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It is well known that the Kauffman Bracket Skein Module of a knot comple-
ment K, (S* \ K) is canonically a module over the Z,-invariants of the quantum

torus, A%Z, and this module determines the colored Jones polynomials |, (K;q)
of the knot K. Berest and Samuelson identified a conjecture for knots under
which a close variant of K4(S* \ K) canonically becomes a module over a certain
Double Affine Hecke Algebra, from which they defined a family of polynomials
Jn(X; g, t1, t2) generalizing the classical polynomials of Jones.

In this thesis an analogue of Habiro’s cyclotomic equation for the J,(K;q)
is discovered for J,(K;q, t;,t2). An integrality result for the coefficients in this
equation is found as a corollary, offering evidence for the conjecture of Berest
and Samuelson for all knots.

Separately, the conjecture of Berest and Samuelson is studied at the particu-
lar value ¢ = —1 where it is known to relate to properties of SL,(C)-character
varieties of knots. Computational methods are used to establish that the conjec-
ture holds for some non-invertible knots, which was not previously known.
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CHAPTER 1
INTRODUCTION

1.1 Background

The broad thrust of this thesis is the exploration of the deformation theory of

algebras and modules arising in low dimensional topology.

To introduce topology, let us fix an oriented knot K c S°. If we delete a
tubular neighborhood of this knot, there is a natural choice of generators for the
fundamental group of 9(S® \ K) = S x S' - a meridian/longitude pair (m,1) -

which determines the peripheral map
ox (ST x SN — m (S K).

This map is known, due to a combination of theorems of Waldhausen [33] and
Gordon and Luecke [9] to be a complete knot invariant. However, the map
above can be quite complicated, and so it is a common theme to instead take a
group G and study how oy relates representations of 71;(S' x S') and 71;(S* \ K)

into G.

Let us begin with the example G = C*. As 7;(S' x S') = Z?, a representation
of this into G is determined by a point of (C*)?, which we can give coordinates
(m,1). Since 7;(S® \ K) abelianizes to Z with generator m, any G-rep of it is
determined by the single element of C* with coordinate m. Thus the restriction

map can be viewed as the morphism of varieties
L:C" — (C)?

me (m,1)



Note that the map above on representation spaces for G = C* is identical for
all knots, since all knot groups have the same abelianization. Thus from the
perspective of a topologist this choice of G gives no distinguishing information
about our knot K. However, if we replace C* with SL,(C), the group homomor-

phism ax induces functorially a morphism of SL,(C)-character schemes
X(og): X(S3\K) — X(S" x SN
or dually, a map of commutative rings
X(ox)* : O(X(S' xS")) — O(X(S* \ K)). (1.1)

In this case the ring O(X(S' x S')) admits a simple description: it is the ring
of invariants C[X*', Y*']%2, where Z, acts by simultaneously inverting X and Y.
However, the target ring O(X(S* \ K)) depends on K, and the map X(ox)* re-
mains quite interesting. For example, the kernel of X(oy)* determines the A-
polynomial of the knot K and thus by work of [23] already distinguishes K from

the unknot. It is this map of rings and its deformations we are interested in.

Let us explain precisely what we mean by “deformations” of a ring map.
The main idea of what follows can be seen in very simple geometric example(s).
First, we will revisit our first topological case from a different perspective. Con-
sider the case of the affine line C including into its cotangent bundle T*C as the
zero section:

1:C—=T°C
X (x,0)

dual to this is a ring map

(" : Clx,y] — C[x]

x—=x, Yy 0.



As T*C is a symplectic manifold, its ring of functions carries a Poisson bracket.
Thus one may ask about the existence of a noncommutative deformation of
Clx,y] in the direction of this bracket. It is well-known that such a deforma-

tion can be realized in the form of the Weyl algebra

Cx, Y

Ap(C) = ————
n(C) x—xy —h

and in fact more is true: the algebra A;(C) acts on C[x] via its standard represen-
tation as differential operators x + x, y +— h. This action can be described as
a ring map

L : An(C) — Endc(Clx]). (1.2)

Let us now look at the “multiplicative” verson of this story. The inclusion
L:C" = (C7)?
X (X, 1)
is dual to the map of rings
U CIX, YT = CIXF

X=X, Yl

which is exactly the restriction map of character rings for G = C* discussed

above.

While not quite a cotangent bundle, (C*)? nonetheless carries a natural Pois-
son structure corresponding to the symplectic form w = & A CL—U. In this case
as well there is a noncommutative algebra which realizes a deformation of the

algebra structure on C[X*', Y*'], namely the quantum Weyl algebra:

A C<Xil’yi1>
T XY — ¢2YX)

3



Of course, more is true in this case as well: the algebra A also acts on C[X*'] via
difference-operators, Y.X" = g 2"X" and X.X" = X"*!. This action also can be

described as a map of rings

t; : Aqg — Endc(CIX*]). (1.3)

It is now important to make two observations about the examples ending in
equations (1.2) and (1.3). First: we were not considering t* in either case as a map
of Poisson algebras. Second: even if we had been, the process of deformation is
in no way functorial so we could not have expected * to deform into a map of

algebras. However, in both cases the same phenomenon occurs: we start with
f: Ao — B

a ring map of commutative algebras with A, Poisson, and A; some family of
associative algebras depending on t which deform A,. We then find for general
t ring maps

ft . At — End@(B)

which give B a module structure over A;.

Deforming the particular map of interest (1.1) is not a novel concept. Work
of many authors (see [6] for a summary) has established that there is a functor
from the category of 3-manifolds with morphisms open embeddings to C-vector
spaces (depending on a complex parameter q) called the Kauffman Bracket
Skein Module

Kq : 3-Mfld — Vect

such that K4(S' x S' x [0,1]) carries an algebra structure, and the “thickened”

version of the inclusion

oo : ST xS [0,1] — S*\ K (1.4)



induces a vector space map
Kql(oto) : Kg(S' % S"x [0,1]) = Kq(S* \ K) (1.5)

which can be shown to define a left K,(S' x S x [0, 1])-module structure on
Kq(S*\ K). When q = —1, every vector space K_;(M) gains the structure of a
commutative C-algebra, and the maps induced functorially by K_; become C-
algebra maps. Additionally, when q = —1, there is a natural isomorphism of

functors

n: K4 (=)=0(X(—))
which identifies K 1(S' x S' x [0, 1]) with O(X(S' x S")) and takes K_; (1) to
X(ak)*. Thus (1.5) represents a 1-parameter deformation of (1.1). Just as in the
q = —1 case, we may also describe explicitly the algebra K,(S' x S" x [0,1]). A
theorem of Frohman and Gelca [3] shows K, = A?z, where Z, acts by simultane-

ously inverting X and Y.

The functor K, also is related to the colored Jones polynomials, central ob-
jects in quantum topology. It is essentially a theorem of Kauffman [15] that
K¢(S?) = C. In the case of a knot K c S*,if D x S' represents a tubular neighbor-

hood of the knot, the inclusion
DxS'uS\K— S (1.6)

determines a topological pairing
(, >:Kq(D2xs‘)®A§2 Kq(S*\K) = C (1.7)

of AZ>-modules. It is a theorem of Kirby and Melvin [27] that this pairing de-
termines the sequence of Laurent polynomials in Z[q*'] associated to a knot K

known as the colored Jones polynomials J,,(K; q). Specifically, we have

Jn(Kiq) = (=1)" @, Sua (Y +Y7).2) (1.8)



where S, 1 (X+X") = ;:;Sn are Chebyshev polynomials and @ represents the

empty skein.

In [2], Berest and Samuelson sought to further deform (1.5) by applying the
representation theory of Double Affine Hecke Algebras (or DAHA). They begin by
noting that the DAHA of type C¥C;, denoted ¥, is an algebra depending on 5
deformation parameters (q, (ti, t2, t3,t4)) which is closely related to the algebra
Aq < Zy, where Z; acts by simultaneously inverting X and Y. In particular, if we
let D be the localization of A, < Z, at all nonzero polynomials in X, there is an
embedding due to Sahi [29]

¢ Hyp — Dy

whose image consists of the subalgebra generated by X, X~' and the operators

qtX+t X+t

To:t1SY—m“—SY), T1:t35—|— X71—X

(T—s)

where s is the generator of Z; and t; = t; — ti_]. Note that when t = (1,1,1,1),

the subalgebra is isomorphic to A4 > Z,.

Berest and Samuelson then define the nonsymmetric skein module of a knot K

to be the left A < Z;-module given by
Kq(S*\K) = A, Dp Kq(S*\ K) (1.9)

Let Eloc(y \ K) denote the localization of the nonsymmetric skein module at
nonzero polynomials in X, and 1 : E(S3 \ K) — E;l°c(s3 \ K) be the natural
localization map. The embedding ¢ gives @106(83 \ K) the structure of a H -

module.

The authors then compute these nonsymmetric skein modules for the un-

knot, the figure-eight knot, and the (2, 2p + 1)-torus knots. They show in every



case, E;(S3\K) is free and finitely generated over the subalgebra C[X*"] of AgxZ;.

Thus in all these cases, the localization map 7 is injective. Moreover, they show
—lo

that the action of Hy 4, ,,1,1) on Kq “(s? \ K) preserves the image of n; taken

together, this gives their

Theorem 1. (Berest, Samuelson, 2016) For K the unknot, figure-eight knot or any
(2,2p + 1)-torus knot,

1. The localization map n : @(83 \ K) — k\qloc(53 \ K) is injective.

2. The action of Hq 1, 1,,1,1) preserves the image of
and thus R;(S3 \ K) carries the natural structure of a Hq 1, 1,,1,1)-module.

That half of the parameters (t3,t4) cannot be realized as deformation param-
eters in this way is interesting and is studied in the original paper, but will not

concern us in what follows.

It has been shown by Le [17] in the case of two-bridge knots and Marche [20]
in the case of torus knots that the skein modules K(S* \ K) are free and finitely
generated over the subalgebra C[X + X~'] of AZ* corresponding to the skein of
the meridian. Thus in all these cases one would imagine k;(83 \ K) would be free
and finitely generated over C[X*'], and (1) would hold. Berest and Samuelson
then posed the main conjecture of their paper: that the above theorem could be

extended to all knots.

Conjecture 1. (BS Conjecture) Let K be any knot, and n : R:(SS \K) — E:OC(S3 \ K)
the natural localization of the nonsymmetric skein module of K at all nonzero polyno-

mials in X. Then



1. The map 1 is an injection.

—1
2. The natural action of Hg (, 1,,1,1) on Kq (83 \ K) preserves the image of
and thus @(53 \ K) carries the natural structure of a Hgq 1, 1,,1,1)-module.

The operator Ly, 1, = Yy, 1, +Y,, ftz :=TiTo+T, 'T, " acting on C[X*"] occupies a
central place in the theory of DAHA; it is known as the Askey-Wilson operator. It
can be shown that L, 1, preserves the subspace of symmetric functions C[X+X "]
and for generic parameters is diagonalizable in this basis. The eigenvectors of
this operator are the famous Askey-Wilson polynomials [24]. Note that when t; =

t, =1,Y;; =Yin Dy and thus L, is a natural t-deformation of Y + Y-,

As an application of their conjecture, Berest and Samuelson use this operator
to define a two-parameter family of knot invariants which deform the colored
Jones polynomials, which we will call the generalized Jones polynomials. A key
fact which they use is if q* # 1, then a pairing between right (resp. left) A%-
modules M, N

M(X)A%12 N—=C (1.10)

naturally induces a pairing between right (resp. left) A < Z;-modules M, N
M ®a uz, N = C (1.11)

This, along with the Askey-Wilson operator Ly, ;, = Yi, 1, + Y, ftz, allows the

definition

Definition 1. Let K be a knot for which the BS conjecture holds. Let E;(Dz x S1)

represent the nonsymmetric skein module of the solid torus and

() Kg(D?x ") @ nz, Kq(SP\K) = C



the pairing naturally induced by the topological pairing. Then define the generalized

Jones polynomials J,,(K; q, t1, t,) associated to K by
]n(Kv q) t] ) tl) = (_1 )n—] <®) Sn—] (Y‘q,tz + Y’;],tz)'®> (112)

where @ in a nonsymmetric skein module E;(M) is an element uniquely determined by

the empty skein in the symmetric skein module K (M).

Note that by construction, when (t;,t;) = (1,1), (1.12) becomes (1.8),
and thus J.(K;q,1,1) = J.(K;q). It can also be shown that J,(K;q,t;,t;) €

Clg*', ', &),

The subcase of the BS conjecture where q = —1 is of independent interest
and was studied in [34]. Let 7t denote a finitely generated group, and introduce

the Brumfiel-Hilden algebra associated to 7t

L Cln] o _
Hrr .= o Vo hen) H'm:={ae Hn| a = o(a)}

where o : Hmt — Hrr is the anti-automorphism given by reduction of the map

" on C[n]. Let us return to the case m = m(S* \ K), and let (m,1) c =

g—9
be a peripheral system. In the original work of Brumfiel and Hilden [10] is the

following conjecture

Conjecture 2. (BH Conjecture) Let Htmt[m*'] be the subalgebra of Hrmt generated by
H* 7t and m*'. Then we have

l e H fm*'] (1.13)

One of the central results of [34] establishes the relation of the BS Conjecture

at ¢ = —1 to the BH Conjecture
Theorem 2. (Berest, Samuelson, 2018) Assume that the map

(m—m7): H'mw — Ham*']



1

given by multiplication by m —m™" is injective. Then, the BS Conjecture at q = —1is

equivalent to the BH Conjecture.

Thus, the BS Conjecture for arbitrary q may be viewed as a quantization of

the classical BH conjecture.

1.2 Main Results

Part I of this thesis is focused on exploring the BS conjecture in the special case
q = —1, specifically the BH conjecture. Commenting on results of Berest and
Samuelson, Francis Bonahon suggested that “if the BH conjecture fails, it should
fail for a non-invertible knot”. All previously known examples for which the BH
conjecture was proven to hold were invertible knots, i.e. knots K for which there

is a group automorphism

p:m(SP\K) = m(S*\ K)

such that if (m, 1) is the peripheral system, p(m) = m,p(l) =17".

The first contribution of this thesis can now simply be described as a further
investigation of the BS conjecture in the new case of a non-invertible knot, in
the specific case q = —1. (Recall that work of Trotter [32] establishes that the
(p, g, 7)-pretzel knot is non-invertible provided p, g, r are all distinct odd num-

bers)

Theorem 3. For (p,q,r) = (3,5,7) and (3,5,9), the pretzel knots K,, . satisfy the

Brumfiel-Hilden conjecture.

10



The proof of Theorem 3 is reduced to a computer calculation. The resulting

code has the following virtue:

Remark 1. The code developed to establish Theorem 3 also allows for (relatively) effi-

cient determination of SL,(C) character schemes for 3-generator groups.

This, in turn, leads to the possibility of computing more efficiently A-
polynomials of knots which admit 3-generator presentations of their knot
groups. To the best of the author’s knowledge, current technology for com-
puting A-polynomials either depends on a 2-generator presentation of the knot
group or, alternately, an efficient decomposition of the complement into tetra-

hedra ([7], [4]).

Additionally at the ¢ = —1 level, where everything can be viewed purely
group-theoretically, our deformation problem can also be posed for virtual

knots. The result of this is the following theorem.

Theorem 4. For every 2-bridge knot K, there exists an infinite family of virtual knots

{Kn}, n = 1 such that (the analogue of) the Brumfiel-Hilden conjecture holds.

Part II of this thesis is devoted to the study of the generalized Jones poly-
nomials as defined by Berest and Samuelson. It can also be viewed as new
evidence in support of the BS conjecture for arbitrary knots K and arbitrary q.

To explain the result, we must first recall a classical fact from quantum topology.

Habiro [11] found a remarkable formula - the so-called cyclotomic expansion

for the ordinary colored Jones polynomials {J(K; q)} for any knot K:

Theorem 5. (Habiro, 2001)



where H;(K) are integral Laurent polynomials in q, depending on K.

The terms H;(K) are known as the Habiro cyclotomic polynomials of K. The
coefficients of Habiro’s cyclotomic expansion will appear repeatedly; we intro-
duce the notation

Cnji i= _ZH ) g2t 1 =0,1,...,n—1
9> —q Pl
We also must recall the inductive definition of the Macdonald polynomials in
terms of the Pieri relations. For a parameter 3 € C*, define p,(X,Blq) €

CqlX+ X, Cq =C(q) by

po=1, pr=X+X" (1.14)

(T—qM)(1 — qu““)p
(T—Bqv (1 —pq™)""

The main theorem of this thesis is an explicit (t;,t;)-deformation of Habiro’s

Pri1(X, Blq) = (X+X7)pa(X; Blq) +

~1(X, Blq) (1.15)

cyclotomic formula.

Theorem 6. If K satisfies the BS conjecture, then J,(K; q,t1,t,) is given by

Ja(K;qyt) = D Caxlq, tr, ta)Hi(K) (1.16)
where Hi(K) € Z[q*"] are the Habiro cyclotomic polynomials of K. In the particular
case t, = 1, the coefficients ¢,y are given by the formula

k i _ _2i—
Pk 1(q (k+1) t 1. i q (k+1)|q4) q21+1t 1_q 21 ]t

Pnok_ 1(qZ k-H k+1)|q4) qu-H _ q—Zi—]

an(q,t 1) Cn,k (117)

i1
As a result of the proof of Theorem 6, we have the following corollary.

Corollary 1. The expressions Cn;, and thus J.(K; g, t1,tp), lie in Z[q*', t3', t3"].

12



Contrast this with the original cyclotomic expansion: in that case, the most
surprising part of the theorem is that the H;(K) were integral Laurent polyno-

mials in q.

We offer two proofs of the formula in Theorem 6 when t, = 1. The first is
based on an inductive argument, using the Pieri relations defining the Macdon-
ald polynomials. The second uses a change of variable argument to deduce the
same result from a generating function perspective. Of course, the two proofs

are related.

1.3 Future Work

An important conjecture in the study of Jones polynomials is the Volume Con-

jecture (see [21])

Conjecture 3. (Murakami, 2007) Let ].(K; q) be the nth colored Jones polynomial,

normalized so that its value on the unknot is 1. Then

lim 1 log ] (K; ™M) = %TVOZ(S3 \ K)

n—oo N

where Vol(S® \ K) is the simplicial volume of the manifold S* \ X; when S* \ K is

hyperbolic, this coincides with its volume.

The simplest case for which the Volume Conjecture is known is the figure-
eight knot E. In fact, in the case of the figure-eight knot, a deformation of the

limit is known, as the following theorem [22] of Murakami illustrates.

Theorem 7. (Murakami, Yokota, 2012) Let E be the figure-eight knot. There exists a
neighborhood U of 0 in C such that for any u € (U \ miQ) U {0}, the following limit

13



exists

T}gn %log Jn(Ksexp((w + 27i) /n)) (1.18)

and this limit determines the S1,(C) Chern-Simons invariant associated with an irre-

ducible representation of 7;(S® \ E) to SL,(C) determined by the parameter .

The proofs of both of these statements are organized around Habiro’s cy-
clotomic formula for the figure-eight. It would be very interesting to see how
the parameters t;, t, enter into this limit; that is, it would be very interesting to

compute
. 1 In(E)(ezm/n)thtZ)
lim —log . .
n—oo M ]n(u)(ezm/n>tht2)

(1.19)

as our deformation parameters t;,t, are fundamentally different from Mu-
rakami’s deformation parameter u in that they are independent of the variable

q and do not represent simply a different specialization of it.

As in the t, = 1 case we have an explicit formula for our deformed Habiro
coefficients ¢, x(q,t, 1), perhaps (1.19) could be computed in a manner similar

to that of the limits in [21], [22].

1.4 Organization

The first three chapters after this one consist entirely of background material.
Chapter 2 contains a digest of the theory of character schemes and all results
from Brumfiel-Hilden theory which go into the proofs of Theorems 3 and 4.
Chapter 3 reviews the Kauffman Bracket Skein Module, its relation to SL,(C)-
character schemes and the quantum torus. Chapter 4 assembles the few theo-

rems about the A; and CVC;-DAHA that will be used in the proof of Theorem

14



The longest chapter is Chapter 5; it contains a more lengthy restatement of
the BS conjecture and the proof of Theorem 6 (Main Theorem), along with the
derivation of Corollary 1. It depends only on Chapters 3 and 4 for background
material. Finally, Chapter 6 contains the proofs of Theorems 3 and 4, and only
depends on Chapter 2. It describes in pseudocode an algorithm which is docu-

mented in the appendix.
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CHAPTER 2
CHARACTER VARIETIES

2.1 General Case

In this section we offer a basic treatment of the theory of representation schemes
and character schemes, following Lubotzky and Magid [1]. We will try to strike
a balance between the general and the specific, as each perspective can be valu-

able in its own right.

As a first concession to specificity, we fill fix our base field to be C through-
out, and for us G will always mean GL, or SL,. Of course many results here can
be extended to arbitrary algebraically closed base fields k of characteristic 0 and
more general (e.g. matrix) groups. For us, we will consider G as functors from

commutative C-algebras to groups.

Fix a finitely generated group 7 and a group G, and let Hom(m, G) be the
functor from commutative C-algebras to sets given by taking Hom/(m, G)(A) =
HomGrp(Tt, G(A)). Functoriality of Hom(m, G) is a consequence of the functo-

riality of G. The first result about this functor is the following:

Proposition 1. The functor Hom(m, G) is representable. That is, there exists a
commutative C-algebra O(Hom(m, G)) along with a representation p, : ™ —
G(O(Hom(m, G))) such that for any commutative C-algebra A and any represen-
tation p : m — G(A), there exists a unique f : O(Hom(m, G)) — A such that
p = Hom(m, G)(f) o py.

Proof. We will focus on the GL, case, and indicate as we proceed what are the
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modifications for the SL,, case.

As m is finitely generated, choose a presentation 7w = (g, | 74(gi, ..., gn)) With
IT<p<mandqe Q. Call B = C[xgz)],l <i,j<n,1<p<m, and denote
by X'P) the n X n matrix with entries the variables xg), so det(X?)) is an element
of B. Let C be the algebra formed from B by inverting all of these elements. (In
the G = SL, case, C is instead the algebra formed by dividing B by the ideal
generated by det(X'P)) —1).

For each 14 consider the product rq (X], ....,fm) € GL,(C). Letting [r];; de-
note the (i,j)-th entry of this matrix, we can define the ideal ] of C to be that
generated by

{r)y; =851 1<i,j<n,qeQ}

Finally, set O(Hom(m, G))) = C/J. If we denote the image of xi(g) and X in the
quotient by igg) and Y(p), respectively, we can define the representation p, by

sending p.(gp) = Y(p).

For any other C-algebra A and any other representation p : m1 — GL,,(A), the
equation

p= 7‘{0m(7'[, G)(ﬂ ° Pu

requires that f(ig)) = [p(gp)lij. As the ig) generate O(Hom(m, G)), f is
therefore unique if it exists. Of course it does exist, as the relations defining
O(Hom(m, G)) are precisely those that are satisfied by any G-representation of

Tt.

Note that while demonstrating the existence of O(Hom(m, G)) required
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a presentation of 7, general properties of representing objects implies that
O(Hom(m, G)) is unique up to unique isomorphism. We will also denote by
Hom(m,G)) = Spec(O(Hom(m,G))) (which the reader probably saw coming)
and call this the nth representation scheme of 7 in G. When the functor of points

and not the space is meant, we will make a note of this.

By construction, Hom(m, G) parametrizes representations of 7tinto G, which
are often best thought of up to conjugation. The following proposition tells us

how this equivalence looks scheme-theoretically.

Proposition 2. The map « : G x Hom(n,G) — Hom(m, G) is a morphism of
schemes, where «(T,p) = TpT~'. More is true: « is a group scheme action in the

sense that
1)1-p=pforallp.

2)T-(Ta-p) = (TiTy) - p.

Proof. What is meant above is simply for every C-algebra A, o« is the map on
sets

G(A) x Hom(m, G)(A) = Hom(m, G)(A)

taking (T, g — p(g)) to (g — Tp(g)T ). In this sense, properties (1) and (2) are
evident. That this is a natural transformation is readily checked, from which it

follows again by representability that this is given by a scheme map. o

This gives the important corollary that G(C) acts on O(Hom(m, G)) by ring
maps. Unraveling the functorial language shows that this action is precisely the
anticipated one. Let T € G(C), and let Y = X" T in the language of before.

Then the assignment is;) — [YP)];; defines a ring map of O(Hom(m, G)) as the
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entries of the YP) satisfy the same relations as the X",
ar: O(Hom(m, G)) — O(Hom(m, G))
which is the one produced by general theory above.

Let us denote by O(X(7t, G)) = O(Hom(m, G))¢'“). Our next objective will be

to demonstrate that for a fixed G both the assignments
m— O(Hom(m, G)), m— O(X(m, G))
are functorial in the variable 7.

Proposition 3. If & : my — m, is a group homomorphism, then the map ¢* :
Hom(m,G) — Hom(m, G) given by p +— p o ¢ is a map of schemes, and thus dually
induces a map ¢, : O(Hom(m;, G)) — O(Hom(my, G)). This map restricts to a map
. : O(X(m, G)) — O(X(my, G)).

Proof. As in the previous cases, it is easy to check that ¢ is a natural transfor-
mation. That the map ¢. restricts to a map from O(X(m;, G)) — O(X(m, G)) isa
consequence of the fact that the natural transformations on Hom(r, G) defining

the G(C)-action and ¢* commute, as can be seen:

(TeT Nodp=T(po )T

Let us summarize what has been shown: for G either GL, or SL, and 7 any
tinitely generated group, there exists a C-algebra O(Hom(m, G)) parametrizing

representations of 7t into G in the sense that there are bijections (natural in A)
HomAIg/C(O(ﬂom(n, G)),A) — HomGrp(n, G(A))
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Moreover, G(C) acts on O(Hom(m, G)) by ring automorphisms and thus there
is a well-defined invariant ring O(X(m, G)). Finally, the assignment m —
O(Hom(m, G)) is functorial and all morphisms are G(C)-equivariant, so the
assignment m — O(X(m, G)) is functorial as well. It is a nontrivial result
that for 7 a finitely presented group, the ring O(X(m, G)) is always finitely
generated as a C-algebra. Thus we define the character scheme of 7 in G as

X(m, G) := Spec(O(X(m, G))).

Also appearing in the literature are the terms “representation variety” and
“character variety” of a pair (7, G). The former, denoted Hom(m, G), is the zero
locus of the ideal ] defining O(Hom(m, G)). Thus, strictly speaking, it may not
be irreducible. The ring of regular functions on Hom(m, G) is then given by

O(Hom(m, G)) = O(Hom(m, G))/ VO.

The “character variety” of a pair (7, G), denoted X(m, G) is defined in terms
of O(X(m, G)). While it is not evident from the definition that O(X(m, G))) is
always a finitely generated algebra provided 7 is also finitely generated, it is

true that this is the case. In fact, fixing a presentation of 7 gives a realization
O(X(Tta G))) = C[yh )ym]/I

for some ideal I, defining an affine algebraic set, the vanishing locus of I. Define

X(7t, G) as the vanishing locus of I, and thus O(X(m, G)) = O(X(m, G))/ V0.

2.2 SIL,(C) character varieties

One of the natural appearances of G-character varieties in nature comes when

G = SL,(C) and 7 is the fundamental group of a three-dimensional manifold.
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Work of Thurston [31] showed that in some sense “many” three-manifolds M

carry a hyperbolic structure, determined by a discrete faithful representation
P (M) — PSLz(C)

and that this representation always admits a lift to SL,(C). Thus, the SL,(C)
character variety for m = 7;(M) represents in some sense the moduli space of
hyperbolic structures on M. In what follows we will implicitly specialize to the

SL,(C) case and use the shorthand

O(Hom(mn)), Hom(m), Hom(mn)

to denote the objects
O(Hom(m, SL,(C))), Hom(m,SL,(C)), Hom(m, SL,(C))

O(X(m, SL2(C))),  X(m,SLy(C)), X(m, SLy(C)).

A reader that is familiar primarily with character varieties in the setting of
3-dimensional manifolds is most likely familiar with the exposition given by
Culler and Shalen in their seminal work [18] on splittings of 3-manifolds. Thus
to make the notation above more accessible, we present their development of

character varieties here in our language.

Fix a finitely generated group 7. For any element g € 7, we have via the
universal representation p,(g) an element of SL,(O(Hom(m))). Thus taking
try = tr(pu(g)) € O(Hom(m)) gives an element which lies in O(X(7r)). Denoting
this map in aggregate Tr : 1 — O(X(m)), Culler and Shalen define their “ring of
characters” Res to be the image of Tr inside O(X(7)). To pass to an algebraic set,

they give the following argument that Rcs is finitely generated provided 7 is.
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Theorem 8. (Culler, Shalen, 1983) Let 7 be a finitely generated group with generating

set g1y ..., gn. Then the set
{trg 1 9= 91,91, Gus }

with all indicies iy, ..., ik distinct generates Rcs.

Proof. The proof is based on the trace identity
tr(x)tr(y) = tr(xy) + tr(xy™") (2.1)

which holds for all x,y € SL,(C) due to the Cayley-Hamilton theorem for
SL,(C),y+y'=tr(y)- L Let R%s be the subring of R¢s generated by the traces

as in the statement of the theorem. We first show that for all g € 7 of the form

my mp

9=9;'0; 95" Mi€Z

where all the i; are distinct we have try € RY,. The proof will be by induction on

the integer
k
vV = Z Ki
i=1
where K; = —m; if m; < 0 and m; — 1 if my > 0. Note that if v = 0, there

is nothing to prove. Else, we may assume (by conjugating g if necessary) that
m, # 0, 1. In the case m, < 0, we have
_ -1
9=99i "9,
and thus by applying (2.1) we find

try = trggiTtrg: — trggi

where each trace term on the right hand side corresponds to an element of 7t

with strictly smaller v. A similar reduction applies when m, > 0, using instead

9 =99 - 9
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Now consider the general case, g = g{"'...g;"* with not all {; distinct. Our
argument will now be via induction on the number of repeated indicies. We
may assume there exists at least one repeated index by virtue of what we have
already shown. We may also assume (replacing g with a conjugate if necessary)
that there exists some j < k with i; = i, and critically we may choose this

conjugate in a way which does not increase the count of repeats. Writing

— A my _ AHH my
V=g .9~ ZW= 9y, i,

we have, again applying (2.1)
try = tryw = trytrw — tryy—

and note that each of the words V, W and VW~ have at least one fewer repeat

than g. This completes the proof. o

At this point, it is unclear how R¢s and O(X(7)) are related. As we will see

in the next section, R¢s is actually all of O(X(m)).

2.3 Brumfiel Hilden Theory

In this section, we will keep the specialization of the previous section, namely:

all representation and character varieties are with respect to SL,(C).

To study concretely the structure of O(X(7)), we would like a method of
building a presentation for O(X(7)) from a presentation of 7. This is handled in
an exhaustive manner in the text [10] of Brumfiel and Hilden. As we will make
central use of the theory and language they develop in their text, we give here

a summary of both.

23



To any SL,(C)-representation p of r we have a corresponding algebra map
Cp :Ct— MZXZ(C) (22)

given by extending C-linearly. We can say slightly more, however; since for any
g € mwe must have p(g) + p(g™') = tr(p(g))I - the Cayley-Hamilton identity in

SL,(C) again - we can form the algebra

Crt
(lh,g+g7'l Vh,gem

Hm =
and by construction the map Cp always factors to give a map
Hp : HT — Mo (C). (2.3)

Note that the anti-involution t : Cnt — Crt taking t(g) = g~' descends to a
well-defined map on Hm. Let us call the C-linear projections onto the 1,—1-

eigenspaces of this map +, — respectively, so that on group elements

—1

-1
+_9+9 -_979

ST Y 2
As the elements of the +-1 eigenspace are central by the defining relations of Hr,

they form a commutative subalgebra H* 7t which should be thought of as “all

the traces” of representations of 7t
Hfm:=(g+g'|gemn cHm

The elements of the —1-eigenspace do not form an algebra, though they are
a module over H*m. Calling them H™ 7, we have a splitting of Hrt as H7t-
modules:

Hr=H nmeH =©

Note that the relation between representations of 7t and maps from Hr is pre-

cisely the same if we replace SL,(C) and My, (C) with SL,(A) and M,y (A) for
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any C-algebra A. Thus, associated to the universal representation p,, of the pre-

vious section, we have an algebra map

Hp. : Ht — My (O(Hom(mt))) (2.4)

The first major theorem established in Brumfiel and Hilden’s work is the

following:

Theorem 9. (Brumfiel, Hilden 1995) The map Hp,, as described above is injective.
More precisely, if Mayo(O(Hom(7)))32(©) is the ring of SL,(C)-equivariant matrix-

valued functions on Hom/(m), then we can identify the images
Hpu(HT() = M2x2(0(7-(om(71)))5L2(CJ

Hp, (H™) = O(X(m)).

On its own, this theorem would be a curiosity. However, almost the entirety
of the rest of the work is devoted to giving compact presentations of H" 7t as a
ring and Hm as a module over H*7t when a presentation for 7 is known. Let us

give a few examples of these structural theorems, which we will lean on heavily.

The first proposition shows that for a finitely-generated group 7, H*mis gen-
erated as a ring by finitely many explicit elements. Additionally, it shows that

Hr is finitely generated as an H*7-module.

Proposition 4. (Brumfiel, Hilden 1995) Suppose 7t is generated by {gi}, 1 < i < n.
Let S ¢ H*m be the subring given by S = Clg;, (959,)71,j < k. Then H'm is
spanned as a module over S by {1,(g, 9,9, )"}, v < s < t, and H 7 is spanned as a

module over S by {g;, (9; 9, )7}, j < k. Thus, H is spanned as a module over S by

{1,0:,(979,) (9,959, ) Li<kr<s<t
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While this can be useful in some particular cases, it serves mostly to instill
confidence that at the end of the day, any particular question about Hm for a
tinitely-generated group will be (at least theoretically) computationally accessi-
ble. To construct these algebras directly from a presentation of 7t requires first
determining the structure of HF, for F, a free group on n generators and then

establishing how a surjection F,, — 7 relates HF,, and Hr.

2.3.1 Free Groups

Most of our interest will lie in studying HF,, for n = 2,3, so we will begin with
describing these algebras explicitly. For completeness, we will indicate how the

story extends to general n, though we will not need these results exactly.

For F, = (a, b) the free group on two generators a and b, we introduce the

notation

x:=a", y:=b", z:=(ab)"

la|:=a~, |bl:=b", J|abl:=(a"b")”

with this, we have the following

Proposition 5. (Brumfiel, Hilden, 1995) The commutative ring H*F, is given by
klx,y, zl, which is a free polynomial algebra on the given three generators. As a module
over H"F,, H™F, is spanned by the elements {|al, b, |abl}. As an associative algebra,

HF, is determined by the following multiplication table
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lal bl |abl

lal x2—1 z + |ab| —zla| 4+ (x2 — 1)|b]

bl z — |abl y?—1 —(y? = Dlal + zlb]

labl | zla| — (x> = 1)[bl (y?>—T)lal —zfb|] 22— (x* —1)(y*—1)

For F; = (a, b, c) the free group on three generators, already the structure of
H"F; is complicated. Unlike in the n = 2 case, HF; fails to be a free module over
H*F;. Instead of looking for a presentation of HF; as a H*F;-module, we will
therefore take the approach of looking for a subring S ¢ H*F; such that H'F;
and HF; are free as modules over S. We will now need the additional notation:

labe| = (a"b ¢7)*, = (ab)*, = (a ¢ )t b =(b¢)7,
b c c
Proposition 6. (Prop 6.5 and 7.4 in [10]) Let S ¢ H"F; be the subring given by

a
S =Cla",b",c", , , ]
b c C

then

1. Thering S is a free polynomial ring on its generators.
2. Asan S-module, H*F; is free of rank 2 with basis {1, |abcl}.

3. Asan S-module, HF; is free of rank 8 with basis {1, |abcl, |al, [bl, |c], |abl, |ac], [be]}.

We note that this has the corollary that H™F; is also free as a S-module, since

the S-module basis for HF; is an extension of that for H*F;.

To then use this to determine the structure of HF; as an algebra in its totality

would require recording an 8 x 8 multiplication table. While this will eventually

27



be necessary to do in the code, for now we will simply note the proposition

which would give us all the information we need.

Proposition 7. (Prop. 5.7 in [10]) With respect to the decomposition Hmt = H'm &

H™m, we have for all u,v,w,x,y,z € Hmt

u
1. x| = @ |ux|

v
X Yy
2. ullxyl = luxy| ® lyl — x|
u u
y X
3. Ixyllul = luxy| & Ixl—| |l
u u
u u u
4. Ixyzlul = lyz| — Ixz| + Ixyl
X y z
u v u A% u A%
5. luwvllxy| = ® x|+ |yl — vyl —| |hux]
Yy X y X X Yy
v w u v
6. luvwlixy| = lu| — vl + lw
y X y X y X
where
u v u A% u v
y X Y| x X1y

To continue in this way for general HF,,, one may hope to repeat the general
picture: produce a subring S ¢ H*F,, over which both H*F,, and HF,, are rela-
tively simple - hopefully free - modules over S. While the natural extension of
the S used for n = 2,3 and its variants fail to be polynomial algebras for n > 4,

we do have the following result.
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Proposition 8. (Brumfiel, Hilden 1995) If F,, is a free group, H*F,, is an integral

domain and HF,, is a torsion-free H* F-module.

2.3.2 Quotient Groups

Proposition 9. (Brumfiel, Hilden, 1995) If T is obtained from #t by dividing out by the
normal subgroup generated by a family of words {w;(g*')} where {g:} are elements of R,

then Hrt is obtained from H# by dividing by the two-sided ideal generated by {w; — 1}.
Hm = HA/((w; — 1))
Proof. The surjection & — 7 induces a surjection on the level of group algebras

and thus a surjection from H#t to H7t. Since all wj are sent to the 1 in the group

algebra, they are also killed by this surjection, and we have a well-defined map
H#/((w; — 1)) = Hm
To obtain an inverse, let’s call B = H#/((wj; — 1)). The natural map
7t — U(B)

to the group of units of B factors through 7. Additionally, for all g € 7t (and thus
g € ), the image of g + g~ is central in B since g + g' is central in H# and this

surjects onto B. As such, there is an induced map
Hm — B

which can be shown to be the inverse of the above map by following elements

of A. O
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We note that the surjection above maps H*#t onto H"7t. This proposition

admits the following refinement, which makes it computationally effective:

Proposition 10. (Brumfiel, Hilden 1995) Using the language of the previous proposi-
tion, with {x;} = {wj(gf‘) — 1} c H#R, define 1 = ((x:)) and additionally I = {x* | x €
I}, I = {x~ | x € I}. Then we have

1) Hfm = Hta/1+
2) I* is the ideal generated by (x, (x_ g, )", (x; 9 g;)7).
3) 1" is spanned as an H* f-module by the elements

X797, (9;9) 5%, (g5 )7, (%097 ) gy, (g5 ) (9,9, )7

Proof. (1) Note first that for the generators x; of I, we also have ((x;) € I since

—w]._] (w; —1) = w]._1 — 1. Since ( is an antiautomorphism, by extension we

thus have ((I) = I and therefore I c T as x™ = %‘m This in turn guarantees

[T = INnH"A. Since
Hfmt=H"®//(INH™AR)

we have the result. The proofs of (2) and (3) follow from longer computations.

O

2.3.3 Examples

With the results of the two previous sections we can begin to compute a few

examples of Hrr and H* 7t for two-generator groups.

Example: HZ?
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Note that since Z? is abelian, the algebra HZ? is simply the group algebra
Cla*',b*']. Thus the only interesting part of this example is giving the struc-
ture of H"Z* and describing HZ* as a module over H*Z?. Since the free abelian
group on two generators has the presentation (a,b | ab = ba), by the above

propositions we consider the two-sided ideal I in Hm, generated by
ab—ba = (x+[al)(y + [b) = (y + [b) (x + |a]) = 2|ab|

For H*Z?, since (Jabl)* = (labllal)* = (Jab|/b])" = 0, I* must be generated by

(labllallb])* = (labl(z + labl)* = z* — (x* = 1)(y* — 1). Thus
H'Z? = Clx,y,2)/(2" — (6 = 1)(y* — 1))

As for the module structure of H"Z?*: since H"Z? is given as an H*7m;-module
as H™m, /1", we use the previous proposition to produce generators of I~ as an
H*7-module:

{labl, |abllal [abllbl}
{labl, zla] — (x* = )b, (y* —1)lal —2lbl}
So if we define M := C[x,y] ®{|al,|b[} and give M a H"Z*-module structure via
x.(f(x,y)lal + g(x,y)Ibl) = xf(x, y)lal + xg(x, y)/b|
y.(f(x,y)lal + g(x,y)Ibl) = yf(x,yllal + yg(x, y)b|

z.(f(x,y)lal + g(x, y)bl) = (y*> — Dg(x,y)lal + (x* = 1)f(x,y)/b|

The obvious map M — H~Z? is an isomorphism of H"Z*-modules.
Example: H" 7, 7t the knot group of the (p, q)-torus knot

We know (see [8]) that the (p, q)-torus knot for 2 < p < q, gcd(p,q) = 1

admits the following two-generator presentation

m=<{(a,b|aP =b9)

31



We will use the following simple observation: if ¢ € Hm, then ¢* = T,(c*) +
U,_i(c™)c™ for all n, where T,(x) and U, (x) are Chebyshev polynomials of the

tirst and second kind, respectively, given by the recurrences
To = ], T] =X, Tn+1 = 2XTn — Tn,]

UO = 1, U] = ZX, Un+1 = 2XUn — U.n_1 .

In this case, we are looking for I where I = ((T,(x) — Tq(y) + U,—1(x)lal —

U,—1(y)Ibl)). This is generated by

" = (T, (x) = Ty(y), (¢ = NUp-a(x) — 2Uqg1(y), 2Up-1(x) — (Y — 1) Ug1(y))
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CHAPTER 3
QUANTIZATION: THE KBSM CONSTRUCTION

3.1 Kauffman Bracket for S3

Here we recall some elementary knot theory and give the Kauffman-bracket
construction for the Jones polynomial. Refer here to the original paper of Kauff-

man [15].

For us, a knot (resp. link) will be a smooth embedding of S' (resp. LI ,S')
into S*, considered only up to ambient isotopy of S*. Thus a representative of
a knot will simply be a particular choice of embedding. More precisely: two
embeddings

L],LzIS] —>83

are said to be equivalent if there exists a continuous map
F:$%x[0,1]1—S°

such that F; is a homeomorphism for all t, F, is the identity and F; o i; = 1.
Note that our knots and links carry an orientation naturally induced by the
orientation of S'; composing a knot K with the involution x — —x of S' gives
the reverse of a knot, denoted —K. We say that two knots K;, K, are equivalent
as unoriented knots if either K; = K, or K; = —K,. Viewing S as R3", the
one-point compactification of R?, a representative of a knot can be chosen such
that the projection to R? is transverse, and moreover has at worst double points.

Such a projection of a knot is called a knot diagram. An example is given below:
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&

Figure 3.1: Fig-8 diagram

It is a classical theorem of Reidemeister that any two diagrams representing

the same knot are related by the following collection of elementary local moves.
/
S /N 2
(a) RI (b) RII
_\/_ \/
N T A
(

¢) RIII

Figure 3.2: Reidemeister Moves

By local it is meant that outside of the picture given, the diagrams remain

the same.

Kauffman, in his study [15] of the skein relation defining the Jones polyno-
mial, found it useful to consider the notion of “regular isotopy” of links. His
definition was simply that two links were regularly isotopic if they arose from
diagrams related by only Type II and III moves. This definition can be moti-
vated geometrically by introducing the notion of a framed knot. A framed knot is

an embedding

S'x[0,1] = S°

considered up to ambient isotopy, with a framed link being defined similarly.
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Restricting the embedding defining a framed knot to S' x {1/2} defines a knot,
which then gives rise to a diagram. It can be shown that Ky, K; are equivalent as
framed knots if and only if the diagrams D;, D, resulting from this procedure

are related by Type II and III moves.

Define a function on knot diagrams, the writhe w(D) as follows: to each

crossing p in the diagram D, assign the value e(p) following the rule
A X
N /
(@) +1 (b) —1

Figure 3.3: Writhe

and set w(D) = Zp €(p). It can be readily computed that w(D) is not invariant
under all three Reidemeister moves, but is an invariant of regular isotopy. The

main discovery of Kauffman was the following
Theorem 10. (Kauffman, 1987) The function
(.y : Unoriented diagrams — Z[A,A™"]

defined on knot diagrams inductively by the rules:

P10 QX
O) =)

Figure 3.4: Skein Relations

is invariant under reqular isotopy. (As in the Reidemeister moves, the pictures represent
a local portion of a diagram which is otherwise unchanged.) The normalization of the

empty diagram is taken to be 1.
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It is clear that the first “skein” relation allows one to reduce a diagram to
one with a series of disjoint circles, upon which the normalization relation can
be used repeatedly to compute a value. The theorem of Kaufmann is that this
value does not depend on the choice of diagram in the unoriented regular iso-
topy class one starts with. Moreover, it can be readily shown that while not
invariant under the Type I move, the Kauffman bracket enjoys a fairly simple

transformation:

Figure 3.5: Type I Behavior

This equation coupled with the regular isotopy invariance of the bracket
polynomial immediately implies that the following Laurent polynomial is an

invariant of oriented links:
JLGA) = (—A)"P(Dy)
where Dy is any diagram representing L.

It was observed by Kauffman that, properly normalized, this coincided with
the definition of the then new polynomial invariant of oriented knots given by

Jones in his seminal paper [14].

Theorem 11. (Kauffman, 1987) Let Vi (t) be the invariant of an oriented knot XK as

given by Jones. Then we have the equality

JK %) = Ve (1).
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3.2 Skein Module for arbitrary M?

In an attempt to organize a large body of work arising after the discovery of
the Kauffman bracket polynomial and the HOMFLY-PT polynomial, Przytycki
in [25] defined the Kauffman Bracket Skein Module (KBSM) of an oriented 3-

manifold.

Here we give a definition of the KBSM as agrees with Przytycki. Fix a com-
mutative ring R along with a choice of r € R*. For M an oriented 3-manifold,
denote by L the set of ambient isotopy classes of framed, unoriented links in M
(including the empty link). Let £’ denote the R-submodule of RL generated by

all terms of the form

Il\ K / \ I’V\‘

. EER I+ =1 1

\\ \I \\\ /I ‘\h/l
Figure 3.6: Framed skein relation

where outside of these oriented 3-balls the framed links can be any common

embedding. Then define
S2.00(M;RyT) :=RL/L’

as the (R, r)-skein module of M. In the case R = C and r = q, we will denote this
C-vector space simply by K,(M). A few comments are in order: we will state
them for K,(M), which will be in the continuation all we will consider, though

the statements hold for the more general (R, 1) case as well.
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Remark 2. (Functoriality) If . : My — M, is an oriented embedding, then it induces a
map Kq(1) : Kq(My) = Kq(Ma).

Remark 3. (Monoidal) There is a natural isomorphism Kq(M; U M;) — K (M;) ®
Kq(MZ)

Remark 4. (Surfaces = Algebras) If M = L x [0, 1] where L is a surface, then Kq(M)

carries the structure of an associative, unital algebra.

Remark 5. ((0M # @) = Modules) If OM = L, then K (M) carries the structure of a
left module over the algebra K, (X x [0, 1]).

Proof. (1) is evident from the definition of the equivalence classes defining

K4(M), since embeddings will preserve skein relations.

(2) Since the union is disjoint, any embedding f : L ;S' x [0, 1] — M; UM,
must split as f; U f,, where f; : |_|?:i131 x [0,1] = M;, i € 1,2. Regular isotopies

similarly split, and so the map
[f] — [f1] ® [f2]
is the isomorphism we seek.

(3) This is a consequence of Remarks (1) and (2), as the embeddings f; :
[0,1] — [0,1],1 = 0,1 given by fi(x) = 1/3x + 2/31 give an embedding f; LI f; :

[0,1] L [0, 1] — [0, 1] which in turn induces
Ix[0,1JuXx[0,1] - ZxI[0,1]

and thus gives a multiplication p : Kq(M) ® Kq(M) — Kq(M). Note that in
this multiplication, elements on the left are stacked “on top of” elements on the

right.
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(4) This is also a consequence of Remarks (1) and (2), along with the fact that
in the smooth category if N(0M) is a regular neighborhood of the boundary of
M, there is a retraction which is isotopic to the identity r : M — M \ N(0M)
that can be used along with the inclusion of N(0M) = oM x [0, 1] to define an
embedding

inomy LUT:OM X [0, T UM — M

and thus a function A : Kq(0Mx[0, 1])xK4(M) — K4(M). Itis apparent (with the
outward pointing normal convention) that this function A satisfies the necessary
relations with u established before to define a left action of K (dM x [0,1]) on
Kq(M). O

Note: In what follows, the skein algebras of three manifolds Z x [0,1] - in
particular, the three manifold S' x S' x [0, 1] - will be important. As such, the

notation K, (X) will be used as shorthand to signify K, (Z x [0, 1]).

3.3 Relation to O(X(M))

Historically, what we now call “skein theory” - the study of the algebraic struc-
ture of skein algebras and modules associated to 3-manifolds - was advanced
with little more tying it to “classical” topological invariants (e.g. the fundamen-
tal group, homology) than the Jones polynomial. Connections between evalua-
tion of the Jones (or colored Jones) polynomial(s) at certain values and classical
invariants were explored in [14], [26], and most impressively in [27]. In contrast,

not much before 1998 was widely known about entire skein modules.

The work of Przytycki and Sikora in their two papers [12], [13] changed this.
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It is their main result which we relate in this section.

At the special value q = —1, the skein relation
’/\ “ '/’ \\‘ I," '\\‘
. y == T+ = !
\\\ \' \\\ ‘,/ \h\ ’,/

Figure 3.7: Skein at —1

implies that strands of skeins may be passed through themselves at will in
K_;(M), and thus their framings can also be changed at will. In particular, this
means that a skein consisting of a single loop at ¢ = —1 is identifiable with
its core circle up to free homotopy. Further, this means that if L(M) denotes
the C-vector space of all formal linear combinations of (not framed) links in M,

K_;(M) is a quotient of L(M).

Observe as well that at ¢ = —1 the vector space K_;(M) becomes a commu-
tative algebra with the multiplication L; - L, = L; U L,. Strictly speaking, this
does not produce another skein - however, a general position argument can be
made to choose representatives of both L; and L, so that their union is disjoint,
and crucially the ability to pass strands through each other gives that this is
well-defined, independent of this choice. It is natural to then ask: is there an

algebraic way to view this geometrically defined multiplication on K_;(M)?

Recall from Proposition 1 the definition of the universal representation p,,
associated to a group m; (M) and its SL,(C)-representation scheme O(Hom(M)).

If composed with taking the trace, these maps together give a composite map

Tr:m(M) — O(X(M)) (3.1)
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such that Tr(y) only depends on the conjugacy class of y in 71;(M).

We now define a function T from the vector space of all formal linear combi-
nations of links in M, denoted L(M), to O(X(M)). Fix a basepoint p of M and for
any knot K, choose a path connecting p to K, producing an element yx € m;(M).
Set

T(K) = Tr(yk)

since two different choices of path lead to conjugate vy, this is well defined. For

hl’lkSL:K] UKz"'UKn,Set
T(L) = T(Ky)T(Ky) ... T(Ky).

and finally extend T by linearity to define it on the vector space of all links. Now

it is possible to state the theorem:

Theorem 12. (Przytycki, Sikora, 1998) The map T : L(M) — O(X(M)) descends to

give an isomorphism of commutative algebras
T:K (M) = O(X(M))
The subtlety in the proof comes in establishing the skein relation, which un-

der T becomes the fundamental SL,(C) trace relation tr(A)tr(B) = tr(AB) +

tr(A7'B).

3.4 Kq4(S'xS") and the colored Jones polynomials

The link between the noncommutative algebra of the DAHA and skein theory

is established by a beautiful theorem of Frohman and Gelca. For the original
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text, refer to [3]. Because this theorem will play such an essential role in what

follows, we reproduce it here.

For any surface Z, it is not difficult to see that K,(Z) is spanned as a vector
space by simple closed multicurves on £x } via projecting onto this level surface
and resolving crossings. It can be shown that these multicurves in fact form a
C-basis of K4(Z). In the case £ = S' x S!, multicurves are of the form (m,1)"
where (m, 1) is the curve that wraps around m times in the meridian direction
and 1 times in the longitudinal direction, where m and 1 are relatively prime,

and n counts the number of parallel copies of this curve.

A different basis was taken by Frohman and Gelca: for any polynomial
p(x) € Clx] and any simple closed curve C on S'xS', denote by p(C) € K,(S'xS")
the image of the linear combination of C"'s given by the coefficients of p. In par-

ticular, take the Chebyshev polynomials of the first kind T,,, defined by
TO = 2) T] =X, Tn+1 - XTn - Tnfl

and consider the basis

m l
(m, )y = Tng(m»l) (gcd(m, 1) ’ ng(m> l) )

The observation to be made here is the

Lemma 1. (Product Formula) The basis {(m, 1)1} above satisfies the following product

identity

(TTL, UT * (T) S)T = qms—lr(m + T, 1+ S)T + q—ms+1r(m —T, l— S)T

Independently, consider the quantum torus

A C<Xi] , Yi1>
T (XY — q2YX)
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where g is a complex parameter. The group Z, acts on A, by simultaneously
inverting X and Y, and so the invariant elements form a subalgebra AZ>. This
subalgebra is spanned by elements of the form X™Y! + X ™Y}, and if we take
the shifted basis

{fmr = g ™X™Y + g ™MX ™YY

it is then a calculation to show that the f,,; satisfy the same multiplication rule

as the (m, 1)1. Thus we arrive at the

Theorem 13. (Frohman, Gelca, 2000) The assignment (m, )y — fu,\ extends to an
algebra isomorphism

Kq(S'x 1) — AZ2.

Let us now relate this theorem to the colored Jones polynomials. Associated
to the decomposition

$3 = (S'x D?) U (S3\ K)

we have a map on skein modules - the topological pairing
() Kq(S" x D?) @ (s1xs1) Kq(8* \K) = Kq(S%) = C.

Note that this is K4(S' x S')-balanced since a skein in the intersection of S' x D?
and S \ K can just as readily be considered as lying in either space. Using the
above theorem, identify Kq(S' x S') with AZ2. The following theorem tells us
that the data recorded by the colored Jones polynomials ], (K; q) lies entirely in

this topological pairing.

Theorem 14. (Kirby, Melvin, 1991) The colored Jones polynomials ], (K; q) are given
by the formula
Jn(Kiq) = (=1)" @.80 (Y + Y1), 2)
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where @ represents the empty skein. (With this convention, we have the normalizations

Jn(05q) = —5—=- hi(Kiq) =1

for O the unknot and K any knot, respectively.)
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CHAPTER 4
DOUBLE AFFINE HECKE ALGEBRAS

4.1 Type Aq

Our goal in this section will be to give a definition of the Macdonald polynomi-
als, pn(x), a family of polynomials in one variable depending on two complex
parameters (q,t). These polynomials are orthogonal with respect to a certain
inner product on the line and are intimitely related to the Double Affine Hecke
Algebra or DAHA of type A;. We will take a roundabout way to do this, es-
sentially reversing the historical story. First, we will define the A;-DAHA and
investigate its polynomial representation. Subsequently, we will define the Mac-
donald polynomials as eigenvectors of a particular element of the DAHA acting
in the polynomial representation. We will conclude by explicating some prop-
erties of the Macdonald polynomials which follow from this presentation and
will be useful in what follows. The principal reference throughout will be the

book of Cherednik, [5].

41.1 Definition and PBW Theorem

The DAHA of type A, is an associative, unital C-algebra depending on 2 invert-
ible complex parameters q'/?,t'/?, defined by

_ C<Xi1’Yi1’T>

o 1

where [ is the two-sided ideal generated by the relations

XT=X" TY'T=Y

45



YIXTYXT? g2 =1
(T—t") T+t =0

Alternately, note that the final relation implies that T is invertible, with inverse
T — (t"2 —t72); we can alternately choose a generator T = YT~' and define the

same algebra via
C(T, X*!, )

J

where ] is the two-sided ideal generated by
XT=X", m=1 nXm' =q/?X"

(T—t"2)(T+ "%

We want to realize this algebra as representing some family of operators on

C[X*'], Laurent polynomials in X. The relevant result is the following
Theorem 15. (Cherednik, 2005)
(i) (PBW property) The elements X"T¢Y™ n,m € Z, e = 0, 1 form a basis of H+

(it) Using s(f(X)) = f(X") and n(f(x)) = f(q'/*X7"), the formulas

I e
Tt s+ﬁ(s—1), X=X, Y—oal

define a representation of H, in the space C[X*']. It is faithful for q apart from

roots of unity.

Proof. It is easier to check this defines a representation in the second presenta-

tion, where the abstract generator 7 acts as the operator of same name. The
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relations only involving 7t and X are quickly verified; the only two remaining
are

XT=X", (T—t"})(T-t"?

We check the first, where it is sufficient to check on the monomials X':

j—1
TXTX = TX.(t72XT — ("2 —t712)X T 3~ X*)
k=0

£1/2 _ 4172 _ o]
e (S . ])).(tl/ZXﬂJr] _ (tl/z _ tfl/Z)Xf]Jr] Z XZk)

k=0

= (t"%s +

since the second term is even, it is killed by the s — 1 term in T and preserved

by the s operator, giving

Xjfl _ X7j+1

— YT _
X 4 (t—1) 27

i—1
—(t— ])X—j—H Z X2k
k=0
. . j_z . j_]
=X (E—TXTT Y XE - (1 —1)X T Y X
k=0 k=0

=X"T=X"X

The computation in the case of the Hecke-type relation is similar, which es-
tablishes the first part of (ii). For (i), note that it is immediate from the relations
that every element in 3, lies in the C-span of the listed monomials. To demon-

strate these are linearly independent, consider their action first on 1:
X'TeY™ 1 = t(n+€)/2Xn
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which tells us that any dependence must split over dependences where n is
tixed. Further, we compute the action of the monomials on X, using the fact that

Y.X =q "t "2X and T.X = t 12X

qu/thm/anH e=0
XTEY™ X =
q—m/Zt—(m-H)/an—] e =1

which tells us that for a fixed n, any dependence between monomials must
further split as dependences where ¢ is fixed. Since the operators X and T are
invertible, it now will suffice to show that the Y' are independent. Note that

Y.XI = t7/2q7/2X)+ lower order terms, and therefore any dependence
anY" + an g Y + L+ ap =0
induces for all j
ant ™22 4 D22 L ay =0 (4.1)

Let us choose n distinct j, call them ji,jz, ...jn. If we introduce a; = t%2q,, we

see assembling the various (4.1) together gives the statement

qnh/l q(n71)i1/2 - qh/l 1 a:l

qniz/2 q(ﬂ—l)iz/z e qu/2 1 a;_] .
in/2 “Din/2 ... Ain/2 /

qy / q(n Jin/ q /2 a;

But the matrix above is a Vandermonde matrix, and therefore as long as q is
not a root of unity, the fact that all j; are distinct guarantees that this matrix is
invertible. Thus the Y™ are linearly independent and we are done with (i) and

(i) simultaneously. O
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4.1.2 Macdonald Polynomials

Let us continue examining the polynomial representation of the DAHA, restrict-
ing attention to the action of the Y operator. Of interest will be the following

theorem, which appeared originally in slightly different language in [19].

Theorem 16. (Macdonald, 1988) The operator Y-+Y " preserves the space C[X+X"] of
symmetric polynomials. For pairs (q,t) such that the sequence {q™/*t!/? + q~/2t~1/2}

consists of distinct values, there exist polynomials p,, € C[X + X~ such that
pn = X"+ X" + lower terms

(Y_’_Yfl)pn — (qn/ztl/l + qfn/thl/Z)pn

Proof. For the first statement, note that the relations in the first presentation of
Hg,e tell us that T commutes with Y + Y. We can now characterize symmetric
polynomials in terms of the operator T: a polynomial p(X) is symmetric if and

only if Tp(X) = t'/?p(X). The first statement then follows.

For the second statement, it will suffice to show that (Y + Y~ ").(X* + X™) =
(@22 4+ g /271/2)(X™ + X™™) + lower terms. Since Y = 7T, it is readily com-
puted that

Y(XY X = t2(q VXM 4 g2XT)

Y (XM X = (t2qE—q VA (2=t 2)) XM 4 (1 /2q V2 X ™ + lower order

from which the equation follows. m|

We will take as a definition that p,(X) are the Macdonald polynomials of

type A;. The first few of these polynomials are
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q1/2+ qq/z
t1/2q1/2 _tq/zqq/z‘

Po = ]) P1 :X+X_1) pZ:X2+X_2+(t]/2_t_]/2)

It follows from this description of the p,, and some symmetry properties of
the algebra J{,; that much is known about these polynomials. For instance, we

have the following identities - see, e.g., [5]

Theorem 17. The Macdonald polynomials p,,(X) satisfy the following properties:
(a) Duality: po(t"2q™?)pm(t"?) = pm(t'2qV2)pa(tV?) forall mym € 0, 1,2, ....

(b) Pieri Rule:

qv2 —q 2 )( tq(n—l)/z ¢! q(1—n)/2

_ Ny
Pryt = (X4 X7 )pa (t]/an/Z —t-1/2q /2 [\ {1/2gn—1/2 —-1/2g(-n)/2 Pn-

(c) Evaluation Formula:

n—1
tqk/Z - t—] q—k/Z
1/2y
pn(t ) — — — y n> 1
g t1/2qk/z —t 1/2q k/2

Other normalizations of these {p,} are common; for instance, if we take

70, (X) 1= pn(X)/pn(t'/?), the Pieri relation becomes

n/2 -n/2 n/2 _ —m/2

q q

Gy tgr-tTq
(X+ X7, = t]/an/2 _ t—‘/zq

T+ T T (42)

4.2 Type CYC;

This section should be viewed as an extension of the previous section. The goal

of this section is to summarize the properties of the DAHA of type C¥C;, namely
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to describe its polynomial representation and the embedding of the DAHA into
A4 = Z; of Sahi.

4.2.1 Definition and PBW Theorem

The DAHA of type CYC;, denoted here by Hq, is an associative, unital C-
algebra depending on 5 complex parameters, q and t = (t;, t2, t3,t4) given by
the presentation

I, = C<T1>TZI> 13, Ta)

where [ is the two-sided ideal generated by the relations
(T —t) (T +t) (T —t) (T +1t,)

(T —t)(Ts + ;) (Th—t)(Ta+ ;)
LT, =4

Analogously to the H ; case, this algebra comes equipped with a representation

on the Laurent polynomial ring C[X*'].

Theorem 18. (Sahi, 1997) Let s, s1 denote the linear operators on C[X*"] defined by
$o(X™) = q 2™X ™ and s;(X™) = X"™. Then if we set

(ti—t) + (t—t,)g X!

S] =180 + 1— q_zX_z

(1—s0)

(ts —t51) + (ta — ;)X

S;—t
3 s+ - x2

(1—s1)

then the assignments T, — S;i=1,3, T, = q(So — (t1 — t;‘))X and Ty — X71(S; —

(t; — t; ")) define a faithful representation of Hg into C[X*'].
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A proof of this statement in this exact language can be found in [24], but the
original proof of this fact dates back to [29]. That the linear operators S; satisfy
the Hecke-type relations of the T; allows us to rewrite the last two assignments
as T, = qS;'Xand T, — X'S;". That the assignments give a representation is
easy; showing that the resulting representation is faithful occupies the bulk of

the work.

Remark 6. Assuming this theorem, we could alternately take as generators for H
the elements T := T;,Y = T;Ty and X*', identifying Hy, with its image under the

representation. With these generators, our relations then become
XT=T'X"—1t
T'Y=Y"T+1
T2=1+tT

TXY = ¢’ T 'YX — ¢’t1X — qt; — 1.

C<Xil ,Yil
XY=q2YX

Recalling the quantum torus A, = along with the action of Z,, define

Aq =7 as

C<Xi])Yi])s>

AgZy = .
97T Y = q2YX, sX = X5, sY = Y5, 52 = 1

We then have the following observation, which will be essential in what follows.

Remark 7. The algebra Hq, for q = q,t = (1,1, 1,1) is isomorphic to Ay < Z, via the
assignments

Trs, X=X YBY

in the language of the generators above.
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This observation can be unified with the existence of the defining polynomial
representation by considering A4 > Z; as a subring of a larger algebra which
naturally acts on C(X*'): Let D, denote the localization of the algebra A, = Z, at

all nonzero polynomials in X. The result would be the following:

Theorem 19. (Sahi, 1999) The defining representation of Hg, is equivalent to the ex-

istence of an algebra embedding
¢ Hgr — Dy

and the image of ¢ preserves the subspace C[X*'] c C(X). Moreover, the natural local-
ization map

is injective, and when t = 1, the images of ¢ and 1 coincide, withm™' o ¢ defining an

algebra isomorphism between Hqy — Aq = Z,
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CHAPTER 5
BS CONJECTURE

5.1 Recap of Conjecture

In this section we will recount the main developments of [2], omitting all proofs.

At this point, we know two enticingly related facts: the first of which is for
every oriented knot K, the vector space Kq(S* \ K) is an A%Z-module (the result
of Frohman and Gelca). The second is that 34, the DAHA of type CYC;, is an
algebra deforming A <Z,. If K,(S*\ K) were instead a A ;xZ,-module, we could
follow the general philosophy of the Introduction and ask when this module
structure is a restriction of a more general H,-module structure on the same
space. However, it is easy to produce a A Z,-module from an A}2-module via

extension by scalars.

Definition 2. The nonsymmetric skein module @(83 \ K) is defined by

Kq(S*\ K) = A, ®p Kq(S>\ K)

Since A, is a left Ay < Z,-module, @(53 \ K) carries the structure of a left
Aq > Zy-module. Recall that we denoted by D, the localization of A, = Z, at
all nonzero polynomials in X. Denoting the corresponding localized module as
k\q(S3 \ K)'°¢, by the theorem of Sahi we have that k\q(S3 \ K)¥¢ is a H4 -module.

We can now state the BS conjecture in its entirety:

Conjecture 4. (BS Conjecture) The following conditions hold, for any knot K:

1. The mapn : E;(S3 \ K) — E;(S3 \ K)'¢ is injective.
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2. If & : Hqy — Dy is the embedding of Sahi, then the image of ¢ preserves the

image of 1.

and thus @(83 \ K) carries the structure of a Hq-module by the action

am=n"(¢(a)n(m))

A computation in the case of the unknot reveals that this conjecture is overly
optimistic. While (1) holds, (2) fails to hold if either t; or t4 is not 1. However,
by modifying the conjecture to fix t; = t4 = 1, the authors show that this does

in fact hold for (2, 2p + 1) torus knots, the trefoil and the figure eight knot.

More important to us, however, are the generalized Jones polynomials
{Jn(X; q,t1,t2)} which the authors produce for a knot K, assuming this conjec-
ture holds. Recall the formula of Kirby and Melvin [27], relating the colored

Jones polynomials to the topological pairing:
Jn(Kq) = (=) (@51 (Y+Y ), 2)

To relate this to the nonsymmetric setting, we need to understand a little more
about the relationship between A3? and A4 = Z,. In particular, if we denote by
__ 1+s

e = = in A, = Z, where s is the generator of Z, we have the following lemma.

Lemma 2. (Satake isomorphism) The algebras A7> and e(A 4 = Z,)e are isomorphic via

the map a — ae.

Thus for any A%?>-module M, we must have M is isomorphic to eM as A-
modules, where in truth it is e(A4 > Z;)e acting on elVl, but we use the Satake

isomorphism to identify the two. In particular, the C-vector spaces

M ®A§2 N Me ®e(AqXZ2)e eN
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are isomorphic via the map (m,n) — (me,en). Since the latter is clearly a
subspace of M ®A gz, N, we can use this identification to then make sense of the

inclusion

—_

L:M®,2 N = M ®a,.z, N. (5.1)
q

We will want to know when linear maps out of the domain of (5.1) can be ex-

tended to the target; this is the content of the following proposition.

Proposition 11. Suppose q* # 1. To every pairing of A5*-modules
(Y M®,;, N—C
q
there exists a unique pairing
(,):M@& .z, N = C
lifting the former.
Applying this to the topological pairing Kq(S' x D?) ®, (sixs) Kq(S*\K) = C,
we can then introduce

Definition 3. The generalized Jones polynomials associated to the DAHA action are
given by
Jn(K) CI» t] ) tZ) = (_] )n71<®-snf1 (Y’n t + Y’;Itz)’ ®> (52)

where Yy, 1, = sTo is the Cherednik-Dunkl operator in Hq,.

Note that this Y, , is precisely the Y defined in our alternate presentation of
the DAHA; we simply stress here its t-dependence to reflect how it deforms the

original formula of Kirby and Melvin. Since Y;; = Y, we see that automatically

Jn(K; q, 1, 1) = Ju(K; q).
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5.2 Nonsymmetric skein modules and pairings

First, we recall the standard (symmetric) description of the skein module of D?x
S' and the (right) action of A%Z induced by the inclusion of the boundary torus,

where the torus is oriented to be the boundary of the knot complement.

The generators of A7> are X + X', Y + Y~" and XY + X~'Y~!, which we will
denote x,y and z, respectively. Under the isomorphism identifying the skein
module of the oriented torus with A%z, the meridian and longitude are sent to x
and y, respectively, and the (1, 1) curve is sent to q~'z. The skein module of the
solid torus is identified with C[u], where u™ is identified with n parallel copies
of the (0-framed) longitude. Under this identification, the empty skein becomes

the element 1. Thus we have:

Lemma 3. The right action of AZ> on Kq(D? x S') = C[u] is determined by

lpy) =pw), lx=—(g’+q7%), l.q'z=—qu

Proof. The first formula holds by definition of the isomorphism of K, (D2 x S")
with C[u]. The second holds as the meridian is contractible inside D? x S' and

the third as the (1, 1) curve is simply the longitude with a positive framing twist.

That these formulas are sufficient to describe the action of a general element

follows from the fact that the following relations hold in A3?
axy—q yx=(q"—q7%)z

qzx —q 'xz = (q* —q )y

quz—q 'zy = (q* — q ).
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Repeated application of these commutator relations allows us to write any el-
ement of A}? as a sum of monomials, with powers of y appearing only on the
left. This, combined with the fact that z acts as —q 2y, is sufficient to express the

action of a general element of A?Z in terms of the action of elements of the form
Z ai,jxiyj a; € C.

As x acts by a scalar, C-linearity of the action tells us that our initial information

will be sufficient to determine how this element acts. O

To produce the non-symmetric version of this skein module, we need the
following “effective” version of producing M from M for M either a left or right

A?Z -module.

Proposition 12. Suppose q* # 1. Let M be a right AZ*-module. If M’ is a right
Aq = Zy-module such that Me is isomorphic to M as A%*-modules (using the Satake
isomorphism), then M is isomorphic to M as A= Zy-modules. The identical statement

is true with “left” replacing "right” and eM’ replacing M’e.

This is a consequence of the Morita equivalence of the algebras A}? and A4 >

Z, when q* # 1. Using this, it is easy to check the following.

Proposition 13. Let V = C[U*'] and give V a right A = Z-module structure via the

formulas
f(U).g(Y) = f(Wg(U™), f(U).X=—f(g’W), f(U).s=—F(U")

then V is isomorphic to R:(Dz X S) as Ay = Zy-modules.

Proof. To employ the previous proposition, we need to produce an isomorphism

of Ve with K4(D? x S'). Consider

f:Kq(D*xS") — Ve

58



flu) — (U—-UNDfU+UT)
By computing in Ve, we find:
U—UNfY+Y ) =U—-UNfu+um
(U—UNX+XT) ==(g*+q)uU-Uu)
U—-UNg ' XY=Y XY =q3UuU-um.(vy+vy™"

Note that under the isomorphism these computations become precisely the
module-defining equations of Lemma 1, and therefore the module structures

are identical. O

At this stage, a remark is in order:

Remark 8. Lifting the formula of Kirby and Melvin to the nonsymmetric pairing gives

us the identity:

Jn(K) C]) = (—1 )n_]<sn—1 (u)> 1)

= (D" U-UDS,(U+UT), Ty = (- U —=um1) (5.3)

One other non-symmetric skein module will be of importance to us, namely
that of the complement of the unknot, or S'xD?. The skein module of the unknot
is identified with C[x], where by x™ is meant n parallel copies of the (0-framed)

meridian. As before, we have a structure observation for the symmetric action:

Lemma 4. The left action of AZ* on Ky(S' x D?) = Cl[x] is determined by

x.f(x) =xf(x), yl=—(q°+q?), zl=-—q°

And we have the following desymmetrization
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Proposition 14. Let V = C[X*'] and give V a left A = Zy-module structure via the

formulas
X.A(X) = Xf(X), Y.f(X)=—f(q?X), s.f(X)=—Ff(XT")

then V is isomorphic to E;(S‘ x D?).

The proofs of both of these are identical to the case of the solid torus. More-
over, the identification of eV with K,(S' x D?) is explicitly given by

f:Kq(S'xD?) — eV
f(x) = (X=X"DF(X+X).

We pause here to make a very simple remark, which will appear as an im-

portant fact in later proofs in this chapter:

Remark 9. If(, ) : E;(DZXS] )®A 2, E;(S1 xD?) — C denotes the pairing between the
nonsymmetric skein modules of the solid torus and the unknot, then (1,1) # 0 provided

qt # 1.

This follows from the fact that (U — U™, X — X~') = 1, as this represents the

pairing of the two empty skeins.

5.3 First formula for c,,;

In this section we will give a formula for the coefficients c,,; of the Main Theo-
rem (Theorem 6) which will be used later to establish specifically the nice for-

mula in the t, = 1 case. To this end we will establish the
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Theorem 20. For all knots K, there exist universal expressions an, € C(q)[tf‘ , tj‘]

such that

n

Ja(Ki gyt ) = ) (=1)"PanyJp(K;q)

p=1
whenever the left hand side is defined. Moreover, the a, x are given recursively with

boundary conditions

ap; =1, ano =0, anx =0 (k>n)

)

and recursion
Ani1k = AxQni—1 + (Ax — Axgr)Anx + A xQnip1 — Aotk

where
q2kf]t;] _ q72k+]t] + tz

Ax = g1 — g2k

and by combining this with Habiro’s cyclotomic expansion get the formula

we desire as a

Corollary 2. Let a,p be as in the previous theorem. Then

—1

3

Jn(K;q)thtZ) = ETT,IHl(K)
i=0
where
Cri = Z(—] )" P pCpi (5.4)
p=1

and cyp, are the coefficients in Habiro’s cyclotomic formula.

We stress here that while this corollary could be taken as the first state-

ment in Theorem 6, it is not at all evident that the c,; as described here live
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in Z[q*', t', t¢']. It is also not clear from this formula how the particularly nice

case t, = 1 produces such a compact formula.

The following lemma regarding computing in E;(DZ x S') =V = ClU] will

be used

Lemma 5. For any P(X) € C(X), we have in V
U*.P(X) = P(—g*).U*

U.P(X™") =P(—q*).U*

forallk e Z

Proof. The result for monomials is a direct result of the definition of the A, =< Z,

action. For polynomials and then rational expressions it follows by linearity. O
Now we can give the proof of Theorem 20.

Proof. We begin by noting that by the use of the Kirby-Melvin formula
Jp(Kiq) = (=1)P WP — U™, 1)
and the definition of the generalized Jones polynomials
Jn(K; gy ti,t2) = (=)™ U —U S (Yo + Y, 1), 1)
The statement of the theorem is equivalent to
U—-U"S (Yo +Y ), )= i A p(UP —UP 1),

p=1

Note that since So(x) = 1, we have the first base case trivially
]1 (K, Cl>t1>t2) = <(u - u_])°1> 1) = J] (Kv q)
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which implies a;; = 1and a;, =0 forallp > 1.
In the second case, we have S;(x) = x, and thus
J2(K; gy tr, ) = (U= U)LY+ Y ), 1)

Recall the definition of Y; and Y, L

- GEX '+
Y. =t Y+ —qX—‘ — q—‘X(S —-Y)
1yl quX+1t; N
Yt —t1Y +W(S—Y )—t1S
Defining the operator
quX '+t
X\ =2 ——— =

we note that we may write Y; and Y, ! and thus their sum, more compactly
Yy =tY+a(X)(s—Y)
Y =t Y T +aX ) (s—YT) —ts
Y+ Y =t (Y+Y )+ (aX) +aX))s— (aX)Y+aX Y ) —tis (5.5)
Using the Lemma, we can calculate
(U—UT (Y4 Y ) =apn(UW—U?) +apnU-UT)

where

ay = (t — a(—q?)) ay =t — a(—q*) —a(—q™?) W, =0 (p>2)

Since Ay can be shown to coincide with t; — a(—q2*"), we see that a,, = A,,
and a similar computation shows a,; = A; — A,. It also follows from this that

Qrp = Qo = 0 for all P> 2.
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Thus the statement of the theorem holds for n = 1,2. To establish the in-

ductive step, we will use the defining recursion for the Chebyshev polynomials
Sn(x)

Sn(x) - Xsnfl (X) - San(X)

Thus we assume the statement of the theorem holds for some n,n — 1, that is:

(U—UT).Su (Ve + Y Zanp )

(u_u )SnZYt+Y Zanha _uip)
and we compute

(U—U).S0 (YY) = (U=U).S g (Ve YD) (YYD —(U=UT).S, (Yt Y )

n+1 n+1 n+1

Zan+1,p(up_u_p) = Zan,p(up_ Yt+Y_ Zan 1p u—p)
p=1 p=1

where we can extend the sums to all be of the same range based on the
boundary conditions mentioned above. Focusing attention on the first sum on

the right hand side, an application of Lemma 5 gives

(U U)LYt YD) = (t—a(—q ) (U U )4 (a(—q®)+a(—q ) —t) (U—U)
+(t — a(—g™) U —u )

(U*—UT) (YY) = A (U U D) (A=A ) (U —UT) A (U=t
t

Inserting this back into the summations and comparing coefficients of (U*

U~*) on both sides gives the result

Ani1k = AxQni—1 + (Ax — Axir)Qnx + Ak 1)41 Qe — Gnoik
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5.4 Proof of Theorem 6

In this section we will produce a second formula for the coefficients ¢, ; which
will finish the proof of Theorem 6. Along the way we will observe how Corol-
lary 1 follows from the proof. Specifically, section 5.4.1 will introduce generat-
ing functions associated to the c,; and sketch how two lemmas (Lemma 7 and
Lemma 8) allow us to give a new formula for the c,; from which Corollary 1

follows. Sections 5.4.2 and 5.4.3 then contain the proofs of these two lemmas.

The formula in the special case for t, = 1 in Theorem 6 will be addressed in
5.4.4. It will be alternately rederived using the method of generating functions.
This is not strictly speaking a logically independent proof; however, it offers an
important sanity check as the resulting formula itself carries some significant

complexity.

5.4.1 Generating Function

We will want to in essence still use (5.4) as our starting point for calculating a

nicer form for ¢, ;. Recall that the a,, are implicitly defined by the equation
(u_u )SnlYt+Y Zanp - )

Instead of working with the element-wise recurrence for the a, , within (5.4),
it turns out to be much more convenient to use the defining recurrence for the
Sn(Y: + Y, ) and employ generating functions. Let us extend the definition of

the a,, formally to negative p via a,_, = —a,;; then we can introduce the
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functions
oo
= E anpUP
p=—00

between which we have the recursive statement which is equivalent to Theorem
20:
Fa(W).(Ye 4+ Y, ) = Fupr (W) + Fag (W), (5.6)

We will also find it useful to use the extension of the Chebyshev polynomials to

negative n, namely S_,,(x) = —S,_,(x), so that F,,(U) is defined for all n.

This turns out to be fruitful because we have the following

Lemma 6. Let PY(X) be the operator defined by

i—1
PUX) = [J(aX—a2X (g X~ ¢?X)  i=1,2,.. (57

j=1

where the empty product is 1. If f(U) = 32 a,(UP — UP), then

p—1 p+'lf1
Z a, - H 2(p+) _ q—Z(p+J)) H (ql(p+J) _ q—Z(pﬂ))(up —u)
j=p—i+1 j=p+1

In particular, acting by PY(X) and summarily evaluating the resulting function of U

at U = —q? gives

f(U).PY(X) (6> —q %)) (=D axeri (5.8)

U:—qz k=1

Proof. By Lemma 5 in the previous section, we compute

i—1
usPYx) = [ [(a79™ —q9q ™) (g q™ — g¥q )

j=1

i—1

ufk.p(i)(x) — H(ququk - ququk)(qujquk . quqZk)

j=1

where both coincide with the product in the statement in the lemma, and thus

we are done. O
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Thus from the conclusion of the Lemma we recognize we have rewritten

— (=1

m = (WP Xl (59)
The key idea is to now introduce the formal parameter A and define
F(U,A) = i Fn(LU)A™ (5.10)
n=1
and its variants,
FO(U,A) = F(U,A).PY(X) (5.11)

We will seek to prove a determinantal expression for F(—qg? A), from which
will follow Theorem 6, and in particular will show Corollary 1. First it is neces-

sary to prove the following two lemmas:

Lemma 7. For all i, there exists a sequence {o‘wiﬂa € Z[qi‘] such that
F(i)(_qZ) A) = Z (X;LQF(_qZ(Zk—U) A)
k=1
Lemma 8. For all i, there exist by; € Z[q*', t3', t') A*'] such that
Z bi;F(—q7,A) = —(q* —q %)
j=1
Before we embark on the proofs of the lemmas, let us see how they allow us

to conclude a determinantal formula for FV(—g2#=1 7).

Lemma 8 tells us we have a triangular system of equations for the

F(—q*#1 ), i.e. for any i, we have

by 0 0 F(—q?%A) (q>—q7?)
bz by, - 0 F(—q*,A) B —(q*—q™)
bai11 baiiz oo+ bai12i F(—q*# 1, A) —(q*#1 — 75 )




Writing this as By;_1Fi-1 = —2i_1 for short, where of course

F(—qz) qz _ qu
F(—q“) q4 _ q—4
Faig = . p=
‘F(_qz(ﬁ*])) q2(2171) _ qZ(ZifU

we then have by Cramer’s rule F(—q*) = det B, ,/detB,_;, where B}, | is

B, with its kth column replaced by —f3,i_;.

Combining this with the Lemma 7, we conclude that if we consider the 2ix21i

matrix
0 ol 0 o ol
(g>—q7?%) by 0 0 0
c o (q*—q™) by by, 0 0
(q°—q7°) b3 bs, bs3 0
(q*% 1) — q2@D) by g7 baigz bais boi 1211

then by cofactor expansion along the top row we have the equation

det(C;) = — Z o (—det(Bj;_;))

k=1

= det(Bi_1)F” (—q%7)
and thus, realizing that det(B,_;) is simply a product of diagonal entries, we
obtain

| det(Ci) _ det(Cy)
(B (_g? ) = =
FY(=q%A) det(Byi_1) Hf;] b]’»j.

(5.12)
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Combining (5.12) and (5.9), we arrive at the following expression for the c,;,
where [A"](f(A)) represents the coefficient of A™ in a formal power series expan-

sion of f(A)

—_ " . (det(cm)] 513)

L S— 20+ '
" [T by
Corollary 1 results from this expression since the first column of Ci.; is divisible

by q*> — ¢, and the determinant of C;,; with the first column rescaled is a

polynomial in A with coefficients in Z[q*', t}', t3'].

5.4.2 Proof of Lemma 7
The two lemmas in essence correspond to the two operators acting on F(U, A);

the first one is related to the operator P*(X).

We begin by making the following observation about the nonsymmetric

pairing;:
Proposition 15. For all F(U) € C[U*'] such that F(U™') = —F(U), and all k € Z, we
have
(FU), XE=X*) =F(=g¢™)-2-¢1, 1)
Proof. 1t will suffice to show this for the basis {U™ — U™™}; note that
um—um, xk—xT"

= (LY =Y, XE— X
= (1, (=1™(@XE = g XE) — (1) (g X = X R)

= ((—g™)™ = (=¢™)™) - (1, X*+ X7
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=((—=¢™)™ = (—=g™)™)-2-¢1, 1)

We will also use the structure of P'(X); recall that since

i-1
PX) =] [(a"X = aX (g X~ g¥X ™)

j=1

is symmetric in X, X~ of degree 2i — 2, we must have
(X - X—] )Pl(X) — Z “}{(sz_] o X—Zk-H)
k=1

for some «! . The ol lie in Z[q*'] since they are differences of coefficients of P*(X),
which evidently lie in this same ring. Putting this together with the Proposition

allows us to compute
F(—q*A)-2-¢1, 1) = (F(U,A).PY(X), X=X
= (F(U,A), PHX)(X—=X1))

— Z (XL(F(U, }\)) XZk—1 - X—2k+1>

k=1

=Y & F(=g™* N -2-¢1, 1)
k=1

and thus dividing through by the nonzero 2- (1, 1) gives the result.

5.4.3 Proof of Lemma 8

This lemma is based on examining the action of the other operator acting on
F(U,A), namely the Y; + Y, ! operator. Recall that by definition we have the
relations

Fn(u)(Yt + Yt_]) = Fn—H (U) + Fa (U)
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and thus, by multiplying through by A™ and summing, we get
FIU,A) (Yo + Y1) = ATF(U,A) — A TR (W) + AF(U, A) + F_1 (W)

FAULA) (Y + Y —A+A ")) =—(Uu—-u

By evaluating this expression on both sides at U = —qg* for various i we will get
our result. It is possible to do this without employing the pairing; however, to

preserve a similar style with the proof of the previous lemma, we will use
FULAY+Y ! = A+AT))+(U—-U), X=X =0

and letting the operator Y, + Y, ' act on the other side of the bracket will give

what we want.

The proof follows from the fact that the operator Y, + Y, ' preserves the the
space of odd polynomials and their natural grading. Later, however, the exact

value of these coefficients will be of use to us, so we compute them now. As

(s—Y)

XXX

=—(q'+q7) ) _(q X))
=1
we have

i

Yt.(Xi . X—i) _ t1(_q—ZiXi + quX—i) . (q‘L + q—i) Z(q—1x)i—21E

—(q'+9 ) (a'X)"* My (5.14)

and similarly, since
s—Y! ~ ~
2 Xt—xt
gxX—q-'X"!
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we also have

Y;] (Xl _Xfi) _ t](_quXi + quini) + (ql + qfi) Z(qx)ifl(lfﬂa
=1
+(g'+q) ) (@X)"H G+ (X=Xt (5.15)

1=1

And thus, combining, we have:

i—1
(YY) (X=XTY) = —(q%t 472 ) (X=X )+ (g™ +q ™) ) (g —q X2
1=1
+ (qi+ q—i)Z(qi—(Zl—U q—1+ (21-1) )Xl (21— 1)5 (516)

1=1

Since the RHS is evidently odd in X, we have as a result that

(Ye+ Y Z b, (X
where, for future use, we record that the b;’j are given by

_(qut]%_i_quit]) j::L
b =< (q+q (g —q)G j#i j=1i mod 2
(@ +q (g —q7)t; j#i j+1=N mod 2

and thus, we may again use linearity of the pairing to conclude
0=(FULAY +Y, = A=A+ U-Uu"), X =X

= > B(FIUN) , X=X Ty — (A4 A IF(U AL X = XD+ (U—U", X =X
j=1
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=2-(1, DD biF(=q7,A) = A+ A F(—=¢"A) + (=7 + q )

j=1
And thus we note that by taking

’ 7" s
b —bi)j+()\+?\ ) 1=
ij =
—b; . i#]

L)

we observe we have concluded the proof of the lemma.

5.4.4 Special case: t; =1

In this section, we will examine in detail a specific subcase of Lemma 7, namely
when the parameter t, = 1, and establish the explicit formula given in Theorem
6. In this case, a certain “miraculous coincidence’ will take place and the deter-
minantal formula (5.13) in the general case will reduce to a product. Specifically,

we will prove the following theorem:

Theorem 21. The deformed Habiro coefficients cni(q,ti,t2) admit the following

closed-form expression when t; = 1:

(_1 )n+i+1

o (15— q ) ([T A
¢ —q2 Hli::] (q2Z=t=T 4 q 22D + A + A1)

where, recalling from a previous section

2p—1 t—] _ —Zp-Ht
A, =9 q

From which we will derive the equation that was promised in Theorem 6,

2(k+1) 1. k1) g4 kKo 2i41e—1 201
Coxla,t,1) = Prncild 4 lq) I L By P (5.18)

i=1
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Notation: The proof of Theorem 21 will feature large expressions in the vari-
able q, which will be dramatically compacted by the use of the following nota-
tion which we will adopt:

[Tl] _ qn o qfn <T'L> — qn_I_ qfn

n\ [n]!
)q -k

Proof. (Theorem 21) We begin by observing that the conclusion of Lemma 7 can
be significantly simplified in the case where t, = 1. If we restrict ourselves to

the cases of odd 1, we have:

Lemma9. (Lemma 7, t, = 1 case)

Forall i > 1, there exist di; € Z[q*', t¥', A*"] such that

D dyF(=g*@ T A) = —202i - 1)
j=1

Since we have d;; = by;_1 -1, we have explicit values for these coefficients:

; P 4 2By AN 1=
i =

—2i—1>2j —1] 1#]

So just as before, we can consider this as a matrix equation:

g 0 - 0 F(—q% M) —[2]
dy; day -+ O F(=q%A) | —1[6]
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which yields a determinantal formula, analogous to the general case, but now

with a matrix half the size; namely, if we consider the (i + 1) X (i 4+ 1) matrix

0 ol o o« o
2] di 0 0 0
[6] dp da2 0 0
Ei —
2(21—3)] diag digp o0 digia O
2(2i1—-1)] dip  diz - diir dig
then in this particular case
i det(El)
Fg?A) =
[T 4y

We claim that the E; are closely related to one another, and thus it is possible to

give a simple inductive computation of det(E;).

To compute det(Eiy1), first use column operations to clear the top row; since

ocm = 1, the resulting matrix which well call E&)] is
0 0 0 0 1
2] dig 0 0 0
(6] da; d, 0 0
2(21 —1)] di; di e diji 0
221+ 1] diag—od M diin dicp — o5 digrir o digrg — od  diin i

Recall the defining equation for the o':

i+1

(X — X PEI(X) = Z oqu-] (XFT X2
k=1
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Since P(g?) = 0 provided i > 2, by evaluating both sides at X = g%, we obtain
i+1
0=> o'l2(2k—1)l.

k=1

Therefore, if we denote e;; = 5 &, «} dij, row operations adding multiples of

all rows to the last results in the matrix Eiz)

0 0 0 0 1

2] di 0 0 0

6] ds; ds, 0 0
2(21 —1)] dif di» e dii 0

0 e — o0 dipripr e — o dirin o e — o dinier digig

By swapping the last row up into the second row and preserving the order of
all the remaining rows, then dividing the second row by its penultimate entry,

we obtain the last matrix:

0 0 0 o 0 1
0 €i+1,1—0¢§+1 dit1,i+1 ei+1,2_“i2+1 ditrivr 1 dig1i01
eirni—ot i i eini—ot T i i eiiti—ot digt i
E(s) - [2] d]’] O ce O O
=
2(21 — 3)] di—1 di—1 e 0 0
2(21 —1)] di; di e dig 0

We now claim that the lower-left i x i matrix is exactly E;, that is,

41
i1y — 0 digig

= of. (5.19)

T
st — o diyrit
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It is this statement which we single out as being the “miraculous” moment
where the two operators P(X) and Y, + Y, ! relate, in the sense that the for-
mer operator is associated to the oc} terms and the latter associated to the d;
terms. We know of no conceptual reason to expect (5.19) to hold; yet it can be

demonstrated via direct (if sometimes long) q-computations. Let us show it.

Let us define sji = €11 — oc}“ diy1,441. We will show (5.19) by showing, for a

fixed 1, both of and s;/s} are defined by the same recursion:

R
si/si=o; =1

s/ (: Si ): o _ Ltk .
st/stlost ) o, 2K

Proof. (Recursion for o)

The base case is immediate. To establish the recursion, assume we have

o, 2(1+K)]

o, RE-K)

for someiandall k =1,...,1 — 1. Then since we have

i 41

(quX o quin1 ) (quiX o quXf1 ) Z “}Q(szfl o XkaJr] ) _ Z O(j‘;+1 (X2k71 - X72k+1 )
k=1 k=1

we have the recursion o' = &t | — @il + o |, and thus

O‘lij] _ 0q_ /oG — B>+ o, /o,
o‘iﬂ 1— @O0, /o + g, /0q
B —20-k+D/RE+k—=1)] =@ —[2(1 - Kk)]/[2(i + k)]
14+ dORA-K/RA+FK]+FRE—KIRA—k=D]/RA+KIRA+k+1)]

which can be shown through a long computation to simplify to

2(i+1+Kk)]
2i+1—-k)]

as desired. O
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Before we move on to the recursion defining the s)?, let us pause here to note
that the above recursion gives us the following recognization of «; as a certain

g—binomial coefficient:

o = (1)

i 20+ KIRGE+ K+ 1)]--- 2 -T)] (Zi — 1) (5.20)
q2

RA-KI20-k—=1)]---[2] i—k
Proof. (Recursion for s;)

First note that s]? depends ostensibly on t; and A. Expanding the definition
of ei;1; shows that, in fact, there is no A dependence:

i+1
;= Z o dyy — OCJ-IH diy1i
k=1
i+1
= Z oy + 06}“ (dj;j — dir1,i1)
K=j+1
i+1
_ Z “11:1 <2k—1>[2j—1]t1+oc;”(qz(z)*l)t;1+q*2(2’*1)t1—qz(zwl)t;]—q*z(z””h)
K=j+1
Further, it is convenient to introduce t¥ := t; + t.'. If we do this, decomposin
1 1 p g

s]? into tf and t; components, we have
) 1 . . .
si= zoc;“(<2(z) — 1) — QA+ D)t
- i o
+|5e N (22+ 1] - 22— 1) —2j -1 Y <><%f‘<2k—1>]’t1 (5:21)

277
k=j+1

In particular, we can compute a closed form for si:

st = — 312021 + 1] 4HIE + (—%[z(zi 1)) + 2 T Qi+ 1>)H

with which we can turn the desired statement s! = s} into a pair of g-identities

that we must establish, namely
o (@25 = 1) — 22+ 1)) = —af2(2i + 4] (5.22)

78



i+1
L (R 1 — 2@ 1) -2 -1 Y afak— T

27
Kk=j+1

= o (—%[2(21+ DA + 21— 11+ 15| (5.23)

Crucially, the ratios o' /ot admit a simple form - this follows directly from the

closed form produced by the recursion they satisfy - explicitly, they are

o, [4](2(2i + 1))

o RA+KIZA+T K]

with these, one sees that (5.22) is reduced to an explicit calculation and (5.23)

becomes a straightforward induction in j, the details of which we omit.

Given (5.19), we observe that since det(Ei,;) = (—1)H! det(Eg])

—stdet(E;) = —[41][2(21 + 1)]A4; det(E;), we have the following for all i > 1:

det(Ei1) = —[2(21)]12(21 + 1)] A
and since in the base case we have

0 1
det(E;) = = —[2]
2] di;

we arrive at the promised closed form for det(E;), and thus F(—g? A):

. DYTES 2N (T, A
F—q}A) = — _(1__[’ 1 _)(lj[k A - (5.24)
Hk:](qZ(Zk ”t]] +q 2(2k 1)t1 LA 1)

which, combining with (5.9) as in the general case, finishes the proof.

The proof of (5.18) from Theorem 21 is, comparatively, much quicker:
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Proof. We first show that (5.24) implies the following shift equation in A for our

generating function:

Fi(_qz’ qZ)\) B }\+t1 q21+q—21)\t]

Fi(—q%, q2A) 1+ Aty g2A+ g2ty (5.25)

As the denominator of (5.24) does not depend on A, we are led to the equa-

tion _
Fi(_qZ) q27\) B 1 (qZ(Zkfl)tfl + q72(2k71)t + q727\ + qZ}\f1)
Fi(_qz,qu}\) - (qz(qu)tq + q72(2k71)t+ q27\+ qu}\q)

=1

(qZ(kfI)A_i_ qu(kfl)t)(qZk + q72k7\t)
(qZ(k—U + q—Z(k—l)}\t)(qZkA_i_ q—Zkt)

i

j=1
R e Y
14+ Atq¥A+ g2t

Rearranging this equation and taking the coefficient of A", we are led to the

following three-term recurrence in the {c, ;_;} for a fixed i:

(g*t "' +q ) 2nlchir =2+ 1—Vlenrria + M —1+1)lcn 1

and dividing through by c, ;1 gives us

) it M+ Vlenir Rn—1)] engio

Cnil [2n] cnpri 2n]  cnori

(q21t71 _’_qflit

This three-term recurrence relation can readily be shown through a calculation

to coincide with the Pieri relations (4.2) for the sequence {m, i(q*t™'; q*|q*)}, or

equivalently the sequence {Ea—ila"t a"la"
1 y q Pn-i(qhq*tq?)

1}, Thus the proof will be completed

provided we establish the two base cases for each i

i
Ciji—1 = | |Aj
j=2

Cii—1

i 2ig1 ., 2
. g7t +q 7t
Citli1 = [I |Aj 57 Citl,i1
) d g
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This becomes straightforward once one establishes the following formulas

Qi = HA]' aiy1i = (A1 — Ai) H A
2 -2

which are quick consequences of the induction defining the a,, x, and then uses

the equations
Cii—1 = Q4iCii—1 Cit+1,i-1 = Qi+1,i+1Ci41,i—1 — Ai41,iCii—1

which give an explicit verification of the base cases. |

5.4.5 Alternate proof: t, = 1 case

We can alternately derive (5.18) from (5.17) by recognizing the function of A in
the latter as being a simple variant of a standard generating function for the

continuous q-ultraspherical polynomials C,.(X; ]q).

The polynomials C,,(X;3|q) are defined in terms of the Macdonald polyno-
mials p,(X; B|q) by the formula

(1=B)T—=Bq)---(1—Bq™")
(1—=q)(1 =g (1—q")

The C,(X; B|q) obey the following generating function identity, which is well

known (see, e.g., [28])

(ABX; 4) oo (ABX 5 @)oo

D CalX;Blg)A" = (AX; @)oo AX T q) oo

n=0

(5.27)

which, when q = q*, B = q* becomes

1
L= g*AX) (1 — gHAxT)

Cu(X; q"q"A" =

M

i
o
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Before we start, let us note that we will work with the following equivalent
version of (5.17), where A has been replaced by —A to ease the amount of signs,
and we have shifted the index of i by 1:

Cii1 H}i:z Ax
T (A + AT — (22Nt 4 g—22t))

Cnyio1 = [A"] (5.28)

Consider the product appearing in the denominator of (5.28):

i

H(}\ FAT (PN gAY

k=1

Introduce the variables u = q~2"YA and X = q*t ™', and this becomes

_ q,zui,”pfi (1— q4(k71)ux)“ _ q4(ifk) uxﬁ)

=q 2Dt = g™ pXx) (1 — g™ X )
k=0

Thus by employing (5.27), we can rewrite (5.28) (after returning to A, t variables)

as

Cn,i 1 C11 I[H Ak] }\n (Z q 21t ])q41|q )}\ThLl]

=2 n=0

or, more simply,

7])Cn,i(q21t7]; q4i’q4) (529)

Cnji—1 = Cii—1

[[Acfa™
k=2

It is a consequence of (5.26) as well as the evaluation formula for p,, ("% Blq)

(Theorem 17) that

Pn—i(qﬁtq} q4i|q4)
Pn-i(9%; q*q?)

—2(n—i)(i—1)

q cii1Cni(q®t 5 q"qY) = cnia

which allows us to conclude

. ) Pesi(@®t T q%lgY)
Cni—1 = A - - Cn.i—
il (H k] Pri(q2 q*lq") il

k=2

which is exactly (5.18).
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CHAPTER 6
BS CONJECTURE (QUASI-CLASSICAL)

This chapter will be concerned with the BS conjecture of before, at the special
value ¢ = —1. Our goal will be to reduce this conjecture to a statement which
can be checked computationally for a fixed knot K which admits a knot group

on 2 or 3 generators.

In [34], the authors relate the BS conjecture at ¢ = —1 to a conjecture made

previously by Brumfiel and Hilden about the peripheral map
Ho : HZ?> — Hm (S \ K).
Theorem 22. (Berest, Samuelson, 2018) Let X,Y € HZ? be the class of the meridan
and longitude, respectively. If we assume the ring map
(X=X :H'm(S*\ K) = Hfm (83 \ K)[X*]
a— (X=X Na
is injective, then the BS conjecture at q = —1 holds provided
Y € Hm (S \ K)[X*] (6.1)
where we have identified X and Y with their images under o.
In the paper establishing this theorem, the authors show that all torus knots,
2-bridge knots and some invertible torus knots satisty (6.1) - a class strictly

larger than for which the general conjecture (at all q) is known. Notably, this

class lacked an example of a non-invertible knot.
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6.1 Case of pretzel knots

In this section we describe the approach to produce code which will verify (6.1)
for the (3,5,7) and (3,5, 9)-pretzel knots, known to be non-invertible by work

of Trotter [32]. The result is the following

Theorem 23. For both the (3,5,7) and (3,5, 9)-pretzel knots, (6.1) holds.

Proof. We can reduce the decision problem defining (6.1) to that of checking
whether or not two explicit modules over polynomial rings intersect or not,
which can be calculated efficiently using the software Macaulay2. Efficiency
will be important, as the generators of our modules over polynomial rings will

quickly become of very large degree.

Step 1. Recall the presentation of 7t := 71(S* \ K, 4r), where K, 4. is the

(p, q,7)-pretzel knotand p =2k +1,q =21+ 1,71 =2m + 1:
T = <a)b3 ClT],Tz,T‘3>

1 (ab ™a(ab') ™ = (be ) e(be ) TH
5 : (be ¥ (be ™) 7* = (ca ) a(ca™)™H!
r3: (ca Dle(ca) = (ab )™ b(ab ) ™.

A meridian-longitude pair is given by (m, 1) = (a,w), where

W = (ab—l )—m(bc—1 )k—i—] (C(l_] )—l(ab—1 )m—H (bc—1 )—k(ca—1 )1+1 )

Step 2. Employ the structure theorems for HF; (Theorems 6, 7) to produce

it explicitly in Macaulay2. This amounts to producing a free rank-8 module H
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over a polynomial algebra in 6 generators, along with a matrix M: H® H — H

describing the multiplication in this algebra.

Computational note: The multiplication table is large (a 64 x 8 matrix), but
thankfully due to the rules defining the multiplication, it is quite sparse. One
may naturally worry about the possibility of introducing an error in such a large
table; a good consistency check (which we perform) is to verify the associativity
of multiplication defined via M for a few triples of elements of H, chosen at
random. Additionally, in the particular case of our pretzel knot computation,
we can exploit the fact that all of our generators are conjugate. This has the nice
effect that three of the generators of the underlying polynomial algebra coincide

in the quotient and thus we may write everything with two fewer variables.

Step 3. Since the natural surjection p : F; — 7 induces a surjection Hp :
HF; — Hm, we have Y € HTn[X*'] iff Y € R + ker Hp for some R which maps
onto HT7t[X*'] and some Y which maps onto Y. Using the result (10) on the
structure of such ideals, we can generate given 11, 1,, 13 a particular R + ker Hp.
To do this quickly, we write a method which can take a word in the generators
a,b,c and produce its image in HF;. Finally, we generate a Y and check the

inclusion.

Note: Here is where most of the computational difficulty is encountered.
First of all, since the presentation is Wirtinger, one may remove any one of the
relations. The length of the relations does not make computing any particular
generator of ker p difficult, but since there are enough generators, it is lengthy
to check if any given element is in ker p. Add to this the fact that the longitude
is (already for the smallest k, l and m) of quite high degree and the computation

becomes demanding. Most of the effort seems to lie in computing Grobner bases
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for all of these modules, which is not something at the moment seems to have

an easy solution.

One may hope that an alternate presentation may ameliorate some of these
difficulties, but after exhausting many natural attempts it appears as if the diffi-
culty is innate. Introducing, e.g. x = a,y = ab~',z = bc™', the gains one makes
in simplicity of presentation are weighed against the fact that now one has lost
the virtue of having all 3 generators conjugate, and so the polynomial algebra

underlying everything again expands.

The full Macaulay 2 code can be found in the appendix. o

6.2 Case of virtual knots

One way to produce examples of knots satisfying (6.1) is to use coverings of
knot groups. Suppose that 7;, (my, 1;) is one knot group with peripheral system
for which (6.1) is known and 7t;, (my, 1;) for which it is unknown. If there exists
an epimorphism

P — TN
my — TTL],l] = mglz
then since p(H*m) = H'm and p(X;) = X;, we have necessarily that Y, €

H+7'[2 [Xz] .

Coverings of knots, both preserving and not preserving peripheral structure
in this way, were studied by Silver and Whitten in [30]. Either notion of covering

naturally induces a partial order on knots; the authors were then compelled to
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examine how this partial order extended to the more general class of virtual

knots.

Briefly, virtual knots are equivalence classes of knot diagrams which have in

addition to the usual over/under-crossings a “virtual crossing”

)4

Associated to these virtual knots are fundamental groups with peripheral
data, defined in a fashion naturally extending the typical Wirtinger presentation

of the usual knot group; see [16] for a full discussion.

In his work, Silver shows that for the figure-8 knot, a knot which does not
cover any other knot (in any sense considered), there exists a sequence of virtual
knots which it does cover. We discover that the method of proof explicated in
this work can be extended to more generally cover any 2-bridge knot, and thus

arrive at the

Theorem 24. Given any 2-bridge knot k, there exists an infinite family of virtual knots
Kq, q € N such that the knot group of k maps onto the knot group of kq. If the pe-
ripheral systems of the two groups are (m, 1) and (mgq, ), then this covering takes
m— mgl— 1.

Proof. The fundamental group of a 2-bridge knot k is given by

T, ={a, b, | aw = wb)

where w is a word in a,b. We will produce a particular virtual knot k, with

fundamental group
T, =(a,b, | aw =wb, a%ba™1 =)
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in such a way that it will be clear the image of the peripheral system of 7, under

the natural projection to 7, maps onto the peripheral system of the latter.

Let us assume we have a 4-plat presentation for k, that is, a presentation as
k as the closure of a 3-braid 3 in the following way:

N\

N\

Without loss of generality, we may assume § = 0%}

We now aim to “virtualize” this crossing in a controlled way; that is, make

one of the following two replacements:
X g A g
- B

and thus our k4 will be just k virtualized with one chain of length q. Let us

label the curves appearing in both diagrams:

We now collect the following lemmas:

Lemma 10. If the classical region contributes the Wirtinger relation ¢ = aba™' or ¢ =
a~'ba, then the virtualized region contributes ¢ = a 9"ba%"' or ¢ = a9 'ba 9",
respectively. All of the new arcs introduced in the virtual region may be written in

terms of a, b and c.
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(@}

a b b a
a b g b a g
X R

: a ¢ :

P

a
(¢ a a c

Lemma 11. When computing a longitude 1 for the fixed meridian a, if in the classical

case one gets

1 =wiat'wya”®
with the isolated a referring to passing through the crossing underneath the a

strand, in the virtual case we have

—q+1) —s+q

1 =wa*! wha

Lemma 12. One may always swap labels of b and c in such a way that a and b are
generators of T, and the Wirtinger presentation for m, omitting the relation arising

from this crossing is of the standard form

m. = {a,b | aw = wb)

Note: Lemmas 10 and 11 hold for any crossing in any knot diagram, but

Lemma 12 is highly specialized to the current case. The proofs of the lemmas
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are straightforward. From the lemmas, the proof of the result follows quickly:

Combining Lemmas 10 and 12, we see that 7y, has the presentation:

T, ={a,baw =wb,c = ad "ba 9ty

(Here we are assumming the original crossing gave the relation ¢ = a™'ba,
but the other case is identical.) As aw = wb must implicitly imply ¢ = a 'ba,

we may rewrite this last relation as

a'ba=a""ba " = b = alba

and so we have the presentation

M, = (@b | aw = wb, b = a%ba )

Combining Lemmas 11 and 12, if we assume the original longitude is of the
form wyaw,a"*, then the longitude of the virtualization is wyaa %w,a "9, But

as w; is a word in a, b and a~9 commutes with both a and b in 7y . We have

wiaa wya M = wiaw,a 0 € m,

and so the virtual longitude is exactly the reduction of the classical one. O
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APPENDIX A
CODE FOR PRETZEL KNOTS

Here we create HF_3 and the multiplication table.

This is "Step 2."

kk = QQ

R = kk[t_0,t_1,t_2,t_3,t_4,t_5]

Hpi = R"8

ml = Hpi_{0}
m2 = Hpi_{1}
m3 = Hpi_{2}
m4 = Hpi_{3}
mS5 = Hpi_ {4}
m6 = Hpi_ {5}
m7 = Hpi_{6}

m8 = Hpi_{7}

m9 Hpi_{1}
ml0 = matrix ((t_0"2-1)«Hpi_0)

mll

matrix (t_3+«Hpi_0 + Hpi_4)
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ml2

ml3

ml4

ml5

mlo6

ml7

ml8

ml9

m20

m21

m22

m23

m24

m25

m26

m27

m28

m29

m30

m31

m32

m33

m34

matrix (t_4«Hpi_0 + Hpi_5)

matrix ((t_0"2-1)*Hpi_2 - t_3«Hpi_1)

matrix ((t_072-1)*Hpi_3 — t_4xHpi_1)

matrix (Hpi_7 + t_3xHpi_3 - t_4xHpi_2)

matrix ((t_0"2-1)*Hpi_ 6 - t_3+«Hpi_5 + t_4xHpi_4)

Hpi_{2}

matrix (t_3«Hpi_ 0 - Hpi_4)

matrix ((t_1"2-1) «Hpi_0)

matrix (t_5«Hpi_0 + Hpi_6)

matrix (t_3«Hpi_2

(t_1°2-1) «Hpi_1)

matrix (t_3+«Hpi_3 - t_5+Hpi_1 - Hpi_7)

matrix ((t_1"2-1)*Hpi_3 - t_5«Hpi_2)

matrix (t_3«Hpi_6

Hpi_ {3}

(t_1"°2-1)+Hpi_5 + t_5+Hpi_4)

matrix (t_4+«Hpi_0 - Hpi_5)

matrix (t_5+«Hpi_0 - Hpi_6)

matrix ((t_272-1)«Hpi_0)

matrix (Hpi_7 + t_4xHpi_2 - t_5«Hpi_1)

matrix (t_4+Hpi_3
matrix (t_5«Hpi_3

matrix (t_4+Hpi_6

Hpi_{4}

matrix (t_3«Hpi_1

(t_2°2-1)*Hpi_1)
(t_2°2-1) *Hpi_2)

t_b5xHpi 5 + (t_272-1)+Hpi_4)

(t_0"2-1) «Hpi_2)
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m35

matrix ((t_1"2-1)*Hpi_1 - t_3% Hpi_2)

m36 = matrix (t_5+Hpi_1 - t_4«Hpi_2 + Hpi_7)
m37 = matrix ((t_372-(£t_0"2-1)*(t_1"2-1))+Hpi_0)
m38 = matrix ((t_4*»t_3-(t_0"2-1)+*t_5)+Hpi_O0
- t_4xHpi_4 + t_3xHpi 5 - (t_0"2-1)+Hpi_6)
m39 = matrix ((t_4*(t_1"2-1)-t_3*t_5)+Hpi_0

+ (t_172-1)*Hpi_ 5 - t_3xHpi_6 - t_5xHpi_4)

m40

matrix (((t_1"2-1)*t_4-t_3+t_5)xHpi_ 1

— (t_3%t_4-(t_0"2-1) xt_5) «Hpi_2

+ (t_372-(t_07"2-1)*(t_172-1)) »Hpi_3)

m41l

m4?2

m43

m44

m45

Hpi_ {5}

matrix (t_4«Hpi_1 - (t_072-1)«Hpi_3)
matrix (t_5+Hpi_1 - t_3xHpi_3 - Hpi_7)
matrix ((t_2°2-1)*Hpi_1 - t_4«Hpi_3)

matrix ((t_3xt_4-(t_072-1)+*t_5)+Hpi_ O

— t_3%Hpi_ 5 + t_4xHpi_ 4 + (t_0"2-1)+Hpi_6)

m46 = matrix ((t_4"2-(t_0"2-1)*(t_272-1))«Hpi_0)
md7 = matrix ((t_4+t_5 — t_3%x(t_272-1))*Hpi_0

- t_4%Hpi_6 + t_b5#*Hpi 5 - (t_272-1)+Hpi_4)

m48 = matrix ((t_5S*t_4-t_3%(t_272-1))«Hpi_1

- (t_472-(t_072-1)*(t_2"2-1)) «Hpi_2

+ (t_3*t_4-t_5x(t_072-1))+Hpi_3)

m4 9

m50

Hpi_ {6}

matrix (Hpi_7 + t_4+*Hpi_2 - t_3*Hpi_3)
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m51

m52

m53

matrix (t_S5+«Hpi_2 - (t_172-1)«Hpi_3)
matrix ((t_2°2-1)*Hpi_2 - t_5«Hpi_3)

matrix (((t_172-1)*t_4-t_3%t_5)+Hpi_0

— (t_1°2-1)+Hpi_5 + t_3+Hpi_6 + t_5xHpi_4)

m54

matrix ((t_5+xt_4 - t_3%x(t_272-1))«Hpi_ 0O

— t_5«Hpi_ 5 + t_A4+Hpi_6 + (t_2°2-1)«Hpi_4)

m55

m56

matrix ((t_572-(t_172-1)*(t_272-1))«Hpi_0)

matrix ((t_572-(t_172-1)*(t_272-1))*Hpi_ 1

— (t_4»t_5-t_3x(t_272-1))«*Hpi_2

+ (t_4x(t_172-1)-t_3xt_5)*Hpi_3)

mb7

m58

m59

mo60

mol

Hpi_ {7}

matrix ((t_0"2-1)*Hpi_ 6 — t_3+«Hpi_5 + t_4xHpi_4)
matrix (t_3+«Hpi_6 - (t_172-1)+*Hpi_5 + t_5«Hpi_4)
matrix (t_4+Hpi_6 — t_5+Hpi_5 + (£t_272-1) +«Hpi_4)

matrix (((t_1"2-1)*t_4-t_3+t_5)xHpi_ 1

— (t_3%t_4-(t_0"2-1) xt_5) «Hpi_2

+ (t_372-(t_072-1)*(t_172-1)) ~»Hpi_3)

mo?2

matrix ((t_S5+t_4-t_3*(t_272-1))«Hpi_1

- (t_472-(t_072-1)*(t_272-1)) xHpi_2

+ (t_3*t_4-t_5x(t_072-1))~Hpi_3)

mo63

matrix ((t_572-(t_172-1)*(t_272-1))«*Hpi_1

— (t_4*t_5-t_3x(t_272-1))+Hpi_2

+ (t_4%(t_172-1)-t_3xt_5)«Hpi_3)

mo4

matrix ((t_47°2x(t_1"2-1)

+t_372%(t_272-1)+t_572%(t_0"2-1)
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—(t_07"2-1)*(t_172-1)*x(t_2"2-1)

—t_3%t_5xt_4-t_4+t_3+t_5)xHpi_0)

MTl = matrix(ml | m2 | m3 | md | m5 | m6 | m7 | m8 )

MT2 = matrix( m9 | ml0 | mll | ml2 | ml3 | ml4 | ml5 | ml6 )
MT3 = matrix( ml7 | ml8 | ml9 | m20 | m21 | m22 | m23 | m24
MT4 = matrix( m25 | m26 | m27 | m28 | m29 | m30 | m31 | m32
MT5 = matrix( m33 | m34 | m35 | m36 | m37 | m38 | m39 | m40
MT6 = matrix( m4l | m42 | m43 | m44 | md45 | mde | m47 | m48
MT7 = matrix( m49 | m50 | mb51 | mb52 | mb53 | m54 | mb55 | mb6

MT8 = matrix( m57 | mb8 | m59 | m60 | m6el | m62 | mo63 | mod

MT = matrix( MT1 | MT2 | MT3 | MT4 | MT5 | MT6 | MT7 | MTS8 )

A skippable assocativity check:

This is "Step 2"

MT (Hpi_2#+MT (Hpi_ 3%+Hpi_4)) — MT (MT (Hpi_ 2#%+Hpi_3)«*Hpi_4)
MT (Hpi_3**MT (Hpi_4**Hpi_5)) — MT (MT (Hpi_3**Hpi_4) »+xHpi_5)

MT (Hpi_1x+«MT (Hpi_4x+Hpi_5)) — MT (MT (Hpi_1l*xHpi_4) x*xHpi_D5)
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Recording words in three letters as lists of integer pairs.

The first integer may be one of 0, 1 or 2, corresponding
to the 3 generators,

while the second integer, the exponent, is unrestricted.

(Currently storing words relevant to pretzel knots)

This is "Step 3"

xmy = {(0,1), (1,-1)}

me = { (11 l) ’ (OI_:I-) }

ymz = {(111)1(21_1)}
zmy = {(le)l(ll_l)}
zmx = {(2,1), (0,-1)}
xmz = {(0,1), (2,-1)}
k=1

1 =2

m = 3

p = 2xk+1

g = 2%x1+1

r = 2xm+1l
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{*

All methods in this block are subordinate to the last method,
asRingElt,

which creates the corresponding element of Hpi from a list
formatted as above.

This is "Step 3"

f = (i,3) -> 1if (J == 0) then Hpi_ 0 else (
if (j == -1 or jJ == 1) then (t_ixHpi_0 + Jj*Hpi_(i+1l)) else (
if j < 0 then MT( (t_i*Hpi_0 - Hpi_ (i+1))*xf(i, J+1) ) else (

MT( (t_i«Hpi_0 + Hpi_ (i+1))*x£(i, J-1) ) )))

List _ Sequence := (x,y) -> apply(tolList y, 1 —> x#i)

isFormatted = method()

isFormatted List := L -> if length L == 0 then true else (
if instance (L#0, Sequence) then (

if length (L#0) == 2 then (
if (L#0#0 == 0 or L#0#0 == 1 or L#0#0 == 2) then isFormatted IL_ (1
else false )

else false )
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else false )

asRingkElt = method()

asRingElt List := L -> if isFormatted L then (
if length(L) == 0 then Hpi_0 else (
MT (asRingElt (L_(0 .. length(L)-2))**f (L# (length(L)-1)))))

Here we use the methods to convert our strings into ring elements.

We then use them to create the relations/longitude elements.

Specifically, we are creating the relations/longitude for Trotter’s
presentation of the (p,qg,r) pretzel knot from the paper
"Invertible Knots Exist".

This is "Step 3"

xmy = asRingElt xmy
ymx = asRingElt ymx
ymz = asRingElt ymz
zmy = asRingElt zmy
zmx = asRingElt zmx

xmz = asRingElt xmz
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raise = (r, n) —=> if n == 1 then r else MT (r**raise(r, n-1))

rl = MT(raise(xmy, m)**MT (£(0,1)r*raise(ymx, m)))
- MT (raise(ymz, k+1)x«MT (£(2,1)**raise(zmy, k+1)))
r2 = MT(raise(ymz, k)**MT(f(1l,1)*+*raise(zmy, k)))
— MT (raise (zmx, 1+1)*+*MT(f(0,1)**raise(xmz, 1+1)))
r3 = MT (raise(zmx, 1)*+*MT(f(2,1)*+*raise(xmz, 1)))
— MT (raise (xmy, m+1l)*xMT(f(1,1)+**raise(ymx, m+l)))
1 = MT(

MT (

MT (

MT (

MT (raise (ymx, m)x*raise(ymz, k+1))

*xraise (xmz, 1))

**raise (xmy, m+l))

*xraise (zmy, k))

xxraise (zmx, 1+1))

rels = {rl, r2, r3}

{*

The output of this code creates the two-sided ideal generated by

the relations r_1, r_ 2 and r_3 within H\pi, the ideal

itself given by the image of the relation matrix rMatrix.
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This is "Step 3"

rMatrix = L —-> 1if length(L) == 0 then OxHpi_{0} else (
M = OxHpi_{0};
for i to 7 do (for j to 7 do M = M | matrix(

MT (Hpi_1i**MT (L#0**Hpi_7))));

M | rMatrix(L_(1 .. length(L)-1)))

{*

Here we pose the important question: Does the longitude element
in Hpi lie in the sum of the spaces Hplus

and the relation ideal Irel?

This is "Step 3".

Irel = image rMatrix(rels)
Hplus = image matrix ( Hpi_{0} | Hpi_{7} | Hpi_{1} |

matrix ((t_0"2-1)«Hpi_6 - t_3*Hpi_5 + t_4«Hpi_4) )
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L = image matrix 1

isSubset (L, Hplus + Irel)
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