc2rc(� � f iru 8 r� : f / �r� : f / dqg ���c��

� : f +:19,

+yll, vfdolqj doo frpsrqhqwv e| d frqvwdqw +srvlwlyh, idfwru vfdohv wkh udwh e| wkh
vdph idfwru +krprjhqhlw|,/

Q �c� E&+rc &2rc &(� ' &Q �c� E+rc2rc(� iru & � f +:1:,
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:15 Sursrvdo ri d pduuldjh ixqfwlrq

:1514 Pduuldjh udwhv dqg wkh w|sh LL ixqfwlrqdo uhvsrqvh

Wkhuh duh ydulrxv srvvlelolwlhv iru wkh vshfl�f irup ri wkh pduuldjh ixqfwlrq1 Wkh
prvw frpprq dssurdfk lv wr edvh wkh udwh ri frqwdfw ehwzhhq vh{0djh fodvvhv rq vrph
sduwlwlrq ri d jhqhudol}hg +srzhu, phdq ri wkh lqwhudfwlqj fodvvhv +Nh|�w}/4<:5 ^57`/
dqg Vfkrhq/ 4<;4 ^76`,/ zlwk d jhqhudol}hg irup ri wkh kduprqlf phdq xvxdoo| wkh
ixqfwlrq ri fkrlfh vlqfh lw phhwv doo ri wkh fulwhuld olvwhg deryh1 Krzhyhu/ udwkhu wkdq
mxvw xvlqj d ixqfwlrq fkrvhq iru lw*v pdwkhpdwlfdo surshuwlhv L zloo ghyhors d prgho
khuh edvhg rq d surfhvv ri hqfrxqwhuv dqg vhtxhqwldo frxuwvklsv1 Wkh dssurdfk L wdnh
lv dqdorjrxv wr wkh h{whqwlrq ri suhgdwru0suh| lqwhudfwlrq lq Kroolqj*v glvn htxdwlrq
+d w|sh LL ixqfwlrqdo uhvsrqvh> Kroolqj/ 4<8< ^53`, wkdw lv ixuwkhu ghyhorshg lqwr d
suh|0edvhg rswlpdo glhw prgho ri irudjlqj ehkdylru e| Vwhskhqv dqg Nuhev +4<;9 ^79`,1
Iroorzlqj wkhvh ghyhorsphqwv gh�qh A dv wkh dyhudjh ohqjwk ri wlph wr vxffhvvixoo|
�qg d pdwh/ Ar dv wkh wlph zlwklq wkdw lqwhuydo wkdw dq xq0pdwhg lqglylgxdo 0 wkh
�vhdufkhu�+vrxqgv ehwwhu wkdq suhgdwru lq wklv frqwh{w, 0 ghyrwhv wr vhdufklqj iru d
pdwh/ dqg AS dv frxuwlqj wlph +htxlydohqw wr �kdqgolqj wlph� lq wkh irudjlqj wkhru|
mdujrq, 1 Lq wklv fdvh L lqfoxgh suh0uhsurgxfwlyh pdwlqj uhodwhg ehkdylruv lq wkh
gh�qlwlrq ri frxuwlqj +vxfk dv qhvw exloglqj, wkrxjk wkh frxuwvkls wlph lqfoxghv doo
xqvxffhvvixo frxuwvklsv dv zhoo dv wkh vxffhvvixo rqhv1 L zloo dovr vshfli| d �{hg
dprxqw ri wlph ghyrwhg wr qrq0pdwlqj dfwlylwlhv AJ1 Vr A ' Ar n AS n AJ1 Li wkh
dyhudjh qxpehu ri pduuldjhv shu pdoh lq wklv wlph lqwhuydo lv �� wkhq pduuldjh udwh shu
vlqjoh pdoh lv hP

hP ' ��
Ar n AS n AJ +:1;,
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Wkh wlph vshqw grlqj qrq0pdwlqj uhodwhg dfwlylwlhv lv d frqvwdqw iudfwlrq E�� �S� ri wkh
wrwdo wlph AJ ' E�� �S�A exw A ' ArnASnAJ vr AJ ' E�� �S�ArnE�� �S�ASnE�� �S�AJ1
Vroylqj iru AJ h{solflwo| AJ ' �3�S

�S Ar n �3�S
�S AS

hP ' ��
Ar n AS n ��3�S

�S Ar n �3�S
�S AS�

' �S ��
Ar n AS +:1<,

Suredelolw| ri lqlwldwlqj d frxuwvkls

L zloo dovr dvvxph wkdw wkh hqfrxqwhuv ehwzhhq pdohv dqg ihpdohv fdq eh sduwlwlrqhg
lqwr frxuwvklsv lqlwldwhg e| wkh pdohv dqg wkrvh lqlwldwhg e| ihpdohv1 Zkhq frxuwvklsv
duh lqlwldwhg e| pdohv zh zloo vd| wkdw wkh pdohv duh wkh vhdufkhuv/ dqg zkhq lqlwldwhg
e| ihpdohv zh zloo vd| wkdw ihpdohv duh wkh vhdufkhuv1 Gh�qh # dqg � � # dv wkh
suredelolwlhv wkdw d jlyhq frxuwvkls zdv lqlwldwhg e| d pdoh ru d ihpdoh uhvshfwlyho|1
Wkh lqlwldwlrq zloo eh ylhzhg dv dq lqvwdqwdqhrxv hyhqw vr wkdw wkh suredelolw| ri
vlpxowdqhrxv lqlwldwlrq e| erwk sduwlhv lv qhjoljleoh1 Wkhuh lv d idlu dprxqw ri uhvhdufk
wkdw kdv ehhq grqh rq zkr dqg krz lqlwldwlrq ri frxuwvkls wdnhv sodfh lq kxpdqv +vhh
iru h{dpsoh ^7:` / ^75`/ ^45`,1 Prqlfd Prruh iru h{dpsoh surylghv d olvw ri 85 gl�huhqw
qrq0yhuedo vljqdov wkdw ihpdohv xvh wr lqlwldwh frxuwvklsv dqg wkhlu iuhtxhqf| ri xvh lq
dssur{lpdwho| 533 vxemhfwv ^67` dqg lq d vhsdudwh vwxg| wkh qrqyhuedo vljqdov xvhg wr
glvfrxudjh frxuwvkls ^68`1 W1 Shushu hvwlpdwhv wkdw zrphq duh uhvsrqvleoh iru lqlwldwlqj
frxuwvklsv derxw 526 ri wkh wlph ^69`1 L dp xqdzduh ri dq| vwxglhv wkdw euhdnv grzq
lqlwldwlrq e| djh wkrxjk1 Lq pdq| rujdqlvpv lw zloo qr grxew eh wkh fdvh wkdw wkhvh
sdudphwhuv zloo eh udwkhu qhexorxv txdqwlwlhv dqg gl!fxow wr phdvxuh1 Wkhuh duh pdq|
idfwruv wkdw frxog frph lqwr sod| vxfk dv skhurprqhv/ vrxqgv rxw ri udqjh ri kxpdq
khdulqj/ vxewoh glvsod| sdwwhuqv/ ru rwkhu vljqdov zklfk duh qrw uhfrjql}hg e| kxpdq
lqyhvwljdwruv1 Lqghhg lw zrxog qrw eh vxusulvlqj wkdw wkh iuhtxhqf| ri lqlwldwlrq dovr
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wxuqv rxw wr eh frqirxqghg e| wkh wkh djh suhglvsrvlwlrqv +vhh ehorz, dqg uhodwlyh
ghqvlw| ri wkh vh{hv ri wkrvh djh fodvvhv1 Ri frxuvh wklv lv qrw qhfhvvdulo| wkh fdvh
iru doo rujdqlvpv wkrxjk/ dqg lq pdq| fdvhv/ sduwlfxoduo| zkhq rqh vh{ ru wkh rwkhu
h{foxvlyho| lqlwldwhv/ wkh vlwxdwlrq lv pruh fohdu fxw1

Qrz li �H lv wkh udwh ri hqfrxqwhuv wkdw d pdoh pdnhv zlwk vlqjoh ihpdohv shu xqlw
wlph vhdufkhg +xqlwv= dhqfrxqwhuvo

dwlph vhdufkhgodpdoho,/ ^ lv wkh iudfwlrq ri frxuwvklsv wkdw uhvxow lq d
pduuldjh +xqlwv= dpduuldjhvo

dfrxuwvklsvo,/ dqg �4 lv wkh iudfwlrq ri hqfrxqwhuv wkdw uhvxow lq frxuwvklsv
+xqlwv= dfrxuwvklsvo

dhqfrxqwhuvo / dq hqfrxqwhu lv frqvlghuhg d srwhqwldo frxuwvkls, wkhq h� ' #^4 �HAr
lv wkh dyhudjh qxpehu ri pduuldjhv shu pdoh wkdw rffxu lq ohqjwk ri wlph Ar1 Li wkh
�lqglylgxdo0krxuv� vshqw frxuwlqj shu frxuwvkls lv � +xqlwv= dwlph frxuwlqjodpdohvo

dfrxuwvklsvo , wkhq wkh
ryhudoo wlph vshqw frxuwlqj lv AS ' �4 �HAr� Khqfh wkh pduuldjh udwh shu vlqjoh pdoh lv

hP ' #^�S4 �HAr
Ar n ��4 �HAr '

#^�S4 �H
� n �4 �H � +:143,

Dq dqdorjrxv h{suhvvlrq fdq eh irupxodwhg lq wkh vdph zd| iru wkh pduuldjh udwh shu
vlqjoh ihpdoh1

:1515 Djh vshfl�f pduuldjh udwhv

Qrz ohw
k �H E+r�l

�c�
+ru mxvw �H�c� iru vkruw, htxdo wkh udwh ri hqfrxqwhu wkdw vlqjoh pdohv

djh � kdyh zlwk vlqjoh ihpdohv djh � shu xqlw wlph vhdufkhg shu vlqjoh pdoh djh �/ Wkh
frqvwdqw �S� lv wkh dyhudjh iudfwlrq ri wrwdo wlph wkdw d vlqjoh pdoh vshqgv sxuvxlqj
pdwlqj dfwlylwlhv/ ^�c� lv wkh sursruwlrq ri frxuwlqj frxsohv wkdw pduu|/ dqg ��c� lv
wkh dyhudjh �lqglylgxdo0krxuv� lw wdnhv iru d frxuwvkls ehwzhhq d pdoh djh � dqg d
ihpdoh djh � +zh dvvxph wkdw wklv lv wkh vdph zkhwkhu pdoh ru ihpdohv lqlwldwh,1 Wkh
suredelolwlhv wkdw vlqjoh pdohv E�� ru vlqjoh ihpdohv E�� zloo lqlwldwh dq hqfrxqwhu zlwk
wkh rssrvlwh vh{ ri lqglfdwhg djh duh #�c� dqg

��� #�c�
� uhvshfwlyho|1
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Djh suhglvsrvlwlrqv dqg mrlqw djh suhglvsrvlwlrqv

Gh�qh �@�c� dv wkh suredelolw| wkdw d pdoh djh � zloo zdqw wr frxuw d ihpdoh djh �
xsrq hqfrxqwhulqj khu +xqlwv= dfrxuwvklsv ehwzhhq � ) � +dffhswdeoh wr pdohv,o

dhqfrxqwhuv ehwzhhq � ) �o ,1 Dqg @�c� lv wkh
suredelolw| wkdw d ihpdoh djh � zloo zdqw wr frxuw d pdoh djh � xsrq hqfrxqwhulqj
klp1 L zloo fdoo wkhvh wkh djh suhglvsrvlwlrqv1 Wkh mrlqw suhglvsrvlwlrq lv �@�c�@�c� ' 4�c�
+suredelolw| wkdw d pdoh djh � dqg ihpdoh djh � zloo zdqw wr frxuw hdfk rwkhu,1 Wkhq
wkh udwh dw zklfk pdoh vhdufkhuv djh � pduu| ihpdohv djh � lv +dw wlph |,

hP�c� E|� ' #�c��S�^�c�4�c� �H�c� E|�
� nS/3�

��'k3� 4��c����c� �H��c� E|� +:144,

:1516 H{solflw hqfrxqwhu udwhv

Dvvxph wkdw pl{lqj lv sursruwlrqdo wr wkh iudfwlrq ri vlqjoh ihpdohv wkdw duh djh � vr
wkdw wkh hqfrxqwhu udwh lv

�H�c� E|� ' �&�c� 8 r� E|�S/3�
��'k3� 8 r�� E|�

� +:145d,

Zkhq ihpdohv djh � vhdufk wkh hqfrxqwhu udwh lv

H�c� E|� ' &�c� �r� E|�S�/3�
��'�k3��r�� E|�

� +:145e,

Zkhuh �&�c� lv wkh udwh ri hqfrxqwhu wkdw vlqjoh pdohv djh � kdyh zlwk vlqjoh ihpdohv djh �
shu xqlw wlph vhdufkhg shu vlqjoh pdohv djh � shu iudfwlrq ri vlqjoh ihpdohv wkdw duh djh �
+xqlwv= dhqfrxqwhuv ehwzhhq � ) � +uhvxowlqj iurp pdohv vhdufklqj,o

dwlph vhdufkhgodvlqjoh pdohv djh �odiudfwlrq ri vlqjoh ihpdohv wkdw duh djh � o,1 Qrwlqj wkdw diudfwlrq
ri vlqjoh ihpdohv wkdw duh djh �o� dvhdufk wlpho lv wkh dyhudjh vhdufk wlph zkhuhlq ihpdohv
ri djh � duh hqfrxqwhuhg dvhdufk wlph dwwulexwdeoh wr ihpdohv djh �o zh fdq uh0h{suhvv wkh



99

xqlwv dv + dhqfrxqwhuv ehwzhhq � ) � +uhvxowlqj iurp pdohv vhdufklqj,o
dvhdufk wlph dwwulexwdeoh wr ihpdohv djh � odvlqjoh pdohv djh �o,

hP�c� E|� '
#�c��S�4�c��&�c�^�c� 8 r� E|�S/3�

���'k3� 8 r
��� E|�

� nS/3�
��'k3� 4��c��&��c����c� 8 r

�� E|�S/3�
���'k3� 8 r

���E|�
+:146d,

' #�c��S�4�c��&�c�^�c�8 r� E|�S/3�
���'k3� 8 r��� E|� nS/3�

��'k3� 4��c��&��c����c�8 r�� E|�
� +:146e,

Wkh dyhudjh pduuldjh udwh ehwzhhq pdohv djh � dqg ihpdohv djh � zkhq pdohv djh
� duh lqlwldwlqj wkh hqfrxqwhuv

�r� E|�hP�c� E|� ' #�c��S�4�c��&�c�^�c�8 r� E|��r� E|�S/3�
��'k3�

�
� n 4��c��&��c����c�

�
8 r�� E|�

+:147d,

Vlploduo| iru ihpdohv djh � lqlwldwlqj zlwk pdohv djh �

8 r� E|� P�c� E|� '
��� #�c�

� S�4�c�&�c�^�c��r� E|�8 r� E|�S�/3�
��'�k3�

�� n 4�c����c��&�c��
��r�� E|�

+:147e,

:1517 Suhihuhqfhv

Suhihuhqfh frh!flhqw

Ohw
���c� ' � n 4�c���c��&�c� +:148,

+xqlwv= � n dwlph frxuwlqj ehwzhhq ihpdoh � ) pdoh � o
dvhdufk wlph dwwulexwdeoh wr ihpdohv djh � o

' dwlph vshqw lq pdwlqj dfwlylwlhv ehwzhhq ihpdoh � ) pdoh � o
dvhdufk wlph dwwulexwdeoh wr ihpdohv djh � o ,1 Fdoo wklv wkh suhihuhqfh frh!flhqw ri

pdoh djh � iru ihpdoh djh �1 Dqg/ ri frxuvh ��c� ' � n 4�c���c�&�c�1
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Suhihuhqfh suredelolw|

Udwkhu wkdq ghdolqj zlwk wkh suhihuhqfh frh!flhqw lw pd| eh pruh lqwxlwlyh dqg sure0
deo| hdvlhu wr hvwlpdwh d suhihuhqfh suredelolw| l1h1

���c� ' ���c�S
�� ����c�

+:149,

Wklv lv wkh vwdqgdugl}hg iudfwlrq ri wlph wkdw lqlwldwlqj pdohv djh � vshqg lq pdwlqj
dfwlylwlhv zlwk ihpdoh ri djh � +lw lv wkh iudfwlrq ri wlph wkdw lqlwldwlqj pdohv djh �
zrxog vshqg lq pdwlqj dfwlylwlhv zlwk ihpdoh ri djh � jlyhq htxdo qxpehuv ri doo djh
ihpdohv4,1 Ohw

���c� ' #�c��S��&�c�4�c�^�c�
� n 4�c���c��&�c�

' #�c��S��&�c�4�c�^�c�
���c�

+:14:,

+xqlwv= dpduuldjhv ehwzhhq � ) � +uhvxowlqj iurp pdohv lqlwldwlqj,o
dvlqjoh pdohv djh �odvhdufk wlph dwwulexwdeoh wr ihpdohv djh � o�
dwlph vshqw lq pdwlqj dfwlylwlhv ehwzhhq ihpdoh � ) pdoh � o

dvhdufk wlph dwwulexwdeoh wr ihpdohv djh � o

' dpduuldjhv ehwzhhq � ) � +uhvxowlqj iurp pdohv lqlwldwlqj,o
dvlqjoh pdohv djh �odwlph vshqw lq pdwlqj dfwlylwlhv ehwzhhq ihpdoh � ) pdoh � o,/

dqg ��c� ' ��� #�c�
� S�&�c�4�c�^�c�*��c�1 L zloo h{suhvv wkh udwh �S��&�c�4�c� dv �h{lvwhqw

frxuwvklsv� shu xqlw wlph/ wklv phdqv wkdw ehfdxvh frxuwvklsv uhvxowlqj iurp pdohv
lqlwldwlqj lv fdofxodwhg iurp wkh udwh �&�c�4�c� dv li wklv zhuh d frqwlqxdo surfhvv zlwkrxw
euhdn iru qrq0pdwlqj dfwlylwlhv/ dqgpdwlqj dfwlylwlhv duh rqo| rffxuulqj iru d �S� iudfwlrq
ri wkh wlph/ wkhq wr jhw wkh qxpehu ri frxuwvklsv wkdw �h{lvw� lq wkh wlph wkdw lv
dfwxdoo| dydlodeoh zh dgmxvw e| wklv idfwru +�S�,1 Qrwh wkdw ��c� dqg ���c� duh wkh pd{lpdo
udwhv ri pduuldjh ehwzhhq ihpdoh � ) pdoh � iru ihpdoh lqlwldwlqj dqg pdohv lqlwldwlqj
uhvshfwlyho|1 E| pd{lpdo zh phdq wkdw +iru ���c� iru h{dpsoh, wklv zrxog eh wkh udwh
shu pdoh djh � li wkh dgxow ihpdoh srsxodwlrq frqvlvwhg hqwluho| ri ihpdohv djh � ru li

4Wkhuh lv dq dvvxpswlrq khuh wkdw wkh suhihuhqfhv dovr gr qrw h�hfw wkh wlph vshqw
rq qrq0pdwlqj dfwlylwlhv1
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pdohv djh � kdg d vroh suhihuhqfh iru ihpdohv djh �1 Zh fdq wkhq zulwh

�r� E|�hP�c� E|� ' ���c�8 r� E|�S/3�
��'k3� ����c�8 r�� E|�

���c��r� E|� +:14;d,

Dqg iru ihpdohv lqlwldwlqj

8 r� E|� P�c� E|� ' ��c��r� E|�S�/3�
��'�k3� ��c���r�� E|�

��c�8 r� E|� +:14;e,

Lq :14;d deryh/ wkh h{suhvvlrq ���c�8 r� E|�S/3�
��'k3� ����c�8 r

��E|�
uhsuhvhqwv wkh dfwxdo iudfwlrq ri wlph wkdw

lqlwldwlqj pdohv djh � vshqg lq pdwlqj dfwlylwlhv zlwk ihpdoh ri djh �/ dqg d vlplodu
lqwhusuhwdwlrq iru wkh ihpdohv lqlwldwlqj1

:1518 Wkh ryhudoo pduuldjh udwh

Wr rewdlq wkh ryhudoo udwh zh vxp wkh wzr udwhv1

Q �c� E|� ' ���c�8 r� E|�S/3�
��'k3� ����c�8 r�� E|�

���c��r� E|� n ��c��r� E|�S�/3�
��'�k3� ��c���r�� E|�

��c�8 r� E|�

'
#

���c����c�S/3�
��'k3� ����c�8 r�� E|�

n ��c���c�S�/3�
��'�k3� ��c���r�� E|�

$
8 r� E|��r� E|� c +:14<,

ru
Q �c� E|� ' '�c� E+r E|� c2r E|�� 8 r� E|��r� E|� +:153,

zkhuh

'�c� E+r E|� c2r E|�� �
#

���c����c�S/3�
��'k3� ����c�8 r�� E|�

n ��c���c�S�/3�
��'�k3� ��c���r�� E|�

$
+:154,



9<

+ru mxvw '�� E|� iru vkruw,1 Wkh dyhudjh pduuldjh udwh ehwzhhq pdohv djh � dqg ihpdohv
djh � rqfh d vwdeoh djh glvwulexwlrq lv rewdlqhg lv

Q �c� '
#

���c����c�S/3�
��'k3� ����c�8 r��

n ��c���c�S�/3�
��'�k3� ��c���r��

$
8 r��r� +:155d,

' '�c�8 r
��r

� +:155e,

:1519 Frpshwlwlrq/ lqwhuihuhqfh/ dqg idflolwdwlrq

L qrwh lq sdvvlqj wkdw zh fdq dovr lqfoxgh whupv iru frpshwlwlrq/ lqwhuihuhqfh/ dqg
idflolwdwlrq lq wkh ghqrplqdwru1 Li/ iru h{dpsoh/ wkh udwh ri pl{lqj zlwk vlqjohv ri d
sduwlfxodu djh lv uhgxfhg e| frpshwlwlrq iurp rwkhuv ri wkh vdph vh{ dqg2ru lqwhuihuhqfh
iurp douhdg| pdwhg lqglylgxdov wkh udwh +iru pdohv, pljkw orrn olnh

���c����c�8 r� E|�
�/3�S

�'�k3�
����r� E|� n

/S
��'k

4�?t��3kc�3�k�S
�'f

�i�c����c��c� E|� n
/3�S

��'k3�
����c�8 r�� E|�

+:156d,

dqg iru ihpdohv

��c���c��r� E|�
/3�S

��'k3�
� ��8 r�� E|� n

�/S
��'�k

4�?t�3kc��3�k�S
�'f

i�c����c�c�� E|� n
�/3�S

��'�k3�
��c���r�� E|�

+:156e,

Udwkhu wkdq h{sdqg wklv phvv L zloo mxvw qrwh wkdw zh fdq hdvlo| vhh wkdw wkh qxphudwru
ri Q �c� E|� vwd|v wkh vdph zkloh wkh ghqrplqdwru uh0vfdohv lq whupv ri 8 r� E|� dqg �r� E|�
dqg jdlqv whupv ��c�c�� E|� vxpphg ryhu � dqg �/ dqg � dqg � vhsdudwho|1 Rqh zrxog
h{shfw wkdw wkh ydoxhv ri wkh �*v duh odujh lq frpsdulvrq wr wkh �*v dqg i*v dqg wkdw
wkhuhiruh wkh ryhudoo udwhv duh uhgxfhg exw wkh uhodwlyh udwhv duh d�hfwhg ohvv vr/ vlqfh
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wkh lqglylgxdo h�hfwv whqg wr dyhudjh rxw1 Lq ixuwkhu ghyhorsphqwv L zloo qrw khuh
frqvlghu wkhvh h{solflw w|shv ri frpshwlwlrq ru lqwhuihuhqfh iurp +srwhqwldoo|, qrq0
pdwlqj lqwhudfwlrqv1 Hyhq vr wkhuh duh vwloo lqgluhfw h�hfwv gxh wr wkh uhgxfwlrq ri
qxpehuv ri dydlodeoh pdwhv iurp pduuldjhv wkdw gr rffxu1 Dqg �qdoo| L dovr qrwh/ lq
sdvvlqj/ wkdw wkh dfwxdo pdwlqj ehkdylru riwhq ylrodwhv vrph ri wkh vhyhq frqglwlrqv iru
d �ghvludeoh� pdwkhpdwlfdo ixqfwlrq1 Iru lqvwdqfh wkh phuh rffxuuhqfh ri d pduuldjh
pd| lqgxfh vrfldo idflolwdwlrq +frs|lqj, dprqj shhuv +ylrodwlrq ri frqglwlrq yl1,/ ru
lqfuhdvlqj wkh qxpehu ri frpshwlqj pdohv +iru lqvwdqfh, iru d olplwhg qxpehu ri ihpdohv
pd| fdxvh qrq0olqhdu lqfuhdvh lq wkh qxpehu ri pduuldjhv +ylrodwlrq ri frqglwlrqv y
dqg2ru yll,/ ru pdwlqj pd| eh qrq0 prqrjdprxv +ylrodwlrq ri frqglwlrqv lll dqg yll,1
Iru prqrjdprxv v|vwhpv wkrxjk frqglwlrq lll pxvw eh phw +sduwlfxoduo| lq wkh fdvh ri
glvfuhwh wlph wr dyrlg wkh hpeduudvvphqw ri qhjdwlyh txdqwlwlhv$,

:151: D txlfn �{ iru h{fhvvlyh udwhv

Li wkh wrwdo qxpehu ri pduuldjhv ri vlqjohv suhglfwhg lv juhdwhu wkdq wkh qxpehu dydlo0
deoh/ wkdw lv S/3�

�'k3� 8 r� E|��r� E|�'�c� E|� : �r� E|� ru S�/3�
�'�k3� 8 r� E|��r� E|�'�c� E|� :

8 r� E|� wkhq glvwulexwh wkh pduuldjhv dprqj vlqjohv lq sursruwlrq wr wkh uhodwlyh udwhv
ri pduuldjh1 Wkh udwlrqdoh iru wklv lv wkdw wkh wlph xqwlo doo wkh dydlodeoh vlqjohv ri d
sduwlfxodu djh duh pdwhg lv sursruwlrqdo wr wkh uhflsurfdo ri wkh wrwdo pduuldjh udwh
iru wkdw djh fodvv1 Iru h{dpsoh/ lq wkh fdvh ri ihpdoh djh � pduuldjhv/ li wkh wr0
wdo qxpehu ri pduuldjhv ri ihpdohv suhglfwhg lv juhdwhu wkdq wkh qxpehu dydlodeoh=
8 r� E|�S�/3�

�'�k3��r� E|�'�c� E|� : 8 r� E|� ru S�/3�
�'�k3��r� E|�'�c� E|� : �1 Qrz lq jhqhudo

wkh qxpehu ri ihpdoh pdwhv djh � wkdw duh ghvluhg lq d vlqjoh wlph lqwhuydo lv 8 _� E|� '
8 r� E|�S�/3�

�'�k3�'�c� E|��r� E|� +R_� iru ghvluhg ihpdoh pdwhv,1 Exw li wkh UKV lv odujh
hqrxjk wkhq doo vlqjoh ihpdohv djh � duh pdwhg ehiruh wkh hqg ri wkh wlph lqwhuydo1
Wkh| duh doo pdwhg lq vrph iudfwlrq ri wkh wlph lqwhuydo � Ef 	 � � ��/ vxfk wkdw
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�8 _� E|� ' 8 r� E|�1 Wkhq

�8 _� E|� ' 8 r� E|� ' �8 r� E|�
�/3�[

�'�k3�
'�c� E|��r� E|� +:157,

dqg
� ' �S�/3�

�'�k3�'�c� E|��r� E|�
+:158,

Wkh uljkw kdqg vlgh ri Htxdwlrq :157 fdq wkhq eh uhzulwwhq dv

�8 _� E|� ' 8 r� E|�
' '�c�k3� E|��r�k3� E|�8 r� E|�S�/3�

�'�k3�'�c� E|��r� E|�� ~} �
pduuldjhv ehwzhhq 8 r� :�r�k3�

n '�c�k E|��r�k E|�8 r� E|�S�/3�
�'�k3�'�c� E|��r� E|�� ~} �

pduuldjhv ehwzhhq 8 r� :�r�k

n � � �

n'�c�/3� E|��r�/3� E|�8 r� E|�S�/3�
�'�k3�'�c� E|��r� E|�� ~} �

pduuldjhv ehwzhhq 8 r� :�r�/3�

+:159,

Wkxv zh vhh wkdw wkh glvwulexwlrq ri wkh pduuldjhv ri ihpdohv djh � wr pdohv djh � lv
'�c�E|��r� E|�S�/3�

�'�k3�'�c�E|��r� E|�8
r� E|�1 Vlploduo| li wkh wrwdo qxpehu ri pduuldjhv ri pdohv suhglfwhg lv

wrr kljk= S/3�
�'k3�'�c� E|�8 r� E|� : �/ wkhq zh wkh glvwulexwh wkh pduuldjhv ri pdohv djh

� wr ihpdohv djh � dv '�c�E|�8 r� E|�S/3�
�'k3�'�c�E|�8 r� E|��r� E|�/ dqg li erwk S/3�

�'k3�'�c� E|�8 r� E|� : �/ dqgS�/3�
�'�k3�'�c� E|��r� E|� : �/ duh wuxh wkhq zh wdnh wkh plqlpxp glvwulexwhg qxpehu ri

pduuldjhv1
Wkxv wkh qdwdolw| ixqfwlrq orrnv olnh

Q �c� E|� ' � �c� E|�'�c� E|�8 r� E|��r� E|� +:15:,

zkhuh '�c� E|� lv gh�qhg lq :154/ dqg

� �c� E|� ' 4�?
+
�c �S�/3�

��'�k3�'�c�� E|��r�� E|�
c �S/3�

��'k3�'��� E|�8 r�� E|�
,

+:15;,
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Iru wkh qxpehu ri frxsohv

��n�c�n�
f E|n �� ' R��R�� �c� E|�'�c� E|�8 r� E|��r� E|� +:15<,

Iru wkh vwdeoh djh glvwulexwlrq zh kdyhQ �c� ' � �c�'�c�8 r
��r

�1 Dqg iurp Htxdwlrqv
719 dqg 814f zh kdyh ��c�

f ' b3�R�3��R�3�Q �3�c�3� vr wkdw

��n�c�n�
f ' � �c� R��R�b '�c�8 r��r� +:163,

:151; Pruh rq sursruwlrqv

Djh glvwulexwlrq ri qhz frxsohv

Glylglqj wkurxjk Htxdwlrq :163 e| � zh rewdlq

5�n�c�n�f ' � �c� R��R�b �'�c�
8 r�
�

�r�
� +:164,

H{sdqglqj xvlqj vwdeoh djh vroxwlrqv iru wkh sursruwlrqv +915/ 917/ 918d/ 9144/ dqg
9145,

5�n�c�n�f ' � �c� R��R�b �'�c�

�8 r��
8 ��

8 ��
8

8
8�

8�
�

���r��
� ��

� ��
�

�
��

��
�

�

' � �c� R��R�b �'�c�
�H��%��%3�� E�� kHl�3�� �O��+��+3�� E�� kOl�3��

' � �c� R��R�b �'�c�

3
CH�� ���b3��S/

��'k ���b3��
#
�� S/

��'k ���b3��H��S/
��'k ���b3��

$3�4D

�
3
CO��

����b3��S�/
��'�k ����b3��

#
�� S�/

�'�k ����b3��O��S�/
��'�k ����b3��

$3�4D
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' � �c� R��R�b �'�c�

� ��b3�H�S/
��'k ���b3�� E�� H���

�# ���b3�O�S�/
��'�k ����b3�� E��O���

$
+:165,

Wklv fdq eh vlpsol�hg dv

5�n�c�n�f ' R��R�
b �����b3E�n��� �c�L�c�H�O�

' ��n����n�b3E�n�n��� �c�L�c�H�O� +:166,

zkhuh wkh srwhqwldo pduuldjh udwh zlwk uhvshfw wr iudfwlrq ri vlqjoh pdohv dqg ihpdohv
zlwklq hdfk djh fodvv lv

L�c� � �'�c��S/
��'k ���b3�� E�� H���� kS�/

��'�k ����b3�� E��O���
l +:167,

Qrz
�'�c� '

���c����c�S/3�
��'k3� ����c� E8 r��% ��

n ��c���c�S�/3�
��'�k3� ��c��

��r��
� ��

' ���c����c�S/3�
��'k3� ����c� 8

r
��8 ��
8 ��8

8
8�

8��
n ��c���c�S�/3�

��'�k3� ��c���
r
��

���
���
�

�
��

���

' ���c����c�S/3�
��'k3� ����c�H��%��%3�� E�� kHl�3� n ��c���c�S�/3�

��'�k3� ��c��O��+��+3�� E�� kOl�3�
' ���c����c�%� E�� kHl�S/3�

��'k3� ����c�H��%��
n ��c���c�+� E�� kOl�S�/3�

��'�k3� ��c��O��+��

' ���c����c� S/
��'k ���b3��S/3�

��'k3� ����c�H�����b3��
#
�� S/

��'k ���b3��H��S/
��'k ���b3��

$
n � � �

��c���c� S�/
��'�k ����b3��S�/3�

��'�k3� ��c��O�� ����b3��
#
�� S�/

�'�k ����b3��O��S�/
��'�k ����b3��

$

' ���c����c� S/
��'k ���b3�� E�� H���S/3�

��'k3� ����c����b3��H��
n ��c���c� S�/

��'�k ����b3�� E��O���S�/3�
��'�k3� ��c�� ����b3��O��

+:168,
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Vxevwlwxwlqj olqh :168 iru �'�c� lq gh�qlwlrq :167

L�c� ' ���c����c��S/3�
��'k3� ����c����b3��H��

� �S�/
��'�k ����b3�� E��O���

�
n ��c���c��S�/3�

��'�k3� ��c�� ����b3��O��
� �S/

��'k ���b3�� E�� H���� +:169,

Idfwrulqj rxw wkh udwlr ri vlqjohv ri d sduwlfxodu djh fodvv wr wrwdo qxpehu ri frxsohv
lq wkh ghqrplqdwru ri wkh wlph lqwhuydo iudfwlrq/ � �c� fdq eh uhzulwwhq

� �c� ' 4�?
+
�c �S�/3�

��'�k3��'�c��
��r��*�

� c �S/3�
��'k3��'��c� E8 r��*��

,
+:16:,

Ixuwkxu h{sdqglqj dqg vxevwlwxwlqj wkh uhohydqw h{suhvvlrqv lq wkh ghqrplqdwru ri wkh
vhfrqg whup ri wkh wlph lqwhuydo iudfwlrq deryh/

�/3�[
��'�k3�

�'�c��
��r��*�

� ' �/3�[
��'�k3�

�'�c��
�r��
� ��

� ��
�

�
��

��
�

'
�/3�[

��'�k3�
�'�c��O��+��+3�� E�� kOl�3�

'
S�/3�

��'�k3��'�c��O��+��
+� E�� kOl�

'
S�/3�

��'�k3��'�c��O��+��
+� E�� kOl�3�

'
S�/3�

��'�k3��'�c��O�� ����b3��S�/
��'�k ����b3��

#
�� S�/

�'�k ����b3��O��S�/
��'�k ����b3��

$3�

'
S�/3�

��'�k3��'�c��O�� ����b3��S�/
�'�k ����b3�� E��O���

'
# /[

��'k
���b3�� E�� H���

$# �/3�[
��'�k3�

L�c�� ����b3��O��
$

+:16<,
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Vlploduo|

/3�[
��'k3�

�'��c� E8 r��*�� '
# �/[

��'�k
����b3�� E��O���

$# /3�[
��'k3�

L��c����b3��H��
$

+:173,

Vr

� �c� ' 4�?

;AAAAA?
AAAAA=

�c
�S/

��'k ���b3��E�3H���
S�/3�

��'�k3� L�c�� ����b3�
�O��

c
�S�/

��'�k ����b3��E�3O���S/3�
��'k3� L��c����b3�

� H��

<AAAAA@
AAAAA>

+:174,

Ilqdoo| gh�qh wkh uhdol}hg pduuldjh udwh zlwk uhvshfw wr iudfwlrq ri vlqjoh pdohv dqg
ihpdohv zlwklq hdfk djh fodvv

X�c� � � �c�L�c� +:175,

Wkhq wkh qxpehu ri qhz frxsohv iurp :166 lv

5�n�c�n�f ' X�c���n����n�b3E�n�n��H�O� +:176,

Vr vxpplqj ryhu doo lqglfhv iru 5�c�� dqg vxevwlwxwlqj Htxdwlrqv 919f

� '
/[
�'k

�/[
�'�k

4�?t/3�c�/3��[
�'f

5�c�� +:177d,

'
/[
�'k

�/[
�'�k

3
C4�?t/3�c�/3��[

�'f
O�c�� b3�

4
D 5�c�f +:177e,

'
/[
�'k

�/[
�'�k

\�c�5�c�f +:177f,

Vxevwlwxwlqj wkh UKV ri Htxdwlrq :176 iru 5�c�f wkhq

� '
/[
�'k

�/[
�'�k
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Sursruwlrq ri vlqjohv lq hdfk djh fodvv
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Qrwh wkdw wkh whupv lq sduhqwkhvlv rq wkh UKV ri :17: dqg :17; duh frqvwdqwv zlwk
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Wkh lqglylgxdo whupv ri Htxdwlrq :17: fdq eh zulwwhq dv d ixqfwlrq ri wkhvh frqvwdqwv

O� ' �� �g�O�3� +:183d,
O�k ' �� �g�k +:183e,

O�kn� ' �� �g�kn� n �g�kn� �g�k +:183f,
O�kn2 ' �� �g�kn2 n �g�kn2 �g�kn� � �g�kn2 �g�kn� �g�k +:183g,

111
O� ' �� �[

?'�k
E���?3�k

?\
6'�k

�g�n�k36 +:183h,

O� ' �� �3�k[
?'f

E���? ?\
6'f

�g�36 +:183i,

Dqg vlpduoduo| iru wkh lqglylgxdo whupv ri Htxdwlrq :17;

H� ' ��g�H�3� +:184d,
Hk ' ��gk +:184e,

Hkn� ' ��gkn� ngkn�gk +:184f,
Hkn2 ' ��gkn2 ngkn2gkn� �gkn2gkn�gk +:184g,

111
H� ' �� �[

?'k
E���?3k ?\

6'k
g�nk36 +:184h,

H� ' �� �3k[
?'f

E���? ?\
6'f

g�36 +:184i,

Qrwh wkdw

g� ' E�� H�� *H�3� +:185d,
dqg �g� ' E��O�� *O�3� +:185e,



:<

wkdw lv g� dqg �g� duh wkh udwlr ri iudfwlrq pdwhg lq d jlyhq djh fodvv wr wkh iudfwlrq
vlqjoh lq wkh sulru djh fodvv iru ihpdohv ru pdohv1

Vh{ udwlrv

Wkh �qdo hohphqwv qhhghg iru d frpsohwh vroxwlrq wr rxu v|vwhp frphv iurp wkh vh{
udwlrv1 Pdqlsxodwlrqv ri Htxdwlrqv 8153/ 916/ 917/ 919f dqg 91; |lhog wkh iroorzlqj
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Khqfh htxdwlqj wkh wzr UKV*v ri :186i dqg :187e
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ru wkh iudfwlrq ihpdohv pdwhg lq wkh �uvw uhsurgxfwlyh djh fodvv lv gluhfwo| sursruwlrqdo
wr wkh iudfwlrq pdohv pdwhg lq wkh �uvw uhsurgxfwlyh djh fodvv
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Fkdswhu ;
Vroxwlrqv zlwk djh0lqyduldqw sdudphwhuv
Lq wkh iroorzlqj vhfwlrq L zloo ghyhors wkh uhodwlrqvklsv ehwzhhq wkh iudfwlrq ri lqgl0
ylgxdov wkdw duh vlqjoh lq wkh �uvw uhsurgxfwlyh djh fodvv dqg doo wkh rwkhu djh fodvvhv
iru hdfk vh{ zkhq wkh olih klvwru| sdudphwhuv duh dvvxphg frqvwdqw iru doo djh fodvvhv
dqg uhsurgxfwlyh sdudphwhuv duh frqvwdqw iru doo uhsurgxfwlyh dgxow djh fodvvhv1 L zloo
dovr  hvk rxw d uhodwlrqvkls ehwzhhq wkh iudfwlrq vlqjoh pdohv dqg wkh iudfwlrq vlqjoh
ihpdohv lq wkh �uvw uhsurgxfwlyh djh fodvvhv1 Lq sduw 5 L zloo ghulyh dqrwkhu uhodwlrqvkls
ehwzhhq iudfwlrq vlqjohv pdoh dqg ihpdoh lq wkh �uvw uhsurgxfwlyh djh fodvvhv1 Wkhq
lq sduw 6 L zloo sxw wkhvh wrjhwkhu vr wkdw zh zloo kdyh wkh iudfwlrq vlqjohv lq doo djh
fodvvhv iru erwk vh{hv1 Ilqdoo| lq Sduw 71 L zloo ghwhuplqh wkh jurzwk udwh Eb� ri wkh
srsxodwlrq/ frpsohwlqj doo wkh hohphqwv qhhghg iru d frpsohwh vroxwlrq ri rxu v|vwhp1
Wkh srlqw ri doo wklv lv wr h{dplqh/ lq d vhqvh/ wkh �dyhudjh� ehkdylru ri wkh prgho vr
wkdw zh fdq kdyh dw ohdvw vrph iudph ri uhihuhqfh iru zkhq wklqjv jhw pruh frpsolfdwhg1

;14 Sduw 41 Uhodwlqj vlqjohv ri doo djh fodvvhv wr wkh �uvw uh0
surgxfwlyh djh fodvv1

Dvvxph wkh vlqjoh vhdvrq vxuylydo suredelolwlhv duh wkh vdph zlwk uhjdugv wr djh/ wkdw
lv R� ' R/ dqg �R� ' �R1 Dqg dovr vxssrvh wkdw wkh suredelolw| wkdw d pduuldjh zloo
vxuylyh +jlyhq wkdw qhlwkhu sduwqhu glhv, iurp dq| vhdvrq wr wkh qh{w lv lqghshqghqw
ri wkh djhv ri wkh lqglylgxdov dqg wkh ohqjwk ri wlph wkdw wkh| kdyh ehhq pdwhg + l1h1
Z�c�� ' Z,1 Wkhq �� ' R�/ ��� ' �R�/ O�c�� ' ER�RZ��1 Vxppdul}lqj
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L zloo dovr dvvxph wkhuh lv qr djh glvwlqfwlrq iru vhdufk udwhv/ iudfwlrq ri wlph ghyrwhg wr
uhsurgxfwlyh dfwlylw|/ frxuwvkls wlph/ ru frxuwvkls suhihuhqfhv1 Vr ���c� ' �� dqg ��c� ' �
+frxuwvklsv shu vlqjoh pdoh ru ihpdoh uhvshfwlyho| shu xqlw wlph duh wkh vdph iru doo
djhv,1 Dovr �D�c� ' �D/ dqg D�c� ' D +wlph wkdw pdohv dqg ihpdohv uhvshfwlyho| vshqg
lq uhsurgxfwlyh dfwlylw| shu wlph vhdufkhg lv wkh vdph iru doo djhv,1 Dqg L zloo dovr
dvvxph wkdw wkh iudfwlrq ri pduuldjhv ehwzhhq ihpdohv dqg pdohv wkdw rffxu gxh wr
pdoh vhdufklqj lv wkh vdph uhjdugohvv ri djh #�c� ' #1 Ilqdoo| wkh iudfwlrq ri frxuwvklsv
wkdw uhvxow lq pduuldjh lv lqghshqghqw ri djh vr wkdw iurp :169 dqg :175
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;1414 Wkh h{shfwhg qxpehu ri frxsohv pdwhg iru doo ohqjwkv
ri wlph shu qhz frxsoh zlwk djh lqyduldqw sdudphwhuv1

Lq rughu wr vlpsoli| wklqjv frqvlghudeo| L zloo pdnh wkh iroorzlqj dssur{lpdwlrq iru
Htxdwlrq ;14f1 Qrwlqj wkdw
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Wklv lv hvvhqwldoo| vd|lqj wkdw qhzo frxsohv frpsulvh d frqvwdqw iudfwlrq ri doo frxsohv
pdwhg dw wkh vdph djhv1 Lw lv d udwkhu urxjk dssur{lpdwlrq exw d yhu| xvhixo rqh1

;1415 Udwlrv ri iudfwlrq pdwhg wr iudfwlrq vlqjoh rqh djh vwhs
|rxqjhu

Pdnlqj wkh dssursuldwh vxevwlwxwlrqv iru djh lqyduldqw sdudphwhuv wkh gh�qlwlrq :17<d
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Exw wkhq g� dqg �g� lv wkh vdph iru doo ydoxhv ri � dqg � iru zklfk ;145g dqg ;146g duh
ydolg1 Vr g� ' g iru k � � � / dqg �g� ' �g iru �k � � � �/�

;1416 Iudfwlrqv vlqjoh
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E���?3k ?\
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g

'
�n�[
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E�g�?3k '
�3kn�[
?'f

E�g�?

' �� E�g��3kn2
� ng +;148,

Exw

O�k ' �� �g ', �g ' ��O�k +;149d,
Hk ' ��g ', g ' �� Hk +;149e,



;:

Vxevwlwxwlqj lq ;147 dqg ;148

O� '
�� �� �g

��3�kn2

� n �g ' �� EO�k � ���3�kn2

2�O�k
+;14:d,

H� ' �� E�g��3kn2
� ng ' �� EHk � ���3kn2

2� Hk +;14:e,

Uhfdoo wkdw g� dqg �g� duh wkh udwlrv ri iudfwlrq pdwhg lq d jlyhq djh fodvv wr wkh
iudfwlrq vlqjoh lq wkh sulru djh fodvv iru ihpdohv ru pdohv uhvshfwlyho|1 Ru lq rwkhu
zrugv wkh iudfwlrq pdwhg lq d jlyhq djh fodvv lv sursruwlrqdo wr wkh iudfwlrq vlqjoh lq
wkh sulru djh fodvv iru ihpdohv ru pdohv uhvshfwlyho| ��H� ' H�3�g dqg ��O� ' O�3� �g1
Wklv ri frxuvh pdnhv vhqvh � li wkhuh lv d odujhu iudfwlrq ri vlqjohv dydlodeoh wr pdwh
dw d jlyhq djh wkhq lwv qrw vxusulvlqj wkdw d odujhu iudfwlrq ri wkh qh{w djh fodvv lv
pdwhg1 Lq wklv fdvh wkh udwlr ri wkh iudfwlrq pdwhg wr wkh iudfwlrq vlqjoh lq wkh sulru
djh fodvv lv wkh vdph iru doo djh fodvvhv1 Vlqfh wkh �uvw djh fodvvhv wkdw duh holjleoh
wr pdwh duh k � � dqg �k � � dqg doo lqglylgxdov duh vlqjoh lq wkrvh djh fodvvhv zh
kdyh �� H� ' H�3� E�� Hk� dqg ��O� ' O�3� E��O�k�/ Wklv udwkhu vlpsoh revhuydwlrq
kdv vrph uhpdundeoh frqvhtxhqfhv1 Iru h{dpsoh h{sdqglqj H� lq whupv ri Hk iru wkh
vhtxhqfh ri �*v

Hkn� ' �� Hk n H2k +;14;d,
Hkn2 ' f n 2Hk � 2H2k n H�k +;14;e,
Hkn� ' �� 2Hk n eH2k � �H�k n Hek +;14;f,
Hkne ' f n �Hk � SH2k n .H�k � eHek n HDk +;14;g,
HknD ' �� �Hk n bH2k � ��H�k n ��Hek � DHDk n HSk +;14;h,
Hkn? '

?n�[
6'f

#?n�[
&'6

E���&n6� &
6
�$

H6k +;14;i,
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Ohw*v orrn dw d sorw ri wkhvh �uvw dv d ixqfwlrq ri Hk iru d ihz ydoxhv ri � dqg wkhq dv d
ixqfwlrq ri � iru ihz ydoxhv ri Hk1

Iljxuh ;14 vkrzv wkdw iru Hk udqjlqj iurp 3 wr 4 wkh ydoxhv ri H� +iru � ' kck n
�c k n 2c k n .c k n Hc k n �bc k n 2fcdqg 4, dowhuqdwh iurp kljk wr orz/ ru orz wr
kljk lq vxffhvvlyh djh fodvvhv/ dqg wkh dpsolwxgh ri wkh dowhuqdwlrq fdq eh uhodwhg wr
wkh lqlwldo iudfwlrq uhpdlqlqj vlqjoh +ru iudfwlrq pduu|lqj,1 Wkhvh dowhuqdwh ehwzhhq
juhdwhu wkdq H" E' �* E2� Hk�� dqg ohvv wkdq H" +exw juhdwhu wkdq Hk,1 Iru h{dpsoh
zkhq Hk ' f�2 +53( ri wkh ihpdohv djh k duh vlqjoh, wkhq ;7( ri wkh ihpdohv lq qh{w
djh fodvv E� ' kn �� duh vlqjoh dqg 651;( ri wkh ihpdohv djh kn 2 duh vlqjoh/ hwf1 +H"
@88188(,

Hdfk olqh lq Iljxuh ;15 vkrzv wkh vhtxhqfh ri H�*v iru sduwlfxodu lqlwldo ydoxhv ri Hk�
Iru h{dpsoh wkh olqh zlwk wkh vtxduh v|perov vwduw rxw zlwk Hk ' f�D dw wkh |0lqwhufhsw
+V ' f,/ wkh qh{w ydoxh +V ' �, lv Hkn� ' f�.D dqg vr rq surjuhvvlqj zlwk gdpsqlqj
�rvfloodwlrqv� wrzdug lw*v dvprwrwlf ydoxh ri H" ' 2*�
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Iljxuh ;14= H� dv d ixqfwlrq ri Hk
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Iljxuh ;15= HknV dv d ixqfwlrq ri V
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;1417 Pduuldjh udwh
Uhzulwlqj X lq whupv ri O�k dqg Hk zh vwduw zlwk ;1:e dqg ;1<
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;1418 Iudfwlrq qhz frxsohv uhodwlyh wr frxsohv pdwhg iru doo
ohqjwkv ri wlph

Dqg wkhq wklv zlwk ;15: |lhogv
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Vroylqj iru O�k wkh �uvw whup ri wkh plqlpxp ixqfwlrq |lhogv=
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Wkh vhfrqg whup +vlqjoh ihpdohv olplwlqj, |lhogv Hk=
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;15 Sduw 51 Vh{ udwlrv lq wkh �uvw uhsurgxfwlyh djh fodvvhv

Wr ghwhuplqh wkh frpsolphqwdu| ydoxhv ri O�k ru Hk zh h{sdqg wkh vhfrqgdu| vh{ udwlr
iru djhv �k dqg k1 Iurp Htxdwlrq :186i zlwk djh0lqyduldqw sdudphwhuv�
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;1514 Qxpehu ri uhsurgxfwlyh djh fodvvhv ohvv wkdq 6
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;1515 Qxpehu ri uhsurgxfwlyh djh fodvvhv 6 ru juhdwhu1
Li zh h{shfw Hk : O�k wkhq pdnh wkh iroorzlqj dssur{lpdwlrqv1 Iru wkh fdvh zkhq
O�k ' f wkhq ghqrwh �C e| R �Cf� dqg Htxdwlrq ;156 ehfrphv
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Wkxv wkh whup �/3kc�/3�k lv gh�qhg lpsolflwo| dqg pxvw eh rewdlqhg qxphulfdoo|1 Wkh
iudfwlrq ri pdwhg ihpdohv lq wkh �uvw uhsurgxfwlyh djh fodvv E�� Hk� fdq eh dssur{l0
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kdyh d olplwlqj fdvh ru qrw/ vr wkhvh hvwlpdwhv pxvw eh sxw edfn lqwr wkh frqglwlrqv iru
ghwhuplqlqj wkh fdvh1 Wklv frxog suhvxpdeo| fdxvh lqvwdelolwlhv lq wkh vroxwlrq li zh
vroyh e| lwhudwlqj/ vlqfh wkh frqglwlrqv iru ghwhuplqlqj wkh fdvh duh edvhg rq d �{hg
ydoxh ri b/ zkhuhdv b lv lwvhoi ghshqghqw rq zklfk fdvh lv shuwlqhqw1 Lq vxfk fdvhv wkh
vroxwlrq ri wkh v|vwhp pd| eh ghshqghqw rq lqlwldo frqglwlrqv1 Iurp wkh fkdudfwhulvwlf
htxdwlrq krzhyhu
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djh fodvv E�� Hk�/ vr zkhq h{solflw vroxwlrqv ri b duh dydlodeoh wkh fdvh wkdw surylghv
wkh fruuhfw ydoxh ri iudfwlrq pdwhg dovr surylghv wkh fruuhfw ydoxh ri b� Iru h{dpsoh
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Wklv lv qrw wkh phwkrg xvxdoo| xvhg wr hvwlpdwh b� Wkdw phwkrg/ sursrvhg e| Orwnd
^5:`/ h{sdqgv wkh fkdudfwhulvwlf htxdwlrq lq d Wd|oru vhulhv dqg xvhv wkh �uvw wzr pr0
phqwv ri wkh pdwhuqlw| ixqfwlrq wr hvwlpdwh b
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zkhuh wkh fxpxodqwv V�dqg V2 duh dv gh�qhg lq Htxdwlrq 918<1 Wkh sureohp khuh
wkrxjk lv wkdw wkh eluwk udwhv E� dqg �E� duh qrw dfwxdoo| frqvwdqw +ru hyhq olqhdu, zlwk
uhvshfw wr b1 Dw wklv mxqfwxuh zh kdyh qrw lqyhvwljdwhg wkh rswlpdo zd| wr hvwlpdwh bc
ru hyhq li h{whqglqj Orwnd*v phwkrg surylghv dq lpsuryhphqw ryhu wkh deryh phwkrg1
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Glvfxvvlrq dqg ixwxuh zrun1
Lq wklv zrun L kdyh krshixoo| surylghg d xvhixo iudphzrun iru wkh vlpxodwlrq ri glvfuhwh0
wlph wzr0vh{ djh vwuxfwxuhg srsxodwlrq prghov1 L kdyh vkrzq wkh frqglwlrqv qhfhvvdu|
iru jhrphwulf jurzwk lq wkhvh prghov lq jhqhudo/ lqfoxglqj gluhfw surri wkdw wkh krpr0
jhqhlw| frqglwlrq rq pduuldjh ixqfwlrqv lv d qhfhvvdu| frqglwlrq iru jhrphwulf jurzwk
dqg d vwdeoh djh vwuxfwxuh1 Jlyhq wklv rqh frqglwlrq doo wkh rwkhu dvshfwv ri �qrupdo�
vlqjoh0vh{ srsxodwlrq vwuxfwxuh dsso|/ wkh srsxodwlrq dv d zkroh dqg doo vxejurxsv
dv|pswrwlfdoo| dssurdfk d vwdeoh djh vwuxfwxuh iru krqhvw ihuwlolwlhv dqg erwk vh{hv
qhfhvvdulo| jurz dw wkh vdph udwh1 L fdofxodwh wkh jhqhudwlrq wlph iru pdohv dqg
ihpdohv dqg vkrz wkdw iru glvfuhwh wlph prghov wklv jhqhudwlrq wlph gl�huv voljkwo|
+e| 4 wlph vwhs, iurp wkh jhqhudwlrq wlph fdofxodwhg iurp frqwlqxrxv wlph prghov1 L
dovr krsh L kdyh rshqhg wkh grru iru pruh glvfxvvlrq rq pduuldjh ixqfwlrqv dqg kdyh
surylghg vrph lghdv ri p| rzq rq krz d ixqfwlrq pljkw eh frqvwuxfwhg iurp d pruh
ehkdylrudoo| edvhg dssurdfk dqg vwloo phhw wkh frqglwlrqv iru pduuldjh ixqfwlrqv vhw
iruwk e| PfIduodqg ^64` dqg Iuhgulfnvrq ^44`1 Wkh h{solflw h{suhvvlrq ri wkh srsxodwlrq
vwuxfwxuh lq wkh jhqhudo fdvh lv txlwh frpsolfdwhg dqg L kdyh �glvwloohg� wkh htxdwlrqv
dv pxfk dv srvvleoh lq rughu wr eulqj wkhp wr d srlqw zkhuh dw ohdvw qxphulfdo fdofxod0
wlrqv fdq eh shuiruphg dqg wkh jhqhudo vwuxfwxuh ri vroxwlrqv lv dssduhqw1 Hyhq lq wkh
fdvh ri djh lqyduldqw sdudphwhuv wkrxjk/ wkhvh h{suhvvlrqv duh vwloo txlwh frpsolfdwhg1
Iru qxphulfdo vroxwlrqv vlpxodwlrq pd| eh wkh txlfnhvw dqg vlpsohvw phwkrg1

H{dplqlqj srsxodwlrq g|qdplfv zlwk erwk vh{hv frqvlghuhg ehfrphv pruh lpsru0
wdqw dv wkh olih klvwrulhv ri wkh wzr vh{hv glyhujh/ dqg2ru wkh vh{ udwlrv ehfrph vnhzhg
dzd| iurp g|qdplfv dghtxdwho| ghvfulehg e| wkh ihpdoh olplwlqj fdvh1 Lw lv wkh pdu0
uldjh ixqfwlrq lq frqmxqfwlrq zlwk wkh ihfxqglwlhv ri wkh sduwlfxodu uhsurgxfwlyh sdluv
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dqg ghvfulehg zlwk uhjdug wr d sduwlfxodu fodvvl�fdwlrq +h1j1 djh, wkdw jlyhv wkh surshu
jurzwk udwhv dqg g|qdplfv iru wkh srsxodwlrq1 Lq d zd| wklv lv dqdorjrxv wr h�hfwlyh
srsxodwlrq vl}h lq srsxodwlrq jhqhwlf prghov1 Lq idfw wkh h�hfwlyh srsxodwlrq vl}h iru
vnhzhg vh{ udwlrv lv sursruwlrqdo wr wkh kduprqlf phdq ri wkh qxpehu ri hdfk vh{/ wklv
lv vlplodu lq irup wr wkh kduprqlf phdq pduuldjh ixqfwlrq glvfxvvhg lq Fkdswhu :1

Rqjrlqj zrun lqfoxghv wkh froohfwlqj ri gdwd rq djh suhglvsrvlwlrqv/ lqlwldwlrq sure0
delolwlhv/ dqg dv pdq| rwkhu gluhfw hvwlpdwhv ri pduuldjh ixqfwlrq sdudphwhuv dv srvvleoh
zlwkrxw uhvruwlqj wr lqyhuvh phwkrgv +edfn fdofxodwlqj sdudphwhu hvwlpdwhv wkdw jlyh
wkh ehvw �w wr srsxodwlrq gdwd,1 Dowkrxjk wkhuh lv dq kxjh qxpehu ri idfwruv wkdw
jr lqwr ghwhuplqlqj pduuldjh udwhv lw lv krshg wkdw vrph jhqhudo djuhhphqw ehwzhhq
wkh prghov suhglfwlrq dqg wkh dfwxdo pduuldjh udwhv zloo surylgh vrph ydolgdwlrq ru dw
ohdvw surylgh d jxlgh wr lpsurylqj wkh prgho +ru wkurzlqj lw rxw frpsohwho|,1

Ixwxuh zrun zloo lqfoxgh vhdufklqj iru rswlpdo hvwlpdwlrq phwkrgv iru prgho ydul0
deohv dqg jurzwk udwhv1 Lq dgglwlrq L zloo vrrq wu| surmhfwlqj dq dfwxdo +XVB, srs0
xodwlrq dqg frpsdulqj wr klvwrulfdo gdwd1 Jlyhq vxffhvv lq wkhvh duhdv/ lqurdgv wr
vwrfkdvwlf yhuvlrqv ri wkh prgho zloo surylgh vrph lqvljkw wr frq�ghqfh ri surmhfwlrqv/
sdudphwhuv dqg rwkhu lqirupdwlrq lqdffhvvleoh iurp ghwhuplqlvwlf prghov vxfk dv sure0
delolw| ri h{wlqfwlrq ru wlph wr h{wlqfwlrq1 Dssolfdwlrqv wr rwkhu w|shv ri srsxodwlrq
vwuxfwxulqj ru hslghplf prgho +iru h{dpsoh, lv dovr d srwhqwldoo| iuxlwixo duhd1



Dsshqgl{ D
Pdqlsxodwlrq ri Vxpv Ryhu Wkhlu Udqjhv
Wkh iroorzlqj htxlydohqflhv h{lvw lq wkh pdqlsxodwlrq ri vxpv ryhu wkhlu udqjhv/
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