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The field of uncertainty quantification (UQ) deals with physical systems de-

scribed by an input-output mapping. Randomness is present either in the pa-

rameters of the input or in the quantities of interest which are functionals of

the output. This dissertation studies problems that arise in both forward and

backward UQ and proposes methods to address them. Forward UQ quantifies

the probability distribution on the output when the uncertainty on the input is

propagated through the mapping. A probabilistically accurate and computa-

tionally efficient surrogate model is necessary to avoid numerous solutions of

the input-output map. In contrast, backward UQ infers the distribution on the

input assuming that the law of the output is known. Interest is on the well-

posedness of this stochastic inverse problem and in particular, the uniqueness

of the resulting solution.

We survey existing methods developed to tackle problems in these settings

and examine challenges associated with them. With respect to forward UQ,

commonly used surrogate models may not possess requisite convergence prop-

erties or may be constructed without regard to the distribution on the input. We

therefore develop an adaptive method based on Voronoi cells that constructs

the surrogate accurately in high probability regions of the input and in regions

where the input-output mapping exhibits substantial variation. For backward

UQ, recently proposed approaches make assumptions on the law of the input



which do not necessarily guarantee recovery of its true distribution. As such, we

investigate what additional information must be specified on the input to solve

this inverse problem and outline how approaches based on optimization, the

principle of maximum entropy, and Bayes’ theorem can incorporate such infor-

mation. We conclude by considering a different type of inverse problem where

the objective is on identifying samples of the input which yield large quanti-

ties of interest. This enables one to study the law of the input conditioned on

extreme events and predict which inputs cause such events. We achieve this

through a general framework which leverages on multifidelity surrogate mod-

els for input-output maps and machine learning classifiers.
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«Ellos vienen buscando oro, ¡id vosotros también a su país a buscar otro oro que nos

hace falta! Recuerda, sin embargo, que no es oro todo lo que reluce.»

Noli me tangere, 1887
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Dr. Tijana Radivojević offered me an intern position at the Basque Center for

Applied Mathematics in Bilbao, Spain. There, I was able to hone my computa-

tional skills and I got a glimpse of how research centers in Europe operate. My

research stay was also funded in part by travel grants from the Cornell Graduate

School and the Mario Einaudi Center, for which I am indebted to.

The contents of this thesis are also in part due to the professors at Cornell

who have imparted their knowledge through the classes I have taken with them

and also to my colleagues at CAM and in Prof. Grigoriu’s group who have

provided me advice and with whom I have discussed my ideas. I am grateful

to Danielle and Franz for taking care of me during my graduate studies.

Finally, I owe my profound gratitude to my parents and to my family for

being immensely supportive during my time in graduate school. It was difficult

for them to comprehend my research and the frustrations associated with an

academic job since I am the first in my family to pursue this career path. It was

also not until I was mature enough when I realized that my mother gave up her

career to raise my siblings and I. It is because of her that I have a career today

and I will always strive to compensate for her sacrifice. Know that I am also

willing to give up my career for you.

vi



TABLE OF CONTENTS

Biographical Sketch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii
Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v
Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii
List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix
List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

1 Introduction 1

2 An adaptive method for solving stochastic equations based on inter-
polants over Voronoi cells 4
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 Collocation-based surrogates . . . . . . . . . . . . . . . . . . . . . 9

2.2.1 Stochastic collocation . . . . . . . . . . . . . . . . . . . . . . 10
2.2.2 SROM-based surrogates . . . . . . . . . . . . . . . . . . . . 12
2.2.3 Comparison of collocation-based surrogates . . . . . . . . 23

2.3 Adaptive SROM-based surrogate . . . . . . . . . . . . . . . . . . . 25
2.3.1 Description and illustration of the algorithm . . . . . . . . 27
2.3.2 Analysis of the algorithm . . . . . . . . . . . . . . . . . . . 40

2.4 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3 Specification of additional information for solving stochastic inverse
problems 56
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
3.2 Absence of information on the unknown random quantity . . . . 59

3.2.1 Disintegration of probability measures on generalized
contours . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.2.2 Parametric representations of the unknown random field . 74
3.3 Required additional information on the unknown random quantity 87

3.3.1 Information on moments of Z . . . . . . . . . . . . . . . . . 88
3.3.2 Parametric family of distributions of Z . . . . . . . . . . . . 92

3.4 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
3.4.1 Posing the stochastic inverse problem . . . . . . . . . . . . 97
3.4.2 Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4 Beyond failure probabilities: combining physics-based surrogate
models and machine learning classifiers to identify input random
fields that yield extreme response 107
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
4.2 Physics-based indicators for rare events . . . . . . . . . . . . . . . 111

vii



4.2.1 Infinite-dimensional noise model . . . . . . . . . . . . . . . 112
4.2.2 Finite-dimensional noise model . . . . . . . . . . . . . . . . 117

4.3 Multifidelity physics-based surrogate models . . . . . . . . . . . . 121
4.3.1 SROM-based surrogate model . . . . . . . . . . . . . . . . 122
4.3.2 Multifidelity surrogate approach . . . . . . . . . . . . . . . 130

4.4 Machine learning classifiers . . . . . . . . . . . . . . . . . . . . . . 135
4.4.1 Support vector machines (SVMs) for rare event simulations 136
4.4.2 Combining multifidelity surrogates and SVMs . . . . . . . 141

4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

A Computing the pdf on 1-dimensional contours 151

B Review of support vector machines 152

Bibliography 155

viii



LIST OF TABLES

2.1 Comparison of collocation-based surrogates. . . . . . . . . . . . . 23

4.1 Definition of the confusion matrix. . . . . . . . . . . . . . . . . . . 128
4.2 Confusion matrix for Q̃adapt

max (Z) based on 10000 samples of Z. . . . 128
4.3 Confusion matrix for Q̃adapt

max (Z) based on 50000 samples of Z. . . . 128
4.4 Precision, recall, and failure rate metrics computed from Ta-

bles 4.2, 4.3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
4.5 Confusion matrix for Q̃adapt

max (Z) based on a different set of 10000
samples of Z. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

4.6 Confusion matrix for Q̃∗max(Z) based on 10000 samples of Z. . . . . 135
4.7 Confusion matrix for Q̃∗max(Z) based on 50000 samples of Z. . . . . 135
4.8 Confusion matrix for Q̃S V M

max (Z) based on 10000 samples of Z. . . . 145
4.9 Confusion matrix for Q̃S V M

max (Z) based on 50000 samples of Z. . . . 146

ix



LIST OF FIGURES

2.1 Illustration of sparse grid using Newton-Cotes equidistant
nodes for d = 3 for different sparse grid levels. The nodes from a
preceding level is a subset of the nodes in the succeeding level. . 11

2.2 Left – SROM Z̃ (black asterisks) for Z in Example 1 with samples
of Z (blue dots) and contour of the joint pdf of Z. Right – Illustra-
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CHAPTER 1

INTRODUCTION

Uncertainty quantification is based on physical systems expressed as an

input-output relationship where the objective is on understanding how uncer-

tainty in the inputs affect uncertainty in the outputs, and vice versa. For exam-

ple, consider a simple system given by the linear elliptic PDE

−∇ · (a(x, ξ) · ∇u(x, ξ)) = 0, x ∈ D ⊂ Rd (1–1)

subject to boundary conditions. The coefficient field a(x, ξ), and consequently

the solution u(x, ξ), is a function of the parameter ξ ∈ Rnξ and the spatial variable

x. Problems in UQ often revolve around the mapping Q : u(x, ξ) → Rnq which

computes functionals of the solution u(x, ξ) representing quantities of interest

Q(ξ). These problems can be broadly classified into categories which include,

but are not limited to, forward and backward UQ which will be the subject of

the next 3 chapters of this thesis. We describe these categories in what follows.

Let ξ be a random vector defined on (Ω,F , P). Forward UQ aims to approx-

imate the probability law of Q(ξ) given the law of ξ. Since Monte Carlo simu-

lation is computationally expensive, surrogate models Q̃(ξ) are constructed that

approximate Q(ξ). The commonly used surrogates are stochastic Galerkin and

stochastic collocation, however, [44] underscores the need for a new class of sur-

rogate models. This is because the stochastic Galerkin method does not guaran-

tee that E[Q̃(ξ)p] converges to E[Q(ξ)p] for p > 2 while in stochastic collocation,

the interpolation nodes are chosen without regards to the distribution of ξ. In

Chapter 2, we consider the SROM-based surrogate, a collocation-type surrogate

that is constructed by partitioning the range of ξ using Voronoi cells and com-

puting a first-order Taylor expansion in each partition. It is shown that this sur-
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rogate possesses comparable convergence properties as stochastic collocation

but has significantly lower Lp(Ω) error for the same computational budget espe-

cially if the number of collocation nodes is large. The remainder of this chapter

investigates the construction of an adaptive algorithm for the SROM-based sur-

rogate that aims to address the following questions: How can the surrogate be

constructed sequentially so that it rigorously targets high probability regions of

ξ(Ω) where Q(ξ) has strong nonlinearity? How should the collocation points be

chosen and how must the partitons be refined between succeeding iterations?

Mathematical analyses and computational experiments are conducted to exam-

ine these issues.

In contrast, backward UQ is the reverse of forward UQ which aims to iden-

tify the law of ξ given the law of Q(ξ) for nq < nξ. Unlike Bayesian inverse

problems, the randomness here is due to the randomness in ξ, not from obser-

vation noise in Q(ξ). This is ill-posed since distinct pdfs on ξ may yield the same

pdf on Q(ξ) when the former is propagated through Q(ξ). In Chapter 3, a survey

of recently proposed approaches is presented which include the disintegration

theorem for probability measures [14] and an optimization approach based on

the Karhunen-Loève expansion [10]. To compensate for the ill-posedness, these

methods make assumptions about the probability distribution of ξ. We therefore

construct examples which demonstrate that these assumptions may not guaran-

tee the recovery of the true law of ξ and motivate the importance of such objec-

tive. The remainder of Chaper 3 then examines: what additional information

on ξ must be specified in order to address the ill-posedness of this stochastic

inverse problem? We illustrate how this inverse problem can be solved using

tools such as optimization, principle of maximum entropy, and Bayes’ theorem

which incorporate this additional information.
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Due to the ill-posedness in backward UQ, we conclude this thesis in Chap-

ter 4 with a different inverse problem in which the distribution of ξ and Q(ξ)

are known. We desire to identify samples of the input random field that yield

extreme response which can be useful in characterizing the distribution of ξ con-

ditional on extreme events or to predict which samples of ξ cause such events.

This objective offers a different perspective to existing literature in reliability

which focuses on computing failure probabilities and also utilizes concepts in-

troduced in Chapters 2 and 3. Existing work related to our objectives devel-

oped indicators which are functionals of Q(ξ) that signal extreme events [26].

This chapter investigates the question: can indicators always be found, and if

so, can they be validated and calibrated in a computationally efficient manner?

As an alternative to using indicators, we design a general framework that con-

sists of a multifidelity surrogate for Q(ξ) and machine learning classifiers and

demonstrate how their synergy addresses our objective.
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CHAPTER 2

AN ADAPTIVE METHOD FOR SOLVING STOCHASTIC EQUATIONS

BASED ON INTERPOLANTS OVER VORONOI CELLS

An adaptive collocation-based surrogate model is developed for the solu-

tion of equations with random coefficients, referred to as stochastic equations.

The surrogate model is defined on a Voronoi tessellation of the samples of

the random parameters with centers chosen to be statistically representative

of these samples. We investigate various interpolants over Voronoi cells in or-

der to formulate surrogates and analyze their convergence properties. Unlike

Monte Carlo solutions, relatively small numbers of deterministic calculations

are needed to implement surrogate models. These models can be used to gen-

erate large sets of solution samples with a minimum computational effort. In

this work, we propose a framework for an adaptive construction of the surro-

gate such that by refining the Voronoi cells, the mapping between the random

parameters and the solution is incorporated. A rigorous refinement measure

which is quantitatively indicative of the performance of the surrogate is used to

drive adaptivity. We present numerical examples that compare this surrogate

with other collocation-based surrogates and demonstrate the theoretical aspects

of the adaptive method.

2.1 Introduction

We consider the mapping Z 7→ U(x, t,Z) where Z represents a random vector

defined on the probability space (Ω,F , P) while x and t represent the spatial and

temporal variables, respectively. Such mappings arise in applications, for in-

stance problems in mechanics [13], in which the response U(x, t,Z) solves the
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forward stochastic equation L(U(x, t,Z)) = 0 where the operator L typically

characterizes a stochastic (partial) differential equation wherein Z encodes the

uncertainty in the parameters of the physical model.

In order to quantify the behavior of the stochastic response U(x, t,Z), prob-

abilistic quantities of interest such as moments of U, distribution functions,

probabilities of failure, etc., are sought after in applications. The only general

method to accomplish this task is Monte Carlo. The method proceeds by gen-

erating a large number of samples of Z and solving the forward equation for

each sample. As such, the implementation is straightforward and the compu-

tational cost does not scale with the dimension of the random vector Z. How-

ever, the method poses a computational burden for thousands of response cal-

culations. To ameliorate the computational demand of Monte Carlo, surrogate

models of the response U(x, t,Z) have been introduced in which an approxima-

tion of the response is constructed in the image space of the random vector,

Γ = Z(Ω) ∈ Rd. More specifically, a surrogate model is a mapping Z 7→ Ũ(x, t,Z)

in which Ũ(x, t,Z) approximates U(x, t,Z) in some sense and for which samples

of the response are cheaper to procure. We will drop the spatial and temporal

variables for notational convenience in what follows and assume that U(Z) is

real-valued for simplicity.

Two general methods for constructing surrogate models for stochastic equa-

tions have flourished over the years, namely polynomial chaos or stochastic

Galerkin method [74, 75] and stochastic collocation method [13, 24, 32, 43, 46, 55,

61,80]. Stochastic Galerkin method projects the response U(Z) onto a set of poly-

nomial basis functions which are orthogonal with respect to a probability mea-

sure. While the resulting polynomial surrogate Ũ(Z) is convenient to evaluate,
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Ũ(Z) only converges to U(Z) in L2(Ω) and samples of Ũ(Z) are prone to oscilla-

tory behavior, cf. [30, 31]. The lack of guarantee for Lp(Ω) convergence for p > 2

implies that Ũ(Z) is impractical for use in extreme events modeling. In addition,

even though L2(Ω) convergence guarantees convergence in distribution, the rate

of convergence of the latter can be slow so that truncated levels, which needs to

be kept low in applications for computational reasons, may yield unsatisfactory

approximations. Stochastic collocation, on the other hand, proceeds by selecting

a finite number of collocation or interpolation nodes zk ∈ R
d in Γ = Z(Ω), evalu-

ating U(zk), and constructing an interpolant Ũ(z) over Γ. Smolyak-based sparse

grid collocation has been proposed [61,80] to overcome the curse of dimension-

ality when Z is high-dimensional. The performance of stochastic collocation

hinges on the choice of interpolating functions and the location of the colloca-

tion nodes, aside from the regularity of the response U(Z). It has been shown

in [46] and in [61, Theorem 3.7] that under some assumptions on U(Z), and for

appropriate choices of the interpolant and collocation nodes, Ũ(Z) converges

to U(Z) in L∞(Ω). A drawback of this method is that the quality of Ũ(Z) may

deteriorate as the number of collocation nodes increases [44] and that, except

for [1, 24], the nodes are oftentimes selected without regard to the probability

law of Z.

In an effort to improve the performance and accuracy of surrogate mod-

els, adaptive methods and domain decomposition techniques have been imple-

mented which capture the behavior of the response. An adaptive procedure for

stochastic collocation was used in [46] wherein collocation nodes are sequen-

tially incorporated into the surrogate. The hierarchical surplus, which is the

difference between the response and the interpolant at the preceeding iteration,

is used as a criterion to determine which set of nodes will be prioritized at each

6



iteration. This surplus serves as an indicator of where U(Z) exhibits substantial

variation in Γ. Other variations in the indicator include the hierarchical surplus

weighted by the probability density function value at a node as in [24] as well

adjoint-based a posteriori error estimates in place of the surplus as in [43].

Domain decomposition techniques have also been applied in conjunction

with adaptive methods to obtain local surrogate models in subdomains of the

image of the random vector Z, denoted by Γ, thereby addressing the deficiencies

of global surrogates. For example, the works [32, 74, 75] employed rectangular

meshes to partition Γ after which polynomial chaos or stochastic collocation

method is performed in each partition to obtain a local surrogate Ũk(Z). Re-

finement criteria were then proposed to determine which partitions to refine.

In these works, the decay rate of the variance of Ũk(Z) was used as the refine-

ment measure while partitions chosen to be refined are evenly split along the

dimensions of Z which are deemed important. Performing such procedure in

high dimensions, however, is challenging as refining a rectangular partition in

this manner yields a large number of offspring partitions. Furthermore, rectan-

gular partitions are not well-suited for partitioning non-hypercube domains Γ.

In contrast to this type of domain decomposition, the authors in [77, 78] pursue

a partitioning of Γ via a Delaunay triangulation based on Newton-Cotes nodes

in Γ. The refinement criterion for a simplex partition is then based on a very

crude approximation of the local L2(Ω) error between U(Z) and Ũk(Z). A major

difficulty of this approach in high dimensions is that 2d + 1 evaluations of the

forward model are needed to interpolate over the initial triangulation, where

d is the dimension of Z. We further remark that the refinement and stopping

criteria considered in the aforementioned works do not clearly quantify the per-

formance of the surrogate model being refined.
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To address some of the difficulties associated with existing surrogate mod-

els, we employ a novel surrogate model Ũ(Z) introduced in [40]. As in stochastic

collocation, a finite number of interpolation nodes zk ∈ Γ is selected where the

set {zk} constitutes a Stochastic Reduced Order Model (SROM) of the random

vector Z. Unlike stochastic collocation, the set {zk} is chosen such that it captures

statistical properties of Z. A Voronoi tessellation on the samples of Z is then

constructed using {zk} as centers and this tessellation establishes a partitioning

of the image Γ ∈ Rd. On each Voronoi cell, a local surrogate model Ũk(Z) is for-

mulated by performing a Taylor expansion of U(Z) at Z = zk. As demonstrated

in [40], Ũ(Z)→ U(Z) in Lp(Ω) and almost surely under mild conditions, and that

the computational cost scales linearly with the dimension of Z. In addition, the

surrogate response Ũ(Z) can be conveniently utilized to estimate probabilistic

quantities of interest related to the response. We observe, however, that because

the mapping Z 7→ U(Z) is not incorporated in partitioning Γ then two mappings

Z 7→ V(Z) and Z 7→ W(Z) will yield surrogates with identical Voronoi tessella-

tions of Γ for identical Z, thereby neglecting to account for the variations unique

to each mapping.

We henceforth propose a framework for an adaptive method for the SROM-

based surrogate described in [40] which takes into account the mapping Z 7→

U(Z) in the domain decomposition. The method sequentially builds a SROM

{̃zk} for Z that prioritizes regions of Γ with high probability and regions which

manifest sharp variations and sensitivity with respect to Z. While most engi-

neering applications are interested in the convergence of moments of Ũ(Z), i.e.

|E[Ũ(Z)p] − E[U(Z)p]| → 0, we focus our efforts on Lp(Ω) convergence which

is stronger. Consequently, we propose refinement and stopping criterion for

the adaptive method based on the Lp error and these criteria are quantita-
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tively indicative of the performance and accuracy of Ũ(Z) for a given computa-

tional budget. The surrogate model is constructed via various interpolants over

Voronoi cells and we analyze the convergence properties of these interpolants.

In what follows, we first provide a review on collocation-based surrogates,

namely stochastic collocation and the SROM-based surrogate. A comparison of

the Lp error of these methods under varying stochastic dimension is presented

via numerical examples. It is shown that stochastic collocation can underper-

form as it does not take into account the probability law of Z. We then elaborate

on the proposed adaptive approach for SROM-based surrogates, address issues

of implementation, and investigate its mathematical properties. The benefits

of using the adaptive SROM-based surrogate, in which the probability law of

Z is used to determine the location of the next SROM node, over the regular

SROM-based surrogate is numerically demonstrated by comparing their Lp er-

rors. Computationally, the two constructions differ in that the adaptive method

has more evaluations of U(Z), which is relatively inexpensive. The compar-

ison was performed using examples with large stochastic dimension for test

response functions and for a response derived from a stochastic PDE. Further-

more, we observe that the gap between the Lp errors of the adaptive and the

regular SROM-based surrogate increases as p increases.

2.2 Collocation-based surrogates

We consider two types of collocation-based surrogates, namely stochastic collo-

cation and the SROM-based surrogate. Both surrogates are constructed using a

set of collocation nodes and interpolating functions. The convergence proper-
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ties of these surrogates are examined and their construction and implementa-

tion are compared using numerical examples.

2.2.1 Stochastic collocation

Stochastic collocation method [46–48, 61, 80] constructs an interpolant Ũ(Z) of

U(Z) over Γ. The process can be summarized in the following steps:

1. Select collocation points zm ∈ Γ ⊂ Rd, m = 1, . . . , n and evaluate U(zm)∀m.

2. Construct an interpolating function `m(Z) for each node zm such that

`m(zm) = 1.

3. Formulate the surrogate as Ũn(Z) =
∑n

m=1 U(zm)`m(Z).

More specifically, suppose that Z(Ω) = Γ = [a1, b1]× · · · × [ad, bd] ⊂ Rd. Denote

by Zi = {zi
1, . . . , z

i
mi
|zi

k ∈ [ai, bi]∀ k} the 1-dimensional set of collocation nodes in

the i-th coordinate axis and let `i
k be the one-dimensional interpolating function

corresponding to the node zi
k, i.e. `i

k(z
i
k) = 1. An interpolant for U(Z) can be

constructed as:

Ũ(Z) =

mi∑
k1=1

· · ·

md∑
kd=1

`1
k1

(z1
k1

) · · · `d
kd

(zd
kd

) · U(z1
k1
, . . . , zd

kd
) (2–1)

which requires m1 × · · · × md collocation nodes given by the Cartesian product

Z1 × · · · × Zd, i.e. the full grid.

Because (2–1) suffers from the curse of dimensionality, sparse grids offer a

more practical approach as the response is only evaluated at a subset of the full

grid. An example of a 3-dimensional sparse grid using Newton-Cotes equidis-

tant nodes in each coordinate axis is shown in Figure 2.1. The cardinality of
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Figure 2.1: Illustration of sparse grid using Newton-Cotes equidistant nodes for
d = 3 for different sparse grid levels. The nodes from a preceding level is a
subset of the nodes in the succeeding level.

this subset can be significantly lower than that of the full grid in high dimen-

sions. The interpolant over this sparse grid is built through Smolyak’s algo-

rithm which involves taking the tensor product of one-dimensional interpolat-

ing functions in a special manner. Unlike (2–1), the sparse grid interpolant is

constructed iteratively from one sparse grid level to another but retains the same

functional form. The differences are that the summation is now over the sparse

grid nodes and that the weight of each basis function is the surplus between

U(Z) and the sparse grid interpolant in the preceding sparse grid level. An elab-

orate treatment of Smolyak’s algorithm and sparse grid stochastic collocation is

presented in [46] and the references therein.

If Ũ is the sparse grid interpolant constructed using linear hat basis func-

tions and nested Newton-Cotes equidistant nodes in each coordinate axis, the

interpolation error is [46]:

‖U − Ũ‖L∞ = O(N−2 · | log2 N|3(d−1))

where N is the number sparse grid nodes assuming that U(z) ∈ C2(Γ).

In 1-dimension, i.e. d = 1, the commonly used interpolating functions are the
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Lagrange basis functions and linear hat basis functions. For Lagrange interpola-

tion, if U ∈ Cn([a, b]), U (n+1)(z) needs to be bounded on [a, b] to guarantee uniform

convergence. Because of this stringent regularity condition, the Lagrange inter-

polant can be prone to oscillatory behavior especially if the collocation points zm

are not dense at the boundary of Γ [6]. As such, collocation points such as Gauss-

Legendre nodes or Clenshaw-Curtis nodes have to be employed. On the other

hand, linear hat basis functions have local support and only require bounded

second derivatives to ensure uniform convergence. Newton-Cotes equidistant

nodes on [a, b] (with endpoints included) is the most commonly used set of col-

location points.

In summary, the key ingredients for stochastic collocation are the choice of

interpolating functions and the choice of collocation nodes. The selection of

collocation nodes is usually performed without regard for the probability law

of Z. Recent works such as [1, 24] used Newton-Cotes equidistant nodes and

utilized the probability density function of Z to determine where to add more

collocation points in Γ. However, the resulting (sparse) grid is still structured

and rectangular. To overcome these concerns, we introduce a different class of

collocation-based interpolants that incorporate the probability law of Z into the

construction of Ũ(Z) and are well-suited for non-rectangular grids and for non-

hypercube domains.

2.2.2 SROM-based surrogates

An SROM-based surrogate model Ũ(Z) is a collocation-based surrogate for the

stochastic response U(Z). As with stochastic collocation, its construction entails

12



the selection of collocation nodes and the selection of the interpolating function.

We now elaborate how the collocation nodes can be chosen using the concept of

an SROM.

Consider a random vector Z ∈ Rd defined on the probability space (Ω,F , P).

A Stochastic Reduced Order Model (SROM) of size m is a discrete random vec-

tor Z̃ which takes on values from the set {̃zk}
m
k=1 ⊂ Γ ⊂ Rd with corresponding

probabilities {pk}
m
k=1. Z̃ is defined on the same probability space as Z with {̃zk}

and {pk} chosen such that Z̃ is statistically representative of Z. For instance, Z̃

can be constructed such that the first two moments and the distribution of Z̃

closely resemble that of Z. Different methods on the construction of SROMs are

elaborated in [36, pp. 464-474] and the references therein. The non-uniqueness

of the Stochastic Reduced Order Model is not an issue since we are only in-

terested in obtaining samples which capture the statistics of the target random

vector Z.

With the concept of an SROM for Z defined, an SROM-based surrogate

model Ũ(Z) can then be constructed using interpolants over Voronoi cells. In

what follows, we consider Taylor-based interpolants and the Sibson’s inter-

polant.

2.2.2.1 Taylor-based interpolants

The construction of an SROM-based surrogate model Ũ(Z) using Taylor inter-

polants can be summarized in the following steps [40].

1. Generate a large number N of independent samples {zk}
N
k=1 ⊂ Γ of Z.

13



2. For a specified m, m � N, construct an SROM Z̃ = {̃zk}
m
k=1 ⊂ Γ of size m for

Z.

3. Partition the set {zk}
N
k=1 into m subsets {Γ j}

m
j=1 defined by Γ j = {z ∈ Γ :

‖z − z̃ j‖ < ‖z − z̃l‖ for l = 1, . . . ,m, l , j}. If ‖zk − z̃ j‖ = ‖zk − z̃l‖, we can

arbitrarily assign zk to Γ j or Γl. This step essentially performs a (discrete)

Voronoi tessellation of Γ with the {z̃k}
m
k=1 as the centers. We therefore refer

to Γ j as Voronoi cells with ∪m
j=1Γ j = Γ.

4. On each Voronoi cell Γ j, perform a zeroth-order or first-order Taylor ex-

pansion of Z at z̃ j which gives rise to

Ũm(Z) =

m∑
k=1

1(Z∈Γk)U (̃zk) (2–2)

or

Ũm(Z) =

m∑
k=1

1(Z∈Γk)[U (̃zk) + ∇U (̃zk) · (Z − z̃k)], (2–3)

respectively, where ∇U (̃zk) denotes the gradient of U(z) at z = z̃k.

An illustration of the resulting surrogate model is presented in Example 1

and Figure 2.2.

Example 1. Let Z = (Z1,Z2) where Z1 ∼ F−1
1 (Φ(Y1)),Z2 ∼ F−1

2 (Φ(Y2)) with Φ be-

ing the standard normal CDF, Y1,Y2 ∼ N(0, 1), cov(Y1,Y2) = 0.3 and F1, F2 are

the CDFs of Beta(2, 6) and Beta(6, 6), respectively. Suppose that we want to con-

struct a surrogate for U(Z) = sin(Z1 +3(Z2−0.2)). The left plot of Figure 2.2 shows

an SROM Z̃ of size m = 15 and the right plot exhibits the response function U(Z)

and the surrogate model. We remark that the nodes of Z̃ are concentrated in

regions of Z with high probability.

In sum, an SROM-based surrogate as developed in [40] uses an SROM of

size m for Z as its collocation nodes while the interpolating functions are piece-
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Figure 2.2: Left – SROM Z̃ (black asterisks) for Z in Example 1 with samples of Z
(blue dots) and contour of the joint pdf of Z. Right – Illustration of the surrogate
Ũm(Z) (red surface) for U(Z) (blue surface) using first-order Taylor interpolants
for m = 15 where Z is defined as in Example 1. The green nodes are the SROM
nodes.

wise constant functions in each Voronoi cell as in (2–2) or, as shown in Figure 2.2

(right), piecewise tangent hyperplanes in each Voronoi cell as in (2–3). The inter-

polating functions are chosen as such in order to accommodate the fact that the

collocation points no longer lie on a rectangular grid. We note that higher-order

Taylor expansions can be used as interpolants over each Voronoi cell. However,

this would require stringent regularity conditions of U(Z) to guarantee conver-

gence of Ũm(Z) as we shall see below. The computational cost would also scale

non-linearly to compute the higher-ordered partial derivatives, making it im-

practical in high dimensions.

We now briefly remark on some computational aspects involving the SROM-

based surrogate and subsequently review its important properties as presented

in [40]. We focus on the SROM-based surrogate using 1st-order Taylor inter-

polants because the surrogate in (2–2) is a coarse approximation as it does not

adequately capture the variation of U(Z). Hence, Ũm(Z) in what follows refers

to (2–3). Using Ũm(Z), statistical information of U(Z) can now be approximated
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at a cheaper computational cost. For example, the p-th order moments of U(Z)

can be estimated as follows [36, pp. 470]:

E[U(Z)p] ' E[Ũm(Z)p] '
m∑

k=1

nk

N

∑
z j∈Γk

1
nk

(U (̃zk) + ∇U (̃zk) · (z j − z̃k))p

where nk is the cardinality of the set { j|z j ∈ Γk}. Evidently, it is substantially

cheaper to evaluate U (̃zk) + ∇U (̃zk) · (z j − z̃k) compared to the true response. The

fact that E[U(Z)p] can be estimated by E[Ũm(Z)p] can be justified through the

properties below.

Theorem 1. Let Ũm(Z) be as in (2–3). Suppose that Z(Ω) = Γ ⊂ Rd is an open convex

domain such that U(Z) ∈ C2(Γ). Furthermore, assume that the second-order partial

derivatives of U(Z) are bounded, i.e.
∣∣∣∣ ∂2U(z)
∂z(r)∂z(s)

∣∣∣∣ ≤ M for all r, s = 1, . . . , d, z ∈ Γ. For

z ∈ Γk, where Γk is a Voronoi cell of Γ with center z̃k, we then have that for some constant

Ck

|U(z) − Ũm(z)| ≤
Ck

2
‖z − z̃k‖

2. (2–4)

Proof. Let z ∈ Γk. By Taylor’s remainder theorem, cf. [3],

U(z) − Ũm(z) =
1
2

(z − z̃k)T H(U (̃ξk)) (z − z̃k)

where ξ̃k is a point on the line segment joining z and z̃k and H(U (̃ξk)) is the Hes-

sian matrix of U(z) evaluated at z = ξ̃k. The symmetry of the Hessian matrix

implies that H(U (̃ξk)) = QT ΛQ where Q is an orthogonal matrix, Λ is a diagonal

matrix with entries λi(̃ξk), and that Q,Λ depend on ξ̃k. Hence, if y B Q · (z − z̃k),

|U(z) − Ũm(z)| =
1
2
|yT Λy| =

1
2

∣∣∣∣∣∣∣
d∑

i=1

λi(̃ξk) y2
i

∣∣∣∣∣∣∣ (2–5)

≤
1
2

(maxi|λi(̃ξk)|) ‖y‖2 ≤
Ck

2
‖z − z̃k‖

2

where Ck is a bound on maxi|λi(̃ξk)| owing to the fact that the entries of the Hes-

sian matrix are bounded. �
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Using Theorem 1, we can easily prove convergence properties of the SROM-

based surrogate.

Corollary 2. Suppose that the second-order partial derivatives of U(Z) are bounded.

Consider a refining sequence of SROMs for Z, that is, if Z̃m = {̃zk}
m
k=1 and Z̃m+1 = {̃zk}

m+1
k=1

are SROMS for Z, Z̃m ⊂ Z̃m+1. We then have that Ũm(Z) → U(Z) almost surely as

m → ∞. In addition, if ∃ p ≥ 1 such that U(Z) ∈ Lp(Ω) then Ũm(Z) also converges to

U(Z) in Lp(Ω) [40].

Proof. See [40], p. 273. �

Corollary 2 illustrates how the SROM-based surrogate (2–3) possesses strong

convergence properties under very mild conditions. Because a.s. and Lp con-

vergence each imply convergence in distribution, we have that for every u ∈ R,

P(Ũm(Z) ≤ u) → P(U(Z) ≤ u) as m → ∞. In addition, convergence in Lp im-

plies convergence in pth order moments, i.e. E[Ũm(Z)p] → E[U(Z)p], which is

often of interest in engineering applications. Hence, the convergence properties

of (2–3) are comparable to that of the sparse grid stochastic collocation using

linear hat basis and Newton-Cotes equidistant nodes under identical regularity

conditions on U(Z).

2.2.2.2 Sibson-based interpolant

We extend the class of interpolants introduced in [40] for the SROM-based sur-

rogate by considering an interpolant from geoscience. Subsequently, we will

state and prove properties of this interpolant and comment on its implementa-

tion.
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Suppose that we have at our disposal {(̃zk,U (̃zk))}mk=1 where z̃k ∈ R
d and that

we are concerned with approximating the mapping Z 7→ U(Z) on Γ ⊂ Rd where

Γ is the interior of the convex hull of the nodes {̃zk}
m
k=1. This can be accomplished

using Sibson’s interpolation [68] in which the value of the interpolant at a new

point z∗ ∈ Γ is obtained as a weighted sum of U (̃zk) for z̃k close to z∗. The weights

are computed by determining how much of the volume in each Voronoi cell of

the original tessellation generated using {̃zk}
m
k=1 as the centers is lost upon retes-

sellation with z∗ ∪ {̃zk}
m
k=1 as the new centers.

More formally, assume that we have a Voronoi tessellation of Rd, not Γ, de-

noted by {Γk}
m
k=1 with {̃zk}

m
k=1 as the centers. Two Voronoi cells Γi and Γ j are con-

sidered neighbors if Γi and Γ j have a common boundary. For a given z∗ ∈ Γ the

value of U(z∗) can be approximated by a surrogate Ũm(z∗) as follows:

1. If z∗ ∈ {̃zk}
m
k=1 then Ũm(z∗) = U (̃zk) for some k ≤ m.

2. Otherwise, construct a Voronoi tessellation {̃Γk}
m
k=1 ∪ {̃Γ

∗} of Rd with {̃zk}
m
k=1 ∪

{z∗} as the corresponding centers.

3. For each k = 1, . . . ,m, compute

wk(z∗) :=
λ(Γk ∩ Γ̃∗)

λ(̃Γ∗)
(2–6)

where λ(·) is the Lebesgue measure. The numerator of (2–6) represents

how much volume from Γk is lost and absorbed into Γ̃∗ upon the inclusion

of z∗ as a Voronoi center. We remark that λ(Γk ∩ Γ̃∗) and λ(̃Γ∗) are well-

defined because Γ̃∗ is a bounded region owing to the fact that z∗ is in the

interior of the convex hull.

4. Set Ũm(z∗) =

m∑
k=1

wk(z∗)U (̃zk) to be the value of the surrogate at z∗.
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Figure 2.3: Illustration of the computation of the weights in Sibson’s interpolant.

An example of how the weights in Sibson’s interpolant are computed is il-

lustrated in Figure 2.3. The nodes {̃zk} are denoted by the blue dots with their

corresponding Voronoi cells in the leftmost plot while the asterisk represents z∗.

The updated Voronoi tessellation after inserting z∗ as a Voronoi center is shown

in the middle plot which corresponds to step 2 in the above procedure. The

weights wk(z∗) for z̃k, k = 1, . . . , 4, can be computed as the ratio of the area of

the respective colored regions (Γk ∩ Γ̃∗) in the rightmost plot with the area of

the green colored region (̃Γ∗) in the middle plot. Furthermore, wk(z∗) = 0 for

k ≥ 5 which demonstrates that Sibson’s interpolant only uses the values at the

neighboring nodes.

Sibson’s interpolant possesses a number of properties that have been stated

and proven in [28, 65, 67]. We review some of them here.

Property 3 (Sibson 1980). The functions wk(z∗) satisfy the local coordinates property

in that

z∗ =

m∑
k=1

wk(z∗)̃zk

for all z∗ ∈ Γ ⊂ Rd.

Property 4. The interpolant Ũm(z∗) has linear precision. In other words, if the true

response U is linear, U(z∗) = Ũm(z∗) ∀z∗ ∈ Γ.
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The second property easily follows from the local coordinates property. In-

deed, if U is linear,

U(z∗) = U

 m∑
k=1

wk(z∗)̃zk

 =

m∑
k=1

wk(z∗)U (̃zk) = Ũm(z∗).

Property 5. Ũm(z∗) is continuous for all z∗ ∈ Γ and is continuously differentiable for

all z∗ ∈ Γ, z∗ < {̃zk}
m
k=1.

Property 6. For d = 1, i.e. in the 1-dimensional case, Sibson’s interpolant and collo-

cation with linear hat basis functions coincide. For d = 2, it has been shown in [28]

that Sibson’s interpolant has gridded bilinear precision. In other words, suppose that

{̃zk}
m
k=1 lie on a rectangular lattice, i.e. {̃zk}

m
k=1 are the Newton-Cotes equidistant nodes in

Γ ⊂ R2. Sibson’s interpolant then coincides with collocation using {̃zk}
m
k=1 and linear hat

basis functions.

Based on the above property, Sibson’s interpolant is a generalization of collo-

cation using linear hat basis functions for arbitrarily located collocation nodes,

for any dimension. Hence, using this interpolant, the nodes can be chosen in ac-

cordance with the probability law of Z. However, the properties above are only

valid in the interior of the convex hull of {̃zk}
m
k=1. Efforts to extend the validity

of the interpolant beyond the interior have been undertaken as in [8, 9]. These

approaches introduce a different or additional geometric construction and we

do not pursue them here for simplicity.

It is now straightforward to incorporate Sibson’s interpolant into the SROM-

based surrogate model – we simply let the {̃zk}
m
k=1 above to be an SROM for the

random vector Z. Subsequently, we analyze the convergence properties of Sib-

son’s interpolant when employed to construct surrogate models for a stochastic

response U(Z). In the following, we will assume that Γ is the interior of the

convex hull of {̃zk}
m
k=1.
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Proposition 7. Suppose that U(Z) is continuous on Γ. Consider a refining sequence of

SROMs for Z. We then have Ũm(Z)→ U(Z) as m→ ∞.

Proof. Let ε > 0 be given and let {̃zk}
m
k=1 ⊂ Γ be the SROM nodes which partition

Γ into the corresponding Voronoi cells {Γk}
m
k=1. For z∗ ∈ Γ, we can always choose

m to be large enough so that |U (̃zk)−U(z∗)| < ε, ∀ k such that wk(z∗) , 0 due to the

continuity of U(Z) at Z = z∗. By noting that
m∑

k=1

wk(z∗) = 1, the discrepancy can be

bounded by∣∣∣Ũm(z∗) − U(z∗)
∣∣∣ =

∣∣∣∣∣∣∣
m∑

k=1

wk(z∗)U (̃zk) − U(z∗)

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
m∑

k=1

wk(z∗)(U (̃zk) − U(z∗))

∣∣∣∣∣∣∣
≤

m∑
k=1

wk(z∗)|U (̃zk) − U(z∗)| < ε.

�

Proposition 8. Suppose that U(Z) is differentiable on Γ and that
∣∣∣∣∣∂U(z)
∂z(i)

∣∣∣∣∣ ≤ M for

i = 1, . . . , d and z ∈ Γ. Consider a refining sequence of SROMs for Z. We then have

that for p ≥ 1, if U(Z) ∈ Lp(Ω), Ũm(Z)→ U(Z) in Lp(Ω) as m→ ∞.

Proof. By the Mean Value Theorem,

|U (̃zk) − U(z)| ≤ ‖∇U(ξ)‖ · ‖̃zk − z‖ ≤
√

dM‖̃zk − z‖

where ξ lies on the line segment joining z and z̃k. As a consequence,∣∣∣Ũm(z) − U(z)
∣∣∣ ≤ m∑

k=1

wk(z)|U (̃zk) − U(z)| ≤
√

dM max
k,wk,0

‖̃zk − z‖

≤
√

dM max
z∈Γ

max
k,wk,0

‖̃zk − z‖

where max
z∈Γ

max
k,wk,0

‖̃zk − z‖ → 0 as m → ∞, i.e. for ε > 0, ∃N such that max
z∈Γ

max
k,wk,0

‖̃zk −

z‖ < ε for m ≥ N. The claim now holds true if p = ∞. On the other hand,

‖Ũm(Z) − U(Z)‖p
Lp(Ω) =

∫
Γ

|Ũm(z) − U(z)|p dF(z) < (
√

dMε)p.

�
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Remark. The proof above demonstrates that the Lp error of the SROM-based

Sibson’s interpolant is bounded by the size of the Voronoi cell as in the case of

the SROM-based surrogate models introduced earlier. It is also straightforward

to show that the conditions on differentiability and bounded derivatives of U(Z)

in Proposition 8 can be relaxed by assuming that U(Z) is uniformly continuous

on Γ.

In addition to its convergence properties, the SROM-based Sibson’s inter-

polant guarantees that the surrogate does not attain unrealistic values:

Property 9. If Umin = min
z∈Γ

U(z) and Umax = max
z∈Γ

U(z), then P(Ũm(Z) ∈ [Umin,Umax]) =

1.

This property easily follows from the fact that
m∑

k=1

wk(z) = 1.

This is important in applications in which it is preferable that the surrogate

respects the physics of the model aside from guaranteeing convergence.

Despite the flexibility offered by Sibson’s interpolant, its limitations are clear:

the computation of the weights wk poses difficulties in high stochastic dimen-

sion, a challenge that is not encountered in the 2-d or 3-d applications in com-

putational geometry, geoscience, etc. For one, volumes of Voronoi cells need to

be approximated. Since determining the exact boundaries of Voronoi cells might

be impractical in high dimensions, a counting process can instead be utilized to

estimate volumes through Monte Carlo integration. Secondly, for z∗ close to the

boundary of the convex hull of {̃zk}
m
k=1, the boundaries of the resulting Voronoi

cell Γ̃∗ can extend well beyond the interior of the convex hull Γ even though its

Lebesgue measure is guaranteed to be finite. Consequently, a “bounding box”

encompassing Γ is used in applications to impose bounds on the extent of Γ̃∗,
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making it more feasible to estimate its volume. The accuracy of this interpolant

therefore depends on the size of the bounding box as well as the number of

samples for the counting process.

2.2.3 Comparison of collocation-based surrogates

After providing a survey of collocation-based surrogates, a comparison of their

key features is summarized in Table 2.1.

SROM-based Collocation (linear hat)
0th-order
Taylor

1st-order
Taylor

Sibson Full grid Sparse
grid

Gradient
needed?

7 X 7 7 7

Exact for linear
response?

7 X X X X

Is Ũm(z) within
bounds?

X 7 X X 7

Table 2.1: Comparison of collocation-based surrogates.

In this section, we are primarily interested in investigating the effect of the

choice of collocation nodes through a comparison of the SROM-based surrogate

with sparse grid stochastic collocation for varying stochastic dimension and for

the same computational budget. The 1st-order Taylor interpolant will be used

for the SROM-based surrogate while Newton-Cotes equidistant nodes and lin-

ear hat basis function will be used for sparse grid stochastic collocation. We

have chosen to focus on the 1st-order Taylor interpolant because it provides a

balance between accuracy and ease of implementation. The specification of the

response is outlined in the following example.

Example 2. Consider the stochastic response U(Z) = arctan(15 · ‖Z − 0.7‖2) −
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arctan(15·‖Z−0.3‖2), Z ∈ Rd,where Zi ∼ F−1(Φ(Yi)) with Φ being the standard nor-

mal CDF, Yi ∼ N(0, 1), cov(Yi,Y j) = 0.85 for i , j and Fi is the CDF of Beta(3, 3).

An illustration of the probability law of Z and a plot of U(z) for z ∈ [0, 1] × [0, 1]

is shown in Figure 2.4 for d = 2.
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Figure 2.4: Joint pdf of Z (left) and U(z) (right).

Figures 2.5, 2.6, 2.7, exhibit the Lp errors ‖U(Z) − Ũ(Z)‖Lp(Ω) for d = 2, 4, 6, re-

spectively, obtained via Monte Carlo approximations. For each figure, the blue

solid curve (denoted by SpGrid) and the red dashed curve (denoted by SROM)

are the Lp errors for the sparse grid surrogate and the SROM-based surrogate,

respectively. Each figure contains 4 subplots which correspond to p = 1, 2, 3,∞.

The x-axis of each subplot refers to the sparse grid level which is characterized

by the number of evaluations of U(z) required to form the interpolant. Hence,

for each sparse grid level with nl nodes, bnl/(d + 1)c SROM nodes are used to en-

sure that the number of computational units between both surrogates is similar.

As the Lp error comparison plots demonstrate for this example, sparse

grid stochastic collocation outperforms SROM-based surrogate for d = 2 even

though the sparse grid nodes do not align with the high probability regions

of Z. In Figure 2.8, we show the location of the sparse grid nodes for the 8th
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sparse grid level (characterized by the location of the sparse grid nodes as in

Figure 2.1) and the corresponding SROM nodes for the same computational

budget, together with the contour of the response. It is therefore not surprising

that the sparse grid collocation perform well because the nodes are adequately

distributed in the domain. However, this trend is reversed as the stochastic

dimension is increased, as can be seen in Figures 2.6 and 2.7. For skewed dis-

tributions for Z in high dimensions, a large sparse grid level, which implies a

large computational expense, is necessary for the sparse grid nodes to capture

the most probable regions of Z. This numerical example thus underscores the

importance of incorporating the probability law of Z into the location of the

collocation nodes.
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Figure 2.5: Lp error comparison of SROM-based surrogate and sparse grid
stochastic collocation for d = 2. Sparse grid level/Number of Nodes: 4/65,
6/321, 8/1537.

2.3 Adaptive SROM-based surrogate

We now focus on the main contribution of this work. While the SROM-based

surrogate is capable of capturing the probability law of Z, we can further extend
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Figure 2.6: Lp error comparison of SROM-based surrogate and sparse grid
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Figure 2.7: Lp error comparison of SROM-based surrogate and sparse grid
stochastic collocation for d = 6. Sparse grid level/Number of Nodes: 4/1457,
6/15121, 8/127105.

this surrogate in order to also capture the regions of Z for which U(Z) manifests

substantial variation. This can be achieved by constructing the SROM-based

surrogate in a sequential manner. We offer two approaches for the adaptive

construction wherein one employs a global sampling strategy while the other

uses a local sampling strategy. The algorithm presented below which incorpo-

rates global sampling has some similarities with an algorithm coined for the de-

terministic case in a terrain modeling application [7], although both algorithms
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Figure 2.8: Location of sparse grid nodes for the 8th level (left) and SROM nodes
(right) with contours of U(z).

have been developed independently.

2.3.1 Description and illustration of the algorithm

As before, we will use the SROM-based surrogate with 1st-order Taylor inter-

polant due to reasons specified above. The main idea behind the adaptive algo-

rithm is that instead of simultaneously computing the gradients at all Voronoi

centers, the centers at which the gradients will be evaluated will be chosen se-

quentially. Therefore, we will assume that the following parameters are speci-

fied:

• p – the order of the Lp error (p ≥ 1).

• ε – tolerance level for the Lp error.

• τ – the available computational units/budget.
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2.3.1.1 Adaptive method with global sampling

The global sampling approach proceeds with the initialization step in which we

generate an SROM Z̃ = {̃zk}
M
k=1 of Z and evaluate U (̃zk)∀k, but not ∇U (̃zk), within

the available computational budget τ. In order to obtain an initial surrogate

model for U(z), we then construct an SROM Z̃∗ of Z̃ of size m � M (i.e. m = 1),

where the SROM nodes of Z̃∗ is a subset of {̃zk}
M
k=1. The initial surrogate model

(2–3) can then be constructed using the SROM nodes Z̃∗ which induces an initial

partitioning of Γ through {Γi}
m
i=1. At every iteration, we select a partition where

the error of the surrogate is largest and select an SROM node z̃k from this par-

tition under some criteria. The gradient at this SROM node is then computed,

a new partition corresponding to this SROM node is then constructed, and the

current surrogate is updated owing to the new partition. This procedure is re-

peated until the computational budget τ is exhausted or if the error is smaller

than the specified tolerance ε.

The construction of the adaptive SROM-based surrogate with global sam-

pling can thus be summarized in Algorithm 1.

Algorithm 1 Adaptive method for SROM-based surrogate with global sampling

1: Generate an SROM Z̃ of Z given byA = {̃zk}
M
k=1 and evaluate U (̃zk).

2: Generate an SROM Z̃∗ of Z̃ given by {̃z∗k}
m
k=1 ⊂ A, m � M, and evaluate ∇U (̃z∗k).

3: Construct a Voronoi tessellation {Γi}
m
i=1 of Γ using {̃z∗k}

m
k=1 as the centers.

4: Compute the surrogate Ũm(z) and updateA ← A \ {̃z∗k}
m
k=1.

5: while budget τ is not exhausted and approximate ‖Ũm(z)−U(z)‖p
Lp(Γ) > ε do

6: Select partition Γk ∈ {Γi}
m
i=1 with the largest approximate Lp(Γk) error.

7: Select node z̃ j ∈ Γk ∩A and compute ∇U (̃z j).
8: Refine the partition Γk.
9: Update the surrogate Ũm+1(z)← Ũm(z), the setA ← A\{̃z j}, and m← m+1.

10: end while
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We now address the technicalities encountered in Algorithm 1. At each iter-

ation, the Lp error of the surrogate is used as the refinement measure to drive

adaptivity. Mathematically, the Lp error of Ũm(z) on the partition Γk is equivalent

to

‖U(z) − Ũm(z)‖p
Lp(Γk) =

∫
Γk

|U(z) − Ũm(z)|p dF(z)

= E[|U(z) − Ũm(z)|p |Z ∈ Γk] · P(Γk),

i.e., the refinement measure of Γk is equal to the average p-th order surplus of

the surrogate weighted by the probability of that partition. As the refinement

measure cannot be computed exactly in practice, we approximate P(Γk) by de-

termining the proportion of samples of Z such that z ∈ Γk whereas the average

p-th order surplus conditional on Γk can be approximated using the response

values U (̃z j) for z̃ j ∈ Γk ∩ A where {̃z j} is obtained from the initialization step

above. More explicitly, if we denote by nk B #{̃z j |̃z j ∈ Γk ∩A},

E[|U(z) − Ũm(z)|p |Z ∈ Γk] ≈
1
nk

nk∑
i=1

|U (̃zi) − Ũm(̃zi)|p.

As the iteration of the adaptive algorithm with global sampling progresses, it is

possible that {̃z j |̃z j ∈ Γ j ∩A}may eventually be empty for some partition Γ j and

that the Lp error may not be approximated. To preempt such a scenario, we will

assume that when the user specifies τ computational units in the initialization

stage, this already includes nc units of contingency response evaluations of U(z),

i.e. τ = M + g + nc where g is the maximum number of gradient calculations. If

this situation occurs, we construct an SROM of size dP(Γ j)nce for Z conditioned

on Γ j and evaluate U(z) on these newly obtained SROM nodes to approximate

the Lp error on this partition. Subsequently, we add these SROM nodes toA and

we update nc as nc ← nc − dP(Γ j)nce.

We can also obtain an approximate confidence interval to quantify the error
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in our estimation of the refinement measure of Γk. Let Yi = |U (̃zi) − Ũm(̃zi)|p,

i = 1, . . . , nk. By the Central Limit Theorem, S nk =
1
nk

nk∑
i=1

Yi is asymptotically

N
(
µ, σ

2

nk

)
where µ = E[|U(z) − Ũm(z)|p |Z ∈ Γk] while σ2 ≈

1
nk − 1

nk∑
i=1

(Yi − S nk)
2.

Confidence bands for µ are now immediate from this asymptotic distribution.

The choice of refinement measure we have pursued implies that the Lp error

over Γ will be used as a stopping criterion for the adaptive process. The same

techniques described above are applicable in approximating the Lp error on the

whole probability space. Thus, the adaptive process terminates either when the

approximate Lp norm is less than the specified tolerance or when the budget τ is

exhausted. The latter occurs precisely when the maximum number of gradient

evaluations has been reached or when there are no more contingency response

evaluations available.

2.3.1.2 Adaptive method with local sampling

An alternative to the adaptive algorithm with global sampling as presented

above is possible through a local sampling procedure. Essentially, instead of

selecting all of the samples z̃k at which to evaluate the response at the beginning

of the algorithm, some of these samples are selected as the adaptive construction

progresses. The initialization step is still the same, however, rather than gener-

ating an SROM Z̃ of size M as in before, we only generate an SROM Z̃ = {̃zk}
M′
k=1

where M′ � M and evaluate U (̃z)∀k but not ∇U (̃zk). Subsequently, at each itera-

tion, for each partition Γi, we construct an SROM of size mi for Z conditioned on

Γi and evaluate U(z) on these SROM nodes. This local sampling scheme removes

the need to determine the location of all nodes z̃k at the initialization step.
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The construction of the adaptive SROM-based surrogate with local sampling

is summarized below:

Algorithm 2 Adaptive method for SROM-based surrogate with local sampling

1: Perform Steps 1-4 as in Algorithm 1.
2: while budget τ is not exhausted and approximate ‖Ũm(z)−U(z)‖p

Lp(Γ) > ε do
3: Perform Lines 6-9 as in Algorithm 1.
4: for each Γi do
5: Generate an SROM Z̃ |Γi of Z |Γi given by {̃zk}

mi
k=1 and evaluate U (̃zk).

6: Update the setA ← A∪ {̃zk}
mi
k=1.

7: end for
8: end while

The size mi of the SROM Z̃ conditioned on Γi can be obtained by solving a

constrained least squares problem. More specifically, the values of mi can be

chosen such that the proportion of samples z̃k in Γi for which the response has

been computed is equal to P(Γi), the probability of the partition Γi. Let N be the

number of partitions Γi in the current iteration and let ni B #{̃z j |̃z j ∈ Γi ∩ A}.

The condition can then be mathematically expressed as ni+mi∑N
j=1 ni+

∑N
j=1 mi

= P(Γi) for

i = 1, . . . ,N which is a linear system with nonnegative constraints for mi. A

cheap estimate of P(Γi) can be obtained as before.

For a practical implementation of the adaptive algorithm with local sam-

pling, we have imposed a cap on the maximum number of response and gra-

dient calculations for a given computational budget. This is because as the

adaptive construction progresses, the partitions decrease in size and it becomes

counterintuitive to compute more response evaluations to approximate the Lp

error. By imposing a limit on the response and gradient calculations, the local

sampling scheme then encounters the same problem as in the global sampling

scheme wherein the Lp error may not be approximated for a particular partition

for some iteration. Consequently, we address the issue similarly using contin-
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gency response evaluations. The stopping criterion under the local sampling

approach is now similar as the global sampling approach.

Finally, using the Lp error as the refinement criterion has implications on the

performance of the global and local sampling schemes we have proposed. The

local sampling scheme allows one to obtain a surrogate at lesser expense since

not all of the sample responses that are used to approximate the Lp error are

generated during the initialization step. However, for some response functions

and for some choices of the probability law for Z, the global sampling scheme

can be favorable in that the approximate Lp errors of the partitions are more

accurate at the early stages of the adaptive construction when the sizes of the

partitions are large.

Remark. If a posteriori error estimates of U(Z)− Ũ(Z) conditioned on Z are avail-

able, as in [43], the Lp error of the a posteriori error estimate can be used instead

for the refinement measure. The Lp error gives us a metric over the probability

space rather than at a single sample of Z only.

We now elaborate on some computational aspects and implementation is-

sues of the adaptive algorithm.

2.3.1.3 Choice of parameters

The initialization step requires that values for p, ε need to be specified. Suppose

that we are interested in performing a forward sensitivity analysis on the quan-

tity of interest q(Z) B `(U(x, t,Z)) where U(x, t,Z) is a solution to a PDE. If the

objective is to examine the k-th order moments of q(Z) for k = 1, . . . , n, then it

would be natural to set p = n as convergence in Lp also guarantees convergence
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in Lq for q ≤ p.

On the other hand, the choice of ε can be inferred from the following inequal-

ity. Let Uh(x, t,Z) be the discretized solution of U(x, t,Z) in the time and physical

space and let Ũh(x, t,Z) be the SROM-based surrogate based on Uh(x, t,Z). If

qh(Z) B `(Uh(x, t,Z)) and q̃h(Z) B `(Ũh(x, t,Z)),

‖q(Z) − q̃h(Z)‖ ≤ ‖q(Z) − qh(Z)‖ + ‖qh(Z) − q̃h(Z)‖.

The second term in the inequality right hand side is the error obtained by ap-

proximating the discretized solution by a surrogate and is precisely the stopping

criterion of the adaptive method above. The first term however is due to the er-

ror of using a discretized solution in place of the analytic solution and bounds

for the physical discretization error are usually available using a posteriori error

estimates. Hence, ε must be chosen such that it is of the same order of magni-

tude as the error due to the physical discretization.

2.3.1.4 Selection of new node and choice of partitioning strategy

We now address how to select the new node z̃ j as outlined in line 7 of Algo-

rithm 1 (and the corresponding line in Algorithm 2) and how to carry out the

partitioning of Γk that is necessary for both algorithms.

Suppose that the partition with the largest approximate Lp error has been

identified. Two schemes on the selection of the new node have been investi-

gated, namely the surplus-based scheme and surplus-pdf-based scheme. Un-

der the former scheme, we select the node z̃ j ∈ Γk ∩ A for which the surplus

|U (̃z j) − Ũm(̃z j)| is the largest. The latter scheme, however, selects the node for

which |U (̃z j) − Ũm(̃z j)|p f (̃z j) is maximized and this quantity is precisely the inte-
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grand of the Lp(Ω) error assuming that Z has joint pdf f (z). The surplus-based

scheme has the advantage in that the joint pdf of Z need not be known explic-

itly. Despite this convenience, it may result in computing gradients in regions

of low probability especially in the initial iterations, when the partitions are rel-

atively large. This in turn can adversely affect the Lp error of the surrogate in

the subsequent iterations.

We have also investigated two types of strategies for refining the partitions

Γk which are the neighbor-based refinement and cell-based refinement. Using

the notation in Algorithms 1 and 2, Figure 2.9(a) shows the original partition

where the green asterisks denote z̃k for which ∇U (̃zk) has been computed and

the black asterisk is z̃ j which resides in the partition Γk. Under neighbor-based

refinement, a Voronoi tessellation of Γ with z̃ j as an additional Voronoi center

is performed to obtain the top right plot. Essentially, only neighboring Voronoi

cells of Γk are affected by this partitioning strategy as the number of partitions

increases even though this is not evident in Figure 2.9(b). To visualize this, one

can consider an example in 2 stochastic dimensions with a unit square domain

where the Voronoi cells are squares of identical sizes. It is clear that refining

the upper right most Voronoi cell will not affect the Voronoi cells in the lower

left region of the domain. In contrast, for cell-based refinement, only a Voronoi

tessellation conditioned on Γk with the black and the green asterisk as centers is

performed to carry out the refinement in order to obtain the bottom plot. Hence,

the resulting partitions in this case are not Voronoi cells.

From a computational perspective, it is clear that the cell-based refinement

is less expensive and can be efficiently implemented using a tree data structure.

As for the neighbor-based refinement, storing and updating the distance of each
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(b) Neighbor-based refinement
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(c) Cell-based refinement

Figure 2.9: Original partition (top left) and illustration of neighbor-based (top
right) and cell-based (bottom) refinement.

sample of zi of Z (that we have generated to construct the SROM Z̃) from its

corresponding Voronoi center at every iteration will be convenient to speed up

the sample clustering in the refinement process. However, we shall see later that

the neighbor-based refinement strategy will be advantageous especially in high

stochastic dimension.

An illustration of the adaptive method with global sampling using neighbor-

based refinement is shown in Figure 2.10 where the surplus-based scheme was

used to select the new node in a partition. As can be seen, the adaptive method

prioritizes regions of Γ with high probability and with high variation in U(z). In

summary, the adaptive method and the direct construction of the SROM-based

surrogate as outlined in Section 2.2.2.1 are similar in that both surrogates use the
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first-order Taylor interpolant in each Voronoi cell and both have the same num-

ber of gradient calculations. However, both methods differ in that the adap-

tive method has more evaluations of U(z) in order to approximate the Lp error

needed for the refinement criterion. In addition, the nodes z̃ j at which we com-

pute ∇U (̃z j) in the adaptive method are located in regions of high probability in

Z and large variation in U(Z).
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Figure 2.10: Illustration of the adaptive method with global sampling using
neighbor-based refinement for U(Z) = sin(8Z), Z ∼ Beta(2, 6), p = 3. The up-
per left subplot shows a plot of the pdf of Z (blue) and the SROM Z̃ generated
during the initialization step (magenta asterisks). For the remaining subplots,
the blue curve is U(z), the red curve is Ũm(z), and the green asterisks are the
nodes where the gradient is available.

2.3.1.5 Post-termination of the adaptive method

Upon termination of the adaptive algorithm, it is possible that A , ∅, i.e. there

are nodes z̃ j for which U (̃z j) is known but for which there are no computational

36



units left to obtain ∇U (̃z j). Although these nodes have served their purpose in

providing validation about the SROM-based surrogate, it is natural to ask if this

information can be used to improve the quality of Ũm(Z). The challenge is that

we need to use an interpolant for these nodes where the gradient information

is unavailable and that this interpolant must be compatible with the 1st-order

Taylor interpolant on each partition.

We therefore propose the construction of a hybrid surrogate model in Algo-

rithm 3.

Algorithm 3 Hybrid SROM-based surrogate model

1: for each partition Γk do
2: Find {̃z j} ∈ A ∩ Γk such that |U (̃z j) − Ũ (̃z j)|p > ε or |U (̃z j) − Ũ (̃z j)|p f (̃z j) > ε.
3: Perform a cell-based refinement on Γk using {̃z j} found in the previous step

and the existing center of the partition Γk.
4: Select the nodes z̃ j from the first step such that its resulting partition

within Γk is inside Conv({̃z j}
M
j=1), the set from the initialization step of the

adaptive method.
5: Use Sibson’s interpolant on these partitions corresponding to the nodes z̃ j

found in the previous step and retain the Taylor-based interpolant on the
complement of these partitions within Γk.

6: end for

This construction ensures that the hybrid surrogate is exact for linear re-

sponses and that it preserves the convergence properties of the 1st-order Tay-

lor interpolant used in the adaptive method. An example of the hybrid sur-

rogate is illustrated below for U(Z) = arctan(50 · ‖Z − 0.75‖2), Z ∈ R2 where

Zi ∼ Beta(2, 2) i.i.d, p = 2 in which Figure 2.11 exhibits the resulting partitions

of Γ while Figure 2.12 illustrates the surrogates. In Figure 2.11, the left subplot

refers to the resulting partition once the adaptive method with global sampling

using neighbor-based refinement terminates while the right subplot exhibits the

partitioning of the hybrid surrogate with Sibson’s interpolant employed in the

green partitions. The interpolant in the red partitions is unchanged and is con-
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structed using the 1st-order Taylor interpolant. All the asterisks in the subplots

correspond to the centers of their corresponding partitions and the contour lines

of U(z) are also displayed in all subplots.

(a) Original partition (b) Hybrid partition

Figure 2.11: Partition from the adaptive method (left) and for the hybrid surro-
gate (right).

As Figure 2.12 demonstrates, Sibson’s interpolant is able to smooth out the

overshoot caused by using the 1st-order Taylor interpolant as can be observed

by comparing the region (z1, z2) ∈ [0.4, 1] × [0, 0.5] in both subplots. This is be-

cause for a fixed partition, the gradient of Sibson’s interpolant is not constant

unlike that of the 1st-order Taylor interpolant, making it more suitable for re-

sponse surfaces with large curvature. This is quantitatively manifested in the

Lp error plots in Figure 2.13 where the horizontal axis represents the iteration

number or equivalently, the number of nodes with gradient calculated. The Lp

error of the hybrid surrogate is plotted at the last iteration and the error is lower

than that of the previous iteration corresponding to the termination of the adap-

tive algorithm. We acknowledge that we cannot prove that the hybrid surrogate

reduces the Lp error of the surrogate obtained from the adaptive method. How-
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(a) Original surrogate (b) Hybrid surrogate

Figure 2.12: SROM-based surrogate obtained from the adaptive method (left)
and hybrid SROM-based surrogate (right).
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Figure 2.13: Lp error of the SROM-based surrogate and the hybrid surrogate for
p = 1 (left) and p = 2 (right) as a function of the number of nodes with ∇U
computed. Results for neighbor-based refinement is shown in red while that for
cell-based is shown in blue.

ever, we have the consolation that Sibson’s interpolant guarantees that the sur-

rogate does not go beyond the minimum and maximum values of the response

39



according to Property 9.

2.3.2 Analysis of the algorithm

0 0.2 0.4 0.6 0.8 1
−0.2

−0.15

−0.1

−0.05

0

0.05

Z

U
(Z

)

3 centers with gradient

0 0.2 0.4 0.6 0.8 1
−0.2

−0.15

−0.1

−0.05

0

0.05

Z
U
(Z

)

4 centers with gradient

Figure 2.14: Illustration as to why the Lp is not monotonically decreasing.

As can be observed from Figure 2.13, the Lp error of the SROM-based sur-

rogate obtained from the adaptive method is not monotonically decreasing as

a function of the number of iterations. The number of iterations is the same as

the number of nodes with gradient, hence, this result appears counterintuitive

given that more computations have been expended. We now provide a simple

analytic example to demonstrate why such situation occurs.

Example 3. Let U(Z) = (Z−0.4)(Z−0.5)(Z−0.1) where Z ∼ Unif(0, 1) and p = 1. In

Figure 2.14, an illustration of how the adaptive method using neighbor-based

refinement transitions from the 3rd iteration (left) to the 4th (right) is presented.

The nodes with gradient in iteration 3 are {̃z j}
3
j=1 = {0, 0.25, 0.5}while z̃4 = 1 is the

additional node with gradient in iteration 4.

In order to see why the L1 norm is not monotonically decreasing, it suffices

to compare
∫ 1

0.75
|U(z)−Ũ3(z)| dz and

∫ 1

0.75
|U(z)−Ũ4(z)| dz because z ∈ [0.75, 1] is the
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portion of the domain for which the interpolant has changed. On the interval

[0.75, 1], Ũ3(z) = U(0.5) + U′(0.5)(z − 0.5) whereas Ũ4(z) = U(1) + U′(1)(z − 1). In

addition, using Taylor’s remainder theorem, we know that

U(z) − Ũ j(̃z j) =
1
2

U′′(ξ(z))(z − z̃ j)2

for some ξ which is a function of z ∈ [0.75, 1]. Hence, elementary calculations

show that |U(z)−Ũ3(z)| = |(2z−1.8)(z−0.5)2|while |U(z)−Ũ4(z)| = |(2z+0.2)(z−1)2|.

Even though |z−1|2 < |z−0.5|2 for z ∈ [0.75, 1], this is offset by |2z−1.8| < |2z + 0.2|

which implies that ‖U(z) − Ũ4(z)‖L1 > ‖U(z) − Ũ3(z)‖L1 .

The example above leads to the following proposition which provides a suf-

ficient condition to ensure that the Lp error is monotonically decreasing.

Proposition 10. Suppose that the Hessian of U(z) is constant and that all its eigenval-

ues are all equal. It then follows that ‖U − Ũm+1‖Lp ≤ ‖U − Ũm‖Lp , i.e. the Lp error is

monotonically decreasing.

Proof. Under the stated assumptions, the discrepancy between the response and

the surrogate on a partition Γk as shown in (2–5) can be simplified into the fol-

lowing. As before, y B Q · (z − z̃k) where Q is an orthonormal matrix in the

eigendecomposition of the Hessian and z̃k is the center of the partition. We have

that

|U(z) − Ũm(z)| =
1
2

∣∣∣∣∣∣∣
d∑

i=1

λiy2
i

∣∣∣∣∣∣∣ =
|λ|

2
‖Q · (z − z̃k)‖2 =

|λ|

2
‖z − z̃k‖

2

where λ is the constant eigenvalue.

Hence the Lp error of the surrogate on a partition is simplified as

‖U(z) − Ũm(z)‖p
Lp(Γk) =

(
|λ|

2

)p ∫
Γk

‖z − z̃k‖
2p dF(z).
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As shown in the previous example, it only suffices to examine subsets of the

partition Γk for which the interpolant over the subset changed from one iteration

to the next. Let Γ′ be such a subset such that Γ′ ⊂ Γ j in iteration m but Γ′ ⊂ Γk in

iteration m + 1. Denote the center of the partition Γi by z̃i.

It therefore follows that

‖U(z) − Ũm+1(z)‖p
Lp(Γ′) =

(
|λ|

2

)p ∫
Γ′
‖z − z̃k‖

2p dF(z)

≤

(
|λ|

2

)p ∫
Γ′
‖z − z̃ j‖

2p dF(z)

= ‖U(z) − Ũm(z)‖p
Lp(Γ′)

where the inequality holds by definition of Voronoi tessellation. �

In 1-dimension, the sufficient conditions are tantamount to the response hav-

ing constant concavity. We also remark that the statement above holds regard-

less of the partitioning strategy chosen for the adaptive method. Even though

the Lp error is not monotonically decreasing in general, we expect that the Lp er-

ror will have a decreasing trend due to the convergence properties of the SROM-

based surrogate.

2.4 Numerical results

We now demonstrate the benefits of an adaptive construction of the SROM-

based surrogate over the direct method through a variety of numerical examples

in different stochastic dimensions. Since we expect that the adaptive method

will be more computationally expensive, we have ensured that the number of

gradient calculations for both methods is identical for the comparison to be fair.
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In addition, as mentioned above, the SROM-based surrogate obtained is not

unique but we do not attempt to generate multiple instances of the SROM-based

surrogate in the following results.

In Example 4, a 2-d example is considered where the components of the ran-

dom vector Z = (Z1,Z2) are uniform i.i.d. in order to isolate the effect of the

variation of U(Z). We then compare the resulting partitioning of Γ = Z(Ω) ob-

tained using direct and adaptive constructions. We continue this example with

Example 5 wherein we compare the resulting partitioning of Γ for the global and

local sampling scheme. Examples 6 and 7 are high-dimensional examples which

investigate the performance of the direct and adaptive method with global sam-

pling in cases where the region of high probability and the region of large vari-

ation in U(Z) exactly coincide or slightly intersect. On the other hand, Exam-

ples 8 and 9 consider an application to solving a partial differential equation

with random parameters in high dimensions. Lastly, a comparison between the

performance of the adaptive algorithm with global and local sampling is carried

out in Example 10.

In the following two examples, we visually compare the resulting partition-

ing of Γ for various methods of constructing the SROM-based surrogate. For

instance, in Example 4, we aim to show that the adaptive method is able to

track regions of high variation unlike the direct construction. In Example 5, we

show how the resulting SROM nodes under local sampling can be more spread

out than that produced by global sampling.

Example 4. Consider U(Z) = arctan(50 · ‖Z − 0.75‖2), Z ∈ R2 where Zi ∼

Unif(0, 1) i.i.d, p = 3. An illustration of the response is shown in Figure 2.12

above. Figure 2.15 demonstrates the resulting 40 partitions of Γ using direct
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construction (left), adaptive method with neighbor-based refinement (middle),

and adaptive method with cell-based refinement (right), with the contour lines

of U(z). Both adaptive algorithms were carried out with global sampling. With

only 84 additional evaluations of U(z) for both refinement strategies, the adap-

tive method targets regions where the variation of U(z) is large (since the distri-

bution of Z in this case is uniform).

Figure 2.15: Comparison of the partitioning of Γ for 3 types of construction of
SROM-based surrogates: Direct, Adaptive-Neighbor, Adaptive-Cell (left, mid-
dle, and right panels).

Example 5. Let U(Z) be as in Example 4 with the same probability law for Z. Fig-

ure 2.16 demonstrates the resulting 30 partitions of Γ for the adaptive method

using neighbor-based refinement with global sampling (left) and local sampling

(right). All of the asterisks in both figures represent the nodes z̃k for which U(z)

has been evaluated. In addition, the green asterisks represent the nodes for

which ∇U(z) has been computed. A comparison of the subplots shows how

the nodes acquired through local sampling are more spread out compared to

that of global sampling because some of these nodes were selected as the adap-

tive construction progressed. Quantitatively, the marginal variance along Z1 for

the nodes obtained from global sampling is 0.0593 while the marginal variance

along Z2 is 0.0765. For comparison, the marginal variances for the nodes under

local sampling are 0.0779 and 0.0829 along Z1 and Z2, respectively.
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Figure 2.16: Comparison of the partitioning of Γ for 2 types of construction of
SROM-based surrogates: Global sampling and Local sampling (left and right
panels).

We now examine two related scenarios in high stochastic dimension. We

first consider the case when the region where Z has high probability coincides

with the region where U(Z) has high variation as the next example illustrates. In

this scenario, we expect the surrogate resulting from the direct construction to

perform well as the need to locate regions of high variation is reduced. Subse-

quently, we will investigate the case when the region of high probability of Z is

mostly concentrated on regions where U(Z) has low variation. For both of these

examples, global sampling was used for the adaptive algorithm.

Example 6. Let U(Z) = arctan(50 · ‖Z − 0.5‖2), Z ∈ R6 where Zi ∼ F−1(Φ(Yi)),

Yi ∼ N(0, 1), cov(Yi,Y j) = 0.2 for i , j, F is the CDF of Beta(30, 30), and p = 4.

Figure 2.17 (left) shows the contour plot of the 2-d cross section of U(z) for

zi = 0.5, i > 2 with samples of (Z1,Z2).

The Lp error of the SROM-based surrogate obtained under direct construc-

tion (dashed green), adaptive method using surplus-pdf-based scheme (thick
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Figure 2.17: Illustration of the response and distribution of the random vector
for Example 6 (left) and for Example 7 (right).

solid blue), and adaptive method using surplus-based scheme (thin solid red)

is shown in Figure 2.18 for p = 1, . . . , 4 as a function of the number of nodes

with gradient calculated. Neighbor-based refinement was used for both adap-

tive methods. The Lp error under the direct construction was obtained using

nodes with gradient calculations (equivalently, the number of partitions) in in-

crements of 5. In addition, these sets of nodes do not form a refining sequence

unlike in the case for the adaptive methods, i.e. the SROM nodes in the previous

iteration is not a subset of the nodes in the succeeding iteration. With 235 extra

evaluations of U(z) for the adaptive surplus-based method and 237 extra evalu-

ations for the surplus-pdf based method in the last iteration, we see the benefits

of using an adaptive approach compared to a direct construction. In this exam-

ple, there is no significant difference in the performance of the two schemes for

selecting a new node.

Example 7. Set U(Z) = arctan(50 · ‖Z‖2), Z ∈ R20 where Zi ∼ F−1(Φ(Yi)), Yi ∼ N(0, 1),

cov(Yi,Y j) = 0.4 for i , j, F is the CDF of Beta(6, 20), and p = 4. An illustration

of the 2-d cross-sectional response U(z) for zi = 0, i > 2 and samples of (Z1,Z2) is
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Figure 2.18: Lp error of the surrogate for the response in Example 6 obtained
using 3 types of construction: Direct, Adaptive-surplus-pdf, Adaptive-surplus
(Dashed, Thick Solid, Thin Solid).

shown in Figure 2.17 (right).

The Lp errors of the surrogate under the 3 different types of construction are

presented in Figure 2.19 with the surplus-based scheme requiring 513 additional

evaluations of U(z) while the surplus-pdf-based scheme only requiring 503 more

for the last iteration. Both adaptive methods outperform the direct construction

in general, especially as p increases. For example, at the 80th iteration, there is

a 62% decrease in the L4 error if the adaptive surplus-pdf-based scheme is used

instead of the direct construction.

The fluctuations in the higher Lp error under the direct construction result

from the amplification of the error between the response and the surrogate that

is not explicit in the L1 error. Furthermore, this demonstrates the challenges

associated with approximating response surfaces with tangent hyperplanes as

was discussed in Section 2.3.2 for the case when the SROM nodes form a refining

sequence. Even in the case where the SROM nodes of the preceeding iteration

is not a subset of the succeeding iteration, as in the direct construction here, it

is still possible that the Lp norm will not be monotonically decreasing. This is
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because of the lack of curvature of the tangent hyperplane approximation.
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Figure 2.19: Lp error of the surrogate for the response in Example 7 obtained
using 3 types of construction: Direct, Adaptive-surplus-pdf, Adaptive-surplus
(Dashed, Thick Solid, Thin Solid).

In the examples above, we did not display the Lp error of the adaptive

method using cell-based refinement as it has the tendency to underperform

compared to the direct construction despite the latter not taking into account

information about regions where U(z) has high variation. This is because only

1 partition changes from one iteration to the next under cell-based refinement

which makes it prone to slow convergence especially if the response is very

smooth. For comparison, the number of partitions that change between con-

secutive iterations can be large under neighbor-based refinement especially in

high dimensions. To visualize this, the simplest Voronoi cell is a hyperrectangle

which has 2d faces in d dimensions. We quantify these observations through

Figure 2.20 where a comparison is made for the L4 error of the surrogate ob-

tained using neighbor-based refinement (thick blue) and cell-based refinement

(thin red) for Examples 6 and 7. Both schemes for selecting a new node have

been considered and it is evident that the disparity can be considerable for both

types of refinement. As a consequence, we will only focus on the neighbor-

based refinement in the examples that follow.
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Figure 2.20: Comparison of the L4 error using the neighbor-based refinement
(thick blue) and cell-based refinement (thin red) using both schemes of selecting
a new node for Example 6 (left 2 subplots) and for Example 7 (right 2 subplots).

We then present examples in which the response is a solution to a stochastic

partial differential equation as given in Examples 8 and 9. As before, we employ

the global sampling scheme for the adaptive algorithm.

Example 8. Consider the PDE∇·(A(x,Z)∇U(x,Z)) = 0, x ∈ D with D = (0, l1)×(0, l2)

and the boundary conditions U(0, x2) = 0,U(l1, x2) = 1 for x2 ∈ (0, l2) and

Ux2(x1, 0) = Ux2(x1, l2) = 0 for x1 ∈ (0, l1). Z = (Z1, . . . ,Zd) is a random vector de-

fined on the probability space (Ω,F , P). Physically, U(x,Z) represents the electric

potential on a specimen with A(x,Z) being the conductivity field. A quantity of

interest is the apparent conductivity given by

q(Z) =
1
l2

∫
D

A(x,Z)
∂U(x,Z)
∂x1

dx

which is a random variable defined on the same probability space as Z. Our

objective is to construct an SROM-based surrogate for q(Z).

Suppose that Z ∈ R4 where Zi ∼ Φ(Yi), Yi ∼ N(0, 1), cov(Yi,Y j) = 0.9 for i , j,

and p = 4, and that our conductivity field is given by

A(x,Z) = 4 +

2∑
i=1

(sin(2πZ2i−1) cos(2ix1 + 2ix2) + cos(2πZ2i) sin(2ix1 + 2ix2)).
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The left subplot of Figure 2.21 shows samples of (Z1,Z2) whereas the right sub-

plot shows the response surface of q(Z1,Z2, 0.5, 0.5) using l1 = l2 = 1.

We remark that the construction of an SROM-based surrogate for q(Z) re-

quires calculations of ∂U
∂Zi

which can be obtained by differentiating both sides of

the PDE with respect to Zi and solving the resulting PDE.

Figure 2.22 shows the Lp errors of the SROM-based surrogate constructed in

3 different ways as before. The surplus-based scheme required 173 additional

evaluations of U(z) while the surplus-pdf-based scheme only required 150 more

for the last iteration. The results show that the gap between the Lp errors of the

adaptive and direct construction increases as p increases. For example, at the

55th iteration, there is a 34% decrease in the L4 error if the adaptive surplus-pdf-

based scheme is used instead of the direct construction.
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Figure 2.21: Illustration of the response and distribution of the random vector
for Example 8.

Example 9. Consider the PDE in Example 8 using the same boundary conditions

for l1 = l2 = 0.2. We construct the conductivity field as A(x,Z) = F−1 ◦ Φ(G(x,Z))

where F is the CDF of a Beta distribution with support [1, 8] and shape pa-

50



0 20 40 60 80 100
−4.5

−4

−3.5

−3

−2.5

−2

−1.5

−1

iteration

lo
g
L
p
er
ro
r

p =1

 

 

adaptive−surp−pdf

adaptive−surp

direct

0 20 40 60 80 100
−4

−3.5

−3

−2.5

−2

−1.5

−1

p =2

0 20 40 60 80 100
−4

−3.5

−3

−2.5

−2

−1.5

−1

−0.5

p =3

0 20 40 60 80 100
−3.5

−3

−2.5

−2

−1.5

−1

−0.5

p =4

Figure 2.22: Lp error of the surrogate for the response in Example 8 obtained
using 3 types of construction: Direct, Adaptive-surplus-pdf, Adaptive-surplus
(Dashed, Thick Solid, Thin Solid).

rameters 2 and 6. Φ represents the CDF of the standard normal random vari-

able with G being a homogeneous Gaussian field with mean 0, variance 1 and

covariance function c(ξ) = E[G(x,Z)G(x + ξ,Z)] = exp(−0.5 · (ξ2
1 + 2ρξ1ξ2 + ξ2

2))

where ξ = (ξ1, ξ2) ∈ R2 with ρ = 1000. G is parametrically represented by a trun-

cated Karhunen-Loève expansion taking on the form G(x,Z) =
∑20

i=1

√
λiφi(x)Zi

where λi and φi are the eigenvalues and eigenfunctions of c(ξ), respectively, and

Zi ∼ N(0, 1), i.i.d. As before, we are still interested in constructing a surrogate for

q(Z) where Z ∈ R20.

We visualize the response surface in Figure 2.23 by constructing cross-

sections of q(Z) along coordinate axes Zi and Z j for which λi, λ j are of similar

magnitude. The values at the remaining coordinates are set to zero, the mean of

Zi. The plots indicate that there is a larger variation in the response outside the

region of high probability. On the other hand, the cross-sections of q(Z) along

coordinate axes where λi � λ j appear to be linear, facilitating the approximation

by tangent hyperplanes in these cases.

Figure 2.24 compares the Lp error of the surrogate under the 3 types of con-
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struction that we have considered in the previous examples. The direct con-

struction of the SROM-based surrogate was performed in increments of 10 iter-

ations where the SROM nodes do not form a refining sequence as before. The

adaptive surplus-based scheme has 903 extra evaluations of U(Z) compared

to the direct construction for the last iteration while the adaptive surplus-pdf

based scheme has 850 more than the direct construction. The advantage of the

surplus-pdf-based scheme in selecting the new node is quantified in Figure 2.24.

The performance of the surplus-based scheme is hampered by the fact that the

regions of high variation are mostly outside the region of high probability. As

a consequence, in the earlier iterations of the adaptive method when the parti-

tions are still large, the surplus-based scheme computes gradients in regions of

low probability. Because the curvature of the response in these regions tends to

be larger, the resulting surpluses also tend to be larger, resulting in a surrogate

that prioritizes this region in the earlier stages of the algorithm. This is because,

in certain cases, a very large surplus will overshadow the impact of the factor

P(Γk) in the Lp error expression given by E[|U(z) − Ũm(z)|p |Z ∈ Γk] · P(Γk) espe-

cially for large p which implies that partitions of smaller probability are refined

in the initial stages of the adaptive construction. These factors combined affect

the performance of the surrogate in the succeeding iterations, yielding a slower

convergence in this example.

We conclude with an example in which we are interested in comparing the

performance of the two types of sampling schemes we have proposed, namely

global and local sampling.

Example 10. We revisit the response q(Z) in Example 8 with the correspond-

ing probability law for Z. The adaptive construction was carried out using the
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Figure 2.23: Cross-sections of the response q(Z), Z ∈ R20, in Example 9.
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Figure 2.24: Lp error of the surrogate for the response in Example 7 obtained
using 3 types of construction: Direct, Adaptive-surplus-pdf, Adaptive-surplus
(Dashed, Thick Solid, Thin Solid).

surplus-pdf based scheme in selecting a new node.

Figure 2.25 shows the Lp error of the surrogates as a function of the compu-

tational budget. This is defined as the total number of response and gradient

calculations for each surrogate at each iteration. We will assume that calculat-

ing a partial derivative is as costly as evaluating the response which implies

that the computational budget in this example refers to the total number of

times a PDE was solved in each iteration. For this example, the global sampling

scheme was initialized with 100 evaluations of the response U(z) while the lo-

cal sampling scheme was initialized with 30 evaluations of U(z) with additional

samples added as the iteration progressed. As can be seen, the local sampling
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scheme produces a surrogate with decent performance at a lesser expense at the

beginning stages of the adaptive algorithm. However, in some cases such as

this example, the global sampling scheme provides a more accurate surrogate

in that the Lp errors are better approximated at the initial stages of the adaptive

construction. In general, the performance between the two sampling schemes

depends on the response function as well as the probability law of Z.
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Figure 2.25: Lp error of the surrogate for the response in Example 7 obtained
using 3 types of construction: Global sampling and Local sampling (Solid and
Dashed).

2.5 Conclusion

We have surveyed novel and commonly used collocation-based surrogates for

forward sensitivity analysis. We examined how the performance of sparse grid

collocation can be adversely affected in high stochastic dimension as it does not

take into account the probability law of the random input vector in the construc-

tion of the surrogate. To ameliorate this deficiency, we advocate the use of the

SROM-based surrogate in which the interpolants employed are compatible with

collocation nodes that are statistically representative of the input distribution. A

comparison between zeroth-order Taylor, first-order Taylor, and the newly in-
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troduced Sibson’s interpolant, was made in terms of their implementation and

convergence properties.

Since the direct construction of the SROM-based surrogate does not take into

account the regions where the response exhibits large variations, we proposed

an adaptive construction which simultaneously targets regions with high prob-

ability and high variation. For this adaptive method, two approaches for se-

lecting the new node in a partition, two approaches for sequentially partition-

ing the probability space, and two sampling strategies were proposed and in-

vestigated, and their implementation and rate of convergence were compared.

Subsequently, we analyzed how the adaptive method impacts the Lp error of

the surrogate. Finally, numerical examples were furnished to demonstrate the

benefits of the adaptive construction using various responses and probability

distributions in different stochastic dimensions.
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CHAPTER 3

SPECIFICATION OF ADDITIONAL INFORMATION FOR SOLVING

STOCHASTIC INVERSE PROBLEMS

Methods have been developed to identify the probability distribution of a

random vector Z from information consisting of its bounded range and the

probability density function or moments of a quantity of interest, Q(Z). The

mapping from Z to Q(Z) may arise from a stochastic differential equation whose

coefficients depend on Z. This problem differs from Bayesian inverse problems

as the latter is primarily driven by observation noise. We motivate this work by

demonstrating that additional information on Z is required to recover its true

law. Our objective is to identify what additional information on Z is needed and

propose methods to recover the law of Z under such information. These meth-

ods employ tools such as Bayes’ theorem, principle of maximum entropy, and

forward uncertainty quantification to obtain solutions to the inverse problem

that are consistent with information on Z and Q(Z). The additional informa-

tion on Z may include its moments or its family of distributions. We justify our

objective by considering the capabilities of solutions to this inverse problem to

predict the probability law of unobserved quantities of interest.

3.1 Introduction

Inverse problems emerge from applications in science and engineering when

information about inputs to a system is sought given measurements of observ-

able quantities. Suppose that the physical system is modeled by the mapping

A(x,Z) 7→ U(x,Z) where x ∈ Rd is the spatial variable, Z ∈ Rn is a parame-

ter, A(x,Z) is a deterministic function, and U(x,Z) is the response. One of the
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most commonly investigated aspects of this mapping involves deterministic in-

verse problems. They deal with the estimation of the unknown parameter Z

provided measurements {Uxi}
Nobs
i=1 of U at spatial points xi ∈ R

d which are re-

ferred to as quantities of interest. The ill-posedness of this problem is due to the

non-uniqueness of the solution for Z and is commonly addressed via two well-

established methods. Optimization approaches [41] solve for Z by minimizing

the objective function
∑Nobs

i=1 |Uxi −U(xi,Z)|2 +λ2‖Z‖2 where the regularization term

λ2‖Z‖2 suppresses noisy solutions. In contrast, Bayesian approaches [45] con-

struct the solution as a probability density function (pdf) for Z instead of a point

estimate, i.e. we acquire a probabilistic solution to a deterministic problem, by

specifying a prior pdf on Z based on available information on the unknown

parameter. The observations {Uxi}
Nobs
i=1 are typically assumed to be polluted by

random noise whose law coupled with the prior on Z yield the posterior pdf

on Z. Despite the connections between both approaches, they emphasize that

additional information on Z is required to address the ill-posedness that arises

from solving the inverse problem.

In this work, we focus instead on a different class of inverse problems where

the unknown quantity is inherently stochastic. Using the same mapping as

above, let Z be a random vector defined on the probability space (Ω,F , P)

such that A(x,Z) is a random field while U(x,Z) is the stochastic response. The

stochastic inverse problem we address is the following [12, 14, 15, 34]:

Determine the probability law of Z given probabilistic information

(such as pdf) of the quantity of interest Q(Z) ∈ Rm represented by

functionals of the stochastic response U(x,Z).

By definition, the quantity of interest Q is a function of the response U. Ex-
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amples include Q(Z) = maxx|U(x,Z)| and Q(Z) = (U(x1,Z), . . . ,U(xm,Z)) where

x1, . . . , xm ∈ R
d are fixed. Also, the output Q(Z) may or may not contain obser-

vation noise; regardless, it is still a random quantity as it depends on Z which

distinguishes it from what is encountered in the Bayesian formulation above in

which Q(Z), without the additive observation noise, is deterministic. This in-

verse problem is the direct reverse of forward uncertainty propagation which is

concerned with obtaining probabilistic information of Q(Z) given the probabil-

ity law of Z.

Without additional information on Z, solving this stochastic inverse problem

becomes challenging since distinct probability laws on Z can produce the same

law for Q(Z) cf. [12, pp. 1839-1840]. This ill-posedness is then compensated

by imposing assumptions on the law of Z [10, 12, 14, 15, 34, 60, 81]. We mainly

scrutinize two methods proposed in literature in which the only information

known about Z comprises, at most, its bounded range. The first approach [12,

14, 15] uses the disintegration theorem for probability measures to obtain a pdf

for Z given the pdf of Q(Z). The second approach [10] aims to approximate the

unknown random field A(x, ω), ω ∈ Ω, by solving an optimization problem; it

is shown that this is conceptually identical to the stochastic inverse problem we

consider above.

These existing methodologies are examined and the inadequacy of their ba-

sic implementations in recovering the true law of Z in the absence of further

information on Z is used to motivate the following contribution of this work:

Identification of additional information to recover the true law of Z.

This work offers supplemental analysis to [12, 14–16] in that while the same
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inverse problem is tackled, the desired properties that we seek in designing

the solution are different. Our focus here is on the reconstruction of the true

law which is made possible by incorporating various types of additional infor-

mation on Z not considered in [12, 14–16]. We investigate what type of infor-

mation Z needs to be equipped with and the corresponding tools that can be

employed to solve the inverse problem consistently provided such additional

information. Furthermore, we underscore the importance of recovering the true

law of Z so that the resulting distribution on Z can be used to characterize un-

observed quantities of interest other than those to which it was calibrated. As

such, the contributions of this work aid in improving predictions based on solu-

tions to stochastic inverse problems. The examples analyzed here are not meant

to be critiques of existing literature. Instead, they offer further insight to better

understand how these methods operate and suggest clues on issues that need

to be accommodated to enhance their applicability.

3.2 Absence of information on the unknown random quantity

We survey existing methods based on: the disintegration theorem (Section 3.2.1)

and an optimization approach (Section 3.2.2), to tackle the inverse problem.

The information available on the unknown random quantity is limited to its

bounded domain. It is argued that this is insufficient to recover the true law of

the unknown quantity.
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3.2.1 Disintegration of probability measures on generalized

contours

The disintegration theorem is summarized in Section 3.2.1.1 which serves as

the basis of the works [12, 14, 15]. Two design approaches for the disintegra-

tion theorem are then elaborated in Sections 3.2.1.2 and 3.2.1.3 with each con-

taining an example applying the method. The examples underscore that the

ansatz imposed by this methodology – i.e., the pdf on the generalized contour

is uniform, may be restrictive as the pdf on the contours can possess complex

behavior. They also show that the true pdf of the unknown quantity is un-

der/overestimated if this ansatz is accepted.

3.2.1.1 Review of methodology

For the random vector Z ∈ Rn defined on the probability space (Ω,F , P), let Q

be the mapping Q : Γ→ D where Γ B Z(Ω) is a compact subset,D B Q(Γ) ⊂ Rm

with m < n, and Q(z) = q(U(x, z)) for z ∈ Γ and for some function q(·) that is

locally differentiable. In the rest of this work, distinction is made between pdfs

constructed with respect to Lebesgue and non-Lebesgue measures. For measur-

able A ⊂ Γ and B ⊂ D, denote by PZ(A) =

∫
A
ρZ(z) dµZ and PQ(B) =

∫
B
ρQ(q) dµQ

the probability measures on Z and Q, respectively, where ρZ(z) and ρQ(q) are the

corresponding pdfs with respect to the specified measures µZ and µQ. Unlike in

calculus-based probability, µZ and µQ are not restricted to be Lebesgue. For nota-

tion purposes, if the pdfs are constructed with respect to the Lebesgue measure,

they are denoted by f instead of ρ.

The method proposed in [12, 14, 15] then addresses the following:
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Given the pdf of Q(Z) and the bounded range Γ of Z, estimate the pdf

of Z.

The cited approaches compute probabilities in Γ by viewing the domain from

a coordinate system of contours instead of the traditional Cartesian system. A

summary of [14] is outlined below.

For d ∈ D, define the set of points {z ∈ Γ|Q(z) = d} to be a generalized con-

tour. This is a generalization of contour curves when n = 2,m = 1. Gener-

alized contours are equivalence classes with the relation a ∼ b if and only if

Q(a) = Q(b). Consequently, as D is the range of Q, the domain Γ is a union

of generalized contours. A representative element from each generalized con-

tour can then be selected which serves as an indexing mechanism across all

contours. This indexing set is a m-dimensional manifold that intersects each

contour once and is called a transverse parameterization. In other words, there

is a bijection between points in the transverse parameterization and the gener-

alized contours. To clarify these concepts, an example is shown in Figure 3.1a

below for n = 2,m = 1 and Q(z1, z2) = z1 · z2. The red thin curves are the con-

tours of Q while the solid blue curve marked L (z2 = z1) and the dashed green

curve marked L′ (z2 = z2
1) are different transverse parameterizations. Because

the transverse parameterization is not unique in general, we will only consider

one parameterization in what follows and denote it by L.

Every z ∈ Γ can then be expressed under this new coordinate system. Let

π : Γ→ L be the onto mapping such that for xL ∈ L, π−1(xL) is the corresponding

generalized contour and that for A ⊂ Γ, π(A) is the portion of the transverse

parameterization L which intersects the generalized contours contained in A.

We associate every z ∈ Γ with (xL, xC) where xL ∈ L represents the generalized
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contour in which z resides and xC is the coordinate along the generalized contour

π−1(xL). Figure 3.1b exhibits this change of coordinate system where for this

example, xL parametrizes the arc length of the transverse from the origin while

xC parametrizes the arc length of the contour from z2 = 1. The transverse L is

parameterized by z2 = z1. The green thick curve is the contour π−1(xL) that is

indexed by xL = 0.4, that is, xL ∈ L is 0.4 units from the origin. Meanwhile,

the xC-coordinate of each of the 3 magenta circles on this contour is obtained by

measuring the arc length of said contour from z2 = 1 up to each of the 3 marked

circles.

With this new coordinate system, the randomness in Z implies that there are

random vectors XL and XC associated with xL and xC, respectively. In particu-

lar, for measurable K ⊂ L, denote by PXL(K) =

∫
K
ρXL(xL) dµXL the probability

measure on XL where ρXL is the pdf on Lwith respect to µXL that is specified. To

solve the inverse problem, the probability of a measurable set A ⊂ Γ can there-

fore be computed using the disintegration theorem for probability measures as

follows [14, Corollary 4.1, Theorems 4.4, 4.5].

Theorem 11 (Disintegration theorem). Let PZ be the probability measure defined by

the law on Z and Q the measurable mapping between Γ and D. For measurable A ⊂ Γ,

PZ admits the following disintegration

PZ(A) =

∫
π(A)

∫
π−1(xL)∩A

ρXC |XL(xC|xL) dµXC |XL ρXL(xL) dµXL (3–1)

where ρXC |XL is the conditional pdf on the generalized contour corresponding to XL while

the measure µXC |XL satisfies

µZ(A) =

∫
π(A)

∫
π−1(xL)∩A

dµXC |XL dµXL (3–2)

with µZ and µXL specified.

62



0 0.2 0.4 0.6 0.8 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(a)

0 0.2 0.4 0.6 0.8 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(b)

Figure 3.1: Left panel: Generalized contours (thin red lines) and the two trans-
verse parameterizations (thick blue and dashed green line) for Q(z1, z2) = z1 · z2.
Right panel: Illustration of the change in coordinate system from z ∈ Γ to (xL, xC).

Figure 3.2 illustrates the region of integration in (3–1) for A ⊂ Γ.
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Figure 3.2: Illustration of the disintegration theorem. A is represented by the
green region while the dashed red curves represent π−1(xL) ∩ A and the solid
magenta curve represents π(A).

In Theorem 11, we have assumed that the disintegration of PZ into a

marginal and conditional family of measures is such that the latter two mea-

sures are absolutely continuous with respect to µXL and µXC |XL to admit the pdfs

given by ρXL(xL) and ρXC |XL(xC|xL). If the probability density functions ρXL and
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ρXC |XL are specified, the pdf of Z can then be estimated. One such computa-

tional approach is to partition Γ into Voronoi cells and estimate (3–1) on each

partition as in [15]. Due to the bijection between L and D, the disintegration

theorem guarantees that when the pdf of Z constructed in this manner is prop-

agated (pushed forward) through the model, the resulting pdf on Q matches

the prescribed ρQ. This is because ρXL is fully specified given knowledge of ρQ

from the relation
∫

K
ρXL(xL) dµXL =

∫
Q(K)

ρQ(q) dµQ for measurable K ⊂ L. On

the other hand, ρXC |XL cannot be identified solely relying on information from

ρQ(q), rendering the inverse problem ill-posed. Two distinct choices for ρXC |XL

yield distinct pdfs on Z whose resulting pdf on Q when propagated through the

model both match ρQ. It has been argued that it is reasonable to assume that

ρXC |XL is uniform over the generalized contour, i.e.

ρansatz
XC |XL

(xC|xL) B ρXC |XL(xC|xL) =

(∫
π−1(xL)

dµXC |XL

)−1

(3–3)

(see [14, equation 4.5]). The ansatz (3–3) has been employed with apparently

satisfactory results in examples related to recovering the true probability law of

Z in PDE models [14] as well as in inverse problems that arise in storm-surge

applications [14], hydrodynamic models [15], and groundwater contamination

[56].

To summarize, the method discussed constructs a consistent probability mea-

sure on Z, i.e. the push-forward of this measure matches the observed probabil-

ity measure on Q(Z). In other words, it constructs a particular pullback measure

of an observed measure. It is therefore reasonable to use this method to attempt

to “recover” the true probability measure/pdf on Z assuming information on

Q(Z) only. Of course, this can be successfully accomplished if m = n and if Q is
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bijective through a standard change of variables. When this is not the case, the

ansatz (3–3) is likely insufficient if the objective is beyond consistency.

In order to apply the method above, the measures µZ, µQ, µXL have to be spec-

ified. In the next 2 sections, we examine design approaches for these measures

as presented in literature [14, 15]. We also investigate the issues that may arise

from application of the ansatz (3–3).

3.2.1.2 Pdfs with respect to Lebesgue measures

Following Figures 3, 4 and Equations 4.3, 4.4 of [15], we interpret µZ, µQ, µXL to be

chosen as the Lebesgue measure so that dµZ(z) = dz, µQ(q) = dq, dµXL(xL) = dxL

and the respective densities are fZ, fQ, fXL . Using geometric arguments, it fol-

lows from (3–2) that µXC |XL is also Lebesgue so that dµXC |XL = dxC. As a conse-

quence, the disintegration theorem (3–2) can be rewritten as

PZ(A) =

∫
π(A)

∫
π−1(xL)∩A

fXC |XL(xC|xL) dxC fXL(xL) dxL (3–4)

while the ansatz (3–3) becomes

f ansatz
XC |XL

(xC|xL) =

(∫
π−1(xL)

dxC

)−1

. (3–5)

Note the change in notation to emphasize that the pdfs are now with respect to

the Lebesgue measure.

Demonstration of method on an example. Since all measures in the dis-

integration theorem have been specified, the method can now be applied to

solve stochastic inverse problems. In the following, we consider a simple ex-

ample to emphasize two points. First, assuming that the pdf on the generalized

contours is uniform may not always enable the recovery of the true pdf of Z
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for any mapping. The calculations carried out that indicate that the true pdf

is under/overestimated is supported by Figure 3.4. Second, the pdf along the

generalized contours can have substantial variation for different types of laws

on Z. Figures 3.5 and 3.6 show how complicated the behavior can be of the pdf

on the contour.

Example 11. Suppose that the inverse problem is independent of the spatial dis-

cretization x. Consider Q(Z) = Z1 · Z2, Z = (Z1,Z2) where Z1,Z2 ∼ U(0, 1) and

are independent. It is shown that given the pdf fQ of Q, (1) the methodology

above is unable to recover the probability law of Z and (2) the pdf along the

generalized contours of Q are not uniform.

Consider the contours of Q (red thin curves) with the transverse parameter-

ization L (thick blue line) where 0 ≤ xL ≤
√

2 in Figure 3.1a. In order to apply

the proposed methodology, suppose that the support Γ B Z(Ω) = [0, 1] × [0, 1] is

known and that fQ is given. The pdf fQ can be computed as follows: for q ∈ (0, 1],

P(Q ≤ q) =

∫ 1

0
P

(
Z2 ≤

q
z1

)
fZ1(z1) dz1 =

∫ q

0
dz1 +

∫ 1

q

q
z1

dz1 = q − q log(q) (3–6)

where fZ1 is the pdf of Z1. Thus, fQ(q) = − log(q) for 0 < q ≤ 1. Given fQ, it

remains to determine fXL and fXC |XL in order to compute (3–4).

As mentioned above, fXL can be uniquely obtained from fQ. For xL ∈ L,

the generalized contour π−1(xL) corresponding to xL passes through the point

(z1, z2) =
(

xL
√

2
,

xL
√

2

)
. Hence, the contour π−1(xL) can be parameterized as z2 =

x2
L

2z1
,

x2
L
/2 ≤ z1 ≤ 1, and we deduce the relationship Q =

X2
L

2 . We therefore have that

for xL ∈ (0,
√

2], P(XL ≤ xL) = P(2Q ≤ x2
L

) = FQ(x2
L
/2) which yields

fXL(xL) = −xL · log(x2
L/2).

Figure 3.3 shows a plot of fXL (thick magenta line) over L. Using (3–5) and the
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Figure 3.3: Plot of the pdf fXL (thick magenta line) over L (thick blue line).

arc length formula applied to the parameterization of the contour π−1(xL) for

xL ∈ L, we obtain for any xC ∈ π−1(xL):

f ansatz
XC |XL

(xC|xL) =

∫ 1

x2
L
/2

√
1 +

x4
L

4z4
1

dz1


−1

.

With the components of (3–4) specified, PZ(A) can now be approximated for

any measurable A ⊂ Γ = [0, 1]2. We partition Γ into 4 measurable regions

of equal area as shown in Figure 3.1a, namely the northwest (A1), northeast

(A2), southwest (A3), and southeast (A4) regions. If the proposed methodol-

ogy is able to recover the true probability law of Z given fQ, we expect the ap-

proximations of PZ(Ai) to be close to 0.25. Numerical calculations reveal that

PZ(Ai) ≈ 0.2886, 0.2459, 0.1770, 0.2886 for i = 1, . . . , 4, respectively which shows

that PZ(A3) in particular underestimates the true probability by a significant

amount.

To understand the values obtained for PZ(Ai), we plot each term in the inte-

grand in (3–4), namely
∫
π−1(xL)∩Ai

f ansatz
XC |XL

(xC|xL) dxC for i = 1, . . . , 4 and fXL(xL), both

as a function of xL in Figure 3.4. Each subplot corresponds to each quadrant. The
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first term of the integrand amounts to the proportion of the generalized contour

inside the quadrant and is displayed with red solid curves. The blue dashed

curves meanwhile refer to fxL for values of xL contained within the quadrant.

It is worth noting that PZ(A1) and PZ(A4) are the largest because of the follow-

ing reasons. Firstly, the regions A1 and A4 are spanned by 0 ≤ xL ≤ 1 whereas

fXL(xL) attains its maximum in the neighborhood 0.2 ≤ xL ≤ 0.8. Secondly, these

two quadrants possess more contours than regions A2 and A3 because every

contour passing through the 2 former regions always passes through one of the

latter regions. This implies that A1 and A4 comprise a wider range of values of

xL as evidenced by the domains of the corresponding subplots in Figure 3.4.
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Figure 3.4: Plot of the integrand terms in (3–4) as a function of xL for each Ai.
The blue dashed curve is fXL while the red solid curve is the proportion of each
contour contained in Ai.

Finally, we numerically demonstrate that for this example, the actual con-
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ditional pdf along the generalized contours is not necessarily uniform (see Ap-

pendix A for the methodology). The actual conditional pdf results from disinte-

grating the measure PZ associated with the uniform distribution on Z. The left

panel of Figure 3.5 shows three contours of Q, the middle panel shows the cor-

responding actual pdfs along each contour, whereas for comparison, the right

panel shows the pdf according to the ansatz (3–5). As the concavity of the con-

tours increases, the actual pdf along the contour becomes less uniform. We see

that the pdf on each contour resulting from the disintegration is not necessarily

uniform even though Z is uniformly distributed on Γ. In addition, Figure 3.5

corroborates the results in Figure 3.4: the majority of the contours residing in

A3 exhibit high concavity which lead to the underestimation of PZ(A3). If in-

stead the fXC | XL(xC|xL) as obtained in the middle panel of Figure 3.5 were used

in computing PZ(A) in (3–4), the resulting Z would be uniformly distributed. Ex-

ample 11 therefore underscores the point made at the beginning of this section

that if the objective is to recover the true pdf on Z, then the ansatz (3–5), which only

ensures that the constructed measure/density is a pullback measure, may be insufficient

to recover the structure of the true pdf in directions not informed by the data.
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Figure 3.5: Left panel: selected contours of Q in Example 11. Middle panel:
corresponding actual pdf along the contour. Right panel: corresponding pdf
using the ansatz (3–5).

Furthermore, we evaluate how (3–5) fares as a means of regularizing across
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other pdfs on XC|XL in the absence of information on Z. Suppose instead that

Z1,Z2 are independent with Z1 ∼ Beta(ν1, ν2) and Z2 ∼ Beta(τ1, τ2). Notice that the

pdf of Z in Example 11 is a special case with ν1, ν2, τ1, τ2 all being equal to 1. The

3 subplots of Figure 3.6 show the conditional pdf along the solid blue contour

in Figure 3.5 (contour 2) for different combinations of the parameters for Z1,Z2.

The plots reveal that the pdfs on the contours can be very complex and suggest

that using the pdf along the contour as the only means of regularizing against

other solutions to this inverse problem may be insufficient.
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Figure 3.6: Conditional pdf XC|XL on contour 2 in Figure 3.5 where Z1 ∼

Beta(ν1, ν2),Z2 ∼ Beta(τ1, τ2).

3.2.1.3 Pdfs with respect to non-Lebesgue measures

In contrast to Section 3.2.1.2, [14] chose the measures in (3–1) as follows: µZ is

taken to be Lebesgue, µQ is defined to be the pushforward measure of µZ through

Q (i.e. for measurable B ⊂ D, µQ(B) = µZ(Q−1(B))), while µXL is computed as

µXL(K) = µQ(Q(A)) where K = π(A). Note that µQ may not be Lebesgue especially

if Q is nonlinear which implies that the same holds for µXL . As before, µXC |XL

results from (3–2) since µZ, µXL are now specified; however, if µXL is not be the

Lebesgue measure, then neither is µXC |XL .
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To further distinguish this design approach from that of Section 3.2.1.2, we

emphasize that for fixed xL, ρansatz
XC |XL

(xC|xL) is constant with respect to µXC |XL . If

we were to express this pdf with respect to the Lebesgue measure, i.e. we seek

f ansatz
XC |XL

(xC|xL) such that ρansatz
XC |XL

(xC|xL) dµXC |XL = f ansatz
XC |XL

(xC|xL) dxC, then f ansatz
XC |XL

(xC|xL)

may not be constant unlike in (3–5). In addition, this approach offers a computa-

tionally efficient approximation for the case when Z,Q(Z) are high-dimensional

that does not require explicitly constructing µXC |XL from (3–2) [14, Algorithm 1].

The publicly available code1 is based on this design.

Demonstration of method on an example. Even with this selection of the

measures in (3–1), it is shown that the ansatz (3–3) may still be unable to recover

the true law of Z. We show this in the next example where the true distribution

of Z in Example 11 is modified. The established results in Figures 3.5 and 3.6 of

Section 3.2.1.2 will be invoked to aid in the discussion.

Example 12. We revisit the setup in Example 11 but with the true distribution of

Z altered to Z1 ∼ Beta(ν1, ν2),Z2 ∼ Beta(τ1, τ2), independent. Given the pdf ρQ of

Q, it is shown that the probability law of Z cannot be recovered with the choice

of ansatz (3–3).

In order to apply the disintegration theorem (3–1), µXC |XL needs to be first

identified from (3–2). Let PUni f
Z be the probability measure of the uniform distri-

bution on Z where Z1,Z2 are independent. For measurable A ⊂ Γ, (3–4) and the

results in Section 3.2.1.2 yield the disintegration

PUni f
Z (A) =

∫
π(A)

∫
π−1(xL)∩A

f Uni f
XC |XL

(xC|xL) f Uni f
XL

(xL) dxC dxL (3–7)

where f Uni f
XC |XL

are the pdfs displayed in the middle panel of Figure 3.5. Since µZ is

1https://github.com/UT-CHG/BET
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Lebesgue, PUni f
Z (A) = µZ(A) which implies that

dµXC |XL = f Uni f
XC |XL

(xC|xL) dxC (3–8)

by comparing (3–7) with (3–2).

We now return to the setup in Example 12 where Z1,Z2 are actually inde-

pendent beta random variables. Denote by PBeta
Z the probability measure on Z

corresponding to its true law. From the results in Section 3.2.1.2, its actual dis-

integration is

PBeta
Z (A) =

∫
π(A)

∫
π−1(xL)∩A

f Beta
XC |XL(xC|xL) f Beta

XL (xL) dxC dxL (3–9)

where f Beta
XC |XL

is obtained similarly as the pdfs plotted in the panels of Figure 3.6.

On the other hand, applying the ansatz (3–3) to (3–1), the inverse problem solu-

tion is

Pansatz
Z (A) =

∫
π(A)

∫
π−1(xL)∩A

ρansatz
XC |XL

(xC|xL) ρXL(xL) dµXC |XL dµXL (3–10)

where ρansatz
XC |XL

(xC|xL) is a constant for fixed xL. If (3–10) is able to recover the true

law of Z, it must be that PBeta
Z (A) = Pansatz

Z (A) for any measurable A ⊂ Γ. Since the

probability measure on XL is the same regardless of the choice of µXL , it follows

that ρXL(xL) dµXL = f Beta
XL

(xL) dxL. Hence, by comparing (3–10) with (3–9), the

ansatz is able to recover the true law if and only if

ρansatz
XC |XL

(xC|xL) dµXC |XL = f Beta
XC |XL(xC|xL) dxC (3–11)

which is equivalent to

ρansatz
XC |XL

(xC|xL) =
f Beta
XC |XL

(xC|xL)

f Uni f
XC |XL

(xC|xL)
(3–12)

using (3–8).
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We now proceed by contradiction. Consider contour 2 (solid blue) in the left

panel of Figure 3.5 and let ν1, ν2, τ1, τ2 be any of the values utilized in the plots

of Figure 3.6. The pdf f Beta
XC |XL

(xC|xL) on this contour could then be any of these

plotted pdfs. It then follows from the middle panel of Figure 3.5 and each of the

panels of Figure 3.6 that
f Beta
XC|XL

(xC |xL)

f Uni f
XC|XL

(xC |xL)
is not constant for xL fixed which contradicts

the assumption on ρansatz
XC |XL

(xC|xL). The ansatz is therefore unable to recover the

true law of Z.

Despite the examples presented in Sections 3.2.1.2 and 3.2.1.3, the methodol-

ogy in [12, 14, 15] can still be useful in physical applications in that it can serve

as a first model for the unknown pdf of Z. This can be later tuned or scrutinized

for plausibility depending on available information on Z.

3.2.1.4 Incorporating prior information

An alternative to the method in Section 3.2.1.1 under the same specifications on

the inverse problem has been developed in [16]. It assumes that some informa-

tion on Z is available in the form of a prior pdf ρprior
Z (Z). Analogous to Bayes’

theorem, the solution to the inverse problem is a posterior pdf ρpost
Z on Z that is

constructed as

ρ
post
Z (Z) = ρ

prior
Z (Z) ·

ρQ(Q(Z))

ρ
Q(prior)
Q (Q(Z))

for Z ∈ Γ where ρQ(·) is the given pdf of Q while ρQ(prior)
Q (·) is the pdf of Q that

is obtained by propagating ρprior
Z through the model. This solution was derived

using the disintegration theorem based on conditional densities which is more

general than Theorem 11 based on generalized contours. Although this method
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does not explicitly deal with contours, it is related to the method in Section 3.2.1

in that ρprior
Z (Z) implies a pdf ρXC |XL(xC|xL) on the generalized contours that is

not necessarily uniform. We note that a sufficient condition for this method to

recover the true pdf ρZ on Z would be if ρprior
Z = ρZ, signifying no gain in infor-

mation. A more general sufficient condition only requires that the conditional

pdf along the contours arising from the disintegration of ρprior
Z and the true pdf

ρZ need to be equal [16, Sections 3, 7.3]. The methodology proposed in [16] only

stresses the need for additional information to be specified on Z in order to solve

the inverse problem.

3.2.2 Parametric representations of the unknown random field

This section elaborates on the second approach [10] which estimates the coef-

ficient field of a differential equation given observations of the solution field.

Section 3.2.2.1 reviews the methodology and establishes its similarity with the

above inverse problem. Section 3.2.2.2 meanwhile explores two examples uti-

lizing this method. It is shown that the probability law and the truncation level

of the random variables arising from the Karhunen-Loève expansion of the so-

lution field may be inadequate to characterize the coefficient field.

3.2.2.1 Review of methodology

Consider the stochastic equationL(U(x, ω)) = 0 defined on the probability space

(Ω,F , P) for ω ∈ Ω, x ∈ D where the operator L characterizes a stochastic differ-

ential equation that depends on the random field A(x, ω). The inverse problem

tackled by [10, 22, 60, 81] arising from this set-up is:
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Given observations Û of the solution U(x, ω), estimate the unknown

field A(x, ω).

Although this problem appears different from the one posed in Section 3.1,

they are in fact conceptually identical. In practice, the spatial domain is dis-

cretized so that the random fields A and U are represented as random vectors

characterized by the finite-dimensional distributions of the random fields. The

inverse problem is now reminiscent of the problem above. The use of the finite-

dimensional distribution of A(x, ω) to characterize the field itself can be justi-

fied under the mild assumption that A(x, ω) has almost surely continuous sam-

ple paths or that it satisfies the Hölder continuity condition [36, Theorem 3.1];

see [36, 79] for more details. In what follows, it will be assumed that either as-

sumption on A holds.

Despite this connection, proposed methodologies [10, 22, 60, 81] estimate the

unknown random field by finding a finite-dimensional noise approximation,

that is, A(x, ω) ≈ A(x,Z(ω)) where Z is a random vector. Essentially, these

methodologies construct a parametric representation of the unknown field A

in which the law, the dimension of Z, and the functional form of A(x,Z) are to

be determined. In [22], each observed sample of U is used to acquire samples

of A via optimization; these samples of A then serve to calibrate a polynomial

chaos expansion (PCE) [36] for A. This optimization procedure may result in

non-unique global minima yet its implications on the fitted PCE were not ad-

dressed. In [60], observed samples of U are utilized to obtain a truncated PCE of

U. The unknown A is then expressed in terms of this stochastic basis. The lim-

itations of PCE are well known [30, 31] and furthermore, as the stochastic basis

for U is used as the stochastic basis for the unknown A, the truncation level of
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the PCE for U can be insufficient for the PCE of A. The following illustrations

tackles some of these issues.

In order to address the limitations of a PCE model for A, [10, 81] proposed

to express the unknown random field as a sparse grid representation ÃN(x,Y) of

level N. This is represented as

ÃN(x, y) =

N∑
j=1

v(x, y j)ψ j(y), x ∈ Rd, y ∈ Γ ⊂ Rk (3–13)

for Γ bounded. Here, Y ∈ Γ is a random vector whose dimension is not nec-

essarily identical to that of Z and whose law has to be specified. In addition,

{y j}
N
j=1 ⊂ Γ are the N sparse grid nodes, ψ j(y) are specified interpolating functions

on Γ, while v(x, y j) is a deterministic function of x. It only remains to address the

following: How must the dimension and the law of the random vector Y be

specified for the nodal values v(x, y j) to be approximated through optimization?

Both [10, 81] are similar in that they employ the finite-dimensional model

(3–13) for A yet they differ in how the dimension and the law of Y are prescribed.

In [81], the dimension of Y is postulated to be k = 1, 2 in the numerical examples

while the choice of law for Y is downplayed. This was demonstrated with a

numerical example in which various distributions, with various support, were

chosen for Y ∈ R1 to compute moments of ÃN(x,Y). In contrast, [10] pursued an

approach in selecting the dimension and law of Y based on the Karhunen-Loève

(KL) expansion [36] and is detailed as follows. Consider the elliptic system

−∇ · (A(x, ω)∇U(x, ω)) = f (x), U(x, ω) = 0 on ∂D (3–14)

where x ∈ D ⊂ Rd, ω ∈ Ω. Given observations Û (possibly noisy) of U, the

objective is to approximate the unknown field A by solving the optimization
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problem

min
1
2
‖U − Û‖2 +

β

2
‖A‖2 (3–15)

for U and A under the constraint that they satisfy (3–14) and that A satisfies ellip-

ticity constraints. The second term in (3–15) regularizes the solution A through

the parameter β > 0 while the norms in (3–15) are formed using a tensor product

of norms for Sobolev spaces and the L2(Ω) norm for the probability space. A KL

expansion of Û is then performed to obtain for ω ∈ Ω

Û(x, ω) = û0(x) +

∞∑
k=1

√
λ̂kφ̂k(x)Yk(ω) (3–16)

where E[Yk] = 0, E[Y2
k ] = 1 ∀k, E[YkY j] = 0 for k , j and λ̂k, φ̂k(x) are the

eigenvalues and eigenfunctions of the covariance function of Û(x, ω). It is as-

sumed [10, p. 10] that {Yi}
∞
i=1 form a basis for L2(Ω) in the sense that every ran-

dom variable with finite variance can be expressed as a linear combination of

{Yi}
∞
i=1. As a consequence, since the optimal random field A∗ for A in (3–15) satis-

fies A∗(x, ·) ∈ L2(Ω) ∀x ∈ D, A∗ can be written as

A∗(x, ω) = a0(x) +

∞∑
k=1

ak(x)Yk(ω). (3–17)

The deterministic functions {ak(x)}∞k=0 are determined by solving (3–15) while

{Yk(ω)}∞k=1 are obtained from (3–16). Due to the dependence of A∗ on an infinite

number of random variables, (3–17) is usually referred to as the solution to the

infinite-dimensional problem.

For practical numerical implementation, the KL expansion in (3–16) is trun-

cated to only consider {Yk}
M
k=1, M � ∞ based on the decay of λk. The optimal

solution then takes on the form A†(x, ω) = A†(x,Y1(ω), . . . ,YM(ω)), i.e. the opti-

mal A† that is sought from (3–15) is a function of Y1, . . . ,YM only. A† is typically

referred to as the solution to the finite noise problem. It was shown in [10] that
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the sequence of minimizers of the finite noise problem has a subsequence that

converges weakly to a minimizer of the infinite-dimensional problem under the

assumption (3–17). Due to this truncation, A†(x,Y1(ω), . . . ,YM(ω)) is not expected

to be linear in {Yk}
M
k=1 as in (3–17); as such, a sparse grid representation (3–13) for

A†(x,Y1(ω), . . . ,YM(ω)) using linear hat functions for ψ j was considered in [10] to

accommodate smoothness conditions on A† as a function of Y1, . . . ,YM.

In summary, [10] parameterized the unknown field A(x, ω) by a random vec-

tor Y whose dimension and distribution are based on the random variables aris-

ing from the truncated KL expansion of the observed samples Û. The approach

pursued by [10] in specifying the random vector Y is reasonable because it is

shown in [4] that if A in (3–14) depends on Y , the response U is analytical in Y .

But challenges may surface from this approach which we demonstrate through

examples in the next section. We clarify that the issue does not lie with the use

of a sparse grid approximation for A but with the choice of the random vector Y

used to construct A∗(x, ω) in (3–17).

3.2.2.2 Demonstration of method on examples

This section investigates the implications of the approach in [10]. First, unlike

the PCE, the infinite set of random variables {Yk(ω)}∞k=1 in (3–16) do not form

a stochastic basis for L2(Ω). For this reason, if A ∈ L2(Ω), the truncated set

{Yk(ω)}Mk=1 might not even be adequate to characterize the true field A because

it is unlikely that A ∈ L2(Ω) ∩ span({Yk}
M
k=1), as Example 13 will clarify. Second,

even if it can be analytically shown that the random variables {Yk}
∞
k=1 in the KL

expansion of U also characterize A, the truncation level employed for the prac-

tical implementation of U might not be sufficient for the implementation of A.
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Example 14 lends support to this claim.

Example 13. Consider the stochastic ODE for x ∈ [0, 1], ω ∈ Ω:

−
d
dx

(A(x, ω) ·
d
dx

U(x, ω)) = 0, U(0, ω) = 0, U(1, ω) =

∫ 1

0

1
A(y, ω)

dy. (3–18)

The true coefficient random field is modeled as a translation process [36]

A(x, ω) = α + (β − α) · F−1
beta(Φ(G(x, ω))) where α = 4, β = 20, F−1

beta is the inverse

cumulative distribution function (cdf) of Beta(1, 3), Φ is the cdf of N(0, 1), and

G(x, ω) is a zero mean, unit variance stationary Gaussian process with Matérn

covariance, i.e. E[G(s, ·)G(t, ·)] = 21−ν

Γ(ν)

( √
2ν|s−t|
`

)ν
Kν

( √
2ν|s−t|
`

)
, s, t ∈ [0, 1] where Kν is

the modified Bessel function of the second kind and ν = 5
2 , ` = 0.03. To formulate

the inverse problem, we approximate A(x, ω) using observed samples of U(x, ω).

It is shown that the random variables arising from the KL expansion of U(x, ω)

are inadequate to characterize A(x, ω).

We generate 10000 noiseless samples of U(x, ω) by solving (3–18) for each

sample of A(x, ω). The analytical solution is given by U(x, ω) =

∫ x

0

1
A(y, ω)

dy =∫ x

0
B(y, ω) dy where B(y, ω) B 1

A(y,ω) . A KL expansion of U(x, ω) is then performed

to obtain (3–16). Figure 3.7 shows samples of A(x, ω) together with their respec-

tive samples U(x, ω) while Figure 3.8 displays histograms of the samples Yk in

the KL expansion of U(x, ω) corresponding to the four largest eigenvalues. Note

that the integral equations that need to be solved to obtain the eigenvalues and

eigenfunctions of the covariance function of U(x, ω) have to be discretized solely

for numerical implementation. Hence, we are essentially performing an eigen-

decomposition of the covariance matrix K of U = (U(x1, ω), . . . ,U(xM, ω)) where

Ki j = Cov(U(xi),U(x j)) for {xi}
M
i=1 ⊂ [0, 1]. In the following, we used an extremely

fine mesh with xi+1 − xi = 0.005 such that M = 201. Further decreasing the mesh

size does not alter the conclusions that follow.

79



0 0.2 0.4 0.6 0.8 1

4

6

8

10

12

14

16

18

0 0.2 0.4 0.6 0.8 1

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

Figure 3.7: Left panel: samples of A(x, ω). Right panel: corresponding samples
of U(x, ω) via (3–18).
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Figure 3.8: Histograms of the first 4 random variables in the KL expansion of U.

In order to approximate the unknown field A(x, ω), we solve the optimization

problem by minimizing the L2([0, 1]) ⊗ L2(Ω) norm, i.e.

minÃ

∫ 1

0
E

∣∣∣∣∣∣U(x, ·) −
∫ x

0

1

Ã(y, ·)
dy

∣∣∣∣∣∣2
 dx = minB̃

∫ 1

0
E

[∣∣∣∣∣U(x, ·) −
∫ x

0
B̃(y, ·) dy

∣∣∣∣∣2] dx.

(3–19)

We tackle the infinite-dimensional problem to obtain solutions of the form

(3–17) instead of (3–13) because we do not perform truncation. As a first at-

tempt, we characterize the random field B (instead of A) in the spirit of (3–17) to

yield the expression

B̃(x, ω) = b0(x) +

M∑
k=1

bk(x)Yk(ω) (3–20)

where {bk(x)}Mk=0 are to be determined. The quantity M here is not the truncation
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level according to the decay of the eigenvalues of the covariance function of

U(x, ω) but results from the discrete implementation of the KL expansion as

discussed earlier.

It is observed from the optimization problem on the right-side of (3–19) that

the minimum can be obtained if the unknown deterministic functions bk(x) sat-

isfy

√
λkφk(x) =

∫ x

0
bk(y) dy for k = 0, . . . ,M (3–21)

where λk, φk(x) are eigenvalues and eigenfunctions of Cov(U(x),U(y)). In other

words, the minimizer is achieved if B̃(x, ω) =
dU(x,ω)

dx in the mean square sense [36]

which results in Cov(U(x),U(y)) =

∫ x

0

∫ y

0
Cov(B̃(s), B̃(t)) ds dt using second mo-

ment calculus. This equality is what we would have obtained from the analytic

solution for U. This implies that by setting bk(x) as in (3–21), the approach pur-

sued through (3–20) recovers the second-order statistics of B and hence that of

A.

We verify this numerically by noticing that solving for {bk(x)}Mk=1 in (3–19) re-

sults in a matrix least squares problem given the 10000 realizations of U(x, ω).

Figure 3.9 shows plots of the second-order statistics of the true field A(x, ω) to-

gether with the second-order statistics of the numerical solution to the inverse

problem Ã(x, ω) = (B̃(x, ω))−1 with condition (3–21) on bk(x). In particular, in the

left panel of Figure 3.9, the red dotted and blue dashed curves represent E[Ã(x)]

and E[A(x)] respectively, while the magenta solid and green dashed curves rep-

resent Var[Ã(x)] and Var[A(x)] respectively. Only 2 curves are visible because

the mean and variance of A(x, ω) and Ã(x, ω) are almost indistinguishable. On

the other hand, the right panel shows the absolute value of the difference be-

tween c(s, t) B Cov(A(s), A(t)) and c̃(s, t) B Cov(Ã(s), Ã(t)) over s, t ∈ [0, 1] which
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are in good agreement.
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Figure 3.9: Left panel: Comparison between E[A(x)] (blue dashed line) and
E[Ã(x)] (red dotted line) and Var(Ã(x)) (green dashed line) and Var(Ã(x)) (ma-
genta solid line). Right panel: Plot of the discrepancy between the covariance
of A(x) and Ã(x), i.e. |Cov(A(s), A(t)) − Cov(Ã(s), Ã(t))| = |c(s, t) − c̃(s, t)|. Ã(x) is
approximated under the first attempt.

As a second attempt, we pursue a more typical approach in which we char-

acterize the unknown field A directly instead of its inverse, consistent with [10].

To parameterize A, we consider

Ã(x, ω) = a0(x) +

M∑
k=1

ak(x)Yk(ω) (3–22)

where Ã solves the optimization problem (3–19) and {ak(x)}∞k=0 are to be deter-

mined. The unknown field is approximated by solving

minÃ

∫ 1

0
E[|A(x, ·) − Ã(x, ·)|2] dx (3–23)

for Ã(x) under the norm L2([0, 1])⊗L2(Ω) where A(x, ·) refers to the true field spec-

ified in Example 13. By using the mean value theorem on U(x, ·) −
∫ x

0

1

Ã(y, ·)
dy,

the boundedness of A(x, ·), and assumptions on the boundedness of Ã(x, ·), min-

imizing (3–23) under the constraint that Ã(y, ·) > 0 provides an upper bound for

the objective function in (3–19).
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Figure 3.10: Left panel: Comparison between E[A(x)] (blue dashed line) and
E[Ã(x)] (red dotted line) and Var(Ã(x)) (green dashed line) and Var(Ã(x)) (ma-
genta solid line). Right panel: Plot of the discrepancy between the covariance
of A(x) and Ã(x), i.e. |Cov(A(s), A(t)) − Cov(Ã(s), Ã(t))| = |c(s, t) − c̃(s, t)|. Ã(x) is
approximated under the second attempt.

Similar to the first attempt, a matrix least squares problem utilizing the 10000

samples of the true A(x, ω) was solved to optimize (3–23). Figure 3.10 shows,

with identical legend to Figure 3.9, the second order statistics of Ã(x, ω) un-

der the second approach in comparison with that of A(x, ω). While E[A(x)] and

E[Ã(x)] are almost similar, there is a considerable difference in the variance and

covariance functions between the 2 random fields. Since we minimized (3–23)

instead of the optimization problem on the left-side of (3–19), whatever optimal

solution we acquire from (3–19) of the form (3–22) cannot do better in matching

the statistics of A(x, ω) than what we have already achieved. The derivations we

have presented in the first attempt above do not hold anymore for the current

attempt due to the nonlinearity of U with respect to A. In addition, increas-

ing the number of samples of A(x, ω) to 100000 does not alter the results. This

underscores that the random variables {Yk}
∞
k=1 arising from the KL expansion of

U(x, ω) do not necessarily form a stochastic basis for L2(Ω). This implies that

{Yk}
∞
k=1 may be inadequate to characterize the unknown A(x, ω), even when no

truncation on the basis of decay of eigenvalues is performed. However, even
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when both U(x, ω) and A(x, ω) are analytically characterized by the same ran-

dom variables, the KL expansion of U has to be truncated for numerical im-

plementation. In [10], the finite set {Yk}
M
k=1 resulting from this truncation is then

used to characterize A. The following example shows that the truncation level

for U may not be sufficient for A such that the solution to the inverse problem

under this approach underestimates statistics of A.

Example 14. Consider the stochastic ODE for x ∈ [0, 1], ω ∈ Ω:

d
dx

U(x, ω) = A(x, ω), U(0, ω) = 0 (3–24)

whose analytical solution is given by U(x, ω) =

∫ x

0
A(y, ω) dy. Set A(x, ω) =

G(x, ω) where G(x, ω) is a zero mean, unit variance stationary Gaussian process

with spectral density [70, p. 196] sG(ν) = F
(ν2−ν2

0)2+(2ζνν2
0)2 in which ν0 = 20, ζ = 0.1,

and F is a scaling factor such that the correlation function of A, rG(τ), satisfies

rG(τ) =

∫ ∞

−∞

eiντsG(ν) dν = 1. To formulate the inverse problem, we approximate

A(x, ω) using observed samples of U(x, ω).

As A(x, ω) is a Gaussian process, the response U(x, ω) is also a Gaussian

process with mean mU =

∫ x

0
E[A(y)] dy = 0 and correlation function rU(x, y) =∫ x

0

∫ y

0
rG(s − t) ds dt [35]. Consequently, the KL expansion of both U(x, ω) and

A(x, ω) can be expressed as

A(x, ω) =

∞∑
k=1

√
λG

k φ
G
k (x)Yk(ω), U(x, ω) =

∞∑
k=1

√
λU

k φ
U
k (x)Ỹk(ω)

where Yk(ω), Ỹk(ω) ∼ N(0, 1) ∀k and λG
k , φ

G
k (x) and λU

k , φ
U
k (x) are eigenvalues and

eigenfunctions of rG and rU , respectively. Thus, A and U are characterized by

random variables with the same law unlike in Example 13. In the solution ap-

proach in [10], the truncation level of the KL expansion of U is used to determine

the number of random variables to characterize A. The truncation level M of the
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KL expansion is usually deduced from the total variance of the random field

which is given by
∫ 1

0
Var(U(x)) dx =

∞∑
k=1

λU
k . The value of M is then chosen to be

the smallest integer such that
∑M

k=1 λ
U
k∑∞

k=1 λ
U
k
≥ α with α being close to 1.

The above principle is applied to choose M using α = 0.95. To simulate

solving the inverse problem, we do not generate samples of U through samples

of A in (3–24) and estimate rU(x, y) from samples of U; rather, rU is obtained from

the relationship between rU and rG above. Figure 3.11 exhibits the behavior of

the eigenvalues of rU . The left panel shows the first 30 eigenvalues λU
k while the

right panel displays
∑M

k=1 λ
U
k∑∞

k=1 λ
U
k

as a function of M. It is evident that the truncation

level for the KL expansion of U according to the above procedure is M = 6.
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Figure 3.11: Left: First 30 eigenvalues of rU . Right: Truncation level criterion∑M
k=1 λ

U
k∑∞

k=1 λ
U
k

vs M.

Figure 3.12 displays the behavior of the eigenvalues λG
k of rG with the same

legend as in Figure 3.11. In this case, the truncation level for the KL expansion

of A is M = 9. Note that the eigenvalues of rG decay slower than that of rU ;

intuitively, this is because large values of the frequency ν are required to capture

the total energy of the spectral density 2
∫ ∞

0
sG(ν) dν. As U(x, ω) is obtained by

integrating A(x, ω), the variation in A(x, ω) is diminished which yields a faster

85



decay of eigenvalues for rU .
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Figure 3.12: Left: First 30 eigenvalues of rG. Right: Truncation level criterion∑M
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vs M.

Hence, if the truncation level of the KL expansion of U is used to characterize

A, the inverse problem solution would be Ã(x, ω) =
∑6

k=1

√
λG

k φ
G
k (x)Yk(ω). Based

on the discussion above, Ã may not be sufficient to capture the statistics of A

and we confirm this in Figure 3.13. The four subplots in this figure represent

the first 4 moments of
∑M

k=1

√
λG

k φ
G
k (x)Yk(ω) for M = 6, 9, 101 with M = 101 being

a sufficient approximation for M = ∞. We notice that for M = 6, Ã(x, ω) un-

derestimates the statistics of A(x, ω), especially for moments of even order. The

underestimation can be avoided provided appropriate selection of the trunca-

tion level. Perhaps deducing the truncation level for A using other information

than the observations U can resolve this issue.

To summarize, Examples 13 and 14 demonstrate that in parameterizing an

unknown random field A(x, ω) by random variables {Yk}
M
k=1 obtained from the

response U(x, ω), the value chosen for M and the probability law chosen for Yk

can significantly affect the accuracy of the approximation for A(x, ω). A strategy

to tackle the ill-posedness could instead require additional information being
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Figure 3.13: p-th order moments of
∑M

k=1

√
λG

k φ
G
k (x)Yk(ω) for p = 1, . . . , 4 and M =

6, (blue dotted line), 9, (red dashed line), and 101 (black solid line).

specified on the dimension of the random variables parameterizing A and that

they belong to a family of distributions subject to unknown parameters. This

will be elaborated next.

3.3 Required additional information on the unknown random

quantity

Section 3.2 showed that the existing methods in general cannot recover the true

probability law of a random vector Z if the information is limited to its bounded

domain. We therefore devote this section to addressing the objective of this

work: identify realistic additional information on Z that is required to charac-

terize its law. The mapping in Example 11, Q(Z) = Z1 · Z2, is revisited in which

the true law is set as Z1,Z2 ∼ U(0, 1), independent. All pdfs from this section
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onwards are constructed with respect to the Lebesgue measure and are denoted

by f .

It is impossible to devise a general method to determine the minimum

amount of additional information that is required on Z. Different applications

possess forward models with unique properties and specific information on the

unknown. Hence, we outline a few scenarios with their corresponding solu-

tion methodologies. These are categorized based on what is known about Z:

moment information (Section 3.3.1) or the family of distribution to which it be-

longs (Section 3.3.2). In each category, further subcategories are considered de-

pending on the given information on Q(Z): pdf (Sections 3.3.1.1 and 3.3.2.1) or

samples (Sections 3.3.1.2 and 3.3.2.2).

3.3.1 Information on moments of Z

If information about moments of the random vector Z is available, the principle

of maximum entropy [19] can be employed to determine the pdf of Z, assuming

that this philosophy is accepted and that it is believed that the solution to the in-

verse problem resides in the subspace of maximum entropy pdfs. The principle

of maximum entropy constructs the pdf fZ(z) of Z by solving

minimize
fZ

∫
Γ

fZ(z) log( fZ(z)) dz

subject to
∫

Γ

gk(z) fZ(z) dz = µk, k = 1, . . . ,N,∫
Γ

fZ(z) dz = 1.

(3–25)
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for some functions gk, whose solution is derived as

fZ(z) =
1∫

Γ
exp[λ1g1(z) + · · · + λNgN(z)] dz

exp[λ1g1(z) + · · · + λNgN(z)], z ∈ Γ (3–26)

where the Lagrange multipliers λk satisfy the relationship
∂

∂λk

∫
Γ

exp[λ1g1(z) +

· · · + λNgN(z)] dz = µk for k = 1, . . . ,N. If these multipliers exist, it can be shown

that (3–26) is the unique minimizer satisfying the above constraints [19]. The

succeeding sections detail how (3–26) can be used to solve the inverse problem

given the pdf of Q(Z) (Section 3.3.1.1) or samples of Q(Z) (Section 3.3.1.2).

3.3.1.1 Pdf of Q(Z)

Assume that the pdf fQ(q) = − log(q), q ∈ (0, 1] of Q were known. The example

below illustrates the above construction.

Example 15. Suppose that the only information known about Z aside from Z ∈ Γ

are that 1) Z1 and Z2 are independent and that 2) the first-order moments of Z1

and Z2 are within a certain range, i.e. E[Z1] = µ1 ∈ [0, 0.75], E[Z2] = µ2 ∈ [0.4, 1]. It

is demonstrated how the inverse problem can be solved using an entropy-based

pdf.

For a fixed value of (µ1, µ2), the principle of maximum entropy yields the

conditional pdf of Z as

fZ(z1, z2|µ1, µ2) =
λ1

(eλ1 − 1)
λ2

(eλ2 − 1)
exp[λ1z1 + λ2z2] (3–27)

where there is a bijective relationship between µi and λi for i = 1, 2 via µi =

1
1−e−λi

− 1
λi

, µi ∈ (0, 1). To estimate (µ1, µ2), an optimization problem can be solved

which measures the discrepancy between the given pdf fQ of Q and the one
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obtained by propagating the pdf in (3–27) through the forward model Q which

we denote by f̃Q(·|µ1, µ2). Mathematically, this is expressed as

(µ1, µ2) = argmin
(µ1,µ2)

d( fQ(q), f̃Q(q|µ1, µ2)) (3–28)

for some distance function d such as the Lp error, Kullback-Leibler divergence,

etc. Let FZi(·|µ1, µ2) and fZi(·|µ1, µ2) represent the marginal cdf and pdf, respec-

tively, of Zi for i = 1, 2 based on (3–27). Elementary calculations similar to (3–6)

yield

f̃Q(q|µ1, µ2) =
d

dq

∫ 1

0
FZ2

(
q
z1

∣∣∣µ1, µ2

)
fZ1(z1|µ1, µ2) dz1 =

∫ 1

q
fZ2

(
q
z1

∣∣∣µ1, µ2

)
fZ1(z1|µ1, µ2) dz1

(3–29)

for q ∈ [0, 1]. Figure 3.14a displays the logarithm of the L1 error ‖ fQ(q) −

f̃Q(q|µ1, µ2)‖L1 for (µ1, µ2) in the specified ranges above. This discrepancy is min-

imized at (µ1, µ2) = (0.5, 0.5) which corresponds to (λ1, λ2) = (0, 0), thereby re-

covering the true pdf of Z: fZ(z1, z2|µ1, µ2) = 1(z1,z2)∈Γ with 1 being the indicator

function.

For this simple example, the pdf of Q given the pdf of Z can be computed

analytically. In general, however, if fZ(·|θ) for θ ∈ Θ represents the pdf of Z, prop-

agating this through more complicated forward models Q implies evaluation of

Q multiple times. An approach to ameliorate this computational burden is to

use a surrogate model [36] for Q as a function of Z. This can be supplemented

by the following procedure if Θ is low-dimensional, as done in [25]:

• Select M points {θi}
M
i=1 ⊂ Θ.

• For each θi, i = 1, . . . ,M, propagate fZ(·|θi) through Q to approximate the

pdf f̃Q(·|θi) of Q.

• Using { f̃Q(·|θi)}Mi=1, construct an interpolant for f̃Q(·|θ) over Θ.
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3.3.1.2 Samples of Q(Z)

In contrast to the previous section, consider that the available information on

the quantity of interest Q is its Ns samples represented by {qi}
Ns
i=1 instead of the

pdf of Q. Such information is what is typically encountered in practical applica-

tions of stochastic inverse problems [25, 60]. This naturally leads to employing

the Bayesian framework [45] to solve the inverse problem. If information is

available on moments of Z in the form of a prior pdf, the principle of maximum

entropy can be utilized to construct the likelihood function in Bayes’ theorem as

the next example elaborates.

Example 16. We postulate that only the following information is known about Z:

1) Z ∈ Γ, 2) Z1,Z2 are independent, and that 3) (µ1, µ2) B (E[Z1], E[Z2]) is equally

likely to take any value in the range [0.25, 0.75]2. Bayes’ theorem coupled with

the principle of maximum entropy provide an approach to address the inverse

problem.

Knowledge that (µ1, µ2) is equally likely in [0.25, 0.75]2 translates to a prior

pdf on (µ1, µ2) denoted by f prior
µ (µ1, µ2) = 1(µ1,µ2)∈[0.25,0.75]2

1
0.52 . By Bayes’ theorem,

the posterior pdf on (µ1, µ2) is

f post
µ (µ1, µ2|{qi}

Ns
i=1) =

`(µ1, µ2|{qi}
Ns
i=1) f prior

µ (µ1, µ2)∫
[0.25,0.75]2 `(µ1, µ2|{qi}

Ns
i=1) f prior

µ (µ1, µ2) dµ1dµ2

(3–30)

in which `(µ1, µ2|{qi}
Ns
i=1) symbolizes the likelihood function. Given (µ1, µ2), let

fZ(·|µ1, µ2) as in (3–27) be the entropy-based pdf of Z while f̃Q(·|µ1, µ2) as in (3–29)

be the resulting pdf when the entropy-based pdf is propagated through Q. The

likelihood function is then established as

`(µ1, µ2|{qi}
Ns
i=1) =

Ns∏
i=1

f̃Q(qi|µ1, µ2) (3–31)
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by the independence of the samples {qi}
Ns
i=1.

Figure 3.15a displays the posterior pdf f post
µ (·|{qi}

Ns
i=1) on (µ1, µ2) using Ns = 100

samples of Q. The maximum a posteriori (MAP) estimate is around (µ1, µ2) =

(0.5, 0.5) which recovers the true pdf of Z. We remark that the accuracy of this

approach is in part influenced by the observed number of samples Ns of Q.

Does the entropy-based pdf for Z guarantee that the true pdf of Z can be re-

covered, or that the optimization problem formulated or the posterior density

have a unique global minimum? The answer depends on the specific applica-

tion. If not, additional information of the moments of the unknown Z need to

be specified to obtain a solution to the inverse problem that can be used for pre-

diction as elaborated in Section 3.4.2. Sufficient conditions exist which impose

criteria that the moments of Z have to satisfy to uniquely determine its distribu-

tion; see [23, Theorem 3.3.11] for an example.

3.3.2 Parametric family of distributions of Z

Another strategy to combat ill-posedness is to require that the practitioner has

information about the family of distributions in which the law of Z resides, sub-

ject to unknown parameters θ. This information is represented as fZ(·|θ) in which

the functional form of the pdf of Z is known. We illustrate how this can be em-

ployed to solve the inverse problem if the pdf of Q(Z) (Section 3.3.2.1) or samples

of Q(Z) (Section 3.3.2.2) is given.
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3.3.2.1 Pdf of Q(Z)

The next example expounds on the above idea assuming that the pdf fQ(q) =

− log(q), q ∈ (0, 1] of Q were known.

Example 17. Suppose that it is known that Z1,Z2 are independent with Z1 ∼

Beta(ν1, ν1) and Z2 ∼ Beta(ν2, ν2) whose joint pdf is denoted by fZ(·|ν1, ν2). The

objective is to estimate (ν1, ν2) such that the pdf fQ of Q matches the pdf obtained

by propagating fZ(·|ν1, ν2) through Q.

The solution methodology for this approach is identical to the optimization

procedure in (3–28) in which we write the propagated pdf of fZ(·|ν1, ν2) through

Q as f̃Q(·|ν1, ν2). By nature of the beta distribution, (ν1, ν2) ∈ (0,∞)2. Figure 3.14b

displays the L1 error ‖ fQ(q) − f̃Q(q|ν1, ν2)‖L1 for (ν1, ν2) ∈ (0, 10]2 where the global

minimum in this domain is attained at (ν1, ν2) = (1, 1), thereby recovering the

true pdf of Z. Heuristic arguments can be made to deduce that no other values

for (ν1, ν2) outside (0, 10]2 yield the global minimum. If ν1, ν2 are simultaneously

large, Z1,Z2 →
1
2 a.s. which implies that Q → 1

4 a.s. Likewise, if only ν1 is large

then Q→ 1
2Z2 a.s. whose pdf does not match fQ(q) = − log(q), and vice versa.

3.3.2.2 Samples of Q(Z)

In contrast to the previous example, suppose instead that the available informa-

tion on Q pertains to its Ns samples {qi}
Ns
i=1. Information on the family of distribu-

tions enables the construction of the likelihood function that is required to find

the posterior pdf on the unknown parameters using Bayes’ theorem. The next

example highlights this idea of standard Bayesian inversion.

Example 18. Consider a model in which the following information is at the
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practitioner’s disposal: 1) Z1,Z2 are independent, 2) Z1 ∼ Beta(1, ν1),Z2 ∼

Beta(1, ν2), and 3) the prior pdf on (ν1, ν2) is characterized by f prior
ν (ν1, ν2) =

1(ν1,ν2)∈[ 1
3 ,3]2

1
0.52

1
(ν1+1)2

1
(ν2+1)2 . The posterior pdf on (ν1, ν2) results directly from Bayes’

theorem.

Since E[Zi] = 1
1+νi

for i = 1, 2, the prior pdf f prior
ν translates to a uniform

prior pdf on (E[Z1], E[Z2]) with values in the range [0.25, 0.75]2. The construc-

tion of the likelihood function and the posterior pdf f post
ν (ν1, ν2|{qi}

Ns
i=1) is identical

to that in (3–31) and (3–30), respectively, wherein the specified pdf on Z con-

ditioned on (ν1, ν2) is propagated through Q to obtain f̃Q(·|ν1, ν2). Figure 3.15b

exhibits f post
ν (ν1, ν2|{qi}

Ns
i=1) using the same Ns = 100 samples of Q generated in

Section 3.3.1.2. The MAP estimate hovers close to (ν1, ν2) = (1, 1); with more

samples of Q, the contours of f post
ν (ν1, ν2|{qi}

Ns
i=1) center more at this point.

The above approach can be extended if practitioner believes that the true

pdf of Z belongs to multiple families of distributions, each with its own set of

parameters, i.e. f 1
Z (z|θ1), . . . , f Nm

Z (z|θNm). Bayesian model selection [39] offers a

strategy to solve the inverse problem.

Since the practitioner possesses information about the family of distributions

in which Z resides, this approach guarantees that the true pdf of Z can be recov-

ered. Does this approach ensure that the optimization problem or the posterior

density have a unique global minimum? As before, the answer is case depen-

dent. For example, [50] considers a specific model in stochastic homogenization

where it was analytically shown that their specified distribution on Z and the

optimization problem they formulated accommodate a unique solution on the

parameters of the pdf of Z.
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Otherwise, additional information such as moments of Z need to be supplied

to regularize against other plausible parameter values in the pdf of Z. To clarify

this, assume instead that the ranges of Z1,Z2 are unknown yet fQ(q) = − log(q),

Z1 = λZ′1, Z2 = 1
λ
Z′2 where λ > 0,Z′1 ∼ Beta(ν1, ν1),Z′2 ∼ Beta(ν2, ν2) are specified

information. In this new model, λ, ν1, ν2 are parameters to be approximated.

Without additional information, the inverse problem possesses infinitely many

solutions of the form (ν1, ν2, λ) = (1, 1, λ) for any λ > 0. Specifying additional mo-

ment information on Z such as E[Z1] and E[Z2] would resolve such ill-posedness.
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Figure 3.14: Discrepancy between the given pdf fQ of Q and the pdf obtained by
propagating the pdf fZ(·|θ) of Z through Q. Left panel: fZ(·|θ) is obtained through
the principle of maximum entropy. Right panel: fZ(·|θ) is a specified distribution
subject to unknown parameters. The white asterisk denotes the location of the
global minimum.

3.4 Remarks

Section 3.3 dealt with the objective of this work motivated by the discussion in

Section 3.2. As we have seen, existing methods may not succeed in recovering
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Figure 3.15: Posterior distribution of the parameters in Examples 16 and 18.
Plots (a) and (c): posterior density in the (µ1, µ2) parameter space and in the
(ν1, ν2) = ( 1

µ1
− 1, 1

µ2
− 1) parameter space, respectively, in which the likelihood

is constructed using the principle of maximum entropy as in Section 3.3.1.2.
Plots (b) and (d): posterior density in the (ν1, ν2) parameter space and in the
(µ1, µ2) = ( 1

1+ν1
, 1

1+ν2
) parameter space, respectively, in which the likelihood is

constructed using the known family of distributions as in Section 3.3.2.2.
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the true pdf on the random quantity in the absence of further information. As

such, we argued on how the inverse problem should be formulated and sug-

gested appropriate solution methods. Here, we support and clarify aspects on

the model construction (Section 3.4.1) and on our objective (Section 3.4.2). In

particular, the latter section highlights that in the absence of information on

the unknown random quantity, the solution to the inverse problem may not be

suitable to predict the law of quantities of interest other than the one it was

calibrated to.

3.4.1 Posing the stochastic inverse problem

In the following, three remarks are made about the various formulations of the

inverse problem considered in Section 3.3. The same notation above is used.

• Different models on the pdf of Z result in different solutions to the inverse problem.

To clarify this point, we revisit the examples presented in Sections 3.3.1.2

and 3.3.2.2. The parameters between both models are related through

µi = 1
1+νi

and the same prior pdf characterized both sets of parameters.

With the same set of Ns = 100 samples, we plot the posterior distributions

under each model in the (µ1, µ2) space (Figures 3.15a and 3.15d) and in the

(ν1, ν2) space (Figures 3.15b and 3.15c). It is clear that the contours manifest

distinct behavior.

• Difference in information content between knowing the pdf of Q(Z) vs only hav-

ing samples of Q(Z). Compared to having the pdf of Q as given information,

only possessing samples of Q provides less information about the quan-

tity of interest. A possible consequence of this lower information content
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includes posterior densities (3–30) that are not sharp about the MAP esti-

mate. This is remedied by requiring a large number of samples of Q(Z).

• Distinction in applying the principle of maximum entropy when moment infor-

mation on Z or Q(Z) is supplied. Finally, we remark that the principle of max-

imum entropy has also been invoked to solve a stochastic inverse prob-

lem formulated differently from that of Section 3.3. Consider the map-

ping Q : D × Γ → D with Γ B Z(Ω), D being the physical domain, and

Q(x, z) = q(U(x, z)) for x ∈ D, z ∈ Γ and some function q. The methodol-

ogy developed in [34] seeks to address the inverse problem described as

follows:

Determine the pdf fZ of Z given the bounded range Γ of Z and

the observed moments of Q up to order N for x ∈ D denoted by

µ̂p(x), p = 1, . . . ,N.

Since the p-th order moments of Q can be expressed as integrals on Z, i.e.∫
Γ

Q(x, z)p fZ(z) dz for x ∈ D, this naturally leads to a solution based on the

principle of maximum entropy in which fZ is estimated via the optimiza-

tion problem (3–25) subject to the constraint∫
Γ

Q(x, z)p fZ(z) dz = µ̂p(x) ∀x ∈ D, 1 ≤ p ≤ N.

Although the principle of maximum entropy has been used as a regular-

izer to infer the pdf of a random vector provided information about its

moments, for problems involving forward models, the absence of infor-

mation on Z raises issues mentioned earlier. There is no guarantee that

the proposed method is able to recover the true pdf of Z, in contrast to the

authors’ comment on p. B761. To see this, let f 1
Z , f 2

Z be two pdfs of Z such

that when propagated through the model, the pdf of Q is fQ. The p-th or-

98



der moments of Q under both pdfs of Z are identical even though f 1
Z has

larger entropy while f 2
Z is the true pdf of Z or vice versa. Specifying all

moments of Q neither resolves the issue.

3.4.2 Validation

In Section 3.3, we considered types of information required on the unknown

random quantity in order to solve the stochastic inverse problem. While some

of this required information may be exigent, we argue that they are necessary

to obtain solutions such that the resulting law of Z can be used to characterize

other quantities of interest Q̃. We remark that in relation to the methods tackled

in Section 3.2, such additional information may not be necessary if the structure

of the contours of Q and Q̃ are similar. If this is not the case, without additional

information, methods such as in Section 3.2.1.4 may result in a posterior pdf

for Z whose predicted probability measure on the new quantity of interest Q̃

is similar to the predicted measure on Q̃ produced by the prior. The field of

optimal experimental design for prediction addresses these concerns.

Here, we revisit the solutions obtained from the methods described in Sec-

tions 3.2.1.2, 3.3.1.2, and 3.3.2.2. It is demonstrated that in the absence of infor-

mation on Z, the resulting solution may be inadequate to characterize the law

of quantities of interest to which it was not calibrated, thereby limiting its use

in practical applications.

Example 19. We revisit the forward mapping Q(Z1,Z2) = Z1 · Z2 where Z1,Z2 ∼

U(0, 1), independent, characterizes the true law on Z. The following methodolo-

gies are employed to solve the inverse problem on approximating the pdf of Z
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depending on available information on Z and Q. The resulting pdf on Z is then

used to predict the pdf on an unobserved quantity of interest Q̃(Z1,Z2) = Z1 + Z2.

The domain Z ∈ [0, 1]2 is assumed for all methods.

• Method based on the disintegration theorem using an ansatz as in Sec-

tion 3.2.1.2 in which fQ(q) = − log(q) is given and no other information on

Z is required.

• Bayes’ theorem with entropy-based pdf for the likelihood as in Sec-

tion 3.3.1.2 in which Ns = 100 samples {qi}
Ns
i=1 of Q are available and the

following is known about Z: Z1,Z2 are independent and f prior
µ (µ1, µ2) =

1(µ1,µ2)∈[0.25,0.75]2
1

0.52 is the prior pdf on (µ1, µ2) = (E[Z1], E[Z2]).

• Bayes’ theorem with known family of distributions for the likelihood as in

Section 3.3.2.2 in which the same Ns = 100 samples {qi}
Ns
i=1 of Q are available

as above and the following is known about Z: Z1,Z2 are independent, Z1 ∼

Beta(1, ν1),Z2 ∼ Beta(1, ν2), and f prior
ν (ν1, ν2) = 1(ν1,ν2)∈[0.75,1.25]2

1
0.52 is the prior

pdf on (ν1, ν2).

The solution approach for the latter 2 methods has already been discussed.

The pdf on the unobserved quantity of interest Q̃ then results by computing the

posterior predictive distribution. Denote by f post
Θ

(θ|{qi}
Ns
i=1) the obtained posterior

pdf on the corresponding parameter space which qualifies as the solution to the

inverse problem upon application of either of the latter 2 methods. The pdf on

Q̃(Z1,Z2) = Z1 + Z2 is obtained through

fQ̃(̃q|{qi}
Ns
i=1) =

∫
Θ

fQ̃(̃q|θ) · f post
Θ

(θ|{qi}
Ns
i=1) dθ (3–32)

where fQ̃(̃q|θ) is the pdf on Q̃ obtained by propagating the conditional pdf fZ(·|θ)

100



on Z through Q̃. Elementary calculations show that

fQ̃(̃q|θ) =


∫ q̃

0
fZ2 (̃q − z1|θ) fZ1(z1|θ) dz1 0 ≤ q̃ ≤ 1∫ 1

q̃−1
fZ2 (̃q − z1|θ) fZ1(z1|θ) dz1 1 ≤ q̃ ≤ 2

(3–33)

with fZi(·|θ) being the marginal pdf of Zi, i = 1, 2. In particular, under the true

law on Z, Q̃ has a triangular distribution whose pdf is fQ̃(̃q) = q̃ for q̃ ∈ [0, 1] and

fQ̃(̃q) = 2 − q̃ for q̃ ∈ [1, 2].

On the other hand, the pdf f ansatz
Z arising from the method based on the dis-

integration theorem results through this procedure:

1. Partition Γ = [0, 1]2 into Nsq = 10000 squares {Ai}
Nsq

i=1 with area (0.01)2.

2. Compute PZ(Ai) using (3–4) and (3–5) for i = 1, . . . ,Nsq.

3. For each Ai, let (z∗1,i, z
∗
2,i) be its center. The approximate pdf of Z is then

calculated as f ansatz
Z (z∗1,i, z

∗
2,i) '

PZ (Ai)
(0.01)2 .

If (zS W
1,i , z

S W
2,i ) and (zNE

1,i , z
NE
2,i ) represent the lower left and the upper right ver-

tices, respectively, of Ai, the parameter along the transverse curve xL is bounded

by
√

2zS W
1,i zS W

2,i ≤ xL ≤
√

2zNE
1,i zNE

2,i .

The left panel of Figure 3.16 displays the approximate pdf of Z produced

by the method in Section 3.2.1.2 whereas the right panel shows 25000 samples

of (Z1,Z2) drawn from this pdf through rejection sampling and interpolation.

We confirm that when f ansatz
Z is propagated through the forward model Q, we

recover the specified pdf fQ(q) = − log(q) as guaranteed by Theorem 11. Fig-

ure 3.17 exhibits the histogram of Z1 ·Z2 using 52154 samples of Z obtained from

f ansatz
Z together with fQ.
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Figure 3.16: Left panel: approximate pdf of Z produced by the method in Sec-
tion 3.2.1.2. Right panel: 25000 samples of (Z1,Z2) simulated from the pdf on the
left panel.
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Figure 3.17: Histogram of 52154 samples of Q = Z1 · Z2 where the samples of Z
are drawn from f ansatz

Z together with fQ(q) = − log(q).

With the pdf f ansatz
Z on Z at hand, one approach to propagate this pdf through

the unobserved quantity of interest Q̃ is to construct a discrete pdf approxi-

mation to Q̃ using the centers of each square (z∗1,i, z
∗
2,i) and their correspond-

ing probabilities PZ(Ai). This yields distinct outcomes q̃ j of Q̃ with weights

P(Q̃ = q̃ j) =
∑

i:z∗1,i+z∗2,i=q̃ j
PZ(Ai) that need to normalized to obtain the approximate

pdf f ansatz
Q̃

of Q̃.

We now evaluate the performance of the solution from each method to
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predict the probability law of the unobserved Q̃. Figure 3.18 contains 3 sub-

plots, one for each method, plotting f ansatz
Q̃

or fQ̃(·|{qi}
Ns
i=1) together with the true

pdf of Q̃. A stem plot was used for the leftmost subplot to emphasize that

the pdf of a discrete random variable was used to accurately approximate

f ansatz
Q̃

. Quantitatively, the discrepancy between the true pdf and the simulated

pdf’s is: max| f ansatz
Q̃

− fQ̃| ≈ 0.2141 whereas max| fQ̃(·|{qi}
Ns
i=1) − fQ̃| ≈ 0.0786 for

Method 2 (Bayes’+entropy) while max| fQ̃(·|{qi}
Ns
i=1) − fQ̃| ≈ 0.0415 for Method 3

(Bayes’+known family). It was also observed that increasing the number of

available samples {qi}
Ns
i=1 of the observed quantity of interest Q decreased the

discrepancy for the latter 2 methods. The objective of this example was not to

conclude which method is better since the available information for each was

not identical. Rather, this example justifies the need to specify additional infor-

mation on Z as was carried out in Sections 3.3.
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Figure 3.18: Comparison between the true pdf fQ̃ of Q̃ and the pdf obtained
by propagating through Q̃ the pdf of Z stemming from methods for the inverse
problem described in Example 19. A stem plot is used for f ansatz

Q̃
in the left-most

plot to emphasize that an accurate discrete random variable approximation was
used.

We conclude this section by showing the repercussions that may arise if the

pdf f ansatz
Z on Z is used to predict the pdf of more complicated quantities of inter-
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est Q̃. If we consider Q̃(Z1,Z2) = Z2
1 + Z2

2 where Z1,Z2 ∼ U(0, 1) and independent,

it was proven in [76] that

fQ̃(̃q) =


π
4 0 ≤ q̃ ≤ 1

arcsin 1√
q̃
− π

4 1 ≤ q̃ ≤ 2
.

Additionally, we also consider Q̃(Z1,Z2) = exp(−(Z2
1 + Z2

2)). Figure 3.19 contains

subplots comparing the true pdf fQ̃ and histogram of f ansatz
Q̃

computed via sam-

ples of Z drawn from f ansatz
Z for the two aforementioned unobserved Q̃’s. We see

that f ansatz
Q̃

under/overestimates probabilistic properties of Q̃ such as P(Q̃ ≤ 0.5)

for the left subplot and P(Q̃ ≥ 0.8) for the right subplot, among other properties

such as moments of Q̃.
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Figure 3.19: Comparison between the true pdf fQ̃ of Q̃ and f ansatz
Q̃

for more com-
plicated quantities of interest.

The above examples are not intended to discredit existing methods for solv-

ing stochastic inverse problems. Instead, they underscore why additional infor-

mation should be specified on Z to yield solutions that can be useful in applica-

tions. In fact, existing works such as [25,50,62] impose probability distributions

on the unknown random quantities after which standard mathematical tools

were applied to infer the parameters that characterize these distributions.
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3.5 Conclusion

This work dealt with the stochastic inverse problem of identifying the distri-

bution of Z given probabilistic information of the quantity of interest Q(Z). We

surveyed general methods that have been developed to tackle the problem in

which no information other than the bounded range of Z is assumed. These

methods coped with the ill-posedness of this inverse problem in the following

ways: [12, 14, 15] suggested an ansatz that the pdf on the generalized contours

of Q is uniform while [10] obtained the probability law of Z from the Karhunen-

Loève expansion of the solution to the stochastic PDE. We motivated this work

by showing that this lack of additional information entails that the true pdf of Z

may not be recovered.

Consequently, we argued that it is necessary for this inverse problem to be

posed such that further information on Z is specified to attain solutions that are

of practical use. We demonstrated that this specified information can take the

form of moments of Z or the family of distributions in which Z resides subject to

unknown parameters, among others. Using these information, a conjunction of

tools such as Bayes’ theorem, the principle of maximum entropy, and forward

uncertainty propagation were utilized to solve the inverse problem in a man-

ner that is consistent with the present information on the quantity of interest

and on Z. Issues arising from this framework were also highlighted. Finally,

we emphasized the need for this specified information by assessing how well

the resulting solutions from the discussed methods can predict the probability

law of unobserved quantities of interest. It is observed that solving the inverse

problem without additional information on Z can lead to solutions that may be

unreliable for prediction.
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The intention of this work was not to discredit existing contributions in this

area but to stress on how we believe the inverse problem must be posed for use

in practical applications.
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CHAPTER 4

BEYOND FAILURE PROBABILITIES: COMBINING PHYSICS-BASED

SURROGATE MODELS AND MACHINE LEARNING CLASSIFIERS TO

IDENTIFY INPUT RANDOM FIELDS THAT YIELD EXTREME RESPONSE

Consider a physical system modeled by a differential equation that depends

on a coefficient random field. The objective of this work is to identify samples

of this random field which yield extreme response as a means to: study the law

of the input conditioned on rare events and predict if a random field sample

causes such an event. This presents a shift from reliability engineering which

focuses on computation of failure probabilities. We investigate two classifica-

tion schemes that identify these samples of interest: physics-based indicators

which are functionals of the input random field and surrogate models which

approximate the response. As an alternative to these approaches, we propose a

general framework consisting of two stages that combines the use of a physics-

based surrogate model and a machine learning classifier. In the first stage, a

multifidelity surrogate that requires infrequent evaluations of the full model is

designed. This surrogate is then used to generate a sufficient number of samples

of random fields that yield extreme events to train a machine learning classifier

in the second stage. We study the analytical properties required of the surro-

gate model and demonstrate through numerical examples the synergy of the

proposed approach.

4.1 Introduction

We motivate this work with a simple physical example involving a unit length

elastic rod in 1-dimension where one end is pulled by a time-dependent force.
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Suppose that the elasticity coefficient can be modeled by a random field A(x, ω)

defined on the probability space (Ω,F , P) where ω ∈ Ω and x ∈ [0, 1] refers to

a location on the rod. For t > 0, denote by U(t, x, ω) ∈ R the displacement field

whose dynamics are described by the Euler-Lagrange equation

∂2U(t, x, ω)
∂t2 =

∂

∂x

(
A(x, ω)

∂

∂x
U(t, x, ω)

)
, x ∈ [0, 1], t > 0, ω ∈ Ω (4–1)

subject to initial and boundary conditions:

U(t, 0, ω) = 0, A(1, ω)
(∫ 1

0

dy
A(y, ω)

)−1
∂

∂x
U(t, 1, ω) = at, t > 0, a > 0

(4–2)

U(0, x, ω) = 0,
∂

∂t
U(0, x, ω) =

(
a
∫ x

0

dy
A(y, ω)

) (∫ 1

0

dy
A(y, ω)

)−1

, x ∈ [0, 1].

Oftentimes, we are interested in quantities of interest (QoI) Q(ω) ∈ R which are

functionals of the random field U(t, x, ω).

Literature in reliability engineering and rare event simulation is concerned

with the computation of the (failure) probability P(Q > τ) where for large τ,

{Q > τ} is a rare event of low probability. Commonly employed methods [59] to

compute such quantities express Q as a function of the random vector Z(ω) ∈ Rd,

i.e. Q(Z(ω)), and include the following. Asymptotic approaches like the first-

order reliability method and methods based on the large deviations princi-

ple [21] locate the point z∗ on the limit state {z ∈ Rd |Q(z) = τ} with the largest

likelihood and approximate the failure probability at z∗. Importance sampling

makes use of a change in measure so that the failure probability is approximated

by weighted samples in the vicinity of the failure domain F = {z ∈ Rd |Q(z) > τ} .

Subset simulation iteratively considers a decreasing sequence of sets, each con-

taining F. Analytical techniques also exist for specific types of systems subject

to log-normal random field coefficients [52, 53]. Finally, surrogate models re-

place Q by an inexpensive approximation Q̃ afterwhich Monte Carlo simulation
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is invoked to compute probabilities. Examples of surrogate models used for this

purpose include stochastic Galerkin [51], sparse grid stochastic collocation [17],

Gaussian process regression [57], artificial neural networks (ANNs) [18], and

support vector machines (SVM) [2, 5, 49, 63, 66, 69].

While failure probabilities are useful in assessing risks associated with struc-

tures, materials, etc., they provide limited if any information for controlling and

mitigating these risks. They do not offer insight on how to design these objects

better to avoid undesired events of low probability. In this work, we therefore

deviate from the existing objectives of reliability engineering and rare event

simulation. Instead, we focus on identifying samples of A(x, ω) which cause

Q(ω) > τ for large τ by examining various classification schemes which deter-

mine whether or not a sample A(x, ω) yields rare events. Through a classifier, a

sufficient number of samples of A(x, ω) |Q(ω) > τ can be obtained that enables

one to: study the conditional statistics and distribution of A(x, ω) |Q(ω) > τ, un-

derstand why rare events occur in such systems, and predict the occurrence of

(unobserved) rare events. The relevance of this problem extends beyond the

field of reliability engineering and includes applications such as detecting rare

defects in additive manufacturing (agile production) of materials [11].

Existing studies pertinent to our objectives include works such as [26, 27].

An extensive survey of how system dynamics causes rare bursts in the values

of the state variables is detailed in [27]. In [26], the authors investigated a data-

driven approach to identify what induces bursts in the energy dissipation rate

of the Kolmogorov flow, modeled by an inrompressible Navier-Stokes equation

exhibiting chaotic behavior. An indicator that is a functional of the velocity field

was deduced from solving an optimization problem that relies on the defining
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equations of the system, i.e. it is physics-based. It was later validated using a

large number of data based on statistics such as the rate of successful predic-

tions and rejections. In this work, we also explore a classifying scheme through

the use of physics-based indicators – quantities computable from A(x, ω) which

signal Q(ω) > τ. However, we demonstrate that even in the simplest of sys-

tems, indicators may be difficult to deduce analytically and are computation-

ally expensive to calibrate due to the infrequent occurrence of rare events. This

motivates the use of a surrogate model Q̃ that approximates Q; it then acts as a

classifier by checking if Q̃ > τ or otherwise.

Despite the demonstrated efficiency of the above cited surrogate models for

reliability engineering purposes, only a few are suitable for our objectives since

many of these approaches are specifically geared to obtain convergence only in

failure probability estimates. In particular, it is possible for P(Q > τ) ≈ P(Q̃ > τ)

even though the measurable sets {ω |Q(ω) > τ} and {ω | Q̃(ω) > τ}, important

for our setting, are substantially different. In addition, using surrogate models

alone still presents challenges in rare event simulation. Machine learning classi-

fiers, for instance, require a sufficient number of samples in the low probability

regions (i.e. failure domain) for training. Also, [51] underscores that surrogate

models may over or underestimate probabilities of failure.

In line with our objectives, we build on the above concerns by proposing a

two-stage approach which is computationally efficient and probabilistically ac-

curate and that leverages on the strengths of different types of classifiers. In

the first stage, we formulate a multifidelity physics-based surrogate model in

the spirit of [17, 51]. The surrogate model is physics-based in the sense that it

is constructed using the defining equations of the physical system. The mul-
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tifidelity surrogate comprises the computationally feasible surrogate model Q̃

and infrequent solves of the expensive full model Q which guarantee that Q > τ

whenever Q̃ > τ. In the second stage, samples of A(x, ω) are then generated us-

ing the multifidelity surrogate which ensures that a large number of samples of

the rare event A(x, ω) |Q(ω) > τ is present to accurately train a machine learning

classifier. Unlike the surrogate, this classifier only considers the data and does

not incorporate the system equations anymore. The classifier then serves as a

mechanism to predict whether Q > τ from data.

The plan of this work is as follows. Section 4.2 attempts to discover physics-

based indicators that signal rare events using analytical arguments and later

supported by data. Due to the challenges of validating and calibrating indica-

tors, Section 4.3 proposes a multifidelity surrogate approximation for the QoI as

an alternative classification scheme. Finally, the two-stage approach that com-

bines the multifidelity surrogate and machine learning classifiers is tackled in

Section 4.4.

4.2 Physics-based indicators for rare events

In this section, we attempt to deduce indicators from A(x, ω) which signal

Q(ω) > τ for large τ. We motivate our proposed approach in Section 4.4 for gen-

erating samples of A(x, ω) |Q(ω) > τ by first investigating existing alternatives

for prediction of rare events. The case when the random field A(x, ω) is repre-

sented by an infinite-dimensional noise model and a finite-dimensional noise

model are addressed in Section 4.2.1 and 4.2.2, respectively. The following dis-

cussion outlines the difficulty of obtaining indicators for simple systems and
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that a large number of samples of the rare event are needed to validate them.

4.2.1 Infinite-dimensional noise model

The physical example of the elastic rod in (4–1), (4–2) is revisited where the

elasticity coefficient A(x, ω) is modeled by a translation Gaussian process.

Example 20. Suppose that A(x, ω) = α+(β−α)·F−1(Φ(G(x, ω))), x ∈ [0, 1], β ≥ α > 0

where F is the cumulative distribution function (cdf) of a Beta(p, q) random vari-

able, Φ is the cdf of the standard normal distribution, and G(x, ω) is a homo-

geneous zero-mean unit-variance Gaussian process with E[G(x, ω) · G(y, ω)] =

e−λ|x−y|, x, y ∈ [0, 1]. It can be shown that the analytical solution to (4–1), (4–2) is

given by

U(t, x, ω) =

(
at

∫ x

0

dy
A(y, ω)

) (∫ 1

0

dy
A(y, ω)

)−1

, t > 0, x ∈ [0, 1]. (4–3)

The quantity of interest we study is the random variable

Qmax(ω) = max
x∈[0,1]

|U(1, x, ω) − u(1, x)| (4–4)

where u(t, x) = atx is the deterministic continuum mechanics solution obtained

from (4–3) if A(x, ω) were constant. We seek indicators from samples of A(x, ω)

which signal Qmax > τ for large τ.

The simulations carried out below are based on α = 1, β = 10, p = 1, q = 3, λ =

2, a = 1, and τ = 0.32 with a spatial discretization of ∆x = 0.005 to evaluate (4–3).

The value of τ is chosen so that P(Qmax > τ) ≈ 0.0014. Shown in the left panel

of Figure 4.1 are 10000 samples of Qmax while the middle and the right panels

display 5 samples of A(x, ω) and 5 samples of A(x, ω) |Qmax(ω) > τ, respectively.

Observe that samples of A(x, ω) |Qmax(ω) > τ manifest a common trend: they
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are generally increasing or decreasing. This behavior is consistent with plots of

Figure 4.2 which present histograms of A(x, ω)|Qmax(ω) > τ using 10000 samples

at various spatial locations x ∈ [0, 1] with the range of A(x, ω) rescaled from [α, β]

to [0, 1]. For comparison, the probability density function (pdf) of A(x, ω) for all

x ∈ [0, 1] which is Beta(p, q) is also included.
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Figure 4.1: Samples of Qmax(ω) (left panel), A(x, ω) (middle panel),
A(x, ω) | Qmax(ω) > τ for τ = 0.32 (right panel).
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Figure 4.2: Histogram of A(x, ω)|Qmax(ω) > τ for τ = 0.32 using 10000 samples
compared to the pdf of A(x, ω) for a few values of x ∈ [0, 1]. The range of A(x, ω)
is scaled down to [0, 1].

We now seek indicators that aid in predicting if Qmax > τ. Ideally, they should

not resemble (4–3) since analytical solutions are unavailable in practice. But to

facilitate our search, we work backwards and assume that (4–3) is known. From

(4–4), Qmax can be computed by first finding the critical point x = xc(ω) ∈ [0, 1]
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which maximizes or minimizes d(x, ω) B U(1, x, ω)−u(1, x) for each ω ∈ Ω. Since

d(0, ω) = d(1, ω) = 0, the critical point xc(ω) satisfies d′(xc(ω), ω) = 0. Thus,

1
A(xc(ω), ω)

=

∫ 1

0

1
A(y, ω)

dy, ω ∈ Ω, (4–5)

is a necessary condition for xc(ω), i.e., x = xc(ω) is such that (A(x, ω))−1 achieves

its spatial average (over x ∈ [0, 1]). Substituting (4–5) to (4–4) yields an alterna-

tive expression for Qmax(ω):

Qmax(ω) = |d(xc(ω), ω)| =

∣∣∣∣∣∣
(∫ xc(ω)

0

1
A(y, ω)

dy
) / ( 1

A(xc(ω), ω)

)
− xc(ω)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∫ xc(ω)

0

(
A(xc(ω), ω)

A(y, ω)
− 1

)
dy

∣∣∣∣∣∣ . (4–6)

Qualitatively, for Qmax(ω) to be large, 1/A(y, ω) must be substantially different

in magnitude compared to 1/A(xc(ω), ω) over y ∈ [0, xc(ω)]. This is confirmed in

Figure 4.3 which displays 3 samples of 1/A(y, ω) with their corresponding spatial

averages 1/A(xc(ω), ω) and Qmax(ω) values.
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Figure 4.3: Samples of the inverse random field A(x, ω)−1 with their correspond-
ing spatial averages and values of Qmax.

From Figure 4.3, it is speculated that two possible indicators for large Qmax

are: the value of 1/A(xc(ω), ω) and the frequency that 1/A(x, ω) intersects its spa-

tial average. We validate these indicators using data on A(x, ω) and Qmax(ω),

momentarily neglecting the computational cost of obtaining such data.
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Regarding the first indicator, it is observed that 1/A(xc(ω), ω) cannot as-

sume values close to 0 or 1 for Qmax(ω) to be large. Otherwise, if 1/A(xc(ω), ω)

were close to 0 or 1, the boundedness of A(x, ω) and (4–5) imply that A(x, ω)

fluctuates near its spatial average. Hence, A(xc(ω),ω)
A(y,ω) ≈ 1 resulting to a low

Qmax(ω) according to (4–6). Probabilistic arguments also offer conclusions

consistent with the above claims. Assume that A(x, ω)−1 is a homogeneous

Gaussian process (despite its impossibility in our setting) on x ∈ [0, 1] such

that E[A(x, ω)−1] = µ and Cov(A(x, ω)−1, A(y, ω)−1) = c(x, y) with c(x, x) = σ2.

From [35],
∫ 1

0
A(y, ω)−1 dy is a Gaussian random variable with mean µ, variance∫ 1

0

∫ 1

0
c(u, v) du dv and that the random vector (A(x, ω)−1,

∫ 1

0
A(y, ω)−1 dy)T is jointly

Gaussian with Cov(A(x, ω)−1,
∫ 1

0
A(y, ω)−1 dy) =

∫ 1

0
c(x, y) dy for all x ∈ [0, 1]. In

summary,  A(x, ω)−1∫ 1

0
A(y, ω)−1 dy

 ∼ N


µµ

 ,
 σ2

∫ 1

0
c(x, y) dy∫ 1

0
c(x, y) dy

∫ 1

0

∫ 1

0
c(u, v) du dv




from which we infer

A(x, ω)−1
∣∣∣∣ ∫ 1

0
A(y, ω)−1 dy = ξ ∼ N

µ +

∫ 1

0
c(x, y) dy∫ 1

0

∫ 1

0
c(u, v) du dv

(ξ − µ), σ2 −
[
∫ 1

0
c(x, y) dy]2∫ 1

0

∫ 1

0
c(u, v) du dv


(4–7)

using properties of conditioning on Gaussian distributions. Three conclusions

arise from (4–7): for a fixed x ∈ [0, 1],

1. E[A(x, ω)−1|
∫ 1

0
A(y, ω)−1 dy = ξ] > µ if ξ > µ,

2. E[A(x, ω)−1|
∫ 1

0
A(y, ω)−1 dy = ξ] < µ if ξ < µ,

3. Var[A(x, ω)−1|
∫ 1

0
A(y, ω)−1 dy = ξ] < σ2.

The first and second state that for all x ∈ [0, 1], if the spatial average of the

random field is large (or small), the values of the random field also tend to be
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large (or small). Note that for each x, A(x, ω)−1 and
∫ 1

0
A(y, ω)−1 dy are positively

correlated since in our example Cov(A(x, ω)−1,
∫ 1

0
A(y, ω)−1 dy) =

∫ 1

0
c(x, y) dy > 0.

Meanwhile, the third suggests that the variance of the random field decreases

if it is known that its spatial average assumes some value. These conclusions

are consistent with our discussion earlier that for large (or small)
∫ 1

0
A(y, ω)−1 dy,

values of A(x, ω)−1 fluctuate more closely near
∫ 1

0
A(y, ω)−1 dy on average leading

to low Qmax(ω). Hence, values of the indicator 1/A(xc(ω), ω) cannot be close to 0

or 1 for large Qmax(ω). Data confirms this as shown in the left panel of Figure 4.4

which displays 10000 samples of (Qmax(ω),
∫ 1

0
A(y, ω)−1 dy) and 5000 samples of

(Qmax(ω),
∫ 1

0
A(y, ω)−1 dy |Qmax(ω) > τ). We deduce that a necessary condition for

Qmax(ω) > τ is that 1/A(xc(ω), ω) ∈ [0.15, 0.6] approximately.

Under a similar reasoning, we intuit that a second indicator for Qmax(ω) > τ

is that the number of times nxc(ω) that A(x, ω)−1 crosses its spatial average can-

not be substantial, i.e. the cardinality of the set {xc(ω) | 1
A(xc(ω),ω) =

∫ 1

0
1

A(y,ω) dy}

is small. Notice that the first indicator does not necessarily imply the latter

and vice versa. Data presented in the middle panel of Figure 4.4 supports

this indicator in which 10000 samples of (Qmax(ω), nxc(ω)) and 5000 samples of

(Qmax(ω), nxc(ω) |Qmax(ω) > τ) are plotted. The plot suggests that a necessary con-

dition for Qmax(ω) > τ is that nxc(ω) ≤ 5.

The above discussion is summarized in the right panel of Figure 4.4 which

exhibits 10000 samples of (
∫ 1

0
A(y, ω)−1 dy, nxc(ω),Qmax(ω)) and 5000 samples of

(
∫ 1

0
A(y, ω)−1 dy |Qmax(ω) > τ, nxc(ω) |Qmax(ω) > τ,Qmax(ω)). We have therefore

identified 2 indicators which serve as necessary conditions that aid in predict-

ing if Qmax is large. However, these indicators were deduced assuming that the

analytical solution (4–3) were known which might not be the case in practice.
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Figure 4.4: Samples of (Qmax(ω),
∫ 1

0
A(y, ω)−1 dy) (left panel), (Qmax(ω), nxc(ω))

(middle panel), and (
∫ 1

0
A(y, ω)−1 dy, nxc(ω),Qmax(ω)) (right panel). Conditional

samples corresponding to Qmax(ω) > τ are indicated by unfilled orange circles in
each panel.

We show in the next section that the search for indicators, assuming they exist,

can be facilitated in the case when A(x, ω) is represented as a finite-dimensional

noise model.

4.2.2 Finite-dimensional noise model

We revisit Example 20 but examine an alternative expression for the random

field A(x, ω).

Example 21. Consider the identical setup outlined in Example 20. Recast the ran-

dom field A(x, ω) into a parametric form A(x, ω) = A(x,Z(ω)) = a0 +

∞∑
k=1

Zk(ω)ak(x)

where Z(ω) = (Z1(ω),Z2(ω), . . . ), {Zk(ω)}∞k=1 are possibly non-Gaussian correlated

random variables such that E[Zk] = 0 ∀k, and {ak(x)}∞k=1 are deterministic ba-

sis functions. The quantity of interest (4–4) can be rewritten as Qmax(ω) =

Qmax(Z(ω)) = max
x∈[0,1]

|U(1, x,Z(ω))− u(1, x)|. The objective is to seek indicators based

on components of Z(ω) that signal large Qmax(Z(ω)).

An approach to construct such a parametric form A(x,Z(ω)) for the random

field A(x, ω) is through the Karhunen-Loève (KL) expansion [36]. The method
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in [38] for performing the KL expansion via the singular-value decomposition

(SVD) is adopted in view of numerical stability. For purposes of numerical im-

plementation, M samples ω = ω1, . . . , ωM ∈ Ω of A(x, ω) are discretized at spatial

locations xk = k∆x, k = 0, . . . ,N − 1,∆x = 1
N−1 , to form the M × N matrix A whose

( j, k)-entry is A(xk, ω j), the value of the jth simulated sample of A(x, ω) at x = xk.

If IM×N is the M × N identity matrix, the SVD is applied to A − a0IM×N to obtain

M samples of Zk(ω) and values of {ak(xk)}Nk=1. Due to this approximation, the

parametric form of A(x, ω) is written as a finite sum

A(x, ω) = A(x,Z(ω)) = a0 +

N∑
k=1

Zk(ω)ak(x), Z(ω) = (Z1(ω), . . . ,ZN(ω)), x ∈ [0, 1].

(4–8)

Since A(x, ω) ∈ [α, β] in Example 20, {Zk}
N
k=1 are bounded random variables and

hence the computer implementation of A(x,Z(ω)) in (4–8) satisfies A(x,Z(ω)) ∈

[γ1, γ2] where γ1, γ2 approach α, β as N → ∞. In the simulations below, we adhere

to the representation (4–8) with ∆x = 0.005.

Using the same parameter values in Example 20, the top 4 panels of Fig-

ure 4.5 plot the first four interpolated basis functions ak(x) while the bottom 4

panels contain histograms of {Zk(ω)}4k=1 which correspond to the random vari-

ables with the largest variance. These plots are obtained from 10000 samples of

A(x, ω). In addition, each of the bottom panels show 14 asterisks which repre-

sent samples of Zk|Qmax ≥ τ for k = 1, . . . , 4. Without making conclusions from

this low sample size, it is observed that samples of Zk for which Qmax is large are

clustered. This behavior is not surprising as the calculations below illustrate.

Property 12. Let Ẑ, Z̃ ∈ RN be samples of Z(ω). It follows that |Qmax(Ẑ) − Qmax(Z̃)| ≤

max
x∈[0,1]

|U(1, x, Ẑ) − U(1, x, Z̃)|.
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Figure 4.5: Top panels: Interpolated values of the basis functions {ak(x)}4k=1. Bot-
tom panels: Histogram of 10000 samples of {Zk}

4
k=1 with 14 samples of Zk |Qmax >

τ for τ = 0.32 in each subplot marked by asterisks.

This can be shown using the fact that |max
x∈[0,1]

f (x) − max
x∈[0,1]

g(x)| ≤ max
x∈[0,1]

| f (x) − g(x)|

for any function f , g. Hence,

|Qmax(Ẑ) − Qmax(Z̃)| ≤ max
x∈[0,1]

∣∣∣∣|U(1, x, Ẑ) − u(1, x)| − |U(1, x, Z̃) − u(1, x)|
∣∣∣∣

≤ max
x∈[0,1]

∣∣∣∣(U(1, x, Ẑ) − u(1, x)) − (U(1, x, Z̃) − u(1, x))
∣∣∣∣.

Property 13. Recall that A(x, ω) ∈ [γ1, γ2] a.s. so that 1/A(x, ω) ∈ [1/γ2, 1/γ1] a.s. For

Ẑ, Z̃ ∈ RN , there exists C > 0 such that |Qmax(Ẑ)−Qmax(Z̃)| ≤ C‖A(x, Ẑ)−A(x, Z̃)‖L2[0,1].

Since U(1, x,Z) =

(∫ x

0

dy
A(y,Z)

) (∫ 1

0

dy
A(y,Z)

)−1

, let Î(x) =

∫ x

0

dy
A(y, Ẑ)

and Ĩ(x) =∫ x

0

dy

A(y, Z̃)
so that U(1, x, Ẑ) = Î(x)/Î(1) and U(1, x, Z̃) = Ĩ(x)/Ĩ(1). From [37, p.

194],

|U(1, x, Ẑ) − U(1, x, Z̃)| ≤
Ĩ(1)|Î(x) − Ĩ(x)| + Ĩ(x)|̃I(1) − Î(1)|

Î(1)Ĩ(1)
. (4–9)

We note that 1/γ2 ≤ Î(x), Ĩ(x) ≤ 1/γ1 and that

|Î(x) − Ĩ(x)| ≤
1
γ2

1

∫ x

0
|A(y, Z̃) − A(y, Ẑ)| dy ≤

1
γ2

1

∫ 1

0
|A(y, Z̃) − A(y, Ẑ)| dy

≤
1
γ2

1

‖A(x, Ẑ) − A(x, Z̃)‖L2[0,1] (4–10)
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for all x ∈ [0, 1] by the Cauchy-Schwarz inequality. Property 13 then follows

from Property 12 and (4–9), (4–10).

Property 14. Suppose that the parametric form in (4–8) is constructed with ak(x) ap-

propriately scaled so that
∫ 1

0
a2

k(x) dx = 1 for all k. For Ẑ, Z̃ ∈ RN , there exists C > 0

such that |Qmax(Ẑ) − Qmax(Z̃)| ≤ C

 N∑
k=1

|Ẑk − Z̃k|
2

1/2

.

This is established using Property 13 and the fact that
∫ 1

0
a j(x)ak(x) dx = δ jk

for j, k = 1, . . . ,N where δ jk is the Kronecker delta function. Similar results can be

derived for other differential equations for which results of the form ‖U(t, x, Ẑ)−

U(t, x, Z̃)‖ ≤ C‖A(x, Ẑ) − A(x, Z̃)‖ hold under suitable norms.

Property 14 explains the clustering behavior of the samples of Zk |Qmax > τ in

the bottom panel of Figure 4.5. In particular, the range of Z2 |Qmax > τ is a union

of 2 disjoint sets. This is supported by Figure 4.6 which illustrates the pdf of Qmax

conditioned on Z2 obtained using kernel density estimation based on 250000

samples of (Z2,Qmax). A consequence of this is that the failure domain F = {z ∈

RN |Qmax(z) > τ} is also a union of two disjoint sets (i.e. connected components).

Determining whether Z ∈ F requires characterizing the geometry of F which is

challenging in high dimensions. This is why indicators based on components of

Z are devised to aid in predicting if Qmax > τ. From Figures 4.5, 4.6, the simplest

example of an indicator could be the value that Z2 takes, i.e. |Z2| > ρ where ρ is

calibrated, which can be thought of as intimately related to the second indicator

nxc in Section 4.2.1.

We also remark that if the parametric form (4–8) were constructed for

A(x, ω)−1 instead of A(x, ω), then the random variable Z1 associated with the

basis function a1(x) in the resulting expansion can be another indicator that is
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Figure 4.6: Pdf of Qmax conditioned on Z2 constructed using kernel density esti-
mation based on 250000 samples of (Z2,Qmax).

closely related to the first indicator
∫ 1

0
A(y, ω)−1 dy introduced in Section 4.2.1. In

summary, Section 4.2 highlights that indicators in certain settings may be found

that act as classifiers to signal large Qmax. However, the discussion above also

presents challenges associated with this approach. Without any physical intu-

ition or access to any analytical formulas, identifying indicators can be difficult.

Even if potential indicators can be identified, one needs to 1) verify that they cor-

relate with large quantities of interest and 2) quantify their range of values for

prediction. Doing so requires a large number of data on rare events for which

simulation can be costly. In the following section, we address these issues via a

multifidelity approximation to Qmax.

4.3 Multifidelity physics-based surrogate models

Due to the computational cost of validating and calibrating indicators, we con-

struct a multifidelity approximation to the QoI which offers another scheme for

classification. Section 4.3.1 describes the surrogate model we use while the mul-

tifidelity approach is elaborated in Section 4.3.2. The capacity of each method
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as a classifier is assessed and their advantages and disadvantages are outlined.

4.3.1 SROM-based surrogate model

In the remainder of this work, we adopt the parametric form A(x,Z) as in (4–8)

but with Z truncated to avoid difficulties of computation in high stochastic di-

mension. The most straightforward approach to identify the samples of interest

is to evaluate the full model Qmax(Z). Since Qmax(Z) > τ is a rare event, obtaining

n samples of A(x,Z) |Qmax(Z) > τ to understand why rare events occur requires

at least n/P(Qmax(Z) > τ) full model solves which can be prohibitively costly. It

is therefore reasonable to simulate samples of A(x, ω) | Q̃max(Z) > τ instead where

Q̃max(Z) is a surrogate model that converges almost surely to Qmax(Z). Otherwise,

a surrogate model which converges to Qmax(Z) in Lp(Ω) for p large can be a suit-

able approximation since if f ∈ L∞(Ω), lim
p→∞
‖ f ‖Lp(Ω) = ‖ f ‖L∞(Ω). Once the surrogate

is constructed, it functions as a classifier that not only indicates if Qmax > τ or

otherwise for a sample A(x,Z) but also provides an approximate value of Qmax.

We remark that the mode of convergence of the surrogate is crucial for this

objective. For instance, it is possible for P(Q̃max > τ) ≈ P(Qmax > τ) yet the sam-

ples of A(x,Z) | Q̃max > τ and A(x,Z) |Qmax > τ may greatly differ. We demonstrate

this for a 1-dimensional input with simple QoI in Example 22 in which the poly-

nomial chaos (PC) expansion [30, 31], which converges in L2(Ω) but not almost

surely, is used as a surrogate.

Example 22. Suppose that the response is given by g(W) = Φ(W), W ∼ N(0, 1).

Since g(W) ∼ U(0, 1), E[g(W)2] < ∞ and g(W) admits the PC representation

gPCE(W) = β0 +

n∑
k=0

β2k+1h2k+1(W) where h j(W) are Hermite polynomials orthog-
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onal with respect to the standard normal pdf while β0 = 1
2 , β2k = 0, k = 1, . . . , n

and β2k+1 = (−1)k (2k)!
22k+1 √π(2k+1)!k! , k = 0, 1, . . . , n. The objective is to compare the sets

of samples W | g(W) > τ and W | gPCE(W) > τ for specified τ.

We choose τ = 0.9825 so that P(g(W) > τ) = 0.0175. In practice, the truncation

level for the PC expansion must be kept low to prevent an explosion in the

number of terms if W is high-dimensional. In our simulations, we select n = 5

so that P(gPCE(W) > τ) ≈ 0.0190 which has relative error 8.57%. Figure 4.7 shows

histograms of 10252 samples of W | g(W) > τ and 10094 samples of W | gPCE(W) >

τ, respectively. It is seen that the histogram due to the PCE surrogate is biased

and has a thinner tail compared to the true histogram. For example, P(W >

2.5 | g(W) > τ) ≈ 0.3641 whereas P(W > 2.5 | gPCE(W) > τ) ≈ 0.0148.
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Figure 4.7: Histograms of 10210 samples of W | g(W) > τ and 10317 samples of
W | gPCE(W) > τ for Example 22.

In view of these issues, an SROM-based surrogate model [40] Ũ(t, x,Z) for

the full model U(t, x,Z) is employed from which the approximation for Qmax(Z)

arises. The surrogate is constructed by partitioning the range Z(Ω) = Γ ⊂ RN of Z

using Voronoi cells {Γk}
M
k=1 whose centers {zk}

M
k=1 ⊂ R

N are samples of Z chosen to

approximate its distribution. A first-order Taylor expansion at Z = zk for every

123



partition is computed to obtain

Ũ(t, x,Z) =

M∑
k=1

(U(t, x, zk) + ∇ZU(t, x, zk) · (Z − zk))1Z∈Γk (4–11)

from which the surrogate approximation Q̃max(Z) = max
x∈[0,1]

|Ũ(1, x,Z) − u(1, x)| is

then derived. Under mild conditions, it can be shown that Ũ(t, x,Z) → U(t, x,Z)

almost surely and in Lp(Ω) as M → ∞. From Property 12, these convergence

results also hold for Q̃max(Z).

To improve the performance of (4–11), in previous work [73], we pro-

posed an adaptive construction of (4–11) that sequentially refines the surrogate

Ũ(t, x,Z) to enhance its accuracy in high-probability regions of Γ and regions

for which the discrepancy between the QoI Q(Z) and the surrogate QoI Q̃(Z) is

large. This was achieved by setting the refinement criterion as ‖Q(Z)− Q̃(Z)‖Lp(Ω)

for specified p which also served as the stopping criterion. The Lp error was

crudely approximated via
1

n1 + · · · + nM

M∑
k=1

nk∑
`=1

|Q(z`k) − Q̃(z`k)|
p where {z`k}

nk
`=1 ⊂ Γk

are a few samples of Z at which we evaluate the response and from which we

select the next point at which the gradient in (4–11) is calculated. Evaluating the

response is less expensive than computing multiple partial derivatives and fur-

thermore, this approximation ensures that the Lp error is estimated via contribu-

tions from each partition. As the adaptive algorithm progresses, Γk decreases in

size and the Lp error in this partition can be approximated using a few samples

only.

We now investigate the use of the SROM-based surrogate for Qmax(Z) to pro-

duce samples that resemble A(x,Z) |Qmax(Z) > τ. Two surrogate models are ex-

amined: denote by Q̃direct
max the direct construction (4–11) and by Q̃adapt

max the adap-

tive construction described above.

Example 23. We revisit the physical setup in Example 20 with the random field
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A(x, ω) expressed in its parametric form A(x,Z) (4–8). Let the true random field

be

A(x,Z(ω)) = a0 +

10∑
k=1

Zk(ω)ak(x), Z(ω) = (Z1(ω), . . . ,Z10(ω)), x ∈ [0, 1], (4–12)

which is (4–8) truncated to 10 basis functions only. The performance of Q̃direct
max

and Q̃adapt
max in generating conditional samples that approximate A(x,Z) |Qmax(Z) >

τ is compared with the computational cost of both surrogates being similar.

Their use in identifying samples of A(x,Z) that yield large Qmax is also exam-

ined.

We verified via 500000 Monte Carlo samples that the truncation level in

(4–12) is sufficient for A(x,Z) > 0. In the calculations that follow, we adjust

τ = 0.3172 so that P(Qmax(Z) > τ) ≈ 0.00224 because we are now working with

the truncated random field (4–12) instead of (4–8). It is assumed that calculat-

ing a partial derivative in the gradient term in (4–11) is as costly as evaluat-

ing the response U(t, x,Z). We computed the gradients from (4–3) but they can

also be numerically estimated by differentiating (4–1) and solving the result-

ing differential equations satisfied by ∇ZU(t, x,Z) as in [73]. The surrogate Q̃direct
max

obtained comprises 370 Voronoi cells and constitutes 370 response evaluations

and 370 × 10 gradient evaluations for a total of 4070 computational units. In

contrast, Q̃adapt
max is composed of 325 Voronoi cells which implies 3575 gradient

and response calculations and an additional 465 response evaluations that are

used to estimate the refinement criterion at each iteration, resulting in a total of

4040 computational units. For the adaptive construction, we used p = ∞ for the

refinement criterion since we are targeting rare events and employed the global

sampling and neighbor-based refinement configuration, following terminology

in [73].
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Figure 4.8 compares the histograms of Qmax, Q̃
adapt
max and Q̃direct

max constructed us-

ing 10000 samples. The probability of failure estimates for each surrogate are

P(Q̃adapt
max > τ) ≈ 0.001834 and P(Q̃direct

max > τ) ≈ 0.001754 obtained using 500000

Monte Carlo samples of Z. The discrepancy between the 2 surrogate models

is not obvious unless we examine samples of Z |Qmax(Z) > τ which is relevant

to our objectives. Figures 4.9 and 4.10 contrast the histograms of Zi |Qmax(Z)

with Zi | Q̃
adapt
max (Z) and Zi | Q̃direct

max , respectively, for i = 1, . . . , 6. These histograms

result from 10000 samples of Z |Qmax(Z), 10001 samples of Z | Q̃adapt
max (Z) and 10022

samples of Z | Q̃direct
max (Z). Based on these figures, the advantages of using an adap-

tive construction is now evident since the histograms of Z1 | Q̃direct
max and Z3 | Q̃direct

max

appear biased while the modes of Z2 | Q̃direct
max do not appear to have the same fre-

quency.
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Figure 4.8: Comparison of the histogram of Qmax vs Q̃adapt
max (left panel) and Qmax

vs Q̃direct
max (right panel) using 10000 samples.

Because of the performance of Q̃adapt
max (Z), we further study its suitability in

achieving our objectives. How well does Q̃adapt
max (Z) classify whether Qmax(Z) > τ

or Qmax(Z) ≤ τ for a given Z? To accomplish this, tools and metrics commonly

used in machine learning and pattern recognition [29] are adopted. Some of

these metrics have also been invoked in [26, 27] to validate and calibrate indi-

cators. These metrics can be extracted from a confusion matrix which tabulates

in each entry the frequency that a classifier coincides or not with the truth; see
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Figure 4.9: Comparison of histograms of Zi |Qmax(Z) > τ and Zi |Q
adapt
max (Z) > τ for

i = 1, . . . , 6.
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Figure 4.10: Comparison of histograms of Zi |Qmax(Z) > τ and Zi |Qdirect
max (Z) > τ for

i = 1, . . . , 6.

Table 4.1 for a visual definition where Ns is the total number of samples. Ta-

bles 4.2 and 4.3 chart the confusion matrices of Q̃adapt
max (Z) generated using 10000

and 50000 samples of Z, respectively, with the latter set of samples including the

former. These sets of samples are referred to as the test data.
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Qmax(Z)

Positive Negative

Q̃
ad

ap
t

m
ax

(Z
)

Positive NsP(Qmax > τ, Q̃
adapt
max > τ) NsP(Qmax ≤ τ, Q̃

adapt
max > τ)

Negative NsP(Qmax > τ, Q̃
adapt
max ≤ τ) NsP(Qmax ≤ τ, Q̃

adapt
max ≤ τ)

Table 4.1: Definition of the confusion matrix.

Qmax(Z)

Positive Negative Total

Q̃
ad

ap
t

m
ax

(Z
)

Positive 11 1 12

Negative 7 9981 9988

Total 18 9982 10000

Table 4.2: Confusion matrix for Q̃adapt
max (Z)

based on 10000 samples of Z.

Qmax(Z)

Positive Negative Total

Q̃
ad

ap
t

m
ax

(Z
)

Positive 84 17 101

Negative 42 49857 49899

Total 126 49874 50000

Table 4.3: Confusion matrix for Q̃adapt
max (Z)

based on 50000 samples of Z.
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Confusion matrix Precision Recall Failure rate

Table 4.2 0.9167 0.6111 0.0840

Table 4.3 0.8317 0.6667 0.1691

Table 4.4: Precision, recall, and failure rate metrics computed from Ta-

bles 4.2, 4.3.

Precision and recall metrics are calculated to assess the quality of Q̃adapt
max (Z) as

a classifier. Precision is defined as P(Qmax(Z) > τ | Q̃adapt
max (Z) > τ), i.e. the fraction

of true positives with respect to the total number of true positives and false pos-

itives while recall is defined as P(Q̃adapt
max (Z) > τ |Qmax(Z) > τ), i.e. the fraction of

true positives with respect to the total number of true positives and false nega-

tives. In our setting, perfect precision implies that the failure domain of Q̃adapt
max (Z)

is a subset of the failure domain of Qmax(Z) while the reverse is true for perfect

recall. We also consider the failure rate which served as a basis for validation

and calibration of indicators for extreme events in [27]. This is defined as the

sum of the false omission rate and the false discovery rate or mathematically,

P(Qmax(Z) > τ|Q̃adapt
max (Z) < τ)+ P(Qmax(Z) < τ|Q̃adapt

max (Z) > τ). These metrics are sum-

marized in Table 4.4 from the confusion matrices in Tables 4.2, 4.3. It is desirable

for both precision and recall to be close to 1 and for the failure rate to be near 0.

Consequently, the performance of Q̃adapt
max (Z) as a classifier can still be improved.

We also remark that using a small number of samples to construct the confusion

matrix can result in unstable estimates of the frequency values. Table 4.5 shows

the confusion matrix for Q̃adapt
max (Z) using another set of 10000 samples of Z. The

metrics based on Table 4.5 appear inflated compared to those from Table 4.3.
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Qmax(Z)

Positive Negative Total

Q̃
ad

ap
t

m
ax

(Z
)

Positive 20 1 21

Negative 6 9973 9979

Total 26 9974 10000

Table 4.5: Confusion matrix for Q̃adapt
max (Z) based on a different set of 10000 sam-

ples of Z.

More computational effort can certainly be expended to make Q̃adapt
max (Z) more

accurate, however, for the SROM-based surrogate, an additional Voronoi cell re-

quires at least N + 1 calculations for Z ∈ RN . Other surrogate models such as the

sparse grid stochastic collocation also incur substantial cost when transitioning

from one sparse grid level to another [73]. We deal with these issues by investi-

gating the use of a multifidelity surrogate model as described in Section 4.3.2.

4.3.2 Multifidelity surrogate approach

A multifidelity surrogate leverages on various surrogate models with differ-

ing computational costs and levels of accuracy to accomplish an objective. The

multifidelity approach we pursue consists of a single surrogate model and in-

frequent calls to the full model. Such approaches have already been applied

in previous work [17, 51] in which the goal is computation of failure probabili-

ties. Here, we adopt some ideas from these works to tackle our objectives. We

first survey how these multifidelity surrogates were tailored to approximate the

probability of failure P(Q(Z) > τ).
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Let Q̃(Z) be the surrogate model to the QoI Q(Z). Instead of the Monte Carlo

estimate 1
M

∑M
i=1 1{Q̃(zi)>τ} where {zi}

M
i=1 are samples of Z, [51] advocates using esti-

mate P̃M
f = 1

M

∑M
i=1 1{zi∈F̃} where

F̃ = {z | Q̃(z) > τ + γ} ∪ {z | |Q̃(z) − τ| < γ and Q(z) > τ}

for specified γ > 0. In other words, if the value of the surrogate exceeds the

threshold τ by a margin γ, it is believed that value of the full model is also

above τ, while if the surrogate value is close to τ, the full model is invoked to

ascertain whether Q(z) > τ or Q(z) ≤ τ. Moreover, let P̃ f = P(Z ∈ F̃) be such

that P̃M
f is an estimator for P̃ f and let p ≥ 1 such that Q(Z), Q̃(Z) ∈ Lp(Ω). It was

proven in [51] that for ε > 0, |P(Q(Z) > τ) − P̃ f | < ε if γ > 1
ε1/p ‖Q(Z) − Q̃(Z)‖Lp(Ω).

In addition to [51], [17] tackled the same problem using a similar multifi-

delity approach. They introduced the concept of reliability which is based on an

approximation to the error between Q(Z) and Q̃(Z) and a constant called safety

factor. Knowledge of this constant coupled with infrequent solves of the full

model guarantees that their approach is able to exactly classify whether Q(z) > τ

or Q(z) ≤ τ for each sample z. The failure probability estimate from this method

is hence identical to the Monte Carlo estimate obtained from the full model, i.e.

1
M

∑M
i=1 1{Q(zi)>τ}.

Despite the demonstrated effectiveness of the abovementioned approaches

in approximating failure probabilities, they may not be readily applied to our

problem since convergence in probabilities may or may not be indicative of the

samples. While the guarantee of [17] to exactly classify whether Q(z) > τ or

Q(z) ≤ τ at a reduced computational expense avoids this concern and accom-

plishes our objectives, the method is contingent on constants that need to be es-

timated. Likewise, the convergence bounds in [51] rely on unknown constants
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whereas the more practical approach the authors proposed is geared towards

convergence in estimate of the failure probability.

We therefore modify the multifidelity surrogate in [51] to obtain Q̃∗(Z) de-

fined in Algorithm 4. Succinctly, the full model is only invoked if Q̃(Z) > τ to

ascertain whether Q(Z) > τ or Q(Z) ≤ τ. Unlike [51], if Q̃(Z) > τ + γ for γ > 0, Al-

gorithm 4 does not assume that Q(Z) > τ nor does it invoke Q(Z) if Q̃(Z) > τ − γ.

We note the following analytical and practical properties of Q̃∗(Z) :

1. It does not rely on constants to be specified except for the threshold value

τ.

2. The frequency that the full model is invoked is P(Q̃(Z) > τ) which can be

inexpensively approximated using Monte Carlo simulation beforehand.

3. The proportion of false positives of Q̃∗(Z) acting as a classifier, i.e. P(Q(Z) ≤

τ, Q̃∗(Z) > τ), is 0. This is because from Algorithm 4, {Q̃∗(Z) > τ} = {Q̃(Z) >

τ} ∩ {Q(Z) > τ} so that {Q̃∗(Z) > τ} ∩ {Q(Z) ≤ τ} = ∅.

4. If Monte Carlo samples of Q̃∗(Z) are generated, the quality of the surro-

gate Q̃(Z) can be monitored during the sampling procedure by calculating

P(Q(Z) > τ | Q̃(Z) > τ) using the samples produced thus far. If this estimate

is zero, the surrogate needs to be refined further.

Bounds on the misclassification probability P(Q(Z) > τ, Q̃∗(Z) ≤ τ) + P(Q(Z) <

τ, Q̃∗(Z) ≥ τ) can also be constructed but are of little practical value. Since

{Q̃∗(Z) ≤ τ} = {Q̃(Z) ≤ τ} ∪ {Q̃(Z) > τ,Q(Z) ≤ τ} and that {Q̃(Z) > τ} = {Q̃(Z) >

τ,Q(Z) > τ},

P(Q(Z) > τ, Q̃∗(Z) ≤ τ) + P(Q(Z) < τ, Q̃∗(Z) ≥ τ)

≤ P(Q(Z) > τ, Q̃(Z) ≤ τ) ≤ P(|Q(Z) − Q̃(Z)| ≥ 0),
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however, P(|Q(Z)− Q̃(Z)| ≥ 0) is usually not available in practice. We now inves-

tigate the performance of the multifidelity surrogate model applied to the setup

in Example 23.

Algorithm 4 Multifidelity surrogate model Q̃∗(Z)

1: Let Q(Z) be the QoI and Q̃(Z) be a surrogate model.
2: For a sample z of Z:
3: if Q̃(z) > τ then
4: Evaluate Q(z).
5: Set Q̃∗(z) = Q(z).
6: else
7: Set Q̃∗(z) = Q̃(z).
8: end if

Example 24. Consider the setup in Example 23 and let Q̃adapt
max (Z) be the surro-

gate model approximation to Qmax(Z) resulting from the adaptive construction

outlined in Section 4.3.1. Denote by Q̃∗max the multifidelity surrogate model ac-

cording to Algorithm 4. We examine the performance of Q̃∗max(Z) in classifying

whether Qmax(Z) > τ or Qmax(Z) ≤ τ.

By generating Monte Carlo samples of Q̃∗max(Z) according to Algorithm 4,

we can readily investigate the convergence of the Monte Carlo estimate for the

precision, P(Qmax(Z) > τ | Q̃adapt
max > τ), at no additional computational expense.

This is displayed in the left panel of Figure 4.11 which plots this quantity as

a function of the number of samples of Q̃adapt
max (Z) > τ. For completeness, the

Monte Carlo estimate of the recall, P(Q̃adapt
max > τ |Qmax(Z) > τ), as a function of the

number of samples of Qmax(Z) > τ is plotted in the right panel, although this is

acquired through extra evaluations of the full model. Both plots show that the

precision and recall estimates are close to convergence after 100 samples of the

conditioned event.
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Figure 4.11: Monte Carlo estimates of precision (left panel) and recall (right
panel) as a function of the number of samples of Q̃adapt

max (Z) > τ and Qmax(Z) > τ,
respectively.

As in Example 23, we tabulate the confusion matrix for Q̃∗max(Z) as a clas-

sifier which we display in Tables 4.6 and 4.7 using the same test set of 10000

and 50000 samples of Z. The only difference in these confusion matrices is that

the entries in the second column are updated; in particular, the false positives

({Q̃∗max(Z) > τ} ∩ {Qmax(Z) ≤ τ}) are now 0. The calculated metrics from Table 4.6

are 1 for precision, 0.6111 for recall, and 0.0007 for the failure rate. For Table 4.7,

they are 1 for precision, 0.6667 for recall, and 0.0008 for the failure rate. De-

spite the perfect precision and low failure rate, the recall is still low for Q̃∗max(Z)

to be qualified as a desirable classifier that can aid in predicting if Qmax(Z) is

large. Even the recall rate were high, certain features of the multifidelity surro-

gate may be undesirable in certain applications. While Q̃∗max(Z) can be utilized to

generate samples of A(x,Z) |Qmax(Z) > τ to study its conditional law, a classifica-

tion scheme that does not invoke the full model anymore may be preferred for

purposes of prediction. We therefore investigate the use of a machine learning

classifier in Section 4.4 to complement the multifidelity surrogate.
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4.4 Machine learning classifiers

In the previous sections, we investigated various classification schemes to ac-

complish our objectives. Section 4.2 underscored that physics-based indicators

from A(x, ω), if they can be found, require numerous full model solves for val-

idation and calibration. In Section 4.3, we saw that the multifidelity surrogate

model still necessitated infrequent full model evaluations for prediction. In this

section, we leverage on the strengths of various classification schemes through

a two-stage approach that builds on Section 4.3 and commonly used machine

learning classifiers. We first assess in Section 4.4.1 the performance of only using

a machine learning classifer for rare event simulations. Section 4.4.2 examines

the general framework we propose.

Qmax(Z)

Positive Negative Total

Q̃
∗ m

ax
(Z

)

Positive 11 0 11

Negative 7 9982 9989

Total 18 9982 10000

Table 4.6: Confusion matrix for Q̃∗max(Z) based on 10000 samples of Z.

Qmax(Z)

Positive Negative Total

Q̃
∗ m

ax
(Z

)

Positive 84 0 84

Negative 42 49874 49916

Total 126 49874 50000

Table 4.7: Confusion matrix for Q̃∗max(Z) based on 50000 samples of Z.
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4.4.1 Support vector machines (SVMs) for rare event simula-

tions

In this subsection, we attempt to address our objectives of identifying input ran-

dom field samples that yield extreme response through machine learning classi-

fiers. While the classification schemes studied previously incorporated knowl-

edge about the system equations at varying levels, classifiers traditionally used

in machine learning are constructed solely based on training data. Suppose that

the training set is represented by samples {(zi, yi)}Mi=1 of the random vector (Z,Y)

with Z ∈ Rd and Y = ±1 where the Y = +1 label refers to Qmax(Z) > τ with

Y = −1 signifying otherwise. A machine learning classifier aims to partition

these samples into two classes according to their label yi in a manner that holds

(generalizes well) for samples not observed in the data set. Once constructed,

it can be used to determine the label of an arbitrary sample of Z and conclude

if it resides in the failure region. Unlike surrogate models which approximate

the QoI, the output of a machine learning classifier depends on the type used:

logistic regression returns the probability that a sample belongs to a class, SVMs

evaluate the value of a function whose sign (+ or −) indicates class membership,

etc.

To support the classification process, two other sets of samples are also uti-

lized, namely validation and test data, aside from the training data. Most ma-

chine learning classifiers depend on hyperparameters such as parameters of the

optimization algorithm used to train the classifier. The parameters of the classi-

fier then depend on these hyperparameter values. The latter needs to be spec-

ified beforehand so that the former can be found via optimization. Changing

the hyperparameter values may alter the optimal parameters obtained for the
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classifier, and hence the classifier itself. The validation data therefore serve to

tune the values of the hyperparameters – they are selected such that the result-

ing optimal classifier is able to partition the validation set sufficiently. Test data,

on the other hand, are invoked to report statistics such as the confusion matrices

in Section 4.3.

Various algorithms exists for classification [42] yet we only concentrate on

support vector machines due to its ease of implementation and geometric inter-

pretation; the discussion in Section 4.4.2 is not catered to a specific classification

algorithm. A review of the important concepts of SVMs [20,42,58] that we allude

to, including its hyperparameters, is presented in Appendix B. We only imple-

ment SVMs with Gaussian kernels relying on the scale parameter γ. Despite the

relative popularity of SVMs in classification problems, its performance may be

hindered in rare event applications due to the scarcity of rare event samples in

the training data. This implies multiple solves of the full model to guarantee a

sufficient number of training samples in the failure region. To resolve this, exist-

ing work [5] suggests variants of latin hypercube sampling (LHS) [71] to obtain

training data for the SVM that are adequately spread throughout the bounded

range of Z. We therefore assess the performance of using an SVM trained on

latin hypercube samples to classify whether or not a sample of Z corresponds

to a rare event. Two synthetic examples are examined below in which the fail-

ure region is comprised of 2 disjoint sets to mimic the setting in Example 23. In

these examples, latin hypercube sampling can be applied directly because the

range of Z is a hypercube, unlike that in Example 23.

Example 25. Suppose that Z = (Z1, . . . ,Z10) where Zi ∼ U(0, 1) are iid random

variables. Let F = {z ∈ [0, 1]10 | ‖z‖ ≤ 0.94}∪{z ∈ [0, 1]10 | ‖z−1‖ ≤ 0.94} be the failure

region such that Y = 1 if Z ∈ F and Y = −1, otherwise. For a fixed computational
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budget of 10000 samples for the training data, we investigate the performance

of an SVM classifier trained on latin hypercube samples in predicting if z ∈ F or

z < F for any sample z of Z.

The probability of failure for this example is P(Z ∈ F) = 1
29

π5(0.94)10
Γ(6) ≈ 0.00268

calculated using the formula for the volume of a ball in n-dimensions where Γ(·)

is the gamma function. This is comparable to that of Example 23. Since samples

generated through LHS are not fixed, 1000 sets of 10000 latin hypercube samples

were produced and we selected the set with the most number of samples con-

tained in F which was 48 samples shared between the 2 connected components

of F. The SVM was trained using the Python package scikit-learn [64]. We

varied the regularization parameter C in (B.0.2) and the kernel parameter γ us-

ing the suggested ranges 1e−3 ≤ C ≤ 1e6 and 1e−6 ≤ γ ≤ 1e3 with 10 evenly

spaced values for each on a logarithmic scale. For each pair of values for C and

γ, the trained SVM classifier was applied to 100000 test samples of Z distinct

from the training data and simulated according to the true distribution of Z to

compute precision and recall metrics. These are summarized in Figure 4.12. A

validation data set was not utilized since we desired to examine metrics across a

full spectrum of hyperparameters. The white squares for precision in the figure

signify that the value was nan. To understand why this occurs, let f (z) be the

target classifier such that f (z) > 0 whenever z ∈ F and f (z) ≤ 0 otherwise and let

f S V M(z) be the SVM classifier which predicts that z ∈ F if f S V M(z) > 0. Precision

in this case is expressed as P( f (Z) > 0 | f S V M(Z) > 0) and is undefined when-

ever f S V M(z) ≤ 0 almost surely, ie. the trained SVM classifier always predicts

that z < F which is due to the imbalance between the classes. From Figure 4.12,

a good combination of attained metric values is 0.83 for precision and 0.82 for

recall achieved at γ = 1 and C = 10.
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This example illustrates the situation when there is a large imbalance in the

number of training samples in and outside the failure region. In the next exam-

ple, we demonstrate that the SVM can still underperform even if this issue does

not arise.
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Figure 4.12: Precision (left) and recall (right) metrics as a function of the regu-
larization C and kernel γ parameters for the SVM classifier in Example 25 based
on 100000 test data.

Example 26. Suppose instead that Z = (Z1, . . . ,Z10) where: Zi = F−1(Φ(Gi)), Gi’s

are zero-mean, unit-variance Gaussian random variables with E[GiG j] = 0.8

for 1 ≤ i, j ≤ 10, i , j, Φ(·) is the standard normal cdf and F(·) is the cdf of

Beta(10, 10). The failure region is set to F = {z ∈ [0, 1]10 | ‖z − (1, . . . , 1︸  ︷︷  ︸
5

, 0, . . . , 0)‖ ≤

0.1.4515} ∪ {z ∈ [0, 1]10 | ‖z − (0, . . . , 0, 1, . . . , 1︸  ︷︷  ︸
5

)‖ ≤ 1.4515} with Y = 1 if Z ∈ F and

Y = −1, otherwise. As before, the objective is to train an SVM classifier based on

10000 latin hypercube samples to predict if z ∈ F or z < F for any sample z of Z.

The probability of failure is 0.0026, estimated using 100000 Monte Carlo sam-

ples of Z. Only 1 set of 10000 LHS was generated since 1886 of these were con-
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tained in F, a substantial increase from that of Example 25. The reason for this

is that in high dimensions, there is usually an inverse relationship between the

Lebesgue and probability measure: sets of low probability occupy a large vol-

ume and vice versa. Figure 4.13 compiles the precision and recall rates for var-

ious combinations of C and γ computed using a test set of 100000 samples of

Z simulated according to the true distribution of Z. A validation set was not

utilized due to similar reasons stated above. A good balance between the two

metrics is 0.66 for precision and 0.63 for recall attained at C = 1, γ = 10. The

SVM classifier in this case suffers from low precision rates. Since most of the

samples in the test set are from the high probability region of Z and outside F,

they are concentrated in a small volume of the domain wherein the classifier is

incorrectly predicting that they belong to F.
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Figure 4.13: Precision (left) and recall (right) metrics as a function of the regu-
larization C and kernel γ parameters for the SVM classifier in Example 26 based
on 100000 test data.

Examples 25 and 26 illustrate that SVMs trained on latin hypercube sam-

ples alone may not yield sufficiently high rates of precision and recall for rare
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event applications, unless the number of training samples is increased. This is

regardless of the number of training samples present in the failure region. Fur-

thermore, this sampling approach is only directly valid in hypercube domains.

The objective is now to search for an efficient method to obtain data to train ma-

chine learning classifiers. For scenarios in which the data arises from computa-

tionally expensive forward models, we accomplish this through a multifidelity

surrogate model to produce training data at a low computational cost.

4.4.2 Combining multifidelity surrogates and SVMs

We now introduce the two-stage approach to identify samples of A(x,Z) which

yield large QoI. In the first stage, samples of A(x,Z) and their approximate QoI

Q(Z) are efficiently generated through a multifidelity surrogate model defined

in Algorithm 4. These samples then serve as data to train an SVM that classi-

fies whether Q > τ in the second stage. This framework enables one to aquire

enough samples of A(x,Z) |Q(Z) > τ to study its conditional distribution and

also offers a scheme for prediction that eliminates the need to evaluate the full

model. In view of the examples in Section 4.4.1, the advantage of simulating the

training data in this manner is that a sufficiently large number of samples in the

failure region can be collected within a specified computational budget while

training samples outside the failure region are available at negligible cost. Al-

gorithm 5 details the proposed procedure for generating training data through a

multifidelity surrogate. It is assumed that a surrogate approximation Q̃(Z) to the

QoI Q(Z) has already been constructed. Following the notation in Section 4.4.1,

Y = 1 if Z ∈ F, the failure region, and Y = −1 otherwise.
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Algorithm 5 Generating training data using a multifidelity surrogate model

1: Let η1, η−1 be the minimum number of samples needed for (Z,Y) s.t. Y = 1
and Y = −1, respectively.

2: Set D = {} be the set of samples generated.
3: Denote by iη1 , iη−1 the current number of samples in D corresponding to Y = 1

and Y = −1.
4: while iη1 < η1 do
5: Generate a sample z of Z and evaluate Q̃(z).
6: if Q̃(z) > τ then
7: Evaluate Q(z).
8: if Q(z) > τ then
9: D← D ∪ {(z, 1)}

10: iη1 = iη1 + 1
11: else
12: D← D ∪ {(z,−1)}
13: iη−1 = iη−1 + 1
14: end if
15: end if
16: end while
17: while iη−1 < η−1 do
18: Generate a sample z of Z and evaluate Q̃(z).
19: if Q̃(z) ≤ τ then
20: D← D ∪ {(z,−1)}
21: iη−1 = iη−1 + 1
22: end if
23: end while

Succinctly, Algorithm 5 is just an application of Algorithm 4 in which we

prioritize generating samples in the failure region until the target number of

failure samples is reached because this requires evaluating the full model. A

large number of samples outside the failure region can then be produced as de-

sired due to the negligible cost of evaluating Q̃(Z) (lines 18-22 of Algorithm 5).

Simulating training samples in this manner implies that there are noisy samples

since the labels of some samples are flipped from +1 to −1. These false negatives

are due to the fact that the full model is not evaluated whenever Q̃(z) ≤ τ. How-

ever, since P(Q̃(Z) ≤ τ,Q(Z) > τ) ≤ P(Q(Z) > τ), we expect the number of samples
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with flipped labels to be insignificant especially if the failure probability is very

low in magnitude.

The work [33] surveys existing classification schemes that deal with flipped

labels in the training data. However, it is usually assumed that samples with

flipped labels are independent from each other which is not applicable in our

setting. An example of such work for SVMs includes [72] which resolves the

noise in the training data by solving a non-convex optimization problem. We

prefer to adhere to the standard SVM classifier in Appendix B and argue that the

regularization parameter is sufficient in handling the small number of samples

with flipped labels as in our case. We now apply the two-stage approach to the

following example to supplement the performance of the multifidelity surrogate

in Section 4.3.2.

Example 27. We build on the setup in Examples 23 and 24 in which the multifi-

delity surrogate according to Algorithm 4 was constructed using the full model

Qmax(Z) and the surrogate model Q̃adapt
max (Z) following the adaptive construction

for the SROM-based surrogate. Samples of (Z,Y) are then generated according

to Algorithm 5 to train an SVM classifier Q̃S V M
max (Z) with Q̃S V M

max (z) = 1 if z ∈ F and

Q̃S V M
max (z) = −1 otherwise. We examine the performance of Q̃S V M

max (Z) in predicting

samples of Z (and consequently A(x,Z)) that yield large Qmax(Z).

Regardless of how the training data are generated, an imbalance in the num-

ber of samples present in and out of the failure region will always exist since

the failure domain has low probability. To address this, a common strategy is

to oversample the minority class or undersample the majority class [54]. In our

experiments, we simulated 5021 samples in the failure region for the training

data. Following Algorithm 5, this resulted in 6265 evaluations of the full model

143



Qmax(Z) of which 1244 corresponded to Qmax(Z) ≤ τ. In addition to these 1244

samples, 68756 samples outside the failure region were produced at negligible

cost using Q̃adapt
max (lines 18-22 of Algorithm 5) so that a total of 70000 samples

reside outside F. Recall that an insignificant proportion of the 70000 samples

have flipped labels. We therefore have that the proportion of samples in the

training data contained in the failure region is 5021
70000+5021 ≈ 0.0669 which is sub-

stantially larger than P(Qmax(Z) > τ) ≈ 0.00234. Notice that our oversampling

scheme does not entail producing duplicates of existing samples in the training

data pertaining to the minority class.

To tune the hyperparameters C and γ for the SVM, we did not pursue k-fold

cross validation since a few samples of the training data have flipped labels and

more importantly, the distribution of our training set do not reflect the true dis-

tribution of Z. Note that the latter reason is also applicable for SVMs trained

on latin hypercube samples. Instead, we generated a validation set comprised

of 50000 samples {zvalid
k , yvalid

k }50000
k=1 of (Z,Y) that requires full model evaluations, is

simulated according to the true distribution of (Z,Y), and is not contaminated

with noise. Our specific validation set includes 112 samples in F. The hyper-

parameters chosen are the ones that yield a good combination of precision and

recall rates when the trained SVM is applied to the validation data. Figure 4.14

summarizes these metrics for certain values of C, γ. It is seen that C = 7500 and

γ = 0.0005 offer a good combination with 0.94 for precision and 0.88 for recall

and are thus the hyperparameter values we select.

To report the performance of the classifier, the trained SVM with the chosen

hyperparameters is applied to test data. This consists of the same set of 10000

and 50000 samples of Z (and the corresponding evaluations of the full model
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Figure 4.14: Precision (left) and recall (right) metrics of the trained SVM classi-
fier based on the validation data for certain values of C and γ.

Qmax(Z)) invoked to construct the confusion matrices in Examples 23 and 24.

The samples in the test set are distinct from that of the validation set and are

also distributed according to the true law of (Z,Y) with no samples possessing

flipped labels unlike in the training data.

Qmax(Z)

Positive Negative Total

Q̃
S

V
M

m
ax

(Z
)

Positive 17 3 20

Negative 1 9979 9980

Total 18 9982 10000

Table 4.8: Confusion matrix for Q̃S V M
max (Z)

based on 10000 samples of Z.
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Qmax(Z)

Positive Negative Total

Q̃
S

V
M

m
ax

(Z
)

Positive 118 13 131

Negative 8 49861 49869

Total 126 49874 50000

Table 4.9: Confusion matrix for Q̃S V M
max (Z)

based on 50000 samples of Z.

Tables 4.8 and 4.9 summarize the confusion matrices of the SVM classifier

based on 10000 and 50000 test samples, respectively. From Table 4.8, we deduce

0.85 for precision, 0.9444 for recall, and 0.1501 for the failure rate while from

Table 4.9, we obtain 0.9008 for precision, 0.9365 for recall, and 0.0994 for the

failure rate. Observe that the balance in these metrics is a significant improve-

ment compared to those attained in Examples 23 and 24 and that the failure rate

alone as introduced in [27] is insufficient and can be misleading as a metric since

it does not incorporate recall. Only a total of 10305 evaluations of the full model

to gather the training data were required, 4040 of which are due to constructing

the surrogate model Q̃max in Section 4.3.

We now investigate the effect of the samples with flipped labels present in

our training data. Figure 4.15 displays a boxplot of the false negatives, samples

whose labels were flipped from +1 to −1 due to the multifidelity surrogate in

Algorithm 5. The left panel plots their values according to Q̃adapt
max (Z) while the

right panel plots the Qmax(Z) values. These only accounted for 61 out of the 70000

training samples outside the failure region. Notice that these false negatives

are mostly concentrated close to the boundary of the failure region as the Qmax

values on the right panel indicate. This underscores that confusion matrices

146



alone do not offer the full perspective on a classifier: it is possible that for a

sample z, Q̃adapt
max (z) ≈ Qmax(z) yet Q̃adapt

max (z) > τ and Qmax(z) ≤ τ or vice versa. From

Appendix B, it is therefore not surprising that the value of the regularization

parameter C is relatively large which enables these false negative samples (−1

label) close to the true boundary of the failure region to be located on the side

of the boundary of the SVM classifier pertaining to the +1 class. Indeed, let f (z)

be the separating manifold in Appendix B whose sign indicates whether Q̃S V M
max

is +1 or −1. Evaluating f (z) associated to the trained SVM classifier at these 61

false negative samples resulted in 32 of these with f (z) > 0, i.e. Q̃S V M
max (z) = 1.

Finally, we remark that metrics we obtained in Table 4.8 and 4.9 are not nec-

essarily the most optimal that could possibly be found. This is because many

parameters in Example 27 could be adjusted such as the ratio of the samples

in the failure region to the samples outside it in the training data. The former

can be increased at additional computational expense while the latter can be

increased or decreased at negligible cost since they are produced using the sur-

rogate model.

false negatives

0.26

0.27

0.28

0.29

0.3

0.31

0.32

Q̃
a
d
a
p
t

m
a
x
(Z

)

false negatives

0.32

0.325

0.33

0.335

0.34

0.345

0.35

0.355

0.36

Q
m
a
x
(Z

)

Figure 4.15: Box plot of the false negatives in the training data in Example 27 for
their corresponding Q̃adapt

max (Z) (left panel) and Qmax(Z) (right panel) values.

We conclude this section by underscoring the disparity in the performance

of the SVM classifier if the training data were generated using standard Monte
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Carlo simulation as Example 28 demonstrates.

Example 28. We revisit Example 27 except that instead of generating training

data according to the proposed scheme in Algorithm 5, they are produced sim-

ply through Monte Carlo simulation based on the true law of Z. The effect of

the scarcity of training samples in the failure region on the SVM classifier is

examined.

The training data for the SVM was gathered from 50000 samples of Z and

Qmax(Z) of which 115 resided in the failure region. Only 1 set of Monte Carlo

samples was generated for the purposes of illustration. The hyperparameter

values were varied in the ranges 1e−3 ≤ C ≤ 1e6 and 1e−6 ≤ γ ≤ 1e3 with 10

evenly spaced values for each on a logarithmic scale. For each combination of

C and γ values, the SVM was applied to the same test set of 50000 samples of

Z utilized in Examples 23, 24, and 27. We did not make use of a validation set

in order to inspect the metrics for a spectrum of hyperparameter values. The

precision and recall rates are presented in Figure 4.16 with the white squares

indicating nan values. A good balance between the two rates is attained at

C = 100, γ = 0.001 with 0.86 for precision and 0.71 for recall. The fact that

the classifier achieves high rates of precision but low rates of recall for various

combinations of hyperparameter values signifies that it is unable to capture a

large scope of the failure region: it is likely that the high probability regions of

the failure domain identified by the SVM is mostly contained in the true failure

domain but that the high probability region of the true failure domain is largely

absent in the failure domain identified by the SVM.

The above examples serves to highlight the synergy that can be obtained by

combining a multifidelity surrogate to generate training data efficiently and a
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machine learning classifier to identify samples of A(x, ω) that yield large QoI.

Implicit in them is the availability of validation data that have no flipped la-

bels and that are distributed according to its true distribution to tune the SVM

hyperparameters. Obtaining such data efficiently will be considered in future

work.
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Figure 4.16: Precision (left) and recall (right) as a function of the regularization
C and kernel γ parameters for the SVM classifier in Example 28.

4.5 Conclusion

In this work, we studied the problem of identifying samples of the input ran-

dom field which yield large quantities of interest. This presents a shift from the

traditional objectives in reliability engineering which is mostly concerned with

computing probabilities of failure. While such quantities are useful in applica-

tions, they serve as global measures in that they do not offer clues as to what
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types of inputs cause failure nor how to design inputs that do not lead to such

events.

Several classification schemes were investigated to achieve our objectives.

These included physics-based indicators which are quantities computed from

the input random field that signal the occurrence of extreme events. However,

in practice, indicators may be difficult to derive unless a strong physical intu-

ition about the system is available. In addition, a large number of samples of

the rare event and hence full model evaluations is needed to verify and cal-

ibrate the indicator. In search of an alternative, we examined a multifidelity

approximation to the quantity of interest which is comprised of the surrogate

model and infrequent evaluations of the full model. Functioning as a classifier

that determines if an input random field sample leads to large QoI, the multi-

fidelity surrogate in our specific example achieved high rates of precision yet

low rates of recall. Since recurring to infrequent full model evaluations may

still be undesirable, we proposed a two-stage approach to identify the samples

of interest where in the first step, training data are efficiently gathered using

the multifidelity approximation and a machine learning classifier is trained on

these samples in the second step. We demonstrated the synergy of these 2 meth-

ods in obtaining high rates of precision and recall compared to other options for

producing training data such as Monte Carlo simulation and latin hypercube

sampling.
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APPENDIX A

COMPUTING THE PDF ON 1-DIMENSIONAL CONTOURS

Fix xL and consider the contour π−1(xL). Let xC parameterize the arc length

of π−1(xL) and denote by µ(π−1(xL)) the arc length of π−1(xL) so that 0 ≤ xC ≤

µ(π−1(xL)). The conditional pdf fXC |XL(xC|xL) along the contour can be approxi-

mated as follows:

• Select equidistant points {x(i)
C
}Ni=0 ⊂ [0, µ(π−1(xL))] such that x(0)

C
= 0, x(N)

C
=

µ(π−1(xL)) and x(i+1)
C
− x(i)

C
=

µ(π−1(xL))
N for i = 0, . . . ,N − 1.

• From P(XC ∈ (x(i)
C
, x(i+1)
C

) | XL = xL) =

∫ x(i+1)
C

x(i)
C

fXC | XL(xC|xL) dxC, we deduce the

approximation

fXC |XL(xC|xL) '
P(XC ∈ (x(i)

C
, x(i+1)
C

) | XL = xL)

x(i+1)
C
− x(i)

C

(A.0.1)

for xC ∈ (x(i)
C
, x(i+1)
C

) assuming that N is sufficiently large.

• To approximate the numerator in (A.0.1), we construct an infinitesimal re-

gion R in Γ = [0, 1]2 bounded by the contours π−1(xL) and π−1(xL + ε) for

ε sufficiently small and partition R into regions {Ri}
N
i=1 ⊂ Γ with Ri corre-

sponding to the arc lengths between x(i−1)
C

and x(i)
C

for i = 1, . . . ,N. It then

follows that

P(XC ∈ (x(i)
C
, x(i+1)
C

) | XL = xL) '
"

Ri+1

fZ(z1, z2) dz1dz2 (A.0.2)

where fZ is the joint pdf of Z1,Z2.
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APPENDIX B

REVIEW OF SUPPORT VECTOR MACHINES

In this section, the important concepts of support vector machines (SVM) as

referred to in Section 4.4 are reviewed. Additional information such as theoreti-

cal aspects about errors can be consulted in [20,42,58]. Let {(zi, yi)}Mi=1 be samples

of the random vector (Z,Y) which is distributed according to (Z,Y) ∼ D with

Z ∈ Rd and Y = ±1. SVMs attempt to discover a function f (z) that separates

{zi}
M
i=1 into 2 classes according to the value of yi. Once found, it can be used to

predict to which class an arbitrary sample z of Z belongs.

Suppose that the data is linearly separable, i.e. {zi}
M
i=1 can be partitioned into

two disjoint sets by a (d−1)-dimensional hyperplane f (z) = β0+βT z where β0 ∈ R,

β, z ∈ Rd. If the constants β0, β are known, SVMs classify data by evaluating f (z)

and assigning z to the positive class (y = 1) if f (z) > 0 or to the negative class (y =

−1) otherwise. These constants are chosen to maximize the Euclidean distance

between the hyperplane f (z) and the sample zi closest to it. This requirement

can be recast into a convex optimization problem given by

minimize
β0,β

1
2
‖β‖2 (B.0.1)

subject to yi(βT zi + β0) ≥ 1, i = 1, . . . ,M.

where the constraints signify that 1) the separating hyperplane f (z) correctly

segregates the data into 2 classes and that 2) each sample zi is at least a distance

of 1
‖β‖

from the resulting f (z). However, if the data is not linearly separable,

i.e. no such hyperplane exists, (B.0.1) can be modified by introducing slack

variables {εi}
M
i=1 so that f (z) only correctly classifies most of the samples. The
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modified optimization problem now reads as

minimize
β0,β

1
2
‖β‖2 + C

M∑
i=1

εi (B.0.2)

subject to yi(βT zi + β0) ≥ 1 − εi, i = 1, . . . ,M,

εi ≥ 0, i = 1, . . . ,M,

where C is a regularization parameter that must be specified. Depending on

the value of εi, the updated constraints permit the hyperplane to misclassify

some samples (εi > 1) or allow samples to be very near the hyperplane, i.e. a

distance less than 1
‖β‖

, despite being classified correctly (εi ≤ 1). The parameter

C controls the number of such samples: in general, large C means a smaller

penalty term
∑M

i=1 εi or smaller values for εi, i = 1, . . . ,M so that misclassified

samples in {(zi, yi)}Mi=1 mostly occur near the separating hyperplane f (z) and vice

versa [42, p. 418, Figure 12.1].

In practice, it may be more convenient to solve the dual problem of (B.0.2)

which lends additional geometric interpretation. The dual problem is expressed

as

maximize
α1,...,αM∈R

M∑
i=1

αi −
1
2

M∑
i=1

M∑
j=1

yiy jαiα jzT
i z j (B.0.3)

subject to 0 ≤ αi ≤ C, i = 1, . . . ,M,
M∑

i=1

αiyi = 0.

From the Karush-Kuhn-Tucker conditions, it can be concluded that β =∑M
i=1 αiyizi so that

f (z) = β0 + βT z = β0 +

M∑
i=1

αiyizT
i z. (B.0.4)

Furthermore, if αi = 0, yi f (zi) ≥ 1, whereas if αi = C, yi f (zi) ≤ 1, while 0 < αi < C

implies that yi f (zi) = 1. These conditions demonstrate that f (z) only depends on
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the samples zi for which αi , 0 or whose distance from f (z) is at most 1
‖β‖

, i.e. the

support vectors, and that it is not altered by the remaining samples in the data.

In more complex classification problems, the data may often be separated

more adequately by a nonlinear manifold. SVMs handle this by mapping the

input z into a feature space ψ(z) = (ψ1(z), . . . , ψD(z)) ∈ RD in which the data is

now linearly separable. It turns out that the mapping ψ(z) need not be known

explicitly; it suffices to define a kernel K(x, z) where ψ(z) must satisfy ψ(x)Tψ(z) =

K(x, z). The above discussion on separating data using hyperplanes still holds

except that (B.0.4) becomes f (z) = β0+
∑M

i=1 αiyiK(zi, z) while the objective function

in (B.0.3) is rewritten into
∑M

i=1 αi −
1
2

∑M
i=1

∑M
j=1 yiy jαiα jK(zi, z j). A commonly used

kernel is the Gaussian kernel K(x, z) = exp
(
−
‖x−z‖2

2γ2

)
for specified γ > 0.

In summary, constructing an SVM entails solving a convex optimization

problem to obtain the parameters β, β0 assuming that the hyperparameter values

such as C and the kernel parameter γ are fixed. A standard procedure is to split

the data into 3 disjoint sets: the training data from which β, β0 are estimated for

fixed hyperparameter values, the validation data for tuning the hyperparam-

eters, and the test data for reporting the performance of the SVM beyond the

training data. An alternative is to combine the training and validation data and

employ cross-validation to identify the parameters and hyperparameters.
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