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Nonconvex optimizations are ubiquitous in many application fields. One important

aspect of dealing with a nonconvex optimization problem is to study its convex

relaxation, which is often part of some approximation algorithms that can find

quality solutions to the original nonconvex problem. In this dissertation, we ana-

lyze two prominent ways of obtaining convex relaxations: Lagrangian duality and

semidefinite programming. The difference between the optimal value of the convex

relaxation and that of the original problem is measured by the integrality gap or

duality gap, which is of central importance in convex relaxation including providing

a performance limitation that one can prove for the corresponding approximation

algorithm. This dissertation focuses on how to estimate such integrality gap or

duality gap more accurately.

For convex relaxation with Lagrangian duality, we propose a refinement of the

Shapley-Folkman lemma and derive a new estimate for the duality gap of prob-

lems with separable objective and linear constraints. The improvement over the

existing results is attributed to two sources. First, instead of using a single number

measurement, a series of numbers are introduced to characterize the nonconvexity

of a function in a potentially much finer manner. Second, we consider all subprob-

lems jointly instead of approximating each subproblem individually as people had

done before. We apply our result to the network utility maximization problem in

networking and the dynamic spectrum management problem in communication as



examples to demonstrate that the new bound can be qualitatively tighter than the

existing ones. The idea is also generalized to cases with separable nonlinear con-

straints, which is illustrated by an application to the network utility maximization

problem with traffic split granularity constraints.

For convex relaxation with semidefinite programming, we examine two topics:

the maximum cut problem and the Shannon capacity of graph. They are likely

the two most well-known triumphs that semidefinite programming has in combina-

torial optimization. Many semidefinite programming relaxations can be deduced

from a systematic approach called the sum-of-squares hierarchy. Naturally, one

wonders whether higher-degree sum-of-squares relaxations will provide relaxations

with tighter integrality gap, and we study this question for the above two prob-

lems in this dissertation. For the maximum cut problem, an instance of integrality

gap 0.96 is given first for the degree-4 sum-of-squares relaxation, and we further

construct instances as candidates for even looser integrality gap. For the Shannon

capacity of graph, we develop general conic programming upper bounds for the

Shannon capacity of graph, which include the previous attempts based on sum-of-

squares relaxations as special cases, and show that it is impossible to find better

upper bounds for the Shannon capacity than the Lovász number along this way.
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CHAPTER 1

INTRODUCTION

Optimization is a mathematical formulation aiming to model the decision mak-

ing that identifies the best choice among a set of alternatives. The general form of

an optimization problem is:

min f(x)

s. t. gi(x) ≤ 0, i = 1, . . . ,m.
(1.1)

Here the vector x ∈ Rn is the decision variable, representing a choice. The function

f is the objective function, where f(x) is smaller means that x is a better choice.

The constraints gi(x) ≤ 0 describe the requirements or limitations on the possible

choices we are allowed to select. A vector x is called a feasible solution if it

satisfies all the constraints. Furthermore, a vector x̂ is called an optimal solution

if f(x̂) ≤ f(x) for any feasible solution x. Variants of optimization problems, such

as problems of maximization or with equality constraints, can be easily converted

into an equivalent problem of the form (1.1).

Due to its generality, optimization has found wide applications in engineer-

ing, business and many other fields. Most of the applications involve solving the

corresponding optimization problems, i.e., finding an optimal solution. The avail-

able techniques of solving an optimization problem depend on the shapes of the

objective function and constraints. Accordingly, optimization problems can be

categorized as following:

• The problem (1.1) is called a linear program if the functions f and gi are all

linear.

• The problem (1.1) is called a convex optimization problem if the functions f

and gi are all convex, which includes linear programs as special cases.
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1.1 Nonconvex Optimization and Its Convex Relaxation

In the history of optimization theory, there are two major transitions with great

impact. Around 1950s, the theory of linear programming was established, and

at that time the linearity was regarded as the distinction between easy and hard

problems. During 1980s, the development of interior point methods enabled peo-

ple to tackle convex optimization problems as efficiently as linear programs, and

the boundary of hardness had moved to convexity versus nonconvexity. Thirty

years later, people now once again revisit this boundary between easy and diffi-

culty optimization problems. This is primarily because nonconvexity is ubiquitous

in practice. Here are a few examples illustrating how nonconvexity is raised in

application problems:

Machine learning [1, Chapter 4]. The training of a neural network is to deter-

mine the weights in the network such that the network can accurately map the

inputs in the training set to their designated outputs. The input-output relation-

ship of a neural network is nonconvex even if the input-output relationship of single

neuron can be convex, because the composition of convex functions is generally

no longer convex. As the result, the nonconvex input-output relationship of the

network induces the nonconvexity in the objective function when we write down

the optimization problem minimizing the training error.

Power systems [2]. The optimal power flow is a fundamental problem in the

power system operation. The goal of the optimal power flow problem is to optimize

the distribution of power in the power network subject to Kirchhoff’s law and other

physical limitations. The decision variables here include the power injection and

bus voltage at each bus, and by Kirchhoff’s law they are related by a quadratic

equality, which introduces nonconvexity into the constraints of the problem.
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Moreover, many decision making problems involve binary or discrete decisions.

In general, there are two different ways to integrate the integer constraints into

the general problem (1.1). As an example, if we assume xi can only take 0 or 1,

either we can let the corresponding function gi in (1.1) be

gi(xi) =


0, if xi = 0 or xi = 1,

+∞, otherwise,

or the rewrite the binary constraint as a polynomial constraint such as

xi(1− xi) = 0.

In Chapter 5 we will adopt the first approach and in Chapter 7 we will adopt the

second. In both approaches, the corresponding constraint functions gi in (1.1) will

be nonconvex.

As shown above, nonconvex optimizations are general enough that they can

conveniently model varieties of decision making problems. Unfortunately, their

generality also allows reductions from NP-hard problems. Therefore, it is unlikely

to find an efficient algorithm that can accurately solve a general nonconvex opti-

mization problem. Like all NP-hard problems, there are three ways to tackle with

nonconvex optimization problems: First, we can give up finding an algorithm that

solves all instances of the problem and only focus on certain cases. Second, if the

problem size is small, then exponential searching algorithms with good optimiza-

tion may well suffice. Finally, one can design approximation algorithms that find

near-optimal solutions in polynomial time. The work in this dissertation belongs

to this category.

Various techniques have been used in the design of approximation algorithms

including linear programming, semidefinite programming, randomized algorithms
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and clever uses of many standard algorithm design techniques like greedy and dy-

namic programming, which are extensively studied in books such as [3, 4]. In

general, the field of approximation algorithms is highly problem-specific. Tech-

niques tailored for one particular problem cannot usually be generalized to other

situations. However, some guiding frameworks exist, one of which is based on

convex relaxations and usually contains three steps:

The first step is to find some convex optimization problem whose optimal value

is less than or equal to the optimal value of the original problem, assuming the

original is a minimization problem. The new problem is called a relaxation of

the original problem, and it can be obtained by replacing the original objective

function f with another convex function f ′ satisfying f ′ ≤ f , or modifying the

constraints such that any feasible solution to the original problem is still feasible

to the relaxed one. The second step is to solve the relaxed problem by efficient

convex optimization algorithms. The last step is to modify the obtained optimal

solution to the relaxation into an approximate solution to the original problem.

In the simplest case when the objective function is the only changed part in the

relaxation, this step can be skipped. As a little more complex example, consider a

linear integer-programming problem relaxed by a linear program with all integer

constraints ignored. The optimal solution to the relaxed linear program is usually

fractional, and we have to round all the fractional values into integers in order

to obtain an approximate solution to the original integer program. Generally, the

last step that makes the relaxed solution feasible to the original problem is much

more complicated than simply rounding a fractional number, but this step is often

collectively called the rounding step.

Among the three steps in this framework, the second step of solving the relax-
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ation is usually rather straightforward. The last rounding step tends to be the most

difficult and needs deep insight on individual problems. In contrast, the first step

of relaxing the original problem is more routine, with some standard approaches to

follow. This dissertation is concerned with two widely used methods of relaxations:

convex relaxation with Lagrangian duality and with semidefinite programming.

As we discussed above, finding the relaxation is only one step in the design of

approximation algorithms, and in general studying the relaxation will not neces-

sarily lead to a good approximation algorithm for the original problem. However,

in the following we will see that even having the relaxation alone can lead to useful

results for both engineering problems and theoretical computer science.

1.2 Convex Relaxation and Engineering Problems

The optimal value of the convex relaxation is a lower bound for the optimal value

of the original problem. This lower bound can play important roles in solving and

analyzing nonconvex optimization problems, in cases we need an actual solution to

the original problem. For example, the optimal solution to the convex relaxation

can be used as an initial guess in the local searching for the solution to the orig-

inal nonconvex problem, and many global optimization algorithms for nonconvex

optimizations can also benefit from having an lower bound which can be efficiently

computed (see [5] for examples).

To obtain a tight lower bound from the relaxation, the relaxation itself has to

be as close to the original problem as possible. As an illustration, let us consider

the nonconvex problem (1.1) in which the objective function f is nonconvex and

the constrains gi are all convex. In the relaxation, we can use a convex objective
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Nonconvex Objective

Convex Envelope

A Loose Convex Relaxation

Figure 1.1: The convex relaxation of a nonconvex objective.

f ′ with f ′ ≤ f . To make the convex relaxation tight, the new convex function

f ′ should be the one that is closest to the original objective function f . With

some technical details ignored, this function f ′ is called the convex envelope of the

function f (see Figure 1.1). In Chapter 2, we will see that such convex envelope

can be constructed by convex conjugates.

Furthermore, the convex relaxation can possibly suggest architecture decisions

for the engineering problems. Many nonconvex optimization problems raised in

fields such as communication [6] and machine learning [7, 8] have a separable

structure. For these problems, their Lagrange dual problems do not have any

coupling constraints and thus they can be solved by a distributed architecture.

In Chapter 3 and Chapter 5, we will study the convex relaxation based on the

Lagrangian duality for separable problems. Naturally, a rounding algorithm is

still necessary to recover a feasible solution to the original problem from the dual

solution. Some techniques for recovering feasible primal solutions are given in [9].

In some situations, we are given an iteration process that is already used in

practice. The question, sometimes called the reverse engineering problem, is to

find what optimization problem the process is trying to solve. If the obtained

optimization problem is convex, then we can immediately show that this process
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has desired properties such as global convergence and the stability of the equilib-

rium. Unfortunately, without the convexity the situation is much more complex to

deal with. For example, for many years TCP congestion control has been studied

from the perspective of reverse engineering [10]. In this model, the control rules

of window size in the congestion control protocols are interpreted as a distributed

algorithm to maximize the network utility. While being an elegant theory, it does

not capture many important factors. For example, the network utility maximiza-

tion model assumes that every user reacts to the same congestion signal on the

link, which is not accurate in practice due to the propagation delay. However, if

we generalize the model to include multiple congestion signals, it becomes very

hard to analyze because of lacking of the joint convexity. Similar issues also occur

in economics such as general equilibrium theory [11]. The tatonnement process

is a system of differential equations relating the change of prices with the excess

demand of commodities, which is commonly used in the study of the stability of

general equilibrium. With some global convex assumption, it is not hard to estab-

lish the uniqueness, the global convergence and the stability of the equilibrium.

However, people have not understood much about the behavior of the dynamical

system without the convexity assumption [12]. By studying the properties of the

convex relaxation, we can hope to answer these convergence and stability questions

for the process.

1.3 Convex Relaxation and Theoretical Computer Science

Approximation algorithms based on convex relaxations can yield heuristic results

for nonconvex optimizations. The further step is to seek provable performance

guarantees for theses approximation algorithms. In this section, we assume the
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Relaxation (opt′)

Original Problem (opt)

Approximate Solution (sol)

Integrality or Duality Gap

Approximation Ratio

Figure 1.2: The relationship among the values of the original problem, the relaxed
problem and the found approximate solution for a maximization problem.

original problem is a maximization problem for the convenience of later chapters.

For a fixed instance of the problem, denote the optimal value of the original problem

as opt, the optimal value of the relaxation as opt′, and the value of the approximate

solution as sol. Then we have the inequality

sol ≤ opt ≤ opt′,

and there are two ratios involved in the above inequality. The first ratio, sol / opt,

is the approximation ratio. The second ratio, opt / opt′, is usually called the inte-

grality gap. In different scenarios, this gap is also characterized in other forms. For

example, when the convex relaxation is obtained through Lagrangian duality, the

difference opt′− opt is exactly the duality gap. The relationship among the values

of the original problem, the relaxed problem and the found approximate solution

is summarized in Figure 1.2.

The reader should be careful about the notations and names here. The value

of the integrality gap is larger actually means that we have a tighter relaxation.

Similarly, the value of the approximation ratio is larger means that we have a

better approximation algorithm.

It is also worth pointing out that the approximation ratio and the integrality

gap defined above rely on the given instance of the problem. To identify the worst-
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case performance of the approximation algorithm, we say that the approximation

ratio of the algorithm is at least α if for all instances of the problem

sol ≥ α opt .

In simple words, such algorithm is called an α-approximation algorithm. On the

other hand, we say that the approximation ratio of the algorithm is at most α if

there exists an instance with

sol ≤ α opt .

Similar terminologies can also be applied to the integrality gap.

For example, problems like the knapsack problem [13] and the Euclidean trav-

eling salesman problem [14] have polynomial-time approximation scheme (PTAS),

which means the existence of a (1− ε)-approximation algorithm for any ε > 0. On

the other hand, some problems are extremely hard to approximate. One example

is the maximum clique problem finding the largest subset of vertices in a graph

with n vertices such that all of them are adjacent with each other. Then a trivial

1/n-approximation algorithm can simply return any single vertex as the approxi-

mate maximum clique. However, there does not exist an O(nε−1)-approximation

algorithm for any ε > 0 unless P = NP [15], which essentially says that there does

not exist any approximation algorithm that is qualitatively better than the trivial

strategy.

The value opt of the original problem is generally unknown and hard to find,

while opt′, being the value of a convex optimization problem, can often be analyzed.

As a result, the standard approach to prove the performance guarantee for the

approximation algorithm is to bound the maximum performance loss during the

rounding step by showing that for all instances of the problem we have

sol ≥ α opt′ . (1.2)
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The above inequality (1.2) implies

sol ≥ α opt′ ≥ α opt

and thus the algorithm is an α-approximation algorithm. At the same time, (1.2)

also implies

opt ≥ sol ≥ α opt′,

so the integrality gap of the relaxation is also at least α.

To demonstrate the above approach, in the following we will present a 1/2-

approximation algorithm for the knapsack problem based on the linear program-

ming relaxation. Although it is not the best known approximation algorithm for

the knapsack problem, it is a good illustration of the essence of how to design an ap-

proximation algorithm using convex relaxations and how to prove its performance

guarantee.

Example 1.1 (1/2-approximation algorithm for the knapsack problem). In the

knapsack problem, we are given a set of n items, each with weight wi and value

ai, and our goal is to select a subset of them such that their total weight is not

exceeding W and their total value is maximized. In this problem, we can introduce

binary variables xi, where xi = 1 means selecting the item i and xi = 0 means not

selecting. Then the knapsack problem can be formulated as the following integer

program:

max
n∑
i=1

aixi

s. t.
n∑
i=1

wixi ≤ W,

xi ∈ {0, 1}, ∀i = 1, . . . , n.

(1.3)

Excluding the trivial cases, we assume that the weight of each item wi ≤ W and
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the total weight of all items
n∑
i=1

wi > W.

First, we write down the relaxation

max
n∑
i=1

aixi

s. t.
n∑
i=1

wixi ≤ W,

0 ≤ xi ≤ 1, ∀i = 1, . . . , n

(1.4)

of the original integer program (1.3). The next step is to solve the linear program

(1.4). If the items are ordered by their value per unit weight, i.e.,

a1

w1
≥ a2

w2
≥ · · · ≥ an

wn
,

then

x1 = 1, . . . , xk = 1, xk+1 = W − x1 − · · · − xk
wk+1

, xk+2 = 0, . . . , xn = 0

is the optimal solution to (1.4), where k is the largest integer such that

w1 + · · ·+ wk ≤ W.

The corresponding optimal value of the relaxation is

opt′ = a1 + · · ·+ ak + W − x1 − · · · − xk
wk+1

ak+1.

Now we are going to round the above fractional solution into an integer solution.

Consider the following two possible rounded solutions

y1 = 1, . . . , yk = 1, yk+1 = 0, yk+2 = 0, . . . , yn = 0

with value a1 + · · ·+ ak and

y′1 = 0, . . . , y′k = 0, y′k+1 = 1, y′k+2 = 0, . . . , y′n = 0

11



with value ak+1. Since

a1 + · · ·+ ak + ak+1 ≥ opt′,

at least the value of one of the solution is at least opt′ /2. Returning that solution

gives us a 1/2-approximation algorithm.

In this dissertation, we will study how to estimate the integrality gap for the re-

laxation, either measured in ratio or in difference. From the perspective of proving

performance guarantees for approximation algorithms, there are two main reasons

to study the convex relaxation even without a corresponding rounding step.

First, the integrality gap provides a limitation of what performance guarantee

we can prove for the approximation algorithm based on this convex relaxation.

As we demonstrated above, the common way to establish that the approximation

ratio of the algorithm is at least α is through proving the inequality (1.2), which

simultaneously implies that the integrality gap of the relaxation is also at least α.

Therefore, it is impossible to prove that the resulted approximation algorithm is

an α-approximation algorithm if we have already found an instance of integrality

gap

opt / opt′ < α.

This is the reason why we are interested in finding an instance of loose integrality

gap for the maximum cut problem in Chapter 7.

Second, many unsolved questions on the inapproximability of hard problems,

including the well-known unique games conjecture [16], can be formulated in the

form of the NP-hardness of distinguishing two types of instances: Given an instance

whose value is either greater than a or less than b, we are asked to determine

which case actually happens. Such decision problems can be directly solved by a

12



relaxation without the rounding algorithm. If the integrality gap of the convex

relaxation satisfies

opt / opt′ ≥ b/a,

then the value opt of the original problem is greater than a if and only if the

value opt′ of the convex relaxation is greater than a. Hence the inapproximability

result can be refuted by showing the integrality gap of the corresponding convex

relaxation is at least b/a. For a good overview of this area, see [17].

1.4 Main Contributions

In Part I of the dissertation, we will look at convex relaxations through Lagrangian

duality. After giving a background introduction to the Lagrangian duality in Chap-

ter 2, in Chapter 3 we propose a refinement of the Shapley-Folkman lemma and

derive a new estimate for the duality gap of nonconvex optimization problems

with separable objective functions and linear constraints based on concepts like

kth convex hull and finer characterization of nonconvexity of a function. We apply

our result to the network utility maximization problem in networking and the dy-

namic spectrum management problem in communication as examples in Chapter 4

to demonstrate that the new bound can be qualitatively tighter than the existing

ones. The idea is also generalized to cases with separable nonlinear constraints

in Chapter 5, which will be illustrated by an application to the network utility

maximization problem with traffic split granularity constraints.

In Part II we turn to convex relaxations through semidefinite programming.

Chapter 6 gives a brief introduction to the semidefinite relaxations and the sum-

of-squares hierarchy. Then we study the integrality gap for the sum-of-squares
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relaxations of the maximum cut problem in Chapter 7. An instance of integrality

gap 0.96 will be given first for the degree-4 sum-of-squares relaxation, and we will

further construct instances as candidates for even looser integrality gap. In Chap-

ter 8, we consider the possibility of developing general conic programming upper

bounds for the Shannon capacity of graph, which include the previous attempts

based on sum-of-squares relaxations as special cases, and show that it is impossi-

ble to find better upper bounds for the Shannon capacity than well-known Lovász

number along this way.

1.5 Notations and Conventions

In this dissertation, we use superscript to index vectors and use subscript to refer

to a particular component of a vector. For instance, both xi and xij are vectors,

but xis is the sth component of the vector xi. For two vectors x and y, x ≤ y

means xs ≤ ys holds for all components. Rn
+ is the set of n×1 nonnegative column

vectors.

For a function f : Rn → [−∞,+∞]:

• The function f is proper if it does not always equal to +∞ and never equals

to −∞.

• The domain of f is the subset

dom f = {x ∈ Rn|f(x) 6= +∞}.

• The epigraph of the function f is the set

epi f = {(x, y) ∈ Rn × R|y ≥ f(x)}.

14



• The function f is lower-semicontinuous at point x0 if

f(x0) ≤ lim inf
x→x0

f(x).

The function f is lower-semicontinuous if it is lower-semicontinuous at every

point, which is equivalent to the closeness of its epigraph epi f .

For a subset S ∈ Rn:

• convS is the convex hull of S.

• clS is the closure of S.

The following are several matrix cones that will be frequently used in this disser-

tation:

• Sn is the cone of n× n symmetric matrices.

• Pn is the cone of n× n positive semidefinite matrices.

• Nn is the cone of n× n nonnegative symmetric matrices.

• Cn is the cone of n×n copositive matrices, i.e., all symmetric matrices Q ∈ Sn

such that xTQx ≥ 0 for any x ∈ Rn
+.
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Part I

Convex Relaxation with

Lagrangian Duality
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CHAPTER 2

PRELIMINARIES

In this chapter, we briefly review the theory of Lagrangian duality, which will

form the foundation for the convex relaxation studied in this part. For a more

comprehensive treatment of this material, see [18].

2.1 Lagrange Dual Problem and Convex Conjugate

Consider a general optimization problem:

min f(x)

s. t. g(x) ≤ 0,
(2.1)

where the decision variable x ∈ Rn and functions f : Rn → (−∞,+∞], g : Rn →

(−∞,+∞]m. The basic idea of the Lagrangian duality is to move the constraints

into the objective by adding Lagrangian multipliers. Define the Lagrangian L :

Rn × Rm
+ → (−∞,+∞] as

L(x, y) = f(x) + yTg(x).

Let p be the optimal value of the original problem (2.1), then for any given x

sup
y≥0

L(x, y) =


f(x), if g(x) ≤ 0,

+∞, otherwise,

and thus the original problem (2.1) can be rewritten as

p = inf
x

sup
y≥0

L(x, y).

If we exchange the order of the infimum and the supremum in the above equality

and define

d = sup
y≥0

inf
x
L(x, y),
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then we have d ≤ p, which can be seen by the following simple argument: Since

inf
x
L(x, y) ≤ L(z, y), ∀z ∈ Rn, ∀y ∈ Rm

+ ,

then

sup
y≥0

inf
x
L(x, y) ≤ sup

y≥0
L(z, y), ∀z ∈ Rn,

which further implies

d = sup
y≥0

inf
x
L(x, y) ≤ inf

z
sup
y≥0

L(z, y) = p.

For convenience, we introduce the Lagrange dual function as

h(y) = inf
x
L(x, y) (2.2)

and rewrite the definition of d as the following optimization problem:

max h(y)

s. t. y ≥ 0.
(2.3)

The original problem (2.1) will be called the primal problem and the problem (2.3)

will be called the dual problem. The above argument shows that the dual problem

can be regarded as a convex relaxation of the primal problem. This fact is usually

referred to as the weak duality.

Theorem 2.1 (weak duality). If p is the optimal value of the primal problem (2.1)

and d is the optimal value of the dual problem (2.3), then d ≤ p.

As an example, we consider the special case in which g(x) in the primal problem

(2.1) is linear:

min f(x)

s. t. Ax ≤ b,

(2.4)
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where A is an m× n matrix and b ∈ Rm. In this case, the Lagrange dual function

h(y) in (2.2) becomes

h(y) = inf
x

(f(x) + yT (Ax− b)) = inf
x

(f(x) + (ATy)Tx)− bTy.

If we introduce the conjugate function f ∗ : Rn → [−∞,+∞) for the original

objective function f defined as

f ∗(x∗) = sup
x

(x∗Tx− f(x)),

then h(y) can be rewritten as

h(y) = −f ∗(−ATy)− bTy

and the Lagrange dual problem (2.3) becomes

max − f ∗(−ATy)− bTy

s. t. y ≥ 0.
(2.5)

The concept of the conjugate function is widely used in the field of convex

analysis. See [19] for an extensive introduction to the theory of conjugate functions.

In this dissertation, the following property of the conjugate function will be used:

Theorem 2.2. If a function f is bounded below by some affine function, then

epi f ∗∗ = cl conv epi f.

Proof. See [20, Theorem X.1.3.5].

The double conjugate f ∗∗ is exactly the convex envelope introduced in Sec-

tion 1.2. By the above theorem, f ∗∗ satisfies the following two properties:

• f ∗∗ is a convex and lower-semicontinuous function satisfying f ∗∗ ≤ f .
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• For any convex and lower-semicontinuous function h satisfying h ≤ f , we

have h ≤ f ∗∗.

Obviously, if f itself is convex and lower-semicontinuous, then f ∗∗ = f . More

precisely, we have the following result:

Corollary 2.1. For a convex function f , if f is finite and lower-semicontinuous

at a given point x, then f ∗∗(x) = f(x).

Proof. It is easy to see that f is proper, because if f(y) = −∞ at some point y then

f equals to −∞ on the open segment between y and x, which is contradicted with

the lower-semicontinuity of f at x. Since f is proper and convex, it is bounded

below by some affine function and epi f is convex. By Theorem 2.2,

epi f ∗∗ = cl epi f,

which implies f ∗∗(x) is also finite and (x, f ∗∗(x)) ∈ cl epi f . Choose a sequence

(xk, yk) ∈ epi f such that

lim
k→∞

xk = x, lim
k→∞

yk = f ∗∗(x).

Then by the lower-semicontinuity of f at x,

f(x) ≤ lim inf
k→∞

f(xk) ≤ lim
k→∞

yk = f ∗∗(x),

while the reverse direction of the above inequality is evident.

2.2 The Duality Gap

The weak duality establishes the inequality p ≥ d for the optimal primal value p

of (2.1) and optimal dual value d of (2.3). It is natural to ask in which cases these
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two values are equal. This property is called the strong duality, and it holds if

the functions f and g in (2.1) are convex in addition with some other technical

conditions. If the strong duality does not hold, then the difference p− d is called

the duality gap for the problem (2.1).

To study the duality gap, we introduce the perturbation function v : Rm →

[−∞,+∞] by letting v(z) be the optimal value of the perturbed problem

min f(x)

s. t. g(x) ≤ z.

The reason why we are interested in the perturbation function v is its relationship

with both the primal value p and the dual value d:

Lemma 2.1. For the perturbation function v defined above, p = v(0) and d =

v∗∗(0).

Proof. The first equality is obvious. To prove the second one, observe that

−v∗(−z∗) = inf
z

(z∗T z + v(z))

= inf
z

inf
x:g(x)≤z

(z∗T z + f(x))

= inf
x

inf
z:z≥g(x)

(z∗T z + f(x))

= inf
x

inf
z:z≥0

(z∗T (z + g(x)) + f(x))

= inf
z:z≥0

inf
x

(z∗T z + L(x, z∗))

=


inf
x
L(x, z∗) = h(z∗), if z∗T ≥ 0,

−∞, otherwise,

where h is the Lagrange dual function given in (2.2). Then the dual problem

d = sup
y≥0

h(y) = sup
y

(−v∗(−y)) = v∗∗(0).
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The above observation suggests that the strong duality can be proven by show-

ing v(0) = v∗∗(0). Furthermore, the perturbation function v inherits nice properties

from the functions f and g in the optimization problem (2.1).

Lemma 2.2. If both the functions f and g in (2.1) are convex, then the corre-

sponding perturbation function v is also convex.

Proof. We need to prove that the set

epi v = {(z, w) ∈ Rm × R|w ≥ v(z)}

is convex. Pick up two points (zi, wi) ∈ epi v, for i = 1, 2, and 0 ≤ λ ≤ 1. Then

for any ε > 0, there exists xi ∈ Rn with

f(xi) < wi + ε, g(xi) ≤ zi.

By the convexity of f and g,

(λx1 + (1− λ)x2, λw1 + (1− λ)w2 + ε) ∈ epi f,

g(λx1 + (1− λ)x2) ≤ λz1 + (1− λ)z2,

which implies

v(λz1 + (1− λ)z2) ≤ f(λx1 + (1− λ)x2) ≤ λw1 + (1− λ)w2 + ε.

Let ε→ 0 and we get

(λz1 + (1− λ)z2, λw1 + (1− λ)w2) ∈ epi f,

which shows that the function v is convex.

Lemma 2.3. If both the functions f and g in (2.1) are lower semi-continuous and

the domain of f is bounded, then the corresponding perturbation function v is also

lower semi-continuous.
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Proof. For any z ∈ Rm, we want to show that if zk → z as k →∞

l = lim inf
k→∞

v(zk) ≥ v(z).

The above inequality clearly holds when l = +∞. If l < +∞, by considering a

subsequence of {v(zk)}∞k=1, without loss of generality we can assume v(zk) < +∞

for each k. Since the domain of f is bounded, we can find x̂k ∈ dom f attaining

the optimal value of the perturbed problem related to v(zk), i.e.,

v(zk) = f(x̂k), g(x̂k) ≤ zk.

By extracting a convergent subsequence for {x̂k}∞k=1, we can assume {x̂k}∞k=1 has

a limit x̂. Then by the lower-semicontinuity of g,

g(x̂) ≤ lim inf
k→∞

g(x̂k) ≤ z,

which implies that f(x̂) ≥ v(z). Now

l = lim inf
k→∞

v(zk) = lim inf
k→∞

f(x̂k) ≥ f(x̂) ≥ v(z),

because f is also lower semi-continuous.

Based the above two properties of the perturbation function v, we have the two

following conditions guaranteeing the strong duality:

Theorem 2.3 (Slater’s condition). Assume the functions f and g in (2.1) are

convex. If there exists a feasible solution x0 satisfying

f(x0) < +∞, g(x0) < 0,

then p = d.
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Proof. By Lemma 2.2, the perturbation function v is also convex. If p = v(0) =

−∞, then p = d by the weak duality. Otherwise, v is both finite and continuous

at the origin since

0 ∈ int dom v.

By Theorem 2.2, v(0) = v∗∗(0).

Theorem 2.4. Assume the functions f and g in (2.1) are convex and lower semi-

continuous. If (2.1) is feasible and the domain of f is bounded, then p = d.

Proof. By Lemma 2.2 and Lemma 2.3, the perturbation function v is both convex

and lower semi-continuous. Since v(0) is further finite, v(0) = v∗∗(0) by Theo-

rem 2.2.

In cases when either f or g is not convex, generally there will be a positive

duality gap p−d > 0. For problems with linear constraints, the duality gap can be

directly interpreted by considering the optimization problem in which the original

objective function f is replaced by its convex envelope f ∗∗:

min f ∗∗(x)

s. t. g(x) ≤ 0.
(2.6)

The above problem (2.6) is a convex relaxation of the original problem. Further-

more, its dual problem is also the same as (2.5) except that f ∗ should be replaced

by f ∗∗∗. Let p′ and d′ be the primal and dual optimal value of (2.6), respectively.

Since f ∗ is convex and lower-semicontinuous for any function f , f ∗∗∗ = f ∗ and

thus the two dual values d′ = d. If the strong duality p′ = d′ holds for the con-

vex relaxation (2.6), then the duality gap p − d = p − p′ can be regarded as the

difference of optimal values between the original problem and the relaxed problem

(2.6).

24



CHAPTER 3

SEPARABLE NONCONVEX PROBLEMS WITH LINEAR

CONSTRAINTS

In this chapter, we consider nonconvex optimization problems with separa-

ble objective and linear constraints. By proposing a refinement of the Shapley-

Folkman lemma, we derive a new estimate for the duality gap of these problems.

The problem formulation and pervious results on its duality gap are given in Sec-

tion 3.1. The Shapley-Folkman lemma and its refined version are stated and proved

in Section 3.2. Our new bound for the duality gap depends on some finer char-

acterization of the nonconvexity of a function, which is introduced in Section 3.3,

and some examples of computing the nonconvexity are provided in Section 3.4.

Section 3.5 establishes our new bound for the duality gap.

In Chapter 4, we will apply our result to two examples, a network utility maxi-

mization problem in networking and the dynamic spectrum management problem

in communication, to demonstrate that the new bound can be qualitatively tighter

than the previous ones. Chapter 5 extends the major idea in this chapter to the

cases with general convex or even nonconvex constraints.

3.1 Problem Formulation

The general formulation for a nonconvex problem with separable objective and

linear constraints is as following:

min
n∑
i=1

fi(xi)

s. t.
n∑
i=1

Aix
i ≤ b.

(3.1)

25



Here xi ∈ Rni are the decision variables. The function fi : Rni → (−∞,+∞] is

lower semi-continuous, and its domain is bounded. Ai is a matrix of size m × ni,

so there are m linear constraints in total. This problem is the special case of the

problem (2.4) discussed in Section 2.1. Since the convex conjugate is additive, i.e.,

if

f(x1, . . . , xn) =
n∑
i=1

fi(xi),

then

f ∗(x1∗, . . . , xn∗) = sup
x1,...,xn

(
n∑
i=1

xi∗Txi −
n∑
i=1

fi(xi)
)

=
n∑
i=1

sup
xi

(xi∗Txi − fi(xi))

=
n∑
i=1

f ∗i (xi∗).

Specializing the dual problem given by (2.5), we can write down the dual problem

of (3.1) as following:

max −
n∑
i=1

f ∗i (−ATi y)− bTy

s. t. y ≥ 0,
(3.2)

In this chapter, we always assume the feasibility on the primal problem (3.1).

Furthermore, based on our assumptions of fi, the conjugate function f ∗i will always

take finite value. As a result, the optimal value of the dual problem (3.2) is

guaranteed to be finite. Following the notations in Chapter 2, we denote the

optimal value of the primal problem (3.1) and dual problem (3.2) as p and d,

respectively.

The authors of [21] presented the following upper bound for the duality gap of

(3.1):

p− d ≤ min{m+ 1, n} max
i=1,...,n

ρ(fi). (3.3)
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Here ρ(f) is the nonconvexity of a proper function f defined by

ρ(f) = sup

f
∑

j

αjx
j

−∑
j

αjf(xj)

 (3.4)

over all finite convex combinations of points xj ∈ dom f , i.e., f(xj) < +∞, αj ≥ 0

with ∑j αj = 1.

In [9], an improved bound for the duality gap was given by

p− d ≤
min{m,n}∑

i=1
ρ(fi), (3.5)

where we assume that ρ(f1) ≥ · · · ≥ ρ(fn). Although the bound (3.5) is only

a slight improvement over the original bound (3.3) by a factor of m/(m + 1), it

nevertheless shows that (3.3) can never be tight except for some trivial situations.

But as will be demonstrated by the examples in Chapter 4, the bound (3.5) can

still be very conservative.

The foundation of the previous bounds is the Shapley-Folkman lemma, which

was originally stated and used to establish the existence of approximate equilibria

in economy with nonconvex preferences [22]. It roughly says that the sum of a large

number of sets is close to be convex and thus can be used to generalize results

on convex objects to nonconvex ones. The Shapley-Folkman lemma has found

applications in many fields including economics and optimization theory. It is of

particular use for estimating the duality gap of a general nonconvex optimization

problem, which provides an indication of the nonconvexity of such a problem [18,

23, 24]. In this chapter, we aim at providing a tighter duality gap estimation via

refining the original Shapley-Folkman lemma.

If the domain of some function fi in (3.1) is not convex, by definition ρ(fi) =

+∞. In this case, all the above bounds and our new bound in Section 3.5 will be
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(b) conv2 S
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(c) conv3 S

Figure 3.1: The kth convex hull of a three-point set S = {A,B,C}.

useless. To handle this issue, we can replace the nonconvexity of the domain by ap-

propriate nonconvex constraints that will be covered by the techniques introduced

in Chapter 5 later.

3.2 Shapley-Folkman Lemma and Its Refinement

The original Shapley-Folkman lemma (Theorem 3.1) is given below. We omit its

proof here since it will be a simple corollary of our refined Shapley-Folkman lemma.

Theorem 3.1. Let S1, S2, . . . , Sn be subsets of Rm. For each z ∈ conv∑n
i=1 Si =∑n

i=1 convSi, there exist points zi ∈ convSi such that z = ∑n
i=1 z

i and zi ∈ Si

except for at most m values of i.

To write down our refined version, we need to first introduce the concept of

kth convex hull.

Definition 3.1. The kth convex hull of a set S, denoted by convk S, is the set of

convex combinations of k points in S, i.e.,

convk S =


k∑
j=1

αjv
j

∣∣∣∣∣∣vj ∈ S, αj ≥ 0,∀j = 1, . . . , k,
k∑
j=1

αj = 1

 .

Figure 3.1 gives a simple example to illustrate the definition of kth convex

hull. In Figure 3.1, the set S = {A,B,C}, conv1 S = S, conv2 S are the segments
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AB, BC and CA, while conv3 S is the full triangle which is also the convex hull

of set S. In general, Carathéodory’s theorem implies that convm+1 S = convS

for any set S ⊆ Rm. However, for a particular set, the minimum k such that

convk S = convS can be smaller than m + 1, and this number intuitively reflects

how the set is closer to being convex. For instance, if we start from T = conv2 S,

the set in Figure 3.1(b), then convk T = conv T for k = 2.

Next, we recall the concept of k-extreme points of a convex set, which is a

generalization of extreme points.

Definition 3.2. A point z in a convex set S is called a k-extreme point of S if we

cannot find (k + 1) independent vectors d1, d2, . . . , dk+1 such that z ± di ∈ S.

According to our definition, if a point is k-extreme, then it is also k′-extreme

for k′ ≥ k. For a convex set in Rm, a point is an extreme point if and only if it

is 0-extreme, a point is on the boundary if and only if it is (m − 1)-extreme, and

every point is m-extreme. For example, in Figure 3.1(c), the vertices A,B,C are

0-extreme, the points on segments AB, BC and CA are 1-extreme, and all the

points are 2-extreme.

Now we can state our refined Shapley-Folkman lemma:

Theorem 3.2. Let S1, S2, . . . , Sn be subsets of Rm. Assume z is a k-extreme point

of conv∑n
i=1 Si, then there exist integers 1 ≤ ki ≤ k + 1 with ∑n

i=1 ki ≤ k + n and

points zi ∈ convki
Si such that z = ∑n

i=1 z
i.

The original Shapley-Folkman lemma (Theorem 3.1) now becomes a direct

corollary of Theorem 3.2. Since any point z ∈ conv∑n
i=1 Si is an m-extreme

point. Applying Theorem 3.2 on this point gives a decomposition z = ∑n
i=1 z

i with
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zi ∈ convki
Si ⊆ convSi and ∑n

i=1 ki ≤ m+n. Then the conclusion in Theorem 3.1

follows because zi ∈ Si if ki = 1, while the number of indices i with ki ≥ 2 is

bounded by m.

Our Theorem 3.2 is similar to the refined version of Shapley-Folkman lemma

proposed in [25]. However, the result in [25] does not take extremeness of the point

into account, which can be regarded as a special case of Theorem 3.2 for k = m.

To prove Theorem 3.2, we need the following property of k-extreme points in

a polyhedron:

Lemma 3.1. Let P ⊆ Rm be a polyhedron and z be a k-extreme point of P ,

then there exists a vector a ∈ Rm such that the set {y ∈ P |aTy ≤ aT z} is in a

k-dimensional affine subspace.

Proof. Assume that the polyhedron P is represented by Ax ≥ b. Let A= be the

submatrix of A containing the rows of active constraints for the point z, and b=

be the vector containing the corresponding constants in b. The dimension of the

kernel of A= is at most k. Otherwise, we can find independent and sufficiently small

vectors d1, . . . , dk+1 such that A=d
i = 0 and A(z ± di) ≥ b for i = 1, . . . , k + 1.

This implies z ± di ∈ P , which contradicts with the k-extremeness of point z.

Let a be the vector such that aT is the sum of all rows in A=. Consider a

point y satisfying Ay ≥ b and aTy ≤ aT z. Since adding all inequalities together in

A=y ≥ b= = A=z gives aTy ≥ aT z, we must have A=y = b=. Therefore, y is in the

affine subspace defined by A=x = b= whose dimension is at most k.

In the literature, the point satisfying the conclusion of Lemma 3.1 is called a

k-exposed point. For a general convex set S, a k-extreme point may fail to be a
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k-exposed point, although it must be in the closure of the set of k-exposed points

if S is compact [26]. For the special case of polyhedra, these two concepts are

equivalent, and Lemma 3.1 is a generalization of the well-known result that an

extreme point of a polyhedron is the unique minimizer of some linear function.

Proof of Theorem 3.2. Since z is in the convex hull of ∑n
i=1 Si, there exists some

integer l such that z can be written as

z =
l∑

j=1
αj

n∑
i=1

vij, (3.6)

in which vij ∈ Si, αj ≥ 0, j = 1, . . . , l and ∑l
j=1 αj = 1.

Define

S ′i = {vi1, . . . , vil} ⊆ Si,

then (3.6) actually tells us that z ∈ conv∑n
i=1 S

′
i, so z must be k-extreme in this

polytope that lies in conv∑n
i=1 Si. By Lemma 3.1, there exists a vector a ∈ Rm

such that the set {
y ∈ conv

n∑
i=1

S ′i

∣∣∣∣∣aTy ≤ aT z

}

is in a k-dimensional affine subspace L of Rm. Without loss of generality, we

assume that the subspace

L = {y ∈ Rm|yk+1 = yk+2 = · · · = ym = 0}.

Next, consider the following linear program in which βij are the decision vari-
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ables:

min
n∑
i=1

l∑
j=1

βija
Tvij

s. t.
n∑
i=1

l∑
j=1

βijv
ij
s = zs, ∀s = 1, . . . , k,

l∑
j=1

βij = 1, ∀i = 1, . . . , n,

βij ≥ 0, ∀i = 1, . . . , n, ∀j = 1, . . . , l.

Setting βij = αj gives a feasible solution to the above problem with objective value

aT z. Among all the optimal solutions, pick up a particular vertex solution β∗ij,

which should have at least nl active constraints. We already have k + n active

constraints, so the number of nonzero β∗ij entries is at most k + n. Define

zi =
l∑

j=1
β∗ijv

ij, z′ =
n∑
i=1

zi,

and let ki be the number of nonzero entries in β∗i1, . . . , β
∗
il. Since ∑l

j=1 β
∗
ij = 1,

there must be a nonzero one and thus ki ≥ 1. Now we know that zi ∈ convki
Si,

and ∑n
i=1 ki ≤ k+n implies that each ki cannot exceed k+1. The remaining thing

to show is zs = z′s for s = k + 1, . . . ,m. Because

z′ ∈
n∑
i=1

convS ′i = conv
n∑
i=1

S ′i

and

aT z′ =
n∑
i=1

l∑
j=1

β∗ija
Tvij ≤ aT z,

z′ ∈ L. Since z ∈ L, the last m− k components of both z and z′ are all zeros, so

z = z′.

In Section 3.5, when proving the bound for the duality gap, we will not directly

apply Theorem 3.2 but a special case of it given by the following Corollary 3.1. At

that time, we will see how Corollary 3.1 will improve the bound compared with

the existing result such as [25] without the consideration of extremeness.
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Corollary 3.1. Let S1, S2, . . . , Sn be subsets of Rm. If z ∈ conv∑n
i=1 Si, then there

exist integers 1 ≤ ki ≤ m with ∑n
i=1 ki ≤ m− 1 + n and points zi ∈ convki

Si such

that zs = ∑n
i=1 z

i
s for s = 1, . . . ,m− 1 and zm ≥

∑n
i=1 z

i
m.

Proof. Using the same argument in the proof of Theorem 3.2, choose S ′i ⊆ Si

containing finite points such that z ∈ conv∑n
i=1 S

′
i. Since conv∑n

i=1 S
′
i is a compact

set,

inf
{
wm

∣∣∣∣∣w ∈ conv
n∑
i=1

S ′i, w1 = z1, . . . , wm−1 = zm−1

}

can be achieved by some point w∗. w∗ is an (m−1)-extreme point of conv∑n
i=1 S

′
i,

and applying Theorem 3.2 on the point w∗ gives the desired result.

3.3 Characterization of Nonconvexity

To improve the bound (3.5), some finer characterization of the nonconvexity of a

function has to be introduced. In parallel to the definition of kth convex hull of a

set, define the kth nonconvexity ρk(f) of a proper function f to be the supremum

in (3.4) taken over the convex combinations of k points instead of arbitrary number

of points. Obviously,

0 = ρ1(f) ≤ ρ2(f) ≤ · · · ≤ ρ(f).

In fact, we have the following property:

Proposition 3.1. For any proper function f : Rn → (−∞,+∞], ρn+1(f) = ρ(f).

Proof. We only need to show that ρ(f) ≤ ρn+1(f). Choose any convex combination

x = ∑l
j=1 αjx

j with all points xj ∈ dom f , αj ≥ 0, and ∑l
j=1 αj = 1. Since
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(xj, f(xj)) ∈ epi f , the point l∑
j=1

αjx
j,

l∑
j=1

αjf(xj)
 ∈ conv epi f.

Using Corollary 3.1 on a single set S1 = epi f , we can find (yi, ti) ∈ epi f , βi ≥ 0,

i = 1, . . . , n+ 1, and ∑n+1
i=1 βi = 1 such that

x =
l∑

j=1
αjx

j =
n+1∑
i=1

βiy
i,

l∑
j=1

αjf(xj) ≥
n+1∑
i=1

βiti.

Now

f(x)−
l∑

j=1
αjf(xj) ≤ f

(
n+1∑
i=1

βiy
i

)
−

n+1∑
i=1

βiti ≤ f

(
n+1∑
i=1

βiy
i

)
−

n+1∑
i=1

βif(yi),

which implies ρ(f) ≤ ρn+1(f).

For lower semi-continuous functions, the following proposition provides an

equivalent definition for the kth nonconvexity, which sheds light on the connection

between the concepts of kth nonconvexity and kth convex hull.

Proposition 3.2. Assume a proper function f is lower semi-continuous and it is

bounded below by some affine function. Let f (k) be the function whose epigraph is

the closure of the kth convex hull of the epigraph of f , i.e.,

epi f (k) = cl convk epi f.

Then

ρk(f) = sup
x
{f(x)− f (k)(x)}, (3.7)

where we interpret (+∞)− (+∞) = 0.

Proof. The assumption on the function f implies that f (k) is also a proper function.

Consider an arbitrary k-point convex combination of points xj ∈ dom f , for j =

1, . . . , k. Following the first step in the proof of Proposition 3.1, we have k∑
j=1

αjx
j,

k∑
j=1

αjf(xj)
 ∈ convk epi f ⊆ cl convk epi f = epi f (k).
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Therefore,

f

 k∑
j=1

αjx
j

− k∑
j=1

αjf(xj) ≤ f

 k∑
j=1

αjx
j

− f (k)

 k∑
j=1

αjx
j

 ,
which implies

ρk(f) ≤ sup
x
{f(x)− f (k)(x)}.

Now we prove the reverse direction. For any x ∈ dom f (k),

(x, f (k)(x)) ∈ epi f (k) = cl convk epi f.

There exists a sequence (κl, ηl) ∈ convk epi f such that

lim
l→∞

κl = x, lim
l→∞

ηl = f (k)(x).

For each l, since (κl, ηl) ∈ convk epi f , there exists αj ≥ 0 for j = 1, . . . , k such

that ∑k
j=1 αj = 1 and

κl =
k∑
j=1

αjx
j, ηl ≥

k∑
j=1

αjf(xj)

in which xj ∈ dom f . Thus

f(κl)− ηl ≤ f

 k∑
j=1

αjx
j

− k∑
j=1

αjf(xj) ≤ ρk(f).

On the other hand, by the lower semi-continuity of f ,

f(x) ≤ lim inf
l→∞

f(κl) ≤ lim
l→∞

ηl + ρk(f) = f (k)(x) + ρk(f).

The case x /∈ dom f (k) is trivial since in this case f(x) = f (k)(x) = +∞.

As a remark, the equality (3.7) can be regarded as a generalization for the

alternative definition of nonconvexity

ρ(f) = sup
x
{f(x)− f ∗∗(x)}

used in [9].
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3.4 Examples of Computing Nonconvexity

In this section, three examples will be given to illustrate how to calculate the kth

nonconvexity of a particular function. The results in Example 3.1 and Exam-

ple 3.2 will be used by the network utility maximization problem in Section 4.1,

and Example 3.3 will be used by the dynamic spectrum management problem in

Section 4.2.

Example 3.1. Consider the function

f(x) = f(x1, . . . , xn) = min
s=1,...,n

xs

defined on the box 0 ≤ x ≤ 1, x ∈ Rn. It is already known that ρ(f) = (n− 1)/n

(see [9, Table 1]). By Proposition 3.1, ρk(f) = ρ(f) = (n− 1)/n for k ≥ n+ 1.

For k = 1, . . . , n, as in the proof of Proposition 3.2, pick up any k-point convex

combination of points 0 ≤ xj ≤ 1, j = 1, . . . , k. For a given i ∈ {1, . . . , k}, let s(i)

be the index such that xis(i) is the minimum among xi1, . . . , xin, then

f(x) = min
s=1,...,n


k∑
j=1

αjx
j
s

 ≤
k∑
j=1

αjx
j
s(i)

≤ αix
i
s(i) + 1− αi = αif(xi) + 1− αi,

where we use the fact that all xj are within the box 0 ≤ x ≤ 1. Summing up

among i = 1, . . . , k, we have

kf(x) ≤
k∑
i=1

αif(xi) + k − 1,

which implies

f(x)−
k∑
i=1

αif(xi) ≤ k − 1
k

(
1−

k∑
i=1

αif(xi)
)
≤ k − 1

k
.
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The above argument shows that ρk(f) ≤ (k − 1)/k. In fact, the equality holds,

which can be easily seen by considering the average of first k points of

x1 = (0, 1, . . . , 1),

x2 = (1, 0, . . . , 1),

. . . ,

xn = (1, 1, . . . , 0).

In conclusion,

ρk(f) =


k − 1
k

, if k = 1, . . . , n,
n− 1
n

, if k ≥ n+ 1.

Example 3.2. Consider the function

g(x) = g(x1, . . . , xn) = − log max
s=1,...,n

xs

defined on the region x ≥ 0 except x = 0.

For k = 1, . . . , n, pick up any k-point convex combination. Without loss of gen-

erality, assume the coefficients αj > 0 for j = 1, . . . , k. For a given i ∈ {1, . . . , k},

let s(i) be the index such that xis(i) is the maximum among xi1, . . . , xin, then

g(x) = − log max
s=1,...,n


k∑
j=1

αjx
j
s

 ≤ − log
k∑
j=1

αjx
j
s(i)

≤ − log(αixis(i)) = − logαi + g(xi).

Summing up among i = 1, . . . , k with weight αi, we have

g(x) ≤ −
k∑
i=1

αi logαi +
k∑
i=1

αig(xi)

≤ log k +
k∑
i=1

αig(xi).
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The above argument shows that ρk(g) ≤ log k. In fact, the equality holds, which

can be easily seen by considering the average of first k points of

x1 = (1, 0, . . . , 0),

x2 = (0, 1, . . . , 0),

. . . ,

xn = (0, 0, . . . , 1).

To calculate ρn+1(g), define h(x) = − log∑n
s=1 xs. Then h(x) is convex and

g(x)− log n ≤ h(x) ≤ g(x). Thus, for any (n+ 1)-point convex combination,

g

n+1∑
j=1

αjx
j

 ≤ h

n+1∑
j=1

αjx
j

+ log n

≤
n+1∑
j=1

αjh(xj) + log n

≤
n+1∑
j=1

αjg(xj) + log n.

Therefore, ρn+1(g) ≤ log n. On the other hand, ρn+1(g) ≥ ρn(g) = log n.

In conclusion,

ρk(g) =


log k, if k = 1, . . . , n,

log n, if k ≥ n+ 1.

Example 3.3. Consider the function

hσ(x) = hσ(x1, . . . , xn) =
n∑
s=1

log ‖x‖1 − xs + σ

‖x‖1 + σ

defined on the box 0 ≤ x ≤ 1, x ∈ Rn. Here σ is a parameter in the range

0 < σ ≤ 1.

For complicated functions such as this one, it is usually hard to compute their

kth nonconvexity exactly. However, sometimes we can approximate the kth non-

convexity of a function by reducing it to another function whose nonconvexity is
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already known. Using this technique, we are able to show that

ρk(hσ) ≤ log(k/σ).

Define an auxiliary function

H(x;σ) =
n∏
s=1

‖x‖1 − xs + σ

‖x‖1 + σ
,

then hσ(x) = logH(x;σ). To compute the kth nonconvexity for the function hσ,

we first prove some elementary properties for the function H(x;σ).

Lemma 3.2. The function H(x;σ) has the following properties:

(a) For any vectors x and y in the region 0 ≤ x, y ≤ σ, if y ≤ x, then H(y;σ) ≥

H(x;σ).

(b) σH(x; 1) ≤ H(x;σ) ≤ H(x; 1).

Proof. For any x in the region 0 ≤ x ≤ σ, the partial derivatives

∂H(x;σ)
∂xi

= H(x;σ)
(

n∑
s=1

1
‖x‖1 − xs + σ

− 1
‖x‖1 − xi + σ

− n

‖x‖1 + σ

)

= H(x;σ)
(

n∑
s=1

xs
(‖x‖1 − xs + σ)(‖x‖1 + σ) −

1
‖x‖1 − xi + σ

)

≤ H(x;σ)
(

n∑
s=1

xs
‖x‖1(‖x‖1 + σ) −

1
‖x‖1 + σ

)
= 0,

which gives the first property.

For the second property, it is obvious to see that H(x;σ) ≤ H(x; 1). The other

inequality is equivalent to

p(σ) = 1
σ
H(x;σ)−H(x; 1) ≥ 0.
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The partial derivative

∂H(x;σ)
∂σ

= H(x;σ)
(

n∑
s=1

1
‖x‖1 − xs + σ

− n

‖x‖1 + σ

)

= H(x;σ)
n∑
s=1

xs
(‖x‖1 − xs + σ)(‖x‖1 + σ)

≤ H(x;σ)
n∑
s=1

xs
σ(‖x‖1 + σ)

= 1
σ
H(x;σ) ‖x‖1

‖x‖1 + σ
≤ 1
σ
H(x;σ)

implies that

p′(σ) = − 1
σ2H(x;σ) + 1

σ

∂H(x;σ)
∂σ

≤ 0.

Therefore, the function p(σ) is nonincreasing. Together with p(1) = 0, we have

proved the nonnegativity of p(σ).

To upper bound the kth nonconvexity of the function hσ, consider arbitrary

points xj for j = 1, . . . , k with corresponding combination weights αj > 0. Define

k vectors y1, . . . , yk in Rk by

y1 = (1/H(x1; 1), 0, . . . , 0),

y2 = (0, 1/H(x2; 1), . . . , 0),

. . . ,

yk = (0, 0, . . . , 1/H(xk; 1)).

Using the result of nonconvexity for the function g given in Example 3.2 and the

properties proved in Lemma 3.2, we have

hσ

 k∑
j=1

αjx
j

 = logH
 k∑
j=1

αjx
j;σ

 ≤ logH
 k∑
j=1

αjx
j; 1
 by property (b)

≤ logH(αjxj; 1), ∀j = 1, . . . , k, by property (a)
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and then

hσ

 k∑
j=1

αjx
j

 ≤ log min
j=1,...,k

H(αjxj; 1)

≤ log min
j=1,...,k

1
αj
H(αjxj;αj) = log min

j=1,...,k

1
αj
H(xj; 1) by property (b)

= g

 k∑
j=1

αjy
j

 ≤ k∑
j=1

αjg(yj) + log k by the nonconvexity of g

=
k∑
j=1

αj logH(xj; 1) + log k ≤
k∑
j=1

αj log 1
σ
H(xj;σ) + log k by property (b)

=
k∑
j=1

αjhσ(xj) + log k
σ
.

The above argument shows that the kth nonconvexity ρk(hσ) ≤ log(k/σ).

In the above example, an upper bound for the kth nonconvexity of function hσ

is obtained by a reduction from the nonconvexity of g in Example 3.2. Along this

line of thoughts, it is conceivable to find the exact value for the kth nonconvexity

of hσ if we are able to reduce hσ to itself (but with just k variables).

3.5 Bounding Duality Gap

Now we can state the main result on the duality gap between the primal problem

(3.1) and the dual problem (3.2).

Theorem 3.3. Assume that the primal problem (3.1) is feasible, i.e., p < +∞.

Then there exist integers 1 ≤ ki ≤ m+1 such that ∑n
i=1 ki ≤ m+n and the duality

gap

p− d ≤
n∑
i=1

ρki
i .

Here ρki = ρk(fi) is the kth nonconvexity of function fi.
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First, following the proof of the strong duality in Section 2.2, we similarly define

the perturbation function v : Rm → [−∞,+∞] by letting v(z) be the optimal value

of the perturbed problem

min
n∑
i=1

fi(xi)

s. t.
n∑
i=1

Aix
i ≤ b+ z.

By Lemma 2.1, p = v(0) and d = v∗∗(0).

Proof of Theorem 3.3. Since (3.1) is feasible, v(0) = p < +∞. Let

ξ =
n∑
i=1

inf
xi
fi(xi),

then by our assumption of fi, ξ is finite. v(z) ≥ ξ for all z ∈ Rm. As a consequence,

v(z) is bounded below by some affine function, so

−∞ < v∗∗(0) ≤ v(0) < +∞, epi v∗∗ = cl conv epi v.

By Lemma 2.3, v is lower semi-continuous. Since

(0, v∗∗(0)) ∈ epi v∗∗ = cl conv epi v,

for every ε > 0, there exists (κ, η) ∈ conv epi v which is sufficiently close to

(0, v∗∗(0)) such that

v(κ) ≥ v(0)− ε, η ≤ v∗∗(0) + ε. (3.8)

Because (κ, η) ∈ conv epi v, there exists some integer l and αj ≥ 0 for j = 1, . . . , l

such that ∑l
j=1 αj = 1 and

κ =
l∑

j=1
αjz

j, η ≥
l∑

j=1
αjv(zj)

in which zj ∈ dom v.
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For each j = 1, . . . , l, find (x̂1j, . . . , x̂nj) attaining the optimal value of the

perturbed problem related to v(zj), i.e.,

v(zj) =
n∑
i=1

fi(x̂ij),
n∑
i=1

Aix̂
ij ≤ b+ zj,

which means there exists some vector wj ∈ Rm
+ such that

(b+ zj − wj, v(zj)) ∈
n∑
i=1

Ci,

where

Ci = {(Aixi, fi(xi))|fi(xi) < +∞, xi ∈ Rni}.

Taking convex combination of the points above, we haveb+ κ−
l∑

j=1
αjw

j,
l∑

j=1
αjv(zj)

 ∈ conv
n∑
i=1

Ci.

Now we can apply Corollary 3.11, which gives points (ri, si) ∈ convki
Ci with

1 ≤ ki ≤ m+ 1 such that

b+ κ ≥ b+ κ−
l∑

j=1
αjw

j =
n∑
i=1

ri, η ≥
l∑

j=1
αjv(zj) ≥

n∑
i=1

si

and ∑n
i=1 ki ≤ m + n. Since (ri, si) ∈ convki

Ci, there exists x̃ij ∈ Rni , βij ≥ 0 for

j = 1, . . . , ki such that fi(x̃ij) < +∞, ∑ki
j=1 βij = 1 and

ri =
ki∑
j=1

βijAix̃
ij, si =

ki∑
j=1

βijfi(x̃ij).

Thus,

κ ≥
n∑
i=1

ki∑
j=1

βijAix̃
ij − b =

n∑
i=1

Ai

ki∑
j=1

βijx̃
ij − b, (3.9)

and
n∑
i=1

ρki
i + η ≥

n∑
i=1

ρki
i +

ki∑
j=1

βijfi(x̃ij)
 ≥ n∑

i=1
fi

 ki∑
j=1

βijx̃
ij

 . (3.10)

1Here if we apply Theorem 3.2 with dimension m + 1 instead of using Corollary 3.1, all the
remaining argument still works but the bound for

∑n
i=1 ki has to be weakened to m + n + 1

from m + n. Therefore, the consideration of extremeness in Corollary 3.1 provides the exact
improvement parallel to how (3.5) improves from the earliest bound (3.3).
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From (3.9) we know that k1∑
j=1

β1jx̃
1j, . . . ,

kn∑
j=1

βnjx̃
nj


is feasible to the perturbed problem related to v(κ), so the corresponding objective

value satisfies
n∑
i=1

fi

 ki∑
j=1

βijx̃
ij

 ≥ v(κ).

The above inequality, together with (3.10) and (3.8), implies

v∗∗(0) + ε+
n∑
i=1

ρki
i ≥ v(0)− ε.

We finish the proof by letting ε → 0. Because all the ki depend on ε, we have

to choose the worst case of ∑n
i=1 ρ

ki
i encountered in this process.

From a computational viewpoint, since we do not know the ki that appeared in

Theorem 3.3, in order to find a number for the bound, we have to find the worst

case ki by solving the following optimization problem

max
n∑
i=1

ρki
i

s. t. 1 ≤ ki ≤ m+ 1, ki ∈ Z, ∀i = 1, . . . , n,
n∑
i=1

ki ≤ m+ n.

(3.11)

Let B be the optimal value of (3.11), then

B ≤
n∑
i=1

ρ(fi).

On the other hand, since for any feasible solution of (3.11), the number of ki with

ki ≥ 2 is bounded by m, so

B =
∑
i:ki≥2

ρki
i ≤

m∑
i=1

ρ(fi)
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if ρ(f1) ≥ · · · ≥ ρ(fn). The above argument shows that the bound B given by the

optimization problem (3.11) is at least as tight as the bound (3.5) in [9].

To illustrate the procedure to calculate the bound B, consider the simple case

where all the xi in the primal problem (3.1) are one-dimensional and all the func-

tions fi equal to the same function f . In this case, ρki
i = ρ(f) if ki ≥ 2. The

optimal value to (3.11) is attained when the number of ki that equal to 2 is maxi-

mized, so the optimal value is min{m,n}ρ(f), which is the same as the result given

by (3.5). The Example 1 used in [9] belongs to this category. It hence explains

why the bound (3.5) is tight for that example. However, if the dimension of xi in

the primal problem can be arbitrarily large, the bound (3.5) can be very loose. As

will be shown in Chapter 4, the difference between the bound (3.5) and the exact

duality gap tends to infinity for a series of problems.
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CHAPTER 4

APPLICATIONS OF DUALITY GAP ESTIMATION

In this chapter, we will first apply the bound of the duality gap proposed in

Chapter 3 to the network utility maximization problem in networking in Section 4.1

and then to the dynamic spectrum management problem in communication in

Section 4.2. In both cases, we are able to obtain tighter results with less effort

than the ones based on the previous bounds.

4.1 Joint Routing and Congestion Control in Networking

Consider a network with N users and L links. Let a strictly positive vector c ∈ RL

contain the capacity of each link. Each user i has Ki available paths to send its

commodity. We assume that the users are sorted such that K1 ≥ · · · ≥ KN . The

routing matrix of user i, denoted by Ri, is a L×Ki matrix defined by

Ri
lk =


1, if the kth path of user i passes through link l,

0, otherwise.

For example, as shown in Figure 4.1, a five-link network supports two users,

each of which has two available paths. The corresponding routing matrices are

given by

R1 =



1 0

1 0

0 1

0 0

0 0


, R2 =



0 0

0 0

1 0

1 0

0 1


.
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Figure 4.1: A sample network with five links (dotted line) and two users. The first
user, whose source is A and destination is C, has rate x1

1 and x1
2 on its two paths

(solid line). The second user, whose source is D and destination is C, has rate x2
1

and x2
2 on its two paths (dashed line).

Let xi ∈ RKi be the vector in which xik is the amount of commodity sent by user

i on its kth path. Assume that each user i has a utility function Ui(·) depending

on the vector xi, then the network utility maximization problem can be written as

max
N∑
i=1

Ui(xi)

s. t.
N∑
i=1

Rixi ≤ c,

xi ≥ 0, ∀i = 1, . . . , N.

(4.1)

If all the utility functions U i(·) are concave, then the above problem (4.1) can

be solved by standard convex optimization techniques. Difficulty arises when U i(·)

is not concave. For example, if we restrict each user to choose only one path

(single-path routing) and want to maximize the total throughput of the network,

then the corresponding utility function is

Ui(xi) = max
s=1,...,Ki

xis.

Define

fi(xi) =


min

s=1,...,Ki
(−xis), if 0 ≤ xi ≤ ‖c‖∞,

+∞, otherwise.
(4.2)
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Here ‖c‖∞ is the maximum link capacity in the network. Now the original network

utility maximization problem (4.1) is equivalent to the following problem:

min
N∑
i=1

fi(xi)

s. t.
N∑
i=1

Rixi ≤ c.

(4.3)

The above problem is a particular case of the general optimization problem with

separable objectives (3.1) studied in Chapter 3.5. Using the same technique as

shown in Example 3.1, we can prove that

ρk(fi) = k − 1
k
‖c‖∞, k = 1, . . . , Ki,

ρK
i+1(fi) = ρ(fi) = Ki − 1

Ki
‖c‖∞.

In the following, suppose each user has a large number of paths to select. More

explicitly, Ki ≥ L+ 1 is assumed for user i. Based on the bound (3.5), the duality

gap is bounded by
min{N,L}∑

i=1

Ki − 1
Ki

‖c‖∞,

which is at least

min{N,L} L

L+ 1‖c‖∞. (4.4)

In contrast, by Theorem 3.3, the duality gap is bounded by the optimal value of

the following optimization problem:

max
N∑
i=1

ki − 1
ki
‖c‖∞

s. t. 1 ≤ ki ≤ L+ 1, ki ∈ Z, ∀i = 1, . . . , N,
N∑
i=1

ki ≤ N + L.

(4.5)

Let N ′ be the number of users whose ki ≥ 2, then 0 ≤ N ′ ≤ min{N,L}. If N ′ > 0,
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Figure 4.2: The comparison among the original bound (4.4), the numerical result
from directly solving (4.5) and the analytical result for the linear utility case.

using the inequality between arithmetic mean and harmonic mean,
N∑
i=1

ki − 1
ki

=
∑
i:ki≥2

ki − 1
ki

= N ′ −
∑
i:ki≥2

1
ki

≤ N ′ − N ′2∑
i:ki≥2 ki

≤ N ′ − N ′2

N ′ + L

= L

1 + L/N ′
≤ min{N,L} L

L+ min{N,L} .

The above analysis provides an upper bound for the problem (4.5), which in

turn is an upper bound for the duality gap. Taking the N ≥ L case as an example,

by the above inequality, we can bound the duality gap by L‖c‖∞/2, essentially

half of the bound given by (3.5).

In principle, we can directly solve (4.5) to yield better upper bounds, and

this is particularly practical for small instances. In Figure 4.2, we compare the

original bound (4.4), the numerical result from directly solving (4.5) and the above

analytical result, for fixed N or fixed L with the assumption that ‖c‖∞ = 1.

Figure 4.2 shows that our analytical result is much better than the original bound,

and in all cases it is almost tight compared with the numerical result. In fact,

the above analysis can be regarded as solving the problem (4.5) exactly without

considering all integer constraints on ki.
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Next, we consider another case in which each user has logarithmic utility but

still must choose only one path. The utility function of user i can be written as

Ui(xi) = log max
s=1,...,Ki

xis.

Define

gi(xi) =


− log max

s=1,...,Ki
xis, if 0 ≤ xi ≤ ‖c‖∞, xi 6= 0,

+∞, otherwise.

Then the network utility maximization problem (4.1) is equivalent to the problem

obtained by replacing fi with gi in (4.3). Using the result in Example 3.2,

ρk(gi) = log k, k = 1, . . . , Ki,

ρK
i+1(gi) = ρ(gi) = logKi.

Applying the bound (3.5) to this case, we can bound the duality gap by

min{N,L}∑
i=1

logKi, (4.6)

which is at least min{N,L} log(L + 1). On the other hand, by Theorem 3.3, the

duality gap is bounded by the optimal value of the following optimization problem

max
N∑
i=1

log ki

s. t. 1 ≤ ki ≤ L+ 1, ki ∈ Z, ∀i = 1, . . . , N,
N∑
i=1

ki ≤ N + L.

(4.7)

If we still let N ′ be the number of users whose ki ≥ 2, then 0 ≤ N ′ ≤ min{N,L}

and the above bound
N∑
i=1

log ki =
∑
i:ki≥2

log ki = log
∏
i:ki≥2

ki ≤ log
(∑

i:ki≥2 ki
N ′

)N ′

≤ log
(
N ′ + L

N ′

)N ′

≤ min{N,L} log
(

1 + L

min{N,L}

)
,
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where in the last step the monotonicity of the function (1 + 1/x)x is used. Note

that the new bound is qualitatively tighter than the bound (4.6) provided by (3.5)

by removing a logarithm factor of O(logL) when N ≥ L.

4.2 Dynamic Spectrum Management in Communication

Consider a communication system consisting of L users sharing a common band.

The band is divided equally into N tones. Each user l has a power budget pl which

can be allocated across all the tones. Let xil be the power of user l allocated on

tone i. Due to the crosstalk interference between users, the total noise for a user

on tone i is the sum of a background noise σi and the power of all other users on

the same tone. Therefore, the achievable transmission rate of user l on tone i is

given by

uil = 1
N

log
(

1 + xil
‖xi‖1 − xil + σi

)
.

The dynamic spectrum management problem is to maximize the total through-

put of all users under the power budget constraints, which can be formulated as

the following nonconvex optimization problem:

max
L∑
l=1

N∑
i=1

uil

s. t.
N∑
i=1

xil ≤ pl, ∀l = 1, . . . , L,

xil ≥ 0, ∀i = 1, . . . , N, ∀l = 1, . . . , L.

(4.8)

For simplicity, we assume that the noises σi ≤ 1 and the power budgets pl ≤ 1

(if not, then scale all the σi and pl simultaneously). The latter requires all the

variables xil ≤ 1. Using the function hσ introduced in Example 3.3, the objective
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function of (4.8) can be rewritten as a sum of separable objectives:
L∑
l=1

N∑
i=1

uil = − 1
N

N∑
i=1

hσi
(xi).

For the purpose of designing dual algorithms, it is of great interest to estimate

the duality gap for the problem (4.8). In [27], the authors showed that the duality

gap will tend to zero if the number of users L is fixed and the number of tones

N goes to infinity. [6] further determined the convergence rate of the duality gap

to be O(1/
√
N). Using the bound (3.5), we now demonstrate how to improve the

convergence rate estimation to O(1/N), which can be only achieved by the method

in [6] in the special case where all the noises σi are the same.1

Example 3.3 proves that the nonconvexity

ρk(hσi
) ≤ log k

σi
≤ log k

σ
, k = 1, . . . , L+ 1.

where σ is the minimum among all the noises σi, so (3.5) implies that the duality

gap is upper bounded by
min{N,L}

N
log L+ 1

σ
, (4.9)

which is in the order of O(1/N) if L is fixed and N increases.

In order to further improve the estimation (4.9) for the duality gap, we can

resort to Theorem 3.3 and follow the exact same steps for solving (4.7), which

shows that the duality gap is upper bounded by

min{N,L}
N

log 1 + L/min{N,L}
σ

.

Like the previous example, our bound is still tighter than the one (4.9) from (3.5)

by removing a logarithm factor.
1The paper [6] actually studied the generalization of problem (4.8) under the existence of path

loss coefficient between different users. However, the argument for O(1/N) provided here can
also be adapted to the general problem.
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CHAPTER 5

SEPARABLE NONCONVEX PROBLEMS WITH NONLINEAR

CONSTRAINTS

In this chapter, we generalize the bound in Chapter 3 to problems with sepa-

rable nonlinear constraints (not necessarily convex) in Section 5.1. The result will

be used in bounding the duality gap for the network utility maximization problem

with granularity constraints in Section 5.2.

5.1 Generalization with Separable Nonlinear Constraints

We consider general separable problems with nonlinear constraints such as

min
n∑
i=1

fi(xi)

s. t.
n∑
i=1

gi(xi) ≤ b.

(5.1)

Here each gi : Rni → (−∞,+∞]m is lower semi-continuous. Note that the previous

problem (3.1) we studied is a special case of the optimization problem (5.1) if we

choose gi(xi) = Aix
i.

If the functions gi are not convex, the duality gap should not only depend

on the nonconvexity of functions fi but also somehow relate to the functions gi.

Like [28], we define the kth order nonconvexity of a proper function f : Rn →

(−∞,+∞] with respect to another proper function g : Rn → (−∞,+∞]m, denoted

by ρk(f, g). To do this, for each x ∈ Rn, we introduce a set Gk(x; g) ⊆ Rm such

that y ∈ Gk(x; g) if and only if there exist xj ∈ Rn and βj ∈ R, for j = 1, . . . , k,
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satisfying 

x =
k∑
j=1

βjx
j,

y =
k∑
j=1

βjg(xj), g(xj) < +∞, ∀j = 1, . . . , k,

k∑
j=1

βj = 1, βj ≥ 0, ∀j = 1, . . . , k.

(5.2)

Define the auxiliary function hk(x; f, g) : Rn → (−∞,+∞] by

hk(x; f, g) = inf
z∈Rn
{f(z)|g(z) ≤ y, ∀y ∈ Gk(x; g)}. (5.3)

Then ρk(f, g) is defined by

ρk(f, g) = sup

hk
 k∑
j=1

αjx
j; f, g

− k∑
j=1

αjf(xj)

 .
over all possible convex combinations αj ≥ 0, j = 1, . . . , k, with ∑k

j=1 αj = 1 of

points xj satisfying f(xj) < +∞. If the function g is convex, then in the infimum

of (5.3) we can choose z = x, which gives hk(x; f, g) ≤ f(x) and ρk(f, g) ≤ ρk(f).

However, the last inequality may not hold if g is not convex.

Theorem 3.3 can be modified accordingly to the case with nonlinear constraints

by replacing ρki(fi) with ρki(fi, gi). In the case when all gi are convex, ρki(fi, gi) ≤

ρki(fi), which implies that the original conclusion in Theorem 3.3 remains true.

However, in general, considering gi explicitly in Theorem 5.1 has the potential to

provide tighter bound even for convex constraints including the linear cases.

Theorem 5.1. Assume that the primal problem (5.1) is feasible, i.e., p < +∞.

Then there exist integers 1 ≤ ki ≤ m+1 such that ∑n
i=1 ki ≤ m+n and the duality

gap

p− d ≤
n∑
i=1

ρki
i .

Here ρki = ρk(fi, gi) is the kth nonconvexity of function fi with respect to function

gi.
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Proof. Like the proof of Theorem 3.3, we define the perturbation function v :

Rm → [−∞,+∞] by letting v(z) be the optimal value of the perturbed problem

min
n∑
i=1

fi(xi)

s. t.
n∑
i=1

gi(xi) ≤ b+ z.

By the same argument as in the proof of Theorem 3.3, −∞ < v∗∗(0) = d ≤

v(0) = p < +∞, and for ε > 0 there exists (κ, η) ∈ conv epi v which is sufficiently

close to (0, v∗∗(0)) such that

v(κ) ≥ v(0)− ε, η ≤ v∗∗(0) + ε.

Proceed exactly the same as the proof of Theorem 3.3. We decompose κ into zj

such that

κ =
l∑

j=1
αjz

j, η ≥
l∑

j=1
αjv(zj),

and introduce wj ∈ Rm
+ withb+ κ−

l∑
j=1

αjw
j,

l∑
j=1

αjv(zj)
 ∈ conv

n∑
i=1

Ci,

where Ci is defined by

Ci = {(gi(xi), fi(xi))|fi(xi) < +∞, gi(xi) < +∞, xi ∈ Rni}.

Corollary 3.1 gives points (ri, si) ∈ convki
Ci with 1 ≤ ki ≤ m+ 1 such that

b+ κ ≥ b+ κ−
l∑

j=1
αjw

j =
n∑
i=1

ri, η ≥
l∑

j=1
αjv(zj) ≥

n∑
i=1

si

and ∑n
i=1 ki ≤ m + n. Since (ri, si) ∈ convki

Ci, there exists x̃ij ∈ Rni , βij ≥ 0 for

j = 1, . . . , ki such that fi(x̃ij) < +∞, gi(x̃ij) < +∞, ∑ki
j=1 βij = 1 and

ri =
ki∑
j=1

βijgi(x̃ij), si =
ki∑
j=1

βijfi(x̃ij).

55



For each i = 1, . . . , n, define x̂i = ∑ki
j=1 βijx̃

ij. If hki(x̂i; fi, gi) = +∞, we also

have ρki
i = +∞ and the theorem is trivial in this case. Otherwise, observe that

ki∑
j=1

βijgi(x̃ij) ∈ Gki(x̂i; gi),

because x̃ij and βij satisfy all the constraints given in (5.2). As a result, there will

be q̂i ∈ Rni such that

gi(q̂i) ≤
ki∑
j=1

βijgi(x̃ij),

fi(q̂i) ≤ hki(x̂i; fi, gi) + ε.

Thus,

κ ≥
n∑
i=1

ki∑
j=1

βijgi(x̃ij)− b ≥
n∑
i=1

gi(q̂i)− b,

and

n∑
i=1

ρki
i + η ≥

n∑
i=1

ρki
i +

ki∑
j=1

βijfi(x̃ij)
 ≥ n∑

i=1
hki
i (x̂i; fi, gi) ≥

n∑
i=1

fi(q̂i)− nε.

Now (q̂1, . . . , q̂n) is a feasible solution to the perturbed problem v(κ). Following

the original proof, we have

v∗∗(0) + ε+
n∑
i=1

ρki
i ≥ v(0)− (n+ 1)ε

and then finish the proof by letting ε→ 0.

5.2 Application to Routing with Granularity Constraints

The network utility maximization problem with multipath routing is a convex

optimization problem that has been well addressed, and in contrast Section 4.1

studied the nonconvex problem with single-path routing. The single-path routing

and multipath routing can be regarded as two extreme cases of a spectrum of
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routing schemes of different flexibility, and there are different ways to interpret

this flexibility. One obvious way is based on the number of paths (W ) that are

allowed for each source-destination pair. Single-path routing corresponds to the

case of W = 1, and multipath routing is the limit case of W → ∞. For any

integer W > 1, it is expected that the routing solution would perform somewhere

between single-path routing and general multipath routing. Routing optimization

with these path cardinality constraints will be examined in Appendix A.

Here we introduce a different angle to generalize single-path and multipath

routing by considering routing problems with certain traffic splitting restrictions.

More specifically, each user is only allowed to choose its traffic split ratio as a

multiple of 1/p, where the integer p is the split granularity parameter.1 Clearly,

the case of p = 1 is equivalent to single-path routing, while p→∞ corresponds to

multipath routing. Routing optimizations with split ratio granularity constraints

are studied using heuristic methods in previous works such as [29, 30]. In this

section, we will use the tools developed in Section 5.1 to estimate the duality

gap for the nonconvex network utility maximization problem with traffic splitting

granularity constraints. The relationship among the different types of constraints

mentioned here is summarized in Figure 5.1.

5.2.1 The Traffic Splitting Granularity Constraints

As a general way to deal with granularity constraints and many other practical

restrictions on the sending rates, we modified the network utility maximization
1There are other possible split ratio granularity constraints. For example, in [29] the constraint

is that the split ratio is a multiple of 1/q, where q is bounded by some integer Q.
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Path
Cardinality
Constraints

Split Ratio
Granularity
Constraints

Single-Path

Multipath

Figure 5.1: The relationship among the different types of constraints that can be
imposed in the routing optimization problem. Note that the single-path constraint
is as a special case of both path cardinality constraints and split ratio granularity
constraints.

problem (4.3) by introducing the rate constraint set SK :

min
N∑
i=1

fi(xi)

s. t.
N∑
i=1

Rixi ≤ c,

xi ∈ SKi , ∀i = 1, . . . , N,

(5.4)

where

fi(xi) =


−Ui(xi), if 0 ≤ xi ≤ ‖c‖∞,

+∞, otherwise.

Furthermore, the problem (5.4) can be converted into

min
N∑
i=1

fi(xi)

s. t.
N∑
i=1

gi(xi) ≤ c.

(5.5)

as a special case of problem (5.1) by defining the functions

gi(xi) =


Rixi, if x ∈ SKi ,

+∞, otherwise.

Without loss of generality, we assume that ‖c‖∞ = 1 and

SK ⊆ IK = {x ∈ RK |0 ≤ x ≤ 1}.
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(a) p = 4 (b) p = 5

Figure 5.2: The set S2 (shown as the bold lines above) under the cases p = 4 and
p = 5.

In the case of split ratio granularity constraints, the split ratio needs to be a

multiple of 1/p, where p is a given positive integer. Hence we can choose

SK = {0} ∪
{
x ∈ IK

∣∣∣∣∣x 6= 0, pxk
‖x‖1

∈ Z, k = 1, . . . , K
}
. (5.6)

For convenience, usually we will work with an equivalent definition for the set SK :

A rate vector x ∈ IK satisfies the split ratio granularity constraints, i.e., x ∈ SK ,

if and only if there exists a vector α ∈ RK satisfying:

1. αk ≥ 0, αk ∈ Z, for k = 1, . . . , K.

2. ∑K
k=1 αk = p.

3. There exists some real number λ ≥ 0 such that x = λα.

The vector α will be known as the (scaled) split ratio of x.

Figure 5.2 illustrates the set SK for K = 2 and different choices of p. In general,

the set SK is the union of rays each of which passes through a point α satisfying

the first and second conditions above, and SK contains the corner (1, 1, . . . , 1) of

IK if and only if p is a multiple of K.
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5.2.2 The Duality Gap

Now we are going to estimate the duality gap for the problem (5.5) using Theo-

rem 5.1. The key step is to compute the nonconvexity ρk(fi, gi) for functions fi

and gi, which further requires us to estimate the function hk(xi; fi, gi).

First we consider the case of the linear utility function Ui(xi) = ‖xi‖1. Note

that in this problem all the matrices Ri are nonnegative. Therefore, for given

xi ∈ IKi , if we choose a rate vector z ∈ RKi with the property that z ≤ xi

and z ∈ SKi , then the constraint in the infimum of (5.3) will be automatically

satisfied. The optimal choice of such rate vector z should be the one with the

least throughput loss. This illuminates us to consider the following optimization

problem that finds the optimal rounding z ∈ SK for a rate vector x ∈ IK such

that the throughput loss is minimized:

min ‖x‖1 − ‖z‖1

s. t. z ≤ x,

z ∈ SK .

(5.7)

For each rate vector x ∈ IK , define the throughput loss function φK(x) to be

the optimal value of problem (5.7). By the above analysis,

hk(xi; fi, gi) ≤ fi(xi) + φKi(xi).

Define

ρK = max
x∈IK

φK(x)

to be the maximum throughput loss of a user with K available paths. As a con-
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vention, ρ0 = 0. Then

ρk(fi, gi) ≤ sup

fi
 k∑
j=1

αjx
ij

− k∑
j=1

αjfi(xij) + φKi

 k∑
j=1

αjx
ij


≤ ρKi ,

since our objective function fi is convex. Assume the users are sorted in a way

such that

ρK1 ≥ ρK2 ≥ · · · ≥ ρKN .

Then the value of the optimization problem given in Theorem 5.1 and thus the

duality gap is bounded by
min{N,L}∑

i=1
ρKi . (5.8)

The throughput loss function φK(x) will play an important role in our analysis

as the bound (5.8) for the duality gap directly depends on its maximum value ρK .

In the next, we will give an explicit formula for the function φK(x). Using the

equivalent definition for the set SK given in Section 5.2.1, i.e., write y = λα where

α is the split ratio of y, (5.7) can be rewritten as a problem over variables λ and

α:

min ‖x‖1 − pλ

s. t. λαk ≤ xk, ∀k = 1, . . . , K,

λ ≥ 0,
K∑
k=1

αk = p,

αk ≥ 0, αk ∈ Z, ∀k = 1, . . . , K.

(5.9)

Fix the split ratio α. To minimize the throughput loss, the largest possible λ

should be to chosen, which is given by

λ∗ = min
k=1,...,K

xk
αk
.
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Here we make the convention that xk/αk = +∞ when αk = 0. Plugin the formula

for λ∗ into (5.9), the optimal value

φK(x) = ‖x‖1 − pmax
α

min
k=1,...,K

xk
αk
, (5.10)

where the maximization is taken over all the vectors α ≥ 0 with ∑K
k=1 αk = p and

αk ∈ Z for k = 1, . . . , K. The following are some simple properties of φK(x):

1. φK(x) is continuous on the domain IK .

2. If x ∈ IK and λx ∈ IK , φK(λx) = λφK(x).

The throughput loss function φ2(x) for the case p = 4 is illustrated in Fig-

ure 5.3(a), and the actual optimal rounding for a rate vector in this case is described

in Figure 5.3(b). The local maximizers for φ2(x) are

(1/4, 1), (1, 1/4), (2/3, 1), (1, 2/3).

The later two are global maximizers and ρ2 = 1/3. The situations in higher

dimensions are similar but the number of local maximizers is much larger (see

Figure 5.3(c)).

The case for the logarithmic utility function Ui(xi) = log‖xi‖1 is similar. Here

if the original rate vector of user i is xi and the rounded rate vector is z, then

fi(xi)− fi(z) = − log ‖x
i‖1

‖z‖1
= log

(
1− ‖x

i‖1 − ‖z‖1

‖xi‖1

)
.

Accordingly, consider the maximum relative throughput loss

ρRK = max
x∈IK ,x 6=0

φK(x)
‖x‖1

.

Now the duality gap is bounded by

−
min{N,L}∑

i=1
log(1− ρRKi) (5.11)
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(a) (b)

(c)

Figure 5.3: (a) The throughput loss function φ2(x) for the case p = 4. The function
value is close to zero (white area) on points near the set S2 and becomes large (dark
area) on points far away from the set S2. (b) The optimal rounding for a rate vector
in I2. To find the optimal rounding, start with that vector and move according to
the arrow until a point in S2 (represented by the solid lines) is reached. (c) The
value of function φ3(x) on the plane x3 = 1. Darker area indicates larger function
value.

if the users are sorted by

ρRK1 ≥ ρRK2 ≥ · · · ≥ ρRKN .

5.2.3 Maximum Relative Throughput Loss for Logarithmic

Utility

The bounds (5.8) and (5.11) for the duality gap in the linear and logarithmic utility

case depend on ρK and ρRK , respectively. The remaining task is to compute these
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values. We start with the easier case of logarithmic utility, which requires us to

calculate the maximum relative throughput loss ρRK .

Theorem 5.2. For every x ∈ IK with x 6= 0, the relative throughput loss

φK(x)
‖x‖1

≤ K − 1
p+K − 1 .

Proof. Since the function φK(x)/‖x‖1 is continuous, we only need to prove this

inequality for every x in a dense subset of IK . Let I ′K be the set containing all

nonzero x ∈ IK with the following property: For any pair of paths 1 ≤ k, l ≤ K,

k 6= l and any pair of integers 1 ≤ a, b ≤ p, xk/a 6= xl/b. I ′K is a dense subset of

IK since it is a finite intersection of open dense subsets, so it is sufficient to prove

the inequality on I ′K .

For any x ∈ I ′K , let α be the split ratio of the optimal rounding for x, i.e., α

is the one attaining the maximum in (5.10). Without loss of generality, we also

assume that

min
k=1,...,K

xk
αk

= x1

α1
.

In this case, α1 > 0, which implies that x1 > 0 and αl < p for all other l = 2, . . . , K.

For these l, we are going to prove by contradiction that

x1

α1
≥ xl
αl + 1 . (5.12)

If the above inequality does not hold for a particular path l, define a new split

ratio β by setting

βk =



α1 − 1, if k = 1,

αl + 1, if k = l,

αk, otherwise.
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By our assumption that x1/α1 is the minimum,

xk
βk

= xk
αk
≥ x1

α1
, k 6= 1, l.

Furthermore, the above inequality is strict because x ∈ I ′K . In addition,

x1

β1
= x1

α1 − 1 >
x1

α1
,

xl
βl

= xl
αl + 1 >

x1

α1
.

Therefore,

min
k=1,...,K

xk
βk

>
x1

α1
= min

k=1,...,K

xk
αk
,

which contradicts with the fact that α is the optimal split ratio for the rounding

of x.

Combining all the inequalities (5.12) for l = 2, . . . , K, we have

x1

α1
≥ x1 +∑K

l=2 xl

α1 +∑K
l=2(αl + 1)

= ‖x‖1

p+K − 1

and

φK(x)
‖x‖1

= 1
‖x‖1

(
‖x‖1 − p min

k=1,...,K

xk
αk

)
= 1− px1

‖x‖1α1

≤ 1− p

p+K − 1 = K − 1
p+K − 1 ,

which is the desired inequality.

Theorem 5.2 shows that

ρRK ≤
K − 1

p+K − 1 .

In the next subsection, we will see that this bound is in fact tight as an easy

corollary of Lemma 5.1 and Lemma 5.2. In other words,

ρRK = K − 1
p+K − 1 .
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5.2.4 Maximum Throughput Loss for Linear Utility

Now we calculate the maximum throughput loss ρK for the linear utility. To find

the maximum value ρK for the nonconcave function φK(x), we first establish a type

of first-order condition that all local maximizers of φK(x) will satisfy. Despite the

fact that the number of local maximizers can be exponentially large, we are able

to classify the local maximizers into a few categories, and in each category we can

find the one with the maximum throughput loss. Roughly speaking, the following

definition provides the necessary condition for a rate vector to be a local maximizer:

Definition 5.1. A rate vector x ∈ IK is said to be integral if there exists a vector

β ∈ RK satisfying:

1. βk ≥ 0, βk ∈ Z, for k = 1, . . . , K.

2. p ≤ ∑K
k=1 βk ≤ p+‖x‖0−1. Here ‖x‖0 is the number of nonzero components

in x.

3. There exists some real number λ ≥ 0 such that x = λβ.

To be specific, we will also use the terminology Γ-integral for integral rate vectors

with ∑K
k=1 βk = Γ.

Clearly, a rate vector x ∈ IK is p-integral if and only if x ∈ SK and x 6= 0.

In Figure 5.3(a), the local maximizer (1/4, 1) of φ2(x) is integral and the cor-

responding vector β = (1, 4). The global maximizer (2/3, 1) is also integral for

β = (2, 3).

Here are the major steps to compute ρK :
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1. Prove that any maximizer of the function φK(x) must be integral. Hence we

only need to figure out the maximum throughput loss over all integral rate

vectors.

2. Find the relative throughput loss for integral rate vectors. We will see that

all rate vectors that are Γ-integral have the same relative throughput loss,

which is 1− p/Γ.

3. Show that the maximum throughput among all Γ-integral rate vectors is

given by
Γ

dΓ/Ke .

Finally, we can conclude that

ρK = max
Γ=p,...,p+K−1

(
1− p

Γ

) Γ
dΓ/Ke

= max
Γ=p,...,p+K−1

Γ− p
dΓ/Ke .

In the next, we will first address the last two steps in Lemma 5.1 and Lemma 5.2.

The first step needs more elaboration and will be dealt with thereafter.

Lemma 5.1. If a rate vector x ∈ IK is Γ-integral, then its relative throughput loss

φK(x)
‖x‖1

= 1− p

Γ .

Proof. Let x = λβ as required by Definition 5.1. Since Γ = ∑K
k=1 βk ≥ p, we can

find a split ratio vector α such that

0 ≤ αk ≤ βk, αk ∈ Z, k = 1, . . . , K,

and ∑K
k=1 αk = p. Obviously, λα is a feasible solution to the optimal rounding

problem (5.7) for x, so

φK(x)
‖x‖1

≤ 1−
∑K
k=1 λαk∑K
k=1 λβk

= 1− p

Γ .
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On the other hand, now assume that another split ratio α gives the optimal

rounding for x. Suppose αk < βk for all k = 1, . . . , K with xk > 0. Since αk and

βk are integers, αk + 1 ≤ βk for these k. Noticing that xk > 0 if and only if βk > 0,

and αk > 0 implies xk > 0, we have

p+ ‖x‖0 =
∑

k:xk>0
(αk + 1) ≤

∑
k:xk>0

βk,

which contradicts with the requirement on β. Thus there must exist some path l

such that αl ≥ βl > 0, which implies

min
k=1,...,K

xk
αk
≤ xl
αl
≤ xl
βl

= λ

and
φK(x)
‖x‖1

= 1
‖x‖1

(
‖x‖1 − p min

k=1,...,K

xk
αk

)
≥ 1− pλ∑K

k=1 λβk
= 1− p

Γ .

The desired result is followed from combining the two directions we have already

shown.

Lemma 5.2. For integer Γ with p ≤ Γ ≤ p + K − 1, there exists a rate vector

in IK that is Γ-integral, and the maximum throughput among all Γ-integral rate

vectors is
Γ

dΓ/Ke .

Proof. First, we construct a Γ-integral rate vector with the given throughput.

Note that we can choose integers βk ∈ {bΓ/Kc, dΓ/Ke} for k = 1, . . . , K such

that ∑K
k=1 βk = Γ. Let

λ = 1
dΓ/Ke

and x = λβ. Then xk ≤ 1 for all k, so x ∈ IK . If Γ ≥ K, all xk > 0 and thus

Γ ≤ p+K − 1 = p+ ‖x‖0 − 1.
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If Γ < K, then ‖x‖0 = Γ and we also have Γ ≤ p + ‖x‖0 − 1. Therefore, x is

Γ-integral and its throughput

‖x‖1 = λΓ = Γ
dΓ/Ke .

Consider an arbitrary rate vector x ∈ IK that is Γ-integral with corresponding

vector β. Because ∑K
k=1 βk = Γ, there must exist some path l such that βl ≥ Γ/K.

Since βl is an integer, βl ≥ dΓ/Ke > 0, which implies

‖x‖1 = λΓ = xl
βl

Γ ≤ xl
dΓ/KeΓ ≤

Γ
dΓ/Ke ,

showing that the given throughput is indeed maximal.

The remaining task is to prove that any maximizer of the function φK(x) is

integral. However, there is a technical difficulty which can be demonstrated by

the following counterexample: Assume x ∈ I3 is a rate vector and x1 ≥ x2 ≥ x3.

In the case of p = 2, since the vector (x2, x2, 0) satisfies the split ratio granularity

constraints,

φ3(x) ≤ x1 − x2 + x3 ≤ x1 ≤ 1

and thus ρ3 ≤ 1. On the other hand, we can directly check that for all rate vectors

y of the form (1, t, t) where 1/2 ≤ t ≤ 1, φ3(y) = 1. Thus the function φ3(x) has

infinite maximizers and almost all of them are not integral. Fortunately, our goal

is not finding all the maximizers of φK(x) but computing the maximum of φK(x),

and the plan presented at the beginning of this section still works as long as one of

the maximizers is integral. The integrality of the maximizer (1, 1, 1) dominating

all other maximizers enlightens the additional requirement in Lemma 5.3.

Lemma 5.3. If a rate vector x ∈ IK satisfies:

1. x maximizes the function φK(x);
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2. For any z ∈ IK, if φK(z) = φK(x) and z ≥ x, then z = x,

then x is integral.

Proof. Repeating what we have done in the proof of Theorem 5.2, assume x 6= 0,

α is the split ratio of the optimal rounding for x, and

min
k=1,...,K

xk
αk

= x1

α1
.

Define W to be the set of indices k such that there exists some integer βk > 0

with xk/βk = x1/α1. Then for any l /∈ W and any split ratio α′ that also gives the

optimal rounding for x, i.e.,

min
k=1,...,K

xk
α′k

= min
k=1,...,K

xk
αk

= x1

α1
,

it must be true that
x1

α1
= min

k=1,...,K

xk
α′k

<
xl
α′l
. (5.13)

We want to prove that W contains all the paths. Assume the existence of a

path l /∈ W . If xl < 1, consider another rate vector z = (x1, . . . , xl + δ, . . . , xK)

with sufficiently small δ > 0. The optimal split ratio for the rounding of z must

be one of the above α′, and by (5.13) min xk/α′k is not attained by path l, so

min
k=1,...,K

zk
α′k

= min
k=1,...,K

xk
α′k

= x1

α1
.

The throughput loss for the rate vector z is

φK(z) = ‖x‖1 + δ − px1

α1
> φK(x),

which contradicts with the assumption that x is the maximizer.
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In the case of xl = 1, we have xk < 1 for k ∈ W , otherwise l would belong to

W . Construct a rate vector z defined by

zk =


δxk, if k ∈ W ,

xk, if k /∈ W ,

for some δ that is sufficiently close to 1. Similar to the previous case, the optimal

split ratio for the rounding of z must be one of the α′ giving the optimal rounding

for x. By (5.13), the path minimizing xk/α′k is in W , which also minimizes zk/α′k

because the difference between z and x is sufficiently small. Thus

min
k=1,...,K

zk
α′k

= δ min
k=1,...,K

xk
α′k

= δx1

α1
.

The throughput loss for the rate vector z is

φK(z) = ‖x‖1 + (δ − 1)
∑
k∈W

xk −
δx1

α1
,

and

φK(z)− φK(x) = (δ − 1)
∑
k∈W

xk −
x1

α1

 .
By choosing appropriate δ, we can let either φK(z) > φK(x) or φK(z) = φK(x) but

zk ≥ xk for all k = 1, . . . , K with the inequality being strict for k = 1 ∈ W , which

contradicts with either of the two conditions on x.

In the above, we have proved that the set W contains all the paths. For the

integers βk we have found, xk/βk = x1/α1 so x = λβ for λ = x1/α1 and ‖x‖0 = K.

It remains to prove that p ≤ ∑K
k=1 βk ≤ p+K − 1. First, since

xk
βk

= x1

α1
≤ xk
αk
, k = 1, . . . , K,

we have βk ≥ αk and ∑K
k=1 βk ≥

∑K
k=1 αk = p. Moreover, the relative throughput

loss of x is
φK(x)
‖x‖1

= 1− px1/α1∑K
k=1 λβk

= 1− p∑K
k=1 βk

.
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Theorem 5.2 tells us
φK(x)
‖x‖1

≤ K − 1
p+K − 1 ,

which implies that ∑K
k=1 βk ≤ p+K − 1.

Now we can prove the main result in this section:

Theorem 5.3. The maximum throughput loss for a rate vector in IK is

ρK = max
Γ=p,...,p+K−1

Γ− p
dΓ/Ke . (5.14)

Proof. Since φK(x) is continuous, the set

{z ∈ IK |φK(z) = ρK}

is nonempty, closed and bounded. We can find a rate vector x maximizing the l1

norm on the above set, which satisfies the two conditions in Lemma 5.3 and thus

being integral. Now we can obtain the desired result by following the plan given

at the beginning of this subsection.

The formula (5.14) for ρK can be further simplified. Actually, only two possi-

bilities of Γ have to be checked. In the range Γ = p, . . . , p+K−1, dΓ/Ke can only

increase by at most 1. Let 0 ≤ ω ≤ K−1 be the number that (p+ω)/K = dp/Ke,

then the maximum in (5.14) is attained by either Γ = p+ ω or Γ = p+K − 1, so

ρK = max
{

ω

dp/Ke
,

K − 1
d(p+K − 1)/Ke

}
. (5.15)
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CHAPTER 6

PRELIMINARIES

Semidefinite program is a convex optimization problem that selects a positive

semidefinite matrix to optimize a linear function subject to linear constraints.

The utilization of semidefinite programming as a convex relaxation for nonconvex

optimizations origins from the Goemans–Williamson algorithm for the maximum

cut problem [31], which is still one of the most impressive results in this area.

Even earlier, in a celebrated paper [32] of 1979, Lovász introduced the Lovász

number, which is an upper bound for the Shannon capacity of graph and can

also be understood as a semidefinite programming relaxation for the independence

number of graph.

The technique of semidefinite programming is originally thought to be an ad hoc

method for designing approximation algorithms. However, it turns out that many

semidefinite programming relaxations, including the two relaxations mentioned

above, can be deduced from a systematic approach called the sum-of-squares re-

laxation, which was originally proposed in [33]. In this framework, one usually

starts from an integer programming formulation for some combinatorial problem

that is hard to solve and converts it into a polynomial optimization. The obtained

polynomial optimization can then be relaxed into a series of semidefinite programs

called the sum-of-squares hierarchy, which provides a way of generating a series of

potentially tighter relaxations with increasing size.

This chapter will give a brief introduction to the semidefinite programming and

sum-of-squares hierarchy in both the primal and dual form. As surveyed in [34],

the Goemans–Williamson algorithm for the maximum cut and the Lovász number

for the Shannon capacity of graph are two of the most representative applications
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of the semidefinite relaxation to combinatorial optimizations. It is natural to

ask whether these two problems will benefit from the higher-degree sum-of-squares

relaxations. In Chapter 7 and Chapter 8, we will study semidefinite-programming-

based convex relaxations for the two problems and reach partially negative answer

to the above question.

6.1 Semidefinite Programming

A semidefinite program is a convex optimization problem that is similar to linear

programs but using symmetric matrices as decision variables. Its standard form is

as following:

min tr(CX)

s. t. tr(AiX) = bi, ∀i = 1, . . . ,m,

X ∈ Pn.

(6.1)

Here X is the decision variable, Pn is the cone of n × n positive semidefinite

matrices, and the coefficients Ak and C are also n× n symmetric matrices.

As a convex optimization problem, we can write down the Lagrange dual prob-

lem of (6.1) by the approach in Chapter 2. Define the Lagrangian L : Pn×Rm → R

by

L(X, y) = tr(CX)−
m∑
i=1

yi tr(AiX) + bTy = tr(DX) + bTy,

where

D = C −
m∑
i=1

yiAi.

Then the original primal problem (6.1) can be rewritten as

min
X∈Pn

max
y∈Rm

L(x, y)

75



and the corresponding dual problem is

max
y∈Rm

min
X∈Pn

L(x, y) = max
y∈Rm
{bTy + min

X∈Pn

tr(DX)}.

Since a symmetric matrix P is positive semidefinite if and only if tr(PQ) ≥ 0 for

any positive semidefinite matrix Q,

min
X∈Pn

tr(DX) =


0, if D ∈ Pn,

−∞, otherwise.

Therefore, the dual problem can be equivalently written as

max bTy

s. t. C −
m∑
i=1

yiAi ∈ Pn.

Like general convex optimization problems,the weak duality always holds for

semidefinite programs, but the strong duality may not. The Slater’s condition that

guarantees the strong duality for the semidefinite programming can be specialized

as the existence of a symmetric matrix that is positive definite while satisfying all

the linear constraints in (6.1).

6.2 Sum-of-squares Programming

The sum-of-squares programming is a systematic approach to relax polynomial

optimization problems. In the following, we will give the minimal background for

the sum-of-squares programming used in the remaining chapters. See [35] for a

comprehensive introduction to the theory and application of the sum-of-squares

programming.

The most basic form of a polynomial optimization problem is to decide whether

a polynomial f is nonnegative or not, which is an NP-hard problem. Instead of
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directly checking the nonnegativity of f , we check that whether f can be written

as a sum of squares, i.e., whether there exist polynomials gi such that

f(x) =
∑
i

h2
i (x).

This verification actually can be done by checking the feasibility of a semidefinite

program:

Proposition 6.1. A polynomial f of degree 2d is a sum of squares if and only if

there exists a positive semidefinite matrix Q such that

f(x) = zT (x)Qz(x),

where z(x) the vector including all monomials of degree up to d.

Proof. For one direction, if f is a sum of squares and

f(x) =
∑
i

h2
i (x),

we have

f(x) =
∑
i

(aTi z(x))2 = zT (x)
(∑

i

aia
T
i

)
z(x),

where ai is the vector of coefficients of the polynomial hi. Hence the positive

semidefinite matrix Q can be chosen as ∑i aia
T
i . For the other direction, assume

f(x) = zT (x)Qz(x). Then we can decompose Q = V TV , and

f(x) = zT (x)V TV z(x) = ‖V z(x)‖2,

which means that f is a sum of squares.

Now we consider polynomial optimizations maximizing a polynomial objective

subject to equality polynomial constraints, i.e.,

max f(x)

s. t. gi(x) = 0, ∀i = 1, . . . ,m.
(6.2)
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where the decision variable x ∈ Rn, f and gi are all polynomials. In fact, the sum-

of-squares relaxation can deal with more general polynomial optimization problems

with both equality and inequality polynomial constraints, but that is not necessary

for the purpose of this dissertation.

The following is a generalization of the certification through sum-of-squares

decomposition for the negativity of a polynomial over the algebraic set

K = {x ∈ Rn|gi(x) = 0, i = 1, . . . ,m} (6.3)

defined by the constraints in (6.2).

Definition 6.1. The set of polynomials qi for i = 1, . . . ,m is called a sum-of-

squares proof for the nonnegativity of f over K if

f +
m∑
i=1

qigi

is a sum of squares. The proof is called degree at most 2d if the degree of each

summand in the above is at most 2d.

The degree-2d sum-of-squares relaxation for the polynomial optimization prob-

lem (6.2) is to find the minimum γ with the existence of the above degree-2d

sum-of-squares proof for the polynomial γ − f , which can be written as

min γ

s. t. γ − f +
m∑
i=1

qigi is a sum of squares.
(6.4)

Here γ ∈ R is a scalar variable and qi is a polynomial variable whose degree satisfies

deg qi ≤ 2d− deg gi.

Let opt be the optimal value of the original problem and sos2d be the optimal value

of degree-2d sum-of-squares relaxation (6.4), then obviously

sos2 ≥ sos4 ≥ · · · ≥ sos2d ≥ · · · ≥ opt .
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Using Proposition 6.1, the problem (6.4) can be rewritten as a semidefinite program

with γ and the coefficients of polynomials qi as decision variables.

6.3 Dual Formulation of the Sum-of-Squares Relaxation

Since the sum-of-squares relaxations are essentially semidefinite programs, as a

special case of (6.1) we can consider their Lagrange dual problems. Skipping all

the computational details, in this section we will directly give the resulting dual

problem accompanied with some intuitive explanation. To simplify the presenta-

tion, the following concept of pseudo-expectation will be helpful:

Definition 6.2. A degree-2d pseudo-expectation is a linear function Ẽµ(·) defined

on the space of polynomials of degree at most 2d satisfying:

• Ẽµ1 = 1,

• Ẽµh2 ≥ 0 for all polynomials h of degree at most d.

Then the dual problem of (6.4) is

max Ẽµf

s. t. Ẽµ(gih) = 0, ∀i = 1, . . . ,m,

∀polynomial h with deg h ≤ 2d− deg gi,

Ẽµ(·) is a degree-2d pseudo-expectation.

(6.5)

The definition of pseudo-expectation is inspired by the expectation of a poly-

nomial of random variables. If µ is a probability distribution on Rn and x is a

random vector with distribution µ, then

Eµh2(x) ≥ 0
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for all polynomials h. A pseudo-expectation is a linear function that behaves very

similarly to a true expectation except that a degree-2d pseudo-expectation only

acts on polynomials of degree at most 2d.

Assume the support of µ is in the set K defined by (6.3). Then for each

constraint polynomial gi and any polynomial h we additionally have

Eµgi(x)h(x) = 0

Similarly, this property is also inherited by the pseudo-expectation in the dual

problem (6.5).
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CHAPTER 7

MAXIMUM CUT

Consider an undirected graph G = (V,E) with n vertices and weights wij ≥ 0

for (i, j) ∈ E. The maximum cut problem is to find a cut S ⊆ V maximizing the

total weight of edges in the cut, which can be formulated as the following integer

programming problem:

max
∑

(i,j)∈E

1
2wij(1− xixj)

s. t. xi ∈ {1,−1}, ∀i = 1, . . . , n.
(7.1)

The above problem can be simplified by introducing the Laplacian L = D − A,

where D is the diagonal matrix in which the ith diagonal element is the sum of

weights of all edges connecting vertex i and A is the adjacency matrix of G. If we let

x = (x1, . . . , xn), then (7.1) is equivalent to the following polynomial optimization

problem:

max 1
4x

TLx

s. t. x2
i = 1, ∀i = 1, . . . , n.

(7.2)

As explained in Section 7.1, the semidefinite relaxation of Goemans–Williamson

for the maximum cut problem has a 0.878 integrality gap. Whether there exists

some polynomial-time solvable relaxation with strictly tighter integrality gap is

a long-standing open question that is equivalent to the unique games conjecture

[36]. Without the unique games conjecture, the best known result says that the

integrality gap is at most 16/17 unless P = NP [37].

To prove or refute the unique games conjecture, it is natural to look at the

weaker question whether higher-degree relaxations from the sum-of-squares hier-

archy have tighter integrality gap than the original semidefinite relaxation. After
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introducing the general sum-of-squares relaxations for the maximum cut in Sec-

tion 7.2 and a simplified version of the degree-4 sum-of-squares relaxation in Sec-

tion 7.3, we will focus on the integrality gap for these sum-of-squares relaxations

in Section 7.4. An instance of integrality gap 0.96 for the degree-4 sum-of-squares

relaxation will be given first. Then we will construct instances as candidates for

even looser integrality gap in Section 7.5 and Section 7.6.

7.1 Semidefinite Relaxation of Maximum Cut

In this section, we will first introduce the standard semidefinite relaxation for the

maximum cut, which will be recovered in another way by the degree-2 sum-of-

squares relaxation in Section 7.2. Next, we will present the Goemans-Williamson

randomized rounding for the semidefinite relaxation [31], which provides a 0.878-

approximation algorithm and at the same time proves that the integrality gap for

the semidefinite relaxation is at least 0.878.

We start from the polynomial optimization problem (7.2). If we define an

n × n matrix X by Xij = xixj, then X is positive semidefinite and the objective

of problem (7.2) will equal to tr(LX)/4. To relax the problem (7.2), we directly

use the matrix X as the decision variable instead of all the xi:

max 1
4 tr(LX)

s. t. Xii = 1, ∀i = 1, . . . , n,

X ∈ Pn.

(7.3)

To obtain a feasible solution to the original problem (7.2), the key step is to

apply randomized rounding on the optimal solution to the relaxation (7.3). Let

sdp be the optimal value of (7.3), opt be the value of the maximum cut and sol be
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the value of the solution obtained from the randomized rounding. As discussed in

Section 1.3, if we prove that

sol ≥ αGW sdp (7.4)

with αGW ≈ 0.878, then we simultaneously establish the desired bound for both

the approximation ratio and the integrality gap.

Now we will describe the randomized rounding procedure in details and prove

the inequality (7.4). After solving the semidefinite relaxation (7.3) and obtaining

the optimal solution X, we decompose X = V TV and let vi be the ith column of

the matrix V . Then we pick up a random vector r ∈ Rn subject to the uniform

distribution on the unit sphere and choose the rounded solution as

xi =


1, if rTvi ≥ 0,

−1, otherwise.

The expected value E[sol] of the obtained cut is

E[sol] =
∑

(i,j)∈E
wij Pr{sign(rTvi) 6= sign(rTvj)}

=
∑

(i,j)∈E
wij

1
π

arccos(vTi vj)

=
∑

(i,j)∈E
wij

1
π

arccosXij.

If we define

αGW = min
−1≤x≤1

2 arccosx
π(1− x) ≈ 0.878,

then

E[sol] ≥ αGW
∑

(i,j)∈E

1
2wij(1−Xij) = αGW sdp .

Note that in the above we only prove that the expected value E[sol] of the

rounded solution satisfies the inequality (7.4). In fact, the Goemans-Williamson
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randomized rounding can be derandomized, and after that a solution satisfying

(7.4) can be deterministically found in polynomial time [38].

By (7.4), we know that both the integrality gap opt / sdp and the approximation

ratio sol / opt are at least αGW . Now it is natural to ask whether there are any

instances for which either opt / sdp or sol / opt can achieve αGW or arbitrarily close

to αGW . It is shown in [39] that the answers to both questions are true.

7.2 Sum-of-squares Relaxation of Maximum Cut

In this section, we will see that the lowest degree of sum-of-squares relaxation

is exactly the semidefinite relaxation. This is why one of the most promising

directions to find a tighter relaxation for the maximum cut and consequently refute

the unique games conjecture is through studying sum-of-squares relaxations of

higher degree. The following is the sum-of-squares relaxation for the problem (7.2)

in the primal form:

min γ

s. t. γ − 1
4x

TLx+
n∑
i=1

qi(x2
i − 1) is a sum of squares.

(7.5)

For the degree-2d sum-of-squares relaxation, the polynomial variables qi above are

required to be at most degree 2d− 2.

To recover the semidefinite relaxation from the degree-2 sum-of-squares relax-
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ation, it is easier to work with the dual form of the relaxation:

max 1
4Ẽµ(xTLx)

s. t. Ẽµ(x2
ih) = Ẽµh, ∀i = 1, . . . , n,

∀polynomial h of degree at most 2d− 2,

Ẽµ(·) is a degree-2d pseudo-expectation.

(7.6)

In the case of degree-2 sum-of-squares relaxation, the constraint on the pseudo-

expectation can be simplified as

Ẽµx2
i = 1.

Because the pseudo-expectation Ẽµ(·) is a linear function on the vector space of

polynomials up to degree 2, it is determined by its actions on all the monomials

up to degree 2, i.e., by the values

Ẽµxi, Ẽµxixj.

Assume Ẽµ(·) is the optimal pseudo-expectation to the problem (7.6). Then

the linear function Ẽ−µ(·) defined by

Ẽ−µxi = −Ẽµxi, Ẽ−µxixj = Ẽµxixj

is also a pseudo-expectation with the same objective value. To verify the only

nontrivial statement, the nonnegativity of the linear function Ẽ−µ(·), we consider

an arbitrary linear polynomial

h(x) = aTx+ b. (7.7)

Then

Ẽ−µh2 = Ẽ−µ(aTx+ b)2 = Ẽµ(−aTx+ b)2 ≥ 0.
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As a result, the pseudo-expectation

1
2(Ẽµ + Ẽ−µ)

is also an optimal solution to the problem (7.6) satisfying the constraints that

1
2(Ẽµ + Ẽ−µ)(xi) = 0.

Hence we can add these constraints

Ẽµxi = 0

to the problem (7.6) without changing the optimal value.

Define an n × n matrix X by Xij = Ẽµxixj. With the above additional con-

straints, for the linear polynomial h(x) in (7.7),

Ẽµh2(x) =
n∑
i=1

n∑
j=1

aiajẼµxixj = aTXa.

Therefore, the nonnegativity of the pseudo-expectation Ẽµ(·) is equivalent to the

positive semidefiniteness of the matrix X, and the original degree-2 sum-of-squares

relaxation (7.6) becomes

max 1
4 tr(LX)

s. t. Xii = 1, ∀i = 1, . . . , n,

X ∈ Pn,

which is exactly the same semidefinite relaxation (7.3) of Goemans-Williamson.

Although higher-degree sum-of-squares relaxations provide possibly tighter re-

laxations to the maximum cut problem, they do not directly lead to any approx-

imation algorithm since we do not know how to round a solution from higher-

degree relaxations. But we can still ask how tight the integrality gap can be.
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In Section 7.4, we will prove that the integrality gap of degree-2d sum-of-squares

relaxation is at most

1− 1
4d2 + 4d+ 1

by using complete graphs as instances, and in Section 7.6 we will present one

possible direction to construct candidates of even looser integrality gap for the

degree-4 sum-of-squares relaxation.

7.3 Semidefinite Relaxation with Triangle Inequalities

Despite being convex, the sum-of-squares relaxation of higher degree is still difficult

to solve even for graphs of moderate size due to the large number of variables in

the converted semidefinite program. Therefore, it is desirable to find a relaxation

which is tighter than the semidefinite relaxation but is easier to handle.

One of the possible relaxations is the semidefinite relaxation with additional

triangle constraints:

max 1
4x

TLx

s. t. Xii = 1, ∀i = 1, . . . , n,

Xij +Xjk +Xki ≥ −1, ∀i, j, k = 1, . . . , n,

X ∈ Pn.

(7.8)

The above relaxation can be obtained by weakening the constraints from the

degree-4 sum-of-squares relaxation in dual form.

Consider the optimal pseudo-expectation Ẽµ(·) to the degree-4 sum-of-squares

relaxation (7.6). If we define an n× n matrix given by

Xij = Ẽµ(xixj),
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then by definition X is feasible to the semidefinite relaxation (7.3) and its objective

value is tr(LX)/4. Furthermore, X also satisfies all the triangle constraints. This

can be seen by choosing the polynomial

h(x) = 1 + xixj + xjxk + xkxi

and using the definition of the pseudo-expectation

Ẽµh2 = 4 + 4Xij + 4Xjk + 4Xki ≥ 0.

Therefore, X is also a feasible solution to the semidefinite relaxation (7.8) with

triangle inequalities. If we denote the optimal value to the problem (7.8) as sdp4,

then by the above argument

opt ≤ sos4 ≤ sdp4 ≤ sdp .

However, unlike the degree-4 sum-of-squares relaxation, it is already known that

the triangle inequalities will not improve the integrality gap for the semidefinite

relaxation [40].

7.4 Integrality Gap of Sum-of-squares Relaxation

Numerical computation shows that higher-degree sum-of-squares relaxations are

tight for many graphs, i.e., there is no integrality gap. However, as we will see in

the following, for complete graph Kn of odd size, the integrality gap always exists

as long as the degree 2d < n.

For complete graph Kn, the Laplacian L = nIn − Jn, where In and Jn are the

n×n identity matrix and matrix of all ones, respectively. The polynomial in (7.5)

is

λ+ 1
4

(
n∑
i=1

xi

)2

− n

4

n∑
i=1

x2
i +

n∑
i=1

gi(x)(x2
i − 1),
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where gi(x) are polynomials of degree at most 2d − 2. Let x = 2y − 1, then the

above polynomial becomes

λ+
(

n∑
i=1

yi

)2

− n
n∑
i=1

y2
i + 4

n∑
i=1

g̃i(y)(y2
i − yi),

where g̃i(y) = gi(2y− 1) and its degree is also at most 2d− 2. Then the original is

a degree-2d sum-of-squares polynomial if and only if the new one is. Now we can

apply the lower bound of the sum-of-squares relaxations for the knapsack problem:

Theorem 7.1. Given odd integer n > 2d, for arbitrary polynomials δi of degree

2d − 2 and γ of degree 2d − 1, there does not exist sum-of-squares polynomial h

such that

h− γ
(

n∑
i=1

yi −
n

2

)
−

n∑
i=1

δi(y2
i − yi)

is a negative constant.

Proof. See [41].

Using Theorem 7.1, we are able to show that the value sos2d for graph Kn is at

least n2/4 if 2d < n. If not, then there is a positive constant c and some polynomial

g̃i(y) of degree 2d− 2 such that

h = n2

4 − c+
(

n∑
i=1

yi

)2

− n
n∑
i=1

y2
i + 4

n∑
i=1

g̃i(y)(y2
i − yi)

is a sum of squares. On the other hand, if we set

γ =
n∑
i=1

yi −
n

2 , δi = 4g̃i(y)− n,

then by Theorem 7.1, the polynomial

h−
(

n∑
i=1

yi −
n

2

)2

−
n∑
i=1

(4βi − n)(y2
i − yi) = −c

cannot be a negative constant, which is a contradiction.
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The maximum cut opt for Kn is (n2 − 1)/4. Combined with the above result,

we have proved that the integrality gap for Kn is at most

1− 1
n2

if 2d < n. By choosing n = 2d + 1, we conclude that the integrality gap of the

degree-2d sum-of-squares relaxation is at most

1− 1
4d2 + 4d+ 1 .

7.5 Integrality Gap of Semidefinite Relaxation with Trian-

gle Constraints

For the degree-4 sum-of-squares relaxation, the graph K5 shows that its integrality

gap is at most 0.96. This is not surprising since it is already known that the

integrality gap is at most 16/17 unless P = NP . However, an instance of graph

with such a loose integrality gap has not been discovered. Now we would like to

investigate possible directions of constructing instances whose integrality gap is

looser than K5.

Since the degree-4 sum-of-squares relaxation is tighter than the semidefinite

relaxation with triangle constraints, any instances with loose integrality gap for

the degree-4 sum-of-squares relaxation must also have loose integrality gap for the

semidefinite relaxation with triangle constraints. Currently, there are two known

types of instances with loose integrality gap for the semidefinite relaxation with

triangle constraints. The first type of instances is reduced from hard instances for

unique games conjecture, whose integrality gap can be arbitrarily close to αGW

[40]. However, it is already proved in [42] that for these instances there is no
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integrality for the degree-4 sum-of-squares relaxation. The second type of instances

is constructed in [39] achieving integrality gap α4 ≈ 0.891 which is still slightly

larger than αGW . They will serve as the candidates of loose integrality gap for the

degree-4 sum-of-squares relaxation.

The proof of α4 integrality gap in [39] for the semidefinite relaxation with

triangle constraints consists of two steps. The first step is to show the existence of

graphs achieving the integrality gap

2β
π(1− cos β) + ε

for the original semidefinite relaxation for any ε > 0 and π/2 < β < π. If we

choose β ≈ 2.33, the integrality gap αGW +ε will be achieved, which shows that the

analysis of the integrality gap for the original semidefinite relaxation in Section 7.1

is tight. On the other hand, after choosing β ≈ 2.07, we will achieve the integrality

gap α4+ ε in [39]. This result is summarized into the next theorem. Here we give

a sketch of its proof because the construction in the proof will be the foundation

of our construction in Section 7.6. For the complete proof, see [39].

Theorem 7.2. For every ε > 0 and π/2 < β < π, there exists a graph whose

maximum cut is smaller than β/π + ε but its value of semidefinite relaxation is

larger than (1− cos β)/2.

Sketch of proof. Instead of directly constructing a graph with n vertices, we first

define an infinite graph Gc. The vertices of Gc are represented by all points of the

unit sphere Sd−1 in the d-dimensional space, and the edges of Gc are the pairs (x, y)

of points whose spherical distance δ(x, y) ≥ β. Let µ be the uniform measure on

the sphere Sd−1 and µ2 be the induced product measure on Sd−1×Sd−1. Then the

dimension d should be chosen large enough such that the length of almost every
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edge in the graph Gc should be less than β + επ/2, i.e,

µ2{(x, y) ∈ Sd−1 × Sd−1|δ(x, y) ≥ β + επ/2}
µ2{(x, y) ∈ Sd−1 × Sd−1|δ(x, y) ≥ β}

< ε/2. (7.9)

A cut of the infinite graph Gc is a measurable subset A of Sd−1 whose cut value

is defined to be

µβ(A) = µ2{(x, y) ∈ Sd−1 × Sd−1|x ∈ A, y /∈ A, δ(x, y) ≥ β}.

By the result of [43], the maximum cut of Gc is achieved by a half sphere. Now we

consider the half sphere defined by a fixed hyperplane and use an argument similar

to the analysis of Goemans and Williamson. Pick up an edge (x, y) uniformly from

the graph Gc. By (7.9), with probability 1− ε/2,

β ≤ δ(x, y) < β + ε

2π.

In the case where the above inequality indeed holds, the probability of the edge to

be cut by the given hyperplane is at most β/π + ε/2. Adding the remaining case

with probability ε/2, we know that the fraction of edges in the maximum cut is

upper bounded by β/π + ε. In order to get a finite graph G, we sample n points

from the graph Gc and normalize the total weight in the sampled graph. If n is

sufficiently large (the choice of n will be discussed later), then the maximum cut

of discrete graph G will be very close to the maximum cut of Gc and thus also

bounded by β/π + ε.

Now we are going to prove that the value of semidefinite relaxation for the

graph G is at least (1− cos β)/2 by directly constructing a feasible solution to the

semidefinite relaxation. If we associate each vertex i in the sampled graph G with

a vector vi of its the location and define an n× n matrix X by letting

Xij = vTi vj.
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Then X is a feasible solution to the semidefinite relaxation and corresponding

objective value
1
2wij

∑
(i,j)∈E

(1−Xij) ≥
1
2(1− cos β),

which completes the proof.

The second step is to show that the feasible solution X constructed in the above

proof satisfies almost all the triangle constraints if the size of graph is appropriate,

which is based on the following result:

Theorem 7.3. For any 0 < ε < 1 and sufficiently large d, if we uniformly place

n ≈ (
√

27/4 − ε)d/2 points on Sd−1, then the expected number of pairs (x, y, z) of

points that violate the triangle inequality, i.e.

xTy + yT z + zTx < −1,

is at most εn.

Proof. See [39].

The above result tells us that if the number of points sampled from the infinite

graph Gc is n ≈ (
√

27/4)d/2, then for the feasible semidefinite relaxation solution

X the number of violated triangle constraints in (7.8) is small. Naturally, we need

to adjust the associated vector vi for the sampled points such that all the triangle

constraints will be satisfied. The adjustment procedure proposed by the original

paper [39] first picks up a point p which is not in any violated triangle constraints.

If the points i, j and k violates the triangle inequality, then move the corresponding

vector vi to the location of vp. If the number of violations is small, then we will get

a modified solution for the semidefinite relaxation whose objective value is close

that of X but satisfying all triangle constraints, which implies that the integrality
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gap of the semidefinite programming is almost the same in cases with or without

the triangle constraints.

The above argument proposes an upper bound for the number of sampled points

n in order for the semidefinite solution X of the graph G to have few violations of

triangle inequalities. However, there should be an lower bound for n such that the

graph G will have an approximately identical maximum cut of the infinite graph

Gc. In order to obtain such a lower bound, first assume we sample an extremely

large number of point n′ to obtain a graph G′ from Gc. Then Gc and G′ will have

nearly the same maximum cut. Furthermore, G′ will be almost regular and the

degree of each vertex will be ∆′ ≈ n′(sin β)d−1. Using the result in [44], we can

further sample vertices from G′ by choosing only

O(n′/∆′) = O((1/ sin β)d−1)

points such that the new sampled graph will also have nearly the same maximum

cut of G′, which suggests that we only need to sample n ≈ (1/ sin β)d−1 points

from the original infinite graph Gc. Comparing the upper bound and lower bound

for n, we observe that β has to satisfy

sin2(β) = 4/
√

27.

β ≈ 2.07 is the only solution to the above equality in the range π/2 < β < π.

7.6 Candidates of Loose Integrality Gap

The paper [39] proves the existence of an instance with integrality gap 0.891 for

the semidefinite relaxation with triangle constraints. However, a quick numerical

calculation shows that the size of the resulted graph is extremely large if we directly
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follow the construction in the proof, and the size is the far beyond what is able

to be solved with the degree-4 sum-of-squares relaxation. In order to verify that

whether the above construction will provide an instance for the degree-4 sum-of-

squares relaxation whose integrality gap is looser than K5, we first need to find

instances of small graphs with such integrality gap for the semidefinite relaxation

with triangle inequalities.

This section will present a new method to construct candidates of graphs with

small size and potentially loose integrality gap. The first step is to follow the

construction in the proof of Theorem 7.2 to obtain a randomly sampled graph and

the corresponding feasible semidefinite solution X. Then we use an efficient way

of adjusting the feasible solution X to satisfy all of the triangle inequalities. The

key idea is to do the adjustment incrementally. For the point i, we are trying to

move the corresponding vector vi to eliminate the violations of triangle inequalities

among points i, j and k for j < k < i. In order to minimize the change of

the integrality gap, the movement of the vector vi should be minimized. These

observations illuminate us to consider the following convex optimization problem

for the adjustment of the point i:

min ‖p− vi‖

s. t. vTj p+ vTk p+ vTj vk ≥ −1, ∀1 ≤ j < k < i,

vTi p ≥ 1.

(7.10)

Here the decision variable p is the new location of the vector vi. The last constraint

in the above optimization problem only guarantees that ‖p‖ ≥ 1. In order to keep

the new vector still on the unit sphere, we need to normalize the vector p and set the

new value of the vector vi to be p′ = p/‖p‖. Now we need to verify that all triangle

constraints for points j < k < i are satisfied. In the case when vTj p + vTk p ≥ 0,
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since vTj vk ≥ −1 and vTj p
′ + vTk p

′ ≥ 0, we must have

vTj p
′ + vTk p

′ + vTj vk ≥ −1.

In the case when vTj p+ vTk p < 0,

vTj p
′ + vTk p

′ + vTj vk ≥ vTj p+ vTk p+ vTj vk ≥ −1.

Therefore, after the adjustment for the point i, there will be no violations for

the triangle constraints among any points before the point i. After doing all the

adjustments for each point in the graph, we will obtain a feasible solution satisfying

all triangle constraints. The procedure above is summarized as following:
Algorithm 7.1.

Choose n vectors v1, . . . , vn uniformly on the unit sphere Sd−1.

Set the adjacency matrix A of the graph by letting

Aij ←


1, if arccos(vTi vj) ≥ β,

0, otherwise.

for i← 1 to n do

Solve the optimization problem (7.10). Let p be the optimal solution.

vi ← p/‖p‖.

end for

Return the feasible semidefinite solution X by letting Xij ← vTi vj.

Using the above technique, we are able to construct a candidate of small graph

with loose integrality gap. Since the number of minimum sampled points from

the infinite graph Gc is in the order of O((1/ sin β)d−1), β should be as small as

possible. Our goal is to beat the integrality gap 0.96, so we choose β = 1.78 and

the corresponding integrality gap that we can theoretically approach is

2β
π(1− cos β) + ε ≈ 0.9383.
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The choice of this particular β could reduce the size of constructed instance while

reserving space for the random fluctuation during the construction and the incre-

ment of the integrality gap during the later adjustment process.

The graph Gc we constructed is in the dimension of 42 and we sampled 2500

points from Gc to get the desired instance. To verify the integrality gap for this

instance, the actual value of the maximum cut has to be known. Since it is very

hard to compute the maximum cut accurately on a graph of such size, the actual

value of maximum cut has to be substituted by the approximate value from the

Goemans-Williamson algorithm. We run the adjustment in Algorithm 7.1 to elim-

inate all the violations of triangle inequalities for the feasible semidefinite solution.

The final ratio between the value of the semidefinite relaxation with triangle con-

straints and the value of the approximate solution from the Goemans-Williamson

algorithm increases to 0.9577.

For the instance constructed above, the obtained ratio 0.9577 is only a lower

bound for the integrality gap of this instance. The major difficulty here is that the

size of the instance is still too large. For such a graph we are still not able to figure

out both the exact values of the degree-4 sum-of-squares relaxation and the actual

maximum cut. Whether the instance constructed here has an integrality gap looser

than 0.96 or not for the degree-4 sum-of-squares relaxation remains open.
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CHAPTER 8

THE SHANNON CAPACITY OF GRAPH

The Shannon capacity of a graph is a graph invariant originated from computing

the maximum achievable rate to transmit information with zero possibility of error

through a noisy channel [45]. To state the definition of Shannon capacity, we need

the following notions in graph theory: For an undirected graph G, let V (G) and

E(G) be its vertex set and edge set, respectively. Let α(G) be the independence

number (aka stability number) of G, i.e., the size of the maximum independent

set in G. For two vertices i, j ∈ V (G), the notation i ∼G j means either i = j or

(i, j) ∈ E(G). The strong product G�H of two graphs G and H is a graph such

that

• its vertex set V (G�H) is the Cartesian product V (G)× V (H) and

• (i, j) ∼G�H (k, l) if and only if i ∼G k and j ∼H l.

The Shannon capacity Θ(G) of graph G is defined by

Θ(G) = sup
k

k

√
α(Gk),

where Gk is the strong product of G with itself for k times.

The Shannon capacity is unknown for most graphs, including certain simple

cases such as odd cycles C2n+1 when n ≥ 3. By definition, for any positive integer

k, k

√
α(Gk) provides a direct lower bound for the Shannon capacity Θ(G), although

it is still hard to calculate due to the NP-hardness of maximum independent set

problem and the exponential growth of the size of Gk. Finding a good upper

bound for Θ(G) is even more difficult. One well-known upper bound is the Lovász

number ϑ(G) proposed in [32], which can be efficiently computed by solving a
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semidefinite program (SDP). The most famous application of Lovász number is

the establishment of the Shannon capacity for the pentagon graph C5:

√
5 =

√
α(C2

5) ≤ Θ(C5) ≤ ϑ(C5) =
√

5.

However, for 7-cycle C7, ϑ(C7) ≈ 3.3177, while the best known lower bound [46]

at the time of writing is

Θ(C7) ≥ 5
√
α(C5

7) ≥ 5
√

367 ≈ 3.2578.

Determining the exact value for the Shannon capacity Θ(C7) remains an open

problem.

One interesting direction is to look for a tighter upper bound for the Shannon

capacity than the Lovász number. Since the definition of the Shannon capacity

is closely related to the independence number, and in fact the Lovász number

itself can be derived from approximating the independence number of a graph,

it is tempting to find better upper bounds for the Shannon capacity by using

tighter approximations for the independence number. The major challenge here

is to ensure that the new approximation is still an upper bound for the Shannon

capacity. In Section 8.1, we will look at general conic programming approximation

for the independence number, which is a natural generalization of the SDP-based

Lovász number. Next, in Section 8.2, we will propose a condition called the product

property over the cones appeared in the above approximate optimization problem.

This property guarantees that the optimal value of the approximation is an upper

bound for the Shannon capacity. Surprisingly, in Section 8.3 it is shown that

the semidefinite cone used by the Lovász number is the largest cone with such a

property, thus ruling out the possibility of improving the estimation of the Shannon

capacity along this way.
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8.1 Conic Programming for the Independence Number

In this section, we will first formulate the maximum independent set problem as

a copositive program. If the semidefinite cone is used as an inner approximation

for the copositive cone in this program, the obtained objective value is exactly the

Lovász number. As a generalization, we consider all the possible cones that are

subsets of the copositive cone, and the corresponding conic programs will be the

candidates to generate better upper bounds for the Shannon capacity.

Our starting point is the Motzkin-Straus theorem, which gives the exact value

of the independence number of a graph:

Theorem 8.1 (Motzkin-Straus). If A is the adjacency matrix of a graph G with

n vertices, then the independence number of G is given by

1
α(G) = min

x∈Rn
+,
∑

i
xi=1

xT (I + A)x.

In [47], the optimization problem in Theorem 8.1 is converted into the following

equivalent form:

α(G) = min λ

s. t. λ(I + A)− Jn ∈ Cn.
(8.1)

Here Jn is the n× n matrix of all ones. In order to make the above problem (8.1)

closer to the formulation for the Lovász number, we are going to further rewrite it
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as follows:

min λ

s. t. Y − Jn ∈ Cn,

Yii = λ, ∀i = 1, . . . , n,

Yij = 0, ∀i 6∼G j,

Y ∈ Sn.

(8.2)

Since problem (8.1) can be viewed as problem (8.2) with the additional constraint

Y = λ(I +A), problem (8.2) is a relaxation of the original problem (8.1). To show

that these two problems are indeed equivalent, the following property of copositive

matrices will be useful:

Lemma 8.1. Assume Q is a copositive matrix whose diagonal entries are all equal

to µ. R is another symmetric matrix of the same size. If for each entry of R either

Rij = Qij or Rij = µ, then R is also copositive.

Proof. We only need to consider the case in which R = Q except for some off-

diagonal entry Rst = µ (and also Rts = µ), since the general result can be obtained

by repeating the same argument for each difference between R and Q. For any

x ∈ Rn
+ with ∑i xi = 1,

xTRx = µx2
s + µx2

t + 2µxsxt +
∑

(i,j)6=(s,s),
(s,t),(t,s),(t,t)

Qijxixj. (8.3)

Fix xi, i 6= s, t, as constants and regard xTRx as a function of xs by replacing

xt = 1− xs −
∑
i 6=s,t

xi.

Then the first part of (8.3)

µx2
s + µx2

t + 2µxsxt = µ(xs + xt)2 = µ

1−
∑
i 6=s,t

xi

2
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becomes a constant. Since the remaining terms in (8.3) are all linear functions of

xs, xTRx is also linear as a function of xs and thus must achieve the minimum

when xs = 0 or xs = 1. However, in both cases, xTRx = xTQx ≥ 0, which implies

that R is also copositive.

Now we can prove that the problems (8.1) and (8.2) have the same optimal

value. Consider an arbitrary feasible solution (λ, Y ) to problem (8.2). Let

Q = Y − Jn, R = λ(I + A)− Jn.

All the diagonal entries of Q are λ − 1. By Lemma 8.1, the matrix R is also

copositive and thus λ ≥ α(G) by (8.1). On the other hand, the solution λ∗ = α(G),

Y ∗ = α(G)(I + A) is feasible to (8.2), so it must be optimal.

The copositive cone constraint in (8.2) makes the problem hard to solve. If we

substitute the copositive cone Cn in (8.2) with the semidefinite cone Pn, the optimal

value for the modified problem is the Lovász number ϑ(G). Since Pn ⊆ Cn, we

immediately get α(G) ≤ ϑ(G). Naturally, to find a tighter bound for the Shannon

capacity Θ(G), we can replace the copositive cone Cn in (8.2) by some cone between

Cn and Pn, which may lead to some problem whose optimal value is potentially

between the Shannon capacity Θ(G) and the Lovász number ϑ(G).

The above discussion illuminates us to construct more general approximations

for the independence number α(G) by introducing some arbitrary cone An ⊆ Cn,
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i.e., the problem

min λ

s. t. Y − Jn ∈ An,

Yii = λ, ∀i = 1, . . . , n,

Yij = 0, ∀i 6∼G j,

Y ∈ Sn.

(8.4)

In the case when the cone An is chosen to be the semidefinite cone Pn, the

above problem (8.4) gives the Lovász number ϑ(G). To provide some other exam-

ples of An, one can approximate the copositive cone Cn based on sum-of-squares

programming [47]. Note that the copositivity of a matrix Q ∈ Sn can be equiva-

lently written as

pQ(x) =
∑
i,j

Qijx
2
ix

2
j ≥ 0, ∀x ∈ Rn. (8.5)

Like determining copositivity, it is NP-hard to decide whether the polynomial

pQ(x) is nonnegative or not. However, if pQ(x) can be written as a sum of squares,

i.e.,

pQ(x) =
∑
k

g2
k(x),

where gk(x) are arbitrary polynomials of x ∈ Rn, then clearly pQ(x) is nonnega-

tive. All symmetric matrices Q ∈ Sn whose corresponding polynomial pQ(x) given

by (8.5) is a sum of squares constitute a cone, which will be denoted as C(0)
n in

the following. Obviously C(0)
n ⊆ Cn, and furthermore it is tractable to determine

whether a matrix Q is in the cone C(0)
n through SDP. In fact, C(0)

n has a simple

characterization [48]:

C(0)
n = Pn +Nn.

In other words, the polynomial pQ(x) is a sum of squares if and only if the matrix

Q can be written as a sum of a positive semidefinite matrix and a nonnegative
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symmetric matrix.

For any graph G, the optimal value of problem (8.4), in which An = C(0)
n , is

called ϑ′(G), the Schrijver ϑ′-function [49]. Since

Pn ⊆ C(0)
n ⊆ Cn,

for any graph G,

α(G) ≤ ϑ′(G) ≤ ϑ(G).

Moreover, there exists some graph for which the second inequality is strict (see

[49]). Given these properties, ϑ′(G) looks promising for being a better upper

bound for the Shannon capacity Θ(G).

More generally, we can find even better approximations for the copositive cone

Cn by using higher order sum-of-squares polynomials. For each nonnegative integer

r, define a set C(r)
n as follows: a symmetric matrix Q belongs to C(r)

n if and only

if there exists a polynomial h(x) of degree at most 2r such that both h(x) and

h(x)pQ(x) are sum of squares. Then C(r)
n is a cone, and

Pn ⊆ C(0)
n ⊆ C(1)

n ⊆ · · · ⊆ C(r)
n ⊆ · · · ⊆ Cn.

Similar to the Schrijver ϑ′-function, we denote the optimal value of the correspond-

ing problem (8.4) as ϑ(r)(G).

For higher-order sum-of-squares cones C(r)
n where r > 0, although ϑ(r)(G) is a

tighter upper bound for the independence number than ϑ(G) or ϑ′(G), it is too

tight for being an upper bound for the Shannon capacity Θ(G). For instance, for

the pentagon graph C5, if r > 0,

α(C5) = ϑ(r)(C5) = 2 < ϑ(C5) = ϑ′(C5) = Θ(C5) =
√

5.

104



To obtain a correct upper bound for the Shannon capacity from cones C(r)
n , we have

to add extra constraints in the problem (8.4) to restrict these cones. Whatever

the exact form of constraints is, we can still analyze the restricted problem as a

special case of (8.4) as long as these constraints define a cone.

In the following, we will assumeAn in the above problem (8.4) to be an arbitrary

cone satisfying An ⊆ Cn, and the optimal value will be called f(G). To ensure that

f(G) is still an upper bound for the Shannon capacity Θ(G), in the next section

we will look at the key property of the semidefinite cone Pn used by the Lovász

number ϑ(G) that guarantees Θ(G) ≤ ϑ(G) and then try to enforce the same

property on the cone An in (8.4).

8.2 Product Property and Upper Bounds for the Shannon

Capacity

One fundamental property1 of the Lovász number is

ϑ(G�H) ≤ ϑ(G)ϑ(H) (8.6)

for any graphs G and H, which immediately implies that

k

√
α(Gk) ≤ k

√
ϑ(Gk) ≤ ϑ(G)

for all positive integers k, and thus

Θ(G) = sup
k

k

√
α(Gk) ≤ ϑ(G).

The above argument can also be applied to the graph function f(G) defined

as the optimal value of (8.4). Since α(G) ≤ f(G), as long as f(G) satisfies the
1In fact, the equality holds in (8.6), but the reverse direction is not relevant for our purpose.
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similar inequality

f(G�H) ≤ f(G)f(H) (8.7)

for any graphs G and H, f(G) will also be an upper bound for the Shannon

capacity Θ(G). To find the condition that leads to the inequality (8.7), we need

to generalize the proof for the property (8.6) of the Lovász number, which itself is

a special case of the general product rules in semidefinite programming [50].

Consider two graphs G of n vertices and H of m vertices. Assume (λ′, Y ′)

and (λ′′, Y ′′) are the optimal solutions to the problem (8.4) for graph G and H,

respectively. Let Y = Y ′ ⊗ Y ′′, i.e., the Kronecker product of Y ′ and Y ′′, which is

an nm× nm matrix given by

Y =


Y ′11Y

′′ · · · Y ′1nY
′′

... . . . ...

Y ′n1Y
′′ · · · Y ′nnY

′′

 .

We index the rows of Y by pairs (i, j) and the columns by pairs (k, l), then the

above definition can be rewritten as

Y(i,j)(k,l) = Y ′ikY
′′
jl .

If (i, j) 6∼G�H (k, l), then either i 6∼G k or j 6∼H l, which implies either Y ′ik = 0 or

Y ′′jl = 0 and thus Y(i,j)(k,l) = 0. Since all the diagonal entries of Y equal to λ′λ′′, if

we can show that Y − Jnm ∈ Anm, then (λ′λ′′, Y ) will be a feasible solution to the

problem (8.4) for the product graph G�H. In this case, we have

f(G�H) ≤ λ′λ′′ = f(G)f(H).

Let

Q = Y ′ − Jn, R = Y ′′ − Jm.
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Then Q ∈ An, R ∈ Am. The only missing part that remains to show is

Y − Jnm = Y ′ ⊗ Y ′′ − Jnm = (Q+ Jn)⊗ (R + Jm)− Jnm ∈ Anm,

which will be encapsulated into the following definition:

Definition 8.1. Given two symmetric matrices Q ∈ Sn, R ∈ Sm, define

Q�R = (Q+ Jn)⊗ (R + Jm)− Jnm.

A sequence of cones An ⊆ Sn is said to have the product property if for any matrices

Q ∈ An, R ∈ Am, we have Q�R ∈ Anm.

Based on this definition, the above argument can summarized as follows:

Theorem 8.2. If the cones An in problem (8.4) satisfy An ⊆ Cn and the product

property, then Θ(G) ≤ f(G) for any graph G.

As an example, we check that the product property holds for the sequence of

cones Pn in the Lovász number. Assume matrices Q ∈ Pn, R ∈ Pm. Then the

matrix

Q�R = (Q+ Jn)⊗ (R + Jm)− Jnm = Q⊗R +Q⊗ Jm + Jn ⊗R

is positive semidefinite, because the Kronecker product of two positive semidefinite

matrices is still positive semidefinite. Therefore, Theorem 8.2 implies that the

Lovász number ϑ(G) ≥ Θ(G).

The product property is a sufficient condition for the functional inequality (8.7)

and further for being an upper bound for the Shannon capacity. However, neither

the product property nor the inequality (8.7) is necessary for being the upper

bound. In any case, from the proof of Theorem 8.2, one can see that the product

property is the most natural condition to guarantee Θ(G) ≤ f(G). Next, we will

study the product property holds for what choice of cones An.
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8.3 Optimality of the Lovász Number

In the last section, we stated the product property, the condition for our new

bound f(G) defined in (8.4) to be an upper bound for the Shannon capacity. At

the same time, we do not want f(G) to be much larger than the Lovász number for

the same graph G. Note that the Lovász number satisfies the following sandwich

theorem:

α(G) ≤ ϑ(G) ≤ χ(Ḡ),

where χ(Ḡ) is the chromatic number for the complement graph of G. If we choose

G = K̄2, the edgeless graph of two vertices, then

2 = α(K̄2) ≤ ϑ(K̄2) ≤ χ(K2) = 2.

If the new bound f(G) satisfies the similar sandwich theorem, then f(K̄2) = 2,

which means that the matrix

Λ =

 1 −1

−1 1

 ∈ A2.

We want to find a sequence of cones An satisfying all the above desired condi-

tion. However, it turns out that the only possible cones An must be subsets of the

corresponding semidefinite cones Pn, and the obtained upper bound f(G) would

be at least the Lovász number.

Theorem 8.3. If a sequence of cones An satisfies the following properties:

1. An ⊆ Cn for all n.

2. The matrix Λ ∈ A2.

3. The sequence An has the product property.
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Then we must have An ⊆ Pn for all n.

Proof. Prove by contradiction. Assume there is a matrix A ∈ An which is not

positive semidefinite and v is an eigenvector of A such that vTAv < 0.

We first construct a matrix B ∈ Am with m = 2n which has a eigenvector w

such that

wTBw < 0,
∑
i

wi = 0.

For any k > 0, let B = A � (kΓ), then by the cone property and the product

property,

B =

2kA+ Jn −Jn

−Jn 2kA+ Jn

 ∈ Am.
If we let

w =

 v

−v

 ,
then

wTBw = 4kvTAv + 4vTJnv.

In the above argument, we can choose k with

k >
vTJnv

vTAv
,

and now the matrix B and its eigenvector w will have all the desired properties.

Next, we are going to construct another matrix C ∈ A2m which is not coposi-

tive, which will lead to a contradiction. Define

x = max(w, 0), y = max(−w, 0).

Then x, y ≥ 0 and w = x− y.
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For any k > 1, by the product property again, the matrix

C = (kΓ)�B =

 (k + 1)B + kJm −(k − 1)B − kJm

−(k − 1)B − kJm (k + 1)B + kJm

 ∈ A2m.

Consider

(
xT yT

)
C

x
y

 = (k + 1)(xTBx+ yTBy)− 2(k − 1)xTBy

+k(xTJmx+ yTJmy)− 2kxTJmy,

where the second part,

k(xTJmx+ yTJmy)− 2kxTJmy = k
∑
i

∑
j

(xixj + yiyj − xiyj − yixj)

= k
∑
i

∑
j

(xi − yi)(xj − yj) = k

(∑
i

wi

)2

= 0.

Since

wTBw = (x− y)TB(x− y) = xTBx+ yTBy − 2xTBy < 0,

for sufficiently large k, we have

xTBx+ yTBy < 2k − 1
k + 1x

TBy,

which will imply (
xT yT

)
C

x
y

 < 0.

Now we obtain a matrix C ∈ A2m and C is not copositive, which is a contradiction.

Theorem 8.3 tells us that either the cones do not have the product property

or the resulting function f(G) ≥ ϑ(G). As a result, it is impossible to derive an

upper bound for the Shannon capacity that is better than the Lovász number by

enforcing the product property on cones An.
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For the Schrijver ϑ′-function, the corresponding cones C(0)
n satisfy the first and

second condition of Theorem 8.3 but not the conclusion C(0)
n ⊆ Pn. Therefore,

by Theorem 8.3, the cones C(0)
n do not have the product property. Although not

having the product property for C(0)
n does not directly imply that the Schrijver ϑ′-

function is not an upper bound for the Shannon capacity, it strongly suggests such

negative result. In fact, it is very hard to disprove that the Schrijver ϑ′-function

is an upper bound, because at least for graphs G of moderate size the two values

ϑ′(G) and ϑ(G) are very close to each other. In order to prove that ϑ′(G) is not

an upper bound, we have to find some sufficiently large k and show that

ϑ′(G) < k

√
α(Gk) ≤ ϑ(G),

which is extremely difficult even if G contains only a few vertices. We believe that

the Schrijver ϑ′-function is not an upper bound for the Shannon capacity due to

its lack of the product property, but whether this is actually true or not remains

open.
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CHAPTER 9

CONCLUSION

In Part I of this dissertation, we propose a novel bound for the duality gap

of separable problems. The improvement over the existing results is attributed

to two sources. First, instead of using a single number measurement, a series

of numbers are introduced to characterize the nonconvexity of a function in a

potentially much finer manner. Such a fine measure of nonconvexity is based on the

concept of kth convex hull of a set, which allows us to differentiate different levels

of nonconvexity for nonconvex sets. Second, for a separable nonconvex problem,

we do not approximate each subproblem individually as people had done before.

Instead, by considering all subproblems jointly and noticing that the total deviation

of every subproblem to a convex problem is bounded, we reach a much tighter

estimation.

In Part II of this dissertation, we first look at the integrality gap for the sum-

of-squares relaxations of the maximum cut. We give an instance of integrality

gap 0.96 for the degree-4 sum-of-squares relaxation. However, it is already known

that there should exist instances achieving integrality gap 16/17 ≈ 0.941 unless

P = NP although such instances have never been explicitly found. Next, we

give a direction of searching for candidates of integrality gap looser than 0.96

by constructing instances with loose integrality gap for the semidefinite relaxation

with triangle constraints. Although the obtained instance by our method is already

greatly smaller than the one constructed based on the previous proof, we need to

further optimize the construction such that the size of the instance is within the

range in which we are able to verify its integrality gap computationally.

Finally, we consider the possibility of using generalized conic programming to
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upper bound the Shannon capacity of graph. The product property is a natural

condition that guarantees the relaxation being an upper bound of the Shannon ca-

pacity, and we prove that it is impossible for the value of certain conic programs,

including the sum-of-squares relaxations for the independence number, to satisfy

the product property, except the original Lovász number. However, although un-

likely, it is possible that there exist other upper bounds without satisfying the

product property, and it is of our future work to investigate such possibilities.

To reach an approximation algorithm for nonconvex optimizations, we need to

have not only a relaxation but also the rounding algorithm for the optimal so-

lution obtained from the relaxation. In this dissertation, we focus on estimating

the integrality gap or the duality gap for the convex relaxations. A natural future

direction is to study the approaches of designing rounding algorithms and ana-

lyzing the performance guarantees of the obtained solution based on our deeper

understanding of the convex relaxations achieved in this dissertation.

113



APPENDIX A

MULTIPATH RELAXATION FOR NETWORK UTILITY

MAXIMIZATION

The two convex relaxations based on Lagrangian duality and semidefinite pro-

gramming are general approaches that can be applied to varieties of nonconvex

optimization problems. However, for particular problems, there may be other re-

laxations for which we are able to prove tighter integrality gap. In this appendix,

we will reconsider the network utility maximization problem with rate constraints

(5.4) in which the rate constraint set SK are chosen to model the following two

types of constraints:

• Path cardinality constraints where each user is allowed to send positive rates

on at most W paths. This case is the generalization of the single-path routing

problem discussed in Section 4.1, and SK is chosen to be

SK = {x ∈ RK |‖x‖0 ≤ W}.

Here ‖x‖0 is the number of nonzero components in the vector x.

• Split ratio granularity constraints where the split ratio is each user must be a

multiple of 1/p. This case is already studied in Section 5.2 using the general

tool of convex relaxation based on Lagrangian duality, and SK is chosen to

be (5.6).

For simplicity, in this appendix we assume the linear utility U i(xi) = ‖xi‖1 for

each user and ‖c‖∞ = 1. In addition, in the case of path cardinality constraints,

we assume W ≥ Ki for every user i.
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Now we consider the multipath relaxation of the original network utility max-

imization problem (5.4):

min
N∑
i=1

fi(xi)

s. t.
N∑
i=1

Rixi ≤ c,

xi ∈ TKi , ∀i = 1, . . . , N,

(A.1)

where

TK = {x ∈ IK |‖x‖1 ≤ CK}

and

CK = max
x∈SK

‖x‖1.

For the case of path cardinality constraints, it is easy to see that CK = W . For

the case of split ratio granularity constraints, because a nonzero rate vector is in

SK if and only if it is p-integral, by Lemma 5.2 we immediately know that

CK = p

dp/Ke
.

Let opt be the optimal value of the original problem (5.4) and optC be the optimal

value of the relaxed problem (A.1), then opt ≤ optC . In the remaining, we are

going to upper bound the integrality gap optC − opt for both the path cardinality

constraints case and the split ratio granularity constraints.

A.1 Path Cardinality Constraints

In this section, we will bound the integrality gap for the problem (A.1) with path

cardinality constraints. Since the feasible region of (A.1) is bounded, the optimal

solution to (A.1) can be attained at one vertex of the feasible region, which will
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be called an optimal vertex solution. Our starting point is to show that optimal

vertex solutions have the following sparsity property:

Lemma A.1. Assume x is an optimal vertex solution to the problem (A.1). Let

N ′ be the number of users with at least W + 1 positive flows in rate allocation x,

then

N ′ ≤ L

W
.

At the same time, x has at most N ′ + L positive flows.

Proof. Recall that a vertex must have K = ∑N
i=1K

i independent active constraints

(constraints hold with equality). If in vertex x, a user i has less than W positive

flows, its corresponding constraint

‖xi‖1 ≤ W (A.2)

must be inactive.

Now assume user i has exact W positive flows and its corresponding constraint

(A.2) holds with equality. Without loss of generality, we can assume that its first

W paths are used. Then the only possible case is

xik = 1, k = 1, . . . ,W,

xik = 0, k = W + 1, . . . , Ki.

For k = 1, . . . ,W , if l is an arbitrary link on path k, then cl = 1. The capacity

constraint for link l must have the form xik = cl, i.e. the link l is fully occupied by

user i. Therefore, the constraint (A.2) of user i is not an independent constraint

because it can be written as a linear combination of the active constraints in Rx ≤ c

and x ≥ 0.
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Hence, there are at most N ′ independent active constraints from (A.2). Since

at most L active constraints can be obtained from Rx ≤ c, there are at least

K − N ′ − L active constraints among x ≥ 0, i.e. x must have at most N ′ + L

positive flows.

However, N ′ is the number of users who have at least W + 1 positive flows. By

the previous result, we have

(W + 1)N ′ ≤ N ′ + L,

which implies N ′ ≤ L/W .

For any optimal solution x to the relaxation (A.1), we can round it into a

feasible solution to the original problem (5.4) by sending rates only on the paths

that have W largest rates for each user and setting the rates on the other paths to

be zero. Based on Lemma A.1, we can bound the loss of the total rates after the

rounding of an optimal vertex solution, which leads to the following bound for the

integrality gap:

Theorem A.1. The integrality gap

optC − opt ≤ Ψ(L,W ),

where

Ψ(L,W ) = max
n=1,...,bL/W c

(
n− Wn2

n+ L

)
W. (A.3)

Proof. Assume x is an optimal vertex solution to the problem (A.1) and y is the

rounded solution from x. Let Gi be the number of positive flows of user i in rate

allocation x. Let S denote the set of users with at least W + 1 positive flows, i.e.

S = {i|Gi ≥ W + 1, i = 1, . . . , N}.
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Note that set S contains the users who will be affected by the rounding, and N ′ is

just the number of users in S.

If i ∈ S, then the average of positive rates of user i in x must be less than or

equal to that in y, i.e.
‖xi‖1

Gi
≤ ‖y

i‖1

W
,

because yi only contains the flows of user i with W largest rates. Now

‖xi‖1 − ‖yi‖1 ≤
(

1− W

Gi

)
‖xi‖1

≤
(

1− W

Gi

)
W, (A.4)

where (A.4) holds because x is feasible for (A.1). If i /∈ S, then

‖xi‖1 − ‖yi‖1 = 0. (A.5)

Adding up (A.4) and (A.5) for all users, we have

optC − opt ≤
N∑
i=1
‖xi‖1 −

N∑
i=1
‖yi‖1

≤
∑
i∈S

(
1− W

Gi

)
W

=
(
N ′ −W

∑
i∈S

1
Gi

)
W

≤
(
N ′ −W N ′2∑

i∈S Gi

)
W

≤
(
N ′ − WN ′2

N ′ + L

)
W,

in which the last second inequality holds because

N ′∑
i∈S 1/Gi

≤ 1
N ′

∑
i∈S

Gi,

and the last inequality is from Lemma A.1.

Since N ′ is an integer between 0 and L/W , by enumerating all possibilities for

N ′, we establish the desired result.
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For single-path routing (W = 1),(
n− Wn2

n+ L

)
W = L

1 + L/n
.

The maximizer inside (A.3) is always attained by n = L, so Ψ(L, 1) = L/2, which

is the same as the result obtained in Section 4.1. The general case is complex due

to the floor function in (A.3), but we have the following result:

Proposition A.1. If W ≥ 2,

Ψ(L,W ) ≤ (
√
W −

√
W − 1)2WL.

Proof. For any integer n = 1, . . . , bL/W c,(
n− Wn2

n+ L

)
W

=
(

(2W − 1)L− (n+ L)(W − 1)− WL2

n+ L

)
W

≤
(

(2W − 1)L− 2
√

(W − 1)WL2
)
W

= (
√
W −

√
W − 1)2WL.

A.2 Split Ratio Granularity Constraints

For the case of split ratio granularity constraints, we also have the following sparsity

property for an optimal vertex solution to (A.1). We omit the proof here since it

is similar to the proof of Lemma A.1.

Lemma A.2. Assume x is an optimal vertex solution to the problem (A.1). Then

x has at most N + L positive flows.
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Define

ρCK = max
x∈TK

φK(x),

where φK(x) is the throughput loss function given by (5.10). Assume

(x̄1, x̄2, . . . , x̄N)

is an optimal vertex solution to the problem (A.1) using at most N + L paths in

total. Let K̃i be the number of nonzero components in the vector x̄i. Then

0 ≤ K̃i ≤ Ki,
N∑
i=1

K̃i ≤ N + L,

and the throughput loss for user i during the rounding step is bounded by ρK̃i as all

the zero components can be ignored during the rounding. Since K̃i are unknown,

we have to enumerate all the possible values of K̃i and find the worst case in order

to bound the total throughput loss, which leads to the following upper found for

the integrality gap:

optC − opt ≤ max
N∑
i=1

ρCK̃i

s. t.
N∑
i=1

K̃i ≤ N + L,

0 ≤ K̃i ≤ Ki, K̃i ∈ Z, ∀i = 1, . . . , N.

To obtain the exact bound, we need to calculate the numbers ρCK . There are

two simple cases in which ρCK can be calculated easily. First, if there exists a rate

vector x ∈ TK having the maximum throughput and maximum relative throughput

loss simultaneously, that is ‖x‖1 = CK and the relative performance loss

φK(x)
‖x‖1

= K − 1
p+K − 1 ,

then we directly know that

ρCK = φK(x) = K − 1
p+K − 1CK
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Second, if there is a rate vector in TK whose throughput loss attains the maximum

throughput loss ρK in the set SK , then obviously ρCK = ρK . In fact, the following

theorem shows that either of the above two case will occur.

Theorem A.2. There exists a rate vector x ∈ IK whose relative performance loss

is
φK(x)
‖x‖1

= K − 1
p+K − 1

making one of the following two statements hold: (i) ‖x‖1 ≥ CK; (ii) φK(x) = ρK.

Proof. The result is obvious for K = 1. If K > 1, by Lemma 5.2, there exists an

integral rate vector x such that

‖x‖1 = p+K − 1
d(p+K − 1)/Ke

and its relative throughput loss is

φK(x)
‖x‖1

= K − 1
p+K − 1 .

For this particular x, if ‖x‖1 ≥ CK , statement (i) holds. Otherwise,

p+K − 1
d(p+K − 1)/Ke = ‖x‖1 < CK = p

dp/Ke
.

Let dp/Ke = Θ. The only possibility that the above inequality holds is d(p+K −

1)/Ke = Θ + 1. Now this inequality can be rewritten as

p+K − 1
Θ + 1 <

p

Θ ,

which implies that

(K − 1)Θ < p. (A.6)

If statement (ii) does not hold, i.e.,

φK(x) = K − 1
d(p+K − 1)/Ke < ρK ,
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we will end up with a contradiction. In (5.15), the maximization is not attained

by Γ = p+K − 1 and thus

ρK = ω

Θ >
K − 1
Θ + 1 , (A.7)

where ω is the integer such that (p+ ω)/K = Θ. Note that ω < K − 1, so

(K − 1)Θ
Θ + 1 < ω ≤ K − 2,

which implies
K − 2
K − 1 >

Θ
Θ + 1

and thus K − 1 > Θ + 1.

On the other hand, we can substitute ω = KΘ− p into inequality (A.7), which

gives
K − 1
Θ + 1 <

KΘ− p
Θ = K − p

Θ < 1,

where the last inequality is from (A.6). Now we have K − 1 < Θ + 1, which is a

contradiction.

Theorem A.2 offers the following approach to calculate ρCK : First, we find the

integral rate vector x with the maximum relative throughput loss as described in

the proof of Lemma 5.2. If ‖x‖1 ≥ CK , then scale down x to make ‖x‖1 = CK

without changing the relative throughput loss. In this case,

ρCK = K − 1
p+K − 1CK .

If ‖x‖1 < CK , then x ∈ TK and Theorem A.2 guarantees that φK(x) = ρK = ρCK .
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