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1. Executive Summary 

Lyophilization, or freeze-drying, is a commonly used technique to extend the shelf life and 
increase the stability of various pharmaceuticals by removing excess water from the product. The 
process can be energy and time-intensive, but it is often required for approval of widely used 
pharmaceuticals, including the Ebola Virus Disease vaccine. The process can be broken down 
into three phases: freezing, primary drying (sublimation), and secondary drying. The focus of 
this model was on the primary drying phase, which is the longest and most critical of the three 
stages. The success of the lyophilization process largely depends on the result of the primary 
drying phase, making it crucial to optimize key parameters that characterize this stage. 
Therefore, the main objectives of this study were to develop a model to form a better 
understanding of the sublimation reaction that occurs during primary drying and to optimize key 
process parameters to increase the efficiency of the process.  
 
COMSOL Multiphysics was used to develop a computational model of the lyophilization process 
to achieve these objectives. A 2-D axi-symmetric geometry was used to construct the vial in 
which the pharmaceutical product was placed during lyophilization. Three different COMSOL 
physics interfaces were chosen to model the primary drying phase for a duration of 20 hours for 
the Ebola virus disease vaccine. Whereas most prior models use a moving sublimation boundary, 
this model employed a non-equilibrium sublimation front formulation to simulate the behavior.  
 
From our sensitivity analysis, it was determined that permeability is a critical factor affecting 
sublimation. Increasing permeability not only increased the amount of sublimation but also 
allowed for sublimation to occur more evenly throughout the domain. This was due to the 
increased vapor flow throughout the domain, driving the pressure gradient powering sublimation. 
Other parameters, including the heat transfer coefficient, chamber pressure, and sublimation 
reaction constant, primarily affected sublimation at the boundary rather than throughout the 
entire domain. Increasing the heat transfer coefficient and sublimation reaction constant while 
decreasing the lyophilization chamber pressure increased sublimation at the vial edge. 
 
This model elucidated key insights into the sublimation process.  Pressure buildup into the vial 
was specifically identified as the main limiting factor of sublimation, and this can be improved in 
future studies by adjusting various parameters including those analyzed in a sensitivity analysis. 
This key finding provides further insight into the physics and mechanism that drives the phase 
change and provides a foundation for further research and optimization. Furthermore, while this 
study focused on the Ebola Virus Disease vaccine, this computational model can be customized 
with the properties and process parameters for other vaccines of interest, making it a valuable 
tool for many pharmaceutical manufacturers.  
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2. Introduction  

Due to the complex and sensitive nature of many pharmaceutical products coupled with their 
ability to adversely affect the human body, careful attention is necessary when handling these 
products. This responsibility falls predominantly on pharmaceutical companies and regulatory 
agent guidelines to determine the safest and most effective way of delivering such products for 
consumer use. Pharmaceutical companies and the industry as a whole are facing emerging 
challenges –  increased competition, regulations, and standards –  as well as success through the 
discovery of new drugs. This has led to increased awareness of their product's quality and 
remodeling of their current manufacturing processes [1].  
 
One of the major steps in pharmaceutical production is ensuring that the final product remains 
stable enough to be stored and delivered in a variety of different environments over extended 
periods of time. One such case of a pressing issue that required the safe and effective transport of 
pharmaceutical products was the 2014-2016 Ebola Disease Virus outbreak in West Africa. This 
outbreak had an average fatality rate of 50%, with some areas experiencing fatality rates of up to 
90%, making the administration of the Ebola Disease Virus vaccine crucial in mitigating the 
epidemic [2]. During such outbreaks, it is imperative that vaccines are not compromised during 
manufacturing and transport, thus the stability of the vaccine becomes critical. In particular, the 
Ebola virus vaccine requires cold conditions throughout its transport process to minimize any 
effect on product efficacy [3]. One such way of providing thermostability was the lyophilization 
of the vaccine.  
 
Lyophilization, more commonly known as freeze-drying, is a dehydration process used to 
effectively stabilize and increase the shelf life of a wide variety of heat-sensitive materials, 
including food, tissue/plasma, and pharmaceuticals [4, 5]. The drying occurs in three phases: 
freezing, primary drying or sublimation, and secondary drying or adsorption [6]. The primary 
drying phase proves to be a critical step in the lyophilization process and is the longest of the 
three processes. In fact, any process deviation can have detrimental effects on the quality of the 
product. Examples of factors that can be affected by deviations are 1) product temperature, 
defined as the temperature of the vaccine; and 2) primary drying time, which depends on the 
amount of moisture present within the product. One of the key parameters to be concerned with 
is the critical temperature limit, as even slight changes in this parameter can lead to the collapse 
of the product being freeze-dried. The stability of the product can be affected when the process 
reaches a temperature higher than the critical temperature limit [7]. In addition to its importance 
in the overall quality of the product, the primary drying phase proves to be a long and costly 
process [8]. Because of this, the primary drying phase becomes instrumental in ensuring the 
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safety and stability of pharmaceutical agents in addition to determining the overall cost of the 
lyophilization process [9]. It is therefore important for pharmaceutical companies that the 
process of lyophilization can be optimized to be as time, energy, and consequently cost-efficient 
as possible.  
 
Lyophilization of the Ebola virus vaccine involves the formation of a liquid solution containing 
protein (specifically the active vaccine antigen) and glass-forming excipients [3]. During 
lyophilization, as ice is removed through the sublimation in a vacuum, the excipients, such as 
sucrose, are left behind, forming a stable matrix with the protein embedded in the glassy 
structure. This glassy structure inhibits molecular movement, thus reducing protein degradation, 
allowing for a stabilized product [3, 7].  
 
Optimization of a pharmaceutical production process involves modeling and validation of 
various process parameters and their outcomes. Both are key components in the development and 
commercialization of a pharmaceutical product and are realized through repeated trials and runs. 
However, this requires an extensive amount of resources and time and can prove to be costly, 
especially during the early stages of development as any change to process parameters must be 
tested [6]. Thus, there is a need for a cheaper alternative that can be used to model many of the 
processes and parameters critical to the manufacturing process of pharmaceutical products. 
Recently, there has been an increase in the utilization of modeling systems to simulate certain 
aspects of manufacturing methods [10, 11]. These models can analyze the impact of process 
variations and model inputs on the quality of the product [12, 13]. Not only do these models 
prove to be economically more viable, but they allow for several combinations and variations of 
parameters to be tested without severely depleting any resources. 
 
COMSOL Multiphysics is a software used to design and simulate various devices and processes 
by defining the geometry, properties, and physics [14]. As primary drying proves to be the most 
important and sensitive step of the lyophilization process, COMSOL has been used in the past to 
generate computational models of this phase for various biomolecules that are unstable or very 
sensitive to environmental conditions. By making the lyophilization model a function of a variety 
of critical input parameters such as drying time, drying temperature, and lyophilization chamber 
pressure, researchers are able to study the effects of changing these parameters on the outcome of 
the lyophilization process. Sensitivity analysis, or how variability in the output of a model can be 
mapped to different inputs of the model, can also shed light on the risks associated with certain 
manufacturing steps. By supplementing model parameters as model inputs, parameters and 
attributes can be analyzed [12, 13]. This can allow for the optimization of the process, thereby 
resulting in cost reduction and increased efficiency. These models can also be adapted to study 
different biomolecules or general lyophilization use in other contexts. 
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Extensive research has been done on modeling lyophilization for pharmaceutical applications, 
particularly surrounding the primary drying phase of lyophilization to optimize the process for 
commercialization. Previously, researchers have used a finite element model software 
PASSAGE to demonstrate the lyophilization of a protein (monoclonal antibody A) in sucrose 
and surfactant solution and validated the computational model experimentally [12]. To model 
lyophilization in this study, an infinitesimal sublimation boundary, or a moving boundary, was 
used in COMSOL, which can be difficult to implement and can be very computationally costly 
[15]. To bypass the moving boundary, sublimation can be modeled as a multiphase process with 
a porous layer, which has been done in a study modeling the freeze-drying of beef. By modeling 
the process with a non-equilibrium sublimation front as opposed to an infinitesimal sublimation 
boundary, it is possible to bypass the complications that arise from a moving boundary [15]. This 
non-equilibrium sublimation boundary used in Warning [15] will be adapted and used for this 
project’s computational model.  
 
2.1 Problem Statement 
 
The primary drying phase of lyophilization occurs after the drug of interest is frozen within a 
vial. The temperature of the lyophilization chamber is slightly increased while pressure is 
drastically decreased to allow for sublimation to occur. The sublimation reaction involves both 
heat and mass transfer and occurs within the porous regions of the domain containing ice and 
water vapor. As primary drying proceeds, ice and vapor saturation will change until the domain 
consists of mostly water vapor at the end of the phase. This final result depends on many key 
process parameters of primary drying, specifically those that affect the heat and mass transfer in 
the sublimation reaction. It is therefore beneficial to develop a model that has combinatorial 
control of these process parameters to not only optimize the process in terms of cost and time but 
also to gain a better understanding of the physics behind the sublimation reaction.  
 
2.2 Design Objectives 
 
The main objectives of this study are: 
 
1. To gain further insight into the primary drying phase of lyophilization in order to better 

understand how sublimation occurs and at what rate. 
2. To optimize the parameters and variables necessary for the primary drying phase while 

maintaining the stability of the Ebola Virus Disease vaccine.  
3. To determine ways to decrease primary drying time for a more efficient process. 
 
This model allows for the simulation of this important drying process while having 
combinatorial control of the temperature, pressure, and material properties – all vital parameters 
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in the outcome of the process. Varying these parameters to model the process of reaching a 
certain moisture content during the primary drying phase can allow for the determination of ideal 
lyophilization parameters. This model can ultimately be adopted by pharmaceutical companies to 
contribute to the overall process of drug research and development.  
 
3. Methods 

3.1 Problem Schematic and Formulation 
 
This computational model simulated the primary drying phase for the Ebola virus vaccine in 
aqueous solution after initial freezing. In this porous domain, the sublimation interface was 
tracked by following the change in saturation of ice and vapor over the course of primary drying. 
As ice sublimes and turns to vapor, the “solid” component is left behind, thus stabilizing the 
vaccine. Utilizing a porous membrane structure for heat transfer, the phase change was modeled 
by assuming that the vapor phase occupied the pores of the solid membrane, while the ice and 
the vaccine product made up the solid matrix of the porous membrane. This was an adaptation of 
Warning [15]; however, the ice was removed from the pores to remove the ice from the 
convective heat transfer term [15, 16]. Both the saturation of ice and saturation of vapor were 
measured by assuming that the pores of the porous membrane increased in size as the saturation 
of vapor increased. Saturation of ice and saturation of vapor were assumed to total to one, and 
this was implemented by altering porosity with increased saturation of vapor. Thus, as the 
saturation of vapor increased, the pores increased as well. This allowed for a simplified way of 
tracking the sublimation reaction by only calculating one saturation term or another.  
 
Heat and mass transfer (2) along with Darcy’s law physics (13) was coupled to model the 
process.  
 
The drug of interest is frozen in ice within a cylindrical vial which has symmetry in the 
θ-direction, allowing for simplification to a 2-D axisymmetric geometry from a 3-D cylindrical 
geometry. Heat and mass transfer occurs in both z- and r-directions, as shown in Fig. 1.  
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Fig. 1: (A) 3-D geometry of lyophilization vial containing the frozen vaccine. The vial is 
symmetric in the 𝜽-direction and is heated by the shelf below. In COMSOL, only the portion of 
the vial containing the porous ice is considered. (B) Simplified 2-D geometry model showing the 
porous nature of the domain. Cylindrical coordinates (r,z) are used. Dimensions for the domain 
in COMSOL are 10 mm (radius) by 30 mm (height). R refers to the radius of the vial, and L 
refers to the height of the vial.  
 
3.1.2 Assumptions and Simplifications 
 
While the vial has a diameter of 20 mm and a height of 55 mm only the portion of the vial 
containing ice was considered in the domain, thus the simplified domain became a 2-D 
axi-symmetric domain with dimensions of 10 mm radius and 30 mm height. The porous 
membrane was assumed to be uniform throughout and the vaccine was also assumed to be 
distributed evenly within the domain. At any given point, the pore size throughout the domain 
was assumed to be the same at every point in the domain. Material properties were assumed to be 
unchanging within the domain. External temperature was assumed to be the same as the shelf 
temperature, and the increase in temperature that occurs at the beginning of the primary drying 
phase was not included in this model, leading to the assumption of constant environmental 
temperature throughout the study. Chamber pressure was assumed to remain constant. Radiation 
was not considered in this model. Material properties were assumed to remain constant unless 
otherwise stated. Material properties of the vaccine substance were calculated based on the mass 
fraction of components making up the vaccine mixture. Properties adopted from Warning [15] 
were assumed to be applicable to this model and translatable to a 2-D axi-symmetric domain. 
Finally, as described above, the saturation of ice and saturation of vapor were assumed to total 
one.  
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3.2 Governing Equations  
 
All variables used in these governing equations are defined in Table 1 in appendix A. 
 
3.2.1 Sublimation reaction term  
 
The sublimation term is included in all three governing equations that describe primary drying. 
The sublimation occurring in the domain, I, was dependent on the pressure difference that 
existed within the domain. It was characterized by the following equation [15]:  
 

(P )I = K v,i − P  RT
Mϕsv (1) 

 
Where  is the equilibrium vapor pressure of ice, is the absolute pressure,  is theP v,i P  K  
non-equilibrium sublimation rate constant,  is the molecular weight of water,  is porosity, RM  ϕ  
is the ideal gas constant, and sv is the saturation of water vapor [15].  
 
3.2.2 Heat Transfer  
 
Heat transfer within the domain is transient and includes conduction through the solid matrix, 
convection due to a vapor pressure gradient, and energy associated with the sublimation phase 
change. This process is described by the following governing equation:  

 
c c [u ] (k r ) (k ) Iρef f p,ef f ∂t

∂T + ρv p,v v,r ∂r
∂T + uv,z ∂z 

∂T = r
1 ∂

∂r ef f ∂r
∂T + ∂

∂z ef f ∂z
∂T − λ    (2) 

 
where is density, is specific heat, is velocity, is thermal conductivity,  is the latentρ cp u k λ  
heat of sublimation, and is the sublimation reaction [14]. The subscript v refers to the vaporI  
phase, and the subscript eff refers to effective properties.  
 
Effective properties were defined as a weighted average of each individual material’s properties, 
and these properties changed with time as the amount of vapor and ice within the vial changed. 
(3), (4), and (5) shown below represent the calculations for effective properties from Warning 
[15]: 

 
1 )k [k s s ]  kef f = ( − ϕ s + ϕ v v + ki i (3) 

c c ccp,ef f = xi pi
+ xs ps + xv pv (4) 

1 )ρ [ρs s ]  ρef f = ( − ϕ s + ϕ v + ρi i (5) 
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where  is porosity, and sv is saturation of water vapor, s i is the saturation of ice, and  is the ϕ x  
mass fraction of each species. The subscript refers to ice and the subscript refers to the solid i s  
or the frozen vaccine matrix. It is assumed that pores are distributed evenly throughout the 
domain. 
 
These equations were adapted for this model, with some modifications made on how to define 
the porous region. The volume fraction of the solid matrix was defined in COMSOL as ,s  1 − ϕ v  
which was composed of the ice and the vaccine, and the volume fraction of the fluid in the 
porous region was defined as , only consisting of water vapor. As Warning [15] states,s  ϕ v  
convection through the domain is only caused by the production and movement of water vapor. 
Formulating the porous region such that water vapor is the only species within the pores allows 
for convection to be applied only to the vapor phase as opposed to including ice. The effective 
properties of the solid matrix, which include the ice and solid vaccine, were defined as follows 
[16]: 
 

1 )k s  ksolid matrix = ( − ϕ s + ϕ i (6) 
cp,solid matrix =

c ϕs ρpi i i
ρsolid matrix

+ c ϕs ρps s s
ρsolid matrix

(7) 

1 )ρ ρ s  ρsolid matrix = ( − ϕ s + ϕ i i (8) 
 
The collective effective properties implemented in COMSOL for heat transfer are, therefore: 

 
s k 1 s )[(1 )k k s ]  kef f = ϕ v v + ( − ϕ v − ϕ s + ϕ i i (9) 

ϕs c 1 s )[ ]cp,ef f =  v p,v + ( − ϕ v
c ϕs ρpi i i

ρsolid matrix
+ c ϕs ρps s s

ρsolid matrix
(10) 

s ρ (1 s )[(1 )ρ ρ s ]  ρef f = ϕ v v − ϕ v − ϕ s + ϕ i i  (11) 
 

(2)-(4) [15] were adopted for this model but were implemented into COMSOL as (9)-(11) [16]. 
This allowed for the assumption that the porosity of the domain, , increased over the courses  ϕ v  
of primary drying as more water vapor was produced [16]. Therefore, the effective properties as 
implemented into this model differ slightly from Warning [15]; however, they are conceptually 
similar.  
 
3.2.3 Conservation of ice 
 
Mass transfer of ice within the domain is transient and only includes the sublimation reaction. 
This process is described by the following governing equation [15]:  

 

∂t
∂(ρ s ϕ)i i = ∂t

∂ci =  − I (12) 
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3.2.4 Conservation of vapor 
 
Mass transfer of water vapor is transient and includes convection through pores, diffusion 
through the pores and vaccine matrix, and the sublimation reaction. The velocity of water vapor 
moving through the porous solid as it is generated by the sublimation reaction will be determined 
using Darcy’s Law [15]:  
   

] (D r ) (D )∂t
∂(ρ s ϕ)v v + [ ∂r

∂(ρ u )v v,r + r
ρ uv v,r + ∂z

∂(ρ u )v v,z = r
1 ∂

∂r v ∂r
∂cv + ∂

∂z v ∂z
∂cv + I (13) 

 
Where and is the diffusivity of water vapor. The velocity term is defined as:s ϕ   ρv v = cv Dv  
 

−uv,r = κ
μv ∂r

∂P (14) 
−uv,z = κ

μv ∂z
∂P (15) 

 
Where is overall permeability of water vapor and is the viscosity of water vapor [15].κ  μ v   
  
3.3 Boundary and Initial Conditions 
 
The boundary and initial conditions for this problem are summarized in Fig. 2.  

 
Fig. 2. Boundary and initial conditions for heat & mass transfer as well as Darcy’s law 
physics. Axi-symmetric boundary has no flux boundary conditions for all three governing 
equations (2), (12), (13). The remaining three sides of the vial are characterized by the same 
boundary condition for each physics. Initial conditions for three governing equations are 
summarized. 

12 



 

 
The choice of these boundary and initial conditions are explained for each governing equation 
below.  
 
3.3.1 Boundary Conditions for Heat Transfer 
 
The vial was modeled as sitting on a shelf with a constant temperature of 253.15K with 
convection occurring on the outside surface of the vial [3, 13]. This led to the following 
boundary conditions: 

| (T )− k ∂r
∂T

r=0, z=0 = h ext − T   
|− k ∂z

∂T
r, z = 0  

| (T )− k ∂r
∂T

r=R, z = h ext − T   
| (T )− k ∂z

∂T
r, z=L, = h ext − T    

 
where  W/m2 K for all sides except the axi-symmetric boundary [17]. The externalh = 1  
temperature within the lyophilization chamber, Text,  was assumed to be the same as the shelf 
temperature of 253.15K. Additionally, the entire vial was assumed to begin the process at a 
constant temperature, leading to an initial condition as follows [12]:  
 

 = 240.15KT |t=0  
 
3.3.2 Boundary Conditions for Conservation of Ice  
 
All of the boundaries were assumed to have a 0 flux boundary condition as no ice is moving out 
of the domain [15]: 

|∂z
∂ci

r=0, z = 0  

|∂z
∂ci

r=R, z = 0  

|∂z
∂ci

r, z=0 = 0  

|∂z
∂ci

r, z=L = 0  
 

Initially, it was assumed that the pores within the domain are mostly saturated with ice, leading 
to an initial condition as follows:  

 0.95 s |i t=0 =  
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3.3.3 Boundary Conditions for Conservation of Vapor 
 
Pressure within the lyophilization chamber is decreased and held at extremely low pressures 
throughout the process to drive the sublimation reaction. Specifically, for the Ebola virus 
vaccine, chamber pressure is reduced to 8 Pa leading to the following boundary conditions [3]:  
 

PaP |r=R, z = 8  
|∂r

∂cv
r=0 = 0  

PaP |r,z=0 = 8  
Pa P |r,z=L = 8  

 
The initial pressure was set to be equilibrium water vapor pressure at the initial temperature of 
240.15 K.  

 
3.4 Implementation in COMSOL 
 
Three different physics interfaces were used to implement these governing equations into 
COMSOL (2), (12), (13). The heat transfer in fluids interface was used to model heat transfer 
within the domain (2). Using an interface calibrated for fluid dynamics allows COMSOL to 
capture the complex coupling of heat and mass transfer within the pores of the domain. The 
domain ordinary differential equation interface was used to model the mass balance of ice (12). 
Since the governing equation describing ice concentration within the domain only contains 
transient and reaction terms, using this simple interface is appropriate for this physics. Darcy’s 
law interface was used to model the mass balance of water vapor, which appropriately describes 
the movement of the vapor within a porous medium (13). The primary drying phase of 
lyophilization was run for a study of 20 hours at a relative tolerance of  and absolute1 × 10−3  
tolerance of  . The initial time step was 0.01 h, and strict time stepping of 10 s was used.1 × 10−4  
Direct solver MUMPS was used for this computation. A mesh of 9,520 elements that was 
calibrated for fluid dynamics was used.  
 
4. Results and Discussion 

The direct solver MUMPS was used for this model [18]. While using an iterative solver was 
considered for finer meshes with degrees of freedom (DOF) higher than 100,000, based on 
advice that iterative solvers have trouble starting for porous media domains it was ultimately not 
used [19]. However, because mesh calibrated for fluid dynamics with elements higher than 
12,000 lead to DOF higher than 100,000, this greatly limited the computation and mesh that was 
usable for this model.  
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4.1  Mesh Convergence and Discretization 
 
This model for primary drying assumed that sublimation occurs within the entire porous domain 
of the frozen vaccine in solution. Ideally, therefore, the mesh should be the same throughout the 
entire domain and fine enough to capture the coupling of heat and mass transfer within the pores. 
In fact, a distributed mesh with increased nodes along the boundaries and a coarse mesh in the 
center of the vial yielded errors during computation, demonstrating the emergence of spatial 
discretization error with a coarser mesh. A mesh convergence was conducted to analyze the 
change in solution with respect to an increasing number of elements. A location closer to the 
boundary was chosen as it was assumed that at earlier times the most change in temperature 
would be seen at this location. The mesh used was a triangular mesh calibrated for fluid 
dynamics. As shown in Fig. 3, the mesh used was uniform and rather dense throughout the entire 
domain.  

 
Fig. 3. Image of mesh utilized in the current study. Mesh was composed of a free triangular 
mesh set to a “finer” setting calibrated for fluid dynamics with 9,520 elements. Mesh 
corresponded to 81,351 DOF with 9,810 internal DOF. Mesh contained 4 vertex elements, with 
286 boundary elements. Minimum element quality is 0.6667. 
 
Due to limitations with computing power, the solution could not be followed until it converged. 
Increasing the number of elements over 12,000 correlated with DOF over 100,000, which cannot 
be accommodated by the direct solver used for this problem. Therefore, only meshes that yielded 
DOF less than this value could be analyzed. Fig. 4 shows the change in temperature as a function 
of increasing the number of elements.  
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Fig. 4. Mesh convergence on free triangular mesh with varying element size and edges with 
extremely fine element size. Mesh convergence was conducted using predefined settings of 
finer, fine, normal, as well as a manual change in mesh by adjusting maximum element size. 
Temperature values were compared for an increasing number of elements. Temperature values at 
1 hour were compared.  
 
To demonstrate mesh convergence, the solution should become independent of the mesh, so Fig. 
4 seems to suggest that the mesh does not converge. However, by looking at the variation in 
temperature, it can be seen that the variation is less than 0.12K. To determine if this is considered 
a small enough change to deem negligible a percent change calculation was conducted: 
 

 change in T  00% 0.01%% =  251.4453716 K
251.4453716 K − 251.4115659 K × 1 =  (16) 

 
Because this change was much less than 1%, it can be assumed that this change is negligible and 
that the mesh converges sufficiently given these computational limitations. The pre-defined 
“finer” mesh setting in COMSOL was chosen for this study as it yielded the greatest number of 
elements with DOF less than 100,000. It is worth noting that one additional point past the 
number of elements from the “finer” setting was also analyzed. However, due to the spike in 
temperature at this mesh setting, the “finer” mesh setting was chosen despite this mesh having 
more elements.  
 
4.2 Model Validation 
 
Validation was performed by plotting temperature change in the vial over 20 hours and 
comparing this to experimental values. Experimental values were taken from Zhou [13], which 
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was a study of a lyophilized protein formulation drug product similar to the Ebola virus vaccine 
[3, 20]. Because this model assumed a constant shelf temperature model for simplification, 
temperature readings from the experimental data after the shelf temperature stabilized to 253K 
were considered. This experimental primary drying phase was also conducted at a shelf 
temperature of 253K for 20 hours, making it a good standard of comparison for the 
computational model [3]. Temperature readings at the center of the model were taken over a 
course of 20 hours from the COMSOL model. Initially, temperature data was collected using an 
intrinsic permeability value of 10-13 m2 – this resulted in a rapid increase in temperature in the 
computational model as compared to the experimental data. Preliminary results suggested that 
temperature values with higher intrinsic permeability values are more in line with expected 
values, which is explained further under sensitivity analysis. Therefore, in an effort to bring the 
data closer to experimental values, an intrinsic permeability of 10-10 m2 was ultimately used for 
this validation. These values were then plotted with the experimental values from Zhou [13] as 
shown in Fig. 5. 

 
Fig. 5. Line graph showing change in temperature over 20 hours for experimental and 
computational studies. Experimental values were taken from Zhou [13]. Temperature readings 
(K) were taken from the center of the vial for COMSOL data.  
 
While final temperatures for both experimental and computational values were similar, a striking 
difference between the two is the drop in temperature that is seen in the COMSOL solution. 
During the phase change, it would be assumed that temperature would stay constant, similar to 
the experimental data, and consistent with the laws of thermodynamics. However, the decrease in 
temperature suggests that not enough thermal energy was provided within the domain for the 
sublimation reaction to occur. This may point to errors in our assumptions in boundary 
conditions or initial conditions for heat transfer. Furthermore, another potential cause of some 

17 



 

discrepancy is that in the experimental model, the first hour of the primary drying phase is 
conducted with increasing shelf temperature rather than constant shelf temperature. As the 
computational model does not consider this initial temperature increase, only data after the shelf 
reached 253K was considered. Excluding this temperature increase may affect the physics 
underlying the sublimation reaction, leading to the unexpected trend of temperature in the 
computational model.  
 
Subsequent data analysis focuses on potential issues within the computational model that lead to 
the discrepancies seen in validation. Additionally, parameters that can be altered to correct the 
unexpected model behavior were analyzed.  
 
4.3 Temperature  
 
The temperature within the domain did not vary greatly with position throughout the study, 
likely due to the fact that the domain of interest was relatively small (10mm x 30mm). Given 
this, it is sufficient to analyze the trend of temperature over time at one point within the domain 
and generalize it to the entire domain. Fig. 6 shows temperature throughout the entire domain in 
addition to temperature over the course of the study at the midpoint of the domain.  

 
Fig. 6: Plot of temperature within the vial after 20 hours of primary drying. A.) Surface plot 
of temperature in vial at 20 hours. Temperature throughout the domain is at approximately 240 
K. B.) Line plot of temperature over the course of 20 hours taken at the midpoint of the domain 
(radius of 0.010 m, height of 0.015 m). This was assumed to be representative of the change in 
temperature throughout the entire domain. Temperature was measured in K and time in h. 
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Fig. 6A shows that temperature values are relatively the same throughout the entire vial, with 
some small variation along the boundaries after 20 hours. It can also be noted that the final 
temperature at 20 hours was the same as the initial temperature, as can be seen in Fig. 6B.  The 
temperature within the vial decreased after reaching its maximum temperature around 4 hours in 
the study. This drop in temperature was not in line with experimental or predicted values but is 
likely due to thermal energy being used towards driving the sublimation reaction. As temperature 
is expected to stay constant during sublimation, it is possible that more thermal energy needs to 
be provided in the domain, which can be corrected by altering the boundary & initial conditions 
of heat transfer.  
 
4.4 Pressure 
 
As demonstrated in Fig. 7, pressure steadily increased with time as vapor was produced in the 
sublimation reaction. The pressure drops as it approaches the boundaries of the vial, which are 
characterized by a constant pressure boundary condition.  

 
Fig. 7. Pressure profile along the midline of the vial in both horizontal and vertical 
directions over a course of 20 hours. A.) Pressure profile taken at Z of 15 mm, or the 
horizontal halfway point of the vial over 20 hours. B.) Pressure profile taken at radius of  5 mm, 
or the vertical halfway point of the vial over 20 hours. Boundary conditions were set to 8 Pa, and 
initial pressure was set to 8 Pa.  
 
This buildup in pressure within the vial is likely a result of water vapor production during the 
sublimation reaction. Although vapor is able to flow freely out of the domain at the boundary of 
the vial, low values of parameters such as the intrinsic permeability and diffusivity of water 
vapor through the domain prevent this vapor from traveling from places closer to the center of 
the vial to the boundary.  
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4.5 Sublimation term 
 
As seen in Fig. 8, the sublimation increased over time as expected; however, it only occurred at 
locations close to the boundary of the vial as opposed to throughout the entire domain as 
expected.  

 
Fig. 8. Amount of sublimation along the midline of vial in both horizontal and vertical 
directions over a course of 20 hours. A.) Sublimation profile taken at height of 15 mm, or the 
horizontal halfway point of the vial over 20 hours. B.) Sublimation profile taken at radius of 5 
mm, or the vertical halfway point of the vial over 20 hours. 
 
This behavior of the sublimation reaction is directly related to the pressure profiles shown in 
Fig.7. As the sublimation term depends directly on pressure difference within the vial (1), a 
buildup of pressure decreases pressure difference and subsequently decreases sublimation. Due 
to this pressure increase within the domain, the sublimation term went to 0 throughout most of 
the domain.  
 
4.6 Saturation  
 
Surface plots for saturation of ice and vapor were generated to determine how much of the ice 
had sublimed after 20 hours, which can indicate whether primary drying has finished. As 
mentioned, the primary drying phase of the Ebola vaccine is 20 hours [3]. Ice saturation values 
ranged from 0.27-0.95, while vapor saturation values ranged from 0.05-0.73. In locations closer 
to the center of the vial, the saturations of ice and vapor remained unchanged over the entire 
primary drying phase. Fig. 9 shows in detail the distribution of saturation of ice and vapor after 
20 hours. 
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Figure 9. Heat map of saturation of ice and saturation of vapor at final time. A.) Saturation 
of ice at 20 hours and intrinsic permeability of 10-13 m2. Saturation minimum value is 0.27 and 
maximum value is 0.95. B.) Saturation of vapor at 20 hours and intrinsic permeability of 10-13 
m2. Saturation minimum value is 0.05 and maximum value is 0.73. 
 
The amount of ice sublimed into vapor was lower than expected after 20 hours. This result is 
expected as sublimation only occurred at the vial boundaries, leaving most of the ice present 
further into the vial. As primary drying was assumed to be completed by this time, vapor 
saturation values should be closer to 0.9, whereas ice saturation values should be closer to 0.1 
[21]. These values should additionally be uniform throughout the entire vial.  
 
4.7 Sensitivity analysis  
 
Sensitivity analysis focused on parameters that have the largest impact on the sublimation term, 
as this resulted in the discrepancies between the computational model and the experimental data. 
These parameters included the boundary pressure, the heat transfer coefficient, the sublimation 
reaction constant, and the permeability of water vapor through the domain. For all sensitivity 
analyses, the dependent variable was chosen to be the amount of sublimation within the domain.  
 
4.7.1 Boundary pressure 
 
During primary drying, the pressure within the lyophilization chamber is drastically decreased to 
create vacuum-like conditions and allow the sublimation reaction to occur. The sublimation 
reaction is driven by a pressure difference within the domain; therefore, the choice of boundary 
pressure will affect the amount of sublimation that occurs. The chamber pressure for 
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lyophilization of the Ebola virus vaccine is 8 Pa, and a literature search of lyophilization of 
vaccines demonstrated that pressures may be as high as 26 Pa during primary drying [3, 22]. 
Therefore, boundary pressures of 4, 8, and 12 Pa were chosen for this analysis. The effect of 
varying boundary pressure on the amount of sublimation is shown in Fig. 10. 
 

 
Fig. 10. Sensitivity analysis of boundary pressure. Sublimation rate ( ) is measured at 20mol

mm s3  
hours for 3 different pressure boundary conditions (p_b) of 4 Pa, 8 Pa and 16 Pa. Arc length (m) 
refers to the radius of the vial. 
 
As shown in Fig. 10, decreasing the boundary pressure led to a slight increase of sublimation 
only at the boundary of the domain. By decreasing boundary pressure, the pressure difference in 
the sublimation term was increased, subsequently increasing the amount of sublimation at the 
boundary. Sublimation within the vial was unchanged as it was still limited by the buildup of 
vapor throughout primary drying.  
 
4.7.2 Heat transfer coefficient 
 
There have been varying opinions in the literature regarding the importance of convection during 
the primary drying phase, and no consensus on this topic has been reached. Some studies state 
that convection can be considered negligible at low pressures – below 10 Pa – which is typical of 
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the environment in lyophilization chambers [17]. Yet, other studies opt to include convection in 
their model [12]. Therefore, sensitivity analysis on the convective heat transfer coefficient 
allowed us to elucidate the importance of convection in this newly developed computational 
model. Values of 1, 2.5, and 5 W/m2K were tested as a literature search indicated these values as 
typical natural convective heat transfer coefficients for very low pressures [17]. The effect of 
varying the heat transfer coefficient on the amount of sublimation is shown in Fig. 11. 

 
Fig. 11. Sensitivity analysis of heat transfer coefficient. Sublimation rate ( ) is measuredmol

mm s3  
at 20 hours for 3 different convective heat transfer coefficients (h_conv) of 1, 2.5, and 5 W/m2K. 
Arc length (m) refers to the radius of the vial. 
 
Increasing the convective heat transfer coefficient increased sublimation at the boundary of the 
vial but did not increase sublimation in other parts of the domain. This occurs because more 
thermal energy is provided for the sublimation reaction at the boundary where there is low 
pressure; however, sublimation is still limited by the high pressures further into the vial. 
 
4.7.3 Sublimation rate constant  
 
The sublimation process is related to the value of sublimation rate constant, K.  K was not 
constant across different reactions and was limited by computing cost, as increasing K 
significantly increased computation time. A sensitivity analysis on this variable is important to 
determine the effect that the choice of this constant’s value has on the results of the model. This 
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parameter was varied by orders of magnitude, therefore values of 10, 100, and 1000 were 
compared [15]. The effect of varying the sublimation reaction constant on the amount of 
sublimation is shown in Fig. 12. 

 
Fig. 12. Sensitivity analysis of sublimation reaction constant. Sublimation rate ( ) ismol

mm s3  
measured at 20 hours for 3 different sublimation rate constant values (K) 10 1/s, 100 1/s, and 500 
1/s. Arc length (m) refers to the radius of the vial. 
 
As the sublimation term is directly related to the sublimation reaction constant (12), increasing 
this value increases the amount of sublimation at the boundary of the vial. Again, sublimation 
was still limited by the high pressures further into the vial and remained unchanged in these 
locations.  
 
4.7.4 Permeability of water vapor 
 
Permeability is hard to calculate and predict, often leading to the use of estimated permeability 
values for the purpose of computational models. Due to the large margin of error that can exist 
when estimating permeability values, understanding the effects permeability has on sublimation 
is imperative in building an accurate model. While the permeability of high protein solids such as 
beef are closer to 10-18  m2, collagenous matrices can have permeabilities as high as 10-11 m2 [15, 
23]. Therefore, a preliminary parametric sweep was conducted to analyze values of 10-10  m2, 
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10-13  m2, 10-16  m2 to determine the effect it would have on the model. The effects of varying 
permeability values on the amount of sublimation is shown in Fig. 13.  

  
Fig. 13. Sensitivity analysis of permeability. Sublimation rate ( ) is measured at 20 hoursmol

mm s3  
for 3 different intrinsic permeability values (perm_int) of 10-10  m2, 10-13  m2, 10-16  m2. Arc length 
(m) refers to the radius of the vial. 
 
At permeability values below 10-10  m2 sublimation increased with increased intrinsic 
permeability. At an intrinsic permeability value of 10-10  m2 , the sublimation rate decreased at 
the boundaries, but allowed for sublimation to occur more evenly throughout the domain, not 
only at the boundaries. Increased permeabilities increase the flow of vapor through the domain, 
allowing for both the dissipation of pressure buildup within the domain and increased convective 
heat transfer due to vapor flow through the pores. The decrease in pressure buildup allows for a 
pressure difference inside of the vial to be maintained, therefore allowing sublimation to occur at 
these locations. Additionally, the increased convection within the domain provides more thermal 
energy towards the inside of the vial to drive the sublimation reaction forward.  
 
 4.7.5 Comparison of parameters 
 
It is difficult to conclude which condition had the largest impact on the sublimation term, as each 
variable was varied differently based on the physics of the primary drying phase.  For example, 
permeability and sublimation rate constant are both varied by orders of 10, which would not have 
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been reasonable for pressure and convective heat transfer coefficients based on typical modeling 
parameters such as in Warning [15]. Furthermore, there were some limitations on how these 
variables could be altered. For example, pressure values of less than 4 Pa led to non-linear 
results, and this parameter could not be varied greatly. Therefore, while these variables cannot be 
compared with each other directly, the effects they had on the sublimation rate term can be 
analyzed based on the slope as well as the increase in the radial direction in which sublimation 
occurred.  
 
The water vapor permeability value was the only parameter that affected sublimation at regions 
away from the boundary of the vial, so this parameter was further analyzed in comparison to the 
experimental data used in the validation of this model. As previously mentioned, the temperature 
within the vial rapidly increased to the boundary temperature during initial attempts at validation. 
The effect of permeability value on the vial temperature was therefore analyzed in an attempt to 
generate temperature values closer to those in the experimental data. The effects of varying 
permeability values on the vial temperature are shown in Fig. 14.  

 
Fig. 14. Effect of intrinsic permeability value on temperature. Increased intrinsic 
permeability led to increased sublimation within the domain. As this occurred, more thermal 
energy was required to drive the reaction, leading to lower temperatures throughout the vial over 
the course of the study.  
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As seen in Fig. 14, the overall temperature in the vial decreases with higher intrinsic 
permeability values. This result is in line with the results shown in Fig. 13, as more thermal 
energy will be used as the amount of sublimation within the vial increases, leading to decreased 
temperatures. Furthermore, the temperature rise for an intrinsic permeability value of 10-10 m2 
was not as drastic as in the initial validation, and the maximum temperature was reduced to 
below 244 K (Fig. 14). This is more in line with experimental values, which had maximum 
temperature values of around 242K [13].  
 
5. Conclusion and Design Recommendations  

5.1 Implications 
 
Results from sensitivity analysis provide insight on how this model can be improved in future 
studies to more closely model the experimental primary drying process. As demonstrated above, 
sublimation appeared to only occur close to the boundaries due to the homogeneous rise in 
pressure inside the domain, which was especially true for lower intrinsic permeability values. 
Sublimation depends on the difference between pressure and vapor pressure; however, in this 
current model, absolute pressure and vapor pressure rose concurrently within the domain. As a 
result, sublimation in most parts of the vial did not occur, which was not expected. It was 
expected for a gradient of pressure to exist over the height and radius of the domain as opposed 
to plateauing throughout most of the vial. Because the boundary was kept at a constant pressure 
of 8 Pa, there should have been pressure leaving the system and therefore a gradient of pressure 
decrease should have been seen in the domain closer to the boundary. Rather, there was a sharp 
drop in pressure at the boundary. This indicated that this computational model was being treated 
as a lumped parameter model, where little to no variation exists within the domain due to 
negligible internal resistance. It is likely that due to the small size of the domain, the pressure 
change happened almost instantaneously at all parts of the domain. Because of this, variation of 
sublimation only existed at the boundary of the vial, which was being held at low pressure.  
 
The lumped parameter formulation, however, does not provide an explanation for the rapid rise 
of pressure within the vial. Because of the unexpected behavior of the pressure, the sublimation 
was essentially halted within the inside of the domain and was only occurring in areas at or close 
to the boundary. This explains any discrepancies in the saturations of ice and vapor within the 
domain over the 20 hours.  By altering the mesh to increase the number of nodes by the 
boundary, it was determined that this was not an issue with spatial discretization, but rather that 
of physics.  
 
Temperature was also uniform throughout most of the domain, following the same trend of 
increasing and then decreasing rapidly once sublimation started to occur. While this decrease in 
temperature may make sense closer to the boundary layers where sublimation is indeed 
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occurring, it is not clear as to why the temperature follows this same trend throughout the 
domain. As temperature drop most likely indicates that the sublimation phase change is further 
cooling the domain, this suggests that there is an error in the physics of this model. To determine 
if convective heat transfer was too low, the convective boundary conditions were altered by 
increasing the convective heat transfer coefficient. Increasing the heat transfer coefficient led to a 
sharper rise in temperature and a higher maximum temperature, but did not prevent the drop in 
temperature at later times. This most likely means that the sublimation term is taking out more 
heat than it should be, and thus should further be looked into. However, considering that in 
Warning [15] the physics of the sublimation phase change did not yield similar errors, it is 
possible there are errors in the porous media formulation. 
 
Furthermore, based on the saturation of vapor plots, sublimation has not concluded in the 20 
hour time window of this model. As sublimation and therefore primary drying is considered 
completed when the percent of moisture left is 5-10% of the original moisture content, the 
saturation of ice left in the vial should be between 0.05 to 0.10, under the assumption that the 
initial ice concentration is 0.95. One might think that this is most likely due to the reasoning 
above, where the sublimation did not occur throughout the entire domain and was thus limited to 
the boundary layers. However, even at the boundary layers, the saturation of vapor did not reach 
higher than 0.20. Therefore, this suggests that the parameters of this model error in a way that 
limits the sublimation from occurring fully. As sublimation largely depends on pressure and 
temperature, this error may be the result of either Darcy’s Law or the heat transfer equation (13), 
(2). However, as all three governing equations are coupled to one another, it is difficult to 
discern certain errors to a singular physics interface.  
 
5.2 Limitations  
 
At longer time periods, there were some issues with increased non-linear error; therefore there is 
cause to believe that the data at higher time values may not be as accurate as the solution is 
diverging. This may be due to discretization error in space, however as this study is limited by 
computing power, for improved results a larger computer (in terms of power) would need to be 
utilized.  
 
The distributed sublimation model allowed computation to occur without constantly re-meshing 
the domain to follow the sublimation front. However, there are some limitations to this model as 
well. As mentioned in Warning [15], the distributed front modeling approach may create 
computational instabilities if saturation values are unphysical. For example, the initial value of 
ice saturation was set to 0.95 as an initial saturation of 1 would have led to saturation values over 
1 or below 0 for either ice or vapor. Furthermore, computation time will increase as additional 
elements are necessary to model the sublimation front [15]. Because of this, the mesh utilized to 
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model the primary drying phase of lyophilization in this study was quite dense and totaled over 
9,000 elements for a relatively small area. In fact, there were several issues in determining which 
mesh to use and running a mesh convergence. Due to the fact that there were 3 variables being 
solved for in addition to calibrating the mesh for fluid dynamics, the degrees of freedom for the 
model at a higher number of elements exceeded 100,000. Due to limitations of computer power 
and the direct solver MUMPS, certain mesh conditions could not be calculated. Furthermore, 
recommendations that iterative solvers would lead to computational issues with porous media 
further restricted changes in the mesh [19].  
 
5.3 Design Recommendations 
 
This model has simplified experimental values to ignore the glass layer of the vial that the ice is 
contained in. This simplification may have led to some error in the way the heating occurs in the 
domain, as any conduction through the glass vial was not considered; therefore temperature 
increase may have happened at early times and also at a faster rate than in experimental 
conditions.  
 
Furthermore, as results from increasing intrinsic permeability showed promising leads, the study 
should be repeated with intrinsic permeability values of 10-10 m2  and greater. Due to time 
constraints, a thorough analysis could not be conducted with the higher intrinsic permeability; 
however, preliminary results suggest that a higher intrinsic permeability throughout the domain 
leads to more expected results in terms of temperature rise and sublimation. Heat convection 
values should be increased or can also be replaced with radiation. As mentioned in the 
validation, the study should also encompass an initial rise in shelf temperature in addition to 
constant shelf temperature heating. Finally, because in manufacturing settings, several vials 
would go through the process at once, this study should further be repeated with multiple vials, 
in which heat transfer between vials is also considered in addition to heat transfer from the shelf 
and chamber [13, 17].  
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7. Appendices 

Appendix A.I - Nomenclature 
c concentration [kg/m3] 

  c p  Specific heat [kJ/(kgK)] 

Dv Diffusivity of vapor [m2/s] 

I Sublimation [mol/(m³·s)] 

k Thermal conductivity [W/(mK)] 

K 
Non-equilibrium sublimation rate constant 
[1/s] 

M Molecular weight of water [g/mol] 

P Pressure [Pa] 

 P v,i  Vapor pressure of ice [Pa] 

R Ideal gas constant [J/(molK)] 

s Saturation 

t Time [s] 

T Temperature [K] 

u Velocity [m/s] 

x Mass fraction 

 ρ  Density [kg/m3] 

 κ  Permeability [m2] 

  μ v  Viscosity [Pa s] 

λ Latent heat of sublimation [J/kg] 

σ Stefan-Boltzmann constant [Wm2/K4] 

 ϕ  Porosity 

 Subscripts 

v Vapor  

s Solid (vaccine) 

i ice 

Solid matrix Solid matrix of porous membrane 

 
Appendix A. II - Variables and Input Parameters 
 
Variable Value/Expression Description Reference 
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  ρ i  917 [kg/m3] Density of ice [15] 

  ρ s  1209 [kg/m3] Density of vaccine [3, 25] 

  ρ v  [kg/m3]RT
MP  Density of vapor [15] 

 ρ ef f  [kg/m3]s ρ (1 s )[(1 )ρ ρ s ]  ϕ v v − ϕ v − ϕ s + ϕ i i  
Effective density within 
domain [15] 

  ρ solid matrix  + (1- )  [kg/m3]  ρ i  ϕ   s i   ρ s  ϕ   s s  
Density of solid porous 
matrix [16] 

  c pi  1.94 [kJ/(kgK)] Specific heat of ice [15] 

  c ps  .90 [kJ/(kgK)] Specific heat of drug [24] 

  c pv  2.01 [kJ/(kgK)] Specific heat of vapor [15] 

 c pef f  
s c 1 s )[ ]ϕ v p,v + ( − ϕ v

c ϕs ρpi i i
ρsolid matrix

+ c ϕs ρps s s
ρsolid matrix

[kJ/(kgK)] 
Effective specific heat 
within domain [15] 

  c psolid matrix    [kJ/(kgK)]ρ solid matrix

ρ ϕs c + ρ (1−ϕ)s c i i pi s s ps  
Specific heat for porous 
solid matrix [16] 

  k i  
1.16(1.91-8.88-3)(T-273.15)+2.97-5(T-273.15)2 
[W/(mK)] Thermal conductivity of ice [15] 

  k s  0.55 [W/(mK)] 
Thermal conductivity of 
drug solid [3, 25] 

  k v  0.02 [W/(mK)] 
Thermal conductivity of 
water vapor [15] 

 k ef f  [W/(mK)]s k 1 s )[(1 )k k s ]  ϕ v v + ( − ϕ v − ϕ s + ϕ i i  
Effective thermal 
conductivity within domain [15] 

  k solid matrix  (1- ) + ( ) [W/(mK)] ϕ   k s  ϕ   k i   s i  
Thermal conductivity of 
solid porous matrix [16] 

I   [mol/(m³·s)]RT
K(P  −P )ϕs v,i v  Sublimation term [15] 

λ  [J/kg].839 0  2 × 1 6  Latent heat of sublimation [15] 

K 100 [1/s] 
Non-equilibrium 
sublimation rate constant   

 ϕ  0.8 
Property of porous 
membrane [15] 

  s i  ρ ϕi
c Mi  Saturation of ice in pores [15] 

  s v    1 − s i  Saturation of vapor in pores [15] 

  x i  
c i

c +c +c i s v
 Mass fraction of ice Calculated 

  x s  
c v

c +c +c i s v
 Mass fraction of drug Calculated 

  x v  
c s

c +c +c i s v
 Mass fraction of vapor Calculated 
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 h   [W/m2 K] 1  
Convective heat transfer 
coefficient [17] 

 P v,i  
 e9.550426−(5723.265/T )

 [Pa].53068log(T 00728332T )  + 3 − .  
Equilibrium vapor pressure 
of ice [15] 

M 18 [g/mol] Molecular weight of water Constant 

R 8.31 [J/(molK)] Ideal gas constant Constant 

  κ int   [m2] 10−13  Intrinsic permeability 
[15] 
 

  κ rel  [m2]  s v  Relative permeability [15] 

 κ  ( )(1 + (.15 )) [m2]  κ rel   κ int P
κ −0.37 

 int  
Overall permeability as a 
function of T and P [15] 

Dv 
1.33 (2/13/P)(T /273.15)1.8 [m2/s] ϕ   s v  

Diffusivity of vapor within 
the domain [15] 

  μ v   [kg/(ms)]61)( )( T
.11 + 9 T

273
1.5  Vapor viscosity [15] 

  c i  Dependent variable [kg/m3] Concentration of ice  

 P  Dependent variable [Pa] Pressure  

T Dependent variable [K] Temperature  

t  [s] time  

,  r z  [m] Coordinate system  

(0) P v,i  27.712 Pa  Initial vapor pressure of ice Calculated from [15] 

(0)  c v  
5.5519  mol/m³0  × 1 −4  Initial vapor concentration 

condition Calculated from [15] 

(0) T  240.15 K 
Initial temperature 
condition [12] 

(0)  P  8 Pa Initial pressure condition [3] 

  P b  8 Pa 
Pressure value at 
boundaries [3] 

 
Appendix B: Memory and Time 
COMSOL Multiphysics®  5.4 was executed on Mac OS System with Intel(R) Core(™) system 
and implemented the finite element method with MUMPS direct solver. The solution took 
roughly 2 hours to solve and required a physical memory of 1.91 GB. 
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