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The glycocalyx is a thick coat of proteins and carbohydrates on the outer surface of 

all eukaryotic cells. Overproduction of large, flexible or rod-like biopolymers, including 

hyaluronic acid and mucins in the glycocalyx strongly correlates with aggression of 

many cancer types. However, theoretical frameworks to predict the effects of these 

changes on cancer cell adhesion and other biophysical processes remain limited. A 

detailed modeling framework is proposed for the glycocalyx, incorporating important 

physical effects of biopolymer flexibility, excluded volume, counterion osmotic 

pressure, and coupled membrane deformations. Since the stiffness of mucin and 

hyaluronic biopolymers is proposed to depend on the extent of their decoration with 

side chains, two limiting cases for the structural elements of the glycocalyx are 

considered: stiff beams and flexible chains. Three applications are considered for the 

models: 

 

1. Cancer cells frequently experience significant compressive stresses as they 

migrate through confined spaces between tissues or exist in highly packed tumors. The 

modeling frameworks were applied to characterize the mechanical response and 

structure of the glycocalyx and cell surface as a cancer cell is compressed externally. 2. 
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Cancer cells use amoeboid motility to move at fast rates, often using bleb-like 

protrusions on the cell surface. Cells internally pressurize their cytosol to generate these 

blebs-like protrusions. Simulations of the models reveal the length and time scales at 

which the glycocalyx naturally deforms under a cytosolic pressure. 3. Cancer cells 

typically exhibit tube-like and bleb-like protrusions on the apical surface. Polymer brush 

theory explains the formation of these curved structures due to intermolecular 

interactions between flexible chains. 
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CHAPTER 11 

GENERAL INTRODUCTION 

 

The glycocalyx is a thick coat of proteins and carbohydrates on the outer surface of 

all eukaryotic cells (Fig. 1.1). Overproduction of molecular species in the glycocalyx is 

heavily correlated with aggression of many cancer types. Notably, a class of large, 

heavily glycosylated proteins called mucins are often over-expressed in cancers and can 

predict poor patient prognosis (Kaur et al., 2013; Kufe, 2009). A prominent mucin, 

Muc1, is the second most potent biomarker for cancer. Abundant production of another 

significant component, Hyaluronic acid (HA), in the tumor often correlates with the 

lethality of the disease. The glycocalyx has been strongly implicated in cancer and has 

been relatively well-studied from the biochemical signaling standpoint. However, a 

detailed understanding of the physical roles of the glycocalyx in cancerous states is 

underdeveloped. While the glycocalyx is understood to act as a protective barrier on the 

outer surface of cells, the possibilities of more advanced biophysical and mechanical 

functionalities have only recently started to be explored (Kuo et al., 2018). 

 

                                                           
Fig. 1.1 in this chapter is adapted from (Alberts et al., 2007). 
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Fig. 1.1. The glycocalyx is a dense layer of proteins and carbohydrates on the surface 

of most eukaryotic cells. An electron micrograph captures the glycocalyx at the outer surface 

of a cell. Figure adapted from (Alberts et al., 2007). 

 

The glycocalyx contains linear polymer chains and bottlebrush polyelectrolytes. 

Linear polyelectrolytes are unbranched polymers with a charged repeating unit. 

Negatively charged linear polymers such as HA are overproduced in the glycocalyx for 

a wide spectrum of metastatic cancer cells (Turley et al., 2016). On the other hand, 

bottlebrush polymers are macromolecules containing a linear polymer backbone 

decorated with oligomeric sugar side-chains. The length of the side chains as well as the 

composition of the sugar residues or glycans in the bottlebrushes can show huge 

variability. Bottlebrush molecules such as mucins typically contain negatively charged 

sugar residues, including terminal sialic acids. Both the linear and bottlebrush 

polyelectrolytes form enormous structures on the cell surface. For example, the mucin 

Muc1 can extend up to 200 nm from the cell surface (Brayman et al., 2004; Gendler, 

2001). Owing to the large size of the glycocalyx polymers relative to other molecules 

on the cell surface, including cell adhesion receptors such as integrins, the mucinous 

polymers are likely to be major force-bearing elements within the cancer glycocalyx. 
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Numerical modeling finds utility aiding measurements in systems challenging to 

probe experimentally. There exist several challenges with experimentally investigating 

the glycocalyx, yet numerical modeling has only recently started to be explored for the 

glycocalyx (Paszek et al., 2009). To build on the current state-of-the-art in glycocalyx 

modeling and to understand more sophisticated physical roles of the glycocalyx in 

cancer, we constructed a detailed numerical model presented in this dissertation. 

 

The flexibilities of linear polyelectrolytes such as HA and bottlebrush structures 

such as Muc1 are described by an intrinsic property of polymers called persistence 

length (Cohen et al., 2004) (Fig. 1.2A), which is roughly the length that a segment of a 

polymer will look and behave rod-like (Skolnick and Fixman, 1977). The persistence 

length provides a useful description of a polymer’s shape and mechanical behavior. 

Polymers whose overall contour length is much longer than the persistence length adopt 

a random-coil configuration and compress more like a spring. Polymers whose overall 

size is comparable or smaller than the persistence length appear rod-like and compress 

and flex like a beam. 

 

The conformation and physical properties of the bottlebrush macromolecules are 

controlled by the steric repulsion between their densely grafted side chains (Paturej et 

al., 2016) (Fig. 1.2B-D). Increase in grafting density or length of the side chains, i.e. 

increase in the frequency or extent of glycosylation, enhances the crowding of side 
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chains on the bottlebrush backbone. The consequently stronger steric repulsions 

between side chains in the crowded environment can stretch the bottlebrush into a stiffer 

structure (Paturej et al., 2016; Subbotin et al., 2000). Simulations have predicted the 

persistence length of a bottlebrush polymer with high side chain density to be 

approximately the same as the length of the side chains (Paturej et al., 2016). The length 

of glycan side chains is estimated to be 5-10 nm for mucins (Kesimer et al., 2013; 

McMaster et al., 1999), and correspondingly, some mucins are known to have 

persistence lengths of about 10 nm as well (Bansil and Turner, 2006; Cao et al., 1999). 

However, some reports indicate that the persistence length of certain mucins can be 100 

nm or more (Sheehan et al., 1986). 

 

On the other hand, HA has a persistence length of about 5 nm in physiological 

solutions, which is much smaller than its molecular contour length. A HA chain adopts 

a random coil configuration in the absence of intermolecular interactions to maximize 

its entropy (Cohen et al., 2004). When grafted onto a surface at densities large enough 

to invoke intermolecular interactions, the HA chains would stretch out to minimize 

steric and electrostatic interactions. This density-dependent behavior resembles that of 

a polymer brush, which is a network of polymers attached to a substrate (Fig. 1.2E-F). 

 

Given the wide variety of persistence length and structures of the glycocalyx 

constituents described above, we consider two limiting cases for these molecules in our 

modeling framework: bendable beams and flexible chains. For heavily glycosylated 
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bottlebrush polyelectrolytes, we consider individual molecules to resemble structural 

beams and apply nonlinear beam theory to describe their mechanical behavior. Beam 

theory implements linear elasticity to predict the bending deformations of structural 

elements due to forces and force dipoles. For linear polysaccharides and weakly 

glycosylated branched chains, we consider the glycocalyx collectively as a polymer 

brush and take advantage of well-developed polymer physics theories. These theories 

describe the behavior of flexible chains able to explore several conformations but 

tethered to a substrate and capture the ensemble averaged structure of the brush. 
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Fig. 1.2. Physical aspects of polymers.  A. The persistence length, 𝑙𝑝, of a polymer is the length 

scale over which the molecule does not bend. The persistence length is directly proportional to 

polymer bending stiffness. A flexible polymer with 𝑙𝑝 ≪ 𝑙 adopts a coiled-up shape without any 

external forces. On the other hand, a polymer with 𝑙𝑝 ≫ 𝑙 does not bend in absence of external 

effects, and thus, is rod-like stiff. Polymers with comparable length scales 𝑙𝑝 ≈ 𝑙 fall in between, 

possessing intermediate stiffness and adopting partially deformed configurations. B-D. 

Bottlebrush polymers are composed of side chains attached to a polymer backbone and their 

structures are controlled by the density and length of the attached side chains. Bottlebrush 

polymers with short and infrequent side chains adopt flexible structures (B). Moderate increase 

in glycan frequency or glycan extension stretches out the bottlebrushes partially and enhances 

the persistence length (C). Heavily glycosylated bottlebrush polymers with high glycan 

frequency and extension are extended into stiff rod-like structures with a large persistence length 

(D). E-F. Polymers attached to a substrate with a characteristic polymer size, 𝑅, and a spacing 

between polymers of 𝐷 exhibit two regimes of physical behavior. Mushroom regime (E): At 

low densities such that 𝐷 > 𝑅, polymers do not sense neighboring molecules. Brush regime (F): 

At high surface concentrations, polymers experience steric repulsion with neighbors, and to 

reduce crowding, they extend out into a brush-like structure. 

 

The polyelectrolytes in the glycocalyx contain considerable concentrations of 

negatively charged groups. Since these groups are tethered to molecules in the 

glycocalyx, counterions from the surrounding fluid are attracted into the glycocalyx to 

neutralize the charged groups. This creates an imbalance between the concentration of 

ions in the glycocalyx and in the immediate surroundings, known in literature as Donnan 

equilibrium. We consider the resultant osmotic pressure of the counterions in our 

modeling framework. 
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Given the bulky nature of some of the components of the glycocalyx, steric 

interactions can be important at high polymer densities. We consider excluded volume 

interactions, which dictate that no two molecules can occupy the same space at the same 

instant. 

 

To gain insight into the potential reorganization of the glycocalyx due to different 

stimuli, we incorporate effects of transport within the glycocalyx. A lipid bilayer is a 

simple model for the cell membrane and a lipid bilayer resembles a two-dimensional 

fluid. Transmembrane molecules including the glycocalyx constituents can thus migrate 

laterally in the plane of the membrane. The mechanical loads on the structural elements 

of the glycocalyx make them translate on the membrane. We incorporate this force-

driven migration as well as diffusion of the molecules on the cell surface. 

 

We apply the modeling frameworks to simulate the glycocalyx in the biological 

phenomena summarized below. The subsequent chapters present the information 

presented in this introduction in finer detail and place it in more specific contexts. 

 

1.1 External mechanical compression of the glycocalyx during metastasis 

 

Cancer cells experience significant external pressures when passing through 

confined tissue spaces during metastasis or when residing in an overgrowing tumor 

(Denais et al., 2016; Helmlinger et al., 1997). While mucins, GAGs and other large 
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glycoproteins have been known to be squeezed out of tight spaces (Paszek et al., 2014; 

Sabri et al., 2000; Ward and Hammer, 1992), the effects of external solid stresses on the 

structure and organization of the glycocalyx and the cell membrane are not well-known. 

Chapter 2 describes an equilibrium modeling framework for the glycocalyx and applies 

it to predict the organization and shape of the glycocalyx and the cell membrane under 

external mechanical compression. 

 

1.2 Internal compression of the glycocalyx during amoeboid motility 

 

Cancer cells exhibit non-conventional modes of movement for fast migration during 

metastasis. Contrary to the traditional adhesion-dependent treadmilling mechanism, 

cancer cells can use spherical membrane protrusions called blebs to generate propulsion 

(Charras and Paluch, 2008). Blebs grow and retract in a cyclical and dynamic manner 

through modulations in the internal cytosolic pressure. While physical modeling for 

blebs exists in literature (Strychalski and Guy, 2013, 2016), the glycocalyx has for most 

part been ignored. Thus, Chapter 3 demonstrates a modeling framework that can capture 

the transient structure and organization of the cancer glycocalyx and cell surface in the 

presence of a cytosolic pressure. Chapter 3 modifies the modeling formulation from 

Chapter 2 by incorporating a cytosolic pressure on the glycocalyx and the dynamics of 

the glycocalyx elements. 

 

1.3 Generation of deformed cancer cell membrane shapes by the glycocalyx 
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The surface of cancer cells is covered with abundant curved structures such as 

cylindrical tubes and spherical blebs. Aggressive tumor cells use these protrusions for a 

variety of functions including adhesion, friction generation for migration, and 

intercellular communication (Antonyak et al., 2011; Becker et al., 2016; Bergert et al., 

2015; Friedl and Wolf, 2010; Kramer and Nicolson, 1979; Liu et al., 2018; Lou et al., 

2012). While cytoskeletal forces have been proposed to create these deformations, 

contributions from the glycocalyx, overproduced in cancer cells, have been mostly 

ignored. Chapter 4 details a modeling framework and experimental observations 

describing the glycocalyx-derived driving forces for the formation of these membrane 

shapes. Chapter 4 elaborates upon the polymer brush modeling framework in Chapter 2 

to evaluate these membrane shapes. 

  



10 
 

CHAPTER 2 

MECHANICS OF BENDABLE BEAMS AND FLEXIBLE CHAINS 

IN A COMPRESSED CANCER GLYCOCALYX 

 

This chapter is adapted from a manuscript published in Biophysical Journal (Gandhi et 

al., 2019). 

 

2.1 Introduction 

 

In living systems, proteins and carbohydrate chains called glycans are concentrated 

on the cell surface in a complex structure named the glycocalyx. From a mechanical 

perspective, the glycocalyx has long been recognized to function as a physical barrier 

that resists host-pathogen interactions and modulates adhesion between cells and with 

the extracellular matrix (ECM). However, more sophisticated roles for the glycocalyx 

in living systems have been described (Kuo et al., 2018). For instance, by maintaining 

the spacing between adhesion receptors on one cell and ligands tethered to the ECM, 

the glycocalyx can regulate the spatiotemporal dynamics of adhesive bond formation 

and the activation of associated signaling pathways (Paszek et al., 2014). 

Macromolecular crowding in the glycocalyx is also proposed to control the diffusion of 

receptors on the same cell surface and to have a sieving effect that controls the passage 

of soluble factors from the microenvironment to the cell surface (Chapanian et al., 
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2014). The physical principles that underlie the ability to regulate macromolecular 

transport and biomolecular interactions are general. Thus, changes in the molecular 

organization of the glycocalyx could have broad consequences on receptor dynamics at 

the cell surface. 

 

Recent reports have identified strong correlations between the excess synthesis of 

large macromolecules in the glycocalyx and cancer aggression. Notably, a class of large, 

heavily glycosylated proteins called mucins are often over-expressed in cancers and can 

predict poor patient prognosis (Kaur et al., 2013; Kufe, 2009). Mucins are defined by 

their densely clustered O-glycans along the central polypeptide backbone, giving rise to 

a molecular structure that resembles a comb or bottlebrush polymer. The bottlebrush 

structure is proposed to vary from flexible chains to relatively rigid rods upon increasing 

the glycosylation and the density of glycan side chains along the mucin backbone 

(Kramer et al., 2015). Assembly of other biopolymer types on the cell surface has also 

been linked to cancer (Kuo et al., 2018). Abundant production of linear polysaccharides 

called glycosaminoglycans (GAGs) is predictive of the aggressiveness of several 

cancers. In particular, hyaluronic acid (HA), a polysaccharide composed of repeating 

disaccharide units, strongly correlates with diverse cancer types (Bohaumilitzky et al., 

2017; McAtee et al., 2014; Turley et al., 2016). HA molecules typically resemble 

flexible chains, although decoration with proteoglycans such as aggrecans and versicans 

can rigidify and extend the chains (Chang et al., 2016). 
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Owing to their large size, mucins and GAGs can extend far above other 

glycoproteins and receptors on the cell surface, and thus, are likely to be major force-

bearing elements within the cancer glycocalyx. Multiple reports have indicated that 

forces imposed on these large macromolecules can trigger their rearrangement within 

the glycocalyx. Notably, mucins, GAGs, and other large glycoproteins are squeezed out 

of tight interfaces formed by cell-cell and cell-ECM contacts (Paszek et al., 2014; Sabri 

et al., 2000; Ward and Hammer, 1992). Although less well studied, other stresses on the 

cell surface in the tumor microenvironment or metastatic niches are thought to influence 

the organization of the glycocalyx. Cancer cells are subjected to up to 10 kPa of 

compressive stresses from adjoining solids in tumor due to cellular growth in confined 

tissue spaces (Helmlinger et al., 1997). Cancer cells also are significantly compressed 

during metastatic dissemination through small pores in the ECM and other confined 

tissue spaces (Denais et al., 2016). How these various compressive stresses deform the 

structure of the glycocalyx and induce its rearrangement is generally unresolved. 

 

While advancements in atomic force microscopy and super-resolution optical 

imaging have the potential to offer new physical insight into the glycocalyx, theoretical 

frameworks of understanding for the glycocalyx and its response to force still remain at 

a rudimentary state of development. Past models have described the glycocalyx as a 

simple network of linear springs (Atilgan and Ovryn, 2009; Paszek et al., 2009; Samadi-

Dooki et al., 2015; Sarvestani, 2013) or beams (Han et al., 2006; Weinbaum et al., 

2003), and have neglected more complex effects of intermolecular repulsion, excluded 
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volume, osmotic pressure, and counterion entropy. Current models also typically 

assume small membrane deformations (Atilgan and Ovryn, 2009; Lin and Brown, 2004; 

Lin et al., 2006; Reister et al., 2011; Sarvestani, 2013), which may poorly approximate 

the membrane response when a thick, cancer-associated glycocalyx is loaded. 

 

To address the limitations in the current state-of-the-art in glycocalyx modeling, we 

have developed a new theoretical treatment that provides a detailed physical description 

of the glycocalyx, coupled with models for force-dependent mobility of glycocalyx 

constituents and nonlinear membrane deformation. The simulations presented here also 

elucidate how the flexibility of the glycocalyx elements impacts the mechanics of the 

glycocalyx, by considering the limiting cases of flexible chains and stiff rods. The 

computations additionally capture the importance of effects of counterion entropy and 

excluded volume interactions. The model parameters are considered in the context of 

cancer cells, but the modeling framework is general and can be extended to simulate the 

glycocalyx of other cell types that display high levels of mucins and GAGs, such as 

chondrocytes and epithelial and mesothelial cells. 

 

2.2 Model summary 

 

In the model presented in this paper, we incorporate the mechanics of the membrane 

and the glycocalyx elements, alongside the transport and diffusion of these molecules 

on the membrane. Additionally, the computational framework considers the steric 
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interactions between the components of the glycocalyx, and the effects of counterion 

imbalance due to charged residues in the layer. 

 

We assume that extended glycoproteins, such as mucins, or polysaccharides, like 

hyaluronic acid, tower above other macromolecules on the cell surface and are the major 

force-bearing elements of the glycocalyx. Since mucins and GAGs are proposed to vary 

in physical structure from flexible chains to rigid rods, we model the structural elements 

on the glycocalyx by considering two limiting cases: stiff elements acting as beams and 

soft elements resembling flexible chains. In each case, we assume that the structural 

elements are anchored at one end to the plasma membrane, as would be the case for cell 

surface mucins that have a transmembrane domain and for HA macromolecules that can 

be anchored at their ends by hyaluronic acid synthase or specific receptors such as 

CD44. Thus, in our model, the collection of glycocalyx structural elements resembles 

bristles on a surface and a polymer brush for the two limiting cases. 

 

The structural elements of the glycocalyx occupy finite space and experience steric 

interactions when in proximity of neighboring elements. We consider these steric effects 

by incorporating a crowding pressure for the beam-like elements and considering 

excluded volume contributions to free energy for the flexible polymer brush. The acidic 

sugar residues of mucins and GAGs typically are deionized and have a negative charge 

at neutral pH. Positively charged counterions must be recruited from the bulk to 

maintain charge neutrality of the glycocalyx. Thus, the ionic density of the glycocalyx 



15 
 

(in a salt-free solution) and the ionic strength of the bulk solution that bathes the cell 

govern the density of counterions mobilized to the glycocalyx. We use the spatially 

varying densities of glycoproteins and the corresponding counterions to calculate an 

osmotic pressure related to counterion entropy. 

 

External forces on the glycocalyx and steric interactions between the glycoproteins 

lead to their migration on the membrane. A transport equation allows incorporation of 

these advective effects and the diffusion of these elements. This equation incorporates 

fluxes due to osmotic pressures arising from steric repulsion between the elements. 

Forces on glycocalyx elements are coupled to deformations of the plasma membrane. 

We use a theoretical formulation that allows for generic bending deformations of the 

membrane (Brown, 2011; Canham, 1970; Deuling and Helfrich, 1976; Helfrich, 1973). 

The large-deformation membrane model enables extension of our simulations to high 

pressure conditions where membrane deformations are expected to be of the same order 

as the glycocalyx thickness. For simplicity, we consider the deformation of the 

membrane and the glycocalyx to occur in 2D, although the approach could be extended 

to three dimensions, albeit at the expense of computational time. 

 

Below we describe in further detail our theoretical framework for the individual 

elements in the model and how we couple these together in simulations. 
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2.3 Modeling components 

 

2.3.1 The cortical cytoskeleton and external forces on the glycocalyx 

 

The cortical cytoskeleton is a dense network of actin adjacent to the intracellular 

surface of the plasma membrane (Fig. 2.1A). It is known to exist as an irregular mesh 

of actin filaments holding the membrane in place with mesh spacing (𝐿) on the order of 

100 nm (Fujiwara et al., 2002; Kusumi et al., 2005). Here, we consider the membrane 

and cortex as a high-aspect-ratio rectangular lattice of rigid actin filaments spanned by 

deformable membrane patches (Fig. 2.1A), allowing for a quasi-2D description of the 

membrane and the glycocalyx. The actin cortex acts as a physical barrier to membrane 

protein diffusion between membrane patches (Fujiwara et al., 2002; Kusumi et al., 

2005).   Assuming the patches to be spatially periodic, membrane protein diffusion 

between patches does not occur. We consider the membrane to be flat and the 

glycoproteins to be uniformly distributed in the absence of external forces. The cortical 

cytoskeleton experiences the externally applied pressure and transmits it on to the 

membrane and the glycocalyx by a rigid body motion of the cortical filaments towards 

the extracellular substrate. The pressure on the glycocalyx and the cell membrane 

deforms the membrane into a wave-like pattern. Lipid bilayers have a large area 

expansion modulus compared to the resistance of the cortex to contraction (Hoffman et 

al., 2006), so that the cortical filaments move closer laterally owing to the strength of 

their attachments with the membrane. This can occur because while the elastic modulus 
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of the cytoskeletal filaments is high, the connections between the filaments are not as 

strong. The non-uniform membrane topography is expected to cause the physical loads 

experienced by individual glycocalyx proteins to vary spatially with the local membrane 

height and slope. A glycoprotein in a region of low membrane height experiences a 

larger migration-causing tangential force compared to another molecule in an area 

having a higher membrane for the same membrane slope. We hypothesize that the 

compression of the glycocalyx creates aggregation of long, rigid elements of the 

glycocalyx near the more favorable elevated regions of the cell membrane (Fig. 2.1B). 

 

 

Fig. 2.1. The glycocalyx experiences and responds to mechanical forces in a compressed 

cell. A. A 3D schematic of the model shows the glycocalyx at the interface between a cell and 

an extracellular substrate. The structural components of the glycocalyx interact with the 

substrate and experience forces from the environment, especially in compressive environments. 

B. A 2D deformation due to compressive stresses induces rearrangement of the glycocalyx. 

Forces transmitted to the membrane by the cortical cytoskeleton induce membrane deformation. 

Glycocalyx elements can experience larger migration-inducing forces in regions of small 

membrane-substrate gap thickness and thus move toward thicker regions, facilitating further 

deformation and migration of neighboring molecules, resulting in segregation of the glycocalyx. 

 

2.3.2 Cell membrane mechanics 
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The Helfrich model for membrane bending describes the shape of the cell membrane 

(Brown, 2011; Canham, 1970; Deuling and Helfrich, 1976; Helfrich, 1973). We employ 

the constant surface area assumption typically used in membrane deformation 

calculations (Brown, 2011; Canham, 1970; Deuling and Helfrich, 1976; Lin and Brown, 

2004). A balance of moments acting on the membrane with the internal moment (�̅�) 

generated due to the bending resistance of the membrane yields the shape equation. This 

balance allows large bending deformations of the membrane. The membrane behaves 

in a linearly elastic manner to out-of-plane deformations for the time scale in study 

(Canham, 1970; Helfrich, 1973; Seifert, 1997), which implies the constitutive relation 

�̅� = 𝜅𝑑𝜃/𝑑𝑠, where 𝜅 is the bending modulus of the membrane, 𝜃 is the inclination of 

the membrane with the substrate in the 𝑥 − 𝑧 plane, 𝑠 is the arc-length coordinate in this 

plane, and thus, 𝑑𝜃/𝑑𝑠 is the local membrane curvature in this plane (Fig. 2.2A). Using 

this constitutive relation, the moment balance is: 

𝜅
𝑑𝜃

𝑑𝑠
= −

𝑃𝐶𝐿

2
∫ cos 𝜃(𝑠′) 𝑑𝑠′

𝑠

0

− ∫ 𝑀𝐺(𝑠′)𝐶𝐺(𝑠′)𝑑𝑠′
𝑠

0

+ ∫ 𝐹𝐺(𝑠′)𝐶𝐺(𝑠′) ∫ cos 𝜃(𝑠′′) 𝑑𝑠′′
𝑠

𝑠′

𝑑𝑠′
𝑠

0

+ ∫ 𝑃𝑁(𝑠′) ∫ cos(𝜃(𝑠′) − 𝜃(𝑠′′)) 𝑑𝑠′′
𝑠

𝑠′

𝑑𝑠′
𝑠

0

, 

(2.1) 

where 𝑃𝐶 is the compressive stress on the glycocalyx mediated by the cortical 

cytoskeleton, 𝐿 is the length of the membrane domain, and 𝑃𝐶𝐿 is the compressive force 

per length in the y-coordinate. 𝐹𝐺  and 𝑀𝐺  are the force and the moment respectively 
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exerted on the membrane by individual glycoproteins, 𝐶𝐺 is the local concentration of 

the glycoproteins, and 𝐹𝐺𝐶𝐺 and 𝑀𝐺𝐶𝐺 are the force and moment distributions 

respectively exerted by the glycocalyx on the membrane. 𝑃𝑁 is the net pressure 

experienced by the membrane from the cellular environment due to other physical 

effects described later. 𝑃𝑁 is locally normal to the membrane. Please refer to the next 

sections for treatments of 𝐹𝐺 , 𝑀𝐺 , 𝐶𝐺, and 𝑃𝑁. 𝑠′ and 𝑠′′ are dummy variables for the 

arc-length coordinate 𝑠. Differentiation of Eq. 2.1 with 𝑠 yields a more tractable force 

balance: 

𝜅
𝑑2𝜃

𝑑𝑠2
= −𝑀𝐺𝐶𝐺 + cos 𝜃 [∫ 𝐹𝐺(𝑠′)𝐶𝐺(𝑠′)𝑑𝑠′

𝑠

0

−
𝑃𝐶𝐿

2
]

+ ∫ 𝑃𝑁(𝑠′) cos(𝜃(𝑠′) − 𝜃) 𝑑𝑠′
𝑠

0

. 

(2.2) 

 

An overall vertical balance on the membrane relates the compressive stress 𝑃𝐶 with 

the reaction force exerted by the glycocalyx (𝐹𝐺𝐶𝐺) and other normal pressures on the 

membrane (𝑃𝑁): 

𝑃𝐶𝐿

2
= ∫ 𝐹𝐺(𝑠′)𝐶𝐺(𝑠′)

𝐿/2

0

𝑑𝑠′ + ∫ 𝑃𝑁(𝑠′) cos 𝜃(𝑠′) 𝑑𝑠′
𝐿/2

0

. (2.3) 

Eq. 2.3 considers symmetry about 𝑠 = 𝐿/2. Substituting Eq. 2.3 into Eq. 2.2 gives the 

membrane shape equation: 
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𝜅
𝑑2𝜃

𝑑𝑠2
= −𝑀𝐺𝐶𝐺 + cos 𝜃 ∫ 𝐹𝐺(𝑠′)𝐶𝐺(𝑠′)𝑑𝑠′

𝑠

𝐿/2

+ ∫ 𝑃𝑁(𝑠′) cos(𝜃(𝑠′) − 𝜃) 𝑑𝑠′
𝑠

0

− cos 𝜃 ∫ 𝑃𝑁(𝑠′) cos 𝜃(𝑠′) 𝑑𝑠′
𝐿/2

0

. 

(2.4) 

 

Periodicity across different membrane sections gives zero slope boundary 

conditions at 𝑠 = 0 and 𝑠 = 𝐿. This is equivalent to having a symmetry condition: 

𝜃(𝑠 = 𝐿/2) = 0. The membrane height at the boundaries (𝐻0) depends on the exerted 

compressive force. Solving Eq. 2.4 yields the topography of the membrane, which is 

coupled to the confinement and arrangement of glycoproteins as shown below. 

 

 

Fig. 2.2. Mechanics of the cell membrane and the constituents of the glycocalyx. A. A 

schematic of the model for the topography of a membrane deforming in 2D using curvilinear 

coordinates. B. Beam-like elements of the glycocalyx bend when compressed. Arc length 

coordinates and local inclination profiles describe the shapes of the membrane and the beam-

like glycoproteins. C. For forces on the beams beyond a transition force, a part of the beam 
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aligns with the extracellular substrate. D. A schematic of the model for a brush of flexible-chain-

like elements on a deformed cell membrane. 

 

2.3.3 Mechanics of beam-like glycoproteins 

 

We assume that mucins or GAGs that are heavily decorated with glycan or protein 

side chains, respectively, have large persistence lengths, equal to or greater than the 

molecular length, and function as structural beams. In this regime, we consider the 

glycocalyx as a continuum of laterally mobile beams. We assume the transmembrane 

portion of a beam-like glycoprotein maintains a perpendicular orientation with the 

membrane at its point of attachment due to balancing moments from the lipids in the 

bilayer and interactions between sugar residues on the mucins and the membrane. The 

diffusion coefficient of a glycoprotein in the membrane has been measured to be of the 

same order of magnitude as that of other, smaller transmembrane proteins (Paszek et 

al., 2014). Considering this allows omission of insignificant friction forces between 

glycoproteins and the extracellular substrate leaving the reaction forces to be purely 

normal to the substrate. Interstitial fluid is expected to screen out electrostatic 

interactions between the charged glycoproteins for reasonable glycoprotein densities. 

Glycoproteins in contact with the substrate bend, and the extent of deformation depends 

on the applied compressive force and the length and bending rigidity of the molecule. 

A quasi-steady force balance describes the shape of a deformed glycoprotein (Frisch-

Fay, 1962; Han et al., 2006; Wang, 1986): 
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𝑑2𝜃𝐺

𝑑𝑠𝐺
2

= −
𝐹𝐺

𝐸𝐺𝐼𝐺
𝑠𝑖𝑛(𝜃 + 𝜃𝐺), (2.5) 

where 𝜃𝐺(𝑠𝐺) is the protein inclination with respect to the local normal to the membrane 

at an arc-length coordinate 𝑠𝐺 (Fig. 2.2B), 𝐸𝐺𝐼𝐺 is the bending modulus of the 

glycoprotein, 𝐹𝐺  is the force on the glycoprotein and 𝜃 is the membrane inclination at 

the protein attachment to the membrane. 

 

A zero-force dipole boundary condition at the extracellular protein end (𝑑𝜃𝐺 𝑑𝑠𝐺⁄ =

0 at 𝑠𝐺 = 𝐿𝐺), where 𝐿𝐺  is the length of the glycoprotein, and a rigid, perpendicular 

attachment of the glycoprotein to the membrane (𝜃𝐺(0) = 0) are appropriate boundary 

conditions. A semi-analytical solution of Eq. 2.5 is: 

𝜃𝐺(𝑠𝐺) = −𝜃 + 2 𝑎𝑚 {(
Ω
𝑚)

1/2 𝑠𝐺

𝐿𝐺
+ 𝐹 (

𝜃
2 |𝑚) |𝑚} ,   for 0 ≤ 𝑠𝐺

≤ 𝐿𝐺 ,    Ω < Ω𝑡, 

(2.6) 

where Ω = 𝐹𝐺𝐿𝐺
2 𝐸𝐺𝐼𝐺⁄ , a dimensionless force experienced by the glycoprotein, is an 

important parameter describing glycoprotein shape, 𝑎𝑚(𝑤|𝑚) is the Jacobi amplitude 

function with argument 𝑤 and parameter 𝑚, and 𝐹(𝜙|𝑚) is the incomplete elliptic 

integral of the first kind with argument 𝜙. Here 𝑚 = (sin((𝜃 + 𝜃𝐺1)/2))
−2

, where 

𝜃𝐺1 = 𝜃𝐺(𝑠𝐺 = 𝐿𝐺) is the inclination of the extracellular end of the glycoprotein. 

 

For loads below a transition value Ω𝑡, 𝜃𝐺1 and thus 𝑚 are determined by solving the 

implicit equation 𝜃𝐺(𝑠𝐺 = 𝐿𝐺) = 𝜃𝐺1. Ω𝑡 is given by: 
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Ω𝑡 = 2 [
𝐾(1/2)

21/2
− 𝐹 (

𝜃
2 |2)]

2

, (2.7) 

where 𝐾(𝑚) = 𝐹(𝜋/2|𝑚) is the complete elliptic integral of the first kind. Beyond the 

transition load, i.e. for Ω ≥ Ω𝑡, a part of the glycoprotein aligns with the extracellular 

substrate starting from its extracellular end (Fig. 2.2C). In this case, 𝑚 = 2 for the part 

of the glycoprotein that can deform, i.e. 0 ≤ 𝑠𝐺 ≤ 𝑠𝐺𝐴, where 𝑠𝐺𝐴 is the arc length 

coordinate where the glycoprotein starts aligning. The aligned part of the glycoprotein 

does not deform and thus, 𝜃𝐺 = 0 for 𝑠𝐺𝐴 ≤ 𝑠𝐺 ≤ 1. The semi-analytical solution (Eq. 

2.6) yields glycoprotein shapes equivalent to those obtained by a finite difference 

solution of Eq. 2.5 and with much less computational cost. 

 

2.3.4 Steric interactions and entropic pressures for beam-like glycoproteins 

 

The components of the glycocalyx, including various mucins, are bottlebrushes with 

side chains attached to a backbone. The stiff members among these bottlebrushes 

resemble cylinders. Thus, as a first approximation, we consider these stiff beam-like 

elements to experience hard-disk interactions. These interactions push the beams, 

driving lateral migration on the membrane. Incorporating a tangential pressure (Baus 

and Colot, 1987), 

𝑃𝑇 = 𝑘𝐵𝑇𝐶𝐺 [
1 + 𝜙2/8

(1 − 𝜙)2
−

𝜙4

32(1 − 𝜙)4
], (2.8) 
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takes into account these steric interactions. 𝜙 is the fraction of membrane area covered 

by the backbones and branches of the glycocalyx components, and considering them to 

be cylindrical beams with diameter 𝑑, 𝜙 = 𝐶𝐺𝜋𝑑2/4. A subsequent section describes 

the treatment of migration of the glycocalyx beams due to this tangential steric pressure. 

 

Considering the local density of counterions to be proportional to the density of the 

beam elements, the pressure acting normal to the membrane due to the counterions in 

the glycocalyx is (Bracha et al., 2013): 

𝑃𝑁 = 𝑘𝐵𝑇
𝐶𝐺

2𝑄𝐺
2

4𝐶𝑀𝐻2
, (2.9) 

where 𝑄𝐺 is the number of counterions per glycoprotein, or the number of charged 

residues neutralized by counterions per glycoprotein, and 𝐶𝑀 is the ionic strength of the 

surrounding media. 

 

2.3.5 Polymer brush of flexible-chain-like glycoproteins 

 

We assume that mucins or GAG chains with a low density of side chains have 

persistence lengths much smaller than the molecular length and behave as flexible 

chains. In this regime, we model the glycocalyx as a brush of flexible polymers able to 

move along the plane of the membrane (de Gennes, 1980; Milner, 1991). The polymers 

have a Kuhn length 𝐿𝐾, which is twice the persistence length, an indicator of molecular 

stiffness. 𝑁𝐾 such Kuhn segments of length 𝐿𝐾 constitute a polymer. 
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The energy needed to compress the polymer brush includes entropic contributions 

of the polymer mean positions and configurations, as well as energetic contributions 

from excluded volume and counterion effects.  The total free energy per area of the 

brush is (Bracha et al., 2013; Zhulina et al., 2006): 

ℱ𝐵 = 𝑘𝐵𝑇 (𝐶𝐺 +
3𝐻2𝐶𝐺

2𝑁𝐾𝐿𝐾
2 +

𝑣𝐾𝐶𝐺
2𝑁𝐾

2

𝐻
+

𝑄𝐺
2𝐶𝐺

2

4𝐶𝑀𝐻
), (2.10) 

where 𝑣𝐾 is the excluded volume of a Kuhn segment. Given the bottlebrush nature of 

many elements of the glycocalyx, we consider cylindrical segments with diameter 𝑑 and 

length 𝐿𝐾. Then 𝑣 = 𝐿𝐾
2 𝑑 (Onsager, 1949). Appropriate derivatives of the free energy 

density in Eq. 2.10 provide expressions for the pressures experienced by the polymers 

and the membrane. The flexible chains experience an osmotic pressure in the plane of 

the membrane driving migration of the chains, 

𝑃𝑇 = 𝐶𝐺 (
𝜕ℱ𝐵

𝜕𝐶𝐺
)

𝑇,𝐻

= 𝑘𝐵𝑇 (𝐶𝐺 +
3𝐶𝐺𝐻2

2𝑁𝐾𝐿𝐾
2 +

2𝑣𝐾𝐶𝐺
2𝑁𝐾

2

𝐻
+

2𝑄𝐺
2𝐶𝐺

2

4𝐶𝑀𝐻
). (2.11) 

The effect of this tangential 2D pressure on the migration and organization of the 

glycocalyx elements is discussed in the next section. On the other hand, the compression 

of the polymer brush by the membrane generates a reaction pressure normal to the 

membrane, 

𝑃𝑁 = − (
𝜕ℱ𝐵

𝜕𝐻
)

𝑇,𝐶𝐺

= 𝑘𝐵𝑇 (−
3𝐶𝐺𝐻

𝑁𝐾𝐿𝐾
2 +

𝑣𝐾𝐶𝐺
2𝑁𝐾

2

𝐻2
+

𝑄𝐺
2𝐶𝐺

2

4𝐶𝑀𝐻2
). (2.12) 
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The pressures in Eq. 2.11 and Eq. 2.12 incorporate reaction forces due to 

compression. Hence, 𝐹𝐺 = 0 and 𝑀𝐺 = 0 for the polymer brush. In the absence of 

external compression, i.e. 𝑃𝐶 = 0, the glycocalyx brush attains equilibrium when the 

normal osmotic pressure driving extension or compression is zero, 𝑃𝑁 = 0. For a 

uniformly distributed brush, 𝐶𝐺 = 𝐶𝐺0, which along with 𝑃𝑁 = 0 yields the stress-free 

height of the glycocalyx brush: 

𝐻𝐵 = [
𝐶𝐺0𝑁𝐾

3𝐿𝐾
2

3
(𝑣𝐾 +

𝑄𝐺
2

4𝐶𝑀𝑁𝐾
2)]

1/3

. (2.13) 

𝐻𝐵 serves as an appropriate length scale for characterizing the height of the brush 

glycocalyx in the presence of external compression. 

 

This theoretical treatment above of the glycocalyx as a polymer brush accompanies 

a treatment of polymer migration on the membrane described below as well as the shape 

equation for a deforming cell membrane (Eq. 2.4). However, the brush free energy (Eq. 

2.10) does not consider effects of membrane curvature and is valid mainly for small 

membrane deformations. Membrane curvature would introduce heterogeneities and 

non-local effects between the flexible chains. Incorporating these effects requires 

treatment of a polymer brush on a surface with spatially varying curvature, which is 

presently not available in the polymer brush literature. 

 

2.3.6 Glycoprotein transport 
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We consider a model glycocalyx composed of identical glycoproteins and 

approximate the glycocalyx with a continuum of these elements. This serves as a 

reasonable first assumption for high glycocalyx density and allows description of 

glycocalyx organization using a glycoprotein concentration. The elements of a squeezed 

glycocalyx experience mechanical and osmotic pressures. The components of these 

pressures tangential to the membrane cause lateral transport of these molecules. The 

steady state transport equation captures the migration and diffusion in the plane of the 

membrane: 

𝑑(𝑢𝐶𝐺)

𝑑𝑠
= 0, (2.14) 

where 𝐶𝐺 is the glycoprotein concentration in number of molecules per unit membrane 

area and 𝑢 is the lateral velocity of glycoproteins due to external forces. The lateral 

velocity, 𝑢, is driven by the component of the forces on the glycoproteins, 𝐹𝑇, that is 

tangential to the membrane. 𝑢 includes contributions from diffusion in addition to 

compression-driven migration as explained below. Einstein’s relation and the definition 

of mobility relate 𝑢 and 𝐹𝑇: 

𝑢 =
𝐷𝐺

𝑘𝐵𝑇
𝐹𝑇 . (2.15) 

where 𝐷𝐺  is the diffusivity of the glycoproteins in the membrane. The tangential 

component of the reaction force, 𝐹𝐺 , and the spatial gradient in the tangential pressure 

due to steric interactions, 𝑃𝑇, constitute the net tangential force: 

𝐹𝑇 = 𝐹𝐺 sin 𝜃 −
1

𝐶𝐺

𝑑𝑃𝑇

𝑑𝑠
. (2.16) 
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The transport equation thus becomes: 

𝐷𝐺

𝑘𝐵𝑇

𝑑

𝑑𝑠
(𝐹𝐺𝐶𝐺 sin 𝜃 −

𝑑𝑃𝑇

𝑑𝑠
) = 0. (2.17) 

The second term in this equation captures the flux due to the gradient of the tangential 

pressure. Substituting the expressions for 𝑃𝑇 from Eq. 2.8 or Eq. 2.11 shows that this 

term in Eq. 2.17 describes the diffusion of the glycocalyx elements in the presence of 

steric and electrostatic interactions. For the beam model, at small concentrations (𝜙 ≪

1) where steric and electrostatic interactions are negligible, the tangential pressure 

reduces to 𝑃𝑇 = 𝑘𝐵𝑇𝐶𝐺. The brush model contains a contribution of 𝑘𝐵𝑇𝐶𝐺 in the 

expression for 𝑃𝑇, which incorporates the entropy of translation of the flexible chains. 

This term in both models simplifies to 𝐷𝐺𝜕2𝐶𝐺/𝜕𝑠2 in Eq. 2.17, which represents the 

diffusion of non-interacting glycocalyx elements. At higher concentrations, the second 

term in Eq. 2.17 additionally incorporates effects of steric and electrostatic interactions 

on diffusion. 

 

The transport equation in Eq. 2.17 is accompanied by a boundary condition for 

periodicity, (𝑑𝐶𝐺/𝑑𝑠)(𝑠 = 0) = 0. This boundary condition and 𝜃(𝑠 = 0) = 0 can be 

used to show (𝑑𝑃𝑇/𝑑𝑠)(𝑠 = 0) = 0 from Eq. 2.8 and Eq. 2.11. Integrating Eq. 2.17 

once with 𝑠 and applying these conditions gives a simplified transport equation: 

𝐷𝐺

𝑘𝐵𝑇
(𝐹𝐺𝐶𝐺 sin 𝜃 −

𝑑𝑃𝑇

𝑑𝑠
) = 0. (2.18) 
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We solve Eq. 2.18 to simulate the organization of the glycocalyx. To solve for the 

concentration, an overall balance accompanies Eq. 2.18: 

∫ 𝐶𝐺𝑑𝑠
𝐿

0

= 𝐶𝐺0𝐿, (2.19) 

where 𝐶𝐺0 is the average glycoprotein concentration in the membrane domain. 

 

2.4 Steady state simulations of glycocalyx mechanics and structure 

 

Integration of the individual physical formulations for the cell membrane and the 

glycocalyx elements yields a coupled model. Solving for the membrane topography (Eq. 

2.4) and the organization of the glycocalyx constituents (Eq. 2.18), along with the 

framework for either the beam-like (Eq. 2.6, 2.8, 2.9) or the flexible-chain-like (Eq. 

2.11, 2.12) elements, allows simulating the glycocalyx. 

 

We consider in the absence of external pressure the glycocalyx to be homogeneously 

distributed, 𝐶𝐺 = 𝐶𝐺0, and to have a height of 𝐿𝐺  for the stiff beam framework and 𝐻𝐵 

for the flexible brush model. Using the minimum glycocalyx thickness, 𝐻0, or 

equivalently the maximum strain in the glycocalyx, 1 − 𝐻0/𝐿𝐺  for beams or 1 − 𝐻0/𝐻𝐵 

for flexible chains, as an input allows calculation of the mean compressive pressure 𝑃𝐶 

(Eq. 2.3). Simulations are started with initial guesses for membrane inclination, 𝜃(𝑠), 

and glycocalyx concentration, 𝐶𝐺(𝑠) (Fig. 2.3). 𝐻0 and 𝜃(𝑠) give the membrane 

topography: 



30 
 

𝐻(𝑠) = 𝐻0 + ∫ sin 𝜃 𝑑𝑠′
𝑠

0

. (2.20) 

 

For the beam model, the force experienced by the constituents can be calculated 

using this height and the membrane inclination. This is an inverse problem. A look-up 

table generated by solving the direct problem, i.e. calculating the height given the force 

and the inclination, and interpolation across this table is a computationally efficient 

means of approximately solving the inverse problem. The height of the membrane 

evaluated in Eq. 2.20 and the membrane inclination thus yield the reaction forces of the 

beams, 𝐹𝐺(𝑠). 𝐹𝐺 = 0 for the brush model. 𝐻 and 𝐶𝐺 allow computation of the pressures 

𝑃𝑁 and 𝑃𝑇. These are used to calculate residuals for the governing equations for 𝜃(𝑠) 

and 𝐶𝐺(𝑠), and iterations are carried out on these variables if needed, using the 

Levenberg-Marquardt algorithm, a robust nonlinear algebraic equation solver. The 

solutions for 𝜃(𝑠) and 𝐶𝐺(𝑠) allow computation of output variables, including the 

dimensionless compressive pressure on the glycocalyx, 𝑃𝐶𝐿3/𝜅 (Eq. 2.3). Table 2.1 

defines the relevant variables in the simulations. 

 

The inputs to the simulation consist of mechanical, structural, and chemical 

properties of the glycocalyx and the membrane. Table 2.2 lists these parameters and 

their physiologically relevant ranges. Generation of dimensionless quantities using 

these parameters decreases the parameter space. Hence, we use a set of scaled quantities 

(Table 2.3) to capture the effects of variations in these properties. 
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Fig. 2.3. Simulation flow-chart. A flow diagram outlining the iterative procedure used for the 

simulations. 

 

Glossary of dimensional variables 

 

Variable 

name 

Description Units 

𝑠 Arc length coordinate along the membrane deformed in 

2D 

nm 

𝜃(𝑠) Local membrane inclination - 
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𝐻(𝑠) Local membrane height from ECM nm 

𝐶𝐺(𝑠) Glycoprotein number concentration (per membrane 

surface area) 

molecules/μm2 

𝐹𝐺(𝑠) Force exerted by individual glycoproteins attached to the 

membrane at 𝑠 

pN 

𝑀𝐺(𝑠) Moment exerted by individual glycoproteins attached to 

the membrane at 𝑠 

pN.nm 

𝑃𝑁(𝑠) Pressure acting normally on the membrane pN/nm2 

𝑠𝐺 Arc length coordinate along a glycoprotein nm 

𝜃𝐺(𝑠𝐺) Inclination of the element of a glycoprotein located at arc 

length 𝑠𝐺, with respect to the normal to the membrane at 

the point of attachment 

- 

𝑃𝑇(𝑠) Pressure on the elements of the glycocalyx acting 

tangent to the membrane 

pN/nm2 

𝜙(𝑠) Fraction of cell surface area covered by glycoproteins - 

Table 2.1. A glossary of the dimensional variables used in the model system and the 

simulations, and their units. 

 

Glossary of dimensional parameters 

 

Parameter 

name 

Description Estimated 

range 

References 
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𝑃𝐶 Compressive stress on the 

glycocalyx, conveyed by the 

cortical cytoskeleton 

0-10 kPa - 

𝐻0 Minimum thickness of the 

glycocalyx (= height of the 

cortical filaments from the 

extracellular substrate) 

0-𝐿𝐺  - 

𝐿 Membrane patch length (= 

spacing between cortical 

cytoskeletal filaments) 

30-230 nm (Fujiwara et al., 2002; 

Kusumi et al., 2005) 

𝐿𝐺  Length of glycocalyx 

molecules 

100-500 

nm 

(Bramwell et al., 1986; 

Cohen et al., 2004; 

Gendler, 2001) 

𝐿𝐺 − 𝐻0 Change in minimum 

thickness of the glycocalyx (= 

vertical displacement of the 

cortical filaments) 

0-𝐿𝐺  - 

𝐶𝐺0 Spatially averaged 

glycocalyx number density 

5-500 x 

102 

molecules/

μm2 

(Zhou, 2009) 
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𝐷𝐺  Diffusivity of glycocalyx 

molecules on the membrane 

0.2 μm2/s (Paszek et al., 2014) 

𝜅 Membrane bending modulus 0.5-2.5 x 

102 pN.nm 

(Evans, 1980, 1983; 

Evans and Rawicz, 1990; 

Graham and Kozlov, 

2010) 

𝐸𝐺𝐼𝐺 Individual beam bending 

modulus 

1-10 x 102 

pN.nm2 

(Cleland, 1977; Fang et 

al., 2009; Han et al., 2006; 

Kramer et al., 2015; 

Mendichi et al., 2003; 

Round et al., 2002; 

Weinbaum et al., 2003) 

𝑑 Representative diameter of a 

glycocalyx molecule 

10-20 nm (Paturej et al., 2016) 

𝜙0

= 𝐶𝐺0𝜋𝑑2

/4 

Average area fraction of the 

glycocalyx molecules 

0-1 - 

𝑄𝐺 Number of charged residues 

per beam or polymer 

0-200 (Anderson et al., 2016; 

Born and Palinski, 1985) 

𝐶𝑀 Ionic strength of surrounding 

media 

150 mM (Fogh-Andersen et al., 

1995) 
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𝐿𝐾 Kuhn length of a polymer in 

the glycocalyx 

10-20 nm (Paturej et al., 2016) 

𝑁𝐾

= 𝐿𝐺/𝐿𝐾 

Number of Kuhn segments in 

a polymer 

10-50 - 

𝑣𝐾 = 𝐿𝐾
2 𝑑 Excluded volume of a Kuhn 

segment 

1-8 x 103 

nm3 

- 

Table 2.2. A glossary of the dimensional parameters in the model system and simulations, and 

ranges of physiologically relevant estimates for the same obtained from the corresponding 

references. 

 

Glossary of dimensionless parameters 

 

Parameter 

name 

Description Estimated 

range 

Characteristic 

value used in 

simulations 

𝑃𝐶𝐿3

𝜅
 

Dimensionless compressive pressure 

on membrane patch 

0-100 - 

𝐻0/𝐿𝐺  Dimensionless minimum glycocalyx 

thickness (= dimensionless height of 

the cortical filaments from the 

extracellular substrate) 

0-1 - 
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1 − 𝐻0/𝐿𝐺  Maximum local strain in the 

glycocalyx (= change in the 

dimensionless minimum glycocalyx 

thickness = dimensionless vertical 

displacement of cortical filaments) 

0-1 - 

𝜂𝐿 = 𝐿𝐺/𝐿 Length of glycocalyx molecule scaled 

with membrane length 

0.1-10 1 

𝑛𝐺0 = 𝐶𝐺0𝐿2 Number of glycocalyx molecules in 

membrane domain 

5-100 10 

𝜂𝑀

= 𝐸𝐺𝐼𝐺/𝜅𝐿 

Bending modulus of beam scaled with 

the bending stiffness of the membrane 

patch 

0.01-10 1 

𝜂𝑑 = 𝑑/𝐿 Diameter of glycocalyx molecule 

scaled with membrane length 

0.1-0.2 0.1 

𝜂𝐾 = 𝐿𝐾/𝐿 Ratio of polymer Kuhn length and 

membrane length 

0.1-0.2 0.15 

Table 2.3. A glossary of the dimensionless parameters in the system, which are ratios of the 

various dimensional parameters, and ranges of physiologically relevant estimates for these. 

 

2.5 Results 

 

2.5.1 Glycocalyx mechanical response 
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Simulations of the computational model reveal marked differences in the 

mechanical behavior of the glycocalyx when constructed with polymer-like elements 

versus beam-like structural components.  Mechanical response curves relate the 

compressive stress on the glycocalyx, 𝑃𝐶𝐿3/𝜅, to the strain in the glycocalyx, 1 −

𝐻0/𝐿𝐺  for the beam framework and 1 − 𝐻0/𝐻𝐵 for the brush model (Fig. 2.4A). The 

beam glycocalyx has a sigmoidal-like mechanical response curve, indicating the 

glycocalyx can sustain moderate compression without undergoing significant 

deformation (I to II). However, beyond a certain pressure, it experiences a pressure-

sensitive increase in strain (II to IV). At high strains, the stiffness of the beam 

glycocalyx increases again (IV to V). On the other hand, the glycocalyx of flexible 

chains exhibits a hyperbolic shape similar to the Hill function, where its deformation is 

proportional to load at small stresses (I to II) but shows increasing stiffness with pressure 

(III to V). 
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Fig. 2.4. Mechanical response and equilibrium organization of the glycocalyx. A. 

Mechanical response curves for the beam glycocalyx and the polymer brush glycocalyx show 

the stress-strain behavior predicted by simulations. These curves are obtained by varying the 

minimum height of the membrane, 𝐻0, and solving for the equilibrium stress in the glycocalyx. 
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The beam and brush models are valid for limiting ranges of glycoprotein stiffness. To compare 

the qualitative trends in the mechanical behaviors of the two models, we specify the beam 

stiffness and the brush density such that the stresses for 0.5 strain match for the two curves. In 

this figure, the beam model uses 𝜂𝑀 = 1, 𝜂𝐿 = 1, and 𝑛𝐺0 = 10, while the flexible chain 

formulation employs 𝜂𝐾 = 0.15, 𝑁𝐾 = 13, and 𝑛𝐺0 = 16. Both frameworks use 𝑄𝐺 = 200 and 

𝜂𝑑 = 0.1. Dashed lines indicate strains I-V referred later in this figure. B-C. Equilibrium 

concentration profiles for the beam (B) and brush (C) glycocalyx models at points I-V in A. D. 

Mechanical response curves for individual beams (solid) and a planar polymer brush (dashed) 

demonstrate the height of the glycocalyx elements against compressive stress. The response 

curves for individual beams depend on the inclination of the membrane and are thus plotted for 

a range of 𝜃 ∈ [0, 𝜋/2]. E. Solid curves depict the variation of the brush glycocalyx mechanical 

response with the density of the polymers. Dashed curves represent fits for the mechanical 

response curves using the Hill function. F. The Hill function fit parameter 𝐾1/2 varies with the 

glycocalyx brush density. 

 

The simulated concentration profiles predict the organization of the structural 

elements in the beam and brush glycocalyx models (Fig. 2.4B-C). With increasing 

compressive stress, both beam-like and flexible-chain-like elements get squeezed out of 

areas of highest confinement and accumulate in the membrane between the cytoskeletal 

contact points (Fig. 2.4B-C). This accumulation is much more enhanced for the stiff 

beams than for the polymer-like elements, resulting in narrower and taller concentration 

peaks for the beam model. The nonlinear membrane topography strongly affects the 

beam shape and reaction force as described below, and the beams migrate due to 

moderate changes in membrane shape. On the other hand, the excluded volume effects 

and counterion entropic forces for the polymer brush are significant only for large 

membrane deformations, given the nonlinear dependence of these on the membrane 
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height and polymer concentration. Thus, migration of glycocalyx elements in the 

polymer brush for moderate stresses is by small elastic-energy-derived forces. 

Consequently, the organization of the polymer brush stays close to homogeneous until 

very significant stresses and strains. At large strains, significant steric and entropic 

effects push the polymers out of the most confined regions. 

 

Analyses of the mechanical behavior of an individual beam and a planar brush yields 

insight into the collective behaviors predicted for the glycocalyx (Fig. 2.4D). At low 

stresses, beams stand erect and experience loads resembling those in structural columns, 

i.e. they experience axial forces while undergoing no deflection until a critical pressure, 

beyond which they buckle. The nearly vertical orientation of beams at small strains 

confers high resistance to compression. At moderate compression, the deformation of 

the membrane causes the glycoproteins to approach the substrate at an oblique 

inclination (𝜃 < 90°), reducing their ability to bear load. The non-zero membrane slope 

also causes migration of the beams towards areas with larger membrane height, leaving 

behind emptier, easily compressed areas. Hence, the beams exhibit a pressure-sensitive 

phase at moderate strains. At high strains, most beams are bent to such an extent that 

they partially align with the substrate and only the part not aligned can bear load. 

Effectively, the beams become smaller. Smaller beams are stiffer. Hence, the beams 

obey an asymptotic 𝐻 ~ Ω−1/2 scaling at high strains, resulting in a large resistance to 

compression of the glycocalyx at high strain. Together, these effects predict a sigmoidal-

like shape for the beam model. 
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On the other hand, a planar polymer brush functions as a linearly elastic spring at 

small deformations, before steric and counterion effects become prominent at large 

strains and make the brush nonlinearly stiffer (Fig. 2.4D). Correspondingly, the 

response curve for the brush model resembles a characteristic hyperbolic curve (Fig. 

2.4A). The thickness of the glycocalyx brush in the absence of external compression, 

𝐻𝐵, is an important characteristic of the model system. Changes in 𝐻𝐵 (Eq. 2.13) due to 

variations in the charge density and the polymer length capture most of the effects of 

these parameters on the mechanical response (Fig. 2.5A-B). The brush density is another 

parameter of relevance and stiffens the glycocalyx through increased excluded volume 

and counterion effects (solid lines in Fig. 2.4E). Furthermore, the shape of the brush 

response curves resembles the commonly used Hill function, 

1 −
𝐻0

𝐻𝐵
=

𝑃𝐶𝐿3/𝜅

𝐾1/2 + 𝑃𝐶𝐿3/𝜅
, (22) 

where 𝐾1/2 is the compressive stress at half strain. Indeed, the Hill function provides a 

reasonably accurate fit to the brush glycocalyx response curves (dashed lines in Fig. 

2.4E). The corresponding relative errors in the fit are less than 10% for most of the 

domain of compressive stress (Fig. 2.5C). The fitting process predicts the stress for half 

strain, 𝐾1/2, increases almost linearly with the density (Fig. 2.4F). This curve serves as 

a relation between 𝐾1/2 and 𝑛𝐺0, and could be a useful approximation for experimental 

comparison. Indeed, the stress-free brush height, 𝐻𝐵, and the Hill function parameter, 
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𝐾1/2, almost completely describe the mechanical response curves predicted for the brush 

model formulated above for a range of physiologically relevant glycocalyx properties. 

 

 

Fig. 2.5. Changes in the stress-free brush height capture the effects of varying the charge 

on and length of polymers in the brush glycocalyx model. Independently varying the total 

charge per polymer (A) has effects on only the stress-free brush height, 𝐻𝐵 (Eq. 2.13). Scaling 

the membrane height by 𝐻𝐵 allows the curves for varying 𝑄𝐺 to be overlaid. Similarly, variation 

in the polymer length (B) through the number of monomers per polymer, 𝑁𝐾, has effects on 

only 𝐻𝐵 for most of the strain domain. At large strains, other effects of 𝑁𝐾 start to appear, 

creating appreciable differences in stresses at given strains. These plots use 𝜂𝐾 = 0.15, 𝑛𝐺0 =

10, and 𝜂𝑑 = 0.1. In A, 𝑁𝐾 = 13, and in B, 𝑄𝐺 = 200. C. Relative errors for the strain in the 

glycocalyx, 1 − 𝐻0/𝐻𝐵, as a function of compressive stress, 𝑃𝐶𝐿3/𝜅 demonstrate the accuracy 

of the Hill function in fitting the brush glycocalyx response curves for various polymer densities. 

The compressive stress is normalized by the maximum compressive stress for that density in 

order to have a constant [0,1] span for the abscissa. 

 

2.5.2 Beam glycocalyx structure 

 

The beam model contains additional information on the shapes of the individual stiff 

elements in the glycocalyx. Projections of these beam-like glycoproteins in the 𝑥-𝑧 



43 
 

plane along with a depiction of the membrane illustrate the equilibrium structure of the 

beam glycocalyx. Division of the concentration profiles in Fig. 2.4B into 𝑛𝐺0 distinct 

pieces having with the same ∫ 𝐶𝐺𝑑𝑠 allows calculation of concentration-weighted 

average locations of the 𝑛𝐺0 beams in the membrane domain (Fig. 2.6). Using 

membrane slope, 𝜃, and force on the beam, 𝐹𝐺 , allows computation of the shape of these 

𝑛𝐺0 beams (Fig. 2.6). The beams experience column-like stresses at small strains (Fig. 

2.6A), undergo migration due to the deformations in the membrane at moderate strains 

and start forming concentrated spots (Fig. 2.6B-C). At large stresses, the beams in the 

concentrated spots align with the extracellular substrate (Fig. 2.6D-E). 
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Fig. 2.6. Equilibrium structure of the beam glycocalyx. Converting the continuum beam 

distributions from Fig. 2.4B by dividing the area under the concentration curves into 𝑛𝐺0 equal 

pieces and positioning a glycoprotein per piece using a concentration-weighted average allows 

2D representations of the beam glycocalyx. The membrane shapes are in blue and beams are 

red. A-E provide visualizations for the beam glycocalyx simulations carried out at strains 

corresponding to points I-V respectively in Fig. 2.4A. These simulations are also for 𝜂𝑀 = 1, 

𝜂𝐿 = 1, 𝑛𝐺0 = 10, 𝑄𝐺 = 200, and 𝜂𝑑 = 0.1. 

 

2.5.3 Effects of the biophysical properties of the beams 

 

Unlike the brush-like glycocalyx model, the mechanical response of a glycocalyx 

with beam-like elements is not captured by a single function. Parametric analyses of the 

beam glycocalyx model reveal the effects of the biophysical properties of the glycocalyx 

on the mechanics (Fig. 2.7). For most part, the overall stiffness of the glycocalyx 

correlates with the beam stiffness (Fig. 2.7A). However, strong counterion effects make 

the glycocalyx stiff for large strains on very soft beams as the membrane remains almost 

flat, resulting in high counterion osmotic pressures. The rigidity of the glycocalyx 

increases strongly with the density of the beams (Fig. 2.7B), while raising the charge 

density makes the glycocalyx only slightly more difficult to compress (Fig. 2.7C). The 

stress-strain curve for the beam glycocalyx depends non-monotonically on the length of 

the beams (Fig. 2.7D). Long beams are easy to bend and render the glycocalyx soft. 

Very short beams can be so difficult to deform that only a few beams on the deformed 

membrane can reach the extracellular substrate, resulting in an effective decrease in the 

density of functioning beams and a reduction in the resistance of the glycocalyx to 
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compression. Between these regimes, the beams can be optimally long to effectively 

provide resistance to external compressive stresses. Overall, the response of the beam 

glycocalyx to compression is more gradual for conditions when it is stiff, while the 

curves are more sensitive when it is soft. Interestingly, for stiff or short beams and at 

low strain, three solutions for equilibrium strain exist at a given pressure, for which the 

predicted behavior is a jump between the top and bottom strains, resulting in hysteresis 

(Feltner and Laird, 1967). In both of these cases, at low strain a fraction of the beams 

experiences large forces. Once these beams bend significantly, the resistance of these 

beams and the glycocalyx reduces, but their deformation allows other beam elements to 

bear load, resulting in stiffening of the glycocalyx at higher strains, culminating in the 

hysteresis. 
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Fig. 2.7. Effects of the properties of the beam glycocalyx on the mechanical response. 

Independently varying the stiffness (A), density (B), charges (C), and length (D) of the beams 

in the simulations demonstrates the effects of these parameters. 𝜂𝑀 = 𝐸𝐺𝐼𝐺/𝜅𝐿 (ratio of beam 

to membrane bending stiffness), 𝑛𝐺0 = 𝐶𝐺0𝐿2 (number of beams in the domain), 𝑄𝐺 (number 

of charges per beam) and 𝜂𝐿 = 𝐿𝐺/𝐿 (ratio of beam to membrane domain length) are directly 

proportional to the bending rigidity, density, charge, and length of the beams respectively and 

are regulated to generate these plots. Parameters not being varied are fixed to values from the 

set: 𝜂𝑀 = 1, 𝜂𝐿 = 1, 𝑛𝐺0 = 10, 𝑄𝐺 = 200, and 𝜂𝑑 = 0.1. 

 

So far, we have considered the glycocalyx under an external compressive load 

transferred by the cytoskeleton. The glycocalyx also experiences compressive stresses 
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from adhesive bonds between membrane-bound receptors and extracellular ligands. 

Adhesion receptors such as integrins and cadherins are 20-30 nm in length (Boggon et 

al., 2002; Humphries, 2000), much shorter than glycocalyx components such as mucins 

and HA, which are 100-500 nm long (Bramwell et al., 1986; Cohen et al., 2004; 

Gendler, 2001). Thus, the binding of the receptors with corresponding ligands requires 

deformation of the glycocalyx. The beam model presented in this paper allows 

prediction of the adhesive stresses needed to compress the glycocalyx during receptor-

ligand binding. The compression needed to deform the glycocalyx such that the 

minimum height is 10 nm (Fig. 2.8), which is approximately the height of an integrin or 

cadherin molecule, provides insight into adhesive stresses. Adhesive stress requirements 

are predicted to be higher for stiffer, denser, and highly charged beams (Fig. 2.8A-C). 

The cell risks detachment from its environment in the absence of these stresses. The 

stress needed to initiate adhesions varies non-monotonically with the beam length (Fig. 

2.8D). Short beams need to be deformed only slightly, suggesting adhesion would be 

relatively easy. Long beams are soft and can be deformed easily to allow receptors 

access to extracellular ligands. The adhesive stress requirement reaches a maximum 

between these regimes. 
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Fig. 2.8. Effects of beam glycocalyx properties on compressive stresses needed to create 

large strains. The pressures needed to deform the beam glycocalyx and the cell membrane such 

that the minimum vertical distance between the membrane and the extracellular substrate is 

0.1𝐿 = 10 𝑛𝑚 are plotted against the biophysical properties of the beams. The stiffness (A), 

density (B), charge (C), and length (D) of the beams affect this pressure requirement. The fixed 

parameters in these simulations are also from 𝜂𝑀 = 1, 𝜂𝐿 = 1, 𝑛𝐺0 = 10, 𝑄𝐺 = 200, and 𝜂𝑑 =

0.1. 

 

2.6 Conclusion 
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In this manuscript, we present a biophysical model for the mechanics and 

organization of the glycocalyx. This model considers the mechanics and migration of 

the structural elements of the glycocalyx tethered to a patch of cell membrane bounded 

by a grid of cortical filaments, and physically interacting with an extracellular substrate. 

This analysis considers structural elements of limiting rigidities, namely stiff beams and 

flexible chains. Simulations of the beam model predict a sigmoidal curve for the 

mechanical response of the glycocalyx to compression, while the flexible chains exhibit 

a hyperbolic response resembling the Hill function. These characteristic curves arise 

from the mechanical response of the individual beams and a planar polymer brush 

respectively. Given the glycocalyx exhibits large variation and polydispersity in the 

structural elements, the mechanics of the glycocalyx probably lie between the limiting 

behaviors predicted here by the beam and the brush models. Additionally, the 

computations predict the formation of regions of high and low densities of the structural 

elements, due to lateral movement by compressive forces. 

 

We performed simulations for physiologically relevant values of compressive 

stresses and glycocalyx biophysical properties. Literature on experimental 

measurements of the properties of the glycocalyx is emerging. Constituents such as HA 

and a variety of mucins have been characterized through measurement of molecular size 

(Bramwell et al., 1986; Cohen et al., 2004; Gendler, 2001) and persistence length 

(Cleland, 1977; Fang et al., 2009; Han et al., 2006; Kramer et al., 2015; Mendichi et al., 

2003; Round et al., 2002; Weinbaum et al., 2003). However, these glycocalyx 
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constituents are highly variable due to dynamically changing glycosylation states and 

decoration with side chains. The stiffness of bottlebrush mucins or protein-decorated 

HA chains likely depends strongly on the side chain density, size, composition, and 

charge (Chang et al., 2016; Kramer et al., 2015). While bottlebrush polymer theory 

provides relations between the polymer persistence length and the side chain properties 

(Subbotin et al., 2000), detailed experimental measurements of the decoration-

dependent stiffness would be useful to develop a quantitative understanding of the 

glycocalyx and its functions on the cell membrane. Similarly, the concentrations of 

glycocalyx elements and the packing density on the outer cell surface is not precisely 

known. Many cell types overproduce constituents such as mucins and GAGs in the 

glycocalyx, including several cancer cells, chondrocytes, and cells in the epithelium and 

mesothelium. Below we connect our physical modeling framework and the predictions 

from the parametric analysis discussed above to key cellular processes such as adhesion 

and cell-surface organization where the glycocalyx plays an important role. We discuss 

how these predictions and future measurements of glycocalyx characteristics can help 

develop insight into the cancer glycocalyx. 

 

2.6.1 Cell adhesion and migration 

 

The glycocalyx of most cells is thicker than the length of integrin adhesion 

receptors. Consequently, the glycocalyx must be compressed during cell adhesion to 

allow successful ligation of integrin receptors by their cognate ligands on the 
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extracellular matrix or substrate. Exactly how the cell compresses the glycocalyx for 

adhesive contact is still under debate. The simulations in this paper estimate that for 

characteristic parameter values, pressures on the order of 1 to 10 kPa are needed to 

compress a glycocalyx rich in mucins to a thickness of 10 nm, the approximate length 

of an integrin receptor. This requirement of large compressive stresses for cell adhesion 

suggests that cells may coopt active mechanisms to locally deform the glycocalyx or 

remodel its structure. Several possibilities are plausible. Actin polymerizes at the 

intracellular membrane surface in the form of microspikes called filopodia and an 

extended meshwork referred to as the lamellipodia. Filopodia can exert local pressures 

of approximately 2 kPa on a small area of 0.01 𝜇m2 and the lamellipodial network can 

apply 0.4 kPa of pressure across a broader area of the membrane (Manoussaki et al., 

2015). Recent advances with three-dimensional traction force microscopy have revealed 

that cytoskeleton contraction in anchored cells can exert downward pressures on the 

extracellular substrate on the order of 1 kPa (Franck et al., 2011; Legant et al., 2009). 

These pressures could be sufficient to support nucleation of adhesion clusters in normal 

cells for normal densities and thicknesses of the glycocalyx. Additional adhesive bond 

formation in these cells would further compress the glycocalyx (Paszek et al., 2014). 

Each integrin-ligand bond can withstand a force on the order of 50 pN (Kong et al., 

2009; Litvinov et al., 2002; Moore et al., 2010), and collectively, ~5×104 integrins 

(Wiseman et al., 2004) provide a cell an attachment strength of 2.5 μN (García et al., 

1997), and exert a corresponding pressure on the glycocalyx. On the other hand, cancer 

cells overproduce components such as mucins and Hyaluronic acid in the glycocalyx, 
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with concentrations reaching up to 10000-100000 μm-2. Our simulations predict 

exceedingly large pressure requirements, over 15 kPa, to create adhesions in such cells. 

The compressive resistance offered by the dense glycocalyx may partly explain the loss 

of adhesion in circulating tumor cells (Shurer et al., 2017). 

 

Recent evidence suggests that cells in confined three-dimensional environments can 

switch their mode of migration depending on the degree of adhesion. Amoeboid 

migration is characterized by propulsive, blebbing cell movement with weak or no focal 

adhesions. It is common in cancer and immune cells, and it is one of the fastest modes 

of migration in 3D matrices (Charras and Sahai, 2014; Friedl and Wolf, 2010; Liu et al., 

2015). Mesenchymal migration relies on high levels of cell-matrix adhesion and 

cytoskeletal contractility. Importantly, cells adopt different migration modes in response 

to environmental determinants, particularly the degree of cell adhesion, the 

dimensionality of the extracellular environment, and the extent of physical confinement 

(Charras and Sahai, 2014; Friedl and Wolf, 2010; Liu et al., 2015; Petrie and Yamada, 

2015). Of these parameters, the degree of cell adhesion should depend strongly on the 

glycocalyx compressibility, as argued above. For example, more robust adhesion in 

confinement is expected for a glycocalyx that deforms more readily under compression. 

We anticipate that theoretical models of glycocalyx mechanics, such as the one 

proposed here, will be valuable for understanding how and why cells adopt different 

modes of migration when confronted with changing physical environments. 
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2.6.2 Membrane shape and molecular organization and transport 

 

Spatial organization is a hallmark of cellular signal transduction systems, including 

those initiated by receptors at the cell surface (Groves and Kuriyan, 2010; Kornberg et 

al., 1991). We predict compression to develop membrane curvatures and segregate 

glycoproteins away from the force-applying cortical filaments, providing a potential 

physical mechanism for sorting cell surface glycoproteins and receptors by size, as well 

as changing the morphology of the plasma membrane. These morphological and 

organizational changes could impact biological functions in several important ways. For 

example, curved lipids and curvature-sensing proteins could be recruited to newly 

curved membrane areas (Iversen et al., 2015), aggregation of glycoproteins could co-

cluster lectins that bind the glycans in the glycocalyx (Liu and Rabinovich, 2005), and 

membrane invagination and endocytosis rates could be affected by membrane curvature 

(Platta and Stenmark, 2011). Physiological crowding by the glycocalyx is known to 

hinder membrane protein diffusion (R. Houser et al., 2016). Clustering of the 

glycocalyx constituents due to external forces could also create alternating regions of 

low and high diffusivities for other membrane-bound proteins. 

 

2.6.3 Extensions and further advancements of modeling framework 

 

Our model is an advance in developing a comprehensive theoretical framework for 

describing the physical biology of the glycocalyx, and it can serve as a basis to build 
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upon for further advanced models. We expect this framework to be easily extended to 

simulate other biophysical processes involving the glycocalyx. For example, the model 

can be modified to add transients of the glycoproteins important in dynamic processes 

such as cell migration. Contributions of cytosolic pressures in generation of membrane 

curvatures can be considered directly by the pressure terms in the membrane shape 

equation (Eq. 2.4). Other forces inside and outside the cell, such as pressures from actin 

filaments in the formation of protrusions, can be included in this equation as well. 

Replacing the transport equation for the structural elements with a homogeneous 

distribution can simulate the behavior of glycocalyces with structural organization, such 

as the endothelial glycocalyx (Squire et al., 2001). 

 

The following efforts can build upon this modeling framework to further advance 

these simulations. (i) The theoretical formulation presented here ignores variations in 

one of the horizontal directions (𝑦) and does not account for forces transmitted by 

cytoskeletal filaments parallel to the other horizontal Cartesian axis (𝑥). Incorporation 

of these cytoskeletal forces in a three-dimensional (3D) system could have implications 

on the mechanical response and the equilibrium structure of the glycocalyx. For 

instance, these additional forces in 3D could result in the formation of denser clusters. 

Consequently, steric interactions may be more important in a model considering a 3D 

deformation. (ii) The current model considers a continuum of glycoproteins on the cell 

surface, whereas non-continuum effects could be important when the overall 

glycoprotein concentration is small or when the glycoproteins are strongly segregated, 
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leaving certain regions with few or no glycoproteins. A discrete model considering 

individual glycoproteins as separate entities could account for these effects. Such a 

model would also introduce a stochastic element. For example, deformation might be 

initiated in regions where the initial glycocalyx population was sparse. (iii) The beam 

and polymer brush models consider limiting cases for the rigidities of the elements of 

the glycocalyx, while the behavior at intermediate regions may be between these limits. 

A modeling framework considering both kinds of structural elements mixed together on 

the membrane could provide a more accurate representation of the polydisperse 

glycocalyx. Incorporating interactions between the beams and the polymers would, 

however, be challenging. (iv) The hard-disk model incorporating effects of 

macromolecular crowding in the glycocalyx considers bottlebrush polymers such as 

mucins to have a representative diameter. However, neighboring bottlebrushes can have 

interpenetrating side chains to offer closer packing in the glycocalyx. Thus, it may be 

worthwhile to consider alternative models for mucin-mucin interactions in dense 

glycocalyces. For instance, a soft disk or Gaussian model could account for the finite 

compressibility of the glycoproteins. Additionally, the current treatment of the steric 

interactions takes into account these effects only near the membrane. Incorporation of 

excluded volume effects at other z-positions as well as effects of molecular crowding 

on the shape of the glycoproteins would require an extremely coupled and complicated 

mechanical analysis. 
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This paper presents a biomechanical model for the glycocalyx incorporating effects 

dominant in cells experiencing external compressive stresses. The mechanics of the 

membrane and the constituents of the glycocalyx, the migration of the glycocalyx 

elements, and steric effects govern the mechanical behavior of the glycocalyx. This 

study considers two limiting cases for the stiffness of the glycocalyx elements – stiff 

beams and flexible chains. Simulations of the limiting cases predict a sigmoidal-like 

stress-strain curve for the beam glycocalyx and a Hill-function-like curve for the flexible 

chain glycocalyx. The computations additionally predict the collection of the beams and 

the chains in favorable areas of the membrane which experience minimum confinement. 

The mechanical pressure requirements for compressing the glycocalyx and the 

reorganization of the glycocalyx due to external forces may be important in biophysical 

mechanisms ranging from receptor-mediated cell adhesion and migration to clustering 

of cell surface or extracellular molecules. 
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CHAPTER 32 

WAVELENGTH SELECTION AND DYNAMICS OF A 

CYTOSOLICALLY COMPRESSED GLYCOCALYX 

 

This chapter is adapted from a manuscript currently in preparation. 

 

3.1 Introduction 

Cancer cells use spherical protrusions, called blebs, on their cell surface to generate 

traction and move in 3D environments (Charras and Paluch, 2008). Metastatic cancer 

cells can use blebbing motility to evade treatment (Charras and Paluch, 2008). Cancer 

aggression is strongly correlated with the overproduction of bulky biopolymer 

molecules in the glycocalyx (Kaur et al., 2013; Kufe, 2009). The glycocalyx has been 

directly implicated in the formation of curved structures on the cell surface, including 

bleb-like protrusions (Shurer et al., 2019). At the interface between a cancer cell and its 

immediate environment, the glycocalyx can significantly impact adhesion and 

migration. However, a detailed physical understanding of the glycocalyx on a bleb 

during blebbing motility is lacking. 

 

Traction in blebbing motility has been proposed to generate through receptor-based 

adhesion on blebs and through cytosolic forces on extracellular structures such as  

                                                           
Figure 3.1 in this chapter is adapted from (Charras and Paluch, 2008). 
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collagen matrices (Charras and Paluch, 2008). Mucinous biopolymers in the glycocalyx 

can act as protective barriers from extracellular entities and factors (Kuo et al., 2018). 

Mucins such as Muc1 are known to modulate distances between cell surface receptors 

and extracellular ligands and influence rates of receptor activation and binding (Paszek 

et al., 2014). The glycocalyx can further impact receptor-activated signaling pathways 

(Paszek et al., 2014) and subsequently cell adhesion and migration phenotypes. For 

example, overproduction of mucins causes cells to transiently detach from extracellular 

substrates (Shurer et al., 2017). 

 

Blebbing motility involves the transient formation and retraction of bleb-like 

protrusions (Fig. 3.1). Blebs can grow up to ~2𝜇m in ~30 seconds and retract almost 

completely in another ~120 seconds (Charras et al., 2008). The formation of blebs 

occurs due to elevated internal cytosolic pressures. Cells can elevate internal pressures 

up to 100 Pa by breaking the outer cytoskeleton shell and contracting it inwards (Charras 

et al., 2006). Extracellular confinement can also result in the propagation of stress 

through the cytosolic medium, resulting in a dispersed pressure on the glycocalyx 

(Denais et al., 2016). The glycocalyx, which acts as the interface between the cell and 

its environment during migration, is particularly understudied in the context of cytosolic 

pressure. As a bleb interfaces with the extracellular matrix during blebbing motility, the 

glycocalyx is expected to experience the elevated cytosolic pressure required for bleb 

growth. There have been recent predictions of the glycocalyx under cytoskeletal forces 

(Gandhi et al., 2019). However, the effects of cytosolic pressures on the glycocalyx 
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structure and subsequently adhesion receptor organization and binding are not well-

understood. 

 

 

Fig. 3.1. The dynamic process of membrane growth and retraction. A. The formation of 

blebs requires the cellular cortical cytoskeleton to detach from the membrane or to depolymerize 

and a simultaneous growth in intracellular pressure due to cytoskeletal contraction. B. The 

cytosolic pressure forces the bleb to expand as the cytosolic fluid fills the bleb. C. Once mature, 

the cortical cytoskeleton is reformed inside the protruded bleb. D. Further cytoskeletal 

contractility makes the bleb retract to finish the bleb life cycle. Figure adapted from (Charras 

and Paluch, 2008). 

 

In this paper, we simulate the glycocalyx and cell surface in conditions similar to 

those expected during blebbing motility. We consider the presence of a cytosolic 

pressure acting on the glycocalyx and cell surface. We build upon the modeling 

framework presented in (Gandhi et al., 2019) to predict the deformation and 

organization of the glycocalyx as well as the membrane shape. We consider the 
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glycocalyx to be either a lattice of beams or a brush of flexible chains, with the 

mechanical elements able to move laterally in the plane of the membrane. We 

incorporate a shape equation considering bending deformations of the cell membrane. 

We consider the dynamic transport of the glycocalyx polyelectrolytes due to convective 

and diffusive driving forces. The next section provides a summary of the modeling 

framework used in this paper. 

 

3.2 Model 

 

3.2.1 Summary 

 

The modeling framework for the dynamic simulations in this paper is based on that 

for the equilibrium simulations of (Gandhi et al., 2019). We consider two limiting 

treatments for the mechanical elements in the glycocalyx as either flexible chains in a 

polymer brush or a continuum of bendable beams. We account for membrane bending 

using beam bending theory. We incorporate steric effects between the polyelectrolytes 

in the glycocalyx as well as the osmotic pressures of bulk counterions neutralizing the 

charged residues in the glycocalyx. The growth of a bleb interfacing with an 

extracellular matrix is a dynamic process having the potential for important transient 

processes and kinetically trapped equilibrium states. Therefore, in this paper we carry 

out dynamic simulations of the glycocalyx. Out of the possible transient processes 

during the cytosolic compression of the glycocalyx, the lateral transport of the 
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glycocalyx polyelectrolytes is the process with the limiting time scale. Therefore, we 

consider an unsteady transport equation that describes the spatiotemporal dependence 

of the glycocalyx density. The next few sections contain descriptions of the modeling 

elements that combine to describe the dynamics of a cytosolically compressed 

glycocalyx. 

 

3.2.2 Cell membrane mechanics with cytosolic pressure 

 

The shape of the cell membrane can be captured by the Helfrich equation (Brown, 

2011; Canham, 1970; Deuling and Helfrich, 1976; Helfrich, 1973). Balancing the forces 

and torques driving membrane bending with the internal resistance of the membrane to 

bending results in the membrane shape equation. We consider a form that allows for 

large bending deformations of the membrane and that assumes the total surface area of 

the membrane is constant (Brown, 2011; Canham, 1970; Deuling and Helfrich, 1976; 

Lin and Brown, 2004). We consider the membrane to behave in a linearly elastic manner 

to bending deformations (Canham, 1970; Helfrich, 1973; Seifert, 1997), suggesting the 

constitutive relation �̅� = 𝜅𝑑𝜃/𝑑𝑠, where �̅� is the internal bending moment generated 

by the membrane 𝜅 is the bending modulus of the membrane, 𝜃 is the local inclination 

of the surface from the horizontal substrate, 𝑠 is an arc-length coordinate on the 

membrane. 𝑑𝜃/𝑑𝑠 is the local membrane curvature. We consider a length scale for the 

membrane domain much smaller than the bleb size. Hence, we consider the membrane 

to be flat at the onset of the cytosolic pressure. 
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The cytosolic pressure acts on the length scale of the cell and is locally normal to 

the membrane. We add a term, 𝑃𝐼, designating the intracellular pressure relative to a 

uniform pressure outside the cell. The cytosolic pressure, 𝑃𝐼, appears in the membrane 

equation alongside the other normal forces, 𝑃𝑁, on the membrane. The pressure 

difference between the ends of the membrane domain is expected to be much smaller 

than the pressure difference across the membrane. Hence, we consider the cytosolic 

pressure, 𝑃𝐼, to be spatially uniform. The moment balance on the membrane is: 

𝜅
𝑑𝜃

𝑑𝑠
= − ∫ 𝑀𝐺(𝑠′)𝐶𝐺(𝑠′)𝑑𝑠′

𝑠

0

+ ∫ 𝐹𝐺(𝑠′)𝐶𝐺(𝑠′) ∫ cos 𝜃(𝑠′′) 𝑑𝑠′′
𝑠

𝑠′

𝑑𝑠′
𝑠

0

+ ∫ (𝑃𝑁(𝑠′) − 𝑃𝐼) ∫ cos(𝜃(𝑠′) − 𝜃(𝑠′′)) 𝑑𝑠′′
𝑠

𝑠′

𝑑𝑠′
𝑠

0

. 

(3.1) 

where 𝐹𝐺  and 𝑀𝐺  are the force and the moment respectively exerted on the membrane 

by individual glycoproteins, 𝐶𝐺 is the local concentration of the glycoproteins, and 𝐹𝐺𝐶𝐺 

and 𝑀𝐺𝐶𝐺 are the force and moment distributions respectively exerted by the glycocalyx 

on the membrane. 𝑃𝑁 is the net pressure experienced by the membrane due to counterion 

and polymer brush osmotic pressures. 𝑃𝑁 is locally normal to the membrane. Please 

refer to the next sections for treatments of 𝐹𝐺 , 𝑀𝐺 , 𝐶𝐺, and 𝑃𝑁. 𝑠′ and 𝑠′′ are dummy 

variables for the arc-length coordinate 𝑠. Differentiation of Eq. 3.1 with 𝑠 yields a more 

tractable force balance: 
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𝜅
𝑑2𝜃

𝑑𝑠2
= −𝑀𝐺𝐶𝐺 + cos 𝜃 ∫ 𝐹𝐺(𝑠′)𝐶𝐺(𝑠′)𝑑𝑠′

𝑠

0

+ ∫ (𝑃𝑁(𝑠′) − 𝑃𝐼) cos(𝜃(𝑠′) − 𝜃) 𝑑𝑠′
𝑠

0

. 

(3.2) 

 

The modeling framework contains an inherent symmetry about the axis 𝑠 = 𝐿/2. 

Hence, we consider a simulation domain of 𝑠 ∈ [0, 𝐿/2]. Periodicity at 𝑠 = 0 and 

symmetry at 𝑠 = 𝐿/2 yield zero slope boundary conditions, 𝜃(𝑠 = 0) = 𝜃(𝑠 = 𝐿/2) =

0. Along with these boundary conditions, Eq. 3.2 yields a solution for the membrane 

inclination. 

 

An overall vertical force balance on the membrane equates the cytosolic force with 

the reaction forces from the glycocalyx and the glycocalyx counterion osmotic pressure: 

∫ 𝐹𝐺(𝑠′)𝐶𝐺(𝑠′)
𝐿/2

0

𝑑𝑠′ + ∫ (𝑃𝑁(𝑠′) − 𝑃𝐼) cos 𝜃(𝑠′) 𝑑𝑠′
𝐿/2

0

+ 𝑁𝑆 = 0, (3.3) 

where 𝑁𝑆 is an extra reaction force from the substrate. 𝑁𝑆 = 0 by default, and only 

becomes non-zero when the membrane height at any point becomes zero. Eq. 3.3 

indirectly provides information on the mean deformation of the membrane, which is 

related to the reaction forces from the glycocalyx. We configure the solver to use Eq. 

3.3 to obtain the minimum height, 𝐻0, of the membrane. The local membrane height is 

then given by: 

𝐻(𝑠) = 𝐻0 + ∫ sin 𝜃 𝑑𝑠′
𝑠

0

. (3.4) 
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3.2.3 Mechanics of beam-like glycocalyx polyelectrolytes 

 

Glycocalyx polyelectrolytes heavily decorated with side chains can have large 

persistence lengths, equal to or greater than the molecular length. In this regime, we 

consider the glycocalyx as a continuum of laterally mobile structural beams that bend 

under load. We assume the transmembrane portion of a beam-like glycoprotein 

maintains a perpendicular orientation with the membrane due to moments from the 

lipids in the bilayer and interactions between polyelectrolyte side chains and the 

membrane. We ignore friction between glycoproteins and the extracellular substrate 

owing to mucin diffusion coefficients being comparable to those of smaller 

transmembrane molecules. Thus, we consider the reaction forces to be purely normal to 

the substrate. Electrostatic interactions between charged glycoproteins are screened by 

the counterions in the interstitial fluid. With these approximations, beam bending theory 

can describe the shape of a deformed beam-like glycocalyx polyelectrolyte due to 

external compressive stresses (Frisch-Fay, 1962; Han et al., 2006; Wang, 1986): 

𝑑2𝜃𝐺

𝑑𝑠𝐺
2

= −
𝐹𝐺

𝐸𝐺𝐼𝐺
𝑠𝑖𝑛(𝜃 + 𝜃𝐺), (3.5) 

where 𝜃𝐺(𝑠𝐺) is the protein inclination with respect to the local normal to the membrane 

at an arc-length coordinate 𝑠𝐺, 𝐸𝐺𝐼𝐺 is the bending modulus of the glycoprotein, 𝐹𝐺  is 

the force on the glycoprotein and 𝜃 is the membrane inclination at the location where 

the glycoprotein is attached to the membrane. 
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In the absence of other force dipoles, the boundary condition at the extracellular end 

is 𝑑𝜃𝐺 𝑑𝑠𝐺⁄ = 0 at 𝑠𝐺 = 𝐿𝐺 , where 𝐿𝐺  is the length of the glycoprotein. The 

glycoprotein is constrained to be perpendicularly attached to the membrane through the 

boundary condition 𝜃𝐺(0) = 0. A solution of Eq. 3.5 is: 

𝜃𝐺(𝑠𝐺) = −𝜃 + 2 𝑎𝑚 {(
Ω
𝑚)

1/2 𝑠𝐺

𝐿𝐺
+ 𝐹 (

𝜃
2 |𝑚) |𝑚} ,   for 0 ≤ 𝑠𝐺 ≤ 𝐿𝐺 ,    Ω

< Ω𝑡 , 

(3.6) 

where Ω = 𝐹𝐺𝐿𝐺
2 𝐸𝐺𝐼𝐺⁄  is a dimensionless force on a glycoprotein, 𝑎𝑚(𝑤|𝑚) is the 

Jacobi amplitude function with argument 𝑤 and parameter 𝑚, and 𝐹(𝜙|𝑚) is the 

incomplete elliptic integral of the first kind with argument 𝜙. 𝑚 = (sin((𝜃 + 𝜃𝐺1)/

2))
−2

, where 𝜃𝐺1 = 𝜃𝐺(𝑠𝐺 = 𝐿𝐺) is the inclination of the extracellular end of the beam. 

Ω𝑡 is a dimensionless transition force described below. 

 

For forces below a transition value Ω𝑡, 𝜃𝐺1 and 𝑚 can be determined by solving the 

equation 𝜃𝐺(𝑠𝐺 = 𝐿𝐺) = 𝜃𝐺1. Ω𝑡 is given by: 

Ω𝑡 = 2 [
𝐾(1/2)

21/2
− 𝐹 (

𝜃
2 |2)]

2

, (3.7) 

where 𝐾(𝑚) = 𝐹(𝜋/2|𝑚) is the complete elliptic integral of the first kind. Beyond the 

transition force, i.e. for Ω ≥ Ω𝑡, a part of the beam aligns with the extracellular substrate 

starting from its extracellular end. In this case, 𝑚 = 2 for the part of the glycoprotein 

that can deform, i.e. 0 ≤ 𝑠𝐺 ≤ 𝑠𝐺𝐴, where 𝑠𝐺𝐴 is the arc length coordinate where the 
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glycoprotein starts aligning. The aligned part of the glycoprotein does not deform and 

thus, 𝜃𝐺 = 𝜋/2 − 𝜃 for 𝑠𝐺𝐴 ≤ 𝑠𝐺 ≤ 1. The solution in Eq. 3.6 yields glycoprotein 

shapes equivalent to those obtained by a finite difference solution of Eq. 3.5 and with 

much less computational cost. 

 

For accurate descriptions of the mechanics of the glycocalyx beams at small 

deformations, we use a simplified equation in the case where the deflection of the beam 

is small (cos 𝜃 − 𝐻/𝐿𝐺 ≪ 1) and the inclination of the membrane is also small (𝜃 ≪

1). In this case, the dimensionless reaction force, Ω, on the glycocalyx beam can be 

calculated for a given glycocalyx height by using: 

tan2 √Ω +
tan √Ω

√Ω
+ 1 −

4 (1 −
𝐻
𝐿𝐺

)

𝜃2
. (3.8) 

 

3.2.4 Steric interactions and entropic pressures for beam-like glycopolymers 

 

The components of the glycocalyx, including various mucins, are bottlebrushes with 

side chains attached to a backbone. The stiff members among these bottlebrushes 

resemble cylinders. Thus, as a first approximation, we consider these stiff beam-like 

elements to experience hard-disk interactions. These interactions push the beams, 

driving lateral migration on the membrane. Virial expansions provide the osmotic 

pressure as a function of planar density. The following Padé approximation provides an 
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osmotic pressure that diverges as the density approaches the hexagonal closed packing 

limit (Sanchez, 1994): 

𝑃𝑇 =
𝑘𝐵𝑇𝐶𝐺(1 + 1.03961𝜙 − 0.4768481𝜙2 + 0.301640𝜙3)

(1 − 0.960399𝜙 − 1.684070𝜙2 + 2.41607𝜙3 − 0.811998𝜙4)
, (3.9) 

where 𝜙 is the fraction of membrane area covered by the backbones and branches of the 

glycocalyx polyelectrolytes. Considering each polyelectrolyte to resemble a cylindrical 

beam with diameter 𝑑, 𝜙 = 𝐶𝐺𝜋𝑑2/4. The effect of this tangential steric pressure on 

the spatial distribution of the glycocalyx is described in a subsequent section. 

 

In a process called Donnan equilibrium, counterions from the interstitial fluid are 

attracted to the charged glycocalyx, resulting in an osmotic pressure of the counterions. 

We consider the local counterion density to be proportional to the density of the beam 

elements. Then the osmotic pressure of the counterions acting on the membrane normal 

to the surface is (Bracha et al., 2013): 

𝑃𝑁 = 𝑘𝐵𝑇
𝑄𝐺

2

4𝐶𝑀
(

𝐶𝐺
2

𝐻2
−

𝐶𝐺0
2

𝐿𝐺
2 ), (3.10) 

where 𝑄𝐺 is the number of counterions per polyelectrolyte and 𝐶𝑀 is the ionic strength 

of the surrounding media. 

 

3.2.5 Polymer brush of flexible-chain-like glycocalyx polyelectrolytes 

 

Glycocalyx polyelectrolytes with a low density of side chains can have persistence 

lengths much smaller than the molecular length and can behave as flexible chains. In 
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this regime, we model the glycocalyx as a brush of flexible polymers (de Gennes, 1980; 

Milner, 1991). The polymers have a Kuhn length 𝐿𝐾, which is twice the persistence 

length, an indicator of molecular stiffness. 𝑁𝐾 such Kuhn segments of length 𝐿𝐾 

constitute a polymer. The polymers are allowed to migrate on the plane of the membrane 

due to compressive forces and diffusion. 

 

The free energy of a compressed polymer brush contains translational and 

configurational entropies of the polymers as well as energetic contributions from 

excluded volume and counterion effects.  The total free energy per area of the brush is 

(Bracha et al., 2013; Zhulina et al., 2006): 

ℱ𝐵 = 𝑘𝐵𝑇 (𝐶𝐺 +
3𝐻2𝐶𝐺

2𝑁𝐾𝐿𝐾
2 +

𝑣𝐾𝐶𝐺
2𝑁𝐾

2

𝐻
+

𝑄𝐺
2𝐶𝐺

2

4𝐶𝑀𝐻
), (3.11) 

where 𝑣𝐾 is the excluded volume of a Kuhn segment. Given the bottlebrush nature of 

many elements of the glycocalyx, we consider cylindrical segments with diameter 𝑑 and 

length 𝐿𝐾. Then 𝑣 = 𝐿𝐾
2 𝑑 (Onsager, 1949). Appropriate derivatives of the free energy 

density in Eq. 11 provide expressions for the pressures experienced by the polymers and 

the membrane. An osmotic pressure in the plane of the membrane that causes migration 

of the chains is given by, 

𝑃𝑇 = 𝐶𝐺 (
𝜕ℱ𝐵

𝜕𝐶𝐺
)

𝑇,𝐻

= 𝑘𝐵𝑇 (𝐶𝐺 +
3𝐶𝐺𝐻2

2𝑁𝐾𝐿𝐾
2 +

2𝑣𝐾𝐶𝐺
2𝑁𝐾

2

𝐻
+

2𝑄𝐺
2𝐶𝐺

2

4𝐶𝑀𝐻
). (3.12) 
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This tangential 2D pressure can impact the spatial organization of the glycocalyx as 

discussed in the next section. On the other hand, the membrane experiences a reaction 

pressure normal to the surface due to the compression of the brush, 

𝑃𝑁 = − (
𝜕ℱ𝐵

𝜕𝐻
)

𝑇,𝐶𝐺

= 𝑘𝐵𝑇 (−
3𝐶𝐺𝐻

𝑁𝐾𝐿𝐾
2 +

𝑣𝐾𝐶𝐺
2𝑁𝐾

2

𝐻2
+

𝑄𝐺
2𝐶𝐺

2

4𝐶𝑀𝐻2
). (3.13) 

Eq. 3.12 and Eq. 3.13 provide polymer brush reaction forces due to compression. 𝐹𝐺 =

0 and 𝑀𝐺 = 0 for the polymer brush. In the absence of external compression, i.e. 𝑃𝐼 =

0, the brush is at equilibrium when the normal pressure driving extension or 

compression is zero, 𝑃𝑁 = 0. Considering a uniformly distributed brush, 𝐶𝐺 = 𝐶𝐺0, the 

equation 𝑃𝑁 = 0 yields the stress-free height of the glycocalyx brush: 

𝐻𝐵 = [
𝐶𝐺0𝑁𝐾

3𝐿𝐾
2

3
(𝑣𝐾 +

𝑄𝐺
2

4𝐶𝑀𝑁𝐾
2)]

1/3

. (3.14) 

𝐻𝐵 serves as a length scale for characterizing the height of the brush glycocalyx in the 

presence of external compression. 

 

This theoretical treatment considers the glycocalyx as a brush of flexible chains 

alongside the shape equation describing the membrane deformation. However, the brush 

free energy (Eq. 3.11) does not consider effects of large membrane curvature and is 

valid mainly for small membrane bending. Large membrane curvatures would need the 

incorporation of spatial heterogeneities and non-local effects between the flexible 

chains. Including these effects would require a description of polymer brush behavior 

on a surface with spatially varying curvature, which is not readily available. 
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3.2.6 Dynamics of glycocalyx transport 

 

The compressive stress on the glycocalyx due to cytosolic pressure can push the 

polyelectrolytes in the glycocalyx. To capture the resulting spatial arrangement of the 

glycocalyx, we consider a continuum of identical glycocalyx molecules able to migrate 

laterally on the membrane. The diffusion and pressure-driven migration of the 

glycocalyx polyelectrolytes are the rate-limiting processes in the compression of the 

glycocalyx. Hence, an unsteady transport equation can capture the dynamic spatial 

distribution of the glycocalyx polyelectrolytes: 

𝜕𝐶𝐺

𝜕𝑡
+

∂𝑞

𝜕𝑠
= 0, (3.15) 

where 𝑞(𝑠) is the local flux of the glycocalyx species: 

𝑞 =
𝐷𝐺

𝑘𝐵𝑇
(𝐹𝐺𝐶𝐺 sin 𝜃 −

𝜕𝑃𝑇

𝜕𝑠
). (3.16) 

The transport equation thus becomes: 

𝜕𝐶𝐺

𝜕𝑡
+

𝐷𝐺

𝑘𝐵𝑇
[

𝜕

𝜕𝑠
(𝐹𝐺𝐶𝐺 sin 𝜃) −

𝜕2𝑃𝑇

𝜕𝑠2
] = 0. (3.17) 

 

Zero flux boundary conditions maintain a constant total content of glycocalyx 

constituents in the domain: 

𝑞(𝑠 = 0, 𝑡) = 𝑞(𝑠 = 𝐿/2, 𝑡) = 0. (3.18) 

We consider a uniform concentration profile at the initial state: 
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𝐶𝐺(𝑠, 𝑡 = 0)

𝐶𝐺0
= 1. (3.19) 

 

3.2.7 Gibbs free energy of the beam glycocalyx 

 

As shown in the next section, the simulations demonstrate multiple solutions to the 

coupled nonlinear differential equations detailed above. We calculate free energies of 

the multiple solutions to identify the most favorable states. The osmotic pressure on the 

glycocalyx is considered to be spatially homogeneous and constant. The total content 

of glycocalyx constituents remains constant and there are no effects that change the 

system temperature. Hence, the model system in this paper resembles an isotropic-

isobaric ensemble. Accordingly, the Gibbs free energy is the characteristic free energy. 

The Gibbs free energy contains contributions from the bending energies of the 

membrane and the glycocalyx beams, the work done by the cytosolic pressure, and the 

entropy of the glycocalyx. We consider the undeformed, uniformly dispersed 

glycocalyx as the reference state for calculating the free energy. Then, for the initial 

condition in Eq. 3.19, the entropic contribution is zero. Hence, the Gibbs free energy 

per membrane area relative to the undeformed and uniformly distributed glycocalyx is: 

Δ𝐺 = ∫
𝜅

𝐿
(

𝑑𝜃

𝑑𝑠
)

2

𝑑𝑠
𝐿/2

0

+ ∫ 𝐶𝐺 ∫
𝐸𝐺𝐼𝐺

𝐿

𝐿𝐺

0

(
𝑑𝜃𝐺

𝑑𝑠𝐺
)

2

𝑑𝑠𝐺𝑑𝑠
𝐿/2

0

− 2𝑃𝐼 (𝐿𝐺 −
1

𝐿
∫ 𝐻𝑑𝑥

𝑥𝑚𝑎𝑥

0

), 

(3.20) 
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where 𝑥𝑚𝑎𝑥 is the value of 𝑥 at 𝑠 = 𝐿/2, obtained by having a constant contour length 

of the membrane domain: 

𝑥𝑚𝑎𝑥 = ∫ cos 𝜃 𝑑𝑠
𝐿/2

0

. (3.21) 

 

3.2.8 Dynamic simulation procedure 

 

Coupling the modeling components above allows simulation of the dynamics of the 

glycocalyx under cytosolic compression. We apply an approach similar to the finite 

volume method in order to conserve the total content of glycocalyx constituents while 

solving the transient transport equation (Eq. 3.17). Starting from the initial condition in 

Eq. 3.19, we use a fourth order Runge-Kutta solver to integrate Eq. 3.17 in time and 

calculate the dynamic glycocalyx distribution (Fig. 3.2). At each time step, Eq. 3.1-3.4 

solve for the membrane topography. The membrane shape and glycocalyx density 

profile allow calculation of the normal and tangential forces exerted by the glycocalyx 

(Eq. 3.6, 3.8-3.10, 3.12, 3.13). Thus, we simulate the time-dependence of the glycocalyx 

concentration distribution, membrane topography, and the glycocalyx forces in the 

presence of cytosolic pressure. 
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Fig. 3.2. Dynamic simulation procedure. This flowchart demonstrates the time stepping 

process used to update the transient glycocalyx distribution and the iterative procedure used to 

solve for the membrane topography at each time step. 

 

3.3 Results 

 

3.3.1 Wavelength selection for cytosolically compressed beam glycocalyx 
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Simulations of the beam glycocalyx predict the structure and organization of the 

glycocalyx under cytosolic pressure. At 𝑡 = 0, the simulations start with user-specified 

initial guesses for the membrane topography. The system of equations has up to three 

solutions at 𝑡 = 0. For cytosolic pressures smaller than the critical pressure needed to 

buckle the column-like glycocalyx beams, 𝑃𝑐𝑟 = (𝜋2/4)(𝐶𝐺0𝐸𝐺𝐼𝐺/𝐿𝐺
2 ), the completely 

uniform and undeformed glycocalyx is the trivial solution. Two solution branches with 

different non-zero deformations exist for most parameter values. Both deformed 

solutions have lower specific Gibbs free energies than the trivial solution, thus 

predicting the glycocalyx to be naturally deformed by the cytosolic pressure. The 

simulations predict the deformation to occur periodically on the length scale of the 

membrane domain. Out of the two solution branches with zero deformation, one of the 

branches contains states with lower Gibbs free energies for the explored parameter 

regimes. We present results from only this favorable solution branch. 

 

To characterize the structure of the beam glycocalyx under cytosolic pressure, we 

calculated the Gibbs free energy per membrane area at 𝑡 = 0 for varying membrane 

domain length and cytosolic pressure (Fig. 3.3A). We use physiologically relevant 

values of the parameters listed in Table 3.1. The specific Gibbs free energy decreases 

with increasing pressure and exhibits a minimum as a function of deformation length 

(Fig. 3.3A). The work done by the cytosolic pressure in deforming the glycocalyx is an 

important, negative contribution to the Gibbs free energy (Fig. 3.3B-C). Increasing the 

pressure amplifies this term (Fig. 3.3B), making a more deformed state more favorable. 
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On the other hand, there exists an optimal length for the glycocalyx to deform at for a 

given cytosolic pressure (Fig. 3.3C). For small length scales, the membrane bending 

energy would be significantly large for large deformations. Consequently, the mean 

deformation is small in this range and the corresponding pressure work has a diminished 

magnitude too. At large length scales, while the maximum deformation of the 

glycocalyx increases, the mean deformation decreases, resulting in a reduction in the 

absolute value of the pressure work. Thus, the simulations predict a uniformly dispersed 

glycocalyx experiencing cytosolic pressure to deform at a favored length scale, 𝐿 = 𝐿𝐷. 

This characteristic length scale of deformation decreases with increase in pressure (Fig. 

3.3D). A scaling law of 𝐿𝐷 = 253(𝑃𝐼𝐿𝐺
3 /𝜅)−0.16, where 𝐿𝐷 is in nm, describes the trend 

accurately. 

 

Glossary of parameters 

 

Parameter 

name 

Description Estimated 

range 

References 

𝑃𝐼 Cytosolic stress on the 

glycocalyx 

75-450 Pa (Charras et al., 2006) 

𝐿 Membrane domain length 200-300 

nm 

(Fujiwara et al., 2002; 

Kusumi et al., 2005) 
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𝐶𝐺0 Spatially averaged 

glycocalyx number density 

1000 

molecules/

μm2 

(Shurer et al., 2019) 

𝐷𝐺  Diffusivity of glycocalyx 

molecules on the membrane 

0.2 μm2/s (Paszek et al., 2014) 

𝜅 Membrane bending modulus 200 

pN.nm 

(Evans, 1980, 1983; 

Evans and Rawicz, 1990; 

Graham and Kozlov, 

2010) 

𝐸𝐺𝐼𝐺 Individual beam bending 

modulus 

100 

pN.nm2 

(Cleland, 1977; Fang et 

al., 2009; Han et al., 2006; 

Kramer et al., 2015; 

Mendichi et al., 2003; 

Round et al., 2002; 

Weinbaum et al., 2003) 

𝐿𝐺  Beam polyelectrolyte length 100 nm (Bramwell et al., 1986; 

Cohen et al., 2004; 

Gendler, 2001) 

𝑑 Representative diameter of a 

glycocalyx molecule 

15 nm (Paturej et al., 2016) 
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𝑄𝐺 Number of charged residues 

per beam or polymer 

200 (Anderson et al., 2016; 

Born and Palinski, 1985) 

𝐶𝑀 Ionic strength of surrounding 

media 

150 mM (Fogh-Andersen et al., 

1995) 

𝐿𝐾 Kuhn length of a polymer in 

the glycocalyx 

15 nm (Paturej et al., 2016) 

𝑁𝐾

= 𝐿𝐺/𝐿𝐾 

Number of Kuhn segments in 

a polymer 

13 - 

Table 3.1. A glossary of some of the parameters in the model, alongside physiologically 

relevant estimates for the same obtained from the listed references. 

 

 

Characterizing the membrane topography at 𝑡 = 0 for varying cytosolic pressure at 

the favored deformation length scale, 𝐿𝐷, yields insight into the effect of cytosolic 

pressure on the outer cell surface. As expected, elevating the pressure enhances the 

membrane deformation (Fig. 3.3E). The spatially maximum, minimum, and mean 

membrane heights demonstrate monotonically increasing trends against the cytosolic 

pressure (Fig. 3.3F). Since the favored deformation length is inversely related to 

cytosolic pressure, the membrane deformation is smaller for deformations with larger 

𝐿𝐷 (Fig. 3.3G). This prediction is contrary to the typical positive correlation between 

length scale of deformation and extent of deformation of a mechanical element. 
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Fig. 3.3. Gibbs free energy minimization reveals favored deformation length scale for the 

beam glycocalyx. A. Plots of Gibbs free energy per membrane area against membrane domain 

length and cytosolic pressure provide information on favored initial states of the beam 

glycocalyx. The minimum Gibbs free energy for any membrane length, 𝐿, is subtracted from 

the length-dependent Gibbs free energy. The reference state for the free energies is a uniformly 

distributed glycocalyx with zero deformation. B-C. Membrane and glycocalyx internal energy 

and cytosolic pressure work contributions to the Gibbs free energy vary with the cytosolic 

pressure (B) and the membrane domain length (C). 𝐿 = 250 𝑛𝑚 in B and 𝑃𝐼𝐿𝐺
3 /𝜅 = 0.38 in C. 

D. The membrane domain length at which the Gibbs free energy profile exhibits a minimum 

represents the favored length scale for cell surface deformation. The favored deformation length 

can be fit by a linear curve on a log-log plot. E. Initial membrane topographies for various 

pressures and the favored membrane deformation length. F-G. Spatially minimum, mean, and 

maximum deformation of the membrane at 𝑡 = 0 show increasing trends with the cytosolic 

pressure (F) and are negatively related to the favored deformation length scale (G). The 

simulations in this figure use 𝐶𝐺0𝐿2 = 10, 𝐿𝐺/𝐿 = 1, 𝐸𝐺𝐼𝐺/𝐿𝜅 = 1, 𝑑/𝐿 = 0.1, and 𝑄𝐺 = 200. 

For the parameter values used here, 𝑃𝐼𝐿𝐺
3 /𝜅 = 0.38 and 2.29 correspond to 𝑃𝐼 = 76 Pa and 457 

Pa. 

 

3.3.2 Beam glycocalyx and membrane dynamics  

 

To understand the transient effects of cytosolic pressure on the glycocalyx, we next 

performed dynamic simulations. The unsteady transport equation, uniform 

concentration profile at 𝑡 = 0, and zero flux boundary conditions provide the dynamic 

glycocalyx distribution (Eq. 3.17-3.19). Starting from the most favored deformed state 

at the specified cytosolic pressure, the membrane topography is developed with every 

update of the glycocalyx concentration distribution. Fig. 3.4 shows the transient 

membrane topography and concentration profile for a sample cytosolic pressure. The 
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initial membrane and glycocalyx deformation results in a driving force on the 

glycocalyx components that pushes the molecules away from unfavorable regions with 

small membrane height. This transport of the glycopolymers leaves behind emptier 

locations on the surface, allowing the membrane to bend further due to cytosolic 

pressure (Fig. 3.4A). The temporally increasing deformation of the membrane further 

pushes the glycopolymers into more favorable elevated regions on the membrane (Fig. 

3.4B). At large times, the effective diffusion of the glycocalyx constituents becomes the 

dominant transport process, driving the glycocalyx distribution towards a uniform state. 

The membrane, however, reaches sharply deformed states, resulting in complete 

exclusion of the glycopolymers from low-lying regions on the membrane. Together, 

these effects result in a glycocalyx distribution with two distinct phases. The transport 

of the mucinous fibers occurs with two characteristic time scales. For the parameters 

considered in this paper, the convection time scale, 𝜏𝐶 = 𝑘𝐵𝑇𝐿𝐷
2 /𝜅𝐷𝐺 , is in the range 

0.01-0.02 seconds and the diffusive time scale, 𝜏𝐷 = 𝐿𝐷
2 /𝐷𝐺 , is about 0.2-0.5 seconds. 
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Fig. 3.4. Dynamic simulations predict transient beam glycocalyx organization and 

membrane shape. The membrane topography (A) and the glycopolymer concentration profile 

(B) in cartesian coordinates for several time points in a dynamic simulation with 𝑃𝐼𝐿𝐺
3 /𝜅 = 0.38 

and 𝐿 = 𝐿𝐷 = 297 𝑛𝑚. 

 

3.3.3 Equilibrium beam glycocalyx states under cytosolic pressure  

 

The solution approaches a steady state at large time. We next analyzed the 

membrane topography and the beam glycocalyx distribution at equilibrium (Fig. 3.5). 

The predicted equilibrium membrane topography contains sharp gradients (Fig. 3.5A). 

The equilibrium states at lower pressure demonstrate membrane topographies 

containing areas where the height exceeds the glycopolymer length. The glycopolymers 

in these elevated areas do not offer any mechanical resistance as they do not contact the 

substrate. In these cases, the glycocalyx polymers in regions with smaller membrane 

height bear the cytosolic pressure. The glycocalyx is completely pushed out from the 

membrane areas with low heights and exhibits a nearly uniform distribution in the rest 

of the membrane (Fig. 3.5B). Surprisingly, the concentration profiles for different 

pressures almost coincide when plotted against the membrane arc length coordinate 

(Fig. 3.5C). 
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Fig. 3.5. Beam glycocalyx structure and organization at steady state. A. Equilibrium 

membrane topographies in Cartesian coordinates for a range of cytosolic pressures and favored 

deformation lengths. B. Steady state glycocalyx concentration profiles against the horizontal 

spatial coordinate, 𝑥. C. The steady state profiles represented against the membrane arc length 

coordinate nearly coincide. 

 

3.3.4 Mechanics of a cytosolically compressed brush glycocalyx 

 

To capture the behavior of a glycocalyx containing flexible elements, we simulated 

the polymer brush glycocalyx. Starting with the same initial condition of a uniform 

spatial distribution of the glycocalyx polyelectrolytes, the simulations predict the 
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dynamic behavior of the brush glycocalyx. Unlike the beam glycocalyx model, the 

initial state for the brush glycocalyx exhibits an undeformed membrane (Fig. 3.6A). The 

glycocalyx brush is deformed, however, and the height of the compressed brush can be 

calculated by solving an algebraic equation derived by balancing 𝑃𝑁 = 𝑃𝐼 and 

considering 𝐶𝐺 = 𝐶𝐺0: 

(−
3𝐶𝐺0

𝑁𝐾𝐿𝐾
2 ) 𝐻3 + (−

𝑃𝐼

𝑘𝐵𝑇
) 𝐻2 + (𝐿𝐾

2 𝑑 +
𝑄𝐺

2

4𝐶𝑀𝑁𝐾
2) 𝐶𝐺0

2 𝑁𝐾
2 = 0. (3.22) 

The brush height decreases with increase in pressure (Fig. 3.6B). 

 

The Gibbs free energy of the model system for varying membrane height helps 

interpret the prediction of an undeformed membrane. The Gibbs free energy for a 

uniformly distributed glycocalyx and a flat membrane contains the brush free energy, 

ℱ𝐵, and the work done by cytosolic pressure: 

Δ𝐺 = ℱ𝐵 − 2𝑃𝐼 (𝐿𝐺 −
1

𝐿
∫ 𝐻𝑑𝑥

𝑥𝑚𝑎𝑥

0

). (3.23) 

The Gibbs free energy exhibits a minimum for varying membrane height (Fig. 3.6C), 

suggesting the presence of an optimal height for every point in the membrane to adopt. 

The polymer brush simulations predict a flat membrane with this optimal height. 

However, the polymer brush model in this paper ignores non-local effects and is valid 

only for small membrane curvatures. Incorporating these effects may lead to predictions 

of deformed brush states for uniformly distributed glycocalyces. 
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The simulations predict a lack of dynamics in a cytosolically compressed brush 

glycocalyx. As the membrane height, 𝐻, and the glycocalyx polyelectrolyte 

concentration, 𝐶𝐺, are both constant, the tangential pressure, 𝑃𝑇, is spatially uniform. 

Thus, convective forces driving migration of the polyelectrolytes are absent. The 

dominant diffusion results in a glycocalyx distribution that is unchanged from the initial 

uniform profile. 

 

 

Fig. 3.6. Simulations of the brush glycocalyx model. A. Membrane topography for an example 

simulation using 𝑃𝐼𝐿3/𝜅 = 5 and 𝐿 = 250 𝑛𝑚. B. Solution of Eq. 3.22 provides the membrane 

height as a function of the cytosolic pressure. C. Gibbs free energy of the brush glycocalyx, 
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including the work done by the cytosolic pressure for varying membrane height exhibits 

minima. 

 

3.4 Conclusion 

 

In this chapter, we present a numerical model for the dynamic organization of the 

cancer glycocalyx in the presence of cytosolic pressures experienced when a bleb 

interacts with an extracellular substrate during blebbing motility. The model considers 

the mechanics of the structural elements in the glycocalyx tethered to the cell membrane 

and interacting with an extracellular substrate. Two limiting modeling frameworks are 

considered: bendable beams and flexible chains. Calculations for the beam glycocalyx 

with an initial homogeneous concentration profile reveal a naturally favored length scale 

for the deformation of the cell membrane. This favored deformation length is inversely 

related to the cytosolic pressure through a power law with a negative exponent. 

Transient calculations demonstrate the growth of the membrane deformation and 

gradual exclusion of the glycocalyx beams from lower areas of the membrane. The 

simulations approach steady states with sharp membrane topographies and nearly 

biphasic glycocalyx concentration profiles. The concentration profiles suggest the 

formation of clusters of the mucinous biopolymers due to the cytosolic pressure. 

Simulations of the polymer brush model predict a uniformly compressed brush and an 

undeformed cell membrane. The height of the compressed brush decreases with increase 

in cytosolic pressure. 
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The simulations of the beam glycocalyx in the presence of cytosolic pressures 

predicted a favored deformation length at the initial state. The length scales predicted 

were between 200 and 300 nm. Cells containing cancerous levels of mucinous 

biopolymers are known to have abundant membrane protrusions with characteristic 

length scales in the same order of magnitude (Shurer et al., 2019). While steric 

interactions between the glycocalyx brush drive the formation of these curved shapes at 

equilibrium (Shurer et al., 2019), the initial membrane deformations may be driven by 

cytosolic pressures as demonstrated in this chapter. More detailed experimental 

investigation of the natural deformation length scales in cells with elevated cytosolic 

pressures would be insightful. 

 

The dynamic simulations predict glycocalyx reorganization due to cytosolic 

pressures to occur at time scales of 0.01-0.02 s. Blebs are known to form at time scales 

of ~30 s and retract at ~120 s. These time scales are much larger than the reorganization 

time scales predicted by the simulations, suggesting that there may be other important 

transient considerations this model does not address. Immobile proteins on the cell 

membrane are known to significantly reduce rates of diffusion of mobile transmembrane 

molecules (Bussell et al., 1995). Incorporating immobile transmembrane entities and 

incorporating hydrodynamic effects between these molecules and the mobile glycocalyx 

polymers would help capture these effects. The glycocalyx polymers could additionally 

be directly hindered by immobile transmembrane molecules. Considering a fraction of 
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the glycocalyx molecules to be immobile and incorporating kinetic transformations 

between immobile and mobile species could describe these effects. 

 

The modeling formulation and its predictions presented in this chapter are an 

advancement towards a clearer understanding of the physical functions of the 

glycocalyx during blebbing motility. However, a comprehensive model for the 

glycocalyx during blebbing motility would need the addition of further modeling 

components. For example, experimental data could be used to prescribe the time-

dependent size of and pressure in a bleb. This would allow for the modeling of the 

glycocalyx on a bleb with temporally varying size. Interfacing with an extracellular 

substrate, the contact area between the glycocalyx and the substrate would increase as 

the bleb grows and decrease as the bleb retracts. Incorporating adhesion receptors into 

such a modeling formulation would yield insight into the contact times needed to create 

adhesions for the purpose of motility. The polymer brush model for the glycocalyx 

would also benefit from further development. The lack of membrane deformation 

predicted for the brush model suggests the need for the incorporation of more complex 

effects not incorporated in this paper. The present model ignores non-local effects, 

whereas in a crowded glycocalyx, flexible chains attached to the membrane at an area 

with a lower height may be able to explore spaces available in elevated areas of the 

membrane. This would allow for relaxation of the requirement of small membrane 

curvatures in the case of the brush model. 
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This article presents a biomechanical model for the glycocalyx under cytosolic 

pressure by incorporating dominant physical effects. The mechanics of the structural 

elements in the glycocalyx and the cell membrane, steric effects and electrostatic 

interactions in the glycocalyx regulate the biomechanics of the glycocalyx. The 

convection of the structural glycopolymers due to the cytosolic pressure and the 

diffusion of these molecules on the membrane govern the time scales of the 

biomechanical response. Simulations for stiff, beam-like elements in the glycocalyx 

predict the existence of a favored length scale for cell surface deformation that decreases 

with increase in pressure. The computations predict the gradual formation of membrane 

topographies with sharp spatial gradients and the formation of homogeneous 

glycopolymer clusters in the elevated membrane areas. The pressure-dependent 

deformation length and the formation of homogeneous clusters due to a cytosolic 

pressure may be insightful while examining the formation of curved membrane shapes 

and bleb-dependent cell migration. 
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CHAPTER 4 

MEMBRANE CURVATURE BY FLEXIBLE GLYCOCALYX 

POLYMERS 

 

This chapter has elements adapted from a manuscript published in Cell (Shurer et 

al., 2019). As a part of a collaborative project, I led the modeling efforts in this paper. 

All experimental data in this chapter was acquired by Dr. Carolyn R. Shurer, Dr. Joe 

Chin-Hun Kuo, and Dr. LaDeidra Monét Roberts in Prof. Matthew J. Paszek’s research 

group at Cornell University. Please refer to the manuscript for a more detailed statement 

on author contributions. 

 

4.1 Introduction 

 

Cells bend their plasma membranes into highly curved forms to interact with the local 

environment. While curved membrane protrusions have long been recognized to 

increase cell-surface area for secretion, absorption, and receptor-mediated 

communication, modern research has provided compelling examples of more diverse 

and sophisticated functionalities (Marshall, 2012). For instance, membrane projections 

are generated by embryonic cells to pinpoint delivery of morphogens at distant sites in 

developing tissues (Bischoff et al., 2013; Kornberg and Roy, 2014) and also by native 

and engineered immune cells for antigen surveillance (D’Aloia et al., 2018; Jung et al., 
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2016). Deregulation of membrane-shape generating processes can contribute directly to 

disease progression. Notably aggressive tumor cells extend abundant membrane tubules 

for adhesion and long-range intercellular communication, project spherical blebs to 

generate friction for amoeboid migration, and generate spherical microvesicles at the 

plasma membrane for long range delivery of cargoes (Antonyak et al., 2011; Becker et 

al., 2016; Bergert et al., 2015; Friedl and Wolf, 2010; Kramer and Nicolson, 1979; Liu 

et al., 2018; Lou et al., 2012). 

 

Forces originating from cytoskeletal dynamics are posited to generate membrane 

curvature for the diverse spherical and tubular structures on the cell surface. 

Polymerizing cytoskeletal filaments are envisioned to push out at discrete points along 

the plasma membrane for extension of microvilli, cilia, filopodia and other finger-like 

projections (Footer et al., 2007; Gupton and Gertler, 2007; Mogilner and Rubinstein, 

2005; Peskin et al., 1993). Contraction of the cytoskeleton generates the hydrostatic 

pressure for spherical expansion of the membrane during bleb formation (Charras et al., 

2005). The physical dynamics that bend sub-regions of the plasma membrane into 

microvesicles remain poorly understood; however, reports have implicated the actin 

cytoskeleton in their biogenesis (Tricarico et al., 2017). 

 

While the cell-surface glycocalyx is not featured in canonical models of membrane 

shape regulation, correlations abound between glycocalyx composition and cell-surface 

morphology in both normal and disease states. Polypeptide and sugar co-polymers 



91 
 

called mucins are frequently anchored at high densities on the surfaces of epithelial 

microvilli (Hattrup and Gendler, 2008; Kesavan et al., 2009; Kesimer et al., 2013), cilia 

(Button et al., 2012), and filopodia (Bennett Jr. et al., 2001). Hyaluronan polymers 

densely coat the microvilli of oocytes and mesothelium (Evanko et al., 2007; Makabe, 

S. et al., 2006). Chains of sialic acid and hyaluronan decorate the highly curved surfaces 

of neuronal axons (Fowke et al., 2017; van den Pol and Kim, 1993; Zhang et al., 1992). 

T-cells and dendritic cells exhibit coincident changes in membrane tubularization and 

mucin expression upon maturation (Agrawal et al., 1998; Cloosen et al., 2004; Jung et 

al., 2016; Pilon et al., 2009). Tumor cells frequently produce an abundance of mucins 

and hyaluronan on their cell surface (Kufe, 2009; Turley et al., 2016), and the expression 

of these polymers has been linked to their unique membrane features, such as extensive 

microvilli (Koistinen et al., 2015; Polefka et al., 1984). Mucins and hyaluronan 

polymers are also densely arrayed on the surfaces of enterocytes, reactive astrocytes, 

dendritic cells, and tumor cells, and these cells commonly secrete high levels of vesicles 

(Cloosen et al., 2004; Gangoda et al., 2015; McConnell et al., 2009; Paszek et al., 2014; 

Pelaseyed et al., 2014; Tricarico et al., 2017). While the ubiquity of these correlations 

suggests a possible causal relationship between glycocalyx polymer composition and 

plasma membrane morphologies, a specific mechanism of action has not been 

delineated. 

 

Mucins and long-chain polysaccharides are anchored to the membrane such that 

long polymer chains or loops are expected to extend from the cell surface (Hattrup and 
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Gendler, 2008; Lee et al., 1993). The ensemble resembles a well-studied structure in 

polymer physics called a brush, where polymers are grafted on one end to a surface 

(Chen et al., 2017). Polymer brush theory has long recognized that steric interactions in 

a densely crowded brush restrict the number of molecular configurations each polymer 

can explore, thereby increasing the free energy of the system through reduced entropy 

(de Gennes, 1980). Similar to the thermodynamic basis of gas pressure, the entropic 

penalty associated with molecular crowding can generate pressure on the anchoring 

surface (Hiergeist and Lipowsky, 1996; Lipowsky, 1995; Stachowiak et al., 2012). 

Experimental studies with synthetic polymers have confirmed that the pressures 

generated by these unstructured macromolecules are sufficient to deform flexible lipid 

membranes (Busch et al., 2015; Evans and Rawicz, 1997; Hansen et al., 2003; 

Kenworthy et al., 1995). However, whether biopolymers in the glycocalyx might 

regulate plasma membrane morphologies through a similar mechanism remains largely 

untested. 

 

4.2 Modeling framework and theoretical results 

 

To develop a more comprehensive understanding of the effects of entropic driving 

forces from glycocalyx polymers on membrane shape, we created a simple model for 

the glycocalyx as a polymer brush on the cell surface. The model considers long chain 

polymers anchored on one end to the plasma membrane. Common examples of long-

chain polymers in the glycocalyx include mucins and hyaluronic acid (HA), which we 
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model specifically here. The modeling framework could be similarly applied to other 

types of glycocalyx polymers, including polysialic acid and other glycosaminoglycans. 

Hyaluronic acid is a semi-flexible linear polysaccharide comprised of repeating units of 

glucuronic acid and N-acetylglucosamine. Mucins have a more complex bottlebrush 

structure comprised of a central polypeptide backbone and densely clustered glycan side 

chains along the backbone. Although their structure is complex, bottlebrush polymers 

can be modelled as effective linear polymers with a monomer size on the order of the 

side chains (Paturej et al., 2016). Therefore, we consider all glycocalyx polymers in our 

model to be linear or effectively linear. 

 

Biopolymers in the glycocalyx are anchored to the cell surface in several ways, 

including through transmembrane anchors, covalent conjugation to integral membrane 

proteins, and non-covalently to specific transmembrane receptors. Cell surface mucins 

are anchored directly near their carboxy terminus by a single transmembrane domain. 

Hyaluronic acid is anchored to the cell surface through specific transmembrane 

receptors on the cell surface. While it is possible for hyaluronic acid to be anchored at 

multiple points along the polymer backbone, for simplicity, we consider all glycocalyx 

polymers to have a single membrane anchor at one end.  

 

The cell surface is also decorated with many types of integral and peripheral 

membrane proteins. These molecules could also contribute to an entropic pressure on 

the cell membrane, similar to a 2D gas pressure. To isolate the effects of glycocalyx 
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polymers on the membrane, we neglect possible contributions from other cell surface 

proteins, as well as intracellular forces. However, the model could be extended to 

include these additional contributions to the system energy. 

 

Biopolymers have excluded volumes accounting for steric interactions between 

monomers on the same polymer as well as between monomers on adjacent molecules 

(de Gennes, 1980). Large negative charges on acidic sugars, such as glucuronic acid and 

sialic acid, give rise to intramolecular and intermolecular electrostatic interactions 

(Israels et al., 1994). Finally, the polymers and the brush have entropic contributions 

due to the elastic energy, which captures the stretch of the molecules (de Gennes, 1980). 

Embedded in a deformable lipid membrane, the energy of this polymer glycocalyx and 

that of the membrane can minimize to yield the equilibrium configuration (Lipowsky, 

1995; Stachowiak et al., 2012). Hence, in our model below, we perform an energy 

minimization of the glycocalyx and the underlying membrane to describe the surface 

curvature. 

 

Depending on surface density, polymers tethered to a surface exhibit two particular 

regimes of physical behavior – mushroom and brush. The Flory radius measures the 

approximate size of an entire polymer, and is given by 𝑅𝐹 ≈ 𝑙𝑎𝑁𝑎
𝜈 = 𝑙𝜈𝑙𝑎

1−𝜈, where 𝑙𝑎 

is the size of each monomer or effective monomer, 𝑁𝑎 is the number of such monomers 

in a polymer, 𝑙 is the fully extended length of the polymer chain, and 𝜈 is called the 

Flory exponent. 𝜈 ≅ 0.6 for hydrophilic biopolymers in good solvents like water. At 



95 
 

low densities, such that intermolecular spacing is larger than the polymer Flory radius, 

i.e. 𝐶𝐺 < 1/(𝑅𝐹)2, where 𝐶𝐺 is biopolymer concentration, biopolymers take up 

preferable conformations independent of neighbor interactions. In this regime, the 

flexible molecules can coil up to exhibit mushroom-like structures. On the other hand, 

at high surface concentrations, when the intermolecular spacing is smaller than the Flory 

radius, intermolecular interactions can dominate and stretch the biopolymers out into a 

brush-like structure. The polymer layer extension or thickness, the stored energy, and 

the generated membrane curvatures exhibit different scaling laws in these regimes, as 

described below. 

 

In the mushroom regime, the attachment of a biopolymer to a flat, impenetrable 

surface reduces the number of accessible molecular conformations relative to those of a 

polymer free in solution. Attachment to a substrate eliminates polymer shapes that 

would have to penetrate the surface. Curving the impenetrable grafting surface can free 

up space for the polymer, marginally increasing the permissible configurations and the 

entropy of the polymer. Thus, flexible biopolymers tethered to a deformable membrane 

can generate curvatures, as described by Lipowsky (Lipowsky, 1995). However, the 

additional entropy due to membrane curvature is small and consequently, curvatures 

generated by polymer mushrooms are also small, relative to deformations elicited by 

intermolecular interactions in polymer brushes. In this mushroom regime, the free 

energy due to the entropic contribution of each mushroom polymer tethered to a curved 

membrane is: 
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𝐹𝑚𝑢𝑠ℎ𝑟𝑜𝑜𝑚 = −𝑇𝑆𝑚𝑢𝑠ℎ𝑟𝑜𝑜𝑚 ~ − 𝑘𝐵𝑇
2𝜋𝑅𝑚𝑢𝑠ℎ𝑟𝑜𝑜𝑚

𝑅
, (4.1) 

where the reference configuration is the polymer tethered to a flat surface, 𝑆𝑚𝑢𝑠ℎ𝑟𝑜𝑜𝑚 

is the corresponding entropic contribution, 𝑅𝑚𝑢𝑠ℎ𝑟𝑜𝑜𝑚 is the Flory radius of the 

mushroom-shaped biopolymer, and 𝑅 is the radius of curvature of the underlying 

membrane. In the mushroom regime, we consider the formation of spherical membrane 

structures. The bending energy of the curved membrane is: 

𝐹𝑚𝑒𝑚𝑏𝑟𝑎𝑛𝑒 =
𝜅

2𝐶𝐺𝑅2
, (4.2) 

where 𝜅 is the bending stiffness of the membrane bilayer, 𝐶𝐺 is the surface density of 

the biopolymers, and 1/𝐶𝐺  is the area available for each polymer. Minimizing the total 

energy, 𝐹𝑡𝑜𝑡𝑎𝑙 = 𝐹𝑚𝑢𝑠ℎ𝑟𝑜𝑜𝑚 + 𝐹𝑚𝑒𝑚𝑏𝑟𝑎𝑛𝑒 with respect to the radius of curvature, 𝑅, as 

𝜕𝐹𝑡𝑜𝑡𝑎𝑙/𝜕𝑅 = 0, we obtain the following scaling law for 𝑅 in the mushroom regime: 

𝑅 ~ 
𝜅

𝑘𝐵𝑇

1

2𝜋𝐶𝐺𝑙𝑎𝑁𝑎
𝜈 , (4.3) 

where 𝑙𝑎 is the size of a monomeric segment and 𝑁𝑎 is the number of such segments in 

a polymer. 

 

At high surface densities, such that neighboring polymer molecules interact with 

each other, grafted polymers exhibit a brush-like structure (de Gennes, 1980). 

Intermolecular steric and electrostatic interactions are significantly higher in this 

regime, implying the creation of higher curvature-generating forces. In this regime, we 

consider the formation of tubular structures from the membrane and predict the tubule 
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curvatures generated by intermolecular crowding effects on the cell surface. An energy 

minimization approach elucidates the equilibrium curvature and brush extension as 

follows. For a tubule with radius 𝑅, the energy of the glycocalyx per length of the tubule 

contains elastic, excluded volume, and electrostatic components (Borisov and Zhulina, 

2002; Bracha et al., 2013; Zhulina et al., 2006): 

𝐹𝑏𝑟𝑢𝑠ℎ = 𝐹𝑒𝑙𝑎𝑠𝑡𝑖𝑐 + 𝐹𝑒𝑥𝑐𝑙𝑢𝑑𝑒𝑑 𝑣𝑜𝑙𝑢𝑚𝑒 + 𝐹𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑠𝑡𝑎𝑡𝑖𝑐 , (4.4) 

𝐹𝑏𝑟𝑢𝑠ℎ = 𝑘𝐵𝑇 ∫ [
3

2𝑙𝑎
2𝑐𝑝𝑠

+ (𝑤 +
𝛼𝑏

2

2Φ𝑖𝑜𝑛
) 𝑐𝑝

2𝑠] 𝑑𝑟

𝑅+𝐻

𝑅

, (4.5) 

where 𝑅 is the radius of the tubule, 𝐻 is the thickness of the glycocalyx brush, 𝑙𝑎 is the 

size of monomeric segments that form the biopolymers, 𝑐𝑝 is the monomer 

concentration, and 𝑠 is the area per polymer. At the tubule surface, the area per polymer, 

𝑠(𝑟 = 𝑅) is related to the biopolymer surface density, 𝐶𝐺, as 𝑠(𝑟 = 𝑅) = 1/𝐶𝐺 . 𝑤 is the 

excluded volume of monomer segments, 𝛼𝑏 is the degree of ionization of a monomer, 

Φ𝑖𝑜𝑛 is the ion concentration in bulk solution, and 𝑟 is a radial coordinate. Zhulina et al. 

(Zhulina et al., 2006) provide expressions for 𝑐𝑝. 

 

Given the monomer length and diameter are similar (Paturej et al., 2016), we 

consider the monomeric segments to be cylinders with an aspect ratio close to 1. The 

energy per length of the underlying membrane bent into the tubular structure is 

(Helfrich, 1973): 

𝐹𝑚𝑒𝑚𝑏𝑟𝑎𝑛𝑒 =
𝜋𝜅

𝑅
, (4.6) 
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where 𝜅 is the membrane bending modulus. Thus, the total energy per tubule length is: 

𝐹𝑡𝑜𝑡𝑎𝑙 = 𝐹𝑏𝑟𝑢𝑠ℎ + 𝐹𝑚𝑒𝑚𝑏𝑟𝑎𝑛𝑒

= 𝑘𝐵𝑇 ∫ [
3

2𝑙𝑎
2𝑐𝑝𝑠

+ (𝑤 +
𝛼𝑏

2

2Φ𝑖𝑜𝑛
) 𝑐𝑝

2𝑠] 𝑑𝑟

𝑅+𝐻

𝑅

+
𝜋𝜅

𝑅
. 

(4.7) 

Minimizing the total energy with respect to the tubule radius (𝑑𝐹𝑡𝑜𝑡𝑎𝑙/𝑑𝑅 = 0) reveals 

the dependence of the spontaneous curvature on the properties of the glycocalyx and the 

cell membrane in the brush regime. 

 

We consider the implications of this theory for native Muc1, as an example mucin. 

We course-grain the bottlebrush biopolymer into 𝑁𝑎 effective monomers of size 

𝑙𝑎,𝑒𝑓𝑓 (Paturej et al., 2016). Size-exclusion chromatography and multi-angle light 

scattering measurements reported 32 nm  0.4% for the Muc1 radius of gyration in 

physiological buffer. We estimate the overall stretched length, 𝑙, to be 270 nm based on 

electron micrographs of Muc1 purified from human HEp-2 epithelial cells (Bramwell 

et al., 1986). The radius of gyration is related to the Flory radius by 𝑅𝐺 ≈
1

√6
𝑅𝐹 =

1

√6
𝑙𝜈𝑙𝑎,𝑒𝑓𝑓

1−𝜈 . Using estimates of 𝑅𝐺  = 32 nm, 𝑙 = 270 nm, and 𝜈 = 0.6, we estimate the 

mucin to be described by 𝑁𝑎 = 18 effective monomeric segments each having a size of 

𝑙𝑎,𝑒𝑓𝑓 = 15 nm. We note that this effective monomer size is in good agreement with 

expectations based on estimates of the mucin side chain size to be 5-10 nm (Kesimer et 

al., 2013; McMaster et al., 1999). We assume that sialic acids on mucins contribute to 

a charge density of approximately 5e- per 20 amino acid tandem repeat. Our assumption 
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is based on most mucin O-glycosylation sites being occupied with sialylated glycans 

(Bäckström et al., 2003; Müller et al., 1999). 

 

4.3 Results 

 

4.3.1 Mucin extension 

 

The transition from the mushroom regime to the brush regime begins to occur at a 

density at which the polymers can interact sterically and electrostatically with each other 

(Milner, 1991) (Fig. 4.1). Thus, for mucins, we expected the transition from the 

mushroom to brush regime to occur at a surface density where the average distance 

between the polymers was approximately two times their radius of gyration in solution 

(Fig. 4.1). For densities lower than this transition, the polymers would adapt a 

mushroom state. For densities at which the average distance between neighboring 

polymers is much smaller than the radius of gyration, polymer brush theory is 

applicable. 

 

Fig. 4.1. Polymer brush model of the glycocalyx and generation of preferred membrane 

shapes. Polymer model of membrane bending illustrating proposed spontaneous membrane 
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curvature induced by the cellular glycocalyx. Low density polymers are non-interacting and 

adopt a compact structure in the “mushroom” regime. In the “brush” regime, polymers overlap 

(the average distance between polymers, D, is less than the twice the radius of gyration, RG) and 

extend to avoid each other, increasing the height of the polymer brush (H). 

 

We next asked whether polymer brush theory could indeed capture the physical 

behavior of mucin ensembles on the cell surface. We tested whether mucins stretch and 

extend in a predictable manner as they become progressively more crowded, a classic 

physical behavior predicted for polymer brushes (Alexander, 1977; de Gennes, 1980; 

Milner, 1991). We chose to evaluate mucin extension on actin-containing tubules that 

resembled microvilli, since the curvature of these structures was highly uniform and 

essentially independent of the mucin surface density due to the rigid actin cores (Fig. 

4.2A). As such, we could approximate the tubule surface as a rigid cylinder of fixed 

radius for direct comparison to theory. Fluorescent probes conjugated on the ends of the 

mucin imaged using a super-resolution optical technique called expansion microscopy 

were used to determine the extension of the mucin polymers (Fig. 4.2B-C). We found 

that the mucin extension had an exponential dependence, or ‘scaled,’ with fluorescence 

intensity, and hence surface density, with an exponent of 0.48 ± 0.10 (Fig. 4.2D). This 

value compared well to the theoretically derived power law exponent of between 0.33 

and 0.5 for polyelectrolytes grafted on a rigid cylindrical surface at physiological salt 

concentrations (Zhulina and Borisov, 1996). 
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Fig. 4.2. Physical characterization of individual mucins and mucin ensembles. A. 

Quantification of epithelial microvilli diameter for the indicated relative mucin surface 

densities. Box notches indicate 95% confidence intervals. B. Mucin construct (Muc1-42TR) 

with SUMO and GFP tags flanking the polymer domain for visualization of polymer extension 

with expansion microscopy (ExM). C. Representative ExM image with two regions of interest 

on the cross-section of microvilli indicated by yellow boxes. (right) Zoomed in regions of 

interest. Yellow line composite image represents a line trace which may be used to calculate the 

full-width half max value for the GFP nanobody and SUMO antibody signals to calculate the 

cell surface brush height. ns – not significant. 

 

4.3.2 Membrane shapes in mushroom and brush regimes 

 

The spontaneous curvature, 
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𝑐0 =
1

𝑅
 (4.8) 

for tubes and 

𝑐0 =
2

𝑅
 (4.9) 

for blebs serves as an appropriate metric for membrane curvature generation by polymer 

entropic pressure. The spontaneous curvature increases with polymer density as 

expected from polymer physics. The spontaneous curvature has a power law 

dependence on the density (Fig. 4.3A). Scanning electron micrographs of cells 

producing mucin polymers at a controlled density show the effects of membrane 

bending generated by crowding in the glycocalyx (Fig. 4.4A). The predicted 

spontaneous curvatures are comparable to the curvatures of the bleb-like protrusions 

observed in cells expressing low surface densities of mucins. Cells with a mucin density 

near the estimated mushroom-brush transition displayed a significant number of large, 

bleb-like forms with an average radius of 260 ± 100 nm (Fig. 4.4B; 180 mucins per 

μm2). For higher densities, where the biopolymers form a brush, the model predicts the 

generation of curvatures similar or greater to those observed in the tubules on cells with 

52000 mucins/μm2. The curvatures of both blebs and tubules are predicted to increase 

exponentially with biopolymer density. Notably, the continuous transition between 

mushroom and brush regimes predicted about a biopolymer density of 250 #/μm2 

accompanies a change in cell surface morphology from bleb-like to tubulated (Fig. 

4.4C-D). The energetic contributions of the elasticity of the polymers and electrostatic 

and excluded volume interactions between the polymers increase with increase in 
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biopolymer density (Fig. 4.3B). While mushroom-like polymers have only an elastic 

contribution, a glycocalyx brush has dominant steric interactions and weak elastic 

contributions (Fig. 4.3B). The electrostatic and excluded volume interactions have 

similar scaling behavior with the density and the ratio of the electrostatic interactions to 

the excluded volume interactions is 𝛼𝑏
2/2Φ𝑖𝑜𝑛𝑤 (Eq. 4.7). 

 

Fig. 4.3. Spontaneous membrane curvature generation by elastic, electrostatic, and 

excluded volume contributions in the glycocalyx. A. Theoretical prediction of spontaneous 

curvature generation by Muc1 polymer mushrooms and polymer brushes. Blue: estimated 

mushroom regime (mush.); pink: estimated brush regime (brush). Based on experimental 

characterization, the computational model considers mucins of length 270 nm having 

monomeric segments of length 15 nm (Kuhn length). B. Plot showing energetic contributions 

as functions of the biopolymer density. In the mushroom regime, polymers have only elastic 

energy, while in an extended brush, excluded volume and electrostatic interactions contribute 

to biopolymer free energy. 
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Fig. 4.4. Experimental characterization of spontaneous membrane curvature generation 

by the glycocalyx for various biopolymer concentrations. A. Representative SEM images 

showing the transition of membrane morphological features of sorted cell populations with the 

indicated mucin surface density. B. Average radius of bleb structures measured in the mushroom 

regime and tube structures measured in the brush regime. C. Observed density of membrane 

blebs on sorted cell populations having the indicated average mucin surface density. 

Significance was determined between mushroom regime and brush regime (*) or between the 

lowest brush regime density and all other brush mucin densities (+). D. Observed density of 

membrane tubes on sorted cell populations having the indicated average mucin surface density. 

Symbols defined in C. Number of measurements shown on the x-axis of boxplots. Error bars 

indicate 95% confidence intervals. ns - not significant; */+ p < 0.05; **/++ p <0.01; ***/+++ p 

< 0.001 (post-hoc student’s two-tailed t test). 
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In our model, entropic pressure from the mucin brush generated spontaneous 

membrane curvature that scaled weakly with polymer chain length (Hiergeist and 

Lipowsky, 1996) (Fig. 4.5A). The weak dependence on polymer length was consistent 

with our experimental findings that mucins with 10 and 42 repeats had comparable 

effects on cell-surface morphology despite their 4-fold difference in size (Fig. 4.5B). 

For 10 and 42 TR mucins, our brush model predicted only a ~20% difference in 

spontaneous membrane curvature. Increasing the polymer length increased the polymer 

radius of gyration and decreased the concentration needed to transition from the 

mushroom regime to the brush regime (Fig. 4.5A). The persistence length of the 

biopolymers also has a weak effect on the spontaneous curvature generated by the 

glycocalyx (Fig. 4.5C). 

 

 

Fig. 4.5. Model predictions for curvature generation by polymers of different length and 

stiffness. A. Plot depicting variation of spontaneous curvature generated with biopolymer 

density and molecular length. B. Quantification of membrane tube density for cells expressing 

the indicated mucins, significance compared to 42TR. *** p < 0.001, ns – not significant (post-

hoc student's two-tailed t test). C. Graph displaying trend of spontaneous curvature as a function 

of biopolymer density and Kuhn length. Kuhn length, equal to twice the persistence length, is 
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directly proportional to polymer bending stiffness, and is referred to as the length of a 

monomeric segment in the manuscript. Plots in A and C are in log-log format. Plot A uses 

polymer monomer segment size of 15 nm, and C uses biopolymer length of 270 nm. 

 

4.3.3 Force requirements for cell surface blebs and tubes 

 

To predict the relative frequencies of blebs and tubes on the cell surface, we perform 

energetic calculations for the cell membrane. The crowding pressure of the 

glycopolymers effectively increases the natural curvature of the cell membrane. Hence, 

we lump together the crowding effects of the glycocalyx into the spontaneous membrane 

curvature, 𝑐0. 

 

Intracellular forces pushing the cell membrane out, e.g. actin polymerization, can 

generate cylindrical tubes (Weichsel and Geissler, 2016). Here we consider a tube of 

length 𝐿 and radius 𝑅𝑡𝑢𝑏𝑒 generated due to a force 𝑓. On the other hand, a hydrostatic 

pressure difference 𝑝 between inside and outside the cell can form spherical blebs of 

radius 𝑅𝑏𝑙𝑒𝑏 (Charras and Paluch, 2008). The energy of the membrane in these 

configurations includes the bending energy, surface tension, and contributions from the 

pressure 𝑝 or the force 𝑓 (Derényi et al., 2002; Helfrich, 1973; Seifert et al., 1991): 

𝐹 = ∫
𝜅

2
(𝑐1 + 𝑐2 − 𝑐0)2𝑑𝐴

𝐴

+ 𝜎𝐴 − 𝑝𝑉 − 𝑓𝐿, (4.10) 

where 𝜅 is the bending stiffness of the membrane, 𝑐1 and 𝑐2 are the principal curvatures, 

𝑐0 is the spontaneous curvature of the membrane generated due to the crowding pressure 
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of the biopolymers, 𝐴 is the area of the membrane, and 𝜎 is the surface tension of the 

membrane. For tubes, 𝑝 = 0, 𝑓 ≠ 0, and 𝐿 is the length of the tube, whereas for blebs, 

𝑓 = 0, 𝑝 ≠ 0, and 𝑉 is the bleb volume. 

 

A cylindrical tube of radius 𝑅𝑡𝑢𝑏𝑒 has spontaneous curvatures, 𝑐1 = 0 and 𝑐2 =

1/𝑅𝑡𝑢𝑏𝑒, which simplify the energy: 

𝐹𝑡𝑢𝑏𝑒 = [
𝜅

2
(

1

𝑅𝑡𝑢𝑏𝑒
− 𝑐0)

2

+ 𝜎] 2𝜋𝑅𝑡𝑢𝑏𝑒𝐿 − 𝑓𝐿. (4.11) 

 

The case of a spherical bleb with a very thin neck provides an upper limit on the 

energy of a bleb. For a bleb with radius 𝑅𝑏𝑙𝑒𝑏, 𝑐1 = 𝑐2 = 1/𝑅𝑏𝑙𝑒𝑏, and 

𝐹𝑏𝑙𝑒𝑏 = [
𝜅

2
(

2

𝑅𝑏𝑙𝑒𝑏
− 𝑐0)

2

+ 𝜎] 4𝜋𝑅𝑏𝑙𝑒𝑏
2 −

4𝜋𝑅𝑏𝑙𝑒𝑏
3

3
𝑝. (4.12) 

 

At equilibrium, these energies are minimized with respect to the radii of the blebs 

and tubes (Derényi et al., 2002). The tube energy is also minimized with respect to the 

tube length 𝐿 at steady state (Derényi et al., 2002). That is, 

𝜕𝐹𝑡𝑢𝑏𝑒

𝜕𝑅𝑡𝑢𝑏𝑒
= 0,   

𝜕𝐹𝑡𝑢𝑏𝑒

𝜕𝐿
= 0, (4.13) 

and 

𝜕𝐹𝑏𝑙𝑒𝑏

𝜕𝑅𝑏𝑙𝑒𝑏
= 0 (4.14) 

at equilibrium. The equilibrium equations (Eq. 4.13) for the tube imply: 
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𝑅𝑡𝑢𝑏𝑒 =
1

√𝑐0
2 + 2𝜎/𝜅 

, (4.15) 

and 

𝑓 = 2𝜋𝜅 (√𝑐0
2 + 2𝜎/𝜅 − 𝑐0). (4.16) 

 

These equilibrium calculations predict the tube radius is completely governed by the 

mechanical properties of the lipid bilayer and the spontaneous curvature generated by 

intermolecular interactions in the glycocalyx brush. These calculations, however, do not 

account for the structural support of actin filaments widening the tubes. 

 

Bleb energy minimization (Eq. 4.14) yields the pressure requirement for a bleb of a 

given size: 

𝑝 =
2𝜎

𝑅𝑏𝑙𝑒𝑏
−

𝑐0𝜅

𝑅𝑏𝑙𝑒𝑏
(

2

𝑅𝑏𝑙𝑒𝑏
− 𝑐0). (4.17) 

 

Eq. 4.15-4.17 relate the force or pressure required to maintain a tube or bleb with 

the spontaneous curvature generated by the biopolymers. Fig. 4.3A details the 

dependence of the spontaneous curvature on biopolymer concentration. We thus graph 

the force and pressure requirements against the biopolymer concentration (Fig. 4.6). 

 

The pressure required for maintaining a bleb with a typical radius of 250 nm would 

be minimal at moderate mucin densities near the mushroom-brush transition (Fig. 4.6). 
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An important model prediction was that the required maintenance pressure would rise 

sharply at higher mucin densities, quickly reaching pressures that exceed the known 

limits of the cell’s contractile machinery (Charras et al., 2008). Thus, theory suggested 

that blebbing would be supported by low mucin densities and suppressed by a highly 

dense glycocalyx. Our experimental observations showed good qualitative agreement 

with these predictions (Fig. 4.4C). Upon crossover into the brush regime, the bleb 

frequency plummeted precipitously, consistent with the model’s prediction of a 

quadratic rise in the necessary bleb maintenance pressure (Fig. 4.6). 

 

Fig. 4.6. Cytosolic pressure requirements for creating spherical blebs with the predicted 

spontaneous curvature. Theoretical prediction of required pressure (Pa) as a function of mucin 

concentration for blebs of radii = 250 nm. The insert shows a pressure minimum near the 

mushroom-brush transition. The red dots indicate densities used in the experimental 

characterization in Fig. 4.4. 

 

The glycocalyx polymer model predicted a much different dependence of membrane 

tubule extension on mucin density. The predicted point force required for maintaining 

an extended tubule decreased progressively with increasing mucin density and exhibited 

no sharp transitions (Fig. 4.7A). Accordingly, the frequency of cell-surface tubules 
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observed in our sorted cell populations increased steadily with mucin density throughout 

the mushroom and brush regimes until the cell was fully saturated with tubes at very 

high mucin densities (Fig. 4.4D). Notably, theory predicted that at these high densities, 

the required force for tubule extension is comparable to the polymerization force of a 

single cytoskeletal filament, ~1 pN (Footer et al., 2007). Based on the experimentally 

measured mucin densities, we estimated the theoretical point force, f, required to 

maintain tubules. Remarkably, the experimentally observed tube frequency on our 

sorted cell populations had a nearly perfect inverse correlation with the theoretical point 

force calculated for the corresponding mucin density (Fig. 4.7B). The Pearson’s 

correlation coefficient describing the relationship between tube density and 1/f was 0.97. 

 

Fig. 4.7. Point force requirements for creating cylindrical tubes with the predicted 

spontaneous curvature. A. Theoretical prediction of the required point force (pN) as a function 

of mucin concentration for maintaining membrane tubules. The red dots indicate densities used 

in the experimental characterization in Fig. 4.4. B. Inverse predicted tube force versus the 

observed tube density from Fig. 4.4D exhibits a linear relationship and Pearson correlation 

coefficient of 0.97. 

 

4.4 Discussion 
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Overall, the theory and experiments presented here implicate an entropic mechanism 

through which the glycocalyx can strongly influence the favorability of diverse plasma 

membrane shapes and protrusions. The morphological changes regulated by the 

glycocalyx could, in principle, have broad consequences on membrane processes, 

ranging from absorption and secretion to cellular communication, signaling, and 

motility (Lange, 2011; Paluch and Raz, 2013; Sauvanet et al., 2015; Schmick and 

Bastiaens, 2014). Given that glycosylation often changes dramatically with cell fate 

transitions (Buck et al., 1971; Freeze, 2013; Satomaa et al., 2009), and that the pool of 

monomers for construction of glycoproteins and glycosaminoglycans in the glycocalyx 

is tightly coupled to specific metabolic programs (Dennis et al., 2009; Koistinen et al., 

2015; Ying et al., 2012), our work raises the intriguing possibility that the glycocalyx 

may serve as a conduit linking physical morphology to specific cell states.  

 

Contemporary frameworks for understanding membrane shape regulation largely 

lack a physical description of the glycocalyx. However, long-chain biopolymers in the 

glycocalyx are almost universally found anchored to the surfaces of curved membrane 

features and cell-surface organelles (Bennett Jr. et al., 2001; Button et al., 2012; Fowke 

et al., 2017; Hattrup and Gendler, 2008; Kesavan et al., 2009; Kesimer et al., 2013; 

Makabe, S. et al., 2006; van den Pol and Kim, 1993; Zhang et al., 1992). Our results 

suggest that the principles and theories of polymer physics can be adopted to understand, 

at least to a first approximation, the physical regulation of membrane shape generation 



112 
 

by the glycocalyx. Undoubtedly, a model of end-anchored polymer mushrooms and 

polymer brushes is a simple physical representation of the glycocalyx. However, the 

inverse relationship between the force requirements for membrane extension, as 

estimated using a relatively simple model of the glycocalyx, and the experimentally 

observed frequencies of these extensions argue that at least some of the physical 

behaviors of the glycocalyx can be captured using well established polymer models (de 

Gennes, 1979; Zhulina and Borisov, 1996).  

 

Our model and analyses assume constant membrane tension, leading to the 

prediction that the lengths of tubular projections are invariant of force. In reality, cells 

have a finite reservoir of membrane (Raucher and Sheetz, 1999). Increasing membrane 

tension following depletion of reservoirs would ultimately limit the length of tubular 

forms projected from the membrane (Cuvelier et al., 2005; Raucher and Sheetz, 1999). 

Transport limitations of cytoskeletal monomers also likely place an important constraint 

limiting the overall length of long and thin membrane projections (Mogilner and 

Rubinstein, 2005). 

 

Bending of surfaces by anchored polymers is a general physical phenomenon 

(Busch et al., 2015; Evans and Rawicz, 1997; Hansen et al., 2003; Hiergeist and 

Lipowsky, 1996; Kenworthy et al., 1995; Lipowsky, 1995; Stachowiak et al., 2012). As 

such, membrane shape regulation by the glycocalyx could be a universal feature in the 

biogenesis of curved membrane organelles and signaling structures. For instance, cilia, 
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axons, cytonemes, tunneling nanotubes, microvilli, and microvesicles could all 

conceivably be regulated by physical forces related to the glycocalyx. Thus, our work 

argues for a more holistic model of membrane shape regulation that includes 

consideration of forces on both the intracellular and extracellular faces of the plasma 

membrane. 
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CHAPTER 53 

CONCLUSION AND DISCUSSION OF FUTURE IDEAS 

 

5.1 Conclusions 

 

Overproduction of the glycocalyx has been correlated strongly with cancer. 

Components of the glycocalyx have been highly implicated with cancer, Muc1 being a 

prime example, given its status as the second most potent cancer biomarker. However, 

glycocalyx research is currently still in a nascent stage. Experimental techniques for 

imaging the glycocalyx and profiling the glycan content are still developing, and 

modeling can prove beneficial at this stage to develop understanding. Although the 

glycocalyx has been described before theoretically, glycocalyx modeling is very 

understudied. This dissertation provides a framework to construct mathematical models 

for the glycocalyx using well-accepted techniques from continuum mechanics, polymer 

physics, and chemical transport. Models developed with this framework are applicable 

in a multitude of physiologically and pathologically relevant scenarios to understand the 

role of the glycocalyx. 

 

Chapter 2 presents the main framework for a biomechanical model for the 

glycocalyx incorporating dominant physical effects. The model considers two extreme 

possibilities for the natural shape of the glycocalyx components – stiff-beam-like fibers 

                                                           
In this chapter, Fig. 5.1 is adapted from (Charras and Paluch, 2008), Fig. 5.2A is adapted from (Charras 

et al., 2006), and Fig. 5.3 is adapted from (Lou et al., 2012). 
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and flexible-polymer-like chains. Transport of the glycocalyx constituents due to 

external forces and diffusion, intermolecular interactions between glycocalyx 

components, and elastic resistance by the glycocalyx and the membrane to mechanical 

stresses are the dominant effects in the glycocalyx. The framework in Chapter 2 

incorporates these important effects for the polymer and the beam models. One can 

configure the external stresses on the glycocalyx to resemble the pathological condition 

or process of interest. 

 

Cancer cells experience significant compressive stresses while undergoing 

metastasis or while residing in a packed tumor (Denais et al., 2016; Helmlinger et al., 

1997). Cancer cells also resort to focal-adhesion-independent amoeboid motility during 

metastasis (Charras and Paluch, 2008). At the interface between a cancer cell and its 

immediate environment, the glycocalyx presumably has an important role in 

determining the fate of focal adhesions and consequently motility modes. Chapter 2 

investigates the deformation and distribution of the glycocalyx and cell surface in the 

presence of external compressive stresses. Simulations of the limiting cases predict a 

sigmoidal-like stress-strain curve for the beam glycocalyx and a Hill-function-like curve 

for the flexible chain glycocalyx. The computations additionally predict the collection 

of the beams and the chains in favorable areas of the membrane which experience 

minimum confinement. Furthermore, the simulations provide mechanical pressure 

requirements for compressing the glycocalyx to extents required for the formation of 

focal adhesions. Overall, the results of Chapter 2 make predictions for the equilibrium 
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shape and organization of the cancer cell surface in the event of external compression, 

as expected during metastasis or inside a tumor. 

 

Cancer cells often exhibit bleb-dependent amoeboid motility during metastasis 

(Charras and Paluch, 2008). This cell migration mode involves the cyclical formation 

and retraction of spherical, bleb-like membrane protrusions from the cell surface 

(Charras et al., 2006). These bleb-like protrusions are typically generated by elevated 

cytosolic pressure through contraction of the cytoskeleton. Hence, in Chapter 3 we study 

the deformation and distribution of the glycocalyx in the presence of a cytosolic 

pressure. This study incorporates dynamics of the glycocalyx through a transient term 

in the transport equation governing glycocalyx distribution. The cytosolic pressure is 

predicted to generate glycocalyx and membrane deformation with a characteristic length 

scale that decreases with increase in the pressure. The dynamics reveal the characteristic 

time scales at which the glycocalyx reorganizes upon cytosolic pressure. Glycocalyx 

clusters of size proportional to the characteristic deformation length scale form on the 

membrane after appreciable time. Together, Chapter 3 presents predictions for the 

dynamic shape and structure of the cancer cell surface and glycocalyx in the presence 

of cytosolic pressures during bleb formation. 

 

Highly curved structures such as tubes and blebs are frequently found on cancer 

cells. Aggressive tumor cells use these protrusions for adhesion and migration as well 

as intercellular communication (Antonyak et al., 2011; Becker et al., 2016; Bergert et 
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al., 2015; Friedl and Wolf, 2010; Kramer and Nicolson, 1979; Liu et al., 2018; Lou et 

al., 2012). While cytoskeletal forces have been proposed to create these deformations, 

contributions from the glycocalyx, overproduced in cancer cells, have been mostly 

ignored. Chapter 4 details a modeling framework and experimental observations 

describing the glycocalyx-derived driving forces for the formation of these membrane 

shapes. Steric and electrostatic interactions between the constituents of the glycocalyx 

create bending moments that drive the formation of curved protrusions from the 

membrane. Chapter 4 elaborates upon the polymer brush modeling framework in 

Chapter 2 to evaluate these membrane shapes. Energy minimization suggests highly 

curved bleb-like and tubular structures to be favorable for cells with overproduced 

glycocalyces. Cells with higher glycocalyx densities exhibit more tubes with greater 

curvatures. Coupled with the spontaneous curvature generated by the glycocalyx, 

mechanical loads such as cytosolic pressure and actin-mediated forces may be 

dynamically creating the protrusions. Calculations of the actin forces and cytosolic 

pressures required to generate these shapes explain the relative frequencies of tubes and 

blebs on cells with overproduced glycocalyces. In all, Chapter 4 presents a simplistic, 

yet useful polymer brush model that explains pathologically relevant membrane shapes 

on the cancer cell surface. 

 

5.2 Further modeling developments 
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The work presented in this dissertation helps develop understanding of the possible 

functions of the glycocalyx in the interactions of cancer cells with their environments. 

However, several questions remain unanswered and multiple possibilities of model 

development are open. How the glycocalyx is impacted during dynamic cell migration 

in adhesion-independent and adhesion-dependent modes is still unclear. The roles of the 

glycocalyx in bleb and tube formation are still understudied. The modeling frameworks 

presented here also have several limitations and simplifying assumptions, which could 

be improved upon by further model development. 

 

5.2.1 Bleb adhesion and blebbing motility 

 

Cancer cells use bleb-like protrusions on their cell surface to move through 3D 

extracellular matrices with several different proposed mechanisms (Fig. 5.1) (Charras 

and Paluch, 2008; Pinner and Sahai, 2008). Given the challenges with experimental and 

computational investigation of cells migrating through 3D environments, scientists have 

used “2.5D” systems to closely resemble the 3D extracellular matrices (Liu et al., 2015). 

A common 2.5D system consists of a cell confined between two parallel plates. The 

non-stochastic, planar geometry and the assumption of no cell-derived matrix 

deformation make the confined channel a simpler system to simulate computationally. 
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Fig. 5.1. Different mechanisms for blebbing motility depending on the extracellular 

environment. On a 2D substrate, blebs can form attachments with the substrate to move, similar 

to the traditional treadmill-like integrin-adhesion-dependent motility. In a confined environment 

such as a channel, the cytosolic pressure in blebs can generate friction forces that the cell can 

use to pull itself forward. In a 3D matrix, cells can use blebs in both mechanisms described 

above. Figure adapted from (Charras and Paluch, 2008). 

 

Blebbing motility in cancer cells involves a cyclical formation and retraction of 

bleb-like protrusions (Fig. 5.2A). Thus, blebs have a limited time scale to carry out their 

functions. For blebbing motility to work, the protrusions must generate traction in the 

limited time scale for which they exist. Being the interface between the cell and the 

external substrate, the glycocalyx could have an important role in determining the time 

scale of any adhesive interactions between the cell and the substrate. The large 

biopolymers in the glycocalyx greatly impact the activation and binding of adhesion 

receptors such as integrin (Paszek et al., 2014). Mucinous components in the glycocalyx 

have also been proposed to have weak attractive interactions with the extracellular 

matrix. Interesting and relevant questions about the roles of the glycocalyx in 
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determining bleb adhesion and subsequent effects on blebbing motility remain to be 

addressed. Given that the pressures required to deform the glycocalyx for significant 

receptor-ligand interactions increase with glycocalyx biopolymer density (Fig. 2.8), the 

density may have important implications on receptor-ligand adhesion in blebs and may 

indirectly govern motility modes. 

 

 

Fig. 5.2. Blebs undergo a dynamic life cycle. A. Confocal microscopy with the membrane in 

red and actin in green shows the growth of a bleb, formation of an actin layer in the bleb, and 

subsequent retraction of the bleb. B. A bleb on a cell confined between two parallel plates has 

a limited time available to form adhesions and generate traction. This time starts when the bleb 

has extended enough to contact an extracellular support and lasts till the bleb is not large enough 

to do so. Sub-figure A adapted from (Charras et al., 2006). 
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Chapter 3 studied the dynamic reorganization of the glycocalyx and deformation of 

the membrane due to cytosolic pressures at length scales fixed at a value in the range of 

200-300 nm. However, a model capturing the dynamic growth of the contact area of the 

bleb as well as its dynamic retraction phase would provide more insight. The results in 

Chapter 3 allowed the membrane to deform instantaneously upon the application of 

cytosolic pressure because the transport of glycocalyx biopolymers on the membrane 

was the limiting process. However, a model using the growth of the cell-substrate 

contact area as the limiting transient process would be able to capture the gradual 

increase in deformation of the membrane. Although the model presented in Fig. 5.2 is 

simplistic as it ignores the main cell body, it resembles the life cycle of a real bleb-like 

protrusion much better than the model in Chapter 3. Furthermore, capturing the effects 

of the density on the time available for interaction and adhesion would be interesting to 

explore. 

 

The simulations detailed in Fig. 5.2 would require the following modeling 

components to be added to the modeling frameworks in this dissertation. This model for 

the growth and retraction of the bleb-like protrusion independent of the cell body 

resembles models available for the deformation of vesicles with a known internal fluid 

volume and known membrane area. Transient observations of blebs, such as those in 

Fig. 5.2A, or dynamic simulations such as those by (Strychalski and Guy, 2013, 2016) 

could be used to related the cytosolic pressure to the bleb volume and membrane area. 
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While the deformation of the glycocalyx during the transient growth and retraction 

is useful information and makes for a more advanced model than in this dissertation, 

incorporating adhesive interactions would represent another step towards a 

comprehensive framework. Activation and binding of adhesion receptors such as 

integrin have been incorporated in simulations of the glycocalyx through Monte Carlo 

techniques (Paszek et al., 2009). A non-continuum approach such as Brownian 

dynamics for both mucinous glycopolymers and adhesion receptors may be able to 

capture adhesion accurately. A continuum approximation for the glycocalyx 

polyelectrolytes alongside a discrete model system for the adhesion receptors may also 

be worthwhile given the significantly reduced computational cost. On the other hand, 

modeling attractive interactions between mucin glycopolymers and extracellular matrix 

components is unexplored. A discrete approach for the mucin biopolymers would allow 

incorporation of attractive glycocalyx-substrate potentials. Incorporating these 

interactions in the continuum beam and polymer brush models presented in this 

dissertation would, however, be more challenging. Preliminary attempts at modeling 

beam-like mucin fibers sticking to and wrapping around cylindrical collagen filaments 

reach a contradiction, indicating that the beam model does not allow for wrapping with 

continuous contact. 

 

5.2.2 Nanotube interactions 
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Aggressive tumor cells can use cylindrical protrusions from their cell surface, called 

tunneling nanotubes or cytonemes, for long-range communication and transport with 

other cells (Lou et al., 2012). Nanotubes on adjoining cells contact each other during 

this intercellular communication (Fig. 5.3). Chapter 4 revealed a physical mechanism 

for the creation of tube-like membrane shapes due to the overproduction of mucinous 

biopolymers in the cancer glycocalyx. However, the physical roles of the glycocalyx in 

interactions between tubes or between microvesicles and cell membranes are still 

unknown. The effects of the biophysical properties of the glycocalyx on the ability of 

nanotubes to interact closely with each other remain to be explored. 

 

 

Fig. 5.3. Cancer cells use tunneling nanotubes to communicate with other cells. A. Confocal 

microscopy with actin in green, nuclei in blue, and mitochondria in red shows a tunneling 

nanotube connecting two lung cancer cells. B. Mitochondrial stain captures the transport of 

mitochondria across a nanotube. Figure adapted from (Lou et al., 2012). 

 

The modeling frameworks presented in this dissertation can be adapted to simulate 

these processes. Two tunneling nanotubes interacting with each other would involve 

glycocalyx-glycocalyx interactions from the opposing nanotubes. A few simplifying 
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assumptions detailed here can allow simulation of these interactions. Nanotubes contain 

actin bundles that drive them. One could consider the ends of two interacting nanotubes 

to resemble two flat membrane patches approaching each other. Assuming the 

membrane shape remains flat due to the stiffness of actin bundles, the interaction 

between a glycocalyx biopolymer on one nanotube with the membrane of the other 

nanotube could be approximated by the interaction between the glycocalyx elements 

and a flat, rigid substrate. With this approximation, the reaction forces on the glycocalyx 

elements would be given by the equations in Chapter 3. Assuming symmetry between 

the two nanotubes would allow modifying the steric and osmotic contributions by 

effectively doubling the concentration of the glycocalyx constituents in the gap between 

the nanotubes. In the case of a beam glycocalyx model, due to the flat membrane, the 

beams would stay undeformed till a critical pressure and buckle beyond that. In the case 

of a polymer brush glycocalyx model, experimental and theoretical results for 

interaction potentials between two substrates with grafted polymers (Russel et al., 1992) 

would provide a simpler way to make estimates of the force between nanotubes. 

 

The lateral migration of the glycocalyx constituents in the model presented in this 

dissertation depends on the tangential forces on the mucinous polymers. For a flat 

membrane, the tangential forces are zero due to the absence of horizontal friction forces 

on the glycocalyx. Assuming a flat membrane would thus disallow redistribution of the 

glycocalyx with the current models. The forces predicted from the model described 

above for the close approach of two nanotubes would be larger than those expected for 
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real nanotubes with mobile glycocalyx constituents. However, the preliminary 

calculations above would yield new insight into the orders of magnitude of the forces 

needed for nanotube interactions and would be a step towards a more accurate modeling 

formulation. The repulsive forces between the nanotubes would arguably increase with 

the densities of the glycocalyces. Given that high densities are needed to create thin 

tubules, an optimal density for closest approach of the two tubes could be an interesting 

possibility. 

 

Characterizing the forces from the actin bundle inside a nanotube as a force 

distribution on the glycocalyx would allow for membrane deformation and lateral 

glycopolymer migration. Based on the predictions in Chapter 2, the glycocalyx may be 

pushed out of the contact area between interacting nanotubes due to compressive forces 

from the actin bundles in the tubes. This may lead to a contact between the lipid bilayers 

on the opposing tubes and this lipid-lipid contact area may grow as the glycopolymers 

are gradually pushed out. However, incorporating these effects would call for a 

considerably more complicated framework. Considering a spatially homogeneous 

distribution of forces from the actin bundle on a non-rigid cell membrane, for instance, 

would allow for membrane deformation. Assuming symmetry between nanotubes 

would simplify this model system. However, this would require treatment of reaction 

forces between the glycopolymers on one tube with the membrane of another. A soft 

membrane could deform due to forces from contact with the glycopolymers. This 
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framework may, thus, need a recursive approach to capture the coupled deformations of 

the glycocalyces and the cell membranes on the nanotubes. 

 

Cancer cells also overproduce spherical microvesicles for transport of cargo to other 

cancer cells in order to enhance survival (Antonyak et al., 2011). This process involves 

the docking and fusion of the microvesicles with the target cell membrane. Interactions 

between the glycocalyx of the target cell and the glycopolymers on the microvesicle 

would be important during these processes. A model for these processes would need a 

description of the forces driving the microvesicle towards docking. Adhesion receptors 

such as integrin could provide this force. Such a model would be unable to assume 

symmetry between the membranes but could take advantage of the large relative sizes 

of the microvesicle and the target cell and assume a spatially uniform glycocalyx on the 

cell. 
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APPENDIX A 

REPOSITORY OF PROGRAMS 

 

A.1 Steady state simulations of a cytoskeletally compressed glycocalyx 

 

Main function file, SS2DFinal.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
#include "math.h" 
#include "CommonVars.h" 
#include "CommonFns.h" 
#include <fstream> 
#include <string> 
#include <sstream> 
#include <cstring> 
#include <stdio.h> 
#include "mkl.h" 
using namespace std; 
 
const double pi = 3.14159, k = 1.311029, e = 0.59907;         //k = 
EllipticF(pi/2,1/2)/sqrt(2), e = EllipticE(pi/2,1/2)*sqrt(2)-
EllipticF(pi/2,1/2)/sqrt(2). 
const int nO = 400, nt = 400, n = 301, twon = 2*n, nH0 = 280, nM = 1, nnp0 = 1, 
nL = 1; //Grid sizes: nO and nt: Omega and theta for inverse protein problem, 
n: membrane, nH0: cytoskeletal height, nM: etaM, nnp0: nG0, nL: etaL. 
                      //n has to be updated in WriteData.cpp and 
CommonFns.h whenever it is updated here. 
                      //nt has to be updated in LoadTables.cpp and 
N_Cp_M_lumpinterpol.cpp whenever it is updated here. Update indOcrit in 
LookupTable.cpp whenever nO or nt are changed. 
const double etaE = 24, kc_ = 0, etad = 0.1;           //etaE = kappa/kBT. 
double H0_mat[nH0] = 
{0.99,0.98,0.97,0.96,0.95,0.94,0.93,0.92,0.91,0.9,0.89,0.88,0.87,0.86,0.85,0.84
,0.83,0.82,0.81,0.8,0.79,0.78,0.77,0.76,0.75,0.74,0.73,0.72,0.71,0.7,0.69,0.68,
0.67,0.66,0.65,0.64,0.63,0.62,0.61,0.6,0.59,0.58,0.57,0.56,0.55,0.54,0.53,0.52,
0.51,0.5,0.49,0.48,0.47,0.46,0.45,0.44,0.43,0.42,0.41,0.4,0.39,0.38,0.37,0.36,0
.35,0.34,0.33,0.32,0.31,0.3,0.295,0.29,0.285,0.28,0.275,0.27,0.265,0.26,0.255,0
.25,0.245,0.24,0.235,0.23,0.225,0.22,0.215,0.21,0.205,0.2,0.199,0.198,0.197,0.1
96,0.195,0.194,0.193,0.192,0.191,0.19,0.189,0.188,0.187,0.186,0.185,0.184,0.183
,0.182,0.181,0.18,0.179,0.178,0.177,0.176,0.175,0.174,0.173,0.172,0.171,0.17,0.
169,0.168,0.167,0.166,0.165,0.164,0.163,0.162,0.161,0.16,0.159,0.158,0.157,0.15
6,0.155,0.154,0.153,0.152,0.151,0.15,0.149,0.148,0.147,0.146,0.145,0.144,0.143,
0.142,0.141,0.14,0.139,0.138,0.137,0.136,0.135,0.134,0.133,0.132,0.131,0.13,0.1
29,0.128,0.127,0.126,0.125,0.124,0.123,0.122,0.121,0.12,0.119,0.118,0.117,0.116
,0.115,0.114,0.113,0.112,0.111,0.11,0.109,0.108,0.107,0.106,0.105,0.104,0.103,0
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.102,0.101,0.1,0.099,0.098,0.097,0.096,0.095,0.094,0.093,0.092,0.091,0.09,0.089
,0.088,0.087,0.086,0.085,0.084,0.083,0.082,0.081,0.08,0.079,0.078,0.077,0.076,0
.075,0.074,0.073,0.072,0.071,0.07,0.069,0.068,0.067,0.066,0.065,0.064,0.063,0.0
62,0.061,0.06,0.059,0.058,0.057,0.056,0.055,0.054,0.053,0.052,0.051,0.05,0.049,
0.048,0.047,0.046,0.045,0.044,0.043,0.042,0.041,0.04,0.039,0.038,0.037,0.036,0.
035,0.034,0.033,0.032,0.031,0.03,0.029,0.028,0.027,0.026,0.025,0.024,0.023,0.02
2,0.021,0.02,0.019,0.018,0.017,0.016,0.015,0.014,0.013,0.012,0.011,0.01}; 
double etaMmat[nM] = {5};                //etaM = EGIG/kappa/L. 
double np0mat[nnp0] = {10};                //np0 = CG0*L^2. 
double etaLmat[nL] = {0.2};                //etaL = LG/L. 
double Hp_read[nO][nt] = {0}, Up_altread[nO][nt] = {0}, Mp_altread[nO][nt] = 
{0}, errread[nO][nt] = {0}, Omegaread[nO] = {0}, thetaread[nt] = {0}; 
double s_[n] = {0}, N_store[n] = {0}, thetastore[n] = {0}, deltas_, H0_, etaM, 
etaL;  int indOcrit, np0; 
double nsolv = 90000;                 //nsolv = Csolv*L^3 is the number 
of ions in a volume L^3 of the bulk solvent. 
double Qp = 200;                  //Qp is the number of ions on a 
glycoprotein. 
double Osconst = 0; 
double P_[n] = {0}; 
void LookupTable(double H[][nt], double Ualt[][nt], double Malt[][nt], double 
er[][nt], double Omeg[], double thet[]); 
 
 
int main() 
{ 
 //Read look-up table for inverse protein problem from text file: 
 LookupTable(Hp_read, Up_altread, Mp_altread, errread, Omegaread, thetaread); 
 
 //Create membrane grid for discretization: 
 deltas_ = pow(n-1,-1); 
 s_[0] = 0; 
 for (int i=1; i<n; i++)  s_[i] = s_[i-1] + deltas_; 
 
 //Initial guesses for theta and Cp_: 
 double theta[n] = 
{0,0.0043325,0.0083426,0.01205,0.015475,0.018635,0.021547,0.024227,0.026691,0.0
28954,0.03103,0.032931,0.034669,0.036257,0.037705,0.039023,0.040222,0.04131,0.0
42295,0.043186,0.04399,0.044714,0.045364,0.045947,0.046468,0.046932,0.047344,0.
047709,0.048031,0.048313,0.048559,0.048772,0.048955,0.049112,0.049243,0.049352,
0.04944,0.04951,0.049563,0.049599,0.049622,0.049631,0.049627,0.049613,0.049587,
0.049552,0.049507,0.049452,0.049389,0.049317,0.049237,0.049149,0.049052,0.04894
8,0.048835,0.048714,0.048585,0.048447,0.048301,0.048146,0.047982,0.047809,0.047
627,0.047435,0.047234,0.047022,0.046801,0.046569,0.046327,0.046074,0.04581,0.04
5535,0.045249,0.044951,0.044643,0.044322,0.04399,0.043647,0.043291,0.042924,0.0
42545,0.042155,0.041752,0.041338,0.040912,0.040475,0.040026,0.039566,0.039095,0
.038613,0.03812,0.037616,0.037102,0.036577,0.036042,0.035498,0.034944,0.03438,0
.033808,0.033227,0.032637,0.032039,0.031434,0.030821,0.0302,0.029572,0.028938,0
.028298,0.027652,0.026999,0.026342,0.02568,0.025012,0.024341,0.023665,0.022986,
0.022303,0.021617,0.020928,0.020237,0.019543,0.018847,0.01815,0.017451,0.01675,
0.016049,0.015347,0.014645,0.013942,0.013239,0.012536,0.011833,0.011131,0.01043
,0.009729,0.0090292,0.0083304,0.0076329,0.0069366,0.0062418,0.0055485,0.0048568
,0.0041668,0.0034786,0.0027922,0.0021078,0.0014253,0.00074477,6.6311e-05,-
0.00061006,-0.0012843,-0.0019565,-0.0026264,-0.0032943,-0.0039599,-0.0046233,-
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0.0052846,-0.0059436,-0.0066005,-0.0072551,-0.0079075,-0.0085578,-0.0092058,-
0.0098516,-0.010495,-0.011137,-0.011776,-0.012413,-0.013047,-0.01368,-0.01431,-
0.014937,-0.015563,-0.016186,-0.016806,-0.017424,-0.018039,-0.018652,-
0.019262,-0.01987,-0.020474,-0.021076,-0.021674,-0.022269,-0.022861,-0.02345,-
0.024035,-0.024616,-0.025194,-0.025768,-0.026337,-0.026903,-0.027463,-0.02802,-
0.028571,-0.029117,-0.029658,-0.030194,-0.030725,-0.031249,-0.031767,-0.03228,-
0.032786,-0.033285,-0.033777,-0.034263,-0.034741,-0.035212,-0.035675,-0.03613,-
0.036578,-0.037017,-0.037448,-0.03787,-0.038283,-0.038688,-0.039084,-0.03947,-
0.039847,-0.040215,-0.040573,-0.040922,-0.041261,-0.04159,-0.04191,-0.042219,-
0.042519,-0.042809,-0.04309,-0.04336,-0.043621,-0.043871,-0.044113,-0.044344,-
0.044567,-0.044779,-0.044983,-0.045177,-0.045362,-0.045539,-0.045707,-
0.045866,-0.046016,-0.046158,-0.046292,-0.046418,-0.046536,-0.046646,-
0.046748,-0.046842,-0.046928,-0.047006,-0.047077,-0.047139,-0.047193,-
0.047239,-0.047275,-0.047302,-0.04732,-0.047327,-0.047323,-0.047307,-0.047278,-
0.047235,-0.047177,-0.047102,-0.047009,-0.046896,-0.046761,-0.046601,-
0.046414,-0.046197,-0.045948,-0.045662,-0.045337,-0.044967,-0.044549,-
0.044078,-0.043549,-0.042955,-0.042291,-0.041549,-0.040723,-0.039805,-
0.038787,-0.037658,-0.03641,-0.035033,-0.033514,-0.031842,-0.030004,-0.027987,-
0.025775,-0.023353,-0.020705,-0.017812,-0.014657,-0.011218,-0.0074752,-
0.0034054,0.0010151}; 
 for (int i=0; i<n; i++) theta[i] = theta[i]*1; 
 double Cp_[n] = {0,-0.041261,-0.064599,-0.072296,-0.066445,-0.04896,-
0.021591,0.014071,0.056577,0.10462,0.15702,0.2127,0.27073,0.33025,0.39052,0.450
86,0.5107,0.56954,0.62694,0.68255,0.73603,0.78716,0.83571,0.88154,0.92452,0.964
57,1.0016,1.0357,1.0668,1.095,1.1203,1.1427,1.1624,1.1795,1.194,1.2062,1.2161,1
.2238,1.2296,1.2334,1.2356,1.2362,1.2354,1.2333,1.2301,1.2258,1.2207,1.2148,1.2
083,1.2013,1.1939,1.1862,1.1783,1.1703,1.1623,1.1544,1.1466,1.139,1.1317,1.1247
,1.1181,1.112,1.1062,1.101,1.0962,1.092,1.0883,1.0852,1.0826,1.0805,1.079,1.078
,1.0776,1.0776,1.0782,1.0792,1.0807,1.0825,1.0848,1.0874,1.0904,1.0936,1.0971,1
.1009,1.1048,1.1089,1.1132,1.1175,1.1219,1.1264,1.1308,1.1352,1.1395,1.1438,1.1
479,1.1519,1.1558,1.1594,1.1629,1.1661,1.169,1.1718,1.1742,1.1764,1.1783,1.1798
,1.1811,1.1821,1.1828,1.1831,1.1832,1.1829,1.1824,1.1815,1.1804,1.1791,1.1774,1
.1755,1.1734,1.1711,1.1686,1.1659,1.163,1.16,1.1568,1.1536,1.1503,1.1469,1.1434
,1.14,1.1365,1.1331,1.1296,1.1263,1.123,1.1198,1.1168,1.1138,1.111,1.1084,1.106
,1.1037,1.1017,1.0998,1.0982,1.0968,1.0957,1.0948,1.0942,1.0938,1.0937,1.0938,1
.0942,1.0949,1.0958,1.0969,1.0983,1.0999,1.1018,1.1039,1.1061,1.1086,1.1112,1.1
14,1.117,1.1201,1.1232,1.1265,1.1299,1.1333,1.1368,1.1402,1.1437,1.1471,1.1505,
1.1538,1.1571,1.1602,1.1632,1.166,1.1687,1.1713,1.1736,1.1757,1.1775,1.1791,1.1
805,1.1816,1.1824,1.1829,1.1831,1.1831,1.1827,1.182,1.181,1.1797,1.1781,1.1762,
1.174,1.1715,1.1688,1.1658,1.1626,1.1591,1.1555,1.1516,1.1476,1.1435,1.1392,1.1
349,1.1304,1.126,1.1216,1.1172,1.1129,1.1086,1.1045,1.1006,1.0969,1.0934,1.0902
,1.0873,1.0847,1.0824,1.0806,1.0792,1.0782,1.0777,1.0777,1.0782,1.0792,1.0807,1
.0828,1.0855,1.0887,1.0924,1.0967,1.1014,1.1067,1.1125,1.1187,1.1254,1.1324,1.1
397,1.1473,1.1551,1.163,1.171,1.179,1.1868,1.1945,1.2019,1.2088,1.2153,1.2211,1
.2261,1.2303,1.2334,1.2354,1.2361,1.2354,1.233,1.229,1.2231,1.2151,1.205,1.1927
,1.1779,1.1606,1.1406,1.118,1.0924,1.064,1.0326,0.99827,0.96092,0.9206,0.87735,
0.83127,0.78247,0.73111,0.67741,0.62162,0.56405,0.50508,0.44514,0.38475,0.32449
,0.26503,0.20713,0.15165,0.099537,0.051873,0.0098471,-0.025219,-0.051867,-
0.068493,-0.073333,-0.064458,-0.039761,0.0030559}; 
 double R[twon] = {0}, N_[n] = {0}, M_[n] = {0}, thetaCp_[twon] = {0}; 
 for (int i=0; i<n; i++) thetaCp_[i] = theta[i]; 
 for (int i=0; i<n; i++) thetaCp_[n+i] = Cp_[i]; 
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 int info, lwa = (twon*(3*twon+13))/2;  double tol = 0.000001, wa[lwa];   
 //Preparing for solver hybrd1. 
 
 double erroutmat[nH0] = {0}, infooutmat[nH0], Pext_[nH0]; 
 double *thetaoutmat, *H_outmat, *x_outmat, *N_outmat, *M_outmat, *Cp_outmat, 
*P_outmat; 
 thetaoutmat = new double [nH0*n]; 
 H_outmat = new double [nH0*n]; 
 x_outmat = new double [nH0*n]; 
 N_outmat = new double [nH0*n]; 
 M_outmat = new double [nH0*n]; 
 Cp_outmat = new double [nH0*n]; 
 P_outmat = new double [nH0*n]; 
 
 double thetaCp_temp[twon], thetaCp_temp2[twon], thetaCp_temp3[twon];   
 //Preparing for storing initial guesses at the end of a series of etaM, np0, 
and etaL. 
 int iLL, in, iM, iH0; 
 
 for (iLL=0; iLL<nL; iLL++) { 
  if (iLL!=0) for (int j=0; j<twon; j++) thetaCp_[j] = thetaCp_temp[j];   //Set 
initial guess as the solution for H0_=H0_mat[0], etaM=etaMmat[0], 
np0=np0mat[0], and previous etaL. 
  etaL = etaLmat[iLL]; 
  for (in=0; in<nnp0; in++) { 
   if (in!=0) for (int j=0; j<twon; j++) thetaCp_[j] = thetaCp_temp[j];  //Set 
initial guess as the solution for H0_=H0_mat[0], etaM=etaMmat[0], previous np0, 
and current etaL. 
   np0 = np0mat[in]; 
   Osconst=pow(Qp*np0/etaL,2)/(4*etaE*nsolv); 
   for (iM=0; iM<nM; iM++) { 
    if (iM!=0) for (int j=0; j<twon; j++) thetaCp_[j] = thetaCp_temp[j]; //Set 
initial guess as the solution for H0_=H0_mat[0], previous etaM, and current np0 
and etaL. 
    etaM = etaMmat[iM]; 
    for (iH0=0; iH0<nH0; iH0++) { 
     H0_ = H0_mat[iH0]; 
     info = hybrd1(thetaCp_Res,twon,thetaCp_,R,tol,wa,lwa);    //Carry out 
simulation for current set of parameters. 
 
     //Evaluate other variables (x_,H_,N_,M_) using solved theta and Cp_: 
     double theta[n] = {0}, Cp_[n] = {0}, H_[n] = {0}, x_[n] = {0}, N_Cp_[n], 
P_costheta[n]; 
     for (int i=0; i<n; i++) theta[i] = thetaCp_[i]; 
     for (int i=0; i<n; i++) Cp_[i] = thetaCp_[n+i]; 
     CoordTrans(s_, theta, n, x_, H_); 
     N_M_eval(H_, theta, N_, M_); 
     for (int i=0; i<n; i++) N_Cp_[i] = N_[i]*Cp_[i]; 
     for (int i=0; i<n; i++) P_costheta[i] = P_[i]*cos(theta[i]); 
     Pext_[iH0] = np0*trapz(s_, N_Cp_, n) + trapz(s_,P_costheta,n); 
 //Evaluate Pext_. 
     //Evaluate and store the combined error (membrane equation and transport 
equation residuals) in the solution: 
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     thetaCp_DE(theta, Cp_, R, N_, M_);         //Evaluate residuals R 
using the equation for membrane topography. 
     erroutmat[iH0] = arrayabsmean(R,twon); 
 
     //Store variables into matrices for current etaL, np0, and etaM (but 
common for all H0_): 
     for (int j=0; j<n; j++) thetaoutmat[iH0*n+j] = theta[j]; 
     for (int j=0; j<n; j++) H_outmat[iH0*n+j] = H_[j]; 
     for (int j=0; j<n; j++) x_outmat[iH0*n+j] = x_[j]; 
     for (int j=0; j<n; j++) N_outmat[iH0*n+j] = N_[j]; 
     for (int j=0; j<n; j++) Cp_outmat[iH0*n+j] = Cp_[j]; 
     for (int j=0; j<n; j++) M_outmat[iH0*n+j] = M_[j]; 
     for (int j=0; j<n; j++) P_outmat[iH0*n+j] = P_[j]; 
     infooutmat[iH0] = info;            //info contains information about 
the simulation run. Check hybrd for details. 
 
     //Console outputs to verify run: 
     cout << "iLL = " << iLL << ", in = " << in << ", iM = " << iM << ", iH0 = 
" << iH0 << endl; 
     cout << "etaL = " << etaL << ", np0 = " << np0 << ", etaM = " << etaM << 
", H0_ = " << H0_ << endl; 
     cout << "Pext_ = " << Pext_[iH0] << ", info = " << info << ", err = " << 
erroutmat[iH0] << endl; 
     cout << "----------------------------------------------------------------
------" << endl; 
    } 
    //Write data obtained for current etaL, np0, and etaM and all H0_ into 
corresponding files: 
    WriteData(thetaoutmat, H_outmat, x_outmat, N_outmat, Cp_outmat, M_outmat, 
Pext_, erroutmat, infooutmat, P_outmat); 
    //Store current solution to use as an initial guess later: 
    for (int j=0; j<n; j++) thetaCp_temp[j] = thetaoutmat[j]; 
    for (int j=0; j<n; j++) thetaCp_temp[n+j] = Cp_outmat[j]; 
    if (iM==0) for (int j=0; j<twon; j++) thetaCp_temp2[j] = thetaCp_temp[j]; 
   } 
   //Store current solution to use as an initial guess later: 
   for (int j=0; j<twon; j++) thetaCp_temp[j] = thetaCp_temp2[j]; 
   if (in==0) for (int j=0; j<twon; j++) thetaCp_temp3[j] = thetaCp_temp2[j]; 
  } 
  //Store current solution to use as an initial guess later: 
  for (int j=0; j<twon; j++) thetaCp_temp[j] = thetaCp_temp3[j]; 
 } 
 delete[] thetaoutmat; 
 delete[] H_outmat; 
 delete[] x_outmat; 
 delete[] N_outmat; 
 delete[] M_outmat; 
 delete[] Cp_outmat; 
 delete[] P_outmat; 
 
 return 0; 
} 
//Program ends. 
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arrayabsmean.cpp: 

 

#include "stdafx.h" 
#include <math.h> 
 
double arrayabsmean(double z[], int n){ 
 
 //This program evaluates the mean of the absolute values of an input array z 
with length n. 
 double abssum = 0; 
 for (int i=0; i<n; i++){ 
  abssum = abssum + fabs(z[i]); 
 } 
 return abssum/n; 
 
} 

 

arraymin.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
#include <array> 
using namespace std; 
 
int arraymin(double x[], int nx){ 
 
 //This function finds the minimum of an array x (length nx). It outputs the 
corresponding index. 
 //In the case of multiple minima in x, the one with the smallest index is the 
output. 
 double currmin = x[0]; int imin = 0; 
 for (int i = 1; i < nx; ++i){ 
  if (x[i] < currmin){ 
   currmin = x[i]; 
   imin = i; 
  } 
 } 
 
 return imin; 
} 

 

CoordTrans.cpp: 

 

#include "stdafx.h" 
#include <math.h> 
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#include "mkl.h" 
#include <iostream> 
extern double H0_, etaL; 
using namespace std; 
 
void CoordTrans(double s_[], double theta[], int n, double x_[], double H_[]){ 
 
 //This function takes the membrane arc length coordinate and membrane 
inclination and transform them into the membrane topography in Cartesian 
coordinates. 
 double costheta[n], sintheta[n]; 
 //Evaluate sin(theta(s_)) and cos(theta(s_)): 
 vdSin(n,theta,sintheta); 
 vdCos(n,theta,costheta); 
 
 double sumx = 0, sumy = H0_, h = s_[1]-s_[0]; 
 x_[0] = 0; H_[0] = H0_; 
 for (int i=1; i<n; i++){ 
  sumx = sumx + (costheta[i-1]+costheta[i])/2*h;  //dx_ = cos(theta)*ds_. 
  x_[i] = sumx; 
  sumy = sumy + (sintheta[i-1]+sintheta[i])/2*h/etaL;//dy_ = 
sin(theta)*ds_/etaL. 
  H_[i] = sumy; 
 } 
 double x_contr = (1-x_[n-1])/2; 
 for (int i=0; i<n; i++)  x_[i] = x_[i] + x_contr;  //Shift the x_ array such 
that the membrane is centered on x_=0.5 instead of starting at x_=0. 
 
} 

 

dirExists.cpp: 

 

#include "stdafx.h" 
#include <windows.h> 
#include <string> 
 
bool dirExists(const std::string& dirName_in) 
{ 
 //This function checks whether a directory exists in the current folder. 
 DWORD ftyp = GetFileAttributesA(dirName_in.c_str()); 
 if (ftyp == INVALID_FILE_ATTRIBUTES) 
  return false; //Something is wrong with the path 
 
 if (ftyp & FILE_ATTRIBUTE_DIRECTORY) 
  return true; //This is a directory 
 
 return false;  //This is not a directory 
} 
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EllipInt1phim.cpp: 

 

#include "stdafx.h" 
#include "math.h" 
#include "mkl.h" 
 
double EllipInt1phim(double phi, double m, int nI){ 
 //This function evaluates the elliptic integral of the first kind, E(phi|m). 
It takes phi and m as inputs, not u and m. 
 //Abramowitz and Stegun use this kind of notation E(x|y) to denote E(u|m), 
whereas Wolframalpha uses it to denote E(phi|m). 
 //The integral evaluated here is denoted by E(phi|=m) in my derivations, where 
'|=' is a vertical line with two small dashes across it. 
 double F, x1, x2, F1, F2, deltax, sin2; 
 double *x2p = &x2, *sin2p = &sin2; 
 int i; 
 F = 0; 
 deltax = phi/(nI-1); 
 x1 = 0; 
 x2 = deltax; 
 F1 = 1; 
 for (i = 1; i < nI; ++i){ 
  vdSin(1,x2p,sin2p); 
  F2 = pow(1-m*sin2*sin2,-0.5); 
  F = F + (F1+F2)*deltax/2; 
  x1 = x2; 
  x2 = x2 + deltax; 
  F1 = F2; 
 } 
 return F; 
} 

 

EllipInt2phim.cpp: 

 

#include "stdafx.h" 
#include "math.h" 
#include "mkl.h" 
 
double EllipInt2phim(double phi, double m, int nI){ 
 
 //This function evaluates the elliptic integral of the second kind, F(phi|m). 
It takes phi and m as inputs, not u and m. 
 double E, x1, x2, E1, E2, deltax, sin2; 
 double *x2p = &x2, *sin2p = &sin2; 
 int i; 
 E = 0; 
 deltax = phi/(nI-1); 
 x1 = 0; 
 x2 = deltax; 
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 E1 = 1; 
 for (i = 1; i < nI; ++i){ 
  vdSin(1,x2p,sin2p); 
  E2 = pow(1-m*sin2*sin2,0.5); 
  E = E + (E1+E2)*deltax/2; 
  x1 = x2; 
  x2 = x2 + deltax; 
  E1 = E2; 
 } 
 return E; 
} 

 

LookupTable.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
#include "math.h" 
#include <fstream> 
#include <string> 
#include <sstream> 
#include "CommonVars.h" 
using namespace std; 
extern int indOcrit; 
 
void LookupTable(double H[][400], double Ualt[][400], double Malt[][400], 
double er[][400], double Omeg[], double thet[]){ 
  
 //This function reads a table of data on the bending of individual mucin 
beams. 
 //The table contains mucin beam height as a function of force on the beam and 
inclination of membrane at point of attachment between the membrane and the 
beam. 
 string line; 
 int iO = 0; 
 std::ifstream myfile("..\\..\\Protein outputs Semianasoln M Omega nO=400 
nt=400.txt"); 
 while(std::getline(myfile,line)){ 
  std::istringstream line_stream(line); 
  if (iO < nO){ 
   for(int it=0; it<nt; it++){ 
    line_stream >> H[iO][it]; 
   } 
  } 
  else if (iO >= nO && iO < 2*nO){ 
   for(int it=0; it<nt; it++){ 
    line_stream >> Malt[iO-nO][it]; 
   } 
  } 
  else if (iO == 2*nO){ 
   for(int j=0; j<nO; j++){ 
    line_stream >> Omeg[j]; 
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   } 
  } 
  else if (iO == 2*nO+1){ 
   for(int j=0; j<nt; j++){ 
    line_stream >> thet[j]; 
   } 
  } 
  iO++; 
 } 
 indOcrit = 286;      //indOcrit is the index in the force vector above which 
the mucin bends for theta=0. 
 for (int i=0; i<indOcrit; ++i){ 
  H[i][0] = 1;     //Although all of these numbers are originally almost 1, 
some are like 1-1e-16. This can disturb the interpolation. Hence, here these 
are set to 1. Theoretically, the protein should not buckle till Omegacr=pi^2/4, 
which corresponds to indOcrit. 
 } 
} 

 

max2el.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
using namespace std; 
 
double max2el(double x, double y) { 
 
 //This function finds the minimum of two numbers x and y and outputs that 
number. 
 if (x>y) return x; 
 else return y; 
 
} 

 

min2el.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
using namespace std; 
 
double min2el(double x, double y) { 
 
 //This function finds the minimum of two numbers x and y and outputs that 
number. 
 if (x<y) return x; 
 else return y; 
 
} 
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minpack.cpp: 

 

This file contains a suite of functions and solvers from the Minpack library. 

 

N_M_eval.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
#include "math.h" 
#include "CommonVars.h" 
#include "CommonFns.h" 
#include "mkl.h" 
using namespace std; 
 
extern double s_[]; 
 
void N_M_eval(double H_[], double theta[], double N_[], double M_[]){ 
 
 //Given the membrane topography, this function evaluates the forces and 
moments on the beam-like glycocalyx elements. 
 double costheta[n], Nsintheta[n], negU_[n]; 
 vdCos(n,theta,costheta); 
 for (int i=0; i<n; i++){ 
  double H_i = H_[i]; 
  //Perform some modifications to theta because of the beam bending convention 
used. Protein height and force are the same for theta and -theta. 
  double thetai = theta[i]; 
  if (thetai > pi || thetai < -pi){     //If thetai is outside the allowable 
domain of [-pi,pi] do the following to constrain it in the domain. 
   int flthbypi = floor(thetai/pi); 
   int flagth = 2*((flthbypi-1)/2-floor((flthbypi-1)/2)); 
   //Restrict thetai to [-pi,pi]: 
   if (flagth == 0) thetai = thetai-(flthbypi+1)*pi; 
   else if (flagth == 1) thetai = thetai-flthbypi*pi; 
  } 
  theta[i] = thetai;         //Update the input array theta for the benefit 
of other functions. 
  thetai = fabs(thetai);        //Constrain thetai to [0,pi]. This is because 
the shape of the protein is just flipped for theta and -theta. 
  double Fi = EllipInt1phim(thetai/2,2,200);   //Incomplete elliptic integral 
of the first kind. 
  double Ei = EllipInt2phim(thetai/2,2,200);   //Incomplete elliptic integral 
of the second kind. 
  double H_t = (e-Ei)/(k-Fi);       //Transition height for given theta. 
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  if (thetai > pi/2){         //Case where the membrane inclination is > 
pi/2 and thus the protein is facing away from the substrate. 
   N_[i] = 0; 
   M_[i] = 0; 
  } 
  else { 
   if (H_i <= H_t){        //ECM-aligned protein case. 
    N_[i] = 2*etaM/pow(etaL*H_i,2)*pow(e-Ei,2); 
    M_[i] = pow(2*etaM*N_[i]*costheta[i],0.5); 
   } 
   else if (H_i > H_t && H_i < costheta[i]){  //End-loaded protein case. 
    double tempN, *N_ip = &tempN, tempU, *U_ip = &tempU, tempM, *M_ip = 
&tempM; 
    N_M_iLumpInterpol(H_i, thetai, N_ip, M_ip); 
    N_[i] = *N_ip; 
    M_[i] = *M_ip; 
   } 
   else if (H_i >= costheta[i]){     //No ECM-protein contact case. 
    N_[i] = 0; 
    M_[i] = 0; 
   } 
  } 
  if (theta[i] < 0) M_[i] = -fabs(M_[i]);    //Because of the beam bending 
convention and use of abs(thetai), M_[i] will be positive even if thetai was 
originally negative. This statement corrects that. 
 } 
 M_[(n-1)/2] = 0; 
 M_[0] = 0; 
 M_[n-1] = 0; 
 
} 

 

N_M_iLumpInterpol.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
#include "math.h" 
#include "CommonVars.h" 
#include "CommonFns.h" 
using namespace std; 
 
extern double Hp_read[][400], Mp_altread[][400], thetaread[], Omegaread[]; 
extern int indOcrit; 
 
void N_M_iLumpInterpol(double H_i, double thetai, double *N_i, double *M_i){ 
 
 //Given the height and membrane inclination for a mucin beam, this function 
looks these up in the look-up table for mucin beam bending and interpolates for 
the force and moment on the beam. 
 //The interpolation considers more than two adjacent values of both, the 
height and the inclination. 
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 int indt = Nearest(thetaread, nt, thetai); 
 if (thetai-thetaread[indt] < 0)  indt = indt-1;      //thetai is closer to 
the right grid point 
 double theta1 = thetaread[indt]; 
 double theta2 = thetaread[indt+1]; 
 
 double Hp_grid1[nO], Hp_grid2[nO], Omegai, A, B, M_a, M_b, M_ialt; 
 for (int i=0; i<nO; i++){ 
  Hp_grid1[i] = Hp_read[i][indt+1]; 
  Hp_grid2[i] = Hp_read[i][indt]; 
 } 
 int indO1 = Nearest(Hp_grid1, nO, H_i);        //Note: Hp_ is nO x nt 
 indO1 = max2el(indO1-1,0);           //Making sure the box of interest is 
not missing potentially important N values near the box boundaries. 
 int indO2 = Nearest(Hp_grid2, nO, H_i);        //Note: Hp_ is nO x nt 
 indO2 = min2el(nO-1,indO2+1);          //Making sure the box of interest 
is not missing potentially important N values near the box boundaries. 
 if (indO2 == 1 && indt == 0 && H_i < 1)  indO2 = indOcrit+1; 
 double Omega1 = Omegaread[indO1]; 
 double Omega2 = Omegaread[indO2]; 
 
 if (Omega1 == Omega2) Omegai = Omega1; 
 else { 
  double H_a = Hp_read[indO1][indt]; 
  double H_b = Hp_read[indO1][indt+1]; 
  double H_c = Hp_read[indO2][indt]; 
  double H_d = Hp_read[indO2][indt+1]; 
  A = (theta2-thetai)/(theta2-theta1)*H_a + (thetai-theta1)/(theta2-
theta1)*H_b; 
  B = (theta2-thetai)/(theta2-theta1)*H_c + (thetai-theta1)/(theta2-
theta1)*H_d; 
  Omegai = (H_i*(Omega2-Omega1)+B*Omega1-A*Omega2)/(B-A); 
  Omegai = max2el(Omegai,0.0);         //Negative forces that may appear due 
to erroneous interpolations near N = 0 are disallowed. 
 } 
 *N_i = Omegai*etaM/(etaL*etaL); 
 double deltaOmega = Omegai-Omega1; 
 
 if (Omega1 == Omega2) { 
  M_a = Mp_altread[indO1][indt]; 
  M_b = Mp_altread[indO1][indt+1]; 
  M_ialt = M_b - (M_b-M_a)/(theta2-theta1)*(theta2-thetai); 
 } 
 else { 
  M_a = Mp_altread[indO1][indt]; 
  M_b = Mp_altread[indO1][indt+1]; 
  double M_c = Mp_altread[indO2][indt]; 
  double M_d = Mp_altread[indO2][indt+1]; 
  A = (theta2-thetai)/(theta2-theta1)*M_a + (thetai-theta1)/(theta2-
theta1)*M_b; 
  B = (theta2-thetai)/(theta2-theta1)*M_c + (thetai-theta1)/(theta2-
theta1)*M_d; 
  M_ialt = (Omega2-Omegai)/(Omega2-Omega1)*A + (Omegai-Omega1)/(Omega2-
Omega1)*B; 
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 } 
 *M_i = M_ialt*etaM/etaL; 
 
} 

 

Nearest.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
#include <math.h> 
#include <array> 
using namespace std; 
 
int arraymin(double x[], int nx); 
 
int Nearest(double x[], int nx, double xi){ 
 
 //This function finds the index in an array x which is closest to a given 
value xi. 
 double absdiff[nx]; 
 for (int i=0; i<nx; i++)  absdiff[i] = fabs(x[i]-xi); 
 int minindabsdiff = arraymin(absdiff,nx); 
 
 return minindabsdiff; 
} 

 

sncndn.cpp: 

 

This function is adapted from (Press et al., 1997). 

#include "stdafx.h" 
#include <math.h> 
 
#define CA 0.0003      //The accuracy is the square of CA. 
void sncndn(double uu, double emmc, double *sn, double *cn, double *dn) 
//This function returns the Jacobian elliptic functions sn(u|1-m), cn(u|1-m), 
and dn(u|1-m). Here uu = u, while emmc = k_c^2 = 1-m. 
{ 
 double a,b,c,d,emc,u; 
 double em[14],en[14]; 
 int i,ii,l,bo; 
 emc=emmc; 
 u=uu; 
 if (emc) { 
  bo=(emc < 0.0); 
  if (bo) { 
   d=1.0-emc; 
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   emc /= -1.0/d; 
   u *= (d=sqrt(d)); 
  } 
  a=1.0; 
  *dn=1.0; 
  for (i=1;i<=50;i++) { 
   l=i; 
   em[i]=a; 
   en[i]=(emc=sqrt(emc)); 
   c=0.5*(a+emc); 
   if (fabs(a-emc) <= CA*a) break; 
   emc *= a; 
   a=c; 
  } 
  u *= c; 
  *cn = cos(u); 
  *sn=sin(u); 
  if (*sn) { 
   a=(*cn)/(*sn); 
   c *= a; 
   for (ii=l;ii>=1;ii--) { 
    b=em[ii]; 
    a *= c; 
    c *= (*dn); 
    *dn=(en[ii]+a)/(b+a); 
    a=c/b; 
   } 
   a=1.0/sqrt(c*c+1.0); 
   *sn=(*sn >= 0.0 ? a : -a); 
   *cn=c*(*sn); 
  } 
  if (bo) { 
   a=(*dn); 
   *dn=(*cn); 
   *cn=a; 
   *sn /= d; 
  } 
 } else { 
  *cn=1.0/cosh(u); 
  *dn=(*cn); 
  *sn=tanh(u); 
 } 
} 

 

stdafx.cpp: 

 

#include "stdafx.h" 

 

thetaCp_DE.cpp: 
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#include "stdafx.h" 
#include <math.h> 
#include <iostream> 
#include "CommonVars.h" 
#include "mkl.h" 
using namespace std; 
 
extern const int n; 
extern int np0; 
extern const double kc_, etaE, etad; 
extern double s_[], deltas_, nsolv, Qp, Osconst, P_[]; 
 
void CoordTrans(double s_[], double theta[], int n, double x_[], double H_[]); 
double trapz(double x[], double y[], int nx); 
 
void thetaCp_DE(double theta[], double Cp_[], double F[], double N_[], double 
M_[]){ 
 
 //This function evaluates the residuals F(s_) for the membrane mechanics 
equation and the transport equation. F here is the same as R in 
thetaCp_Res.cpp. 
 double costheta[n], sintheta[n], I1[n], s_int[n], N_Cp_int[n], d2[n], 
deltas_neg2 = 1/pow(deltas_,2); 
 vdCos(n,theta,costheta); 
 vdSin(n,theta,sintheta); 
 double T0_ = kc_*(1-trapz(s_,costheta,n)); 
 for (int i=1; i<n-1; i++){ 
  if (s_[i] > 0.5){ 
   for (int j=(n-1)/2; j<=i; j++){ 
    s_int[j-(n-1)/2] = s_[j]; 
    N_Cp_int[j-(n-1)/2] = N_[j]*Cp_[j]; 
   } 
   I1[i] = trapz(s_int,N_Cp_int,i-(n-3)/2); 
  } 
  else if (s_[i] < 0.5){ 
   for (int j=i; j<=(n-1)/2; j++){ 
    s_int[j-i] = s_[j]; 
    N_Cp_int[j-i] = N_[j]*Cp_[j]; 
   } 
   I1[i] = -trapz(s_int,N_Cp_int,(n+1)/2-i); 
  } 
  else if (s_[i] == 0.5)  I1[i] = 0; 
  d2[i] = (theta[i+1]+theta[i-1]-2*theta[i])*deltas_neg2;  //d2 is 
d^2(theta)ds_^2. 
 } 
 
 //Calculate the pressure on the membrane due to counterion entropy and/or 
polymer crowding: 
 double H_[n], x_[n]; 
 CoordTrans(s_, theta, n, x_, H_); 
 //Pressure due to counterion entropy: 
 for (int i=0; i<n; i++) P_[i] = Osconst*(pow(Cp_[i]/H_[i],2)-1); 
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 //Evaluate residuals using the governing equation for membrane topography: 
 double M_Cp_[n], costhetaI1[n]; 
 vdMul(n,M_,Cp_,M_Cp_); 
 cblas_dcopy(n,d2,1,F,1); 
 cblas_daxpy(n,np0,M_Cp_,1,F,1); 
 cblas_daxpy(n,-T0_,sintheta,1,F,1); 
 vdMul(n,costheta,I1,costhetaI1); 
 cblas_daxpy(n,-np0,costhetaI1,1,F,1); 
 
 //Add in the terms for the osmotic pressure acting normal to the membrane 
(minus the cytosolic pressure), 
 //because of counterion entropy and/or polymer entropy: 
 double P_costheta[n], intP_costheta=0, thetadiff[n], costhetadiff[n], 
P_costhetadiff[n]; 
 vdMul(n,P_,costheta,P_costheta); 
 intP_costheta = trapz(s_,P_costheta,(n+1)/2); 
 for (int i=1; i<n-1; i++){ 
  for (int j=0; j<n; j++) thetadiff[j] = theta[j]-theta[i]; 
  vdCos(n,thetadiff,costhetadiff); 
  vdMul(n,P_,costhetadiff,P_costhetadiff); 
  F[i] = F[i]+costheta[i]*intP_costheta-trapz(s_,P_costhetadiff,i); 
 } 
 
 F[0] = theta[0];      //Boundary condition at s_=0. 
 F[(n+1)/2] = trapz(s_,sintheta,n);  //A constraint on membrane height being 
the same at s_=0 and s_=1. 
 F[n-1] = theta[n-1];     //Boundary condition at s_=1. 
 
 //Calculate the tangential forces on the glycocalyx beams and use them to 
evaluate the residuals in the convection-diffusion equation for glycocalyx 
concentration. 
 double dCp_ds_[n], Z[n], phi[n], alpha=0, phii=0, phii2=0, eps2=0, 
phidZdphi[n]; 
 for (int i=1; i<n-1; i++) dCp_ds_[i] = (Cp_[i+1]-Cp_[i-1])/2/deltas_; 
 dCp_ds_[0] = (-1.5*Cp_[0]+2*Cp_[1]-0.5*Cp_[2])/deltas_; 
 dCp_ds_[n-1] = -(-1.5*Cp_[n-1]+2*Cp_[n-2]-0.5*Cp_[n-3])/deltas_; 
 alpha = np0*pi*pow(etad,2)/4; 
 for (int i=1; i<n-1; i++) phi[i] = alpha*Cp_[i]; 
 for (int i=1; i<n-1; i++){ 
  phii = phi[i]; 
  phii2 = pow(phii,2); 
  eps2 = pow(1-phii,2); 
  Z[i] = (8+phii2-pow(phii2,2)/4/eps2)/8/eps2; 
  phidZdphi[i] = phii*(pow(phii,3)+12*pow(phii,2)-30*phii+16)/8*pow(1-phii,-5); 
  F[n+i] = dCp_ds_[i]*(Z[i]+phidZdphi[i])-etaE*N_[i]*Cp_[i]*sintheta[i]; 
 } 
 F[n] = dCp_ds_[0]; 
 F[n+(n+1)/2] = trapz(s_,Cp_,n)-1; 
 F[n+n-1] = dCp_ds_[n-1]; 
 
} 
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thetaCp_Res.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
#include "math.h" 
#include "CommonVars.h" 
#include "CommonFns.h" 
#include <fstream> 
#include <string> 
#include <sstream> 
using namespace std; 
 
extern double s_[]; 
 
void thetaCp_Res(int twon, double thetaCp_[], double R[], int* iflag){ 
 
 //This function evaluates calls other functions that evaluate the residuals 
for the membrane equation and the transport equation. 
double H_[n], x_[n], N_[n], theta[n], Cp_[n], M_[n]; 

 for (int i=0; i<n; i++) theta[i] = thetaCp_[i]; 
 for (int i=0; i<n; i++) Cp_[i] = thetaCp_[n+i]; 
 CoordTrans(s_, theta, n, x_, H_); 
 N_M_eval(H_, theta, N_, M_);           //Evaluate N_ (inverse protein 
problem), Cp_ from pseudo energy, and M_. 
 thetaCp_DE(theta, Cp_, R, N_, M_);          //Evaluate residuals R using 
the equation for membrane topography. 
 
 double Rabssummod = arrayabsmean(R,twon);        //Rabssummod is the mean of 
the absolute values of the residual array R. 
 
} 

 

trapz.cpp: 

 

#include "stdafx.h" 
double trapz(double x[], double y[], int nx){ 
 
 //trapz gives the integral(y dx) for the specified grid in vector x (length 
nx). 
 //NOTE: trapz only considers uniformly spaced grids. 
 //trapz is able to calculate integrals correctly using only a part of the 
grids x and y. 
 //E.g. For x=linspace(0,1,100), y=x^2, trapz(x,y,100)=1/3 and 
trapz(x,y,50)=1/24, which are both correct. 
 
 double integral = 0; 
 double deltax = x[1]-x[0]; 
 for (int i=1; i<nx; i++)  integral = integral + deltax*(y[i-1]+y[i])/2; 
 return integral; 
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} 

 

WriteData.cpp: 

 

#include "stdafx.h" 
#include "Windows.h" 
#include <iostream> 
#include <fstream> 
#include <string> 
#include <sstream> 
#include <cstring> 
#include <stdio.h> 
using namespace std; 
 
extern int np0; 
extern const int nH0, n; 
extern double etaL, etaM, H0_; 
extern const double etaE; 
extern double s_[], H0_mat[], Qp; 
bool dirExists(const std::string& dirName_in); 
 
void WriteData(double thetaoutmat[], double H_outmat[], double x_outmat[], 
double N_outmat[], 
  double Cp_outmat[], double M_outmat[], double Pext_[], double erroutmat[], 
double infooutmat[], double P_outmat[]){ 
 
 //This program writes simulation outputs into multiple text files. 
 int iH0; 
 
 //Preparing file names: 
 char charM[6], charL[6], charnp[11], charn[11], file[61], charpara[50], 
charH1[10], charH2[10], charQp[10]; 
 for (int i=0; i<50; i++)  charpara[i] = '\0'; 
 for (int i=0; i<6; i++)  charL[i] = '\0'; 
 for (int i=0; i<6; i++)  charM[i] = '\0'; 
 for (int i=0; i<11; i++)  charnp[i] = '\0'; 
 for (int i=0; i<11; i++)  charn[i] = '\0'; 
 for (int i=0; i<6; i++)  charH1[i] = '\0'; 
 for (int i=0; i<6; i++)  charH2[i] = '\0'; 
 for (int i=0; i<6; i++)  charQp[i] = '\0'; 
 sprintf(charM,"%g",etaM); 
 sprintf(charL,"%g",etaL); 
 sprintf(charnp,"%d",np0); 
 sprintf(charn,"%d",n); 
 sprintf(charH1,"%g",H0_mat[0]); 
 sprintf(charH2,"%g",H0_mat[nH0-1]); 
 sprintf(charQp,"%g",Qp); 
 strcpy(charpara,",H0_="); 
 strcat(charpara,charH1); 
 strcat(charpara,"-"); 
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 strcat(charpara,charH2); 
 strcat(charpara,",etaL="); 
 strcat(charpara,charL); 
 strcat(charpara,",etaM="); 
 strcat(charpara,charM); 
 strcat(charpara,",np0="); 
 strcat(charpara,charnp); 
 strcat(charpara,",Qp="); 
 strcat(charpara,charQp); 
 strcat(charpara,".txt"); 
 
 //Check whether the directory '..\\Data' exists and if it does not exist, 
create it: 
 LPCWSTR dirname = L"..\\Data"; 
 if (!dirExists("..\\Data")) CreateDirectory(dirname, NULL); 
 
 //Write theta: 
 ofstream myfile1; 
 strcpy(file,"..\\Data\\theta"); 
 strcat(file,charpara); 
 myfile1.open (file); 
 for (iH0=0; iH0<nH0; iH0++){ 
  for (int i=0; i<n; i++){ 
   if (i>0) myfile1 << ", "; 
   myfile1 << thetaoutmat[iH0*n+i]; 
  } 
  myfile1 << ";" << endl; 
 } 
 myfile1.close(); 
 
 //Write H_: 
 ofstream myfile2; 
 strcpy(file,"..\\Data\\H_"); 
 strcat(file,charpara); 
 myfile2.open (file); 
 for (iH0=0; iH0<nH0; iH0++){ 
  for (int i=0; i<n; i++){ 
   if (i>0) myfile2 << ", "; 
   myfile2 << H_outmat[iH0*n+i]; 
  } 
  myfile2 << ";" << endl; 
 } 
 myfile2.close(); 
 
 //Write x_: 
 ofstream myfile3; 
 strcpy(file,"..\\Data\\x_"); 
 strcat(file,charpara); 
 myfile3.open (file); 
 for (iH0=0; iH0<nH0; iH0++){ 
  for (int i=0; i<n; i++){ 
   if (i>0) myfile3 << ", "; 
   myfile3 << x_outmat[iH0*n+i]; 
  } 
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  myfile3 << ";" << endl; 
 } 
 myfile3.close(); 
 
 //Write N_: 
 ofstream myfile4; 
 strcpy(file,"..\\Data\\N_"); 
 strcat(file,charpara); 
 myfile4.open (file); 
 for (iH0=0; iH0<nH0; iH0++){ 
  for (int i=0; i<n; i++){ 
   if (i>0) myfile4 << ", "; 
   myfile4 << N_outmat[iH0*n+i]; 
  } 
  myfile4 << ";" << endl; 
 } 
 myfile4.close(); 
 
 //Write Cp_: 
 ofstream myfile5; 
 strcpy(file,"..\\Data\\Cp_"); 
 strcat(file,charpara); 
 myfile5.open (file); 
 for (iH0=0; iH0<nH0; iH0++){ 
  for (int i=0; i<n; i++){ 
   if (i>0) myfile5 << ", "; 
   myfile5 << Cp_outmat[iH0*n+i]; 
  } 
  myfile5 << ";" << endl; 
 } 
 myfile5.close(); 
 
 //Write M_: 
 ofstream myfile6; 
 strcpy(file,"..\\Data\\M_"); 
 strcat(file,charpara); 
 myfile6.open (file); 
 for (iH0=0; iH0<nH0; iH0++){ 
  for (int i=0; i<n; i++){ 
   if (i>0) myfile6 << ", "; 
   myfile6 << M_outmat[iH0*n+i]; 
  } 
  myfile6 << ";" << endl; 
 } 
 myfile6.close(); 
 
 //Write P_: 
 ofstream myfile9; 
 strcpy(file,"..\\Data\\P_"); 
 strcat(file,charpara); 
 myfile9.open (file); 
 for (iH0=0; iH0<nH0; iH0++){ 
  for (int i=0; i<n; i++){ 
   if (i>0) myfile9 << ", "; 
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   myfile9 << P_outmat[iH0*n+i]; 
  } 
  myfile9 << ";" << endl; 
 } 
 myfile9.close(); 
 
 //Write H0_ (input), Pext_, Error, and info (outputs): 
 ofstream myfile7; 
 strcpy(file,"..\\Data\\H0_,Pext_,Error,info"); 
 strcat(file,charpara); 
 myfile7.open (file); 
 for (int i=0; i<nH0-1; i++) myfile7 << H0_mat[i] << ", "; 
 myfile7 << H0_mat[nH0-1] << ";" << endl; 
 for (int i=0; i<nH0-1; i++) myfile7 << Pext_[i] << ", "; 
 myfile7 << Pext_[nH0-1] << ";" << endl; 
 for (int i=0; i<nH0-1; i++) myfile7 << erroutmat[i] << ", "; 
 myfile7 << erroutmat[nH0-1] << ";" << endl; 
 for (int i=0; i<nH0-1; i++) myfile7 << infooutmat[i] << ", "; 
 myfile7 << infooutmat[nH0-1] << ";" << endl; 
 myfile7.close(); 
 
} 

 

CommonFns.h: 

 

#ifndef COMMONFNS_H_ 
#define COMMONFNS_H_ 
 
double arrayabsmean(double z[], int n); 
void CoordTrans(double s_[], double theta[], int n, double x_[], double H_[]); 
double EllipInt1phim(double phi, double m, int nI); 
double EllipInt2phim(double phi, double m, int nI); 
int hybrd(void fcn(int n, double x[], double fvec[], int *iflag), 
 int n, double x[], 
 double fvec[], double xtol, int maxfev, int ml, int mu, double epsfcn, 
 double diag[], int mode, double factor, int nprint, int nfev, 
 double fjac[], int ldfjac, double r[], int lr, double qtf[], double wa1[], 
 double wa2[], double wa3[], double wa4[]); 
int hybrd1 ( void fcn ( int n, double x[], double fvec[], int *iflag ), int n, 
  double x[], double fvec[], double tol, double wa[], int lwa ); 
double max2el(double x, double y); 
double min2el(double x, double y); 
void N_M_eval(double H_[], double theta[], double N_[], double M_[]); 
void N_M_iLumpInterpol(double H_i, double thetai, double *N_i, double *M_i); 
int Nearest(double x[], int nx, double xi); 
void thetaCp_DE(double theta[], double Cp_[], double R[], double N_[], double 
M_[]); 
void thetaCp_Res(int twon, double thetaCp_[], double R[], int* iflag); 
double trapz(double x[], double y[], int nx); 
void WriteData(double thetaoutmat[], double H_outmat[], double x_outmat[], 
double N_outmat[], 
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  double Cp_outmat[], double M_outmat[], double Pext_[], double erroutmat[], 
double infooutmat[], double P_outmat[]); 
 
#endif 

 

CommonVars.h: 

 

#ifndef COMMONVARS_H_ 
#define COMMONVARS_H_ 
 
extern const double pi, k, e, etaE, kc_, etad; 
extern double tempth, tempOm; 
extern const int nO, nt, n, nH0; 
extern double etaL, etaM, nsolv, Qp, Osconst; 
extern int np0; 
 
#endif 

 

minpack.hpp: 

 

This header file is adapted from the Minpack library. 
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A.2 Dynamic simulations of a cytosolically compressed glycocalyx 

 

Main function file, Dyn2DFinal.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
#include "math.h" 
#include "CommonVars.h" 
#include "CommonFns.h" 
#include <fstream> 
#include <string> 
#include <sstream> 
#include <cstring> 
#include <stdio.h> 
#include "mkl.h" 
using namespace std; 
 
const double pi = 3.14159, k = 1.311029, e = 0.59907;        //k = 
EllipticF(pi/2,1/2)/sqrt(2), e = EllipticE(pi/2,1/2)*sqrt(2)-
EllipticF(pi/2,1/2)/sqrt(2). 
const int nO = 400, nt = 400, n = 101, nP = 1, nM = 1, nnp0 = 1, nL = 1, nW = 
1; //Grid sizes: nO and nt: Omega and theta for inverse protein problem, n: 
membrane, nP: cytoskeletal height, nM: etaM, nnp0: nG0, nL: etaL. 
                     //n has to be updated in WriteData.cpp and 
CommonFns.h whenever it is updated here. 
                     //nt has to be updated in LoadTables.cpp and 
N_Cp_M_lumpinterpol.cpp whenever it is updated here. Update indOcrit in 
LookupTable.cpp whenever nO or nt are changed. 
const double etaE = 24, kc_ = 0;             //etaE = kappa/kBT. 
double Lmat[nW] = {297}; 
double P_cytmat[nP] = {10}; 
double etaMmat[nM] = {1};               //etaM = EGIG/kappa/L. 
double np0mat[nnp0] = {10};               //np0 = CG0*L^2. 
double etaLmat[nL] = {1};               //etaL = LG/L. 
double etadmat[nW] = {0.1};               //etad = d/L. 
double Hp_read[nO][nt] = {0}, Up_altread[nO][nt] = {0}, Mp_altread[nO][nt] = 
{0}, errread[nO][nt] = {0}, Omegaread[nO] = {0}, thetaread[nt] = {0}; 
double s_[n] = {0}, N_store[n] = {0}, thetat0[n] = {0}, H0_t0=0, thetaL0t0[n] = 
{0}, H0_L0t0=0, deltas_, etaM, etaL, P_cyt, L, np0, etad, nsolv, thetaiOm=0, 
H_iOm=0, Omegaistore=0, P_cyti=0, N_ECM=0; int indOcrit; 
double nsolvmat[nW] = {90000};              //nsolv = Csolv*L^3 is the 
number of ions in a volume L^3 of the bulk solvent. 
double Qp = 200;                 //Qp is the number of ions on a 
glycoprotein. 
double Osconst = 0; 
double P_[n] = {0}; 
void LookupTable(double H[][nt], double Ualt[][nt], double Malt[][nt], double 
er[][nt], double Omeg[], double thet[]); 
double Cp_curr[n] = {0}; 
int currcount=0; 
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double thetaIG[n]={-7.14078e-151, 0.0747734, 0.143037, 0.205358, 0.262264, 
0.314241, 0.361729, 0.405039, 0.444459, 0.480259, 0.512691, 0.541992, 0.568382, 
0.592065, 0.613233, 0.632062, 0.648718, 0.663353, 0.67611, 0.687121, 0.696508, 
0.704386, 0.71086, 0.71603, 0.719986, 0.722813, 0.724591, 0.725392, 0.725285, 
0.724334, 0.722597, 0.720129, 0.71698, 0.7132, 0.70883, 0.703913, 0.698487, 
0.692587, 0.686245, 0.679494, 0.672361, 0.664872, 0.657054, 0.648927, 0.640515, 
0.631837, 0.622911, 0.613754, 0.604384, 0.594813, 0.585057, 0.575129, 0.565039, 
0.5548, 0.544422, 0.533913, 0.523284, 0.512543, 0.501697, 0.490753, 0.479718, 
0.468598, 0.457399, 0.446125, 0.434783, 0.423376, 0.411909, 0.400384, 0.388807, 
0.37718, 0.365506, 0.353787, 0.342027, 0.330227, 0.31839, 0.306517, 0.29461, 
0.28267, 0.270699, 0.258697, 0.246667, 0.234607, 0.22252, 0.210405, 0.198264, 
0.186095, 0.173899, 0.161677, 0.149427, 0.137149, 0.124843, 0.112507, 0.100143, 
0.0877475, 0.0753202, 0.0628596, 0.050364, 0.037832, 0.025262, 0.0126519, 
4.60323e-291}; 
double H0_IG=0.371722; 
int fflag1=0, fflag2=0, fflag3=0, fflag4=0, fflag5=0, fflag6=0, fflag7=0, 
fflag8=0, flagH0=1; 
double pertC=0, pertCmat[nW]={0}; 
 
int main() 
{ 
 //Read look-up table for inverse protein problem from text file: 
 LookupTable(Hp_read, Up_altread, Mp_altread, errread, Omegaread, thetaread); 
 
 //Create membrane grid for discretization: 
 deltas_ = 0.5*pow(n-1,-1); 
 s_[0] = 0; 
 for (int i=1; i<n; i++)  s_[i] = s_[i-1] + deltas_; 
 
 double Cp_[n]={0}, Cp_orig[n]={0}, Cp_old[n]={0}, Lrat=0, H0_=0, theta[n]={0}, 
thetaH0_[n+1]={0}; 
 P_cyti = P_cytmat[0]; 
 L = Lmat[0]; 
 Lrat = L/100; 
 etaL = etaLmat[0]/Lrat; 
 np0 = np0mat[0]*pow(Lrat,2); 
 etaM = etaMmat[0]/Lrat; 
 P_cyt = P_cyti*pow(Lrat,3); 
 etad = etadmat[0]/Lrat; 
 nsolv = nsolvmat[0]*pow(Lrat,3); 
 Osconst=pow(Qp*np0/etaL,2)/(4*etaE*nsolv); 
 pertC = 0; 
 for (int i=0; i<n; i++) Cp_orig[i] = 1+pertC*cos(2*pi*s_[i]); 
 for (int i=0; i<n; i++) Cp_[i] = Cp_orig[i]; 
 for (int i=0; i<n; i++) Cp_old[i] = Cp_orig[i]; 
 double avgdCp_dt_0=0, avgdCp_dt_=0, dCp_dt_[n]={0}; 
 
 //Initial guess for theta(s_): 
 for (int i=0; i<n; i++) theta[i] = thetaIG[i]; 
 H0_ = H0_IG; 
 for (int i=0; i<n; i++) thetaH0_[i] = theta[i]; 
 thetaH0_[n] = H0_; 
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 double N_[n] = {0}, M_[n] = {0}, H_[n] = {0}, x_[n] = {0}, dCp_2dt_[n]={0}, 
R[n+1]={0}, Rabsmean=1, * H0_p=&H0_, intCp_=0, Cp_2[n-1], delGL_[4]={0}; 
 thetaH0_H_x_N_M_eval(Cp_,theta,H0_p,H_,x_,N_,M_); 
 H0_ = *H0_p; 
 thetaH0_DE(theta,Cp_,R,N_,M_,H0_); 
 Rabsmean = arrayabsmean(R,n+1); 
 for (int i=0; i<n; i++) thetaIG[i] = theta[i]; 
 H0_IG = H0_; 
 for (int i=0; i<n; i++) thetat0[i] = theta[i]; 
 H0_t0 = H0_; 
 
 //Time stepping: 
 double t_start=0, t_end=0.6, nstep=600, istep=0, deltat_=(t_end-
t_start)/nstep, t_old=t_start, t_new=t_start, relerr=0.001, abserr=0.001; 
 int flag=1, maxcount=0;              //flag = 1 for normal operation, -1 
for single-step mode. 
 WriteData(t_new,theta,H0_,x_,H_,N_,M_,Cp_,dCp_2dt_,flag,Rabsmean,nstep,t_start
,t_end,R); 
 for (istep=0; istep<nstep; istep++){ 
  t_new = t_old+deltat_; 
  for (int i=0; i<n-1; i++) Cp_2[i] = (Cp_[i]+Cp_[i+1])/2; 
  flag = 
r8_rkf45(dCp_2dt_eval,n,Cp_2,dCp_2dt_,&t_old,t_new,&relerr,abserr,flag,maxcount
); 
  if (flag==6) flag = 2; 
  for (int i=1; i<n-1; i++) Cp_[i] = (Cp_2[i-1]+Cp_2[i])/2; 
  Cp_[0] = Cp_2[0]; 
  Cp_[n-1] = Cp_2[n-2]; 
  thetaH0_H_x_N_M_eval(Cp_,theta,H0_p,H_,x_,N_,M_); 
  H0_ = *H0_p; 
  thetaH0_DE(theta,Cp_,R,N_,M_,H0_); 
  Rabsmean = arrayabsmean(R,n+1); 
  for (int i=0; i<n; i++) thetaIG[i] = theta[i]; 
  H0_IG = H0_; 
 
 WriteData(t_new,theta,H0_,x_,H_,N_,M_,Cp_,dCp_2dt_,flag,Rabsmean,nstep,t_start
,t_end,R); 
  t_old = t_new; 
 } 
 
 return 0; 
} 
//Program ends. 

 

arrayabsmean.cpp: 

 

#include "stdafx.h" 
#include <math.h> 
 
double arrayabsmean(double z[], int n){ 
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 //This program evaluates the mean of the absolute values of an input array z 
with length n. 
 double abssum = 0; 
 for (int i=0; i<n; i++){ 
  abssum = abssum + fabs(z[i]); 
 } 
 return abssum/n; 
 
} 

 

arraymin.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
#include <array> 
using namespace std; 
 
int arraymin(double x[], int nx){ 
 
 //This function finds the minimum of an array x (length nx). It outputs the 
corresponding index. 
 //In the case of multiple minima in x, the one with the smallest index is the 
output. 
 double currmin = x[0]; int imin = 0; 
 for (int i = 1; i < nx; ++i){ 
  if (x[i] < currmin){ 
   currmin = x[i]; 
   imin = i; 
  } 
 } 
 
 return imin; 
} 

 

CoordTrans.cpp: 

 

#include "stdafx.h" 
#include <math.h> 
#include "mkl.h" 
#include <iostream> 
extern double etaL; 
using namespace std; 
 
void CoordTrans(double s_[], double theta[], int n, double x_[], double H_[], 
double H0_){ 
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 //This function takes the membrane arc length coordinate and membrane 
inclination and transform them into the membrane topography in Cartesian 
coordinates. 
 double costheta[n], sintheta[n]; 
 //Evaluate sin(theta(s_)) and cos(theta(s_)): 
 vdSin(n,theta,sintheta); 
 vdCos(n,theta,costheta); 
 
 double sumx = 0, sumy = H0_, h = s_[1]-s_[0]; 
 x_[0] = 0; H_[0] = H0_; 
 for (int i=1; i<n; i++){ 
  sumx = sumx + (costheta[i-1]+costheta[i])/2*h;  //dx_ = cos(theta)*ds_. 
  x_[i] = sumx; 
  sumy = sumy + (sintheta[i-1]+sintheta[i])/2*h/etaL;//dy_ = 
sin(theta)*ds_/etaL. 
  H_[i] = sumy; 
 } 
 double x_contr = 0.5-x_[n-1]; 
 for (int i=0; i<n; i++)  x_[i] = x_[i] + x_contr;  //Shift the x_ array such 
that the membrane is centered on x_=0.5 instead of starting at x_=0. 
 
} 

 

dCp_2dt_eval.cpp: 

 

#include "stdafx.h" 
#include "math.h" 
#include "CommonVars.h" 
#include "CommonFns.h" 
#include <iostream> 
using namespace std; 
 
extern double thetaIG[], H0_IG, deltas_, s_[]; 
 
void dCp_2dt_eval(double t_, double Cp_2[], double dCp_2dt_[]){ 
 
 //Given Cp_, this function calculates the time derivative of Cp_, i.e. 
dCp_/dt_. 
 //The derivatives are calculated for Grid II of Cp_. 
 
 //Calculate all other variables: 
 double theta[n], H0_=0, H_[n], x_[n], N_[n], M_[n], err=0, thetaH0_[n+1], 
R[n+1], Cp_[n]; 
 for (int i=1; i<n-1; i++) Cp_[i] = (Cp_2[i-1]+Cp_2[i])/2; 
 Cp_[0] = Cp_2[0];//(Cp_2[0]+Cp_2[n-2])/2; 
 Cp_[n-1] = Cp_2[n-2];//Cp_[0]; 
 for (int i=0; i<n; i++) theta[i] = thetaIG[i]; 
 H0_ = H0_IG; 
 thetaH0_H_x_N_M_eval(Cp_,theta,&H0_,H_,x_,N_,M_); 
 thetaH0_DE(theta,Cp_,R,N_,M_,H0_); 
 



169 
 

 double q_[101], phi[101], f[101], g[101], phiconst=np0*pi*etad*etad/4; 
 for (int i=0; i<n; i++) phi[i] = Cp_[i]*phiconst; 
 //Pade approximation from Sanchez Journal of Chemical Physics 1994: 
 for (int i=0; i<n; i++){ 
  if (phi[i]>0.9002){ 
   f[i] = 1e60; 
   g[i] = 1e60; 
  } 
  else { 
   f[i] = (1+1.03961*phi[i]-0.4768481*pow(phi[i],2)+0.30164*pow(phi[i],3))/(1-
0.960399*phi[i]-1.684070*pow(phi[i],2)+2.41607*pow(phi[i],3)-
0.811998*pow(phi[i],4)); 
   g[i] = (0.371479*pow(phi[i],6)-1.17451*pow(phi[i],5)+4.81784*pow(phi[i],4)-
3.57166*pow(phi[i],3)-6.27073*pow(phi[i],2)+3.66191*phi[i]+3.03335) 
    *pow(-pow(phi[i],4)+2.97546*pow(phi[i],3)-2.07398*pow(phi[i],2)-
1.18276*phi[i]+1.23153,-2); 
  } 
 } 
 q_[0] = 0; 
 q_[n-1] = 0; 
 for (int i=1; i<n-1; i++) q_[i] = N_[i]*Cp_[i]*sin(theta[i])-
(f[i]+phi[i]*g[i])*(Cp_2[i]-Cp_2[i-1])/deltas_/etaE; 
 for (int i=0; i<n-1; i++) dCp_2dt_[i] = (q_[i]-q_[i+1])/deltas_; 
 
} 

 

dirExists.cpp: 

 

#include "stdafx.h" 
#include <windows.h> 
#include <string> 
 
bool dirExists(const std::string& dirName_in) 
{ 
 //This function checks whether a directory exists in the current folder. 
 DWORD ftyp = GetFileAttributesA(dirName_in.c_str()); 
 if (ftyp == INVALID_FILE_ATTRIBUTES) 
  return false; //Something is wrong with the path 
 
 if (ftyp & FILE_ATTRIBUTE_DIRECTORY) 
  return true; //This is a directory 
 
 return false;  //This is not a directory 
} 

 

EllipInt1phim.cpp: 
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#include "stdafx.h" 
#include "math.h" 
#include "mkl.h" 
 
double EllipInt1phim(double phi, double m, int nI){ 
 //This function evaluates the elliptic integral of the first kind, E(phi|m). 
It takes phi and m as inputs, not u and m. 
 //Abramowitz and Stegun use this kind of notation E(x|y) to denote E(u|m), 
whereas Wolframalpha uses it to denote E(phi|m). 
 //The integral evaluated here is denoted by E(phi|=m) in my derivations, where 
'|=' is a vertical line with two small dashes across it. 
 double F, x1, x2, F1, F2, deltax, sin2; 
 double *x2p = &x2, *sin2p = &sin2; 
 int i; 
 F = 0; 
 deltax = phi/(nI-1); 
 x1 = 0; 
 x2 = deltax; 
 F1 = 1; 
 for (i = 1; i < nI; ++i){ 
  vdSin(1,x2p,sin2p); 
  F2 = pow(1-m*sin2*sin2,-0.5); 
  F = F + (F1+F2)*deltax/2; 
  x1 = x2; 
  x2 = x2 + deltax; 
  F1 = F2; 
 } 
 return F; 
} 

 

EllipInt2phim.cpp: 

 

#include "stdafx.h" 
#include "math.h" 
#include "mkl.h" 
 
double EllipInt2phim(double phi, double m, int nI){ 
 
 //This function evaluates the elliptic integral of the second kind, F(phi|m). 
It takes phi and m as inputs, not u and m. 
 double E, x1, x2, E1, E2, deltax, sin2; 
 double *x2p = &x2, *sin2p = &sin2; 
 int i; 
 E = 0; 
 deltax = phi/(nI-1); 
 x1 = 0; 
 x2 = deltax; 
 E1 = 1; 
 for (i = 1; i < nI; ++i){ 
  vdSin(1,x2p,sin2p); 
  E2 = pow(1-m*sin2*sin2,0.5); 
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  E = E + (E1+E2)*deltax/2; 
  x1 = x2; 
  x2 = x2 + deltax; 
  E1 = E2; 
 } 
 return E; 
} 

 

LookupTable.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
#include "math.h" 
#include <fstream> 
#include <string> 
#include <sstream> 
#include "CommonVars.h" 
using namespace std; 
extern int indOcrit; 
 
void LookupTable(double H[][400], double Ualt[][400], double Malt[][400], 
double er[][400], double Omeg[], double thet[]){ 
  
 //This function reads a table of data on the bending of individual mucin 
beams. 
 //The table contains mucin beam height as a function of force on the beam and 
inclination of membrane at point of attachment between the membrane and the 
beam. 
 string line; 
 int iO = 0; 
 std::ifstream myfile("..\\..\\Protein outputs Semianasoln M Omega nO=400 
nt=400.txt"); 
 while(std::getline(myfile,line)){ 
  std::istringstream line_stream(line); 
  if (iO < nO){ 
   for(int it=0; it<nt; it++){ 
    line_stream >> H[iO][it]; 
   } 
  } 
  else if (iO >= nO && iO < 2*nO){ 
   for(int it=0; it<nt; it++){ 
    line_stream >> Malt[iO-nO][it]; 
   } 
  } 
  else if (iO == 2*nO){ 
   for(int j=0; j<nO; j++){ 
    line_stream >> Omeg[j]; 
   } 
  } 
  else if (iO == 2*nO+1){ 
   for(int j=0; j<nt; j++){ 
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    line_stream >> thet[j]; 
   } 
  } 
  iO++; 
 } 
 indOcrit = 286;      //indOcrit is the index in the force vector above which 
the mucin bends for theta=0. 
 for (int i=0; i<indOcrit; ++i){ 
  H[i][0] = 1;     //Although all of these numbers are originally almost 1, 
some are like 1-1e-16. This can disturb the interpolation. Hence, here these 
are set to 1. Theoretically, the protein should not buckle till Omegacr=pi^2/4, 
which corresponds to indOcrit. 
 } 
} 

 

max2el.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
using namespace std; 
 
double max2el(double x, double y) { 
 
 //This function finds the minimum of two numbers x and y and outputs that 
number. 
 if (x>y) return x; 
 else return y; 
 
} 

 

min2el.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
using namespace std; 
 
double min2el(double x, double y) { 
 
 //This function finds the minimum of two numbers x and y and outputs that 
number. 
 if (x<y) return x; 
 else return y; 
 
} 

 

minpack.cpp: 
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This file contains a suite of functions and solvers from the Minpack library. 

 

N_M_eval.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
#include "math.h" 
#include "CommonVars.h" 
#include "CommonFns.h" 
#include "mkl.h" 
#include <tbb/tbb.h> 
using namespace std; 
 
extern double s_[]; 
 
void N_M_eval(double H_[], double theta[], double N_[], double M_[]){ 
 
 //Given the membrane topography, this function evaluates the forces and 
moments on the beam-like glycocalyx elements. 
 double costheta[101]; 
 vdCos(n,theta,costheta); 
  
 //Parallelizing force evaluations at the membrane grid points: 
 tbb::parallel_for( tbb::blocked_range<size_t>(0,101),  
  [=](const tbb::blocked_range<size_t>& r) { 
  for(size_t i=r.begin(); i!=r.end(); ++i) { 
 
   double H_i = H_[i]; 
   //Perform some modifications to theta because of the beam bending 
convention used. Protein height and force are the same for theta and -theta. 
   double thetai = theta[i]; 
   if (thetai > pi || thetai < -pi){     //If thetai is outside the allowable 
domain of [-pi,pi] do the following to constrain it in the domain. 
    int flthbypi = floor(thetai/pi); 
    int flagth = 2*((flthbypi-1)/2-floor((flthbypi-1)/2)); 
    //Restrict thetai to [-pi,pi]: 
    if (flagth == 0) thetai = thetai-(flthbypi+1)*pi; 
    else if (flagth == 1) thetai = thetai-flthbypi*pi; 
   } 
   theta[i] = thetai;         //Update the input array theta for the 
benefit of other functions. 
   thetai = fabs(thetai);        //Constrain thetai to [0,pi]. This is 
because the shape of the protein is just flipped for theta and -theta. 
   if (thetai<1e-5) thetai=0;       //If thetai is smaller than any 
numerically resolvable value, set it to zero to avoid issues with the small 
deformation solution. 
   double Fi = EllipInt1phim(thetai/2,2,200);   //Incomplete elliptic integral 
of the first kind. 
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   double Ei = EllipInt2phim(thetai/2,2,200);   //Incomplete elliptic integral 
of the second kind. 
   double H_t = (e-Ei)/(k-Fi);       //Transition height for given theta. 
 
   if (H_i<=0){          //In the case when H_ is somehow < 0, assign very 
large values to N_ and M_ because H_<0 is not allowed. Large N_ should raise 
the membrane back up. 
    N_[i] = 1e10; 
    M_[i] = 1e10; 
   } 
   else if (thetai >= pi/2){       //Case where the membrane inclination is 
> pi/2 and thus the protein is facing away from the substrate. 
    N_[i] = 0; 
    M_[i] = 0; 
   } 
   else if (thetai>1e-5 && thetai<0.01 && H_i-costheta[i]<0 && H_i-
costheta[i]>=-0.001 && 1-H_i>0.01*pow(thetai,2) && 1-H_i<100*pow(thetai,2)){
 //Small bending deformation, end-loaded case where there is a simpler semi-
analytical solution. 
    int infoOm=0, lwaOm=8;       //lwaOm=(n*(3*n+13))/2 for n=1. 
    double Omegai[1]={0}, ROm[1]={0}, tolOm=1e-4, waOm[8]={0}; 
    thetaiOm = thetai; 
    H_iOm = H_i; 
    if (Omegaistore==0) Omegai[0] = 1.9; 
    else Omegai[0] = Omegaistore; 
    infoOm = hybrd1(OmegaRes,1,Omegai,ROm,tolOm,waOm,lwaOm); 
    if (ROm[0]<=1e-3) Omegaistore = Omegai[0]; 
    if (abs(ROm[0])>1e-3){ 
     Omegai[0] = 2.1; 
     infoOm = hybrd1(OmegaRes,1,Omegai,ROm,tolOm,waOm,lwaOm); 
     if (ROm[0]<=1e-3) Omegaistore = Omegai[0]; 
     if (abs(ROm[0])>1e-3){ 
      Omegai[0] = 1.3; 
      infoOm = hybrd1(OmegaRes,1,Omegai,ROm,tolOm,waOm,lwaOm); 
      if (ROm[0]<=1e-3) Omegaistore = Omegai[0]; 
      if (abs(ROm[0])>1e-3){ 
       Omegai[0] = 0.8; 
       infoOm = hybrd1(OmegaRes,1,Omegai,ROm,tolOm,waOm,lwaOm); 
       if (ROm[0]<=1e-3) Omegaistore = Omegai[0]; 
      } 
     } 
    } 
    N_[i] = Omegai[0]*etaM/(etaL*etaL); 
    M_[i] = thetai*pow(Omegai[0],0.5)*tan(pow(Omegai[0],0.5)); 
   } 
   else if (H_i<=H_t){         //ECM-aligned protein case, where there is an 
analytical solution. 
    N_[i] = 2*etaM/pow(etaL*H_i,2)*pow(e-Ei,2); 
    M_[i] = pow(2*etaM*N_[i]*costheta[i],0.5); 
   } 
   else if (H_i>H_t && H_i-costheta[i]<0){    //End-loaded protein case. 
    double tempN, *N_ip = &tempN, tempU, *U_ip = &tempU, tempM, *M_ip = 
&tempM; 
    N_M_iLumpInterpol(H_i, thetai, N_ip, M_ip); 
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    N_[i] = *N_ip; 
    M_[i] = *M_ip; 
   } 
   else if (H_i-costheta[i]>=0){      //No ECM-protein contact case. 
    N_[i] = 0; 
    M_[i] = 0; 
   } 
   else { 
    N_[i] = 0; 
    M_[i] = 0; 
   } 
   if (theta[i] < 0) M_[i] = -fabs(M_[i]);    //Because of the beam bending 
convention and use of abs(thetai), M_[i] will be positive even if thetai was 
originally negative. This statement corrects that. 
  } 
 }); 
 M_[0] = 0; 
 M_[n-1] = 0; 
 
} 

 

N_M_iLumpInterpol.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
#include "math.h" 
#include "CommonVars.h" 
#include "CommonFns.h" 
using namespace std; 
 
extern double Hp_read[][400], Mp_altread[][400], thetaread[], Omegaread[]; 
extern int indOcrit; 
 
void N_M_iLumpInterpol(double H_i, double thetai, double *N_i, double *M_i){ 
 
 //Given the height and membrane inclination for a mucin beam, this function 
looks these up in the look-up table for mucin beam bending and interpolates for 
the force and moment on the beam. 
 //The interpolation considers more than two adjacent values of both, the 
height and the inclination. 
 int indt = Nearest(thetaread, nt, thetai); 
 if (thetai-thetaread[indt] < 0)  indt = indt-1;      //thetai is closer to 
the right grid point 
 double theta1 = thetaread[indt]; 
 double theta2 = thetaread[indt+1]; 
 
 double Hp_grid1[nO], Hp_grid2[nO], Omegai, A, B, M_a, M_b, M_ialt; 
 for (int i=0; i<nO; i++){ 
  Hp_grid1[i] = Hp_read[i][indt+1]; 
  Hp_grid2[i] = Hp_read[i][indt]; 
 } 
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 int indO1 = Nearest(Hp_grid1, nO, H_i);        //Note: Hp_ is nO x nt 
 indO1 = max2el(indO1-1,0);           //Making sure the box of interest is 
not missing potentially important N values near the box boundaries. 
 int indO2 = Nearest(Hp_grid2, nO, H_i);        //Note: Hp_ is nO x nt 
 indO2 = min2el(nO-1,indO2+1);          //Making sure the box of interest 
is not missing potentially important N values near the box boundaries. 
 if (indO2 == 1 && indt == 0 && H_i < 1)  indO2 = indOcrit+1; 
 double Omega1 = Omegaread[indO1]; 
 double Omega2 = Omegaread[indO2]; 
 
 if (Omega1 == Omega2) Omegai = Omega1; 
 else { 
  double H_a = Hp_read[indO1][indt]; 
  double H_b = Hp_read[indO1][indt+1]; 
  double H_c = Hp_read[indO2][indt]; 
  double H_d = Hp_read[indO2][indt+1]; 
  A = (theta2-thetai)/(theta2-theta1)*H_a + (thetai-theta1)/(theta2-
theta1)*H_b; 
  B = (theta2-thetai)/(theta2-theta1)*H_c + (thetai-theta1)/(theta2-
theta1)*H_d; 
  Omegai = (H_i*(Omega2-Omega1)+B*Omega1-A*Omega2)/(B-A); 
  Omegai = max2el(Omegai,0.0);         //Negative forces that may appear due 
to erroneous interpolations near N = 0 are disallowed. 
 } 
 *N_i = Omegai*etaM/(etaL*etaL); 
 double deltaOmega = Omegai-Omega1; 
 
 if (Omega1 == Omega2) { 
  M_a = Mp_altread[indO1][indt]; 
  M_b = Mp_altread[indO1][indt+1]; 
  M_ialt = M_b - (M_b-M_a)/(theta2-theta1)*(theta2-thetai); 
 } 
 else { 
  M_a = Mp_altread[indO1][indt]; 
  M_b = Mp_altread[indO1][indt+1]; 
  double M_c = Mp_altread[indO2][indt]; 
  double M_d = Mp_altread[indO2][indt+1]; 
  A = (theta2-thetai)/(theta2-theta1)*M_a + (thetai-theta1)/(theta2-
theta1)*M_b; 
  B = (theta2-thetai)/(theta2-theta1)*M_c + (thetai-theta1)/(theta2-
theta1)*M_d; 
  M_ialt = (Omega2-Omegai)/(Omega2-Omega1)*A + (Omegai-Omega1)/(Omega2-
Omega1)*B; 
 } 
 *M_i = M_ialt*etaM/etaL; 
 
} 

 

Nearest.cpp: 

 

#include "stdafx.h" 
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#include <iostream> 
#include <math.h> 
#include <array> 
using namespace std; 
 
int arraymin(double x[], int nx); 
 
int Nearest(double x[], int nx, double xi){ 
 
 //This function finds the index in an array x which is closest to a given 
value xi. 
 double absdiff[nx]; 
 for (int i=0; i<nx; i++)  absdiff[i] = fabs(x[i]-xi); 
 int minindabsdiff = arraymin(absdiff,nx); 
 
 return minindabsdiff; 
} 

 

OmegaRes.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
#include "math.h" 
#include "CommonVars.h" 
#include "CommonFns.h" 
#include <fstream> 
#include <string> 
#include <sstream> 
using namespace std; 
 
void OmegaRes(int nOm, double Omega[], double ROm[], int* iflagOm){ 
 
 //This function calculates the residual for the algebraic equation for Omega 
in the small beam deformation and small membrane inclination case. 
 if (Omega[0]<0) ROm[0] = pow(Omega[0],2); 
 else if (Omega[0]>2.5) ROm[0] = pow(Omega[0],2); 
 else { 
  double sqrtOmega = pow(Omega[0],0.5); 
  ROm[0] = pow(tan(sqrtOmega),2)+tan(sqrtOmega)/sqrtOmega+1-4*(1-
H_iOm)*pow(thetaiOm,-2); 
 } 
 
} 

 

thetaH0_DE.cpp: 

 

#include "stdafx.h" 
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#include <math.h> 
#include <iostream> 
#include "CommonVars.h" 
#include "mkl.h" 
using namespace std; 
 
extern const int n; 
extern const double kc_, etaE; 
extern double s_[], deltas_, nsolv, Qp, Osconst, P_cyt, np0, N_ECM; 
extern int flagH0; 
 
void CoordTrans(double s_[], double theta[], int n, double x_[], double H_[], 
double H0_); 
double trapz(double x[], double y[], int nx); 
 
void thetaH0_DE(double theta[], double Cp_[], double F[], double N_[], double 
M_[], double H0_){ 
 
 //This function evaluates the residuals F(s_) for the membrane mechanics 
equation. F here is the same as R in thetaCp_Res.cpp. 
 double H_[n], x_[n]; 
 CoordTrans(s_, theta, n, x_, H_, H0_); 
 double P_N[n]; 
 for (int i=0; i<n; i++) P_N[i] = -P_cyt + Osconst*(pow(Cp_[i]/H_[i],2)-1); 
 
 double costheta[n], sintheta[n], N_Cp_[n], d2thetads_2[n], deltas_neg2 = 
1/pow(deltas_,2); 
 vdSinCos(n,theta,sintheta,costheta); 
 for (int i=1; i<n-1; i++) d2thetads_2[i] = (theta[i+1]+theta[i-1]-
2*theta[i])*deltas_neg2;  //d2thetads_2 is d^2(theta)ds_^2. 
 double intN_Cp_=0, P_Ncosthetadiff[n], intP_N=0; 
 for (int i=0; i<n; i++) N_Cp_[i] = N_[i]*Cp_[i]; 
 for (int i=1; i<n-1; i++){ 
  intN_Cp_ = trapz(s_,N_Cp_,i+1);    //i+1 represents the size (number of 
elements) of the part of s_ used for the integration. 
  for (int j=0; j<i+1; j++) P_Ncosthetadiff[j] = P_N[j]*cos(theta[i]-theta[j]); 
  intP_N = trapz(s_,P_Ncosthetadiff,i+1); 
  F[i] = -d2thetads_2[i]-np0*M_[i]*Cp_[i]+np0*costheta[i]*intN_Cp_+intP_N; 
 } 
 F[0] = theta[0];        //Boundary condition at s_=0. 
 F[n-1] = theta[n-1];       //Boundary condition at s_=1. 
 
 double P_Ncostheta[n]; 
 for (int i=0; i<n; i++) P_Ncostheta[i] = P_N[i]*costheta[i]; 
 if (flagH0==1){ 
  F[n] = np0*trapz(s_,N_Cp_,n)+trapz(s_,P_Ncostheta,n); 
  N_ECM = 0; 
 } 
 else if (flagH0==-1){ 
  F[n] = 0; 
  N_ECM = -(np0*trapz(s_,N_Cp_,n)+trapz(s_,P_Ncostheta,n)); 
 } 
 
} 
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thetaH0_H_x_N_M_eval.cpp: 

 

#include "stdafx.h" 
#include "math.h" 
#include <iostream> 
#include "CommonVars.h" 
#include "CommonFns.h" 
 
extern double s_[], Cp_curr[]; 
 
void thetaH0_H_x_N_M_eval(double Cp_[], double theta[], double* H0_p, double 
H_[], double x_[], double N_[], double M_[]){ 
 
 //Given the concentration profile of mucins, this function solves for the 
membrane topography and calculates the reaction forces and moments on the 
glycocalyx. 
 for (int i=0; i<n; i++) Cp_curr[i] = Cp_[i]; 
 double H0_=*H0_p; 
 
 //Solve for theta and H0_ for the specified Cp_: 
 int lwa=((n+1)*(3*(n+1)+13))/2, count=0, info=0; 
 double err=0, thetaH0_[n+1], R[n+1], tol=0.0001, *wa; 
 wa = new double [lwa]; 
 for (int i=0; i<n; i++) thetaH0_[i] = theta[i]; 
 thetaH0_[n] = H0_; 
 for (int i=0; i<n+1; i++) R[i] = 1; 
 info = hybrd1(thetaH0_Res,n+1,thetaH0_,R,tol,wa,lwa);    //Carry out 
simulation for current set of parameters. 
 for (int i=0; i<n; i++) theta[i] = thetaH0_[i]; 
 H0_ = thetaH0_[n]; 
 *H0_p = H0_; 
 double Rabsmean = arrayabsmean(R,n+1); 
 
 //Evaluate other variables (x_,H_,N_,M_) at t=0 using solved theta and H0_ and 
specified Cp_: 
 CoordTrans(s_, theta, n, x_, H_, H0_); 
 N_M_eval(H_, theta, N_, M_); 
 delete[] wa; 
} 

 

thetaH0_Res.cpp: 

 

#include "stdafx.h" 
#include <iostream> 
#include "math.h" 
#include "CommonVars.h" 
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#include "CommonFns.h" 
#include <fstream> 
#include <string> 
#include <sstream> 
using namespace std; 
 
extern double s_[], Cp_curr[], N_ECM; 
extern int flagH0; 
 
void thetaH0_Res(int nplus1, double thetaH0_[], double R[], int* iflag){ 
 
 //This function evaluates calls other functions that evaluate the residuals 
for the membrane equation. 
 double H_[n], x_[n], N_[n], M_[n], theta[n], H0_; 
 for (int i=0; i<n; i++) theta[i] = thetaH0_[i]; 
 H0_ = thetaH0_[n]; 
 
 if (H0_>0.02 || N_ECM<0) flagH0 = 1; 
 else flagH0 = -1; 
 if (flagH0==1){ 
  CoordTrans(s_, theta, n, x_, H_, H0_); 
  N_M_eval(H_, theta, N_, M_);           //Evaluate N_ (inverse protein 
problem), Cp_ from pseudo energy, and M_. 
  thetaH0_DE(theta, Cp_curr, R, N_, M_, H0_);          //Evaluate residuals 
R using the equation for membrane topography. 
 } 
 else if (flagH0==-1){ 
  thetaH0_[n] = 0.02; H0_ = 0.02; 
  CoordTrans(s_, theta, n, x_, H_, H0_); 
  N_M_eval(H_, theta, N_, M_);           //Evaluate N_ (inverse protein 
problem), Cp_ from pseudo energy, and M_. 
  thetaH0_DE(theta, Cp_curr, R, N_, M_, H0_);          //Evaluate residuals 
R using the equation for membrane topography. 
  if (N_ECM==0) flagH0 = 1; 
 } 
 
} 

 

trapz.cpp: 

 

#include "stdafx.h" 
double trapz(double x[], double y[], int nx){ 
 
 //trapz gives the integral(y dx) for the specified grid in vector x (length 
nx). 
 //NOTE: trapz only considers uniformly spaced grids. 
 //trapz is able to calculate integrals correctly using only a part of the 
grids x and y. 
 //E.g. For x=linspace(0,1,100), y=x^2, trapz(x,y,100)=1/3 and 
trapz(x,y,50)=1/24, which are both correct. 
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 double integral = 0; 
 double deltax = x[1]-x[0]; 
 for (int i=1; i<nx; i++)  integral = integral + deltax*(y[i-1]+y[i])/2; 
 return integral; 
 
} 

 

WriteData.cpp: 

 

#include "stdafx.h" 
#include "Windows.h" 
#include <iostream> 
#include <fstream> 
#include <string> 
#include <sstream> 
#include <cstring> 
#include <stdio.h> 
#include <iomanip> 
using namespace std; 
 
extern const int nP, n; 
extern double etaL, etaM, pertC, L, P_cyti, np0mat[]; 
extern const double etaE; 
extern double s_[], Qp; 
bool dirExists(const std::string& dirName_in); 
extern int fflag1, fflag2, fflag3, fflag4, fflag5, fflag6, fflag7, fflag8; 
 
void WriteData(double t_, double theta[], double H0_, double x_[], double H_[], 
double N_[], double M_[], double Cp_[], 
 double dCp_2dt_[], int flag, double Rabsmean, int nstep, double t_start, 
double t_end, double R[]){ 
 
 //This program writes simulation outputs into multiple text files. 
 int iP=0; 
 
 //Working towards file names: 
 char charM[6], charL[6], charnp[15], charn[11], file[110], charpara[110], 
charP1[10], charP2[10], charQp[10], chart1[15], chart2[15], charnt[15], 
charpertC[15], charW[15]; 
 for (int i=0; i<110; i++)  charpara[i] = '\0'; 
 for (int i=0; i<110; i++)  file[i] = '\0'; 
 for (int i=0; i<6; i++)  charL[i] = '\0'; 
 for (int i=0; i<6; i++)  charM[i] = '\0'; 
 for (int i=0; i<15; i++)  charnp[i] = '\0'; 
 for (int i=0; i<11; i++)  charn[i] = '\0'; 
 for (int i=0; i<6; i++)  charP1[i] = '\0'; 
 for (int i=0; i<6; i++)  charP2[i] = '\0'; 
 for (int i=0; i<6; i++)  charQp[i] = '\0'; 
 for (int i=0; i<15; i++)  chart1[i] = '\0'; 
 for (int i=0; i<15; i++)  chart2[i] = '\0'; 
 for (int i=0; i<15; i++)  charnt[i] = '\0'; 
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 for (int i=0; i<15; i++)  charpertC[i] = '\0'; 
 for (int i=0; i<15; i++)  charW[i] = '\0'; 
 
 sprintf(charM,"%g",round(etaM*100)/100); 
 sprintf(charL,"%g",round(etaL*100)/100); 
 sprintf(charnp,"%g",round(np0mat[0]*100)/100); 
 sprintf(charn,"%d",n); 
 sprintf(charP1,"%g",round(P_cyti*100)/100); 
 sprintf(chart1,"%g",t_start); 
 sprintf(chart2,"%g",t_end); 
 sprintf(charQp,"%g",Qp); 
 sprintf(charnt,"%d",nstep); 
 sprintf(charpertC,"%g",pertC); 
 sprintf(charW,"%g",L); 
 strcpy(charpara,",P_cyt="); 
 strcat(charpara,charP1); 
 strcat(charpara,",L="); 
 strcat(charpara,charW); 
 strcat(charpara,",np0="); 
 strcat(charpara,charnp); 
 strcat(charpara,",Qp="); 
 strcat(charpara,charQp); 
 strcat(charpara,",eps="); 
 strcat(charpara,charpertC); 
 strcat(charpara,",t_="); 
 strcat(charpara,chart1); 
 strcat(charpara,"-"); 
 strcat(charpara,chart2); 
 strcat(charpara,",nt="); 
 strcat(charpara,charnt); 
 strcat(charpara,".txt"); 
 
 //Check whether ..\\Data exists and if it doesn't exist, create it: 
 LPCWSTR dirname = L"..\\Data"; 
 if (!dirExists("..\\Data")) CreateDirectory(dirname, NULL); 
 
 //Write theta: 
 ofstream myfile1; 
 strcpy(file,"..\\Data\\theta"); 
 strcat(file,charpara); 
 myfile1.open(file, ios_base::app); 
 for (int i=0; i<n; i++){ 
  if (i>0) myfile1 << ", "; 
  myfile1 << theta[iP*n+i]; 
 } 
 myfile1 << ";" << endl; 
 myfile1.close(); 
 
 //Write H_: 
 ofstream myfile2; 
 strcpy(file,"..\\Data\\H_"); 
 strcat(file,charpara); 
 myfile2.open(file, ios_base::app); 
 for (int i=0; i<n; i++){ 
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  if (i>0) myfile2 << ", "; 
  myfile2 << H_[iP*n+i]; 
 } 
 myfile2 << ";" << endl; 
 myfile2.close(); 
 
 //Write x_: 
 ofstream myfile3; 
 strcpy(file,"..\\Data\\x_"); 
 strcat(file,charpara); 
 myfile3.open(file, ios_base::app); 
 for (int i=0; i<n; i++){ 
  if (i>0) myfile3 << ", "; 
  myfile3 << x_[iP*n+i]; 
 } 
 myfile3 << ";" << endl; 
 myfile3.close(); 
 
 //Write N_: 
 ofstream myfile4; 
 strcpy(file,"..\\Data\\N_"); 
 strcat(file,charpara); 
 myfile4.open(file, ios_base::app); 
 for (int i=0; i<n; i++){ 
  if (i>0) myfile4 << ", "; 
  myfile4 << N_[iP*n+i]; 
 } 
 myfile4 << ";" << endl; 
 myfile4.close(); 
 
 //Write Cp_: 
 ofstream myfile5; 
 strcpy(file,"..\\Data\\Cp_"); 
 strcat(file,charpara); 
 myfile5.open(file, ios_base::app); 
 for (int i=0; i<n; i++){ 
  if (i>0) myfile5 << ", "; 
  myfile5 << Cp_[iP*n+i]; 
 } 
 myfile5 << ";" << endl; 
 myfile5.close(); 
 
 //Write M_: 
 ofstream myfile6; 
 strcpy(file,"..\\Data\\M_"); 
 strcat(file,charpara); 
 myfile6.open(file, ios_base::app); 
 for (int i=0; i<n; i++){ 
  if (i>0) myfile6 << ", "; 
  myfile6 << M_[iP*n+i]; 
 } 
 myfile6 << ";" << endl; 
 myfile6.close(); 
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 //Write t_, H0_, Rabsmean, and flag: 
 ofstream myfile7; 
 strcpy(file,"..\\Data\\t_,H0_,Ravg,flag"); 
 strcat(file,charpara); 
 myfile7.open(file, ios_base::app); 
 myfile7 << t_ << ", " << H0_ << ", " << Rabsmean << ", " << flag << ";" << 
endl; 
 myfile7.close(); 
 
 //Write R: 
 ofstream myfile9; 
 strcpy(file,"..\\Data\\R"); 
 strcat(file,charpara); 
 myfile9.open(file, ios_base::app); 
 for (int i=0; i<n+1; i++){ 
  if (i>0) myfile9 << ", "; 
  myfile9 << R[iP*n+i]; 
 } 
 myfile9 << ";" << endl; 
 myfile9.close(); 
 
} 

 

CommonFns.h: 

 

#ifndef COMMONFNS_H_ 
#define COMMONFNS_H_ 
 
double arrayabsmean(double z[], int n); 
void CoordTrans(double s_[], double theta[], int n, double x_[], double H_[], 
double H0_); 
void dCp_2dt_eval(double t_, double Cp_[], double dCp_dt_[]); 
double EllipInt1phim(double phi, double m, int nI); 
double EllipInt2phim(double phi, double m, int nI); 
int hybrd(void fcn(int n, double x[], double fvec[], int *iflag), 
 int n, double x[], 
 double fvec[], double xtol, int maxfev, int ml, int mu, double epsfcn, 
 double diag[], int mode, double factor, int nprint, int nfev, 
 double fjac[], int ldfjac, double r[], int lr, double qtf[], double wa1[], 
 double wa2[], double wa3[], double wa4[]); 
int hybrd1 ( void fcn ( int n, double x[], double fvec[], int *iflag ), int n, 
  double x[], double fvec[], double tol, double wa[], int lwa ); 
double max2el(double x, double y); 
double min2el(double x, double y); 
void N_M_eval(double H_[], double theta[], double N_[], double M_[]); 
void N_M_iLumpInterpol(double H_i, double thetai, double *N_i, double *M_i); 
int Nearest(double x[], int nx, double xi); 
void OmegaRes(int nOm, double Omega[], double ROm[], int* iflagOm); 
int r8_rkf45 ( void f ( double t, double y[], double yp[] ), int neqn, 
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 double y[], double yp[], double *t, double tout, double *relerr, double 
abserr, 
 int flag, int maxcount ); 
void thetaH0_DE(double theta[], double Cp_[], double R[], double N_[], double 
M_[], double H0_); 
void thetaH0_H_x_N_M_eval(double Cp_[], double theta[], double* H0_p, double 
H_[], double x_[], double N_[], double M_[]); 
void thetaH0_Res(int nplus1, double thetaH0_[], double R[], int* iflag); 
double trapz(double x[], double y[], int nx); 
void WriteData(double t_, double theta[], double H0_, double x_[], double H_[], 
double N_[], double M_[], 
 double Cp_[], double dCp_dt_[], int flag, double Rabsmean, int nstep, double 
t_start, double t_end, double R[]); 
 
#endif 

 

CommonVars.h: 

 

#ifndef COMMONVARS_H_ 
#define COMMONVARS_H_ 
 
extern const double pi, k, e, etaE, kc_; 
extern double tempth, tempOm, thetaiOm, H_iOm, Omegaistore; 
extern const int nO, nt, n, nP; 
extern double etaL, etaM, nsolv, Qp, Osconst, np0, etad; 
 
#endif 

 

minpack.hpp: 

 

This header file is adapted from the Minpack library. 
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A.3 Calculations of membrane tubule curvature by glycocalyx brush 

 

clear all; 

  
global H1_ F1_ CG_i kappa_ 

  
%Neutral brush on a tubule (i=2) in a good solvent: 
la = 15e-9;                                 %Monomer size, m. 
Na = 18;                                    %Number of monomers per 

polymer. 
a = 0.35e-9;                                %Size of actual monomer, 

i.e., peptide bond length, m. 
N = Na*la/a;                                %Number of actual 

monomers, i.e., number of amino acids. 
NbyNa = N/Na;                               %Number of ionizable 

sites per segment (monomer). 
d = 20e-9;                                  %Cylindrical monomer 

width (diameter), m. 
nu = 0.6;                                   %Good solvent: nu=0.6, 

theta solvent: nu=0.5. 
RG = (25/176)^0.5*la*Na^nu;                 %Radius of gyration 

(Flory radius) of polymer, m. 
v = la^2*d;                                 %Excluded volume, m^3. 
kappa = 1e-19;                              %Membrane bending 

modulus, N-m. 
kBT = 4.14e-21;                             %Boltzmann constant times 

temperature, N-m. 
alphabaa = 0.25;                            %Degree of ionization for 

each amino acid. 
alphab = alphabaa*NbyNa;                    %Degree of ionization for 

each monomer (segment). 
phiion = 150*6.023e23;                      %Concentration of ions in 

bulk, m^-3. 
nCG = 10000;                                %Concentration grid size. 
CG = 10.^linspace(13,17,nCG);               %Array of mucin 

concentration on tubule, m^-2. 
R = zeros(1,nCG);                           %Tubule radius, m. 
H = zeros(1,nCG);                           %Tubule radius, m. 
yR = zeros(1,nCG); 
fancyFel = zeros(1,nCG);                    %Elastic energy per 

tubule length, N-m/m. 
fancyFev = zeros(1,nCG);                    %Excluded volume 

interaction energy per tubule length, N-m/m. 
fancyFos = zeros(1,nCG);                    %Osmotic / electrostatic 

interaction energy per tubule length, N-m/m. 
fancyFmem = zeros(1,nCG);                   %Membrane bending energy 

per tubule length, N-m/m. 

  
%Dimensionless variables and parameters: 
kappa_ = kappa/kBT; 
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CG_ = CG*Na^2*la^2; 
CG_brush = 1/4/RG^2*Na^2*la^2;              %Polymer grafting density 

needed to achieve brush behavior. 
CGbrush = CG_brush/Na^2/la^2; 
v_ = v/la^3; 
phiion_ = phiion*la^3; 
w_ = v_+alphab^2/2/phiion_; 

  
R_yRIG = [0.3,3];                           %An array containing 

initial guesses for R/Na/la and yR. 
options = optimoptions('fsolve','tolfun',1e-6,'tolx',1e-

6,'maxiter',1000,'maxfuneval',10000,'display','off'); 

  
for i=1:nCG 
    CG_i = CG_(i);                          %m^-2. 

     
    %Brush regime: 
    if CG_i>=CG_brush 
        F1_ = 4.5*Na*(w_*CG_i/3/Na^2)^(2/3);                %Free 

energy per polymer in a planar brush, N-m. 
        H1_ = (w_*CG_i/3/Na^2)^(1/3);                       %Height 

of planar polymer brush, m. 
        [R_yR,f,flag] = fsolve(@R_yRfn,R_yRIG,options); 
        R_ = R_yR(1); 
        yR(i) = R_yR(2); 
        R(i) = R_*Na*la; 
        R_yRIG = R_yR; 

  
        %Calculate energetic contributions (energy per tubule length) 

at equilibrium: 
        ny = 100; 
        y = linspace(1,yR(i),ny); 
        intJ22 = (2*y-1).*y.^-2.*(4*y-3).^-2; 
        J22yR = trapz(y,intJ22); 
        H_ = R_*((H1_/(3*R_*J22yR))^0.75-1);    %Dimensionless brush 

thickness, H/Na/la. 
        H(i) = H_*Na*la;                        %Brush thickness, m. 
        SixpiR_CG_ = 6*pi*R_*CG_i; 
        betabar = 1.5*R_*H1_*Na; 
        gammabarev = v_*(R_+H_)^2*CG_i/Na/R_/H1_^2; 
        gammabaros = gammabarev/v_*alphab^2/2/phiion_; 
        y = fliplr(y); 
        intel = (1-2*y)./y.^2./(4*y-3); 
        fancyF_el = SixpiR_CG_*betabar*trapz(y,intel); 
        fancyFel(i) = fancyF_el*kBT/Na/la; 
        intevos = intel.*y./(4*y-3); 
        fancyF_ev = SixpiR_CG_*gammabarev*trapz(y,intevos); 
        fancyFev(i) = fancyF_ev*kBT/Na/la; 
        fancyF_os = fancyF_ev/gammabarev*gammabaros; 
        fancyFos(i) = fancyF_os*kBT/Na/la; 
        fancyFmem(i) = pi*kappa/R(i); 
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    %Mushroom regime: 
    elseif CG_i<CG_brush 
        R_ = kappa_/2/pi/CG_i*Na^(1-nu); 
        R(i) = R_*Na*la; 
        fancyF_el = 4*pi*Na^(nu-1)/2/R_*sqrt(CG_i); 
        fancyFel(i) = fancyF_el*kBT/Na/la; 
        fancyF_mem = kappa_/2/R_^2/sqrt(CG_i); 
        fancyFmem(i) = fancyF_mem*kBT/Na/la; 
        fancyFev(i) = 0; 
        fancyFos(i) = 0; 
        H(i) = 2*RG; 

         
        %Hard disk model (Stachowiak et al.): 
        eta = CG_i/Na^2/la^2*pi*RG^2; 
        RHD(i) = RG*(kappa_/2/eta*pi/(1+2*eta*(1-0.44*eta)/(1-

eta)^2))^0.5; 
    end 
    i 
end 

  
ltrans = length(RHD); 

  
figure; loglog(CG(1:ltrans)*1e-

12,R(1:ltrans)*1e6,'b',CG(ltrans+1:nCG)*1e-

12,R(ltrans+1:nCG)*1e6,'r'); 
set(gca,'fontsize',18); ylabel('Tubule radius R 

[\mum]','fontsize',18); xlabel('Glycoprotein density [\mum^-

^2]','fontsize',18); %xlim([0.001,1]); 

  
figure; loglog(CG(ltrans+1:nCG)*1e-12,H(ltrans+1:nCG)*1e6); 
set(gca,'fontsize',18,'xlim',[1e2,1e5],'xtick',[1e2,1e3,1e4,1e5],'xmi

nortick','on','ylim',[0.07,0.2],'ytick',[0.07,0.1,0.12,0.15,0.2],'ymi

nortick','on'); 
ylabel('Brush thickness [\mum]','fontsize',18); xlabel('Glycoprotein 

density [\mum^-^2]','fontsize',18); 

  
figure; loglog(CG(1:ltrans)*1e-12,fancyFel(1:ltrans)/kBT*1e-

9,'b',CG*1e-12,fancyFos/kBT*1e-9,'r',CG*1e-12,fancyFev/kBT*1e-

9,'g',CG(ltrans+1:end)*1e-12,fancyFel(ltrans+1:end)/kBT*1e-9,'b'); 
set(gca,'fontsize',18,'xlim',[1e1,1e5],'xtick',[1e1,1e2,1e3,1e4,1e5],

'ylim',[1e-4,1e4],'ytick',[1e-4,1e-

2,1e0,1e2,1e4],'xminortick','on','yminortick','on'); 
ylabel('Energy per tubule length [k_BT/nm]','fontsize',18); 

xlabel('Glycoprotein density [\mum^-^2]','fontsize',18); 

%xlim([0.001,1]); 
legend('Elastic energy','Electrostatic interactions','Excluded volume 

interactions'); title('Energetic contributions'); 

  

  
%Spontaneous curvature, tube force and bleb pressure: 
c0 = zeros(1,nCG); 
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c0(1:ltrans)=2./R(1:ltrans); 
c0(ltrans+1:end)=1./R(ltrans+1:end); 
figure; loglog(CG(1:ltrans)*1e-12,c0(1:ltrans)*1e-

6,CG(ltrans+1:end)*1e-12,c0(ltrans+1:end)*1e-6) 
xlabel('Glycoprotein concentration, #/\mum^2'); ylabel('Spontaneous 

curvature, 1/\mum'); 
set(gca,'fontsize',18,'xtick',[1e1,1e2,1e3,1e4,1e5],'xlim',[1e1,1e5],

'ytick',[1e-1,1e0,1e1,1e2,1e3],'ylim',[1e-1,1e3]); 

  
%Point force requirement for tube formation: 
sigma = 1e-5;                               %Surface tension of the 

membrane in Nm 
ftubeReq = 2*pi*kappa*((2*sigma/kappa+c0.^2).^0.5-c0); 
figure; semilogx(CG(1:ltrans)*1e-

12,ftubeReq(1:ltrans)*1e12,'b',CG(ltrans+1:end)*1e-

12,ftubeReq(ltrans+1:end)*1e12,'r'); 
xlabel('Glycoprotein concentration, 1/\mum^2'); ylabel('Equilibrium 

tube force, pN'); 
set(gca,'fontsize',18,'xtick',[1e1,1e2,1e3,1e4,1e5],'xlim',[1e1,1e5],

'ylim',[0,10],'ytick',[0,2,4,6,8,10],'yminortick','on'); 
title('R_{tube} = 1/(2\sigma/\kappa+c_0^2)^{0.5}'); 

  
%Pressure requirements for bleb formation: 
Rb = 250e-9; 
pbleb = -c0*kappa/Rb.*(2/Rb-c0)+2*sigma/Rb; 

  
figure; loglog(CG(1:ltrans)*1e-

12,pbleb(1:ltrans),'b',CG(ltrans+1:end)*1e-

12,pbleb(ltrans+1:end),'r'); 
xlabel('Glycoprotein concentration, 1/\mum^2'); ylabel('Equilibrium 

bleb pressure, Pa'); 
set(gca,'fontsize',18,'ylim',[1e1,1e6],'ytick',[1e1,1e2,1e3,1e4,1e5,1

e6],'xticklabelmode','manual','xlim',[1e1,1e5],'xtick',[1e1,1e2,1e3,1

e4,1e5],'xminortick','on','yminortick','on'); 
title('R_{bleb} = 250 nm'); 

  
figure; semilogx(c0(1:ltrans)*1e-6,pbleb(1:ltrans),'b'); 
xlabel('Spontaneous curvature, 1/\mum'); ylabel('Equilibrium bleb 

pressure, Pa'); 
set(gca,'fontsize',18,'ylim',[70,100],'ytick',[70,80,90,100],'xtickla

belmode','manual','xlim',[1e-1,1e2],'xtick',[1e-

1,1e0,1e1,1e2],'xminortick','on','yminortick','on'); 
title('R_{bleb} = 250 nm'); 

  
figure; semilogx(CG(1:ltrans)*1e-12,pbleb(1:ltrans),'b'); 
xlabel('Glycoprotein concentration, 1/\mum^2'); ylabel('Equilibrium 

bleb pressure, Pa'); 
set(gca,'fontsize',18,'ylim',[70,100],'ytick',[70,80,90,100],'xtickla

belmode','manual','xlim',[1e1,1e3],'xtick',[1e1,1e2,1e3],'xminortick'

,'on','yminortick','on'); 
title('R_{bleb} = 250 nm'); 

 


