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All airborne lidar bathymeter (ALB) systems locate the bottom of a water body by tracking the
progression of a short light pulse from its initial contact with the water surface through its interaction with
the bottom. The detected signal is the light backscattered by the water column, or reflected by the water
surface or the bottom as represented by the waveform – a time-series of the return intensity. All systems
share a common set of design elements, face a similar set of design constraints, and ultimately rely on an
analysis of a series of detected waveforms to produce a map of the bathymetry. The characteristics of the
waveform depend both on the environmental optical properties – especially the water inherent optical
properties (IOPs, see Chap. 2) – and on system design. A major purpose of this chapter is to present a
mathematical description of the process, incorporating realistic representations of the system elements
and pulse propagation geometry. Using a special implementation of the small-angle approximation, a
closed form expression for the waveform is presented. This solution is then used to explore contributions
to the observed waveform following adjustments in ALB system design and to examine implications of
the model for calibration. The chapter closes with consideration of eye-safety requirements and a
discussion of the optimization and technical constraints and tradeoffs on system design.

4.1 Basic System Design – an overview
Shachak Pe'eri

The design of all scanning lidar systems (terrestrial, atmospheric, topographic or bathymetric) is similar in
general (Bunkin and Voliak 2001; Measures 1992; Renslow 2012; Wehr 2009). All require the same basic
set of system components: a laser transmitter, a scanning mechanism, a receiving telescope, a narrow
band filter matched to the laser wavelength, a detector – usually a photomultiplier tube (PMT) or an
avalanche photodiode (APD) – and signal processing hardware to digitize, filter and store the returning
backscatter. For airborne lidar bathymetry (ALB) systems it is convenient to divide the components into
four main system units: a laser transmitter unit, a scanning unit (moving mirror), a detector unit
(telescope, filter, detector and digitizer) and auxiliary systems (e.g., stabilization, time, attitude and
position). Each of the main system units contributes to the overall uncertainty of an ALB survey, and the
specific characteristics of each must be considered in evaluating the overall design (White et al. 2011). In
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this section a general description will be provided for each of the system units. For an introduction to the
more basic calculations based on the parameters of each system unit, the authors recommend Balstavias
(1999) as a starting point reference. A detailed development of the design characteristics specific to ALB
is presented subsequent sections of this chapter.

Transmitter unit
The laser transmitter unit includes the laser together with the optical elements that define the energy of
the laser pulse, the pulse repetition frequency (PRF) and the beam divergence. ALB systems use a pulsed,
frequency-doubled Nd:YAG (neodymium-doped yttrium aluminum garnet) laser that transmits at 532 nm,
in the green part of the spectrum, near the optimal wavelength for maximum transmission in water over a
wide range of conditions (Austin and Petzold 1984).
The power of the laser transmitter is a fundamental issue in lidar design. Simplistically, the greater the
power, the greater the penetrations depth will be. However, power is limited by a number of
considerations, probably the most significant being eye safety. The American National Standards Institute
(ANSI) publishes a recommendation for the maximum permissible exposure (MPE) for direct ocular
exposure in an outdoor environment (ANSI 2005). The MPE is determined by averaging the incident
power of the beam over an area defined by a 7-mm diameter aperture that is equal to a fully dilated pupil
of the human eye. In the case of a green laser pulse (532 nm) the MPE is 5×10-7 J cm-2 for an exposure
time that is less than 104 ns. In the case of a fixed ALB system, the laser power per unit area, 𝐴𝐴, must
conform to the following relationship at ground level:
𝑀𝑀𝑀𝑀𝑀𝑀 ≥

〈𝑄𝑄 〉𝑃𝑃𝑃𝑃𝑃𝑃
〈𝑄𝑄 〉𝑃𝑃𝑃𝑃𝑃𝑃
=
𝐴𝐴
𝜋𝜋 · (0.5 · 𝐻𝐻 · Θ𝐸𝐸 )2

(4.1.1)

where 〈𝑄𝑄 〉 is the pulse energy in Joules, 𝑃𝑃𝑃𝑃𝑃𝑃 is the pulse repetition rate in Hertz, 𝐻𝐻 is the height of the
ALB above the water surface and Θ𝐸𝐸 is the beam divergence in milliradians. It is important to emphasize
that the MPE value used here is based on a total exposure time of less than 104 ns. It is clear from
equation (4.1.1) that higher pulse energy can be balanced by a lower repetition rate, a higher altitude, or a
larger beam divergence. Beam divergence and repetition rate combine to define the range of possibilities
for the scanning pattern. Typically, the two are adjusted together to meet the requirements of a particular
application. For example, a survey in deeper waters for which depth penetration is a major concern will
be better served with higher overall power and a relatively large beam divergence in order to meet eyesafety requirements. Such an adjustment is effective as long as the resulting lower repetition rate and
wider sample spacing are acceptable (Penny et al. 1986). For surveys in shallow waters, a higher ground
sampling is often advantageous for better definition of channels and underwater obstructions. This
requires a smaller beam divergence and higher repetition rate (Guenther et al. 1996; E. Yang et al. 2009).

Scanner unit
The scanner unit defines the laser measurement pattern as well as the spot size and spacing on the water
surface. In order to cover a large area with laser measurements, the scanner must distribute the laser
pulses along a swath below the aircraft. The specific pattern of samples on the water surface is not
particularly important for bathymetric mapping as long as the spatial density of the laser measurements is
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moderately uniform and meets the survey specifications (Guenther 1985). This need for uniformity means
that the scan rate and sampling rate must be matched to the aircraft speed and altitude.
There are three predominant styles of mechanical scanning typical of ALB systems (Petrie and Toth
2009; Wehr 2009): oscillating mirrors, polygonal scanners and nutating mirrors. Oscillating mirrors can
have one or two axes (Baltsavias 1999). A one-axis oscillating mirror scanner combines with the aircraft
motion to produce a zig-zag sampling pattern on the ground. Using gimbals or galvanometers, the motion
of the oscillating mirror can adjust for the forward motion of aircraft, resulting in a parallel line pattern,
i.e. parallel scan lines/arcs (Axelsson and Alfredsson 1999). Most commercial ALB systems use the
oscillating scanner mechanism. The zig-zag line pattern is used in both the LADS and the EAARL ALB
systems, whereas a two-axis parallel arc pattern is used in HawkEye and SHOALS systems (LaRocque,
Banic, and Cunningham 2004; Lillycrop and Banic 1992).
A polygon scanner, also known as a rotating multi-facet mirror, is a continuously spinning optical
polygon parallel elliptical arc-like line pattern. The polygon scanner is typical for Riegl laser scanners,
including the VQ-820-G system (Steinbacher et al. 2012).
In a nutating mirror mechanism, the laser beam is deflected by a rotating mirror, where the rotational axis
of the mirror is not normal to the mirror surface. Typically, the rotating axis of the mirror is mounted so
that the scanner shaft and the laser beam form an angle of 45°. The resulting pattern on ground is an
approximately elliptical scanning pattern. Due to the elliptical scan, most of the measurement points on
ground are scanned twice, once in the forward view and a second time in the backward view (Fuchs and
Mathur 2010). The redundant information for the same ground spot can be favorably used to calibrate the
scanner and the position files as far as the pitch angle is concerned (Gonsalves 2010). A Palmer scanner
(nutating wedged mirror) was used in the Airborne Oceanographic Lidar (AOL) system in late 70’s and
early 80’s (Guenther 1985). Only recently, in 2012, was a nutating scanner mechanism re-introduced in
CZMIL with a Fresnel prism (Fuchs and Mathur 2010). More details on other available scanner
mechanisms that are currently only used in topographic lidar systems and not in ALB systems, such as
rotating polygon and fiber scanner, can be found in Wehr (2009) and Baltsavias (1999).
Regardless of the method, the scanner distributes the pulses in a swath to either side of the aircraft. The
swath width, SW, is dependent on the maximum off nadir angle across track, 𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚 , and the height above
the water surface, 𝐻𝐻. Under ideal survey conditions (no pitch or roll), the swath width on the water
surface will be:
𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚
𝑆𝑆𝑆𝑆 = 2𝐻𝐻 ∙ 𝑡𝑡𝑡𝑡𝑡𝑡 �
�
2

(4.1.2)

Similarly, the footprint diameter, 𝑑𝑑 𝑠𝑠𝑠𝑠 , just above the water surface will vary with viewing angle. With the
aircraft at a height, 𝐻𝐻, above the water surface, using a laser with a beam divergence, Θ𝐸𝐸 , at an off-nadir
angle in air, 𝜃𝜃𝑎𝑎 , the beam diameter just above the water surface, 𝑑𝑑 𝑠𝑠𝑠𝑠 , is:
R

𝑑𝑑 𝑠𝑠𝑠𝑠 ≈ 𝐻𝐻𝑠𝑠 ∙ Θ𝐸𝐸
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where 𝐻𝐻𝑠𝑠 is the slant range distance between the lidar and the sea surface along the lidar axis. Sample
spacing is different along track, ∆𝑥𝑥, and across track, ∆𝑦𝑦. Although the exact sample spacing depends on
the scanner type and the off-nadir angle, a first-order approximation of the sample spacing is given by:
Δ𝑥𝑥 = 𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ⁄𝑓𝑓

,

(4.1.4)

Δ𝑦𝑦 = (𝑆𝑆𝑆𝑆 ∙ 𝑓𝑓)⁄𝑃𝑃𝑃𝑃𝑃𝑃

and

(4.1.5)

where 𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 is the platform (e.g., aircraft) velocity, 𝑓𝑓 is the scan rate from side to side and PRF is the

pulse repetition frequency. In order to achieve a uniform density, the cross-track point spacing should be
roughly equivalent to the along-track point spacing which constrains the aircraft velocity, that is, if
𝛥𝛥𝛥𝛥 ≈ ∆𝑦𝑦

then,

Detector unit

𝜈𝜈𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≈ 𝑆𝑆𝑆𝑆 × 𝑓𝑓 2 /𝑃𝑃𝑃𝑃𝑃𝑃

(4.1.6)

.

(4.1.7)

The detector unit collects, digitizes and stores the returning laser energy as a sequence of events from the
interaction of the laser pulse with the water surface to the interaction with the bottom. The sequence is
referred to as a waveform (Guenther 1985; Pe’eri et al. 2011; Billard, Abbot, and Penny 1986b).
Waveform observations can be analyzed off-line using digital signal processing methods in order to
extract the surface and bottom returns and calculate the laser measurement range underwater. In addition
to bathymetry, the water surface, water column and seafloor can be characterized based on the shape of
the returns and additional features in the volume scattering (Pe’eri and Philpot 2007; Tuell et al. 2005).
The returning laser energy is collected by a telescope having an adjustable field of view (FOV). The size
of the receiver FOV is always larger than the transmitted beam divergence since the beam is broadened
by scattering in the water (Guenther 1985; Feygels, Wright, et al. 2003). Two general types of ALB
systems have evolved based on the differing requirements in shallow and deeper water environments. The
first type, optimized for deeper water applications, is a broad-beam ALB system (e.g., SHOA Guenther,
1985, LS, LADS MK3, CZMIL, HawkEye II, and Hawkeye III) that transmits a beam having a large
divergence (3-11 mrad) with a typical footprint size of 2 to 4 m on the water surface. The detector FOV in
SHOALS and LADS is around 100 mrad, whereas HawkEye has a narrower FOV of about 1-3 mrad.
CZMIL uses a wide FOV (40 mrad) for deep water, but a narrow FOV (1.9 mrad) can be selected for
shallow water operation. The second type is the narrow-beam ALB systems, specifically designed for
shallow water applications (e.g., EAARL-B; Chiroptera, RIEGL VQ820G, Aquarius), that transmit using
a small beam divergence (1-3 mrad) with a typical footprint size of less than 1 m on the water surface and
a correspondingly smaller telescope FOV. Broad-beam ALB systems are designed for mapping
bathymetry in areas that are not cost-efficient for a multi-beam echo sounder (MBES) at the International
Hydrographic Office (IHO) order 1b standards. i.e., in water depths of 2 m to 15 m (Guenther 1985;
Imahori et al. 2013). Narrow-beam ALB systems can typically acquire depth measurement in extremely
shallow water areas from the shoreline to 4 m, depending on the environmental conditions. The narrow-
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beam ALB systems are ideal for rivers and estuaries, when water conditions allow bottom detection
(McKean et al. 2009).
The returning energy is converted from an optical signal into an electrical signal using an optical detector.
Two types of detectors are commonly used for logging the backscattered signal: avalanche photodiodes
(APD) and photomultiplier tubes (PMT). The typical APD is a multi-photon detection sensor, in which an
electric signal is generated that is directly proportional to the optical power of the incident light (Wilson
and Hawkes 1998). Multi-photon detection APD sensors are able to detect power changes of up to 3
orders of magnitude. PMT and Geiger-mode APD (GAPD) detectors are single detection sensors, in
which a single photon can set off a significant avalanche of electrons using a reverse bias voltage (Wilson
and Hawkes 1998; Hamamatsu 2007). These single-photon detection sensors typically detect power
changes up to 6 orders of magnitude. In order to log the returning optical energy as a waveform, the
electrical signal of the photo-detectors is sampled using a digitizer. It is important to note that the
sampling rate of the digitizer defines the resolution of the waveforms, but the bandwidth of the photodetectors and the digitizer limit the accuracy with which the waveform is digitized.
Range is determined by the time-of-flight of the laser pulse, i.e., the time difference between the emitted
pulse and the returning backscatter (Measures 1992). The laser pulse traverses the range twice (from the
laser to the target and from the target to the detector). The laser transmits a short pulse which is reflected
(scattered) by an object at a distance, or range to the target, r, the total distance traveled by the pulse is
2𝑟𝑟 . The time, 𝑡𝑡, required for the round trip is then found from the relation: 2𝑟𝑟 = 𝑣𝑣 ∗ 𝑡𝑡 where 𝑣𝑣 is the
velocity of light in the medium. Thus, the range of the target is given by:
R

r = 𝑣𝑣 ∗ t⁄2

.

(4.1.8)

The range resolution of the lidar, ∆𝑟𝑟, designates the smallest distance between two targets that can be
discriminated, and is limited by the sampling rate of the detector, 𝑓𝑓𝑑𝑑 . The time of travel to targets at
ranges 𝑟𝑟 and 𝑟𝑟 + ∆𝑟𝑟 are then 𝑡𝑡1 = 2𝑟𝑟 ⁄𝑣𝑣 and 𝑡𝑡2 = 2(𝑟𝑟 + ∆𝑟𝑟)⁄𝑣𝑣 , respectively. To be resolvable, the
difference in return time, ∆𝑡𝑡 = 𝑡𝑡2 − 𝑡𝑡1 = 2 ∆ 𝑟𝑟⁄𝑣𝑣 , must be greater than or equal to the interval between
successive observations: ∆𝑡𝑡 > 1/𝑓𝑓𝑑𝑑 , thus, the range resolution will be:
1
𝑣𝑣
∆𝑟𝑟 > 𝑐𝑐∆𝑡𝑡 𝑜𝑜𝑜𝑜 ∆𝑟𝑟 >
2
2𝑓𝑓𝑑𝑑

(4.1.9)

We are concerned primarily with the optical path in water. The speed of light in water is v𝑤𝑤 = c/𝑛𝑛𝑤𝑤 ,
where 𝑐𝑐 = 3.00 × 108 𝑚𝑚 𝑠𝑠 −1 is the speed of light in a vacuum and the index of refraction of water can
be approximated as 𝑛𝑛𝑤𝑤 ≈ 1.333 (Saleh and Teich 1991). Thus, in water, a 1 GHz sampling rate (𝑓𝑓𝑑𝑑 =
1 𝐺𝐺𝐺𝐺𝐺𝐺), which is typical of ALB systems, corresponds to a range resolution limit of about 11.2 cm. In
fact, the range resolution can be refined further for narrow-beam systems (e.g. EAARL-B and VQ-820-G)
by measuring the local sea surface wave height and slope angle for each laser measurement (Tulldahl,
Andersson, and Steinvall 2000) or by using online waveform processing for measuring relative pulse
broadening (Pfennigbauer et al. 2014).
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Auxiliary systems for ALB performance and geo-referencing.
The range measured in the waveforms is the line-of-site vector from the aircraft to the water surface in air
and from the water surface to the seafloor underwater. In order to reference the range measurement and
dataset in a known coordinate system, e.g. WGS-84 or NAD-83, the ALB system must be supported by
information logged by the auxiliary systems for ALB performance (attenuator, gimbals, cooling, etc.) and
geo-referencing (GPS, IMU). This dataset of referenced measurement is also known as a point cloud. The
position and direction of the laser beam recorded by these devices must be synchronized with the scanner
information and the digitized waveforms (range measurements) with nanosecond precision. Measurement
errors of the range, position, and beam direction or any temporal misregistration errors will also influence
the accuracy of the final product (Baltsavias 1999; White et al. 2011) The two main external sensors that
are used in concert with the ALB system are an inertial measurement unit (IMU) and a global positioning
system (GPS) receiver that measure the attitude and location of the aircraft (and the ALB sensor) during
the survey (Wehr 2009; Habib et al. 2010). The GPS data is typically collected at a sample rate of 1 to 2
Hz, and then processed in a differential post-processing mode (DGPS), whereby the data from the aerial
receiver is processed at GPS ground stations. In order to achieve positioning measurements with accuracy
better than ±10 cm, the GPS ground station are positioned on known benchmarks at a maximum distance
of 25 km from the survey line. The orientation of the aircraft is determined using the IMU at a sample rate
of 100 Hz with a typical accuracy better than 0.01 of a degree. After the flight, in a post-processing mode,
an integrated position and orientation solution is applied to the laser range in order to calculate
bathymetry. It is important to note that, in addition to the internal accuracy of the ALB system, the GPS
receiver and the IMU, the mounting parameters that relate each of these units also affect the accuracy of
the laser measurements. The offset and orientation between the units, known as the lever-arm components
and bore-site angles, should be determined through a calibration procedure (Habib et al. 2010). Another
issue that affects the accuracy of the range measurements is random angular movement caused by wind
and engine vibration of the aircraft (Abdullah 2004). In order to ensure vibration-free conditions, manual
and automatic mounts are used stabilize the ALB system.

4.2 Basic Physical Concepts
Viktor Feygels, Yuri Kopilevich

Propagation geometry

An understanding of the ray-path geometry of the lidar pulse as it is transmitted from an aircraft into the
water, reflected from the bottom, and returned to the receiver, is critical to the analysis of the lidar
waveform. The propagation geometry associated with ALB has been considered in detail by Guenther
(1985) and need not be repeated here. The following is a description of the critical geometrical parameters
and an introduction to the notation that will be used throughout Sections 4.2-4.4.
The basic geometry of an ALB measurement is illustrated in Figure 3.2.1. The length of atmospheric path
traversed by the sounding pulse to the water surface, or slant path, 𝐻𝐻𝑠𝑠 , is equal to 𝐻𝐻/ cos 𝜃𝜃𝑎𝑎 , where 𝐻𝐻 is
the altitude of the lidar platform directly above the water surface and 𝜃𝜃𝑎𝑎 is the angle formed by the nadir
direction and the optical axis of the sounding laser beam (coincident with the axis of the receiving
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telescope). Maximum values for 𝜃𝜃𝑎𝑎 range from 20° to 30°. Due to refraction of the beam at the water
surface, the in-water sounding angle is 𝜃𝜃𝑤𝑤 , and it is related to 𝜃𝜃𝑎𝑎 according to Snell’s law,
𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃𝑎𝑎 = 𝑛𝑛𝑤𝑤 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑤𝑤 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃𝑎𝑎 = 𝑛𝑛𝑤𝑤 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑤𝑤 .

(4.2.1)

with 𝑛𝑛𝑤𝑤 being the refractive index of the seawater. (The index of refraction of air is assumed to be ~1.00.)

The angular width of the conical sounding beam in the atmosphere – the beam divergence – is described
by the plane angle, Θ𝐸𝐸 . Similarly, the angular width of the lidar receiver field-of-view may be described
by corresponding plane angle, Θ𝑅𝑅 . Typically, both angles are relatively small (less than 100 mr) with
Θ𝐸𝐸 ≤ Θ𝑅𝑅 . For example, for the CZMIL, Θ𝐸𝐸 = 7 𝑚𝑚𝑚𝑚, and Θ𝐸𝐸 = 40 𝑚𝑚𝑚𝑚 for shallow-water and “deep”
receivers, respectively. Similarly, for each of the seven channels of the special "shallow-water"
segmented receiver in the CZMIL, Θ𝑅𝑅 = 1.9 𝑚𝑚𝑚𝑚 (Feygels et al. 2012).

Figure 4.2.1. General diagram of ray-path geometry of the ALB beam entering the water.

Far from the emitter (near the water surface), the sounding beam front forms a spherical cap (Figure
4.2.2). Over the small divergence angle, Θ𝐸𝐸 , the front is well approximated by a plane perpendicular to
the beam axis. Since the departure, ∆𝐻𝐻𝑠𝑠 , of the spherical cap from the plane (over the cap) does not
exceed the limit of:
Θ𝐸𝐸
Θ2𝐸𝐸
max ∆𝐻𝐻𝑠𝑠 = 𝐻𝐻𝑠𝑠 �1 − cos � �� ≈ 𝐻𝐻𝑠𝑠
2
8

,

(4.2.2)

the difference may be neglected for beam divergences, Θ𝐸𝐸 , typical of an operational lidar. Thus, the
diameter, 𝑑𝑑 𝑠𝑠𝑠𝑠 , of the sounding beam cross-section near the water surface (Figure 4.2.3) for Θ𝐸𝐸 ≪ 𝜋𝜋 can
be approximated as:
𝑑𝑑 𝑠𝑠𝑠𝑠 ≈ 𝐻𝐻𝑠𝑠 ∙ Θ𝐸𝐸
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Figure 4.2.2. Illustration of the ALB sounding wavefront near the water surface; the spherical cap is approximated
as a plane.

Different portions of the wave front arrive at the water surface at different times, resulting in a
“geometrical stretch” of the laser pulse at the water surface, illustrated in Figure 4.2.3. Even for an
infinitesimally short (delta function) sounding pulse, the surface-reflected signal at the receiver extends
over the finite time interval from 𝑡𝑡 = 𝑡𝑡 𝑠𝑠𝑠𝑠 − ∆𝑡𝑡 𝑠𝑠𝑠𝑠 ⁄2 to 𝑡𝑡 = 𝑡𝑡 𝑠𝑠𝑠𝑠 + ∆𝑡𝑡 𝑠𝑠𝑠𝑠 ⁄2, where 𝑡𝑡 𝑠𝑠𝑠𝑠 represents the
arrival time at the receiver of surface-reflected light from the center of the beam, and the reflected pulse
duration, ∆𝑡𝑡 𝑠𝑠𝑠𝑠 , is related to the beam cross-section near the water surface 𝑑𝑑 𝑠𝑠𝑠𝑠 by:
∆𝑡𝑡 𝑠𝑠𝑠𝑠 =

2 ∙ 𝑑𝑑 𝑠𝑠𝑠𝑠 tan 𝜃𝜃𝑎𝑎 2 ∙ 𝐻𝐻𝑠𝑠 ∙ Θ𝐸𝐸 tan 𝜃𝜃𝑎𝑎
≈
,
𝑐𝑐
𝑐𝑐

(4.2.4)

where 𝑐𝑐 is the speed of light, and Eq. (3.2.3) has been applied. This result brings out the relationship
between the sounding beam divergence, Θ𝐸𝐸 , and geometrical stretch of surface-reflected pulse, Δ𝑡𝑡 𝑠𝑠𝑠𝑠 .

Figure 4.2.3. “Geometric stretch” of a surface-reflected sounding pulse.
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In what follows, it is convenient to consider the equivalent geometry illustrated in Figure 4.2.4 instead of
the actual geometry depicted in Figure 4.2.1. The equivalent geometry uses the same refractive index, 𝑛𝑛,
both above and below the air/water interface (Kopilevich and Surkov 2008). In the “equivalent”
geometry, the sounding beam does not undergo refraction at the interface, and the inclination of the lidar
axis is 𝜃𝜃𝑤𝑤 on both sides of the interface. The “equivalent” lidar parameters (position, incidence angle,
pulse energy, emitted beam divergence, receiver field-of-view) are specified in a way that retains the
actual sounding beam light field under the interface. Evaluation of the “equivalent” parameters is
described in detail in Section 4.3.2.7 (Emitted beam modeling). In this section, we restrict ourselves to the
simplest (and typically sufficient) case of a modest viewing angle when cos𝜃𝜃𝑤𝑤 ⁄cos𝜃𝜃𝑎𝑎 ≈ 1. In the
equivalent geometry for the simple case, the lidar is located at point 𝑂𝑂′ , at the altitude 𝐻𝐻 ′ = 𝑛𝑛𝑛𝑛, so that
the length, 𝐻𝐻𝑠𝑠′ , of the sounding beam path from the emitter to the air/-water interface is 𝐻𝐻𝑠𝑠′ =
𝐻𝐻 ′ ⁄cos 𝜃𝜃𝑤𝑤 = 𝑛𝑛𝐻𝐻𝑠𝑠 = 𝑛𝑛𝑛𝑛⁄cos 𝜃𝜃𝑎𝑎 . The actual beam divergence, Θ𝐸𝐸 , and receiver field-of-view angle, Θ𝑅𝑅 ,
are replaced by Θ′𝐸𝐸 = Θ𝐸𝐸 ⁄𝑛𝑛 and Θ′𝐸𝐸 = Θ𝑅𝑅 ⁄𝑛𝑛, respectively.

Figure 4.2.4. “Geometric stretch” of bottom-reflected lidar signal and the "equivalent" geometry.

The equivalent geometry illustrated in Figure 4.2.4 makes it possible to describe the physical nature of the
"geometric stretch" of the light pulse in analogy with Figure 4.2.3. For an infinitesimally short (delta
function) sounding pulse, the bottom-reflected signal at the receiver extends over the finite time interval
[𝑡𝑡 = 𝑡𝑡 𝑏𝑏𝑏𝑏𝑏𝑏 − ∆𝑡𝑡 𝑏𝑏𝑏𝑏𝑏𝑏 ⁄2 , 𝑡𝑡 = 𝑡𝑡 𝑏𝑏𝑏𝑏𝑏𝑏 + ∆𝑡𝑡 𝑏𝑏𝑏𝑏𝑡𝑡 ⁄2], where 𝑡𝑡 𝑏𝑏𝑏𝑏𝑏𝑏 is the moment when light from the central part of
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the pulse front arrives at the receiver after reflection by the bottom. The reflected pulse duration, ∆𝑡𝑡 𝑏𝑏𝑏𝑏𝑏𝑏 , is
related to the sounding beam cross-section near the bottom, 𝑑𝑑 𝑏𝑏𝑏𝑏𝑏𝑏 , by:
∆𝑡𝑡 𝑏𝑏𝑏𝑏𝑏𝑏 =

2𝑛𝑛 ∙ 𝑑𝑑 𝑏𝑏𝑏𝑏𝑏𝑏 tan 𝜃𝜃𝑤𝑤 2𝑛𝑛 ∙ �𝐻𝐻𝑠𝑠′ + ℎ𝑠𝑠𝑏𝑏𝑏𝑏𝑏𝑏 � ∙ Θ𝐸𝐸 tan 𝜃𝜃𝑤𝑤
≥
𝑐𝑐
𝑐𝑐

.

(4.2.5)

The inequality in equation (4.2.5) accounts for widening of the sounding beam with depth due to light
scattering in the water in that 𝑑𝑑 𝑏𝑏𝑏𝑏𝑏𝑏 exceeds the “geometrical” value, �𝐻𝐻𝑠𝑠′ + ℎ𝑠𝑠𝑏𝑏𝑏𝑏𝑏𝑏 � ∙ Θ𝐸𝐸 (Guenther 1985). A
quantitative description of scattering effects on the lidar waveform will require the use of an adequate
theory of light beam propagation, and is presented in Section 4.3, where the role of the receiver field-ofview angle, Θ𝑅𝑅 , will also be discussed. In deep, strongly scattering waters, the effect of the finite field-ofview may be significant even when Θ𝐸𝐸 ≪ Θ𝑅𝑅 .

Return waveform

Guenther (1985) introduced two functions that are useful for describing the temporal patterns in a lidar
return signal resulting from a single emitted laser pulse:
o The "Impulse Response Function" (ImpRF), 𝑆𝑆𝛿𝛿 (𝑡𝑡), defined as the temporal distribution of
optical signal power at the lidar photo-detector for the case of infinitesimally short sounding
pulse (delta-function),
o The “Environmental Response Function” (EnvRF), 𝑆𝑆𝑝𝑝 (𝑡𝑡), defined as the distribution of optical
signal power at the photo-detector, generated by an actual (finite-duration) sounding laser
pulse shape, 𝑝𝑝(𝑡𝑡), 0 ≤ t < ∞. In this chapter, 𝑝𝑝(𝑡𝑡) will be defined as a Gaussian function.

The environmental response function, 𝑆𝑆𝑝𝑝 (𝑡𝑡), may be represented as a convolution of the ImpRF, 𝑆𝑆𝛿𝛿 (𝑡𝑡),
with the sounding pulse shape,

∞

𝑆𝑆𝑝𝑝 (𝑡𝑡) = � 𝑆𝑆𝛿𝛿 (𝑡𝑡 − 𝑡𝑡 ′ ) ∙ 𝑝𝑝(𝑡𝑡 ′ ) 𝑑𝑑𝑡𝑡 ′ = 𝑆𝑆𝛿𝛿 (𝑡𝑡) ∗ 𝑝𝑝(𝑡𝑡) ,

(4.2.6)

0

where the symbol “∗” denotes a convolution operation. Any realistic waveform one can derive from the
output electrical signal of the lidar receiver channel will be inevitably distorted as it traverses the channel
electronic track: detector-amplifier-digitizer (Section 4.3.1). The resulting waveform is a discrete version
of the temporal distribution, 𝑆𝑆𝑝𝑝 (𝑡𝑡) ∗ 𝜔𝜔(𝑡𝑡), where 𝜔𝜔(𝑡𝑡), 0 ≤ 𝑡𝑡 < ∞ is the instrument response function,

also known as the “optical response”, and represents the distortions introduced by the channel electronic
track. In view of equation (4.2.6), it seems reasonable to define the function as:
𝑆𝑆𝑝𝑝 (𝑡𝑡) ∗ 𝜔𝜔(𝑡𝑡) = 𝑆𝑆𝛿𝛿 (𝑡𝑡) ∗ 𝑝𝑝(𝑡𝑡) ∗ 𝜔𝜔(𝑡𝑡) ≡ 𝑆𝑆𝛿𝛿 ∗ 𝑅𝑅(𝑡𝑡)

,

(4.2.7)

with 𝑅𝑅(𝑡𝑡) ≡ 𝑝𝑝(𝑡𝑡) ∗ 𝜔𝜔(𝑡𝑡). Comparison with equation (3.2.6) shows that the function 𝑅𝑅(𝑡𝑡) may reasonably
be called “the effective pulse shape”. Thus, in addition to the ImpRF and EnvRF described above, it
seems appropriate to introduce a third function:
o The “real waveform”, 𝑆𝑆𝑅𝑅 (𝑡𝑡), retrievable from the output lidar signal.
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This real waveform may be calculated by convolving the ImpRF with the effective sounding pulse shape,
𝑅𝑅(𝑡𝑡):
∞

𝑆𝑆𝑅𝑅 (𝑡𝑡) = � 𝑆𝑆𝛿𝛿 (𝑡𝑡 − 𝑡𝑡 ′ ) ∙ 𝑅𝑅(𝑡𝑡 ′ )𝑑𝑑𝑡𝑡 ′ ≡ 𝑆𝑆𝛿𝛿 (𝑡𝑡) ∗ 𝑅𝑅(𝑡𝑡) .

(4.2.8)

−∞

The simulated “real waveform” (equation 5.2.8) is in the optical domain. In what follows, the effective
sounding pulse shape duration, the full width half maximum (FWHM), is designated as 𝜏𝜏𝑅𝑅 .
There are four major components of the lidar waveform (Guenther 1985):
1. the surface return (surface-reflected pulse);
2. the volume backscattered return (backscattered signal);
3. the bottom return (bottom-reflected pulse);
4. the background noise.

The return waveform components, illustrated in Figure 4.2.5–Figure 4.2.8, represent the idealized
components of the ImpRF and the real waveform using arbitrary units in order to avoid the need to
specify specific environmental characteristics (effective surface reflectance, the backscattering
coefficient, the bottom reflectance). The presented curves were obtained using the lidar waveform model
described in Sec. 4.3.2; the values of the lidar parameters used in the simulation are listed in Table 4.1.
Table 4.1. Values of lidar parameters used in the waveform simulation

Parameter & symbol

Units

Value

m

400

Nadir angle in the atmosphere, 𝜃𝜃𝑎𝑎

deg

20

Sounding beam divergence angle (full plane angle), Θ𝐸𝐸

mr

5

Receiver field-of-view (full plane angle), Θ𝑅𝑅

mr

40

Bottom depth, ℎ𝑏𝑏𝑏𝑏𝑏𝑏

m

20

Effective sounding pulse duration (FWHM), 𝜏𝜏𝑅𝑅

ns

3.5

Lidar carrier height above the sea surface, H

In Figure 4.2.5, the blue, solid curve illustrates the shape of the idealized surface-reflected component of
the ImpRF. The stretch of the idealized pulse is derives only from the ray-path geometry (neglecting any
contribution from waves), and may be estimated directly from equation (4.2.4). Typically, the sounding
beam divergence is small compared to the receiver field-of-view, and the reflected peak duration, Δ𝑡𝑡 𝑠𝑠𝑠𝑠 , is
determined using equation (4.2.4).
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Figure 4.2.5. The shape of the idealized, surface-reflected component of the ImpRF (blue, solid line), and of a
realistic waveform (red, dashed line) with an effective sounding pulse duration of 3.5 ns.

Note that the maximum of the ImpRF occurs at 𝑡𝑡 𝑠𝑠𝑠𝑠 = 0, while the maximum for the real waveform (red,
dashed curve) is shifted. Both the shift and the real pulse shape are a result of both geometric and
instrumental stretching, the latter being related to the effective sounding pulse duration of 3.5 ns. The
surface return signal is proportional to the effective reflectance of the water surface, 𝜌𝜌𝑠𝑠𝑠𝑠 , which depends
strongly on the instantaneous wave configuration and can vary over an extreme dynamic range within
tens or hundreds of nanoseconds (Guenther 1985).

The shape of volume backscatter component is shown in Figure 3.2.6 where it is assumed that the bottom
is deep enough that the bottom-reflected signal does not affect the volume backscatter from near-surface
water. In the case of the ImpRF (blue, solid curve), the leading edge of the backscattered component starts
at 𝑡𝑡 = 𝑡𝑡 𝑠𝑠𝑠𝑠 − ∆𝑡𝑡 𝑠𝑠𝑠𝑠 ⁄2 (Figure 3.2.3); it reaches a maximum at the time 𝑡𝑡 ≤ 𝑡𝑡 𝑠𝑠𝑠𝑠 + ∆𝑡𝑡 𝑠𝑠𝑠𝑠 ⁄2, with equality
corresponding to negligible attenuation of the sounding beam in the water. The peak magnitude is
proportional to the volume backscattering coefficient, 𝛽𝛽𝜋𝜋 . For a receiver FOV that is sufficiently large,
the decay of the ImpRF in the near-surface water layer is approximately exponential in time for 𝑡𝑡 > 𝑡𝑡 𝑠𝑠𝑠𝑠 +
∆𝑡𝑡 𝑠𝑠𝑠𝑠 ⁄2, and the exponential decay rate equals to 𝑐𝑐 ∙ 𝑎𝑎1 ⁄𝑛𝑛, where the effective attenuation coefficient, 𝑎𝑎1 ,
accounts for both absorption and scattering of light for large angles, 𝑎𝑎 < 𝑎𝑎1 < 𝑎𝑎 + 𝑏𝑏. For the real
waveform (red, dashed curve in Figure 4.2.6), the exponential decay in deep water with the same
exponential decay rate, begins at time 𝑡𝑡 ≈ 𝑡𝑡 𝑠𝑠𝑠𝑠 + ∆𝑡𝑡 𝑠𝑠𝑠𝑠 ⁄2 + 𝜏𝜏𝑅𝑅 , (see equation (3.2.4)). The decay of the
backscattered signal from surface water (in deep water) diverges from the pure exponential dependence
due to effect of small-angle forward scattering, an effect described quantitatively by Dolin and Levin
(1991). The divergence from exponential decay depends strongly on the receiver field-of-view angle, Θ𝑅𝑅 .
If Θ𝑅𝑅 is allowed to increase indefinitely, the exponential decay of backscattered signal will hold for the
entire waveform.
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Figure 4.2.6. The shape of the idealized, backscattered component of the bathymetric waveform of the ImpRF (blue,
solid), and of a real waveform with an effective sounding pulse duration of 3.5 ns (red, dashed).

The above discussion of the amplitudes and positions of the surface-reflected and backscattered peaks in
the ImpRF shows that, when the surface and backscatter returns are combined, the actual maximum of the
ImpRF will be delayed with respect to the "surface only" ImpRF maximum at t = 0 (Figure 4.2.5) by an
amount of time that depends on the relationship between the instantaneous effective surface reflectance,
𝜌𝜌𝑠𝑠𝑠𝑠 , and the backscattering coefficient, 𝛽𝛽𝜋𝜋 . For a large surface reflectance and clear water, the ImpRF
maximum will occur close to 𝑡𝑡 = 0. If backscattering from the near-surface water layer is substantial, the
maximum will be shifted by 𝑡𝑡 < 𝑡𝑡 𝑠𝑠𝑠𝑠 + ∆𝑡𝑡 𝑠𝑠𝑠𝑠 ⁄2, toward the backscattered signal maximum (Figure 4.2.6).
The ImpRF and real waveform shown in Figure 4.2.7 were obtained for a surface reflectance, 𝜌𝜌𝑠𝑠𝑠𝑠 = 0.02
Lidar return signal, arb. units

and backscattering, 𝛽𝛽𝜋𝜋 = 0.001 𝑚𝑚−1 ∙ 𝑠𝑠𝑠𝑠 −1 .
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Figure 4.2.7. Idealized shape of the combined surface-reflected and backscattered components of the ImpRF
(infinitesimally short sounding pulse) (blue, solid), and of a realistic waveform with an effective sounding pulse
duration of 3.5 ns (red, dashed) with no bottom effect.
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Guenther (1985) points to the uncertainty in position of the waveform “surface” peak as a source of
biased depth results. Another possible source of depth measurement error relates to the position of the
bottom-reflected peak (see Figure 4.2.8). The maximum of the bottom return component of the ImpRF
(blue, solid curve) occurs at
𝑡𝑡 𝑏𝑏𝑏𝑏𝑏𝑏 =

ℎ𝑏𝑏𝑏𝑏𝑏𝑏 2𝑛𝑛𝑤𝑤
∙
cos 𝜃𝜃𝑤𝑤 𝑐𝑐

.

(4.2.9)

The arrival time dispersion due to scattering (Walker and McLean 1999), has been neglected in equation
(4.2.9). Note that the bottom pulse duration, ∆𝑡𝑡 𝑏𝑏𝑏𝑏𝑏𝑏 , includes the effect of widening of the sounding beam
due to light scattering in the water. As a result, the position of bottom-reflected peak in the real waveform
is dependent on the water optical properties in equation (4.1.9).

Bottom-reflected signal, arb.
units

In the time interval [𝑡𝑡 𝑏𝑏𝑏𝑏𝑏𝑏 − Δ𝑡𝑡 𝑏𝑏𝑏𝑏𝑏𝑏 ⁄2 , 𝑡𝑡 𝑏𝑏𝑏𝑏𝑏𝑏 + Δ𝑡𝑡 𝑏𝑏𝑏𝑏𝑏𝑏 ⁄2], the “tail” of backscattered component is also
present in the lidar waveform, along with the bottom-reflected signal. The “tail” causes an additional
uncontrolled shift of the bottom-related maximum in the composite waveform (i.e., the sum of surfacereflected, backscattered, and bottom-reflected signals) as illustrated in Figure 4.2.9. It should also be
noted that, for deep enough water, the backscattered signal will drop below the noise level and will
therefore be invisible at time when a bottom-reflected peak of sufficient amplitude is observed. (The
sources and levels of the background noise component are considered in detail in Section 4.6.3.)
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Figure 4.2.8. Idealized shape of bottom-reflected component of the ImpRF (infinitesimally short sounding pulse)
(blue, solid), and of the realistic waveform with an effective sounding pulse duration of 3.5 ns (red, dashed).
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Figure 4.2.9. Idealized shape of bathymetric waveform (surface-reflected plus backscattered plus bottom-reflected
components) of the EnvRF (infinitesimally short sounding pulse) (blue, solid), and of real waveform (effective
sounding pulse duration of 3.5 ns) (red, dashed).

4.3 Basic System Design – an overview
Shachak Pe'eri

The design of all scanning lidar systems (terrestrial, atmospheric, topographic or bathymetric) is similar in
general (Bunkin and Voliak 2001; Measures 1992; Renslow 2012; Wehr 2009). All require the same basic
set of system components: a laser transmitter, a scanning mechanism, a receiving telescope, a narrow
band filter matched to the laser wavelength, a detector – usually a photomultiplier tube (PMT) or an
avalanche photodiode (APD) – and signal processing hardware to digitize, filter and store the returning
backscatter. For airborne lidar bathymetry (ALB) systems it is convenient to divide the components into
four main system units: a laser transmitter unit, a scanning unit (moving mirror), a detector unit
(telescope, filter, detector and digitizer) and auxiliary systems (e.g., stabilization, time, attitude and
position). Each of the main system units contributes to the overall uncertainty of an ALB survey, and the
specific characteristics of each must be considered in evaluating the overall design (S. A. White et al.
2011a). In this section a general description will be provided for each of the system units. For an
introduction to the more basic calculations based on the parameters of each system unit, the authors
recommend Balstavias (1999) as a starting point reference. A detailed development of the design
characteristics specific to ALB is presented subsequent sections of this chapter.

Transmitter unit
The laser transmitter unit includes the laser together with the optical elements that define the energy of
the laser pulse, the pulse repetition frequency (PRF) and the beam divergence. ALB systems use a pulsed,
frequency-doubled Nd:YAG (neodymium-doped yttrium aluminum garnet) laser that transmits at 532 nm,
in the green part of the spectrum, near the optimal wavelength for maximum transmission in water over a
wide range of conditions (Austin and Petzold 1984).
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The power of the laser transmitter is a fundamental issue in lidar design. Simplistically, the greater the
power, the greater the penetrations depth will be. However, power is limited by a number of
considerations, probably the most significant being eye safety. The American National Standards Institute
(ANSI) publishes a recommendation for the maximum permissible exposure (MPE) for direct ocular
exposure in an outdoor environment (ANSI 2005). The MPE is determined by averaging the incident
power of the beam over an area defined by a 7-mm diameter aperture that is equal to a fully dilated pupil
of the human eye. In the case of a green laser pulse (532 nm) the MPE is 5×10-7 J cm-2 for an exposure
time that is less than 104 ns. In the case of a fixed ALB system, the laser power per unit area, 𝐴𝐴, must
conform to the following relationship at ground level:
𝑀𝑀𝑀𝑀𝑀𝑀 ≥

〈𝑄𝑄 〉𝑃𝑃𝑃𝑃𝑃𝑃
〈𝑄𝑄 〉𝑃𝑃𝑃𝑃𝑃𝑃
=
𝐴𝐴
𝜋𝜋 · (0.5 · 𝐻𝐻 · Θ𝐸𝐸 )2

(4.1.1)

where 〈𝑄𝑄 〉 is the pulse energy in Joules, 𝑃𝑃𝑃𝑃𝑃𝑃 is the pulse repetition rate in Hertz, 𝐻𝐻 is the height of the
ALB above the water surface and Θ𝐸𝐸 is the beam divergence in milliradians. It is important to emphasize
that the MPE value used here is based on a total exposure time of less than 104 ns. It is clear from
equation (4.1.1) that higher pulse energy can be balanced by a lower repetition rate, a higher altitude, or a
larger beam divergence. Beam divergence and repetition rate combine to define the range of possibilities
for the scanning pattern. Typically, the two are adjusted together to meet the requirements of a particular
application. For example, a survey in deeper waters for which depth penetration is a major concern will
be better served with higher overall power and a relatively large beam divergence in order to meet eyesafety requirements. Such an adjustment is effective as long as the resulting lower repetition rate and
wider sample spacing are acceptable (Penny et al. 1986). For surveys in shallow waters, a higher ground
sampling is often advantageous for better definition of channels and underwater obstructions. This
requires a smaller beam divergence and higher repetition rate (Guenther et al. 1996; E. Yang et al. 2009).

Scanner unit
The scanner unit defines the laser measurement pattern as well as the spot size and spacing on the water
surface. In order to cover a large area with laser measurements, the scanner must distribute the laser
pulses along a swath below the aircraft. The specific pattern of samples on the water surface is not
particularly important for bathymetric mapping as long as the spatial density of the laser measurements is
moderately uniform and meets the survey specifications (Guenther 1985b). This need for uniformity
means that the scan rate and sampling rate must be matched to the aircraft speed and altitude.
There are three predominant styles of mechanical scanning typical of ALB systems (Petrie and Toth
2009; Wehr 2009): oscillating mirrors, polygonal scanners and nutating mirrors. Oscillating mirrors can
have one or two axes (Baltsavias 1999). A one-axis oscillating mirror scanner combines with the aircraft
motion to produce a zig-zag sampling pattern on the ground. Using gimbals or galvanometers, the motion
of the oscillating mirror can adjust for the forward motion of aircraft, resulting in a parallel line pattern,
i.e. parallel scan lines/arcs (Axelsson and Alfredsson 1999). Most commercial ALB systems use the
oscillating scanner mechanism. The zig-zag line pattern is used in both the LADS and the EAARL ALB
systems, whereas a two-axis parallel arc pattern is used in HawkEye and SHOALS systems (LaRocque,
Banic, and Cunningham 2004a; Lillycrop and Banic 1992).
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A polygon scanner, also known as a rotating multi-facet mirror, is a continuously spinning optical
polygon parallel elliptical arc-like line pattern. The polygon scanner is typical for Riegl laser scanners,
including the VQ-820-G system (Steinbacher et al. 2012).
In a nutating mirror mechanism, the laser beam is deflected by a rotating mirror, where the rotational axis
of the mirror is not normal to the mirror surface. Typically, the rotating axis of the mirror is mounted so
that the scanner shaft and the laser beam form an angle of 45°. The resulting pattern on ground is an
approximately elliptical scanning pattern. Due to the elliptical scan, most of the measurement points on
ground are scanned twice, once in the forward view and a second time in the backward view (Fuchs and
Mathur 2010). The redundant information for the same ground spot can be favorably used to calibrate the
scanner and the position files as far as the pitch angle is concerned (Gonsalves 2010a). A Palmer scanner
(nutating wedged mirror) was used in the Airborne Oceanographic Lidar (AOL) system in late 70’s and
early 80’s (Guenther 1985b). Only recently, in 2012, was a nutating scanner mechanism re-introduced in
CZMIL with a Fresnel prism (Fuchs and Mathur 2010). More details on other available scanner
mechanisms that are currently only used in topographic lidar systems and not in ALB systems, such as
rotating polygon and fiber scanner, can be found in Wehr (2009) and Baltsavias (1999).
Regardless of the method, the scanner distributes the pulses in a swath to either side of the aircraft. The
swath width, SW, is dependent on the maximum off nadir angle across track, 𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚 , and the height above
the water surface, 𝐻𝐻. Under ideal survey conditions (no pitch or roll), the swath width on the water
surface will be:
𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚
𝑆𝑆𝑆𝑆 = 2𝐻𝐻 ∙ 𝑡𝑡𝑡𝑡𝑡𝑡 �
�
2

(4.1.2)

Similarly, the footprint diameter, 𝑑𝑑 𝑠𝑠𝑠𝑠 , just above the water surface will vary with viewing angle. With the
aircraft at a height, 𝐻𝐻, above the water surface, using a laser with a beam divergence, Θ𝐸𝐸 , at an off-nadir
angle in air, 𝜃𝜃𝑎𝑎 , the beam diameter just above the water surface, 𝑑𝑑 𝑠𝑠𝑠𝑠 , is:
R

𝑑𝑑 𝑠𝑠𝑠𝑠 ≈ 𝐻𝐻𝑠𝑠 ∙ Θ𝐸𝐸

.

(4.1.3)

,

(4.1.4)

where 𝐻𝐻𝑠𝑠 is the slant range distance between the lidar and the sea surface along the lidar axis. Sample
spacing is different along track, ∆𝑥𝑥, and across track, ∆𝑦𝑦. Although the exact sample spacing depends on
the scanner type and the off-nadir angle, a first-order approximation of the sample spacing is given by:

and

Δ𝑥𝑥 = 𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ⁄𝑓𝑓

Δ𝑦𝑦 = (𝑆𝑆𝑆𝑆 ∙ 𝑓𝑓)⁄𝑃𝑃𝑃𝑃𝑃𝑃

(4.1.5)

where 𝑣𝑣𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 is the platform (e.g., aircraft) velocity, 𝑓𝑓 is the scan rate from side to side and PRF is the

pulse repetition frequency. In order to achieve a uniform density, the cross-track point spacing should be
roughly equivalent to the along-track point spacing which constrains the aircraft velocity, that is, if

then,

𝛥𝛥𝛥𝛥 ≈ ∆𝑦𝑦
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Detector unit

𝜈𝜈𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≈ 𝑆𝑆𝑆𝑆 × 𝑓𝑓 2 /𝑃𝑃𝑃𝑃𝑃𝑃

.

(4.1.7)

The detector unit collects, digitizes and stores the returning laser energy as a sequence of events from the
interaction of the laser pulse with the water surface to the interaction with the bottom. The sequence is
referred to as a waveform (Guenther 1985b; Pe’eri, Morgan, et al. 2011; Billard, Abbot, and Penny
1986b). Waveform observations can be analyzed off-line using digital signal processing methods in order
to extract the surface and bottom returns and calculate the laser measurement range underwater. In
addition to bathymetry, the water surface, water column and seafloor can be characterized based on the
shape of the returns and additional features in the volume scattering (Pe’eri and Philpot 2007; Tuell,
Feygels, et al. 2005).
The returning laser energy is collected by a telescope having an adjustable field of view (FOV). The size
of the receiver FOV is always larger than the transmitted beam divergence since the beam is broadened
by scattering in the water (Guenther 1985b; Feygels, Wright, et al. 2003b). Two general types of ALB
systems have evolved based on the differing requirements in shallow and deeper water environments. The
first type, optimized for deeper water applications, is a broad-beam ALB system (e.g., SHOA Guenther,
1985, LS, LADS MK3, CZMIL, HawkEye II, and Hawkeye III) that transmits a beam having a large
divergence (3-11 mrad) with a typical footprint size of 2 to 4 m on the water surface. The detector FOV in
SHOALS and LADS is around 100 mrad, whereas HawkEye has a narrower FOV of about 1-3 mrad.
CZMIL uses a wide FOV (40 mrad) for deep water, but a narrow FOV (1.9 mrad) can be selected for
shallow water operation. The second type is the narrow-beam ALB systems, specifically designed for
shallow water applications (e.g., EAARL-B; Chiroptera, RIEGL VQ820G, Aquarius), that transmit using
a small beam divergence (1-3 mrad) with a typical footprint size of less than 1 m on the water surface and
a correspondingly smaller telescope FOV. Broad-beam ALB systems are designed for mapping
bathymetry in areas that are not cost-efficient for a multi-beam echo sounder (MBES) at the International
Hydrographic Office (IHO) order 1b standards. i.e., in water depths of 2 m to 15 m (Guenther 1985b;
Imahori et al. 2013). Narrow-beam ALB systems can typically acquire depth measurement in extremely
shallow water areas from the shoreline to 4 m, depending on the environmental conditions. The narrowbeam ALB systems are ideal for rivers and estuaries, when water conditions allow bottom detection
(McKean et al. 2009).
The returning energy is converted from an optical signal into an electrical signal using an optical detector.
Two types of detectors are commonly used for logging the backscattered signal: avalanche photodiodes
(APD) and photomultiplier tubes (PMT). The typical APD is a multi-photon detection sensor, in which an
electric signal is generated that is directly proportional to the optical power of the incident light (Wilson
and Hawkes 1998). Multi-photon detection APD sensors are able to detect power changes of up to 3
orders of magnitude. PMT and Geiger-mode APD (GAPD) detectors are single detection sensors, in
which a single photon can set off a significant avalanche of electrons using a reverse bias voltage (Wilson
and Hawkes 1998; Hamamatsu 2007). These single-photon detection sensors typically detect power
changes up to 6 orders of magnitude. In order to log the returning optical energy as a waveform, the
electrical signal of the photo-detectors is sampled using a digitizer. It is important to note that the
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sampling rate of the digitizer defines the resolution of the waveforms, but the bandwidth of the photodetectors and the digitizer limit the accuracy with which the waveform is digitized.
Range is determined by the time-of-flight of the laser pulse, i.e., the time difference between the emitted
pulse and the returning backscatter (Measures 1992). The laser pulse traverses the range twice (from the
laser to the target and from the target to the detector). The laser transmits a short pulse which is reflected
(scattered) by an object at a distance, or range to the target, r, the total distance traveled by the pulse is
2𝑟𝑟 . The time, 𝑡𝑡, required for the round trip is then found from the relation: 2𝑟𝑟 = 𝑣𝑣 ∗ 𝑡𝑡 where 𝑣𝑣 is the
velocity of light in the medium. Thus, the range of the target is given by:
R

r = 𝑣𝑣 ∗ t⁄2

.

(4.1.8)

The range resolution of the lidar, ∆𝑟𝑟, designates the smallest distance between two targets that can be
discriminated, and is limited by the sampling rate of the detector, 𝑓𝑓𝑑𝑑 . The time of travel to targets at
ranges 𝑟𝑟 and 𝑟𝑟 + ∆𝑟𝑟 are then 𝑡𝑡1 = 2𝑟𝑟 ⁄𝑣𝑣 and 𝑡𝑡2 = 2(𝑟𝑟 + ∆𝑟𝑟)⁄𝑣𝑣 , respectively. To be resolvable, the
difference in return time, ∆𝑡𝑡 = 𝑡𝑡2 − 𝑡𝑡1 = 2 ∆ 𝑟𝑟⁄𝑣𝑣 , must be greater than or equal to the interval between
successive observations: ∆𝑡𝑡 > 1/𝑓𝑓𝑑𝑑 , thus, the range resolution will be:
1
𝑣𝑣
∆𝑟𝑟 > 𝑐𝑐∆𝑡𝑡 𝑜𝑜𝑜𝑜 ∆𝑟𝑟 >
2
2𝑓𝑓𝑑𝑑

(4.1.9)

We are concerned primarily with the optical path in water. The speed of light in water is v𝑤𝑤 = c/𝑛𝑛𝑤𝑤 ,
where 𝑐𝑐 = 3.00 × 108 𝑚𝑚 𝑠𝑠 −1 is the speed of light in a vacuum and the index of refraction of water can
be approximated as 𝑛𝑛𝑤𝑤 ≈ 1.333 (Saleh and Teich 1991b). Thus, in water, a 1 GHz sampling rate (𝑓𝑓𝑑𝑑 =
1 𝐺𝐺𝐺𝐺𝐺𝐺), which is typical of ALB systems, corresponds to a range resolution limit of about 11.2 cm. In
fact, the range resolution can be refined further for narrow-beam systems (e.g. EAARL-B and VQ-820-G)
by measuring the local sea surface wave height and slope angle for each laser measurement (Tulldahl,
Andersson, and Steinvall 2000) or by using online waveform processing for measuring relative pulse
broadening (Pfennigbauer et al. 2014).

Auxiliary systems for ALB performance and geo-referencing.
The range measured in the waveforms is the line-of-site vector from the aircraft to the water surface in air
and from the water surface to the seafloor underwater. In order to reference the range measurement and
dataset in a known coordinate system, e.g. WGS-84 or NAD-83, the ALB system must be supported by
information logged by the auxiliary systems for ALB performance (attenuator, gimbals, cooling, etc.) and
geo-referencing (GPS, IMU). This dataset of referenced measurement is also known as a point cloud. The
position and direction of the laser beam recorded by these devices must be synchronized with the scanner
information and the digitized waveforms (range measurements) with nanosecond precision. Measurement
errors of the range, position, and beam direction or any temporal misregistration errors will also influence
the accuracy of the final product (Baltsavias 1999; S. A. White et al. 2011b) The two main external
sensors that are used in concert with the ALB system are an inertial measurement unit (IMU) and a global
positioning system (GPS) receiver that measure the attitude and location of the aircraft (and the ALB
sensor) during the survey (Wehr 2009; Habib et al. 2010). The GPS data is typically collected at a sample
rate of 1 to 2 Hz, and then processed in a differential post-processing mode (DGPS), whereby the data
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from the aerial receiver is processed at GPS ground stations. In order to achieve positioning
measurements with accuracy better than ±10 cm, the GPS ground station are positioned on known
benchmarks at a maximum distance of 25 km from the survey line. The orientation of the aircraft is
determined using the IMU at a sample rate of 100 Hz with a typical accuracy better than 0.01 of a degree.
After the flight, in a post-processing mode, an integrated position and orientation solution is applied to the
laser range in order to calculate bathymetry. It is important to note that, in addition to the internal
accuracy of the ALB system, the GPS receiver and the IMU, the mounting parameters that relate each of
these units also affect the accuracy of the laser measurements. The offset and orientation between the
units, known as the lever-arm components and bore-site angles, should be determined through a
calibration procedure (Habib et al. 2010). Another issue that affects the accuracy of the range
measurements is random angular movement caused by wind and engine vibration of the aircraft
(Abdullah 2004). In order to ensure vibration-free conditions, manual and automatic mounts are used
stabilize the ALB system.

4.4 Model of the Lidar Waveform
V. Feygels, Yu. Kopilevich, M. Kim

Receiver channel model

An ALB receiver is designed to collect radiation that results from reflection of the emitted pulse at the sea
surface, backscattering in the water column, and reflection at the sea floor. The radiation is spectrally
filtered to observe only at the emitted wavelength (532 nm, a “green receiver”) in order to minimize
"noise" from natural sources, especially sunlight. In order to collect as much of the reflected laser
radiation as possible, the returning radiance is spatially integrated over the receiver telescope pupil area,
Σ, and over the receiver channel field-of-view solid angle, Ω. The resulting power, 𝑆𝑆𝑝𝑝 (𝑡𝑡), is collected for

the duration of the pulse return, defined as the time span that begins with the initial return of the pulse
from the water surface, and ends with the final return from the sea bottom. The initial return includes a
short rise time that, for oblique sounding, exceeds that of the transmitted laser pulse duration due to the
geometric stretch effect (see Section 4.2.1). Another consideration is the dynamic range of the pulse
power, 𝑆𝑆𝑝𝑝 (𝑡𝑡), which may span as much as 50 – 60 dB, depending on the water optical properties, bottom

depth and reflectance.

The output from the receiver channel, 𝐷𝐷(𝑡𝑡) is a digitized, amplified signal resulting from the initial signal,
𝑆𝑆𝑝𝑝 (𝑡𝑡). The dynamic range of the received signal can span 5 to 6 orders of magnitude. In order to collect
successfully both the bottom return and the surface return, the digitizer requires either that the
photodetector operate in a logarithmic mode, or that it operate in a linear mode, followed by a logamplifier. Given the rapid changes in the signal, 𝑆𝑆𝑝𝑝 (𝑡𝑡), each of the elements in the electronic segment

(photodetector, log amplifier, & digitizer) must have either a wide frequency band pass, or a short
response time.

72

eCommons (2019) https://doi.org/10.7298/4sb5-8434

AIRBORNE LASER HYDROGRAPHY II

Figure 4.3.1. General schematic diagram of a lidar receiver. The sequence includes an optical segment (from
the receiver lens faceplate to the photodetector input, e.g. the PMT photocathode) and an electronic segment
(from the photodetector input to the digitizer output).

A general schematic of a receiver is presented in Figure 4.3.1 the sequence includes an optical segment
(from the receiver lens faceplate to the photodetector input, e.g. the PMT photocathode) and an electronic
segment (from the photodetector input to the digitizer output). Figure 4.3.1 represents a conventional,
single-FOV design. The sequence includes: an optical segment which is designed as a mirror telescope
instead of refracting one (Fuchs and Tuell 2010); the spectral selector (a narrow band filter) has been
omitted from the scheme; the log amplifier is only used when photodetector operates in linear mode.
A “multi-FOV” bathymetric lidar (Sugimoto et al. 2001; Feygels, Kopilevich, et al. 2003) may be
designed with a single telescope furnishing several receiving channels, each having a different FOV. The
incoming light field can be divided into several channels in a number of ways and in a given ratio. For
example, beam or beam sampler elements can reflect part of the light and allow the rest to pass through
with the use of wavelength splitters – optical elements with special coatings designed to reflect a selected
range of wavelengths while passing others (Victor I. Feigels et al. 2002).
An implementation of the schematic is illustrated in Figure 4.3.2 with a variant of the CZMIL receiver
system optical design (Fuchs and Tuell 2010). In this design a Field Separator (FS) element is used to
divide incoming light into a “deep” channel with a plane FOV angle, Θ𝑅𝑅 , of 40 mr, and seven “shallow”
channels with equal FOV angles Θ𝑅𝑅 = 1.9 𝑚𝑚𝑚𝑚. The division of light among the narrow-FOV channels is
performed using a fiber optic bundle (FOB) to split the incoming signal into separate beams. The beam
splitter (BS), together with infrared (FIR) and “green” (FG1 and FG2) interference filters, is used to
separate the optical signals into the seven 532 nm channels and the single 1064 nm channel. (The beam
splitter and the IR channel are not used in all ALB systems. These variants of the optical segment design
do not lead to any loss in generality of the consideration of the electronic segment of the receiver
channel.)
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Figure 4.3.2. General schematic (one of the variants) of CZMIL receiver optical system. L1-L4 – lenses; FS –
Field Separator: FG1-FG2 –green (532nm) interference filters; FM1-FM2 – Folding Mirror; FIR – infrared
(1064nm) interference filter; NDF – neutral density filters; BS – beam separator.

The relationship between the input optical signal, 𝑆𝑆𝑝𝑝 (𝑡𝑡), and the discretized waveform output signal,

𝐷𝐷(𝑡𝑡), is fundamental to the quantitative interpretation of lidar sounding data. The relationship is described
by a mathematical model of the receiving channel (Kopilevich et al. 2005). In accordance with that
model, the conversion of the input optical signal, 𝑆𝑆𝑝𝑝 (𝑡𝑡), into the output electrical signal, 𝐷𝐷(𝑡𝑡), is achieved
by characterizing the key hardware in the receiving channel (i.e., PMT or APD, multiplier, and digitizer)
as:
∞

and

𝑆𝑆𝑅𝑅 (𝑡𝑡) = � 𝑆𝑆𝑃𝑃 (𝑡𝑡 − 𝑡𝑡 ′ ) ∙ 𝜔𝜔(𝑡𝑡 ′ )𝑑𝑑𝑡𝑡 ′ ≡ 𝑆𝑆𝑃𝑃 (𝑡𝑡) ∗ 𝜔𝜔(𝑡𝑡) ,

(4.3.1)

𝐷𝐷(𝑡𝑡) = 𝜒𝜒[𝑆𝑆𝑅𝑅 (𝑡𝑡)] .

(4.3.2)

0

The symbol " ∗ " in equation (4.3.1) denotes the operation of convolution, and 𝜔𝜔(𝑡𝑡), is the normalized
function describing the effect of a finite response time (or the restricted bandpass) of the channel,
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∞

� 𝜔𝜔(𝑡𝑡 ′ )𝑑𝑑𝑡𝑡 ′ = 1

.

0

(4.3.3)

Equation (4.3.2) introduces the function, 𝜒𝜒[∙], to denote a count-valued, monotonically increasing
function of an argument in Watts. This function will hereafter be referred to as “the channel Watt-count
characteristic”. The physical meaning of the channel Watt-count characteristic is readily seen when a
constant optical signal is considered. Letting 𝑆𝑆𝑝𝑝 (𝑡𝑡) = 𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑡𝑡), and recalling that
∞

∫0 𝜔𝜔 (𝑡𝑡 ′ )𝑑𝑑𝑡𝑡 ′ = 1, equation (4.3.2) yields:

𝐷𝐷(𝑡𝑡) = 𝐷𝐷const = 𝜒𝜒(𝑆𝑆const) .

(4.3.4)

The function, 𝜔𝜔(𝑡𝑡), describes the “optical response” of the channel to a delta-function impulse, i.e., for
𝑆𝑆𝑝𝑝 = 𝛿𝛿(𝑡𝑡), equation (4.3.1) gives 𝑆𝑆𝑅𝑅 (𝑡𝑡) = 𝜔𝜔(𝑡𝑡). The function may be expressed as the convolution of the

responses of each of the elements in the electronic segment (see Figure 4.3.1):
𝜔𝜔(𝑡𝑡) = 𝜔𝜔𝑃𝑃𝑃𝑃𝑃𝑃 (𝑡𝑡) ⋇ 𝜔𝜔𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡) ⋇ 𝜔𝜔𝑑𝑑𝑑𝑑𝑑𝑑 (𝑡𝑡) ,

(4.3.5)

where, 𝜔𝜔𝑃𝑃𝑃𝑃𝑃𝑃 (𝑡𝑡) is the response function of the PMT, 𝜔𝜔𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡) is the response of the amplifier, and
𝜔𝜔𝑑𝑑𝑑𝑑𝑑𝑑 (𝑡𝑡) is the response of the digitizer. It should be noted that equation (4.3.1) describes a mathematical

model of the receiving channel. The validity of the model for a given receiver channel must be tested
experimentally. For example, the channel response function, 𝜔𝜔(𝑡𝑡), in (4.3.1) may depend on the input
signal level and therefore the model in question will be applicable only for a limited input power range. In
spite of such limitations, the model has proven to be quite efficient in simulating lidar signals and in
processing waveforms collected during surveys [see, e.g., Tuell et al. (Tuell et al. 2005)].
To summarize, the following steps are required to use the lidar receiving channel model for simulating a
lidar waveform:
1. Calculate the input optical signal, 𝑆𝑆𝛿𝛿 (𝑡𝑡), corresponding to a delta-function sounding pulse, 𝑄𝑄𝜂𝜂𝑅𝑅 ∙
𝛿𝛿(𝑡𝑡 − 𝑡𝑡0 ), where 𝑄𝑄 is the actual transmitted laser pulse energy (after accounting for atmospheric
attenuation and lidar transmitter system losses) and 𝜂𝜂𝑅𝑅 is the transmittance of the receiver optical
system (the optical segment in Figure 4.3.1) that is determined through channel radiometric
calibration (see Section 4.4.1). The calculation of 𝑆𝑆𝛿𝛿 (𝑡𝑡) is based on an accepted theory of
airborne oceanographic lidar return (see Section 4.3.2).
2. Convolve the input optical signal, 𝑆𝑆𝛿𝛿 (𝑡𝑡), with the laser pulse shape, 𝑝𝑝(𝑡𝑡), to obtain the actual
input signal in the optical domain:
𝑆𝑆𝑝𝑝 (𝑡𝑡) = 𝑆𝑆𝛿𝛿 (𝑡𝑡) ∗ 𝑝𝑝(𝑡𝑡)

∞

,

� 𝑝𝑝(𝑡𝑡) 𝑑𝑑𝑑𝑑 = 1 .

(4.3.6)

0

Recalling equations (4.2.6)-(4.2.8) and (4.3.1), the simulated waveform in the optical segment,
(𝑡𝑡),
may be expressed as:
𝑆𝑆𝑅𝑅
𝑆𝑆𝑅𝑅 (𝑡𝑡) = 𝑆𝑆𝛿𝛿 (𝑡𝑡) ∗ 𝑅𝑅(𝑡𝑡) ,
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with
𝑅𝑅(𝑡𝑡) ≡ 𝑝𝑝(𝑡𝑡) ∗ 𝜔𝜔(𝑡𝑡)

(4.3.8)

According to (4.3.7), function 𝑅𝑅(𝑡𝑡) may be called “the receiving channel response to lidar pulse”, or just
“the channel response function”. On the other hand, comparison of (4.3.7) with (4.3.6) clarifies the
physical meaning of the function 𝑅𝑅(𝑡𝑡) as the effective shape of the sounding pulse.

Combining (4.3.8) and (4.3.5), the effective pulse shape, 𝑅𝑅(𝑡𝑡), may be expressed as the convolution of the
actual pulse shape with the response functions of the individual elements in the electronic segment:
𝑅𝑅(𝑡𝑡) = 𝑝𝑝(𝑡𝑡) ⋇ 𝜔𝜔𝑃𝑃𝑃𝑃𝑃𝑃 (𝑡𝑡) ⋇ 𝜔𝜔𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡) ⋇ 𝜔𝜔𝑑𝑑𝑑𝑑𝑑𝑑 (𝑡𝑡)

.

(4.3.9)

If the transmitted pulse shape, 𝑝𝑝(𝑡𝑡), and the response functions, 𝜔𝜔𝑃𝑃𝑃𝑃𝑃𝑃 (𝑡𝑡), 𝜔𝜔𝑎𝑎𝑎𝑎𝑎𝑎 (𝑡𝑡), and 𝜔𝜔𝑑𝑑𝑑𝑑𝑑𝑑 (𝑡𝑡) are all

described by Gaussian distributions, then the duration of the effective pulse, 𝜏𝜏𝑅𝑅 , (e.g., at FWHM) will be
given by the formula
2
2
2
𝜏𝜏𝑅𝑅2 = 𝜏𝜏𝑝𝑝2 + 𝜏𝜏𝑃𝑃𝑃𝑃𝑃𝑃
+ 𝜏𝜏𝑎𝑎𝑎𝑎𝑎𝑎
+ 𝜏𝜏𝑑𝑑𝑑𝑑𝑑𝑑

,

(4.3.10)

where 𝜏𝜏𝑝𝑝 is the transmitted pulse duration, and 𝜏𝜏𝑃𝑃𝑃𝑃𝑃𝑃 , 𝜏𝜏𝑎𝑎𝑎𝑎𝑎𝑎 , and 𝜏𝜏𝑑𝑑𝑑𝑑𝑑𝑑 are the widths of the corresponding
hardware response functions (at the same level), respectively. For non-Gaussian functions, equation
(4.3.10) may be used as a helpful estimate of 𝜏𝜏𝑅𝑅 provided that the response characteristics of the
electronic track are known.

If, in addition to the optical waveform, 𝑆𝑆𝑅𝑅 (𝑡𝑡), it is also necessary to simulate the output signal waveform
in the electrical domain, χ [⋅] may be used to derive 𝐷𝐷(𝑡𝑡):
𝐷𝐷(𝑡𝑡) = 𝜒𝜒[𝑆𝑆𝛿𝛿 (𝑡𝑡) ∗ 𝑅𝑅(𝑡𝑡)] .

(4.3.11)

Processing an experimentally obtained waveform, 𝐷𝐷 𝑒𝑒𝑒𝑒𝑒𝑒 (𝑡𝑡) in order to estimate environmental properties
(e.g., bottom depth and reflectance, IOPs) relies on a comparison of the experimental waveform with
simulated waveforms. It is convenient to perform the comparison in the optical domain. For this purpose,
𝑒𝑒𝑒𝑒𝑒𝑒
the electrical signal, 𝐷𝐷 𝑒𝑒𝑒𝑒𝑒𝑒 (𝑡𝑡), (in digital counts) must be transformed into the optical signal, 𝑆𝑆𝑅𝑅 (in
Watts):
𝑒𝑒𝑒𝑒𝑒𝑒
𝑆𝑆𝑅𝑅 (𝑡𝑡) = 𝜒𝜒−1 �𝐷𝐷𝑒𝑒𝑒𝑒𝑒𝑒 (𝑡𝑡)� ,

(4.3.12)

with 𝜒𝜒 −1 [∙] being the inverse of the channel Watt-count characteristic, 𝜒𝜒[∙], from equation (4.3.2).

Improved small-angle-scattering models of lidar waveform components
4.4.2.1

Introduction.

The need for improved mathematical modeling of oceanographic lidar signals along with the initial
development of lidar systems in the 1960s [see, e.g., Hickman & Hogg (1969); Guenther (1985)]. In
accordance with the main purpose – using oceanographic lidar for bathymetric mapping – the existing
mathematical models were designed to estimate the maximum measurable depth for specific lidar systems
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for given optical characteristics of the seawater, and to optimize the parameters of the lidar systems
(Victor I. Feigels et al. 2002; Victor I. Feigels 1992; Kopilevich and Feigels 2002). New applications
using ALB systems, such as reconstruction of the optical characteristics of the water from the lidar
waveform (Billard, Abbot, and Penny 1986a; Feygels, Kopilevich, et al. 2003; Allocca et al. 2002), have
substantially increased the requirements on the accuracy of the mathematical models.
The first (and simplest) mathematical model describing the power, 𝑆𝑆 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 (𝑡𝑡), of the elastic backscattering
signal received from the water column used a single backward-scattering approximation at a nadir
incidence angle and had the form (Gordon 1982; Maffione and Dana 1996):
𝑆𝑆 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 (t) = 𝑄𝑄 ⋅ 𝜏𝜏𝐹𝐹 2

Σ
𝑐𝑐
𝑐𝑐𝑐𝑐
βπ
exp �−𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠 � .
2
(𝐻𝐻𝑛𝑛𝑤𝑤 + ℎ𝑏𝑏𝑏𝑏𝑏𝑏 )
2𝑛𝑛𝑤𝑤
𝑛𝑛𝑤𝑤

(4.3.13)

Here 𝑡𝑡 is time, with 𝑡𝑡 = 0 corresponding to the instant that the signal reflected from the surface is
recorded; 𝑄𝑄 is the energy of the laser probe pulse, taking into account the attenuation along the
atmospheric track and the transmission of the receiver system; 𝜏𝜏𝐹𝐹 is the Fresnel transmission of the
water–air interface; Σ is the pupil area of the lidar receiver; 𝛽𝛽𝜋𝜋 is the backscattering coefficient of sea
water; 𝑐𝑐 is the speed of light in vacuum; 𝑛𝑛𝑤𝑤 is the refractive index of sea water; 𝐻𝐻 is the altitude of the
lidar platform above sea level; ℎ𝑏𝑏𝑏𝑏𝑏𝑏 is the current depth, ℎ𝑏𝑏𝑏𝑏𝑏𝑏 (𝑡𝑡) = 𝑐𝑐𝑐𝑐/2𝑛𝑛𝑤𝑤 ; and 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠 is the so-called

system attenuation coefficient.

The model described by equation (4.3.13), with 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑎𝑎 + 𝑏𝑏𝑏𝑏 , where 𝑎𝑎 is the absorption and 𝑏𝑏𝑏𝑏 the

backward scattering coefficient of the water (see Section 3.3.2), is valid only when the receiver is able to
collect virtually all of the backscattered radiation, i.e., either the FOV of the lidar receiver is wide enough
(tending to 2𝜋𝜋 sr) and/or the backscattering is vanishingly weak (the backscattering coefficient 𝑏𝑏𝑏𝑏 → 0).
Attempts to generalize the model (equation (4.3.13)) in order to describe a real system by treating the
system attenuation coefficient, 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠 , as an apparent optical property of the seawater, were not very
effective because 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠 was determined to be depth-dependent even in homogeneous sea water (Gordon

1982).

Fundamental progress in the development of a mathematical model of a lidar signal was made by BravoZhivotovsky, Dolin, Luchinin, & Savel’ev (1969), Dolin & Savel’ev (1971b), and Dolin & Savel’ev
(1979). This model was then brought to the level of handbook equations for engineering calculations in
Dolin & Levin (1991).
In the following sections, a consistent derivation of a mathematical model of the ALB signal is presented.
The model is a generalization of the results of Dolin & Levin (1991) in that it removes the substantial
limitation on the FOV of the lidar receiver system, and therefore makes it possible to describe narrowfield ALB systems (Feygels, Kopilevich, et al. 2003; Feygels, Wright, et al. 2003). In addition, allowance
is made for the deviation of the lidar optical axis from the vertical (off-nadir probing), measurements
typical in operational airborne systems (see Section 4.3.2.6).
4.4.2.2

Governing equations.

Instead of the actual lidar sounding geometry depicted in Figure 4.2.3, it is convenient to turn to the
monostatic “equivalent lidar sounding problem” described earlier in Section 4.2.1 and illustrated in
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Figure 4.2.4. In the "equivalent" ALB problem, the media both below and above the air/water interface is
assumed to have the same refractive index, 𝑛𝑛𝑤𝑤 . Thus, the sounding beam does not undergo refraction at
the interface, and the “equivalent” lidar parameters (position, sounding angle, sounding pulse energy,
emitted beam divergence, receiver field-of-view) are specified in such a way as to retain the optical and
geometrical properties of the actual sounding beam light field under the interface. A simplified version of
Figure 4.2.4, revised to show the variables relevant to the improved model, is shown in Figure 4.3.3.
(Evaluation of the “equivalent” lidar characteristics will be considered in detail later in Section 4.3.2.7
Emitted beam modeling). In the equivalent geometry (Figure 4.3.3), the lidar receiver, located at point
𝑂𝑂′ , is at an equivalent height, 𝐻𝐻 ′ , above the water surface. The equivalent slant path in air is 𝐻𝐻𝑠𝑠′ , the
distance along the slant path is denoted as 𝑧𝑧, and the equivalent receiver FOV is Θ′𝑅𝑅 .

Figure 4.3.3. Geometry and variables used for the "equivalent geometry".

In the equivalent problem, let (𝑡𝑡, 𝑧𝑧 = 0, 𝐫𝐫, 𝐧𝐧), be the backscattered radiance arriving at the equivalent
lidar receiver pupil, point (at 𝑧𝑧 = 0), and distributed on a plane perpendicular to the optical axis of the
receiver. Here, the local coordinate system is described by the 3D unit vector, 𝐧𝐧 = {𝑛𝑛𝑧𝑧 , 𝐧𝐧𝑡𝑡 } = �𝑛𝑛𝑧𝑧 , 𝑛𝑛𝑥𝑥 , 𝑛𝑛𝑦𝑦 �

with 𝑛𝑛𝑧𝑧 oriented along the receiver axis and 𝐧𝐧𝑡𝑡 = �𝑛𝑛𝑥𝑥 , 𝑛𝑛𝑦𝑦 � belonging to the perpendicular plane. A 2D

vector, 𝒓𝒓 = �𝑟𝑟𝑥𝑥 , 𝑟𝑟𝑦𝑦 �, describes a location on that plane. The symbol 𝐼𝐼𝑢𝑢𝑢𝑢 is specifically used to describe the

distribution of upwelling radiance above the plane at 𝑧𝑧 = 0. At each point, 𝒓𝒓 = �𝑟𝑟𝑥𝑥 , 𝑟𝑟𝑦𝑦 � on the plane, the
radiance depends on a direction determined by the 3-D unit vector 𝐧𝐧. Since only the upwelling light is

considered for 𝐼𝐼𝑢𝑢𝑢𝑢 , the z-component of the directional vector from the lidar receiver is negative, 𝑛𝑛𝑧𝑧 < 0.
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Let the received radiance, 𝐼𝐼𝑅𝑅𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 (0, 𝐫𝐫, 𝐧𝐧), 𝑛𝑛𝑧𝑧 < 0, be the normalized characteristic function of the lidar
receiver (Kopilevich and Surkov 2008), so that integration over the backscattering hemisphere yields:
� 𝑑𝑑 2 𝐫𝐫 � 𝑑𝑑Ω( 𝐧𝐧)𝐼𝐼𝑅𝑅𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 (0, 𝐫𝐫, 𝐧𝐧) = 1

𝑧𝑧=0

𝑛𝑛𝑧𝑧 ≤0

.

The power, 𝑆𝑆(𝑡𝑡), of the lidar signal at the receiver may then be written as:

(4.3.14)

𝑆𝑆(𝑡𝑡) = Σ Ω � 𝑑𝑑 2 𝐫𝐫 � 𝑑𝑑Ω( 𝐧𝐧)𝐼𝐼𝑅𝑅𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 (0, 𝐫𝐫, 𝐧𝐧)𝐼𝐼 𝑢𝑢𝑢𝑢 (𝑡𝑡, 0, 𝐫𝐫, 𝐧𝐧)

,

𝑐𝑐𝑐𝑐
𝑐𝑐
, 𝐫𝐫, 𝐧𝐧� =
𝑄𝑄 ′ � 𝑑𝑑Ω(𝒏𝒏′ ) β(𝑧𝑧, 𝐫𝐫, 𝐧𝐧 ∧ 𝒏𝒏′ ) 𝐼𝐼𝐸𝐸′ (𝑧𝑧, 𝐫𝐫, 𝒏𝒏′ )
2𝑛𝑛𝑤𝑤
2𝑛𝑛𝑤𝑤

;

𝑛𝑛𝑧𝑧 ≤0

(4.3.15)

with Σ and Ω being the pupil area and the solid angle (FOV) of the receiver, respectively. Now consider
an infinitesimally short (delta-function) initial laser pulse; symbols for beam radiances, irradiances, and
lidar signal components corresponding to the delta-function pulse will be specified by the subscript δ. The
so-called “multiple forward-single backscattering” approximation [see, e.g., Dolin & Levin, (1991);
Monin, (1983) is used for this case. In view of the small divergence angle and the strong anisotropy of
light scattering by sea water, the scattered radiation is concentrated in a narrow cone around the direction
of the incident beam. This allows us to approximate the leading edge of the sounding pulse in the water at
time t by a distribution on a plane located at 𝑧𝑧 = 𝑐𝑐𝑐𝑐⁄2𝑛𝑛𝑤𝑤 , and perpendicular to the beam axis. (Compare
with the analogous approximation used in Sec. 4.2.1, Figure 4.2.2. This approximation makes it possible
𝑢𝑢𝑢𝑢
to regard the backscattered light radiance at the receiver, 𝐼𝐼δ (𝑡𝑡, 0, 𝐫𝐫, 𝐧𝐧), as the solution to a stationary
radiation transfer equation (RTE) in the layer 0 ≤ 𝑧𝑧 ≤ 𝑐𝑐𝑐𝑐⁄2𝑛𝑛𝑤𝑤 (for backward propagation) with the
following boundary conditions at the plane 𝑧𝑧 = 𝑐𝑐𝑐𝑐⁄2𝑛𝑛𝑤𝑤 :
𝑢𝑢𝑢𝑢

𝐼𝐼δ �𝑡𝑡, 𝑧𝑧 =

n′𝑧𝑧 ≥0

𝑛𝑛𝑧𝑧′ < 0

. (4.3.16)

Here:
𝑄𝑄 ′ = 𝑄𝑄 ⋅ 𝜏𝜏𝐹𝐹2 is the emitted laser pulse energy in the equivalent problem (𝑄𝑄 is the actual laser pulse energy
after accounting for atmospheric attenuation and lidar transmitter system losses, and 𝜏𝜏𝐹𝐹 is the
transmittance of the air-water interface);

𝛽𝛽(𝑧𝑧, 𝒓𝒓, 𝒏𝒏1 ∧ 𝒏𝒏2 ) is the volume scattering function for the angle 𝒏𝒏𝟏𝟏 ∧ 𝒏𝒏𝟐𝟐 , where 𝒏𝒏1 is the direction of beam
propagation, and 𝒏𝒏2 is the direction of the scattered light; the function is taken to be zero if the
point {𝑧𝑧(𝑡𝑡), 𝐫𝐫} is not within the water body;

𝐼𝐼𝐸𝐸′ (𝑧𝑧, 𝒓𝒓, 𝒏𝒏) is the solution of stationary RTE for downwelling emitted radiation in the half-space, 𝑧𝑧 > 0,
with the normalized boundary value 𝐼𝐼𝐸𝐸′ (0, 𝐫𝐫, 𝐧𝐧) related to the given radiance distribution 𝐼𝐼𝐸𝐸 (𝑡𝑡, 𝑧𝑧 ′ =
0, 𝐫𝐫, 𝐧𝐧), 𝑛𝑛𝑧𝑧 ≥ 0, at the lidar emitter output (plane 𝑧𝑧 = 0 ) by:
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𝐼𝐼𝐸𝐸 (𝑡𝑡, 𝑧𝑧 = 0, 𝐫𝐫, 𝐧𝐧) = 𝑄𝑄 ′ ⋅ δ(𝑡𝑡) I𝐸𝐸′ (0, 𝐫𝐫, 𝐧𝐧) ,
� I𝐸𝐸′ (0, 𝐫𝐫, 𝐧𝐧)𝑑𝑑 2 𝐫𝐫 𝑑𝑑Ω(𝐧𝐧) = 1

The prime symbol defines the direction of the scattered light.

𝑛𝑛𝑧𝑧 ≥ 0;

.

(4.3.17)

In what follows, water optical properties are assumed to be independent of coordinates (i.e., the water is
assumed to be vertically and horizontally homogeneous), so that
𝛽𝛽(𝑧𝑧, 𝒓𝒓, 𝒏𝒏1 ∧ 𝒏𝒏2 ) ≡ 𝛽𝛽(𝒏𝒏1 ∧ 𝒏𝒏2 )

(4.3.18)

,

for any point {𝑧𝑧 ′ (𝑡𝑡), 𝐫𝐫} inside the water body.

4.4.2.3

Application of the optical reciprocity theorem.
𝑢𝑢𝑢𝑢

The radiance, 𝐼𝐼δ (𝑡𝑡, 0, 𝐫𝐫, 𝐧𝐧), may be expressed using the boundary condition in (4.3.16) together with

Green's function, 𝐺𝐺(𝑧𝑧1 , 𝒓𝒓1 , 𝒏𝒏1 ; 𝑧𝑧2 , 𝒓𝒓𝟐𝟐 , 𝒏𝒏2 ), defined in Dolin & Levin (1991) as the radiance at the point
{𝑧𝑧1 , 𝒓𝒓1 } in the direction 𝒏𝒏1 , caused by a mono-directed point source δ (𝑧𝑧 − 𝑧𝑧2 )δ (𝒓𝒓 − 𝒓𝒓2 ) δ (𝒏𝒏 −
𝒏𝒏2 (4.3.16):
𝑢𝑢𝑢𝑢
𝑢𝑢𝑢𝑢
𝐼𝐼δ (𝑡𝑡, 0, 𝐫𝐫, 𝐧𝐧) = � 𝑑𝑑 2 𝒓𝒓′ � 𝑑𝑑Ω(𝒏𝒏′ ) 𝐺𝐺(0, 𝐫𝐫, 𝐧𝐧; 𝑧𝑧(𝑡𝑡), 𝒓𝒓′ , 𝒏𝒏′ ) ⋅ 𝐼𝐼δ �𝑡𝑡, 𝑧𝑧 =
𝑛𝑛𝑧𝑧 ≤0

𝑐𝑐
=
𝑄𝑄 � 𝑑𝑑 2 𝒓𝒓′ � 𝑑𝑑Ω(𝒏𝒏′ ) 𝐺𝐺(0, 𝐫𝐫, 𝐧𝐧; 𝑧𝑧(𝑡𝑡), 𝒓𝒓′ , 𝒏𝒏′ )
2𝑛𝑛
𝐧𝐧′ 𝑧𝑧 ≤0

𝑧𝑧(𝑡𝑡) ≡

𝑐𝑐𝑐𝑐
, 𝒓𝒓′ , 𝒏𝒏′ � =
2𝑛𝑛𝑤𝑤

� 𝑑𝑑Ω(𝒏𝒏′′ ) β(𝒏𝒏′ ∧ 𝐧𝐧′′ ) I𝐸𝐸′ (𝑧𝑧, 𝒓𝒓′ , 𝐧𝐧′′ ) ;

(4.3.19)

𝐧𝐧′′ 𝑧𝑧 ≥0

𝑐𝑐𝑐𝑐
2𝑛𝑛𝑤𝑤

Substitution of the latter formula into (4.3.15) gives the following expression for the backscattered signal
power:
𝑢𝑢𝑢𝑢

𝑆𝑆δ𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 (𝑡𝑡) = Σ Ω � 𝑑𝑑 2 𝐫𝐫 � 𝑑𝑑Ω(− 𝐧𝐧)I𝑅𝑅′ (0, 𝐫𝐫, −𝐧𝐧)𝐼𝐼δ (𝑡𝑡, 0, 𝐫𝐫, −𝐧𝐧)

= 𝑄𝑄 ′ Σ Ω

𝑛𝑛𝑧𝑧 ≥0

𝑐𝑐
� 𝑑𝑑 2 𝒓𝒓 � 𝑑𝑑Ω(− 𝐧𝐧)I𝑅𝑅′ (0, 𝐫𝐫, −𝐧𝐧) � 𝑑𝑑 2 𝐫𝐫 ′ � 𝑑𝑑Ω(− 𝐧𝐧′ )𝐺𝐺(0, 𝐫𝐫, 𝐧𝐧; 𝑧𝑧(𝑡𝑡), 𝒓𝒓′ , −𝒏𝒏′ ) (4.3.20)
2𝑛𝑛𝑤𝑤
𝑛𝑛𝑧𝑧′ ≥0

𝑛𝑛𝑧𝑧 ≥0

× � 𝑑𝑑Ω(𝒏𝒏′′ ) β(𝒏𝒏′ ∧ 𝐧𝐧′′ ) I𝐸𝐸′ (𝑧𝑧, 𝒓𝒓′ , 𝐧𝐧′′ )
𝐧𝐧′′
𝒛𝒛 ≥0

.

Here 𝐼𝐼𝑅𝑅′ (0, 𝐫𝐫, −𝐧𝐧) is the radiance distribution at the receiver input plane normalized, by analogy with
I𝐸𝐸′ (0, 𝐫𝐫, −𝐧𝐧) in equation (4.3.17), such that:
� I𝑅𝑅′ (0, 𝐫𝐫, 𝐧𝐧)𝑑𝑑 2 𝐫𝐫 𝑑𝑑Ω(𝐧𝐧) = 1
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For convenience, the sign of the variables has been switched in equation (4.3.19) so that all the directional
vectors are “looking down”.
Now we apply the optical reciprocity theorem for the RTE formulated in Dolin & Levin (1991) as the
equality
𝐺𝐺(0, 𝐫𝐫 ′′ , −𝐧𝐧′′ ; 𝑧𝑧, 𝐫𝐫, −𝐧𝐧′ ) = 𝐺𝐺(𝑧𝑧, 𝐫𝐫, 𝐧𝐧′ ; 0, 𝐫𝐫 ′′ , 𝐧𝐧′′ ) .

(4.3.22)

With the use of (4.3.22), one can write [see Kopilevich & Surkov (2008)]:

� 𝑑𝑑 2 𝐫𝐫 � 𝑑𝑑Ω(− 𝐧𝐧)I𝑅𝑅′ (0, 𝐫𝐫, −𝐧𝐧)𝐺𝐺(0, 𝐫𝐫, −𝐧𝐧; 𝑧𝑧(𝑡𝑡), 𝐫𝐫 ′ , −𝐧𝐧′ ) =
𝑛𝑛𝑧𝑧 ≥0

′ (0,
′
= � 𝑑𝑑 2 𝐫𝐫 � 𝑑𝑑Ω( 𝐧𝐧)I𝑅𝑅+
𝐫𝐫, 𝐧𝐧)𝐺𝐺(𝑧𝑧(𝑡𝑡), 𝐫𝐫 ′ , 𝐧𝐧′ ; 0, 𝐫𝐫, 𝐧𝐧) = I𝑅𝑅+
(𝑧𝑧(𝑡𝑡), 𝐫𝐫 ′ , 𝐧𝐧′ )

(4.3.23)

𝑛𝑛𝑧𝑧 ≥0

′
The radiance, I𝑅𝑅+
, in equation (4.3.23) is virtual in that it does not describe actual radiant power; rather, it
describes the distribution of the sensitivity of the receiver to radiant power on a plane perpendicular to the
pulse axis. Analogous to the real laser pulse source, the sensitivity distribution function of the receiver
′
(0, 𝐫𝐫, 𝐧𝐧) ≡ I𝑅𝑅′ (0, 𝐫𝐫, −𝐧𝐧) , 𝑛𝑛𝑧𝑧 ≥ 0, which was introduced in
optical system can be treated as a source, I𝑅𝑅+
equation (4.3.21). In the same way that a propagating laser pulse interacts with the medium to create a
diffuse radiance field at the plane, 𝑧𝑧(𝑡𝑡), the receiver sensitivity distribution can be treated as propagating
′ (𝑧𝑧(𝑡𝑡), ′ ′ )
𝐫𝐫 , 𝐧𝐧 at
through the medium, undergoing diffusion, and creating a virtual diffuse radiance field I𝑅𝑅+
the plane 𝑧𝑧(𝑡𝑡) ≡ 𝑐𝑐𝑐𝑐⁄2𝑛𝑛𝑤𝑤 . Thus, the virtual light beam” parameters (initial beam radius, divergence)
correspond to the parameters of the virtual receiver pupil radius and the field-of-view angle, respectively.

4.4.2.4

The general lidar equation.

With the use of (4.3.23), the lidar equation (3.3.20) takes the form (Dolin and Levin 1991):
𝑆𝑆δ𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 (𝑡𝑡) = Q′ Σ Ω

𝑐𝑐
� 𝑑𝑑 2 𝐫𝐫
2𝑛𝑛𝑤𝑤

�

𝑛𝑛𝑧𝑧′′ ≥ 0

𝑑𝑑Ω(𝐧𝐧′′ )

�

𝑛𝑛𝑧𝑧′ ≥ 0

𝑑𝑑Ω(𝐧𝐧′ ) ×

(4.3.24)

′
β(−𝐧𝐧′ ∧ 𝐧𝐧′′ ) 𝐼𝐼𝐸𝐸′ (𝑧𝑧(𝑡𝑡), 𝐫𝐫, 𝐧𝐧′′ ) 𝐼𝐼𝑅𝑅+
(𝑧𝑧(𝑡𝑡), 𝐫𝐫, 𝐧𝐧′ )

The final step to obtain the Classical Lidar Equation [see, e.g., Feigels & Kopilevich (1993)] entails the
use of the "small-angle approximation" (Monin 1983; L. S. Dolin and Levin 1991). The approximation
′
(𝑧𝑧, 𝐫𝐫, 𝐧𝐧) involved in (4.3.24), is distinct from zero only when the
assumes that each of the radiances I𝐸𝐸,𝑅𝑅+

direction vector 𝐧𝐧 = {𝑛𝑛𝑧𝑧 , 𝐧𝐧𝑡𝑡 }, 𝐧𝐧𝑡𝑡 ≡ �𝑛𝑛𝑥𝑥 , 𝑛𝑛𝑦𝑦 �, satisfies the condition
𝑛𝑛𝑧𝑧 ≈ 1 , |𝐧𝐧𝑡𝑡 | << 1 .

(4.3.25)

′
′
(𝑧𝑧, 𝐫𝐫, 𝐧𝐧), the alternative notation 𝐼𝐼𝐸𝐸,𝑅𝑅+
(𝑧𝑧, 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) may be used. The condition
Thus, for the radiances 𝐼𝐼𝐸𝐸,𝑅𝑅+

(4.3.25) also justifies the following approximated equalities for the irradiances, 𝐸𝐸𝐸𝐸,𝑅𝑅 (𝑧𝑧(𝑡𝑡), 𝐫𝐫), caused by
the actual and virtual light beams, respectively, on the plane 𝑧𝑧(𝑡𝑡) ≡ 𝑐𝑐𝑐𝑐⁄2𝑛𝑛𝑤𝑤 :
81
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� 𝑑𝑑Ω(𝐧𝐧′′ ) 𝐼𝐼𝐸𝐸′ (𝑧𝑧(𝑡𝑡), 𝐫𝐫, 𝐧𝐧′′ ) ≈ 𝐸𝐸𝐸𝐸 (𝑧𝑧(𝑡𝑡), 𝐫𝐫) ;

𝑛𝑛𝑧𝑧′′ ≥0

�

𝑛𝑛𝑧𝑧′ ≥0

𝑑𝑑Ω(𝐧𝐧′ )

′ (𝑧𝑧(𝑡𝑡),
𝐼𝐼𝑅𝑅+
𝐫𝐫, 𝐧𝐧′ )

(4.3.26)

≈ 𝐸𝐸𝑅𝑅 (𝑧𝑧(𝑡𝑡), 𝐫𝐫) .

Note that the relationships in Equations (4.3.26) are approximations because there is no cosine term. This
is reasonable because, in the receiver geometry, the cosine is near unity. Thus, the lidar equation (4.3.24)
for the backscattered signal returning from the water body may be rewritten:
𝑆𝑆δ𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 (𝑡𝑡) = Q′ Σ Ω βπ

𝑐𝑐
� 𝑑𝑑 2 𝐫𝐫 𝐸𝐸𝐸𝐸 (𝑧𝑧(𝑡𝑡), 𝐫𝐫)𝐸𝐸𝑅𝑅 (𝑧𝑧(𝑡𝑡), 𝐫𝐫) ;
2𝑛𝑛𝑤𝑤

where β(−𝐧𝐧′ ∧ 𝐧𝐧′′ ) ≈ βπ , the backscattering coefficient.

𝑧𝑧(𝑡𝑡) ≡

𝑐𝑐𝑐𝑐
2𝑛𝑛𝑤𝑤

,

(4.3.27)

A generalization of the equation to account for both backscattering by the water and reflection from
boundary surfaces (air-water interface, bottom, solid body in the water) may be written in the form:
𝑆𝑆δ (𝑡𝑡) = 𝑄𝑄 ′ Σ Ω

𝑐𝑐
� 𝑑𝑑 2 𝐫𝐫 γ(𝑧𝑧(𝑡𝑡), 𝐫𝐫)𝐸𝐸𝐸𝐸 (𝑧𝑧(𝑡𝑡), 𝐫𝐫)𝐸𝐸𝑅𝑅 (𝑧𝑧(𝑡𝑡), 𝐫𝐫) ;
2𝑛𝑛𝑤𝑤
𝑐𝑐𝑐𝑐
𝑧𝑧(𝑡𝑡) ≡
.
2𝑛𝑛𝑤𝑤

(4.3.28)

Here γ(𝑧𝑧(𝑡𝑡), 𝐫𝐫) is a generalized interaction function that describes both backscattering by the water and
reflection from boundary surfaces (air-water interface, bottom, solid body in the water). It has the value of
zero if the point {𝑧𝑧(𝑡𝑡), 𝐫𝐫} lies outside of the water, and γ(𝑧𝑧(𝑡𝑡), 𝐫𝐫) = βπ inside the water body. If the point
{𝑧𝑧(𝑡𝑡), 𝐫𝐫} belongs to a boundary surface, then 𝑧𝑧 = 𝑧𝑧𝑠𝑠𝑠𝑠 (𝐫𝐫) , and
γ(𝑧𝑧(𝑡𝑡), 𝐫𝐫) =

ρ
δ�𝑧𝑧(𝑡𝑡) − 𝑧𝑧𝑠𝑠𝑠𝑠 (𝐫𝐫)� ⋅ cos α �𝑧𝑧𝑠𝑠𝑠𝑠 (𝐫𝐫), 𝐫𝐫�
π

,

(4.3.29)

where α�𝑧𝑧𝑠𝑠𝑠𝑠 (𝐫𝐫), 𝐫𝐫� is the angle between the local normal to the surface at the boundary and the lidar beam
axis; ρ is equal to the (Lambertian) reflectance, ρ𝑏𝑏𝑏𝑏𝑏𝑏 or ρ𝑠𝑠𝑠𝑠 for the bottom and a submerged solid body,
respectively. For the sea surface in the equivalent problem, ρ = 𝜏𝜏𝐹𝐹 −2 ρ𝑠𝑠𝑠𝑠 with ρ𝑠𝑠𝑠𝑠 being the effective
Lambertian reflection of the surface.

4.4.2.5

Solution to the small-angle RTE

In order to solve the general lidar equation, (4.3.28), we need to solve for the two irradiances 𝐸𝐸𝐸𝐸,𝑅𝑅 (𝑧𝑧, 𝐫𝐫)
and, in order to solve for the irradiances, we must integrate over the radiance field shown in equation
(4.3.26). The radiance field is calculated by solving the full RTE. In general, the RTE for the laser pulse
propagation is a full 3D problem with no analytical solution. In order to find an approximate analytical
solution, we rely on the fact that water is a highly forward scattering medium. In that case, we can apply
a small angle approximation that is appropriate to lidar applications [see, e.g., Feigels & Kopilevich
(1993), Monin (1983), Dolin and Levin (1991)]. The approximation assumes that each of the radiances
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′
𝐼𝐼𝐸𝐸,𝑅𝑅+
(𝑧𝑧, 𝐫𝐫, 𝐧𝐧) involved in (4.3.26), is non zero only when the direction vector 𝐧𝐧 = {𝑛𝑛𝑧𝑧 , 𝐧𝐧𝑡𝑡 }, 𝐧𝐧𝑡𝑡 ≡

�𝑛𝑛𝑥𝑥 , 𝑛𝑛𝑦𝑦 �, is subject to the condition

𝑛𝑛𝑧𝑧 ≈ 1 , |𝐧𝐧𝑡𝑡 | << 1

.

(4.3.30)

′
′
Thus, for the radiances, 𝐼𝐼𝐸𝐸,𝑅𝑅+
(𝑧𝑧, 𝐫𝐫, 𝐧𝐧), the alternative notation 𝐼𝐼𝐸𝐸,𝑅𝑅+
(𝑧𝑧, 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) may be used. This small
angle approximation also justifies performing the integral over the projected plane rather than a solid
angle. The results are the following approximated equalities for the irradiances, 𝐸𝐸𝐸𝐸,𝑅𝑅 (𝑧𝑧(𝑡𝑡), 𝐫𝐫), caused by
the actual and virtual light beams, respectively, on the plane 𝑧𝑧(𝑡𝑡) ≡ 𝑐𝑐𝑐𝑐⁄2𝑛𝑛 :
′
𝐸𝐸𝐸𝐸,𝑅𝑅 (𝑧𝑧, 𝐫𝐫) = ∫ 𝑑𝑑 2 𝐧𝐧t 𝐼𝐼𝐸𝐸,𝑅𝑅+
(𝑧𝑧, 𝐫𝐫, 𝐧𝐧𝑡𝑡 )

.

(4.3.31)

When the small-angle RTE (Monin 1983; L. S. Dolin and Levin 1991) is applied, it is natural to accept
1
𝑏𝑏

the approximate representation of the volume scattering phase function, 𝜒𝜒(ϑ) ≡ β(ϑ), of the medium as

the sum of the small-angle and isotropic components (Dolina et al. 2007)
𝜒𝜒(ϑ) = �1 − 2

𝑏𝑏𝑏𝑏
𝑏𝑏𝑏𝑏
� ⋅ 𝜒𝜒𝑠𝑠 (ϑ) + (2π)−1
𝑏𝑏
𝑏𝑏
,

(4.3.32)

where 𝑏𝑏 is the scattering coefficient, 𝑏𝑏𝑏𝑏 is the backscattering coefficient (as defined in Eq. (3.3.11a,b)).
The optical characteristics of the medium are assumed to be independent of the coordinates). The
forward-scattering phase function 𝜒𝜒𝑠𝑠 (ϑ) is nonzero only for small angles ϑ and follows the normalization
condition
π

∞

2π � 𝜒𝜒𝑠𝑠 (ϑ)sinϑ 𝑑𝑑ϑ = 2π � 𝜒𝜒𝑠𝑠 (ϑ)ϑ 𝑑𝑑ϑ = 1
0

0

.

(4.3.33)

In order to examine the effect of these assumptions and the solutions, we begin with the case of nadir
sounding. When θ𝑤𝑤 = 0 each of the radiances in question is the solution to the boundary value problem
in the layer 𝑧𝑧0 < 𝑧𝑧 < 𝑧𝑧0 + ℎ𝑏𝑏𝑏𝑏𝑏𝑏 , where 𝑧𝑧0 = 𝐻𝐻 ′ is the lidar altitude above the interface in the equivalent
problem. Beginning with equation 5.3.32:
∂
𝐼𝐼(𝑧𝑧, 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) + 𝐧𝐧𝑡𝑡 ⋅ ∇𝑡𝑡 𝐼𝐼(𝑧𝑧, 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) =
∂𝑧𝑧

= −(𝑎𝑎𝑠𝑠 + 𝑏𝑏𝑠𝑠 )𝐼𝐼(𝑧𝑧, 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) + 𝑏𝑏𝑠𝑠 � 𝐼𝐼(𝑧𝑧, 𝐫𝐫, 𝒏𝒏′𝒕𝒕 ) 𝜒𝜒𝑠𝑠 (|𝐧𝐧𝑡𝑡 − 𝒏𝒏′𝒕𝒕 |)𝑑𝑑 2 𝒏𝒏′𝒕𝒕

;

𝐼𝐼(𝑧𝑧 = 𝑧𝑧0 , 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) = 𝐼𝐼0 (𝐫𝐫, 𝐧𝐧𝑡𝑡 ) ,

(4.3.34)

where, 𝑎𝑎𝑠𝑠 = 𝑎𝑎 + 2𝑏𝑏𝑏𝑏 is the effective absorption coefficient, and 𝑏𝑏𝑠𝑠 = 𝑏𝑏 − 2𝑏𝑏𝑏𝑏 is the small-angle
forward-scattering coefficient. Note that
𝑎𝑎𝑠𝑠 + 𝑏𝑏𝑠𝑠 = 𝑎𝑎 + 𝑏𝑏𝑏𝑏 + (𝑏𝑏𝑏𝑏 + 𝑏𝑏𝑠𝑠 ) = 𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑏𝑏𝑓𝑓 = 𝑎𝑎 + 𝑏𝑏 ≡ 𝑐𝑐

,

where 𝑎𝑎 is the absorption coefficient, and 𝑏𝑏𝑓𝑓 is the forward-scattering coefficient.
83
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A rigorous solution to the problem (4.3.34) has been presented by Bremmer (1964) and Dolin (1964). The
following derivation of the solution follows basically the approach described in Ishimaru (1978); see also
Apresian & Kravatsov (1983).
The first step in solving the problem (4.3.32) consists of using the Fourier transformation of 𝐼𝐼(𝑧𝑧, 𝒓𝒓, 𝒏𝒏𝒕𝒕 )
with respect to 2D vector, 𝒓𝒓:
𝐼𝐼̂(𝑧𝑧, 𝐤𝐤, 𝐧𝐧𝑡𝑡 ) =

1
� exp(𝑖𝑖𝐤𝐤𝐤𝐤) 𝐼𝐼(𝑧𝑧, 𝐫𝐫, 𝐧𝐧𝑡𝑡 )𝑑𝑑 2 𝐫𝐫
2π

,

(4.3.36)

where 𝐤𝐤 is the spatial frequency vector resulting from the Fourier transform of the two-2D spatial vector,

𝒓𝒓, and 𝐼𝐼̂(𝑧𝑧, 𝐤𝐤, 𝐧𝐧𝑡𝑡 ) is the frequency domain expression for radiance. Taking the Fourier transform of the
initial RTE (4.3.34) leads to
∂
� − 𝑖𝑖𝐧𝐧𝑡𝑡 𝐤𝐤 + 𝑐𝑐� 𝐼𝐼̂(𝑧𝑧, 𝐤𝐤, 𝐧𝐧𝑡𝑡 ) = 𝑏𝑏1 � 𝐼𝐼̂(𝑧𝑧, 𝐤𝐤, 𝒏𝒏′𝒕𝒕 ) ⋅ 𝑥𝑥𝑠𝑠 (𝐧𝐧𝑡𝑡 − 𝐧𝐧′𝒕𝒕 ) 𝑑𝑑 2 𝐧𝐧′𝒕𝒕
∂𝑧𝑧
𝐼𝐼̂(𝑧𝑧 = 𝑧𝑧0 , 𝐤𝐤, 𝐧𝐧𝑡𝑡 ) = 𝐼𝐼̂0 (𝐤𝐤, 𝐧𝐧𝑡𝑡 ) ≡

Let us define a new function

1
� exp(𝑖𝑖𝐤𝐤𝐤𝐤) 𝐼𝐼0 (𝐫𝐫, 𝐧𝐧𝑡𝑡 )𝑑𝑑 2 𝐫𝐫
2π

(4.3.37)

,

𝑧𝑧

𝐼𝐼̂′ (z, 𝐤𝐤, 𝐧𝐧𝑡𝑡 ) = 𝐼𝐼̂(z, 𝐤𝐤, 𝐧𝐧𝑡𝑡 )exp �− �[𝑖𝑖𝒏𝒏𝑡𝑡 𝒌𝒌 − 𝑐𝑐]𝑑𝑑𝑧𝑧 ′ � ,

(4.3.38)

𝑧𝑧0

which, after rearranging 𝐼𝐼̂ and 𝐼𝐼̂′ , becomes

𝑧𝑧

𝐼𝐼̂(z, 𝐤𝐤, 𝐧𝐧𝑡𝑡 ) = 𝐼𝐼̂′ (z, 𝐤𝐤, 𝐧𝐧𝑡𝑡 )exp �+ ∫𝑧𝑧 [𝑖𝑖𝒏𝒏𝑡𝑡 𝒌𝒌 − 𝑐𝑐]𝑑𝑑𝑧𝑧 ′ �
0

.

(4.3.39)

This expression for 𝐼𝐼̂(z, 𝐤𝐤, 𝐧𝐧𝑡𝑡 ) can then be introduced into equation (4.3.37), yielding
𝑧𝑧

𝜕𝜕 ′
𝐼𝐼̂ (z, 𝐤𝐤, 𝐧𝐧𝑡𝑡 )exp �+ �[𝑖𝑖𝐧𝐧𝑡𝑡 𝒌𝒌 − 𝑐𝑐]𝑑𝑑𝑧𝑧 ′ �
𝜕𝜕𝜕𝜕
𝑧𝑧0

𝑧𝑧

= 𝑏𝑏1 � 𝐼𝐼̂′ (z, 𝐤𝐤, 𝐧𝐧′𝑡𝑡 )exp �+ �[𝑖𝑖𝐧𝐧′𝑡𝑡 𝒌𝒌 − 𝑐𝑐]𝑑𝑑𝑧𝑧 ′ � 𝜒𝜒𝑠𝑠 (𝒏𝒏𝑡𝑡 − 𝐧𝐧′𝑡𝑡 ) 𝑑𝑑 2 𝐧𝐧′𝑡𝑡
𝑧𝑧0

𝑧𝑧

(4.3.40)

.

Then, after dividing the both parts by exp �+ ∫𝑧𝑧 [𝑖𝑖𝐧𝐧𝑡𝑡 𝐤𝐤 − 𝑐𝑐]𝑑𝑑𝑑𝑑′�, we arrive at the expression
0

𝑧𝑧

𝜕𝜕 ′
𝐼𝐼̂ (z, 𝐤𝐤, 𝐧𝐧𝑡𝑡 ) = 𝑏𝑏𝑠𝑠 � 𝐼𝐼̂′ (z, 𝐤𝐤, 𝐧𝐧′𝒕𝒕 ) exp �− �[𝑖𝑖(𝐧𝐧𝑡𝑡 − 𝐧𝐧′𝒕𝒕 )𝐤𝐤 + 𝑐𝑐]𝑑𝑑𝑧𝑧 ′ � 𝜒𝜒𝑠𝑠 (𝐧𝐧𝑡𝑡 − 𝐧𝐧′𝑡𝑡 )𝑑𝑑 2 𝐧𝐧′𝑡𝑡 ,
𝜕𝜕𝜕𝜕
𝑧𝑧0
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𝐼𝐼̂′ (z = 𝑧𝑧0 , 𝐤𝐤, 𝐧𝐧𝑡𝑡 ) = 𝐼𝐼̂0 (𝐤𝐤, 𝐧𝐧𝑡𝑡 ) .

Equation (4.3.41) may be solved more readily by applying the Fourier transformation with respect to 𝐧𝐧′𝒕𝒕 ,
defined as
𝐼𝐼�′ (𝑧𝑧, 𝐤𝐤, 𝐩𝐩) =

1
� exp(𝑖𝑖𝐧𝐧𝑡𝑡 𝐩𝐩) 𝐼𝐼̂′ (z, 𝐤𝐤, 𝐧𝐧𝑡𝑡 )𝑑𝑑 2 𝐧𝐧𝑡𝑡
2𝜋𝜋

,

(4.3.42)

where 𝐩𝐩 the frequency domain version of 𝐧𝐧𝑡𝑡 . After applying the Fourier Transform to equation (4.3.41),
the result is
𝜕𝜕 ′
𝐼𝐼� (𝑧𝑧, 𝐤𝐤, 𝐩𝐩) = 2𝜋𝜋 ∙ 𝐼𝐼�′ (𝑧𝑧, 𝐤𝐤, 𝐩𝐩)𝑏𝑏1 ∙ 𝜒𝜒�𝑠𝑠 [𝐩𝐩 − 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )] ;
𝜕𝜕𝜕𝜕

𝐼𝐼�′ (𝑧𝑧 = 𝑧𝑧0 , 𝐤𝐤, 𝐩𝐩) = 𝐼𝐼�0 (𝐤𝐤, 𝐩𝐩) ≡

(4.3.43)

1
� exp(𝑖𝑖𝐧𝐧𝑡𝑡 𝐩𝐩) 𝐼𝐼̂0 (𝐤𝐤, 𝐧𝐧𝑡𝑡 )𝑑𝑑 2 𝐧𝐧𝑡𝑡
2𝜋𝜋

,

where 𝜒𝜒�𝑓𝑓 (𝐩𝐩) is the Fourier transformation of the scattering phase function, 𝜒𝜒𝑠𝑠 (𝐧𝐧𝑡𝑡 ) ,
𝜒𝜒�𝑠𝑠 (𝐩𝐩) =

so that

1
� exp(𝑖𝑖𝐧𝐧𝑡𝑡 𝐩𝐩) 𝜒𝜒𝑠𝑠 (𝐧𝐧𝑡𝑡 ) 𝑑𝑑 2 𝐧𝐧𝑡𝑡
2π
𝑧𝑧

1
� exp(𝑖𝑖𝐧𝐧𝑡𝑡 𝐩𝐩) ⋅ exp �− �[𝑖𝑖𝐧𝐧𝑡𝑡 𝐤𝐤]𝑑𝑑𝑑𝑑′� 𝜒𝜒𝑠𝑠 (𝐧𝐧𝑡𝑡 ) 𝑑𝑑 2 𝐧𝐧𝑡𝑡 = 𝜒𝜒�𝑠𝑠 [𝐩𝐩 − 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )]
2π

The solution to the problem (4.3.43),

(4.3.44)

(4.3.45)

𝑧𝑧0

𝑧𝑧

𝐼𝐼�′ (𝑧𝑧, 𝐤𝐤, 𝐩𝐩) = 𝐼𝐼�′ (𝑧𝑧0 , 𝐤𝐤, 𝐩𝐩)exp{2𝜋𝜋} � 𝑏𝑏𝑠𝑠 ∙ 𝜒𝜒�𝑠𝑠 [𝐩𝐩 − 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )]𝑑𝑑𝑧𝑧 ′
𝑧𝑧0

,

(4.3.46)

leads to the so-called “auto-model” solution to the RTE which describes the Fourier-transform of the
radiance 𝐼𝐼(𝑧𝑧, 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) with respect to both 𝒓𝒓 and 𝐧𝐧𝑡𝑡 ,
𝐼𝐼̃(𝑧𝑧, 𝐤𝐤, 𝐩𝐩) =

1
� exp(𝑖𝑖𝐧𝐧𝑡𝑡 𝐩𝐩) 𝐼𝐼̂(𝑧𝑧, 𝐤𝐤, 𝐧𝐧𝑡𝑡 ) 𝑑𝑑 2 𝐧𝐧𝑡𝑡
2π
1
=
� � exp(𝑖𝑖𝐫𝐫𝐫𝐫 + 𝑖𝑖𝐧𝐧𝑡𝑡 𝐩𝐩) 𝐼𝐼(𝑧𝑧, 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) 𝑑𝑑 2 𝐫𝐫 𝑑𝑑 2 𝐧𝐧𝑡𝑡
(2π)2

(4.3.47)

It then follows from (4.3.38), (4.3.42), and (4.3.47) that,
𝐼𝐼�′ (𝑧𝑧, 𝐤𝐤, 𝐩𝐩)

𝑧𝑧

1
=
� Î(𝑧𝑧, 𝐤𝐤, 𝐧𝐧𝒕𝒕 ) exp �𝑖𝑖𝐧𝐧𝑡𝑡 𝐩𝐩 − �[𝑖𝑖𝐧𝐧𝑡𝑡 𝐤𝐤 − c]𝑑𝑑𝑧𝑧 ′ � 𝑑𝑑 2 𝐧𝐧𝑡𝑡
2π
𝑧𝑧0

𝑧𝑧

= exp � � 𝑐𝑐 𝑑𝑑𝑧𝑧′� 𝐼𝐼̃�𝑧𝑧, 𝐤𝐤, 𝐩𝐩 − 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )�
𝑧𝑧0

.

The solution is then given by the formula following from (4.3.46) and (4.3.47):
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(4.3.48)

eCommons (2019) https://doi.org/10.7298/4sb5-8434

AIRBORNE LASER HYDROGRAPHY II
𝑧𝑧

exp � � 𝑐𝑐 𝑑𝑑𝑑𝑑′� 𝐼𝐼̃(𝑧𝑧, 𝐤𝐤, 𝐩𝐩 − 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 ))
𝑧𝑧0

(4.3.49)

𝑧𝑧

= 𝐼𝐼̃0 (𝐤𝐤, 𝐩𝐩)exp �2π � 𝑏𝑏𝑠𝑠 ⋅ 𝜒𝜒�𝑠𝑠 [𝐩𝐩 − 𝐤𝐤(𝑧𝑧 ′ − 𝑧𝑧0 )]𝑑𝑑𝑧𝑧 ′ � ,
𝑧𝑧0

or, finally,
𝑧𝑧

𝐼𝐼̃(𝑧𝑧, 𝐤𝐤, 𝐩𝐩) = 𝐼𝐼̃0 �𝐤𝐤, 𝐩𝐩 + 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )�exp �− ��𝑐𝑐 − 2π𝑏𝑏𝑠𝑠 ⋅ 𝜒𝜒�𝑠𝑠 �𝐩𝐩 + 𝐤𝐤(𝑧𝑧 − 𝑧𝑧 ′ )��𝑑𝑑𝑧𝑧 ′ �
𝑧𝑧0

,

(4.3.50)

In order to proceed from this point to the lidar equation (4.3.27), it is necessary to convert radiance to the
corresponding irradiance,
𝐸𝐸(𝑧𝑧, 𝐫𝐫) = � 𝐼𝐼(𝑧𝑧, 𝐫𝐫, 𝐧𝐧𝑡𝑡 )𝑑𝑑 2 𝐧𝐧𝑡𝑡 , where 𝑧𝑧 ≥ 𝑧𝑧0

,

using the radiance distribution along the boundary plane 𝐼𝐼(𝑧𝑧0 , 𝐫𝐫, 𝐧𝐧⊥ ). In view of (4.3.48),
𝐸𝐸(𝑧𝑧, 𝐫𝐫) = � 𝐼𝐼̃(𝑧𝑧, 𝐤𝐤, 0)exp(−𝑖𝑖𝐫𝐫𝐫𝐫) 𝑑𝑑 2 𝐤𝐤 ,

(4.3.51)

(4.3.52)

and substitution of (4.3.49) gives
𝐸𝐸(𝑧𝑧, 𝐫𝐫) = � 𝐼𝐼̃0 �𝐤𝐤, 𝐤𝐤(𝑧𝑧

𝑧𝑧

− 𝑧𝑧0 )� exp �− ��𝑐𝑐 − 2π𝑏𝑏𝑠𝑠 ⋅ 𝜒𝜒�𝑠𝑠 �𝐤𝐤(𝑧𝑧 − 𝑧𝑧 ′ )��𝑑𝑑𝑧𝑧 ′ � exp(−𝑖𝑖𝐫𝐫𝐫𝐫) 𝑑𝑑 2 𝐤𝐤 .

(4.3.53)

𝑧𝑧0

The above results are applicable to stratified media with optical characteristics that depend on depth. In
this case, the parameters 𝑎𝑎𝑠𝑠 , 𝑐𝑐, 𝑥𝑥𝑠𝑠 appearing in the integrands in formulas (4.3.49) and (4.3.52), must
also be treated as functions of the integration variable, 𝑧𝑧′.

For a (statistically) homogeneous medium, of course, the formulas may be simplified. Specifically, the
expression for the irradiance distribution, (4.3.52) may, with the use of the relation, 𝑐𝑐 = 𝑎𝑎𝑠𝑠 + 𝑏𝑏𝑠𝑠 , be
rewritten as:
𝐸𝐸(𝑧𝑧, 𝐫𝐫) = � 𝐼𝐼̃0 �𝐤𝐤, 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )�exp�−(𝑧𝑧 − 𝑧𝑧0 ) ⋅ 𝑎𝑎𝑠𝑠 − 𝑎𝑎𝑏𝑏𝑏𝑏 �𝑘𝑘(𝑧𝑧 − 𝑧𝑧0 )�� exp(−𝑖𝑖𝐫𝐫𝐫𝐫) 𝑑𝑑 2 𝐤𝐤 ,

(4.3.54)

where

𝑧𝑧−𝑧𝑧0

𝑏𝑏𝑠𝑠
𝑎𝑎𝑏𝑏𝑏𝑏 (𝑘𝑘(𝑧𝑧 − 𝑧𝑧0 )) =
𝑏𝑏 � [1 − 2π𝜒𝜒�𝑠𝑠 (k𝑧𝑧′))] 𝑑𝑑𝑧𝑧 ′ .
𝑧𝑧 − 𝑧𝑧0 𝑠𝑠
0
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The function 𝑎𝑎𝑏𝑏𝑏𝑏 (𝑘𝑘𝑘𝑘), introduced in Kopilevich, Kononenko, and Zadorozhnaya (2010, 2011),
characterizes the contribution from small-angle scattering to the attenuation of spatial harmonics of the
spatial frequency 𝑘𝑘 in the initial distribution of radiance within a light beam when propagated over the
distance 𝑧𝑧 in a turbid medium.

The general expression (4.3.54) may be applied to the incident irradiances, 𝐸𝐸𝐸𝐸 (𝑧𝑧, 𝐫𝐫), 𝐸𝐸𝑅𝑅 (𝑧𝑧, 𝐫𝐫), in the lidar
equation (4.3.27)
𝐸𝐸𝐸𝐸,𝑅𝑅 (𝑧𝑧, 𝐫𝐫) =

Here,

= � 𝐼𝐼�′ 𝐸𝐸,𝑅𝑅+ �𝑧𝑧0 , 𝐤𝐤, 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )� 𝑒𝑒𝑒𝑒𝑒𝑒�−(𝑧𝑧 − 𝑧𝑧0 )�𝑎𝑎𝑠𝑠 + 𝑎𝑎𝑏𝑏𝑏𝑏 �𝑘𝑘(𝑧𝑧 − 𝑧𝑧0 )���𝑒𝑒𝑒𝑒𝑒𝑒(−𝑖𝑖𝐫𝐫𝐫𝐫) 𝑑𝑑 2 𝐤𝐤

� 𝐸𝐸,𝑅𝑅+ �𝑧𝑧0 , 𝐤𝐤, 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )� =
𝐼𝐼′

.

1
′
(𝑧𝑧0 , 𝐫𝐫, 𝐧𝐧) 𝑒𝑒𝑒𝑒𝑒𝑒{𝑖𝑖𝐫𝐫𝐫𝐫 + 𝑖𝑖𝐧𝐧𝑡𝑡 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )} 𝑑𝑑 2 𝐫𝐫 𝑑𝑑 2 𝐧𝐧𝑡𝑡
� 𝐼𝐼𝐸𝐸,𝑅𝑅+
(2𝜋𝜋)2

(4.3.56)

(4.3.57)

with 𝐼𝐼𝐸𝐸′ (𝑧𝑧0 , 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) being the stationary radiance distribution corresponding to the actual emitted beam [see
′ (𝑧𝑧
(3.3.17)], and 𝐼𝐼𝑅𝑅+
0 , 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) being the radiance at a virtual “receiver” of the light beam at the boundary
𝑧𝑧 = 𝑧𝑧0 .

4.4.2.6

Extension to formulas for oblique soundings

For the straightforward case of nadir sounding, equations (4.3.27), (4.3.28), (4.3.56), and (4.3.57) provide
a full set of formulas describing the lidar return signal for an infinitesimally short (delta-function shaped)
initial pulse [the "impulse response function", see Section 4.1.2 and Guenther (1985)]. This result is based
on a rigorous solution of the RTE using the small-angle scattering approximation. A similar, exact
solution for a more general, oblique sounding geometry does not exist. However, a reasonable
approximation can be achieved based on the equations developed for nadir sounding, by substituting the
actual length of the in-water propagation, 𝑧𝑧𝑤𝑤 (𝑡𝑡, 𝑟𝑟), for 𝑧𝑧(𝑡𝑡) − 𝑧𝑧0 in the “effective absorption” factor,
𝑒𝑒𝑒𝑒𝑒𝑒{−(𝑧𝑧 − 𝑧𝑧0 ) ∙ 𝑎𝑎𝑠𝑠 } in (4.3.55).

Consider the leading edge of a sounding pulse in the water for the case of a laser beam obliquely incident
on the sea surface. If the small-angle approximation is valid, the leading edge of the pulse (at a fixed
moment of time, t, can be treated as a plane perpendicular to the beam axis in the water, a plane which is
inclined by 𝜃𝜃𝑤𝑤 with respect to the water surface (the “leading edge plane” in Figure 4.3.4). A "ray"
traveling from the water surface to the leading-edge plane along a path that is parallel to the lidar axis
covers a distance, 𝑧𝑧𝑤𝑤 in the water. Although the length of the in-water path of a ray will vary over the
plane, it will be constant along any line parallel to the water surface. For example, for a ray arriving at the
leading-edge plane anywhere along the line parallel to the water surface and passing through the lidar axis
(the principal line in Figure 4.3.4), the in-water path will be constant and equal to the in-water path along
the lidar axis, 𝑧𝑧𝑤𝑤 = 𝑧𝑧𝑡𝑡 . The in-water path length will also be constant for rays arriving at the leading-edge
plane along a line parallel to the principal line. In that case, only the separation distance from the principal
line, 𝑟𝑟= , is required for scaling, i.e, 𝑧𝑧𝑤𝑤 (𝑡𝑡, 𝑟𝑟= ). Equation (4.3.58) describes the calculation of the length 𝑧𝑧𝑤𝑤 .
Given the total distance from the source to the leading-edge, 𝑧𝑧(𝑡𝑡) ≡ 𝑐𝑐𝑐𝑐/2𝑛𝑛𝑤𝑤 , one must subtract the
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atmospheric path, 𝑧𝑧0 , and add the product −𝑟𝑟= tanθ𝑤𝑤 (may be positive or negative depending on direction
of coordinate, 𝑟𝑟= , in the leading-edge plane,
𝑧𝑧𝑤𝑤 (𝑡𝑡, 𝑟𝑟= ) = 𝑧𝑧(𝑡𝑡) − 𝑧𝑧0 − 𝑟𝑟= tanθ𝑤𝑤

.

(4.3.58)

Figure 4.3.4. In-water propagation path, 𝑧𝑧𝑤𝑤 (𝑡𝑡, 𝑟𝑟= ), for the case of an oblique laser measurement.

The advantage of equation (4.3.58), is that the full, 3-dimensional expression for the optical path is
represented by a one-dimensional variable, greatly simplifying the expression for the attenuation of
irradiance. The lidar equation, (4.3.38), and the corresponding expressions for irradiances, 𝐸𝐸𝐸𝐸 (𝑧𝑧, 𝐫𝐫) and
� 𝐸𝐸 �𝑧𝑧0 , 𝐤𝐤, 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )� and 𝐼𝐼′
� 𝑅𝑅+ �𝑧𝑧0 , 𝐤𝐤, 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )�, may now be written:
radiance, 𝐸𝐸𝑅𝑅 (𝑧𝑧, 𝐫𝐫), and 𝐼𝐼′
𝑆𝑆δ (𝑡𝑡) = 𝑄𝑄 ′ ΣΩ

𝑐𝑐
� 𝑑𝑑 2 𝐫𝐫 γ(𝑧𝑧(𝑡𝑡), 𝐫𝐫)𝐸𝐸𝐸𝐸 (𝑧𝑧(𝑡𝑡), 𝐫𝐫)𝐸𝐸𝑅𝑅 (𝑧𝑧(𝑡𝑡), 𝐫𝐫) ,
2𝑛𝑛𝑤𝑤

𝐸𝐸𝐸𝐸,𝑅𝑅 (𝑧𝑧, 𝐫𝐫) = � 𝐼𝐼�′ 𝐸𝐸,𝑅𝑅+ �𝑧𝑧0 , 𝐤𝐤, 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )� ×

𝑧𝑧(𝑡𝑡) ≡

𝑐𝑐𝑐𝑐
2𝑛𝑛𝑤𝑤

;

× 𝑒𝑒𝑒𝑒𝑒𝑒�−𝑧𝑧(𝑡𝑡, 𝑟𝑟= ) ∙ 𝑎𝑎𝑠𝑠 − (𝑧𝑧 − 𝑧𝑧0 ) ∙ 𝑎𝑎𝑏𝑏𝑏𝑏 �𝑘𝑘(𝑧𝑧 − 𝑧𝑧0 )� �𝑒𝑒𝑒𝑒𝑒𝑒(−𝑖𝑖𝐫𝐫𝐫𝐫) 𝑑𝑑 2 𝐤𝐤 ;

� 𝐸𝐸,𝑅𝑅+ �𝑧𝑧0 , 𝐤𝐤, 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )�
𝐼𝐼′
1
=
� 𝐼𝐼′𝐸𝐸,𝑅𝑅+ (𝑧𝑧0 , 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) 𝑒𝑒𝑒𝑒𝑒𝑒{𝑖𝑖𝐫𝐫𝐫𝐫 + 𝑖𝑖𝐧𝐧𝑡𝑡 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )} 𝑑𝑑 2 𝐫𝐫 𝑑𝑑 2 𝐧𝐧𝑡𝑡
(2𝜋𝜋)2

with γ(𝑧𝑧(𝑡𝑡), 𝐫𝐫) defined by (4.3.29) and 𝑧𝑧𝑤𝑤 (𝑡𝑡, 𝑟𝑟= ) given by (4.3.58).
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4.4.2.7

Emitted beam modeling

Finally, it is necessary to take into account the boundary conditions in equation (4.3.34), 𝐼𝐼(𝑧𝑧 =
𝑧𝑧0 , 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) = 𝐼𝐼0 (𝐫𝐫, 𝐧𝐧𝑡𝑡 ). To begin, we return to the actual problem for emitted beam radiance (Figure 4.2.3)
and use the notation {𝑧𝑧𝑎𝑎 , 𝐫𝐫𝑎𝑎 } for Cartesian coordinates, where 𝑧𝑧𝑎𝑎 is the distance along the beam axis from
the pupil plane, 𝐫𝐫𝑎𝑎 is the 2D coordinate vector perpendicular to the axis, and 𝐧𝐧𝑎𝑎𝑎𝑎 , |𝐧𝐧𝑎𝑎𝑎𝑎 | ≪ 1, for the
component of the directional vector, 𝐧𝐧𝑎𝑎 , |𝐧𝐧𝑎𝑎 | = 1, normal to the axis; see (4.3.25). [The subscript 𝑎𝑎 is
introduced to distinguish between coordinate and directional vectors, as well as distinguishing the emitted
radiance, 𝐼𝐼𝑎𝑎 𝐸𝐸 , in the actual problem from analogous vectors, {𝑧𝑧, 𝐫𝐫}, 𝐧𝐧 = {𝑛𝑛𝑧𝑧 , 𝐧𝐧𝑡𝑡 }, and functions, 𝐼𝐼𝐸𝐸 , and
𝐼𝐼′𝐸𝐸 , in the “equivalent” problem. Compare with (3.3.17)].
The following model for radiance 𝐼𝐼𝑎𝑎 𝐸𝐸 (𝑡𝑡, 𝑧𝑧𝑎𝑎 = 0, 𝐫𝐫𝑎𝑎 , 𝐧𝐧𝑎𝑎𝑎𝑎 ) at the emitter pupil seems to be adequate:
𝐼𝐼𝑎𝑎 𝐸𝐸 (𝑡𝑡, 𝑧𝑧𝑎𝑎 = 0, 𝐫𝐫𝑎𝑎 , 𝐧𝐧𝑎𝑎𝑎𝑎 ) = 𝑄𝑄 ⋅ δ(𝑡𝑡)𝐼𝐼𝑎𝑎′ 𝐸𝐸 (0, 𝐫𝐫𝑎𝑎 , 𝐧𝐧𝑎𝑎𝑎𝑎 ) ,

� 𝐼𝐼𝑎𝑎′ 𝐸𝐸 (0, 𝐫𝐫𝑎𝑎 , 𝐧𝐧𝑎𝑎𝑎𝑎 )𝑑𝑑 2 𝐫𝐫𝑎𝑎 𝑑𝑑Ω(𝐧𝐧𝑎𝑎𝑎𝑎 ) = 1 ;

𝑛𝑛𝑎𝑎𝑎𝑎 ≥ 0;

𝐫𝐫𝑎𝑎
𝐧𝐧𝑎𝑎𝑎𝑎
= 𝐴𝐴 � � ⋅ 𝐷𝐷 � � ;
𝑟𝑟𝐸𝐸
Θ𝐸𝐸
𝐫𝐫𝑎𝑎
𝐧𝐧𝑎𝑎𝑎𝑎
� 𝐴𝐴 � � 𝑑𝑑 2 𝐫𝐫𝑎𝑎 = � 𝐷𝐷 � � 𝑑𝑑Ω(𝐧𝐧𝑎𝑎𝑎𝑎 ) = 1
𝑟𝑟𝐸𝐸
Θ𝐸𝐸
𝐼𝐼𝐸𝐸′ 𝑎𝑎𝑎𝑎𝑎𝑎 (0, 𝐫𝐫𝑎𝑎 , 𝐧𝐧𝑎𝑎𝑎𝑎 )

(4.3.60)

Here 𝑄𝑄 is the emitted pulse energy, and 𝑟𝑟𝐸𝐸 and Θ𝐸𝐸 are the initial beam radius and divergence,
respectively. The laser beam may be further adjusted by spatial, A, and angular, D, functions. It is
supposed that, for each of the functions, 𝐴𝐴(𝐱𝐱) and 𝐷𝐷(𝐱𝐱), the diameter of 2-dimensional support of the
functions (i.e. the range of 𝐱𝐱 over which the functions are positive) is on the order of unity, so that the
′
initial radiance distribution I𝑎𝑎𝑎𝑎
(0, 𝐫𝐫𝑎𝑎 , 𝐧𝐧𝑎𝑎⊥ ) is concentrated in the spatial domain |𝐫𝐫𝑎𝑎 | ≤ 𝑟𝑟𝐸𝐸 and the angular
domain (cone) |𝐧𝐧𝑎𝑎𝑎𝑎 | ≤ Θ𝐸𝐸 . In other words, 𝐼𝐼𝑎𝑎′ 𝐸𝐸 (0, 𝐫𝐫𝑎𝑎 , 𝐧𝐧𝑎𝑎⊥ ) represents the normalized radiance at the
emitter output that contains only radial and angular distributions.
While absorption and scattering in the atmosphere are neglected, the distribution of the beam radiance
′
I𝑎𝑎𝑎𝑎
(𝑧𝑧𝑎𝑎 = 𝐻𝐻𝑠𝑠 , 𝐫𝐫𝑎𝑎 , 𝐧𝐧𝑎𝑎𝑎𝑎 ) at the water surface, i.e., at a distance 𝐻𝐻𝑠𝑠 from the pupil is
𝐫𝐫𝑎𝑎 − 𝐻𝐻𝑠𝑠 𝐧𝐧𝑎𝑎𝑎𝑎
𝐧𝐧𝑎𝑎𝑎𝑎
′ (𝐻𝐻
′
I𝑎𝑎𝑎𝑎
� ⋅ 𝐷𝐷 � � .
𝑠𝑠 , 𝐫𝐫𝑎𝑎 , 𝐧𝐧𝑎𝑎𝑎𝑎 ) = 𝐼𝐼 𝑎𝑎𝑎𝑎 (0, 𝐫𝐫𝑎𝑎 − 𝐻𝐻𝑠𝑠 𝐧𝐧𝑎𝑎𝑎𝑎 , 𝐧𝐧𝑎𝑎𝑎𝑎 ) = 𝐴𝐴 �
𝑟𝑟𝐸𝐸
Θ𝐸𝐸

(4.3.61)

Let us consider 𝑁𝑁(𝐧𝐧𝑎𝑎𝑎𝑎 ) ≡ 𝐴𝐴(𝐫𝐫𝑎𝑎 − 𝐻𝐻𝑠𝑠 𝐧𝐧𝑎𝑎𝑎𝑎 ⁄𝑟𝑟𝐸𝐸 ) as a function of 𝐧𝐧𝑎𝑎𝑎𝑎 when the distance 𝐻𝐻𝑠𝑠 increases
infinitely. The diameter of the function support is ~ 2𝑟𝑟𝐸𝐸 ⁄𝐻𝐻𝑠𝑠 and tends to zero as 𝐻𝐻𝑠𝑠 → ∞. Furthermore,
(4.3.60) implies that the normalization condition 𝐻𝐻𝑠𝑠 2 ∫ 𝑁𝑁(𝐧𝐧𝑎𝑎𝑎𝑎 ) 𝑑𝑑 2 𝐧𝐧𝑎𝑎𝑎𝑎 = ∫ 𝐴𝐴(𝐫𝐫𝑎𝑎 − 𝐻𝐻𝑠𝑠 𝐧𝐧𝑎𝑎𝑎𝑎 ⁄𝑟𝑟𝐸𝐸 ) 𝑑𝑑 2 𝐫𝐫𝑎𝑎 = 1
will hold at all possible distances of 𝐻𝐻𝑠𝑠 , suggesting that the following limit representation may be written:
lim 𝐻𝐻𝑠𝑠
𝐻𝐻𝑠𝑠
�𝑟𝑟𝐸𝐸 →∞

2

⋅ 𝑁𝑁(𝐧𝐧𝑎𝑎𝑎𝑎 ) = δ2 �𝐧𝐧𝑎𝑎𝑎𝑎 −
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𝐫𝐫𝑎𝑎
�𝐻𝐻 � ,
𝑠𝑠

(4.3.62)

eCommons (2019) https://doi.org/10.7298/4sb5-8434

AIRBORNE LASER HYDROGRAPHY II
𝐫𝐫𝑎𝑎
�𝐻𝐻 � is the two-dimensional Dirac delta function. Finally, we arrive at the “far field”
𝑠𝑠
′
approximation of the radiance distribution I𝑎𝑎𝑎𝑎
(𝐻𝐻𝑠𝑠 , 𝐫𝐫𝑎𝑎 , 𝐧𝐧𝑎𝑎𝑎𝑎 ) from (4.3.61) that will be valid for 𝐻𝐻𝑠𝑠 ⁄𝑟𝑟𝐸𝐸 ≫
1:

where δ2 �𝐧𝐧𝑎𝑎𝑎𝑎 −

′ (𝐻𝐻
I𝑎𝑎𝑎𝑎
𝑠𝑠 , 𝐫𝐫𝑎𝑎 , 𝐧𝐧𝑎𝑎𝑎𝑎 ) ≈ δ2 �𝐧𝐧𝑎𝑎𝑡𝑡 −

= 𝐻𝐻𝑠𝑠

−2

𝐧𝐧𝑎𝑎𝑎𝑎
𝐫𝐫𝑎𝑎
�𝐻𝐻 � δ2 ⋅ 𝐻𝐻𝑠𝑠−2 𝐷𝐷 � �
𝑠𝑠
Θ𝐸𝐸

𝐫𝐫
𝐫𝐫
𝐷𝐷 � 𝑎𝑎�𝐻𝐻 Θ � ⋅ δ2 �𝐧𝐧𝑎𝑎𝑎𝑎 − 𝑎𝑎�𝐻𝐻 �
𝑠𝑠 𝐸𝐸
𝑠𝑠

(4.3.63)
.

The approximation replaces the actual radiance with the radiance emitted by a point source with a coneshaped directivity diagram having a vertex angle of ~Θ𝐸𝐸 . It is worth noting that this approximation
would not be appropriate for a shipboard or submerged system for which the assumption 𝐻𝐻𝑠𝑠 ⁄𝑟𝑟𝐸𝐸 ≫ 1
would not be valid.

′
(𝑧𝑧𝑎𝑎 =
The next step is purely geometric, and consists of projecting the modeled radiance distribution, I𝑎𝑎𝑎𝑎
𝐻𝐻𝑠𝑠 , 𝐫𝐫𝑎𝑎 , 𝐧𝐧𝑎𝑎𝑎𝑎 ) computed along the normal (to the propagation direction) plane, 𝑧𝑧𝑎𝑎 = 𝐻𝐻𝑠𝑠 , using (4.3.63), onto
the radiance distribution along the water surface. Since difficulties will arise with off-nadir sounding
where the distribution to be found depends on direction in the plane of the water surface, 𝐬𝐬 = {𝑠𝑠= , 𝑠𝑠⊥ }, the
two components of the vector are to be treated separately.

′
′ (𝑠𝑠
Using (4.3.62), it is possible to calculate the radiance distribution I𝑎𝑎𝑎𝑎
(𝐬𝐬, 𝐧𝐧𝑎𝑎𝑎𝑎 ) ≡ I𝑎𝑎𝑎𝑎
= , 𝑠𝑠⊥ ; 𝑛𝑛𝑎𝑎= , 𝑛𝑛𝑎𝑎⊥ )
along the air-water interface (see Figure 4.3.5.). Here, 𝐬𝐬 = {𝑠𝑠= , 𝑠𝑠⊥ } is the 2D Cartesian coordinate vector
in the plane parallel to the water surface, with 𝑠𝑠= being parallel to the plane of incidence; 𝑛𝑛𝑎𝑎= and 𝑛𝑛𝑎𝑎⊥ are
corresponding projections of the transverse component, 𝐧𝐧𝑎𝑎𝑎𝑎 , of the 3D directional vector 𝐧𝐧𝑎𝑎 . Note that
′ (𝑠𝑠
′
I𝑎𝑎𝑎𝑎
= , 𝑠𝑠⊥ ; 𝑛𝑛𝑎𝑎= , 𝑛𝑛𝑎𝑎⊥ ) = cosθ𝑎𝑎 ⋅ I𝑎𝑎𝑎𝑎 (𝐻𝐻(𝐬𝐬), 𝑟𝑟(𝐬𝐬), 𝐧𝐧𝑎𝑎𝑎𝑎 ) ;

(4.3.64)

𝐻𝐻𝑠𝑠 (𝐬𝐬) = 𝐻𝐻𝑠𝑠 + 𝑠𝑠= sinθ𝑎𝑎 ≈ 𝐻𝐻𝑠𝑠 ;

Then

𝑟𝑟= = 𝑠𝑠= cosθ𝑎𝑎 ;

𝑟𝑟⊥ = 𝑠𝑠⊥

.

′ (𝑠𝑠
−2
I𝑎𝑎𝑎𝑎
= , 𝑠𝑠⊥ ; 𝑛𝑛𝑎𝑎= , 𝑛𝑛𝑎𝑎⊥ ) = cosθ𝑎𝑎 ⋅ 𝐻𝐻𝑠𝑠 ×
𝑠𝑠𝑎𝑎= cosθ𝑎𝑎 𝑠𝑠𝑎𝑎⊥
𝑠𝑠𝑎𝑎= cosθ𝑎𝑎
𝑠𝑠𝑎𝑎⊥
𝐷𝐷 �
,
� ⋅ δ �𝑛𝑛𝑎𝑎= −
� ⋅ δ �𝑛𝑛𝑎𝑎⊥ −
�
𝐻𝐻𝑠𝑠 Θ𝐸𝐸 𝐻𝐻𝑠𝑠 Θ𝐸𝐸
𝐻𝐻𝑠𝑠
𝐻𝐻𝑠𝑠

,

(4.3.65)

where 𝐷𝐷(𝑠𝑠= , 𝑠𝑠⊥ ) ≡ 𝐷𝐷(𝐬𝐬), 𝐬𝐬 = {𝑠𝑠= , 𝑠𝑠⊥ }. The latter formula describes the radiance distribution, 𝐼𝐼′𝑎𝑎𝑎𝑎 , along
the UPPER side of the interface (just ABOVE the water); what we need is the radiance distribution, 𝐼𝐼′𝐸𝐸 ,
(without “a” in the subscript), along the LOWER side of the interface (just below the water surface).
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Figure 4.3.5. Actual sounding geometry with Cartesian coordinates {𝑧𝑧𝑎𝑎 , 𝐫𝐫𝑎𝑎 } and radiance directional vector, 𝐧𝐧𝑎𝑎 =
{𝑛𝑛𝑎𝑎𝑎𝑎 , 𝐧𝐧𝑎𝑎𝑎𝑎 }, and “equivalent” problem configuration with corresponding vectors {𝑧𝑧, 𝐫𝐫} and 𝐧𝐧 = {𝑛𝑛𝑧𝑧 , 𝐧𝐧𝑡𝑡 }, as well as
the projections on the water surface, {𝑟𝑟= , 𝑟𝑟⊥ }.

As a result of beam refraction at the water surface, the stationary radiance of the sounding beam just
below the interface takes the form 𝐼𝐼′𝐸𝐸 (𝑠𝑠= , 𝑠𝑠⊥ ; 𝑛𝑛= , 𝑛𝑛⊥ ) (note that subscript a in the symbol 𝐼𝐼𝐸𝐸′ is omitted
and, in view of (3.3.17), the power losses due to Fresnel reflection are taken into account):
𝐼𝐼𝐸𝐸′ (𝑠𝑠= , 𝑠𝑠⊥ ; 𝑛𝑛= , 𝑛𝑛⊥ ) = cos θ𝑎𝑎 ⋅ 𝐻𝐻𝑠𝑠−2 ×
𝑠𝑠𝑎𝑎= cos θ𝑎𝑎 𝑠𝑠𝑎𝑎⊥
𝑠𝑠𝑎𝑎= cos 2 θ𝑎𝑎
𝑠𝑠𝑎𝑎⊥
𝐷𝐷 �
,
� ⋅ δ �𝑛𝑛= −
� ⋅ δ �𝑛𝑛⊥ −
�
𝐻𝐻𝑠𝑠 Θ𝐸𝐸
𝐻𝐻𝑠𝑠 Θ𝐸𝐸
𝑛𝑛𝐻𝐻𝑠𝑠 cos θ𝑤𝑤
𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠

(4.3.66)

Here symbol 𝑛𝑛𝑤𝑤 denotes the refractive index of the seawater; 𝑛𝑛= and 𝑛𝑛⊥ are the transverse components
underwater along the lidar beam axis derived from the corresponding projections of the transverse
component, 𝐧𝐧𝑎𝑎𝑎𝑎 , of the 3D directional vector 𝐧𝐧𝑎𝑎 , i.e. 𝑛𝑛𝑎𝑎= , 𝑛𝑛𝑎𝑎⊥ :
𝑛𝑛= = 𝑛𝑛𝑎𝑎=

cos θ𝑎𝑎
;
𝑛𝑛𝑤𝑤 ⋅ cos θ𝑤𝑤

𝑛𝑛⊥ = 𝑛𝑛𝑎𝑎⊥
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1
𝑛𝑛𝑤𝑤

;

(4.3.67)
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The equations are valid within the context of the small-angle approximation [see equation (4.3.30)]. This
can be demonstrated by applying a Taylor decomposition (Taylor series) to both sides of the equality
sin(θ𝑎𝑎 + 𝑛𝑛𝑎𝑎= ) = 𝑁𝑁sin(θ𝑤𝑤 + 𝑛𝑛= ). For small enough 𝑛𝑛𝑎𝑎= , 𝑛𝑛= , the zeroth order term is sin θ𝑎𝑎 = 𝑁𝑁 sin θ𝑤𝑤
(the ordinary form of Snell's Law), and the first order term is sin θ𝑎𝑎 = 𝑁𝑁 sin θ𝑤𝑤 .
Let us rewrite (4.3.66) as

𝐼𝐼𝐸𝐸′ (𝑠𝑠= , 𝑠𝑠⊥ ; 𝑛𝑛= , 𝑛𝑛⊥ ) =

with the new parameters
𝑒𝑒𝑒𝑒

𝐻𝐻s= =

𝑛𝑛2 cos 2 θ𝑤𝑤

𝑒𝑒𝑒𝑒
𝑒𝑒𝑒𝑒 ×
𝐻𝐻s= ⋅ 𝐻𝐻s⊥
𝑠𝑠𝑎𝑎= cosθ𝑤𝑤
𝑠𝑠𝑎𝑎⊥
𝑠𝑠𝑎𝑎= cosθ𝑤𝑤
𝑠𝑠𝑎𝑎⊥
𝐷𝐷 � 𝑒𝑒𝑒𝑒 𝑒𝑒𝑒𝑒 , 𝑒𝑒𝑒𝑒 𝑒𝑒𝑒𝑒 � ⋅ δ �𝑛𝑛= −
� ⋅ δ �𝑛𝑛⊥ − 𝑒𝑒𝑒𝑒 �
𝑒𝑒𝑒𝑒
𝐻𝐻s= Θ𝐸𝐸= 𝐻𝐻s⊥ Θ𝐸𝐸⊥
𝐻𝐻s=
𝐻𝐻s⊥

𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠 cos 2 θ𝑤𝑤
;
cos 2 θ𝑎𝑎

𝑒𝑒𝑒𝑒

𝐻𝐻s⊥ = 𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠 ;

𝑒𝑒𝑒𝑒

Θ𝐸𝐸= =

Θ𝐸𝐸 cosθ𝑎𝑎
;
𝑛𝑛𝑤𝑤 cosθ𝑤𝑤

𝑒𝑒𝑒𝑒

Θ𝐸𝐸⊥ =

Θ𝐸𝐸
𝑛𝑛𝑤𝑤

(4.3.68)

(4.3.69)

The final task is to determine the radiance, 𝐼𝐼𝐸𝐸′ (𝑧𝑧, 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) in the equivalent geometry. The radiance
distribution along the interface plane (“just above” or “just below” has the same meaning in the
equivalent problem) must coincide with our model described in equations (4.3.68) and (4.3.69). In the
equivalent problem, the formula coincides with the far-field approximation (4.3.63) of radiance projected
on the interface plane by the stationary, astigmatic light beam.
It is important to note that the spatial and angular dependences of the laser beam cannot be separated, i.e.,
function A is dependent on both r and n. Such a beam does not have a “waist” plane, rather, there are
two different planes for z=const corresponding to a minimal spot size in one (that is, “=” or “⊥”) of the
two orthogonal directions:
𝐼𝐼𝐸𝐸′ (𝑧𝑧, 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) = 𝐴𝐴 �

𝑟𝑟= − 𝑧𝑧 ⋅ 𝑛𝑛= 𝑟𝑟⊥ − (𝑧𝑧 − Δ𝐻𝐻 𝑒𝑒𝑒𝑒 ) ⋅ 𝑛𝑛=
𝑛𝑛= 𝑛𝑛⊥
,
� ⋅ 𝐷𝐷 � 𝑒𝑒𝑒𝑒 , 𝑒𝑒𝑒𝑒 � ,
𝑟𝑟𝐸𝐸
𝑟𝑟𝐸𝐸
Θ𝐸𝐸= Θ𝐸𝐸⊥
Δ𝐻𝐻 𝑒𝑒𝑒𝑒

≡

𝑒𝑒𝑒𝑒
𝐻𝐻=

(4.3.70)

𝑒𝑒𝑒𝑒
− 𝐻𝐻⊥
𝑒𝑒𝑒𝑒

In the "far field zone", that is at the distance 𝑧𝑧 = 𝑧𝑧0 = 𝐻𝐻= >> 𝑟𝑟𝐸𝐸 [compare with (4.3.63)], and:
𝑒𝑒𝑒𝑒
𝐼𝐼𝐸𝐸′ �𝐻𝐻= , 𝐫𝐫, 𝐧𝐧𝑡𝑡 �

𝑒𝑒𝑒𝑒

𝑒𝑒𝑒𝑒

𝑟𝑟= − 𝐻𝐻s= ⋅ 𝑛𝑛= 𝑟𝑟⊥ − 𝐻𝐻s⊥ ⋅ 𝑛𝑛=
𝑛𝑛= 𝑛𝑛⊥
= 𝐴𝐴 �
,
� ⋅ 𝐷𝐷 � 𝑒𝑒𝑒𝑒 , 𝑒𝑒𝑒𝑒 � ≈
𝑟𝑟𝐸𝐸
𝑟𝑟𝐸𝐸
Θ𝐸𝐸= Θ𝐸𝐸⊥

𝐷𝐷 �

𝑟𝑟=

𝑟𝑟⊥

𝑟𝑟=

𝑟𝑟⊥

𝑒𝑒𝑒𝑒 𝑒𝑒𝑒𝑒 , 𝑒𝑒𝑒𝑒 𝑒𝑒𝑒𝑒 � ⋅ δ �𝑛𝑛= − 𝑒𝑒𝑒𝑒 � ⋅ δ �𝑛𝑛⊥ − 𝑒𝑒𝑒𝑒 �
𝐻𝐻s= Θ𝐸𝐸= 𝐻𝐻s⊥ Θ𝐸𝐸⊥
𝐻𝐻s=
𝐻𝐻s⊥

(4.3.71)

Equation (4.3.71) describes a simple (elliptical cross-section) sounding light beam. It is just the
𝑒𝑒𝑒𝑒
expression to be used as the boundary condition, 𝐼𝐼(𝑧𝑧 = 𝑧𝑧0 = 𝐻𝐻= , 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) = 𝐼𝐼0 (𝐫𝐫, 𝐧𝐧𝑡𝑡 ), in the equivalent
problem (4.3.34) for emitted laser beam radiance of the laser beam, 𝐼𝐼𝐸𝐸′ . For the radiance at a virtual
“receiver”, 𝐼𝐼𝑅𝑅′ , the condition is quite analogous, with the substitution of a receiver field-of-view solid
angle Θ𝑅𝑅 for the laser’s beam divergence solid angle Θ𝐸𝐸 :
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𝑒𝑒𝑒𝑒
𝐼𝐼𝑅𝑅′ (𝐻𝐻s= , 𝐫𝐫, 𝐧𝐧𝑡𝑡 )

𝑒𝑒𝑒𝑒

𝑒𝑒𝑒𝑒

𝑟𝑟= − 𝐻𝐻s= ⋅ 𝑛𝑛= 𝑟𝑟⊥ − 𝐻𝐻s⊥ ⋅ 𝑛𝑛=
𝑛𝑛= 𝑛𝑛⊥
= 𝐴𝐴 �
,
� ⋅ 𝐷𝐷 � 𝑒𝑒𝑒𝑒 , 𝑒𝑒𝑒𝑒 � ≈
𝑟𝑟𝐸𝐸
𝑟𝑟𝐸𝐸
Θ𝑅𝑅= Θ𝑅𝑅⊥

𝐷𝐷 �

𝑟𝑟=
𝑟𝑟⊥
𝑒𝑒𝑒𝑒 𝑒𝑒𝑒𝑒 , 𝑒𝑒𝑒𝑒 𝑒𝑒𝑒𝑒 � ⋅
𝐻𝐻s= Θ𝑅𝑅= 𝐻𝐻s⊥ Θ𝑅𝑅⊥
𝑒𝑒𝑒𝑒

Θ𝑅𝑅= =

δ �𝑛𝑛= −

Θ𝑅𝑅 cos 𝜃𝜃𝑎𝑎
;
𝑛𝑛𝑤𝑤 cos 𝜃𝜃𝑤𝑤

𝑒𝑒𝑒𝑒

𝑟𝑟=

𝑒𝑒𝑒𝑒 �
𝐻𝐻s=

Θ𝑅𝑅⊥ =

Θ𝑅𝑅
𝑛𝑛𝑤𝑤

⋅ δ �𝑛𝑛⊥ −
.

𝑟𝑟⊥

𝑒𝑒𝑒𝑒 �

𝐻𝐻s⊥

;

(4.3.72)

For a modest viewing angle, θ𝑎𝑎 , when the approximate equality, cosθ𝑎𝑎 ⁄cosθ𝑎𝑎𝑎𝑎 ≈ 1, holds, the
𝑒𝑒𝑒𝑒
“equivalent” lidar may be regarded as a “point” emitter/receiver at the slant altitude 𝐻𝐻𝑠𝑠 = 𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠, the
𝑒𝑒𝑒𝑒

“equivalent” beam divergence and receiver field-of-view angle are Θ𝐸𝐸 =

and (4.3.71) may be simplified to:
𝑒𝑒𝑒𝑒

𝐼𝐼𝐸𝐸′ (𝐻𝐻𝑠𝑠 , 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) = 𝐷𝐷 �
𝑒𝑒𝑒𝑒
𝐼𝐼𝑅𝑅′ (𝐻𝐻𝑠𝑠 , 𝐫𝐫, 𝐧𝐧𝑡𝑡 )

𝐫𝐫

𝑒𝑒𝑒𝑒 𝑒𝑒𝑒𝑒 � ⋅
𝐻𝐻𝑠𝑠 Θ𝐸𝐸

= 𝐷𝐷 �

𝐫𝐫

δ2 �𝐧𝐧𝑡𝑡 −

𝑒𝑒𝑒𝑒 𝑒𝑒𝑒𝑒 � ⋅ δ2 �𝐧𝐧𝑡𝑡

𝐻𝐻𝑠𝑠 Θ𝑅𝑅

−

𝐫𝐫

𝑒𝑒𝑒𝑒 �

𝐻𝐻𝑠𝑠
𝐫𝐫

𝑒𝑒𝑒𝑒 �

𝐻𝐻𝑠𝑠

In (4.3.73), "elliptical" beams are approximated by "circular" beams.

Θ𝐸𝐸
𝑛𝑛𝑤𝑤

𝑒𝑒𝑒𝑒

, Θ𝑅𝑅 =

Θ𝑅𝑅
𝑛𝑛𝑤𝑤

, and (4.3.70)

;

(4.3.73)

.

Lidar waveform simulator
Minsu Kim

In order to design an optimal lidar system, it is very useful to have an accurate simulation tool. An ALB
waveform is a complicated response that is related to the system parameters (laser power, receiver
aperture size, optical system transmittance, efficiency of photo detector, and digitizer) and the
environmental parameters (surface condition, vertical profile of scattering particles and absorbing
medium, suspended object and sea floor). This section describes a simulator based on the RTE solution
described in previous sections. It is a powerful tool designed to simulate the changes in waveforms as the
environmental and system parameters vary (Kim et al. 2016).
4.4.3.1
4.4.3.1.1

Computational aspects of waveform calculation
Introducing the model for sounding radiance and receiver sensitivity distribution

The discussion in Sec. 4.3.2.7 presents a description of the radiance distribution of both sounding beam
(𝐼𝐼𝐸𝐸′ ) and the fictitious receiving beam (𝐼𝐼𝑅𝑅′ ) in the water at the sea surface using the functions,
′ (𝑛𝑛
𝐼𝐼𝐸𝐸,𝑅𝑅
𝑤𝑤 𝐻𝐻𝑠𝑠 , 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) = 𝐷𝐷𝐸𝐸,𝑅𝑅 �

𝐫𝐫
� ⋅ δ2 �𝐧𝐧𝑡𝑡 − 𝐫𝐫�𝑛𝑛 𝐻𝐻 �
𝑤𝑤 𝑠𝑠
𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠 Θ𝐸𝐸,𝑅𝑅

,

(4.3.74)

Recall that 𝐷𝐷𝐸𝐸 (𝐧𝐧𝑎𝑎𝑎𝑎 ) is the emitted beam angular distribution (the function in transversal component of the
directional vector 𝐧𝐧𝑎𝑎 = {𝑛𝑛𝑎𝑎𝑎𝑎 , 𝐧𝐧𝑎𝑎𝑎𝑎 }), parameter, Θ𝐸𝐸 , characterizes the beam angular width (divergence),
𝐷𝐷𝑅𝑅 (𝐧𝐧𝑎𝑎𝑎𝑎 ) is the analogous distribution for the virtual receiving beam, and Θ𝑅𝑅 is the receiver field of view
angle. Substitution of the expression into (4.3.59) gives
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𝐸𝐸𝐸𝐸,𝑅𝑅 (𝑧𝑧, 𝐫𝐫) =

1
exp{−𝑧𝑧(𝑡𝑡, 𝑟𝑟= ) ∙ 𝑎𝑎𝑠𝑠 } ×
2𝜋𝜋

𝐤𝐤
𝑧𝑧 − 𝑧𝑧0
�𝐸𝐸,𝑅𝑅 �
× � 𝐷𝐷
�1 +
�� ∙ 𝑒𝑒𝑒𝑒𝑒𝑒�−(𝑧𝑧 − 𝑧𝑧0 ) ∙ 𝑎𝑎𝑏𝑏𝑏𝑏 �𝑘𝑘(𝑧𝑧 − 𝑧𝑧0 )� � ∙ 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑖𝑖𝐫𝐫𝐫𝐫) 𝑑𝑑 2 𝐤𝐤
𝑧𝑧0 Θ𝐸𝐸,𝑅𝑅
𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠

�𝐸𝐸,𝑅𝑅 is the Fourier transform of the corresponding distribution:
where 𝐷𝐷
�𝐸𝐸,𝑅𝑅 (𝐤𝐤) =
𝐷𝐷

1
∫ 𝐷𝐷𝐸𝐸,𝑅𝑅 (𝐫𝐫1 )𝑒𝑒𝑒𝑒𝑒𝑒(𝑖𝑖𝐫𝐫1 𝐤𝐤)
2𝜋𝜋

𝑑𝑑 2 𝐫𝐫1

.

(4.3.75)

(4.3.76)

In the simulator, the distributions are assumed to be axially symmetrical, so that 𝐷𝐷𝐸𝐸,𝑅𝑅 (𝐧𝐧𝑎𝑎𝑎𝑎 ) ≡ 𝐷𝐷𝐸𝐸,𝑅𝑅 (𝑛𝑛𝑎𝑎𝑎𝑎 ) ,
�𝐸𝐸,𝑅𝑅 (𝐤𝐤) ≡ 𝐷𝐷
�𝐸𝐸,𝑅𝑅 (𝑘𝑘).
𝐷𝐷
4.4.3.1.2

Application of a practical model for the water Volume Scattering Function (VSF)

The lack of measurements of the VSF, especially for small forward scattering angles, necessitates
employment of an effective model for the small-angle component of the phase function, 𝜒𝜒𝑠𝑠 (ϑ),
introduced in (4.3.32), in the waveform simulator. We use Dolin’s well-known model proposed in BravoZhivotovsky et al. (1969), see also Dolin and Levin (1991) (in Russian):
𝜒𝜒𝑠𝑠 (ϑ) =

1 𝑚𝑚
∙ ∙ 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑚𝑚𝑚𝑚)
2𝜋𝜋 𝜗𝜗

.

(4.3.77)

The single VSF shape parameter, m, required by the model, is related to the average cosine of the
scattering angle via the formula presented in Dolin et al. (1988). Note that the model is applicable only
for small angles, ϑ ≈ 𝑛𝑛𝑡𝑡 ≪ 1. For larger angles, 𝜒𝜒𝑠𝑠 (ϑ) in (4.3.32) is set equal to zero (here 𝑛𝑛𝑡𝑡 is the
module of tangential component 𝐧𝐧𝑡𝑡 of directional vector 𝐧𝐧, |𝐧𝐧| = 1 , for scattered radiance). The Fourier
transform (4.3.44) of the model scattering phase function is then:
𝜒𝜒𝑠𝑠 𝑡𝑡 ) =
�(𝑛𝑛

1
2𝜋𝜋

1

2
�1 + �𝑛𝑛𝑡𝑡 �
𝑚𝑚

,

(4.3.78)

and substitution of the latter formula into (4.3.55) yields:
𝑆𝑆δ (𝑡𝑡) = 𝑄𝑄 ′ ΣΩ

𝑐𝑐
� 𝑑𝑑 2 𝐫𝐫 γ(𝑧𝑧(𝑡𝑡), 𝐫𝐫)𝐸𝐸𝐸𝐸 (𝑧𝑧(𝑡𝑡), 𝐫𝐫)𝐸𝐸𝑅𝑅 (𝑧𝑧(𝑡𝑡), 𝐫𝐫) ,
2𝑛𝑛𝑤𝑤
= � 𝐼𝐼�′ 𝐸𝐸,𝑅𝑅+ �𝑧𝑧0 , 𝐤𝐤, 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )� ×

𝑧𝑧(𝑡𝑡) ≡

𝑐𝑐𝑐𝑐
2𝑛𝑛𝑤𝑤

; 𝐸𝐸𝐸𝐸,𝑅𝑅 (𝑧𝑧, 𝐫𝐫)

× 𝑒𝑒𝑒𝑒𝑒𝑒�−𝑧𝑧(𝑡𝑡, 𝑟𝑟= ) ∙ 𝑎𝑎𝑠𝑠 − (𝑧𝑧 − 𝑧𝑧0 ) ∙ 𝑎𝑎𝑏𝑏𝑏𝑏 �𝑘𝑘(𝑧𝑧 − 𝑧𝑧0 )� �𝑒𝑒𝑒𝑒𝑒𝑒(−𝑖𝑖𝐫𝐫𝐫𝐫) 𝑑𝑑 2 𝐤𝐤

� 𝐸𝐸,𝑅𝑅+ �𝑧𝑧0 , 𝐤𝐤, 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )�
𝐼𝐼′
1
=
� 𝐼𝐼′𝐸𝐸,𝑅𝑅+ (𝑧𝑧0 , 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) 𝑒𝑒𝑒𝑒𝑒𝑒{𝑖𝑖𝐫𝐫𝐫𝐫 + 𝑖𝑖𝐧𝐧𝑡𝑡 𝐤𝐤(𝑧𝑧 − 𝑧𝑧0 )} 𝑑𝑑 2 𝐫𝐫 𝑑𝑑 2 𝐧𝐧𝑡𝑡
(2𝜋𝜋)2
𝑚𝑚
𝑧𝑧𝑧𝑧
𝑧𝑧𝑧𝑧 2
�
𝑎𝑎𝑏𝑏𝑏𝑏 (𝑧𝑧𝑧𝑧) = 𝑏𝑏𝑠𝑠 �1 −
∙ ln � + 1 + � � ��
ℎ𝑘𝑘
𝑚𝑚
𝑚𝑚
94
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;

(4.3.79)

(4.3.80)
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Now (4.3.79) takes the form
𝑆𝑆δ (𝑡𝑡) = 𝑄𝑄 ′ ΣΩ

𝑐𝑐
𝑐𝑐𝑐𝑐
� 𝑑𝑑 2 𝐫𝐫 γ(𝑧𝑧(𝑡𝑡), 𝐫𝐫)𝐸𝐸𝐸𝐸 (𝑧𝑧(𝑡𝑡), 𝐫𝐫)𝐸𝐸𝑅𝑅 (𝑧𝑧(𝑡𝑡), 𝐫𝐫) , 𝑧𝑧(𝑡𝑡) ≡
;
2𝑛𝑛𝑤𝑤
2𝑛𝑛𝑤𝑤

𝐸𝐸𝐸𝐸,𝑅𝑅 (𝑧𝑧, 𝐫𝐫) = exp{−𝑧𝑧(𝑡𝑡, 𝑟𝑟= ) ∙ 𝑎𝑎𝑠𝑠 − (z − z0 ) ∙ 𝑏𝑏𝑠𝑠 } ×

m∙bs
2 k

(z − z0 )k
(z − z0 )k
× � I�′ E,R+ �z0 , k, k(z − z0 )� �
+ �1 + �
� �
m
m
4.4.3.1.3

(4.3.81)

exp(−irk) d2 k

Specifics of backscattered signal calculation

In order to describe the in-water propagation of the laser pulse more efficiently, it is convenient to make a
change in the notation used in equation (4.3.56).
𝐸𝐸(ℎ𝑠𝑠 , 𝐫𝐫) = � 𝐼𝐼̃(0, 𝐤𝐤, ℎ𝑠𝑠 𝐤𝐤)exp[−ℎ′ (𝐫𝐫)𝑎𝑎𝑠𝑠 − 𝑎𝑎𝑏𝑏𝑏𝑏 (ℎ𝑠𝑠 𝑘𝑘)ℎ𝑠𝑠 ] exp(−𝑖𝑖𝐤𝐤 ⋅ 𝐫𝐫) 𝑑𝑑 2 𝐤𝐤 ,

(4.3.82)

where, ℎ𝑠𝑠 is the in-water propagation distance of the beam center, 𝐤𝐤 is the spatial frequency range, and
ℎ′(𝒓𝒓) is the in-water path length to a position 𝒓𝒓 on the leading-edge plane (Figure 4.3.4). Recalling that
the 𝑟𝑟= -axis is defined (Sec. 4.3.2.6) as the intersection between the leading-edge plane and a plane that
includes both the nadir and the propagation direction, then, for the case of an incident angle, 𝜃𝜃𝑎𝑎 , and the
corresponding refractive angle, 𝜃𝜃𝑤𝑤 , we can let ℎ′ (𝒓𝒓) = ℎ𝑠𝑠 − 𝑟𝑟= ∙ 𝑡𝑡𝑡𝑡𝑡𝑡𝜃𝜃𝑤𝑤 (Eq. (4.3.58)). This means that
ℎ′ (𝒓𝒓) is a function of 𝑟𝑟= only. The 𝑟𝑟⊥ -axis is determined from 𝑟𝑟= -axis following the right-hand rule. The
source function, 𝐼𝐼̃(0, 𝐤𝐤, ℎ𝐤𝐤), in (4.3.82) must be defined. Consider a lidar located at altitude, 𝐻𝐻, with a
source radiance distribution characterized by the angle, Θ (the divergence for the beam, and the FOV for
receiver). A Gaussian source model at the surface may then be expressed as
𝐼𝐼Θ (0, 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) =

1
𝐫𝐫 2
𝐫𝐫
exp
�−
2
2 � δ2 �𝐧𝐧𝑡𝑡 − 𝑛𝑛 𝐻𝐻 �
π𝑟𝑟0
𝑟𝑟0
𝑤𝑤 𝑠𝑠
Θ
2

,

(4.3.83)

where the effective radius is expressed as 𝑟𝑟0 = 𝐻𝐻𝑠𝑠 � �, and δ2 is the 2D delta function defined in equation
(4.3.62). A Fourier transform of this Gaussian light source will result in 𝐼𝐼̃(0, 𝐤𝐤, 𝐩𝐩), calculated as:
1
1
𝐫𝐫 2
𝐫𝐫
�
exp
�−
� δ2 �𝐧𝐧𝑡𝑡 −
� exp[𝑖𝑖(𝐤𝐤𝐤𝐤 + 𝐩𝐩𝐧𝐧𝑡𝑡 )]𝑑𝑑 2 𝐫𝐫𝑑𝑑 2 𝐧𝐧𝑡𝑡
2
2
2
(2π)
π 𝑟𝑟0
𝑟𝑟0
𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠

Grouping the 2D-delta function term with the frequency conjugate, 𝐩𝐩, yields:

1
1
𝐫𝐫 2
1
𝐫𝐫
�
exp
�−
�
�
�
δ
�𝐧𝐧
−
� exp[𝑖𝑖𝐩𝐩𝐧𝐧𝑡𝑡 ]𝑑𝑑 2 𝐧𝐧𝑡𝑡 � exp[𝑖𝑖𝐤𝐤𝐤𝐤]𝑑𝑑 2 𝐫𝐫
2
𝑡𝑡
2π π 𝑟𝑟0 2
𝑟𝑟0 2
2π
𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠

.

.

(4.3.84)

(4.3.85)

The expression in curly brackets is the Fourier transform of the 2D-delta function, for which the solution
is

1
exp
2π

�𝑖𝑖𝐩𝐩

𝐫𝐫
�.
𝑛𝑛 𝐻𝐻𝑠𝑠

This allows (4.3.85) to be rewritten as:
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1
1
𝐫𝐫 2
𝐫𝐫
�
exp
�−
�
exp
�𝑖𝑖𝐤𝐤𝐤𝐤
+
𝑖𝑖𝐩𝐩
� 𝑑𝑑 2 𝐫𝐫
(2π)2 π 𝑟𝑟0 2
𝑟𝑟0 2
𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠

.

(4.3.86)

The frequency variable, 𝒑𝒑, may be replaced by ℎ𝑠𝑠 𝒌𝒌 according to the equation (4.3.82). With this
replacement, the two exponential terms can be combined and modified to yield:
2

𝐫𝐫 2
ℎ𝑠𝑠
1
ℎ𝑠𝑠
𝑟𝑟0 2
ℎ𝑠𝑠 2 𝑟𝑟0 2
− 2 + 𝑖𝑖𝐤𝐤𝐤𝐤 �1 +
� = − 2 �𝐫𝐫 − 𝑖𝑖𝐤𝐤 �1 +
�
� − 𝐤𝐤2 �1 +
� � �
𝑟𝑟0
𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠
𝑟𝑟0
𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠
2
𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠
2

(4.3.87)

If equation (4.3.87) is plugged into equation (4.3.86), the first squared term in (4.3.87) reduces to 𝜋𝜋𝑟𝑟02
after integration, and is canceled by the 1⁄𝜋𝜋𝑟𝑟02 factor outside of the integral. Thus, finally, the Fourier
transform of the Gaussian source that is used in the equation (4.3.82) may be expressed as:
𝐼𝐼̃(0, 𝐤𝐤, ℎ𝐤𝐤) =

1
ℎ𝑠𝑠 2 𝑟𝑟0 2
2
exp �−𝐤𝐤 �1 +
� � � � .
(2π)2
𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠
2

(4.3.88)

If the characteristics of the source radiance distribution can be described by a Heaviside step function,
𝐺𝐺𝑠𝑠𝑠𝑠 (𝑥𝑥), the source model will be given by:
𝐼𝐼Θ (0, 𝐫𝐫, 𝐧𝐧𝑡𝑡 ) =

4

π 𝐻𝐻𝑠𝑠

2 2 G𝑠𝑠𝑠𝑠
Θ

��

2𝐫𝐫
𝐫𝐫
�� δ2 �𝐧𝐧𝑡𝑡 −
� .
𝐻𝐻𝑠𝑠 ⋅ Θ
𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠

(4.3.89)

The Fourier Transform, 𝐼𝐼̃(0, 𝐤𝐤, 𝐩𝐩), is again defined as in (4.3.84) and, using the Fourier Transform of the
2D-delta function, as in (4.3.85), equation (4.3.89) becomes:
1
4
2𝐫𝐫
�
𝐺𝐺𝑠𝑠𝑠𝑠 ��
��
2
2
2π π 𝐻𝐻𝑠𝑠 Θ
𝐻𝐻𝑠𝑠 ⋅ Θ

1
𝐫𝐫
� exp �𝑖𝑖𝐩𝐩
�� exp[𝑖𝑖𝐤𝐤𝐤𝐤]𝑑𝑑 2 𝐫𝐫
2π
𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠

Replacing the frequency variable, 𝐩𝐩, with ℎ𝐤𝐤 then yields:

1
4
2𝐫𝐫
𝑧𝑧
�
𝐺𝐺𝑠𝑠𝑠𝑠 ��
�� exp �𝑖𝑖𝐤𝐤𝐤𝐤 �1 +
�� 𝑑𝑑 2 𝐫𝐫
2
2
2
(2π)
𝐻𝐻𝑠𝑠 ⋅ Θ
𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠
π 𝐻𝐻𝑠𝑠 Θ

.
.

(4.3.90)

(4.3.91)

Assuming radial symmetry, the exponential term may be expressed via a 0𝑡𝑡ℎ order Bessel function of the
first kind, J 0 ():
4

∞

1
2𝑟𝑟
𝑧𝑧
2 2 2π � 𝐺𝐺𝑠𝑠𝑠𝑠 �𝐻𝐻 ⋅ Θ� J0 �𝑟𝑟𝑟𝑟 �1 + 𝑛𝑛 𝐻𝐻 �� ⋅ 𝑟𝑟 𝑑𝑑𝑑𝑑
π 𝐻𝐻𝑠𝑠 Θ
𝑠𝑠
𝑤𝑤 𝑠𝑠
0

Next, using the relationships: 𝑥𝑥 =

2
𝑟𝑟,
𝐻𝐻𝑠𝑠 Θ

and 𝑥𝑥𝑥𝑥𝑥𝑥 =

4
𝑟𝑟𝑟𝑟𝑟𝑟, G𝑠𝑠𝑠𝑠 (𝑥𝑥)
𝐻𝐻𝑠𝑠 2 Θ2

.

= 1, expression (4.3.92) becomes

1
4
2𝐫𝐫
𝑧𝑧
�
G
��
��
exp
�𝑖𝑖𝐤𝐤𝐤𝐤
�1
+
�� 𝑑𝑑 2 𝐫𝐫
𝑠𝑠𝑠𝑠
2
2
2
(2π)
𝐻𝐻
⋅
Θ
𝑛𝑛
𝐻𝐻
π 𝐻𝐻𝑠𝑠 Θ
𝑠𝑠
𝑤𝑤 𝑠𝑠
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1

Finally, invoking the equality, ∫0 𝑥𝑥 ν+1 J𝑛𝑛 (𝑎𝑎𝑎𝑎) 𝑑𝑑𝑑𝑑 = 𝑎𝑎−1 Jν+1 (𝑎𝑎), the Fourier Transform of the Step-source
function becomes:

𝐼𝐼̃Θ (0, 𝐤𝐤, ℎ𝐤𝐤) =

2
1
𝐻𝐻𝑠𝑠 Θ
𝑧𝑧
J1 �𝑘𝑘
�1 +
��
2
𝐻𝐻
Θ
(2π) 𝑘𝑘 𝑠𝑠 �1 + 𝑧𝑧 �
2
𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠
2
𝑛𝑛𝑤𝑤 𝐻𝐻𝑠𝑠

(4.3.94)

When the Gaussian source radiance model based on equation (4.3.88) is then plugged into equation
(4.3.82), the normalized irradiance function can be written as
𝐸𝐸Θ (ℎ𝑠𝑠 , 𝒓𝒓) =

exp�−𝑎𝑎𝑠𝑠 ℎ′ (𝑟𝑟= )�
𝑔𝑔(ℎ𝑠𝑠 , 𝒓𝒓) ,
2π

r𝑒𝑒 2
𝑔𝑔(ℎ𝑠𝑠 , 𝒓𝒓) = � 𝐽𝐽0 (𝒌𝒌𝒌𝒌)exp �−𝑎𝑎𝑏𝑏𝑏𝑏 (𝒌𝒌 ⋅ ℎ𝑠𝑠 )ℎ𝑠𝑠 − 𝒌𝒌2 � � � 𝒌𝒌𝑑𝑑𝒌𝒌 ,
2
Θ
ℎ𝑠𝑠
r𝑒𝑒 = � � �𝐻𝐻𝑠𝑠 + � ,
2
𝑛𝑛𝑤𝑤

(4.3.95)

where r𝑒𝑒 is the effective radius. Note that, although both 𝑔𝑔(ℎ𝑠𝑠 , 𝒓𝒓) and 𝐸𝐸Θ (ℎ𝑠𝑠 , 𝒓𝒓) represent irradiance, they
are normalized and dimensionless. The physical unit, (𝑊𝑊/𝑚𝑚2 ), is realized when 𝑔𝑔(ℎ𝑠𝑠 , 𝒓𝒓) or 𝐸𝐸Θ (ℎ𝑠𝑠 , 𝒓𝒓)
are multiplied by laser pulse power.
1

.
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0.6

.

𝜃𝜃𝑎𝑎

0.4

g(hs,r)

0.2
0

0
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2

3

k

𝛩𝛩𝑠𝑠
surface
𝜃𝜃𝑤𝑤

ℎ𝑠𝑠 tan 𝜃𝜃𝑤𝑤

-0.2

r = 16 m

-0.4

Figure 4.3.6. a) Decomposition of the integrand function for a scattered pulse front at a point significantly away
from the center; b) location of the point (ℎ𝑠𝑠 = 20 𝑚𝑚, 𝑟𝑟 = 16 𝑚𝑚 ) used in this example.

The decomposition of the integrand of the function, 𝑔𝑔, in equation (4.3.95) is illustrated in Figure 4.3.6a
for a point on the pulse front at a depth of 20 m and 16 m away from the axis of the pulse front (Figure
4.3.6b). In this example, the pulse front has undergone significant dispersion due to scattering. Because
of the relatively large distance, 𝑟𝑟, along the pulse axis, many cycles of the power function, 𝐽𝐽0 , occur
within the limited spatial frequency range, 𝒌𝒌. The exponential term effectively determines the damping of
the integrand function. The first term in the exponent is proportional to the scattering coefficient and the
slant path, ℎ𝑠𝑠 , and is negligibly small compared to the second term in most cases. However, when ℎ𝑠𝑠 is
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very large, the rapid increase of the 𝑎𝑎𝑏𝑏𝑏𝑏 (ℎ𝑠𝑠 𝒌𝒌) function (see Eq. (4.3.55)) along with the multiplication by
large ℎ𝑠𝑠 results in a large amplitude for small value of k. In contrast, the second term is a quadratic
function of k and the quadratic coefficient is related to the square of the effective radius at the surface.
Thus, the upper limit of the integral k can be determined using the formula
𝒌𝒌max 2 (r𝑒𝑒 /2)2 ≈ 𝑀𝑀𝑀𝑀𝑀𝑀

(4.3.96)

where a reasonable value for 𝑀𝑀𝑀𝑀𝑀𝑀 would be about 10, in which case the exponential term is effectively
zero.
Once the upper limit of the integral boundary of the spatial frequency range, 𝒌𝒌, is determined, the
following equation may be used to calculate the integral,
∞

𝒌𝒌𝑖𝑖

𝑔𝑔(ℎ, 𝑟𝑟) = � � 𝑑𝑑𝒌𝒌 ⋅ 𝒌𝒌 ⋅ 𝐽𝐽0 (𝒌𝒌𝑟𝑟)exp[−𝑎𝑎𝑏𝑏𝑏𝑏 (𝒌𝒌 ⋅ ℎ𝑠𝑠 )ℎ𝑠𝑠 − 𝒌𝒌2 (r𝑒𝑒 /2)2 ]
𝑖𝑖=1 𝒌𝒌𝑖𝑖−1

.

(4.3.97)

The node value of the spatial frequency range, 𝒌𝒌𝑖𝑖 , is determined from the root of the power function, 𝑆𝑆0 ,

by dividing by the distance of the position from the center, 𝒌𝒌𝑖𝑖 = 𝐽𝐽0𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟_𝑖𝑖 /𝒓𝒓.

A contrasting example of the decomposition of the integrand of equation (4.3.97) is shown in Figure
4.3.7, for near-surface water where the optical depth is very small and scattering is minimal. The major
difference relative to Figure 4.3.6 is that there are only a small number of cycles of 𝐽𝐽0 within the spatial
frequency range since the position on the wavefront is not far from the pulse axis. As a result,
convergence happens rather quickly, requiring an integral over only a few cycles of 𝐽𝐽0 .
2

1

g(hs ,r)
0

k
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-1

-2

Figure 4.3.7. Decomposition of the integrand function for a minimally scattered beam front at a point close to the
center of the beam (ℎ𝑠𝑠 = 1 𝑚𝑚 at 𝒓𝒓 = 2 𝑚𝑚).

We may now consider a collection of integrand functions at varying distances from the pulse axis. For
example, Figure 4.3.8 illustrates the dependence of the integrand function on spatial frequency, k, at a
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shallow depth, ℎ𝑠𝑠 = 1 𝑚𝑚 , as the location on the pulse edge is gradually shifted from the pulse axis (0.0
m) to the pulse boundary (0.45 m) as illustrated in 0.05 m increments.
1
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0.2
0

k
0

1

2

3

4

5

-0.2
-0.4

Figure 4.3.8. Normalized integrand functions, 𝑔𝑔(ℎ𝑠𝑠 , 𝒓𝒓) at varying distances from the pulse axis for optically very
shallow water, (ℎ𝑠𝑠 = 1 𝑚𝑚).

The distance variable, 𝒓𝒓, from the pulse center controls the shape of the overall magnitude, 𝐽𝐽0 ,by acting
as a scaling factor, with the function contracting as r increases. Thus, the integrand function, 𝑔𝑔(ℎ𝑠𝑠 , 𝒓𝒓),
nearest the pulse axis has only one large lobe while integrand functions farther from the axis have
multiple lobes. The integrated value for the function near the pulse center is dominated by the area under
the first lobe. As points move farther from the center, the area under the first lobe of the integrand
function decreases as a second, negative lobe forms. The shrinking positive lobe combined with the
growing negative lobe result in much faster decrease of the integral value. This trend results in an overall
Gaussian distribution of the 𝑔𝑔(ℎ𝑠𝑠 , 𝑟𝑟)function .

As the optical depth increases, scattering becomes an increasingly important factor in pulse propagation,
substantially altering the distribution of the integrand function. For the optically deep case (ℎ𝑠𝑠 = 20 𝑚𝑚)
shown in Figure 4.3.9, two differences are immediately apparent relative to Figure 4.3.8. First, the
integrand function, 𝑔𝑔(ℎ𝑠𝑠 , 𝒓𝒓), is rapidly compressed into a smaller range of spatial frequencies as the
distance, 𝒓𝒓, from the beam axis increases. Second, the magnitude of the integrand function is much
smaller. This is a result of the increase in effective attenuation due to the overall increase in scattering at
the greater depth. The scattering attenuation term is much larger than the second term in the exponent in
equation (4.3.97) resulting in a decrease of the integrand function. As the exponential attenuation term
saturates with increasing k, the second term dominates due to the 𝒌𝒌2 factor. Thus, the exponential term in
(4.3.97) decreases much faster, reducing the magnitude of the integrand function, giving the integrand
function, 𝑔𝑔(ℎ𝑠𝑠 , 𝒓𝒓) a stretched, Gaussian-like shape. The profiles of the calculated 𝑔𝑔(ℎ𝑠𝑠 , 𝒓𝒓) functions are
shown in Figure 4.3.10a for a laser beam with a small divergence angle (5 mrad), while Figure 4.3.11
illustrates the virtual viewing field determined by a large FOV (40 mrad). The displayed functions
describe profiles of irradiance functions for several different propagation distances: the tall Gaussian
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curve represents a near surface beam distribution and the wide Gaussian represents the beam after long
distance propagation.
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Figure 4.3.9. Normalized integrand functions, 𝑔𝑔(ℎ𝑠𝑠 , 𝑟𝑟) at varying distances (𝑟𝑟) from the pulse axis for optically
deep water (ℎ𝑠𝑠 = 20 𝑚𝑚).
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Figure 4.3.10. Calculated irradiance for the laser pulse with a 5 mrad at FWHM. (a) The profile of 𝑔𝑔(ℎ𝑠𝑠 , 𝒓𝒓) function
over distance r from the center; (b) the cumulative irradiance for the normalized function.

Note that the beam with a small divergence (Figure 4.3.9a) disperses faster as it propagates. In contrast,
the wide FOV angle of the virtual viewing beam does not show rapid dispersion. The normalization
∞

condition ∫0 𝑔𝑔(ℎ𝑠𝑠 , 𝒓𝒓) 𝑟𝑟 𝑑𝑑𝒓𝒓 = 1 is met precisely in both cases (Figure 4.3.10b and Figure 4.3.11b),
assuring that the numerical calculation has been done correctly.
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Figure 4.3.11. Calculated irradiance for a view field of 40 mrad at FWHM: (a) The profile of 𝑔𝑔(ℎ, 𝒓𝒓)

function over distance r from the center (b) The cumulative irradiance for the normalized function.

20 m

10 m
Figure 4.3.12. Dispersion of slant-incident mono-static system. The thick and thin white lines represent the

FOV at 70% and 98% of the total accumulated irradiance, respectively. The green lines represent the lidar
pulse distribution, and the magenta lines represent the product of the two irradiances in the general lidar
equation (4.3.27).
Figure 4.3.12 shows a side view (2D projection) of the irradiance distribution. The figure is scaled with

the depth set to 20 m. The cyan-colored top line represents water surface, the yellow-colored bottom line
represents sea floor, and the vertical distance is 20m. The wide 40 mrad FOV for the viewing irradiance
is illustrated with white dotted lines representing incremental changes in the viewed irradiance. The
thickest white line represents 70% of the total accumulated irradiance and the thin, solid white line on
both edges represents the 98% boundary encompassing the cumulative irradiance. The equivalent
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distribution for the narrow beam dispersion is illustrated using green dotted and solid lines. The magenta
color represents the product of the two irradiances found in the general lidar equation (4.3.28). Since the
beam divergence is much smaller than the FOV divergence, it is the narrow beam that determines the
overall system resolution, which is well illustrated in Figure 4.3.12. At greater depths, the irradiance
distributions become increasingly similar even though there is a huge discrepancy near the surface. The
implication is that the use of a narrow beam does not guarantee good spatial resolution in the deep water
when scattering is strong.
There are circumstances for which the Gaussian function is not appropriate and in which, for example, the
cross-sectional profile of the lidar pulse might be better modeled via a Step function rather than the
Gaussian. Indeed, the receiver sensitivity distribution of most of the optical system is close to the Step
function. The 𝑔𝑔(ℎ, 𝒓𝒓) function calculated using the Step source function is
𝑔𝑔(ℎ, 𝑟𝑟) =

2 ∞
� 𝑒𝑒𝑒𝑒𝑒𝑒{−𝑎𝑎𝑏𝑏𝑏𝑏 (ℎ𝑠𝑠 𝑘𝑘)ℎ𝑠𝑠 }𝐽𝐽0 (𝑘𝑘𝑘𝑘) 𝐽𝐽1 (𝑘𝑘𝑟𝑟𝑒𝑒 )𝑑𝑑𝑑𝑑 ,
𝑟𝑟𝑒𝑒 0

(4.3.98)

where 𝐽𝐽1 is a first order Bessel function of the first kind. The Step function also exhibits dispersion due to
scattering. Similar to the Gaussian function, the smaller divergence experiences much faster dispersion as
shown Figure 4.3.13a. Except for near the surface, the Step function is quickly smoothed to resemble a
Gaussian function. The spatial extent, 𝒓𝒓, is shown only up to 2 m in Figure 4.3.13a, since the rapid
dispersion is evident. In Figure 4.3.13b, however, because the rate of scattering dispersion of the large
FOV is small, the overall shape of Step function irradiance profile is displayed out to a significant depth.
The comparison of the magnitude between the small beam divergence and large FOV shows a strong
disparity with almost 50 times the difference in the peak magnitude.

Figure 4.3.13. Irradiance profile using the Step function.
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4.4.3.2

Simulation of lidar waveforms for the varying system parameters

The next task is to demonstrate the effect of various system parameters on the waveform. The system
parameters include the laser pulse energy, the optical system, and the electronic system properties.
However, we exclude system parameters that have a linear effect on the waveform such as laser pulse
energy, receiver pupil size (diameter of the receiving optics), optical system attenuation coefficient and
more. The reason for the exclusion is that the behavior of these system parameters is completely
predictable in a linear fashion. For instance, if the laser power is doubled, then the magnitude of the
recorded waveform is also doubled if all other parameters remain the same. Our focus is on parameters
with more practical importance: the effect of sensor altitude, the FOV angle, beam divergence angle,
beam incidence angle, and the system response function.
4.4.3.2.1

Effect of the sensor altitude

Without changing the laser pulse or the optical system, the collected energy in the waveform decreases as
the altitude increases as illustrated in Figure 4.3.14a simply because the projected solid angle from the
target to the aperture is smaller. The rate of change in the energy that the waveform carries for varying
sensor altitude is shown in Figure 4.3.14b, with the Fresnel peak, volume backscattering, and the bottom
plotted over the increasing sensor altitude. The number in parenthesis in Figure 4.3.14b is the coefficient
of the power function with which the energy plot is modeled and fitted. The energy is calculated by
integration of the waveform within the proper temporal range. The Fresnel peak which is the near-surface
return has the value that is closest to the simple analytical model prediction, −2, which arises from the
term (𝑛𝑛𝐻𝐻𝑠𝑠 + ℎ𝑠𝑠 )−2 in the approximate lidar waveform equation (4.3.13). The term describes the trend of
solid angle change for the lidar return in the ideal case for which the FOV is large enough to collect all of
the return from a Lambertian surface. The volume backscattered energy shows a very similar rate of
decrease; however, the rate of decrease of the bottom peak energy deviates significantly from others.

Figure 4.3.14. Effect of the sensor altitudes varying from 200m to 800m. Water depth is fixed at 20 m. a) changes in
the waveform for varying altitude; b) rate of decrease in energy of the Fresnel peak, volume backscatter, and bottom
return
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The reason for the different power coefficient for the bottom return can be explained as follows. The
surface peak is entirely within the 40 mrad FOV for a transmitted 5 mrad pulse divergence angle. As the
sensor altitude increases, the surface beam illumination area and the viewing area linearly increases
together resulting in the same rate of change. The bottom peak, however, arises from deep water where
dispersion due to scattering is relatively high. This dispersion occurs on both the downward and return
paths, resulting in a large surface area over which the scattered bottom return emerges. As the sensor
altitude increases, the viewing area of the fixed FOV increases as the square of the altitude. Thus, the
effect of decreasing solid angle is somewhat compensated by the increased surface area from which the
bottom return emerges. The final result is that the bottom energy decay rate is significantly less than that
of the surface energy. In fact, a similar situation occurs for the volume backscattered energy. The power
coefficient of the overall volume backscattering is -1.93. However, as with the bottom peak, if we limit
only the near surface volume return the coefficient is near -2 and if we limit the part of the volume
backscattering energy near the bottom the coefficient will be closer to that of the bottom energy.
(a)

(b)
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Figure 4.3.15. (a) Surface peaks and (b) bottom peaks aligned at the arrival time of the center of the beam for
different sensor altitudes

The peak width differences can be more easily appreciated when the surface peaks are aligned at the
surface-arrival time (when the beam center enters the water) and the bottom peaks are aligned at the
arrival time of the beam center at the bottom. As the altitude increases, both the FOV and the surface
illuminated by the laser beam increase. Thus, a narrower slant beam (oblique measurement) at the lower
altitude will create a smaller geometric stretch, and the wider slant beam at the higher altitude will create
a larger geometric stretch. The length of geometric stretch is reflected directly in the temporal width of
the waveform peaks. At both the surface peak and the bottom peak the same trend is found as shown in
Figure 4.3.15
4.4.3.2.2

Effect of the receiver FOV

The effect of the FOV on the received signal has a close theoretical connection to the effect of altitude.
At a fixed FOV, increasing the sensor altitude results in an increase in the surface area viewed,
concurrently increasing the signal originating from deep water or the bottom. When all other parameters
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are fixed, an increase in the FOV will result in an increase in the returned energy. An example is shown in
Figure 4.3.16 using a beam divergence fixed at 5 mrad. The increase in energy for the surface peak and
volume return is dramatic from 1 mrad until about 10 mrad. Beyond a 10 mrad FOV, any additional
increase in FOV angle will result in only small increases in the surface return. The reason for the small
increase is that a 10 mrad FOV is enough to include most of the surface reflection from a transmitted laser
measurement with a 5 mrad beam divergence.
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Figure 4.3.16. Effect of the FOV with beam divergence fixed at 5 mrad.

In contrast, the bottom peak continues to increase sharply as the FOV increases. This is because scattering
broadens the beam, with even more broadening occurring during the return trip back to the surface. This
greatly increases the surface area that can contribute to the received signal. The received signal is
complicated by the effect of the daylight background contribution. Although the background energy level
is not very high, it is constant throughout waveform recording and can damage the PMT. The increase in
detected daylight background is proportional to the square of the FOV increase, and is in sharp contrast to
the relatively small increase in bottom energy. The increased background signal is usually accompanied
by an increase in the noise level which, in turn, decreases the chance of small peak detection. Thus, the
optimal size of the FOV must be determined by considering both factors.
It is also worth investigating how a variable FOV is related to the system attenuation coefficient. The
apparent attenuation coefficient calculated from a waveform can be quite different from the inherent
water attenuation. A laser pulse propagating downward loses power due to absorption, backward
scattering, and some wide angle forward scattering. This combined effect is the total water attenuation
which, for this simulation, is taken to be 0.08 𝑚𝑚−1 .
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Figure 4.3.17 System attenuation coefficients for varying FOV. The water attenuation coefficient used in the
simulation is 0.08 m-1.

If all of the upward return power is collected by the receiver, then the apparent attenuation would be the
same as the water attenuation. However, this is never actually possible, in large part because the FOV is
never large enough to collect all the upwelling light. The calculated change in the apparent system
attenuation is shown in Figure 4.3.17. Due to dispersion by scattering, the region from which the
backward scattered signal originates expands quickly as the distance from the source increases, but
energy beyond the viewing area is not collected. That means loss due to energy emerging at the water
surface, but outside the viewing area results in additional attenuation. The calculated system attenuation is
always higher than the inherent water attenuation and much higher for the smaller FOV. In most cases,
scattering is the fundamental reason for the additional loss. For example, if there were no scattering
dispersion, even a FOV much less than beam divergence would result in a system attenuation coefficient
identical to water attenuation. Thus, system attenuation is a function of the FOV and its inter-relationship
with scattering.
4.4.3.2.3

Effect of the beam divergence

The effect of divergence on the waveform (shown in Figure 4.3.17) is examined using a FOV fixed at 40
mrad, a fixed laser pulse energy, and with all optical system parameters fixed as well. The results of the
simulation are shown in Figure 4.3.18. It appears that the major effect of the divergence angle is on the
peak sharpness with both surface and bottom peak amplitudes increasing as the divergence decreases. For
a given off-nadir incidence angle, a smaller beam diameter results in a smaller geometrical stretch of the
peak at both the air-water interface and water-bottom interface. The FWHM of the surface return is
limited by the 3 ns system response time. Nevertheless, the improved peak sharpness is noticeable for
smaller divergence angles. A similar, but weaker narrowing of the peak width is apparent for the bottom
peak. Changes in scattering will also play an important role since increased scattering will result in more
dispersion, and the smaller initial beam divergence will disperse much faster than a larger initial beam
divergence. As a result, both a small divergence angle and a large divergence will have similar dispersion
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in the deeper part of the water. Ultimately, the optimal beam divergence angle must be determined
considering laser eye safety regulations (see Sec. 4.5).
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Figure 4.3.18. Waveforms with varying beam divergence angle.

4.4.3.2.4

Effect of the beam incident angle

Waveforms were also simulated using different beam-incident angles in air (Figure 4.3.19). Similar to the
simulated results related to the beam divergence angle, an increase in the slant angle (oblique
measurement) will result in a larger geometric stretch of the return pulse at both the water surface and the
sea bottom. The stretch of the width in the surface return indicates a diminished dominance of the peakvalue. Thus, not only does the peak-value magnitude drop as the incident angle increases, but also the
apparent peak shifts toward a later time.
1.2E-04

Power [W]

1.0E-04

angle_6

8.0E-05

angle_10
angle_15

6.0E-05

angle_20
angle_25

4.0E-05
2.0E-05

-30

0.0E+00

0

30

60
time [ns]

90

Figure 4.3.19. Waveforms with varying beam incident angle
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The same pattern of broadening of the peak and decrease of the peak-value is observed in the bottom
returns. The return times of the simulated bottom returns are also characterized by larger delays in return
times as the slant angle increases. In this example, the peak-value and width increase is due not only to
the increasing slant angle but also to the scattering stretch from the longer in-water slant path. The
conspicuous shift of the bottom peak (i.e., delayed return time) is also caused by the increase of the inwater slant path.
4.4.3.2.5

Effect of the system response function

The overall system response function, which includes the effect of pulse duration, PMT rise time, and
digitizer response, is one of the most important parameters affecting ALB performance. The effect of
changing the system response function is illustrated in Figure 4.3.20, which shows waveforms computed
for a 15 m depth in relatively clean water (0.075 m-1 of absorption and 0.2 m-1 of scattering) for a system
with 5 mrad transmitted beam divergence and 40 mrad FOV. An increase in the FWHM of the system
response function results in an increase in the peak width and a decrease in the peak magnitude for both
surface and bottom peaks. In addition, the surface peak shows a significant shift of the peak position
toward a later time. This is because the decrease in the peak magnitude due to the increase of the system
response FWHM make the surface peak less prominent compared to the rising surface volume
backscattering. Thus, a system response FWHM that is as small as possible will be beneficial for all
aspect of the system performance.
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Figure 4.3.20. Waveforms with varying system response function widths (at FWHM )
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4.5 Lidar system calibration and alignment
V. Feygels, Yu. Kopilevich

Introduction: channel characteristics employed in waveform simulation and processing

Lidar waveform simulation, based on an accepted theory of ALB return (see Sec. 4.3.2), was addressed in
Sec. 4.3.1. According to Equation (4.3.7), a simulated waveform in the optical domain, 𝑆𝑆𝑅𝑅 (𝑡𝑡), is given by
the formula:
𝑆𝑆𝑅𝑅 (𝑡𝑡) = 𝑆𝑆𝛿𝛿 (𝑡𝑡) ∗ 𝑅𝑅(𝑡𝑡)

(4.4.1)

Here 𝑆𝑆𝛿𝛿 (𝑡𝑡) is the input optical signal corresponding to a delta-function sounding pulse with the initial
shape, 𝑄𝑄𝜂𝜂𝑅𝑅 ∙ 𝛿𝛿(𝑡𝑡 − 𝑡𝑡0 ), where 𝑄𝑄 is the actual transmitted laser pulse energy after accounting for
atmospheric attenuation and lidar transmitter system losses. The parameter, 𝜂𝜂𝑅𝑅 , describes the
transmittance of the receiver optical system (the optical segment in Figure 4.3.1. Function, 𝑅𝑅(𝑡𝑡), in
(4.4.1) is the receiving channel response to the lidar pulse, or the effective sounding pulse shape.

The above calculation calls for two characteristics of the receiving channel – the function, 𝑅𝑅(𝑡𝑡) and the
optical system transmittance, 𝜂𝜂𝑅𝑅 . If it is necessary to simulate the output signal (waveform) in the electric
domain, 𝐷𝐷(𝑡𝑡), the Watt-count characteristic of the channel, 𝜒𝜒[∙], is also needed (see Equations (4.3.2) and
Equation (4.3.11):
𝐷𝐷(𝑡𝑡) = 𝜒𝜒[𝑆𝑆𝛿𝛿 (𝑡𝑡) ∗ 𝑅𝑅(𝑡𝑡)]

(4.4.2)

The goal of lidar waveform processing is the estimation of environmental properties (bottom reflectance,
IOPs), as well as precise bottom depth retrieval. This requires a comparison of an experimentally obtained
waveform, 𝐷𝐷(𝑡𝑡), with simulated waveforms (see Sec. 4.3.1). In order to perform the comparison in the
optical domain, the electrical signal, 𝐷𝐷 𝑒𝑒𝑒𝑒𝑒𝑒 (𝑡𝑡), (in digital counts) is transformed into the corresponding
𝑒𝑒𝑒𝑒𝑒𝑒
optical signal, 𝑆𝑆𝑅𝑅 (𝑡𝑡), (in Watts):
𝑒𝑒𝑒𝑒𝑒𝑒
𝑆𝑆𝑅𝑅 (𝑡𝑡) = 𝜒𝜒−1 �𝐷𝐷𝑒𝑒𝑒𝑒𝑒𝑒 (𝑡𝑡)�

(4.4.3)

where 𝜒𝜒 −1 [∙] is the inverse of the channel Watt-count characteristic, 𝜒𝜒[∙] in Equation (4.3.2).

Measurement of the specific characteristics of a given receiver channel is the concern of radiometric
calibration of that channel. The procedure is carried out to obtain:
•
•
•

the channel response to the laser pulse, or the effective pulse shape, 𝑅𝑅(𝑡𝑡);
the channel transmittance, 𝜂𝜂𝑅𝑅 ;

the channel Watt- count characteristic, 𝜒𝜒[∙].

Calibration measurements using the built-in system laser source
In order to calibrate the lidar receiving channel using the system laser source, the sounding light beam is
directed at a planar remote target positioned perpendicular to the beam axis. The reflected pulse arriving
at the receiving telescope then retains the initial pulse shape, 𝑝𝑝(𝑡𝑡), so that the input optical signal at the
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channel photodetector may be expressed as 𝑊𝑊 ∙ 𝑝𝑝(𝑡𝑡). The pulse energy, 𝑄𝑄, is then varied over a wide
range (with the use of attenuating optical filters introduced into the channel optical segment). In what
follows, the “calibration” input optical signal for a range of energies is designated as, 𝑆𝑆𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (𝑡𝑡):
(𝑡𝑡) = 𝑄𝑄 ∙ 𝑝𝑝(𝑡𝑡)
𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑄𝑄

(4.4.4)

The energy, 𝑄𝑄, of the calibration pulse is measured with a power meter installed in the optical segment
behind the field diaphragm (see Figure 4.3.1). The power meter reading is divided by the laser pulse
repetition rate to obtain the energy of an individual pulse.
For a given input optical signal 𝑆𝑆𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (𝑡𝑡), the output electrical signal, 𝐷𝐷𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (𝑡𝑡), may be written as [see

(4.3.2), (4.3.7).

𝐷𝐷𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (𝑡𝑡) = 𝜒𝜒[𝑄𝑄 ∙ 𝑅𝑅(𝑡𝑡)]

(4.4.5)

The channel Watt-count characteristic, 𝜒𝜒[∙], is a monotonically increasing function. Thus, for the
maximum recorded signal, (4.4.5) yields:
max 𝐷𝐷𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (𝑡𝑡) = 𝜒𝜒[𝑄𝑄 ∙ max 𝑅𝑅(𝑡𝑡)] ,

(4.4.6)

Using a set of waveforms, max 𝐷𝐷𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (𝑡𝑡), recorded at various levels of input pulse energy, 𝑄𝑄, the righthand side of (4.4.6) defines a scaling function with the argument, 𝑄𝑄, in Watts, and the value in counts:

Now (4.4.5) may be re-written as:

𝐶𝐶(𝑄𝑄) ≡ 𝜒𝜒[𝑄𝑄 ∙ max 𝑅𝑅(𝑡𝑡)] .

(𝑡𝑡) = 𝜒𝜒[𝑄𝑄 ∙ 𝑅𝑅(𝑡𝑡)] = 𝜒𝜒 �𝑄𝑄 ∙ max 𝑅𝑅(𝑡𝑡) ∙
𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑄𝑄

= C �𝑄𝑄 ∙

𝑅𝑅(𝑡𝑡)
� .
max 𝑅𝑅(𝑡𝑡)

𝑅𝑅(𝑡𝑡)
𝑅𝑅𝑡𝑡
�
� = �𝑄𝑄 ∙ max 𝑅𝑅(𝑡𝑡) ∙
max 𝑅𝑅(𝑡𝑡)
max 𝑅𝑅(𝑡𝑡)

(4.4.7)

(4.4.8)

Application of the reverse transformation, 𝐶𝐶 −1 , to a separate waveform, 𝐷𝐷𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (𝑡𝑡), with a known fixed
energy, 𝑄𝑄, gives
𝑅𝑅(𝑡𝑡) =

max 𝑅𝑅 (𝑡𝑡) −1 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
(𝑡𝑡)� .
∙ C �𝐷𝐷𝑄𝑄
𝑄𝑄

(4.4.9)

The formula determines the function, 𝑅𝑅(𝑡𝑡), within an unknown factor, max 𝑅𝑅 (𝑡𝑡), which is easily derived
from the normalization condition:
∞

� 𝑅𝑅(𝑡𝑡)𝑑𝑑𝑑𝑑 = 1
0
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[see (4.3.2), (4.3.4), and (4.3.6)]. The effective pulse shape1,2, 𝑅𝑅(𝑡𝑡), or channel response to the laser
pulse, is now determined, and 𝜒𝜒[𝑊𝑊], the Watt-count characteristic of the receiving channel, may be
obtained as
𝑊𝑊
𝜒𝜒[𝑊𝑊] = 𝐶𝐶 �
�
max 𝑅𝑅(𝑡𝑡)

(4.4.11)

where W is a current value of output electrical signal (in Watts).

Calibration measurements with a continuous wave (CW) laser source
Application of a continuous wave (CW) laser source provides an alternative (and more straightforward)
way to derive the Watt-count characteristic, 𝜒𝜒[∙], of a receiving channel. Substitution of a constant input
signal, 𝑆𝑆𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑃𝑃 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑡𝑡), in Eq. (5.3.1), where 𝑃𝑃 is the (adjustable) power of the incident signal at
the receiver photodetector, gives rise to the constant output electric signal
𝐷𝐷𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝜒𝜒[𝑃𝑃] .

(4.4.12)

Since P is continuous, the determination of the Watt-count characteristic, 𝜒𝜒[∙], based on (4.4.1), does not
require that the effective pulse shape, 𝑅𝑅(𝑡𝑡), be evaluated. Thus, the characteristic is not subject to
inevitable inaccuracies in the reconstruction of 𝑅𝑅(𝑡𝑡) from a recorded, pulsed signal (see Note 2 in Sec.
4.4.2 above).

Practical realization of calibration measurements: Radiometric calibration of the
SHOALS-1000
Radiometric calibration of the SHOALS-1000 receiving channels was performed with the use of the
method described in Sec. 3.4.2 above. The laser pulse power, which was inherently variable, was applied
as input signals (Tuell et al. 2005). The target (a wall covered by painted concrete tiles) was located 80 m
away from the system. The calibration setup is shown in Figure 4.4.1.

While formal evaluation of the effective pulse shape, 𝑅𝑅(𝑡𝑡), based on (4.4.9) may be carried out with the use of a
unique waveform, 𝐷𝐷𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (𝑡𝑡), obtained for a known energy, 𝑄𝑄, of a given input optical signal, it seems reasonable to
repeat the procedure for a set of energy values from a wide range of energies in order to estimate the signal level
interval in which the accepted model of the receiving channel (Sec. 4.3) is valid. In other words, the function, 𝑅𝑅(𝑡𝑡),
estimated from (4.4.9), remains independent of the pulse energy, 𝑄𝑄).
1

2

With a short effective pulse shape (~ 2-5 ns), discrete values of a recorded waveform, 𝐷𝐷𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (𝑡𝑡), in (4.4.5),

obtained with a digitizer having a 1ns time bin, are insufficient for exact determination of the waveform maximum
in (4.4.6)-(4.4.9). The error in evaluation of, max 𝑅𝑅(𝑡𝑡) may lead to inaccurate derivation of the channel Watt-count
characteristic, 𝜒𝜒[∙], see (4.4.11). The errors may be avoided with calibration measurements carried out with the use
of a continuously operated laser source.
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a.

b.

Figure 4.4.1. a) View of the laser spot produced by the SHOALS-1000 on the concrete wall at a distance of

80 m, and b) the radiation distribution inside the laser spot.
A simple jig was used for the absolute measurements of the average return optical power. It included a
plano-convex lens of 500 mm focal length focusing the return beam on an OPHIR power meter with an
interference filter in front of it as shown in Figure 4.4.2. A portion of the light scattered by the target is
collected by the lens and focused onto the power meter through a narrow-band filter identical to that in
SHOALS-1000 receiver.
The return pulse energy, 𝑄𝑄, was varied by introducing calibrated neutral density filters in the SHOALS1000 receiver. During the calibration measurements, output signal pulses 𝐷𝐷𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (𝑡𝑡) were recorded for a
set of input peak power values in the range 1 ∙ 10−7 𝑊𝑊 to 1 ∙ 10−3 𝑊𝑊 .
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Figure 4.4.2. General schematic of the SHOALS-1000 radiometric calibration measurement.

Results of the derived channel response to the laser pulse, or the effective pulse shape, R(t), carried out as
described in Sec. 4.4.2, are presented in Figure 4.4.3 and Figure 4.4.4. Each curve corresponds to a given
value of the initial optical pulse amplitude from 𝑊𝑊 = 1 ∙ 10−7 𝑊𝑊 to 1 ∙ 10−3 𝑊𝑊 for the PMT and from
𝑊𝑊 = 1 ∙ 10−6 𝑊𝑊 to 1 ∙ 10−3 𝑊𝑊 for the APD.
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Figure 4.4.3. Normalized SHOALS-1000 PMT-channel response, R(t) to initial laser pulse for the pulse amplitudes
in the range 1 ∙ 10−7 − 1 ∙ 10−3 𝑊𝑊.

Figure 4.4.4. SHOALS-1000 Normalized APD-channel response, R(t) to initial laser pulse for the pulse amplitudes
in the range 1 ∙ 10−6 − 1 ∙ 10−3 𝑊𝑊.
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These results seem to verify the assumption that the channel response to the initial laser pulse is not
strongly dependent on the pulse power.
The channel Watt-count characteristic χ[W] derived from the measurements for the two channels are
plotted in Figure 4.4.5 and Figure 4.4.6. The number of counts is limited in these plots due to use of an 8
bit digitizer in SHOALS-1000.
PMT channel

Output signal, counts
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χ(W )
C (W )

120
80
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0
1.00E-07
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1.00E-05
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1.00E-03

Input signal, W

Figure 4.4.5. The PMT-channel Watt-count characteristic χ[W] and the calibration characteristic of
the channel C(W).

APD channel
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Figure 4.4.6. The APD-channel Watt-count characteristic χ[W] and the calibration characteristic of
the channel C(W).
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It is quite obvious from the above Section, that radiometric calibration of a lidar is a rather complicated
and laborious procedure, and needs to be performed by a well-qualified staff. When built-in laser is used
for the calibration, it is necessary to keep strictly to the established eye safety requirements for the
corresponding laser class (mostly, class 4), see the next Sec. 4.5.
It should be also emphasized that calibration of the system must be carried out periodically (at least, once
a year) and renewed after each replacement of lidar transmitter or receiver elements (laser, PMT, APD,
digitizer, interference filters, etc.).

4.6 Implementation of Eye Safety Requirement
John Banic

Laser eye safety is an essential consideration for the safe operation of airborne lidar bathymetry (ALB)
systems. ALB systems must be eye safe to an observer on the ground, and must conform to guidelines
and requirements as set by the International Electrotechnical Commission (IEC), the U.S. Food and Drug
Administration (FDA) and the American National Standards Institute (ANSI). The respective documents
pertaining to published standards (ANSI 2014; IEC 2014; FDA 2013).
Lasers used in ALB systems are typically frequency-doubled Nd:YAG Class 4 devices operating at a
wavelength of 532 nm. Laser classification relates to the potential hazard of the accessible laser radiation
in respect to eye or skin damage. Class 4 lasers are those for which intrabeam viewing and skin exposure
is hazardous and for which viewing of diffuse reflections may be hazardous. In the Visible (400-700 nm)
and Infrared-A (700-1400 nm) range, severe damage can occur to the retina due to the focusing effect of
the cornea and lens, which can increase the irradiance by as much as 100,000 times.
To be Class 4, an ALB laser must exceed at least one of the Accessible Emission Limits (AEL) for Class
3B at 532 nm, which are 1) 30 mJ for a single pulse of a duration from 1 ns to 0.06 s, and 2) 0.5 W for
exposures >0.25 s. Most ALB lasers have pulse energies well below the single-pulse limit of 30 mJ.
However, the average power output is typically >1 W, thus putting them in the Class 4 category. For
example, the average power of the laser in the CZMIL system is 25 W (2.5 mJ @ 10 kHz PRF).
When working with lasers in the laboratory, eye protection is required, to prevent accidental exposure.
Laser eyewear is normally categorized by its optical density (𝐷𝐷𝜆𝜆 ). The required value of 𝐷𝐷𝜆𝜆 for a typical
ALB laser is determined from the radiant exposure (𝐻𝐻) averaged over a limiting aperture, which is 7 mm
for visible wavelengths.
For a laser pulse energy of 2.5 mJ, and a beam diameter that is less than the limiting aperture, the radiant
exposure averaged over 7 mm is, therefore,
𝐻𝐻 =

2.5 𝑚𝑚𝑚𝑚
= 6.5 𝑚𝑚𝑚𝑚/𝑐𝑐𝑐𝑐2
0.385 𝑐𝑐𝑐𝑐2

(4.5.1)

To determine the ocular hazard, the above radiant exposure must be compared to the Maximum
Permissible Exposure (MPE) limit, which is generally expressed in J/cm2, and is a function of the
Exposure Time (𝑇𝑇𝐸𝐸 ). The maximum permissible exposure to laser radiation at a wavelength of 532 nm is
0.2 µJ/cm2 for a single pulse of duration between 10 ps and 5 µs. The minimum required optical density
is then
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𝐻𝐻
6.5𝑥𝑥10−3
𝐷𝐷𝜆𝜆 = 𝑙𝑙𝑙𝑙𝑙𝑙 �
� = 𝑙𝑙𝑙𝑙𝑔𝑔 �
� = 4.5
𝑀𝑀𝑀𝑀𝑀𝑀
2𝑥𝑥10−7

(4.5.2)

To account for multiple-pulse viewing, which is typically the case for repetitively-pulsed lasers, the
required optical density would be higher than the above value.
The MPE for a train of pulses is calculated as follows:
𝑀𝑀𝑀𝑀𝑀𝑀𝑇𝑇 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑃𝑃 × 𝑁𝑁 −0.25

(4.5.3)

𝑁𝑁 = 𝑓𝑓 × 𝑇𝑇𝐸𝐸

(4.5.4)

where MPE P is the maximum permissible exposure for a single pulse, and 𝑀𝑀𝑀𝑀𝑀𝑀𝑇𝑇 is the maximum
permissible exposure to a train of pulses (𝑁𝑁). 𝑁𝑁 can, in turn, be expressed as

where 𝑓𝑓 is the laser pulse repetition frequency and 𝑇𝑇𝐸𝐸 is the exposure time. The exposure time used for
visible wavelengths (400-700 nm) is typically 0.25 s, due the natural aversion reflex of the eye.

Safe Operating Altitude
Due to the high laser pulse energy (𝑄𝑄) required for adequate penetration through the water column, the
laser beam divergence (Θ𝐸𝐸 ) must be set to provide a sufficiently-large spot on the ground, such that the
radiant exposure to an observer does not exceed the MPE limit at the laser wavelength. This requirement
is particularly challenging since the eye is most sensitive to green wavelengths, where the single-pulse
MPE is 0.2 µJ/cm2.
This compares with an MPE of 2 µJ/cm2 at 1064 nm, 3 mJ/cm2 in the ultraviolet, and 1 J/cm2 at 1.54 µm.
The latter two MPE values are much larger, as exposure in the ultraviolet and far infrared regions of the
spectrum falls outside of the retinal hazard zone (400 – 1400 nm).
The lowest eye safe altitude, at which an ALB system can operate, is given by the Nominal Ocular
Hazard Distance (NOHD), according to the following expression:
𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 =

1
4𝑄𝑄
�
− 𝑎𝑎2
Θ𝑠𝑠 𝜋𝜋 ∙ 𝑀𝑀𝑀𝑀𝑀𝑀

(4.5.5)

where a is the output beam diameter of the laser. Using typical values for an ALB system: Θ𝐸𝐸 = 5 mrad
(1/e), 𝑄𝑄 = 2.5 mJ and 𝑎𝑎 = 0.5 cm, gives an NOHD of 250 m. The flying height of an ALB aircraft is
usually 300-400 m, well above the NOHD limit.
The above analysis assumes exposure to a single laser pulse, which is normally the case for airborne
operation where the laser beam is scanning and the aircraft is moving. However, if the aircraft was
hovering (e.g. helicopter installation) or if the system was put into profile mode (scanning disabled), a
ground observer could be subjected to multiple laser pulses. In that case, the MPE would be reduced
from the single-pulse value, 𝑀𝑀𝑀𝑀𝑀𝑀𝑃𝑃 , to the multiple-pulse value, 𝑀𝑀𝑀𝑀𝑀𝑀𝑇𝑇 , and the corresponding NOHD
would increase. This situation is also typical for the new topo-bathy airborne lidar systems that use highPRF/low-pulse-energy lasers. For these systems, where the laser PRF can be in the 100s of kHz, a ground
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observer could be exposed to multiple pulses, even when the aircraft is moving and the system is
scanning.
The NOHD limit is for the unaided eye. However, if the laser radiation is viewed through magnifying
optical instruments, the NOHD will increase to a distance called the Extended Ocular Hazard Distance
(eNOHD or EOHD), which can be calculated using the following equation:
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 × √𝐺𝐺

(4.5.6)

where 𝐺𝐺 is the gain, or magnifying power, of the instrument. When viewing with typical 7x50 mm
binoculars, with a gain of 49 and optical transmission of 90%, the eNOHD is 7x greater than the NOHD.
For the above example, the eNOHD ≈ 1670 m. For most ALB systems, the eNOHD is >1000 m. It is
impractical for ALB systems to operate at such high altitudes, as performance would be severely limited.
Thus, when surveying over populated areas or regions with many boats operating in the waters, the
recommended practice is to temporarily turn off the laser, to minimize potential viewing hazards to
ground-based observers.
Nevertheless, for the above laser parameters and a flying height of 300 m, studies have shown that if a
person sees a laser pulse directly with binoculars, the probability of eye damage in daytime is < 3 x 10-3.
For the sake of comparison, the probability of eye damage at the eNOHD of 1670 m is < 7 x 10-9. One
can see that the damage probability at a distance of 300 m is greater than that at the eNOHD, but is still
small.
Furthermore, a study was conducted for SHOALS system operation to estimate the probability of eye
injury in one year of operation. The analysis used a statistical model that took into consideration the
following probabilities:
•
•
•
•

Probability of a person in a boat being illuminated by the laser per unit area
Probability of a person in a boat looking at the aircraft with binoculars
Probability of eye damage when that person sees the laser light through binoculars
Total area covered in one year

The above probabilities were determined individually, and then multiplied together to determine the
probability of eye injury in one year of operation. The results of the analysis showed that the probability
was 10-3 for binocular viewing. Similar analysis showed a probability of 10-10 for unaided viewing.

ALB Eye Safety Features
ALB systems incorporate many safety features to prevent accidental exposure to a person. These include
the following:
• Eye safe range (NOHD) monitor
• Laser status displays
• Eye safe power-on default
• Hardware safety interlock
• Unsafe operation warning
• Shutter control
• Laser emission delay
One of the key operational features of an ALB system is the ability to automatically stop laser emission if
the aircraft altitude falls below NOHD. ALB systems monitor the range to the ground/water on a shot-by118
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shot basis. As an example, if a pre-determined number of consecutive laser pulses are detected that have
a range < NOHD, the laser emission is stopped immediately. Several consecutive pulses are allowed, so
that the laser is not shut off due to false alarms such as haze in the beam path, insects, birds, etc. Laser
emission does not resume automatically when the aircraft rises above the minimum eye safe range again.
It must be re-initiated by the operator. The system also inhibits laser firing in the event of an attempt to
activate the laser before the aircraft has reached the minimum eye safe range.
Additionally, a laser emission pause switch is provided to the pilot/co-pilot to permit shutting off laser
emission whenever necessary. Likewise, the system operator has the capability to shut down the laser at
any time, if needed.

4.7 Bathymetric System Design and Optimization of Parameters
V. Feygels, Yu. Kopilevich

Optimization criteria of bottom, scattering layers and objects detection
The problem of comparing different lidar systems (by which we mean the entire transmitting-receiving
optical block, down to the detector) inevitably calls for the application of statistical decision theory
(Raiffa 1968). From the point of view of this theory, the diagnostic effectiveness of a lidar system,
whether it is a sounding or imaging system, should be evaluated via the possible (or theoretically
achievable with the use of the system in question) performance of an ideal detector (Helstrom 1968;
Levin 1960). Optimization of the lidar system, i.e., choosing the most appropriate optical parameters for
the transmitting and receiving devices, and selecting the most appropriate elements, from the laser to the
spectral selector and detector, is reduced to a maximization of the overall effectiveness (Victor I. Feigels
and Kopilevich 1994b, 1996; Victor I. Feigels 1992).
In lidar bathymetry the system performance is characterized by the highest probability of bottom
detection achievable at a given false alarm probability – the so-called Neyman–Pearson criterion
(Helstrom 1968; Egan 1975). Analogous characterization of system effectiveness may be employed when
other applications of sounding lidar are considered, like submerged object location, or detection of water
layers with contrasting optical properties (Victor I. Feigels and Kopilevich 1993b; Kopilevich and Feigels
1993; Victor I. Feigels and Kopilevich 1994a). In all cases, optimal signal processing (employed by the
“ideal observer” theory) means making the best threshold choice to discriminate between “wanted, or
useful signal plus noise”, and “noise only”.
Synthesis of an optimal working algorithm for imaging lidar (Ulich et al. 1997; Keeler and Ulich 1994),
which includes image processing down to decision making regarding the presence of an object and
estimation of its coordinates, appears to be a very complicated problem. Experience with sounding lidar
system design suggests that one can assume that the performance evaluation of the receiving and
transmitting segments of the system may be performed independently of the image processing method.
Such an approach (hereafter referred to as “quasi-optimal approach”) seems to be quite acceptable as a
first step. Under this assumption, the output part of an imaging lidar – the image processing unit – may be
analyzed independently. This allows the optical transmitting and receiving (pre-detector) block, together
with the photo detector to be treated separately. The photo detector may include PMT matrices and linear
arrays, Microchannel Plate Photomultiplier Tubes (MCP-PMTs), APD linear arrays, CCDs, CMOSs, or
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streak tube; (see e.g. the Hamamatsu Photonics web site http://www.hamamatsu.com/us/en/index.html).
A detailed description of a streak tube used in a lidar imaging application may be found in Degnan et al.
(2011).
Within the framework of the quasi-optimal approach, the problem of performance evaluation of the
optical block of an imaging lidar may be reduced to a one-dimensional system by examining input signals
at an individual pixel of a matrix detector. It is obvious that such an “elementary lidar” may be treated in
the same manner as sounding lidar (bearing in mind the essential differences between a single-pixel of
any of the detectors named above and individual PMT or APD).
In general, evaluation of lidar system performance (as defined above), requires rather tedious
computations with given probability distributions for “useful signal plus noise” and for “noise only”, and
thus the problem of system optimization (i.e., finding the parameter values which maximize the system
effectiveness) seems to be too complicated to be usable. In practice, the problem is replaced by the
problem of maximization of a single parameter – a discriminability index (Egan 1975), which
characterizes the degree of overlap between the two distributions, and is determined by only the lowest
moments of the distributions. Implementation of this practical approach presupposes (often implicitly)
that the system effectiveness (acquisition probability for a given probability of false alarm) is uniquely
determined by the chosen discriminability index via a monotonically increasing function.
The signal-to noise ratio (SNR) is the best known example of a discriminability index. It is used to great
advantage for signal detection problems in the radio and microwave regions. SNR use in these fields is
justified by the fact that, to sufficient accuracy, random variables representing useful signal and noise
follow normal distributions of equal variance (Helstrom 1968; Egan 1975). The latter property is afforded
by a prevailing contribution from thermal (𝑘𝑘𝑘𝑘) noise to fluctuations of both signals, and the noise does
not depend on the presence of a useful signal.
Despite the wide parallels between radio and optical detection/ranging methods, the lidar signal detection
problem is fundamentally different from that for radar. As described aphoristically by E. R. Pike (1974),
”Between the microwave and optical regions of the spectrum we cross the value of hν equal to 𝑘𝑘𝑘𝑘. In the
optical region the detector is effectively cold and operates by annihilation only of photons”. Nonetheless,
the general unsuitability of the SNR for the evaluation of lidar effectiveness is often ignored. It is quite
obvious, however, that the basic assumption of equal variance for both useful signal and noise
distributions is inappropriate for shot noise or photon noise of a quantum nature, both of which play
leading roles, particularly with low-noise PMT, APD (see e.g., the Hamamatsu Photonics web site
http://www.hamamatsu.com/us/en/index.html) or streak-tube detectors with their relative greater noise
level (Wu et al. 2012; H. Yang et al. 2012).
In addition, replacement of a discrete Poisson distribution of photo-electrons by a continuous normal
distribution may produce a significant error, especially when registered photo-electrons may only number
in the tens or even single digits, as is the case for the short-gated, single-pixel detectors of imaging lidar.
An effective replacement for the SNR as a measure of detectability in lidar problems – a “𝐷𝐷-index of
discriminability” (Egan 1975; Sakitt 1973) – is considered in the next Section.
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Concept and use of the 𝐷𝐷-index of discriminability

Let 𝑝𝑝𝑠𝑠𝑠𝑠 (𝑚𝑚) be a known probability distribution for “signal with noise” measured by the number, 𝑚𝑚, of
photo-electrons released at detector load during a given time interval, ∆𝑡𝑡, of registration, i.e. for the lidar
response from bottom, layer, object, etc., together with additional noise.

Let 𝑝𝑝𝑛𝑛 (𝑚𝑚) be the analogous probability distribution for the "noise only" case when useful signal to be
detected (from bottom, layer, object, etc.) is absent. When analysis of the sounding lidar effectiveness is
performed (specifically, when the marginal operation ability of a system is estimated), it is possible to
describe the distribution functions for lidar response at the photo-detector output by Poisson distributions
in accordance with the formulas:

where:

𝑝𝑝𝑠𝑠𝑠𝑠 (𝑚𝑚) =

(𝑚𝑚
� 𝑠𝑠 + 𝑚𝑚
� 𝑛𝑛 )𝑚𝑚 −(𝑚𝑚� +𝑚𝑚� )
𝑠𝑠
𝑛𝑛
𝑒𝑒
𝑚𝑚!

,

𝑝𝑝𝑛𝑛 (𝑚𝑚) =

(𝑚𝑚
� 𝑛𝑛 )𝑚𝑚 −(𝑚𝑚� )
𝑛𝑛
𝑒𝑒
𝑚𝑚!

(4.6.1)

𝑚𝑚
� 𝑠𝑠 is the mean number of "signal" photoelectrons registered during the time interval ∆𝑡𝑡;
𝑚𝑚
� 𝑛𝑛 is the same for "noise" photoelectrons.

Then, for the false alarm probability, P𝑓𝑓 , and the acquisition probability, P𝑎𝑎𝑎𝑎 , one has
𝑚𝑚0 −1

(𝑚𝑚
� 𝑛𝑛 )𝑚𝑚 −(𝑚𝑚� )
𝑛𝑛
P𝑓𝑓 (𝑚𝑚) = 1 − �
𝑒𝑒
𝑚𝑚!
𝑚𝑚=0

,

𝑚𝑚0 −1

P𝑎𝑎𝑎𝑎 (𝑚𝑚) = 1 − �

𝑚𝑚=0

with 𝑚𝑚0 being the threshold of the discriminator.

(𝑚𝑚
� 𝑠𝑠 + 𝑚𝑚
� 𝑛𝑛 )𝑚𝑚 −(𝑚𝑚� +𝑚𝑚� )
𝑠𝑠
𝑛𝑛
𝑒𝑒
𝑚𝑚!

(4.6.2)

From (3.6.2), Pac may be evaluated, for a given value of P𝑓𝑓 , as a function of two variables, 𝑚𝑚
� 𝑠𝑠 and 𝑚𝑚
� 𝑛𝑛

(the threshold, 𝑚𝑚0 , does not enter the final dependence). It is quite obvious that such an approach is
difficult to apply to the problem of system optimization. It turns out, however, that a single parameter, 𝐷𝐷,
may be introduced in such a way that Pac for a given P𝑓𝑓 is determined, to sufficient accuracy, by 𝐷𝐷 only.

The 𝐷𝐷-index parameter was first introduced by Sakitt (1973) as a measure of distinguishability between
two probability distributions, A and B, for random quantities at the detector output in the absence (A) and
in the presence (B) of the signal to be detected. According to Egan (1975), the parameter is

where

𝐷𝐷 =

|𝑖𝑖𝐵𝐵 − 𝑖𝑖𝐴𝐴 |
(𝑆𝑆𝐴𝐴 ∙ 𝑆𝑆𝐵𝐵 )1/2

(4.6.3)

𝑖𝑖𝐴𝐴 and 𝑖𝑖𝐵𝐵 are the mean values for distributions 𝐴𝐴 and 𝐵𝐵, respectively;
𝑆𝑆𝐴𝐴 and 𝑆𝑆𝐵𝐵 are the corresponding standard deviations.

Specifically, for Poisson processes 𝑝𝑝𝑛𝑛 and 𝑝𝑝𝑠𝑠𝑠𝑠 from Equation (4.6.1), the D-parameter is expressed by the
ratio:
𝐷𝐷 =

𝑚𝑚
� 𝑠𝑠
[(𝑚𝑚
� 𝑠𝑠 + 𝑚𝑚
� 𝑛𝑛 ) ∙ 𝑚𝑚
� 𝑛𝑛 ]1/4
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The applicability of the 𝐷𝐷-index is demonstrated in Figure 4.6.1 (curves 1–4), where results of P𝑎𝑎𝑎𝑎
evaluated from Equation (4.6.3) are presented as functions of 𝐷𝐷 for various values of 𝑚𝑚
� 𝑛𝑛 . The
discrepancy among the curves appears to be insignificant.

It is evident from (4.6.4) that 𝐷𝐷 coincides with the “signal to noise ratio” (SNR) when 𝑆𝑆𝐴𝐴 = 𝑆𝑆𝐵𝐵 , and thus,
the 𝐷𝐷-index may be regarded as a generalization of the SNR for optics. Application of the SNR in the form
𝑆𝑆𝑆𝑆𝑆𝑆 =

𝑚𝑚
� 𝑠𝑠

� 𝑛𝑛
� 𝑚𝑚

(4.6.5)

to P𝑎𝑎𝑎𝑎 evaluation, however, is open to significant errors, as can be seen in Figure 3.6.2; the P𝑎𝑎𝑎𝑎 (SNR) curve
essentially depends on 𝑚𝑚
� 𝑛𝑛 , and underestimates P𝑎𝑎𝑎𝑎 at low numbers of photo-electrons. Moreover, the
SNR criterion justifies an improvement which adds SNR, even if it is accompanied by a sufficient loss in
𝑚𝑚
� 𝑠𝑠 , and thus, as is apparent in Figure 3.6.2, leads to degradation of lidar performance. A typical situation
would be the case of using a polarization filter on the incoming signal (Vasilkov, Goldin, and Gureev
1993); the improvement in contrast is not worth the inevitable decrease in the total number of registered
photons.

Figure 4.6.1. Plot of the acquisition probability, P𝑎𝑎𝑎𝑎 , versus the 𝐷𝐷-index for fixed false-alarm probability, P𝑓𝑓 = 10−6 .
Curves 1–4 corresponds to Poisson distributions in equation (4.6.1) with 𝑚𝑚
� 𝑛𝑛 = 1; 8; 40; and 151, respectively.
Curve 5 corresponds to the approximation given by equation (4.6.8).
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Figure 4.6.2. Plot of the acquisition probability, P𝑎𝑎𝑎𝑎 , versus the SNR for fixed false-alarm probability, P𝑎𝑎𝑎𝑎 = 10−6 .
Curves 1–4 corresponds to Poisson distributions (Figure (4.6.1)) with 𝑚𝑚
� 𝑛𝑛 =1; 8; 40; and 151, respectively. Curve 5
corresponds to the approximation (4.6.8).

In reality, the conditions under which lidar systems are employed are almost always characterized by a
large number and variety of noise factors and processes simultaneously. It is convenient, then, to replace
Poisson distributions by appropriate normal distribution functions for continuous random variables
instead of discrete ones. This leads to a comparatively simple expression for P𝑎𝑎𝑎𝑎 in terms of P𝑓𝑓 (Lebed’ko,
Porfir’ev, and Hajtun 1984):

where 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝑥𝑥) =

� 𝑛𝑛
1
𝑚𝑚
� 𝑠𝑠
� 𝑚𝑚
P𝑎𝑎𝑎𝑎 = 𝐸𝐸𝑟𝑟𝑟𝑟𝑟𝑟 �𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 −1 �2P𝑓𝑓 �
−
�
2
� 𝑛𝑛 + 𝑚𝑚
� 𝑠𝑠 � 𝑚𝑚
� 𝑛𝑛 + 𝑚𝑚
� 𝑠𝑠
� 𝑚𝑚

2 ∞
∫ 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑦𝑦 2 )𝑑𝑑𝑑𝑑
√𝜋𝜋 𝑥𝑥

(4.6.6)

is the error function (Abramowitz and Stegun 1972), and

𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 −1 (𝑥𝑥) is the corresponding inverse function, 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸[𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 −1 (𝑥𝑥)] = 𝑥𝑥

When

equation (4.6.6) may be rewritten as
1
2

P𝑎𝑎𝑎𝑎 = 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸�𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 −1 �2P𝑓𝑓 � − 𝐷𝐷� ,

𝑚𝑚
� 𝑛𝑛 ≫ 𝑚𝑚
� 𝑠𝑠
or

(4.6.7)

1
2

P𝑎𝑎𝑎𝑎 = 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸�𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 −1 �2P𝑓𝑓 � − 𝑆𝑆𝑆𝑆𝑆𝑆�

(4.6.8)

because under the condition (3.6.7), D and SNR coincide [cf. Equations (4.6.4) and (4.6.5)].
The use of a continuous normal distributions requires that the number of registered photoelectrons be
large enough; in particular, the replacement is not valid when the threshold, 𝑚𝑚0 , is less than 15 and/or
when P𝑓𝑓 does not exceed 10−4 (Kuriksha 1973). The requirement, together with inequality (4.6.7),
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appears to form the condition of SNR applicability to the problem in question as an exhaustive
characteristic of system effectiveness (see (4.6.2)). On the other hand, the dependence of P𝑎𝑎𝑎𝑎 (𝐷𝐷), shown
in Equation (4.6.8) is presented as curve 5 in Figure 4.6.1, does not differ noticeably from those obtained
with the use of initial Poisson distributions (4.6.1) because under the condition (4.6.7), 𝐷𝐷 and SNR
coincide [cf. Equations (4.6.4) and (4.6.5)].
The above consideration demonstrates that the efficiency of a lidar system may be uniquely determined,
to sufficient accuracy, by the D-index. System optimization may thus be reduced to maximization of the
D-index, in accordance with plots of P𝑎𝑎𝑎𝑎 versus D at various P𝑓𝑓 in (4.6.3). It should be particularly

emphasized that the D-parameter is easy-to-use because it may be obtained with the known moments of
the corresponding distributions only, and normalization of a posteriori probabilities is not necessary (as a
rule, it is a rather complicated problem).

Figure 4.6.3. The connection between D-index and the acquisition probability, P𝑎𝑎𝑎𝑎 , for different levels of

false-alarm probability, P𝑓𝑓 , in the case of Poisson distribution.

Implementation of D-index analysis to lidar optimization
It is obvious that concept of an “optimal” system cannot be universal, i.e. independent of the application
of the lidar system (bathymetry, water column sounding, submerged objects detection, etc.) and the
external conditions (day or night time, optical properties of the water, bottom/object reflectivity, and so
on). That is, optimal system parameters for one situation may be far from optimal in another.
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The power, 𝑃𝑃, of the light coming to lidar's detector, together with the intrinsic noise sources at the
detector, may be written as the sum:
′
′′
′
′′
′
𝑃𝑃 = 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠
+ 𝑃𝑃𝑏𝑏𝑏𝑏 + 𝑃𝑃𝑏𝑏𝑏𝑏
+ 𝑃𝑃𝑏𝑏𝑏𝑏
+ 𝑃𝑃𝑏𝑏𝑏𝑏 + 𝑃𝑃𝑏𝑏𝑏𝑏
+ 𝑃𝑃𝑏𝑏𝑎𝑎

(4.6.9)

′
′′ }
′
′′
+ {𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏 + 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏
+ 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏
+ �𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 + 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜
+ 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜
� + 𝑃𝑃𝑘𝑘𝑘𝑘 + 𝑃𝑃𝑑𝑑

The subscript "sun" indicates the terms related to sunlight exposure, "bw" to light pulse power
backscattered by the water-body, "ba" to backscattering in the atmosphere (more exactly, these terms
result from laser pulse reflection at the sea surface, consequent backscattering in the air, and surface
reflection back to the receiver aperture); terms with the subscripts "bot" and "obj" are related to laser light
reflected by the bottom and an object to be detected, respectively.
Symbols with one prime stand for fluctuation components of corresponding quantities caused by sea
surface roughness, variations of atmospheric transitivity, water characteristics and bottom (object)
reflectivity, as well as uncontrolled variations in platform altitude and orientation, receiver field of view
(FOV), and so on. Symbols with double primes correspond to random deviations induced by laser pulse
power variations.
𝑃𝑃𝑘𝑘𝑘𝑘 and 𝑃𝑃𝑑𝑑 are the terms corresponding to thermal noise (limited to the detector input) and the dark
current of the detector, respectively. All of the single-prime components and the sum of double primed
components may be treated as statistically independent random variables with zero mean values. They are
also independent of shot-noise fluctuations (contained in 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠 , 𝑃𝑃𝑏𝑏𝑏𝑏 , 𝑃𝑃𝑏𝑏𝑏𝑏 , 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏 , 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 , and 𝑃𝑃𝑑𝑑 ) as well as of
thermal noise, 𝑃𝑃𝑘𝑘𝑘𝑘 .

If the lidar application under consideration is the analysis of inherent water optical parameters, the two
terms in braces in Equation (4.6.9) have to be omitted.
′
′′ }
In the application is bathymetry or the detection of submerged object, either {𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏 + 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏
or
+ 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏

′
′′
�𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 + 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜
+ 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜
� must be added to the expression for the total power at the receiver. In that case, the

first term of the sum in braces, 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏 or 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 , represents the useful signal, while 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑃𝑃𝑏𝑏𝑏𝑏 + 𝑃𝑃𝑏𝑏𝑏𝑏 +

𝑃𝑃𝑘𝑘𝑘𝑘 + 𝑃𝑃𝑑𝑑 comprise the background and thus represent noise components (in addition to the noise caused
by the signal itself and the other two fluctuation terms in the braces).
To evaluate the D-index in the case of bathymetry, one has to apply the definition in equation (4.6.3) to
the following two alternative events:
(A) Useful signal is absent.
In the absence of a useful signal, the power, 𝑃𝑃𝐴𝐴 , at the detector, in view of (4.6.9), is given by

(4.6.10)

In accordance with the above, the mean value, 𝑖𝑖𝐴𝐴 , of the corresponding distribution is

(4.6.11)

′
′′
′
′′
′
𝑃𝑃 = 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠
+ 𝑃𝑃𝑏𝑏𝑏𝑏 + 𝑃𝑃𝑏𝑏𝑏𝑏
+ 𝑃𝑃𝑏𝑏𝑏𝑏
+ 𝑃𝑃𝑏𝑏𝑏𝑏 + 𝑃𝑃𝑏𝑏𝑏𝑏
+ 𝑃𝑃𝑏𝑏𝑏𝑏
+ 𝑃𝑃𝑘𝑘𝑘𝑘 + 𝑃𝑃𝑑𝑑

𝑃𝑃�𝐴𝐴 = 𝑖𝑖𝐴𝐴 = 𝑃𝑃�𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑃𝑃�𝑏𝑏𝑏𝑏 + 𝑃𝑃�𝑏𝑏𝑏𝑏 + 𝑃𝑃�𝑘𝑘𝑘𝑘 + 𝑃𝑃�𝑑𝑑

.

.

In order to derive an expression for variance, 𝑆𝑆𝐴𝐴2 , the following reasoning has to be taken into account.
The power, 𝑃𝑃, of light at the input of a receiving/amplifying device (PMT, or photo-diode with electric
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signal amplifier), is related to the (random) number, 𝑚𝑚, of photoelectrons generated at the device
photocathode during the time ∆𝑡𝑡 (accumulation time interval), by the formula
𝑠𝑠𝜆𝜆 ∆𝑡𝑡
𝑚𝑚 = 𝑃𝑃 ∙ �
� = 𝑃𝑃/𝐶𝐶
𝑒𝑒

(4.6.12)

where 𝑠𝑠𝜆𝜆 is the spectral sensitivity of the detector;
𝑒𝑒 is the electron charge;

∆𝑡𝑡 is the digitizing time interval;
𝐶𝐶 = 𝑒𝑒/(𝑠𝑠𝜆𝜆 ∆𝑡𝑡)

It is commonly assumed that the random variable 𝑚𝑚 follows the Poisson distribution law, and thus,
(𝑚𝑚 − 𝑚𝑚
�)2 . If reduced to the detector input, the latter yields:
𝑚𝑚 = 𝑆𝑆 2 (𝑚𝑚) = �������������
(𝑃𝑃 − 𝑃𝑃�)2 = (𝑚𝑚 − 𝑚𝑚
𝑆𝑆 2 (𝑃𝑃) = ������������
�)2 ∙ 𝐶𝐶 2 = 𝑃𝑃� ∙ 𝐶𝐶

(4.6.13)

Following equation (4.6.13), the variance, 𝑆𝑆 2 (𝑃𝑃𝐴𝐴 ) = 𝑆𝑆𝐴𝐴2 , of the power, 𝑃𝑃𝐴𝐴 , from equation (4.6.10)) is
given by
𝑆𝑆 2 (𝑃𝑃𝐴𝐴 ) = (𝑃𝑃�𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑃𝑃�𝑏𝑏𝑏𝑏 + 𝑃𝑃�𝑏𝑏𝑏𝑏 + 𝑃𝑃�𝑑𝑑 ) ∙ 𝐶𝐶 + 𝑆𝑆 2 (𝑃𝑃𝑘𝑘𝑘𝑘 )

2 �2
2 𝑃𝑃
2 + 𝜀𝜀 2 𝑃𝑃
2
�𝑠𝑠𝑠𝑠𝑠𝑠
�2
�2
�2
+ 𝜀𝜀𝑠𝑠𝑠𝑠𝑠𝑠
𝑏𝑏𝑏𝑏 𝑏𝑏𝑏𝑏 + 𝜀𝜀𝑏𝑏𝑏𝑏 𝑃𝑃𝑏𝑏𝑏𝑏 + 𝜀𝜀𝑠𝑠𝑠𝑠𝑠𝑠 �𝑃𝑃𝑏𝑏𝑏𝑏 + 𝑃𝑃𝑏𝑏𝑏𝑏 �

(4.6.14)

where the variance of the sum of the independent variables is represented by the sum of their variances,
and equation (4.6.13) is applied to the variance of the sum (𝑃𝑃�𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑃𝑃�𝑏𝑏𝑏𝑏 + 𝑃𝑃�𝑏𝑏𝑏𝑏 + 𝑃𝑃�𝑑𝑑 ). Here, 𝜀𝜀𝑠𝑠𝑠𝑠𝑠𝑠 , 𝜀𝜀𝑏𝑏𝑏𝑏 ,
′
′
′
, 𝑃𝑃𝑏𝑏𝑏𝑏
, and 𝑃𝑃𝑏𝑏𝑏𝑏
, that is:
and 𝜀𝜀𝑏𝑏𝑏𝑏 are the normalized variances of 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠
𝜀𝜀𝛼𝛼 = 𝑆𝑆 (𝑃𝑃𝛼𝛼′ )/𝑃𝑃�𝛼𝛼

(4.6.15)

where the subscript 𝛼𝛼 stands for “sun”, “bw”, or “ba” correspondingly. Analogously, ε𝑠𝑠𝑠𝑠𝑠𝑠 is the
′′
′′ ).
normalized variance of (𝑃𝑃𝑏𝑏𝑏𝑏
+ 𝑃𝑃𝑏𝑏𝑏𝑏
(B) Useful signal is present.

In this case,
′
′′
′
′′
′
′′
′
𝑃𝑃𝑩𝑩 = 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠
+ 𝑃𝑃𝑏𝑏𝑏𝑏 + 𝑃𝑃𝑏𝑏𝑏𝑏
+ 𝑃𝑃𝑏𝑏𝑏𝑏
+ 𝑃𝑃𝑏𝑏𝑏𝑏 + 𝑃𝑃𝑏𝑏𝑏𝑏
+ 𝑃𝑃𝑏𝑏𝑏𝑏
+ 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏 + 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏
+ 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏
+ 𝑃𝑃𝑘𝑘𝑘𝑘
+ 𝑃𝑃𝑑𝑑

𝑃𝑃�𝐵𝐵 = 𝑖𝑖𝐵𝐵 = 𝑃𝑃�𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑃𝑃�𝑏𝑏𝑏𝑏 + 𝑃𝑃�𝑏𝑏𝑏𝑏 + 𝑃𝑃�𝑘𝑘𝑘𝑘 + 𝑃𝑃�𝑑𝑑 + +𝑃𝑃�𝑏𝑏𝑏𝑏𝑏𝑏 ;

𝑆𝑆 2 (𝑃𝑃𝐵𝐵 ) = (𝑃𝑃�𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑃𝑃�𝑏𝑏𝑏𝑏 + 𝑃𝑃�𝑏𝑏𝑏𝑏 + 𝑃𝑃�𝑑𝑑 + 𝑃𝑃�𝑏𝑏𝑏𝑏𝑏𝑏 ) ∙ 𝐶𝐶 + 𝑆𝑆 2 (𝑃𝑃𝑘𝑘𝑘𝑘 )

2 �2
2 �2
2 𝑃𝑃
2 + 𝜀𝜀 2 𝑃𝑃
2
�𝑠𝑠𝑠𝑠𝑠𝑠
�2
�2
�2
�2
+𝜀𝜀𝑠𝑠𝑠𝑠𝑠𝑠
𝑏𝑏𝑏𝑏 𝑏𝑏𝑏𝑏 + 𝜀𝜀𝑏𝑏𝑏𝑏 𝑃𝑃𝑏𝑏𝑏𝑏 + 𝜀𝜀𝑏𝑏𝑏𝑏𝑏𝑏 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏 + 𝜀𝜀𝑠𝑠𝑠𝑠𝑠𝑠 �𝑃𝑃𝑏𝑏𝑏𝑏 + 𝑃𝑃𝑏𝑏𝑏𝑏 + 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏 �

′
where 𝜀𝜀𝑏𝑏𝑏𝑏𝑏𝑏 is the normalized variance of 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏
.

Substitution of equations (4.6.10)-(4.6.18) into (4.6.3) yields:
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𝐷𝐷𝑏𝑏𝑏𝑏𝑏𝑏
where

2
2
2 (𝑃𝑃
2 (𝑃𝑃
�𝑏𝑏𝑏𝑏𝑏𝑏 )2 − 𝜀𝜀𝑠𝑠𝑠𝑠𝑠𝑠
�𝑏𝑏𝑏𝑏𝑏𝑏 )2 ��1/4
= 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏 ⁄��𝐶𝐶 �𝑃𝑃𝐵𝐵 + 𝐵𝐵𝑏𝑏𝑏𝑏𝑏𝑏
� ∙ �𝐶𝐶( �𝑃𝑃𝐵𝐵 + �𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏 ) + 𝐵𝐵𝑏𝑏𝑏𝑏𝑏𝑏
− 𝜀𝜀𝑏𝑏𝑏𝑏𝑏𝑏
2
2 �2
2 �2
2 𝑃𝑃
2 + 𝜀𝜀 2 𝑃𝑃
�𝑠𝑠𝑠𝑠𝑠𝑠
�2
𝐵𝐵𝑏𝑏𝑏𝑏𝑏𝑏
= 𝑆𝑆 2 (𝑃𝑃𝑘𝑘𝑘𝑘 ) + 𝜀𝜀𝑠𝑠𝑠𝑠𝑠𝑠
𝑏𝑏𝑏𝑏 𝑏𝑏𝑏𝑏 + 𝜀𝜀𝑏𝑏𝑏𝑏 𝑃𝑃𝑏𝑏𝑏𝑏 + 𝜀𝜀𝑏𝑏𝑏𝑏𝑏𝑏 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏
2
2
2
2
+ 𝜀𝜀𝑠𝑠𝑠𝑠𝑠𝑠 �𝑃𝑃�𝑏𝑏𝑏𝑏 + 𝑃𝑃�𝑏𝑏𝑏𝑏 + 𝑃𝑃�𝑏𝑏𝑏𝑏𝑏𝑏 � .

(4.6.19)

(4.6.20)

Now we employ the well-known expression for variance of thermal fluctuations of output current through
the detector load resistor, 𝑅𝑅𝐿𝐿 , 2𝑘𝑘𝑘𝑘/(𝑅𝑅𝐿𝐿 ∆𝑡𝑡), where 𝑘𝑘 is the Boltzmann constant, and 𝑇𝑇 is absolute
temperature. The corresponding variance of the equivalent light power at the detector input is
𝑆𝑆 2 (𝑃𝑃𝑘𝑘𝑘𝑘 ) =

2𝑘𝑘𝑘𝑘
1
∙ 2 2
𝑅𝑅𝐿𝐿 ∙ ∆𝑡𝑡 𝑀𝑀 𝑠𝑠𝜆𝜆

with M being the receiver amplification factor.

,

(4.6.21)

In the case of a PMT detector, the contribution of thermal noise [i.e., the term 𝑆𝑆 2 (𝑃𝑃𝑘𝑘𝑘𝑘 ) in (4.6.21)] is
usually neglected as compared with the shot noise (Lebed’ko, Porfir’ev, and Hajtun 1984); the factor 𝐶𝐶 in
this case should be modified in order to take into account the noise amplification by the dynode system:
𝐶𝐶 ⇒ 𝐶𝐶(1 + 𝑏𝑏𝑑𝑑 ), where the parameter 𝑏𝑏𝑑𝑑 , which accounts for the additional contribution by the PMT
dynodes to the shot noise, is in the range 1.5 ≤ 𝑏𝑏𝑑𝑑 ≤ 3 (Lebed’ko, Porfir’ev, and Hajtun 1984).
On the other hand, for photodiodes and other solid state detectors (including CCDs) the shot noise caused
by useful signals is much smaller than the dark current contribution (Lebed’ko, Porfir’ev, and Hajtun
1984). Streak tube detectors (McLean and Murray 1998) and ICCDs (Moran et al. 1997) seem to fall into
an intermediate category, for which all the sources of noises should be considered.
The application of a lidar system to the detection of an opaque object in water is similar to bathymetry.
For the case in question equation (4.6.23), (4.6.19), and (4.6.20) have to be modified:
𝐷𝐷𝑏𝑏𝑏𝑏𝑏𝑏
Where

1/4

2
2
2
2
2 �𝑃𝑃
�𝑜𝑜𝑜𝑜𝑜𝑜 �2 ��
= �𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 ���𝐶𝐶 �𝑃𝑃𝐵𝐵 + 𝐵𝐵𝑜𝑜𝑜𝑜𝑜𝑜
� ∙ �𝐶𝐶� �𝑃𝑃𝐵𝐵 − �𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 � + 𝐵𝐵𝑜𝑜𝑜𝑜𝑜𝑜
− 𝜀𝜀𝑜𝑜𝑜𝑜𝑜𝑜
�𝑃𝑃�𝑜𝑜𝑜𝑜𝑜𝑜 � − 𝜀𝜀𝑠𝑠𝑠𝑠𝑠𝑠

𝑃𝑃�𝐵𝐵 = 𝑖𝑖𝐵𝐵 = 𝑃𝑃�𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑃𝑃�𝑏𝑏𝑏𝑏 + 𝑃𝑃�𝑏𝑏𝑏𝑏 + 𝑃𝑃�𝑘𝑘𝑘𝑘 + 𝑃𝑃�𝑑𝑑 + 𝑃𝑃�𝑜𝑜𝑜𝑜𝑜𝑜 ;

2
2 �2
2 �2
2 𝑃𝑃
2 + 𝜀𝜀 2 𝑃𝑃
2
�𝑠𝑠𝑠𝑠𝑠𝑠
�2
�2
�2
�2
𝐵𝐵𝑏𝑏𝑏𝑏𝑏𝑏
= 𝑆𝑆 2 (𝑃𝑃𝑘𝑘𝑘𝑘 ) + 𝜀𝜀𝑠𝑠𝑠𝑠𝑠𝑠
𝑏𝑏𝑏𝑏 𝑏𝑏𝑏𝑏 + 𝜀𝜀𝑏𝑏𝑏𝑏 𝑃𝑃𝑏𝑏𝑏𝑏 + 𝜀𝜀𝑜𝑜𝑜𝑜𝑜𝑜 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 + 𝜀𝜀𝑠𝑠𝑠𝑠𝑠𝑠 �𝑃𝑃𝑏𝑏𝑏𝑏 + 𝑃𝑃𝑏𝑏𝑏𝑏 + 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 � .

′
with 𝜀𝜀𝑜𝑜𝑜𝑜𝑜𝑜 being the normalized variance of 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜
.

′
An effective approach for estimating 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜
was proposed in Dolin & Levin (1991), accounting for

observation conditions and object features, as well as water optical characteristics.
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When the purpose of a lidar survey is the detection of subsurface water layers with contrasting optical
parameters (e.g., for polluted stream location, biological productivity analysis, etc.), the following
expression is valid:
𝐷𝐷𝑙𝑙𝑙𝑙𝑙𝑙 =

∆𝑃𝑃�𝑏𝑏𝑏𝑏

(4.6.25)
1/4

2
2
2
−
2 �(2𝑃𝑃
�𝑏𝑏𝑏𝑏
��𝐶𝐶𝑃𝑃�𝐵𝐵 + 𝐵𝐵𝑙𝑙𝑙𝑙𝑙𝑙
� ∙ �𝐶𝐶(𝑃𝑃�𝐵𝐵 + ∆ �𝑃𝑃𝑏𝑏𝑏𝑏 ) + 𝐵𝐵𝑙𝑙𝑙𝑙𝑙𝑙
− �𝜀𝜀𝑏𝑏𝑏𝑏
+ 𝜀𝜀𝑠𝑠𝑠𝑠𝑠𝑠
∙ ∆𝑃𝑃�𝑏𝑏𝑏𝑏 + (∆𝑃𝑃�𝑏𝑏𝑏𝑏 )2 )��

where

−
𝑃𝑃�𝐵𝐵 = 𝑖𝑖𝐵𝐵 = 𝑃𝑃�𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑃𝑃�𝑏𝑏𝑏𝑏
+ 𝑃𝑃�𝑏𝑏𝑏𝑏 + 𝑃𝑃�𝑘𝑘𝑘𝑘 + 𝑃𝑃�𝑑𝑑 ;
2

(4.6.26)
2

2
2 �2
2 𝑃𝑃
2 + 𝜀𝜀 2 𝑃𝑃
2
�𝑠𝑠𝑠𝑠𝑠𝑠
�−
�−
�2
𝐵𝐵𝑙𝑙𝑙𝑙𝑙𝑙
= 𝑆𝑆 2 (𝑃𝑃𝑘𝑘𝑘𝑘 ) + 𝜀𝜀𝑠𝑠𝑠𝑠𝑠𝑠
𝑏𝑏𝑏𝑏 𝑏𝑏𝑏𝑏 + 𝜀𝜀𝑏𝑏𝑏𝑏 𝑃𝑃𝑏𝑏𝑏𝑏 + 𝜀𝜀𝑠𝑠𝑠𝑠𝑠𝑠 �𝑃𝑃𝑏𝑏𝑏𝑏 + 𝑃𝑃𝑏𝑏𝑏𝑏 � .

(4.6.27)

+
− |
Here ∆𝑃𝑃�𝑏𝑏𝑏𝑏 is the increase in backscattered signal from within the layer, ∆𝑃𝑃�𝑏𝑏𝑏𝑏 = |𝑃𝑃�𝑏𝑏𝑏𝑏
− 𝑃𝑃�𝑏𝑏𝑏𝑏
, that is, the
+
difference between the value of backscattered signal power from the above-lying water, 𝑃𝑃�𝑏𝑏𝑏𝑏 , and that
−
from the layer to be detected, 𝑃𝑃�𝑏𝑏𝑏𝑏
.

Optimization of lidar system parameters

The formulae for D-index of discriminability obtained in Section 4.6.3 may be applied to evaluate optimal
values of a separate lidar system parameter. Of course, the formulae have to be complemented with
expressions for light fluxes caused by bottom reflection of the sounding laser beam, 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏 , water
backscattering, 𝑃𝑃𝑏𝑏𝑏𝑏 , and so on, as well as for 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 . The necessary expressions are to be derived from an
adequate physical model of laser sounding of ocean waters (see, e.g., Dolin and Levin (1991), Dolin et al.
(1988)).

Results presented here are obtained with the use of a PC program, "OCEAN-SCIENTIFIC" (Victor I.
Feigels and Kopilevich 1993a); the models used for the sounding laser beam propagation and for the
optical properties of ocean water have been detailed in Viktor I Feigels & Kopilevich (L. S. Dolin and
Levin 1991). Sounding conditions and values of system parameters (with the exception of those varied or
otherwise specified) are summarized in Table1:
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Table 4.2 : Sounding conditions and systems parameters
Lidar platform altitude

200 m

Wind velocity above the sea surface

5 m/s;

Meteorological visibility

5 km;

𝜀𝜀𝑠𝑠𝑠𝑠𝑠𝑠 (laser pulse power fluctuations, random variations in the PMP
gain, etc.)

15 %;

Beam attenuation coefficient, c,

0.2 and 0.5 m-1
200

Zenith sun angle
Receiver FOV

50 mr

Sounding laser power

1 MW

Receiving system diameter

0.2 m

Receiver spectral bandpass half-width

1 nm

Detector photo-cathode

S-20

Type of the bottom

sand

Figure 4.6.4 depicts the D-index as a function of the receiver input pupil diameter (application to
bathymetry; bright day sounding conditions). It is seen that systems with receiver aperture diameters
above 15-20 cm, have no advantages under day-time conditions. The curve in Figure 4.6.5 demonstrates
only a formal influence of optical filter half-width. In actual practice, one has to account for the fact that
reduction in bandpass beyond 0.1-1.0 nm is followed by a significant decrease in its transmittance,
restricts the system FOV, and requires additional temperature control (better than ± 0.02°C) cell (Rees et
al. 1996). These negative effects are particularly unsuitable at night, when there are no advantages to
narrow optical filtering.

Figure 4.6.4. D-index for a mud bottom sounding (depth 25-m; "bright-day" conditions) as a function of receiver
aperture diameter for different spectral selector bandpass half-width.

129

eCommons (2019) https://doi.org/10.7298/4sb5-8434

AIRBORNE LASER HYDROGRAPHY II

Figure 4.6.5. D-index versus spectral selector bandpass for mud bottom sounding at 25-m depth ("bright-day"
conditions; receiving system diameter - 0.2 m)

A more recent version of the software, OS-2001 is described in Feigels et al. (Victor I. Feigels et al. 2002)
and with a more sophisticated theoretical background in Kopilevich et al. (Kopilevich, Feygels, and
Surkov 2003).
To clarify the combined effect of the receiver pupil area, spectral bandpass and transmittance of the
optical receiver trunk, as well as of the laser pulse power, it is convenient to consider two limiting cases
(Victor I. Feigels and Kopilevich 1994b)
A. "ideal night" conditions: zero sun light exposure, unperturbed sea surface, and negligible
system instability. Then
𝐷𝐷~�𝑃𝑃𝑇𝑇 𝐴𝐴𝑅𝑅 𝜏𝜏𝑅𝑅

(4.6.28)

B. "bright-day" conditions: rough sea, and considerable system instability. In this case a simple
expression for the D-index is valid:
𝐷𝐷~𝑃𝑃𝑇𝑇 �𝐴𝐴𝑅𝑅 ⁄∆𝜆𝜆

(4.6.29)

Where 𝑃𝑃𝑇𝑇 is the laser transmitter power, 𝐴𝐴𝑅𝑅 is the receiver aperture area, 𝜏𝜏𝑅𝑅 is the optical receiver trunk
transmittance (filter included), and ∆𝜆𝜆 is the receiver spectral bandpass half-width.
Equation (4.6.29) leads to an unexpected conclusion: the effectiveness of the lidar system does not
depend on the receiver aperture area when the background light power significantly exceeds the echosignal from the bottom (for bathymetry), or from the scattering layer to be detected.

Proceeding to the problem of field-of-view (FOV) optimization, it is important to remember that we are
considering a sounding lidar system; for imaging system the following may be applied to an “elementary”
lidar with separate pixel taken as detector.
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When the effect of surface waves, system instability and detector thermal noise may be neglected, the
expression for the D-index for case A ("ideal night") is
𝐷𝐷 = 𝑐𝑐1 𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜 �𝑚𝑚𝑚𝑚, 𝑚𝑚𝜃𝜃𝑜𝑜𝑜𝑜𝑜𝑜 , 𝑏𝑏ℎ� ∙ �𝐹𝐹[𝑚𝑚𝑚𝑚, 𝑏𝑏ℎ]

(4.6.30)

and for case B (“bright-day") it is

𝐷𝐷 = 𝑐𝑐2

𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜 �𝑚𝑚𝑚𝑚, 𝑚𝑚𝜃𝜃𝑜𝑜𝑜𝑜𝑜𝑜 , 𝑏𝑏ℎ� ∙ 𝐹𝐹[𝑚𝑚𝑚𝑚, 𝑏𝑏ℎ]
𝐹𝐹𝐹𝐹𝐹𝐹

(4.6.31)

where the constants 𝑐𝑐1 and 𝑐𝑐2 do not depend on the receiving system FOV, and where

𝐹𝐹[∗,∗] is a function, introduced by Dolin and Levin (1991) to describe the effect of FOV and the
shape of scattering phase function on the rate of decrease in 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏 and 𝑃𝑃𝑏𝑏𝑏𝑏 ;
R

𝐹𝐹[∗,∗,∗] is a special function (L. S. Dolin and Levin 1991) accounting for the object angular
dimension, θ𝑜𝑜𝑜𝑜𝑜𝑜 , reduced to the sea surface;

𝐻𝐻 and ℎ are the lidar platform altitude and sounding depth, correspondingly;
n is the refractive index and b is the scattering coefficient of the water;
𝐻𝐻
ℎ

1
𝑛𝑛

𝜃𝜃 = tan−1 �0.5 ∙ 𝐹𝐹𝐹𝐹𝐹𝐹 � + ��;

m is a parameter in the scattering phase function approximation of the form 𝑝𝑝(𝛾𝛾)~𝑒𝑒𝑒𝑒𝑒𝑒(−𝑚𝑚𝑚𝑚)/𝛾𝛾.

When angular dimension of the object to be detected is big enough, θ𝑜𝑜𝑜𝑜𝑜𝑜 ≫ 𝜃𝜃 (as it is, e.g., in
bathymetry), 𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜 �𝑚𝑚𝑚𝑚, 𝑚𝑚𝜃𝜃𝑜𝑜𝑜𝑜𝑜𝑜 , 𝑏𝑏ℎ� ≡ 1, and (4.6.30) and (4.6.31) may be rewritten as:
𝐷𝐷 = 𝑐𝑐1 �𝐹𝐹[𝑚𝑚𝑚𝑚, 𝑏𝑏ℎ]

𝐷𝐷 = 𝑐𝑐2 𝐹𝐹[𝑚𝑚𝑚𝑚, 𝑏𝑏ℎ]⁄tan 𝜃𝜃

case A

,

(4.6.32)

case B

.

(4.6.33)

Setting the derivative, 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑, equal to zero, we obtain an equation for θ𝑜𝑜𝑜𝑜𝑜𝑜 , maximizing 𝐷𝐷 for a given

value of 𝑏𝑏ℎ and 𝑚𝑚. The dependence of θ𝑜𝑜𝑜𝑜𝑜𝑜 (case B) on optical scattering depth, 𝑏𝑏ℎ, is depicted in Figure
4.6.6 for 𝑚𝑚 = 8. It is seen that θ𝑜𝑜𝑜𝑜𝑜𝑜 tends to ≈30° for maximal scattering depth values.

From (4.6.33), the FOV in the case of strong sunlight is given by
𝐹𝐹𝐹𝐹𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜 ≈

2 tan�𝜃𝜃𝑜𝑜𝑜𝑜𝑡𝑡 �
𝐻𝐻 ⁄ℎ

(4.6.34)

Comparison of the result with Guenther and Thomas (1984) data shows that the 𝐹𝐹𝐹𝐹𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜 for different
systems lies in the angle interval related to the 50-70% level of bottom reflected energy.
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Figure 4.6.6. The optimal FOV value, θ opt,, as a function of dimensionless optical scattering thickness, 𝑏𝑏ℎ, of the
water for large object detection and "bright-day” conditions (case B).

Laser source wavelength optimization
The problem of laser source wavelength optimization may appear to be simple since a correspondence to
the spectral range of maximal transparency, or minimal absorption, of the water column, is typically
considered to be a requirement.
For the wavelength of a laser source to be appropriate for use in sea water remote sensing instruments, it
should match the transmission maximum of the water. The transmission maxima for various types of
natural waters are known to lie in the interval from 470 nm to 580 nm (Jerlov 1976; Measures 1984). Fine
structure of spectral dependence of the attenuation coefficient measured with the help of a dye laser for
different water samples (Cariou and Lotrian 1982) with spectral resolution better than 1 nm (see Figure
4.6.7) seem to show a potential advantage of the wavelength tuning that can provided by dye lasers
introduced in the novel models of airborne lidars (Parson and Harvan 1990; Lutomirski et al. 1994).
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Figure 4.6.7. Variations of the attenuation coefficient for pure water (curve 1) and sea water samples (2-6)
(reproduced from Cariou and Lotrian 1982).

It is quite obvious, though, that an approach based on the spectral dependency of only the absorption
coefficient, is not quite correct. To begin with, one should considered that the effective attenuation
coefficient, 𝐾𝐾, as in the most simplified lidar equation (L. S. Dolin and Savel’ev 1971a) for the power,
𝑃𝑃𝑏𝑏𝑏𝑏 (ℎ), returned to airborne receiver from the depth ℎ,
ℎ

𝑃𝑃𝑏𝑏𝑏𝑏 (ℎ) = 𝐵𝐵(ℎ)exp �−2 � 𝐾𝐾(𝑧𝑧) 𝑑𝑑𝑑𝑑�

(3.6.35)

0

lies within the bounds 𝑎𝑎 ≤ 𝐾𝐾 ≤ 𝑐𝑐 = 𝑎𝑎 + 𝑏𝑏, where a, b, and c are the absorption coefficient, scattering
coefficient, and the beam attenuation coefficient, correspondingly (Kopilevich and Feigels 1993; Gordon
1982). The contribution from scattering to the value of 𝐾𝐾(𝑧𝑧) depends both on optical the properties of the
water column between the surface and the horizon, z, and on parameters of the lidar system such as the
platform altitude and the receiver FOV. For example, at limiting depth values, due to strong scattering of
the sounding laser beam and a wide FOV angle, 𝐾𝐾(𝑧𝑧) approaches the absorption coefficient, 𝐾𝐾(𝑧𝑧) =
𝑎𝑎(𝑧𝑧) + 𝑏𝑏𝑏𝑏 (𝑧𝑧) ≈ 𝑎𝑎(𝑧𝑧) (L. S. Dolin and Levin 1991), while the backward scattering coefficient 𝑏𝑏𝑏𝑏
(𝑏𝑏𝑏𝑏 ≪ 𝑏𝑏) is usually small compared with absorption. In contrast – especially with imaging lidar systems
– when the depth is small, the essential part of echo-signal is caused by the coherent, or "non-scattered"
component of laser beam in the water, so one has 𝐾𝐾(𝑧𝑧) ≅ 𝑐𝑐(𝑧𝑧) (L. S. Dolin and Levin 1991). In the latter
case, it is just the scattering coefficient, not attenuation spectral dependence which determines the optimal
wavelength for the lidar source.
The parameter 𝐵𝐵(ℎ) in (3.6.35), is proportional to an "effective backscatter coefficient", 𝛽𝛽, at the same
depth, 𝐵𝐵 = 𝐶𝐶𝐶𝐶, with the quantity, 𝐶𝐶, depending only on lidar transmitter and receiver parameters and the
platform altitude. 𝛽𝛽 is shown to be equal to the volume backscattering coefficient, 𝛽𝛽(180°), when dealing
with signal from near-surface layer (Kopilevich and Feigels 1993); for deep-water soundings, 𝛽𝛽 is a
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certain mean value of the volume scattering function (VSF), 𝛽𝛽(𝜃𝜃), over a solid angle around 𝜃𝜃 = 180°
direction, in accordance with the angular spread of the light beam due to scattering in sea water (Maffione
and Dana 1996). The effective backscattering by sea water determines the background signal in lidar
sounding; specifically, in bathymetry (as well as in small object imaging) the possibility of bottom
(object) detection obviously depends on the relationship between bottom (object) reflectivity, 𝑅𝑅, and the
effective backscattering coefficient of the near-bottom (near-object) water layer. The wavelength
dependence of 𝛽𝛽(𝜃𝜃) is found to be rather sharp in the spectral region of interest (Maffione and Dana
1996); in particular, the measurements in the Gulf of Mexico, depicted in Figure 4.6.8, give
𝛽𝛽(180°)~𝜆𝜆−4.1 .
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Figure 4.6.8. The spectral volume scattering function β(θ) over the angular range 179 to 180 degrees for water in the
Gulf of Mexico (Maffione and Dana 1996).

According to these data, when passing from “green” to “blue” wavelengths, backscattering from the water
increases by a factor of approximately 1.5; at the same time, reflection by various types of bottom
decreases significantly (see Figure 4.6.9). The joint effect of the two factors outweigh the beneficial effect
of higher water transparency on lidar performance, both for bathymetry and for small object detection (the
curve in Figure 4.6.9 related to mud bottom can serve as a model for black painted artificial surfaces).
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Figure 4.6.9. Spectral reflectance of different bottom materials (sand, mud and green vegetation) (Lyzenga 1978).

From the above discussion it appears that, in order to solve the problem of laser wavelength optimization,
one must take into account:
•
•
•
•

the spectral characteristics of the water body and the bottom reflectivity (or reflectivity of the
object to be detected);
background radiation at the lidar detector input, which depends on the sun zenith angle and other
external conditions like the surface wave intensity, etc.;
the spectral sensitivity, 𝑆𝑆𝑝𝑝ℎ (𝜆𝜆), of the PMT photocathode or ICCD for radiometric and imaging

lidar systems, correspondingly; and
variations in laser pulse power, 𝑆𝑆𝑡𝑡 (𝜆𝜆) (accompanying, e.g., dye laser wavelength tuning).

Quantitative estimates of the dependence of lidar system performance on the laser source wavelength,
presented below, are based on spectral reflectance data from Figure 4.6.9 for mud bottom. The spectral
sensitivity of the PMT photocathode S-20 (Ross 1966) was used for this example. For background
radiation at the lidar detector, the sum of diffuse sunlight reflected by surface, and that backscattered by
water body is used (Austin 1974). (It is worth noting that the spectral maximum of the background
radiation lies within the region of seawater maximum transparency!) It is presupposed that mirrorreflection of sunlight by the surface is not observable, and that the role of sunlight backscattering by the
atmospheric layer between lidar platform and the surface is negligible (true for altitudes up to 300 -500
m).
Figure 4.6.10a and b, demonstrate the calculated dependence of the D-parameter on the sounding bottom
depth (bathymetry) for daylight conditions (case B described above). Note that for, relatively clear water
(Figure 4.6.10a), a typical level of 𝐷𝐷 ≈ 6 corresponds to a maximal depth value of 68 m for the optimal
wavelength, 𝜆𝜆 = 490 𝑛𝑛𝑛𝑛, while 𝜆𝜆 = 532 𝑛𝑛𝑛𝑛 (YAG:Nd) gives only 48 m, and 𝜆𝜆 = 511 𝑛𝑛𝑛𝑛 (copper
vapor laser) achieves 55 m. The effect seems to be considerable; one should note, however, that
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wavelength optimization (with the use of tunable dye laser) may be ineffective if accompanied with
substantial loss in transmitted power. Figure 4.6.10b corresponds to the case of rather turbid water for
which the optimal wavelength is 500 nm, and the effect of wavelength is negligible.

A

B

Figure 4.6.10. D-index of discriminability as a function of bottom depth for the different laser wavelengths: 1) 490
nm, 2) 511 nm, 3) 532 nm; A) 𝑐𝑐 = 0.2 𝑚𝑚−1 , B) 𝑐𝑐 = 0.5 𝑚𝑚−1

136

eCommons (2019) https://doi.org/10.7298/4sb5-8434

AIRBORNE LASER HYDROGRAPHY II

Figure 4.6.11. Calculated spectral dependencies of the D-index (normalized to the maximum value) for “day-time”
conditions; curve 1 corresponds to water type III according to Jerlov’s classification (Jerlov 1976), curves 2 and 3 –
to water types 5 and 7, correspondingly.

The results presented above make it evident that the question of an optimal laser source for laser remote
sensing does not have a simple and universal answer. Practical optimization requires one to take into
account not only spectral variations in the optical characteristics of the water body and bottom
reflectivity, but also the spectral dependence of the sensitivity of the specific detector used. The joint
action of the listed factors typically provides a “red’ shift of the optimal wavelength by 10–20 nm from
the spectral range of maximal transparency of ocean water. The effectiveness of dye wavelength-tunable
lasers in bathymetric airborne systems depends on generated light pulse power variations attendant on
wavelength tuning. Of course, the problems connected with increased danger of excimer-pumped lasers
for operators must also be taken into account.

D-index for systems with high repetition rate and return signal summation
In order to compare the system effectiveness of high repetition range lasers (hundreds of kHz), with that
of other systems (particularly, systems with relatively high pulse peak energy and low, to moderate
repetition rate (30-30,000Hz) we may again use the comparison criterion based on Sakitt's D-index of
discriminability. The D-index of discriminability for summing over accumulated pulses in bathymetry,
DN, is determined by the following expression (Svetlykh and Feigels 1993)
𝐷𝐷 𝑁𝑁 = 𝑁𝑁 1/2 ∙ 𝐷𝐷

(4.6.36)

where D is the value of the D-index, calculated for a single laser pulse in accordance with the formulae
presented in above paragraphs, and N is the number of pulses accumulated.
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A universal parameter for the comparison of bathymetric lidars
Under certain conditions and assumptions typically found in lidar bathymetry practice, we may compare
the operational depths achieved by different systems through the analysis of a single parameter for
Bathymetric Lidars, C BL , determined according to the equation (4.6.29) (Feygels, Kim, et al. 2014;
Feygels, Kopilevich, et al. 2014)
𝐶𝐶𝐵𝐵𝐵𝐵 = 𝑃𝑃𝑇𝑇 ∙ 𝑑𝑑0 ∙ �

𝜂𝜂
Δλ

1�
2�

�kW ∙ m ∙ (𝑛𝑛𝑛𝑛)−

(4.6.37)

where: 𝑃𝑃𝑇𝑇 is the transmitter (laser) pulse power in kW;
𝑑𝑑0 is the receiver aperture diameter in m;
𝜂𝜂 is the transmittance (efficiency) of the transmitter-receiver optical tract;
𝛥𝛥𝛥𝛥 is the optical bandwidth of the spectral selector (optical filter) in nm.
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶
The value of this universal parameter for CZMIL 𝐶𝐶𝐵𝐵𝐵𝐵
, is (Tuell, Barbor, and Wozencraft 2010;
Feygels et al. 2013):

0.62
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶
𝐶𝐶𝐵𝐵𝐵𝐵
= 1500 ∙ 0.2 ∙ �
= 232.4
1

1�
2

kW ∙ m ∙ (𝑛𝑛𝑛𝑛)−

(4.6.38)

(The CZMIL system was optimized in the design stage of the OCEAN-SCIETIFIC-2001 software (Fuchs
and Tuell 2010)).
To predict the maximal optical depth for a given lidar system, (X), as compared to CZMIL, it is necessary
to assume that:
• Environmental (atmosphere, water, bottom) conditions are the same;
• Altitude and depth are the same;
• Fields-of-view of the lidar receivers are nearly the same, and close to optimal;
• Photoreceiver sensitivities are the same.
Then:
𝑋𝑋
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶
(𝐾𝐾𝑑𝑑 𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚 )𝑋𝑋 = (𝐾𝐾𝑑𝑑 𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚 )𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 + ln�𝐶𝐶𝐵𝐵𝐵𝐵
/𝐶𝐶𝐵𝐵𝐵𝐵
�/2

where (𝐾𝐾𝑑𝑑 ∙ 𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚 )𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = 4.15 .

(4.6.39)

Figure 4.6.12 illustrates the sensitivity of the parameter (𝐾𝐾𝑑𝑑 ∙ 𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚 )𝑋𝑋 to the ratio of the universal
X

parameter for the “unknown” system, C BL , to that for CZMIL,
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Figure 4.6.12. Prediction of (𝐾𝐾𝑑𝑑 ∙ 𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚 )𝑋𝑋 for system (X) based on a ratio of universal parameters.
The universal parameter can be used under certain assumptions to compare lidar systems and predict their
maximum penetration depth. For a more accurate systems comparison (and optimization), a special
simulated computer program (Victor I. Feigels et al. 2002) should be employed.
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