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This dissertation aims at developing computationally tractable models and

algorithms to increase the operational efficiency of the Mobility-on-Demand

(MoD) ridesharing systems via three means: i) fast ride-vehicle matching; ii)

proactive rebalancing; iii) request-level pricing strategies, and iv) framework to

incorporate mode choice models.

Mobility-on-Demand (MoD) services such as Uber and Lyft are disrupting

urban mobility. Over the last few years, this disruption has led to much interest

in studying the design, management and impacts of these systems. However,

due to the large scale of the demand and fleet size, how to optimally assign the

vehicles to trip requests and how to optimize the prices charged on riders in real

time still remain as open problems. Studies usually solve the request-vehicle as-

signment task in two ways: i) greedy matching, in which a new coming request

is matched to a request immediately; ii) batching matching, in which the requests

are collected for a short time window (e.g. 30 seconds), and at the end of the time

window the optimization problem is considered for the whole batch of requests.

Batching matching can usually increase the matching efficiency since it can use

the fleet better compared to the greedy matching. However, riders’ waiting time

can be prolonged due to the batching window, and damage the riders’ experi-

ence. There is not a consensus on which method is better, and this dissertation

discusses both frameworks and one can implement the methods and compare

the performance via simulation. In addition, the research proposes speed-up



techniques for the batching matching, which can reduce the computation time

and increase the matching efficiency given a limited time window.

MoD systems are generally designed and analyzed for a fixed and exoge-

nous demand, but such frameworks fail to answer questions about the impact

of these services on the urban transportation system, such as the effect of in-

duced demand and the implications for transit ridership. In this dissertation,

we propose a unified framework to design, optimize and analyze MoD opera-

tions within a multimodal transportation system where the demand for a travel

mode is a function of its level of service. An application of Bayesian optimiza-

tion (BO) to derive the optimal supply-side MoD parameters (e.g., fleet size) is

also illustrated.

The profit of the MoD companies and the balance between the supply and

demand highly depend on the pricing strategies applied. Since the supply and

demand volumes at different locations change continuously, dynamic pricing

has been proven to be more robust and be helpful to relieve the Wild Goose

Chase (WGC) phenomenon. However, the current dynamic pricing method is

usually state-dependent. Specifically, given a location zone and its supply level

at the moment, the system determines the price multiplier for this zone for the

next time window. Although such methods are easy to implement, they ignore

the network effects among different location zones, and also they cannot differ

the price (multiplier) for requests in the same zone. In practice, travelers make

mode choice decisions by comparing the characteristics of each service in the

market, and the characteristics of the alternatives (e.g. public transit service)

are usually different for each traveler due to their different destination and so-

ciodemographic characteristics. To overcome the above difficulty, the pricing

method presented in this dissertation determines the price for each trip request



individually.

Although MoD services have become one of the major transportation modes,

public transit service is still an affordable and clean transportation mode choice.

This dissertation also develops fast computation techniques to solve the reliable

routing problem known as the stochastic on-time arrival (SOTA) problem in

transit networks, which provides a routing strategy that maximizes the proba-

bility of arriving at the destination within a given time budget.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

The popularity of ridesharing platforms such as Lyft and Uber has grown them

into multi-million dollar markets [4]. These Mobility-on-Demand (MoD) ser-

vices not only provide additional travel options to passengers but also have the

potential to decrease auto ownership and pollution. High capacity ridesharing

services such as Via also offer affordable alternatives to public transit services.

The efficiency of the MoD systems highly depends on the operational strate-

gies of the company, which consists of strategies in different levels: to maximize

the profit, the company needs to: i) in the system level, the company needs to

determine the optimal fleet size of each service it provides; ii) in the network

level, the company has to assign the vehicles to each request, but also needs to

maintain the balance of the supply and the demand, and iii) at request level, the

company needs to determine the price for each trip. All these decisions affect

the profit of the company and the welfare of travelers.

Compared to the traditional taxi service, the MoD dispatch system can

match the vehicles to trip requests in an online manner without a human dis-

patcher, which makes it possible to optimize the dispatch at scale [118]. How-

ever, what is the best method to match the vehicles to requests still remain as

an open question, and for high capacity MoD services, it is difficult to find the

optimal matching in real time due to the large scale of the demand and fleet

size.
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When a passenger plans a trip using a ridesharing mobile application, the

trip price and some other information about the trip are displayed to the trav-

elers. The passenger has the freedom to cancel the trip at no cost. The decision

of the passenger to accept or cancel the trip generally depends on the displayed

wait time and their perception of trip cost. Therefore, good pricing strategies

can not only increase the profit of the company, but also help attain the balance

of the supply and the demand.

The research presented in this dissertation is motivated by the need for

computationally tractable and efficient operational strategies for MoD services.

Therefore, models about MoD services are tested using real taxi demand data

in Manhattan, New York City. In the experiments for the SOTA problem, the

model is tested using real transit network in Chicago.

1.2 Fleet management for high capacity Mobility-on-Demand

(MoD) services

The fleet management strategies consist of the assignment from the vehicles to

the requests and the rebalance method for the idling vehicles. MoD services

are currently operated by vehicles with human drivers. However, the fleet will

probably to comprise autonomous vehicles since millions of dollars are invested

in the autonomous vehicle industry these years. Google planned to build a

fleet of autonomous vehicles [74], and in Europe, low-speed (25 miles per hour)

twelve-seat automated vehicles deployments were also underway through the

CityMobil2 project [30]. With such advancements in automation technologies,

demand-responsive autonomous mobility services are also gaining research in-
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terest [22, 30, 58, 102].

To provide high-quality on-demand ridesharing service, efficient fleet man-

agement methods to optimize the assignment from the vehicles to travel re-

quests are required. Most of the literature on Mobility-on-Demand (MoD) sys-

tems have been focused on the case without pooling travel requests until re-

cently [103, 120]. A recent study showed that 80% taxi trips in Manhattan, New

York City (NYC) could be shared by two riders with only a few minutes travel

time increase [97], which quantified the benefits of vehicle pooling on a real-

size network. However, the method only provides the optimal solution when a

ride can be shared by at most 2 riders, and is intractable for high capacity ve-

hicle pooling. To overcome this difficulty, a computationally efficient anytime

optimal fleet management algorithm was proposed to address both the prob-

lem of assigning vehicles to travel requests and the problem of rebalancing the

idling vehicles for a high capacity fleet [1]. Traditional methods for fleet man-

agement problem usually formulate the problem as an Integer Linear Program

(ILP), which is not tractable for large-scale instances due to the large solution

space. The method in [1] decoupled the problem by first employing the pair-

wise shareability graph [97] to compute feasible trips and then using a com-

pacter ILP to find the optimal assignment from the vehicles to feasible trips.

Extensive experiments using taxi trips in Manhattan, NYC showed that the al-

gorithm could provide a satisfying solution in real time for most of the cases.

However, the computation time could still be high when the fleet size was large.

For example, considering a fleet of 3000 four-seat vehicles, the simulation for a

day’s travel demand could be as high as about 41 hours using a 24-core 2.5GHz

computer [2]. In addition, MoD system performance can benefit from a more

efficient vehicle rebalancing method since the method in [1] was simply match-
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ing idle vehicles to the locations of the unserved requests assuming that these

requests may request again.

The first part of this dissertation (Chapter 2) is to develop techniques to

improve the state-of-the-art framework in [1], which includes: i) search space

pruning techniques when computing feasible trips; ii) a parallelization In-

put/Output (I/O) reduction technique; iii) improved vehicle assignment and

vehicle rebalancing formulation; iv) a proactive rebalancing method. These

techniques would not only help researchers conduct simulation-based studies

more quickly but also provide insights for the implementation of the method in

the industry.

1.3 Optimal design of Mobility-on-Demand (MoD) services at

system level

The optimal design of MoD systems at the system level will not only affect the

profit obtained by the company but also the welfare of the travelers in the sys-

tem. However, most existing models assume a fixed and exogenous demand for

MoD services by considering a waiting time threshold. In practice, this may not

be true: MoD services coexist with other travel modes (e.g., transit and walk-

ing). The demand for MoD is not only a function of its attributes (e.g., price,

travel time), but also depends on characteristics of the competing travel modes

as well based on individual preferences.

In Chapter 3, we develop a unified framework which integrates mode choice

models with a state-of-the-art system for modeling real-time on-demand mobil-
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ity services with varying passenger capacities (based on [1]). In addition, we

implement and integrate a Bayesian Optimization (BO) based solver to find the

optimal supply-side MoD parameters (e.g., fleet size, fare, etc).

In summary, the proposed framework would not only help in better under-

standing the influence of MoD services on urban mobility and answer system-

level policy questions, but would also illustrate a method to tune the supply-

side parameters that influence the demand.

1.4 Optimal pricing for Mobility-on-Demand (MoD) services

at trip request level

Pricing is one of the most important tools to affect the interaction between the

supply-side and the demand side in ridesharing systems, which has received

considerable attention recently. Most of the existing pricing frameworks are

state-dependent, which aim to find the optimal pricing multiplier for a location

zone given the supply level for a time window [15, 55]. Such dynamic pricing

methods are easy to implement, but they ignore the network effects and cannot

impose different prices for requests in the same zone. In addition, it is not clear

how to use such models to find pricing strategies for multiple services due to

the substitution behavior across MoD products.

In this dissertation, we consider a multimodal transportation system, where

three travel modes coexist – the exclusive MoD service (e.g., UberX), the sharing

MoD service (e.g., Uberpool), and the taxi service. The above two MoD services

are operated by one service operator. The objective is to optimize the prices of

5



both services for each trip request and the vehicle assignment to maximize the

operator’s profit. We assume that demand is endogenous in the system, and the

travelers will make mode choice according to an estimated multinomial logit

model [64, 90]. We develop: i) A sequential MoD service pricing framework,

which can be integrated in the current ridesharing service (Uber, Lyft, etc) usage

scenario, and ii) A batching MoD service pricing framework, which optimizes

the prices of MoD services and vehicle assignment for the trip requests in each

time interval. In both frameworks, we connect the pricing problem for each

request to the profit of the future time window, which makes the strategies less

myopic.

1.5 Stochastic on-time arrival (SOTA) problem in transit net-

works

People navigate over 1 billion kilometers a day using mobile routing ser-

vices [109], and many of these services provide travelers with information on

transit networks. In most of such applications, given an origin-destination (OD)

pair and a desired departure or arrival time, the route associated with the min-

imum expected trip time is provided to the user. However, the uncertainty as-

sociated with these recommendations, either due to variability in travel time or

the transit service headway, is rarely accounted for. In this dissertation, we also

attempt to bridge this gap by formulating and solving the Stochastic On-time

Arrival (SOTA) problem for transit networks, which provides a transit routing

policy that maximizes the probability of reaching the destination within a given

travel time budget in stochastic transit networks.
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Given the complexity of the SOTA problem, significant efforts have been

made to design efficient solution algorithms in road networks. In transit net-

works, the problem of determining a set of reliable travel decisions is signifi-

cantly more complex than in road networks. In this context, the traveler is not

in control of the transit line(s) that they may travel on to reach the destination,

and may have to make a number of complex decisions regarding which transit

line(s) to take. In our work, we consider the routing problem in transit networks

as a fully online problem. The online information setting mentioned above can

be easily adopted into our framework by changing the travel time and head-

way distributions accordingly. Specifically, we propose the formulation of the

SOTA problem for transit networks, including a general network structure for

stochastic transit networks and a decision-making model. Both the waiting time

for each transit line and the travel time on each link are assumed to be random

variables with known probability density functions. To find the optimal routing

policy, we design a dynamic programming (DP) algorithm, which is pseudo-

polynomial in the number of transit stations and time budget, and exponential

in the number of transit lines at each station. To reduce the search space, we

develop a definition of transit line dominance and present methods to identify

this transit line dominance, which significantly decreases the computation time

in our numerical experiments.
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CHAPTER 2

FLEET MANAGEMENT FOR HIGH CAPACITY MOBILITY-ON-DEMAND

(MOD) SERVICES

2.1 Fleet management problem for high capacity MoD services

2.1.1 Introduction

The research presented in this chapter aims to improve the state-of-the-art fleet

management approach in [1] in both computation performance and system per-

formance. All the techniques can be integrated in the framework without affect-

ing any time optimality.

This chapter first presents a number of numerical results for improving the

computational tractability of the problem. We first propose two search space

pruning techniques: the first technique significantly reduce duplicate computa-

tion by employing the fact that the travel time on the link will not change dra-

matically and the second technique is an early stopping criterion when checking

the feasibility of a trip. Since most of the computation in the framework is par-

alleled on different process workers, we also reduce the input/output overhead

using K-means clustering method. In addition, the formulation of the vehicle

assignment and the rebalancing are also improved by reducing some of the con-

straints without affecting the quality of the solution

The rebalancing method used in the framework in [1] guides the idle vehicles

to the location where requests are ignored in the past time window. In this

dissertation, we propose a proactive rebalancing algorithm, which can guide

8



idle vehicles to future demand based on a probability distribution estimated

using historical data.

The rest of this chapter is structured as follows. In Section 2.1.2 and Sec-

tion 2.1.3, we briefly review the fleet management method in [1]. In Section 2.1.4,

we introduce speed-up techniques to improve computation performance. Sec-

tion 2.2 proposes a proactive rebalancing method to improve MoD system per-

formance. Section 2.3 consists of numerical experiments on the Manhattan net-

work to show the efficiency of the techniques.

2.1.2 Problem formulation

We consider a fleet of vehicles with varying passenger capacities to satisfy the

demand for MoD services. The operation of MoD services includes two main

tasks: i) match travel requests to vehicles; ii) rebalance the idle vehicles to ar-

eas with potential future demand. Our formulation follows a state of the art

framework which was recently proposed by [1].

The set of vehicles is denoted by V = {v1, ..., vn}. Each vehicle vi has a cor-

responding capacity ci. The set of trip requests is denoted by R = {r1, ..., rn}.

Multiple travelers are allowed to share one single ride. A passenger is defined

as a past request that has been picked up by a vehicle and is now en-route to its

destination. For each request r, the waiting time is wr, which is the difference

between the pick-up time tp
r and the request time tr

r. For each picked up request

r, the total travel delay is defined as δr = td
r − t∗r , where td

r is the drop-off time

and t∗r is the earliest possible time at which the destination could be reached. t∗r

is computed by following the shortest path between the origin or and the desti-
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nation dr with zero waiting time. We want to find the optimal assignment that

minimizes a cost function C under a set of constraints as follows:

• For each request r, the waiting time wr must be below the maximum wait-

ing time Ωr. If one customer has waited for a time more than Ωr, the

request is discarded in the simulation, and a large constant penalty will

occur in the cost function.

• For each picked up request r, the total delay δr must be lower than the

maximum travel delay ∆r.

• For each vehicle v at any time, the number of passengers in the vehicle

must not be larger than the capacity cv

• The requests for travel via a specific MoD service type (e.g. ride-hailing

service, ridepooling service or micro-transit service) can only be served by

the vehicle fleet corresponding to the same service type.

The cost function C is set to the sum of total delay and the penalty for unas-

signed requests in this work1. The total delay includes both the waiting time

for all assigned requests and the in-vehicle delay caused by sharing with other

passengers. If a request is not served under the above constraints, it is discarded

in the simulation, and a large penalty cko will occur in the cost function.

C =
∑
v∈V

∑
r∈Pv

δr +
∑
r∈Rok

δr +
∑
r∈Rko

cko (2.1)

1We use this cost function to be consistent with the framework in [1]. In practice, we can use
other cost functions. For example, ridesharing service companies may want to minimize the
expected profit.
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where Pv is the set of passengers in vehicle v, Rok is the set of requests that have

been assigned vehicles, and Rko is the set of requests that are not assigned any

vehicles.

2.1.3 State-of-the-art fleet management approach

The MoD operation problem is essentially the same as the dynamic pickup and

delivery problem [98] with time windows, which has shown to be difficult to

solve exactly for a large-scale demand [81, 93]. The anytime optimal algorithm

in [1] decouples the problem by first computing feasible trips from a pairwise

shareability graph [97] and then finding the optimal trip assignment to vehicles

by solving an Integer Linear Program (ILP) of reduced dimensionality. In this

chapter, the assignment of the trip requests is processed at a frequency of every

30 seconds. Requests that have not been picked up in an assignment round re-

main in the request pool until the maximum waiting time constraint is violated.

Specifically, each round of the assignment simulation includes the following

steps:

(1) Compute a pair-wise request-vehicle graph (RV-graph). RV-graph de-

scribes possible pairwise matching between vehicles and pick-up requests. In

the graph, we connect two requests ri and r j if an empty virtual vehicle at the

origin of one of them can serve both of them without violating any of the con-

straints; Similarly, we connect a request r to a vehicle v if v can serve r under the

constraints listed in Section 2.1.2.

(2) Construct the Request-Trip-Vehicle graph (RTV-graph) using the cliques
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of the RV-graph, which includes all the feasible trips and also the vehicles that

can serve them. A feasible trip is defined as a set of requests that can be served

by one vehicle under the constraints. In the RTV-graph, a request r is connected

to a trip T if T contains r; A trip T is connected to a vehicle v only if v can

complete T without violating any constraints. The feasible trips and the edges

in the graph are computed incrementally in trip length for each vehicle, which

successfully reduces the search space [1]. This step results in all the feasible

assignments between the vehicles and the requests.

(3) Solve an ILP to compute the optimal assignment of vehicles to trips. Since

each trip can possibly be served by multiple vehicles, the ILP needs to not only

determine the assignment, but also ensure that each request and vehicle are

assigned to only one trip. The ILP in [1] is as follows:

minimize
∑

i, j∈XTV

ci, j · xi, j +
∑

k∈{1,...,n}

cko · χk

subject to
∑

i∈IT
V= j

xi, j ≤ 1, ∀v j ∈ V

∑
i∈IT

R=k

∑
j∈IV

T=i

xi, j + χk = 1, ∀rk ∈ R

xi, j ∈ {0, 1}, ∀i, j ∈ XTV

(2.2)

where XTV is the set of all feasible assignments between trips and vehicles, ci, j

is the cost of vehicle j serving trip i, cko is the constant penalty for an unas-

signed request, which controls the trade-off between the total delay term and

the penalty term. In our experiments, cko is set to a large constant to make sure

that the objective is to minimize the total delay given that the maximum possi-

ble number of requests are served. If cko is set to a relatively small value, some

requests may be rejected since the cost of serving them may be higher than the
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penalty for not serving them. The decision variables are xi, j and χk, where xi, j = 1

if vehicle j is assigned to trip i, and χk = 1 if the request rk is unassigned in this

round of assignment simulation. In the constraints, there are three sets: the set

of trips that can be served by vehicle j is IT
V= j; the set of trips that contains re-

quest rk is IT
R=k; the set of vehicles that can serve trip i is IV

T=i. The constraints

ensure that: i) each vehicle will serve at most one trip; ii) each request is either

served by one vehicle or ignored (χk = 1) in the assignment.

(4) Rebalance the idle vehicles. After the assignment, there may be idle ve-

hicles (no trips assigned to the vehicle) and unsatisfied requests (no vehicles

assigned). Assuming that more requests will be likely to appear in the neigh-

borhood of the unsatisfied requests, a linear program (LP) is solved to match

the idle vehicles to the locations of unsatisfied requests while minimizing the

rebalancing cost.

minimize
∑

v∈Vidle

∑
r∈Rko

τv,ryv,r

subject to
∑

v∈Vidle

∑
r∈Rko

yv,r = min(|Vidle|, |Rko|)

0 ≤ yv,r ≤ 1 ∀yv,r ∈ Y

(2.3)

whereVidle is the set of idle vehicles, τv,r is the travel time between the vehicle v’s

location and the origin of the unassigned request r, yv,r is the decision variable

where yv,r = 1 if the vehicle v is assigned the task to travel to the origin of r and

0 otherwise, and Y is the set of decision variables.
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2.1.4 Speed up techniques

In this section, we propose speed-up techniques to improve the on-demand high

capacity vehicle pooling framework. The techniques in this section do not im-

pair the anytime optimality of the framework. Readers can also refer to [27] for

approximation methods.

Search space pruning

In [1], an exhaustive search2 is conducted to check if a vehicle can serve a trip.

It is time-consuming for a trip with a high number of requests. In addition, the

number of trips increases exponentially with the number of requests. Therefore,

we propose techniques to: i) reduce the number of times required to conduct an

exhaustive search; ii) decrease the computation time of each exhaustive search.

Claim 1. Given a network with static travel time, if no vehicle can serve trip T under

the constraints in the current round of assignment simulation, there will not be any

vehicles that can serve trip T in the future.

As the travel time is not changing dynamically, the above claim is intuitively

true. In [1], when a trip is not feasible for vehicle v in the current round of

assignment simulation, it is still considered for v in the following rounds. To

reduce such duplicate computation, we propose the following technique:

Claim 2. For any trip i, an array Ai can be used to record the set of feasible vehicles. In

the following rounds of assignment simulation, only the vehicles in set Ai are considered

for trip i. We keep updating Ai, and discard trip i whenever |Ai| = 0.
2Enumerate every possible order of pickups and dropoffs for the requests to find the optimal

route and check if it violates any constraints.
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As the number of trips increases exponentially with the number of requests,

it can be memory-consuming if we consider all trips. In addition, the set of fea-

sible vehicles is small for a trip of multiple requests. Therefore, the computation

time saved by the technique is diminishing as the length of the trip increases.

In our work, we use the technique only for the trips with one request. Given

a network with dynamic travel time, the technique can be used as an efficient

approximation since the travel time will not change significantly during a trip.

The exhaustive search in [1] checks the feasibility of every possible route (or-

der of pickups and dropoffs for the requests in the trip) for a trip. For each route,

the framework lets the vehicle virtually follow it and check the constraints dur-

ing the process. In [1], the waiting time constraint is checked when traversing a

request’s origin, and the delay constraint is checked when traversing a request’s

destination. The following technique can potentially decrease the computation

time of the exhaustive search process for each route.

Claim 3. During checking a trip’s feasibility, whenever the vehicle traverses an origin

or a destination, the constraints are checked for every node in the route that has not been

traversed. If any constraint is violated, the route is not feasible.

The intuition is that when the vehicle arrives at some new location, some

requests may already be infeasible due to the vehicle’s detour on the prior route

section, and continuing to follow the route causes redundant computation.

Parallelization I/O reduction

In [1], when constructing the RV-graph, each request is connected to all the vehi-

cles that can serve it under the constraints. Specifically, for each request-vehicle
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pair, the framework checks if exists a feasible route to serve the request and

all the passengers in the vehicle. This is conducted via the exhaustive search

and is parallelized among the requests. Each request is assigned to a worker in

the pool of worker processes, and the set of possible vehicles is also input to it.

Here possible vehicles represents that if the vehicle travels directly to the origin

of the request, it can pick up the request within the waiting time constraint. As

the set of possible vehicles for different requests may overlap with each other,

each worker can reduce I/O communication by processing multiple requests in

a batch. To minimize the I/O overhead, we propose the problem of optimizing

the request-worker assignment:

minimize
∑
i∈N

|
⋃

r|zi,r=1

Vr| (2.4)

subject to
∑
i∈N

zi,r = 1 ∀r ∈ R (2.5)

zi,r ∈ {0, 1} ∀i ∈ N, r ∈ R (2.6)

where N is the set of workers, Vr is the set of possible vehicles for request r,

zi,r is the decision variable, where zi,r = 1 represents that request r is assigned to

worker i, and 0 otherwise. The aim is to minimize the number of vehicles input

to the workers in total. The problem is similar to the weighted set partitioning

problem but more difficult since the weight for each set is not known before zi,r

is set.

The set of possible vehicles should be similar for two requests that are spa-

tially close to each other, Therefore, instead of solving the above problem di-
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rectly, we use the K-means clustering algorithm [71] to cluster the requests based

on their coordinates, and assign each cluster of requests to different workers.

The number of clusters k is chosen according to the number of workers in the

computer.

Improved ride-vehicle assignment formulation

In this work, we use the following formulation for trip-vehicle assignment

which is mentioned in [65]. The formulation reduces the number of variables

by |R| compared to the formulation discussed in Section 2.1.3.

minimize
∑

i, j∈XTV

(ci, j − cko · li) · xi, j

subject to
∑

i∈IT
V= j

xi, j ≤ 1, ∀v j ∈ V

∑
i∈IT

R=k

∑
j∈IV

T=i

xi, j ≤ 1 ∀rk ∈ R

xi, j ∈ {0, 1}, ∀i, j ∈ XTV

(2.7)

where li is the number of requests in trip i. We track li for each trip i. We consider

all the requests unassigned before the assignment, and thus a total penalty cko ·

|R|3 is imposed to the objective function. Whenever we assign a vehicle j to a

trip i, the system gets a reward cko · li for picking up li requests in the trip. The

number of variables is reduced by |R| because we do not need χk for each request

in the formulation, but the solution is equivalent.

3This term is ignored in the objective function since adding constants does not affect the
optimal solution.
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2.2 Proactive rebalancing for ridesharing fleets

In this section, we propose a proactive rebalancing vehicle rebalancing frame-

work, which can potentially improve MoD system performance. The frame-

work comprises the following changes: i) we use a new rebalancing formula-

tion, which guarantees that the solution is a matching between the idle vehicles

and unsatisfied requests; ii) we propose a way to incorporate proactive rebal-

ancing in the rebalancing formulation.

New vehicle rebalancing formulation

The rebalancing algorithm in [1] is conducted in each round of assignment sim-

ulation. A vehicle may be assigned different rebalancing tasks in consecutive

rounds, and circle around inefficiently in the network. Therefore, we first add a

constraint to ensure that if a vehicle is assigned a rebalancing task in previous

rounds of simulation, it will not be considered in the rebalancing procedure in

the current round of simulation.

In the original formulation discussed in Section 2.1.3, multiple vehicles can

be assigned to one unsatisfied request if the request is close to these vehicles.

This can make the vehicles rebalance to one neighborhood and decrease the

spatial coverage of the fleet. We add one constraint to avoid this disadvantage.
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minimize
∑

v∈Vidle

∑
r∈Rko

τv,ryv,r

subject to
∑

v∈Vidle

∑
r∈Rko

yv,r = min(|Vidle|, |Rko|)∑
v∈Vidle

yv,r ≤ 1, ∀r ∈ Rko

0 ≤ yv,r ≤ 1, ∀yv,r ∈ Y

(2.8)

Note that in this section we are still rebalancing idle vehicles to the locations

of unassigned requests as in [1]. We will replace Rko by potential future requests

in Section 2.2. The new formulation ensures that the solution is a valid matching

between the vehicles and the requests. However, it increases the number of

constraints by |Rko|, and for each of these constraints, we have to calculate a

summation of |Vidle| terms. Formulating the problem for the solver will be time-

consuming when |Rko| is large. In our experiments, we set an upper bound to

both the number of vehicles and requests in the formulation, which are denoted

by Vmax and Rmax respectively. Specifically, this is done via the following steps:

Step 1: If |Rko| > Rmax, we randomly sample Rmax requests from Rko as the set

of requests using in the rebalacing procedure;

Step 2: If |Vidle| > min(Vmax, γ · min(|Rko|,Rmax)), we randomly sample

min(Vmax, γ · min(|Rko|,Rmax)) vehicles from Vidle as the set of vehicles using in

the rebalance.

We apply a constant multiplier γ, which represents that at most γ idle ve-

hicles are considered on average for each unassigned request. The parameters

Rmax, Vmax and γ control the tradeoff between the computation time and the re-

balancing optimality at the moment.
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Proactive rebalancing

The rebalancing algorithm in [1] assumes new requests will appear in the same

areas where the unsatisfied requests are. However, the assumption may not

be true if the demand does not show short-term recurring patterns. Therefore,

we propose a way to conduct proactive rebalancing based on the probability

distribution estimated using historical data.

A recent study proposes a predictive routing method for MoD system by

adding virtual future requests according to a prediction method [3]. The pre-

dictive routing method builds a probability distribution over the future demand

according to historical data. Then, it samples virtual requests based on the dis-

tribution, and add them to the request pool. These virtual future requests will

guide the vehicles to these areas in the assignment simulation. However, we

note from the results that: i) the service rate (number of requests serviced) is ap-

proximately the same as the reactive method without virtual request samples.

A potential reason is that after sampling, the probability for virtual requests to

appear in reality is not considered. Some virtual requests may be rare histori-

cally, which harm the system performance; ii) the computation time increases

significantly when adding several hundred virtual requests in each round of as-

signment simulation. Out proactive rebalancing method will also help guide

vehicles to the locations of potential future requests, but it does not have the

above two disadvantages.

Since the demand is sparsely distributed on thousands of network nodes in

a real-size network, it is hard to predict the future demand at the node level.

As we only need to guide the vehicles to areas where requests are likely to ap-

pear, we use the K-means clustering algorithm to spatially cluster the nodes
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according to their geo-coordinates. We assume that each passenger has a walk-

ing range of α miles. Then, the number of clusters k is determined by satisfying

Total area
k ≈ 2πα2. Based on historical data, we build the probability distribution

P(n | o, ξ), which is the probability of n requests appearing in cluster o given a

time interval ξ. A time interval ξ is defined by a tuple (ts, te) where ts and te are

the start time and the end time of the time interval respectively. Let nξo be the

maximum number of requests appearing in cluster o at time interval ξ accord-

ing to historical data. We can generate
∑

o∈O
nξo virtual requests for time interval ξ,

where O is the set of clusters. For each virtual request r, we set the probability

of it appearing at time interval ξ, which is denoted by pr, as follows.

Assume that we are considering cluster o and time interval ξ. The virtual

requests are denoted by r1, r2, ..., rnξo
. As the definition reveals, P(n | o, ξ) is the

joint probability of exactly n requests occurring among all nξo requests. What we

want to use is the marginal probability pri for 1 ≤ i ≤ nξo. We cannot solve all

these marginal probabilities because the correlations between the requests are

unknown. To help get a solution, we assume that ri can only appear when all

requests in the set {r j | 1 ≤ j < i} appear. This assumption implies the order on

these requests, i.e., when there are i requests appearing, they would be r1, r2,...,

ri. Under this assumption, we derive that pri =
nξo∑
n=i

P(n | o, ξ).

We can use formulation in Section 2.2 considering the set of virtual requests

with a probability higher than pmin
4. The number of virtual requests can be large

when the demand is high. To reduce the scale of the optimization problem, we

ignore the virtual requests if there exists an idle vehicle within a predefined

travel time range5. In summary, this method has the following advantages: i)

4We let pmin be 0.75 in the numerical experiments.
5We let the predefined range to be half of the maximum waiting time in the numerical exper-

iments.
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Compared to the predictive method in [3], our proactive rebalancing method re-

quires predictions of only the origins instead of origin-destination (O-D) pairs.

The probabilistic prediction is under less noise. Since we only consider the

requests with a high probability, we are more confident that the vehicles are

guided to areas with potential future requests; ii) The method does not increase

the scale of the trip-vehicle simulation; iii) Since we proactively send idle vehi-

cles to areas where future requests appear, the waiting time and delay for those

requests can be potentially decreased.

2.3 Numerical experiments

2.3.1 Experimental setup

We use taxi trip data in Manhattan, NYC from 6 am to 12 am on an arbitrary

day (Monday, May 6th, 2013) [25] as the travel demand. The network we use

is the entire road network of Manhattan (4092 nodes and 9453 edges) [1, 97].

The link travel time is the daily mean travel time, which is computed using the

method in [97]. The shortest paths between every two nodes in the network

are precomputed and stored in a look-up table. We evaluate the performance

of the techniques by comparing the metrics of interest in varying cases (differ-

ent fleet sizes, capacities, maximum waiting time, maximum delay) between

three algorithms: i) the framework in [1], denoted by original; ii) our framework

with the speed-up techniques6, denoted by speed-up; iii) our framework with

the speed-up techniques and the proactive rebalancing algorithm, denoted by

6Note that the rebalancing formulation 2.8 is also used in the speed-up framework.
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Table 2.1: Algorithm performance comparison.

Number of vehicles Capacity Ω (s) ∆ (s) Algorithm Computation time (s) Service rate Waiting time (s) Total delay (s)

1000

4

120 240

Original 4.56 0.445 73.58 132.82
Speed-up 0.78 0.461 73.67 132.43

Speed-up+Proactive 1.02 0.460 72.91 131.13

2000
Original 8.10 0.697 71.70 120.70

Speed-up 1.38 0.768 72.11 117.51
Speed-up+Proactive 2.41 0.762 70.41 114.57

3000
Original 10.37 0.785 69.37 110.18

Speed-up 1.92 0.904 67.62 95.84
Speed-up+Proactive 4.28 0.913 64.66 87.81

1000

300 600

Original 45.46 0.608 172.54 377.55
Speed-up 2.92 0.609 171.28 373.78

Speed-up+Proactive 2.61 0.609 171.30 373.70

2000
Original 58.26 0.950 147.79 305.12

Speed-up 5.04 0.957 146.97 301.02
Speed-up+Proactive 4.79 0.956 143.78 293.73

3000
Original 60.14 0.988 119.87 200.15

Speed-up 5.25 0.992 116.53 185.97
Speed-up+Proactive 6.02 0.996 95.59 131.64

1000

10

120 240

Original 5.20 0.454 73.14 132.86
Speed-up 0.76 0.467 73.55 132.42

Speed-up+Proactive 1.03 0.464 72.71 131.16

2000
Original 8.85 0.701 71.61 120.67

Speed-up 1.37 0.769 72.07 117.34
Speed-up+Proactive 2.43 0.763 70.53 114.82

3000
Original 11.24 0.793 69.07 109.42

Speed-up 2.81 0.904 67.80 96.19
Speed-up+Proactive 4.26 0.913 64.63 88.26

1000

300 600

Original 120.75 0.661 158.26 373.29
Speed-up 2.81 0.667 161.17 372.05

Speed-up+Proactive 2.63 0.659 160.32 369.98

2000
Original 80.39 0.960 140.30 297.76

Speed-up 4.85 0.963 143.61 299.02
Speed-up+Proactive 4.80 0.962 139.85 289.87

3000
Original 49.61 0.989 117.27 198.59

Speed-up 5.25 0.991 115.47 184.88
Speed-up+Proactive 5.95 0.996 95.19 131.33

speed-up+proactive. The system is implemented using Python 3.5, and all experi-

ments are conducted on a 4 core 3.4GHz computer. The maximum waiting time

and the maximum total delay are assumed to be the same for all requests, which

are denoted by Ω and ∆ respectively.

2.3.2 Experimental results

We conduct two sets of experiments with a fleet of capacity 4 vehicles and a

fleet of capacity 10 vehicles respectively. During the experiments, we collect the

following metrics: the mean computation time (average computation time for

a round of assignment simulation), service rate, mean waiting time and mean

total delay. These metrics are shown in Table 2.1.
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We first analyze the performance of the speed-up framework. The speed-up

techniques decrease the computation time significantly in all cases with no op-

timality loss. Specifically, the average computation time reduction is as high as

87.46%, while the mean waiting time and mean in-vehicle delay remain at the

same level. The maximum computation time reduction is 97.67% when operat-

ing a fleet of 1000 capacity 10 vehicles with Ω = 300 and ∆ = 600. When Ω and

∆ increases, the computation time of the original framework increases signifi-

cantly, but the computation time of our speed-up framework remains at the same

magnitude. In addition, the service rate is increased by 3.5% on average. For

our experiment time span, this represents that 4068 more passengers are served

in 6 hours. Two potential reasons for this to happen: i) the search space pruning

technique discussed in Claim 3 allows us to use less time to conduct the exhaus-

tive search to check a trip’s feasibility. Therefore, we can explore more feasible

solutions in the RTV-graph given a computation time limitation7. ii) the rebal-

ancing formulation 2.8 is more efficient due to the newly added constraints. The

maximum gap (11.9%) happens when operating a fleet of 3000 capacity 4 vehi-

cles with Ω = 120 and ∆ = 240.

The speed-up+proactive framework offers a 81.44% computation reduction on

average compared to the original framework. The average computation reduc-

tion is slightly lower than the speed-up framework because the number of virtual

requests can be higher than the number of unassigned requests. However, the

service rate is increased by 4.8% on average, which is higher than the speed-up

framework. In addition, the waiting time and total delay are decreased by 5.0%

and 10.7% respectively. The largest gap happens when operating a fleet of 3000

capacity 4 vehicles when Ω = 120 and ∆ = 300, where the speed-up+proactive

7In [2], when computing the RTV-graph, a time limit to explore potential trips per vehicle is
imposed.
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framework reduces the waiting time and the total delay on average by 24.28

seconds and 68.51 seconds respectively.
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CHAPTER 3

A FRAMEWORK TO INTEGRATE MODE CHOICE IN THE DESIGN OF

MOBILITY-ON-DEMAND (MOD) SYSTEMS

3.1 Introduction

The rapid growth of Mobility-on-Demand (MoD) services such as Uber and

Lyft is disrupting urban mobility. Over the last few years, this disruption has

led to much interest in studying the design, management and impacts of these

systems. Several analytical and simulation-based studies have focused on the

efficient design of the MoD system – allowing passengers to share rides and

managing the fleet to serve travel demand with the minimum fleet size, passen-

ger’s waiting time, and vehicle miles traveled. In one of the first studies to de-

velop a practical framework for managing a large-scale MoD fleet, [69] devised

a heuristic-based taxi dispatching strategy and fare management system that

could handle operations of large urban scaled fleets. To incorporate ridepool-

ing (capacity 2), [97] developed the notion of a shareability graph, and showed

that almost all the taxi demand in Manhattan, New York (around 150 million

annual trips as of 2011) could be served by pairing up requests (2 requests per

taxi). Pushing this result further, [1] presented a computationally efficient any-

time optimal algorithm that can enable real-time high capacity ridepooling (up

to 10 riders per vehicle) at the scale of Manhattan. Results show that 98% of the

taxi demand in Manhattan can be served by 3000 vehicles of capacity 4 instead

of the current fleet of 13586 active taxis.

With recent advancements in automation technologies and government reg-
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ulations enabling this technology, autonomous MoD (AMoD) systems1 are also

gaining research interest [58, 102]. For example, an agent-based simulation of

AMoD services are conducted for both Austin, Texas [31] and Melbourne, Aus-

tralia [22]. Both studies concluded that AMoD services can satisfy travel de-

mand with around one-tenth of privately-owned vehicles. A few simulation-

based studies also subsequently quantified the impact of MoD and AMoD ser-

vices on the environment [29], congestion [36], and parking [122].

In areas where public transit serves a large proportion of demand, the in-

teraction between MoD services and transit should not be overlooked. Con-

sidering MoD services as a complementary mode of transit, a few studies

have designed a bimodal MoD system to solve the first and last mile prob-

lem [70, 79, 100, 112]. [70] developed a real-time dispatching policy for MOD

services in cooperation with existing mass transit service and tested it on a real

network between Luxembourg City and its French-side cross-border area. [100]

studied the integration of MoD service with Singapore transit using agent-based

simulation. The authors concluded that the integrated system is financially vi-

able and has the potential to make transit attractive by reducing out-of-vehicle

time.

However, all these studies assumed a fixed and exogenous demand for MoD

services. Most models assume a waiting time threshold with the demand that

cannot be picked up within that threshold being considered unsatisfied or drop-

out demand. The inherent assumption here is that passengers (from a certain

demand set) that can be served by MoD will necessarily choose it. In practice,

this may not be true: MoD services coexist with other travel modes (e.g., tran-

1Note that the design framework of MoD and AMoD is similar if behavioral aspects and
driver economics are omitted.
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sit and walking). The demand for MoD is not only a function of its attributes

(e.g., price, travel time), but also depends on characteristics of the competing

travel modes as well based on individual preferences. Therefore, even if a pas-

senger can be served by MoD services, they may choose other travel modes for

a number of reasons.

Moreover, optimizing the operational performance of AMoD or MoD sys-

tems under an exogenous demand cannot answer policy questions related to

the extended impact of these services on the urban transportation system as

a whole. Such questions include the impact of MoD services on transit rider-

ship [6], vehicle ownership [46], and demand for parking [121]. Only a hand-

ful of studies have considered an endogenous demand model where MoD or

AMoD systems compete with other travel modes based on service quality. [50]

and [6] integrated such models into the MATSim and SimMobility platforms

which are multi-modal agent-based activity simulators. However, both simu-

lators suffer from a common problem of relying on the scenario-based supply-

demand analysis of virtual cities, not optimizing the supply-side parameters,

and using a synthetic mode choice model.

A few recent studies have considered supply-demand interactions in a mul-

timodal transportation system in the presence of on-demand mobility service.

These studies have done so in the context of agent-based stochastic user equilib-

rium with a day-to-day adjustment process [24]. In particular, [23] models the

dynamic adjustment process of an MoD operator. However, unlike our design-

focused approach, these studies emphasize evaluating the sensitivity of differ-

ent MoD operating policies as opposed to determining the optimal supply-side

response.
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The contribution of this study is twofold. The first contribution is to de-

velop a unified framework which integrates mode choice models with a state-of-

the-art system for modeling real-time on-demand mobility services with vary-

ing passenger capacities (based on [1]). We illustrate the proposed framework

by developing a multi-scale MoD fleet management system to serve the taxi

demand in Manhattan where passengers are utility maximizers and choose a

travel mode from a set of four mutually exclusive alternatives: ride-hailing ser-

vice (capacity 1), ridepooling service (capacity 4), micro-transit service (capacity

10) and public transit (e.g. subway). The first three travel modes are MoD ser-

vices assumed to be run by a single MoD provider. Note that the underlying

mode choice model is calibrated with stated preference survey data from New

York City.

The second contribution of this study is to implement and integrate a

Bayesian Optimization (BO) based solver to find the optimal supply-side MoD

parameters (e.g., fleet size, fare, etc). Historically, two types of methods have

been used to determine the supply-side parameters of MoD systems: i) Heuris-

tic methods to simultaneously optimize supply-side parameters and the vehicle

routing problem (VRP) [63, 92]. Due to the complexity of VRP, these methods

are inefficient for optimizing large-scale MoD operations; ii) Predefine candi-

date combinations of parameters (or scenarios), and then conduct a grid search

to find the one that gives the optimal objective function value in the simula-

tion [5, 11, 13, 61, 73]. The performance of this approach highly depends on the

quality of the predefined set of candidate solutions. In addition, grid search

struggles in finding even near-optimal solutions in a high dimensional space in

reasonably short time. In this work, we decouple the optimization of supply-

side parameters and the MoD vehicle assignment problem. We consider the
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transportation simulation system as a black-box function, and use BO as a se-

quential search strategy to optimize the supply-side parameters.

The rest of this chapter is structured as follows. In Section 3.2, we formulate

the mathematical problem and propose the unified framework. In particular,

we describe two essential components: the mode choice model and the MoD

simulation system. In Section 3.3, we introduce a BO-based approach to find the

optimal supply-side parameters. Section 3.4 consists of numerical experiments

on the Manhattan network, which are focused on the numerical convergence

of the proposed framework, efficiency of the BO approach introduced in this

work, and practical insights that the framework provides.

3.2 Framework: Modeling Mobility-on-Demand Systems

within a Multimodal Transportation System

We consider a general transportation system that includes public transit and

three classes of MoD services with varying passenger capacities (i.e., maximum

occupancy). The public transit option is considered to be a complimentary

travel mode to the MoD services, but note that the framework is not limited

to this specific case2. The goal is to develop a simulation optimization frame-

work to optimize both i) the system-level objective functions (e.g., MoD system

operator’s profit or consumer surplus) when the demand for MoD services is

not exogenous and rather depends on their and other competing travel modes’

level of service (e.g., waiting time, travel time, and travel cost), and ii) the trans-

2In the framework, the interplay between all travel modes is considered in the mode choice
model. After the demand for each travel mode is generated, the simulator for each mode is run
independently. Therefore, we can use any set of candidate travel modes for any purposes.
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portation system operations given a certain set of supply and demand side pa-

rameters. The proposed simulation and optimization framework is shown in

the Figure 3.1.

Figure 3.1: A framework to optimize the supply-side parameters for MoD sys-
tem with the integration of the mode choice model.

The proposed framework can be disentangled into inner and outer loops.

The outer loop iteratively optimizes the supply-side parameters using BO and

terminates when a stopping criterion of BO is satisfied. For a given set of

supply-side parameters, the objective function (e.g., operator’s profit) of the

outer loop is evaluated at the equilibrium of the inner loop. The inner loop it-

eratively performs the following steps: i) evaluate mode choice probabilities, ii)

simulate the demand for and operations of public transit and MoD services, iii)

update mode-specific attributes (e.g., waiting time) as the inputs to the choice
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model in the next iteration, and iv) repeat until an equilibrium is reached, i.e.

when the average difference in mode shares of two consecutive iterations is

lower than a predefined threshold (see Section 3.4.1). In other words, if each it-

eration of the inner loop is interpreted as a “day”, for a given set of supply-side

parameters, passengers learn from the experienced historical level-of-service of

travel modes so that they can make more informed mode choices on a given

day. The inner loop terminates when passengers saturate their learning and

make nearly consistent mode choices on consecutive days.

This section discusses the different components of the inner loop such as the

mode choice model, and operations of public transit and MoD services. Sec-

tion 3.3 discusses a BO-based approach to find the optimal supply-side param-

eters (outer loop).

3.2.1 Mode Choice Model and Data

To understand preferences of New Yorkers for MoD services, we conducted a

stated-preference (SP) study. In an online survey, the respondents were asked

about sociodemographics, travel characteristics, and various other opinions.

The survey also had a discrete choice experiment (DCE) in which each respon-

dent was asked to choose the best and the worst travel mode from a set of three

choices: Uber (without ridesharing), UberPool3 (with ridesharing), and their

current travel mode (the one used most often on their most frequent trips). Ta-

ble 3.1 shows the attribute levels of the DCE design. In the case of monthly

payment of trip and parking costs, a per trip cost was computed by dividing

monthly cost with trip frequency. The per mile cost of a private car ($.45) was
3UberPool represents MoD services with a passenger capacity of more than one.
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obtained by summing the insurance, maintenance, and fuel cost (AAA News

Room, 2016). In the DCE design, we made sure to constrain in-vehicle travel

time (IVTT) and per mile cost of Uber to be less and more, respectively, than

those of UberPool. Respondents were provided textual and visual information

about all alternatives at the starting of DCE.

Table 3.1: Experiment Design for Mode Choices.
Uber (Without Ridesharing) UberPool (With Ridesharing) Current Mode

Walking and Waiting Time 25%, 50%, 75%, 100% 25%, 50%, 75%, 100% asked (100%)
In-vehicle Travel Time 80%, 95%, 110%, 125% 90%, 105%, 120%,135% asked (100%)
Trip Cost Per Mile ($)
(Excluding Parking Cost) 0.55, 0.70, 0.85, 1.0, 1.2 0.45, 0.60, 0.70, 0.80 asked or computed
Parking Cost 0 0 asked
Powertrain Gas, Electric Gas, Electric Gas
Automation Yes, No Yes, No No
Note: All % are relative to the reference alternative.

To obtain priors for pivot-efficient DCE designs4, we first conducted a

pretest. A D-efficient design with zero priors containing 4 blocks (6 choice situa-

tions per block) was generated with the Ngene software [20] for the pilot study.

The attribute levels of Table 3.1 were used in the design. The online pilot sur-

vey was created using the web-based Qualtrics platform, but the survey was

distributed among a continuous panel provided by Survey Sampling Interna-

tional (SSI, a professional survey firm) in February 2017. Those who drive for

any MoD service or are younger than 18 years were considered ineligible to par-

ticipate in the survey. Those who completed the survey in less than 10 minutes

or provided conflicting responses (e.g., reported more children than household

size) were discarded. After eliminating such responses, 298 (out of 397) com-

pleted responses were used as valid pretest observations for further discrete

choice analysis.

We used prior parameter estimates from the pilot study to create a pivot-

4In pivot-efficient designs, attribute levels shown to the respondents are pivoted from refer-
ence alternatives for each respondent. In this study, the travel mode used on the most frequent
trips was considered as the reference alternative.
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efficient design with 6 blocks (7 choice situations per block). All the attributes

and attribute levels remained the same (Table 3.1). Table 3.2 shows an example

of the choice situation of the final mode choice experiment.

Table 3.2: An Instance of the Choice Experiment
Uber (Without Ridesharing) UberPool (With Ridesharing) Current Mode: Car

Walking and Waiting time 6 minutes 9 minutes 12 minutes
In-vehicle Travel Time 38 minutes 50 minutes 48 minutes
Trip Cost
(Excluding Parking Cost) $11 $8 $6
Parking Cost – – $6
Powertrain Electric Gas Gas
Automation Service with Driver Automated (No Driver) –

We conducted the main study during October-November 2017. After data

validation tests, preferences of 1507 (out of 1689) respondents were used in the

model estimation. We estimated a multinomial logit (MNL) model and used

MNL attribute valuation for prediction of mode choice probabilities, which are

needed in the simulation. The closed-form choice probability MNL expressions

allow a seamless integration in the MoD simulation framework5. Table 3.3 sum-

marizes MNL parameter estimates. By dividing marginal utilities of attributes

with that of trip cost, willingness-to-pay (WTP) estimates are derived. By us-

ing these marginal rates of substitution, the model provides evidence that New

Yorkers are willing to pay $25.9 and $18.6 to save an hour of OVTT and IVTT, re-

spectively. The recommended hourly value of travel time for local commute by

passenger car in downstate New York is $15.6 (Department of Transportation,

New York State, 2012), which is close to our estimate of WTP to save an hour

of IVTT. Another study of economic evaluation (US Department of Transporta-

tion, 2011) estimates that walking, waiting, and transfer time in personal travel

should be valued at $19.10 - $28.70 per hour. Our estimates of WTP to save an

hour of OVTT falls in this range. Although WTP estimates can be transferred
5We tried nested logit specifications with different nesting structures, but in all scenarios,

one of the nests’ elasticity estimates was above one. In other words, nest correlation was out
of the accepted range [0, 1] for compatibility with random utility maximization. This implies
preferences of the sample are not aligned with nested logit correlation.
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directly to the MoD simulation, alternative specific constants (ASCs) require

recalibration (ASCs in SP studies are just manifestation of sample shares of al-

ternatives). This process is consistent with the estimated mode choice model,

but is not ideal because choice sets of SP study and the considered taxi demand

are different6. Details about recalibration of ASCs can be found in Sections 3.4.2

and 3.4.4.

Table 3.3: Multinomial logit model estimates
Attributes Coef. Std. Err. Z-stat
Walking and waiting time (OVTT, in mins) -0.032 0.0020 -16.3
In-vehicle travel time (IVTT, in mins) -0.023 0.0025 -9.3
Trip cost -0.074 0.0030 -24.3
Parking cost -0.057 0.0091 -6.3
Electric -0.041 0.0386 -1.1
Automation -0.182 0.0409 -4.5
ASC
Uber -0.821 0.0646 -12.7
UberPool -1.266 0.0519 -24.4
Carpool 0.057 0.1594 0.4
Ridesharing -1.689 0.1592 -10.6
Transit -0.232 0.0491 -4.7
Car base
Loglikelihood -9762.281
Number of observations 1507

3.2.2 Simulation of MoD and Transit Operations

In this section, we introduce the system we use to simulate the operations of

the MoD and transit services. The simulation of the MoD services follow the

approach discussed in Section 2.1.3.

6The recalibration of ASCs is much easier for the full travel demand model where all possible
alternatives are available to travelers and their real mode shares are known.
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Simulation of the Public Transit Service

We assume that the network and operational characteristics of the existing pub-

lic transit system (headway, travel time, etc) are known. To obtain the level of

service attributes of the public transit in the mode choice model, we perform a

transit network assignment for each origin-destination (OD). We first combine

the road network we use in MoD service simulator and the public transit net-

work. Then we use an all-pair shortest path algorithm to find the walk-transit-

walk path for each OD pair. This procedure consists of the following steps:

(1) Construct the public transit network. The public transit data is obtained

from the General Transit Feed Specification (GTFS) dataset published by the

transit authority through Google’s GTFS project. The public transit network

topology is created according to the schedules and associated geographic infor-

mation in the GTFS data. The weight on each link is the scheduled travel time

between two transit stations.

(2) Combine the road network and the public transit network. The weight

on the link between two road network nodes is set to the walking time

(distance/walking speed). For each road network node, we add a link to con-

nect it to each public transit network node within the walking range (e.g. 0.5

miles). As the origins and destinations are part of the nodes in the road net-

work, the weight on the link connecting the road network node and the public

transit node is set to a generalized cost, which is the sum of the walking time

(distance/walking speed), the expected waiting time (half of the headway for

the public transit line) and the trip fare (converted to seconds) for the public

transit line.
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(3) Compute the all-pairs shortest path using the combined network, and

store them in a look-up table. During the simulation, we refer to the table to

find the path and mode-specific attributes for public transit in the mode choice

model.

3.2.3 Updating Historical Trip Attributes and Inner Loop Stop-

ping Criterion

To model the memory and learning process of the travelers, we store and update

the historical trip attributes for each OD after each iteration of the inner loop,

and use these values as inputs to the mode choice model at the next iteration.

Since the demand is sparsely distributed on the thousands of network nodes

(e.g., 4092 nodes in our network), we use K-means clustering algorithm [71] to

spatially cluster the nodes. If the walking range for the passenger is r miles, we

determine the number of clusters k by satisfying Total area
k ≈ 2πr2. The historical

trip attributes are stored and updated at the cluster-level.

Due to the maximum waiting time Ω and the maximum delay ∆ constraints,

some of the demand for a certain MoD service may not be satisfied by the sys-

tem. We assume that the demand that is unsatisfied (due to these constraints)

will switch modes and take public transit. Therefore, for each cluster pair (i, j),

we also store the service rate si, j,m for each MoD mode m, which is the proportion

of travel demand served by mode m for cluster pair (i, j).

We compute the utility of the MoD services for the next iteration as follows

(accounting for unsatisfied requests): Assume that for the cluster pair (i, j), the
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utility of taking MoD mode m and being picked up in the simulation is U
′

i, j,m,

and the utility of taking transit is Ui, j,t. Then, the utility of taking the MoD mode

m in the next iteration Ui, j,m is computed according to the following equation:

Ui, j,m = si, j,m · U
′

i, j,m + (1 − si, j,m) · cm · Ui, j,t (3.1)

A constant penalty multiplier cm is used since transit was not the passen-

ger’s first choice in the last iteration. A high cm penalizes the utility function

more if a request is not satisfied, and further decreases the corresponding MoD

mode’s share. In the numerical experiments, we use cm = 2. This parameter

should ideally be calibrated using a stated preference study, which we leave for

the future research. U
′

i, j,m and Ui, j,t can be computed according to the histori-

cal trip attributes. After each iteration, the historical trip attributes are updated

according to the following equation:

~Hn+1
i, j,m = β ~Hn

i, j,m + (1 − β) ~In
i, j,m (3.2)

where ~Hn
i, j,m is the set of historical trip attributes for cluster pair (i, j) for mode

m at iteration n which consists of the in-vehicle travel time, waiting time and the

service rate, β 7 is a constant coefficient that controls the balances between the

historical information and the new information, ~In
i, j,m is the trip attributes for

cluster pair (i, j) for mode m which we obtain from the simulation in the current

iteration by averaging the attributes for all ODs in the cluster pair.

The inner loop simulation procedure is iterated until the following stopping

7In our numerical experiments, we let β = 0.5.
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criterion is satisfied:

Zn =
1
|M|

∑
m∈M

|S n
m − S n−1

m | (3.3)

where Zn represents the average mode share difference among all the travel

modes between iteration n and n − 1, M is the set of candidate travel modes,

S n
m is the share of mode m at iteration n. If Z attains a value smaller than a prede-

fined threshold of 0.01, the inner loop is terminated. In other words, the learning

of travel demand saturates and system appears to achieve an equilibrium as a

result of their consistent travel mode choices on consecutive ”days”.

3.3 System Optimization using Bayesian Optimization

In Section 3.2, we discussed a simulation framework where the inner loop con-

siders the supply-demand interaction for a given set of operational parameters

of MoD services. In this section, we study the problem of optimizing these pa-

rameters which include fleet size and the pricing rules for MoD services with

varying passenger capacities.

The inner-loop simulation can be considered as a black-box function f (~x)

for which the set of supply-side parameters ~x (i.e., decision variables) should be

chosen such that the system performance metric at the equilibrium of inner loop

attains its optimal value. The performance metric depends on the influence of

different stakeholders. For example, whereas policy-makers might be interested

in optimizing the consumer surplus and vehicle miles traveled, MoD operator

might be interested in just maximizing the profit.
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This optimization problem is difficult to solve because of the following prop-

erties:

• The objective function cannot be evaluated analytically and its derivatives

are thus not easily available;

• One can obtain observations of the objective function, but the function

evaluation for even one set of decision variables is computationally ex-

pensive;

• The function evaluation can be affected by simulation noise such as predic-

tion of mode choice probability and other random factors (e.g. the initial

location of the vehicles) in the MoD service simulator.

Whereas these characteristics make the problem intractable to solve us-

ing analytical optimization methods, Bayesian Optimization (BO) is an appro-

priate and powerful tool in such settings. BO is a sequential search strat-

egy for the global optimization of an expensive black-box function f (x) [78].

It first emerged as a successful strategy in many machine learning applica-

tions [9,10,101,106,107,117], and has lately been employed in many other areas

including robotics [14,67], sensor networks [40], environmental monitoring [72],

information extraction and retrieval [59, 114], and game theory [88].

Since the objective function does not have a closed-form expression in terms

of the decision variables, BO treats it as a black-box function with some prior

belief. Here prior represents our belief about the space of possible objective

functions. As we obtain more observations of the function, our belief about

the objective function is updated by combining the prior and the likelihood of

the data already acquired to get a potentially more informative posterior. The
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posterior distribution is then used to select the next set of decision variables for

the function evaluation.

Specifically, a BO framework has two key ingredients: i) a probabilistic sur-

rogate model for the expensive objective function f ; ii) an acquisition function

that is maximized to determines the next point for function evaluation [99]. The

BO framework is demonstrated in Algorithm 1, where S is the surrogate model,

α is the acquisition function, andDi = {(~x1, y1), (~x2, y2), ..., (~xi, yi)}, which is the set

of historical function observations until iteration i. Each observation is denoted

as (~xi, yi) where ~xi is the set of inputs, and yi is the objective function value we

obtain by evaluating the objective function f .

Algorithm 1 Bayesian Optimization

1: for i = 1, 2, ..., do
2: ~xi = argmax

~xα(~x;Di−1)

3: Evaluate the objective function using ~xi to get yi
4: Di = Di−1 ∪ (~xi, yi)
5: Update S .
6: end for
7: Output the best y.

We now provide a brief introduction of these two ingredients. Readers can

refer to [12] and [99] for more details of the method.

3.3.1 Surrogate Model

Since evaluating f (x) is expensive, the BO framework builds a surrogate model

using the historical observations to approximate the objective function. In this

work, we adopt the Gaussian Process (GP) as the surrogate model, which is the

most commonly-used model in BO [77]. GP is a stochastic process which can be
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seen as a collection of random variables where any finite set of random variables

follows a multivariate Gaussian distribution. Assume that the set of points we

use to build the GP is denoted by X, then the GP is a fully specified by its mean

function m : X → R and covariance function k : X × X → R. Intuitively, GP is

a distribution over functions. Given a point ~x, it will return the mean and the

variance of a normally distributed variable y which is a prediction for f (~x).

For simplicity, the mean function m(·) is usually defined to be zero function,

i.e., m(·) = ~0 [12, 72, 114]. Assume that we have historical observations Di, and

we want to use GP to predict f (~x∗) on an arbitrary point ~x∗. GP will return a

normally distributed variable y∗ with both the mean and variance. Let ~x1:i =

[~x1, ~x2, ..., ~xi]T and y1:i = [y1, y2, ..., yi]T . As the definition of GP reveals, the joint

distribution of the historical observations and y∗ is as follows:

y1:i

y∗

 ∼ N
~0,

 ~K ~k~x∗

~kT
~x∗ k(~x∗, ~x∗)


 (3.4)

where ~k~x∗ = [k(~x∗, ~x1), k(~x∗, ~x2), ..., k(~x∗, ~xi)]T , and ~K is the covariance matrix with

each entry ~K( j,n) = k(~x j, ~xn).

Then, we can obtain the predictive distribution over y∗ as follows:

y∗|~x1:i, y1:i, ~x∗ ∼ N(µ(~x∗), σ(~x∗)) (3.5)

where µ(~x∗) = ~kT
~x∗
~K−1y1:i, σ(~x∗) = k(~x∗, ~x∗) − ~kT

~x∗
~K−1~k~x∗ .

The choice of covariance function k for GP determines the smoothness prop-

erties of samples drawn from it [12]. Similar to many other studies, we use the
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Matern kernel [75], which incorporates a smoothness parameter ς to provide

flexibility in modeling functions:

k(~xi, ~x j) =
1

2ς−1Γ(ς)
(2
√
ς‖~xi − ~x j‖)ςHς(2

√
ς‖~xi − ~x j‖), (3.6)

where Γ(·) and Hς(·) are the Gamma function and the Bessel function of order

ς, respectively. When ς = 1/2, the kernel reduces to the unsquared exponential

kernel, and when ς → ∞, the kernel reduces to the squared exponential kernel.

To provide appropriate smoothness, BO applications usually use ς = 3/2 and

ς = 5/2 [91]. In our experiments, we use ς = 5/2. Readers can refer to [53]

and [106] for more details about the GP as well as its covariance functions.

Acquisition Function

The acquisition function is used to select the next realization of the decision

variable for the evaluation of the objective function. It usually considers both

the mean and variance of the predictions provided by the surrogate model. In-

tuitively, the process can be seen as maximizing the utility of the next sampling.

A good acquisition function is the one that finds an elegant trade-off between

exploration and exploitation8 while searching for the optimum of the objective

function. The BO literature proposes many acquisition functions such as the

probability of improvement (PI) [56], the expected improvement (EI) [108], and

the upper confidence bound (UCB) [105]. Similar to many other studies, we use

UCB as the acquisition function.
8Exploration represents searching in regions with high uncertainty but might have obser-

vations with high objective function values. Exploration helps in avoiding being trapped in a
local optimum. Exploitation represents searching in the regions with high expected values of
the objective function given the information provided by historical function evaluations.
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UCB(~x) = µ(~x) + κσ(~x) (3.7)

where κ is a hyperparameter which establishes a balance between the explo-

ration and the exploitation. In our experiments, we employ a special case of

UCB which is called GP-UCB [14, 105] that casts the BO problem as a multi-

armed bandit problem. In GP-UCB, κ is automatilly updated according to the

following euqation:

κ =

√
2 log(

nd/2+2π2

3δ
) (3.8)

where n is the number of past objective function evaluations, δ ∈ (0, 1) is a pa-

rameter of choice, d is the dimensionality of the search space. We use δ = 0.1 the

same as in [105].

3.3.2 Objective Function

In this work, we define the objective from the perspective of MoD service

provider. Consider that all MoD operations are run by one service provider

who is a profit maximizer. The profit is defined as the difference between the

revenue and the operating cost. We use the ride-hailing service (capacity 1) as

the base mode for the fare calculation of other MoD services and compute its

trip fare according to the equation for UberX service [111]. The fare for all other

MoD modes m with higher passenger capacities are computed by applying a

discount factor γm (0 ≤ γm ≤ 1) on the fare of the ride-hailing service. For a

passenger r that is served by the tier m MoD service, the trip fare fr is computed
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as follows:

fr = (1 − γm) ·max( fmin, fbase + ft · tr + fd · dr) (3.9)

where fmin and fbase are the minimum fare and base fare for the ride-hailing ser-

vice, tr and dr are the travel time and travel distance for r, ft is the time rate for

the ride-hailing service, which is the fare per second, and fd is the distance rate

for the ride-hailing service, which is the fare per mile.

The objective function O(γ, ~n) of the MoD service provider is computed as

follows:

O(γ, ~n) =
∑
i∈P

fr −
∑
m∈M

[
(cm,l + sm) · nm + cm,d · dm

]
(3.10)

where P is the set of all passengers, cm,l is the leasing cost for a tier m MoD

vehicle in the experiment time span, sm is the salary that the operator pays to

tier m driver9, dm is the total distance traveled by the tier m MoD service and

is obtained from the simulator, and nm and cm,d are the fleet size and operating

cost ($ per mile) of the tier m MoD service. The set of discount factor and fleet

size for each tier of MoD service are denoted as γ and ~n, which are the decision

variables.

Even though this work considers the objective from the perspective of a ser-

vice provider, the proposed framework is more general and can be applied to

designing policies, subsidies and regulatory strategies, guiding infrastructure

planning and deployment, and operational management of transit services in

the presence of MoD systems.
9The drive salary can be ignored in the case of AMoD systems.
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3.4 Numerical Experiments

In this section, we present a series of numerical experiments to show: i) the

numerical convergence to an equilibrium of the mode choices within the mul-

timodal system; ii) the calibration of the ASCs; iii) the performance of the BO-

based optimization algorithm; iv) relevant applications of the proposed frame-

work. In the following experiments, convergence to an equilibrium represents

that the system reaches a state where the average difference in mode shares of

two consecutive iterations is lower than 1%. The system is implemented using

Python 3.5, and all experiments are conducted on an Intel core I7 computer (3.4

gigahertz, 16 gigabytes RAM).

As a proxy for the real OD demands, we use the publicly available dataset of

taxi trips in Manhattan, New York [26]. In our system, we serve this demand via

either i) the ride-hailing service (capacity 1); ii) the ridepooling service (capacity

4); iii) the micro-transit service (capacity 10), and iv) public transit (e.g. subway).

The first three modes are MoD services offered by one MoD service provider.

We consider the pickup time for the taxi trips in the dataset to be their departure

time . The network we use is the entire road network of Manhattan (4092 nodes

and 9453 edges) [1, 97]. The link travel time is given by the daily mean travel

time, which is computed using the method in [97]. For public transit, we use the

subway network provided by the Metropolitan Transportation Authority [80].

The following experiments are conducted with respect to the rush hour demand

(8 am to 9 am) on an arbitrary day (Monday the 6th of May, 2013).

The system has 5 decision variables: the fleet size of the ride-hailing service

(n1) and the fleet sizes and discount factors for the ridepooling and micro-transit
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services (n4, n10, γ4, and γ10). Note that at the initialization stage, there is no

information about the OD-specific MoD attributes (e.g., waiting time and travel

time). Therefore, we initialize the attributes as follows: Let Ω be the maximum

waiting time allowed in the MoD system and to,d be the shortest path travel time

for each (o, d). The travel time of the ride-hailing service, ridepooling service,

and micro-transit service for (o, d) is set to to,d, 1.2to,d, 1.5to,d respectively and the

waiting time is set to 0.3Ω, 0.36Ω, 0.45Ω respectively. In our experiments, we set

Ω at 10 minutes.

To account for the labor cost of the drivers, in this study, we consider a driver

salary of $17 per hour for all MoD services, which is close to the hourly mean

wage of taxi drivers in New York state (United States Department of Labor,

May 2017). The leasing cost includes insurance, depreciation, maintenance, and

other registration charges, and the operating cost includes fuel and tier cost.

We compute these costs for different MoD services using statistics provided by

AAA News Room, 2016. The leasing cost of $11.97 per day per vehicle is ob-

tained for the ride-hailing and ridepooling fleet of Sedan cars and $19.32 per day

per vehicle for the micro-transit fleet of Minivans. We normalize these numbers

based on the proportion of daily demand (5.94%) served during the experiment

hour. The operating cost turns out to be $0.1473 per mile for all MoD services.

3.4.1 Convergence to an Equilibrium

In this section, we illustrate the proposed multimodal system converging to an

equilibrium with respect to mode choices using two test cases. In the test cases,

we are not optimizing the system, but rather using a fixed set of supply-side
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Figure 3.2: The mode share for the test
case 1.

Figure 3.3: The mode share for the test
case 2.

parameters to test for the numerical convergence of the inner loop simulation to

an equilibrium. The experiments are run for 20 iterations for each set of param-

eters.

The supply-side parameters for the first case are as follows: n1 = 800, n4 =

1000, n10 = 500, γ4 = 0.2 and γ10 = 0.4. The iterative variation in the share of

each travel mode is shown in Figure 3.2. The share of each mode is relatively

stable after around 5 iterations, which shows the numerical convergence of the

system to an equilibrium. Note that the mode share is likely to fluctuate a little

even after reaching equilibrium. This is just a manifestation of the simulation

noise of the probabilistic mode choice model. In this test case, the mode share at

equilibrium is not significantly different from the mode share at the beginning

because the initial waiting time and travel time are close to the ones that the

MoD services provider can offer given the supply-side parameters.

We set n1 = 100, n4 = 1000, n10 = 50, γ4 = 0.05 and γ10 = 0.4 in the second test

case. We intentionally consider the lower fleet size of the ride-hailing service

(capacity 1) to make its level of service poorer than the one achieved with the

initialized waiting time and travel time. The share of each mode is shown in
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Figure 3.3. As expected, the mode share of the ride-hailing service quickly de-

creases in the first 5 iterations. According to initial conditions, the ride-hailing

service is attractive but its demand rapidly decreases as passengers learn that

the service is not able to serve the demand. In addition, the mode share of the

ridepooling service increases rapidly in the first 5 iterations as it offers a higher

level of service than initial conditions due to a high fleet size of 1000 vehicles.

The stop criterion value for the last five iterations are reported. For test case 1,

the stop criterion value for the last 5 iterations are 0.0031, 0.0029, 0.0018, 0.0027

and 0.0027. For test case 2, the stop criterion value for the last 5 iterations are

0.0045, 0.0025, 0.0027, 0.0028, and 0.0018.

Note that even with a fleet size of 100 vehicles in the second test case, the

ride-hailing service could attain the larger share than both high capacity MoD

services. There are two reasons for this to happen: i) The demand data of Man-

hattan contains many short trips. The passenger is likely to choose the ride-

hailing service over high capacity services for short trips because even the dis-

count cannot compensate for the lower level of service in high capacity MoD;

ii) As discussed earlier in Section 3.2, we assume that unsatisfied MoD demand

(when the waiting time is larger than the threshold) shifts to the public transit

and the penalty on the utility of MoD service is applied in the next iteration.

It appears that even though the service rate for ride-hailing service is low, the

penalty is not high enough to shift the demand to other high capacity MoD ser-

vices.

Additionally, the public transit share is very high (35% - 40%) in both cases,

even though the input data corresponds to trips that were taken by taxi in real-

ity. This is a manifestation of not having an alternative specific constant (ASC)
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for transit in the mode choice models. Therefore, the ASC of the public transit

needs to be calibrated to lower its mode share for this specific travel demand

considered in this study, which we describe next.

3.4.2 Calibrating the Alternative Specific Constant of Transit.

In the absence of revealed preference data, calibration of ASCs is difficult. Since

ride-hailing service share characteristics of Uber, and ridepooling and micro-

transit services are similar to UberPool, we use their respective ASCs as our

best guess in the case study. Moreover, MNL estimates of marginal utilities of

alternative-specific attributes are used in the case study to ensure consistency of

willingness to pay and scale.

If we had the true share of transit for the given demand, then the ASC of

transit could have been directly calibrated using the method suggested by [110].

Since, the travel demand considered in the study corresponds to trips that ac-

tually used the taxi as travel mode, a transit mode share of 0-10% in our results

was endogenously set as an appropriate target. To calibrate the transit ASC of

the choice model for this specific population, we use a grid search approach.

Since the demand we consider was served by 13,586 active taxis, we ran the

inner loop simulation at different values of transit ASC with only transit and a

fleet of 13,586 ride-hailing vehicles. The share for public transit for various ASC

values are shown in Table 3.4. Transit attains a share of 6.3% at an ASC value

of -3, which appears appropriate for the considered travel demand and thus is

used in the remaining experiments. Figure 3.4 shows the results of running the

test case 2 in Section 3.4.1 with -3 as the ASC for public transit. The shares of the

50



Table 3.4: ASC and resulting mode share for public transit.

ASC Mode share (%)
-1.0 32.9
-1.5 23.2
-2.0 15.5
-2.5 10.2
-3.0 6.3

ride-hailing and the ridepooling services become 5.8% and 52.6% which were

20.8% and 19.9% when ASCs were not considered (see Section 3.4.1).

Figure 3.4: The mode share for test case 2 with the calibrated ASC of transit.

3.4.3 Algorithm Performance.

In this section, we illustrate the application of the proposed BO framework to

optimize the supply-side parameters and evaluate its performance by: (1) Use

a smaller test example (10% of the real travel demand) to compare BO solution

with the brute-force solution; (2) Compare the performance of BO and random

search method [8] using real-scale travel demand.

Optimizing the supply-side parameters for an MoD system is analytically

intractable due to the complexity of the supply-demand interactions, since the

fleet assignment problem is a function of the demand and vice versa. Therefore,
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it is difficult to find an optimal solution even for relatively small test cases. In-

stead, we use the following approach to approximate the optimal solution via a

grid search of relatively high resolution and compare that solution to that of BO.

First we decrease the travel demand to 10%, and change the maximum value

for n1, n4 and n10 to be 800, 300 and 150 respectively. The discount factors γ4 and

γ10 are set to constants (0.1 and 0.2, respectively) to further decrease the search

space. In this setting, we enumerate every possible combination of the fleet size

in {(n1, n4, n10) | n1 ∈ [25, 50, ..., 800], n4 ∈ [0, 25, ..., 300], n10 ∈ [0, 25, ..., 150]} and

find the solution with the highest profit as the near-optimal solution. On the

same test case, we employ BO with three different acquisition functions (UCB,

PI and EI) to understand the sensitivity of BO’s performance relative to the ac-

quisition functions by comparing the gap between the respective BO solutions

and the near-optimal solution found by the full enumeration method.

Figure 3.5: The comparison of the acquisition functions’ performance.

In the full enumeration method, we evaluate the profit for 2912 parameter

settings. The best solution is obtained with n1 = 225, n4 = 150, n10 = 0, and

provides a profit of 13001. Figure 5 shows the variation in the highest profit

with the number of function evaluations for BO using three different acquisition

functions. It can be seen that PI performs worse than EI and UCB, while EI and

UCB perform similarly well in our example. The best solution found by BO

52



is n1 = 182, n4 = 85, n10 = 99, which gives a profit of 12674. Although the

optimal supply-side parameters provided by BO are quite different from the

near-optimal solution of the full enumeration method, the profit gap is only

about 2.5%.

In the second experiment, we use real-scale travel demand and compare the

performance of BO and random search method. In the random search method,

we sample the decision variables from a predefined distribution (uniform dis-

tribution in our case), evaluate the objective function at those realizations, and

report the realization of the decision variable corresponding to optimal objec-

tive function value as the optimal solution. For a fair comparison, we keep the

same number of function evaluations for BO and the random search method.

Figure 3.6: The comparison of the algorithms’ performance.

Figure 3.6 shows the variation in the highest profit with the number of func-

tion evaluations in both optimization methods. The highest profit bound by BO

and the random search are 145,015 and 126,308 respectively, which represents

that BO’s solution increases the profit by 15% compared to the random search’s

solution. This considerable gap between objective functions shows the advan-

tage of using BO over the random search. We expect this gap to be larger in

problems with more decision variables i.e., higher dimensional solution spaces.
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The BO optimal solution is: n1 = 817, n4 = 1539, n10 = 173, γ4 = 0 and

γ10 = 0. It is important to note that the discount factor is 0 for both high capacity

MoD services, which seems quite unrealistic because passengers are not likely

to use high capacity MoD services if they have to pay the same price as of ride-

hailing service. This experimental result implies that discounting the price of

high capacity MoD services is not able to attract a level of demand that is high

enough to compensate the reduction in profit due to the discounting. In general,

the passengers have different perceptions about the discounted fare of the high

capacity MoD services, but such latent factors are hard to quantify. The current

mode choice model we use assumes that the trade-off between sharing a ride

and the cost savings of doing so can be modeled as a linear relationship, and

does not consider the fact that travelers perceptions of this trade-off may be

more nuanced.

3.4.4 Scenario Analysis.

Modeling passenger’s perception of discounting is left for future research but

we illustrate implications of including such latent factors in choice models us-

ing a scenario-based analysis. We hypothesize that a passenger is less likely to

choose high capacity MoD services at low values of the discount factor, even if

these services have the same attribute-governed-utility10 as of the ride-hailing

service. We represent this hypothesis by adding a function of the discount fac-

tor, which is denoted as f (γ), in the utility equation of the high capacity MoD

services:
10The attribute-governed-utility implies the part of utility which depends on observed at-

tributes of the travel mode such as travel time, waiting time and travel cost in our case.
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Figure 3.7: f (γ) for the capacity 4 ser-
vice.

Figure 3.8: f (γ) for the capacity 10 ser-
vice.

Table 3.5: The discount factor functions for each scenarios.

Scenario Discount factor function
for the ridepooling service

Discount factor function
for the micro-transit service

1 0.08 − 3 · e−12.4·γ 0.2 − 5.2 · e−6.5·γ

2 0.5 − 4.5 · e−5.5·γ 0.3 − 6.3 · e−5·γ

3 0.4 − 7.9 · e−5.8·γ 0.3 − 10.3 · e−4.9·γ

f (γ) = min(0, a + b · e−c·γ) (3.11)

We call the function of the discount factor that we add to the utility equa-

tion discount factor function. We optimize MoD operations under three different

discount factor functions, which are shown in Table 3.5. The coefficients in f (γ)

are set such that three scenarios represent low disutility, medium disutility and

high disutility for having a low discount factor of high capacity MoD services.

Since the passenger is likely to expect a higher discount for the micro-transit ser-

vice than the ridepooling service, we use different values of coefficients in both

functions to mimic these expectations. The plots of discount factor functions for

the ridepooling and micro-transit services under three scenarios are shown in

Figures 3.7 and 3.8.
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Table 3.6: The solution for each scenario.

Scenario n1 n4 n10 γ4 γ10 Profit
With no discount factor function 817 1539 173 0 0 145015

1 2826 235 526 0.12 0.24 122838
2 2801 428 690 0.17 0.29 119154
3 2900 924 19 0.33 0.69 111141

Table 3.7: The mode share for each scenario.

Scenario Ride-hailing
share (%)

Ridepooling
share (%)

micro-transit
share (%)

Public transit
share (%)

With no discount
factor function 23.2 56.1 13.7 7.0

1 61.0 13.5 19.2 6.3
2 60.5 14.8 18.6 6.1
3 62.2 26.4 6.4 5.0

The optimal supply-side parameters under three scenarios were found us-

ing the BO-based approach and results are summarized in Table 3.6. The dis-

count factors of all MoD services are positive after employing discount factor

functions, and γ10 is (as expected) higher than γ4. As the disutility of high ca-

pacity MoD services at low discount factors increases in scenario 2, the service

provider has to offer more discount and increase the fleet size to attract the pas-

sengers towards high capacity services, and thus the profit also decreases. Note

that the fleet size of micro-transit (capacity 10) is only 19 in scenario 3. This re-

sult represents the situation when the disutility of using micro-transit at a low

discount factor is extremely high, and thus the service provider finds it hard to

make profits by running this service.

Table 3.7 shows the share of each mode in all scenarios. In a base case sce-

nario when discount factor function is ignored, a large portion of the demand

(around 70%) is served by high capacity MoD services. However, in scenar-

ios with a discount factor function, a large fraction of demand (around 60%) is

served by the ride-hailing service. Therefore, the operating cost of the service
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Figure 3.9: Decision variables at various function evaluations in the BO frame-
work (scenario 2).

provider appears to increase in order to make the same revenue. An increase in

the operating cost and a higher discount factor of high capacity MoD services

result in a lower profit. Not only the share of micro-transit service decreases

in scenario 3, its early demand shifts to the ridepooling service instead. This

shift can be attributed to the similar values of f (γ) for the ridepooling service

in scenario 3 and for the micro-transit service in scenario 2 (see Figure 3.7 and

Figure 3.8).

Figure 3.9 shows a parallel coordinates plot of decision variables for which

the BO framework evaluates the objective function in process of searching for

the optimal values in scenario 2. For visualization convenience, n1, n4 and n10

are normalized by dividing with their maximum values (3000, 2000 and 1000

respectively). The red, blue, and yellow lines represent the best, the top 20%,

and all remaining solutions, respectively. The figure shows that the BO frame-

work explores a broad domain of the solution space while exploiting the solu-

tion space with high expected profits more intensively.

In the experiments discussed above, we change both the discount factors and

the fleet sizes for each MoD service to find the best solution using BO. It is dif-
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Figure 3.10: The profit for different dis-
count multipliers and different scenar-
ios.

Figure 3.11: The mode share for Sce-
nario 2 with different discount multipli-
ers.

ficult to infer the effects of discount factors on the mode share and the profit of

MoD service providers. Therefore, we conduct an additional set of experiments

for each scenario mentioned above. In these experiments, the fleet size for each

MoD service is kept constant, which is the solution reported in Table 3.6. We use

different multipliers in [0.25, 0.5, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00] to increase or de-

crease the discount factors reported in Table 3.6 for each scenario. For example,

if the multiplier we used for Scenario 2 is 0.75, then γ4 = 0.75 · 0.17 = 0.1275.

Figure 3.10 shows the profit for three scenarios with different discount multi-

pliers. The profit first increases and then quickly decreases as the discount fac-

tors increase. The highest profit is given by the discount factors found by BO.

Figure 3.11 shows the mode share for Scenario 2 with different discount factor

multipliers. We should note that: (i) As the discount increases for MoD services,

the mode share of public transit service keeps decreasing as it gradually loses

the advantage of low cost; (ii) The mode share of ridepooling and micro-transit

service increases as the discount factor increases, but the mode share of micro-

transit service increases faster. The reason is that the base discount factor for

micro-transit service is larger than ridepooling service, and thus the discount

factor increases more as the discount multiplier increases.
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3.4.5 An Application: Per-ride Tax

In this section, we illustrate how the proposed framework can be used to quan-

tify the impact of system-level policy interventions. We consider a scenario

where the government plans to impose a per-ride tax on only the ride-hailing

(capacity 1) MoD service. This type of tax has already been considered in Cali-

fornia [35].

Consider a government policy to charge the MoD service provider $2 on ev-

ery ride-hailing trip. In the subsequent analysis, we assume that this cost is

absorbed by the MoD provider with no increase to the passenger fare, but sim-

ilar experiments where the cost is borne completely or partially by the traveler

can also be considered. Using the discount factor function in scenario 1, we run

the BO framework to optimize the supply-side parameters under this policy in-

tervention. The optimal supply-side parameters, vehicle miles traveled (VMT)

of MoD services, the ratio of the passenger miles traveled (PMT) and VMT, and

the mode shares under tax and no-tax scenarios are shown in Table 3.8. Im-

posing the tax decreases the VMT of MoD services by 10.5% and decreases the

profit by 30.5%.

In this tax scenario, running ride-hailing service is not as profitable as be-

fore. However, if the fleet size of the ride-hailing service is lowered, its demand

is likely to shift to other travel modes. If the MoD service provider wants to

induce this shift to move towards the other MoD modes and not public transit,

the service provider needs to offer a higher discount for the shared services and

thus the profit may further decrease. The optimal solutions of tax and no-tax

scenario validate this hypothesis. A decrease in VMT of MoD services in tax

scenario can also be attributed to a shift of demand from ride-hailing services to
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Table 3.8: Comparison between the case with no tax and with tax.

n1 n4 n10 γ4 γ10 Profit
No tax 2826 235 526 0.12 0.24 145015
$2 tax 1388 1668 31 0.15 0.67 100748

VMT PMT
VMT

Ride-hailing
share (%)

Ridepooling
share (%)

micro-transit
share (%)

Public transit
share (%)

No tax 33835.7 1.11 61.0 13.5 19.2 6.3
$2 tax 30288.3 1.17 36.4 50.6 5.1 7.9

high capacity MoD services. In fact, the increase in the share of public transit by

1.6% also contributes to lower VMT of MoD services. The tax policy increases

the revenue of public transit agency by $14340 which can further be recirculated

for improvement in the level of service of the local public transportation to even

further increase the transit ridership. One major benefit of the proposed frame-

work is the ability to perform such scenario analysis and gain insights into the

impacts of certain policy interventions.
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CHAPTER 4

PRICING FOR MOBILITY-ON-DEMAND (MOD) SERVICES AT TRIP

REQUEST LEVEL

4.1 Introduction

The popularity of ridesharing platforms such as Lyft and Uber has grown them

into multi-million dollar markets [4]. These Mobility-on-Demand (MoD) ser-

vices not only provide additional travel options to passengers but also have

the potential to decrease auto ownership and pollution. Compared to the tra-

ditional taxi service, the MoD dispatch system can match the vehicles to trip

requests in an online manner without a human dispatcher, which makes it pos-

sible to optimize the dispatch at scale [118]. Considering the high capacity on-

demand fleet management problem, [1] proposed an anytime optimal algorithm

to match the vehicle to trip requests with an objective to minimize the total delay

(the waiting time and the detour caused by pooling) of the passengers. To lever-

age the information about future demand, [66] designed a proactive rebalancing

method, which guided idle vehicles to future demand based on a probability

distribution estimated using historical data. These studies focus on optimizing

system-level metrics such as service rate and total delay without considering

the interaction between the supply-side and the demand-side. In practice, the

demand is endogenous in the system and passengers will make travel mode

choice maximizing their utility given the trip metrics of each mode option [64].

This assumes an endogenous demand and optimizes the prices of each MoD

service from the operator’s profit-driven perspective.

Pricing is one of the most important tools to affect the interaction be-
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tween the supply-side and the demand side in ridesharing systems, which

has received considerable attention recently [4, 18, 42, 47, 54, 90, 118, 119].

Considering a crowdsourced ridesharing platform, [119] proposed a double

auction-based pricing mechanism assuming individual rationality. Assuming

both street-hailing and e-hailing services coexists in the system, [47] used a

penalty success linear programming algorithm to optimize the pricing and

penalty/compensation strategies to maximize the social welfare and maximize

the revenue of taxi-hailing platforms, respectively. With knowledge of the trav-

eler preference and the distribution of future trip requests, [90] formulated the

MoD service profit maximization problem in a dynamic programming manner,

and obtained a parametric rollout policy. However, most of these studies for-

mulated the problem at the middle or macro level, and did not consider the

real-application setting under some disputable assumptions. Vehicle dispatch-

ing and pricing problem are correlated, and the problem of finding the opti-

mal pricing and vehicle assignment simultaneously for real-world MoD appli-

cations is still an open problem and one of the main research agendas in sharing

economics [18].

In this chapter, we consider a multimodal transportation system, where three

travel modes coexist – the exclusive MoD service (e.g., UberX), the sharing MoD

service (e.g., Uberpool), and the taxi service. The above two MoD services are

operated by one service operator. The objective of the work is to optimize the

prices of both services for each trip request and the vehicle assignment to max-

imize the operator’s profit. We assume that demand is endogenous in the sys-

tem, and the travelers will make mode choice according to an estimated multi-

nomial logit model [64, 90]. The main contributions of the work include:
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• A sequential MoD service pricing framework, which can be integrated

in the current ridesharing service (Uber, Lyft, etc) usage scenario. In

the framework, whenever a service user requests a trip via the mobile

phone application, we solve the pricing problem for each feasible vehi-

cle around1, and show the price corresponding to the assignment with the

maximum expected profit to the user almost in real time. Given a vehicle

and a trip request, we show that the pricing problem can be modeled as

the multi-products pricing problem [45, 60], and provide the solution in

closed-form in terms of Lambert W function.

• A batched MoD service pricing framework, which optimizes the prices of

MoD services and vehicle assignment for the trip requests in each time

interval2. In the framework, when a traveler requests a trip, the system

does not the price of MoD services until the end of the corresponding time

interval. It provides the service operator with an opportunity to leverage

the information about all the requests coming in the same time interval,

which is consistent with one of the state-of-the-art simulator [1]. For any

two travelers that may share one ride using a given vehicle, we prove that

the problem of optimizing prices of MoD services for both requests simul-

taneously is jointly concave if a certain condition about the cost parame-

ter is satisfied, and we also show that the condition is usually satisfied in

practice.

In summary, the proposed frameworks provide the service operator with

tools to optimize the price and assignment in two different but realistic scenar-

ios.
1A vehicle is feasible to the passenger if the vehicle can serve the trip request satisfying some

predefined service level (wait time, travel time, etc).
2In our experiments, a time interval is 30 seconds.
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4.2 Problem description and model formulation

We consider a monopolistic MoD service operator, which provides two types of

service: exclusive service and sharing service. Specifically, each vehicle for the

exclusive service can serve at most one traveler at any time, and each vehicle for

the sharing service can serve several travelers simultaneously up to its capacity

limit. Other than MoD services, the traditional taxi service also coexists in the

system as a travel mode alternative. To maximize the profit of the MoD service

operator, we want to determine: i) The prices for both the exclusive service and

the sharing service for each trip (a vehicle and its assigned travel request(s)); ii)

The assignment between the vehicle and the requests. The problem is formu-

lated under the following assumptions:

Assumption 1. Travelers and other transportation service providers (taxi service in

our case) follow fixed strategies and will not react to different strategies of the operator.

Assumption 2. Both travelers and the MoD service operator have complete informa-

tion on the price, travel time, and waiting time for a trip using the taxi service alterna-

tive for any origin-destination (O-D).

Assumption 1 is a common assumption in the literature [90]. Assumption 2

is reasonable since the pricing formula for taxi service is usually publicly avail-

able.

In the following sections, we will present two pricing frameworks: i) A

sequential MoD service pricing framework. In this framework, we show the

prices for both services whenever travelers type in the origin and destination in

the phone application; (2) A batching MoD service pricing framework, in which

we display the prices to travelers after a short period (e.g., 30 seconds). In the
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sequential pricing framework, since we have to show the price quickly, we have

little time to optimize the assignment between the vehicle and the requests. As

requests come in real-time, we sequentially conduct the pricing and assignment

for each request. In the second framework, although travelers have to wait some

time for the prices, the service operator can employ the time optimizing the ve-

hicle assignment, and can optimize the prices for multiple travelers in a batch

simultaneously. We will discuss both frameworks in details, but before that,

we will first briefly discuss the mode choice model that will be used in both

frameworks.

4.2.1 Mode choice model

We use a multinomial logit (MNL) model due to: i) its closed-form choice prob-

ability expression; and ii) its wide usage in the pricing literature [47, 60, 90]. We

use the utility function form and coefficient estimates in the previous study [64].

The utility function for travel mode i and user j is as follows:

Ui, j = βp, j · pi, j + βw, j · wi, j + βt, j · ti, j (4.1)

where Ui, j is the utility of user j choosing travel mode i, pi, j, wi, j, ti, j are the trip

price, waiting time and travel time for user j choosing travel mode i, respec-

tively, and βp, j, βw, j, and βt, j are the corresponding coefficients. The data used

to estimate the model were obtained by conducting a stated-preference study

in New York, in which the respondents were provided with a discrete choice

experiment. The details of the experiment design can be found in the previous

study [64]. In this work, we assume that the travelers in our system are homo-
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geneous, but note that this assumption can be relaxed for other purposes in our

framework. In the rest of the section, we omit the subscript for the traveler id.

Let the utility of the three travel modes (exclusive MoD service, sharing MoD

service, taxi service) be Ue, Us, Ut, respectively. The predicted probability of

choosing travel mode i (Pi) is as follows:

Pi =
eUi

eUe + eUs + eUt
(4.2)

4.2.2 Sequential MoD service pricing framework

In this section, we present the framework to conduct sequential pricing for MoD

services. The specific procedure of the framework for a new request r is as

follows:

i) Find feasible vehicles for both services for r, which is denoted as lists Ve

and Vs, respectively;

ii) For each (ve, vs) where ve ∈ Ve and vs ∈ Vs, we compute the optimal prices

for both the exclusive service and the sharing service, and also record the ex-

pected profit of it;

iii) Show the traveler the prices corresponding to the maximum expected

profit obtained in Step ii. If the traveler declines the trip service, the procedure

is completed. Otherwise, go to Step iv;

iv) Show the traveler the assigned vehicle for the service the traveler chose.

While the travel is waiting for their vehicle to arrive, the system reoptimizes the
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vehicle assignment every a short period (e.g., 30 seconds).

We will first discuss how we determine the optimal price for a feasible trip

(Step ii). Then, we will talk about all the other parts in details.

Pricing for a feasible trip

In this section, we consider the pricing problem for a feasible trip. Since we se-

quentially optimize the price for each coming request, we will always have two

decision variables pe and ps, which are the price for the exclusive service and

the sharing service, respectively. The service operator aims at maximizing the

profit, which is the difference between the revenue and the operating cost (e.g.

energy consumed, driver salary, etc). The operating cost for trips depends on

travelers’ mode choice decisions. Since the mode choice decision is not revealed

until the prices are shown to the traveler, the service operator will maximize the

expected profit E
pe,ps

(profit), which is computed as follows:

E
pe,ps

(profit) = Pe · (pe − c) + Ps · (ps − m) (4.3)

where c is the operating cost for the trip if the traveler chooses the exclusive ser-

vice, and m is the expected operating cost for the trip if the traveler chooses the

sharing service. Here m is an expectation because the cost depends on whether

we will be able to share the traveler’s ride with other travelers in the future and

what will the cost be. Theoretically, the expectation cost for the given request

should be computed as follows:
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m = (1 −
∑
r∈Rm

αr) · cs +
∑
r∈Rm

αr(cr,m − pr) (4.4)

where cs is the cost if the request is not matched to any other requests in the

future, Rm is the set of all possible future requests that might be matched to the

given request, αr is the probability that request r is matched to the given request

conditional on that the given request accept the sharing trip, cr,m is the additional

cost of adding request r to the matching with m, which is the difference between

the cost of serving both requests and the cost of serving only the first request,

pr is the price we charge for request r. The distribution for each r ∈ Rm cannot

be computed in closed form, but these data can be obtained empirically from

historical data.

In this work, we focus on the prices of MoD services, and regard everything

else as constants. Given a vehicle, we can get the waiting time and travel time

for the trip. Based on Assumption 2, we also know the trip metrics for the taxi

service. Therefore, we can obtain the following equations:

Ue = β · pe + de (4.5)

Us = β · ps + ds (4.6)

eUt = D (4.7)

where de, ds and D are known constants, β is the coefficient for the price, which
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is the same as βp in Equation 4.1. Then, the objective function is in the following

form:

E
pe,ps

(profit) =
eβ·pe+de · (pe − c) + eβ·ps+ds · (ps − m)

eβ·pe+de + eβ·ps+ds + D
(4.8)

The objective function is in the same form as the multi-product pricing prob-

lem [45, 60]. Although the objective function is not concave in prices [45], re-

searchers have shown that the problem is concave with respect to the market

share, which is a one-to-one transformation of the price vector [60]. We show

that for this specific case (two products), we can prove that there is one unique

critical point and derive the closed-form of the solution in terms of the Lambert

W function.

The partial derivative for ps is:

∂ E
pe ,ps

(profit)

∂ps
=

(β·eUs ·(ps−m)+eUs)·(eUs +eUe +D)−β·eUs ·

(
eUs ·(ps−m)+eUe ·(pe−c)

)
(eUs +eUe +D)2 (4.9)

The partial derivative exists everywhere. Since critical points are always at

the points where the partial derivatives do not exist or the partial derivatives

are 0. Therefore, the critical points can only be at the points where the partial

derivatives are 0. For simplicity, let eUs and eUe be x and y. Then, we can infer

that ps =
log(x)−ds

β
and that pe =

log(y)−de
β

. A critical point will satisfy the following

equations if it exists.
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x + y + y · log(
x
y

)− (ds + β ·m− de − β · c) · y + D · log(x) + D · (1− ds − β ·m) = 0 (4.10)

x + y− x · log(
x
y

) + (ds + β ·m− de − β · c) · x + D · log(y) + D · (1− de − β · c) = 0 (4.11)

Let Equation 4.10 subtract Equation 4.11, and we can get the following con-

clusion:

x = eds+β·m−de−β·c · y (4.12)

We can further infer that a critical point satisfies the following condition:

pe − ps = c − m (4.13)

At a critical point, we can conclude that the difference between the price for

the exclusive service and the sharing service is the expected cost savings if the

traveler chooses the sharing service instead of the exclusive service. Employing

this relationship in Equation 4.10, we can get the critical point:

pe =
log(W((1+eds−de+β·m−β·c)·ede+β·c−1/D)·D)

1+eds−de+β·m−β·c ) − de

β
(4.14)
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As the Lambert W function is positive and increasing when the input is pos-

itive, the objective function 4.8 has a unique critical point. For a given user’s

origin and destination, we can check the boundary points and the critical point

to find the price that gives the maximum profit.

Sequential pricing and fleet management in a network

In this section, we discuss all other steps mentioned at the beginning of Sec-

tion 4.2.2, which are the procedure to find all feasible vehicles (Step i) and the

procedure to reoptimize the vehicle assignment (Step iv).

We define that a vehicle is feasible for a trip request if it can serve the request

under the following constraints:

• The waiting time must be below the maximum waiting time Ω.

• The total delay must not exceed the maximum delay ∆. The total delay

is the difference between the actual arrival time and the earliest possible

arrival time when a vehicle picks up the traveler immediately and follows

the shortest path to the destination.

• For the vehicle, the number of passengers in the vehicle has to be smaller

than or equal to the capacity at any time.

The constraints are consistent to the state-of-the-art fleet management ap-

proach [1], but note that the framework is agnostic of the feasible conditions.

Whenever a new request comes in the system, we can check the location of

all the vehicles and determine if they are feasible for the request. However,

71



since we would like to show prices to the traveler as soon as possible in the se-

quential pricing framework, we precompute and record the locations where an

empty vehicle can serve the request satisfying the above conditions. Therefore,

we only check the vehicles at such locations when a new request comes in the

system.

If the traveler chooses one of the MoD services after we show him or her

the optimal prices obtained in Step ii, we show the traveler the assigned vehicle

and the expected pick-up time at once. While the traveler waits for the vehicle,

we can leverage the information of the new coming requests and reoptimize the

vehicle assignment. To not offend the traveler, we ensure that if we change the

vehicle assignment, the new assignment will not increase the wait time and the

total delay. We use a similar procedure to attain this goal as in the literature [1].

Specifically, the vehicle assignment is optimized every a short period (e.g., 30

seconds) by first finding all feasible trips and then use an integer program (IP)

to choose the trips that optimize the objective. After completing the vehicle

assignment, we also conduct the vehicle rebalancing based on the literature.

Interested readers can refer to the previous study [1] for details. The difference

in our procedure is that in our objective function, we consider the profit instead

of the total delay.

4.2.3 Batching MoD service pricing framework

In this section, we present the batching MoD service pricing framework, where

the prices for trip requests can be optimized in a batch. We assume that the

capacity for the sharing service is 2 which is consistent with the current pool-
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ing service such as Uberpool and Lyftline. The pricing method is integrated

within the state-of-the-art fleet management approach [1] with major necessary

changes. Specifically, the procedure is as follows:

i) Construct a pair-wise request-vehicle graph (RV-graph). RV-graph gives

all possible pairwise matchings between vehicles and requests. In the graph,

two requests ri and r j are connected if a virtual vehicle at the origin of either

request can serve both under the constraints discussed in Section 4.2.2; Simi-

larly, a request r is connected to a vehicle v if v can serve r without violating the

constraints.

ii) Compute the Request-Trip-Vehicle graph (RTV-graph) using the cliques

of the RV-graph. A feasible trip is defined as a set of requests that can be served

by one vehicle without violating the constraints. RTV-graph consists of all the

feasible trips and the vehicles that can serve them. A request r is connected to a

trip T if T contains r; A trip T is connected to a vehicle v if v can serve T under

the constraints. Step i and Step ii are the same as in the literature [1];

iii) Compute the Exclusive-Sharing-Vehicle (ESV) graph using both RV-

graph and RTV-graph. For each request in the feasible trip in RTV-graph, we

also connect it to each vehicle that can serve the request exclusively under the

constraints according to RV-graph. We define that an Exclusive-Sharing-Vehicle

(ESV) matching, which contains: a) a set of requests (2 in our case) that can share

a ride in a vehicle based on RTV-graph; b) A vehicle that can serve the set of re-

quests under the constraints; c) A vehicle for each request if the traveler chooses

the exclusive service. For each ESV matching, we solve a pricing optimization

problem to find the best prices to show to the travelers maximizing the expected

profit. The details will be discussed in Section 4.2.3;
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iv) Solve an ILP to find the optimal assignment from the vehicles to ESV

matchings. The ILP is as follows:

max
∑
i∈M

yi · ui

subject to
∑

i∈IMV= j

yi ≤ 1,∀v j ∈ V

∑
i∈IMR=k

yi ≤ 1,∀k ∈ R

yi ∈ {0, 1}, ∀i ∈ M

(4.15)

where ui is the expected profit of the ESV matching i. The decision variables

are yi where yi = 1 if the ESV matching i is chosen. In the constraints, there are

two sets: the set of ESV matchings that is connected to vehicle j is IMV= j; the set of

ESV matchings that contain request k is IMR=k. The constraints ensure that: i) each

vehicle will serve at most one ESV matching; ii) each request is either served or

ignored.

Note that in the above formulation, we ensure that the request will always

have the vehicle to serve it whatever the mode choice it chooses eventually (i.e.,

each vehicle can only be assigned to one ESV matching). In this case, some vehi-

cles may be idling after travelers make their mode choice. As an alternative, we

also propose a second IP formulation as follows, in which a vehicle can be as-

signed to multiple ESV matching. However, if a traveler chooses a MoD service

and the assigned vehicle is assigned to other trip requests in an ESV matching,

we impose a penalty cp in the objective function.
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max
∑
i∈M

yi · ui +
∑
j∈V

x j

subject to
∑

i∈IMR=k

yi ≤ 1, ∀k ∈ R

yi ∈ {0, 1}, ∀i ∈ M

x j ≤ 0, ∀ j ∈ V

x j ≤ (−cp − ε j) · (
∑

i∈IMV= j

yi · γi, j − 1),∀ j ∈ V

(4.16)

where γi, j is the probability for the case that vehicle j is used after the ESV

matching i is chosen. If vehicle j is for the exclusive service, γi, j is the predicted

probability of the corresponding traveler accepting the trip; If vehicle j is for the

sharing service, γi, j is the product of all the predicted probability of accepting

the trip for the corresponding travelers in the sharing ride. In this model, one

vehicle can be overbooked to multiple travelers. If more than one traveler accept

the trip, then at least one of the traveler will be assigned to another vehicle or

have no vehicle to serve. In this case, we denoted cp as the penalty in dollars

for each traveler that has no vehicle to serve, ε j as the mean profit by vehicle j

among all matchings it is feasible to, and x j is the overbooking penalty for vehi-

cle j. To formulate the number of travelers that have no vehicles assigned, there

will be combinations of scenarios involved, and thus we use
∑

i∈IMV= j

yi · γi, j − 1 as

an approximation.

v) After we show travelers prices and they make the mode choices, we

change the maximum wait time and the maximum total delay for each request

to the wait time and the total delay we display them so that the service level

will not decrease for any traveler. Idling vehicles are rebalanced to the location

of the unassigned requests assuming that they may request again in the future.
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Pricing for a ESV matching

In this section, we show how to optimize the prices for the trip requests in an

ESV matching. If the ESV matching contains only one request, the optimization

procedure is the same as shown in Section 4.2.2. Therefore, we focus on the case

where the ESV matching consists of two requests.

Suppose that r1 and r2 are the two requests in the ESV matching. The objec-

tive function will be in the following form given the vehicles in the ESV match-

ing:

E
p1,e,p1,s,p2,e,p2,s

(profit) = P1,s · (p1,s − c1,s) + P2,s · (p2,s − c2,s)

+ P1,e · (p1,e − c1,e) + P2,e · (p2,e − c2,e)

+ P1,s · P2,s · (c1,s + c2,s − cs,s)

(4.17)

where p1,s and p1,e are the prices for the sharing service and the exclusive service

for r1, p2,s and p2,e are the prices for r2, c1,e and c2,e are the operational cost for

the company to serve r1 and r2 respectively using the exclusive service, cs,s is

the operational cost for the company to serve the sharing trip of r1 and r2, and

c1,s and c2,s are the expected operational cost for the company to serve r1 and

r2 respectively if they do not form a sharing ride together. The cost is an ex-

pectation because it depends on whether the request will be shared with other

requests and who it will be shared with in the future. The expected operational

cost for each O-D is precomputed by running the simulation with an exogenous

demand for a long period (e.g., a week). Specifically, we follow the procedure

below:
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i) As the demand is sparsely distributed on thousands of network nodes in

a real-size network, we use the K-means clustering algorithm [71] to spatially

cluster the nodes according to their geo-coordinates.3

ii) We run the simulation with an exogenous demand for a long period (e.g.,

a week), and record the operational cost for each trip based on the clusters where

the origin and destination node belong to. After the simulation, we compute

the mean of the recorded cost for each pair of clusters, and use it as the expected

operational cost for each O-D pair that belongs to the cluster pair.

We now demonstrate that the objective function shown in Equation 4.17 is

jointly concave in prices under some conditions. We first replace the price vari-

ables in the function by the following equations:

p1,s =
log D1·P1,s

1−P1,s−P1,e
− d1,s

β
(4.18)

where D1 is exponential to the power of the utility of r1 taking the taxi ser-

vice. Similarly, we can also use the predicted probabilities to represent the other

price variables. Since the price vector and the predicted vector has a one-to-

one matching [60], we can obtain the price variables if we can find the optimal

predicted probabilities. Therefore, minimizing the following function will be

equivalent to maximizing the expected profit shown in Equation 4.17.

3Assuming that each traveler has a walking range of α miles, and we choose the number of
clusters k to be the value satisfying Total area

k ≈ 2πα2.
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β · E
P1,e,P1,s,P2,e,P2,s

(profit) = P1,s · (log(
D1 · P1,s

1 − P1,s − P1,e
) − β · c1,s)

+ P1,e · (log(
D1 · P1,e

1 − P1,s − P1,e
) − β · c1,e)

+ P2,s · (log(
D2 · P2,s

1 − P2,s − P2,e
) − β · c2,s)

+ P2,e · (log(
D2 · P2,e

1 − P2,s − P2,e
) − β · c2,e)

+ P1,s · P2,s · β · (c1,s + c2,s − cs,s)

(4.19)

We can derive the Hessian matrix of the above equation H as follows, where

the order of each row and column is P1,s, P1,e, P2,s and P2,e:



1
P1,s

+ 1
1−P1,s−P1,e

+ 1
(1−P1,s−P1,e)2

1
1−P1,s−P1,e

+ 1
(1−P1,s−P1,e)2 β · (c1,s + c2,s − cs,s) 0

1
1−P1,s−P1,e

+ 1
(1−P1,s−P1,e)2

1
P1,e

+ 1
1−P1,s−P1,e

+ 1
(1−P1,s−P1,e)2 0 0

β · (c1,s + c2,s − cs,s) 0 1
P2,s

+ 1
1−P2,s−P2,e

+ 1
(1−P2,s−P2,e)2

1
1−P2,s−P2,e

+ 1
(1−P2,s−P2,e)2

0 0 1
1−P2,s−P2,e

+ 1
(1−P2,s−P2,e)2

1
P2,e

+ 1
1−P2,s−P2,e

+ 1
(1−P2,s−P2,e)2



If Equation 4.19 is jointly convex in the predicted probabilities, we know that

the problem has at most one critical point, and we can find the optimal solution

by finding the point satisfying the first-order derivative condition and compare

its objective function value with the boundary points. In other words, if we can

use the second-order derivative test to show that the Hessian matrix is positive

definite, the problem is solved.

Let ~y = y1, y2, y3, y4 be a non-zero vector of four any real numbers. We can

derive the following:
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~y · H · ~yT = (
1

1 − P1,s − P1,e
+

1
(1 − P1,s − P1,e)2 ) · (y1 + y2)2

+ (
1

1 − P2,s − P2,e
+

1
(1 − P2,s − P2,e)2 ) · (y3 + y4)2

+
y2

1

P1,s
+

y2
2

P1,e
+

y2
3

P2,s
+

y2
4

P2,e
+ 2 · y1 · y3 · β · (c1,s + c2,s − cs,s)

(4.20)

If y2
1

P1,s
+

y2
3

P2,s
+ 2 · y1 · y3 · β · (c1,s + c2,s − cs,s) ≥ 0, ~y ·H ·~yT ≥ 0 because all the other

parts in the equation are non-negative. Let C = c1,s + c2,s − cs,s for readability, we

can derive the following:

y2
1

P1,s
+

y2
3

P2,s
+ 2 · y1 · y3 · β ·C = (

√
−β ·C · (y1 − y3))2 + ( 1

P1,s
+ β ·C) · y2

1 + ( 1
P2,s

+ β ·C) · y2
3 (4.21)

Therefore, the condition to prove the problem is jointly concave in the pre-

dicted probabilities is the following:

C ≤ min{−
1

β · P1,s
,−

1
β · P2,s

} (4.22)

Since β < 0, P1,s ≤ 1 and P2,s ≤ 1, the following condition is a sufficient condition

to satisfy Equation 4.22:

C ≤ −
1
β

(4.23)

where C = c1,s + c2,s − cs,s is the operational cost savings if r1 and r2 can share a

ride compared to the sum of the expected cost for either of them choosing the

sharing service. The cost savings should always be larger than 0. Otherwise,
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the service provider should not match r1 and r2 as a sharing trip. We know that

cs,s ≥ max{c1,e, c2,e}, c1,s ≤ c1,e and c2,e ≤ c2,e, and thus Equation 4.23 is satisfied if

the following equation is satisfied:

min{c1,e, c2,e} ≤ −
1
β

(4.24)

According to our estimated mode choice model discussed in Section 4.2.1, − 1
β
≈

13.5. In other words, if the operational cost of the shorter trip has a cost smaller

than $13.5, the problem is jointly concave in the predicted probabilities, and we

can compute the optimal price values. We will use taxi trips in Manhattan, New

York City (NYC) in numerical experiments. Manhattan Island is 22.7 square

miles, 13.4 miles long and 2.3 miles wide at its widest. The driving cost is about

$0.1458 per mile including the cost of fuel, maintenance and tiers [64] using a

self-driving fleet. Therefore, if the shorter trip among r1 and r2 is shorter than

92.6 miles, the problem is jointly concave in the predicted probabilities, which

should be satisfied in the MoD context. If the fleet is operating by human drivers

and the vehicles are owned by the drivers, the company will charge a fixed

proportion of all fairs as the commission fee, and there will be no per mile cost

imposed on the company. Assuming that drivers will obey the dispatch order

sent by the company, the model is still applicable.

If the condition is not satisfied in practice for some ESV matchings, we can

use a brute-force based method to find the solution. Specifically, we can enu-

merate P1,s in the range [0, 1] with a predefined step length. Given the value of

P1,s, we can prove that the problem to optimize P1,e, P2,s and P2,e is jointly con-

cave in the variables using similar methods. After enumerating all the candidate

P1,s, we can return the prices with the highest expected profit.
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CHAPTER 5

STOCHASTIC ON-TIME ARRIVAL PROBLEM IN TRANSIT NETWORKS

5.1 Introduction

A vast majority of previous studies on routing problems in stochastic trans-

portation networks aim to identify the route or adaptive policy with the least

expected travel time (LET) [17, 33, 39, 44, 51, 68, 76, 89, 113, 115]. While the ex-

pected travel time is a natural optimality metric, there exists a variety of situ-

ations where it is not sufficient, and tail statistics must be considered; for in-

stance, travelers who want to catch a flight are more concerned with arriving on

time with a high probability rather than with minimizing their expected travel

time [116]. To account for these contexts, other formulations that consider a re-

liable optimal path have been proposed, starting with [38]. In this formulation,

the goal is to find the path that maximizes the probability of realizing a travel

time smaller than some desired time budget. This definition is subsequently ex-

tended to the online context in [34], and is commonly referred to as the Stochas-

tic On-Time Arrival (SOTA) problem. In the SOTA problem, the weight of each

network link is a random variable with a known probability density function

that represents the travel time of the link. The solution to the SOTA problem

is a routing policy that maximizes the probability of arriving at the destination

within a specified time budget. Here the routing policy is an adaptive solution

that determines the routing decision at each node based on the realization of the

travel time experienced en-route up to that point.

Given the complexity of the SOTA problem, significant efforts have been

made to design efficient solution algorithms. [32] formulate it as a dynamic pro-
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gramming problem and use a standard successive approximation (SA) proce-

dure. This approach, however, has no finite bound on the maximum number

of iterations needed for convergence in networks with loops. In [95, 96], the au-

thors propose a label-setting algorithm to resolve this issue, exploiting the fact

that there is always a non-zero minimum realizable travel time on each link in

road networks. To further reduce the computation time, [94] modify two deter-

ministic shortest path preprocessing techniques: reach [43] and arc-flags [7, 49],

and apply them to the SOTA problem. Other studies [82–84, 87] explore com-

putationally efficient solution strategies for providing reliability guarantees in

stochastic shortest path problems, where a fixed route (as opposed to a policy)

is desired.

In transit networks, the problem of determining a set of reliable travel deci-

sions is significantly more complex than in road networks. In this context, the

traveler is not in control of the transit line(s) that they may travel on to reach the

destination, and may have to make a number of complex decisions regarding

which transit line(s) to take. This complexity arises from the following charac-

teristics of transit systems.

• Uncertainty of arrival times/headways: While the uncertainty in road net-

works is limited to the travel time, in transit networks one also needs to

consider the uncertainty of arrival times and headways. Whether to take

a transit line that arrives at a station or wait for a potentially faster ser-

vice that is yet to arrive depends on the probabilistic trade-off between

the extra waiting time and potential travel time savings. Therefore, com-

puting the solution also requires modeling and solving for the headway

distributions.
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• Combinatorial choice set: In road networks, it never pays off to idle at

a node and delay the departure from the node in hopes of improving the

probability of arriving at the destination on time. However, in transit net-

works, it may be advantageous to not take the first transit line that arrives

at the station (that can get you to your destination) and wait for a better

option (e.g. wait for an express train or a more direct bus line). There-

fore, a passenger needs to choose between multiple transit lines sharing

segments of routes, and the decision regarding which transit line to board

at a station depends on the unknown future arrival order of the candidate

transit lines, which is an exponentially large set in the number of candi-

date (feasible) lines at each station, and leads to a combinatorial choice

set.

Previous research on transit routing problems typically simplifies the prob-

lem by assuming that passengers board the first arriving transit service from

an attractive line set that is precomputed to minimize the expected total travel

time [21, 62, 85, 104]. Under this assumption, the passenger is committed to a

transit line set. However, the traveler does not need to make a boarding decision

until a transit vehicle is about to depart ( [48]), and it can be meaningful to adapt

decisions based on information learned (uncertainties that are realized) during

the trip. Fortunately, the role of online information has been noted recently in

multiple studies. [41] propose a frequency-based assignment model under the

assumption that the arrival time of the next transit vehicle is available once the

passenger arrives at a transit station and demonstrate the potential benefits of

utilizing such information. Instead of assuming full information, [19] propose

a routing strategy in a transit network with partial online information at the

stations. The partial online information represents that the arrival time of the
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incoming transit vehicles is available only for a subset of the candidate tran-

sit lines. [86] develop a transit assignment model which considers two types of

available information (partial information and full information), and demon-

strate the impact of online information on assignment results. In our work,

we consider the routing problem in transit networks as a fully online problem.

The online information setting mentioned above can be easily adopted into our

framework by changing the travel time and headway distributions accordingly.

The aim of this research is to formulate the SOTA problem for transit net-

works and develop efficient algorithms to solve it in this setting. The specific

contributions of the work include:

• The formulation of the SOTA problem for transit networks, including a

general network structure for stochastic transit networks and a decision-

making model. Both the waiting time for each transit line and the travel

time on each link are assumed to be random variables with known proba-

bility density functions. The solution is an adaptive policy that fully con-

siders the transit specific characteristics of the problem mentioned above.

• The design of a dynamic programming (DP) algorithm, which is pseudo-

polynomial in the number of transit stations and time budget, and expo-

nential in the number of transit lines at each station, which is practically

a small number. To reduce the search space, we develop a definition of

transit line dominance and present methods to identify this transit line

dominance, which significantly decreases the computation time in our nu-

merical experiments.

• Extensive experiments in a synthetic network and in the Chicago transit

network, which show the potential for solving this problem in a real-time
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route planning application setting. We also propose a general procedure

to generate travel time, headway, waiting time distributions from General

Transit Feed Specification (GTFS) data.

The rest of this chapter is organized as follows. In Section 5.2, we formu-

late the mathematical problem, in particular, we describe the network model

and the underlying decision-making framework. In Section 5.3, we introduce

a dynamic programming based approach to solve the problem, as well as the

complexity analysis of the algorithm. In Section 5.4, we provide a series of algo-

rithmic techniques to reduce the search space. Section 5.5 consists of numerical

results on the computational performance and practical efficiency of the model

and algorithms introduced in this work, both in a synthetic network and in the

Chicago transit network.

5.2 Problem formulation.

5.2.1 Problem description

In this section, we extend the SOTA problem definition to the context of transit

networks. In this setting, as mentioned previously, two types of random vari-

ables need to be considered: the travel time between two transit stations and the

waiting time for each transit line arrival at each transit station. The objective of

the SOTA problem for transit networks is to find the routing (boarding, alighting

and transferring) policy that maximizes the probability of arriving at the desti-

nation within a time budget. For conciseness, in the remainder of the article,
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we use utility to represent the probability of arriving at the destination within the re-

maining time budget, but note that the framework can be extended to other func-

tions, and to robust settings [37]. The routing policy here includes the boarding,

alighting and transferring decisions at each transit station in different situations

(time already spent waiting at a station, arrival order of transit services, etc).

The following modeling assumptions are made.

Assumption 3. Passengers’ arrivals are independent of the transit schedule.

This assumption models a situation where the transit service is frequency-

based (not schedule-based) and passengers do not adjust their specific depar-

ture times based on the transit schedule. This is a standard assumption made

in the literature [41, 62]. In modern services, transit vehicles’ positions may be

published in real-time (even for frequency-based services), and thus passen-

ger arrivals may be correlated with the bus schedule. The formulation can be

adapted to account for this by changing the travel time distribution and waiting

time distribution accordingly.

Assumption 4. Only the first arrival from each transit line (after the passenger enters

the station) is considered as a candidate in the choice set.

This assumption is made for both modeling and algorithmic reasons:

• Guiding the passenger to ignore the first arrival from a particular line,

but board the second arrival from that same transit line makes the routing

direction confusing;
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• Without this assumption, it is possible for the passenger to have to make

an infinite number of decisions in the theoretical worst case (albeit with

vanishing probability).

The passenger may not be able to board certain transit services (especially

during rush hour or after a major event), if the transit service is full and has no

remaining capacity. However, since we do not have data about the occupancy

of each transit vehicle, the capacity of each transit service is not considered in

our study. Note that this is not a disadvantage of our framework because given

the data for the occupancy of transit vehicles, we should be able to define the

waiting time to be the waiting time for the first arrival transit service that the

passenger can board, and our framework can then be adapted to use these dis-

tributions without any changes.

Assumption 5. No two transit services can arrive at the transit station at the same

time.

Without loss of generality, two events never occur at exactly the same time

in the continuous setting. In the subsequent discretized form of the problem,

this assumption translates to no two transit services arriving at a transit station

during the same discretized time interval1.

5.2.2 Transit network representation

We consider a directed graph G(V, E), in which V is the set of nodes and E is the

set of links. We model the transit stations with three types of nodes:
1While the optimality of the solution relies on this assumption, if two lines arrive in the same

time interval in practice, the algorithm can closely approximate the solution by considering the
two cases of one arriving before the other.
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• Station nodes: A station node denoted by S X
y represents a passenger wait-

ing at station y for the set of candidate transit lines X.

• Arrival nodes: An arrival node denoted by Ai,X
y represents transit line i

arriving first at station y among all the candidate lines in X ∪ {i}, and tran-

sit lines j ∈ X having not arrived yet, since the passenger arrives at the

station.

• Line nodes: A line node denoted by Li
y represents the passenger boarding

transit line i at station y.

Figure 5.1: Network representation of a transit station served by two transit
lines. All the links and nodes within the dashed line rectangle are used to model
the decision-making at a single physical station.

The set of station nodes, arrival nodes and line nodes are VS , VA and VL re-

spectively. Without loss of generality, the OD is selected from the station nodes

to model a passenger starting their trip from a station node in the waiting state.

Give a passenger in a waiting state at a station node with m candidate transit

lines, it is possible for any of the m lines to arrive first. In each of these situations,

the passenger either boards the transit line that arrives or continues waiting for

other candidate lines. Passengers make decisions that maximize their utility.
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We categorize links as follows:

• Arrival links: Links from station nodes to arrival nodes.

• Riding links: Links from line nodes to arrival nodes.

• Boarding links: Links from arrival nodes to line nodes.

• Alighting links: Links from arrival nodes to station nodes.

Figure 5.1 illustrates the network representation of the decision-making pro-

cess at a transit station with two transit lines. A passenger starting the trip

physically at station 1 starts the trip at station node S 1,2
1 in the model. If transit

line 1 arrives first, the passenger moves to the corresponding arrival node A1,2
1 .

The passenger has to decide to either board this transit line or continue to wait

for line 2. If the passenger continues waiting, the passenger moves to station

node S 2
1. Otherwise, the passenger moves to line node L1

1. All the links and

nodes within the dashed line rectangle are used to model the decision-making

at a single physical station. This network model allows for transfers. For in-

stance, a passenger having boarded line 1 at station S 0 (the station preceding

station S 1) is able to get to station node S 2
1 and wait for the next arrival of line 2.

The link costs in the network are defined as follows. A riding link (i, j) is

associated with a travel time distribution pi, j(·). A boarding link has no cost,

since it refers to an instantaneous event. An arrival link is associated with a

waiting time distribution w j
y(θ, r), characterizing the probability density for the

waiting time being θ for transit line j at station y, given that the passenger has

already waited at the station for r units of time. Note that θ is the waiting time on

top of r, and models transit line j arriving at station y after a total waiting time of

(r + θ) since the passenger arrives at the station. Therefore, w j
y(θ, 0) is the original
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waiting time distribution when the passenger arrives at the station. Research

has shown that empirical headway data fit better with Loglogistic, Gamma and

Erlang distributions than the exponential distribution [62]. Therefore, we do not

assume that the waiting time distribution is memoryless (as some other studies

do), and use the following rule to normalize the waiting time distribution given

r:

w j
y(θ, r) =

w j
y(r + θ, 0)

1 −
∫ r

0
w j

y(α, 0)dα
0 ≤ θ ≤ T − r, 0 < r ≤ T (5.1)

with T being the total time budget when the passenger begins the trip.

In Section 5.2.3, we discretize the time-space to solve the problem numeri-

cally. In the discretized space, we force the waiting time to be at least one unit

of the discretized time interval. Therefore, the waiting time equation reads as

follows.

w j
y(θ, r) =

w j
y(r + θ, 0)

1 −
∑r

0 w j
y(α, 0)dα

1 ≤ θ ≤ T − r, 0 < r ≤ T (5.2)

Although the waiting time distribution is a 2-D array, as explained in Section

3.2, we can save computation time in practice by precomputing and storing

1 −
∫ r

0
w j

y(α, 0)dα for each r after we discretize the time-space.

5.2.3 The SOTA problem for transit networks

In this section, we describe how to compute the utility functions of the pas-

senger at the different types of nodes in the model. The utility at a node i is a
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function of the remaining time budget t when the passenger arrives at the node,

denoted by ui(t). The utility function at the destination node D is:

uD(t) = 1 0 ≤ t ≤ T

since the passenger has completed the trip when at node D.

Line nodes

Recall from Figure 5.1 that a line node only contains an outgoing edge to an ar-

rival node. Assume that the line node we are considering is i and the following

arrival node is j. The travel time on link (i, j) is a random variable θ, and the

remaining time budget at node j is t − θ. Therefore, the utility at line node i is a

function of the remaining time budget t when the passenger arrives at the node,

denoted by ui(t).

Definition 1. The utility function at a line node i can be computed as follows.

ui(t) = E
θ
(u j(t − θ)) =

∫ t

0
pi, j(θ) · u j(t − θ)dθ,∀i ∈ VL, (i, j) ∈ E, 0 ≤ t ≤ T

where j ∈ VA is the subsequent arrival node of line node i.

This utility function is analogous to the standard utility function of the SOTA

problem for road networks.
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Arrival nodes

All the routing decisions occur at arrival nodes, since the passenger is faced

with the decision of either boarding the transit line that arrives first (selecting

the subsequent line node) or continuing to wait for the other candidate transit

lines (selecting the corresponding station node). Let Ai,X
y be the arrival node of

interest, and uAi,X
y

(t, r) be the utility when the passenger has a remaining time

budget t and has already waited at the station for r units of time. We call the

tuple (t, r) the passenger state. Since the passengers aim to maximize the utility,

the utility at an arrival node is the maximum of the utilities at the subsequent

line node and station nodes.

Definition 2. The utility function at an arrival node Ai,X
y with passenger state (t, r) is:

uAi,X
y

(t, r) = max
j∈VL |(A

i,X
y , j)∈E; S X

y ∈VS |(A
i,X
y ,S X

y )∈E
{u j(t), uS X

y
(t, r)}

Station nodes

Station nodes are followed only by arrival nodes, and the utility at a station

node is the expectation of the utility at the following arrival nodes. An arrival

node is defined by the first arriving transit line and the corresponding passenger

state. Let (i, θ) be a random event which represents that transit line i is the first

arriving transit line, and the waiting time for it is θ. Assume that S X
y is the station

node of interest, and that we want to compute uS X
y
(t, r). For each 0 ≤ θ ≤ t, the

probability of the transit line i arriving the first after waiting θ units of time is

wi
y(θ, r) ·

∏
j∈X\i

(1 −
∫ θ

0
w j

y(α, r) dα). In this case, the passenger has waited θ + r units

of time in total, and the utility at this arrival node is uAi,X\i
y

(t − θ, θ + r).
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Definition 3. The utility function at a station node is:

uS X
y
(t, r) = E

(i,θ)
(uAi,X\i

y
(t − θ, θ + r))

=
∑
i∈X

∫ t

0
wi

y(θ, r) ·
∏
j∈X\i

(1 −
∫ θ

0
w j

y(α, r)dα) · uAi,X\i
y

(t − θ, θ + r)dθ



This utility is the weighted average of the utility at the corresponding arrival

nodes.

The integrals in the above equations do not have closed form expressions

and cannot be solved analytically. Therefore, they need to be integrated numer-

ically by discretizing the time horizon into small intervals. In the discretized

model, we assume that no two transit lines can arrive at the same transit station

at the same discretized time interval. As a consequence, the solution not guar-

anteed to be optimal, since there is a small (non-zero) probability that two lines

might arrive at the same time interval regardless of how small the discretiza-

tion is. However, we can set the length of time intervals to be a small number in

practice2.

Given a fixed time discretization, the discrete form of the utility function at

station node reads as follows.

Definition 4. The discrete form of the utility function at station nodes is:

uS X
y
(t, r) =

∑
i∈X

 t∑
θ=1

wi
y(θ, r)

∏
j∈X\i

(1 −
θ∑

α=0

w j
y(α, r)) · uAi,X\i

y
(t − θ, θ + r)


2In the experiments, we set the time interval length to be 15 seconds. Using this time interval

length, the average probability of multiple buses arriving at the same time interval for each
station is about 0.6% in the Chicago transit network we use in numerical experiments. For a
particular OD, this probability is usually lower since the candidate bus line set is a subset.
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.

The utility function for other types of nodes can be discretized similarly.

Example 1. Here we show a simple example that shows the sophisticated decision-

making process that the model allows. Assume that the passenger is waiting at a station

with three candidate transit lines. Table 5.1 is the waiting time distribution for each

transit line, and the utility of taking the transit line corresponding to the waiting time.

Figure 5.2 shows the optimal decision based on the arrival order. We can observe that:

(1) The transit line that first arrives is not always the optimal choice. When transit

line 3 arrives at time 2, it is the first transit service that arrives. However, it is optimal

for the passenger to not board, and continue to wait; (2) Even when it is optimal to

not board a transit line at an arrival event, the event may impact the future optimal

decisions, as illustrated by the differing policies following the arrival or non-arrival of

transit line 3 at time 2.

Table 5.1: The waiting time and utility distribution for example 1.

Transit line ID Waiting time Probability Utility

1
1 0.05 0.90
3 0.05 0.80

10 0.90 0.00

2 5 0.90 0.85
15 0.10 0.00

3 2 0.50 0.70
6 0.50 0.60
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Figure 5.2: The optimal boarding decision corresponding to the transit line ar-
riving order for example 1. The number in each decision node (board and wait)
represents the decision’s utility. Note that arrival events for which boarding is
never optimal are ignored in the figure (e.g. the arrival of transit line 1 at time 3
following the non-arrival of transit line 3 at time 2).

5.3 Solving the SOTA problem for transit networks

In this section, we describe how to solve the discrete time version of the SOTA

problem for transit networks. We first show how the problem can still (even

in the transit setting) be solved using a dynamic programming approach, then

present a complexity analysis of the algorithm, and finally in Section 5.4 de-

scribe a number of search space pruning methods designed to make the prob-

lem tractable in practice.
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5.3.1 Dynamic programming approach

In [96], a label-setting algorithm for the SOTA problem is developed by exploit-

ing the fact that each link in a road network has a positive minimum realizable

travel time. This fact guarantees that there will be no loops in the network with

zero travel time, and thus allows for a dynamic programming approach for solv-

ing the problem. However, in the transit network representation proposed in

the previous section, there are links with zero minimum realizable travel time.

Claim 4. In the transit network representation introduced in Section 5.2, there is no

loop with a zero realizable travel time.

Proof. Only the links starting from the arrival nodes can have zero minimum

realizable time. To form a loop, the passenger has to first get to an arrival node

from some other type of node, which is not an arrival node. The links origi-

nating from all other types of nodes have a positive minimum realizable travel

time, so a zero travel time loop is not possible. �

Therefore, we can still use a dynamic programming approach to solve the

SOTA problem for transit networks. Each sub-problem in the dynamic program

can be defined by (i, t, r) where i is the node that we consider, t and r have the

same definition as in Section 2. Let OPT(i, t, r) denote the utility at node i when

the passenger has a time budget of t and has waited at the station for r units of

time. Note that the OPT(i, t, r) satisfies the Bellman’s Principle of Optimality, i.e.,

the remaining decisions only depend on the current state and are not related to

the past states and decisions. According to the definitions in Section 2, we claim

that OPT(i, t, r) satisfies the following recurrence relation:
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OPT(i, t, r) =



1 if i is the destination

0 if t < 0
t∑
0

pi, j(θ) ·OPT( j, t − θ, 0) if i is a line node and (i, j) ∈ E

max
j∈VL |(A

i,X
y , j)∈E; S X

y ∈VS |(A
i,X
y ,S X

y )∈E
{OPT( j, t, 0),OPT(S X

y , t, r)} if i is arrival node Ai,X
y

∑
i∈X

 t∑
θ=1

wi
y(θ, r)

∏
j∈X\i

(1 −
θ∑

α=0

w j
y(α, r)) ·OPT(Ai,X\i

y , t − θ, θ + r)

 if i is station node S X
y

(5.3)

The initial problem we wish to solve is given by (O,T, 0), i.e., the passenger

is at the origin node O with time budget T and has waited for zero units of time.

The algorithm first initializes the utility function corresponding to the destina-

tion node to 1 and computes all the normalized waiting time distributions that

are needed in the subsequent computation. Then, the utility at each node is up-

dated in a dynamic programming fashion according to the recurrence relation

given in Equation 5.3.

5.3.2 Complexity analysis

The runtime of the algorithm is pseudo-polynomial in the number of stations in

the transit network and time budget, and exponential in the number of transit

lines at any station. We first provide the number of nodes of all three types.

Then, we analyze the time complexity for computing the utility on each type of

node.

Claim 5. For a station with m transit lines, there are i) m line nodes, ii)
m∑

i=1
Ci

m station

nodes, and iii)
m∑

i=1
i ·Ci

m arrival nodes.
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Proof. i) For every transit line, there is a corresponding line node. Therefore,

there are m line nodes in total. ii) For each combination of transit lines represent-

ing the non-empty set of lines yet to arrive, there is a station node. Therefore,

there are
m∑

i=1
Ci

m station nodes in total. iii) For each station node, any transit line

can be the line arriving the first and yield an associated arrival node. Therefore,

there are
m∑

i=1
i ·Ci

m arrival nodes. �

We now analyze the time complexity of the algorithm for a transit network

with a station set Y and each station has no more than m transit lines. Let My be

the set of transit lines at station y. The algorithm first computes all the normal-

ized waiting time distributions that are needed in the subsequent computation,

which takes O(|Y | · m · T 3) time based on Equation 5.1. In our implementation,

we use O(|Y | ·m · T ) memory to store 1−
∑θ
α=0 w j

y(α, 0),∀θ ≤ T, y ∈ Y, j ∈ My, which

decreases the time complexity to O(|Y | · m · T 2).

Claim 6. For a station set Y in which each station has no more than m transit lines, the

time complexity of computing the utility functions for a time budget of T is:

• O(|Y | · m · 2m−1 · T 2) for all arrival nodes,

• O(|Y | · (m2 − m) · 2m−2 · T 3) for all station nodes.

Proof. Based on Definition 2, we need to update the utility functions at each

arrival node for each possible remaining time budget t and each waiting time r.

In addition, based on Claim 5, there are
m∑

i=1
i · Ci

m arrival nodes for a station with

m transit lines, so it takes O(|Y | ·
m∑

i=1
i ·Ci

m ·T
2) = O(|Y | ·m ·2m−1 ·T 2) time to compute

the utility at all the arrival nodes.

Assume that the station node of interest is S X
y . To compute US X

y
(t, r), for each
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transit line i ∈ X, we need to compute the probability of line i arriving among all

lines in X, which is
∑t
θ=1 wi

y(θ, r)
∏

j∈X\i(1−
∑θ
α=0 w j

y(α, r)) according to Definition 4.

Therefore, for each i ∈ X and passenger state (t, r), we need O((|X| − 1) · T 2) to

compute the above probabilities. Based on Definition 4, we need to update the

utility functions at each station node for each possible remaining time budget t

and each waiting time r. Consequently, we need O(|X| · (|X| − 1) · T 4) to update

the utility functions for each station node in total. According to Claim 5, there

are
m∑

i=1
Ci

m station nodes for a station with m transit lines. Therefore, it takes

O(|Y | ·
m∑

i=1
(Ci

m · i · (i − 1)) · T 4) = O(|Y | · (m2 − m) · 2m−2 · T 4) time to compute the

utility at all the station nodes, without re-using any information. We find that

the probability of transit line j arriving after α time given that the passenger

has already waited r time at station y, which appears in Definition 4 reads: 1 −∑θ
α=0 w j

y(α, r) =
1−

∑r+θ
α=0 w j

y(α,0)

1−
∑r
α=0 w j

y(α,0)
. In our implementation, we use O(|Y | · m · T ) memory

to store 1 −
∑θ
α=0 w j

y(α, 0),∀θ ≤ T, y ∈ Y, j ∈ My. Then, the time complexity for

computing utility for all station nodes becomes O(|Y | · m2 · 2m · T 3). �

In summary, the time complexity of the algorithm is O(|Y | ·m2 · 2m · T 3). Con-

sidering that there is a constant maximum number of transit lines at a station,

the time complexity is O(|Y | · T 3), which leads to a pseudo-polynomial time al-

gorithm in |Y | and T .

5.4 Search space reduction

Although the DP approach is a pseudo-polynomial time algorithm in |Y | and T ,

the computation time can still be high in large-scale networks when T is large.

Therefore, we propose some search space reduction techniques to further de-
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crease the computation time in practice.

5.4.1 Eliminate the infeasible paths

The simplest pruning technique we employ is to eliminate infeasible paths, i.e.,

paths that have zero probability of being used based on the minimum realizable

travel time on each link. This pruning can be performed by simply running a

shortest path search on a modified graph where the link weight is the minimum

realizable travel time, to find the shortest path distance from each station to the

destination. Assume that the minimum realizable travel time from station y to

the destination is αy. The utility for any node at station y given a time budget

smaller than αy will be zero.

This method is similar to the pruning method in [96] for road networks.

Since the complexity of the shortest path algorithm is dominated by the com-

plexity of the SOTA problem, the cost of the pruning method is negligible com-

pared to the total computation time.

5.4.2 Search space reduction using transit line dominance

To compute the utility at an arrival node, we need to compare the utility of

boarding the transit service (line node) and continuing to wait (station node).

In this section, we propose a definition of transit line dominance, and a set of

computationally efficient conditions to check for such dominance. This allows

us to save the computation for the utility of the corresponding station node in

the case of a dominating line node.
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Dominance definition and properties

Definition 5. Assume that the passenger is at node Ai,X
y with passenger state (t, r).

Transit line i dominates X if uLi
y
(t) ≥ uS X\i

y
(t, r). We use i � X to represent that i

dominates X, and i ≺ X to represent that i does not dominate X.

According to the definition, if i � X, the passenger should board the transit

line i; If i ≺ X, the passenger should continue to wait for the transit lines in X.

We now propose a useful claim that will be used in the proof of the dominance

properties that we propose later.

Claim 7. Assume that the passenger is at station y with passenger state (t, r). uS X
y
(t, r) ≤

uS X′
y

(t, r),∀X′ ⊃ X.

Proof. The passengers in our system are utility maximizers. Therefore, more

transit line choices will make the utility of the station node increase or remain

the same. �

Assume that the passenger is at station y with passenger state (t, r). If i � X,

then i � X′,∀X′ ⊂ X. Correspondingly, if i ≺ X, then i ≺ X′,∀X′ ⊃ X.

Proof. We prove the first part of the claim. The second part can be proved

using similar reasoning. Assume that the passenger is at station y. Accord-

ing to Definition 5, uLi
y
(t) ≥ uS X

y
(t, r) if i � X. In addition, for any X′ ⊂ X,

uS X′
y

(t, r) ≤ uS X
y
(t, r) based on Claim 7. Therefore, uLi

y
(t) ≥ uS X′

y
(t, r), and thus

i � X =⇒ i � X′,∀X′ ⊂ X. �

Assume that the passenger is at station y with passenger state (t, r). If uLi
y
(t) ≥
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uL j
y
(t), then: (1) i � X for any X such that j � X; (2) j ≺ X′ for any X′ such that

i ≺ X′.

Proof. For (1), if j � X, then uL j
y
(t) ≥ uS X

y
(t, r) according to the definition of transit

line dominance. Since uLi
y
(t) ≥ uL j

y
(t), we derive uLi

y
(t) ≥ uS X

y
(t, r), which proves

that i � X.

For (2), as i ≺ X′, uLi
y
(t) ≤ uS X

y
(t, r). Since uLi

y
(t) ≥ uL j

y
(t), uL j

y
(t) ≤ uS X

y
(t, r), which

represents j ≺ X′. �

According to the two properties above, we can infer transit line dominance

based on the transit line dominance that we already know. Therefore, at an

arrival node Ai,X
y with passenger state (t, r), if we can infer i � X from the known

dominance, we can reduce the computation for uS X
y
(t, r).

Dominance conditions

In this section, we present a series of conditions that can be assessed efficiently,

and are practically useful to reduce the number of utility computations at station

nodes. The conditions are considered at arrival nodes in order.

The first dominance condition is a subproblem pruning technique. If the

condition is satisfied, we do not need to compute the utility at the corresponding

station node at this specific passenger state.

Proposition 1. (Subproblem pruning) Assume that the passenger is at node Ai,X
y with

passenger state (t, r). If uLi
y
(t) ≥ max

j∈X
{uL j

y
(t − 1)}, then i � X.
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Proof. The utility function is a nondecreasing function with respect to the time

budget, i.e., uL j
y
(t−1) ≥ uL j

y
(t′),∀t′ ≤ t−1,∀ j ∈ X. In addition, uS X

y
(t, r) is a weighted

average of uL j
y
(t′) for t′ ≤ t and j ∈ X where the sum of the weight is not larger

than 1. Therefore, if the condition is satisfied, uLi
y
(t) ≥ uS X

y
(t, r) =⇒ i � X. �

Proposition 1 needs O(m) time to be checked. The intuition is as follows:

Assume that we know all the transit lines in X will arrive right after i arrives. If

boarding the transit line i under this assumption has a larger utility than waiting

for the rest, then boarding the transit line i also has a larger utility than waiting

for the rest without the assumption (i.e. the transit lines in X might arrive later).

If Proposition 1 cannot prove that i � X, then we need to compute uS X
y
(t, r)

explicitly. We show next that, in some cases, we can safely remove some transit

lines in X and only consider a subset of the candidate transit lines. Before we

propose this candidate set pruning technique, we first provide the following

definition of improving lines that will be used later on.

Definition 6. Assume that the passenger is at station y with passenger state (t, r).

Transit line k improves line j at station y if uS {k, j}y
(t, r) > uS { j}y

(t, r).

A sufficient and necessary condition for transit line k improving line j at

station y is given as follows.

Claim 8. Assume that the passenger is at node Ai,X
y with passenger state (t, r). Line k

improves line j if there exists some state (t − γ, r + γ) such that uLk
y
(t − γ) >

t−γ∑
θ=1

(w j
y(θ, r +

γ) · uL j
y
(t − γ − θ)).

Proof. If there exists a passenger state (t− γ, r + γ) satisfying the condition above

in Claim 8, the passenger should board k when it arrives at state (t − γ, r + γ)
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instead of continuing to wait for j. Therefore, the utility at the station node with

{k, j} is larger than the utility at station node with only line j. �

Now, we propose the candidate set pruning technique as follows.

Proposition 2. (Candidate set pruning) Assume that the passenger is at node Ai,X
y

with passenger state (t, r). Let Z = { j ∈ X | uLi
y(t) < uL j

y
(t − 1)}. When we compute

uS X
y
(t, r), we can instead compute uS X′

y
(t, r) where X′ ⊆ X and X′ = Z ∪ { j ∈ X |

j improves at least one line in Z}.

Proof. Let K = X\X′. Since no line in K improves the lines in Z, it is never better

to take a line in K than waiting for the lines in Z, i.e., uS Z∪K
y

(t, r) = uS Z
y
(t, r). Since

Z ⊂ X′, it is also never better to take the line in K than waiting for the lines in X′,

which implies uS X′
y

(t, r) = uS X
y
(t, r). �

We can consider the candidate set pruning technique as an extension of

Proposition 1 since Z is obtained when we check the condition in Proposition 1.

If |Z| = 0, the condition in Proposition 1 is satisfied, i � X. Otherwise, we prune

the transit lines in { j ∈ X\Z | j cannot improve any line in Z} before computing

for the utility at the station node.

According to Definition 4, we iterate through the time intervals {z | 1 ≤ z ≤ t}

when we compute uS X
y
(t, r). Here z is the waiting time for the first transit line

arrival. In some cases, we can infer i � X when we finish the computation for

an iteration z < t and thus reduce the computation for the rest of the iterations.

Proposition 3. (Time interval pruning) Assume that the passenger is at Ai,X
y with pas-

senger state (t, r). Let umax be the maximum utility among all subsequent arrival nodes

of S X
y at passenger state (t − z, r + z), i.e., umax(z) = max

j∈X
{uA j,X\ j

y
(t − z, z + r)}. Let p j,X(θ)
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be the probability that transit service j is the first transit service arrives at the station

among all transit lines in X, and it arrives at the station at passenger state (t − θ, r + θ),

i.e., p j,X(θ) = w j
y(θ, r)

∏
k∈X\ j

(1 −
θ∑

α=1
wk

y(α, r)). Let usum(z) be the expected utility for the

cases where there is one transit service in X arriving at the station from passenger state

(t, r) to (t − z, r + z), i.e., usum(z) =
∑
j∈X

z∑
θ=1

(p j,X(θ) · uA j,X\ j
y

(t − θ, θ + r)). If there exists z ≤ t

such that uLi
y
(t) ≥ usum(z) + (1 −

∑
j∈X

z∑
θ=1

p j,X(θ)) · umax(z), then i � X.

Proof. If we can show that usum(z) + (1 −
∑
j∈X

z∑
θ=1

p j,X(θ)) · umax(z) ≥ uS X
y
(t, r), then the

proposition is proved. According to Definition 4, uS X
y
(t, r) = usum(t). We can infer

that uS X
y
(t, r) = usum(z) +

∑
j∈X

t∑
θ=z+1

(p j,X(θ) · uA j,X\ j
y

(t− θ, θ+ r)). Since the utility function

is non decreasing, we know that umax(z) = max
j∈X,z≤θ≤t

{uA j,X\ j
y

(t − θ, θ + r)}. In addition,

1−
∑
j∈X

z∑
θ=1

p j,X(θ) ≥
∑
j∈X

t∑
θ=z+1

p j,X(θ). Therefore, we can conclude that the proposition

is correct since uS X
y
(t, r) ≤ usum(z) + (1 −

∑
j∈X

z∑
θ=1

p j,X(θ) · umax(z). �

Whenever we finish computing for a specific time interval z = i, we can check

the condition in Proposition 3. If the condition is not satisfied, we let z = i + 1

and continue the procedure. However, if the condition is satisfied, we know

that i � X and thus can reduce the computation for i + 1 ≤ z ≤ t.

To sum up all the techniques discussed in this section and Section 5.4.2, we

modify the procedure of computing the utility at arrival nodes as follows. Two

dictionaries dom and nondom are used to record the transit line dominance and

non-dominance. update dom and update nondom are two functions to update

dom and nondom according to dominance properties in Section 5.4.2. Specifically,

for any arrival node Ai,X
y , the pruning is done via the following set of steps.
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Step 1: Check if X is in dom[i, t, r]: if yes, return uLi
y
(t); Otherwise, go to Step 2.

Step 2: Check if X is in nondom[i, t, r]: if yes, compute uS X
y
(t, r) and return it;

Otherwise, go to Step 3.

Step 3: Check if i � X or i ≺ X using the pruning techniques. If i � X, run

update dom and return uLi
y
(t); Otherwise, run function update nondom and return

uS X
y
(t, r).

We call the algorithm DP with dominance. Note that all the methods dis-

cussed retain the optimality of the solution.

5.4.3 Heuristic rules

In this section, we propose three heuristic rules, which can be employed in the

procedure of checking dominance, to further decrease the computation time.

We will show in the numerical experiments that the heuristics can significantly

reduce the computation time without much loss of the results accuracy.

Assume that the passenger is at node Ai,X
y with passenger state (t, r). Let

Z = { j ∈ X | uLi
y(t) < uL j

y
(t − 1)}, and p =

∏
j∈Z

t∑
θ=1

IuLi
y(t)≥u

L j
y(t−θ)
· w j

y(θ, r) where IuLi
y(t)≥u

L j
y(t−θ)

is an indicator function. If p ≥ ε, we say that the passenger should board the

transit line i.

This is an extension of Proposition 1. ε is a constant coefficient. p is the prob-

ability of the case that boarding transit line i has a larger utility than boarding

any other single transit line in X. If p is large, then only with a small probabil-

ity, the realization of the waiting time for a transit line in X can make its utility

larger than boarding transit line i.

106



Assume that the passenger is at node Ai,X
y with passenger state (t, r). If uLi

y
(t) ≥

t∑
θ=1

w j
y(θ, r) · uL j

y
(t − θ),∀ j ∈ X, we say that the passenger should board the transit

line i.

In other words, the passenger should board transit line i if boarding it has a

larger utility than waiting for any single line in X. It is an approximation since

uS X
y
(t, r) ≥ uS { j}y

(t, r),∀ j ∈ X according to Claim 7. Therefore, it is possible that

uS X
y
(t, r) > uLi

y
(t).

Assume that the passenger is at Ai,X
y with passenger state (t, r). Let umax(z) =

max
j∈X
{uA j,X\ j

y
(t−z, z+r)}, and usum(z) =

∑
j∈X

(
z∑
θ=1

w j
y(θ, r)

∏
k∈X\ j

(1−
θ∑

α=1
wk

y(α, r)) ·uA j,X\ j
y

(t−θ, θ+

r)). If there exists z ≤ t such that β · uLi
y
(t) > usum(z) + (1 −

∑
j∈X

(
z∑
θ=1

w j
y(θ, r)

∏
k∈X\ j

(1 −

θ∑
α=1

wk
y(α, r)))) · umax(z), then we say that the passenger should board transit line i.

This is an extension of Proposition 3. The difference is that we add a con-

stant relaxation coefficient β (β > 1) in the condition. This represents that when

we compute the utility of a station node, if β times the utility of the line node is

larger than the largest possible utility of the station node, we say that the pas-

senger should board the transit line that arrives. β in Heuristic 5.4.3 and ε in

Heuristic 5.4.3 are used to control the tradeoff between the results accuracy and

computation performance. In the numerical experiments, we let β = 1.25 and

ε = 0.75.

In the following section, we present numerical results and compare the three

versions of the solution algorithm introduced in this work: (1) DP; (2) DP with

dominance; (3) DP with dominance and heuristics.
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5.5 Numerical experiments

In this section, we present numerical experiments focused on illustrating the

runtime performance of the various versions of the solution, as well as the prac-

tical value of using a SOTA policy in transit networks. All the algorithms are

coded in Python 3.6, and all tests are conducted on an AMD Ryzen processor

computer (3.4 gigahertz, 16 gigabytes RAM). We first validate the algorithms

and conduct a sensitivity analysis in a controlled setting using a synthetic tran-

sit network, and then test them on the Chicago transit network.

5.5.1 Estimating travel time and headway distributions

To obtain the required network and transit line information, we develop a pro-

cedure for taking the input data (GTFS data) and generate all the processed data

we need in the experiments, including travel time distributions, headway dis-

tribution, and waiting time distributions. The first step is to generate the travel

time distributions for each transit line. Studies have shown that travel time

distributions on road networks can be well approximated by a lognormal dis-

tribution (see [28, 52, 123]). Therefore, in our experiments, we model the travel

time distributions using appropriately parameterized lognormal distributions.

A lognormal distributed random variable X is parameterized by two parameters

µ and σ that are, respectively, the mean and standard deviation of the variable’s

natural logarithm. For every two adjacent stations S 1 and S 2 in a transit line,

we calibrate µ and σ for the travel time between the two stations based on the

following steps:

108



(1) Compute the minimum realizable travel time tm by dividing the distance

between S 1 and S 2 by the corresponding speed limit.

(2) Let the mode of the lognormal distributed variable, i.e., the point of the

maximum of the probability density function, be the difference between the

scheduled departure time at S 2 and S 1. The mode of a lognormal distribued

variable is eµ−σ
2 . Therefore, if the schedule departure time at S 1 and S 2 are 8:45

and 9:00 and tm = 5 min, then we have eµ−σ
2

= 10.

(3) In the absence of more information from GTFS, σ of the lognormal distri-

bution is sampled uniformly from 0.25 ≤ σ ≤ 0.5 so that the variance is neither

too large or too small.

(4) Compute µ according to the mode and σ. Shift the distribution right-

wards by tm.

As σ is randomly sampled from a given range, a sensitivity analysis is con-

ducted in Section 5.5.2. If one can get access to the transit vehicle’s real-time

location, σ can be obtained from the real realized travel time data. After com-

puting the travel time distribution between every two adjacent stations, we can

obtain the travel time distribution between the origin and all other stations on

each transit line by computing the appropriate summation of the random vari-

ables due to the independence assumption.

The headway at the origin station of each transit line is set to the mean of

the difference between the scheduled departure time for every two consecutive

trips in our experiment time span. For instance, if the scheduled departure times

for a transit line i at the origin station are 8:45, 8:55, 9:10, then we let the headway

be 10+15
2 = 12.5. The headway for other stations is computed as follows. Let

109



X1 and X2 be the arrival time of the first transit vehicle and the second transit

vehicle of the transit line of interest at a station S . O is the origin, and h is

the deterministic headway at O. The cumulative distribution function of the

headway is computed as follows:

P(X2 − X1 ≤ t) = P(X2 ≤ X1 + t) =

∫ ∞

0
P(X2 ≤ x + t) · P(X1 = x)dx

where P(x2 ≤ x + t) and P(X1 = x) are the cumulative distribution function of X2

and the probability density function of X1. Let tO,S be the travel time between

O and S . The distribution of X1 is the same as the distribution for tO,S , and the

distribution of X2 is to shift the distribution for tO,S rightwards by h.

Finally, we estimate the waiting time distribution from the headway distri-

butions following [57]. Let Ei,y[hi,y] be the expected headway of transit line i

at station y, and Hi,y(·) be the cumulative distribution function of headway of

transit line i at station y. Then the waiting time reads:

wi
y(t, 0) =

1
Ei,y[hi,y]

· (1 − Hi,y(t))

5.5.2 Synthetic network experiments

The synthetic network we use is a 3-line 3-station transit network, as shown in

Figure 5.3. The three transit lines pass through each of the three stations. The

line attributes are presented in Table 5.2. The headway and travel time are in

minutes.
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Figure 5.3: A 3-line synthetic transit net-
work.

Line i
Headway

at station A
Travel time
from A to B

Travel time
from B to C

1 10 4 5
2 15 4 3
3 12 7 4

Table 5.2: Line attributes of the 3-
line synthetic transit network. All
times are provided in minutes.

Figure 5.4: Computation time of three algorithms on the synthetic network. Left:
All three algorithms. Right: Only algorithms with the dominance based pruning
to showcase the relative improvement.

Performance analysis

We first illustrate the performance of the algorithms, specifically the relationship

between the computation time and the time budget. Let station A be the origin,

and station C be the destination, and the time discretization of the algorithm to

be 15 seconds. The three algorithms introduced in Section 5.3 are tested on time

budgets ranging from 10 min to 45 min with a step size of 2.5 min.

As shown in Figure 5.4, the algorithms with search space reduction tech-

niques perform significantly better than the basic DP approach. The DP with the

dominance test can provide an average computation time reduction of 77.8%

compared to the basic DP approach. The heuristics further decrease the com-

putation time by 68.9% on average relative to the DP with dominance. The

time reduction percentage (Computation time of DP - Computation of DP with dominance
Computation time of DP ) is typi-
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Figure 5.5: Comparison of the utility between the SOTA policy and LET path.

cally higher when the time budget is large. When the time budget is 45 min,

the time reduction can be 97.3% for the DP with dominance and heuristics. The

average relative error for the heuristic method is only 2.8% in this experiment.

Therefore, the heuristic (at least in this case) provides a satisfactory trade-off

between accuracy and computation time.

We also quantify the benefits of utilizing a SOTA policy instead of using the

least expected travel time (LET) path. This is done by using the expected value

of both the travel time and waiting time distributions to compute the LET path

between station A and station C. The utility of the LET solution is then com-

puted based on the probability of success when using the LET path for different

time budgets. Figure 5.5 illustrates the utility difference between the LET path

and the SOTA policy we obtain from our algorithm. When the time budget is

very small, the utility difference is zero because the passenger cannot reach the

destination on time regardless of the policy the passenger uses. Similarly, when

the time budget is very large, the utility difference is also 0 because the pas-

senger reaches the destination on time with high probability even with a sub-

optimal route. The SOTA policy will always be no worse than the LET solution

by definition. The maximum utility difference observed in this experiment is 23

percent (when the time budget is 22.5 min in this case).
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Sensitivity to the modes of the travel time distributions.

In this section, we analyze the effect of the modes3 of travel time distributions

on computation time. The modes of the travel time distributions on each link

are sampled uniformly from a range instead of being predefined. Two sets of

experiments are conducted. In the first set of experiments, we let the width

of the range be 1. More specifically, we first generate a random number i ∈

{1, 2, 3, 4, 5, 6, 7, 8, 9} uniformly, and then set the range to be [i, i+1). Assume that

X1 and X2 are two random variables sampled uniformly from this range. Then,

E(|X1 −X2|) = 1
3 since |X1 −X2| follows a triangle distribution with the parameters

a = 0, c = 0 and b = 1. In the second set of experiments, the range is set to [1, 10),

and E(|X1 − X2|) = 3 since |X1 − X2| follows a triangle distribution where a = 0,

c = 0 and b = 9. We call the first set of experiments low diff, and the second set

of experiments high diff. Each set of experiments are conducted for 100 times.

Figure 5.6: Computation time reduction of speed-up techniques on two cases.
high diff represent the case where the travel time distributions’ modes are highly
different, while low diff represents the case where the travel time distributions’
modes are relatively close.

The computation time reduction with respect to the time budget is shown

in Figure 5.6. The search space reduction techniques work well in both sets of

experiments. The average computation time reductions for the DP with dom-
3Note that mode here is the statistical definition.
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inance are 88.9% and 67.1% for the low diff and high diff cases respectively rel-

ative to standard DP, and the time reductions are 95.7% and 89.8% for the DP

with dominance and heuristics. The search space reduction techniques work

better in the low diff cases because the transit services that arrive the first will

intuitively dominate the other transit lines more often with similar travel time

distributions, since waiting is not likely to increase the utility. Another interest-

ing result is that the heuristics will provide a higher time reduction for the high

diff cases compared to the DP with dominance algorithm. A potential reason

is that a line will have a higher probability of being better than any other sin-

gle candidate line at the same station in this case, which indicates dominance

according to the Heuristic 5.4.3.

Sensitivity to the σ parameter

We now analyze the sensitivity of the algorithm performance to the parameter σ

in the lognormal travel time distributions. Assume that the CDF of a lognormal

distribution is F(x), and γ is the mode of the distribution. In Section 5.5.2, we

use σ = 0.25, which makes F(1.5 · γ) ≈ 0.9 when γ is in the range shown in Table

5.2. To show the effects of σ on the distribution, we compare the distribution

with σ = 0.25 and σ = 0.5 in Figure 5.7. When σ = 0.5, F(1.5 · γ) ≈ 0.6.

Figure 5.7: The PDF of lognormal distributions with different σ.
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To analyze the sensitivity of σ on the algorithm’s performance, two sets of

experiments are conducted. In the first set of experiments, the algorithms are

tested under σ = 0.5. In the second set of experiments, σ is uniformly sampled

from [0.25, 0.5] for each link of each transit line. Again, each set of experiments

are conducted for 100 times.

Table 5.3: Algorithms’ performance under different σ settings.

Parameter setting Computation time reduction
for DP with dominance

Computation time reduction
for DP with dominance and heuristics

σ = 0.25 77.8% 92.6%
σ = 0.5 80.3% 94.1%
σ randomly
chosen from [0.25, 0.5] 79.8% 93.9%

As shown in Table 5.3, the search space reduction techniques perform simi-

larly under different σ values. The computation time is reduced slightly more

when the variance of the travel time distribution is larger. In the following ex-

periments for the Chicago transit network, we use σ randomly sampled from

[0.25, 0.5].

5.5.3 Chicago network experiments

We now use the Central/South region (including downtown) of the Chicago

transit network as a case study. The network is created according to the GTFS

data published by the Chicago Transit Authority (CTA) through Google’s GTFS

project. The GTFS data contains schedules and associated geographic informa-

tion. In the experiments, only active bus lines in the morning (6 am to 10 am)

are considered. The transit network, which contains 49 transit lines and 1565

stations, is shown in Figure 5.8.
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Figure 5.8: Chicago transit network (Central/South region).

Figure 5.9: Computation time of three algorithms on the Chicago transit net-
work. Left: All three algorithms. Right: Only algorithms with the dominance
based pruning to showcase the relative improvement.

Runtime performance in the Chicago network

The average travel time to commute in the United States is 26.1 min according

to the U.S. Census Bureau [16]. Therefore, we select 100 ODs randomly from the

station set under the constraints: (1) The expected trip duration is from 15 min

to 45 min; (2) At least one of the origin and the destination is in the downtown

area, to simulate the case of commuting. The experiments are conducted for the

time budgets which also span from 10 min to 45 min. For each time budget, we

use the same three algorithms described previously to compute the utility. The

computation time for each algorithm is shown in Figure 5.9.
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The DP with dominance reduces the computation time by 89.3% on average.

The computation time reductions are significant, but not as high as in the syn-

thetic network shown in Figure 5.3 especially when T is large. In the synthetic

network, there are only three stations which limit the search space. However,

in real-size networks, the search space will be much larger since there are more

stations and transit lines to be considered. The heuristic rules further decrease

the computation time by 34.0% on average relative to the DP with dominance.

The average relative error for the heuristic rules is about 1.6%.

Figure 5.10: The computation reduction for computing the utility on station
nodes. The vertical axis shows the percentage of function calls reduction to
compute the utility at stations.

Recall from Section 5.4, if i � X at an arrival node Ai,X
y given passenger state

(t, r), we save the computation for uS X
y
(t, r). In the experiments, we also record

the number of function calls to compute the utility at station nodes. Figure 5.10

shows the percentage of the function calls reduction by DP with dominance

and DP with dominance and heuristics. Both algorithms provide more than

90% function calls reduction for all the cases. However, the reduction decreases

as the time budget increases. When the time budget is higher, the set of feasible

arrival nodes that followed by a station node S X
y at passenger state (t, r) is larger.

Here an arrival node Ai,X
y is feasible at passenger state (t, r) if it is not pruned by

the techniques in Section 5.4. Let ZX
y be the set of feasible arrival nodes followed
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by station node S X
y . To save the computation for uS X

y
(t, r), every line in {i | Ai,X

y ∈

ZX
y } needs to dominate X, which is of less probability when |Z| is higher.

The average computation time of the DP with dominance and heuristics is

only about 9.2 seconds on a personal computer, which indicates the potential of

running the algorithm in real-time applications.

Compare the utility of the SOTA policy and LET path

Figure 5.11: The histogram of the utility difference between the SOTA policy
and LET path on the Chicago transit network.

Recall from Section 5.5.2, the utility difference between the SOTA policy and

LET path can be as large as 0.23 in the synthetic network. In this section, we test

the utility difference in the Chicago transit network. Intuitively, if there is one

and only one transit line that can directly take the passenger to the destination

without transferring, the SOTA policy and LET path will likely be the same due

to the time cost of transferring. Therefore, we compare the utility difference of

all the ODs from the station set under the constraints: (1) The expected trip du-

ration is from 15 min to 45 min; (2) At least one of the origin and the destination

is in the downtown area; (3) There is no transit line or there are more than one

transit line that can directly take the passenger to the destination. The number
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Figure 5.12: The utility improvement of the SOTA policy over the LET path
under different circumstances. Left: With respect to the number of transit lines
passing by the origin. Right: With respect to the ratio of the travel time of the
LET path and the time budget.

of ODs satisfying the above conditions is 9290. Again, the experiments are con-

ducted for the time budgets from 10 min to 45 min. For each OD, we record

the maximum utility difference between the SOTA policy and LET path among

all the time budgets we test. Figure 5.11 shows the histogram of the maximum

utility difference. The utility difference for 19.6% of the ODs is larger than 0.05,

and the utility difference for 7.6% of the ODs is larger than 0.1. The utility dif-

ference is close to 0 for most of the ODs, which are the cases that either there

is only one route choice between the origin and the destination or there is one

obvious better line than the other choices. It should be noted that the results

highly depend on the network and the travel time distribution we use.

To give insights of what trips will likely benefit from the SOTA policy, we

show the utility increases of the SOTA policy over the LET path on different cir-

cumstances with respect to: i) The number of transit lines passing by the origin;

ii) The ratio of the least expected time (LET) path travel time to the time budget.

As shown in Figure 5.12 (Left), a SOTA policy outperforms the LET path more

when the number of transit lines at the origin increases, which demonstrates

that a SOTA policy is more advantageous when there are more states and op-
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tions to consider. In addition, even though there might be more transit lines

to transfer on the way, it may not be beneficial to conduct a transfer in most of

the cases due to the transfer time. Therefore, when there is only one transit line

passing by the origin, the average utility difference is about 0.025, which is close

to 0. The ratio of the LET path travel time to the time budget represents how

sufficient the time budget is relative to the trip length. Figure 5.12 (Right) shows

the utility increase versus the ratio. If the ratio is relatively large (larger than 2),

passengers cannot increase the utility by using the adaptive routing policy since

it is difficult to get to the destination in a very limited time budget; On the other

hand, if the ratio is very small (smaller than 0.5), the utility increase is also close

to 0 since passengers will likely reach the destination within the given time bud-

get whatever transit line they board. The SOTA policy performs the best when

the ratio is around 1. In summary, the SOTA policy in transit networks shines

the most when there are more states to consider and when the time budget is

neither too high or too low relative to the trip length.
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