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 This dissertation advances the field of momentum control systems, specifically control 

momentum gyroscopes (CMGs), with three main contributions. The first two contributions 

improve the generality and performance of constraint-based steering laws for CMGs, while the 

third focuses on a novel implementation of CMGs that exploits their torque efficiency.  

 First, this work provides analytical, closed-form gimbal-angle constraint functions that 

maximize the performance for CMG arrays with parallel gimbal axes. The analytical solutions 

define an optimal gimbal-angle set for a given angular-momentum state for any planar array with 

four or more CMGs. Proofs verify the global optimality of the provided gimbal-angle set 

constraints for nearly all angular-momentum states. A numerical assessment provides evidence of 

global optimality for the remaining angular-momentum states. In conjunction with previously 

developed constraint implementations methods, the provided constraints offer a general, high-

performance, and fault-tolerant steering law. Simulations comparing the performance of this 

approach to that of an existing constraint-based method illustrates its improvement.  The resulting 

steering law is also broadly applicable to aerospace and robotics problems. These constraints 

optimize velocity-tracking capability of planar serial manipulators, resulting in a control method 

that enables robotic end effectors to track large velocities, benefiting many tasks such as rapid 

mobile manipulation. Due to their generality, the constraint functions are also applicable to hyper-

redundant multi-degree-of-freedom systems, including snake-like robots, enabling high-

performance singularity avoidance.  



 Second, this work provides a closed-form constraint-based steering law for the four-CMG box-

90 array, one of the most common arrays in practice. The steering law offers guaranteed avoidance 

of all internal singularities. Furthermore, performance guarantees dictate a maximum torque 

magnitude that the array is capable of producing in all directions, within the array’s mechanical 

limitations. These performance guarantees increase the robustness of the overall control 

architecture by enabling maneuvers to be designed such that the torque commands remain bounded 

by the available torque. They also enable the CMGs for a particular application to be sized without 

the need for inexact numerical methods, such as Monte Carlo simulations. The proposed steering 

law is compared to the local-gradient steering law, which highlights its benefits over this and other 

candidate laws for the four-CMG box-90 array. 

 Finally, this dissertation focuses on a novel implementation of CMGs that exploits their torque 

efficiency. Specifically, it explores a polyhedral rover that uses a CMG for rolling locomotion. 

Unlike reaction wheels, which have been used in similar rovers to enable hopping and tumbling 

motions, CMGs have not been explored extensively. Nevertheless, their torque and energy 

efficiency make them well suited for rover applications, motivating the development of design 

principles and control architectures that use CMGs effectively. This dissertation explores how 

exploiting the interaction between the chassis and the ground through morphology and control 

design, enables the rover with just one CMG to locomote over extreme terrain more efficiently 

and predictably, compared to other contemporary rover architectures.  

 



 

iii 

BIOGRAPHICAL SKETCH 

 D. Sawyer Elliott graduated from Rochester Institute of Technology with a Bachelor of Science 

in Mechanical Engineering in 2015. During his undergraduate career he worked at Massachusetts 

Institute of Technology Lincoln Laboratory, where he worked on small spacecraft for weather 

sensing. Currently, he is a Ph.D. candidate at Cornell University under Professor Mason Peck, with 

a focus on dynamics and controls. While at Cornell University he worked on a small spacecraft 

project with the goal of autonomously docking two CubeSats. His PhD research explores control 

methods for momentum control systems, as well as the control of gyroscopically actuated robotic 

systems and their applications for extreme terrain exploration. Upon completion of his PhD he will 

continue to develop novel control methodologies for aerospace vehicles at Johns Hopkins Applied 

Physics Laboratory. 

  



 

iv 

ACKNOWLEDGEMENTS 

I am incredibly grateful for the many individuals who have provided me with generous 

support and encouragement throughout my graduate career. To Dr. Mason Peck, thank you for 

your patience and support through this process. From developing research ideas to achieving my 

career goals, you have provided instrumental help and insights that had made everything 

possible. To Dr. Issa Nesnas, thank you for the generous time and insightful comments you have 

provided not only for my work, but also for my career development. To my committee members, 

Drs. Ross Knepper and Douglas MacMartin, thank you for your suggestions and advice for this 

dissertation work. Thank you to all of my fellow PhD students who have been a great source of 

help and inspiration for my research and career goals.  

Thank you, Patti Wojock and Marica Sawyer, for all of your help getting through the maze of 

administrative tasks associated with finishing a PhD. Thank you to all of the undergraduate and 

graduate students that have worked with me on the development of the rover architecture.  

 To my father, who would sacrifice anything for me to get a good education, thank you. To 

Xinqi, thank you for your unwavering support that made this journey possible, and your humor 

that kept it all fun. 

 Lastly, this dissertation work would not have been possible without the generous support of the 

NASA Space Technology Research Fellowship.  



 

v 

TABLE OF CONTENTS 

Chapter 1 Introduction .................................................................................................................... 9 
1.1 Contributions..................................................................................................................... 10 

Chapter 2 Control Moment Gyroscopes ....................................................................................... 12 
2.1 Dynamics .......................................................................................................................... 12 
2.2 Steering Laws.................................................................................................................... 14 

2.2.1 Singularities .............................................................................................................. 17 
2.2.2 Torque Capability ..................................................................................................... 18 
2.2.3 Desired Capabilities .................................................................................................. 18 

2.3 Current Methodologies ..................................................................................................... 19 
2.4 Limitations ........................................................................................................................ 20 
2.5 Constraint-Based Steering Laws ....................................................................................... 21 

2.5.1 Past work ................................................................................................................... 24 
Chapter 3 Planar Array ................................................................................................................. 26 

3.1 Torque Capability Optimization ....................................................................................... 26 
3.1.1 Planar Array Simplifications..................................................................................... 29 

3.2 Planar Array Constraints ................................................................................................... 30 
3.2.1 Arrays with an Even Number of CMGs Greater Than Three ................................... 31 
3.2.2 Arrays with Five CMGs ............................................................................................ 33 
3.2.3 Arrays with Seven CMGs ......................................................................................... 34 
3.2.4 Arrays with an Odd Number of CMGs Greater Than Seven .................................... 36 
3.2.5 Implementation ......................................................................................................... 38 

3.3 Comparison ....................................................................................................................... 40 
3.4 Conclusion ........................................................................................................................ 47 

Chapter 4 Four CMG Roof Array ................................................................................................. 49 
4.1 Box-90 Singularities ......................................................................................................... 50 
4.2 Box-90 Constraint Function .............................................................................................. 54 
4.3 Steering Law Performance ................................................................................................ 57 
4.4 Performance Comparison.................................................................................................. 64 

4.4.1 Methodology ............................................................................................................. 66 
4.4.2 Results ....................................................................................................................... 68 

4.5 Conclusion ........................................................................................................................ 73 
Chapter 5 Polyhedral Extreme Terrain Exploration Rover ........................................................... 75 

5.1 Previous Research ............................................................................................................. 76 
5.2  Rover Design ................................................................................................................... 76 
5.3 PETER’s Dynamics .......................................................................................................... 79 

5.3.1 Dynamics Derivation ................................................................................................ 81 
5.4 Control Architecture ......................................................................................................... 85 

5.4.1 Step Trajectory Planner............................................................................................. 86 
5.4.2 Step Tracking Controller........................................................................................... 90 

5.5 PETER’s Predicted Performance ...................................................................................... 91 
5.5.1 Experimental Rover Specifications........................................................................... 92 
5.5.2 Analysis Techniques ................................................................................................. 93 



 

vi 

5.5.3 Results ....................................................................................................................... 95 
5.5.4 Discussion ................................................................................................................. 97 

5.6 Contextualization of Performance .................................................................................... 98 
5.6.1 Evaluated Steps ......................................................................................................... 99 
5.6.2 Results ..................................................................................................................... 102 
5.6.3 Discussion ............................................................................................................... 104 

5.7 Conclusion ...................................................................................................................... 105 
Chapter 6 Conclusion .................................................................................................................. 107 
Appendix ..................................................................................................................................... 109 

7.1 Torque Capability Derivation ......................................................................................... 109 
7.1.1 Moore-Penrose pseudoinverse ................................................................................ 109 
7.1.2 Four-CMG Box-90 and the Augmented Jacobian Method ..................................... 113 
7.1.3 Four-CMG Box-90 and the Local Gradient Steering Law ..................................... 116 

7.2 Proofs of Global Optimality for Planar Array Constraints ............................................. 119 
7.2.1 Arrays with an Even Number of CMGs Greater Than Three ................................. 123 
7.2.2 Arrays with an Odd Number of CMGs More Than Three...................................... 127 

7.3 Spherical Constraint Function for Four CMG Box-90 Array ......................................... 132 
7.4 PETER’s Chassis Shape ................................................................................................. 134 

References ................................................................................................................................... 137 
 



 

vii 

LIST OF SYMBOLS 

𝒂𝒂�    = Unit vector a 

𝑽𝑽    = Vector V 

𝑉𝑉A    = Vector 𝑽𝑽 represented in coordinate system A 

𝑰𝑰    = Inertia dyadic 𝐼𝐼 

𝝎𝝎A/B   = Angular velocity of the A reference frame relative to the B frame 

𝑽𝑽 ∙ 𝑼𝑼   = The dot product of vectors V and U 

𝑽𝑽 × 𝑼𝑼  = The cross product of vectors V and U 

dC

d𝑡𝑡
𝛚𝛚A B⁄   = The derivative of 𝝎𝝎A/B with respect to the frame C 

d2C

d𝑡𝑡2
𝝎𝝎A B⁄  = Derivative with respect to the frame C of dC

d𝑡𝑡
𝝎𝝎A B⁄  

�̇�𝑣    = The time derivative of the scaler v 

𝐴𝐴T    = The transpose of matrix A 

𝐴𝐴−1   = The inverse of matrix A 

𝐴𝐴+    = The Moore-Penrose pseudoinverse of matrix A 

det(𝐴𝐴)  = The determinant of matrix A 

N(𝐴𝐴)   = The matrix representation of the null space of matrix A 

adj(𝐴𝐴)  = Adjoint matrix of matrix A 



 

viii 

‖𝐶𝐶‖𝑛𝑛   = 𝑙𝑙𝑛𝑛-norm of the column matrix C 

⌊𝑥𝑥⌋   = Resulting integer from rounding the value of 𝑥𝑥 down to the nearest integer 

⌈𝑥𝑥⌉   = Resulting integer from rounding the value of 𝑥𝑥 up to the nearest integer 

𝐴𝐴(𝑖𝑖, 𝑗𝑗)  = The value of matrix A in the 𝑖𝑖th row and the 𝑗𝑗th column 

𝐼𝐼𝑛𝑛x𝑛𝑛   = 𝑛𝑛 by 𝑛𝑛 identity matrix  

|𝑠𝑠|    = Absolute value of the scalar 𝑠𝑠 

 



 

9 

CHAPTER 1 INTRODUCTION 

 A momentum control system (MCS) actuates the rotational degrees of freedom (DoFs) of a 

body through internal motion. MCSs commonly used for the actuation of spacecraft for two main 

reasons. First, MCSs enable agile motion due to their power-efficient production of torque. 

Second, MCSs do not require an expendable resource like propellant to operate. The two most 

common MCS technologies are reaction wheels (RWs) and control moment gyroscopes (CMGs). 

A RW applies torque to a system by changing its own angular-momentum magnitude. In contrast, 

a CMG applies a torque primarily by changing its own angular-momentum direction, imparting a 

gyroscopic torque between the CMG and the body to which it is mounted. Specifically, a CMG 

usually comprises a constant-speed rotor mounted on a gimbal that can tilt the rotor to redirect the 

momentum. Because CMGs apply torque gyroscopically, they can produce large output torques 

efficiently with respect to power, weight, and volume. They offer orders-of-magnitude greater 

power efficiency than similarly sized RWs, making them widely applicable for spacecraft, ships, 

robotic systems, among others [1]–[8].  

 Like any MCS, an array of CMGs can become singular. A singularity is a state of the array in 

which the array is incapable of producing torque in one or more directions. Unlike RW arrays, 

which become singular only when the wheels reach maximum speed, CMG arrays can also become 

singular even when individual devices are not saturated, i.e., when the momentum of the array is 

within its maximum envelope [1]. For applications where it is critical to be able to track a desired 

trajectory, singularities must be avoided. However, simply avoiding singularities is often 

insufficient in practical applications, where a CMG’s mechanical limitations limit the torque that 

the array can produce as the array approaches a singularity. To enable the array to produce a desired 



 

10 

torque, the array must not only avoid singularities but also must stay sufficiently far from them, 

such that the mechanical limitations do not prohibit the production of the torque. In general, 

maximizing torque capability, i.e., the amount of torque that the array can produce within its 

limitations, maximizes the control authority the array has over the system. So, such a solution 

helps minimize size, weight, and power. This perspective, maximizing torque capability vs. mere 

singularity avoidance, is an unusual but powerful one that informs the present work. 

1.1 Contributions 

 This dissertation discusses three main research contributions. The first two contributions focus 

on the development of high-performance steering laws. Specifically, a general steering law for 

planar array architecture is provided that globally maximizes the array’s torque capability in closed 

form. The generality of the steering law results in fault-tolerant operations, where one or more 

CMGs can fail, and yet the steering law can still preform optimally. The closed-form formulation 

eliminates the need for implementing numerical methods in an operational environment, resulting 

in a predictable and computationally efficient steering law. A comparison between the provided 

steering law and a state-of-the-art methodology shows the increased torque capability of the 

provided constraint. This dissertation also offers a closed-form steering law that has higher 

performance than contemporary methods for the four-CMG box-90 array, one of the most common 

arrays in practice. Additionally, performance guarantees are developed for the steering law, 

enabling the performance of the array to be computed analytically. These guarantees enable 

systems to be more robust by enabling motions to be planned such that they are guaranteed to be 

achievable. A comparison between a state-of-the-art steering law and the provided steering law 

highlights the main benefit of the provided steering law: performance guarantees.  
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 The final contribution of this work is a novel rover architecture that exploits the torque 

efficiency of the CMGs to enable efficient locomotion through extreme terrain on a wide array of 

planetary bodies. Specifically, this dissertation provides design principles for the rover architecture 

and a control architecture for the rover that enables predictable and efficient locomotion through 

extreme terrain. A comparison of a contemporary rover architecture to the proposed rover 

architecture shows that the CMG-based architecture uses less energy than contemporary rovers, 

highlighting the torque efficiency CMGs. 

 The dissertation is structured as follows. Chapter 2 provides a general overview of CMGs, their 

dynamics, and steering laws. Chapter 3 discusses the general steering law for planar CMG arrays. 

Chapter 4 discusses the steering law for the four-CMG box-90 array. Chapter 5 discusses the novel 

rover architecture for exploration of extreme terrain. Chapter 6 provides a conclusion for the 

dissertation. 
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CHAPTER 2 CONTROL MOMENT GYROSCOPES 

There are many types of CMGs; all exploit the gyroscopic effect of tilting a spinning rotor to 

change momentum, imparting an internal torque to the vehicle. The two most common are single-

gimbal CMGs (SGCMGs) and dual-gimbal CMGs (DGCMGs) with fixed-speed rotors. A 

SGCMG can apply torque only in a plane. A DGCMG has one more actuation degree of freedom 

(DoF) than a SGCMG, but at the cost of torque efficiency with respect to size, weight and energy 

usage [1], [9]. Much less common, both types of CMGs can use variable-speed rotors. Variable 

speed allows the CMG to apply torque along the angular-momentum vector of the rotor, adding 

an actuation DoF. However, the spin torque is typically orders of magnitude lower than the 

gyroscopic torque, making it minimally useful [1]. Allowing speed variation increases the overall 

CMG mass and complexity, decreases energy efficiency, and introduces control-related singularity 

problems [1]. Fixed-speed SGCMGs are solely discussed in this dissertation because of their 

mechanical robustness and torque efficiency with respect to rotor size. Thus, in the present work, 

unless otherwise stated, the term CMG refers to a fixed-speed SGCMG. A collection of multiple 

CMGs is known as an array of CMGs. Many differrent array achitectures exist. For this 

dissertations, it is assumed that all arrays are uniform, meaning all CMGs have identical angular 

momentum and mechanical capabilities.  

2.1 Dynamics 
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Figure 1. Coordinate system of a CMG. The rotor pictured here rotates at a rate, 𝝎𝝎 about the 

𝒔𝒔� axis, storing angular momentum in the 𝒔𝒔� direction. That rotor tilts about the gimbal axis, 𝒈𝒈�, at 

a gimbal rate �̇�𝜹, generating a torque felt by the system in the output torque direction, 𝒐𝒐�. As the 

CMG applies torque by rotating its rotor about the gimbal axis, the angular-momentum direction 

and output torque direction rotate with respect to the system by a gimbal angle, 𝜹𝜹. 

Figure 1 shows a CMG and its gimbal-fixed frame of reference, G, with an associated 

coordinate system. With n CMGs, there are n individual gimbal coordinate systems. The N, B and 

R frames are not shown, but they represent an inertial frame of reference, a body-fixed frame of 

reference and a rotor-fixed frame of reference, respectively.  

 To apply torque to a body, a steering law manipulates the total angular momentum of an array 

of CMGs by gimbaling each CMG rotor. The angular momentum of a body with 𝑛𝑛 identical CMGs 

is shown in Eq. (1), where 𝑯𝑯𝑏𝑏 represents the bodies angular momentum, and 𝑰𝑰𝑟𝑟 and 𝑰𝑰𝑔𝑔 represent 

the CMGs’ rotor inertia dyadic about their center of mass, the inertia dyadic of the CMGs’ gimbal 

assembly about their center of mass, respectively. 

𝑯𝑯𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑯𝑯𝑏𝑏 + 𝑯𝑯𝐶𝐶𝐶𝐶𝐶𝐶 = 𝑯𝑯𝑏𝑏 +  ∑ �𝑰𝑰𝑟𝑟 ∙ 𝝎𝝎R𝑖𝑖 N⁄ + 𝑰𝑰𝑔𝑔 ∙ 𝝎𝝎G𝑖𝑖 N⁄ �𝑛𝑛
𝑖𝑖=1 (1) 

Taking the derivative of Eq. (1) yields the equation of motion, where 𝜯𝜯 is the torque the array 

imparts on the body. Equation (2) assumes that there are no external torques acting on the system. 

ℎ𝒔𝒔� 

𝒈𝒈� 

𝒐𝒐� 

𝜔𝜔 
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𝜯𝜯 =
dN

d𝑡𝑡
𝑯𝑯𝑏𝑏 (2) 

𝜯𝜯 =  −��𝑰𝑰𝑟𝑟 ∙
dG𝑖𝑖

d𝑡𝑡
𝝎𝝎R𝑖𝑖 G𝑖𝑖⁄ +  �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙

dG𝑖𝑖

d𝑡𝑡
𝝎𝝎G𝑖𝑖 B⁄ +  (𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔) ∙

dB

d𝑡𝑡
𝝎𝝎B N⁄

𝑛𝑛

𝑖𝑖=1

+ 𝝎𝝎G𝑖𝑖 N⁄ × �𝑰𝑰𝑟𝑟 ∙ 𝝎𝝎R𝑖𝑖 N⁄ + 𝑰𝑰𝑔𝑔 ∙ 𝝎𝝎G𝑖𝑖 N⁄ � − (𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔) ∙ �𝝎𝝎G𝑖𝑖 B⁄ × 𝝎𝝎B N⁄ �� 

(3) 

2.2 Steering Laws 

 
Figure 2. Feedback control system.  

The output torque, 𝜯𝜯, is applied to the body. 𝜯𝜯 is an output of the MCS but is considered an 

input in the feedback-control sense. Figure 2 shows a common control architecture for a system 

with a CMG array. To achieve a desired motion of the body, a body control system commands 𝜯𝜯 

as part of this feedback-control architecture. The steering law then determines the gimbal rates to 

achieve the command. A low-level control system computes actuator inputs to achieve the desired 

gimbal rates.  

Body 
Control 
System 

Steering 
Law 

Gimbal 
Rate 

Control 
System 

System 
Plant 

𝜯𝜯 Actuator 

Inputs 

�̇�𝛿1, 2,⋯,𝑛𝑛 

Measurement 
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 The complexity of 𝜯𝜯 greatly complicates the development of a steering law. However, Eq. (3) 

can be simplified by first recognizing that the CMG’s rotor spins at a constant rate, resulting in 

dG𝑖𝑖

d𝑡𝑡
𝝎𝝎R𝑖𝑖 G𝑖𝑖⁄  being zero. Additionally, the rotor spins at a high speed (thousands of RPM) while the 

gimbal and the resultant body rotations and accelerations are much smaller, thus 𝝎𝝎R𝑖𝑖 G𝑖𝑖⁄  is much 

larger than, dB

d𝑡𝑡
𝝎𝝎B N⁄ , 

dG𝑖𝑖

d𝑡𝑡
𝛚𝛚G𝑖𝑖 B⁄ , 𝝎𝝎G𝑖𝑖 B⁄ , and 𝝎𝝎B N⁄ . As a result, while a detailed simulation would 

include the full physics, steering-law synthesis and system design can proceed without explicitly 

accommodating them [1]. Incorporating the simplifications into Eq. (3) yields Eq. (4). 

𝜯𝜯 =  −�𝝎𝝎G𝑖𝑖 N⁄ × �𝑰𝑰𝑟𝑟 ∙ 𝝎𝝎R𝑖𝑖 G𝑖𝑖⁄ �
𝑛𝑛

𝑖𝑖=1

(4) 

Equation (4) is split into two terms: the output torque, 𝜯𝜯𝑡𝑡, and the base-rate torque, 𝜯𝜯𝑏𝑏. Equation 

(5) shows the output torque, where ℎ𝑖𝑖 is the magnitude of the angular momentum of the 𝑖𝑖th CMG, 

�̇�𝛿𝑖𝑖 is the 𝑖𝑖th CMG’s gimbal rate, 𝒐𝒐�𝑖𝑖 is the direction that the CMG’s gyroscopic torque is applied 

when rotated about the gimbal axis. 

𝜯𝜯𝑡𝑡 =  −��𝝎𝝎G𝑖𝑖 B⁄ × �𝑰𝑰𝑟𝑟 ∙ 𝝎𝝎R𝑖𝑖 G𝑖𝑖⁄ ��
𝑛𝑛

𝑖𝑖=1

= �ℎ𝛿𝛿�̇�𝚤𝒐𝒐�𝑖𝑖

𝑛𝑛

𝑖𝑖=1

(5) 

A CMG can apply this so-called output torque anywhere in a plane, but not instantaneously. The 

direction of the output torque depends on the instantaneous gimbal angle 𝛿𝛿. Equation (6) represents 

the base-rate torque of the CMG. 

𝜯𝜯𝑏𝑏 =  −�𝝎𝝎B N⁄ × �𝑰𝑰𝑟𝑟 ∙ 𝝎𝝎R𝑖𝑖 G𝑖𝑖⁄ �
𝑛𝑛

𝑖𝑖=1

(6) 
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For most practical applications, the body rate, 𝝎𝝎B N⁄ , is small compared to the gimbal rates, 

enabling the base rate torque to be treated as a disturbance when synthesizing a steering law, 

simplifying Eq. (2) to Eq. (7) [1]. 

𝜯𝜯 = �ℎ𝛿𝛿�̇�𝚤𝒐𝒐�𝑖𝑖

𝑛𝑛

𝑖𝑖=1

=  
dN

d𝑡𝑡
𝑯𝑯𝑏𝑏 (7) 

The output torque of the CMG array is rewritten as a matrix equation, where 𝑜𝑜�𝑖𝑖 is the 3x1 matrix 

representation of 𝒐𝒐�𝑖𝑖, and 𝑇𝑇 is the matrix representation of the vector 𝑻𝑻. For brevity, the coordinate 

system for the matrix representation is not shown, but the coordinates are consistent for all CMGs 

and torque. 

𝛵𝛵 = ℎ[𝑜𝑜�1,𝑜𝑜�2, … , 𝑜𝑜�𝑛𝑛]

⎣
⎢
⎢
⎡ �̇�𝛿1
 �̇�𝛿2
⋮

 �̇�𝛿𝑛𝑛⎦
⎥
⎥
⎤

= ℎ𝐽𝐽

⎣
⎢
⎢
⎡ �̇�𝛿1
 �̇�𝛿2
⋮

 �̇�𝛿𝑛𝑛⎦
⎥
⎥
⎤

(8) 

Steering laws are designed to compute a gimbal-rate set such that the array produces a desired 

𝛵𝛵. If the array has the same number of CMGs as the body has rotational degrees of freedom 

(generally three), then the Jacobian, 𝐽𝐽, is square, enabling the gimbal-rate set that achieves a desired 

torque to be calculated by a simple matrix inversion, as shown in Eq. (9), for the likely case of 

identical angular-momentum magnitude (h) for all CMGs. 

⎣
⎢
⎢
⎡ �̇�𝛿1
 �̇�𝛿2
⋮

 �̇�𝛿𝑛𝑛⎦
⎥
⎥
⎤

=
𝐽𝐽−1𝛵𝛵
ℎ

(9) 

However, in this case, because there is a unique set of gimbal rates to achieve a desired torque, 

there is no way to avoid singularities or progress the array to gimbal-angle sets that maximize 
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torque capability. For these reasons, arrays often have more CMGs than rotational degrees of 

freedom. Thanks to the redundancy of such arrays, infinite gimbal-angle sets exist that achieve the 

same array angular-momentum state. Consequently, infinite gimbal-rate sets can achieve a desired 

torque. Each unique gimbal-rate set produces a unique array motion, but all achieve the same 

desired torque. Equation (10) shows all possible gimbal rate sets that achieve a desired torque, 

where N(𝐽𝐽) is the matrix representation of the null space of 𝐽𝐽, 𝐽𝐽+ is the Moore-Penrose 

pseudoinverse of 𝐽𝐽, det(𝐽𝐽𝐽𝐽T) is the determinant of 𝐽𝐽𝐽𝐽T, adj(𝐽𝐽𝐽𝐽T) is the adjoint of 𝐽𝐽𝐽𝐽T, and U is a 

control-input matrix. 

⎣
⎢
⎢
⎡ �̇�𝛿1
 �̇�𝛿2
⋮

 �̇�𝛿𝑛𝑛⎦
⎥
⎥
⎤

= 𝐽𝐽+
𝛵𝛵
ℎ

+ N(𝐽𝐽)T𝑈𝑈 (10) 

𝐽𝐽+ =  𝐽𝐽T(𝐽𝐽𝐽𝐽T)−1 =  
𝐽𝐽Tadj(𝐽𝐽𝐽𝐽T)

𝛺𝛺
 

𝛺𝛺 = det (𝐽𝐽𝐽𝐽T) 

Infinite combinations for U exist, each resulting in a different gimbal-rate set. Steering laws dictate 

𝑈𝑈 such that the array achieves desired performance characteristics.  

2.2.1 Singularities 

 At some gimbal-angle sets, 𝐽𝐽 is singular, i.e., it is not full rank. When the array is singular, 𝛺𝛺 is 

equal to zero, resulting in 𝐽𝐽+ being undefined. Singularities may be external or internal. External 

singularities occur when the array is saturated, i.e., the array has achieved its maximum possible 

angular momentum in a particular direction. The impact of external singularities on the array is 

often mitigated through proper sizing of actuators for a particular application [1]. Thus, these 
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singularities are not considered when developing steering laws. Internal singularities are gimbal-

angle sets that result in the array being singular, but not saturated. For most applications, steering 

laws dictate 𝑈𝑈 to avoid these internal singularities.  

2.2.2 Torque Capability 

 Due to mechanical limitations, such as gimbal rate, the magnitude of torque that the array can 

produce is limited. These gimbal rate limitations result in arrays capability to produce torque 

progressing to zero as the array approaches a singularity. The capability of the array to produce 

torque given the mechanical limitations of the array is referred to as torque capability, 𝑇𝑇𝐶𝐶. For this 

dissertation, TC is reported as a normalized quantity: the maximum magnitude of torque the array 

can produce in any direction relative to the maximum torque magnitude for each CMG (i.e., the 

product of a single CMG’s maximum gimbal rate and its angular momentum). The maximum 

torque magnitude the array can produce in any direction, in contrast to any single direction, is 

explored because in many practical applications, torque commands are not known a priori. Thus, 

the array must be capable of producing a desired torque magnitude in any commanded direction. 

The array may be capable of producing a torque magnitude that exceeds TC in some directions. 

However, the array cannot produce more torque than specified by 𝑇𝑇𝐶𝐶 in all directions.  

2.2.3 Desired Capabilities 

 For most applications there are four desired performance characteristics that steering laws 

should meet by appropriately dictating 𝑈𝑈 [1], [10]–[12]. Steering laws should achieve a high level 

of 𝑇𝑇𝐶𝐶, because maximizing 𝑇𝑇𝐶𝐶 maximizes the control authority that the array has over the system. 

So, such a solution helps minimize size, weight, and power. Additionally, achieving a non-zero 
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𝑇𝑇𝐶𝐶 also guarantees the avoidance of all internal singularities. Steering laws should also be 

computationally tractable, enabling the array to be implemented on aerospace systems, which often 

have limited computational capability. Furthermore, steering laws should have predictable 

performance during operation, enabling the capabilities of the system to be accurately determined 

a priori. The most common application of CMGs is aerospace systems, for which it is critical that 

the system not only achieve high performance, but also have a high probability of mission success. 

Greater predictability of the array’s performance enables desired maneuvers and operations to be 

planned such that the array can produce the desired motion, increasing the probability of mission 

success. Lastly, steering laws should achieve the above three performance characteristics for 

panoply of array architectures.  

2.3 Current Methodologies 

 Currently, the most common singularity avoidance methods are trajectory-optimization steering 

laws, Local gradient (LG) steering laws, constraint-based (CB) steering laws, and singularity-

robust steering laws [1], [11]. Trajectory-optimization steering laws plan motion for the array’s 

gimbal angles that optimize a user-defined cost function, given a desired trajectory of the body 

[13]–[15]. For practical applications, it is impossible to perfectly model the systems dynamics and 

the disturbances acting on the system. These unmodeled effects necessitate a second steering law 

that does not require future knowledge to trim the array around the computed trajectory. Thus, the 

performance of these steering laws is largely dictated by the performance of the secondary steering 

law used to trim the array. These methods can also be computationally intensive due to the complex 

dynamics of many aerospace systems. 
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 LG steering laws progress the array to a gimbal-angle set that maximizes a user-defined cost 

function, following the gradient of the cost function in real time [9], [16], [17]. These steering laws 

are computationally tractable, and for some arrays, the steering laws are capable of achieving a 

high level of 𝑇𝑇𝐶𝐶. However, for many arrays, these steering laws do not guarantee singularity 

avoidance and so do not guarantee a non-zero level of 𝑇𝑇𝐶𝐶. Additionally, there is no general way 

to predict the performance of these steering laws exactly. For most applications, inexact Monte 

Carlo simulations are used to predict array performance.  

 CB steering laws use the null motion of the array to progress the array to a gimbal-angle set 

defined by a set of constraint functions [10], [18]–[20]. These steering laws are computationally 

tractable. Additionally, for some arrays, these steering laws provide guaranteed singularity 

avoidance, guaranteeing a non-zero 𝑇𝑇𝐶𝐶. Furthermore, these methodologies can offer performance 

guarantees that dictate the performance of the array during operation a priori. However, these 

steering laws are only applicable to a small number of array architectures. 

 Singularity-robust steering laws are distinct from the methods listed above because in addition 

to dictating 𝑈𝑈, these methods also manipulate the desired torque to nudge the system away from 

singularities [21]–[24]. These methods do not produce the desired motion of the body and so are 

not appropriate for missions requiring high pointing accuracy, greatly limiting their applicability. 

2.4 Limitations 

 Currently, none of the developed methods achieve the four desired performance characteristics. 

Constraint-based steering laws achieve many of these desired characteristics; they are not 

computationally intensive, can guarantee singularity-free operation thus non-zero 𝑇𝑇𝐶𝐶, and can 
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provide performance guarantees, but they often achieve a low level of 𝑇𝑇𝐶𝐶 [1], [12], [19]. 

Additionally, they are not broadly applicable. This dissertation aims to increase the generality and 

performance of constraint-based steering laws, with the goal of developing a steering law that 

meets the four desired performance characteristics. 

2.5 Constraint-Based Steering Laws 

 CB steering laws progress the array to a gimbal-angle set that satisfies a set of constraint 

functions through the selection of 𝑈𝑈. There are two main parts to a CB steering law: the constraint 

functions and the implementation method. The constraints dictate the desired gimbal-angle set of 

the array during operation. The user can define any number of constraint functions. However, to 

fully resolve the redundancy of the array, often 𝑛𝑛 −𝑚𝑚 independent constraint functions are 

specified, where 𝑛𝑛 is the number of CMGs and 𝑚𝑚 is the number of rotational DOFs of the body 

[1], [25]. The general formulation considered in this dissertation of the constraint functions, 𝐹𝐹𝑖𝑖, is 

shown below, where 𝐹𝐹𝑖𝑖 represents the 𝑖𝑖th constraint function. 

𝐹𝐹𝑖𝑖(𝛿𝛿1,𝛿𝛿2,⋯ , 𝛿𝛿𝑛𝑛) = 0 (11) 

 The implementation method dictates the gimbal-rate sets to progress the array to the gimbal-

angle state dictated by the constraint functions. There are two main implementation methods: the 

augmented Jacobian method [25]–[27] and the feedback control method [10]. The augmented 

Jacobian method progresses the array to a constrained gimbal-angle set by augmenting the array’s 

Jacobian with the constraint functions’ Jacobian, 𝐽𝐽𝑐𝑐, as shown in Eq. (12) [25]. 
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⎣
⎢
⎢
⎡ �̇�𝛿1
 �̇�𝛿2
⋮

 �̇�𝛿𝑛𝑛⎦
⎥
⎥
⎤

= 𝐽𝐽𝑡𝑡−1

⎣
⎢
⎢
⎢
⎡
𝛵𝛵
ℎ
0
⋮
0⎦
⎥
⎥
⎥
⎤

(12)  

𝐽𝐽𝑡𝑡 = � 𝐽𝐽𝐽𝐽𝑐𝑐
� 

𝐽𝐽𝑐𝑐 =  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜕𝜕𝐹𝐹1
𝜕𝜕𝛿𝛿1

𝜕𝜕𝐹𝐹1
𝜕𝜕𝛿𝛿2

…
𝜕𝜕𝐹𝐹1
𝜕𝜕𝛿𝛿𝑛𝑛

𝜕𝜕𝐹𝐹2
𝜕𝜕𝛿𝛿1

𝜕𝜕𝐹𝐹2
𝜕𝜕𝛿𝛿2

𝜕𝜕𝐹𝐹2
𝜕𝜕𝛿𝛿𝑛𝑛

⋮ ⋱ ⋮
𝜕𝜕𝐹𝐹𝑛𝑛−𝑚𝑚
𝜕𝜕𝛿𝛿1

𝜕𝜕𝐹𝐹𝑛𝑛−𝑚𝑚
𝜕𝜕𝛿𝛿𝑛𝑛 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

When the array starts at a gimbal-angle set that satisfies the constraint function and the control 

system implementing the gimbal-rate commands is perfect, the array always remains at a gimbal-

angle set that satisfies the constraint function. In practice, the control system that implements the 

gimbal rates is not perfect. For these practical applications, a low-bandwidth control scheme is 

required to trim the array’s gimbal-angle set to track the gimbal-angle sets specified by the 

constraint functions. For the purposes of this study, it is assumed that the gimbal rates are perfectly 

achieved. 

The main benefit of the augmented Jacobian method is that if the constraint function enables 

the performance of the array to be resolved for each angular-momentum state, then the array’s 

performance can be computed analytically for any angular-momentum state, eliminating the need 

for inexact numerical methods, like Monte Carlo simulations, to determine the performance of the 

array during operation. The main problem with the augmented Jacobian method is the presence of 

algorithmic singularities, which occur when the constraint functions result in 𝐽𝐽𝑡𝑡 being singular 
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[25]. At an algorithmic singularity, the array behaves as if 𝛺𝛺 are equal to zero, resulting in the 

array being unable to produce torque in one or more directions. The main difficulty of developing 

constraint functions is ensuring that the array does not encounter an algorithmic singularity. Most 

developed constraint functions are capable of avoiding singularities but have algorithmic 

singularities within the angular-momentum envelope of the array [10], [11], [18], [19], [25].  

 The feedback control method eliminates these algorithmic singularities by progressing the array 

to a constrained gimbal-angle set using feedback control methodologies in the array’s null space. 

One example of using linear feedback control is shown in Eq. (13), where 𝛿𝛿𝑖𝑖𝑑𝑑 is the desired 

constrained gimbal angle of the 𝑖𝑖th CMG [10]. 

⎣
⎢
⎢
⎡�̇�𝛿1
�̇�𝛿2
⋮
�̇�𝛿𝑛𝑛⎦
⎥
⎥
⎤

=  �
𝐽𝐽

N(𝐽𝐽)�
−1
�
𝑇𝑇
ℎ
𝐷𝐷
� (13) 

𝐷𝐷 =  N(𝐽𝐽)𝐾𝐾

⎣
⎢
⎢
⎡
𝛿𝛿1𝑑𝑑 − 𝛿𝛿1 
𝛿𝛿2𝑑𝑑 − 𝛿𝛿2

⋮
𝛿𝛿𝑛𝑛𝑑𝑑 − 𝛿𝛿𝑛𝑛⎦

⎥
⎥
⎤

 

K is a user-selected square gain matrix with 𝑛𝑛 rows. Care needs to be taken when selecting K in 

practical problems. If the values in K are too large, the gimbal rate limits can be exceeded when 

the array is simultaneously applying a torque and conditioning itself. If the values in K are too 

small, the array will not reorient fast enough and may become singular. Monte Carlo simulations 

for the estimated operation environments can be used to bound K [1], [10].  

 The feedback control method eliminates algorithmic singularities by enabling the array to 

deviate from the constrained gimbal-angle set at algorithmic singularities. However, because the 
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feedback control method results in the array deviating from the constraint configuration, it is 

difficult to guarantee the performance of the steering law. 

2.5.1 Past work 

 Most work on constraint-based methods have focused on the development of constraint 

functions. Two research communities have explored developing constraints: roboticists and the 

CMG community. The robotics community has explored developing constraints for manipulators. 

Due to the kinematic similarities between CMGs and manipulators, constraints developed for 

manipulators can be used for CMG arrays, and vice versa. The production of torque for an array 

of CMGs is analogous to a serial manipulator’s production of end-effector velocity.  

 In the CMG community, constraints have been developed for five different array architectures, 

as shown in Figure 3: any array with two identical planar CMGs (i.e., both gimbal axes are parallel) 

[18], any array with three identical planar CMGs [10], a six-CMG roof of identical CMGs [10], a 

pyramid of four identical CMGs [19], and any array with three orthogonal sets of two identical 

CMGs [1], [20]. In the robotics community, constraints have been developed for many different 

manipulator architectures. A general set of constraint functions has been developed for a spherical 

wrist to enable singularity-free motion as well as maximize output torque of the end-effector [28]. 

A general circular-backbone constraint has been developed for any planar serial manipulator [29], 

[30]. The circular-backbone constraint restricts the links of a planar serial manipulator to 

approximate a circular arc, avoiding all internal singularities. However, unlike the above listed 

constraints, which use the analytical implementations discussed in Section 2.5, the circular-

backbone constraint is not closed-form and requires a numerical solver when implemented, 
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creating indeterminacy that can result in risk that is unacceptable in high-stakes implementations 

such as spacecraft. 

Figure 3. The five arrays for which a known constraint function avoids all singularities: A) 

two planar CMGs, B) three planar CMGs, C) six-CMG roof array, D) a pyramid of four 

CMGs, and E) an array with three orthogonal sets of two CMGs. 𝒈𝒈� represents the gimbal 

axis of each CMG, and 𝒉𝒉 represents an arbitrary angular-momentum direction. 
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CHAPTER 3 PLANAR ARRAY 

 The planar array is the simplest architecture, consisting of CMGs whose gimbal axes are all 

parallel. Past work, discussed in Section 2.5.1, has developed a constraint for the simplest of these 

arrays, three planar CMGs, which contains the minimum number of CMGs while still remaining 

redundant. The previously developed circular-backbone constraint enables singularity avoidance 

for any redundant planar array architectures. However, this constraint is not closed form, 

complicating the development of performance guarantees and decreasing the predictability of the 

CB steering law [29], [30].  

 This chapter improves upon the circular-backbone constraint by providing a general set of 

closed-form constraints for planar arrays with four or more CMGs that globally maximizes the 

torque capability. These constraints, in conjunction with previously developed constraint for three 

planar CMGs, results in a general set of closed-from constraints for any number of redundant 

planar CMGs. To better understand the performance of the provided constraint functions, for 

arrays with four, five, six, seven, eight, and nine planar CMGs, the performance of the developed 

constraint functions is compared to the previously developed, non-closed-form circular-backbone 

constraint. The performance comparison shows that the provided constraint functions improve 

torque capability by as much as 35%. 

3.1 Torque Capability Optimization 

 The constraints are developed with the goal of maximizing the torque capability of the array, 

which is the maximum amount of torque the array can produce in any direction given its 

mechanical limitations, normalized by the maximum torque magnitude any one CMG can produce. 
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The general optimization problem to maximize TC for any array, a prescribed 𝑈𝑈, and a given 

angular momentum is shown in Eq. (14), where 𝜏𝜏 is the magnitude of the output torque, 𝜏𝜏𝑥𝑥, 𝜏𝜏𝑦𝑦, 

and 𝜏𝜏𝑧𝑧 are scalars that specify the direction of the torque, 𝐻𝐻(𝛿𝛿1,𝛿𝛿2, … 𝛿𝛿𝑛𝑛) is a function that maps 

the gimbal angles to a matrix representing the array’s angular momentum, �̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥 is the maximum 

gimbal-rate magnitude a CMG can achieve, and 𝐻𝐻𝑑𝑑 is a matrix representing the desired array 

angular momentum. 

max
𝛿𝛿1,𝛿𝛿2,…,𝛿𝛿𝑛𝑛

𝑇𝑇𝐶𝐶 (14) 

subject to:  

�𝐽𝐽+
𝛵𝛵
ℎ

+ N(𝐽𝐽)T𝑈𝑈�
∞
≤ �̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥  ∀�𝜏𝜏𝑥𝑥, 𝜏𝜏𝑦𝑦, 𝜏𝜏𝑧𝑧�|��

𝜏𝜏𝑥𝑥
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
��

2

= 1, 

𝐻𝐻(𝛿𝛿1,𝛿𝛿2, … 𝛿𝛿𝑛𝑛) = 𝐻𝐻𝑑𝑑  

𝑇𝑇𝐶𝐶 =
𝜏𝜏

ℎ�̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥
 

𝛵𝛵 = �
𝜏𝜏𝑥𝑥
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
� 𝜏𝜏 

 The optimization assumes that the steering law is known. For a constraint-based steering law, 

𝑈𝑈 is dependent on the constraint functions and the implementation method, which greatly 

complicates the optimization. To simplify the optimization, this chapter assumes that the steering 

law is a Moore-Penrose pseudoinverse, and thus 𝑈𝑈 is selected to be the zero matrix. The Moore-

Penrose pseudoinverse is given close attention in this study because it likely represents a close 

approximation of most implementations of the constraint functions. In practical applications, it is 

often desirable to minimize null motion activity for two reasons: excess null motion can result in 
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greater energy consumption, and large null motions can result in unwanted torque being applied 

to the body due to torque effects (such as misalignments) that are not modeled by Jacobian. Thus, 

it is assumed that for most applications 𝑈𝑈 is selected to be a matrix with values that are close to 

zero, resulting in the Moore-Penrose being a good estimate of these steering laws.  

 Assuming Moore-Penrose pseudoinverse, 𝑇𝑇𝐶𝐶 for any array architecture can be simplified to Eq. 

(15). A detailed derivation of the simplified metric is provided in Section 7.1.1. 

𝑇𝑇𝐶𝐶 =  
1

‖𝑊𝑊𝐶𝐶𝑀𝑀‖∞
(15) 

𝑊𝑊𝐶𝐶𝑀𝑀 =  
1

det (𝐽𝐽𝐽𝐽T)
⎣
⎢
⎢
⎢
⎡ �𝐴𝐴(1,1)2 +  𝐴𝐴(1,2)2 +  𝐴𝐴(1,3)2

�𝐴𝐴(2,1)2 +  𝐴𝐴(2,2)2 +  𝐴𝐴(2,3)2
⋮

�𝐴𝐴(𝑛𝑛, 1)2 +  𝐴𝐴(𝑛𝑛, 2)2 +  𝐴𝐴(𝑛𝑛, 3)2⎦
⎥
⎥
⎥
⎤
 

𝐴𝐴 =  𝐽𝐽Tadj(𝐽𝐽𝐽𝐽T) 

Substituting Eq. (15) into Eq. (14) results in the simplified optimization shown in Eq. (16) 

max
𝛿𝛿1,𝛿𝛿2,…,𝛿𝛿𝑛𝑛

𝑇𝑇𝐶𝐶 (16) 

subject to: 𝐻𝐻(𝛿𝛿1,𝛿𝛿2, … 𝛿𝛿𝑛𝑛) = 𝐻𝐻𝑑𝑑 

The optimization shown in Eq. (16) is further simplified to Eq. (17). 

min
𝛿𝛿1,𝛿𝛿2,…,𝛿𝛿𝑛𝑛

‖𝑊𝑊𝐶𝐶𝑀𝑀‖∞ (17) 

subject to: 𝐻𝐻(𝛿𝛿1,𝛿𝛿2, … 𝛿𝛿𝑛𝑛) = 𝐻𝐻𝑑𝑑 

A set of gimbal-angle constraint functions that globally optimizes Eq. (17) for all angular-

momentum states globally maximizes the array’s 𝑇𝑇𝐶𝐶 assuming 𝑈𝑈 is equal to zero. These globally 

optimal constraints can then be implemented using the implementation methodologies discussed 
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in Section 2.5.The optimization shown in Eq. (17) is difficult to perform analytically for general 

array architectures. However, for planar array architectures, Eq. (17) can be simplified and 

analytically maximized. 

3.1.1 Planar Array Simplifications 

 The optimization shown in Eq. (17), for planar arrays, is shown in Eq. (18).  

min
𝛿𝛿1,𝛿𝛿2,…,𝛿𝛿𝑛𝑛

‖𝑊𝑊𝐶𝐶𝑀𝑀‖∞ (18) 

subject to: 𝐻𝐻(𝛿𝛿1,𝛿𝛿2, … 𝛿𝛿𝑛𝑛) = 𝐻𝐻𝑑𝑑 

𝑊𝑊𝐶𝐶𝑀𝑀 =  
1

det(𝐽𝐽𝐽𝐽T)
⎣
⎢
⎢
⎢
⎡ �𝐴𝐴(1,1)2 +  𝐴𝐴(1,2)2

�𝐴𝐴(2,1)2 +  𝐴𝐴(2,2)2
⋮

�𝐴𝐴(𝑛𝑛, 1)2 +  𝐴𝐴(𝑛𝑛, 2)2⎦
⎥
⎥
⎥
⎤

 

The Jacobian of a planar array is shown in Eq. (19). This form can be used for any planar array. 

𝐽𝐽 =  �− sin(𝛿𝛿1) − sin(𝛿𝛿2) ⋯ − sin(𝛿𝛿𝑛𝑛)
cos(𝛿𝛿1) cos(𝛿𝛿2) ⋯ cos(𝛿𝛿𝑛𝑛) � (19) 

The planar Jacobian is substituted into the expressions within 𝑊𝑊𝐶𝐶𝑀𝑀, yielding simplified 

expressions shown in Eqs. (20, 21). 

�𝐴𝐴(𝑖𝑖, 1)2 +  𝐴𝐴(𝑖𝑖, 2)2 =  �𝐶𝐶𝐶𝐶T(𝐶𝐶𝐶𝐶T − 2𝑛𝑛𝑐𝑐𝑖𝑖2) + 𝑛𝑛2𝑐𝑐𝑖𝑖2 + 𝑆𝑆𝐶𝐶T(𝑆𝑆𝐶𝐶T − 2𝑛𝑛𝑠𝑠𝑖𝑖𝑐𝑐𝑖𝑖) (20)
 

 

det(𝐽𝐽𝐽𝐽T) =  𝐶𝐶𝐶𝐶T(𝑛𝑛 − 𝐶𝐶𝐶𝐶T) −  𝑆𝑆𝐶𝐶T𝑆𝑆𝐶𝐶T (21) 

𝐶𝐶 = [𝑐𝑐1 𝑐𝑐2 ⋯ 𝑐𝑐𝑛𝑛] 

𝑆𝑆 =  [𝑠𝑠1 𝑠𝑠2 ⋯ 𝑠𝑠𝑛𝑛] 

𝑐𝑐𝑖𝑖 = cos(𝛿𝛿𝑖𝑖) 

𝑠𝑠𝑖𝑖 = sin(𝛿𝛿𝑖𝑖) 
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3.2 Planar Array Constraints  

 The gimbal-angle constraint functions provided here globally optimize Eq. (18) for any planar 

array of CMGs with four or more CMGs. The provided gimbal-angle constraint functions are not 

unique; the functions represent one set of constraint functions of an infinite number. For the 

constraint functions, the array’s angular momentum is assumed to lie on one axis, 𝒙𝒙� and be 

positive, so for the remainder of the chapter, unless otherwise stated, 𝐻𝐻𝑑𝑑 is scalar and not a matrix. 

This simplification does not reduce the generality of the solutions, as the axis can be rotated to 

achieve any angular momentum in the plane. The gimbal angles are referenced from the 𝒙𝒙� axis. In 

each gimbal-angle constraint function, the indexing of the CMGs is arbitrary and can be changed 

as desired. The angular-momentum values denoted with a tilde above the value indicate a 

normalized angular-momentum value, calculated by dividing the angular-momentum value by ℎ.  

 Four sets of gimbal-angle constraint functions are provided: gimbal-angle constraint functions 

for arrays with an even number of CMGs greater than three, gimbal-angle constraint functions for 

arrays with five CMGs, gimbal-angle constraint functions for arrays with seven CMGs, and 

gimbal-angle constraint functions for arrays with an odd number of CMGs greater than seven 

CMGs. Each set of gimbal-angle constraint functions has two solutions, corresponding to two 

different angular-momentum regions. For each set of gimbal-angle constraint functions, there is 

continuity of the gimbal angles between the two angular-momentum regions. The angular 

momentum at which the solution switches is referred to as the critical angular momentum, 𝐻𝐻𝑐𝑐. 𝐻𝐻𝑐𝑐 

for arrays with an even and odd number of CMGs is shown in Eqs. (22, 23), respectively.  

𝐻𝐻�𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒𝑛𝑛 =
𝑛𝑛
√2

(22) 
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𝐻𝐻�𝑐𝑐𝑡𝑡𝑑𝑑𝑑𝑑 = 1 +
�(𝑛𝑛 − 1)(𝑛𝑛 − 2)

2
(23) 

 The angular-momentum region corresponding to angular-momentum states from zero to the 

critical angular momentum is referred to as the static region. In the static angular-momentum 

region, the magnitudes of the rows of 𝑊𝑊𝐶𝐶𝑀𝑀 are all equal to a constant value of 2
𝑛𝑛
, and det (𝐽𝐽𝐽𝐽T) is 

equal to a constant, global maximum of 𝑛𝑛
2

4
. The angular-momentum region corresponding to 

angular-momentum states equal to or greater than the critical angular momentum is referred to as 

the declining region. In the declining angular-momentum region, the value of det (𝐽𝐽𝐽𝐽T) strictly 

monotonically decreases from the global maximum of 𝑛𝑛
2

4
 to zero, as the array approaches 

saturation, resulting in the rows of 𝑊𝑊𝐶𝐶𝑀𝑀 tending from 2
𝑛𝑛
 towards ∞ in the limit. Figure 4 shows a 

visual representation of the values of ‖𝑊𝑊𝐶𝐶𝑀𝑀‖∞ with respect to the array’s angular momentum for 

arrays with an even and odd number of CMGs. 

 

Figure 4. Values of ‖𝑾𝑾𝑴𝑴𝑴𝑴‖∞ with respect to normalized angular momentum. 

3.2.1 Arrays with an Even Number of CMGs Greater Than Three 

0 

 

‖𝑊𝑊𝐶𝐶𝑀𝑀‖∞ 

𝐻𝐻�𝑑𝑑 𝑛𝑛  𝐻𝐻�𝑐𝑐  

2
𝑛𝑛
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 The globally optimal gimbal-angle constraint functions for any array with an even number of 

CMGs greater than three are shown in Eqs. (24 - 28). In the solutions, ⌈𝑠𝑠⌉ denotes the integer that 

results from rounding 𝑠𝑠 up, ⌊𝑠𝑠⌋ denotes the integer that results from rounding 𝑠𝑠 down. 

𝛿𝛿1,2,…,𝑘𝑘1 =

⎩
⎪⎪
⎨

⎪⎪
⎧

cos−1

⎝

⎛𝐻𝐻
�𝑑𝑑
𝑛𝑛
−  
�𝑘𝑘1(𝑛𝑛 − 2𝑘𝑘1)�−2𝐻𝐻�𝑑𝑑2 + 𝑛𝑛2�

2𝑛𝑛𝑘𝑘1
⎠

⎞ , 0 ≤ 𝐻𝐻�𝑑𝑑 < 𝐻𝐻�𝑐𝑐

cos−1 �
𝐻𝐻�𝑑𝑑
𝑛𝑛
� ,𝐻𝐻�𝑐𝑐 ≤ 𝐻𝐻�𝑑𝑑 ≤ 𝑛𝑛

(24) 

𝛿𝛿𝑘𝑘1+1,𝑘𝑘1+2,…,𝑛𝑛2 =

⎩
⎪⎪
⎨

⎪⎪
⎧

cos−1

⎝

⎛𝐻𝐻
�𝑑𝑑
𝑛𝑛

+  
�𝑘𝑘1(𝑛𝑛 − 2𝑘𝑘1)�−2𝐻𝐻�𝑑𝑑2 + 𝑛𝑛2�

𝑛𝑛(𝑛𝑛 − 2𝑘𝑘1)
⎠

⎞ , 0 ≤ 𝐻𝐻�𝑑𝑑 < 𝐻𝐻�𝑐𝑐

cos−1 �
𝐻𝐻�𝑑𝑑
𝑛𝑛
� ,𝐻𝐻�𝑐𝑐 ≤ 𝐻𝐻�𝑑𝑑 ≤ 𝑛𝑛

(25) 

𝛿𝛿𝑛𝑛
2+1,𝑛𝑛2+2,…,𝑘𝑘2 =  −𝛿𝛿𝑘𝑘1+1,𝑘𝑘1+2,…,𝑛𝑛2 (26) 

𝛿𝛿𝑘𝑘2+1,𝑘𝑘2+2,...,𝑛𝑛 =  −𝛿𝛿1,2,…,𝑘𝑘1 (27) 

𝐻𝐻�𝑐𝑐 =
𝑛𝑛
√2

(28) 

𝑘𝑘1 =  �
𝑛𝑛
4
� 

𝑘𝑘2 =  
𝑛𝑛
2

+ �
𝑛𝑛
4
� 

The resulting array configurations for the static and declining angular-momentum regions are 

shown in Figure 5. In the static angular-momentum region, the gimbal-angle constraint functions 

constrain the gimbal angles to four different angles, two of which are the negative of the other two. 

In the declining angular-momentum region, the gimbal angles are constrained to two different 

angles that are the negative of one another.  
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Figure 5. A) represents the constrained array orientation for the static angular-momentum 

region. B) represents the constrained array orientation for the declining angular-

momentum region.  

3.2.2 Arrays with Five CMGs 

 The gimbal-angle constraint functions that globally optimize torque capability for five CMGs 

are shown in Eqs. (29 - 34). 

𝛿𝛿1 =

⎩
⎪⎪
⎨

⎪⎪
⎧

cos−1

⎝

⎛𝐻𝐻
�𝑑𝑑 − 1

4
−  
�−𝐻𝐻�𝑑𝑑2 + 2𝐻𝐻�𝑑𝑑 + 5

4
⎠

⎞ , 0 ≤ 𝐻𝐻�𝑑𝑑 < 𝐻𝐻�𝑐𝑐

cos−1 �
𝐻𝐻�𝑑𝑑 − 1 

4
� ,𝐻𝐻�𝑐𝑐 ≤ 𝐻𝐻�𝑑𝑑 ≤ 5

(29) 

𝒉𝒉1 

𝒉𝒉𝑘𝑘1 

𝒉𝒉𝑘𝑘1+1  𝒉𝒉𝑛𝑛
2
 𝒉𝒉𝑛𝑛

2+1
 𝒉𝒉𝑘𝑘2 

𝒉𝒉𝑘𝑘2+1 

𝒉𝒉𝑛𝑛 
𝐻𝐻𝑑𝑑𝒙𝒙� 

𝒉𝒉𝑛𝑛 
𝐻𝐻𝑑𝑑𝒙𝒙� 

𝒉𝒉1 
B) 

A) 

𝒉𝒉𝑛𝑛
2
 𝒉𝒉𝑛𝑛

2+1
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𝛿𝛿2 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

cos−1

⎝

⎛𝐻𝐻
�𝑑𝑑 − 1

4
+  
�−𝐻𝐻�𝑑𝑑2 + 2𝐻𝐻�𝑑𝑑 + 5

4
⎠

⎞ , 0 ≤ 𝐻𝐻�𝑑𝑑 < 𝐻𝐻�𝑐𝑐

  

cos−1 �
𝐻𝐻�𝑑𝑑 − 1

4
� ,𝐻𝐻�𝑐𝑐 ≤ 𝐻𝐻�𝑑𝑑 ≤ 5

(30) 

𝛿𝛿3 = 0 (31) 

𝛿𝛿4 =  −𝛿𝛿2 (32) 

𝛿𝛿5 =  −𝛿𝛿1 (33) 

𝐻𝐻�𝑐𝑐 =  1 + √6 (34) 

The resulting constrained array configurations for the static and declining angular-momentum 

regions are shown in Figure 6. In the declining angular-momentum region, the five gimbal angles 

are constrained to three different angles, resulting in the trapezoidal shape shown in Fig. (6).  

 

Figure 6. A) represents the constrained array orientation for the static angular-momentum 

region. B) represents the constrained array orientation for the declining angular-

momentum region. 

3.2.3 Arrays with Seven CMGs 

𝒉𝒉1 

𝒉𝒉2 𝒉𝒉3 𝒉𝒉4 

𝒉𝒉𝟓𝟓 
𝐻𝐻𝑑𝑑𝒙𝒙� 

𝒉𝒉5 
𝐻𝐻𝑑𝑑𝒙𝒙� 

𝒉𝒉1 

B) 

A) 

𝒉𝒉4 𝒉𝒉3 𝒉𝒉2 
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 The gimbal-angle constraint functions that globally optimize torque capability for seven CMGs 

are shown in Eqs. (35 - 42). 

𝛿𝛿1 =  

⎩
⎪⎪
⎨

⎪⎪
⎧

cos−1

⎝

⎛𝐻𝐻
�𝑑𝑑 − 1

6
−  

5�− 1
2𝐻𝐻
�𝑑𝑑2 + 7 + 𝐻𝐻�𝑑𝑑

6√7
⎠

⎞ , 0 ≤ 𝐻𝐻�𝑑𝑑 < 𝐻𝐻�𝑐𝑐

cos−1 �
𝐻𝐻�𝑑𝑑 − 1 

6
� ,𝐻𝐻�𝑐𝑐 ≤ 𝐻𝐻�𝑑𝑑 ≤ 7

(35) 

𝛿𝛿2 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

cos−1

⎝

⎛𝐻𝐻
�𝑑𝑑 − 1

6
+ 
�−1

2𝐻𝐻
�𝑑𝑑2 + 7 + 𝐻𝐻�𝑑𝑑

6√7
⎠

⎞ , 0 ≤ 𝐻𝐻�𝑑𝑑 < 𝐻𝐻�𝑐𝑐 

  

cos−1 �
𝐻𝐻�𝑑𝑑 − 1 

6
� ,𝐻𝐻�𝑐𝑐 ≤ 𝐻𝐻�𝑑𝑑 ≤ 7

(36) 

𝛿𝛿3 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

cos−1

⎝

⎛𝐻𝐻
�𝑑𝑑 − 1

6
+  

2�− 1
2𝐻𝐻
�𝑑𝑑2 + 7 + 𝐻𝐻�𝑑𝑑

3√7
⎠

⎞ , 0 ≤ 𝐻𝐻�𝑑𝑑 < 𝐻𝐻�𝑐𝑐  

cos−1 �
𝐻𝐻�𝑑𝑑 − 1 

6
� ,𝐻𝐻�𝑐𝑐 ≤ 𝐻𝐻�𝑑𝑑 ≤ 7

(37) 

𝛿𝛿4 = 0 (38) 

𝛿𝛿5 =  −𝛿𝛿3 (39) 

𝛿𝛿6 =  −𝛿𝛿2 (40) 

𝛿𝛿7 =  −𝛿𝛿1 (41) 

𝐻𝐻�𝑐𝑐 =  1 + √15 (42) 

 The resulting constrained array configurations for the static and declining angular-momentum 

regions are shown in Figure 7. Similar to the constraints for arrays with five CMGs, in the declining 
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angular-momentum region, the seven gimbal angles are constrained to three angles, resulting in 

the trapezoidal shape shown in Figure 7.  

 

Figure 7. A) represents the constrained array orientation for the static angular-momentum 

region. B) represents the constrained array orientation for the declining angular-

momentum region. 

3.2.4 Arrays with an Odd Number of CMGs Greater Than Seven 

 The globally optimal gimbal-angle constraint functions for any array with an odd number of 

CMGs greater than seven are shown in Eqs. (43 - 48). 

𝛿𝛿1,2,..,𝑘𝑘1 =  

⎩
⎪
⎪
⎨

⎪
⎪
⎧

cos−1

⎝

⎛𝐻𝐻
�𝑑𝑑 − 1
𝑛𝑛 − 1

−
�𝑘𝑘1(𝑛𝑛 − 2𝑘𝑘1 − 1)(−2𝐻𝐻�𝑑𝑑2 + 4𝐻𝐻�𝑑𝑑 + 𝑛𝑛(𝑛𝑛 − 3)

2𝑘𝑘1(𝑛𝑛 − 1)
⎠

⎞ ,

0 ≤ 𝐻𝐻�𝑑𝑑 < 𝐻𝐻�𝑐𝑐

cos−1 �
𝐻𝐻�𝑑𝑑 − 1 
𝑛𝑛 − 1

� ,𝐻𝐻�𝑐𝑐 ≤ 𝐻𝐻�𝑑𝑑 ≤ 𝑛𝑛

(43) 

𝒉𝒉1 

𝒉𝒉3 

𝒉𝒉2 
𝒉𝒉4 𝒉𝒉5 

𝒉𝒉6 

𝐻𝐻𝑑𝑑𝒙𝒙� 

𝒉𝒉7 𝐻𝐻𝑑𝑑𝒙𝒙� 𝒉𝒉1 
B) 

A) 

𝒉𝒉5 
𝒉𝒉6 

𝒉𝒉4 
𝒉𝒉2 

𝒉𝒉3 

𝒉𝒉7 
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𝛿𝛿𝑘𝑘1+1,𝑘𝑘1+2,…,𝑘𝑘2 =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

cos−1

⎝

⎛𝐻𝐻
�𝑑𝑑 − 1
𝑛𝑛 − 1

+
�𝑘𝑘1(𝑛𝑛 − 2𝑘𝑘1 − 1)(−2𝐻𝐻�𝑑𝑑2 + 4𝐻𝐻�𝑑𝑑 + 𝑛𝑛(𝑛𝑛 − 3)

(𝑛𝑛 − 1 − 2𝑘𝑘1)(𝑛𝑛 − 1)
⎠

⎞ ,

0 ≤ 𝐻𝐻�𝑑𝑑 < 𝐻𝐻�𝑐𝑐

cos−1 �
𝐻𝐻�𝑑𝑑 − 1
𝑛𝑛 − 1

� ,𝐻𝐻�𝑐𝑐 ≤ 𝐻𝐻�𝑑𝑑 ≤ 𝑛𝑛

(44) 

𝛿𝛿𝑘𝑘3 = 0 (45) 

𝛿𝛿𝑘𝑘3+1,𝑘𝑘3+2,…,𝑘𝑘4 =  −𝛿𝛿𝑘𝑘1+1,𝑘𝑘1+2,…,𝑘𝑘2 (46) 

𝛿𝛿𝑘𝑘4+1,𝑘𝑘4+2,...,𝑛𝑛 =  −𝛿𝛿1,2,...,𝑘𝑘1 (47) 

𝐻𝐻�𝑐𝑐 =  1 + �(𝑛𝑛 − 1)(𝑛𝑛 − 2)
2

(48) 

𝑘𝑘1 =  �
𝑛𝑛 − 1

4
� 

𝑘𝑘2 =
𝑛𝑛 − 1

2
 

𝑘𝑘3 =  𝑘𝑘2 + 1 

𝑘𝑘4 =  𝑘𝑘3 +  �
𝑛𝑛 − 1

4
� 

The configurations of the array in both the static and declining angular-momentum regions are 

shown in Figure 8. In the static angular-momentum region, the gimbal-angle constraints constrain 

the gimbal angles to five angles, two of which are the negative of the other two, resulting in a 

similar configuration created by the constraints for five CMGs. In the declining angular-

momentum region, the gimbal-angle constraint functions constrain the array to a trapezoidal shape, 

similarly to the other constraints for arrays with an odd number of CMGs. 
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Figure 8. A) represents the constrained array orientation for the static angular-momentum 

region. B) represents the constrained array orientation for the declining angular-

momentum region. 

 The gimbal-angle constraint functions for seven CMGs in the static region are distinct from the 

other constraints. Unlike arrays with an odd number of CMGs greater than seven, the array with 

seven CMGs cannot be constrained to five angles, while still maximizing 𝑇𝑇𝐶𝐶.  

 An analytical proof is provided in Section 7.2 that verifies the global optimality of the solutions 

for an even number of CMGs greater than three for any angular-momentum state. For arrays with 

an odd number of CMGs, a proof of global optimality is provided for the static angular-momentum 

region. For the declining angular-momentum region, numerical evidence of optimality is provided 

for planar arrays with five, seven, nine, and eleven CMGs, but optimality is not proven. 

3.2.5 Implementation 

𝒉𝒉1 

𝒉𝒉𝑘𝑘1 

𝒉𝒉𝑘𝑘1+1  

𝒉𝒉𝑘𝑘2 
𝒉𝒉𝑘𝑘3 

 

𝒉𝒉𝑘𝑘3+1 

𝒉𝒉𝑘𝑘4 

𝒉𝒉𝑘𝑘4+1  

𝒉𝒉𝑛𝑛 
𝐻𝐻𝑑𝑑𝒙𝒙� 

𝒉𝒉𝑛𝑛 
𝐻𝐻𝑑𝑑𝒙𝒙� 

𝒉𝒉1 
B) 

A) 

𝒉𝒉𝑘𝑘2 𝒉𝒉𝑘𝑘3 𝒉𝒉𝑘𝑘3+1  
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 Similar to all other previously developed planar constraints, the constraint functions provided 

have algorithmic singularities. One such algorithmic singularity occurs at the zero angular-

momentum state. To pass through the zero angular-momentum state, infinite gimbal rate is 

required to continue to track the constraint, as shown in Figure 9 for three planar CMGs. In Figure 

9, at time 𝑡𝑡1, the array produces the angular momentum 𝑯𝑯𝑡𝑡1. The array then progresses along 𝒙𝒙� to 

𝑯𝑯𝑡𝑡2 at time 𝑡𝑡2. At the zero-momentum point, the array will need to rotate along the green arrow 

instantaneously to continue to track the constraint. The same phenomenon occurs for all of the 

constraints provided in this chapter. To eliminate these algorithmic singularities the  feedback 

control method must be used to implement the constraints. Implementing the constraints using the 

feedback control method complicates the development of performance guarantees, because it 

necessarily allows the array to progress away from the constrained orientation.  

 

Figure 9. Three CMG algorithmic singularity. 

𝑯𝑯𝑡𝑡1 

𝑯𝑯𝑡𝑡2 

𝒙𝒙� 

𝒚𝒚� 

𝒉𝒉1 
𝒉𝒉1 

𝒉𝒉2 

𝒉𝒉1 

𝒉𝒉2 

𝒉𝒉2 
𝒉𝒉3 

𝒉𝒉3 𝒉𝒉3 
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3.3 Comparison 

 To illustrate the performance of the provided gimbal-angle constraint functions, the provided 

constraint functions are compared to the circular-backbone constraint [29], [30]. The circular-

backbone constraint is not closed-form, complicating a general comparison. Instead, performances 

for arrays with four, five, six, seven, eight, and nine CMGs are compared. Both constraints have 

algorithmic singularities. For the comparison, these algorithmic singularities are not considered. 

Instead, it is assumed the arrays continuously achieve a gimbal-angle set that satisfies the 

constraint functions. 

 Unlike the provided constraint functions, the authors do not claim that the circular-backbone 

constraint optimizes 𝑇𝑇𝐶𝐶. However, the circular-backbone constraint still provides a good reference 

for comparison because the constraint functions represent the only other set of general constraints 

for planar arrays. The metric used for comparison is 𝑇𝑇𝐶𝐶 shown in Eq. (15).  

 Figures 10 - 15 show the value of 𝑇𝑇𝐶𝐶 versus the normalized angular momentum for the provided 

gimbal-angle constraint functions as well as the circular-backbone constraint for arrays with four, 

five, six, seven, eight, and nine planar CMGs. The angular-momentum range shown is from 0 to 

0.99𝑛𝑛. The angular momentum of 0.99𝑛𝑛 represents 99% of the saturation limit. Larger angular 

momentums are not evaluated because at greater angular-momentum states, the arrays are too near 

a singularity to yield credible results.  
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Figure 10. A) represents the values for 𝑻𝑻𝑻𝑻 calculated using the provided constraint 

functions and the circular-backbone constraint for arrays with four CMGs. B) represents 

the percent difference between the value of 𝑻𝑻𝑻𝑻 for both constraints. 
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Figure 11. A) represents the values for 𝑻𝑻𝑻𝑻 calculated using the provided constraint 

functions and the circular-backbone constraint for arrays with five CMGs. B) represents 

the percent difference between the value of 𝑻𝑻𝑻𝑻 for both constraints. 
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Figure 12. A) represents the values for 𝑇𝑇𝐶𝐶 calculated using the provided constraint 

functions and the circular-backbone constraint for arrays with six CMGs. B) represents 

the percent difference between the value of 𝑇𝑇𝐶𝐶 for both constraints. 
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Figure 13. A) represents the values for 𝑻𝑻𝑻𝑻 calculated using the provided constraint 

functions and the circular-backbone constraint for arrays with seven CMGs. B) represents 

the percent difference between the value of 𝑻𝑻𝑻𝑻 for both constraints. 
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Figure 14. A) represents the values for 𝑻𝑻𝑻𝑻 calculated using the provided constraint functions 

and the circular-backbone constraint for arrays with eight CMGs. B) represents the percent 

difference between the value of 𝑻𝑻𝑻𝑻 for both constraints. 
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Figure 15. A) represents the values for 𝑻𝑻𝑻𝑻 calculated using the provided constraint functions 

and the circular-backbone constraint for arrays with nine CMGs. B) represents the percent 

difference between the value of 𝑻𝑻𝑻𝑻 for both constraints. 

 From Figures 10 - 15, the provided gimbal-angle constraint functions achieve a value for 𝑇𝑇𝐶𝐶 

that is greater than or equal to the value of 𝑇𝑇𝐶𝐶 computed with the circular-backbone constraint. 

Additionally, because the provided constraint functions are closed form, they do not require a 

numerical solver when implemented, eliminating the risk of numerical instability and reducing the 

computation required during operation. 

 Figures 10 - 15 also quantify the percent improvement between the constraints, which is 

computed by dividing the difference in 𝑇𝑇𝐶𝐶 by the provided constraint’s 𝑇𝑇𝐶𝐶. The value of 𝑇𝑇𝐶𝐶 

computed using the circular-backbone constraint is less than that computed using the provided 

constraint functions, by as much as approximately 25% in the static angular-momentum region 
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and approximately 35% percent in the declining angular-momentum region. Caution should be 

exercised when interpreting the percent difference near the saturation of the array because as the 

array approaches saturation, the numerical error that occurs due to the numerical solver error when 

implementing the circular-backbone constraint has a large effect on the value of 𝑇𝑇𝐶𝐶. The numerical 

error in the circular-backbone constraint is less impactful when the array is further from saturation, 

and therefore offers a more representative comparison.  

3.4 Conclusion 

 The general gimbal-angle constraint functions described here maximize the torque capability 

for any planar array of CMGs with four or more CMGs. Proofs or numerical evidence of global 

optimality confirm this fact for each constraint function. A performance comparison between 

contemporary constraint functions and the provided constraint functions illustrates the greater 

performance of the provided constraints for arrays with four, five, six, seven, eight, and nine planar 

CMGs. 

 The gimbal-angle constraint functions further generalize and improve the performance of 

constraint-based steering laws. The gimbal-angle constraint functions enable high-performance, 

fault-tolerant steering laws, because the constraints apply to any number of CMGs greater than 

four. Thus, if a CMG fails within the array, the steering law can still perform optimally for the 

remaining CMGs, so long as four or more CMGs remain in the plane. The gimbal-angle constraint 

functions are applicable to the broader aerospace and robotics fields. For example, due to the 

kinematic similarities between serial manipulators and CMGs, the solutions maximize the 

capability of a planar serial manipulator’s end effector to track a velocity with joint rate limitations. 

Maximizing velocity tracking capability of an end effector is beneficial for many applications 
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where a fast-moving target needs to be tracked. Additionally, due to their generality, the solutions 

can also be used on hyper-redundant systems, like snake-like robots and elephant trunk robots. 

 There are three main limitations of these results. First, analytical proofs of optimality have not 

yet been developed for all angular-momentum states for arrays with an odd number of CMGs 

greater than three. Instead, numerical evidence of optimality is provided for arrays with five, seven, 

nine, and eleven CMGs. Second, the 𝑇𝑇𝐶𝐶 metric analyzed and maximized is a simplified 

representation of torque capability, assuming the steering law to be a Moore-Penrose 

pseudoinverse. Third, because of algorithmic singularities, the constraints must be implemented 

using the feedback control method. There does not currently exist a general methodology to 

develop performance guarantees for CB steering laws that use the feedback control method. Thus, 

performance guarantees are not offered for the provided steering law. 
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CHAPTER 4 FOUR-CMG BOX-90 

 The next simplest array architectures are the roof arrays, which consist of two orthogonal planes 

of CMGs. These arrays also represent one of the most common array architectures used in practice. 

Specifically, the four-CMG box-90 array, shown in Figure 16, is commonly used in pratice because 

it represents a high-performance array with a minimally redundant suite of actuators and the option 

of a dormant spare [1], [31]–[33]. Despite the popularity, no current steering law guarantees 

singularity avoidance for this array while producing the desired torque, thus no steering law can 

guarantee non-zero torque capability. This chapter expands upon previous CB steering laws and 

provides a CB steering law for the four-CMG box-90 array that avoids all internal singularities. 

Additionally, the chapter provides performance guarantees for the steering law, enabling the 

performance of the array to be computed analytically for any angular-momentum state. This study 

offers a comparison of the LG steering law and the CB steering law, highlighting the main benefit 

of CB steering law: performance guarantees.  
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Figure 16. Four-CMG box-90 array. Shows the configuration of the CMGs within a four-CMG 

box-90 array. 

4.1 Box-90 Singularities 

Developing a steering law for the four-CMG box-90 array is particularly difficult because of 

the presence of unavoidable singularities. If a singularity is unavoidable, there does not exist a 

finite trajectory for 𝑈𝑈 that avoids the singular gimbal-angle set for any finite torque trajectory. 

Conversely, if a singularity is avoidable, then there exists a finite trajectory for 𝑈𝑈 that enables the 

array to avoid the singular gimbal-angle set for any possible finite torque trajectory. All external 

singularities are unavoidable. If the commanded torque progresses the array to saturation, no 

trajectory for 𝑈𝑈 exists that avoids the external singularity. Internal singularities can be either 

avoidable or unavoidable [1], [34].  

 In general, there are two ways to ensure that the array does not reach an unavoidable internal 

singularity: 1) the array can produce a torque that is not commanded to progress the array away 

𝛿𝛿1 

𝛿𝛿2 

𝛿𝛿3 

𝛿𝛿4 

𝒔𝒔�1 

𝒔𝒔�2 

𝒔𝒔�3 

𝒈𝒈�3 

𝒔𝒔�4 

𝒈𝒈�4 

𝒈𝒈�1 

𝒈𝒈�2 

𝒛𝒛� 
𝒚𝒚� 𝒙𝒙� 



 

51 

from the singularity, which is the methodology employed by singularity-robust steering laws; or 

2) the array’s achievable angular-momentum states, i.e., its angular-momentum envelope, can be 

restricted, such that the unavoidable angular-momentum states are never encountered. As 

discussed in Section 2.3, for many practical applications, steering laws that produce a torque other 

than the commanded torque are not desirable because doing so results in an undesired motion of 

the body. For example, that motion may disturb a spacecraft’s attitude and thereby compromise 

the performance of an earth-observation payload. The degree to which the array envelope needs to 

be restricted to ensure that the array does not encounter an unavoidable singularity depends on the 

array’s architecture. Once the angular-momentum envelope is restricted, the extents of the 

restricted angular-momentum envelope are treated as external saturation singularities and are 

avoided through proper sizing of the actuators. 

The four-CMG box-90 array has both avoidable and unavoidable internal singularities. To 

clarify the discussion of the singularities, the array is broken into two planes of CMGs. Plane 1, 

consisting of CMG 1 and 2 as shown in Figure 16, can produce angular momentum in the 𝒙𝒙� − 𝒚𝒚� 

plane, but not in the 𝒛𝒛� direction. Plane 2, consisting of CMG 3 and 4, as shown in Figure 16, can 

produce angular momentum in the 𝒙𝒙� − 𝒛𝒛� plane, but not in the 𝒚𝒚� direction. Because 𝒙𝒙� is the only 

common axis of both planes, if the CMGs in the 𝒙𝒙� − 𝒚𝒚� plane become singular in the 𝒚𝒚� direction 

and/or the CMGs in the 𝒙𝒙� − 𝒛𝒛� plane become singular in the 𝒛𝒛� direction, then the array will be 

singular.  
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Figure 17. Unavoidable singularities for plane 1.  

Unavoidable array-level singularities result from unavoidable singularities for each plane of 

CMGs. For each plane, angular momentum cannot progress from a positive angular momentum 

along 𝒙𝒙� to a negative angular momentum along 𝒙𝒙�, or vice versa, without infinite null motion or 

becoming singular in either the 𝒚𝒚� direction for the CMGs in the 𝒙𝒙� − 𝒚𝒚� plane or the 𝒛𝒛� direction for 

the CMGs in the 𝒙𝒙� − 𝒛𝒛� plane. For the CMGs in the 𝒙𝒙� − 𝒚𝒚� plane, the unavoidable singularity is 

shown in Figure 17, where 𝒔𝒔�𝑖𝑖𝑡𝑡𝑗𝑗  represents 𝒔𝒔� for the 𝑖𝑖th CMG at the 𝑗𝑗th time point and the vector 𝑯𝑯𝑡𝑡𝑗𝑗  

represents the total angular momentum of the plane at the 𝑗𝑗th time point. In Figure 17, the plane of 

CMGs starts at 𝑡𝑡1 producing a negative angular momentum along 𝒙𝒙�, which is represented by 𝑯𝑯𝑡𝑡1. 

The array then progresses along 𝒙𝒙� to the state at 𝑡𝑡3. To progress from the state at 𝑡𝑡1 to the state at 

𝑡𝑡3 the array must pass through the state at 𝑡𝑡2, assuming finite null motion, resulting in the array 

becoming singular along 𝒚𝒚�. These unavoidable singularities for each plane of CMGs, result in an 

unavoidable singularity for the entire array anytime a plane of the array must pass through the zero 

angular-momentum state along 𝒙𝒙�.  
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These unavoidable singularities can be encountered in many different scenarios, such as the one 

shown in Figure 18. Here, 𝑯𝑯𝑖𝑖𝑡𝑡𝑗𝑗
 represents the total angular momentum of the 𝑖𝑖th CMG plane at the 

𝑗𝑗th time point. In Figure 18, at a time 𝑡𝑡1, the array’s angular momentum along 𝒙𝒙� exceeds 2ℎ, and 

the momentum along 𝒚𝒚� and 𝒛𝒛� is zero. At this angular-momentum state, each plane of CMGs must 

produce a positive angular momentum along 𝒙𝒙� as shown in Figure 18. If at time 𝑡𝑡1, a continuous 

torque is commanded in the negative 𝒙𝒙� direction until the array’s angular momentum along 𝒙𝒙� is 

equal to zero, which occurs at time 𝑡𝑡2, then one of the planes must have a negative angular 

momentum along 𝒙𝒙� (scenario shown in Figure 18), or both planes must produce zero angular 

momentum. In either scenario, one or both of the planes become singular in the 𝒚𝒚� and/or 𝒛𝒛�, 

resulting in the array becoming singular in those directions. No finite trajectory for 𝑈𝑈 can avoid 

this singularity.  

 

Figure 18. Unavoidable array singularities.  
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 By restricting the angular-momentum envelope to all angular-momentum states that lie within 

±2ℎ along 𝒙𝒙�, shown in Figure 19, all singularities internal to the restricted envelope are avoidable. 

This chapter provides a CB steering law that guarantees avoidance of the singularities internal to 

the restricted angular-momentum envelope. 

Figure 19. Restricted angular-momentum envelope. 

4.2 Box-90 Constraint Function 

 The goal when developing the constraint function is to maximize TC of the array, thus 

maximizing the performance of the array. The expression for 𝑇𝑇𝐶𝐶 is dependent on the 

implementation of the constraint. To enable the development of performance guarantees, the 
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developed constraint is implemented using the augmented Jacobian method. The values of TC for 

the augmented Jacobian method and the four-CMG box-90 array are shown in Eq. (49), where 

𝐽𝐽𝑡𝑡−1(𝑖𝑖, 𝑗𝑗) represents the value in the 𝑖𝑖th row and the 𝑗𝑗th column of 𝐽𝐽𝑡𝑡−1. A detailed derivation of Eq. 

(49) is provided in Section 7.1.2. 

𝑇𝑇𝐶𝐶 =  
1

‖𝑊𝑊𝐶𝐶𝐶𝐶‖∞
(49) 

𝑊𝑊𝐶𝐶𝐶𝐶 =  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡�𝐽𝐽𝑡𝑡−1(1,1)2  +  𝐽𝐽𝑡𝑡−1(1,2)2  +  𝐽𝐽𝑡𝑡−1(1,3)2 

�𝐽𝐽𝑡𝑡−1(2,1)2  +  𝐽𝐽𝑡𝑡−1(2,2)2  +  𝐽𝐽𝑡𝑡−1(2,3)2 

�𝐽𝐽𝑡𝑡−1(3,1)2  +  𝐽𝐽𝑡𝑡−1(3,2)2  +  𝐽𝐽𝑡𝑡−1(3,3)2 

�𝐽𝐽𝑡𝑡−1(4,1)2  +  𝐽𝐽𝑡𝑡−1(4,2)2  +  𝐽𝐽𝑡𝑡−1(4,3)2 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 Developing a constraint function that maximizes 𝑇𝑇𝐶𝐶 for all angular-momentum states is 

difficult and may be impossible to achieve with a continuous constraint function. Instead, the goal 

when developing the constraint function for the four-CMG box-90 is to maximize the minimum 

𝑇𝑇𝐶𝐶 at each angular-momentum magnitude, which motivates a constraint function that offers 

uniform capability to respond to torque command trajectories in all directions. 

The developed constraint function for the four-CMG box-90 array is shown in Eqs. (50, 51). 

𝐻𝐻�𝑥𝑥1 −
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𝐻𝐻�𝑥𝑥 = cos(𝛿𝛿1) + cos(𝛿𝛿2) + cos(𝛿𝛿3) +  cos(𝛿𝛿4)  

𝐻𝐻�𝑥𝑥1 = cos(𝛿𝛿1) + cos(𝛿𝛿2) 

𝐻𝐻�𝑦𝑦 = sin(𝛿𝛿1) +  sin(𝛿𝛿2) 

𝐻𝐻�𝑧𝑧 = sin(𝛿𝛿3) + sin(𝛿𝛿4) 

𝑏𝑏 =
4√6

3
 

The formulation of the constraint function is based on the principle that 𝒙𝒙� is the shared axis for 

both planes of CMGs. Thus, the angular momentum along 𝒙𝒙� for each plane of CMGs can be biased 

against each other, enabling the gimbal-angle set to be changed without changing the angular 

momentum of the array. The amount each plane is biased against one another is dictated by 𝛹𝛹.  

The possible formulations of 𝛹𝛹 are restricted to only those that enable the array to reach the 

extents of the restricted angular-momentum envelope along 𝒙𝒙�, 𝒚𝒚� and 𝒛𝒛�, which motivates constraint 

functions whose constrained angular-momentum envelope is maximized. For the array to be 

capable of reaching the extents of the angular-momentum envelope along 𝒙𝒙�, 𝒚𝒚� and 𝒛𝒛�, 𝛹𝛹 must 

achieve the values shown in Eqs. (52 - 54).  

𝐻𝐻�𝑥𝑥 = 0,𝐻𝐻�𝑦𝑦 = ±2,𝐻𝐻�𝑧𝑧 = 0,𝛹𝛹 = 0 (52) 

𝐻𝐻�𝑥𝑥 = 0,𝐻𝐻�𝑦𝑦 = 0,𝐻𝐻�𝑧𝑧 = ±2,𝛹𝛹 = 0 (53) 

𝐻𝐻�𝑥𝑥 = ±2,𝐻𝐻�𝑦𝑦 = 0,𝐻𝐻�𝑧𝑧 = 0,𝛹𝛹 = ±2 (54) 

The formulation of 𝛹𝛹 in Eq. (51) has two main parts: a cubic constraint function and a 

univariate polynomial in 𝐻𝐻�𝑋𝑋. The cubic constraint function satisfies Eqs. (52, 53) and results in 

the greatest performance of the evaluated constraint function formulations. Equations (55 - 58) 



 

57 

show four other constraint function formulations that perform less well, but all of which satisfy 

Eqs. (52, 53). Here, 𝑠𝑠 and 𝑐𝑐 are tuning constants. 
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(58) 

The spherical constraint function, shown in Eq. (55), offers marginally greater minimum 𝑇𝑇𝐶𝐶 at 

most angular-momentum magnitudes than does the cubic constraint function. However, the 

spherical constraint function’s constrained angular-momentum envelope is considerably smaller 

than that of the cubic constraint function. In Section 7.3, a spherical constraint function is offered 

along with plots of its performance. The scalar 𝑏𝑏 is selected to optimize 𝑇𝑇𝐶𝐶 at the zero angular-

momentum state, at which point 𝛹𝛹 is equal to 𝑏𝑏. 

A polynomial is added to the cubic constraint function. The polynomial is formulated such that 

𝛹𝛹 satisfies Eq. (54). Infinitely many polynomial formulations also satisfy Eq. (54). The 

polynomial’s coefficients and order are numerically tuned to provide the greatest minimum 𝑇𝑇𝐶𝐶 at 

all angular-momentum states. 

4.3 Steering Law Performance 
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 The performance of the constraint implemented with the augmented Jacobian method is  

evaluated at evenly distributed angular-momentum grid points within the restricted angular-

momentum envelope. The discretization for the grid is 0.007 𝑁𝑁𝑚𝑚𝑠𝑠
ℎ

. At each grid point, the gimbal-

angle sets that satisfy each angular-momentum state are computed analytically. There are multiple 

gimbal-angle set solutions for each angular-momentum state, because the gimbal-angle solution 

for a CMG within a plane can be applied to the other CMG within that plane. However, the multiple 

solutions at each angular-momentum state result in the same value for 𝑇𝑇𝐶𝐶. 

Figure 20A shows 𝑇𝑇𝐶𝐶 vs. the normalized angular-momentum magnitude of the array, where 𝐻𝐻 

represents the angular-momentum magnitude of the array. For a single value of the angular-

momentum magnitude, the values of 𝑇𝑇𝐶𝐶 represent all possible TC values that would occur at that 

angular-momentum magnitude. The lower edge of the black band represents the minimum 𝑇𝑇𝐶𝐶 that 

is guaranteed at a given array angular-momentum magnitude. Figure 20B shows TC at slices of 

angular momentum where one of 𝐻𝐻�𝑥𝑥, 𝐻𝐻�𝑦𝑦 or 𝐻𝐻�𝑧𝑧 are equal to zero. Figure 21 shows the torque zones 

for the CB steering law, where �̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥 represents the maximum gimbal rate of the CMGs in the 

array. For a specified torque magnitude, 𝜏𝜏, along the 𝑦𝑦 axis, the green zone represents angular-

momentum magnitudes that enable the specified torque magnitude to be producible in all torque 

directions for any angular-momentum direction. Thus, for a specified torque magnitude, the right 

edge of the green zone represents the radius of the largest angular-momentum sphere, within which 

the array is capable of producing the specified torque magnitude in all torque directions at all 

angular-momentum states. The black zone represents the angular-momentum magnitudes, where 

a specified torque magnitude can be produced in all torque directions, but not in all angular-
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momentum directions. For certain angular-momentum directions, the array is capable of producing 

the specified torque magnitude in all torque directions at greater angular-momentum magnitudes. 

The greatest angular-momentum magnitude at which the array can still produce the specified 

torque magnitude in all torque directions, is represented by the right most edge of the black zone. 

The red zone represents angular-momentum magnitudes at which the specified torque is not 

guaranteed to be producible in all torque directions. However, the torque magnitude may be 

producible in some torque directions. 

Figure 20. Torque capability of the array within the constrained angular-momentum 

envelope. 

A) B) 
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Figure 21. Producible torque zones.  

Figure 22 shows the constrained angular-momentum envelope. From Figure 22, the constrained 

angular-momentum envelope is nearly the same size as the restricted angular-momentum 

envelope. However, algorithmic singularities prevent the array from accessing the whole restricted 

angular-momentum envelope. The minimum angular-momentum magnitude that lies on the 

constrained angular-momentum envelope boundary is 1.79, which represents the radius of the 

largest sphere, centered on the origin, that can be inscribed within the constrained angular-

momentum envelope. 

Figure 23 shows the angular-momentum boundary for when TC is equal to 0.5 compared to the 

restricted angular-momentum envelope. All angular-momentum states within the volume have a 

TC of at least 0.5. Thus, all angular-momentum states that are within the volume can produce a 

torque of a magnitude of at least 0.5ℎ�̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥. From Figure 23 the array has a TC of at least 0.5 for 
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most of the restricted angular-momentum envelope. The minimum angular-momentum magnitude 

that lies on the angular-momentum boundary for a TC of 0.5 is 1.39. 

 Figure 24 shows the angular-momentum bounds for a TC of 1 compared to the restricted 

angular-momentum envelope. All angular-momentum states within the volume have a TC greater 

than 1. Thus, all angular-momentum states within the volume can produce a torque of a magnitude 

of at least ℎ�̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥. From Figure 24, most angular-momentum states that have a 𝑇𝑇𝐶𝐶 of at least 1 are 

centered around the zero angular-momentum states. There are small clusters of angular-

momentum states that have a TC of at least 1. These small clusters are represented by the small 

lobe of torque capability centered at an angular-momentum magnitude of approximately 2, shown 

in Figure 20A. The minimum angular magnitude that lies on the angular-momentum boundary for 

a TC of 1 is 0.73.  
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Figure 22. Constrained angular-momentum envelope.  
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Figure 23. Angular-momentum boundary for when TC is equal to 0.5. 
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Figure 24. Angular-momentum boundary for when TC is equal to 1. 

4.4 Performance Comparison 

 The performance of the provided steering law is compared to that of the LG steering law. The 

LG steering law is commonly often considered in the literature [1], [16]. The LG steering law uses 

the null space of the array to progress the array to a gimbal-angle set that maximizes a cost function. 

A common cost function, which is the one used for this comparison, is 𝛺𝛺 [1]. The LG steering law 

is shown in Eq. (59), where 𝑘𝑘 is a tunable scalar gain.  



 

65 

 

⎣
⎢
⎢
⎢
⎡ �̇�𝛿1
 �̇�𝛿2
�̇�𝛿3
 �̇�𝛿4⎦
⎥
⎥
⎥
⎤

= 𝐽𝐽+𝛵𝛵 + �̇�𝛥𝑛𝑛 (59) 

�̇�𝛥𝑛𝑛 =  𝑘𝑘(𝐼𝐼4𝑥𝑥4 −  𝐽𝐽+𝐽𝐽)𝑑𝑑T 

𝑑𝑑 = �
𝜕𝜕𝛺𝛺
𝜕𝜕𝛿𝛿1

𝜕𝜕𝛺𝛺
𝜕𝜕𝛿𝛿2

𝜕𝜕𝛺𝛺
𝜕𝜕𝛿𝛿3

𝜕𝜕𝛺𝛺
𝜕𝜕𝛿𝛿4

� 

The column matrix �̇�𝛥𝑛𝑛 represent the null motion of the array used to avoid singularities. The gain, 

𝑘𝑘, is application dependent. Care needs to be taken when selecting 𝑘𝑘 for practical applications. If 

𝑘𝑘 is too large, the gimbal rate limits of the CMG array can be exceeded when the array is 

simultaneously applying a torque and progressing to a gimbal-angle set that maximizes a cost 

function. If 𝑘𝑘 is too small, the array cannot progress fast enough to a gimbal-angle set that 

maximizes the cost function and may become singular. Monte Carlo simulations are often used to 

determine which values of 𝑘𝑘 enable the greatest performance for a particular application [1]. This 

analysis considers 𝑘𝑘 values of 0.2, 0.4, 0.6, 0.8, and 1. 

𝑇𝑇𝐶𝐶 is the metric used to compare the steering laws. 𝑇𝑇𝐶𝐶 for the LG steering law and the four-

CMG box-90 array is shown in Eq. (60). 
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𝑇𝑇𝐶𝐶 = min
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(60) 

A derivation of TC for the LG steering law is provided in Section 7.1.3. TC for the LG steering 

law depends on the maximum gimbal rate of the CMGs within the array. For this comparison, the 

maximum gimbal rate is chosen to be 1 rad/s, which represents a common maximum gimbal rate 

for practical applications. The maximum gimbal-rate is only used for normalization and is not 

applied to the array during operation.  

4.4.1 Methodology 

 Unlike the CB steering law provided, the performance of the LG steering law cannot be 

computed for a given angular momentum a priori, requiring an iterative simulation to evaluate its 

performance. The same simulation is used to validate the performance of the provide CB steering 

law. The simulation has two main parts. The first part computes 𝑇𝑇𝐶𝐶 for each steering law at each 

steering law’s current gimbal-angle set. The second part propagates the gimbal-angles forward in 

time using Eqs. (61, 62), where 𝛥𝛥𝐿𝐿𝐶𝐶𝑡𝑡 and 𝛥𝛥𝐶𝐶𝐶𝐶𝑡𝑡 represent the gimbal-angle sets of the LG steering 

law and the CB steering law, respectively at time t, and �̇�𝛥𝐿𝐿𝐶𝐶𝑡𝑡 and �̇�𝛥𝐶𝐶𝐶𝐶𝑡𝑡 represent the gimbal-rate 

sets of the LG steering law and the CB steering law, respectively at time t, and d𝑡𝑡 is 0.001 s. 
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𝛥𝛥𝐿𝐿𝐶𝐶𝑡𝑡+1 = 𝛥𝛥𝐿𝐿𝐶𝐶𝑡𝑡 + �̇�𝛥𝐿𝐿𝐶𝐶𝑡𝑡𝑑𝑑𝑡𝑡 (61) 

𝛥𝛥𝐶𝐶𝐶𝐶𝑡𝑡+1 = 𝛥𝛥𝐶𝐶𝐶𝐶𝑡𝑡 + �̇�𝛥𝐶𝐶𝐶𝐶𝑡𝑡𝑑𝑑𝑡𝑡 (62) 

The two parts of the simulation are run during each iteration of simulation. The performance of 

each steering law depends in the initial gimbal-angle set for each steering law and the commanded 

torque at each iteration.  

The performance of both steering laws is evaluated while tracking 50 different angular-

momentum trajectories, which dictate the initial gimbal-angle set and the torque command at each 

iteration of the simulation. Each angular-momentum trajectory consists of four angular-

momentum waypoints. The first and starting waypoint is selected as the zero angular-momentum 

state for the array. There is an infinite number of starting gimbal-angle sets that achieve zero 

angular momentum. For the comparison, the initial gimbal-angle set for both arrays is shown in 

Eqs. (63 - 66), which satisfies the constraint function. 

𝛿𝛿1 = cos−1 �−
𝑏𝑏
4
� (63) 

𝛿𝛿2 = −𝛿𝛿1 (64) 

𝛿𝛿3 = cos−1 �
𝑏𝑏
4
� (65) 

𝛿𝛿4 = −𝛿𝛿3 (66) 

The gimbal-angle sets of the steering laws are not defined at any other angular-momentum state. 

Instead the gimbal-angle sets of each steering law are dictated by Eqs. (61, 62).  

The second and third waypoints of the angular-momentum trajectory are randomly selected 

from a uniform distribution of angular-momentum states that lie within the constrained angular-
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momentum envelope. The fourth waypoint is again the zero angular-momentum state. Once the 

steering laws reach the fourth waypoint of a trajectory, the gimbal-angle sets for both steering laws 

are set to the initial gimbal-angle sets of the next trajectory. 

The path that each steering law takes to get from one angular-momentum waypoint to the next 

is dictated by the torque command at each iteration. At each iteration, the direction of the torque 

is selected to progress the array in a straight line to the next angular-momentum waypoint. The 

magnitude of the torque command at each iteration is randomly selected from a uniform 

distribution ranging from 0 to ℎ 1
𝑠𝑠
. For each gain, 𝑘𝑘, the torque commanded at each iteration is the 

same. All 50 randomly selected angular-momentum trajectories are shown in Figure 25. 

 

Figure 25. Angular-momentum trajectories. 

4.4.2 Results 

 Figure 26 shows the TC for the CB steering law for all 50 trajectories and predicted TC for the 

CB steering law for all reachable angular-momentum states. From Figure 26, the array always 
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remains within the predicted TC of the array, which supports the analytically computed 

performance results discussed in Section 4.3. 

 

Figure 26. CB steering law’s TC for all 50 trajectories. 

Figure 27 shows the 𝑇𝑇𝐶𝐶 of LG steering law for all angular-momentum trajectories for each 

tested gain. Figure 27 also shows the predicted 𝑇𝑇𝐶𝐶 for the CB steering law for all angular-

momentum states. From Figure 27 the LG steering law achieves greater TC than is possible for the 

CB steering law at some angular-momentum magnitudes. Figure 27 also shows that at some 

angular-momentum magnitudes, 𝑇𝑇𝐶𝐶 for the LG steering law is near zero or negative.  
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Figure 27. LG steering law’s 𝑻𝑻𝑻𝑻 for all 50 trajectories. 

𝑘𝑘 = 0.4 

𝑘𝑘 = 0.8 𝑘𝑘 = 0.6 

𝑘𝑘 = 1 

𝑘𝑘 = 0.2 
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There are two reasons that the 𝑇𝑇𝐶𝐶 may be near zero or negative. First, the magnitudes of the 

gimbal rates progressing the array to a gimbal-angle set, �̇�𝛥𝑛𝑛, which maximizes 𝛺𝛺, are too large. If 

the gimbal rates that progress the array to a gimbal-angle set are too large, resulting in ��̇�𝛥𝑛𝑛�∞ 

being greater than or equal to the maximum gimbal rate, the numerator of Eq. (60) is less than or 

equal to zero, resulting in 𝑇𝑇𝐶𝐶 being less than or equal to zero. ��̇�𝛥𝑛𝑛�∞ is reduced by reducing the 

gain 𝑘𝑘. There always exists a value of 𝑘𝑘 that results in ��̇�𝛥𝑛𝑛�∞ being less than the maximum gimbal 

rate. Thus, through proper selection of 𝑘𝑘, the value of ��̇�𝛥𝑛𝑛�∞ can be guaranteed to remain less 

than or equal to the maximum gimbal rate for any angular-momentum state. Second, the steering 

law’s proximity to a singularity can also cause 𝑇𝑇𝐶𝐶 to be near zero. If the steering law is singular, 

the denominator of Eq. (60) is infinite, resulting in 𝑇𝑇𝐶𝐶 being zero. Determining how 𝑘𝑘 should be 

modified to guarantee the array does not become singular is difficult and currently no general 

method exists for doing so. 

To determine why the 𝑇𝑇𝐶𝐶 values are near zero, whether it is due to the array becoming singular 

or ��̇�𝛥𝑛𝑛�∞ being too large, 𝛺𝛺 is plotted with respect to the normalized angular-momentum 

magnitude of the array for all 50 trajectories for each tested gain, as shown in Figure 28. 𝛺𝛺 is not 

dependent on ��̇�𝛥𝑛𝑛�∞. If the value of 𝛺𝛺 is near zero, the array is near a singularity. Figure 28 also 

shows the determinant of 𝐽𝐽𝑡𝑡 for all reachable angular-momentum states. From Figure 28, the LG 

steering law does become singular at the origin for many of the trajectories. None of the gains 

tested result in the array remaining non-singular for all of the trajectories. The same is not true for 

the CB steering law, which remains non-singular for all angular-momentum states within the 

constrained angular-momentum envelope.  
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Figure 28. LG steering law’s 𝜴𝜴 for all 50 trajectories. 

𝑘𝑘 = 0.4 

𝑘𝑘 = 0.8 𝑘𝑘 = 0.6 

𝑘𝑘 = 1 

𝑘𝑘 = 0.2 
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 These plots highlight the main advantage of the provided control method: performance 

guarantees. For the provided steering law, at any angular-momentum state, the performance of the 

array can be predicted a priori. These performance guarantees dictate a maximum torque 

magnitude the array can produce in all directions. No such performance guarantees are offered by 

the LG steering law. With proper selection of 𝑘𝑘, the array may remain non-singular for the selected 

trajectories. However, another set of trajectories may result in the array becoming singular and in 

general, there is no guarantee of singularity avoidance for the LG steering law. 

 The comparison between the two steering laws comes down to whether or not the array needs 

to be capable of accessing the entire angular-momentum envelope. The LG steering law offers 

access to the entire array angular-momentum envelope shown in Figure 19, which the provided 

steering law does not. However, the LG steering law may become singular while operating. Thus, 

the LG steering law is a preferable steering law for applications where it is not critical to remain 

non-singular and the size of the CMGs is greatly limited, requiring the array to access the entire 

angular-momentum envelope. However, if it is critical that the array remain non-singular and the 

CMGs can be sized appropriately, enabling the array to remain in the constrained angular-

momentum envelope, the provided CB steering law is likely preferable.  

4.5 Conclusion 

This chapter provides a CB steering law that enables singularity-free motion for the four-CMG 

box-90 array. For the provided CB steering law, performance guarantees are provided that specify 

the maximum torque magnitude that the array can produce in all directions at all reachable angular-

momentum states. The chapter then compares the predicted performance of the CB steering law to 

that of the common LG steering law.  
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The comparison between the steering laws highlights the main benefit of the provided steering 

law over the LG steering law and other steering laws: performance guarantees. These performance 

guarantees not only guarantee singularity avoidance, ensuring that the array cannot actuate the 

body in all possible directions, but also specify the maximum torque magnitude that the array can 

always produce in all directions. These guarantees result in a robust control architecture by 

enabling desired maneuvers to be designed such that the required torque remains less than the 

guaranteed torque. Additionally, the performance guarantees enable the CMGs in the array to be 

more easily sized for a particular application by scaling the performance of the CMGs in the array, 

such that torque commands during operation are equal to or less than the torque magnitude that is 

guaranteed. 

The main limitation of the steering laws is that it only applied to the four-CMG box-90 array. 

However, the idea of biasing the angular momentum of the planes of CMGs against one another 

can be employed in a similar manner to develop a general steering law for roof arrays.  
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CHAPTER 5 POLYHEDRAL EXTREME TERRAIN EXPLORATION ROVER 

 The previous chapters are focused on developing steering laws for CMGs that efficiently use 

the CMGs within the array. This chapter focuses on a rover architecture that exploits the torque 

efficiency of CMGs to enable efficient locomotion on extreme terrain.  

 Exploration of celestial bodies is challenging because the terrains vary wildly in topography 

(roughness) and composition: their surfaces can be icy, rocky, sandy, etc. However, for many 

applications, including exploration of celestial bodies and search and rescue, exploring these types 

of terrain is critical. Cornell University is currently developing a rover called Polyhedral Extreme 

Terrain Exploration Rover (PETER), designed to effectively navigate these terrains. PETER uses 

a single CMG to impart torque to roll across a surface. The polyhedral chassis and a single CMG 

offer two main benefits: 1) because PETER uses reactions to internal actuation for its mobility, the 

rover can be sealed and does not require joints that would be exposed with fine and abrasive 

regolith, eliminating the risk of actuator failure from interactions with the terrain; and 2) due to 

the torque efficiency of CMGs, small CMGs can produce large torques [1], enabling more massive 

rovers and efficient navigation of bodies with high gravitational field strengths. 

 This chapter investigates how the interaction between PETER and the ground can be exploited 

through morphology and control design, resulting in just one CMG being required to fully actuate 

PETER. Specifically, PETER’s dynamics, including the interaction with the surface, are derived, 

informing PETER’s morphology and the creation of a control system that enables PETER to 

locomote efficiently over extreme terrain. PETER’s performance is evaluated using a dynamics 

simulation and compared to two rover architectures that use RWs for their mobility. The results of 
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the comparison show that PETER promises greater locomotion efficiency than the RW-actuated 

rovers due to the torque efficiency of PETER’s CMG.  

5.1 Previous Research 

 CMG-actuated polyhedral rovers expand the emerging field of internally-actuated surface 

mobility to bodies with higher gravity, compared to current internally-actuated rovers, which are 

primarily designed for exploration of microgravity bodies. Examples of the latter include the 

MINERVA [35], [36] and Hedgehog rovers [37], [38]. These rover architectures use RWs for 

hopping/tumbling mobility in microgravity environments. A third related concept is the iceCube 

rover, which uses CMGs but has a spherical body [39]. This otherwise versatile approach does not 

offer the benefit of polyhedral edges that constrain the motion, which implies that iceCube cannot 

stop permanently on a sloped surface.  

5.2 Rover Design 

 The current design of PETER is shown in Figure 29. To locomote, PETER takes steps. To step, 

PETER rotates about any of its three edges that are formed by the three points that contact the 

ground. PETER uses spikes at each vertex (not shown in Figure 29) to lift the platform off the 

ground. Therefore, the effective edges are the lines that connect the spike tips. A step is defined as 

a positive rotation about an axis, 𝒓𝒓�, which passes through the tips of two adjacent spikes that are 

in contact with the ground until an adjacent spike contacts the ground. During normal operation, 

only the spikes are in contact with the ground, which is the situation considered here. In practice, 

for example, on very rocky terrain, a surface feature may contact the rover structure somewhere 

other than these spikes. However, less extreme topographies or judicious waypoint selection would 
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help prevent such contact. In principle, PETER can flip over a vertex or about an axis perpendicular 

to the surface, but these maneuvers are not the focus of this chapter.  

Figure 29. Current rover architecture. 

 PETER’s chassis shape is selected to be a regular tetrahedron because it offers the greatest 

stability and robustness to disturbance torques during operation, while requiring little torque from 

the CMG to locomote. Details on the chassis selection are discussed in Section 7.4. The rover is 

actuated by a single CMG, which enables the rover to step about any of the six edges of the chassis. 

The orientation of the CMG within the chassis is shown in Figure 29 and in Eq. (67), where 𝑔𝑔�B  is 

the matrix representation of 𝒈𝒈� in the body’s fixed coordinate system, represented by 𝒃𝒃�1, 𝒃𝒃�2, and 

𝒃𝒃�3. The gimbal axis is chosen to maximize the control authority of the CMG about each edge, 

allowing the greatest uniformity in all stepping directions. More specifically, the gimbal axis, 𝒈𝒈�, 

shown in Figure 29, minimizes Eq. (68), where 𝒆𝒆�𝑗𝑗 is a vector that is parallel with the 𝑗𝑗th edge of 

the tetrahedron.  

𝒔𝒔� 

𝒈𝒈� 
𝒆𝒆�5 

𝒆𝒆�1 
𝒆𝒆�3 𝒆𝒆�1 𝒆𝒆�3 

𝒆𝒆�4 

𝒆𝒆�2 

𝒆𝒆�6 

𝒆𝒆�5 
𝒃𝒃�2 
𝒃𝒃�1 
𝒃𝒃�3 
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(68) 

The rows of Eq. (68) represent the gimbal axis projected onto each edge. A greater projection of 

the gimbal axis onto an edge results in reduced capability of the CMG to produce torque about that 

edge. Thus, minimizing the maximum projection of the gimbal axis onto each edge maximizes the 

minimum torque that the CMG can apply about each edge of the chassis. Due to the geometry of 

the chassis, the gimbal axis shown in Figure 29 results in the CMG having an equal control 

athrourity about four edges (𝒆𝒆�1, 𝒆𝒆�3, 𝒆𝒆�4, and 𝒆𝒆�6) and a greater torque authority about the remaining 

two edges (𝒆𝒆�2 and 𝒆𝒆�5). Alternative gimbal axes enable greater torque performance about five 

edges, while having diminished capability to apply torque about one edge. However, if the rover 

cannot step about one edge, the rover is limited to a small portion of the environment, as shown in 

Figure 30. Additionally, traversing up inclines becomes difficult if the incline is aligned with the 

edge that corresponds to the reduced torque capability. 
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Figure 30. Accessible portion of the environment. If the rover cannot step about the edge 

marked in red, then the rover can only access the shaded area of the environment. 

5.3  PETER’s Dynamics 

 Unlike a RW, a CMG can change the direction of its output torque. As such, it can generate 

torque in different directions by controlling the gimbal trajectory, including the initial and final 

gimbal angles. However, with one CMG, a desired torque cannot be solely produced in a desired 

direction continuously. Thus, it is not possible to make a step where the CMG only produces torque 

along 𝒓𝒓�. To enable the rover to make a step when torque cannot be solely produced along 𝒓𝒓�, the 

contact between the surface and the chassis is exploited. The planetary surface continuously 

applies reaction forces onto the body. These forces can oppose some component of torque from 

the CMG, creating an effective null space, a direction where the CMG’s torque is constrained to 

do no work. Past some limit, of course, the rover’s point of contact may slip or the spikes may lift 

off the ground. However, if the CMG torque remains small enough, such that the surface can react 

the torque, the rover’s chassis will remain static. 

 The effective null space has two main benefits for the rover’s operations. First, when the rover 

is not making a step, the effective null space enables the CMG to produce a bounded non-zero 

torque while reorienting to a desired configuration without affecting the orientation of the rover. 
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The torque magnitude that the CMG cannot exceed while reorienting is called the static threshold 

torque, 𝜏𝜏𝑆𝑆𝑆𝑆. Second, if the CMGs torque about an edge corresponding to the desired step axis 𝒓𝒓�, is 

high enough to allow PETER to step, while the projected torque on the other edges is small enough 

such that the surface can react those torques, then PETER can make a desired step. Essentially, the 

effective null space enables the CMG to produce a bounded torque error in directions other than 𝒓𝒓� 

without affecting the rover’s ability to make a step. The maximum torque magnitude that can be 

applied in the directions other than 𝒓𝒓� while stepping is referred to as the dynamic threshold, 𝜏𝜏𝐷𝐷𝑆𝑆. 

 The static and dynamic threshold torques enable a single CMG to actuate the rover, offering 

two main performance benefits. First, the torque output magnitude of a CMG, 𝜏𝜏, scales with the 

rotor’s radius r raised to the forth power, if the rotor is a disc, as shown in Eq. (69), where 𝐼𝐼𝑟𝑟 

represents the rotors rotational inertia about its rotation axis, 𝜌𝜌 represents its density, 𝑤𝑤 represents 

its width, and 𝜔𝜔 represents its rotational rate. The mass of the rotor scales with 𝑟𝑟2, as shown in Eq. 

(70). Thus, if all else is the same, one larger CMG is more torque-efficient with respect to mass 

and volume than many small CMGs.  

𝜏𝜏 = ℎ�̇�𝛿 = 𝐼𝐼𝑟𝑟𝜔𝜔�̇�𝛿 =  
1
2
𝜋𝜋𝜌𝜌𝑤𝑤𝑟𝑟4𝜔𝜔�̇�𝛿 (69) 

𝑀𝑀𝑟𝑟𝑡𝑡𝑡𝑡𝑡𝑡𝑟𝑟 = 𝑉𝑉𝜌𝜌 =  𝜋𝜋𝑟𝑟2𝑤𝑤𝜌𝜌 (70) 

 Second, the mechanical and electrical systems are simplified. With one CMG, PETER 

requires just two motors: a gimbal motor and a rotor motor, with only the former directly 

responsible for locomotion.  

 This chapter primarily focuses on the dynamic threshold and how it enables a single CMG to 

actuate the system. PETER’s dynamics are derived, quantifying the dynamic threshold and 
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providing equations of motion for the rover while stepping, enabling the development of a 

controller that exploits the dynamic threshold. 

5.3.1 Dynamics Derivation 

 The derived dynamics describe the following simple case: 1) the center of mass of PETER is at 

the geometric centroid of the chassis and 2) each spike perfectly constrains position and permits 

three-axis rotation when in contact with the surface, resulting in the rotational acceleration about 

the surface normal 𝒑𝒑� being constrained to be zero if two or more or spikes are in contact with the 

surface. Thus, the dynamic threshold only needs to be quantified about 𝑵𝑵� , shown in Figure 31. 

 For the derivation, the CMG’s fixed frame of reference is referred to as , and is shown in 

Figure 1. The coordinate system associated with the body’s fixed frame of reference, B, is shown 

in Figure 31. The N and R frames are not shown, but they represent an inertial frame of reference 

and a rotor-fixed frame of reference, respectively.  
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Figure 31. Important points and vectors used in the dynamic derivation of the rover. 

 First, the equations of motion of the rover about 𝒓𝒓� are derived to quantify the torque required 

to make a step. The equations of motion for PETER are derived in terms of angular momentum 

about point o, which is the center of the line between two spikes that are in contact with the surface 

as shown in Figure 31. Equation (71) shows the angular momentum of the rover about point o, 

where 𝑰𝑰𝑏𝑏 is the inertia dyadic of the body about its center of mass, 𝑰𝑰𝑟𝑟 is the inertia dyadic of the 

CMG’s rotor about its center of mass, 𝑰𝑰𝑔𝑔 is the inertia dyadic of the CMG’s gimbal assembly about 

its center of mass, 𝑀𝑀𝑀𝑀 is the mass of PETER, and 𝑐𝑐𝑚𝑚 is the center-of-mass location of the rover. 

𝑯𝑯𝑡𝑡 =  𝑰𝑰𝑏𝑏 ∙ 𝝎𝝎B N⁄ + 𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑀𝑀
dN

d𝑡𝑡
𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ +  𝑰𝑰𝑟𝑟 ∙ 𝝎𝝎R N⁄ + 𝑰𝑰𝑔𝑔 ∙ 𝝎𝝎G N⁄ (71) 

The derivative with respect to a Newtonian frame of the equation above yields an equation of 

motion for the case of a constant speed CMG rotor. 𝝉𝝉𝑒𝑒 incorporates all the external torques acting 

on the body.  
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𝝉𝝉𝑒𝑒 = 𝑰𝑰𝑏𝑏 ∙
dB

d𝑡𝑡
𝝎𝝎B N⁄ + 𝝎𝝎B N⁄ × �𝑰𝑰𝑏𝑏 ∙ 𝝎𝝎B N⁄ � + 𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑀𝑀

dN 2

d𝑡𝑡2
𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄

+ �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙
dG

d𝑡𝑡
𝝎𝝎G B⁄ + �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙

dB

d𝑡𝑡
𝝎𝝎B N⁄  + 𝝎𝝎G N⁄ × �𝑰𝑰𝑟𝑟 ∙ 𝝎𝝎R N⁄ +  𝑰𝑰𝑔𝑔 ∙ 𝝎𝝎G N⁄ �

− �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙ �𝝎𝝎G B⁄ × 𝝎𝝎B N⁄ � 

(72) 

The dynamics of the rover about the desired rotation axis are derived by dotting Eq. (72) with 𝒓𝒓�.  

𝝉𝝉𝑒𝑒 ∙ 𝒓𝒓� =  �𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑝𝑝𝒈𝒈� ∙  𝒓𝒓� = �𝑰𝑰𝑏𝑏 ∙
dB

d𝑡𝑡
𝝎𝝎B N⁄ � ∙ 𝒓𝒓� + �𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑀𝑀

dN 2

d𝑡𝑡2
𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ � ∙ 𝒓𝒓�

+ ��𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙
dG

d𝑡𝑡
𝝎𝝎G B⁄ � ∙ 𝒓𝒓� + � �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙

dB

d𝑡𝑡
𝝎𝝎B N⁄ � ∙ 𝒓𝒓�  

+ �𝝎𝝎G B⁄ × �𝑰𝑰𝑟𝑟 ∙ 𝝎𝝎R N⁄ +  𝑰𝑰𝑔𝑔 ∙ 𝝎𝝎G N⁄ �� ∙ 𝒓𝒓�

− ��𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙ �𝝎𝝎G B⁄ × 𝝎𝝎B N⁄ �� ∙ 𝒓𝒓� 

(73) 

Equation (73) is simplified, more clearly describing the reaction of the body to a torque generated 

by the CMG. 

−𝜯𝜯 ∙ 𝒓𝒓� = �𝑰𝑰𝑏𝑏 ∙
dB

d𝑡𝑡
𝝎𝝎B N⁄ � ∙ 𝒓𝒓� + �𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑀𝑀

dN 2

d𝑡𝑡2
𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ � ∙ 𝒓𝒓� −  �𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑝𝑝𝒈𝒈� ∙  𝒓𝒓� (74) 

𝜯𝜯 = �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙
dG

d𝑡𝑡
𝝎𝝎G B⁄ + �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙

dB

d𝑡𝑡
𝝎𝝎B N⁄ +  𝝎𝝎G B⁄ × �𝑰𝑰𝑟𝑟 ∙ 𝝎𝝎R N⁄ + 𝑰𝑰𝑔𝑔 ∙ 𝝎𝝎G N⁄ �

− �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙ �𝝎𝝎G B⁄ × 𝝎𝝎B N⁄ � 
(75) 

Equation (74) represents the equation of motion of the rover about the step axis 𝒓𝒓�. This equation 

is implemented into the control discussed in Section 5.4. 

 The dynamic threshold torque is calculated for the case where the body has not started to rotate 

about 𝑵𝑵� , so there is no angular acceleration or velocity about 𝑵𝑵� , but enough off-axis torque is 

being applied to the body where all the weight is being support by a single spike. Two quantities 
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exist for the dynamic threshold torque, both representing the cases when the spike at point 𝑎𝑎 or 𝑏𝑏, 

as shown in Figure 31, is supporting the weight of the rover. To change the calculation from spike 

𝑎𝑎 to 𝑏𝑏, 𝒓𝒓𝑡𝑡 𝑡𝑡⁄  is replaced with −𝒓𝒓𝑡𝑡 𝑡𝑡⁄ . For brevity, the derivation is completed for the spike point a. 

The angular momentum of the rover about point a is shown in Eq. (76). 

𝑯𝑯𝑡𝑡 =  𝑰𝑰𝑏𝑏 ∙ 𝝎𝝎B N⁄ + 𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑀𝑀
dN

d𝑡𝑡
𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ +  𝑰𝑰𝑟𝑟 ∙ 𝝎𝝎R N⁄ + 𝑰𝑰𝑔𝑔 ∙ 𝝎𝝎G N⁄ (76) 

The derivative of Eq. (76) with respect to the Newtonian frame yields an equation of motion of 

the rover. 

𝝉𝝉𝑒𝑒 = 𝑰𝑰𝑏𝑏 ∙
dB

d𝑡𝑡
𝝎𝝎B N⁄ + 𝝎𝝎B N⁄ × �𝑰𝑰𝑏𝑏 ∙ 𝝎𝝎B N⁄ � + 𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑀𝑀

dN 2

d𝑡𝑡2
𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄

+ �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙
dG

d𝑡𝑡
𝝎𝝎G B⁄ + �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙

dB

d𝑡𝑡
𝝎𝝎B N⁄ + 𝝎𝝎G N⁄ × �𝑰𝑰𝑟𝑟 ∙ 𝝎𝝎R N⁄ +  𝑰𝑰𝑔𝑔 ∙ 𝝎𝝎G N⁄ �

− �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙ �𝝎𝝎G B⁄ × 𝝎𝝎B N⁄ � 

(77) 

For this case, the acceleration dN 2

d𝑡𝑡2
𝒓𝒓𝑡𝑡 𝑡𝑡⁄  is zero. Equation (77) is projected along 𝑵𝑵� . 

−��𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙
dG

d𝑡𝑡
𝝎𝝎G B⁄ +  �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙

dB

d𝑡𝑡
𝝎𝝎B N⁄ + 𝝎𝝎G N⁄ × �𝑰𝑰𝑟𝑟 ∙ 𝝎𝝎R N⁄ + 𝑰𝑰𝑔𝑔 ∙ 𝝎𝝎G N⁄ �

− �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙ �𝝎𝝎G B⁄ × 𝝎𝝎B N⁄ �� ∙ 𝑵𝑵�

= �𝑰𝑰𝑏𝑏 ∙
dB

d𝑡𝑡
𝝎𝝎B N⁄ � ∙ 𝑵𝑵� + �𝝎𝝎B N⁄ × �𝑰𝑰𝑏𝑏 ∙ 𝝎𝝎B N⁄ �� ∙ 𝑵𝑵�

+ �𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑀𝑀
dN 2

d𝑡𝑡2
𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ � ∙ 𝑵𝑵� −  �𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑀𝑀𝒈𝒈� ∙  𝑵𝑵�  

(78) 

The left side of Eq. (78) represents the off-axis CMG torque, 𝜏𝜏𝑡𝑡𝑜𝑜𝑜𝑜 as shown in Eq. (79). The right 

side of Eq. (78) represents the dynamic threshold, 𝜏𝜏𝐷𝐷𝑆𝑆 torque as shown in Eq. (80). Equation (81) 
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is made into an inequality, bounding the amount of torque the CMG can apply onto the off-axes 

of the rover while still having two spikes in contact with the surface for the analysis about spike 

tip 𝑎𝑎. 

𝜏𝜏𝑡𝑡𝑜𝑜𝑜𝑜 =  −��𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙
dG

d𝑡𝑡
𝝎𝝎G B⁄ +  �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙

dB

d𝑡𝑡
𝝎𝝎B N⁄

+ 𝝎𝝎G N⁄ × �𝑰𝑰𝑟𝑟 ∙ 𝝎𝝎R N⁄ + 𝑰𝑰𝑔𝑔 ∙ 𝝎𝝎G N⁄ �

− �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙ �𝝎𝝎G B⁄ × 𝝎𝝎B N⁄ �� ∙ 𝑵𝑵�  

(79) 

𝜏𝜏𝐷𝐷𝑆𝑆𝑎𝑎 = �𝑰𝑰𝑏𝑏 ∙
dB

d𝑡𝑡
𝝎𝝎B N⁄ � ∙ 𝑵𝑵� + �𝝎𝝎B N⁄ × �𝑰𝑰𝑏𝑏 ∙ 𝝎𝝎B N⁄ �� ∙ 𝑵𝑵�

+ �𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑀𝑀
dN 2

d𝑡𝑡2
𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ � ∙ 𝑵𝑵� −  �𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑀𝑀𝒈𝒈� ∙  𝑵𝑵�  

(80) 

𝜏𝜏𝑡𝑡𝑜𝑜𝑜𝑜 < 𝜏𝜏𝐷𝐷𝑆𝑆𝑎𝑎 (81) 

For the analysis about spike tip 𝑏𝑏, the inequality bounding the amount of off-axis torque for the 

CMG is shown in Eq. (82). 

−𝜏𝜏𝑡𝑡𝑜𝑜𝑜𝑜 < −𝜏𝜏𝐷𝐷𝑆𝑆𝑏𝑏 (82) 

𝜏𝜏𝐷𝐷𝑆𝑆𝑏𝑏 = �𝑰𝑰𝑏𝑏 ∙
dB

d𝑡𝑡
𝝎𝝎B N⁄ � ∙ 𝑵𝑵� + �𝝎𝝎B N⁄ × �𝑰𝑰𝑏𝑏 ∙ 𝝎𝝎B N⁄ �� ∙ 𝑵𝑵�

+ �𝒓𝒓𝑐𝑐𝑚𝑚 𝑏𝑏⁄ × 𝑀𝑀𝑀𝑀
dN 2

d𝑡𝑡2
𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ � ∙ 𝑵𝑵� −  �𝒓𝒓𝑐𝑐𝑚𝑚 𝑏𝑏⁄ × 𝑀𝑀𝑀𝑀𝒈𝒈� ∙  𝑵𝑵�  

(83) 

5.4 Control Architecture 
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 The dynamics of the effective null space must be included in the control system to enable the 

rover to locomote with one CMG. PETER’s control system has four main parts, as shown in Figure 

32: 1) a path planner, which determines a series of steps such that the rover can traverse from the 

starting location to the desired end location, while avoiding obstacles; 2) a step trajectory planner, 

which computes a body and CMG trajectory for PETER to follow, so that PETER can complete 

the next step dictated by the path planner; 3) an initializing controller, which gimbals the CMG to 

the starting orientation specified by the step trajectory planner; and 4) a step tracking controller, 

which is a closed loop controller that computes gimbal rates that enable PETER to track the 

trajectory computed by the step trajectory planner. Step trajectory planner and the step trajectory 

tracker are the focus of this chapter. 

Figure 32. PETER’s control architecture. 

5.4.1 Step Trajectory Planner 

 The step trajectory planner computes a trajectory for the body and CMG using an optimizer 

such that the rover can make a desired step. The goal of the optimizer is to compute a trajectory 

that maximizes the probability of successfully completing the desired step. Maximizing probability 

of completing the step successfully has two main benefits: 1) it reduces the complexity and 

computation of the path planner because the position of the rover can be forecast more accurately 

after multiple steps; and 2) it reduces the risk of unexpectedly stepping in hazardous directions, 

which could result in damage to the rover. 
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 To maximize the probability of successfully completing the desired step, the robustness of the 

rover to disturbance torques during the steps is maximized. Of the three axes, 𝒓𝒓�, 𝒑𝒑�, and 𝑵𝑵� , about 

which disturbances can be applied, the disturbances about 𝑵𝑵�  have the greatest effect on the 

probability of successfully completing a step. If the disturbance torques about 𝑵𝑵�  cause one of the 

two spikes to no longer remain in contact with the surface during a step, the predictability of the 

motion is greatly reduced because the effective null space is zero, which is essential for reacting 

the torques produced by the CMG that do not align with 𝒓𝒓�. Disturbance torques about 𝒑𝒑� are 

unlikely to affect the rover’s capability to make a step as long as two spikes remain in contact with 

the surface, because the expected friction between the spikes and the rover’s spikes would likely 

require large disturbance torques to appreciably perturb away from the desired step. Disturbances 

about 𝒓𝒓� likely will not affect the completion of the step significantly because these disturbances 

are reacted by the trajectory tracking controller, as discussed in Section 5.4.2. Thus, to maximize 

the probability of successfully completing a desired step, robustness about 𝑵𝑵�  is maximized by the 

trajectory optimizer. 

 To maximize the robustness of the rover about 𝑵𝑵� , the minimum difference between the off-axes 

torque shown in Eq. (79) and the dynamic threshold torques shown in Eqs. (80, 83) is maximized. 

The optimization method implemented to maximize this difference is direct collocation [40], [41], 

which optimizes a trajectory at evenly spaced points in time along the trajectory, called collocation 

points. The optimization problem is shown in Eq. (84), where 𝛿𝛿𝑡𝑡 is the initial gimbal angle, �̇�𝛿𝑡𝑡 is 

the initial gimbal rate, �̈�𝛿 is the gimbal acceleration trajectory, 𝑚𝑚 is the number of collocation points 

for the optimization, and 𝜏𝜏𝐷𝐷𝑆𝑆𝑎𝑎𝑖𝑖 and 𝜏𝜏𝐷𝐷𝑆𝑆𝑏𝑏𝑖𝑖 represent the dynamic threshold at the 𝑖𝑖th collocation 

point for spike contacts with the surface at points 𝑎𝑎 and 𝑏𝑏, respectively. The initial gimbal rate is 



 

88 

a manipulatable parameter and is not constrained to be zero, resulting in a more stable optimization 

because large gimbal accelerations are mitigated in the beginning of the trajectory. During 

operation, the initial gimbal rate is constrained to be zero and the CMG has a finite maximum 

gimbal acceleration, resulting in a difference between the optimal trajectory and the rover’s true 

trajectory during operation. The step tracking controller mitigates the effects of this difference 

through feedback control. 

 Direct collocation does not guarantee the computation of globally optimal solutions. Due to the 

complexity of the dynamics of the rover, the trajectory optimization likely yields locally optimal 

solutions and not globally optimal. Non-globally optimal solutions are acceptable as long as the 

resulting step trajectory enables the rover to step successfully. 

max
�̈�𝛿,�̇�𝛿𝑜𝑜,𝛿𝛿𝑜𝑜

(min(𝐶𝐶)) (84) 

𝐶𝐶 =  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜏𝜏𝐷𝐷𝑆𝑆𝑎𝑎1 − 𝜏𝜏𝑡𝑡𝑜𝑜𝑜𝑜1
−𝜏𝜏𝐷𝐷𝑆𝑆𝑏𝑏1 + 𝜏𝜏𝑡𝑡𝑜𝑜𝑜𝑜1
𝜏𝜏𝐷𝐷𝑆𝑆𝑎𝑎2 − 𝜏𝜏𝑡𝑡𝑜𝑜𝑜𝑜2
−𝜏𝜏𝐷𝐷𝑆𝑆𝑏𝑏2 + 𝜏𝜏𝑡𝑡𝑜𝑜𝑜𝑜2

⋮
𝜏𝜏𝐷𝐷𝑆𝑆𝑎𝑎𝑚𝑚 − 𝜏𝜏𝑡𝑡𝑜𝑜𝑜𝑜𝑚𝑚
−𝜏𝜏𝐷𝐷𝑆𝑆𝑏𝑏𝑚𝑚 + 𝜏𝜏𝑡𝑡𝑜𝑜𝑜𝑜𝑚𝑚⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 The manipulatable variables and the constraints for the optimization are shown in Table 1. The 

first two constraints shown in Table 1 ensure that the dynamic threshold is not exceeded. The third 

constraint bounds the time of the step to ensure that the step does not progress to infinite time. The 

gimbal rate limitation shown in the fourth constraint is derived from the limitation of the CMG 

hardware. Section 5.5.1 discusses the limitations of a prototype being developed at Cornell. The 

gimbal acceleration limit is specified to be a small value, less than is specified in Section 5.5.1. 
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The limitation on the gimbal acceleration promotes smoother trajectories, enabling a more stable 

computation of optimal trajectories. The sixth constraint ensures that the CMG remains sufficiently 

far from a singular state in the 𝒓𝒓� direction, enabling the CMG to apply output torque about the 

rotation axis and react to disturbances. The seventh and eighth constraints ensure that the rover 

starts at the desired initial state and ends at the desired final state. 𝑞𝑞 represents the quaternion of 

the rover, 𝑞𝑞𝑡𝑡 represents the desired initial quaternion of the rover, 𝑞𝑞𝑜𝑜 represents the desired final 

quaternion of the rover. The final body rate of the rover is constrained to be zero, ensuring that the 

rover will not be harmed when hitting the ground after taking a step. The last constraint limits the 

magnitude of the bodies rotation rate about the rotation axis, reducing the risk of the rover 

contacting a surface at a high rate if there is a failure. 

 Inevitably, there are differences between the true rover dynamics and the dynamics 

implemented into the trajectory optimizer. Furthermore, the terra-mechanical properties in the 

actual environment will not result in zero translation of the spike points, as assumed in the 

optimization. These differences preclude the ability to track the trajectory using open loop control. 

Instead the closed-loop step tracking controller is implemented to enable PETER to track the 

trajectory. 

Table 1. Optimization parameters. 

Manipulatable Values 
1. Initial gimbal angle (𝛿𝛿𝑡𝑡) 𝛿𝛿𝑡𝑡 
2. Initial gimbal rate (�̇�𝛿𝑡𝑡) �̇�𝛿𝑡𝑡  

3 Gimbal acceleration (�̈�𝛿) �̈�𝛿 
Constraints 
1. Off-axis torque min(𝐶𝐶) ≥ 0 
2. Dynamic threshold 0 ≤ 𝜏𝜏𝐷𝐷𝑆𝑆𝑎𝑎1,2,…,𝑚𝑚

, 0 ≤ −𝜏𝜏𝐷𝐷𝑆𝑆𝑏𝑏1,2,…,𝑚𝑚
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3. Final time (𝑡𝑡f) 0 < 𝑡𝑡𝑜𝑜 < 10s 
4. Maximum gimbal rate (�̇�𝛿) ��̇�𝛿� < �̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥 
5. Maximum gimbal acceleration (�̈�𝛿) ��̈�𝛿� < 5 rad/s2 
6. Singular orientation (𝒐𝒐� ∙ 𝒓𝒓�)2 > 0. 12 
7. Rover state at 𝑡𝑡 = 0 𝑞𝑞 = 𝑞𝑞𝑡𝑡 ,𝝎𝝎B N⁄ (𝑡𝑡 = 0) ∙ 𝒓𝒓� = 0 
8. Rover state at 𝑡𝑡 = 𝑡𝑡𝑜𝑜 𝑞𝑞 = 𝑞𝑞𝑜𝑜 ,𝝎𝝎B N⁄ (𝑡𝑡 = 𝑡𝑡𝑜𝑜) ∙ 𝒓𝒓� = 0 
9. Rover rotation rate �𝝎𝝎B N⁄ ∙ 𝒓𝒓�� ≤ 2 rad/s 

5.4.2 Step Tracking Controller 

 The step tracking controller computes a CMG gimbal rate, so that the body can accurately track 

the trajectory specified by the step trajectory planner. The single CMG can only control the motion 

of the rover about one axis instantaneously. The step tracking controller only regards the motion 

of the body about the rotation axis, 𝒓𝒓�. The step controller is a computed torque controller [25], 

[42], a common control architecture for robotic systems.  

 The dynamics of the body about 𝒓𝒓� are shown in Eq. (74) above. The dynamics of the rover are 

simplified to enable a controller to be formulated. The simplifications of the CMG dynamics 

discussed in Chapter 2 are used to simplify Eq. (74), yielding Eq. (85).  

𝜯𝜯 ∙ 𝒓𝒓� = �𝑰𝑰𝑏𝑏 ∙
dB

d𝑡𝑡
𝝎𝝎B N⁄ � ∙ 𝒓𝒓� + �𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑀𝑀

dN 2

d𝑡𝑡2
𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ � ∙ 𝒓𝒓� −  �𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑝𝑝𝒈𝒈� ∙  𝒓𝒓� (85) 

𝜯𝜯 = �̇�𝛿ℎ𝒐𝒐� 

For normal operations where the rover is rotating only about 𝒓𝒓�, Eq. (85) is simplified to Eq. (86), 

where �̈�𝜃 is the angular acceleration of the rover about 𝒓𝒓�. 

𝜯𝜯 ∙ 𝒓𝒓� = �𝑰𝑰𝑏𝑏 ∙ 𝒓𝒓�� ∙ 𝒓𝒓��̈�𝜃 + �𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑀𝑀�𝒓𝒓� × 𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ �� ∙ 𝒓𝒓��̈�𝜃 −  �𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑝𝑝𝒈𝒈� ∙  𝒓𝒓� (86) 
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𝜯𝜯 = �̇�𝛿ℎ𝒐𝒐� 

The resulting computed torque controller is shown in Eq. (87), where 𝑘𝑘𝑝𝑝 and 𝑘𝑘𝑑𝑑 represent the 

proportional and derivative gains in a proportional derivative (PD) controller, respectively. 𝜃𝜃 is 

the angle of rotation of the rover about 𝒓𝒓� with respect to the starting orientation of the rover, 𝜃𝜃𝑟𝑟 is 

the desired angle of rotation of the rover about 𝒓𝒓� with respect to the starting orientation of the 

rover, �̇�𝜃 is the rotational rate of the rover about 𝒓𝒓�, �̇�𝜃𝑟𝑟 is the desired rotational rate of the rover about 

𝒓𝒓�, and �̈�𝜃𝑟𝑟 is the desired rotational acceleration of the rover about 𝒓𝒓�, 

�̇�𝛿𝑐𝑐 =
𝑁𝑁�𝑘𝑘𝑝𝑝𝜃𝜃𝑒𝑒 + 𝑘𝑘𝑑𝑑�̇�𝜃𝑒𝑒 + �̈�𝜃𝑟𝑟� − �𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑝𝑝𝒈𝒈� ∙ 𝒓𝒓�

ℎ𝒐𝒐� ∙ 𝒓𝒓�
(87) 

𝑁𝑁 = �𝑰𝑰𝑏𝑏 ∙ 𝒓𝒓� + 𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ × 𝑀𝑀𝑀𝑀�𝒓𝒓� × 𝒓𝒓𝑐𝑐𝑚𝑚 𝑡𝑡⁄ �� ∙ 𝒓𝒓� 

𝜃𝜃𝑒𝑒 = 𝜃𝜃𝑟𝑟 − 𝜃𝜃 

�̇�𝜃𝑒𝑒 = �̇�𝜃𝑟𝑟 − �̇�𝜃 

 If the output axis 𝒐𝒐� is perpendicular to 𝒓𝒓�, the gimbal rate is infinity. As discussed above, to 

mitigate the effects of these singularities, the trajectories are computed to avoid singularities. The 

step trajectory planner in conjunction with the step tracking controller enable PETER to make a 

step about any edge. 

5.5  PETER’s Predicted Performance 

 To compare the effectiveness of PETER’s mobility, the control performance is evaluated in 

simulation. The mobility performance metric for the rover used here is the energy per meter 

traveled per kilogram of the rover, which is referred to as the cost of travel. Lower cost of travel 

enables greater coverage in exploration and more energy for payload instruments rather than 

mobility actuators. The energy is normalized for distance traveled and mass of the rovers, so that 
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rovers with varying physical specifications can be compared. To simplify assessing the cost of 

travel, energy is calculated for only the CMG gimbal motor and rotor motor, which represents the 

energy required by the CMG for actuation. The analysis does not account for friction or electronic 

losses. 

  PETER’s performance is evaluated for the case of traversing inclines in Martian gravity. 

Inclines are given close attention because they represent a common extreme terrain that the rover 

will likely traverse during operation. Additionally, other terrains can be approximated by inclines, 

including rocky terrain where the rover must traverse over large rocks. Assuming adequate friction 

and stable slopes, the inclines tested range from zero to 55 degrees, which represents the greatest 

incline PETER can traverse without requiring continuous actuator input to remain static after a 

step is complete. Steeper inclines are not considered because these inclines would need to be 

avoided in case of power failure or control failure, which would result in PETER rolling 

uncontrolled, potentially harming the rover.  

5.5.1 Experimental Rover Specifications 

 Table 2 lists the parameters used for PETER and the environment. PETER’s specifications are 

derived from a preliminary prototype design of the rover that is being built at Cornell University. 

The design of PETER is ongoing. Thus, these numbers should be considered as estimates of 

PETER’s final properties. For the purposes of the work, the design is not discussed in detail. 

Instead, only the design characteristics needed for the analysis are reported. The mass of the rover 

does not include a payload. Instead the mass represents the mass of the chassis, CMG, and power 

system. The inertia value assumes equal distribution of the mass throughout the tetrahedral chassis. 
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Table 2. PETER’s and the environment’s parameters. 

PETER 

Mass (𝑀𝑀p) 47 kg 

Chassis edge length (𝐿𝐿) 1 m 

Inertia matrix of chassis about the 
center of mass ( 𝐼𝐼𝑏𝑏 B ) �

1
20
�𝑀𝑀𝑝𝑝𝐿𝐿2𝐼𝐼3𝑥𝑥3 

Inertia matrix of CMG’s rotor about its 
center of mass ( 𝐼𝐼𝑟𝑟G )  �

0.14 0 0
0 0.08 0
0 0 0.08

�kgm2 

Inertia matrix of CMG about its center 
of mass ( 𝐼𝐼𝑟𝑟G + 𝐼𝐼𝑔𝑔G ) �

0.55 0 0
0 0.45 0
0 0 0.36

�kgm2 

CMG angular momentum (h) 115 Nms 
CMG rotor rotation rate 800 rad/s 
CMG maximum gimbal rate 2 rad/s 
CMG maximum gimbal acceleration  20 rad/s2 

Environment Mars’ gravity (𝑔𝑔) 3.711 m/s2 

5.5.2 Analysis Techniques 

 A dynamic simulation is used to evaluate PETER’s performance, which comprises three major 

elements: 1) the controller that enables the rover to step, which is presented in Section 5.4; 2) a 

model of the body and CMG dynamics, which integrates the complete governing equations, 

including environmental effects such as collisions and gravity; and 3) a simulation of the power 

system for the CMG that computes the energy used by the gimbal and rotor motors throughout the 

step.  

 The model of the dynamics incorporates all the CMG effects shown in Eq. (75), the rigid-body 

effects of PETER’s chassis, and the collision between the surface spike points. The collision of 

the body with the surface is modeled as a unidirectional spring and damper in the direction normal 

of the surface and as a bidirectional damper in the direction parallel with the surface as shown in 

Figure 33. The values for the spring and damper system are shown in Table 3. The values are 



 

94 

selected to represent a stiff surface, where the sliding friction between the corners of the chassis 

and surface is high. The stiffness of the surface and the friction are chosen to be large because it 

is assumed that on rocky Martian terrain, the spikes contact with the surface would result in a stiff 

interaction.  

 

Figure 33. Model of the terra-mechanical properties implemented in the dynamic 

simulation. The damper parallel with the surface acts opposite of the motion of the spikes in 

contact with the surface.  

Table 3. Terra-mechanical properties for the simulation. 

Terra-mechanical Properties Value 

𝐾𝐾𝑐𝑐 1 × 105 N/m 

𝐶𝐶𝑐𝑐 1 × 106 Ns/m 

𝐶𝐶𝑑𝑑 1 × 105 Ns/m 

 The energy used by the gimbal motor and rotor motor are calculated using Eq. (88), which 

represents the integral of the absolute value of the mechanical power required for the step.  

𝐸𝐸 =  ��𝜯𝜯𝒓𝒓 ∙ 𝝎𝝎R G⁄ � + �𝜯𝜯𝒈𝒈 ∙ 𝝎𝝎G B⁄ � 𝑑𝑑𝑡𝑡

𝑡𝑡𝑓𝑓

0

(88) 

𝐾𝐾𝑐𝑐 𝐶𝐶𝑐𝑐 

𝐶𝐶𝑑𝑑 
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𝜯𝜯𝒓𝒓 = −�𝑰𝑰𝑟𝑟 ∙
dG

d𝑡𝑡
𝝎𝝎G B⁄ + 𝑰𝑰𝑟𝑟 ∙

dB

d𝑡𝑡
𝝎𝝎B N⁄ +  𝝎𝝎G N⁄ × �𝑰𝑰𝑟𝑟 ∙ 𝝎𝝎R N⁄ � − 𝑰𝑰𝑟𝑟 ∙ �𝝎𝝎G B⁄ × 𝝎𝝎B N⁄ �� 

𝜯𝜯𝒈𝒈 = −��𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙
dG

d𝑡𝑡
𝝎𝝎G B⁄ + �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙

dB

d𝑡𝑡
𝝎𝝎B N⁄ +  𝝎𝝎G N⁄ × �𝑰𝑰𝑟𝑟 ∙ 𝝎𝝎R N⁄ + 𝑰𝑰𝑔𝑔 ∙ 𝝎𝝎G N⁄ �

− �𝑰𝑰𝑟𝑟 + 𝑰𝑰𝑔𝑔� ∙ �𝝎𝝎G B⁄ × 𝝎𝝎B N⁄ �� 

 Due to the symmetry in the design of PETER, a optimal trajectory that enables PETER to step 

about 𝒆𝒆�1 also enables PETER to step about the 𝒆𝒆�3, 𝒆𝒆�4, and 𝒆𝒆�6 axis. The only difference between 

the steps is the initial gimbal angle. The same is true for steps about 𝒆𝒆�2 and 𝒆𝒆�5. Thus, PETER’s 

performance is only reported for steps about 𝒆𝒆�1 and 𝒆𝒆�2. 

 

Figure 34. PETER stepping up an incline. 

5.5.3 Results 

 Figures 35 and 36 show steps about 𝒆𝒆�1 and 𝒆𝒆�2 on each Φ, as shown in Figure 34. The cost of 

travel of PETER for steps about 𝒆𝒆�1 and 𝒆𝒆�2 on each incline are shown in Table 4. The average cost 

of travel shown is the average for steps about all edges.  

𝒓𝒓� 

𝒈𝒈� 

Φ 
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Figure 35. Body angle and body rate with respect to time for steps about 𝒆𝒆�𝟏𝟏.The dashed 

lines represent the optimal trajectories computed by the step trajectory planner. The solid lines 

represent the trajectory of the rover in the simulation. 
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Figure 36. Body angle and body rate with respect to time for steps about 𝒆𝒆�𝟐𝟐. The dashed 

lines represent the optimal trajectory computed by the step trajectory planner. The solid lines 

represent the trajectory of the rover in the simulation. 

Table 4. PETER’s performance. 

Incline Angle 
(degrees) 𝒆𝒆�𝟏𝟏 (J/kg/m) 𝒆𝒆�𝟐𝟐 (J/kg/m) Average (J/kg/m) 

0 5.6 19.2 9.8 
15 6.7 18.0 10.5 
30 6.6 16.5 9.9 
45 8.3 13.6 10.1 
55 10.7 12.3 11.3 

5.5.4 Discussion 

 Figures 35 and 36 show that with just one CMG, the control system discussed in Section 5.4 

enables the rover to step on each simulated incline with little difference between the optimal 

trajectory and the simulated motion of the rover during the step. There are perceivable differences 
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in the optimal trajectory and the simulated motion of the rover at the beginning due to a 

combination of the gimbal acceleration limitations and the fact that the initial gimbal rate for the 

CMG is not constrained to be zero when computing the optimal trajectories, as discussed above in 

Section 5.4.1. Table 4 shows PETER’s cost of travel increases with incline for steps about 𝒆𝒆�1 and 

decreases for steps about 𝒆𝒆�2, resulting in an approximately constant average cost of travel. 

5.6 Contextualization of Performance 

 To provide context for PETER’s cost of travel, PETER’s performance is compared to two other 

rover architectures: the Hedgehog rover [37], [38] and a Hedgehog variant that uses a tetrahedral 

chassis to eliminate variations that result from the rovers’ geometry. The Hedgehog variant is 

referred to as the hypothesized rover. The Hedgehog rover is chosen for comparison because 

among current mobility concepts, Hedgehog is closest to PETER in its mobility modality: both 

use reactions to angular momentum for locomotion. Hedgehog is a cubic rover actuated by RWs 

designed to hop or roll on bodies with microgravity [37], [38]. Prior research in Hedgehog has 

investigated the use of reaction wheels for hopping/tumbling mobility in microgravity 

environments. This work investigates a different mechanism for internal actuation – CMGs. The 

continued research in planetary mobility furthers our understanding of different mobility 

modalities including their robustness, efficiency and ability to handle the unknown and harsh 

environments of space. These efforts are steps toward such goals to be able to respond to new 

discoveries and science needs. 

 The cost of travel for both RW actuated rovers is computed by evaluating the energy used by 

the RWs during a step. The Hedgehog specifications used in this comparison are shown in Table 

5 [37]. Similar to the mass of PETER, the mass of Hedgehog only incorporates the mechanical 
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assembly, the actuators, and the power system, and does not include the mass of the payload. 

Additionally, because the rover’s inertia is not offered in the literature, the inertia of the rover is 

calculated assuming equal distribution of the mass throughout the cubic chassis. 

Table 5. Hedgehog’s specification. 

Mass (𝑀𝑀ℎ) 18.75 kg 

Chassis edge length (𝐿𝐿ℎ) 0.25 m 

Inertia matrix ( 𝐼𝐼ℎ B ) 
1
6
𝑀𝑀ℎ𝐿𝐿ℎ2 𝐼𝐼3𝑥𝑥3 

Reaction wheel inertia (𝐼𝐼𝑅𝑅𝑅𝑅) 0.00095 kg m2 
 The specifications of the hypothesized rover are chosen to be identical to Hedgehog’s current 

specifications, except for the chassis edge length and inertia. The tetrahedral chassis edge length 

is selected as 0.61 m, resulting in the tetrahedral chassis and Hedgehog’s cubic chassis having an 

inscribed sphere of the same size. It is assumed that most of the hardware of both rovers would be 

contained within this inscribed sphere, thus comparing rovers with the same inscribed sphere is 

analogous to comparing rovers with the same capabilities of housing actuators and payloads. 

5.6.1 Evaluated Steps 

 Rovers with RWs generate motion through a reaction to the angular momentum that is 

generated by accelerating or decelerating its RWs. Two types of locomotion for the RW actuated 

rovers are explored in this chapter: an impulsive step and a versine step. During an impulsive step, 

the rover spins up a RW to a specified speed, with a controlled acceleration to prevent motion. 

When a step in a given direction is desired, the rotor is stopped instantaneously by applying a brake 

[37]. The angular momentum of the rotor is then largely transferred to the body, with some losses 
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that result from rotor’s energy converted to heat. For this step, the rotor uses energy to spin to the 

desired speed prior to each step.  

 Four assumptions are made to simplify the analysis of the impulsive step: 1) there is no loss in 

momentum between pre- and post-brake, i.e. the momentum of the rover an instant after the rotors 

are impulsively braked is equal to the momentum of the rover an instant before the rotors are 

impulsively braked; 2) the electronics are lossless and there is no drag acting on the RWs; 3) the 

inertia values of the rotors about axes other than the rotation axis are assumed to be sufficiently 

small such that they can be excluded from the analysis (off-axis inertia is not available for this 

platform in the literature); 4) the contact between the spikes and the surface do not slip (i.e. the 

motion at the contact points are purely rotational with zero translation); and 5) the energy of the 

rover after the rotors are impulsively braked is (optimistically) the same as the change in potential 

energy of the rover from when the rover is on the ground to when it has rotated to the point where 

the center of mass is at its highest. This change in potential energy is represented by Eq. (89), 

where pitch angle of the incline is represented as Φ as shown in Figure 34 and the value for 𝛼𝛼 is 

described by Eq. (91) and Eq. (92) for tetrahedral and cubic chassis, respectively. The resulting 

equation for the energy used by the RWs during an impulsive step is shown in Eq. (90), which 

reflects the ideal minimum energy required for the rover to step specified in previous analyses 

[37]. 

𝑈𝑈 = 𝑀𝑀ℎ𝑔𝑔� 𝑟𝑟 B 𝑐𝑐𝑚𝑚 𝑡𝑡⁄ T 𝑟𝑟 B 𝑐𝑐𝑚𝑚 𝑡𝑡⁄ (1 − cos(𝛼𝛼 + 𝛷𝛷)) (89) 

𝐸𝐸 =
� 𝑟𝑟T B 𝐼𝐼ℎ B 𝑟𝑟 B + 𝑀𝑀ℎ 𝑟𝑟 B 𝑐𝑐𝑚𝑚 𝑡𝑡⁄ T

𝑟𝑟 B 𝑐𝑐𝑚𝑚 𝑡𝑡⁄ �𝑈𝑈
𝐼𝐼𝑅𝑅𝑅𝑅

(90) 
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𝛼𝛼𝑡𝑡𝑒𝑒𝑡𝑡𝑟𝑟𝑡𝑡ℎ𝑒𝑒𝑑𝑑𝑟𝑟𝑡𝑡𝑡𝑡 =
𝜋𝜋
2
− sin−1 �

1
√3
� (91) 

𝛼𝛼𝑐𝑐𝑐𝑐𝑏𝑏𝑒𝑒 =
𝜋𝜋
4

(92) 

 The value of 𝐸𝐸 shown in Eq. (90) represents the lower bound of the energy needed to step. If 

the value is matched, the rover will stop at the highest point in the step. Any more energy and the 

rover will complete the step. For practical applications where terra-mechanical properties are 

considered, 𝐸𝐸 would need to be increased to react any energy losses due to terra-mechanical 

effects. 

 The versine step is evaluated for two reasons: it represents a common continuous trajectory 

used for other aerospace applications, and it provides a reference for the performance of the RW 

actuated rovers when implementing a continuous step. The versine step is shown in Eqs. (93 - 95), 

where 𝜃𝜃𝑟𝑟 represents the angle of rotation of the body about 𝒓𝒓� from the starting static orientation. 

𝜃𝜃𝑟𝑟 = 𝛼𝛼(1 − cos(𝐴𝐴𝑡𝑡)) (93) 

�̇�𝜃𝑟𝑟 = 𝐴𝐴𝛼𝛼 sin(𝐴𝐴𝑡𝑡) (94) 

�̈�𝜃𝑟𝑟 = 𝐴𝐴2𝛼𝛼 cos(𝐴𝐴𝑡𝑡) (95) 

𝐴𝐴 is chosen to limit the maximum body rate to 2 rad/s, which is also the limit applied to the 

optimization used to compute PETER’s steps, as discussed in Section 5.4.1. The performance of 

the versine steps is evaluated using a dynamic simulation that includes the rigid body dynamics of 

the chassis and the RWs.  

 The equation used to compute the energy expended by the RWs is shown in Eq. (96), where 

𝚻𝚻𝑅𝑅𝑅𝑅𝑖𝑖 represents the torque produced by the 𝑖𝑖th RW, and 𝝎𝝎R𝑖𝑖 B⁄  is the rate of rotation of the 𝑖𝑖th RW 

with respect to the body.  
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𝐸𝐸 =  ���𝜯𝜯𝑅𝑅𝑅𝑅𝑖𝑖 ∙ 𝝎𝝎
R𝑖𝑖 B⁄ �

3

𝑖𝑖=1

𝑑𝑑𝑡𝑡

𝑡𝑡𝑓𝑓

0

(96) 

𝜯𝜯𝑅𝑅𝑅𝑅𝑖𝑖 = −�𝑰𝑰𝑅𝑅𝑅𝑅𝑖𝑖 ∙
dB

d𝑡𝑡
𝝎𝝎R𝑖𝑖 N⁄ +  𝝎𝝎B N⁄ × �𝑰𝑰𝑅𝑅𝑅𝑅𝑖𝑖 ∙ 𝝎𝝎

R𝑖𝑖 N⁄ �� 

5.6.2 Results 

 Table 6 shows the average performance for all edges of the chassis at different inclines for 

PETER, Hedgehog, and the hypothesized rover. The performance of Hedgehog on a 55-degree 

slope is not provided, because the cubic chassis does not permit the rover to remain static on a 55-

degree slop after the step without actuator input. 

Table 6. Energy used by each rover for a step on inclines. 

 PETER Hedgehog Hypothesized Rover 

Incline Angle 
(degrees) 

Average 
(J/kg/m) 

Impulsive 
(J/kg/m) 

Versine 
(J/kg/m) 

Impulsive 
(J/kg/m) 

Versine 
(J/kg/m) 

0 9.8 632.1 5844.6 1086.1 11070.3 
15 10.5 1079.0 9129.1 1679.7 16261.0 
30 9.9 1599.4 11331.4 2333.9 19470.4 
45 10.1 2158.0 12834.2 3004.2 20984.0 
55 11.3 NA NA 3426.2 21407.6 

 The operation of PETER is fundamentally different from Hedgehog and the hypothesized rover 

in two ways. First, the CMG rotor is continuously spinning, even if the rover is static. Thus, at all 

times during the mission the CMG is consuming power to overcome aerodynamic drag and bearing 

drag. Most CMGs operate in a vacuum, which is assumed here, resulting in near zero aerodynamic 

drag. For the prototype being developed at Cornell University, the estimated power required to 

react both the aerodynamic drag and the bearing drag is 50 Watts, which matches similar quiescent 

power draw values reported for similarly sized CMGs [43], [44]. Second, the rover must spin up 
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the rotor prior to the start of the mission. This spin-up is conducted only once. Thus, the longer the 

CMG operates, the less effect the spin-up has on the rover’s total efficiency. The energy required 

to spin up the rotor is dependent on the time it takes to spin up the rotor and the amount of drag 

acting on the rotor. From the preliminary analysis of the prototype rover, it takes approximately 

30 minutes to spin up the rotor. However, the spin-up can only be accomplished in that time 

assuming the batteries have enough capacity to spin up the rotor without being recharged. Thus, it 

is expected that the rover would need to recharge the batteries during the spin-up using either solar 

panels on the chassis or another source. For these reasons, the spin-up will likely take significantly 

longer than 30 minutes. For this study, it is assumed that it will take 24 hours to spin the rotor up, 

which is more conservative than other reported spin-up times [1], [43]. For simplicity, it is assumed 

that the rotor must continuously exert 50 Watts to overcome drag forces during the spin-up. 

 Incorporating these effects, PETER’s efficiency is analyzed for missions traveling 50 m, 78 m, 

100 m, 1000 m, and 10000 m. For the analysis, three simplifications are made about the mission: 

1) PETER uses on average the average energy it takes to step about all edges and inclines (i.e., the 

average of Column 2 in Table 6); 2) the time required to step is equal to the average time required 

to step for steps about all edges on all inclines; 3) PETER is assumed to pause for 1 minute between 

each step to enable the CMG to be configured for the next step and to compute the next optimal 

step trajectory; and 4) zero energy is required by the gimbal motor to reconfigure the CMG 

between steps. The configuration of the CMG is a relatively slow process and likely will require 

little energy. 

 With these simplifications, the cost of travel for missions travelling 50 m, 78 m, 100 m, 1000 

m, and 10000 m, are shown in Table 7. Table 7 also shows the average cost of travel for Hedgehog 
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and the hypothesized rover’s impulsive steps for the same missions, which is equal to the average 

of Columns 3 and 5 in Table 6 for Hedgehog and the hypothesized rover, respectively. for 

Hedgehog and the hypothesized rover, respectively. The distance traveled 78 m is included 

because it approximately represents the point at which Hedgehog and PETER have the same cost 

of travel. 

Table 7. Energy efficiency during three different missions. 

Distance Traveled 
(m) PETER (J/kg/m) Hedgehog (J/kg/m) Hypothesized Rover 

(J/kg/m) 
50 2038.1 1367.1 2306.0 
78 1367.1 1367.1 2306.0 
100 1109.7 1367.1 2306.0 
1000 273.5 1367.1 2306.0 
10000 190.0 1367.1 2306.0 

5.6.3 Discussion 

 Table 6 shows that the versine step is less efficient than the impulsive step, and so is unlikely 

to be used during operation. Table 7 shows that the energy efficiency of PETER is highly 

dependent on the distance traveled during the mission. For short distances, PETER has 

approximately equal energy efficiency to Hedgehog. However, as the distance increases, PETER’s 

energy efficiency is greatly increased, resulting in a cost of travel that is significantly less than the 

RW-actuated rovers. The results in Table 6 and Table 7 also suggest that this increase in 

performance is due to the actuation method and not the chassis shape. These results are congruent 

with other applications of CMGs, where CMGs are often more torque efficient with respect to 

power than RWs [1], [6]. 

   This preliminary analysis shows great promise for energy-efficient mobility architectures 

that use rolling as their primary means of surface locomotion. The CMG offers additional benefits 
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to the low-energy rolling. The dynamics of CMG are such that the final velocity of the step can be 

controlled to reduce the impact velocity with the ground, which would increase reliability, 

especially on bodies with larger gravity. Moreover, the torque scaling for robots that use CMG 

actuators allows for larger and more massive rovers. These two aspects, along with the fact that 

the PETER becomes more efficient as distance traveled increases, make the rover appropriate for 

missions where PETER can slowly locomote during a long-mission lifetime. RW-based rovers 

such as Hedgehog would be better suited for short duration missions or missions on lower gravity 

bodies, where smaller rovers that can efficiently cover the surface of the body through a 

combination of hopping and rolling. 

5.7  Conclusion 

 This work represents the first steps in understanding the performance of a CMG-driven 

polyhedral rover. A key result is that a single CMG is sufficient to control a rolling rover. The 

control approach can use the interaction with the ground to direct the movement, due to the 

polyhedral shape of the rover. The chapter provides design parameters and a control architecture 

that exploits the interaction between the surface and the rover, enabling the rover to locomote. 

Simulation results provide a preliminary confirmation that the rover and control architecture are 

suitable for planetary surface applications. These simulation results show that PETER, with one 

CMG, locomotes more efficiently than RW-actuated rovers during long lifetime mission on bodies 

with high gravity and on terrain with steep inclines. Additionally, the simulation results suggest 

that this performance increase is due to the energy efficiency of CMGs and not the chassis shape. 

 There are three main limitations to this study. First, the evaluation of PETER’s performance is 

limited to traversing directly up an incline with a firm surface. Because the rover is intended to be 
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used in extreme terrain, more complex topographies and terra-mechanical properties should be 

explored. 

 Second, PETER’s control system relies on the terra-mechanical properties of the surface being 

approximated by no-slip conditions at each spike point. With sufficient deviation between the true 

terra-mechanical properties and the assumed terra-mechanical properties, the rover’s motion may 

be less predictable and less efficient. To enable more predictable and robust motion of the rover, 

the terra-mechanical properties of the environment must be included in PETER’s control system. 

Past research has explored methodologies for learning terra-mechanical properties online using 

machine learning approaches for Ackerman steering vehicles [45]–[47]. These methodologies can 

be implemented into PETERs control system. Specifically, using these methodologies, a learned 

model of the terra-mechanical properties can be incorporated into the step trajectory planner, 

discussed in Section 5.4.1, enabling more accurate and robust computation of step trajectories. 

These methodologies could then be used to compute optimal gains for the step tracking controller 

discussed in Section 5.4.2, to enable robust tracking of the step trajectory. 

 Third, this work does not discuss the selection of chassis size or CMG size. While CMGs do 

scale up well, small CMGs lose many of the performance benefits compared to RWs due to 

mechanical limitations [1], [6]. Thus, small rovers with small CMGs likely have poorer 

performance than larger rovers with larger CMGs.  
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CHAPTER 6 CONCLUSION 

 The work in dissertation advances the field of momentum control systems and their applications 

in robotic systems. Specifically, this work offers high-performance and robust steering laws for 

CMGs. The dissertation offers a general steering law for planar CMGs that achieves globally 

optimal performance in closed form. The generality of the steering law enables fault-tolerant 

operation. The closed-form formulation eliminates the issues associated with numerical 

implementations, which can result in instabilities.  The steering law for planar arrays is further 

generalized to the four-CMG Box-90 array, which represents one of the most common arrays in 

practice. The resulting steering law achieves a high level of performance and predictability in the 

form of performance guarantees. The performance guarantees dictate the performance of the array 

during operation, increasing the robustness of the array by enabling maneuvers to be planned that 

are guaranteed to be achievable.  The dissertation then offers a novel implementation of CMGs 

that exploits their torque efficiency. Specifically, design principles and a control system for the 

rover are offered for a CMG actuated rover. Through exploitation of the contact between the rover 

and the surface in conjunction with the torque efficiency of CMG, the rover architecture is capable 

of high-performance and energy-efficient locomotion on extreme terrain. The performance of the 

rover enables exploration of currently unexplored environments, including Martian riverbeds and 

craters. Additionally, the rover enables efficient exploration of rubble, enabling the rover to be 

used for search and rescue missions. 

 The work offered in this dissertation can be expanded upon in many ways. Specifically, CB 

steering laws have shown a lot of promise. However, many implementations have algorithmic 

singularities, necessitating the feedback control method for the implementation to access the full 
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angular-momentum space. It is difficult to develop performance guarantees for feedback control 

methods because they necessarily enable the array to progress away from a constrained gimbal-

angle sets. Developing a general methodology to compute performance guarantees using modern 

verification methods, like barrier certificates [48]–[50], would greatly increase the robustness and 

applicability of CB steering laws. Furthermore, the dynamics that most steering laws consider, 

which is the dynamics considered here, is a simplified model of the CMG’s true dynamics. 

Developing steering laws for a more accurate model of the CMG’s dynamics, potentially by 

including the base rate effect, would greatly increase the torque accuracy of CMG arrays, 

increasing the accuracy in which the body can track a trajectory. Lastly, most of this work explores 

developing CB steering laws for CMG arrays that are commonly used in practice. However, the 

performance of arrays and the difficulty of developing CB steering laws are greatly dependent on 

the array’s architecture. Exploring how the array architecture can be manipulated to promote high 

performance and easy development of CB steering laws could greatly increase the applicability of 

these methodologies and potentially lead to high-performance implementations of CMGs. 
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APPENDIX 

7.1 Torque Capability Derivation 

Torque capability (TC) is a normalized representation of the maximum torque the array can 

produce in all directions given the gimbal rate limitations of the CMGs in the array. The derivation 

of TC depends on the steering law and the array’s architecture. This section provides a derivation 

of TC for three cases: 1) the Moore-Penrose pseudoinverse and an arbitrary array architecture; 2) 

the augmented Jacobian CB steering law with an arbitrary constraint formulation and the four-

CMG Box-90 array; and 3) the LG steering law with an arbitrary cost function and the four-CMG 

Box-90 array. 

For the derivations it is assumed that the gimbal rate limitations of the array are equal for all 

CMGs in the array and that each CMG has an equal capability of producing a positive or negative 

gimbal rate. The derivation of TC has four steps. First, the maximum gimbal-rate magnitude for 

one CMG that could result from producing an arbitrary finite torque in any direction is derived. 

Second, the maximum gimbal-rate magnitude of any CMG in the array resulting from producing 

an arbitrary finite torque in any direction is derived. Third, the maximum torque magnitude the 

array can produce in all directions is derived. Lastly, the maximum torque magnitude the array can 

produce in all directions is normalized by the maximum torque magnitude each CMG in the array 

can produce. 

7.1.1 Moore-Penrose pseudoinverse 

 Assuming the Moore-Penrose pseudoinverse, the gimbal rates that result from producing an 

arbitrary finite torque, 𝑇𝑇, are shown in Eq. (97). 
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⎣
⎢
⎢
⎡ �̇�𝛿1
 �̇�𝛿2
⋮

 �̇�𝛿𝑛𝑛⎦
⎥
⎥
⎤

= 𝐽𝐽+
𝛵𝛵
ℎ

(97) 

The torque, 𝛵𝛵, is separated into the three components, 𝜏𝜏𝑥𝑥, 𝜏𝜏𝑦𝑦, and 𝜏𝜏𝑧𝑧, specifying a torque direction, 

and a torque magnitude, 𝜏𝜏, enabling Eq. (97) to be simplified to Eq. (98). 

⎣
⎢
⎢
⎡ �̇�𝛿1
 �̇�𝛿2
⋮

 �̇�𝛿𝑛𝑛⎦
⎥
⎥
⎤

= 𝐽𝐽+ �
𝜏𝜏𝑥𝑥 
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
�
𝜏𝜏
ℎ

(98) 

𝛵𝛵 =  �
𝜏𝜏𝑥𝑥 
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
� 𝜏𝜏 

The gimbal rate for the 𝑖𝑖th CMG in the array is shown in Eq. (99). 

�̇�𝛿𝑖𝑖 = [𝐽𝐽+(𝑖𝑖, 1) 𝐽𝐽+(𝑖𝑖, 2) 𝐽𝐽+(𝑖𝑖, 3)] �
𝜏𝜏𝑥𝑥 
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
�
𝜏𝜏
ℎ

(99) 

The gimbal rate is scaled linearly with the magnitude of the torque divided by the magnitude of 

the angular momentum of the CMGs in the array. For an arbitrary finite torque magnitude, the 

direction of torque that maximizes the magnitude of �̇�𝛿𝑖𝑖 is computed by solving the optimization 

problem shown in Eq. (100). 

max
𝜏𝜏𝑥𝑥,𝜏𝜏𝑦𝑦,𝜏𝜏𝑧𝑧 

�[𝐽𝐽+(𝑖𝑖, 1) 𝐽𝐽+(𝑖𝑖, 2) 𝐽𝐽+(𝑖𝑖, 3)] �
𝜏𝜏𝑥𝑥 
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
�� (100) 

subject to: ��
𝜏𝜏𝑥𝑥 
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
��

2

= 1 
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Only the magnitude of �̇�𝛿𝑖𝑖 is considered and not the direction, because it is assumed the CMGs have 

equal gimbal-rate capabilities in the positive and negative directions. The optimization is 

simplified by squaring the inner expression instead of taking the absolute value and by simplifying 

the 𝑙𝑙2-norm as shown in Eq. (101). 

max
𝜏𝜏𝑥𝑥,𝜏𝜏𝑦𝑦,𝜏𝜏𝑧𝑧

�[𝐽𝐽+(𝑖𝑖, 1) 𝐽𝐽+(𝑖𝑖, 2) 𝐽𝐽+(𝑖𝑖, 3)] �
𝜏𝜏𝑥𝑥 
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
��

2

(101) 

subject to: 𝜏𝜏𝑥𝑥2 + 𝜏𝜏𝑦𝑦2 + 𝜏𝜏𝑧𝑧2 = 1 

The optimization problem is solved using Lagrange multipliers. The Lagrange equation is shown 

in Eq. (102). 

𝐿𝐿 = 𝐹𝐹�𝜏𝜏𝑥𝑥, 𝜏𝜏𝑦𝑦, 𝜏𝜏𝑧𝑧� − 𝜆𝜆𝑔𝑔�𝜏𝜏𝑥𝑥, 𝜏𝜏𝑦𝑦, 𝜏𝜏𝑧𝑧� (102) 

𝐹𝐹�𝜏𝜏𝑥𝑥, 𝜏𝜏𝑦𝑦, 𝜏𝜏𝑧𝑧� =  �[𝐽𝐽+(𝑖𝑖, 1) 𝐽𝐽+(𝑖𝑖, 2) 𝐽𝐽+(𝑖𝑖, 3)] �
𝜏𝜏𝑥𝑥 
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
��

2

 

𝑔𝑔�𝜏𝜏𝑥𝑥, 𝜏𝜏𝑦𝑦, 𝜏𝜏𝑧𝑧� =  𝜏𝜏𝑥𝑥2 + 𝜏𝜏𝑦𝑦2 + 𝜏𝜏𝑧𝑧2 − 1  

From the Lagrange optimization, the maximum value of 𝐹𝐹 is shown in Eq. (103).  

𝐹𝐹𝑚𝑚𝑡𝑡𝑥𝑥 = 𝐽𝐽+(𝑖𝑖, 1)2  +  𝐽𝐽+(𝑖𝑖, 2)2  +  𝐽𝐽+(𝑖𝑖, 3)2 (103) 

The stationary points that correspond to that maximum value are shown in Eqs. (104 - 109). 

Equations (104 - 106) correspond to one solution set. Equations (107 - 109) correspond to a 

second solution set. 

𝜏𝜏𝑥𝑥1 =  
𝐽𝐽+(𝑖𝑖, 1)

�𝐽𝐽+(𝑖𝑖, 1)2  + 𝐽𝐽+(𝑖𝑖, 2)2  +  𝐽𝐽+(𝑖𝑖, 3)2  
(104) 
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𝜏𝜏𝑦𝑦1 =  
𝐽𝐽+(𝑖𝑖, 2)

�𝐽𝐽+(𝑖𝑖, 1)2  +  𝐽𝐽+(𝑖𝑖, 2)2  + 𝐽𝐽+(𝑖𝑖, 3)2  
(105) 

𝜏𝜏𝑧𝑧1 =  
𝐽𝐽+(𝑖𝑖, 3)

�𝐽𝐽+(𝑖𝑖, 1)2  +  𝐽𝐽+(𝑖𝑖, 2)2  +  𝐽𝐽+(𝑖𝑖, 3)2  
(106) 

𝜏𝜏𝑥𝑥2 =  −
𝐽𝐽+(𝑖𝑖, 1)

�𝐽𝐽+(𝑖𝑖, 1)2  +  𝐽𝐽+(𝑖𝑖, 2)2  +  𝐽𝐽+(𝑖𝑖, 3)2  
(107) 

𝜏𝜏𝑦𝑦2 =  −
𝐽𝐽+(𝑖𝑖, 2)

�𝐽𝐽+(𝑖𝑖, 1)2  +  𝐽𝐽+(𝑖𝑖, 2)2  +  𝐽𝐽+(𝑖𝑖, 3)2  
(108) 

𝜏𝜏𝑧𝑧2 =  −
𝐽𝐽+(𝑖𝑖, 3)

�𝐽𝐽+(𝑖𝑖, 1)2  +  𝐽𝐽+(𝑖𝑖, 2)2  + 𝐽𝐽+(𝑖𝑖, 3)2  
(109) 

The torque directions defined by Eqs. (104 - 109) produce the largest gimbal-rate magnitude for 

a given torque magnitude. Both sets of solutions produce the same gimbal-rate magnitude. Thus, 

either can be chosen for the torque directions. For this derivation, the set shown in Eqs. (104 - 

106) is chosen. The solutions from the Lagrange optimization for the 𝑖𝑖th CMG are substituted into 

Eq. (99), yielding Eq. (110), where �̇�𝛿𝑖𝑖𝑚𝑚𝑎𝑎𝑥𝑥  represents the maximum gimbal-rate magnitude of the 

𝑖𝑖th CMG that can result from producing a finite torque in any direction. 

�̇�𝛿𝑖𝑖𝑚𝑚𝑎𝑎𝑥𝑥 =
𝜏𝜏
ℎ
�𝐽𝐽+(𝑖𝑖, 1)2  +  𝐽𝐽+(𝑖𝑖, 2)2  +  𝐽𝐽+(𝑖𝑖, 3)2 (110) 

Using the same methodology, the maximum gimbal rate magnitudes for all CMGs in the array that 

can result from producing a torque in any direction are computed and shown in Eq. (111). 

�̇�𝛥𝑚𝑚𝑡𝑡𝑥𝑥 =  
𝜏𝜏
ℎ
𝑊𝑊𝐶𝐶𝑀𝑀 (111) 
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𝑊𝑊𝐶𝐶𝑀𝑀 =  

⎣
⎢
⎢
⎢
⎡ �𝐽𝐽

+(1,1)2  + 𝐽𝐽+(1,2)2  +  𝐽𝐽+(1,3)2 
�𝐽𝐽+(2,1)2  + 𝐽𝐽+(2,2)2  +  𝐽𝐽+(2,3)2 

⋮
�𝐽𝐽+(𝑛𝑛, 1)2  +  𝐽𝐽+(𝑛𝑛, 2)2  +  𝐽𝐽+(𝑛𝑛, 3)2 ⎦

⎥
⎥
⎥
⎤
 

Equation (111) is simplified by pulling the determinant out of the matrix 𝑊𝑊𝐶𝐶𝑀𝑀. 

𝑊𝑊𝐶𝐶𝑀𝑀 =  
1

det(𝐽𝐽𝐽𝐽T)
⎣
⎢
⎢
⎢
⎡ �𝐴𝐴(1,1)2 +  𝐴𝐴(1,2)2 +  𝐴𝐴(1,3)2

�𝐴𝐴(2,1)2 +  𝐴𝐴(2,2)2 +  𝐴𝐴(2,3)2
⋮

�𝐴𝐴(𝑛𝑛, 1)2 +  𝐴𝐴(𝑛𝑛, 2)2 +  𝐴𝐴(𝑛𝑛, 3)2⎦
⎥
⎥
⎥
⎤

(112) 

𝐴𝐴 =  𝐽𝐽Tadj(𝐽𝐽𝐽𝐽T) 

The maximum possible gimbal rate for any CMG that can result from producing a finite torque in 

any direction is ��̇�𝛥𝑚𝑚𝑡𝑡𝑥𝑥�∞. The maximum torque the array can produce in any direction given the 

gimbal rate limitations is shown in Eq. (113). 

𝛵𝛵𝑚𝑚𝑡𝑡𝑥𝑥 =  
�̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥

��̇�𝛥𝑚𝑚𝑡𝑡𝑥𝑥�∞
𝜏𝜏 =

ℎ�̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥
‖𝑊𝑊𝐶𝐶𝑀𝑀‖∞

(113) 

Equation (113) is normalized by the maximum torque magnitude any one CMG in the array can 

produce, yielding Eq. (114), which is TC for the case an arbitrary array architecture and the Moore-

Penrose pseudoinverse steering law.  

𝑇𝑇𝐶𝐶 =
1

‖𝑊𝑊𝐶𝐶𝑀𝑀‖∞
(114) 

7.1.2 Four-CMG Box-90 and the Augmented Jacobian Method 

 The gimbal rates that result from producing an arbitrary finite torque, 𝑇𝑇, are shown in Eq. (115) 

for the case of the four-CMG box-90 and the augmented Jacobian steering law. 
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⎣
⎢
⎢
⎢
⎡ �̇�𝛿1
 �̇�𝛿2
�̇�𝛿3
 �̇�𝛿4⎦
⎥
⎥
⎥
⎤

= 𝐽𝐽𝑡𝑡−1 �

𝜏𝜏𝑥𝑥 
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
0

�
𝜏𝜏
ℎ

(115) 

𝛵𝛵 =  �
𝜏𝜏𝑥𝑥 
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
� 𝜏𝜏 

The gimbal rate for the 𝑖𝑖th CMG in the array is shown in Eq. (116). 

�̇�𝛿𝑖𝑖 = [𝐽𝐽𝑡𝑡−1(𝑖𝑖, 1) 𝐽𝐽𝑡𝑡−1(𝑖𝑖, 2) 𝐽𝐽𝑡𝑡−1(𝑖𝑖, 3) 𝐽𝐽𝑡𝑡−1(𝑖𝑖, 4)] �

𝜏𝜏𝑥𝑥 
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
0

�
𝜏𝜏
ℎ

(116) 

The direction of torque that maximizes the magnitude of �̇�𝛿𝑖𝑖 is computed by solving Eq. (117). 

max
𝜏𝜏𝑥𝑥,𝜏𝜏𝑦𝑦,𝜏𝜏𝑧𝑧

�[𝐽𝐽𝑡𝑡−1(𝑖𝑖, 1) 𝐽𝐽𝑡𝑡−1(𝑖𝑖, 2) 𝐽𝐽𝑡𝑡−1(𝑖𝑖, 3)] �
𝜏𝜏𝑥𝑥 
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
��

2

(117) 

subject to: 𝜏𝜏𝑥𝑥2 + 𝜏𝜏𝑦𝑦2 + 𝜏𝜏𝑧𝑧2 = 1 

Using Lagrange multipliers, Eq. (117) is solved. The resulting Lagrange equation is shown in Eq. 

(118). 

𝐿𝐿 = 𝐹𝐹�𝜏𝜏𝑥𝑥, 𝜏𝜏𝑦𝑦, 𝜏𝜏𝑧𝑧� − 𝜆𝜆𝑔𝑔�𝜏𝜏𝑥𝑥, 𝜏𝜏𝑦𝑦, 𝜏𝜏𝑧𝑧� (118) 

𝐹𝐹�𝜏𝜏𝑥𝑥, 𝜏𝜏𝑦𝑦, 𝜏𝜏𝑧𝑧� =  �[𝐽𝐽𝑡𝑡−1(𝑖𝑖, 1) 𝐽𝐽𝑡𝑡−1(𝑖𝑖, 2) 𝐽𝐽𝑡𝑡−1(𝑖𝑖, 3)] �
𝜏𝜏𝑥𝑥 
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
��

2

 

𝑔𝑔�𝜏𝜏𝑥𝑥, 𝜏𝜏𝑦𝑦, 𝜏𝜏𝑧𝑧� =  𝜏𝜏𝑥𝑥2 + 𝜏𝜏𝑦𝑦2 + 𝜏𝜏𝑧𝑧2 − 1  

The maximum value of 𝐹𝐹 is shown in Eq. (119).  

𝐹𝐹𝑚𝑚𝑡𝑡𝑥𝑥 = 𝐽𝐽𝑡𝑡−1(𝑖𝑖, 1)2  +  𝐽𝐽𝑡𝑡−1(𝑖𝑖, 2)2  + 𝐽𝐽𝑡𝑡−1(𝑖𝑖, 3)2 (119) 
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The stationary points that correspond to that maximum value are shown in Eqs. (120 - 125). 

Equations (120 - 122) correspond to one solution set. Equations (123 - 125) correspond to a 

second solution set. 

𝜏𝜏𝑥𝑥1 =  
𝐽𝐽𝑡𝑡−1(𝑖𝑖, 1)

�𝐽𝐽𝑡𝑡−1(𝑖𝑖, 1)2  +  𝐽𝐽𝑡𝑡−1(𝑖𝑖, 2)2  + 𝐽𝐽𝑡𝑡−1(𝑖𝑖, 3)2  
(120) 

𝜏𝜏𝑦𝑦1 =  
𝐽𝐽𝑡𝑡−1(𝑖𝑖, 2)

�𝐽𝐽𝑡𝑡−1(𝑖𝑖, 1)2  + 𝐽𝐽𝑡𝑡−1(𝑖𝑖, 2)2  +  𝐽𝐽𝑡𝑡−1(𝑖𝑖, 3)2  
(121) 

𝜏𝜏𝑧𝑧1 =  
𝐽𝐽𝑡𝑡−1(𝑖𝑖, 3)

�𝐽𝐽𝑡𝑡−1(𝑖𝑖, 1)2  +  𝐽𝐽𝑡𝑡−1(𝑖𝑖, 2)2  +  𝐽𝐽𝑡𝑡−1(𝑖𝑖, 3)2  
(122) 

𝜏𝜏𝑥𝑥2 =  −
𝐽𝐽𝑡𝑡−1(𝑖𝑖, 1)

�𝐽𝐽𝑡𝑡−1(𝑖𝑖, 1)2  +  𝐽𝐽𝑡𝑡−1(𝑖𝑖, 2)2  +  𝐽𝐽𝑡𝑡−1(𝑖𝑖, 3)2  
(123) 

𝜏𝜏𝑦𝑦2 =  −
𝐽𝐽𝑡𝑡−1(𝑖𝑖, 2)

�𝐽𝐽𝑡𝑡−1(𝑖𝑖, 1)2  +  𝐽𝐽𝑡𝑡−1(𝑖𝑖, 2)2  +  𝐽𝐽𝑡𝑡−1(𝑖𝑖, 3)2  
(124) 

𝜏𝜏𝑧𝑧2 =  −
𝐽𝐽𝑡𝑡−1(𝑖𝑖, 3)

�𝐽𝐽𝑡𝑡−1(𝑖𝑖, 1)2  + 𝐽𝐽𝑡𝑡−1(𝑖𝑖, 2)2  +  𝐽𝐽𝑡𝑡−1(𝑖𝑖, 3)2  
(125) 

Because the gimbal rate limitation is assumed to apply equally to positive and negative rotations, 

either solution set yields the same result. For this derivation, Eqs. (120 - 122) are used. Eqs. (120 

- 122), are substituted in to Eq. (116), yielding Eq. (126). 

�̇�𝛿𝑖𝑖𝑚𝑚𝑎𝑎𝑥𝑥 =
𝜏𝜏
ℎ
�𝐽𝐽𝑡𝑡−1(𝑖𝑖, 1)2  +  𝐽𝐽𝑡𝑡−1(𝑖𝑖, 2)2  +  𝐽𝐽𝑡𝑡−1(𝑖𝑖, 3)2 (126) 

The maximum gimbal rate magnitudes for all CMGs are shown in Eq. (127). 

�̇�𝛥𝑚𝑚𝑡𝑡𝑥𝑥 =  
𝜏𝜏
ℎ
𝑊𝑊𝐶𝐶𝐶𝐶 (127) 
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𝑊𝑊𝐶𝐶𝐶𝐶 =  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡�𝐽𝐽𝑡𝑡−1(1,1)2  +  𝐽𝐽𝑡𝑡−1(1,2)2  +  𝐽𝐽𝑡𝑡−1(1,3)2 

�𝐽𝐽𝑡𝑡−1(2,1)2  +  𝐽𝐽𝑡𝑡−1(2,2)2  +  𝐽𝐽𝑡𝑡−1(2,3)2 

�𝐽𝐽𝑡𝑡−1(3,1)2  +  𝐽𝐽𝑡𝑡−1(3,2)2  +  𝐽𝐽𝑡𝑡−1(3,3)2 

�𝐽𝐽𝑡𝑡−1(4,1)2  +  𝐽𝐽𝑡𝑡−1(4,2)2  +  𝐽𝐽𝑡𝑡−1(4,3)2 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

The maximum torque the array can produce in any direction given the gimbal rate limitations is 

shown in Eq. (128). 

𝛵𝛵𝑚𝑚𝑡𝑡𝑥𝑥 =  
�̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥

��̇�𝛥𝑚𝑚𝑡𝑡𝑥𝑥�∞
𝜏𝜏 =

ℎ�̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥
‖𝑊𝑊𝐶𝐶𝐶𝐶‖∞

(128) 

Equation (128) is normalized by the maximum torque magnitude any one CMG in the array can 

produce, yielding Eq. (129), which is TC for the case of a four-CMG box-90 array and the 

augmented Jacobian steering law.  

𝑇𝑇𝐶𝐶 =
1

‖𝑊𝑊𝐶𝐶𝐶𝐶‖∞
(129) 

7.1.3 Four-CMG Box-90 and the Local Gradient Steering Law 

For the case of the four-CMG box-90 array and the LG steering law, the same methodology is 

used to derive TC. For the LG steering law, the gimbal rates for all of the CMGs in the array to 

produce an arbitrary finite torque are shown in Eq. (130). 

⎣
⎢
⎢
⎢
⎡ �̇�𝛿1
 �̇�𝛿2
�̇�𝛿3
 �̇�𝛿4⎦
⎥
⎥
⎥
⎤

= 𝐽𝐽+𝛵𝛵 + �̇�𝛥𝑛𝑛 (130) 

�̇�𝛥𝑛𝑛 =  𝑘𝑘(𝐼𝐼4𝑥𝑥4 −  𝐽𝐽+𝐽𝐽)𝑑𝑑T 
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The gimbal rate for the 𝑖𝑖th CMG is shown in Eq. (131). 

�̇�𝛿𝑖𝑖 = [𝐽𝐽+(𝑖𝑖, 1) 𝐽𝐽+(𝑖𝑖, 2) 𝐽𝐽+(𝑖𝑖, 3)] �
𝜏𝜏𝑥𝑥 
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
�
𝜏𝜏
ℎ

+ �̇�𝛥𝑛𝑛(𝑖𝑖, 1) (131) 

The torque direction that maximizes the magnitude of �̇�𝛿𝑖𝑖 is computed by first solving the 

optimization problem shown in Eq. (132). 

max
𝜏𝜏𝑥𝑥,𝜏𝜏𝑦𝑦,𝜏𝜏𝑧𝑧

��[𝐽𝐽+(𝑖𝑖, 1) 𝐽𝐽+(𝑖𝑖, 2) 𝐽𝐽+(𝑖𝑖, 3)] �
𝜏𝜏𝑥𝑥 
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
��� (132) 

subject to: ��
𝜏𝜏𝑥𝑥 
𝜏𝜏𝑦𝑦
𝜏𝜏𝑧𝑧
��

2

= 1 

The optimization yields two optimal solutions sets: one corresponding to Eqs. (133 - 135) and 

one corresponding to Eq. (136 - 138). 

𝜏𝜏𝑥𝑥1 =  
𝐽𝐽+(𝑖𝑖, 1)

�𝐽𝐽+(𝑖𝑖, 1)2  + 𝐽𝐽+(𝑖𝑖, 2)2  +  𝐽𝐽+(𝑖𝑖, 3)2  
(133) 

𝜏𝜏𝑦𝑦1 =  
𝐽𝐽+(𝑖𝑖, 2)

�𝐽𝐽+(𝑖𝑖, 1)2  +  𝐽𝐽+(𝑖𝑖, 2)2  + 𝐽𝐽+(𝑖𝑖, 3)2  
(134) 

𝜏𝜏𝑧𝑧1 =  
𝐽𝐽+(𝑖𝑖, 3)

�𝐽𝐽+(𝑖𝑖, 1)2  +  𝐽𝐽+(𝑖𝑖, 2)2  +  𝐽𝐽+(𝑖𝑖, 3)2  
(135) 

𝜏𝜏𝑥𝑥2 =  −
𝐽𝐽+(𝑖𝑖, 1)

�𝐽𝐽+(𝑖𝑖, 1)2  +  𝐽𝐽+(𝑖𝑖, 2)2  +  𝐽𝐽+(𝑖𝑖, 3)2  
(136) 

𝜏𝜏𝑦𝑦2 =  −
𝐽𝐽+(𝑖𝑖, 2)

�𝐽𝐽+(𝑖𝑖, 1)2  +  𝐽𝐽+(𝑖𝑖, 2)2  +  𝐽𝐽+(𝑖𝑖, 3)2  
(137) 

𝜏𝜏𝑧𝑧2 =  −
𝐽𝐽+(𝑖𝑖, 3)

�𝐽𝐽+(𝑖𝑖, 1)2  +  𝐽𝐽+(𝑖𝑖, 2)2  + 𝐽𝐽+(𝑖𝑖, 3)2  
(138) 
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Both sets of solutions yield the same optimal value for Eq. (132). Substituting both sets of 

solutions into Eq. (131), yields Eq. (139) where either the first term can be positive or negative 

depending on the optimal solution set used. 

�̇�𝛿𝑖𝑖𝑚𝑚𝑎𝑎𝑥𝑥 = ±
𝜏𝜏
ℎ
�𝐽𝐽+(𝑖𝑖, 1)2  +  𝐽𝐽+(𝑖𝑖, 2)2  + 𝐽𝐽+(𝑖𝑖, 3)2 + �̇�𝛥𝑛𝑛(𝑖𝑖, 1) (139) 

Unlike the derivation of 𝑇𝑇𝐶𝐶 for the four-CMG box-90 array and the augmented Jacobian steering 

law, both sets of solutions do not yield the same value for the magnitude of �̇�𝛿𝑖𝑖. Instead, due to the 

addition of �̇�𝛥𝑛𝑛(𝑖𝑖, 1), if �̇�𝛥𝑛𝑛(𝑖𝑖, 1) is not zero, then �̇�𝛿𝑖𝑖 is maximized when both of the two terms in 

Eq. (139) have the same sign. If �̇�𝛥𝑛𝑛(𝑖𝑖, 1) is zero, then the sign of the first term can be either 

positive or negative. Thus, Eq. (139) can be simplified to Eq. (140).  

�̇�𝛿𝑖𝑖𝑚𝑚𝑎𝑎𝑥𝑥 =
𝜏𝜏
ℎ
�𝐽𝐽+(𝑖𝑖, 1)2  +  𝐽𝐽+(𝑖𝑖, 2)2  +  𝐽𝐽+(𝑖𝑖, 3)2 + ��̇�𝛥𝑛𝑛(𝑖𝑖, 1)� (140) 

Using the same methodology, the maximum gimbal rate magnitude that can result from the 

array producing an finite torque in any direction is computed for each CMG in the array, yielding 

Eq. (141). 

�̇�𝛥𝑚𝑚𝑡𝑡𝑥𝑥 =  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜏𝜏
ℎ
�𝐽𝐽+(1,1)2  +  𝐽𝐽+(1,2)2  +  𝐽𝐽+(1, 3)2 + ��̇�𝛥𝑛𝑛(1, 1)�

𝜏𝜏
ℎ
�𝐽𝐽+(2, 1)2  +  𝐽𝐽+(2, 2)2  +  𝐽𝐽+(2, 3)2 + ��̇�𝛥𝑛𝑛(2, 1)�

𝜏𝜏
ℎ
�𝐽𝐽+(3, 1)2  +  𝐽𝐽+(3, 2)2  +  𝐽𝐽+(3, 3)2 + ��̇�𝛥𝑛𝑛(3, 1)�

𝜏𝜏
ℎ
�𝐽𝐽+(4, 1)2  +  𝐽𝐽+(4, 2)2  +  𝐽𝐽+(4, 3)2 + ��̇�𝛥𝑛𝑛(4, 1)�⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

(141) 

The maximum torque the array can produce in all possible directions is shown in Eq. (142). 
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𝛵𝛵𝑚𝑚𝑡𝑡𝑥𝑥 = min

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ℎ�̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥 − ℎ��̇�𝛥𝑛𝑛(1, 1)�

�𝐽𝐽+(1,1)2  +  𝐽𝐽+(1,2)2  +  𝐽𝐽+(1,3)2 
ℎ�̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥 − ℎ��̇�𝛥𝑛𝑛(2, 1)�

�𝐽𝐽+(2,1)2  +  𝐽𝐽+(2,2)2  +  𝐽𝐽+(2,3)2 
ℎ�̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥 − ℎ��̇�𝛥𝑛𝑛(3, 1)�

�𝐽𝐽+(3,1)2  +  𝐽𝐽+(3,2)2  +  𝐽𝐽+(3,3)2 
ℎ�̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥 − ℎ��̇�𝛥𝑛𝑛(4, 1)�

�𝐽𝐽+(4,1)2  +  𝐽𝐽+(4,2)2  +  𝐽𝐽+(4,3)2 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

(142) 

Equation (142) is normalized by dividing by the maximum torque magnitude each CMG in the 

array can produce, yielding Eq. (143). 

𝑇𝑇𝐶𝐶 = min

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 1 − 1

�̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥
��̇�𝛥𝑛𝑛(1, 1)�

�𝐽𝐽+(1,1)2  +  𝐽𝐽+(1,2)2  +  𝐽𝐽+(1,3)2 

1 − 1
�̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥

��̇�𝛥𝑛𝑛(2, 1)�

�𝐽𝐽+(2,1)2  +  𝐽𝐽+(2,2)2  +  𝐽𝐽+(2,3)2 

1 − 1
�̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥

��̇�𝛥𝑛𝑛(3, 1)�

�𝐽𝐽+(3,1)2  +  𝐽𝐽+(3,2)2  +  𝐽𝐽+(3,3)2 

1 − 1
�̇�𝛿𝑚𝑚𝑡𝑡𝑥𝑥

��̇�𝛥𝑛𝑛(4, 1)�

�𝐽𝐽+(4,1)2  +  𝐽𝐽+(4,2)2  +  𝐽𝐽+(4,3)2 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

(143) 

7.2 Proofs of Global Optimality for Planar Array Constraints 

 Proofs are provided to verify the global optimality of the gimbal-angle constraint functions 

discussed in Section 3.2. None of the proofs provided proves uniqueness; many solutions may 

exist that achieve the same performance. For all proofs, angular momentum is assumed to be 

positive and only have a projection onto one axis. As stated in Section 3.2, this simplification does 

not limit the generality of the proofs. The axis that the angular momentum is projected along is 
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called the 𝒙𝒙� axis. The desired array angular momentum along the 𝒙𝒙� axis is referred to as 𝐻𝐻𝑑𝑑. For 

the remaining proofs, 𝐻𝐻𝑑𝑑 is a scaler and not a matrix. The axis perpendicular to the 𝒙𝒙� axis that lies 

in the plane is referred to as the 𝒚𝒚� axis. The tilde above angular-momentum values indicate a 

normalized angular-momentum value computed by dividing the angular-momentum value by ℎ. 

The projection each CMG has onto each axis is shown in Eqs. (144, 145). 

ℎ�𝑦𝑦𝑖𝑖 = sin(𝛿𝛿𝑖𝑖) (144) 

ℎ�𝑥𝑥𝑖𝑖 = cos(𝛿𝛿𝑖𝑖) (145) 

 To prove the optimality of the provided gimbal-angle constraint functions, first, the constraint 

functions are proven to optimize Eq. (146) for all angular-momentum states. 

𝑅𝑅 = min
𝛿𝛿1,𝛿𝛿2,…,𝛿𝛿𝑛𝑛

‖𝑊𝑊𝐶𝐶𝑀𝑀‖2 (146) 

subject to: cos(𝛿𝛿1) + cos(𝛿𝛿2) + ⋯+ cos(𝛿𝛿𝑛𝑛) = 𝐻𝐻�𝑑𝑑 , 

sin(𝛿𝛿1) + sin(𝛿𝛿2) + ⋯+ sin(𝛿𝛿𝑛𝑛) = 0 

𝑊𝑊𝐶𝐶𝑀𝑀 =  
1

det(𝐽𝐽𝐽𝐽T)
⎣
⎢
⎢
⎢
⎡ �𝐴𝐴(1,1)2 +  𝐴𝐴(1,2)2

�𝐴𝐴(2,1)2 +  𝐴𝐴(2,2)2
⋮

�𝐴𝐴(𝑛𝑛, 1)2 +  𝐴𝐴(𝑛𝑛, 2)2⎦
⎥
⎥
⎥
⎤
 

Substituting the Jacobian for a planar array shown in Eq. (19) into Eq. (146) yields Eq. (147).  

𝑅𝑅 =  min
𝛿𝛿1,𝛿𝛿2,…,𝛿𝛿𝑛𝑛

�
𝑛𝑛

det (𝐽𝐽𝐽𝐽T)
(147) 

subject to: cos(𝛿𝛿1) + cos(𝛿𝛿2) + ⋯+ cos(𝛿𝛿𝑛𝑛) = 𝐻𝐻�𝑑𝑑 , 

sin(𝛿𝛿1) + sin(𝛿𝛿2) + ⋯+ sin(𝛿𝛿𝑛𝑛) = 0 

det(𝐽𝐽𝐽𝐽T) =  𝐶𝐶𝐶𝐶T(𝑛𝑛 − 𝐶𝐶𝐶𝐶T) −  𝑆𝑆𝐶𝐶T𝑆𝑆𝐶𝐶T 
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 The denominator, det (𝐽𝐽𝐽𝐽T), shown in Eq. (147) is often referred to as the singularity measure 

of the array. The provided gimbal-angle constraint functions are proven to maximize the 

singularity measure, and thus minimizing Eq. (147) for all angular-momentum states. The 

resulting value for 𝑅𝑅 represents the minimum radius of a hypersphere of the elements of 𝑊𝑊𝐶𝐶𝑀𝑀 that 

intersects the set 𝑊𝑊𝑐𝑐𝑡𝑡𝑛𝑛, which is the set of elements of 𝑊𝑊𝐶𝐶𝑀𝑀 that satisfies the angular-momentum 

constraints applied to the optimization.  

 The matrix 𝑊𝑊𝑠𝑠𝑡𝑡𝑡𝑡, which results from substituting the provided gimbal-angle constraint functions 

into 𝑊𝑊𝐶𝐶𝑀𝑀, is then shown to be equal to the coordinates of the vertices of a hypercube that is 

inscribed within a hypersphere of radius 𝑅𝑅. Because 𝑊𝑊𝑠𝑠𝑡𝑡𝑡𝑡 represents the vertices of an inscribed 

hypercube, reducing the infinity norm of 𝑊𝑊𝑠𝑠𝑡𝑡𝑡𝑡 is equivalent to reducing the longest edge of the 

hypercube. This reduction requires the magnitude of all values of 𝑊𝑊𝑠𝑠𝑡𝑡𝑡𝑡 to be reduced, resulting in 

a hyperrectangle that does not intersect the set 𝑊𝑊𝑐𝑐𝑡𝑡𝑛𝑛. Therefore, the provided solutions globally 

maximize the torque capability of the array.  

 The first step of the proof is to show that the provided gimbal-angle constraint functions 

maximize the singularity measure and thus minimize ‖𝑊𝑊𝐶𝐶𝑀𝑀‖2. The methodology for proving the 

provided constraint functions globally maximize the singularity measure results from there being 

two main expressions in the singularity measure: 𝐶𝐶𝐶𝐶T(𝑛𝑛 − 𝐶𝐶𝐶𝐶T) and – 𝑆𝑆𝐶𝐶T𝑆𝑆𝐶𝐶T. The following 

proofs verify that the provided gimbal-angle constraint functions globally optimize both 

𝐶𝐶𝐶𝐶T(𝑛𝑛 − 𝐶𝐶𝐶𝐶T) and – 𝑆𝑆𝐶𝐶T𝑆𝑆𝐶𝐶T independently for every angular-momentum state. Therefore, they 

globally optimize the singularity measure for every angular-momentum state. 
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 The global maximum for 𝐶𝐶𝐶𝐶T(𝑛𝑛 − 𝐶𝐶𝐶𝐶T) when the angular momentum is not constrained is 

analytically determined for 𝐶𝐶𝐶𝐶T and is shown in Eq. (148) 

𝐶𝐶𝐶𝐶T =
𝑛𝑛
2

(148) 

 If the gimbal-angle constraint functions achieve the equality in Eq. (148), the constraint 

functions globally optimize 𝐶𝐶𝐶𝐶T(𝑛𝑛 − 𝐶𝐶𝐶𝐶T). However, an array is not capable of achieving the 

equality in Eq. (148) for all magnitudes of 𝐻𝐻�𝑑𝑑. This is shown by the fact that when 𝐻𝐻�𝑑𝑑 is equal to 

𝑛𝑛, 𝐶𝐶𝐶𝐶T must be equal to n, which does not satisfy Eq. (148).  

 The optimal solution is split into two discrete angular-momentum regions: the static region and 

the declining region. While the array is operating in the static angular-momentum region, the array 

achieves the equality shown in Eq. (148). While operating in the declining momentum region, the 

array maximizes 𝐶𝐶𝐶𝐶T(𝑛𝑛 − 𝐶𝐶𝐶𝐶T) but is unable to achieve the equality shown in Eq. (148). The 

expression 𝐶𝐶𝐶𝐶T(𝑛𝑛 − 𝐶𝐶𝐶𝐶T) is concave with respect to 𝐶𝐶𝐶𝐶T, and the value of 𝐶𝐶𝐶𝐶T is greater than or 

equal to 𝑛𝑛
2
, so maximizing 𝐶𝐶𝐶𝐶T(𝑛𝑛 − 𝐶𝐶𝐶𝐶T) is equivalent to minimizing 𝐶𝐶𝐶𝐶T.  

 The proof of global optimality of the singularity measure for arrays is broken into three parts. 

The first part of the proof verifies that the provided gimbal-angle constraint function minimizes 

𝐶𝐶𝐶𝐶T in the declining angular-momentum region. To prove that the provided gimbal and constraint 

function minimize 𝐶𝐶𝐶𝐶T in the declining region, the gimbal-angle sets that minimize 𝐶𝐶𝐶𝐶T for any 

angular-momentum state are determined. This optimal solution has two purposes: 1) the solution 

enables the calculation of 𝐻𝐻�𝑐𝑐 by determining the angular-momentum state at which the solution 

results in the equality shown in Eq. (148); and 2) the solution represents the optimal gimbal-angle 

set for the declining angular-momentum region, so the solution should match the gimbal-angle 



 

123 

constraint functions provided in Section 3.2. The second part of the proof verifies that the gimbal-

angle constraint functions globally optimize 𝐶𝐶𝐶𝐶T(𝑛𝑛 − 𝐶𝐶𝐶𝐶T) in the static region by substituting the 

constraint functions into 𝐶𝐶𝐶𝐶T and showing that the resulting values are 𝑛𝑛
2
. The third part of the 

proof verifies that the gimbal-angle constraint functions for both angular-momentum regions 

globally maximize – 𝑆𝑆𝐶𝐶T𝑆𝑆𝐶𝐶T. By substituting the solutions in to – 𝑆𝑆𝐶𝐶T𝑆𝑆𝐶𝐶T, the expression 

evaluates to zero for all provided constraint functions. The three sections of the proof verify that 

the gimbal-angle constraint functions globally maximize the singularity measure in each angular-

momentum region.  

7.2.1 Arrays with an Even Number of CMGs Greater Than Three 

 The gimbal-angle constraint functions for arrays with an even number of CMGs greater than 

three are proven to maximize torque capability. The first step of the proof is to determine the 

gimbal-angle sets that minimize 𝐶𝐶𝐶𝐶T for any angular-momentum state, which is determined by 

solving the optimization shown in Eq. (149) for all angular-momentum states. 

min
𝛿𝛿1,𝛿𝛿2,…,𝛿𝛿𝑛𝑛

𝐶𝐶𝐶𝐶T (149) 

subject to: cos(𝛿𝛿1) + cos(𝛿𝛿2) + ⋯+ cos(𝛿𝛿𝑛𝑛) = 𝐻𝐻�𝑑𝑑 , 

sin(𝛿𝛿1) + sin(𝛿𝛿2) + ⋯+ sin(𝛿𝛿𝑛𝑛) = 0 

To simplify the optimization, the cosine and sine values are replaced with ℎ�𝑥𝑥 and ℎ�𝑦𝑦, respectively, 

as shown in Eq. (150).  

min
𝛿𝛿1,𝛿𝛿2,…,𝛿𝛿𝑛𝑛

ℎ�𝑥𝑥1
2 +  ℎ�𝑥𝑥2

2 + ⋯+ ℎ�𝑥𝑥𝑛𝑛
2 (150) 

subject to:ℎ�𝑥𝑥1 +  ℎ�𝑥𝑥2 + ⋯+ ℎ�𝑥𝑥𝑛𝑛 =  𝐻𝐻�𝑑𝑑 , 
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ℎ�𝑦𝑦1 +  ℎ�𝑦𝑦2 + ⋯+ ℎ�𝑦𝑦𝑛𝑛 = 0,  

ℎ�𝑥𝑥1
2 +  ℎ�𝑦𝑦1

2 = 1,ℎ�𝑥𝑥2
2 +  ℎ�𝑦𝑦2

2 = 1, … ,ℎ�𝑥𝑥𝑛𝑛
2 +  ℎ�𝑦𝑦𝑛𝑛

2 = 1 

 The optimal gimbal-angle set is found using Lagrange multipliers. The globally minimizing, 

but non-unique, solution for this optimization is shown in Eqs. (151, 152), which match the 

provided gimbal-angle constraint functions in Section 3.2.1. In the solution, all ℎ�𝑥𝑥𝑖𝑖 values are 

assumed to have the same sign. The same minimizing value is achieved for Eq. (150) if the 

assumption is not made. However, while minimizing Eq. (150), the solution should also maximize 

𝐻𝐻�𝑐𝑐, which is achieved by having the sign of all ℎ�𝑥𝑥𝑖𝑖 values the same. 

𝛿𝛿1,2,…𝑛𝑛2
= cos−1 �

𝐻𝐻�𝑑𝑑
𝑛𝑛
� (151) 

𝛿𝛿𝑛𝑛
2+1,𝑛𝑛2+2,…,𝑛𝑛 = −𝛿𝛿1,2,…𝑛𝑛2

(152) 

 The critical angular momentum is calculated using these solutions and is shown in Eq. (153). 

The critical angular momentum matches the critical angular momentum provided in Section 3.2.  

𝐻𝐻�𝑐𝑐 =
𝑛𝑛
√2

(153) 

 Next, the provided gimbal-angle constraint functions are shown to globally maximize 

𝐶𝐶𝐶𝐶T(𝑛𝑛 − 𝐶𝐶𝐶𝐶T) for the static region. Substituting the provided gimbal-angle constraint functions 

for the static angular-momentum region from Eqs. (24 - 28) into 𝐶𝐶𝐶𝐶T yields 𝑛𝑛
2
, proving that the 

provided gimbal-angle constraint functions globally maximize 𝐶𝐶𝐶𝐶T(𝑛𝑛 − 𝐶𝐶𝐶𝐶T) in the static region. 

 Next, the gimbal-angle constraint functions are proven to globally maximize – 𝑆𝑆𝐶𝐶T𝑆𝑆𝐶𝐶T. The 

gimbal-angle constraint functions for the static and declining regions are substituted into 
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– 𝑆𝑆𝐶𝐶T𝑆𝑆𝐶𝐶T, which yields zero for both regions, so the gimbal-angle constraint functions are globally 

optimal for both angular-momentum regions.  

 The proofs offered here verify that the gimbal-angle constraint functions shown in Eqs. (24 - 

28) globally optimize the singularity measure for all angular-momentum states for any even 

number of CMGs greater than three.  

 Next, the provided gimbal-angle constraint functions are proven to optimize torque capability. 

First, the value for 𝑅𝑅 is calculated for both angular-momentum regions, which is shown in Eq. 

(154). 

𝑅𝑅 =

⎩
⎪
⎨

⎪
⎧ �4

𝑛𝑛
, 0 ≤ 𝐻𝐻�𝑑𝑑 <

𝑛𝑛
√2

�
𝑛𝑛3

𝐻𝐻�𝑑𝑑2�𝑛𝑛2 − 𝐻𝐻�𝑑𝑑2�
,
𝑛𝑛
√2

≤ 𝐻𝐻�𝑑𝑑 ≤ 𝑛𝑛

(154) 

Substituting the provided gimbal-angle constraints into 𝑊𝑊𝐶𝐶𝑀𝑀 yields Eq. (155). 
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𝑊𝑊𝑠𝑠𝑡𝑡𝑡𝑡 =

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎧

⎣
⎢
⎢
⎢
⎢
⎢
⎡
2
𝑛𝑛
2
𝑛𝑛
⋮
2
𝑛𝑛⎦
⎥
⎥
⎥
⎥
⎥
⎤

, 0 ≤ 𝐻𝐻�𝑑𝑑 <
𝑛𝑛
√2

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡�

𝑛𝑛2

𝐻𝐻�𝑑𝑑2�𝑛𝑛2 − 𝐻𝐻�𝑑𝑑2�

�
𝑛𝑛2

𝐻𝐻�𝑑𝑑2�𝑛𝑛2 − 𝐻𝐻�𝑑𝑑2�
⋮

�
𝑛𝑛2

𝐻𝐻�𝑑𝑑2�𝑛𝑛2 − 𝐻𝐻�𝑑𝑑2�⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

,
𝑛𝑛
√2

≤ 𝐻𝐻�𝑑𝑑 ≤ 𝑛𝑛

(155)  

For each angular-momentum region, the values of 𝑊𝑊𝑠𝑠𝑡𝑡𝑡𝑡 represent a single vertex of a hypercube. 

However, in Section 7.1.1 it is shown that there are two possible solutions sets for each value of 

𝑊𝑊𝐶𝐶𝑀𝑀, both with the same magnitude but opposite sign. In Section 7.1.1, only the positive solutions 

are considered, simplifying the expression. However, because of the two solution sets, the values 

of 𝑊𝑊𝐶𝐶𝑀𝑀 could be positive or negative. Incorporating these negative solutions, shown in Eqs. (107 

- 109), into 𝑊𝑊𝑠𝑠𝑡𝑡𝑡𝑡 results in Eq. (156). 
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𝑊𝑊𝑠𝑠𝑡𝑡𝑡𝑡 =

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎧

⎣
⎢
⎢
⎢
⎢
⎢
⎡±

2
𝑛𝑛

±
2
𝑛𝑛
⋮

±
2
𝑛𝑛⎦
⎥
⎥
⎥
⎥
⎥
⎤

, 0 ≤ 𝐻𝐻�𝑑𝑑 <
𝑛𝑛
√2

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡±�

𝑛𝑛2

𝐻𝐻�𝑑𝑑2�𝑛𝑛2 − 𝐻𝐻�𝑑𝑑2�

±�
𝑛𝑛2

𝐻𝐻�𝑑𝑑2�𝑛𝑛2 − 𝐻𝐻�𝑑𝑑2�
⋮

±�
𝑛𝑛2

𝐻𝐻�𝑑𝑑2�𝑛𝑛2 − 𝐻𝐻�𝑑𝑑2�⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

,
𝑛𝑛
√2

≤ 𝐻𝐻�𝑑𝑑 ≤ 𝑛𝑛

(156) 

For both angular-momentum regions, the values of 𝑊𝑊𝑠𝑠𝑡𝑡𝑡𝑡 represent the vertices of a hypercube. The 

two-norm of 𝑊𝑊𝑠𝑠𝑡𝑡𝑡𝑡 is equal to 𝑅𝑅 for both angular-momentum regions, proving that the provided 

gimbal-angle constraint functions shown in Eqs. (24 - 28) globally optimize the torque capability 

of any even number of CMGs greater than three for any angular momentum.  

7.2.2 Arrays with an Odd Number of CMGs More Than Three 

 For arrays with an odd number of CMGs greater than three, the constraints are proven to be 

globally optimal in the static angular-momentum region, but not in the declining angular-

momentum region. For brevity, a proof of global optimality in the static region is only shown for 

the arrays with an odd number of CMGs greater than seven. The same methodology is used to 

prove optimality for the constraints for arrays with five and seven CMGs. 

 To prove optimality of Eqs. (43 - 48), first the provided constraint functions are shown to 

maximize the singularity measure and thus minimize Eq. (147). The provided gimbal-angle 
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constraint functions from Eqs. (43 - 48) are substituted into 𝐶𝐶𝐶𝐶T and – 𝑆𝑆𝐶𝐶T𝑆𝑆𝐶𝐶T, yielding 𝑛𝑛
2
 and 

zero, respectively, proving that the provided constraint function globally minimizes ‖𝑊𝑊𝐶𝐶𝑀𝑀‖2 in 

the static region. The corresponding value for 𝑅𝑅 for the static region is shown in Eq. (157). 

𝑅𝑅 = �4
𝑛𝑛

, 0 ≤ 𝐻𝐻�𝑑𝑑 < 1 + �(𝑛𝑛 − 1)(𝑛𝑛 − 2)
2

(157)  

Substituting provided constraint functions into 𝑊𝑊𝐶𝐶𝑀𝑀 yields Eq. (158). 

𝑊𝑊𝑠𝑠𝑡𝑡𝑡𝑡 =  

⎣
⎢
⎢
⎢
⎢
⎢
⎡
2
𝑛𝑛
2
𝑛𝑛
⋮
2
𝑛𝑛⎦
⎥
⎥
⎥
⎥
⎥
⎤

, 0 ≤ 𝐻𝐻�𝑑𝑑 < 1 + �(𝑛𝑛 − 1)(𝑛𝑛 − 2)
2

(158) 

The values of 𝑊𝑊𝑠𝑠𝑡𝑡𝑡𝑡 represent a single vertex of a hypercube. However, the values can either be 

positive or negative depending on the solution set used during the derivation of 𝑊𝑊𝐶𝐶𝑀𝑀, as show in 

Section 7.1.1. Thus, Eq. (158) can be rewritten as Eq. (159).  

𝑊𝑊𝑠𝑠𝑡𝑡𝑡𝑡 =  

⎣
⎢
⎢
⎢
⎢
⎢
⎡±

2
𝑛𝑛

±
2
𝑛𝑛
⋮

±
2
𝑛𝑛⎦
⎥
⎥
⎥
⎥
⎥
⎤

, 0 ≤ 𝐻𝐻�𝑑𝑑 < 1 + �(𝑛𝑛 − 1)(𝑛𝑛 − 2)
2

(159) 

The values of 𝑊𝑊𝑠𝑠𝑡𝑡𝑡𝑡 represent the vertices of a hypercube. The two-norm of 𝑊𝑊𝑠𝑠𝑡𝑡𝑡𝑡 is equal to 𝑅𝑅, 

proving that the provided gimbal-angle constraint functions shown in Eqs. (43 - 48) globally 

optimize the torque capability of any odd number of CMGs greater than seven for any angular 

momentum within the static region. 
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 Numerical evidence for the global optimality of the provided gimbal-angle constraint functions 

for the declining angular-momentum region for arrays with five, seven, nine, and eleven CMGs is 

provided. For each array, the value of ‖𝑊𝑊𝐶𝐶𝑀𝑀‖∞ computed using the provided gimbal-angle 

constraint function is shown to be equal to the minimum value of ‖𝑊𝑊𝐶𝐶𝑀𝑀‖∞, computed using a 

numerical optimizer for a set of angular-momentum states within the declining region.  

 A sequential quadratic programming (SQP) optimizer is selected as the numerical optimization 

technique. The SQP optimizer computes a locally optimal gimbal-angle set that minimizes 

‖𝑊𝑊𝐶𝐶𝑀𝑀‖∞ for a given angular-momentum state. To find an estimate of the global minimum of 

‖𝑊𝑊𝐶𝐶𝑀𝑀‖∞, the SQP optimizer is run iteratively with different initial gimbal-angle sets. The initial 

gimbal-angle sets are selected from a discretized set of gimbal angles. The discretized set of gimbal 

angles is created by discretizing each gimbal angle, which spans from 0 to 2𝜋𝜋, and creating a 

combination of all the gimbal angles. The gimbal angles are discretized into segments of 0.2 rad, 

0.2 rad, 0.3 rad, and 0.5 rad for arrays with five, seven, nine, and eleven CMGs, respectively. The 

discretization becomes coarser as the number of CMGs increases to ensure that the optimization 

remains computationally tractable.  

 The iterative optimizer is used to compute the minimum value for ‖𝑊𝑊𝐶𝐶𝑀𝑀‖∞ for angular 

momentums spanning the range shown in Eq. (160). The angular-momentum range is discretized 

into segments of 0.025. 

𝐻𝐻�𝑟𝑟𝑡𝑡𝑛𝑛𝑔𝑔𝑒𝑒 = �1 + �(𝑛𝑛 − 1)(𝑛𝑛 − 2)
2

, 0.99𝑛𝑛� (160) 
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The maximum angular momentum tested is 0.99𝑛𝑛 and not 𝑛𝑛, because as the array’s angular 

momentum increases beyond 0.99𝑛𝑛 towards saturation, the numerical optimizer becomes less 

stable, resulting in less reliable numerical solutions. The constraint tolerance and optimality 

tolerance for the optimization is selected as 1 × 10−6. 

 Figures 37 - 40 show the numerically computed minimum value for ‖𝑊𝑊𝐶𝐶𝑀𝑀‖∞ minus the value 

for ‖𝑊𝑊𝐶𝐶𝑀𝑀‖∞ computed using the provided gimbal-angle constraint functions for arrays with five, 

seven, nine, and eleven CMGs. 

 

Figure 37. ‖𝑾𝑾𝑴𝑴𝑴𝑴‖∞ calculated using the the SQP numerical optimizer minus ‖𝑾𝑾𝑴𝑴𝑴𝑴‖∞ 

calculated using the provided constraint functions for arrays with five CMGs. 
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Figure 38. ‖𝑾𝑾𝑴𝑴𝑴𝑴‖∞ calculated using the the SQP numerical optimizer minus ‖𝑾𝑾𝑴𝑴𝑴𝑴‖∞ 

calculated using the provided constraint functions for arrays with seven CMGs. 

 

Figure 39. ‖𝑾𝑾𝑴𝑴𝑴𝑴‖∞ calculated using the the SQP numerical optimizer minus ‖𝑾𝑾𝑴𝑴𝑴𝑴‖∞ 

calculated using the provided constraint functions for arrays with nine CMGs. 
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Figure 40. ‖𝑾𝑾𝑴𝑴𝑴𝑴‖∞ calculated using the the SQP numerical optimizer minus ‖𝑾𝑾𝑴𝑴𝑴𝑴‖∞ 

calculated using the provided constraint functions for arrays with eleven CMGs. 

 Figures 37 - 40 show that the numerically calculated minimum value for ‖𝑊𝑊𝐶𝐶𝑀𝑀‖∞ is always 

within the tolerance of the optimization of the analytically computed value for ‖𝑊𝑊𝐶𝐶𝑀𝑀‖∞ using the 

provided gimbal-angle constraint function. The numerical results provide evidence that the 

provided gimbal-angle constraint functions globally optimize torque capability for the declining 

angular-momentum region. 

7.3 Spherical Constraint Function for Four-CMG Box-90 Array 

 The spherical constraint function shown in Eq. (55) offered the second greatest performance of 

all evaluated constraint function formulations. Using the spherical constraint, an expression for 𝛹𝛹 

is developed using the same methodology as discussed in Section 4.2. The resulting constraint 

function is shown in Eqs. (161, 162). 

𝐻𝐻�𝑥𝑥1 −
𝐻𝐻�𝑥𝑥 − 𝛹𝛹

2
= 0 (161) 
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𝛹𝛹 = 𝑏𝑏�1 −  �
𝐻𝐻�𝑥𝑥
2
�
2

− �
𝐻𝐻�𝑦𝑦
2
�
2

− �
𝐻𝐻�𝑧𝑧
2
�
2

+ 𝑃𝑃�𝐻𝐻�𝑥𝑥� (162) 

𝑃𝑃�𝐻𝐻�𝑥𝑥� =
1

25
𝐻𝐻�𝑥𝑥

8  −
3

20
𝐻𝐻�𝑥𝑥

6 +
9

40
𝐻𝐻�𝑥𝑥

4 

𝐻𝐻�𝑥𝑥 = cos(𝛿𝛿1) + cos(𝛿𝛿2) + cos(𝛿𝛿3) +  cos(𝛿𝛿4)  

𝐻𝐻�𝑥𝑥1 = cos(𝛿𝛿1) + cos(𝛿𝛿2) 

𝐻𝐻�𝑦𝑦 = sin(𝛿𝛿1) +  sin(𝛿𝛿2) 

𝐻𝐻�𝑧𝑧 = sin(𝛿𝛿3) + sin(𝛿𝛿4) 

𝑏𝑏 =
4√6

3
 

The performance of this constraint function is shown in Figure 41. As discussed in Section 4.2, 

the minimum TC at most angular-momentum magnitudes is greater than the what is achieved using 

the cubic constraint function provided above. However, the constrained angular-momentum 

envelope is limited to a sphere of 2ℎ, which is smaller than what is achieved using the cubic 

constraint function. 
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Figure 41. Spherical constraint performance. 

7.4 PETER’s Chassis Shape 

 The chassis shape has three main effects on the mobility of the rover. First, the chassis shape 

dictates the terrain on which the rover can remain static, which dictates the traversable terrain. If 

the rover cannot remain static on an incline or obstacle without actuator input, then the terrain is 

not considered traversable, because if the actuator input cannot be applied due to power failure or 

actuator limitations, the rover will roll uncontrolled, which could potentially harm the rover. 

Second, the chassis shape dictates the robustness of the rover to disturbance torques and off-axis 

torques from the CMG. The terrain’s terra-mechanical properties will not be known perfectly 

before operation, so it is likely large disturbances will be acting on the body during a step, which 

can perturb the rover off its desired trajectory. Thus, the rover should be robust to off-axis torques 

to ensure predictable motion of the rover. Additionally, to enable the single CMG array to actuate 

the rover, the chassis must be robust to off-axis CMG torques. Third, the chassis shape effects the 
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amount of torque required to make a step. To determine the chassis that enables the greatest 

mobility on extreme terrains, the three factors listed above are used to compare chassis shapes. 

 For the analysis of the chassis shape, three simplifications are made. First, only the platonic 

solids are analyzed. By analyzing this small set of shapes, insight can be gained in how chassis 

shape effects the rover’s performance, which can aid in future research on optimal chassis shape. 

Second, it is assumed that the center of mass of the rover is at the geometric center. Third, it is 

assumed that the translation of spikes in contact with the surface are constrained to have no 

translation. Fourth, it is assumed that the CMG will be able to cancel out the disturbance torques 

about 𝒓𝒓�. During operation, as discussed in Section 5.4.1, the CMG is constrained to be capable of 

applying torque in the 𝒓𝒓� direction, enabling the CMG to cancel bounded disturbance torques. As a 

result of the last two assumptions, only disturbances about 𝑵𝑵�  are considered in the comparison. 

 From the geometry, the slopes on which each platonic solid can remain static are shown in 

Table 8. From Table 8, it is clear that the tetrahedron is the most stable of all the platonic solids. 

Table 8. Maximum slope each chassis can remain static on. 

Tetrahedron Cube Octahedron Dodecahedron Icosahedron 
54.7 degrees 45 degrees 35.3 degrees 31.7 degrees 20.9 degrees 

 For the chassis design it is desirable to increase the robustness of the rover to off-axis torques. 

However, by increasing the robustness, the amount of torque the array needs to produce to take a 

step increases, along with the amount of off-axis torque produced by the CMG. To effectively 

compare chassis shapes based on both criteria, the two criteria are included into one expression as 

shown in Eq. (163), where 𝜏𝜏𝑟𝑟 is the torque about 𝒓𝒓� required to make a step and 𝜏𝜏𝑑𝑑𝑖𝑖𝑠𝑠𝑡𝑡 is the 

minimum disturbance torque about 𝑵𝑵�  required to cause fewer than two spikes to be in contact with 

the surface. 
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𝜂𝜂 =
𝜏𝜏𝑟𝑟
𝜏𝜏𝑑𝑑𝑖𝑖𝑠𝑠𝑡𝑡

(163) 

Both 𝜏𝜏𝑟𝑟 and 𝜏𝜏𝑑𝑑𝑖𝑖𝑠𝑠𝑡𝑡 are dependent on the trajectory the rover takes to make a step. For each chassis 

shape, there is no general trajectory for a step, making the comparison difficult. 

 Because the dynamic terms of 𝜏𝜏𝑟𝑟 and 𝜏𝜏𝑑𝑑𝑖𝑖𝑠𝑠𝑡𝑡 are relatively small compared to the gravity effects, 

the rover can be assumed to be static, which eliminates the dependency on trajectory, resulting in 

𝜏𝜏𝑟𝑟 and 𝜏𝜏𝑑𝑑𝑖𝑖𝑠𝑠𝑡𝑡 being dependent only on the orientation of the rover. For comparison, the rover is 

assumed to be in the orientation where there is no rotation about 𝑵𝑵� , and the vector 𝒓𝒓𝑐𝑐𝑚𝑚/𝑡𝑡 is 

perpendicular to the gravity vector, which maximizes 𝜏𝜏𝑟𝑟 and 𝜏𝜏𝑑𝑑𝑖𝑖𝑠𝑠𝑡𝑡. Applying these simplifications 

yield the values of 𝜂𝜂 for the regular polyhedral shown in Table 9. The smaller values of 𝜂𝜂 indicate 

a greater robustness to disturbances without requiring a large amount of torque to step. 

Table 9. Ratio of required torque to step to the maximum allowable disturbance torque. 

Tetrahedron Cube Octahedron Dodecahedron Icosahedron 

1
√2

≈ .71 
2
√2

≈ 1.41 1 3 + √5
2

≈ 2.62 
1 + √5

2
≈ 1.62 

From Table 9, the tetrahedral chassis offers the greatest mobility, because it is robust to 

disturbances, while not requiring large amounts of torque to step. From the analysis above, the 

tetrahedral chassis offers the greatest stability on slopes and the greatest disturbance rejection 

without requiring significantly more torque to make a step. These results informed our current 

selection of the rover’s chassis. This analysis includes many simplifications and only represents a 

preliminary analysis of chassis shape. Further analyses are required to effectively evaluate each 

chassis design. 
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