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PERFORMANCE OF SHILLER LAG ESTIMATORS
SOME ADDITIONAL EVIDENCE

by
Henry W. Kinnucan®

In distributed lag models, collinearity among lagged independent var-
iables often leads to imprecise estimates of the parameters when unrestricted
ordinary least squares (OLS) is used. A widely used alternative-- the Almon
(1965) procedure--has also come under attack (Maddala 1977) because it imposes
strong restrictions on the parameters, The tendency for these restrictions
to produce severely distorted shapes for the lag distribution has been veri-
fied in an extensive Monte Carlo study conducted by Cargill and Meyer (1974).
Their study indicated the following (p. 1041): "{e)stimatesiobtained with
a gecond degree polynomial, whether constrained or unconstrained, yielded
very large biases which in many cases were over 50 percent of the true value
of the coefficient. In addition, the mean coefficients Were often unable
to correctly describe the shape of the lagged relation. While increasing the
polynomial to a fourth degree yielded a reduction in the size of the biases,
they were still very large in magnitude compared to OLS." Misspecification
of the lag length and the presence of serial correlation tended to increase
these blases further.

A technique, which imposes less severe restrictions and includes the
unrestricted OLS and Almon procedures as special cases, has been developed
by Shiller (1973). Evidence regarding this procedure, while scanty, is
encouraging. One of Shiller's applications involved estimating a lag distribu-
tion of known shape by the OLS, Almon and Shiller procedures. The results

showed OLS producing a very jagged representation of the true shape., The
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Almon estimates, in gemeral, did a poor job of representinmg the tails of

the true distribution. The Shiller estimates, by contrast, preduced a smooth
shaped distribution that tracked the true distribution very well. More recent-
1y, Fomby (1979) applied the Shiller methodology to the Almon data and te data
used by Griliches, et al. (1962). For the Alwon data, when a polynomial

of degree two is chosen, both the Alwon and Shiller procedures produced esti~
mates with a lower mean squared error (MSE}%! than the OLS estimates, However,
the sum of the lag coefficients for the Shiller procedure had a smaller down-
ward biss than the corresponding sum for the Almon procedure. Thus. for the
Almon data, the Shiller procedure provides plausible lag shapes with smaller
bias in the estimated long-run effect, For the Griliches, et al. data Fomby
reports only on results pertaining to a first-degree polynomial restriction.
Here the Almon estimator leads to a rejection of the hypothesis of mean
squared error superiority at the a« = .05 level. The corresponding Shiller
estimator produces results which ome could claim has a smaller MSE than OLS.

A number of studies designed to determine the ecomomic effectivemess of
generic milk advertising has employed the Almon procedure in estimating the
relationship between milk sales and advertising expenditures (Thompson, Eiler
1975: Thompson, Eiler, Fbrkar 1976: Thompson 1978)}. The purpose of thiS‘papef
is to explore what improvement, if any, can be expected from the use of the
less restrictive Shiller procedure in the context of the data and model used
in these studies. A test developed by Fomby will be used to determine whether
the Almon or Shiller estimates can be considered mean squared superior to the

unrestricted OLS estimates. The relatively small sample size (26 observations)

used in the tests should yield some evidence regarding the small sample

1]’ R

- =/ the MSE of a parameter estimate is its variamce plus blas squared.
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properties of these estimators.~
The Shiller methodology is reviewed, and then details regarding the
 evaluation procedure are presented. The subsequent section discusses the

empirical results,

The Shiller Method

The ides ﬁnderlying the Shiller method is that the researcher generally
has some a priori notioms about the likely appearance of the lag shape
and that these notions should be incorporated explicitly into the analysis
to increase the efficiency of the estimstes. One such generally held belief
is that the lag distribution should trace a swooth curve. The Shiller
approach provides an extremely flexible means of incorporating this assump-
tion. Specifically, suppose the model is

n 9 :
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where Yt and Xt are scaler time series at time t., The smoothness restriction

can be imposed by requiring

d+l - 2

where A is the difference operator {(e.g8., A Bi = Bi - Bi—l)' The d term

szome early work done by Swamy and Mehta (1969) suggests that the gains on

efficiency that ome would expect from using the Shiller method are considerable
and not much affected by sample size, The question of bilas in small samples still

remains, however,
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is the "degree of smoothness" imposed. Thus, for example, zero degree
smoothness implies that first differences in the Bi are small, i.e.,
A Bi = Bi - Bi—l is approximately zero for all i. The smoothness restriction
ig made stochastic to allow specifying degrees of precision regarding our
prior beliefs,

While Shiller used a Bayesian framework in the development of his
procedure, Taylor (1974) has shown thet equivalent results are achleved

by using the more familiar Theil-Goldberger mixed estimation framework.

Under this framework, equation (2) is rewritten in matrix notation as
0 =RB+w (2%)

vwhere Rd is a (n=-4) x (ot+l) matrix of restriction coefficients;éf

Combining (1) and (2°),

{3

The best linear unbiased estimator of B for this model (if k = 68/6& is

known a priori) is the Thell-Goldberger {1961) estimator

éjThe Maddala (1977) discussion of the Shiller procedure contains an
incorrect example of the R, matrix (p. 383)=--the signs of the coefficients
ghould be reversed. In adéition, he incorrectly states the row dimension

of the Rd matrix as (n-1); it should be (n-d).
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That the OLS estimator is a special case of the Shiller estimator
is apparent from (4) by setting k = 0 , It can also be shown (Shiller 1973)

that

im B8 = B, (6)

k -+ o

That is, the Shiller and Almon estimates (based on a d-degree polynomialj
are equivalent for sufficiently large k.

The Shiller methodology, in addition to subsuming the OLS and Almon
estimators as special cases, has the further advantage of being less likely
to fail to deal with the multicollinearity problem than the Almon procedure,
since a degree of zero or one is probably adequate for the Shiller method,

but not the Almon,



The Evaluation Procedure

The test criteriom and statistic

Imposing restrictions on the parameters increases the efficiency
(reduces the standard errors) of the parameter estimates but, unless correct,
the restrictions produce bias. The potential for bias grows (and efficiency
gains become larger) as the restrictions become more stringent. The effi~-
ciency gains from applying too stringent restrictions can outweigh the bilas
when multicollinearity is severe. This fact underlies the justification of
the Almon précedure since the stringency of the restriction im the Shiller
framework grows with k and Almon estimates are obtained by gsetting k= = .

The tradeoff between efficiency and bias, implied by the use of esti-~
mating procedures such as the Shiller method, can be effectively measured
using the mean squared error criterions Applying this MSE criterion to

the Shiller estimator we cam form the hypotheses

By EE%“B)' ‘(88-'6)] < EEE«S)' (Ems)] (7a)

HA: HH mot true, | SR 1Y )]

where B is the OLS estimator;i/ Rejection of HN implies that the Shiller
estimator is not superior to the OLS estimator in a MSE senmse., Since the .
Almon estimator i1s a special case of the Shiller estimator, the test is

general.

ﬁjThe expression in H, is the "eak” mean squared error criterion discussed

in Wallace (1977) p. 434, A strong mean squared error criterion reguires
that for 8 to be better in MSE than B, the MSE of every lismear combination
for"{{S must be no larger than the same linear combinations for 8. Under

g~ is better in MSE than B if Bg is closer, on the average, to B in

squargd Buclidian distance.



To test the null hypothesis (7a), Fomby (1979) developed the following

test statistic

- [@5@@ - RSS(&)]/(n—d) -
y = = ®)

RSS(B) / (T - 2n - 1)

where RSS(BB) and RSS(E) are, respectively, the residual sum of squares

from the Shiller and OLS models. The y statistic has a noncentral F-distribution
with n-d and T-2n-1 degrees of freedom. A table of critical valués for testing
hypothesis (7a) is available in Wallace and Toro-Vizcarrondo (1969). By
comparing the computed value of v with the corresponding critical values,

the appropriateness of the chosen degree of smoothness (the d parameter)

as well as how stringently this degree smoothness should be allowed to modify

the OLS estimates (the k parameter) can be objectively evaluated.

The model and data

The model used in this study is the milk sales response function

developed by Thompson (1978):

11
[ ]
in qt o +j§1 $. B + g 1n It—l + § In Pt—l + A 1n pt-l +
4
g By lma . +e, ¢))
where q, = per capita daily milk sales,

%, = wonthly seasonality dummy variable with

December as the base class,
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T = preal per capita personal income before taxes,

pc = the veal price of cola,

pm = the real price of fluid milk, and

a = real per capita genmeric milk advertising
expenditures,

Previous analyses by Thompson indicated that a lag length of four in advertis-
ing was appropriate for this data.

The data, which pertain to the New York City market, are presented in
the appendix along with a more precise definition of the variables. The
effective sample period covers May 1975 through June 1977 for 26 observatiouns.
For mopnths with zero advertising expenditures an arbitrardily small value of

.0001 was used to accomodate the double-log specification.

To implement the Shiller methodology, a value for the "tightness”
parameter k must be selected. Shiller suggested that when d = 1, one
rule~of-thumb procedure is to set ;W = 8§ s/n where s is the sum of the
lag coefficients (obtained from OLS regression) and then to compute

A Ead

k = O /UW whare ge is the standard ervor of the OLS regression. Al-
though this procedure seemed to have worked well for the experiments per-
formed by Shiller (1973), it has the disadvantage that the k so computed
is not invariant to changes in the units of measursment of the variables.

Aﬁ alternative procedure used by Lindleyzand smich (1972 and recom-

mended by Maddala (p. 387) is to compute ;B = i/n igo { éi - B ) 2
where B 1s the mean of the OLS lagged coefficients Ei and then to set

'ﬁ = ;e /;3 , This procedure is used here. The sensitivity of the MSE test

to the selected value of k is then analyzed by using four altermative values

for k: 1/2 k, k, 2 k, and & k.



Shiller suggests that first-degree smoothness prior is probably adequate
in most applications. To test this proposition and to provide results mean—
ingful for the Almon procedurs, zero-degree and second-degree smoothness
assumptions are also examined. Thus, three sets of results are presented
corvesponding to d = 0, d = 1, and d = 2. Within each set, six alternative
estimates are generated corresponding to k = { (the OLS estimates),

k = Ge /38 » 1/2 ﬂ, 2 fc, 4 ﬁ, and k = 1,000,000 (the Almon estimates for a

d degree polynomial).

Empirical Results

The empirical results were obtained using the TROLL sconometric soft~
ware package., Initially, the experimental SHILLER LAG routine‘within TROLL
was used. However, this program was found to be highly inefficient in terms
of computer time and produced results that were inconsistent with corresponding
OLS and Almon estimates. Therefore, the standard TROLL regression package
was used on the appropriately augmented data matrices. To verify that this
vindirebt procedure produced correct results, the estimates for the special
cases, k = 0 and k = » , were compared to the standard TROLL-produced OLS and
Almon estimates, respectively. This exercise not only verified the correct—
ness of the indirect procedure, but also revealed that the standard errors
produced by the TROLL Almon command implicitly assume that the imposed
restrictions are correct, which is unlikely (see Cargill and Meyer 1974).
These estimates should be multiplied by ;e /;A » the standard error of the

OLS regression divided by the standard error of the Almon regression, if the

Shiller estimates of the standard errors are desired.
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The results for the various degrees of smoothness assumptions are
presented in Tables 1 - 3. End-point constraints were notl imposed in any of
the tests. As Maddala notes (p. 386), when d = O and k = = the Shiller
procedure produces Lindley-Smith estimates. These are contained in the last

column of table one.
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The OLS results (which are invavriant to the degree of smoothness)
indicate that the lagged coefficients for the first two months are mot sta-
tistically different from zero at the usual levels of significance. Thig,
combined with the fact that the coefficient of a.. has the "wrong" sign,
may lead the researcher to suspect that multicollinearity is preventing OLS
from producing precise estimates of the lag parameters. If this is the case,
then imposing the restrictioms inherent in the Shiller procedure should
improve the precision of these estimates by reducing their standard errors.
However, the stronger the restriction (the lower the d or the higher the k
parameter) the greater the probability of introducing bias as well,

The value of the y-statistic (the bottom line in the tables) provides an
objective means for determining whether the efficiency~bias tradeoff implicit
in the use of restricted estimating procedures such as the Shillexr method is
sufficient to warrant their use. For imstance, a y-value greater than 2.868
for the zero-degree smoothness assumption means that the hypothesis that
Shiller estimates are MSE superior to OLS estimaies is rejected at the 10
percent level of significance.

in general, the MSE of the Shiller method is not significantly smaller
than the MSE of the unrestricted OLS procedure. The only case in which the
MSE superiority hypothesis is noﬁ rejected {at the p = .05 level) is under
zero-degree and firat degree smoothness with k < ﬁ. In these cases OLS para-
meters are only slightly modified and gaims in efficiency are wodest. These
results suggest that multicollinearity is mot responsible for the large
relative standard errors in the 8. atml coefficlents. Heﬁce, the advertising
effect apparently did not begin to take hold until two months following the

initial exposure——a not unreasonable finding.
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The Almon procedure appears to be especially inappropriate for these
data; the considerable gains in efficiency obtained by imposing the stringent
restrictions of the Almon procedure are more than outweighed by the accompanied
increase in bias. The bias, however, seems to be in the pattern of the lagged
response, The long~run effect {(the sum of the lag coefficients) is only
slightly downward biased whén the higher degree polynomial is choaen;éj Thus,
the inmappropriate application of the Almon procedure will not have too serious
consequences if only the long-run effect is of interest, but if the pattern
of the lag distribution is ;mpor;ant,‘then thé Almon procedure can produce
highly misleading results. This finding corroborates evidence from both Monte
Carlo studies (Cargill and Mever 1974) and investigations involving actual
data (Fomby 1979). This suggests that investigators using the Almon procedure
would do well to use the less restrictive Shiller procedure, particularly if
the estimated pattern of the lag response is of key importance.

The long~run advertising elasticity is a2 key parameter in the economic
model developed by Thompson et al. to determine the optimal level of gemeric
milk advertising in various markets. A study based upon the same data analyzed
in this paper (Thompson 1978) used an estimated long-run advertising elasticity
(ns-a = ,02931) that was 27 percent smaller than the OLS estimate obtained
here (nsea = .0412)a§/ As a result, recommendatioﬁs regarding the appropriate
level of generic milk advertising in the New York City market for the period
July 1976 to June 1977 may have been understated by as much as $660,452 (in

1976 dollars).

5/

~ Even if a tail constraint is used the Almon estimate of the long-run effect
was only 6.23 percent less than the corresponding OLS estimate {(for a second~
degree polynomial).

é-/N'ot all of the difference im these estimates is attributable to the use of the
Almon procedure. A computer software package with a less efficient regression
algorithm than TROLL may be responsible for the remaining difference.
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FOOTNOTES FOR APPENDIX TABLE 1

E-/'l'he net sales within the Standard Metropolitan Statistical Area (SMSA)

were adjusted for the type of days in the month, i.e., number of Sundays,
Mondays, etc. The sales were also placed on a per capita basis according
to the population in the SMSA. Source for adjusting data for calendar
composition: John P, Rourke, Adjusting In-Area Sales Data for Calendar
Composition, USDA, Agr. Mktg. Ser. Fed, Milk Order Mktg., Stat., MOMS,

No. 196, April 1976 and FMOMS No. 210, June 1977.

E/Includes media advertising expenditures for television, radio and
newspaper., Advertising expenditures were placed on a per capita basis
according to the population in the media coverage area (MCA). Source:
Advertising invoices of Amevican Dairy Association and Dairy Council of
Syracuse, New York.

EjPersonal income within SMSA before taxes. Personal income was placed
on a per capita basis according to the population of the SMSA, Source:
New York State Department of Commerce, Personal Income, New York State
By County, 1974 and 1975, July 11, 1977. Historical growth rates were
used to estimate 1976 and the first three months of 1977,

d .

—!Prevailing food store Metro Area fluild whole milk price in dollars
per quart, Socurce: Survey of Prices Charged for Milk on Retail Routes,
Food Stores and Dairy Stores 25 Upstate Markets, various monthly issues.

E-/SMSA counties for NYC Metro are: Nassau, New York City--five boroughs,
Rockland, Suffolk, Westchester, and Bergen, New Jersey. Population
source: New York State Statistical Yearbook, various issues.

£!Media Coverage Area (MCA) population. Estimated population viewing

television stations of a given market. Source: New York State Statis-
tical Yearbook and Federal Population Series, P~26, various issues,
Nonlinear population estimates were made for 1976 and 1977,

3/Consumer Price Index (CPI) for all items less food in New York, 1967=100.
Source: United States Department of Labor, The Consumer Price Index:
U.8., City Average and Selected Areas, various monthly 1lssues,

h
—!Cost of Advertising Index (composite of all time periods) where first

quarter 1971=100. This index reflects variations in the cost of prime~-
time spot television. Source: United Dairy Industry Association,
correspondence, Barbara J, Deering, January 7, 1976. FEstimates for 1976
and 1977 were made in consultation with personnel from D'Aray-MacManus

& Masius, Inc.
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iJRetail price of cola drink (throwaway, 72 oz. carton) in the New Yorke
Northeastern, New Jersey area, for the NYC market and retail price of
cola in the Buffalo, New York area for both the Albany and Syracuse
markets. Source: United States Department of Laboy, Bureau of Labor
Statistics, Estimated Retail Food Prices by City, various monthly issues.
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