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We consider several optimization problems where the main challenge is to answer to a stream

of requests. We provide algorithms that are efficient, practical, enjoy performance guaran-

tees, and work well in practice.

The first problem we study is computing Constrained Shortest Paths at scale. Even

though the underlying optimization problem is NP-Hard, we can give parametric guarantees

for the space requirement and running time of our algorithm. We use precomputation tech-

niques, generalize the notion of Highway Dimension, and prove that, under mild conditions,

we can scale Constrained Shortest Path whenever we can scale Shortest Path.

We study also a large family of Resource Allocation and Pricing problems. We give

a unified treatment and provide an algorithm that achieves constant regret, i.e., constant

additive loss, in several problems. As special cases we can cover, we mention Online Packing

(Network Revenue Management), Online Matching, Online Probing, and Pricing of Multiple

Items. Our results hold even under several generalizations, such as restocking of resources

and queues of customers with abandonment.

Additionally, we present several robustness results in cases where the parameters of the

problem are misspecified, similar to Bandits problems, or when there are two conflicting

objectives, namely reward maximization and cost minimization. Furthermore, we also study

the case when the arrival distribution can be accessed only via historical data and show that

a single trace is enough to maintain constant regret guarantees.
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CHAPTER 1

INTRODUCTION

We want answers and we want them now. New applications require to solve problems

of ever increasing size and complexity, but users are forever impatient and, when they make

a request, it has to be answered promptly. Consider, for example, the classical task of

computing the shortest path in a graph. This is the fundamental problem that applications

like Google Maps, Bing Maps, and Apple Maps have to solve, million of times every day,

on graphs of massive size. From a classical perspective, this problem was solved optimally

by Dijkstra in the last century; there is an optimal algorithm that runs in O(n log n) time,

where n is the number of nodes in the graph. The hurdle is, O(n log n) takes too long for

modern applications.

Let us consider another example. When booking flight tickets in an airline’s website, the

user wants to see the price instantaneously. On the other hand, from the airline’s perspective,

the problem of pricing tickets with thousand of flights, each with a large number of seats,

over a long horizon, is a high dimensional a stochastic optimization problem. Again, from a

classical point of view, there is an optimal solution, namely using Dynamic Programming.

The conundrum is, the optimal solution is completely impractical and cannot be implemented

even for small size instances.

In this thesis, we deal exactly with the problem of real time optimization in various

settings. Our goal is to provide algorithms that are optimal or near optimal, but that also

run in real time. In particular, computational efficiency is not enough. Consider again

the case of Dijkstra’s algorithm, that runs in polynomial time, but it is still too slow for

modern applications. Using pre-processing and offline relaxations, we can solve and give

parameterized performance guarantees for a variety of problems described next.
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In Chapter 2, we study the computation of Constrained Shortest Path at scale. In

contrast to Shortest Path, this problem is NP-hard, hence even more challenging to solve

in real time. We leverage recent advancements in the computation of Shortest Paths. In

particular, the notion of Highway Dimension, which is a property of the graph, has been used

to parameterize the complexity of Shortest Path computation. We show that, under mild

conditions on the cost structure, Constrained Shortest Path computation is scalable whenever

Shortest Path is. Our work generalizes the notion of Highway Dimension to arbitrary path

systems and average-case metrics. We test our algorithm using real world data and show

that it is indeed practical and its computation time outperforms the traditional approach by

four orders of magnitude.

We then turn a large family of problems called Dynamic Resource Allocation. In these

problems, a controller allocates a finite set of resources to a stream of requests that arrive

online. A request generates certain reward depending on the allocation made by the con-

troller. The controller must decide on the allocation as soon as the request is presented,

i.e., without knowledge of future requests, in an online fashion. The goal is to maximize the

reward collected. This family of problems has an additional challenge; not only the decisions

must be made in real time, but they must consider the uncertainty of future requests.

We focus on the stochastic setting, wherein requests are drawn from an underlying

stochastic process. In all of our results, we present a real time algorithm and evaluate

it in terms of its regret, which is the additive loss with respect to the optimal algorithm. In

other words, the regret quantifies the amount of reward left on the table, i.e., reward that

could have been collected if we used the optimal algorithm. Note that, despite the fact that

the optimal algorithm is intractable, the regret is an informative measure in that, if it is

small, it means that our algorithm is near optimal.

In Chapter 3, we present a novel technique for the analysis of online decision problems.
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Our technique, called Compensated Coupling, facilitates the study of online problems and

gives a regret bound in a completely generic setting. When we apply it to the special cases

of Online Packing and Online Matching (both belong to the family of Dynamic Resource

Allocation), we obtain the first constant regret bound for the multi dimensional setting. In

other words, we provide an algorithm with a regret guarantee that is independent of the

length of the horizon and the initial capacity of resources. We test our algorithm in an

extensive numerical study and show that it outperforms other known algorithms.

In Chapter 4, we study these resource allocation problems from a different and novel

angle. We use a geometric proof method and focus on the evolution of the remaining inven-

tory, and hence of the LP that drives the algorithm, as a stochastic process. In particular,

we can generalize our results to settings with resource restock and where requests have pa-

tience levels depending on their types, hence we may maintain a queue for certain requests.

Our method has explanatory power and uncovers the robustness limits of our algorithm in

regards to: (i) misspecification of the model parameters (rewards and probability distribu-

tion), which readily give bounds for the bandits version, where parameters must be learned;

(ii) generalizations to restock of inventory and queues of requests; and (iii) the tuning of

the algorithm’s aggressiveness as captured by its “scoring” of requests. The latter flexibility

allows us to achieve, simultaneously, near optimal reward maximization and near optimal

holding cost minimization.

In Chapter 5, we develop a framework with a general purpose algorithm, called rabbi, to

evaluate and design heuristics to include cases where the offline benchmark is not achievable.

Our framework is based on the notion of Bellman Inequalities, which decompose the loss of

an algorithm in two distinct sources of error: (1) our limited computational power and (2)

estimation/prediction of the random trajectories The balancing of these sources of error

guides the choice of benchmarks and the design of policies that are both tractable and have

3



strong performance guarantees. Using this framework we can obtain constant regret for

budget-constrained probing, dynamic pricing, and online contextual bandits with knapsacks.

We also show that the benchmark derived from our framework is necessary, in that there is

no constant regret algorithm for these problems against traditional benchmarks.

In Chapter 6, we consider the case where the arrival distribution of requests is unknown,

but we have historical data available. We extend rabbi to use only traces (sample paths)

of the stochastic process. We prove that, for resource allocation problems, rabbi has near-

optimal performance with the minimum possible sample-complexity; in particular, it obtains

constant regret with as few as one trace. The algorithm is agnostic of the generative model

of arrivals; however, the results hold even under time-varying and correlated arrival pro-

cesses. Finally, even in settings beyond our theoretical guarantees, our framework generates

data-friendly algorithms that match and beat the performance of specialized state-of-the-art

algorithms in simulations.
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CHAPTER 2

CONSTRAINED SHORTEST PATH

2.1 Introduction

Motivated by the requirements of modern transportation systems, we consider the fast com-

putation of constrained shortest paths (CSP) in large-scale graphs. Though the uncon-

strained shortest-path (SP) problem has a long history, it has been revolutionized by recent

algorithmic advancements that help enable large-scale mapping applications (cf. [20, 49] for

surveys). In particular, the use of preprocessing techniques and network augmentation has

led to dramatic improvements in the scalability of SP computation for road networks. These

techniques, however, do not extend to the CSP, and hence can not fully leverage the rich

travel-time distribution data available today.

The SP and CSP problems can be summarized as follows: We are given a graph G,

where each edge has an associated length and cost. The SP problem requires finding an

(s, t)-path of minimum length for any given nodes s and t. The CSP problem inputs an

additional budget b, and requires finding a minimum length (s, t)-path with total cost at

most b. The two problems, though similar, have very different runtime complexity: SP

admits polynomial-time algorithms (in particular, the famous Dijkstra’s algorithm), while

CSP is known to be NP-Hard [63]. That said, a standard dynamic program computes CSPs

in pseudo-polynomial time for discrete costs [44], and gives a natural scaling-based FPTAS

for continuous costs (as in the knapsack problem).

Though there is a rich literature on CSP [63], existing approaches do not scale to support

modern applications. To this end, we study preprocessing and network augmentation for

speeding up CSP computation. Our work contributes to a growing field of algorithms for
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large-scale problems (non-convex methods, sketching techniques, etc.), with relatively poor

worst-case performance, but which are provably efficient for practically relevant settings.

Applications of large-scale CSP computation: Our primary motivation for scaling

CSP comes from the requirements of modern transportation platforms (Lyft, Uber, etc.)

for accurate routing and travel-time estimates. Modern SP engines like Google Maps do

not make full use of available traffic information. In particular, they do not incorporate

uncertainties in travel times, leading to inaccurate estimates in settings with high traf-

fic variability. This can be addressed by computing shortest paths based on probabilistic

travel-time estimates: if ` is the (possibly random) edge length function, given vertices

s, t, tolerance δ and failure probability p, we want to find an (s, t)-path P minimizing

E[`(P )], subject to P(`(P ) > E[`(P )] + δ) ≤ p. Computing this exactly for general dis-

tributions is expensive due to the need for computing convolutions of distributions – indeed,

there is no known polynomial time algorithm for doing this even with black-box access

to convolution solvers [90]. However, conditioning on public state variables (e.g. weather

and traffic in key neighborhoods), we can approximate the distributions with uncorrelated

travel-times across different road segments [107]. Thus, Chebyshev’s inequality gives us that

P(
∑

e `e > E[
∑

e `e]+δ) ≤
∑

e Var(`e)/δ
2. Using this, we can reformulate the stochastic path

optimization problem as minP∈Ps,t
∑

i∈P µi s.t.
∑

i∈P σ
2
i ≤ δ2p, which is now a CSP problem

(see also [90] for a similar approach for Gaussian travel times). Note that, though we relax

the condition P(`(P ) > E[`(P )] + δ) ≤ p, our solution always respects this constraint – this

is often critical for practical applications, e.g., for Lyft/Uber, accuracy of ETA estimates is

more important than choosing the optimal route.

Another problem that can be modelled as a CSP is that of finding reliable shortest

paths. Consider the case where each edge has a probability qe of triggering a bad event,

with resulting penalty p (for example, slowdowns due to accidents). In this case, we want

6



to minimize the travel time as well as the expected penalty. Assuming independence, we

have the following natural problem: minP∈Ps,t `(P ) + p
(
1−∏e∈P (1− qe)

)
. This model is

considered in [48] for routing with fare evasion, where qe is the probability of encountering

an inspector, and p the penalty; the authors suggest using a CSP formulation, wherein the

non-linear objective is replaced by a linear constraint by taking logarithms.

2.1.1 Our Contributions

We consider the problem of developing oracles that support fast CSP queries in large net-

works. Specifically, given integer edge-costs, edge-lengths, and a budget upper bound, we

use preprocessing to create a data-structure supporting arbitrary source-destination-budget

queries; moreover, we obtain formal guarantees on the performance: preprocessing, storage,

and query time.

In the case of SP algorithms, the seminal work of Abraham et al. [2, 4] demonstrated

that the preprocessing, storage, and query times of several widely-used heuristics could be

parametrized using a graph structural metric called the Highway Dimension (HD). Our work

extends these notions for the CSP; our contributions are summarized as follows:

Theoretical contributions: We define the constrained highway dimension (CHD) for the

set of efficient paths (i.e., minimal solutions to the CSP; cf. Definition 2.2.1). We show

how the CHD can be used to parametrize the performance of CSP algorithms. One hurdle,

however, is that the CHD can be much bigger than the HD in general. Our main theoretical

contribution is in showing that the HD and CHD can be related under an additional partial

witness condition (Definition 2.3.12); therefore, in settings where SP computation is scalable,

we can also solve the harder problem of CSP. Our next contribution is to show that, under

average performance metrics, we can obtain even weaker conditions to relate the average
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CHD and HD, thus certifying the performance of our algorithms. The conditions can be

interpreted in terms of having few physical overpasses in road networks.

Practical contributions: We use our theoretical results to develop new practical data-

structures for CSP queries, based on hub labels [45]. We evaluate our algorithm on datasets

with detailed travel-time information for San Francisco and Luxembourg. In experiments,

our algorithms exhibit query-times 104 faster than existing (non-preprocessing) techniques,

have small storage requirements, and good preprocessing times even on a single machine.

Paper outline: In Section 2.2, we introduce the SP and CSP problems, and extend the

notion of the HD (as defined in [2]) to directed graphs and general path systems; this

allows us to define an analogous notion of a constrained highway dimension (CHD) for

constrained shortest paths in Section 2.3. We then show that the two can be related under

an additional partial witness condition (Section 2.3.3). In Section 2.3.4, we study average-

case performance, and show how a small average CHD can be related to physical overpasses

in road networks. Finally, in Section 2.4, we present our practical hub-label construction

and our experiments on SF and Luxembourg data.

2.2 Setting and Overview of Results

We consider a directed graph G = (V,E), where each edge e ∈ E has an associated length

`(e) ∈ N+, and cost c(e) ∈ N+ ∪ {0}. The triplet (G, `, c) is called a network. For any path

P , we define its length `(P ) and cost c(P ) as the sum of edge lengths and edge costs in P .

Our goal is to develop a data structure to answer Constrained Shortest-Path (CSP) queries

efficiently as described next.
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Constrained Shortest-Path Queries

Input: Graph G = (V,E), costs c, lengths `, and maximum budget

B.

Preprocessing Task: Create a data structure S.

Real Time Task: For any source-terminal pair s, t ∈ V and budget b ≤

B, use S to return a path solving min{`(P ) : c(P ) ≤

b, P is an (s, t)-path}. The triplet (s, t, b) defines a query and

it is arbitrarily specified by the user.

Performance Metrics: Size of S, preprocessing time (to compute S), and query time

(to return a path given s, t, b).

Note that the two computation times are in different scales. Indeed, it is acceptable to

have a preprocessing time of a few minutes, but the query time should be in milliseconds.

Observe also that the performance metrics are in conflict. To illustrate this, define n = |V |

as the number of nodes and consider two extreme cases. (i) for each (s, t, b) we store in S the

solution to the associated query, which has O(1) query time, but space |S| = Ω(Bn2). (ii)

use no data structure, which consumes no space, but requires Ω(bn log n) query time using

Dijkstra (see Proposition 2.3.3).

We stress that either storage Ω(n2) or query time Ω(n) is unacceptable for modern ap-

plications. The goal is to find S in polynomial time with small storage and fast query

time.

Our Results. We identify a parameter hc, called the Constrained Highway Dimension

(CHD), which generalizes the concept introduced in [2], and obtain the results below. In

each case, the data structure can be computed in polynomial time. D represents the diameter
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of the graph.

1. We give a data structure of size Õ(nB ·Bhc logD) and query time Õ(bhc logD) for any

(s, t, b), see Theorems 2.3.6 and 2.3.9. We relate hc to the HD in Theorem 2.3.14.

2. We introduce the notion of Average CHD, which is strictly weaker than CHD, and

show that we can obtain a data structure with the same guarantees, but the query

time is in average over (s, t), see Theorem 2.3.18.

3. Building on the average CHD, we give a condition, interpreted as having few overpasses,

such that the query time is Õ(bhα logD), average over (s, t), with space requirement

Õ(nB ·Bhα logD), where h is the HD and α the doubling constant, see Theorem 2.3.22.

We observe that, for road networks, it is conjectured that h = polylog(n) and α =

O(1), hence our result explains the good empirical performance of our algorithm, see

Section 2.4.

Final Setup Details. For any source-terminal pair s, t ∈ V , we denote by Ps,t the set of all

simple (s, t)-paths (without loops or cycles). Throughout this work, we only consider simple

paths, which we refer to as paths for brevity. We denote the shortest (s, t)-path (if it exists)

as P (s, t), and denote the set of all shortest paths in G as P∗.

For each node v, we denote its degree ∆(v) as the sum of the in-degree and out-degree,

and define the maximum degree ∆ := maxv ∆(v). For s, t ∈ V , the distance from s to t,

denoted dist(s, t), is the smallest length among all paths P ∈ Ps,t. We define dist(s, t|b) to

be the length of the shortest path with cost at most b, i.e., the length of the path returned

by the query (s, t, b). If there is no feasible solution, we define dist(s, t|b) =∞.

For a node v and a path P , we abuse notation to denote dist(v, P ) as the minimum

distance from v to any node w ∈ P ; the distance dist(P, v) from P to v is defined analogously.
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Note that dist(P, v) and dist(v, P ) need not be the same as the graph is directed. We define

D := maxP∈P∗ `(P ) to be the diameter of G.

For r > 0 and v ∈ V , we define the forward and reverse balls of radius r by B+
r (v) :=

{u ∈ V : dist(v, u) ≤ r} and B−r (v) := {u ∈ V : dist(u, v) ≤ r}, and also define Br(v) :=

B+
r (v) ∪ B−r (v). Finally, a graph G is said to have a doubling constant α if, for any node v

and any r > 0, the ball B2r(v) can be covered by at most α balls of radius r.

2.2.1 Related work

CSP problems have an extensive literature, surveyed in [63]. More recently, there has been

significant interest in stochastic SP problems, including the related stochastic on-time arrival

(SOTA) problem [59]; recent works have proposed both optimal and approximate policies [98,

74]. Existing approaches for these problems, however, are limited in their use of preprocessing

and augmentation techniques, and consequently do not support the latencies required for

mapping applications.

As we mentioned before, our work is inspired by the recent developments in shortest

path algorithms [2, 3, 4, 49, 67, 81]; refer [20] for an excellent survey of these developments.

The pre-processing technique we use for speeding up CSP computations is hub labels (HL),

first introduced for SP computations in [45]. More recently, HL was proved to have the best

query-time bounds for SP computation in low HD graphs [2, 4] (this was experimentally

confirmed in [3], [20, Figure 7]). The notion of HD has been widely applied and therefore

there are several variants (definitions) of this concept, we refer to Appendix A.1 and also

[61, Section 9] for a more detailed discussion. Finally, the HD-based bound for hub labels

was shown to be tight in [14, 106], and it was also shown that finding optimal hub labels is

NP hard.
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A related class of problems to CSP is that of SP under label constraints [19], where the

aim is to find shortest paths that avoid certain labels (e.g. toll roads, ferries, etc.). In this

setting, there is work on using preprocessing to improve query-times [95]. These problems

are essentially concatenations of parallel SP problems, involving only local constraints. In

contrast, the CSP involves global constraints on paths. Our results do in fact shed light on

why preprocessing works well for label-constrained SP queries.

Finally, we note that the notion of Highway Dimension has been successfully applied

to parameterize the complexity of other NP hard problems. Graphs with bounded HD

admit a probabilistic embedding into graphs with bounded treewidth [61], this implies that

several NP hard problems have quasi-polynomial approximation schemes in the context of

transportation networks. Subsequently, [21] introduced new ideas to get an embedding that

allows for polynomial time approximation schemes (as opposed to quasi-polynomial) for

several problems when the HD is bounded. Let us consider an important problem, the k-

center problem, arising in logistics and other domains. The k-center problem requires to

find k center vertices such that the distance of every node to the closest center is minimized.

This problem is known to be hard, but it surprisingly remains hard even if we parameterize

the complexity jointly by k, the HD, and the treewitdh [62]. On the other hand, despite

its parameterized hardness, there are approximation algorithms when k and the HD are

combined [60]. Two fundamental problems are TSP (travelling salesman) and STP (Steiner

tree). [53] gives improved results for TSP and STP when the HD is 1, obtaining a FPTAS

and, on the negative side, they also show a hardness result when the HD is 6 or larger.

2.2.2 Preliminaries: Hitting Sets and the Highway Dimension

We give a generalization of the notion of highway dimension, introduced by [2, 4] to

parametrize shortest-path computations in undirected graphs. The technical challenges of
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these extensions may not be clear to a non-expert reader, thus we differ all discussions on

the matter to Appendix A.1. Very broadly speaking, [2] deals only with undirected graphs

and shortest paths, whereas our approach covers directed graphs and general sets of paths.

In particular, if we restrict the set of paths accordingly, we recover the original notion.

To motivate general sets of paths, note that the CSP problem may have multiple solutions

as there could be several paths with the same length and cost lower than b. To limit these

solutions to those with minimal cost, we require that the path also be efficient.

Definition 2.2.1 (Efficient Path). A path P ∈ Ps,t is called efficient if there is no other

path P ′ ∈ Ps,t such that `(P ′) ≤ `(P ) and c(P ′) ≤ c(P ) with at least one inequality strict.

We denote the set of all efficient paths as PE.

Definition 2.2.2 (Path System). Recall that G = (V,E) is fixed throughout. We define

a path system Q as any collection of paths in G.

Our goal is to define the HD of any path system, then in Section 2.2.3 show how to answer

queries parametrized it. We will use mainly two path systems, P∗ (all shortest paths) and

PE (efficient paths), but note that our notion is general and encompasses other restrictions

such as label constraints.

We say that a set C ⊆ V hits any given path Q if some node in Q belongs to C. Moreover,

we say that C is a hitting set for a path system Q if it hits every Q ∈ Q. Hitting sets are

fundamental and they drive all the analysis and design of our algorithms. A crucial intuitive

concept we use is that of compression. As we discussed at the beginning of Section 2.2, if

we want query time better than Dijkstra, i.e., O(n log n), a priori we need space Ω(n2) to

store all the shortest paths. We say that a data structure S compresses CSP if it has size

o(n2) and query time o(n log n). The holy grail is a compression of space O(npolylog(n))

with query time O(polylog(n)). Hitting sets are fundamental because, as we will prove in
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Proposition 2.2.6, they allow to compress path systems.

For any r > 0, we say a path Q is r-significant if `(Q) > r. For a given path system Q,

we denote Qr as the set of all r-significant paths in Q. In particular, even if the hitting set

is large, the extent to which a path system can be compressed depends on the local sparsity

of hitting sets with respect to significant paths of Q.

Definition 2.2.3 (Locally-Sparse Hitting Sets). Given a path system Q and r > 0, an

(h, r) locally-sparse hitting set (or (h, r)-LSHS) is a set C ⊆ V with two properties:

1. Hitting: C is a hitting set for Qr.

2. Local sparsity: for every v ∈ V , |B2r(v) ∩ C| ≤ h.

As we discuss in Section 2.2.3, the existence of (h, r)-LSHS immediately enables the

compression of path system Q via the construction of hub labels. However, the existence

of LSHS does not guarantee the ability to efficiently compute these objects. To address

this, we need a stronger notion; the highway dimension is a property that ensures both

existence and efficient computation of LSHS. To define the highway dimension (HD), we

first need two additional definitions: for v ∈ V, r > 0, the forward path-neighbourhood

with respect to a path system Q is S+
r (v,Q) := {Q ∈ Qr : dist(v,Q) ≤ 2r} and similarly

S−r (v,Q) := {Q ∈ Qr : dist(Q, v) ≤ 2r} is the reverse neighbourhood. As before, Sr(v,Q) :=

S+
r (v,Q) ∪ S−r (v,Q). Now we can define the HD of a path system Q. Essentially, the HD

re-orders the sequence of qualifiers in the definition of (h, r)-LSHS: it requires the existence

of a small hitting set for each individual neighborhood, rather than a single hitting set which

is locally sparse.

Definition 2.2.4 (Highway Dimension). A path system Q has HD h if, ∀r > 0, v ∈ V ,

there exists a set Hv,r ⊆ V such that |Hv,r| ≤ h and Hv,r is a hitting set for Sr(v,Q).

As shorthand, we refer to the HD of (G, `) as that of P∗. Note that HD ≤ h is a more
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stringent requirement than the existence of an (h, r)-LSHS C, since C ∩B2r(v) need not hit

all the paths in Sr(v,Q). However, if G has HD ≤ h, then this guarantees the existence of

a (h, r)-LSHS according to the following result, which can be proven by adapting the proof

from [2, Theorem 4.2] to our general case.

Proposition 2.2.5. If the path system Q has HD h, then, ∀ r > 0, there exists an (h, r)-

LSHS.

More importantly, note that the result is about existence and does not touch on com-

putability. As we discuss in Section 2.3.2, if G has HD ≤ h, then this permits efficient

computation of LSHS.

2.2.3 Preliminaries: Shortest-Paths via Hub Labels

Two of the most successful data-structures enabling fast shortest path queries at scale are

contraction hierarchies (CH) [67] and hub labels (HL) [45]. These are general techniques

which always guarantee correct SP computation, but have no uniform storage/query-time

bounds for all graphs. We now explain the construction for HL; for the construction and

results of CH refer to Appendix A.2.

The basic HL technique for SP computations is as follows: Every node v is associated

with a hub label L(v) = {L+(v), L−(v)}, comprising of a set of forward hubs L+(v) ⊆ V

and reverse hubs L−(v) ⊆ V . We also store dist(v, w)∀w ∈ L+(v) and dist(u, v)∀u ∈

L−(v). Hub Labels must satisfy the cover property defined as follows: for any s 6= t ∈ V ,

L+(s) ∩ L−(t) contains at least one node in P (s, t). In the case that t is not reachable from

s, it must be that L+(s) ∩ L−(t) = ∅.

With the aid of the cover property, we can obtain dist(s, t) by searching for the minimum
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value of dist(s, w) + dist(w, t) over all nodes w ∈ L+(s) ∩ L−(t). If the hubs are sorted by

ID, this can be done in time O(|L+(s)| + |L−(t)|) via a single sweep. Moreover, by storing

the second node in P (s, w) for each w ∈ L+(s), and the penultimate node in P (w, t) for each

w ∈ L−(t), we can also recover the shortest path recursively, as each HL query returns at

least one new node w ∈ P (s, t). Note that we need to store this extra information, otherwise

we could have L+(s) ∩ L−(t) = {s}. Let Lmax := maxv|L+(v)| + maxv|L−(v)| be the size

of the maximum HL. The per-node storage requirement is O(Lmax), while the query time is

O(Lmax`(P (s, t))).

Although hub labels always exist (in particular, we can always choose L+(s) to be the set

of nodes reachable from v, and L−(s) the set of nodes that can reach v), finding optimal hub-

labels (in terms of storage/query-time bounds) is known to be NP-hard [14]. To construct

hub labels with guarantees on preprocessing time and Lmax, we need the additional notion of

a multi-scale LSHS. We assume that (G, `) admits a collection of sets {Ci : i = 1, . . . , logD},

such that each Ci is an (h, 2i−1)-LSHS. Given such a collection, we can now obtain small

HL. We outline this construction for directed graphs, closely following the construction in

[2, Theorem 5.1] for the undirected case.

Proposition 2.2.6. For (G, `), given a multi-scale LSHS collection {Ci : i = 0, . . . , logD},

where each Ci is an (h, 2i−1)-LSHS, we can construct hub labels of size at most h(1 + logD).

Proof. For each node v, we define the hub label L(v) as

L+(v) :=

logD⋃
i=0

Ci ∩B+
2i

(v) and L−(v) :=

logD⋃
i=0

Ci ∩B−2i(v).

Since each Ci is an (h, 2i−1)-LSHS which we intersect with balls of radius 2 · 2i−1, every

set in the union contributes at most h elements and the maximum size is as claimed.
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To prove the cover property, we note that, if t is not reachable from s, by definition

L+(s) ∩ L−(t) = ∅. This is because the elements in L+(s) are reachable from s and the

elements in L−(t) reach t. On the other hand, when P (s, t) exists, we do a case analysis

on `(P ) to prove the cover property. Let i be such that 2i−1 < `(P (s, t)) ≤ 2i. Finally, any

point in the path belongs to both B+
2i

(s) and B−
2i

(t), and hence Ci ∩ P (s, t) is in both hubs

(which is not empty since Ci hits all SPs of length ≥ 2i−1).

Finally, we need to compute the desired multi-scale LSHS in polynomial time. In

Section 2.3.2 we show that, if the HD is h, in polynomial time we can obtain sparsity

h′ = O(h∆ log(h∆)). In other words, the HL have size h′(1 + logD) instead of h(1 + logD)

if we are not given the multi-scale LSHS and have to compute them in polynomial time. A

more subtle point is that the resulting algorithm, even though polynomial, is impractical for

large networks. In Section 2.4, we discuss heuristics that work better in practice.

2.3 Scalable CSP Algorithms: Theoretical Guarantees

We develop a data-structure that supports fast queries for efficient paths. Specifically, given

a graph G = (V,E) and a maximum budget B, we construct a data-structure such that, for

any s, t ∈ V and b ≤ B, we return the length of the shortest (s, t)-path with cost at most

b, denoted dist(s, t|b). The actual path can easily be recovered as discussed in Section 2.2.3,

hence we focus on querying dist(s, t|b) only.

In Section 2.2.3 we discussed that, if a graph G has HD h, we can simultaneously bound,

as functions of h, the preprocessing time, storage requirements, and query time for hub

labels. This suggests that, for the construction of provably efficient hub labels for the CSP

problem, we need an analogous property for the set of efficient paths.
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Definition 2.3.1 (Constrained Highway Dimension). The constrained highway dimen-

sion (CHD) of (G, `, c), denoted hc, is the HD of the efficient-path system PE.

Note that, since every shortest path is efficient, hc ≥ h.

We now have two main issues with this definition: first, it is unclear how this can be used

to get hub labels, and second, it is unclear how the corresponding hub labels compare with

those for shortest-path computations. To address this, we first convert efficient paths in G

to shortest paths in a larger augmented graph. In Section 2.3.2, we use this to construct hub

labels for CSP queries whose storage and query complexity can be bounded as Bhc (which

can be strengthened further to g(b)hc, where g(b) measures the size of the Pareto frontier,

cf. Section 2.3.2.). Finally, in Section 2.3.3, we show that the hub labels for CSP queries

can in fact be related to the hub labels for SP queries under an additional natural condition

on the efficient paths.

2.3.1 Augmented Graph

In order to link the constrained highway dimension to hub labels, we first convert the original

graph G (with length and cost functions) into an augmented graph GB with only edge lengths,

such that the efficient paths of G are in bijection with the shortest paths of GB. We achieve

this as follows: Each node in GB is of the form 〈v, b〉, which encodes the information of the

remaining budget b ≥ 0 and location v ∈ V . A node is connected to neighbors (according to

E) as long as the remaining budget of that transition is non-negative. Finally, we create n

sink nodes, denoted v−, and connect node 〈v, b〉 to v− with length 1/(b+ 1). An illustration

of the construction is presented in Figure 2.1. The following definition formalizes this.

Definition 2.3.2 (Augmented Graph). Given (G, `, c) and B ∈ N, the augmented ver-

sion GB has vertex set V B := {〈v, b〉 : v ∈ V, b = 0, 1, . . . , B}∪{v− : v ∈ V }, the edge set EB
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Figure 2.1: Example of a graph augmentation: The original graph G has all paths of unit
length, and costs as indicated on the edges. In the augmented graph GB, the labels represent
the edge lengths (unlabeled edges have length 1). Note the additional edges from (w, b) to
the sink node w− (and similarly for u and v).

is

{〈v, b〉〈w, x〉 : vw ∈ E, x = b− cvw, x ≥ 0} ∪ {〈v, b〉v− : v ∈ V, 0 ≤ b ≤ B}. The length func-

tion in GB is `(〈v, b〉, v−) := 1
b+1

and `(〈v, b〉, 〈w, x〉) := `(vw).

Paths in GB are mapped to paths in G in the intuitive way, by removing the budget

labels and sink nodes. We call this mapping the projection of a path.

Proposition 2.3.3. A shortest path from source 〈s, b〉 to sink node t− projects to an efficient

path in G solving dist(s, t|b).

Proof. Let P be the shortest path from 〈s, b〉 to t−, and P̄ its projection. To reach t−, P

must pass through some 〈t, b′〉, b′ ≥ 0. By construction, P consumes b− b′ units of resource,

hence it is feasible; moreover, P̄ is the shortest among (s, t)-paths with cost b − b′. Now

assume, by way of contradiction, that P̄ is not efficient. As P̄ is the shortest using b − b′

units of resource, there exists P ′ such that `(P̄ ′) ≤ `(P̄ ) and c(P̄ ′) < c(P̄ ). It must be that

P ′ passes through 〈t, b′′〉, with b′′ > b′. We argue that, in this case, P would not be a shortest

path to t−. Indeed,

`(P ′) = `(P̄ ′) +
1

1 + b′′
≤ `(P̄ ) +

1

1 + b′′
< `(P̄ ) +

1

1 + b′
,

where the last expression is exactly `(P ).
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Later we give a construction that depends on LSHS for the system PE, we call this object

an efficient path hitting set (EPHS). The next result allows us to relate EPHS of the original

graph to LSHS in the augmented graph. Note that, in GB, we are interested only in shortest

paths ending in sink nodes (since these map to efficient paths). Let PB be the path system

comprising all shortest paths in GB ending in a sink node. A hitting set for PE (in G) can

be used to obtain a hitting set for PB (in GB), but, since the augmented graph has more

information, the sparsity increases.

Proposition 2.3.4. Given a (hc, r)-EPHS for the path system PE, in polynomial time we

can construct a (hcB, r)-LSHS for PB.

Proof. Given C, an (hc, r)-EPHS for PE, define

CB := {〈v, b〉 : v ∈ C, v hits P̄ ∈ PBr , c(P̄ ) = b ≤ B}. (2.1)

We prove that CB hits PBr and is locally sparse. By Proposition 2.3.3, we know that shortest

paths are efficient, hence CB hits all the desired paths. Finally, we prove local sparsity. Take

any node 〈s, b〉 and observe that

B+
2r(〈s, b〉) = {〈t, x〉 : ∃P ∈ Ps,t, `(P ) ≤ 2r, c(P ) = b− x} ⊆ {〈t, x〉 : t ∈ B+

2r(s), x ≤ b}.

(2.2)

We know that |B+
2r(s) ∩ C| ≤ hc, therefore |B+

2r(〈s, b〉) ∩ CB| ≤ hcb ≤ hcB. A similar

argument shows the sparsity for the reverse ball.

The proof above shows a stronger result: In Eq. (2.2) we see that the sparsity around

the node 〈u, b〉 is hcb. This is key for our subsequent query time guarantees.

Surprisingly, in this case we can also relate the HDs of the path systems PE and PB.

Note that this does not follow from Proposition 2.3.4, since the HD is a stronger notion than

existence of locally-sparse hitting sets.
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Proposition 2.3.5. If the HD of the system PE is hc, then the HD of the system PB is

Bhc.

Proof. Fix r > 0 and 〈v, b〉 ∈ V B . Let Hv,r ⊆ V be the set hitting Sr(v,PE) and define

H := Hv,r × {0, 1, . . . , B}. We show that H hits S+
r (〈v, b〉,PB).

Take P ∈ S+
r (〈v, b〉,PB). Since dist(〈v, b〉, P ) ≤ 2r, dist(v, P̄ ) ≤ 2r, therefore P̄ ∈

S+
r (v,PE). Finally, Hv,r hits P̄ , thus H hits P . A similar argument shows that H hits

S−r (〈v, b〉,PB).

2.3.2 Solving CSP via Hub Labels

We present a construction similar to HL for shortest-paths (cf. Section 2.2.3). A subtle

difference is that we are only interested in paths ending in a sink node. Each node 〈v, b〉 has a

forward hub label L+(〈v, b〉) ⊆ V B, and only sink nodes u− have a reverse hub L−(u−) ⊆ V B.

The cover property must be satisfied for every 〈s, b〉 and t−. Finally, if we want to reconstruct

the path, we can proceed similarly as in Section 2.2.3; we can augment the hub labels with

the next-hop node, and compute the entire path recursively. Putting things together, we

can construct hub labels for answering CSP queries, with preprocessing time and storage

parameterized by the CHD hc.

Query Time and Data Requirements

Theorem 2.3.6. For a network (G, `, c), given a multi-scale EPHS {Ci : i = 0, 1, . . . , logD},

where Ci is an (hc, 2
i−1)-EPHS, we can construct hub labels to answer queries for s, t, b in

time O((B + 1)hc logD). The total space requirement is O(nB ·Bhc logD).
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Proof. Create CB
i as in Eq. (2.1). Define L(〈v, b〉)+ :=

⋃logD
i=1 CB

i ∩B+
2i

(〈v, b〉) and L(u−)− :=⋃logD
i=1 CB

i ∩B−2i(u−). The cover property is proved similarly as in Proposition 2.2.6; we are left

to bound the hub size. For a reverse hub we use that B−
2i

(t−) = {〈s, x〉 : ∃P ∈ Ps,t, c(P ) =

x, `(P ) ≤ 2i} ⊆ B−
2i

(t)× {0, 1, . . . , B}. Thus, B−
2i

(t−) ∩ CB
i ≤ (B + 1)hc. For forward hubs,

the size follows from observing that |CB
i ∩B+

2i
(〈v, b〉)| ≤ (b+ 1)hc.

Preprocessing

Computing hitting sets is difficult in general, but it becomes tractable when the underlying

set has small VC-dimension [57]. The critical observation in [2] is that the set system of

unique shortest paths has a VC-dimension of 2. Directed or non-shortest paths break the

arguments in [2], so we need a different formulation of the set system. We recall the concept

of VC-dimension. A set system (X,X ) is a ground set X together with a family X ⊆ 2X .

A set Y ∈ X is shattered if {Z ∩ Y : Z ∈ X} = 2Y . If d is the smallest integer such that

no Y ∈ X with |Y | = d + 1 can be shattered, then this number d is the VC-dimension of

(X,X ). The critical observation in [2] is that the set system of unique shortest paths has

a VC-dimension of 2, but their argument does not hold in directed graphs or general path

systems.

Let Q be any path system. We can obtain a set system with small VC-dimension by

considering the ground set as E (instead of the usual choice of V ), and mapping a path

Q = e1e2 . . . ek to π(Q) = {e1, e2, . . . , ek}. Note that, since path systems contain no cycles,

each set {e1, e2, . . . , ek} corresponds uniquely to one path.

Proposition 2.3.7. Given a path system Q, the corresponding set system (E, {π(Q) : Q ∈

Q}) has VC-dimension 2.

Note that this argument also can be used for shortest paths in undirected graphs to
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remove the uniqueness requirement. Finally, polynomial-time preprocessing now follows

from combining Proposition 2.3.7 and the main result in [57]. The desired result is stated in

Proposition 2.3.8, we defer the proof to Appendix A.4.

Proposition 2.3.8. If a path system Q has HD h, then, for any r > 0, we can obtain in

polynomial time a (h′, r)-LSHS, where h′ = O(h∆ log(h∆)) and ∆ is the maximum degree.

Using the size of the Pareto Frontier

The linear dependence on B in the bound on HL sizes (cf. Theorem 2.3.6) is somewhat

weak. Essentially, this corresponds to a worst-case setting where the efficient paths between

any pair of nodes is different for each budget level. In most practical settings, changing the

budget does not change the paths too much, and ideally the hub label sizes should reflect

this fact. This is achieved via a more careful construction of hub labels, resulting in the

following bound.

Theorem 2.3.9. Let (G, `, c) as in Theorem 2.3.6 and g : N → N be such that, for every

s, t ∈ V , b ∈ N, |{P ∈ PEs,t : c(P ) ≤ b}| ≤ g(b). Then, we can construct hub labels of size

O(g(B)hc logD), and answer queries with budget b in time O(g(b)hc logD).

Note that there always exists such a function g and the worst case is g(b) = b. The

proof depends on a different technique for constructing HL (refer to Algorithms 12 and 13 in

Appendix A.4). The main idea is to sort the efficient paths for each source node s by cost,

and then carefully mark nodes when they are added to the forward HL; these marked nodes

are then used to construct the reverse HL. For brevity, the complete algorithmic details and

proof are deferred to Appendix A.4.

23



u1 v1

un vn

...
s

3

3

1

1

1

1

Figure 2.2: Graph with small HD but large CHD: The graph comprises 2n + 1 nodes, with
the edge labels representing the lengths. Note that the shortest paths in the graph are of
the form svi, uis and uisvj (for all combinations i, j). Thus, the HD is 1 as Hv,r = {s} is a
hitting set for all these paths. On the other hand, if we have costs such that c(uivi) = 0 ∀ i,
while all other edges have cost 1, then we have n parallel efficient paths uivi, which must all
be hit by any EPHS.

2.3.3 Comparing HD and CHD

The previous sections show that we can construct hub labels for solving CSP whose prepro-

cessing time, storage and query time can all be parameterized in terms of the constrained

highway dimension hc. This, however, still does not give a sense of how much worse the hub

labels for the CSP problem can be in comparison with those for finding shortest paths. We

now try to understand this question. Comparing the size of the optimal hub labels for SP

and CSP is infeasible as even finding the optimal hub labels for SP is NP-hard [14]. However,

since we can parametrize the complexity of HL construction for SP in terms of the HD, a

natural question is whether graphs with small HD also have a small CHD. Note that the

answer to this depends on both the graph and the costs. We now show that the CHD and,

moreover, the sparsity of any EPHS, can be arbitrarily worse than the HD.

Proposition 2.3.10. There are networks with HD 1 where the CHD is n. Furthermore, the

sparsity of an EPHS is also n.

Proof. Consider the directed graph G defined in Figure 2.2. It is easy to see that Hv,r = {s}

is a shortest-path hitting set for every r > 0 and v ∈ V (G); hence the HD is 1. On the other
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hand, suppose the costs are such that c(uivi) = 0 for every i, while all other costs are set to

1. Note that the 1-significant efficient paths intersecting the ball Bs(2) are uivi, which are

all disjoint. Therefore, the hitting set Hs,1 must contain at least n elements. This concludes

the separation between HD and CHD. Finally, the same argument shows that there is LSHS

for P∗ with sparsity 1, whereas the sparsity of any EPHS is also lower bounded by n. Thus

the sparsities of LSHS and EPHS are also separated.

Remark 2.3.11. One criticism of the graph in Fig. 2.2 is that it has a maximum degree of

n. However, the result holds even for bounded degree graphs. In Appendix A.1, where we

discuss alternative notions of HD, we give a more involved example with bounded degrees

that exhibits the same separation between LSHS and EPHS. Another criticism is that the

edge uivi is not the shortest (ui, vi)-path, but this is for exposition only and the same holds

with the following modification: add a node wi between ui and vi, then set `(uiwi) = 2,

`(wivi) = 1, and c(uiwi) = c(wivi) = 0.

Intuitively, the separation between HD and CHD occurs due to the fact that, for arbitrary

graphs and cost functions, the shortest and efficient paths may be completely unrelated. For

real-world networks, however, this appears unlikely. In particular, intuition suggests that

efficient paths largely comprise of segments which are in fact shortest-paths in their own

right. This notion can be formalized via the following definition of a partial witness

Definition 2.3.12 (Partial Witness). Let β ≥ 0. We say that a path system Q is β-

witnessed by the path system Q′ if, for every Q ∈ Q, ∃Q′ ∈ Q′ such that Q′ ⊆ Q and

`(Q′) ≥ 2−β`(Q).

We use the partial-witness property to provide a link between the CHD and HD, essen-

tially showing that scaling CSP queries is of similar complexity to scaling SP queries as long

as any efficient path contains large shortest-path segments, this is formally stated in The-
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orem 2.3.14 below. We illustrate the definition and the intuition behind it in the following

example.

Example 2.3.13 (Multimodal Network). Consider a multimodal mapping service which

gives transit routes combining different modes of transportation, e.g., walking, bus, subway,

trolley, etc. As a desirable feature, we ensure that routes have at most k transfers. We claim

that, in this network, the partial witness property is satisfied with β = log2(k + 1). Indeed,

with at most k transfers there are at most k+ 1 segments, hence one of them must be larger

than a fraction 1
k+1

. Finally, we remark that, if each individual network has small HD, then

the CHD is also small (cf. Proposition A.3.1).

We can now ask if the hub labels for computing SPs and CSPs can be related in settings

where the shortest-path system P∗ is a partial witness for the efficient path system PE.

At an intuitive level, the partial witness property says that efficient and shortest paths are

not completely different, i.e., if Q is efficient, a fraction 2−β of Q is a shortest path. As

a consequence, a node hitting numerous paths in P∗, should also hit many paths in PE.

Note that asking for the witness property to hold for all lengths is too extreme, as this

essentially requires that all single-hop paths with 0 costs are shortest paths. Thus, we want

this property only for ‘long-enough’ paths.

We now show that if, for some β, the network indeed has the partial witness property for

paths longer than some rβ, then we can relate the HL sizes for the two problems in terms of

β and the doubling constant α. Note that the doubling constant depends on G and `; the

partial witness property depends on the interplay between G, c and `. Observe also that, if

α is a constant, then the requirement in Theorem 2.3.14 is for paths longer than rβ ∼ hαβ−2.

Theorem 2.3.14. Assume G is α-doubling and PEr is β-witnessed by P∗ for every r ≥ rβ,

where rβ = 2logα(hαβ−2). Then, for any r > 0, given an (h, r)-LSHS, we can construct, in

polynomial time, an (hαβ, r)-EPHS for (G, `, c).
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Proof. For any r, we need to construct a hitting set CE for PEr . Assume first r ≥ rβ. Let

C be the hitting set for P∗
2−βr which is guaranteed to be sparse with respect to balls of radius

2−β+1r. Define the desired set by CE := {v ∈ C : v is in some r-efficient path}.

Since P∗ is a 2−β-witness for PEr , CE is indeed a hitting set for PEr . We are only left to

prove the sparsity. Take some u ∈ V , by doubling constant we can cover B+
2r(u) by at most

αβ balls of radius 2−β+1r. Each of these balls contains at most h elements of C, therefore

the sparsity is as claimed. The argument for reverse balls is identical.

Now we analyse the case r < rβ. It is no longer true that efficient paths are witnessed,

but now the neigborhoods are small. We first claim that, for any v ∈ V and r > 0,

|Br(v)| ≤ αlog2 r+1. Indeed, using the doubling property log2 r+ 1 times, we can cover Br(v)

with balls of radii 1/2. Since the minimum edge length is 1, all of these balls must be

singletons and the claim follows. Now we can take C = V as the EPHS. Clearly C hits all

the paths and the local sparsity is at most the size of the ball. Using our assumption on rβ,

we verify that |B2r(v)| ≤ αlog2 rβ+2 ≤ hαβ.

Remark 2.3.15. The existence of a β-witness is not enough to bound the CHD. Never-

theless, as we discussed in Section 2.2.3, the existence of (h, r)-LSHS already allows the

construction of HL. Moreover, the above argument does indeed give a bound for a weaker

definition of the highway dimension [4].

2.3.4 Average-Case Performance Guarantees

Converting the partial-witness condition to a more interpretable condition is difficult in

general, as the structure of P∗ and PE may be complex. One way to get such a condition,

however, is by considering average-case performance metrics. For this, we relax the definition

of HD in two ways: (i) we require LSHS to be locally sparse “on average” over all nodes,
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and (ii) we only require the existence of LSHS (as opposed to a hitting set for Sr(v,Q)).

Definition 2.3.16 (Average LSHS). Given r > 0 and a system Q, a set C ⊆ V is an

average (h, r)-LSHS if it hitsQr and is locally sparse in average, i.e., 1
n

∑
v∈V |B2r(v)∩C| ≤ h.

Definition 2.3.17 (Average HD). The system Q has average HD h if, for every r > 0,

there exists an average (h, r)-LSHS.

Recall that all we need to construct HL is the ability to find LSHS, hence our definition

is transparent in the sense that we ask only for the existence of LSHS. We note that [1]

also introduces a notion of average HD, but they use a more restrictive concept. Indeed,

their stronger condition implies both (i) existence and (ii) ability to find LSHS. Therefore,

we need to prove that existence is enough to find these sets (approximately) in polynomial

time, we do this in Theorem 2.3.18. Finally, we remark that our weaker notion of average

HD allows us to get stronger results (because it is easier to satisfy and verify), hence we

believe it can be useful in other problems too.

Theorem 2.3.18. If P∗ has average HD h, then we can obtain, in polynomial time, HL

with average size 1
n

∑
v∈V |L+(v)| ≤ h′ logD and 1

n

∑
v∈V |L−(v)| ≤ h′ logD, where h′ =

O(∆h log(hn∆)).

Note that since query time depends linearly on the hub size, the above result implies

both storage and performance bounds.

Proof. We only show how to compute average LSHS, since the construction of HL is the

same as in Proposition 2.2.6 and the bound for the size easily follows. The objective is to

obtain a set Ci that is an average (h′, 2i)-LSHS. This turns out to be a minimum-cost hitting
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set problem. Indeed, we want to solve

Ci = argmin

{∑
v∈V
|B2i+1(v) ∩ C| : C ⊆ V,C hits P∗2i

}
.

This follows from a symmetry argument, assigning to each node u the cost c(u) = |{v ∈ V :

u ∈ B2i+1(v)}|. On the other hand, given a minimum cost hitting set problem with optimum

value τ , if the set system has VC-dimension d, the algorithm in [57] finds a solution, in

polynomial time, with cost at most O(dτ log(dτ)).

By assumption, the minimum of the problem is at most hn. Now we perform a mapping

from paths to sets, where the ground set is E and paths are sequences of edges. This system

has VC-dimension 2, and now the minimum is at most h∆n. We apply the algorithm in

[57] and obtain a solution Ci with cost at most O(h∆n log(h∆n)); this gives the promised

average (h′, 2i)-LSHS.

Relaxed Witness

We describe a realistic setting where we can obtain small, in average, HL for the CSP.

First, we assume that individual edges are shortest paths. This assumption is mainly for

exposition purposes and can be further relaxed using the same analysis. Second, we add an

additional constraint wherein we insist our efficient paths have bounded stretch compared

to the shortest path; note that this is natural in applications as users do not want to be

presented solutions which are far away from the optimum, even if it saves them budget.

Formally, we define:

Definition 2.3.19 (Stretch). An algorithm for CSP has stretch St ≥ 1 if, ∀s, t ∈ V and

b ≤ B, it outputs dist(s, t|b) whenever dist(s, t|b) ≤ St · dist(s, t) and outputs “infeasible”

when dist(s, t|b) > St · dist(s, t).
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We henceforth treat St as an extra constraint given by the application. Next, let Ec :=

{e ∈ E : ce > 0} denote the set of ‘costly’ edges. We define the following notion of an

overpass :

Definition 2.3.20 (Overpass). For r > 0, the edge e = (u, v) is an r-overpass if:

(1) e belongs to a path Q ∈ PE2r \ P∗

(2) both u and v are endpoints of paths in P∗r(2/St−1) and

(3) min(dist(e, Ec), dist(Ec, e)) ≤ 3r/2

Essentially, overpasses are edges connecting long shortest-paths in a costly zone; Fig. 2.3

shows an example. In case costs are contiguous (for example, tolls on highways or traffic

jams), then the definition corresponds to the intuitive notion of an overpass. Our main

requirement is the following bounded growth condition, controlling the number of r-overpasses

for every scale r > 0.

Definition 2.3.21 (Bounded Growth). (G, c, `) satisfies the bounded growth condition

if, ∀r > 0, |{u ∈ V : ∃v, uv is an r-overpass}| ≤ φ(2r), where φ(r) := nhαβ−2−log2 r

Observe that φ is a slowly decreasing function of r and, even when r = D, we allow for

overpasses. Now, with these conditions, we get our main result of this section:

Theorem 2.3.22. Let (G, `, c) be a network with HD h and doubling constant α. If the

bounded growth is satisfied, we can obtain, in polynomial time, hub labels for CSP queries

s

v

u

tQ

P (s, v)

P (u, t)

P̃

b

b

b

b

Figure 2.3: Edge uv here is an overpass, lying on efficient path Q (dashed red), connecting
a pair of long shortest paths P (s, v) and P (u, t), and close to costly edges P̃ (solid green).
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that guarantee average query-time O((b+ 1)h′α logD) and total storage O(nB ·Bh′α logD),

where h′ = O(∆h log(hn∆)).

Roadmap of the proof. The remainder of this section is devoted to the proof of Theo-

rem 2.3.22. We henceforth refer to the average HD of PE as average CHD. We prove that,

under the bounded growth condition, the average CHD is hc ≤ 2hα, which intuitively allows

for the construction of HL based on our previous result (Theorem 2.3.18). To bound the

average CHD, we need to operate under even less restrictive assumptions than the partial-

witness. We first weaken the partial-witness concept, as defined below, by allowing for an

additional supplementary witness set D such that every efficient path is either witnessed by

a shortest-path or hit by D. This corresponds to the intuition that a few bad efficient paths

should not completely ruin the algorithm. This weakened concept drives our analysis and

allows us to bound the average CHD.

Definition 2.3.23 (Weak Partial Witness). Given β ≥ 0, we say a path system Q is

weakly β-witnessed by the path system Q′ if, for every r > 0, ∃Dr ⊆ V such that, ∀Q ∈ Qr
either (1) Q is β-witnessed by Q′ or (2) Q is hit by Dr. Additionally we require |Dr| ≤ φ(r).

Intuitively, the supplementary witness set Dr takes care of all the corner cases where Q

and Q′ differ too much. We show that our requirement on |Dr| guarantees a bound on the

average HD.

Proposition 2.3.24. Assume that G is α-doubling and let Q′ be weakly β-witnessed by Q.

If the HD of Q is h, then the average HD of Q′ is h′ ≤ 2hαβ

Proof. Let r > 0, and C be an (h, 2−βr)-LSHS for Q. We show that C ∪Dr is an average
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(h, r)-LSHS for Q′. Clearly it is a hitting set for Q′r and we can compute

h′ ≤ 1

n

∑
v∈V
|B2r(v) ∩ (C ∪Dr)|

≤ 1

n

(∑
v∈V
|B2r(v) ∩ C|+

∑
v∈V
|B2r(v) ∩Dr|

)

≤ 1

n

(∑
v∈V

hαβ +
∑
v∈Dr
|B2r(v)|

)
≤ hαβ +

|Dr|αlog2 r+2

n
.

In the third inequality we used that C is sparse with respect to balls of radius 2−β+1r and

that
∑

v∈V |B2r(v) ∩ Dr| =
∑

v∈Dr |B2r(v)| by symmetry of the bi-directional balls. In the

last inequality we used that, by doubling constant, balls of radius r have at most αlog2 r+1

elements. Since |Dr| ≤ φ(r), the result follows.

This now allows us to link PE and P∗ as follows:

Proposition 2.3.25. Under the bounded growth condition, P∗ is a weak 1-witness for PE.

Proof. We first need some additional notation: For a path Q and two vertices u, v ∈ Q we

denote Q[u, v] ⊆ Q as the sub (u, v)-path; for two paths P,Q with a common endpoint, we

denote P |Q as their concatenation.

Consider Q ∈ PE with endpoints s, t and set `(Q) = 2r. We will show how to obtain

a vertex for the supplementary witness set in case Q is not witnessed and then we bound

the size of the set. Assume that Q 6= P (s, t), otherwise the path is trivially witnessed. Let

(u, v) ∈ Q be such that `(Q[s, v]), `(Q[u, t]) ≥ r (see Fig. 2.3). If either Q[s, v] or Q[u, t] is

a shortest path or `uv ≥ r, then Q is witnessed. Thus, we henceforth assume that all of the

above conditions fail.

We claim that uv is a r-overpass (in fact, this is the exact scenario depicted in Fig. 2.3).

Condition 1 is clearly satisfied. Condition 2 also holds because both Q[s, v] or Q[u, t] have
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stretch at most 2−St
St

. To see this, note that both P (s, v)|Q[v, t] and Q[s, u]|P (u, t) are no

shorter than P (s, t) and St`(P (s, t)) ≥ `(Q), hence 2r
St
≤ `(P (s, t)) ≤ `(P (s, v)) + `(Q[v, t])

and 2r
St
≤ `(P (s, t)) ≤ `(Q[s, u]) + `(P (u, t)). Since each path Q[s, u], Q[v, t] has length less

than r, it follows that both P (s, v), P (u, t) have length strictly greater than 2−St
St

r. Finally,

to show condition 3, we have `(Q[s, v])+`(Q[u, t]) = 2r+`uv and since `uv < r, one of Q[s, v]

or Q[u, t] has length at most 3r/2. Since neither of these paths is shortest, it must be that

both P (s, v), P (u, t) have costly edges and thus one of u, v is closer than 3r/2 to E1 and the

condition is satisfied.

For every path of length 2r, we can thus either exhibit a witness or show that it contains

an overpass and add use the tail of the edge as a supplementary witness. For a fixed r > 0, we

need to add at most φ(r) nodes to Dr to cover all the efficient paths. The result follows.

We are almost ready to prove that bounded growth allows to solve the CSP. The last

piece is Proposition 2.3.26, the proof of which follows form similar arguments as those in

Theorems 2.3.6 and 2.3.18.

Proposition 2.3.26. If the average HD of PE is hc, then we can construct, in polynomial

time, hub labels for CSP, which guarantee average query-time O((b+ 1)h′c logD) for queries

with budget b, and total storage requirements O(nB ·Bh′c logD).

Proof of Theorem 2.3.22. We argue that the average CHD is hc ≤ 2hα. By Proposi-

tion 2.3.25, PE is weakly 1-witnessed by P∗. It follows by Proposition 2.3.24 that the average

CHD is at most 2hα as needed. Applying Proposition 2.3.26 yields the result.
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2.4 Scalable CSP Algorithms: Implementations and Experiments

Our theoretical results in the preceding sections suggest that using hub labels for CSP queries

should perform well in road networks, as these are known to have low highway dimension,

and potentially also satisfy the (average) partial witness property. We use our theoretical

findings to guide the construction of practical algorithms; the modifications of the theoretical

algorithms are simply to replace some of the black box routines. We now describe how our

techniques can be adapted to give practical hub label constructions, and discuss experimental

results for two real world networks using these methods.

2.4.1 Practical CSP Algorithms

We start by defining a more scalable construction of GB. The augmented graph GB defined in

Section 2.3.1 is not a minimal representation as it may contain a lot of redundant information.

For example, the same efficient path uv can be repeated many times in the form 〈u, 1〉〈v, 0〉,

〈u, 2〉〈v, 1〉 and so on. By encoding this information more efficiently, we get considerable

improvements both in query time and in data storage.

We construct our pruned augmented graph G̃B as follows: As before, nodes are pairs

〈v, b〉, but now we add an edge 〈v, b〉〈v′, b′〉 only if it is essential for some efficient path, i.e.,

removing said edge impacts correctness. If we let PEs,t be the set of all efficient paths from s

to t, we take every P ∈ PEs,t with cost b ≤ B and trace it in the augmented graph such that

it terminates at 〈t, 0〉.

Definition 2.4.1. The pruned augmented graph is defined by G̃B = (Ṽ B, ẼB), where

Ṽ B := {〈v, b〉 : v ∈ V, b = 0, 1, . . . , B},

ẼB := {〈v, b〉〈u, x〉 : ∃s, t ∈ V, P ∈ PEs,t, c(P ) ≤ B, vu ∈ P, b = c(P [v, t]), x = c(P [u, t])}.
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In G̃B all the lengths are preserved.

Note that in G̃B there are no sink nodes, hence it has at least n nodes and nB arcs

fewer compared to GB. In the worst case, those nB arcs are the only gain by doing this

process. Nevertheless, in our experiments G̃B is up to 60% smaller than GB. Observe that,

by running Dijkstra in GB, G̃B can be computed in time O(n2B log(nB)).

HD of the pruned augmented graph

A shortest path in G̃ does not necessarily project to an efficient path, even if the path ends

in a node of the form 〈t, 0〉. In contrast, if P projects to an efficient path, then necessarily

P is shortest. To bound the HD, the correct system to study is

P̃B := {P : P ends in a node 〈t, 0〉, P̄ ∈ PE, c(P̄ ) ≤ B}.

The following result shows how the HD of this system relates to that of PE. We omit the

proof since it is identical as the one in Proposition 2.3.5.

Proposition 2.4.2. Given CHD hc, the HD of P̃B is Bhc.

Types of queries

We test our algorithms with two different tasks. Recall that our preprocessing is done for

some fixed maximum budget B. The first task we consider is a frontier query, wherein given

s and t, we return the lengths of all efficient paths with costs b = 0, 1, . . . , B. The second

we call a specific query, we return dist(s, t|b) for given s, t, b (i.e., a single efficient path).

Note that the pruned augmented graph G̃B is designed for frontier queries. To see this,

fix the terminal 〈t, 0〉. As we ask for the shortest path from 〈s, B〉, 〈s, B − 1〉, . . . , 〈s, 0〉 we
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are guaranteed to recover the entire frontier. On the other hand, it may be that the shortest

path between 〈s, b〉 and 〈t, 0〉 does not correspond to dist(s, t|b). This occurs when b is not

a tight budget and the efficient path requires less.

To answer specific queries, we modify G̃B by adding extra edges. For every v ∈ V (G) and

b = 1, 2, . . . , B, we include the edge 〈v, b〉〈v, b− 1〉 with length 0. A simple argument shows

that with the added edges, the shortest path between 〈s, b〉 and 〈t, 0〉 has length dist(s, t|b).

HL construction via Contraction Hierarchies

We use some techniques described in [3] combined with an approach tailored for augmented

graphs. The CH algorithm takes as input any ranking (i.e., permutation) of the nodes, and

proceeds by removing nodes from the lowest rank first. Whenever a node is removed, we

add new edges, called shortcuts, if needed to preserve the shortest paths. Once we have a

graph with shortcuts, a CH search is a special variant of Dijkstra where only higher rank

nodes are explored, i.e., we never take an edge uv if rank(u) > rank(v). The main idea in

our construction is to choose an appropriate ranking, and then define the forward hubs of

v as the nodes visited during a contraction-based forward search starting at v. The reverse

hubs are defined analogously. These are valid hubs, since the highest rank node in a path is

guaranteed to be in both hubs.

The choice of the ranking function is crucial. For our experiments, we ranked nodes in

G by running a greedy approximate SP cover, selecting the highest rank node as the one

covering most uncovered paths in P∗ and continuing greedily. Specifically, start with a cover

C = ∅ and compute the set of all shortest paths P∗. Take a node v /∈ C hitting most paths

in P∗, then remove all those paths from P∗, add v to C and iterate. The rank is defined as

n for the first node added to C, n− 1 for the second and so on. To implement the SP cover

we follow the algorithm in [3]. A practical hurdle in such an approach is that to compute
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Figure 2.4: Performance of clustering for San Francisco (left) and Luxembourg (right). In
the y-axis the quantities are normalized by the cover using all the shortest paths (k = n
clusters). For example, the curve for average hub size, say y1(k), represents that using k
clusters the average hub is y1(k) times bigger than the hubs using all the shortest paths; in
the plot we see that, with a few clusters, the size at most doubles and it can be improved
by augmenting k. Note that, while the number of short-cuts is an indicator of performance,
it is not perfectly correlated with the hub size.

a shortest path cover, a direct approach requires storing all the shortest paths in memory,

which, in most mapping applications, is infeasible. To circumvent this, we approximate

the shortest-path cover by computing only k << n shortest-path trees and covering these

greedily. We use an off-the-shelf clustering method to obtain k cluster centers, from which

we compute the shortest paths. As shown in Figure 2.4, the clustering approach provides

a very good approximation of the hubs with even a small k. We stress that this is just an

easy way to get a ranking; more sophisticated heuristics that decide on-line the next node

to contract usually work well in practice [20, 95]. Using another contraction scheme may

expedite our algorithms and reduce the hub size.

Depending on the size of our instance, and the specific queries, we work with either the

augmented graph GB or the pruned augmented graph G̃B. Even though G̃B takes time to

compute, it can speed up the overall process and yield considerably better hubs. Given a

ranking for nodes in G, we contract G̃B as follows. Say that V is ordered according to the

37



ranking, so node 1 is the least important and n the most important. In G̃B, we first contract

the nodes 〈1, b〉 for b = B, . . . , 0, then the nodes 〈2, b〉 and so on till the nodes 〈n, b〉 are the

last to contract. Finally, when contracting a node v, if u is a predecessor and w a successor

of v, we add the short-cut uw only if, by removing v, the distance from u to w is altered,

and the new shortest path from u to w is efficient. We can go even further; the short-cut

uw is unnecessary if the shortest path is not efficient, even if the distance changes.

To obtain better hubs we prune the results obtained by CH searches. If w is in the

forward search of v with distance d, it might be that dist(v, w) < d, this occurs because the

search goes only to higher rank nodes and the discovered path is missing some node. When

dist(v, w) < d, we can safely remove w from the hub of v, since the highest ranked node in

a shortest path will have the correct distance. For frontier queries, we can also prune away

a node w if the (v, w)-path has a surplus of budget. The entire process can be summarized

in the following steps.

1. Compute the shortest paths in G and use a greedy approach to obtain a cover C

2. Compute the pruned augmented graph G̃B

3. Contract G̃B using the rank induced by C

4. Create hubs L+(v), L−(v) using CH

5. Prune the hubs by running HL queries between v and nodes in L+(v). Run a similar

process for L−(v).

Recall that, for some instances, we skip step 2 and contract GB instead. Note that in the

last step we bootstrap HL to improve it. This works because the fact that some nodes have

incorrect distance labels does not impact the correctness of a HL query; a node minimizing

the distance is returned and such node must have a correct label.
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2.4.2 Experiments

All our experiments were performed on a 64-bit desktop computer with a 3.40GHz Intel Core

i7-6700 processor and 16GB RAM running Ubuntu 16.04. Our code is written in Python

2.7. We use the library Networkx for the graph representation and Dijkstra’s algorithm.

Although all the steps can be parallelized, we did not implement this. Our complete code

(implementation and artificial dataset) is publicly available at github.com/albvera/HHL_

CSP.

We evaluated the performance of our algorithms with real-world test networks: downtown

San Francisco with 2139 nodes and 5697 edges for which real-world travel-time data was

available as a Gaussian mixture model [76], and Luxembourg City with 4026 nodes and

9282 edges for which travel-time distributions were synthesized from speed limits [89], as

real-world data was unavailable.

In our experiments, we use the mean travel times for our length function and the following

cost structure; the top 10% of edges with the highest variance are assigned cost 1 and the

rest cost 0. This is a measure of risk, since edges with high variance are prone to cause a

delay in the travel time.

Query-time performance

Table 2.1 presents the CSP computation times for different maximum budgets B. For frontier

queries, labeled as ‘f’, the query times are measured as the average of 1000 random s, t. For

specific queries, labeled as ‘s’, the times are measured as 1000 random triplets s, t, b. The

column for B = 0 represents the original graph (without augmentation). As can be seen in

the experimental results, our method finds the constrained shortest path solution on average

four orders of magnitude faster than running Dijkstra’s algorithm on the augmented graph.
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B Prepro
[m]

Avg
F
Size

Avg
B
Size

Query
Dij
[ms]

Query
HL
[ms]

0 1 23 22 10.71 0.005
5-f 5 16 28 80.10 0.02
5-s 5 57 28 31.75 0.01
10-f 9 9 28 168.11 0.03
10-s 10 68 28 56.19 0.01
15-f 12 6 28 237.64 0.03
15-s 16 73 28 77.59 0.01
20-f 17 5 28 342.47 0.03
20-s 20 77 28 100.26 0.01
25-f 22 4 28 460.95 0.03
25-s 25 80 28 126.52 0.01
30-f 26 3 28 569.13 0.03
30-s 31 84 28 152.75 0.01

B Prepro
[m]

Avg
F
Size

Avg
B
Size

Query
Dij
[ms]

Query
HL
[ms]

0 6 18 18 16.35 0.004
5-f 1 18.0 18.0 175.04 0.02
5-s 21 42.9 18.7 72.03 0.01
10-f 2 18.0 18.0 361.15 0.04
10-s 35 49.3 18.7 102.52 0.01
15-f 3 18.0 18.0 577.89 0.06
15-s 46 53.3 18.7 140.80 0.01
20-f 4 18.0 18.0 821.94 0.07
20-s 60 56.5 18.7 183.11 0.01
25-f 5 18.0 18.0 974.84 0.09
25-s 77 59.5 18.7 227.17 0.01
30-f 7 18 18 1247.72 0.10
30-s 93 62.3 18.7 272.41 0.01

Table 2.1: Experimental results for San Francisco (left) and Luxembourg City (right). Query
times are measured with 1000 random s, t pairs for each network and multiple maximum
budget levels B. Results on rows B − f correspond to computing the solution frontier for
all budgets b ≤ B while rows B− s correspond to computing the solution for budget level b.

Preprocessing for frontier queries results in a more compact set of hub labels, since a node

〈s, b〉 needs to store information for paths with budget exactly equal to b (in case the path

is efficient, otherwise it is not stored). On the other hand, for specific queries, 〈s, b〉 needs to

store information for all budgets up to b. The preprocessing time does not include the cover

computation, since this is a flat cost of at most the time to pre-process the instance B = 0.

Note that preprocessing frontier queries in Luxembourg is faster, despite the network

being bigger, this can be explained by the structural properties. For example, in Luxembourg

there are more highways and fast roads.

Observe that the average hub size decreases in San Francisco for frontier queries, this is

because in this instance we use G̃, which prunes away most of the nodes, thus many nodes

〈v, b〉 are isolated and have empty hubs. The longer preprocessing time for frontier queries

can be explained as follows. There are many cases when two nodes are not reachable, to

detect this requires Dijkstra to explore the entire graph. In contrast, for specific queries we

40



add extra edges 〈s, b〉〈s, b − 1〉, hence a reachability test ends, in average, earlier. In the

contraction step, we want to remove a node without altering the shortest path, a process

that requires many reachability tests.
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Figure 2.5: Histogram frontier queries for Dijkstra (a) and HL (b). Times are 1000 random
pairs in San Francisco augmented with B = 25. Size of reverse hubs (c) and significance (d)
for frontier queries in San Francisco augmented with B = 25.

Hub sizes and node significance

We focus the analysis on two meaningful quantities. The first is hub size, which is well

captured by |L−(〈t, 0〉)| for t ∈ V . Indeed, for frontier queries the reverse hub is bounding

the space requirements; for specific queries the same is true up to a constant factor. For the

second quantity, we define the significance of s ∈ V as the number of hubs containing s, i.e.,∑
t

∑
b 1{〈s,b〉∈L−(〈t,0〉)}. Intuitively, a node is highly significant if it belongs to many efficient

paths. Figure 2.5 shows a histogram of these metrics.

Fig. 2.6 presents the spatial relationships between the hub size and significance in the San

Francisco network. Fig. 2.7 shows the spatial distribution of significance in the Luxembourg

network. We observe that highly significant nodes tend to have small hub size. The intuition

is simple, if most hubs contain s, then is easier for s to satisfy the cover property with a

small hub. Note also that the hub size resembles an harmonic function; nodes are mostly

similar to their neighbors.
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Figure 2.6: Heat maps for frontier queries in San Francisco augmented with B = 25. On the
left we see the hub size. Note that the size is not homogeneous, but rather we can observe
clusters and neighborhoods tend to be similar. On the right the significance. The most
significant nodes have been drawn bigger. The top 3 most significant correspond to Geary
Blvd & Gough St, Franklin St & O’Farrel St and Market St & Polk St.

Figure 2.7: Heat map of significance for frontier queries in Luxembourg City augmented
with B = 25. Notice how the highly significant nodes are in main road crossings.

2.5 Discussion

We introduced a new network primitive, the Constrained Highway Dimension, and used

it to parametrize the storage and running time of data structures that support fast CSP

queries. Our aim was to study when efficient SP computation yields a similar performance

for the harder CSP problem. We derived conditions under which this holds and we can
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compare the HD and CHD. For the worst-case setting, the conditions are given by the

partial-witness and for average-case by the milder bounded growth. Both conditions have

intuitive interpretations in terms of the physical structure of the network.

On the practical side, we validated our findings by developing algorithms that performed

four orders of magnitude better on real-world networks, compared to standard techniques.

Our work is a first step in bridging the gap between SP and CSP algorithms and we believe

our findings are promising for real-world applications.

43



CHAPTER 3

THE BAYESIAN PROPHET

3.1 Introduction

Everyday life is replete with settings where we have to make decisions while facing uncertainty

over future outcomes. Some examples include allocating cloud resources, matching an empty

car to a ride-sharing passenger, displaying online ads, selling airline seats, etc. In many of

these instances, the underlying arrivals arise from some known generative process. Even when

the underlying model is unknown, companies can turn to ever-improving machine learning

tools to build predictive models based on past data. This raises a fundamental question in

online decision-making: how can we use predictive models to make good decisions?

Broadly speaking, an online decision-making problem is defined by a current state and

a set of actions, which together determine the next state as well as generate rewards. In

Markov decision processes (MDPs), the rewards and state transitions are also affected by

some random shock. Optimal policies for such problems are known only in some special cases,

when the underlying problem is sufficiently simple, and knowledge of the generative model

sufficiently detailed. For many problems of interest, an MDP approach is infeasible due to two

reasons: (1) insufficiently detailed models of the generative process of the randomness, and

(2) the complexity of computing the optimal policy (the so-called ‘curse of dimensionality’).

These shortcomings have inspired a long line of work on approximate dynamic programming

(ADP).

We focus on two important classes of online decision-making problems: online packing

and online matching. In brief, these problems involve a set of d distinct resources, and

a principal with some initial budget vector B ∈ Nd of these resources, which have to be
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allocated among T incoming agents. Each agent has a type comprising of some specific

requirements for resources and associated rewards. The exact type becomes known only

when the agent arrives. The principal must make irrevocable accept/reject decisions to try

and maximize rewards, while obeying the budget constraints.

Online packing and matching problems are fundamental in MDP theory; they have a

rich existing literature and widespread applications in many domains. Nevertheless, our

work develops new policies for both these problems which admit performance guarantees

that are order-wise better than existing approaches. These policies can be stated in clas-

sical ADP terms (for example, see Algorithms 2 and 3), but draw inspiration from ideas

in Bayesian learning. In particular, our policies can be derived from a meta-algorithm, the

Bayes selector (Algorithm 1), which makes use of a black-box prediction oracle to obtain

statistical information about a chosen offline benchmark, and then acts on this information

to make decisions. Such policies are simple to define and implement in practice, and our

work provides new tools for bounding their regret v̀ıs-a-v̀ıs the offline benchmark. Though

we focus on online packing and matching problems, we believe our approach provides a new

way for designing and analyzing online decision-making policies using predictive models.

3.1.1 Our Contributions

We believe our contributions in this work are threefold:

1. Technical : We present a new stochastic coupling technique, which we call the com-

pensated coupling, for evaluating the regret of online decision-making policies vis-à-vis

offline benchmarks.

2. Methodological : Inspired by ideas from Bayesian learning, we propose a class of policies,

expressed as the Bayes Selector, for general online decision-making problems.
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3. Algorithmic: For online packing and matching problems, we prove that the Bayes

Selector gives expected regret guarantees that are independent of the size of the state-

space, i.e., constant with respect to the horizon length and budgets.

Organization of the paper: The rest of the paper is organized as follows: First, in Sec-

tion 3.2, we introduce a general problem, called Online Allocation, which includes as special

cases the multi-secretary, online packing, online matching, and the more general choice-over-

bundles settings; we also define the notion of prophet benchmarks, and discuss the short-

coming of prevailing approaches. Next, in Section 3.3, we present our main technical tool,

the Compensated Coupling, in the general context of finite-state finite-horizon MDPs. We

illustrate the use of our general tool by applying it to the ski-rental problem. In Section 3.3.3

we introduce the Bayes Selector policy, and discuss how the compensated coupling provides

a generic recipe for obtaining regret bounds for such a policy. In Sections 3.4 and 3.5, we use

these techniques for the online packing and matching problems; we analyse them separately

to exploit their structure and obtain stronger results. Finally, in Section 3.6 we analyse the

most general problem (Online Allocation). In particular, in Section 3.4, we propose a Bayes

Selector policy for online packing and demonstrate the following performance guarantee:

Theorem 3.1.1 (Informal). For any online packing problem with a finite number of re-

source types and arrival types, under mild conditions on the arrival process, the Bayes Selec-

tor achieves regret which is independent of the horizon T and budgets B (both in expectation

and with high probability).

In more detail, our regret bounds depend on the ‘resource matrix’ A and the distri-

bution of arriving types, but are independent of T and B. Moreover, the results holds

under weak assumptions on the arrival process, including Multinomial and Poisson arrivals,

time-dependent processes, and Markovian arrivals. This result generalizes prior and contem-

poraneous results [94, 78, 37, 108, 10]. We show similar results for matching problems in
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Section 3.5.

3.2 Setting and Overview of Results

As we mentioned in the introduction, our contributions in this work are two-fold – (i) we give

a technique to analyse the regret of any MDP , and (ii) we apply it to specific problems to

obtain constant regret. Our focus in this work is on the subclass of online packing problems

with stochastic inputs. This is a subclass of the wider class of finite-horizon online decision-

making problems : given a time horizon T ∈ N with discrete time-slots t = T, T − 1, . . . , 1,

we need to make a decision at each time leading to some cumulative reward. Note that

throughout our time index t indicates the time to go. We present the details of our technical

approach in this more general context whenever possible, indicating additional assumptions

when required.

In what follows, we use [k] to indicate the set {1, 2, . . . , k}, and denote the (i, j)-th

entry of any given matrix A interchangeably by Ai,j or A(i, j). We work in an underlying

probability space (Ω,F ,P), and the complement of any event Q ⊆ Ω is denoted Q̄. For any

optimization problem (P ), we use v(P ) to indicate its objective value. If S is a finite set,

|S| denotes cardinality. The set N of naturals includes zero.

3.2.1 Online Allocation Problem

We present a problem, called Online Allocation, that encompasses both online matching and

online packing. The setup is as follows: There are d distinct resource-types denoted by the set

[d], and at time t = T , we have an initial availability (budget) vector B = (B1, B2, . . . , Bd) ∈

Nd. At every time t = T, T − 1, . . . , 1, nature draws an arrival with type ξt from a finite set
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of n distinct types J = [n], via some distribution which is known to the algorithm designer

(or principal). We denote Z(t) = (Z1(t), Z2(t), . . . , Zn(t)) ∈ Nn as the cumulative vector of

the last t arrivals, where Zj(t) :=
∑

τ≤t 1{ξτ=j}.

An arrival of type j has associated a family of multisets (bags) Sj ⊆ 2[d], where each

s ∈ Sj is called a bundle. We can allocate any bundle s ∈ Sj to a type j customer, which

generates a reward rsj and consumes one unit of each resource i ∈ s. Observe that we do

not assume additive valuations, e.g, we do not require r{1,2}j = r{1}j + r{2}j.

At each time, the principal must decide whether to allocate a bundle to the request

ξt (thereby generating the associated reward while consuming the required resources), or

reject it (no reward and no resource consumption). Allocating a bundle requires that there

is sufficient budget of each resource to cover the request. The principal’s aim is to make

irrevocable decisions so as to maximize overall rewards.

We present in Section 3.6 results for this general problem. For concreteness, we describe

now three particular cases, each of independent interest. We analyse these three cases

separately because we can get improved results over the general case.

Multi-Secretary. This is a fundamental one dimensional instance. In this problem, we have

B ∈ N available positions and want to hire employees with the highest abilities (rewards).

There is one resource type (d = 1) with budget B; each employee occupies one unit of budget

(one position). This is an online allocation problem with Sj = {{1}} for all j (all candidates

want the same resource) and rewards r{1}j = rj.

Online Packing. In this multidimensional problem, each request j is associated to one

bundle and one reward if allocated. Specifically, we are given a consumption matrix A ∈

Nd×n, where aij denotes the units of resource i required to serve the request j and, for each

j, there is a reward rj if served. This is an online allocation problem with one bundle for j:
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Sj = {{aij copies of i : i ∈ [d]}}.

Online Matching. There are d resources, but now each type j wants any option from the

given set of resources, i.e., type j wants any from Aj instead of all from Aj. The types can be

represented by a reward matrix r ∈ Rd×n
≥0 and adjacency matrix A ∈ {0, 1}d×n; if the arrival

is of type j ∈ [n], we can allocate at most one resource i such that aij = 1, leading to a reward

of rij. This problem can be thought as online bipartite matching, see Section 3.5 for details.

It corresponds to an online allocation problem with bundles Sj = {{i} : i ∈ [d] s.t. aij = 1}

and rewards r{i}j = rij.

Arrival Processes: To specify the generative model for the type sequence ξT , ξT−1, . . . , ξ1,

an important subclass is that of stationary independent arrivals, which further admits two

widely-studied cases:

1. The Multinomial process is defined by a known distribution p ∈ Rn
≥0 over [n]; at each

time, the arrival is of type j with probability pj, thus Z(t) ∼ Multinomial(t, p1, . . . , pn).

2. The Poisson arrival process is characterized by a known rate vector λ ∈ Rn
≥0. Arrivals

of each class are assumed to be independent such that Zj(t) ∼ Poisson(λjt). Note that,

although this is a continuous-time process, it can be accommodated in a discrete-time for-

mulation by defining as many periods as arrivals (see Appendix B.2.1 for details).

We assume w.l.o.g. that pj > 0 and λj > 0 for all j ∈ [n] (if this is not the case for some

j, that type never arrives and can be removed from the instance description). More general

models allow for non-stationary and/or correlated arrival processes – for example, non-

homogeneous Poisson processes, Markovian models (see Example 3.4.12), etc. An important

feature of our framework is that it is capable of handling a wide variety of such processes in

a unified manner, without requiring extensive information regarding the generative model.

We discuss the most general assumptions we make on the arrival process in Section 3.4.2.
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3.2.2 The Benchmark

Suppose a given problem is simultaneously solved by two ‘agents ’, Online and Offline,

who are primarily differentiated based on their access to information. Online can only take

non-anticipatory actions, i.e., use available information only, whereas Offline is allowed

to make decisions with full knowledge of future arrivals. This is known in the literature as

a prophet or full-information benchmark. Denoting the total collected rewards of Offline

and Online as voff and von respectively, we define the regret to be the additive loss Reg :=

voff − von. Observe that von depends on the policy used by Online, the underlying policy

will always be clear from context. Our aim is to design policies with low E[Reg].

For online packing, the solution to Offline’s problem corresponds to solving an integer

programming problem. A looser, but more tractable benchmark, is given by an LP relaxation

of this policy: given arrivals vector Z(T ), we assume Offline solves the following:

P [Z(T ), B] : max r′x

s.t. Ax ≤ B

x ≤ Z(T )

x ≥ 0.

(3.1)

The fluid problem must be relinquished: The most common technique for obtaining

online packing policies is based on the so-called fluid (a.k.a. deterministic or ex ante) LP

benchmark (P [E[Z(T )], B]), where (P ) is defined in Eq. (3.1). It is easy to see via Jensen’s

Inequality that v(P [E[Z(T )], B]) ≥ E[v(P [Z(T ), B])], and hence the fluid LP is an upper

bound for any online policy. Although the use of this fluid benchmark is the prevalent tool

to bound the regret in online packing problems [103, 94, 78, 108], the following result shows

that the approach of using v(P [E[Z(T )], B]) as a benchmark can never lead to a constant

expected regret policy, as the fluid benchmark can be far off from the optimal solution in

hindsight.
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Proposition 3.2.1. For any online packing problem, if the arrival process satisfies the Cen-

tral Limit Theorem and the fluid LP is dual degenerate, i.e., the optimal dual variables are

not unique, then v(P [E[Z(T )], B])− E[v(P [Z(T ), B])] = Ω(
√
T ).

This gap has been reported in literature, both informally and formally (see [10, 37]). For

completeness we provide a proof in Appendix B.1. Note though that this gap does not pose

a barrier to showing constant-factor competitive ratio guarantees, i.e. O(T ) expected regret;

the fluid LP benchmark is widely used for prophet inequalities. In contrast, the gap presents

a barrier for obtaining O(1) expected regret bounds. Breaking this barrier thus requires a

fundamentally new approach.

3.2.3 Overview of our Results

Our approach can be viewed as a meta-algorithm that uses black-box prediction oracles to

make decisions. The quantities estimated by the oracles are related to our offline benchmark

and can be interpreted as probabilities of regretting each particular action in hindsight. A

natural ‘Bayesian selection’ strategy given such estimators is to adopt the action that is least

likely to cause regret in hindsight. This is precisely what we do in Algorithm 1, and hence,

we refer to it as the Bayes Selector policy.

We note that Bayesian selection techniques are not new. In fact, they are often used

as heuristics in practice. Our work however shows that such policies in fact have excel-

lent performance in such settings – in particular, we show that for matching and packing

problems:

1. There are easy to compute estimators (in particular, ones which are based on simple

adaptive LP relaxations) that, when used for Algorithm 1, give constant expected
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regret for a wide range of distributions (see Theorems 3.4.2, 3.4.6 and 3.5.1).

2. Using other types of estimators for Algorithm 1 yields comparable performance guar-

antees (see Corollaries 3.4.7 and 3.5.2). This holds, for example, if the estimations are

obtained through sampling.

At the core of our analysis is a novel stochastic coupling technique for analyzing online

policies based on offline (or prophet) benchmarks. In particular, unlike traditional approaches

to regret analysis, which are based on showing that an online policy tracks a fixed offline

policy, our approach is instead based on forcing Offline to follow Online’s actions. We

describe this in more detail in the next section.

3.2.4 Related Work

Our work is related to several active areas of research in MDPs and online algorithms. We

now briefly survey some of the most relevant connections.

Approximate Dynamic Programming: The complexity of computing optimal MDP so-

lutions can scale with the state space, which often makes it impractical (the so-called ‘curse

of dimensionality’ [93]). This has inspired a long line of work on approximate dynamic pro-

gramming (ADP) [93, 104] to develop lower complexity heuristics. Although these methods

often work well in practice, they require careful choice of basis functions, and any bounds are

usually in terms of quantities which are difficult to interpret. Our work provides an alternate

framework, which is simpler and has interpretable guarantees.

Model Predictive Control: Another popular heuristic for ADP and control which is closer

to our paradigm is that of model predictive control (or receding horizon control) [88, 25, 43],

which is a widely-used heuristic in practice. Recently, MPC techniques have also been
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connected with online convex optimization (OCO) [75, 39, 38] to show how prediction

oracles can be used for OCO, and applying these policies to problems in power systems and

network control. These techniques however generally require continuous controls, and do not

handle combinatorial constraints.

Information Relaxation: Parallel to the ADP focus on developing better heuristics, there

is a line of work on deriving upper bounds via martingale duality, sometimes referred to as

information relaxations [30, 50, 31]. The main idea in these works is to obtain performance

bounds for heuristic policies work by defining more refined outer bounds; in particular,

this can be done by adding a suitable martingale term to the current reward, in order to

penalize ‘future information’. Our approach follows a similar construction of bounds via

offline benchmarks; however, a critical difference is that instead of using these to analyze a

given heuristic, we use the benchmarks directly to derive control policies.

Online Packing and Prophet Inequalities: The majority of work focuses on competitive

ratio bounds under worst-case distributions. In particular, there is an extensive literature

on the so-called Prophet Inequalities, starting with the pioneering work of [73], to more

recent extensions and applications to algorithmic economics [80, 55, 47, 9]. We note that

any competitive ratio guarantee implies a O(T ) expected regret, in comparison to our O(1)

expected regret guarantees – the cost for this, however, is that our results hold under more

restrictive assumptions on the inputs. For example, the policy suggested by [55] is static and

[10, Theorem 1] shows that any static policy has Ω(
√
T ) expected regret, hence it cannot

yield a strong guarantee like ours.

Distribution-agnostic and Adversarial Models: Though we focus only on the case

where the input is drawn from a stochastic process, we note that there is a long line of

work on online packing with adversarial inputs [35, 36, 79], and also distribution-agnostic

approaches [15, 51]. More generally, there is a large body of work on using sublinear expected
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regret algorithms for solving online linear and convex programs [7, 68]. The algorithms in

these works are incomparable to ours in that, while they cannot get constant expected

regret in our setting (stochastic input, finite type space), they provide guarantees under

much weaker assumptions.

Regret bounds in Stochastic Online Packing: For these problems, regret is the most

meaningful metric to study, see [110] for a discussion, where approximations to the regret

are studied. The first work to prove constant expected regret in a context similar to ours

is [10], who prove a similar result for the multi-secretary setting with multinomial arrivals;

we strengthen their result in Theorem 3.4.2. This result is relevant to a long line of work

in applied probability. Some influential works are [94], which provides an asymptotically

optimal policy under the diffusion scaling, and [78] who provide a resolving policy with

constant expected regret under a certain non-degeneracy condition. In contrast, degeneracy

plays no role in the performance of our algorithms. More recently, [37] partially extended

the result of [10] for more general packing problems; their guarantee is only valid for i.i.d.

Poisson arrival processes and when the system is scaled linearly, i.e., when B is proportional

to T (our results and [10] make no such assumption). In Section 3.7, we demonstrate with

a numerical study that the Bayes Selector outperforms all the previous policies.

3.3 Compensated Coupling and the Bayes Selector

We introduce our two main technical ideas: 1. the compensated coupling technique, and

2. the Bayes selector heuristic for online decision-making. We remark that the techniques

introduced in this section are valid for a generic MDP. In subsequent sections we apply them

to the variants of Online Allocation defined in Section 3.2.1.
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3.3.1 MDPs and Offline Benchmarks

The basic MDP setup is as follows: at each time t = T, T − 1, . . . , 1 (where t represents the

time-to-go), based on previous decisions, the system state is one of a set of possible states

St. Next, nature generates an arrival ξt ∈ J , following which we need to choose from a

set of available actions U . The state updates and rewards are determined via a transition

function T : U × St × J → St and a reward function R : U × St × J → R: for current

state s ∈ St, arrival j ∈ J and action a ∈ U , we transition to the state T (a, s, j) and collect

a reward R(a, s, j). Infeasible actions a for a given state s correspond to R(a, s, j) = −∞.

The sets U , St,J , as well as the measure over arrival process {ξt : t ∈ [T ]}, are known in

advance. Finally, though we focus mainly on maximizing rewards, the formalism naturally

ports over to cost-minimization.

Recall that we adopt the view that the problem is simultaneously solved by two ‘agents ’:

Online and Offline. Online can only take non-anticipatory actions while Offline

makes decisions with knowledge of future arrivals. To keep the notation simple, we restrict

ourselves to deterministic policies for Offline and Online, thereby implying that the only

source of randomness is due to the arrival process (our results can be extended to randomized

policies).

A sample path ω ∈ Ω encodes the arrival sequence {ξt : t ∈ [T ]}. In other words, there

exists a unique sequence of types that is consistent with ω; whenever we fix ω, the type ξt is

uniquely identified, but, for notational ease, we do not write ξt[ω]. For a given sample-path

ω ∈ Ω and time t to go, Offline’s value function is specified via the deterministic Bellman

equations

voff(t, s)[ω] := max
a∈U
{R(a, s, ξt) + voff(t− 1, T (a, s, ξt))[ω]}, (3.2)

with boundary condition voff(0, s)[ω] = 0 for all s ∈ St. The notation voff(t, s)[ω] is used to

emphasise that, given sample-path ω, Offline’s value function is a deterministic function
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of t and s.

We require that the DP formulation in Eq. (3.2) is well defined. For simplicity, we

enforce this with the following assumption: there are some constants c1, c2 ≥ 0 such that

−c1 ≤ maxa∈U R(a, s, j) ≤ c2 for all s ∈ St, j ∈ J . In other words, every state has a feasible

action and the maximum reward is uniformly bounded and attained. The spaces St,J ,U and

functions T ,R are otherwise arbitrary. We enforce this assumption for clarity of exposition,

but we observe that it can be further generalized, c.f. [23, Volume II, Appendix A].

On the other hand, Online chooses actions based on policy πon defined as follows:

Definition 3.3.1 (Online Policy). An online policy πon is any collection of functions

{πon(t, s, j) : t ∈ [T ], s ∈ St, j ∈ J } such that, if at time t the current state is s and a type j

arrives, then Online chooses the action πon(t, s, j) ∈ U . The function πon(t, ·, ·) can depend

only on {ξT , · · · , ξt}, i.e., on the randomness observed at periods τ ≥ t (the history).

Let us denote {St : t ∈ [T ]} as Online’s state over time, i.e., the stochastic process

St ∈ St that results from following a given policy πon. We can write Online’s accrued

value, for a given policy πon, as

von(t, St)[ω] :=
∑
τ≤t
R(πon(τ, Sτ , ξτ ), Sτ , ξτ )[ω]

For notational ease, we omit explicit indexing of von on policy πon.

On any sample-path ω, we can define the regret of an online policy to be the additive

loss incurred by Online using πon w.r.t. Offline, i.e.,

Reg[ω] := voff(T, ST )[ω]− von(T, ST )[ω]

Remark 3.3.2 (Regret is Agnostic of Offline Algorithm). Our previous definition

of Reg depends only on the online policy πon, but it does not depend on the policy (or
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algorithm) used by Offline as long as it is optimal. For example, in the case where there

are multiple maximizers in the Bellman Eq. (3.2), different tie-breaking rules for Offline

yield different algorithms, but all of them are optimal and have the same optimal value voff.

3.3.2 Compensated Coupling

At a high-level, the compensated-coupling is a sample path-wise charging scheme, wherein

we try to couple the trajectory of a given policy to a sequence of offline policies. Given

any non-anticipatory policy (played by Online), the technique works by making Offline

follow Online – formally, we couple the actions of Offline to those of Online, while

compensating Offline to preserve its collected value along every sample-path.

Example 3.3.3. Consider the multi-secretary problem with budget B = 1 and three arriving

types J = {1, 2, 3} with r1 > r2 > r3. The state space in this problem is St = N and the

action space is U = {accept, reject}. Suppose for T = 4 the arrivals on a given sample-path

are (ξ4, ξ3, ξ2, ξ1) = (1, 2, 1, 3). Note that Offline will accept exactly one arrival of type 1,

but is indifferent to which arrival. While analyzing Online, we have the freedom to choose

a benchmark by specifying the tie-breaking rule for Offline– for example, we can compare

Online to an Offline agent who chooses to front-load the decision by accepting the arrival

at t = 4 (i.e., as early in the sequence as possible) or back-load it by accepting the arrival at

t = 2. In conclusion, for this sample path, the following two sequences of actions are optimal

for Offline: (accept,reject,reject,reject) and (reject,reject,accept,reject).

Suppose instead that we choose to reject the first arrival (t = 4), and then want Offline

to accept the type-2 arrival at t = 3 – this would lead to a decrease in Offline’s final reward.

The crucial observation is that we can still incentivize Offline to accept arrival type 2 by

offering a compensation (i.e., additional reward) of r1 − r2 for doing so. The basic idea
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behind the compensated coupling is to generalize this argument. We want Offline to

take Online’s action, hence we couple the states of Offline and Online with the use of

compensations.

Let us start now with a general problem. Given sample-path ω ∈ Ω with arrivals {ξt[ω] :

t ∈ [T ]}, recall voff(t, s)[ω] denotes Offline’s value starting from state s with t periods to

go. voff(t, s)[ω] obeys the Bellman Eq. (3.2). The following definition is about the actions

satisfying said Bellman Equations.

Definition 3.3.4 (Satisfying Action). Fix ω ∈ Ω. For any given state s and time t, we

say Offline is satisfied with an action a at (s, t) if a is a maximizer in the Bellman equation,

i.e.,

a ∈ argmaxâ∈U
{
R(â, s, ξt) + voff(t− 1, T (â, s, ξt))[ω]

}
.

Observe that a may be satisfying for a sample path ω and not for some other ω′; once

the sample path is fixed, satisfying actions are unequivocally identified.

Example 3.3.5. Consider the multi-secretary problem with T = 5, initial budget B = 2,

types J = {1, 2, 3} with r1 > r2 > r3, and a particular sequence of arrivals (ξ5, ξ4, ξ3, ξ2, ξ1) =

(2, 3, 1, 2, 3). The optimal value of Offline is r1 + r2, and this is achieved by accepting the

sole type-1 arrival as well as any one out of the two type-2 arrivals. At time t = 5, Offline

is satisfied either accepting or rejecting ξ5. Further, at t = 3, for any budget b > 0 the only

satisfying action is to accept.

With the notion of satisfying actions, we can create a coupling as illustrated in Fig. 3.1.

Although Offline may be satisfied with multiple actions (see above example and Re-

mark 3.3.2), its value remains unchanged under any satisfying action, i.e., any tie-breaking

rule. We define a valid policy πoff for Offline to be any anticipatory functional such that,

for every ω ∈ Ω, we have a different mapping to actions. Formally, for every ω ∈ Ω,
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πoff[ω] : [T ]× St × J → U is a function satisfying the optimality principle:

voff(t, s)[ω] = voff(t− 1, T (πoff(t, s, ξt)[ω], s, ξt))[ω] +R(πoff(t, s, ξt)[ω], s, ξt), ∀t ∈ [T ], s ∈ St.

Next, we quantify by how much we need to compensate Offline when Online’s action

is not satisfying, as follows

Definition 3.3.6 (Marginal Compensation). For action a ∈ U , time t ∈ [T ] and state

s ∈ St, we denote the random variable R̄ and scalar r̄

R̄(t, a, s) := voff(t, s)− [voff(t− 1, T (a, s, ξt)) +R(a, s, ξt)]

r̄(a, j) := max
{
R̄(t, a, s)[ω] : t ∈ [T ], s ∈ St, ω ∈ Ω s.t. ξt[ω] = j

}
.

The random variable R̄ captures exactly how much we need to compensate Offline,

while r̄(a, j) provides a uniform (over s, t) bound on the compensation required when Online

errs on an arrival of type j by choosing an action a. Though there are several ways of

bounding R̄(t, a, s), we choose r̄(a, j) as it is clean, expressive, and admits good bounds in

many problems as the next example shows.

Example 3.3.7. For online packing problems define rϕ := maxj∈[n] rj as the maximum

reward over all classes. The state space in this problem is St = Nd and the actions space

is U = {accept, reject}. Also, for simplicity, we assume that all resource requirements are

binary, i.e., aij ∈ {0, 1} ∀ i ∈ [d], j ∈ [n]. For a given sample-path ω ∈ Ω and any given

budget b ∈ Nd, if Offline decides to accept the arrival at t, we can instead make it reject

the arrival while still earning a greater or equal reward by paying a compensation of rϕ. On

the other hand, note that Offline can at most extract rϕ in the future for every resource ξt

uses; hence on sample-paths where Offline wants to reject ξt, it can be made to accept ξt

instead with a compensation of ||Aξt ||1rϕ ≤ drϕ. In conclusion, we have rj ≤ r̄(a, j) ≤ drϕ.
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Recall that St denotes the random process of Online’s state. Additionally, we denote

Ron(t, St)[ω] := R(πon(t, St, θt), St, ξt) as the reward collected by Online at time t, and

hence von(T, ST )[ω] =
∑

t∈[T ] R
on(t, St)[ω].

The final step is to fix Offline’s policy to be one which ‘follows Online’ as closely

as possible. For this, given a policy πon, on any sample-path ω we set πoff(t, s, ξt)[ω] =

πon(t, s, ξt)[ω] if πon(t, s, ξt)[ω] is satisfying, and otherwise set πoff(t, s, ξt)[ω] to an arbitrary

satisfying action. In other words, we start with any valid policy πoff and, for every ω ∈ Ω,

we modify it as described to obtain another valid policy. Abusing notation, we still call πoff

this modified policy. Recall that this modification does not change the regret guarantees

(see Remark 3.3.2).

Definition 3.3.8 (Disagreement Set). For any state s and time t, and any action a ∈ U ,

we define the disagreement set Q(t, a, s) to be the set of sample-paths where a is not satisfying

for Offline, i.e.,

Q(t, a, s) :=
{
ω ∈ Ω : voff(t, s)[ω] > R(a, s, ξt) + voff(t− 1, T (a, s, ξt))[ω]

}
.

Finally, let Q(t, s) ⊆ Ω be the event when Offline cannot follow Online, i.e., Q(t, s) :=

Q(t, πon(t, s, ξt), s). Note that Q(t, s) depends on πon, but we omit the indexing since πon is

clear from context. Only under Q(t, s) we need to compensate Offline, hence we obtain

the following.

Lemma 3.3.9 (Compensated Coupling). For any online decision-making problem, fix

any Online policy πon with resulting state process St. Then we have:

Reg[ω] =
∑
t∈[T ]

R̄(t, πon(t, St, ξt), St)[ω] · 1Q(t,St)[ω],

and thus E[Reg] ≤ maxa∈U ,j∈J {r̄(a, j)} ·
∑

t∈[T ] E[P[Q(t, St)|St]].
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Figure 3.1: The top-left image shows the traditional approach to regret analysis, wherein one
considers a fixed offline policy (which here corresponds to a fixed trajectory characterized
by accept decisions at t1, t2, t3, . . .) and tries to bound the loss due to “Online oscillating
around Offline”. In contrast, the compensated coupling approach compares Online to an
Offline policy which changes over time. This leads to a sequence of offline trajectories (top-
right, bottom-left, and bottom-right), each “agreeing” more with Online. In particular,
Offline is not satisfied with Online’s action at t1 (leading to divergent trajectories in the
top-left figure), but is made to follow Online by paying a compensation (top-right), resulting
in a new Offline trajectory, and a new disagreement at t′1 ∈ (t1, t2). This coupling process
is repeated at time t′1 (bottom-left), and then at t2 (bottom-right), each time leading to a
new future trajectory for Offline. Coupling the two processes helps simplify the analysis
as we now need to study a single trajectory (that of Online), as opposed to all potential
Offline trajectories.
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Proof. We stress that, throughout, St denotes Online’s state. We claim that, for every

time t,

voff(t, St)[ω]− voff(t− 1, St−1)[ω] = Ron(t, St)[ω] + R̄(t, πon(t, St, ξt), St)[ω]1Q(t,St)[ω]. (3.3)

To see this, let a = πon(t, St, ξt). If Offline is satisfied taking action a in state St, then

voff(t, St)[ω] − voff(t − 1, St−1)[ω] = Ron(t, St)[ω]. On the other hand, if Offline is not

satisfied taking action a, then by the definition of marginal compensation (Definition 3.3.6)

we have, voff(t, St)[ω] − voff(t − 1, T (a, St, ξt))[ω] = R̄(t, a, St)[ω] + R(a, St, ξt). Since by

definition T (a, St, ξt) = St−1 and R(a, St, ξt) = Ron(t, St), we obtain Eq. (3.3). Finally, our

first result follows by telescoping the summands and the second by linearity of expectation.

We list a series of remarks.

• Lemma 3.3.9 is a sample-path property that makes no reference to the arrival process.

Though we use it primarily for analyzing MDPs, it can also be used for adversarial settings.

We do not further explore this, but believe it is a promising avenue.

• For stochastic arrivals, the regret depends on E
[∑

t∈[T ] P[Q(t, St)]
]
; it follows that, if the

disagreement probabilities are summable over all t, then the expected regret is constant.

In Sections 3.4 and 3.5 we show how to bound P[Q(t, St)] for different problems.

• The first part of Lemma 3.3.9 provides a distributional characterization of the regret in

terms of a weighted sum of Bernoulli variables. This allows us to get high-probability

bounds in Section 3.4.3.

• Lemma 3.3.9 gives a tractable way of bounding the regret which does not require either

reasoning about the past decisions of Online, or the complicated process Offline may

follow. In particular, it suffices to bound P[Q(t, St)], i.e., the probability that, given state

St at time t, Offline loses optimality in trying to follow Online.
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• As mentioned before, Lemma 3.3.9 extends to the full generality of MDPs. Indeed, from

[72, chapter 11], it follows that any MDP with random transitions and random rewards

can be simulated by the family of MDPs we study here; since the inputs ξt are allowed to

be random, we can define random transitions and rewards based on ξt, see [72] for further

details.

Lemma 3.3.9 thus gives a generic tool for obtaining regret bounds against the offline op-

timum for any online policy. Note also that the compensated coupling argument generalises

to settings where the transition and reward functions are time dependent, the policies are

random, etc. The compensated coupling also suggests a natural greedy policy, which we

define next.

Comparison to traditional approaches. As discussed in related work, there are two

main approaches. First, the fluid (or ex ante) benchmark, which can be understood as

competing against a fixed value. This is the prevailing technique in competitive analysis [9]

and the online packing literature [78, 94, 108]. We showed in Proposition 3.2.1 that such an

approach cannot yield better than O(
√
T ) regret bounds, while we prove O(1). Second, the

traditional sample path approach, which competes against the random trajectory of Offline

(as illustrated in Fig. 3.1), is based on showing that Online is “close” to a fixed trajectory.

This approach is capable of obtaining strong O(1) guarantees [10], but it is highly involved

since it necessitates a complete characterisation of Offline’s trajectory. The benefit of our

approach is abstracting away from the characterization of Offline’s trajectory and focusing

only on Online’s (which is the one that the algorithm controls), while yielding strong O(1)

guarantees.

The next example illustrates the Compensated Coupling in a different setting. We con-

sider the Ski Rental problem, which is a well studied minimum cost covering (not packing)

problem.
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Example 3.3.10 (Ski Rental). Given T days for skiing, each day we decide whether to

buy skis for b dollars or to rent them for 1 dollar. The snow may melt any day and we have a

distribution over the period we may be able to ski, i.e., there is snow during the first X ∈ [T ]

periods and we know the distribution of X. Our aim is to explicitly write the regret of a

particular policy (stated later) using the Compensated Coupling.

The optimal offline solution is trivial: if X < b, Offline rents every day, otherwise

(X ≥ b) Offline buys the first day. In other words, Offline either buys the first day

(which has cost b), or rents every day, with cost X. Since Offline knows X, he picks the

minimum.

We map this problem to our framework as follows. The state space is St = {skis, no-skis},

where ‘skis’ means we own the skis. Arrivals are signals ξt ∈ {0, 1}, where 1 means there is

snow and 0 that the season is over. The arrival sequence is always of the form (ξT , . . . , ξ1) =

(1, . . . , 1, 0, . . . , 0), where X =
∑

t∈[T ] ξ
t by definition. Finally, rewards are −1 per day if we

rent and −b when we buy.

The compensations are as follows. If the state is ‘skis’ or if ξt = 0 (season is over), then

no compensation is needed, because we know that Offline does nothing w.p. 1 (either

he owns the skis or the problem ended). The only case where Online and Offline may

disagree is when ξt = 1 (can ski today) and the state is ‘no-skis’.

Let us denote X t as the number of remaining skiing days (including t) and say we observe

ξt = 1 at time t. Offline is not satisfied renting if X t > b; forcing him to rent in this event

requires a compensation of 1. On the other hand, Offline is not satisfied buying if X t < b;

forcing him needs a compensation of b − X t. Consider the following policy πon: for fixed

τ ≥ 0, rent the first τ days and buy on day τ + 1 contingent on seeing snow all these days,

i.e., contingent on ξt = 1 for all t = T, . . . , T−τ . The Compensated Coupling (Lemma 3.3.9)
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allows us to write

Reg =
∑
t∈[T ]

R̄(t, πon(t, St, ξt), St)[ω] · 1Q(t,St)[ω] =
T∑

t=T−τ+1

1{Xt>b} + (b−XT−τ )1{1≤XT−τ<b}.

The first term corresponds to the disagreement of the first τ days (pay one dollar each day t

such that X t > b), whereas the second is the disagreement of day τ + 1. This is an example

where the compensated coupling yields an intuitive way of writing the regret. Furthermore,

since the expression is exact, we can take expectations and optimize over τ to get the optimal

policy (for example, see [11]).

3.3.3 The Bayes Selector Policy

Using the formalism defined in the previous sections, let q(t, a, s) := P[Q(t, a, s)] be the

disagreement probability of action a at time t in state s (i.e., the probability that a is not a

satisfying action).

For any t, s, ξt, suppose we have an oracle that gives us q(t, a, s) for every feasible action

a. Given oracle access to q(t, a, s) (or more generally, over-estimates q̂ of q), a natural greedy

policy suggested by Lemma 3.3.9 is that of choosing action a that minimizes the probability

of disagreement. This is similar in spirit to the Bayes selector (i.e., hard thresholding) in

statistical learning. Algorithm 1 formalizes the use of this idea in online decision-making.

The results below are essentially agnostic of how we obtain this oracle.

From Lemma 3.3.9, we immediately have the following:

Corollary 3.3.11 (Regret Of Bayes Selector). Consider Algorithm 1 with over-estimates

q̂(t, a, s) ≥ P[Q(t, a, s)]∀ (t, a, s). If At denotes the policy’s action at time t, then

E[Reg] ≤ max
a∈U ,j∈J

r̄(a, j) ·
∑
t∈[T ]

E[q̂(t, At, St)].
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Algorithm 1 Bayes Selector

Input: Access to over-estimates q̂(t, a, s) of the disagreement probabilities, i.e. q̂(t, a, s) ≥
q(t, a, s)

Output: Sequence of decisions for Online.
1: Set ST as the given initial state
2: for t = T, . . . , 1 do
3: Observe the arriving type ξt .
4: Take an action minimizing disagreement, i.e., At ∈ argmin{q̂(t, a, St) : a ∈ U}.
5: Update state St−1 ← T (At, St, ξt).

The next result states that, if we can bound the estimation error uniformly over states

and actions, then the guarantee of the algorithm increases additively on the error (not

multiplicatively, as one may suspect). In more detail, our next result is agnostic of the

oracle used to obtain the the estimators q̂. Examples of estimation procedures to obtain q̂

include: simulation, function approximation, neural networks, etc. Regardless of how q̂ is

obtained, we can give a regret guarantee based only on the accuracy of the estimators. The

following result follows as a special case of Corollary 3.3.11; we state it to emphasise that q̂

can be estimated with some error.

Corollary 3.3.12 (Bayes Selector with Imperfect Estimators). Assume we have es-

timators q̂(t, a, s) of the probabilities q(t, a, s) such that |q(t, a, s) − q̂(t, a, s)| ≤ ∆t for all

t, a, s. If we run Algorithm 1 with over-estimates q̂(t, a, s) + ∆t, and At denotes the policy’s

action at time t, then

E[Reg] ≤ max
a∈U ,j∈J

r̄(a, j) ·
∑
t∈[T ]

(E[q̂(t, At, St)] + ∆t).

Observe that, the total error induced due to estimation is a constant if, e.g., we can

guarantee ∆t = 1/t2 or ∆t = 1/(T − t)2.

It is natural to consider a more sophisticated version of Algorithm 1, wherein we make

decisions not only based on disagreement probabilities, but also take into account marginal

compensations, i.e., the marginal loss of each decision. While Algorithm 1 is enough to
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obtain constant regret bounds in the problems we consider, we note that such an extension

is possible and can be found in Appendix B.2.2.

Remark 3.3.13. We discussed in Section 3.3 that the Compensated Coupling extends to

the case where transitions and rewards can be random. By the same argument, the Bayes

Selector (Algorithm 1) and its guarantees (Corollaries 3.3.11 and 3.3.12) extend too. Notice

that Offline here is a prophet who has full knowledge of all the randomness (arrivals,

transitions, and rewards).

3.4 Regret Bounds for Online Packing

We now show that for the online packing problem, the Bayes Selector achieves an expected

regret which is independent of the number of arrivals T and the initial budgets B; in Sec-

tion 3.5, we extend this to matching problems.

In more detail, we prove that the dynamic fluid relaxation (Pt) in Eq. (3.4) provides a

good estimator for the disagreement probabilities q(t, a, s), and moreover, that the Bayes

Selector based on these statistics reduces to a simple re-solve and threshold policy.

In this setting, the state space corresponds to resource availability, hence St = Nd; there

are two possible actions, accept or reject, hence |U| = 2; finally, transitions correspond to

the natural budget reductions given by the matrix A.

Recall that Z(t) ∈ Nn denotes the cumulative arrivals in the last t periods and Bt ∈ Nd

denotes Online’s budget at time t. Given knowledge of Z(t) and state Bt, we define the
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ex-post relaxation (P ?
t ) and fluid relaxation (Pt) as follows.

(P ?
t ) max r′x

s.t. Ax ≤ Bt

x ≤ Z(t)

x ≥ 0.

(Pt) max r′x

s.t. Ax ≤ Bt

x ≤ E[Z(t)]

x ≥ 0.

(3.4)

Remark 3.4.1. Offline solves (P ?
t ) in Eq. (3.4), while Online solves (Pt). Both prob-

lems depend on Online’s budget at t; this is a crucial technical point and can only be

accomplished due to the coupling we have developed.

Let X t be a solution of (Pt) and X?t a solution of (P ?
t ). Uniqueness of solutions is not

required, see Proposition 3.4.8, and X?t is for the analysis only. Our policy is detailed in

Algorithm 2.

Algorithm 2 Fluid Bayes Selector

Input: Access to solutions X t of (Pt) and resource matrix A.
Output: Sequence of decisions for Online.

1: Set BT as the given initial budget levels
2: for t = T, . . . , 1 do
3: Observe arrival ξt = j and accept iff X t

j ≥ E[Zj(t)]/2 and it is feasible, i.e., Aj ≤ Bt.
4: Update Bt−1 ← Bt − Aj if accept, and Bt−1 ← Bt if reject.

Intuitively, we ‘front-load’ (accept as early as possible) classes j such thatX t
j ≥ E[Zj(t)]/2

and back-load the rest (delay as much as possible). If Offline is satisfied accepting a front-

loaded class (resp. rejecting a back-loaded class), he will do so. Accepting class j is therefore

an error if Offline, given the same budget as Online, picks no future arrivals of that class

(i.e., X?t
j < 1). On the other hand, rejecting j is an error if X?t

j > Zj(t)− 1. We summarize

this as follows:

1. Incorrect rejection: if X t
j <

E[Zj(t)]

2
and X?t

j > Zj(t)− 1.

2. Incorrect acceptance: if X t
j ≥ E[Zj(t)]

2
and X?t

j < 1.
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Observe that a compensation is paid only when the fluid solution is far off from the correct

stochastic solution. In the proofs of Theorems 3.4.2 and 3.4.6 we formalize the fact that,

since X t estimates X?t, such an event is highly unlikely – this along with the compensated

coupling provides our desired regret guarantees.

Disagreement probabilities and the Fluid Bayes Selector. The Bayes Selector (Al-

gorithm 1) runs with over-estimates q̂(t, a, b) and, at each time, picks the minimum. On

the other hand, Algorithm 2 is presented as the “simplified version”, in the sense that the

decision rule is the one that minimizes suitable over-estimates q̂. More importantly, we prove

the following properties

argmin{q̂j(t, accept, b), q̂j(t, reject, b)} =

 accept if X t
j ≥ E[Zj(t)]/2

reject if X t
j < E[Zj(t)]/2

, (3.5)

min{q̂j(t, accept, b), q̂j(t, reject, b)} ≤ c1e
−c2t. (3.6)

In other words, the property in Eq. (3.5) shows that Algorithm 2 is a Bayes Selector, while the

property in Eq. (3.6) yields the desired constant regret bound in virtue of the Compensated

Coupling and Corollary 3.3.11. We give explicit expressions for the values q̂ and constants

c1, c2, see e.g. Eq. (B.2).

The robustness of the Bayes Selector. The probability minimizing disagreement can be

uniformly bounded over all budgets b ∈ Nd, i.e., the exponential bound in Eq. (3.6) does not

depend on b. This property has the following consequence: since the Fluid Bayes Selector

has strong performance, many other Bayes Selector algorithms (using different q̂) do too. In

other words, the design of algorithms based on the Bayes Selector is robust and does not

depend on “fine tunning” of the parameters q̂. We make this precise in Corollaries 3.4.3

and 3.4.7 and uncover the same phenomenon for matching problems, see Corollary 3.5.2.

We need some additional notation before presenting our results. Let Ej[·] (Pj[·]) be the
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expectation (probability) conditioned on the arrival at time t being of type j, i.e., Pj[·] =

P[·|ξt = j]. We denote rϕ := maxj∈[n] rj and pmin := minj∈[n] pj.

3.4.1 Special Case: Multi-Secretary with Multinomial Arrivals

Before we proceed to the general case, we state the result for the Multi-Secretary problem.

We present this result separately because in this one dimensional problem we can obtain a

better and explicit constant. The proofs of Theorem 3.4.2 and Corollary 3.4.3 below can be

found in Appendix B.2.3.

Theorem 3.4.2. The expected regret of the Fluid Bayes Selector (Algorithm 2) for the multi-

secretary problem with multinomial arrivals is at most rϕ
∑

j>1 2/pj ≤ 2(n− 1)rϕ/pmin.

This recovers the best-known expected regret bound for this problem shown in a recent

work [10]. However, while the result in [10] depends on a complex martingale argument, our

proof is much more succinct, and provides explicit and stronger guarantees; in particular, in

Section 3.4.3, we provide concentration bounds for the regret.

Moreover, Theorem 3.4.2, along with Corollary 3.3.12, provides a critical intermediate

step for characterizing the performance of Algorithm 1 for the multi-secretary problem.

Corollary 3.4.3. For the multi-secretary problem with multinomial arrivals, the expected

regret of the Bayes Selector (Algorithm 1) with any imperfect estimators q̂ is at most

2rϕ

(∑
j>1 1/pj +

∑
t∈[T ] ∆t

)
, where ∆t is the accuracy defined by |q(t, a, b)− q̂(t, a, b)| ≤ ∆t

for all t ∈ [T ], a ∈ U , b ∈ N.

Observe that, if ∆t is summable, e.g., ∆t = 1/t2 or ∆t = 1/(T − t)2, then Corollary 3.4.3

implies constant expected regret for all these types of estimators we can use in Algorithm 1.
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3.4.2 Online Packing with General Arrivals

We consider now the case d > 1 and arrival processes other than Multinomial. We assume

the following condition on the process Z(t), which we refer to as all time deviation.

Definition 3.4.4 (All Time Deviation). Let µ be a given norm in Rn and κ ∈ Rn
≥0 a

constant parameter. An n dimensional process Z(t) satisfies the all time deviation bound

w.r.t. µ and κ if, for all j ∈ [n], there are constants cj ≥ 0 and naturals τj such that

P
[
||Z(t)− E(Z(t))||µ ≥

E[Zj(t)]

2κj

]
≤ cj
t2
∀t > τj. (3.7)

We remark that we do not need exponential tails, as it is common to assume, but rather

a simple quadratic tail. Additionally, some common tail bounds are valid only for large

enough samples; the parameters τj capture this technical aspect. In this section we will use

the definition with κj the same entry for all j, thus denoted simply by κ > 0. In Section 3.5

we require the definition with the more general form.

Example 3.4.5 (Multinomial and Poisson tails). In these examples we actually have

the stronger exponential tails, so we do not elaborate on the constant cj.

For multinomial arrivals, [52, Lemma 3] guarantees

P[||Z(t)− E(Z(t))||1 > tε] ≤ e−tε
2/25, ∀0 < ε < 1, t ≥ ε2n

20
. (3.8)

By setting ε = pj/2κ, we conclude that Definition 3.4.4 is satisfied with constants τj =

(pj/2κ)2n/20.

For Poisson arrivals, from the proof of [52, Lemma 3], P(|X−λ| ≥ ελ) ≤ 2e−λε
2/4 is valid

for X ∼ Poisson(λ) and any ε > 0. Using this, we can simply take τj = 0.

In the remainder of this subsection we generalize our ideas to prove the following.
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Theorem 3.4.6. Assume the arrival process (Z(t) : t ∈ [T ]) satisfies the conditions in

Eq. (3.7). The expected regret of the Fluid Bayes Selector (Algorithm 2) for online packing

is at most drϕM , where M is independent of T and B. Specifically, for κ = κ(A) we have

1. For Multinomial arrivals: M ≤ 103κ2
∑

j∈[n] 1/pj.

2. For general distributions satisfying Eq. (3.7): M ≤∑j∈[n] pj(2cj + max{τj, τ̃j}), where

pj is an upper bound on P[ξt = j] and τ̃j is such that E[Zj(τ̃j)] ≥ 2, i.e., it is large

enough.

The constant κ(A) is given by Proposition 3.4.8 below. Just as before, Theorem 3.4.6,

along with Corollary 3.3.12, provides a performance guarantee for Algorithm 1. We state

the corollary without proof, since it is identical to that of Corollary 3.4.3.

Corollary 3.4.7. For the online packing problem, if the arrival process satisfies the condi-

tions in Eq. (3.7), the expected regret of the Bayes Selector (Algorithm 1) with any imperfect

estimators q̂ is at most drϕ(M + 2
∑

t∈[T ] ∆t), where M is as in Theorem 3.4.6 and ∆t is the

accuracy defined by |q(t, a, b)− q̂(t, a, b)| ≤ ∆t for all t ∈ [T ], a ∈ U , b ∈ Nd.

To prove Theorem 3.4.6, we need to quantify how the change in the right-hand side of

an LP impacts optimal solutions. Indeed, as stated in Eq. (3.4), the solutions X t and X?t

correspond to perturbed right-hand sides (E[Z(t)] and Z(t) respectively). The following

proposition implies that small changes in the arrivals vector do not change the solution by

much and it is based on a more general result from [84, Theorem 2.4].

Proposition 3.4.8 (LP Lipschitz Property). Given b ∈ Rd, and any norm ||·||µ in Rn,

consider the following LP

P (y) max{r′x : Ax ≤ b, 0 ≤ x ≤ y, y ∈ Rn
≥0}.
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Then ∃ constant κ = κµ(A) such that, for any y, ŷ ∈ Rn
≥0 and any solution x to P (y), there

exists a solution x̂ solving P (ŷ) such that ||x− x̂||∞ ≤ κ||y − ŷ||µ.

Proof of Theorem 3.4.6. Recall the two conditions derived from our decision rule: (1)

Incorrect rejection of j means X t
j < E[Zj(t)]/2 and X?t

j > Zj(t)−1. (2) Incorrect acceptance

of j means X t
j ≥ E[Zj(t)]/2 and X?t

j < 1. We have to additionally account for feasibility,

i.e., we can only accept a request j if Bt
i ≥ aij for all i ∈ [d]. In case there are not enough

resources, our decision rule is feasible if either X t
j < E[Zj(t)]/2 (reject) or X t

j ≥ 1 (since X t

is feasible for (Pt)). Only in the case X t
j ≥ E[Zj(t)]/2 and X t

j < 1 we need to disregard our

decision rule and are forced to reject; under such a condition we must pay a compensation

of rj. Observe that this condition is never met if E[Zj(t)] ≥ 2, i.e., it is vacuous for t ≥ τ̃j.

The disagreement sets (Definition 3.3.8) are thus Q(t, b) = {ω ∈ Ω : either (1), (2) or t <

τ̃j}, where (1) and (2) are the previous conditions. Now we can upper bound the probability

of paying a compensation as follows. Call Ej the event {ω ∈ Ω : ||Z(t) − E(Z(t))||1 ≤

E[Zj(t)]/2κ}. In this event, Proposition 3.4.8 implies |X t
j −X?t

j | ≤ E[Zj(t)]/2, hence condi-

tions (1) and (2) do not happen when Ej occurs, i.e., Pj[Q(t, b)|Ej] ≤ 1{t<τ̃j}. Observe that

P[Ēj] ≤ fj(t) + 1{t<τj}, where fj(t) = cj/t
2 for general processes satisfying Eq. (3.7) and

fj(t) = e−t(pj/2κ)2/25 for the Multinomial process (see Eq. (3.8)). Finally,

qj(t, B
t) ≤ P[Ēj] + Pj[Q(t, Bt)|Ej] ≤ P[Ēj] + 1{t<τ̃j} ≤ fj(t) + 1{t<τj or t<τ̃j}. (3.9)

Summing up over time, we get

∑
t∈[T ]

q(t, Bt) ≤
∑
j∈[n]

pj

∑
t∈[T ]

fj(t) + max{τj, τ̃j}


Since

∑
t∈[T ] 1/t2 ≤ π2/6 ≤ 2, this finishes the proof for general processes. For the case of

Multinomial arrivals, we can be more refined. Indeed, τ̃j is defined by E[Zj(τ̃j)] ≥ 2, i.e.,

τ̃j ≥ 2/pj and τj = (pj/2κ)2n/20 (see Eq. (3.8)). From the previous equation, with the
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stronger exponential bound fj(t) = e−t(pj/2κ)2/25 we get

∑
t∈[T ]

q(t, Bt) ≤
∑
j∈[n]

pj

(
25

(pj/2κ)2
+ max{(pj/2κ)2n/20, 2/pj}

)
≤ 100κ2

∑
j∈[n]

1

pj
+ 3n.

Since n ≤∑j∈[n]
1
pj

, we arrive a the desired bound. The result follows via the compensated

coupling (Lemma 3.3.9) and Corollary 3.3.11.

Remark 3.4.9. In the multi-secretary problem it is easy to conclude κ(A) = 1, thus this

analysis recovers the same bound up to absolute constants (namely 103 vs 2). The larger

constant comes exclusively from the larger constants in the tail bounds of Multinomial

compared to Binomial r.v.

Remark 3.4.10. More refined bounds onM can be obtained by not bounding P[ξt = j] ≤ pj,

but rather by P[ξt = j] ≤ pj(t). For example, a time-varying version of a Multinomial process

easily fits in our framework and the proof does not change.

Remark 3.4.11. The theorem holds even under Markovian correlations (see Example 3.4.12

below), where the distribution of Z(t − 1) depends on ξt. It is interesting that in this case

it is impossible to run the optimal policy for even moderate instance sizes, since the state

space is huge, while the Bayes Selector still offers bounded expected regret.

We now give two examples of other arrival processes that satisfy the All Time Deviation

(Definition 3.4.4). The proofs of the bounds are short, but we relegate them to Appendix

B.2.4. We emphasise that Example 3.4.13 below has quadratic tails (instead of exponential),

hence we term it heavy tailed.

Example 3.4.12 (Markovian Arrival Processes). We consider the case where ξt is drawn

from an ergodic Markov chain. Let P ∈ Rn×n
≥0 be the corresponding matrix of transition

probabilities. The process unfolds as follows: at time t = T an arrival ξT ∈ [n] is drawn
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according to an arbitrary distribution, then for t = T, . . . , 2 we have P[ξt−1 = j|ξt] = Pξtj.

Let ν ∈ Rn
≥0 be the stationary distribution. We do not require long-run or other usual

stationary assumptions; the process is still over a finite horizon T . This process satisfies

All Time Deviation with exponential tails. Specifically, with the norm µ = ||·||∞, for some

constants cj, c
′ that depend on P only we have

P[||Z(t)− νt||∞ ≥ νjt/2κj] ≤ nc′e−cjt, ∀t ∈ [T ], j ∈ [n]. (3.10)

Example 3.4.13 (Heavy Tailed Poisson Arrivals). We consider the case where the

arrival process is governed by independent time varying Poisson processes with arrival rates

λj(t) > 0, which we assume for simplicity have finitely many discontinuity points (so that

all the expectations are well defined). Under the following conditions, the process satisfies

the All Time Deviation with quadratic tails and norm µ = ||·||∞.

max
j,k∈[n]

max
s∈[0,t]

λj(s)

λk(s)
≤ g(t) ∀t ≥ 0 (3.11)

min
j∈[n]

min
s∈[0,t]

λj(s) ≥ g(t)f(t)
log(t)

t
, where lim

t→∞
f(t) =∞. (3.12)

In other words, we require f(t) = ω(1) and g(t) is any function. Intuitively, Eq. (3.11)

guarantees that no type j “overwhelms” all other types; observe that, when the rates are

constant, this is trivially satisfied with g(t) constant. On the other hand, Eq. (3.12) controls

the minimum arrival rate, which can be as small as ω(log(t)/t). Observe that our conditions

allow for the intensity to increase closer to the end (t = 0), i.e., we incorporate the case

where customers are more likely to arrive closer to the deadline.

3.4.3 High-Probability Regret Bounds

We have proved that E[Reg] is constant for packing problems. One may worry that this is

not enough because, since it is a random variable, Reg may still realize to a large value. We
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present a bound for the distribution of Reg showing that it has light tails.

Proposition 3.4.14. For packing problems, there are constants τ and cj for j ∈ [n], de-

pending on A, p and the distribution of Z only, such that

1. For Multinomial or Poisson arrivals: ∀x > τ , P[Reg > x] ≤∑j pje
−cjx/rϕ/cj.

2. For general distributions satisfying Eq. (3.7): ∀x > τ , P[Reg > x] ≤ rϕ
x

∑
j pjcj.

The proof is based on the following simple lemma. The idea is to first bound the dis-

agreements of our algorithm, as defined in Section 3.3.3. The total number of disagreements

is a sum of dependent Bernoulli variables, which we bound next.

Lemma 3.4.15. Let {X t : t ∈ [T ]} be a sequence of dependent r.v. such that X t ∼

Bernoulli(pt) and let {qt : t ∈ [T ]} be numbers such that qt ≥ pt. If we define D :=
∑T

t=1X
t,

then

P[D ≥ d] ≤
T∑
t=d

qt

Proof. Fix d ∈ [T ] and observe that

{ω ∈ Ω : D ≥ d} ⊆ {ω ∈ Ω : ∃t ≥ d,X t = 1}.

Indeed, if the condition (∃t ≥ d,X t = 1) fails, then at most d− 1 variables X t can be one.

Finally, a union bound shows P[D ≥ d] ≤ ∑t≥d P[X t = 1]. Since qt ≥ pt, the proof is

complete.

Proof of Proposition 3.4.14. As described in the previous subsections, we can write

Reg ≤ rϕD, with D the number of disagreements. Additionally, D is a sum of T Bernoulli

r.v. X t, each with parameter bounded by qt.

76



In the case of Multinomial and Poisson r.v., as described in Section 3.4.2, we have

exponential bounds qt ≤
∑

j∈[n] pje
−cjt for t ≥ τ = maxj∈[n] τj. We conclude invoking

Lemma 3.4.15 and upper bounding
∑T

t=x+1 e
−cjt ≤ e−cjx/cj.

For general distributions, as described in Section 3.4, we have the bounds qt ≤
∑

j∈[n] pj
cj
t2

for t ≥ τ . Using Lemma 3.4.15 and bounding
∑T

t=x+1 t
−2 ≤ 1/x finishes the proof.

3.5 Regret Bounds for Online Matching

We turn to an alternate setting, where each incoming arrival corresponds to a unit-demand

buyer – in other words, each arrival wants a unit of a single resource, but has different valu-

ations for different resources. This is essentially equivalent to the online bipartite matching

problem with edge weights (weights correspond to rewards) where there can be multiple

copies of each node.

As before, we are given a matrix A ∈ {0, 1}d×n characterizing the demand for resources,

which can be interpreted as the adjacency matrix in the online matching problem. Define

Sj := {i ∈ [d] : aij = 1}. If we allocate any resource i ∈ Sj to a customer type j, we obtain

a reward of rij, whereas allocating i 6∈ Sj has no reward. We can allocate at most one item

to each customer.

Given resource availability B ∈ Nd and total arrivals Z ∈ Nn, we can formulate Of-

fline’s problem as follows, where the variable xij denotes the number of items i allocated
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to customers type j.

(P [Z,B]) max
∑

i,j xijrijaij

s.t.
∑

j xij ≤ Bi ∀i ∈ [d]∑
i∈[d] xij ≤ Zj ∀j ∈ [n]

x ≥ 0.

(3.13)

We assume that the process Z(t) satisfies the all time deviation bound (see Defini-

tion 3.4.4) w.r.t. the one-norm and parameters κj = (|Sj| + 1)/2. This condition can be

restated as follows. For every j ∈ [n], there are constants cj ≥ 0 and naturals τj such that

P
[
||Z(t)− E(Z(t))||1 ≥

E[Zj(t)]

|Sj|+ 1

]
≤ cj
t2
∀t > τj. (3.14)

We now state the main result of this section, which is based on an instantiation of the

Bayes Selector. As before, the theorem readily implies performance guarantees for Algo-

rithm 1, which we state without proof, since it is identical to that of Corollary 3.4.3.

Theorem 3.5.1. For the online matching problem, if the arrival process satisfies the condi-

tions in Eq. (3.14), then the expected regret of the Fluid Bayes Selector (Algorithm 3) is at

most rϕ
∑

j∈[n] pj(cj + τj), where pj is an upper bound on P[ξt = j].

Corollary 3.5.2. For the online matching problem, if the arrival process satisfies the con-

ditions in Eq. (3.14), then the expected regret of the Bayes Selector (Algorithm 1) with any

imperfect estimators q̂ is at most rϕ(M + 2
∑

t∈[T ] ∆t). The constant M =
∑

j∈[n] pj(cj + τj)

is as in Theorem 3.5.1 and ∆t is the accuracy defined by |q(t, a, s)− q̂(t, a, s)| ≤ ∆t.

3.5.1 Algorithm and Analysis

We start from the LP in Eq. (3.13), then add a fictitious item d+1 which no customer wants

with initial budget BT
d+1 = T ; now all customers are matched, but, if we match a customer
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to d + 1, there is no reward. Using the Compensated Coupling, we can write two coupled

optimization problems, (P ?
t ) for Offline and (Pt) for Online as follows.

(P ?
t ) max

∑
i∈[d],j∈[n] xijrijaij

s.t.
∑

j∈[n] xij ≤ Bt
i ∀i ∈ [d+ 1]∑

i∈[d+1] xij = Zj(t) ∀j ∈ [n]

x ≥ 0.

(Pt) max
∑

i∈[d],j∈[n] xijrijaij

s.t.
∑

j∈[n] xij ≤ Bt
i ∀i ∈ [d+ 1]∑

i∈[d+1] xij = E[Zj(t)] ∀j ∈ [n]

x ≥ 0.

(3.15)

Recall that Bt represents Online’s budget with t periods to go. We solve (Pt) in

Eq. (3.15) and obtain an optimizer X t. If ξt = j, let K ∈ argmax{X t
i,j : i ∈ [d + 1]}

be the maximal entry, breaking ties arbitrarily, then match j to K. The resulting policy

is presented in Algorithm 3. Observe that, matching a customer to K = d + 1 (fictitious

resource) is equivalent to rejecting him.

Algorithm 3 Fluid Bayes Selector For Online Matching

Input: Access to solutions X t of (Pt) in Eq. (3.15).
Output: Sequence of decisions for Online.

1: Set BT as the given initial budget levels
2: for t = T, . . . , 1 do
3: Observe arrival ξt = j and let K ← argmax{X t

ij : i ∈ [d+1]}, breaking ties arbitrarily.
4: Match ξt to K.
5: Update Bt−1

i ← Bt
i for i 6= K and Bt−1

K ← Bt
K − 1.

Disagreement Sets. At each time t, matching ξt = j to K requires a compensation only if

Offline never matches a type j to K, i.e., X?t
K,j < 1. On the other hand, Algorithm 3 picks

K to be the largest component, hence we should have X t
K,j >> 1 (precisely, X t

K,j ≥ E[Zj(t)]

d+1
).

More formally, the constraint
∑

i∈[d+1] xij = E[Zj(t)] in Eq. (3.15) and the definition of Sj

imply X t
K,j ≥ E[Zj(t)]/(|Sj|+ 1). We conclude that, if matching to K is not satisfying (see

Definition 3.3.4), it must be that ||X t−X?t||∞ > E[Zj(t)]/(|Sj|+1). Proposition 3.5.3 below

characterizes exactly this deviation.

Observe that, in Eqs. (3.13) and (3.15), the matrix A appears only on the objective
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function; this is not the usual LP formulation for this problem, but it allows us to obtain the

following result. We remark that not only we have a Lipschitz property, but the Lipschitz

constant is exactly 1. We present the proof of Proposition 3.5.3 in Appendix B.2.5.

Proposition 3.5.3 (Lipschitz Property for Matching). Take any z1, z2 ∈ Rd
≥0 and

b ∈ Rd
≥0. If x1 is a solution of P [z1, b], then there exists x2 solving P [z2, b] such that

||x1 − x2||∞ ≤ ||z1 − z2||1.

From here, the proof of Theorem 3.5.1 is applying the Compensated Coupling

(Lemma 3.3.9) and Corollary 3.3.11 in the same way as we did in Section 3.4, hence we

omit it.

3.5.2 Online Stochastic Matching

A classical problem that fits naturally into the above framework is that of online bipartite

matching problem with stochastic inputs [86]. The reader unfamiliar with the problem can

find the details of the setup in Appendix B.2.6. For this setting, the bound obtained via

compensated coupling surprisingly holds with equality:

Lemma 3.5.4. For the stochastic online bipartite matching, given an online policy, if U t

denotes the node matched at time t by Online and St the available nodes, then

voff − von =
∑
t∈[T ]

1Q(t,Ut,St).

Based on this, it is tempting to conjecture that the Bayes Selector does in fact lead to

an optimal policy for this setting. This however is not the case, although showing this is

surprisingly subtle; in Appendix B.2.6, we discuss this in more detail. Moreover, it is known

that this problem cannot admit an expected regret that has better than linear scaling with T
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(in particular, [86] proves a constant upper bound on the competitive ratio for this setting).

That said, the strength of the above bound suggests that the Bayes selector may have strong

approximation guarantees – showing this remains an open problem.

3.6 Online Allocation

We now give the algorithm and analysis for the most general problem defined in Section 3.2.1.

As before, let us introduce a fictitious resource i = d + 1 with initial capacity Bd+1 = T ,

zero rewards (r{d+1}j = 0 for all j ∈ [n]) and such that {d + 1} ∈ Sj for all j ∈ [n]. Now

we can assume w.l.o.g. that each customer gets assigned a bundle. Finally, for a bundle s,

we denote ais ∈ N the number of times the resource i appears in s (recall that bundles are

multisets).

Given resource availability B ∈ Nd+1 and total arrivals Z ∈ Nn, we can formulate the

coupled problems for Offline and Online as follows, where the variable xsj denotes the

number of times a bundle s ∈ Sj is allocated to a type j.

(P ?
t ) max

∑
j∈[n],s∈Sj xsjrsj

s.t.
∑

j∈[n],s∈Sj aisxsj ≤ Bt
i ∀i ∈ [d+ 1]∑

s∈Sj xsj = Zj(t) ∀j ∈ [n]

x ≥ 0.

(P ?
t ) max

∑
j∈[n],s∈Sj xsjrsj

s.t.
∑

j∈[n],s∈Sj aisxsj ≤ Bt
i ∀i ∈ [d+ 1]∑

s∈Sj xsj = E[Zj(t)] ∀j ∈ [n]

x ≥ 0.

(3.16)

We assume that the process Z(t) satisfies the all time deviation bound (see Defini-

tion 3.4.4) w.r.t. some norm µ and parameters κj = (d+ 1)κ, where κ = κµ(A) depends only

on A and µ. This condition can be restated as follows. For every j ∈ [n], there are constants

cj ≥ 0 and naturals τj such that

P
[
||Z(t)− E(Z(t))||µ ≥

E[Zj(t)]

κ(|Sj|+ 1)

]
≤ cj
t2
∀t > τj. (3.17)
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We present the resulting policy in Algorithm 4 with its guarantee in Theorem 3.6.1.

We remark that the constant κ depends only on the constraint matrix defining the LP in

Eq. (3.16), i.e., it does depend on the choices of bundles Sj, but it is independent of T and

B.

Algorithm 4 Fluid Bayes Selector For Online Allocation

Input: Access to solutions X t of (Pt) in Eq. (3.16).
Output: Sequence of decisions for Online.

1: Set BT as the given initial budget levels
2: for t = T, . . . , 1 do
3: Observe arrival ξt = j and let K ← argmax{X t

sj : s ∈ Sj}, breaking ties arbitrarily.
4: If it is not feasible to assign bundle K, then reject. Otherwise assign K to ξt.
5: Update Bt−1

i ← Bt
i for i 6∈ K and Bt−1

i ← Bt
i − aiK for i ∈ K.

Theorem 3.6.1. For the Online Allocation problem, there exists a constant κ that depends on

(Sj : j ∈ [n]) only such that, if the arrival process satisfies the conditions in Eq. (3.17), then

the expected regret of the Fluid Bayes Selector (Algorithm 4) is at most rϕ
∑

j∈[n] pj(cj + τj),

where pj is an upper bound on P[ξt = j].

The proof of Theorem 3.6.1 is analogous to that of Theorem 3.4.6, hence we omit it and

provide here only the key steps. Recall that, for request j, since we include the fictitious item,

there are are |Sj| + 1 possible bundles. Crucially, incorrect allocation of s to j necessitates

X t
sj ≥ E[Zj(t)]/(|Sj| + 1) (because Algorithm 4 takes the maximum entry) and X?t

j < 1

(Offline never allocates s to j). By the Lipschitz property of LPs (see Proposition 3.4.8),

this event requires a large deviation of Z(t) w.r.t. its mean, which has low probability.

More formally, the disagreement sets (Definition 3.3.8) are Q(t, b) = {ω ∈ Ω : X t
sj ≥

E[Zj(t)]/(|Sj| + 1) and X?t
j < 1}. By the Lipschitz property, Q(t, b) ⊆ {ω ∈ Ω : ||Z(t) −

E(Z(t))||µ ≥ E[Zj(t)]

κ(|Sj |+1)
}. The probability of this last event is bounded by Eq. (3.17), hence

the Compensated Coupling concludes the proof.
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3.7 Numerical Experiments

The theoretical results we have presented, together with known lower bounds for previous

algorithms, show that our approach outperforms existing heuristics for online packing and

matching problems. We now re-emphasize these results via simulation with synthetic data,

which demonstrates both the suboptimality of existing heuristics (in terms of expected regret

which scales with T ), as well as the fact that the Bayes selector has constant expected regret.

We run experiments for both online packing and online matching with multinomial ar-

rivals. For each problem we consider two instances, i.e., two sets of parameters (r, A, p), then

we scale each instance to obtain a family of ever larger systems. For each scaling we run

100 simulations. In conclusion, we run four sets of parameters (two for packing and two for

matching), each scaled to generate many systems. The code for all the algorithms can be

found in https://github.com/albvera/bayes_selector.

3.7.1 Online Packing

Type j
1 2 3 4 5 6

Resource i = 1 1 1 0 0 1 1
Resource i = 2 0 0 1 1 1 1
pj 0.2 0.2 0.2 0.2 0.1 0.1
rj 10 6 10 5 9 8

Table 3.1: Parameters for the first online packing instance. Coordinates (i, j) represent the
consumption Aij.

We compare the Bayes Selector against three policies: (i) Static Randomized (SR) is the

first known policy with regret guarantees, it is based on solving the fluid LP once and using

the solution as a randomized acceptance rule [103]. (ii) Re-solve and Randomize is based on

re-solving the fluid LP at each time and using the solution as a randomized acceptance rule
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[78]. (iii) Infrequent Re-solve with Thresholding (IRT) is based on re-solving the fluid LP at

carefully chosen times, specifically at times {T (5/6)u : u = 0, 1, ..., log log(T )/ log(6/5)}, then

either randomize or threshold depending on the value of the solution [37].

Our first instance has d = 2 resources and n = 6 customer types. Types j ∈ {1, 2} require

one unit of resource i = 1, types j ∈ {3, 4} require one unit of i = 2, and types j ∈ {5, 6}

require one unit of each resource. All the parameters are presented in Table 3.1. We consider

a base system with capacities B1 = B2 = 40 and horizon T = 200. The base system is chosen

such that the problem is near dual-degenerate (which is the regime where heuristics based

on the fluid benchmark are known to have poor performance; see Proposition 3.2.1). Finally,

for a scaling k ∈ N, the k-th system has capacities kB and horizon (k + k0.7)T . We remark

that traditionally the horizon is scaled as kT , but we chose this slightly different scaling to

emphasise that our result does not depend on the specific way the system is scaled.

The results for the first instance are summarized in Fig. 3.2, where we also present a log-

log plot which allows better to appreciate how the regret grows. Static Randomized has the

worst performance in our study; indeed, we do not include it in the plot since it is orders of

magnitude higher. We note that not only the Bayes Selector outperforms previous methods,

but the regret is very small (both in average and sample-path wise), specially in comparison

with the overall reward which grows linearly with k, i.e. voff = Ω(k) (in expectation and

w.h.p.).

The second instance has n = 15 customer types and d = 20 resources, the parameters

were generated randomly. We take a base system with horizon T = 50 and capacities Bi = 10

for all i ∈ [20], then the k-th system has horizon kT and capacities kB. The performance of

different algorithms is presented in Fig. 3.3. We notice that this instance is not degenerate

and we are scaling linearly, hence all the algorithms except Static Randomize (which we

again omit from the plots) are known to achieve constant regret. Nevertheless, we observe
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Figure 3.2: Average regret of different policies for online packing in the first instance. We
present a plot on the left and a log-log plot on the right. We run the Bayes Selector,
Infrequent Re-solve with Thresholding (IRT) [37], Re-solve and Randomize (RR) [78], and
Static Randomized (SR) [103] (this last one is not reported because its high regret distorts
the figures). The plot shows the regret incurred by the policies versus the offline optimum,
for different scalings. Dotted lines represent 90% confidence intervals.

that the Bayes Selector has the best performance by a large margin.
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Figure 3.3: Average regret of different policies for online packing in the second instance.
We run the Bayes Selector, Infrequent Re-solve with Thresholding (IRT) [37], Re-solve and
Randomize (RR) [78], and Static Randomized (SR) [103] (this last one is not reported
because its high regret distorts the figures). The plot shows the regret incurred by the policies
versus the offline optimum, for different scalings. Dotted lines represent 90% confidence
intervals.
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3.7.2 Online Matching

As we mentioned in Section 3.5, our problem corresponds to stochastic matching with edge

weights. There has been previous work studying constant factor approximations for worst-

case distributions. In particular, the state of the art is a 0.705 competitive ratio [32], while a

previous algorithm achieved a 0.667 competitive ratio [71]. Both algorithms are impractical

since they require a sampling procedure over poly(T · maxi∈[d] Bi) many matchings. To

the best of our knowledge, the best guarantee of a practical algorithm is a 1 − 1/e ≈

0.63 competitive ratio and is achieved by the base algorithm in [71] (that when built upon

achieves the 0.667 guarantee). We therefore benchmark against this algorithm, which we

call “Competitive”.

Competitive is based on solving a big LP once (it has Ω(T · maxi∈[d] Bi) variables) and

using the solution as a probabilistic allocation rule. We also compare against a contempora-

neous algorithm, called Marginal Allocation, that is based on bid-prices [105]. Marginal Allo-

cation uses approximate dynamic programming to obtain the marginal benefit of a matching,

then uses this marginal value as a bid price so that, if the reward exceeds it, then we match

the request. We give further details for both Marginal Allocation and Competitive in Ap-

pendix B.3.

The first instance we consider has d = 2 resources and n = 6 customer types. The specific

parameters are presented in Table 3.2, where reward rij = 0 implies that type j cannot be

matched to that resource i, i.e., Aij = 0. We consider a base system with horizon T = 20

and capacities B = (4, 5)′ and then scale it linearly so that the k-th system has horizon kT

and capacities kB. Our second instance has d = 6 resources and n = 10 customer types, the

specific parameters are presented in Table B.1 in Appendix B.3. We consider a base system

with horizon T = 200 and capacities B = (40, 50, 40, 30, 20, 40)′ and then scale it linearly so

that the k-th system has horizon kT and capacities kB.
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Figure 3.4: Average regret of different policies for online matching. First instance on the
left and second on the right. We run the Bayes Selector, Marginal Allocation [105], and
Competitive [71] (this last one is not reported because its high regret distorts the figures).
The plot shows the regret incurred by the policies versus the offline optimum, for different
scalings.

Type j
1 2 3 4 5 6

Resource 1 10 6 0 0 9 8
Resource 2 0 0 5 10 20 20
pj 0.2 0.2 0.2 0.2 0.1 0.1

Table 3.2: Parameters used for the first online matching instance. Coordinates (i, j) represent
the reward rij and rij = 0 implies that it is not possible to match i to j.

The results are presented in Fig. 3.4. We do not include the regret of Competitive, since

it is so high that it distorts the plots (it starts at 80 times the regret of the other algorithms

and then grows linearly with k). We can confirm that the Bayes Selector has constant regret

and, additionally, offers the best performance. Marginal Allocation offers a much better

performance than Competitive, but its regret still grows and seems to scale as Ω(
√
T ).

3.8 Discussion

We reiterate that our contributions in this paper are both to develop new online policies

that achieve constant regret for a large class of online allocation problems, and also, a new

technique for analyzing online decision-making heuristics.
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Our work herein has developed a new technical tool—the Compensated Coupling—for

analyzing online decision making policies with respect to offline benchmarks. In short, the

main insight is that, through the use of compensations, we can couple Offline’s state to

that of Online on every sample path. This simplifies the analysis of online policies since,

in contrast to existing approaches, we do not need to track the complicated offline process.

Next, we presented a general class of problems, called Online Allocation, where different

customers request different bundles of resources. This problem captures, among others,

Online Packing and Online Matching. For all of these problems we present a tractable

policy, the Bayes Selector, based on re-solving an LP, that achieves constant regret.

Our analysis is based on the Compensated Coupling and, thanks to its versatility, we can

accommodate a large class of arrival processes including: correlated processes, heavy tailed,

and the classical Poisson and Multinomial (i.i.d.).

Although we instantiate the Bayes Selector for Online Allocation, we defined it for general

MDPs; we hope this policy is useful for other types of problems too. We remark two prop-

erties of the Bayes Selector: (i) it works on interpretable quantities, namely the estimation

of disagreement probabilities q̂, and (ii) it is amenable to simulation, since q̂ can be esti-

mated by running offline trajectories. We therefore think that a promising avenue for further

research is to apply this policy to other problems using modern estimation techniques.

The assumption of finite types of customers is well founded in revenue management

problems, but there are settings where the number of types could be very large or even con-

tinuous. Based on reported numerical results [10], the Bayes Selector appears to have good

performance even in this setting. An interesting problem is to obtain parametric guarantees

(not worst case) in the case where the number of types is very large or continuous.
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CHAPTER 4

GEOMETRY AND ROBUSTNESS OF CONSTANT REGRET

4.1 Introduction

We study a family of dynamic resource allocation problems. Requests of multiple types arrive

over a finite horizon of T periods. If served, depending on its type, a request consumes a

set of resources and generates a reward. There is an inventory of resources available at time

0 and additional units can arrive over time (restock). In general, a request can be either

impatient — if not served immediately upon arrival it is lost — or patient, in which case the

controller can choose to place them in queue. The controller’s trade-off is to use “correctly”

its resource capacity to maximize the total reward collected over the finite horizon.

We refer to this large family of problems as Resource Allocation Networks or RAN. If

the controller could solve the problem in an offline fashion, she would wait until the end

of the horizon and, given the realization of the random arrivals, choose the best allocation

of resources. The reward of the offline (or hindsight) decision maker is obviously an upper

bound on any online algorithm. In this paper, we obtain several performance guarantees and

robustness results compared to the offline upper bound.

The algorithm we study, which we refer to as BudgetRatio, is based on re-solving a

packing linear program at each time. Specifically, let (pj)j∈J be the arrival probabilities of

requests J and (pi)i∈R the restock probabilities of resources R. If at time t the inventory of

different resources is I t ∈ NR, then we obtain ȳt as the solution to LP( 1
T−tI

t + pR, pJ ) (see

Fig. 4.1). Intuitively, the inventory plus expected restock is I t + (T − t)pR and we divide

it into per-period expected available inventory. Similarly, we divide the expected arrivals of

requests into per-period arrivals.
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Figure 4.1: Action regions for a problem with two resources and four request types. The plot
is in the space of ratios that represent the per-period resource availability Ri = 1

T−tI
t + pi

for i ∈ {a, b}. Each point corresponds to a pair of budget states (Ra, Rb). When solving the
LP, we obtain the set of request types K = {j : ȳj ≥ ηj} that should be accepted at that
inventory level. Each color on the plot corresponds to a different such set. For example, the
light-blue region shaped like a rhombus corresponds to K = {1, 2}. The specific parameters
are pJ = (1/4, 1/4, 1/4, 1/4), pR = 0, v = (4, 4, 5, 1), and A = (1, 0, 1, 1; 0, 1, 1, 1).

The number ȳtj is a proxy for the number of type-j requests that we want to accept:

an inventory-dependent “score” of type j. BudgetRatio accepts requests with sufficiently

large score, i.e., such that ȳtj ≥ ηj for some thresholds ηj specified later. Observe that the

scores ȳt depend on the random budget-ratio process Rt := 1
T−tI

t+pR. This random process,

evolving in the space of scaled resources, drives our analysis, see Figure 4.1.

Methodology: a geometric view of re-solving policies. The problems we consider

cannot be solved optimally due to the so-called “curse of dimensionality”. This fact alone

justifies the pursuit of policies that are simple to implement, adapt, and scale according

to the problem instance. Linear-programming based algorithms have been introduced to

overcome this challenge.
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Our motivation in this paper is not purely algorithmic. We uncover the fundamental

structure of the online stochastic packing problem and its optimal solution by taking a

stochastic-process view of the dynamics. Our proof method captures the geometric nature

of the problem and the dynamics of the budget consumption as a stochastic-process in the

space RR+ of budget ratios. Our analysis makes explicit how BudgetRatio interacts with

the geometry of the packing LP.

The thresholding of the decision ȳt divides the space of resource-budgets RR+ into mutually

exclusive action regions. When the ratio is in a given region all requests of a subset of types

are accepted and all other are rejected, see Fig. 4.1.

To achieve bounded regret, the online policy must act in a way that is consistent with

the optimal, unknown, offline basis. The policy must perform, what we call, basic alloca-

tions (see Definition 4.3.1). Thresholding—which underlies Figure 4.1— guarantees that,

notwithstanding the unrevealed offline basis, the algorithm performs basic allocations. To

establish this we must (i) develop a generalizable mathematical description of Figure 4.1 and

(ii) study the dynamic of the stochastic process Rt inside and between the actions regions

in this figure.

Since our geometric view exposes the structure of the problem, we can use it to study

other popular algorithms. Indeed, we can explain the “failure” of the natural randomized

re-solving algorithm and also give an appealing interpretation of BudgetRatio as bid-price

control. In the context of online packing (a.k.a network revenue management), the standard

bid-price algorithm solves the packing the LP and accepts a request if its reward exceeds a

bid-price that captures the opportunity cost of serving the request. The bid-price is the sum

of the shadow prices of the requested resources. To achieve bounded regret, BudgetRatio

is more careful: it is equivalently formulated as a bid-price control where the bid-price is

obtained from a maximum over several shadow prices; see Section 4.8.
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We study the robustness of BudgetRatio along multiple dimensions:

Model ingredients: the effect of queues and restock. In the baseline setting of online

packing (or network revenue management), requests are impatient (leave if not immediately

served), and inventory is not restocked, i.e., there is only initial inventory that is gradually

depleted. Our geometric view of the problem allows to elicit the effect patient customers

and restock on (i) the very feasibility of achieving bounded regret—characterizing when such

regret is or is not achievable and, (ii) when feasible, on achieving said regret with the same

algorithm.

We show that the offline benchmark is generally too ambitious. Indeed, in the absence

of (what we call) a “slow restock” assumption, the offline upper bound is not generally

achievable. Under the slow restock assumption, BudgetRatio achieves bounded regret.

The thresholds, however, must be suitably perturbed by a quantity that captures the restock

probability.

With patient requests, it seems reasonable that utilizing queued requests can increase the

rewards. Instead, we prove that—with slow restock—constant regret for total reward can

be achieved without interacting with the queues. In particular, this shows the robustness

of the algorithm w.r.t. the behaviour of patient customers (e.g., infinitely patient, geometric

patience, etc).

The performance metric. The algorithm’s threshold can be tuned to achieve nested

objectives: to minimize—in first order—the holding cost over the horizon subject to near

optimal rewards. In other words, we consider the disutility of holding requests or inventory

as well as the rewards. We show that, within the family of all policies that are nearly optimal

for reward, BudgetRatio—with carefully tuned thresholds—achieves the minimal holding

costs in first order.
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This result hinges to a great extent on the understanding of the geometry of the problem

and the dynamics of the remaining inventory as a function of the thresholds that are used.

Parameter misspecification. Our geometric analysis uncovers the sensitivity of the op-

timality gap to errors in the forecasting of the demand and/or the rewards. Specifically,

we study the case where the true parameters (values and probabilities) are (v, p) and we

run the algorithm with (ṽ, p̃) instead. We quantify how accurate (ṽ, p̃) need to be so that

BudgetRatio remains near optimal.

Put simply, as long as the centroids remain unchanged, the collection of action regions

in Fig. 4.1 are stable under perturbations of the parameters. It is known that, in one dimen-

sion, ṽ needs to be accurate enough to deduce the ranking of the requests (see Chapter 5).

Surprisingly, the centroids provide a generalization of the inherently one-dimensional notion

of ranking, thus allowing us to understand the multidimensional problem. Our robustness

guarantees easily yield the optimal regret guarantees in the learning setting (bandits with

knapsacks).

4.2 Setting and Overview of Results

A decision maker must allocate resources to requests over a horizon of T periods. There is

a set of resources R = {1, . . . , d} and, at time t = 0, there is an initial inventory I0
i for each

i ∈ R. Additionally, at each time t ∈ [T ], a unit of resource i arrives with probability pi; we

call this the restock probability. We let (Zt
i : i ∈ R) be the accumulated restock over the

time interval [1, t]. The controller cannot consume more than I0
i + Zt

i units of resource i by

time t.

There is a set J = {1, . . . , n} of possible requests, each request j ∈ J generates a reward

93



vj and requires some resources; resource consumption is encoded in a matrix A ∈ {0, 1}d×n,

where Aij = 1 means that type j requires one unit of resource i. We identify resources R

and requests J with natural numbers for simplicity, but they correspond to different entities,

i.e., J ∩R = ∅. At each time t ∈ [T ], a request j arrives with probability pj independently

of the past with
∑

j∈J pj = 1. We let (Zt
j : j ∈ J ) be the accumulated arrivals over [1, t].

Resources accumulate, i.e., if not used by time t, they are available at t+ 1. We allow for

two kinds of requests: patient and impatient. If requests are impatient, they must be served

when they arrive or not at all. In the classical NRM setting all requests are impatient. In

contrast, patient requests queue when not served at their arrival time. The controller knows

in advance which types j ∈ J are patient and which are not. This modelling flexibility

allows us to capture, in one framework, both online packing and assembly. Decisions are

final: if a request j is served, the resources are consumed. Similarly, an impatient request

that is rejected is lost forever.

We let V t be the reward brought by the request arriving at time t. Thus, V 1, V 2, . . . , V T

are i.i.d with P[V t = vj] = pj, j ∈ J . The inventory on hand at time t ∈ [T ] is denoted

by I t = (I t1, . . . , I
t
d)
′. Say the arrival is of type j, i.e., V t = vj, then the selection process

unfolds as follows. If I t 6≥ Aj (the available inventory is insufficient), then the request must

be queued. On the other hand, if the request is feasible (Aj ≤ I t), then it may be served,

thereby generating a reward of vj and decreasing the inventory to I t − Aj, or it may be

queued. Queued requests corresponding to previous patient arrivals, may be served at any

period after their arrival.

No online policy can do better than the offline, full information, counterpart in which

all values are presented in advance. Allowing this offline to use fractional allocations gives a

further upper bound. This fractional offline controller is our benchmark. The expected total

reward of the offline problem is given by the expectation of the following linear program,
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where ZR are resource arrivals (restock) and ZJ are request arrivals:

V ∗off (T, I
0) := E



max v′y

s.t. Ay ≤ I0 + ZT
R

y ≤ ZT
J

y ∈ Rn
≥0


. (4.1)

We make the following assumption throughout:

Assumption 4.2.1 (Slow Restock). For each request j and each resource i with Aij = 1,

we have pi < pj, i.e., the restock is bounded by the demand.

If Assumption 4.2.1 fails, then the regret generally grows proportionally to
√
T . To show

this, it suffices to consider a single type of impatient requests arriving at rate p, and a single

resource also arriving at rate p. This corresponds to a critically loaded queue.

Lemma 4.2.2. There exists a RAN that violates Assumption 4.2.1 and such that, for some

c > 0,

V ∗off (T )− V ∗on(T ) = c
√
T + o(

√
T ), as T →∞,

where V ∗on is the optimal policy. Hence, no policy can achieve o(
√
T ) regret.

The proof is in Appendix C.1. A slow restock assumption is thus necessary. When it

fails, offline is no longer a useful benchmark for performance measurement.

4.2.1 Main Results

Theorem 4.2.3 (Constant Regret). Assuming slow restock, BudgetRatio (Algo-

rithm 5) has a uniformly bounded regret: there exists a constant M such that

V ∗off (T, I
0)− Von(T, I0) ≤M,
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where Von(T, I0) is the total reward of BudgetRatio. The constant M may depend on

(p, v, A), but it is independent of (T, I0). Furthermore, BudgetRatio ignores the queued

requests, hence it is robust to the modelling choice of patient customers.

Remark 4.2.4 (modelling patience). We assume for simplicity that customers are ei-

ther impatient or have infinite patience. Our main result (Theorem 4.2.3) gives something

stronger: the regret guarantee does not depend on the patience model, be it deterministic

(departure after D periods), geometric (departure with probability θ in each period) or any

other.

Slow restock includes as a special case the online packing setting (where there is no

restock, i.e., pR = 0). The fact that, in the absence of restock, the ability to queue request

does not change the regret guarantee can be deduced from earlier work. What is interesting

here is that even in the presence of restock (and even with no initial inventory), it is not

valuable to use queued requests at a later point when, possibly, more resources become

available.

Robustness results. In Fig. 4.1, each action region corresponds to the set of types accepted

when the budget ratio is in this region. The red circle corresponds to the budget (the resource

capacity) required to serve in expectation the corresponding types. The point (0.25, 0.25) is

the centroid budget for the centroid corresponding to the set {1, 2}; see Section 4.4 for formal

definitions.

As is clear in Figure 4.1, these red circles anchor the geometry of the action regions. It

thus makes sense that robustness can be specified in terms of these points.

For two centroids K,K′, we measure the separation of their budgets under the distribution

p:

dmin
p (K,K′) := min

i∈[d]
|(rK(p)− rK′(p))i| .
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Figure 4.2: Action regions with true and misspecified probabilities (p and p̃). On the left we
have the areas with the true values p and on the right we have a perturbation p̃j = pj − 1

16

for j = 1, 3 and p̃j = pj + 1
16

for j = 2, 4. We observe that the structure of centroids and
neighbourhoods is maintained, but the areas have slightly different shapes due to the fact
that the centroid budgets change fro rK(p) to rK(p̃). It is crucial that the centroid budgets
still lie in the interior of the regions: on the right the true centroid budget are the dashed
circles.

In Figure 4.1 we can deduce δ = 1/4. The key insight, illustrated in Figure 4.2, is that

the true centroid budget remain in the interior of the action regions of the algorithm with

the perturbed “wrong” probabilities.

Proposition 4.2.5 (demand mis-specification). Let p be the true underlying distribution

and let δ = minK6=K′ dmin
p (K,K′). Then, for any distribution p̃ such that

max
K
||rK(p)− rK(p̃)||∞ ≤

δ

4
,

BudgetRatio, with the LP solved each period with p̃ replacing p, produces bounded regret

in the sense of Theorem 4.2.3. The condition is satisfied, in particular, if ||p− p̃||∞ ≤ δ
4n

.

In Figure 4.1, dminp ≡ 1
4

so that it is enough to have an estimation of the centroid budgets

rK(p) with accuracy δ
4

= 1
16

. This, notice, is a constant accuracy, i.e., does not need to
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improve with the horizon T .

The next result, concerning the robustness to misspecification of the reward vector v,

hinges on a notion of strict complementarity (see Section 4.7.2 for details). In Figure 4.1,

at each point (Ra, Rb) in the space, the optimal basis for the packing LP is different. In the

following, we require strict complementarity for all those optimal bases.

Proposition 4.2.6 (value misspecification). Let v be the true values and let δ be such

that all the bases are δ-complementary. There exists a constant c ≥ 1 such that, for any

estimation ṽ satisfying

||v − ṽ||∞ ≤
δ

c(d+ 2)
,

BudgetRatio, with the LP solved each period with ṽ replacing v, produces bounded regret

in the sense of Theorem 4.2.3. Furthermore c ≤ maxB||B−1||∞.

In the example of Figure 4.1, we can take δ = c = 1 (computed numerically), so that

the robustness region is ||v − ṽ||∞ ≤ 1
4
. It is important that c, δ do not depend on p or the

horizon, only on (v,A).

Consider next the setting where the holding of inventory (or of customers, if they cannot

be rejected) is costly. In that case, there is a tradeoff between maximizing rewards and

consuming inventory (or emptying queues) as soon as possible.

We show that, with suitable tuning of the thresholds, among all policies with regret o(T ),

BudgetRatio has the optimal holding cost scaling. Specifically we consider two cases for

holding cost: (i) each period a request type j is not served, we incur a cost cj > 0 and (ii)

each period a resource i is in stock we incur a cost hi > 0. See Section 4.6 for details and

illustrative graphics. The holding cost of a policy is

Cπ(T, I0) := EπI0

[
T∑
t=1

c ·Qt

]
or Cπ(T, I0) := EπI0

[
T∑
t=1

h · I t
]
.

98



Proposition 4.2.7 (dual objectives). Suppose that the deterministic relaxation

LP(E[R0], D) has a unique solution ȳ and that ȳj < pj for at least one j ∈ J . Then,

π̂ =BudgetRatio with threshold αT = T−1/4 achieves simultaneously (1) constant regret

for reward maximization and (2) asymptotic optimality for cost minimization, i.e.,

lim inf
T↑∞

Cπ(T, I0)

Cπ̂(T, I0)
≥ 1 for any policy π with regret o(T ).

The meaning of bounded regret. Theorem 4.2.3, states that the additive (not multi-

plicative) gap in collected reward between our algorithm (BudgetRatio) and the optimal

algorithm (that requires the solution of a dynamic program), is bounded by a constant that

does not depend on length of the horizon T or the initial inventory I0. The proof establishes

that BudgetRatio makes at most M (constant) mistakes relative to the optimal decision

maker. It makes at most M mistakes over an horizon of T = 10 periods, and also at most

M mistakes if the horizon is T = 106. Since

Regret = ( Number of errors ) · ( Maximal cost of a single error),

a finite number of mistakes translates into bounded regret.

The (multiplicative) approximation factor is then 1−O( 1
mini{T,I0

i }
). In percentage terms

the error becomes negligible as the horizon length grows.

An alternative notion for algorithm evaluation is that of competitive ratio: an α approx-

imation algorithm is guaranteed to achieve an α fraction of the optimal reward. Bounded

regret is not universally a stronger optimality notion than an α competitive ratio. In regimes

where the cost of a single mistake is catastrophic, e.g., small T or small I0, a competitive

algorithm may be preferable.

For most operational setting (network revenue management, inventory management etc.),
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regret is a more reasonable notion for algorithm evaluation.

4.2.2 Algorithm

Our analysis is driven by the concept of future budget, which corresponds to inventory at

hand plus expected future restock. Similarly, future demand corresponds to current queue

plus expected future requests. Throughout we denote pR as the vector of restock probabilities

and pJ the vector of request arrival probabilities.

Definition 4.2.8 (Budget Ratio). If the inventory at hand at time t is I t, then the ratio

at t is

Rt :=
1

T − t(I
t + E[ZT

R − Zt
R]) =

1

T − tI
t + pR, t ∈ [1, T ].

The ratio at t = 0 is defined by the random variables (without expectation) R0 := 1
T

(I0+ZT
R).

The demand at time t = 0 is defined by D0 := 1
T
ZT
J .

The deterministic relaxation, in Eq. (4.2) below, is obtain by considering a parametric

view of the offline LP in Eq. (4.1). Our policy, presented in Algorithm 5, re-solves the

deterministic relaxation and thresholds its solution accordingly.

LP(R,D) max v′x

s.t. Ay ≤ R,

y ≤ D,

y ∈ Rn
≥0.

(4.2)

Remark 4.2.9 (The Aggressiveness Parameter α). The parameter α is used to tune

the algorithm. Note that the smaller the value of α, the more easily requests are accepted

(see step 8 of Algorithm 5). The main result (Theorem 4.2.3) is obtained by setting α = 1/2

and we set it to this value up to Section 4.6, where we will use the flexibility to obtain
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Algorithm 5 Budget Ratio Policy

Input: Aggressiveness parameter α ∈ (0, 1)
1: Set thresholds: for j ∈ J , let δj := maxi:Aij=1 pi and set p̄j ← pj + δj1{δj>αpj}.
2: for t = 1, . . . , T do
3: If a request j ∈ J arrived, Qt

j ← Qt
j + 1. If a resource i ∈ R arrived, I ti ← I ti + 1.

4: Set Rt ← 1
T−tI

t + pR.
5: Solve LP(Rt, pJ ) to obtain the optimal decision variables ȳ.
6: for requests j ∈ J in decreasing order of ȳj/p̄j do
7: if Qt

j = 0 or I t 6≥ Aj: not feasible to serve j
8: else if ȳj ≥ αp̄j: accept a request j. Update Qt

j ← Qt
j − 1, I t ← I t − Aj.

9: Deplete the queues of all impatient requests: Qt
j ← 0 if j ∈ J is impatient.

10: Update for next period I t+1 ← I t and Qt+1 ← Qt

robustness results. Furthermore, from our constructions it is clear (a posteriori), that α can

be set to any fixed constant, hence in practice it can be a useful tuning parameter to improve

the performance. In fact, this parameter can also shrink with T (more details in Section 4.6).

Remark 4.2.10 (the effect of restock: p̄ vs. p). In the online packing setting (no

restock), we have p̄ = p. In the presence of restock, its rate pR must be taken into account.

To build intuition, take two types j, j′ and suppose that they have identical solutions 1
2
<

ȳj/pj = ȳj′/pj′ < 1. A priori it is not clear which type should be prioritized, but if, for

example, 0 = δj′ < δj, then the inventory availability for j′ will not improve in the future

while that for j will. Thus, j′ is more valuable because of its relative scarcity. This is

captured by setting p̄j′ = pj′ and p̄j = pj + δj.

Final Setup Details. Let F0 denote the trivial σ-field. For t ∈ [T ], let Ft = σ{Zτ : τ =

1, . . . , t} be the σ-field generated by the random arrivals (of resource and requests). An online

policy π can be expressed with binary random variables (σπ,tj : j ∈ J ) such that σπ,tj = 1

means that a request type j is served at time t. Observe that, if V t = vj and σπ,tj = 0, then

the arriving request is queued; for online adapted policies σπ,t must be Ft-measurable. Let

Y π,t
j :=

∑
τ∈[t]

σπ,τj ,
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be the total number of type-j requests accepted over [1, t]. A policy is feasible if (1) the

total consumption of resource i does not exceed its initial inventory I0
i plus the restock and

(2) the total acceptance does not exceed arrivals, i.e.

AY π,t ≤ I0 + Zt
R, t ∈ [T ], (4.3)

Y π,t ≤ Zt
J , t ∈ [T ]

σπ,tj ≤ 1{V t=vj}, t ∈ [T ], j ∈ J , j impatient.

Let Π be the set of feasible online policies, i.e., Ft-adapted and satisfying Eq. (4.3). For

π ∈ Π, the total reward of an online policy π is then given by

V π(T, I0) = E

∑
t∈[T ]

v′σπ,t

.
For each (T, I0), the goal of the decision maker is to maximize the expected value:

V ∗(T, I0) = max
π∈Π

V π(T, I0).

Solving for V ∗ directly is infeasible for most realistically-sized problems. To prove op-

timality guarantees, we therefore compare BudgetRatio against the offline benchmark

previously defined.

Additional Notation. Given a subset K ⊆ J we let AK be the submatrix of A that only

columns in the index set K (but has all rows). We similarly define sub-vectors: if x is a

column vector, xK is a subvector with the indices in the set K. We use e for the vector of

ones with dimension that will be clear from the context. We use eK for a vector that has 1

for j ∈ K and 0 otherwise.

For real numbers x, y, ε, we write x = y ± ε if |x − y| ≤ ε. Finally, following standard

notation, for a subset D ⊆ Rd and a point x ∈ Rd we let d(x,D) = infy∈D ‖x − y‖ be the
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distance of x from the set D. We adopt the convention that the maximum over the empty

set is zero, i.e., max∅ = 0. We use throughout M to be a constant —that can depend only

on (A, p, v), but it is independent of (T, I0)— whose value can change from one line to the

next.

4.2.3 Related Work

Online Packing (Network Revenue Management). Our work follows up on several

bounded regret results for variants of the models we consider here. Theorem 4.2.3 covers,

as particular cases, the one dimensional problem (also called multi-secretary) studied in

[10], and the multi-dimensional version studied in Chapter 5. We observe that [10] uses a

geometric view, like we do, but theirs is ad-hoc for one dimension. The generalization of one

dimensional concepts requires new ideas (centroids, bases, cones, etc) and allows us to go

significantly beyond current results and identifying the key ingredients that characterize the

robustness limits of this algorithm. Due to its applicability, this is a particularly active line

of research. Indeed, there are other recent algorithms that achieve constant regret in limited

settings (when horizon and inventory are scaled proportionally) [37] and under nondegenarcy

conditions [78]. More recently, in Chapter 5 we studied a larger family of resource allocation

problems, including pricing, but they limit to study only the regret in different classes of

problems and provide no robustness results except for the perturbation of v in one dimension,

which we generalize in Section 4.7.2.

Our alternative geometric view adds to the earlier line of work both in terms of results

and in terms of clarity. Indeed, we support the expansion of the models to the addition of

queues and inventory arrivals (restock) and we provide an explicit study of robustness to

parameter perturbations. In terms of clarity, we provide an alternative explanation grounded

in a stochastic processes.
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Bandits and robustness to parameter estimation. A traditional approach to optimiza-

tion under uncertainty is to model the possible parameter perturbation with uncertainty sets

and obtain minmax guarantees, see [24] for a survey on robust optimization. We take a sim-

ilar stance in that we give explicit conditions on the parameters of the model such that our

regret guarantees hold. This is also closely related with the bandits literature, where certain

parameters are learned as the process evolves, see [33] for more on this topic. An important

class of problems is that of bandits with knapsacks [109], where there is learning under some

budgets constraints. This is closely related to our models, since we have limited inventory.

A further refinement is that of contextual bandits with knapsacks [5], where arrivals present

a type before the controller makes decisions. The results in previous papers imply O(
√
T )

regret bounds in our setting, but we get a stronger O(log T ), which is the optimal regret

scaling. Irrespective of the view we take (robustness vs learning), we obtain our guarantees

by appealing to our notion of centroids and, furthermore, our understanding is grounded in

duality and geometry, hence it makes transparent the separation conditions. To emphasize

the last point, we note that Chapter 5 also has robustness results for the one-dimensional

problem (d = 1), but they use a separation condition based on sorting requests by reward

(i.e., ranking), which is an intrinsically one-dimensional notion; centroids generalize this

condition to multiple dimensions.

Two-sided arrivals and assembly (assemble-to-order). Arrivals of inventory capture

assembly networks with fixed production rates. In assembly models, orders arrive (and wait

in queue if patient) to be assembled by using relevant components (resources in our case).

See [101] for a survey of managing these systems and related applications. There is a long

line of work in obtaining performance guarantees; for example, [92] gives an asymptotically

optimal policy for holding cost minimization under a high demand assumption (related to our

slow restock assumption). In contrast, we focus on finite time guarantees (not asymptotic)

for reward maximization.
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Paremetric linear programming. Our parametric analysis of the packing linear program

is an instance of this larger literature, where the objective is to understand optimization

programs as the parameters move, see [64] for a survey. In our case, several parameters are

perturbed simultaneously, a.k.a. multiparametric linear programming; see e.g. [26, 22] which,

like us, use this parametric analysis in support of optimal control problems, specifically model

predictive control. Instead of developing algorithms for for parametric linear programs, our

analysis requires the characterization of the geometry of the problem. This is made feasible

by the special structure of the packing LP.

Drift analysis. Much of the analysis centers on the dynamics of the process Rt. We

argue that, when close to certain boundaries, the ratio process Rt drifts further towards the

boundary. Such Lyapunov/drift methods are common in the analysis of stochastic models

to establish positive recurrence of underlying Markov processes. In the context of online

control, there are similarities to queueing theory where max-weight policies—based on re-

solving local optimization problems—lead to the attraction to a subset of the state space;

see e.g. [56, 83].

4.3 Overview of Our Approach

It is useful to think of the online policy as building dynamically an approximate solution

for a random linear system. Indeed, the offline linear system requires information of future

arrivals, hence it is not revealed till time T , whereas an online policy must commit to solutions

in a dynamic fashion. Below we make precise this connection to linear system precise and

spell out conditions on approximate (dynamic) solutions that guarantee constant regret.

Offline representation. Introducing slack variables, we rewrite the offline LP Eq. (4.1),

{Ay ≤ I0, y ≤ ZT
J } in standard form {Ay + s = I0, y + u = ZT

J }, where s ∈ Rd
≥0 is the
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surplus of resource and u ∈ Rn
≥0 is the amount of unmet demand. Augmenting the matrix A

to Ā, and naturally assigning zero value to slack variables, we have the following standard

form LP

V ∗off (T, I
0) = E

max

v
′y : Ā


y

u

s

 = C



 , where C :=

I0 + ZT
R

ZT
J

 . (4.4)

The random vector C ∈ Rd+n
≥0 is the maximum consumption of offline. Given a basis

B (columns of Ā) for the LP in Eq. (4.4), the optimal solution satisfies BxB = C, where

x = (y, u, s) stands for all the variables. Hence, the realized (random) value of offline can be

written as ∑
B
v′ByB1{B is optimal} =

∑
B
v′BB−1C1{B is optimal}. (4.5)

We abuse notation in the usual way, where B denotes both the indices of basic columns

and the sub matrix ĀB. Note that the optimality of a basis depends on the random vector

C.

Online construction of the offline linear system. As expressed in Eq. (4.5), if the

optimal offline basis is B, then the offline actions correspond to the unique solution of the

system BxB = C, where x = (y, u, s) stands for all the variables. Our first insight is that any

online policy π tries to build an approximate solution to the previous system. Furthermore,

the quality of the solution depends on how long the policy π “operates” in the basis B. We

make this precise in Proposition 4.3.3 below, where we show that the following property

characterizes the regret of any policy.

Definition 4.3.1 (Basic Allocation). Let π be any online policy and B the optimal offline

basis (which is only revealed at T ). We say that π performs basic allocation at t ∈ [T ] if it

only serves requests j such that yj ∈ B (request variable is basic) and it only queues arriving

requests such that uj ∈ B (unmet variable is basic).
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Intuitively, as long as the policy π is performing basic allocations, it is “operating” in the

optimal basis, hence, if τπ is the last time when π performed basic allocation, then the regret

is incurred in the remaining T − τπ periods. We need the following notion to completely

characterize the regret.

Definition 4.3.2 (Wastage). Let π be any online policy and B the optimal offline basis.

Let Sti be the surplus of resource i ∈ [d] at time t when using the policy π, i.e., St =

I0+Zt
R−AY π,t. The wastage of π at t is W π,t := max{Sti : surplus variable si is non basic} =

max{Sti : si /∈ B, i ∈ [d]}.

Intuitively, if si /∈ B, then resource i has no slack, i.e., it is completely utilized in the

offline solution. Hence, the wastage exactly captures how much inventory is left by the online

policy that should have been completely used. Now we show that both the regret and quality

of the online system, i.e., the approximation to BxB = C, are determined by this time τπ

and its wastage.

Proposition 4.3.3. Let B be the optimal basis for the offline problem in Eq. (4.4) and denote

J t ∈ J the t-th arriving request. For any online policy π define the time

τπ := min{t ≤ T : the policy does not perform basic allocation at t} − 1

= min{t ≤ T : (σπ,tj = 1 and yj 6∈ B some j) or (σπ,tj = 0 and uj /∈ B for j = J t)} − 1.

Then the expected regret of π is at most ME[T−τπ+W π,τπ ], where M is a constant indepen-

dent of (T, I0), but that may depend on (A, v), and W π,t is the wastage (see Definition 4.3.2).

Proof. Throughout the proof, the policy π is fixed and we omit it from the notation.

Let Y t
j , U

t
j be the number of type-j requests accepted and queueed/rejected by the policy

over the interval [1, t]. Similarly, Ct denotes the maximum consumption in [1, t], i.e., Ct :=I0 + Zt
R

Zt
J

 and the surplus is defined as St := I0 + Zt
R − AY t ∈ Rd

≥0. By definition of
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surplus, we have the inventory equation ĀX t = Ct, where X t = (Y t, St, U t) stands for all

the variables. Let us divide the matrix Ā into basic and non-basic columns as Ā = [B,Bc].

We claim that,

B


Y t

U t

St


B

+ Bc


0

0

St


Bc

= Ct and C − Ct = ZT − Zt, ∀t ≤ τπ. (4.6)

Indeed, the first equation follows by the decomposition Ā = [B,Bc] and the fact that, up to

time τπ, the only non-zero variables Y t, U t are in the basis B. The second equation is by

definition of C and Ct. Recall that the offline variables x = (y, u, s) are the solution to the

offline system, i.e., xB = B−1C. From Eq. (4.6) we have
y

u

s


B

−


Y t

U t

St


B

= B−1(ZT − Zt) + B−1Bc


0

0

St


Bc

∀t ≤ τπ. (4.7)

Since Y is an increasing process Y T ≥ Y t for all t so that

Reg = (v′ByB − v′Y T ) ≤ (v′ByB − v′Y t) ≤ v′B(yB − Y t
B).

We can bound the last expression using Eq. (4.7). Indeed, since there is at most one arrival

per period, ||ZT−Zt||∞ ≤ T−t, and the surplus is bounded by definition as ||StBc||∞ = W π,t.

Finally, we can take the worst case over B in Eq. (4.7) and conclude the result by setting

t = τπ.

If we are able to prove E[T −τπ +W π,τπ ] = O(1), where π is our BR algorithm, we would

have proved our main result (Theorem 4.2.3) in virtue of Proposition 4.3.3. Therefore, we

now focus on bounding the distribution of τπ and its associated wastage.

Remark 4.3.4 (On randomized policies and (conventional) bid-price controls).

From our definition of basic allocation (Definition 4.3.1) and its associated guarantee in
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Proposition 4.3.3, we see that it is essential for a policy to correctly allocate w.r.t. the offline

basis B. Randomized policies do not respect this [78], hence their sub-optimal performance.

This can be easily visualized in the one-dimensioanl case; see Figure 4.3. Suppose that

types are ordered in decreasing order of their rewards. In this illustration the initial ratio

R0 is slightly below Z̄T
1 + Z̄T

2 so that offline will take all of type 1 and most of type 2 but

none of type 3. However, since Z̄T
1 + Z̄T

2 is a (small) perturbation of p1 + p2 we can have

that R0 is greater than p1 + p2. In this case, the randomized policy will (with some small

probability) accept an arriving type 3 early in the horizon. In doing so, it will perform a

non-basic allocation. In contrast, BudgetRatio will not take any such type 3, because

it needs the condition R0 ≥ p1 + p2 + p3/2 to do so. Informally, the thresholding adds a

confidence interval.

Another popular heuristic is bid-price control, wherein one computes the shadow price

vector λ associated to resources and accepts a request if its reward vj exceeds the sum of

prices of requested resources, i.e., if vj ≥
∑

i∈[d] aijλi. The same issue persists in this case,

i.e., the policy performs non-basic allocations. This is evident again in the one-dimensional

example; when R0 ∈ (p1 + p2, p1 + p2 + p3) the shadow price of the (single) resource is v3.

Thus, we would accept type 3 request although this is not a basic allocation.

In Section 4.8 we re-visit bid prices and show that BudgetRatio can be interpreted

as a bid-price control where instead of taking the duals under one basis, we have to take a

maximum over all bases in a centroid.

Overview of the analysis in one dimension. Let us consider in some detail the one

dimensional packing problem, also known as the multi-secretary [10], which can be stated as

follows. There are I0 positions to be filled and candidates arrive one at a time with abilities

(values) V 1, . . . , V T , the goal is to select at most I0 candidates to maximize the total value.
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Figure 4.3: Why randomized policies do not maintain basic allocations.

In our notation, there is here a single resource (d = |R| = 1), no restock (pR = 0, so that

E[R0] = I0), each request consumes one item (A = e′), and all requests are impatient. The

deterministic relaxation has n+ 1 constraints, one for each of the demand constraints and a

single budget constraint:

LP(R, p) max v′y

s.t. e′y ≤ E[R0]

y ≤ pJ

y ≥ 0.

(4.8)

We assume w.l.o.g. that types are labelled in decreasing order of rewards, i.e., v1 > v2 >

. . . > vn, and let F̄i :=
∑i

j=1 pj be the survival function at vi. The deterministic relaxation

in Eq. (4.8) has a simple greedy solution: in increasing order of k, set ȳk = pk as long as

F̄k ≤ E[R0]. Letting i0 = max{k : F̄k ≤ R}, finally set ȳi0+1 = E[R0]− F̄i0 .

Centroids. The concept of centroid is our main definition and can be described as follows.

If the expected ratio were exactly E[R0] = F̄j, then the deterministic relaxation (4.8) takes

all types K = [j] (and only those types). In other words, for this choice of right-hand

side (i.e., budget), the problem LP(F̄j, p) is such that all variables y1, . . . , yj are completely

saturated and all other variables are zero. The sets K with this property (and their later

generalization to multiple dimensions, see Definition 4.4.6) are centroids. The set K = [j]
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is optimal when the budget is rK = F̄j, hence we refer to rK as the centroid’s budget; see

Fig. 4.4 for an illustration.

It is clear that the centroids do not depend on p. In other words, regardless of the

distribution, the LP “takes” all requests [j] before taking any request of type j+1. Both the

deterministic relaxation LP(E[R0], p) and the offline problem LP(R0, D0) follow the same

nested rule. We show that this concept generalizes in multiple dimensions, i.e., there are

sets of requests K ⊆ J that are always prioritized in some part of the space independent

of the demand p. In conclusion, centroids elicit a geometric view of the problem—a useful

summary of the matrix A and the reward vector v—that does not depend on the demand.

Action sets: The centroid neighborhood. The thresholding of the algorithm—that we

accept type j request only if ȳj/pj ≥ 1
2

can be though of as building a confidence interval—a

neighborhood—around the centroid’s budget. The neighborhood of the centroid {1, 2} is the

interval [F̄ (v3)− f2

2
, F̄ (v3) + f3

2
] “centered” at exactly the centroid budget F̄ (v3) = f1 + f2.

As long as Bt = I t/(T − t) is in this interval the algorithm accepts only (and all) arriving

requests of types {1, 2}. The algorithm will start accepting type-3 requests if Bt exceeds

the right threshold F̄ (v3) + f3/2. It will drop some type-2 requests if it goes below the left

threshold F̄ (v3)− f2/2.

Oracle Containment. Proposition 4.3.3 makes clear that a good online policy (with large

time τπ) should have “almost” oracle access to the offline basis B. It’s decisions must be

consistent with (the apriori) unknown B. We will formalize this intuition by showing that if

the budget-ratio process Rt is contained in an appropriate region, then we have this oracle

access.

Let us suppose that R0 = F̄ (v2), hence in the deterministic relaxation there is exactly

the amount of budget to take all requests of types 1 and 2 and nothing else (see Fig. 4.4).
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F̄1 − p1/2 F̄2 − p2/2 F̄3 − p3/2

Figure 4.4: The position of the ratio Rt with respect to the centroid budgets r{1,..,i}(p) = F̄i
determines the actions of the policy. At time t, the policy accepts a type i iff Rt ≥ F̄i−pi/2.
The oracle containment property implies that if the realization ZT is such that offline accepts
only types {1, 2}, then Rt ∈ N ε(B1); conversely, if ZT is such that offline does accept type-3,
then Rt ∈ N ε(B2). In conclusion, Rt evolves in the “correct” region N ε(B1) or N ε(B2), this
guarantees that the policy accepts only requests in the optimal offline basis.

There are two possible optimal bases at R0. One, B1, has variables {y1, y2} and the surplus

variable s2 (as a degenerate zero-valued variable) and the other, B2, has y3 instead of s2, but

also as a degenerate zero-valued variable.

Consider Fig. 4.4. We will prove that, if offline takes only types {1, 2}, i.e., if I0− (ZT
1 +

ZT
2 ) ≤ 0 (offline selects basis B1), then Rt ∈ N ε(B1) for all t ∈ [1, τ ] where τ is a large

stopping time, i.e., E[T − τ ] ≤M . Observe that, as long as Rt ∈ N ε(B1) (see Fig. 4.4), the

policy only accepts requests {1, 2} which is consistent with B1, hence the policy performs

basic allocation. On the other hand, if offline does accept type 3, i.e., I0 − (ZT
1 + ZT

2 ) ≥ 0

(offline selects basis B2), then (we will prove) Rt ∈ N ε(B2) for t ∈ [1, τ ] which again implies

that the policy performs basic allocation. Finally, because the process Rt = 1
T−tI

t remains

contained in this bounded region, we have Rτπ ≤M , hence Iτ
π ≤M(T − τπ), which proves

a bounded wastage, hence Proposition 4.3.3 yields bounded regret.

Beyond one dimension. We will formalize the notion of centroid and actions sets; see

Section 4.4.2. This requires a careful parametric analysis of the packing LP. We will show that

the action sets are, in turn, composed of convex subsets each corresponding to an optimal
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basis (see Lemma 4.4.10). These convex sets are parametrized by the distribution and hence

apply to the deterministic relaxation and to the offline (random) LP. Second, we we will set

the ground for the proof of oracle containment property in multiple dimensions. This builds

on both a sticky boundary phenomenon 4.5.2, that shows that the residual budget process

remains in one action set and a cone-containment that—via convex separation theorems and

the construction of suitable random walks—establishes that depending on offline’s optimal

basis, the budget process—controlled online by BudgetRatio—remains constrained in the

convex set where its actions are consistent with offline’s: they are basic allocations.

The geometric structure, and hence the stochastic analysis that builds on it—convex sets,

basic cones and so on—is trivial in the one dimensional case.

4.3.1 Towards the General Analysis: An Example

For visualization purposes, it is useful to fix a two dimensional example (d = 2 resources). A

two dimensional problem is sufficiently rich to capture key characteristics and, at the same

time, it is sufficiently simple to allow for informative visuals of the problem’s geometry. We

consider a traditional packing problem (network revenue management), i.e., with impatient

requests and no resource arrival.

We denote the resources by a, b with initial inventory Ia and Ib. There are four customer

types {1, 2, 3, 4} with the following matrix consumption

A =

1 2 3 4

a 1 0 1 1

b 0 1 1 1

We use the reward vector v = (4, 4, 5, 1) and probabilities pj = 1/4 for all j. Observe that
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Figure 4.5: (LEFT) The action regions of the optimal policy (computed via DP) with 70
periods to go. When the vector of ratios (Ra, Rb) is in a color coded region, the policy accepts
a fixed set of requests and rejects all others. For example, the light blue region in the bottom
left corresponds to accepting {1, 2} and rejecting all other requests. (RIGHT) The action
regions for BudgetRatio. The color coded regions have the same interpretation.

type-1 and type-2 have high reward for resources a and b, respectively, while type-3 has a

higher reward, but uses both resources, making it less desirable. Type-4 is clearly the least

desirable, using both resources with low reward.

Fig. 4.5 captures the action-regions of BudgetRatio. For future reference we will label

this as the base example.

Final setup details. Throughout we assume, without loss of generality, that Ii ≤ T for

all i ∈ R. If Ii > T , this resource is non-binding and we can reduce the problem to one

with d − 1 resources. Additionally, we randomly perturb the rewards as follows. For every

j ∈ J , we add an independent U(0, 1
T

) to vj. This perturbation induces only a O(1) error

while guaranteeing that all our objects (optimal solutions, optimal bases, etc) are uniquely

defined.
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4.4 Parametric Structure of Packing Problems

In this section we give a geometric characterization of packing problems. Our results here

are for a large family of linear programs and not specialized to an algorithm. In Section 4.5

we use the results here to analyse BudgetRatio.

The performance of a policy can be characterized by how long it is performing basic

allocations (see Proposition 4.3.3), i.e. those consistent with offline’s optimal basis. There-

fore, we need to uncover the parametric structure of the packing LP and understand the

properties of optimal bases.

Let us write the packing LP in standard form. Our key descriptor is the budget ratio

Rt = 1
T−tI

t + pR. Let Ā be the augmented matrix

Ā =

 A 0 Id

In In 0

 ,
where In is the identity matrix of dimension n × n. For any R ∈ Rn

≥0 and D ∈ Rd
≥0, we

re-write the LP relaxation as

max

v
′y : Ā


y

u

s

 =

R
D

 , (y, u, s) ≥ 0

, (LP(R,D))

where (y, u, s)′ ∈ Rn × Rn × Rd is the decision vector. The variables y ∈ Rn represent the

amount of requests served, henceforth request variables ; u ∈ Rn correspond to the amount

of unmet requests, henceforth unmet variables ; and s ∈ Rd are the surplus of resource,

henceforth surplus variables.

We use the general notation B to denote a basis of (LP(R,D)) as well as to denote the

(d+ n)× (d+ n) sub-matrix of Ā corresponding to the variables in the basis B; Bc denotes
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the non-basic columns. Let v̄ = (v, 0, 0) ∈ Rn×Rn×Rd be the extended value vector, where

we naturally assign zero value to variables u and s.

We are interested in the parametric structure of the LP (LP(R,D))—in how its solution

changes with changes to the right-hand sides (R,D). BudgetRatio solves in each period

LP (Rt, pJ ). Changes in R will be relevant for us as a result of the movement of Rt. Offline

solves LP (R0, D0) and hence so that it useful to understand how the solution depends on

R0 and D0.

The first result states that there is a fixed—independent of the right-hand-side (R,D)—

set of relevant bases we should consider. This will allow us henceforth, and w.l.o.g., to

consider only bases that satisfy the conditions (i) and (ii) in Lemma 4.4.1.

Lemma 4.4.1. Let B be a basis and let λ = (B−1)′v̄B be the dual variables associated to B.

Assume (i) λ ≥ 0 and (ii) Ā′λ ≥ v̄. Then, for any (R,D), B is optimal for (LP(R,D)) if

B−1

R
D

 ≥ 0. Conversely, for any right-hand side (R,D), there is an optimal basis that

satisfies (i) and (ii).

Proof. The dual problem of LP(R,D) is

min{(R,D)′λ : Ā′λ ≥ v̄, λ ≥ 0}.

For any basis B, the associated dual variables are λ = (B−1)′v̄B, hence conditions (i) and

(ii) imply that λ is dual-feasible. The associated primal variables are (y, u, s)′B = B−1

R
D

.

Finally, the primal and dual objectives coincide, so we conclude the optimality of B by

Weak Duality provided that the solution is primal feasible, i.e., (y, u, s)′B = B−1

R
D

 ≥ 0.

Conversely, for any (R,D), if we run the Simplex Algorithm, we can find a basis B with an

associated feasible dual solution.
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4.4.1 Action Regions and Exit Times

For ease of exposition we strengthen Assumption 4.2.1 to require that pi < pj/2 (rather than

pi < pj) all i, j such that Aij = 1 pi < pj/2. At the end of this section we will comment how

the analysis extends to pi < pj. With this strengthened assumption p̄j = pj (see the first

step of Algorithm 5) so that we threshold at at pj/2.

For a set K ⊆ J and a demand vector D ∈ Rn, we can define the action region for K as

the set of ratios NK(D) ⊆ Rd where the algorithm serves exclusively requests in K, i.e., all

requests j ∈ K are served and j /∈ K are queued:

NK(D) :=
{
R ∈ Rd : the algorithm serves exclusively requests K when (Rt, p) = (R,D)

}
=
⋃
B

R ∈ Rd : B optimal, yK =

B−1

R
D



K

≥ 1

2
DK, yKc =

B−1

R
D



Kc

<
1

2
DKc

.
(4.9)

The equality holds because the algorithm serves a request j iff yj ≥ Dj/2. We will use this

construction with two distinct values of D: D = pJ and D = 1
T
ZT . For some K ⊆ J the

set NK(D) might be empty (the algorithm never “prioritizes” the set K of items).

Lemma 4.4.2. For K ⊆ J , the policy serves exclusively requests in K iff Rt ∈ NK(pJ ).

Furthermore, for a constant M that depends on (A, p) only, whenever t ≤ T − M and

Rt ∈ NK(pJ ), there is enough inventory to serve every j ∈ K.

Proof. The first part follows by definition of NK(pJ ). For the second part we claim that,

if Rt ∈ NK(pJ ), then I ti ≥ |{j ∈ K : Aij = 1}|, which proves that the inventory is enough

to serve all requests in K. Fix j ∈ K and i ∈ [d] such that Aij = 1. The fact that (y, u, s)

solves LP(Rt, pJ ) implies Ay ≤ 1
T−tI

t + pR. Since j ∈ K it must be that yj ≥ 1
2
p̄j, hence

I ti ≥ (T − t)(1
2
p̄j − pi). Since the resources used by j have slow restock (Assumption 4.2.1),

1
2
p̄j > pi. Taking the constant M =

|{j∈K:Aij=1}|
p̄j/2−pi we obtain the claim for all t ≤ T −M .
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Remark 4.4.3 (On The Slow Restock Assumption). The proof of Lemma 4.4.2 reveals

that we can weaken Assumption 4.2.1. Indeed, the Lemma still holds if we assume instead

pi <
∑

j∈K aijpj for every centroid K (Definition 4.4.6) and every resource i used by some

j ∈ K. In other words, the restock must be slower than the combined demand for it.

We let NK(D,B) ⊆ Rd be the set of ratios where the algorithm serves exclusively K and

the optimal basis for the relaxation is B.

NK(D,B) :=
{
R ∈ Rd : algorithm uses B and serves exclusively K when (Rt, p) = (R,D)

}
=

R ∈ Rd : B optimal, yK =

B−1

R
D



K

≥ 1

2
DK, yKc =

B−1

R
D



Kc

<
1

2
DKc

.
(4.10)

By definition we have NK(D) = ∪BNK(D,B). The next result states that (i) the sets

NK(D,B) are the “correct resolution” to study the problem and (ii) perturbations of NK(D)

completely characterize the exit time τπ which, per Proposition 4.3.3, controls the regret.

Proposition 4.4.4. Let B be the optimal offline basis and set K ⊆ J . For each ε > 0 define

the time

τ ε,K := min{t ≤ T : d(Rt,NK(D,B)) > ε}.

Then, there exists a constant ε > 0 such that τ ε,K ≤ τπ, where π is the policy given by

Algorithm 5 and τπ + 1 is the first time that π does not perform basic allocation as in

Proposition 4.3.3.

As long as Rt is close to NK(D,B), then, the algorithm is performing basic allocation.

To prove this result we must elicit the structure of the action regions NK(D,B). Before we

turn to this task, we state a lower bound on τ ε,K from which follows the proof Theorem 4.2.3

in virtue of Proposition 4.3.3. Recall that E[R0] = 1
T
I0 + pR and E[D0] = pJ hence at time
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t = 0 we can identify the set K such that E[R0] ∈ NK(E[D0]); indeed, this set K is obtained

the first time we solve the deterministic relaxation.

Proposition 4.4.5. Let K be such that E[R0] ∈ NK(E[D0]) and for ε > 0 let τ ε,K be as in

Proposition 4.4.4. Then, there is a constant M such that E[T − τ ε,K + W τε,K ] ≤ M , where

W t is the wastage at time t (see Definition 4.3.2).

Proof of Theorem 4.2.3. By Proposition 4.4.4 we have that τ ε,K ≤ τπ, hence the pol-

icy performs basic allocation over the interval [1, τ ε,K]. By Proposition 4.4.5, the expected

wastage and remaining time T − τ ε,K are bounded by a constant, hence we can apply Propo-

sition 4.3.3 and conclude.

It remains to prove Propositions 4.4.4 and 4.4.5. The former is a purely geometric one

while the latter require the detailed analysis of the stochastic process and is contained in

Theorem 4.5.2 and 4.5.5 further below. Both propositions are stated in terms, and require the

analysis, of the action regions NK(D) and their subsets NK(D,B). The next two subsections

provide the geometric characterization of these regions.

4.4.2 Centroids and Neighborhoods

In this subsection we formally define the packing centroids. In Section 4.4.3 we give a

characterization of NK(D,B) based on centroids.

Definition 4.4.6 (Centroids). A subset K ⊆ J is a centroid if, for some D ∈ Rn
>0, there

exists a solution (y, u, s) to LP(AKD,D) such that uK = 0 (no request in K is unmet) and

yKc = 0 (no request in Kc is served). If K is a centroid, we call rK(D) := AKDK the centroid

budget.
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Intuitively, a set K is a centroid if, given the exact budget required in expectation for all

requests K—this is AKpK—it is optimal in the deterministic relaxation to serve all request

K and no others. In the one dimensional setting of Section 4.3 the centroids are the sets [i]

for i = 1, 2, . . . , n and their corresponding budgets are rK(p) = r[i](p) = F̄ (vi). Surprisingly,

the characterization of centroids does not depend on D, but only on the matrix A and the

values v. In particular, sets K is a centroid under either the theoretical distribution (D = p)

and the empirical distribution (D = 1
T
ZT ).

Fig. 4.5 has (in red) the centroids for our base example and the location of the centroid

budgets rK(p) in R2
+ and their neighborhood.

The LP LP (R, p) has multiple optimal bases at R = rK(p) = AKpK and they are all

degenerate: the solution (y, u, s) at rK is, per Definition 4.4.6, yK = pK, uKc = pKc . All

other variables are zero. Thus, only n of the basic variables are strictly positive, whereas

the dimension of the right-hand side is n+ d. There must be d zero-valued basic variables.

Definition 4.4.7 (Zero Valued Basic Variables). Fix a centroid K for some p̂ as in

Definition 4.4.6 and let B be a basis that is optimal at rK(p̂), i.e., optimal for LP(rK(p̂), p̂)

with (y, u, s) the associated solution. Define the sets of basic variables

K+ := {j ∈ J : yj ∈ B, yj = 0}, K− := {j ∈ J : uj ∈ B, uj = 0}, K0 := {i ∈ R : si ∈ B, si = 0}.

When either the basis B or the centroid K are not clear from context, we write, e.g., K+(B)

or K+(B,K) to avoid ambiguity.

The next result shows that both the definition of centroids (Definition 4.4.6) and zero-

valued variables (Definition 4.4.7) are independent of the distribution p̂.

Lemma 4.4.8. Let K be a centroid for some p̂ ∈ Rn
>0 as in Definition 4.4.6. Then, for

any p̃ ∈ Rn
>0, the same property holds for p̃, i.e., LP(AKp̃K, p̃) has the solution uK = 0 and
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yKc = 0. Similarly, the sets of zero-valued basic variables in Definition 4.4.7 are the same

under p̂ and p̃.

Proof. Let B be the optimal basis of LP(AKp̂, p̂). We will prove that B is also optimal for

LP(AKp̃, p̃) and has an associated solution (y, u, s) = (p̃K, p̃Kc , 0), which shows the result.

Since B has the basic variables yK and uKc , by inspection we have the following:

B


p̃K

p̃Kc

0

 =

AKp̃K
p̃

 =⇒ B−1

AKp̃K
p̃

 ≥ 0.

By Lemma 4.4.1 it follows that B is optimal for the right-hand side (AKp̃K, p̃) and the

associated solution is indeed (y, u, s) = (p̃K, p̃Kc , 0). Finally, it is clear from the structure

of the solution (y, u, s) that the set of zero-valued basic variables is the same under p̂ and

p̃.

Finally, we define a relation between centroids. In Section 4.4.3 we prove that NK(D,B),

which determines the desired exit time, can be characterized in terms of the centroid K and

its neighbors.

Definition 4.4.9 (Neighbors). Let K be a centroid. If the basis B is optimal at the

centroid budget rK, we say that B is associated to K. Another centroid K′ is a neighbor

of K if there is a basis B that is associated to both K and K′, i.e., both centroids share an

optimal basis. We will say that K′ is a neighbor of (K,B).

Like the centroids themselves, the relation of “neighborhood” does not depend on the

distribution p̂. Once we fix K with associated basis B, we can obtain neighbors of K based

on the zero-valued basic variables (see Definition 4.4.7).
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4.4.3 Cones and Characterization of Action Sets

Recall that we need to study the exit time in Proposition 4.4.4, which depends on the distance

to the action set NK(D,B). Here we take the first step in understanding this distance, since

we can write NK(D,B) as appropriate linear combinations. We present the proof of the

following result in the appendix.

Lemma 4.4.10 (Characterization of NK(D,B) and neighbors). Fix a centroid K with

associated basis B. Let (K+, K−, K0) be the zero-valued basic variables (Definition 4.4.7).

Then,

1. The basis B is optimal for any right-hand side (R,D) of the form

R = rK(D) + α(Aκ+Dκ+ − Aκ−Dκ−) + b,

where κ+ ⊆ K+, κ− ⊆ K−, α ∈ [0, 1], and b ∈ Rd
≥0 is zero for components not in K0,

i.e., bi = 0 for i 6∈ K0. In particular, the set K ∪ κ+\κ− is a centroid it is a neighbor

of K.

2. The basis B is optimal for (R,D) if and only if R is of the form

R = rK(D) +
∑

κ+⊆K+,κ−⊆K−
α(κ+,κ−)(Aκ+Dκ+ − Aκ−Dκ−) + b, (4.11)

where b is as before, α ≥ 0, and
∑

κ+⊆K+,κ−⊆K− α(κ+,κ−) = 1.

3. R ∈ NK(D,B) if and only if

R− rK(D) = AK+xK+ − AK−xK− + b,

where xj ∈ [0, Dj/2] for j ∈ K+ ∪K− and b is as before.

In Figure 4.6 (RIGHT) we plot three of the neighbors of the centroid {1, 2}. For the

direction (κ+, κ−) = ({3}, {2}) the neighboring centroid is {1, 3}. In moving from K = {1, 2}
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Figure 4.6: Geometric properties in the base example for the centroid {1, 2} whose budget
is r = (1/4, 1/4): (LEFT) The extreme points and convex subsets, and (RIGHT) the cone,
with orange boundaries, corresponding to (K+, K−) = ({3}, {2}). The dashed vectors are
the outer normals, ψ1 = (−1, 1)′ and ψ2 = (−1, 0)′.

to K = {1, 3} the request variable y2 and the slack u3 leave the basis, while y3 and u2 enter

the basis.

In Fig. 4.6, we zoom-in on the centroid K = {1, 2}. One optimal basis at this centroid

has K+ = {3} and K− = {2}. The neighboring centroids with κ+ ∈ K+ and κ− ⊆ K− are

{1, 3}, {1}, and {1, 2, 3}. The set NK(D,B) is the convex hull of the mid-points of the lines

leading to those neighbors and corresponds to the yellow region.

The following will also be central to the analysis.

Definition 4.4.11 (Basic Cone). Let K be a centroid with associated basis B and

(K+, K−) be the zero-valued basic variables (Definition 4.4.7). We define

cone(K,B) = {y ∈ Rn : y = AK+xK+ − AK−xK− , for some x ≥ 0}.
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Observe that, from Lemma 4.4.10 (item 3), we know that R ∈ NK(D,B) if and only if

R − rK(D) = AK+xK+ − AK−xK− + b with xj ∈ [0, Dj/2]. Our definition of cone drops the

upper bound Dj/2 and is therefore independent of D; as can be seen in Definition 4.4.11, it

depends only on (K,B).

Instead of bounding directly the time τ ε,K (see Proposition 4.4.4), we will consider the

minimum of two times: the exit time from the cone cone(K,B) and the exit time from the

neighborhood NK(D). The intersection of these is the set NK(D,B).

Lemma 4.4.12. Let K be a centroid with basis B. Then, NK(D,B) = NK(D) ∩ (rK(D) +

cone(K,B)).

Proof. If R ∈ NK(D,B) then in particular R ∈ NK(D) = ∪BNK(D,B) and from

Lemma 4.4.10 (item 3) we have R − rK(D) = AK+xK+ − AK−xK− + b, hence R ∈

rK(D) + cone(K,B).

If NK(D) ∩ (rK(D) + cone(K,B)), then necessarily R = rK(D) + AK+xK+ − AK−xK−

(since it is in the cone) and xj ≤ Dj/2, since otherwise, by Lemma 4.4.10 (item 3), the

associated solution would not have yK >
1
2
DK and yKc <

1
2
DKc .

The properties of the outwards normals to the cone will be central to the proof of oracle

containment (see Theorem 4.5.5). Informally speaking, in that proof we will study, as a

stochastic process, the angle between these normals and the resource consumption process.

When accepting at type-j request, the consumption is the vector Aj. Figure 4.6(RIGHT)

illustrates these vectors.

Lemma 4.4.13. Fix a centroid K with associated basis B. The vectors characterizing

cone(K,B) (i.e., such that maxl ψ
′
lx ≤ 0) have the following properties: For each κ+ ⊆ K+

and κ− ⊆ K− with |κ+| + |κ−| = 1, ψ[κ+, κ−]′Aκ+ = 0 or ψ[κ+, κ−]′Aκ− = 0. Also,

ψ[κ+, κ−]′Aj < 0 for all j ∈ K+(B), j /∈ κ+ and ψ[κ+, κ−]′Aj > 0 for all j ∈ K−(B), j /∈ κ−.
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Additionally, for any other basis B̄ 6= B associated to K, ψ[κ+, κ−]′Aj > 0 for all j ∈

(κ+)c ∪K+(B̄) and ψ[κ+, κ−]′Aj < 0 for any j ∈ (κ−)c ∪K−(B̄).

In the one-dimensional case, all this structure is not needed. A basis has either K+ or

K− (but never both) as well as |K+| + |K−| = 1. Thus, the second part (ψ[κ+, κ−]′Aj < 0

for j ∈ K+(B), j /∈ κ+) is moot. The vectors ψ are just the number 0.

The next lemma confirms that the online policy takes only requests only types in the set

K∪K+ when in a suitably small neighborhood of the subset NK(D,B). That is, it performs

only basic allocations for the basis B.

Henceforth, we fix

ε :=
1

4
min{pk : k ∈ R ∪ J , pk > 0}. (4.12)

Lemma 4.4.14 (Optimal Bases and Budget-Ratio Actions). There exist constants

M1,M2 such that, if d(Rt,NK(B, D)) ≤ ε
M1
, then the policy performs basic allocations at t:

it serves only (but not necessarily all) requests in K ∪ K+ and it queues only requests in

Kc ∪K−. Moreover, I ti ≤M2(T − t) for all i /∈ K0(B).

Proof. Let (ȳ, ū, s̄) be the solution to LP(Rt, D) and define

Y = {(y, u, s) : ∃R ∈ NK(B, D) s.t. (y, u, s) solves LP(R,D)}.

By assumption d∞(Rt,NK(B, D)) ≤ ε
M1
. By the Lipschitz continuity of the LP solution [46,

Theorem 5], we can choose M1 large enough (depending on A) such that d∞((ȳ, ū, s̄),Y) ≤ ε.

Let (y0, u0, s0) ∈ Y be such that d∞((ȳ, ū, s̄), (y0, u0, s0)) ≤ ε. Since for all j ∈ K\K− we

have that y0
j = Dj then we also have that ȳj ≥ Dj − ε ≥ Dj/2 so that all these items are

taken. Also, for any j /∈ K ∪ K+, we have that u0
j = Dj so that ū0

j ≥ Dj − ε and hence

ȳ0
j < Dj/2 so these requests are queued. Finally, s0

i = 0 for all i /∈ K0, hence s̄i ≤ ε for all

such i, which implies Rt
i ≤ Ay + ε and using y ≤ p we get the result.
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We need to characterize when the basis B is offline optimal. Recall that the empirical

demand distribution is D0 = 1
T
ZT
J and the empirical budget ratio is R0 = 1

T
(I0 + ZT

R). The

one dimensional case can be useful here. The optimal offline basis has type variables 1, 2

(and not 3) if R ∈ (Z̄T
1 , Z̄

T
1 + Z̄T

2 ]. This is the intersection of the cone r{1}(Z̄T ) + [0,∞) (i.e.,

R − r{1} ∈ [0,∞)) with the set (0, Z̄T
1 + Z̄T

2 ]. Notice that if E[R0] ∈ [p1/2, p1 + p2/2] then,

on the event that

Aε := {‖Z − p‖∞ ≤ ε :=
1

4
min{p1, . . . , pJ },

R0 ∈ (0, Z̄T
1 + Z̄T

2 ]. More generally, we have the following simple result. We present the

proof in the appendix.

Lemma 4.4.15. Let K be the centroid such that E[R0] ∈ NK(E[D0]) and let

M(B) :=
{
ω ∈ Ω : R0 − rK(D0) ∈ cone(K,B)

}
.

Then, on the eventM(B)∩Aε, B is an optimal offline basis. In particular, B has the following

variables: {j : yj ∈ B} ⊆ K ∪K+(B), {j : uj ∈ B} ⊆ Kc ∪K−, and {i : si ∈ B} ⊆ K0.

Recall that τ ε,K = min{t ≤ T : d∞(Rt,NK(B, D)) > ε} is the first time when the

process gets too far from the action region. Also recall that all we are left to prove is

Propositions 4.4.4 and 4.4.5. We are already in shape to prove the former.

Proof of Proposition 4.4.4. By Lemma 4.4.14, if B is the offline basis and

d(Rt,NK(B, D)) ≤ ε, the policy performs basic allocation at t. By Lemma 4.4.15, on this

event the basis B is offline optimal.

4.5 Analysis of our Algorithm

We apply all the geometric characterizations obtained in Section 4.4 to BudgetRatio.

Recall that we need to bound the time τ ε,K = min{t ≤ T : d∞(Rt,NK(B, D)) > ε}. We
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introduce two auxiliary exit times and relate them to τ ε,K in Lemma 4.5.1 below:

τ ε,Kregion := inf
{
t ≤ T : d(Rt,NK(D)) > ε

}
(4.13)

τ ε,Bcone := inf{t ≤ T : max
l
ψ′l(R

t − rK(D)) > ε} (4.14)

where the vectors ψl ≡ ψl[B] are as in Lemma 4.4.13. By definition, the action region

NK(B, D) is the set where (i) the basis B is optimal and (ii) requests K are served exclusively

(see Lemma 4.4.12). The time in Eq. (4.13) relates to condition (i) and the time in Eq. (4.14)

relates to condition (ii) in virtue of Lemma 4.4.13. This is formalized in the following result.

Lemma 4.5.1 (Exit Times). Let K be a centroid with associated basis B and fix ε > 0.

There exists ε′ > 0, that depends on (ε, A, v) only, such that, for any R ∈ Rd, if

d(R,NK(D)) ≤ ε′ and maxl ψ
′
l(R − rK(D)) ≤ ε′, then d(R,NK(B, D)) ≤ ε. Consequently,

τ ε,K ≥ τ ε
′,K

region ∧ τ ε
′,B

cone.

Additionally, if for some κ+, κ− with |κ+|+ |κ−| = 1 we have ψ[κ+, κ−]′(R− rK(D)) ≤ ε

and d(R,NK(D)) ≤ ε, then R ∈ NK0(D) where K0 = K ∪ κ+\κ−.

Theorem 4.5.2 (Sticky Boundaries). Let K be the centroid such that E[R0] ∈ NK(E[D0])

and τ ε,Kregion as in Eq. (4.13). Then,

P[T − τ ε,Kregion > `] ≤ θ1e
−θ2`,

where θ1, θ2 > 0 do not depend on (T, I0) but could possibly depend on p,A, v.

Remark 4.5.3 (sticky boundaries). The proof of this theorem contains also the implica-

tion that, once close to the boundary, the process Rt stays there. Formally, let

τ 0
∂ = inf{t ≥ 0 : d(Rt, ∂NK(D)) ≤ ε} ∧ T, and τ 1

∂ = inf{t ≥ τ 0
∂ : d(Rt, ∂NK(D) ≥ 2ε} ∧ T.

Then, P{T − τ 1
∂ ≥ `} ≤ θ1e

−θ`.

Define the set of request variables consistent with the action region NK(D):

Y(K, D) := {y : ∃R ∈ NK(D) s. t. for some (u, s), (y, u, s) solves LP(R,D)}.
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Lemma 4.5.4. Fix K and a neighbor K0 = K ∪ κ+\κ−. Let R ∈ NK0(D) and (y, u, s) be

the solution to LP(R,D). Let

(θK(y,D))j =

 yj if j 6∈ κ+ ∪ κ−

Dj/2 if j ∈ κ+ ∪ κ−.

Then, the following holds:

1. θK(y,D) ∈ closure(Y(K, D)) and (y − θK(y,D))j = 0 for all j /∈ κ+ ∪ κ−.

2. If y is the optimal request variable for LP(R,D) with optimal basis B̄ and B is adjacent,

i.e., such that κ+ ⊆ K+(B)∩K+(B̄) and κ− ⊆ K−(B)∩K−(B̄), then

B−1

R
D



j

=

yj for j ∈ κ+ ∪ κ−.

Proof of Theorem 4.5.2. Let St ∈ Rd be the surplus of LP(Rt, D) at time t, i.e., the

value of the surplus variable s. Observe that the request variable y is exactly the same for

both problems LP(Rt, D) and LP(Rt − St, D), hence, for any centroid K, Rt ∈ NK(D) iff

Rt−St ∈ NK(D). In conclusion, we can assume that Rt has zero surplus. We will show that

P

[
sup

t∈[1,T−`]
d(Rt,NK(D)) > ε

]
≤ θ1e

−θ2`,

which is exactly the statement of the theorem.

To simplify notation we will write θt = θK(yt, D), where θK(yt, D) is as in Lemma 4.5.4

and δt = yt − θt. We define the following Lyapunov function

gt := d(yt,Y(K, D)) = ‖yt − θt‖2 = ‖δt‖2.

We claim that, whenever gt ≤ ε2/nd, we have d(Rt,NK(D)) ≤ ε2. Indeed, if gt ≤ ε2/nd,

then by Cauchy-Schwarz |Ayt − Aθt|2i = (a′i(y
t − θt))2 ≤ ε2/d. Finally, we observe that

Aθt ∈ NK(D) and Ayt = Rt (since Rt has zero surplus), hence ||Ayt − Aθt||2 ≤ ε2 implies

d(Rt,NK(D)) ≤ ε2.
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Let us set ε2 := ε2/nd. We conclude that, as long as gt ≤ ε2, we can guarantee the desired

condition d(Rt,NK(D)) ≤ ε2. We argue the following drift condition: for some constant M

E[gt+1 − gt|Ft] ≤ −
M

T − t , whenever gt ∈ [ε/2, ε]. (4.15)

Assuming Eq. (4.15), concentration arguments as in [10, Theorem 3] show that

P[maxt∈[1,T−`] gt > ε2] ≤ θ1e
−θ2(T−`) for some constants (θ1, θ2) that depend on M only,

which proves the theorem.

The remainder of the proof is devoted to obtain Eq. (4.15). If Rt ∈ NK0(D) with

K0 = K ∪ κ+ \ κ−, then using Lemma 4.5.4 (item 1) we obtain

E[gt+1 − gt|Ft] = E[‖δt+1 − δt‖2|Ft] + 2E[(δt+1 − δt)′δt|Ft]

= E[‖δt+1 − δt‖2|Ft] + 2E[(δt+1 − δt)′κ(δt)κ|Ft],

where the sub-index κ denotes the components in κ+ ∪ κ−. Our aim is to prove E[‖δt+1 −

δt‖2|Ft] = O( 1
(T−t)2 ) and E[(δt+1−δt)′κ(δt)κ|Ft] ≤ −M

T−t , which together would imply Eq. (4.15).

Hence, we divide the proof in two parts: obtaining the linear bound E[(δt+1−δt)′κ(δt)κ|Ft] ≤
−M
T−t and the quadratic bound E[‖δt+1 − δt‖2|Ft] = O( 1

(T−t)2 ). We remark that the linear

bound is the challenging part and the quadratic is purely algebraic. We start with a fact

about the different neighborhoods that the process Rt visits during its evolution.

Main property of visited neighbors. A vector y ∈ Y(K, D) has, by definition, yj ≥ Dj/2

for j ∈ K and yj < Dj/2 otherwise. Hence, if gt ≤ ε2, we have

ytj ≥ Dj/2− ε ∀j ∈ K and ytj ≤ Dj/2 + ε ∀j /∈ K. (4.16)

Let K̃ be such that Rt+1 ∈ NK̃(D), where K̃ = K ∪ κ̃+ \ κ̃−. We claim that

Rt+1
i −Rt

i = O

(
1

T − t

)
∀i ∈ [d] and κ+ ∪ κ− = κ̃+ ∪ κ̃−. (4.17)
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The first fact in Eq. (4.17) is straightforward since we are taking ratios and we can assume

zero surplus. Assume by way of contradiction that the second fact in Eq. (4.17) fails. Take

j ∈ κ+ ∪ κ−, then Eq. (4.16) implies ytj = 1
2
Dj ± ε. If j /∈ κ̃+ ∪ κ̃−, then yt+1

j ∈ {0, Dj}. We

conclude |ytj − yt+1
j | > M , but we know that solutions to the LP are Lipschitz continuous

(see [46, Theorem 5]), hence |ytj − yt+1
j | ≤ M ||Rt − Rt+1|| = O( 1

T−t), so we arrive at a

contradiction. The case j /∈ κ+ ∪ κ− and j ∈ κ̃+ ∪ κ̃− is completely analogous.

Linear bound. We claim that, if Rt ∈ NK0(D) and gt ≤ ε2/2, then

E[δt+1
j − δtj|Ft] ≤

−M
T − t j ∈ κ+,

E[δt+1
j − δtj|Ft] ≥

M

T − t j ∈ κ−. (4.18)

Assuming Eq. (4.18), if gt ≥ ε2/2, then there exists j ∈ κ+ s.t. δj ≥ ε/
√

2 or some j ∈ κ−

s.t. δj ≤ −ε/
√

2, hence from (4.18) we can conclude our desired linear bound

E[(δt+1 − δt)′κ(δt)κ|Ft] ≤
−M
T − t .

Now let us prove (4.18). Let K0 be such that Rt ∈ NK0(Dt). Recall that σtj is the

indicator that a request j is served at time t. Since only requests in K0 may be served, we

have the identity E[I t+1] = pR + I t − E[AK0σtK0 ], which implies

E[Rt+1 −Rt] =
1

(T − t− 1)

(
Rt − AK0E[σtK0 ]

)
.

If B is the optimal basis for LP(Rt, D) and B̄ is optimal for LP(Rt+1, Dt+1), then we can

write the previous equation in vector form (adding n components)

E

B̄

yt+1

0

ut+1

− B

yt

0

ut


∣∣∣Ft
 =

1

T − t− 1
B


yt − E[σtK0 ]

0

x

 ,
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where x is set so that the equation is satisfied in the n new components. Now we can

multiply this equation by B−1 and use Lemma 4.5.4 (item 2) to conclude that, in components

j ∈ κ+ ∪ κ− we have

E[(yt+1 − yt)κ|Ft] =
1

T − t− 1
(yt − E[σtK0 ])κ. (4.19)

For j ∈ κ+ we use Lemma 4.4.2 to conclude that j is served whenever possible (the

request does not use resources low on inventory), hence E[σtj] = E[1{Jt=j or Qtj>0}] ≥ Dj. We

know θtj = 1
2
Dj and θt+1

j = 1
2
Dj (since κ̃ = κ according to Eq. (4.17)). From Eq. (4.19),

E[δt+1
j − δtj|Ft] =

1

T − t− 1
(ytj − E[σtj]) ≤

1

T − t− 1
(−Dj/2 + ε),

where we used ytj ≤ Dt
j/2 + ε for j ∈ κ+ (see Eq. (4.16)), and the fact E[σtj] ≥ Dt

j. This

gives Eq. (4.18) in the case for j ∈ κ+.

On the other hand, for j ∈ κ−, since j /∈ K0, from Eq. (4.19) we have

E[δt+1
j − δtj|Ft] =

1

T − t− 1
ytj ≥

1

T − t− 1
(Dj/2− ε),

where we used ytj ≥ Dj/2− ε (see Eq. (4.16)). This concludes the proof of Eq. (4.18).

Quadratic bound. Finally, we prove ||δt+1 − δt|| = O( 1
T−t). By Lemma 4.5.4 (item 1) we

have δt = (yt− 1
2
D)κ and δt+1 = (yt+1− 1

2
D)κ̃. Using Eq. (4.17), we have δt+1 = (yt+1− 1

2
D)κ.

It follows

||δt+1 − δt|| ≤ ||(yt − yt+1)κ||.

The term ||(yt − yt+1)κ|| is bounded by the Lipschitz continuity just as in the proof of

Eq. (4.17).

Theorem 4.5.5. Let K be the centroid such that E[R0] ∈ NK is such that maxl ψ
′
l(E[R0]−

rK) ≤ ε/2 and let τ ε
′,B

cone be as in Eq. (4.14). Then,

P[T − τ ε′,Bcone > `,R0 − AKZ̄T
K ∈ cone(NK(B, D))] ≤ θ1e

−θ2`,
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for some constants θ1, θ2 that do not depend on (T, I0).

Lemma 4.5.6. Fix K. Let K0 and K1 be two centroid neighbors of K. There exists ε′, δ > 0

such that: if ∃R such that d(R,NK(D)), d(R,NK0(D)), d(R,NK1(D)) ≤ ε′ then

1. K,K0, and K1 share a basis B: K0 = K ∪ κ+
0 \κ−0 and K1 = K ∪ κ+

1 \κ−1 with κ+
0 , κ

+
1 ⊆

K+(B) and κ−0 , κ
−
1 ⊆ K−(B).

2. R is in the strict interior of cone(K,B), i.e., for the vectors {ψl} characterizing

cone(K,B) as in Lemma 4.4.13, we have max` ψ
′
l(R− rK(D)) ≤ −δ.

Proof. Let us write K0 = K ∪ κ+
0 \κ−0 and K1 = K ∪ κ+

1 \κ−1 . Then, by the Lipschitz

continuity of the LP, if y solves LP(R,D), we must have that yj ≥ Dj/2−ε for all j ∈ κ+
0 ∪κ0

1

as well as yj ≥ Dj/2 − ε for all j ∈ κ−0 ∪ κ−1 . We must have yj ≤ ε for all j outside these

sets. Thus, R must be of the form

R = rK(D) +
1

2
Aκ+

0 ∪κ+
1
Dκ+

0 ∪κ+
1
− 1

2
Aκ−0 ∪κ−1 Dκ−0 ∪κ−1 ±Mε.

For the first item, assume by way of contradiction that the bases are different. That

is, K0 is generated (from K) by a basis B0 and K1 is generated by a basis B1 6=

B0. Let {ψ0
l } be the vectors characterizing cone(K,B0). Then, we must have that

maxl(ψ
0
l )
′(1

2
Aκ+

0 ∪κ+
1
Dκ+

0 ∪κ+
1
− 1

2
Aκ−0 ∪κ−1 Dκ−0 ∪κ−1 ) ≤ Mε . On the other hand, we claim that,

if there is j ∈ κ+
1 or j ∈ κ−1 such that j /∈ K+(B0) ∪ K−(B0) then we would have

maxl(ψ
0
l )
′(1

2
Aκ+

0 ∪κ+
1
Dκ+

0 ∪κ+
1
− 1

2
Aκ−0 ∪κ−1 Dκ−0 ∪κ−1 ) ≥ ζ minj Dj. The two previous inequalities

are a contradiction.

To see the claim, recall from Lemma 4.4.13 that the vectors defining cone(K,B), for some

generic B, correspond to neighboring centroids with |κ+|+ |κ−| = 1 and are such that

ψ[κ+, κ−]′Aj < 0, j ∈ K+(B), j 6= κ+ and ψ[κ+, κ−]′Aj > 0, j ∈ K−(B), j 6= κ−.

(4.20)
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Fix such a vector ψ[κ+, κ−] for cone(K,B0). From Lemma 4.4.13 we also have ψ[κ+, κ−]′Aj >

0 for all j ∈ (κ+)c ∪ κ+
1 and ψ[κ+, κ−]′Aj < 0 for any j ∈ (κ−)c ∪ κ−1 . This

last fact together with Eq. (4.20) imply ψ[κ+, κ−]′(1
2
Aκ+

0 ∪κ+
1
Dκ+

0 ∪κ+
1

) > ζ minj Dj and

ψ[κ+, κ−]′(1
2
Aκ−0 ∪κ−1 Dκ−0 ∪κ−1 ) < −ζ minj Dj, from here the claim follows.

For the second item we can assume B0 = B1 = B. Fix a vector ψ[κ+, κ−] defin-

ing cone(K,B). Then, it must be that either κ+ 6= κ+
0 ∪ κ+

1 or κ− 6= κ−0 ∪ κ−1 because

K0 6= K1. Thus, from Eq. (4.20), ψ[κ+, κ−]′Aκ+
0 ∪κ+

1
Dκ+

0 ∪κ+
1
≤ −ζ minj Dj. Similarly,

ψ[κ+, κ−]′(−Aκ−0 ∪κ−1 Dκ−0 ∪κ−1 ) ≤ −ζ minj Dj. In turn, we have that ψ[κ+, κ−]′(R − rK(D)) ≤

−2ζ minj Dj +Mε. This is negative for all ε sufficiently small.

Proof of Theorem 4.5.5. Throughout, K and the basis B are fixed. Also, we write

rK = rK(p). Recall that whenever E[R0] ∈ NK(p), we have the following bound from

Theorem 4.5.2

P[T − τ ε,Kregion > `] ≤ θ1e
−θ2` where τ ε,Kregion = inf{t ≤ T : d(Rt,NK(p)) ≥ ε}.

For each `, define the event Ω` := {T−τ ε,Kregion ≤ `} and observe that, by the previous, P[(Ω`)c]

is exponentially small. The event of interest is D := {T − τ ε,Bcone > `,M(B)} and hence it

suffices to bound P[D,Ω`].

Outline of the proof. We are left to bound the measure of D ∩Ω`. To do so, we consider

two cases. First, we assume that at most one action region other than NK(D) was visited;

this corresponds to the case where the process starts close to the boundary of the cone and

it is therefore the challenging case. Second, we assume that more action regions were visited;

we show that this only happens when the process is in the strict interior of the cone and has

a straightforward analysis.

First case (boundary). We assume that over the interval [1, τ ε,Bcone] only two action regions

are visited, NK(p) and NK0(p) for some neighbor K0. We will bound the measure of the
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desired event as follows. We define a process St with zero-mean increments and the following

properties:

S1 ≤ Tε/2 and ST ≤ 0 a.s. and τ ε,Bcone < T − ` =⇒ St > ε(T − t) for some t ∈ [1, T − `].

In other words, we define a process with negative drift, that starts bounded and ends negative

(initial and terminal conditions above), and it must grow larger than a linear target in order

to have τ ε,Bcone < T − `. Standard concentration arguments show that this happens with

exponentially low probability. We make this precise after we define the process St.

Let l0 be such that ψ′l0(Rt − rK) > ε at time t = τ ε,Bcone. In other words, the normal

vector ψl0 is the one that makes the condition maxl ψ
′
l(R

t − rK) ≤ ε fail. The normal ψl0

is defined by some κ+, κ− such that |κ+ ∪ κ−| = 1 (see Lemma 4.4.13). Since only two

action regions are visited, we claim that the other action region corresponds to the neighbor

K0 = K ∪ κ+ \ κ−. Indeed, the segment L = {αrK + (1 − α)rK0 : α ∈ [0, 1]} is completely

contained in NK(p) ∩ NK0(p) whenever |κ+| + |κ−| = 1, see Lemma 4.4.10. Furthermore, ε

is small enough so that L± ε ⊆ NK(p) ∩NK0(p), which proves the claim.

We have the inventory equation Is = I0 + Zs
R −AY s. Since (T − s)Rs = Is + (T − s)pR

and (T − s)rK = (T − s)AKpK,

Is − (T − s)rK = I0 + Zs
R − AY s − TrK + sAKpK

(T − s)(Rs − rK) = T (E[R0]− rK) + Ẑs
R − AY s + sAKpK (4.21)

where we have defined the centred process Ẑt
R := Zt

R − tpR. Over the interval [1, τ ε,Bcone] the

only requests accepted correspond to K ∪ κ+, hence Y s = Y s
K + Y s

κ+ . Additionally, all of the

requests in K \ κ− are accepted, hence Y s
K\κ− = Zs

K\κ− . Finally, by Lemma 4.4.13 we know

that ψl0 is orthogonal to the columns of A corresponding to κ+ and κ−, hence we have the

following identities

ψ′l0AY
s = ψ′l0AK\κ−Z

s
K\κ− and ψ′l0AKpK = ψ′l0AK\κ−pK\κ− .
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Defining the centred process Ẑt
J := Zt

J − tpJ and using the previous identities together with

Eq. (4.21) we have

(T − s)ψ′l0(Rs − rK) = Tψ′l0(E[R0]− rK) + ψ′l0(Ẑs
R − AK\κ−Ẑs

K\κ−) ∀s ≤ τ ε,Bcone.

From the previous equation, we can define the following process

St := Tψ′l0(E[R0]− rK) + ψ′l0(Ẑt
R − AK\κ−Ẑt

K\κ−), t ∈ [1, T ].

We have proved the following:

τ ε,Bcone < T − `⇐⇒ St > (T − t)ε for some t ∈ [0, T − `]. (4.22)

The process St has zero-mean increments. Furthermore, S0 = Tψ′l0(Rτε − rK) ≤ Tε/2 by

assumption. The remainder of the proof is showing ST ≤ 0. Using that ψl0 is orthogonal to

the columns Aκ− ,

ST = Tψ′l0(E[R0]− rK) + ψ′l0(ẐT
R − AKẐT

K)

= ψ′l0(I0 + ZT
R − AKZT

K),

In the event M(B) we have I0 + ZT
R − AKZT

K ∈ cone(K,B), hence we conclude ST ≤ 0.

From Eq. (4.22), we deduce the inequality

P[D,Ω`] = P
[
T − τ ε,Bcone > `,M(B),Ω`

]
≤ P

 ⋃
t∈[T−`]

{
St ≥ ε(T − t)

}
,max

l
STl ≤ 0

 ≤ θ1e
−θ2`,

for some θ1, θ2 > 0. The final bound follows from the analysis of a random walk crossing a

positive moving threshold conditional on being negative at the end of the horizon. This is

formally proved in Lemma C.2.1 in the appendix.

Second case (strict interior). Assume that over the interval [1, τ ε,Bcone] the process Rt visits

three or more action regions. This case corresponds to where the process is in the strict

interior of the cone. Indeed, by Theorem 4.5.2, the process Rt remains close to each action
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region visited. Formally, d(Rt,NKk(p)) ≤ ε for each Kk visited over the interval [1, T − `]

with probability θ1e
−θ2(T−`). By Lemma 4.5.6, it must be that Rt is far from the boundary

of the cone over the interval [1, T − `], which completes the proof.

Proof of Proposition 4.4.5. By Lemma 4.5.1 we have that the policy performs basic

allocation up to time τ ε
′,K

region ∧ τ ε
′,B

cone. From Lemma 4.4.14, the wastage is bounded by M(T −

τ ε
′,K

region ∧ τ ε
′,B

cone). Finally, from Theorems 4.5.2 and 4.5.5 we obtain that E[T − τ ε′,Kregion ∧ τ ε
′,B

cone] ≤

M .

4.6 A Tale of Two Objectives

The usual two metrics for measuring performance of algorithms are (1) high reward and (2)

small cost. These metrics are oftentimes at odds and it is a modeling choice to pursue one

over the other. We just proved that BudgetRatio is near-optimal in the sense of reward

maximization, now we prove that it can, at the same time, be cost minimizing.

In other words, we prove that, with suitably tuned parameters, BudgetRatio maintains

bounded regret while achieving—in a competitive ratio sense— the least holding cost among

all policies π that have regret o(T ).

If we identify requests with customers, then it is natural to assign holding costs to capture

the dissatisfaction of requests when queued. We also consider the case where inventory has

a holding cost, we show in Lemma 4.6.1 that inventory cost can be transformed to queue

costs.

Let c ∈ Rn
>0 be a vector of holding-cost coefficients: each period a request type j is not
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served, we incur a cost cj. The holding cost of a policy is

Cπc (T, I0) := EπI0

[
T∑
t=1

c ·Qt

]
,

In this section we assume that there is no restock and we adopt the following standard

asymptotic framework [78]: given a fixed inventory Ī0, we consider a sequence of instances

indexed by the horizon T such that the T -th instance has initial inventory I0
T = T Ī0.

The main result of this section is that we can tune BudgetRatio to obtain constant

regret and at the same time fluid optimality w.r.t. the previous cost. In order to do this, we

simply modify the threshold used by the algorithm. Specifically, in step 8 of Algorithm 5, a

request is accepted if yj ≥ 1
2
p̄j. We modify this rule to: accept whenever yj ≥ αTpj, where

now αT is a tuning parameter. With this simple modification we obtain the following result:

Proposition 4.2.7. Suppose that the deterministic relaxation LP(E[R0], D) has a unique

solution ȳ and that ȳj < pj for at least one j ∈ J . Then, Algorithm 5 with tuning parameter

αT = T−1/4 achieves simultaneously (1) constant regret for reward maximization and (2)

asymptotic optimality for cost minimization, i.e.,

lim inf
T↑∞

Eπ[
∑T

t=1 c ·Qt]

Eπ̂[
∑T

t=1 c ·Qt]
≥ 1 for any policy π with regret o(T ).

We focus on holding cost of requests, but all of our results apply to the case where

inventory has a holding cost too, as shown in the next result.

Lemma 4.6.1. Consider the inventory holding cost minimization, i.e., for some coefficients

h ∈ Rd
>0 we set the cost of a policy as

∑T
t=1 h · I t. This objective can be transformed to a

request holding cost minimization with cj := A′jh.

Proof. We have the inventory equation I t = I0−AY t, where Y t ∈ Nn represents the total

amount of each request served over the interval [1, t]. Furthermore, we have Qt = Zt − Y t.
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Figure 4.7: (LEFT) Regret of the two algorithms, we observe that the tuned version has
slightly higher regret, this is due to its aggressiveness (it accepts more frequently). (RIGHT)
Difference in cost of the two algorithms, we observe that the difference diverges as Ω(T 2),
i.e., the tuned algorithm has a superior performance by orders of magnitude with respect to
the cost metric (observe the scale is 106).

These two equations together imply I t = I0 − A(Zt −Qt), thus

T∑
t=1

h · I t = Th · I0 −
T∑
t=1

h′AZt +
T∑
t=1

h′AQt.

In terms of optimization, the first two terms are constant (cannot be affected by the con-

troller), hence minimizing inventory cost is equivalent to minimizing queue cost.

4.6.1 Numerical Demonstration

Before we give the proof of Proposition 4.2.7, we present a numerical study that clearly

shows the different behaviour of the tuned algorithm. Let us consider our guiding example

(see Section 4.3.1), which has n = 6 types and d = 2 resources. We assign costs cj = 1,

starting inventories Ia = 9, Ib = 11, and a horizon of T = 20 periods. We scale this system

by a factor k just as described at the beginning of this section.

In Fig. 4.7 we present the performance of the two algorithms (original and tuned). We

observe that the tuned algorithm has slightly higher regret, but it has a cost that scales at

a slower rate. Indeed, the difference in cost between the algorithms is Ω(T 2). In Fig. 4.8 we
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Figure 4.8: Queues maintained by the two algorithms. Queues for types j = 2 and j = 3
are maintained at zero by both algorithms, hence we do not plot them. We observe that the
queue for j = 4 (least desirable request) grows at the same linear rate for both algorithms,
this is because the reward maximizing policy completely rejects this type. Finally, the queue
for type j = 1 presents a different behaviour; it grows at a slower rate for the tuned algorithm,
hence accumulating less cost.

present the queues maintained by the two algorithms, where we can see that, for the type

j =, they grow at a different rate, thus explaining the difference in cost.

4.6.2 Analysis of the Tuned Algorithm

To prove Proposition 4.2.7, we define a lower bound C(c, ȳ, T ) for the holding cost of any

policy with regret o(T ), then show that, for any policy π with regret o(T ), we have:

lim inf
T↑∞

Eπ[
∑T

t=1 c ·Qt]

C(c, ȳ, T )
≥ 1. (4.23)

Finally, we show that BudgetRatio achieves this bound:

lim
T↑∞

Eπ̂[
∑T

t=1 c ·Qt]

C(c, ȳ, T )
= 1. (4.24)

The lower bound. We now proceed to construct the bound C(c, ȳ, T ). Let us recall the

139



deterministic linear relaxation at time 0

LP(E[R0], D) max v′x

s.t. Ay ≤ E[R0],

y ≤ E[D0],

y ∈ Rn
≥0.

Let ȳ be the LP’s solution. Recall that ȳj represents the fraction of requests j accepted,

hence ȳjT is a first-order proxy for number requests j that the optimal policy should accept.

Indeed, let us denote by Ỹ T
j the number of requests j accepted by the offline policy. It

follows from the Lipschitz continuity of LPs that Ỹ T
j = ȳjT + o(T ), hence any policy π that

has sub-linear regret has Eπ[Y T
j ] = ȳjT + o(T ). Let δsj,π = Eπ[Y s

j ] and qsj,π = Eπ[Qs
j ] then

qsj,π = pjs − δsj,π. The following LP is our lower bound for the (constrained) holding-cost

problem

C(c, ȳ, T ) := min
∑T

t=1 c · qt

s.t. qtj = pjt−
∑t

s=1 x
s
j t ∈ [T ], j ∈ J∑t

s=1 x
s
j ≤ pjt t ∈ [T ], j ∈ J∑T

t=1 x
t
j = ȳjT j ∈ J

xtj ≥ 0 t ∈ [T ], j ∈ J .

(4.25)

This problem has the following interpretation: the variables xtj represent how much of type-j

is accepted at time t, hence the first constraint is the fluid queue (expected arrivals minus

acceptance). The second constraint guarantees that the queues remain positive. Finally, the

third constraint imposes that the overall acceptance matches the deterministic relaxation.

Now we are ready to prove Proposition 4.2.7, we separate the proof in two parts (cost

and reward) and present the bound on the cost first.

Changes in the geometry. The centroid sets remain unchanged as they do not depend
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Figure 4.9: Action regions with different thresholds. On the left we use 0.5 and on the right
0.2. We observe that the structure of centroids and neighbourhoods is maintained. The
only difference introduced by the threshold is in the shape of the regions. Recall that, the
smaller the threshold, the more aggressive the policy (serves more frequently). Observe that,
for example, the region corresponding to {1, 2, 3, 4} (top-right) is larger under the threshold
0.2, i.e., request 4 is served in a larger part of the space, which is explained by the extra
aggressiveness of a smaller threshold.

on the choice of the threshold. Similarly, the optimal bases at a centroid and the centroid

neighbors also remain the same. By using the threshold αT instead of 1/2, the action regions

NK(D) and NK(D,B) get shifted, see Fig. 4.9. Specifically, in Lemma 4.4.10 (item 3), we

replace the statement with:

R ∈ NK(B, D) if and only if R = rK(D)+AK+xK+−AK−xK−+ b where xj ∈ [0, αTDj]

for all j ∈ K+ and xj ∈ [0, (1− αT )Dj] for all j ∈ K−.

As before, NK(D) = ∪BNK(B, D), where the union is over all bases optimal at the

centroid K. See Fig. 4.10 for an more detailed illustration of this “shifting”.

Proof of Proposition 4.2.7 (Item 1, Reward Maximization). The proof of our
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Figure 4.10: Changing the threshold from 1/2 to αT shifts the centroid neighborhood. For
example, the set NK(B, D) corresponding to K = {1, 2} changes from [p1 +p2, p1 +p2 +p3/2]
to [p1+p2, p1+p2+αTp3]. Observe that making the parameter α smaller makes the algorithm
more aggressive. Indeed, the centroids remain the same, but the boundary from [k] to [k+1]
is now easier to cross (to start accepting more requests), because all the midpoints shift to
left.

main result (bounded regret) remains mostly unchanged. We limit the argument here to

identifying steps in the proof of Theorem 4.5.2 and Theorem 4.5.5 where the threshold αT

plays a role and prove that those steps remain unchanged. For the remaining proofs we

replace the small constants ε, ε′ with their analogues εT = αT ε and ε′T = αT ε′. In particular,

the set Aε is replaced by the set AεT . Notice that concentration inequalities still guarantee

that TP[(AεT )c]→ 0 as T →∞.

The proof of Theorem 4.5.2. In the statement of Lemma 4.5.4 (used in the proof

of the theorem), the vector θK(y,D) is defined by (θK(y,D))j = αTDj for j ∈ κ+ and

(θK(y,D))j = (1− αT )Dj instead of (θK(y,D))j = Dj/2 for j ∈ κ+ ∪ κ−.
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In the drift bound in Eq. (4.18), we now have instead the conditions

E[δt+1
j − δtj|Ft] ≤

−αTM
T − t j ∈ κ+,

E[δt+1
j − δtj|Ft] ≥

αTM

T − t j ∈ κ−.

which then implies an updated version of the Lyapunov drift in Eq. (4.15):

E[gt+1 − gt|Ft] ≤ −
−ξT
T − t , whenever gt ∈ [ε/2, ε],

where ξT = MαT for some constant M . The concentration argument in [10, Theorem 3]

continues to hold for εT = εαT and ξT whenever εT , ξT shrink slower than 1/
√
T .

The proof of Theorem 4.5.5. This proof remains mostly unchanged with the exception

of replacing ε with εT as discussed before. We observe that the random walk in Lemma C.2.1

continues to produce an exponentially decaying tail as long as εT shrinks slower than 1/
√
T .

Proof of Proposition 4.2.7 (Item 2, Cost Minimization). We start with the lower

bound, i.e., Eq. (4.23). Fix a policy π and recall qs := Eπ[Qs], δsj = Eπ[Y s
j ], and xtj = E[Y t

j −

Y t−1
j ] ≥ 0 for t ∈ [T ] (with Y 0 = 0). The expected queue length satisfies qsj = pjs− δsj . Also,

qtj, x
t
j ≥ 0 for all t ∈ [T ]. Because the queue must be positive we also have

∑t
s=1 x

s
j ≤ pjt.

In turn, Eπ[
∑T

t=1 c ·Qt] ≥∑T
t=1 c · q̄t, for any pair q̄, x̄ ≥ 0 that satisfies these constraints

and has δ̄T =
∑T

s=1 x̄
s
j = δT (same total number of acceptances). Thus, we must have that

Eπ
[

T∑
t=1

c ·Qt

]
≥ C(c, δT/T, T ).

We make two claims: (i) ||Ỹ T − ȳT ||∞ = o(T ) and (ii) ||δT − ȳT ||∞ = o(T ), where Ỹ T

is the offline allocation and, recall, δT = Eπ[Y T ]. The first claim follows directly from the

Lipschitz continuity of LPs [84]. For claim (ii), from (i) and the fact that π has o(T ) regret,
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we conclude v′δT = v′ȳT + o(T ). Take a convergent subsequence of δT/T with limit ỹ. By

our previous equation, v′ỹ = v′ȳ and ỹ is feasible for LP (E[R0], D), hence ỹ = ȳ by our

uniqueness assumption, proving claim (ii).

Under the assumption that ȳj < pj for at least one j, we trivially have that C(c, ȳ, T ) ≥

ΓT 2 for some Γ > 0. By the Lipschitz continuity of LP in the right hand side, we have that

||q − q̄|| = o(T ) so that C(c, ȳ, T ) = C(c, δT/T, T ) + o(T 2). In particular,

lim inf
T↑∞

Eπ[
∑T

t=1 c ·Qt]

C(c, ȳ, T )
= lim inf

T↑∞

Eπ[
∑T

t=1 c ·Qt]

C(c, δTj /T, T )

C(c, δTj /T, T )

C(c, ȳ, T )
≥ 1,

which corresponds to the lower bound Eq. (4.23).

We now prove that BudgetRatio achieves the lower bound, i.e., Eq. (4.24). We start

with a simple observation about the structure of optimal solution to C(c, ȳ, T ). For every j

such that ȳj = pj, we have q̄tj = 0 for all t ∈ [T ]. For all j with ȳj < pj we let t0j := ȳjT/pj < T .

Then, xsj = pj for all s ≤ bt0jc; x
bt0j+1c
j = ȳjT − pjt0j and xtj = 0 for all t > bt0jc + 1. That is,

a type j is fully served up to some time t0j and then not served at all.

We claim that for each j, there exists a time τj such that:

(I) E[Y
τj
j ] = pjE[τj] + o(T ): most requests j are taken over the interval [1, τj].

(II) E[|τj − t0j |] = o(T ): τj is close to the deterministic time t0j

(III) E[Y T
j − Y

τj
j ] = o(T ): few requests j are taken after τj.

These properties are sufficient to prove Eq. (4.24). Indeed, (I) and (II) combined guaran-

tee that E[Y
t0j
j ] = pjt

0
j+o(T ). Since E[Y t

j ] ≤ pjt for all t, we must have that E[Y t
j ] = pjt+o(T )

for all t ≤ t0j so that E[Qt
j] = o(T ) for all t ≤ t0j . By (III), E[Y T

j − Y
t0j
j ] = o(T ) so that

E[Qt
j] = pj(t− t0j) + o(T ) for all t ≥ t0j . In conclusion, for all t ≥ 0, E[Qt]− q̄t = o(T ) so that

Eπ̂
[

T∑
t=1

c ·Qt

]
= C(c, ȳ, T ) + o(T 2).
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This then guarantees that

lim
T↑∞

Eπ̂[
∑T

t=1 c ·Qt]

C(c, ȳ, T )
= 1.

Now we prove properties (I)-(III) for BudgetRatio. We proceed in two cases: j ∈ K

and j /∈ K.

Case 1: j ∈ K. Let us define τj as the first time when the algorithm rejects j, i.e., the

first time the solution y to LP(Rt, p) has yj < αTpj. Let us also define τ = τ ε
′
T ,K ∧ τ ε′T ,B

to be the time when the process completely escapes the action region and the cone. From

Theorems 4.5.2 and 4.5.5 we have the properties E[T − τ ] = O(1) and E[Y T − Y τ ] = O(1).

On the other hand, from our main result Theorem 4.2.3 we have E[Ỹ T −Y T ] = O(1). Recall

that up to time τ we perform basic allocation, hence if we denote B the optimal offline basis,

we have the inventory equation I t = I0 − BY t for all t ≤ τ . Using the inventory equation

for times τj and τ we have

B(Y τ − Y τj) = (T − τ)(Rτj −Rτ ) + (τ − τj)Rτj .

From this equation we claim Y τ
j − Y

τj
j = o(T ). To see this, recall that the solution y

to the LP is B−1Rt and by definition of τj we have yj ≤ αTpj, hence the second term

is (τ − τj)R
τj = o(T ). The first term is bounded by Theorem 4.5.2 (see also Remark

4.5.3), where we proved that the process Rt remains close to any boundary it hits, i.e., from

Theorem 4.5.2 we deduce ||Rτj −Rτ || ≤ εT = εαT , finishing the proof of our claim.

From here properties (I)-(III) are straightforward algebraic checks. For (I), since all

requests j are accepted up to τj, E[Y τj ] = E[Zτj ] = pjE[τj]. For (III), since E[Y T − Y τ ] =

O(1) (Theorems 4.5.2 and 4.5.5) and we just proved the claim Y τ
j −Y

τj
j = o(T ), the property

holds. For (II), since Ỹ T − Y τ = O(1) and Ỹ T
j − T ȳj = o(T ), from our claim we obtain

Y
τj
j − T ȳj = o(T ). Since, by definition, t0j = ȳjT/pj and E[Y

τj
j ] = pjE[τj], we get the result.

Case 2: j /∈ K. Set τj = 0 and notice that, in this case, ȳj < αTpj, which implies
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Ỹ T
j = T ȳj + o(T ) = o(T ). By our main result Y T − Ỹ T = O(1), hence Y T = o(T ). Finally,

since t0j = ȳjT/pj = o(T ), all properties (I)-(III) follow directly.

4.7 Robustness with respect to primitives

4.7.1 Demand pertrubations

Suppose that, instead of knowing the distribution p exactly, we have an estimate p̃ 6= p.

In this section, we quantify how close p̃ needs to be to p so that the algorithm using the

estimate p̃ still has constant regret. Crucially, the measure of closeness follows directly from

our geometric analysis and it is captured by centroid budgets.

For two centroids K,K′, we define their separation as

dmin
p (K,K′) := min

i∈[d]
|(rK(p)− rK′(p))i| .

Intuitively, dmin
p measures the separation of the “true centroid budgets”, i.e., centroid budgets

under the true distribution p. We present an illustration of the action regions for p and p̃ in

Fig. 4.2.

Proposition 4.2.5. Let p be the true underlying distribution and let δ =

minK6=K′ dmin
p (K,K′). Then, for any distribution p̃ such that

max
K
||rK(p)− rK(p̃)||∞ ≤

δ

4
,

BudgetRatio, with the LP solved each period with p̃ replacing p, produces bounded regret

in the sense of Theorem 4.2.3.

Proof. Observe that all of our constructions NK(D) and NK(D,B) are for arbitrary D.

On the other hand, cones do not depend on the probability distribution. With the previous
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facts, and under our assumptions, it can be verified that all of our results hold with D = p̃.

Indeed, we have that rK(p) ∈ NK(p̃) and the proof Theorem 4.5.2 goes through with the

region being NK(p̃) (instead of NK(p)). Similarly, the proof of Theorem 4.5.5 remains the

same.

Example 4.7.1 (One Dimension). The separation condition in Proposition 4.2.5 is rather

intuitive in the one dimensional case. Recall that, in this case, centroids are of the form [j]

so that

δ = min
j=1,...,n−1

e′[i+1]p[i+1] − e′[i]p[i] = min
j
pj,

where we define [0] := ∅. Then, the condition of Proposition 4.2.5 requires that the estima-

tion p̃ is such that ∣∣∣∣∣
j∑

k=1

pj − p̃j
∣∣∣∣∣ ≤ mink pk

4
∀j ∈ [n].

In particular, this is satisfied if the estimation is such that ||p − p̃||∞ ≤ mink pk
4n

, but the

condition weaker than this last requirement.

Learning Setting (Contextual Bandits with Knapsacks). Our robustness result di-

rectly implies O(log T ) regret for the setting where p needs to be learned online. In this

problem, requests types are usually called contexts, and the controller needs to make de-

cisions while learning the correct probabilities. Precisely, p is unknown, but the controller

observes the context j ∈ [n] at each time, hence he can estimate it by the empirical averages

p̂tj = 1
t

∑t
τ=1 1{Jτ=j}, where Jτ is the random arrival at τ . We get the following result.

Corollary 4.7.2 (Learning Demand Distribution). Assume the separation condition in

Proposition 4.2.5. Then, we can obtain O(log T ) regret in the case that the probabilities p

are unknown.

Proof. Fix the constant ε = δ
4n

. If we have an initial exploration phase of length c log T , for

some c = c(ε) > 0, where all requests are rejected, then the empirical p̂t is s.t. ||p− p̂t|| ≤ ε
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for all t ≥ c log T with probability 1
T

. After time c log T we run BudgetRatio and obtain

constant regret in the remaining periods in virtue of Proposition 4.2.5.

4.7.2 Reward perturbations

We turn to the setting where the values v are not known, i.e., the reward vj for accepting a

request j is estimated by ṽj 6= vj. We quantify how good our estimation needs to be so that

BudgetRatio using the estimates ṽ maintains constant regret.

In this case, it is known that a separation is required for the one-dimensional case (see also

Example 4.7.5 below), but their condition is based on ranking the requests by reward, which

is inherently one-dimensional. We show that our geometric analysis directly informs the

necessary condition for multiple dimensions in terms of stability of centroids. Our condition

makes centroids invariant to small perturbations of v by enforcing something stronger than

complementary slackness.

Reminder of complementary slackness. In our setting, there are d constraints of the

form Ay + s = R, which correspond to resources, and n constraints of the form y + u = D,

corresponding to demand. Therefore, we have d + n dual variables and an optimal primal-

dual pair (y, λ) ∈ Rn × Rd+n satisfies the following complementarity: si > 0 ⇒ λi = 0,

uj > 0 ⇒ λj = 0, and, from the dual constraints, ([A′|In]λ)j > vj ⇒ yj = 0. There is

the possibility that, for yj non-basic (in particular yj = 0), we have ([A′|In]λ)j = vj, i.e.,

complementarity is not strict. This creates a fundamental problem, since it is not possible

to distinguish whether or not yj is basic (see Example 4.7.4).

We now give our definition of separation which allows us to establish the robustness result

below. Recall that we associate to v the extended value vector v̄ := (v, 0, 0) ∈ Rn×Rn×Rd,
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where the zeros correspond to unmet and surplus variables.

Definition 4.7.3 (δ-Complementarity). Let B be a basis and λ the dual variables asso-

ciated to (B, v), i.e., λ = (B−1)′v̄B. We say that B is δ-complementary if (i) λi ≥ δ for i s.t.

si /∈ B, (ii) λj ≥ δ for j s.t. uj /∈ B, and (iii) (Ā′λ)j ≥ vj + δ for j s.t. yj /∈ B.

Proposition 4.2.6. Let v be the true values let δ be such that all the bases are δ-

complementary. Then, there exists a constant c ≥ 1 such that, for any estimation ṽ that

satisfies

||v − ṽ||∞ ≤
δ

c(d+ 2)
,

BudgetRatio, with the LP solved each period with ṽ replacing v, produces bounded regret

in the sense of Theorem 4.2.3. Furthermore c ≤ maxB||B−1||∞.

Proof. Fix a basis B associated to some centroid K under values v. Let λ be the dual

variables associated to (B, v). Recall that, by Lemma 4.4.1, we know that λ ≥ 0 and

Ā′λ ≥ v. We first prove that B is also an optimal basis associated to K under values ṽ.

In virtue of Lemma 4.4.1, it suffices to show that the dual variables λ̃ associated to (B, ṽ)

satisfy (i) λ̃ ≥ 0 and (ii) Ā′λ̃ ≥ ṽ.

Using complementary slackness, the d+n dual variables are the solution to the following

d+ n linear equations:

([A′|In]λ̃)j = ṽj j s.t. yj ∈ B

λ̃j = 0 j s.t. uj ∈ B

λ̃i = 0 i s.t. si ∈ B.

Observe that the left-hand side of the equations is invariant (depends on A,B only). We

thus can write Hλ̃ = h̃ and note that the same system is satisfied with λ, i.e., Hλ = h,

with (h− h̃)j = (vj − ṽj)1{yj∈B}. Finally, by the Lipschitz continuity of linear systems [84],
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we have that ||λ − λ̃|| ≤ c||h − h̃||. It remains to conclude the properties (i) λ̃ ≥ 0 and (ii)

Ā′λ̃ ≥ ṽ.

For (i), from the system Hλ̃ = h it follows that we only need to study the case uj /∈ B

or si /∈ B. In this case, by δ-complementarity, we are guaranteed λ̃ ≥ δ − c||h − h̃||∞ ≥ 0,

as desired. For (ii), by the same reasoning, we need to study only the dual constraints

([A′|In]λ̃)j ≥ ṽj for yj /∈ B. Let us denote η the j-th row of [A′|In]. By δ-complementarity,

we have

([A′|In]λ̃)j = ηλ̃ ≥ δ + vj + η(λ̃− λ) ≥ vj + δ − (||Aj||1 + 1)c||v − ṽ||∞ ≥ 0.

We have proved that all centroids and their bases remain the same under ṽ. We conclude

now the proof by observing that all of our constructions depend on identifying the centroids

only and the values v are used nowhere else, thus none of our proofs change.

Example 4.7.4 (One Dimension). We show that, in the case d = 1, δ-complementarity

reduces to the following natural condition: vj ≥ δ for all j ∈ [n] and |vj − vj′| ≥ δ for

all j 6= j′. In other words, δ-complementarity captures exactly the condition needed to

distinguish among requests.

The primal and dual problems are as follows, where λ0 denotes the resource multiplier

and λj the demand multipliers for j ∈ [n]:

max v′y

s.t.
∑

j yj + s = R

y + u = D

yj, uj, s ≥ 0

min Rλ0 +
∑

j Djλj

s.t. λ0 + λj ≥ vj ∀j ∈ [n]

λ0, λj ≥ 0.

Consider a basis of the form B = {yj : j = 1, . . . , k + 1} ∪ {uj : j = k + 1, . . . , n}, i.e., all

requests j ∈ [k] are completely served, j = k+1 is partially served, and all other requests are

completely rejected. By inspection, the dual variables associated to this basis are as follows:

λ0 = vk+1, λj = vj − vk+1 for j ∈ [k] and λj = 0 for j > k.
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Finally, we can verify conditions (i)-(iii) of Definition 4.7.3. For (i), we need vk+1 ≥ δ.

For (ii), we need vj − vk+1 ≥ δ for j ∈ [k]. Finally, for (iii) vk+1 ≥ vj + δ for j = k+ 2, . . . , n.

This shows that indeed the proposed condition guarantees δ-complementarity.

Example 4.7.5 (Necessity of Separation). Consider the case d = 1 with two patient

requests types. The optimal policy waits till the end and chooses just one type, the one with

maximum reward, and allocates all the inventory to that type. Assume in this context that

rewards are not observed, but all we have is access to the estimation ṽ. If ṽ1 < ṽ2, in the

absence of separation, it can be that v1 > v2 or v1 < v2, so that the optimal policy cannot

obtain constant regret even in this simple case.

Learning Setting (Contextual Bandits with Knapsacks). Our robustness result di-

rectly implies O(log T ) regret for the setting where v needs to be learned online. In this

problem, the controller needs to make decisions while learning the correct values v. Precisely,

we assume that type-j draws a reward Vj ∼ Fj, where Fj is some unknown distribution, and

vj = E[Vj] represents the true expectation. At each time, the controller observes the context

j ∈ [n] and, if he serves the request, he observes a realization of Vj, thus he can estimate v

with the empirical averages v̂tj. We get the following result.

Corollary 4.7.6 (Learning Reward Distribution). Assume the separation condition in

Proposition 4.2.6. Further, assume that the distributions Fj are sub-gaussian, but otherwise

unknown and arbitrary. Then, we can obtain O(log T ) regret in the case that the expectations

v are unknown.

Proof. Fix the constant ε = δ
c(d+2)

. If we have an initial exploration phase of length

c′ log T , for some c′ = c′(ε) > 0, where all requests are accepted, then the empirical v̂t is s.t.

||v− v̂t|| ≤ ε for all t ≥ c log T with probability 1
T

. After time c log T we run BudgetRatio

and obtain constant regret in the remaining periods in virtue of Proposition 4.2.6.
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4.8 Interpretation of BudgetRatio as a max-bid-price control

Bid-price heuristics are popular due to their intuitive interpretation. There are several

examples where these policies achieve good provable performance; see [102] for asymptotic

results and [28] for a broader overview of bid-prices in the context of revenue management.

In a setting with multiple resources, a bid-price policy is described as follows: at time t

compute a vector λt ∈ Rd
≥0 of resource prices, then reject an arrival type j iff its reward is

below the combined price of requested resources, i.e., reject j iff vj < A′jλ
t.

We show below that an enhanced version of bid-price achieves constant regret. The main

insight is that we need to consider the maximum of several prices.

Recall that we say a basis B is associated to a centroid K if B is optimal at the centroid

budget (Definition 4.4.9) and the dual variables associated to a basis B are λ = (B−1)′v̄B

(Definition 4.7.3). To define bid-prices, we identify the centroid K such that Rt ∈ NK(p),

then we define

Λt(Rt) := {λ : λ are duals associated to B for some basis B associated to K}.

At each time t, we compute this set of prices Λt(Rt) ⊆ Rd
≥0 and use the following decision

rule:

Accept a type-j request if vj ≥ maxλ∈Λt(Rt)A
′
jλ and Bt ≤ Aj. Reject the request

otherwise.

In Fig. 4.11 we show the action regions and their interpretation as max-bid-price.

Proposition 4.8.1. Assume that all the bases are δ-complementary (Definition 4.7.3) for

some δ > 0. Then, BudgetRatio is equivalent to max-bid-price.
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Figure 4.11: Action regions with the associated bid-prices. Every centroid K 6= ∅, {1, 2} has
two vectors of shadow prices with components (λa, λb). For example, if Rt ∈ N{1} (bottom
region), then the decision rule is to reject if vj < (4, 4)′Aj or vj < (0, 5)′Aj.

Proof. We prove that the decision rule with this set of prices is the same as BudgetRatio.

We divide the analysis into j ∈ K (acceptance) and j /∈ K (rejection). The case j ∈ K follows

easily since, at the centroid budget rK, yj = pj > 0 for all bases B associated to K, so by

complementary slackness vj ≥ A′jλ for any such associated dual variable.

We are left to prove the case j /∈ K. First, we claim that some basis B is such that

yj /∈ B. Assuming this claim, δ-complementarity yields vj < A′jλ− δ, so that j fails the test

with the λ associated to this basis. All that remains is proving the claim.

Assume by contradiction that j /∈ K is such that yj ∈ B for all bases associated to K.

Since K 6= ∅, we have rK 6= 0. Recall that NK(D) = ∪BNK(D,B), i.e., NK(D) is divided

into finitely many regions. Therefore, we can take a direction η such that rK ± η is in the

interior of these regions (if rK + η lies in a boundary, a perturbation will be in the interior

because there are finitely many boundaries).

In conclusion, for some bases B,B′ we have rK + η ∈ interior(NK(B, D)) and rK − η ∈
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interior(NK(B′, D)). Observe that, in the interior of a region, all the basic variables are

strictly positive. Since yj ∈ B,B′, it must be that the solutions y+ and y− at ratios rK + η

and rK − η have y+
j , y

−
j > 0. This is a contradiction with the fact yj = 0 at the centroid

budget rK.

The way we construct Λt may suggest that we need to pre-compute all bases associated

to all centroids, but this is not the case. Indeed, it suffices to pre-compute the duals for

the initial centroid (i.e., such that R0 ∈ NK(p) and) and its immediate neighbors; by our

analysis, up to τ ε
′,K
region ∧ τ ε

′,B
cone the process Rt remains in these sets.

4.9 Discussion

We developed a geometric understanding of the structure of a large family of linear pro-

grams. This understanding allows us to prove optimality guarantees for a family of resource

allocation problems, which we call RAN and includes, in particular, online packing and

assembly.

Our fundamental definition is that of centroids, which correspond to subsets of requests

that should be fully served. For each demand D, a centroid K has associated a regionNK(D).

The key to the analysis is to understand how the process of ratios Rt evolves relative to these

regions NK(D) and show that it is attracted to the correct region (that used by the offline

controller).

Our geometric understanding allows us not only to prove constant regret, but also to

obtain the following robustness results:

1. Queues: BudgetRatio is resilient to the dynamics of the queues. Indeed, they can

154



be ignored and still have a near optimal performance, even though the optimal policy

may interact in a complicated way with the queues.

2. Cost minimization: we showed that a simple tuning of BudgetRatio achieves simul-

taneously near optimality with respect to reward maximization and cost minimization.

3. Demand estimation: we showed that, if the arrival probabilities p are estimated within

a constant error, BudgetRatio still achieves constant regret.

4. Reward estimation: we showed that, if the values v, corresponding to the reward

of serving requests, are estimated within a constant error, BudgetRatio achieves

constant regret. Crucially, using the notion of centroids, we give a straightforward

generalization to multiple dimensions that was not possible with previous techniques.
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CHAPTER 5

BELLMAN INEQUALITIES

5.1 Introduction

Online decision-making under uncertainty is widely studied across a variety of fields, in-

cluding operations research, control, and computer science. A canonical framework for such

problems is that of Markov decision processes (MDP), with associated use of stochastic dy-

namic programming for designing policies. In complex settings, however, such approaches

suffer from the known curse-of-dimensionality; moreover, they also fail to provide insights

into structural properties of the problem: the performance of heuristics, dependence on

distributional information, etc.

The above challenges have inspired an alternate approach to MDPs based on the use of

benchmarks (such as offline/prophet and fluid relaxations). These are proxies for the value

function that provide bounds for the optimal policy, and guide the design of heuristics. The

performance of any policy can be quantified by its additive loss, or regret, relative to the

benchmark; this consequently also bounds the additive optimality gap, i.e., performance

against the optimal policy.

In this work, we develop new benchmark-driven policies for online resource allocation

problems – settings where a finite set of resources are dynamically allocated to arriving re-

quests, with associated constraints and rewards/costs. Our baseline setting is the online

stochastic knapsack problem (henceforth OnlineKnapsack): a controller has an initial re-

source budget, and requests arrive sequentially over a horizon. Each arriving request has a

random type corresponding to a resource requirement-reward pair. Item types are generated

from some known stochastic process, and are revealed upon arrival; the controller must then
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decide whether to accept/reject each request, in order to maximize collected rewards while

satisfying budget constraints.

We consider three variants of this basic setting: (1) online probing, (2) online contextual

bandits with knapsacks, and (3) dynamic pricing. The formal models for these settings are

presented in Section 5.2; each setting augments the baseline OnlineKnapsack with additional

constraints/controls, and the problems are widely-studied in their own right. Instead of

solving each problem in an ad-hoc manner, however, our policies are derived from a single

underlying framework. In particular, our results can be summarized as follows:

Meta-theorem Given an online resource allocation problem, we identify an offline bench-

mark and specify a simple online policy – based on solving a tractable optimization problem

in each period – that achieves a constant regret compared to this benchmark, (and hence,

bounded additive gap versus the optimal policy).

In more detail, our approach is based on adaptively constructing a benchmark that has

privileged (but not necessarily full) information about future randomness. This can be

viewed as an online primal-dual method, wherein our benchmark serves as a dual solution,

which we then use to construct a feasible online policy. The centrepiece of our approach are

the Bellman Inequalities, which decompose the regret of an online policy into two distinct

terms: The first, which we call the Bellman Loss, arises from computational considerations,

specifically, from requiring that the benchmark is tractable (instead of a dynamic program,

which is usually intractable); The second, which we call the Information Loss, accounts for

the unpredictability of the sample path, i.e., the random trajectory. Our policies trade off

these two losses to produce strong performance guarantees.

Our framework is flexible in allowing benchmarks with varying degrees of coarseness.

To understand why this is important, consider two common benchmarks for the dynamic
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pricing problem, wherein each request has a random valuation for an item and we must

post prices for our inventory. One common benchmark, known as the offline or prophet,

is based on a controller that has full information of all the randomness; it is easy to show

that no online policy can get better than Ω(T ) regret against this benchmark where T is

the decision, see Example 5.3.2. An alternate benchmark, known as the ex ante or fluid,

corresponds to replacing all random quantities with their expected values; again here, no

online policy can get better than Ω(
√
T ) regret against this benchmark [10]. Our approach

allows us to identify benchmarks which have O(1) regret for all our settings.

Prophet and fluid benchmarks are also widely used in adversarial models of online allo-

cation, leading to algorithms with worst-case guarantees. In contrast, our work focuses on

stochastic inputs, and consequently obtains much stronger guarantees. In particular, our

guarantees are parametric and depend explicitly on the distribution and the primitives, i.e.,

constant parameters defining the instance.

5.2 Setting and Overview of Results

5.2.1 Problem Settings and Results

We illustrate our framework by developing low-regret algorithms for the following problems:

Online Stochastic Knapsack. This serves as a baseline for our other problems. The

controller has an initial resource budget B, and items arrive sequentially over T periods.

Each item has a random type j which corresponds to a known resource requirement (or

‘weight’) wj and a random reward Rj. In period t = T, T − 1, . . . , 1 (where t denotes the

periods to go), we assume the arriving type is drawn from a finite set [n] from some known

158



distribution p = (p1, . . . , pn). At the start of each period, the controller observes the type

of the arriving item, and must decide to accept or reject the item. The expected reward

from selecting a type-j item is E[Rj] so that maximizing the expected collected rewards is

equivalent (in terms of optimal actions) to a setting where type-j items bring a deterministic

reward rj = E[Rj].

Online Probing. The controller – who knows the type of an arriving request, but not

the realization of the reward Rj – now has the option to probe each request to observe the

realization, and then accept/reject the item based on the revealed reward. The controller

can also choose to accept the item without probing; in this case, the decision must be based

on the distribution of Rj only. In addition to the resource budget B, the controller has an

additional a probing budget Bp that limits the number of arrivals the controller can probe.

This introduces a trade-off between depleting the resource budget B and the probing budget

Bp. We assume in this setting that Rj has finite support {rjk}k∈[m] of size m, and define

qjk := P[Rj = rjk] for k ∈ [m].

Dynamic Pricing. The controller has an initial inventory B ∈ Nd for d different resources.

The arrival in each period t corresponds to a customer who wants a specific subset of resources

and has some private valuation Rt for the allocation. Specifically, there are n different types

of customers with consumption encoded in a matrix A ∈ {0, 1}d×n. Upon arrival, we observe

the type j ∈ [n] and then post a price (fare) f from the finite set {fj1, . . . , fjm}. After

the price is posted, the customer draws Rt ∼ Fj and purchases iff Rt > f . The valuation

functions (Fj : j ∈ [n]) are known, but otherwise arbitrary.

Online Contextual Bandits with Knapsacks. We return to the OnlineKnapsack set-

ting, with horizon T , capacity B, and finite types [n] where items of type j ∈ [n] have weight

wj and random reward Rj. Now however the controller is unaware of the distribution of Rj,

and must learn E[Rj] from observations. At every period t, the controller observes the type
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j (i.e., context) of the arriving item and must decide to accept or reject the item based on

the observations of rewards up to time t. We consider two feedback models: full feedback

where the controller observes Rj regardless of whether the item is accepted or rejected, and

censored feedback where the controller only observes rewards of accepted items. For this

setting, we also assume that the rewards Rj have sub-Gaussian tails [27, Section 2.3].

Benchmarks and guarantees. The framework we develop, which we denote as rabbi (Re-

solve and Act Based on the Bellman Inequalities, see Section 5.3.2) is based on comparing

two ‘controllers’: Offline, who takes the optimal action given access to future information,

and a non-anticipative controller Online who tries to follow Offline.

Both Online and Offline start in an initial state ST , i.e., the same initial level of

budget. We denote voff as the expected total reward collected by Offline acting optimally

given its information structure; this is given by a Bellman equation that takes into consider-

ation the extra information. In contrast, Online uses some non-anticipative policy π that

maps the current state to an action, resulting in a total expected reward von
π . We denote by

πR the online policy produced by our rabbi framework. The expected regret relative to an

offline benchmark is defined as

E[Reg] := voff − von
πR
≥ max

π
von
π − von

πR

The last inequality, which follows from the fact that von
π ≤ voff for any pair of benchmark

and online policies, emphasizes that the regret is a bound on the additive gap w.r.t. the best

online policy.

For all the above problems, we use the rabbi framework to identify a benchmark (fully

specified in each section) and obtain the following guarantees. For the OnlineKnapsack, our

result is a re-statement of a theorem proved in [10] and Chapter 3; we recover it here to

build intuition for our general framework.
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Theorem 5.2.1 (Baseline Setting [10] and Chapter 5). For known reward distributions

with finite mean, rabbi obtains regret that depends only on the primitives (n,p, r,w), but

is independent of the horizon length T and resource budget B.

In the case where rewards are deterministic, the benchmark used in Theorem 5.2.1 for

the baseline OnlineKnapsack is the natural full-information prophet. In the remaining

settings (pricing, probing, and bandits), however, the full-information benchmark is too

loose to get constant regret policies, i.e., no online policy can get close to that benchmark,

see Example 5.3.2. This is where our framework helps in guiding the choice of the right

benchmark. In particular, in the remaining settings, we get the following results.

Theorem 5.2.2 (Probing). For reward distributions with finite support of size m, rabbi

obtains regret that depends only on (n,m,q,p, r), but is independent of the horizon length

T , resource budget B and probing budget Bp.

Theorem 5.2.3 (Dynamic Pricing). For any reward distributions (Fj : j ∈ [n]) and

prices f , rabbi obtains regret that depends only on (A, f , F1, . . . , Fn), but is independent of

the horizon length T and initial budget levels B ∈ Nd.

We define a separation parameter δ = minj 6=j′ |E[Rj]/wj − E[Rj′ ]/wj′| for the bandits

setting; this is only for our bounds, and it is not known to the algorithm.

Theorem 5.2.4 (Contextual Bandits with Knapsacks). Assuming the reward distri-

butions are sub-Gaussian, in the full feedback setting, rabbi obtains regret that depends only

on the primitives (n,p, r,w, δ) and is independent of the horizon length T and knapsack

capacity B.

The last result can also be used as a black-box for the censored feedback setting to get

an O(log T ) regret guarantee. The statement of the result (Corollary 5.6.4) requires some

building blocks that we introduce in Section 5.6.5.
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We provide explicit regret bounds for each of the above results in terms of the problem

primitives. Note however that the algorithms in Theorems 5.2.2 to 5.2.4 enjoy constant-regret

guarantees – in particular, the algorithms are near optimal (up to additive constants) in any

regime where T,B are ω(1), keeping other problem primitives fixed.

5.2.2 Overview of our Framework

We develop our framework in the full generality of MDPs in Section 5.3. To give an overview

and gain insight into the general version, we use the baseline OnlineKnapsack as a warm-up,

using our framework to recover the results in [10]. A schema for the framework is provided

in Fig. 5.1.

In the OnlineKnapsack problem, at any time-to-go t, let Zj(t) ∈ N denote the (random)

number of type-j arrivals in the remaining t periods. Recall rewards of type-j arrivals have

expected value rj := E[Rj]. We define Offline to be a controller that knows Z(t) for all t in

advance. The total reward collected by Offline can be written as an integer programming

problem

V (t, b|Z(t)) = max
xa∈Nn

{r′x : w′xa ≤ b,xa ≤ Z(t)} = max
xa,xr∈Nn

{r′xa : w′xa ≤ b,xa + xr = Z(t)}.

(5.1)

We use the notation |Z(t) to emphasise that, given the knowledge of Z(t), Offline computes

the value for any (t, b). For every j, the variables xa,j, xr,j represent action summaries : the

number of type-j arrivals accepted and rejected, respectively. This function V is Offline’s

value (see Fig. 5.1).

Offline’s value and policy can also be represented via Bellman equations. Specifically,

at time-to-go t, assuming the controller has budget b at the start of the period, and the
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arriving type is ξ, the value function and optimal actions are given by the Bellman equation

V (t, b|Z(t)) = max
{[
rξt + V

(
t− 1, b− wξt|Z(t− 1)

)]
1{wξt≤b}, V

(
t− 1, b|Z(t− 1)

)}
, ∀t, b, ξt.

Offline Value Offline Controls

Online Policy

ϕ based on problem structure

ϕ̂ based on ϕControls based on ϕ̂

(I)

(II)(III)

Figure 5.1: In our framework, we first define Offline’s value function by specifying its
access to future information. Next, we identify a relaxation ϕ for Offline’s value under
this same information structure (step I), such that ϕ approximates Offline’s policy in a
tractable way. Next, we introduce a non-anticipative proxy ϕ̂ which serves as an estimate
for ϕ, and use it to design online controls (step II). Finally, the resulting online policy is
evaluated against Offline’s value (step III).

Next consider the linear programming relaxation for V (t, b)

ϕ(t, b|Z(t)) := max
xa,xr≥0

{r′xa : w′xa ≤ b,xa + xr = Z(t)},

It is clear that ϕ approximates V up to an integrality gap. However, ϕ does not obey

a Bellman equation. To circumvent this, we introduce the notion of Bellman Inequalities,

wherein we require that ϕ satisfies Bellman-like conditions for ‘most’ sample paths. Formally,

for some random variables LB, we want ϕ to satisfy

ϕ(t, b|Z(t)) ≤ max
{[
rξt + ϕ

(
t− 1, b− wξt |Z(t− 1)

)]
1{wξt≤b}, ϕ

(
t− 1, b|Z(t− 1)

)}
+ LB(t, b).

Note that, if E[LB(t, b)] is small, with expectation taken over Z(t), then ϕ ‘almost’

satisfies the Bellman equations. We henceforth refer to ϕ as a relaxed value for V and LB

the Bellman Loss. The term LB is related to the Bellman error used in ADP, except that

we require only an upper bound on it, since the exact Bellman error is also intractable.
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The main advantage of this ϕ is its tractability. On the other hand, using ϕ as a bench-

mark to design an online policy can induce an error because it is not Offline’s value

function; this is quantified by the Bellman Loss, as it arises due to violations of the Bellman

equations.

Establishing that actions derived from ϕ are nearly optimal for Offline accomplishes

step (I) of our framework, as illustrated in Fig. 5.1. For step (II), we want to design an

online policy that tries to guess Offline’s actions by estimating ϕ based on the current

information. A natural estimate is obtained by taking expectations over future randomness

to get

ϕ̂(t, b) := max
ya,yr≥0

{r′ya : w′ya ≤ b,ya + yr = E[Z(t)]}.

We want to emphasise that ϕ̂ does not approximate V or ϕ up to a constant error (see

Chapter 3), hence ϕ̂ should not be interpreted a as a value function approximation; however,

ϕ̂ can be used as a predictor for the action taken by Offline. Specifically, at time t with

current budget b, in rabbi we first compute ϕ̂(t, b) and then interpret the solution y as

scores for each action (here, accept/reject). We show that taking the action with the highest

score (i.e., action argmaxu∈{a,r}{yξt,u}) guarantees that that Online and Offline play the

same action with high probability. Whenever Offline and Online play different actions,

then we incur a loss; we refer to this as the information loss, as it quantifies how having

less information impacts Online’s actions. This process of using ϕ̂ to derive actions is

represented as step III in Fig. 5.1.

The above three-step process forms a template for our general framework in Section 5.3.2.

For all the four problems introduced in Section 5.2.1 (Theorems 5.2.1 to 5.2.4), our approach

produces similar policies, wherein we choose an Offline benchmark, identify a relaxed value

ϕ which takes the form of an optimization problem, and create an online policy based on an

estimate ϕ̂. Due to this structure, we refer to our framework as rabbi (Re-solve and Act
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Based on Bellman Inequalities).

In all the problems we consider, we decompose the regret into two distinct sources : the

Bellman Loss arising from using the relaxation ϕ instead of Offline’s value-function, and

the Information Loss arising from estimating ϕ using ϕ̂. The former is a loss arising from

the need for computational tractability, while the latter is inherent to the randomness in the

problem.

Challenges for a general framework. Constant regret policies for the baseline

OnlineKnapsack were obtained in [10], and generalized to multiple dimensions (i.e., the

network revenue management/online packing problem) in Chapter 3; moreover, these builds

on a long line of work [94, 78] demonstrating constant regret guarantees in restricted set-

tings. In particular, [10] propose a simple online algorithm based on re-solving a fluid LP,

that attains constant regret.

The techniques developed in the above papers are tailored to the baseline

OnlineKnapsack, and have two fundamental shortcomings that prevent them from address-

ing general problems:

• Based on full information: previous techniques rely on an achievable full information

benchmark, but this excludes most MDPs. Indeed, for probing/pricing/learning set-

tings, no algorithm can have constant regret compared to the full information benchmark

(see Example 5.3.2).

• Based on simple characterisations: previous papers exploit the explicit form of value

functions, e.g., the optimization problem in Eq. (5.1). Most MDPs do not have such a

closed form solution, but are recursive by nature, making previous work inapplicable

in general settings.
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In this paper, we offer a framework whose generality allows us to obtain bounded regret

algorithms (and guarantees) for several canonical resource allocation problems. We resolve

the previous two shortcomings in an structured way, via a flexible notion of information,

while eliciting two important notions that guide the design and analysis of algorithms: we

decompose the regret into Information Loss (capturing the unpredictability of the inputs)

and Bellman Loss (due to our limited computational power).

5.2.3 Related Work

Our work uses benchmarks to bound the performance of the optimal online algorithm, and

also for developing good heuristics. This has commonalities with two closely related ap-

proaches:

Prophet Inequalities: A well-known framework to obtain performance guarantees is to

compare against a full information agent, or “prophet”. This line of work focuses on

competitive-ratio bounds, see [80, 55, 47] for overviews of the area. In particular, [47] obtains

a multiplicative guarantee for dynamic posted pricing with a single item under worst case

distribution. In contrast, we obtain an additive guarantee for multiple items in a parametric

setting.

Information Relaxations. MDP information-relaxations, in particular, the framework

developed in [29, 18], are a fairly general way to create benchmarks, based on endowing

Offline with additional information, while forcing him to ‘pay a penalty’ for using this

information. [29, 18] use such relaxations in a dual-fitting approach, to construct performance

bounds for standard greedy algorithms for a variety of problems. In contrast, our framework

is similar to a primal-dual approach: we do not need to identify appropriate penalties, but

rather, adaptively construct our relaxations, and derive controls directly from them. We
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compare the two approaches in more detail in Appendix D.3.

We test our framework on OnlineKnapsack variants which are widely studied in the

literature.

Probing. This corresponds to a family of problems where the controller has the option

to “pay for information”, leading to a trade-off between making a bad choice and obtain-

ing better information. Approximation algorithms have been developed for offline probing

problems, both under constraints on the probed items [69], as well as with costs for probing

[100], with applications to Bayesian auction design and in kidney-exchange. Another line of

work pursues tractable non-adaptive algorithms for this problem to achieve (multiplicative)

constant bounds [70]. In terms of online adaptive algorithms, [41] introduces an algorithm

that has bounded competitive ratio (hence linear regret) in an adversarial setting.

Dynamic posted pricing. This is a canonical problem in operations management, with a

vast literature; we refer the reader to [103] for an overview. Much of this literature focuses on

asymptotically optimal policies in regimes where the inventory B and/or the horizon T grow

large. In the regime where both B and T are scaled together by a factor of k, there are known

algorithms with regret that scales as O(
√
k) or O(log(k)), depending on assumptions on the

primitives (e.g., smoothness of the demand with price) [77]. There is also vast literature

on pricing when the demand function is not known and has to be learned [40]. We assume

that the demand distribution is known and prices are chosen from a discrete price menu.

We make no further assumptions on the primitives. There has also been work on worst-case

guarantees, see [13] for an overview, where they prove O((B log T )2/3) regret with T periods

and inventory B for adversarial input, as opposed to our O(1) guarantee with stochastic

input.

Knapsack with learning. Multi-armed bandit problems have been well studied, we refer

167



to [34, 33] for an overview. Bandit problems with combinatorial constraints on the arms that

can be pulled are known as Bandits With Knapsacks [16]. The generalization wherein arms

arrive online is known as Contextual Bandits With Knapsacks [17, 5]. Results in this bandit

literature study worst-case distributions. We, in contrast, pursue parametric regret bounds,

namely, bounds that explicitly depend on the (unknown) discrete distribution. Closest to

our work is [109], where an algorithm based on UCB (upper confidence bound) is developed

and shown to achieve O(
√
T ) regret. The algorithm we develop strengthens their result to

a logarithmic regret.

Online Packing. There is a long line of work related to what we call baseline

OnlineKnapsack. This problem and its generalizations to multiple dimensions is also known

as Network Revenue Management. An influential work in this line is [78], where they give

a policy with constant expected regret under a certain non-degeneracy condition. We note

that the benchmark used by [78] is the ex ante (or fluid), hence the condition they require is

fundamental, because this benchmark is known to be loose (see Chapter 3). More recently,

[37] partially extended the result of [10] for more general packing problems; however their

guarantee is only valid for i.i.d. Poisson arrival processes and when the system is scaled

linearly, i.e., when B is proportional to T . In contrast, [10] (one dimension) and Chap-

ter 3 (multiple dimensions) prove constant regret with no assumption on the scaling, while

providing better theoretical bounds, and outperforming other algorithms in practice.

5.3 Approximate Control Policies via the Bellman Inequalities

In this section, we describe our general framework. Before proceeding, we introduce some

notation: Given an optimization problem (P ), we denote its optimal value by P . We have an

underlying probability space (Ω,Σ,P). For an event B ⊆ Ω, we denote by Bc its complement.
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We use boldface letters to indicate vector-valued variables (e.g. p,w, etc.), and capital letters

to denote matrices and/or random variables. When using LP formulations with decision

variables x, we use interchangeably xij = x(i, j) to denote the (i, j) component of x.

5.3.1 Offline Benchmarks and Bellman Inequalities

We consider an online decision-making problem with state space S and action space U ,

evolving over periods t = T, T −1, . . . , 1; here T denotes the horizon, and t is the time to-go.

In any period t, the controller first observes a random input ξt ∈ Ξ, following which it must

choose an action u ∈ U . Given system-state s ∈ S at the beginning of period t, a random

input ξ ∈ Ξ and action u ∈ U result in a reward R(s, ξ, u), and transition to the next state

T (s, ξ, u). Note that both reward and next state are random variables whose realizations are

determined for every u given ξ. This assumption is for ease of exposition only; our results

also hold when rewards or transitions are random given ξ, see Appendix D.4 for details.

The feasible actions for state s and input ξ correspond to the set {u ∈ U : R(s, ξ, u) >

−∞}. We assume that this feasible set is non-empty for all s ∈ S, ξ ∈ Ξ, and also, that the

maximum reward is bounded, i.e., sups∈S,ξ∈Ξ,u∈U R(s, ξ, u) <∞.

The MDP described above induces a natural filtration F , with Ft = σ({ξτ : τ ≥ t}); a

non-anticipative policy is one which is adapted to Ft. We allow Offline to use a richer

information filtration G, where Gt ⊇ Ft. Note that since t denotes the time-to-go, we have

Gt−1 ⊇ Gt. Henceforth, to keep track of the information structure, we use the notation f(·|Gt)

to clarify that a function f is measurable with respect to the sigma-algebra Gt.

Given any filtration G, Offline is assumed to play the optimal policy adapted to G,
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hence Offline’s value function is given by the following Bellman equation:

V (t, s, ξt|Gt) = max
u∈U
{R(s, ξt, u) + E[V (t− 1, T (s, ξt, u), ξt−1|Gt−1)|Gt]}, (5.2)

with the boundary condition V (0, ·) = 0. We denote the expected value as voff :=

E[V (T, ST , ξT |GT )]. Note that voff is an upper bound on the performance of the optimal

non-anticipative policy.

We present a specific class of filtration (generated by augmenting the canonical filtration)

that suffice for our applications (see Fig. 5.2 for an illustration of the definition).

Definition 5.3.1 (Canonical augmented filtration). Let GΘ := (Gθ : θ ∈ Θ) be a set of

random variables. The canonical filtration w.r.t. GΘ is

Gt = σ({ξl : l ≥ t} ∪GΘ) ⊇ Ft. (5.3)

The richest augmented filtration is the full information filtration, wherein Gt = F1 for all

t, i.e., the canonical filtration with GΘ = (ξt : t ∈ [T ]). As Gt gets coarser, the difference in

performance between Offline and Online decreases. Indeed, when G = F , then Eq. (5.2)

reduces to the Bellman equation for the value-function of an optimal non-anticipative policy:

V (t, s, ξt) = max
u∈U
{R(s, ξt, u) + E[V (t− 1, T (s, ξt, u), ξt−1)]}, V (0, ·, ·) = 0, (5.4)

where the expectation is taken with respect to the next period’s input ξt−1. Since ξt is

included in all the filtrations we consider, we henceforth use the shorthand V (t, s|Gt) for

V (t, s, ξt|Gt).

Example 5.3.2 (Full Information is Too Loose). Consider the dynamic pricing instance

with n = d = 1 (selling multiple copies of a product to homogeneous customers) with prices

f = (1, 2). The valuation distribution is P[Rt = 1 + ε] = p and P[Rt = 2 + ε] = 1 − p.

When B = T , the optimal policy is to always post the price that maximizes f · P[Rt > f ].
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If we consider p ≥ 1/2, then the optimal policy (DP) always posts price f = 1 and has an

expected reward of T . On the other hand, full information extracts the realized valuation,

i.e., it posts the exactly Rt − ε ∈ {1, 2} at each time, hence voff =
∑

t E[Rt − ε] = T (2− p).

We conclude that the regret against full information must grow as Ω(T ).

T T − 1 T − 2 T − 3 t+ 1 t t − 1 t − 2 2 1

b b b b b b

Gt

? ?

Figure 5.2: Illustration of Definition 5.3.1. In online probing (see Section 5.4), arrivals first
reveal their public type, then the controller chooses an action (accept/probe/reject), and
then the private type (true reward) is revealed. Squares (resp. circles) represent public
(resp. private) information. One possible filtration G is to reveal all public types, i.e.
GΘ = (ξθ : ξθ is a public type). At time t, Offline knows all the information thus far (to
the left and including t), plus the future squares. Given this filtration, Offline has to take
expectation w.r.t. the future circles.

We are now ready to introduce the notion of relaxed value ϕ and Bellman Inequali-

ties. Intuitively, ϕ is “almost” defined by a dynamic-programming recursion; quantitatively,

whenever ϕ does not satisfy the Bellman equation, we incur an additional loss LB, which we

denote the Bellman loss.

Definition 5.3.3 (Bellman Inequalities). The family of r.v. {ϕ(t, s)}t,s satisfies the

Bellman Inequalities w.r.t. filtration G and r.v. {LB(t, s)}t,s if ϕ(t, ·) and LB(t, ·) are Gt-

measurable for all t and the following conditions hold:

1. Initial ordering: E[V (T, ST )|GT ] ≤ ϕ(T, ST |GT ).

2. Monotonicity: ∀s ∈ S, t ∈ [T ],

ϕ(t, s|Gt) ≤ max
u∈U
{R(s, ξt, u) + E[ϕ(t− 1, T (s, ξt, u)|Gt−1)|Gt]}+ LB(t, s). (5.5)

3. Terminal Condition: ϕ(0, s) = 0 ∀ s ∈ S

171



We refer to ϕ and LB as the relaxed value and Bellman loss pair with respect to G. We use

the notation |Gt when writing ϕ(t, s|Gt) to remind the reader that we need the information

contained in Gt to evaluate ϕ(t, s)

Given any ϕ, monotonicity holds trivially with LB = ϕ, but in this case, of course, the

performance guarantee will be poor. On the other hand, if we require LB = 0, then ϕ would

be the value function, which is intractable in general. A good choice of ϕ balances the loss

and computational tractability. The crux of our approach is to identify relaxations ϕ with

small Bellman Loss.

A special case is when the Bellman Loss is zero w.h.p., i.e., when we can use an indicator:

Definition 5.3.4 (Exclusion Sets). If we can write the Bellman Loss as LB(t, s) = rϕ1B(t,s)

for some constant rϕ > 0 and events B(t, s) ⊆ Ω, we refer to B(t, s) as the exclusion sets.

If the Bellman Loss can be defined with exclusion sets, then from Definition 5.3.3

(monotonicity) we obtain the condition ϕ(t, s|Gt) ≤ maxu∈U{R(s, ξt, u) + E[ϕ(t −

1, T (s, ξt, u)|Gt−1)|Gt]}, i.e., monotonicity is satisfied for all realizations ω ∈ Ω except for

those in the exclusion set B(t, s).

To build intuition, we specify the Bellman Inequalities for our baseline OnlineKnapsack.

For this end, we need the following LP lemma.

Lemma 5.3.5. Consider the standard-form LP (P [d]) : max{r′x : Mx = d,x ≥ 0} , where

M ∈ Rm×n is an arbitrary constraint matrix. If x̄ solves (P [d]) and x̄j ≥ 1 for some j, then

P [d] = rj + P [d−Mj].

Proof. By assumption, the optimal value of (P [d]) remains unchanged if we add the in-

equality xj ≥ 1. Therefore we have P [d] = max{r′(x + ej) : M(x + ej) = d,x ≥ 0}.
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Lemma 5.3.5 allows to divide P [d] in two summands: the immediate reward rj and the

future reward P [d−Mj], which has the flavour of dynamic programming we need.

Example 5.3.6 (Bellman Loss For Baseline Setting). For the baseline

OnlineKnapsack, discussed in Section 5.2.2, we chose the full information filtration Gt = F1

for all t so that ϕ(t, b|Gt) := maxx≥0{r′xa : w′xa ≤ b,xa + xr = Z(t)}. We define the

exclusion sets as

B(t, b) = {ω ∈ Ω :6 ∃x solving ϕ(t, b) s.t. x(a, ξt) ≥ 1 or x(r, ξt) ≥ 1}.

By Lemma 5.3.5, outside the exclusion sets B(t, b), monotonicity holds with zero Bellman

Loss, i.e.,

ϕ(t, s|Gt) ≤ max
u∈U
{R(s, ξt, u) + E[ϕ(t− 1, T (s, ξt, u)|Gt−1)|Gt]} ∀ω /∈ B(t, s).

Let us define the maximum loss as

rϕ = max
t,s,u:R(s,ξt,u)>−∞

{ϕ(t, s|Gt)− (R(s, ξt, u) + E[ϕ(t− 1, T (s, ξt, u)|Gt−1)|Gt])}

In words, the maximum violation of the Bellman equation is bounded by rϕ. For our choice of

ϕ, since the optimal solution is to sort items by “bang for the buck” ratios rj/wj, it is easily

verified that rϕ ≤ maxj,i{wirj/wj−ri}, which depends on the primitives only. In conclusion,

we can see that Definition 5.3.3 is satisfied with the Bellman Loss LB(t, b) = rϕ1B(t,b) .

Before proceeding to define online policies based on ϕ, we require another important

definition. Note that though the RHS of Eq. (5.5) is defined in terms of an ‘optimal’ action,

this action need not be unique, and indeed the inequality can be satisfied by multiple actions.

For given ϕ and LB, we define the set of satisfying actions:

Definition 5.3.7 (Satisfying actions). Given a filtration G and relaxed value ϕ, we say

that u is a satisfying action for state s at time t if

ϕ(t, s|Gt) ≤ R(s, ξt, u) + E[ϕ(t− 1, T (s, ξt, u)|Gt−1)|Gt] + LB(t, s). (5.6)
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At any time t and state s ∈ S, any action in argmaxu∈U{R(s, ξt, u) + E[ϕ(t −

1, T (s, ξt, u)|Gt−1)|Gt]} is always a satisfying action (see monotonicity in Definition 5.3.3);

moreover, to identify a satisfying action, we must know Gt. We now have the following

proposition.

Proposition 5.3.8. Consider a relaxation ϕ and Bellman loss LB that satisfy the Bellman

inequalities w.r.t. filtration G. Let (St, t ∈ [T ]) denote the state trajectory under a policy

that, at time t, takes any satisfying action U t = U t(St|Gt). Then,

E
[
V (T, ST |GT )

]
− E

[
T∑
t=1

R(St, ξt, U t)

]
≤ E

[
T∑
t=1

LB(t, St|Gt)
]
.

Proof. From the monotonicity condition in the Bellman inequalities (Definition 5.3.3), and

the definition of a satisfying action (Definition 3.3.4), we have, for all time t, that

ϕ(t, St|Gt) ≤ E[R(St, ξt, U t) + ϕ(t− 1, St−1|Gt−1) + LB(t, St|Gt)|Gt].

Iterate the above inequality over t to obtain

ϕ(T, ST |GT ) ≤
T∑
t=1

E[R(St, ξt, U t) + LB(t, St|Gt)|Gt].

Finally, the initial ordering condition gives E[V (T, ST )|GT ] ≤ ϕ(T, ST |GT ), hence taking

expectations in the above equation yields the result.

Proposition 5.3.8 shows that a policy that always plays a satisfying action U t approxi-

mates the performance of Offline up to an additive gap given by E
[∑T

t=1 LB(t, St|Gt)
]
,

which we henceforth refer to as the total Bellman loss. More importantly, the proposition

suggests a goal when designing an online policy: Online should try to track Offline by

‘guessing’ and playing a satisfying action U t in each period. We next illustrate how On-

line can generate such guesses, i.e., how Online can identify actions that are likely to be

satisfying.
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5.3.2 From Relaxations to Online Policies

Suppose we are given an augmented canonical filtration Gt = σ({ξl : l ≥ t} ∪ GΘ), and

assume that the relaxed value ϕ can be represented as a function of the random variables

{ξl : l ≥ t} ∪GΘ as ϕ(t, s|Gt) = ϕ(t, s; ft(ξ
T , . . . , ξt, GΘ)). In particular, we henceforth focus

on a special case where ϕ is expressed as the solution of an optimization problem:

ϕ(t, s; ft(ξ
T , . . . , ξt, GΘ)) = max

x∈RU×Ξ
{ht(x; s, ft(ξ

T , . . . , ξt, GΘ)) : gt(x; s, ft(ξ
T , . . . , ξt, GΘ)) ≤ 0}.

(5.7)

The decision variables give action summaries : for a given state s and time-to-go t, xu,ξ

represents the number of times action u is taken for an input ξ in the remaining periods.

We can also interpret xu,ξ as a score for action u when the input ξ is presented.

To designing a non-anticipative policy, note that a natural ‘projection’ of ϕ(t, s|Gt) on

the filtration F is given via the following optimization problem

ϕ̂(t, s|Ft) = ϕ(t, s;E[ft(ξ
T , . . . , ξt, GΘ)|Ft]) = max

y∈RU×Ξ
{ht(y; s,E[ft|Ft]) : gt(y; s,E[ft|Ft]) ≤ 0}.

(5.8)

The solution of this optimization problem gives action summaries (or scores) y; the main

idea of the RABBI algorithm is to play the action with the highest score.

RABBI (Re-solve and Act Based on Bellman Inequalities)

Input: Access to functions ft such that ϕ(t, s|Gt) = ϕ(t, s; ft(ξ
T , . . . , ξt, GΘ)).

Output: Sequence of decisions Û t for Online.
1: Set ST as the given initial state
2: for t = T, . . . , 1 do
3: Compute ϕ̂(t, St) = ϕ(t, St;E[ft(ξ

T , . . . , ξt, GΘ)|Ft]) with associated scores y =
{yu,ξ}u∈U ,ξ∈Ξ

4: Given input ξt, choose the action Û t with the highest score yu,ξt

5: Collect reward R(St, ξt, Û t); update state St−1 ← T (St, ξt, Û t)

Before computing the regret of the RABBI policy, we need an additional definition
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Definition 5.3.9 (Maximum Loss). For a given relaxation ϕ, define the maximum loss

as

rϕ := max
t,s,u:R(s,ξt,u)>−∞

{ϕ(t, s|Gt)− (R(s, ξt, u) + E[ϕ(t− 1, T (s, ξt, u)|Gt−1)|Gt])}

Theorem 5.3.10. Let Offline be defined by the filtration Gt as in Definition 5.3.1. Assume

the relaxation ϕ(t, s) satisfies the Bellman Inequalities with loss LB. For t ∈ [T ], s ∈ S, let

Q(t, s) ⊆ Ω be the event where Û t, as specified in rabbi, is not a satisfying action. If

(St, t ∈ [T ]) is the state trajectory when following the actions derived from rabbi, then

E[Reg] ≤ E

[∑
t

(rϕ1Q(t,St) + 1Q(t,St)cLB(t, St))

]
≤
∑
t

(rϕP[Q(t, St)] + E[LB(t, St)]).

Remark 5.3.11 (Bellman and Information Loss). The bound in Theorem 5.3.10 has

two distinct summands. The term
∑

t P[Q(t, St)] measures how often rabbi takes a non-

satisfying action, hence we refer to it as information loss. On the other hand,
∑

t E[LB(t, St)])

captures the fact that ϕ “almost” has a DP representation, which we defined before as the

Bellman loss.

Remark 5.3.12 (More General Actions). In order to present a precise rule on how to

select an action Û t in rabbi, we have assumed that ϕ is based on an optimization problem.

Nevertheless, Theorem 5.3.10 holds even if ϕ has another representation, e.g., it is obtained

through ADP techniques. For concreteness, assume ϕ is obtained by fitting some basis

functions and then the action is greedy w.r.t. this representation. The theorem still holds in

this case, but it may require additional techniques to bound the measure of Q(t, s). We do

not further explore this route.

Compensated Coupling: The proof of Theorem 5.3.10 is based on the compensated cou-

pling approach introduced in Chapter 3. The basic idea is as follows: Suppose we ‘simulate’

controllers Offline and Online in parallel with identical random inputs (ξt : t ∈ [T ]), with

Online acting before Offline. Moreover, suppose at some time t, both controllers are in
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the same state s. Recall that, for any given state s at time t, an action u is satisfying if Of-

fline’s value does not decrease when playing u (see Definition 3.3.4). If Online chooses to

play a satisfying action, then we can make Offline play the same action, and consequently

both move to the same state. On the other hand, if Online chooses an action that is not

satisfying, then the two trajectories will separate; we can avoid this however by ‘compen-

sating’ Offline so that he agrees to take the same action as Online. Specifically, if the

maximum loss is bounded by rϕ, increasing the reward earned by Offline by rϕ is enough

to make him choose Online’s action. As a consequence, we have that the (compensated)

Offline and Online follow the same actions, and thus their state trajectories are coupled.

As an example, consider the baseline OnlineKnapsack with budget B = 2, unit weights

(wj ≡ 1), and horizon T = 5. Take a realization ω ∈ Ω with rewards (ξ5, ξ4, ξ3, ξ2, ξ1) =

(5, 7, 2, 7, 2). In particular, three different types arrived in this realization. The sequence

of actions (r, a, r, a, r) is optimal for Offline with a total reward of 14 (selecting the two

7-valued items). Suppose that Online, at period t = 5, wishes to accept the item (obtain a

reward of 5, and lose one budget unit). Then, Offline is “willing” to follow this action if

paid a compensation of 2 (in addition to the collected ξ5); Offline and Online then start

the next period t = 4 in the same state (same remaining budget), hence remain coupled.

Proof of Theorem 5.3.10. Denoting Offline’s state as S̄t, we have via Proposi-

tion 5.3.8 that ∀ t:

ϕ(t, S̄t|Gt) ≤ E[R(S̄t, ξt, U t) + ϕ(t− 1, S̄t−1|Gt−1) + LB(t, S̄t)|Gt].

Let us assume as the induction hypothesis that S̄t = St. This holds for t = T by

definition. At any time t and state St, if Û t is not a satisfying action for Offline, then we

have from the definition of the maximum loss (Definition 5.3.9) that:

rϕ ≥ ϕ(t, St|Gt)−R(St, ξt, Û t) + E[ϕ(t− 1, St−1|Gt−1)|Gt]) a.s..
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Now to make Offline take action Û t so as to have the same subsequent state as Online,

it is sufficient to compensate Offline with an additional reward of rϕ. Specifically, we have

ϕ(t, St|Gt) ≤ E[R(St, ξt, Û t) + ϕ(t− 1, St−1|Gt−1) + rϕ1Q(t,St) + 1Q(t,St)cLB(t, St)|Gt].

Finally, as in Proposition 5.3.8, we can iterate over t to obtain

E[ϕ(T, ST |GT )] ≤ E

[∑
t

R(St, ξt, Û t) +
∑
t

(rϕ1Q(t,St) + 1Q(t,St)cLB(t, St))

]
.

The first sum on the right-hand side corresponds exactly to Online’s total reward us-

ing the rabbi policy. By the initial ordering of Bellman Inequalities (Definition 5.3.3),

E[V (T, ST )] ≤ E[ϕ(T, ST )] and we obtain the desired bound.

In the remaining sections we apply the general framework to each of the examples intro-

duced in Section 5.2.1 and prove the results stated in Section 5.2.2 (Theorems 5.2.2 to 5.2.4).

5.4 Partial Information and Probing

In this setting, each type j has an independent random reward Rj drawn from the set

{rjk : k ∈ [m]}; the reward is rjk with probability qjk. We assume without loss of generality

that rj1 < rj2 < . . . < rjm and rjm > 0. The parameters r and q are known. For ease of

exposition, we assume that all items have weight 1; our analysis however extends to general

weights wj. The controller has a resource budget (i.e., knapsack capacity) Bh ∈ N and a

probing budget Bp ∈ N. When an arrival is accepted (resp. probed), we reduce Bh (resp.

Bp) by one. If an item of type j is probed, then Rj is revealed and the controller can decide

whether to accept or reject the item. The controller can also accept an item of type j without

probing, in which case the expected reward is r̄j :=
∑

k∈[m] rjkqjk.

Note that, when either Bp ≥ T or Bp = 0, this problem reduces to the baseline

OnlineKnapsack. In particular, when Bp ≥ T , the controller can probe at every single
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period, in which case we are back at the baseline OnlineKnapsack with revealed rewards

and mn types. If Bp = 0, we have the baseline OnlineKnapsack with n types and reward

equal to the expectation r̄j for type j.

5.4.1 Probing RABBI

Consider the following LP, parametrized by (b, z) ∈ N2 × Rn
≥0,

(P [b, z]) max
∑

j,k rjkxjka +
∑

j r̄jxja

s.t.
∑

j,k xjka +
∑

j xja ≤ bh∑
j xjp ≤ bp

xja + xjp + xjr = zj ∀j ∈ [n]

xjka + xjkr = qjkxjp ∀j ∈ [n], k ∈ [m]

xja, xjp, xjr, xjka, xjkr ≥ 0 ∀j ∈ [n], k ∈ [m].

(5.9)

The decision variables x ∈ R3n+2nm
≥0 have a natural interpretation as action summaries:

xja, xjr, xjp are the total number of future type-j arrivals that are accepted without probing,

rejected without probing, and probed respectively; xjka, xjkr are the number of probed future

type-j arrivals that are revealed to have reward rjk, and then accepted/rejected respectively.

The first constraint requires that the number of accepted items does not exceed the knapsack

capacity; the second constraint guarantees that the number of items probed does not exceed

the probing budget; the third is a “demand constraint” that guarantees the number of type-j

items accepted, probed or rejected equals arrivals of that type. Finally, the last constraint

guarantees that a qjk fraction of probed type-j items have sub-type k (i.e., reward rjk).

The LP P [b, z] now plays the role of the proxy ϕ̂ for the Probing rabbi presented below

in Algorithm 7 (with ties broken arbitrarily); we specify the relaxation ϕ later in Eq. (5.10).

Intuition behind Offline. Online probing is representative of multi-stage problems and
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Algorithm 7 Probing rabbi

Input: Access to solutions of (P [b, z])
Output: Sequence of decisions for Online.

1: Set (BT
h , B

T
p )← (Bh, Bp) as the given initial state

2: for period t = T, . . . , 1 do
3: If Bt

h = 0 (no more budget): break.
4: Compute X t, an optimal solution to (P [Bt,E[Z(t)]])
5: Observe the arrival, say it is of type j, then take action Û t ∈ argmaxu=a,p,r{X t

j,u}.
6: If Û t = r or Û t = a: collect zero or random Rj, respectively.

7: If Û t = p: observe the realization, say Rj = rjk, then take action argmaxu=a,r{X t
j,k,u}

8: Update states Bt−1 accordingly.

it is naturally described by two distinct types of stages: on a first stage the type j ∈ [n]

is revealed and the controller may probe which results in a second stage where the actual

reward or “sub-type” (j, k) ∈ [n] × [m] is revealed. Offline is defined as the controller

that knows the randomness of all first stages, but not that of second stages. In other words,

Offline knows, for each type j, the number Zj(T ) of arrivals, but not the sub-types. Since

Offline does not know the sub-type, he still wants to solve a dynamic program to decide

whether to probe or not, therefore, since Offline faces randomness (sub-types), there will

be a Bellman Loss associated to this (and not only due to the integrality gap).

5.4.2 Dynamic Programming Formulation

It is useful to model each period as consisting of two stages. In this section, we assume each

period t ∈ {T, T − 1, . . . , 1} comprises of two stages {t, t − 1/2}, driven by external inputs

ξt ∈ [n] and ξt−1/2 ∈ [n] × [m]. In the first stage t, the controller observes the type of the

arriving request ξt = j; in the second stage t − 1/2, the realization of the reward is drawn

according to probabilities q. In particular, if the arrival is of type j (revealed in the first

stage), then in the second stage the “sub-type” ξt−1/2 = (j, k), associated with reward rj,k,

is drawn with probability qjk. We augment the state space with a variable � that captures
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bh, bp,∅

t t− 1/2 t− 1

bh − 1, bp, a

bh, bp − 1, p

bh, bp, r

bh−1, bp,∅

bh−1, bp−1,∅

bh, bp, ,∅

bh, bp−1,∅

0

0

0

Rj

Rj

0

0

Figure 5.3: Actions/transitions in online probing in periods t, t− 1/2, and t− 1, with inputs
ξt = j and ξt−1/2 = Rj. Numbers below the arrows represent the reward of a transition. At
t, available actions are {a, p, r} (i.e., accept, probe, reject; from top to bottom); at t− 1/2,
if we chose to probe in the first-stage (i.e., are in the middle state), then available actions
are {a, r}.

the first stage decision (i.e., whether we accept/reject without probing or probe). The state

space S of the controlled process is thus S = {(bh, bp, �) : bh, bp ∈ N, � ∈ {a, p, r,∅}}, where

bh, bp are the residual hiring and probing budgets. In first stages we set � = ∅, and only

collect rewards in second stages. Fig. 5.3 displays the actions and state transitions under

this reformulation.

5.4.3 Offline Information and Relaxation

The Offline controller knows the public types of all arrivals in advance (i.e., it knows Zj(t),

the number of type-j items that will arrive in the last t periods), but does not know the

realization of the rewards (sub-types). Formally, Offline is endowed with the canonical

filtration given by Θ = [T ] and Gθ = ξθ (see Definition 5.3.1): with t steps to go, Offline

has the information filtration Gt = σ({ξt : t ∈ [T ]} ∪ {ξτ : τ ≥ t}).
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Solving for Offline’s optimal actions may be non-trivial, as it corresponds to a dynamic

program where, for each arrival, the controller must decide whether to accept/reject without

probing, or probe, and then decide to accept/reject based on the realization of the reward.

We circumvent this via an offline relaxation ϕ built using the LP P [b, z] (5.9). Recall that

a state is of the form s = (bh, bp, �) = (b, �) with � ∈ {a, p, r,∅}. For period t (i.e., first

stage, � = ∅), we define

ϕ(t, s|Gt) = P [b, Z]

For t−1/2 (i.e., second stage decisions), we modify ϕ to incorporate the action (a, p, r) taken

in the first stage. Overall, our relaxation is defined as follows

ϕ(t− 1/2, s|Gt) =


P [b, Z(t− 1)] � = r

rξt−1/2 + P [b, Z(t− 1)] � = a

max{rξt−1/2 + P [b− eh, Z(t− 1)], P [b, Z(t− 1)]} � = p

(5.10)

5.4.4 Bellman Inequalities and Loss

Initial ordering. Lemma 5.4.1 provides the first ingredient for the application of Defini-

tion 5.3.3.

Lemma 5.4.1. For any bh, bp ∈ N, and realization Z of arrivals, E[V (T,b|GT )] ≤

E[ϕ(T, (b,∅)|GT )].

Proof. The main idea is showing that any offline policy induces action summaries that

satisfy the constraints defining ϕ. Consider a policy for Offline which determines when

to probe, accept or reject. A policy is a mapping π : [T ] × S → U such that π(t, s) is

Gt-measurable for all t, s.

The policy, once fixed, induces a random trajectory determined by the realization of

the probed rewards. Arrivals, recall, are known to Offline. Define the following random
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variables counting the number of times in which a type j was: probed, denoted Xjp; accepted

(rejected) without probing, Xja (Xjr); and was accepted (rejected) after the probe resulted

in (j, k), Xjka (Xjkr).

Then, we can write E[V (T,b|GT )] = E[
∑

j r̄jXja+
∑

j,k rjkXjka|GT ], where we use the fact

that the policy is Gt-adapted for the term r̄j, i.e., conditional on accepting without probing,

the expected reward is r̄j. We conclude,

E[V (t,b|GT )] =
∑
j

r̄jE[Xja|GT ] +
∑
j,k

rjkE[Xjka|GT ].

We claim that the expectation of the random vector X yields a feasible solution to

(P [T,b, Z]). In turn, P [T,b,GT ] can only be larger than the value. Indeed, with the ex-

ception of the constraint xjka + xjkr = qjkxjp, the random variables satisfy a.s. all the

constraints of (P [T,b, Z]), hence their expectations do too. Furthermore, since Offline’s

policy is adapted to G, we obtain E[Xjka +Xjkr|Xjp,GT ] = qjkXjp, thus the expected values

satisfy the desired constraint. To summarize, V (T,b|GT ) equals the value of the feasible

solution given by the expectations.

Monotonicity and satisfying actions. We will require the following LP lemma

Lemma 5.4.2. Consider the standard-form LP (P [d]) : max{r′x : Mx = d,x ≥ 0}, where

M ∈ Rm×n is an arbitrary constraint matrix and d ∈ Rm. The function d 7→ P [d] is concave

and therefore, if X is a random right-hand side, then E[P [X]] ≤ P [E[X]].

Proof. The dual problem is (D[d]) : min{d′y : M ′y ≥ r}. The function d 7→ D[d] is a

minimum of linear functions, therefore concave.

Before proving that ϕ satisfies the Bellman Inequalities, we recall the concept of a sat-

isfying action in Definition 3.3.4 with our choice of LB. Given ϕ, filtration G, state s and
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time t, action u is satisfying if ϕ(t, s|Gt) ≤ R(s, ξt, u) + E[ϕ(t− 1, T (s, ξt, u)|Gt−1)|Gt].

Lemma 5.4.3. Let X̄ be a maximizer of (P [b, Z(t)]) for t a first stage and say ξt = i. Then

we have the following implications for satisfying actions

(1) If X̄ia ≥ 1 or X̄ir ≥ 1 (max{X̄ia, X̄ir} ≥ 1): Offline is satisfied (in the sense of

Definition 3.3.4) accepting or rejecting, respectively, at time t.

(2) If X̄ip ≥ 1 and ξt−1/2 = (i, k) is such that either X̄ika ≥ 1 or X̄ikr ≥ 1 (X̄ip ≥ 1

and max{X̄ika, X̄ikr} ≥ 1): Offline is (i) satisfied probing at time t and (ii) satisfied

accepting if X̄ika ≥ 1 or rejecting if X̄ikr ≥ 1 at time t− 1/2.

In conclusion, ϕ satisfies the Bellman Inequalities with Bellman Loss LB(t,b) = rϕ1B(t,b),

where B are the following exclusion sets:

B(t,b) = {ω ∈ Ω :6 ∃X̄ solving (P [b, Z(t)]) s.t. (1) or (2) hold}.

Proof. We will establish the monotonicity condition (second requirement for Bellman In-

equalities in Definition 5.3.3):

ϕ(t, s|Gt) ≤ max
u∈U
{R(s, ξt, u) + Eξt−1/2 [ϕ(t− 1/2, T (s, ξt, u)|Gt−1/2)|Gt]} ∀ω /∈ B(t, s).

Observe that, since t is a first stage, the instant reward R(s, ξt, u) is zero. In case (1) of the

lemma it is easy to verify the inequality by invoking Lemma 5.3.5.

For case (2) we need to introduce some notation. Let qj ∈ Rn×m be a vector with value

qjk in components (j, k), k ∈ [m], and zero otherwise (i.e. in components (j′, k) with j′ 6= j).

Similarly, let 1(j,k) ∈ Rn×m have value 1 in the single component (j, k) and zero otherwise.

The following LP is the same as in Eq. (5.9), but has the extra parameter y that facilitates

the analysis; P [b, z] = P̄ [b, z,0].

184



(P̄ [b, z,y]) max
∑

j,k rjkxjka +
∑

j r̄jxja

s.t.
∑

j,k xjka +
∑

j xja ≤ bh∑
j xjp ≤ bp

xja + xjp + xjr = zj ∀j

xjka + xjkr = qjkxjp + yjk ∀j, k

x ≥ 0.

(5.11)

In case (2), X̄ip ≥ 1 and ξt−1/2 = (i, k) is such that either X̄ika ≥ 1 or X̄ikr ≥ 1. By

Lemma 5.3.5, we have the following breakdown (depending on the random ξt−1/2)

P [b, Z(t)] = P̄ [b, Z(t),0] = rξt−1/2I + P̄ [b− ep − ehI, Z(t− 1),qξt − 1ξt−1/2 ], ∀ω /∈ B(t, b),

where I := 1{X̄(ξt−1/2,a)≥1} and the vectors q,1 are evaluated in random components; since

by assumption X̄ip ≥ 1 under the optimal solution, the optimal value in the optimization

problem is the same as the reward obtained “now” (rξt−1/2) and the residual value after

discounting bp by one.

Taking expectations E[·|Gt] and using Lemma 5.4.2 we have

P [b, Z(t)] = E[rξt−1/2I + P̄ [b− ep − ehI, Z(t− 1),qξt − 1ξt−1/2 ]|Gt]

≤ E[rξt−1/2I + P̄ [b− ep − ehI, Z(t− 1),0]|Gt]

≤ E[max{rξt−1/2 + P [b− ep − eh, Z(t− 1)], P [b− ep, Z(t− 1)]}|Gt].

The last expression is obtained by considering the possible realizations of I ∈ {0, 1} and

corresponds to the desired inequality.
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5.4.5 Information Loss and Overall Performance Guarantee

Our relaxation ϕ in Eq. (5.10) is a function of the future arrivals at time t, Z(t), and can

be written in the form ϕ(t, s) = ϕ(t, s;Z(t)). This coincides with the general formulation

in Section 5.3.2, specifically with Eq. (5.7) therein. The proxy is ϕ̂(t, s) = ϕ(t, s;E[Z(t)]),

which is used to generate actions Û t through the LP (5.9) that defines it.

Specifically, we use maximizers X t of (P [Bt, µ(t)]) as estimators for solutions of

(P [Bt, Z(t)]), where µ(t) := E[Z(t)]. If the type of the arrival at time t is j, then

X t(j, a), X t(j, r), X t(j, p) indicate how much of type j we want to accept, reject and probe,

respectively. We choose the action with largest variable value. In case we decide to probe,

we repeat the logic with variables X t(j, k, a), X t(j, k, r).

Proof of Theorem 5.2.2. By Theorem 5.3.10, Reg ≤ rϕ
∑

t(1B(t,St) + 1Q(t,St)). To

bound this expression, we proceed in two steps: bounding the measure of the exclusion

sets B and the “disagreement” sets Q. We conclude using the fact that rϕ ≤ maxj,k rjk.

To bound the measure of the exclusion sets B, let X̄ be the solution to (P [b, Z(t)])

and recall that Lemma 5.4.3 guarantees that under any of the following conditions there is

zero Bellman Loss: (1) max{X̄ja, X̄jr} ≥ 1 or (2) X̄jp ≥ 1 and max{X̄jka, X̄jkr} ≥ 1. We

therefore bound the event when both (1) and (2) fail, which corresponds to the exclusion

set.

We exploit the following two restrictions of (P [b, Z(t)]): xja + xjp + xjr = Zj(t) ∀j and

xjka +xjkr = qjkxjp ∀j, k. If Zj(t) ≥ 3, then one of the variables xja, xjp, xjr must be at least

1. On the other hand, we need qjkxjp ≥ 2 to guarantee that one of xjka, xjkr is at least 1.
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Putting this argument together, the event where (1) and (2) fail is bounded by

P[B(t, b)|ξt−1/2 = (j, k)] ≤ P
[
Zj(t) <

6

qjk

]
= P

[
Zj(t)− µj(t) < −µj(t)

(
1− 6

µj(t)qjk

)]
.

(5.12)

A standard Chernoff bound (see [27]) implies

P[B(t, b)|ξt−1/2 = (j, k)] ≤ e−2(pj/2)t + 1{t≤12/(pjqjk)}.

Here, we applied the bound to the restricted range µj(t) ≥ 12/qjk, which guarantees, in

particular, that the the right-hand side of Eq. (5.12) is positive.

Finally,

∑
t

P[B(t, Bt)] ≤
∑
t

∑
j

pje
−2(pj/2)t +

∑
t

∑
j,k

pjqjk1{t≤12/(pjqjk)} ≤
∑
j

2

pj
+ 12.

This finishes the first part of the proof, i.e., bounding the exclusion sets.

We turn to the second part of the proof, which is to bound the Information Loss∑
t P[Q(t, St)]. Recall that Q(t, St) ⊆ Ω is the event where Û t is not satisfying. Let X̄

be a solution to (P [b, Z(t)]), t a first stage, and let j = ξt. We divide the analysis in two

cases: if Û t ∈ {a, r} or if Û t = p.

Assume Û t ∈ {a, r}. According to Lemma 5.4.3, accepting or rejecting is satisfying

whenever max{X̄ja, X̄jr} ≥ 1. Since X t(ξt, Û t) = max{X t(ξt, u) : u = a, p, r} and we have

the constraint X t
ja +X t

jp +X t
jr = µj(t), the error is given by

P[X̄(j, Û t) < 1|X t(j, Û t) ≥ µj(t)/3] ≤ P[||X̄ −X t||∞ ≥ µj(t)/3].

On the other hand, if Û t = p, the error is bounded by

P
[
X̄jp < 1 or X̄ξt−1/2,u < 1

∣∣∣X t
jp ≥

µj(t)

3
, X t

ξt−1/2,u ≥
qξt−1/2µj(t)

6

]
≤ P

[
||X̄ −X t||∞ ≥

qξt−1/2µj(t)

6

]
,

where u is the action with largest value between the variables X t(ξt−1/2, a), X t(ξt−1/2, r).
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We conclude that, regardless of the action Û t, the probability of choosing a non-satisfying

action is bounded by P[||X̄ −X t||∞ ≥ mink qjk ·µj(t)/6]. From the LP sensitivity result [84,

Theorem 2.4], we deduce the existence of κ that depends on q, n,m only s.t. ||X̄ −X t||∞ ≤

κ||Z(t)− µ(t)||1. Finally, the number of times that Online chooses a non-satisfying action

(measure of all sets Q) is bounded by∑
t

P[Q(t, St)] ≤
∑
t

P[||Z(t)− µ(t)||1 ≥ min
k
qjk · µj(t)/6κ] <∞. (5.13)

The summability follows from standard concentration bounds (see Chapter 3) and Theo-

rem 5.2.2 now follows from Theorem 5.3.10.

Remark 5.4.4 (non-i.i.d arrival processes). The key property of the arrival process that

we used is a tail bound of the form P[||Z(t) − E[Z(t)]|| ≥ cE[Z(t)]] ≤ g(t), see Eq. (5.13).

The result thus holds for any arrival process that satisfies such deviation bounds.

Remark 5.4.5 (Probing cost). Suppose that the controller has infinite probing budget

(Bp =∞), but incurs a penalty cj when probing a type-j arrival. All else remains unchanged.

The only change to results and proofs is the definition of P [b, Z] to one where the probing

budget is dropped and a probing cost is added to the objective function:

(P [b, z]) max
∑

j,k rjkxjka +
∑

j r̄jxja −
∑

j cjxjp

s.t.
∑

j,k xjka +
∑

j xja ≤ bh

xja + xjp + xjr = zj ∀j ∈ [n]

xjka + xjkr = qjkxjp ∀j ∈ [n], k ∈ [m]

xjp, xjr, xjka, xjkr ≥ 0 ∀j ∈ [n], k ∈ [m]

5.5 Pricing

There is a set of d resources and n customer types. Each customer type requests a set of

resources and has a private reward if the resources are allocated to him. A purchase occurs
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iff there is availability of resources and the controller posts a price below the private reward.

The resource consumption is encoded in a matrix A ∈ {0, 1}d×n.

At each time t, the controller first observes the type j ∈ [n], which arrives with probability

pj, then posts one price fjl among {fj1, . . . , fjm}. Subsequently, the customer draws a private

reward Rt ∼ Fj (the customer’s valuation) and a purchase occurs iff Rt > fjl. If the customer

buys, fjl is collected and the inventory decreases according to Aj. On the other hand, if the

customer does not buy, the controller collects zero and the inventory remains unchanged.

5.5.1 Pricing RABBI

The Pricing RABBI algorithm uses as proxy ϕ̂ the following LP parameterized by (b,q, z)

(P [b,q, z]) max
∑

j,l fjlqjlxjl

s.t.
∑

j,l aijqjlxjl ≤ bi ∀i ∈ [d]∑
l xjl + xjr = zj ∀j ∈ [n]

x ≥ 0.

(5.14)

If we take qjl = F̄j(fjl), i.e., the probability that price fjl is accepted by a type-j customer

and zj is the number of type-j arrivals, then the problem (P [b,q, z]) can be interpreted

as follows: the variable xjl represents the number of times that price fjl is offered, with∑
j,l fjlqjlxjl the expected reward from the corresponding arrivals. Each time price fjl is

offered, aijqjl units of resource i are consumed in expectation, and hence
∑

j,l aijqjlxjl is the

total expected consumption of resource i. Finally, at most one price is offered per arrival,

which is captured by
∑

l xjl+xjr = zj, where xjr is the number of rejected type-j customers.

The resulting online policy is presented in Algorithm 8. The relaxation ϕ is defined in the

next subsection.
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Algorithm 8 Pricing rabbi

Input: Access to solutions of (P [b,q, z])
Output: Sequence of decisions for Online.

1: Set BT ← B as the given initial budget and qjl ← F̄j(fjl)
2: for t = T, ..., 1 do
3: If the arrival is type j and Aj 6≤ Bt: not enough resources, reject and go to t− 1
4: Compute X t, an optimal solution to (P [Bt,q, tp])
5: Let l ∈ argmax{X t

j,l : l = 1, . . . ,m, r}. If l = r, reject and go to t−1. Else post price
fjl

6: If Rt > fjl, collect fjl and Bt−1 ← Bt − Aj; else Bt−1 ← Bt

Intuition behind Offline. For each type j, there are Zj(T ) arrivals and hence Zj(T ) draws

from the distribution Fj. We reveal to Offline the histogram of these draws: for each j,

Offline knows the empirical distribution of the Zj(T ) rewards. We highlight that Offline

does not know the identity of the private rewards, therefore it is not a full information

filtration. For example, say Z1(T ) = 15 and we reveal that 10 arrivals type-1 have private

reward $1 and 5 arrivals type-1 have private reward $2, then, upon observing a type-1 arrival,

Offline concludes that the reward is $2 with probability 5
15

. Crucially, after Offline posts

a price, he observes a realization, say it was $1, then, the next time he observes a type-1, he

will use that the reward is $2 with probability 5
14

.

5.5.2 Offline Information and Relaxation

Assume, w.l.o.g., that, for each j, the prices are ordered fj1 > fj2 > . . . > fjm. Let us denote

ξt ∈ [n] the type of the arrival at time t. To formulate a suitable Offline, we introduce a

sequence of independent random vectors {Y t : t = T, T − 1, . . . , 1} defined by the relation

Y t
jl := 1{ξt=j,Rt>fjl}. In other words, Y t

jl counts if a price price fjl or lower would be accepted

by the type-j at time t.

Define Qjl(t) := 1
Zj(t)

∑t
τ=1 Y

τ
jl as the empirical average of the last t periods; Qjl(t) is the
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fraction of type-j customers who would accept price fjl. Observe that Qjl(t) is a martingale

with E[Qjl(t)] = F̄j(fjl) and Qjl(t) =
Zj(t+1)

Zj(t)
Qjl(t+ 1)− 1

Zj(t)
Y t+1
jl .

Offline’s information is given by the filtration Gt = σ({Q(τ), Z(τ) : τ ≥ t}), i.e., at

every time t, Offline knows the total demand Zj(t) and the empirical averages Qjl(t),

but does not know at what time which private reward arrived. This coincides with the

canonical filtration (Definition 5.3.1) with variables (Qjl(T ), Zj(T ) : j ∈ [n], l ∈ [m]). The

filtration G is strictly coarser than the full information filtration, which would correspond to

revealing all the variables Y T , Y T−1, . . . , Y 1 instead of their averages. We take the relaxation

ϕ(t,b|Gt) := P [b, Q(t), Z(t)], i.e.,

ϕ(t,b|Gt) = max
∑

j,l fjlQjl(t)xjl

s.t.
∑

j,l aijQjl(t)xjl ≤ bi ∀i ∈ [d]∑
l xjl + xjr = Zj(t) ∀j ∈ [n]

x ≥ 0.

5.5.3 Bellman Inequalities and Loss

Proposition 5.5.1 shows that our choice of ϕ satisfies the Bellman Inequalities. The proof

of the initial ordering is similar to that of Lemma 5.4.1, hence we omit it. We present

the main ingredients to obtain the second part of Proposition 5.5.1 (monotonicity). For

ease of exposition, when the controller rejects, he can equivalently post fjr = ∞ such that

F̄j(fjr) = 0 with the convention 0×∞ = 0.

Proposition 5.5.1. Let ϕ(t,b|Gt) = P [b, Q(t), Z(t)] with optimal solution X.

1. Let V (T,B|GT ) be the value of Offline’s optimal policy, then E[V (T,B|GT )] ≤

E[ϕ(T,B|GT )], hence ϕ satisfies the initial ordering condition.

2. If the current type is j and maxl{Xjl} ≥ 1, then E[LB(t,b)] ≤ 0.
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3. If the current type is j and Xjl ≥ 1, then posting fjl is a satisfying action.

We start by recalling the monotonicity condition (Definition 5.3.3). Denote Et[·] = E[·|Gt].

If the inventory is b ≥ Aj, the random reward of posting price fjl at t is fjlY
t
jl and the random

new inventory is b− AjY t
jl, thus monotonicity corresponds to:

ϕ(t+ 1,b) ≤ max
l∈[m]∪{r}

{Et+1[fjlY
t+1
jl + ϕ(t,b− AjY t+1

jl )]}+ Et+1[LB(t+ 1,b)].

Because Q is a martingale, we have Et[Y t] = Q(t) and we can further simplify the condition

to

ϕ(t+ 1,b) ≤ max
l∈[m]∪{r}

{fjlQjl(t+ 1) + Et+1[ϕ(t,b− AjY t+1
jl )]}+ Et+1[LB(t+ 1, b)]. (5.15)

Let us define LB(t+ 1, b, j, l) := ϕ(t+ 1,b)− fjlQjl(t+ 1)−Et+1[ϕ(t,b−AjY t+1
jl )], which

corresponds to the loss in Eq. (5.15) when we assume a specific price fjl is posted.

Lemma 5.5.2. If the arrival is of type j, X solves P [b, Q(t + 1), Z(t + 1)] and Xjl ≥ 1,

then denoting Y = Y t+1, we can write the loss in the Bellman inequality as

LB(t+ 1,b, j, l) = P [b−Qjl(t+ 1), Q(t+ 1), Z(t)]− Et+1[P [b− AjYjl, Q(t), Z(t)]] (5.16)

Proof. By our definition,

LB(t+ 1, b, j, l) = ϕ(t+ 1,b)− fjlQjl(t+ 1)− Et+1[ϕ(t,b− Yjl)]

= P [b, Q(t+ 1), Z(t+ 1)]− fjlQjl(t+ 1)− Et+1[P [b− AjYjl, Q(t), Z(t)]].

Using Lemma 5.3.5, we have P [b, Q(t+1), Z(t+1)] = fjlQjl(t+1)+P [b−AjQjl(t+1), Q(t+

1), Z(t)], which finishes the proof.

Observe that LB(t,b, j, l) is characterized by a random LP that depends on Y t+1 (which

is unknown at time t + 1), see Eq. (5.16). To complete item (2) of Proposition 5.5.1, it
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remains to prove that LB(t,b, j, l) characterized in (5.16) satisfies Et[LB(t,b, j, l)] ≤ 0. This

is proved in Appendix D.2 by arguing that the term in (5.16) is upper bounded by a zero-

mean random variable.

We can then conclude that, for each l with Xjl ≥ 1, Et+1[LB(t + 1, b, j, l)] ≤ 0 so that

ϕ(t + 1,b) ≤ Et+1[fjlQjl(t + 1) + ϕ(t,b − AjY
t+1
jl )], implying that posting price fjl is a

satisfying action, which is item (3) of Proposition 5.5.1.

5.5.4 Information Loss and Overall Performance Guarantee

We have already established in Proposition 5.5.1 that, if Xjl ≥ 1, then posting fjl is a

satisfying action. We will now study the measure of the disagreement sets Q(t, Bt) and

specifically bound the information loss
∑

t P[Q(t, Bt)].

Proposition 5.5.3. Let X be a solution of (P [b, Q(t), Z(t)]). If Xjl ≥ 1, then posting fjl is

a satisfying action. Furthermore, the information loss is bounded by P[Q(t, Bt)] ≤ 1/t2 for

all t ≥ c, where c depends only on (f ,p, A, F1, . . . , Fn).

In the remainder of this subsection we first give intuition for Proposition 5.5.3 and then

elicit the main elements needed for the proof. Recall that rabbi chooses l as the maximum

entry of the solution to (P [b,E[Q(t)],E[Z(t)]), which is a perturbed version of the object of

interest, thus Online needs to guess l such that Xjl ≥ 1 without the knowledge of Q(t) and

Z(t), creating an information loss.

To build intuition, we now give a characterisation of the solution of the one-dimensional

problem, i.e., d = 1 and n = 1, which correspond to selling multiple copies of an item to

homogeneous customers; since there is only one type, we drop the index j. See Fig. 5.4 for

an illustration.
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tq1 tq2 tq3

b

x(b; q)

t x1 x2 x3

tq̃1 tq̃2 tq̃3

x̃1 x̃2

x̃3

Figure 5.4: Solution to the pricing LP in Eq. (5.14) for the case d = 1 and n = 1, which
correspond to selling multiple copies of an item to homogeneous customers. If b/t ∈ (ql, ql+1],
the prices used by the LP are fl, fl+1 and the amount of time we offer each is piece-wise linear
in the budget. For a perturbation q̃ of q, we superpose the solutions with these different
parameters. We would guess incorrectly when x̃l >> 1 and xl < 1, which necessitates a
substantial perturbation of q.

Lemma 5.5.4. Consider the case d = 1 and n = 1. For given (t, b,q), with f1 > . . . >

fm and q1 < . . . < qm, the solution of P [b,q, t] is as follows. (i) If b ≤ tq1, then x =

(b/q1, 0, . . . , 0). (ii) If b > tqm, then x = (0, . . . , 0, t)

The proof of Lemma 5.5.4 is straightforward. If b is neither too big nor too small, say

b ∈ (tql, tql+1], then xl′ = 0 for l′ 6= l, l + 1, and

xl =
tql+1 − b
ql+1 − ql

and xl+1 =
b− tql
ql+1 − ql

.

As illustrated in Fig. 5.4, the intuition is that Q(t) and E[Q(t)] must deviate considerably

for rabbi’s guess to be incorrect. This intuition carries over to multiple dimensions.

The next concentration result is a direct application of the DKW inequality [87] and

characterises the deviations of Q w.r.t. its mean.

Lemma 5.5.5. For any j ∈ [n], there is a constant cj depending on pj only such that, for

any time t, P
[
maxl|Qjl(t)− E[Qjl(t)]| >

√
log(t)
t

]
≤ cj

t2
.

194



Proof. Since Qjl(t) is the empirical distribution of Zj(t) draws from Fj, the DKW inequal-

ity [87] states that

P
[
sup
l
|Qjl(t)− F̄ (fjl)| > λ

∣∣∣Z(t)

]
≤ 2e−2λ2Zj(t).

This corresponds to the moment generating function of Zj(t) ∼ Bin(t, pj). Setting λ =√
log(t)/t and using the formula E[e−θBin(t,p)] = (1− p+ pe−θ)t we obtain

P

[
sup
l
|Qjl(t)− F̄ (fjl)| >

√
log(t)

t

]
≤ 2(1− pj + pje

−θ)t where θ = 2 log(t)/t.

Using the inequality e−θ ≤ 1−θ+θ2/2, an algebraic check confirms the desired inequality.

Stability of Left-Hand Side Perturbations. As stated in Algorithm 8, Online takes

actions based on P [b,E[Q(t)],E[Z(t)]], while Offline uses P [b, Q(t), Z(t)]. Therefore, for

fixed (t,b), we need to compare solutions of P [b,q, z] to those of P [b,q+∆q, z+∆z], where

∆ is the perturbation. For the remainder of this subsection, we set q = E[Q(t)], z = E[Z(t)],

∆q = Q(t)− E[Q(t)], and ∆z = Z(t)− E[Z(t)].

Lemma 5.5.6 (Selection Program). Let Vt = P [b,q + ∆q, z + ∆z] and fix a component

(j′, l′). Then posting price fj′l′ is satisfying if PS[Vt,q + ∆q, z + ∆z] ≥ 1, where

(PS[Vt,q + ∆q, z + ∆z]) max

{
xj′l′ :

∑
j,l

fjl(qjl + ∆qjl)xjl ≥ Vt,x feasible for P [b,q + ∆q, z + ∆z]

}
.

In other words, Q(t, b, l) = {ω ∈ Ω : PS[Vt[ω], Q(t), Z(t)] < 1}.

Proof. This problem selects, among all the solutions of P [b,q + ∆q, z + ∆z], one with the

largest component Xj′l′ . From Proposition 5.5.1 we know that, if Xj′l′ ≥ 1, then posting fj′l′

is satisfying.

We turned the condition “there exists X solving P [v,q+∆q, z+∆z] with Xj′l′ ≥ 1” to an

optimization program. Let x̄ be the solution to the proxy P [b,q, z] and let vt be the objective
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value (recall that Vt is the value of P [b,q+∆q, z+∆z]). Since the algorithm picks the price

with the largest component, assume x̄j′l′ = maxl x̄j′l >> 1. In particular, PS[vt,q, z] >> 1

for this fixed (j′, l′). We want to show that PS[Vt,q + ∆q, z + ∆z] ≥ 1 for that particular

(j′, l′). To that end, we need to bound the difference between PS[Vt,q + ∆q, z + ∆z] and

PS[vt,q, z]. This difference depends on (i) vt − Vt, (ii) ∆, and (iii) the dual variables of

(PS[Vt,q + ∆q, z + ∆z]). Observe that the quantities (i)-(iii) are random.

In Lemma 5.5.7 below we state the precise stability result, we relegate the proof to

Appendix D.2.

Lemma 5.5.7. There is a constant c that depends only on (f ,p, A, F1, . . . , Fn) such that, for

all t ≥ c, with probability 1− c/t2, PS[Vt, Q(t), Z(t)]−PS[vt,E[Q(t)],E[Z(t)]] ≥ −c
√
t log(t)

.

Lemma 5.5.7 readily proves our bound for the information loss in Proposition 5.5.3.

Indeed, since the LP in Eq. (5.14) has the constraint
∑

l∈[m]∪{r} x̄jl = tpj, the maximum

entry is guaranteed to have a value of at least tpj/(m + 1). Therefore, by definition of

the selection program, PS[vt,E[Q(t)],E[Z(t)]] ≥ tpj/(m + 1). We know that posting fjl′ is

satisfying whenever PS[Vt, Q(t), Z(t)] ≥ 1 (see Lemma 5.5.6), hence posting the maximum

entry is satisfying provided that tpj/(m + 1) − c
√
t log(t) ≥ 1, which holds for all t large

enough.

5.5.5 Numerical Demonstration

We test our algorithm on two systems, henceforth the “small system” and the “large system”.

For each system, we consider a sequence of instances with increasing horizons and initial

inventories.
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The small system corresponds to the one-dimensional problem (n = 1 and d = 1); in this

case we can solve the DP for small enough horizons and directly compute the optimality

gap. The large system corresponds to a multi-dimensional problem with n = 20, d = 25 and

m = 3. The DP solution is intractable for the large system, yet we can compute the offline

benchmark and compare our algorithm against it. The optimality gap, recall, is bounded by

the offline vs. rabbi gap.

For the small system, the k-th instance has budget B = 6k and horizon T = 20k. For

each scaling k, we run 100, 000 simulations. We consider the following primitives: prices are

(1, 2, 3) and the private reward Rt has an atomic distribution on (1, 2, 3) with probabilities

(0.3, 0.4, 0.3). The instance is chosen such that it is dual degenerate for (5.14) which is

supposedly the more difficult case [77]. For large system, the parameters were generated

randomly, the k-th instance has horizon T = 100k and budgets Bi = 10k for all i ∈ [25].

For the small system we consider k small enough (short horizon) so that we can compute

the optimal policy; this computation becomes intractable already for moderate values of k

(rabbi however scales gracefully with k as it only requires re-solving an LP in each period).

In Fig. 5.5 (LEFT) we display the gap between the optimal solution and both the rabbi and

Offline’s value. We make two observations: (i) the Offline benchmark outperforms the

optimal (as it should), but by a rather small margin, and (ii) rabbi has a constant regret

(i.e., independent of k) relative to Offline, and hence constant optimality gap. In contrast,

a full information benchmark would outperform the optimal by too much to be useful.

In Fig. 5.5 (RIGHT), we compare rabbi to the optimal static pricing policy which has

regret Ω(
√
k) [66]. In particular, if D(f) denotes the demand at fare f , we choose the static

price to be the one that maximizes the revenue function f ·D(f) = f · T · F̄ (f) subject to

the constraint D(f) ≤ B. The solution is the better of two prices: (i) the market clearing

price, i.e., that satisfies D(f) = B or (ii) the monopoly price which maximizes fD(f). We
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note though that when a continuum of prices are allowed, [77] propose an algorithm (that,

like rabbi, is based on resolving an optimization problem in each period) which achieves a

regret that is logarithmic in k under certain non-degeneracy assumptions on the optimization

problem and differentiability assumptions on the valuation distribution. In contrast, our

constant regret guarantees hold under a finite price menu.

In Figure 5.6 we display the results for the large system. Here, recall, since the DP is

intractable, we use the offline benchmark. Evidently, the regret is constant and bounded.

This regret is negligible relative to the total value as captured by the approximation-factor

on the right-hand side of the figure. We also present the competitive ratio of Offline

against the full-information benchmark (this upper bounds the competitive ratio of any

non-anticipatory policy) and observe that is bounded away from 1, hence showing that the

full-information benchmark is Ω(T ) away from the DP in our randomly generated instance,

which confirms the need for our refined benchmark.

5.6 Online Knapsack With Distribution Learning

We study first the full feedback setting and in Section 5.6.5 extend to censored feedback. As

in the baseline OnlineKnapsack, at each time t, the arrival is of type j ∈ [n] with known

probability pj. Type j has a random reward Rj, drawn from a distribution Fj that is unknown

to Online, and a known weight wj. The reward Rj is revealed only after the decision of

accept/reject has been made. At the end of each period, we observe the realization of both

accepted and rejected items. In contrast, Offline has access to the distribution Fj, but not

to the realizations. Let rj := E[Rj] and Rt
j be the empirical average of the type-j rewards

observed with t periods to go. We assume that, before the process starts, we are given one

sample of each type. There is no probing or pricing in this setting. The variation relative to
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the baseline OnlineKnapsack is in terms of what is unknown to the decision maker.

5.6.1 Learning RABBI

The main object for the algorithm is the following LP parametrized by (b,y, z) ∈ R≥0 ×

Rn × Rn
≥0

(P [b,y, z]) max
∑

j yjxj

s.t.
∑

j wjxja ≤ b

xja + xjr = zj j ∈ [n]

xja, xjr ≥ 0 j ∈ [n].

(5.17)

If we knew the average rewards r, then setting y = r we obtain the same LP we used for the

baseline case. Hence, we interpret y as our best guess for the unknown rewards r. Otherwise,

the interpretation is the same as in Section 5.2.2. Recall that Rt are the empirical averages,

hence the instantiation of rabbi in Algorithm 10 uses y = Rt as the natural estimator.

Algorithm 9 Learning rabbi

Input: Access to solutions of (P [b,y, z])
Output: Sequence of decisions for Online.

1: Set BT ← B as the given initial state and RT as the single sample of each j.
2: for t ∈ {T, T − 1, . . . , 1} do
3: Compute X t, an optimal solution to (P [Bt, Rt,E[Z(t)]]).
4: Observe the arrival type (context), say ξt = j, and take any action Û t ∈

argmaxu=a,r{X t
ju}

5: If Û t = a, collect random reward Rj and reduce the budget Bt−1 ← Bt − wj. Else,
Bt−1 ← Bt.

6: Update empirical averages Rt−1 based on Rt and the observation Rj.

Intuition behind Offline. The LP in Eq. (5.17) is a knapsack problem. Given the true

average rewards r, it is known that the solution is to sort items by “bang for the buck” ratios

rj/wj and take them greedily. In other words, the solution can be computed if we knew the

ranking induced by r. Offline is the controller that, besides the number of arrivals Zj(T )
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for each j, knows the ranking. On the other hand, Online needs to learn the ranking from

the samples.

5.6.2 Dynamic Programming Formulation

As in probing, it is convenient to divide each period t ∈ {T, T − 1, . . . , 1} into two stages,

t and t − 1/2. In the first stage (i.e., period t) the input reveals the type j ∈ [n], and in

second stages (i.e., period t− 1/2) the reward is revealed. The random inputs are given by

ξt ∈ [n] and ξt−1/2 ∈ R The state space is S = R≥0 × {∅, a, r}, where the first component

is the remaining knapsack capacity (or hiring budget). At a first stage, given a state of

the form s = (b,∅), we choose an action u ∈ {a, r}, discount the capacity if u = a, and

transition to a second-stage state with � = u. At the second stage, the state is of the form

s = (b, �), and we collect the reward only if � = a. The only feasible action at a second

stage is u = ∅, which transitions to a state with the same budget. Formally, the rewards

are R((b, a), ξt−1/2,∅) = ξt−1/2 and R((b, r), ξt−1/2,∅) = 0.

5.6.3 Offline Information, Relaxation, and Bellman Loss

We define Offline through the filtration Gt = σ({ξt : t ∈ [T ]} ∪ {ξτ : τ ≥ t}). This is

a canonical filtration (see Definition 5.3.1) with variables (Gθ : θ ∈ Θ) = (ξt : t ∈ [T ]).

Observe that the future rewards, corresponding to times t − 1/2, are not revealed. The

relaxation builds on the LP Eq. (5.17) and is defined as ϕ(t, s|Gt) = P [b, r, Z(t)] for first

stages and

ϕ(t− 1/2, s|Gt) =

 P [b, r, Z(t− 1)] � = r

ξt−1/2 + P [b, r, Z(t− 1)] � = a.
(5.18)
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Lemma 5.6.1. The relaxation ϕ defined in (5.18) satisfies the Bellman Inequalities with

exclusion sets

B(t, b) = {ω ∈ Ω :6 ∃X solving (P [b, r, Z(t)]) s.t. Xξt,a ≥ 1 or Xξt,r ≥ 1}.

Proof. The initial ordering in Definition 5.3.3 follows from an argument identical to that

of Lemma 5.4.1. The monotonicity property follows from Proposition D.1.1.

5.6.4 Information Loss and Overall Performance Guarantee

To complete the proof of Theorem 5.2.4, we first give an overview of the estimation process

behind Algorithm 9. The relaxation relies on the knowledge of r (the true expectation)

and Z(t). The natural estimators are the empirical averages Rt and expectation µ(t) =

E[Z(t)], respectively. Specifically, we use maximizers X t of (P [b, Rt, µ(t)]) to “guess” those

of (P [b, r, Z(t)]).

The overall regret bound is rϕ(Reg1 + Reg2), where Reg1 and Reg2 are two specific

sources of error. When the estimators Rt of r are accurate enough, the error is Reg1 and is

attributed to the incorrect “guess” of a satisfying action, i.e., Reg1 is an algorithmic regret.

The second term, Reg2, is the error that arises from insufficient accuracy of Rt, i.e., Reg2

is the learning regret. The maximum loss satisfies rϕ ≤ maxj,i{wirj/wj − ri} and we can

show that

Reg1 ≤ 2
∑
j

(wmax/wj)
2

pj
and Reg2 ≤ 16

∑
j

1

pj(wjδ)2
.

In sum, the regret is bounded by (maxj,i{wirj/wj − ri}) · (2
∑

j
(wmax/wj)

2

pj
+ 16

∑
j

1
pj(wjδ)2 ).

Proof of Theorem 5.2.4. To apply Theorem 5.3.10, we first bound the measure of the

exclusion sets B and the “disagreement” sets Q. Recall that B(t, b) is given in Lemma 5.6.1
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and Q(t, b) is the event where Û t is not a satisfying action.

Let σ : [n]→ [n] be an ordering of [n] w.r.t. the ratios r̄j :=
rj
wj

such that σj = 1 if j has

the highest ratio. Similarly, let σ̂t : [n]→ [n] be the ordering w.r.t. ratios R̄t
j := Rt

j/wj.

Call Et the event B(t, Bt) ∪Q(t, Bt), then

P[Et] = P[Et, σ = σ̂t] + P[Et, σ 6= σ̂t] ≤ P[Et, σ = σ̂t] + P[σ 6= σ̂t].

Let N t
j be the number of type-j samples observed by the beginning of period t. By

definition, since we are given a sample of each type before the process starts, we have

N t
j = Zj(T ) − Zj(t) + 1. Since the reward distribution is sub-Gaussian, it satisfies the

Chernoff bound [27]

P[Rt
j − rj ≥ x|N t

j ],P[Rt
j − rj ≤ x|N t

j ] ≤ e−N
t
jx

2/2 ∀x ∈ R, (5.19)

A union bound relying on Eq. (5.19) gives that

P[σ 6= σ̂t|Ft] ≤ P[∃j s.t. |r̄j − R̄t
j| ≥ δ/2|Ft] ≤ 2

∑
j

e−N
t
j (wjδ)

2/8.

The variable N t
j , recall, is the number of type-j samples observed by the beginning of period

t, hence N t
j − 1 is a Bin(T − t, pj) random variable. It a known fact that, given θ > 0,

E[e−θBin(p,m)] = (1− p+ pe−θ)m, thus

P[σ 6= σ̂t] = E[P[σ 6= σ̂t|Ft]] ≤ 2
∑
j

e−(wjδ)
2/8(1− pj + pje

−(wjδ)
2/8)T−t.

Upper bounding by a geometric sum yields

Reg2 :=
∑
t

P[σ 6= σ̂t] ≤ 2
∑
j

1

pj(e(wjδ)2/8 − 1)
≤ 2

∑
j

8

pj(wjδ)2
. (5.20)

We are left to bound P[Et, σ = σ̂t]. Let us assume w.l.o.g. that the indexes are ordered

so that r̄1 ≥ r̄2 ≥ . . . ≥ r̄n. The optimal solution of (P [Bt, r, Z(t)]), i.e., Offline’s problem,
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is to sort the items and accept starting from j = 1, without exceeding the capacity Bt or

the number of arrivals Zj(t). Mathematically, the optimal solution X?t to (P [Bt, r, Z(t)]) is

X?t
1a = min

{
Z1(t),

Bt

w1

}
, X?t

ja = min

{
Zj(t),

Bt −∑i<j wiX
?t
ia

wj

}
j = 2, . . . , n.

For the proxy (P [Bt, Rt, µ(t)]), the optimal solution has the same structure with Zj(t) re-

placed everywhere by µj(t).

Let ξt = j and U be any action in argmax{X t
j,u : u = a, r}. We study first the case

U = a. If X?t
j,a ≥ 1 then U = a would be, by Lemma 5.6.1, a satisfying action. If it is not a

satisfying action it must then be that X?t
j,a < 1 and since the algorithm chooses to accept it

must be also that X t
j,a ≥ µj(t)/2. Thus we obtain the following two conditions

X?t
j,a < 1⇒

∑
i<j

wiZi(t) ≥ b and X t
j,a ≥ µj(t)/2⇒

∑
i<j

wiµi(t) + wjµj(t)/2 ≤ b.

In the case U = r, X?t
j,r < 1 and X t

j,r ≥ µj(t)/2 imply

∑
i≤j

wiZi(t) ≤ b and
∑
i<j

wiµi(t) + wjµj(t)/2 ≥ b.

In conclusion,

P[Et, σ = σ̂t] ≤ max

{
P

[∑
i≤j

wi(Zi(t)− µi(t)) ≥
wjµj(t)

2

]
,P

[∑
i≤j

wi(Zi(t)− µi(t)) ≤ −
wjµj(t)

2

]}
.

These probabilities are bounded symmetrically using the method of averaged bounded

differences [54, Theorem 5.3]. Indeed, using the natural linear function f(ξ1, . . . , ξt) =∑
iwi

∑t
l=1 1{ξl=i}, the differences are bounded by |E[f |Fl]− E[f |Fl−1]| ≤ wmax, hence

Reg1 :=
∑
t

P[Et, σ = σ̂t] ≤
∑
t

∑
j

pj exp

(
−2(wjµj(t)/2)2

tw2
max

)
≤ 2

∑
j

(wmax/wj)
2

pj
.

Together with Eq. (5.20), we have the desired bound.
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Remark 5.6.2 (non-i.i.d arrival processes). We used the i.i.d. arrival structure to bound

two quantities in the proof of Theorem 5.2.4: (1) P[||Z(t) − E[Z(t)]|| ≥ cE[Z(t)]] and (2)

E[e−cN
t
j ], where, recall, N t

j is the number of type-j observations. The result holds for other

arrival processes that admit these tail bounds.

5.6.5 Censored Feedback

We consider now the case where only accepted arrivals reveal their reward. We retain the

assumption of Theorem 5.2.4 that there is a separation δ > 0: |r̄j − r̄j′| ≥ δ for all j 6= j′,

where r̄j = E[Rj]/wj.

In the absence of full feedback, we will introduce a unified approach to obtaining the

optimal regret (up to constant factors), that takes the learning method is a plug-in. The

learning algorithm will decide between explore or exploit actions. Examples of learning

algorithms, that also give bounds that are explicit in t, include modifications of UCB [109],

ε-Greedy or simply to set apart some time for exploration (see Corollary 5.6.4 below).

Recall that σ : [n]→ [n] is the ordering of [n] w.r.t. the ratios r̄j = rj/wj and σ̂t : [n]→ [n]

is the ordering w.r.t. ratios R̄t
j = Rt

j/wj. The discrepancy P[σ 6= σ̂t] depends on the plug-in

learning algorithm (henceforth Bandits). Bandits receives as inputs the current state St

(remaining capacity), time, and the natural filtration Ft. The output of Bandits is an

action in {explore, exploit}. If the action is explore, we accept the current arrival in

order to gather information, otherwise we call our algorithm to decide, as summarized in

Algorithm 10. Note that Ft has information only on the observed rewards, i.e., accepted

items.

Theorem 5.6.3. Let Reg1 be the regret of Algorithm 9, as given in Theorem 5.2.4. Define

the indicators exploret, exploitt which denote the output of Bandits at time t. The regret
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Algorithm 10 Bandits rabbi

Input: Access to Bandits and Algorithm 9.
Output: Sequence of decisions for Online.

1: Set ST as the given initial state
2: for t = T, . . . , 1 do
3: Observe input ξt and let U ← Bandits(T, t, St,Ft).
4: If U = explore, accept the arrival
5: If U = exploit, take the action given by Algorithm 9
6: Update state St−1 ← St − wξt if accept or St−1 ← St if reject.

of Algorithm 10 is at most rϕM , where

M = Reg1 + E

[∑
t

exploret

]
+ E

[∑
t

P[σ 6= σ̂t]exploitt

]
.

The expected regret of Algorithm 10 is thus bounded by the regret of Algorithm 9 in

the full feedback setting, plus a quantity controlled by Bandits. In the periods where

Bandits says explore (which, in particular, implies accepting the item), the decision might

be the wrong one (i.e., different than Offline’s). We upper bound this by the number of

exploration periods. This is the second term in M . The decision might also be wrong if

Bandits says exploit (in which case we call Algorithm 9), but the (learned) ranking at

time t, σ̂t, is different than σt. This is the last term in M . Finally, even if the learned ranking

is correct, exploit can lead to the wrong “guess” by Algorithm 9 because the arrival process

is uncertain. This is the first term in M .

Corollary 5.6.4 uses a naive Bandits which explores until obtaining Ω(log T ) samples

and achieves the optimal (i.e., logarithmic) regret scaling. The constants may be better

depending on the Bandits module we plug into our general algorithm. Any such algorithm

has the guarantee given by Theorem 5.6.3. With the naive Bandits, the bound easily

follows from a generalization of the coupon collector problem [99].

Corollary 5.6.4. If we first obtain 8
(wjδ)2 log T samples of every type j, then we can obtain

O(log T ) regret, which is optimal up to constant factors.
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5.7 Discussion

We developed a framework that provides rigorous support to the use of simple optimization

problems as a basis for online re-solving algorithms. The framework is based on comparing

Online to a carefully chosen offline benchmark. The (often intuitive) optimization problem

that guides the online algorithm is an outcome of two approximation steps: (i) an approx-

imation for Offline’s value function and (ii) a projection thereof to Online’s smaller

information set that produces the optimization problem guiding the online algorithm. The

translation (or interpretation) of the solution to this optimization problem into actions is

strongly grounded in Offline’s approximate value function.

The regret bounds follow from our use of Bellman Inequalities and a useful distinction

between Bellman Loss and Information Loss. As is often the case in approximate dynamic

programming, the identification of a function ϕ satisfying the Bellman Inequalities requires

some ad-hoc creativity but, as our example illustrate, is often rather intuitive. In Ap-

pendix D.1 we provide sufficient conditions, applicable to cases where ϕ has a natural linear

representation, to verify the Bellman inequalities. These conditions are intuitive and likely

to hold for a variety of resource allocation problems. Importantly, once such a function is

identified, rabbi provides a way of obtaining online policies from ϕ and mathematical results

that produce upper bound on (i) the offline approximation gap and (ii) the online optimality

gap.

The OnlineKnapsack with probing is an instance of the larger family of two-stage decision

problems wherein there is an inherent trade-off between refined information and the cost of

obtaining it. OnlineKnapsack with pricing is a well-studied problem and it is representative

of settings where rewards and transitions are random. Our solution to the OnlineKnapsack

with learning showcases a separation of the underlying combinatorial problem from the

parameter estimation problem.
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It is our hope that this structured framework will be useful in developing online algorithms

for other problems, whether these are extensions of those we studied here or completely

different.
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Figure 5.5: Regret of the small system (n = 1 and d = 1) for different scaling k, i.e., the
horizon is T = 20k and initial budget B = 6k, where k = 1, 10, 20, . . . , 340. Dotted lines
represent 90% confidence intervals. (LEFT) Gap against the optimal policy, i.e., V DP−V rabbi

and V DP − V Offline (RIGHT) Regret of two pricing policies against Offline.
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Figure 5.6: Performance in the large system (n = 20 and d = 25) for different scaling k,
i.e., the horizon is T = 100k and initial budget Bi = 10k for i ∈ [25]. (LEFT) Regret
against Offline, i.e., V Offline − V rabbi. Dotted lines represent 90% confidence intervals.
(RIGHT) Approximation factor of rabbi against the DP captured by V rabbi/V Offline and
approximation factor of Offline against the full-information benchmark V Offline/V Full-Info,
which upper bounds the competitive ratio of any non-anticipatory policy, hence showing that
the full-information benchmark is indeed too loose, as it is Ω(T ) away from the DP.
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CHAPTER 6

USING HISTORICAL DATA

6.1 Introduction

Online decision-making problems arise in many domains, and it is fundamental to understand

the role of historical data in such problems, and how to use it for designing algorithms. In

this work, we study this question in the context of online resource allocation problems. We

focus on a general setting where a controller faces a stream of requests of various types over

a finite horizon T , and must decide dynamically how to allocate resources, while collecting

a reward associated with the request’s type. There is a finite initial stock (inventory) of

resources, which is depleted as requests are accepted. Many well-studied problems fit in this

description (see Section 6.2.2 for details).

The main source of uncertainty in online resource-allocation is in the request-arrival

process, and different approaches to online decision-making make different assumptions about

how this uncertainty is realized. Moreover, these problems are typically not just run once,

but repeatedly over many length-T episodes, and at any time, a controller typically has data

of arrivals from past episodes, as well as of past arrivals in the current episode. To distinguish

between these, we henceforth refer to data from previous episodes as historical traces, and

data from the current episode as the online trace.

In practical settings, arrival processes may vary across different episodes (due to

weekly/seasonal variations, etc.). What is often true, however, is that the controller has

some historical traces which are representative of the current episode. For example, a net-

work router can use request traces over the last hour; smart-grid operators can use electricity

demand from the same hour yesterday; a rideshare platform can use ride requests from the
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same day in the previous week; hotels and airlines can use reservations from last year’s

holiday period to model this year’s holidays. One can model this by assuming arrivals in

an episode are drawn from some unknown underlying process, and the controller is given a

single (or few) historical trace drawn from the same process. How can we use this to design

good policies?

Existing methods for online decision-making take two broad approaches for dealing with

uncertainty: (i) Bayesian approaches posit an underlying stochastic model for the uncer-

tainty, and (ii) worst-case approaches view decision-making as a game against an adversary

generating the uncertainty. In terms of data dependence, these approaches lie at two ends of

a spectrum. Bayesian approaches like approximate dynamic programming (ADP) and rein-

forcement learning (RL) require extensive historical traces to learn good policies; worst-case

approaches like online learning and competitive analysis only use the online trace to guide

decisions. A natural question is if there are variants of these approaches that can leverage

the problem structure to find good policies using only a few historical traces.

In this paper, we propose a novel policy that is able to leverage few traces to get strong

performance guarantees in theory and practice. Our algorithm builds on the framework

introduced in Chapter 5, which uses a sequence of offline optimization programs to get

constant regret algorithms for online resource allocation. Surprisingly, we show that we only

need a single trace of historical data to obtain constant regret (i.e., independent of the size of

the state-space and length of horizon T ) in many problem settings, and under a wide class

of processes including non-stationary and correlated processes.

In adapting the algorithm from Chapter 5 to work with traces, we bring out a natural

robustness property of this paradigm relative to other ADP approaches. Informally, the core

idea behind our proposed algorithm is that, by re-solving offline relaxations, a controller can

aggregate uncertainty in a way that reduces sensitivity to estimation errors. To highlight this,
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we show that we outperform common ADP approaches. In particular, standard approaches

to data-driven ADP are based on first estimating the parameters of the arrival model (or

more directly, the Q-functions for each state [85]) and then running an ADP algorithm with

the estimated model as input. A hurdle in this approach is how to handle ties, i.e., when

multiple actions look equally good relative to the (estimated) value function. We show that

the tie-breaking rule is crucial for good performance, and standard approaches, in particular

randomized rules, lead to sub-optimal performance (cf. Fig. 6.1). Our algorithm provides

one such family of data-driven tie-breaking rules that ensures good performance.

Finally, the intuition behind our theoretical bounds also informs the design of algorithms

for problems that lie beyond the theory. We illustrate this in the context of reusable resources

(e.g. inventory control, allocation of cloud resources and hotel rooms, etc.) where it is known

that no online algorithm can have constant regret. Our framework generates a straightfor-

ward algorithm that is computationally efficient and showcases strong performance, beating

other state-of-the-art specialized algorithms.

6.2 Setting and Overview of Results

We consider the following general online resource-allocation problem, which takes place over

a finite horizon of T periods. We use T to denote the first period, and index time in terms

of periods to go, i.e., t ∈ {T, T − 1, . . . , 1}.

We are given a set of d resource types, and an initial state ST ∈ Nd comprising of an

initial stock of STi for each resource type i ∈ [d]. In each period, an incoming request ξt ∈ [n]

is generated from a set of n request types via an exogenous stochastic process. Faced with

a request of type j, the controller can choose one from a set U of controls, with associated

rewards ruj for u ∈ U and j ∈ [n]. A control u ∈ U applied to a request type j depletes
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resources Auj ∈ Zd, i.e., if the current stock is S, then after applying u the levels change to

S − Auj.

The above problem setting encapsulates many important Markov decision processes

(MDPs) (cf. Section 6.2.2). A critical aspect of all settings we study is that the randomness

arises via an exogenous input process (ξt : t ∈ [T ]), which is independent of the state and

actions of the controller. Note that If the controller has full knowledge of the underlying

generative process, then it can use this to find optimal control policies via ADP techniques.

Our work instead assumes that the controller’s information about the process is only a

limited number of historical traces. Formally, we assume the controller is provided with K

historical traces H = {(ξ̂t,k : t ∈ [T ]) : k ∈ [K]} of the exogenous request process, which are

sampled from the underlying generative model. We focus on the case of K = 1, i.e., where

the controller has only a single historical trace. Using this, the controller makes real-time

decisions on new incoming requests. Henceforth we consistently refer to (ξt : t ∈ [T ]) as the

online trace and (ξ̂t,k : t ∈ [T ]) as historical traces.

Unlike in MDPs, in the context of online optimization with historical traces there is no

clear notion of an optimal policy. Nevertheless, a natural benchmark for any policy is the

so-called prophet (or offline/hindsight) benchmark – the performance of a controller that

has full information of the online trace. Obviously, the offline controller has no use for the

historical traces as it sees the full online trace, and uses it to solve the following problem:

max
x∈R[n]×[T ]×U

≥0

h(x; ξT , . . . , ξ1)

s.t. g(x;ST , ξT , . . . , ξ1) ≥ 0.
(6.1)

In most problem of interest, the decision variable xtu,ξ is binary and represents if the

control u is used at time t when an input of type ξ is presented. We assume that the

functions h and g, encoding the structure of the problem, are known. The following example,
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also referred to as unit-weight knapsack and online k-uniform matroid, suffices to understand

our main results (see Section 6.2.2 for additional problems).

Example 6.2.1 (Multi-Secretary). Job candidates arrive sequentially for the selection to

one of ST ∈ N vacant positions. The candidate arriving at time t has ability (reward) rj

with probability ptj, independent of other candidates. The controller must irrevocably accept

(a) or reject (r) the candidate. The goal is to select ST candidates so as to maximize the

total reward.

In this setting, the offline problem can be described by the total number of accepted and

rejected type-j arrivals, ya,j and yr,j respectively. Let Zt
j denote the total number of type-j

arrivals over the last t periods, and St denote the number of vacant slots at the start of

period t. Now Eq. (6.1) (computed at time-to-go t) takes the following form:

max
y≥0

∑
j∈[n]

rjya,j :
∑
j∈[n]

ya,j ≤ St, ya,j + yr,j = Zt
j ∀ j

. (6.2)

Our approach is to solve Eq. (6.2) with ξ̂t:1 as input, i.e., obtain cumulative arrivals Ẑt

from the historical traces, and use the solution {ŷa,j, ŷr,j} as scores given to the actions accept

and reject respectively. We take the action with the highest score in each period. This idea,

which forms the basis of our proposed rabbi algorithm, leads to significant improvements

in the regret, as we quantify both in terms of theoretical guarantees and simulations.

6.2.1 Overview of our Results

We present the performance guarantees of our algorithm, formally defined in Section 6.3,

which is a data-integrated adaption of rabbi introduced in Chapter 5. We provide here high-

level statements of the main results, their formal statements and analysis is in Section 6.4.
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For a given online trace ξT :1, let V off(ST , ξT :1) denote the reward collected by the of-

fline controller, i.e., the objective value of the optimization problem in Eq. (6.1). An algo-

rithm alg that uses the historical traces in H = (ξ̂T :1,k : k ∈ [K]), collects total reward

V alg(T, ST , ξT :1,H), and incurs a regret defined as

Regalg(T, ST ) = E
[
V off(ST , ξT :1)− V alg(T, ST , ξT :1,H)

]
,

where the expectation is taken w.r.t. the historical and online traces as well as alg’s internal

randomness (if any).

Our main algorithmic contribution is a general data-driven policy for online resource

allocation problems, which we refer to as the rabbi algorithm (presented in Section 6.3).

The basic idea behind rabbi is to act greedily based on action-scores computed via Eq. (6.1)

using the historical trace (see discussion in previous section on the multi-secretary problem).

The following theorem encapsulates our main performance guarantee for this algorithm.

Theorem 6.2.2. For a large class of online allocation problems (cf. Section 6.2.2), and

stochastic arrival processes (cf. Section 6.2.3), rabbi achieves constant regret with K = 1

historical trace. In other words, Regrabbi(T, ST ) ≤ ρ for some constant ρ independent of T

and ST .

Notice that constant regret implies, in particular, an approximation ratio of 1−O( 1
V off ),

where V off = E[V off(ST , ξT :1)]; see for example Figure 6.1 in Section 6.5.

The importance of score-based decisions is highlighted when we consider the natural way

to incorporate historical data into a Dynamic Program (DP). A standard approach is to

estimate the parameters and subsequently run the DP. Formally, consider an independent

time-varying arrival process: P[ξt = j] = ptj, with p ∈ Rn×T
≥0 unknown parameters. Let

V t(S, j; p) represent the total value if there are t periods to go, the current input is ξt = j, the
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stock levels are S, and the probabilities are p, then the value function is updated according

to:

V t(S, j; p) = max
u∈U

ruj +
∑
j′∈[n]

pt−1
j′ V

t−1(S − Auj, j′; p)

.
With historical traces, the parameters p are estimated from historical data, hence with K

traces DP uses the empirical averages p̂tj = |{k∈K:ξ̂t,k=j}|
K

.

When executing the policy that arises from the DP, there is a degree of freedom in

determining how to break ties — i.e. how to choose between controls that are equally

optimal relative to the estimated value function. That is, if there is a unique control that

is optimal relative to V t(S, j; p̂), then that control must be taken. Conversely, if there are

multiple such controls, one must choose between them.

Viewed in the above framework, rabbi can be used as follows: when DP encounters a

tie, it calls a single re-solve of rabbi and uses its scores to choose among actions. We prove

that DP, equipped with this tie-breaking rule, achieves constant regret for all the problems

for which rabbi achieves constant regret. In contrast, other natural tie-breaking rules, in

particular randomized tie-breaking, may have ω(1) regret, see Fig. 6.1.

Theorem 6.2.3. For a large family of problems and independent time-varying processes, DP

with the tie-breaking rule from rabbi achieves constant regret with K = 1 historical trace.

In other words, there is a constant ρ independent of T and ST such that RegDP(T, ST ) ≤ ρ.

6.2.2 Application to Specific Problems

We now discuss several problems of practical interest that can be encoded via our general

setting. The controls U correspond to allocation of resources and the specific dynamics

give rise to different problems, whereas the following description is common to all problems.
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Let us denote Zt
j as the cumulative number of type-j requests in the last t periods, i.e.,

Zt
j :=

∑t
τ=1 1{ξτ=j}. Additionally, if xtuj represents that the control u was used at t when an

input type j was presented, then all the problems we consider satisfy the following natural

conditions, which are interpreted as “some control is used at every time period”:

∑
u∈U

t∑
τ=1

xτuj = Zt
j ∀j ∈ [n], t ∈ [T ]. (6.3)

Settings Admitting Uniform Regret Guarantees The following represent important

special cases of settings in which our main theorem, Theorem 6.2.2, guarantees that rabbi

incurs O(1) regret (in particular, they satisfy the requirements R1-R4 given in in Section 6.4).

1. Online Packing (Network Revenue Management): Each type j ∈ [n] is associated with a

vector Aj ∈ {0, 1}d of resources and a reward rj ≥ 0. At each time, we must decide if we

allocate all the resources requested (encoded in Aj) or if we reject the request. Hence, the

control set has two actions, U = {a, r}. The function g encodes the following constraint

for all resources i ∈ [d]:
∑

j Aij
∑T

t=1 x
t
j ≤ STi , meaning that the amount of allocated

resources do not exceed the initial stock.

2. Online Matching: Each type j ∈ [n] has associated a reward vector rj ∈ Rd
≥0. At each

time, we must decide to which resource i we match the current arrival j, which would

generate reward rij. The control set is U = [d]. If rij = 0, we interpret that j cannot be

assigned a resource type i. The function g encodes
∑

j

∑T
t=1 x

t
ij ≤ STi .

3. Generalized Assignment: each i ∈ [d] represents a bin and, if we place a type j in bin i,

it uses aij ≥ 0 space while generating a reward of rij. The control set is again U = [d]

and g encodes
∑

j

∑T
t=1 aijx

t
ij ≤ STi .

4. Online Probing: Packing problems with unknown random rewards, where the controller

can probe up to ST0 requests to reveal their true reward before deciding on a control.

The available controls are ‘accept’, ‘probe’, and ‘reject’. The functions h and g are again

linear objectives and constraints (cf. Chapter 5 for details).
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Settings we Study Numerically A common feature of the above settings is that actions

are exchangeable across arrivals of the same type – the objective and constraints only depend

on the number of times an action u is taken for arrival type j, and not when they were

taken (this is encoded in requirement R3 in Section 6.4). In settings where the timing

of actions matters, uniform regret guarantees may not be possible. Nevertheless, these

settings are still captured by our formulation, and we show via simulations that rabbi has

a superior performance even compared to state-of-the-art algorithms crafted specially for

these problems. In particular, we consider the following reusable resource problems, where

allocated resources are returned to the platform after some time.

1. Reusable Matching: As in online matching, type-j arrivals can be matched to at most

one resource i for reward rij, but now the allocated resource is returned after lj periods.

For known distributions, recent work [97] presents a 0.5-approximation for this setting

using ADP with linear basis functions.

2. Reusable Packing: Multidimensional packing problems, where resources are released after

some time. To the best of our knowledge, there are no algorithms with provable guarantees

for this setting, and it is unclear how to extend other algorithms for this case.

6.2.3 Stochastic Generative Models for Arrivals

We consider Markov modulated arrival processes, which capture independent time-varying

processes as well as other correlated models. Let (M t) be a Markov chain with state space V

and initial distribution ν : V → [0, 1]. The arrival process is modulated by (M t) as follows:

at time t there is an arrival of type j with probability pj(M
t), where pj : V → [0, 1], i.e.,

P[ξt = j|Ft] = pj(M
t). In summary, to completely specify the arrival process, we need the

law of (M t) as well as the functions pj(·), both of which are assumed to be unknown. We

also consider case where the Markov chain is hidden.
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This covers the case of i.i.d arrivals; the modulation process has just one state (|V = 1|),

i.e., pj(M
t) = pj. Additionally, it covers the case of time-varying independent arrivals if

we define the chain’s state-space be V = [T ] and endow it with deterministic transitions

P[M t−1 = t− 1|M t] = 1.

6.2.4 Related Work

As we mention above, our work is closely related to ADP approaches for online allocation

problems [65, 78, 10, 37], bandit approaches with iid arrivals from an unknown distribu-

tion [15], and worst-case models for online packing [36, 51], and more generally, online

convex optimization [6, 8]. These methods do not naturally use traces, and hence guaran-

tees are difficult to compare; nevertheless we numerically demonstrate that our algorithm

performs much better than (i) state-of-the-art parametric ADP approaches with full model

information, and (ii) worst-case models even under complex input processes.

Our work is closely related to the literature on prophet inequalities [80] and in particular,

sample-based variants [12, 96]. These works however focus on worst-case distributions, and

have poor performance for typical distributions. Our work builds on a more recent approach

towards getting distribution-dependent prophet inequalities, and in particular, on the work

of [10] for multi-secretary problems. The general algorithm we introduce here adapts the

rabbi algorithm in Chapter 5 to incorporate historical traces.
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6.3 The Data-Driven rabbi Algorithm

Recall the offline benchmark problem in Eq. (6.1):

max
x∈R[n]×[T ]×U

≥0

h(x; ξT , . . . , ξ1)

s.t. g(x;ST , ξT , . . . , ξ1) ≥ 0.

rabbi stipulates resolving, at each time t, a problem with estimated functions h̄t ≈ h, ḡt ≈ g

and updated state St. Formally, define ϕ̂(t, s) as the following program:

ϕ̂(t, s) =
max

x∈R[n]×[T ]×U
h̄t(x; ξT , . . . , ξ1)

s.t. ḡt(x; s, ξT , . . . , ξ1) ≥ 0,

(6.4)

where h̄t, ḡt are the empirical estimates given by h̄t =
∑
k∈[K] h(x;ξ̂t:1,k)

K
and ḡt =∑

k∈[K] g(x;St,ξ̂t:1,k)

K
.

Let x̂ denote the optimal solution to Eq. (6.4), and define score ŷtu,j =
∑t

τ=1 x̂
τ
u,j for each

action u when faced with a type-j request. The main idea in rabbi is to re-compute these

scores in each period, and act greedily with respect to them. The formal algorithm is as

follows:

RABBI (Re-solve and Act Based on Bellman Inequalities)

Input: Access to historical traces (ξ̂t,k : t ∈ [T ]), k ∈ [K].
Output: Sequence of decisions Û t for each t ∈ [T ].

1: Set ST as the given initial state
2: for t = T, . . . , 1 do
3: Re-solve ϕ̂(t, St) as in Eq. (6.4)
4: Compute scores ŷ = {ŷtu,j}u∈U ,j∈[n]

5: Given ξt, choose action Û t with highest score ŷtu,ξt
6: Collect reward rÛt,ξt . Update St−1 ← St − AÛt,ξt
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6.4 Analysis

We now present formal regret guarantees for rabbi based on a single trace. Our results hold

for any problem satisfying three properties that encapsulate (i) the structure of the opti-

mization problem, (ii) the predictability of the stochastic process, and (iii) the interaction

between the optimization problem and the stochastic process.

Our first requirement is that the offline problem is linear and ‘well-posed’, in that it

captures underlying transitions.

R1 Well-Posed Problem: The reward h has the form h(x; ξt:1) =
∑

j,u xjurju. The function g

is linear, and includes the constraints
∑

u xju = Zt
j ∀ j ∈ [n], i.e, an action must be selected

for every arrival. For all u ∈ U , j ∈ [n], if control u is applied to type j, then the constraint

g captures the resulting depletion of resources; formally, g(etu,j; s, ξ
t:1) ≤ g(0; s−Auj, ξt:1).

Next, we require that the stochastic arrival process satisfies a concentration bound, which is

a variant of standard bounds based on ‘self-normalized exchangeable pairs’.

R2 All Time Concentration of Arrivals : ∃ θ1, θ2 > 0, s.t.

P[||Zt − Ẑt||∞ ≥ Ẑt
k/c] ≤ θ1e

− θ2t
c2 , ∀k ∈ [n]. (6.5)

Finally our third condition requires the constraints can be expressed as an additive function

of the actions and arrivals.

R3 Noise Interaction: The constraint function satisfies g(x; s, ξt:1) = g1(x; s)+g2(s; ξt:1) and

||g2(s; ξt:1) − g2(s; ξ̂t:1)||∞ ≤ ||Zt − Ẑt||∞. In other words, the noise interacts additively

with the constraints and it is dominated by the demand.

Example 6.4.1. We show that the multi-secretary problem (Example 6.2.1) satisfies re-

quirements R1 and R3. Recall that the problem has two sets of constraints,
∑

j xa,j ≤ St

220



(acceptances do not exceed the available positions) and xa,j ≤ Zt
j (acceptance of j does

not exceed arrivals of j). R1 follows by inspection. R2 follows because the constraint that

involves noise is xa ≤ Zt, which is additive in the noise with g2(s; ξt:1) = Zt.

In what follows we use the constant κ that identifies the Lipshitz continuity of the under-

lying LP. Let the matrix Ā be the constraint matrix encoded by g. Then, we write κ = κ(Ā)

to be the constant such that for any two right-hand side values b1,b2, the set of optimal

solutions X (v) := argmaxx{r′x : Āx ≤ b} satisfies ||X (b1)−X (b2)||∞ ≤ κ||b1−b2||∞. The

existence of this constant κ follows, e.g., from [84].

Theorem 6.4.2. Suppose that the optimization problem (6.1) satisfies the three requirements

listed above. Then, the regret of rabbi with a single trace is at most drϕ|U|2θ1κ
2/θ2, where

rϕ = maxj∈[n],u∈U ruj is the maximum reward and d is the number of resource types.

We complement our result by showing that a large family of stochastic processes satisfy

Eq. (6.5).

Proposition 6.4.3. For time-varying independent processes with pjt ≥ β for all j, t,

Eq. (6.5) is satisfied with θ1 = 4n and θ2 = β2/12, hence the regret is at most O(drϕnκ
2/β2).

The next example emphasises that, if the arrival process is not independent, in general

a single trace is insufficient. Motivated by this, we study in Propositions 6.4.5 and 6.4.7

particular forms of correlation.

Example 6.4.4. Consider the arrival process where, at time t = T , i.e., at the beginning

of the horizon, a fair coin is flipped. With probability 1/2, we take ξt to be independent

random variables with P[ξt = j] = ptj,head, j ∈ [n], t ∈ [T ]. With the remaining probability

1/2, P[ξt = j] = ptj,tail . In this case, with probability 1/2 the online trace comes from a

different distribution that the single historical trace, hence the latter contains no relevant

information.
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In the following two results, we assume that the underlying Markov chain has a stationary

distribution π : V → [0, 1]. We denote M t the online chain and M̂ t the historical chain,

modulating the online and historical trace, respectively. We give parametric results in terms

of (i) the absolute spectral gap and (ii) mixing time of M t.

For a function h : V → R we define ||h||2π =
∫
h(v)2π(dv) Given a Markov operator P ,

the absolute spectral gap is λ(P ), where λ(P ) = sup{||Ph||π : ||h||π = 1,
∫
h(v)π(dv) = 0};

see [58].

Proposition 6.4.5. Suppose that the arrival process is Markov modulated with a chain M t

that has invariant measure π and absolute spectral gap λ. Then, if MT and M̂T are initialized

with π, Eq. (6.5) holds with θ1 = 4n and θ2 = 48 λ
1+λ

β2, hence the regret is at most O(drϕnκ
2

(λ)β2 ).

Furthermore, the chain can be hidden from the controller.

Example 6.4.6. The 2-state Markov chain with states V = {1, 2} and transition matrix

P =
(

1−δ δ
δ 1−δ

)
has spectral gap λ = 3δ(1−δ). The modulated arrival process has parameters

pj(1), pj(2). With a single historical trace, if δ ≈ 0, it could be that the online trace

evolves with parameters pj(1) for most periods, whereas the historical trace with pj(2) for

most periods. This captures the intuitive notion that a slower-mixing chain releases less

information in a single trace. In other words, if δ ≈ 0 a single trace is uninformative. This

is reflected in our regret bound: it grows as 1/δ as δ ↓ 0.

It is, in fact, not necessary for the chain to be initialized with its stationary distribution.

With other conditions, it suffices that MT and M̂T are initilaized in the same state. To state

this, the mixing time of a Markov chain is given by tmix := min{t : supv∈V dTV (P t(v, ·), π) ≤

1/4}, where dTV is the total variation distance; see e.g. [91].

Proposition 6.4.7. Suppose that the arrival process is Markov modulated with a chain M t

that has invariant measure π and mixing time tmix. Then, if both MT and M̂T start at the
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Figure 6.1: Performance of different policies for the multi-secretary problem: The plots show
the total reward and approximation factor for different algorithms as the size of the problem
instance scales. We compare rabbi against (i) the DP with empirical value-functions and
randomized tie-breaking, (ii) the DP with empirical value-functions with rabbi’s score-
based tie breaking, and (iii) two variants of the online learning policy of [51], which we refer
to here as djsw. All algorithms are given a single historical trace.
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Figure 6.2: Performance of rabbi in the reusable matching problem. We compare rabbi
against a specialised algorithm based on Approximate DP with Linear Basis Functions. We
give both algorithms an increasing number of historical traces as well as the full arrival model
(denoted as ‘inf’ in plots (a) and (b)). Dotted lines represent 90% confidence intervals.

same state, Eq. (6.5) is satisfied with θ1 = 4n and θ2 = 48β2/tmix, hence the regret is at most

O(drϕnκ
2tmix/β

2). Furthermore, the chain can be hidden from the controller.
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lengths lj (number of periods that requests use the resources). In the x-axis we denote as
‘inf’ the case where we give rabbi the full distribution.

6.5 Numerical Experiments

We now present numerical experiments to emphasize the following: (i) a single trace suffices

for bounded regret, (ii) the importance and usefulness—beyond our algorithm—of using

action scores as a tie-breaking rule for estimated value functions, and (iii) the effectiveness of

our approach in settings beyond those covered by Theorem 6.2.2. We use the multi-secretary

problem (Example 6.2.1) for the first two objectives, and online packing and matching with

reusable resources (Section 6.2.2) for the third.

6.5.1 Multi-Secretary with Single Trace

We simulate an instance with n = 4 types, and non-stationary arrival process (in particular,

we choose ptj to be sinusoidal with type-dependent shift, frequency, and translation). The

base instance has horizon of length T = 100 and initial resource stock of ST = 60; we

then scale this to get a family of instances, where the k-th instance has horizon kT and

initial resource stock kST . Fig. 6.1 compares different algorithms—rabbi, empirical value-

function approximation (DP) with randomized tie-breaking and score-based tie-breaking,

and the minimax optimal policy (djsw) [51]—for this setting.
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Fig. 6.1b shows that rabbi achieves almost 100% of the offline reward. Moreover, we

also see that DP with a random tie-breaking rule has regret linear in T , but if we instead

use the score-based tie-breaking rule, then it has the same performance as rabbi (thereby

confirming Theorem 6.2.3). We note though that it is not feasible to run DP in higher

dimensions, while rabbi is always efficient.

We also benchmark rabbi against the minimax optimal algorithm for this setting [51],

which we indicate as djsw. This policy has a tuning parameter ε, and we search over this

parameter and report the best performance. While djsw does not naturally incorporate

historical traces, we also test a modified version where we first feed djsw the historical trace

for T periods (but ignore its actions), and then the online trace for the next T periods. Both

algorithms perform much worse, though we note that this is expected since they are designed

for maximizing worst-case performance.

6.5.2 Online Matching with Reusable Resources

Next we consider online matching with reusable resources (cf. Section 6.2.2): A type-j cus-

tomer generates reward rij ≥ 0 if assigned a resource i ∈ [d], and utilises i for lj ≥ 1

periods, after which it is returned to the platform. The offline problem at time t is thus

max
y∈Rn×[t]

≥0

∑
i,j rijy

t
ij subject to the following constraints

Sτi = STi −
∑

j∈[n]:lj>1

Aij(y
τ+lj−1
ij − yτij), τ ∈ [t]

yτ−1
ij ≤ yτij, τ = 2, . . . , t∑

i

yτij ≤ Zτ
j , τ ∈ [t]

yτij = ȳτij, j ∈ [n], τ = t+ 1, . . . , t+ lj.
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The parameters ȳτij correspond to the controls over the interval [t + lj, t + 1], i.e., past

controls that impact the system at t. As time progresses, we simply set the values of ȳτij to

the actions performed in the past.

In Fig. 6.2, we compare the performance of rabbi to the state-of-the-art approach (ADP

with tuned linear basis functions) for this setting [97]. For fixed T , we study two instances,

with stationary (Fig. 6.2a) and with time-varying (Fig. 6.2b) arrival processes, and report

the regret as a function of number of traces (with ‘inf’ denoting full model specification).

Additionally, for the latter instance, we also demonstrate the performance (reward) as we

scale the horizon T ( Fig. 6.2b). Our experiments show that rabbi with a single trace, beats

the specialized algorithm even if it is provided the full distribution.

6.5.3 Online Packing with Reusable Resources

Finally we study online packing with reusable resources (Section 6.2.2): A type-j customer

offers reward rj for using resources {i ∈ [d] : Aij = 1} for lj ≥ 1 periods. The period-t offline

problem encodes the natural packing constraints. For this setting we are unaware of any

specialized algorithm (with the exception of the single-resource, infinite horizon case [82]),

and so we compare only to the offline benchmark.

We consider instances with horizon T = 200, and test rabbi in 3 different instances: a

low-usage instance with d = 2 resources, n = 6 request types, and random holding times `j

with average 3; a medium-usage instance with d = 4, n = 7, and average holding-time 6;

and a high-usage instance with d = 7, n = 5, and average holding-time 10. We report results

in Fig. 6.3. Models with larger holding-times naturally lead to harder problems, as supported

by our experiments. Moreover, additional traces leads to small performance improvements,

as is observed in the reusable matching and multi-secretary settings.
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6.6 Proofs of Main Results

Proof of Theorem 6.4.2. We use the framework introduced in Chapter 5. In particular,

we can bound the regret of rabbi in terms of the information loss and Bellman loss, as∑T
t=1(drϕP[Q(t, St)] + E[LB(t, St)]), where St denotes the state of rabbi, i.e., the process

that evolves according to using controls given by rabbi; Q(t, s) is the disagreement set,

which corresponds to the set of online traces where the control chosen by rabbi is not

optimal for offline given the same state; and LB(t, s) is the Bellman loss, which corresponds

to the violation of ϕ̂ in Eq. (6.4) w.r.t. the Bellman equations.

Using assumptions 1 and 4, we conclude from Proposition D.1.1 that the Bellman loss

is bounded by drϕ since the functions h and g satisfy both assumptions required in that

result. Moreover, we claim that P[Q(t, St)] ≤ P[||Zt − Ẑt|| ≥ Ẑt
j/|U|κ], where j = ξt is

the current arrival. Assuming this claim and using Eq. (6.5), we obtain
∑T

t=1 P[Q(t, St)] ≤∑T
t=1 θ1e

− θ2t

(|U|κ)2 , proving the final regret bound.

To prove the claim we use the Lipschitz continuity of LPs as discussed in Section 6.4.

Fix a time t and let X̂ be the solution to the optimization problem in Eq. (6.4). There

exists a solution X to the same optimization problem but with Zt in lieu of Ẑt such that

||X − X̂||∞ ≤ κ||Zt − Ẑt||∞. We remark that X corresponds to the problem solved by

the offline controller. Let u be the control chosen by rabbi. This control is not optimal

for offline only if Xuj < 1, which formally is Q(t, St) = {ω ∈ Ω : Xuj < 1}. Intuitively,

the control u is not optimal only if the offline problem never uses the control u for type j

(Xuj < 1).

Since rabbi chooses the control u with maximum entry and we have the constraint∑
u′∈U X̂u′j = Zt

j , necessarily X̂uj ≥ Ztj
|U| . In conclusion Xuj < 1 necessitates ||X−X̂||∞ ≥ Ztj

|U| .

Applying the Lipshichtz property, we have P[||X − X̂||∞ ≥ Ztj
|U| ] ≤ P[||Zt − Ẑt||∞ ≥ Ztj

κ|U| ]
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concluding the proof of the claim.

Proof of Theorem 6.2.3. With a single trace, DP has the following description. At time

t, DP solves an integer program that corresponds to Eq. (6.4) with integrality constraints.

Let X be the solution of said IP. Then, if ξt = j, the control u is a maximizer of the Bellman

equation if Xuj ≥ 1. Observe that there could be multiple such controls. If in case of ties DP

uses rabbi’s decision rule, i.e., play u with maximum Xuj, then the analysis is exactly the

same as in the proof of Theorem 6.2.2 except that we use the Lipschitz property of integer

programs [46].

Proof of Proposition 6.4.3. For brevity, all the norms ||·|| denote the infinity norm.

We prove that P[||Zt − Ẑt|| ≥ Ẑt
k/c] ≤ 4ne

− β2t

3(2c+1)2 . Standard concentration results imply

that, for x < minj µ
t
j,

P[||Zt − µt|| ≥ x] ≤ 2
∑
j

e
− x2

3µt
j . (6.6)

Call Ex the event where ||Zt − µt|| < x and ||Ẑt − µt|| < x. We use total probabilities to

compute:

P

[
||Zt − Ẑt|| ≥ Ẑt

k

c

]
≤ P

[
||Zt − Ẑt|| ≥ Ẑt

k

c
|Ex
]

+ P[Ec
x]

≤ 1{x+x>(µtk−x)/c} + P[Ec
x].

The last inequality is because, in Ex, Ẑ
t
k > µtk − x. Set x =

minj µ
t
j

2c+1
and observe that, with

this choice, the indicator is zero and we satisfy the requirements of Eq. (6.6). Further, by

our condition we have x ≥ βt
2c+1

and it always holds that µtj ≤ t, hence

P[||Zt − Ẑt||∞ ≥ Ẑt
k/c] ≤ P[Ec

x] ≤ 4
∑
j

e
− β2t

3(2c+1)2 .

This concludes the proof.
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Proof of Proposition 6.4.5. Observe that the crucial fact in the proof of Proposi-

tion 6.4.3 is that both Zt and Ẑt concentrate around µt, see Eq. (6.6), where µt does not

depend on the realization, i.e., it is fixed for all t. We prove a similar fact, but with another

quantity that is also common to both traces. We claim that

P[||Zt − tπ(p)||∞ ≥ x] ≤ 4ne−
λ

12t
x2

, (6.7)

where π(p)j :=
∑

v∈V π(v)pj(v). Assuming Eq. (6.7), then the proof proceeds exactly as in

Proposition 6.4.3.

What remains is to prove Eq. (6.7). Conditioned on M t = vt, . . . ,M1 = v1, the arrivals

of type j are independent with probabilities pj(v
τ ) for τ = t, . . . , 1. Denoting pj(v

t:1) =

pj(v
t) + . . . + pj(v

1) and E(vt:1) the event M t = vt . . . ,M1 = v1, let us define the following

r.v. conditioned on M t:

ηtj =
∑
vt,...,v1

1E(vt:1)(pj(M
t) + pj(v

t−1:1)). (6.8)

Then, P[|Zt
j − ηtj| ≥ x|M t] is upper bounded by

∑
vt,...,v1

P[E(vt:1)|M t]P
[∣∣∣∣Zt

j −
pj(l

t:1)

t

∣∣∣∣ ≥ x|E(vt:1)

]
≤
∑
vt,...,v1

P[E(vt:1)|M t]2e−
x2

3t = 2e−
x2

3t . (6.9)

The inequality follows from Eq. (6.6).

We know that Zt
j concentrates around ηtj and Ẑt

j concentrates around η̂tj (as defined in

Eq. (6.8), but with M̂ t replacing M t). Now we will show that both ηtj and η̂tj concentrate

around tπ(p)j. Indeed, applying [58, Theorem 2.1], provided that MT ∼ π, we obtain the

following

P
[∣∣ηtj − tπ(pj)

∣∣ > x
]
≤ 2e−2 λ

1+λ
x2

t . (6.10)
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We use |Zt
j − tπ(p)j| ≤ |Zt

j − ηtj|+ |ηtj − tπ(p)j| and evaluate Eqs. (6.9) and (6.10) with x/2

to obtain

P[|Zt
j − tπ(p)j| ≥ x] ≤ 2e−

x2

12t + 2e−
λ

1+λ
x2

2t .

A union bound finishes the proof of Eq. (6.7).

Proof of Proposition 6.4.7. We reason as in the proof of Proposition 6.4.7, but in this

case we prove that Zt and Ẑt concentrate around E[ηt] which is also invariant of the trace

(since both chains start at the same state). Formally, we claim P[||Zt − E[ηt]||∞ ≥ x] ≤

4ne−
λ

12t
x2

.

To prove the claim, we use |Zt
j − E[ηtj]| ≤ |Zt

j − ηtj|+ |ηtj − E[ηtj]| so that

P[|Zt
j − E[ηtj]| ≥ x] ≤ P

[
|Zt

j − ηtj| ≥
x

2
or |ηtj − E[ηtj]| ≥

x

2

]
.

The first event is bounded by Eq. (6.9) whereas for the second we apply [91, Corollary 2.10]

to obtain P[|ηtj − E[ηtj]| ≥ x] ≤ 2e
−2 x2

ttmix . Finally, a union bound finishes the proof of the

claim.

6.7 Discussion

In our numerical experiments it was not necessary to tune the algorithm to obtain good

performance. Nevertheless, we recommend two different ways of tuning rabbi to boost the

performance in practice. First, in Step 4 of rabbi, instead of choosing the action with

maximum score yu,ξ, we can chooss the action with maximum weighted scored wu,ξyu,ξ,

where w ∈ RU×[n] is now a parameter that can be tuned. Second, we can influence the

aggressiveness of the algorithm by modifying the initial state ST ; in the case where ST

represents inventory levels (capacities) of d resources, we can change ST to be ST +w, where

now w ∈ Rd is a tuning parameter.
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APPENDIX A

APPENDIX FOR CHAPTER 2

A.1 Different notions of HD

We give below the main notions of HD. We note that they are all similar and they are

interlinked in terms of their properties, see [61, Section 9] for several results on this. We

limit the discussion here to highlight the main differences.

• [2]: this is the closest to our definition, but we weaken it (make it easier to satisfy).

The difference is that they make the notion of r-significant stronger by also calling

r-significant paths P whose length is `(P ) < r, but can be extended by adding at most

one node at each end of P to obtain a path P ′ with `(P ′).

• [1]: it is also very similar, but technically different in that we define path neighbour-

hoods Sr(v) as sets of paths (while they use the union of nodes belonging to those

paths), hence in our definition there are fewer elements to hit. On the other hand,

they consider paths of lengths between r and 2r, while we consider paths longer than

r. We could also add the restriction of length at most 2r without changing any of the

results, but at the cost of making the definition even more involved.

• [4]: it is slightly weaker, in that they look at paths are r-significant and contained

in a larger ball (of radii 4r) vs the notion of r-significant and within distance 2r of a

node. Specifically, for each v, they ask for hitting sets of paths P ⊆ B4r(v) such that

`(P ) > r.

For P∗, a consequence of considering less-restrictive path-neighborhoods is that the high-

way dimension returned by our definition is smaller than that of [2]. In particular, unlike
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[2], the HD of G as per our definition is not an upper bound to the maximum degree ∆ or

the doubling constant α. The notion of [4] does not bound the doubling constant.

With respect to our average HD in Section 2.3.4, we note the following.

Remark A.1.1. The algorithm in Theorem 2.3.18 makes one call to the VC-dimension

solver for each Ci. On the other hand, the algorithm in [2] calls up to n times the solver for

each Ci. Finally, there is an extra log n factor in the approximation guarantee, but now the

value of h can be much smaller.

We now discuss how our results extend to the definition in [2], which we refer to as

strong-HD. The strong-HD defines a path P to be r-significant if, by adding at most one

hop at each end, we get a shortest path P ′ longer than r. The path P ′ is called an r-witness

for P . Intuitively, a path is significant if it represents a long path. Observe that, if P ∈ P∗

is such that `(P ) > r, then P is r-significant by definition. We remark also that a path can

have many r-witnesses.

Finally, the path neighborhood must also be strengthened. The path P ∈ P∗ belongs

to S+
r (v) if, P has some r-witness P ′ such that dist(v, P ′) ≤ 2r. The reverse neighborhood

S−r (v) is defined analogously. With this modified versions of r-significant and neighborhood,

the notions of LSHS and HD are the same as our previous definitions.

Under the strong-HD, we have ∆ ≤ h and α ≤ h+ 1. Additionally, this definition allows

proving results for CH. Finally, we show that even for the strong-HD, CHD and HD can still

be off by a factor of n.

Proposition A.1.2. For any h, we can construct a family of networks such that the sparsity

of LSHS is h and that of EPHS is arbitrarily worse than h.

Proof. First, we construct an example where the sparsity grows from h to h2. Consider an
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Figure A.1: Example where the EPHS is much larger than the LSHS.

h-ary tree rooted at u with three levels, i.e., with 1 + h+ h2 nodes. Now add a node v with

h children as in Figure A.1. The grandchildren of v are the same as the grandchildren of u.

All the edges are bidirectional and have unit cost. The lengths are as follows: uxi and

vyi (dashed in Figure A.1) are zero; uv and from yi to the leafs is one; from xi to the leafs

is three. It is easy to see that the sparsity of a LSHS is h+ 1.

On the other hand, every leaf w is a 2-efficient path. Indeed, it can be extended to xiw

that is the shortest path from xi to w with constraint 1. All the leafs are in the ball B4(u),

so the sparsity is at least h2.

The general case works in the same fashion. We make the sparsity grow to hk by creating

two complete, k-level, h-ary trees T and T ′. Connect the root of T to the root of T ′ and the

leafs of both trees are shared. Observe that the number of nodes is

n = [k-level h-ary tree] + [(k − 1)-level h-ary tree]

= (hk+1 − 1)/(h− 1) + (hk − 1)/(h− 1),

therefore the sparsity is Θ(n), the worst possible.
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A.2 Contraction Hierarchies

We present here how to extend the concept of HD in order to prove the efficiency of CH in

directed graphs. Given a rank in the nodes, the shortcut process works as in the non-directed

case:

1. Let G′ be a temporary copy of G.

2. Remove nodes of G′ and its edges in increasing rank.

3. When removing v, if some unique shortest path in G uses uvw, add (u,w) to G′ with

length `(u, v) + `(v, w).

Call E+ the set of edges created in the shortcut process. A source-destination query runs

bidirectional Dijkstra, but each search only considers paths of increasing ranks.

As in the non-directed case, let Qi = Ci \ ∪j>iCj be the partition of V . All the ranks in

Qi are smaller than those in Qi+1, within each Qi the rank is arbitrary.

Lemma A.2.1. Let P be a shortest path in the original graph. If P has at least three vertices

and `(P ) > 2γ, then some internal vertex of P belongs to a level Qx, x > γ.

Proof. The path P ′ obtained by removing the endpoints of P is `(P )-significant. By

definition of the Ci’s, Cγ+1 hits P ′ at some node u. By construction of the partition, u ∈ Qx

with some x > γ.

Now we show that each node adds at most h to its out-degree for each Qi, so the process

adds at most h logD to the out-degree of each node.

Lemma A.2.2. Assume the network admits the Ci’s. For any v and fixed j, the number of

shortcuts (v, w) with w ∈ Qj is at most h.
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Proof. Let i be the level such that v ∈ Qi and define γ := min(i, j). We claim that

w ∈ B+
2γ (v). Assume the claim, then the number of shortcuts is at most |Qj ∩ B+

2γ (v)|, but

using local sparsity and set inclusion:

|Qj ∩B+
2γ (v)| ≤ |Cj ∩B+

2·2j−1(v)| ≤ h.

All that remains is to prove the claim. The shortcut (v, w) was created when the process

removed the last internal vertex of the shortest path P (v, w) in G. Necessarily all the internal

vertices are in levels at most γ, because they were removed before v and w, hence they have

lower rank. Finally, apply Lemma A.2.1 to conclude that `(P (v, w)) ≤ 2γ.

We need to bound the in-degree, because it could be that some node v is receiving many

edges. The proof is basically the same.

Lemma A.2.3. Assume the network admits the Ci’s. For any v and fixed j, the number of

shortcuts (w, v) with w ∈ Qj is at most h.

Proof. Same as in the previous lemma, but now w ∈ B−2γ (v).

We can conclude now that the number of shortcuts, i.e. |E+|, is at most 2nh logD.

As we mentioned before, the query performs Dijkstra from the source and target, but

always constructing paths of increasing rank. When scanning a vertex v, the forward search

has a label dist(s, v)′. The labels always satisfy dist(s, v)′ ≥ dist(s, v), but, since the algo-

rithm only goes to higher ranks, equality is not guaranteed.

We add a pruning rule analogous to the non-directed case: when the forward search

scans a node v, if (v, w) ∈ E ∪E+ and w ∈ Qi, then w is added to the priority queue only if

rank(w) > rank(v) and dist(s, v)′ + `(v, w) ≤ 2i. For the reverse search, the condition is the

analogous dist(v, t)′ + `(w, v) ≤ 2i when (w, v) ∈ E ∪ E+.
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Proposition A.2.4. The query with additional pruning returns the correct distance. Addi-

tionally, each Dijkstra scans at most h nodes in each level.

Proof. Let us analyse the forward search. Say the node v is being scanned, w ∈ Qi is a

candidate and dist(s, v)′ + `(v, w) > 2i. If the current path P ′ to w is optimal, then P (s, w)

is 2i-significant and it is hit by Ci+1. As a consequence, P (s, w) contains an internal vertex

with higher rank than w. This vertex cannot be in P ′ nor a shortcut containing it, thus

contradicting the optimality of P ′. We conclude that P ′ is not optimal and w can be ignored.

Bounding the number of scanned nodes is easy; every w ∈ Qi added to the queue satisfies

w ∈ B+
2i

(s), so applying local sparsity we finish the proof.

As a result, the forward search adds at most h logD nodes to the queue; each of node

amounts to O(outdeg(G+)) operations, i.e., O(outdeg(G) + h logD) operations.

A.3 CHD vs. HD: Extensions

So far we have only used the structure of shortest paths in G, which, naturally, does not

capture all the information in the network. It is natural to think that there is structure if

we look at, for example, only zero cost edges.

Let G0 be obtained from G by removing all the edges with cost. The networks G and

G0 define two hierarchies of roads; shortest paths in G0 are free, but not as fast as the ones

in G. Our main hypothesis now is that an efficient path P does not alternate between these

two hierarchies. For example, a path that enters and exits multiple times a highway is not

desirable because of turning costs.
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Proposition A.3.1. Let Q,Q′ be two path systems with HD h and h′ respectively. The HD

of the system Q∪Q′ is at most h+ h′.

Proof. Given v ∈ V , the union of Hv,r and H ′v,r hits all the paths in Sr(v,Q)∪Sr(v,Q′).

We now relax the assumption that a system witnesses another. It could be that the

efficient paths are sometimes witnessed by free paths and sometimes by shortest paths.

Theorem A.3.2. Assume that G has doubling constant α and Q,Q′ are systems with HD

h, h′ respectively. Moreover, suppose PE does not alternate between Q and Q′, that is, for

some β, β′ > 0, each path P ∈ PE is either β-witnessed by some Q ∈ Q or β′-witnessed by

Q′ ∈ Q′. Then G admits (αβh+ αβ
′
h′, r)-EPHS.

A.3.1 Correlated Costs

We have studied so far the case where c(P ) is just the sum of individual edge costs. In

practice it could be that the cost depends on combinations of arcs. Think of a turn in a road

network; we can turn right quickly, but turning left means waiting for a green arrow in most

cases. Another example is minimizing expectation subject to bounded variance. If there is

no independence, the variance of a path is not the sum of individual variances.

We explain now how to deal with more general cases using the same framework. Assume

the cost function c2 : E×E → N∪{0} depends on pairs of edges, so if a path is P = e0e1 . . . ek,

then the cost would be c2(P ) =
∑k

i=1 c2(ei−1, ei). The nodes in the augmented graph will be

triplets 〈u, v, b〉, where v is the current state, u is the previous state and b is the available

budget. The arcs are given by

(〈u, v, b〉, 〈v, w, b′〉), uv, vw ∈ E, b′ = b− c2(u, v, 2).
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Define analogously the concept of efficient paths. It is easy to see that, as in the previous

case, shortest paths in the augmented graph are efficient paths. The system P̃E of such

paths may also allow for a β-witness. With the previous properties we can construct the

hub labels in the same fashion to prove the following result.

Theorem A.3.3. Assume the system P̃E has HD h̃. Then, there exists HL such that queries

s, t, b can be answered in time O(b∆h̃ logD) and the space requirement is O(Bn ·∆Bh̃ logD).

In particular, if P∗ is a β-witness for P̃E, then h̃ ≤ hαβ.

A.4 Additional Proofs

Proof of Theorem 2.3.9. To get this stronger bound, we need to modify the HL con-

struction. The algorithm for forward hub construction is given in Algorithm 12, and for

reverse hubs in Algorithm 13. Note that the two must be run sequentially, as the latter uses

the nodes marked in the former. We make the forward hubs L+(〈v, b〉) slightly bigger by

storing, for each node the distance from 〈v, b〉 and also the budget surplus. Let Ci be the

(hc, 2
i−1)-EPHS and PEs,t the efficient paths from s to t.

Observe that, whenever a node v ∈ Ci is added, v ∈ B+
2i

(s) guarantees that at most hc

such points are needed for the whole process. Additionally, every such v is added at most

g(b) times in the hub of 〈s, b〉. The data requirement guarantee follows.

The bound for data requirements is g(B)hc logD, the argument is analogous to the

forward case. Finally, we need to prove the cover property. Take any query SP (〈s, b〉, t−)

and let P be the solution. In Lf(〈s, b〉) there is a node vP added by Algorithm 12. By

construction, the same node vP was added to L−(〈d, 0〉). The result follows.

Proof of Proposition 2.3.8. We extend some arguments from [2, Theorem 8.2]. Denote
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Algorithm 12 Construction of forward hub

Input: Node s ∈ V , efficient paths PEs,t ∀ t, EPHS {Ci}.
Output: Forward hubs L+(〈s, b〉) for b = 0, . . . , B and a marked node vP for every path.
1: Order each PEs,t by increasing cost and remove paths consuming more than B.
2: for t ∈ V \ s do
3: for P ∈ PEs,t do
4: b← c(P ), b′ ← c(P ′), where P ′ is the next path in the list (b′ = B if no such path).
5: Find the largest i such that P is 2i−1-efficient.
6: Find v ∈ Ci hitting P and mark v as vP .
7: Add 〈v, c(P [v, t])〉 to L(〈s, b〉)+ with distance `(P [s, v]) and surplus zero.
8: for x between b and b′ do
9: Add 〈v, c(P [v, t])〉 to L(〈s, x〉)+ with distance `(P [s, v]) and surplus x− b.

Algorithm 13 Construction of reverse hub

Input: Node t ∈ V , efficient paths PEs,t ∀ s, marked nodes and EPHS Ci.
Output: Backward hub L−(〈t, 0〉).
1: Order each PEs,t by increasing cost and remove paths consuming more than B.
2: L−(〈t, 0〉)← ∅
3: for s ∈ V \ t do
4: for P ∈ PEs,t do
5: Find the largest i such that P is 2i−1-efficient.
6: Take v as the marked node vP .
7: Add 〈v, c(P [v, t])〉 to L−(〈t, 0〉) with distance `(P [v, t]).

Sr(v) := S+
r (v,Q)∪S−r (v,Q). Observe that, for fixed v ∈ V , the set system (E, {π(Q) : Q ∈

Sr(v)}) admits a hitting set of size h∆. Indeed, we know that exists Hv,r ⊆ V , |Hv,r| ≤ h,

hitting every path in S+
r (v,Q) and in S−r (v,Q). The desired hitting set consists of all the

edges adjacent to a node in Hv,r.

If the minimum size of a set system is s and the VC-dimension is d, then the algorithm

in [57] obtains, in polynomial time, a hitting set of size at most O(sd log(sd)). In particular,

we can use the algorithm to obtain a set F̃v,r ⊆ E, of size at most h′ = O(h∆ log(h∆)),

hitting the set system (E, {π(Q) : Q ∈ Sr(v)}) .

Consider the set Fv,r ⊆ V that contains all the endpoints of edges in F̃v,r. It follows

that Fv,r ⊆ V can be obtained in polynomial time and is a hitting set for Sr(v) of size

|Fv,r| ≤ 2h′. Assume for now that we know the value of h. Note that the value h′ can be
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computed from h and the guarantee given by the oracle, i.e., the constant inside the big-O.

We construct the (2h′, r)-LSHS iteratively. At each iteration i we maintain the following

invariant: Ci hits every path in Qr. In an iteration we check if Ci is locally sparse, if not,

we strictly reduce the cardinality of Ci while maintaining the invariant. Start with C0 = V .

Let B2r(v) := B+
2r(v) ∪ B−2r(v). Assume v ∈ V is such that |B2r(v) ∩ Ci| > 2h′ and let

Ci+1 := (Ci \B2r(v))∪Fv,r. The cardinality strictly decreases and we only need to check the

invariant. Consider the paths hit by nodes removed in Ci, this set is

{Q ∈ Qr : Q ∩ Ci ∩B2r(v) 6= ∅} ⊆ {Q ∈ Qr : Q ∩B2r(v) 6= ∅} ⊆ Sr(v).

Since Fv,r hits Sr(v), the proof is completed.

If we do not know the value of h, we can do a doubling search for h′. Indeed, if the guess

of h′ is low, then at some point it could be that |Fv,r| > 2h′, then we double h′ and restart

the process.
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APPENDIX B

APPENDIX FOR CHAPTER 3

B.1 The Fluid Benchmark

Proof of Proposition 3.2.1. To build intuition, we start with a description of dual

degeneracy for the online knapsack problem with budget B ≤ T . We assume w.l.o.g.

r1 ≥ r2 ≥ . . . ≥ rn and denote Z = Z(T ). The primal and dual are given by

(P [Z]) max r′x

s.t.
∑

j∈[n] xj ≤ B

x ≤ Z

x ≥ 0,

(D[Z]) min αB + β′Z

s.t. α + βj ≥ rj ∀j

α ≥ 0

β ≥ 0.

Let us denote µ := E[Z]. If the fluid (P [µ]) is degenerate, then we have n + 1 active

constraints. It is straightforward to conclude that there must be an index j? such that∑
j≤j? E[Zj] = B. The fluid solution is thus xj = E[Zj] for j ≤ j? and xj = 0 for j > j?. We

can construct two dual solutions as follows. Let α1 = r?j and α2 = rj?+1, these correspond to

the shadow prices for alternative budgets B − ε and B + ε respectively. The corresponding

variables β1, β2 are given by βkj = (rj − αk)+ for k = 1, 2. Intuitively, the fluid is indifferent

between these two dual bases, but, given a realization of Z, Offline will prefer one over

the other; this causes a discrepancy between the expectations.

Now we turn to the case of any packing problem, the assumption is that we are given

two optimal dual solutions (αk, βk), with β1 6= β2. The dual is a minimization problem and

(αk, βk) are always dual feasible, thus defining β := β1 − β2 and α := α1 − α2,

v(D[Z]) ≤ min
k=1,2
{B′αk + Z ′βk} = (B′α1 + Z ′β1)1{B′α+Z′β<0} + (B′α2 + Z ′β2)1{B′α+Z′β≥0}.
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The rest of the proof is reasoning that interchanging expectations E[mink=1,2{B′αk +

Z ′βk}] for mink=1,2{B′αk + E[Z]′βk} induces a Ω(
√
T ) error.

Since the two dual solutions have the same dual value, B′α1 + µ′β1 = B′α2 + µ′β2, we

conclude B′α = −µ′β. We can use this condition to rewrite our bound as

v(P [Z]) ≤ v(D[Z]) ≤ (B′α1 + Z ′β1)1{(µ−Z)′β>0} + (B′α2 + Z ′β2)1{(µ−Z)′β≤0}.

Since v(P [µ]) = B′αk + µ′βk for k = 1, 2, we take a random convex combination to obtain

v(P [µ]) = (B′α1 + µ′β1)1{(µ−Z)′β>0} + (B′α2 + µ′β2)1{(µ−Z)′β≤0}.

Now combine the last with our upper bound for v(P [Z]) and take expectations to obtain

v(P [µ])− E[v(P [Z])] ≥ E[(µ− Z)′β11{(µ−Z)′β>0}] + E[(µ− Z)′β21{(µ−Z)′β≤0}]

= E[(µ− Z)′β11{(µ−Z)′β>0}] + E[(µ− Z)′β2(1− 1{(µ−Z)′β>0})]

= E[(µ− Z)′β1{(µ−Z)′β>0}].

Let us define ξ as the normalized vector Z, i.e., ξ := 1√
T

(µ− Z). We conclude that

v(P [µ])− E[v(P [Z])] ≥
√
TE[ξ′β1{ξ′β>0}].

Reducing by the standard deviation and applying the Central Limit Theorem, we arrive at a

half-normal (also known as folded normal), which has constant expectation. This concludes

the desired result.

B.2 Additional Details and Proofs

B.2.1 Poisson Process in Discrete Periods

We explain how a continuous time Poisson process can be reduced to our setting. We are

given a time horizon T , where time t ∈ [0, T ] still denotes time to go and, according to an
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exponential clock, arrivals occur at some times t1 > t2 > . . . > tN ∈ [0, T ], where N is

random and corresponds to the total number of arrivals, i.e., N =
∑

j∈[n] Zj(T ).

Treating times tk as periods, there is one arrival per period. Observe that Offline knows

N , therefore his Bellman Equation is well defined. Online acts on these discrete periods,

i.e., he is event-driven, thus making at most N decisions. Finally, we note that, at some time

tk, E[Zj(tk)] = λjtk if the process is homogeneous or E[Zj(tk)] =
∫ tk

0
λj(t)dt if the process is

nonhomogeneous. In conclusion, Online can compute all the required expectations without

knowing N , but rather the knwoledge of tk and λ(·) is enough.

B.2.2 Bayes Selector Based on Marginal Compensations

A somewhat more powerful oracle is one which, for every time t, state s and action a, returns

estimates of the marginal compensation R̄(t, a, s) · 1Q(t,a,s). This suggests a stronger form of

the Bayes selector based on marginal compensations, as summarized in Algorithm 14.

The following result follows directly from Lemma 3.3.9 and gives a performance guarantee

for this algorithm.

Algorithm 14 Marginal-Compensation Bayes Selector

Input: Access to over-estimates l̂(t, a, s) of the expected compensation, i.e., l̂(t, a, s) ≥
E[R̄(t, a, s)1Q(t,a,s)]

Output: Sequence of decisions for Online.
1: Set ST as the given initial state
2: for t = T, . . . , 1 do
3: Observe arrival ξt, and take any action that minimizes marginal compensation, i.e.,
a ∈ argmin{l̂(t, a, St) : a ∈ U}.

4: Update state St−1 ← T (a, St, ξt).

Corollary B.2.1 (Regret Of Marginal-Compensation Bayes Selector). Consider

Algorithm 14 with overestimates l̂(t, a, s), i.e., l̂(t, a, s) ≥ E[R̄(t, a, s)1Q(t,a,s)]. If At denotes
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the policy’s action at time t, then

E[Reg] ≤
∑
t

E[l̂(t, At, St)].

B.2.3 Multi-Secretary Problem

Proof of Theorem 3.4.2. Assume w.l.o.g. that r1 ≥ r2 ≥ . . . ≥ rn. This one dimensional

version can be written as follows.

(P ?
t ) max r′x

s.t.
∑

j∈[n] xj ≤ Bt

xj ≤ Zj(t) ∀j

x ≥ 0.

(Pt) max r′x

s.t.
∑

j∈[n] xj ≤ Bt

xj ≤ tpj ∀j

x ≥ 0.

The optimal solution to (P ?
t ) is to sort all the arrivals by reward and pick the top ones. The

solution to (Pt) is similar, except that it can be fractional; we saturate the variable x1 to

tp1, then x2 to tp2, and continue as long as
∑

i≤j tpi ≤ Bt for some j. Define the probability

of ‘arrival j or better’ by p̄j :=
∑

i≤j pi. Observe that we can saturate all variables 1, . . . , j

iff tp̄j ≤ Bt. The solution to (Pt) is therefore to pick the largest j such that tp̄j ≤ Bt, then

make X t
i = tpi for i ≤ j and X t

j+1 = Bt − tp̄j. When we round this solution according to

Algorithm 2, we arrive at the following policy: First, if Bt = 0, end the process. Second

(assuming Bt ≥ 1), always accept class j = 1. Third (assuming Bt ≥ 1), if class j > 1

arrives, accept if Bt/t ≥ p̄j − pj/2 and reject if Bt/t < p̄j − pj/2.

Recall that q(t, b) is the probability that Offline is not satisfied with Online’s action

at time t if the budget is b. We denote qj(t, b) as the probability conditioned on ξt = j. Our

aim in the rest of the section is to show that qj(t, b) is summable over t.

As we observed before: (1) Offline is not satisfied rejecting a class j iff he accepts all

the future arrivals type j, i.e., X?t
j > Zj(t)−1. (2) Offline is not satisfied accepting class j
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iff he rejects all future type j arrivals, i.e., X?t
j < 1. We use the following standard Chernoff

bound in [54, Theorem 1.1]. For any α ∈ [0, 1], if X ∼ Bin(t, α):

P[X − E[X] ≤ −tε] ≤ e−2ε2t , P[X − E[X] ≥ tε] ≤ e−2ε2t. (B.1)

We now bound the disagreement probabilities qj(t, B
t). Take j rejected by Online, i.e.,

it must be that j > 1 and Bt/t < p̄j − pj/2. Since we are rejecting, a compensation is paid

only when condition (1) applies, thus X?t
j = Zj(t). By the structure of Offline’s solution,

all classes j′ ≤ j are accepted in the last t rounds, i.e., it must be that X?t
j′ = Z(t)j′ for all

j′ ≤ j. We must be in the event
∑

j′≤j Z(t)j′ ≤ Bt. We know that
∑

j′≤j Z(t)j′ ∼ Bin(t, p̄j).

Since Bt/t < p̄j − pj/2, the probability of error is:

qj(t, B
t) ≤ P

[∑
j′≤j

Z(t)j′ ≤ Bt

]
= P[Bin(t, p̄j) ≤ Bt] ≤ P[Bin(t, p̄j) ≤ tp̄j − tpj/2].

Using Eq. (B.1), it follows that qj(t, B
t) ≤ e−p

2
j t/2.

Now let us consider when j is accepted by Online. A compensation is paid only when

j > 1 and condition (2) applies, thus X?t
j = 0. Again, by the structure of X?t, necessarily

X?t
j′ = 0 for j′ ≥ j. Therefore we must be in the event

∑
j′<j Z(t)j′ ≥ Bt. Recall that j is

accepted iff Bt/t ≥ p̄j − pj/2 = p̄j−1 + pj/2, thus

qj(t, B
t) ≤ P

[∑
j′<j

Z(t)j′ ≥ Bt

]
= P[Bin(t, p̄j−1) ≥ Bt] ≤ P[Bin(t, p̄j−1) ≥ tp̄j−1 + tpj/2].

This event is also exponentially unlikely. Using Eq. (B.1), we conclude qj(t, B
t) ≤ e−p

2
j t/2.

Overall we can bound the total compensation as:∑
t≤T

q(t, Bt) ≤
∑
j>1

pj
∑
t≤T

e−p
2
j t/2 ≤

∑
j>1

pj
2

p2
j

.

Using compensated coupling (Lemma 3.3.9), we get our result.

Proof of Corollary 3.4.3. By Corollary 3.3.12, if At is the action using over-estimates

q̂, then E[Reg] ≤ rϕ
∑

t∈[T ](E[q̂(t, At, Bt)] + ∆t). Recall that At is chosen to minimize
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disagreement, hence, given the condition |q(t, a, b) − q̂(t, a, b)| ≤ ∆t, we have q̂(t, At, Bt) ≤

mina∈U q(t, a, Bt) + ∆t. In conclusion,

E[Reg] ≤ rϕ
∑
t∈[T ]

(
E
[
min
a∈U

q(t, a, Bt)

]
+ 2∆t

)
.

We prove that mina∈U qj(t, a, b) ≤ e−p
2
j t/2 for all t ∈ [T ], j ∈ [n], b ∈ N, hence the corollary

follows by summing all the terms.

Let us denote a = 1 the action accept and a = 0 reject. In the proof of Theorem 3.4.2

we concluded that the following are over-estimates of the disagreement probabilities q:

q̂j(t, 1, b) =

 e−p
2
j t/2 if

Xt
j

tpj
≥ 1/2

1 otherwise.
and q̂j(t, 0, b) =

 e−p
2
j t/2 if

Xt
j

tpj
< 1/2

1 otherwise.
(B.2)

Crucially, observe that the term e−p
2
j t/2 is independent of the state b. This proves that

supb∈N min{qj(t, 0, b), qj(t, 1, b)} ≤ e−p
2
j t/2 ∀ t ∈ [T ], ∀ j ∈ J . The proof is completed.

B.2.4 Other Arrival Processes

Proof of Example 3.4.12. This follows from an application of [42, Theorem 3.1], which

guarantees that, for some constants c′,m that depend on P only,

P[|Zk(t)− νkt| ≥ δνkt] ≤ c′e−
δ2νkt

72m , ∀t ∈ [T ], δ ∈ [0, 1], k ∈ [n]. (B.3)

To obtain Eq. (3.10), we fix j ∈ [n] and use a union bound taking the worst case in Eq. (B.3);

we let νmin := mink∈[n] νk, νmax := maxk∈[n] νk and set δ = νj/2κjνmax in Eq. (B.3) to obtain

the result. The constants are thus cj = (νj/2κjνmax)2νmin/72m. Finally, we mention that

the constants c′ and m are related to the spectral gap and mixing time of P , for details see

[42].
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Proof of Example 3.4.13. To prove the All Time Deviation, we use that, from the proof

of [52, Lemma 3], P(|X − E[X]| ≥ εE[X]) ≤ 2e−E[X]ε2/4 is valid for any Poisson r.v. X and

any ε > 0. Now we proceed as in Example 3.4.12: taking Xk = Zk(t) and ε =
E[Zj(t)]

2κjE[Zk(t)]
we

obtain

P
[
||Z(t)− E[Z(t)]||∞ ≥

E[Zj(t)]

2κj

]
≤ 2

∑
k∈[n]

e
− E[Zj(t)]2

8κ2
j
E[Zk(t)] .

Finally, from Eq. (3.11) we have E[Zk(t)] ≤ g(t)E[Zj(t)] and from Eq. (3.12) we have

E[Zj(t)] ≥ g(t)f(t) log(t). From these bounds, we conclude

P
[
||Z(t)− E[Z(t)]||∞ ≥

E[Zj(t)]

2κj

]
≤ 2ne−f(t) log(t)/8κ2

j

and the existence of constants τj, cj satisfying the All Time Deviation follows.

B.2.5 Proof of Proposition 3.5.3

We denote x ∈ Rnd the vector of the form x = (x11, x21 . . . , xd1, x12, . . .)
′, i.e., we concatenate

the components xij by j first. We can write the feasible region of P [z, b] as {x : Cx ≤ b,Dx ≤

z,x ≥ 0}, where C ∈ Rd×nd and D ∈ Rn×nd. It follows from a slight strengthening of [84,

Theorem 2.4] that ||x1 − x2||∞ ≤ κ||z1 − z2||1, where

κ = sup

||v||∞ : ||C ′u+D′v||1 = 1, support

u
v

 corresponds to l.i. rows of

C
D




If we study Eq. (3.13), denoting Id the d-dimensional identity and 1d, 0d d-dimensional row

vectors of ones and zeros, we can write the matrices C,D as follows. We sketched the
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multipliers ui, vj next to the rows,

C = [Id|Id| . . . |Id] =



1 0 · · · 0 1 · · ·

0 1 · · · 0 0 · · ·
...

...
. . .

...
... · · ·

0 0 · · · 1 0 · · ·



← u1

← u2

...

← ud

and similarly

D =



1d 0d · · · 0d

0d 1d · · · 0d
...

...
. . .

...

0d 0d · · · 1d



← v1

← v2

...

← vn

We have two cases: either ui = 0 for some i ∈ [d] or ui 6= 0 for all i ∈ [d]. On the first case,

say w.l.o.g. u1 = 0 and take any j ∈ [n]. Observe that the constraint ||C ′u + D′v||1 = 1

implies (studying all the components involving j)
∑

i∈[d]|ui + vj| ≤ 1. Since u1 = 0, this

reads as |vj|+
∑

i>1|ui + vj| ≤ 1, thus |vj| ≤ 1 as desired.

For the other case we assume ui 6= 0 for all i, hence vj = 0 for some j, since otherwise

we would violate the l.i. restriction on the support. Assume w.l.o.g. v1 = 0 and let us study

some vj. The constraint ||C ′u + D′v||1 = 1 implies (looking at the first n components and

the components involving j)
∑

i∈[d]|ui|+
∑

i∈[d]|vj + ui| ≤ 1. By triangle inequality,

d|vj| =

∣∣∣∣∣∣
∑
i∈[d]

(ui + vj)−
∑
i∈[d]

ui

∣∣∣∣∣∣ ≤
∑
i∈[d]

|vj + ui|+
∑
i∈[d]

|ui| ≤ 1.

This shows |vj| ≤ 1 and the proof is complete. �

B.2.6 Additional Details for Online Stochastic Matching

The stochastic bipartite matching is defined by a set of static nodes U , |U | = d, and a

random set of nodes arriving sequentially. At each time a node ξt is chosen from a set
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V , |V | = n, and we are given its set of neighbours in U . We identify the online bipartite

matching problem in our framework as follows. The state St encodes the available nodes

from U , an action corresponds to matching the arrival ξt ∈ V to a neighbour u ∈ U of ξt or

to discard the arrival. In the latter case we say that it is matched to u = ∅.

For a graph G, we denote the size of its maximum matching as M(G) ∈ N ∪ {0} and

G− (u, v) as the usual removal of nodes; in the case u = ∅, G− (u, v) = G− v. Recall that

Q(t, a, s) is the event when Offline is not satisfied with action a and q(t, a, s) = P[Q(t, a, s)].

Let us fix an Online policy and define Gt = (L,R) as the bipartite graph with nodes L = St

and R = Z(t), i.e., the realization of future arrivals and current state. With the convention

1∅ = 0 and 1u = 1 for u ∈ U ,

Q̄(t, u, s) = {ω ∈ Ω : M(Gt) = 1u +M(Gt − (u, ξt))}.

In words, Offline is satisfied matching ξt to u if the size of the maximum matching with and

without that edge differs by exactly 1. With this observation, a straightforward application

of the compensated coupling Lemma 3.3.9 yields Lemma 3.5.4.

Finally, we provide an example for a negative result. Despite the fact that the regret is

exactly the number of disagreements and the Bayes Selector minimizes each term, it is not

an optimal policy.

Proposition B.2.2. The Bayes Selector is sub-optimal for stochastic online bipartite match-

ing.

Proof. Consider an instance with static nodes U = {a, b, c} and four types of online nodes

V = [4]. Type 1 matches to a only, 2 to a and b, 3 to c only, and 4 to b and c. Observe that

the only types inducing error are 2 and 4.

Assume the arrival at t = 3 is ξ3 = 2. Matching it to a is an error if arrivals are

{1, 1}, {1, 3}, {1, 4}, so the disagreement is p2
1 + 2p1p3 + 2p1p4. Matching it to b is an error
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if arrivals are {4, 4}, {3, 4} with disagreement p2
4 + 2p4p3. Now assume p2

4 + 2p4p3 = p2
1 +

2p1p3 + 2p1p4, so the bayes selector is indifferent and thus say it matches to a.

At t = 2, there is only an error if ξ2 = 4, in which case matching it to b has disagreement

p2 and matching it to c disagreement p3. In conclusion to the bayes selector pays p2
1 +2p1p3 +

2p1p4 in the first stage plus min{p2, p3} in the second with probability p4.

The strategy that matches at t = 3 type 2 to b has disagreement p2
4 +2p4p3 = p2

1 +2p1p3 +

2p1p4, thus lower than the bayes selector. To see this, note that if we match to b there is no

error at t = 2.

Finally, the equation p2
4 + 2p4p3 = p2

1 + 2p1p3 + 2p1p4 is satisfied, e.g., with p1 = p4/2 and

p3 = p4/4.

B.3 Additional Details from Numerical Experiments

Competitive is described as follows. For a given horizon T , let Kj := dpjT e. We create a

bipartite graph G = (U, V,E), where U is the static side and V the online side. The static

side contains Bi copies of each resource i, hence |U | =
∑

i∈[d] Bi. The online side contains

Kj copies of each type j, hence |V | = ∑j∈[n] Kj. The edge set E is the natural construction

where each copy of j ∈ [n] has edges to all copies of i ∈ [d] according to the adjacency matrix

A. The weight we on edge e = (u, v) is rij if u is a copy of i and v is a copy of j. Finally,

define the following matching LP on the graph G, where λiljk stands for the l-th copy of i
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and k-th copy of j

(P ) max
∑

i∈[d]

∑
l∈[Bi]

∑
j∈[n]:Aij=1

∑
k∈[Kj ]

rijλiljk

s.t.
∑

j∈[n]

∑
k∈[Kj ]

λiljk ≤ 1 ∀i ∈ [d], l ∈ [Bi]∑
i∈[d]

∑
l∈[Bi]

λiljk ≤ 1 ∀j ∈ [n], k ∈ [Kj]

λ ≥ 0,

Let λ? be a solution to this LP. Whenever a type j arrives, Competitive draws k ∈ [Kj]

uniformly at random, then takes a vertex u = il incident to v = jk with probability λ?iljk

and if u = il is not taken, it matches v to u. We note that the process of copying nodes is

not superfluous since the analysis of Competitive heavily relies on the fact that the LP is in

this form.

Marginal Allocation is described as follows. Let x be a solution of (PT ) in Eq. (3.15),

i.e., of the fluid LP, and let fi : [T ] × {0, . . . , Bi} → R≥0 be some functions specified later.

When a type j arrives at t and the current budgets are Bt ∈ Nd, Marginal Allocation uses

fi(t, B
t
i) − fi(t, B

t
i − 1) as the bid-price for each resource i ∈ [d]: the type is rejected if

rij < fi(t, B
t
i)− fi(t, Bt

i − 1) for all i ∈ [d] such that Bt
i > 0 and otherwise it is matched to

argmax{rij − fi(t, Bt
i) + fi(t, B

t
i − 1) : i ∈ [d], Bt

i > 0}. Finally, the functions f are obtained

with the following recursion

fi(t+ 1, b) = fi(t, b) +
1

T

∑
j∈[n]

xij(rij − fi(t, b) + fi(t, b− 1))+, fi(1, ·) = 0, fi(·, 0) = 0.
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Type j
1 2 3 4 5 6 7 8 9 10

R
es

ou
rc

e
i

1 10 6 0 0 9 8 2 0 0 1
2 1 0 0 0 0 0 2 0 0 8
3 0 0 0 0 0 0 2 0 0 6
4 0 26 0 0 1 0 3 0 0 11
5 1 4 0 0 0 0 0 0 0 13
6 7 4 12 11 10 12 18 2 0 0
pj 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

Table B.1: Parameters used for the second online matching instance. Coordinates (i, j)
represent the reward rij and rij = 0 implies that it is not possible to match i to j.
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APPENDIX C

APPENDIX FOR CHAPTER 4

C.1 Fast Restock

In this section we prove Lemma 4.2.2, i.e., that when Assumption 4.2.1 (slow restock) is

violated, it is not possible to obtain constant regret against the offline benchmark. We

consider as a counter example a network with one request type and one resource, both

arriving with probability p. Figure C.1 is the numerical illustration of the
√
T regret.

Figure C.1: Singe RAN with impatient requests and restock. The first line depicts the ex-
pected remaining inventory of the offline. The second line depicts the expected remaining
inventory of the optimal online policy. The difference is the regret. The expectation is com-
puted as an average over 10000 replications. The y-axis is the (expected) ending inventory
divided by

√
T . The horizon runs between T=100 to T=10000.

We label the request by 1, the resource by a, and set v1 = 1, p1 = pa = p. Let Zt
1
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be the number of request arrivals by time t and let Zt
a be the restock by time t. Let IToff

(respectively ITon) be the end-of-horizon residual inventory under offline (respectively online)

policies. Then, V ∗off (T ) = E[min{Zt
a, Z

t
1}] = E[ZT

a − IToff ].

The optimal online policy is to always serve if possible. Let Y t be the number of requests

accepted by the online policy by time t. Then, V ∗on = E[Y T ] = E[ZT
a − ITon]. Thus, V ∗off (T )−

V ∗on(T ) = E[ITon]−E[IToff ]. We analyze now the two (end-of-horizon) inventory levels, starting

with offline, which satisfies:

IToff = (ZT
a − ZT

1 )+.

The process Zt
a − Zt

1 is a random walk starting at 0 and with i.i.d zero-mean increments

X1, . . . , XT taking values {−1, 0, 1} with probabilities p(1 − p), 1 − 2p(1 − p), p(1 − p); Xt

is the difference between the restock at t (0 or 1) and the request arrival (0 or 1). Write

ST =
∑T

t=1Xt. By the central limit theorem

1√
T

T∑
i=1

Xi ⇒ N (0, σ2),

where σ2 := 2p(1 − p). Since IToff = (ST )+, by the continuous mapping theorem we have

1√
T
E[IToff ]→ E[(N (0, σ2))+]. On the other hand, the online inventory satisfies the queueing

recursion I t+1
on = [I ton +Xt]

+ so that

ITon = sup
t≤T

(ST − St).

It is well-known (reflection principle) that the following equivalence in law holds

sup
t≤T

(ST − St) L= sup
t≤T

St.

It is also well-known that

1√
T

sup
t≤T

St ⇒ Z,

where Z has the distribution of the supremum of a Brownian motion. The convergence holds

again also in expectation. The reflection principle for Brownian motion then guarantees that
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P{Z ′ > a} = 2P{N (0, σ2) > a} and this allows us to conclude that

E[ITon]/E[IToff ]→ 2 and
1√
T

(E[ITon]− E[IToff ])→ E[N (0, σ2)+] > 0, as T →∞.

C.2 Proofs of Auxiliary Lemmas

Restatement of Lemma 4.4.10. Fix a centroid K with associated basis B. Let

(K+, K−, K0) be the zero-valued basic variables (Definition 4.4.7). Then,

1. The basis B is optimal for any right-hand side (R,D) of the form

R = rK(D) + α(Aκ+Dκ+ − Aκ−Dκ−) + b,

where κ+ ⊆ K+, κ− ⊆ K−, α ∈ [0, 1], and b ∈ Rd
≥0 is zero for components not in K0,

i.e., bi = 0 for i 6∈ K0. In particular, the set K ∪ κ+\κ− is a centroid it is a neighbor

of K.

2. The basis B is optimal for (R,D) if and only if R is of the form

R = rK(D) +
∑

κ+⊆K+,κ−⊆K−
α(κ+,κ−)(Aκ+Dκ+ − Aκ−Dκ−) + b,

where b is as before, α ≥ 0, and
∑

κ+⊆K+,κ−⊆K− α(κ+,κ−) = 1.

3. R ∈ NK(D,B) if and only if

R− rK(D) = AK+xK+ − AK−xK− + b,

where xj ∈ [0, Dj/2] for j ∈ K+ ∪K− and b is as before.

Proof of Lemma 4.4.10. Item 1. In virtue of Lemma 4.4.1, it suffices to show that
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B−1

R
D

 ≥ 0 to conclude the optimality of B. Recall that the matrix Ā is given by

Ā =

 A 0 Id

In In 0

 ,
where the columns are associated, respectively to request y ∈ Rn, unmet variables u ∈ Rn

and surplus s ∈ Rd. The sub-matrix B has a subset of these columns and can be written as

B =

 AK∪K+ 0 IdK0

InK∪K+ InKc∪K− 0

 .
Recall that B is of dimension (n + d) × (n + d), and each column is associated to either a

variable yj, uj, or si. We will write vectors of dimension n+ d in this same order, specifying

the components associated to y, u, and s respectively, which is the same order in which we

wrote Ā and B above.

By definition of centroid, all request variables K are saturated at rK, hence K+ ⊆ Kc;

in other words, zero-valued requests cannot come from K. Similarly, unfulfilled variables

Kc are saturated at rK, therefore K− ⊆ K. We deduced the inclusions κ+ ⊆ Kc ∩ K+ and

κ− ⊆ K ∩ K−. Using the previous fact, by inspection we have the following identities

B


Dκ−

−Dκ−

0

 =

Aκ−Dκ−

0

 , B


Dκ+

−Dκ+

0

 =

Aκ+Dκ+

0

 , B


0

0

bK0

 =

bK0

0

 .

We are now ready to prove B−1

R
D

 ≥ 0. Indeed, pre-multiplying the previous identities
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by B−1,

B−1

R
D

 = B−1


AKDK

D

+ α

A+
κD

+
κ

0

− α
A−κD−κ

0

+

b
0




=


DK

DKc

0

+ α


Dκ+

−Dκ+

0

− α

Dκ−

−Dκ−

0

+


0

0

bK0

 .

Since we have the inclusions κ+ ⊆ Kc ∩ K+ and κ− ⊆ K ∩ K−, it can be verified that the

last expression is non-negative, completing the proof of the first item.

Item 2. Assume R has the stated form and let us prove that B is optimal. If two right-

hand sides have the same optimal candidate basis, then, in virtue of Lemma 4.4.1, any

non-negative combination of the right-hand sides has the same optimal basis. Finally, by

the first item of the lemma, we are taking non-negative combinations of right-hand sides

which have B as optimal basis, so we conclude optimality.

We turn to prove that, if B is optimal, the R has the stated representation. Let


y

u

s

 =

B−1

R
D

, where y are the request variables, u are unmet variables s are surplus variables.

Let K+, K− and K0 as in Definition 4.4.7. By definition of centroid and the optimality of

B, we have the following:

yj = Dj and uj = 0 ∀j ∈ K\K−,

yj = 0 and uj = Dj ∀j ∈ Kc\K+.

For all other indices j, we know that uj = Dj − yj and yj, uj ≥ 0. Since R ∈ NK we also

know that yj ≥ Dj/2 for all j ∈ K− and that yj < Dj/2 for all j ∈ K+. From the vector
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(y, u, s) we subtract the vector (ȳ, ū, s̄) given by

ȳj =



Dj for j ∈ K\K−,

0 for j ∈ Kc\K+,

Dj/2 for j ∈ K−

0 otherwise.

and ūj = Dj/2 for j ∈ K−, ūj = Dj for j ∈ K+. We also put s̄ = s (subtracting fully

the budget slack variables). Since R ∈ NK, by definition that y ≥ ȳ and u ≤ ū. Thus,

(y − ȳ, u− ū, s− s̄) = (y − ȳ, u− ū, 0). We will study next the vector (y − ȳ, u− ū).

For convenience, let us re-label (and re-order) the indices so that indices in K+∪K− are

in the top of the vector (y, u, s). This portion of (y, u, s) then has the form

z =



yK+

yK− −DK−/2

uK+ −DK+

uK− −DK−/2


=



yK+

yK− −DK−/2

−yK+

DK−/2− yK−


.

We will identify a representation for z. Since all other entries of (y, u, s) have fixed values,

we will then append those to all vectors in the resulting combination.

Let us apply the following transformation

x = Pz where P = 2 diag(1/DK+ , 1/DK− , 1/DK+ , 1/DK−).

By definition, all request elements of Pz are in [0, 1] and unmet elements are in [−1, 0]. If

x can be written as a convex combination of vectors x1, . . . , xm then (y, u) − (ȳ, ū) can be

written as a convex combiantion of P−1x1, . . . , P
−1xm.
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Vectors x = Pz are elements in the polyhedron



xK+

xK−

sK+

sK−


: xj + sj = 0, xj ∈ [0, 1], sj ∈ [0, 1]


.

This polyhedron is integral. Indeed, this follows by noting that the constraint matrix is

totally unimodular as it consists of only {0, 1} entries and has a single 1 per column. In

turn, we can write each such vector as a convex combination of binary vectors of the form

xK+

xK−

−xK+

−xK−


,

where xj ∈ {0, 1}. For such a vector x we have a set κ+ ⊆ K+ of entries such that xj = 1

for j ∈ κ+ and a set κ− ⊆ K− with xj = 0 for j ∈ κ−. Thus, each of these binary vectors

can be written as 

eκ+

0K+\κ+

0κ−

eK−\κ−

−eκ+

0K+\κ−

0κ−

−eK−\κ−



,

for some subsets κ+ ⊆ K+ and κ− ⊆ K−. Transforming back (multiplying by D−1 and

adding ȳ, ū), we have that we can write (y, u, s) as a convex combination of vectors of the

259



form 

Dκ+/2

0K+\κ+

Dκ−/2

DK\κ−

Dκ+/2

DK+\κ+

Dκ−/2

0K\κ−

s



.

Notice that multiplying this vector by B we get a vector of the form

rκ+,κ−,u = rK + Aκ+Dκ−/2− Aκ−Dκ+/2 + s

where we use the fact that Bs (multiplying by vector of surplus) gives back the surplus.

We conclude that we can write the top elements of y as a sum of a vector s and a convex

combination of vectors (y, u) of the desired form.

Item 3. We just proved that B is optimal for (R, p) iff it can be written as

R = rK(D) +
∑

κ+⊆K+,κ−⊆K−
α(κ+,κ−)(Aκ+Dκ+ − Aκ−Dκ−) + b.

Observe that the sum ranges over subsets of K+, K−. Let us group it instead for each

j ∈ K+ ∪K−. With this end, define

αj :=
∑

(κ+,κ−):j∈κ+

α(κ+, κ−) for j ∈ K+ and αj :=
∑

(κ+,κ−):j∈κ−
α(κ+, κ−) for j ∈ K−.

Now, if we put xj := αjDj, we can write R = rK(D) + AK+xK+ − AK−xK− . We claim that
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the solution (y, u, s) associated to the right-hand side (R,D) is
y

u

s

 =


DK

DKc

0

+


xK+ − xK−

−xK+ + xK−

b

 .

Assuming this claim, we can conclude since, by definition, R ∈ NK(D,B) if (1) the basis B

is optimal and (2) we have yK ≥ 1
2
DK and yKc <

1
2
DKc . Indeed, condition (2) follows by

recalling K+ ⊆ Kc, K− ⊆ K and our definition xj = αjDj.

We are left to prove the claim. Using that the variables {yj, uj : j ∈ K− ∪K+} and sK0

are in the basis B we have

B


xK+ − xK−

−xK+ + xK−

bK0

 =

AK+xK+ − AK−xK− + b

0

 .

Finally, by definition of centroid

B


DK

DKc

0

 =

rK(D)

D

 .

The last two equations together prove the claim in virtue of Lemma 4.4.1.

Proof of Lemma 4.4.13. The existence of separating vectors that have maxl ψ
′
lx ≤ 0 for

any x ∈ cone(K,B) follows from the standard results.

Per our construction of the set NK(B, D) a vector x is in the cone if and only if x can be

written as

x− rK(D) =
∑

(κ+,κ−)

α[κ+, κ−](Aκ+zκ+ − Aκ−zκ−),

261



where z ≥ 0. It follows immediately that in the convex combination it suffices to include κ+

and κ− that are minimal. That is such that |κ+| = 1 or that |κ−| = 1. We refer to these as

extreme neighbors.

In turn, the separating vector must have ψl = ψ[κ+, κ−]′Aκ+ = 0 for those extreme

neighbors. By the requirement that maxl ψ
′
lx ≤ 0 it must also be that for other Aj that do not

define this cone but do define the cone of B′ (for some other basis B′ that is optimal at K) we

have ψ′[κ+, κ−]′Aj = 1 if j ∈ cupB′ 6=BK+(B′) and ψ′[κ+, κ−]′Aj = −1 if j ∈ ∪B′ 6=BK−(B′).

Proof of Lemma 4.4.15. Note that, if E[R0
K] = 1

T
(I0 + pRT − AKQ0

K) ∈ NK(p), then

since R0 = 1
T

(I0 + ZT
R −AKQ0

K) we have for Z̄T ∈ Aε, d(R0
K,NK(p)) ≤ 2ε. Let N̂K be the K

centroid neighborhood under the empirical distribution. Suppose that R0
K ∈ N̂+

K where the

+ stands for the “bigger” neighborhood. (The one obtained by taking convex combination

of the full lines rather than mid-points). If, in addition R0
K − AKZ̄0

K ∈ cone(NK(B)). Then,

it follows from our main geometric lemma that B is the optimal basis and from here that

the solution to the LP has precisely the properties we need. To conclude the lemma notice

that if E[R0
K] ∈ NK then, on Aε, R0

K ∈ N̂+
K .

Proof of Lemma 4.5.1. Let (y, u, s) be the solution to LP(R,D). Defining (y′, u′, s′) to

be the solution to LP(R− s,D), we have that y′ = y and u′ = u.

We will argue that we can choose ε′ such that (i) yj ≥ Dj/2 − ε′′ for all j ∈ K, (ii)

yj ≤ ε′′ for all j /∈ K ∪ K+, and uj ≤ ε′′ for all j ∈ K\K−. In which case we have that

R− s = R̄±‖A‖∞ε′′ where R̄ = rK(D) +AK+xK+ −AK−xK− for some x with xj ∈ [0, Dj/2]

for all j ∈ K+ ∩K−.

Choosing ε′ (and subsequently ε′′) so that ε′′ ≤ ε√
d‖A‖∞

, we conclude that d(R −

s,NK(B, D)) ≤
√
d× d∞(R− s,NK(B, D)) ≤ ε.
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Item (i): Because, d∞(R− s,NK(D)) ≤ d(R− s,NK(D)) ≤ ε′, the Lipschitz continuity

of LP (see [46]) implies that yj ≥ Dj/2 −Mε′ for all j ∈ K− and some constant M that

depends on (v,A, p). Taking ε′ = ε′′/M covers item (i) of the requirements.

Item (ii): Take R /∈ NK(B, D) that satisfies the assumptions and consider two cases:

First case (maxl ψ
′
l(R−rK(D)) ≤ 0): In this case, in particular, R−rK(D) ∈ cone(K,B).

With ε′ small, d(R − s,NK(D)) ≤ ε′ implies that R − s ∈ N+
K (D). Per Lemma 4.4.10, we

then have that yj = 0 for all j /∈ K ∪K+ and uj = 0 for all j ∈ K\K− as required.

Second case (maxl ψ
′
l(R − rK(D)) > 0): Take l such that 0 < ψ′l(R − rK(D)) ≤ ε′.

Let κ+, κ− be such that ψl = ψ[κ+, κ−]. By Lemma 4.4.13, ψ is orthogonal to Aj for

all j ∈ κ+ ∪ κ−. Furthermore, defining δlj := ψ′lAj, we have δlj > 0 for j /∈ κ+ but

j ∈ ∪B̄6=BK+(B̄) and δlj < 0 for each j /∈ κ− but j ∈ ∪B̄6=BK−(B̄). We thus have that

ψ′(R− rK(D)) = ψ′(
∑

j /∈K∪κ+ Ajyj +
∑

j∈K\κ− Ajuj) =
∑

j /∈K∪κ+ δljyj +
∑

j∈K\κ− |δlj|uj. The

right-hand side is, by assumption, bounded by ε′ and we get the desired result by taking

again ε′ ≤ ε′′ for a suitable constant M .

The proof of the lemma’s second part is very similar and omitted.

Proof of Lemma 4.5.4. First we argue θ = θK(y,D) ∈ closure(Y(K, D)). Since y solves

LP(R,D) and R ∈ NK0(D):

yj ≥
Dj

2
j ∈ K \ κ−, yj ≥

Dj

2
j ∈ κ+, and yj <

Dj

2
j ∈ κ−.

This implies θj ≥ Dj
2

for j ∈ K and θj ≤ Dj
2

for j ∈ Kc. Finally, we claim that θ is optimal

for the ratio Rθ := Aθ. Indeed, if we take B as the basis that K and K0 share, then the

263



t = Tt = 0

(T − t)p3

2

t = T/2

b

t = Tt = 0

(T − t)p3

2

t = T −
√
T

b

Figure C.2: Paths on M = {R − eKZ̄T
K ≤ 0}. The two paths illustrate unlikely events. On

the left: because the random walk has variation O(
√
t) it cannot hit the target line by a

time t such that T − t = Ω(n). On the right: the path could hit the target by a time of the
form t = T −O(

√
T ). In this case, however, it does not have enough time to get back to 0

which it must on the event M

support of θ is all basic variables and we have

B


θ

D − θ

0


B

=

Rθ

D

 ,

which proves the optimality of θ at Rθ by Lemma 4.4.1 and concludes the first item.

For the second item, let u and s be the unmet and surplus variables for LP(R,D). Since

both bases share the request variables κ := κ+ ∪ κ−, we can write the following

B̄


yκ

0

0

 = B


yκ

0

0

 and B̄


yκ

0

0

+ B̄


yB̄\κ

uB̄

sB̄

 =

R
D

 =⇒ B−1

R
D

 =


yκ

0

0

+ B−1B̄


yB̄\κ

uB̄

sB̄

 ,

where the second equation is from the optimality of B̄. Finally, we claim that B−1B̄ has

an identity in the columns corresponding to κ, which proves the result. To see this, note

that by assumption Bκ = B̄κ and we can separate by columns B̄ = [Bκ|0κc ] + [0κ|B̄κc ] =

B + [0κ|B̄κc − Bκc ].

Lemma C.2.1. Consider m random walks S1, . . . , Sm and Sit = Si0+
∑n

t=1 X
i
t where, for each

i, the increments X i
t , t ∈ [T ] are zero-mean i.i.d and bounded (E[X i

t ] = 0 and P{|X i
t | ≤ b} = 1
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for some b > 0) and independent of Si0 which satisfies |Si0| ≤ ε/2. Let

τ = inf{t ≥ 0 : (T − t)ε ≤ max
i
Sit} ∧ T.

Then, for all t ∈ [T ]

P{T − τ > t,max
i
SiT ≤ 0} ≤ θ1e

−θ2t,

for constants θ1, θ2 > 0 that may depend on b, ε

Proof. Fix M and notice that for t ≤ n−M

P{τ ≤ t, Sn ≤ 0} ≤ P{inf
s≤t

Sn − Ss + δ(T − s) ≤ 0}

= P{ inf
u≥n−t

Su + δu ≤ 0} ≤ Ce−(T−t),

where the last inequality follows from standard results; see e.g. [27]. We conclude that

E[τ1{Sn ≤ 0}] =
n−1∑
t=0

P{τ > t, Sn ≤ 0} ≥ n−M

for some constant M .

Figure C.2 is a graphic illustration of the event whose probability is bounded in Lemma

C.2.1, for the case of m = 1.
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APPENDIX D

APPENDIX FOR CHAPTER 5

D.1 A Sufficient Condition for Bellman Inequalities

In this section, we construct ϕ based on a general optimization program and provide a

sufficient condition to guarantee monotonicity. This serves to underscore some of the key

elements in a problem’s structure that allows one to construct low regret online policies.

This guideline does not apply to all the examples we study here: in particular, it applies to

the baseline and learning variants, but not to probing or pricing.

We study a particular case of canonical filtrations (see Definition 5.3.1), where the random

variables Gθ that we reveal are the inputs ξθ for some fixed times Θ (see Fig. 5.2 for an

illustration).

Recall that we reveal some inputs to Offline, but not necessarily all of them; we call

concealed inputs those not revealed to Offline. Informally speaking, we will show that ϕ

satisfies the Bellman Inequalities if (i) Offline’s relaxed value ϕ can be computed with a

linear program and (ii) the concealed inputs are in the objective function only (not in the

constraints). Requirements (i) and (ii) are appealing because they are verifiable directly

from the problem structure without any computation.

Recall that, with t periods to go, Offline knows the randomness {ξT , . . . , ξt, ξΘ}, where

we denote ξΘ = (ξθ : θ ∈ Θ). In other words, we reveal {ξT , . . . , ξt, ξΘ}, while the inputs

{ξl : l < t, l /∈ Θ} are concealed.

Suppose the relaxation is an LP with decision variables x (see Eq. (5.7)):

ϕ(t, s|Gt) = max
x∈RΞ×[T ]×U

{E[h(x; ξ1, . . . , ξT )|Gt] : g(x; s, ξT , . . . , ξt, ξΘ) ≥ 0}, (D.1)
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where U ,Ξ are the control and input spaces. For input ξ, control u, and time t, we interpret

xξ,t,u as a variable indicating if Offline uses u at time t when presented input ξ.

Proposition D.1.1. Let h, g be linear functions and let ϕ be given by (D.1). Assume further

that the following holds for all s, t, u

(i) h captures rewards: E[h(eξt,t,u; ξ
1, . . . , ξT )|Gt] ≤ R(s, ξt, u) for actions u that are feasi-

ble in state s.

(ii) g captures transitions: g(eξt,t,u; s, ξ
T , . . . , ξt, ξΘ) ≤ g(0; T (s, ξt, u), ξT , . . . , ξt−1, ξΘ).

Then, ϕ satisfies monotonicity with exclusion sets

B(t, s) = {ω ∈ Ω :6 ∃X[ω] solving ϕ(t, s|Gt) s.t. Xξt,t,u ≥ 1 for some u ∈ U}.

It is natural to say that h captures the reward if the incremental effect of taking the action

u given input ξt is equal to the immediate reward E[h(eξt,t,u; ξ
1, . . . , ξT )|Gt] = R(s, ξt, u).

It is similarly natural to say that g captures transitions if it is stable under the one-step

transition, namely, that g(eξt,t,u; s, ξ
T , . . . , ξt, ξΘ) = g(0; T (s, ξt, u), ξT , . . . , ξt−1, ξΘ); in other

words, this means that taking the action u at time t, has the same effect as taking no action

at the state T (s, ξt, u). This should hold in any reasonable resource consumption problem,

e.g., consuming 1 with B units of budget remaining is the same as not consuming anything

with B−1 units. In the result below we make the weaker assumption that these relationships

hold as inequalities.

The baseline and learning variants are useful illustrations of Proposition D.1.1.

Example D.1.2 (Baseline). Let G be the full information filtration (Θ = [T ]). In Sec-

tion 5.2.2 we introduced a linear relaxation for Offline. We start by writing a relaxation

in the form of Proposition D.1.1 and show how it subsequently simplifies to the final form

in Section 5.2.2.
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Recall that a, r denote the actions accept and reject. A natural “expanded” linear pro-

gram is

max

{∑
j

t∑
l=1

xj,l,arj :
∑
j,l

wjxj,l,a ≤ s, 0 ≤ xj,l,a ≤ 1{ξl=j}

}
.

Defining the auxiliary variables xj :=
∑

l xj,l,a, this is equivalent to ϕ(t, s|G) = max{r′x :

w′x ≤ s, 0 ≤ x ≤ Z(t)}, where, recall Zj(t) =
∑t

l=1 1{ξl=j} counts the number of type-j

arrivals in the last t periods.

This ϕ also has the form of Proposition D.1.1, with the functions h and g given by (note

that the action r has zero objective coefficient)

h(x; ξ1, . . . , ξt) :=
∑
j

xjarj and g(x; s, ξT , . . . , ξ1) :=

s−∑j xja

Z(t)− x

 .

Conditions (i) and (ii) can be easily verified now. The objective h is a linear function of the

decision vector x and the constraint function g aggregates ξ into the sums Z(t).

In the learning setting, Offline is presented with a public type j and must decide

whether to accept or reject before seeing the private type, which is a reward Rj drawn from

an unknown distribution.

Example D.1.3 (Learning). Let us model the problem with 2T time periods, where at

even times the public type is revealed and at odd times the private (reward). In this model,

the input ξt is an index j ∈ [n] at even times and it is a reward R ∈ R at odd times. Also

let us model the random rewards by drawing i.i.d. copies {Rjt}t of Rj.

Let us endow Offline with the information of all even times, i.e., Offline knows all

the future arriving public types. Specifically, we set Θ = {t ∈ [T ] : t is even} (see Fig. 5.2

for a representation of G). The realizations {Rjt}j,t, drawn at times t /∈ Θ, are concealed.

The expanded linear program is

max

{∑
j

t∑
l=1

xj,l,aE[Rj] :
∑
j,l

wjxj,l,a ≤ s, 0 ≤ xj,l,a ≤ 1{ξl=j}

}
.
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As before, we can simplify this LP by aggregating variables, see Section 5.6 for the de-

tails. Here we prefer to study the expanded LP because it exemplifies the conditions in

Proposition D.1.1.

The objective function is h(x; ξ1, . . . , ξt) =
∑

j,l xj,l,aRj,l, When we take expectations

E[·|Gt] we arrive at the expression
∑

j,l xj,l,aE[Rj]. The constraint function g is given by the

feasibility region of the LP. Conditions (i) and (ii) of Proposition D.1.1 hold with equality.

Proof of Proposition D.1.1. Let u ∈ U be such that Xξt,t,u ≥ 1. Denote θt := {l ∈

[T ] : l ≥ t} ∪Θ, so all the inputs (ξl : l ∈ Θt) are revealed at time t (the rest are concealed).

By Lemma 5.3.5,

ϕ(t, s|Gt) = E[h(eξt,t,u; ξ
1, . . . , ξT )|Gt] + max

x
{E[h(x; ξ1, . . . , ξT )|Gt] : g(x + eξt,t,u; s, (ξ

l : l ∈ Θt)) ≥ 0}.

Using (i) and (ii) yields

ϕ(t, s|Gt) ≤ R(s, ξt, u) + max
x
{E[h(x; ξ1, . . . , ξT )|Gt] : g(x; T (s, ξt, u), (ξl : l ∈ Θt−1)) ≥ 0}.

(D.2)

Since Gt is coarser than Gt−1, we know that E[E[·|Gt−1]|Gt] = E[·|Gt]. Using Eq. (D.2)

and applying Jensen’s Inequality (recall that the maximum of linear functions is a convex

function) we obtain

ϕ(t, s|Gt) ≤ R(s, ξt, u) + E
[
max

x
{E[h(x; ξ1, . . . , ξT )|Gt−1] : g(x; T (s, ξt, u), (ξl : l ∈ Θt−1)) ≥ 0}

∣∣∣Gt].
This corresponds to the required inequality in Definition 5.3.3.

The sufficient conditions in Proposition D.1.1 are not necessary; they are not satisfied in

the probing setting (Section 5.4) or in the pricing setting (Section 5.5). Nevertheless, we are

still able to show monotonicity and draw the desired regret bounds.
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D.2 Proofs from Section 5.5

D.2.1 Proof of Proposition 5.5.1

Throughout this subsection, we fix some indexes j′, l′. To complete the proof of the propo-

sition, it remains to establish that, whenever Xj′l′ ≥ 1, then E[LB(t + 1,b, j′, l′)|Gt] ≤ 0,

where

LB(t+ 1,b, j′, l′) = P [b−Qj′l′(t+ 1), Q(t+ 1), Z(t)]− Et+1[P [b− Aj′Yj′l′ , Q(t), Z(t)]].

The Correction LP. Let us fix (t,b,q, z) and denote x̄ the solution of P [b−Aj′qj′l′ ,q, z]. To

bound the loss, we must bound the right-hand side of (5.16), which captures the perturbation

of budgets from b−Aj′qj′l′ to b−Aj′Yj′l′ and the perturbation of fractions from q to q + ∆,

where ∆ is a zero-mean random vector.

Let us re-formulate P [b− Aj′Yj′l′ ,q + ∆, z] based on how much we need to correct x̄:

(P [b− Aj′Yj′l′ ,q + ∆, z]) maxy

∑
j,l fjl(qjl + ∆jl)(x̄jl − yjl)

s.t.
∑

j,l aij(qjl + ∆jl)(x̄jl − yjl) ≤ bi − aij′Yj′l′ ∀i∑
l(x̄jl − yjl) ≤ zj ∀j

x̄− y ≥ 0.

The new formulation uses decision variables y, which may be negative, and correspond to

how much we movement there is from the initial solution x̄ to the new one.

Let us denote the resource-slack variables of P [b − Aj′qj′l′ ,q, z] by (si ≥ 0 : i ∈ [d]),

i.e.,
∑

j,l aijqjlx̄jl + si = bi − aij′qj′l′ . Similarly, let us denote the demand-slack variables by
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(uj ≥ 0 : j ∈ [n]), i.e.,
∑

l x̄jl + uj = zj. Using the slack variables, the problem simplifies to

P [b− Aj′Yj′l′ ,q + ∆, z] =
∑

j,l fjl(qjl + ∆jl)x̄jl −miny

∑
j,l fjl(qjl + ∆jl)yjl

s.t.
∑

j,l aij(qjl + ∆jl)yjl ≥ βi ∀i∑
l yjl ≥ −uj ∀j

y ≤ x̄,

(D.3)

where we defined βi := aij′(Yj′l′ − qj′l′)− si +
∑

j,l aij∆jlx̄jl.

Observe that, since E[∆] = 0, the first term outside the minimization, namely∑
j,l fjl(qjl + ∆jl)x̄jl, equals

∑
j,l fjlqjlx̄jl = P [b−Aj′qj′l′ ,q, z] in expectation. The following

result readily proves Proposition 5.5.1.

Lemma D.2.1 (Correction LP). If we denote q = Q(t + 1), then the Bellman Loss is

bounded by E[LB(t+1,b, j′, l′)] ≤ E[PC [Yj′l′ ,q,∆]], where (PC [Yj′l′ ,q,∆]) is the minimization

problem in Eq. (D.3). Furthermore, E[LB(t+ 1,b, j′, l′)] ≤ 0.

Proof. Recall that βi = aij′(Yj′l′ − qj′l′)− si +
∑

j,l aij∆jlx̄jl and observe that E[βi] ≤ 0 for

all i. We will find some deterministic values ci such that the objective value of PC [Yj′l′ ,q,∆]

is upper bounded by
∑

i ciβi, which proves the result.

We argue the upper bound on (PC [Yj′l′ ,q,∆]) by bounding the optimal dual solution.

The dual of PC [Yj′l′ ,q,∆] is

max
µ,λ,θ≥0

{
β′µ− u′λ−

∑
j,l

x̄jlθjl : (qjl + ∆jl)A
′
jµ+ λj − θjl ≤ fjl(qjl + ∆jl) ∀j, l

}

This problem is the dual of a feasible and finite problem (see Eq. (D.3)), hence it has an

optimal finite solution and we can bound µi ≤ ci for some deterministic values ci. The

objective value of this maximization problem is upper bounded by β′c, which proves the

result.
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D.2.2 Proof of Lemma 5.5.7

Recall that we wish to establish the following: if ϕ̂ (used by Online) has a solution with

xjl′ = maxl xjl >> 1, then posting price fjl is a satisfying action. To establish this, it

remains to bound the difference between the LP PS[vt,q, z] and its “perturbed” version

PS[Vt,q + ∆q, z + ∆z]. To that end, we first establish a bound on vt−Vt; see item (i) in the

discussion following Lemma 5.5.6.

Lemma D.2.2. For fixed b, denote Vt = P [b, Q(t), Z(t)] and vt = P [b,E[Q(t)],E[Z(t)]]. If

t ≥ c, then, with probability at least 1− c/t2, we have vt − Vt ≥ −c
√
t log(t). The constant

c is independent of b and depends on (f , F1, . . . , Fn) only.

Proof. Set q = Q(t), z = Z(t), ∆q = E[Q(t)]−Q(t), and ∆z = E[Z(t)]−Z(t). Take x̄ to

be a solution of Vt and use a correction program analogous to Eq. (D.3) to conclude

vt = Vt +
∑

j,l fjl∆qjlx̄jl −miny

∑
j,l fjl(qjl + ∆qjl)yjl

s.t.
∑

j,l aij(qjl + ∆qjl)yjl ≥ βi ∀i∑
l yjl + tpj ≥

∑
l x̄jl ∀j

y ≤ x̄,

(D.4)

where βi = −si+
∑

j,l aij∆qjlx̄jl. We will argue an upper bound on the minimisation problem

by exhibiting a feasible solution.

Set g(t) :=
√
log(t)/t and consider the solution yjl = x̄jl

g(t)
qjl+∆qjl

. First recall that, by

Lemma 5.5.5, |∆qjl| ≤ g(t) with high probability. The objective value of this solution is∑
j,l fjlx̄jlg(t), hence from Eq. (D.4) we get vt ≥ Vt − 2

∑
j,l fjlg(t)x̄jl. From here, using the

fact that x̄ solves an LP with the constraint
∑

l xjl ≤ Zj(t) forr all j and that Zj(t) ≤ t a.s.,

we conclude the result by using that x̄jl ≤ t.

We are left to check that our solution y is feasible for the LP in Eq. (D.4). The first set
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of constraints is satisfied because g(t) ≥ ∆qjl. The second set of constraints is satisfied since∑
l x̄jl ≤ Zj(t) and Zj(t) ≤ tpj +

√
t log(t) w.h.p. Finally, the constraints y ≤ x̄ are satisfied

since g(t) ≤ qjl + ∆qjl for all t large enough.

Proof of Lemma 5.5.7. Let us denote θ = (v,q, z) and θ+∆θ = (v+∆v,q+∆q, z+∆z).

Recall that b and t are fixed throughout. The selection program for a fixed component (j′, l′)

is given by

(PS[θ]) max xj′l′

s.t.
∑

j,l fjlqjlxjl ≥ v∑
j,l aijqjlxjl ≤ bi ∀i∑

l xjl ≤ zj ∀j

x ≥ 0.

If X̄ is the solution to P [b, Q(t), Z(t)] (used by Offline) and x̄ is the solution to

P [b,E[Q(t)],E[Z(t)]] (used by Online), we want to prove X̄j′l′ ≥ x̄j′l′ − c
√
t log(t). Equiv-

alently, our aim is to prove the following:

PS[θ + ∆θ] ≥ PS[θ]− c
√
t log(t) w.p. 1− c/t2.

We argue via Lagrangian relaxation. The Lagrangian of the selection problem with

parameters θ + ∆ is given by

L(x, λ; θ + ∆θ) = xj′l′ + λ0

(∑
j,l

fjl(qjl + ∆qjl)xjl − v −∆v

)

+
∑
i

λi

(
bi −

∑
j,l

aij(qjl + ∆qjl)xjl

)
+
∑
j

λj

(
zj + ∆zj −

∑
l

xjl

)

= L(x, λ; θ) + λ0

(∑
j,l

fjl∆qjlxjl −∆v

)
−
∑
i

λi
∑
j,l

aij∆qjlxjl +
∑
j

λj∆zj

Define D := {x : x ≥ 0, ||x||∞ ≤ t}. Observe that both PS[θ] and PS[θ + ∆θ] have

solutions x ∈ D. From Lemma 5.5.5 and Lemma D.2.2 we have the following with probability
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1− c/t2:

|∆qjlxjl| ≤
√
t log(t) ∀x ∈ D, ∆v ≤

√
t log(t), ∆zj ≥

√
t log(t).

Let λ? be the optimal dual variables of PS[θ + ∆θ]. We claim that there is a constant c

such that ||λ?||∞ ≤ c. Assuming this claim, from the previous equation we get

L(x, λ; θ + ∆θ) ≥ L(x, λ; θ)− c
√
t log(t) ∀x ∈ D.

Using Strong Duality for the problem PS[θ + ∆θ] we have

PS[θ + ∆θ] = max
x≥0

L(x, λ?; θ + ∆θ)

= max
x∈D

L(x, λ?; θ + ∆θ)

≥ max
x∈D

L(x, λ?; θ)− c
√
t log(t)

≥ PS[θ]− c
√
t log(t).

In the last step we used weak duality. Finally, to bound ||λ?||∞ ≤ c we observe that the

dual feasible region is defined by λ ≥ 0 and the following set of inequalities, where δ is the

Kronecker delta:

−fjlqjlλ0 + qjl
∑
i

aijλi + λj ≥ δj′l′ ∀j, l.

These inequalities are independent of (t,b), hence we can bound uniformly the extreme

points.

D.3 Connections to Information Relaxations

Our work is related to the information-relaxation framework developed in [29, 18]. The

information-relaxation framework is a fairly general way to endow Offline with additional
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information, but at the same time forcing him to pay a penalty for using this information.

The dualized problem (with the penalties) is an upper bound on the performance of the best

online policy.

The main distinctions with our approach are:

1. Information Relaxation requires to identify Offline’s filtration and penalties to build

a proxy for Offline’s value function. This proxy can then be used to assess the

performance of specific online policies.

The proxy that is developed—as the true Offline value in our framework—may

be difficult to compute. To overcome this difficulty, [18] proposes an approximation

through which penalties can be computed and hence an upper bound can be obtained.

2. Our framework requires, as well, identifying a suitable information structure (a filtra-

tion) and a relaxation ϕ. Because we allow for a Bellman Loss, we can develop ϕ ϕ̂

that are computationally tractable. In most cases, a linear program. The framework

explicitly then provides a mechanism, the rabbi algorithm, to derive a good online

policy.

There is also an explicit mathematical connection. To state it, we first present a weaker

version of our Bellman Inequalities, called thus because it is easier to find an object ϕ under

this definition. Recall that, for a given non-anticipatory policy π, we denote von
π the expected

value. Observe that the distinction with Definition 5.3.3 is in the initial ordering condition;

we now require φ to upper bound the online value instead of the best offline.

Definition D.3.1 (Weak Bellman Inequalities). The sequence of r.v. {ϕ(t, s)}t∈T,s∈S
satisfies the Weak Bellman Inequalities w.r.t. filtration G and events B(t, s) ⊆ Ω if ϕ(t, s) is

Gt-measurable for all t, s and the following holds:
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1. Initial ordering: maxπ v
on
π ≤ E[ϕ(T, ST |GT )], where ST is the initial state.

2. Monotonicity: ∀s ∈ S, t ∈ [T ], ω /∈ B(t, s),

ϕ(t, s|Gt) ≤ max
u∈U
{R(s, ξt, u) + E[ϕ(t− 1, T (s, ξt, u)|Gt−1)|Gt]}. (D.5)

In Proposition 2.1 in [18] it is shown that if ϕ is some function that satisfies the Bellman

equation for Offline with the penalized immediate rewards function, then, in particular,

it satisfies the initial ordering above. Since such ϕ satisfies, by construction, the Bellman

inequality the following is an immediate corollary.

Proposition D.3.2 (Proposition 2.1 in [18]). Given feasible penalties zt, the penalized

value function satisfies Definition 5.3.3 with exclusion sets B(t, s) = ∅.

Our framework is a structured approach for building a computationally tractable ϕ, and

deriving an online policy is bounded regret, without pre-computing penalties.

D.4 Extension to Random Rewards and Random Transitions

We assume for simplicity that, given a random input, rewards and transitions are determin-

istic. This assumption is w.l.o.g. since we can always add additional periods where extra

inputs are revealed. We give a formal reduction in Section 5.4.2.

On the other hand, we can define Bellman Inequalities for the case where transitions and

rewards are random. All of our results continue to hold, the only modification is that we

have to take expectations everywhere. To be more precise, the loss LB can be both random

and dependent on the action u. Additionally, since now rewards and transitions are unknown

at t given ξt, the monotonicity requirement (5.5) takes the following form:

ϕ(t, s|Gt) ≤ max
u∈U
{E[R(s, ξt, u) + ϕ(t− 1, T (s, ξt, u)|Gt−1)|Gt] + E[LB(t, s, u)|Gt]}.
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