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Abstract

Statistical methodology for analyzing intercropping experiments was
developed over the last 20 years and is being developed at present. Con-
siderably more research is required for the many and diverse types of ex-
periments involving sole crops (crops grown alone) and mixtures of crops
(intercrops) grown together or in sequence. The growing of two or more
crops together or in sequence is known as intercropping. An outline of
twenty chapters of a book on the statistical design and analysis of inter-
cropping experiments is presented. A number of the statistical analyses in
the book are briefly described. Sections 2 to 8 relate to analyses for two
crops in a mixture along with sole crops. Sections 9 to 15 discuss
analyses for three or more crops in a mixture in addition to sole crops and
mixtures of two crops. It is stressed that it is dangerous to extrapolate
from sole crop responses to mixtures of two crops and from mixtures of k
crops to mixtures of k + 1 crops. Many of the data sets examined produced
unexpected and sometimes surprising results. The last section discusses
other areas of application, e.g., survey sampling, nutrition, education,

medicine, and recreation, where these results can be utilized.
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1. Introduction

Intercropping investigations involves the growing of two or more crops
on the same area of land either simultaneously, partially at the same time,
or sequentially. It is a centuries old practice in tropical agriculture,
and to some extent in temperate zone agriculture. Agricultural, biolog-
ical, and statistical investigations has tended to ignore the problems of
research in this area. Statistical analysis; of intercropping investiga-
tions is considered to be the most important unsolved statistical question
related to research in tropical agriculture. It is an area neglected by
all except a handful of statisticians. A computer search of statistical
literature resulted in the single paper citation for Mead and Riley (1981).
This is an excellent paper, though limited in outlook for the broad range

of statistical analyses useful in intercropping research.

In the Technical Report Series of the Biometrics Unit.



To acquaint the statistical profession with relevant procedures and to

fill a need by intercropping researchers, a book is being published by this

author on the topic. The table of contents is:
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each crop separately

Both crops main crops — density constant — combined crop
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Monocultures and their pairwise combinations when re-
sponses are available for each member of the combination
Monocultures and their pairwise combinations when
separate crop responses are not available

Spatial and density arrangements
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Introduction

One main crop with more than one supplementary crop
Three or more main crops — density constant

Three or more main crops — density variable
Monocultures and their combinations when responses are
available for each crop

Monocultures and their combinations when separate crop

responses are not available
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Chapter 16 Spatial and density arrangements for three or more crops

Chapter 17 Variations for intercropping of three or more crops

Part III — Additional Topics
Chapter 18 Experiment design for intercropping experiments
Chapter 19 Other areas of application

Chapter 20 Bibliography on intercropping investigations

It is necessary to fully comprehend the nature of two crop mixtures
before proceeding to anything more difficult. The interpretational
difficulty increases by an order in magnitude when going from sole crop
(crops grown alone) experiments to experiments with sole crops and biblends
(mixture of two crops.) It goes up another order in magnitude in going
from intercropping experiments with two crops to experiments involving
mixtures of three or more crops. In addition to the interpretational
difficulty, it is dangerous to extrapolate from sole crops to biblends and
from biblends to mixtures involving three or more crops. It is dangerous
to extrapolate from lower densities to higher ones. Many, if not most,
experiments contain an unexpected result.

A number of statistical analyses found useful for intercropping in-
vestigations are discussed below. The topics follow the table of contents

of a forthcoming book that is outlined above.

2. One Main Crop Plus one Supplementary Crop

The experiment designs found useful for sole crops will be the same
ones found useful for one main crop grown with a supplementary crop. The
treatment design consists of the varieties of a main crop grown as sole

crops and in combination with varieties of the supplementary crop. To
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illustrate, suppose that five = < varieties of maize are to be grown
alone and in combination with six = y varieties of beans. A single den-
sity for maize and for beans is selected, i.e. plant population per hectare

is not a variable. The treatment design would be:

Cropping System

Maize Bean Variety
Variety Sole 1 2 3 4 5 6 = Cb
1
2
3
4
5=c¢
m
There would be v = h t SpCp T 36 treatments composed of five sole crops

and 30 biblends. Experiment designs appropriate for 36 treatments would be
used (see e.g., Federer and Kirton, 1984.)

Statistical analyses for experiments in a given experiment design and
for the above treatment design would involve the same types of statistical
analyses as used for sole crop experiments (see e.g., Snedecor and Cochran,

1967.) Some common statistical procedures used would be

(i) single (or subsets of) degree(s) of freedom contrasts,
(ii) multiple comparisons procedures,
(iii) subset selection procedures,

(iv) covariance analyses, and

(v) multivariate analyses.
Some additional statistical analyses found useful for yields are:

(vi) Tukey's one-degree-of-freedom analysis for the crop one by

crop two interaction,



(vii) Finlay-Wilkinson (1963) analysis for mixtures,
(viii) tests for interaction given that one or more of the c maize
varieties are standards for comparison, and
(ix) yields of main crop are not to be reduced by more than a fixed

percentage.

3. Two Main Crops — Density Constant

Experiment design considerations for tiblends when both crops are main
crops, are the same as discussed in Secticn 2. The treatment design would
have sole crops of both crops included; ctherwise, it is the same as dis-
cussed in Section 2. Statistical analyvses on the yields of each crop
separately would follow that outlined in the previous section.

In order to evaluate cropping systexzs and to compare biblend produc-
tion with sole crop production, it is necessary to combine the yields of
both crops in some meaningful manner. An economic point of view would
place a value, viys» on the produce from crop i, say Yi and use
V=vY +v,6B Y

171 2 27

ratios of prices, which are more stable, and use relative values

If vi are prices, it might be more realistic to use

* *
vV = Y1 + Y2(v2/v1). For sole crops, V(or V could be obtained by putting

Y, = 0O for crop one and Y, = O for crop two. A nutritional point of view

2 1

would convert the yield to calories and/or protein and use a measure of the

form: C = ¢, Y, + ¢ Y2, where ¢, 1s a calorie (or protein) conversion factor.

171 2

An agronomic or land use point of view would consider a linear combination

i

of yields of the form:
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where Ybi is the yield of crop i in a biblend mixture and Ysi is the yield
of crop i grown as a sole crop. There are many forms of Li’ which is
called relative yield or land equivalent ratio. The component yields of
the mixture are put into proportions of yields obtained from sole crop
ylelds. Since yields may vary considerably, a ratio of sole crop yields

might be more stable. In this case a "relative land equivalent" ratio

would be computed as

*
Lo =Y, ¢ sz(‘sl”sz)
A statistical point of view would use a discriminant function analysis and

construct a canonical variable of the form:

D= Ybl + be2 s

where b is chosen to maximize the ratio, treatment sum of squares divided
treatment plus error sums of squares.

The first three linear combinations given above, i.e., V, C, and L are
readily interpretable quantities by a researcher or a farmer. The last one
D is not and sole crop yields cannot be compared with D, but can be with V,
C, and L. Although a statistician's first thoughts in combining yields
most likely would be to use multivariate analyses, this would not be the
correct thing to do as comparisons of sole crop yields and farming system
yields cannot be made and the canonical variable has no practical meaning
in the sense that C, V, and L do. Some aspects of multivariate analyses
have been found useful by Pearce and Gilliver (1978, 1979) in studying the

nature of response from mixtures.



-7-

Statistical analyses for linear combinations C, V, and L, are straight-
forward. Those outlined in the previous section may be utilized. These
created functions of yield may be used in the same manner as canonical
variables from a discriminant function analysis, i.e., univariate analyses
are performed on the canonical variables. It is possible to combine value
and land use by taking the ratio Yslvllezv2 = R and using the created
function of vields Y1 + RYZ' It does not appear realistic to combine

variables other than yield variables as described above.

4, Two Main Crops — Density Variable

Plant populations per hectare in sole crops and in biblends need to be
considered seriously in conducting intercropping investigations. Crop
densities maximizing yields Yi’ or linear combinations of yield V, C, and
D, are desired. Using univariate analyses, a multiple comparisons or sub-
set selection procedure may be used to pick the "optimal" densities for the
crops. A useful procedure would be to model yield as a function of plant
density. Within narrow ranges of densities, a linear approximation of the

form has been found to be useful:
Yiipe = Bog * Pt Blidi},i P ik

is the yield of the ith crop as a sole crop, B is an inter-

where Yi' 01

itk

cept, Bli is a linear regression coefficient, di} is the density &i for
i

crop i, P is the effect of block k, and eiixk is a random error term with

mean zero and variance aé. Note that a variety of other functional rela-

tions could be used to model yield as a function of density. Using the

above form, the yields of crop i in the mixture ij of two crops may be




expressed as
Y., . =8 . + B .d, + 7., (d , d, ) + e, .
TG DY IS 8 L O e Y RS 1S DA T P P 1) 4,k

where 7‘(j)(dix , d.& ) is an additive effect on the yield of crop i due to
i . .
J
its being intercropped with crop j at the corresponding densities di&
i
and djﬁj A large positive value of yi(j)(di&i , djﬁj) is desired.
When there are many lines of a cultivar in an investigation, the above

analysis may be conducted for each line. Then, analyses over all lines can

then be obtained.

5. Modeling Responses for Sole Crops and Biblends — Two Responses

In many situations, responses for both components of a mixture are
available. The crops may be intermingled but distinct in type so that
responses for each crop are obtained, or the crops may be spatially sepa-
rated and again responses for each crop are available. For treatment de-
signs containing all sole crops and all possible combinations of lines of
crops in mixtures of two, response model equations can be constructed which
have measures of a general mixing ability (gma) effect and of a specific
mixing ability (sma) effect of a line or crop. To illustrate, suppose that
it was desired to compare yields of v = five bean cultivars as sole crops

and in mixtures of two. The v(v 4+ 1)/2 = 15 combinations would be:

Cultivar 1 2 3 4 5

v & W N e
(7]

" @B W w

nw O W 6 W
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where S stands for sole crop and B denotes a biblend. With such a treat-

ment design in a randomized complete block design, one possible linear

model is:
Sole crop i:
= +
Thig TR PP YT Gy

where p + pk is a block mean effect, Ii is cultivar effect, and ehii have
zero mean and common variance aé.
Biblend ij:
1 .
¢ = = + + + 6 + ) +
Yhiciob =2 B H PR v T Y8 iy i

, -1
V(g =2 (B F PRt Ty F 8 ) Yt S

where Y is the yield of cultivar i from the mixture ij, j, L and T

hi(j)b
are as defined for sole crop, 6i is a general combining ability effect for
cultivar i when grown in biblends, yij is an interaction effect for crop i
in the presence of crop j, and the ehi(j)b are error components for cul-
tivar i responses which have zero mean and common variance 02/2. The

coefficient 1/2 is included in order to have the y, ph, ti, and Gi from the
biblends on the same basis as the corresponding parameters for sole crops.
With two cultivars on the same area of land as the sole crops, each crop
response can only contribute 1/2 to y, Ph and T Response model equa-
tions can easily be constructed for the case where one crop occupies a
proportion p of the area and the second crop occupies 1 - p of the area. In
this case, care must be taken in defining an interaction effect. An
interaction is defined to relate to two items in equal proportions. To

interact, both must be present. When p ¢ 1/2, only 2p of the total

material in an experimental unit is available to interact on a 1l:1 basis;
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1 - 2p of the material is not available. If some such definition as the
above is taken, interaction effects will be invariant with respect to
changing proportions p.

Note that when other treatment designs are used, other models can be
constructed. For example, suppose that only a subset of the v(v - 1)/2
biblends were included in a experiment along with sole crops. The para-
meters P, Pp, To, and 61/2 + yi(j) = 7§(j) can be estimated. It is not
possible to obtain solutions for Gi/Z and Yi(j) but only their sum. If the
experimenter were willing to assume that the Yi(j) not present were all

zero, then solutions are possible. This is considered to be an unrealistic

assumption.

6. Modeling Responses for Sole Crops and Biblends — One Response

For certain types of mixtures, such as, e.g., a diallel crossing
experiment, it is impossible or difficult to obtain responses for both
components of a biblend. Experiments involving sole crops and mixtures of
two lines of a cultivar where the lines are not phenotypically distinct or
are not spatially separated would be found for wheat, beans, and many other
crops. In mixtures of grasses and legumes in hay it is difficult to obtain
the separate responses for each member in the mixture. Several response
models are available. For a randomized complete block design and the
treatment design involving sole crops and all possible biblends, the
following pair of equations for sole crop and biblend yields has been

proposed (Federer et al., 1982):

Thigs =B F o v T F Sy

= +
u+ oL + (‘ti si + Tj + 53.)/2 + yij + shij

Yhijb
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where the effects are as defined in the previous section except for y

1j

which is an interaction component for specific mixing ability. Note that
i Loy ..+ These last tw t

yij is equal to the sum 71(J) 7(1)3 es a o components cannot be

estimated unless individual responses are available whereas Yij can be
estimated when only the combined response is available.

Another treatment design would be sole crops, all combinations, and
all reciprocals. To illustrate, suppose that v = 5 wheat varieties are
available, and the experimenter wishes to have all varieties bordered by
every other variety and itself. Responses from border rows are not ob-

tained. The v? = 25 treatments would be:

Wheat Variety
Border 1 2 3 4 5
1 S B B B B
2 B S B B . B
3 B B S B B
4 B B B S B
5 B B B B S

where S denotes sole crop and B denotes the mixture. Note that variety 1
bordered by variety 2 is not the same as variety 2 bordered by variety 1.

One set of response models for sole crop and biblends respectively is:

This THFPh Y Tt Sy
and

Thigp =B H o P Ty 8 Y i,k
where j, Py ti, 61, ehii’ and ehij are as defined as above and yij is a
within variety interaction term with T 0 ; 7ij is an interaction term

for crop i when bordered by crop j.



A second response model equation for the above treatment design would

be the one for a two-factor (crops and borders) factorial:

’

= +
Yhij p o+ oL + a; + Bj + aBij ehij

where ai is the effect of crop i, Bj is the effect of border j, and aBij is
an interaction term. Such a model would not be too realistic in a variety
of situations since sole crop responses may be quite different from biblend
responses.

A third model is adapted from Martin (1980) and is the previous model

with the following change:

aB.,, =n., +w,, +tx,, ,
1] 1] 1] 1]
where nij = n for i =3 and nij = -pn/(v-1) for i # j, wij =
- '#' = - .
(aBij + aBji)/Z + n/(v-1) for i j, and rij (aBij aBji)/2

A fourth model is a mixture of the previous ones and is

= U 1
Yhijb B+ ph + Ti + 6i + Bj + mij + rij + Ehijb ,

where 83 and wij are similar to the above Bj and wij but are condi-
tional on the fact that aBii = 0; the remaining parameters are as defined
above.

Other situations will lead to the construction of other response model

equations. Appropriate models will need to be constructed for the

particular conditions encountered in an investigation.
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7. Spatial and Density Arrangements

Spatial arrangements and density levels are very important items to
consider in intercropping investigations. By spatial arrangement, we mean
the pattern used for plants in a given area of land. The plants could be in
rows, in hills, or drilled. The number of plants per hectare could be
varied over a wide range. The following five items need to be studied for
any intercropping investigation:

(i) spatial arrangement of crop one,
(ii) spatial arrangement of crop two,
(iii) density of crop one,
(iv) density of crop two, and
(v) intimacy of the two crops.
By intimacy we mean the closeness of plants of the two crops. If plants of
the two crops are randomly mingled in the same row, we say that they are
100% intimate. Plants of the two crops in separate rows would be less
intimate. If the two crops were isolated far enough to eliminate any
interaction, they have zero intimacy. To illustrate, suppose that density
is not a variable but intimacy and spatial arrangement are. One plan could
be to have two crops, say maize and beans, in the same row with rows one
meter apart. A second plan could be to double the density within rows and
double the distance between rows. The density per hectare and intimacy
would be the same but spatial arrangement would be different. A third plan
would be to alternate rows of the two crops. The intimacy would be less

than in the first two plans. Another plan commonly used for maize and
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beans in Brazil is one row of maize and two rows of beans alternating as

below (M = maize and B = beans):
MBBMBBMBBMBBM: - -

The maize rows are one meter apart and the bean rows are one-half meter

apart. A fifth plan would be:
MMBBBBMMBBBBMMBBBBMM - - -

The pairs of maize rows are 1.75 meters apart and the rows of a pair are
0.25 meter apart. The bean rows are one-half meter apart. The last plan
could be the best as more light would be available for maize and for bean
plants than in the previous plans. The rows should be oriented in a
north-south direction in order to benefit from the additional light.
Several plans are available to study wide variations in density with a
relatively small amount of material. They should be used to obtain
information on ranges of density for future study. The best known of these
is the fan design of Nelder (1962). There are several versions of this
design. Another useful design has been suggested by B. N. Okigbo (1978).
The design is a circle with orientation noted (see below). A small circle
in the center is not used as some space is needed to start the rows. The
row spacing becomes increasingly distant as one moves away from the center
of the circle. The density within a row could be kept constant or the
density per hectare could be kept constant by increasing the density within

a row as one moves away from the center of a circle of the following

nature:
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North

)
ki

South

West East

The lines above could indicate the rows of plants. The above design could
be for a single crop or for mixtures of two crops using the previously
described plans for spatial arrangements and intimacy. A Nelder fan design
would be one-quarter of the above and would be used if directional orienta-
tion were unimportant. Both the Okigbo-circle and the Nelder-fan designs
are very parsimonious of space. One statistical analysis would be to
divide the circle into concentric circles of equal areas. Yields would
then be obtained for the areas of individual rows. The results could be
plotted graphically to determine optimal yields or some regression function
could be fitted to the yields. Optimal row distances and optimal densities
for yield could then be obtained. These circles or fans could be con-

structed for various cropping systems and replicated over a range of
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conditions to be encountered in practice. It may be possible to determine
optimal density, spatial arrangement, and intimacy well enough so that
future experimentation is not necessary. However, it is likely that future

experimentation will be needed to more precisely determine optimal values.

8. Variations and Additional Analvses

Many and diverse situations exist in intercropping research. One such
area is to study the effect of replacing one crop in a mixture with a
second crop with proportions ranging from zero to one. Given that P, is
the proportion for crop a and 1 - P, =Py is the proportion of crop b in
the mixture and Ysi = yield of sole crop i, the computed value for a
strictly replacement series would be paYsa + pbYsb' If the yield of the
mixture at proportion (pa,pb) was greater than this value, this would be
termed cooperation. If less, then denote this as inhibition. If one crop
is inhibited and the other exhibits cooperation, this would be denoted as
compensation since the yield of one crop is increased and the other is
decreased. For intercropping, proportions and crops showing a large amount
of cooperation are desired.

Several other statistics have been developed for competition studies.
A number of them are related to a land equivalent ratio.

Let Ybi/Ysi = Li which is the proportional yield of the crop in a
mixture relative to the crop grown alone. A land equivalent ratio is L =
L, + L,. A statistic was developed to compute total effective area for the

1 2

case where Ai = area devoted to sole crop i and A.m = area devoted to the

mixture of the two crops. Then, total effective area 1is computed as

A1 + A2

L1L2/(l - Ll)(l - LZ)‘ A coefficlent of aggressivity to measure the

+ LAm. A relative crowding coefficient is computed as
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dominance of one crop over another is computed as L1 - L2. A competitive
ratio Index is given by Ll/LZ' Each of these can be adjusted to the
relative proportions pa:pb of crop a and crop b in the mixture. Other
coefficients have been suggested. A number relate to crop stability (an
ill-defined term) and to "risk to farmers'". Survival farming must take
some form of these measures into account as a farmer needs to produce food
every year in order to survive.

Another type of analysis suggested by B. R. Trenbath in his discussion
of the Mead and Riley (1981) paper is linear programming. Here yields of
the crops as sole crops and in mixtures is required. Then for a goal, say
S units of starch and P units of protein, an optimal allocation of area to
sole crops and to mixtures can be computed. A farmer can minimize land
area needed to reach his primary goal (food production) and can use the
remaining area of his farm for crops to achieve a secondary goal (say
produce for sale). Economic studies make use of linear programming for

some of their investigations.

9. One Main Crop with Two or More Supplementary Crops

Consideration of mixtures for more than two crops in the mixture would
at first sight appear to be a straightforward extension of the procedures
for two crops. This is not the case. To illustrate this for one main crop
with supplementary crops, it would appear that one could simply follow the
procedures described in Section 2, but consider the following treatment
design and example. Barley was the main crop and only one barley variety
was included in the experimental units along with barley in combinations of
one cultivar plus barley, all possible combinations of three of the six

cultivars with barley, and one combination of all six cultivars with
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barley. Plant numbers per experimental unit were kept constant and the
same number of barley plants were harvested in every experimental unit.
Barley as a sole crop was one of the treatments. In all there were 1 + 6 +
20 + 1 = 28 treatments. For a randomized complete block design and barley

yields for variety g (one variety), one set of response equations is:

Sole crop — variety g

thO =qu + Ig + ph + egh

Variety g plus one crop i

+ 8§, + €

P N A

Yohil

Variety g plus two crops i and j

thijz =qu + rg +oo ¥ (6i + 5j)/2 + yij + Eghij

Variety g plus three crops i, j, and k

Y BTt 0y + (8, + aj +8,)/3 + 2(7ij LRSI YOV

+ A

ghijk3 ~ ik
ijk T fghijk -

Variety g plus all cultivars

=u+ T +

thij---v g °h +8 +y +A + e to7

12...v T eghij---

For the above example, mixtures of barley with two other crops were not
included in the experiment. u + Tg is the mean for barley variety g grown

as a sole crop, is the h'th block effect, §, is a general mixing effect

°h i

of crop i on barley yields Y is a bi-specific mixing effect of the

ghil’ 7ij

combination of crops 1 and j on the yield of barley, is a tri-specific

Mk
effect of the combination of crops 1, j, and k on the yield of barley,

n is a v-specific mixing effect of the combination of all v crops on

12---v
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the yield of barley, and all the e¢s are considered to have mean zero and
common variance oi. The assumption of common variance appears to be a

realistic one for this experiment involving only barley yields.

10. Three or More Main Crops — Density Constant

A first step in analyzing data from an intercropping experiment
containing mixtures of three or more crops 1s to obtain statistical
analyses for each crop separately. The method of Section 9 may be used for
this when appropriate. Response model equations for such experiments

designed in a randomized complete blocks design, found useful are:

Sole crop g (h = 1,2,-+-,r; i = 1,2,---,cg):

= + + + .
thi ug pgh 1:g:'L Eghi

Mixtures of three in proportions p1:p2:p3, Py 2 P, 2 p3):

Crop 1 yield, i'th line

Tihi(ir) = P1Rp ¥ P * Tyg F 8y5) F 2Py 04y * 2P37y

* 3P T lhi(iK)

Crop 2 yield, j'th line

on(i)yk) = P2lHg * Pop * Ty * 85) + 2py7 4y * 2974y

* 3Py 0t f2n(0) §(k)

Crop 3 yield, k'th line

Van(i)e = P3(Mg ¥ Pgp + Ty + 850 + 2050y gy + 7 (4yy)

* 33" ikt S3n(ik

i ’ ’ tc.
where interaction effects 7i(j) 'i(jk) etc. are defined for equal amounts

of material on an area basis, eghi have zero mean and common variance




-20-

P is

have zero mean and common variance g? =
ge3 gh

Pg,

0%’ Cghi(jk) Iee
a block effect for crop g, pg is a mean effect for crop g, and the sub-
scripts in parentheses denote the other two crops in a mixture. Crops g,
g%, and g' were taken to be 1, 2, and 3, respectively. The i'th line of
crop g, the j'th line of crop g%, and the k'th line of crop g' is used. In
experiments analyzed to date, only one line of each crop was included but
the above equations are written to allow for one to cg lines of each crop.
Also, note that each crop's contribution to an interaction term can be
estimated.

The construction of created variables as a linear combination of
yields is straightforward from the two crop situation. For crop value, one
uses EivgY instead of lel + v2Y2. Or, all values vg may be made
proportional to a base crop value, say Vs the created relative value will
be ZiYg(vglvl). For calorie (or protein) value, the created variable
Zic Y or ZiYg(cg/cl) would be used. For land use values, the linear
combination of yields E(ing/Ygs = ZiLg, or Zing(Yllegs) = YISZ;Li

would be used for Y = yield of crop g in a mixture and Ygs = yield of

gb
crop g as a sole crop.
Multivariate discriminant function analyses are not usable (see
Federer and Murty, 1984) for analyzing data from intercropping experiments.
Multivariate theory needs considerable extension before it can be used.
Problems of missing values, comparisons of sole crops with linear combina-
tions of some of the crops, comparisons of different linear combinations,
and the practical interpretation of the linear combination appear to make
present concepts of multivariate theory unusable for intercropping data.
Satisfying mathematical considerations and not practical interpretations is

a vacuous solution for an experimenter trying to interpret results from an

experiment.




-21-

11. Three or More Main Crops — Density Variable

With only two crops in a mixture, the assumption that the sole crop
regression of yield on density holds for all densities of the second crop
may be tenable in a small region of densities. With more than two crops in

a mixture and with varying densities, this assumption may not be appropri-

ate. To illustrate, consider mixtures of three crops gg¥*g' for g, g%,
L e it1 d i = vee s

g 1, ,c crops at densities dig’ djg*’ and Kg' for i 1, ’cg’ j =

1,---,cg*, and k = 1,---,cg,. The regressions could be obtained for each

of the ¢ *Cg' density combinations and not just the sole crop. These
regressions could be compared for homogeneity to ascertain whether the sole
crop regression is appropriate for mixtures of three. If the regressions
can be considered to be homogeneous or relatively so, the following

response model equation for the yield of density combination (dig’ djg*’

dkg') may be expressed as:

) =B, +0p + B

0 dc ,d. )d .
thi(Jk)( ig’ jg¥*’ kg' Og lgdlg
+ V. d, ’d- ,d [} +
71(Jk)( ig’ jg*’ kg )

gh
eghi(jk)(dig’djg*’dkg')

where i = 1""’Cg’ j = 1""’cg*’ and k = 1’..-,cg., BOg’ pgh’ and Blg are

as defined in Section 4, and ¢ (d ,) have zero mean and

ig’djg*’dkg
djg*’dkg') may be partitioned into

ghi(jk)

common variance 62 . The 7, (d.
g€ )i

i(jk g’
an overall effect, an effect of crop g* at density j, an effect of crop g'

at density k, and an interaction effect for the jk'th densities of crops g¥

and g'. These effects would relate to the yields of crop g.
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12. Modeling Responses for Mixtures of Three or More Crops — Individual

. Crop Responses Available

Various response models for mixtures of two crops were discussed in
Section 5. For mixtures of three of ¢ cultivars, say i, j, and k, the

following models are considered plausible for consideration using a RCBD:

Sole crop i
Thi =BT T TPyt ey

Mixture ijk

Crop i yield
Yhi(jk) = (g +p + 1, ¢+ 61)/3 + Z(Yi(j) + 7i(k))/3

TG T BRiGR)

Crop j yield

= (p + p, + Tj + 5j)/3 + 2(7(i)j + yj(k))/B

Yh(1) (k) h

PR30 T SR 5K)

Crop k yield =
Yh(ij)k = (p + Pyt Tt dk)/3 + 2<7(i)k + 7(j)k)/3
FTADE T SRk

A simpler form for crop i yield from a mixture of three would be

ThiGy = B on * T3+ i * Shicx)

*
where 61, 7i(j)’ 7i(k)’ and 'i(jk) are all combined into an effect “i(jk)'
The interpretation of the parameters is the same as described in previous

sections. Solutions for

A

® Moo g Mewe

and %

i(jk)’
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subject to usual restrictions may be obtained when all possible combina-

tions of crops are present. Otherwise, it is recommended that the above

simpler form be used.

13. Modeling Responses for Mixtures of Three or More Crops — Individual

Crop Responses Not Available

Suppose that sole crops and all possible combinations of three of the
crops represent the treatments in a RCBD. Possible response model

equations are:

Sole crop

Y. =p+ N + ti + €

hi hi

Mixture ijk

= + + + +
u+oh+(ti s, T, s, T

i 3 3 k+ 6k)/3

Thiijk

+ 2(7ij +7,

1k+7jk)/3+7r +

ijk 7 ®hijk
If all combinations were not present the model for mixtures may be simpli-

fied to:

= + + *

Thage =W (0 2 Tyt I3 TG fhe
where a sum of general mixing (61), bi-specific mixing (yij), and tri-
. i *
specific ("ijk) effects would be represented in ”ijk'
Several other models described in Section 6 can be generalized to
consider three or more crops in a mixture. When v3? combinations of lines
of three crops or factors are present, a three-factor factorial model may

be used. Another response model for sole crops and mixtures of three crops

i, j, and k would be:



Sole crop

=y +
Yhis = H PPt Ty Yy

Mixture ijk

Yhijkb =u + ph + Ti + 6i + yljk + Ehijk

where yijk 1s an interaction effect within crop line 1 of component one of
the mixture for lines j and k of the second and third components. Alterna-
tively, yijk could be an interaction effect within the combination ij. To
illustrate, suppose that four lines of a crop, say A, B, C, D, are avail-
able, that center row yields only will be obtained, and that the center
rows will be bordered on one or both sides by every line. For line A, the
center and outside rows would be AAA, AAB, AAC, AAD, BAB, BAC, BAD, CAC,

CAD, DAD. The interaction effects XAjk would be the deviations of the

quantities ;-ijkb S Y.io.p and the interaction effects kABk would be

the difference * Y.aBcb ~ Y.ABDb"

Martin (1980) states that his model does not extend to a three-factor

factorial. A response model for a two-factor factorial in a RCBD would be:

Y = u + L + a

hij + Bj + aB + €

i ij hij °*
Martin's model deals with functions of the aBij. A corresponding three-

factor factorial response model would be:
Yhijk = u + ph + ai + Bj + Yk + aBij + ayik + Byjk + aByijk + ehijk .

Construction of two-factor responses and using the previous model, aBij,

and BY can all be partitioned. Partitioning of the three-factor

ik ik
interaction aBrijk does not appear to be straightforward. One could
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collapse two of the factors into a single category and apply the previous
Martin model. The other models discussed in Section 6 can likewise be

extended.

14. Spatial, Density, and Intimacy Arrangements for Three or More Crops

For two crops, arrangements have been constructed to have one plant of
crop one bordered by zero, one, two, three, and four plants of the second
crop an equal number of times. Comparable plans for three or more crops
have not been devised to date. As long as all plants of three or more
cultivars (crops, lines of a crop, etc.) are randomly intermingled in an
experimental unit, no difficulty arises. As soon as cultivars are placed
in rows or planted in patterns, spatial patterns must be thoughtfully
considered. The following items must be investigated for three crops:

(i) density of crop one,
(ii) density of crop two,
(iii) density of crop three,
(iv) spatial arrangement of crop one,

(v) spatial arrangement of crop two,
(vi) spatial arrangement of crop three,
(vii) intimacy of crops one and two,

(viii) intimacy of crops one and three, and

(ix) intimacy of crops two and three.

When using the Nelder fan or the Okigbo wheel, care must be taken in
investigating orientation, density, spatial, and intimacy relations. These
designs will be parsimonious of space and should be considered as obtaining

preliminary results. More extensive investigation will more than likely be
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required in order to determine optimal conditions. The above considera-

tions hold for mixtures of k of v crops.

15. Additional Statistics for Mixtures of Three or More Crops

Many of the statistics described in Section 8 may be extended to
consider mixtures of three or more crops. The total effective area under

three crops as sole crops, in mixtures of two, and in a mixture of three

would be:

A+A+A+LAm+ +

1 T Ay P A LA P higAs F hogdng Y oA

where Ai = area under sole crop i, Amij = area under mixture of two crops i

and j, = area under the mixture of three crops, Lij = land equivalent

An123
ratio for mixtures of crops i and j, and L123 is a land equivalent ratio

for mixtures of the three crops.

A coefficlent of agressivity for two crops in equal proportions of

land area is L1 - L2. For three crops it would be L1 - (L2 + L3)/2 for
crop 1, L2 - (L1 + L3)/2 for crop 2, and L3 - (L1 + Lz)/2 for crop 3.
Extension to k crops is straightforward. Li = yield of crop i mixture

divided by yield of crop i as a sole crop.
A comperitive ratio Index for two crops in equal proportions of land

area 1is LI/L For three crops, it would be Ll/(LZ + L3), L2/(L1 + L3),

9"
and L3/(L1 + LZ) for crops 1, 2, and 3, respectively.

A relative crowding coefficient for two crops is LlLZ/(l - Ll)(l - LZ)'

For k crops in a mixture, the coefficient would be H?Li/(l - Li).

Graphical representations for linear programming can be made for

mixtures of two and three ‘crops, but not for mixtures of four or more

crops. However, linear programming techniques allow for k crops in a

mixture and as sole crops.
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16. Other Mixtures Where Statistical Techniques Are Useful

There are a large number of areas where the ideas and statistical
procedures developed for intercropping can be used. For example, consider
a survey sampling situation where answers are sought to sensitive, incrimi-
nating, and/or embarrassing questions. Direct questioning will not allow
the surveyor to obtain this information. Anonymity of response is essen-
tial in order to obtain the information. Raghavarao and Federer (1979)
have shown how to use the block total response procedure using supplemented
and balanced incomplete block designs to obtain sensitive information. The
respondent is required to give a total of answers to k of v questions.
From the various block totals, estimates for the sample can be obtained
without knowing individual responses. This is similar to knowing only the
total response for a mixture rather than having the individual mixture
component responses.

Other areas where these ideas can be utilized is in applications of
drugs, therapies, medicines, recreational programs, physical training
programs, educational programs, using sequences of courses and other
mixtures, nutritional studies, use of pesticide and herbicide mixtures, and
any other area where mixtures of components are involved. Studies in these
areas to date have centered on mean comparisons of single or similar
components, upon single responses for the mixture, and standard statistical
procedures. Modeling aspects and competitive aspects have been ignored.
Statistical theory has not provided adequate statistical methodology to do
more than what is being done. It is a fruitful area for future research

and application.
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