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Asynchronous circuits have potential advantages of higher speed and lower power

consumption compared to their synchronous counterparts, but their poor CAD

support is a major issue limiting adoption. A key component of any CAD flow for

chip design is timing analysis, and the timing analysis problem for asynchronous

logic is much more complicated than that for synchronous logic.

Previous work on timing showed that such systems under AND-causality and

fixed delay exhibit periodicity properties. In this thesis, we first give a graph-

based proof of the exact periodicity properties of such systems. Our result under

weaker assumption of system connectivity, provides a theoretical foundation for

these properties to be applied and exploited in more general asynchronous circuits

containing bundled data logic or synchronous components.

Based on the theoretical results, we present the first known integrated timing

and power analysis engine capable of handling large asynchronous timing circuits.

For timing, we introduce the notion of performance and correctness slack for asyn-

chronous circuits; for power, we compute both the static and dynamic components.

We provide a hierarchical approach to constructing the event-dependency graph,

and use the Galois framework for the parallelization to achieve fast runtime. The

net result is Cyclone, a fast and accurate engine for both static timing and power

analysis of asynchronous circuits.

Along the way, we also explore the problem of cycle time of min-max system,



one of the important algorithmic problems that we will encounter when extending

our timing analysis to more general systems that contain OR-causality. We provide

a new algorithm to solve this problem and prove its correctness. We also show that

the algorithm runs reasonably fast in practice.
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CHAPTER 1

INTRODUCTIONS

1.1 Asynchronous Circuits

Circuit design styles can be roughly classified into two categories: synchronous

circuits and asynchronous circuits.1 In synchronous circuits, changes of states of

memory components are synchronous to the global clock signal. In asynchronous

circuits, there are no such global clocks, and they often use request and acknowl-

edgement signals that indicate completions of instructions and operations between

local modules and components. Asynchronous circuits have many potential ad-

vantages over synchronous circuits, including higher speed, lower power consump-

tions, and robustness to process and environmental variations. Most recently,

researchers have shown the benefits of asynchronous circuits in the context of

field-programmable gate arrays [26] and neuromorphic computing [46, 1]. Unfor-

tunately, researchers interested in evaluating or adopting asynchronous circuits are

immediately confronted with the issue of the lack of design support by mainstream

commercial flows.

1.2 Asynchronous Static Timing Analysis

A key component of any CAD flow for chip design is timing analysis, and the tim-

ing analysis problem for asynchronous logic is quite different from its synchronous

counterpart. As is shown in Figure 1.1, timing analysis of synchronous circuits can

be effectively done by analyzing acyclic regions of combinational logic separated
1This chapter is partially based on the “Introduction” sections in our work [21, 20].
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Figure 1.1: Synchronous vs asynchronous circuit

by clocked state-holding elements. Max-delay constraints (setup time) determine

the performance of the circuit, and min-delay constraints (hold time) determine if

the circuit will operate correctly. In asynchronous circuits, many common asyn-

chronous logic gates (the C-element is an obvious example) are inherently state-

holding. The time of each signal transition depends on that of many other signal

transitions, and the timing behaviors of asynchronous circuits must be modeled

by examining cyclic paths of timing dependencies. Thus, traditional timing anal-

ysis methods and tools for synchronous circuits cannot be easily adapted for this

purpose.

The problem of timing analysis for asynchronous circuits has been explored in

many previous papers. One approach is to adapt commercial synchronous static

timing analysis tools for use with asynchronous designs as in [13]. This approach

involves manually (or scripted) removal of timing arcs so that the resulting timing

graph is acyclic. The actual performance is then calculated by combining timing

paths [40]. To be accurate, this approach requires that the designer knows the

cyclic critical path in the asynchronous circuit—which will be very challenging and

time consuming when the circuit is complex or generated by a synthesis procedure.

2



Another approach is to directly build and analyze timing graph models for

asynchronous circuits. Petri nets [43], marked graphs [8], and repetitive event-

rule (RER) systems [5] (and its extended version: extended repetitive event-rule

(XRER) system [28]) are several representative models for asynchronous timing

analysis. Properties of these models and timing of asynchronous circuits have

been well studied in both mathematics (e.g. [16, 15, 12, 19]) and engineering

literature [5, 22, 28, 38, 27, 44], and it has been established that asynchronous

systems with AND-causality, fixed delays and strong connectivity assumption will

eventually show periodic behavior. Maximum cycle ratio algorithms, surveyed

by Dasdan [10], can be used to (i) characterize the performance of circuits as-

suming AND-causality and fixed delays, and (ii) derive performance bound for

data-dependent timing analysis [45].

From perspectives of theories, most of the previous performance analysis of

AND-causal asynchronous systems was approximate or asymptotic, so it is pre-

cluded from analyzing timing constraints required for correctness. Hulgaard [22]

proved a stronger result that such circuits will eventually become periodic and some

of the recent papers on Max-Plus Algebra [22, 19, 7, 51, 39] further showed that the

corresponding system associated to Max-Plus matrix will be periodic after finite

transience and gave bounds on this interval. Most of these theories are based on

the assumption that the system is strongly connected, and they are not applicable

to the system containing both synchronous and asynchronous logic (because there

is no path from the circuit to the external clock input – a violation of the strong

connectivity requirement). Furthermore, a simple data FIFO implemented with

bundled-data logic is also an example of an asynchronous circuit with more than

one strongly connected component, and such a limitation also precludes these the-

ories to be directly applicable to analysis of such systems. The work [22] actually

3



proposed a modification of the TSE algorithm in certain types of non-strongly con-

nected systems. The modification already relied on the empirical observation that

often such systems also exhibit periodicity, and their work applied the modified

algorithm to the timing verification of “STARI” [22, 14], where the system is not

strongly connected and contains both synchronous and asynchronous components.

From the perspectives of actual implementations of asynchronous timing analy-

sis, none of previous efforts consider slew rates, and therefore, they cannot compute

accurate gate delays and power using sophisticated delay models such as non-linear

delay model (NLDM). Lack of conventions in timing report of asynchronous tim-

ing analysis (timing constraints, critical paths, performance, timing slack, .etc) as

in synchronous counterpart is also a problem. There is no known framework in

the literature, to our best knowledge, that is capable of analyzing timing of large

asynchronous systems effectively and efficiently.

1.3 Cyclone: A Static Timing and Power Engine for Asyn-

chronous Circuit

In this thesis, We adopt the RER system model introduced first by Burns [5].

We first provide a graph-based rigorous proof of a stronger result on the timing

analysis of RER systems, and therefore, the timing characteristics of asynchronous

circuits. We establish that an RER system with and-causality and fixed delays

always exhibits exact periodicity and can be exactly characterized by a periodic

function after finite number of occurrences k of each transition. Our proof of sys-

tem periodicity does not require the assumption that RER systems are strongly

connected, which thus provides a theoretical foundation, for the exact periodicity

4



property to be applied and exploited in more general asynchronous circuits con-

taining bundled data logic or synchronous components. Our results hold regardless

of initial conditions and the nature of the cycles in the RER system, and it turns

out that the time taken to reach periodic steady-state is quite short for many prac-

tical asynchronous circuit topologies. The graph-based proof also gives intuitions

on an important concept: performance slack, which we will need in Cyclone timing

engine.

Then, we address several major differences and difficulties involved in asyn-

chronous timing and power engine based on the theoretical results. These include

(i) cell characterization, (ii) timing graph construction, (iii) steady-state slew rate

computation using NLDM in the presence of cycles of gates, (iv) the maximum

cycle ratio algorithm. We also introduce the asynchronous analog of the notions

of arrival time, required time, performance slack and correctness slack. After all

the timing issues are solved, power analysis of asynchronous can be easily incor-

porated under the same framework. The net result is Cyclone, an implementation

of a comprehensive asynchronous timing and power analysis engine. The engine

takes as input an asynchronous circuit netlist, multiple cell libraries using NLDM

in the Synopsys liberty (.lib) format, and timing constraints from desired asyn-

chronous circuit family for correctness. It performs a multi-corner analysis and

reports maximum cycle ratio, power consumption, and two types of timing slacks:

(i) the performance slack of each gate, which determines how much a gate can

be slowed down without impacting the performance of the asynchronous circuit;

and (ii) the correctness slack of each timing constraint, showing any violations of

timing requirements or the margin that remains. We parallelize Cyclone using

the Galois framework, and achieve up to 18.76× speedup for performance analysis

compared to the sequential runs. We also plan an open-source release of Cyclone

5



to the community.

1.4 Metastability-Free Interface between Synchronous and

Asynchronous Logic

In this thesis, we will also conclude, based on the theories we proved, that if the

primary inputs and outputs of an asynchronous circuit are placed in environment

where all the inputs are computed in a single clock domain that is slower than the

natural frequency of the asynchronous logic, all the outputs of the asynchronous

circuit will be synchronous with respect to the same clock after a finite initial time

interval. Hence, we can build metastability-free interfaces between synchronous

and asynchronous logic. We will provide an example of one such interface in

Chapter 3.

1.5 A Fast Algorithm on Cycle Time of Min-Max Systems

Our work opens doors for lots of interesting future research. The current im-

plementation of Cyclone timing and power engine assumes AND-causality, which

gives conservative timing and power analysis for asynchronous circuits. The ac-

tual circuits can have both AND-causality and OR-causality, and Lee first in-

troduced extended repetitive event-rule (XRER) system in [28] for asynchronous

timing analysis that considers certain forms of OR-causality in the circuit. The

papers [16, 15] also studied the properties of min-max functions, a closely related

problem in mathematics literature. It turns out that the XRER also exhibits

periodicity property [28, 16, 15]. As we mentioned that maximum cycle ratio char-

6



acterizes the cycle time of the RER system, and thus the performance of circuits

with AND-causality only, the analogy “min-max cycle time” will characterize the

cycle time of the XRER system, and thus the performance of more general circuits,

with both AND-causality and OR-causality. Unfortunately, unlike maximum cycle

ratio problem, where there are efficient algorithms surveyed by Dasdan [10], there

is no known polynomial algorithm that calculates min-max cycle time of XRER

system.

The problem of min-max cycle time of XRER systems extends far beyond the

asynchronous timing analysis. With slightly more work, one can show that a

restricted version of this problem is closely related to the problem of solving mean

payoff games (MPGs) [42, 11] and cyclic games [17, 49]. Mean payoff games play

important roles in model checking and automata theory, and the decision version

of this problem – deciding the winner in mean payoff games is shown to be in NP ∩

Co-NP [54], and more precisely, UP ∩ Co-UP [23]. As a result, the problem is very

unlikely to be an NP-Complete problem, because otherwise, NP = Co-NP, which

will be an astonishing result. Indeed, the problem is also shown to be solvable in

pseudopolynomial time [54, 4] and subexponential time [3]. A recent breakthrough

on parity games, (a problem that is polynomial-time reducible to the MPGs and

thus “slightly easier”), shows that parity games can be solved in quasi-polynomial

time [6]. However, after decades of research, there is no known polynomial time

algorithm for any of these problems. There are very few known problems sharing

similar time complexity status, such as the decision version of integer factorization

problem, which is also in NP ∩ Co-NP, UP ∩ Co-UP, solvable in pseudopolynomial

time and subexponential time, but not known in P.

With these preliminaries on the problem of min-max cycle time of XRER sys-

7



tems, we will consider the following equivalent problem: cycle time of min-max

system. In this thesis, we will first introduce the formulism of the min-max system

and its cycle time, and then provide a brand new algorithm on finding the cycle

time of min-max system. We will prove that the algorithm terminates and returns

the correct results as desired, and show that the algorithm runs reasonably fast in

practice.

1.6 Thesis Outline

This thesis is outlined as following:

• Chapter 2 introduces the RER system formulism and presents the main the-

oretical results of RER systems that we leverage for Cyclone analysis.

• Chapter 3 describes the Cyclone analysis flow, focusing on its major differ-

ences and difficulties compared to synchronous timing and power analysis.

• Chapter 4 includes our experimental results, which shows the effectiveness

and efficiency our Cyclone timing and power engine.

• Chapter 5 introduces a fast algorithm on cycle time of min-max system,

a theoretical foundation for a potential extension to our current Cyclone

engine.

• Chapter 6 concludes this thesis and gives future work.

8



CHAPTER 2

THEORIES OF ASYNCHRONOUS STATIC TIMING ANALYSIS

In this chapter, we will present the core theoretical results, namely, the exact

periodicity timing property of asynchronous systems under AND-causality and

fixed delay assumptions.1

2.1 Preliminaries

We will first provide preliminaries for our work. Functionalities of asynchronous

circuits will be primarily expressed using the production rule set (PRS) . We adopt

the repetitive event rule (RER) system model introduced first by Burns [5] for static

timing and power analysis on asynchronous systems. Some basic definitions from

previous work [32, 5, 22] are repeated here for completeness.

Definition 1. A production rule (PR) is a construct of the form G 7→ t, where t is

a simple assignment (a transition), and G is a boolean expression, which is called

the guard of the PR. A gate with output x, pull-up network B+, and pull-down

network B− corresponds to the production rules

B+ 7→ x ↑ (2.1)

B− 7→ x ↓ .

A production rule set (PRS) is the concurrent composition of all the production

rules in the set. A production rule set is used to describe a network of gates. For
1This chapter is based on our work in [21], and part of our work in [20].
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example, a two-input NAND gate with input a and b and output c would be

represented by the following production rules:

a&b 7→ c ↓ (2.2)

∼ a| ∼ b 7→ c ↑ .

Definition 2. An event-rule (ER) system is a pair 〈E,R〉 where E is a set of

events, and R ⊆ E × E × R≥0 is a set of rules that define timing constraints.

A rule r = (e1, e2, α) is written as e1
α7→ e2, and indicates that the event e2

cannot occur until α time units after e1 occurs. e1 is said to be the source of r

(denoted src(r)), and e2 is said to be the target of r (denoted tgt(r)). There could

be events f for which there are no rules that constrain their timing. In other words,

there is no r ∈ R such that tgt(r) = f. These are referred to as initial events. For

a non-terminating computation, the set of events E as well as the set of rules R

are infinite.

Often systems with non-terminating computations of interest are repetitive.

Hence, although the sets E and R are infinite, they can be represented as unfoldings

of a compact, finite representation.

Definition 3. A repetitive event-rule (RER) system is a pair 〈E ′, R′〉 where E ′

is a set of transitions, and R′ ⊆ E ′ × E ′ × R≥0 × N is a set of rule templates.2

The ER system corresponding to 〈E ′, R′〉 is given by 〈E,R〉, where E = E ′ × N

and R consists of rules of the form 〈u, i〉 α7→ 〈v, i + ε〉 where r = (u, v, α, ε) ∈ R′

and i ∈ N. Here, the non-negative integer i is called the occurrence index and ε is

called the occurrence index offset of r.
2RER systems can also be augmented with a finite initial prefix to capture initialization in

a circuit. We omit this technical detail from this thesis, as it has no impact on our analysis or
main results.
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Definition 4. Given an ER system, the function t : E → R≥0 is said to be a

timing function for the ER system iff

t(f) ≥ t(e) + α, ∀ e α7→ f ∈ R. (2.3)

Initial events can be assigned an arbitrary time by a timing function, as there

are no rules that constrain them. Notice that there might be multiple rules which

have the same target. In this case, each rule places a constraint on the time

when the event f can happen and all constraints must be satisfied; hence, this

representation captures AND-causality.

The timing simulation t̂ is a special timing function which captures the notion

of the actual time at which each event occurs.

Definition 5. The timing simulation t̂ is the timing function defined by

t̂(f) = max{t̂(e) + α | e α7→ f ∈ R} (2.4)

with the convention that the max operator evaluates to 0 when the set is empty (for

initial events).

We assume that the timing simulation assigns time 0 to every initial event

unless otherwise specified. Note that the definition of timing simulation is similar

to “As Soon As Possible Scheduling.” It is easily established that for any timing

function t, t̂(e) ≤ t(e) for all events e [5]. Given a potential timing function for

the system, we introduce the notion of the slack of a rule in the ER system.

Definition 6. Given a function t : E → R≥0, the timing slack function st : R→ R

induced by t is defined by:

st(e α7→ f) = t(f)− (t(e) + α). (2.5)
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The timing slack is another way to identify whether or not a given function t

is in fact a valid timing function; t is a valid timing function iff the slack function

is non-negative.

It is sometimes convenient to visualize event rule systems as well as repetitive

event-rule systems in graphical format. For event rule systems, the acyclic con-

straint graph is used to visualize timing constraints [5]. The graph is constructed

from the ER system: the set of vertices is the set of events E and a rule e α7→ f ∈ R

is displayed as an edge from e to f with an edge weight label corresponding to the

delay α.

For repetitive event-rule systems, a similar visualization approach is used and

is referred to as the collapsed constraint graph [5]. The set of vertices of the graph

is the set of transitions E ′, and each rule template 〈u, v, α, ε〉 is displayed as an

edge from u to v with an edge weight α. In addition, if ε > 0, the edges are marked

with lines (called “ticks”) where the number of lines is the value of ε.

The following definitions deal with the graphical representation of the ER and

RER systems.

Definition 7. A path p of length n (denoted as l(p) = n) in an RER system is a

list of arcs (e0, e1, ..., en) where (ei, ei+1, αi, εi) ∈ R′, for some αi ∈ R≥0 and εi ∈ N.

We define the delay along the path p by δ(p) = ∑
i αi and the epsilon-sum ε(p) =∑

i εi. A path is a simple cycle iff e0 = en and ei 6= ej for all other pairs i, j with

i 6= j.

A path p of length n in an ER system is a list of arcs (e0, e1, ..., en) where

ei
αi7→ ei+1 ∈ R, for some αi ∈ R≥0. We define the delay along the path p by δ(p)

= ∑
i αi. Given a timing function t, we can define the slack of the path st(p) as

12



x ↓ x ↑ y ↑ y ↓

10 1 10

9.9110

Figure 2.1: Example RER system

∑
i st(ei

αi7→ ei+1).

We examine paths in two graphs (the constraint graph and the collapsed con-

straint graph) in the analysis below. To resolve ambiguity, we use the term e-path

to refer to a path in the ER system rather than the RER system.

For example, consider the RER system 〈E ′, R′〉 where

E ′ = {x↑, x↓, y↑, y↓}

R′ = {(x↓, x↑, 10, 0), (x↑, x↓, 10, 1), (x↑, y↑, 1, 1),

(y↑, x↑, 1, 0), (y↑, y↓, 10, 0), (y↓, y↑, 9.9, 1)}

The graphic representation of this RER system is shown in Figure 2.1 (similar to

an example explored in [38]), with part of the ER system corresponding to this

RER system shown in Figure 2.2. In this example, the initial events are 〈y↑, 0〉, and

〈x↓, 0〉. Thus t̂(〈y↑, 0〉) = 0 and t̂(〈x↓, 0〉) = 0. Consider the transition x↑. We can

set t(x↑, 0) to be any number greater than ten to obtain a valid timing function.

However, by definition, only t̂(〈x↑, 0〉) = max{t̂(〈y ↑, 0〉 + 1, t̂(〈x↓, 0〉) + 10} =

max{0 + 1, 0 + 10} = 10 is the timing simulation.

While general RER systems allows arbitrary non-negative integers ε(r) for rules

r ∈ R′, in practical cases, ε(r) is often 0 or 1. Furthermore, if a rule with delay

α has ε(r) > 1, it can also be represented by ε(r) consecutive directed edges, each

with delay α/ε(r) and ε = 1. Thus, without loss of generality, we assume that

ε(r) ∈ {0, 1}, and thus max{ε(r)} = 1 for all of the rules in the RER systems

13



〈y ↓, 1〉 〈y ↑, 2〉 〈y ↓, 2〉

〈x ↑, 1〉 〈x ↓, 2〉 〈x ↑, 2〉

...

...

〈y ↑, 3〉 〈y ↓, 3〉

9.9 10

10 10

9.9

1

101 1

t̂ = 29.9 t̂ = 39.8 t̂ = 49.8

t̂ = 30 t̂ = 40 t̂ = 50

t̂ = 59.7

t̂ = 69.7

Figure 2.2: Part of the ER system corresponding to Figure 2.1

discussed in the rest of the chapter. Given this assumption, we have:

Corollary 1. For any path or e-path p,

l(p) ≥ ε(p) (2.6)

A straightforward generalization of Definition 5 (timing simulations) from edges

to paths is also stated without proof below.

Corollary 2. If p is an e-path from e to f , t̂(f) ≥ t̂(e) + δ(p).

Definition 8. An RER system is said to be valid if for each transition e in the

RER system, there is a path p from e back to itself with ε(p) = 1 and δ(p) > 0.

Theorem 1. In a valid RER system,

∀ne > 0 : t̂(〈e, ne〉) > t̂(〈e, ne − 1〉) .

Proof. By assumption, for any event e there is a path pe from e to itself with

ε(pe) = 1. By construction of the ER system, there is a corresponding e-path pe,ne

from 〈e, ne − 1〉 to 〈e, ne〉. By Corollary 2,

t̂(〈e, ne〉)− t̂(〈e, ne − 1〉) ≥ δ(pe,ne) > 0 (2.7)

as desired.
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The assumption of being valid is a technical one. In any RER system that

corresponds to a physical circuit, we will have t̂(〈e, ne〉) > t̂(〈e, ne − 1〉) since this

says that the neth signal transition occurs after the (ne − 1)th signal transition on

the same variable. If the RER system does not satisfy the constraint of being valid

but satisfies the inequality in Theorem 1 by virtue of corresponding to a circuit, we

can compute the smallest gap between successive transitions of the same event and

add a new “self loop” rule template with a delay that is smaller than the smallest

gap. This will not change the timing simulation and result in an RER system that

satisfies our technical requirement.

Definition 9. An RER system is live if each simple cycle S in the system satisfies:

ε(S) ≥ 1.

All of the RER systems discussed in the following sections are assumed to be

live and valid. If an RER system is not live, then all the transitions on cycles S

with ε(S) = 0 can be collapsed into a single transition without loss of generality [5].

Definition 10 (critical cycle). The cycle ratio of a cycle C is defined to be

δ(C)/ε(C). A critical cycle C of an RER system is a simple cycle with the maxi-

mum cycle ratio p?, given by p? = maxC δ(C)/ε(C) over all cycles C.

Note that this definition of cycle ratio is different from that of the cycle mean,

p? = maxC δ(C)/l(C), which corresponds to a special case to our assumption,

when every edge in the RER system has a tick, as in [16, 19, 7, 51, 39].

We assume that the maximum delay of a rule r ∈ R′ in the RER system is

denoted as αmax. In most of previous work, the collapsed constraint graph is

assumed to be strongly connected. In this thesis, we make a weaker assumption—

namely, that for any transition f in the RER system, there exists a path p from a
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transition on some critical cycle to f . Given this assumption and the definition of

N , we have:

Corollary 3. For any transition f in the RER system, there exists a path p from

a transition e on some critical cycle C to f such that 0 ≤ l(p) ≤ N − l(C) ≤

N − ε(C) < N . Notice that when f is on a critical cycle, e = f and l(p) = 0.

In what follows, we examine e-paths in the ER that correspond to cycles in

the corresponding RER system. We sometimes refer to these e-paths as cycles—

although the e-path in the ER system is in fact acyclic, it corresponds to a cycle

of transitions in the corresponding RER system.

2.2 Proof of Periodicity

Given these technical preliminaries, we will prove our main technical result Theo-

rem 3, the exact periodicity in an RER system with and-causality and fixed delay,

based on graph and path properties, which can be stated as follows: There are

integer constants M ≤ lcm{1, 2, ..., N} < 3N [18] (M is defined later in the proof,

which characterizes the period of the system, a similar parameter to ε? in [22] and

the bound here corresponds to the worst case scenario and is very conservative)

and

k? = min{2Np? +Nα?, 3Np?}
p? − p′

+ (3M + 1)N

(p′ is also defined later in the proof, which characterizes, and is at most, the second

largest cycle mean of the system) such that for all transitions e and all integers

n ≥ k?,

t̂(〈e, n+M〉)− t̂(〈e, n〉) = Mp?.
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The work [16] implied that the system will have the same (asymptotic) cycle

time under our weaker assumption of system connectivity/topology. Papers [19, 7,

51, 39] gave bounds on transience of the corresponding matrix and system before

exhibiting periodicity and pointed out that the period will be the same if it is

strongly connected. Our work on exact periodicity properties of systems, however,

makes weaker assumption about system connectivity/topology, and thus directly

applies to more general classes of systems, especially the circuits/systems that

we will discuss later. Furthermore, our graph-based proof gives intuitions and is

closely related to an important concept: performance slack, which will be used

in Cyclone timing and power engine in the next chapter. Finally, although our

bounds on k? are not directly comparable to those of [19, 7, 51, 39] because of the

different assumption, definition, and proof strategy, parameters and terms in our

formula still show some similar patterns and relations to previous results, which

also reveals some intrinsic properties of these systems.

The rest of this section establishes this main technical result through a number

of small steps. The next three lemmas are straightforward.

Lemma 1. Let f be a non-initial event in an ER system. Then, ∃ at least one

rule r = e
α7→ f ∈ R such that st̂(r) = 0.

Proof. If f is a non-initial event, then there is at least one rule that has f as a

target. This means that in the equation for t̂(f) (definition 5), the set on the right-

hand side of the equation is non-empty. Hence, there is some r = e
α7→ f ∈ R

such that t̂(f) = t̂(e) + α. By definition, st̂(r) = 0.

Corollary 4. For every non-initial event, there exists a path from some initial

event to it that has zero slack.
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As can be seen in Figure 2.2, from any event, we can always find a bolded path

(zero slack rule) back to an initial event.

Consider the ER system that corresponds to an RER system. For any non-

initial event 〈f, nf〉, there is a zero slack e-path from some initial event to it

(Corollary 4). Consider some event 〈e, ne〉 on such a zero slack e-path that includes

〈e, ne〉
α17→ 〈u1, nu1〉...

αm7→ 〈um, num〉
αm+17→ 〈f, nf〉.

Lemma 2 (Zero Slack Path Timing Property). For all i ∈ Z where i+min(ne, nf ) ≥

0,

t̂(〈f, nf + i〉)− t̂(〈f, nf〉) ≥ t̂(〈e, ne + i〉)− t̂(〈e, ne〉). (2.8)

Proof. By Corollary 2, given any e-path p from 〈e, ne + i〉 to 〈f, nf + i〉, we have:

t̂(〈f, nf + i〉)− t̂(〈e, ne + i〉) ≥ δ(p) (2.9)

By construction, we are given a zero slack e-path

p0 = (〈e, ne〉, 〈u1, nu1〉, . . . , 〈um, num〉, 〈f, nf〉). (2.10)

Therefore,

δ(p0) = t̂(〈f, nf〉)− t̂(〈e, ne〉). (2.11)

Since the ER system is a generated from an RER system, there is an e-path pi

from 〈e, ne + i〉 to 〈f, nf + i〉 corresponding to p0, and δ(p0) = δ(pi). Hence,

t̂(〈f, nf + i〉)− t̂(〈e, ne + i〉) ≥ δ(pi) = δ(p0). (2.12)

Using (2.11) for δ(p0) and re-arranging the inequality gives us the result.

The proof of Lemma 2 relies on the repetitive nature of the ER system obtained

from the RER system—if a zero-slack path exists between 〈e, ne〉 and 〈f, nf〉, then
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the delay on that path is a bound on the minimum delay between 〈e, ne + i〉 and

〈f, nf + i〉 for any i ≥ −min(ne, nf ).

Lemma 3. Let k ≥ 2, k, l1, ..., lk ∈ Z and k - l1, l2, ..., lk, then there exists m 6=

n, m,n ≤ k, m,n ∈ N+ such that

ln − lm ≡ 0(mod k). (2.13)

The proof has the same idea as in [19], and we repeat it here for completeness.

Proof. Since none of l1, ..., lk is divisible by k,

li ≡ ji(mod k), (2.14)

for all i ≤ k, i ∈ N+, where ji ∈ {1, 2, ..., k − 1}. Since we have k ji’s, but only

k− 1 different elements, the pigeonhole principle indicates the existence of i1 6= i2,

i1, i2 ≤ k, i1, i2 ∈ N+, such that li1 ≡ li2(mod k), which proves Lemma 3.

With all the preparation Lemmas above, the following Lemma shows that the

timing gaps of the occurrences of the same transition can be considered in blocks

with finite sizes, where each block is bounded above by a quantity related to the

critical cycle ratio.

Lemma 4 (Upper Bound). Given an event 〈f, nf〉 and I ∈ N+ such that nf ≥ NI,

there exists q ≤ N, q ∈ N+ such that

t̂(〈f, nf〉)− t̂(〈f, nf − qI〉) ≤ qIp?, (2.15)

where p? is the critical cycle ratio (Definition 10).

Proof. By Corollary 4, there always exists a zero slack e-path from some initial

event 〈g, 0〉 to the non-initial event 〈f, nf〉. By finding back zero slack rule from

〈f, nf〉, we will obtain such a path.
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If nf ≥ NI, then this zero slack e-path has at least NI edges (because

max{ε(r)} = 1). We only have N unique transitions in the RER system, so

some transition (denoted as e) must appear at least NI
N

+ 1 = I + 1 times on

this e-path. Consider the I + 1 occurrences of transition e that are closest to the

initial event 〈g, 0〉 in time, denoted by events 〈e, n0〉, 〈e, n1〉, ..., 〈e, nI〉, where

0 ≤ n0 < ... < nI ≤ NI. (Notice that e might occur more than I + 1 times, and

we only choose the I + 1 occurrences with the smallest ni’s).

We can decompose the large cycle (〈e, n0〉, ..., 〈e, n1〉, ..., 〈e, nI〉) into I cycles

(〈e, n0〉, ..., 〈e, n1〉), (〈e, n1〉, ..., 〈e, n2〉), ..., (〈e, nI−1〉, ..., 〈e, nI〉). We denote these

cycles as C1, ..., CI . Then by definition, we have that:

nm − nm−1 = ε(Cm) (2.16)

t̂(〈e, nm〉)− t̂(〈e, nm−1〉) = δ(Cm) (2.17)

for all m ≤ I,m ∈ N+.

If I is not divisible by any l′is, then I ≥ 2, and we can apply Lemma 3 with k

= I and li = ni−n0 for i ≤ I, i ∈ N+. Thus, there must exist a < b ≤ I, a, b ∈ N+

such that I | lb − la = nb − na. If I | li for some i ≤ I, i ∈ N+, then I | ni − n0.

We conclude that in either case, there must exist a < b ≤ I, a, b ∈ N such that

I | nb − na.

Let nb − na = qI = ∑b
i=a+1 ε(Ci) where q ≤ N , q ∈ N+. Notice that we can

further decompose the cycles Ca+1, ..., Cb into simple cycles Si’s without changing

the total weight and epsilon-sum of the cycles. By (the case when i < 0) in
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Lemma 2, we have

t̂(〈f, nf〉)− t̂(〈f, nf − qI〉) (2.18)

≤ t̂(〈e, nb〉)− t̂(〈e, nb − qI〉)

= qI

∑b
i=a+1 δ(Ci)∑b
i=a+1 ε(Ci)

= qI

∑
i δ(Si)∑
i ε(Si)

≤ qI max{δ(S1)
ε(S1) ,

δ(S2)
ε(S2) , ...}

≤ qIp?

as desired. Note that if the q in (2.15) is found by exactly carrying the steps

described above, the equality in (2.15) holds only when all of the equalities in

(2.18) hold, which further implies that

δ(S1)
ε(S1) = δ(S2)

ε(S2) = ... = max{δ(S1)
ε(S1) ,

δ(S2)
ε(S2) , ...} = p?. (2.19)

That is, all of the simple cycles Si’s are critical cycles.

Remark 1. Our proof of this Lemma also has some similar structures to that of

Lemma 3 in [19] when we set up a comparison between timing simulations and

the critical cycle ratio based on our Lemma 3. We introduced the parameter I in

Lemma 4 as we will need it in later parts of the proof. It is needed when we have

to consider the case where an RER system has multiple critical cycles, and some

cycles have ε(·) > 1. In those cases, the proof will need to examine timing gaps in

blocks whose size is an integer multiple of I where I corresponds to the value of

the epsilon-sum.

Given an RER system, we can easily compute the timing simulation until every

transition occurs at least n times, giving us t̂(〈f, i〉) for all f ∈ E ′ and all 0 ≤ i ≤ n.
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While computing these values of t̂, we can record all rules that have zero slack.

Note that there might be multiple rules with a given target that have zero slack,

in which case we record just one of them.

Algorithm 1 Computing M and p′ for periodicity proofs.
Initialize M = 1, p′ = 0, n = 0,
while n < NM do

n = NM
∀f ∈ E′ compute t̂(〈f, n〉) recording slack zero rules
for each node f ∈ E′ do

Find a zero slack e-path back from 〈f, n〉
for each of ≥M simple cycles Gi in the path do

if δ(Gi)/ε(Gi) < p? then
p′ = max{p′, δ(Gi)/ε(Gi)}

else
M = lcm{M, ε(Gi)}

end if
end for

end for
end while

We can compute p? using algorithms surveyed in [10], and we will discuss this

in more details in the next chapter. In the following analysis, we also need to

define two additional parameters, M and p′, related to the least common multiple

of number of the epsilon-sum of all the critical cycles, and the second largest cycle

ratio, respectively, as shown in Algorithm 1. Note that the algorithm might seems

expensive in the worst case, but the two quantities are only defined here to bound

the time that it takes for the system to exhibit periodicity. The work [22] also

claims without a proof an easy way to calculate M for practical applications, which

will be discussed in the next chapter. Furthermore, we would also like to comment

that the for the majority of practical systems, even the algorithm proposed here

turns out to be much faster than its worst case performance at the first glance,

because M is typically reasonably small.

Examining Algorithm 1, note that using the same reasoning used in Lemma 4,
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a slack zero e-path from an initial event to 〈f,NM〉 must contain at least M cycles.

In the algorithm, Gi denotes the simple cycles decomposed from these cycles. The

algorithm terminates (when M is not increased by the for loop) because M is

bounded from above by the least common multiple of the ε(C)’s for all critical

cycles C. Also, note that ε(Gi) |M for any critical cycle Gi and δ(Gi)/ε(Gi) ≤ p′

for any non-criticalGi obtained while applying the algorithm above. The quantities

M and p′ appear many times in our equations and bounds, and we will give an

intuition on the roles they play in our analysis later.

Suppose we pick an arbitrary event 〈f, nf〉 in the ER system where nf ≥ NM ,

obtain a zero slack e-path from an initial event to it, and find the q ≤ N, q ∈ N+

as in Lemma 4 such that

t̂(〈f, nf〉)− t̂(〈f, nf − qM〉) ≤ qMp?. (2.20)

Then, we also have the following corollary based on Lemma 4.

Corollary 5 (Lower Bound). If at least one of the simple cycles Si (as in Lemma 4)

is a critical cycle, then

t̂(〈f, nf + kM〉)− t̂(〈f, nf〉) ≥ kMp? (2.21)

for all k ∈ N+.

Proof. Assume that some transition e on the zero slack e-path is on the critical

cycle denoted Sx. By construction, ε(Sx) |M . By Lemma 2,

t̂(〈f, nf + kM〉)− t̂(〈f, nf〉) ≥ t̂(〈e, ne + kM〉)− t̂(〈e, ne〉)

≥ kMp?,

where the last step follows from applying Corollary 2 to the e-path obtained from

Sx repeated M/ε(Sx) times.
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Theorem 2 (Stability of Steady-State). For any transition f , if nf ≥ NM , and

t̂(〈f, nf − kM〉)− t̂(〈f, nf − (k + 1)M〉) ≥Mp? (2.22)

for all 0 ≤ k ≤ N − 1, k ∈ N, then

t̂(〈f, nf + kM〉)− t̂(〈f, nf + (k − 1)M〉) = Mp? (2.23)

for all k ∈ N+.

Proof. For the event 〈f, nf〉, we follow the steps in the proof of Lemma 4 and

obtain q1 ≤ N, q1 ∈ N+ such that

t̂(〈f, nf〉)− t̂(〈f, nf − q1M〉) ≤ q1Mp?. (2.24)

Assumption (2.22) implies that (2.24) is an equality, and (2.22) is an equality for

all 0 ≤ k < q1. Hence, all the simple cycles Si’s from Lemma 4 are critical cycles.

Applying Corollary 5 (with k = 1),

t̂(〈f, nf +M〉)− t̂(〈f, nf〉) ≥Mp?. (2.25)

(2.25) extends (2.22) to k = −1. We now repeat the argument, starting from event

〈f, nf +M〉 to obtain q2 ≤ N, q2 ∈ N+ such that

t̂(〈f, nf +M〉)− t̂(〈f, nf +M − q2M〉) ≤ q2Mp?. (2.26)

The extended (2.22) forces the inequalities to be equalities. That is,

t̂(〈f, nf +M〉)− t̂(〈f, nf〉) = Mp?. (2.27)

The result readily follows by a simple induction.

Remark 2. The paper [22] mentioned that, in strongly connected systems where

cycles have more than one tick, timing values being determined by a critical cycle
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once does not necessarily mean that timing values have entered the periodic steady-

state. Additional unfoldings might be necessary before the steady-state is reached,

and the number is closely related to solutions to the Frobenius problem [50]. This

theorem also reflects this point, and provides an alternative way to verify the timing

periodicity (including in systems that are not strongly connected but satisfy our

assumptions). In particular, if the periodicity property is maintained MN times,

the system is guaranteed to be in the periodic steady-state.

Lemma 5 (Bound of Slack). Let 〈f, nf〉 be some event in the ER system where

nf ≥ N . Then, there exists some transition e on a critical cycle C such that

(i) there is an e-path p with 0 ≤ l(p) < N from some 〈e, ne〉 to 〈f, nf〉; and

(ii) st̂(p) < min{Np? + Nαmax, 2Np?}, where αmax denotes the largest delay of

any rule in this RER system as defined earlier. Notice that when f is on a critical

cycle, e = f , l(p) = 0 and st̂(p) = 0.

Proof. We know that there exists a zero slack e-path p0 from some initial event

〈g, 0〉 to 〈f, nf〉. p0 can be decomposed into simple cycles Si and a cycle-free path

p1 = (g, e1, ..., el(p1)−1, f) with 0 ≤ l(p1) < N in the RER system. Note that p0

corresponds to the path starting from 〈g, 0〉, traversing some of the ei’s, then the

cycles Si, and then the rest of the ei’s until we reach 〈f, nf〉. Therefore,

t̂(〈f, nf〉) = δ(p0) =
∑
i

δ(Si) + δ(p1). (2.28)

By Corollary 3, we can find a path p2 with 0 ≤ l(p2) ≤ N − l(C) < N from the

transition e to f . Set p to be the e-path corresponding to p2. First notice that by
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Corollary 1, ε(p2) ≤ l(p2) ≤ N − l(C) ≤ N − ε(C), then

t̂(〈e, ne〉) ≥
⌊
ne
ε(C)

⌋
δ(C) (2.29)

=
⌊
nf − ε(p)
ε(C)

⌋
δ(C)

≥
⌊
nf − (N − ε(C))

ε(C)

⌋
δ(C)

>

(
nf − (N − ε(C))

ε(C) − 1
)
δ(C)

= nf −N
ε(C) δ(C)

= (nf −N)p?.

Thus, we have

st̂(p) = t̂(〈f, nf〉)− t̂(〈e, ne〉)− δ(p) (2.30)

=
∑
i

δ(Si) + δ(p1)− t̂(〈e, ne〉)− δ(p)

≤
∑
i

δ(Si) + δ(p1)− t̂(〈e, ne〉)

<

∑
i δ(Si)∑
i ε(Si)

∑
i

ε(Si) + δ(p1)− (nf −N)p?

< nfp
? +Nαmax − (nf −N)p?

= Np? +Nαmax.

Similarly, by Corollary 3, we can find a path p3 with length 0 ≤ l(p3) ≤ N − l(C)

from the transition e to g. Combining p3 with p1, we construct path (e, . . . , g, . . . , f)

in the RER system and decompose it into simple cycles Gi’s and a cycle-free path

p4 = (e, e1, ..., el(p4)−1, f). Together with Corollary 1, we have 0 ≤ ε(p4) ≤ l(p4) <

N . We set p to be the e-path corresponding to p4 that ends in event 〈f, nf〉 and

starts with event 〈e, ne〉. Thus,

δ(p1) + δ(p3) =
∑
i

δ(Gi) + δ(p). (2.31)
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Also, notice that

∑
i

ε(Si) +
∑
i

ε(Gi) + ε(p) (2.32)

= ε(p0) + ε(p3)

≤ nf +N − l(C)

≤ nf +N − ε(C).

Then, we have

st̂(p) = t̂(〈f, nf〉)− t̂(〈e, ne〉)− δ(p) (2.33)

=
∑
i

δ(Si) +
∑
i

δ(Gi)− δ(p3)− t̂(〈e, ne〉)

≤ (nf +N − ε(C))
∑
i δ(Si) +∑

i δ(Gi)∑
i ε(Si) +∑

i ε(Gi)
− t̂(〈e, ne〉)

≤ (nf +N − ε(C))p? −
⌊
ne
ε(C)

⌋
δ(C)

= (nf +N)p? − δ(C)−
⌊
nf − ε(p)
ε(C)

⌋
δ(C)

< (nf +N)p? − δ(C)−
⌊
nf −N
ε(C)

⌋
δ(C)

< (nf +N)p? − δ(C)−
(
nf −N
ε(C) − 1

)
δ(C)

= (nf +N)p? − (nf −N)p?

= 2Np?

as desired.

Theorem 3 (System Periodicity). Let n ≥ k? = L+NM where

L = min{2Np? +Nα?, 3Np?}
p? − p′

+ (2M + 1)N, (2.34)

Then, for all transitions f ,

t̂(〈f, n+M〉)− t̂(〈f, n〉) = Mp?. (2.35)
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Proof. For any n ≥ L and transition f , there exists a zero-slack e-path from some

initial event to 〈f, n〉 and find positive integer q1 ≤ N as in Lemma 4 such that

t̂(〈f, n〉)− t̂(〈f, n− q1M〉) ≤ q1Mp?. (2.36)

We use Si to denote the ith decomposed simple cycle as in Lemma 4. There also

exists a zero slack e-path from some initial event to 〈f, n − q1M〉, and we apply

Lemma 4 again to obtain q2 ≤ N such that

t̂(〈f, n− q1M〉)− t̂(〈f, n− q1M − q2M〉) ≤ q2Mp?. (2.37)

We use S ′i to denote the ith decomposed simple cycle from Lemma 4. Define

Kk = ∑k
i=1 qiM , where we repeat the aforementioned procedure k times. k is

selected so that

Kk > n−N(M + 1) and Kk−1 ≤ n−N(M + 1). (2.38)

Since the change from Kk−1 to Kk is qkM and qi ≤ N for all i, this also means

Kk ≤ n−N . Therefore,

(Kk − q1M)(p? − p′) (2.39)

≥ Kk(p? − p′)−NM(p? − p′)

> (n−N(M + 1))(p? − p′)−NM(p? − p′)

≥ (L−N(M + 1))(p? − p′)−NM(p? − p′)

= min{2Np? +Nα?, 3Np?}.

Lemma 5 implies that there exists an e-path p0 with l(p0) < N from some event

〈e, ne〉 to 〈f, n〉, where e is on some critical cycle C. Thus,

n− ne = ε(p0) ≤ l(p0) < N and ne −Kk > 0 (2.40)
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by Corollary 1 and the earlier constraint on Kk. Corollary 2 implies that

t̂(〈e, ne〉)− t̂(〈e, ne −Kk〉) ≥
⌊
Kk

ε(C)

⌋
δ(C) (2.41)

>
Kk

ε(C)δ(C)− δ(C)

= p?Kk − ε(C)p?

≥ p?Kk − l(C)p?

≥ p?Kk −Np?.

Since n − Kk ≥ N again by earlier constraint on Kk, Lemma 5 also provides an

e-path p−Kk
from 〈e, ne −Kk〉 to 〈f, n−Kk〉 such that

st̂(p−Kk
) < min{Np? +Nα?, 2Np?}. (2.42)

Assume, toward a contradiction, that the inequality in (2.36) is strict. We use

the contrapositive of Corollary 5 (with k := q1 and nf := n − q1M) to conclude

that none of the simple cycles S ′i’s are critical cycles. Using the same argument

as (2.18),

t̂(〈f, n− q1M〉)− t̂(〈f, n− q1M − q2M〉) (2.43)

≤ q2M

∑
i δ(S ′i)∑
i ε(S ′i)

≤ q2Mp′.

Since n − Kk−1 ≥ (M + 1)N > NM , we can repeatedly apply this reasoning

to obtain inequalities of the form (2.43). Telescoping them, and combining with

(2.36), we get

t̂(〈f, n〉)− t̂(〈f, n−Kk〉) < q1Mp? + (Kk − q1M)p′. (2.44)

Let p0 be the e-path corresponding to p−Kk
but from 〈e, ne〉 to 〈f, n〉. Then, by
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(2.41) and (2.44),

st̂(p0)− st̂(p−Kk
) (2.45)

= t̂(〈f, n〉)− t̂(〈e, ne〉)− t̂(〈f, n−Kk〉) + t̂(〈e, ne −Kk〉)

< q1Mp? + (Kk − q1M)p′ − (p?Kk −Np?)

= Np? − (Kk − q1M)(p? − p′).

Together with (2.42) and (2.45),

st̂(p0) < min{2Np? +Nα?, 3Np?} (2.46)

− (Kk − q1M)(p? − p′) < 0.

This is a contradiction, because slack value is non-negative. Thus, the equality in

(2.36) must hold. Then, by Lemma 5, all of Si’s are critical. Thus, for all n ≥ L,

we must have

t̂(〈f, n+M〉)− t̂(〈f, n〉) ≥Mp?. (2.47)

Theorem 2 then implies that for all n ≥ L+NM ,

t̂(〈f, n+M〉)− t̂(〈f, n〉) = Mp? (2.48)

as desired.

Remark 3. Our proof based on graph and path properties (slack of paths) provides

a different view from previous work on how the system enters the periodic steady-

state with time period Mp?.

Specifically, think of all the events in the system as partitioned into blocks, with

block sizes equal to integer multiples of M but less than NM . If there is positive

slack from 〈e, ne〉 (e is on a critical cycle) to 〈f, n〉 (which is not in steady-state),

then there is always a minimum reduction in slack—namely, p?−p′ after each block:
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from 〈e, ne+k1M〉 to 〈f, n+k1M〉, from 〈e, ne+k1M+k2M〉 to 〈f, n+k1M+k2M〉

etc. Since the slack on the path is finite by Lemma 5, there will be an upper bound

on the time it takes for slack on the path to vanish. For example, in Figure 2.2,

st̂(〈x↑, 1〉
17→ (〈y↑, 2〉) = 8.8, while st̂(〈x↑, 2〉

17→ (〈y↑, 3〉) = 8.7. After each block

(block size is one in this simple case because each cycle has an epsilon-sum of one),

there is at least 10 − 9.9 = 0.1 reduction of slack on the path, because transition

x↑ is on the critical cycle and occurs with a slower rate. After the slack vanishes,

the timing of occurrence of transition f will be determined by that of e, and thus

determined by the critical cycle ratio, which further implies that the transition f

will satisfy the property stated in the inequality 2.47. Theorem 2 then implies that

if a transition satisfies this property for long enough time, it will always be in the

steady-state.

Remark 4 (Complexity). We know that max{ε(C)} = N for any simple cycle in

the RER system. In the worst case, where p? ≈ p′ and M = lcm{1, 2, . . . , N}, we

know that M < 3N [18]. Thus, it can take very long time, O( N3N

p?−p′ ), for the system

to enter the steady-state. It justifies the intuition provided by the authors in [12]

and [22], that it might take long for the system to become periodic if there exists

a cycle with cycle ratio close to p?. Consider the example shown in Figure 2.1.

This example takes a very long time to reach the steady-state because p? ≈ p′, a

similar example to the Figure 3 in [38]. There are only four transitions, but the

system does not show periodicity (period 20) until after 3612 time units, when each

transition occurs more than 180 times.

Fortunately, the majority of practical systems exhibit periodicity very quickly,

and the worst case described rarely occurs. Also, since the theoretical results con-

sider the worst case in every single step of analysis, the bound is extremely loose

in practice as well.

31



2.3 Timing Constraints

Given prior work, the key performance indicator for the asynchronous circuit is

the value of p?, the maximum cycle ratio in the RER system. In addition, the

periodicity result (Theorem 1) states that there is an integer M such that the

circuit’s timing is only periodic every M iterations. Hence, we track M different

times for each transition to completely characterize the timing function t̂.

For practical applications of our theory on asynchronous circuits in steady-

state, it turns out that the M value defined in Algorithm 1 is too pessimistic,

and the calculation is thus also unnecessarily expensive. The work [22] claims

without a proof that if the system has nontrivial strongly connected components

G0, G1, ..., Gn(n ≤ |E ′|), then M = lcmi{gcd{ε(C) : C ∈ Gi}}, where gcd denotes

the greatest common divisor.

In what follows, we will introduce some important timing concepts that we will

use for our Cyclone engine in the next chapter. We assume that for every event

in the system, there is a path from an event on a critical cycle to it, the condition

needed for Theorem 1 to hold. Without loss of generality, Cyclone engine will focus

on the system with only one nontrivial strongly connected component. Note that

this will be equivalent to assuming there is a path from every event in a critical

cycle to all other events in the system. Furthermore, in this case, a conservative

M value will be the ε-sum of any critical cycle we find in the system. All of the

following work can be readily generalized to more general systems with multiple

nontrivial strongly connected components, and in which case, one can first run

strongly connected component algorithm, followed by taking the least common

multiple of M ’s of all those nontrivial strongly connected components as the final

M value.
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2.4 Arrival time, required time, and performance slack

We now introduce the notion of arrival time, required time, and performance slack

for all the events in the asynchronous system. The performance slack of a signal

transition is defined to be the amount that the transition can be slowed down

without affecting the performance of the whole system. Increasing the delays of

edges on a critical cycle further slows down the asynchronous circuit. Hence, any

transition on a critical cycle has zero performance slack.

Since we know that there is a path from every event on a critical cycle to

all other events in the RER system, we can compute the arrival time of all the

other events in the system relative to the events on the critical cycle. We select

one event on a critical cycle to have time t = 0 arbitrarily such that all the

events have non-negative arrival times. All other event arrival times are determined

by timing propagation similar to max-delay propagation in synchronous timing

analysis. Note that we are guaranteed not to propagate through cycles, since we

have already computed the arrival times for all the events on this critical cycle.

The required time can be computed in a manner analogous to the required

time in synchronous logic, by working backward from the critical cycle. The initial

condition used is that each event on the critical cycle has a required time that is

equal to its arrival time.

Finally, we have M different performance slack values for each signal transition,

obtained by subtracting the arrival time from the required time. As the circuit is

static, the final slack value for a transition is given by the minimum across all M

values. We report this value as the performance slack of a signal transition. This

is the amount by which that signal transition could be delayed without impacting
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the performance of the asynchronous circuit.

Remark 5. Note that performance slack definition here (per signal transition or

event) is slightly different from the slack in Definition 6, which is per rule. The

intuition is that unlike the slack in Definition 6, the performance slack for every

transition implicitly uses events on critical cycles of the circuit under steady-state

as reference points.

2.4.1 Correctness slack

While asynchronous circuits have been widely described as not having any “timing

closure” problems, this is not entirely accurate. While asynchronous circuits can be

designed to be robust to timing, they also have some timing constraints necessary

for correct operation. It has been shown that asynchronous circuits that must

operate correctly without any timing constraints are extremely limited in what

they can compute [37, 34]. One of the mildest forms of timing assumptions is the

isochronic fork [37], which requires that a wire branch is faster than an adversarial

sequence of gates [33]. More generally, we express our timing constraints using a

timing fork, borrowing a notion from timed distributed systems [9].

A timing fork 〈r, i〉 : 〈x, j〉 < 〈y, k〉 consists of vertex 〈r, i〉 (the “root”), and

two paths in the RER system: p〈r,i〉,〈x,j〉 from 〈r, i〉 to 〈x, j〉 and p〈r,i〉,〈y,k〉 from 〈r, i〉

to 〈y, k〉, where j, k ∈ {i, i+1}. The timing fork requires that the correctness slack

sl = min{delay(p〈r,i〉,〈y,k〉)} −max{delay(p〈r,i〉,〈x,j〉)} ≥ 0. Note that a path might

include the output transition of a gate, or might end at the input of a gate.

Timing forks are generated during logic synthesis, as different asynchronous

logic families have different timing forks. Hence, we assume they are inputs to our
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timing engine. In our evaluation section, we have isochronic fork timing constraints

as well as the “bundling” timing constraint required for bundled-data asynchronous

circuits to illustrate two different asynchronous circuit families that our engine can

analyze.

We remark that the notion of a timing fork is similar to the concept - relative

timing constraints [35] and generalizes the hold time requirement in synchronous

logic. The hold time requirement corresponds to a timing fork that begins at the

root of the common clock subtree for two flip-flops, with one path going through

the launching flip-flop and combinational logic to the input of a capturing flip-flop,

and the second path going directly to the clock input of the capturing flip-flop.
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CHAPTER 3

APPLICATIONS OF THEORIES

Our result under weaker assumption provides a theoretical foundation, for

the exact periodicity property to be applied and exploited in more general asyn-

chronous circuits containing bundled data logic or synchronous components. In

this chapter, we are going to show two main applications of our theories. We

will first introduce Cyclone, which is to our best knowledge, the first compre-

hensive description and implementation of asynchronous static timing and power

engine. Then, we will show that it is possible to interface asynchronous circuits to

synchronous logic without metastability, provided all inputs to the asynchronous

circuit are clocked.

3.1 Cyclone: An Open-Source Static Timing and Power

Analysis Engine

With all of the preliminaries presented in sections II, we now describe Cyclone

asynchronous timing and power analysis flow.1 Our asynchronous circuit design is

specified using a hierarchical format that contains the logical specification of the

gates for each component, transistor sizing information, and connectivity. From

the design description, we automatically generate the SPICE netlist and circuit

netlist for the design. Unique gates or small groups of gates that are repeatedly

used in the design are factored out into cells, and the netlist is rewritten so that all
1This section is based on our work [20].
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Hierarchical Gate Level Design

Cell Database (.spi)Circuit Netlist Gate Logic

Cell Character-
ization (.lib)

RER System

Timing and
Power Analysis

Figure 3.1: Overview of Cyclone analysis flow

gates correspond to cell instances with individual unique cells being specified by

their SPICE netlists. This information is used for cell characterization, followed

by timing graph generation and then timing and power analysis. The overall flow

is outlined in Figure 3.1.

3.1.1 RER Construction and RER Skeletons

Unlike synchronous logic where the timing arcs are specified in the .lib file, in

asynchronous logic the same gate used in different contexts may have different tim-

ing arcs. The index priority simulation (IPS) algorithm for quasi delay-insensitive

(QDI) circuits developed in [28] computes the RER system from the gates and the

state of the circuit when reset is asserted [28].

There are two major challenges with IPS algorithm: (i) limited scalability: the

algorithm requires simulating the entire asynchronous circuit digitally until a re-

peating state is found—which can be slower than timing analysis in practice when

the circuit is large; (ii) limited capability: the algorithm is designed to only handle

37



systems with AND-causality and some limited forms of OR-causality, and cannot

handle common scenarios that arise such as dual-rail encoded data. Our RER

system generation method adopts the idea of digital simulation of asynchronous

circuits, but has a number of modifications and improvements to address both lim-

itations of IPS algorithm, and will work for general asynchronous circuit families.

To address limited scalability, notice that the goal of IPS is to encode event

dependencies as RER systems. These dependencies are determined by the local

circuit within an individual process. We know the process boundaries within our

circuits, because the input to the timing analysis flow is a hierarchical design.

Hence, we partition the design into individual components at the level of mod-

ules with input and output channels, and generate for each module its local RER

system. Also, we record the events that are shared between processes in the envi-

ronment. This entire procedure only has to be executed once per unique process

in the system; if modules are re-used, this step need not be repeated.

We refer to this as generating an RER skeleton—a building block of the overall

RER system for the complete circuit. A circuit also needs to be closed by the

environment in order for IPS algorithm to generate the correct RER skeleton. In

our implementation, we connect data sources, which always send input data, and

data sinks, which always consume output data, when necessary.2

To address limited capability, consider a simple scenario where data is encoded

as a dual rail value on true and false rails. If we use IPS, then the RER skeleton

generated will only cover transitions resulting from either the true or false rail, but

not both, because it always simulates and includes the data branch with highest

index priority (predetermined) in its state graph. We build a complete RER skele-
2This is correct for slack elastic systems [30] like pipelined asynchronous circuits. More general

systems will require more sophisticated techniques to generate valid environments.
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L.t

L.e

L.f

C

C

R.t

R.f

R.e

Figure 3.2: 1-bit WCHB FIFO Circuit

ton by adopting the similar idea presented in [24], and tracking for both true and

false data branches of the circuit to include all possible digital states for the RER

skeleton. Our implementation does not assume the perfect symmetry as in [24],

and can exclude non-reachable state transitions due to any timing constraints.

Thus, our method can be applied to more general asynchronous circuit families.

Based on this accurate state graph, we can construct a complete RER skeleton for

local circuits. Assuming AND-causality, this RER skeleton provides a worst-case

estimate of the timing analysis for asynchronous circuits as desired. This is similar

to the situation in synchronous logic, where an upper bound on the maximum de-

lay is computed during static timing analysis. Figure 3.2 gives the circuit of 1-bit

weak-conditioned half-buffer (WCHB) and 3.3 shows its complete RER skeleton.

The final complete RER system for the circuit is constructed by combining

RER skeletons for all components. The skeleton of two communicating processes

will have shared events; those events can be merged to construct the combined

RER system. This procedure avoids global digital simulation of the circuit, and is

significantly faster than using traditional IPS.

The complete RER system obtained in this manner is the timing graph that

we use for further analysis.

39



L.t ↑ R.e ↑

rt ↓

R.t ↑ le ↑

L.e ↓

L.t ↓ R.e ↓

rt ↑

R.t ↓ le ↓

L.e ↑

L.f ↑

rf ↓

R.f ↑

L.f ↓

rf ↑

R.f ↓

Figure 3.3: Complete RER skeleton for WCHB. Events generated by the environ-
ment are shown in bold.

3.1.2 Cell Characterization

SPICE netlists for individual cells are simulated in HSPICE for cell characteri-

zation. Note that previously characterized cells can omit this step by using the

pre-computed cell information. We store characterization results in Synopsys Lib-

erty (.lib) format. For timing analysis, we use the standard “non-linear delay

model” (NLDM) for gate delay, and both delay and output transition time are

stored in 2D tables, indexed by input slew rate and output load. For power anal-

ysis, we store leakage power and internal energy. Cell leakage power is a single

value for each input vector; internal energy per timing arc is stored in 2D tables,

indexed by input slew rate and output capacitance as well.

It should come as no surprise that the problem of characterizing combinational

gates in asynchronous circuit design is the same as that in its synchronous coun-

terpart. However, asynchronous circuits can include general state-holding gates

with internal feedback, and there are several tricks to characterize such gates.
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a
b C c

Figure 3.4: C-element

a b c
0 0 0
0 1 cprev
1 0 cprev
1 1 1

a&b 7→c ↑
∼ a& ∼ b 7→c ↓

Figure 3.5: C-element truth table and PRS

The LiChEn tool can characterize asynchronous standard cells including state-

holding elements [41]. However, LiChEn represents state-holding gates with feed-

back in the logic expression, and can only characterize single output cells as a

result. Consider the C-element example in Figure 3.4, whose truth table and PRS

are shown in Figure 3.5. The functionality of this C-element can be expressed as

c = a ∗ b + cprev∗!a ∗ b + cprev∗!b ∗ a, which leads to feedback of pin c because

of the state-holding property of this gate. Instead, we use the PRS introduced

in chapter 2, which permits pull-up and pull-down expressions to be specified di-

rectly without feedback. This makes it straightforward to analyze state-holding

gates and characterize their timing properties.

Another property one needs to pay attention to when characterizing general

state holding gates is the “separate conditions” for output rising and falling transi-

tions. To elaborate this point, let us look at the difference between the character-

ization of a 2-input AND gate shown in Figure 3.6 and Figure 3.7 and the 2-input

C-element shown above.

a
b

c

Figure 3.6: AND gate
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a b c
0 0 0
0 1 0
1 0 0
1 1 1

a&b 7→c ↑
∼ a| ∼ b 7→c ↓

Figure 3.7: AND gate truth table and PRS

pin(c) {
direction : output ;
function : "a*b";
timing () {

related_pin : "a";
timing_sense : positive_unate ;
when : "b";
cell rise(delay mxn)

...
}
cell fall(delay mxn)

...
}

}
}

Figure 3.8: AND delay information in (.lib)

In both gates, in order to characterize the propagation delay from the signal

transition a ↑ to c ↑, we have to first set b to 1 and c to 0. Then, a is changed

from 0 to 1, and we can determine the propagation delay from a↑ to c↑. For the

combinational AND gate in Figure 3.6, without changing b, changing a back to 0

would change c back to zero; however, the characterization engine has to change b

to 0 to characterize the signal transition from a↓ to c↓ in the C-element. In terms

of the Synopsys Liberty file format, the “cell rise” and “cell fall” information for

pin c corresponds to different input conditions (b = 1 and b = 0), and thus they

have to be measured and characterized separately. The delay information saved in

(.lib) for the 2-input AND gate and 2-input C-element have the formats shown

in Figure 3.8 and Figure 3.9, respectively.
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pin(c) {
direction : output;
function : "a*b+c*!a*b+c*!b*a";
timing () {

related_pin : "a";
timing_sense : positive_unate ;
when : "b";
cell rise(delay mxn)

...
}

}
timing () {

related_pin : "a";
timing_sense : positive_unate ;
when : "!b";
cell fall(delay mxn)

...
}

}
}

Figure 3.9: C-element delay information in (.lib)

In our implementation, we extract information from the gates to determine all

the different timing scenarios for a state-holding gate. Since we do not need to

worry about the problem of feedback loops in the logic function expression encoun-

tered in [41], we can readily handle those standard cells with multiple outputs.

3.1.3 Steady-State Slew Rate Computation

We need to annotate timing graph edges with delay values and calculate internal

energy. Using NLDM, delay and internal energy values can be extracted from 2D

look-up tables indexed by input slew rate and output capacitance. In synchronous

timing and power analysis, circuits are partitioned into acyclic regions separated by
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Cell 1 Cell 2 ...

tr/tf :
(17ps, 25ps)

Input Slew:
(20ps, 50ps)

tr/tf :
(42ps, 44ps)

Figure 3.10: Slew range propagation between stages. The final value will depend
on cell sizes and parasitic capacitance.

clocked elements and the input slew rates are determined by parameters related

to the clock input or user input (e.g. driving cells). For asynchronous circuits,

however, there is no such “break point” that can be used to obtain the input slew

rate of each stage. Instead, the input slew rate of a cell is given by the rise/falling

transition time of its input, which in turn depends on the slew rate of the cell

before it. Such a cyclic dependence needs a different technique to extract the slew

rates used for delay and power calculation.

Fortunately, the rising/falling transition time of a cell output is a weak function

of its input slew rate. Even starting with a wide range of input slew rate at a cell,

the falling/rising transition time converges to a narrow range after a few stages of

propagation, as the example shown in Figure 3.10.

More precisely, suppose f(x) ∈ R>0 is the output transition time for a cell

output given the input transition time x ∈ R>0 and the output load. We note that

given an interval [a, b] with b − a ≥ δ, f(b) ≥ f(a) and |(f(b)− f(a))/(b− a)| ≤

c < 1. Thus, for any arbitrary signal transition (node) on the timing graph, we can

start with a slew rate range assumption and propagate this through the circuit in an

iterative fashion. Capacitance information is obtained from parasitics as well as the

characterization information from the .lib file, so that the appropriate slew rate is

propagated through gates. We keep propagating the slew rate ranges on the timing

graph for each signal transition, until the ranges converge. Experimental results
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show that slew rate ranges nearly always converge to very small intervals within

several propagations, which provides an efficient way to calculate the accurate

steady-state input slew rate for every signal transition.

3.1.4 Delay Calculation

Once slew rates are obtained for all signals, delay values for all the edges in the

timing graph can be computed by using the slew rate and output load, combined

with the cell characterization information in the .lib file. At this point in the flow,

we will have a graph G = (V,E) corresponding to the RER system constructed. In

addition, each edge e ∈ E has a weight w(e) given by the delay values computed

as above, and a tick value ε(e) that is either zero or one. Armed with this graph,

we compute the cycle period p? as described next.

3.1.5 Maximum Cycle Ratio Algorithm

The maximum (and minimum) cycle ratio problem has been explored in many

previous papers. Burns’ original RER formulation [5] uses linear programming

as a direct method to compute p?, and recent work also uses linear programming

as the baseline algorithm [27]. The performance of linear programming depends

strongly on the solution technique and the quality of the solver. As we will show

in Section VI, linear programming becomes much slower for large circuits.

Our implementation uses the Young-Tarjan-Orlin (YTO) algorithm [53], an

asymptotically efficient implementation of Karp-Orlin’s algorithm [25]. A previous

survey has verified that these two algorithms are the fastest and most robust
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maximum cycle ratio algorithms both in theory and practice [10]. Although their

worst-case time complexity is O(|V ||E|log|V |), the runtime for practical timing

graphs is significantly faster than the worst-case complexity.

3.1.6 Slack Computation

Once we have determined the maximum cycle ratio (p?) and M , we can use stan-

dard timing propagation as described in Section III to compute the performance

slack of each event, and the correctness slack for each timing fork. These values

have to be computed for M versions of each transition, and the most conservative

value is reported as the slack.

3.1.7 Power Calculation

The power of a circuit includes leakage power and dynamic power, and in particu-

lar, dynamic power consists of internal (short circuit) power and switching power

(charging or discharging the capacitors). Given the cell characterization results in

the .lib files, we compute for each cell i Pleakagem(i), the maximum leakage power

over different input vectors; and for each signal transition j in the RER system

Einternalm(j), the maximum internal energy per cycle for timing arcs joining at j.

Then we report the pessimistic total power of the circuit if it runs at frequency
1
p? : Ptotal = Pleak(circuit) +Pdyna(circuit) = ΣiPleakagem(i) + α(j)

p? (ΣjEinternalm(j) +

Σj
1
2Cload(j)V

2
DD) where Cload(j) is the driving load of the gate output pin corre-

sponding to j and α(j) is the activity factor of j. For QDI circuits, α(j) is 1

since each signal transition occurs at frequency p?. For combinational logic in

bundled-data circuits, simulation-based activity factors can be incorporated into
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the dynamic power computed by Cyclone.

3.1.8 Parallelization Strategy

We leverage parallelization to achieve fast timing and power analysis. Since circuits

are modeled by graphs in Cyclone analysis flow, we use the Galois framework,

which supports parallelism for graph-based algorithms, and analyze the parallelism

available in Cyclone with the operator formulation [48], a data-centric abstraction

of algorithms. This part of the work is in collaboration with Yi-Shan Lu, a Ph.D.

student in professor Pingali’s research group from University of Texas, Austin.

The Operator Formulation

The operator formulation starts from identifying the data structures involved in

the algorithm, e.g., a graph. Active elements capture where in the graph the

computation needs to be done. An operator specifies the rules to update the

graph, and it will be applied to active elements. Each application of an operator

to an active element is called an action. An action may need to read from or

write to a set of nodes and edges around the active element, which is termed the

neighborhood of the action. Active elements become inactive once the actions are

finished.

Algorithms can be categorized as data-driven or topology-driven based on the

pattern of active elements. A data-driven algorithm begins with a set of initially

active elements, generates new active elements on the fly, and terminates when

there are no more active elements to be processed. In contrast, a topology-driven

algorithm makes sweeps over all nodes/edges until certain convergence criteria is
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reached.

Scheduling needs to be considered when there are multiple active elements at

the same time. For unordered algorithms, processing active elements in any order

gives the same answer. However, some ordering may be more efficient than the

others. For ordered algorithms, active elements should appear to be processed in

certain ordering for correctness.

Parallelism in graph algorithms can be exploited among actions with disjoint

neighborhoods.

Available Parallelism

With the operator formulation of algorithms, we are ready to analyze the paral-

lelism available in Cyclone, composed of deriving edge weights, maximum cycle

ratio, timing propagation, power computation and timing constraint checking.

Deriving Edge Weights

As mentioned in Section 3.1.3, edge weights in a timing graph are computed by

computing the steady-state slew rates first and then computing delays by table

lookup.

Slew propagation is a topology-driven, unordered algorithm. It sweeps all nodes

until the slew intervals are small enough. In one sweep, all nodes can be processed

in parallel, since for each node n, it computes n’s new slew interval based on n’s

predecessors’ old slew intervals and n’s successors’ loads.

Delay computation is a topology-driven, unordered algorithm. It only makes
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one sweep over all nodes. All nodes can be processed in parallel, since the table

lookup for node n only reads from n’s predecessors for slew rate, reads from n’s

successors for loads, and writes to n for delay.

Maximum Cycle Ratio

Recall from Section 3.1.5 that we use Young-Tarjan-Orlin algorithm for computing

maximum cycle ratio. It contains two main pieces: longest-path tree construction,

and edge swapping [53].

Longest-path tree construction is a data-driven, unordered algorithm. It starts

from a synthetic source node, which is connected to all nodes in the timing graph.

By using a pull-style operator, e.g., reading from the predecessors of node n and

writing to the n itself, a node will activate its successors if its distance from the

source increases. All active nodes can be processed in parallel, even if their neigh-

borhoods overlap because (i) maximum function exhibits monotonicity; and (ii)

no updates will be missed using the aforementioned activation scheme.

Edge swapping is a data-driven, ordered algorithm. At any point, only the

edge with the largest key value is active. This means that there is no parallelism

available here.

Timing Propagation

Timing propagation consists of computing arrival time and computing required

time, both are data-driven, unordered algorithms. For arrival time, nodes on the

critical cycle with incoming ticked edges are active initially, and other nodes be-

come active when their predecessors’ arrival times are updated. For required time,
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nodes on the critical cycle are initially active, and other nodes will be activated

once their successors’ required times are updated. All active nodes can be pro-

cessed in parallel, similar to longest-tree construction.

Power Computation

Computing leakage power for cells is a topology-driven, unordered algorithm, as

it sweeps once over all cells, each of which reads from the cell libraries and writes

to itself. Computing dynamic power is also a topology-driven, unordered algo-

rithm, since nodes representing gate outputs are all active, only read from their

neighboring nodes, and no two gate outputs can be neighbors.

Correctness Slack Computation

Correctness slacks are computed as follows. For a timing fork 〈r, 0〉 : 〈x, j〉 < 〈y, k〉

where j, k ∈ {0, 1}, 〈r, 0〉 is initially active with delay(p〈r,0〉,〈r,0〉) = 0. We then

compute FO〈r,0〉, which contains all the 〈n, i〉 reachable from 〈r, 0〉 using at most

one ticked edge. Computing maximum/minimum delay from 〈r, 0〉 for nodes in

FO〈r,0〉 is similar to propagating arrival times; as FO〈r,0〉 is always a directed acyclic

graph (DAG), we can process its nodes in topological order. Finally, correctness

slack is computed as defined in Section III.

Computing FO〈r,0〉 is a data-driven, unordered algorithm, as nodes can be

marked in arbitrary order. Computing maximum/minimum delay from 〈r, 0〉 for

all nodes in FO〈r,0〉 is a data-driven, ordered algorithm. 〈r, 0〉 is initially active in

both algorithms. All timing forks can be processed in parallel provided that they

are tracked separately.
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Implementation in Galois

We implement Cyclone using the Galois framework [47, 29], a C++ library for par-

allel programming based on the operator formulation. The Galois framework (i)

provides parallel data structures, and language constructs for highlighting paral-

lelization opportunities; and (ii) supports dynamic work generation, load balance,

resource management, and transactional execution of operators.

All sub-algorithms in asynchronous timing analysis are implemented as de-

scribed in Section 3.1.8. Below we illustrate some special handling using the Galois

framework.

• Sub-algorithms use pull-style operators.

• To have better locality for memory accesses, all variables only have one copy.

To ensure proper synchronization, atomic instructions are used for all sub-

algorithms except for delay computation and edge swapping.

• Steady-state slew calculation starts from [0, ρ] and ends when the resultant

interval is smaller than ρ/1000, where ρ is the default maximum transition

time. The difference given by the final interval is < 1ps in our experiments.

• In longest-path tree construction, instead of introducing a synthetic source

node, we initialize the distances of all nodes to −τ = −(1 +∑
e∈G |delay(e)|)

similar to that in [25] and let all nodes be active initially. τ can be computed

with galois::GAccumulator: each thread adds |delay(e)| for its portion of

edges to a thread-local sum, and then the master thread reduces the thread-

local sums to the final answer.

• During edge swapping cases, any updates to distance and ticks for a subtree

are parallelized.
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• For computing correctness slacks, each node keeps a map from timing forks’

roots to its maximum/minimum path delays in order to track multiple timing

forks simultaneously. The maps are backed by Galois per-thread memory

allocators to avoid serialization due to system calls for allocating memory.

3.2 Applications on Asynchronous + Synchronous Circuits

Our theory is also capable of modeling circuits that contain both synchronous and

asynchronous components.3 A simple free-running clock can be easily modeled

as an RER system with two transitions clk↑ and clk↓, and two rule templates

that relate the two transitions and whose delays correspond to the duration for

which the clock is high and the clock is low. This transition can be used to

determine propagation delays of other signals (the output of state-holding elements,

for example) in the usual way. If part of the circuit described by the RER system

is asynchronous and the clock is truly synchronous (i.e. not pausable/stretchable,

etc.), there is no path from any event in the asynchronous circuit back to clk↑ or

clk↓. Hence, most previous theory of periodicity does not apply to such an RER

system because the collapsed constraint graph isn’t strongly connected. However,

if the cycle period for the clock is in fact the critical cycle period (which is typical),

then our results apply as long as there is a path from clk↑ or clk↓ to all the other

events in the system.

The immediate consequence of this is that if there is an asynchronous compo-

nent whose primary inputs are driven by a clocked environment, and there is a

path (in the RER system) from the clock transition to every other transition in
3This section is based on our work [21].
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the system, then all signals in the entire RER system will be periodic with the

same period as the external clock after finite signal transitions. In this scenario,

we have M = 1 since there is only one critical cycle—the one that determines the

clock period.

Table 3.1 demonstrates the synchronization of asynchronous systems with an

external periodic input signal (a clock). In particular, we used linear arrays of

FIFO in Figure 3.11 (denoted L(a, b) with a + 2b stages with b initial data val-

ues) implemented with weak-conditioned half buffers in Figure 3.2. In this section,

without loss of generality, we simplify the analysis by assuming that the circuits

are designed with symmetric timing characteristics for both true and false data

values, and assume that each gate has delay of 10 time units. The input to the

array is synchronized to a clock with fixed period of 200 time units (20 times gate

delays in our simulations). We selected this period because it was longer than the

cycle period of the free-running asynchronous circuit, so that the critical cycle in

the system is the clock cycle. Additional asynchronous arithmetic circuit exam-

ples that we show consist of 2, 4, and 8 bit adders (ADD) and a 4-bit and 8-bit

array multiplier core (MUL). In each case, the external data inputs are clocked

with the clock cycle period shown, and the time at which the output of the asyn-

chronous core is synchronized to this external clock is shown as well. The adder

and multiplier circuits are implemented using pre-charged half-buffer asynchronous

logic [36], also assuming symmetric sizing of data wires.

Theorem 3 implies that such a system will exhibit exact periodicity, and pro-

vides a bound on the time taken to reach this periodic state. The worst case bound

is at least 8|E ′|, and in our examples |E ′| is quite large. Table 3.1 shows that in re-

ality, the system typically enters the steady-state much faster than the bound, and
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Table 3.1: Linear FIFOs and pre-charged adder and multiplier core completion
time. The term in parentheses in the first completion column is the time divided
by p?, providing an indication of the number of occurrences of transitions before
periodicity is observed.

Structure Clock Period First Completion
L(1,0) 200 340 (1.7)
L(1,1) 200 380 (1.9)
L(5,0) 200 420 (2.1)
L(5,2) 200 500 (2.5)
L(10,6) 200 960 (4.8)
L(20,0) 200 720 (3.6)
L(50,8) 200 1640 (8.2)
L(100,6) 200 2560 (12.8)
L(100,20) 200 3120 (15.6)
ADD(2) 400 660 (1.7)
ADD(4) 400 700 (1.8)
ADD(8) 400 780 (1.9)
MUL(4) 400 800 (2.0)
MUL(8) 400 960 (2.4)

L.d1 R.d1 L.dn R.dn...

L.e1 R.e1 L.en R.en...

Figure 3.11: Linear FIFOs

asynchronous circuit outputs quickly become synchronous with respect to the ex-

ternal clock. Hence, an asynchronous circuit where all the inputs are synchronized

to a single clock will have synchronous outputs after finite asynchronous outputs—

and the outputs can therefore be read by a clocked circuit—without metastability,

as implemented in Figure 3.12.
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Figure 3.12: Synchronous to asynchronous metastability free interface

3.2.1 Synchronous to Asynchronous Metastability-Free In-

terface

In our implementation, the input of an asynchronous circuit (labelled “Async”) is

connected to the output of a synchronous circuit. Assume that the clock period is

p?1 and the asynchronous circuit has the largest cycle mean p?2 (which determines

the natural frequency of the asynchronous circuit). If p?1 > p?2, the combined

system will have p? = p?1 and p′ = p?2. As we have established, the output of

the asynchronous circuit will become synchronous to the external clock with fixed

occurrence period p? after finite occurrences of transitions. It is then possible to

build a metastability-free interface between synchronous and asynchronous logic.

To handle the initial transient when the asynchronous circuit is not periodic, a k-

stage FIFO is attached to the output of the asynchronous circuit to hold the initial

asynchronous tokens for synchronous reading. We assume that the handshake of a

k-stage FIFO is fast enough and it will not change the critical cycle ratio p? of the

whole system (this is typical in our experience, since a FIFO is one of the fastest

asynchronous circuits). The output of the FIFO is connected to another clocked

component (with the same clock period p?) with an enable signal that is initially

low.

Note that any finite part of a timing simulation can be easily computed using
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Sync
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Async Async k-
Stages FIFO SinkIn

clk

Figure 3.13: Clock + async + FIFOs with perfect sink

standard simulation tools. We proceed as follows.

Step 1. We connect a perfect sink—a circuit that acknowledges the data instantly—

to the output of the FIFO, and simulate the circuit in Figure 3.13. In this case,

the value of k does not matter and the token will be removed by the sink as soon

as possible. The entire system becomes synchronous to the external clock after

each transition occurs a certain number of times—denoted by m.

We record when the ith token arrives at the output of the asynchronous circuit

(which is equivalent to ith occurrence of the output transition) and denote that

time by ti. Since the circuit becomes synchronous after each transition occurs m

times, we know that tm+j = tm + jp? for all j ∈ N.

Each FIFO stage can hold one token.4 Denote the minimum delay for a token

at one FIFO stage to propagate to the next stage by d, assuming the rest of the

FIFO is empty.

Step 2. We would like to replace the circuit from Figure 3.13 (that destroys the

output of the asynchronous circuit) with Figure 3.12.

Suppose we change the enable from low to high after n (n ∈ N+) clock cycles (at

time t′e = np?). t′e has to be large enough that by each time the clocked component

connected to the output of the FIFO acknowledges a token, there is a token there
4If the FIFO is implemented using WCHBs, then a FIFO stage would require two WCHB

stages.
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write

...

read

k-stage FIFO

Figure 3.14: Asynchronous writing and reading

for acknowledgement. Also, k has to be large enough such that the FIFO can hold

all the tokens that have been produced by the “Async” block but have not been

acknowledged by the clocked component, without overflow. To simplify matters,

we assume that the enable signal is changed at the negative edge of the clock (i.e.

so the enable is asserted half-way through the nth clock cycle). Hence, the output

circuit reads the FIFO data at times t′e + (i+ 1
2)p?, for i ∈ N.

The first token (i = 0) is produced by the “Async” block at time t1 (from

Step 1), and it propagates through the FIFO with delay k× d.5 Generalizing, it is

clear that if the time t′e satisfies the constraints

t′e + (i+ 1
2)p? ≥ ti+1 + kd (3.1)

for all i ≤ m, i ∈ N, we are able to read the tokens stored in the k-stage FIFO

with the same clock period p? without metastability as in Figure 3.14. For the

case when i > m, we know from our periodicity result that tm+j = tm + jp?, and

hence equation (3.1) for i = m is sufficient to show that the circuit continues to

operate correctly for the rest of the data.

To characterize k, define a new parameter d′ to be the delay that it takes for an
5This assumes that the FIFO is implemented by a linear array of one-place FIFOs. For FIFOs

implemented in other ways (e.g. using a dual-ported memory), the delay is lower. Hence, our
assumption is conservative.
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empty stage to move from (i+1)th stage to ith stage. This parameter characterizes

the process that a token at the (i+ 1)th stage is acknowledged and removed, and

the token at the ith stage moves to the (i+ 1)th stage, effectively create an empty

stage move from the (i + 1)th stage to ith stage. Since it considers the time it

takes for the next stage of FIFO to be ready to accept a new token, d′ > d. We

can also make a reasonable assumption that d < d′ � p?. If

k ≥ u (3.2)

for any u ∈ N+ such that tu < t′e + kd′ + 1
2p

? and

k ≥ u−
(⌊

tu − (t′e + kd′ + 1
2p

?)
p?

⌋
+ 1

)
(3.3)

for any u ∈ N+ such that tu ≥ t′e + kd′ + 1
2p

?, the FIFO will never overflow. To

see this, first notice that at time tu, the total number of tokens that have been

generated is u. Meanwhile, we start to remove the tokens synchronously at time

t′e + 1
2p

?, and at time tu ≥ t′e + 1
2p

?,
(⌊

tu−(t′e+ 1
2p

?)
p?

⌋
+ 1

)
tokens have been removed.

Furthermore, the length of the FIFO might need to be larger to compensate the

effect that when the token is removed, the empty stage is on the right most side,

and it takes some more time for this empty stage to “propagate” to the left and

effectively create a new space for tokens generated by the asynchronous circuit.

Since it takes at most kd′ time units for an empty space to propagate from one end

of the FIFO to the other, at time tu ≥ t′e+kd′+ 1
2p

?, at least
(⌊

tu−(t′e+kd′+ 1
2p

?)
p?

⌋
+ 1

)
empty stages are actually created and available at the output of the asynchronous

circuit. For simplicity, we get rid of the case when tu < t′e + kd′ and use (3.3) as

a uniform expression of k. Notice that (3.3) is a sufficient condition of (3.2) when

tu < t′e+kd′. Theoretically, such a simplification might result in unnecessarily large

value of k in some unusual systems when the difference between ti+1 and ti are

many times of p? for some i. We do not have to worry about this in most practical
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circuits. Re-arranging the inequality, a simple version of sufficient condition of k

such that the FIFO will never overflow is

k ≥
u− tu−(t′e+ 1

2p
?)

p?

1− d′

p?

(3.4)

for any u ∈ N+. We do not actually have to verify infinite number of integer values

u either, since again, tm+j = tm + jp? for any j ∈ N. If the inequality (3.4) holds

for some u1 ≥ m,u1 ∈ N+, it automatically holds for all u ≥ u1, u ∈ N+.

There are two technical details worth mentioning. First, we can always pick

t′e large enough so that equation (3.1) is satisfied by an appropriate choice of k

so long as the “Async” circuit’s output data token rate is approximately equal to

its input data token rate.6 The reason is that d is typically much smaller than

p?, since an asynchronous FIFO is one of the fastest circuits one can design. The

second technical detail has to do with the value of kd. d was chosen as the empty

FIFO delay, but if k > 1 and we consider the ith token’s propagation delay, the

FIFO may not be empty. This could result in the ith token taking more time

to propagate through the FIFO than kd. However, this stall would occur only

because there are earlier tokens that have already reached the output of the FIFO.

Hence, the stall is therefore a result of the “Async” block producing tokens faster

than they can be read by the synchronous output. This scenario also implies that

the output can be safely read via the synchronous interface without metastability.

Hence, we need not consider this as a separate case and we simply have to verify

equation (3.1). The property we have relied on is that for large enough k, the

FIFO will not perturb the timing of the “Async” circuit.
6This means, for example, that the “Async” block cannot produce two data outputs for each

data input. In this scenario, the synchronous output will not be able to keep up with the “Async”
block.
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Figure 3.15: Cross-connected FIFOs

Table 3.2: Metastability-Free Interface Implementation

Async Circuit Clock Period k t′e
L(5,2) 200 3 200
L(10,6) 200 6 200

L(100,20) 200 20 800
F(2,3,2,3) 200 1 200
F(3,4,7,10) 200 2 400
F(4,7,9,16) 200 1 600

ADD(4) 400 2 400
ADD(8) 400 1 400
MUL(4) 400 1 400
MUL(8) 400 1 400

We used the method outlined above to implement the metastability-free inter-

face to some of our asynchronous circuits examples. We simulated the timing of

transitions using our asynchronous circuit simulation tools. Here we also included

more complicated circuit structures: the cross-connected (“X”) FIFO topologies

F (a, b, c, d) as in Figure 3.15, which are composed of four linear arrays of a, b, c, d

buffers (with no initial data values) respectively, where the primary inputs L1 and

L2 are copied to the FIFOs of length a, b and c, d respectively, and the output

of the FIFOs are combined to produce the two primary outputs. We report the

minimum k and the corresponding minimum t′e that are valid for each different

asynchronous circuit in Table 3.2, and that result in metastability-free operation.
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The large values of k in Table 3.2 correspond to asynchronous circuits that can

produce output tokens without receiving any inputs. Note that for most of the

circuits, the value of k is either one or two; in the other cases, it is zero or one plus

the number of initial tokens can be output by the “Async” block without receiving

any external input. Therefore, we expect that the FIFOs needed in many practical

cases (for example arithmetic units and datapath blocks) will be small.

3.2.2 Extensions to Bounded Delay Systems

Work on the problem of time separation of events (TSE) considered systems un-

der bounded delay models [22, 38]. The analysis is essentially based on periodic

properties under fixed delay models where delays of all the rules are set to the

maximum or minimum of the range. Notice that if one permits even a tiny and

arbitrary pertubation of a delay value [α, α + r] on an edge on the critical cycle,

the system is no longer periodic. This can be easily seen by examining a simple

ring oscillator, where one of the inverters has variable delay. A perturbation of the

delay value on an edge which is not on the critical cycle might also have effects on

timing properties of the system. In reality, a clock is not exactly periodic either,

because of jitter. However, the exact periodicity under fixed delay models reveals

the core properties of such systems, and applications based on such properties can

be readily generalized to bounded delay systems by similar methods as in previous

work. We now examine how our design of the synchronous-asynchronous interface

works under bounded delay models.

Theorem 4 (Monotone Property of Timing Simulations). Assume that the timing

simulation of an arbitrary event 〈f, nf〉 in an ER system 〈E,R〉, is t̂(〈f, nf〉). If

the delay of one arbitrary rule r in the system is changed from α to α + w with
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w > 0, we will get a new timing simulation of 〈f, nf〉, t̂′(〈f, nf〉). Then, we must

have t̂(〈f, nf〉) ≤ t̂′(〈f, nf〉) ≤ t̂(〈f, nf〉) + w.

Proof. Before we increase the delay of r, we denote a zero slack e-path from some

initial event 〈g1, 0〉 to 〈f, nf〉 as p0. After the delay of r is increased by w, we

denote a zero slack e-path from some initial event 〈g2, 0〉 to 〈f, nf〉 as p1. Thus,

t̂(〈f, nf〉) = δ(p0) and t̂′(〈f, nf〉) = δ(p1). We also denote the path corresponding

to p0 (consisting of the same transitions and the same rules) after the delay increase

as p2 and that corresponding to p1 before the delay increase as p3. By Corollary 2,

we have t̂(〈f, nf〉) ≥ δ(p3) and t̂′(〈f, nf〉) ≥ δ(p2). Since we only increase the delay

of one rule r in the ER system by w, we also have δ(p0) ≤ δ(p2) ≤ δ(p0) + w

and δ(p3) ≤ δ(p1) ≤ δ(p3) + w. Altogether, we have t̂(〈f, nf〉) = δ(p0) ≤ δ(p2) ≤

t̂′(〈f, nf〉) = δ(p1) ≤ δ(p3) + w ≤ t̂(〈f, nf〉) + w as desired.

Lemma 6. Since we assumed that p? � d′ > d, let p? ≥ qd where q ∈ N+, q � 2,

and it is also reasonable to assume that 1
2 < 1 − d′

p? < 1. If (n1, k1) is a feasible

solution to inequalities (3.1) and (3.4), (n1 + 1, k1 + 2), ..., (n1 + 1, k1 + q) are

also feasible solutions (assume that change of n1 and k does not have effects on

ti(tu), p?, d′ and d).

Proof. For any specific i ∈ N, if (3.1) holds for (n1, k1), then

n1p
? + p? + (i+ 1

2)p? ≥ ti+1 + k1d+ vd (3.5)

for any 2 ≤ v ≤ q, v ∈ N+. Similarly, if (3.4) holds for (n1, k1), then by the

assumption,

k1 + v ≥ k1 + 2 ≥
u− tu−(n1p?+ 1

2p
?)

p?

1− d′

p?

+ 2 (3.6)

>
u− tu−(n1p?+ 1

2p
?)

p? + 1
1− d′

p?

=
u− tu−((n1+1)p?+ 1

2p
?)

p?

1− d′

p?
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for any 2 ≤ v ≤ q, v ∈ N+ as desired.

Lemma 6 immediately implies the following Corollary.

Corollary 6. If two systems have solutions (n1, k1) and (n2, k2) (n1, n2, k1, k2 ∈

N+), respectively, to the inequalities (3.1) and (3.4), then there exists a minimum

common solution (n3, k3) where n3 ≥ max{n1, n2}, k3 ≥ max{k1, k2}, and n3, k3 ∈

N+ to the inequalities for both systems.

Now, assume that the RER system 〈E ′, R′〉 correctly models the circuit struc-

ture in Figure 3.12 (as shown in Figure 3.16). For simplicity, we model the clocked

reader with incoming edges from both transitions clk ↓ and clk ↑ to the reader

because in our implementations, the enable signal changes from low to high at full

clock cycle while we read the tokens at the rising edge of the clock. Define set

R′1 ⊂ R′ which includes two edges on the critical cycle, R′2 ⊂ R′ which includes

all the edges inside the async block (not shown in this Figure) and all the incom-

ing edges to it, R′3 ⊂ R′ includes all edges inside the k-stage FIFO block and all

the incoming edges to it, and R′4 ⊂ R′ includes the two edges labeled with delay

[D1, D
′
1] and [D2, D

′
2].

There are several details that we are going to emphasize here. First, the delays

on edges in Figure 3.16 are denoted by [a, b], which means that each corresponding

rule of the corresponding ER system can pick any delay value in the range [a, b].

For example, it is possible that t̂(〈clk ↑, 2〉) = t̂(〈clk ↓, 2〉) + β1, but t̂(〈clk ↑, 3〉) =

t̂(〈clk ↓, 3〉) + β′1. Second, several previous assumptions still hold: In the worst

case scenario when r ∈ R′1 always pick the smallest possible delay values and

r ∈ R′2 always pick the largest possible delay values, the clock cycle period p? is

still the (only) critical cycle of the system. Similarly, we also assume that when
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′
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Figure 3.16: Synchronous to asynchronous metastability-free interface

r ∈ R′3 always pick the largest possible delay values, the k-stage FIFO is still

fast enough that it will not change p? or perturb the timing of “Async” circuit.

Third, the changes in delays on edges shown in dashed arrows will not result in

metastability or FIFO overflow, because they do not have effects on any parameters

which determine t′e and k in (3.1) and (3.4).

Now, we are going to analyze how to determine the feasible solution (n, k)

when delays of rules in each set change. In our implementation under fixed delay

system, a token is removed exactly at the rising edge of the clock after n clock

cycles, which means that D1 = D′1 = D2 = D′2 = 0. For simplicity, we will make

these assumptions in all of the following analysis. It can be seen that effects of clock

skew and nondeterministic delay of r ∈ R′4 can be easily characterized by assigning

appropriate values to D1, D
′
1, D2, D

′
2, γ1, γ

′
1 (and possibly the timing of the initial

events to make sure that the values D1, D
′
1, D2, D

′
2, γ1, γ

′
1 are all nonnegative) and

adding additional terms t̃′s to t′e + (i+ 1
2)p? in (3.1) and tu − (t′e + 1

2p
?) in (3.4) to

characterize delay changes on edges r ∈ R′4. We will omit the details here because
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it will be very similar to the analysis of delay changes of rules in R′1, R
′
2 and R′3.

First, the following condition is an equivalent one to (3.4): For all u ∈ N+,

kp? − up? − (n+ 1
2)p? ≥ kd′ − tu. (3.7)

Notice that tu−(t′e+ 1
2p

?)
p? in (3.4) is to find how many clock cycles elapsed in time

tu − (t′e + 1
2p

?) after the initial n and half clock cycles. Thus, p? in kp? − up? and

(n + 1
2)p?, respectively, carries different physical meanings. In particular, delay

increase by 4 on the edge of the corresponding ER system, 〈clk ↓, nc〉
δ(r1)7→ 〈clk ↑

, nc〉, for example, will increase both kp? and up? (related to clock cycles after n

and half initial ones) by 4, or (n+ 1
2)p? (related to initial n and half clock cycles)

by 4, depending on whether nc > n or nc ≤ n. In the RER system, we denote the

output transition of the asynchronous block to be f , and thus in the corresponding

ER system, t̂(〈f, u〉) = tu+1 (we denoted t1 as the first token, but 〈f, 0〉 is the event

of first occurrence of transition f).

Now, fix the delays of all rules except for those in R′1. Without loss of generality,

we increase the delay of an arbitrary edge (rule), 〈clk ↓, nc〉
δ(r1)7→ 〈clk ↑, nc〉 in the

ER system, which corresponds to r1 in the RER system, from some reference value

δ(r1) ∈ [β1, β
′
1], by 4, to δ(r1) +4 ∈ [β1, β

′
1].

First, in (3.1), we can find a zero slack e-path pi from some initial event 〈g, 0〉

to 〈f, i〉. Notice that a transition 〈e, ne〉 with ne > i is never on pi, which implies

that for any nc > i, ti+1 will not change. If nc ≤ i, the left-hand side of the

inequality, the time after initial n+ i+ 1
2 clock cycles, will increase by exactly 4,

and by Theorem 4, the right-hand side of the inequality will increase by at most

4. Thus, the left-hand side of the inequality will always increase by at least the

same amount as the right-hand side of the inequality, and δ(r1) ≡ β1 for all nc ∈ N
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will be the worst case scenario.

Then, in (3.7), kp? and up? will always change at the same time and by the

same amount, which always results in a cancellation. Again by Theorem 4, the

right-hand side of the inequality will decrease by at most 4. When nc ≤ n, the

(n + 1
2)p? will decrease by exactly 4, which implies a worst case scenario when

δ(r1) ≡ β′1 for all nc ≤ n. When nc > n, (n + 1
2)p? will remain the same, which

implies a worst case scenario when δ(r1) ≡ β1 for all nc > n.

The same argument holds if we increase 〈clk ↑, nc − 1〉 δ(r2)7→ 〈clk ↓, nc〉 in the

ER system, which corresponds to r2 in the RER system. Define p?min = β1 + β2,

p?max = β′1 + β′2, and let d′max correspond to the value of d′ when each rule r ∈ R′3

picks its maximum delay. If 2p?min− p?max ≥ q′d′max, where q′ � 2, which is typical

in practical circuits, consider the system under the worst case scenario we discussed

above, where δ(r1) ≡ β′1, δ(r2) ≡ β′2 for all nc ≤ n1 and δ(r1) ≡ β1, δ(r2) ≡ β2

for all nc > n1. We can find a metastability-free interface solution (n1, k1) to it

because when we increase n1 by 1, t′e will be increased by at least p?min, and the

total increase of delays of rules in the ER system will be p?max − p?min. Theorem 4

then guarantees that timing simulations of the output transition increase by at

most p?max−p?min. Together with the similar idea to technical details we mentioned

in the fixed delay system, we can always find n1 and k1 large enough that satisfy

both (3.1) and (3.4) for the system.

Furthermore, (n1 + 1, k1 + v) where 2 ≤ v ≤ q′, v ∈ N are all feasible solutions.

Notice that Lemma 6 does not apply directly here because delays of rules depend

on n1. However, with the reasonable assumption we just made, similar result still

holds. To see this, if (3.1) holds for (n1, k1), then for (n1 + 1, k1 + v), δ(r1) ≡ β′1,

δ(r2) ≡ β′2 for all nc ≤ n1 + 1 and δ(r1) ≡ β1, δ(r2) ≡ β2 for all nc > n1 + 1.
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The left-hand side of (3.1) increases by at least p?min and the right-hand side of it

increases by at most p?max−p?min+vdmax by Theorem 4, for all i, and the inequality

still holds by the assumption. Similarly, (3.7) still holds as well because the left-

hand-side of it increases by at least vp?min − p?max and the right-hand side of it

increases by at most vd′max for all u.

If δ(r1) ≡ β1, δ(r2) ≡ β2 for all nc, we can find another metastability-free

interface solution (n2, k2). Corollary 6 applies here, and together with arguments

above, we can find a common solution (n3, k3) to both systems. Thus, (n3, k3) is a

solution to worst case scenario when delays of rules in the ER system corresponding

to r1 ∈ R′1 are allowed to change.

Similar arguments can be made for all other edges, and it is also much easier

than the analysis above because ti+1 (or d and d′) are monotone increasing when

we increase delays of rules corresponding to r ∈ R′2 (or r ∈ R′3), respectively,

and other parameters will not change in either case. It is easy to check that when

r ∈ R′2, the worst case scenario for (3.1) is when each rule picks its maximum delay

and that for (3.7) is when each rule picks its minimum delay. When r ∈ R′3, the

worst case scenario for both (3.1) and (3.7) is when each rule picks its maximum

delay. A common solution to combinations of these worst case scenarios will be a

valid solution for the bounded delay system.

Remark 6. If q and q′ are large, which is typical in practical systems, in Corol-

lary 6, n3 and k3 of the minimum common solution (n3, k3) will not be much larger

than max{n1, n2} and max{k1, k2}, respectively, which is good for practical feasi-

bility of our design under bounded delay assumptions.
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Figure 3.17: STARI communication

3.2.3 Existing Systems

“STARI”, as is shown in Figure 3.17, is a novel technique for high-bandwidth com-

munication proposed by Greenstreet [14]. It combines synchronous and self-timed

design methods, and corresponds to a case in our design, where the “Async” com-

ponent is a collection of wires. There are also at least two additional commercially

developed systems that connect asynchronous components to a synchronous envi-

ronment without any metastability. One of these systems is a digital FIR filter chip

used in the read channel of a disk drive controller [52]. Another system is an asyn-

chronous FPGA that provides a synchronous I/O interface and user model [31].

While both these systems relied on the empirical observation of periodicity of a

specific class of asynchronous circuits, our results show that this is not a coinci-

dence. The property of exact periodicity holds for a wide range of asynchronous

circuits, and can be exploited for metastability-free interfaces between synchronous

and asynchronous logic.
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CHAPTER 4

CYCLONE ENGINE EVALUATION

4.1 Experimental Results

We implement Cyclone in C++ using the g++ 8.1 compiler, boost 1.67 libraries,

and the Galois 5.0 framework for parallelization.1 Cyclone can support multi-

corner analysis, as well as extracted parasitics in the .spef file format. For the

reported runtime, we use two corners (SSA and FFA), and ideal wire models. All

experiments are conducted on a Linux machine with CentOS 7, 56 cores Intel Xeon

Gold 5120 2.2GHz CPU and 187GB memory.

We study different configurations of asynchronous dataflow pipelines including

cyclic structures and branching pipelines. The benchmark circuits are listed in

Table 4.1. We use a small bundled-data benchmark (bd203) to show that Cyclone

can analyze such circuits as well. Other circuits are converted automatically from

synchronous benchmarks to their QDI analog (following [2]).

For each benchmark, we report (i) circuit properties: circuit name, number of

gate pins, number of concurrent processes, number of timing constraints, p?, M ,

minimum correctness slack, and total power consumption; (ii) maximum cycle ratio

runtime: best parallel runtime by YTO algorithm and best runtime by CPLEX,

one of the fastest linear programming solver developed by IBM; and (iv) full static

timing analysis (maximum cycle ratio + timing propagation + timing constraints
1This chapter is based on the “Experimental Results” section in our work [20].
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Table 4.1: Analysis results of Cyclone. Large benchmarks are below the thick line.

Circuit Properties
Name #Pins #Proc #TC p?(ns) M sl(ps) P (mW )
bd203 495 20 10 0.44 1 33.17 0.44
s27 817 31 164 2.02 1 21.27 0.22
c2670 22171 796 4540 1.65 5 21.48 7.54
s1488 37766 1502 9008 5.64 2 21.27 3.93
c3540 42772 1682 10016 7.50 1 21.48 3.34
c7552 60355 2278 13444 4.11 1 21.48 8.47
c6288 72621 2877 17260 7.90 2 21.48 5.49
s5378 88292 3595 20880 4.39 3 21.27 11.71
s9234 137723 5594 32724 7.82 1 21.27 10.31
wb dma 212247 8593 49464 4.17 2 21.27 29.40
tv80 315219 12801 75352 9.10 2 21.27 20.3

ac97 ctrl 650709 27215 154472 3.79 3 20.26 99.70
usb funct 798895 32838 190020 8.17 1 21.27 57.06
s38584 807903 32975 192676 9.68 1 21.27 48.81
aes core 1017817 40833 242616 8.61 1 21.27 69.49
vga lcd 5689435 237059 1354068 7.05 1 21.27 473.20

checking) runtime: sequential and best runtime, and speedup. For best runtime,

we also report the number of threads i used in parenthesis.

In full static timing analysis, the geometric mean of the best speedup across

all benchmarks is 3.93, and that across large benchmarks (> 200K pins) is 6.90.

By comparing columns 9 and 12 in Table 4.2, we notice that YTO algorithm

always takes up a significant fraction of time in full static timing analysis after

parallelization; for large benchmarks, it takes 35% to 70%. This is because tim-

ing propagation can be parallelized as discussed in Section V, but edge-swapping

in YTO algorithm [53] is inherently sequential. Hence, it is reasonable that Cy-

clone achieves 6.90× speedup on average in full static timing analysis for large

benchmarks.

When calculating the maximum cycle ratio, CPLEX runs as fast as YTO al-
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Table 4.2: Analysis runtime of Cyclone. Large benchmarks are below the thick
line.

Circuit Scales Maximum Cycle Ratio Full Static Timing Analysis
Name #Pins Y TO(i)(s) LP (s) seq(s) best(i)(s) sp
bd203 495 0.01(1) <0.01 0.03 0.03(1) 1.00
s27 817 <0.01(1) 0.01 0.02 0.02(1) 1.00
c2670 22171 0.44(1) 0.69 1.69 0.86(7) 1.97
s1488 37766 0.23(28) 1.80 3.09 0.60(28) 5.15
c3540 42772 0.32(21) 1.53 1.96 0.59(14) 3.32
c7552 60355 0.95(14) 2.01 2.87 1.24(14) 2.31
c6288 72621 1.95(14) 2.80 7.93 2.63(14) 3.02
s5378 88292 0.97(14) 2.83 9.10 2.01(14) 4.53
s9234 137723 0.81(28) 5.23 6.71 1.63(28) 4.12
wbdma 212247 2.08(21) 12.82 14.49 3.64(21) 3.98
tv80 315219 7.17(21) 18.41 65.20 11.06(21) 5.90

ac97ctrl 650709 8.87(21) 79.93 102.53 15.54(35) 6.60
usbfunct 798895 3.87(42) 96.49 58.02 9.09(35) 6.38
s38584 807903 3.92(56) 79.39 51.07 9.58(35) 5.33
aescore 1017817 4.76(49) 74.44 95.30 12.62(42) 7.55
vgalcd 5689435 105.48(56) 2959.01 2994.24 159.58(56) 18.76

gorithm for very small benchmarks, but much slower for large benchmarks. For

example, when running on “vga lcd” (with around 5.69M pins and 18.08M linear

constraints), CPLEX can be more than 28× slower than YTO algorithm, since

CPLEX is a general purpose linear programming solution package, but YTO al-

gorithm is designed specifically for maximum cycle ratio problem.

Note that the runtime and speedup are not only related to the scale of the

circuit, but also related to the circuit topology and the structure of the critical

path. For large values of M , the effective number of pins is multiplied by M since

there are M different times associated with each signal transition. This increases

the time for the delay propagation phase accordingly.
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CHAPTER 5

FAST ALGORITHM ON CYCLE TIME OF MIN-MAX SYSTEMS

5.1 OR-Causality Extensions

The current implementation of Cyclone Timing and Power Engine assumes AND-

causality, which gives conservative timing and power analysis for asynchronous

circuit. In this model, when there are multiple rules (timing constraints) have the

same target event, the event can occur only when all of the constraints are satisfied,

and the max operator is used when defining the timing simulation of events (see

chapter 2). In real circuits, some events can occur when only one of the timing

constraints is satisfied. It is more accurate to model this kind of behavior with

min operator when calculating the actual time of events. The timing of events of

a general system should have both min and max relations.

5.2 Cycle Time of Min-Max Systems

Lee first introduced extended repetitive event-rule (XRER) system in [28], which

considered both max and min relations of timing. It turns out that the cycle

time of the XRER system is a good indication of the system performance. The

papers [16, 15] also studied the properties of min-max functions, a closely related

problem in mathematics literature. Unfortunately, as we mentioned in the chapter

1, there is no known polynomial algorithm on cycle time of XRER systems in the
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literature.

In this chapter, we consider the following equivalent version of the described

problem: cycle time of min-max systems. We will begin with the definition of

min-max systems and its cycle time, and provide a brand new algorithm on this

problem. The algorithm was originally illuminated by Karp and Orlin’s Algorithm

on maximum cycle ratio [25], the special case of the problem. We will prove that

our algorithm terminates and returns the correct result as desired, and show that

it runs reasonably fast in practice.

Definition 11 (min-max system). A min-max system is a connected, weighted,

ticked and directed graph G = (V,E,w, t), where V is a non-empty set of vertices,

E is a set of edges, w : E → R assigns a weight to each edge, and t : E → {0, 1}

assigns a tick value to each edge. The vertices are partitioned into min-vertices Vmin

and max-vertices Vmax, and the edges are partitioned into sets Emax ⊆ V × Vmax

and Emin ⊆ V × Vmin. For an edge e = (u, v) ∈ E, the source src(e) = u and

target tar(e) = v.

Without loss of generality, we make the following simplifying assumptions re-

garding min-vertices: (i) t(e) = 0 for all e ∈ Emin—this constraint can be accom-

modated by introducing a new max-vertex for any edge that violates this assump-

tion and splitting the edge; (ii) the in-degree of any vertex in Emin is at least two—

otherwise the vertex can be viewed as a max-vertex; and (iii) Emin ⊆ Vmax×Vmin,

i.e. every edge to a min-vertex is from a max-vertex—this can be accommodated

by edge splitting as in (a); and (iv) there is at least one vertex in Vmin.

Definition 12 (strategy). A strategy σl = (V,El, w, t) ⊂ G is a subgraph of G

obtained by selecting all the edges from Emax, and a subset of Emin such that every

min-vertex has in-degree one. If G does not have v ∈ Vmin, then we say that G only
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has one strategy σ0 = G. A strategy can be switched to another strategy by deleting

and inserting edges whose target are in Vmin. A strategy switching step at v ∈ Vmin

corresponds to deleting the edge with target v from the strategy, followed by inserting

a different edge from Emin whose target is also v. The distance d(σa, σb) ≤ |Vmin|

is the minimum number of such steps needed to switch the strategy σa to σb.

Definition 13 (path). A path p consists of a set of consecutive vertices and edges

starting at vertex v0 and ending at vertex vn, which is denoted as p = (v0, v1, ...vn)

where vi ∈ V for all i ≤ n, i ∈ N. The length of a path p (denoted l(p)) is the total

number of edges on that path. The sum of the weights and ticks of all the edges

on the path p is denoted by w(p) and t(p), respectively. If the final vertex of path

p1 matches the first vertex of path p2, then p1 + p2 denotes the path obtained by

appending p2 to p1.

For the following discussions, we add a single special vertex s to G such that

V = Vmax ∪ Vmin ∪ {s}, and an edge e = (s, v) for each v ∈ Vmax. For each edge

e = (s, v), we set the weight w(e) = 0 and transit time t(e) = 0. Note that adding

s does not introduce any additional cycles, and thus will not affect properties

related to cycles, including maximum cycle ratio and cycle time introduced in the

definitions below. We remark that there will always be a path from s to v ∈ V

in any strategy σl ⊂ G because: (i) there is an edge from s to every v ∈ Vmax by

construction, and (ii) for every v ∈ Vmin, there is an edge from some u ∈ Vmax to

v in every σl.

The set of paths from s to v ∈ V in σl are denoted by π(v, σl). If we consider

a spanning tree T of G rooted at s, then the cardinality of π(v, T ) will always

be one; in this case, we use the notation p(v, T ) to denote the unique element of

π(v, T ).
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Definition 14 (simple cycle). A path p = (v0, v1, ...vn) is a simple cycle C if

vi 6= vj for all 0 ≤ i, j ≤ n, i 6= j, except v0 = vn and (vi, vi+1) ∈ E for all

0 ≤ i < n. We use cyc(G) to denote the set of simple cycles in G.

We assume that t(C) > 0 for all C ∈ cyc(G), and hence also for any C ∈ cyc(σl)

for any strategy σl ⊂ G.

Definition 15 (maximum cycle ratio). The maximum cycle ratio of a strategy σl

is defined to be λ̂(σl) = maxC∈cyc(σl)
w(C)
t(C) . If there is no cycle in σl, we define

λ̂(σl) = −∞.

Definition 16 (cycle time). The cycle time of the graph G is defined to be

λ?(G) = min
l
λ̂(σl) = min

l
max

C∈cyc(σl)

w(C)
t(C) . (5.1)

Definition 17 (parametric graph). Given a graph G, its parametric version G(λ)

is the weighted, directed graph G(λ) = (V,E,wλ) where λ ∈ R is called the param-

eter. The weight function wλ is given by wλ(e) = w(e)− λt(e). For the following

discussions, we will consider both the parametric graph and its corresponding orig-

inal graph frequently, and if we provide the definition of one, we will omit the

definition of the other. When σl ⊂ G, their corresponding parametric graphs also

satisfy σl(λ) ⊂ G(λ).

Corollary 7. λ = λ̂(σl) if and only if there exists Cm ∈ cyc(σl) such that wλ(Cm) =

0 and for all C ∈ cyc(σl), wλ(C) ≤ 0.

Proof. If λ = λ̂(σl) = maxC∈cyc(σl)
w(C)
t(C) , let Cm = arg(maxC∈cyc(σl)

w(C)
t(C) ) ∈ cyc(σl),

then λ = w(Cm)
t(Cm) , which gives wλ(Cm) = 0. Furthermore, for all C ∈ cyc(σl),

λ ≥ w(C)
t(C) by definition, which gives wλ(C) ≤ 0 for all C ∈ cyc(σl) as desired.
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If there exists Cm ∈ cyc(σl) such that wλ(Cm) = 0 and for all C ∈ cyc(σl),

wλ(C) ≤ 0, then Cm = arg(maxC∈cyc(σl)
w(C)
t(C) ) and by definition, λ̂(σl) = Cm

tm
.

Thus, wλ̂(σl)(Cm) = 0, which gives λ = λ̂(σl) as desired.

Definition 18 (max (longest) path). A longest path from p0 from s to v in σl(λ)

is a path that satisfies

wλ(p0) = w(p0)− λt(p0) = max
p∈π(v,σl(λ))

wλ(p) = ŵλ(v, σl(λ)). (5.2)

There can be multiple longest paths that have the same parametric weight. To

avoid ambiguity, we assume that there is an ordering on paths (to be defined later)

that can be used to break ties. We define p̂(v, σl(λ)) to be the unique longest path

with maximum number of ticks from s to v in σl(λ). If σl(λ) has a non-negative

weight cycle, then some longest paths from s to v in σl(λ) will have infinite weight

or infinite number of ticks. We say that a strategy σl(λ) is well defined if and

only if all (simple) cycles in σl(λ) are negative and p̂(v, σl(λ)) is well defined iff

w(p̂(v, σl(λ))) = ŵλ(v, σl(λ)) <∞ and t(p̂(v, σl(λ))) <∞.

Corollary 8. σl(λ) is well defined if and only if p̂(v, σl(λ)) is well defined (and

acyclic) for all v ∈ V .

Corollary 9. If σl(λ′) is well-defined, σl(λ) will be well defined for all λ ≥ λ′.

Corollary 10. If σl(λ) is not a well defined strategy, λ ≤ λ̂(σl).

Lemma 7 (sub-path optimality). Assume that p(v, σl) is a longest path from s

to v in σl, then any sub-path from p(u, σl) ⊂ p(v, σl) from s to u where u is on

p(v, σl) is a longest path from s to u in σl.

Proof. If otherwise, assume that u is the vertex closest to v such that p(u, σl) is

not a longest path from s to u, and we know that p(v, σl) = p(u, σl) + p0 where
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p0 ⊂ p(v, σl) is the path from u to v. Then there exists another path p′(u, σl) such

that wλ(p′(u, σl)) > wλ(p(u, σl)). Thus, we find a path p1 = p′(u, σl) + p0 from

s to v in σl such that wλ(p1) = wλ(p′(u, σl)) + wλ(p0) > wλ(p(u, σl)) + wλ(p0) =

wλ(p(v, σl)), a contradiction to the assumption that p(v, σl) is a longest path from

s to v in σl.

Definition 19. It is straightforward that a spanning tree T of σl must be rooted

at s. A tree T is a longest path tree in σl(λ) iff it is a spanning tree of σl rooted

at s, and for all v ∈ V, v 6= s, the corresponding path p(v, T ) is a longest path in

σl(λ). In other words,

∀v ∈ G : wλ(p(v, T )) = ŵλ(v, σl(λ)) (5.3)

Theorem 5. Given a well defined strategy σl(λ), there is always a longest path tree

T in σl(λ). T can be constructed in O(|V ||E|) time using Bellman-Ford Algorithm.

5.2.1 Min-max paths and trees

We now consider the paths that result from considering longest path trees across

all strategies.

Definition 20 (min-max path). The path p0 from s to v in G(λ) is called a min-

max path of G(λ) (corresponding to strategy σmin(λ) ⊂ G(λ)), iff it is a longest

path in σmin(λ), and for all well-defined σl(λ) ⊂ G,

wλ(p̂(v, σmin(λ))) ≤ wλ(p̂(v, σl(λ))). (5.4)

That is,

c?λ(v) = wλ(p̂(v, σmin(λ))) = min
l
wλ(p̂(v, σl(λ))) (5.5)

= min
l

max
p∈π(v,σl(λ))

wλ(p).
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The min-max path for a v ∈ V in G(λ) is well defined if and only if at least one

of the strategies σl(λ) ⊂ G(λ) is well defined. If at least one of the strategies

σl(λ) ⊂ G(λ) is well-defined, there exists a well defined min-max path from s to v

in σl(λ) that is acyclic.

Definition 21 (min-max tree). It is straightforward that a spanning tree T of G

must be rooted at s. Furthermore, T must be a subgraph of a unique strategy of G

because every v ∈ T has in-degree one; we use σT ⊂ G to denote the unique strategy

corresponding to T . A tree T is a min-max tree of G(λ) iff it is a spanning tree of

G rooted at s corresponding to some strategy σmin ⊂ G and for all v ∈ V, v 6= s,

the corresponding path p(v, T ) is a min-max path. In other words,

∀v ∈ G : wλ(p(v, T )) = c?λ(v) (5.6)

We will also need to study paths whose length is bounded. To this end, we

examine longest paths of length ≤ k.

Definition 22. A max (longest) path from s to v with length ≤ k for strategy σl(λ)

is denoted as p̂(v, σl(λ), k). If there is no such path, we define wλ(p̂(v, σl(λ), k)) =

−∞. We also define wλ(p̂(s, σl(λ), 0)) = 0, and wλ(p̂(v, σl(λ), 0)) = −∞ for all

v 6= s, v ∈ V .

5.2.2 Acyclic Min-Max Algorithm

By deleting every edge e satisfying t(e) > 0 from G, we obtain an acyclic subgraph

G′ = (V,E ′, w, t) of G (V ′ = V ′max∪V ′min, E ′ = E ′max∪E ′min). This is a consequence

of assuming that all cycles c of G have t(c) > 0, and t is a non-negative function.

Since all edges e′ in G′ have t(e′) = 0, we have w(e′) = wλ(e′) = w(e′) − λt(e′)
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for λ ∈ R; thus G′ = G′(λ) for λ ∈ R. Notice that there is still a path from s to

v ∈ G′ for every v ∈ G′, v 6= s because there is an edge from s to v ∈ Vmax, and

all edges emin from Emin have t(emin) = 0 and hence are in G′. Also, for all paths

p ⊂ G′, we have w(p) = w(p)− λt(p) = w(p).

Definition 23 (s-distance). The s-distance of v ∈ V in graph G′, D(v,G′), is

defined as: D(v,G′) = maxp∈G′{l(p(s, v))}. In particular, D(s,G′) = 0, and

D(v,G′) ≤ |V | for all v.

Assume that v0, v1, ...vn is a sequence of all the vertices v ∈ V such that

D(vi, G′) ≤ D(vj, G′) for all 0 ≤ i < j ≤ n, i, j ∈ N.

Definition 24 (Acyclic Min-Max Algorithm). We define C(v, k) for each v ∈ V

by the following recursive relation: Initially, let C(s, 0) = 0, and C(v, 0) = ⊥

(not defined) for v ∈ V , v 6= s. For all k ≤ |V |, k ∈ N, v ∈ V , if v = s,

C(v, k + 1) = C(s, k + 1) = 0, and if v 6= s, define

C(v, k + 1) =


max(vj ,v)∈E′,C(vj ,k)6=⊥{C(vj, k) + w(vj, v)} for v ∈ Vmax

min(vj ,v)∈E′,C(vj ,k)6=⊥{C(vj, k) + w(vj, v)} for v ∈ Vmin

with the convention that if the min/max sets are empty, they evaluate to ⊥.

The node key of v ∈ V, v 6= s: nk(v, k) (k ∈ N, nk(v, 0) = ⊥ (not defined) for

all v ∈ V ) as source vertex of the edge that gives the maximum(minimum) values

in the equations above. In other words, for all k ∈ N,

nk(v, k + 1) = (5.7)

nk(v, k) C(v, k + 1) = C(v, k)

src(arg max(vj ,v)∈E′,C(vj ,k)6=⊥{C(vj, k) + w(vj, v)}) C(v, k + 1) 6= C(v, k), v ∈ Vmax

src(arg min(vj ,v)∈E′,C(vj ,k)6=⊥{C(vj, k) + w(vj, v)}) C(v, k + 1) 6= C(v, k), v ∈ Vmin
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We have constructed nk(v, k) so that it only changes from k to k+1 if the function

C(v, k + 1) differs from C(v, k).

Lemma 8. For all k ≤ |V |, k ∈ N, if D(v,G′) ≤ k, v ∈ V , C(v, i) = C(v, i+ 1) 6=

⊥ for all k ≤ i ≤ |V |, i ∈ N.

Proof. We prove the statement by induction on k. For the base case, k = 0, if

D(v,G′) ≤ 0, then v = s, and C(s, i) = C(s, i+ 1) = 0 6= ⊥ for all 0 ≤ i ≤ |V |, i ∈

N by definition. Let k = m ≤ |V | − 1, k ∈ N, assume that the statement is true.

When 1 ≤ k = m + 1 ≤ |V |, k ∈ N, if D(v,G′) ≤ m + 1, v ∈ V , we first consider

the case when D(v,G′) ≤ m, v ∈ V , and C(v, i) = C(v, i+ 1) 6= ⊥ for all m ≤ i ≤

|V |, i ∈ N by the induction hypothesis. If 1 ≤ D(v,G′) = m+1, v ∈ V , then v 6= s,

and for all (vj, v) ∈ E ′, D(vj, G′) ≤ m, vj ∈ V , and C(vj, i) = C(vj, i+ 1) 6= ⊥ for

all m ≤ i ≤ |V |, i ∈ N by the induction hypothesis, and C(v, i) = C(v, i+ 1) 6= ⊥

for all m+ 1 ≤ i ≤ |V |, i ∈ N directly by Definition 24 as desired.

Since D(v,G′) ≤ |V | for all v ∈ V , the following Corollary directly follows:

Corollary 11. v ∈ V, v 6= s, nk(v, |V |) 6= ⊥ and C(v, |V |) = C(v, |V |+ 1) 6= ⊥.

Consider graph T0 = (V,E0) where E0 = {(nk(v, |V |), v)|v ∈ V }.

Corollary 12. T0 is acyclic and the in-degree of each v ∈ V in T0 is 1.

Proof. By definition, for each e ∈ E0, e ∈ E ′, and then T0 is acyclic because G′

is acyclic. The in-degree of each v ∈ V in T0 is 1 because nk(v, |V |) exists by

Corollary 11 together with the fact that it is unique.

We start from an arbitrary v0 ∈ V , and for all k ∈ N, k ≤ |V |, vk ∈ V, vk 6= s,

define vk+1 = nk(vk, |V |), we will get v0, v1, ..., vn (n ∈ N, n ≤ |V |).
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Corollary 13. vn = s.

Proof. If otherwise, the definition implies that n = |V |, and (vk+1, vk) ∈ T0 for all

k ∈ N, k ≤ n− 1, and we must have va = vb for some 0 ≤ a < b ≤ |V |, a, b ∈ N, a

contradiction to the fact that T0 is acyclic.

Lemma 9. T0 is a spanning tree of G(λ) rooted at s.

Proof. By Corollary 13, there is a path from s to v in T0 for all v ∈ V . Together

with the fact that the in-degree of each v ∈ V in T0 is 1 by Corollary 12, we know

that T0 is a spanning tree of G′ (and also G(λ) for all λ ∈ R since G′ and G(λ)

have the same vertices and G′ ⊂ G(λ)).

Lemma 10. For all v ∈ V , w(v, T0) = C(v, |V |).

Proof. Let v = v0 be an arbitrary vertex in V and consider the sequence v0, v1, ...vn =

s constructed above. By definition and Corollary 11, we have C(v0, |V |) = C(v0, |V |+

1) = C(nk(v0, |V |), |V |) +w(nk(v0, |V |), v0) = C(v1, |V |) +w(v1, v0) = C(v1, |V |+

1) + w(v1, v0). By similarly recursive substitution, we will have

C(v0, |V |) = C(v0, |V |+ 1) (5.8)

= C(vn, |V |+ 1) + w(v1, v0) + ...+ w(vn, vn−1)

= C(s, |V |+ 1) + w(v, T0) = w(v, T0)

as desired.

Theorem 6. Let λ0 = 1 +∑
e∈E |w(e)|. Then

wλ0(u, T0) + wλ0(u, v)− wλ0(v, T0) ≤ 0 for (u, v) ∈ Emax

wλ0(u, T0) + wλ0(u, v)− wλ0(v, T0) ≥ 0 for (u, v) ∈ Emin
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Proof. Since we assumed that every edge in Emin has zero tick, and G′ is got by

deleting all ticked edges in G, we know that if E ′min = Emin.

If (u, v) ∈ E ′min = Emin, t(u, v) = 0 and

C(v, |V |) = C(v, |V |+ 1) (5.9)

= min
(vj ,v)∈E′,C(vj ,|V |)6=⊥

{C(vj, |V |) + w(vj, v)}

≤ C(u, |V |) + w(u, v).

By Lemma 10, together with fact that all paths in T0 ⊂ G′ have zero ticks, we

have

0 ≤ w(u, T0) + w(u, v)− w(v, T0) (5.10)

= wλ0(u, T0) + wλ0(u, v)− wλ0(v, T0)

as desired.

If (u, v) ∈ E ′max, by definition, t(u, v) = 0 and

C(v, |V |) = C(v, |V |+ 1) (5.11)

= max
(vj ,v)∈E′,C(vj ,|V |) 6=⊥

{C(vj, |V |) + w(vj, v)}

≥ C(u, |V |) + w(u, v).

By Lemma 10, together with fact that all paths in T0 ⊂ G′ have zero ticks, we

have

0 ≥ w(u, T0) + w(u, v)− w(v, T0) (5.12)

= wλ0(u, T0) + wλ0(u, v)− wλ0(v, T0)
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as desired. If (u, v) ∈ Emax − E ′max, by definition, (u, v) has one tick, and

wλ0(u, T0) + wλ0(u, v)− wλ0(v, T0) (5.13)

= w(u, T0) + w(u, v)− λ0 − w(v, T0)

=
∑

e∈p1,e/∈p2

w(e)−
∑

e∈p2,e/∈p1

w(e)− λ0

≤
∑

e∈p1,e/∈p2

|w(e)|+
∑

e∈p2,e/∈p1

|w(e)| − λ0

≤
∑
e∈E
|w(e)| − λ0 = −1 < 0

where p1 = p(u, T0) + p(u, v) and p2 = p(v, T0) are two paths from s to v in G(λ0)

as desired.

Remark 7. Computing T0 of G(λ0) where λ0 = M takes O(|V ||E|) time as

indicated in Definition 24. Since the graph is acyclic, the time complexity of

computing T0 can be further reduced to O(|E|) with the help of topological sort

of G′, which will be very important to make the algorithm scalable in practice.

We call wλ0(u, T0) + wλ0(u, v) − wλ0(v, T0) ≤ 0 the max vertex inequality and

wλ0(u, T0) + wλ0(u, v)− wλ0(v, T0) ≥ 0 min vertex inequality.

5.2.3 λ Progression

We have constructed a spanning tree of G: T0 that satisfies both max vertex

inequality and min vertex inequality for all v ∈ V, v 6= s for λ = λ0. Now we

examine what happens as we decrease the value of λ.

Definition 25 (edge key). Given a spanning tree T0 of G(λ0) that satisfies both

max vertex inequality and min vertex inequality, and edges e = (u, v) ∈ E, define

Ti+1 by performing λ Progression on Ti for all i ∈ N as following:
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1. Define two values:

∆w(e, Ti) = w(u, Ti) + w(u, v)− w(v, Ti) (5.14)

and

∆t(e, Ti) = t(u, Ti) + t(u, v)− t(v, Ti) (5.15)

2. Define the edge keys K(e, Ti) of all the edges e = (u, v) ∈ E as following:

K(e, Ti) =



−∞ ∆t(e) ≤ 0, v ∈ Vmax

−∞ ∆t(e) ≥ 0, v ∈ Vmin

∆w(e,Ti)
∆t(e,Ti) otherwise

3. Define

λi+1 = max{K(e, Ti)}; (5.16)

if λi+1 = −∞, return −∞.

4. Let e? = (u′, v′) be the edge that gives the maximum value of K(e?, Ti). If

there are multiple candidates for e?, pick an edge whose target is in Vmin if

possible. Define Ti+1 as the graph obtained by deleting the edge e = (u, v′) in

Ti and replacing it with (u′, v′).

5. Define

w(v, Ti+1) =


w(v, Ti) + ∆w(e?, Ti) v ∈ Tis(v′)

w(v, Ti+1) = w(v, Ti) v /∈ Tis(v′)
(5.17)

t(v, Ti+1) =


t(v, Ti) + ∆t(e?, Ti) v ∈ Tis(v′)

t(v, Ti) v /∈ Tis(v′)
(5.18)

where Tis(v′) denotes the subtree of Ti rooted at v′ (the updated vertices)

84



6. If Ti+1 is a spanning tree of G, and Ti+1 is different from Tj for all j ≤ i, j ∈

N (in later section of the proof, we will show that it is always the case and

there is no need to check the repetition of trees), repeat the λ Progression

on Ti+1; if otherwise, stop and we will perform Cycle Break Steps on Ti as

instructed later.

The following Corollary follows directly from the definition of the spanning

tree:

Corollary 14. If Ti is a spanning tree of G, Ti+1 is also a spanning tree of G if

and only if u′ /∈ Tis(v′).

Given a spanning tree of G: T0 that satisfies both max inequality and min

inequality and perform λ Progression as described above. Here we assume that λ

Progression never returns −∞ (see the remark in the end of this section). We will

have distinct spanning trees of G: T0, T1, ..., Tk, ... in σT0 , σT1 , ..., σTk
, ..., associated

with λ0, λ1, ..., λk, λk+1, ... (k ∈ N).

Lemma 11. If λa+1 6= λb+1 (0 ≤ a < b ≤ k), then Ta 6= Tb

Proof. We prove the contrapositive of the statement. If Ta and Tb are two spanning

trees of G such that Ta = Tb, then λa+1 = λb+1 = max{K(e, Ta)} directly by

definition.

Lemma 12. k < 2|E|.

Proof. If otherwise, we will have distinct spanning trees of G: T0, T1, ..., T2|E| , a

contradiction because there are at most 2|E| different subgraphs containing all the

vertices in V , and thus at most 2|E| different spanning trees of G.
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Thus, we can assume that when the λ Progression stops, we have distinct

spanning trees of G: T0, T1, ..., Tc in σT0 , σT1 , ..., σTc , associated with λ0, λ1, ..., λc,

λc+1, ... (c ∈ N, c < 2|E|).

Lemma 13. If Ti is a tree in σTi
such that for all (u, v) ∈ Emax, wλ(u, Ti) +

wλ(u, v) − wλ(v, Ti) ≤ 0, then σTi
(λ) does not have a positive simple cycle. In

particular, if whenever wλ(u, Ti) + wλ(u, v) − wλ(v, Ti) = 0, t(u, Ti) + t(u, v) −

t(v, Ti) ≤ 0, then σTi
(λ) has all negative simple cycles.

Proof. Given an arbitrary simple cycle in σTi
(λ): C = (v0, ..., vn = v0) (n ∈

N+, n ≤ |V |). Then by Lemma 16, for all k ∈ N+, k ≤ n, vk ∈ Vmax, wλ(vk, Ti) ≥

wλ(vk−1, Ti) + wλ(vk−1, vj) for all k ∈ N+, j ≤ n; for all k ∈ N+, k ≤ n, vk ∈ Vmin,

(vk−1, vk) is the unique edge in strategy σTi
, and thus wλ(vk, Ti) = wλ(vk−1, Ti) +

wλ(vk−1, vj). By recursive substitution, we would have:

wλ(vn, Ti) ≥ wλ(v0, Ti) + wλ(v0, v1) + ...+ wλ(vn−1, vn) (5.19)

= wλ(vn, Ti) + w(C),

which gives w(C) ≤ 0. Thus, σTi
(λ) does not have a positive simple cycle.

In particular, if C is a zero cycle, all the inequalities above hold. Thus,

wλ(vk, Ti) = wλ(vk−1, Ti) + wλ(vk−1, vj) for all k ∈ N+, j ≤ n. If whenever

wλ(u, Ti) + wλ(u, v)− wλ(v, Ti) = 0, t(u, Ti) + t(u, v)− t(v, Ti) ≤ 0, then

t(vn, Ti) ≥ t(v0, Ti) + t(v0, v1) + ...+ t(vn−1, vn) (5.20)

= t(vn, Ti) + t(C),

which gives t(C) ≤ 0, a contradiction to the assumption that C has at least one

tick, which means that in this case, σTi
(λ) has all negative simple cycles.

86



Lemma 14. For all i ∈ N, i ≤ c+ 1,
wλi

(u, Ti) + wλi
(u, v)− wλ0(v, Ti) ≤ 0 for (u, v) ∈ Emax

wλi
(u, Ti) + wλi

(u, v)− wλ0(v, Ti) ≥ 0 for (u, v) ∈ Emin

Proof. We will prove this by induction on i ∈ N, i ≤ c + 1. For the base case,

i = 0, and the statement is true by Theorem 6. Assume that when i = k ∈

N, i ≤ c, the statement is true. Let i = k + 1. Assume that e0 = (u0, v0)

such that λi+1 = max{K(e, Ti)} = K(e0, Ti). By definition, if v /∈ Ti
s(v0),

where Ti
s(v0) denotes the subtree of Ti rooted at v0, p(v, Ti+1) = p(v, Ti), and

thus wλi+1(v, Ti+1) = wλi+1(v, Ti); if v ∈ Tis(v0), we have w(v, Ti+1) = w(v, Ti) +

4w(e0, Ti) and t(v, Ti+1) = t(v, Ti) +4t(e0, Ti), where λi+1 = 4w(e0,Ti)
4t(e0,Ti) .

Thus, wλi+1(v, Ti+1) = w(v, Ti+1) − λi+1t(v, Ti+1) = w(v, Ti) + 4w(e0, Ti) −

λi+1(t(v, Ti)+4t(e0, Ti)) = wλi+1(v, Ti) as well. Thus, the statement is true by the

induction hypothesis, which completes the induction.

Lemma 15. For all i ∈ N, i ≤ c, 1. λi+1 ≤ λi. 2. If for all (u, v) ∈ Emax,

whenever wλi
(u, Ti) + wλi

(u, v) − wλi
(v, Ti) = 0, t(u, Ti) + t(u, v) − t(v, Ti) ≤ 0;

for all (u, v) ∈ Emin, whenever wλi
(u, Ti) + wλi

(u, v) − wλi
(v, Ti) = 0, t(u, Ti) +

t(u, v)− t(v, Ti) ≥ 0, then the inequality 1 is strict.

Proof. We first prove Statement 1. If otherwise, assume that λi+1 > λi for some

i = k ∈ N. By the assumption,

λi+1 = max
(u,v)∈E

{K((u, v), Ti)} = w(u, Ti) + w(u, v)− w(v, Ti)
t(u, Ti) + t(u, v)− t(v, Ti)

. (5.21)

Thus, there exists u0, v0 and an edge (u0, v0) such that

w(u0, Ti) + w(u0, v0)− w(v0, Ti)
t(u0, Ti) + t(u0, v0)− t(v0, Ti)

> λi. (5.22)
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If v0 ∈ Vmax, by definition, we have t(u0, Ti) + t(u0, v0)− t(v0, Ti) > 0. Thus,

w(u0, Ti) + w(u0, v0)− w(v0, Ti) > λi(t(u0, Ti) + t(u0, v0)− t(v0, Ti)), (5.23)

a contradiction to Lemma 14. Similarly, if v0 ∈ Vmin, by definition, we have

t(u0, Ti) + t(u0, v0)− t(v0, Ti) = t(u0, Ti)− t(v0, Ti) < 0 and

w(u0, Ti) + w(u0, v0)− w(v0, Ti) < λi(t(u0, Ti) + t(u0, v0)− t(v0, Ti)), (5.24)

again a contradiction to Lemma 14 as desired.

To prove Statement 2., we prove the contrapositive of the statement: assume

that λi+1 = λi. Then there exists u0, v0 and an edge (u0, v0) such that

w(u0, Ti) + w(u0, v0)− w(v0, Ti)
t(u0, Ti) + t(u0, v0)− t(v0, Ti)

= λi. (5.25)

We will either have v0 ∈ Vmax, wλi
(u0, Ti) + wλi

(u0, v0) − wλi
(v0, Ti) = 0 and

t(u0, Ti)+t(u0, v0)−t(v0, Ti) > 0, or v0 ∈ Vmin, wλi
(u0, Ti)+wλi

(u0, v0)−wλi
(v0, Ti) =

0 and t(u0, Ti) + t(u0, v0)− t(v0, Ti) < 0 as desired.

Lemma 16. For all i ∈ N, i ≤ c+ 1, λi+1 ≤ λ ≤ λi,
wλi

(u, Ti) + wλi
(u, v)− wλi

(v, Ti) ≤ 0 for (u, v) ∈ Emax

wλi
(u, Ti) + wλi

(u, v)− wλi
(v, Ti) ≥ 0 for (u, v) ∈ Emin

Proof. The case when λi+1 = λ = λi is trivial by Lemma 14. We assume that

λi+1 < λi. If otherwise, there exists i ∈ N, i ≤ c+1, λi+1 ≤ λ′ < λi and (u0, v0) such

that the statement is violated. If v0 ∈ Vmax, wλ′(u0, Ti)+wλ′(u0, v0)−wλ′(v0, Ti) >

0, and by Lemma 14, wλi
(u0, Ti) + wλi

(u0, v0)− wλi
(v0, Ti) ≤ 0. Thus,

(λi − λ′)(t(u0, Ti) + t(u0, v0)) > (λi − λ′)(t(v0, Ti)), (5.26)

which gives

t(u0, Ti) + t(u0, v0) > t(v0, Ti). (5.27)
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Thus,

λ′ <
w(u0, Ti) + w(u0, v0)− w(v0, Ti)
t(u0, Ti) + t(u0, v0)− t(v0, Ti)

(5.28)

≤ max
e∈E
{K(e, Ti)}

= λi+1,

a contradiction. If v0 ∈ Vmin, wλ′(u0, Ti) + wλ′(u0, v0) − wλ′(v0, Ti) < 0. By

Lemma 14, wλi
(u0, Ti) + wλi

(u0, v0)− wλi
(v0, Ti) ≥ 0. Thus,

(λi − λ′)(t(u0, Ti) + t(u0, v0)) < (λi − λ′)(t(v0, Ti)), (5.29)

which gives

t(u0, Ti) + t(u0, v0) < t(v0, Ti). (5.30)

Thus,

λ′ <
w(u0, Ti) + w(u0, v0)− w(v0, Ti)
t(u0, Ti) + t(u0, v0)− t(v0, Ti)

(5.31)

≤ max
e∈E
{K(e, Ti)}

= λi+1,

a contradiction again, as desired.

The following two Corollaries directly follow from Lemma 13 and Lemma 16:

Corollary 15. For all i ∈ N, i ≤ c+ 1 σTi
(λ) does not have positive cycles for all

λi+1 ≤ λ ≤ λi, which further implies that λc+1 ≥ λ?(G).

Lemma 17. Tc+1 is never a spanning tree of G.

Proof. We prove the statement by contradiction. If otherwise, by definition, Tc+1 =

Ti for some i ∈ N, i ≤ c, which implies that λi+1 = λc+2 = max{K(e, Ti)} directly
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by definition. Since Tc+1 = Ti is a tree, Lemma 15 can be readily extended to the

case when i ∈ N, i ≤ c + 1 and we have λi+1 ≤ λi+2 ≤ ... ≤ λc+2, which further

implies that λi+1 = λi+2 = ... = λc+2 = λ. Assume that we get Ti+1, ..., Tc+1 by

deleting edge (u′i, vi) ∈ Ti and appending ei = (ui, vi), ..., deleting edge (u′c, vc) ∈ Tc

and appending (uc, vc). For all va ∈ Vmax, i ≤ a ≤ c, pick the va that t(va, Ta) is

minimized. When there are multiple such vertices, pick one of them that D(va, Ta)

is also minimized. For all vb ∈ Vmin, i ≤ b ≤ c, pick the vb that t(vb, Tb+1) is min-

imized. When there are multiple such vertices, pick one of them that D(vb, Tb+1)

is also minimized. Finally, define

vj = arg min
vj∈{va,vb}

{〈t(va, Ta), D(va, Ta)〉, 〈t(vb, Tb+1), D(vb, Tb+1)〉}, (5.32)

where comparison of 〈x, y〉 follows lexicographic order, which first compare x, and

in case of equality, compare y.

If vj ∈ Vmax, we prove that

〈t(vj, Ti), D(vj, Ti)〉 = 〈t(vj, Tc+1), D(vj, Tc+1)〉 > 〈t(vj, Tj), D(vj, Tj)〉. (5.33)

If otherwise, 〈t(vj, Tc+1), D(vj, Tc+1)〉 ≤ 〈t(vj, Tj), D(vj, Tj)〉. Since we know that

t(vj, Tj+1) = t(vj, Tj) +4t(ej, Tj) > t(vj, Tj), we can find the smallest j + 1 < k ≤

c+ 1 such that

〈t(vj, Tk), D(vj, Tk)〉 ≤ 〈t(vj, Tj), D(vj, Tj)〉 < 〈t(vj, Tk−1), D(vj, Tk−1)〉. (5.34)

Then vk−1 ∈ Vmin and vj ∈ Tk−1
s(vk−1) = Tk

s(vk−1), which gives

〈t(vk−1, Tk), D(vk−1, Tk)〉 < 〈t(vj, Tk), D(vj, Tk)〉 ≤ 〈t(vj, Tj), D(vj, Tj)〉. (5.35)

Thus, vk−1 6= vj should have been picked as vj by definition, a contradiction.

Then, based on Inequality 5.33, we can again find the smallest i < y ≤ j such

that

〈t(vj, Ty), D(vj, Ty)〉 ≤ 〈t(vj, Tj), D(vj, Tj)〉 < 〈t(vj, Ty−1), D(vj, Ty−1)〉. (5.36)
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Then, vy−1 ∈ Vmin and vj ∈ Ty−1
s(vy−1) = Ty

s(vy−1), which gives

〈t(vy−1, Ty), D(vy−1, Ty)〉 < 〈t(vj, Ty), D(vj, Ty)〉 ≤ 〈t(vj, Tj), D(vj, Tj)〉. (5.37)

Thus, vy−1 6= vj should have been picked as vj by definition, again a contradiction.

If vj ∈ Vmin, we prove that

〈t(vj, Ti), D(vj, Ti)〉 = 〈t(vj, Tc+1), D(vj, Tc+1)〉 (5.38)

> 〈t(vj, Tj+1), D(vj, Tj+1)〉.

If otherwise, 〈t(vj, Ti), D(vj, Ti)〉 ≤ 〈t(vj, Tj+1), D(vj, Tj+1)〉. Since we know that

t(vj, Tj+1) = t(vj, Tj) +4t(ej, Tj) < t(vj, Tj), we can find the smallest i < k ≤ j

such that

〈t(vj, Tk), D(vj, Tk)〉 > 〈t(vj, Tj+1), D(vj, Tj+1)〉 ≥ 〈t(vj, Tk−1), D(vj, Tk−1)〉.

(5.39)

Then, vk−1 ∈ Vmax and vj ∈ Tk−1
s(vk−1) = Tk

s(vk−1), which gives

〈t(vk−1, Tk−1), D(vk−1, Tk−1)〉 < 〈t(vj, Tk−1), D(vj, Tk−1)〉 (5.40)

≤ 〈t(vj, Tj+1), D(vj, Tj+1)〉.

Thus, vk−1 6= vj should have been picked as vj by definition, a contradiction.

Then, based on Inequality 5.38, we can again find the smallest j+1 < y ≤ c+1

such that

〈t(vj, Ty), D(vj, Ty)〉 > 〈t(vj, Tj+1), D(vj, Tj+1)〉 ≥ 〈t(vj, Ty−1), D(vj, Ty−1)〉.

(5.41)

Then, vy−1 ∈ Vmax and vj ∈ Ty−1
s(vy−1) = Ty

s(vy−1), which gives

〈t(vy−1, Ty−1), D(vy−1, Ty−1)〉 < 〈t(vj, Ty−1), D(vj, Ty−1)〉 (5.42)

≤ 〈t(vj, Tj+1), D(vj, Tj+1)〉.
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Thus, vy−1 6= vj should have been picked as vj by definition, again a contradiction.

Remark 8. The Lemma implies that there is no need to check the repetition of

trees explored in the λ Progression, because every tree explored is different.

Remark 9. One can show with similar arguments as above that the case when

the algorithm returns −∞ is trivial – it corresponds to the case when at least one

strategy in G is acyclic, because λc+1 = −∞ and σTc(λ) does not have positive

cycles for all λ ≤ λc, and thus does not have a cycle. For the discussions in this

chapter, we will assume that the algorithm never returns −∞.

5.2.4 Cycle Break

Definition 26. Ti is called a Boundary Tree (denoted as B-Tree) in σTi
(λ) if it is

a spanning tree of σTi
(λ) that satisfies the following properties:

1. For some (u′, v′) ∈ Emax, wλ(u′, Ti) + wλ(u′, v′)− wλ(v′, Ti) ≥ 0. In partic-

ular, if wλ(u′, Ti) + wλ(u′, v′)− wλ(v′, Ti) = 0, t(u′, Ti) + t(u′, v′)− t(v′, Ti) > 0.

2. For all (u, v) ∈ Emin, wλ(u, Ti) + wλ(u, v)− wλ(v, Ti) ≥ 0. In particular, if

wλ(u, Ti) + wλ(u, v)− wλ(v, Ti) = 0, t(u′, Ti) + t(u′, v′)− t(v′, Ti) ≥ 0.

Corollary 16. Tc is a B-Tree in σTc(λc+1).

Proof. By the assumption, Tc is a tree but Tc+1 is not a tree. Thus, assume that

Tc+1 is got by deleting (u0, v
′) ∈ Tc and appending the edge (u′, v′). We must have

u′ ∈ Tcs(v′), and C = p+ (u′, v′) is a cycle, where p is the path from v′ to u′ in Tc,
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which implies that

0 < t(C) = t(p) + t(u′, v′) = t(u′, Tc)− t(v′, Tc) + t(u′, v′). (5.43)

Also, by definition,

λc+1 = w(u′, Tc) + w(u′, v′)− w(v′, Tc)
t(u′, Tc) + t(u′, v′)− t(v′, Tc)

> −∞. (5.44)

Thus, v ∈ Vmax and wλc+1(u′, Tc) + wλc+1(u′, v′)− wλc+1(v′, Tc) = 0 and Tc satisfies

the Property 1. of B-Tree definition. Lemma 16 indicates that for all (u, v) ∈

Emin, wλc+1(u, Tc) + wλc+1(u, v)− wλc+1(v, Tc) ≥ 0. In particular, if wλc+1(u, Tc) +

wλc+1(u, v)− wλc+1(v, Tc) = 0 and t(u, Tc) + t(u, v)− t(v, Tc) < 0,

w(u′, Tc) + w(u′, v′)− w(v′, Tc)
t(u′, Tc) + t(u′, v′)− t(v′, Tc)

= λc+1 = w(u, Tc) + w(u, v)− w(v, Tc)
t(u, Tc) + t(u, v)− t(v, Tc)

, (5.45)

and by the assumption, (u, v) ∈ Emin has higher priority than (u′, v′). Then, the

λ progression should have picked (u, v) instead of (u′, v′) for the edge appending,

a contradiction. Thus, if wλc+1(u, Tc) + wλc+1(u, v) − wλc+1(v, Tc) = 0, t(u, Tc) +

t(u, v) − t(v, Tc) ≥ 0, and Tc also satisfies the Property 2. of B-Tree definition as

desired.

5.2.5 Cycle Break Steps

Assume that we are given a B-Tree T ′0 in σT ′0(λ). We will first consider the case

when u′ ∈ T ′0
s(v′). In this case, p(u′, T ′0) = p(v′, T ′0) + p′, t(u′, T ′0) + t(u′, v′) −

t(v′, T ′0) > 0, and we define “cycle break steps”.

Corollary 17. There exists C ⊂ σT ′0 such that wλ(C) ≥ 0.

Proof. By the assumption, p(u′, T ′0) = p(v′, T ′0)+p′ for some u′ ∈ V, v′ ∈ Vmax, (u′, v′) ∈
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Emax. Consider the cycle C = (u′, v′) + p′ ⊂ σT ′0 , we have

0 ≤ wλ(u′, T ′0) + wλ(u′, v′)− wλ(v′, T ′0) (5.46)

= wλ(v′, T ′0) + wλ(p′) + wλ(u′, v′)− wλ(v′, T ′0)

= wλ(C)

as desired.

Corollary 18. σT ′0(λ) is not a well-defined strategy.

Denote such a non-negative cycle C = (u′, v′) + p′ as above. A recursive Cycle

Break Step on C is to define T ′k+1 based on T ′k (k ∈ N) as following:

1. If there is no edge (u, v) ∈ Emin such that v ∈ T ′k
s(v′), u /∈ T ′k

s(v′), let

T ′k+1 = T ′k and return the current T ′k, λ, and a false (Cycle Break Steps fail).

2. If there is an edge (u, v) ∈ Emin such that v ∈ T ′k
s(v′), u /∈ T ′k

s(v′), find an

arbitrary (u, v) such that 4wk = wλ(u, T ′k) + wλ(u, v) − wλ(v, T ′k) is minimized.

We denote the (u, v) we pick as (uk, vk) and assume that T ′k+1 is got by deleting

the edge (u, vk) in T ′k and appending the edge (uk, vk), and denote that 4tk =

t(u, T ′k) + t(u, v)− t(v, T ′k).

3. If vk /∈ C, repeat another Cycle Break Step (the arguments above) on T ′k+1;

if vk ∈ C, stop and we will perform other steps as instructed later.

Corollary 19. For each T ′k+1 defined given T ′k, T ′k+1 is a tree and

|{v : v ∈ T ′k+1
s(v′), v ∈ Vmin}| ≤ |{v : v ∈ T ′k

s(v′), v ∈ Vmin}| − 1. (5.47)

Corollary 20. The total number of cycle break steps on C is no more than |V |+1.

We will assume that the cycle break steps does not return a false in the following
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discussions except the termination theorem or otherwise specified. Assume that

we defined T ′1, T
′
2, ..., T

′
n+1 (n ≤ |V |).

Corollary 21. 4w0 ≥ 0. In particular, if 4w0 = 0, 4t0 ≥ 0.

Corollary 22. For all k ∈ N, k ≤ n, if v ∈ T ′k+1
s(v′), then v ∈ T ′k

s(v′) and

v /∈ T ′k
s(vk); if u /∈ T ′k+1

s(v′) and u /∈ T ′k
s(vk), then u /∈ T ′k

s(v′).

Corollary 23. For all j, k ≤ n+ 1, j, k ∈ N, j 6= k, Tk ′s(vj) ∩ Tk ′s(vk) = ∅.

Corollary 24. For all k ∈ N, k ≤ n, if v ∈ T ′k
s(vk), wλ(v, T ′k+1) = wλ(v, T ′k) +

4wk, t(v, T ′k+1) = t(v, T ′k) + 4tk; if v /∈ T ′k
s(vk), p(v, T ′k+1) = p(v, T ′k) and thus

wλ(v, T ′k+1) = wλ(v, T ′k) and t(v, T ′k+1) = t(v, T ′k).

Corollary 25. For all k ∈ N, k ≤ n+ 1, if

1. v ∈ T ′k
s(v′), (u, v) ∈ Emin or

2. (u, v) = (u′, v′),

then wλ(u, T ′k)+wλ(u, v)−wλ(v, T ′k) ≥ 0. In particular, if wλ(u, T ′k)+wλ(u, v)−

wλ(v, T ′k) = 0, t(u, T ′k) + t(u, v)− t(v, T ′k) ≥ 0

Proof. We prove the statements by induction on k ∈ N. For the base case, k =

0, the statements directly follow by the assumption that T ′0 is a B-Tree. When

k = m ≤ n, and assume that the statements is true. Let k = m + 1 ≤ n + 1. By

the induction hypothesis, for all v ∈ T ′m
s(v′), (u, v) ∈ Emin, wλ(u, T ′m) +wλ(u, v)−

wλ(v, T ′m) ≥ 0. Thus, 4wm ≥ 0 by definition, and thus

wλ(u, T ′m) ≤ wλ(u, T ′m+1) ≤ wλ(u, T ′m) +4wm (5.48)

and

wλ(v, T ′m) ≤ wλ(v, T ′m+1) ≤ wλ(v, T ′m) +4wm (5.49)
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for all v ∈ V .

If v ∈ T ′m
s(v′), by Corollary 22, v /∈ T ′m

s(vm), and thus wλ(v, T ′m+1) = wλ(v, T ′m).

We have

wλ(u, T ′m+1) + wλ(u, v)− wλ(v, T ′m+1) (5.50)

≥ wλ(u, T ′m) + wλ(u, v)− wλ(v, T ′m)

≥ 0

by the induction hypothesis. In particular, if wλ(u, T ′m)+wλ(u, v)−wλ(v, T ′m) = 0,

t(u, T ′m) + t(u, v) − t(v, T ′m) ≥ 0 and all the arguments above follow by replacing

wλ by t.

If (u, v) = (u′, v′), we know that v′ /∈ T ′m
s(vm). Thus wλ(v′, T ′m+1) = wλ(v′, T ′m)

and t(v′, T ′m+1) = t(v′, T ′m)

wλ(u′, T ′m+1) + wλ(u′, v′)− wλ(v′, T ′m+1) (5.51)

≥ wλ(u′, T ′m) + wλ(u′, v′)− wλ(v′, T ′m)

≥ 0

by the induction hypothesis. In particular, if wλ(u′, T ′m)+wλ(u′, v′)−wλ(v′, T ′m) =

0, t(u′, T ′m) + t(u′, v′) − t(v′, T ′m) ≥ 0 by the induction hypothesis as well, which

completes the induction.

Corollary 26. For all k ∈ N, k ≤ n− 1, 4wk+1 ≥ 4wk.

Proof. By definition, given (uk+1, vk+1) ∈ Emin such that vk+1 ∈ T ′k+1
s(v′), uk+1 /∈

T ′k+1
s(v′), by Corollary 22, vk+1 /∈ T ′k

s(vk) and vk+1 ∈ T ′k
s(v′). Thus wλ(vk+1, T

′
k+1) =

wλ(vk+1, T
′
k).
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If uk+1 ∈ T ′k
s(vk), wλ(uk+1, T

′
k+1) = wλ(uk+1, T

′
k) +4wk. Since vk+1 ∈ T ′k

s(v′),

by Corollary 24,

4wk+1 = wλ(uk+1, T
′
k+1) + wλ(uk+1, vk+1)− wλ(vk+1, T

′
k+1) (5.52)

= wλ(uk+1, T
′
k) +4wk + wλ(uk+1, vk+1)− wλ(vk+1, T

′
k)

= 4wk.

If uk+1 /∈ T ′k
s(vk), again by Corollary 22, uk+1 /∈ T ′k

s(v′) and thus wλ(uk+1, T
′
k+1) =

wλ(uk+1, T
′
k).

4wk+1 = wλ(uk+1, T
′
k+1) + wλ(uk+1, vk+1)− wλ(vk+1, T

′
k+1) (5.53)

= wλ(uk+1, T
′
k) + wλ(uk+1, vk+1)− wλ(vk+1, T

′
k)

≥ wλ(uk, T ′k) + wλ(uk, vk+1)− wλ(vk, T ′k)

= 4wk

as well because (uk, vk) is the (u, v) ∈ Emin, v ∈ T ′k
s(v′), u /∈ T ′k

s(v′) that minimizes

wλ(u, T ′k) + wλ(u, v)− wλ(v, T ′k).

For all k ∈ N, k ≤ n + 1, given an arbitrary strategy σ′ ⊂ G and vertex

x1 ∈ Tks(v′), define xm+1 if m ∈ N+,m ≤ |V |, xm ∈ T ′k
s(v′) as following:

if xm ∈ Vmax and xm = v′, then let xm+1 = u′ ∈ T ′k
s(v′);

if xm ∈ Vmax and xm 6= v′, then find xm+1 such that (xm+1, xm) is in Tk

(xm+1 ∈ Tks(v′) as well);

if xm ∈ Vmin, find xm+1 such that (xm+1, xm) is the unique edge whose target

is xm in σ′.
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We would then get a sequence of vertices: x1, ..., xj (2 ≤ j ≤ |V | + 1) and

(xm, xm−1) is in σ′ for all m ∈ N+,m ≤ j.

Lemma 18.

wλ(xm+1, T
′
k) + wλ(xm+1, xm) ≥ wλ(xm, T ′k) (5.54)

for all m ≤ j,m ∈ N+.

Proof. If xm ∈ Vmax, wλ(xm+1, T
′
k) + wλ(xm+1, xm) = wλ(xm, T ′k), except when

xm = v′, in which case we let xm+1 = u′ , wλ(u′, T ′k) + wλ(u′, v′) − wλ(v′, T ′k) ≥ 0

by Corollary 25. If xm ∈ Vmin, since xm ∈ T ′k
s(v′), Corollary 25 again implies that

wλ(xm+1, T
′
k) + wλ(xm+1, xm) ≥ wλ(xm, T ′k) as desired.

Lemma 19. If σ′(λ) is a well-defined strategy, then j ≤ |V |.

Proof. If otherwise, j = |V | + 1. Since T ′k
s(v′) has at most |V | vertices, xa = xb

for some 0 ≤ a < b ≤ |V |+ 1, a, b ∈ N. By Lemma 18, we have

wλ(xa, T ′k) ≤ wλ(xa+1, T
′
k) + wλ(xa+1, xa) ≤ ... (5.55)

≤ wλ(xb, T ′k) + wλ(xb, xb−1) + ...+ wλ(xa+1, xa)

= wλ(xb, T ′k) + w(C)

where C = (xb, xb−1) + ... + (xa+1, xa) is a cycle in σ′. Thus, wλ(C) ≥ 0, a

contradiction to the assumption that σ′(λ) is a well defined strategy.

Corollary 27. If σ′(λ) is a well-defined strategy, xj /∈ T ′k
s(v′), xj ∈ Vmin and

xm ∈ T ′k
s(v′) for all m ∈ N+,m ≤ j − 1.

Theorem 7 (Termination Criterion). If a false is returned, λ ≤ λ?(G).

Proof. Given an arbitrary strategy σ′ and a vertex x1 ∈ Tn
s(v′), consider the

sequence of vertices x1, ...xj constructed as described earlier. We know that xj ∈
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T ′n
s(v′), because if otherwise, xj /∈ T ′n

s(v′), xj−1 ∈ T ′n
s(v′), (xj, xj−1) ∈ Emin by

definition, a contradiction to the assumption that a false is returned, and there

is no edge (u, v) ∈ Emin such that v ∈ T ′n
s(v′), u /∈ T ′n

s(v′). The contrapositive

of Corollary 27 implies that σ′(λ) is not a well defined strategy. By Corollary 10

λ ≤ λ̂(σ′), and since σ′ is arbitrary,

λ ≤ min
l
{λ̂(σl)} = λ?(G) (5.56)

as desired.

We assume that T ′n+2 is got by deleting edge (u, v′) in T ′n+1 and appending

(u′, v′). Assume that4wn+1 = wλ(u′, T ′n+1)+wλ(u′, v′)−wλ(v′, T ′n+1) and4tn+1 =

t(u′, T ′n+1) + t(u′, v′)− t(v′, T ′n+1).

Corollary 28. u′ /∈ T ′n+1
s(v′), and T ′n+2 is a tree.

Corollary 29. If v ∈ T ′n+1
s(v′), wλ(v, T ′n+2) = wλ(v, T ′n+1) +4wn+1, t(v, T ′n+2) =

t(v, T ′n+1) + 4tn+1; if v /∈ T ′n+1
s(v′), wλ(v, T ′n+2) = wλ(v, T ′n+1) and t(v, T ′n+2) =

t(v, T ′n+1).

Corollary 30. 4wn+1 ≥ 4wn.

Proof. By convention, we know u′ ∈ T ′n
s(vn) and v′ /∈ T ′n

s(vn). Then, by Corol-

lary 24 and Corollary 25, 4wn+1 = wλ(u′, T ′n+1) + wλ(u′, v′) − wλ(v′, T ′n+1) =

wλ(u′, T ′n) +4wn + wλ(u′, v′)− wλ(v′, T ′n) ≥ 4wn as desired.

Corollary 31. If T ′k is a tree, u ∈ T ′k
s(v1), u /∈ T ′k

s(v2), then v1 /∈ T ′k
s(v2).

Proof. Since u ∈ T ′k
s(v1), there is a path p1 from v1 to u in T ′k. If v1 ∈ T ′k

s(v2),

there is a path p2 from v2 to v1 in T ′k, which means that there is a path p2 + p1

from v2 in T ′k, and then u ∈ T ′k
s(v2), a contradiction.
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The following Corollary directly follows from Corollary 21, 23, 24, 26 and 30

Corollary 32. For all v ∈ V and k ∈ N, k ≤ n+ 2,

0 ≤ wλ(v, T ′k)− wλ(v, T ′0) ≤ max
0≤m≤k−1

{4wm} = 4wk−1. (5.57)

Corollary 33. If wλ(v, T ′n+2) − wλ(v, T ′0) = 0 for all v ∈ V , then t(v, T ′n+2) −

t(v, T ′0) ≥ 0 for all v ∈ V and in particular t(v′, T ′n+2)− t(v′, T ′0) > 0

Proof. If wλ(v, T ′n+2)−wλ(v, T ′0) = 0 for all v ∈ V , there is no cost increase in any

of the cycle break step and 4wk = 0 = wλ(uk, T ′k) + wλ(uk, vk) − wλ(vk, T ′k) for

all k ∈ N, k ≤ n + 1. Since vk ∈ T ′k
s(v′) and (uk, vk) ∈ Vmin for all k ∈ N, k ≤ n,

by Corollary 25, t(uk, T ′k) + t(uk, vk) − t(vk, T ′k) = 4tk ≥ 0 for all k ∈ N, k ≤ n,

which further implies that t(v, T ′n+1) ≥ t(v, T ′0) for all v ∈ V . Furthermore, since

v′ ∈ T ′n+1
s(v′), Corollary 24 implies that v′ ∈ T ′k

s(v′) and v′ /∈ T ′k
s(vk) for all

k ∈ N, k ≤ n. Thus, t(v′, T ′n+1) = t(v′, T ′0). Then,

4tn+1 = t(u′, T ′n+1) + t(u′, v′)− t(v′, T ′n+1) (5.58)

≥ t(u′, T ′0) + t(u′, v′)− t(v′, T ′0)

> 0

by the assumption. Thus,

t(v, T ′0) ≤ t(v, T ′n+1) ≤ t(v, T ′n+2) ≤ t(v, T ′n+1) +4tn+1 (5.59)

and in particular,

t(v′, T ′n+2) = t(v′, T ′n+1) +4tn+1 (5.60)

> t(v′, T ′n+1)

= t(v′, T ′0)

as desired.
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Lemma 20. After performing the Cycle Break Steps of a B-Tree T ′0, the final

tree T ′n+2 will satisfy that wλ(v, T ′n+2) ≥ wλ(v, T ′0) for all v ∈ V . In particular,

if wλ(v, T ′n+2) = wλ(v, T ′0) for all v ∈ V , t(v, T ′n+2) ≥ t(v, T ′0) and there exists

v′ ∈ Vmax such that t(v′, T ′n+2) > t(v′, T ′0).

Proof. We have already shown that 4wk ≥ 0 for all k ∈ N, k ≤ n + 1. Thus,

wλ(v, T ′n+2) ≥ wλ(v, T ′0) for all v ∈ V . In particular wλ(v, T ′n+2) = wλ(v, T ′0) for all

v ∈ V , Corollary 33 implies that t(v, T ′n+2) ≥ t(v, T ′0) and there exists v′ such that

t(v, T ′n+2) > t(v, T ′0) as desired.

Corollary 34. For all k ∈ N, k ≤ n + 2, if (u, v) ∈ Emin, u ∈ T ′k
s(v), wλ(u, T ′k) +

wλ(u, v)− wλ(v, T ′k) ≥ 0.

Proof. We prove this by induction on k. For the base case, k = 0 and the statement

is true by the assumption. Let k = m ≤ n + 1, and assume that the statement

is true. When k = m + 1 ≤ n + 2, for all (u, v) ∈ Emin, u ∈ T ′m+1
s(v), if u /∈

T ′m+1
s(vm) (and thus u /∈ T ′m

s(vm)), by Corollary 31, then v /∈ T ′m+1
s(vm) (and thus

v /∈ T ′m
s(vm)). By Corollary 24, p(u, T ′m+1) = p(u, T ′m) and p(v, T ′m+1) = p(v, T ′m)

and

wλ(u, T ′m+1) + wλ(u, v)− wλ(v, T ′m+1) (5.61)

= wλ(u, T ′m) + wλ(u, v)− wλ(v, T ′m)

≥ 0

by the induction hypothesis; if u ∈ T ′m+1
s(vm) (and thus u /∈ T ′m

s(vm)),

wλ(u, T ′m+1) + wλ(u, v)− wλ(v, T ′m+1) (5.62)

= wλ(u, T ′m) +4wm + wλ(u, v)− wλ(v, T ′m+1).
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By Corollary 32, wλ(u, T ′m)+4wm ≥ wλ(u, T ′0)+4wm and wλ(v, T ′m+1) ≤ wλ(v, T ′0)+

4wm, we have

wλ(u, T ′m+1) + wλ(u, v)− wλ(v, T ′m+1) (5.63)

≥ wλ(u, T ′0) +4wm + wλ(u, v)− wλ(v, T ′0)−4wm

≥ 0

by the assumption that T ′0 is a B-Tree, which completes the induction.

Corollary 35. For all (u, v) ∈ Emin or (u, v) ∈ T ′n+2, wλ(u, T ′0) + wλ(u, v) −

wλ(v, T ′0) ≥ 0.

Proof. Since T ′0 is a B-Tree, for all (u, v) ∈ Emin, wλ(u, T ′0)+wλ(u, v)−wλ(v, T ′0) ≥ 0

by definition. If (u, v) ∈ Emax and (u, v) ∈ T ′n+2, by definition, (u, v) ∈ T ′0 and

wλ(u, T ′0)+wλ(u, v)−wλ(v, T ′0) = 0, except when (u, v) = (u′, v′), and by definition,

wλ(u, T ′0) + wλ(u, v)− wλ(v, T ′0) ≥ 0 as well.

5.2.6 Min-Edge Optimization Steps

Given a spanning tree T ′1 of σT ′1 , such that for all (u, v) ∈ Emin, u ∈ T ′1
s(v),

wλ(u, T ′1) + wλ(u, v) − wλ(v, T ′1) ≥ 0, and assume that there exists a spanning

tree T ′0 of some σT ′0 such that for all (u, v) ∈ Emin or (u, v) ∈ T ′1, wλ(u, T ′0) +

wλ(u, v) − wλ(v, T ′0) ≥ 0, A recursive Min-Edge Optimization Step is to define

T ′k+1 based on T ′k (k ∈ N+) as following:

1. If there exists (u, v) ∈ Emin such that 4wk = wλ(u, T ′k) + wλ(u, v) −

wλ(v, T ′k) ≤ 0, and in particular, if wλ(u, T ′k) + wλ(u, v) − wλ(v, T ′k) = 0, 4tk =

t(u, T ′k)+t(u, v)−t(v, T ′k) < 0, find an arbitrary such edge that minimizes D(u, T ′k)
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and denote it as (uk, vk). Define the T ′k+1 by deleting (u, vk) in T ′k and appending

(uk, vk), and repeat another Min-Edge Optimization Step (the arguments above)

on T ′k+1.

2. If otherwise, return the tree T ′k;

Corollary 36. For all k ∈ N+, if T ′k is defined, it is a spanning tree of some

σT ′
k
⊂ G and for all (u, v) ∈ Emin, u ∈ T ′k

s(v), wλ(u, T ′k)+wλ(u, v)−wλ(v, T ′k) ≥ 0.

Proof. We prove this by induction on k. For the base case, k = 1, and the

statement is true by the assumption. Let k = m ∈ N+, and assume that the

statement is true. When k = m + 1 ∈ N+, if T ′m+1 is defined, by definition,

T ′m+1 is got by deleting (u, vm) in T ′m and appending (um, vm) ∈ Emin, where

wλ(um, T ′m) + wλ(um, vm) − wλ(vm, T ′m) ≤ 0 and in particular, if wλ(um, T ′m) +

wλ(um, vm)−wλ(vm, T ′m) = 0, t(um, T ′m)+t(um, vm)−t(vm, T ′m) ≤ 0. If wλ(um, T ′m)+

wλ(um, vm) − wλ(vm, T ′m) < 0, the contrapositive of the induction hypothesis im-

plies that um /∈ T ′m
s(vm); if wλ(um, T ′m) + wλ(um, vm) − wλ(vm, T ′m) = 0 and

t(um, T ′m) + t(um, vm) − t(vm, T ′m) ≤ 0, then um /∈ T ′m
s(vm) as well, because oth-

erwise, assume the simple cycle C = p + (um, vm) where p = (vm, ..., um) ∈ T ′m,

we have t(um, T ′m) + t(um, vm) − t(vm, T ′m) = t(C) > 0, a contradiction. That

um /∈ T ′m
s(vm) further implies that T ′m+1 is a spanning tree of some σT ′m+1

⊂ G.

Assume that (u, v) ∈ Emin, u ∈ T ′m+1
s(v), and we can then find a path p from

v = x0 to u = xj(j ≤ |V |, j ∈ N+, x0 6= xj) : p = (x0, ..., xj) in T ′m+1. For all

0 ≤ a ≤ j − 1, if (xa, xa+1) ∈ Emax, we have (xa, xa+1) ∈ T ′1 since only e ∈ Emin

is deleted or appended from T ′1 to T ′2 to ... to T ′m+1 by definition and we have

wλ(xa, xa+1) ≥ wλ(xa+1, T
′
0)− wλ(xa, T ′0) by the assumption. If (xa, xa+1) ∈ Emin,

we have wλ(xa, xa+1) ≥ wλ(xa+1, T
′
0)−wλ(xa, T ′0) directly by the assumption again.
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Thus,

wλ(u, T ′m+1)− wλ(v, T ′m+1) (5.64)

= wλ(p)

= wλ(x0, x1) + ...+ wλ(xj−1, xj)

≥ wλ(x1, T
′
0)− wλ(x0, T

′
0) + ...+ wλ(xj, T ′0)− wλ(xj−1, T

′
0)

= wλ(u, T ′0)− wλ(v, T ′0)

≥ −wλ(u, v)

by the assumption, which completes the induction.

Corollary 37. For all k ∈ N+, if T ′k+1 is defined, if v ∈ T ′k
s(vk), wλ(v, T ′k+1) =

wλ(v, T ′k) +4wk ≤ wλ(v, T ′k); in particular, if wλ(v, T ′k+1) = wλ(v, T ′k) +4wk =

wλ(v, T ′k), t(v, T ′k+1) = t(v, T ′k) + 4tk < t(v, T ′k). If v /∈ T ′k
s(vk), wλ(v, T ′k+1) =

wλ(v, T ′k) and t(v, T ′k+1) = t(v, T ′k).

Corollary 38. For all k ∈ N+, if T ′k is defined, uk /∈ T ′k
s(vk), and thus D(uk, T ′k+1) =

D(uk, T ′k) and D(vk, T ′k+1) = D(uk, T ′k+1) + 1 = D(uk, T ′k) + 1.

Corollary 39. If T ′k+1 is defined, then D(uk+1, T
′
k+1) ≥ D(uk, T ′k).

Proof. By Corollary 36, T ′k+1 is a tree, and by Corollary 38, D(uk, T ′k+1) = D(uk, T ′k).

If uk+1 ∈ T ′k
s(vk), we have D(uk+1, T

′
k+1) ≥ D(vk, T ′k+1) = D(uk, T ′k) + 1 as desired.

If uk+1 /∈ T ′k
s(vk), wλ(uk+1, T

′
k+1) = wλ(uk+1, T

′
k). Since Corollary 37 indi-

cates that wλ(vk+1, T
′
k+1) ≤ wλ(vk+1, T

′
k), and in particular, if wλ(vk+1, T

′
k+1) =

wλ(vk+1, T
′
k), t(vk+1, T

′
k+1) ≤ t(vk+1, T

′
k) we have

wλ(uk+1, T
′
k) + wλ(uk+1, vk+1)− wλ(vk+1, T

′
k) (5.65)

≤ wλ(uk+1, T
′
k+1) + wλ(uk+1, vk+1)− wλ(vk+1, T

′
k+1)

≤ 0,
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and in particular, if wλ(uk+1, T
′
k) +wλ(uk+1, vk+1)−wλ(vk+1, T

′
k) = 0, t(uk+1, T

′
k) +

t(uk+1, vk+1) − t(vk+1, T
′
k) < 0. By the assumption, (uk, vk) is picked among all

such edges (u, v) that D(u, T ′k) is minimized, we have D(uk, T ′k) ≤ D(uk+1, T
′
k) =

D(uk+1, T
′
k+1) as desired.

The following stronger Corollary follows directly from Corollary 39.

Corollary 40. If T ′k+1 is defined, then D(ub, T ′b) ≥ D(ua, T ′a) for all a ≤ b ≤

k + 1, a, b ∈ N.

Lemma 21. The total number of Min-Edge Optimization Steps is bounded by

n = |V ||Emin|.

Proof. We prove the statement by contradiction. If otherwise, assume that (x1, y1),

... (x|Emin|, y|Emin|) are all different edges in Emin and let S1, ..., S|Emin| be sets of

edges. For all j ∈ N, j ≤ n, we allocate (uj, vj) to Sm if (uj, vj) = (xm, ym)

(there exists a unique m ≤ |Emin|,m ∈ N+ that the equality holds). Assume that

Sh1 , ..., Shf
(f ≤ |Emin|) are all sets with cardinalities of at least 2.

By the assumption, consider the n + 1 Min-Edge Optimization Steps, and we

have spanning trees T ′0, ..., T ′n, T ′n+1 of σT ′0 , ..., σT ′n , σT ′n+1
, and edges appended are

(u0, v0), (u1, v1), ..., (un, vn) ∈ Emin. The total number of elements in Sh1 , ..., Shf

will be then at least |V ||Emin| + 1 − (|Emin| − f) = f + (|V | − 1)|Emin| + 1.

Thus, there exists one set with at least p = |Vmin| + 1 elements. Without loss of

generality, assume that this set has elements (uz1 , vz1), ..., (uzp , vzp), ...; z1 < ... <

zp ≤ n, z1, ..., zp ∈ N, and we have (uz1 , vz1) = ... = (uzp , vzp) = (xm, ym),m ≤

|Emin|,m ∈ N+ by construction.

If (uza , vza) = (uzb
, vzb

) = (xm, ym) (a < b ≤ p,m ≤ |Emin|, a, b,m ∈ N+), by

Corollary 38, xm /∈ T ′za

s(vza), xm /∈ T ′zb

s(vzb
). If xm /∈ T ′zo

s(vzo) for all za ≤ zo ≤ zb,
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Corollary 37 indicates that wλ(xm, T ′za
) = wλ(xm, T ′za+1) = ... = wλ(xm, T ′zb

). Then

Corollary 37 also implies that

4wzb
= wλ(xm, T ′zb

) + wλ(xm, ym)− wλ(ym, T ′zb
) (5.66)

= wλ(xm, T ′za+1) + wλ(xm, ym)− wλ(ym, T ′zb
)

≥ wλ(xm, T ′za+1) + wλ(xm, ym)− wλ(ym, T ′za+1)

= 0

and in particular, if 4wzb
= 0, we will get the similar arguments by replacing wλ

by t, which gives 4tzb
> 0, a contradiction to the assumption that 4wzb

≤ 0, and

whenever 4wzb
= 0, 4tzb

< 0. Thus, the argument implies that xm ∈ T ′zo

s(vzo)

for some za < zo < zb (and thus zb ≥ za + 2). Together with Corollary 40 and

Corollary 38, we have D(xm, T ′zb
) ≥ D(xm, T ′zo+1) ≥ D(vzo , T

′
zo+1)D(uzo , T

′
zo

) + 1 ≥

D(uza , T
′
za

) + 1 = D(xm, T ′za
) + 1. Similar arguments will give: D(xm, T ′zp

) ≥

D(xm, T ′zp−1) + 1 ≥ ... ≥ D(xm, T ′z1) + p− 1 = D(xm, T ′z1) + |V |, which is a contra-

diction to the fact that tree T ′z1 and tree T ′zp
satisfy: 0 ≤ D(xm, T ′z1) ≤ |V | − 1 and

0 ≤ D(xm, T ′zp
) ≤ |V | − 1 as desired.

Remark 10. In our algorithm, given a B-Tree T ′0, we first perform Cycle Break

Steps and get T ′1, which will satisfy the condition we stated at the beginning of

Min-Edge Optimization Steps. Then, we perform Min-Edge Optimization Steps

on T ′1 and get T ′n where n ≤ |V ||Emin| + 1. All of the Corollaries and Lemmas

above hold. Furthermore, we will prove the following Lemma:

Lemma 22. For all k ∈ N+, k ≤ n, wλ(v, T ′k) ≥ wλ(v, T ′0) for all v ∈ V . In

particular, if wλ(v, T ′k) = wλ(v, T ′0) for all v ∈ V , then t(v, T ′k) ≥ t(v, T ′0) for all

v ∈ V and there exists v′ ∈ V such that t(v′, T ′k) > t(v′, T ′0).

Proof. We prove this by induction on k. For the base case, k = 1, the statement is

true by Lemma 20. Let k = m ∈ N+, k ≤ n− 1, and assume that the statement is
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true. When k = m+1, k ∈ N+, assume that we get T ′m+1 by deleting (um, v′m) ∈ T ′m

and appending (u′m, v′m) ∈ Emin. We denote 4wm = wλ(u′m, T ′m) + wλ(u′m, v′m) −

wλ(v′m, T ′m) and 4tm = t(u′m, T ′m) + t(u′m, v′m) − wλ(v′m, T ′m). By the induction

hypothesis, wλ(v, T ′m) ≥ wλ(v, T ′0) for all v ∈ V .

We first prove that wλ(v, T ′m+1) ≥ wλ(v, T ′0) for all v ∈ V . If otherwise, there

exists v ∈ V such that wλ(v, T ′m+1) < wλ(v, T ′0). It further implies that 4wm < 0

and v ∈ T ′m
s(vm). Find such a v that is closest to vm, denote it and its prede-

cessor in T ′m+1 as v0 and u0, respectively. We have wλ(v0, T
′
0) > wλ(v0, T

′
m+1) =

wλ(um, T ′m+1) + wλ(u0, v0) ≥ wλ(u0, T
′
0) + wλ(u0, v0). If (u0, v0) ∈ Emax, since

Min-Edge Optimization Steps do not break any edge in Emax, (u0, v0) ∈ T ′0 and

wλ(v0, T
′
0) = wλ(u0, T

′
0) +wλ(u0, v0), a contradiction. If (u0, v0) ∈ Emin, since T ′0 is

a B-Tree, wλ(u0, T
′
0) + wλ(u0, v0) ≥ wλ(v0, T

′
0), a contradiction as well.

We then prove that if wλ(v, T ′m+1) = wλ(v, T ′0) for all v ∈ V , t(v, T ′n) ≥ t(v, T ′0)

for all v ∈ V by replacing wλ and with t in the arguments above.

Finally, we prove that if wλ(v, T ′m+1) = wλ(v, T ′0), there exists v′ ∈ V such that

t(v′, T ′n) > t(v′, T ′0). If otherwise, wλ(v, T ′m+1) = wλ(v, T ′0) and t(v, T ′m+1) = t(v, T ′0)

for all v ∈ V , which further implies that 4wm = 0 and 4tm = 0. By the induction

hypothesis, t(v′, T ′m) > t(v′, T ′0), but t(v′, T ′m+1) = t(v′, T ′0), which implies that

4tm < 0, a contradiction as desired.

Corollary 41. Σvwλ(v, T ′n) ≥ Σvwλ(v, T ′0) and if Σvwλ(v, T ′n) = Σvwλ(v, T ′0),

Σvt(v, T ′n) > Σvt(v, T ′0).

Proof. By Lemma 22, wλ(v, T ′n) ≥ wλ(v, T ′0) for all v ∈ V . Thus, Σvwλ(v, T ′n) ≥

Σvwλ(v, T ′0). In particular, if Σvwλ(v, T ′n) = Σvwλ(v, T ′0), wλ(v, T ′n) = wλ(v, T ′0) for

all v ∈ V and t(v, T ′n) ≥ t(v, T ′0) for all v ∈ V , and there exists v′ ∈ V such that
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t(v′, T ′n) > t(v′, T ′0). Thus, Σvt(v, T ′n) > Σvt(v, T ′0) as desired.

The following Corollary directly follows from the definition:

Corollary 42. T ′n satisfies Property 2. of B-Tree definition.

5.2.7 B-Tree Update Steps

Assume that we are given a tree T ′0 that satisfies the Property 2. of the B-

Tree definition. If there is an edge (u, v) ∈ Emax such that 4wk = wλ(u, T ′k) +

wλ(u, v) − wλ(v, T ′k) > 0, or 4wk = wλ(u, T ′k) + wλ(u, v) − wλ(v, T ′k) = 0 and

4tk = tλ(u, T ′k) + tλ(u, v) − tλ(v, T ′k) > 0, then T ′0 also satisfies the Property 1.

of the B-Tree definition, and is thus a B-Tree. If T ′k is a B-Tree in σT ′
k
(λ), a re-

cursive B-Tree update step is to define T ′k+1 given T ′k as following: pick one such

edge (u, v); if there are multiple such edges find the one that minimize D(u, T ′k).

Denote the picked (u, v) as (uk, vk).

1. If uk /∈ T ′k
s(vk), define T ′′k by deleting (u′k, vk) in T ′k and appending (uk, vk).

Define T ′k+1 to be the final tree after performing Min-Edge Optimization Steps on

T ′′k , and repeat the arguments above on T ′k+1.

2. If uk ∈ T ′k
s(vk), return to Cycle Break steps with T ′k; if there is no such edge

(uk, vk), T ′k is not a B-Tree, and return to λ Progression with T ′k.

Lemma 23. For all (u, v) ∈ Emin, u ∈ T ′′0
s(v), wλ(u, T ′′0 ) +wλ(u, v)−wλ(v, T ′′0 ) ≥

0.

Proof. By the assumption, T ′0 satisfies Property 2. of B-Tree definition, and thus

for all (u, v) ∈ Emin, wλ(u, T ′0) +wλ(u, v)−wλ(v, T ′0) ≥ 0. If u ∈ T ′′0
s(v), there are
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three possibilities: 1. u, v ∈ T ′0
s(v0). 2. u, v /∈ T ′0

s(v0). 3. u ∈ T ′0
s(v0), v /∈ T ′0

s(v0).

(Notice that if v ∈ T ′0
s(v0), then u ∈ T ′′0

s(v) ⊆ T ′0
s(v) ⊆ T ′0

s(v0), so it is not possible

that u /∈ T ′0
s(v0), v ∈ T ′0

s(v0)). The first case indicates that

wλ(u, T ′′0 ) + wλ(u, v)− wλ(v, T ′′0 ) (5.67)

= wλ(u, T ′0) +4w0 + wλ(u, v)− wλ(v, T ′0)−4w0

= wλ(u, T ′0) + wλ(u, v)− wλ(v, T ′0)

≥ 0

as desired. The second case indicates that

wλ(u, T ′′0 ) + wλ(u, v)− wλ(v, T ′′0 ) (5.68)

= wλ(u, T ′0) + wλ(u, v)− wλ(v, T ′0)

≥ 0

as desired. The third case indicates that

wλ(u, T ′′0 ) + wλ(u, v)− wλ(v, T ′′0 ) (5.69)

= wλ(u, T ′0) +4w0 + wλ(u, v)− wλ(v, T ′0)

≥ w0

≥ 0

as desired.

Lemma 24. For all (u, v) ∈ Emin or (u, v) ∈ T ′′0 , wλ(u, T ′0)+wλ(u, v)+wλ(v, T ′0) ≥

0

Proof. Since T ′0 satisfies Property 2. of B-Tree definition, for all (u, v) ∈ Emin,

wλ(u, T ′0) +wλ(u, v)−wλ(v, T ′0) ≥ 0. Also, T ′′0 is got by deleting edge (u′0, v0) ∈ T ′0

and appending edge (u0, v0), every edge in T ′′0 is also in T ′0, except the edge (u0, v0).
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Thus, for all (u, v) 6= (u0, v0), wλ(u, T ′0) + wλ(u, v) + wλ(v, T ′0) = 0. Finally, if

(u, v) = (u0, v0), we have 4wk = wλ(u, T ′k) + wλ(u, v) − wλ(v, T ′k) ≥ 0 directly by

definition of B-Tree Update Steps as desired.

Corollary 43. For all k ∈ N such that T ′k and T ′′k are defined, 1. For all (u, v) ∈

Emin, u ∈ T ′′k
s(v), wλ(u, T ′′k ) + wλ(u, v) − wλ(v, T ′′k ) ≥ 0. 2. For all (u, v) ∈ Emin

or (u, v) ∈ T ′′k , wλ(u, T ′k) + wλ(u, v) + wλ(v, T ′k) ≥ 0

Proof. Lemma 23 and Lemma 24 guarantee that T ′0 and T ′′0 satisfy the conditions

required for performing Min-Edge Optimization Steps on T ′′0 (by replacing T ′0 and

T ′1 in Min-Edge Optimization Steps section with T ′0 and T ′′0 in this section) and all

the Lemmas and Corollaries hold in that section. The final output T ′1 will then

satisfy Property 2. of the B-Tree definition by Corollary 42, and the statements

follow by the same arguments on T ′k for all k ∈ N+.

Remark 11. In our algorithm, we are given a B-Tree Ti0 in σTi0
(λ) to perform Cy-

cle Break Steps, followed by Min-Edge Optimization Steps to get Ti1. If Ti1 is still

a B-Tree, perform either one B-Tree Update Step followed by another Min-Edge

Optimization Steps, or Cycle Break Steps followed by another Min-Edge Optimiza-

tion Steps, depending on whether the picked edge in (u, v) ∈ Emax satisfies that

u ∈ Ti1s(v) until we get some tree Tin that is no longer a B-Tree in σTin
(λ), which

we continue the λ Progression on (see the Appendix).

Corollary 44. n < 2|E|.

Proof. If otherwise, we will have spanning trees of G: Ti0 , ..., Ti2|E| , ... and Corol-

lary 41 implies that for all k ∈ N, k ≤ 2|E| − 1, Σvwλ(v, T ′ik+1
) ≥ Σvwλ(v, T ′ik). In

particular, if Σvwλ(v, T ′ik+1
) = Σvwλ(v, T ′ik), Σvt(v, T ′ik+1

) > Σvt(v, T ′ik). Thus, We

know that Ti0 , ..., Ti2|E| are all distinct. However, there are at most 2|E| different
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subgraphs containing all the vertices in V , and thus at most 2|E| spanning trees of

G, a contradiction.

Corollary 45.

λin+1 = max{K(e, Tin)} < λ (5.70)

Proof. We know that Tin satisfies the Property 2. of B-Tree definition. Since it

is not a B-Tree in σTin
(λ), it does not satisfy the Property 1 of B-Tree definition.

We prove the statement by contradiction. If otherwise, λin+1 = max{K(e, Tin} =

K(e0, Tin) ≥ λ. By definition, if e0 = (u, v) ∈ Emin, then t(u, Tin) + t(u, v) −

t(v, Tin) < 0 and wλ(u, Tin) + wλ(u, v) − wλ(v, Tin) ≤ 0, a contradiction to the

Property 2. of B-Tree definition; if e0 = (u, v) ∈ Emax, then t(u, Tin) + t(u, v) −

t(v, Tin) > 0 and wλ(u, Tin) + wλ(u, v)− wλ(v, Tin) ≥ 0, in which case Tin satisfies

the Property 1 of B-Tree definition, a contradiction as well.

5.2.8 Complete Algorithm

Putting all of the pieces together, we describe the final complete algorithm: we

start from T0 corresponding to σT0(λ0), which is a spanning tree of G and satisfies

both max vertex inequality and min vertex inequality, perform λ Progression on

T0, and get T1 (and λ1). If T1 is a tree, continue λ Progression on T1; if not,

perform Cycle Break Steps on T0 (including Min-Edge Optimization Steps and B-

Tree Update Steps). If Cycle Break Steps are not performed successfully (return

a false), terminate and return the current tree T0 and the current λ1 as λ?(G).

If Cycle Break Steps are performed successfully, assign T1 as the output tree of

Cycle Break Steps (λ1 does not change). T1 will be a spanning tree of G that

satisfies Property 2. of the B-Tree definition, but not Property 1. of the B-
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Tree definition, which means that it satisfies both max vertex inequality and min

vertex inequality. In this case, we continue λ Progression on T1, and repeat the

steps above in this case. (Lemma 44 guarantees that Cycle Break Steps including

Min-Edge Optimization Steps and B-Tree Update Steps terminates, either returns

a true on a success, or a false on a failure in finite steps). The complete algorithm

is documented in the Appendix. Assume that we have T0, ..., Tn, ... corresponding

to σT0(λ0), ..., σTn(λn), ... and λ0, ..., λn+1.

Lemma 25. n < 2|E|.

Proof. We prove the Lemma by contradiction. If otherwise, and we will have

T0, ..., T2|E| , ... corresponding to σT0(λ0), σT1(λ1), ..., σT2|E|
(λ2|E|), .... Assume that

among trees T0, ..., T2|E| , Ti1 , ..., Tik are trees got by performing Cycle Break Steps

on Ti1−1, ..., Tik−1 (k ∈ N+, i1 < ... < ik ≤ 2|E|, i1, ..., ik ∈ N+), and let i0 =

0, ik+1 = 2|E| + 1.

By definition of λ Progression, given any j ∈ N, j ≤ k, Tij , ...Tij+1−1 are distinct

spanning trees of G. We will prove that T0, ..., T2|E| are all different. If otherwise,

there exists some a < b ≤ k, a, b ∈ N, ia ≤ x ≤ ia+1 − 1, ib ≤ y ≤ ib+1 − 1 such

that Tx = Ty. Lemma 15 implies that given any j ∈ N, j ≤ k, λp ≤ λq for all

ij ≤ q ≤ p ≤ ij+1, p, q ∈ N. Furthermore, Corollary 45 implies that λij+1 < λij , for

all j ∈ N, j ≤ k. Altogether, we have

λy+1 ≤ λib+1 < λib ≤ ... ≤ λia+1 ≤ λx+1, (5.71)

and Lemma11 then gives that Tx 6= Ty, a contradiction.

Theorem 8. Our algorithm terminates and stops at the final tree Tf . Furthermore,

the final value λf+1 = λ?(G) is returned.

112



Remark 12. Lemma 25 (together with Lemma 44) provides a trivial upper bound

and states that our algorithm terminates. When the algorithm terminates at the

final tree Tf , (and Tf+1 is not a tree by definition), by Corollary 15, λf+1 ≥ λ?(G).

Furthermore, by definition, the Cycle Break Steps on Tf failed, and by Theorem 7,

λf+1 ≤ λ?(G). Thus, λf+1 = λ?(G).

5.2.9 Runtime Evaluation in Practice

In this section, we show the runtime of our algorithm on random graphs of different

scales. Our input graph assumes that every edge has 1 tick, with random edges

added between vertices and U(0, 20) random weight assigned to each edge. Our

algorithm has a preprocessing phase, which converts the input graph to the min-

max systems that satisfy (i) Emin ⊆ Vmax × Vmin and (ii) t(e) = 0. As a side note,

we utilize the acyclic nature of G′ and implement an O(|E|) version of the acyclic

min-max algorithm as mentioned in Remark 7 (instead of the O(|V ||E|) version

documented in the proof section and Appendix) with the help of topological sort of

G′, to make our whole algorithm more scalable; also, our algorithm is implemented

in C++ and our current implementation uses a “map” (instead of a “priority

queue” documented in the Appendix) to store the edge keys. The experiment in

this section is conducted on a Linux machine with 28 cores Intel Xeon E5-2660V4

2.0GHz CPU and 251GB memory.

For each random graph gi, we report number of max nodes |Vmax|, number of

min nodes |Vmin|, number of max edges |Emax| and number of min edges |Emin| in

the original graphs; number of max nodes |Vmax|c, number of min nodes |Vmin|c,

number of max edges |Emax|c and number of max edges |Emin|c in the converted

min-max systems; the min-max cycle time λ? that our proposed min-max cycle
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Table 5.1: Scales of input random graphs

Name |Vmax| |Vmin| |Emax| |Emin|
g1 20 20 53 29
g2 10 50 81 394
g3 100 50 769 304
g4 200 200 2127 2035
g5 500 500 5518 4942
g6 2000 1000 4755 1364
g7 100 10000 287 21162
g8 100 10000 1104 98955
g9 10000 100 108938 1021
g10 1000 50000 10868 490093
g11 50000 10000 300517 49910
g12 10000 50000 59761 250655
g13 10000 100000 55503 455677
g14 100000 100000 1099218 1000747
g15 200000 200000 2700855 2499064
g16 1000000 1000000 3582011 2581407
g17 1000000 3000000 2222974 3666730

time algorithm returns and its total (sequential) runtime ts (including that of the

preprocessing phase, but not including that of the random graph construction

phase, which is only a tiny portion of the total runtime).

As shown in Table 5.1 and Table 5.2, the algorithm runs reasonably fast on most

large graphs in practice. The runtime depends heavily on the graph structure. We

also noticed that the algorithm spends majority of the time on Cycle Break Steps

(including Min-Edge Optimization Steps and B-Tree Update Steps), and very tiny

portion on the λ Progression. For graphs with large ratio of number of min nodes to

that of max nodes (and large ratio of number of min edges to that of max edges) in

the original graph, the min-max cycle time is generally smaller due to large number

of possible strategies (remember that the cycle time is to take the minimum of

maximum cycle ratios for each strategy). In this case, the corresponding runtime

is also generally higher, because the algorithm can potentially spend more time on
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Table 5.2: Scales of converted min-max systems and final runtime of the algorithm

Name |Vmax|c |Vmin|c |Emax|c |Emin|c λ? ts(s)
g1 49 20 111 29 12.700 0.002
g2 404 50 869 394 11.238 0.011
g3 769 304 1377 304 18.617 0.014
g4 2235 200 6197 2035 18.237 0.082
g5 5442 500 15402 4942 18.266 0.217
g6 3364 1000 7483 1364 14.042 0.139
g7 21262 10000 42611 21162 4.174 24.891
g8 99055 10000 199014 98955 0.855 224.404
g9 11021 100 110980 1021 19.164 1.758
g10 491093 50000 991054 490093 0.484 5428.394
g11 99910 10000 400337 49910 18.126 10.298
g12 260655 50000 561071 250655 1.940 2099.301
g13 465677 100000 966857 455677 1.500 7440.381
g14 1100747 100000 3100712 1000747 19.789 63.998
g15 2699064 200000 7698983 2499064 19.441 170.969
g16 3581407 1000000 8744825 2581407 14.788 585.886
g17 4666730 3000000 9556434 3666730 12.384 491.630

Cycle Break Steps (including Min-Edge Optimization Steps and B-Tree Update

Steps) to explore those large number of possible strategies. We conjecture that

the current ordering of edge picking in Min-Edge Optimization Steps and B-Tree

Update Steps is bad and expensive, and some slight modifications on those parts

might further improve the time efficiency of our algorithm significantly, or even

lead to breakthrough in theoretical time complexity of the algorithm.
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

6.1 Conclusions

In this thesis, we consider the asynchronous static timing analysis problem.1 We

give a graph-based rigorous proof of the exact periodicity property of asynchronous

systems under AND-causality and fixed delays assumptions. In particular, we show

that regardless of initial configuration, after finite number of each signal transition

in the system k?, which we provide an analytical bound on, the system will enter

steady-state, where each signal transition occurs with a fixed a fixed time period

Mp? and occurrence period M . We establish our result on a weaker assumption

about the system connectivity, which is stronger than those of previous work, and

provides a theoretical foundation for the exact periodicity property to be applied

and exploited in more general asynchronous circuits containing bundled data logic

or synchronous components. Based on this enhanced theoretical work, and the

concept of performance slack we introduced in the graph-based proof, we present

and implement Cyclone, which is, to our best knowledge, the first comprehensive

description and implementation of timing and power analysis engine capable of

handling large asynchronous circuits. By leveraging existing theory and efficient

algorithms, and using Galois framework for parallelization, Cyclone is fast and

accurate, as demonstrated by the experimental results.
1This chapter is partially based on the “Conclusion” section in our work [21] and the “Con-

clusions and Potential Future Work” section in our work [20].
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Specifically, we address several major issues in asynchronous timing and power

analysis: (i) timing graph construction; (ii) slew propagation and delay calculations

for annotating timing graph; (iii) fast maximum cycle ratio algorithm implemen-

tation; (iv) asynchronous notions of arrival time, required time, and performance

slack, and correctness slack of timing forks; (v) the power calculation; and (vi)

parallelization using Galois to achieve 6.90× speedup for large benchmarks in full

static timing analysis.

We also show that it is possible to interface asynchronous circuits to syn-

chronous logic without metastability, provided all inputs to the asynchronous cir-

cuits are clocked, and provide an example of one such interface.

Finally, our Cyclone timing and power engine assumes AND-causality, which

gives conservative timing and power analysis for asynchronous circuits. This thesis

also considers the problem of cycle time of min-max system, one of the important

algorithmic problems that we will encounter when extending Cyclone engine to

more general systems that contain OR-causality. We provide a brand new algo-

rithm on finding cycle time of min-max system. We prove that our algorithm

terminates and returns the correct result, and show that the algorithm runs rea-

sonably fast in practice. It is still unknown that whether our algorithm or a similar

version will terminate in polynomial time in the worst case, but we hope that the

thesis can give readers intuitions on new directions to solve the problem.

6.2 Potential Future Work

We hope that our work can contribute to both asynchronous circuit design support

and theory of algorithmic complexity. Our research opens doors for lots of interest-
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ing future work. In our current Cyclone timing and power engine, the correctness

slack uses delay values based on steady-state input slew rate. In order to give more

accurate correctness slack report, one needs to consider transient slew rate during

the initialization period of asynchronous circuits. Also, the non-linear delay model

we adopt in Cyclone engine starts to lose its accuracy as the technology scales

down, and we need more accurate models – composite current source model, for

example, which has been adopted in industry, to get more accurate timing and

power analysis results. Other possible works include hierarchical timing analysis

and incremental timing analysis to improve the efficiency of Cyclone; the top-k

critical cycles report, the counterpart of top-k critical paths report in synchronous

static timing analysis domain to improve the robustness of Cyclone.

Another important topic of robustness enhancement of Cyclone is, as men-

tioned, to remove the pessimism and extend timing and power analysis to more

general systems with both AND-causality and OR-causality. Cycle time of min-

max system is only one of the difficulties on extending Cyclone engine to more

general systems. Notice that the XRER system introduced in [28] can only handle

certain forms of OR-causality, and cannot handle common scenarios that arises

such as dual-rail encoded data. Thus, another difficulty is to generate the correct

timing graph for systems containing both AND-causality and general OR-causality.

Finally, this thesis still does not answer the question that whether the problem

of cycle time of min-max systems is solvable in polynomial time. Although the

thesis proposed a new algorithm that runs reasonably fast in practice, there is no

proved polynomial bound on the worst case time complexity for this algorithm or

other similar methods. This problem extends far beyond the asynchronous static

timing analysis, and an efficient solution to the problem will lead to both important
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applications and profound impacts on theory of computing complexity.
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APPENDIX A

MIN-MAX CYCLE TIME ALGORITHM DOCUMENTATIONS

Algorithm 2 Min-Max Cycle Time Algorithm
Min Max Cycle Time(G) . G = (V,E,w, t)

for v ∈ V do
c(v) := ⊥, D(v) := ⊥, τ(v) := ⊥

end for
pq.insert(〈(−∞, 0,⊥),⊥〉) . Priority queue pq follows the lexicographic order
T := Acyclic(G, pq, c, τ,D, nk,Key) . T = (V,ET )
while true do
〈(λ, i0, v0), u0〉 := pq.max() . i0 ∈ {0, 1}
if λ = −∞ then

return λ . There is an acyclic strategy, λ = −∞
else if u0 ∈ T s(v0) then . T s(v0) is the sub-tree of T rooted at v0

C := p(v0, ..., u0) + (u0, v0) where path p ∈ T
if Cycle Break(G,T,C, u0, v0, pq, λ, c, τ,D, nk,Key) = false then

return λ . The cycle cannot be broken, λ = λ?(G)
end if

else
Next Tree(G,T, pq, c, τ,D, nk,Key, u0, v0) . λ Progression

end if
end while
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Algorithm 3 Acyclic Min-Max Tree Algorithm
Acyclic(G, pq, c, τ,D, nk,Key)
C(s, 0) := 0, D(s, 0) := 0, ET := ∅
T := (V,ET )
for v ∈ V, v 6= s do

C(v, 0) := ⊥
nk(v, 0) := ⊥
Key(v) := −∞

end for
for k ← 1 to |V | do

u := ⊥
if v ∈ Vmax then

C(v, k) := max(vj ,v)∈E,t(vj ,v)=0,C(vj ,k−1) 6=⊥{C(vj , k − 1) + w(vj , v)}
u := vj

else if v ∈ Vmin then
C(v, k) := min(vj ,v)∈E,t(vj ,v)=0,C(vj ,k−1)6=⊥{C(vj , k − 1) + w(vj , v)}
u := vj

end if
if C(v, k) 6= C(v, k − 1) then

nk(v, k) := u
D(v, k) := D(u, k − 1) + 1

else
nk(v, k) := nk(v, k − 1)
D(v, k) := D(v, k − 1)

end if
end for
for v ∈ V, v 6= s do

ET := ET ∪ (nk(v, |V |), v)
c(v) := C(v, |V |)
τ(v) := 0
D(v) := D(v, |V |)
nk(v) := nk(v, |V |)
for (u, v) ∈ E do

key := Find Key(e = (u, v), c, τ)
if key ≥ Key(v) then

Key(v) := key
nk(v) := u

end if
end for
if v ∈ Vmin then

pq.insert(〈(Key(v), 1, v), nk(v)〉)
else

pq.insert(〈(Key(v), 0, v), nk(v)〉)
end if

end for
return T
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Algorithm 4 Cycle Break Steps
Cycle Break(G,T,C, u0, v0, pq, λ, c, τ,D, nk,Key)

while true do
v′ := ⊥
u′ := ⊥
4cost :=∞
for v ∈ Vmin ∩ T s(v0) do

for (u, v) ∈ Emin, u /∈ T s(v0) do
4c := c(u) + w(u, v)− c(v)
4τ := τ(u) + t(u, v)− τ(v)
if 4c− λ4t < 4cost then
4cost := 4c− λ4t
u′ := u
v′ := v

end if
end for

end for
if 4cost <∞ then

Next Tree(G,T, pq, c, τ,D, nk,Key, u′, v′)
if v′ ∈ C then

Next Tree(G,T, pq, c, τ,D, nk,Key, u0, v0)
Min Edge Optimization(G,T, pq, c, τ,D, nk,Key)
if B Tree Update(G,T,C, u0, v0, pq, c, τ,D, nk,Key) = true then

return true
end if

end if
else

return false . Cycle Break Steps fail, λ = λ?(G)
end if

end while
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Algorithm 5 Update the Tree Structure and Corresponding Parameters
Next Tree(G,T, pq, c, τ,D, nk,Key, u0, v0)
e := (u′0, v0) ∈ ET
ET := ET − e
ET := ET ∪ (u0, v0)
4c := c(u0) + w(u0, v0)− c(v0)
4τ := τ(u0) + t(u0, v0)− τ(v0)
4D := D(u0) + 1−D(v0)
for x ∈ T s(v0) do

c(x) := c(x) +4c
τ(x) := τ(x) +4τ
D(x) := D(x) +4D

end for
for x ∈ T s(v0) do

Korix := Key(x)
Key(x) := −∞
for (u, x) ∈ E do

key := Find Key(e = (u, x), c, τ)
if key ≥ Key(x) then

Key(x) := key
nk(x) := u

end if
end for
if x ∈ Vmin then

pq.erase((Korix, 1, x))
pq.insert(〈(Key(x), 1, x), nk(x)〉)

else
pq.erase((Korix, 0, x))
pq.insert(〈(Key(x), 0, x), nk(x)〉)

end if
for (x, v) ∈ E do

Koriv := Key(v)
Key(v) := −∞
for (u, v) ∈ E do

key := Find Key(e = (u, v), c, τ)
if key ≥ Key(v) then

Key(v) := key
nk(v) := u

end if
end for
if v ∈ Vmin then

pq.erase((Koriv, 1, v))
pq.insert(〈(Key(v), 1, v), nk(v)〉)

else
pq.erase((Koriv, 0, v))
pq.insert(〈(Key(v), 0, v), nk(v)〉)

end if
end for

end for
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Algorithm 6 Min-Edge Optimization Steps
Min Edge Optimization(G,T, pq, c, τ,D, nk,Key)

for k ← 1 to |V | − 1 do
for u : D(u) = k do

for (u, v) ∈ Emin do
4c := c(u) + w(u, v)− c(v)
4τ := τ(u) + t(u, v)− τ(v)
4cost := 4c− λ4τ
if 4cost < 0 or (4cost = 0 and 4τ < 0) then

Next Tree(G,T, pq, c, τ,D, nk,Key, u, v)
end if

end for
end for

end for

Algorithm 7 B-Tree Update Steps
B Tree Update(G,T,C, u0, v0, pq, c, τ,D, nk,Key)

while true do
i := B Tree Update Inner Loop(G,T,C, u0, v0, pq, c, τ,D, nk,Key)
if i = 0 then

return false . Cycle detected, go back to cycle break
else if i = 1 then

return true . Not a B-Tree, go back to Key Update Steps
end if

end while
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Algorithm 8 B-Tree Update Steps (Inner Loop)
B Tree Update Inner Loop(G,T,C, u0, v0, pq, c, τ,D, nk,Key)

for k ← 1 to |V | − 1 do
for u : D(u) = k do

for (u, v) ∈ Emax do
4c := c(u) + w(u, v)− c(v)
4τ := τ(u) + t(u, v)− τ(v)
4cost := 4c− λ4τ
if 4cost > 0 or (4cost = 0 and 4τ > 0) then

if u ∈ T s(v) then
C := p(v, ..., u) + (u, v) where path p ∈ T
v0 := v
u0 := u
return 0 . Cycle detected, go back to cycle break

else
Next Tree(G,T, pq, c, τ,D, nk,Key, u, v)
Min Edge Optimization(G,T, pq, c, τ,D, nk,Key)
return 2 . Finish 1 B-Tree Update Step, continue

end if
end if

end for
end for

end for
return 1 . Not a B-Tree, go back to Key Update Steps

Algorithm 9 Edge Key Evaluation
Find Key(e = (u, v), c, τ)
4τ := τ(u) + t(u, v)− τ(v)
if (v ∈ Vmax and 4τ > 0) or (v ∈ Vmin and 4τ < 0) then
4c := c(u) + w(u, v)− c(v)
return 4c4t

else
return −∞

end if
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