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This thesis concerns with the ability to change the properties of particle
suspensions in a low Reynolds number simple shear flow over two orders of magnitude
by designing shapes of the individual particles. The motion of particles such as rings
with sharper outer edges, fibers with non-circular cross-sections or ramified particles
can display unusual dynamics by small changes in their respective particle geometries.
This work specifically focuses on particles that attain an equilibrium orientation without
application of external forces or torques. Rheological properties of a suspension of such
self-aligning particles (SAPs), such as intrinsic viscosity, hydrodynamic diffusivity and
orientational dispersion, as a function of the particle aspect ratio display a phase
transition-like behavior where the value of each of the rheological property drops by an
order of magnitude near a critical aspect ratio 𝐴∗ . Using suspension of SAPs, rheological
properties such as viscosity can be controlled by small changes in the particle aspect
ratio; by adding a small number of tumbling particles to the suspension; or by varying
the absolute particle, shear rate and/or the underlying fluid viscosity. This tunability of
macroscopic properties of particle suspensions via passive control of the motion of its
individual constituent particles opens new opportunities to fabricate functional materials
with tunable properties using current processing flow technology such as injection
molding or spin casting.
A computationally inexpensive boundary element method for axisymmetric
particles and a slender body theory accounting for cross-sectional effects on the force
distribution of slender filaments, both in any linear flow fields, were developed as part
of this thesis. These tools were used to obtain the motion of individual particles with
exotic shapes. The suspension rheology was obtained through Brownian dynamics
iii

simulations and numerical calculations accounting for pairwise far-field hydrodynamic
interactions and along with collisions. The shear rheology of rotating rings was also
investigated to demonstrate its differences from the rheology of rotating fibers and discs.
With the advancement in manufacturing techniques, self-aligning particle geometries
can be accessed using fabrication methods such as 3D printing or lithography thereby
allowing for experimental verification of our results and fabrication of functional
materials.
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CHAPTER 1

Introduction
Self-aligning particles (SAPs) are rigid bodies that can attain an equilibrium orientation
without application of any external forces or torques in a simple shear flow, which is a linear
approximation to a pressure driven flow found in many natural and industrial processes. Selfalignment of particles could be a technologically revolutionary behavior because it allows for
creation of materials with perfect anisotropy using current processing flow techniques like
injection molding, spin-casting or extrusion as shown in figure 1 (a). The orientational order of
SAPs allows for the fabrication of functional materials with great control over the mechanical,
optical, electrical, or thermal properties of the final product. For instance, SAPs embedded during
the curing process can be used to fabricate lightweight high strength materials with a layered
microstructure, mimicking that of an abalone shell, which can also withstand crack propagation
(Lin, et al., 2006) thereby making them useful for making bulletproof armor. Conducting selfaligning rings can also be used instead of fibers to fabricate optical films with the uniform planar
conductivity desirable in electronic devices (De, et al., 2009).

(a)
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(b)
Figure 1 (a) Schematic of an injection molding system with self-aligning particles on the right,
and tumbling particles on the left, demonstrates the difference in the micro-structure. (b) Ringshaped particles that can self-align in a simple shear flow without application of external torques
and forces. Family of rings with this inverted T-shaped cross-section can self-align at aspect ratios
as small as 26 and provide accessibility to fabrication using multi-step photolithography (Foulds
& Parameswaran., 2006).
Most particles rotate continuously in a Newtonian fluid subject to a simple shear flow at low
Reynolds number because they respond more strongly to the vorticity than to the extensional
component of the flow (Bretherton 1962 a). The shear stresses acting on most particles, whether
globular (sphere-like) or thin (rod-like or disc-like), force the particles to rotate in the vorticity
direction. Thin particles like fibers or discs tend to spend a long time with their longitudinal
direction perpendicular to the gradient direction (𝚪̂∞ ). However, high-aspect ratio rings with sharp
outer and blunt inner edges can attain an equilibrium orientation without application of external
forces (Singh, Koch and Stroock 2013). This thesis explores the origin of this self-aligning
behavior, gives design principles to construct self-aligning particles and derives the rheology of a
suspension of self-aligning particles. New theoretical tools and numerical techniques are also
developed in this thesis which have broad applicability beyond self-aligning particles.
The origin of self-aligning behavior is explored in chapter 2 by carefully examining the stresses
acting on the surface of rings with distinct cross-sectional shapes. The typical intuition of a fluid
dynamicist suggests that shear stresses acting on a rigid body should force the particle to rotate
continuously in a simple shear flow. However, pressure, which always acts normal to a surface,
can be manipulated to generate counter-vorticity rotation by careful choice of the particle
11

geometry. This counter vorticity rotation balances the rotation induced by the shear stresses
leading to flow-alignment of rings. Rings with sharp outer and blunt inner edges, such as the one
shown in figure 1 (b), can most effectively utilize the fluid pressure for the purpose of flow
alignment. The aspect ratio of such rings (𝐴) needs to be greater than a critical value of 𝐴∗ for the
particle to self-align. The aspect ratio 𝐴 of the ring is defined as the ratio of the extent of the particle
in the plane of the ring (2𝑅) and the extent normal to the plane (2𝑎) (i.e. 𝐴 = 𝑅/𝑎). In chapter 2,
ring cross-sectional shapes that have 𝐴∗ as small as 10 are identified using boundary element
method calculations. A lower value of 𝐴∗ would mean that the ring would be less prone to bending
and buckling, thus improving the structural integrity of the particle. Furthermore, self-aligning
rings that lack mirror symmetry about a plane normal to the particle’s axis of symmetry can also
migrate relative to the fluid velocity at its center of mass. Such migrating rings have potential
application in controlling surface texture of materials via systematic particle deposition. In chapter
2, geometries with large cross-stream migration velocities are also explored using boundary
element method (BEM) computations. An intuitive explanation about the features of ring crosssectional shapes that lead to self-alignment at low 𝐴∗ is also elucidated through a two-dimensional
Stokes flow calculation involving a simple shear flow past a stationary cross-section.
In Chapter 2, a novel boundary element method is developed to solve Stokes flow problems
involving axisymmetric bodies in a linear flow field which involves analytical integration along
the azimuthal direction and only requires a one-dimensional mesh along the cross-sectional
contour. Linearity of Stokes flow and the boundary conditions along with the axisymmetry of the
particle requires the force per unit area to be linear in the translational velocity of the particle
relative to the fluid, the relative rotation rate of the particle and fluid, and the rate of strain of the
imposed linear field. This condition can be used to derive the functional dependence of the forceper-unit area on the azimuthal angle. The boundary integral is then analytically obtained along the
azimuthal coordinate leaving behind a term that is just a path integral along the cross-sectional
contour of the axisymmetric particle. This greatly reduces the computational cost because the path
integral requires a much smaller number of one-dimensional discretization segments than the
number of two-dimensional surface mesh elements required in the traditional boundary element
method approach. This simplification allowed us to solve Stokes flow problems to explore a large
range of high-aspect ratio ring shapes that can self-align in a simple shear flow. This task would
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be quite daunting with a traditional boundary element method solver, particularly for particles with
shaper features which were found to self-align at small values of 𝐴∗ .
In Chapter 3, a slender body theory is developed to account for the influence of the crosssectional shape on the force per unit length acting on a slender filament in a fluid at low Reynolds
number. Using a regular perturbation of the inner solution, we show that the force per unit length
has 𝑂(1/ln(2𝐴)) and𝑂(𝛼/ ln2 (2𝐴)) contributions driven by the relative motion of the particle
and the local fluid velocity and an O(𝛼/(ln(2𝐴) 𝐴)) contribution driven by the gradient in the
imposed fluid velocity. Here, the aspect ratio (𝐴 = 𝑙/𝑎0 ) is defined as the ratio of the particle size
(𝑙) to the cross-sectional dimension (𝑎0 ); and 𝛼 is the amplitude of the non-circular perturbation.
Using thought experiments, we show that two-lobed and three-lobed cross-sections affect the
response to relative motion and velocity gradients, respectively. A two-dimensional Stokes flow
calculation is used to extend the perturbation analysis to cross-sections that deviate significantly
from a circle (i.e., 𝛼~𝑂(1)). We demonstrate the ability of our method to accurately compute the
resistance to translation and rotation of a slender triaxial ellipsoid. Furthermore, we illustrate novel
dynamics of straight rods in a simple shear flow that translate and rotate quasi-periodically if they
have two-lobed cross-sections; and rotate chaotically and translate diffusively if they have a
combination of two- and three-lobed cross-sections. Finally, we show the remarkable ability of
our theory to accurately predict the motion of rings, retaining great accuracy for moderate aspect
ratios (~ 10) and cross-sections that deviate significantly from a circle, thereby making our theory
a computationally inexpensive alternative to other Stokes flow solvers. Through the slender body
theory formulation, we also derive a computationally efficient method to search for ring
geometries that can self-align at the least aspect ratio. This method only requires the solution of
certain 2D Stokes flow problems around the particles’ cross-section, discussed in section (3.3) of
chapter 3. Additionally, this slender body theory formulation was used to obtain the influence of
pairwise interactions on the dynamics of individual particles in chapters 4 and 5.
In Chapter 4, the rheology of a dilute suspension of tori rotating in an unbounded low
Reynolds number simple shear flow is established. High aspect ratio tori rotate in Jeffery orbits
similar to thin discs but produce weak velocity disturbance similar to thin fibers and thereby a
suspension of rings has a rheology with characteristics of both fiber and disc rheology. The
13

suspension rheology of non-Brownian rings at dilute particle number densities (𝑃𝑒𝜙 −2
𝑇 ≪ 𝑛 ≪ 1)
is computed by simulating pairwise interactions in which hydrodynamic interactions are modeled
using slender body theory and collisions are modeled using a short-range repulsive force. Here,
the Peclet number 𝑃𝑒 is the ratio of the shear rate to the rotary diffusivity of the particle, 𝜙 𝑇 is the
effective particle aspect ratio which is equal to 2𝜋 times the inverse of its Jeffery time period, and
𝑛 is the non-dimensional number density equal to the dimensional number density times the cube
of the ring radius. Rotary Brownian dynamics simulations of isolated Brownian rings were also
performed to understand the shear rate dependence of suspension rheology for 𝑛 ≪ 𝑃𝑒𝜙 𝑇−2 .
Furthermore, the Jeffery orbit distribution set by weak Brownian motion (𝑃𝑒 ≪ 𝜙 −3
𝑇 ) is similar to
the one set by pairwise interactions implying the pairwise simulation should accurately predict the
rheology for 𝑛 ≪ 1 and 𝑃𝑒 ≪ 𝜙 −3
𝑇 .
In chapter 5, the shear rheology of self-aligning rings is calculated. A suspension of aligned
particles has unconventional rheological properties including sharp drops in the intrinsic viscosity,
hydrodynamic diffusivity and orientational dispersion compared to a suspension of rotating
particles of the same aspect ratio. These suspension properties as a function of the aspect ratio at
dilute particle concentrations display a phase transition like behavior near a critical aspect ratio
𝐴∗ which is the minimum aspect ratio at which a ring can self-align. The sharp difference in the
magnitude of these suspension properties allows one to passively tune the rheology by changing
the particle geometry, the shear rate or adding a small number of tumblers in a suspension of selfaligning particles. Here, we establish the shear rate dependence on the rheology of ring suspensions
using Brownian Dynamics simulations wherein we compute a critical shear rate that is required to
self-align colloidal scale rings. The influence of pairwise interactions is also simulated using a
dynamic calculation which includes hydrodynamic interactions modeled using the slender body
theory developed in chapter 3 and collisions modeled through a short-range repulsive force. The
pairwise calculation suggests that hydrodynamic interactions are the dominant interactions in
setting the suspension rheology. This is starkly different from a suspension of tumbling rings
whose rheology is strongly influence by both collisions and hydrodynamic interactions leading to
a large difference in the magnitude of hydrodynamic diffusivities, orientational dispersion and the
viscosity exerted by particles on the fluid.
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CHAPTER 2

Controlling rotation and migration of rings in a simple shear flow through
geometric modifications
1. Introduction
Most particles tumble continuously in a Newtonian fluid subject to a simple shear flow at
low Reynolds number because they respond more strongly to the vorticity than to the extensional
component of the flow (Bretherton 1962 a). However, rings with certain cross-sectional shapes, as
shown in figure 1 (a), were shown to exhibit permanent alignment at finite particle aspect ratios
(Singh, Koch and Stroock 2013). The aspect ratio (𝐴 = 𝑅/𝑎) is defined as the ratio of the
maximum extent of the particle in the plane of the ring (2R) and the maximum extent of the particle
along the axis of symmetry (2a) as shown in figure 1 (a). This finding is fascinating as dynamics
of the particle is not only affected by its shape on the larger length scale, but is significantly
influenced by the geometry of the smaller dimension to the point that it can lead to a bifurcation
in dynamics. In this paper, we describe the mechanism leading to alignment of rings with certain
cross-sections. Using this mechanism, we obtain cross-sectional geometries that allow rings to
align at much smaller aspect ratios (<10) than the previously reported minimum of 30 (Singh et al.
2013). This is important from the standpoint of fabrication as a higher aspect-ratio ring will be
more prone to bending, buckling and breakage and thus, might not align. We also elucidate the
mechanism that leads to cross-stream migration of particles that lack fore-aft or mirror symmetry.
We show ways to control the magnitude of this migration or drift velocity by appropriate choice
of the cross-sectional geometry. We point out that this ability to control dynamics of individual
particles could allow for precise control over the macroscopic properties of the suspension.
A simple shear flow is a good local approximation to a pressure driven flow, if the channel
size is much larger than the length scale of interest, which is the particle dimension in our case.
Thus, a simple shear flow could approximate processing flows such as injection molding, extrusion
and spin-casting in certain regions of the flow field. Particles aligning in a simple shear flow
15

provide unique opportunities in the material processing industry to impart enhanced properties
using current processing technologies. Particles that align in a simple shear flow could be
embedded in composites during curing to impart anisotropic properties to the final product. For
instance, a composite material with aligned, rigid rings would have enhanced specific stiffness.
Aligned particles are also more effective at reinforcing composites prone to plastic deformation
(Bao, Hutchinson and McMeeking 1991). Aligned particles with cross-stream migration have
possible application as surface modifying agents in polymer composite materials processed in
mold filling flows. These particles could be systematically deposited by the flow onto a surface to
improve its scratch resistance (Isla et al. 2003).
The motion of particles in a simple shear flow has been studied for over a century. Einstein
(1906) in his study of the effective viscosity of sheared suspensions showed that a rigid sphere
rotates steadily along the fluid vorticity in an unbounded simple shear flow. Later, Jeffery (1922)
demonstrated that spheroids rotate in periodic orbits in a simple shear flow slowing down but not
stopping when the large dimension of the particle is nearly perpendicular to the velocity gradient
direction. Four decades later, Bretherton (1962-a) proved that this periodic tumbling was not
restricted to spheroids but spanned almost all axisymmetric particles, except for a few shapes of
extreme aspect ratio. This prediction of Bretherton about the tumbling behavior of axisymmetric
particles has been tested by both theory and experiments for discs and fibers (Anczurowski and
Mason 1962; Trevelyan and Mason 1951; Stover and Cohen 1990). The particle tumbles in one of
the infinitely many orbits depending on its initial orientation. At dilute particle concentrations,
there is a distribution of particle orientations across various orbits due to secondary effects such as
particle interactions or Brownian motion (Rahnama, Koch and Shaqfeh 1994; Leal and Hinch
1971). This distribution across orbits along with particle tumbling ensures a dispersion of
orientations in the suspension. An aligning particle on the other hand, should always move towards
a stable orientation irrespective of the initial orientation of the particle. Hence a sheared suspension
of aligned particles should possess a micro-structure with a high degree of anisotropy.
Bretherton (1962a) was the first to propose a geometry that aligned in a simple shear flow.
The body was a thin rod with slightly non-spherical lobes attached at each end, such that the lobe
size was much smaller than the rod length. However, he showed that the aspect ratio of the rod
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would need to be much larger than the exponential of the ratio of the length of the rod and the
diameter of the lobes for the particle to align, leading to impractically low rigidity of the rod. Over
half a century later Singh et al. (2013), predicted the existence of rings with certain cross-sections
that align at finite particle aspect ratios. However, the cross-sectional shapes studied in Singh et
al. (2013) were limited to a very specific perturbation of a circular cross-section. In this paper, we
elucidate the mechanism of alignment by giving insight into the forces that lead to particle
alignment in a simple shear flow. In particular, we identify ways to control rotation of a ring, by
changing the cross-sectional shape.
An axisymmetric particle can also migrate in a simple shear flow if it lacks fore-aft or mirror
symmetry about a plane normal to the axis of symmetry. Brenner (1964) and Nir and Avrivos
(1973), showed that particles that lack fore-aft symmetry can possess a cross-stream drift velocity.
However, particles that tumble periodically undergo no net migration. Curved fibers can break this
periodicity and lead to a constant cross-stream migration (Wang et al. 2012). However, such
particles do not migrate for all initial orientations and the drift velocity depends on the initial
orientation of the particle. Kim and Rae (1991) showed that screw-shaped particles migrate along
or opposite to the vorticity direction depending on the handedness of the particle. However, the
magnitude of the drift velocity of a screw shaped particle was shown to depend on its initial
orientation. In all the above studies, the translational motion is either periodic with no net migration
or the migration velocity depends on the initial particle orientation. A ring that attains an
equilibrium orientation in a simple shear flow can possess a constant cross-stream velocity if it
lacks fore-aft symmetry about a plane normal to the axis of symmetry of the particle. The particle
obtains this constant drift velocity as it approaches the stable orientation in a time that scales with
the inverse of the strain rate. We describe the mechanism leading to this drift and ways to control
its magnitude by changing the cross-sectional geometry. We also elucidate the effect of the
equilibrium orientation of the particle on this drift velocity.
The rotation and migration of particles in an external flow field depends on the stresses acting
on the particle surface. We numerically obtain the stresses on the particle surface using the
boundary element method (BEM). BEM is usually used if the primary goal is to obtain the value
of the variable on the boundary. However, BEM can only be used if the fundamental solution of
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the governing differential equations is known (Abramowitz and Stegun, 1964). The flow field
generated by a point force is a fundamental solution to the governing equations at low Reynolds
number and thus we can use BEM to obtain the force per unit area exerted by the fluid on the
particle surface. In our case BEM not only reduces the dimensionality of the problem, but also
allows us to solve the problem in an unbounded domain.
In the following section, we solve the dynamical equations that describe the rotation of the
particle and obtain the necessary conditions for alignment in a simple shear flow. In section 3 we
formulate the problem and set up the equations necessary to obtain parameters governing the
motion of particles in a linear flow field. The equations are numerically solved using the boundary
element method. Section 4 describes the mechanisms for alignment and cross-stream drift by
visualizing the flow field and stresses acting on the particle. We suggest shapes that align at low
values of aspect ratios using BEM calculations. We also elucidate the importance of particle
orientation on the particle drift. Section 5 presents the conclusion and implications of the ability
to control particle dynamics for manipulating macroscopic properties of particle suspensions.
2. Particle dynamics in linear flows.
The linearity of Stokes flow is used to obtain the functional form of the rate of change of
orientation (𝐩̇ ) as well as the drift velocity (𝐔𝐩 ) of an axisymmetric particle in an unbounded linear
flow field. 𝐩̇ and 𝐔𝐩 can be described fully by three scalar parameters, λ, η1 and η2 , that depend
on the particle geometry (Singh, et al. 2013). The rotation parameter, λ, determines the rate of
change of orientation of an axisymmetric particle and depends purely on its geometry. The rate of
change of orientation (𝐩̇ ) of the particle is given by
𝐩̇ = 𝐩 ⋅ 𝐑∞ + λ(𝐄 ∞ ⋅ 𝐩 − 𝐩𝐩: 𝐄 ∞ 𝐩)

(1)

as shown by Bretherton (1962) and Jeffery (1922). Here p is the particle orientation. 𝐑∞ and 𝐄 ∞
are the vorticity and straining tensor of a linear flow field respectively and are given by
1

𝐑∞ = 2 (𝛁𝐮∞ − (𝛁𝐮∞ )𝐓 ),
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(2 a)

1

𝐄 ∞ = 2 (𝛁𝐮∞ + (𝛁𝐮∞ )𝐓 ),

(2 b)

where 𝐮∞ is the fluid velocity in the absence of the particle. The migration parameters η1 and η2
determine the drift velocity of the particle relative to the fluid velocity at its centre-of-mass (COM)
which takes the form given by
𝐔𝐩 = 𝐮∞ (𝐫𝐂𝐎𝐌 ) + η1 𝐄 ∞ ⋅ 𝐩 +  η2 (𝐩𝐩𝐩: 𝐄 ∞ ).

(3)

Equation (3) indicates that a particle with mirror or fore-aft symmetry about a plane normal to p,
as shown in figure 1 (a), will not drift as orientation p and -p are equivalent. As per equation (3),
this is true only when η1 = η2 = 0. Absence of fore-aft symmetry is the necessary condition for
having a finite cross-stream drift. In this section, we obtain the necessary conditions for particle
alignment and obtain this orientation in terms of the rotation parameter, λ.
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(a)

(b)

(c)
Figure. 1. Ring shaped particles that align in a simple shear flow. (a) Schematic of a ring with a
non-circular cross-section that is representative of the geometry studied here. The cross-sections
on the left and in the center have mirror or fore-aft symmetry about a plane normal to p. An
orthogonal coordinate system defined by the axis of symmetry (p), the projection of the flow
̂ ∞ ) in the plane of the ring (n) and a vector 𝐛 = 𝐩 × 𝐧. The center of this coordinate
direction (𝐔
20

system is chosen such that the center of mass of the particle lies at the origin 𝐫𝐂𝐎𝐌 . 𝐩 = 0. The
azimuthal angle (ϕ) is defined relative to n. The inset also shows the 1-D mesh and a 2-D
coordinate system (x,y) with the origin at the COM of the particle. 𝐞𝐱 is a unit radial vector in the
plane perpendicular to p while 𝐞𝐲 is a unit vector along p. (b) The stable fixed orientation 𝐩𝐬
(solid) and the unstable orientation 𝐩𝐔 (transparent), relative to the flow field. Both 𝐩𝐬 and 𝐩𝐔 lie
in the flow gradient plane and make an angle of βs with the gradient direction (𝚪̂∞ ). (c) Orientation
trajectories for λ = −1.1. The trajectories move towards the stable nodes and away from the
unstable nodes.
We use the orthogonal coordinate system, as shown in figure 1 (b), defined by the flow
̂ ∞ ) direction of a simple shear flow.
̂ ∞ ), the gradient (𝚪̂∞ ) and the negative of the vorticity (−𝛀
(𝐔
Equation (1) can have six nodes for a general axisymmetric shape in a simple shear flow. There
are two saddle nodes, independent of geometry, that correspond to rotation of the particle about its
̂ ∞ = ±1. Four other nodes, two stable (𝐩𝐬) and two unstable (𝐩𝐔 ),
axis of symmetry, wherein 𝐩 ⋅ 𝛀
can exist in the system for geometries that have |λ|>1. These nodes are shown in figure 1 (b) for a
ring-shaped particle with λ < −1. All four nodes lie in the flow gradient plane and subtend an
angle of βs = 0.5 acos(−1/λ) with the gradient direction as shown in figure 1 (b). These nodes
−1

1

1

1

̂ ∞ = ± sin ( acos (− )), 𝐩 ⋅ 𝚪̂∞ = ± cos ( acos (− )) and
are mathematically given by 𝐩 ⋅ 𝐔
2
λ
2
λ
̂ ∞ = 0 with𝐩𝐩: 𝐄 ∞ < 0 corresponding to the stable nodes, and 𝐩𝐩: 𝐄 ∞ > 0 corresponding
𝐩⋅𝛀
to the unstable nodes. When the particle is aligned in the gradient direction (𝐩 = 𝚪̂∞ ) the rate of
rotation due to the straining component (λ𝐩 ⋅ 𝐄 ∞ ) is higher than the rate of rotation due to the
rotational component (𝐩 ⋅ 𝐑∞ ) for |λ| > 1 as per equation 1. When the plane of the ring lies in the
extensional quadrant these two rotation rates can be equal since the magnitude of rotation due to
the straining flow is reduced. The plane of the ring being in this orientation corresponds to the
stable nodes and is mathematically given by 𝐩𝐩: 𝐄 ∞ < 0.
Thus, |λ| > 1 is the only requirement for an axisymmetric particle to attain an equilibrium
orientation in a simple shear flow. However, the dependence of λ on the geometry of the particle
is non-trivial (Bretherton 1962 a). Most axisymmetric particles, such as spheres, spheroids, and
cylinders, have |λ| < 1 and thus constantly tumble in a low Reynolds number simple shear flow
21

(Bretherton 1962 a). The rod-shaped particle with non-spherical lobes envisioned by Bretherton
(1962 a) had λ > 1, but the aspect ratio of the rod was impractically large. A ring-shaped particle
with a specified non-circular cross-section was shown to have λ < −1 at finite aspect ratios (Singh
et al. 2013). The trajectories obtained from equation (1) for λ < −1, as shown in figure 1 (c), have
some resemblance to periodic orbits far from the nodes (Jeffery 1922). The four nodes in the
system are an additional feature for aligning particles that emerge for shapes with |λ| > 1. The
particle orientation diverges away from the unstable nodes (𝐩𝐔 ) and converges towards the stable
nodes (𝐩𝐒 ). The particle approaches a stable node in a time that scales with the inverse of the shear
rate for any initial orientation. In the following section, we formulate an approach for obtaining
the three dynamical parameters, namely, λ, η1 and η2 , for any general axisymmetric particle.
3. Computational approach
We use the solution to the governing equations of fluid flow around a particle in an unbounded
domain along with the appropriate boundary conditions to derive the dynamical parameters
(λ, η1 , η2 ) of the particle. The boundary element method provides an elegant way of obtaining the
stresses acting on the particle surface in an unbounded domain by reducing the dimensionality of
the problem. A two-dimensional integral version of the creeping-flow equation is solved instead
of a three-dimensional spatial partial differential equation (Youngren and Acrivos (1974); Kim &
Karilla (1991)). The integral representation of the flow around a rigid body used in this study is
given by
𝐮 (𝐫) = 𝐮 ∞ (𝐫) +

1
8πμ

∫ 𝐉(𝐫 − 𝐫 ′ ) ⋅ 𝐟(𝐫 ′ )dA′ ,

(4 a)

where r is the position vector, u is the velocity of the fluid at the location r, 𝐮∞ is the velocity of
the imposed flow field at r, μ is the fluid viscosity, f is the unknown force per unit area the particle
exerts on the fluid and J is the Green’s function for the creeping flow equations. The Green’s
function J is given by
𝐈

𝐫𝐫

r

r3

𝐉= +

.

(4 b)
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The axisymmetry of the particle accompanied by linearity of the governing equations
allows a further reduction in dimensionality of the problem if the imposed flow is linear. The linear
imposed fluid velocity (𝐮∞ ) can be defined as
𝐮∞ = 𝐮𝟎 + 𝐫. (𝐄 ∞ + 𝐑∞ ) ,

(5)

where 𝐮𝟎 is the velocity of the imposed flow at the center of mass of the particle (r = 0). 𝐄 ∞ and
𝐑∞ represent the straining and vorticity tensor, respectively, defined in equation 2. The force per
unit area (f) at position r can depend on r, 𝐮𝟎 , 𝐄 ∞ , 𝐑∞ and the boundary conditions of the particle
surface. The boundary conditions are given in terms of the linear velocity of the particle at its
center of mass (𝐔𝐩 ) and the angular velocity (𝛚𝐩 ) of the particle. Solid body translation (𝐮∞ =
𝐮𝟎 ) and rotation (𝐮∞ = 𝛜: 𝐑∞ ) of the particle and the fluid, where 𝛜 is the permutation tensor, do
not lead to any stress on the particle and thus the choice of origin does not affect f. The origin is
chosen as the center of mass of the particle without loss of generality. The position on the particle
surface (𝐫 = 𝐫𝐬 ) can be decomposed into a component along the axis of symmetry and a component
in the plane of the ring, which is given by
𝐫 = (𝐫. 𝐩)𝐩 + 𝐫 ⋅ (𝐈 − 𝐩𝐩).

(6)

The azimuthal dependence comes only from the second term in equation (6). The vector 𝐞𝐱 is
defined normal to p at each azimuthal location. The projection of r along 𝐞𝐱 is represented as 𝐫𝐱 =
𝐫. 𝐞𝐱 𝐞𝐱 = 𝐫. (𝐈 − 𝐩𝐩). Using these observations and the constraint that the force per unit area (f)
must be a real vector, one can deduce that f must be linear in the relative translational velocity 𝐔 =
𝐔𝐩 − 𝐮∞ (𝐫𝐂𝐎𝐌 ) of the particle and the fluid, the relative rotation rate 𝛚 = 𝛚𝐩 − 𝛜: 𝐑∞ of the
particle and fluid and the rate of strain 𝐄 ∞ of the fluid. The azimuthal variation of force per unit
area (f) is thus given by
𝐟 = C1 𝐔 + C2 𝐩𝐩 ⋅ 𝐔 +  C3 𝐫𝐱 𝐫𝐱 ⋅ 𝐔 + C4 𝐫𝐱 𝐩. 𝐔 + C5 𝐩𝐫𝐱 ⋅ 𝐔 + C6 (𝐫𝐱 × 𝐩)(𝐫𝐱 × 𝐩) ⋅ 𝐔 + C7 𝛚 × 𝐩 +
C8 𝛚 × 𝐫𝐱 + C9 𝐫𝐱 × 𝐩𝐫𝐱 ⋅ 𝛚 + C10 𝐫𝐱 × 𝐩𝐩 ⋅ 𝛚 + (C11 (𝛚 × 𝐩) + C12 (𝛚 × 𝐫𝐱 )) × (𝐫𝐱 × 𝐩) + C13 (𝛚 ×
𝐩) ⋅ 𝐩𝐩 + C14 (𝛚 × 𝐩) ⋅ 𝐫𝐱 𝐩 + C15 (𝛚 × 𝐩) ⋅ 𝐩𝐫𝐱 + C16 (𝛚 × 𝐩) ⋅ 𝐫𝐱 𝐫𝐱 + C17 𝐩𝐩𝐩: 𝐄∞  +
C18 𝐩𝐫𝐱 𝐩: 𝐄∞  + C19 𝐩𝐫𝐱 𝐫𝐱 : 𝐄∞  + C20 𝐩 ⋅ 𝐄∞  + C21 𝐫𝐱 𝐩𝐩: 𝐄∞ + C22 𝐫𝐱 𝐫𝐱 𝐩: 𝐄∞  + C23 𝐫𝐱 𝐫𝐱 𝐫𝐱 : 𝐄∞  +
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C24 𝐫𝐱 ⋅ 𝐄∞  + C25 𝐩(𝐫𝐱 × 𝐩): 𝐄∞ (𝐫𝐱 × 𝐩) + C26 𝐫𝐱 (𝐫𝐱 × 𝐩): 𝐄∞ (𝐫𝐱 × 𝐩) + C27 (𝐫𝐱 × 𝐩)(𝐫𝐱 × 𝐩): 𝐄∞ 𝐩 +
C28 (𝐫𝐱 × 𝐩)(𝐫𝐱 × 𝐩): 𝐄∞ 𝐫𝐱 ,

(7)

where C1 , C2 … , C28 are independent of the azimuthal position and thus only depend on the crosssectional shape of the axisymmetric body and the position on the cross-sectional contour. The
reference for the azimuthal angle (ϕ) can be chosen relative to the line of intersection of a plane
normal to p and the plane of the imposed linear flow. This line of intersection is along n as shown
in figure 1 (a) for a simple shear flow. Equation (7), which is applicable to a general linear flow
field, can be used to obtain the variation of f with ϕ in the case of a simple shear flow. Using
equation (7), equation (4 a) can be integrated along ϕ, using elliptic integrals (Appendix), thus
reducing the dimensionality of the problem. A 1-D curved mesh, as shown in figure 1 (a), is enough
to obtain the force per unit area acting on the surface, instead of a 2-D surface mesh traditionally
employed in a BEM formulation. For the purpose of obtaining λ, η1 , η2 , it is sufficient to solve the
governing equations when the imposed flow is a simple shear flow and when p lies in the floŵ ∞ and 𝐩 ≠ 𝚪̂ ∞ . The reference for the azimuthal angle is chosen along
gradient plane where 𝐩 ≠ 𝐔
the projection of the flow direction in the plane of the ring (n) as shown in figure 1 (a). Along with
n, the orientation of the particle (p) and a vector 𝐛 = 𝐩 × 𝐧 define a coordinate system relative to
the particle. In this case, the dependence of f on the azimuthal angle (ϕ) given by
𝐟 ⋅ 𝐧 =  f0  +  f1 cos(ϕ) +  f2 cos(2ϕ) + f3 cos(3ϕ),

(8 a)

𝐟 ⋅ 𝐩 =  f4  +  f5 cos(ϕ)  +  f6 cos(2ϕ),

(8 b)

𝐟 ⋅ 𝐛 =  f7 sin(ϕ)  + f8 sin(2ϕ)  +  f9 sin(3ϕ),

(8 c)

where the coefficients, [f0 , f1 , … , f9 ], depend on the contour of the ring cross-section, size of the
ring (R) and the position on the ring cross-sectional contour. The integral in equation (4 a) in the
azimuthal direction can be performed analytically using f as given in equation (8). The remainder
of the integral is evaluated numerically by discretizing the cross-sectional contour into a mesh of
N elements as shown in figure 1 (a). The left-hand side of equation (4 a), which is the fluid velocity
on the ring surface, is known in terms of the linear and angular velocity of the particle at each of
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the N mesh points. Thus, we obtain 3 equations at each mesh point on the cross-section for a given
ϕ giving a total of 3N equations for each value of ϕ. We can obtain more equations by choosing
a different value of ϕ. For this study, we need to evaluate equation (4 a) at four different values of
ϕ so we have 10N equations to obtain [f0 , f1 , … , f9 ] at each of the N mesh points. If the linear and
angular velocities of the particles are also unknown, then an appropriate condition specifying the
total force and torque on the body can be applied to obtain 6 additional equations. This procedure
along with the detailed expression can be found in the appendix. The cross-sectional contour is
given by ys = y(x), where x is the normal distance from axis of symmetry, y is the distance along
the axis of symmetry and the subscript s represents the respective values on the cross-sectional
boundary. In this analysis, the reference for the position along the axis of symmetry is chosen such
that the plane of the ring, y = 0, passes through the centre-of-mass of the particle. This choice
does not affect the value for the cross-stream drift velocity (Ud ). The following problems are
solved using the boundary element method.
Mobility problem
The particle velocities (𝐔𝐩  and 𝛚𝐩 ), and thus the dynamical parameters (λ, η1 and η2 ), are
obtained by applying the force- and torque-free conditions about the COM of the particle
̂∞
(equations (9) and (10)), when the particle is oriented in the flow gradient plane such that 𝐩 ≠ 𝐔
and 𝐩 ≠ 𝚪̂ ∞ .
∫ 𝐟(𝐫 ′ )dA′ = 𝟎,

(9)

∫ 𝐫 ′ × 𝐟(𝐫 ′ )dA′ = 𝟎,

(10)

Resistivity problem for alignment mechanism
The direction of the torque exerted by the fluid on the particle when it is kept stationary
(𝐔𝐩 = 0, 𝛚𝐩 = 0) with 𝐩 = 𝚪̂ ∞ distinguishes between tumbling and aligning behavior. If the fluid
applies a torque against the vorticity direction, then the particle is trying to rotate in the countervorticity direction towards the stable node as shown in figure 1 (b). A fluid torque along the
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vorticity direction implies a tumbling behavior. This resistivity problem is used to understand the
alignment mechanism through visualization of stresses on the particle surface. It also gives insight
into the cross-sectional geometry necessary for alignment.
Resistivity problem for drifting mechanism
The scaling for cross-stream drift of the particle (Ud ) can be obtained when the particle is
oriented along the stable orientation (𝐩 = 𝐩𝐬) and held stationary (𝐔𝐩 = 0, 𝛚𝐩 = 0). At this
orientation, the force acting on the particle drives its drifting motion. This problem will only be
solved as a thought experiment to predict the scaling for the drift velocity, which can be obtained
by equating this force to the force required for translating the particle in a quiescent fluid.

(a)

(b)
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(c)
Figure 2. Ring cross-sectional shapes studied here. (a) Shape given by ρ = 1 + αcos(3θ) that
was shown to lead to flow aligning rings by Singh et al. (2013). (b) Y-shaped fore-aft symmetric
shape inspired by figure 2 (a). (c) Some of the ring cross-sections studied using BEM calculations.
Rings with cross sections R-i, for i = 1, 2, …, 6, rotate in a simple shear flow, while rings with
cross-sections A-i, for i = 1, 2, …, 12, align in a simple shear flow at finite aspect ratios.
In this study, we try to understand the mechanism leading to alignment of particles at much
lower aspect ratios than the previously reported minimum of 30 (Singh et al. 2013). A family of
2D contours is chosen based on previous insight into aligning shapes. The family of shapes given
by ρ = (1 + α cos(3θ)) was shown to achieve permanent alignment at finite aspect ratios (Singh
et al. 2013). Here ρ and θ represent the polar coordinates in the plane of the cross-section (x-y
plane) and θ is measured relative to 𝐞𝐱 , as shown in figure 2 (a). α changes the shape of the crosssection. Based on this insight a 3-lobed shape shown in figure 2 (b) is used for studying fore-aft
symmetric shapes. This fore-aft symmetric shape can be described by 5 parameters: “l1 ”, length
of arm 1; “t1 ”, thickness of arm 1; “l2 ”, length of arm 2 and arm 3; “t 2 ”, thickness of arm 2 and
arm 3; and ψ, angle made by arm 2 and arm 3 with arm 1. Although this family of “Y-shaped”
cross-sections does not cover all shapes, it gives insight into particle geometries that will lead to
alignment. The choice of a Y-shaped cross-section will be motivated in the next section, where
results obtained from BEM are used to describe the mechanism of alignment. Cross-sections
shown in figure 2 (c) were also studied, but were found to align at higher aspect ratios. Cross27

sections A-8 to A-12 lack fore-aft symmetry and thus can possess cross-stream drift. We shall also
discuss the mechanism leading to cross-stream drift and show ways to control the magnitude of
drift by proper choice of cross-sectional shape. All cross-sections shown in the remainder of the
paper are in figure 1 (a), where the left side of the cross-section is the inner edge closer to the ring
center while the right side is the outer edge of the ring.
We also solved for flow past a two-dimensional obstacle with the same shape as the ring
cross-section in a two-dimensional domain using a finite element method (FEM) solver in
COMSOL. This flow field qualitatively resembles the flow field around a slender ring in the crosssectional plane near the surface of the particle. This gives a qualitative visualization of fluid
velocity and stresses near the particle surface with lower computational effort. This problem also
removes the effect of the size (aspect ratio) of the particle, and isolates the effect of the crosssectional shape on the stresses acting on the particle surface. The domain size L ≫ a, ensures that
the fluid velocity near the particle is not influenced by the shape of the box. The fluid velocity
varies logarithmically with radial distance, ρ, for a ≪ ρ ≪ L, similar to the variation for a ≪ ρ ≪
R near a ring with high aspect ratio (A ≫ 1). The no-slip boundary condition was applied at the
particle surface, while the velocity at the domain boundary far from the particle was a simple shear
flow.
4. Results and discussion
In this section, we present the results of BEM calculations for the mobility and resistivity
problems described earlier for cross-sectional shapes shown in figure 2 (c). We also look at the
flow field around the cross-section via the solution of the 2-D Stokes flow problem by FEM. For
characterizing the shape, a critical aspect ratio (A∗) was defined as the minimum aspect ratio at
which a particle aligns. The objective, in addition to understanding the alignment mechanism, is
to obtain shapes that align at low values of A∗ . This is important from the standpoint of fabrication
as a higher aspect-ratio ring will be susceptible to damage thereby losing the aligning
characteristics. For fore-aft asymmetric cross-sections, the focus is to understand the mechanism
of cross-stream drift (𝑈𝑑 = |(𝑼𝒑 − 𝒖∞ (𝒓𝑪𝑶𝑴 )) . 𝚪̂∞ |) and thus control its magnitude. It will be
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shown that the cross-stream drift also depends strongly on the stable orientation of these particle,
which in turn depends on aspects of the particle geometry that influence rotation.
4.1 Fore-aft symmetric that align but do not drift
To gain insight into the mechanism that prevents tumbling, the resistivity problem was
solved for fore-aft symmetric cross-sections shown in figure 2 (b) using BEM for 𝐩 = 𝚪̂∞ . The
geometric parameters, as shown in figure 2 (b) were chosen as t1 /l2 = 0.1, t 2 /l2 = 0.1, l1 /l2 =
3and ψ = 0.65π. These parameters were chosen because the value of l1 /l2 and ψ lie near their
optima for these arm thicknesses. The fluid exerts a force per unit area of -f on the particle surface.
The force per unit area, −f0 , in the flow direction contributes to the torque in the vorticity direction,
while −f5 is the force per unit area along the axis of symmetry (𝐩 = 𝚪̂∞ ) contributing to the torque
̂ ∞ ), G, is
in vorticity direction. The torque exerted by the fluid forces in the vorticity direction (𝛀
given by

G = ∫y=y ds ′ (−2πyf0 + πxf5 ),
s

(11)

where ds′ represents the elemental length along the tangent to the cross-sectional contour and s’
represents the position along the contour such that s = 0 corresponds to the point on the outer edge
for which ys = 0. A negative value of this torque, which is the torque opposite to the vorticity
direction, implies alignment. The moment arm for forces along 𝐞𝐲 , i.e., x, scales with the particle
size (x~R), while the moment arm for the forces acting along 𝐞𝐱 , i.e., y, scales with the crosssectional dimension (y~a). Thus, at a sufficiently high aspect ratio, A, the torque due to the force
along 𝐞𝐲 (−f5 ) alone is important. Figure 3 (a) shows the part of the force per unit area (𝐟 ′ ) acting
on the cross-section that contributes to the torque, at ϕ = 0, such that 𝐟′. 𝐞𝐱 = −f0 and 𝐟′. 𝐞𝐲 =
−f5 . 𝐟 ′ is decomposed into a normal force which is due to pressure (p) and a tangential force which
is due to the shear or viscous stress (τ). Figure 3 (a) shows the variation of pressure along with the
total pressure force and total viscous force per unit circumference on each linear element of the
cross-section (∫ ds ′ p/(μγ) and ∫ ds′ τ/(μγ) respectively, where γ is the shear rate of the simple
shear flow and μ is the viscosity of the fluid). This allows for the visualization of forces that lead
to a force along the positive 𝐞𝐲 . From figure 3 (a), the pressure on average generates a force in the
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positive 𝚪̂∞ , which tries to rotate the particle towards the stable orientation. On the other hand, the
viscous stress generates a force along negative 𝚪̂∞ which tries to tumble the particle in the vorticity
direction. The viscous stress is localized near the stagnation points, which are at the tip of each
arm, and thus acts on a smaller area. The pressure decays slowly along the arms due to small
velocity gradients (except for a small region near the stagnation point) and so it acts on a larger
area. The obtuse angle of arm 2 with the flow direction ensures the pressure generates a force in
the positive 𝚪̂∞ direction. Pressure on arm 1 also generates a force in the positive 𝚪̂∞ direction.
s

Figure 3 (b) shows the variation of ∫0 ds′ (−f5 )along the cross-section from the tip of arm 1 (s=0)
to the point of intersection of arms 2 and 3. The pressure on each arm makes a positive contribution
to (−f5 ), while the viscous stress mainly near the tip of arm 2 and most of arm 3 makes a negative
contribution to (−f5 ). While the viscous stresses try to tumble the particle irrespective of the crosssectional shape, the pressure force for certain cross-sections leads to alignment.

(a)

30

(b)
Figure 3. Stresses on ring cross-section contributing to particle rotation rate. (a) Plotting forces on
the cross-section such that 𝐟 ′ ⋅ 𝐞𝐱 = −f0 and 𝐟 ′ ⋅ 𝐞𝐲 = −f5 for a particle with aspect ratio of 25.8.
These forces are decomposed into the pressure (p) and the viscous stress (τ). The pressure (→) and
s

viscous stress (→) variation along the cross-section; total pressure force (∫s 2 ds ′ p/(μγ)) (→) and
1

total viscous force

s
(∫s 2 ds ′ τ/(μγ))
1

(→) per unit circumference on each face of each arm is plotted.

(b) Cumulative value of −f5 along the cross-section from tip of arm 1 (s=0) to a point s along arm
1. Here, γ is the shear rate of the simple shear flow and μ is the viscosity of the fluid.
Figure 4 (a) shows the pressure, strain rate and streamlines obtained from the solution of
the 2-D Stokes flow problem near a Y-shaped cross-section. The strain rate is defined as E =
(0.5(𝛁𝐮 + (𝛁𝐮)T ): (𝛁𝐮 + (𝛁𝐮)T ))

0.5

, and gives a measure of the viscous stress in the fluid. From

̂ ∞ (x, −y) =
symmetry of the particle and the simple shear flow, it can be shown that 𝐟. 𝐔
̂ ∞ (x, y) and 𝐟. 𝚪̂∞ (x, −y) = 𝐟. 𝚪̂∞ (x, y), f being the force per unit area acting on the particle
−𝐟. 𝐔
surface. The strain rate, as shown in the bottom half of figure 4 (a), is localized near the end of
each arm and thus, acts on a small area generating a small force. The low-pressure, relative to the
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pressure far away from the particle, on the right of arm 2 and top of arm 1 is created by the presence
of the stagnation point on the tip of arm 2. This low-pressure due to the obtuse angle made by arm
2 about the flow direction and the presence of arm 1 is utilized to generate a force on the particle
along 𝐞𝐲 . The obtuse angle made by arm 2 ensures that the pressure force generates a positive
force in the y-direction. It can be easily envisioned that pressure generates a force in the negative
y-direction if arm 2 makes an acute angle with the flow direction. The presence of arm 1 helps to
further utilize this low pressure generated on the leeward (left) side of arm 2 by providing more
surface area on which the low pressure acts. It should be noted that a cross-section which is the
mirror image of this Y-shape (R-6 in figure 2 (c)) would not be able to align, because the sign of
the forces would reverse. The pressure on top of arm 1 would generate a force in the negative ydirection while the acute angle made by arm 2 with the flow direction would also make the pressure
on it generate a force in the negative y-direction.
The above information can be used to understand the requirements on the shape of the
cross-section of aligning rings. The cross-section should be asymmetric about any plane normal to
𝐞𝐱 such that it has a blunt inner edge and a sharp outer edge. This generates a load-bearing element
(arms 1,2 and 3) that thins out as one approaches the outer edge utilizing the pressure to generate
a counter rotating torque. Figure 4 (b) and (c) show the contours for pressure and strain rate (E),
along with the streamlines obtained from the solution of the 2-D Stokes problem using FEM. As
illustrated by these figures, the viscous stress mainly acts in small regions around the stagnation
points on the tips of the arms, generating a smaller force in comparison to the pressure force that
acts on a larger projected area of the load-bearing element. The viscous force on the front will be
smaller if the flow is streamlined, and thus shapes with branched load bearing elements, as shown
in figure 4 (b), will tend to perform poorly. Branching not only increases the area available for the
viscous stress to act, but also increases the moment arm of forces in the x-direction, thus increasing
A∗ . An unbranched load bearing element, shown in figure 4 (c), thus is ideal for alignment at low
A∗ . A Y-shaped cross-section, being the simplest shape with linear arms, was thus chosen for
further analysis. A streamlined shape, as shown in figure 4 (c), ensures that the viscous stress is
localized near the tip of the inner edge of the cross-section and thus acts on a small area. Although
optimization of the cross-section to minimize A∗ is beyond the scope of this study, our results can
be the starting point for this search.
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We can use these insights to rationalize the aligning or rotating nature of rings with crosssections shown in figure 2 (c). A circular cross-section does not align due to its symmetry. A pie
shaped cross-section (A-1) breaks the symmetry about a plane normal to 𝐞𝐱 , thus allowing pressure
to generate a counter rotating torque. A V-shaped particle (A-5) aligns at a higher A∗ as the length
of the load bearing element is smaller than for a Y-shaped particle. Thus, we have seen that the 2D
Stokes flow problem solved using FEM can give the qualitative nature of the forces acting on rings
with the given cross-section.

(a)
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(b)

(c)
Figure 4. Pressure, strain rate contours and streamlines for different cross-sections: (a) Y-shaped
cross-section, (b) cross-section with a branched load-bearing element, and (c) cross-section with
streamlined load bearing element. The top half shows the pressure (p/(γμ)) contour, while the
bottom half shows the strain rate (E/γ) contour.
The solution to the mobility problem gives the dynamical parameters of the particle and
thus A∗ . The dynamic parameters η1 and η2 are identically equal to zero for fore-aft symmetric
shapes, as orientations p and -p are equivalent. The rotation parameter, λ, obtained from BEM
simulation of this mobility problem for p lying in the flow-gradient plan is given by

λ=

̂ ∞ −0.5
γ−1 (𝛚𝐩 )⋅𝛀
𝟐

(𝐩⋅𝚪̂ ∞ ) −0.5

,

(12)

where γ is the shear rate of the simple shear flow. Figure 5 (a) presents predictions for Y-shaped
particles with ψ = π/2, also referred to as T-shaped particles. Such shapes are of practical interest
due to ease of fabrication using multi-step lithography (Foulds and Parameswaram (2006)). The
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critical aspect ratio decreases with decreasing arm thickness (t1 /l2 and t 2 /l2) as seen in figure 5
(a) for a fixed value of l1 /l2 = 3. This is mainly due to reduction in the viscous stress acting on
the particle, confirming that viscous stress increases A∗. Thus, arms of zero thickness can be
assumed to be better for all values of l1 /l2 and ψ. Figure 5 (b), shows the variation of the rotation
parameter, λ, with aspect ratio, A. (λ + 1) rapidly decreases with increasing A, attains a minimum
value that is less than zero and then slowly returns to zero. When (λ + 1) ≥ 0, the time period of
rotation, which equals 4π/(γ√1 − λ2 ), increases as λ approaches -1. This period becomes infinite
at λ = −1 and the particle aligns for the first time. Thus even though A < A∗ , due to the rapid
increase in time period, the particle will remain aligned for long time durations. Once λ crosses 1, the particle attains an equilibrium orientation. As shown in section 2, the angle made by p with
gradient direction is given by 0.5 acos(−1/λ). This angle attains a maximum value when λ + 1
attains a minimum value. However, since the change in λ is small after attaining this minimum
value the angle also changes slowly. Figure 5 (c) shows the variation of A∗ with ψ and l1 /l2 for
t1 /l2 = t 2 /l2 = 0.0125, which approximates the zero-thickness limit. The contour is obtained by
linear interpolation between data points using a Delaunay triangulation. The optimal value is found
to be A∗ ≈ 9 for ψ = 0.65π and l1 /l2 = 2. There is a shallow valley near this optimum in which
A∗ varies slowly. Thus, any imperfections in particle fabrication will not change the aligning
behavior of the particle to a great extent. This also means that the particle dynamics is not strongly
affected by small changes at the small length scale, as long as the general shape necessary for
alignment is maintained.
Rings with Y-shaped cross-sections have suppressed rotation at all aspect ratios in
comparison to rings with cricular cross-sections as evident in figure 5 (d). This primarily comes
due to the strong counter-rotating pressure force, absent in rings with a circular cross-section. It
should be noted that rings with cross-sectional shapes studied in Singh et al. (2013), as shown in
figure 2 (a), do not have suppressed rotation at small aspect ratios. This is primarily because the
magnitude of the pressure force acting at the stagnation point is lower in comparison to a Y-shaped
cross-section with thin arms. The rings with Y-shaped cross-sections of aspect ratio, A, somewhat
smaller than A∗ could have a similar practical utility as aligning rings because of the large increase
in the time period of rotation of the ring at all aspect ratios. Apart from alignment, the particle
rotation rate can be significantly increased, as shown in figure 5 (d), by using a shape that is a
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mirror image of the Y-shaped cross-section (R-6). This is because the pressure that was originally
inducing a counter-rotating torque is now generating a torque in the vorticity direction leading to
enhanced tumbling. Enhanced rotation of particles could increase the viscosity of the suspension
for the same volume fraction of the particles. At high enough particle concentrations, enhanced
rotation could lead to more frequent contacts between particles leading to a larger increase in stress
in the suspension. High aspect ratio conducting particles with enhanced rotation could be
embedded in composites during curing to increase the thermal conductivity of the final material.

(a)
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(b)

(c)
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(d)
Figure 5. λ and A∗ variation for different shapes. (a) Variation of A∗ with thickness of one arm at
a time for a Y-shaped cross-section shown in figure 2 (b). A∗ variation with t1 /l2 for t 2 /l2 = 0.1
(∎); with t 2 /l2for t1 /l2 = 0.1 (•); and with t 2 /l2 for t1 /l2 = 0.0125 (★). l1 /l2 = 3 and ψ = 0.5π
for all three curves. (b) λ+1 variation with aspect ratio of the particle (A) for a Y-shaped crosssection with ψ = 0.5π and t1 /l1 = t 2 /l1  = 0.1. (c) Contour map of A∗ with ψ and l1 /l2 for a Yshaped cross-section with t1 /l2 = t 2 /l2 = 0.0125 (d) Variation of λ + 1 with A for a Y-shaped
cross-section (ψ = 0.65π, l1 = 2l2 , t1 = t 2 = 0.0125l2), mirror image of the Y-shaped crosssection (figure 3 (c) R-6) with (ψ = 0.65π, l1 = 2l2 , t1 = t 2 = 0.0125l2) and a circular crosssection (figure 3 (c) R-1).
4.2 Fore-aft asymmetric particles that align and drift
Fore-aft asymmetric particles, in addition to aligning, also migrate in the cross-stream
direction. Alignment of the particle can be understood by observing the local flow field around the
particle when 𝐩 = 𝚪̂∞ , as described earlier. Here, we describe the mechanism leading to the crossstream drift velocity of the particle (Ud ) once it is aligned and ways of controlling it by
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manipulating the cross-sectional shape. Different symmetries of cross-sectional shapes lead to
different orders of magnitude of the drift velocity (Ud = |(𝐔𝐩 − 𝒖∞ (𝐫𝐂𝐎𝐌 )) ⋅ 𝚪̂∞ |) as shown in
figure 6 (a). The direction of the cross-stream drift velocity depends on p and the cross-sectional
shape of the particle. The stable orientation of the particle, 𝐩𝐬, is chosen such that 𝐩𝐬 . 𝐔𝐩 > 0. This
choice is made after obtaining the direction of 𝐔𝐩 from BEM calculation without loss of generality.
A particle that is aligned along −𝐩𝐬 would have a cross-stream migration in the opposite direction.
A general cross-sectional shape will have a drift velocity that scales as γRsin(βs )/ln(A) (figure
6 (a) D-II). However, a cross-section with rotational and reflectional symmetry, as shown in figure
6 (a) D-I, generates Ud that scales as γasin(βs ). On the other hand, fore-aft symmetry of the
cross-section leads to no cross-stream drift. The mechanism leading to cross-stream drift can be
understood by obtaining the lift force on the particle when it is held stationary and oriented along
its stable orientation (𝐩 = 𝐩𝐬 ). At this orientation, the local flow field can be decomposed into a
uniform flow field and a simple shear flow as shown in figure 6 (b). The local uniform flow field
due to the small angle βs of the particle with respect to the gradient axis scales as γRsin(βs ) over
most of the ring. The scaling for the lift force due to the local uniform flow can be understood
from slender body theory (Batchelor (1970)). Batchelor (1970) explains that the leading order
force per unit length acting on a slender filament of high aspect ratio (A ≫ 1) is independent of
the shape of the slender body and scales as μU0 /ln(A), U0 being the measure of the undisturbed
fluid velocity. Since the only direction in the problem is the flow direction, the slender filament
only experiences a drag force per unit length that scales as μγRsin(βs )/ln(A) for ln(A) ≫ 1. The
details of the cross-section affect the force at a higher order in ln(A) and thus the lift force per unit
length, if any, scales as μ|U0 |/[ln(A)]2. Thus, the local uniform flow field generates a lift force
per unit length at each azimuthal location that scales as μγRsin(βs )/[ln(A)]2. The local simple
shear flow generates a lift force per unit length that primarily arises due to the tilt about the gradient
direction (βs ). This lift force per unit length scales as μγasin(βs )/ln(A). The net lift force for a
general fore-aft asymmetric particle scales as μγR2 sin(βs )/[ln(𝐴)]2 and thus the cross-stream
drift velocity scales as γRsin(βs )/ln(A) at large aspect ratios (A ≫ 1). The contribution to drift
from the local uniform flow becomes identically zero if the cross-section has both reflectional and
rotational symmetry. Shapes with reflectional and rotational symmetry, shown in figure 6 (a) (DII), cannot generate a lift force in a 2-D uniform flow along two-different cross-sectional
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orientations, and thus should have zero lift for all cross-sectional orientations by linear
superposition. For such cross-sections, the drift comes from the local simple shear flow alone and
scales as γasin(βs ). Thus, depending on the symmetry properties of the cross-sectional shape the
cross-stream drift scales differently. However, contributions from both the mechanisms are
important for particles with low aspect ratios. The angle made by the particle with the gradient
direction, βs = 0.5 acos(−1/λ) ≈ (0.5(λ + 1))

0.5

), also depends on the particle geometry. The

maximum value of βs depends on the capability of the shape to generate the highest counterrotating
torque. To understand this variation, consider a shape shown in figure 6 (a) (D-II) and a fore-aft
symmetric cross-section obtained by adding a reflection of this cross-section in a manner that
keeps the particle aligned, as shown in figure 6 (a) (A-6). The forces acting on the particle when
𝐩 = 𝚪̂∞ , will be nearly the same for the asymmetric cross-section and the top half of the fore-aft
symmetric cross-section. Therefore, a fore-aft symmetric shape, A-6, can generate approximately
twice the counterrotating torque of the corresponding fore-aft asymmetric shape, D-II, at half the
aspect ratio. The aspect ratio for a A-6 shape halves because the cross-sectional dimension “2a” is
twice that of the D-II shape. Consequently, the maximum βs is not only higher for the A-6 than
the D-II shape but also occurs at a smaller aspect ratio. Fore-aft symmetry does not allow for
migration, but rotating the cross-section breaks the fore-aft symmetry and allows for a finite drift.
Shapes with rotational and reflectional symmetry, as shown in figure 6 (a) (D-I), have some
resemblance to an equivalent fore-aft symmetric shape (A-6) and some resemblance to a fore-aft
asymmetric shape (D- II). The D-I shape can align at a lower aspect ratio and have a higher βs
than a D-II shape and it could have a maximum value of cross-stream drift that is larger than that
for a D-II shape. However, since the scaling of Ud with aspect ratio is a factor of 1/A smaller than
that for a D-II shape, the drift velocity of the D-II shape becomes larger as A → ∞. This will be
shown towards the end of this section by using specific examples. Consequently, particle migration
is intertwined with the orientational dynamics of the particle and this intertwining is stronger for
particles that align at low aspect ratios. We now elucidate the dependence on geometry for certain
cross-sectional shapes from the solution of the mobility problem.
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(a)

(b)
Figure 6. (a) Three types of cross-sectional shapes that can generate different scaling of
cross-stream drift. (b) Flow field near the cross-section decomposed into a local uniform flow and
a local simple shear flow that are O(γR sin(βs )) and O(γa) respectively.
The alignment for rings with cross-section D-II can be understood from the previous
discussion. The load bearing element as marked in figure 6 (a), allows one to envision the pressure
forces that lead to alignment. For a general fore-aft asymmetric cross-section, where a similar
picture is non-trivial, observing the lift force through the solution of a two-dimensional Stokes
flow problem, as shown in figure 4, is a good method of comparing geometries.
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Aligning particles that lack fore-aft symmetry have non-zero values of the dynamic
parameters, η1 and η2 and thus have a constant cross-stream drift (Ud ). This cross-stream drift
velocity as well as the dynamic parameters are obtained from the solution of the mobility problem.
The rotation parameter, λ, is obtained by equation (5) while η1 and η2 are given by

η1 =

𝑼𝒑 ⋅𝒏
2
𝛾((𝒑.𝚪̂ ∞ ) −0.5)

𝑼 ⋅𝒑

𝒑
η2 = −η1 + γ(𝒑𝒑:𝑬
∞ ).

(13)

(14)

Equations (13) and (14) can be obtained from equation (1) and (3) when the imposed flow is a
simple shear flow. The drift velocity in the gradient direction for rings that align in a simple shear
flow, i.e., λ < −1, is given by

γ
η
λ+1
Ud = 𝐔 ⋅ 𝚪̂ ∞ = |2 (η1 + η2 − λ2 ) √ 2λ |.

(15)

The proportionality with sin(βs ) ≈ βs ≈ √−0.5(1 + λ) can be seen from this equation.
The cross-section shown in figure 6 (a) (D-II) was studied due to its resemblance with the
Y-shaped cross-section and because of ease of fabrication afforded by its flat base. Figure 7 (a)
̅ d = Ud /(γR)) with
shows the variation of the non-dimensional drift velocity of the particle (U
aspect ratio for ψ = 0.5π and nearly zero arm thickness (t1 /l2 = t 2 /l2 = 0.0125). Reducing arm
thickness reduces the area available for the viscous stresses to act as seen earlier. The variation of
̅ d with respect to aspect ratio shown in figure 7 (a) is qualitatively similar across all shapes that
U
̅ d is small near the critical aspect ratio due to the vanishingly
can migrate across streamlines. U
̅ d rapidly increases to a maximum value and then decays slowly thereafter. The
small value of βs . U
maximum value occurs at an aspect ratio which is close to that yielding the minimum value of λ
̅ d slowly decays to zero with further increase in aspect ratio. Figure
or the maximum value of βs . U
7 (b) shows the contour map for the critical aspect ratio for alignment, A∗, for varying values of ψ
and l1 /l2 for t1 /l2 = t 2 /l2 = 0.0125. The optimal value of A∗ is 20.6 and occurs approximately
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at ψ = 0.65π and l1 /l2 = 3. This minimum value of A∗ is more than double the value obtained for
a Y shaped cross-section. This cross-section represents the top-half of the Y-shape cross-section
with nearly the same forces acting on it. Thus, the cross-sectional dimension “2a” is half that of a
Y-shaped cross-section, which leads to the near doubling of A∗ . Additional viscous stresses acting
on the bottom part of arm 1 make A∗ more than double the value for an equivalent Y-shaped crosssection. As shown in figure 7 (b), A∗ varies slowly in a large region near the optimum, which
suggests that the particle dynamics varies slowly for slight changes in the cross-sectional shape.
̅ d with ψ and l1 /l2 . U
̅ d attains
Figure 7 (c) shows the contour for the maximum value attained by U
a maximum value when ψ ≈ 0.6π and l1 /l2 ≈ 1. However, this maximum does not coincide with
parameters that give the lowest A∗. Thus, an appropriate shape should be chosen based on the
relative importance of attaining a high drift velocity and maintaining particle rigidity by restricting
to a low aspect ratio. Parameters highlighted by the dotted region in figure 7 (b) and (c) suggest a
region that has a balance between alignment at low aspect ratio and attainment of a high drift
velocity.

(a)
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(b)

(c)
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Figure 7. Variation of cross-stream drift velocity (Ud ) for shapes shown in figure 6 (a) (D̅ d = Ud /(γR), with the ring aspect ratio and
II). (a) Variation of non-dimensional drift velocity, U
ratio of arm lengths (l1 /l2 ) with t1 /l2 = t 2 /l2 = 0.0125 and ψ = 0.5π. (b) Contour of A∗ with ψ
and l1 /l2 for D-II shape with t1 /l2 = t 2 /l2 = 0.0125. (c) Contour of (Ud /(γR)) × 104 with ψ
and l1 /l2 for D-II shape with t1 /l2 = t 2 /l2 = 0.0125.

(a)

(b)
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(c)

(d)
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Figure 8. Variation of cross-stream drift velocity (Ud ) for shapes with reflectional and
rotational symmetry (D-I shapes). (a) A cross-section given by ρ = (1 + α cos(3(θ − θ0 ))),
which is the cross-section studied in Singh et al. (2013) rotated by an angle θ0 relative to 𝐞𝐱 . (b)
D-I shape with rotational and reflectional symmetry. The angle θ0 of one of the arms with 𝐞𝐱
controls the degree of fore-aft asymmetry. (c) Non-dimensional drift velocity (Ud /(γR)) for shape
in figure 8 (a) for α = 0.55. (d) Ud /(γR) for shape shown in figure 8 (b) with l=1 and t=0.0125.
We considered two cross-sections with reflectional and rotational symmetry as shown in
figures 8 (a) and (b), where θ0 is the angle of rotation about 𝐞𝐱 . The parameters that gave the least
value of A∗ for θ0 = 0 were chosen for each of the shapes. The parameters are α = 0.55 for the
shape in figure 8 (a) and l1 /l2 = 1 and ψ = 0.6π for the shape in figure 8 (b). If θ0 = ±π/6, these
cross-section becomes symmetric about a plane normal to 𝐞𝐱 and thus cannot generate a force in
the gradient direction when 𝐩 = 𝚪̂∞ because of the equivalence of the problem in flow reversal
̅ d = Ud /(γR) is an order of magnitude lower for the 3(𝐮∞ = −𝐮∞ ). As seen in figure 8 (c), U
̅ d follows a similar
lobed cross-section in figure 8 (a) in comparison to an equivalent D-II shape. U
trend of rapidly increasing to a maximum and slowly decaying to zero at large aspect ratios. The
drift velocity for the rotated Y-shape cross-section, i.e., D-I b shape, has values comparable with
the D-II shape because rings with D-I b shaped cross-sections align at a smaller aspect ratio. Thus,
rings with D-I b cross-sections generate a higher counter-rotating torque leading to a higher value
of βs than the corresponding D-II shape. This increases the drift velocity of rings with D-I b shapes
̅ d due
at lower aspect ratios. However, at higher aspect ratios rings with D-II shapes will increase U
̅ d with the particle aspect ratio, A. The 3-lobed cross-section, i.e., D-I a
to a stronger scaling of U
shape, in figure 8 (a) aligns around the same aspect ratio as an equivalent D-II shape leading to
similar values of βs . Thus, the drift velocity is a factor of 1/A smaller than an equivalent D-II shape
as per the scaling argument. The aligning angle of the particle, βs , is a crucial factor, and the drift
velocity can be augmented by increasing βs . Thus, as observed above, to control particle migration,
it is pertinent to consider particle alignment as well.
We considered a cross-sectional shape, shown in figure 9 (a), whose degree of asymmetry
could be controlled systematically. This family of shapes allows another way of analyzing the
̅ d . This shape is fore-aft
importance of particle symmetry in controlling the magnitude of U
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symmetric for l3 /l2 = 1 and the degree of fore-aft asymmetry increases as l3 /l2 changes from 1
̅ d with particle aspect ratio (A) for varying
to 0. Figure 9 (b) and (c) show the variation of βs and U
lengths of arm 3 (l3 /l2) for l1 /l2 = 1, ψ2 = ψ3 = 0.65π and t1 = t 2 = t 3 = 0.0125l2 . βs
increases as (l3 /l2 ) → 1, but the particle approaches a fore-aft symmetric shape (i.e., η1 → 0and
η2 → 0) which has no drift. The highest drift is obtained for a particle that has a balance between
aligning at a low aspect ratio while still deviating sufficiently from fore-aft symmetry (i.e., 0 <
l3 /l2 < 1) as seen in figure 9 (b) for l3 /l2 = 0.25 and A = 25.14. Such a shape could be used as
a starting point to obtain the shapes that generate the highest drift (Ud /(γR)). It should be noted
that at high aspect ratios, A>100, βs is nearly the same for all cross-sectional shapes at a given A.
Thus, at sufficiently high aspect ratios the drift is higher for the shape that possesses the highest
degree of fore-aft asymmetry, as seen in figure 9 (c).
The drift velocity obtained by scaling arguments earlier are verified by BEM results at
large aspect ratios of the particle (A). The variation of drift velocity (Ud ) non-dimensionalized
with the appropriate scaling velocity (Us ), depending on the mechanism of drift, is used to verify
the scaling arguments presented earlier. Figure 10 shows the variation of Ud /Us for various shapes
studied here. Us = γa sin(βs ) for shapes that posses reflectional and rotational symmetry (D-I
shape), and Us = γRsin(βs )/ ln(A) for fore-aft asymmetric cross-sections that lack reflectional
and/or rotational symmetry (D-II shape). Figure 10 shows that at moderately high aspect ratios,
Ud /Us attains a constant value, thus verifying the scaling and the mechanism for cross-stream
migration mentioned earlier.
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(a)

(b)

(c)
Figure 9. Drift velocity variation with varying degree of fore-aft asymmetry of a cross-section
D–II a. (a) D–II a shape that generates varying cross-stream drift as the deviation from fore-aft
symmetry is adjusted by changing length of arm 3 relative to arm 2 (i.e., l3 /l2 ). (b) Parametric
variation of βs with particle aspect ratio (A) and relative length of arm 3 (l3 /l2 ) for (D-II a)
̅ d = Ud /(γR) with A and (l3 /l2 ) for (D-II a) shape. In both
shape. (c) Parametric variation of U
these plots, l1 /l2 = 1, ψ2 = ψ3 = 0.65π and t1 /l2 = t 2 /l2 = t 3 /l2 = 0.0125.
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Figure 10. Drift velocity non-dimensionalized with the velocity obtained by scaling arguments
(Us ). D-I a shape (figure 8 (a)) with α = 0.55 and θ0 = π/24; D-I b shape (figure 8 (b)) with θ0 =
π/24 and t/l = 0.0125; A-8 shape (L-shape) with l1 /l2 = 2 and t1 /l2 = t 2 /l2 = 0.0125; and DII a shape with l1 /l2 = 1, l3 /l2 = 0.25, ψ2 = ψ3 = 0.65π and t1 /l2 = t 2 /l2 = t 3 /l2 = 0.0125.
The scaling for velocity for D-I a and D-I b shapes is Us = γ(a)sin(βs ), while the scaling for the
remaining two-shapes is Us = γ(R) sin(βs ) /ln(A).
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5. Conclusion
In conclusion, our calculations show that the rotational and translational dynamics of rings
can be controlled by appropriately manipulating the cross-sectional shape. We elucidated the
mechanism that leads to permanent alignment of particles in a simple shear flow: it is the pressure
acting on the particle surface that leads to alignment. Rings with cross-sections that possess a blunt
inner edge and a sharp outer edge, as shown in figure (4), acquire an equilibrium orientation in a
simple shear flow. Rings with a streamlined cross-sectional shape, such as a Y-shaped crosssection shown in figure 2 (b), align at lower aspect ratios than blunter shapes due to localization
of the viscous stress at any extending elements of the cross-section. The optimal shape in the family
of Y-shaped particles was shown to be ψ = 0.65π, t 2 /l2 → 0, t1 /l2 → 0 and l1 /l2 = 2. This
might not be the globally optimal shape, but provides a starting point to search for shapes that align
at lower aspect ratios. Rings with certain geometries, such as Y-shaped cross-sections shown in
figure 2 (b), have suppressed rotation in comparison to rings with circular cross-sections (torus) at
similar aspect ratios. This is an important finding as these rings remain aligned for longer periods
of time than an equivalent torus and thus from a practical standpoint could mimic aligning particle
dynamics.
For fore-aft asymmetric cross-sections, we elucidated the mechanism leading to crossstream drift which could be controlled by altering the symmetry of the cross-section. Particles with
fore-aft symmetric cross-sections have no drift. Particles with cross-sections that possess rotational
and reflectional symmetry have drift that scales as γa sin(βs ) while those that lack this symmetry
have a drift that scales as γR sin(βs ) /ln(A). We explained the important role that the aligning
angle (βs ) plays in determining the magnitude of the drift. In particular, certain shapes can possess
a higher drift due to a higher aligning angle. Both alignment and migration of rings depends on the
lift force generated by pressure and thus engineering the geometry to effectively utilize pressure
and localizing the viscous stresses should be a starting point to tune motion of particles in shear
flows.
A T-shaped (A-7) and an L-shaped (A-8) cross-section, studied in this work, are of
practical interest due to ease of fabrication. These particles could be fabricated using multi-step
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photolithography (Foulds & Parameswaran 2006). Techniques such as direct-ink writing (Raney
and Lewis 2015) or optofluidic fabrication (Paulson, Di Carlo and Chung 2015) could be used to
fabricate more complicated geometries studied in this work. Fabrication of these particles, would
not only allow for the verification of our results, but also pave the way for practical utility of these
particles. The macroscopic properties of a particle suspension differ depending on tumbling or
aligning behavior of individual particles. Usually anisotropic tumbling particles cannot fully
impart their anisotropy to the suspension due to orientational dispersion. On the other hand,
aligning rings would lead to a high degree of anisotropy due to particle alignment near the flowvorticity plane. Materials processed with aligning particle suspension should have a high degree
of anisotropy in properties such as elastic modulus; specific stiffness; and thermal, electric and
magnetic conductivity. Migrating particles could be used to impart surface properties such as
scratch resistance by systematically depositing particles near the surface (Isla et al. 2003). The
viscosity of these suspensions should also be lower due to alignment along the lamellae improving
the ease of processing. These materials could be manufactured on a large scale using existing
material processing technologies such as injection molding, spin-casting and extrusion.
Consequently, these aligning particles provide a unique opportunity to design particle suspensions
with tunable structure using existing manufacturing techniques.
6. Appendix: Analytical integration of fluid disturbance due to particle along the
azimuthal direction
The boundary integral equation given in equation (3.1a) can be solved to obtain the force
per unit area acting on the particle surface using a 2-D surface mesh. As mentioned in section 3,
the azimuthal variation of the force per unit area for our problem, given by equation (3.5), can be
used to reduce the dimensionality of the problem. Here, we give a detailed methodology of
achieving this for a ring in a simple shear flow, such that p lies in the flow gradient plane. This
could be easily extended for an axisymmetric particle with arbitrary orientation in a general linear
flow field. The boundary integral equation (3.1a) can be written as:

52

ϕ+2π

1

𝐮. 𝐧 = 𝐮∞ . 𝐧 + 8πμ ∫ ds′ ∫ϕ
fb (𝐫 ′ ) (

(x cos(ϕ)−x′ cos(ϕ′ ))(x sin(ϕ)−x′ sin(ϕ′ ))
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ϕ+2π
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1

fb (𝐫 ′ ) (|𝐫−𝐫′ | +

(x sin(ϕ)−x′ sin(ϕ′ ))
|𝐫−𝐫 ′ |3

|𝐫−𝐫 ′ |3

(x cos(ϕ)−x′ cos(ϕ′ ))
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(x cos(ϕ)−x′ cos(ϕ′ ))(y−y′ )
|𝐫−𝐫 ′ |3

(y−y′ )2
)],
|𝐫−𝐫 ′ |3

)+

(A 2)

)+
(A 3)

where the subscripts n, b, p represent the components of a vector along n, b and p respectively. x
and y are the position along 𝐞𝐱 and 𝒆𝒚 respectively and 𝜙 is the angular position. The primed
variables (ds’, x’ and r’) are dummy variables. The integrals in (A 1) – (A 3) can be analytically
integrated along the azimuthal direction by substituting ϕ" = ϕ′ − ϕ in equations to (A 1) – (A
3). Upon this substitution |𝐫 − 𝐫 ′ | is given by
r" = |𝐫 − 𝐫 ′ | = [A2 − B 2 cos(ϕ")]0.5 ,

(A 4)

where A2 = x 2 + x ′ 2 + y 2 , B 2 = 2xx ′ . On changing the dummy variable to ϕ"and substituting
(A 4) and equation (3.5) into (A 1) – (A 3), the numerators of the integrands in (A 1) – (A 3) will
be either a constant, powers of cos(ϕ")or powers of sin(ϕ"), while the denominator will be
either r"or r"3 . Terms with odd powers of sin(ϕ") will integrate to zero, while any even powers
of sin(ϕ") can be transformed into an equivalent term in cos(ϕ"). A constant term and any power
of cos(ϕ") can be transformed into an elliptic integral using elementary calculus as shown in
Singh et al. (2013). This procedure can be understood from the transformation given by
2π

∫0 dϕ"

cosa (ϕ")
m
(A2 −B2 cos(ϕ")) 2

4(−1)a

2π

= (C2 )m/2 ∫0 dϕ"

cosa (2ϕ")
m

(1−D2 sin2 (ϕ")) 2
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,

(A 5)

where C 2 = A2 + B 2 , D2 = 2B 2 /C 2 < 1 , a and m are integers. The left-hand side of (A 5)
represents a general term expected in (A 1) – (A 3). The right-hand side of (A 5) can be given in
terms of complete elliptic integrals of the first (K) and second (E) kind which are given by
2π

K(D) = ∫0

dϕ"
(1−D2 sin2 (ϕ"))0.5

,

(A 6)

2

E(D) = ∫0 dϕ"(1 − D2 sin2 (ϕ"))0.5 .

(A7)

The integrals in (A5) are obtained from Singh et al. (2013) for a = {0, 1, 2} and m = {1, 3} and
are denoted as S1 , S2 , … , S8 following the same notation used in their paper. Two additional
integrals are required for a = 3 and m = {1, 3} for our case which are given by S9 and S10 . All the
integrals involved in (A 1) – (A 3) are given by
2π

1

2π

cos(ϕ")

4

S1 = ∫0 dϕ" (A2 −B2cos(ϕ"))0.5 = C K ,

(A 8 a)

4 D2−2

S2 = ∫0 dϕ" (A2 −B2 cos(ϕ"))0.5 = − C (
2π

1

2π

cos(ϕ")

4

2π

cos2 (ϕ")

4

4

D2

2

K + D2 E),

(A 8 b)

E

S3 = ∫0 dϕ" (A2 −B2 cos(ϕ"))1.5 = C3 1−D2 ,

(A 8 c)

D2 −2

S4 = ∫0 dϕ" (A2 −B2 cos(ϕ"))1.5 = C3 D2 (−2K + (D2 −1) E),

S5 = ∫0 dϕ" (A2 −B2 cos(ϕ"))0.5 = C3 D4 (4(D2 − 2)K +
2π

cos2 (ϕ")

4

2π

cos3 (ϕ")

−4

D4 −8D2+8
1−D2

(A 8 d)

E),

(A 8 e)

S6 = ∫0 dϕ" (A2 −B2 cos(ϕ"))0.5 = 3CD4 ((3D4 − 8D2 + 8)K + 4(D2 − 2)E),

S7 = ∫0 dϕ" (A2 −B2 cos(ϕ"))0.5 = 3C3 D6 (2(9D4 − 32D2 + 32)K +
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(3D6 −38D4 +96D2−64)E
1−D2

), (A 8 g)

cos4 (ϕ")

2π

4

S8 = ∫0 dϕ" (A2 −B2 cos(ϕ"))0.5 = 10C3 D8 (16(D2 − 2)(5D4 − 16D2 + 16)K +
2(5D8 −96D6+352D4−512D2+256)
1−D2

E),

cos3 (ϕ")

2π

(A 8 h)

4

S9 = ∫0 dϕ" (A2 −B2 cos(ϕ"))0.5 = − 15CD6 ((15D6 − 62D4 + 96D2 − 64)K + 2(17D4 − 32D2 +
32)E),

(A 8 i)

cos5 (ϕ")

2π

4

S10 = ∫0 dϕ" (A2 −B2 cos(ϕ"))0.5 = − 105CD10 ((1050D8 − 7072D6 + 19360D4 − 24576D2 +
12288)K +

(−105D10 +2594D8 −13296D6 +29344D4−30720D2 +12288)
D2 −1

E).

(A 8 j)

Applying the no slip boundary condition on the particle surface equations (A 1) – (A 3) are
simplified to obtain a set of linear equations, which can be rewritten in the form:
N

j

j

j

j

s
′ ′
−𝐮∞ . 𝐧 = −(𝐔 + 𝛚𝐩 × 𝐫). 𝐧 +  ∑N
j=1 ∑k=1 dsk xk [(f0 Inn0 + f1 Inn1 + f2 Inn2 + f3 Inn3 ) +

j

j

j

j

j

j

(f4 Inb1 + f5 Inb2 + f6 Inb3 ) + (f7 Inp0 + f8 Inp1 + f9 Inp2 )],
N

j

(A 9a)
j

j

j

j

s
′
−𝐮∞ . 𝐛 = −(𝐔 + 𝛚𝐩 × 𝐫). 𝐛 +  ∑N
j=1 ∑k=1 ds x′[(f0 Ibn0 + f1 Ibn1 + f2 Ibn2 + f3 Ibn3 ) + (f4 Ibb1 +

j

j

j

j

j

f5 Ibb2 + f6 Ibb3 ) + (f7 Ibp0 + f8 Ibp1 + f9 Ibp2 )],

(A 9b)

N

j

j

j

j

s
′ ′
−𝐮∞ . 𝐩 = −(𝐔 + 𝛚𝐩 × 𝐫). 𝐩 +  ∑N
j=1 ∑k=1 ds x [(f0 Ipn0 + f1 Ipn1 + f2 Ipn2 + f3 Ipn3 ) +

j

j

j

j

j

j

(f4 Ipb1 + f5 Ipb2 + f6 Ipb3 ) + (f7 Ipp0 + f8 Ipp1 + f9 Ipp2 )].

(A 9c)

Here N is the number of elements in the primary mesh, Ns is the number of elements in the
secondary mesh and dsk′ is the size of the secondary mesh, as shown in figure A.1 (c). The
summation in equation (A 9) is performed using the secondary mesh points, which are subdivisions
to the primary mesh, to get an accurate estimate of the Green’s function. This secondary mesh is
used to for the numerical integral in equation (A 9). Expressions to obtain x ′ , y ′ and dsk′ are also
shown in figure A. 1 (c). Furthermore, we assume that the values of [f0 , f1 , … f9 ] remain constant
55

over secondary mesh as shown in figure A.1 (c) which works well as long as sufficient number of
primary mesh points exist. The additional terms on the right-hand side of (A 9), denoted by I, can
be obtained by simple but lengthy algebra from (A 1) – (A 3) after appropriate substitution. These
additional terms are obtained by performing analytical integration over ϕ" and are given by
Inn0 = S1 + x 2 cos 2 (ϕ) S3 − 2xx ′ cos 2 (ϕ) S4 + x ′2 (cos(2ϕ) S5 + sin2 (ϕ) S3 ), (A 10 a)
Inn1 = cos(ϕ) S2 + cos(ϕ)(x 2 cos 2 (ϕ) S4 − 2xx ′ cos 2 (ϕ) S5 + x ′2 (cos(2ϕ) S7 +
sin2 (ϕ) S4 ) − sin(ϕ) sin(2ϕ) (xx ′ (S3 − S5 ) − x ′2 (S4 − S7 )),

(A 10 b)

Inn2 = cos(2ϕ) (2S6 − S1 ) + cos(2ϕ) (x 2 cos 2 (ϕ)  (2S5 − S3 ) − 2xx ′ cos 2 (ϕ) (2S7 − S4 ) +
x ′2 (cos(2ϕ) (2S8 − S5 ) + sin2 (ϕ)  (2S5 − S3 ))) − 2 sin2 (2ϕ) (xx ′ (S4 − S7 ) − x ′2 (S5 − S8 )),
(A10 c)

Inn3 = cos(3ϕ) (4S9 − 3S2 ) + cos(3ϕ) (x 2 cos 2 (ϕ) (4S7 − 3S4 ) − 2xx ′ cos 2 (ϕ) (4S8 −
3S5 ) + x ′2 (cos(2ϕ) (4S10 − 3S7 ) + sin2 (ϕ) (4S7 − 3S4 ))) −
sin(3ϕ) sin(2ϕ) (xx ′ sin(2ϕ) (5S5 − S3 − 4S8 ) − x ′2 (5S7 − S4 − 4S10 )),

(A 10 d)

Inb1 = 0.5 sin(ϕ) sin(2ϕ) (x 2 S4 − 2xx ′ S5 + x ′2 (2S7 − S4 )) + cos(ϕ) cos(2ϕ) (−xx ′ (S3 −
S5 ) + x ′2 (S4 − S7 )),

(A 10 e)

Inb2 = 0.5 sin2 (2ϕ)(x 2 (2S5 − S3 ) − 2xx ′ (2S7 − S4 ) + x ′2 (4S8 − 4S5 + S3 )) +
2 cos 2 (2ϕ)(−xx ′ (S4 − S7 ) + x ′2 (S5 − S8 )) ,

(A 10 f)

Inb3 = 0.5 sin(3ϕ) sin(2ϕ) (x 2 (4S7 − 3S4 ) − 2xx ′ (4S8 − 3S5 ) + x ′2 (8S10 − 10S7 + 3S4 )) +
cos(3ϕ) cos(2ϕ) (−xx ′ (−4S8 + 5S5 − S3 ) + x ′2 (−4S10 + 5S7 − S4 )),

(A 10 g)

Inp0 = (y − y ′ )cos(ϕ)(xS3 − x ′ S4 ),

(A 10 h)
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Inp1 = (y − y ′ )(cos 2(ϕ) (xS4 − x ′ S5 ) − sin2 (ϕ) x ′ (S3 − S5 )),

(A 10 i)

Inp2 = (y − y ′ ) (cos(2ϕ) cos(ϕ) (x(2S5 − S3 ) − x ′ (2S7 − S4 )) − 2 sin(2ϕ) sin(ϕ) x ′ (S4 −
S7 )),

(A 10 j)

Ibn0 = 0.5 sin(2ϕ) (x 2 S3 − 2xx ′ S4 + x ′2 (2S5 − S3 )),

(A 11 a)

Ibn1 = 0.5 sin(2ϕ) cos(ϕ) (x 2 S4 − 2xx ′ S5 + x ′2 (2S7 − S4 )) − cos(2ϕ) sin(ϕ) (x ′2 (−S7 +
S4 ) − xx ′ (−S5 + S3 )) ,

(A 11 b)

Ibn2 = 0.5 sin(2ϕ) cos(2ϕ) (x 2 (2S5 − S3 ) − 2xx ′ (2S7 − S4 ) + x ′2 (4S8 − 4S5 + S3 )) −
2 cos(2ϕ) sin(2ϕ) (x ′2 (−S8 + S5 ) − xx ′ (−S7 + S4 )),

(A 11 c)

Ibn3  = 0.5 sin(2ϕ) cos(3ϕ) (x 2 (4S7 − 3S4 ) − 2xx ′ (4S8 − 3S5 ) + x ′2 (8S10 − 10S7 + 3S4 )) −
2 cos(2ϕ) sin(3ϕ) (x ′2 (−4S10 + 5S7 − S4 ) − xx ′ (−4S8 + 5S5 − S3 )),

(A 11 d)

Ibb1  =  sin(ϕ) S2 + sin(ϕ) (x 2 sin2 (ϕ) S4 − 2xx ′ sin2 (ϕ) S5 + x ′2 (cos 2(ϕ) S4 −
cos(2ϕ) S7 )) + sin(2ϕ) cos(ϕ) (−xx ′ (S3 − S5 ) + x ′2 (S4 − S7 )),

(A 11 e)

Ibb2 = sin(2ϕ) (2S6 − S1 ) + sin(2ϕ) (x 2 sin2 (ϕ) (2S5 − S3 ) − 2xx ′ sin2 (ϕ) (2S7 − S4 ) +
x ′2 (−cos(2ϕ)(2S8 − S5 ) + cos 2 (ϕ) (2S5 − S4 ))) + 2sin(2ϕ) cos(2ϕ) (−xx ′ (S4 − S7 ) +
x ′2 (S5 − S8 )),

(A 11 f)

Ibb3 = sin(3ϕ) (4S9 − 3S2 ) + sin(3ϕ) (x 2 sin2 (ϕ) (4S7 − 3S5 ) − 2xx ′ sin2 (ϕ) (4S8 − 3S5 ) +
x ′2 (sin2 (ϕ) (4S10 − 3S7 ) + cos 2 (ϕ) (−4S10 + 7S7 − 3S4 ))) +
sin(2ϕ) cos(3ϕ) (−xx ′ (−4S8 + 5S5 − S3 ) + x ′2 (−4S10 + 5S7 − S4 )),

(A 11 g)

Ibp0 = (y − y ′ ) sin(ϕ) (xS3 − x ′ S4 ) ,

(A 11 h)

57

Ibp1 = (y − y ′ )(cos(ϕ) sin(ϕ) (xS4 − x ′ S5 ) + sin(ϕ) cos(ϕ) x ′ (S3 − S5 )),

(A 11 i)

Ibp2 = (y − y ′ ) (cos(2ϕ) sin(ϕ) (x(2S5 − S3 ) − x ′ (2S7 − S4 )) + 2 sin(2ϕ) cos(ϕ) (S4 −
S7 )),

(A 11 j)

Ipn0 = (y − y ′ ) cos(ϕ) (xS3 − x ′ S4 ) ,

(A 12 a)

Ipn1 =  (y − y ′ )(cos 2(ϕ) (xS4 − x ′ S5 ) − sin2 (ϕ) x ′ (S3 − S5 )),

(A 12 b)

Ipn2 =  (y − y ′ )(cos(2ϕ) (xcos(ϕ)(2S5 − S3 ) − x ′ cos(ϕ)(2S7 − S4 )) −
2 sin(2ϕ) sin(ϕ) x ′ (S4 − S7 )),

(A 12 c)

Ipn3 =  (y − y ′ ) (cos(3ϕ) (xcos(ϕ)(4S7 − 3S4 ) − x ′ cos(ϕ) (4S8 − 3S5 ))  −
sin(3ϕ) sin(ϕ) x ′ (−4S8 + 5S5 − S3 )),

(A 12 d)

Ipb1 =  (y − y ′ )(sin2 (ϕ) (xS4 − x ′ S5 ) − cos 2 (ϕ) (S3 − S5 )),

(A 12 e)

Ipb2 =  (y − y ′ )(sin(2ϕ) sin(ϕ) (x(2S5 − S3 ) − x ′ (2S7 − S4 )) − 2 cos(2ϕ) cos(ϕ) x ′ (S4 −
S7 )),

(A 12 f)

Ipb3 =  (y − y ′ ) (sin(3ϕ) sin(ϕ) (x(4S7 − 3S4 ) − x ′ (4S8 − 3S5 )) −
cos(3ϕ) cos(ϕ) x ′ (−4S8 + 5S5 − S3 )),

(A 12 g)

Ipp0 = S1 + (y − y ′ )2 S3 ,

(A 12 h)

Ipp1 = S2 cos(ϕ) +  (y − y ′ )2 S4 cos(ϕ),

(A 12 i)

Ipp2 = (2S6 − S1 ) cos(2ϕ) +  (y − y ′ )2 (2S5 − S3 )cos(2ϕ).

(A 12 j)
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Using expressions in equations (A 10) – (A 12), the inner summation in equation (A 9) can be
evaluated to give linear equations for [𝑓0 , 𝑓1 , … , 𝑓9 ] at each mesh point. One gets 3 linear equations
for each mesh point using equation (A 9), giving a total of 3N equations for a given value of ϕ.
10N equations can be obtained by evaluating equation (A 9) at four different values of ϕ. We also
need to enforce force and torque free condition on the particle using equations (3.6) and (3.7) to
obtain the linear and angular velocities of the particle for the mobility problem.
In the limit D → 1, S1 , S2 , … , S10 , as per equation (A 8), become singular, which arises when 𝐫’
approaches r. This singularity is logarithmic and integrable. We handled this singularity by
analytically evaluating the elliptic integrals using the following asymptotic expansion of the
elliptic integrals (Lee and Leal, 1982):
4

1

4

9

4

7

K = ln (D′ ) + 2 (ln (D′ ) − 1) D′ 2 + 64 (ln (D′ ) − 6) D′ 4 ,
1

4

1

2

3

4

13

4

E = 1 + 2 (ln (D′ ) − 2) D′ + 16 (ln (D′ ) − 12) D′ ,

(A 13 a)

(A 13 b)

where D′ = (1 − D2 )0.5 . Equations (A 13) are used when D’ ≤ 10−3 , else K and E are evaluated
using numerically.

(a)

(b)
(b)
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(c)
Figure A.1. Schematic of the two meshes used in the calculation of the numerical integration of
equation (3.1 a). The coefficients [f0 , f1 , … f9 ] are only evaluated at the primary mesh points and
these values are assumed constant over the primary mesh cell. The summation in equation (A 9)
is performed using the secondary mesh points, which are subdivisions to the primary mesh, to get
an accurate estimate of the Green’s function. This secondary mesh is used to for the numerical
integral in equation (A 9).
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CHAPTER 3

Slender body theory for particles with non-circular cross-sections
with application to particle dynamics in shear flows
1. Introduction
Slender geometries are quite common in the realm of low Reynolds number fluid
mechanics. Many microorganisms such as E. coli (Berg and Anderson 1973), Chlamydomonas
(Bray 2000), Paramecium (Brennen and Winet 1977) or human spermatozoa (Suarez and Pacey
2006) use slender appendages to navigate through viscous fluid environments. The orientation
distribution of plankton, some of which have elongated geometries, in the ocean is known to
strongly influence the propagation of light in the deeper levels which can significantly influence
the global carbon fixation (Guasto, Rusconi and Stocker 2012). Slender particles such as fibers are
used to make fiber-reinforced composites that have enhanced tensile strength and increased
anisotropic thermal conductivity (Tekce, Kumlutas & Tayman 2007). Slender body theory (Cox
1970; Batchelor 1970; Keller and Rubinow 1976; and Johnson 1980) provides a computationally
inexpensive route to study the dynamics of slender particles in highly viscous flows. However, the
influence of the force per unit length generated by the gradient in the imposed fluid velocity has
not been previously embedded in this theory.
The force per unit length experienced by a slender filament with a circular cross-section at
low Reynolds number, to leading order, is qualitatively similar to the viscous drag experienced by
a long circular cylinder due to its relative motion with the local fluid velocity. Here, the existence
of an additional force per unit length driven by the gradient in the imposed fluid velocity and its
dependence on the shape of the cross-section is elucidated. In this study, the nature of the velocity
disturbance is understood using a regular perturbation of the inner solution of the slender body
theory (SBT) formulation. An integral equation is derived for the force per unit length experienced
by the slender filament along with its dependence on the cross-sectional geometry. The force per
unit length due to the non-circularity of the cross-section, has two components, one which is driven
by the gradient in the imposed fluid velocity affecting three-lobed cross-sections (figure 1(c)) and
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another driven by the motion of the particle relative to the fluid affecting two-lobed cross-sections
(figure 1 (b)), a component first presented by Batchelor (1970). The additional force per unit length
driven by the gradient in the fluid velocity is extremely important in the SBT formulation
especially for computing the dynamics and rheology of thin particles in a linear flow field. A
numerical calculation of the inner solution in a two-dimensional domain is proposed to extend our
SBT formulation to particles with a general cross-sectional shape.
The current theory accurately predicts the resistance to rotation and translation of slender
triaxial ellipsoids retaining accuracy even when the cross-section has a high-aspect ratio (section
4). In section 5, straight particles with three-lobed cross-sections, illustrated in figure 1 (c), are
shown to rotate and translate quasi-periodically in a simple shear flow (SSF) because of the force
per unit length driven by the imposed velocity gradient. In contrast, a straight particle with a
combination of a two and a three-lobed cross-section, shown in figure 1 (d), can diffuse in space
while rotating chaotically. This work allows for the inclusion of these dynamics which can
potentially impact the rheology of a suspension of straight particles. In section 6, our theory is
utilized to predict the dynamics of rings with non-circular cross-section, and the results remain
accurate for cross-sections that deviate significantly from a circle or have aspect ratios as low as
10.
Slender body theory (SBT) allows for an approximate solution of the governing equation
modeling a physical phenomenon that is affected by the presence of bodies which are long and
thin. The governing equations of highly viscous flows (Stokes flow), potential flows and heat
transfer have been solved using the SBT formulation for many applications. Potential flow
problems that include animal locomotion (Lighthill (1960, 1971)), force on airship hulls (Munk,
1924), force on wings (Jones, 1946) and ship hydrodynamics (Newman, (1964, 1970)) have been
solved using SBT. Steady state heat transfer in composites (Rocha and Acrivos, 1973 (a) & (b);
Chen and Acrivos; Acrivos and Shaqfeh, 1988; Shaqfeh 1988; Fredrickson and Shaqfeh, 1989;
Mackaplow and Shaqfeh. 1994;) and transient heat transfer in ground-source heat pumps (Beckers,
Koch and Tester, 2014) are a few applications of SBT for steady state and transient heat conduction
respectively. In the realm of highly viscous flows, problems involving flagellar hydrodynamics
(Johnson and Brokaw, 1979), structure and rheology of fiber suspensions (Mackaplow and
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Shaqfeh. (1996, 1998); Rahnama, Koch, Iso and Cohen (1993); Rahnama, Koch and Shaqfeh,
(1995)) and separation of racemic mixtures of screw shaped particles (Kim and Rae, 1991) have
been solved using existing SBT techniques for Stokes flow (Cox (1970); Batchelor (1970); Keller
and Rubinow (1976); and Johnson (1980)).

(a)

(b)

(c)

(d)

Figure 1. Local coordinate systems in the particle reference frame and the perturbed cross-sectional
shapes studied here. (a) Local coordinate system for a general curved body. 𝒆𝒛 is along the tangent
to the filament axis, 𝒆𝒙 is along the normal and 𝒆𝒚 is pointed along the binormal to the centerline
of the slender body (𝒓𝒄 ). (b) Schematic of a two-lobed shape (S-I), given by 𝜌 =
𝑎(1 + 𝛼2 𝑐𝑜𝑠(2𝜃 − 2𝜃02 )). (c) Schematic of a three-lobed shape (S-II), given by 𝜌 =
𝑎(1 + 𝛼3 𝑐𝑜𝑠(3𝜃 − 3𝜃03 )). (d) Schematic of a shape, which is a linear combination of the two
and three lobed perturbations, given by 𝜌 = 𝑎(1 + 𝛼2 𝑐𝑜𝑠(2𝜃 − 2𝜃02 ) + 𝛼3 𝑐𝑜𝑠(3𝜃 − 3𝜃03 )) (SIII shape). “𝑎” the radius of the equivalent circle is allowed to vary along the centerline of the
filament.
The basic idea in SBT is to obtain the strength of a line of singularities placed along the
centerline of the slender filament that approximates the field of interest around the filament far
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away from the cross-sectional surface, termed as the outer region, i.e, 𝑎 ≪ 𝜌. Here 𝜌 is the radial
distance from the centerline of the slender filament, and “𝑎” is a measure of the cross-sectional
size of the particle at a certain location along the centerline of the slender body as shown in figure
1 (a). The singularity for a potential flow problem is a point source of mass, for a heat transfer
problem a point source of heat and for a Stokes flow problem a point force. The strength of the
singularities is found by matching the field approximated in the outer region, termed as the outer
solution, to a field obtained from the inner region (i.e, ρ ≪ l,where l is the length of the slender
filament). Placing higher order singularities along the centerline of the slender filament gives a
better estimate of the field of interest. For a Stokes flow problem, which is the main topic of
discussion in this paper, these singularities would include doublets, rotlets, sources, stresslets and
quadrupoles (Johnson, 1980).
In Stokes flow, the force per unit length exerted by the body on the fluid (i.e. the strength of
the singularity) is derived at each point along the centerline of the slender body in terms of the
motion of the particle and the imposed fluid velocity. The length, “𝑙”, an appropriate velocity and
the fluid viscosity are used to non-dimensionalize all variables throughout this paper unless
mentioned otherwise. The force per unit length exerted by a slender body on the fluid, which is
due to relative motion of the particle and fluid, can be expressed as a series in 𝜖 = 1/ ln(2𝐴) (Cox,
1970 and Batchelor, 1970), where 𝐴 = 𝑙/(𝑎0 ) is the aspect ratio of the particle and 𝑎0 is the
characteristic value of 𝑎(𝑠). The first term in this series arises only due to the local relative velocity
between the particle and the fluid and is O(𝜖) (Cox, 1970 and Batchelor, 1970). Cox (1970) was
the first to demonstrate that the force per unit length is affected at O(𝜖 2 ) by the centerline curvature
(see equations (6.2) and (6.3) of his paper). Keller and Rubinow (1976) gave an integral equation
for the force per unit length which can be iteratively solved to obtain higher order corrections to
the force per unit length with errors of O(𝜖 𝑁 ), where N is an integer such that 𝑁 ≥ 2. Johnson
(1980) produced an integral equation for the force per unit length with errors of O(1/𝐴2 ) which
also included the effects of the ends of the slender body (equation (19) of his paper). Johnson
(1980) also described a method to incorporate the effect of centerline curvature in the inner
solution (equation (31) of his paper).
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Batchelor (1970) showed that the cross-sectional shape of the particle first affects the force per
unit length at O(𝜖 2 ), the same order of importance as the centerline curvature of the body.
Batchelor (1970) described how the force per unit length for an arbitrary cross-section can be
found by solving for the longitudinal velocity field due to an equivalent circle of a certain radius,
and the transverse velocity field due to an equivalent ellipse of certain dimensions and orientation.
Batchelor (1954) provided the method to obtain the equivalent circular cylinder by solving the
harmonic equation for the flow along the longitudinal direction. Batchelor (1970) described the
procedure to obtain an equivalent ellipse by solving the biharmonic equation for the velocity field
in the transverse plane around the cross-sectional shape in question.
Cox (1971) was the first to account for the effect of the gradient in the imposed velocity of a
linear flow field on the force and torque acting on a slender cylinder with tapered ends, which was
oriented such that the imposed velocity field at the particle centerline is exactly zero. Cox placed
a force and dipole per unit length along the centerline of the body to approximate the velocity field
in the outer region, while Keller and Rubinow (1976) employed a stresslet and rotlet per unit length
for the same purpose. Singh, Koch, Subramanian and Stroock (2014) discuss the equivalence of
these two formulations by showing that the variation of the force per unit length leads to a net
stresslet and a rotlet on a slice of the particle. The rotlet per unit length can lead to a finite torque
on the particle whereas a variable stresslet per unit length, which occurs when the particle crosssection varies along the longitudinal direction, can lead to a finite force acting on the particle of
O(𝜖 2 /𝐴2 ). A straight circular cylinder with a constant cross-section cannot experience a force per
unit length at this orientation if the cross-section is circular. However, the force per unit length due
to the velocity gradient can be non-zero if the cross-section is non-circular. This force per unit
length, which will be O(𝜖/𝐴) as explained in section 3, can lead to a net force of 𝑂(𝜖/𝐴) acting
on the particle.
In this paper, the additional O(𝜖/𝐴) contribution to the force per unit length in addition to
Batchelor’s correction of O(𝜖 2 ) is derived in section 3. This calculation is especially important
when considering motion of force and torque-free slender particles in SSF. In such scenarios,
Batchelor’s correction tends to zero for certain particle orientations, while Cox’s (1971) correction
predicts a much smaller effect on the particle rotation rate. Thus, both previous theories lead to an
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incorrect qualitative behavior for particle geometries such as straight cylinders with elliptic crosssections (Yarin, Gottlieb and Roisman 1997) or rings with 3-lobed cross-sections (Singh, Koch
and Stroock, 2013) in SSF.
2. SBT solution for circular cross-section
In this section, the velocity disturbance created by a slender particle with a circular crosssection, when placed in a fluid moving with a velocity 𝒖∞ in the absence of the particle is
described. This calculation will be used to obtain the effect of the cross-sectional shape in section
3. The slenderness parameter or the aspect ratio (𝐴 = 𝑙/(𝑎0 )), is defined as the ratio of the halflength of the filament (l) and a measure of the radius of the cross-section (𝑎0 ). The radius of the
cross-section, 𝑎~𝑂(𝑎0 ), is allowed to vary along the longitudinal direction of the slender body.
The position vector is denoted by 𝒓 and 𝒓𝒄 denotes the position of the centerline of the slender
filament. A local coordinate system (𝒆𝒙 , 𝒆𝒚 , 𝒆𝒛 ) is chosen based on the tangent (𝒆𝒛 ), normal (𝒆𝒙 )
and binormal (𝒆𝒚 ) to the centerline of the slender body, as shown in figure 1 (a), and is
mathematically given by

𝒆𝒛 =

𝜕𝒓𝑪
𝜕𝑠

1 𝜕 2 𝒓𝑪

, 𝒆𝒙 = 𝜅

𝜕𝑠 2

, 𝒆𝒚 = 𝒆𝒛 × 𝒆𝒙 ,

(2.1)

where $\kappa$ is the local curvature of the body centerline and '$s$' specifies the position along
the centerline such that $-1\geq s \geq 1$ and $|s|$ is the non-dimensional arc length measured
from a point equidistant from the two ends of the filament.

where 𝜅 is the local curvature of the body centerline and “𝑠” specifies the position along the
centerline such that −1 ≤ 𝑠 ≤ 1, the extreme values of ±1 being at the ends of the particle. A
local polar coordinate system (𝜌-𝜃), as shown in figure 1 (a), is defined in the 𝒆𝒙 − 𝒆𝒚 plane, where
𝜃 is measured from 𝒆𝒙 and 𝜌 is the normal distance from the centerline. The far-field fluid velocity
is denoted by 𝒖∞ , which is allowed to vary with 𝒓. The velocity on the particle surface (𝒓 = 𝒓𝒔 ) is
given by
𝒖(𝒓 = 𝒓𝒔 ) = 𝑼 + 𝝎 ×  𝒓𝒔 = (𝑼 + 𝝎 × 𝒓𝒄 ) + 𝝎 × (𝒓𝒔 − 𝒓𝒄 ),
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(2.2)

where 𝑼 and 𝝎 are the particle velocity at the origin (𝒓 = 𝟎) and angular velocity of the particle
respectively. These definitions are valid for any cross-sectional shape. The rest of this section
describes the slender body theory solution for a circular cross-section of radius “a”. The force per
unit length and all the unknown constants in the inner solution, which are required for the
perturbation analysis in section 3, are obtained in this section.
2.1 Velocity field in the inner region (𝜌 ≪ 1)
Any curved slender body with 𝑂(1) curvature appears locally as a straight infinite cylinder to
a first approximation. The velocity field in the inner region is obtained by assuming flow over an
infinite cylinder. Thus, the flow along and transverse to the cylinder is solved separately. Any
coupling between these flows arises due to curvature and finite aspect ratio of the particle and
leads to algebraic 𝑂(1/𝐴2 ) corrections to the velocity disturbance (Johnson 1980) which are not
discussed here. The functional form of the flow in the transverse plane is obtained by solving a
two-dimensional Stokes flow problem that satisfies the no-slip condition on the particle surface.
The far field boundary condition is applied later while asymptotically matching the velocity fields
from the inner and outer regions to obtain any unknowns. The solution to the biharmonic equation
(𝛻 4 𝜓 = 0) is used to obtain the functional form of the velocity field in the plane transverse to the
slender dimension. The two-dimensional velocity field is obtained from the definition of the stream
function, i.e., 𝑢𝜌 = 𝜌−1 𝑑𝜓/𝑑𝜃 and 𝑢𝜃 = −𝑑𝜓/𝑑𝜌. The solution around a circular cross-section
of radius “a” in terms of the stream-function (𝜓) in polar coordinates is given by

𝜓
𝑎

−1

̃

𝜓
𝜌
𝜌
= ( 𝑎 ) + [𝐵 cos(𝜃) + 𝐵̂ sin(𝜃)] [(𝑎 ) − (𝑎 )
𝜌 −𝟏

𝒆𝒚 cos(𝜃))] [(𝑎 )

𝜌

𝜌

𝜌

𝜌

− 2 ln (𝑎 ) (𝑎 )] + [(𝑼 + 𝝎 × 𝒓𝒄 ) ⋅ (𝒆𝒙 sin(𝜃) −
𝜌

+ 2 𝑎 ln (𝑎 )] − (𝝎 ⋅ 𝒆𝒛 )𝑎 ln (𝑎 ),

(2.3)

where 𝜓̃ is the stream function that approaches the stream function of the imposed flow field for
̂ are
𝜌 ≫ 𝑎, while satisfying the zero-velocity boundary condition on the particle surface. B and B
obtained by matching this velocity field to the one from the outer region and depend on the force
per unit length acting on the slender body, the imposed flow field and the particle velocities (𝑼
and 𝝎). The velocity in polar coordinates in the inner region is given by
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−2

̃

1 𝜕𝜓
1 𝜕𝜓
𝜌
𝑢𝜌 = 𝜌 𝜕𝜃 = 𝜌 𝜕𝜃 + [−𝐵 sin(𝜃) + 𝐵̂ cos(𝜃)] [1 − (𝑎 )
𝜌 −2

(𝒆𝒙 cos(𝜃) + 𝒆𝒚 sin(𝜃))] [( )
𝑎

𝜕𝜓

𝜌

+ 2 ln ( )],

(2.4)

𝑎

𝜌 −2

̃
𝜕𝜓

𝑢𝜃 = − 𝜕𝜌 = − 𝜕𝜌 + [𝐵 cos(𝜃) + 𝐵̂ sin(𝜃)] [1 − (𝑎 )
𝜌 −2

(𝒆𝒙 sin(𝜃) − 𝒆𝒚 cos(𝜃))] [( )
𝑎

𝜌

− 2 ln (𝑎 )] + [(𝑼 + 𝝎 × 𝒓𝒄 ) ⋅

𝜌

+ 2 ln (𝑎 )] + [(𝑼 + 𝝎 × 𝒓𝒄 ) ⋅

𝜌

𝜌 −1

𝑎

𝑎

− 2 − 2 ln ( )] + 𝝎 ⋅ 𝒆𝒛 𝑎 ( ) .

(2.5)

The velocity along the longitudinal direction is obtained by assuming negligible change in pressure
along the longitudinal direction (i.e. 𝛻 2 𝑢𝑧 = 0). The velocity field along a slender filament with
circular cross-section is given by
ρ −1

ρ

𝑢𝑧 = 𝑢̃𝑧 + 𝐸 ln (a ) + (𝑼 + 𝝎 × 𝒓𝒄 ) ⋅ 𝒆𝒛 + (a )

(𝝎 ⋅ 𝒆𝒙 𝑎 sin(θ) − 𝝎 ⋅ 𝒆𝒚 𝑎 cos(θ)),

(2.6)

where 𝑢̃𝑧 is the velocity field that approaches 𝒖∞ ⋅ 𝒆𝒛 for 𝜌/𝑎 ≫ 1, and equals zero on the particle
surface, 𝐸 is obtained by matching the inner region velocity field to the outer solution and depends
on the imposed flow field, the particle velocities (U and 𝝎) and the force per unit length on the
filament. The overall error in equations (2.4) - (2.6) is the larger of 𝑂(1/A2 ) and the order of
errors in 𝐵, 𝐵̂and𝐸, determined by matching the inner velocity field to the outer solution.
2.2 Velocity field in the outer region (𝜌 ≫ 𝑎(𝑠))
In the outer region, the velocity disturbance due to a slender filament is approximately captured
by a suitable choice of Stokeslet distribution along the particle centerline (𝒓𝒄 ) (Cox, 1970). A
Stokeslet is a point force solution to the Stokes equations. The velocity disturbance created by a
line of force per unit length is given by
1

𝑰

𝐮(𝒓) ≈ 𝒖∞ (𝒓) + 8𝜋 ∫𝒓 𝑑𝑠 ′ (|𝒓−𝒓′ | +
𝒄

(𝒓−𝒓′)(𝒓−𝒓′ )
|𝒓−𝒓′ |𝟑

) ⋅ 𝒇(𝒓′ ),

(2.7)

where r is the point at which the velocity is evaluated, 𝒓’ takes all values along the centerline and
𝑑𝑠’ is the elemental length along the centerline of the slender body. Equation (2.7) has errors of
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O(1/𝐴2 ). As 𝒓′ → 𝒓, the integrand in equation (2.7) diverges as ln(𝜌). This diverging part of the
integral in equation (2.7) is separated from the rest of the integral as shown by Keller and Rubinow
(1976) and the resulting equation for 𝜌 ≪ 1 is given by
1

𝜌

1

1

𝒖(𝒓) ≈ 𝒖∞ (𝒓) − 4𝜋 (𝑰 + 𝒆𝒛 𝒆𝒛 ) ⋅ 𝒇(𝒓) [ln ( 2 ) − ln(√1 − 𝑠 2 )] − 4𝜋 𝒇 ⋅ 𝒆𝒛 𝒆𝒛 + 4𝜋 𝒇 ⋅ 𝒆𝜌 𝒆𝜌 +
1
∫ 𝑑𝑠 ′
8𝜋 −1
1

[(|𝒓

𝑰
𝒄 (𝑠)−𝒓𝒄

+
(𝑠 ′)|

(𝒓𝒄 (𝑠)−𝒓𝒄 (𝑠 ′))(𝒓𝒄 (𝑠)−𝒓𝒄 (𝑠 ′))
|𝒓𝒄 (𝑠)−𝒓𝒄 (𝑠 ′)|𝟑

𝑰

𝒆 𝒆

𝒛 𝒛
) ⋅ 𝒇(𝒓′ )  − (|𝑠−𝑠 ′ | + |𝑠−𝑠
(2.8)
′ |) ⋅ 𝒇(𝒓)],

where 𝒆𝜌 is the radial vector in the 𝒆𝒙 − 𝒆𝒚 plane. The integral on the right-hand-side of equation
(2.8) is shown to have a finite limit by Keller and Rubinow (1976). The ln(𝜌) term in equation
(2.8), matches the ln(𝜌) of the inner solution in equations (2.4)- (2.6) and also corresponds to the
velocity disturbance produced by an infinite cylinder with the same force per unit length at each
point.
2.3 Matching region (𝑎 ≪ 𝜌 ≪ 1)
The velocity produced from the inner solution for 𝜌 ≫ 𝑎, should asymptotically match the
velocity field from the outer solution for 𝜌 ≪ 1 as the velocity field cannot abruptly change in this
matching region (i.e. 𝑎 ≪ 𝜌 ≪ 1). Matching the velocity fields from the inner and outer solutions,
𝐵̂ =

using equations (2.4)-(2.6) and (2.8), yields the constants in the inner solution,
(𝑼 + (𝝎 × 𝒓𝒄 )) ⋅ 𝒆𝒙 +

𝑓𝑥
8𝜋

𝑓

4𝑓

, 𝐵 = −(𝑼 + (𝝎 × 𝒓𝒄 )) ⋅ 𝒆𝒚 − 8𝜋𝑦 and 𝐸 = − 8𝜋𝑧 , and leads to an

integral equation for the force per unit length given by

𝒇(𝒓)
8𝜋

𝒇(𝒓) ln (
𝒆𝒛 𝒆𝒛
)
|𝑠−𝑠 ′|

𝜖

= 2 (𝑰 −
√1−𝑠 2
𝑎(𝑠)
𝑎0

𝒆𝒛 𝒆𝒛
2

1

1

) ⋅ {𝑼 + 𝝎 × 𝒓𝒄 − 𝒖∞ (𝒓𝒄 ) − 8𝜋 (𝑰 − 3𝒆𝒛 𝒆𝒛 ) ⋅ 𝒇(𝒓) − 4𝜋 (𝑰 + 𝒆𝒛 𝒆𝒛 ) ⋅

1

1

) − 8𝜋 ∫−1 𝑑𝑠 ′ [(|𝒓

𝑰
𝒄 (𝑠)−𝒓𝒄

+
(𝑠 ′)|

(𝒓𝒄 (𝑠)−𝒓𝒄 (𝑠 ′))(𝒓𝒄 (𝑠)−𝒓𝒄 (𝑠 ′))
|𝒓𝒄 (𝑠)−𝒓𝒄 (𝑠 ′)|𝟑

⋅ 𝒇(𝒓)]}.

𝑰

) ⋅ 𝒇(𝒓′ ) − (|𝑠−𝑠 ′| +
(2.9)
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The leading order force per unit length 𝒇 = 4𝜋𝜖(𝑼 + 𝝎 × 𝒓𝒄 − 𝒖∞ (𝒓𝒄 )) ⋅ (𝑰 −
𝒆𝒛 𝒆𝒛
𝟐

)(1 + 𝑂 (𝜖 )), suggests that a slender filament of any arbitrary cross-section experiences an

𝑂(𝜖) viscous drag equal to the viscous drag per unit length experienced by a long cylinder due to
its motion relative to the local fluid velocity. The higher order terms in equation (2.9) include the
additional drag due to the relative motion of the particle and the local velocity as well as a
contribution that comes from the velocity disturbance created by the particle itself.
3. SBT solution for non-circular cross-sections
In this section the 𝑂(𝛼𝜖/𝐴) force per unit length exerted by the filament for a slightly noncircular cross-section is derived along with the 𝑂(𝛼𝜖 2 ) correction to the force per unit length
derived by Batchelor (1970).𝛼 is the perturbation parameter that quantifies the degree of noncircularity. The cross-sectional shapes that trigger these respective contributions are obtained from
thought experiments. Finally, a strategy to extend our perturbation analysis to particles with
𝛼~𝑂(1) is demonstrated towards the end of this section.
3.1 Regular perturbation of the inner solution
A slightly non-circular cross-section can be described by ρ = a(1 + αℎ(s, θ)), where 𝛼 ≪ 1,
h(𝑠, θ) is a smooth and bounded function periodic in 𝜃 with a period of 2𝜋/𝑁, where N is any
positive integer, such that max|ℎ(s, θ)|~O(1) and |𝜕ℎ/𝜕𝑠|~𝑂(1). The derivative 𝜕ℎ/𝜕𝜃 cannot
be zero, as that corresponds to a larger circular cross-section, thereby only changing the particle
aspect ratio. The inner velocity field obtained in section 2 will be modified to satisfy the no slip
boundary condition at the new surface, 𝜌 = 𝑎(1 + 𝛼ℎ). The additional velocity field in the
transverse plane (𝒆𝒙 − 𝒆𝒚 plane), is described using a stream function (𝛼𝜓 ′ ), such that 𝜓 ′ ~O(1)
for 𝜌/𝑎~𝑂(1). 𝜓′ is given by an equation of the same form as equation (2.3), but with different
constants from those obtained for 𝜓. The terms in 𝜓 ′ corresponding to a decaying velocity field
with increasing values of 𝜌/𝑎 can be obtained by satisfying the no-slip boundary condition at O(𝛼)
for the velocity obtained using the stream function (𝜓 + 𝛼𝜓 ′ ). These constants will depend on ℎ,
𝜓̃, B, 𝐵̂ and 𝑼 and 𝝎 all of which are either known or obtained from the analysis done for a slender
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filament with a circular cross-section in section 2. The non-decaying terms in 𝜓 ′ used during the
matching process are given by
𝜌
𝜌
𝜌
𝛼𝜓 ′ = 𝛼 [−(𝐶 ′ 𝑐𝑜𝑠(𝜃) + 𝐷′ 𝑠𝑖𝑛(𝜃)) ((𝑎) ln (𝑎 )) + (𝐵′ 𝑐𝑜𝑠(𝜃) + 𝐵̂′ 𝑠𝑖𝑛(𝜃)) ((𝑎 ) −
𝜌

𝜌

−2 ln (𝑎 ) (𝑎 )) … ],

(3.1)

where C’ and D’ are constants that are obtained by satisfying the no-slip condition on the particle
surface, 𝜌 = 𝑎(1 + 𝛼ℎ), while 𝐵’ and 𝐵̂ ′ are obtained by matching with the outer solution and
play the same role as B and 𝐵̂ played in the analysis for a circular cross-section. The “ … ” in
equation (3.1) corresponds to the additional terms in the stream function necessary to satisfy the
no-slip boundary condition on the particle surface that do not participate in the matching process.
The corresponding terms in the fluid velocities used in the matching solution are given by
𝜌
̂′ 𝑐𝑜𝑠(𝜃)) (1 − 2 ln (𝜌)) … ],
𝛼𝑢𝜌′ = 𝛼 [(𝐶 ′ 𝑠𝑖𝑛(𝜃) − 𝐷′ 𝑐𝑜𝑠(𝜃)) (ln (𝑎 )) + (−𝐵′ 𝑠𝑖𝑛(𝜃) + 𝐵
𝑎

(3.2)
𝜌
̂′ 𝑠𝑖𝑛(𝜃)) (1 + 2 ln (𝜌)) … ].
𝛼𝑢𝜃′ = 𝛼 [(𝐶 ′ 𝑐𝑜𝑠(𝜃) + 𝐷′ 𝑠𝑖𝑛(𝜃)) (1 + ln (𝑎 )) + (𝐵′ 𝑐𝑜𝑠(𝜃) + 𝐵
𝑎

(3.3)
From equation (3.2) it can be easily seen that 𝐶’and𝐷’ do not enter the 𝑢𝜌 boundary condition at
𝑂(𝛼 ). 𝐶’and𝐷’, which occur in the uθ boundary condition, are given by

1

2𝜋

𝑑

̃
𝜕𝜓

𝐶 ′ = 𝜋 ∫0 𝑑𝜃 cos(𝜃) {− 𝑑𝛼 (− 𝜕𝜌 |

𝑓

)

𝜌=𝑎(1+𝛼ℎ(𝑠,𝜃))

(3.4)

71

𝛼=0

𝑓

+ 4ℎ(𝜃) [− 8𝜋𝑥 sin(𝜃) + 8𝜋𝑦 cos(𝜃)]},

1

2𝜋

𝑑

̃
𝜕𝜓

𝐷′ = 𝜋 ∫0 𝑑𝜃 sin(𝜃) {− 𝑑𝛼 (− 𝜕𝜌 |

𝑓

)

𝜌=𝑎(1+𝛼ℎ(𝑠,𝜃))

𝛼=0

𝑓

+ 4ℎ(𝜃) [− 8𝜋𝑥 sin(𝜃) + 8𝜋𝑦 cos(𝜃)]}.

(3.5)
The first terms in the integrands of equations (3.4) and (3.5) are of 𝑂(1/𝐴) and are related to the
force per unit length driven by the gradient in the imposed fluid velocity as will be explained in
section (3.2). The remainder of the O(𝜖) terms in the integrand of equations (3.4) and (3.5) occur
due to the velocity disturbance created by the force per unit length of the unperturbed circular
cross-section and are thereby driven by the motion of the particle relative to the local fluid velocity.
The function ℎ(𝑠, 𝜃) is expanded as a Fourier series to understand the effect of the crosssectional shapes that affect 𝐶’ and 𝐷’. ℎ(𝑠, 𝜃) is given by
ℎ(𝑠, 𝜃) = ∑∞
𝑚=1 ℎ𝑚 (𝑠) cos(𝑚(𝜃 − 𝜃0𝑚 )),

(3.6)

where coefficients ℎ𝑚 , and 𝜃0𝑚 , for 𝑚 = 1, 2, …, are constants obtained using the orthogonality
of cos(𝑚(𝜃 − 𝜃0𝑚 )). The effects of the Fourier modes of ℎ can be summed up to get the overall
effect of the shape as the analysis is done at linear order in 𝛼. The cross-sectional shape, 𝜌 =
𝑎(1 + 𝛼ℎ𝑚 cos(𝑚𝜃 − 𝑚𝜃0𝑚 )), corresponding to the 𝑚𝑡ℎ Fourier mode has an 𝑚-fold rotational
symmetry and 𝑚-lobes where one of the lobes makes an angle of 𝜃0𝑚 with 𝒆𝒙 . The first Fourier
mode only changes the position of the cross-section without distorting the shape at linear order in
𝛼. Thus, particles with only the first Fourier mode can be studied using the SBT formalism
explained in section two, by redefining the particle centerline so that it passes through the new
center of the cross-section. The other Fourier modes can affect the force per unit length in a nontrivial way. Substituting equation (3.6) in equations (3.4) and (3.5), suggests that only the second
Fourier mode will affect 𝐶’ and 𝐷’ at O(𝜖). The corresponding cross-sectional shape 𝜌 = 𝑎(1 +
αℎ2 cos(2𝜃 − 2𝜃02 )) is approximately an ellipse of eccentricity √4𝛼ℎ2 whose major axis is at an
angle 𝜃02 as shown in figure 1 (b). The Fourier modes of a shape that affect 𝐶’ and 𝐷’ at 𝑂(1/𝐴)
depend on the specific nature of 𝜓̃ as can be seen by substituting 𝜌 = 𝑎(1 + 𝛼ℎ) in the expression
̃ /𝜕𝜌). If the imposed velocity field has terms that scale with 𝜌𝑁 , for 𝑁 ≥ 1, then the
for (−𝜕ψ

72

(N − 2)th , (N)th and(N + 2)th Fourier modes of ℎ will affect C’ and D’ (equation (S 1.4) of
appendix). If 𝑁 = 1, which corresponds to a linear imposed velocity field, then only the third
Fourier mode will affect the O(1/A) term in equations (3.4) and (3.5) and the corresponding threelobed cross-sectional shape is given by 𝜌 = 𝑎(1 + αℎ3 cos(3𝜃 − 3𝜃03 )) which is shown in figure
1 (c). If the imposed fluid velocity changes on the length scale of the particle cross-sectional size,
then the contribution of the terms in 𝜓̃ which scale with 𝜌𝑁+1 to 𝐶’ and 𝐷’ will be O(1/𝐴𝑁 ), which
is algebraically smaller than the contribution to 𝐶’ and 𝐷’ due to a linear flow field for 𝑁 ≥ 2.
Therefore, in the remainder of the paper the focus is only on a linear flow field, i.e. 𝜓̃ grows as 𝜌2 .
In this case, the cross-sectional shapes shown in figures 1(b)-(d) can affect the force per unit length
due to non-circularity.
Thought experiments are presented using two-dimensional Stokes flow problems to gain
physical insight into why only the second and third Fourier mode perturbations to a circle change
the force per unit length acting on a long cylinder. Consider a two-dimensional obstacle, whose
shape is a second Fourier mode perturbation to a circle, that is placed in a uniform flow field. This
body experiences a lift force, unless the imposed fluid velocity is along one of its two axes of
symmetries as shown in figure 2 (a). The third and higher Fourier mode perturbations to a circle
have at least a two-fold rotational symmetry in a two-dimensional space. An N-fold rotational
symmetry means that the shape looks the same after rotating it by any integer multiple of 2𝜋/𝑁.
These cross-sections cannot generate a lift force in a 2-D uniform flow along at least two noncolinear directions, 𝒏𝟏 and 𝒏𝟐 as shown in figure 2 (b), due to fore-aft symmetry. Thereby such a
cross-section should experience no lift for all cross-sectional orientations by linear superposition.
This is analogous to our result obtained earlier that only slender particles with cross-sections with
a second Fourier mode perturbation to a circle will experience an additional force per unit length.
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(a)`

(b)

Figure 2. Schematic of thought experiments to intuitively understand the importance of the second
Fourier mode perturbation to a circle. (a) Finite lift on a second Fourier mode perturbation of a
circle. (b) Zero lift force on a cross-section with a three lobed cross-section which is obtained from
the third Fourier mode perturbation to a circle. This zero lift is true for the third and any higher
Fourier mode perturbation to a circle.
To gain insight into the force per unit length driven by the gradient in the imposed fluid
velocity, consider a cross-section placed in a general linear flow field and note that at 𝑂(𝛼 ) the
influence of the Fourier mode perturbations can be linearly superimposed. Only the extensional
̆. Using the linearity of Stokes
component of the flow influences the force per unit length, 𝒇
equations, ̆
𝒇 is given by
̆
𝒇 = 𝜉1 𝑬∞ : 𝒏𝒌 𝒏𝒌 𝒏𝒌 + 𝜉2 𝑬∞ ⋅ 𝒏𝒌 ,

(3.7 a)

where 𝑬∞ is the straining tensor of the linear flow field and 𝒏𝒌 = [cos (

2𝜋𝑘
𝑛

) , sin (

2𝜋𝑘
𝑛

)] with 𝑘 =

0, 1, … , (𝑛 − 1) being the orientations along the lines of symmetry of the 𝑛𝑡ℎ Fourier mode
0
perturbation to the circle (𝑛 ≥ 2). Choosing 𝑬∞ = [
1
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1 ̆
], 𝒇 can be written as
0

2𝜋

̆=[
𝒇

2𝜋

(2 cos 2 ( 𝑛 𝑘) 𝜉1 +  𝜉2 ) sin ( 𝑛 𝑘)

0
]
=
[
]
2𝜋
2𝜋
𝜉2 𝑘=0
(2 sin2 ( 𝑛 𝑘) 𝜉1 + 𝜉2 ) cos ( 𝑛 𝑘)

(3.7 b)

where the second equality gives the value ̆
𝒇 at 𝑘 = 0. ̆
𝒇 as per equation (3.7 b) can be identical
and non-zero for ∀𝑘 ∈ {0, 1, … , (𝑛 − 1)} only for the third Fourier mode perturbations to a circle.
Identical values of ̆
𝒇 for any other Fourier mode perturbation would require 𝜉1 = 𝜉2 = 0 implying
̆
𝒇 = 𝟎. This implies that at linear order in the perturbation parameter, the force per unit length is
only affected by the third Fourier mode perturbation to a circle. One can get a visual picture for
0 1
], the
the existence of ̆
𝒇 = [0𝜉2 ], using our linear perturbation analysis for 𝑢𝜃′ . For 𝑬∞ = [
1 0
perturbation to the tangential velocity 𝛼3 𝑢𝜃′ = −𝛼3 (4 cos(2𝜃) cos(3𝜃)) is required to satisfy the
no-slip condition on the particle surface. The direction of 𝑢𝜃′ shown in figure 3, suggests that 𝑢𝜃′
points along −𝒆𝒚 for 𝜃 ∈ {(0, 𝜋/6), (𝜋/4, 3𝜋/4), (5𝜋/6, 7𝜋/6), (5𝜋/4, 7𝜋/4), (11𝜋/6,2𝜋)}
and points along 𝒆𝒚 for the remaining narrow portions of angular space. A net average velocity
along (−𝒆𝒚 ) is required to satisfy the no-slip boundary condition which leads to the force ̆
𝒇=
(0, 𝜉2 ) along that direction.
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Figure 3. Direction of the perturbation to the tangential velocity on the particle surface 𝛼3 𝑢𝜃′ =
−𝛼3 (4 cos(2𝜃) cos(3𝜃)) necessary to satisfy the no-slip condition suggesting a need for a force
along 𝒆𝒚 .
The additional terms in the longitudinal velocity field used during the matching process
are given by
𝜌

𝛼𝑢𝑧′ = 𝛼𝑒0′ + 𝛼𝐸 ′ ln (𝑎 ) + ⋯,

(3.8)

where 𝑒0′ is obtained from the no-slip boundary condition and 𝐸’ is determined by matching the
inner solution to the outer solution in a similar manner to obtaining E. Substituting 𝜌 = 𝑎(1 + 𝛼ℎ)
in equation (2.8), it can be shown that there is no term of O(𝛼) which does not depend on 𝜃, and
therefore 𝑒0′ is zero.
The velocity field in the inner region for a cross-section given by 𝜌 = 𝑎 (1 + 𝛼ℎ), which
could be obtained from equations (2.4)-(2.6), (3.2), (3.3) and (3.8), is given by
𝒖𝑖𝑛𝑛𝑒𝑟
= 𝒖𝑖 + 𝛼𝒖′𝑖 ,
𝑖

(3.9)

where𝑖 = {𝜌, 𝜃, z}.
3.2 Matching the inner and outer velocity field for a slightly non-circular cross-section
Due to the linearity of Stokes equations, the additional force per unit length that arises from
the perturbation of the circular cross-section must be of the form (𝛼𝒇′ ), where |𝒇′ |is at most 𝑂(𝜖 2 ).
The outer velocity disturbance created by 𝒇′ should also have a form similar to the velocity
disturbance created by f, i.e.
1

𝜌

1

1

𝒖′ (𝒓) ≈ − 4𝜋 (𝑰 + 𝒆𝒛 𝒆𝒛 ) ⋅ 𝒇′ (𝒓) [ln (2 ) − ln(√1 − 𝑠 2 )] − 4𝜋 𝒇′ ⋅ 𝒆𝒛 𝒆𝒛 + 4𝜋 𝒇′ ⋅ 𝒆𝜌 𝒆𝜌 +
1

1

∫ 𝑑𝑠 ′ [(|𝒓
8𝜋 −1

𝑰
𝒄 (𝑠)−𝒓𝒄

+
(𝑠 ′)|

(𝒓𝒄 (𝑠)−𝒓𝒄 (𝑠 ′))(𝒓𝒄 (𝑠)−𝒓𝒄 (𝑠 ′))
|𝒓𝒄 (𝑠)−𝒓𝒄

(𝑠 ′)|𝟑

76

𝑰

𝒆 𝒆

𝒛 𝒛
′
) ⋅ 𝒇′ (𝒓′ )  − (|𝑠−𝑠 ′| + |𝑠−𝑠
′| ) ⋅ 𝒇 (𝒓)]. (3.10)

The complete velocity field, 𝒖 + 𝛼𝒖′ , is obtained by combining equations (2.8) and (3.10). On
matching the velocity fields from the inner and outer region, 𝒇′ is given by the integral equation:

𝜖

𝒇′ (𝒓) = 2 (𝑰 −
𝒇′ (𝒓) ln (
𝒆𝒛 𝒆𝒛
)
|𝑠−𝑠 ′|

√1−𝑠 2
𝑎(𝑠)
𝑎0

𝒆𝒛 𝒆𝒛
2

𝐶′

) ⋅ ( 2 𝒆𝒚 −

𝐷′
2

1

1

1

1

𝒆𝒙 − 8𝜋 (𝑰 − 3𝒆𝒛 𝒆𝒛 ) ⋅ 𝒇′ (𝒓) − 4𝜋 (𝑰 + 𝒆𝒛 𝒆𝒛 ) ⋅

) − 8𝜋 ∫−1 𝑑𝑠 ′ [(|𝒓

𝑰
𝒄 (𝑠)−𝒓𝒄

+
(𝑠 ′)|

(𝒓𝒄 (𝑠)−𝒓𝒄 (𝑠 ′))(𝒓𝒄 (𝑠)−𝒓𝒄 (𝑠 ′))
|𝒓𝒄 (𝑠)−𝒓𝒄 (𝑠 ′)|𝟑

𝑰

) ⋅ 𝒇′ (𝒓′ ) − (|𝑠−𝑠 ′| +

⋅ 𝒇′ (𝒓)]). (3.11)

𝒇′ can be iteratively obtained with errors of 𝑂(𝜖 𝑁+1 ) or errors of 𝑂(𝜖 𝑁 /𝐴) if ℎ2 = 0, where N ≥
2. 𝒇’ does not have a component along the longitudinal direction at linear order in 𝛼. This can be
understood on matching the 𝑂(𝛼) terms in the inner and outer velocity fields in 𝑢𝑧′ , which results
in 𝐸’ being identically zero.
The integral equation for the net force per unit length, 𝒇𝒏𝒆𝒕 = 𝒇 + 𝛼𝒇′ is given by

(𝒇𝑛𝑒𝑡 )
8𝜋

(𝒇𝒏𝒆𝒕 ) −

1
4𝜋

𝜖

= 2 (𝑰 −

𝒆𝒛 𝒆𝒛
2

(𝑰 + 𝒆𝒛 𝒆𝒛 ) ⋅ (𝒇𝒏𝒆𝒕 ) ln (

(𝒓𝒄 (𝑠)−𝒓𝒄 (𝑠 ′))(𝒓𝒄 (𝑠)−𝒓𝒄 (𝑠 ′))
|𝒓𝒄 (𝑠)−𝒓𝒄 (𝑠 ′)|𝟑

𝐶′

) ⋅ {𝑼 + 𝝎 × 𝒓𝒄 − 𝒖∞ (𝒓𝒄 ) + 𝛼 ( 2 𝒆𝒚 −
√1−𝑠 2
𝑎(𝑠)
𝑎0

1

1

) − 8𝜋 ∫−1 𝑑𝑠 ′ [(|𝒓
𝑰

𝐷′
2

1

𝒆𝒙 ) − 8𝜋 (𝑰 − 3𝒆𝒛 𝒆𝒛 ) ⋅

𝑰
′
𝒄 (𝑠)−𝒓𝒄 (𝑠 )|

+

𝒆 𝒆

𝒛 𝒛
(𝒇𝒏𝒆𝒕 (𝒓))]} ,
) ⋅ (𝒇𝒏𝒆𝒕 (𝒓′ )) − (|𝑠−𝑠 ′| + |𝑠−𝑠
′|) ⋅

(3.12)

where 𝐶’and𝐷’ are obtained from equations (3.2) and (3.3) respectively and have contributions of
order 𝜖 and/or 1/𝐴 depending on the shape of the cross-section. The governing integral equation
can be completely solved to get the value of the force per unit length correct to O(𝜖 𝑁 ) + O(𝛼𝜖 𝑁+1 )
+ O(𝛼𝜖 𝑁 /A), where N is an integer greater that unity. Solving for the force per unit length to O(𝜖)
+ O(𝛼𝜖 2 ) + O(𝛼𝜖/A), equation (3.12) simplifies to

𝒇 + 𝛼𝒇′ = 4𝜋𝜖(𝑼 + 𝝎 × 𝒓𝒄 − 𝒖∞ (𝒓𝒄 )) ⋅ (𝑰 −

𝒆𝒛 𝒆𝒛
𝟐
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) + 2𝜋𝜖𝛼(−𝐷 ′ 𝒆𝒙 + 𝐶 ′ 𝒆𝒚 ).

(3.13)

Equation (3.13) suggests that the force per unit length experienced by a slender filament due to
non-circularity of the cross-section is affected at O(𝛼𝜖 2 ) due to the velocity disturbance of the
unperturbed circular cross-section and at O(𝛼𝜖/𝐴) due to the gradient in the imposed fluid velocity.
3.3 Extending the analysis to a general cross-sectional shape (𝛼~𝑂(1))
Here, a numerical calculation to determine the velocity disturbance by any cross-section is
elucidated which can be used as the matching solution for SBT. This calculation involves the
solution to the flow past an obstacle with the same shape as the particle cross-section in a twodimensional domain with a size, 𝜌∞ , that is much larger than the cross-sectional size (𝜌∞ ≫ 𝑎) as
shown in figure 4. In this subsection, the fluid viscosity, a measure of the undisturbed fluid velocity
far away from the obstacle and a length that is of the order of the size of the obstacle are used to
non-dimensionalize any quantity of interest, such as the force per unit length.
The apparent hydrodynamic center of resistance (AHCOR 1) of the cross-section is chosen
as the center of the computational domain to avoid a solid body rotation at large separations from
the particle. The AHCOR is defined as the point about which zero torque is acting on a twodimensional obstacle translating in a concentric circular domain of size much larger than the
obstacle with the outer boundary having zero velocity.
Consider a stationary obstacle experiencing a force per unit length 𝒇 placed in a fluid with
an imposed velocity of 𝒖∞ ⋅ (𝑰 − 𝒆𝒛 𝒆𝒛 ). The velocity field at the outer boundary is obtained from
the asymptotic form predicted by SBT according to equations (2.8) and (3.11). This asymptotic
form of the imposed fluid velocity in the region 𝜌 ≫ 𝑎 is given by

1

AHCOR is similar to the hydrodynamic center of resistance for three dimensional particles, which is defined as the

point about which the torque acting on a body translating in a quiescent fluid is zero (Kim and Karrila, 1991). In a
two-dimensional Stokes flow the velocity disturbance due to an obstacle grows logarithmically with the domain size
and therefore a hydrodynamic center of resistance based on the above definition cannot be defined in the same manner.
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2𝒇

𝜌

𝒖 = 𝒖∞ + 8𝜋 ⋅ [− ln (𝑎 ) (𝑰 + 𝒆𝒛 𝒆𝒛 ) + (𝒆𝝆 𝒆𝝆 − 0.5(𝑰 − 𝒆𝒛 𝒆𝒛 )) + 𝑲] + 𝑳,

(3.14)

where K is a second order tensor that depends only on the geometry of the particle cross-section
and L is a vector that arises due to the gradient of the imposed fluid velocity and therefore depends
both on the geometry of the particle and 𝒖∞ . 𝑲 is symmetric (Batchelor 1970), such that 𝐾𝑖𝑧 =
𝐾𝑧𝑖 = 0 for 𝑖 = {𝑥, 𝑦}, due to the decoupling of the longitudinal and the transverse flow fields
around a long-slender body. The corresponding pressure for this velocity field in the region 𝜌 ≫ 𝑎
is given by

𝑝=

4
8𝜋𝜌

𝒇 ⋅ 𝒆𝝆 .

(3.15)

In equation (3.14), K and L are to be determined as part of the solution and therefore the velocity
field at the outer boundary for a given f and 𝒖∞ cannot be specified a priori. Instead, the force per
unit area 𝒕 acting on the outer boundary 𝜌 = 𝜌∞ is specified. 𝒕 is independent of 𝑎, K and L, and
given by
1

𝒕 = 𝒕∞ − 𝜋𝜌 𝒇 ⋅ (𝒆𝝆 𝒆𝝆 ),
∞

(3.16)

where 𝒕∞ is the force per unit area that would act on the outer boundary due to 𝒖∞ ⋅ (𝑰 − 𝒆𝒛 𝒆𝒛 ) in
the absence of the obstacle.
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Figure 4. Schematic of the two-dimensional domain to obtain 𝑲 and 𝑳, along with the boundary
conditions for (1) the 2D Stokes flow equations in the transverse plane and the Laplace equation
for the longitudinal velocity field ∇2 𝑢𝑧 = 0 for computing (2) 𝐾𝑧𝑧 and (3) 𝐿𝑧 .
𝑎 and 𝐾𝑖𝑗 for 𝑖, 𝑗 = {𝑥, 𝑦} are obtained by solving the 2D Stokes equations with no-slip on
the obstacle surface and 𝒕 = −(1/𝜋𝜌∞ )𝒇 ⋅ (𝒆𝝆 𝒆𝝆 ) on the outer boundary and matching the
numerical velocity and 𝒖 ⋅ (𝑰 − 𝒆𝒛 𝒆𝒛 ) with 𝑳 = 0 at the outer boundary. 𝐿𝑖 for 𝑖 = {1,2} is
calculated by equating 𝒖 = (𝒖∞ + 𝑳) ⋅ (𝑰 − 𝒆𝒛 𝒆𝒛 ) to the velocity field at the outer boundary
obtained from the solution of the 2D Stokes equations with no slip on the obstacle surface and 𝒕 =
𝒕∞ at 𝜌 = 𝜌∞ . 𝑢𝑧 at the outer boundary obtained from the solution of ∇2 𝑢𝑧 = 0, with no-slip on
the obstacle and a constant value at 𝜌 = 𝜌∞ , is equated to 𝑢𝑧 from equation (3.14) to obtain 𝐾𝑧𝑧 .
Similarly, 𝑢𝑧 at the outer boundary obtained from the solution of ∇2 𝑢𝑧 = 0, with no-slip on the
obstacle and 𝜕𝑢𝑧 /𝜕𝜌corresponding to a linear vector field 𝒖∞ ⋅ 𝒆𝒛 at 𝜌 = 𝜌∞ , is equated to 𝑢𝑧
from equation (3.14) to obtain 𝐿𝑧 . For arbitrary cross-sections the 2D Stokes flow equations and
the 2D Laplace’s equation can be solved using a finite element solver such as COMSOL or a twodimensional boundary element method, by choosing a 𝜌∞ which is sufficiently large such that the
values of 𝑎, 𝑲and𝑳 do not change on further increasing 𝜌∞ . The final integral equation for the
force per unit length exerted by a slender filament with an arbitrary cross-section is given by
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𝒇(𝒓) 𝜖
𝒆𝒛 𝒆𝒛
= (𝑰 −
)
8𝜋
2
2
⋅ {𝑼 + 𝝎 × 𝒓𝒄 − 𝒖∞ (𝒓𝒄 ) +

−

1
1
(𝑰 − 3𝒆𝒛 𝒆𝒛 ) ⋅ 𝒇(𝒓)
𝒇(𝒓) ⋅ 𝑲 + 𝑳 −
4𝜋
8𝜋

1
√1 − 𝑠 2
(𝑰 + 𝒆𝒛 𝒆𝒛 ) ⋅ 𝒇(𝒓) ln (
)
𝑎 (𝑠 )
4𝜋
𝑎0
1

(𝒓𝒄 (𝑠) − 𝒓𝒄 (𝑠 ′ ))(𝒓𝒄 (𝑠) − 𝒓𝒄 (𝑠 ′ ))
1
𝑰
∫ 𝑑𝑠 ′ [(
−
+
) ⋅ 𝒇(𝒓′ )
|𝒓𝒄 (𝑠) − 𝒓𝒄 (𝑠 ′ )|
|𝒓𝒄 (𝑠) − 𝒓𝒄 (𝑠 ′ )|𝟑
8𝜋
−1

−(

𝑰
𝒆𝒛 𝒆𝒛
+
) ⋅ 𝒇(𝒓)]}.(3.17)
′
|𝑠 − 𝑠 | |𝑠 − 𝑠 ′ |

Note that 𝑲 is related to the tensor 𝑲𝑩 and ln(𝑘𝐵 ), which Batchelor (1970) mentions in
equations (5.5) and (6.1) of his paper respectively, by the relation 𝑲𝑩 + 2 ln(𝑘𝐵 ) 𝒆𝒛 𝒆𝒛 = 𝑲 +
(𝑰 + 𝒆𝒛 𝒆𝒛 ) ln(𝑎/𝑅𝐵 ), where 𝑅𝐵 is such that 2𝜋𝑅𝐵 is the perimeter of the cross-section. Batchelor
(1970) shows that 𝑲𝑩 is a symmetric tensor, which implies that 𝑲 is also symmetric. 𝑲𝑩 has three
unknowns such that 𝑲𝑩 ⋅ 𝒆𝒛 = 𝟎. These unknowns are written in terms of 𝑎 and 𝐾𝑖𝑗 , where 𝑖, 𝑗 =
{𝑥, 𝑦}, such that 𝐾𝑥𝑥 + 𝐾𝑦𝑦 = 0. 𝐾𝑧𝑧 = 2 ln(𝑘𝐵 ) − 2ln(𝑎/𝑅𝐵 ) captures the effect of the crosssectional shape on the force and velocity field in the longitudinal direction. The influence of the
cross-section on the velocity disturbance in the transverse plane can be decomposed into an
isotropic component ln(𝑎) 𝑰 and a traceless component 𝑲 − 𝐾𝑧𝑧 𝒆𝒛 𝒆𝒛 . This length scale "𝑎" which
arises as part of the hydrodynamic calculation is therefore used instead of a purely geometric length
scale 𝑅𝐵 . 
𝑲 can be represented in terms of 𝛼̅2 , 𝜃02 and 𝐾𝑧𝑧 and is given by
−0.5𝛼̅2 cos(2𝜃02 ) −0.5𝛼̅2 sin(2𝜃02 )
𝑲 = [ −0.5𝛼̅2 sin(2𝜃02 ) 0.5𝛼̅2 cos(2𝜃02 )
0
0
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0
0 ].
𝐾𝑧𝑧

(3.18 a)

(𝛼̅2 , 𝜃02 ), similar to (𝛼2 , 𝜃02 ) of the regular perturbation theory, give the contribution to the second
Fourier mode of the cross-sectional geometry. 𝐾𝑧𝑧 , which is zero to leading order in the
perturbation analysis, can have a non-zero value for a general cross-sectional shape. This is
because 𝑢𝑧 can be affected by the details of the cross-section at 𝑂(𝛼 2 ) (See Appendix S.2 for
details). 𝑳 can represented in terms of 𝛼̅3 , 𝜃03 , 𝐿𝑧 and the imposed fluid velocity and is given by
2𝛼̅3 (𝑎̂2 cos(3𝜃03 ) − 𝑎2 sin(3𝜃03 ))
𝑳 = [2𝛼̅3 (𝑎2 cos(3𝜃03 ) + 𝑎̂2 sin(3𝜃03 ))],
𝐿𝑧𝑥 𝑒1 + 𝐿𝑧𝑦 𝑒̂1

(3.18 b)

where the imposed velocity field (𝒖∞ (𝒓) − 𝒖∞ (𝒓𝒄 )) ⋅ (𝑰 − 𝒆𝒛 𝒆𝒛 ) is specified in terms of a stream
function 𝜓∞ given by
𝜓∞
𝑎

𝜌 2

𝜌 2

=  𝑎̃0 (𝑎 ) + (𝑎2 cos(2𝜃) + 𝑎̂2 sin(2𝜃)) (𝑎) ,

(3.18 c)

and (𝒖∞ (𝒓) − 𝒖∞ (𝒓𝒄 ))  ⋅ 𝒆𝒛 𝒆𝒛 is given by
𝜌
𝑢∞,𝑧 = (𝑒1 cos(𝜃) + 𝑒̂1 sin(𝜃)) .(3.18𝑑)
𝑎
(𝛼̅3 , 𝜃03 ), similar to (𝛼3 , 𝜃03 ) of the regular perturbation theory, give the contribution to the third
Fourier mode perturbation. 𝑳 ⋅ 𝒆𝒛 is zero in the linear perturbation analysis but it is non-zero for a
general cross-sectional geometry. The longitudinal component of −𝑳 is the longitudinal velocity
at which a particle must translate to avoid a longitudinal force per unit length when it is subjected
to a simple shear flow with the stagnation streamline coinciding with the AHCOR. For the
geometries studied in this paper, 𝑳 ⋅ 𝒆𝒛 was found to be numerically small compared to the
components of 𝑳 in the transverse plane.
4. Resistance to motion of a triaxial ellipsoid
In this section our theory is utilized to obtain the Stokes hydrodynamic resistance tensor of
triaxial ellipsoids of semi-axis lengths 𝑙1 ,𝑙2 and 𝑙3 , such that 𝑙3 ≫ 𝑙1 > 𝑙2 (3 is the longitudinal
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direction, 1 is along the long axis of the elliptical cross-section and directions, [1,2,3] form a righthanded Cartesian coordinate system). By symmetry of the shape, the force, F and the torque, T
acting on the ellipsoid are given as 𝑭 = 𝑹𝑭𝑼 ⋅ 𝑼, 𝑻 = 𝑹𝑳𝝎 ⋅ 𝝎, where 𝑹𝑭𝑼 and 𝑹𝑳𝝎 are 3 × 3
diagonal matrices that depend only on the particle geometry. The values of 𝑹𝑭𝑼 and 𝑹𝑳𝝎 for
𝑙3 /𝑙1 ≫ 1 and (𝑙1 − 𝑙2 )/𝑙1 ≪ 1 using the perturbation analysis in section (3.2) are given by
𝛼 𝜖

𝑹𝑭𝑼 = (8𝜋)

2
1 − 2+𝜖

0

0

1 + 2+𝜖

0

0

1 2+𝜖

𝜖(2𝑙3 )
2+𝜖

0

[

𝛼 𝜖

𝑹𝑳𝝎 = (8𝜋)

2𝑙33 𝜖

0

0

2
1 − 2−𝜖

0

,

(4.1)

2 2−𝜖 ]

2
1 + 2−𝜖

3 2−𝜖

[

0

𝛼2 𝜖

0

𝛼 𝜖

0

0
(2−𝜖)
𝜖

,

(4.2)

𝑎 2

(𝑙 ) ]
3

where 𝜖 = 1/ ln(2𝑙3 /𝑎). 𝑎 and 𝛼2 are given by 𝑎 = 0.5(𝑙1 + 𝑙2 ) and 𝛼2 = (𝑙1 − 𝑙2 )/(2𝑎) for
(𝑙1 − 𝑙2 ) ≪ 𝑙1 . The results of equations (4.1) and (4.2) match exactly with the values obtained by
Batchelor (1970) (equations (8.7), (8.8) and (8.10) of his paper).
For cross-sections with (𝑙1 − 𝑙2 )~𝑂(𝑙1 ), 𝑹𝑭𝑼 and 𝑹𝑳𝝎 are determined using the numerical
procedure in section (3.3) and the results retain great accuracy even for cross-sections with extreme
aspect ratio. COMSOL, a finite element solver, was used to perform the 2D Stokes flow
calculation. 𝑲 was estimated with an uncertainty of below 0.1 % when the size of the outer
boundary (𝜌∞ ) was at least 30 times the cross-sectional dimension. Figure 5 shows the deviation
of 𝑹𝑭𝑼 and 𝑹𝑳𝝎 predicted by our numerical procedure from the exact result for an ellipsoid given
by Lamb (1932) for a high-aspect ratio elliptical cross-section with 𝑙1 /𝑙2 = 10. The deviation of
the SBT for a circular cross-section from the exact result is also presented for comparison. Our
SBT predicts 𝑹𝑭𝑼 and 𝑹𝑳𝝎 better than the SBT results for a circular cross-section and has errors
less than about 1% for 𝑙3 /𝑙1 ≳ 10. The high level of accuracy shows the applicability of our
methodology to accurately predict the resistance to motion of slender bodies with arbitrary crosssection.
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𝑹𝑳𝝎 : 𝒆𝟑 𝒆𝟑 needs special attention for a straight slender body because the force per unit
length cannot generate a torque about its longitudinal axis. To obtain the effect of the crosssectional geometry on 𝑹𝑳𝝎 : 𝒆𝟑 𝒆𝟑 , a two-dimensional Stokes flow problem is solved to find the
torque per unit length 𝒈 ∝ 𝑎2 (𝑠) acting on an ellipse with sides 𝑙1 and 𝑙2 which is rotating with a
unit angular velocity parallel to 𝒆𝟑 with the velocity on the outer boundary set to zero (see figure
3). The torque per unit length is integrated by accounting for the variation of the cross-sectional
size to attain the total torque on the ellipsoid, and thereby obtain 𝑹𝑳𝝎 : 𝒆𝟑 𝒆𝟑 as depicted in figure
5 (f).

(a)

(b)

(c)

(d)
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(e)

(f)

Figure 5. Variation of resistances, 𝑹𝑭𝑼 and 𝑹𝑳𝝎 , with 𝑙3 /𝑙1 for an ellipsoid with 𝑙1 /𝑙2 = 10.
𝑘
𝑘
𝑘
)
(a) – (f) Comparison of Δ𝑅𝑖𝑗
= (𝑅𝑖𝑗
− (𝑅𝑖𝑗

𝑒𝑥𝑎𝑐𝑡

𝑘
)
) /(𝑅𝑖𝑗

𝑒𝑥𝑎𝑐𝑡

, the deviation of different

components of 𝑹𝑭𝑼 and 𝑹𝑳𝝎 predicted using the current SBT as well as the SBT for a circuler
𝑘
)
cross-section from the exact result of Lamb (1932) ((𝑅𝑖𝑗

𝑒𝑥𝑎𝑐𝑡

). Here 𝑖, 𝑗 = {1, 2, 3} and 𝑘 =

{𝑭𝑼, 𝑳𝛚}.
5. Translation of a straight slender body in a simple shear flow (SSF)
An axisymmetric straight particle rotates periodically in one of the Jeffery orbits depending on
its initial orientation and has zero cross-stream drift relative to the fluid velocity at its center of
mass. A straight particle with a three-lobed cross-section shown in figure 6 (a) rotates like a
spheroid but translates quasi-periodically across streamlines with an O(𝛼/𝐴) velocity. A straight
particle with a combination of an elliptic (or two-lobed) and a three-lobed cross-section can rotate
chaotically and translate diffusively. The calculations in this section can be used to extract the
motion of straight fibers in viscous fluids which is important in the manufacturing process of fiberreinforced composite materials or paper products. The half-length of the particle, the shear rate
and the fluid viscosity are used to non-dimensionalize variables in this section.
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(a)

(b)

Figure 6. Schematic of the particle shape and the coordinate system used in the calculation. (a)
Schematic of the slender particle that is longitudinally rectangular or elliptic. The cross-section of
the particle is given by 𝜌𝑠 = 𝑎(1 + 𝛼3 cos(3𝜃)), where 𝜃 is measured from 𝒏. 𝒏 is along one of
̂ is a unit vector in the cross-sectional plane chosen
the lines of symmetry of the cross-section, 𝒀
̂⋅𝑼
̂ ∞ = 0 and 𝑿
̂=𝒀
̂ × 𝒑. (b) The fixed reference frame is defined along the flow
such that 𝒀
̂ ∞ ) and the gradient (𝚪̂∞ ) direction of the SSF. The longitudinal direction of the
̂ ∞ ), vorticity (𝜴
(𝑼
̂ ∞, 𝑲 = 𝒑 × 𝜴
̂ ∞ ,𝒏
the particle is along 𝒑 and a reference vector in the transverse plane is 𝒏. 𝒑, 𝜴
̂ ∞ are used to define the Euler angles 𝜃𝐽 , 𝜙𝐽 , 𝜓𝐽 .
and 𝑼
5.1. Problem formulation and SBT solution
The cross-section of the slender particle studied here is a small perturbation to a circle given
by 𝜌𝑠 = 𝑎(1 + 𝛼3 cos(3𝜃)), where 𝛼3 ≪ 1 is the perturbation parameter and 𝜃 is measured
relative to a vector 𝒏 that is along one of the lines of symmetry of the cross-section. The second
Fourier mode perturbation to a circle does not affect 𝐶’ and 𝐷’ for a torque-free particle in a SSF
because the force per unit length it produces satisfies 𝒇 ⋅ (𝑰 − 𝒑𝒑) = 0. The second Fourier mode
perturbation to a circle affects the torque per unit length 𝒈 thereby influencing the rotational
dynamics of a straight particle, which is discussed in section 5.3.
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The size of the cross-section, “𝑎”, either varies with the longitudinal position, 𝑠, as

𝑎(𝑠)
𝑎0

=

(1 − 𝑠 2 )0.5 for a cross-section that is longitudinally elliptic or is a constant 𝑎 = 𝑎0 for a cylinder.
The force per unit length obtained from equation (3.17), is used to obtain the linear (𝑼) and angular
(𝝎) velocity of the particle by applying the force-free (∫ 𝒇𝑛𝑒𝑡 𝑑𝑠 = 0) and torque-free
(∫ (𝑠𝒑 × 𝒇𝑛𝑒𝑡 + 𝒈)𝑑𝑠 = 0) condition on the particle respectively. 𝒈 is calculated by computing
the stresses from a transverse velocity field obtained from the stream function 𝜓̃ and the velocity
field 𝑢̃𝑧 .
𝝎 is not affected by a three-lobed perturbation of a circle at linear order in 𝛼3 and thus,
this particle rotates periodically, like a spheroid shown by Jeffery (1922). This holds true for
cylinders with blunt ends and a three-lobed cross-section. The ends of a blunt cylinder significantly
influence 𝝎 when the particle is near the flow-vorticity plane (Cox 1971), which can be computed
using the force generated at the ends of the particle in the transverse direction, 𝑭𝒆𝒏𝒅 . Using linearity
of Stokes flow, and the symmetry of the third and higher Fourier mode perturbations, 𝒈 ⋅ (𝑰 − 𝒑𝒑)
and 𝒑 × 𝑭𝒆𝒏𝒅 can be shown to be proportional to 𝑬 ⋅ 𝒑 × 𝒑 which is proportional to 𝝎 due to the
straining component of a SSF for an axisymmetric particle (See Appendix S2). Therefore, straight
particles with 𝛼2 = 0, in addition to circular cylinders shown by Cox (1971), rotate similar to an
𝑂(𝐴/√ln(𝐴)) aspect ratio spheroid. The exact relationship can be obtained from experiments or
a numerical calculation. For a torque-free straight particle with a 3-lobed cross-section, 𝝎 is given
by
𝝎 = 𝝎∞ + 𝜆𝐽 𝒑 × (𝑬 ⋅ 𝒑),

(5.1)
2

where 𝜆𝐽 is the rotation parameter of the particle that depends only on its geometry. 𝜆𝐽 = 1 − 𝐴2
for a slender particle that is longitudinally elliptic (Jeffery 1922, Cox 1971). 𝜆𝐽 = 1 − 0.65

ln(𝐴)
𝐴2

for

a cylinder, where the prefactor of 0.65 was obtained by fitting the asymptotic form of Cox (1971)
to the experimental data of Anczurowskei and Mason (1968).
Unlike a spheroid or a circular cylinder, a slender particle with a three lobed cross-section
drifts across streamlines due to the 𝑂(𝛼3 /𝐴) force per unit length. The drift velocity of the particle
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is confined to the plane normal to 𝒑, as 𝒇𝒏𝒆𝒕 ⋅ 𝒑 = 0. Thus, the drift velocity of this particle takes
̂ + 𝑈𝑦 𝒀
̂ , where 𝑈𝑥 and 𝑈𝑦 are the components of the drift velocity along 𝑿
̂ and
the form 𝑼𝒑 = 𝑈𝑥 𝑿
̂ respectively and (𝑿
̂, 𝒀
̂ , 𝒑) form an orthogonal pair such that 𝒀
̂⋅𝑼
̂ ∞ = 0. 𝑈𝑥 and 𝑈𝑦 are given
𝒀
by
̂𝒀
̂ sin(3𝜃0𝑋 ) − 0.5𝑬∞ : 𝑿
̂𝑿
̂ cos(3𝜃0𝑋 )],
𝑈𝑥 = 𝛼3 𝑎0 𝑈0 [𝑬∞ : 𝑿

(5.2 a)

̂𝒀
̂ cos(3𝜃0𝑋 ) + 0.5𝑬∞ : 𝑿
̂𝑿
̂ sin(3𝜃0𝑋 )],
𝑈𝑦 = 𝛼3 𝑎0 𝑈0 [𝑬∞ : 𝑿

(5.2 b)

̂ with 𝒏 and
where 𝑈0 = 1 for a cylinder and 𝑈0 = 𝜋/4for a spheroid, 𝜃0𝑋 is the angle made by 𝑿
1

𝑬∞ = 2 (𝜵𝒖∞ + (𝜵𝒖∞ )𝑻 ) is the straining tensor. 𝑼 for the longitudinally elliptic particle differs
1

from 𝑼 of a cylinder by a factor of 𝜋/4 due to the difference in the integral of ∫−1 𝑑𝑠𝑎(𝑠) for the
two cases. Only the results for a straight cylinder are presented in the following section, since both
𝑼 and 𝝎 are qualitatively similar for a longitudinally elliptic particle.
5.2. Quasi-periodic translation of particles
The motion of the particle shown in figure 6(a) is calculated by tracking its center of mass
position and orientation. The orientation is given in terms of the Euler angles, (𝜃𝐽 , 𝜓𝐽 , 𝜙𝐽 ), shown
in figure 6 (b) and defined using the longitudinal direction of the particle 𝒑 =
(sin(𝜙𝐽 ) sin(𝜃𝐽 ) , cos(𝜃𝐽 ) , cos(𝜙𝐽 ) sin(𝜃𝐽 )), a vector 𝑲 =(cos(𝜙𝐽 ) , 0, − sin(𝜙𝐽 )) that is
̂ ∞ and cos(𝜓𝐽 ) = 𝒏 ⋅ 𝑲, where 𝒏 is a vector along one of the lines of
normal to both 𝒑 and 𝜴
̂, 𝒀
̂ , 𝒑), such that 𝒀
̂⋅
symmetry of the cross-section as illustrated in figure 6 (a). (𝒏, 𝒃, 𝒑) and (𝑿
̂ ∞ = 0, form an orthogonal set. The angle 𝜃0𝑋 in equation (5.4) equals asin(𝒀
̂ ⋅ 𝒏). Jeffery (1922)
𝑼
obtained the time variation of 𝜙𝐽 and 𝜃𝐽 that is given by
𝑡

tan(𝜙𝐽 ) =  𝐴𝑒 tan (2𝜋 𝑇 + τ),
tan(𝜃𝐽 ) =

𝐴𝑒 𝐶
√𝐴2𝑒 cos2 (𝜙𝐽 )+sin2 (𝜙𝐽 )
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(5.3 a)

,

(5.3 b)

where 𝜙𝐽 ∈ [0,2𝜋), 𝜃𝐽 ∈ [0, 𝜋], 𝐶is the orbit constant, τ is the phase angle, 𝑇 = 2𝜋(𝐴𝑒 + 𝐴−1
𝑒 )
is the period of rotation of 𝒑 and 𝐴𝑒 is the effective aspect ratio of the particle defined as 𝐴𝑒 =
√(1 + 𝜆𝐽 )/(1 − 𝜆𝐽 ). A thin cylinder (𝐴 ≫ 1) spends most of its time such that 𝒑 is near the flowvorticity plane (𝜙𝐽 → 𝜋/2). The rate of change of 𝜓𝐽 is given by
𝑑𝜓𝐽
𝑑𝑡

1

= − 2 𝜆𝐽 cos(𝜃𝐽 ) cos(2𝜙𝐽 )

(5.3 c)

According to equation (5.3 c), 𝜓𝐽 changes over a timescale of 𝑂((1 + (𝐴𝑒 𝐶 )2 )0.5 )which varies
with the orbit constant, 𝐶, and contrasts from the fixed 𝑂(𝑇) time scale over which 𝜃𝐽 and 𝜙𝐽
change. Therefore, there are uncountably infinite orbits where 𝜓𝐽 rotates quasiperiodically while
only countably infinite orbits where 𝜓𝐽 has a period that is a multiple of 𝑇. The quasiperiodic
rotation of 𝜓𝐽 demonstrates that the (𝜓𝐽 , 𝜙𝐽 ) space is filled completely over time as seen in figures
7 (b) and (c). Discrete peaks in the frequency spectrum obtained by the Fast-Fourier
transformation 𝜓̂𝐽 is used to establish the quasi-periodic nature of the system as shown in figure 7
(d).
The average velocity of the particle is zero because of the symmetry of the orbits relative
to the SSF. The quasiperiodic translation is quantified using the root mean square (RMS) velocity
of the particle given by

⟨(𝑼 ⋅ 𝜻)2 ⟩1/2 = 𝑙𝑖𝑚

1

𝑁→∞ √𝑁𝑇

𝑁𝑇

(√∫0 (𝑼 ⋅ 𝜻)2 𝑑𝑡) ,

(5.4)

̂ ∞, 𝜞
̂ ∞ } and N should be sufficiently large such that the results are invariant on
where 𝜻 ∈ {𝜴
increasing 𝑁. The mean-square velocity can also be obtained by averaging in the (𝜓𝐽 , 𝜙𝐽 ) space
given by
2𝜋

1

2𝜋

𝐴 (1−𝜆)

1

⟨(𝑼 ⋅ 𝜻)2 ⟩ = ∫0 𝑑𝜙𝐽 ( ) ( 𝑒
) ∫ 𝑑𝜓𝐽 2𝜋 (𝑼 ⋅ 𝛇)2 .
2𝜋
1+𝜆 cos(2𝜙 ) 0
𝐽
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(5.5)

̂ ∞ ) direction for 𝛼3 = 0.1 are shown in
̂ ∞ ) and vorticity (𝜴
The RMS velocity in the gradient (𝜞
figure 8 (a) and (b) respectively as a function of 𝐶 for varying particle aspect ratios. The RMS
velocities computed from equation (5.5) match the values obtained from time averaging over 500
tumbling events reaffirming the quasi-periodic nature of the system. For 𝐶 → 0 the particle is
symmetric about the flow-gradient plane and therefore cannot translate in the vorticity direction
̂ =𝑼
̂ ∞ and 𝒀
̂ = 𝚪̂∞ thereby leading to the highest value
as evident in figure 8 (b). In this orbit 𝑿
2

of 𝑈𝑦 among the orbits as per equation (5.2). Therefore, ⟨(𝑼 ⋅ 𝚪̂∞ ) ⟩ is highest when 𝐶 = 0 and
monotonically decreases with increasing 𝐶 as seen in figure 8 (a). A peak is observed in
̂ ∞ )2 ⟩for 𝐶~𝑂(1/𝐴) before the value plateaus for large 𝐶 ≫ 1.
⟨(𝑼 ⋅ 𝛀

(a)

(b)

(c)

(d)
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Figure 7. Trajectory of the orientation of the particle. (a) Orientational trajectory of 𝒑 (𝜆𝐽 = 0.98)
for various initial conditions specified by the orbit constant, C. Change in (𝜓, 𝜙) during (b) 10 and
(c) 103 tumbling events respectively for a cylinder with 𝐴 = 20 and 𝐶 = 0.1. (d) Frequency
spectrum obtained from the Fast Fourier transformation of 𝜓𝐽 (𝑡) for 𝐶 = 0.1 and 𝐴 = 20.

(a)

(b)

Figure 8. Particle RMS velocity variation with particle aspect ratio, 𝐴, and orbit constant, 𝐶 for
𝛼3 = 0.1. RMS velocity of the particle in (a) the gradient direction and (b) the vorticity direction
averaged over 500 tumbling events. Solid lines are phase-space integration using equation (5.5),
while the symbols are the results of the time integration (equation 5.4).
These qualitatively new results predicting cross-stream drift due to cross-sectional
asymmetries can be compared to the drift velocities observed for curved fibers (Wang et al. 2012)
and screw like particles (Kim and Rae 1991). Curved fibers with an aspect ratio 20 and a curvature
of unity migrate in the gradient direction with an average velocity of 1.7 × 10−3 (Wang et al.
2012). The drift velocity of screw shaped particles is shown to be 𝑂(10−4 ), where the length and
time are non-dimensionalized using the length of the screw along its axis and the inverse of the
shear rate respectively (The diameter of the screw was 1, the diameter of the filament was 0.1, and
the screw had two turns.) Both these values which are numerically comparable to the values in
figure 8 (a) suggest that the translation of slender bodies caused by cross-sectional modifications
can have a similar magnitude to the effects of the shape of the centerline.
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5.3.Diffusive translation of particles
Chaotic rotation and diffusive translation of a straight particle with a cross-section that is a
combination of an ellipse and a third Fourier mode perturbation to a circle is demonstrated. The
cross-section is given by 𝜌𝑠 = (𝑙12 cos 2 (𝜃 − 𝜃02 ) + 𝑙22 sin2 (𝜃 − 𝜃02 ))0.5 + 𝑎𝛼3 cos(3𝜃), where
𝑙1 ,𝑙2 are lengths of the semi-major axes of an ellipse such that 𝑙1 > 𝑙2 , 𝑎 is the radius of the
equivalent circle of the ellipse with semi-axes 𝑙1 , 𝑙2 obtained from the analysis in section (3.3) and
𝛼3 is the amplitude of the third Fourier mode perturbation to the equivalent circle. The crosssection is chosen to be longitudinally elliptic (i.e., 𝑎/𝑎0 = 𝑙1 /𝑙1,0 = 𝑙2 /𝑙2,0 = (1 − 𝑠 2 )0.5 ) with
𝜃02 = 0 as such particles are known to rotate chaotically when 𝛼3 = 0 (Yarin et al. 1997). The
rotational motion of such particles can be described using Jeffery’s (1922) equations of motion
since the third Fourier mode perturbation does not alter 𝝎 as shown earlier. Yarin et al. (1997)
demonstrated chaotic rotation of a particle with 𝛼3 = 0, 𝑙1,0 = 2/10 and 𝑙2,0 = 1/10 (an
ellipsoid). Such a particle with a finite 𝛼3 = 0.2 would translate diffusively in addition to rotating
chaotically. This particle has 𝑎0 = 1.5/10, 𝑲 is represented in terms of 𝛼̅2 = 0.33, 𝜃02 and 𝐾𝑧𝑧 =
0; and 𝑳 is represented in terms of 𝛼̅3 = 0.20, 𝜃03 = 0 and 𝐿𝑧 = 0,according to equation (3.18).
The values 𝛼̅2 = 0.33, 𝛼̅3 = 𝛼3 and 𝜃03 = 0 are accurate within 7% error for ∀𝛼3 ≤ 0.2 and
arbitrary 𝜃02 .

(a)
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(b)

(c)

(d)

(e)

Figure 9. Shape and chaotic dynamics of particles. (a) Representative shape that can rotate and
translate chaotically in a SSF. (b) Poincare map sampled when 𝜙𝐽 is a multiple of 𝜋 for the shape
in (a) with 𝛼3 = 0.1, 𝑙1,0 = 2/10 and 𝑙2,0 = 1/10 that shows the chaotic sea. The closed loops
represent trajectories in which (𝜙𝐽 , 𝜃𝐽 , 𝜓𝐽 ) change quasi-periodically. A detailed Poincare map can
be seen in figure 6 (a) of Yarin et al. (1997). (c) Variation of 〈𝑟3 (𝑡)𝑟3 (𝑡)〉 with the time, suggests
a diffusive behavior of the particle position. (d) A straight rod with an L-shaped, which can rotate
chaotically and migrate diffusively. (e) A straight rod with a Y-shaped cross-section that can rotate
periodically and translate quasi-periodically. These particles can be fabricated using
photolithography (Foulds and Parameswaran 2006) or 3D printing (Raney and Lewis 2015).
The particle motion is obtained using the numerical procedure mentioned in Yarin et al. (1997)
for ellipsoids. The Poincare map sampled when 𝜙𝐽 is a multiple of 𝜋 shows the chaotic sea as seen
in figure 9 (b). A particle whose orientation starts within the sea will span it after enough time.
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The simulation was carried out for a time of 104 𝑇, where 𝑇 is the time period of rotation of a
spheroid of the same aspect ratio, 𝐴 = 1/𝑎0 . The diffusivity in the gradient (𝐷33 ) and vorticity
(𝐷22 ) direction, obtained from the position of the particle, is given by
1

𝑑

𝐷𝑖𝑗 = 2 lim𝑡→∞ 𝑑𝑡 〈𝑟𝑖 (𝑡)𝑟𝑗 (𝑡)〉.

(5.6)

The variation of 〈𝑟3 𝑟3 〉 with time shown in figure 9 (c) suggests a ballistic motion at short times
and a diffusive behavior for long times with a diffusivity of 4 × 10−5 . The diffusivity in the
vorticity direction 𝐷22 = 6 × 10−8 is of much smaller magnitude. The current case is particularly
interesting as the particle is self-dispersive at zero-Reynolds number without Brownian diffusion
or inter-particle interactions. This gradient diffusivity is numerically comparable to the gradient
diffusivity of a fiber of the same length and aspect ratio 𝐴 due to interparticle interactions when
the dimensional particle number density 𝑛∗ 𝐿∗ 3 ≈ 0.37, where 𝐿∗ is the dimensional length of the
particle (Rahnama et al. 1993; Lopez and Graham 2007). Similarly, the gradient diffusivity of
curved fibers with aspect ratios of about 20 is 𝑂(10−5 ) (Wang et al. 2014), again of a magnitude
similar to the influence of the cross-section.
The orientational dynamics in this section illustrated for straight cylinders which are
longitudinally elliptic can be extended to other straight bodies with tapered ends using results from
a complimentary study of Cox (1971). Cox (1971) obtained the 𝑂(1/(ln(𝐴) 𝐴2 )) torque acting on
a stationary body with tapered ends and a circular cross-section held stationary in the flow-vorticity
plane of the simple shear flow. This torque can be matched with the torque required to rotate the
particle in a quiescent fluid to obtain 𝝎. On applying a regular perturbation of the inner solution
of Cox (1971) one can extend his result to a slightly non-circular cross-section. The details can be
found in Cox (1971) which is discussed in section (S. 3) of the appendix.
For a cylinder with blunt edges, which is a more practical case, the analysis of Cox (1971)
breaks down because the ends of the cylinder generate an 𝑂(1/𝐴2 ) torque on the particle. The
torque on a stationary cylinder with blunt ends is equal to2𝒑 × 𝑭𝑒𝑛𝑑 , where 𝑭𝑒𝑛𝑑 is the force
acting on an end of the particle. For a general shaped cross-section, one can find a second order
tensor 𝑨, such that 𝑭𝑒𝑛𝑑 = 𝑨 ⋅ 𝒈. 𝑨 can be derived by taking 3 random orientations and finding
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𝑭𝑒𝑛𝑑 from experiments or numerical solutions of the Stokes equations. The part of 𝝎 ⋅ (𝑰 − 𝒑𝒑)
driven by the straining part of the SSF, can be obtained by equating 2𝒑 × 𝑭𝑒𝑛𝑑 to the torque
required to rotate a particle in a quiescent fluid 8𝜋𝝎 ⋅ (𝑰 − 𝒑𝒑)/(3 ln(𝐴)). 𝝎 ⋅ 𝒑 can be obtained
by matching the torque due to 𝒈 ⋅ 𝒑 to 4𝜋𝝎 ⋅ 𝒑𝒑∫ 𝑑𝑠𝑎2 (Cox 1971). This can allow us to model
the rotational dynamics of straight particles with a general cross-section and blunt edges using the
SBT formulation. This calculation of the orientation dynamics of straight particles is important in
predicting the structure and rheology of fiber suspensions which could be useful in papermanufacturing research.
A straight rod with an L-shaped cross-section shown in figure 9 (d) has a finite value of 𝛼̅2
and 𝛼̅3 and thereby rotates and translates chaotically (a non-zero 𝛼̅2 is similar to an equivalent
elliptic cross-section). A straight rod with a Y-shaped cross-section shown in figure 9 (e) has a
non-zero value of 𝛼̅3 while 𝛼̅2 = 0 and therefore rotates periodically and translates quasiperiodically. These rods could be fabricated via multi-step photolithography (Foulds and
Parameswaran, 2006) or 3D printing (Raney and Lewis 2015) opening a pathway to
experimentally verify our results and observe interesting dynamics. Einarsson et al. (2016)
measured the rotational motion of non-axisymmetric particles formed by connecting multiple
micro-rods, which can simulate particles with two or three lobed cross-sections. The results
presented here demonstrate the nature of cross-sectional shapes that can be used to control the
rotational and translational dynamics of straight particles in a SSF.
6. Motion of rings in a simple shear flow (SSF)
In this section, the SBT is used to predict the dynamics of rings with non-circular crosssections and the results are verified using boundary element method (BEM) calculations. The
influence of the cross-sectional geometry on the rotational and translational motion of rings is
established using analytical expressions. Rings with cross-sections that have 𝛼̅2 ≠ 0 rotate and
translate periodically with no net migration over time if the contribution to the third Fourier mode,
𝛼̅3 , is below a critical value that depends on the aspect ratio. On the other hand, rings with a 𝛼̅3 ≠
0 can attain an equilibrium orientation and can drift indefinitely in the gradient direction if the
aspect ratio is above a critical value that depends on 𝛼̅3 . Such rings can self-align without
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application of external forces or torques, thereby creating a highly anisotropic structure that can
be contrasted with the dispersed particle orientation in a suspension of rotating particles. Here, the
length is non-dimensionalized using the radius of the ring R. The shear rate of the SSF and the
viscosity of the fluid are used to non-dimensionalize other quantities of interest such as the force
per unit length and the linear and angular velocity of the particle.

Figure 10. Geometry of a ring and the four coordinate systems, namely the global coordinate
̂ ∞, 𝜞
̂ ∞, 𝛀
̂ ∞ ), the particle coordinate system (𝒏, 𝒃, 𝒑), the local Cartesian coordinate
system (𝑼
system (𝒆𝒙 , 𝒆𝒚 , 𝒆𝒛 ) and the local polar coordinate system (𝜌, 𝜃) in the cross-section plane.
6.1

Coordinate system

̂ ∞ ) and gradient
̂ ∞ ), vorticity (𝛀
The global coordinate system is defined along the flow (𝑼
̂ ∞ ) directions of a SSF as shown in figure 10. The coordinate system relative to the particle is
(𝜞
̂ ∞ and a vector 𝒃 = 𝒑 × 𝒏. The
defined along the axis of symmetry, 𝒑, a vector 𝒏 = (𝑰 − 𝒑𝒑) ⋅ 𝑼
local coordinate system (𝒆𝒙 , 𝒆𝒚 , 𝒆𝒛 ), is defined such that 𝒆𝒚 = 𝒑, 𝒆𝒛 is tangent to the centerline of
the ring cross-section, 𝒓𝒄 , and 𝒆𝒙 = 𝒆𝒚 × 𝒆𝒛 (normal to the centerline of the ring cross-section).
Here, 𝒓𝒄 is the separation vector of the centerline of the ring cross-section relative to the center of
mass (COM) of the ring. The center of the cross-section is chosen to coincide with the apparent
hydrodynamic center of the cross-section described in section (3.3). The azimuthal angle 𝜙,
measured from 𝒏 in the plane of the ring (i.e., 𝒏 − 𝒃 plane), determines the position along the
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centerline of the ring cross-section. A local polar coordinate system (𝜌-𝜃) is defined in the 𝒆𝒙 −
𝒆𝒚 plane, where 𝜃 is measured from 𝒆𝒙 and 𝜌 is the normal distance from 𝒓𝒄 . The aspect ratio of
the ring is A = 1/a, where a is the radius of the unperturbed circular cross-section.
6.2 Dynamics of rings with slightly non-circular cross-sections
The functional form of the angular velocity (𝝎) of a ring in an unbounded linear flow field
using the linearity of Stokes flow is given by
𝝎 = 0.5𝝐: 𝑾∞ + 𝜆𝒑 × (𝑬∞ ⋅ 𝒑),

(6.1)

where 𝒑 is the particle orientation, 𝑾∞ = 0.5(𝛁𝒖∞ − (𝛁𝒖∞ )𝑻 ) is the vorticity tensor, 𝑬∞ =
0.5(𝛁𝒖∞ + (𝛁𝒖∞ )𝑻 ) is the strain rate and 𝜆 is the rotation parameter (Bretherton (1962) and
Jeffery (1922)). The drift velocity (𝑼 − 𝒖∞ (𝒓𝑪𝑶𝑴 )) of the particle relative to the fluid velocity at
its centre-of-mass (COM) can be written as
𝑼 − 𝒖∞ (𝒓𝐶𝑂𝑀 ) =  𝜂1 𝑬∞ ⋅ 𝒑 +  𝜂2 (𝒑𝒑𝒑: 𝑬∞ ),

(6.2)

where 𝜂1 and 𝜂2 are the translation parameters that depend only on the particle geometry (Brenner
1964; Singh, et al. 2013). The values of the dynamic parameters of the particle, 𝜆, 𝜂1 and 𝜂2 can
be obtained by applying the force-free (∫ 𝒇𝑛𝑒𝑡 (𝜙)𝑅𝑑𝜙 = 𝟎) and torque-free (∫((𝒓 − 𝒓𝑪𝑶𝑴 ) ×
̃) +
𝒇𝑛𝑒𝑡 (𝜙) + 𝒈)𝑅𝑑𝜙 = 𝟎) conditions on the particle, where 𝒈 = ∫ 𝑑𝑠𝑐 (𝒓 − 𝒓𝒄 ) × (𝝈 ⋅ 𝒏
(𝒓𝒄 − 𝒓𝐶𝑂𝑀 ) × ∫ 𝑑𝑠𝑐 cos(𝜃) /𝐴(𝝈 ⋅ 𝒏
̃ ), 𝝈 is the stress tensor obtained from the solution of the 2D
Stokes equations and ∇2 𝑢𝑧 = 0 with 𝒖 = 𝒖∞ on the outer boundary and no-slip on the particle
̃ is the unit normal to the surface of the particle and 𝑑𝑠𝑐 is the elemental length along the
surface, 𝒏
cross-sectional contour (see appendix S.4 for details). For rings, equation (3.12) can be solved
analytically using elliptic integrals to obtain 𝒇𝑛𝑒𝑡 with errors of 𝑂(1/𝐴2 ) (see appendix S.4 for
details). 𝜆, 𝜂1 and 𝜂2 are given by

𝜆 = −1 −

𝛼3 cos(3𝜃03 )
𝐴

+

(ln(8𝐴)−1.5)
𝐴2

𝛼2

𝛼2

𝐶𝜆 + 𝑂 ( 𝐴3 ) + 𝑂 ( 𝐴2 ) + 𝑂 (
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𝛼2 𝛼3
𝐴

),

(6.3)

2 𝛼3 sin(3𝜃03 ) (ln(8𝐴)−𝐾𝑧𝑧 /2−3)

𝜂1 = − 3

𝐴

ln(8𝐴)−𝐾𝑧𝑧

17 𝛼3 sin(3𝜃03 ) (ln(8𝐴)−7𝐾𝑧𝑧 /17−99/34)

𝜂2 = 12

𝐴

𝛼2

𝛼2

 + 𝑂 ( 𝐴2 ) + 𝑂 ( 𝐴3 ) + 𝑂 (
/3−17/6

ln(8𝐴)−𝐾𝑧𝑧 /3−17/6

𝛼 sin(2𝜃 )

𝛼2 𝛼3

𝛼2

𝐴

),

(6.4)

𝛼2

𝛼 𝛼

02
2 3
2
+ 42ln(8𝐴)−10
+ 𝑂 (ln(8𝐴)
) + 𝑂 ( 𝐴3 ) + 𝑂 (ln(8𝐴)
),(6.5)

̂ ∞ )/(2𝜋 2 )~𝑂(1), 𝒈 being the torque per unit length computed when
where 𝐶𝜆 = 𝐴2 (∫ 𝑑𝜙𝒈 ⋅ 𝛀
𝒑 = 𝚪̂∞ . 𝐾𝑧𝑧 is the effect of the cross-sectional shape on the longitudinal velocity field (𝒆𝒛 ) as
described in section (3.3) and is zero at 𝑂(𝛼2 ) and 𝑂(𝛼3 ). The part of the value of λ equal to −1 −
𝛼3 cos(3θ03 )/A, is the contribution due to 𝒇𝑛𝑒𝑡 and the O(ln(8A) /A2 ) term is the contribution
due to 𝒈. Both of these terms are crucial for particles that can self-align in a simple shear flow for
which 𝜆 + 1 crosses zero. For a general cross-sectional shape equations (6.3) - (6.5) can be used
if (𝛼2 , 𝛼3 ) are replaced with (𝛼̅2 , 𝛼̅3 ), where (𝛼̅2 , 𝐾𝑧𝑧 , 𝛼̅3 ) are related to 𝑲 and 𝑳 according to
equation (3.18). For a circular cross-section 𝐶𝜆 = 1.5 and this value maintains great accuracy when
𝛼̅2 and 𝛼̅3 are small.

(a)

(b)

Figure 11. Comparison of SBT with the numerical results obtained from BEM calculations (Borker
et al. 2018). Variation of (a) 𝜆 and (b) 𝜂2 , with aspect ratio, 𝐴 (solid lines), and verification with
the boundary element method calculations (symbols) for shapes shown in figure 1 (b)-(d). The
cross-sectional shape is defined as 𝜌𝑐 = 𝑎(1 + 0.1ℎ).
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𝜆 and 𝜂2 obtained from equations (6.3), (6.5) using (𝛼̅2 , 𝛼̅3 , 𝐾𝑧𝑧 ) = (0.0975, 0.0945,0.0)
(as obtained using the numerical calculation in section 3.3 instead of (𝛼2 , 𝛼3 ) = (0.1, 0.1)),
compare well with the numerical values obtained from boundary element method (BEM) described
in Borker et al. (2018) as shown in figure 11. Figure 11 (a) shows that 𝜆 for shapes S-1 and S-3
are nearly identical and close to the SBT prediction. This result confirms the prediction of SBT
that at linear order in 𝛼, 𝜆 is only affected by the perturbation to a circle given by ℎ(θ) =
cos(3θ − 3θ03 ). 𝜆 and 𝜂2 are accurately predicted because the integral equation (3.12) is solved
with algebraic errors of 𝑂(1/𝐴2 ). For comparison, 𝜂2 obtained from the leading order solution
𝛼̅2 /(4 ln(8𝐴))is only qualitatively accurate as seen in figure 11 (b).
6.3 Dynamics of rings that can self-align in a SSF
The translational and rotational motion of rings with an arbitrary cross-sectional shape can
be specified using equations (6.1) – (6.5) and requires only the solution of a 2D Stokes flow
problem mentioned in section (3.3). The time evolution of the orientation and position of a ring
has four qualitatively different states: (i) continuous periodic tumbling without cross-stream
translation (𝛼̅3 < 𝐶𝜆 (ln(8𝐴) − 1.5)/𝐴, sin(2𝜃02 ) = 0, sin(3𝜃03 ) = 0), (ii) continuous periodic
tumbling with periodic translation (𝛼̅3 < 𝐶𝜆 (ln(8𝐴) − 1.5)/𝐴 & (𝛼̅2 sin(2𝜃02 ) ≠ 0 or
𝛼̅3 sin(3𝜃03 ) ≠ 0)), (iii) equilibrium orientation without cross-stream translation (𝛼̅3 ≥
𝐶𝜆 (ln(8𝐴) − 1.5)/𝐴, 𝛼̅3 ≠ 0, sin(2𝜃02 ) = 0, sin(3𝜃03 ) = 0), and (iv) equilibrium orientation
with a net translation in the gradient direction of the SSF (𝛼̅3 ≥ 𝐶𝜆 (ln(8𝐴) − 1.5)/𝐴, 𝛼̅3 ≠ 0 &
(𝛼2 sin(2𝜃02 ) ≠ 0 or sin(3𝜃03 ) ≠ 0)). Cases (i) and (ii) can be studied using traditional SBT
formulations of Cox (1970) and Batchelor (1970) respectively and are not treated here. The
qualitative nature of ring dynamics in cases (iii) and (iv) cannot be captured using any previous
SBT formulations to the best of our knowledge.
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(a)

(b)

Figure 12. Trajectories traced by the orientation vector of a ring (𝒑) (a) with a circular cross-section
and an aspect ratio 𝐴 = 𝑅/𝑎 = 100 and (b) with the three-lobed cross section shown in figure 1
(c) with 𝛼̅3 = 0.3, 𝜃03 = 0 and 𝐴 = 𝑅/𝑎 = 100. This high value of 𝛼3 was chosen to yield a
visually apparent difference between the stable (𝒑𝑆𝐼 , 𝒑𝑆𝐼𝐼 ) and unstable (𝒑𝑈𝐼 , 𝒑𝑈𝐼𝐼 ) nodes.
A ring with the cross-section shown in figure 1 (c) (S-II shape) shows qualitatively
different rotational dynamics from a ring with a circular or S-I shaped cross-section. Such rings
attain an equilibrium orientation, as shown in figure 12 (b), instead of rotating continuously in
Jeffery orbits as shown in figure 12 (a). The particle orientation, 𝒑, aligns along one of the two
stable nodes (𝒑𝑆𝐼 , 𝒑𝑆𝐼𝐼 ) in the flow-gradient plane which are very close to the gradient direction,
as shown in figure 12 (b). This was first shown by Singh et al. (2013) for rings with S-II shaped
cross-sections with θ03 = 0. Rings with an S-II shaped cross-section can in general align for a
non-zero θ03 as evident from equation (6.6), which can be confirmed based on the physical
explanation of alignment given in Borker et al. (2018).
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Figure 13. Variation of the critical aspect ratio, 𝐴∗, vs 𝛼3 from SBT (lines) compared with BEM
results of Borker et al. (2018) (symbols) for 𝜃03 = 0 and 𝜃03 = 𝜋/12. 𝛼̅3 lies in the range 0.01 ≤
𝛼̅3 ≤ 0.27 for 0.01 ≤ 𝛼3 ≤ 0.9.
The critical aspect ratio, 𝐴∗ , defined as the value of A for which 𝜆 = −1, is a quantity of
interest as it is the lowest aspect ratio at which a ring with a given cross-sectional shape can align.
A lower value of 𝐴∗ would also mean that the ring will be less prone to bending and buckling, thus
improving the structural integrity of the particle. Previously, a large number of computationally
expensive boundary element method calculations would have been required to compute 𝐴∗ .
However, the current theory can be used to calculate 𝐴∗from equation (6.6) when 𝜆 = −1 and is
the solution to the equation given by
1
𝐴∗ 2

(A∗ 𝛼̅3 cos(3θ03 ) − 𝐶𝜆 (ln(8A∗ ) − 1.5)) = 0,

(6.6)

where 𝛼̅3 is obtained from the solution of the 2D Stokes flow problem mentioned in section (3.3).
Equation (6.6) only requires the solution of two 2D Stokes flow problems and a solution to a
Laplace’s equation to obtain 𝛼̅3 and 𝐶𝜆 . Figure 13 compares the prediction of 𝐴∗ from equation
(6.6) with the BEM predictions for rings with a cross-section given by 𝜌 = 𝑎(1 +
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𝛼3 cos(3𝜃 − 3𝜃03 )).The accurate prediction of A∗ suggests that the current SBT framework can
be used as a computationally inexpensive alternative to search for shapes that can self-align at the
least 𝐴∗ . Furthermore, equation (6.3) suggests that cross-sections with 𝜃03 = 0 (i.e. a fore-aft
symmetric shape) and a large value of 𝛼̅3 , should have a smaller 𝐴∗ than fore-aft asymmetric
shapes. The Y-shaped cross-section in Borker et al. (2018) which has the lowest reported value of
𝐴∗ = 8.9 has features similar to the 3-lobed cross-section with 𝜃03 = 0.
Rings with S-II shaped cross-sections can migrate across streamlines in the gradient
direction for non-zero values of 𝜃03 . These migrating rings could be deposited by flowing the
suspension of particles along a surface allowing one to control the roughness or scratch resistance
of the underlying surface (Isla et al. 2003). This drift velocity is given by 𝜂2 (𝒑𝒔 ⋅
̂ ∞ )(𝒑𝒔 ⋅ 𝜞
̂ ∞ )2 ≈ 𝜂2 (0.5|1 + 𝜆|)0.5 . The 𝑂(𝛼̅2 sin(2𝜃02 ) / ln(𝐴))drift due to the second
𝑼
Fourier mode perturbation is 𝑂(𝐴/ ln(𝐴)) larger than the drift due to the third Fourier mode
perturbation. Therefore, shapes with 𝜃03 → 0, which increases |𝜆 + 1|, and 𝜃02 → 𝜋/4, which
maximizes 𝜂2 , should generate the highest drift velocities. The cross-section which led to the
highest drift shown in figure 9 (a) of Borker et al. (2018) also has a clear resemblance to a shape
which is a combination of the second and third Fourier mode with 𝜃02 = 𝜋/4.
Rings with the cross-sections shown in figure 14 (a) or (b) can align in a SSF at relatively low
aspect ratios (Borker et al. 2018). These rings are of practical interest due to the ease of fabrication
using multi-step photolithography (Foulds and Parameswaran, 2006) or optofluidic fabrication
(Paulson, Di Carlo and Chung 2015), which can allow for testing the rheology of a suspension of
such particles. Here, SBT is utilized to predict the dynamics of individual particles and the results
are compared with the numerical predictions obtained using the boundary element method (BEM)
detailed in Borker et al. (2018). COMSOL, a finite element solver, was used to perform the 2D
Stokes flow calculation presented in section (3.3). The values of 𝑲 and 𝑳, which were estimated
with an uncertainty below 0.1 % when the size of the outer boundary (𝜌∞ ) was at least 50 times
the cross-sectional dimension, are reported in table 1. Figure 14 (c) and (d) show the variation of
𝜆 with A obtained from the BEM calculation and the corresponding SBT prediction for rings with
T-shaped and L-shapedcross-sections, respectively. The SBT precisely mimics the BEM results
even at low aspect ratios near the critical aspect ratio, 𝐴∗, which is possible by using the numerical
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procedure in section (3.3) and solving the integral in equation (3.17) with errors of 𝑂(1/𝐴2 ) using
elliptic integrals (appendix S. 4). 𝜂1 and 𝜂2 are zero for a ring with a T-shaped cross-section due
to mirror symmetry about a plane normal to 𝒑. Figures 14 (e) and (f) show the accuracy of SBT to
predict the variation of 𝜂1 and 𝜂2 with 𝐴 for rings with the L-shaped cross-section. The force per
unit length 𝒇 obtained from equation (3.17) is also in excellent agreement with the BEM results
for both L and T shaped cross-sections for 𝐴 ≳ 10 as shown in figure 14 (g)-(h) by the value of 𝒇
̂ ∞ = 0 and 𝒑 ⋅ 𝚪̂∞ = cos(0.2𝜋). The dependence of 𝒇 on 𝜙 can be derived using
at 𝜙 = 0.2𝜋, 𝒑 ⋅ 𝛀
the linearity of the governing equations (Borker et al. 2018) and the imposed boundary conditions
and is presented in the appendix (S.4).
Table 1. 𝑲 and 𝑳 values for rings with T-shaped and L-shaped cross-sections represented in
terms of (𝛼̅2 , 𝜃02 , 𝐾𝑧𝑧 ) and (𝛼̅3 , 𝜃03 , 𝐿𝑧𝑥 , 𝐿𝑧𝑦 ).
T-shaped ring (𝑎 = 1.055 × 𝑙 𝑇 )

L-shaped ring (𝑎 = 0.5446 × 𝑙𝐿 )

(𝛼̅2 , 𝜃02 , 𝐾𝑧𝑧 )

(0.0345, 0, −0.05532)

(𝛼̅3 , 𝜃03 , 𝐿𝑧𝑥 , 𝐿𝑧𝑦 )

(0.157, 0, −8.1 × 10−4 , 0)

(𝛼̅2 , 𝜃02 , 𝐾𝑧𝑧 )

(0.1534, −𝜋/4, −0.05512)
(0.1366, −𝜋/12,1.4 × 10−3 , 1.4

(𝛼̅3 , 𝜃03 , 𝐿𝑧𝑥 , 𝐿𝑧𝑦 )

(a)

(b)
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× 10−3 )

(c)

(d)

(e)

(f)

(g)

(h)

Figure 14. Application of current SBT to predict dynamics of rings with cross-sections which
deviate significantly from a circle. (a) A “T-shaped” and (b) an “L-shaped” cross-section proposed
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in Borker et al. (2018). Rings with these cross-sections (shaded regions) can align in a SSF at finite
aspect ratios. The equivalent circle obtained from the analysis in section (3.3) is shown using
dotted lines. Comparison of 𝜆 vs A variation from BEM for rings with (c) T-shaped and (d) Lshaped cross-sections with the SBT prediction from equation (6.3). Comparison of the variation
of (e) 𝜂1 and (f) 𝜂2 with 𝐴 obtained from BEM calculations for rings with an L-shaped crosssection with the SBT predictions from equations (6.4) - (6.5). Force per unit length variation with
̂ ∞ = 𝟎 and 𝒑 ⋅ 𝚪̂∞ = cos(0.2𝜋) for a ring with (g) T-shaped and (h) L-shaped
𝐴 at 𝜙 = 0.2𝜋, 𝒑 ⋅ 𝛀
cross-sections. Symbols are results from the BEM calculations, the solid lines are the
corresponding values obtained from the current SBT formulation.
Figures 14 (g)-(h) suggest that our slender body theory accurately predicts 𝒇 which can in turn
be utilized to simulate hydrodynamic interactions between various rings, especially the ones that
can self-align. This calculation is important for obtaining the rheology of a suspension of rings and
also estimating the influence of surrounding particles on the self-aligning characteristics of such a
ring. A ring aligned near the flow-vorticity plane has weak hydrodynamic interactions with other
aligned rings and therefore the suspension should have a highly anisotropic microstructure, which
can be expected to be retained at higher particle concentrations due to excluded volume
interactions.
7. Conclusion
In this work, a slender-body-theory is developed for a thin, curved body with an arbitrary crosssection that allows one to solve for the velocity, pressure and force per unit length exerted by the
particle on the fluid. The derivation is based on asymptotically matching the velocity field of an
infinitely long cylinder in the inner region to the velocity field due to a line of forces in the outer
region. Our theory accounts for the force per unit length associated with the gradient in the imposed
fluid velocity which previously had not been embedded into SBT formulations. The features of
the cross-sectional shape that display this qualitatively different force per unit length are described
using regular perturbation of the inner solution. A cross-section that has two lobes or three lobes
(figures 1 (b) and (c) respectively) will change the force per unit length by 𝑂(𝜖 2 ) or
𝑂(𝜖/𝐴),respectively. Thought experiments that give physical insight into the special nature of the
two and three lobed cross-sections were illustrated. A 2D Stokes flow problem was formulated
105

that can be numerically solved to extend our theory to arbitrary cross-sectional shapes which
deviate significantly from a circle. Our analysis also captures the force per unit length driven by
the relative velocity of the particle and the fluid for a non-circular cross-section, which was first
derived by Batchelor (1970).
A slender cylinder that has a significant contribution to 𝛼2 and 𝛼3 , e.g. an L-shaped crosssection (figure 8 d), rotates and translates chaotically, while a cylinder with a finite contribution to
𝛼3 along with 𝛼2 = 0, e.g. a Y-shaped cross-section (figure 8 e), rotates periodically and translates
quasi-periodically. Our theory accurately predicted the resistance to translation and rotation for a
triaxial ellipsoids even for high-aspect ratio cross-sections as shown by comparison with the exact
results of Lamb (1932). In this case, the current method provides a computationally inexpensive
alternative to other available approaches such as slender ribbon theory (Koens and Lauga, 2016)
or boundary element method (Youngren & Acrivos, 1975; Kim & Karilla, 1991; Pozrikidis, 2002).
The dynamics of rings with different cross-sectional shapes in a simple shear flow was used to
further validate our theory by comparing the results with boundary element method calculations
of Singh et al. (2013) and Borker et al. (2018). The perturbation analysis described in this paper
could be extended to Stokes flow with fluid inertia (Khayat and Cox, 1989), potential flow
(Lighthill 1960, 1971) and heat transfer (Beckers et al. 2015) to find the impact of the gradients in
the respective background fields. The solution of the respective two-dimensional problem, similar
to the problem described in section (3.3), could be used to extend the result to a general crosssectional shape.
The advancement in nano-fabrication shows promise of utilizing micro and nanoscale
objects with high-aspect ratio appendages to aid in targeted drug delivery, material assembly
(Sacanna et al 2013) or water treatment (Gao and Wang 2014; Soler and Sanchez 2014). These
slender micromachines would be subject to velocity gradients and our current work can be utilized
to simulate their dynamics and thereby learn about optimal propulsion mechanism under a
background flow field.
Our theory can also be utilized to understand slender particle dynamics in various linear flow
fields. The results of section (5) suggest that the effects of the cross-section can have magnitudes
similar to the effects of the curvature of the centerline of curved slender bodies. The current theory
106

can be used to study the motion of straight particles in a simple shear flow (SSF), which has a rich
dynamical structure. A sampling of such results were presented in section (5) for straight cylinders
with mirror symmetry about the longitudinal direction where the 𝑂(𝛼3 /𝐴) force per unit length
induced a net translation. The 𝑂(𝛼3 /𝐴) force per unit length, being proportional to 𝑎, will also
induce an 𝑂(𝛼3 /𝐴) angular velocity to any particle that lacks mirror symmetry about the
longitudinal direction. This 𝑂(𝛼3 /𝐴) angular velocity, which is important when the particle is near
the flow-vorticity plane, has a much stronger scaling than the 𝑂(ln(𝐴)/𝐴2 ) contribution from the
dipole per unit length. Such particles can also translate with an 𝑂(1) velocity arising from
asymmetry along the longitudinal direction leading to velocities an order of magnitude larger than
the ones presented in section (5). Furthermore, such asymmetric particles that have an additional
contribution to 𝛼2 could also rotate and translate chaotically. The motion of straight cylinders can
be explored using the current SBT formalism along with the solution of Cox (1971). Our work
gives insight into the geometry of cross-sections that are important and the tools to explore the
motion of such slender shapes in a shear flow.
The force per unit length acting on rings with non-circular cross-section, presented in section
6, can be used to simulate hydrodynamic interactions between multiple rings to obtain the structure
and rheology of a suspension of rings. The particular case of interest is obtaining the rheology of
rings that can attain an equilibrium orientation in a SSF, which has never been explored. A
suspension of such aligned rings has the possibility of attaining high degrees of anisotropy due to
alignment of all particles in the same orientation, which could be useful to manufacture highly
anisotropic materials. Hydrodynamic interactions between rings can be captured by using equation
(3.12) or (3.17) with the velocity disturbance produced by other rings included in the 𝒖∞ term and
solving for the force per unit length up to 𝑂(1/ ln(2𝐴)).
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8. Appendix
S.1 General form of the velocity field in the inner problem of slender body theory
The general solution to a 2-D biharmonic equation (∇4 𝜓 = 0) for flow in the transverse plane
of an infinite cylinder such that 𝜌 at the cross-sectional surface is single valued with 𝜃 is given by

𝜓
𝑎

𝜌 2

𝜌 2

𝜌

𝜌 3

𝜌

𝜌 −1

= 𝑎̃0 (𝑎 ) + 𝑏0 (𝑎 ) ln (𝑎 ) + 𝑐0 + 𝑑0 𝑙𝑜𝑔 (𝑎 ) + [𝑎1 (𝑎 ) + 𝑏1 (𝑎 )
3

−1

𝜌
𝜌
𝜌
𝜌
𝑑1 (𝑎 ) ln (𝑎 )] cos(𝜃) + [𝑎̂1 (𝑎 ) + 𝑏̂1 (𝑎 )
𝜌 𝑛

𝜌 𝑛+2

𝑎

𝑎

∑∞
𝑛=2 [𝑎𝑛 ( ) + 𝑏𝑛 ( )
𝜌 −𝑛

𝑐̂𝑛 (𝑎 )

𝜌
+ 𝑑̂𝑛 (𝑎 )

−𝑛+2

𝜌 −𝑛

+ 𝑐𝑛 ( )
𝑎

𝜌

+ 𝑐1 (𝑎 ) +

𝜌
𝜌
𝜌
+ 𝑐̂1 (𝑎 ) + 𝑑̂1 (𝑎 ) ln (𝑎 )] sin(𝜃) +
𝜌 −𝑛+2

+ 𝑑𝑛 ( )
𝑎

𝜌 𝑛

𝜌 𝑛+2

𝑎

𝑎

] cos(𝑛𝜃) + ∑∞
̂ 𝑛 ( ) + 𝑏̂𝑛 ( )
𝑛=2 [𝑎

] sin(𝑛𝜃),

+

(S 1.1)

where 𝜓 is the stream function, 𝑎̃0 , 𝑎𝑛 , 𝑏𝑛 , 𝑐𝑛 , 𝑑𝑛 , 𝑎̂𝑛 , 𝑏̂𝑛 , 𝑐̂𝑛 and𝑑̂𝑛 , for 𝑛 = 0to∞, are constants
(Sadeh, 1967). The two-dimensional velocity field can be obtained from the definition of the
stream function, i.e., 𝑢𝜌 = 𝜌−1 𝜕𝜓/𝜕𝜃 and 𝑢𝜃 = −𝜕𝜓/𝜕𝜌.
The velocity along the longitudinal direction can be obtained by assuming negligible
change in pressure along the longitudinal direction (i.e. 𝛻 2 𝑢𝑧 = 0). The general solution to this
harmonic is given by
ρ

𝜌 𝑛

𝜌 −𝑛

a

𝑎

𝑎

𝑢𝑧 = 𝑒0 + 𝑓0 ln ( ) + ∑∞
𝑛=1 [𝑒𝑛 ( ) + 𝑓𝑛 ( )
𝜌 −𝑛

𝑓̂𝑛 (𝑎 )

𝜌 𝑛

] cos(𝑛𝜃) + ∑∞
n=1 [𝑒̂𝑛 ( ) +
𝑎

] sin(𝑛𝜃),

(S 1.2)

where 𝑒0 , 𝑒𝑛 , 𝑓𝑛 , 𝑓̂𝑛 , 𝑒̂𝑛 , for n = 1 to ∞, are constants.
The general functional form of the terms 𝑢̃𝑧 and 𝜓̃ in polar coordinates required for doing
the perturbation analysis and obtaining 𝐶 ′ and 𝐷′ (equations (3.4) and (3.5)) can be obtained from
equations (S 1.1) and (S 1.2) respectively. 𝑢̃𝑧 needs to be zero at the particle surface and match the
imposed flow field for 𝜌/𝑎 ≫ 1 and therefore can only have a constant term, and terms of the
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form, ((𝜌/𝑎)𝑛  − (𝜌/𝑎)−𝑛 ) cos(𝑛𝜃) and ((𝜌/𝑎)𝑛 − (𝜌/𝑎)−𝑛 ) sin(𝑛𝜃), where n is any positive
integer. Likewise, 𝜓̃ can be obtained from the general expression mentioned in equation (S 1.1),
such that the corresponding velocity field satisfies the no-slip boundary condition on the particle
surface (i.e., 𝜕𝜓̃/𝜕𝜃 = 0 and 𝜕𝜓̃/𝜕𝜌 = 0 at 𝜌 = 𝑎). The expression for 𝑢̃𝑧 and 𝜓̃ for a general
imposed flow field and a circular cross-section are given as
𝜌 𝑛

𝜌 −𝑛

𝑢̃𝑧 = ∑∞
𝑛=1(𝑒𝑛 cos(𝑛𝜃) + 𝑒̂𝑛 sin(𝑛𝜃)) [(𝑎 ) − (𝑎 )

],

(S 1.3)

where 𝑒𝑛 and 𝑒̂𝑛 can be obtained by matching to the imposed velocity field for 𝜌 ≫ 𝑎(𝑠).
̃
𝜓
𝑎

𝜌 2

𝜌 2

𝜌

𝜌 3

𝜌

𝜌 −1

=  𝑎̃0 ((𝑎 ) − 2 ln (𝑎)) + 𝑏0 ((𝑎) − 1) ln (𝑎 ) + 𝑐0 + 𝑎1 [(𝑎 ) − (𝑎 )
𝜌

𝜌 3

𝜌

𝜌 −1

4 (𝑎 ) ln (𝑎 )] 𝑐𝑜𝑠(𝜃) + 𝑎̂1 [(𝑎 ) − (𝑎 )
𝜌 𝑛

𝜌 −𝑛

𝑎

𝑎

𝑎̂𝑛 sin(𝑛𝜃)) [( ) + (𝑛 − 1) ( )
𝜌 −𝑛

(𝑛 ) ( )
𝑎

𝜌 −𝑛+2

− (𝑛 + 1) (𝑎 )

𝜌

−

𝜌

− 4 (𝑎 ) ln (𝑎 )] 𝑠𝑖𝑛(𝜃) + ∑∞
𝑛=2(𝑎𝑛 cos(𝑛𝜃) +
𝜌 −𝑛+2

−𝑛( )
𝑎

𝜌 𝑛+2

] + (𝑏𝑛 cos(𝑛𝜃) + 𝑏̂𝑛 sin(𝑛𝜃)) [( )
𝑎

],

+
(S 1.4)

where 𝑎̃0 , 𝑏0 , 𝑎1 , 𝑎̂1 , 𝑎𝑛 , 𝑎̂𝑛 , 𝑏𝑛 and 𝑏̂𝑛 , with 𝑛 ≥ 2 are constants obtained by matching to the
imposed velocity field for 𝜌 ≫ 𝑎.
S.2 Effect of the cross-section on the velocity field in the longitudinal direction
The force per unit length in the longitudinal direction is first affected by the details of the
cross-section at O(𝜖 2 𝛼 2 ), which can be seen by substituting 𝜌 = a(1 + αℎ(s, θ)) in equation (S
1.3) and performing the matching with the outer solution at O(𝛼 2 ). Here the perturbation parameter
𝛼 ≪ 1, ℎ(𝑠, θ) is a smooth and bounded function periodic in 𝜃 with a period of period 2𝜋/𝑁,
where N is any positive integer, such that max|ℎ(s, θ)|~O(1) and |𝜕ℎ/𝜕𝑠|~𝑂(1). The terms in
the inner solution of the longitudinal velocity field at 𝑂(𝛼), which will be matched with an outer
solution are given by
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𝜌

𝛼𝑢𝑧′ = 𝛼 (𝑒′0 + 𝐸 ′ ln (𝑎 )),

(S 2.1)

where 𝑢𝑧′ ~𝑂(1). 𝐸 ′ is determined, in a manner similar to 𝐸, by matching to an outer velocity field,
and 𝑒0′ is determined by satisfying the no-slip boundary condition on the particle surface. From the
form of the longitudinal velocity field in equation (S 1.3) it can be easily shown that 𝑒0′ = 0. This
in turn results in 𝐸 ′ = 0 and so there is no effect on the force per unit length in the longitudinal
direction (i.e. 𝑓𝑧′ = 0). The terms in the inner solution of the longitudinal velocity field at 𝑂(𝛼 2 ),
which will be matched with an outer solution which will have a form similar to equation (S 2.1)
and is given by
𝜌

𝛼 2 𝑢𝑧′′ = 𝛼 2 (𝑒"0 + 𝐸" ln (𝑎 )),

(S 2.2)

where 𝑢𝑧′′ ~𝑂(1). 𝐸” is determined by matching to an outer velocity field and 𝑒"0 is determined by
satisfying the no-slip boundary condition on the particle surface. 𝑒"0 can be finite unlike 𝑒0′ which
must be zero to satisfy the no-slip boundary condition. On matching with an outer velocity field
one can easily see that the force per unit length in the longitudinal direction due to the perturbation
in the cross-sectional shape is of O(𝛼 2 𝜖 2 ). This influence of the cross-section on 𝑢𝑧 for a general
cross-section is captured by 𝐾𝑧𝑧 mentioned in section (3.3).
S.3 Dipole per unit length for straight particles
Consider a straight particle with a cross-section given by 𝜌𝑠 = (𝑙12 cos 2 (𝜃 − 𝜃02 ) +
𝑙22 sin2 (𝜃 − 𝜃02 ))0.5 + 𝑎𝛼3 cos(3𝜃), where 𝑙1 ,𝑙2 are lengths of the semi-major axes of an ellipse
such that 𝑙1 > 𝑙2 , 𝑎 is the radius of the equivalent circle of the ellipse with semi-major axes 𝑙1 , 𝑙2
obtained from the analysis mentioned in section (3.3) and 𝛼3 generates a third Fourier mode
perturbation to a circle. We look at a specific example of a particle that is longitudinally elliptic
(i.e., 𝑎/𝑎0 = 𝑙1 /𝑙1,0 = 𝑙2 /𝑙2,0 = (1 − 𝑠 2 )0.5 ) and has 𝜃02 = 0. Using the analysis presented in
section (3.3), 𝑎0 , 𝑲, represented in terms of (𝛼̅2 , 𝜃02 , 𝐾𝑧𝑧 = 0) and 𝑳, represented in terms of (𝛼̅3 ,
𝜃03 = 0) are obtained. For small perturbations from a circle, one can obtain 𝑎0 = 0.5(𝑙1,0 + 𝑙2,0 ),
𝛼̅2 ≈ (𝑙1,0 − 𝑙2,0 )/(2𝑎0 ) and 𝐾𝑧𝑧 = 0, valid when (𝑙1,0 − 𝑙2,0 )/(𝑙1,0 ) ≪ 1, where the second
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subscript refers to 𝑠 = 0 position. These asymptotic values of 𝑎, 𝛼̅2 , 𝛼̅3 are used for the analysis
in the remainder of the section.
The angular velocity of this particle obtained from the analysis of Jeffery (1922) in terms of
𝛼̅2 can be written as

𝜔𝑿̂ =

𝛾5 2𝛼̅2
+ 2 (−𝛾5 cos(2𝜃02 ) + (𝛾3 + 𝛾4 ) sin(2𝜃02 )),
𝐴2
𝐴

𝜔𝒀̂ = 𝛾3 −

𝛾3 + 𝛾4 2𝛼̅2
− 2 (𝛾5 sin(2𝜃02 ) + (𝛾3 + 𝛾4 ) cos(2𝜃02 )),
𝐴2
𝐴

𝜔𝒑 = −

𝛾2
+ 𝛼̅2 (𝛾2 cos(2𝜃02 ) − 𝛾1 sin(2𝜃02 )),
2
(S 3.1)

̂𝑿
̂ , 𝛾3 = 𝜵𝒖∞ : 𝑿
̂ 𝒑, 𝛾4 = 𝜵𝒖∞ : 𝒑𝑿
̂ , 𝛾5 = 𝜵𝒖∞ : 𝒑𝒀
̂ . Here 𝒑 is along the
where 𝛾2 = 𝜵𝒖∞ : 𝒀
̂ is chosen such that it has zero projection along the flow
longitudinal direction of the particle 𝒀
̂⋅𝑼
̂ ∞ = 0) and 𝑿
̂=𝒀
̂ × 𝒑. Equation (S 3.1) is equivalent to equation (5.1) for
direction (i.e., 𝒀
𝛼2 = 0 with 𝜆𝐽 = 1 − 2/𝐴2 . The torque per unit length exerted by the particle on the fluid, 𝒈 =
̃ ⋅ (𝛁𝐮𝐢𝐧𝐧𝐞𝐫 + (𝛁𝐮𝐢𝐧𝐧𝐞𝐫 )𝑻 ), where 𝑑𝑙 is the integral over the cross-sectional contour and
∫ 𝑑𝑙𝒓 × 𝒏
̃ is the outward normal to the surface. 𝐮𝐢𝐧𝐧𝐞𝐫 = 𝒆𝒛 × 𝛁𝟐𝐃 (𝜓 + 𝛼𝜓 ′ ), is obtained from the inner
𝒏
solution of slender body theory presented in section (3). 𝒈 is given by
𝑔𝑿̂ = 2𝜋𝑎2 (−𝛾5 + 𝛼̅2 (𝛾5 cos(2𝜃02 ) − (𝛾3 + 𝛾4 ) sin(2𝜃02 ))),
𝑔𝒀̂ = 2𝜋𝑎2 ((γ4 + γ3 ) + 𝛼̅2 (sin(2𝜃02 ) (γ5 ) + cos(2𝜃02 ) (γ4 + γ3 ))),

𝑔𝒑 = 4𝑎2 𝜋 (

𝛾2
+ 𝜔𝑧 + 𝛼̅2 (− cos(2𝜃02 ) 𝛾2 + sin(2𝜃02 ) 𝛾1 )),
2

111

(S 3.2)
where 𝑎 is the radius of the equivalent circle of the local cross-section. The O(1) term in 𝜔𝒀̂ (i.e.,
𝛾3 ) arises by setting the torque produced by the 𝑂(1/ ln(2𝐴)) force per unit length 𝒇𝒏𝒆𝒕 to zero.
𝑂(1/𝐴2 ) terms in 𝜔𝑿̂ and 𝜔𝒀̂ as well as 𝜔𝒑̂ are driven by the torque per unit length, 𝒈, as can be
seen by the similarity of these terms from equations (S 3.1) and (S 3.2). This analysis is not
straightforward but a result from a complimentary study by Cox (1971) can be used to obtain the
𝑂(1/𝐴2 ) terms in 𝒈, 𝜔𝑿̂ and 𝜔𝒀̂ , which we shall describe briefly in the next paragraph.
Cox (1971) obtained the torque acting on a slender particle with a circular cross-section
with tapered ends held stationary (𝝎 = 0 = 𝑼) such that 𝒑 lies in the flow vorticity plane. At this
orientation the torque on the particle is a linear, homogeneous function of 𝒈. In Cox’s terminology,
the torque on the particle can be given by
𝑮 = − ∫ 𝑑𝑠(𝒈 + 𝑠𝒑 × 𝒇̃),

(S 3.3)

where 𝒇̃ is given by
̃

𝒇𝟏
𝒇̃ = 𝒇̃𝟎 + ln(𝐴)
.

(S 3.4)

𝒇̃𝟎 , obtained by ensuring that the 𝑂(1/𝐴2 ) velocity field has no terms that grow as ln(𝜌), is equal
to 𝒑 × (𝑑𝒈/𝑑𝑠. (𝑰 − 𝒑𝒑)) with 𝛼̅2 = 0 (Cox 1971). This ensures that the torque produced by 𝒈
exactly cancels the torque due to 𝒇̃𝟎 and the torque on the body is equal to the torque produced by
a force per unit length equal to −𝒇̃𝟏 / ln(𝐴). 𝒇̃𝟏 , obtained by matching the ln(𝜌) term of the
𝑂(1/(𝐴2 ln(𝐴))) inner and outer velocity fields, is equal to 𝒑 × (𝑑𝒈/𝑑𝑠. (𝑰 − 𝒑𝒑)) with 𝛼̅2 = 0
(Cox 1971). Since 𝒇̃ is driven by 𝒈, we can perform Cox’s analysis for any general orientation 𝒑
if we know 𝒈, which as mentioned previously can be derived solely from the inner solution and is
given by equation (S 3.2) for 𝛼̅2 = 0. The angular velocity can be obtained by matching the torque
in equation (S 3.2) to the torque required to rotate the particle with an angular velocity 𝝎 in a
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quiescent fluid, which is equal to 8𝜋𝝎. (𝑰 − 𝒑𝒑)/(3 ln(𝐴))  + 4𝜋𝝎. 𝒑𝒑∫ 𝑑𝑠𝑎2 . This analysis
yields 𝝎 in equation (S 3.1) when 𝛼̅2 = 0.
For a finite 𝛼̅2 we can obtain the complete inner solution in terms of the stream function
𝜓 + 𝛼2 𝜓2′ and a longitudinal velocity field 𝑢𝑧 + 𝛼̅2 𝑢𝑧′ . This inner velocity field can be used to
derive the torque per unit length, 𝒈, given in equation (S 3.2). Using the exact procedure mentioned
in Cox’s analysis for a finite 𝛼̅2 , the force per unit length, 𝒇̃net , like 𝒇̃ is Cox’s analysis, can be
written as

𝒇̃𝑛𝑒𝑡 = 𝒇̃𝟎 +

𝒇̃𝟏
𝒇̃′𝟏
′
̃
+ 𝛼̅2 (𝒇𝟎 +
).
ln(𝐴)
ln(𝐴)

(S 3.5)
𝒇̃𝟎 + 𝛼̅2 𝒇̃′𝟎 should equal 𝒑 × (𝑑𝒈/𝑑𝑠. (𝑰 − 𝒑𝒑)), to ensure that there is no ln(𝜌) term in the
𝑂(1/𝐴2 ) velocity field. And this equality naturally ensures that the torque due to 𝒇̃𝟎 + 𝛼̅2 𝒇̃′ 𝟎
exactly cancels the torque due to 𝒈 in equation (S 3.2). This torque balance is true for a straight
particle with arbitrary cross-section and tapered ends. Thereby the total torque acting on the
particle is equal to the torque produced by 𝒇̃𝟏 / ln(𝐴) + 𝛼̅2 𝒇̃′𝟏 / ln(𝐴). 𝒇̃𝟏 + 𝛼̅2 𝒇̃′𝟏 is obtained by
matching the ln(𝜌) term of the 𝑂(1/(𝐴2 ln(𝐴))) velocity field with the inner solution and is equal
to 2𝒑 × (𝑑𝒈/𝑑𝑠. (𝑰 − 𝒑𝒑)). The factor of 2 in the above expression arises because there is an
additional ln(𝜌) term in the inner solution similar to the terms with 𝐶 ′ and 𝐷′ in equation (3.1) of
the main text which is absent while doing the matching for a circular cross-section. Thus, 𝑮 scales
as 𝒈/ ln(𝐴) and the result of Cox (1970) can be generalized if we obtain 𝒈 due to the slight
perturbation to a circular cross-section. This can be done analytically as shown in equation (S 3.2)
or numerically using the solution of a 2D Stokes equation in the cross-sectional plane (section
(3.3)) and a harmonic equation for the velocity field in the longitudinal direction (∇2 𝑢𝒑 = 0).
The ends of a straight particle with blunt ends lead to an 𝑂(1/𝐴2 ) torque on the particle,
which is larger than the 𝑂(1/(𝐴2 ln(𝐴))) torque for tapered ended particles shown in the above
analysis. Thus, the dynamics of blunt ended particles in a simple shear flow would critically
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depend on the shape of the ends. We quantify the effect of the ends on 𝝎 using a thought
experiment similar to the one in section (3.1). For the thought experiment, only the effect of the
straining component of the SSF is required as the rotational component forces a torque-free particle
to perform a solid body rotation.
Consider a blunt-ended slender particle with a cross-section which has an 𝑁 𝑡ℎ Fourier
mode perturbation to a circle placed in a straining flow of strain rate 𝑬. Using symmetry of each
Fourier mode and linearity of the flow field, the torque per unit length on the particle, 𝒈, in the
transverse direction can be given by
𝒈. (𝑰 − 𝒑𝒑) = (𝒑 × 𝒏)[𝜒̃1 𝒑. 𝑬. 𝒑 + 𝜒̃2 𝒑. 𝑬. 𝒏 + 𝜒̃3 𝒏. 𝑬. 𝒏 + 𝜒̃4 (𝒑 × 𝒏). 𝑬. (𝒑 × 𝒏)]
+ 𝒏[𝜒̃5 𝒑. 𝑬. (𝒑 × 𝒏) + 𝜒̃6 𝒏. 𝑬. (𝒑 × 𝒏)] + 𝜒̃7 (𝒑. 𝑬) × 𝒑 + 𝜒̃8 (𝒏. 𝑬) × 𝒑
(S 3.6)
where 𝜒̃𝑖 , 𝑖 = 1,2, … ,8 are geometric parameters and 𝒏 is the orientation along one of the lines of
symmetry of the cross-section. Similarly, using the linearity of the flow field and the crosssectional shape, the force generated at the ends of the particle in the transverse direction, 𝑭𝒆𝒏𝒅 , can
be written as
𝑭𝑒𝑛𝑑 = 𝒏[𝜉̃1 𝒑. 𝑬. 𝒑 + 𝜉̃2 𝒑. 𝑬. 𝒏 + 𝜉̃3 𝒏. 𝑬. 𝒏 + 𝜉̃4 (𝒑 × 𝒏). 𝑬. (𝒑 × 𝒏)]
+ (𝒑 × 𝒏)[𝜉̃5 𝒑. 𝑬. (𝒑 × 𝒏) + 𝜉̃6 𝒏. 𝑬. (𝒑 × 𝒏)] + 𝜉̃7 𝒑. 𝑬. (𝑰 − 𝒑𝒑)
+ 𝜉̃8 𝒏. 𝑬. (𝑰 − 𝒑𝒑)
(S 3.7)
where 𝜉̃𝑖 , for 𝑖 = 1,2, … ,8, are parameters which depend on the shape of ends of the particle. 𝝎 is
linear in 𝒈. (𝑰 − 𝒑𝒑) and 𝒑 × 𝑭𝒆𝒏𝒅 . The symmetry of the Fourier modes implies that 𝒈. (𝑰 − 𝒑𝒑)
and 𝑭𝒆𝒏𝒅 given respectively by equations (S 3.6) and (S 3.7) should be identical if 𝒏 is along any
other line of symmetry. It can be easily shown, similar to the analysis in section (3.3), that 𝜉̃𝑖 and
𝜒̃𝑖 , for 𝑖 = 1, … 7, are non-zero only for the second Fourier mode perturbations to a circle. For the
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third and higher Fourier mode perturbations, 𝒈. (𝑰 − 𝒑𝒑) and 𝒑 × 𝑭𝒆𝒏𝒅 are proportional to
𝑬. 𝒑 × 𝒑 which is proportional to 𝝎 due to the straining component of a SSF for an axisymmetric
particle. Therefore, for straight particles with cross-sections that have 𝛼2 = 0, the angular velocity
of the particle is similar to the angular velocity of an 𝑂(𝐴/√ln(𝐴)) aspect ratio spheroid as shown
for a circular cylinder by Cox (1971). The exact relationship can be obtained from experiments or
a numerical solution wherein we obtain the torque acting on the particle at two different
orientations.
S.4 Force per unit length on a slender ring
The force per unit length acting on a ring with a non-circular cross-section, 𝜌 =
𝑎(1 + 𝛼ℎ(𝜃)), is the solution of equation (3.12) from the main text in which C’ and D’ can be
obtained using equation (3.4) and (3.5) respectively. The stream-function 𝜓̃, required in equations
(3.4) and (3.5), for a SSF, is given by
2

2

−2

𝜌
𝜌
𝜌
𝜌
𝜓̃ =  𝑎̃0 ((𝑎) − 2 ln (𝑎 )) + (𝑎2 cos(2𝜃) + 𝑎̂2 sin(2𝜃)) ((𝑎 ) + (𝑎 )

− 2)

(S 4. 1)

̃ approaches the value
where ã0 , 𝑎2 , and 𝑎̂2 are constants such that the velocity field produced by ψ
for the SSF for ρ ≫ a. ã 0 = 0.25a((γ3 − γ4 ) cos(ϕ) − γ5 sin(ϕ)), a2 = −0.25a[(γ3 +
γ4 ) cos(ϕ) + γ5 sin(ϕ)],

â 2 = 0.25a[γ1 (1 + cos 2 (ϕ)) + γ2 cos(ϕ) sin(ϕ)],

where

the

constants 𝛾𝑖 , with i ={1, 2, …, 5}, are related to the gradient of the imposed SSF and are given by
𝛾1 = 𝜵𝒖∞ : 𝒏𝒏, 𝛾2 = 𝜵𝒖∞ : 𝒏𝒃, 𝛾3 = 𝜵𝒖∞ : 𝒏𝒑, 𝛾4 = 𝜵𝒖∞ : 𝒑𝒏, 𝛾5 = 𝜵𝒖∞ : 𝒑𝒃.
Thus, C’ and D’ are given by
1

2𝜋

𝑓

𝑓𝑦

𝐶 ′ = 𝜋 ∫0 𝑑𝜃 cos(𝜃) 𝑔(𝜃) {8[𝑎2 cos(2𝜃) + â 2 sin(2𝜃)] + 4 [− 8𝜋𝑥 sin(𝜃) + 8𝜋 cos(𝜃)]},
(S 4.3 a)
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(S 4.2)

2𝜋

1

𝑓

𝑓

𝐷′ = 𝜋 ∫0 𝑑𝜃 sin(𝜃) 𝑔(𝜃) {8[𝑎2 cos(2𝜃) + â2 sin(2𝜃)] + 4 [− 8𝜋𝑥 sin(𝜃) + 8𝜋𝑦 cos(𝜃)]}.
(S 4.3 b)
The function 𝑔(𝜃), defining the contour of the cross-section, can be written in terms of Fourier
modes in 𝜃, as shown in section 3. From equations (S 4.3 a) and (S 4.3 b), it can be easily seen
that C’ and D’ are only affected for ℎ(𝜃) = 𝑐𝑜𝑠(2𝜃 − 2𝜃02 ) and ℎ(𝜃) = 𝑐𝑜𝑠(3𝜃 − 3𝜃03 ),which
are the second and the third Fourier modes respectively. For a cross-sectional shape given by 𝜌𝑐 =
𝑎(1 + α2 cos(2θ − 2θ02 ) + 𝛼3 cos(3θ − 3θ03 )), where 𝛼𝑖 ≪ 1for i = {2, 3}, we have (C2′ , D′2 )
and (C3′ , D′3 ), similar to

(C ′ , D′ ), corresponding to the second and the third Fourier mode

respectively. (C2′ , D′2 ) and (C3′ , D′3 ) are given by
𝑓

𝑓𝑦

𝐶2′ = 2 [− 8𝜋𝑥 sin(2𝜃02 ) + 8𝜋 cos(2𝜃02 )],

𝑓

𝑓𝑦

(S 4.4 a)

𝐷2′ = 2 [8𝜋𝑥 cos(2𝜃02 ) + 8𝜋 sin(2𝜃02 )],

(S 4.4 b)

𝐶3′ = 4[𝑎2 cos(3𝜃03 ) + 𝑎̂2 sin(3𝜃03 )],

(S 4.4 c)

𝐷3′ = 4[𝑎2 sin(3𝜃03 ) − 𝑎̂2 cos(3𝜃03 )].

(S 4.4 d)

For this cross-sectional shape the force per unit length contribution due to a circular cross-section
and the second and the third Fourier mode perturbations can be obtained analytically from equation
(3.12) using elliptic integrals with errors of O(1/𝐴2 ), O(𝛼2 /𝐴2 ) and O(𝛼3 /𝐴2 ) respectively.
For rings with a cross-sectional shape which that does not vary with 𝜙 (in other words, the
ring is axisymmetric), one can deduce the azimuthal dependence of the force per unit length 𝒇𝒏𝒆𝒕
in the following way if the imposed flow field is linear. This azimuthal dependence can be obtained
by using the linearity of the Stokes flow equations and the linearity of the imposed SSF as
explained in more detail in section 3 of Borker, Stroock and Koch (2018). Using the linearity of
this system and the constraint that 𝒇𝒏𝒆𝒕 must be a real vector, we can argue that 𝒇𝒏𝒆𝒕 must be linear
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in the relative translational velocity 𝑼 = 𝑼𝒑 − 𝒖∞ (𝒓𝑪𝑶𝑴 ) of the particle and the fluid; a relative
rotation rate 𝝎 = 𝝎𝒑 − 𝝐: 𝑾∞ of the particle and the fluid, where 𝑾∞ = 𝟎. 𝟓(𝛻𝒖∞ − (𝛻𝒖∞ )𝑻 );
and a rate of strain 𝑬∞ = 𝟎. 𝟓(𝛻𝒖∞ + (𝛻𝒖∞ )𝑻 ) of the fluid. The azimuthal variation of 𝐟𝐧𝐞𝐭 is
given by
𝒇𝒏𝒆𝒕 = 𝐶1 𝑼 + 𝐶2 𝒑𝒑 ⋅ 𝑼 +  𝐶3 𝒓𝒄 𝒓𝒄 ⋅ 𝑼 + 𝐶4 𝒓𝒄 𝒑 ⋅ 𝑼 + 𝐶5 𝒑𝒓𝒄 ⋅ 𝑼 + 𝐶6 (𝒓𝒄 × 𝒑)(𝒓𝒄 × 𝒑) ⋅ 𝑼
+ 𝐶7 𝝎 × 𝒑 + 𝐶8 𝝎 × 𝒓𝒄 + 𝐶9 (𝒓𝒄 × 𝒑)𝒓𝒄 ⋅ 𝝎 + 𝐶10 (𝒓𝒄 × 𝒑)𝒑 ⋅ 𝝎 + (𝐶11 (𝝎 × 𝒑)
+ 𝐶12 (𝝎 × 𝒓𝒄 )) × (𝒓𝒄 × 𝒑) + 𝐶13 (𝝎 × 𝒓𝒄 ) ⋅ 𝒑𝒑 + 𝐶14 (𝝎 × 𝒑) ⋅ 𝒓𝒄 𝒑 + 𝐶15 (𝝎 × 𝒓𝒄 )
⋅ 𝒑𝒓𝒄 + 𝐶16 (𝝎 × 𝒑) ⋅ 𝒓𝒄 𝒓𝒄 + 𝐶17 𝒑𝒑𝒑: 𝑬∞  + 𝐶18 𝒑𝒓𝒄 𝒑: 𝑬∞  + 𝐶19 𝒑𝒓𝒄 𝒓𝒄 : 𝑬∞  + 𝐶20 𝒑
⋅ 𝑬∞  + 𝐶21 𝒓𝒄 𝒑𝒑: 𝑬∞ + 𝐶22 𝒓𝒄 𝒓𝒄 𝒑: 𝑬∞  + 𝐶23 𝒓𝒄 𝒓𝒄 𝒓𝒄 : 𝑬∞  + 𝐶24 𝒓𝒄 ⋅ 𝑬∞ 
+ 𝐶25 𝒑(𝒓𝒄 × 𝒑): 𝑬∞ (𝒓𝒄 × 𝒑) + 𝐶26 𝒓𝒄 (𝒓𝒄 × 𝒑): 𝑬∞ (𝒓𝒄 × 𝒑)
+ 𝐶27 (𝒓𝒄 × 𝒑)(𝒓𝒄 × 𝒑): 𝑬∞ 𝒑 + 𝐶28 (𝒓𝒄 × 𝒑)(𝒓𝒄 × 𝒑): 𝑬∞ 𝒓𝒄 ,

(S 4.5)
where 𝐶1 , 𝐶2 … , 𝐶28 are constants which are independent of the azimuthal position and depend only
on the cross-sectional shape and the radius of the ring. For a general particle orientation 𝒑, equation
(S 4.5) can be simplified to obtain the azimuthal dependence of 𝒇𝒏𝒆𝒕 given by
𝒇𝑛𝑒𝑡 ⋅ 𝒏 =  𝑓𝑛𝑒𝑡,𝑛0 +  𝑓𝑛𝑒𝑡,𝑛1 cos(𝜙) +  𝑓𝑛𝑒𝑡,𝑛2 cos(2𝜙) +  𝑓𝑛𝑒𝑡,𝑛3 cos(3𝜙)
+ 𝑓𝑛𝑒𝑡,𝑛4 sin(𝜙) +  𝑓𝑛𝑒𝑡,𝑛5 sin(2𝜙) +  𝑓𝑛𝑒𝑡,𝑛6 sin(3𝜙),
𝒇𝑛𝑒𝑡 ⋅ 𝒃 =  𝑓𝑛𝑒𝑡,𝑏0  + 𝑓𝑛𝑒𝑡,𝑏1 cos(𝜙) +  𝑓𝑛𝑒𝑡,𝑏2 cos(2𝜙) +  𝑓𝑛𝑒𝑡,𝑏3 cos(3𝜙)
+ 𝑓𝑛𝑒𝑡,𝑏4 sin(𝜙) + 𝑓𝑛𝑒𝑡,𝑏5 sin(2𝜙) + 𝑓𝑛𝑒𝑡,𝑏6 sin(3𝜙),
𝒇𝑛𝑒𝑡 ⋅ 𝒑 =  𝑓𝑛𝑒𝑡,𝑝0 + 𝑓𝑛𝑒𝑡,𝑝1 cos(𝜙) +  𝑓𝑛𝑒𝑡,𝑝2 cos(2𝜙) + 𝑓𝑛𝑒𝑡,𝑝3 sin(𝜙) +  𝑓𝑛𝑒𝑡,𝑝4 sin(2𝜙),
(S 4.6)
where 𝑓𝑛𝑒𝑡,𝑖𝑗 , with 𝑖 = {𝑛, 𝑏, 𝑝} and𝑗 =  {1, 2, …, 6} depend only on the cross-sectional shape
and the radius of the ring. We can write 𝒇𝒏𝒆𝒕 = 𝒇 + 𝛼2 𝒇′𝟐 + 𝛼3 𝒇′𝟑 , where 𝒇,𝒇′𝟐 and 𝒇′𝟑 are the force
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per unit length due to the unperturbed, the second and the third Fourier mode perturbation to a
circle respectively. Since the azimuthal variation given by equation (S 4.6) is true for any crosssectional shape, 𝒇,𝒇′𝟐 and 𝒇′𝟑 follow this azimuthal variation with the corresponding constants 𝑓𝑖𝑗 ,
′
′
′
𝑓2,𝑖𝑗
and 𝑓3,𝑖𝑗
respectively, with i ={n,b,p} and j = {1, 2, … , 6}, such that 𝑓𝑛𝑒𝑡,𝑖𝑗 = 𝑓𝑖𝑗 + 𝛼2 𝑓2,𝑖𝑗,
+
′
𝛼3 𝑓3,𝑖,𝑗
. On substituting the azimuthal variation of 𝒇𝒏𝒆𝒕 from equation (S 4.6) and using the fact

that 𝑠 = 𝑅𝜙, the integral in equation (3.12) can be expressed in terms of elliptic integrals, thereby
′
′
avoiding an iterative process. The constants 𝑓𝑖𝑗 , 𝑓2,𝑖𝑗
and 𝑓3,𝑖𝑗
can be obtained in terms of a small

parameter, 𝜖𝑅 = 1/ ln(8𝐴). We utilize 𝒇𝒏𝒆𝒕 to obtain the translational and rotational dynamics on
a force and torque free ring with a non-circular cross-section.
The constants 𝑓𝑖𝑗 , which give the force per unit length for a ring with a circular crosssection, are given by
17
𝑓𝑛0 𝑈𝑛 𝜖𝑅 (3 − 2 𝜖𝑅 )
=
8𝜋
8 (1 − 5 𝜖 − 𝜖 2 )
𝑅
2 𝑅
16
1211
(1 − 3 𝜖𝑅 + 180 𝜖𝑅2 )
𝑓𝑛1
7𝛾1 𝜖𝑅
=−
8𝜋
16 (1 − 151 𝜖 + 514 𝜖 2 ) (1 − 5 𝜖 )
30 𝑅
90 𝑅
2 𝑅
7
𝑓𝑛2 𝑓𝑏5 𝑈𝑛 𝜖𝑅 (1 − 2 𝜖𝑅 )
=
=
8𝜋 8𝜋
8 (1 − 5 𝜖 − 𝜖 2 )
𝑅
2 𝑅
25
(1 − 6 𝜖𝑅 )
𝑓𝑛3 𝑓𝑏6
𝛾1 𝜖𝑅
=
=−
8𝜋 8𝜋
16 (1 − 151 𝜖 + 514 𝜖 )
30 𝑅
90 𝑅
773
1387
(1 − 150 𝜖𝑅 + 225 𝜖𝑅2 )
−𝜔𝑝 𝜖𝑅
𝑓𝑛4
5𝛾2 𝜖𝑅
=
−
8𝜋 4(1 − 2𝜖𝑅 )
16 (1 − 151 𝜖 + 514 𝜖 2 ) (1 − 2𝜖 )
𝑅
30 𝑅
90 𝑅
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7 2
𝑓𝑛5
𝑓𝑏2 𝑈𝑏 𝜖𝑅 (1 − 2 𝜖𝑅 )
=−
=
8𝜋
8𝜋
8 (1 − 5 𝜖 − 𝜖 2 )
𝑅
2 𝑅
25
(1 − 6 𝜖𝑅 )
𝑓𝑛6
𝑓𝑏3
𝛾2 𝜖𝑅
=−
=−
8𝜋
8𝜋
16 (1 − 151 𝜖 + 514 𝜖 2 )
30 𝑅
90 𝑅
17
𝑓𝑏0 𝑈𝑏 𝜖𝑅 (3 − 2 𝜖𝑅 )
=
8𝜋
8 (1 − 5 𝜖 − 𝜖 2 )
𝑅
2 𝑅
507
718
(1 − 90 𝜖𝑅 + 90 𝜖𝑅2 )
𝜔𝑝 𝜖𝑅
𝑓𝑏1
𝛾2 𝜖𝑅
=
−
8𝜋 4(1 − 2𝜖𝑅 )
16 (1 − 151 𝜖 + 514 𝜖 2 ) (1 − 2𝜖 )
𝑅
30 𝑅
90 𝑅
88
253
(1 − 30 𝜖𝑅 − 180 𝜖𝑅2 )
𝑓𝑏4
𝛾1 𝜖𝑅
=−
8𝜋
16 (1 − 151 𝜖 + 514 𝜖 2 ) (1 − 5 𝜖 )
30 𝑅
90 𝑅
2 𝑅
𝑓𝑝0
𝑈𝑝 𝜖𝑅
=
8𝜋
𝜖𝑅 + 2
(𝜔𝑏 + 𝛾4 )𝜖𝑅
𝑓𝑝1
=−
8𝜋
2 − 3𝜖𝑅
𝑓𝑝3 (𝜔𝑛 − 𝛾5 )𝜖𝑅
=
8𝜋
2 − 3𝜖𝑅
𝑓𝑝2 = 𝑓𝑝4 = 0.
(S 4.7)
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The force per unit length, 𝒇, obtained in equation (S 4.7) with 𝒖∞ = 0 agrees exactly with the
expressions for a translating and rotating torus given in Johnson and Wu (1979). The components
of the force per unit length, 𝒇′𝟐 , for a non-circular cross-section with the second Fourier mode
perturbation (i.e. 𝜌 = 𝑎(1 + 𝛼2 cos(2𝜃 − 2𝜃02 ))), are given by

′
𝑓2,𝑛0
=−

′
𝑓2,𝑛1

1 (1 − 3𝜖𝑅 )
(2𝑓𝑝1 sin(2𝜃02 ) + cos(2𝜃02 ) (2𝑓𝑛0 + 𝑓𝑛2 + 𝑓𝑏5 ))
8 (1 − 5 𝜖 − 𝜖 2 )
𝑅
2 𝑅

52
𝑓𝑝2 (1 − 15 𝜖𝑅 )
𝑓𝑝0
𝜖𝑅
𝜖𝑅
= − sin(2𝜃02 ) [
+
]
2 (1 − 5 𝜖 ) 4 (1 − 151 𝜖 + 514 𝜖 2 )
2 𝑅
30 𝑅
90 𝑅
cos(2𝜃02 ) 𝜖𝑅
3
481
1808 2
+
[− 𝑓𝑛1 (1 −
𝜖𝑅 +
𝜖 )
5
151
514
90
270 𝑅
(1 − 2 𝜖𝑅 ) (1 − 30 𝜖𝑅 + 90 𝜖𝑅2 ) 8
𝑓𝑏4
41
248 2
𝑓𝑛3
52
5
−
(1 − 𝜖𝑅 +
𝜖𝑅 ) −
(1 − 𝜖𝑅 ) (1 − 𝜖𝑅 )]
8
10
90
4
15
2

′
′
𝑓2,𝑛2
= 𝑓2,𝑏5
=−

′
𝑓2,𝑛3

=

′
𝑓2,𝑏6

′
′
𝑓2,𝑛4
= 𝑓2,𝑏1

(1 − 𝜖𝑅 )
1
(2𝑓𝑝1 sin(2𝜃02 ) + cos(2𝜃02 ) (2𝑓𝑛0 + 𝑓𝑛2 + 𝑓𝑏5 ))
8 (1 − 5 𝜖 − 𝜖 2 )
𝑅
2 𝑅

8
8
𝜖𝑅 sin(2𝜃02 ) 𝑓𝑝2 (1 − 3 𝜖𝑅 ) cos(2𝜃02 ) 𝜖𝑅 (1 − 3 𝜖𝑅 ) −𝑓𝑛1 + 𝑓𝑏4 − 2𝑓𝑛3
=
+
(
)
151
514 2
4 (1 − 151 𝜖 + 514 𝜖 2 )
8
1 − 30 𝜖𝑅 + 90 𝜖𝑅
30 𝑅
90 𝑅

52
(1 − 15 𝜖𝑅 )
𝜖𝑅
[2𝑓 sin(2𝜃02 ) + cos(2𝜃02 ) (𝑓𝑏1 + 𝑓𝑛4 + 2𝑓𝑛6 )]
=−
8 (1 − 151 𝜖 + 514 𝜖 2 ) 𝑝4
30 𝑅
90 𝑅

′
′
𝑓2,𝑛5
= −𝑓2,𝑏2
=−

(1 − 𝜖𝑅 )
1
(2𝑓𝑝3 sin(2𝜃02 ) + cos(2𝜃02 ) (2𝑓𝑏0 + 𝑓𝑛5 − 𝑓𝑏2 ))
8 (1 − 5 𝜖 − 𝜖 2 )
𝑅
2 𝑅
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′
′
𝑓2,𝑛6
= −𝑓2,𝑏3

8
(1 − 3 𝜖𝑅 )
𝜖𝑅
[2𝑓𝑝4 sin(2𝜃02 ) + cos(2𝜃02 ) (𝑓𝑏1 + 𝑓𝑛4 + 2𝑓𝑛6 )]
=−
8 1 − 151 𝜖 + 514 𝜖 2
30 𝑅
90 𝑅

′
𝑓2,𝑏0
=−

′
𝑓2,𝑏4

1 (1 − 3𝜖𝑅 )
(2𝑓𝑝3 sin(2𝜃02 ) + cos(2𝜃02 ) (2𝑓𝑏0 + 𝑓𝑛5 − 𝑓𝑏2 ))
8 (1 − 5 𝜖 − 𝜖 2 )
𝑅
2 𝑅

52
𝑓𝑝2 (1 − 15 𝜖𝑅 )
𝑓𝑝0
𝜖𝑅
𝜖𝑅
= sin(2𝜃02 ) [−
+
]
2 (1 − 5 𝜖 ) 4 (1 − 151 𝜖 + 514 𝜖 2 )
2 𝑅
30 𝑅
90 𝑅
cos(2𝜃02 ) 𝜖𝑅
1
41
248 2
+
[− 𝑓𝑛1 (1 − 𝜖𝑅 +
𝜖 )
5
151
514
10
90 𝑅
(1 − 2 𝜖𝑅 ) (1 − 30 𝜖𝑅 + 90 𝜖𝑅2 ) 8
3𝑓𝑏4
481
1808 2
𝑓𝑛3
52
5
−
(1 −
𝜖𝑅 +
𝜖𝑅 ) +
(1 − 𝜖𝑅 ) (1 − 𝜖𝑅 )]
8
90
270
4
15
2
′
𝑓2,𝑝0
𝑓𝑝0 cos(2𝜃02 ) − 0.5(𝑓𝑛1 + 𝑓𝑏4 ) sin(2𝜃02 )
= 𝜖𝑅
8𝜋
2 + 𝜖𝑅

′
𝑓2,𝑝1
𝑓𝑝1 cos(2𝜃02 ) − 0.5(2𝑓𝑛0 + 𝑓𝑏5 + 𝑓𝑛2 ) sin(2𝜃02 )
= 𝜖𝑅
8𝜋
2 − 3𝜖𝑅

′
𝑓2,𝑝2
𝑓𝑝2 cos(2𝜃02 ) − 0.5(𝑓𝑛1 + 𝑓𝑛3 − 𝑓𝑏4 + 𝑓𝑏6 ) sin(2𝜃02 )
= 𝜖𝑅
13
8𝜋
2 − 3 𝜖𝑅

′
𝑓2,𝑝3
𝑓𝑝3 cos(2𝜃02 ) − 0.5(2𝑓𝑏0 − 𝑓𝑏2 + 𝑓𝑛5 ) sin(2𝜃02 )
= 𝜖𝑅
8𝜋
2 − 3𝜖𝑅

′
𝑓2,𝑝4
𝑓𝑝4 cos(2𝜃02 ) − 0.5(𝑓𝑏1 + 𝑓𝑛4 + 𝑓𝑛6 − 𝑓𝑏3 ) sin(2𝜃02 )
= 𝜖𝑅
.
13
8𝜋
2 − 3 𝜖𝑅

(S 4.8)
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The components of the force per unit length, 𝒇′𝟑 , for a non-circular cross-section with the third
Fourier mode perturbation (i.e. 𝜌 = 𝑎(1 + 𝛼3 cos(3𝜃 − 3𝜃03 ))), are given by
′
(𝛾3 + 𝛾4 )𝑎 sin(3𝜃03 ) 𝜖𝑅
𝑓3,𝑛0
(1 − 3𝜖𝑅 )
=
5
8𝜋
8
(1 − 2 𝜖𝑅 − 𝜖𝑅2 )

155
184
′
1 − 30 𝜖𝑅 + 30 𝜖𝑅2
𝑓3,𝑛1
7𝛾1 𝑎cos(3𝜃03 )𝜖𝑅
=
151
514
5
8𝜋
16
(1 − 30 𝜖𝑅 + 90 𝜖𝑅2 ) (1 − 2 𝜖𝑅 )
′
(𝛾5 )𝑎 sin(3𝜃03 ) 𝜖𝑅 (1 − 3𝜖𝑅 )
𝑓3,𝑏0
=
5
8𝜋
8
(1 − 2 𝜖𝑅 − 𝜖𝑅2 )

52
′
′
1 − 15 𝜖𝑅
𝑓3,𝑏1
𝑓3,𝑛4
𝛾2 𝑎cos(3𝜃03 )𝜖𝑅
=
=
151
514
8𝜋
8𝜋
16
(1 − 30 𝜖𝑅 + 90 𝜖𝑅2 )
′
′
(𝛾3 + 𝛾4 )𝑎 sin(3𝜃03 ) 𝜖𝑅
𝑓3,𝑛2
𝑓3,𝑏5
(1 − 𝜖𝑅 )
=
=
5
8𝜋
8𝜋
8
(1 − 2 𝜖𝑅 − 𝜖𝑅2 )

′
′
𝑓3,𝑏2
𝑓3,𝑛5
𝛾5 𝑎 sin(3𝜃03 ) 𝜖𝑅
1 − 𝜖𝑅
=−
=−
5
8𝜋
8𝜋
8
1 − 2 𝜖𝑅 − 𝜖𝑅2

8
′
′
1 − 3 𝜖𝑅
𝑓3,𝑛3
𝑓3,𝑏6
𝛾1 𝑎cos(3𝜃03 )𝜖𝑅
=
=
151
514
8𝜋
8𝜋
16
(1 − 30 𝜖𝑅 + 90 𝜖𝑅2 )
8
′
′
1 − 3 𝜖𝑅
𝑓3,𝑏3
𝑓3,𝑛6
𝛾2 𝑎cos(3𝜃03 )𝜖𝑅
=−
=−
151
514
8𝜋
8𝜋
16
(1 − 30 𝜖𝑅 + 90 𝜖𝑅2 )
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727
768
′
1 − 150 𝜖𝑅 + 150 𝜖𝑅2
𝑓3,𝑏4
5𝛾1 𝑎cos(3𝜃03 )𝜖𝑅
=
151
514
5
8𝜋
16
(1 − 30 𝜖𝑅 + 90 𝜖𝑅2 ) (1 − 2 𝜖𝑅 )

′
𝑓3,𝑝0
=

′
𝑓3,𝑝1
=−

3𝜖𝑅 𝛾1 𝑎 sin(3𝜃03 )
4
2 + 𝜖𝑅

𝜖𝑅 𝑎 cos(3𝜃03 )
(𝛾3 + 𝛾4 )
2(2 − 3𝜖𝑅 )

′
𝑓3,𝑝2
=

𝑎 sin(3𝜃03 ) 𝜖𝑅
𝛾1
13
4 (2 − 3 𝜖𝑅 )

′
𝑓3,𝑝3
=−

′
𝑓3,𝑝4
=

𝜖𝑅 𝑎 cos(3𝜃03 )
𝛾
2(2 − 3𝜖𝑅 ) 5

𝜖𝑅 𝑎 sin(3𝜃03 )
𝛾2 .
13
4 (2 − 3 𝜖𝑅 )

(S 4.9)
The force per unit length given by (S 4.7) – (S 4.9) can be used for cross-sections with
negligibly small values of 𝐾𝑧𝑧 by replacing (𝛼02 , 𝛼03 , 𝜃02 , 𝜃03 ) with the corresponding values
obtained from the analysis in section (3.3) of the main text. For slightly non-circular cross-sections,
𝐾𝑧𝑧 is 𝑂(𝛼22 ) as shown in section (S 2). It remains small even for cross-sections with larger
deviations from a circle and was found to be below 0.05 for all the cross-sections studied in the
paper. Thus, the analytical expressions developed here maintain great accuracy.
The values of the dynamic parameters of the particle, 𝜆, 𝜂1 and 𝜂2 are obtained by applying
the force-free (∫ 𝒇𝒏𝒆𝒕 (𝜙)𝑅𝑑𝜙 = 𝟎) and torque-free (∫((𝒓 − 𝒓𝑪𝑶𝑴 ) × 𝒇𝒏𝒆𝒕 (𝜙) + 𝒈)𝑑𝜙 = 𝟎)
̃ ) + (𝒓𝒄 − 𝒓𝑪𝑶𝑴 ) × ∫ 𝑑𝑠𝑐 cos(𝜃) /
conditions on the particle, where 𝒈 = ∫ 𝑑𝑠𝑐 (𝒓 − 𝒓𝒄 ) × (𝝈 ⋅ 𝒏
̃ ), 𝝈 is the stress tensorobtained from the solution of two 2D Stokes flow problems
𝐴 (𝝈 ⋅ 𝒏
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̃ is the unit normal to the surface
mentioned in section (3.3) with 𝒖 = 𝒖∞ on the outer boundary, 𝒏
of the particle and 𝑑𝑠𝑐 is the elemental length along the cross-sectional contour. To understand the
form of 𝒈, consider the torque computed directly from the stresses:

∬ 𝑑𝐴 (𝒓 − 𝒓𝑪𝑶𝑴 ) × (𝝈 ⋅ 𝒏
̃ ) = ∫ 𝑑𝜙 ∫ 𝑑𝑠𝑐 (1 +

cos(𝜃)
̃)
) (𝒓 − 𝒓𝑪𝑶𝑴 ) × (𝝈 ⋅ 𝒏
𝐴

(S 4.10)
Equation (S 4.10) is modified to have a term with an 𝑂(1/𝐴) moment arm about the center of the
cross-section (𝒈) and another that has an 𝑂(1) moment arm ((𝒓 − 𝒓𝑪𝑶𝑴 ) × 𝒇𝒏𝒆𝒕 ). The inner
integral can be rewritten in the form

∫ 𝑑𝑠𝑐  (1 +

cos(𝜃)
̃)
) (𝒓 − 𝒓𝑪𝑶𝑴 ) × (𝝈 ⋅ 𝒏
𝐴
̃ ) + (𝒓𝒄 − 𝒓𝑪𝑶𝑴 ) × ∫ 𝑑𝑠𝑐 
= ∫ 𝑑𝑠𝑐 (𝒓 − 𝒓𝒄 ) × (𝝈 ⋅ 𝒏
+ (𝒓𝒄 − 𝒓𝑪𝑶𝑴 ) × 𝒇𝒏𝒆𝒕 + 𝑂 (

cos(𝜃)
(𝝈 ⋅ 𝒏
̃)
𝐴

1
),
𝐴3

̃ . The two integrals on the right-hand side correspond to the torque per
where 𝒇𝒏𝒆𝒕 = ∫ 𝑑𝑠𝑐 𝝈 ⋅ 𝒏
̃ ) + (𝒓𝒄 − 𝒓𝑪𝑶𝑴 ) × ∫ 𝑑𝑠𝑐  cos(𝜃) /𝐴(𝝈 ⋅ 𝒏
̃ ). The second
unit length 𝒈 = ∫ 𝑑𝑠𝑐 (𝒓 − 𝒓𝒄 ) × (𝝈 ⋅ 𝒏
term is present because of finite curvature of the slender body. The above two integrals can be
obtained from the solution of 2D Stokes flow equations and ∇2 𝑢𝑧 = 0, similar to the one in section
(3.3), wherein the outer boundary has 𝒖 = 𝒖∞ and the inner boundary satisfy a no-slip velocity.
The dynamic parameter 𝜆 is obtained by matching the torque acting on the particle when it is
placed in a simple shear flow with 𝒑 = 𝚪̂∞ to the torque of required to rotate a ring in a quiescent
flow (4𝜋 2 𝝎/(ln(8𝐴) − 1.5)). On simplifying the torque free condition 𝜆 is given by

𝜆 = −1 −

𝛼3 cos(3𝜃03 )
𝐴

+

(ln(8𝐴)−1.5)
2𝜋2

̂ ∞  = −1 − 𝛼3 cos(3𝜃03 ) + (ln(8𝐴)−1.5)
𝐶𝜆 ,
∫ 𝑑𝜙𝒈. 𝛀
𝐴
𝐴2
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̂ ∞ )/(2𝜋 2 )~𝑂(1). This integral can be performed analytically for a
where 𝐶𝜆 = 𝐴2 (∫ 𝑑𝜙𝒈 ⋅ 𝛀
circular cross-section by solving for 𝝈 corresponding to a transverse velocity field specified by 𝜓̃
and a longitudinal velocity field specified by 𝑢̃𝑧 given by equations (S 1.4) and (S 1.3) respectively
yielding 𝐶𝜆 = 1.5. 𝐶𝜆 = 1.5 was also found to be a good approximation for the shapes studied in
section (6.3).
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CHAPTER 4

Rheology of a dilute suspension of tumbling rings
1. Introduction
High-aspect ratio particle suspension are useful in a number of practical applications such
as fabrication of high-strength composites using fibers or mica flakes (Mansouri, et al., 2005),
using conducting fibers for production of conducting optical films used in touchscreen devices
(De, et al., 2009) or making paper using fiber suspension (Lundell, et al., 2011). The quality of the
final product crucially depends on the orientational dynamics of individual particles during the
processing step which is influenced by the shape of individual particles as well as interactions
between particles even at small particle number densities (𝑛 ≪ 1). The dilute suspension rheology
of high-aspect ratio fibers in a simple shear flow, which is a linear approximation to many
processing flows such as injection molding or spin casting, has been extensively studied using
experiments (Anczurowski & Mason, 1968; Stover, et al., 1992), theory and numerical simulations
(Mackaplow & Shaqfeh, 1996). Theoretical analysis describing the influence of pairwise
interactions gives insight into the physical mechanisms governing the suspension rheology
(Mackaplow & Shaqfeh, 1996) and the steady state orientation distribution of particles (Rahnama,
et al., 1995 ) thereby aiding the design of processing equipment using fiber suspensions. However,
a dilute rheology calculation including pairwise particle interactions is absent for any other highaspect ratio particle. Reported orientational distribution for disc suspensions (Anczurowski &
Mason, 1968) are questionable since their measurements for dilute fiber suspensions (𝑛~𝑂(10−2 )
comparable to their disc measurements) were found to be strongly affected by secondary flows in
the Coutte device (Stover, et al., 1992). Furthermore, high-aspect ratio discs have solid-body
contact in shear flows (Singh, et al., 2014) at dilute concentrations (𝑛 ≪ 1) with a frequency that
is comparable to the strongest hydrodynamic interactions suggesting a new mechanism driving the
rheology of discs, as well as other planar particles, namely collisions. Dilute rheology study for
high-aspect ratio discs does not exist partly due to the high computational cost involved in using
finite-volume or boundary element methods. High aspect ratio rings provide a convenient way to
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explore the effect of collisions on the dilute rheology and orientational statistics using slender body
theory to compute the velocity disturbances.
In this, work the dilute rheology of a suspension of tori is established using numerical
simulations which captures both hydrodynamic interaction and collision between two particles.
Hydrodynamic interactions are modeled in the slender body theory framework and collisions are
modeled using a short-range repulsive force as described in section (2). Particle collisions have a
dominating effect towards setting the steady state orientation distribution of the rings and thereby
also influencing the rheology. The shear rate dependence on the suspension rheology is established
in section (3) using Brownian Dynamics simulations of a single ring. The shear rate of the simple
shear flow 𝛾, the fluid viscosity 𝜇𝑓 and the radius of the torus 𝑅 is used to non-dimensionalize any
quantity of interest. The aspect ratio of the ring 𝐴 is defined as the ratio of 𝑅 and the cross-sectional
radius 𝑎, implying 𝐴 = 𝑅/𝑎. Furthermore, discs and fibers used for comparison in the remainder
of the paper have the radius and half-length equal to the ring radius, both having the same aspect
ratio as the ring.
Rings have higher surface area to volume ratio compared to high-aspect ratio discs or
fibers, making them useful in drug delivery and catalysis (Wittstock, et al., 2010) due to a shorter
diffusion pathway. Furthermore, a hexagonal closed lattice of slender rings has a volume fraction
of 𝜋 2 /(2√3𝐴) making even concentrated suspension of rings highly porous. Ring suspensions
could be used to fabricate porous materials for hydrogen fuel storage,

𝐶𝑂2 capture or

electrochemical reactors (Qi, et al., 2014) using simple processing flow techniques. Rings can be
fabricated using a variety of materials organic polysaccharides to inorganic nanoparticles using
the vortex ring freezing technique (An, et al., 2016), allowing for experimental validation of our
results and also allowing the exploration of the suspension rheology at higher particle
concentrations. Additionally, high aspect ratio rings allow the use of slender body theory (Borker
& Koch, in press) for calculating the hydrodynamic interactions between particles drastically
reducing the computational cost compared to finite-volume or boundary-element method
simulations required for discs. Rings can be thought of as a bent fiber or a disc with a hole and is
a natural geometry to understand how particle shape influences suspension rheology.
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Before elucidating the simulation strategy, Jeffery’s solution (Jeffery, 1922) describing the
motion of axisymmetric particles is discussed. The rate of change of the orientation of the axis of
symmetry 𝒑 of any axisymmetric particle is given by
𝒑̇ = 𝒑 ⋅ 𝑹∞  + 𝜆(𝑬∞ ⋅ 𝒑 − 𝑬∞ : 𝒑𝒑𝒑)(1.1)
where 𝑹∞ = 0.5(𝛁𝒖∞ − (𝛁𝒖∞ )𝑻 )is the vorticity tensor, 𝑬∞ = 0.5(𝛁𝒖∞ + (𝛁𝒖∞ )𝑻 )isthe rate
of strain tensor and 𝜆 is a geometric parameter which is equal to −1 + 1.5(ln(8𝐴) − 1.5)/𝐴2 for
high aspect ratio rings (Borker & Koch, in press), −1 + 2.24(1 + 0.21𝐴−0.5 )/𝐴1.5 for thin discs
(Singh, et al., 2014) and 1 − 0.65 ln(𝐴) /𝐴2 for fibers (Cox, 1971). In our calculations, 𝜆 is
accurately calculated using boundary element method (BEM) calculations (Borker, et al., 2018).

(a)

(b)

Figure 1 (a) Coordinate system and definition of the azimuthal (𝜙) and polar (𝜃) angles. (b) Jeffery
orbits of a tumbling torus with 𝐴 = 40 with 𝜆 = −1 + 4 × 10−3 and 𝜙 𝑇 ≈ 0.045.
The solution of equation (1.1) is given by
𝑡
tan(𝜙) =  𝜙 𝑇 tan ( + 𝜏),(1.2)
𝑇
tan(𝜃) =

𝐶𝜙 𝑇
√𝜙𝑇2 cos 2 (𝜙) + sin2 (𝜙)
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,(1.3)

where 𝑇 = 4𝜋/√1 − 𝜆2 is the time period of rotation of the ring, 𝜙 𝑇 = 2𝜋/𝑇 ≈ √(1 + 𝜆)/2, (also
referred to as the effective aspect ratio by some authors), 𝜏 is the phase angle and 𝐶 is the orbit
constant. 𝑇 is 𝑂(𝐴√𝜖) for rings, 𝑂(𝐴−0.75 ) for discs and 𝑂(𝐴√𝜖) for fibers, where 𝜖 = 1/ ln(8𝐴).
The orientation trajectories of equation (1.1) are closed loops known as Jeffery orbits specified by
𝐶 and are shown in figure 1 (b) for an 𝐴 = 40torus. One characteristic of high-aspect ratio rings
is that the orbits are pinched near the gradient direction. 𝜃̃ = 𝜋/2 − 𝜃 gives the measure of the
tilt of ring relative to the flow vorticity plane (or the tilt of 𝒑 from 𝚪̂∞ ). Equation (1.2) suggests
that 𝜙~𝑂(𝜙 𝑇 ) ≪ 1 most of the times and has an 𝑂(1) value only when the 𝒑 tumbles across the
flow-vorticty plane, which happens with a probability of 𝑂(𝜙 𝑇 ). The value of 𝜃 when 𝜙 → 𝜙 𝑇 is
𝑂(atan(𝐶 )) implying that 𝒑 makes a small angle with 𝚪̂∞ only when 𝐶 ≫ 𝑂(𝜙 −1
𝑇 ) and 𝒑 makes
an 𝑂(1) angle only when 𝐶~𝑂(1) or smaller. When 𝒑 crosses the flow-vorticity plane (i.e., 𝜙 =
̂ ∞ when 𝐶~𝑂(1) and an 𝑂(1) angle
𝜋/2), 𝜃 = atan(𝐶𝜙 𝑇 ) implying 𝒑 makes a small angle with 𝛀
when 𝐶 ≫ 𝑂(𝜙 −1
𝑇 ). In other words, if 𝜃 and 𝜙 are set to random 𝑂 (1) values, the orbit constant
would most likely be 𝑂(𝜙 −1
𝑇 ) or larger. The hydrodynamic velocity disturbance created by the
particle is approximately proportional to the tilt of the ring relative to the flow-vorticity plane.
Therefore, a ring in the orbits with 𝐶 ≫ 𝑂(𝜙 −1
𝑇 ) generates an 𝑂 (𝜖 ) disturbance when it is tumbling
(i.e. 𝒑 crossing the flow-vorticity plane) and a much smaller 𝑂(𝜙 𝑇 𝜖) disturbance when it is in the
temporarily aligned. On the other hand, rings rotating is orbits with 𝐶 of 𝑂(1) or smaller, will
generate an 𝑂(𝜖 ) velocity disturbance all the time. However, since most of the orientational space
is filled with the 𝐶 ≫ 𝜙 −1
𝑇 orbits pairwise hydrodynamic interactions, interparticle collisions and
Brownian motion tends to force the steady sate orientation distribution to accumulate in near the
𝐶 ≫ 𝜙 𝑇−1 orbits.
The hydrodynamic stresslet tensor 𝑺𝐻𝑦𝑑 equal to the symmetric part of the first moment of
the stress acting on the particle is used to quantify the anisotropic change in the suspension stress
due to the presence of a rigid particle. 𝑺𝐻𝑦𝑑 is computed from an area integral over the particle
surface and is given by

𝑺𝐻𝑦𝑑 = ∫ 𝑑𝐴 (

𝒓(𝝈 ⋅ 𝒏) + (𝝈 ⋅ 𝒏)𝒓 𝝈: 𝒏𝒓
−
𝑰), (1.4)
𝟐
𝟑
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where 𝝈 = −𝑝𝑖𝑛𝑛𝑒𝑟 𝑰 + (𝛁𝒖𝑖𝑛𝑛𝑒𝑟 + (𝛁𝒖𝑖𝑛𝑛𝑒𝑟 )𝑻 ) is the stress tensor, 𝒖𝑖𝑛𝑛𝑒𝑟 and 𝑝𝑖𝑛𝑛𝑒𝑟 being the
velocity field and the pressure of the complete inner solution of the SBT; 𝒏 is the outward unit
normal to the surface, 𝒓 is the position vector and 𝑑𝐴 is the elemental area on the particle surface.
⟨𝑺𝐻𝑦𝑑 ⟩ is the ensemble average stresslet tensor which averages 𝑺𝐻𝑦𝑑 over the steady state
orientation distribution and can be expressed in terms of the 𝑬∞ and moments of 𝒑 for an
axisymmetric particle as
⟨𝑺𝐻𝑦𝑑 ⟩ = 𝜉1 𝑬∞  + 𝜉2 𝑬∞ : ⟨𝒑𝒑⟩𝑰 + 𝜉3 (𝑬∞ ⋅ ⟨𝒑𝒑⟩ + ⟨𝒑𝒑⟩ ⋅ 𝑬∞ ) + 𝜉4 𝑬∞ : ⟨𝒑𝒑𝒑𝒑⟩,(1.5)
where 𝜉𝑖 for 𝑖 = {1,2,3,4} are 𝑂(𝜖 ) constants that depend only on the particle geometry, with 𝜉1 +
1

𝜉3 ~𝑂 (𝐴2 ) (Kim & Karilla, 1991). 𝜉𝑖 are obtained using SBT (A1), instead of BEM calculations,
to remain consistent with the additional stresslet contributions due to pairwise interactions
computed in the following section using the SBT framework. ⟨𝑺𝐻𝑦𝑑 ⟩ requires information about
the orbit distribution which is set either by pairwise hydrodynamic interactions or weak Brownian
motion explained in the next two sections.
2. Rheology of pairwise interacting non-Brownian rings
2.1. Simulation strategy for pairwise particle interactions
The dilute suspension rheology can be calculated by monitoring the particle positions,
̂ ∞ for
orientations and the stresset tensor of two rings which are initially widely separated along 𝑼
all possible interactions of this two-particle system. A boundary element method approach to solve
this problem requires resolving the 𝑂(1/𝐴) length scale of the ring cross-section, leading to 𝑂(𝐴2 )
number of mesh elements and therefore, solution of 𝑂(𝐴2 ) integral equations at each time step
which have complications in inverting a highly dense matrix with 𝑂(𝐴4 ) elements. A finite volume
approach, in addition to resolving the cross-section, suffers from the requirement of a large domain
size at each time step. In this study, we use slender body theory to simulate the hydrodynamic
interaction (HI) and a short-range repulsive force to simulate collisions. The flow, vorticity and
gradient direction of the simple shear flow (SSF) form the global coordinate system shown in
figure 1 (a).
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Consider two particles with orientations 𝒑𝑰 and 𝒑𝑰𝑰 and center-of-mass positions located at
𝒓𝑰,𝑪𝑶𝑴 and 𝒓𝑰𝑰,𝑪𝑶𝑴 respectively. A slender body theory (SBT) formulation is used to compute the
velocity disturbance 𝒖′∞ at 𝒓 produced by a nearby particle, termed as the first refection, obtained
from a path integral over the centerline of the ring cross-section given by
2𝜋

′ ( )
𝑢∞,𝑖
𝒓

𝛿𝑖𝑗 𝑟"𝑖 𝑟"𝑗
1
∫ 𝑑𝑠𝑓𝑗 ( +
=
) ,(2.1)
8𝜋
𝑟"
𝑟"2
0

where 𝑑𝑠 being the magnitude of the elemental change along the centerline; 𝒓" = 𝒓 − 𝒓′, 𝒓′ being
a position on the centerline of the second ring; 𝒇 = 𝒇𝑆𝑆𝐹 + 𝒇𝑐𝑜𝑙 , 𝒇𝑆𝑆𝐹 being the force per unit
length exerted by the particle on the fluid obtained from the SBT solution of a single force-andtorque-free ring in a SSF (Borker & Koch, in press); and 𝒇𝑐𝑜𝑙 being the force per unit length
imparted to the particle due to the 𝑂(1) rotational and translational velocities imparted by
collisions given in equation (2.4). The rheology of fibers can be accurately predicted by only
considering the first reflection (Mackaplow & Shaqfeh, 1996) and should therefore also accurately
predict the hydrodynamic interaction of high-aspect ratio rings. Velocity disturbance produced by
subsequent reflections (i.e. the velocity disturbance produced by the force per unit length induced
by the previous reflection) will be smaller by a factor of 𝑂(𝜖) due to the high aspect ratio of the
particle. 𝒖′∞ induces an angular velocity 𝝎𝐻𝐼 , a translational velocity 𝑼𝐻𝐼 and a force per unit
length 𝒇𝐻𝐼 = 4𝜋𝜖(𝑼𝐻𝐼 + 𝝎𝐻𝐼 × (𝒓𝑐 − 𝒓𝐼,𝐶𝑂𝑀 ) − 𝒖′∞ ) ⋅ (𝑰 − 0.5𝒆𝒛 𝒆𝒛 ). 𝒇𝐻𝐼 is given by (Borker
& Koch, in press) with errors of 𝑂(1/𝐴2 ). 𝑼𝑯𝑰 and 𝝎𝑯𝑰 are obtained by applying the force and
torque free conditions respectively. In addition, 𝒇𝐻𝐼 also exerts a stresslet required to calculate the
increase in the fluid viscosity and normal stress differences in the suspension.
In addition to HI, collisions are important at dilute particle concentrations. The lubrication
force between nearly touching rings is qualitatively similar to the lubrication force between two
colliding cylinders which is 𝑂 (𝛿̇ /(𝐴2 𝛿 )) (Yamane, et al., 1994), 𝛿 being the distance of minimum
separation between the cylinders and 𝛿̇ is the rate of change of 𝛿. The stresses due to the SSF
driving the two rings together acts over the entire length fo the particle and therefore the contact
force must be 𝑂(1). Harlen and coworkers (Harlen, et al., 1999) argued that in an 𝑂(1) time 𝛿
changes by a factor of exp(−𝐴2 ), which for practical purposes would imply a solid body contact
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between the cylinders. Therefore, lubrication is too weak to prevent solid-body contact. The
𝑂(√ln(𝐴) /𝐴2 ) ideal collision frequency of fibers (Singh, et al., 2011) is much smaller than the
𝑂(√ln(𝐴) /𝐴) frequency of the most important interactions, those between an aligned and a
tumbling fiber (Rahnama, et al., 1995 ), which implies that collisions are not very important at
particle concentrations 𝑛 ≪ 1. However, rings have two longitudinal dimensions, and thereby the
ideal collision frequency is 𝑂(√ln(𝐴) /𝐴) (Singh, et al., 2011). This collision frequency is
comparable to the 𝑂(√ln(𝐴) /𝐴) frequency of interactions between tumbling and aligned rings
which have the strongest contribution to the steady state orientation distribution and the suspension
rheology. This suggests that tumbling-aligned encounters involving both solid-body collision and
hydrodynamic interactions are the predominant form of pairwise interaction for any planar, curved
slender particle. Furthermore, collisions lead to an 𝑂(1) change in 𝒑 compared to the 𝑂(𝜖 ) change
in 𝒑 of an aligned ring due to a purely hydrodynamic interaction with a neighboring tumbling ring,
making the contribution of collisions stronger than HIs2.
The collision event near the point of contact is simulated by applying a short-range
repulsive force, 𝑭𝑐𝑜𝑙 that prevents particles from passing through each other and depends only on
the distance of minimum separation of the tori 𝛿. 𝑭𝑐𝑜𝑙 acts on one or two points on the rings, the
latter case happening when one ring enters the hole of the other ring or when both rings are parallel
to each other. The functional dependence of 𝑭𝑐𝑜𝑙 on 𝛿 was chosen to be similar to 𝑭𝑐𝑜𝑙 used to
simulate collision of two discs used by Meng & Higdon (2008) and is given by

2

The mean squared change in the orientation is a measure of the change in 𝒑 due to 𝑃𝐼 and scales as the change in 𝒑

due to an interaction times the occurrence frequency of that interaction (Rahnama, et al., 1995 ). The interaction
frequency of two aligned fibers is 𝑂(1) but the change in the orientation of either particle due to HI is only 𝑂(𝜖𝜙𝑇 )
leading to a mean squared change in orientation of 𝑂(𝜖 2 𝜙𝑇2 ) = 𝑂(𝜖/𝐴2 ) which is smaller compared to both 𝑂(𝜖 1.5 /𝐴)
and 𝑂(1/(√𝜖𝐴)) values corresponding to a hydrodynamic and a collisional interaction of an aligned and a tumbling
ring.
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3

𝑭𝑐𝑜𝑙

8𝜋 𝛿𝑚𝑖𝑛
𝜂2
= 2 𝐶𝑝
(𝜂 − ) 𝒅
𝐴
𝛿
2

(2.2)
where, 𝜂 = 1 − 𝛿/𝛿𝑚𝑖𝑛 , 𝒅 is a unit vector normal to the collision surface pointing towards the
surface of each torus and 𝐶𝑝 is an 𝑂(1) constant chosen to be unity for our simulations. The
functional form of 𝑭𝑐𝑜𝑙 on 𝛿 is reported to have little impact on the overall dynamics and the
suspension rheology as long as it is steep and the force acts for 𝛿𝑚𝑖𝑛 ≤ 𝑂(1/𝐴)( (Meng & Higdon,
2008), (Yamamoto & Matsuoka, 1997)). 𝛿𝑚𝑖𝑛 was chosen to be 10−2 /𝐴 and 𝑭𝑐𝑜𝑙 is capped to a
maximum value corresponding to 𝛿 = 10−2 𝛿𝑚𝑖𝑛 for all our simulations to prevent the time-step
from becoming extremely small. For 𝛿 < 0 (i.e. overlapping rings) we set 𝑭𝑐𝑜𝑙 to a value
corresponding to 𝛿 = 10−4 𝛿𝑚𝑖𝑛 , which creates a discontinuity at 𝛿 = 0 and prevents the
simulation from progressing. Less than about 0.1%of our simulations prematurely terminated
because of capping the collisional force. Additionally, for cases with two contact points a region
of size 𝑂(1/𝐴) around one of the contact points is excluded to avoid the two contact points from
being close to each other. 𝑭𝑐𝑜𝑙 is applied at the centerline of the ring cross-section instead of the
exact point of contact, which only creates errors of 𝑂(1/𝐴2 ) in the computation of the angular
velocity. The linear (𝑼𝑐𝑜𝑙 ) and angular (𝝎𝑐𝑜𝑙 ) velocities of the particle due to collision obtained
by applying the force and torque free condition respectively on the particle are

𝑼𝑐𝑜𝑙

𝝎𝑐𝑜𝑙 =

17
1 − 6 𝜖𝑅
1
3 1
(𝑰 − 𝒑𝒑) +
= 2 𝑭𝑐𝑜𝑙 ⋅ (
𝒑𝒑),
5
6𝜋 𝜖𝑅
4 1 + 𝜖𝑅
1 − 2 𝜖𝑅 − 𝜖𝑅2
2

1
𝑰 − 𝒑𝒑
𝒑𝒑
((𝒓𝑐,𝑐𝑜𝑙 − 𝒓𝐶𝑂𝑀 ) × 𝑭𝑐𝑜𝑙 ) ⋅ (
+
),(2.3)
2
4𝜋 𝜖𝑅
1 − 1.5𝜖𝑅 1 − 2𝜖𝑅

where 𝒓𝑐,𝑐𝑜𝑙 is the position of the centerline of the ring corresponding to the point of minimum
separation and 𝒓𝐶𝑂𝑀 is the center of mass of the ring. The collision induces a force per unit length
𝒇𝑐𝑜𝑙 which is given by
𝑓𝑐𝑜𝑙,𝑛 𝑈𝑐𝑜𝑙,𝑛 𝜖𝑅 (3 + cos(2𝜙)) 𝑈𝑐𝑜𝑙,𝑏 𝜖𝑅 sin(2𝜙) 𝜔𝑐𝑜𝑙,𝑝 sin(𝜙)
=
+
−
,
8𝜋
8
8
4
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𝑓𝑐𝑜𝑙,𝑏 𝑈𝑐𝑜𝑙,𝑛 𝜖𝑅 sin(2𝜙) 𝑈𝑐𝑜𝑙,𝑏 𝜖𝑅 (3 − cos(2𝜙)) 𝜔𝑐𝑜𝑙,𝑝 𝜖𝑅 cos(𝜙)
=
+
+
,
8𝜋
8
8
4




𝑓𝑐𝑜𝑙,𝑝 𝑈𝑐𝑜𝑙,𝑝 𝜖𝑅 𝜔𝑐𝑜𝑙,𝑛 𝜖𝑅 sin(𝜙) 𝜔𝑐𝑜𝑙,𝑏 𝜖𝑅 cos(𝜙)
=
+
−
.(2.4)
8𝜋
2
2
2

𝒇𝑐𝑜𝑙 is included while computing the velocity disturbance in equation (2.1) and is important when
the particles collide. Particle collisions also exert a stresslet 𝑺𝑐𝑜𝑙 which is given by
𝑺𝑐𝑜𝑙 =

𝒓𝑐𝑜𝑙 𝑭𝑐𝑜𝑙 + 𝑭𝑐𝑜𝑙 𝒓𝑐𝑜𝑙 1
− (𝒓𝑐𝑜𝑙 ⋅ 𝑭𝑐𝑜𝑙 )𝑰.(2.5)
2
3

𝑺𝑐𝑜𝑙 has a stronger 𝑂(1) scaling in comparison to the 𝑂(𝜖 ) scaling of 𝑺𝑓 and therefore dominates
the rheology.
The particle position and orientation are obtained by solving a set of ordinary differential
equations given by


𝑑𝒓𝑘,𝐶𝑂𝑀
= 𝒖∞ (𝒓𝑘,𝐶𝑂𝑀 ) + 𝑼𝐻𝐼 + 𝑼𝑐𝑜𝑙 ,(2.6)
𝑑𝑡

𝑑𝒑𝑘
= 𝒑𝑘 ⋅ 𝑹∞ + 𝜆(𝑬∞ ⋅ 𝒑𝑘 − 𝑬∞ : 𝒑𝑘 𝒑𝑘 𝒑𝑘 ) + (𝝎𝐻𝐼 + 𝝎𝑐𝑜𝑙 ) × 𝒑𝑘 ,(2.7)
𝑑𝑡
where 𝑘 = {𝐼, 𝐼𝐼 }. The Runge-Kutta method with adaptive time-stepping is used to march forward
in time. The initial positions of the center of mass of the two particles were chosen to be the origin
(𝒓𝑰,𝑪𝑶𝑴 = 0) and 𝒓𝑰𝑰,𝑪𝑶𝑴 = −𝚫𝒓0 . The initial orientations 𝒑𝐼,0 and 𝒑𝐼𝐼,0 are specified in terms of
the phase angles (𝜏𝐼 , 𝜏𝐼𝐼 ) chosen uniformly between [0, 2𝜋) and the orbit constants (𝐶𝐼 , 𝐶𝐼𝐼 ) chosen
from the steady state orbit distribution discussed towards the end of this subsection. 𝚫𝒓 ⋅ 𝚪̂∞ was
̂ ∞ was chosen with a uniform
chosen with a uniform probability between [0, 𝐿3 ) and 𝚫𝒓 ⋅ 𝛀
̂ ∞ = −10 simulated an initial large separation between the two
probability from [−𝐿2 , 𝐿2 ]. 𝚫𝒓0 ⋅ 𝑼
̂ ∞ = 10, which is a sufficiently large distance to reduce
particles. The simulation is run until 𝚫𝒓 ⋅ 𝑼
interparticle interactions. The average value of 𝑿 per unit concentration due to pairwise
̂ ∞ − 𝚪̂∞
interactions (i.e. ⟨𝑿⟩𝑃𝐼 /𝑛) is evaluated from the flux of the particles passing through the 𝛀
plane ensembled averaged over the steady state orbit distribution of the two particles and is given
by
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⟨𝑿⟩𝑃𝐼
=
𝑛

∞

𝑑𝐴(𝚫𝒓0 ). 𝚪̂∞ ∫ 𝑑𝐶𝑏𝐼 𝑝(𝐶𝑏𝐼 ) ∫

∫
̂ ∞ −𝚪̂∞
𝛀

𝑑𝜏𝐼
𝑑𝜏𝐼𝐼
∫ 𝑑𝐶𝑏𝐼𝐼 𝑝(𝐶𝑏𝐼𝐼 ) ∫
∫ 𝑑𝑡 (𝑿(𝑡)
2𝜋
2𝜋
−∞

− 𝑿𝐽 (𝑡)) , (2.8)
where 𝑖 ∈ {𝐼, 𝐼𝐼 } being the indices for the two particles in the simulation; 𝑿𝐽 is the value of 𝑿
evaluated in the absence of a second particle and 𝑝(𝐶𝑏 ) is the steady state probability distribution
of the modified orbit constant 𝐶𝑏 = 𝐶/(𝐶 + 1). Because of 6 degrees of freedom in equation (2.8),
Monte-Carlo integration is used to evaluate the integral which simplifies to
𝑁𝑗

𝑁𝑗

∞

⟨𝑿⟩𝑃𝐼
𝐴𝑗
𝐼𝑘
= ∑ ∑ (𝚫𝒓0 )𝑘 ⋅ 𝚪̂∞ ∫ 𝑑𝑡 (𝑿𝑘 (𝑡) − 𝑿𝐽,𝑘 (𝑡)) =  ∑ 𝐴𝑗 ∑ ,(2.9)
𝑛
𝑁𝑗
𝑁𝑗
𝑗

𝑘=1

𝑗

−∞

𝑘=1

where 𝐼𝑘 is equal to the product of the time integral times the relative velocity of the particles, 𝐴𝑗
is the area of the 𝑗𝑡ℎ region in the gradient-vorticity plane in which the points are chosen with
uniform probability and 𝐶𝑏 for both particles are chosen from the steady state orbit distribution
𝑝(𝐶𝑏 ). The flow vorticity plane is split into multiple regions of area 𝐴𝑗 to establish convergence
of physically relevant quantities such as orientational dispersion, hydrodynamic diffusivity and the
stresslet tensor in a systematic way. The standard deviation of the inner summation 𝜎𝐼,𝑗 for the 𝑗𝑡ℎ
region is given by

2
𝜎𝐼,𝑗
=

𝑁𝑗

𝑁𝑗

𝑘=1

𝑘=1

2

1
𝐼𝑘
∑ (𝐼𝑘 − ∑ ) ,(2.10)
𝑁𝑗
𝑁𝑗

The expression for ⟨𝑿⟩𝑃𝐼 with the standard error within 95% confidence limits is given by
𝑁𝑗

⟨𝑿⟩𝑃𝐼
𝜎𝐼,𝑗
1
} .(2.11)
= ∑ 𝐴𝑗 { ∑ 𝐼𝑘 ± 1.96
𝑛
𝑁𝑗
√𝑁𝑗
𝑗

𝑘=1

𝜎𝐼,𝑗
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Pairwise interactions lead to a transient change in the orientation of both particles which
can be quantified using the orientational dispersion of the particles defined below. The dispersion
in the 𝜙 direction can be written as ⟨𝜙 2 ⟩ = ⟨𝜙 2 ⟩𝐽 + 𝑛(⟨𝜙 2 ⟩𝑃𝐼 /𝑛), where the subscript 𝐽 refers to
the contribution to ⟨𝜙 2 ⟩ for an isolated particle undergoing Jeffery rotation with the steady state
oribit distribution set by pairwise interactions. The subscript 𝑃𝐼corresponds to the effect of the
transient change in the particle’s orientation during the interaction. ⟨𝜙 2 ⟩𝑃𝐼 /𝑛 is given by
〈𝜙 2⟩

𝑃𝐼

𝑛

= ∑𝑗

𝐴𝑗
𝑁𝑗

2

𝑁𝑗
∞
(𝚫𝒓0 )𝑘 . 𝚪̂∞ ∫−∞ 𝑑𝑡 (𝜙 − 𝜙(𝑡, 𝜏𝑖 )(1 − 𝐻 (𝑡 − 𝑡𝐻𝐼 )) − 𝜙(𝑡, 𝜏𝑓 )𝐻(𝑡 − 𝑡𝐻𝐼 )) ,
∑𝑘=1

(2.12)
̂ ∞ = 0;𝜏𝑖 and
where 𝐻 (𝑡 − 𝑡𝐻𝐼 ) is the Heaviside step-function and 𝑡𝐻𝐼 is the time when (𝚫𝒓). 𝐔
𝜏𝑓 is the phase angle before and after the interaction respectively. Similarly, the dispersion in 𝜃
can be expressed as ⟨𝜃 2 ⟩ = ⟨𝜃 2 ⟩𝐽 + 𝑛(⟨𝜃 2 ⟩𝑃𝐼 /𝑛)where ⟨𝜃 2 ⟩𝑃𝐼 /𝑛 is given by
〈𝜃2 ⟩

𝑃𝐼

𝑛

= ∑𝑗

𝐴𝑗
𝑁𝑗

𝑁

∞

𝑗
(𝚫𝒓0 )𝑘 . 𝚪̂∞ ∫−∞ 𝑑𝑡 (𝜃 − 𝜃(𝑡, 𝜏𝑖 , 𝐶𝑖 )(1 − 𝐻 (𝑡 − 𝑡𝐻𝐼 )) − 𝜃(𝑡, 𝜏𝑓 , 𝐶𝑓 )𝐻(𝑡 −
∑𝑘=1

2

𝑡𝐻𝐼 )) , (2.13)
where 𝐶𝑖 and 𝐶𝑓 are the orbit constants before and after the interaction respectively. The idea of
equation (2.13) is that the time integral of 𝜃(𝑡, 𝜏𝑖 , 𝐶𝑖 )𝐻 (𝑡 − 𝑡𝐻𝐼 ) will be exactly equal to
𝜃(𝑡, 𝜏𝑓 , 𝐶𝑓 )𝐻(𝑡 − 𝑡𝐻𝐼 ) when averaged over all trajectories, although it will not be equal for every
individual trajectory. This is because of detailed balance in which for every interaction involving
a change of the orbit constant from 𝐶𝑖 to 𝐶𝑓 there should exist an equivalent trajectory for which
the orbit constant changes from 𝐶𝑓 to 𝐶𝑖 . This should hold true when 𝑝(𝐶𝑏 ) has reached steady
state.
The stresslet in a dilute suspension of rings can be expressed as ⟨𝑺⟩ = ⟨𝑺𝐻𝑦𝑑 ⟩ +
𝑛(〈𝑺𝑝 ⟩/𝑛 + 〈𝑺𝑓 ⟩/𝑛 + 〈𝑺𝑐𝑜𝑙 ⟩/𝑛), where 〈𝑺𝑝 ⟩ is the stresslet driven by the transient change in the
particles orientation due to PIs, ⟨𝑺𝑓 ⟩ the stresslet induced by 𝒇𝐻𝐼 , and ⟨𝑺𝑐𝑜𝑙 ⟩ is the stresslet imparted
from particle collisions (𝑭𝑐𝑜𝑙 ). 〈𝑺𝑝 ⟩ is expressed as
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𝑁𝑗

〈𝑺𝑝 ⟩
𝐴𝑗
= ∑ ∑ (𝚫𝒓0 )𝑘
𝑛
𝑁𝑗
𝑗

𝑘=1

∞

⋅ 𝚪̂∞ ∫ 𝑑𝑡 [𝑺𝐻𝑦𝑑 (𝜙, 𝜃) − 𝑺𝐻𝑦𝑑 (𝜙𝐽 (𝑡, 𝜏𝑖 ), 𝜃 (𝑡, 𝜏𝑖 , 𝐶𝑖 )) (1 − 𝐻 (𝑡))
0

− 𝑺𝐻𝑦𝑑 (𝜙𝐽 (𝑡, 𝜏𝑓 ), 𝜃(𝑡, 𝜏𝑓 , 𝐶𝑓 )) 𝐻(𝑡)](2.14)
⟨𝑺𝑓 ⟩ is the ensemble average of 𝑺𝑓 = ∫ 𝑑𝑠((𝒇𝐻𝐼 𝒓𝒄 + 𝒓𝒄 𝒇𝐻𝐼 )/2 − (𝒓𝒄 ⋅ 𝒇𝐻𝐼 )𝑰/3), given by
𝑁𝑗

∞

⟨𝑺𝑓 ⟩
𝐴𝑗
= ∑ ∑(𝚫𝒓0 )𝑘 ⋅ 𝚪̂∞ ∫ 𝑑𝑡𝑺𝑓 ,(2.15)
𝑛
𝑁𝑗
𝑗

𝑘=1

−∞

and ⟨𝑺𝑐𝑜𝑙 ⟩ is given by
𝑁𝑗

∞

⟨𝑺𝑐𝑜𝑙 ⟩
𝐴𝑗
= ∑ ∑(𝚫𝒓0 )𝑘 ⋅ 𝚪̂∞ ∫ 𝑑𝑡𝑺𝑐𝑜𝑙 .(2.16)
𝑛
𝑁𝑗
𝑗

𝑘=1

−∞

̂ ∞ plane
Equation (2.15) faces the problem of a non-integrable area integral over the 𝚪̂∞ − 𝛀
because 𝑺𝑓 scales with Δ𝑟 −3 , Δ𝑟 being the measure of the distance away from the particle. To
prevent this divergent behavior, a term 𝑺𝑓𝑅𝑁 with the same Δ𝑟 −3 behavior as 𝑺𝑓 leading to a similar
non-integrable divergent expresion. 𝑺𝑓𝑅𝑁 is the stresslet computed for particle I, which is fixed at
the origin and its orientation following Jeffery’s equation (1.1), such that particle II moves along
its original streamline rotating with Jefferey’s rotation rate following equation (1.1). The ensemble
average of 𝑺𝑓𝑅𝑁 should be zero because this artificial calculation is computing the net stresslet
exerted by the presence of other particles in the suspension correct to 𝑂(𝑛). The renormalized
equation for evaluating ⟨𝑺𝑓 ⟩ is given by
𝑁𝑗

∞

⟨𝑺𝑓 ⟩
𝐴𝑗
= ∑ ∑(𝚫𝒓0 )𝑘 ⋅ 𝚪̂∞ ∫ 𝑑𝑡(𝑺𝑓 − 𝑺𝑓𝑅𝑁 ) . (2.15)
𝑛
𝑁𝑗
𝑗

𝑘=1

−∞
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Evaluating the time integration using equation (2.15) isolates the influence of the pairwise
interaction for each trajectory, and also minimizes the statistical uncertainty of the Monte-Carlo
procedure since the Δ𝑟 −3 part of 𝑺𝑓 and 𝑺𝑓𝑅𝑁 exactly cancels out for Δ𝑟 ≫ 1 leading to a term
which decays as Δ𝑟 −6 thereby leading to a convergent summation. 〈𝑺𝑝 ⟩ does not require
renormalization because the linearized change in the stress due to change in orientation does not
have a net ensemble change in the particle’s orientation.
̂ ∞ plane which across many particle interactions
PIs can also displace the particle in 𝚪̂∞ − 𝛀
is approximately diffusive in nature. The corresponding hydrodynamic diffusivity in the gradient
(𝐷33 ) and vorticity (𝐷22 ) direction are given by
𝑁𝑗

2
𝐴𝑗
𝐷22
̂ ∞ ) , (2.16)
= ∑ ∑(𝚫𝒓0 )𝑘 ⋅ 𝚪̂∞ (((𝚫𝒓∞ )𝑘 − (𝚫𝒓0 )𝑘 ) ⋅ 𝛀
𝑛
𝑁𝑗
𝑗

𝑘=1
𝑁𝑗

2
𝐴𝑗
𝐷33
= ∑ ∑(𝚫𝒓0 )𝑘 ⋅ 𝚪̂∞ (((𝚫𝒓∞ )𝑘 − (𝚫𝒓0 )𝑘 ) ⋅ 𝚪̂∞ ) ,(2.17)
𝑛
𝑁𝑗
𝑗

𝑘=1

̂ ∞ and (𝚫𝒓∞ )𝑘 are the separation of the center of mass of the two particles in
where (𝚫𝒓∞ )𝑘 ⋅ 𝛀
̂ ∞ → ∞).
the vorticity and gradient directions after the interaction (i.e., when (𝚫𝒓∞ )𝑘 ⋅ 𝑼
Which are the most important hydrodynamic interactions? There are two components to
this question one that deals with the relative separation between the particles and one that deals
with the orientations of both the particles. In a simple shear flow the rate of particle interactions is
proportional to its initial separation in the gradient direction ℎ0 = 𝚫𝒓0 ⋅ 𝚪̂∞ . When ℎ0 ≫ 1, the
interaction is purely hydrodynamic and the angular velocity induced by the disturbance of a second
ring is 𝑂(1/ℎ30 ) and the time of interaction is inversely proportional to ℎ0 . This leads to an angular
displacement of 𝑂(1/ℎ04 ). The mean squared change in the particle orientation scales as
∫ 𝑑ℎ0 ℎ0 (1/ℎ02 )2 ∝ ℎ0−2 is therefore convergent and small for ℎ0 ≫ 1. When ℎ0 ≪ 1, the angular
velocity induced by HI is 𝑂(𝜖) and collisions is 𝑂(1). The time of interaction is again inversely
proportional to ℎ0 . The particle orientation changes by 𝑂(1/ℎ0 ), which implies the possibility of
multiple tumbles, but the changes in (𝜙, 𝜃), which are bounded between [0, 2𝜋) and [0, 𝜋]

138

respectively, are only 𝑂(1). This implies the mean squared change in the particle orientation equal
to ∫ 𝑑ℎ0 ℎ0 12 ∝ ℎ02 is also convergent and small for ℎ0 ≪ 1. When ℎ0 ~𝑂(1), particle collisions
also lead to an 𝑂(1) change in the particle orientation leading to an 𝑂(1) mean squared angular
displacement. Therefore, the most important interactions required to obtain the steady state
orientation distribution have ℎ0 ~𝑂(1) and therefore also interact for an 𝑂(1) time. A similar
scaling analysis for the diffusivity shows the convergence of the integral in equation (2.8).
Interacting rings change their rate of rotation from Jeffery’s prediction (equation (1.1)) and
also change the orbit constant 𝐶 during the course of the interaction. Collisions tend to change the
angle by an 𝑂(1) amount and was found to be the dominant contribution in determining the steady
state orientation distribution. The Jeffery orbits are pinched near the gradient and vorticity
directions due to high aspect ratio of the ring most of the orientational space is filled with orbits
with orbit constant 𝐶 ≳ 𝑂(𝜙 −1
𝑇 ) as seen in figure 1 (b). This implies that PIs will move the particles
near the 𝐶 ≈ 𝑂(𝜙 −1
𝑇 ) orbit. This can be more formally proven by considering a modified orbit
constant 𝐶𝑏 = 𝐶/(𝐶 + 1)because it is bounded between 0 and 1, unlike 𝐶. Let (𝜃, 𝜙) change by
an amount (Δ𝜃, Δ𝜙) during an interaction with a second particle and let the change in the modified
orbit constant be Δ𝐶𝑏 . The new orientation after the interaction should satisfy equation (1.3) giving
tan(𝜃 + Δ𝜃) =

𝐶𝑏 + Δ𝐶𝑏
𝜙𝑇
⋅
.(2.17)
1 − (𝐶𝑏 + Δ𝐶𝑏 ) √𝜙𝑇2 cos 2 (𝜙 + Δ𝜙) + sin2 (𝜙 + Δ𝜙)

Equation (2.15 a) can be simplified for small values of Δ𝜃 and Δ𝜙 giving the relationship
sec 2 (𝜃) Δ𝜃 ≈ tan(𝜃) (

Δ𝐶𝑏
sin(𝜙) cos(𝜙) Δ𝜙
+ 2
).(2.18)
𝐶𝑏 (1 − 𝐶𝑏 ) 𝜙𝑇 cos 2 (𝜙) +  sin2 (𝜙)

On rearranging equation (2.18) and using the fact that 𝜙~𝑂(𝜙 𝑇 ) and 𝜃~𝑂(atan(𝐶 )), obtained
Δ𝜙

from Jeffery’s analysis, the scaling of Δ𝐶𝑏 is given by Δ𝐶𝑏 = {𝐶𝑏 (1 − 𝐶𝑏 )𝑂 ( 𝜙 ) +
𝑇

[𝐶𝑏2 + (1 − 𝐶𝑏 )2 ]𝑂(Δ𝜃)}. Since Δ𝐶𝑏 is at most 𝑂(1), 𝐶𝑏 (1 − 𝐶𝑏 ) should be 𝑂(𝜙 𝑇 ) which
happens when either 𝐶𝑏 → 𝑂(𝜙 𝑇 ) or 1 − 𝐶𝑏 → 𝑂(𝜙 −1
𝑇 ). 𝐶𝑏 → 𝑂 (𝜙 𝑇 ), requires both 𝐶𝑏 and Δ𝐶𝑏
to remain 𝑂(𝜙 𝑇 ), which is not possible based on the expression for Δ𝐶𝑏 . Thus, 1 − 𝐶𝑏 → 𝑂(𝜙 𝑇 )
or ⟨𝐶 ⟩ → 𝑂(𝜙 −1
𝑇 ), which is very similar to Leal and Hinch’s distribution for weak Brownian
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motion discussed in section (3). Furthermore, the unsteady Jeffery rotation implies that rings in
the 𝐶~𝑂(𝜙 −1
𝑇 ) orbit spend most of the time aligned close to the flow-vorticity plane. However,
two rings nearly aligned in flow vorticity plane have a collision frequency of 𝑂(1/𝐴2 ), which is
much smaller than the 𝑂(√ln(𝐴) /𝐴) collision frequency of a tumbling and an aligned ring.
Furthermore, the 𝑂(𝜖𝜙 𝑇 ) velocity disturbance of an aligned ring changes the orientation of another
aligned ring in its vicinity by 𝑂(𝜖𝜙 𝑇 ) = 𝑂(1/(√ln(𝐴) 𝐴)). Therefore, the most dominant
interactions are the collisional interactions of a temporarily aligned and a tumbling ring. This
observation is used to derive scaling arguments in the forthcoming subsection.
The procedure used to obtain the steady state orientation distribution is described now. The
initial orientation is based on the probability distribution resulting from Jeffery rotation and weak
anisotropic rotary diffusion. The corresponding probability distribution of 𝐶𝑏 = 𝐶/(𝐶 + 1) is
4𝐶𝑏 𝐴2𝑒𝑓𝑓 𝜁1

𝑝(𝐶𝑏 ) =

2

(4 (

𝐶𝑏
) 𝐴2𝑒𝑓𝑓 𝜁1  + 1)
1 − 𝐶𝑏

, (2.19)

3/2

(1 − 𝐶𝑏 )3

where 𝜁1 is ratio of the 𝜃𝜃 and 𝜙𝜙 diffusivity components (Rahnama, Koch and Shaqfeh 1995).
A dilute suspension of fibers attains a steady state orbit distribution specified by equation (2.19)
with 𝜁1 ~𝑂(1) (Stover, Koch and Cohen 1992; Rahnama, Koch and Shaqfeh 1995). The orbit
distribution can be specified in terms of a set 𝑆𝑐 of 𝑁𝑠𝑒𝑡 particles chosen to have 𝐶𝑏 values
following the orbit distribution specified by (2.19). Two values of 𝐶𝑏 are randomly chosen from
𝑆𝐶 and assigned to the two particles being simulated. The values of 𝐶𝑏 for each particle are replaced
by the new 𝐶𝑏 values attained by the corresponding particle at the end of the interaction. This
procedure is continued until ⟨cos 2 (𝜃)⟩ reaches a statistical steady state value as a function of the
number of such simulations 𝑁𝑠𝑖𝑚 . 𝑁𝑠𝑒𝑡 was chosen to be 200 so that 𝑆𝐶 has enough points to
represent a smooth 𝑝(𝐶𝑏 ) and small enough to require 𝑂(𝑁𝑠𝑒𝑡 /2) = 𝑂(102 ) interactions for each
2
particle or 𝑂(𝑁𝑠𝑒𝑡
/2) ≡ 𝑂(104 ) total number of computations to reach a statistical steady state

orbit distribution.
In addition to the orbit distribution, the probability of an interaction itself is proportional to
𝚫𝒓 ⋅ 𝚪̂∞ due to the SSF, and therefore most interactions are the ones where 𝚫𝒓 ⋅ 𝚪̂∞ ≫ 1. However,
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these interactions have a negligible effect on the steady state orientation distribution due to weak
HI of particles that decays as |𝚫𝒓|−2 . The most important interactions, as shown earlier, are the
ones for which 𝚫𝒓 ⋅ 𝚪̂∞ ~𝑂(1). Therefore, 𝚫𝒓 ⋅ 𝚪̂∞ was chosen between (0, 𝐿3 ] with a probability
̂ ∞ was chosen with a uniform probability between [−𝐿2 , 𝐿2 ] and,
of 2𝚫𝒓 ⋅ 𝚪̂∞ /𝐿23 while 𝚫𝒓 ⋅ 𝛀
̂ ∞ and 𝚪̂∞ respectively. Instead
where 𝐿2 and 𝐿3 specify the bounds of the initial position along 𝛀
of starting with a large value of 𝐿2 and 𝐿3 , an initial value of 𝐿2 = 1 and 𝐿3 = 1 is chosen, which
corresponds to the ideal collision cross-section of a tumbling and an aligned ring, to attain an
intermediate steady state distribution 𝑝(𝐶𝑏 ) which is quantified by obtaining the ensemble average
value of ⟨cos 2 (𝜃)⟩. This approach reduces the computational time by avoiding, during the initial
transient period, calculation of a large number of cases which make small contributions to the final
steady state orientation distribution.
Figure (2 a) shows the variation of ⟨cos 2 (𝜃)⟩ with the number of simulation 𝑁𝑠𝑖𝑚 for 𝐴 = 40
torus with (𝐿2 , 𝐿3 ) = (2,1) and a starting distribution specified by equation (2.16) with 𝜁1 = 1.
The mean value of ⟨cos 2 (𝜃)⟩ approaches a value of 0.0946 with a standard deviation of the mean
equal to 15 %. On further increasing the domain size (𝐿2 , 𝐿3 ) = (2,2), ⟨cos 2 (𝜃)⟩ has mean value
of 0.0951, which is less than 1 % larger than the steady state value for the (𝐿2 , 𝐿3 ) = (1,1) domain.
̂ ∞ plane corresponding to (𝐿2 , 𝐿3 ) = (2,1) is the ideal collision crossThe region in the 𝚪̂∞ − 𝛀
section of an aligned ring and a temporarily tumbling ring which has a dominant contribution in
setting the steady state orientation distribution. ⟨𝑺𝐻𝑦𝑑 ⟩ vs of 𝐴 is shown in figure (2 b) based on
the steady state orbit distribution set by PIs. Rings tumble with a frequency of 𝑂(𝜙 𝑇 ) =
𝑂(1/(𝐴√𝜖)) due to PI and exert a much larger 𝑂(𝜖 ) stresslet compared to the 𝑂(𝜙 𝑇 𝜖 ) stresselt of
a nearly aligned ring and therefore, ⟨𝑺𝐻𝑦𝑑 ⟩ scales as 𝑂(√𝜖/𝐴), similar to a suspension of fibers.
The orientation distribution set by PIs is very similar to the distribution set by weak Brownian
motion which is discussed in section (3).
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(a)

(b)
Figure 2 ⟨cos2 (𝜃)⟩ vs 𝑁𝑠𝑖𝑚 (a) for 𝐴 = 40 tori with different values of (𝐿2 , 𝐿3 ) (the mean and standard
deviation were evaluated after 1500 simulations in each region); (b) ⟨𝑺𝐻𝑦𝑑 ⟩ vs 𝐴 for a torus with the

steady state orientation distribution
2.2. 𝑂(𝑛2 ) rheology of hydrodynamically interacting rings
At dilute particle concentrations (𝑛 ≪ 1) pairwise hydrodynamic interactions as well as
collisions are important in determining the orientational dispersion, hydrodynamic diffusivity and
the rheology of rings. The dependence of each of these quantities on the aspect ratio 𝐴 of the ring
is cannot be obtained based on purely scaling arguments. The steady state orientation distribution
tends to move rings near the 𝐶∞ orbits as explained earlier in section (3.1). The transient change
in the particles orientational dynamics is quantified through 〈𝜙 2 ⟩𝑃𝐼 and 〈𝜃 2 ⟩𝑃𝐼 defined in equations
(2.10) and (2.11) respectively and shown in figure 3 (a) for different particle aspect ratios.
Collisions between a tumbling an aligned ring occurring with an 𝑂(𝜙 𝑇 ) frequency lead to a scaling
of 〈𝜙 2 ⟩𝑃𝐼 and 〈𝜃 2 ⟩𝑃𝐼 of 𝑛√ln(8𝐴) /𝐴.
The center of mass of a tumbling torus gets displaced from its original fluid streamline due
to the presence of other particles. The displacements are stochastic in nature and the overall
translation of the particle in the suspension on a length scale than its size appears to be diffusive
in nature. This motion can be quantified using the hydrodynamic diffusivity and its components in
the gradient (𝐷33 )and vorticity (𝐷22 ) directions are shown in figure 3 (b). The scaling for the
diffusivity per unit particle density due to collisions is obtained by simply multiplying the square
of the 𝑂(1) displacement in its position in the gradient or vorticity direction with the 𝑂(𝜙 𝑇 )
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interaction frequency. The contribution to the diffusivity due to HI is 𝑂(𝜖 2 𝜙 𝑇 ) obtained from the
𝑂(𝜖 ) displacement of an aligned ring caused by a HI with a tumbling ring and 𝜙 𝑇 is the frequency
of such interactions.
The stresslet due to pairwise interactions 〈𝑺𝑃𝐼 ⟩ is proportional to 𝑛 and the stresslet per unit
concentration (〈𝑺𝑃𝐼 ⟩/𝑛) is given by
〈𝑺𝑃𝐼 ⟩ 〈𝑺𝑝 ⟩ 〈𝑺𝑓 ⟩ 〈𝑺𝑐𝑜𝑙 ⟩
=
+
+
,(2. 20)
𝑛
𝑛
𝑛
𝑛
where 〈𝑺𝑝 ⟩ is the contribution due to change of particle orientation, 〈𝑺𝑓 ⟩ is the contribution from
the force per unit length induced by the presence of a neighboring ring and 〈𝑺𝑐𝑜𝑙 ⟩ is the contribution
from collisions computed from equations (2.12)-(2.13) respectively. The scaling for each can be
derived from the interactions of a tumbling and an aligned ring which occur with a probability of
𝑂(𝜙 𝑇 )~𝑂 (1/(√𝜖𝐴)). The collisions happen from the rotation caused by the simple shear flow
and therefore the collision force is 𝑂(1), which implies that 〈𝑺𝑐𝑜𝑙 ⟩/𝑛~𝑂(𝜙 𝑇 )~𝑂 (1/(√𝜖𝐴)). The
𝑂(1) change in the orientation of the aligned ring due to collision with a tumbling ring contributes
to 𝑂(𝜖𝜙 𝑇 )~𝑂(√𝜖/𝐴) value of 〈𝑺𝑝 ⟩/𝑛. Similarly, 𝒇𝐻𝐼 is 𝑂(𝜖) because of collisions leading to an
𝑂(𝜖𝜙 𝑇 )~𝑂(√𝜖/𝐴) scaling for 〈𝑺𝑓 ⟩/𝑛. Therefore, the total stresslet due to HI is 𝑂 (𝑛/(√𝜖𝐴))
mainly due to collisions as seen in figure 3 (c). For the aspect ratios considered in the study the
value of 𝜖 lies between (0.228, 0.164) suggesting that the 〈𝑆𝑝 ⟩, 〈𝑆𝑓 ⟩, and 〈𝑆𝑐𝑜𝑙 ⟩ will have similar
numerical values. The values of 〈𝑆𝑝 ⟩, 〈𝑆𝑓 ⟩, and 〈𝑆𝑐𝑜𝑙 ⟩, are shown in figure 3 (c). 〈𝑆𝑓 ⟩ and 〈𝑆𝑐𝑜𝑙 ⟩
are similar in magnitudes and much larger than 〈𝑆𝑝 ⟩, which implies that the 𝑂(𝑛2 ) viscosity
correction to the viscosity has major contributions from the hydrodynamic velocity disturbances
and actual solid body contacts, as opposed to the transient change in the particles orientation from
Jeffery’s equations.
A single particle rotating in Jeffery orbits cannot generate normal stresses because the
̂ ∞ ) plane.
orientation trajectory of the particle is symmetric about the gradient-vorticity (𝚪̂∞ − 𝛀
Suspensions where particles have purely hydrodynamic interactions also cannot have normal stress
̂∞
differences at dilute concentrations because the microstructure is symmetric about the 𝚪̂∞ − 𝛀
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plane and remains invariant upon reversal of the shear flow due to Stokes flow reversibility.
Collisions break Stokes flow reversibility because collisional force is non-zero when the particles
approach each other and is zero when they move apart. This is a stark distinction from the dilute
fiber suspension for which collisions are rare at dilute concentrations and most interactions are
purely hydrodynamics. The first and second normal stress differences are given by ⟨𝑁1 ⟩ =
̂ ∞ 𝛀
̂ ∞ ) respectively and
̂ ∞𝑼
̂ ∞ − 𝚪̂∞ 𝚪̂∞ )and ⟨𝑁2 ⟩ = 𝑛2 (〈𝑺𝑃𝐼 ⟩/𝑛): (𝚪̂∞ 𝚪̂∞ − 𝛀
𝑛2 (〈𝑺𝑃𝐼 ⟩/𝑛) ∶ (𝑼
their variation with the aspect ratio is shown in figure 3 (d) and (e). ⟨𝑁2 ⟩ is negative and ⟨𝑁1 ⟩ is
positive and both have major contributions from 〈𝑺𝑝 ⟩. A tumbling ring either delays or advances
the tumbling phase of a temporarily aligned when the particle make solid-body contact. This breaks
the symmetry of the Jeffery orbit leading to finite normal stress differences. Furthermore, ⟨𝑁2 ⟩ is
much smaller in magnitude than ⟨𝑁1 ⟩. These results are consistent with the normal stresses arising
in semi-dilute fiber suspensions due to particle contact (Snook, et al., 2014). The normal stress
differences in a sheared suspension of non-Brownian axisymmetric fibers should also be
proportional to 𝑛2 rather than 𝑛 as reported by many experimental studies which are summarized
in (Petrie, 1999). This discrepancy is mostly due the fact that most of those studies were carried
out over a small range of number densities and therefore the quadratic behavior was difficult to
assert.

(a)

(b)
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(c)

(d)

(e)

Figure 3 Rheological properties of a suspension of tori due to interparticle interactions. (a)
Orientational dispersion; (b) hydrodynamic diffusivity in the gradient (𝐷33 )and vorticity (𝐷22 )
direction; (c) 〈𝑺𝑝 ⟩, 〈𝑺𝑓 ⟩, and 〈𝑺𝑐𝑜𝑙 ⟩; (d) ⟨𝑁1 ⟩ and (e) ⟨𝑁2 ⟩ as a function of the particle aspect ratio.
3. Rheology of isolated Brownian rings
3.1. Brownian Dynamics (BD) simulation strategy
Rotary Brownian Dynamics simulations of an axisymmetric particle with a rotary diffusivity
𝐷𝑟 is carried out using the procedure outlined in Gabdoulline & Wade (Gabdoulline & Wade,
1998). A rotary Peclet number 𝑃𝑒 = 𝛾/𝐷𝑟 quantifies the strength of Brownian motion, where 𝐷𝑟
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is the non-dimensional rotary diffusivity of the particle given by 𝐷𝑟 = 𝑘𝐵 𝑇(2 − 3𝜖)/(8𝜋 2 𝜇𝑓 𝜖𝑅3 ).
The rotational displacement at each Brownian time step Δ𝑡𝐵 is given by
𝑡+Δ𝑡𝐵

𝒑(𝑡 + Δ𝑡𝐵 ) − 𝒑(𝑡) = ∫

𝑑𝑡 ′ [𝒑̇𝑱 (𝑡 ′ )  +

𝑡

𝚫𝒑𝑩 (𝑡)
]  (3.1)
Δ𝑡𝐵

where 𝒑̇𝑱 = 𝒑 ⋅ 𝑹∞ + 𝜆(𝑬∞ ⋅ 𝒑 − 𝑬∞ : 𝒑𝒑𝒑) is the rotation rate induced by the SSF given by
equation (1.1).

The Brownian displacement 𝚫𝒑𝑩 is such that 〈𝚫𝒑𝑩 〉 = 0, 〈𝚫𝒑𝑩 𝚫𝒑𝑩 〉 =

(2𝐷𝑟 Δ𝑡𝐵 )0.5 (𝑰 − 𝒑𝒑). Solving equation (3.1) is equivalent to solving the Fokker-Planck for the
orientation probability distribution 𝑃(𝒑) ( (Gabdoulline & Wade, 1998), (Kim & Karilla, 1991)).
The quantity 𝑃(𝒑)𝒅𝒑 gives the fraction of systems in differential region 𝒅𝒑 around 𝒑 and is used
to obtain the ensemble average of any quantity of interest 𝑿 which is given by

⟨𝑿⟩ = ∫ 𝒅𝒑𝑃(𝒑)𝑿.(3.2)

A Runge-Kutta method with an adaptive time stepping method was used to solve the
integral equation (3.1) during each Brownian step Δ𝑡𝐵 . The mean squared value of the dimensional
angular step is given by √2(𝛾Δt B )𝐷𝑟 which in non-dimensional form is expressed as √2Δ𝑡𝐵 /𝑃𝑒.
For 𝑃𝑒 < 1, a variable Brownian time step Δ𝑡𝐵 = 10−2 𝑃𝑒 guarantees that the mean-squared value
of the Brownian angular step, √2Δ𝑡𝐵 /𝑃𝑒 = √2Δ𝑡𝐵 /𝑃𝑒, is smaller than unity. For 𝑃𝑒 ≫ 1,
√2Δ𝑡𝐵 /𝑃𝑒 should be much smaller than 𝜙 𝑇 . Choosing Δ𝑡𝐵 = 10−2 for all 𝑃𝑒 > 1, satisfies
√2Δ𝑡𝐵 /𝑃𝑒 ≪ 𝜙 𝑇 required for 𝑃𝑒 ≫ 1 and √2Δ𝑡𝐵 /𝑃𝑒 ≪ 1 for 𝑃𝑒~𝑂(1). The steady state
orientation distribution is attained in an 𝑂(𝑃𝑒) time for 𝑃𝑒 ≪ 1 and an 𝑂(𝑃𝑒𝜙 2𝑇 ) time for 𝑃𝑒 ≫
1 (Leahy, et al., 2015). The simulation was terminated after a time 105 for 1 ≤ 𝑃𝑒 ≤ 105 and after
a time 105 𝑃𝑒 for 𝑃𝑒 < 1.
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The BD simulation is verified by confirming the convergence to the asymptotic limits as
𝑃𝑒 → 0 and 𝑃𝑒 ≫ 𝜙 −3
𝑇 . For the low 𝑃𝑒 limit the moments 𝒑 obtained from the solution to the
Fokker-Plank equation for 𝑃(𝒑) are
1
1 𝑬∞
⟨𝒑𝒑⟩ = 𝑰 −
+ 𝑂(𝑃𝑒 2 ),
3
15 𝐷𝑟

⟨𝑝𝑖 𝑝𝑗 𝑝𝑘 𝑝𝑙 ⟩ =

1
(𝛿 𝛿 + 𝛿𝑖𝑘 𝛿𝑗𝑙 + 𝛿𝑖𝑙 𝛿𝑗𝑘 ) + 𝑂(𝑃𝑒),(3.3)
15 𝑖𝑗 𝑘𝑙

(Kim & Karilla, 1991). The BD simulation results are within 3% from the values in equation (1.3)
for 𝑃𝑒 < 1. On the other hand, for the high 𝑃𝑒 limit, the orientation distribution for tumbling
particles (𝑃𝑒 ≫ 𝜙 −3
𝑇 ) matches the distribution of Leal and Hinch (Leal & Hinch, 1971). The
moments of 𝒑 obtained from the BD simulations match the asymptotic values with a maximum
error of 5% for 𝑃𝑒 ≳ 10𝜙 −3
𝑇 . Therefore, the BD simulations were performed only for 1 < 𝑃𝑒 ≤
10𝜙 −3
𝑇 .
3.2. Structure and rheology of isolated Brownian rings
Brownian torques try to make particles attain an isotropic orientation distribution and
compete with the SSF which tries to distort the distribution. Brownian motion influences ⟨𝑺𝐻𝑦𝑑 ⟩
through change in 𝒑, but also has a more direct contribution termed as the Brownian stress
⟨𝑺𝐵𝑟𝑜𝑤 ⟩ = 3𝐷𝑟 𝑀𝑟−1 𝜆(⟨𝒑𝒑⟩ − 𝑰/3) that arises by virtue of angular velocity associated with the
diffusion process across the gradients in the orientation probability distribution. Here, 𝑀𝑟 = (2 −
3𝜖)/(8𝜋 2 𝜖) is the rotary mobility of the axisymmetric particle. The relative increase in the
̂ ∞ 𝚪̂∞  and
suspension viscosity Δ𝜇 is equal to 𝑛(⟨𝑆𝐵𝑟𝑜𝑤 ⟩ + ⟨𝑆𝐻𝑦𝑑 ⟩), where ⟨𝑆𝐻𝑦𝑑 ⟩ = ⟨𝑺𝐻𝑦𝑑 ⟩: 𝑼
̂ ∞ 𝚪̂∞ . The scalars ⟨𝑆𝐻𝑦𝑑 ⟩ and ⟨𝑆𝐵𝑟𝑜𝑤 ⟩ are henceforth referred to as the
⟨𝑆𝐵𝑟𝑜𝑤 ⟩ = ⟨𝑺𝐵𝑟𝑜𝑤 ⟩: 𝑼
hydrodynamic stresslet and the Brownian stresslet respectively, to be distinguished from the
respective stresslet tensors.

147

(b)

(a)

(c)
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Figure 4 (a) The two contributions of the stresslet ⟨𝑺𝐵𝑟𝑜𝑤 ⟩ and ⟨𝑺𝐻𝑦𝑑 ⟩ as a function of the 𝑃𝑒
number. (b) The non-dimensional normal stress difference coefficients ⟨𝑁1 ⟩/𝑃𝑒 and ⟨𝑁2 ⟩/𝑃𝑒 vs
𝑃𝑒. The aspect ratio of the ring is 𝐴 = 26 corresponding to 𝜆 = −1 + 8.62 × 10−3 . (c) 〈𝑺𝐻𝑦𝑑 ⟩
due to a single ring with the 𝑃𝑒 → ∞ orbit distribution along with the range of values the 𝑺𝐻𝑦𝑑
averaged over the time period of rotation achieved for any orbit distribution specified by the orbit
constant C which varies from 0 to ∞.
At dilute concentrations a suspension exhibits a typical shear thinning behavior, similar to
a fiber suspension as shown in figure 4 (a) depicting the variation of the flow-gradient component
̂ ∞ 𝚪̂∞ = ⟨𝑆⟩. ⟨𝑆𝐵𝑟𝑜𝑤 ⟩ ∝ 𝑃𝑒 −1 , going to a zero value for 𝑃𝑒 ≫ 1 and
of the stresslet tensor ⟨𝑺⟩: 𝑼
approaching

a constant 𝜆𝑀𝑟−1 /5, for 𝑃𝑒 ≪ 1, since (⟨𝒑𝒑⟩ − 𝑰/3) → 𝑃𝑒𝜆𝑬/(15) + 𝑂(𝑃𝑒 2 )

(Brenner, 1974). ⟨𝑆𝐻𝑦𝑑 ⟩ also approaches a constant 𝑂(𝜖 ) at low 𝑃𝑒 since the even moments of 𝒑
at leading order are isotropic tensors (Brenner, 1974). At high 𝑃𝑒 (𝑃𝑒 ≫ 𝜙 −3
𝑇 ), the Brownian
motion has very little influence on the angular velocity of the particle and its only role is to set the
orbit distribution (Leal & Hinch, 1971). For this orbit distribution ⟨𝑆𝐻𝑦𝑑 ⟩ is 𝑂(𝜖𝜙 𝑇 )~𝑂(√𝜖/𝐴),
which is smaller than the low-Pe limit by a factor of 𝑂(𝜙 𝑇 )~𝑂(1/(𝐴√𝜖)), thereby giving the
familiar shear thinning behavior observed for dilute particle suspensions.
Brownian motion also generates normal stress differences given by ⟨𝑁1 ⟩ =
̂ ∞ 𝛀
̂ ∞ ). The non-dimensional normal
̂ ∞𝑼
̂ ∞ − 𝚪̂∞ 𝚪̂∞ )and ⟨𝑁2 ⟩ = 𝑛〈𝑺⟩: (𝚪̂∞ 𝚪̂∞ − 𝛀
𝑛〈𝑺⟩: (𝑼
stress difference coefficients 𝜓1 = ⟨𝑁1 ⟩/𝑃𝑒 and 𝜓2 = ⟨𝑁2 ⟩/𝑃𝑒 have a low and high 𝑃𝑒 plateaus
as shown in figure 4 (b) similar to a suspension of Brownian fibers. The low 𝑃𝑒 limit values of the
normal stress differences, derived from the perturbation of the Fokker Plank equation (Brenner,
1974), are given by
𝜓1𝐵𝑟𝑜𝑤 ⟨𝑁1𝐵𝑟𝑜𝑤 ⟩ 24𝜋 2 𝜖 𝜆2
=
=
 + 𝑂(𝑃𝑒),(3.4𝑎)
𝑛
𝑛𝑃𝑒
2 − 3𝜖 90
𝜓2𝐵𝑟𝑜𝑤 ⟨𝑁2𝐵𝑟𝑜𝑤 ⟩
24𝜋 2 𝜖 𝜆2
3 7
=
= −𝜆

(− + ) + 𝑂 (𝑃𝑒), (3.4𝑏)
𝑛
𝑛𝑃𝑒
2 − 3𝜖 630
2 2𝜆
𝐻𝑦𝑑

𝜓1
𝑛

⟨𝑁2𝐻𝑦𝑑 ⟩
𝜆
𝜆
=
= −𝜉3
− 𝜉4
 + 𝑂(𝑃𝑒),(3.4𝑐)
𝑛𝑃𝑒
30
105
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𝐻𝑦𝑑

and 𝜓1

𝐻𝑦𝑑

= ⟨𝑁1

⟩/𝑃𝑒 = 0 + 𝑛𝑂(𝑃𝑒). These values match the simulation results within 2%

error for 𝑃𝑒 ≲ 1. 𝜓1 is positive and has major contribution from Brownian motion, while 𝜓2 is
negative and much smaller in magnitude than 𝜓1 which is similar to Brownian fibers (Petrie,
1999). 𝜓2 has a negative contribution from 〈𝑺𝐵𝑟𝑜𝑤 ⟩ and a positive contribution from 〈𝑺𝐻𝑦𝑑 ⟩ which
is slightly less in magnitude. The shear flow alone cannot generate normal stress differences owing
to the reversibility of Stokes flow. Thereby, the normal stress differences in the high 𝑃𝑒 limit are
zero.
The low-Pe rheology for rings is very similar to that for discs. ⟨𝑆⟩ for discs is 𝑂(1) at low
𝑃𝑒 and differs by a factor of 𝑂(𝜖) which is not very small for moderate aspect ratio rings. In shear
−0.75
dominated flows, 𝑃𝑒 ≫ 𝜙 −3
(Singh, et al., 2014) which is
𝑇 , ⟨𝑆⟩ for a disc is equal to 10.3𝐴

larger than the 𝑂(1/(𝐴√𝜖)) stresslet of a ring. This results from the decreased period induced in
cylindrical discs by the stresses near their sharper edges. For 𝐴 = 26 the high Pe plateau for a
Brownian ring is 44% lower than the corresponding value for a disc. Similarly, at 𝑃𝑒 ≪ 1, 𝜓1 /𝑛
is 32/90 for a disc which is close to the values for 𝐴 = 26ring shown in figure 4 (b). 𝜓2 /𝑛 is
−16/63 for a disc (Brenner, 1974) which seems to be larger in magnitude than the corresponding
value for a ring.
Figure 4 (c) shows ⟨𝑺𝐻𝑦𝑑 ⟩ for a single ring whose orbit distribution is set by weak
Brownian motion (𝑃𝑒 ≫ 𝜙 −3
𝑇 orbit distribution). In this regime, 𝒑 is nearly aligned along the
gradient direction most of the time and the weak Brownian motion moves the particle across
different orbits. Because of the pinching of the orbits near the gradient direction, 𝒑 only needs to
change by 𝑂(𝜙 𝑇 ) to sample most of the orbits. Therefore, the time required to span various orbits
is 𝑂(𝑃𝑒𝜙 −2
𝑇 ) which is the relaxation time due to Brownian motion. The normal stress differences
in this regime take on very small, 𝑂(𝑃𝑒 −1 ), values. The colored region shows the range of stresslet
value accessible to a rings rotating in Jeffery orbits. The 𝑂(𝜖 ) upper bound of ⟨𝑺𝐻𝑦𝑑 ⟩ is set by
rings rotating in 𝐶0 orbit and the 𝑂(√𝜖𝐴−1 ) lower bound of ⟨𝑺𝐻𝑦𝑑 ⟩ is set by tumbling rings in the
𝐶∞ orbit. The weak Brownian motion tends to accumulate the rings near the 𝐶∞ orbit similar to
the effect of pairwise interactions and therefore the stresslet for 𝐴 ≲ 200 remains of 𝑂(𝐴√𝜖) as
shown in figure 4 (d). The orbit distribution set by weak Brownian motion will be sustained if the
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−1
𝑂(𝑃𝑒𝜙 −2
𝑇 ) relaxation time of Brownian motion is much smaller than the 𝑂 (𝑛 ) relaxation time
2
of pairwise interactions, i.e. 𝑛 ≪ 𝑃𝑒𝜙 −2
𝑇 = 𝑃𝑒 ln(8𝐴) /𝐴 .

4. Conclusion
In this work, the rheology of a suspension of high aspect ratio (𝐴 ≫ 1) non-Brownian rings
is calculated using numerical simulations accounting for pairwise far-field hydrodynamic
interactions through slender-body-theory formulation and particle collisions using a short-range
repulsive force. The steady state orbit distribution of rings at dilute particle concentrations 𝑛 ≪ 1
was mainly set by collisions between particles which changed the particle’s orientation by 𝑂(1)
as opposed to the 𝑂(𝜖 ) change in the orientation caused by purely hydrodynamic interactions. The
dispersion of particle orientations which exists due to periodic rotation of the particle in Jeffery
orbits is further enhanced by pairwise interactions primarily through collisions. The hydrodynamic
diffusivity in the gradient (𝐷33 ) and vorticity (𝐷22 ) directions were found to be of the same order
of magnitude and scaled as 𝑛𝜙 𝑇 = 𝑛√ln(8𝐴) /𝐴. Collisions also played a key role in determining
the rheology of the suspension which was characterized by the relative increase in the suspension
viscosity Δ𝜇 = (𝜇 − 𝜇𝑓 )/𝜇𝑓 , the first (𝑁1 ) and second (𝑁2 ) normal stress differences. Δ𝜇 =
𝑛(0.1 + 𝑛) where the aspect ratio dependence of the 𝑂(𝑛2 ) term, derived from pairwise
interactions, is proportional to the 𝑂 (√ln(8𝐴) /𝐴) collision frequency of a tumbling and an
aligned ring. 𝑁1 was found to be positive and 𝑁2 was found to negative and much smaller than 𝑁1 .
The normal stress differences are non-zero because collisions break Stokes flow reversibility and
therefore 𝑁1 and 𝑁2 should be proportional to 𝑛2 , rather than 𝑛.
The rheology of Brownian ring suspension was also established through Brownian
Dynamics simulation of a single ring. Suspension of rings shows shear thinning behavior with the
𝑂(𝜖 ) low-𝑃𝑒 plateau of Δ𝜇 being larger than the 𝑂(𝜙 𝑇 𝜖 ) high-Pe plateau by a factor of
Similarly, the normal stress-difference coefficients 𝜓1 =

𝑁1
𝑃𝑒

and 𝜓2 =

𝑁2
𝑃𝑒

𝐴
√𝜖

.

also have a similar shear

thinning behavior with increasing 𝑃𝑒 as Δ𝜇, but have zero high-Pe plateau due to Stokes flow
reversibility described in section 2. Because Brownian motion breaks the symmetry of Jeffery
orbits 𝑁1 and 𝑁2 are proportional to 𝑛, rather than 𝑛2 for non-Brownian rings. Furthermore, the
orbit distribution set by weak Brownian motion 𝑃𝑒 ≫ 𝜙 −3
𝑇 is very similar to the distribution set
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by pairwise interactions for 𝐴 ≥ 21, thereby having rheology which is very similar to nonBrownian rings described in section (3.2). The non-Brownian particle rheology presented in
section (2) should also be accurate even for Brownian rings when the relaxation time of the
−1
orientation distribution due to Brownian motion, 𝑃𝑒 −1 𝜙 −2
𝑇 , is much larger than the 𝑂 (𝑛 )

relaxation time set by pairwise interactions (i.e. 1 ≫ 𝑛 ≫ 𝑃𝑒 −1 𝜙 −2
𝑇 ).
Our pairwise interaction simulations suggest that collisions strongly affect the rheology of
ring suspensions. In general particle collisions should be important in determining suspension
rheology at dilute concentrations (𝑃𝑒 −1 𝜙 −2
𝑇 ≪ 𝑛 ≪ 1) for all high-aspect ratio particles other than
suspension of straight fibers. Our work demonstrates an efficient methodology for quantifying the
effect of particle geometry on the suspension rheology. In this work, rings were demonstrated to
have a much smaller Δ𝜇 than a suspension of discs of the same radius and a much larger Δ𝜇 than
a suspension of fibers of the same half-length. The dilute rheology of non-axisymmetric highaspect ratio particles, such as bent fibers, or planar flakes should still be dominated by collisions,
and the current simulation strategy with two additional orientational degrees of freedom for
interacting pair of particles should aid in obtaining the respective properties.
5. Appendix
A.1 𝜉𝑖 values for a torus
The geometric parameters 𝜉𝑖 required to compute the hydrodynamic stresslet from equation
(3.1) are given by
𝜉1 = 8𝜋 2 ((1 +

𝜉2 = −8𝜋 2 ((1 +

1
1
) (−𝑓𝑛1 + 𝑓𝑏4 ) + 2 ),
2
2𝐴
2𝐴
1
1
2
1
) ( 𝑓𝑛1 − 𝑓𝑏4 ) + 2 ),
2
2𝐴
3
3
4𝐴

7𝜋 2
𝜉2 = −𝜉1 + 2 ,
𝐴
8𝜋 2
1
𝜖
8𝜋 2
𝜉4 =
(1 + 2 )
+
− 2(𝜉1 + 𝜉3 ) + (𝜉1 − 𝜉2 ),(𝐴1.1)
3
2𝐴 2𝜖 − 5 𝐴2
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𝜖

where 𝑓𝑛1 = − 16

88
253 2
𝜖−
𝜖 )
30
180
151
514 2
5
(1−
𝜖+
𝜖 )(1− 𝜖)
30
90
2

(1−

7𝜖

and 𝑓𝑏4 = − 16

16
1211 2
𝜖+
𝜖 )
3
180
151
514 2
5
(1−
𝜖+
𝜖 )(1− 𝜖)
30
90
2

(1−

(Borker & Koch, in

press). Equation (A 1.1) is derived by matching the stresslet obtained from equation (3.1) to the
stresslet calculated from the inner velocity field (𝒖𝑖𝑛𝑛𝑒𝑟 ) in the SBT formulation and is given by
2𝜋

⟨𝑺𝐻𝑦𝑑 ⟩ = ∫ 𝑑𝐴 (
0

𝒓(𝝈 ⋅ 𝒏) + (𝝈 ⋅ 𝒏)𝒓 𝝈: 𝒏𝒓
−
𝑰) .(𝐴1.2)
𝟐
𝟑

Here 𝝈 = 2(𝛁𝒖𝑖𝑛𝑛𝑒𝑟 + (𝛁𝒖𝑖𝑛𝑛𝑒𝑟 )𝑻 ), 𝒏 is the unit normal to the surface and 𝒓 is the position
vector. Matching equations (A 1.2) with equation (1.5) gives the result mentioned in (𝐴1.1).
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CHAPTER 5

Passively tunable shear rheology using self-aligning particles
Self-aligning particles (SAPs) are rigid bodies that can attain an equilibrium orientation
without application of any external forces or torques in a simple shear flow, which is a linear
approximation to a pressure driven flow found in many natural and industrial processes. Selfalignment of particles could be a technologically revolutionary behavior because it allows for
creation of materials with perfect anisotropy using current processing flow techniques like
injection molding, spin-casting or extrusion as shown in figure 1 (b). The orientational order of
SAPs allows for the fabrication of functional materials with great control over the mechanical,
optical, electrical, or thermal properties of the final product. For instance, SAPs embedded during
the curing process can be used to fabricate lightweight high strength materials with a layered
microstructure, mimicking that of an abalone shell, which can also withstand crack propagation
(Lin, et al., 2006) thereby making them useful for making bulletproof armor. Conducting selfaligning rings can also be used instead of fibers to fabricate optical films because it provides an
easy route to have uniform planar conductivity desirable in many applications (De, et al., 2009).
In this work, the rheology of a suspension of SAPs is demonstrated for the first time using
ring-shaped geometries shown in figure 1 (a) which were chosen due to accessibility to fabrication
using multi-step photolithography (Foulds & Parameswaran., 2006) and ability to self-align at a
moderate aspect ratio 𝐴 = 26 (Borker, et al., 2018). SAPs have unconventional rheological
properties that include a sharp drop in the intrinsic viscosity, hydrodynamic diffusivity and
orientational dispersion compared to a suspension of tori of the same aspect ratio. These
suspension properties as a function of the particle aspect ratio 𝐴, defined in figure 1 a, exhibit a
phase transition like behavior near a critical aspect ratio 𝐴∗ at dilute particle concentrations. Our
study demonstrates, for the first time, how small change in the geometry of individual particles
(i.e. O(1) change in 𝐴) can drastically change the macroscopic properties of the suspension.
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(a)

(b)

(c)
Figure 1 Single particle rheology and orientational dispersion along with geometry of rings
studied in this work. (a) Coordinate system and a ring geometry that can align at aspect ratios, 𝐴 ≥
𝐴∗ and rotate more slowly than an equivalent tumbler (ET) for 𝐴 < 𝐴∗ . (b) Schematic of an
injection molding system with self-aligning particles on the right, and tumbling particles on the
left, demonstrates the difference in the micro-structure. (c) The stable (𝒑𝑠,𝐼 , 𝒑𝑠,𝐼𝐼 ) (solid ring) and
unstable (𝒑𝑈,𝐼 , 𝒑𝑈,𝐼𝐼 ) (translucent ring) nodes of SAP orientation. The neutrally stable nodes 𝒑 =
̂ ∞ are not shown for clarity of the figure. Here 𝒑 is normal to the plane of the ring.
±𝛀
Most particles, whether globular (sphere-like) or thin (rod-like or disc-like), tend to rotate
continuously in a simple shear flow (SSF) because of the angular velocity imparted by the nonzero shear stresses acting on the particles. Thin particles spend a long time with their longitudinal
direction(s) normal to the gradient direction (𝚪̂∞ ), but eventually rotate continuously (referred as
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the tumbling phase). However, rings with a blunt inner and a sharper outer edge, such as the one
shown in figure 1 (a), can self-align without application of any external torques. Such self-aligning
particles (SAPs) break the usual intuition of a fluid dynamicist by utilizing the fluid pressure to
generate a counter-vorticity rotation (Borker, et al., 2018) which balances the shear stress induced
̂ ∞ ) plane
̂∞ − 𝛀
rotation. The plane of a SAP subtends an angle |𝜙𝑆 | ≪ 1 with the flow-vorticity (𝑼
and is therefore nearly aligned along the fluid lamellae as shown in figure 1(c). This flowalignment implies that a self-aligning ring always exerts a smaller stress than an equivalent torus
of the same aspect ratio, referred henceforth as an equivalent tumbler (ET), during its tumbling
phase thereby leading to the unusual rheological properties described in this work. The radius of
the ring 𝑅, defined as half the extent of the ring in its plane, the shear rate of the SSF 𝛾 and the
fluid viscosity 𝜇𝑓 are used to non-dimensionalize all quantities of interest. The aspect ratio the ring
𝐴 is defined as the ratio of 𝑅 and half the extent of the ring along its axis of symmetry.
The angular velocity 𝝎 of a ring equals 𝝎∞ + 𝜆𝒑 × 𝑬∞ ⋅ 𝒑, where 𝜆 is the rotation parameter
that only depends on the cross-sectional shape and the aspect ratio 𝐴, 𝝎∞ = 0.5𝛁 × 𝒖∞ and 𝑬∞ =
𝟎. 𝟓(𝛁𝒖∞ + (𝛁𝒖∞ )𝑻 ) is the rate of strain tensor, 𝒖∞ being the imposed SSF. The rotation
parameter 𝜆 for high aspect ratio rings is given by
𝜆 = −1 + Δ𝜆 ≈ −1 +

𝐶𝜆 (1−1.5𝜖)
𝜖𝐴2

−

𝐶𝛼
𝐴

, |Δ𝜆| ≪ 1

(1)

where 𝐴 is the aspect ratio of the particle, 𝜖 = 1/ ln(8𝐴) ≪ 1 is a slenderness parameter that arises
in the slender body theory (SBT) treatment of the ring, 𝐶𝜆 is a positive 𝑂(1) parameters that depend
only on the cross-sectional geometry and 𝐶𝛼 ≈ 𝐶𝜆 ln(8𝐴∗ ) /𝐴∗ , 𝐴∗ being the critical aspect ratio at
which Δ𝜆 = 0. Geometric constants (𝐶𝛼 , 𝐶𝜆 ) equal to (0.23, 1.5) for a T-ring and (0,1.5) for a
torus are obtained from SBT analysis (Borker & Koch, in press) and confirmed with boundary
element method (BEM) calculations (Singh, et al., 2013). The ring attains an equilibrium
orientation when |𝜆| ≥ 1 and rotates in periodic Jeffery orbits (Jeffery, 1922) with a time period
𝑇 = 4𝜋/√1 − 𝜆2 = 2𝜋/𝜙 𝑇 otherwise,. A rotating high-aspect ratio particle remains orientated
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̂ ∞ plane for a time of approximately 𝑇/2 ≫ 1 before tumbling. 𝜙 𝑇 3 is a measure
̂∞ − 𝛀
near the 𝑼
̂ ∞ plane during its nearly aligned phase.
̂∞ − 𝛀
of the angle subtended by a rotating ring with the 𝑼
The time period of rotation of a torus 𝑇𝑡 changes gradually as shown in figure 1 (d) and a similar
gradual increase in the magnitude of 𝑇 is observed for other high-aspect ratio shapes such as discs
and fibers. The shape of the 𝑇 vs 𝐴 graph changes dramatically due to fine-scale cross-sectional
features of a ring. A T-ring rotates like an ET when 1 ≪ 𝐴 ≪ 𝐴∗ ≈ 26, rotates much slower than
an ET for 𝐴∗ − 𝐴~𝑂(1) and self-aligns for 𝐴 ≥ 𝐴∗ with an angle 𝜙𝑆 = 0.5acos(−1/𝜆) ≈
√−Δ𝜆/2 as shown in figure 1 (c). A Taylor series expansion of equation (1) for 𝜖 ≪ 1 and Δ𝐴 =
𝐴 − 𝐴∗ ~𝑂(1) is used to derive the scaling of 𝑇 and 𝜙𝑆 in figure 1 (d). Figure 1 (d) demonstrates
a steep divergence of the time period and a steep decrease in |𝜙𝑆 | near 𝐴∗which is a characteristic
of the family of SAPs. A tumbling T-ring with 𝐴 slightly smaller than 𝐴∗ is referred to as a nearly
aligning particle (NAP) because it spends much more time aligned than an ET. The rheology of
NAPs is also dramatically different from ETs due to a diverging time period.
Because of alignment, SAPs have zero orientational dispersion at infinite dilution, while
rotating particles have a finite root-mean-square (RMS) orientation of 𝑂(1/√𝑇) (Brenner, 1974)
as shown in figure 1 (e). The average dispersion in figure 1 (e) is evaluated for an orientation
distribution set by weak Brownian motion (𝑃𝑒 ≫ 𝜙 𝑇−3 ) (Leal & Hinch, 1971) which is also similar
to the distribution obtained due to pairwise interactions. The dispersion value drops sharply for Trings due to a diverging 𝑇 leading to a phase transition to an ordered microstructure at 𝐴 = 𝐴∗ in
an infinitely dilute suspension. SAPs have perfect anisotropy as they can fully transmit the
anisotropy of the particle geometry to the suspension, as shown in the schematic in figure 1 (b).
This characteristic of SAPs can be exploited to tune properties such as conductivity of the
suspension.
The second order stresslet-tensor 𝑺𝐻𝑦𝑑 which is the symmetric deviatoric part of the first
moment of the stresses exerted by the particle on the fluid can be used to obtain the rheology of
the suspension. The increase in the suspension viscosity (𝜇) relative to the fluid viscosity Δ𝜇 =
3

The effective aspect ratio 𝑟𝑒𝑓𝑓 = √(1 + 𝜆)/(1 − 𝜆) ≈ √Δ𝜆/2 defined by (Leal & Hinch, 1971) is approximately
equal to 𝜙𝑇 when Δ𝜆 ≪ 1. However, 𝜙𝑇 = 0.5√1 − λ2 ≈ √Δ𝜆/2 a measure of an angle is used due to its similarity
with |𝜙𝑆 | ≈ √−Δ𝜆/2 for SAPs.
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(𝜇 − 𝜇𝑓 )/𝜇𝑓 which quantifies the increase in the stress required to shear a suspension due to the
̂ ∞ 𝚪̂∞ . The angular brackets refer to the
presence of particles, is equal to 𝑛⟨𝑆𝐻𝑦𝑑 ⟩ = 𝑛⟨𝑺𝐻𝑦𝑑 ⟩: 𝑼
ensemble average over the steady state orientation distribution of the particles. Using the linearity
of the Stokes equations and the imposed shear flow, the hydrodynamic stresslet exerted by the
particle on the fluid is given by ⟨𝑺𝐻𝑦𝑑 ⟩ = 𝜉1 𝑬∞ + 𝜉2 𝑬∞ : ⟨𝒑𝒑⟩𝑰 + 𝜉3 (𝑬∞ ⋅ ⟨𝒑𝒑⟩ + ⟨𝒑𝒑⟩ ⋅ 𝑬∞ ) +
𝜉4 𝑬∞ : ⟨𝒑𝒑𝒑𝒑⟩, where 𝜉𝑖 for 𝑖 = {1,2,3,4} are 𝑂(𝜖 ) constants that depend only on the particle
geometry,

with

1

𝜉1 + 𝜉3 ~𝑂 (𝐴2 ).

⟨𝑆𝐻𝑦𝑑 ⟩ = 0.5(𝜉1 + 𝜉3 − 𝜉3 ⟨cos 2 (𝜃)⟩ +

0.5𝜉4 ⟨sin4 (𝜃) sin2 (2𝜙)⟩) and has a constant 𝑂(1/𝐴2 ) contribution and a variable contribution
that depends on the particles orientational dynamics. For SAPs, ⟨𝑆𝐻𝑦𝑑 ⟩~𝑂(𝜖|𝜙𝑆 |2 ) + 𝑂(1/𝐴2 )
corresponding to their equilibrium orientation while for rotating particles ⟨𝑆𝐻𝑦𝑑 ⟩ has an 𝑂(𝜖𝜙 𝑇 )
contribution arising mainly from the 𝑂(𝜖 ) stresslet during the small 𝑂(𝜙 𝑇 ) duration of the
particle’s tumbling phase and a much smaller 𝑂(𝜖𝜙 2𝑇 ) contribution during its 𝑂(1) aligned state.
This implies that the tumbling of high-aspect ratio particles is responsible for most of the stress in
suspensions. SAPs therefore can completely utilize the high-aspect feature of the particle by
attaining a permanent orientation.
Using the scaling of 𝜙 𝑇 with 𝐴 discussed earlier, while a torus generates an 𝑂(√𝜖/𝐴) stresslet,
a NAP generates an 𝑂(1/𝐴2 ) + 𝑂((Δ𝐴/𝐴)0.5 √𝜖/𝐴) stresslet leading to a sharp drop in ⟨𝑆𝐻𝑦𝑑 ⟩
near 𝐴∗ as shown in figure 1 (f). SAPs have a stresslet value that scales as 𝑂(𝐶𝛼 𝜖𝛥𝐴/𝐴2 ) +
𝑂(1/𝐴2 ) for 𝐴 ≳ 𝐴∗ , and 𝑂(𝜖/𝐴) for 𝐴 ≫ 𝐴∗ as seen in figure 1 (f). The 𝑂(𝜖/𝐴) scaling of ⟨𝑆𝐻𝑦𝑑 ⟩
for SAPs with 𝐴 for 𝐴 ≫ 𝐴∗ is similar to that of ETs, however the magnitude of the ⟨𝑆𝐻𝑦𝑑 ⟩ differs
by a factor of 𝑂(𝐶𝛼 ) = 𝑂(ln(8𝐴∗ ) /𝐴∗ ). In addition to the shear stresses, the first (𝑁1 =
̂ ∞ 𝛀
̂ ∞ )) normal stress
̂ ∞𝑼
̂ ∞ − 𝚪̂∞ 𝚪̂∞ )) and second (𝑁2 = 𝑛⟨𝑺𝐻𝑦𝑑 ⟩: (𝚪̂∞ 𝚪̂∞ − 𝛀
𝑛⟨𝑺𝐻𝑦𝑑 ⟩: (𝑼
differences, which are zero for tumbling particles due to Stokes flow reversibility, are finite for a
SAP, as seen in figure 1 (g). In most purely hydrodynamic Stokes suspensions, including dilute
̂ ∞ plane and remains
suspension of ETs, the microstructure is symmetric about the 𝚪̂∞ − 𝛀
invariant upon reversal of shear due to Stokes flow reversibility. Alignment breaks this symmetry
and the stable and unstable fixed points exchange identities upon shear reversal. An infinitesimal
disturbance is then sufficient to break Stokes flow reversibility, leading to non-zero 𝑁1 and 𝑁2 .
The 𝑂(𝜖|𝜙𝑆 |) force per unit length is restricted to the plane of the ring and directed towards its
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center of mass. Since the plane of the ring is aligned near the flow-vorticity plane, the moment of
̂ ∞ , making 𝑁1 ≈ 7𝜖|𝜙𝑆 |/16 > 0 and 𝑁2 ≈
̂ ∞ and 𝛀
the force along 𝚪̂∞ is smaller than 𝑼
−𝜖|𝜙𝑆 |/16 < 0.

(d)

(f)

(e)

(g)

Figure 1 (d) Time period of rotation, 𝑇, and 𝑇𝑡 , of NAPs and ETs respectivel and the aligning
angle |𝜙𝑆 |; (e) orientational dispersion of the azimuthal (𝜙) and polar angles (𝜃) (f) ⟨𝑆𝐻𝑦𝑑 ⟩; and
(g) {𝑁1 , 𝑁2 } as a function of 𝐴 for T-rings and equivalent tori obtained from slender-body-theory
(Borker & Koch) using both the force and dipole per-unit-length. Scaling laws are derived in the
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SBT framework. The normal stress-differences peak at the aspect ratio for which |𝜙𝑆 | is the
highest. The dotted lines in (d) correspond to 𝐴 = 21, 26 and 55. The SBT values have a maximum
error of 5% when validated with respect to BEM results. The SBT values are used instead of BEM
results to be consistent with the 𝑂(𝑛2 ) rheology results obtained using pairwise calculations
discussed later in the paper.
The flow-alignment of SAPs imparts unconventional rheological properties to the suspension.
A SAP has an unstable node (𝒑𝑈,𝐼 )in close proximity at an angular separation of 2|𝜙𝑆 | from the
stable or equilibrium orientation (𝒑𝑆,𝐼 ) as shown in figure 1 (c). This suggests the possibility that
small disturbances such as those due to hydrodynamic interactions or Brownian motion could
rotate the particle towards the unstable node leading to a tumble. This leads to some fundamental
questions of practical importance. How robust is the self-aligning behavior under secondary
effects? What is the critical shear rate required to flow align a Brownian ring? What is the change
in the orientational order of SAPs due to secondary effects of Brownian motion or pairwise
interactions? What happens in a suspension with a mixture of SAPs and tumbling particles? How
does a bounding wall influence motion of self-aligning particles? These questions are addressed
in the remainder of the text.
The randomizing effects of rotary Brownian motion compete with the flow-aligning effect of
the shear flow. This competition is characterized by the Peclet number 𝑃𝑒 = 𝛾/𝐷𝑟 , where 𝐷𝑟 is
the rotary diffusivity of the particle. Effects of Brownian motion are assessed using rotary
Brownian Dynamics simulations ( (Gabdoulline, 1998) and S.1) and the scaling laws are obtained
−3
at high 𝑃𝑒 (𝑃𝑒 ≫ 𝜙 −3
for tumbling and aligning particles respectively) from a
𝑇 and 𝑃𝑒 ≫ |𝜙𝑆 |

semi-analytical solution of the Fokker-Plank equation in orientational space (Brenner, 1974). A
SAP with 𝐴 = 55, which has the maximum separation between the stable and unstable nodes (i.e.
2|𝜙𝑆 |) among a family of T-rings, is used demonstrate the difference in the shear rheology of SAPs
and ETs. A measure of dispersion of the ring orientation away from the flow-vorticity plane is the
2
flow-alignment parameter, 𝑘 = 1.5 (1 − ⟨(𝒑. 𝚪̂∞ ) ⟩), whose value is 0 when the ring is perfectly

aligned in the flow vorticity plane and 1 for a perfectly isotropic suspension. The effects of the
self-aligning behavior have little impact for 𝑃𝑒 < 103 as seen from the indistinguishable values
of 𝑘 for a SAP and an ET in figure 2 (a). For 𝑃𝑒 ≥ 103 𝑘 for a SAP sharply deviates from the
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value for an ET suggesting this is a flow-regime in which self-alignment would create suspensions
with near perfect anisotropy. The flow-alignment parameter, 𝑘 ∝ 𝑃𝑒 −1 for 𝑃𝑒 ≫ |𝜙𝑆 |−1 , settling
at a values of 1.5|𝜙𝑆 |2 at 𝑃𝑒 ≳ 𝑂(|𝜙𝑆 |−3 ) for SAPs while 𝑘 ∝ 𝑃𝑒 −1/3 for 1 ≪ 𝑃𝑒 ≪ 𝜙 −3
𝑇 , settling
at 𝑘 ≈ 3.63𝜙 𝑇 at 𝑃𝑒 ≫ 𝜙 −3
𝑇 (Brenner, 1974) as shown in figure 2 (a). Using the aspect ratio
dependence of |𝜙𝑆 | and 𝜙 𝑇 the ratio of 𝑘 for SAPs and ETs is 𝑂(Δ𝐴√𝜖/𝐴2 ) + 𝑂(√𝜖/𝐴) for Δ𝐴 ≪
𝐴∗ and 𝑂(√𝜖) for 𝐴 ≫ 𝐴∗ demonstrating the difference in the degree of flow-alignment of SAPs
and ETs in the high-shear flow regime. The special case of T-rings with 𝐴 = 𝐴∗ have 𝑘 ∝ 𝑃𝑒 −1/3
for 𝑃𝑒 ≫ 1 (figure S X) and this power law behavior gives greater control in tuning the orientation
order of the suspension through change in the shear rate than SAPs at other aspect ratios. In
summary, SAPs can robustly retain their flow-alignment above a critical 𝑃𝑒𝐶 = |𝜙𝑆 |−3 and
achieve a greater degree of alignment than ETs. In dimensional terms, a self-aligning ring with a
1𝜇𝑚 radius with 𝐴 = 55requires a shear rate of at least 47𝑠 −1 for retaining alignment in a viscous
fluid like glycerin (𝜇 ≈ 1 Pa s).

Brownian motion alters the hydrodynamic stresslet, ⟨𝑆𝐻𝑦𝑑 ⟩, by changing the steady state
orientation distribution and also has a more direct contribution to the rheology through a Brownian
stresslet, ⟨𝑺𝐵𝑟𝑜𝑤 ⟩ = 3𝜆𝐷𝑟 𝑀𝑟−1 (⟨𝒑𝒑⟩ − 𝑰/3), arising from the angular velocity associated with the
diffusion process across the gradient in the orientational probability. Here 𝑀𝑟 is the rotary mobility
of the axisymmetric particle (Brenner, 1974). The increase in the suspension viscosity due to
̂ ∞ 𝚪̂∞ . The effect of
Brownian particles is Δ𝜇 = 𝑛(⟨𝑆𝐻𝑦𝑑 ⟩ + ⟨𝑆𝐵𝑟𝑜𝑤 ⟩), where ⟨𝑆𝐵𝑟𝑜𝑤 ⟩ = ⟨𝑺𝐵𝑟𝑜𝑤 ⟩: 𝑼
self-alignment on ⟨𝑆𝐻𝑦𝑑 ⟩ and ⟨𝑆𝐵𝑟𝑜𝑤 ⟩ is negligible at 𝑃𝑒 ≪ |𝜙𝑆 |−3 , similar to its effect on 𝑘,
because Brownian motion is sufficiently strong to overcome the flow-induced angular velocity
differences that lead to self-alignment. ⟨𝑆𝐵𝑟𝑜𝑤 ⟩ is 𝑂(𝑃𝑒 −1 ) for 𝑃𝑒 ≫ 1 and therefore has a
negligible contribution for shear dominated flows as shown in figure 2 (b). Figure 2 (b) suggests
that the total stresslet for a SAP suspension, or equivalently the intrinsic suspension viscosity, can
be changed from an 𝑂(𝜖 ) value in the low-shear regime to an 𝑂(𝜖|𝜙𝑆 |2 ) = 𝑂(𝐶𝛼 𝜖𝛥𝐴/𝐴2 ) +
𝑂(1/𝐴2 ) for 𝐴 ≳ 𝐴∗ in the high-shear regime. The 𝑂 (𝜖|𝜙𝑆 |2 ) high-𝑃𝑒 net-stresslet for a SAP is
also much smaller than the 𝑂(𝜖𝜙 𝑇 ) value for an ET, being almost a factor of 10−1 smaller at 𝐴 =
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55. Additionally, SAPs have access to a larger range of values of 𝑘 and ⟨𝑆𝐻𝑦𝑑 ⟩ compared to ETs.
Brownian motion induces normal stress differences because collisions with fluid molecules which
are irreversible in nature. The normal stress differences of SAPs are larger than those for ETs, but
the difference is most evident only for 𝑃𝑒 ≳ |𝜙𝑆 |−3 , where SAPs have a finite value in contrast
with the zero value of ETs as seen in figure 2 (c). At such Peclet numbers, the SAP remains near
its equilibrium orientation, thereby retaining the asymmetry about the flow-vorticity plane that
ensures finite normal stress differences. Particles with larger |𝜙𝑆 | values would have larger highPe normal stress difference plateaus. However, this finite value is much smaller than the 𝑂(𝜖 )
normal stress differences in the weak shear (𝑃𝑒 → 0) regime.

(a)

(b)

(c)
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Figure 2 Effect of Brownian motion on SAPs. (a) Orientational order parameter,𝑘 =
2
1.5 (1 − ⟨(𝒑. 𝚪̂∞ ) ⟩); (b) Hydrodynamic ⟨𝑆𝐻𝑦𝑑 ⟩ and Brownian stresslet ⟨𝑆𝐵𝑟𝑜𝑤 ⟩; and (c) First (𝑁1 )

and second (𝑁2 ) normal stress differences as a function of 𝑃𝑒 for a SAP with 𝐴 = 55 and 𝜙𝑆 =
−0.03 and an ET with 𝜙 𝑇 = 0.034.
The equilibrium orientation of SAPs can also be disturbed by pairwise interactions (PIs)
between particles. PIs give the 𝑂(𝑛2 ) corrections to Δ𝜇 and the normal stress differences thereby
changing the rheology of suspensions of SAPs from those presented in figure 1. PIs are simulated
using slender body theory (SBT) for hydrodynamic interactions (HIs) and a short-range repulsive
force to model solid-body collisions as detailed in Chapter 4 and appendix (S 2). In the SBT
formulation, the force-per-unit circumference is obtained by computing the velocity disturbance
created by a neighboring ring using the Green’s function convoluted with the leading order force
per unit length acting on a force-and-torque free ring in an unbounded SSF. Here, we only discuss
pairwise interactions of non-Brownian rings and the results should hold true when the 𝑂(𝑛−1 )
relaxation time for the orientation distribution set by PIs is much smaller than the 𝑂(𝑃𝑒|𝜙𝑆 |2 )
relaxation time of Brownian motion (i.e., ((𝑃𝑒|𝜙𝑆 |)−2 ≪ 𝑛).
The most important interactions are the ones where the particles are separated by an 𝑂(1)
distance in the gradient direction and therefore interact for an 𝑂(1) time (Rahnama, et al., 1993).
The physical processes governing the orientational dispersion and rheology due to PIs are different
for SAPs and ETs. In a suspension of tumblers, the most important interactions are solid-body
collisions between a tumbling particle and a temporarily aligned particle changing 𝒑 by 𝑂(1)
(Chapter 4). On the contrary, hydrodynamic interactions rather than collisions are the dominant
mechanism driving dispersion of SAP orientation from its equilibrium value. Solid-body collisions
of SAPs occurs with a frequency of 𝑂(𝜙𝑆2 ) and each collision changes 𝒑 by 𝑂(|𝜙𝑆 |) leading to an
RMS change in 𝒑 of 𝑂(𝜙𝑆2 ) which is much smaller than the corresponding 𝑂(𝜖|𝜙𝑆 |) value due to
HIs. Therefore, the RMS change in 𝒑 of a SAP in a dilute sea of other SAPs is 𝑂(𝜖|𝜙𝑆 |) and this
value is smaller than the 2|𝜙𝑆 | angular separation between the stable and the unstable nodes of the
particle. This scaling argument suggesting SAPs rarely tumble due to pairwise interactions is
confirmed from the PI simulations. Figure 3 (a) shows the orientational dispersion of the polar
(⟨𝜃 2 ⟩ − ⟨𝜃⟩2 )/𝑛 and the azimuthal (⟨𝜙 2 ⟩ − ⟨𝜙⟩2 )/𝑛 angles as a function of 𝐴 for T-rings.
163

Additionally, the mean azimuthal angle ⟨𝜙⟩ due to pairwise interactions is smaller than its
equilibrium −|𝜙𝑆 | (i.e. ⟨𝜙⟩ < −|𝜙𝑆 |) indicating that HIs push 𝒑 away from the unstable node.
This is remarkable, because not only is the HI weak but it also seems to make the particle less
prone to tumbling by pushing it away from the unstable nodes. The dilute theory predicting the
orientational distribution of hydrodynamically interacting high-aspect fibers works well even
when the number density 𝑛~𝑂(1) (Rahnama, et al., 1995). This suggests that the results in figure
3 (a) should hold true even when 𝑛~𝑂(1) which corresponds to a concentrated regime. Even for
𝑛 = 1, the value of the orientational dispersion of 𝜙 and 𝜃 is still small compared to the
corresponding values for ETs (shown in figure S 2) implying the retention of the near perfect
anisotropy of the suspension as shown in the schematic in figure 1 (a). The small dispersion also
means that particle aggregation should be drastically reduced in comparison to ETs important in
maintaining homogeneity within the suspension.
PIs lead to translational as well as orientational dispersion of suspended particles. The
translational hydrodynamic diffusivities of SAPs in the gradient (𝐷33 ) and the vorticity (𝐷22 )
directions are shown in figure 3 (b). SAPs have much smaller values of 𝐷22 and 𝐷33 compared to
ETs because of SAPs have weak hydrodynamic interactions while ETs have much stronger
interactions due to collisions. A stream of SAPs can be injected locally in a channel and the small
diffusivity would ensure that these particles remain within a narrow stream due to small
translational diffusivities. This has applications in manufacturing composites with particles
embedded in a small portion of the material. The diffusivity for rotating particles can be computed
from the square of 𝑂(1) displacement due to collisions multiplied with the 𝑂(𝜙 𝑇 ) collision
frequency. This leads to a sharper decrease in the diffusivity values for a NAP compared to an ET.
PIs can also change suspension viscosity and the relative increase in the suspension viscosity
with the 𝑂(𝑛2 ) corrections can be expressed as

Δ𝜇 =

⟨𝑆𝑃𝐼 ⟩
𝜇 − 𝜇𝑓
= 𝑛 [⟨𝑆𝐻𝑦𝑑 ⟩ + 𝑛 (
)],(2)
𝜇𝑓
𝑛

where ⟨𝑆𝑃𝐼 ⟩ is the stresslet induced by pairwise interactions which is proportional to 𝑛. ⟨𝑆𝑃𝐼 ⟩ is
comprised of three components, one driven by a transient change in 𝑆𝐻𝑦𝑑 through change in the
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particle orientation (⟨𝑆𝑝 ⟩), another induced from the change in the force per unit length associated
with the fluid velocity disturbance created by neighboring particles (⟨𝑆𝑓 ⟩) and a third associated
with collisional forces (⟨𝑆𝑐𝑜𝑙 ⟩) (See appendix S2 for mathematical definitions). The 𝑂(𝜖 2 |𝜙𝑆 |2 )
scaling for ⟨𝑆𝑝 ⟩ arises from the PI-induced change in the value of the term, 𝜉4 ⟨sin4 (𝜃) sin2 (2𝜙)⟩,
in ⟨𝑆𝐻𝑦𝑑 ⟩ relative to its equilibrium value of 4𝜉4 |𝜙𝑆 |2 . The force-per-unit length induced by a
second SAP is proportional to the 𝑂(𝜖|𝜙𝑆 |) velocity disturbance of the second particle and the
slender parameter 𝜖 (Borker & Koch, in press), suggesting an 𝑂(𝜖 2 |𝜙𝑆 |) scaling of ⟨𝑆𝑓 ⟩. ⟨𝑆𝑐𝑜𝑙 ⟩/𝑛,
should scale with the product of the 𝑂(𝜙𝑆 ) relative particle velocity, the 𝑂(𝜙𝑆 ) collision crosssectional area and the 𝑂(𝜖|𝜙𝑆 |) collision force, and is 𝑂(𝜖|𝜙𝑆 |3 ) (Singh, et al., 2011). The
collisional contribution in a suspension of SAP is negligible while the other two components are
of similar magnitude as shown in figure 3 (c). Additionally, the first and second normal stress
differences also deviate from their equilibrium values as shown in figures 3 (d) and (e) following
the same scaling arguments discussed for the shear stress. Pairwise interactions lead to a mean
change in the particle’s orientation away from the unstable node thereby making increasing the
magnitudes of both normal stress-differences. For tumblers, the much stronger collisional
interactions make the scaling proportional to the 𝑂(𝜙 𝑇 ) collisional frequency. This leads to the
sharp drop in ⟨𝑆𝑃𝐼 ⟩ and the normal stress differences near the critical aspect ratio for 𝐴 < 𝐴∗ . The
slight dip near 𝐴 > 𝐴∗ with Δ𝐴~𝑂(1) is potentially associated with the decrease in strength of the
interaction as 𝐴 → 𝐴∗ + and the decrease in separation between the stable and the unstable points.
Figure 3 (f) shows the variation of Δ𝜇 with the number density 𝑛 for an 𝐴 = 40 SAP, 𝐴 = 21
torus and an 𝐴 = 40 equivalent torus. Δ𝜇 for SAPs is much smaller than the equivalent torus. Δ𝜇
has two contributions, the 𝑂(𝑛) contribution which is set by the steady state orbit distribution and
an 𝑂(𝑛2 ) contribution driven by pairwise interactions. The coefficient of the 𝑂(𝑛) and 𝑂(𝑛2 )
terms in Δ𝜇 have similar values for SAPs. The 𝑂(𝑛2 ) coefficient of SAPs is smaller than ETs by
a factor of about 1/10. Furthermore, the PI calculation for SAPs should accurately describe the
rheology of a suspension until 𝑛~𝑂(1). On the contrary in a suspension of tumblers there are much
stronger collisional interactions between multiple particles when 𝑛~𝑂(1), which corresponds to a
concentrated regime for rings. In this regime, Δ𝜇 should be much greater than the value predicted
by our simulations and therefore a much larger separation between the values of Δ𝜇 for SAPs and
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ETs. At 𝑛 = 1 the viscosity of the SAP increases by barely 2% while that of a suspension of ETs
is at least twice the fluid viscosity. Thus, flowing a suspension of SAP is significantly easier than
a suspension of tumblers and this effect is enhanced with increasing particle number densities.

(a)

(c)

(b)

(d)
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(e)

(f)

Figure 3 :Figure_rheology Effect of pairwise interactions on the orientational order and
rheology of SAPs.: (a) Root mean square orientational displacement, (b) Hydrodynamic
translational diffusivity, (c) stresslet contributions (⟨𝑆𝑝 ⟩, ⟨𝑆𝑓 ⟩, ⟨𝑆𝑐𝑜𝑙 ⟩, ⟨𝑆𝑃𝐼 ⟩), (d) first (⟨𝑁1 ⟩) and (e)
second (⟨𝑁2 ⟩)normal stress difference for a suspension of self-aligning rings, rotating T-rings and
tori as functions of particle aspect ratio, 𝐴. (f) Δ𝜇 as a function of 𝑛 for a suspension of 𝐴 = 40
T-rings, tori and a mixture of T-rings and tori with the torus particle fraction 𝜒𝑇𝑜𝑟 = 0.1.
The difference in magnitudes of Δ𝜇, 𝐷𝑖𝑗 and orientational dispersion between SAPs and
ETs can be utilized to passively tune the suspension properties by inserting a small fraction(𝜒) of
tumbling particles in a suspension of SAPs. When 𝜒 ≪ 1, the relative increase in the viscosity for
the mixture can be expressed as (Δ𝜇)𝑚𝑖𝑥 ≈ 𝑛 [⟨𝑆𝐻𝑦𝑑 ⟩𝑆𝐴𝑃 (1 − 𝜒) + ⟨𝑆𝐻𝑦𝑑 ⟩𝐸𝑇 𝜒 + 𝑛 ((1 −
𝜒)2

⟨𝑆𝑃𝐼 ⟩𝑆𝐴𝑃−𝑆𝐴𝑃
𝑛

+ 𝜒(1 − 𝜒)

⟨𝑆𝑃𝐼 ⟩𝑆𝐴𝑃−𝐸𝑇
𝑛

+ 𝜒2

⟨𝑆𝑃𝐼 ⟩𝐸𝑇−𝐸𝑇
𝑛

)], where the subscripts correspond to the

values obtained for a single SAP; a single ET; the interactions of two SAPs, a SAP and an ET, and
two ETs respectively. Figure 3 (f) shows (Δ𝜇)𝑚𝑖𝑥 for a suspension of 𝐴 = 40 SAPs with small
amount of tori (𝜒 = 0.1).
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(a)

(b)

(c)
Figure 4 SAP-wall interactions: (a) Drift velocity of the particle versus distance from the wall
ℎ using simulation (symbols) and 𝑈𝑑 + 𝜁𝑤 /ℎ2 (line). (b) 𝜁𝑤 as a function of aspect ratio A where
the symbols are obtained by fitting the simulated ℎ(𝑡) with the solution of −𝑑ℎ/𝑑𝑡 = 𝑈𝑑 + 𝜁𝑤 /ℎ2
and lines corresponds to an approximate dipole solution using SBT (see section S3). (c) 𝑇𝑐𝑜𝑙 , the
time required for the particle to collide with the wall, vs the initial distance from the wall ℎ0 .
In material processing flows or rheometers, particles often encounter bounding walls. To study,
the resulting dynamics, the center of mass (COM) of a ring is placed at an initial separation ℎ0 ≫
1 away from the wall. A tumbling ring performs time-periodic translation associated with the
periodic change in its orientation without a net change in its COM position in the gradient
direction, ℎ (Yang & Leal, 1984). In stark contrast, a SAP steadily migrates towards the wall by
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virtue of its equilibrium orientation. This migration is captured by computing the velocity
disturbance created by placing image singularities (Blake & Chwang, 1974) along the centerline
of an image ring, based on the force-per-unit length, 𝒇𝑆𝑆𝐹 , in an unbounded SSF. The velocity
disturbance created by the image-ring is similar to a point force dipole when ℎ ≫ 1 because the
original ring is force-and-torque-free. Therefore, the wall induces a migration velocity in the
negative gradient direction which scales as ℎ−2 . The separation from the wall thus approximately
satisfies −𝑑ℎ/𝑑𝑡 = 𝑈𝑑 + 𝜁𝑤 /ℎ2 , where the first and second terms are the drift velocities induced
by particle asymmetry and the wall respectively. 𝜁𝑤 ~𝑂(𝜖|𝜙𝑆 |) quantifies the strength of the dipole
and is obtained analytically as shown in figure 4 (b) using the velocity disturbance created by the
image ring in the limit for ℎ ≫ 1 (S 7). The solution to the simple ordinary differential equation
predicts the particle’s drift velocity accurately for ℎ ≳ 2 as shown in figure 4 (a) for both T and L
rings. An L-ring is a fore-aft asymmetric ring obtained by slicing the T-ring shape in figure 1 (a)
in half. L-rings have an inherent drift in the gradient direction due to lack of mirror-symemtry
about a plane normal to 𝒑. The model assumes that 𝒑 = 𝒑𝒔 which is found to be true in the
simulations until ℎ < 1. T-rings were found to drift faster than L-rings for ℎ~𝑂(1) due to a larger
value of |𝜙𝑆 | and a stronger wall interaction, but L-rings take a lesser time to approach the wall if
ℎ0 ≫ 1. SAPs should accumulate near the wall at distance ℎ satisfying (1/𝐴) ≪ ℎ < 1, thereby
forming a thin concentrated layer whose structure will depend on the details of the particle
geometry, Brownian motion, HI with other particles and surface forces, in addition to the
hydrodynamic forces. The simplified model can be used to engineer systematic particle deposition
on the wall which has potential applications in imparting tunable optical and scratch resistance
properties to the surfaces (Isla, et al., 2003). The model also suggests ℎ → 0 in a time equal to
3(ℎ03 )/𝜁𝑤 for T-rings and 𝑈𝑑−1 ℎ̃ ((ℎ0 )ℎ̃−1 − atan(ℎ0 ℎ̃−1 )) for L-rings, where ℎ̃ = (𝜁𝑤 /𝑈𝑑 )0.5 is
the height at which the wall induced drift velocity equals 𝑈𝑑 as shown in figure 4 (g).
In conclusion, our work demonstrates a new class of particle suspensions that have a much
smaller effective viscosities, hydrodynamic diffusivities and orientation dispersion in comparison
to suspensions of tumbling particles. Such suspensions also pave the way for passively tuning
rheological properties using the geometry of individual particles. Discs are known to strongly align
near the flow vorticity plane for 𝑛~𝑂(1) under shear due to excluded volume interactions (Meng
& Higdon, 2008). The excluded volume of a rings is only about 15% smaller than that of a
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circumscribing disc (Wensink & Avendaño, 2016). Furthermore, rings are known to transition to
a smectic liquid crystal phase at 𝑛 ≈ 0.8 for 𝐴 ≈ 17 (Carlos Avendañoa, 2016). These findings
suggest that self-aligning rings should retain orientational order for almost all values of 𝑛 and high
shear rates unlike fiber or disc suspensions, offering a unique route to synthesizing materials with
tunable properties using existing processing flow technologies. Our work should motivate
researchers to experimentally observe this new and exciting regime of flowing suspensions whose
properties will be distinct from their tumbling counterparts, thereby opening new avenues in
material synthesis. T-rings and L-rings with feature sizes of a few microns could be fabricated
using photolithography (Foulds & Parameswaran., 2006). A Coutte cell with a gap of at least 5
particle diameters is sufficient to ignore wall effects and observe alignment for a time that is at
least 10 times the rotational period of an equivalent torus. Finally, the large holes in rings lead to
a very small maximum packing fractions which can therefore be used to make highly porous
materials. Such porous materials have applications in storage of hydrogen or 𝐶𝑂2 .
1. Appendix

1.1 Brownian Dynamics simulation for rotational diffusion of axisymmetric
particles
Rotary Brownian Dynamics (BD) simulations of an axisymmetric particle with a rotary
diffusivity 𝐷𝑟 is carried out using the procedure outlined in Gabdoulline & Wade (Gabdoulline,
1998). The rotational displacement at each Brownian time step Δ𝑡 is given by
𝑡+Δ𝑡

𝒑(𝑡 + Δ𝑡) − 𝒑(𝑡) = ∫ 𝑑𝑡 ′ [𝒑𝑱̇ (𝑡 ′ )  +
𝑡

𝚫𝒑𝑩 (𝑡)
]  (𝑆1.1)
Δ𝑡

where the rotation rate induced by the simple shear flow is 𝒑̇𝑱 = 𝝎∞ + 𝜆(𝑬∞ − 𝑬∞ : 𝒑𝒑𝒑), 𝝎∞
being the vorticity and 𝑬∞ = 0.5(𝛁𝒖∞ + (𝛁𝒖∞ )𝑻 ) being the strain rate.

The Brownian

displacement 𝚫𝒑𝑩 is such that 〈𝚫𝒑𝑩 〉 = 0, 〈𝚫𝒑𝑩 𝚫𝒑𝑩 〉 = (2𝐷𝑟 Δ𝑡)0.5 (𝑰 − 𝒑𝒑). Solving equation
(S1.1) is equivalent to solving the Fokker-Planck equation for the orientation probability
distribution 𝑃(𝒑) ( (Gabdoulline, 1998), (Kim & Karilla, 1991)). The quantity 𝑃(𝒑)𝒅𝒑 gives the
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fraction of systems in the differential region 𝒅𝒑 around 𝒑 and is used to obtain the ensemble
average of any quantity of interest 𝑿 which is given by

⟨𝑿⟩ = ∫ 𝒅𝒑𝑃(𝒑)𝑿.(𝑆1.2)

A Runge-Kutta method with adaptive time stepping is used to solve equation (S 1.1). The
Brownian time-step Δ𝑡 should be much smaller than the inverse of the non-dimensional rotary
diffusivity 𝐷𝑟 at low 𝑃𝑒 and much smaller than the inverse of the shear rate at high 𝑃𝑒.
Additionally, the angular step √2Δ𝑡𝐷𝑟 should be much smaller than unity at low Pe and much
smaller than measure of the angle subtended by the particle at high 𝑃𝑒, which is |𝜙𝑆 | for SAPs and
𝜙 𝑇 for rotating particles. These conditions are enforced by choosing Δ𝑡 = 0.1 for 𝑃𝑒 = 1/𝐷𝑟 ≥ 1
and Δ𝑡 = 10−2 𝑃𝑒 for 𝑃𝑒 < 1. The steady state orientation distribution is attained in an 𝑂(𝑃𝑒)
time for 𝑃𝑒 ≪ 1 and an 𝑂(𝑃𝑒𝜙 2𝑇 ) or 𝑂(𝑃𝑒|𝜙𝑠 |) time for 𝑃𝑒 ≫ 1 (Hinch & Leal, 1973).
Therefore, the simulation was terminated after a time 103 𝑃𝑒 for 𝑃𝑒 ≤ 1; and 103 𝑃𝑒𝜙 2𝑇 for
tumbling particles and 𝑃𝑒𝜙𝑆2 for SAPs for 𝑃𝑒 ≥ 1. For the special case of |𝜙𝑆 | = 0 a steady state
orientation distribution was reached in a time of 0.1𝑃𝑒.
The BD simulation is additionally verified by confirming the convergence to the
−3
asymptotic limits as 𝑃𝑒 → 0 and 𝑃𝑒 ≫ 𝜙 −3
for aligning
𝑇 for tumbling particles or 𝑃𝑒 ≫ |𝜙𝑠 |

particles. For the low 𝑃𝑒 limit the moments 𝒑 obtained from the solution to the Fokker-Planck
equation for 𝑃 (𝒑) yields
1
1 𝑬∞
⟨𝒑𝒑⟩ = 𝑰 −
+ 𝑂(𝑃𝑒 2 ),
3
15 𝐷𝑟

⟨𝑝𝑖 𝑝𝑗 𝑝𝑘 𝑝𝑙 ⟩ =

1
(𝛿 𝛿 + 𝛿𝑖𝑘 𝛿𝑗𝑙 + 𝛿𝑖𝑙 𝛿𝑗𝑘 ) + 𝑂(𝑃𝑒),(𝑆1.3)
15 𝑖𝑗 𝑘𝑙

(Kim & Karilla, 1991; Brenner, 1974). The BD simulation results are within 3% from the values
in equation (S 1.3) for 𝑃𝑒 < 0.1. On the other hand, for the high 𝑃𝑒 limit, the orientation
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distribution for tumbling particles (𝑃𝑒 ≫ 𝜙 −3
𝑇 ) matches the distribution of Leal and Hinch (Leal
& Hinch, 1971) and the orientation distribution in the 𝜙 direction for aligning particles (𝑃𝑒 ≫
|𝜙𝑠 |−3 ) is matched with Brenner’s result (Brenner, 1974) as shown in figures S1 (a) and (b). The
moments of 𝒑 obtained from the BD simulations match the asymptotic values with a maximum
error of 1% for 𝑃𝑒 ≳ |𝜙𝑆 |−3 or 𝑃𝑒 ≳ 10𝜙 −3
𝑇 .

(a)

(b)
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Figure S1 (a) The orbit distribution probability𝑝(𝐶𝑏 ) obtained from BD simulations along with
the analytical distribution of (Leal & Hinch, 1971) 𝑃𝑒 = 105 for an 𝐴 = 55 torus. (b) 𝑃𝜙 (𝜙), the
steady state probability distribution of the azimuthal angle for a T-ring with 𝐴 = 55 at 𝑃𝑒 = 105
obtained from BD simulations and semi-analytical prediction from the solution of the convection
diffusion equation:

𝜕𝑃𝜙
𝜕𝑡

𝑑
1 𝑑𝑃
+ 𝑑𝜙 (𝜙̇𝐽 𝑃𝜙 − 𝑃𝑒 𝑑𝜙𝜙 ) = 0.

Figure S2 (a) shows the variation of the flow-alignment parameter (𝑘) as a function of 𝑃𝑒.
1

The flow alignment parameter 𝑘 is proportional to 𝑃𝑒 −3 for 𝑃𝑒 ≫ 1 for both a torus and a SAP at
1

𝐴 = 𝐴∗ = 26 as shown by (Brenner, 1974). The 𝑃𝑒 −3 dependence of 𝑘 is retained for the SAP
while it attains the value corresponding to the weak Brownian motion limit of (Leal & Hinch,
1971). The Brownian stresslet ⟨𝑆𝐵𝑟𝑜𝑤 ⟩, hydrodynamic stresslet ⟨𝑆𝐻𝑦𝑑 ⟩; and the normal stress
differences as a function of 𝑃𝑒 are shown in figure S2 (b) and (c) respectively. ⟨𝑆𝐻𝑦𝑑 ⟩ converges
to its steady state value of 𝑂(1/𝐴∗ 2 ) as 𝑃𝑒 → ∞ which is still larger than the 𝑂(𝛥𝐴/𝐴3 ) +
𝑂(1/𝐴2 ) value of an 𝐴 = 55 SAP due to a smaller aspect ratio. At 𝑃𝑒 = 106 ⟨𝑆𝐻𝑦𝑑 ⟩ is almost
76% larger than its equilibrium value when 𝒑 = 𝒑𝑠 . The normal stresses differences approach
towards a zero value as 𝑃𝑒 → ∞, but otherwise have a similar variation to a SAP with non-zero
|𝜙𝑆 | for 𝑃𝑒 ≪ |𝜙𝑆 |−3 .

(a)

(b)
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(c)
Figure S2 Variation of the flow-alignment parameter (𝑘), the Brownian ⟨𝑆𝐵𝑟𝑜𝑤 ⟩ and hydrodynamic
stresslet ⟨𝑆𝐻𝑦𝑑 ⟩, and the normal stress differences(⟨𝑁1 ⟩, ⟨𝑁2 ⟩) for a T-ring at the critical aspect ratio
𝐴 = 𝐴∗ ≈ 26.

1.2 Pairwise interaction simulation strategy
The methodology for simulating pairwise interactions (PIs) between two particles includes
modeling of hydrodynamic interactions (HIs) using slender body theory and collisions using a
short-range repulsive force (Borker and Koch ring paper). Consider two particles with orientations
𝒑𝑰 and 𝒑𝑰𝑰 and with the position of their centers of mass located at 𝒓𝑰,𝑪𝑶𝑴 and 𝒓𝑰,𝑪𝑶𝑴 respectively.
The leading order effect of the presence of second particle is embedded in the slender body theory
formulation through an additional velocity disturbance 𝒖′∞ which is given by
1
′ ( )
𝑢∞,𝑖
𝒓

= ∫ 2𝜋𝑑𝑠𝑓𝑗 (𝒓′ )𝐽𝑖𝑗 (𝒓") ,(𝑆2.1)
0

where 𝐽𝑖𝑗 (𝒓) is the Oseen tensor equal to (𝛿𝑖𝑗 /𝑟 + 𝑟𝑖 𝑟𝑗 /𝑟 3 )/(8𝜋), 𝑠 is a coordinate measured along
the centerline of the ring cross-section, 𝒓" = 𝒓 − 𝒓′, 𝒓′ being the position on the centerline of the
second ring, 𝒇 is the force per unit length exerted by the particle on the fluid obtained from the
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SBT solution of a single force and torque free ring in a simple shear flow (𝒇𝑆𝑆𝐹 ) (Borker & Koch,
in press) and the force per unit length due to collision 𝒇𝑐𝑜𝑙 discussed later in the text. 𝒖′∞ also
termed the first reflection accurately describes the rheology of high-aspect ratio fibers which are
mainly driven by hydrodynamic interactions rather than collisions (Mackaplow & Shaqfeh, 1996).
The velocity disturbance produced by the first reflection is accurate because subsequent reflections
are smaller by a factor of 𝑂(1/ln(8𝐴)), making the influence of each reflection smaller than the
previous one. 𝒖′∞ induces an angular velocity 𝝎𝑯𝑰 , a translational velocity 𝑼𝑯𝑰 and a force per
unit length 𝒇𝑯𝑰 = 4𝜋𝜖𝑅 (𝑼𝑯𝑰 + 𝝎𝑯𝑰 × 𝒓𝒄 − 𝒖′∞ ) ⋅ (𝑰 − 0.5𝒆𝒛 𝒆𝒛 ), where 𝜖𝑅 = 1/ ln(8𝑅𝑆𝐵𝑇 /𝑎) is
the slender parameter in the SBT formulation and is obtained from 2D Stokes flow calculation
which determines 𝑅𝑆𝐵𝑇 = 1 + 𝑂(1/𝐴) as the equivalent radius of the ring through the computation
of the apparent hydrodynamic center of resistance, and 𝑎~𝑂(1/𝐴) being the equivalent radius of
the cross-section. Using 𝜖𝑅 instead of 1/ ln(𝐴), where 𝐴 is the ratio of the extent of the particle in
the plane of the ring and the extent normal to the plane, ensures greater accuracy of the SBT
formulation, particularly 𝒇𝑆𝑆𝐹 can be analytically obtained with errors of 𝑂(1/𝐴2 ). We retain the
use of 𝜖 = 𝜖𝑅 + 𝑂(𝜖𝑅2 /𝐴) in scaling arguments because the purely geometric quantity 𝐴 is more
intuitive to readers than 𝑅𝑆𝐵𝑇 /𝑎 which comes from a hydrodynamic calculation. The components
of 𝒇𝐻𝐼 expressed in the (𝑛, 𝑏, 𝑝) coordinate system are
𝑓𝐻𝐼,𝐼,𝑛 𝑈𝐻𝐼,𝑛 (3 + cos(2 ⋅ 2𝜋𝑠)) 𝑈𝐻𝐼,𝑏 sin(2 ⋅ 2𝜋𝑠) 𝜔𝐻𝐼,𝑝 sin(2𝜋𝑠)
=
+
−
− 𝑞𝑛 ,
8𝜋𝜖𝑅
8
8
4
𝑓𝐻𝐼,𝐼,𝑏 𝑈𝐻𝐼,𝑛 sin(2 ⋅ 2𝜋𝑠) 𝑈𝐻𝐼,𝑏 (3 − cos(2 ⋅ 2𝜋𝑠)) 𝜔𝐻𝐼,𝑝 cos(2𝜋𝑠)
=
+
+
− 𝑞𝑏 ,
8𝜋𝜖𝑅
8
8
4


𝑓𝐻𝐼,𝐼,𝑝 𝑈𝐻𝐼,𝑝 𝜔𝑛 sin(2𝜋𝑠) 𝜔𝑏 cos(2𝜋𝑠)
=
+
−
− 𝑞𝑝 ,(𝑆2.2)
8𝜋𝜖𝑅
2
2
2

where 𝒒 is given by
(1 + cos 2 (2𝜋𝑠)) ′
sin(2𝜋𝑠) cos(2𝜋𝑠) ′
𝑞𝑛 = 
𝐮∞ (𝐫𝐜 ) ⋅ 𝒏 +
𝐮∞ (𝐫𝐜 ) ⋅ 𝒃,
4
4
(1 + sin2 (2𝜋𝑠)) ′
sin(2𝜋𝑠) cos(2𝜋𝑠) ′
𝑞𝑏 = 
𝐮∞ (𝐫𝐜 ) ⋅ 𝒏 +
𝐮∞ (𝐫𝐜 ) ⋅ 𝒃,
4
4
1
𝑞𝑝 = 𝐮′∞ (𝐫𝐜 ). 𝒑.(𝑆2.3)
2
̂ ∞ and 𝒃 = 𝒑 × 𝒏. 𝑼𝐻𝐼 obtained by applying the
The vector 𝒏 is a unit vector along (𝑰 − 𝒑𝒑) ⋅ 𝑼
force-free condition is given by
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1

𝑈𝐻𝐼,𝑛

1

1

4
4
1
=  ∫ 2𝜋𝑑𝑠𝑞𝑛 , 𝑈𝐻𝐼,𝑏 =  ∫ 2𝜋𝑑𝑠𝑞𝑏 , 𝑈𝐻𝐼,𝑝 =  ∫ 2𝜋𝑑𝑠𝑞𝑝 ,(𝑆2.4)
3𝜋
3𝜋
𝜋
0

0

0

and 𝝎𝐻𝐼 obtained by applying the torque-free condition is given by
2𝜋

𝜔𝐻𝐼,𝑛

2
=  ∫ 𝑑𝜙𝑞𝑝 sin(𝜙) ,
𝜋

2𝜋

𝜔𝐻𝐼,𝑏

0

2
=  − ∫ 𝑑𝜙𝑞𝑝 cos(𝜙) ,
𝜋
0

2𝜋

𝜔𝐻𝐼,𝑝

2
=  ∫ 𝑑𝜙(−𝑞𝑛 sin(𝜙) + 𝑞𝑏 cos(𝜙)) . (𝑆2.5)
𝜋
0

Solid-body collisions and HIs both influence the behavior of high-aspect ratio particles at
dilute particle concentrations. The importance of collisions relative to HIs can be quantified by
obtaining the order of magnitude scaling of the mean square change in its orientation Δ𝑝2
(Rahnama, et al., 1995) which is simply the product of the event frequency and the square of
change in the particle orientation due to that event. The frequency of collision is equal to the
product of the collision cross-section, the relative velocity and the event probability. The collision
frequency is 𝑂(|𝜙𝑆 |2 ) for a suspension of SAPs and 𝑂(𝜙 𝑇 ) for a suspension of rotating particles.
The collision of two-SAPs changes the particles orientation by 𝑂(|𝜙𝑆 |), while the orientation of a
rotating ring in its aligned phase changes by 𝑂(1) when it collides with a rotating ring in its
tumbling phase. This implies that Δ𝑝2 is 𝑂(|𝜙𝑆 |4 ) for SAPs and 𝑂(𝜙 𝑇 ) for tumbling rings. Δ𝑝2
due to purely hydrodynamic interactions, summarized in table S 2, is 𝑂(|𝜙𝑆 |2 ) for SAPs and
𝑂(𝜙 𝑇 ) for rotating particles. Based on the scaling arguments it can be claimed that the rheology
of SAPs is mainly determined by the hydrodynamic interactions while the rheology of rotating
rings has a major contribution from collisions.

Type of interactions

Event
Collision
Collision × Relative ×
=
velocity
probability
Frequency
cross-
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sectional
area

SAP-SAP
Aligned-Aligned
(Tumblers)
Aligned-Tumbling
(Tumblers)
Tumbling-Tumbling
(Tumblers)

:

|𝜙𝑆 |

×

|𝜙𝑆 |

×

:

𝜙𝑇

×

𝜙𝑇

×

=

𝑂(|𝜙𝑆 |2 )

1

=

O(𝜙 2𝑇 )

1

:

1

×

1 ×

𝜙𝑇

=

O (𝜙 𝑇 )

:

1

×

1 ×

𝜙 2𝑇

=

O(𝜙 2𝑇 )

Table S1. Frequency of collision between two SAPs and between two rotating particles.
The latter has three cases: (1) both particles are in the aligned phase, (2) one particle is in the
aligned phase and the second one tumbles and (3) both particles are in the tumbling phase.
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Square of the
change in 𝒑

Type of HIs

during the

×

Event
probability

=

Mean square
change in p

interaction

SAP-SAP
Aligned-Aligned
(Tumblers)
Aligned-Tumbling
(Tumblers)
Tumbling-Tumbling
(Tumblers)

:

(𝜖|𝜙𝑆 |)2

×

=

𝑂(𝜖 2 |𝜙𝑆 |2 )

:

(𝜖𝜙 𝑇 )2

×

1

=

O(𝜖 2 𝜙 2𝑇 )

:

𝜖2

×

𝜙𝑇

=

O (𝜖 2 𝜙 𝑇 )

:

𝜖2

×

𝜙 2𝑇

=

O(𝜖 2 𝜙 2𝑇 )

1

Table S2. Mean squared orientation changed due to interactions between two SAPs and
between two rotating particles. The latter has three cases: (1) both particles are in the aligned phase,
(2) one particle is in the aligned phase and the second one tumbles and (3) both particles are in the
tumbling phase.
Before explaining the modeling strategy for collision, we explain how high-aspect ratio
rings can make solid-body contacts. The lubrication force between two high-aspect ratio tori which
are almost colliding is 𝑂 (𝛿̇ /(𝐴2 𝛿 )), similar to the lubrication force between nearly colliding
cylinders (Yamane, et al., 1994), where 𝛿 is the distance of minimum separation between the
particles and 𝛿̇ is the time rate of change of 𝛿. In an 𝑂(1) time 𝛿 changes by a factor of exp(−𝐴2 ),
leading to sub-atomic separations for any sub-mm sized particle with 𝐴 > 5. The details of the
cross-sectional shape would not change the order of magnitude of the lubrication force and the
argument that lubrication is too weak to prevent collision remains valid for any high-aspect ratio
ring.
The collision event near the point of contact is simulated by applying a short-range
repulsive force, 𝑭𝑐𝑜𝑙 , that prevents particles from passing through each other and acts on one or
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two points on the rings and depends only on the distance of minimum separation between the rings
𝛿. T-rings and L-rings are modeled as tori with the same aspect ratio 𝐴𝑆𝐵𝑇 and an equivalent
hydrodynamic cross-sectional radius obtained from SBT (Borker & Koch, in press). This
approximation only changes the position of the point of contact by 𝑂(1/𝐴) leading to small
changes in the overall trajectory of the particle. The rheology of a suspension of discs for which
collisions are important was found to be insensitive to the choice of the functional form 𝑭𝑐𝑜𝑙 on 𝛿
as long as it increases steeply ( (Yamamoto & Matsuoka, 1997; Meng & Higdon, 2008)). 𝑭𝑐𝑜𝑙 used
in our simulations had a functional form on 𝛿 similar to 𝑭𝑐𝑜𝑙 used to simulate collision of two discs
by Meng and Higdon (Meng & Higdon, 2008) which is given by
3

𝑭𝑐𝑜𝑙

8𝜋 𝛿𝑚𝑖𝑛
𝜂2
= 2 𝐶𝑝
(𝜂 − ) 𝒅,(𝑆2.6)
𝐴
𝛿
2

where 𝜂 = 1 − 𝛿/𝛿𝑚𝑖𝑛 , 𝒅 is a unit vector normal to the collision surface pointing towards the
surface of each sphere and 𝐶𝑝 is an 𝑂(1) constant chosen to be unity for our simulation (Meng &
Higdon, 2008). 𝛿𝑚𝑖𝑛 was chosen to be 10−2 /𝐴 and 𝑭𝑐𝑜𝑙 is capped to a maximum value
corresponding to 𝛿 = 10−2 𝛿𝑚𝑖𝑛 for all our simulations to avoid small time steps. Collisions induce
linear (𝑼𝑐𝑜𝑙 ) and angular (𝝎𝑐𝑜𝑙 ) velocities and a force per unit length 𝒇𝑐𝑜𝑙 . 𝑼𝑐𝑜𝑙 and 𝝎𝑐𝑜𝑙 obtained
by applying the force and torque free condition on the particle are given by

𝑼𝑐𝑜𝑙

𝝎𝑐𝑜𝑙 =

17
1 − 6 𝜖𝑅
𝑭𝑐𝑜𝑙
3 1
(𝑰 − 𝒑𝒑) +
=
⋅(
𝒑𝒑),
2
6𝜋 𝜖𝑅 1 − 5 𝜖 − 𝜖 2
4 1 + 𝜖𝑅
𝑅
2
2 𝑅
(𝒓𝑐,𝑐𝑜𝑙 × 𝑭𝑐𝑜𝑙 ) 𝒏𝒏 + 𝒃𝒃
𝒑𝒑
⋅(
+
). (𝑆2.7)
2
4𝜋 𝜖𝑅
1 − 1.5𝜖𝑅 1 − 2𝜖𝑅

The force per unit length due to collision 𝒇𝑐𝑜𝑙 is given by
𝑓𝑐𝑜𝑙,𝑛 𝑈𝑐𝑜𝑙,𝑛 (3 + cos(2 ⋅ 2𝜋𝑠)) 𝑈𝑐𝑜𝑙,𝑏 sin(2 ⋅ 2𝜋𝑠) 𝜔𝑐𝑜𝑙,𝑝 sin(2𝜋𝑠)
=
+
−
,
8𝜋𝜖𝑅
8
8
4
𝑓𝑐𝑜𝑙,𝑏 𝑈𝑐𝑜𝑙,𝑛 sin(2 ⋅ 2𝜋𝑠) 𝑈𝑐𝑜𝑙,𝑏 (3 − cos(2 ⋅ 2𝜋𝑠)) 𝜔𝑐𝑜𝑙,𝑝 cos(2𝜋𝑠)
=
+
+
,
8𝜋𝜖𝑅
8
8
4
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𝑓𝑐𝑜𝑙,𝑝 𝑈𝑐𝑜𝑙,𝑝 𝜔𝑐𝑜𝑙,𝑛 sin(2𝜋𝑠) 𝜔𝑐𝑜𝑙,𝑏 cos(2𝜋𝑠)
=
+
−
.(𝑆2.8)
8𝜋𝜖𝑅
2
2
2
𝒇𝑐𝑜𝑙 is included while computing the velocity disturbance on the particle and is important when
the particles collide.
The particle position 𝒓𝑘,𝐶𝑂𝑀 and orientation 𝒑𝑘 are obtained by solving a set of ordinary
differential equations given by


𝑑𝒓𝑘,𝐶𝑂𝑀
𝑑𝑡

= 𝒖∞ (𝒓𝑘,𝐶𝑂𝑀 ) + 𝜂1 𝑬∞ ⋅ 𝒑𝑘 + 𝜂2 𝑬∞ : 𝒑𝑘 𝒑𝑘 𝒑𝑘 + 𝑼𝐻𝐼 + 𝑼𝑐𝑜𝑙 ,(𝑆2.9)
𝑑𝒑𝑘
= 𝒑𝑘 ⋅ 𝑹∞ + 𝜆(𝑬∞ ⋅ 𝒑𝑘 − 𝑬∞ : 𝒑𝑘 𝒑𝑘 𝒑𝑘 ) + (𝝎𝐻𝐼 + 𝝎𝑐𝑜𝑙 ) × 𝒑𝑘 ,(𝑆2.10)
𝑑𝑡
where 𝑘 = {𝐼, 𝐼𝐼 }, 𝜂1 and 𝜂2 are translation parameters determining the deviation of the particle’s
velocity from the fluid velocity at its center of mass in the absence of particle interactions. The
Runge-Kutta method with adaptive time-stepping was used to march forward in time. The initial
center of mass positions of the two particles were chosen to be 𝒓𝑰,𝑪𝑶𝑴 = 0 and 𝒓𝑰𝑰,𝑪𝑶𝑴 = −𝚫𝒓0
̂ ∞ ≫ 1 simulating an initial large separation between the particles. The choice of
such that 𝚫𝒓0 ⋅ 𝑼
𝚫𝒓0 is discussed shortly at the end of the paragraph. The only difference between the simulation of
SAPs and rotating rings is the specification of the initial orientations. For SAPs the initial
orientations of both the particles 𝒑𝐼,0 and 𝒑𝐼𝐼,0 are equal to one of the stable equilibrium orientation
𝒑𝑆,𝐼 or 𝒑𝑆𝐼𝐼 shown in figure 1 (c) of the main text. For rotating particles, the 𝒑𝐼,0 and 𝒑𝐼𝐼,0 are
chosen from the statistical steady state orientation distribution set by pairwise interactions. The
initial conditions for the simulation of SAPs involve only two degrees of freedom
̂ ∞ )while rotating particles requires an four additional orientational degrees of
(𝚫𝒓0 ⋅ 𝚪̂∞ , 𝚫𝒓0 ⋅ 𝛀
freedom. The procedure for obtaining this steady state distribution is described in Borker and Koch
(ring rheology paper). For rings with 𝜙 𝑇 ≪ 1, the orientation distribution determined by particle
interactions is close to the orientation distribution set by weak Brownian motion (𝑃𝑒 ≫ 𝜙 𝑇−3 ).
Monte-Carlo integration is used to compute quantities of interest from such as orientational
dispersion, hydrodynamic diffusivity or stresslet. The statistical ensemble average of any quantity
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of interest 𝑿 obtained from the flux of particles passing through the flow-vorticity plane is given
by
𝑁𝑗

𝑁𝑗

∞

⟨𝑿⟩𝑃𝐼
(𝚫𝒓0 )𝑘 ⋅ 𝚪̂∞
𝐼𝑘
∫ 𝑑𝑡 (𝑿𝑘 (𝑡) − 𝑿𝐽,𝑘 (𝑡)) = ∑ 𝐴𝑗 ∑ .(𝑆2.11)
= ∑ 𝐴𝑗 ∑
𝑛
𝑁𝑗
𝑁𝑗
𝑗

𝑘=1

𝑗

−∞

𝑘=1

where the subscript 𝑘 refers to the 𝑘 𝑡ℎ pairwise interaction between 2 particles, 𝑿𝐽,𝑘 is the value
of 𝑿 evaluated in the absence of the second particle, (𝚫𝒓0 )𝑘 ⋅ 𝚪̂∞ specifies velocity of the particles,
̂ ∞ plane and 𝐼𝑘 is simply the value of the integral times
𝐴𝑗 is the area of the 𝑗𝑡ℎ region in the 𝚪̂∞ − 𝛀
the probability of the interaction (𝚫𝒓0 )𝑘 ⋅ 𝚪̂∞ . The inner summation in equation (𝑆2.11) gives the
̂ ∞ and 𝚫𝒓0 ⋅ 𝚪̂∞ are generated with
flux per unit area contribution to ⟨𝑿⟩𝑃𝐼 /𝑛. The values of𝚫𝒓0 ⋅ 𝛀
uniform probability in each of the 𝑗𝑡ℎ region. The standard deviation of 𝐼𝑘 in the 𝑗𝑡ℎ region 𝜎𝐼,𝑗
mathematically given by

2
𝜎𝐼,𝑗

𝑁𝑗

𝑁𝑗

𝑘=1

𝑘=1

2

1
𝐼𝑘
= ∑ (𝐼𝑘 − ∑ ) ,(2.12)
𝑁𝑗
𝑁𝑗

is used to express the statistical error. The expression for ⟨𝑿⟩𝑃𝐼 with the standard error within 95%
confidence limits is given by
𝑁𝑗

⟨𝑿⟩𝑃𝐼
𝜎𝐼,𝑗
𝐼𝑘
} (2.13)
= ∑ 𝐴𝑗 {∑ ± 1.96
𝑛
𝑁𝑗
√𝑁𝑗
𝑗

𝑘=1

𝜎𝐼,𝑗 ≪ 1% for the Monte-Carlo simulations of SAPs while its value was about 2% for tumblers.
The stresslet in a dilute suspension of rings can be expressed as ⟨𝑺⟩ = ⟨𝑺𝐻𝑦𝑑 ⟩ +
𝑛(〈𝑺𝑝 ⟩/𝑛 + 〈𝑺𝑓 ⟩/𝑛 + 〈𝑺𝑐𝑜𝑙 ⟩/𝑛), where 〈𝑺𝑝 ⟩ is the stresslet driven by the transient change in the
particles orientation due to PIs, ⟨𝑺𝑓 ⟩ the stresslet induced by 𝒇𝐻𝐼 , and ⟨𝑺𝑐𝑜𝑙 ⟩ is the stresslet imparted
from particle collisions (𝑭𝑐𝑜𝑙 ). 〈𝑺𝑝 ⟩ is expressed as
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𝑁𝑗

∞

〈𝑺𝑝 ⟩
𝐴𝑗
= ∑ ∑ (𝚫𝒓0 )𝑘 ⋅ 𝚪̂∞ ∫ 𝑑𝑡[𝑺𝐻𝑦𝑑 (𝒑) − 𝑺𝐻𝑦𝑑 (𝒑𝑠 )] . (𝑆2.14)
𝑛
𝑁𝑗
𝑗

𝑘=1

0

⟨𝑺𝑓 ⟩ is the ensemble average of 𝑺𝑓 = ∫ 𝑑𝑠((𝒇𝐻𝐼 𝒓𝒄 + 𝒓𝒄 𝒇𝐻𝐼 )/2 − (𝒓𝒄 ⋅ 𝒇𝐻𝐼 )𝑰/3), given by
𝑁𝑗

∞

⟨𝑺𝑓 ⟩
𝐴𝑗
= ∑ ∑(𝚫𝒓0 )𝑘 ⋅ 𝚪̂∞ ∫ 𝑑𝑡𝑺𝑓 ,(𝑆2.15)
𝑛
𝑁𝑗
𝑗

𝑘=1

−∞

and ⟨𝑺𝑐𝑜𝑙 ⟩ is given by
𝑁𝑗

∞

⟨𝑺𝑐𝑜𝑙 ⟩
𝐴𝑗
= ∑ ∑(𝚫𝒓0 )𝑘 ⋅ 𝚪̂∞ ∫ 𝑑𝑡𝑺𝑐𝑜𝑙 .(𝑆2.16)
𝑛
𝑁𝑗
𝑗

𝑘=1

−∞

̂ ∞ plane
Equations (2.14)-(2.16) face the problem of a non-integrable area integral over the 𝚪̂∞ − 𝛀
because 𝑺𝑓 and 𝑺𝑝 scale as Δ𝑟 −3 , Δ𝑟 being the measure of the distance away from the particle. To
prevent this divergent behavior, a renormalization procedure similar to (Batchelor & Green, 1972),
is used to compute the contribution of the second particle. In this procedure, the position,
orientation and 𝒇𝐻𝐼 are observed as a second SAP particle passes by on a streamline with the same
Δ𝒓0 value as the original pairwise interaction calculation. The ensemble average stresslet exerted
by particle-I in this new calculation should be exactly equal to 𝑺𝐻𝑦𝑑 (𝒑𝑆 ). In this new calculation,
−3
𝑺𝑓𝑅𝑁 and 𝑺𝑅𝑁
𝑝 , similar to 𝑺𝑓 and 𝑺𝑝 for the pairwise calculation respectively, have the same Δ𝑟

decay as 𝑺𝑓 and 𝑺𝑝 . The ensemble averages ⟨𝑺𝑓𝑅𝑁 ⟩ and ⟨𝑺𝑅𝑁
𝑝 ⟩ should be equal to zero over all
possible realizations of the system at 𝑂(𝑛). This calculation is a way of computing the stress on a
test SAP in a sea of other SAPs, which at 𝑂(𝑛) should be identical to −𝑛𝑺𝐻𝑦𝑑 (𝒑𝑆 ). Therefore, the
renormalized equation for evaluating ⟨𝑺𝑓 ⟩ is given by
𝑁𝑗

∞

⟨𝑺𝑓 ⟩
𝐴𝑗
= ∑ ∑ (𝚫𝒓0 )𝑘 ⋅ 𝚪̂∞ ∫ 𝑑𝑡(𝑺𝑓 − 𝑺𝑓𝑅𝑁 ) , (𝑆2.17)
𝑛
𝑁𝑗
𝑗

𝑘=1

−∞

and for 𝑺𝑝 is given by
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𝑁𝑗

〈𝑺𝑝 ⟩
𝐴𝑗
= ∑ ∑(𝚫𝒓0 )𝑘
𝑛
𝑁𝑗
𝑗

𝑘=1

∞

⋅ 𝚪̂∞ ∫ 𝑑𝑡{[𝑺𝐻𝑦𝑑 (𝒑) − 𝑺𝐻𝑦𝑑 (𝒑𝑠 )] − [𝑺𝐻𝑦𝑑 (𝒑𝑅𝑁 ) − 𝑺𝐻𝑦𝑑 (𝒑𝑠 )]} ,(𝑆2.18)
0

where 𝒑𝑅𝑁 is the value of 𝒑 calculated for the additional calculation for the renormalization
procedure. The time integral of (𝑺𝑓 − 𝑺𝑓𝑅𝑁 ) and [𝑺𝐻𝑦𝑑 (𝒑) − 𝑺𝐻𝑦𝑑 (𝒑𝑠 )] − [𝑺𝐻𝑦𝑑 (𝒑𝑅𝑁 ) −
̂ ∞𝑼
̂ ∞ )|−6 ) as 𝚫𝒓0 ⋅ (𝑰 − 𝑼
̂ ∞𝑼
̂ ∞ ) → ∞, leading to a convergent
𝑺𝐻𝑦𝑑 (𝒑𝑠 )] are 𝑂 (|𝚫𝒓0 ⋅ (𝑰 − 𝑼
area summation. Evaluating the time integration using equations (S 2.17) –(2.18) isolates the
influence of the pairwise interaction for each trajectory, and thereby minimizes the statistical
uncertainty of the Monte-Carlo procedure.
The simulations are first performed with uniformly seeded points in region 1 whose extent
̂ ∞ is 𝐿2 = 3 as shown in figure S3 (a). It takes about 103
along 𝚪̂∞ is 𝐿3 = 2 and the extent along 𝛀
simulations for obtaining steady state contribution in this region as shown by the convergence of
⟨𝑆𝑝 ⟩ as a function of the number of Monte-Carlo simulations 𝑁𝑠𝑖𝑚 as shown in figure S3 (b). The
statistical error in region-1 has a magnitude of less than about 0.01% of the mean value in that
region. A similar pattern is followed by other quantities of interest. This steady state value of ⟨𝑆𝑝 ⟩
can be improved by including the contribution from additional regions (2, 3) whose extent along
̂ ∞ is doubled for each subsequent region-𝑘, 𝑘 = (2,3) as shown in figure S3 (a). The
𝚪̂∞ and 𝛀
contribution of regions 2-and-3 are insignificant compared to the one of region-1 as shown in
figure S3 (c). The simulations were therefore terminated after region (3). For 𝐴 = 30 particle we
performed the simulations in regions 4 and 5 and found their respective contribution to 〈𝑺𝑝 ⟩/𝑛 to
progressively get smaller.
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(a)

(c)

(b)
̂ ∞ plane into five regions, to establish convergence with the
Figure S3 (a) Division of 𝚪̂∞ − 𝛀
domain size. SAPs have a skewed domain because of the alignment near the flow-vorticity plane
̂ ∞ direction compared to 𝚪̂∞ direction. (𝐿2 , 𝐿3 ) for region 𝑗
leads to a stronger interaction in 𝛀
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increases

by

a

factor

of

2

compared

with

(𝐿 2 , 𝐿 3 )

for

region

𝑗 − 1.

(b)

Meanvalueof(⟨𝑆𝑝 ⟩, ⟨𝑆𝑓 ⟩, ⟨𝑆𝑐𝑜𝑙 ⟩)/𝑛 vs the number of simulations 𝑁𝑠𝑖𝑚 for different regions. (c)
Decreasing ⟨𝑆𝑝 ⟩/𝑛 contribution with increasing region index 𝑗. Thus, the inner summation
decreases faster than the increase in the area establishing convergence of equation (S 2.11). In
general contribution from region-1 is sufficient for the simulations.

1.3 Particle attraction towards a wall
The velocity disturbance due to the image singularities can be computed by integrating the
velocity disturbance of the image of a stokeslet 𝒇𝑆𝑆𝐹 along the centerline of the image ring obtained
using equation (8) of Blake and Chwang (Blake & Chwang, 1974). 𝜁𝑤 can be estimated for ℎ ≫ 1
̂ ∞ = 𝑓𝑏 and 𝒇 ⋅ 𝚪̂∞ ≈ 𝑓𝑛 |𝜙𝑆 |. For ℎ ≫ 1, the
̂ ∞ = 𝑓𝑛 , 𝒇 ⋅ 𝛀
by assuming 𝒑 = 𝒑𝒔 which implies 𝒇 ⋅ 𝑼
velocity disturbance in the gradient direction at the center of the ring due to the image ring,
obtained analytically using elementary algebra, is given by
2𝜋

(𝑓𝑛 cos(𝜙) + 𝑓𝑏 sin(𝜙))
13𝜋
̂
∫ 𝑑𝜙
𝒖𝑤𝑎𝑙𝑙
∞ . 𝚪∞ ≈
2
8ℎ
8𝜋
0

≈ −(

1
13𝜋|𝜙𝑆 |𝜖
𝛼̅2 cos(2𝜃02 ) 3𝛼̅3 cos(3𝜃03 )
𝜁𝑤
(1 − 𝜖
) = − 2 .(𝑆3.1)
)
+
2
5
ℎ 16 (1 − 5 𝜖)
𝐴
ℎ
2 (1 − 2 𝜖)
2

Equation (S 3.1) accurately predicts 𝜁𝑤 for rings until ℎ ≈ 2 as seen in figure 4 (f) in the main text.
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CHAPTER 6

Future work

Our work demonstrates a new class of suspensions of self-aligning particles that have a much
smaller effective viscosity, hydrodynamic diffusivity and orientation dispersion in comparison to
a suspension of tumbling particles of the same aspect ratios. The rheology of can be passively
controlled by changing the geometry of individual particles. Discs are known to strongly align near
the flow vorticity plane for 𝑛~𝑂(1) under shear due to excluded volume interactions (Meng &
Higdon, 2008). The excluded volume of a rings is only about 15% smaller than that of a
circumscribing disc (Wensink & Avendaño, 2016). Furthermore, rings of are known to transition
to a liquid crystal smectic phase at 𝑛 ≈ 0.8 for 𝐴 ≈ 17 (Carlos Avendañoa, 2016). These findings
suggest that self-aligning rings should retain orientational order for almost all values of 𝑛
compared to fiber or disc suspensions offering a unique route to synthesizing materials with
tunable properties using existing processing flow technologies. Our work should motivate
researchers to experimentally observe this new and exciting regime of flowing suspensions whose
properties should be significantly different from their tumbling counterparts. T-rings and L-rings
of feature sizes of a few microns could be fabricated using photolithography (Foulds &
Parameswaran., 2006). Coutte cell of gap-size of at least 5 particle diameters is sufficient to ignore
wall effects and observe alignment for a time that is atleast 10 times the time period of a equivalent
torus. Finally, ring suspensions owing to a large hole can have a very small packing fraction and
has applications in producing structured porous medium which have applications in storage of
hydrogen, 𝐶𝑂2 or metal melts for energy needs.
Simulating rheology at 𝑛~𝑂(1) requires calculating the velocity disturbances as well as
collisions from multiple particles. Hydrodynamic interactions can be computed using the slender
body theory formulation from the analytical force distribution of Borker and Koch (in press)
similar to the ring simulations carried out in chapter 4. The slender body theory formulation is able
to accurately predict the rheology of fibers when 𝑛𝐿3 ≫ 1 and 𝑛𝐿3 ≲ ln(8𝐴). Multiple contacts
between rings can be captured using a scheme developed by Vierra (1997). Furthermore, effect of
Brownian motion can also be embedded in this calculation by simply prescribing stochastically
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varying linear and angular velocities. The center of mass position 𝒓𝐶𝑂𝑀,𝑖 and orientation 𝒑𝑖 of the
𝑖 𝑡ℎ particle are given by
𝑁

𝑑(𝒓𝐶𝑂𝑀,𝑖 )
= 𝑢∞ (𝒓𝐶𝑂𝑀,𝑖 ) + 𝜂1 𝒑𝑖 ⋅ 𝑬∞ + 𝜂2 𝒑𝑖 𝒑𝑖 𝒑𝑖 : 𝑬∞ + ∑(𝑼𝐻𝐼,𝑘 + 𝑼𝑐𝑜𝑙,𝑘 ) + 𝑫𝑡 𝑓𝑡 ,
𝑑𝑡
𝑘=1
𝑘≠𝑖

𝑁

𝑑𝒑𝑖
= 𝒑𝑖 ⋅ 𝛀∞ + 𝜆(𝒑𝑖 ⋅ 𝑬∞ − 𝒑𝑖 𝒑𝑖 𝒑𝑖 : 𝑬∞ ) + ∑(𝝎𝐻𝐼,𝑘 + 𝝎𝑐𝑜𝑙,𝑘 ) + 𝑫𝑟 (𝑰 − 𝒑𝑖 𝒑𝑖 )𝑓𝑟 ,
𝑑𝑡
𝑘=1
𝑘≠𝑖

where, 𝜂1 , 𝜂2 are the translational parameters and 𝜆 is the rotational paramterer of the ring; 𝑫𝑡 and
𝑫𝑟 are the translational and rotational diffusivities of the particle respectively; and (𝑓𝑡 , 𝑓𝑟 ) are
random numbers generated using a normal distribution.
This calculation allows for the investigation of a phase transition behavior in ring suspensions
under shear. An isotropic to smectic or nematic phase transitions has been observed for Brownian
rings with only excluded volume interactions (Carlos Avendañoa, 2016). A similar phase transition
should also exist in a sheared suspension. Such a calculation can also confirm our predictions of
having suspensions with an ordered phase at all particle concentrations for a suspension of T-rings,
something that has never been observed before.
One can also study a polydisperse suspension of rings. The velocity disturbance created by a
ring is proportional the cube of its absolute size. Thus, a ring with a larger radius will create
velocity disturbances with greater magnitude. Rheology of polydisperse suspension of high-aspect
ratio particles other than fibers is again absent. Rings provide a computationally inexpensive route
to perform this calculation through the use of slender body theory for modeling the hydrodynamic
interactions. Additionally, rings of different sizes can pass through each other, as shown in figure
6.1. This in turn will impact the suspension rheology in non-trivial ways particularly when
𝑛~𝑂(1). Multi-particle simulation strategy suggested above can be used to study such
polydisperse ring suspensions.
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Figure 6.1 Polydisperse suspension of rings can have particle passing through each other
interacting hydrodynamically without collisions.
In this work, the focus was mainly on axisymmetric particles, because the simulation and the
rheology were more tractable with the computing power available to perform dilute suspension
rheology. However, non-axisymmetric particles have a much richer dynamical behavior which can
be utilized to passively control suspension rheology. For instance, cylinders with an L-shaped
cross-section shown in chapter 3, rotate chaotically unlike the periodic rotation of circular
cylinders. This will imply that the steady state orientation distribution would be different thereby
affecting the rheology. This effect would also exist for rings or discs which are non-axisymmetric.
Such non-axisymmetric particles when rotating near the flow-gradient plane would have a much
different effect on the rheology than the ones mentioned in chapter 4. Slender-body theory
developed in section-3 allows one to systematically design particle shapes that could have
interesting dynamical behavior in shear flows. One example of such geometries is wavy rings.
Using slender body theory (Cox 1970) one can easily show that an out of plane perturbation of the
ring centerline of the form 𝒓𝒄 . 𝒑 = 𝛼𝑅 𝑐𝑜𝑠(3𝜙 − 3𝜙0 ) can self-align in a finite amount of time.
Here 𝜙 is the azimuthal angle in a cylindrical coordinate system with the z-axis normal to the plane
of the ring. However, such an equilibrium node need not be globally stable. The motion of curved
particles with exotic cross-sectional shapes could potentially have hidden dynamical behavior that
is yet to be explored.
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