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ABSTRACT 

 

Quantum computing (QC) is the next frontier in computation and has attracted a lot of 

attention from the scientific community in recent years. With the ever-increasing 

complexity of combinatorial optimization problems accompanied by a quickly growing 

search space, there arises a need for novel solution approaches capable of overcoming 

limitations of the current optimization paradigms carried out on state-of-the-art classical 

computers. QC provides a novel approach to help solve some of the most complex 

optimization problems while offering an essential speed advantage over classical 

methods. Complex nature of energy systems due to their structure and large number of 

design and operational constraints make energy systems optimization a hard problem 

for most available algorithms. We propose novel reformulations of energy systems 

optimization problems namely facility location-allocation for energy systems 

infrastructure development, unit commitment of electric power systems operations, and 

heat exchanger network synthesis into unconstrained binary optimization problems to 

facilitate ease of mapping and solving on quantum hardware. Several technological 

limitations face commercially available quantum computers, therefore, harnessing the 

complementary strengths of classical and quantum computers to solve complex large-

scale optimization problems is of utmost importance. We further develop novel hybrid 

QC-based models and methods that exploit the complementary strengths of QC and 

exact solution techniques to overcome the combinatorial complexity when solving 

large-scale discrete-continuous optimization problems. The applicability of these QC-

based algorithms is demonstrated by large-scale applications across scales that are 

relevant to molecular design, process scheduling, manufacturing systems operations, 

and logistics optimization. Apart from optimization, QC-based techniques can also be 

applied to fault diagnosis of complex chemical processes. 
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CHAPTER 1 

QUANTUM COMPUTING FUNDAMENTALS 

 

1.1   Introduction 

Over the past five decades, Moore’s law has held true with the computing power 

doubling every two years by reducing the size of transistors in an integrated circuit. The 

current state of the art transistors are only a few atoms thick [1]. However, as this size 

gets smaller quantum effects start to interfere with their functionality. Quantum 

computing is the next frontier for computation. A broad definition of quantum 

computing is computing that follows the logic of quantum mechanics.  

Analogous to bit being the fundamental unit of classical computing, quantum computing 

is built upon the quantum bit called qubit. A classical bit can be in either of state 0 or 1, 

while a qubit is in the superposition state of 0 and 1  together termed as 

computational basis states. Dirac notation “ | ” is the standard notation for states in 

quantum mechanics. Figure 1 shows the Bloch sphere representation of a quantum bit 

which helps to visualize the state of a single qubit. Unlike classical bit which can be in 

either of its two states, infinite number of states are possible for a qubit. After it is 

measured, the state of qubit collapses to one of the basis states [2]. Another elegant 

property of qubits which sets them apart from classical bits is entanglement. Quantum 

entanglement is the ability to form co-relations between individually random behaviors 

of two qubits. These properties of superposition and ability to exist in entangled states 

are exploited in a quantum computer resulting in high computation power. A few of 

proposed quantum computing architectures have already been realized through 

technological advancements. A brief overview on the operation and the applications of 

these quantum computing technologies is provided below. 
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1.2   Quantum Circuit Model 

A quantum circuit comprises of quantum gates manipulating qubits to perform 

calculations. Analogous to logic gates in classical digital circuits, quantum gates are the 

building blocks of quantum circuits. In this model, quantum gate operations are applied 

one by one to the state of the system, thus evolving it towards a desired solution of the 

problem [3]. Gate model of quantum computation is an alternate term used for this 

model. In the quantum circuit as shown in Figure 2b, the tasks of preparing a specific 

input, applying a set of gate operations and measuring the state of qubits in the 

computational basis is carried out sequentially [4]. Quantum algorithms play a vital role 

in implementing the power of quantum hardware. Approximate solutions for 

combinatorial optimization problems can be produced by Quantum Approximate 

Optimization Algorithm (QAOA) [5]. In the field of chemistry and optimization, a 

classical-quantum hybrid algorithm called Variational Quantum Eigensolver (VQE) has 

shown exceptional performance in terms of speed and resource utilization [6]. 

Generating a trial state and estimating its energy is performed on a quantum computer 

with the energy being optimized on classical computer. 

 

 

Figure 1. Fundamental units of computing 
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        However, practical applications of the gate model quantum computer are limited. 

Few problems like integer factorization and solving linear system of equations show 

exponential speedup [7], while for other problems gate model quantum computers are 

not known to be faster than CPU/GPU-based classical computers. The qubits in this 

model are susceptible to de-coherence, meaning their quantum states are destroyed by 

interactions with the environment. A universal quantum computer can be realized after 

overcoming these setbacks and joining forces with classical computing. Tech giants in 

the field of computation like IBM have already launched a cloud based commercial 

version of a gate model quantum computer, and is working towards building an 

universal quantum computer [8]. 

 

1.3   Quantum Annealing based model 

Quantum Annealing, which is essentially the noisy version of quantum adiabatic 

computation, is a quantum counterpart of simulated annealing. Instead of thermal 

fluctuations [9], quantum fluctuations are introduced in quantum annealing for faster 

convergence to optimal state [10]. A quantum annealing machine has wide range of 

applications, including ability to solve discrete/combinatorial optimization problems. 

Unlike the gate circuit model, quantum annealing machines or annealers are explicitly 

designed for a specific purpose, like optimization, machine learning, etc. It has also been 

proven that an extended form of quantum annealing is theoretically equivalent to gate 

(circuit) model [11]. The Canadian company, D-Wave, provides state of the art quantum 

annealing machines that have wide range of applications with cloud access to its users 

[12].  

      This model of quantum computer realizes the quantum annealing algorithm by 

enabling the quantum tunneling processes. In order to minimize the cost function, a time 

dependent term representing quantum fluctuations is added, such that the probability of 

existence of optimum is uniform over all possible states. This can be seen in Figure 3 

where the cost function is a double well with local optimum states and the probability 

distribution ( , )P x t  being uniform at the beginning. After allowing the natural time 

evolution of the system, the probability is highest at global optimal solution at the end 
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of the annealing process. Apart from quantum hardware, this algorithm can also be 

simulated on classical computers using a deterministic approach or quantum Monte 

Carlo techniques for large problems [13]. 

      A family of commercially available QC devices from D-Wave Systems are designed 

to implement quantum annealing. In order to solve problems on the D-Wave system, 

they need to be formulated as an Ising model or, equivalently, a quadratic unconstrained 

binary optimization (QUBO) model. These models can be further represented by a graph 

comprising a collection of nodes and edges between them while the corresponding 

quantum processing unit is expressed as a lattice of qubits interconnected in a design 

known as a Chimera graph. Figure 2c represents a subgraph of the Chimera lattice 

pattern that is typical of the D-Wave quantum annealing systems and its operation. The 

nodes and edges of the objective function graph are mapped to the qubits and couplers 

of the Chimera lattice. Since the Chimera lattice is not fully connected, mapping of 

variables to physical qubits uses the process of minor-embedding and is crucial to 

problem solving [14-17]. While the problem of finding an optimal graph-minor is itself 

NP-hard, an efficient embedding for many graphs can be found systematically with 

heuristic techniques [18]. Mapping the objective function onto the physical quantum 

processing unit is followed by the realization of quantum annealing process [19] which 

searches for low-energy solutions of the corresponding problem Hamiltonian [20]. The 

probability of recovering the global optimal solution is highly dependent on the 

embedding and annealing schedule [21, 22]. 
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Figure 2. a) Entangled qubits in superposition states, b) gate-model quantum computer 

operation, and c) quantum annealing-based computer operation 

 

 

 

Figure 3. Time evolution of Quantum Annealing process for optimization of a function 

having both local and global optimum 
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CHAPTER 2 

QUANTUM COMPUTING FOR ENERGY SYSTEMS OPTIMIZATION 

2.1   Introduction 

With the rising demand for energy and the need for environmental protection, there has 

been a primary interest in the design, control, and planning of energy systems. New 

energy resources are also being integrated into energy systems rendering optimal 

management and control of available resources to be a key issue in harnessing new 

technologies. Without optimal utilization of resources, the cost of investment for these 

technologies cannot be justified. Therefore, optimization tools and algorithms provide 

a suitable way to solve complex energy systems problems in this field. For the 

comparison between renewable energy sources, factors such as price of generated 

energy, greenhouse gas emissions, availability of resources, efficiency of energy 

conversion, natural resource requirement, and social impacts have been previously 

taken into account [23]. Proper allocation of available energy sources requires the study 

of models such as energy planning models, energy supply-demand models, forecasting 

models, renewable energy models, emission reduction models, and optimization models 

[24]. Energy generation planning and scheduling systems, location and transportation 

problems, resource allocation, engineering design, network planning are some of other 

areas wherein optimization methods has found widespread applications [25]. Novel 

optimization frameworks with comprehensive energy conversion modelling and 

complete system optimization is an important tool to reduce life-cycle cost and evaluate 

optimal design for micro-grid energy systems [26]. The worldwide energy crisis 

demands development of hybrid renewable energy systems instead of fossil fuels. 

Simulation based studies of large-scale global optimization for such hybrid energy 

systems through energy management strategies have also been conducted [27]. 

Reliability and cost of power systems with integrated renewable resources are important 

aspects considered by system operators. Optimization methods for maintenance by 

considering the system reliability can be applied for such systems [28]. Apart from the 

deterministic optimization methods, in the last few decades, heuristic approaches and 
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artificial neural networks have also been proposed. Meta-heuristic algorithms like 

simulated annealing [9], tabu search [29], genetic algorithms [30], ant-colony 

optimization [31] have grown quite popular due to their ability to tackle complex 

optimization problems where traditional methods prove ineffective. As the complexity 

of some problems increase, exponential computation time might be needed to find the 

optimum in the worst case. For example, in the case of power grid networks, complexity 

of the network is a function of the number of power plants that are a part of the grid. 

According to the data obtained from U.S. energy information administration (EIA), 

Figure 4 shows a continuous rise in the number of power plants in the United States for 

the last decade, thus complexity of power networks is expected to keep increasing. 

Hence, there arises a need for new tools and techniques which are capable of addressing 

such energy systems optimization problems with high complexity, and which provide 

good solutions in reasonable runtimes. 

      Quantum computing provides a novel approach to help solve some of the most 

complex problems while offering an essential speed advantage over conventional 

computers [2]. This is evident from the quantum algorithm proposed by Shor for 

factorization which is exponentially faster than any known classical algorithm [32], and 

Grover’s quantum search algorithm capable of searching a large database in time square 

root of its size [33]. Quantum chemistry [34], machine learning [35], cryptography [36] 

and optimization are some of the areas where a quantum advantage is perceived when 

facilitated by a quantum computer. Recent advances in hardware technology and 

quantum algorithms allow for complex energy systems optimization problems to be 

solved on a quantum computer. Methods such as process integration, superstructure 

optimization, and their applications to sustainable design and synthesis of energy 

systems are crucial and have been an active research area [37]. These methods due to 

their high complexity require classical optimization solvers to solve the formulated 

problem, which can be computationally expensive with no guarantee of returning a 

solution. Classical optimization methods applied to large-scale renewable and 

sustainable energy systems to perform multi-objective optimization result in use of high 

computational effort [38]. Physical modelling and optimization of hybrid energy power 
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systems require exponential computation time as the size of problem increases [39]. It 

is imperative to account for optimal design and multi-scale decisions of shale gas energy 

systems that are economical, sustainable and socially responsible. Modelling and 

optimization of such shale gas energy systems under multiple types of uncertainties is a 

computational challenge [40]. Decomposition of complex large-scale design and 

synthesis optimization of energy system problems can result in nested optimization 

problems simpler than the original but is much more computationally intensive [41]. An 

integral part of designing energy supply chains with multi-scale complexities is to build 

a large-scale integrated model that includes minute details across all spatial and 

temporal scales. Classical general purpose optimization methods and off-the-shelf 

optimization solvers fail to compute feasible solutions for the resulting large-scale 

multi-objective optimization problem [42]. Optimizing the bioenergy and biofuel 

supply chain network structure comprising of multiple sites and multiple echelons is 

performed at the design stage through superstructure optimization. However, a 

comprehensive and detailed superstructure although appealing, may be computationally 

intractable [43]. With the increasing importance of water-energy-food nexus, challenges 

that account for its multiple scales, appropriate system boundaries, modelling the 

decision making and conflicting objectives along with uncertainties must be considered. 

Although a higher level of detail provides more thorough details, the associated 

modelling and computational challenges increase [44]. Custom algorithms for a specific 

problem class can sometimes outperform the best available classical solvers, but a 

generic solution approach is much more desirable. While solving large instances of 

complex problems with deterministic technique is intractable, approximate algorithms 

should be considered. Quantum computers realize such approximate algorithms 

intrinsically. 

      Important large-scale problems of practical relevance can consist of thousands of 

variables, and constraints which due to their complex combinatorial nature may require 

days or even weeks to converge to an optimal solution. Design of shale-gas supply chain 

network covering more than 10,000 km2 area requires optimizing a mixed-integer linear 

problem with 51,133 variables and 51,880 constraints. State-of-the-art classical CPU-
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based solver takes more than 15 hours to compute a solution with the desired optimality 

gap [45]. Another such example of an integrated optimization framework for energy 

supply chain involves optimization of a quadratic constrained mixed-integer problem 

with 8,321 total variables and 7,247 constraints. Solving this problem by a classical 

CPU-based solver requires 15.6 hours of computation time [46]. Although energy 

systems problems have been well acknowledged by industry and academia, most of the 

existing studies are limited to regional scales. Extending such studies to national or 

global scales faces the limitation of computational power and can result in 

computationally intractable mathematical problems. All these challenges motivate the 

need of developing novel and more efficient solution strategies for energy systems 

optimization problems. Quantum computing is a game-changer technology that is able 

to tackle such intractable problems and may produce good solutions in reasonable 

runtimes. Unlike classical computers exploring the entire space of feasible solutions, 

quantum computers focus on exploring selected feasible subspaces, thus inducing a 

quantum speedup. This chapter exemplifies the promise of quantum computation 

through well-known energy systems optimization problems. 

 

  Figure 4. Number of power plants in U.S. in the last 11 years 



10 

 

      The purpose of this chapter is to introduce readers to the new and emerging field of 

quantum computation for optimization, and state its implications and applications to 

energy systems engineering. A brief background unraveling the working of a quantum 

computer and its major dissimilarities with conventional CPU/GPU-based classical 

computers will also be provided. Conventional or classical computers are governed by 

classical physics, and simply put are integrated multi-purpose computers used by most 

people on a daily basis. Furthermore, examples solving small optimization problems on 

different types of quantum computers will be illustrated here allowing the readers to get 

a basic idea on using quantum computers for optimization purposes. Finally, a detailed 

methodology for application of quantum computers to classes of energy systems 

optimization like facility location allocation, unit commitment problems and heat 

exchanger network synthesis, is discussed. Some of the challenges faced by quantum 

computing for energy systems optimization, as well as its limitations and scope in the 

future, are also discussed. The major contributions of this work are listed as follows: 

 A step-by-step tutorial of developing solution strategies for energy systems 

optimization problem using both the above-mentioned quantum computing 

architectures is put forward. 

 Novel reformulations of energy systems optimization problems namely facility 

location-allocation, unit commitment and heat exchanger network synthesis into 

unconstrained binary optimization problems has been proposed to facilitate ease 

of mapping and solving on quantum hardware. 

 A performance comparison study in aspects of timing and solution quality is also 

conducted for each class of problems using both state-of-the-art quantum 

computing algorithms and best available classical CPU-based solution methods.  

 While addressing the limitations of proposed methodologies owing to 

technological barriers, the future scope of quantum computing for large-scale 

complex energy systems optimization problems is discussed and some ideas to 

harness the full potential of quantum computers which can pave the way to a 

new sophisticated solution architecture for energy systems optimization are also 

put forth. 
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2.2   Facility location-allocation in energy systems optimization 

Facility location and allocation problems are essential components of strategic design 

and planning for energy systems [47]. Some energy systems infrastructure development 

optimization problems could be cast as facility location-allocation problems. There has 

been substantial research on their model formulations, and various algorithms have been 

developed to solve such problems [48]. Examples of this type of energy systems 

optimization problems include determining the optimal location for wind farms to 

maximize energy capture while accounting for electrical grid constraints [49]. Locations 

of facilities such as solar or wind power generation systems or hydro power plant can 

also be determined based on minimization of facility opening costs, energy 

transportation costs subject to satisfying energy demand subject to resource availability 

constraints [47].  

       One such fundamental problem from the category of facility location is the 

quadratic assignment problem [50]. Hub-based network design for electricity storage 

require a hub facility location model, which is formulated as a quadratic assignment 

problem [51, 52]. Some solution approaches for biofuel supply chain optimization also 

use quadratic programming models [53]. The quadratic assignment problem being one 

of the most difficult problems of the NP-hard complexity class, is widely studied in the 

combinatorial optimization community. A number of formulations and solution 

techniques have been proposed accounting for the continuous interest in this problem 

[54]. In the context of power grid optimization, n power plants are to be assigned to n  

regions in such a way that the cost of interplant transportation is minimized. This is 

illustrated for four plants or facilities in Figure 5. Two n × n matrices C=||Cij||and 

T=||Tpq|| are given, where Cij is the cost of transporting one unit of energy from location 

i to location j and Tpq is the number of units of energy to be transported from plant p to 

plant q. Each of the n2 assignment variable is denoted by binary variable xpi to represent 

whether plant p is assigned to location i. The assignment constraints ensure that only 

one facility is assigned to each location. For simplicity purposes, any demand 

constraints and resource availability constraints are not considered here. The 

Koopmans-Beckmann formulation [55] of this problem is given in Eq. (2.1). 
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      In this section, the ability of different quantum hardware, namely the IBM’s gate 

model and D-Wave’s quantum annealers, to solve this combinatorial optimization 

problem is demonstrated. Problem instances for quadratic assignment were borrowed 

from the quadratic assignment problem library (QAPLIB), which provides a unified 

testbed for quadratic assignment problems through a compilation of their best known 

feasible solutions and best lower bounds [56]. These problem instances are solved on 

the D-Wave’s 2000Q quantum processor, and its performance is compared to that of a 

deterministic solver Gurobi run on a Dell Optiplex system with Intel(R) Core(TM) i7-

6700 3.40GHz CPU and 16 GB of installed memory. The same system configuration 

and computing environment was used to solve all of the problem instances mentioned 

henceforth for both quantum and classical computers. 

 

2.2.1   IBM Q’s quantum computer 

IBM Q is an initiative to develop scalable quantum systems with a long term goal to 

realize an universal quantum computing system [57]. Their devices can be accessed 

through an open-source quantum computing framework called Qiskit [58]. Qiskit has 

three primary components, Terra, Aqua, and Aer, and they provide for composing 

quantum programs at circuit-level, tools and libraries for building quantum applications, 

and a high-performance simulator for quantum circuits, respectively. 
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Figure 5. Flow between facilities and their locations 

      The quadratic assignment problem can be converted into a single objective cost 

function given by Eq. (2.2) where the parameter A is a free parameter chosen to be large 

enough to ensure constraint satisfaction. In order to map the problem to a quantum 

computer, an Ising Hamiltonian corresponding to the objective function must be 

minimized. The Ising Hamiltonian takes the form of Eq. (2.3) where Zi is a Pauli 

operator assuming the eigenvalues 1 , analogous to a binary variable taking values in 

{ 1,1} .  The mapping of objective function to an Ising Hamiltonian is done by the 

assignment (1 ) / 2ij ijx Z  , which yields the final form in Eq. (2.4). 
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      A code sample written in Python programming language is shown in Figure 6a 

where a quadratic assignment problem instance is solved using a quantum algorithm. In 
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case of custom user defined problems, the Ising Hamiltonian needs to be manually 

generated. Exploring the open-source codebase for the various Ising translators should 

serve this purpose. The VQE quantum algorithm is chosen here among all those 

available in the Aqua library. A classical optimization technique and a variational 

method to calculate approximate wave functions along with an entangler map which 

specifies the entanglement of qubits are selected, depending on their specific properties 

and relevance to the ultimate goal. Finally, the quantum algorithm can be run on a Qasm 

simulator or on IBM Q devices remotely via cloud [59]. 

       Execution of the quantum algorithm produces a probability distribution for possible 

lowest energy states or ground states for the Ising Hamiltonian, which correspond to the 

optimal solutions of the original cost function. The solution with highest probability 

tends to be the most likely global optimum. A binary string corresponding to the solution 

and its probability is returned after execution. Figure 6b represents a histogram for this 

probability distribution, which clearly highlights the most probable solutions for their 

respective problem instances. 

 

Figure 6. a) Python code sample showing the use of Qiskit to solve a problem instance, 

and b) Histogram representing likelihood of possible solutions 
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2.2.2   D-wave’s quantum annealers 

D-Wave systems use quantum annealing process to search for solutions to a problem. 

The D-Wave 2000Q system contains a quantum processing unit (QPU) with 2048 

qubits. To solve hard problems with quantum computer, D-Wave provides a set of open-

source Python tools called Ocean software development kit [60]. A problem along with 

the user specified parameters is submitted to the QPU, and problem solutions 

corresponding to the optimal configuration of qubits are returned over the network. 

       Only problems which can be mapped onto an Ising model in Eq. (2.4) or a quadratic 

unconstrained binary optimization (QUBO) formulation as in Eq. (2.2) can be solved 

on a D-Wave system. The coefficients of all the linear and quadratic terms 

corresponding to the QUBO form of a problem instance must be declared beforehand 

in Python dictionary format [20]. A sample code using the Ocean software libraries to 

solve the quadratic assignment problem instance and likelihood of best feasible 

solutions is shown in Figure 7a, where the ‘linear’ and ‘quadratic’ terms are user 

defined. Dimod is an utility that generates the binary quadratic model using both linear 

and quadratic terms provided [61]. Embedding of the problem by mapping it to physical 

qubits on the annealer is an important step here. Qbsolv is a decomposing solver which 

finds the minimum of a large QUBO by partitioning it into smaller sub-problems [62]. 

This solver can be configured to solve the QUBO problem instance by a meta-heuristic 

algorithm, Tabu Search, on a CPU-based classical computer or by quantum algorithm 

on D-Wave’s quantum system. 
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Figure 7. a) Python code sample showing use of Ocean software libraries to solve a 

problem instance, and b) Histogram representing likelihood of possible feasible 

solutions 

      Since either of the Ising model or quadratic unconstrained binary optimization 

model is compatible with the D-Wave systems, the problem in Eq. (2.1) needs to be 

mapped appropriately. Further simplification of the single objective cost function in Eq. 

(2.2) and reducing x2 to x, as x being a binary variable belonging to {0,1} yields the 

final QUBO in Eq. (2.5) with the value of parameter A chosen, such that 

 max ij pqA C T , and the constant term 2nA  used as an offset. The QUBO is then 

mapped onto the Chimera graph architecture of qubits on D-Wave QPU through the 

minor-embedding process. The QPU then minimizes the energy of this configuration, 

thus locating the lowest energy state of this configuration which corresponds to the 

minimum of original cost function. The D-Wave annealers are explicitly built for 

optimization and sampling problems, so optimization problems tend to run faster on 

them than on classical computers. However, as problem size increases partitioning it 

into sub-problems might affect the timing performance and the quality of produced 

solution. 

 

Table 1. Model statistics of quadratic assignment instance for n facilities and n locations 

 KB formulation (Eq. 1) QUBO (Eq. 5) 

no. discrete variables n2 n2 

no. constraints 2n 0 
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2.2.3   Results 

Problem instances of size ranging from 3 to 20 facilities and locations were solved using 

both D-wave’s quantum computer and CPU-based classical computer. Known optimal 

solutions are available on the QAPLIB collection [56] for the used problem instances. 

Solutions given by an exact deterministic solver Gurobi implemented on Intel(R) 

Core(TM) i7-6700 3.40GHz CPU were used for cross validation and for the purposes 

of benchmarking. Model sizes for quadratic assignment instances for n locations and n 

facilities are given in Table 1. This means that the largest problem with 20 candidate 

locations and 20 facilities includes 400 binary variables. 

       Table 2 shows the detailed computational times and objective function values for 

the quadratic assignment problem instances. All the instances were solved using both 

classical Gurobi solver and quantum Qbsolv solver, and the objective values along with 

computational times required to calculate them were noted. Best solutions obtained 

using the quantum solver are reported in the computational results. A timeout of 12 

hours was set for the Gurobi solver, meaning solver algorithm would stop the solution 

process after the specified time limit. Objective function values at this time limit are 

reported. Best known solutions for these problem instances are also given in Table 2 to 

compare the quality of obtained solutions with both classical and quantum techniques. 

       As evident from Table 2, the classical solver Gurobi uses up exponentially more 

time as problem size increases. However, that is not the case with quantum solver. 

Smaller sized instances of the quadratic assignment problem which can be embedded 

onto the specific Chimera graph of the quantum processor are solved within less than 

0.07 seconds. Time required by these small scale instances is more or less similar. This 

is because after the process of embedding the whole QUBO corresponding to a small 

problem instance on to the Chimera graph is finished, the computation time includes 

only the annealing and post-processing times which are proportional to the rate of 

reading samples. On the other hand, when an embedding cannot be found for a larger 

QUBO instance, the solver Qbsolv splits the input QUBO instance into sub-QUBOs that 

fit on the D-Wave system in use. This classical-quantum hybrid algorithm exploits the 

complementary strengths of both tabu search and D-Wave solver [63].  
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Table 2. Computational results for solving quadratic assignment problem instances with 

classical and quantum solvers 

  
Gurobi solver 

(single CPU core) 

Quantum solver 

(D-wave 2000Q) 

No. facilities Best known 

solution 

time(s) obj. fun. time (s) obj. fun. 

3 24 1.33 24 0.024 24 

4 32 1.48 32 0.062 32 

5 58 1.5 58 0.066 58 

6 94 1.35 94 0.043 94 

8 214 1.96 214 0.127 214 

9 264 2.01 264 445.23 264 

12 578 325.68 578 1946.12 578 

14 1014 42,010.42 1014 1008.7 1026 

15 1150 ---* 1160 986.19 1160 

17 1732 ---* 1750 921.71 1786 

20 2570 ---* 2674 744.76 2640 

* Timeout of 12 hours reached by Gurobi 

 

 

Figure 8. Solution quality for quadratic assignment problem instances obtained using 

quantum solver 
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      Similar to other heuristic techniques, a decline in quality of solution is observed for 

large problems, where solution space grows exponentially with the size. The quality of 

obtained solution can be represented as deviation from the best available optimal 

solution. This can be seen in Figure 8, in which a distribution of percentage deviation 

from best known optimal solution for each problem instance is plotted. These results 

show that good solutions without excessive computation times can be obtained with 

quantum solver implemented on D-wave system. In spite of the percentage deviation 

being not greater than five percent, a more robust partitioning scheme might be able to 

eliminate or lower this deviation. 

 

2.3   Unit commitment problem 

Unit commitment (UC) is one of the most popular and critical optimization problems in 

the electrical power industry for the operations of power systems. The UC problem is 

generally formulated as a large-scale mixed integer nonlinear problem and solving it is 

very difficult due to the nonlinear cost function and the combinatorial nature of set of 

feasible solutions. It has been proven that UC is not only NP-hard but also NP-complete, 

so it is impossible to develop an algorithm with polynomial computation time to solve 

it [64]. Various techniques to solve the UC problem have been proposed based on 

deterministic approach [65], meta-heuristic methods and combinatorial approaches 

[66]. Efficient optimization techniques to solve advanced UC models when high 

renewable energy sources are integrated to the power systems, are of critical importance 

[67]. With the increasing number of energy sources, UC problem poses a hard challenge 

making it crucial to develop effective methodologies to tackle this challenge. 

Unit commitment is concerned with minimizing the total operational cost to meet 

an estimated electric power demand over a given time horizon, while a number of 

system and generator constraints must be met [68]. Figure 9 clearly illustrates the 

matching of combination of units to different loads or power demands in a given time 

interval. System power balance, spinning reserves and generation power limits of each 

unit account for some of the constraints in unit commitment. From a set of units U the 

amount of power generated by each unit i to satisfy a given load requirement L is 
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represented by pi. The fuel cost  fi of the committed unit i is usually formulated as a 

quadratic polynomial with Ai, Bi, and Ci being the coefficients of this polynomial. The 

UC problem for a single time period is mathematically represented by mixed-integer 

quadratic programming problem in Eq. (2.6), where binary variable yi represents 

whether the corresponding unit i is online. The generated power limits of each unit i are 

imposed by lower bound Pmin,i  and an upper bound Pmax,i. Here, randomly generated UC 

problem instances were used for study. After reformulation, these instances were solved 

on both D-wave 2000Q quantum processor and on Intel(R) Core(TM) i7-6700 3.40GHz 

CPU using Gurobi solver to compare the quality of obtained solutions. 

 

 

Figure 9. Commitment of units to different loads/power demands in each time interval 
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2.3.1   Implementation 

Only an unconstrained quadratic optimization problem can be mapped on to D-wave 

system, so the mixed-integer quadratic programming problem in Eq. (2.6) cannot be 

directly solved on quantum computing system. The UC problem must be reformulated 

into a QUBO model, which can be achieved by discretizing the problem space. The 

feasible range of continuous variable pi is divided into N equally spaced grids between 

Pmin,i and Pmax,i while ensuring that this variable equals zero if the unit is offline. Since 

this reformulation is an approximation of the original problem, the number of grids was 

chosen such that optimal solution of the reformulated UC is within 0.01% of exact 

global optimum obtained using a nonlinear solver. Since the problem in Eq. (2.6) is 

convex in nature, Gurobi solver is used to solve the mixed integer quadratic 

programming problem. The reformulated UC given in Eq. (2.7)is a quadratic binary 

model and can be easily converted to QUBO through a single objective cost function 

corresponding to the discretized problem. Eq. (2.8) forms the required QUBO and can 

hence be embedded on to the D-wave quantum processor. The same instance is solved 

multiple times on D-wave QPU to compare the likelihood of obtained solutions to be a 

global optimum and choose the best solution. 
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2.3.2   Results 

The model sizes for unit commitment problem with n units and N grids are given in 

Table 3. The size of discretized problem increases with the number of grids N. For the 

largest problem with 12 units, the original nonlinear problem includes 12 binary 

variables, 12 continuous variables and 25 constraints, while the reformulated problem 

includes 144 binary variables and only 13 constraints. 

      The randomly generated problem instances for unit commitment in a single time interval 

were solved using both classical and quantum solvers. The computational results for the 

same are given in Table 4, where the objective function value and time required are 

mentioned for each model and respective solution algorithm used. Best solutions and 

computational time obtained by quantum solver are also reported in this table. As 

mentioned earlier choosing proper value of N ensured a good optimum solution lying 

within 0.01% of the global optimum. The number of grids used for discretization is also 

noted here for each problem instance. Optimal solution of nonlinear and discretized UC 

in Eq. (2.6) and (2.7), was calculated by the Gurobi solver using regular CPU on Intel(R) 

Core(TM) i7-6700 3.40GHz CPU. For the quantum solver, the QUBO parameter values 

A and B in Eq. (2.8) vary for each instance and are chosen based on the coupling 

strengths and biases in the original cost objective function and usually take high values 

to ensure constraint satisfaction. Biases and coupling strengths are simply the linear and 

quadratic terms in the QUBO. Values of A and B are also reported for each instance. 

The smallest discretized instance with 27 binary variables can be embedded on to 

Chimera architecture of quantum processor with ease. However, as the size of problem 

and number of grids increase, the corresponding QUBO cannot be directly embedded 
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on the D-wave QPU. Larger QUBOs require partitioning into smaller sub-problems or 

sub-QUBOs, and can be solved using the Qbsolv utility. The partitioning scheme 

reduces the likelihood of returning global optimal solutions and might return good 

enough solutions. Hence, for large instances, solutions obtained through quantum 

algorithm exhibit deviation from solutions obtained using the global optimization solver 

Gurobi.     

 

Table 3. Model statistics for unit commitment problem with n units and N grids 

 
Non-linear 

model 

Eq. (2.6) 

Discretized model 

Eq. (2.7) 

QUBO 

Eq. 

(2.8) 

Number of discrete variables n n(N+2) n(N+2) 

Number of continuous variables n 0 0 

Number of constraints 2n+1 n+1 0 

 

Table 4. Computational results for solving unit commitment problem using both classical and 

quantum solvers 

 

       

      For a large discretized UC problem solved with Gurobi, increasing the number of 

grids reduces the deviation from global optimal solution. Ideally, a similar behavior 

should be observed for the case of quantum solver. But high number of grids require 

higher precision on the quantum system. Due to the precision limitations for biases and 

coupling strengths on the D-wave quantum system, discretizing problem space into 

smaller grid sizes does not guarantee a better solution. Dividing the space into grids 
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beyond a certain limit would be redundant and solution quality would further 

deteriorate. Thus, there is a trade-off between precision and likelihood of global optimal 

solution when solving quantum optimization problems. 

 

2.4   Heat exchanger network synthesis 

In order to avoid excessive energy consumption in industrial plants, energetic 

integration of processes is necessary. Heat exchanger network synthesis (HENS) is a 

systematic tool to control the costs of energy for a process. Heating and cooling costs 

are controlled by hot and cold utilities as well as the heat exchangers in a network. 

Enhancing heat transfer in heat exchanger devices using various techniques can also 

contribute to reduction of these costs and ensure efficient energy conversion [69, 70]. A 

cold stream in a process can be either heated by hot utility or hot stream in the process 

while a hot stream can be cooled by cold utility or another cold stream. Heat exchanger 

network in Figure 10 comprising of 2 hot streams and 3 cold streams integrated with 4 

heat exchangers illustrates this. Owing to the need for improvement in energy recovery 

and minimizing the global cost, heat exchanger network synthesis problem has been 

extensively studied in the past [71]. HENS is a NP-hard problem for which an exact 

polynomial-time computational algorithm does not exist [72]. Several metaheuristic 

techniques capable of handling complex problems in a feasible computational time have 

also been proposed [73, 74].  

      Sequential synthesis and simultaneous synthesis are the two well-known groups of 

methods for handling HENS problem. One of the prevalent approaches is sequential 

synthesis, wherein a problem is decomposed into three subproblems, namely the 

minimum utility cost, minimum number of matches, and minimum cost network 

problems. These subproblems can be treated in an easier fashion as compared to the 

original single-task problem. The minimum number of matches problem consists of 

determining minimum cost of matches, which satisfy the supply and demand of heat for 

a heat exchanger network. This simple HENS subproblem with only one temperature 

interval is NP-hard in the strong sense [72]. For a heat exchanger network consisting of 

m sources and n sinks with a single temperature interval, there is a supply Si of heat at 
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each source i and demand Dj for heat at each sink j. The cost for each possible match 

between a source i and a sink j is denoted by cij. The variables qij represent total heat 

exchanged between source i and sink j, while the existence of heat match between them 

is given by a binary variable wij. Figure 10 clearly shows the existence of heat exchanger 

match and heat flow between hot stream i and cold stream j. This matches problem can 

be formulated as in Eq. (2.9) where the first two constraints represent energy balance, 

and the third one is a logical constraint. Here a randomly generated problem instance of 

size m=4 and n=3 was used for analysis that satisfied the feasibility requirement ∑ 𝑆𝑖𝑖 =

∑ 𝐷𝑗𝑗 . A pictorial depiction of the same is shown in Figure 11a. This problem is 

reformulated and solved on D-wave’s 2000Q quantum processor and on Intel(R) 

Core(TM) i7-6700 3.40GHz CPU using Gurobi solver for solution quality comparison. 
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2.4.1   Implementation 

The minimum number of matches problem cannot be directly mapped on a quantum 

computer. As quantum computers support only discrete problems, the continuous 

variables qij are discretized into N equally-spaced grid points in the interval [0, Uij]. The 

upper bound on qij is set such that the logical constraint is not violated. Both the original 

problem and this discretized problem given by Eq. (2.10) is solved using the same 

Gurobi solver to check the viability of the reformulation. The discrete optimization 

problem can now be mapped on to D-wave QPU by converting it into a quadratic 

unconstrained binary optimization problem. For QUBO a single objective cost function 

is given by Eq. (2.11) containing only binary variables z. Here the value of N was chosen 
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such that both the mixed-integer linear problem (MILP) and discretized formulations in 

Eq. (2.9) and Eq. (2.10) respectively produce the optimal objective values with least 

deviation between them. QUBO corresponding to the same discretized problem instance 

is solved on D-wave QPU repeatedly and compared to the exact solution produced by 

the classical deterministic optimization solver Gurobi on a CPU-based computer. 

 

 

Figure 10. Heat exchanger network containing 2 hot streams and 3 cold streams 
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2.4.2   Results 

Table 5 shows the statistics for model sizes of given formulations of minimum number 

of matches problem. For the randomly generated problem instances, MILP model and 

the discretized model are solved using CPU-based Gurobi solver. Its corresponding 

QUBO is solved on quantum solver and the computation times along with obtained 

solution are reported in Table 6. For the largest instance with 15 sources and 15 sinks, 

the original MILP problem consists of 225 continuous and binary variables while the 

discretized reformulation has 1350 binary variables. The number of grid points N was 

chosen such that the discretization scheme produced an optimal solution close to the 

one obtained by solving the original minimum number of matches problem using an 

exact solver Gurobi. Choosing the value of N also depends on the viability of solving 

very large QUBOs on quantum hardware. Fixing the number of grid points N ensures 

the existence of optimal solution close to global minima in the discretized problem 

space. Since the large instances cannot be directly embedded on to the Chimera graph 

architecture of quantum processor, the decomposing solver Qbsolv is used to partition 

the large QUBO into smaller sub-QUBOs. Values of parameters A and B of QUBO in 

Eq. (2.11) are set by trial-and-error, while satisfying , max( )ijA B c . Here A=20 and 

B=5 are used.  

      As evident from the computational results, smaller problem instances solved on 

quantum hardware return global optimal solutions. The best obtained solution shown in 

Figure 11b exactly matches the one produced by Gurobi for discretized UC on Intel(R) 

Core(TM) i7-6700 3.40GHz CPU. For the largest problem instance, larger values of 

penalty weight B in the QUBO tend to violate the energy balance constraints. Larger 

HENS problem instances grow quickly with the number of grids and tend to perform 

poorly given the limited scalability of available quantum hardware. This is due to the 

fact that a finite precision is available on quantum annealers, and large B values result 
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in large coupling strengths and biases. Scaling down these strengths becomes necessary 

resulting in loss of precision, thus leading to constraint violation. A simple workaround 

for this issue would be to use appropriate number of grids. Also, sharing the edge weight 

of Chimera graph can enhance the precision at the expense of extra qubits. A small-

scale MILP model translates to a large discretized model, so Gurobi solver performs 

better than quantum solver with respect to time and solution quality. Partitioning of the 

problem into sub-QUBOs also reduces the likelihood of obtaining global optimal 

solutions. Improvement in solving large-scale problems on quantum processor is highly 

dependent on the scalability and precision offered by quantum systems. Alternative 

embedding schemes for QUBO on to quantum processor may facilitate some form of 

error mitigation thus improving solution quality. MILPs on CPU-based Gurobi solver 

have been optimized to run through parallel computation and perform exceptionally on 

conventional computers. Quantum computers on the other hand due to their small 

scalability and limited precision do not perform as good as classical MILP solvers. In 

the context of MILP solution approaches, quantum computers will require much more 

technological maturity to compete against their highly evolved classical counterparts. 

 

 

Figure 11. a) Minimum number of matches problem and b) Obtained optimal solution 

for the problem instance 
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Table 5. Model statistics for minimum matches problem with m sources, n sinks and N 

grid points 

 
MILP 

model 

Eq. (2.9) 

Discretized model 

Eq. (2.10) 

QUBO 

Eq. (2.11) 

Number of discrete variables mn mn(N+1) mn(N+1) 

Number of continuous variables mn 0 0 

Number of constraints m+n+2mn m+n+mn 0 

 

 

Table 6. Computational results for solving heat exchanger network synthesis problems 

using both classical and quantum solvers 

 

2.5   Discussion 

D-wave quantum devices exhibit limitations in terms of problem size, connectivity of 

qubits and precision. The full speed of the machine can only be implemented, if the 

decision variables in a problem can be mapped to nodes on Chimera graph architecture 

of QPU. This process called minor embedding limits the scope of D-wave quantum 

machine. Minor embedding in itself maybe a NP-complete problem and would require 

an exponential preparation steps even if the hardware solved a problem in polynomial 

time. The limited connectivity offered by the QPU demands decomposing a large 

problem into smaller ones without a guarantee of best solutions. Unlike classical 

CPU/GPU-based computers, D-wave devices have very limited precision and this could 

cause scaling issues. Presence of intrinsic control errors in these systems and their lack 

 
 

Gurobi solver 
(single CPU core) 

Quantum solver 
(D-wave 2000Q) 

 
 

MILP model 
  

Discretized model 
  

no. 
sources 

 

no. 
sinks 

obj. fun. time (s) Grids Error* obj. fun. time (s) obj. fun. time (s) 

2 2 5 0.005 4 0.00% 5 0.009 5 0.03 
3 3 9 0.015 4 0.00% 9 0.009 9 0.08 
4 3 9 0.009 5 0.00% 9 0.014 9 261.6 

10 9 20 0.025 5 0.00% 20 0.058 21 519.2 
15 15 26 0.049 5 0.00% 26 0.106 26 1288.3 

*Relative error between solutions obtained by discretized model and the global optimum 
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of error correction negatively impacts the performance of quantum annealers. While 

quantum annealing based devices have shown performance gains for specific 

applications, algorithms for classical computers can be usually optimized for a specific 

problem enabling them to outperform quantum annealers at the current stage. This is 

evident from the large quadratic assignment instance performing better than a simpler 

heat exchanger network synthesis problem in terms of speed and solution quality. Even 

in case of a problem for which quantum speedup is apparent, there is no denying the 

possibility that a better classical algorithm will be found for the same class of problems. 

      The gate based quantum systems achieved by firms like IBM have very few qubits 

compared to the annealing systems. Different error sources add noise to qubits in turn 

affecting the robustness of gate operation. Current state of the art gate based quantum 

computer contains 20 qubits with gate error rate of about five percent. It is projected 

that for a quantum computer to achieve some task that no classical computer can 

perform will need over fifty qubits with less than 0.1 percent gate error rate. Improving 

the quality of qubits and qubit operations, as the number of qubits and associated 

controls rise, is a major challenge. With increasing number of qubits and their variance, 

an important goal would be to mitigate noise from different sources. It is expected that 

this challenge would likely get harder as the system size increases. At the current state 

of technological advancement, classical algorithms dominate the quantum algorithms 

implemented on gate systems with very few exceptions. On the other hand, quantum 

annealers developed explicitly for optimization perform better in some cases. This does 

not necessarily imply that simpler problems easily solvable on classical computer will 

perform exceptionally better on quantum hardware. Problems relevant to practical 

applications do not always belong to the class of binary quadratic model, rather a huge 

chunk of them are mixed-integer nonlinear optimization problems. Until a universal 

quantum computer is realized, it is only logical to use classical and quantum hardware 

in conjunction with each other. The deterministic methodology of exact classical solvers 

when combined with the probabilistic nature of quantum techniques may be the next 

step in quantum computing. A crude example of this would be to use quantum resources 

to explore neighboring solutions periodically dictated by a classical algorithm to 
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optimize an arbitrary nonlinear objective function. Best of both classical and quantum 

domains is ensured through this approach. In the near future, along with better quality 

and error correction schemes for qubits and controls, there arises a need for hybrid tools 

capable of combining the computing power of both classical and quantum computers. 

      As evident from the presented case studies, quantum computers perform 

exceptionally better for facility-location location allocation problems. Although they 

perform mediocre for problems requiring discretization schemes, good feasible 

solutions can be obtained for problems with large solution spaces in reasonable 

runtimes. Sustainable design and operation of energy systems which consider economic, 

environmental, and social impacts are quite complex to solve [41], and a standalone 

quantum solution approach might not be feasible for such design problems, since the 

best solution is always expected in this case. However, for energy systems in the 

presence of uncertainty, online adaptation is required to ensure system is always 

operated optimally, implying the online solving of such optimization problems. 

Quantum computers can efficiently handle such problems, by providing good feasible 

solutions within reasonably shorter computational times than any classical computer. 

However, this does not necessarily mean that design problems will not benefit from 

quantum approaches. Hybrid quantum-classical methodologies can be developed for 

optimal design and scheduling of energy systems, which will always outperform a either 

of classical or standalone quantum approaches. At this stage, such algorithms need to 

be developed for a specific class of problems, but a more generic approach for global 

optimization of highly complex problems has become a necessity, and efforts need to 

be directed toward such technologies and algorithms. 

 

2.6   Conclusion 

In this work, a brief introduction to the new and emerging field of quantum computing 

and some relevant applications to energy systems optimization are provided. The type 

of problems compatible with quantum hardware and quantum algorithms used for 

optimization are also discussed. The conducted analysis of mentioned optimization 

problems reveal that although an approximation by problem space discretization yields 
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an optimal solution, its likelihood of being the best possible solution changes. Some of 

the challenges faced by quantum computers in terms of hardware architecture, precision 

and error mitigation are also stated. Although in some instances a quantum advantage 

may be perceived, classical algorithms explicitly customized for that particular instance 

could potentially outperform a quantum computer. This does not imply that quantum 

computers are up to no good. Quantum computing is at its earliest stages of development 

and still has a long way to go compared to its much matured classical counterpart. In 

the future, numerous applications would demand implementation of both classical and 

quantum resources and hence efforts need to be directed towards harnessing the power 

of quantum computing systems for large-scale, complex energy systems optimization 

problems. Problems like energy supply planning and supply chain design [42], multi-

period scheduling of operations on power plants, and sustainable design and synthesis 

of energy systems [37] which can be further complicated by uncertainties that carry 

temporal correlations are examples of large-scale optimization problems for which the 

said quantum-classical hybrid methodologies should be implemented. 

 

2.7   Nomenclature 

Ai Zeroth order cost coefficient for unit i 

A, B Weight parameters for QUBO 

Bi First order cost coefficient for unit i 

Ci Second order cost coefficient for unit i 

Cij Cost of transporting one unit of energy from location i to location j 

cij Cost of heat exchanger between source i and sink j 

Dj Heat demand at sink j 

fi Fuel cost of committed unit i 

hi Size of grid for power generated by unit i 

L Load requirement 

pi Power generated by unit i 

Pmin,i Minimum possible power generated by unit i provided unit is online 

Pmax,i Maximum possible power generated by unit i provided unit is online 
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qij Heat transfer between source i and sink j 

Si Heat supply for source i 

Tpq Number of units of energy transported from plant p to plant q 

U Set of units 

Uij Maximum possible heat transfer between source i and sink j 

vi 0-1 variable representing whether unit i is offline 

wij 0-1 variable for heat match between source i and sink j 

xpi 0-1 variable for assignment of plant p to location i 

yi 0-1 variable representing whether unit i is online 

z 0-1 variable denoting grid points 

Z Pauli operator assuming values in {-1,1} 
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CHAPTER 3 

QUANTUM COMPUTING BASED HYBRID SOLUTION STRATEGIES FOR 

LARGE-SCALE DISCRETE-CONTINUOUS OPTIMIZATION PROBLEMS 

 

3.1   Introduction 

Computational optimization is a ubiquitous paradigm with a wide range of applications 

in science and engineering, and it has received tremendous attention from both academia 

and industry [75]. For chemical engineering applications, especially in process systems 

engineering, optimization is an integral part of synthesis, design, operations, and control 

[76]. Large-scale optimization problems with complex economic and performance 

interactions could be computationally intractable to solve through off-the-shelf methods 

and might require specialized solution algorithms. Therefore, it is important to explore 

advanced computational paradigms and strategies that can address complex, large-scale 

optimization problems. 

Primary components of the optimization process are the computational modeling 

and search algorithms [75]. Growing demand for optimization techniques that can 

obtain an optimal solution, requires the search algorithms to be efficient and 

computationally tractable. Over the past years, deterministic optimization techniques, 

especially nonlinear programming and mixed-integer nonlinear programming (MINLP) 

algorithms, have received growing attention from academia and industry [77, 78]. 

Despite the algorithmic and applications-oriented advances in global optimization [79], 

large-scale nonconvex MINLP problems could still be computationally very expensive 

to solve with the state-of-the-art deterministic global optimization algorithms. 

Specifically, deterministic algorithms for solving large-scale MINLP problems need to 

deal with the growing size of sub-problems and/or exponential growth of branch-and-

bound tree, leading to enumeration of many more alternatives in the feasible space. 

Heuristic techniques such as simulated annealing [80], genetic algorithms [30], tabu 

search [29] and others have also grown popular owing to their easy implementation and 

little prior knowledge requirement of the optimization problem. However, such 
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techniques are most suitable for unconstrained optimization problems and show no 

rigorous convergence properties. The ever-increasing complexity of combinatorial 

optimization problems accompanied by a quickly growing search space, results in the 

optimization process being more time-consuming. This computational challenge could 

be handled by advancements in computers with high processing speeds, but saturation 

limits of Moore’s law render the possibility of rising processing speeds unlikely in the 

coming years [81]. There arises a need for novel solution approaches capable of 

overcoming limitations of the current optimization paradigms carried out on state-of-

the-art classical computers. 

Quantum computing (QC) is the next frontier in computation and has attracted a lot 

of attention from the scientific community in recent years. QC provides a novel 

approach to help solve some of the most complex optimization problems while offering 

an essential speed advantage over classical methods [2]. This is evident from QC 

techniques like Shor’s algorithm for integer factorization [32], Grover’s search 

algorithm for unstructured databases [33], quantum algorithm for linear system of 

equations [7], and many more [82]. Quantum adiabatic algorithms too are efficient 

optimization strategies that quickly search over the solution space [83]. Quantum 

computers perform computation by inducing quantum speedups whose scaling far 

exceeds the capability of the most powerful classical computers. QC’s major 

applications can be perceived in areas of optimization, machine learning, cryptography, 

and quantum chemistry [84]. Despite the contrasting views on QC’s viability and 

performance, there is no doubt that QC holds great promise to open up a new era of 

computing.  

QC-based solution approaches are in their earliest stages of development compared 

to their much more matured classical counterparts. Current quantum machines have 

very limited functionality in the context of optimization, such that QC hardware and 

algorithms are inadequate for large-scale optimization problems. Although it has been 

shown that some optimization problems relevant to energy systems can be solved using 

quantum computers, their performance deteriorates with increasing size and complexity 

[85]. A number of technological limitations face commercially available quantum 
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computers, such as relatively small number of qubits with limited connectivity, and lack 

of quantum memory. Therefore, harnessing the complementary strengths of classical 

and quantum computers to solve complex large-scale optimization problems has 

become the main strategy for near-term and mid-term solution [86, 87]. 

There are several research challenges towards developing hybrid QC-based 

solution strategies for large-scale mixed-integer optimization problems. The first 

challenge is to develop a hybrid algorithmic framework that leverages both QC and 

classical computers, by integrating exact solution techniques with QC-based solution 

techniques. A further challenge lies in developing subproblems that can be solved using 

QC techniques, with an essential advantage of computation speed over classical solution 

methods. The formulation of these subproblems directly depends on the properties and 

structure of the original problem. Formulating appropriate subproblems that can be 

solved on a quantum computer poses another research challenge. The final challenge is 

to keep the resulting subproblems small enough such that they can be run on current 

quantum systems. For example, QC-based solution algorithms for operational planning 

problems can only solve small-scale instances and do not produce results that are 

comparable with those obtained from the state-of-the-art classical computing 

approaches [88, 89]. Developing an algorithmic framework that can benefit from high-

quality solutions obtained through QC techniques, is crucial to overcome such 

computational challenge. 

The objective of this chapter is to develop hybrid QC-based models and methods 

that exploit the complementary strengths of QC and exact solution techniques to 

overcome the combinatorial complexity when solving large-scale discrete-continuous 

optimization problems. Discrete-continuous optimization problems are harder to solve 

than continuous optimization problems due to the combinatorial explosion that occurs 

in all but smaller problems. The high combinatorial complexity stemming from this 

explosion in large-scale discrete-continuous optimization problems can be tackled by 

QC-based solution techniques. In addition, since quantum computers can only handle 

discrete binary variables, large-scale optimization problems that involve both discrete 

decision variables and continuous variables are most favorable to be solved through 
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hybrid QC-based solution strategies. The applicability of these QC-based algorithms is 

demonstrated by large-scale applications across scales that are relevant to molecular 

design, process scheduling, manufacturing systems operations, and vehicle routing. 

Each application addressed in this chapter belongs to a specific class of optimization 

problems. They include binary quadratic programming (BQP), mixed-integer linear 

programming (MILP), mixed-integer quadratic programming (MIQP), and integer 

quadratic fractional programming (IQFP) problems. The proposed hybrid QC-based 

solution methods effectively tackle the computational challenges stemming from the 

structures of the corresponding application problems. These computational challenges 

can arise from the large number of discrete variables, constraints and nonlinearities 

within an optimization problem. In order to demonstrate the computational efficiency 

of the proposed hybrid QC-based methods, large-scale instances of each application 

problem are solved using the proposed hybrid solution techniques. The obtained 

computational results are compared against the results obtained with general-purpose 

state-of-the-art optimization solvers that are implemented on classical computers. 

The novel contributions of this chapter are summarized as follows: 

 A QC-based method to solve molecular conformation problems using the 

hybrid QC partitioning algorithm; 

 A novel hybrid QC-MILP decomposition method that obtains global 

optimal solutions for large-scale job-shop scheduling problems; 

 A hybrid QC-MIQP stepwise decomposition method developed specifically 

for solving the manufacturing cell formation problem; 

 A novel hybrid QC-IQFP parametric method that efficiently solves the 

vehicle routing problem that is formulated as an IQFP problem. 

This chapter is organized as follows.. A brief overview of the applications chosen for 

this study is presented in Section 3.2. It is followed by the application problems that are 

solved using the respective hybrid QC-based techniques and by off-the-shelf 

deterministic optimization solvers as well. Conclusions are drawn in Section 3.7. 
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3.2   Overview of Quantum Optimization Application Domains 

        In this section, we provide a brief overview of the application problems addressed 

in this work, as well as their model formulations and the proposed QC-based solution 

algorithms (see Table 7). Four applications are considered in this chapter, namely the 

molecular conformation problem [90],  the job-shop scheduling problem [91], the 

manufacturing cell formation problem and the vehicle routing problem [92]. These 

applications cover applications across many different scales, from molecular design to 

process operations and to supply chain and logistics optimization. The order of these 

application problems is also arranged such that their complexity increases successively. 

        The molecular conformation problem is a building block of molecular design, 

having major implications in the field of drug design and product design [93]. Section 

3.3 describes the molecular conformation problem. It is followed by the job-shop 

scheduling problem in Section 3.4. The job-shop scheduling problem is a notoriously 

difficult problem in combinatorial optimization and forms the basis of several practical 

production scheduling problems [94]. Cell formation is an important component of 

cellular manufacturing, and has been gaining popularity in manufacturing industries as 

well as engineering management [95]. We consider one of the several formulations of 

the manufacturing cell formation problem in Section 3.5. One of the well-studied 

problems in logistics is the vehicle routing problem which has a large number of real-

world applications. In Section 3.6, we consider a nonlinear formulation of the vehicle 

routing problem. It should also be noted that the scope of the proposed hybrid algorithms 

presented in Table 7 is not limited to these examples, but can be extended to other real-

world problems of practical relevance as well. 

        All the computational experiments are carried out on a Dell Optiplex system with 

Intel® Core™ i7-6300 3.40 GHz CPU and 32 GB RAM. Only one core is used for 

computation. The BQP, MILP, and MIQP problems are solved using Gurobi 8. The 

IQFP problems are solved using MINLP solvers Bonmin 15 and Baron 18. The same 

Optiplex computer is also used to perform basic programming functions and as a 

classical backend in conjunction with a quantum processor, for the hybrid QC-based 

solution methods. The D-Wave 2000Q quantum processor with 2,048 qubits and 5,600 
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couplers is used for all computational experiments involving hybrid QC-based methods. 

The quantum processor is set to use 1,000 reads and an anneal time of 20𝜇𝑠.  

 

Table 7. Outline of applications presented in this work along with their distinguishing 

characteristics and solution methods 

 

 

3.3   QC for Molecular Conformations in Molecular/Product Design 

Any spatial arrangement of the atoms in a molecule that result from rotations about their 

single bonds are termed as molecular conformations. Molecules in nature may change 

their conformation as a stimulus to change in the surrounding environmental conditions. 

These environmental conditions drive changes in potential energy function for a cluster 

of atoms. Minimization of total potential energy associated with configuration of atoms 
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in a molecule is known as the molecular conformation problem [96]. An important area 

of research in computational biochemistry and biotechnology is the design of molecules 

for specific applications, such as determining the protein folded state from a known 

primary sequence of amino acids. Such applications require solving the molecular 

conformation problem to global optimality [97]. Molecular conformation problem helps 

predict the native structure of sequence of molecules, and it can be considered as a 

simplified form of predicting native structures of residues in case of protein folding [90, 

98-100]. Heuristic solution techniques for the molecular conformation problem are 

computationally expensive, depend heavily on carefully chosen parameters, and do not 

guarantee a global optimum [101]. Exact techniques to solve the molecular 

conformation problem have also been proposed, but they could perform poorly as the 

size of the molecule increases [96, 102]. 

        To eliminate complex nonlinearities, the molecular conformation problem can be 

modeled by a discrete approximation on a 3-dimensional lattice. Solution to this 

simplified discretization of the molecular conformation problem might not provide a 

global optimum for the original continuous and highly nonlinear molecular design 

problem. However, this solution can serve as a starting point for the global optimization 

of the continuous molecular conformation problem [98]. This approach has been 

successful in finding the minimum energy conformations for very large molecules [103, 

104]. QC-based solution techniques can help solve the discretized molecular 

conformation problems efficiently by offering a quantum advantage in terms of 

computation speed. Quantum annealing searches the molecular conformation space 

with the promise of returning a configuration that is near the global minimum. 

 

3.3.1   Model Formulation 

A molecule comprising of B atoms modeled as single spheres or beads is placed inside 

a 3-dimensional cubic lattice with N sites such that 𝑁 ≥ 𝐵. In a string of beads model, 

the molecule consists of B beads, a1, a2,..aB, where ai denotes the ith bead in the primary 

sequence. Between every pair of consecutive beads ai and ai+1, there exists a bond of 
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length lbi. The binary assignment variable xij represents the assignment of bead i at 

lattice site sj. Pairwise potential between beads ai and ak  placed at sites sj  and sl is 

modeled as Leonard-Jones (LJ) potential given by 𝑈𝑖𝑗𝑘𝑙
𝐿𝐽

 in Eq. (3.1), where εik and σik 

are LJ parameters representing the depth of potential well and distance at which inter-

particle potential is zero, respectively. These parameter values are dependent on the 

nature of beads. 
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      (3.1) 

        A bond stretching potential 𝑈𝑖𝑗𝑘𝑙
𝑏𝑜𝑛𝑑 is introduced between each consecutive pair of 

beads ai and ak given in Eq. (3.2). Distance between lattice sites sj  and sl is given by 

𝑟𝑗𝑙 = ‖𝑠𝑗 − 𝑠𝑙‖2
. The penalty parameter β enforces that the distances between 

consecutive beads remain within an allowable distance of the required bond lengths. 

Uijkl represents the total potential energy contribution to the free energy of the system 

due to placement of beads ai and ak at sites sj  and sl . Moreover, the terms Uijil and Uijkj 

are set to a very high value to ensure that no two beads are placed at the same location, 

and no bead is assigned to two locations. Bond bending potentials and torsional 

potentials are ignored in this case due to their trivial contribution to the free energy of 

the system and for the sake of simplicity. The molecular conformation problem is to 

determine the locations of beads within the cubic lattice, set of bond lengths, and bond 

angles. 
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        The discretized molecular conformation problem can be formulated as a quadratic 

assignment problem [98]. The quadratic term 𝑈𝑖𝑗𝑘𝑙𝑥𝑖𝑗𝑥𝑘𝑙 represents the direct 

contribution to total free energy when the bead ai and ak are assigned to sites sj and sl, 

respectively. The objective function in Eq. (3.4) is the total potential energy of the 
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system to be minimized. Constraints in (3.5) are assignment constraints to ensure that 

each bead occupies exactly one lattice site. Constraint (3.6) makes sure that at most one 

bead occupies each lattice site sj. 

min
B N B N

ijkl ij kl

i j k l

U x x        (3.4) 

s.t. 
1
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x j N


          (3.6) 

       {0,1}, 1,.., , 1,..,ijx i B j N                    (3.7) 

 

3.3.2   Hybrid QC-Partitioning Algorithm 

As stated earlier in Section 1.3, only QUBO problems can be solved directly on the 

quantum annealing-based machine. Large-scale QUBO problem cannot be directly fit 

on modest-sized Chimera lattice, and a specialized hybrid solution approach based on 

partitioning is required. The hybrid QC partitioning algorithm is based on a two-level 

approach. The full QUBO problem is the primary level, and the secondary level is a 

sub-QUBO problem sized to fit in the available quantum processing unit [63]. This 

algorithm exploits the complementary strengths of the quantum solver and classical tabu 

search. It can be viewed as a large-neighborhood local search with tabu improvements 

after each iteration. 

        Each iteration of the hybrid QC partitioning algorithm comprises of multiple calls 

to the quantum computer to globally minimize each sub-QUBO and a tabu search call 

for local minimization. The key idea behind the hybrid algorithm revolves around 

determining an order of variables in the QUBO problem based on their impact on the 

objective function value. First, the QUBO problem is split into sub-QUBOs that can be 

fit on the quantum processor, and then solved to optimality following the minor-

embedding process. The solution vector is updated with the appropriate variable values 

from the sub-QUBO solution vectors, such that the updated solution vector jumps out 

of a local minimum. The new solution is passed on to tabu search, in order to obtain a 
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new local minimum. This process is repeated until no better solution is found. The open-

source software tool qbsolv implements this hybrid QC partitioning algorithm to solve 

QUBO problems [63]. 

2

1 1 1 1 1

min 1 1
B N B N B N N B B

ijkl ij kl ij ij kj
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                 (3.8) 

        The molecular conformation problem can be formulated as a QUBO problem by 

modeling the assignment constraints as weighted penalty functions. Eq. (3.8) represents 

the QUBO formulation of the Hamiltonian to be minimized for the molecular 

conformation problem. The weight parameter A is chosen such that 𝐴 ≫ 𝑈𝑖𝑗𝑘𝑙 to enforce 

constraint satisfaction. It should also be noted that the size of this dense QUBO problem 

increases quadratically with the number of binary variables. The hybrid QC partitioning 

algorithm solves the discretized molecular conformation problem formulated as a 

QUBO problem by partitioning it into smaller sub-QUBO problems that can be 

efficiently solved on the quantum computer. 

 

3.3.3   Computational Results 

In order to illustrate the viability of the discretized formulation of the molecular 

conformation problem, we perform computational experiments for the alkane molecule 

named butane. This example is borrowed from literature along with its LJ parameters 

[98]. The butane molecule comprises of four carbon atoms and can exist in one of the 

four conformation states. The anti conformation shown in Figure 12a is the most stable 

and well-known conformer of butane with the lowest potential energy. The molecular 

conformation problem for butane is initialized by creating a 4×4×4 cubic lattice with a 

unit cell of length 1.4 A. The resulting formulation consists of 4 beads to be placed 

among 64 lattice sites, implying 256 binary variables in the problem along with 68 

constraints. The potential energy contributions are calculated for each pair of bead and 

lattice site with the LJ parameter values as 𝜀 = 0.06 𝑘𝑐𝑎𝑙 and 𝜎 = 3.6 𝐴 [98]. The 

approximate bond length between the carbon atoms is known to be 1.5 A and can be 

used to calculate the bond penalty potentials in Eq. (3.2). 
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        Solving the discretized molecular conformation problem for butane yields a gauche 

configuration as shown in Figure 12b. For butane, although the gauche conformer is less 

stable than the anti conformation, it is more stable than the other eclipsed configurations. 

Potential energy corresponding to the anti conformation is the global optimum of the 

continuous nonlinear molecular conformation problem, but the gauche conformation is 

a global optimum for the discretized problem. This disparity is due to the fact that the 

discretized molecular conformation problem makes several assumptions to reduce 

model complexities. However, it does not imply that the discretized molecular 

conformation model cannot be used in case of molecules found in nature. In fact, 

solutions obtained through the discretized molecular conformation model serve as a 

starting point for the global minimization of the more complex nonlinear molecular 

conformation problem over a continuous domain. This model can provide approximate 

solutions to the molecular conformation problems associated with most large molecules 

under study. 

 

 

Figure 12. a) Most stable anti conformation of butane, and b) obtained gauche 

conformation of butane 
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        In this section, we also consider molecular conformation instances with varying 

molecule sizes and lattice sizes. The instances are chosen such that each molecule is to 

be placed within different sized cubic lattices. Theoretically, the minimum energy for a 

molecular conformation in a larger lattice is expected to be less than or equal to that of 

the energy of the same conformation in a smaller lattice. This follows only if the cubic 

lattice is large enough to contain the entire molecule. For each of these instances, the LJ 

parameters are set to unity and potential energy contribution between each pair of atom 

and lattice site is calculated beforehand. The problem sizes of instances for B atom beads 

and N lattice sites are given in Table 8. This means that, for the largest problem with 12 

atoms and 1,000 lattice sites, the BQP problem includes 12,000 binary variables and 

1,012 constraints, and the reformulated QUBO problem includes 12,000 binary 

variables with no constraints. All the integer programming formulations of molecular 

conformation problem are modeled with Pyomo [105] and solved with  MILP solver 

Gurobi. The corresponding QUBO formulations are solved using the aforementioned 

hybrid QC partitioning technique through the Python based tool qbsolv. A time limit of 

24 hours in Gurobi is set for each molecular conformation instance to enforce 

appropriate comparison with the hybrid QC partitioning approach. Classical computing 

and QC facilities reported in Section 3.2 are used to carry out all the computational 

experiments. 

        Table 8 shows the objective function values representing the potential energy of 

the molecular configuration for solving problems directly using Gurobi and the hybrid 

QC partitioning algorithm. The detailed computational times of the computational 

experiments using different methods to solve molecular conformation instances are also 

presented in Table 8. The instances are chosen such that they range across molecules 

containing 3 atoms to 12 atoms. As seen in the table, small instances that correspond to 

small molecules placed in a small cubic lattice are solved to optimality by the 

deterministic MILP solver Gurobi. Least energy solutions are also obtained by the 

hybrid QC partitioning algorithm for the same molecular conformation instances but 

require longer runtimes. As evident from the computational results, deterministic solver 

Gurobi solves small instances within much shorter computation times than the hybrid 
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QC partitioning algorithm. The smallest problem considered here with 81 binary 

variables is too large to be directly embedded on the quantum computer and therefore 

requires partitioning into smaller subproblems by the hybrid QC partitioning algorithm. 

Although these subproblems can be solved much faster on the quantum computer, the 

higher computation time account for solving the large number of subproblems formed. 

However, as the sizes of instances increase, Gurobi solver is unable to obtain optimal 

solutions with zero optimality gap. A minimum energy conformation for molecules 

containing more than 8 atoms when placed in lattice size larger than 6 units, cannot be 

found using the branch-and-cut algorithm implemented in Gurobi solver after running 

for 24 hours. The largest instance with 12 atoms cannot be solved to global optimality 

due to the physical memory limitations of the classical computer and hence yields a 

suboptimal solution. The hybrid QC partitioning approach on the other hand, finds 

“good quality” near-optimal solutions for these relatively large instances within 

reasonable computational time. Since global optimal solutions are not available for the 

larger molecular conformation problems, only conjecture can be made on the least 

energy solutions for each of these instances. For a molecule of a specific size, increasing 

the corresponding lattice size yields a conformation with potential energy slightly higher 

than that of the smaller lattice, through the hybrid QC partitioning based technique. This 

indicates that the optimal solution obtained through a hybrid QC approach lies within a 

local neighborhood of its global minimum. The computational results show that the 

QUBO problems solved through the hybrid QC partitioning algorithm are quite 

effective in terms of both computation time and solution quality. 

         The performance of the hybrid QC partitioning based approach is competitive in 

numerical results and superior in computation time, compared to the classical 

deterministic solver Gurobi for the molecular conformation problem. Being a heuristic 

technique, the hybrid QC partitioning approach does not always guarantee a lowest-

energy solution. However, this hybrid approach can provide a “good quality” upper 

bound and a starting point for the continuous molecular conformation problem, and this 

can prove beneficial when good enough solutions are expected within short computation 

times. 



47 

 

 

Table 8. Computational results of the molecular conformation problems 

 

 

3.4   QC for Job-shop Scheduling 

Job-shop scheduling problems belong to the class of most intractable NP-hard 

combinatorial optimization problems, and pose a significant computational challenge 

due to its large and complex search space [94]. The goal of the job-shop scheduling 

problem is to schedule a set of jobs on a set of machines subject to operational, 

scheduling, and logic constraints, in order to minimize the total processing cost. 

Advances in its solution algorithms have been focused on the development of exact 

methods like branch-and-bound that make use of bounds based on Lagrangean 

relaxation, bounds based on valid inequalities, and cutting planes [106]. Several 

heuristic solution techniques have also been proposed to solve complex job-shop 

scheduling problems, but they are unable to find high-quality solutions if large-size and 

complex search spaces are involved [106, 107]. Decomposition-based algorithms and 

hybrid algorithms that combine exact solution methods with constraint programming 

Molecular size Binary 

variables 

Gurobi 8 Hybrid QC partitioning 

algorithm 

Atoms Lattice sites  Time (s) Min obj. Time (s) Min obj. 

3 27 81 0.14 -0.17 173 -0.17 

4 27 108 0.10 -0.33 574 -0.33 

5 125 625 646 -0.42 1,010 -0.42 

5 216 1,080 3,820 -0.42 1,797 -0.42 

8 216 1,728 86,400* -0.83 2,589 -0.76 

8 512 4,096 86,400* -0.83 4,762 -0.68 

10 216 2,160 86,400* -1.08 2,283 -0.85 

10 512 5,120 86,400* -1.08 9,009 -0.79 

12 512 6,144 86,400* -1.33 10,384 -0.94 

12 1,000 12,000 86,400* -1.33 27,694 -0.93 

* Timeout of 24 hours (86,400 CPUs) reached and the best solution found is reported. 
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reduce the combinatorial complexity of job-shop scheduling problems, and have proven 

effective for several real-world industrial-scale problems [108, 109]. 

 

3.4.1   Model Formulation 

In this section, we consider the MILP model of the job-shop scheduling problem with 

due dates and sequence-independent processing times [109]. This single-stage parallel 

scheduling problem considers a set of jobs I using a set of machines M. Processing job 

𝑖 ∈ 𝐼 on machine 𝑚 ∈ 𝑀 requires Pim amount of time and costs Cim. Job 𝑖 ∈ 𝐼 can only 

begin after the release date, and must be completed before its due date represented by 

Ri and Di, respectively. The processing costs, processing times, and release and due 

dates for each job-machine pair are known beforehand, and are independent of the 

sequence. 

      The decision variables in this MILP model are tsi, xim and yij, representing the start 

time of jobs, assignments, and sequence of jobs on each machine, respectively. Binary 

variables xim are assignment variables that indicate whether job i is assigned to machine 

m. The binary variables yij are sequencing variables that are equal to one if jobs i and j 

are assigned to the same machine and job j is processed after job i. Using the above 

described variables and parameters, the MILP model for job-shop scheduling is 

formulated as follows. 

 

min im im

i I m M

C x
 

         (3.9) 

   s.t. ,i its R i I           (3.10) 

        ,i i im im

m M

ts D P x i I


          (3.11) 

        1,im

m M

x i I


           (3.12) 

       1, , , ,ij ji im jmy y x x i j I j i m M            (3.13) 

        1 , , ,j i im im ij

m M

ts ts P x U y i j I i j


          (3.14) 

       1, , ,ij jiy y i j I j i           (3.15) 
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  2, , , , , ,ij ji im jny y x x i j I j i m n M m n            (3.16) 

   0, ; {0,1}, , ; {0,1}, , ,i im ijts i I x i I m M y i j I i j            (3.17) 

 

      The objective function in Eq. (3.9)is to minimize the processing costs associated 

with processing jobs assigned to the respective machines. Constraint (3.10) ensures that 

each job 𝑖 ∈ 𝐼 is processed after its release date, and constraint (3.11) does not allow 

processing of any jobs later than their respective due dates. The assignment constraint 

(3.12) enforces that each job i is processed by a single machine for this single-stage 

scheduling model. Constraint (3.13) models the logical relationship between the 

assignment variables and the sequencing variables. It implies that if jobs i and j are 

assigned to the same machine m, then the jobs must be processed one after the other. 

The parameter U in sequencing constraint (3.14) is given by 𝑈 = ∑ 𝑚𝑎𝑥𝑚∈𝑀{𝑃𝑖𝑚}𝑖∈𝐼 . 

The sequencing constraint ensures that job j starts processing after job i finishes, 

provided that both jobs i and j are assigned to the same machine. Start times of both jobs 

remain independent of each other if they are assigned to different machines. Constraints 

(3.15) and (3.16) are simple logical cuts that reduce the computational time required to 

solve the MILP problem by a significant amount [109]. Constraint (3.15) is based on 

the logic relationship that either job j is processed after job i or vice versa, irrespective 

of their assigned machines. The last constraint ensures that the sequencing variables yij 

and yji are zero, if jobs i and j are assigned to different machines. 

 

3.4.2   Hybrid QC-MILP Decomposition Method 

The MILP problem for job-shop scheduling is difficult to solve by off-the-shelf 

optimization solvers due to the problem structure. Additionally, the sequencing 

constraints do not significantly tighten the LP relaxation of the problem [109]. The 

combinatorial nature stemming from mixed-integer terms leads to additional 

computational complexity. To address this computational challenge, we develop a 

hybrid solution strategy that integrates a decomposition-based algorithm with a QC 

solution technique for global optimization of this challenging job shop scheduling 

problem. 
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      The main idea is that if a set of jobs cannot be scheduled on a particular machine, 

then it will be impossible to find a feasible schedule for any assignment that assigns all 

those jobs to that machine. The decomposition procedure selectively eliminates the 

possibility of such infeasible assignments by applying integer cuts. The proposed 

models and solution algorithm draw inspiration from the hybrid algorithm proposed by 

Jain and Grossmann [109]. The objective function (3.18) is the same as that of the 

original MILP model in Eq. (3.9). Constraints (3.10) - (3.12) and (3.17) form the 

constraints of the hybrid model described below. These timing and assignment 

constraints together form a new set of constraints (3.19) for the relaxed MILP model. 

Constraints (3.13) - (3.16) are concerned with sequencing jobs, and are reduced to the 

model in the QC step shown in (3.20). The QC step uses start times for each job as 

parameters in order to determine a sequence for the same. The Hamiltonian H represents 

a single objective function, which uses the identical sequencing variables yij and takes 

the form of a QUBO problem. The size of set S in (3.20) depends on the number of jobs 

assigned to the same machine, for which scheduling start times have already been 

determined. 

 

min im im

i I m M

C x
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              (3.20) 

 

      The proposed hybrid QC-MILP decomposition method combines the deterministic 

aspect for solving the relaxed MILP problem with the quick search space traversal of 
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QC techniques for solving the problem in the QC step. Details of this hybrid QC-MILP 

decomposition method for job-shop scheduling problem are presented in Figure 13. The 

algorithm described in this section has two phases. The first phase involves solving the 

relaxed MILP problem by the classical CPU-based deterministic Gurobi solver. 

Solutions to this relaxed MILP problem produces an assignment of machines to process 

each job, and is the partial optimal solution denoted by 𝑥𝑖𝑚
∗  and 𝑡𝑠𝑖

∗. If the relaxed MILP 

problem is not feasible, then no solution exists for the original problem and the 

algorithms stops. The second phase is to determine a schedule for each machine and the 

assigned jobs using the QC step. Hamiltonian in the QC step uses the partial optimal 

solutions from the first phase, and is solved using the quantum processor in order to 

locate a feasible schedule in the integer space. As stated earlier, the size of this 

Hamiltonian is dependent on the number of machines, on which multiple jobs are 

assigned. An optimal solution to the job-shop scheduling problem can be returned only 

if a feasible schedule is obtained in the second phase of this decomposition algorithm. 

In case the QC step returns an infeasible solution, integer cuts are added to the relaxed 

MILP problem to exclude any conflicting assignments. The relaxed MILP problem is 

re-solved to obtain alternate assignment decisions that do not have such conflicting 

assignments from the previous step. If an alternate assignment is not possible, then the 

scheduling problem is infeasible. It is important to note that integer cuts are added 

cumulatively to ensure the success of the decomposition algorithm and that all 

feasibility checks are performed on a classical CPU-based computer. 

      The integer cuts added to the relaxed MILP problem after completion of phase two 

are critical to the decomposition algorithm. Integer cuts are only added for machines 

that could not be scheduled successfully. For each machine with an infeasible schedule, 

the integer cut formulation is ∑ 𝑥𝑖𝑚 ≤𝑖∈𝑆′ |𝑆′| − 1, where S’ is the set of jobs assigned 

to machine m. For this parallel scheduling problem, the sequence for each machine 

could be determined separately. Instead, to avoid solving multiple QC problems 

associated with each machine, we choose to formulate the Hamiltonian in such a way 

that the sequence of all machines is determined together. Also, identifying the machines 

with an infeasible schedule becomes easier to detect and is done using a classical 
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computer. Searching for feasible schedules at the QC step is an important aspect of the 

proposed hybrid QC-MILP decomposition method, and is crucial to obtain an optimal 

solution. The QC step could return multiple solutions due to QC’s probabilistic nature, 

for which the feasibility of solutions is considered to continue the algorithm. Therefore, 

finding an optimal solution and proving optimality for the problem in the QC step can 

be difficult. If a feasible solution exists for the problem in the second phase of the hybrid 

algorithm, the algorithm will converge to a global optimum [109]. Thus, it should be 

noted that the hybrid QC-MILP decomposition method converges to an optimal solution 

or proves infeasibility in finite number of iterations. The decomposition scheme 

proposed by Jain and Grossman [109] plays an important role in solving the job-shop 

scheduling problem. The proposed hybrid QC-MILP decomposition method integrates 

QC-based solution techniques with the decomposition scheme to solve large-scale 

MILP problems and guarantee an optimal solution. 

 

3.4.3   Computational Results 

We carry out computational experiments for instances of the job-shop scheduling 

problem to illustrate the applicability of the proposed QC-MILP decomposition method. 

The job-shop scheduling problem being an MILP is solved using the MILP solver 

Gurobi on the classical computer mentioned in Section 3.2. The same classical 

computing configuration with Gurobi is used to solve the relaxed MILP problem of the 

hybrid QC-MILP decomposition method, to keep track of the iteration number, and to 

perform feasibility checks. The problem in QC step, on the other hand, is solved with 

the quantum processor reported in Section 3.2. Additionally, large Hamiltonians 

corresponding to the QC step were solved with the qbsolv utility tool with the quantum 

processor as backend. The sub-QUBOs are compiled on the same quantum processor. 

Both classical and quantum computation times are recorded at each iteration of the QC-

MILP decomposition method, and the total computation times are reported for each 

instance. This time is the wall-clock time required by the hybrid QC-MILP 

decomposition method to return an optimal solution. For comparison, the objective 

function values and computational times required to solve the original MILP problems 
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directly with Gurobi are also reported. Table 9 shows these details from computational 

experiments using different solvers and algorithms for the job-shop scheduling 

instances. 

      Problems of various sizes are considered in this section. The size of the job-shop 

scheduling problem depends on the number of jobs to be processed and the available 

machines. Randomly generated instances ranging from 40 jobs and machines to 150 

jobs and machines are solved to identify the varying trends of computation time and 

solutions quality. Problem sizes of these instances are also reported in Table 9. For the 

largest problem with 150 jobs and 150 machines, the original MILP problem contains 

150 continuous variables, 44,850 binary variables and 126,579,825 constraints. Note 

that job-shop scheduling problem size increases quadratically with the number of jobs 

and machines. The size of QUBO problem in the QC step, however, changes 

dynamically with each iteration of the decomposition procedure and depends on the 

optimal assignments in the previous step. In order to illustrate the applicability of the 

proposed solution strategy, a small scheduling instance comprising of 8 jobs to be 

scheduled on 8 parallel machines is also considered. This instance was solved using 

Gurobi solver and the hybrid QC-MILP decomposition technique. Figure 14 represents 

the obtained schedule in each case. As seen in the chart in Figure 14a, multiple jobs 

have been scheduled on two single machines. Specifically, jobs 7 and 8 have been 

scheduled on machine 7, with jobs 3 and 4 scheduled on machine 2. Unlike the schedule 

obtained with Gurobi solver, the hybrid QC-MILP decomposition method yields an 

alternative schedule that utilizes each available machine to process the jobs. The 

alternative optimal schedule is shown in Figure 14b. 
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Figure 13. Hybrid QC-MILP decomposition method for solving job-shop scheduling 

problem 

 

  

 



55 

 

 

Figure 14. Gantt charts of scheduling results of a job-shop scheduling problem with 

eight jobs and machines obtained using a) MILP solver Gurobi and b) Hybrid QC-

MILP decomposition method. 

      Comparing the computational times and objective values reported in Table 9, we 

can see that the hybrid QC-MILP decomposition method performs competitively 

against the Gurobi solver. General-purpose solvers like Gurobi are developed from the 

ground up to exploit modern classical computing architectures for solving MILP 

problems. Therefore, small job-shop scheduling problems can be solved within short 

computation times by these state-of-the-art classical solvers. With Gurobi solver, the 

size of the branch-and-bound tree exceeds the allotted physical memory and does not 

return any solution for job-shop scheduling instances with more than 70 jobs and 

machines. Yet, the proposed hybrid QC-MILP decomposition strategy yields a solution 

for each of these instances within reasonable computational time without any memory 

limitations. Iterations required for convergence to optimal solution in the decomposition 

procedure increase with the problem size. It can also be seen that classical resource 

utilization time, which is the time taken by Gurobi solver to solve the relaxed MILP 

problems, is much less compared to the computation time utilized by the quantum 

processor. However, it should be noted that quantum time does not only represent 

quantum annealing time exclusively, but also includes time required to partition the 

large QUBO problems in the QC step. Increasing the problem size increases the number 

of assignments in the first phase of the algorithm. As scheduling the jobs on machines 
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is a demanding task, large-scale problems require longer computation time to determine 

a feasible schedule in the second phase. Integer cuts added to the original constraints in 

the relaxed MILP problem also contribute to the efficiency of the decomposition 

algorithm. 

      The disadvantage of the original MILP model for the job-shop scheduling problem 

is that the sequencing constraints do not contribute directly to the objective function 

value. Alternatively, the hybrid QC-MILP decomposition method includes only 

assignment constraints in the relaxed MILP model, while the QC step effectively uses 

the quantum annealing process to determine a feasible schedule. Clearly, the relaxed 

MILP problem is smaller than its corresponding original MILP problem and can be 

solved with less computation time. It can be argued that memory limitation of the 

Gurobi solver can be overcome by using classical computers of larger physical memory. 

However, as the branch and bound tree size increases exponentially with problem size, 

the MILP solver does not guarantee a solution for larger job-shop scheduling instances. 

Advantages of increasing allotted physical memory are disproportionate to the expected 

improvement in problem size solvable by Gurobi. From a practical standpoint, 150 jobs 

and 150 machines is a reasonable industrial size problem. The hybrid QC-MILP 

decomposition method yields an optimal solution without any physical memory 

augmentation at the cost of reasonably longer runtimes. We note that a global optimal 

solution is guaranteed by the hybrid QC-MILP decomposition method. This job-shop 

scheduling application demonstrates that the complementary strengths of MILP and QC 

methods are able to tackle more complex and large-scale problems. 
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Table 9. Computational results of the job-shop scheduling problems 
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3.5   QC for Manufacturing Cell Formation 

Cellular manufacturing is an important application of group technology and is being 

widely applied in manufacturing industries [95]. In this manufacturing approach, the 

equipment is arranged to facilitate continuous flow production, resulting in increased 

work flow, reduced response and production times, and increased profits. The basic idea 

underlying cellular manufacturing is to divide the manufacturing system into several 

cells.  Similar parts are processed in the same cell, such that the interactions of machines 

and parts within a cell are maximized to improve efficiency. The first step of cellular 

manufacturing system design is cell formation which involves selecting parts and 

machines that will be allocated to each cell [110]. The objective of the manufacturing 

cell formation problem is to minimize the total cost associated with intracellular 

movement, resource utilization, and machine set-ups. Manufacturing cell formation 

belongs to the class of complex NP-hard optimization problems and has received 

significant attention. Metaheuristic techniques have demonstrated exceptional 

performance for solving some variants of the manufacturing cell formation problem, but 

they can only obtain near-optimal solutions for small to medium-sized problems [111]. 

Exact solution methods like branch-and-cut consume a considerable amount of time to 

obtain a global optimum for large-scale manufacturing cell formation problems [111]. 

Hybridization of exact and metaheuristic algorithms has proven to be a more viable 

option that uses complementary strengths of both techniques, and overcomes difficulties 

associated with determining mutually separable cells [112]. Such hybrid techniques can 

obtain optimal solutions in most cases and solve large problems with satisfactory results. 

 

3.5.1   Model Formulation 

Several variants of the manufacturing cell formation model exist in literature. Factors 

like resource and operational costs, intra-cellular movement costs, resource utilization 

costs, grouping efficiency, and others are considered in the manufacturing cell 

formation model formulation. Here we consider the MIQP model where the operational 

requirements for each part are known beforehand. This formulation involves grouping 
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a set of parts P and a set of machines M into subsystems termed as cells denoted by the 

set R. The cost of inter-cell movement per unit of part 𝑖 ∈ 𝑃 is given by ci, with vi units 

of each part i in the manufacturing system. The cost of part 𝑖 ∈ 𝑃 not utilizing machine 

𝑗 ∈ 𝑀 is represented by uij. Each part i needs to be processed oij times on machine j, and 

aij is a real-valued parameter that indicates whether a part i requires machine j. A non-

zero value of aij implies that part i requires machine j for processing. These operational 

parameters for cellular manufacturing are known a priori and remain independent of any 

external factors like product demand and operational changes. 

      The major decisions involved in the manufacturing cell formation problem is to 

determine the parts and machines assigned to each cell 𝑘 ∈ 𝑅. The continuous 

assignment variables xik denote whether part i is assigned to cell k, and binary 

assignment variable yjk is equal to one when machine j is assigned to the cell k. 

Assignment variable xik is bounded between zero and one with its non-zero value 

implying that part i is processed in cell k. Using the above described variables and 

parameters, the MIQP model for the manufacturing cell formation problem can be 

formulated as follows. 

 

min    1 1i i ij ij ik jk ij i ij ik jk

i P j M k R i P j M k R
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          (3.22) 

       1,jk
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          (3.23) 

       0 1, ,ikx i P k R            (3.24) 

       {0,1}, ,jky j M k R             (3.25) 

      The objective function in (3.21) represents the total cost to be minimized where the 

first term represents the total cost of inter-cell movement. Second term of this objective 

function represents the total cost of resource underutilization. It should be noted that the 

variable xik  and parameter aij are set as real numbers bounded between [0,1] to ensure 

consideration of alternate routings. Constraint (3.22) ensures allocation of each part to 

a cell. Similarly, constraint (3.23) ensures that each machine can be assigned to only 
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one cell. In this MIQP model, we do not place any restrictions on machine pairs in a 

particular cell, and it is assumed that any machine can be placed in any cell irrespective 

of other assignments. Capacity limitations of the number of machines in each cell are 

also discarded to allow flexibility, but such restrictions can be easily considered by 

adding constraints of the form 𝑀𝑚𝑖𝑛 ≤ ∑ 𝑦𝑗𝑘𝑗∈𝑀 ≤ 𝑀𝑚𝑎𝑥. It should be noted that empty 

cells are also allowed in the formulated model. 

 

3.5.2   Hybrid QC-MIQP Stepwise Decomposition Method 

MIQP optimization problems are frequently considered expensive to solve. There are 

several methods available to efficiently solve such problems. The branch-and-cut 

method and generalized Bender’s decomposition based methods are some of them [113, 

114]. However, as the size of the MIQP problem grows, it is difficult to handle by off-

the-shelf optimization solvers directly. Additionally, due to the combinatorial nature 

and nonlinearity stemming from the quadratic objective function, large-scale MIQP 

problems could be challenging to solve. To tackle this computational challenge, we 

propose a novel hybrid solution strategy to solve the manufacturing cell formation 

problem. 

      The proposed hybrid QC-MIQP stepwise decomposition method is based on 

Bender’s decomposition [115], by considering the above manufacturing cell formation 

problem given in Eq. (3.21) to (3.24) as the primal problem. The dual of this problem is 

constructed after introducing new variables to replace the quadratic terms in the primal 

problem. It is important to note that we do not need dual variables corresponding to the 

upper bound in constraint (3.24). The main idea behind the decomposition algorithm is 

to iteratively generate upper and lower bounds on the optimal value by solving smaller 

subproblems. 

      The primal problem is MIQP with quadratic terms in the objective function using 

the set of real variables xik and binary variables yjk. The dual problem is constructed 

corresponding to this primal problem, and is referred to as the dual LP model. The dual 

LP model is linear with objective function (3.26) and constraints given in (3.27). This 
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problem consists of four sets of real variables lijk, mijk, nijk and si, where lijk, mijk and nijk 

are nonnegative variables and si are free variables. 
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      Optimal values of the variables mijk, nijk and si, obtained by solving the dual LP 

problem are used as parameters in formulating the model described in the QC step and 

are denoted as �̂�𝑖𝑗𝑘, �̂�𝑖𝑗𝑘 , and �̂�𝑖, respectively. The objective of the QC step in (3.28) is 

to determine the assignments of machines to respective cells. The Hamiltonian H 

represents a single objective function that uses the sequencing variables yjk and takes 

the form of a QUBO problem. It comprises of two distinct Hamiltonians represented by 

Hobj and Hc corresponding to the objective function and constraint (3.23), respectively. 

Parameter values A and B are fixed and determined empirically. QC step is dynamic in 

nature and changes with each solution iteration. Additionally, size of the problem in the 

QC step that contains all possible machine-cell assignments, remains constant. 
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      The proposed hybrid QC-MIQP stepwise decomposition method combines the 

deterministic aspect of dual LP model with quantum approach of the QC step and yields 

an optimal solution for the manufacturing cell formation problem. Details of this 

algorithm are shown in Figure 15. An outer loop for this algorithm keeps a record of the 

lower bound LB, upper bound UB and the iterations T. First step of the hybrid QC-MIQP 

stepwise decomposition technique involves initializing all assignment variables yjk, LB 

and UB, as shown in the figure. Optimal values of the dual variables are obtained 

through solving the dual LP problem using a CPU-based classical computer. An 

infeasible dual LP problem implies that the original manufacturing cell formation 

problem is unbounded. The upper bound is updated based on the objective function 

value of the dual LP problem denoted by 𝑍𝑇
∗ . The problem in the QC step is constructed 

using the optimal dual variable values, and is solved on a quantum processor to yield 

the assignment decisions �̂�𝑗𝑘  corresponding to all machine-cell pairs. The objective 

value obtained through the QC step, �̂�𝑇 during the Tth decomposition iteration, is 

determined using equation �̂�𝑇 = max
𝑡

(𝐹𝑡 − ∑ 𝑄𝑗𝑘𝑡�̂�𝑗𝑘𝑗∈𝑀,𝑘∈𝑅 ). Functional forms of Ft 

and Qjkt are provided in the QC step. The lower bound is updated using this maximum 

value obtained through solving the problem in the QC step. The algorithm stops if the 

lower bound assumes a value higher than that of the upper bound, with the upper bound 

as the optimal solution of the manufacturing cell formation problem. Alternatively, if 

the lower bound value is less than the upper bound value, assignment variables used in 

the dual LP problem are updated to those obtained from solving the problem in the QC 

step, and the same procedure is repeated. It should be noted that the feasibility checks, 

as well as value comparisons, were performed on a classical CPU-based computer. 

Feasibility of the dual LP problem is determined by the MILP solver Gurobi. This 

solution algorithm converges within finite iterations. The probabilistic nature of the 

solutions returned at the QC step might affect the total computational time, by requiring 

fewer or more iterations. A global optimum might not be guaranteed by the proposed 

hybrid QC-MIQP stepwise decomposition method, but varying the Hamiltonian in the 

QC step can eliminate its heuristic nature. Studying the impacts of the Hamiltonian on 

the convergence of this decomposition algorithm is beyond the scope of this work. The 
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manufacturing cell formation problems are solved using the proposed hybrid QC-MIQP 

stepwise decomposition method that is based on generalized Bender’s decomposition 

[115]. The upper bound computed by solving the dual LP problem does not need to be 

a global optimum, resulting in a trade-off between the number of iterations until 

convergence and the required computation time. 

 

3.5.3   Computational Results 

In order to illustrate the applicability of the proposed solution strategy, we carry out 

computational experiments on several manufacturing cell formation instances. The 

formulated manufacturing cell formation problem is a MIQP problem and can be solved 

using the Gurobi solver. A time limit of 24 hours is enforced on the Gurobi solver for 

an appropriate comparison with the proposed hybrid QC-based solution strategy. The 

classical computer reported in Section 3.2 is used to solve the MIQP problems and as a 

backend to solve the dual LP problem, as well as to perform feasibility checks for the 

proposed hybrid QC-MIQP stepwise decomposition method. The quantum computer 

mentioned in Section 3.2, on the other hand, is used to solve the problem in the QC step. 

Large Hamiltonians in the QC step are solved with qbsolv utility tool and the same 

quantum processor as backend. At each iteration of the decomposition procedure, 

computation times for each of classical and quantum backend are recorded. The total 

computation times for the hybrid QC-MIQP stepwise decomposition method and the 

original MIQP problem solved with Gurobi, along with the obtained objective function 

values, are reported in Table 10 for each of the manufacturing cell formation instances. 

      In this section, we consider manufacturing cell formation problems of various sizes. 

The instances are chosen such that their problem sizes increase gradually in terms of 

both continuous and binary variables. It is also ensured that a feasible solution exists for 

each of these randomly generated instances. This is achieved by fixing the number of 

available machines that satisfy capacity constraints to the ratio of total time required for 

all processing operations and the total available operating time. The size of 

manufacturing cell formation problem depends on the number of types of parts to be 
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processed, number of machines available and the number of cells permitted. Problem 

sizes for the used manufacturing cell formation instances are also reported in Table 10.  

 

 

Figure 15. Hybrid QC-MIQP stepwise decomposition method for solving the 

manufacturing cell formation problem 

The largest instance solved with 75 parts, 70 machines, and 15 cells comprises of 1,050 

binary variables, 1,125 continuous variables and 1,270 constraints in the MIQP 

problem. Size of this MIQP problem increases with the product of the numbers of parts 

and cells, and the number of machines and cells as well. It is also interesting to note that 

the size of QUBO problem in the QC step is fixed throughout the decomposition 

procedure and comprises of an equal number of binary variables as the original MIQP 

problem. We also consider a small instance with five parts and machines to be divided 

into two cells to illustrate the application of the manufacturing cell formation problem 
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in Figure 16. The interactions between machines and parts processed by them are 

represented by lines in this figure. The objective of manufacturing cell formation 

problem is to arrange these parts and machines into cells such that inter-cell movement 

cost along with resource under-utilization is minimized. In this case, formation of cells 

results in no inter-cell movement and is represented by Figure 16b. 

 

 

Figure 16. Interactions between the machines and the processed parts a) before cell 

formation, and b) after cell formation. 

 

      From the computational results presented in Table 10, it can be clearly seen that the 

proposed hybrid QC-MIQP stepwise decomposition method performs more efficiently 

than the conventional Gurobi solver in terms of both solution quality and computation 

time for medium to large size problems. The mixed-integer programming solver Gurobi 

utilizes an advanced branch-and-cut algorithm that can quickly and robustly solve 

MIQP problems. The MIQP problems with fewer variables and constraints, can 

therefore be solved much more efficiently than the proposed hybrid QC-MIQP stepwise 

decomposition method. The performance of Gurobi solver deteriorates beyond 

instances with 500 binary variables, and a clear quantum advantage is perceived with 

the hybrid QC-MIQP stepwise decomposition method. There were no specific trends 

observed for the number of iterations required for convergence to the optimal solution, 

in the decomposition procedure. It can also be observed that larger manufacturing cell 

formation instances could not be solved to optimality by the state-of-the-art mixed-

integer programming solver Gurobi, while the proposed hybrid QC-MIQP stepwise 
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decomposition method obtains optimal or near-optimal solutions with almost half of 

that time. Although classical resource utilization time is much less compared to the 

quantum time, it should be noted that quantum time does not only represent annealing 

time exclusively, but also includes the time required to partition the large QUBO 

problems in the QC step. 

Although the MIQP problem of manufacturing cell formation is loosely constrained, the 

main disadvantage faced when solving this problem with mixed-integer programming 

solver is the quadratic nature of its objective function. Size of the dual LP problem is 

much larger than that of its quadratic variant, but this problem can be solved with ease 

by a linear solver. As mentioned earlier, problem size in the QC step remains constant 

throughout the decomposition procedure, and hence the corresponding QUBO problem 

can be efficiently solved after an embedding scheme is determined for this QUBO 

problem by simply changing edge and node weights. The heuristic nature of QC 

techniques when combined with the deterministic aspect of solvers like Gurobi can 

prove beneficial, and is demonstrated through this manufacturing cell formation 

application.  
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Table 10. Computational results of the manufacturing cell formation problems 
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3.6   QC for Vehicle Routing 

An important logistics optimization problem is the vehicle routing problem. This 

problem is concerned with determining an optimal set of routes for a fleet of vehicles in 

order to serve a given set of customers or locations, in order to minimize the total 

transportation cost [116]. Operational constraints must also be satisfied when 

minimizing the global transportation cost. Due to the versatile nature and richness in 

terms of real-world applicability, the vehicle routing problem has attracted significant 

attention [117]. In addition, the vehicle routing problem leads to challenging 

formulations that belong to the NP-hard computational complexity class and requires 

development of sophisticated solution strategies [118]. Sophisticated exact solution 

techniques based on integer programming like branch-and-cut and branch-and-prize can 

solve medium-sized vehicle routing problems, but success of these methods depend on 

the model formulation [119]. As most of the real-world applications consist of hundreds 

of customers or locations to be serviced, the focus has largely been on the development 

of approximate solution techniques that can provide high-quality solutions within 

reasonable computation time. Heuristic and metaheuristic algorithms can be directly 

applied to several variants of the vehicle routing problem [92, 120], but such techniques 

are context dependent and require careful parameter tuning to obtain good-quality 

solutions [121, 122]. Hybrid techniques can combine different components of both exact 

and heuristic search schemes to overcome such difficulties. 

 

3.6.1   Model Formulation 

Mathematical programming formulations for the vehicle routing problems can be 

broadly classified into two categories, namely the vehicle flow formulation and the set 

partitioning formulation [123]. The vehicle flow formulation leads to a compact model, 

while the set partitioning formulation has a large number of variables to represent all 

possible routes but fewer constraints. Here we consider the quadratic vehicle flow model 

for a variant of the capacitated vehicle routing problem. The purpose of this quadratic 

formulation is to significantly reduce the number of constraints, so that it can also serve 



 

69 

 

as a basis for more complicated vehicle routing problem variants [124]. This 

formulation involves a vertex set V representing the customer and depot locations, 

where the vertex 0 represents the depot. Customers are to be serviced by the available 

vehicles in set H. Set N is a collection of steps covered by the vehicle. The maximum 

number of allowable steps for a vehicle is equal to the number of vertices so as to avoid 

multiple visits to the same location. The cost of travelling from location 𝑖 ∈ 𝑉 to location 

𝑗 ∈ 𝑉 is denoted by Cij, and the working time for the same pair of locations is 

represented by Wij. The working time and travel costs between two locations are not 

considered to be proportional as the costs and time are influenced by several external 

factors, thus mimicking real-world conditions. 

      The vehicle routing problem aims to determine at most |H| optimal routes such that 

specific design requirements are satisfied along with operational constraints, while 

minimizing total travel cost/time or maximizing profits. The decision variables in this 

model are the set of binary variables 𝑥𝑖𝑝
𝑣  that indicate whether the customer location 𝑖 ∈

𝑉 is visited by vehicle 𝑣 ∈ 𝐻 at step 𝑝 ∈ 𝑁 of its route. Using the above described 

variables and parameters, the vehicle flow model for the vehicle routing problem can be 

written as follows. 
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      The objective of this problem in (3.29) is to minimize the logistic ratio defined as 

the ratio of total cost incurred to the overall resources spent to serve the customers. Such 

fractional objective function formulations have been previously applied to real-world 

large-scale routing problems with inventory management [125]. The numerator of 
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objective function in this IQFP model indicates the total travelling cost of vehicles; the 

denominator represents the total working time used to serve all the customer locations. 

Each customer must be visited and serviced only once by exactly one vehicle, as given 

by constraint (3.30). The set 𝑉\{0} represents all the customer locations only, where the 

0th vertex is the depot location. Constraint (3.31) enforces that a vehicle servicing a 

customer must leave for another customer or return to the depot in the next step of its 

route. We do not place any capacity restrictions on the vehicle, and assume complete 

flexibility of its demand and supply operations. The demand capacity constraints are not 

considered in this vehicle flow model. However, such constraints can be easily 

incorporated into this formulation to facilitate the formulation of some complex variants 

of the vehicle routing problem. 

 

3.6.2   Hybrid QC-IQFP Parametric Method 

As mentioned above, the vehicle routing problem is an IQFP problem that involves a 

fractional objective function. Notably, fractional programs have been known to be 

intrinsically difficult to optimize globally. Because of its combinatorial nature and 

pseudo-convexity, the IQFP problem can be computationally intractable [126]. 

Moreover, the quadratic terms in the fractional objective function adds to the complexity 

of this problem, resulting in a challenging optimization problem that could be difficult 

to handle by off-the-shelf MINLP solvers directly. To tackle this computationally 

challenging problem, we develop a hybrid algorithm which adopts an efficient 

parametric algorithm [127] along with sophisticated QC-based techniques. 

      The vehicle routing problem given in Eq. (3.29)-(3.32) can be solved using the 

proposed hybrid QC-IQFP parametric method. This method uses an extension of inexact 

parametric algorithm as a basis framework for the global optimization of fractional 

programming problems [127]. The proposed hybrid parametric method revolves around 

the idea of iteratively solving the problem in the QC step until convergence is achieved. 

The objective of QC step in (3.33) is to determine the set of optimal routes for the 

formulated vehicle routing problem. Solving the problem in the QC step minimizes the 

Hamiltonian H that takes the form of a QUBO problem. This Hamiltonian comprises of 
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two separate Hamiltonians Hobj and Hc shown in the QC step that correspond to the 

quadratic objective function and the route and service constraints, respectively. The 

model in the QC step uses a parameter λ that is dynamic in nature and changes with 

each iteration. Penalty weight A in the QUBO problem also changes with each iteration 

and is set considerably higher than any coefficient in Hobj. Thus, the QUBO problem in 

the QC step is dynamic in nature, but the size of this QUBO problem remains constant 

with the number of binary variables equal to that of variables in the original IQFP 

problem. 
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 (3.33) 

      The proposed QC-IQFP parametric method exploits the deterministic aspect of 

inexact parametric algorithm and quantum search to obtain solutions for the quadratic 

objective function. Solution obtained by solving the QUBO problem in the QC step lie 

within the feasible search space of the original IQFP vehicle routing problem.  Details 

of this hybrid parametric algorithm are provided in Figure 17. 

      The parametric solution strategy is initialized by setting the parameter λ to zero and 

a user-defined tolerance value. An outer loop of this algorithm keeps track of the 

parameter values and the number of iterations. During each iteration of the process, 

problem in the QC step is solved using a quantum processor to obtain a set of feasible 

vehicle routes denoted by �̂�𝑖𝑝
𝑣 . Using this set of routes, the objective function value is 

computed for the original IQFP problem given in (3.29). The absolute difference 

between this fractional objective function and the parameter λ is used to determine the 

convergence criteria. For the algorithm to stop iterating, this absolute difference should 

be less than or equal to the pre-defined tolerance value. Upon reaching convergence, the 

partial solution �̂�𝑖𝑝
𝑣  is returned as an optimal solution to the vehicle routing problem.  
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Figure 17. Hybrid QC-IQFP parametric method for solving vehicle routing problem 

 

The algorithm continues if convergence criteria is not met, and the problem parameters 

λ and A in the QC step are updated. The parameter λ is updated to assume a new value 

equal to that of previously computed fractional objective function value. The problem 

in the QC step with updated parameter values is solved repeatedly until an optimal 

solution for the vehicle routing problem is found. It should be noted that programming 

functions like updating parameter values and checking convergence criteria are 

performed on a CPU-based classical computer. The inexact parametric method has been 

demonstrated to converge to a global optimum, within a finite number of iterations 

[127]. Due to QC’s probabilistic nature, the QC step does not always guarantee a 

solution with less than 100% optimality gap. It should be noted that the proposed 

method is heuristic in nature and always converges provided that a feasible solution 
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exists at each step of the hybrid QC-IQFP parametric method. The proposed hybrid QC-

IQFP parametric method uses the inexact parametric algorithm [127] as a support 

framework combined with QC-based solution techniques to solve the vehicle routing 

problems. Since a global optimal solution is not required at each step of the parametric 

algorithm, a quantum computer can be exploited to obtain near-optimal solution for the 

formulated QUBO problem at the corresponding step. 

 

3.6.3   Computational Results 

Computational experiments are conducted based on vehicle routing instances of various 

sizes to test the computational efficiency of the proposed hybrid QC-IQFP parametric 

method. The vehicle routing problem here is an IQFP problem and can be solved using 

MINLP solvers Bonmin and BARON. It is important to note that BARON is a global 

optimization solver, meaning that the optimal solutions obtained by BARON are the 

global optimal values for the corresponding vehicle routing instances. A 24-hour time 

limit is enforced on both MINLP solvers for a more appropriate comparison with the 

hybrid parametric method. The classical computer mentioned in Section 3.2 is used to 

solve the IQFP instances. The same machine is used as a classical backend for the hybrid 

QC-IQFP parametric method to perform simple computations and value comparisons. 

Problems in the QC step are solved on the quantum processor. Additionally, large 

Hamiltonians corresponding to the QC step are solved using qbsolv tool with the same 

quantum processor as its backend. The sub-QUBOs are compiled and run on the 

quantum processor reported in Section 3.2. The computational times for both classical 

and hybrid quantum procedures were recorded at each step, and the required total time 

is reported in Table 11 for each considered instance. 

      The size of the IQFP vehicle routing problem depends on the number of customer 

locations and available vehicles. It should also be noted that problem sizes exhibit a 

quadratic growth with the number of customers to be serviced. The problem sizes 

increase sequentially by changing the number of customer locations and vehicles in an 

ordered manner to identify any trends with respect to computation time and solution 

quality. Problem sizes for all instances are also reported in Table 11. Here, the largest 
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vehicle routing instance consists of 12 customer locations and 4 available vehicles, 

corresponding to the problem size of 676 binary variables and 60 constraints in the 

quadratic fractional programming problem. Although the QUBO problem in the QC 

step changes dynamically with each iteration, the size of this problem remains fixed and 

equal to the size of the original IQFP problem. In order to illustrate the application of 

this vehicle routing model, we also consider an instance with 5 customer locations to be 

serviced using 2 vehicles as shown in Figure 18. Solution to this problem yields two 

optimal routes utilizing both available vehicles as shown in this figure. These optimal 

routes minimize the logistic ratio, which is the fractional objective function, while 

making sure that each route begins and ends at the depot. Also as seen in the illustration, 

each customer is visited only once as enforced by the defined constraints. In this case, 

both vehicles have been assigned a route, but under-utilization of vehicles is also 

possible for some vehicle routing problems. 

      It can be clearly seen that the hybrid QC-IQFP parametric method obtains high 

quality solutions within reasonable computation times, by comparing the computational 

times and objective function values reported in Table 11 for each solution strategy. This 

method also performs better than the MINLP solvers Bonmin and global optimizer 

BARON by using less computation time for medium and large-sized instances. Even 

for small vehicle routing problems, the QUBO problem corresponding to the QC step 

cannot be directly embedded on the quantum computer. The proposed hybrid QC-IQFP 

parametric method requires longer computation time to solve these vehicle routing 

problems as the QUBO problem needs to be partitioned into smaller subproblems during 

each iteration of the hybrid method. Performance of BARON starts deteriorating beyond 

problem sizes with 128 variables, and Bonmin exhibits poor performance at relatively 

larger instances. Deviation from the global optimum is also observed in some cases with 

both Bonmin solver and the hybrid QC-IQFP parametric method, but this deviation lies 

within 10% from its global optimum. The hybrid QC-IQFP parametric method obtains 

a solution within 2 hours in case of medium size instances. Similarly, for larger 

instances, both nonlinear solvers could not find an optimal solution after 24 hours, while 

the proposed hybrid QC-IQFP parametric method obtains a near-optimal solution within 
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10 hours of computation time. Unlike any of the previous case studies, the time required 

by the hybrid strategy reflects the majority of the computation time used by the quantum 

processor and the time required to partition large QUBO problems. 

 

 

Figure 18. Vehicle routing problem with two available vehicles showing a) all possible 

routes and b) optimal routes for each vehicle 

      Without any operational constraints like the demand or capacity constraints, this 

vehicle routing problem is relatively loosely constrained. Despite this fact, classical 

MINLP solvers face difficulty in tackling quadratic fractional problems. Furthermore, 

computational performance of the hybrid QC-IQFP parametric method can be improved 

by using the same embedding scheme for the QUBO problem in the QC step, since the 

size of the QUBO problem remains fixed throughout the process. Lowering the 

acceptable tolerance level can also improve the solution quality. QC’s probabilistic 

nature can obstruct the performance of the proposed hybrid QC-IQFP parametric 

method by impeding the algorithm from reaching convergence. With the growing 

scalability and improving qubit error-correction schemes, the heuristic nature of the 

hybrid QC-based method can be subdued to further compete with any tailored solution 

algorithm for solving IQFP problems. Overall, the hybrid QC-IQFP parametric 

algorithm performs better than general purpose MINLP solvers in solving large IQFP 
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problems in terms of computational time and solution quality in some cases. This hybrid 

QC-based method can be used competitively with other MINLP solvers in solving large-

scale IQFP problems and would lead to economic benefits when applied to vehicle 

routing problems. 

 

Table 11. Computational results of the vehicle routing problems 

 

3.7   Conclusion 

In this chapter, we proposed hybrid QC-based solution strategies for solving large-scale 

mixed-integer optimization problems. The applicability of hybrid QC-based algorithms 

was demonstrated through application problems of practical relevance, namely, the 

molecular conformation problem, job-shop scheduling problem, manufacturing cell 

formation problem, and the vehicle routing problem. The molecular conformation 

problem was reformulated into a QUBO problem and solved directly using the hybrid 

QC partitioning algorithm. In the second application, the job-shop scheduling problem 

was solved with a proposed hybrid QC-MILP decomposition method. Moreover, the 

hybrid QC-MIQP stepwise decomposition method was developed specifically to solve 

Customer 

locations 

Vehicles Binary 

variables 

Bonmin 15  Baron 19.7.3  Hybrid QC-IQFP 

parametric method 

   Time (s) Min 

obj. 

 Time (s) Min 

obj. 

 Iterations Time 

(s) 

Min 

obj. 

3 2 32 1.80 0.68  1.04 0.68  3 0.14 0.68 

5 2 72 15 0.5  7 0.5  3 497 0.50 

6 2 98 46 0.49  44 0.45  4 682 0.45 

7 2 128 103 0.40  1630 0.40  3 1,132 0.4 

8 3 243 2,124 0.26  86,400* 0.26  3 924 0.26 

9 3 300 7,921 0.21  86,400* 0.21  4 1,059 0.21 

10 3 363 15,590 0.40  86,400* 0.37  5 3,415 0.40 

11 3 432 36,246 0.32  86,400* 0.31  15 5,813 0.33 

11 4 576 86,400* --  86,400* 0.27  4 3,573 0.28 

12 4 676 86,400* --  86,400* 0.24  77 35,299 0.28 

* Timeout of 24 hours (86,400 CPUs) reached and no solution is returned. 

 



 

77 

 

the manufacturing cell formation problem. We further proposed a hybrid QC-IQFP 

parametric method to solve the vehicle routing problem. The computational results 

showed that the proposed hybrid QC-based algorithms clearly outperformed general-

purpose state-of-the-art exact solvers for solving large-scale mixed-integer optimization 

problems. Although the exact solvers were efficient in solving small-scale problems, a 

clear quantum advantage was perceived with hybrid QC-based solution techniques for 

large-scale optimization problems. The performance of the proposed hybrid QC-based 

solution strategies was independent of the annealing-based QC device used to perform 

quantum computations, and may improve with the scalability of such devices. 

 

3.8   Nomenclature 

Molecular Conformations 

 

β                      Penalty parameter for each bond pair 

ε                       Depth of Leonard-Jones potential well 

lb                      Bond length 

rij                      Distance between locations of atoms i and j 

σ                       Leonard-Jones pairwise distance at which potential is minimum   

Uijkl                  Potential energy contribution due to atoms i and k at locations j and l 

𝑈𝑖𝑗
𝐿𝐽

       Potential energy contribution due to pairwise interaction between atoms i and j       

𝑈𝑖𝑗
𝑏𝑜𝑛𝑑   Potential energy contribution due to presence of bonds between atoms i and j   

xij                     Binary variable that indicates whether atom i is placed at location j 

 

Job-shop Scheduling 

 

I  set of jobs or orders  

M  set of machines  

Cim                   Processing cost of job i on machine m 

Di                     Due date for processing job i 
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Pim                    Processing time for job i on machine m 

Ri                      Release date of job i 

xim                    Binary variables that indicates whether job i is processed on machine m 

yij                 Binary variable denoting whether job j is processed after job i on the same 

machine 

tsi                     Start time of job i 

 

Manufacturing Cell Formation 

M  set of machines  

P   set of parts 

R                      set of cells  

aij                    Whether part i requires machine j 

ci                      Inter-cell movement cost per unit of part i 

oij                     Number of times part i requires operation on machine j 

uij                     Cost of part i not utilizing machine j 

vi                       Number of units of part i 

yjk                     Binary variable that indicates whether machine j is in cell k   

xik                     Whether part i is processed on cell k 

 

Vehicle Routing 

H                     set of vehicles 

N                     set of steps 

V                      set of vertices or locations 

Cij                    Cost of travel from location i to location j 

Wij                    Working time used up on route between location i and location j 

𝑥𝑖𝑝
𝑣                     Binary variable denoting whether vehicle v visits customer location i at 

step p 
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CHAPTER 4 

QUANTUM COMPUTING ASSISTED DEEP LEARNING FOR FAULT 

DETECTION AND DIAGNOSIS IN INDUSTRIAL PROCESS SYSTEMS 

 

4.1   Introduction 

Fault detection and diagnosis has been an active area of research in process systems 

engineering due to the growing demand for ensuring safe operations and preventing 

malfunctioning of industrial processes by detecting abnormal events [128, 129]. 

Furthermore, the advent of chemical plant accidents causing tremendous environmental 

and economic losses provide an extra incentive to develop process monitoring 

techniques that effectively assure process safety and product quality in complex 

chemical process systems. Data-driven approaches often termed as multivariate 

statistical process monitoring methods have attracted significant attention and have been 

widely applied to monitor industrial processes [130-132]. Such methods rely on 

historical process data and rarely require detailed knowledge of the governing physical 

models, thus making them relatively easier to implement [133]. 

      Quantum computing (QC) based applications have been gaining traction recently 

due to their unique capabilities with a significant portion of its presence perceived in 

the area of optimization with applications in energy systems [85], molecular design [90, 

134], process scheduling and operations [91, 134, 135], logistics optimization [92, 134] 

and operational planning [89]. The randomness and uncertainty inherently associated 

with QC operations, subject to internal magnetic fields, thermal fluctuations, and other 

noise sources, could be a hindrance to optimization applications. However, this non-

ideal behavior can be exploited to develop efficient statistical machine learning 

techniques. QC-enhanced machine learning techniques have been proposed for data 

fitting [136], pattern recognition [137], generative machine learning [138], handwriting 

recognition [139], and quantum recommendation systems [140]. These QC-based data-

driven techniques can also be used in process control and monitoring for industrial 

processes. Quantum advantages offered by QC in terms of speed and method of 
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operation could benefit fault monitoring in complex process systems where swift and 

precise fault detection is desired. However, the applicability of QC-based techniques is 

limited due to the commercially available quantum computers facing several limitations 

like low number of quantum bits (also termed as qubits), limited connectivity, and lack 

of quantum memory. As a result, integrating QC-enhanced learning techniques with 

classical machine learning algorithms to overcome such limitations becomes necessary 

and is a promising approach for process monitoring. 

      The applicability and capacity of some basic classical data-driven methods in 

industrial process monitoring such as principal component analysis (PCA), partial least 

squares (PLS), independent component analysis (ICA), and fisher discriminant analysis 

(FDA) has been extensively studied [141, 142]. PCA and FDA are dimensionality 

reduction techniques that can be used to detect faults and discriminate among classes of 

data by describing the trends in historical data through lower dimensional 

representations [143, 144]. PLS and ICA are other powerful multivariate statistical tools 

widely used for fault detection and diagnosis [142, 145]. Monitoring techniques based 

on these methods face some limitations which directly affect their anomaly detection 

efficiency in complex process systems. PCA-based methods do not take into account 

the temporal correlations between process data and information between classes when 

determining the lower dimensional representations. FDA and ICA require control limits 

for fault detection devised from the assumption that the measurement signals follow a 

multivariate Gaussian distribution which may raise false alarms. It is often difficult to 

interpret the independent latent variables in PLS with a possible risk of overfitting. 

Several new variations of the basic data-driven monitoring methods have also been 

proposed and applied to fault detection and diagnosis in industrial processes [146-149]. 

However, a large portion of these analytical approaches are limited to linear and some 

specific nonlinear models. Also, the inherent nonlinear nature of complex process 

systems render the use of such methods inefficient due to misclassification of large 

portion of the process data. Nonlinear classification techniques like support vector 

machine (SVM) improve the fault classification performance for highly overlapped 

data. However, the corresponding model complexity increases with the process data 
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dimensions [144]. The extent of complex nonlinearities and correlations present 

between the process data make it difficult for these classical data-driven methods to 

generalize to all complex process systems, restraining their applicability in practical 

situations. 

      The ability of artificial neural networks to approximate nonlinear relationships 

between the process data and process states by generalizing the knowledge can be 

successfully applied to diagnose faults in complex chemical process systems [150-153]. 

However, in some instances their generalization to multiple faults is not always 

successful. Recently, deep learning has become a promising tool for smart fault 

diagnosis due to powerful techniques like auto-encoder (AE) [154], restricted 

Boltzmann machine (RBM) [155], and convolutional neural network (CNN) [156, 157]. 

Such deep learning models extract multiple levels of abstraction from normal and faulty 

data, allowing them to achieve high classification accuracy. The increasing complexity 

of industrial process systems requires deeper and more complex neural network 

architectures to learn process data features and utilizes growing computational 

resources. Feature extractor models like RBM could also be computationally intractable 

to train through classical training algorithms. Therefore, there arises a need to develop 

high-performance deep learning models for fault detection and diagnosis capable of 

overcoming limitations of the current machine learning paradigms carried out on state-

of-the-art classical computers. 

      There are several research challenges towards developing QC-based process 

monitoring techniques that utilize deep learning architectures and ensure effective fault 

detection and diagnosis performance. One such challenge is to design deep learning 

models and architectures that can extract faulty features from small datasets, since in 

most industrial applications large amounts of data for faulty operations are seldom 

available. A further challenge lies in training of such deep architectures as their 

complexity increases with the number of hyper-parameters. Faults must be detected and 

diagnosed quickly for safety concerns that implies the training process should be 

performed with reasonable computational costs. Limitations of the classical training 

algorithms for deep learning models and QC devices also pose a computational 
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challenge. It is crucial to develop techniques that leverage both QC and classical 

computers to overcome such challenges. 

      In this work, we develop QC-based model and methods for fault detection and 

diagnosis of complex process systems that efficiently extract several levels of features 

for normal and faulty process operations using deep RBM-based architectures. For 

complex process systems with high number of process measurements, training the 

RBMs is computationally challenging and might also result in suboptimal hyper-

parameters that further affect the classification accuracy of fault detection models. To 

this end, we train the RBM-based network in the QC-based deep learning model with a 

quantum assisted training algorithm to overcome such computational challenges. The 

proposed model effectively detects faults in complex process systems by leveraging the 

superior feature extraction and deep learning techniques to facilitate proper 

discrimination between normal and faulty process states. Complexities such as 

nonlinearities between process variables and correlations between historical data can 

also be handled by this QC-based fault diagnosis model. The applicability of this QC-

based deep learning method is demonstrated through two case studies on statistical 

process monitoring of the closed-loop continuous stirred tank reactor (CSTR) and the 

Tennessee Eastman (TE) process, respectively. These two processes are commonly used 

in benchmarking applications to measure and compare the performance of the fault 

diagnosis models. The CSTR simulation deals with a first-order reaction carried out in 

a tank with seven process variables recorded at each step that has three types of 

simulated faults, while the TE process is a relatively large industrial chemical 

manufacturing process with 52 process variables and 20 faults. Computational 

challenges stemming from the large size of the RBM used for the case studies are 

effectively tackled by the proposed QC-assisted training process. The obtained 

computational results for detecting anomalies are compared against state-of-the-art 

data-driven models and deep fault detection models trained on classical computers. 

The major contributions of this work are summarized below: 

 A novel QC-based deep learning model for detection and diagnosis of faults 

in complex process systems is proposed; 
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 The feature extractor network in the QC-based fault diagnosis model is 

trained with a novel training process that performs generative training 

assisted by quantum sampling; 

 Case studies on CSTR and TE process are presented with comprehensive 

comparison against state-of-the-art fault detection methods using classical 

computers. 

      The remainder of this article is organized as follows. We first provide a brief 

background on RBMs and adiabatic quantum computing. The proposed QC-based deep 

learning model for fault diagnosis and quantum assisted methods are presented in the 

following section. Two industrial case studies are presented to demonstrate the 

effectiveness of the proposed model followed by a discussion on quantum advantage 

perceived in the respective case studies. Conclusions are drawn in the last section. 

 

4.2   Background 

4.2.1   Adiabatic Quantum Computing 

An important architecture of quantum computing is the computational model of 

adiabatic quantum computing (AQC) that started out as an approach to solving 

optimization problems [158]. AQC permits quantum tunneling to explore low-cost 

solutions and ultimately yields a global minimum [10]. It also exhibits convergence to 

the optimal or ground state with larger probability than simulated annealing [10]. AQC 

devices intrinsically realize quantum annealing algorithms to solve combinatorial 

optimization problems giving birth to the paradigm of adiabatic quantum optimization 

(AQO). AQO is an elegant approach that helps escape local minima and overcomes 

barriers by tunneling through them rather than stochastically overcoming them as shown 

in Figure 19a. AQO can also be referred to as the class of procedures for solving 

optimization problems using a quantum computer. 

      In AQC, the computation proceeds by moving from a low-energy eigenstate of the 

initial Hamiltonian to the ground state of the final Hamiltonian. A Hamiltonian 

mathematically describes the physical system in terms of its energies, and corresponds 



 

84 

 

to the objective function of an optimization problem in the final Hamiltonian [159]. The 

adiabatic optimization process evolves the quantum state towards a user-defined final 

problem Hamiltonian, while simultaneously reducing the influence of initial 

Hamiltonian in an adiabatic manner [10]. Tunneling between various classical states or 

the eigenstates of the problem Hamiltonian is governed by the amplitude of the initial 

Hamiltonian. Decreasing this amplitude from a very large value to zero drives the 

system into the ground state of the problem Hamiltonian that corresponds to the optimal 

solution of the objective function. 

      In order to solve optimization problems with AQC, they need to be formulated as 

an Ising model or quadratic unconstrained binary optimization (QUBO) problems. Such 

QC devices that are designed to implement AQO are commercially made available by 

D-Wave systems. The quantum processing unit on D-Wave devices is represented as a 

lattice of qubits interconnected in a design known as Chimera graph. Figure 19b is a 

subgraph of the Chimera lattice pattern that is typical of the D-Wave systems and their 

operation. The objective function represented as an Ising model or a QUBO problem 

has to be mapped to the qubits and couplers of the Chimera lattice. Mapping of variables 

to the qubits requires a process called minor embedding. Embedding is an important 

step since the Chimera lattice is not fully connected [15, 160]. The adiabatic 

optimization process follows after the mapping of the objective function onto the 

physical quantum processing unit that searches for low-energy solutions of the 

corresponding problem Hamiltonian [20]. The embedding and annealing schedule 

dictate the probability of recovering global optimal solutions [21]. 

      The behavior of AQC systems in the presence of noise highly influences its 

performance and has been a subject of interest among researchers. Generic results for 

the Hamiltonian-based algorithm perturbed by particular forms of noise have also been 

reported [161]. Adiabatic computation requires the gap between the excited states and 

the ground states to be not too small. Adiabatic evolution is particularly susceptible to 

noise if this gap is small [162]. It has also been shown that under certain conditions, 

thermal interactions with environment can improve the performance of AQC [163]. 

Apart from thermal fluctuations, several internal and external factors contribute to the 
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noise in quantum systems. Qubits in such devices can be affected by the electronic 

control components and material impurities, which give rise to the external and internal 

sources of noise, respectively. In the context of optimization, noisy qubits deviate the 

state of the system from a global optimal solution to sub-optimal solution state. 

However, from a machine learning perspective, such noisy behavior and measurement 

uncertainty in quantum systems can be exploited to approximate sample distributions 

that could be used to model the distribution of data, as will be introduced in Section 

4.3.1. 

 

 

Figure 19. a) Adiabatic quantum optimization (AQO) and b) Chimera architecture of 

the D-wave processing unit 

 

4.2.2   Restricted Boltzmann Machine 

RBMs also termed as harmoniums [164] are interpreted as generative stochastic forms 

for artificial neural networks used to learn the underlying data distributions. In recent 

years, RBMs have been widely applied for pattern analysis and generation with 

applications in image generation [165], collaborative filtering for movie 

recommendations [166], phone recognition [167], and many more. As the name 

suggests, RBM is a restricted variant of Boltzmann machine that forms an undirected 

bipartite graph as shown in Figure 20, between neurons from two groups commonly 
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termed as visible and hidden units. A RBM network with m visible neurons and n hidden 

neurons represent the observable data and the dependencies between the observed 

variables, respectively [168]. The hyper-parameters for this undirected bipartite graph 

are the weights and biases. For a pair of visible unit vi and a hidden unit hj, a real valued 

weight wij is associated with the edge between them. A bias term bi and cj are associated 

with the ith visible unit and jth hidden unit, respectively. 

 

 

Figure 20. a) Schematic network of RBM and b) contrastive divergence algorithm 

      The energy function of a RBM [169] for the joint configuration of binary or 

Bernoulli visible and hidden units (𝒗, 𝒉) ∈ {0,1}𝑚+𝑛 is given by E(v,h) as shown in Eq. 

(4.1). Due to the absence of connections between units of the same layer, the state of 

the hidden variables is independent of the state of the visible variables and vice versa. 

A probability is assigned by the network to each possible pair of visible and hidden units 

through the RBM energy function as shown in Eq. (4.2), where the normalization 

constant or the partition function Z is defined by summing over all possible pairs of 

visible and hidden vectors. This joint probability distribution is defined by a Gibbs or a 

Boltzmann distribution. Due to the conditional independence between the variables in 

the same layer, the conditional distributions factorize nicely and simple expressions for 

the marginal distributions of visible variables can be obtained. Eq. (4.3) gives the 

probability assigned to a visible vector v obtained by summing over all possible hidden 

vectors. 
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      Generative training deals with determining the weights and biases that maximize the 

likelihood or log-likelihood of the observed data. To maximize the probability p(v) 

assigned to the training data vector v by the RBM, the weights and biases of the network 

are updated such that the energy of the training data vector is lowered, while 

simultaneously raising the energy of the other training data vectors. The gradients of the 

log-likelihood of the training data with respect to the hyper-parameters of the RBM can 

be calculated from Eq. (4.4). The gradients can be interpreted as the difference between 

the expectation values under the distributions of training data and the underlying model. 
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      Learning rules to update the values of weights and biases can be derived from these 

log-likelihood gradients in order to maximize the log probability with stochastic 

gradient ascent. Eqs. (4.5), (4.6), (4.7) describe the update rules where ε is the learning 

rate and α is the momentum. The terms 〈𝑣𝑖ℎ𝑗〉𝑑𝑎𝑡𝑎 , 〈𝑣𝑖〉𝑑𝑎𝑡𝑎, 〈ℎ𝑗〉𝑑𝑎𝑡𝑎 are the clamped 

expectation values with a fixed v and can be efficiently computed from training data 

using Eq. (4.8). This equation provides an unbiased sample of the clamped expectations 

where 𝜎(𝑥) is the logistic sigmoid function defined by 𝜎(𝑥) = 1/(1 + 𝑒−𝑥). Eq. (4.9) 

also produces unbiased samples of visible states, give a hidden vector h. 
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      The model expectations 〈𝑣𝑖ℎ𝑗〉𝑚𝑜𝑑𝑒𝑙, 〈𝑣𝑖〉𝑚𝑜𝑑𝑒𝑙, 〈ℎ𝑗〉𝑚𝑜𝑑𝑒𝑙 are difficult to estimate. 

They can be computed by randomly initializing the visible states and performing Gibbs 

sampling for a long time. However, this can be computationally intractable as the 

number of visible and hidden units increases [170] Hinton proposed a faster learning 

algorithm called contrastive divergence (CD) learning [171] that has become a standard 

way to train RBMs. Rather than approximating the model expectations by running a 

Markov chain until equilibrium is achieved, the k-step CD learning (CD-k) runs the 

Gibbs chain for only k steps to yield the samples 〈𝑣𝑖ℎ𝑗〉𝑘, 〈𝑣𝑖〉𝑘, 〈ℎ𝑗〉𝑘 as shown in Figure 

20b. This learning algorithm works well despite the k-step reconstruction of the training 

data crudely approximating the model expectations [171]. Theoretically, as 𝑘 → ∞ the 

update rules converge to the true gradient. However, in practice the updates are 

computed using a single-step (k=1) reconstruction to achieve good enough performance. 

      Many significant applications use real-valued data nowadays for which the binary 

RBM would produce poor logistic representations. In such cases, a modified variation 

of the RBM can be used by replacing Bernoulli visible units with Gaussian visible units 

[170]. The energy function then takes the form of Eq. (4.10), where σi is the standard 

deviation of the Gaussian noise for the ith visible unit. CD-1 can be used to learn the 

variance of the noise, but it is much more complicated than the binary case. An easier 

alternative is to normalize each data component to have zero mean and unit variance, 

and then use noise-free models. The variance σ2 would be unity in this case. 
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      Deep architectures can be constructed by stacking layers of RBMs together. Such 

deep architectures are termed as deep belief networks (DBNs) where each RBM sub-

network’s hidden layer serves as the visible layer for the following RBM layer [172]. 

DBNs are trained in a greedy fashion by sequentially training each RBM layer. There 
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have been many implementations and uses of DBNs in real-world applications due to 

their versatility and effective multiple-level feature extraction capabilities [173, 174]. 

 

4.3   Quantum Computing-based Fault Diagnosis Model 

The proposed QC-based deep learning model utilizes a two-step strategy, namely 

quantum generative training followed by supervised discriminative training using class 

labels. The first step involves using two DBN sub-networks to extract features from 

historical process data. Features at different levels are extracted for normal state along 

with each of the faulty state through the quantum generative training process. The DBN 

sub-networks, namely DBN-N and DBN-F are trained separately using normal and 

faulty training datasets, respectively. It is important to note that for each individual fault 

state, the DBN-F sub-network is trained using the corresponding faulty dataset. The 

amount of training data required to achieve maximum performance depends both on the 

model complexity and the complexity of training algorithm. Ten times more data 

samples than the number of input dimensions can be used as a statistical heuristic [175]. 

The analysis of dataset size versus model skill is termed as learning curve and can also 

be conducted to obtain bounds on the size of training dataset for a required precision of 

performance measurement. The input to the fault diagnosis model is a data vector with 

d dimensions that correspond to each process variable. In order to classify the state of 

this data vector, outputs from the pre-trained sub-networks DBN-N and DBN-F that 

serve as 𝑘 dimensional approximations of the input data, are combined together.  

      The second step uses the combined approximate 2𝑘 dimensional vector. It is passed 

on to the local classification sub-network that predicts the state of the original input data 

vector. The local classification deep neural network based architecture yields the 

probabilities of two possible states, normal and faulty. The local classifier follows a 

supervised discriminative learning strategy that uses class labels as an extra output layer. 

A graphical representation of the proposed QC-based fault diagnosis model is shown in 

Figure 21. Since the performance of DBN-based networks is known to be sub-optimal 

due to the presence of several local minima, generative training helps locating a desired 
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local neighborhood near a good optimum while discriminative training further refines 

the optimum by fine-tuning the model parameters. 

 

 

Figure 21. Repeating sub-network in the proposed QC-based fault diagnosis model that 

uses deep belief networks and local classifier to predict the state of the data samples 

 

 

Figure 22. Deep belief network architecture used in the repeating sub-network of the 

QC-based fault diagnosis model that produces a high level abstraction of the input data 
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4.3.1   Quantum Generative Training 

As mentioned in the previous subsection, two DBN sub-networks DBN-N and DBN-F 

extract the underlying features for normal and faulty process states through the quantum 

generative training process. Each DBN sub-network comprises of two RBMs 

represented in Figure 22 that are stacked atop each other and trained sequentially. The 

RBM must be extended to handle continuous valued inputs as most complex process 

systems provide continuous real-valued data. Therefore, the first RBM layer uses d 

Gaussian visible units with m Bernoulli or binary-valued hidden units. Input to this layer 

is the historical process data vector �̂�𝑛×𝑑 with n samples and d process data dimensions. 

The model parameters for this RBM layer are denoted as 𝑊𝑔, 𝐵𝑔, and 𝐶𝑔. 𝑊𝑔 ∈ ℝ𝑑×𝑚 is 

the connection weights matrix between the visible and hidden nodes of the RBM, while 

𝐵𝑔 ∈ ℝ𝑑 and 𝐶𝑔 ∈ ℝ𝑚 are the visible and hidden bias vectors, respectively. This RBM 

layer is trained by the CD-1 algorithm with an appropriate learning rate that prevents 

the RBM from under-fitting or over-fitting the historical data. The weights and biases 

for this layer are updated such that the reconstruction loss between the input data vector 

�̂� and the reconstructed data vector �̂�𝑟 is minimized. The output from the first RBM 

layer �̂�1 ∈ {0,1}𝑛×𝑚 is generated by multiplying the input data vector with the weights 

matrix and adding the corresponding hidden biases followed by a sigmoid activation 

function operation given in Eq. (4.11). 

 1
ˆ ˆ

g gY X W C       (4.11) 

      Following the first RBM layer, the second RBM layer in the DBN extracts higher 

level features from the process data. Deep network architectures are always preferred 

over shallow networks, but increasing model complexity requires large amount of 

training data to achieve optimum model skill. Also, increasing the number of layers 

introduces size constraints on the following layers and might limit the model 

performance. Computational experiments conducted with one RBM layer yield a lower 

performance than relatively deeper architectures. Therefore, two RBM layers are used 

in the DBN sub-networks. Binary output vector �̂�1 obtained from the first RBM layer 

serves as input to this RBM layer. Therefore, the visible and hidden units of the second 
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RBM are modeled as Bernoulli units. The weights matrix 𝑊𝑏 ∈ ℝ𝑚×𝑘, visible bias 𝐵𝑏 ∈

ℝ𝑚, and hidden bias 𝐶𝑏 ∈ ℝ𝑘 form the model parameters for this layer that need to be 

optimized. The update rules for these model parameters require the computation of 

model expectations  〈𝑣𝑖ℎ𝑗〉𝑚𝑜𝑑𝑒𝑙,  〈𝑣𝑖〉𝑚𝑜𝑑𝑒𝑙, and 〈ℎ𝑗〉𝑚𝑜𝑑𝑒𝑙. Since the CD algorithm 

approximates the gradient for the update rules with a larger variance that might not 

always lead to the maximum likelihood estimate of the model parameters, the model 

expectations are estimated using quantum sampling implemented through a quantum 

computer. 

      The AQC devices are explicitly built for optimization purposes by determining the 

ground state of the problem Hamiltonian. However, there have been experimental 

evidence suggesting that under certain conditions such devices sample approximately 

from a Boltzmann distribution at an effective temperature [176, 177]. The final states 

of the qubits are effectively described by a Boltzmann distribution when the strengths 

of the fields and couplings on the device are sufficiently small. Due to the presence of 

non-ideal interactions between the qubits and the environment, the AQC device can be 

used as a sampling engine [139]. A natural resemblance exists between the problem 

Hamiltonian taking the form of a QUBO problem and the energy function of the RBM 

with Bernoulli units. Quantum sampling exploits this by embedding the RBM energy 

function onto the AQC device. The distribution of the excited states of the qubits can 

then be modeled as a Boltzmann distribution given in Eq. (4.12). An unknown scale 

parameter 𝛽𝑒𝑓𝑓 dictates the effective temperature at which samples are drawn from the 

underlying Boltzmann distribution. The value of this parameter depends on the 

operating conditions of the AQC device, and it is a direct link between the problem 

Hamiltonian and the energy function. Although some techniques have been proposed 

that estimate the effective temperature [178], a constant value for 𝛽𝑒𝑓𝑓 is empirically 

selected depending on the size of the RBM. Samples drawn from an AQC device follow 

a trend as shown in Figure 23. 
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Figure 23. RBM Energy histogram obtained for two sets of control parameters obtained 

by increasing the actual parameters by a scaling factor along with the effect of scaling 

factor on the average energy 

      Control parameters used for the quantum sampling process are equivalent to the 

weights and biases of the RBM energy function provided that the scale parameter is 

unity. 𝛽𝑒𝑓𝑓 can also be estimated by adjusting the actual control parameters by a user-

defined scaling factor and analyzing the difference between the histogram of samples 

drawn from an AQC device as shown in Figure 23. Selecting an appropriate scaling 

factor is a crucial task; increasing the scaling factor tends to reduce the average energy 

of the samples drawn through quantum sampling. Setting the value of the unknown scale 

parameter to one eliminates the need for analytically calculating 𝛽𝑒𝑓𝑓 at each iteration 

of the training process, and sparingly reduces the required computational resources and 

time. 

   
1

, exp eff RBMP v h E
Z

      (4.12) 

 



 

94 

 

 

Figure 24. Quantum generative training through quantum sampling 

      With the approximate knowledge of the underlying Boltzmann distribution, the 

model expectations are computed by drawing several samples corresponding to the 

RBM energy function by quantum sampling. Eqs. (4.13), (4.14), (4.15) use N samples 

drawn from adiabatic optimization runs to calculate the corresponding model 

expectation values required to update the model parameters. Figure 24 summarizes the 

quantum generative training process that uses quantum sampling to find the maximum 

likelihood estimates of the corresponding model parameters. 

model
1

1 N
n n

i j i j

n

v h v h
N 

      (4.13) 

model
1

1 N
n

i i

n

v v
N 

       (4.14) 

model
1

1 N
n

j j

n

h h
N 

       (4.15) 

      The update rules for the weights and biases of the second RBM in the DBN sub-

network given in Eq. (4.5)-(4.7) converge to the minimum cross-entropy loss between 

the original input and the reconstructed input vector. The output from the second RBM 

layer �̂�2 ∈ ℝ𝑛×𝑘 bounded by [0,1] is obtained by multiplying input data vector with the 

weights matrix and adding the corresponding hidden biases followed by a sigmoid 
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activation function operation given in Eq. (4.16). Output of the generative training 

model �̂�2 is a transformed version of the original input data vector �̂�. This 

transformation can be considered as a higher-level abstraction of the historical process 

data and can be used as an input to the corresponding classifier to determine the state of 

the input data sample in the QC-based fault diagnosis model. 

 2 1
ˆ ˆ

b bY Y W C       (4.16) 

 

4.3.2   Discriminative Training 

High level abstraction of the process data generated by the pre-trained DBN-N and 

DBN-F sub-networks are concatenated together and is passed as input to the fully 

connected network. DBN-N produces normal state abstractions while the DBN-F sub-

network produces faulty state abstractions. The architecture of the local classifier sub-

network is shown in Figure 25. Using class labels for normal and faulty data, 

discriminative training is performed in a supervised manner. This is accomplished by 

adding a fully connected network with a single hidden layer followed by a soft-max 

layer that predicts the probabilities of normal and faulty states. 

 

 

Figure 25. Local classifier architecture that identifies normal or faulty data samples 
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      The weights matrix 𝑊𝑓 ∈ ℝ2𝑘×2𝑘 and bias vector 𝑏𝑓 ∈ ℝ2𝑘 form the model 

parameters for the fully connected layer that connects each input to every hidden neuron. 

Nonlinear combinations of the extracted features can be easily learned with a fully 

connected layer which is a major component of the discriminative training process. The 

output generated by this layer �̂�3 ∈ ℝ𝑛×2𝑘 is used to predict the score of normal or faulty 

class; it is obtained by summing the bias and product of weights matrix with the input 

vector as shown in Eq. (4.17) followed by a ReLU activation function operation. As the 

process data can be in either of the two states, normal or faulty, weights vector 𝑊𝑠 ∈

ℝ2𝑘×2 and bias vector 𝑏𝑠 ∈ ℝ2 predict the final class scores using the soft-max 

activation function in Eq. Model parameters for the DBN-based sub-networks are fine-

tuned by retraining the local classifier neural network classically with the 

backpropagation algorithm that performs supervised learning of neural networks using 

gradient descent. The gradients of the loss function are estimated with respect to the 

model parameters of the local classifier sub-network, in order to iteratively update the 

model parameter values. Minimizing the categorical cross-entropy loss for the classifier 

yields maximum likelihood estimates of the model parameters.  

 3 2
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      A QC-based fault diagnosis model for individual process faults is obtained by 

following the quantum generative training and discriminative training process. The 

DBN-N sub-network in the generative model is trained only once and can be re-used 

for each diagnosis model. To detect the unknown state of the process data sample, both 

normal state and faulty state abstractions of the data sample generated as the output of 

the DBN-based generative model are merged. The local classifier then predicts the 

probabilities that the data sample belongs to normal or faulty states. A threshold 

probability of 0.5 further detects the state of the new process data sample. 
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4.4   Application: Continuous Stirred Tank Reactor 

A closed-loop feedback controlled CSTR is used to evaluate the performance of the 

proposed process monitoring method. The CSTR simulation continuously carries out a 

first-order exothermic reaction in a jacketed tank with constant holdup and records 

normal and faulty data at specific intervals [179]. Figure 26 shows the schematic of the 

CSTR case study. The concentrations, temperatures, and amount of heat transferred 

account for the seven process variables in the CSTR process simulation. Three faults 

are investigated in this case study, where the faults are caused due to errors in the reactor 

temperature measurement, decay in catalyst activity and fouling in the cooling jacket. 

Normal and faulty datasets with 1200 samples are recorded at a sampling interval of one 

minute for training the proposed QC-based fault diagnosis model. In faulty datasets, the 

fault is introduced after 200 minutes of normal operation. A testing set with 600 samples 

recorded for 10 hours is used to validate the trained model for both normal and faulty 

states. The training and testing datasets corresponding to both normal and faulty states 

used for this case study are provided in the Supplementary Information. 

 

     

Figure 26. Schematic of the continuous stirred tank reactor (CSTR) 

 

4.4.1   Experimental Settings 

As the process data has strong temporal correlations, its dynamic characteristics must 

be considered. The data pre-processing step is clearly shown in Figure 27 and can be 

described as follows. Assuming a d dimensional raw dataset recorded for T time-steps, 
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the length of time window N is a fundamental element of the pre-processing step. The 

process data matrix of size 𝑁 × 𝑑 is expanded into a one dimensional vector and 

accounts for a single sample in the input data vector. A similar procedure is repeated for 

the process data labels in order to preserve the size and information corresponding to 

the input data. This pre-processing is the first step towards dealing with temporal 

autocorrelations between the process data variables with the size of time window N 

determined empirically by performing several computational experiments. A RBM with 

Gaussian visible units interacts with this input data, because the recorded process data 

are continuous and real-valued. In order to eliminate the complexities encountered 

during training a RBM with Gaussian visible units, the input data corresponding to 

normal and three faulty states is normalized to have zero mean and unit variance. 

      The size of dynamic time window N is set to 4 which implies 28 visible Gaussian 

units in the first RBM layer of the DBN-based sub-network. This layer consists of 15 

Bernoulli hidden units and produces output by applying perceptron operation to the 

input without sampling from a Gaussian distribution. This output is used as input data 

vector for the following RBM layer with 15 visible and 8 hidden units. The second RBM 

layer uses Bernoulli units and generates an output by performing a sigmoid operation 

on the corresponding perceptron output. Learning rate of 0.001 is used to train the RBM 

layer with Gaussian visible units and 0.01 for the layer with binary visible and hidden 

units. The momentum for weight and bias updates is set to unity. Both sub-networks 

DBN-N and DBN-F follow exactly the same architecture and are trained through the 

quantum generative training process. Cross-entropy loss is used as a performance metric 

to track the training progress. Mean square loss can also be used as a viable substitute 

for cross-entropy loss. The hidden layers or the outputs in the DBN-N and DBN-F sub-

networks are merged together as a single layer with 16 neurons. This ensures that the 

higher level abstractions of the normal and faulty states are processed together. A fully 

connected layer with 16 neurons followed by a soft-max layer is attached to the merged 

outputs and forms the basis of the discriminative training. With the weights and biases 

obtained through the quantum generative training as starting points, the complete 
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network is retrained with Adam optimizer [180] to minimize the categorical cross-

entropy loss. 

      In order to draw samples from the AQC-based device, D-wave’s 2000Q quantum 

processing unit is used. The model expectations required to compute the weight and bias 

updates are calculated with these samples. This AQC-based device uses 2,048 qubits 

and 5,600 couplers that limit the size of fully connected RBM energy function with an 

equal number of visible and hidden units to 52 units in each layer. 1,000 anneal runs are 

performed with each run lasting for 20μs on this quantum processing unit. An 

embedding scheme for the corresponding RBM energy function is determined in a 

heuristic manner and the obtained graph minor is re-used to eliminate unnecessary 

complications with the effective temperature parameter  𝛽𝑒𝑓𝑓. This parameter is set to a 

constant value of one for the CSTR case study. 

 

 

Figure 27. Data pre-processing step for the CSTR case study 
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4.4.2   Fault Detection 

Several computational experiments are conducted with the aforementioned 

experimental settings to demonstrate the viability of the proposed QC-based fault 

diagnosis model. The local classifier detects the state of each sample and classifies it as 

normal or faulty by predicting the likelihood of individual states. A probability control 

limit of 0.5 is used to classify the input data vector as normal or faulty. The fault 

detection rate (FDR) and the false alarm rate (FAR) are reported for each fault classified 

with the proposed QC-based fault diagnosis model in Table 12. FDR is defined as the 

fraction of faulty samples that are accurately detected, and FAR is the fraction of normal 

data samples that are incorrectly classified as faulty. FDRs for the CSTR case study 

estimated with canonical variate dissimilarity analysis (CVDA) [179] are also reported 

in Table 12, where the control limits for fault detection are computed with the T2 

statistic. 

Table 12. Fault detection results of the local classifier in the proposed QC-based deep 

learning model for the CSTR case study 

Fault CVDA  QC-based model 

 FDR (%)  FDR (%) FAR (%) 

1 43.83  100 36.7 

2 64.19  66.6 6.06 

3 71.71  71.0 1.02 

 

It can be clearly seen that the FDR rate for the QC-based fault diagnosis model 

significantly improves for the first faulty state. However, this is also accompanied by 

an increase in the number of false positives. As for the second and third faulty states, 

the FDR rates are comparable to that of the detection rates obtained by CVDA. The 

FAR rates for these faulty states are significantly lower than that of the first fault. It is 

a well-known fact that the performance of deep architectures depend on the size of the 

architecture used. Therefore, we also generate contour maps for FDR rates as functions 

of the number of hidden units in the DBN-N and DBN-F sub-networks.  

 



 

101 

 

 

Figure 28. FDR contour maps of the DBN sub-networks for the CSTR case study 

The FDR maps for all three faults as shown in Figure 28 indicate that the detection rates 

for fault one are high for almost all DBN architectures. However, the detection results 

for fault two and fault three are relatively non-uniform. In case of fault two, for a fixed 

number of hidden units in the Bernoulli RBM, the FDR rates gradually decrease with 

an increase in the hidden neurons in the first RBM layer. Alternatively, no discernible 

pattern is observed in the FDR rates for fault three. The choice of best performing DBN 

architecture with 15 and 8 hidden units in the first RBM and the second RBM layer, 

respectively, can be clearly justified from these FDR contour maps. 

 

Figure 29. False alarm rates for the local classifier in the CSTR case study 
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      Among the 1,200 faulty samples in the testing dataset, the local classifier accurately 

classifies the dynamic input data samples with an average detection rate of 79.2%. This 

implies that the 21.8% of the faulty samples are missed. Compared to the missed 

detection rate of 40.42% in the CVDA technique, the QC-based fault diagnosis model 

clearly outperforms this fault monitoring technique. The FAR rates for each individual 

fault obtained through performing multiple computational experiments are plotted in 

Figure 29. As fault one deviates only slightly from normal operation, it is difficult to 

differentiate between normal and faulty states and produces higher number of false 

alarms. In contrast, faults two and three can be distinctly classified from normal state 

samples, as evident from the low FAR rates. Although the proposed QC-based fault 

diagnosis model may not be competitive for faulty state one, it clearly outperforms the 

classical CVDA technique for the remaining two faults. 

 

4.5   Application: Tennessee Eastman Process 

The TE process [181] is one of the popular benchmark problems for process monitoring, 

so it is used to test the proposed QC-based fault detection model in this section. It is a 

typical chemical process that produces two main products with five major process units, 

reactor, stripper, separator, compressor, and mixer. The TE chemical process simulation 

has 52 variables, containing 41 measured variables and 11 manipulated variables. In this 

TE process system, 20 fault states along with a normal state have been simulated, and 

process data has been recorded for each state. For each fault, 1,200 samples are recorded 

for 75 hours at a sampling interval of three minutes. Fault is introduced in the system 

after 10 hours of normal operation, meaning for each faulty dataset the first 200 samples 

correspond to normal process operation while the remaining 1,000 are faulty data 

samples. The dataset for normally operated process data is recorded for straight 48 hours 

without any disturbance. To validate the trained QC-based fault diagnosis model, a 

testing dataset with 600 samples is also recorded for 30 hours for normal and faulty 

states with the faults introduced after 10 hours of normal operation. Both training and 

testing datasets corresponding to normal and faulty states are provided in the 

Supplementary Information. 
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Figure 30. Schematic of the Tennessee Eastman (TE) chemical process 

 

4.5.1   Experimental Settings 

The recorded historical process data for the TE process are continuous and real-valued. 

Binary models might produce poor representations of such data, so an RBM with 

Gaussian visible units is the first interaction of the training process data with the 

proposed QC-based model. As mentioned earlier, the CD-1 algorithm might be 

inefficient in learning the variance of the Gaussian noise associated with each visible 

unit. In order to eliminate this variance, the training data corresponding to the normal 

state and the 20 faulty states are normalized to have zero mean and unit variance. Several 

fault detection methods implement variable selection pre-processing to consider the 

process variables with the highest influence on the data. However, for this case study 

all of the 52 process variables are used as input to the proposed model without 

eliminating any portion of the recorded dataset. 

      The sub-networks DBN-N and DBN-F use the same architectural configuration to 

produce abstractions of the normal and faulty states, respectively. The first RBM layer 

in the DBN-based sub-networks consists of 52 visible Gaussian units and 26 Bernoulli 
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hidden units. This RBM layer is set up to produce an output by simple perceptron 

operation without sampling from the underlying Gaussian distribution. The following 

RBM layer used 26 visible units corresponding to the hidden layer of the first RBM 

layer along with 20 hidden units. Output obtained from the second RBM layer is 

produced by sampling from a binomial distribution with the hidden unit values as the 

means. A learning rate of 0.01 and momentum of one is used to train the DBN sub-

networks via quantum generative training. Learning rate for RBM with Gaussian units 

should be at least one order of magnitude less than the corresponding binary RBM. 

Cross-entropy loss is used as a performance metric to track the progress of the quantum 

generative training process. A data vector with 40 dimensions is obtained after the high-

level abstractions from the DBN-N and DBN-F sub-network are concatenated. Fully 

connected layer with 40 neurons is attached to this input and forms the major component 

of the discriminator sub-network. Fine-tuning of the weights and biases obtained 

through quantum generative training is performed by training the discriminator with the 

Adam optimizer to minimize the categorical cross-entropy loss. 

       The quantum generative training process draws samples from the AQC-based 

quantum computer for quantum sampling to approximate the model expectations. D-

Wave 2000Q quantum processor with 2,048 qubits and 5,600 couplers is used for all 

computational experiments involving QC-based fault detection model. The anneal 

schedule runs for 20μs on this processor. To compute the model expectations, 1000 

anneal reads are used implying the drawing of 1000 samples from the quantum 

computer. For a single RBM instance, an embedding scheme for the corresponding 

RBM energy function is found through a heuristic technique. Drawing samples from the 

quantum computer for the energy function requires the use of the same embedding 

scheme. It is important to re-use the same graph-minor in order to minimize the variation 

in the effective temperature dependent parameter 𝛽𝑒𝑓𝑓. For this case study, the value of 

the unknown scale parameter is set to unity to avoid further complications associated 

with the hyper-parameter learning rules. 
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4.5.2   Fault Detection 

The above experimental settings are used to conduct several computational experiments 

for all 20 faults. The output of the local classifier lies between 0 and 1 representing the 

likelihood of the data sample belonging to either normal or faulty state. A threshold 

probability of 0.5 is used to detect the state of the sample. The diagnosis results of the 

local classifier for each fault consist of FDRs and FARs computed for both the training 

and validation datasets and are given in Table 13.  

      Contour maps of the FDRs determined by the local classifier in the QC-based fault 

diagnosis model are generated for each fault to perform a grid search for the best 

performing network architecture. Figure 31 shows the FDR maps for the TE process as 

a function of the number of hidden units in the first and second RBM layer of the DBN-

N and DBN-F sub-networks. Eight faults simulated in the TE process demonstrate a 

uniform FDR map irrespective of the size of the DBN architecture used. FDR maps for 

faults 1 and 18 are uniform with very few exceptions. Faults 2, 10, and 20 show no 

discernible pattern in the performance of the QC-based model with respect to the DBN-

based architectures. As evident from the remaining fault FDR maps, clear patterns 

emerge corresponding to the number of hidden units in the RBM layers. The FDR rates 

increase with the number of hidden units. This means that the higher-level abstractions 

of the input data produced by the DBN-based sub-networks can be better represented 

by higher dimensions than the original input data. However, this is only true for a few 

select cases of faults. Based on the FDR contour maps for each fault, an optimal number 

of hidden units 26 and 20 in the first and second RBM layer, respectively, are selected 

for further computational experiments. 

      Among the 8,000 samples in the faulty dataset, a large portion of the samples are 

accurately classified as faulty. The average detection rate recorded for the local 

classifier in the QC-based fault diagnosis model is 99.39%, meaning only 0.61% of the 

faulty samples remain undetected. A major challenge in developing fault diagnosis 

models is to adjust the trade-off between the FDRs and the FARs. An increase in FDR 

is usually accompanied by an increase in the FAR. However, the false positive rates for 

the proposed QC-based diagnosis model are zero for 14 of the 20 faults. It is important 
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to note that the FARs for all faults in the TE process are less than or equal to 1%. With 

an average FDR of 99.39% and an average FAR of 0.26%, the performance of the 

proposed fault diagnosis model is significantly high and can efficiently differentiate 

faulty process data from normal states of operation. 

 

Table 13. Fault detection results of the local classifier in the proposed QC-based deep 

learning model for the TE process case study 

Fault FDR (%) FAR (%) 

 Training Testing Training Testing 

1 100 100 0 0 

2 100 100 0 0 

3 99.1 98.0 1.9 1.0 

4 100 100 0 0 

5 100 100 0 2.5 

6 100 100 0 0 

7 100 100 0 0 

8 100 100 0 0 

9 96.3 95.25 1.5 0.25 

10 99.7 100 0.2 0.25 

11 100 100 0 0 

12 100 100 0 0 

13 100 100 0 0 

14 100 100 0 0 

15 97.8 97.0 1.7 0.25 

16 99.0 98.5 0 0 

17 100 100 0 0 

18 100 100 0 0 

19 99.5 99.0 0 0 

20 100 100 0 1.0 
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Figure 31. FDR contour maps of the DBN sub-networks for the TE process case study 

 

4.5.3   Fault Identification 

Output probabilities that indicate the state of a data sample generated by the local 

classifier in the QC-based fault diagnosis model are used as individual inputs for the 

global classification network. The two-dimensional output vector corresponding to 

individual fault is merged to generate an input vector with 40 dimensions. These input 

data samples are used to train and validate the performance of the global classifier 

network. The global classifier network comprises of a fully connected layer with 40 

neurons followed by a soft-max layer with 21 neurons. The soft-max layer classifies the 

input data sample as normal or one of the 20 faulty states. The global classifier is trained 

with standard back-propagation algorithm with the objective of minimizing the 

categorical cross-entropy loss. 
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      The diagnosis results for the global classification network that identifies the type of 

faults produced from the likelihood values obtained with the QC-based fault diagnosis 

model are reported in Table 14. For comparison purposes, the FDRs of some state-of-

the-art data-driven and deep neural network based approaches are also reported. The 

diagnosis results obtained for the TE process using PCA [142] and DBN-based fault 

diagnosis model [155] are also reported in Table 14. As evident from the diagnosis 

results, PCA does not effectively detect several of the faults in the TE process. The 

diagnosis rates for faults 3, 9, and 15 are particularly poor. The inability of PCA to take 

into account the temporal correlations might be contributing to its poor diagnosis 

performance. This shortcoming is overcome by the DBN-based fault diagnosis model 

which strongly augments the diagnosis results for a significant portion of the faulty 

states. The FDRs for faults 3 and 9 improve with the DBN-based model, but fault 15 

performs even worse than that of PCA. None of the faults of types 15 and 16 are 

diagnosed with the DBN-based model. In the TE process, faults 3, 15, and 16 are 

particularly hard to detect and usually require significant model tweaking for a mediocre 

performance improvement. On the other hand, the global classifier in the proposed QC-

based diagnosis model classifies faults of almost all fault states with a significantly 

higher accuracy rate than PCA for faults 3 and 9. The resulting FDRs for the rare and 

hard to detect faults 15 and 16 are higher than those of both PCA and DBN-based 

models as well. The lowest FDR reported by the QC-based fault diagnosis model is 

38.1% for the fault 9. Although, this diagnosis rate for fault 9 is lower than that of the 

DBN-based model, the diagnostic performance of the proposed model is clearly 

superior for faults that are rare and hard to detect. Apart from false positives, 

misclassification of faulty states is also possible and cannot be overlooked as the cost 

of repairs required due to detection of particular faults could be expensive. The 

performance of this fault diagnosis model for fault identification can be represented by 

a confusion matrix which allows the visualization of the accuracy of classification, and 

misclassification as well. Figure 32 represents the diagnosis results of the global 

classifier in the QC-based fault diagnosis model in the form of a confusion matrix. The 

diagonal elements in the matrix are the FDR rates for a particular class of samples. 
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Table 14. Comparison between different fault diagnosis models for the TE process case 

study with respect to fault detection rates for each identified fault 

Fault FDR (%) 

PCA[142]  DBN-based 

model[155] 

 QC-based 

model 

1 99.88  100  100 

2 98.75  99  100 

3 12.88  95  51.1 

4 100  98  94.7 

5 33.63  86  100 

6 100  100  100 

7 100  100  95.3 

8 98  78  76.3 

9 8.38  57  38.1 

10 60.5  98  44.6 

11 78.88  87  51.5 

12 99.13  85  81.3 

13 95.38  88  94.7 

14 100  87  86.9 

15 14.13  0  44.9 

16 55.25  0  68.3 

17 95.25  100  92.7 

18 90.5  98  95.6 

19 41.13  93  73.0 

20 63.38  93  89.9 

 

The last row in the matrix labeled as normal corresponds to the FAR rates and have 

some of the lowest values in the confusion matrix. This confusion matrix can also be 

used to determine the degree of resemblance between classes of samples. Faults with no 

similarities whatsoever between other faulty or normal states are relatively easy to 
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diagnose with lower chances of misidentification. Faults 1, 2, 5, 6, and 18 are few such 

faults with the highest FDR recorded with detection rates as high as 100%. 

      The low FAR rates produced by the local classifiers in the QC-based fault diagnosis 

model are maintained for the diagnosis results of the global classifier network. Several 

computational experiments are performed for the global classifier network in order to 

estimate the extent of FAR rates for each corresponding fault. Figure 33 shows the FAR 

rates for each of the 20 faults simulated in the TE process. It should be noted that the 

highest FAR rate recorded is lower than one percent. Although an average FDR of 

82.1% is reported for the DBN-based model [155], it should be noted that this 

framework is developed specifically for complex chemical processes. Its application to 

the TE process involves several data preprocessing steps like variable sorting, and time 

length selection that are not considered for this case study performed with the QC-based 

deep learning model for fault diagnosis. With an average FDR of 80% and a total FAR 

of 1.3%, the proposed QC-based fault diagnosis model can be competitively used 

against the state-of-the-art fault diagnosis methods implemented with classical 

computers and for detection and diagnosis of rare faults in complex process systems. 
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Figure 32. Confusion matrix for the fault diagnosis results obtained by the global 

classifier 

 

Figure 33. False alarm rates for the global classifier in the TE process case study 
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4.6   Quantum Advantage 

Conventional classical learning techniques to train DBNs crudely approximate the log-

likelihood gradients of the training data required for the hyper-parameter update rules. 

The CD-k algorithm more closely approximates the contrastive divergence that is 

defined as the difference between Kullback-Liebler divergences [170]. It has also been 

demonstrated that CD-k algorithm does not follow the gradient of any function [182]. 

Although CD-k converges to the true gradient after infinite reconstruction steps, it is 

impractical to run the algorithm for an endless time. Other than the approximation 

limitations, CD-k may take many iterations to converge due to the inherent noise in 

Gibbs sampling and slow evolution towards the equilibrium probability distribution 

[139]. 

      Quantum generative training circumvents some challenges put forth by the classical 

training techniques. For machine learning and deep learning applications, a quantum 

advantage can be quantified with the computation effort require to achieve a particular 

model performance. Computation time required could also be considered as a factor in 

demonstrating the efficiency of quantum inspired techniques over classical techniques. 

In the case studies, the performance profiles given by the loss curves for the second 

RBM layer in the DBN-F sub-network can be used to compare performance of classical 

and quantum training techniques. Loss curves for all faults in the CSTR case study are 

shown in Figure 34 for both CD-1 algorithm and the quantum sampling-based training 

approach Similar curves for the TE process case study are also plotted for few faults 

and are given in Figure 35. These particular representation for faults in the TE process 

are chosen such that a clear distinction between the classical and quantum techniques 

can be observed. As seen in the plots, QC-based training algorithm converges faster 

than the classical CD-1 algorithm. A clear quantum advantage can be perceived with 

quantum assisted training techniques for the proposed fault diagnosis model. The 

computation time required to calculate gradients with both quantum and classical 

techniques is negligible in the case of TE process; therefore, this is not an effective 

criteria to quantify the superiority of quantum inspired techniques over classical training 
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algorithms. In addition, samples are drawn from an AQC device at each step of the 

quantum sampling process within 20μs. This sampling time is independent of the size 

of the RBM network and does not increase with size, unlike classical training 

techniques. This implies that a computational time advantage could be clearly perceived 

in case of large networks trained with the quantum generative training process. 

      The approximation errors for the CD-1 algorithm to train DBNs could have adverse 

effects on its performance as the size of the RBM sub-networks gets very large. Markov 

chain based conventional training techniques would not be a feasible choice in such 

cases either. However, because quantum sampling can draw samples from an underlying 

approximate Boltzmann distribution that models the joint probability of the RBM, the 

quantum generative training technique can guarantee an efficient performance. This 

holds true provided that the size of the RBM energy function does not exceed the scale 

of current AQC-based computers. As evident from the two case studies of process 

monitoring in nonlinear complex process systems, the proposed QC-based fault 

diagnosis model effectively detects faults with significantly higher detection rates and 

lower false positives. This implies that the proposed fault diagnosis model is a 

generalized approach and could work for most nonlinear complex process systems with 

little to no modifications. With the increasing applicability of deep neural networks, a 

quantum advantage provides an extra edge to such approaches. To this end, it is 

important to note that computational speed could also contribute towards the quantum 

advantage as the number of process variables increases. Faster convergence with 

quantum sampling ensures less computation to achieve the same model performance 

with that of classical techniques like CD-1 algorithm. High computational speeds 

coupled with faster convergence can guarantee superior performance of such deep 

learning models and methods. 
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Figure 34. Loss curves for DBN trained with quantum and classical methods for the 

CSTR case study 

 

Figure 35. Loss curves for DBN trained with quantum and classical techniques for the 

TE process case study 

 

4.7   Conclusion 

In this chapter, we proposed a QC-based fault diagnosis model to distinguish faulty 

states from normal operating states in complex industrial chemical process systems. We 

integrated quantum assisted generative training with classical discriminative training to 

detect and diagnose multiple faults introduced in the system. The sampling abilities of 

AQC computers were exploited to perform quantum generative training for the DBN-

based sub-networks present in the proposed QC-based fault diagnosis model. The 

applicability of this model was demonstrated through two applications on a CSTR and 

TE process, respectively. The obtained detection and diagnosis results indicated that the 
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proposed QC-based fault diagnosis model clearly outperformed state-of-the-art data-

driven approaches and deep neural network based models in most cases. A quantum 

advantage was also perceived with the quantum generative training while training the 

DBN-based sub-networks in the proposed fault diagnosis model in contrast to the 

classical training approaches. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

116 

 

REFERENCES 

 

[1] M. Cetina et al., "MoS2 transistors with 1-nanometer gate lengths," Science, vol. 

354, pp. 96-99, 2016, doi: 10.1126/science.aaf5134. 

[2] M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum 

Information. Cambridge University Press, 2010, p. 702. 

[3] L. Gyongyosi, "Quantum Circuit Designs for Gate-Model Quantum Computer 

Architectures," 2018. [Online]. Available: arxiv.org/pdf/1803.02460.pdf 

[4] D. Bacon, "The Quantum Circuit Model and Universal Quantum Computation," 

in "Lecture Notes, University of Washington," 2006.  

[5] E. Farhi, J. Goldstone, and S. Gutmann, "A Quantum Approximate Optimization 

Algorithm," 0471419028, 2014. [Online]. Available: arxiv.org/abs/1411.4028 

[6] A. Peruzzo et al., "A variational eigenvalue solver on a photonic quantum 

processor," Nature Communications, Article vol. 5, p. 4213, 07/23/online 2014, 

doi: 10.1038/ncomms5213 

https://www.nature.com/articles/ncomms5213#supplementary-information. 

[7] A. W. Harrow, A. Hassidim, and S. Lloyd, "Quantum algorithm for linear 

systems of equations," Physical Review Letters, vol. 103, 2009, doi: 

10.1103/PhysRevLett.103.150502. 

[8] D. Castelvecchi, "IBM's quantum cloud computer goes commercial," Nature, 

vol. 543, pp. 159-159, 2017, doi: 10.1038/nature.2017.21585. 

[9] A. G. Nikolaev and S. H. Jacobson, "Simulated Annealing," in Handbook of 

Metaheuristics, 2010, pp. 1-39. 

[10] T. Kadowaki and H. Nishimori, "Quantum annealing in the transverse Ising 

model," Physical Review E - Statistical Physics, Plasmas, Fluids, and Related 

Interdisciplinary Topics, vol. 58, pp. 5355-5363, 1998, doi: 

10.1103/PhysRevE.58.5355. 

[11] D. Aharonov, W. van Dam, J. Kempe, Z. Landau, S. Lloyd, and O. Regev, 

"Adiabatic Quantum Computation is Equivalent to Standard Quantum 

Computation," SIAM Journal on Computing, vol. 37, pp. 166-194, 2007, doi: 

10.1137/S0097539705447323. 

[12] D.-W. Systems, "Quantum Computing for the Real World Today," 2000. 

[13] D. Ceperley and B. Alder, "Quantum monte carlo," Science, vol. 231, pp. 555-

60, 1986, doi: 10.1126/science.231.4738.555. 

[14] C. Klymko, B. D. Sullivan, and T. S. Humble, "Adiabatic quantum 

programming: minor embedding with hard faults," Quantum Information 

Processing, vol. 13, no. 3, pp. 709-729, 2014/03/01 2014, doi: 10.1007/s11128-

013-0683-9. 

[15] K. E. Hamilton and T. S. Humble, "Identifying the minor set cover of dense 

connected bipartite graphs via random matching edge sets," Quantum 

Information Processing, vol. 16, no. 4, p. 94, 2017/02/23 2017, doi: 

10.1007/s11128-016-1513-7. 

[16] T. D. Goodrich, B. D. Sullivan, and T. S. Humble, "Optimizing adiabatic 

quantum program compilation using a graph-theoretic framework," Quantum 

https://www.nature.com/articles/ncomms5213#supplementary-information


 

117 

 

Information Processing, vol. 17, no. 5, p. 118, 2018/04/07 2018, doi: 

10.1007/s11128-018-1863-4. 

[17] S. Okada, M. Ohzeki, M. Terabe, and S. Taguchi, "Improving solutions by 

embedding larger subproblems in a D-Wave quantum annealer," Scientific 

Reports, vol. 9, no. 1, p. 2098, 2019/02/14 2019, doi: 10.1038/s41598-018-

38388-4. 

[18] J. Cai, W. G. Macready, and A. Roy, "A practical heuristic for finding graph 

minors," arXiv e-prints. [Online]. Available: 

https://ui.adsabs.harvard.edu/abs/2014arXiv1406.2741C 

[19] T. S Humble et al., "An integrated programming and development environment 

for adiabatic quantum optimization," Computational Science & Discovery, vol. 

7, no. 1, p. 015006, 2014/07/14 2014, doi: 10.1088/1749-4680/7/1/015006. 

[20] "D-Wave System Documentation (2018)." 

https://docs.dwavesys.com/docs/latest/index.html (accessed. 

[21] D. Venturelli, S. Mandrà, S. Knysh, B. O’Gorman, R. Biswas, and V. 

Smelyanskiy, "Quantum Optimization of Fully Connected Spin Glasses," Phys 

Rev X, vol. 5, no. 3, p. 031040, 09/18/ 2015, doi: 10.1103/PhysRevX.5.031040. 

[22] V. S. Denchev et al., "What is the Computational Value of Finite-Range 

Tunneling?," Phys Rev X, vol. 6, no. 3, p. 031015, 08/01/ 2016, doi: 

10.1103/PhysRevX.6.031015. 

[23] A. Evans, V. Strezov, and T. J. Evans, "Assessment of sustainability indicators 

for renewable energy technologies," Renewable and Sustainable Energy 

Reviews, vol. 13, pp. 1082-1088, 2009, doi: 10.1016/J.RSER.2008.03.008. 

[24] S. Jebaraj and S. Iniyan, "A review of energy models," Renewable and 

Sustainable Energy Reviews, vol. 10, pp. 281-311, 2006, doi: 

10.1016/J.RSER.2004.09.004. 

[25] A. A. Bazmi and G. Zahedi, "Sustainable energy systems: Role of optimization 

modeling techniques in power generation and supply - A review," Renewable 

and Sustainable Energy Reviews, vol. 15, pp. 3480-3500, 2011, doi: 

10.1016/j.rser.2011.05.003. 

[26] T. Cao, Y. H. Hwang, and R. Radermacher, "Development of an optimization 

based design framework for microgrid energy systems," Energy, vol. 140, pp. 

340-351, Dec 1 2017, doi: 10.1016/j.energy.2017.08.120. 

[27] R. L. Tang, X. Li, and J. G. Lai, "A novel optimal energy-management strategy 

for a maritime hybrid energy system based on large-scale global optimization," 

Appl Energ, vol. 228, pp. 254-264, Oct 15 2018, doi: 

10.1016/j.apenergy.2018.06.092. 

[28] E. Shayesteh, J. Yu, and P. Hilber, "Maintenance optimization of power systems 

with renewable energy sources integrated," Energy, vol. 149, pp. 577-586, Apr 

15 2018, doi: 10.1016/j.energy.2018.02.066. 

[29] M. Gendreau and J.-Y. Potvin, "Tabu Search," in Handbook of Metaheuristics, 

2010, pp. 41-59. 

[30] C. R. Reeves, "Genetic Algorithms," in Handbook of Metaheuristics, 2010, pp. 

109-139. 

https://ui.adsabs.harvard.edu/abs/2014arXiv1406.2741C
https://docs.dwavesys.com/docs/latest/index.html


 

118 

 

[31] M. Dorigo and T. Stützle, "Ant Colony Optimization: Overview and Recent 

Advances," in Handbook of Metaheuristics, 2010, pp. 227-263. 

[32] P. W. Shor, "Algorithms for quantum computation: discrete logarithms and 

factoring," presented at the Proceedings 35th Annual Symposium on 

Foundations of Computer Science, 1994. 

[33] L. K. Grover, "Quantum Mechanics Helps in Searching for a Needle in a 

Haystack," Physical Review Letters, vol. 79, pp. 325-328, 1997, doi: 

10.1103/PhysRevLett.79.325. 

[34] B. P. Lanyon et al., "Towards quantum chemistry on a quantum computer," 

Nature Chemistry, vol. 2, pp. 106-111, 2010, doi: 10.1038/nchem.483. 

[35] J. Biamonte, P. Wittek, N. Pancotti, P. Rebentrost, N. Wiebe, and S. Lloyd, 

"Quantum machine learning," Nature, vol. 549, pp. 195-202, 2017, doi: 

10.1038/nature23474. 

[36] V. Mavroeidis, K. Vishi, M. D. Zych, and A. Jøsang, "The Impact of Quantum 

Computing on Present Cryptography," International Journal of Advanced 

Computer Science and Applications, vol. 9, 2018, doi: 

10.14569/IJACSA.2018.090354. 

[37] J. Gong and F. Q. You, "Sustainable design and synthesis of energy systems," 

Curr Opin Chem Eng, vol. 10, pp. 77-86, Nov 2015, doi: 

10.1016/j.coche.2015.09.001. 

[38] R. Banos, F. Manzano-Agugliaro, F. G. Montoya, C. Gil, A. Alcayde, and J. 

Gomez, "Optimization methods applied to renewable and sustainable energy: A 

review," Renew Sust Energ Rev, vol. 15, no. 4, pp. 1753-1766, May 2011, doi: 

10.1016/j.rser.2010.12.008. 

[39] B. Bhandari, K.-T. Lee, G.-Y. Lee, Y.-M. Cho, and S.-H. Ahn, "Optimization of 

hybrid renewable energy power systems: A review," International Journal of 

Precision Engineering and Manufacturing-Green Technology, vol. 2, no. 1, pp. 

99-112, January 01 2015, doi: 10.1007/s40684-015-0013-z. 

[40] J. Y. Gao and F. Q. You, "Design and optimization of shale gas energy systems: 

Overview, research challenges, and future directions," Computers & Chemical 

Engineering, vol. 106, pp. 699-718, Nov 2 2017, doi: 

10.1016/j.compchemeng.2017.01.032. 

[41] C. A. Frangopoulos, M. R. Von Spakovsky, and E. Sciubba, "A brief review of 

methods for the design and synthesis optimization of energy systems," 

International Journal of Applied Thermodynamics, vol. 5, pp. 151-160, 2002. 

[42] D. J. Garcia and F. You, "Supply chain design and optimization: Challenges and 

opportunities," Computers & Chemical Engineering, vol. 81, pp. 153-170, 

2015/10/04/ 2015, doi: https://doi.org/10.1016/j.compchemeng.2015.03.015. 

[43] D. J. Yue, F. Q. You, and S. W. Snyder, "Biomass-to-bioenergy and biofuel 

supply chain optimization: Overview, key issues and challenges," Computers & 

Chemical Engineering, vol. 66, pp. 36-56, Jul 4 2014, doi: 

10.1016/j.compchemeng.2013.11.016. 

[44] D. J. Garcia and F. Q. You, "The water-energy-food nexus and process systems 

engineering: A new focus," Computers & Chemical Engineering, vol. 91, pp. 

49-67, Aug 4 2016, doi: 10.1016/j.compchemeng.2016.03.003. 

https://doi.org/10.1016/j.compchemeng.2015.03.015


 

119 

 

[45] D. C. Cafaro and I. E. Grossmann, "Strategic planning, design, and development 

of the shale gas supply chain network," AIChE Journal, vol. 60, no. 6, pp. 2122-

2142, 2014. 

[46] O. J. Guerra, A. J. Calderon, L. G. Papageorgiou, J. J. Siirola, and G. V. 

Reklaitis, "An optimization framework for the integration of water management 

and shale gas supply chain design," Computers & Chemical Engineering, vol. 

92, pp. 230-255, Sep 2 2016, doi: 10.1016/j.compchemeng.2016.03.025. 

[47] K. Gokbayrak and A. Selin Kocaman, "A Distance-Limited Continuous 

Location-Allocation Problem for Spatial Planning of Decentralized Systems," 

Computers & Operations Research, vol. 88, pp. 15-29, 2016. 

[48] L. V. Snyder, "Facility location under uncertainty: a review," IIE Transactions, 

vol. 38, pp. 547-564, 2006, doi: 10.1080/07408170500216480. 

[49] H. Cetinay, F. A. Kuipers, and A. N. Guven, "Optimal siting and sizing of wind 

farms," Renewable Energy, vol. 101, pp. 51-58, 2017, doi: 

10.1016/J.RENENE.2016.08.008. 

[50] R. E. Burkard, E. Çela, P. M. Pardalos, and L. S. Pitsoulis, "The Quadratic 

Assignment Problem," in Handbook of Combinatorial Optimization, 1998, pp. 

1713-1809. 

[51] M. E. O'Kelly, "Hub facility location with fixed costs," Papers in Regional 

Science, vol. 71, pp. 293-306, 1992, doi: 10.1007/BF01434269. 

[52] D. Boutacoff, "Energy Storage Emerging Strategies for Energy Storage," IEEE 

Power Engineering Review, vol. 9, pp. 3-6, 1989, doi: 

10.1109/MPER.1989.4310398. 

[53] Y. Bai, Y. Ouyang, and J.-S. Pang, "Biofuel supply chain design under 

competitive agricultural land use and feedstock market equilibrium," Energy 

Economics, vol. 34, pp. 1623-1633, 2012, doi: 10.1016/J.ENECO.2012.01.003. 

[54] E. M. Loiola, N. M. M. de Abreu, P. O. Boaventura-Netto, P. Hahn, and T. 

Querido, "A survey for the quadratic assignment problem," European Journal 

of Operational Research, vol. 176, pp. 657-690, 2007, doi: 

10.1016/J.EJOR.2005.09.032. 

[55] G. Abd, E.-N. A. Said, A. M. Mahmoud, and E.-S. M. El-Horbaty, "A 

Comparative Study of Meta-heuristic Algorithms for Solving Quadratic 

Assignment Problem," International Journal of Advanced Computer Science 

and Applications, vol. 5, 2014. 

[56] R. E. Burkard, E. Cela, and S. E. Karisch. "QAPLIB Problem Instances and 

Solutions." http://anjos.mgi.polymtl.ca/qaplib/inst.html (accessed. 

[57] "Quantum computing at IBM." https://www.research.ibm.com/ibm-

q/learn/what-is-ibm-q/ (accessed March 30. 

[58] "Qiskit - Quantum Information Science Kit." https://qiskit.org/ (accessed. 

[59] "IBM Q Experience Documentation," 2019. [Online]. Available: 

https://quantumexperience.ng.bluemix.net/qx/experience 

[60] "D-Wave's Ocean Software." https://ocean.dwavesys.com/ (accessed. 

[61] "Dimod - Dimod 0.8.2 Documentation." 

https://docs.ocean.dwavesys.com/projects/dimod/en/latest/ (accessed. 

http://anjos.mgi.polymtl.ca/qaplib/inst.html
https://www.research.ibm.com/ibm-q/learn/what-is-ibm-q/
https://www.research.ibm.com/ibm-q/learn/what-is-ibm-q/
https://qiskit.org/
https://quantumexperience.ng.bluemix.net/qx/experience
https://ocean.dwavesys.com/
https://docs.ocean.dwavesys.com/projects/dimod/en/latest/


 

120 

 

[62] "qbsolv - qbsolv documentation," 2019. [Online]. Available: 

https://docs.ocean.dwavesys.com/projects/qbsolv/en/latest/. 

[63]  M. Booth, S. P. Reinhardt, and A. Roy, "Partitioning Optimization Problems 

for Hybrid Classical/Quantum Execution," 2017.  

[64] X. Guan, Q. Zhai, and A. Papalexopoulos, "Optimization based methods for unit 

commitment: Lagrangian relaxation versus general mixed integer 

programming," presented at the 2003 IEEE Power Engineering Society General 

Meeting (IEEE Cat. No.03CH37491), 2003. 

[65] H. Zheng, J. Jian, L. Yang, and R. Quan, "A deterministic method for the unit 

commitment problem in power systems," Computers & Operations Research, 

vol. 66, pp. 241-247, 2016, doi: 10.1016/J.COR.2015.01.012. 

[66] A. Bhardwaj, V. K. Kamboj, V. K. Shukla, B. Singh, and P. Khurana, "Unit 

commitment in electrical power system-a literature review," presented at the 

IEEE International Power Engineering and Optimization Conference, 2012. 

[67] S. Y. Abujarad, M. W. Mustafa, and J. J. Jamian, "Recent approaches of unit 

commitment in the presence of intermittent renewable energy resources: A 

review," Renewable and Sustainable Energy Reviews, vol. 70, pp. 215-223, 

2017, doi: 10.1016/J.RSER.2016.11.246. 

[68] N. P. Padhy, "Unit Commitment - A Bibliographical Survey," IEEE 

Transactions on Power Systems, vol. 19, pp. 1196-1205, 2004, doi: 

10.1109/TPWRS.2003.821611. 

[69] J. Zhang, X. Zhu, M. E. Mondejar, and F. Haglind, "A review of heat transfer 

enhancement techniques in plate heat exchangers," Renewable and Sustainable 

Energy Reviews, vol. 101, pp. 305-328, 2019, doi: 

10.1016/J.RSER.2018.11.017. 

[70] T. Alam and M.-H. Kim, "A comprehensive review on single phase heat transfer 

enhancement techniques in heat exchanger applications," Renewable and 

Sustainable Energy Reviews, vol. 81, pp. 813-839, 2018, doi: 

10.1016/J.RSER.2017.08.060. 

[71] T. Gundepsen and L. Naess, "The synthesis of cost optimal heat exchanger 

networks: An industrial review of the state of the art," Computers & Chemical 

Engineering, vol. 12, pp. 503-530, 1988, doi: 10.1016/0098-1354(88)87002-9. 

[72] K. C. Furman and N. V. Sahinidis, "Computational complexity of heat 

exchanger network synthesis," Computers and Chemical Engineering, vol. 25, 

pp. 1371-1390, 2001, doi: 10.1016/S0098-1354(01)00681-0. 

[73] J. M. Ponce-Ortega and L. G. Hernández-Pérez, "Metaheuristic Optimization 

Programs," in Optimization of Process Flowsheets through Metaheuristic 

Techniques, 2019, pp. 27-51. 

[74] D. Toimil and A. Gómez, "Review of metaheuristics applied to heat exchanger 

network design," International Transactions in Operational Research, vol. 24, 

pp. 7-26, 2017, doi: 10.1111/itor.12296. 

[75] S. Koziel and X.-S. Yang, Computational optimization, methods and algorithms. 

Berlin: Springer, 2011. 

https://docs.ocean.dwavesys.com/projects/qbsolv/en/latest/


 

121 

 

[76] T. F. Edgar, D. M. Himmelblau, and L. S. Lasdon, Optimization of chemical 

processes (McGraw-Hill chemical engineering series). New York: McGraw-

Hill, 2001. 

[77] L. T. Biegler and I. E. Grossmann, "Retrospective on optimization," Computers 

& Chemical Engineering, vol. 28, no. 8, pp. 1169-1192, Jul 15 2004, doi: 

10.1016/j.compchemeng.2003.11.003. 

[78] I. E. Grossmann and L. T. Biegler, "Part II. Future perspective on optimization," 

Computers & Chemical Engineering, vol. 28, no. 8, pp. 1193-1218, Jul 15 2004, 

doi: 10.1016/j.compchemeng. 

[79] C. A. Floudas and C. E. Gounaris, "A review of recent advances in global 

optimization," J Global Optim, vol. 45, no. 1, pp. 3-38, Sep 2009, doi: 

10.1007/s10898-008-9332-8. 

[80]  S. Kirkpatrick, C. D. Gelatt, and M. P. Vecchi, "Optimization by Simulated 

Annealing," in New Series, 1983, vol. 220, pp. 671-680.  

[81] C. A. Mack, "Fifty Years of Moore's Law," IEEE Transactions on 

Semiconductor Manufacturing, vol. 24, no. 2, pp. 202-207, 2011, doi: 

10.1109/TSM.2010.2096437. 

[82] A. Montanaro, "Quantum algorithms: an overview," Npj Quantum Information, 

Review Article vol. 2, p. 15023, 01/12/online 2016, doi: 10.1038/npjqi.2015.23. 

[83] G. E. Santoro and E. Tosatti, "Optimization using quantum mechanics: Quantum 

annealing through adiabatic evolution," Journal of Physics A: Mathematical and 

General, vol. 39, 2006, doi: 10.1016/j.clnu.2018.05.009. 

[84] J. Preskill, "Quantum Computing in the NISQ era and beyond," arXiv e-prints. 

[Online]. Available: https://ui.adsabs.harvard.edu/abs/2018arXiv180100862P 

[85] A. Ajagekar and F. You, "Quantum computing for energy systems optimization: 

Challenges and opportunities," Energy, vol. 179, pp. 76-89, 2019/07/15/ 2019, 

doi: https://doi.org/10.1016/j.energy.2019.04.186. 

[86] T. S. Humble and E. P. DeBenedictis, "Quantum Realism," Computer, vol. 52, 

no. 6, pp. 13-17, 2019, doi: 10.1109/MC.2019.2908512. 

[87] C. Coffrin, H. Nagarajan, and R. Bent, "Evaluating Ising Processing Units with 

Integer Programming," arXiv e-prints. [Online]. Available: 

https://ui.adsabs.harvard.edu/abs/2017arXiv170700355C 

[88]  T. T. Tran et al., "A hybrid quantum-classical approach to solving scheduling 

problems," in Symposium on Combinatorial Search, 2016, 2016.  

[89] E. G. Rieffel, D. Venturelli, B. O’Gorman, M. B. Do, E. M. Prystay, and V. N. 

Smelyanskiy, "A case study in programming a quantum annealer for hard 

operational planning problems," Quantum Information Processing, vol. 14, no. 

1, pp. 1-36, 2015/01/01 2015, doi: 10.1007/s11128-014-0892-x. 

[90] A. Perdomo-Ortiz, N. Dickson, M. Drew-Brook, G. Rose, and A. Aspuru-Guzik, 

"Finding low-energy conformations of lattice protein models by quantum 

annealing," Scientific Reports, Article vol. 2, p. 571, 08/13/online 2012, doi: 

10.1038/srep00571 

https://www.nature.com/articles/srep00571#supplementary-information. 

https://ui.adsabs.harvard.edu/abs/2018arXiv180100862P
https://doi.org/10.1016/j.energy.2019.04.186
https://ui.adsabs.harvard.edu/abs/2017arXiv170700355C
https://www.nature.com/articles/srep00571#supplementary-information


 

122 

 

[91]  D. Venturelli, D. Marchand, and G. Rojo, "Job shop scheduling solver based on 

quantum annealing," in Proc. of ICAPS-16 Workshop on Constraint Satisfaction 

Techniques for Planning and Scheduling (COPLAS), 2016, pp. 25-34.  

[92] F. Neukart, G. Compostella, C. Seidel, D. von Dollen, S. Yarkoni, and B. 

Parney, "Traffic Flow Optimization Using a Quantum Annealer," Frontiers in 

ICT, Technology Report vol. 4, no. 29, 2017-December-20 2017, doi: 

10.3389/fict.2017.00029. 

[93] J. C. Meza and M. L. Martinez, "Direct search methods for the molecular 

conformation problem," Journal of Computational Chemistry, vol. 15, no. 6, pp. 

627-632, 1994/06/01 1994, doi: 10.1002/jcc.540150606. 

[94] D. Applegate and W. Cook, "A Computational Study of the Job-Shop 

Scheduling Problem," ORSA Journal on Computing, vol. 3, no. 2, pp. 149-156, 

1991/05/01 1991, doi: 10.1287/ijoc.3.2.149. 

[95] N. C. Suresh and J. M. Kay, Group technology and cellular manufacturing: a 

state-of-the-art synthesis of research and practice. Boston: Springer Science & 

Business Media, 2012. 

[96] C. D. Maranas and C. A. Floudas, "Global minimum potential energy 

conformations of small molecules," J Global Optim, vol. 4, no. 2, pp. 135-170, 

1994/03/01 1994, doi: 10.1007/BF01096720. 

[97] C. D. Maranas and C. A. Floudas, "A deterministic global optimization approach 

for molecular structure determination," The Journal of chemical physics, vol. 

100, no. 2, pp. 1247-1261, 1994. 

[98] A. T. Phillips and J. B. Rosen, "A Quadratic Assignment Formulation of the 

Molecular-Conformation Problem," J Global Optim, vol. 4, no. 2, pp. 229-241, 

Mar 1994, doi: Doi 10.1007/Bf01096724. 

[99] T. Babej, C. Ing, and M. Fingerhuth, "Coarse-grained lattice protein folding on 

a quantum annealer," arXiv e-prints. [Online]. Available: 

https://ui.adsabs.harvard.edu/abs/2018arXiv181100713B 

[100] N. M. D. Oliveira, R. M. D. A. Silva, and W. R. D. Oliveira, "QUBO formulation 

for the contact map overlap problem," International Journal of Quantum 

Information, vol. 16, no. 08, p. 1840007, 2018/12/01 2018, doi: 

10.1142/S0219749918400075. 

[101] R. S. Judson, M. E. Colvin, J. C. Meza, A. Huffer, and D. Gutierrez, "Do 

intelligent configuration search techniques outperform random search for large 

molecules?," International Journal of Quantum Chemistry, vol. 44, no. 2, pp. 

277-290, 1992/09/05 1992, doi: 10.1002/qua.560440214. 

[102] T. F. Havel, I. D. Kuntz, and G. M. Crippen, "The combinatorial distance 

geometry method for the calculation of molecular conformation. I. A new 

approach to an old problem," Journal of Theoretical Biology, vol. 104, no. 3, pp. 

359-381, 1983/10/07/ 1983, doi: https://doi.org/10.1016/0022-5193(83)90112-

1. 

[103]  R. S. Maier, J. B. Rosen, and G. L. Xue, "A discrete-continuous algorithm for 

molecular energy minimization," in Supercomputing '92:Proceedings of the 

1992 ACM/IEEE Conference on Supercomputing, 16-20 Nov. 1992 1992, pp. 

778-786, doi: 10.1109/SUPERC.1992.236685.  

https://ui.adsabs.harvard.edu/abs/2018arXiv181100713B
https://doi.org/10.1016/0022-5193(83)90112-1
https://doi.org/10.1016/0022-5193(83)90112-1


 

123 

 

[104] G. Xue, "Molecular conformation on the CM-5 by parallel two-level simulated 

annealing," J Global Optim, vol. 4, no. 2, pp. 187-208, 1994/03/01 1994, doi: 

10.1007/BF01096722. 

[105] W. E. Hart, J.-P. Watson, and D. L. Woodruff, "Pyomo: modeling and solving 

mathematical programs in Python," Mathematical Programming Computation, 

vol. 3, no. 3, p. 219, 2011/08/10 2011, doi: 10.1007/s12532-011-0026-8. 

[106] J. Błażewicz, W. Domschke, and E. Pesch, "The job shop scheduling problem: 

Conventional and new solution techniques," European Journal of Operational 

Research, vol. 93, no. 1, pp. 1-33, 1996/08/23/ 1996, doi: 

https://doi.org/10.1016/0377-2217(95)00362-2. 

[107] H. Yu and W. Liang, "Neural network and genetic algorithm-based hybrid 

approach to expanded job-shop scheduling," Computers & Industrial 

Engineering, vol. 39, no. 3, pp. 337-356, 2001/04/01/ 2001, doi: 

https://doi.org/10.1016/S0360-8352(01)00010-9. 

[108] I. Harjunkoski and I. E. Grossmann, "Decomposition techniques for multistage 

scheduling problems using mixed-integer and constraint programming 

methods," Computers & Chemical Engineering, vol. 26, no. 11, pp. 1533-1552, 

2002/11/15/ 2002, doi: https://doi.org/10.1016/S0098-1354(02)00100-X. 

[109] V. Jain and I. E. Grossmann, "Algorithms for hybrid MILP/CP models for a 

class of optimization problems," Informs J Comput, vol. 13, no. 4, pp. 258-276, 

Fal 2001, doi: DOI 10.1287/ijoc.13.4.258.9733. 

[110] U. Wemmerlöv and N. L. Hyer, "Procedures for the part family/machine group 

identification problem in cellular manufacturing," Journal of Operations 

Management, vol. 6, no. 2, pp. 125-147, 1986/02/01/ 1986, doi: 

https://doi.org/10.1016/0272-6963(86)90021-5. 

[111] G. Papaioannou and J. M. Wilson, "The evolution of cell formation problem 

methodologies based on recent studies (1997–2008): Review and directions for 

future research," European Journal of Operational Research, vol. 206, no. 3, 

pp. 509-521, 2010/11/01/ 2010, doi: https://doi.org/10.1016/j.ejor.2009.10.020. 

[112] J. S. Chen and S. S. Heragu, "Stepwise decomposition approaches for large scale 

cell formation problems," European Journal of Operational Research, vol. 113, 

no. 1, pp. 64-79, Feb 16 1999, doi: Doi 10.1016/S0377-2217(97)00419-0. 

[113] R. Lazimy, "Mixed-integer quadratic programming," Mathematical 

Programming, vol. 22, no. 1, pp. 332-349, 1982/12/01 1982, doi: 

10.1007/BF01581047. 

[114] D. Bienstock, "Computational study of a family of mixed-integer quadratic 

programming problems," Mathematical Programming, vol. 74, no. 2, pp. 121-

140, 1996/08/01 1996, doi: 10.1007/BF02592208. 

[115] J. F. Benders, "Partitioning procedures for solving mixed-variables 

programming problems," Numerische Mathematik, vol. 4, no. 1, pp. 238-252, 

1962/12/01 1962, doi: 10.1007/BF01386316. 

[116] P. Toth and D. Vigo, "An Overview of Vehicle Routing Problems," in The 

Vehicle Routing Problem, (Discrete Mathematics and Applications: Society for 

Industrial and Applied Mathematics, 2002, pp. 1-26. 

https://doi.org/10.1016/0377-2217(95)00362-2
https://doi.org/10.1016/S0360-8352(01)00010-9
https://doi.org/10.1016/S0098-1354(02)00100-X
https://doi.org/10.1016/0272-6963(86)90021-5
https://doi.org/10.1016/j.ejor.2009.10.020


 

124 

 

[117] B. L. Golden, S. Raghavan, and E. A. Wasil, The vehicle routing problem: latest 

advances and new challenges. Boston: Springer Science & Business Media, 

2008. 

[118] J. K. Lenstra and A. H. G. R. Kan, "Complexity of vehicle routing and 

scheduling problems," Networks, vol. 11, no. 2, pp. 221-227, 1981/06/01 1981, 

doi: 10.1002/net.3230110211. 

[119] P. Toth and D. Vigo, "Exact Solution of the Vehicle Routing Problem," in Fleet 

Management and Logistics, T. G. Crainic and G. Laporte Eds. Boston, MA: 

Springer US, 1998, pp. 1-31. 

[120] S. Feld et al., "A Hybrid Solution Method for the Capacitated Vehicle Routing 

Problem Using a Quantum Annealer," Frontiers in ICT, Original Research vol. 

6, no. 13, 2019-June-25 2019, doi: 10.3389/fict.2019.00013. 

[121] G. Laporte, "The vehicle routing problem: An overview of exact and 

approximate algorithms," European Journal of Operational Research, vol. 59, 

no. 3, pp. 345-358, 1992/06/25/ 1992, doi: https://doi.org/10.1016/0377-

2217(92)90192-C. 

[122] G. Laporte, M. Gendreau, J. Y. Potvin, and F. Semet, "Classical and modern 

heuristics for the vehicle routing problem," International Transactions in 

Operational Research, vol. 7, no. 4‐5, pp. 285-300, 2000/09/01 2000, doi: 

10.1111/j.1475-3995.2000.tb00200.x. 

[123] P. Munari, T. Dollevoet, and R. Spliet, "A generalized formulation for vehicle 

routing problems," arXiv e-prints. [Online]. Available: 

https://ui.adsabs.harvard.edu/abs/2016arXiv160601935M 

[124] P. Ji, H. Wu, and Y. Wu, "Quadratic Programming for the Vehicle Routing 

Problem," presented at the International Symposium on Operations Research 

and Its Applications. 

[125] T. Benoist, F. Gardi, A. Jeanjean, and B. Estellon, "Randomized Local Search 

for Real-Life Inventory Routing," Transportation Science, vol. 45, no. 3, pp. 

381-398, 2011/08/01 2011, doi: 10.1287/trsc.1100.0360. 

[126] J. Gao and F. You, "Shale Gas Supply Chain Design and Operations toward 

Better Economic and Life Cycle Environmental Performance: MINLP Model 

and Global Optimization Algorithm," ACS Sustainable Chemistry & 

Engineering, vol. 3, no. 7, pp. 1282-1291, 2015/07/06 2015, doi: 

10.1021/acssuschemeng.5b00122. 

[127] Z. Zhong and F. You, "Globally convergent exact and inexact parametric 

algorithms for solving large-scale mixed-integer fractional programs and 

applications in process systems engineering," Computers & Chemical 

Engineering, vol. 61, pp. 90-101, 2014, doi: 

10.1016/J.COMPCHEMENG.2013.10.017. 

[128] S. J. Qin, "Survey on data-driven industrial process monitoring and diagnosis," 

(in English), Annu Rev Control, vol. 36, no. 2, pp. 220-234, Dec 2012, doi: 

10.1016/j.arcontrol.2012.09.004. 

[129] E. Russell, L. H. Chiang, and R. D. Braatz, Data-driven methods for fault 

detection and diagnosis in chemical processes (Advances in industrial control). 

London New York: Springer, 2000, pp. xiii, 192 p. 

https://doi.org/10.1016/0377-2217(92)90192-C
https://doi.org/10.1016/0377-2217(92)90192-C
https://ui.adsabs.harvard.edu/abs/2016arXiv160601935M


 

125 

 

[130] M. Kano et al., "Comparison of multivariate statistical process monitoring 

methods with applications to the Eastman challenge problem," (in English), 

Computers & Chemical Engineering, vol. 26, no. 2, pp. 161-174, Feb 15 2002, 

doi: Pii S0098-1354(01)00738-4 

Doi 10.1016/S0098-1354(01)00738-4. 

[131] C. Shang and F. You, "Data Analytics and Machine Learning for Smart Process 

Manufacturing: Recent Advances and Perspectives in the Big Data Era," 

Engineering, 2019/10/18/ 2019, doi: https://doi.org/10.1016/j.eng.2019.01.019. 

[132] J. MacGregor and A. Cinar, "Monitoring, fault diagnosis, fault-tolerant control 

and optimization: Data driven methods," (in English), Computers & Chemical 

Engineering, vol. 47, pp. 111-120, Dec 20 2012, doi: 

10.1016/j.compchemeng.2012.06.017. 

[133] L. Luo, R. J. Lovelett, and B. A. Ogunnaike, "Hierarchical monitoring of 

industrial processes for fault detection, fault grade evaluation, and fault 

diagnosis," AIChE Journal, vol. 63, no. 7, pp. 2781-2795, 2017, doi: 

10.1002/aic.15662. 

[134] A. Ajagekar, T. Humble, and F. You, "Quantum computing based hybrid 

solution strategies for large-scale discrete-continuous optimization problems," 

Computers & Chemical Engineering, vol. 132, p. 106630, 2020/01/04/ 2020, 

doi: https://doi.org/10.1016/j.compchemeng.2019.106630. 

[135]  T. T. Tran et al., "A Hybrid Quantum-Classical Approach to Solving 

Scheduling Problems," in Symposium on Combinatorial Search, 2016.  

[136] N. Wiebe, D. Braun, and S. Lloyd, "Quantum Algorithm for Data Fitting," (in 

English), Physical Review Letters, vol. 109, no. 5, Aug 2 2012, doi: ARTN 

050505 

10.1103/PhysRevLett.109.050505. 

[137] S. Aaronson, "Read the fine print," (in English), Nat Phys, vol. 11, no. 4, pp. 

291-293, Apr 2015, doi: 10.1038/nphys3272. 

[138] X. Gao, Z. Zhang, and L. Duan, "An efficient quantum algorithm for generative 

machine learning," arXiv e-prints. [Online]. Available: 

https://ui.adsabs.harvard.edu/abs/2017arXiv171102038G 

[139] S. H. Adachi and M. P. Henderson, "Application of quantum annealing to 

training of deep neural networks," arXiv preprint arXiv:1510.06356, 2015. 

[140] I. Kerenidis and A. Prakash, "Quantum Recommendation Systems," arXiv e-

prints. [Online]. Available: 

https://ui.adsabs.harvard.edu/abs/2016arXiv160308675K 

[141] L. H. Chiang, E. L. Russell, and R. D. Braatz, "Fault diagnosis in chemical 

processes using Fisher discriminant analysis, discriminant partial least squares, 

and principal component analysis," (in English), Chemometr Intell Lab, vol. 50, 

no. 2, pp. 243-252, Mar 13 2000, doi: Doi 10.1016/S0169-7439(99)00061-1. 

[142] S. Yin, S. X. Ding, A. Haghani, H. Y. Hao, and P. Zhang, "A comparison study 

of basic data-driven fault diagnosis and process monitoring methods on the 

benchmark Tennessee Eastman process," (in English), Journal of Process 

Control, vol. 22, no. 9, pp. 1567-1581, Oct 2012, doi: 

10.1016/j.jprocont.2012.06.009. 

https://doi.org/10.1016/j.eng.2019.01.019
https://doi.org/10.1016/j.compchemeng.2019.106630
https://ui.adsabs.harvard.edu/abs/2017arXiv171102038G
https://ui.adsabs.harvard.edu/abs/2016arXiv160308675K


 

126 

 

[143] V. Venkatasubramanian, R. Rengaswamy, S. N. Kavuri, and K. Yin, "A review 

of process fault detection and diagnosis Part III: Process history based methods," 

(in English), Computers & Chemical Engineering, vol. 27, no. 3, pp. 327-346, 

Mar 15 2003, doi: Pii S0098-1354(02)00162-X 

Doi 10.1016/S0098-1354(02)00162-X. 

[144] L. H. Chiang, M. E. Kotanchek, and A. K. Kordon, "Fault diagnosis based on 

Fisher discriminant analysis and support vector machines," (in English), 

Computers & Chemical Engineering, vol. 28, no. 8, pp. 1389-1401, Jul 15 2004, 

doi: 10.1016/j.compchemeng.2003.10.002. 

[145] J. M. Lee, C. K. Yoo, and I. B. Lee, "Statistical process monitoring with 

independent component analysis," (in English), Journal of Process Control, vol. 

14, no. 5, pp. 467-485, Aug 2004, doi: 10.1016/j.jprocont.2003.09.004. 

[146] J. F. Macgregor, C. Jaeckle, C. Kiparissides, and M. Koutoudi, "Process 

Monitoring and Diagnosis by Multiblock Pls Methods," (in English), Aiche 

Journal, vol. 40, no. 5, pp. 826-838, May 1994, doi: DOI 

10.1002/aic.690400509. 

[147] M. Kano, S. Hasebe, I. Hashimoto, and H. Ohno, "A new multivariate statistical 

process monitoring method using principal component analysis," (in English), 

Computers & Chemical Engineering, vol. 25, no. 7-8, pp. 1103-1113, Aug 15 

2001, doi: Doi 10.1016/S0098-1354(01)00683-4. 

[148] J. M. Lee, S. J. Qin, and I. B. Lee, "Fault detection and diagnosis based on 

modified independent component analysis," (in English), Aiche Journal, vol. 52, 

no. 10, pp. 3501-3514, Oct 2006, doi: 10.1002/aic.10978. 

[149] Q. P. He, S. J. Qin, and J. Wang, "A new fault diagnosis method using fault 

directions in fisher discriminant analysis," (in English), Aiche Journal, vol. 51, 

no. 2, pp. 555-571, Feb 2005, doi: 10.1002/aic.10325. 

[150] J. C. Hoskins, K. M. Kaliyur, and D. M. Himmelblau, "Fault-Diagnosis in 

Complex Chemical-Plants Using Artificial Neural Networks," (in English), 

Aiche Journal, vol. 37, no. 1, pp. 137-141, Jan 1991, doi: DOI 

10.1002/aic.690370112. 

[151] T. Sorsa and H. N. Koivo, "Application of Artificial Neural Networks in-Process 

Fault-Diagnosis," (in English), Automatica, vol. 29, no. 4, pp. 843-849, Jul 1993, 

doi: Doi 10.1016/0005-1098(93)90090-G. 

[152] V. Venkatasubramanian and K. Chan, "A Neural Network Methodology for 

Process Fault-Diagnosis," (in English), Aiche Journal, vol. 35, no. 12, pp. 1993-

2002, Dec 1989, doi: DOI 10.1002/aic.690351210. 

[153] M. J. Willis, G. A. Montague, C. Dimassimo, M. T. Tham, and A. J. Morris, 

"Artificial Neural Networks in Process Estimation and Control," (in English), 

Automatica, vol. 28, no. 6, pp. 1181-1187, Nov 1992, doi: Doi 10.1016/0005-

1098(92)90059-O. 

[154] F. Y. Lv, C. L. Wen, Z. J. Bao, and M. Q. Liu, "Fault Diagnosis Based on Deep 

Learning," (in English), P Amer Contr Conf, pp. 6851-6856, 2016. [Online]. 

Available: <Go to ISI>://WOS:000388376106150. 

[155] Z. P. Zhang and J. S. Zhao, "A deep belief network based fault diagnosis model 

for complex chemical processes," (in English), Computers & Chemical 



 

127 

 

Engineering, vol. 107, pp. 395-407, Dec 5 2017, doi: 

10.1016/j.compchemeng.2017.02.041. 

[156] K. B. Lee, S. Cheon, and C. O. Kim, "A Convolutional Neural Network for Fault 

Classification and Diagnosis in Semiconductor Manufacturing Processes," (in 

English), Ieee Transactions on Semiconductor Manufacturing, vol. 30, no. 2, pp. 

135-142, May 2017, doi: 10.1109/Tsm.2017.2676245. 

[157] H. Wu and J. S. Zhao, "Deep convolutional neural network model based 

chemical process fault diagnosis," (in English), Computers & Chemical 

Engineering, vol. 115, pp. 185-197, Jul 12 2018, doi: 

10.1016/j.compchemeng.2018.04.009. 

[158] T. Albash and D. A. Lidar, "Adiabatic quantum computation," (in English), Rev 

Mod Phys, vol. 90, no. 1, Jan 29 2018, doi: ARTN 015002 

10.1103/RevModPhys.90.015002. 

[159] A. Lucas, "Ising formulations of many NP problems," Frontiers in Physics, vol. 

2, no. 5, 2014-February-12 2014, doi: 10.3389/fphy.2014.00005. 

[160] S. Okada, M. Ohzeki, M. Terabe, and S. Taguchi, "Improving solutions by 

embedding larger subproblems in a D-Wave quantum annealer," (in English), 

Scientific Reports, vol. 9, Feb 14 2019, doi: ARTN 2098 

10.1038/s41598-018-38388-4. 

[161] J. Roland and N. J. Cerf, "Noise resistance of adiabatic quantum computation 

using random matrix theory," Physical Review A, vol. 71, March 01, 2005 2005. 

[Online]. Available: https://ui.adsabs.harvard.edu/abs/2005PhRvA..71c2330R. 

[162] D. S. Wild, S. Gopalakrishnan, M. Knap, N. Y. Yao, and M. D. Lukin, 

"Adiabatic Quantum Search in Open Systems," (in English), Physical Review 

Letters, vol. 117, no. 15, Oct 6 2016, doi: ARTN 150501 

10.1103/PhysRevLett.117.150501. 

[163] M. H. Amin, P. J. Love, and C. J. Truncik, "Thermally assisted adiabatic 

quantum computation," Phys Rev Lett, vol. 100, no. 6, p. 060503, Feb 15 2008, 

doi: 10.1103/PhysRevLett.100.060503. 

[164] E. R. David and L. M. James, "Information Processing in Dynamical Systems: 

Foundations of Harmony Theory," in Parallel Distributed Processing: 

Explorations in the Microstructure of Cognition: Foundations: MITP, 1987, pp. 

194-281. 

[165] G. E. Hinton and R. R. Salakhutdinov, "Reducing the dimensionality of data 

with neural networks," (in English), Science, vol. 313, no. 5786, pp. 504-507, 

Jul 28 2006, doi: 10.1126/science.1127647. 

[166] R. Salakhutdinov, A. Mnih, and G. Hinton, "Restricted Boltzmann machines for 

collaborative filtering," presented at the Proceedings of the 24th international 

conference on Machine learning, Corvalis, Oregon, USA, 2007. 

[167]  A.-r. Mohamed and G. Hinton, "Phone recognition using restricted boltzmann 

machines," in 2010 IEEE International Conference on Acoustics, Speech and 

Signal Processing, 2010: IEEE, pp. 4354-4357.  

[168] A. Fischer and C. Igel, "Training restricted Boltzmann machines: An 

introduction," (in English), Pattern Recogn, vol. 47, no. 1, pp. 25-39, Jan 2014, 

doi: 10.1016/j.patcog.2013.05.025. 

https://ui.adsabs.harvard.edu/abs/2005PhRvA..71c2330R


 

128 

 

[169] J. J. Hopfield, "Neural networks and physical systems with emergent collective 

computational abilities," Proceedings of the national academy of sciences, vol. 

79, no. 8, pp. 2554-2558, 1982. 

[170] G. E. Hinton, "A Practical Guide to Training Restricted Boltzmann Machines," 

in Neural Networks: Tricks of the Trade: Second Edition, G. Montavon, G. B. 

Orr, and K.-R. Müller Eds. Berlin, Heidelberg: Springer Berlin Heidelberg, 

2012, pp. 599-619. 

[171] G. E. Hinton, "Training products of experts by minimizing contrastive 

divergence," (in English), Neural Comput, vol. 14, no. 8, pp. 1771-1800, Aug 

2002, doi: Doi 10.1162/089976602760128018. 

[172] G. Hinton, "Deep belief networks," Scholarpedia, p. 5947, 2009, doi: 

doi::10.4249/scholarpedia.5947. 

[173] M. Welling, M. Rosen-Zvi, and G. Hinton, Exponential family harmoniums with 

an application to information retrieval (Proceedings of the 17th International 

Conference on Neural Information Processing Systems). Vancouver, British 

Columbia, Canada: MIT Press, 2004, pp. 1481–1488. 

[174] G. E. Hinton, S. Osindero, and Y.-W. Teh, "A fast learning algorithm for deep 

belief nets," Neural Comput, vol. 18, no. 7, pp. 1527-1554, 2006. 

[175] A. K. Jain and B. Chandrasekaran, "39 Dimensionality and sample size 

considerations in pattern recognition practice," in Handbook of Statistics, vol. 2: 

Elsevier, 1982, pp. 835-855. 

[176] A. Perdomo-Ortiz, B. O'Gorman, J. Fluegemann, R. Biswas, and V. N. 

Smelyanskiy, "Determination and correction of persistent biases in quantum 

annealers," Sci Rep, vol. 6, p. 18628, Jan 19 2016, doi: 10.1038/srep18628. 

[177] Z. Bian, F. Chudak, W. Macready, A. Roy, R. Sebastiani, and S. Varotti, 

"Solving sat and maxsat with a quantum annealer: Foundations, encodings, and 

preliminary results," arXiv preprint arXiv:1811.02524, 2018. 

[178] M. Benedetti, J. Realpe-Gómez, R. Biswas, and A. Perdomo-Ortiz, "Estimation 

of effective temperatures in quantum annealers for sampling applications: A 

case study with possible applications in deep learning," Physical Review A, vol. 

94, no. 2, p. 022308, 08/09/ 2016, doi: 10.1103/PhysRevA.94.022308. 

[179] K. E. S. Pilario, Y. Cao, and M. Shafiee, "Mixed kernel canonical variate 

dissimilarity analysis for incipient fault monitoring in nonlinear dynamic 

processes," (in English), Computers & Chemical Engineering, vol. 123, pp. 143-

154, Apr 6 2019, doi: 10.1016/j.compchemeng.2018.12.027. 

[180] S. J. Reddi, S. Kale, and S. Kumar, "On the Convergence of Adam and Beyond," 

arXiv e-prints. [Online]. Available: 

https://ui.adsabs.harvard.edu/abs/2019arXiv190409237R 

[181] J. J. Downs and E. F. Vogel, "A Plant-Wide Industrial-Process Control 

Problem," (in English), Computers & Chemical Engineering, vol. 17, no. 3, pp. 

245-255, Mar 1993, doi: Doi 10.1016/0098-1354(93)80018-I. 

[182]  I. Sutskever and T. Tieleman, "On the convergence properties of contrastive 

divergence," in Proceedings of the thirteenth international conference on 

artificial intelligence and statistics, 2010, pp. 789-795.  

 

https://ui.adsabs.harvard.edu/abs/2019arXiv190409237R

	ABSTRACT
	BIOGRAPHICAL SKETCH
	ACKNOWLEDGMENTS
	TABLE OF CONTENTS
	LIST OF FIGURES
	LIST OF TABLES
	LIST OF ABBREVIATIONS
	CHAPTER 1
	1.1   Introduction
	1.2   Quantum Circuit Model
	1.3   Quantum Annealing based model

	CHAPTER 2
	2.1   Introduction
	2.2   Facility location-allocation in energy systems optimization
	2.2.1   IBM Q’s quantum computer
	2.2.2   D-wave’s quantum annealers
	2.2.3   Results

	2.3   Unit commitment problem
	2.3.1   Implementation
	2.3.2   Results

	2.4   Heat exchanger network synthesis
	2.4.1   Implementation
	2.4.2   Results

	2.5   Discussion
	2.6   Conclusion
	2.7   Nomenclature

	CHAPTER 3
	3.1   Introduction
	3.2   Overview of Quantum Optimization Application Domains
	3.3   QC for Molecular Conformations in Molecular/Product Design
	3.3.1   Model Formulation
	3.3.2   Hybrid QC-Partitioning Algorithm
	3.3.3   Computational Results

	3.4   QC for Job-shop Scheduling
	3.4.1   Model Formulation
	3.4.2   Hybrid QC-MILP Decomposition Method
	3.4.3   Computational Results

	3.5   QC for Manufacturing Cell Formation
	3.5.1   Model Formulation
	3.5.2   Hybrid QC-MIQP Stepwise Decomposition Method
	3.5.3   Computational Results

	3.6   QC for Vehicle Routing
	3.6.1   Model Formulation
	3.6.2   Hybrid QC-IQFP Parametric Method
	3.6.3   Computational Results

	3.7   Conclusion
	3.8   Nomenclature

	CHAPTER 4
	4.1   Introduction
	4.2   Background
	4.2.1   Adiabatic Quantum Computing
	4.2.2   Restricted Boltzmann Machine

	4.3   Quantum Computing-based Fault Diagnosis Model
	4.3.1   Quantum Generative Training
	4.3.2   Discriminative Training

	4.4   Application: Continuous Stirred Tank Reactor
	4.4.1   Experimental Settings
	4.4.2   Fault Detection

	4.5   Application: Tennessee Eastman Process
	4.5.1   Experimental Settings
	4.5.2   Fault Detection
	4.5.3   Fault Identification

	4.6   Quantum Advantage
	4.7   Conclusion

	REFERENCES

