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The injection of a high pressure fluid in a porous medium to activate pre-

existing fractures is commonly used in the development of stimulated shale

gas formations and engineered geothermal systems (EGS). Understanding the

coupling between fluid transport and the activation of the fractures is essen-

tial in optimizing the stimulation process and modeling convective transport

in hydraulically stimulated reservoirs. Based on the assumption that a fracture

slips and activates when the fluid pressure is larger than a critical value that

depends on the fracture’s orientation with respect to the principal stress field,

the effects of stress anisotropy, injection conditions, and the connectivity of the

pre-existing fractures on the morphology of the cluster of activated fractures

are analyzed. Depending on the importance of the viscous pressure drop, three

growth regimes denoted as the homogenous, fractal, and intermediate regimes

are identified. In the fractal and intermediate regimes, the injected fluid propa-

gates in a preferred direction when the pre-existing fractures are well-connected

and the tendency of stress anisotropy to activate favorably oriented fractures be-

comes pronounced.

In the homogeneous regime, the viscous pressure drop is negligible over the

correlation length of the pre-existing fractures, ξ0, but is important over the size

of the stimulated reservoir. In this regime, the effects of stress anisotropy are



overcome by the viscous forces and a homogeneous cluster is formed whose

growth follows an isotropic linear diffusion equation. In the fractal regime, the

viscous pressure drop is negligible over the size of the stimulated region. Thus,

the injected fluid activates and flows through the least resistance accessible frac-

tures forming a fractal network. For poorly connected pre-existing fractures, the

activation process belongs to the same universality class as random percolation.

Using large-cell Monte Carlo renormalization group, a cross-over that does not

change the universality class is identified as the radius of cluster exceeds the

value of ξ0.

An interesting intermediate regime develops when the viscous pressure

drop is negligible over length scales that are larger than ξ0 but is important

over the stimulated reservoir. In this regime, the network is fractal at small

length scales but is heterogeneous at larger scales. For poorly connected pre-

existing fractures where the effects of stress anisotropy are negligible, a contin-

uum model of fluid transport in the cluster of activated fractures is developed

where percolation theory is used to relate the effective porosity and permeabil-

ity of the network to the local fluid pressure. The model is tested using a discrete

fracture network simulations.

Finally, these insights about the connectivity of activated fractures are ap-

plied to analyze the thermal draw-down of EGS systems. It is shown that the

properties of the shortest path such as its average residence time and the fre-

quency of exchanging fluid flowing through it with other intersecting paths

control the thermal drawdown. A homogeneous network performs the best

followed by a fractal cluster; an intermediate network has the poorest perfor-

mance.
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CHAPTER 1

INTRODUCTION

1.1 Background

Several industrial applications such as carbon dioxide sequestration, waste wa-

ter disposal, engineered geothermal systems and reservoir stimulation involve

the injection of a high pressure fluid in a porous medium. In all such applica-

tions, the rock permeability may be altered due to the growth of an induced

tensile fracture, the activation of sealed weak planes, known as pre-existing

fractures, or a combination of both effects [Ellsworth, 2013, Gor et al., 2013].

Modeling the interplay between fluid flow and changes in the rock permeabil-

ity is essential for optimizing the injection process and analyzing convective

transport in hydraulically stimulated rocks.

The key for a successful stimulation process is to create an interconnected

network of convective pathways that fill space effectively. In shale formations,

for instance, hydrocarbon pockets are dispersed and their transport, over a typ-

ical reservoir lifetime, through the rock’s intrinsic permeability is characterized

by a diffusion length scale that is of the order of 20m [Warpinski et al., 2009].

To optimally stimulate the rock, one would target creating a network of frac-

tures that are separated by 100m. Post stimulation, estimating the permeability

profile of the stimulated reservoir is a major component in modeling gas trans-

port to predict production rates. Similarly, engineered geothermal reservoirs

are used to extract the stored thermal energy of hot dry rocks by circulating a

cold water that flows through the created fractures. Heat transfer from the rock

matrix to the circulating fluid is dominated via heat conduction with a charac-
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teristic penetration length of the order of 25m for a typical reservoir life of 20

years [Fox et al., 2013]. Thus, creating conductive fractures separated by 100m

increases the efficiency of the geothermal technology. To predict the lifetime of

a geothermal reservoir by modeling the circulation process, characterization of

the created flow paths is a dire necessity.

Depending on the failure mode of the rock, the stimulation process can be

divided into two categories: 1) tensile fracturing; and 2) hydro-shearing of pre-

existing natural fractures. Tensile fracturing involves the creation and propa-

gation of a hydraulic fracture that grows when the fluid pressure overcomes

the rock’s fracture toughness [Savitski and Detounray, 2002]. In unconventional

reservoirs, such as crystalline rocks and shale formations, pre-existing fractures

are abundant. These fractures are naturally sealed and thus their hydraulic con-

ductivity is negligible. As the injected fluid reaches them at a high pressure,

it reduces the frictional force holding the fractures’ surfaces in place. As a re-

sult, the existing shear forces cause the fractures’ surfaces to slip. Due to the

mismatch between the asperities of the two undulated-slid surfaces, the con-

ductivity of the fracture increases and the fracture become activated [Pine and

Batchelor, 1984, Murphy and Fehler, 1986].

Based on the mechanism of tensile failure, the interaction between the rock

and fluid transport has been extensively studied both theoretically and experi-

mentally [Savitski and Detounray, 2002, Lolon et al., 2007, O’Keffe et al., 2018,

Lai et al., 2016, Cleary, 1988]. One of the first developed models of a propa-

gating tensile fracture assumes that the geometry of the fracture, i.e. its height

and width, is known and independent of the fluid pressure [Howard and Fast,

1957]. Other fundamental models relax the assumption of fixed aperture and
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relate the aperture to the fluid pressure through the rock’s elasticity [Geertsma

and de Klerk, 1969, Nordgren, 1972, Perkins and Kern, 1961]. Variations of these

models have been successfully used in the design of tensile fracturing [King,

2010] and predictions of some of them such as the penny-shaped tensile fracture

have been verified experimentally [Lai et al., 2016, O’Keffe et al., 2018]. All such

models are based on the premise that the volume of the fracture is equal to the

amount of the injected fluid reduced by the total fluid lost from the fracture to

the porous matrix through a process called leak off. The coupled fracture prop-

agation, fluid transport, and the rock’s deformation are modeled using fracture

mechanics, lubrication theory, and linear elasticity theory, respectively.

Unlike tensile fracturing where one is concerned about the propagation

of a single fracture that has a simple geometry, analyzing the activation of

pre-existing fractures involves modeling fluid transport, fracture displacement,

changes in the aperture of multiple fractures, and changes in the stress field.

All these processes occur at several length scales since the length distribution of

the pre-existing fractures is fractal where the fractures’ lengths range from few

micrometers to few hundred meters [Renshaw, 1999, Heffer and Bevan, 1990].

Accurate modeling of these processes is quite complex and thus a wide range

of simplifying assumptions have been introduced to develop models that em-

phasize the effects of particular processes, believed to be of significance, on the

topology of the cluster of activated fractures. Depending on the technique used

to model fluid transport through the stimulated rock, these models can be di-

vided into two categories: 1) discrete fracture network (DFN) models, and 2)

effective continuum models (ECM).

In DFN models, the topology of the pre-existing fractures is explicitly incor-
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porated and fluid flow within the fractures is resolved [Karimi-Fard et al., 2003,

Fu et al., 2013, Rutqvist and Tsang, 2003, Mcclure et al., 2015]. These models are

detailed and extendable so that additional physics, as knowledge about the frac-

turing process advances, can be easily integrated. However, such models are

computationally expensive and some of them can only handle few pre-existing

fractures. Variations in these models come in the assumed geometry of the pre-

existing fractures, constitutive laws describing the rock’s elastic response as it

deforms, and transport models of fluid flow within the hydrosheared fractures.

ECM models assume a local effective permeability of the activated fractures

and fluid flow within the fractures is described using continuum models of fluid

transport in porous media [Ucar et al., 2016, Willis-Richards et al., 1996, Long

et al., 1982, Kohl and Megel, 2007]. The coupling between fluid transport and

rock deformation is captured through the dependence of the effective perme-

ability on the local fluid pressure. To derive a functional form of the effective

permeability, an assumption about the local morphology of the activated frac-

tures and how it changes with fluid pressure is made. The effective permeability

of the stimulated rock is a function the individual conductivity and connectivity

of the activated fractures. By capturing how these parameters change with fluid

pressure, one can develop a continuum model that describes the macroscopic

behavior of fluid propagation through the stimulated rock. In the contrary of

DFN, this modeling technique is computationally fast but is difficult to incorpo-

rate several physics using few adjustable parameters.

Using DFN and ECM modeling techniques, the effects of the interplay be-

tween fluid transport and the rock’s elastic response on changes in the hydraulic

conductivity of the activated fractures has been extensively studied while the
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effects of the fractures’ evolving connectivity as they activate has received less

attention [Willis-Richards et al., 1996, Mcclure et al., 2015]. In this work, we

analyze the effects of network connectivity of the pre-existing fractures, the

injection conditions and the stress anisotorpy of the in-situ stress field on the

morphology of a network of activated fractures using percolation theory, DFN,

EMC modeling techniques that emphasize the coupling between fluid transport

and the evolution of network connectivity of the activated fractures during the

injection process. The devised approach can be summarized as follows. We an-

alyze the growth of a single activated fracture and develop a DFN model that

simulates the growth of multiple interconnected fractures. The growth of multi-

ple fractures under a constant fluid pressure is studied using percolation theory

and constitutive relations that map the fracturing process at a meso-scale to the

macroscopic behavior of fluid flow are derived. Using the developed consti-

tutive relations, an EMC model is developed and predictions of the model are

compared with the DFN model. Moreover, the DFN model is used to analyze

the injection process under conditions where the EMC model does not hold.

Finally, the effects of different network connectivity of the activated fractures,

generated at different injection conditions, on the thermal performance of an

engineered geothermal reservoir are studied. This study serves as an example

of how our understanding of the activation process can be used to model con-

vective transport in hydraulically stimulated reservoirs.

1.2 Scope of work

The results of this work are presented as separate scientific articles that can be

read separately. In chapter 2, we use large-cell Monte Carlo renormalization
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group approach to show that the activation process of pre-existing fractures in

the presence of stress anisotropy at length scales over which the viscous pres-

sure drop of the injected fluid is negligible belongs to the same universality class

as random percolation. This allows us to use scaling laws derived for percola-

tion theory to relate the local fluid pressure of the injected fluid to the connectiv-

ity of the network of activated fractures. For this purpose, constitutive relations

of the rock’s primary permeability and porosity are developed.

Using the constitutive relations developed in chapter 2, a developed con-

tinuum model that accounts for the interplay between fluid transport and the

activation of pre-exiting fractures is presented in chapter 3. The model accounts

for fluid flow within the fractures, leak off from the fractures’ surfaces to the

rock matrix, and the activation of pre-existing fractures due to slippage. A one

dimensional network that represents the activation of a single fracture where

slippage occurs at patches within the fracture and a multi-dimensional network

of activated are considered. Using the multi-dimensional model, predictions of

the effects of varying the injection conditions on the connectivity and size of

the cluster of activated fractures are presented. Furthermore, the morphology

micro-seismic clouds generated due to the activation of pre-existing fractures

are discussed.

In chapter 4, a discrete fracture network (DFN) model is developed that is

based on the one dimensional network described in chapter 3. Using this model,

different growth regimes of the cluster of activated fractures, when the effects

of stress anisotropy on preferentailly activating favorably oriented fractures are

not important, are identified and characterized. For example, we show that un-

der certain injection conditions, a fractal network of activated fractures is devel-
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oped whose structure is described by the Invasion Percolation model [Wilkin-

son and Willemsen, 1983]. Furthermore, conditions under which predictions of

the multi-dimensional continuum model developed in chapter 3 apply are dis-

cussed and predictions of the continuum model are verified. Katherine Quinn,

a Cornell physics Ph.D. student who works in James Sethna’s research group,

and a mechanical engineering undergraduate student, Luying Liu, at Tsinghua

University have helped in the development of the DFN model.

Using the same approach utilized in chapter 4, the growth of a cluster of

activated fractures in the case where the effects of stress anisotropy control the

growth direction of the cluster of activated fractures is studied in chapter 5. We

show how adjusting the injection conditions can mitigate such effects and create

a network that fill space more effectively.

Finally, the thermal performance of engineered geothermal reservoirs stim-

ulated under the conditions discussed in chapter 4 is analyzed in chapter 6.

To model the circulation process, we employ a hydrothermal model developed

by a former Ph.D. student, Don Fox, of Tester’s group at Cornell [Fox et al.,

2016]. We identify the important parameters of the created flow paths that con-

trol the thermal drawdown and how they vary with injection conditions during

the stimulation process. Two undergraduate chemical engineering students at

Cornell, Thanh Tung Le and Praveen Bagavandoss, has been involved in the

project. Praveen has helped in the initial stages of the project while Thanh Tung

Le has performed the simulations and helped in the analysis.
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CHAPTER 2

HYDROSHEARING OF POORLY CONNECTED NETWORK OF

PRE-EXISTING FRACTURES AS A RANDOM PERCOLATION PROBLEM

This chapter is written in a letter formation. Appendix A serves as the supple-

mentary materials of this chapter.

2.1 Abstract

Activation of natural fractures by fluid injection is used to enhance the perme-

ability of geological reservoirs. A fracture slips and activates when the fluid

pressure is larger than a critical value that depends on its orientation with re-

spect to the in-situ stress. Using large-cell Monte-Carlo renormalization group,

we show that activating poorly connected fractures belongs to the same univer-

sality class as random percolation despite the propensity of stress anisotropy

to activate favorably oriented fractures. A cross-over that does not change the

universality class is identified as the size of the activated network exceeds the

correlation length of the pre-existing fractures.

2.2 Introduction

Hydro-shearing, the enhancement of rock’s permeability by fluid injection to

activate pre-existing fractures, is used to extract natural gas from shale forma-

tions and geothermal energy from hot dry rocks [Warpinski and Teufel, 1987,

Warpinski et al., 2005, Majer et al., 2007, Sminchak et al., 2001]. A crucial re-
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quirement for a successful hydro-shearing process is to create a network of con-

vective transport paths that fill space effectively, i.e. a network with a fractal

dimension close to 3. However, the anisotropy in the overburden stresses favors

activation of fractures oriented in a preferred direction, possibly leading to the

creation of a low dimensional network. In this letter, we use a large-cell Monte

Carlo Renormalization Group approach (RG) [Reynolds et al., 1979] to show

that, under certain conditions, sparsity of the network of pre-existing fractures

induces the injected fluid to propagate as a random percolation process in spite

of stress anisotropy.

Pre-existing fractures activate by shearing when the frictional force holding

the fractures’ surfaces in place is reduced [Willis-Richards et al., 1996, Olsson

and Barton, 2001]. The induced mismatch, due to slippage, between the asper-

ities of the two surfaces provides a space for hydraulic flow and the fractures

become activated [Saeb and Amadei, 1992]. The fractures are typically mod-

eled as planar objects and in two dimensions, Mohr-Coulomb’s criterion yields

a critical fluid pressure, Pc, required to induce slippage [Wang and Mao, 1979,

Murphy and Fehler, 1986]:

Pc =
σ1 + σ3

2
+
σ1 − σ3

2
[cos (2θ) −

1

η
sin (2θ)] (2.1)

where σ1 and σ3 are the far-field maximum and minimum principal stresses,

respectively, η is the friction coefficient, and θ is the angle of the fracture with

respect to the 3 axis.

Following Mohr-Coulomb’s criterion, an inherently connected network of

activated fractures can form when the fractures are slipped by the arrival of an

injected fluid with a viscosity higher than that of the reservoir fluid. Due to

the percolative nature of this mechanism, the connectivity of the formed cluster
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Figure 2.1: An example of a network of pre-existing fractures formed in a stress
field that favors activation of vertical fractures when the viscous pressure drop
is negligible and the fractures’ Pc are calculated from (2.1). The red fractures are
the activated fractures that form a percolating network while the blue fractures
are the unactivated, pre-existing fractures.

of activated fractures is predominantly governed by: 1) the connectivity of the

underlying network of pre-existing fractures, i.e. its correlation length ξ0; 2) the

variability in the fractures’ critical pressures which is proportional to σ1 − σ3;

and 3) the injected fluid’s viscous pressure drop over the fractures’ length, l,

controlled by the fluid’s viscosity, the injection rate and the fractures’ aperture.

When the viscous pressure drop is small compared to the variability in the

critical pressures, the fluid activates and flows through the least resistant ac-

cessible fractures. Each newly activated fracture is the one with the small-

est value of Pc that is connected to the network of activated fractures. For a

well-connected network of pre-existing fractures, it can be easily seen that the

fracturing process can be mapped to the invasion percolation without trapping

problem (IPNT) [Wilkinson and Willemsen, 1983] when the fractures’ critical

pressures are random. The fractal dimension, Df , of the two-dimensional clus-

ter formed under these conditions, since IPNT belongs to the same universality
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class as random percolation, is equal to 91/48. When the fractures’ Pc depend

on their orientation with respect to a constant principal stress field [Murphy and

Fehler, 1986], the value of the network’s fractal dimension is close to 1. Interest-

ingly, networks of natural fractures are sparse [Sahimi, 2011], as represented by

the blue fractures in figure 2.1, and the anisotropy of the stress field can persist

over large length scales comparable to the size of a stimulated reservoir field

[Murphy and Fehler, 1986]. Therefore, we ask the question whether the sparsity

of the network overcomes the effects of stress anisotropy so that the fracturing

process under a negligible viscous pressure drop can be mapped to a random

percolation problem. In other words, we want to determine the fractal dimen-

sion of a cluster of activated fractures that is represented by the red fractures in

figure 2.1.

2.3 Model description

For simplicity, we examine the activation of a two dimensional network of pre-

existing fractures that are of the same length, l, and are randomly oriented. The

connectivity of such a network was shown to belong to the same universality

class as random percolation [Balberg et al., 1984, Balberg, 1986]. Its correlation

length, ξ0, is given by ξ0 = kξ (n − nc)
−νn where n is the number density of pre-

existing fractures, nc is the threshold number density required to form a per-

colating network of pre-existing fractures, and kξ is a proportionality constant.

The value of nc has been estimated to be about 5.637 and the value of νn is 4/3 [Li

and Zhang, 2009]. When 0 < n − nc ≪ nc, ξ0 ≫ l but is finite. The network looks

fractal at length scales smaller than ξ0 but is homogeneous on scales larger than

ξ0, so that the fracturing process and its universality class might be different at
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these different scales.

The universality class of the activation process is identified by calculating the

value of the critical exponent, ν. This exponent is related to the scaling of the

correlation length, ξ, of the percolating network of activated fractures with the

distance from the percolation threshold value, F∞

c . The percolation threshold

value is defined as the fraction of fractures that are activated when a percolat-

ing network, also denoted as an incipient infinite cluster (IIC), is first developed.

Equivalently, it can be defined as the fluid pressure required to activate a frac-

tion F∞

c of the pre-existing fractures. To form the IIC, fractures adjacent to the

cluster with the smallest critical pressure, calculated from (2.1), are successively

activated until a percolating network spanning a finite domain of a specified

size in the vertical direction is created. By analyzing the formation of IIC us-

ing large-cell Monte-Carlo renormalization group (RG) [Stauffer and Aharony,

1994], one can calculate ν and F∞

c .

Briefly, RG is based on the premise that the IIC is self-similar and therefore,

the correlation length of the normalized network is simply equal to that of the

original one scaled with the linear dimension of the normalizing cell [Stauffer

and Aharony, 1994]. Accounting for finite-size effects, the critical exponent ν is

typically calculated via [Stauffer and Aharony, 1994]:

1

ν
=

ln(Π∗)

ln(L)
+

C

ln(L)
. (2.2)

Here, Π∗ is equal to the probability density function, Π, of the onset of percola-

tion evaluated at Fc. Fc is the size dependent percolation threshold that asymp-

totically approaches F∞

c as Fc − F∞

c ∼ L−
1
ν . (2.2) assumes that the topology of

the network over which a percolation problem is imposed does not change with

scale. Since the network of natural fractures where n − nc ≪ nc looks fractal
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Figure 2.2: This plot is used to calculate the value of ν. The values of n range
between 5.638 to 5.9 while 100 ≤ L. Each value of n is represented by a different
color. A transition occurs when L(n−nc)νn ∼ O(1). The activation process in the
two regimes belongs to the same universality class as regular percolation as in-
dicated by the observation that the best fit line in both regimes has a slope equal
to 1/νn = 3/4. A larger plot with the legends is provided in the supplementary
materials.

when L ≪ ξ0 while it is homogeneous when L ≫ ξ0, a transition in the scaling

of Π∗ with L is expected as L ∼ O(ξ0) and the values of ν and C in (2.2) could

be different in the two regimes. To probe the cross-over in the scaling of Π∗ for

n − nc ≪ nc, using reasonable cell sizes, one can re-scale the system size in (2.2)

with ξ0 ∼ (n − nc)−νn and Π∗ with (n − nc)−1 to get:

1

ν
ln [L(n − nc)

νn ] = ln [Π∗(n − nc)] +C . (2.3)

Here, ν is the critical exponent related to the connectivity of the IIC in either

the fractal or homogeneous regime while νn is the critical exponent related to

the scaling of the correlation length of the pre-existing fractures and is equal to

4/3. Given a number density of pre-existing fractures and a cell size, we used

Newman-Ziff’s algorithm [Newman and Ziff, 2001] to generate the distribution

of the onset of percolation and thus evaluate Π∗. To speed up the calculations,
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we use the assumption that the value of Π∗ is the peak of the distribution, Π,

which is fitted to the β distribution function [Reynolds et al., 1979]. Details of

the RG method, simulation algorithm and approximations used can be found in

the supplemental materials.

2.4 Results and Discussions

Figure 2.2 shows a plot of Π∗(n−nc) vs L(n−nc)νn for different number densities

and a range of cell sizes. As shown in the figure, a transition, as expected, in the

scaling of Π∗ occurs as L(n − nc)−νn = O(1) and the slope of both the dashed-

dotted and the solid lines is equal to 3/4. This result shows that the activation of

sparsely connected natural fractures whose critical pressures are given by (2.1)

produces a cluster with a fractal dimension that is equal to the fractal dimension

of a percolating network formed on a lattice. The effects of stress anisotropy are

irrelevant details due to the low probability of intersecting fractures with similar

critical pressures and the large population of singly-connected fractures (known

as red links in percolation theory) the fluid has to activate in order to propagate

through the rock.

Having determined the universality class of the activation process, let us re-

late the transport properties of the fractured rock during the activation process

to the transient injection fluid pressure, Pinj , and the rock’s statistical proper-

ties. Such relations can help simplify the design of the fracturing process and

predict the permeability after stimulation. The permeability, K, and porosity,

εS, of the hydraulically stimulated rock, scale as K ∼ [(P∞

cc − Pinj) /(σ1 − σ3)]
ε

and εS ∼ [(P∞

cc − Pinj) /(σ1 − σ3)]
β , respectively. Here, P∞

cc is the threshold fluid
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Figure 2.3: This plot shows the scaling of the saturation, S, with the system size
at the onset of percolation. When L≪ ξ0, S is independent of L and it scales, as
indicated by the solid line whose slope is equal to −β/ν, as S ∼ L−

β
ν when ξ0 ≪ L.

The coloring follows figure 2.2.
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Figure 2.4: This plot shows how Fc scales with L in the two regimes. When
L≪ ξ0, Fc = 1 − kfL

−
1
νn , represented by the solid horizontal line, while Fc, using

(2.4), is given by Fc = 1− (kf − kH)k
−

1
νn

ξ (n−nc)+ kHL
−

1
νn when ξ0 ≪ L. The slope

of the fitting dashed-dotted line is given by (kf − kH)k
−

1
νn

ξ and is found to be
equal to 0.161. The coloring follows figure 2.2.
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pressure required to form an infinite percolating network corresponding to the

inverse of the cumulative distribution of the critical pressures, F , evaluated at

F∞

c . ε is the porosity of the medium, which scales as ε ∼ ξ
−
β
ν

0 , if all the per-

colating pre-existing fractures are activated while S is the saturation, i.e. the

fraction of pre-existing fractures that belongs to the percolating network of acti-

vated fractures. The critical exponents ε, β are universal and their values in two

dimensions are 1.3 and 5/36, respectively [Stauffer, 1979, Stauffer and Aharony,

1994]. However, the value of P∞

cc , as will be shown later, depends on the con-

nectivity of the network and the stress anisotropy. Hence, estimating P∞

cc using

field data prior to stimulation helps to predict how the permeability will evolve

as the rock is stimulated under negligible viscous pressure drop.

Before deriving the dependence of P∞

cc on the connectivity of pre-existing

fractures, let us show a sample verification of the derived relations. For sparse

pre-existing fractures, it is expected that the saturation, S, scales as S ∼ (
ξ

ξ0

)

−
β
ν

.

Here, ξ is the correlation length of the activated fractures which scales as ξ ∼

(F − F∞

c )−ν . At the onset of percolation, the correlation length of the activated

fractures is equal to L and thus, the saturation should scale as S ∼ (
L

ξ0

)

−
β
ν

in

the homogeneous regime as shown in figure 2.3. At n = nc, the the pre-existing

fractures form a quasi-one dimensional network [Coniglio, 1981]. In this case,

ξ ∼ ξ0 since there is only one path for the fluid to flow through. As a result, S

becomes a constant in the fractal regime as confirmed by figure 2.3. As shown

in the figure, the transition between the two behaviors occurs as L ∼ O(ξ0).

Now, let us discuss the finite size scaling of the percolation threshold value,

Fc, in order to find the dependence of the percolating pressure P∞

cc defined as

F −1(F∞

c ) on the natural fractures’ number density. For a random percolation
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Figure 2.5: This plot shows how the percolation threshold for infinite systems
depend on the number density of natural fractures. The squares represent the
case where Pc’s are random while the circles are for the case where Pc’s are given
by (2.1).

problem, Fc in the homogeneous regime, ξ0 ≪ L, scales as F∞

c −Fc = kHL
−

1
νn . The

topology of a fractal percolating network is quasi-one dimensional [Coniglio,

1981], i.e. F∞

c = 1. Thus, the finite size scaling of Fc is given by 1 − Fc = kfL
−

1
νn

when ξ0 ≫ L. The proportionality constants, kf and kH are not necessarily the

same since the activation behavior is different in the two regimes. As shown in

figure 2.4, a cross-over between these scalings occurs when L ∼ O(ξ0). Assum-

ing that the transition between the two finite size scalings occurs sharply at the

breaking point, L = ξ0 = kξ(n − nc)−νn , one can show that:

1 − F∞

c = (kf − kH)k
−

1
νn

ξ (n − nc). (2.4)

The proportionality constants in (2.4) are universal for all rocks when the

length of the pre-existing fractures are of the same order. Thus, one only needs

to measure the number density of pre-existing fractures from core samples to

determine P∞

cc since P∞

cc = F (F∞

c )−1. To verify (2.4), the predicted values of F∞

c

are compared with those calculated from computer simulations in figure 2.5.
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The circles are for the case when anisotropy effects are taken into account. The

squares represent the case where the critical pressures are random such that the

activation process is analogous to IPNT. By fitting the values of Fc, shown in fig-

ure 2.4, using the finite size scaling arguments, the values of the proportionality

constants are estimated to be kf ≈ 0.57, kH ≈ 0.19 and kξ ≈ 0.43. Derivation of

(2.4) and the methods used to estimate the constants are detailed in the supple-

mentary materials.

As shown in figure 2.5, (2.4) holds when n − nc ≪ nc, the regime where the

network is sparse, i.e. ξ0 ≫ l. The curve created by the circles represents the

transition from conditions yielding a finite cluster of activated fractures to those

producing an infinite percolating network. This figure is analogous to the Grif-

fith phase diagram developed for the dilute Ising model to predict the ferromag-

netic Curie temperature given the concentration of impurities [Griffiths, 1970,

Deisenhofer et al., 2005]. If the stimulation process is conducted at a constant

pressure, there exists a minimum injection pressure needed to ensure the con-

tinuous propagation of the injected fluid. Estimating this value prior to stimu-

lation is essential in order to ensure the success of the process. Given the values

of the principal stress field, one can calculate the minimum injection pressure

required to form an infinite percolating network, P∞

cc , as shown in figure A.18.

2.5 Conclusion

In conclusion, we showed that the sparsity typical of networks of activated frac-

tures overcomes the stress anisotropy and leads to the formation of a fractal

network of activated fractures with Df = 91/48. The insight that the fracturing
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process is in the universality class as random percolation provides a means to

relate the performance of the process to the statistical properties of the rock.

Consideration of the effects of the broad length distribution often observed in

natural fractures [Bour and Davy, 1997] on the fractal dimension of the network

of activated fractures is an important direction for future research.

Bibliography

I. Balberg. Connectivity and conductivity in 2-d and 3-d fracture systems. Ann.

Isr. Phys. Soc., 8:89–101, 1986.

I. Balberg, C. H. Anderson, and N. Wagner. Excluded volume and its relation to

the onset of percolation. Phys. Rev. B, 30:3933–3943, 1984.

O. Bour and P. Davy. Connectivity of random fault networks following a power

law fault length distribution. Water Resources Research, 33:1567–1583, 1997.

A. Coniglio. Thermal phase transition of the dilute s-potts and n-vector models

at the percolation threshold. Phys. Rev. Lett., 46:250–253, 1981.

J. Deisenhofer, D. Braak, H.-A. Krug von Nidda, J. Hemberger, R. M. Eremina,

V. A. Ivanshin, A. M. Balbashov, G. Jug, A. Loidl, T. Kimura, and Y. Tokura.

Observation of a griffiths phase in paramagnetic la1−xsrxmno3. Phys. Rev. Lett.,

95:257202, 2005.

Robert B. Griffiths. Dependence of critical indices on a parameter. Phys. Rev.

Lett., 24:1479–1482, 1970.

J. Li and S. Zhang. Finite-size scaling in stick percolation. Phys. Rev. E, 80:

040104(R), 2009.

23



E. L. Majer, R. Baria, M. Stark, S. Oates, J. Bommer, B. Smith, and H. Asanuma.

Induced seismicity associated with enhanced geothermal systems. Geother-

mics, 36(3):185 – 222, 2007.

H. D. Murphy and M. C. Fehler. Hydraulic fracturing of jointed formations.

In Proc. SPE international meeting on petroleum engineering. SPE 14088, Beijing,

China, mar 17-20 1986.

M. E. J. Newman and R. M. Ziff. Fast monte carlo algorithm for site or bond

percolation. Phys. Rev. E, 64:016706, 2001.

R. Olsson and N. Barton. An improved model for hydromechanical coupling

during shearing of rock joints. Int. J. of Rock Mech. and Mining Sci., 38(3):317 –

329, 2001.

P. J. Reynolds, H. E. Stanley, and W. Klein. Large-cell monte carlo renormaliza-

tion group for percolation. Physical Review B, 21:1223–1245, 1979.

S. Saeb and B. Amadei. Modelling rock joints under shear and normal loading.

Int. J. of Rock Mech. & Mining Sc. & Geomech. Abst., 29(3):267 – 278, 1992.

M. Sahimi. Flow and transport in porous media and fractured rock: From classical

methods to modern approaches. Wiley-VCH, 2011.

J. Sminchak, N. J. Gupta, C. Byrer, and P. Bergman. Issues related to seismic

activity induced by the injection of co 2 in deep saline aquifers. 2001.

D. Stauffer. Scaling theory of percolation clusters. Phys. Rep., 54:1–74, 1979.

D. Stauffer and A. Aharony. Introduction to Percolation theory. CRC Press, 1994.

C. Wang and N. H. Mao. Shearing of saturated clays in rock joins at high con-

fining pressures. Geophys. Res. Lett., 6:825–828, 1979.

24



N. R. Warpinski and L. W. Teufel. Influence of geologic discontinuities on hy-

draulic fracture propagation. Journal of Petroleum Technology, 39:SPE13224,

1987.

N. R. Warpinski, R. C. Kramm, J. R. Heinze, and C. K. Waltman. Comparison of

single- and dual-array microseismic mapping technique in the barnett shale.

In SPE Annual Technical Conference and Exhibition. SPE 95568, Dallas, Texas,

Oct 9-12 2005.

D. Wilkinson and J. F. Willemsen. Invasion percolation: A new form of percola-

tion theory. J. Phys. A: Math. Gen., 16:3365–3376, 1983.

J. Willis-Richards, K. Watanabe, and H. Takashi. Progress toward a stochastic

rock mechanics model of engineered geothermal systems. J. Geophys. Res.:

Solid Earth, 48:39–51, 1996.

25



CHAPTER 3

CONTINUUM MODELING OF THE GROWTH OF A CLUSTER OF

ACTIVATED FRACTURES

3.1 Abstract

The formation of a cluster of activated fractures when fluid is injected in a low

permeability rock is analyzed. A fractured rock is modeled as a dual porosity

medium that consists of a growing cluster of activated fractures and the rock’s

intrinsic porosity. An integro-differential equation for fluid pressure in the de-

veloping cluster of fractures is introduced to account for the pressure-driven

flow through the cluster, the loss of fluid into the porous matrix and the evo-

lution of the cluster’s permeability and porosity as the fractures are activated.

Conditions under which the dependence of the permeability and porosity on

the fluid pressure can be derived from percolation theory are discussed.

It is shown that the integro-differential equation admits a similarity solution

for the fluid pressure and that the cluster radius grows as a power law of time

in two regimes: (1) a short time regime, when many fractures are activated but

pressure driven flow in the network still dominates over fluid loss; and (2) a

long time regime, when fluid loss dominates. The power law exponents in the

two regimes are functions of the Euclidean dimension of the cluster, percolation

universal exponents and the injection protocol.

The model predicts that the effects of the fluid properties on the morphology

of the formed network are different in the two similarity regimes. For example,

increasing the injection rate with time, in the flow dominant regime, produces
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a smaller cluster of activated fractures than that formed by injecting the fluid at

a constant rate. In the fluid loss dominated regime, however, ramping up the

injection rate produces a larger cluster.

3.2 Introduction

Several industrial applications such as CO2 sequestration, waste water disposal,

engineered geothermal systems and reservoir stimulation involve the injection

of a high pressure fluid in a porous medium. In all such applications, the rock

permeability may be altered due to the growth of an induced tensile fracture,

the activation of sealed weak planes, known as pre-existing fractures, or a com-

bination of both effects [Ellsworth, 2013, Gor et al., 2013]. Understanding the

interplay between fluid flow and changes in the rock permeability is essential

for process optimization and modeling fluid and heat transport in hydraulically

stimulated rocks.

In conventional reservoirs such as tight sandstones, the permeability en-

hancement is mainly due to the growth of a tensile fracture, whose geometry

can be simple, and the contribution of activating pre-existing fractures can be

neglected. Tensile fractures grow when the fluid pressure overcomes the com-

pressive stresses acting on the fracture’s surfaces. Based on this mechanism,

the interaction between the rock and fluid transport has been extensively stud-

ied both theoretically and experimentally [Savitski and Detounray, 2002, Lolon

et al., 2007, Lai et al., 2015, 2016, Cleary, 1988]. One of the first developed mod-

els assumes that the geometry of the fracture, i.e. its height and width, is known

and independent of the fluid pressure [Howard and Fast, 1957]. Other models
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relax the assumption of fixed aperture and relate the aperture to the fluid pres-

sure through the rock’s elasticity [Geertsma and de Klerk, 1969, Nordgren, 1972,

Perkins and Kern, 1961]. All such models are based on the premise that the vol-

ume of the fracture is equal to the amount of the injected fluid reduced by the

total fluid lost from the fracture to the porous matrix through a process called

leak off. The variations in modeling the growth of the tensile fracture come in

the assumed fracture geometry, growth criterion, and the type of fluid flowing

through the fracture. For a detailed review on this field of studies, the reader is

referred to the following reviews [Adachi et al., 2007, Detournay, 2016]

In shale rocks for example, where natural fractures are abundant, microseis-

mic mappings, core analysis, backflow testing, and well-logging have shown

that the injection of a high pressure fluid induces the formation of a complex

fracture geometry [Warpinski and Teufel, 1987, Warpinski et al., 2005, Majer

et al., 2007, Sminchak et al., 2001]. Upon injecting the fluid and initiating a

tensile fracture, the tensile fracture interacts with pre-existing fractures. When

the tensile fracture intersects a network of natural fractures, it gets arrested and

fluid flow becomes controlled by the activation of natural fractures. The forma-

tion of a cluster of activated fractures has been shown to enhance gas production

rate from stimulated rocks [Warpinski et al., 2005]. Due to the complexity of the

network geometry, modeling the coupling between fluid transport and mechan-

ical response of the weak planes has been limited to the direct simulation of the

activation process of a representative discrete network of fractures [Elmo and

Stead, 2010, Fu et al., 2013].

Simulation of discrete fracture networks (DFN), albeit detailed and flexible,

requires extensive statistical analysis of a specific rock and the simulated num-
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ber density of weak planes is limited by the computational power. Continuum

modeling, on the other hand, is economical in the sense that it can be simple

and can be applied to large networks that are not accessible using DFN. What

limits the use of this approach is the difficulty in capturing the essential physics

that control the growth behavior of a cluster of activated natural fractures. This

study attempts to develop a simple model that couples the pressure-driven

flow of an incompressible fluid with the activation process of pre-existing weak

planes.

The model is based on the following main assumptions: 1) natural fractures

activate via a slippage mechanism following the Coulomb-Mohr criterion; 2)

stress perturbations due to the activation of neighboring natural fractures are

neglected; 3) fluid flow is mainly within the activated natural fractures and the

growth of a tensile fracture is neglected; and 4) the rock is saturated with a

fluid whose viscosity is much smaller than the viscosity of the injected fluid.

In the slippage model, the activation of the pre-existing fractures occurs when

the shear stress acting tangentially on the fracture’s surface is larger than the

frictional force acting normally on the fracture’s surfaces. The frictional force is

proportional to the overburden stress reduced by the fluid pressure saturating

the fracture [Wang and Mao, 1979, Rutledge and Phillips, 2003, Grasselli and

Egger, 2002]. Therefore, a natural fracture can be activated by either perturbing

the stress field around the fracture or by increasing the fluid pressure saturating

the natural fracture.

Perturbations in the stress can be due to the growth of tensile fractures or due

to the activation of neighboring natural fractures. Nagel et al. [2013] have shown

that stress perturbations only activate a small number of fractures ahead of the
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tensile fracture tip. A larger number of fractures with no spatial preference are

activated by perturbations to the pressure of the reservoir fluid. Networks gen-

erated via this mechanism are not necessarily connected. Both numerical simu-

lations and simple analytical arguments have shown that the stress disturbance

caused by a tensile fracture quickly decays away from its tip [Warpinski and

Teufel, 1987, Nagel et al., 2013]. Also, it has been shown experimentally and

theoretically that a growing tensile fracture is most likely to be arrested as it

intersects a natural fracture [Warpinski and Teufel, 1987, Zhang et al., 2007].

Therefore, one can neglect the growth of a tensile fracture when modeling the

activation of pre-existing fractures.

To describe the effects of reservoir-fluid pressure perturbations on the activa-

tion of natural fractures, A. and C. have developed a simple equation for fluid

pressure of a linearly compressible fluid in a cluster of natural fractures satu-

rated with the same fluid. In his model, the interaction between the rock and

the injected fluid is empirically modeled by assuming that the permeability of

the cluster is a power law of pressure. Although this mechanism is only appli-

cable for formations saturated with liquid, this model has been used widely to

characterize fractured gas saturated rocks [Hummel and Shapiro, 2013, Gischig

and Wiemer, 2013] due to its ability to interpret microseismic activities gener-

ated during the fracturing process. Similar to the case when stress perturbations

activate the fractures, the created network via this mechanism is not inherently

connected.

The activation of the fractures in the present model is based on pressure per-

turbations due to the change in fluid pressure as the injected fluid reaches the

fractures. This applies when the viscosity of the injected fluid is much larger
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than that of the fluid saturating the natural fractures. The resulting mathemati-

cal equation describing the fluid pressure inside a growing cluster of activated

fractures is similar to that describing viscous gravity currents where the evolu-

tion of the fluid pressure is described by a non-linear diffusion equation which

admits similarity solutions [Huppert and Woods, 1995]. The solution of this

type of problems has been studied extensively [Pritchard et al., 2001, Pritchard,

2007, Huppert, 2006, Acton et al., 2001, Pegler et al., 2014, Hewitt et al., 2015,

Zheng et al., 2015] and been used to analyze several applications such as CO2 se-

questration and the disposal of waste water [Neufeld and Huppert, 2009, Hup-

pert and Neufeld, 2014].

The paper is organized as follows. First, we will argue, in section 3.3, that

percolation theory provides useful scalings to relate the properties of a network

of activated fractures with the local fluid pressure. Such relations will allow

us to derive a simple transport equation to couple fluid flow with the growth

of a network of activated fractures. Thereafter, the growth of a single fracture

system, which can be interpreted as a growing one dimensional network of ac-

tivated fractures, will be analyzed in section 3.4. In this section, we obtain an

analytical solution for the length of the fracture and show the conditions un-

der which the competition of leakage and pressure driven flow gives rise to a

self-similar growth behavior. After that, we analyze the growth of a two dimen-

sional cluster in section 3.5. Finally, the effects of operating conditions, fluid and

rock properties on the cluster growth along with the expected microseismicity

are discussed in section 3.6.
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3.3 Theory

In this section, a model that couples the activation of a D-dimensional network

of natural fractures and fluid transport within the activated fractures will be

developed. In particular, we will consider the case where percolation theory

can be used to couple the fluid pressure with the local hydraulic conductivity

of the network of activated fractures. To elucidate this idea, the discussion is

presented as follows. First, percolation theory is briefly explained and the con-

nection between the theory and the growth of a network of activated fractures

when the fluid pressure is constant and uniform will be discussed. Then, the

different growth behaviours of the cluster that occur when the injection rate is

maintained at different values or ramped up at different rates will be discussed

and we will identify the regime where the proposed coupling model applies.

Finally, a general transport equation of the injected fluid will be introduced.

3.3.1 Percolation theory and fracture activation under constant

fluid pressure

In percolation theory, one starts with connected closed bonds and open them

with a certain probability. Percolation theory states that one infinite percolating

cluster is formed when a threshold fraction, Fc, of the bonds is opened [Stauffer,

1979]. The value of Fc depends on the topology of the formed network. For

instance, Fc = 1
2 for a two dimensional square lattice of bonds and Fc = 1 for a

one dimensional network. Moreover, several bulk properties of the percolating

network scale with the difference between the fraction of opened bonds, F , and
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Fc when F −Fc ≪ Fc. That is X ∼ ∣F −Fc∣
a where X is a bulk property of interest

and a is a universal scaling exponent that only depends on the dimension of the

network and not on the topological details of the network.

Among several bulk properties that follow universal scalings are the perco-

lating network’s correlation length, its porosity and its hydraulic conductivity.

The correlation length of a network, ξ, is defined as the average distance be-

tween two points in the network and it is a measure of how sparse the network

is. Above the percolation threshold, the percolating cluster’s correlation length

is the average radius of gyration of the clusters of closed bonds. Portions of the

percolating network smaller than the correlation length look fractal, while the

network looks homogeneous when the length scale is larger than the correlation

length. As the fraction of opened bonds increases beyond Fc, the correlation

length decays as ξ ∼ ξ0(F − Fc)
−ν where ξ0 is the correlation length of the exist-

ing bonds in the system. For example, if the bonds form a square lattice, ξ0 is

equal to the lattice spacing. In two dimensions, ν = 4/3 while it is estimated to

be about 0.88 in three dimensions [Sahimi, 2011].

Similarly, the fraction of the bonds that are open and belong to the perco-

lating cluster, S, and the percolating network’s hydraulic conductivity, K, scale

as S ∼ ξ
−β
ν and K ∼ k0ξ

−ε
ν , respectively. k0 is the permeability of the network

when all the bonds are opened. For D = 2, β = 5/36 and ε ≈ 1.3, while, for

D = 3, β ≈ 0.42 and ε ≈ 2.0 [Stauffer and Aharony, 1994, Kozlov and Laguës,

2010, Wang et al., 2013]. These scalings are valid when ξ0 ≪ ξ ≤ B where B is

the system size. If ξ ≫ B ≫ ξ0, the bulk properties scale with B, e.g. S ∼ B
−β
ν .

For more details about percolation theory and its application on fluid transport,

the reader is referred to [Stauffer and Aharony, 1994] and [Ewing et al., 2014]
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and [Sahimi, 2011], respectively.

Returning to the fracturing process following the slippage mechanism, a

weak plane will undergo slippage when the stress tangent to the plane is larger

than the product of a friction coefficient and an effective normal stress. If the

stress field is constant, each discontinuity is associated with a critical fluid pres-

sure, Pc, the fluid has to reach in order for slippage to occur:

Pc = σn −
σt
fr
, (3.1)

where σt, σn are the tangential and normal stresses acting on the fracture, respec-

tively, and fr is the friction coefficient. The initial aperture of the pre-existing

discontinuity is very small such that fluid flow is negligible. Upon slippage, its

aperture becomes large enough to allow fluid flow. The creation of fluid filling

volume is due to the mismatch between the asperities of the two surfaces in-

duced by slippage. To simplify the model, the effects of stress perturbation due

to surface displacement are ignored. Hence, the time variation in the aperture

within the growing fracture is ignored and a characteristic hydraulic aperture

is assumed. When the viscosity of the fluid saturating the weak planes is much

smaller than that of the injected fluid, the fracturing fluid’s pressure controls the

activation process as the fluid perturbs the pressure within the natural fracture.

If the viscous pressure drop is negligible and the fluid is injected at a con-

stant pressure, the fraction of pre-existing weak planes whose critical pressure

is below the fluid’s pressure can open. When the fractures’ critical pressures

follow a homogeneous distribution, the fraction of fractures that have a critical

pressure below the fluid pressure, denoted as F , is given by:

F (P ) = ∫

P

Pcmin

fpc(x)dx , (3.2)
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where P is the fluid pressure and fpc(x) is the probability distribution function

of the fractures’ critical pressures. fpc becomes random when the critical pres-

sures are uncorrelated with the fracture’s orientation. This can be the case when

the stress field is heterogeneous over large length scales. Pcmin is the minimum

critical pressure in the distribution. As the injected fluid propagates through the

network of activated fractures, some of the fractures that have critical pressures

below the fluid pressure will remain unactivated. These fractures are connected

to the activated fracture network via weak planes with critical pressures that

are larger than the fluid pressure. Therefore, they will not be activated and the

injected fluid will be constrained within the formed percolating network.

The conformity of the percolation problem and the mechanism of activating

pre-existing weak planes under a constant pressure can be stated as follows.

The fraction of opened bonds in percolation theory, F , corresponds to the frac-

tion of natural fractures whose critical pressure is lower than P . The fraction of

the opened bonds that belong to the percolating network, S, represents the frac-

tion of activated fractures. The threshold fluid pressure, Pcc, needed to form a

percolating network of activated fractures can be obtained by taking the inverse

of (3.2) evaluated at F = Fc. Since the value of Fc depends on the topology of

the network and its dimension, one expects the same dependence for the value

of Pcc. Additionally, the value of Pcc depends on the functional form of fpc.

To relate the bulk properties of the activated network of fractures to the fluid

pressure, (3.2) can be linearized so that:

F − Fc = kf(P − Pcc), (3.3)

where kf is a proportionality constant whose order of magnitude is equal to

the reciprocal of the probability distribution’s standard deviation, δpc. For a
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normal distribution, for instance, kf =
1

√
2πδpc

. This linearization applies when

F − Fc ≪ Fc; the regime where the universal scalings apply. Given (3.3), the

dependence of the network properties on the fluid pressure can be written as:

ξ = ξ0kξ [kf(P − Pcc)]
−ν
, (3.4)

S = ks [kf(P − Pcc)]
β
, (3.5)

K = k0kk [kf(P − Pcc)]
ε
, (3.6)

where kξ, ks and kk are dimensionless proportionality constants and depend on

the geometry of the network and its dimension while the critical exponents are

universal and only depend on the dimension of the network. ξ0 is the correlation

length of the existing natural fractures and its equivalent length scale in regular

percolation is the lattice spacing.

3.3.2 Network formation under controlled injection rate

Previously, it has been shown that when the fluid pressure is constant, the de-

pendence of the activation of natural fractures on the fluid pressure leads to

the formation of a network whose bulk properties follow the same universality

scalings found in regular percolation. Now, we consider the case where the in-

jection rate is controlled and show that one can use the derived scalings, (3.4) to

(3.6), locally to model fluid transport within the fractured rock.

There are four length scales that control the activation process: (1) the av-

erage length of the pre-existing weak planes, Lav; (2) the correlation length of

pre-existing natural fractures, ξ0, that is related to the second moment of the

fractures’ length distribution [Balberg et al., 1984]; (3) a characteristic correla-

tion length of the cluster of activated natural fractures ξch; and (4) the cluster’s
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radius, R. ξ0 is the average distance between these fractures and is on the order

of the fracture spacing. If the density of these fractures is large and their lengths

are of the same order of magnitude, the average spacing and hence ξ0 become of

the same order as Lav. In this case, the network of pre-existing natural fractures

is homogeneous, that is its fractal dimension is equal to the Euclidean dimen-

sion of the network . However, if the density approaches a threshold value,

ξ0 → ∞ producing a fractal network of pre-existing natural fractures. In this

paper, we are limiting ourselves to the case in which ξ0 is finite and very close

to Lav. ξch is defined as the average radius of gyration of the clusters of unac-

tivated fractures within the network of activated fractures. It is a function of

the ratio of the pressure drop across the network of activated fractures to δpc,

i.e. ξch ∼ (
Pch
δpc

)−ν . Pch is the characteristic pressure drop across the cluster of

activated fractures which will be derived later on. If the viscous pressure drop

is negligible, ξch → ∞ and when an extremely viscous fluid is injected at a high

rate, ξch is expected to approach ξ0.

Depending on the competition between the viscous pressure drop required

to drive the flow and the pressure change induced by activating a pre-existing

fracture, the growth dynamics can behave differently. When the viscous pres-

sure drop is negligible when compared to the variability of the critical pressures,

a scale-invariant fractal network is produced while a homogeneous network at

all length scales is produced when the viscous pressure drop is dominant in the

fracturing process. Between these two extreme cases, an intermediate regime

can be identified where the viscous pressure drop is important over the cluster

radius but can be neglected over the length scale, ξch. In this case, the produced

network has a structure at small length scales similar to a percolating network

formed near the percolation threshold and looks heterogeneous over the cluster
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(a) ξ0 ≪ R≪ ξch (b) ξch ∼ O(ξ0)≪ R

(c) ξ0 ≪ ξch ≪ R

Figure 3.1: Type of networks produced based on the importance of the viscous
pressure drop. In all cases, the pre-existing natural fractures form a homoge-
neous network, i.e. ξ0 ∼ O(Lav). a) shows a fractal network produced when the
viscous pressure drop is not important and the fracturing process is controlled
by the distribution of the critical pressures, b) shows a homogeneous network
produced when the viscous pressure drop overcomes the variability of the crit-
ical pressures. c) shows a network that looks the same as a network near the
percolation threshold at the length scale ξch. Over the length scale of the radius,
the network looks heterogeneous.
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radius. In all three cases, the injected fluid pressure must be at least equal to the

threshold critical pressure, Pcc.

In the first extreme case where the viscous pressure drop is negligible, i.e.

ξ0 ∼ O(Lav) ≪ R≪ ξch, the network of activated fractures is fractal. Its structure

is the same as a percolating network formed at the threshold value as shown in

figure 3.1(a). In this case, the injected fluid activates the accessible fractures with

the smallest critical pressure and its growth behaviour can be described by the

Invasion Percolation without Trapping algorithm [Wilkinson and Willemsen,

1983]. In this algorithm, each bond in a network is associated with a random

resistance to open. At each simulation step, a bond with the lowest resistance

that is connected to the network of opened bonds is opened. Bonds with a low

resistance connected to the network via a path of bonds with higher resistances

remain closed. This algorithm produces a fractal network with the same fractal

dimension, 1.9 when D = 2, as a network generated at the percolation threshold

following regular percolation rules.

A recent study by Tafti et al. [2013] has argued that a hydraulically fractured

network of natural fractures, in the Geysers geothermal field in northeast Cal-

ifornia, has the same fractal dimension as a percolation cluster formed at the

threshold value. The results were interpreted by a model developed by Sahimi

et al. [1993] where large scale heterogeneities in the resistances to activate a frac-

ture lead to a random fracturing process similar to the process used to form a

percolating network. As mentioned in section 3.3.2, heterogeneity in the stress

field, at length scales larger thanLav, can lead to a random distribution of critical

pressures. In order for the randomness in the resistances to control the cluster

growth and produce a fractal network, our model predicts that the variability
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of the critical pressures must be much larger than the viscous pressure drop

required to drive the flow, i.e. ξ0 ≈ Lav ≪ R≪ ξch.

The other extreme case to consider is when the viscous pressure drop within

the fractures is dominant. If ξch ∼ ξ0 ≪ R, one expects that the injected fluid will

easily overcome the largest resistance and hence will activate all natural frac-

tures at the fluid front. The growth behaviour in this case can be described by a

linear diffusion equation and the network produced via this behavior looks ho-

mogeneous at all length scales as shown in figure 3.1(b). The fractal dimension

of the produced network is the same as the Euclidean dimension of space em-

bedding the network. This case is not relevant to fractured geological reservoirs

as Sahimi [2011] has shown that all networks of activated fractures either form a

scale-invariant fractal network or a network that is fractal at small length scales

and homogeneous at large length scales.

Between such extreme cases, one can identify a regime where the viscous

pressure drop across the cluster of activated fractures is important but it can be

neglected over distances of order ξch, where

ξ0 ≪ ξch ≪ R. (3.7)

The produced network in this regime is expected to be near the percolation

threshold throughout the cluster. Below ξch, it looks fractal while the network’s

properties are heterogeneous at large length scales as shown in figure 3.1(c). In

this paper, a model is developed to describe the growth of a network of activated

fractures when (3.7) applies. If the viscous pressure drop is negligible over ξch

and ξch ≪ R, a local fluid pressure can be defined over that region. In section

3.3.1, it has been shown that when the many connected fractures feel a constant

fluid pressure, their activation will lead to the formation of a percolating net-
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Figure 3.2: A sketch of the cluster of activated fractures. The solid lines represent
the network of activated fractures while the dashed bonds represent the weak
planes with critical pressures below the local pressure that nonetheless remain
unactivated. On the right hand side, the fluid pressure is slightly larger than
the threshold critical pressure to ensure the formation of a percolating network.
As the fluid pressure increases, the density of the percolating network increases.
The network on the left represents a denser percolating network than the one on
the right because the local pressure is higher due to the viscous pressure drop
required to drive the flow.

work. Furthermore, the properties of the activated network will scale with the

fluid pressure in that region. Therefore, one can see that the local properties of

the network can be described using (3.4) to (3.6) if the local correlation length is

much larger than ξ0 but much smaller than the cluster radius. Since the viscous

pressure drop required to drive the flow of the fluid is important over the clus-

ter radius, the local properties of the network such as the fraction of activated

fractures, S, and the permeability of the network, K, will evolve spatially and

temporally as fluid is injected. Hence, one can couple fluid transport with the

activation of natural fractures through the dependence of S and K on the fluid

pressure. Since the fluid pressure has to be at least equal to Pcc to form a perco-

lating network. It is expected that the pressure at the edge of the cluster will be

very close to Pcc and the network will look fractal in that region.

Figure 3.2 is an illustration of how the activated fracture network will look

when (3.7) applies. The middle cartoon in the figure shows the entire cluster
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of activated fractures if the the pre-existing natural fractures form a square lat-

tice. The right hand sketch shows how a network of activated fractures is ex-

pected to form when the local pressure is slightly larger than the threshold crit-

ical pressure, Pcc. The solid lines represent the activated fracture network and

the dashed lines are disconnected fractures which remain unactivated despite

having critical pressures below the local fluid pressure. Since the pressure drop

required to drive the flow is important over the cluster’s radius, the pressure

in the interior region of the network is higher than Pcc and, hence, the network

there is more connected as shown in the left hand sketch. Based on this picture

of how a network of activated fractures propagates, we shall introduce a con-

tinuum model that couples fluid flow with permeability and porosity evolution

within a porous media.

3.3.3 Tranport equation

The fractured rock is modeled as a dual porosity medium: a primary porosity

due to interconnected activated fractures and a secondary porosity due to the

pores of the rock matrix. Fluid flow in the secondary porosity is coupled with a

pressure-driven flow within the primary porosity through a process called leak

off. Each natural fracture within the primary porosity is assumed to be acti-

vated when the fluid pressure reaches a critical value. The activation process

of a network of fractures with random resistances can be described by perco-

lation theory. Hence, fluid flow within the primary porosity is controlled by

the interconnectivity of the activated fractures but not by the detailed geometry

of the formed network. (3.7) applies and thus the primary porosity is allowed

to change with time and position as weak planes are fractured. The secondary
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porosity is assumed to be constant and unaffected by the pressure of the leaked

fluid. The time scale at which the primary porosity evolves is much larger than

the time scale to completely activate a pre-existing weak plane.

To relate fluid flow with the growth of a cluster of fractures, a local mass

balance that accounts for changes in the primary porosity upon the injection of

the fracturing fluid can be used:

ε
∂S

∂t
+∇ ⋅ q + Vl = 0, (3.8)

where ε is the primary porosity if all the local pre-existing fractures are acti-

vated, which is assumed to be constant when considering a homogeneous num-

ber density of the natural weak planes. Vl accounts for the total leakage rate

from the local network per unit medium volume. q is the superficial flux of the

fluid through the network and it can be described using Darcy’s law where the

permeability is given by (3.6). εS is the primary porosity and its dependence on

the fluid pressure is given by (3.5).

Two boundary conditions can be used to fully define the problem. One can

specify the flux at the injection point and the fluid pressure at the edge of the

cluster. Since a percolating network forms when the fluid pressure is at least

equal to Pcc, the fluid pressure at the edge of the cluster can be set to be equal to

Pcc. To find how the cluster radius grows with time, one can perform a volume

integral on (3.8) and apply the flux at the injection point and zero flux past the

moving front of the cluster, R(t), to get:

ε
∂

∂t
(∫ SdV ) = qinj − ∫ VldV . (3.9)

where qinj is the flux at the injection point.

The above system of equations governs the growth behavior of a D-
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dimensional network of activated fractures by coupling fluid transport and

changes in the rock’s porosity. As can be seen from (3.8), the competition be-

tween the leakage term and the pressure driven flow controls how the primary

porosity evolves. To demonstrate how this competition can lead to two distinct

self-similar growth behaviors, we will first analyze the growth of a one dimen-

sional network. For this simple case, an analytical solution for the growth length

of the network can be obtained. Furthermore, the analysis for this network will

prove useful in justifying some of the assumptions that will be used to solve for

the two dimensional case. The solution for a two dimensional network will be

presented in section 3.5.

3.4 Single Fracture Growth

In this section, the effects of the viscous pressure drop and fluid loss on the ac-

tivation of natural fractures are analyzed by modeling the growth of a single

fracture. Several studies have shown that the activation of natural fractures due

to slippage forms a cloud of micro-siesmic events. In some cases, the cloud can

form a planer structure that propagates in a particular direction during the ac-

tivation process [Asanuma et al., 2005, S. Phillips, 2000, Tezuka and Niitsuma,

2000]. The formation of such clouds has been interpreted as either due to slip-

page of the asperities within a large planer fracture system or due to the activa-

tion of natural fractures that are anisotropically aligned in a preferred direction.

Both interpretations yield the same mathematical formulation to describe the

growth of the planer cloud. Since the latter is most commonly accepted and

represents a one dimensional case of the model presented in (3.8), we will adapt

it in this section.
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The single fracture represents a linear network of connected fractures and its

growth results from the continuous activation of these fractures. The length of

the fracture represents the position of the cloud’s edge. To make distinction be-

tween the network and the fractures, we are going refer to the fractures forming

the network as discontinuities and the linear network as the single fracture. Us-

ing the model, several limiting cases are discussed. The case where the effects of

the pressure drop within the fracture on leakage can be neglected is considered

and an analytical solution of fracture’s length is derived. Then, the effects of

ignoring the variation in the leakage velocity within the fracture is discussed.

Finally, we present the full numerical solution of the single fracture model.

Assuming that an infinite fracture is composed of connected natural discon-

tinuities that form a linear path, the growth of the network can be viewed as

growing a single fracture under the following conditions: 1) the activation con-

ditions of the discontinuities are similar and 2) the length scale of the network is

much larger than the average length of these discontinuities. Since the continu-

ous growth of the linear network requires the activation of its constituents, the

pressure of the injected fluid must be larger than their critical pressure. Their

average critical pressure, Pc, is assumed to control the growth of the single frac-

ture. This assumption is valid when the difference in the critical pressure of the

discontinuities is much smaller than Pc. Hence, the pressure at the fluid front is

equal to Pc.
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3.4.1 Governing equations

Assuming that the one dimensional network forms a rectangular fracture, (3.8)

can be reduced to:
d

dx
q + 2vl = 0. (3.10)

In this equation, q is the fluid flux per width and the fluid flows in the x direc-

tion whereas the leaking fluid flows perpendicular to the two fracture surfaces

into the rock matrix. The leakage term in (3.8) becomes the local leakage veloc-

ity, vl, that is defined as the volumetric flow rate per surface area. The porosity

term,
∂S

∂t
, in (3.8) is set to be zero since the local porosity consists of the vol-

ume of the locally activated discontinuity. Therefore, it will not change with

time when its aperture is assumed to be constant. This assumption holds when

the pressure within the activated discontinuities does not overcome the far-field

normal stress acting on asperities on the fracture surfaces that prop the fracture

open and the effects of shear dilation following the initial activation of a dis-

continuity are ignored. Shear dilation results from stress perturbations due to

slippage and is a function of the magnitude of displacement and the surface

roughness [Willis-Richards et al., 1996, Olsson and Barton, 2001]. Since the net-

work’s conductivity was described by an effective permeability when deriving

(3.8), a hydraulic aperture, b, will be used for the one dimensional network.

Since the competition between pressure driven flow and leakage depends on a

characteristic conductivity parameter, changes in the fracture’s aperture are not

expected to change the qualitative growth behavior of the fracture.

The pressure at the fluid front L(t) must be equal to Pc, in order for slippage

to occur and maintain the continuous growth of the activated fracture. Hence,

46



one can use the following boundary condition:

P = Pc, at x = L(t). (3.11)

The other boundary condition required to solve (3.10) can be written as:

q =
Q

w
, at x = 0, (3.12)

through which the injection rate at the injection well Q can be specified.

Finally, (3.9) to describe the growth of a rectangular fracture can be written

as:

wb
dL

dt
= Q − 2w∫

L

0
vldx , (3.13)

where w is the fracture’s width and b is the activated fracture’s aperture.

To completely define the problem, constitutive relations are needed to de-

scribe the flux within the fracture and the leakage velocity. Since the length of

the activated fracture is on the order of meters while the aperture is on the order

of micro to milli meters, the flux within the fracture for a Newtonian fluid can

be described by the cubic law [Zimmerman and Bodvarsson, 1996]:

q = −
b3

12µ

∂P

∂x
, (3.14)

where µ is the fracturing fluid viscosity. The leaked fracturing fluid is assumed

to displace the fluid saturating the rock, whose viscosity is much smaller than

that of the injected fluid. The pressure at the interface between the two fluids is

assumed to be equal to the pressure of the saturating fluid, Pf . If capillary effects

are important, i.e. when the surface tension per pore width is comparable with

Pc, one can account for it in the definition of Pf . Given a pressure gradient

imposed by the difference between the pressure of the fracturing fluid at the

fracture surface and Pf , the leaking fluid is assumed to propagate following
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Darcy’s law. This process is denoted as fluid seepage and can be described by

[Howard and Fast, 1957]:

vl = εm
dlw
dt

=
km
µ

P − Pf
lw

, (3.15)

where lw is the distance between the fracture surface and the interface. εm and

km are the rock’s porosity and permeability, respectively. If the viscous pres-

sure drop is much smaller than (Pc − Pf), one can assume a quasi-steady fluid

pressure at the surface of the fracture and, hence, the solution of (3.15) yields:

vl = C

√
P − Pf
t − t′

, (3.16)

where C =
√

kmεm
2µ . The fracturing fluid starts to leak from a point x in space at

t′; the time at which the fracture tip reaches that point. The range of validity of

the quasi-steady assumption is discussed in appendix B.

By substituting (3.16) and (3.14) into (3.10) and (3.13), the system of equa-

tions governing the growth of the fracture become:

b
dL

dt
= Q/w − 2C ∫

L

0

√
P − Pf
t − t′(x)

dx , (3.17)

∂2P

∂x2
=

24µC

b3

√
P − Pf
t − t′(x)

, (3.18)

P = Pc, at x = L(t), (3.19)

∂P

∂x
=
−12µQ

wb3
, at x = 0 (3.20)

with the initial conditions of L(0) = 0.

The following characteristic parameters will be used to non-dimensionalize

the above system of equation:

tch =
µb2

2kmεm(Pc − Pf)
, (3.21)
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Lch =
Qµb

2wkmεm(Pc − Pf)
, (3.22)

Pch =
6µ2Q2

w2b2kmεm(Pc − Pf)
, (3.23)

lchw =
b

εm
, (3.24)

where tch is the time at which the activated fracture extends for a large enough

length, Lch, for the leakage rate to significantly slow down the growth rate. For

typical rocks with permeabilities ranging from 10−19 to 10−16 m2 and Pc − Pf on

the order of MPa, the characteristic time ranges from a few seconds for wa-

ter injected in a high permeability rock to years for a viscous fluid such as a

crosslinked gel whose viscosity can range from 100 to 1000 cP injected in an

ultra-low permeable rock [Montgomery, 2013]. The characteristic pressure, Pch,

is the viscous pressure drop required to drive the flow of the fracturing fluid

over Lch. lchw is the characteristic penetration length into the rock matrix. In or-

der to avoid interference between fractures, lchw must be much smaller than the

average spacing between two fractures. Since the aperture of typical fractures is

on the order of a few millimeters, the penetration length will be on the order of

a few centimeters which is much smaller than a typicalO(10)m fracture spacing.

Now, let t̄ =
t

tch
, P̄ =

P − Pc
Pch

, L̄ =
L

Lch
and substitute these dimensionless

variables into (3.17) through (3.20) to get:

dL̄

dt̄
= 1 − ∫

L̄

0

√
∆pcP̄ + 1

t̄ − t̄′
dx̄, (3.25)

∂2P̄

∂x̄2
=

√
∆pcP̄ + 1

t̄ − t̄′
, (3.26)

P̄ = 0, at x = L̄(t̄), (3.27)

∂P̄

∂x̄
= −1, at x = 0 (3.28)
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with the initial condition of a zero length at t = 0. ∆pc ≡
Pch

Pc − Pf
measures the

importance of pressure variation within the fracture on the leakage rate. For

instance, the leakage rate becomes independent of the viscous pressure drop

along the fracture when ∆pc → 0.

Before introducing the numerical solution of the above system of equations

for different values of ∆pc, several limiting cases will be discussed. We will show

that when ∆pc = 0, two similarity solutions for the fluid pressure can be obtained

depending on the importance of the leakage rate in affecting the growth of the

fracture. Thereafter, we show that the similarity exponents found in this case

are retained even when one further simplifies the leakage rate by assuming that

t′ = 0 and ∆pc = 0.

3.4.2 Similarity solutions when the pressure variation in the

fracture is negligible

When ∆pc = 0, the leakage velocity is not sensitive to fluid pressure variations in

the fracture and therefore (3.25) and (3.26) decouple. In this case, one can obtain

an analytical solution for the fracture length and identify two regimes where the

growth behaves in a self-similar fashion. The complete solution of (3.25), when

∆pc = 0, is given by:

L̄ =
1

π
[eπt̄erfc (

√
πt̄) + 2

√
t̄ − 1] (3.29)

This analytical solution is valid when the ratio of the fluid velocity within the

fracture to the characteristic leakage velocity is much larger than 1 but much

smaller than the square root of the ratio of the flow resistance within the rock
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matrix to the resistance to flow within the fracture, i.e,

1 ≪
(
Q
wb

)

(
(Pc−Pf )kmεm

µb )
≪

b
√
kmεm

. (3.30)

Derivations of (3.29) and (3.30) are detailed in appendix B. Moreover, (3.29) has

been identified by Carter to describe the growth of a tensile rectangular frac-

ture where the fluid pressure is uniform inside the fracture [Howard and Fast,

1957]. In his model, the fluid pressure is assumed to be equal to the pressure re-

quired to move the two surfaces apart creating a pressure driven tensile fracture

whereas this model assumes that the pressure is equal to the critical pressure for

hydroshear slippage of a natural fracture.

The two regimes where the fracture length grows as a power law of time and

(3.26) admits a similarity solution correspond to cases where most of the injected

fluid goes toward growing the fracture and toward supplying the leaked fluid,

respectively. When t̄≪ 1, the leakage terms can be neglected and (3.25) to (3.28)

can be transformed to:
L̄

t̄
= ηmax = 1, (3.31)

d2φ

dη2
= 0, (3.32)

φ̄ = 0, at η = ηmax, (3.33)

dφ

dη
= −1, at η = 0, (3.34)

where η =
x̄

t̄
, and φ =

P̄

t̄
. By solving the above system of equations, one can see

that the fracture length grows as L̄ = t̄, and the pressure profile can be written

as:

P̄ = t̄(1 −
x̄

t̄
) . (3.35)

The power law solution of the fracture’s length can also be obtained using the

asymptotic behaviour of (3.29) when t̄→ 0.
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As leakage becomes important, the growth rate slows down and when the

fracture length is much larger than Lch, i.e. t̄≫ 1, most of the injected fluid leaks

off. In this regime, the left hand term in (3.25) can be neglected and (3.25) to

(3.28) can be transformed to:

ηmax∫
1

0

1
√

1 − χ2
dχ = 1, (3.36)

d2φ

dχ2
=

η2
max

√
1 − χ2

, (3.37)

φ = 0, at χ = 1, (3.38)

dφ

dχ
= −ηmax, at χ = 0, (3.39)

where ηmax =
L̄
√
t̄
, η =

x̄
√
t̄
, and φ =

P̄
√
t̄
. Since t̄′ is the inverse of L̄(t̄),

t̄′

t̄
= χ2

where χ =
η

ηmax
. From (3.36), ηmax =

2

π
and, therefore, the length of the fracture

grows as L̄ =
2

π

√
t̄. This can also be obtained using the asymptotic behaviour

of (3.29) when t̄ →∞. The solution of (3.37) shows that the self-similar pressure

profile can be written as:

P̄ = (
2

π
)

2 √
t̄

⎡
⎢
⎢
⎢
⎢
⎢
⎣

¿
Á
ÁÀ1 − (

πx̄

2
√
t̄
)

2

+
πx̄

2
√
t̄

sin−1 (
πx̄

2
√
t̄
)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

− x̄. (3.40)

3.4.3 Homogeneous leakage rate approximation

Next, we will analyze the case where t̄′(x) = 0 and ∆pc = 0. In this case, not only

is the pressure variation within the fracture negligible but the leakage velocity

is also homogeneous along the fracture and only depends on the age of the

fracture, i.e. the time since it starts to grow. This approximation will prove

useful when modeling the growth of the two dimensional network of fractures
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Figure 3.3: Comparison of the fracture growth with constant and space-
dependent leakage velocity. In both cases, ∆pc = 0. a) The dimensionless frac-
ture length vs the dimensionless time. The blue-dashed line represents the so-
lution for the fracture length in the case of a constant leakage, (3.45), while the
red-solid curve corresponds to the case where the leakage is space-dependent,
given by (3.29). b) The similarity pressure profiles φ = P̄

¯√
t̄

for the single fracture
model in the leakage dominated regime. The red-solid line corresponds to the
space-dependent leakage case, (3.40), and the blue-dashed line represents the
homogenous leakage case, (3.49).

when the time scale to grow a fracture is much smaller than the time scale to

grow a whole network of activated fractures. We will show that simplifying

the leakage rate in this way does not change the similarity scaling but only the

numerical prefactor.

When the leakage rate is independent of position and pressure, the non-

dimensional system of equations governing the fracture growth becomes:

dL̄

d̄t
= 1 −

L̄
√
t̄
, (3.41)

∂2P̄

∂x̄2
=

1
√
t̄
, (3.42)

53



P̄ = 0, at x = L̄ (t̄) , (3.43)

∂P̄

∂x̄
= −1, at x = 0 (3.44)

and L̄(0) = 0.

By solving (3.41), one can find the solution for the fracture length that is

given by:

L̄ =
√
t̄ +

1

2
e−2

√

t̄ −
1

2
. (3.45)

The self-similar solution in the regime where t̄ ≪ 1 is the same as derived

in section 3.4.2 since the difference introduced in this section is in the leakage

rate which is negligible when t̄ ≪ 1. However, in the fluid loss dominated

regime, the self-similar transform of (3.41) shows that L̄ =
√
t̄. Furthermore, the

ordinary differential equation that describes the self-similar pressure profile, φ

is given by:
d2φ

dη2
= 1, (3.46)

φ = 0, at η = ηmax, (3.47)

dφ

dη
= −1, at η = 0, (3.48)

using the same similarity scaling used to derive (3.37). ηmax in this case is equal

to 1 and the solution of the pressure profile in the leakage dominant regime is

given by:

P̄ =
√
t̄(
x̄2

2t̄
−
x̄
√
t̄
+

1

2
) . (3.49)

Figure 3.3 compares the growth of a fracture in the case of a uniform leak-

age velocity with the case where the leakage rate is a functional that depends

on t′(x). In both cases, ∆pc = 0. As expected, neglecting t̄′ when calculating the

leakage velocity results in over-predicting the fracture length, as shown in fig-

ure 3.3(a). Furthermore, figure 3.3(b) compares the self-similar pressure profile

54



obtained from (3.40) and (3.49). Underestimating the leakage rate when assum-

ing a uniform leakage velocity increases the required viscous pressure drop and,

hence, the injection pressure is higher.

To quantify the errors introduced when simplifying the leakage rate when

neglecting its dependence on t′, consider a portion of the growing fracture with

a length, Ljoint, that is much smaller than Lch where the self-similar solution

in the short time regime can be used to calculate t̂. t̂ is the time at which the

fluid front reaches Ljoint, t̂ = t′(Ljoint). The homogeneous leakage rate pre-

dicts that the leakage rate of the whole joint will decay as
t̂

√
t

while it decays

as 2
√
t(1 −

√

1 − t̂
t) when one account for the dependence of the leakage rate

on t′. Therefore, one can see that the homogeneous leakage rate represents the

asymptotic solution of the integral leakage rate as
t̂

t
→ 0. Thus, this simplifica-

tion applies when the time scale to grow a one-dimensional network of multiple

fractures is much longer than the time scale to completely activate a single frac-

ture of a finite length.

3.4.4 Numerical solution of the integro-differential equation

To capture the effects of the fluid pressure on the leakage rate and consequently

on the fracture growth, (3.25) to (3.28) are solved numerically for different val-

ues of ∆pc. The solution is compared with the analytical solution (3.29) for the

case where ∆pc = 0. As shown in figure 3.4(a), as ∆pc is increased, the activated

fracture grows at a slower rate. For smaller values of ∆pc, the deviation is less

pronounced and it becomes important as ∆pc becomes larger than O(1). As the

leakage starts to play a role, the effects of approximating the leakage rate as if it
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Figure 3.4: Comparison of the fracture growth with pressure and space-
dependent and space-dependent leakage velocity. a)The solution for the length
of a propagating single fracture for different values of ∆pc. As ∆pc increases the
solution deviates from the analytical solution, which is obtained for the case of
∆pc = 0, at large times when the leakage starts to become important. b) The pres-
sure profile inside the growing fracture for different values of ∆pc at the same
fracture length. The blue-thicker lines correspond to the case where ∆pc = 1
while the red-thinner ones correspond to the pressure profile at different times
for the case where ∆pc = 0.

were independent of the fluid pressure inside the fractures become significant.

At larger ∆pc, the leakage rate is higher and therefore the fracture propagates at

a slower rate than would be predicted when the effects of pressure variation on

the leakage velocity is neglected.

Additionally, the self-similar behaviour of the pressure profile is lost when

the leakage rate depends on the local value of the fluid pressure. Figure 3.4(b)

shows a comparison of the transient pressure profile for ∆pc = 1 and ∆pc = 0 at

various fracture lengths. As expected, the initial pressure profile, when leakage

is negligible, is not affected by the value of ∆pc but deviations occur as the frac-

ture becomes long enough for leakage to become important. Leakage reduces
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the velocity of the injected fluid within the fracture and therefore decreases the

pressure drop across the fracture. Since the pressure at the fracture tip is the

same for both values of ∆pc, the injection pressure is lower when accounting for

the effects of fluid pressure on the leakage velocity.

In summary, we have shown that an activated natural fracture’s length

grows, when the fluid pressure’s effect on the leakage velocity is negligible,

as a power law of time in two different regimes corresponding to negligible

and dominant leakage rate. Furthermore, we have shown that homogeniza-

tion of the leakage velocity along the fracture’s surface does not change the

self-similarity behaviour but only the accuracy in predicting the length of the

activated fractures. Finally, the homogenization of the leakage velocity can be

used when the weak plane length is much smaller than Lch. Although a de-

viation from the long-time similarity scaling occurs if ∆pc ≥ O(1), the effect of

pressure variation in the fracture on the leakage rate is negligible for ∆pc ≤ 0.2.

These results will prove useful in the next section when we simplify the two

dimensional model while maintaining the self-similar growth behaviour.

3.5 Network of multiple dimensions

In this section, we will analyze the behavior of a growing D-dimensional net-

work of activated fractures where D > 1. Since the problem formulation is sim-

ilar in two and three dimensions, we will limit ourselves to the case of two

dimensions while showing the general scalings for both dimensions. First, con-

stitutive relations will be derived to write (3.8) in terms of the fluid pressure.

Then, two asymptotic regimes where a self-similar solution can be obtained will
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be discussed. Finally, the solution of the full partial differential equation will be

presented.

3.5.1 Derivation of the governing equations

Similar to the single fracture case, the system of equations given by (3.8) and

(3.9) will be written in terms of the fluid pressure. The flux of the fluid is de-

scribed using Darcy’s flow where the permeability depends on the fluid pres-

sure. If the rock layer thickness is H and
w

H
= O(1) where w is the average

width of the fractures, the fracturing process can be described in two dimen-

sions. However, if the rock layer has an unbounded thickness, the cluster grows

in three dimensions. In cylindrical and spherical coordinates, the radially sym-

metric Darcy’s law is written as:

q = −
K

µ

∂P

∂r
er, (3.50)

where µ is the fracturing fluid viscosity, and K is the local permeability. The

growth of the cluster in two and three dimensions is assumed to be radially

symmetric since the distribution of critical pressures is considered to be stati-

cally homogeneous and isotropic.

In section 3.4.3, it has been shown that the rate of leakage from a growing

rectangular fracture can be estimated by:

∫

L

0
vldx ≈

2CLw
√
Pc − Pf

√
t − t′

, (3.51)

where t′ is the time at which the fracture starts to grow. If a single fracture is

considered, t′ = 0. This estimated leakage rate ignores the variation in the leak-

age velocity within the fracture and has been shown to be fairly accurate if the

58



length of the fracture is much smaller than Lch and if ∆pc = 0. If a represen-

tative number of rectangular fractures are continuously being activated within

the cluster as it grows, one can replace the surface area in (3.51) by the surface

area of the activated fractures. Thus, the local leakage rate per volume of the

medium is given by:

Vl = Cl ∫
S(r,t)

0

ds
√
t − t′(s, r)

, (3.52)

where Cl =
2ε

b
C
√
Pcc − Pf , and t

′
(s, r) is the time at which the local fraction of

the activated fractures is equal to s. The leakage rate within the activated frac-

tures is assumed to be independent of the fluid pressure. This applies when the

pressure drop across the network is much smaller than (Pcc − Pf). This applies

for fluids with moderate viscosity. However, when extremely viscous fluids

are injected at a high flow rate, one needs to modify (3.52) by using (3.16) to

account for the effects of fluid pressure on the leakage velocity. In this paper,

such extreme cases are not considered since most fracturing processes use wa-

ter derivatives that have modest viscosities. Typically, extremely viscous fluids

are used to hold proppants which are not needed when activating pre-existing

fractures [Montgomery, 2013].

Substituting (3.50) and (3.52) into (3.8) and (3.9), the governing equation de-

scribing the growth of the cluster in two dimensions becomes:

ε
∂S

∂t
=

1

µr

∂

∂r
(rK

∂P

∂r
) −Cl ∫

S

0

ds
√
t − t′(s, r)

, (3.53)

ε
∂

∂t
(∫

R

0
Srdr) =

Q0tα

ω
−Cl ∫

R

0
rdr ∫

S

0

ds
√

t − t ′ (s , r)
. (3.54)

For a time dependent flow rate, Q0tα, a boundary condition at the injection
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Exponent Equation Value
α = 0 α = 1

D=2 D=3 D=2 D=3
E2 = αβ − (ε + 1)(α + 1) (3.58) -2.30 -3.0 -4.46 -5.58

γs =
(α + 1)(ε + 1 − β) + β

D(ε + 1 − β) + 2β
(3.64) 1

2 0.35 0.97 0.65

γl =
1

2
(
(2α + 1)(ε + 1 − β) + β

D(ε + 1 − β) + 2β
) (3.65) 1

4 0.18 0.72 0.48

δs =
2(α + 1) −D

D(ε + 1 − β) + 2β
(3.66) 0 -0.12 0.43 0.12

δl =
(2α + 1) −D/2

D(ε + 1 − β) + 2β
(C.3) 0 -0.06 0.43 0.18

E1 =D(ε + 1 − β) + 2β (3.58) 4.60 8.58

E3 =
β

2(ε + 1)
(3.64) 0.03

Table 3.1: Summary of exponents used and their values in two and three di-
mensions. β is equal to 5/36 when D = 2 and equal to 0.42 in three dimensions.
ε = 1.3 in two dimensions and 2.0 in three dimensions.

well can be written as:

lim
r→ 0

K

µ
r
∂P

∂r
= −

Q0

ω
tα, (3.55)

where ω is a geometric factor that depends on the dimension of the cluster. For

D = 2, ω = 2πH and ω = 4π when considering a three dimensional cluster. (3.55)

applies when the cluster radius is much larger than the radius of the injection

well. Since a percolating network forms when the fluid pressure is at least equal

to Pcc, a boundary condition at the edge of the cluster can be written as:

P = Pcc on r = R(t). (3.56)

This boundary condition ensures that a percolating network of activated frac-

tures forms which in turn will allow the fluid to flow through the primary poros-

ity.

(4.18) to (3.54) is a complete set of equations coupling fluid flow with the

growth of the network of activated fractures. The constitutive relations needed
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to relate S andK with the fluid pressure are given by (3.5) and (3.6), respectively.

Finally, the required initial conditions are that the radius is zero at t = 0.

To non-dimensionalize the governing equations, the following characteristic

parameters will be used:

tch = (
ε

Cl
)

2

, (3.57)

Rch = (Cε+1
f Qε+1−β

f t−E2

ch )
1
E1 , (3.58)

Pch = (
Qf tαch
RD−2
ch

)

1
ε+1
, (3.59)

where Cf =
k0kkk

ε−β
f

ksεµ
and Qf =

Q0µ

k0kkkεfω
. The exponents E1 & E2 are functions of

the percolation exponents, D, and α and their values are given in table 3.1. Sim-

ilar to the single fracture growth problem, tch is the time required for the cluster

to grow to a radius Rch at which the total leakage rate starts to play an impor-

tant role in slowing down the cluster propagation rate. Pch is the characteristic

flow induced pressure drop required to drive the flow over the radius Rch. One

should note that the assumptions used to obtain the leakage rate in (3.52) and

(3.3) are valid when
Pch

Pcc − Pf
≪ 1.

Now, let τ =
t

tch
, τ ′ =

t′(s, r)

tch
, p =

P − Pcc
Pch

, ρmax =
R

Rch

, and ρ =
r

Rch

. When

substituting the percolation relations given in (3.4) to (3.6) into (4.18) to (3.54),

the nondimensionalized form of the equations can be written as:

∂pβ

∂τ
=

1

ρ

∂

∂ρ
(ρpε

∂p

∂ρ
) − β ∫

p

0

ζβ−1

√
τ − τ ′

dζ, (3.60)

∂

∂τ
(∫

ρmax

0
pβρdρ) = τα − β ∫

ρmax

0
dζ ∫

p

0

ζβ−1

√
τ − τ ′

ρdρ, (3.61)

p = 0 on ρ = ρmax, (3.62)

lim
ρ→ 0

ρpε
∂p

∂ρ
= −τα (3.63)
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Figure 3.5: Comparison of the self-similar pressure behavior for different values
of α in the short and long time regimes. a) The similarity solution for different
values of α in the regime where τ ≪ 1. ηsmax corresponds the value of η when
φ = 0. As α increases, ηsmax increases. b) The similarity solution for different
values of α in the regime where τ ≫ 1. ηlmax is when φ = 0 and it decreases as α
increases.

Before introducing the full solution of the differential equation, two regimes

where similarity solutions arise will be introduced. Analogous to the single frac-

ture model, the pressure-driven flow dominates over the total leakage rate when

τ ≪ 1 due to the small surface area the fluid can leak through. By neglecting the

leakage term in (3.60) and (3.61), a similarity solution can be obtained. This

regime is denoted as the short time regime, although one should note that the

time needs to be long enough for the radius of the cluster to grow much larger

than ξ0 so that the continuum description applies. The other case in which a

similarity solution arises is when one can neglect the left hand term in (3.60)

and (3.61). This corresponds to a long time regime where τ ≫ 1 in which the

total leakage rate dominates and most of the fluid injected leaks off. The time

where τ ∼ 1 corresponds to the crossover between the two similarity scaling and

is reached when the leakage first starts to play a role in fluid transport.
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In both similarity solutions, the radius of the cluster grows as a power law

of time. For the short time regime:

ρmax = η
s
maxτ

γs , (3.64)

where γs =
1 + α

2
− αE3 and in the long time regime:

ρmax = η
l
maxτ

γl , (3.65)

where γl =
1 + 2α

4
− αE3. ηsmax and ηlmax are proportionality constants in the

short and long time regimes, respectively, and depend on the value of α. The

general expression and values ofE3, γs & γl in both dimensions and for different

α values are given in table 3.1.

3.5.2 Short time similarity solution

To find the similarity solution for the pressure profile in the short time regime,

let η = ρτ−γs and

φ = pτ−δs , (3.66)

where δs =
α

ε + 1
; a general expression for δs in D dimensions is given in table

3.1. By substituting these scaled variables into (3.60) to (3.63) and neglecting the

leakage terms, an ordinary differential equation is obtained:

βδsφ
β − γsβφ

β−1η
dφ

dη
=

1

η

d

dη
(ηφε

dφ

dη
) , (3.67)

∫

ηsmax

0
φβηdη =

1

α + 1
, (3.68)

φ = 0 on η = ηsmax, (3.69)

lim
η→ 0

ηφε
dφ

dη
= −1. (3.70)
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By inspecting the equations, one can find two asymptotic solutions in the

limits where η → 0 and when η → ηsmax. The asymptotic behaviour of φ near the

injection point is given by:

φ = [(ε + 1)ln(
1

η
)]

1
ε+1

(3.71)

and the behaviour of φ as η → ηsmax is given by:

φ = [γs (ε + 1 − β) ηsmax (η
s
max − η)]

1
ε+1−β . (3.72)

From (3.4), one can see that ξ ∼ φ−ν . Therefore, ξ is expected to approach ξ0 near

the injection well and ξ → ∞ near the cluster edge. The criterion given by (3.7)

is thus violated at both the center and edge of the cluster. A detailed discussion

about the thickness of the regions where the continuum approximation or use of

percolation scalings break down is presented in appendix E. To find the solution

for φ, a shooting method, described in appendix D, was used.

Figure 3.5(a) shows the short time solution for φ for different values of α.

An approximate empirical function that fits the numerical solution for φ in this

regime and has the correct asymptotic behaviours near the injection well and

the cluster’s edge is given by:

φapp = Cα
[(ε + 1)ln (

ηsmax

η )]

1
ε+1

+C−1
α η

3

Cα −C−1
1 + (C1 (1 − η

ηsmax
)

1
ε+1−β

)

−1 (3.73)

where C1 = [γs(ε + 1 − β)ηs
2

max]
1

ε+1−β . Cα is a fitting parameter that depends on α

and it is given by:

Cα = aα + bα(α + 1) + cαln(α + 1)2 (3.74)

where aα = 12.39, bα = −5.42, cα = 6.93. The maximum relative absolute error

when fitting the approximate function with the numerical solution for φ is less
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than 10%. This expression along with relations for permeability and porosity in

terms of pressure, as will be shown later in section 3.6, can be used as a consti-

tutive relation to model gas and heat transport in hydraulically fractured rocks

when fracturing fluid leakage was negligible during the stimulation process.

Given the solution of φ and ρmax and the characteristic parameters, one can

calculate the porosity and permeability profiles of the network. Detailed dis-

cussion of the effects of different operating conditions on the properties of the

network is presented in section 3.6.

3.5.3 Long time similarity solution

For τ ≫ 1, a similarity solution can be obtained by balancing the pressure driven

flux with the leakage term in (3.60). This states that most of the injected liquid

will be used to supply the leakage into the rock matrix and only a small amount

of the injected fluid will be used to activate new fractures, so that we can ne-

glect the left hand term in (3.60) and (3.61). Since (3.60) is difficult to solve

numerically, further assumptions will be used. In this section, we will derive

the self-similar solution for a simplified problem and show that the required

assumptions do not change the similarity scaling but only the quantitative ac-

curacy in predicting the propagation rate. The derivation of the self-similar

integro-differential equations without simplification is presented in appendix

C.

In the single fracture model, it has been shown that when assuming a uni-

form leakage velocity through out the fracture, the self-similar scalings were

retained. Likewise, the dependence of the local leakage rate per surface area, in
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Figure 3.6: Comparing the self-similar pressure profile in the long time regime
for the case where the leakage is simplified, that is when (3.79) is solved, and
for the full leakage term, when (C.6) is solved. In both cases, α = 0. The solid-
dashed blue curve corresponds to the case where the leakage is simplified while
the solid black curve represents the solution of (C.6). As expected, ignoring the
dependence of the leakage velocity on the time a fracture is activated overpre-
dicts the cluster’s propagation rate; i.e. gives a larger value of ηlmax.

the multiple fracture model, on the time at which each fracture is activated will

be ignored. We will assume that all fractures that are located at a particular po-

sition will have the same leakage velocity regardless of the time at which each

fracture was activated. Their leakage velocity will depend on the time at which

the fluid front reaches that position. This assumption will still preserve the scal-

ings obtained from analyzing (3.60) in the leakage dominant regime but is not

expected to produce a quantitatively accurate solution. Since this assumption

under-predicts the leakage rate, the predicted radius from the new similarity

solution will be larger than the one obtained if one solves the actual system of

equations for the full leakage rate.

Neglecting the dependence of the leakage velocity of each activated fracture

on its activation time, equation (3.52) that describes the leakage rate can be ap-
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proximated as:

∫

S(r,t)

0

ds
√
t − t′(s, r)

≈
S(r, t)

√
t − t′(r)

(3.75)

In this equation, t′(r) is the time when the fracturing fluid first reaches a point

in space r. Using this approximated leakage term, (3.60) and (3.61) become:

∂pβ

∂τ
=

1

ρ

∂

∂ρ
(ρpε

∂p

∂ρ
) −

pβ
√
τ − τ ′

(3.76)

∂

∂τ
(∫

ρmax

0
pβρdρ) = τα − ∫

ρmax

0

pβ
√
τ − τ ′

ρdρ (3.77)

To obtain the self-similar behaviour in the long time regime, substitute η =

ρτ−γl , (3.65) and

φ = pτ−δl , (3.78)

into (3.76) to (3.77) and neglect the left hand terms. The resulting ordinary dif-

ferential equation in two dimensions is written as:

φβ
√

1 − (
η

ηlmax
)

1
γl

=
1

η

d

dη
(ηφε

dφ

dη
) (3.79)

1 = ∫
ηlmax

0

φβηdη
√

1 − (
η

ηlmax
)

1
γl

(3.80)

where the boundary conditions are given by (3.69) and (3.70). δl =
α

ε + 1
and its

general expression and value are given in table 3.1.

The asymptotic solution for φ near the injection point is given by (3.71) while

φ as η → ηlmax is given by:

φ = (
Ω[Ω(ε + 1) − 1]

(γlηlmax)
2

)

1
β−ε−1 ⎡

⎢
⎢
⎢
⎢
⎣

1 − (
η

ηlmax
)

1
γl
⎤
⎥
⎥
⎥
⎥
⎦

Ω

(3.81)

where Ω =
3

2(ε + 1 − β)
.
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Figure 3.7: The growth of the dimensionless radius of the cluster for different
values of α. The transition from the short-time self-similar solution occurs near
the cross over transitional dimensionless time τ = O(1). The dotted-dashed
lines were drawn using the theoretical scalings obtained from the similarity so-
lutions.

The pressure profile is obtained by solving (3.79) using finite difference on

computational coordinates that are scaled with ηlmax following a procedure sim-

ilar to that discussed in appendix D. Figure 3.5(b) shows the solution for φ for

different values of α. Similar to the short time regime, ηlmax decreases as α in-

creases.

To quantify the effects of simplifying the equations by homogenizing the

local leakage velocity, the solution of (3.79) was compared to the solution one

gets when solving the integro-differential equation presented in appendix C for

the case where α = 0. Figure 3.6 shows the self-similar pressure profile for both

cases. As expected, the value of ηlmax for the simple case is larger leading to a

higher propagation rate when under-estimating the leakage rate.
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Figure 3.8: The pressure profile inside the cluster of open fractures at different
times for the two dimensional case for two different values of α. (a) The pres-
sure profile inside the cluster for the case of constant injection rate (α = 0). The
pressure near the injection point does not change much as the cluster extends
outwardly , (b) The pressure profile inside the network for the case of linearly
ramping up the injection rate (α = 1). The pressure near the injection point
increases as the cluster extends outwardly. In both self-similar regimes when
α = 1, the pressure at a position ρ increases with time as τ

1
ε+1 .

3.5.4 Numerical Solution of the Partial Differential Equation

To validate the self-similar solutions and calculate the pressure profile in the

transition region, the simplified partial differential equations given by (3.76)

and (3.77) were solved numerically for the two dimensional case. A robust nu-

merical scheme similar to the method described by Zheng et al. [2014] was de-

veloped for this purpose. This method, which can be used for different values

of α in two and three dimensions, is described in appendix D. It was also used

to find the self-similar solution for φ in the long time regime by replacing R

with ηlmax. Figure 3.7 shows the non-dimensional cluster radius as a function of

time for different values of α in a log-log plot. In all cases, the radius initially
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grows as ρ ∼ τ γs where the value of γs depends on how the fluid is injected with

time. After reaching the cross over time, τ = O(1), the growth rate slows down

gradually until the leakage dominates and a new power law behaviour with a

different exponent, γl is established. Figure 3.8 shows the pressure profile at

different times for different values of α. Figure 3.8(a) shows the pressure profile

for the constant injection rate case while figure 3.8(b) shows the pressure profile

for the linearly ramped up injection rate. The increase in the fluid pressure as

ρ → 0 is more noticeable when the fluid is injected with a time dependent rate.

This is due to the increase in the pressure drop required to drive the increased

flow rate.

3.6 Discussion

In this section, the effects of fluid and rock properties on the growth of the ac-

tivated cluster will be discussed using the short-time and long-time similarity

solutions described in sections 3.5.2 and 3.5.3, respectively. Furthermore, using

the model, microseismic mappings similar to those generated during the frac-

turing process will be presented. This will show how one can use these field

data to calculate the permeability and porosity profiles of the network of acti-

vated fractures.

The performance of hydraulically fractured reservoirs for gas production or

heat extraction depends on the surface area and the average separation distance

between the activated fractures [Warren and Root, 1963, Zimmerman et al., Mur-

phy et al., 1981]. Being able to predict the connectivity of the cluster of activated

fractures can help in optimizing the fracturing process and predicting the per-
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Figure 3.9: The effects of the fracturing fluid injection protocol on the size and
sparseness of the network formed. The parameters used to calculate the radial
profile of the fraction of activated fractures are: µ = 150cP, km = 2 × 10−17m2,
εm = 0.1, Pcc = 40 MPa, Pf = 35 MPa, ε = 5 × 10−4, H = 100 m, kf = 2 × 10−8 Pa−1,
b = 5mm, ks = 0.36, kk = 0.6, and k0 = 5.2 × 10−10m2. The cross over time at which
the leakage will start to play a role given these parameters is around 2 days.
In all cases, kfPch ranges from 0.014 to 0.17 which satisfies of the criterion for
continuum behaviour. (a) In this plot, the fluid is injected for about 5 hours and
V = 844m3. In this regime, the leakage is negligible and increasing the injection
rate with time produces a smaller but denser network. (b) In this plot, a fluid
volume of 3 × 105 m3 is injected over 65 days. In this leakage dominant regime,
ramping up the injection rate creates a network that is both denser and larger

formance of the stimulated reservoir. As more fractures are activated, larger

values of S, the network of open fractures is expected to become well connected

and the cluster’s correlation length approaches the average separation of the ex-

isting weak planes, ξ0. Since the leakage rate is predominantly controlled by the

permeability of the rock, fracturing ultra-low permeability rocks is expected to

follow the short time similarity solution while moderately permeable rocks can

be analyzed using the long time solution. Using the self-similar solutions, the

effects of operating conditions during the fracturing process on the fraction of

activated fractures, the surface area, As, and size of the cluster are analyzed.
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3.6.1 Effects of injection protocol, fluid and rock properties

In the field, different injection strategies can be used. The fluid can be injected

at a constant rate or at a rate that increases with time. To analyze the effects

of the injection protocol on the network morphology, the total injected volume

over a certain time period is fixed and the injection rate constant, Q0, is set to be

a function of α such that:

Q0 =
V (α + 1)

tα+1
inj

(3.82)

where tinj is the injection period, and V is the total injected volume.

Figure 3.9(a) shows the profile of the primary porosity in the pressure-driven

flow dominant regime for different values of α after injecting a total volume of

844 m3 of a fluid with viscosity equal to 150 cP over 5 hours. As seen in the

figure, the cluster radius is slightly larger in the case of a constant injection rate

than for a linearly increasing one while the local number density of the activated

fractures is enhanced by increasing the injection rate with time. Since there is no

fluid loss, the surface area of the activated fractures is proportional to the total

injected volume. In this case, the surface area does not depend on α because the

total injected volume is fixed. Increasing the injection rate with time increases

the pressure drop required to drive the flow. This leads to the activation of more

fractures near the injection well, leaving less fluid available to activate fractures

near the edge of the cluster and grow the cluster radially. Thus, a more compact

but smaller cluster forms when compared to injecting the fluid at a constant

rate.

The effects of ramping up the injection rate on the network structure are dif-

ferent in the leakage dominant regime. Figure 3.9(b) shows the profile of S in

the long time regime for different values of α. As can be seen in the figure, in-
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creasing α leads to a larger cluster with higher primary porosity. In this regime,

the leakage rate balances the injection rate. Therefore, increasing the injection

rate with time requires the cluster to grow faster in order to generate sufficient

surface area from which to leak the additional fluid. This leads to the formation

of a larger cluster with more surface area per medium volume when compared

to the constant injection rate case.

The effects of fluid properties on the network’s morphology can be seen from

the scaling of the network properties with the fluid viscosity and the injection

rate. In a similar way, one can show how the rock properties, such as the vari-

ability of the critical pressures, kf , and the rock’s intrinsic permeability, km affect

the network’s morphology in the two similarity regimes. Table 3.2 provides a

summary of the dependence of various network properties, such as the radius,

R, the surface area of the network of activated fractures, As and the network’s

porosity and permeability, on the fluid and rock properties in the two similar-

ity regimes. In the following, we will briefly discuss the effects of the fluid’s

viscosity and the range of the fractures’ critical pressures, k−1
f .

Recent microseismic mappings have shown that using slick water produces

a larger and sparser network when compared to one formed by using a cross-

linked gel [Warpinski et al., 2005]. The model developed in this paper predicts

that this behaviour arises when the leakage is negligible. In the short time

regime, R ∼ µ−E3 , producing a smaller network when using a higher viscos-

ity fluid. On the other hand, in the long time regime, R ∼ µ
1
4
−E3 and increasing

the viscosity produces a larger network. The surface area of the network of ac-

tivated fractures is independent of the fluid’s viscosity in the short time regime

while it increases as µ increases in the long time regime. In both regimes, using
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τ ≪ 1 τ ≫ 1

R =
ηsmax
√

εks
(
k0kk
µkf

)
E3

(
Q0

2πH
)

1
2
−E3

tγs , R =

√
bηl2max

ksε
√

2kmεm(Pcc−Pf )
(
k0kk
kf

)
E3

(
Q0

ω
)

1
2
−E3

µ
1
4
−E3tγl .

As =
Q0

b(α+1)t
α+1, As = Q0ηl

2

max

√
µ

2kmεm(Pcc−Pf )
tα+

1
2 ∫

1

0 φ
βχdχ.

S (t, rR) = ks (
Q0µkf
ωk0kk

)
2E3

tδsβφ(χ)β .

K (t, rR) = (kkk0)
1
ε+1 (

Q0µkf
ω )

ε
ε+1
tδsεφ(χ)ε.

Table 3.2: Summary of the self-similar solution of the network properties in the
two regimes. χ =

η
ηmax

. Since δ is the same in the two regimes, the dependence of
the porosity and permeability of the network of activated fractures on the fluid
and rock properties are the same while the functional form of φ(χ) is different.

a more viscous fluid produces a denser network, i.e. S ∼ µ2E3 . Although the

effects of viscosity are similar to those for ramping up the injection rate, their

physical origins are different. In addition to increasing the viscous pressure

drop to drive the flow, the leakage velocity is reduced when increasing the fluid

viscosity. Therefore, less fluid is lost through leakage and more is used to both

propagate the cluster and activate more fractures within the denser network.

Finally, kf is the reciprocal of the standard deviation of the distribution of the

fractures’ critical pressure. As kf increases, it becomes easier to open fractures

since the differences between the critical pressures of the fractures are smaller.

The overall rate at which fractures are activated is not affected by this parameter

but the spatial locations of the newly activated fractures is altered. One would

expect the formation of a denser and smaller network in a rock where the vari-

ability of critical pressures is smaller. Regardless of the importance of leakage,

R ∼ k−E3
f and S ∼ k2E3

f .
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3.6.2 Microseismic events predicted using the model

Although the network’s morphology cannot be measured directly, it can be in-

ferred from microsiemsic data. Measurements of microseismic activities pro-

vide information on the location, time, and mechanism by which an event is

generated. In this section, the continuum model will be used to predict micro-

seismic maps generated when sealed natural fractures are activated. Addition-

ally, a discussion on how one can use such maps to estimate the permeability

and porosity of the cluster of open fractures will be provided.

To generate microseimsic events, one needs to know the relative probabil-

ity of activating a fracture at a specific position and time along with the rate

at which the fractures are generated. Assuming that each recorded microseis-

mic event is generated due to the fracturing of a sealed weak plane following

the slippage mechanism, a spatiotemporal probability distribution function of

fracturing weak planes, g, can be derived from the solution of the pressure pro-

file. g is proportional to the time rate of change of the local number density of

activated fractures. In two dimensions, it can be written as:

g(r, t) =
∂S
∂t

2π ∫
R

0
∂S
∂t rdr

(3.83)

where g(r, t) is the probability of activated fractures per area.

The probability distribution function can be used to determine when and

where new fractures are likely to be activated. Since g ∝
dP

dt
, most of the gener-

ated microseismic events will be located near the edge of the cluster where the

fluid front first reaches a region of sealed fractures. As fluid leaks through the

rock matrix and reduces the available fluid to activate new fractures, the prob-

ability to activate fractures near the edge when compared to the interior of the
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Figure 3.10: The front of microseismic events expected for the fracturing process
for different values of α. (a) The front for the constant injection rate case. It
shows the distance of the event from the injection well. The red-solid curve
represents the front of the cluster and the black-dashed and red-solid curves
bracket the zone where ninety percent of the fractures are activated. (b) The
front for the case where α = 1. It shows the distance of the event from the
injection well. The red-solid curve represents the front of the cluster and the
black-dashed and red-solid curves bracket the zone where ninety percent of the
fractures are activated.

cluster decreases. In the case of increasing the injection rate, the effects of leak-

age on changing the value of g is mitigated. This is because the additional fluid

injected when the injection rate increases with time counteracts the tendency of

leakage to reduce the amount of stored fluid within the network.

The rate of activating fractures per unit time, Nm, is related to the volume of

fluid stored within the cluster and is defined as:

Nm =
Q0tαch
HbLav

(
∂

∂τ ∫
ρmax

0
pβρdρ) (3.84)

where Lav is the average length of the pre-existing fractures. As one would

expect, when the pressure-driven flow dominates the growth, the rate of acti-

vating the fractures depends solely on the injection rate. As leakage dominates,
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the rate of activating the fractures decreases with time due to the loss of fluid.

However, increasing the injection rate with time with α ≥ 1/2, provides the addi-

tional fluid needed to increaseNm. The critical exponent, α = 1/2, is independent

of the percolation parameters and results from the rate of decay of the leakage

velocity with time.

To stochastically simulate the emission of microseismic events, Nmdτ ran-

dom numbers, denoted as X , are generated from a uniform distribution rang-

ing from zero to one. Then, the position of the generated activities within a

time interval of dτ is calculated by finding G−1(X, t) where G is the cumulative

distribution function that can be written as:

G(r, t) = 2π∫
r

0
g(r′, t)r′dr ′ (3.85)

Figure 3.10 shows an example of microseimic maps generated for different

values of α. Such maps can be easily constructed from field data when seismic

stations are used [Sasaki, 1998, Lei et al.]. Figure 3.10(a) is the expected map

when the fracturing fluid is injected at a constant rate while figure 3.10(b) is

related to the case where the injection rate is increased linearly with time, α = 1.

In both figures, the red-solid curve shows the cluster radius which represents

the front of the seismic cloud while the black-dashed curve defines the region

beyond which ninety percent of the activated fractures are located. A discussion

about the thickness of this region will be provided at the end of this section.

Maps similar to figure 3.10 can be used to determine the time regime in

which the cluster is growing since the exponent γ can be calculated using:

R = ηmax
Rch

tγch
tγ (3.86)

where ηmax, depending on the value of γ, can be obtained from the solutions
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shown in figure 3.5. Qualitatively, one can use the microseismic maps to deter-

mine whether leakage has become significant. As can be seen in figure 3.10, the

rate of recording events decreases as leakage starts to dominate the growth and

the effects of leakage in reducing the fracturing activities are alleviated when

the fluid is injected at an increasing rate.

To analyze the effects of leakage and the increase in the flow rate with time

on the relative sparseness of the network of activated fractures, consider how

the thickness, λ, of the region where ninety percent of the activated fractures

are located varies with time for different values of α. Figure 3.11 shows the pro-

file of
λ

R
for different injection strategies. Initially, when leakage is negligible,

λ

R

is constant because of the self-similar behaviour. As leakage starts to play a role,

the ratio starts to increase and then levels off as the long time similarity solution

becomes established. The increase in
λ

R
due to leakage is smaller as α increases.

As can also be seen in the figure, using a larger value of α increases the thickness

of the high activity zone relative to the cluster radius. The role of leakage and

how it is reduced as α increases has been explained when g was first introduced.

What remains to be explored is the role of increasing the injection rate with time

in the absence of leakage on the value of
λ

R
. Earlier in the discussion section,

it was shown that the increase in pressure drop due to increasing the flow rate

results in the formation of a smaller cluster. It was argued that increasing the

flow rate will increase the pressure drop and therefore activate more fractures.

As more fractures are activated, less fluid is available to activate fractures near

the edge of the cluster. The faster the injection rate is increased (larger values

of α), the higher the pressure drop and the more fractures are activated near the

injection well. Consequently, less fluid is available to activate fractures near the

edge when compared to the constant injection rate case. This results in an in-
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Figure 3.11: The thickness of the region near the edge of the cluster in which 90%
of the microseiemic events occur. As leakage starts to play a role, the thickness
of the region increases due to the loss of fluid before activating fractures near
the edge. Increasing the injection rate with time stretches out the region too due
to the increase in the pressure drop and the activation of more fractures before
reaching the edge of the cluster.

crease in the relative thickness of the zone where many easy to activate fractures

are located.

Finally, to calculate the permeability profile of the rock, one needs informa-

tion about the three characteristic parameters given by (3.57) to (3.59). (3.86) and

the probability distribution of the recorded microseismic events provide two re-

lations. The third relation can be the measurement of the temporal injection

pressure profile, Pinj , since Pinj is given by:

Pinj(Rw, t) =
Pch
tδch

[(ε + 1)ln(
R

Rwηmax

)]

1
ε+1
tδ (3.87)

where Rw is the well radius.
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3.7 Summary and Conclusion

The interplay between fluid transport through a continuum fractured porous

medium, fluid seepage through a permeable matrix, and the evolution of the

medium’s porosity was modeled. The model circumvents the difficulties of

simulating the fracturing process of realistic weak plane networks and provides

information about the connectivity of the activated fractures and the propaga-

tion rate of the network. The fracturing fluid was assumed to flow through

a cluster of activated fractures and, as it advances, the cluster evolves. Fluid

flow was described by Darcy’s equation where the permeability and porosity of

the network of activated fractures evolve spatially and temporally. Percolation

theory was employed to derive constitutive relations that correlate the perme-

ability and porosity of the activated fracture cluster with fluid pressure based

on the assumption that each fracture is activated when the invading fluid pres-

sure reaches a critical value. The use of percolation theory is applicable when a

characteristic correlation length is much smaller than the radius of the activated

cluster and much larger than the average spacing of the pre-existing fractures.

The transport equation of the fracturing fluid has been derived for a time

dependent injection rate, Q0tα in a two dimensional network. In two distinct

regimes, the fluid front was shown to grow as a power law of time and the

structure of the activated fracture cluster to evolve in a self-similar fashion. The

first regime arises when enough fractures are activated to form a continuum

medium through which the fracturing fluid flows but the cluster is not large

enough to lose a significant amount of the fracturing fluid through leak off. The

other self-similar regime arises when the surface area of the activated fractures

is large enough such that most of the injected fluid leaks into the matrix. The
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network properties in the two regimes are summarized in table 3.2. The cross

over time at which the leakage rate starts to play a role in slowing down the clus-

ter growth rate depends primarily on the permeability and porosity of the rock

matrix, the threshold fracture critical pressure, and the viscosity of the fluid.

The dependence of the cross over time on these parameters is given by (3.57).

When the leakage is negligible, it has been shown that given the same vol-

ume of injected fracturing fluid over the same fracturing process duration, in-

jecting the fluid at a constant rate gives a larger stimulated volume when com-

pared to ramping up the injection rate. On the other hand, the number density

and permeability is larger when the injection rate is increasing with time. Also,

in this regime, decreasing the injection rate or the fracturing fluid viscosity gives

a larger stimulated volume with a smaller number density of activated fractures

for the same total injected fluid volume. The physical explanation for this be-

haviour is that increasing the injection rate, Q0tα, or the fluid viscosity increases

the viscous pressure drop which, in turn, increases the number density of frac-

tures near the injection well. Thereby, the fluid available to extend the activated

cluster is reduced. Therefore, for ultra-low permeability shale formations, it is

recommended to perform the fracturing at a low constant injection rate with

low viscosity. This would give a larger stimulated volume and hence a larger

region of accessible natural gas.

On the other hand, in the leakage dominant regime, increasing the fracturing

fluid viscosity or α gives a larger stimulated volume and number density of acti-

vated fractures given the same amount of injected fluid over a certain fracturing

period. Increasing the viscosity decreases the leakage rate per surface area and

therefore more fluid is used to extend the activated cluster and increasing α pro-
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vides a larger amount of available fluid to extend the cluster. As a result of this

analysis, the optimum fracturing strategy for relatively high permeability shale

formations is to ramp up the injection rate of a high viscosity fluid.

To analyze the relative density of the network via measurable parameters, a

probability distribution function of recorded microseismic activities (or fracture

activation events), g(r, t), was derived. The region where ninety percent of the

probable microseismic events are located has been found to be near the edge of

the cluster. The thickness of this region when compared to the cluster radius has

been shown to increase as leakage starts to become significant. Increasing the

value of α was shown to increase the thickness of this region due to the increase

in pressure drop required to drive the flow.

The model developed in this paper is valid for moderate injection rates and

fluid viscosities for which a characteristic correlation length is much larger than

the average spacing of the fractures. In this model, fluid inertia, which might

be important for very large flow rates and low fluid viscosity, is neglected. For

extremely viscous fluids, the characteristic correlation length can be of the same

order of magnitude as the average fracture length. In this case, a model in which

the bulk of the cluster has a constant permeability but there is a percolating front

with evolving permeability can be used. For a more complete understanding of

the fracturing process, one would need to incorporate a model of how the solid

matrix stress perturbations generated by the activation of fractures affect the

critical pressure of the fractures and thereby the growth of the cluster.
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B. Kozlov and M. Laguës. Universality of 3d percolation exponents and first-

order corrections to scaling for conductivity exponents. Physica A: Statistical

Mechanics and its Applications, 389(23):5339 – 5346, 2010.

C. L. Lai, E. Dressaire, J. S. Wexler, and H. A. Stone. Experimental study on

penny-shaped fluid-driven cracks in an elastic matrix. Proc. R. Soc. A., 471:

20150255, 2015.

C. Y. Lai, Z. Zheng, J. S. Wexler, and H. A. Stone. Fluid driven cracks in an elastic

matrix in the toughness dominated limit. Trans. R. Soc. A, 374:20150425, 2016.

X. Lei, S. Ma, W. Chen, C. Pang, J. Zeng, and B. Jiang. A detailed view of the

injection-induced seismicity in a natural gas reservoir in zigong, southwest-

ern sichuan basin, china. Journal of Geophysical Research: Solid Earth, 118(8):

4296–4311.

E. Lolon, J. R. Shaoul, and J. M. Mayerhofer. Application of 3-d reservoir sim-

ulator for hydraulically fractured rocks. In Proc. the Asia Pacific Oil and Gas

Conference and Exhibition. SPE 110098, Jakarta, Indonesia, oct 30 - nov 1 2007.

E. L. Majer, R. Baria, M. Stark, S. Oates, J. Bommer, B. Smith, and H. Asanuma.

Induced seismicity associated with enhanced geothermal systems. Geother-

mics, 36(3):185 – 222, 2007.

C. Montgomery. Effective and sustainable hydraulic fracturing. InTech, 2013.

H. D. Murphy, J. W. Tester, C. O. Grigsby, and R. M. Potter. Energy extraction

from fractured geothermal reservoirs in low-permeability crystalline rock.

Journal of Geophysical Research: Solid Earth, 86(B8):7145–7158, 1981.

85



N. B. Nagel, M. A. Sanchez-Nagel, F. Zhang, X. Garcia, and B. Lee. Coupled

numerical evaluations of the geomechanical interactions between a hydraulic

fracture stimulation and a natural fracture system in shale formations. Rock

Mech. Rock Eng., 46:581–609, 2013.

J. A. Neufeld and H. E. Huppert. Modelling carbon dioxide sequestration in

layered strata. Journal of Fluid Mechanics, 625:353–370, 2009.

R. P. Nordgren. Propagation of a vertical hydraulic fracture. SPE., pages 306–

314, 1972.

R. Olsson and N. Barton. An improved model for hydromechanical coupling

during shearing of rock joints. Int. J. of Rock Mech. and Mining Sci., 38(3):317 –

329, 2001.

S. S. Pegler, H. E. Huppert, and J. A. Neufeld. Fluid injection into a confined

porous layer. Journal of Fluid Mechanics, 745:592–620, 2014.

T. K. Perkins and L. R. Kern. Widths of hydraulic fractures. SPE, 89:937–949,

1961.

D. Pritchard. Gravity currents over fractured substrates in a porous medium.

Journal of Fluid Mechanics, 584:415–431, 2007.

D. Pritchard, A. W. Woods, and A. J. Hogg. On the slow draining of a gravity

current moving through a layered permeable medium. Journal of Fluid Me-

chanics, 444:23–47, 2001.

J. T. Rutledge and W. S. Phillips. Hydraulic stimulation of natural fractures as

revealed by induced microearthquakes, carthage cotton valley gas field, east

texas. Geophys., 68(2):441–452, 2003.

86



W. S. Phillips. Precise microearthquake locations and fluid flow in the geother-

mal reservoir at soultz-sous-forets, france. 90:212–228, 02 2000.

M. Sahimi. Flow and transport in porous media and fractured rock: From classical

methods to modern approaches. Wiley-VCH, 2011.

M. Sahimi, M. C. Robertson, and C. G. Sammis. Fractal distribution of earth-

quake hypocenters and its relation to fault patterns and percolation. Phys.

Rev. Lett., 70:2186–2189, 1993.

S. Sasaki. Characteristics of microseismic events induced during hydraulic frac-

turing experiments at the hijiori hot dry rock geothermal energy site, yama-

gata, japan. Tectonophysics, 289(1):171 – 188, 1998.

A. A. Savitski and E. Detounray. Propagation of a penny-shaped fluid-driven

fracture in an impermeable rock: asymptotic solutions. Int. J. Solid & Struct.,

39:6311–6337, 2002.

J. Sminchak, N. J. Gupta, C. Byrer, and P. Bergman. Issues related to seismic

activity induced by the injection of co 2 in deep saline aquifers. 2001.

D. Stauffer. Scaling theory of percolation clusters. Phys. Rep., 54:1–74, 1979.

D. Stauffer and A. Aharony. Introduction to Percolation theory. CRC Press, 1994.

T. A. Tafti, M. Sahimi, F. Aminzadeh, and C. G. Sammis. Use of microseismic-

ity for determing the structure of the fracture neetwork of large-scale porous

media. Phys. Rev. E, 87:032152, 2013.

K. Tezuka and H. Niitsuma. Stress estimated using microseismic clusters and

its relationship to the fracture system of the hijiori hot dry rock reservoir. En-

gineering Geology, 56(1):47 – 62, 2000.

87



C. Wang and N. H. Mao. Shearing of saturated clays in rock joins at high con-

fining pressures. Geophys. Res. Lett., 6:825–828, 1979.

J. Wang, Z. Zhou, W. Zhang, T. M. Garoni, and Y. Deng. Bond and site percola-

tion in three dimensions. Phys. Rev. E, 87:052107, 2013.

N. R. Warpinski and L. W. Teufel. Influence of geologic discontinuities on hy-

draulic fracture propagation. Journal of Petroleum Technology, 39:SPE13224,

1987.

N. R. Warpinski, R. C. Kramm, J. R. Heinze, and C. K. Waltman. Comparison of

single- and dual-array microseismic mapping technique in the barnett shale.

In SPE Annual Technical Conference and Exhibition. SPE 95568, Dallas, Texas,

Oct 9-12 2005.

J. E. Warren and P. J. Root. The behavior of naturally fractured reservoirs. Journal

of Petroleum Technology, 3:245–255, 1963.

D. Wilkinson and J. F. Willemsen. Invasion percolation: A new form of percola-

tion theory. J. Phys. A: Math. Gen., 16:3365–3376, 1983.

J. Willis-Richards, K. Watanabe, and H. Takashi. Progress toward a stochastic

rock mechanics model of engineered geothermal systems. J. Geophys. Res.:

Solid Earth, 48:39–51, 1996.

X. Zhang, R. G. Jeffrey, and M. Thiercelin. Deflection and propagation of fluid-

driven fractures at frictional bedding interfaces: A numerical investigation.

Journal of Structural Geology, 29(3):396 – 410, 2007.

Z. Zheng, I. C. Christov, and H. A. Stone. Influence of heterogeneity on second-

kind self-similar solutions for viscous gravity currents. Journal of Fluid Me-

chanics, 747:218–246, 2014.

88



Z. Zheng, B. Guo, I. C. Christov, M. A. Celia, and H. A. Stone. Flow regimes for

fluid injection into a confined porous medium. Journal of Fluid Mechanics, 767:

881–909, 2015.

R. W. Zimmerman and G. S. Bodvarsson. Hydraulic conductivity of rock frac-

tures. Trans. in Porous Media, 23:1–30, 1996.

R. W. Zimmerman, G. Chen, T. Hadgu, and G. S. Bodvarsson. A numerical dual-

porosity model with semianalytical treatment of fracture/matrix flow. Water

Resources Research, 29(7):2127–2137.

89



CHAPTER 4

EFFECTS OF FLUID TRANSPORT ON THE MORPHOLOGY OF A

CLUSTER OF ACTIVATED FRACTURES USING DFN

Abstract

Convective transport in low permeable rocks can be enhanced by the injection

of a pressurized fluid to activate pre-existing weak planes (fractures). These

fractures are initially closed, but fluid-pressure-induced slippage creates void

space that allows for fluid flow. Coulomb-Mohr’s criterion yields a critical pres-

sure required to open each of the fractures. Due to the permeability of the rock,

the injected fluid can flow from the fractures’ surface to the rock matrix through

a process denoted as the leak off. The activation process of a discrete well-

connected network in a highly heterogeneous rock was simulated to analyze the

effects of fluid transport through the fractures and the rock’s intrinsic porosity

on the morphology of a cluster of activated fractures. We show that depending

on the ratio, FN , between the variability in the critical pressures and the viscous

pressure drop across a length scale of the fractures’ length, the connectivity of

the cluster of activated fractures can be drastically different. We derive a length

scale, ξch, which is a function of FN over which the the viscous pressure drop

is negligible. This length scale along with the radius of the cluster, R, and the

average separation between the pre-existing fractures, ξ0, can be used to de-

fine distinct growth regimes where different models can be used to describe the

growth dynamics and predict the connectivity of the formed network. When

ξ0 ∼ ξch ≪ R , the cluster is well-connected and a linear diffusion equation can

be used to describe the cluster’s growth. When ξch ≫ R ≫ ξ0, a fractal net-
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work is formed by an invasion percolation process. In an intermediate regime,

ξ0 ≪ ξch ≪ R, percolation theory relates the porosity and permeability of the

network to the local pressure and a continuum diffusion model with pressure-

dependent properties describes the cluster growth on length scales much larger

than ξch.

4.1 Introduction

Enhancing the permeability of ultra-low permeable rocks via injecting a high

pressure fluid, known as hydraulic fracturing, is employed in several indus-

trial applications. In the oil and gas industry, it is used to extract hydrocarbons

from nearly impermeable rocks at economical rates [Warpinski et al., 2005, King,

2010]. Also, engineered geothermal systems are developed by stimulating hot

dry rocks to create flow paths used to circulate water and thus extract the stored

thermal energy [Murphy and Fehler, 1986, Pine and Batchelor, 1984, D. et al.,

1981]. Understanding the effects of fluid transport during the injection process

on the connectivity of the formed flow paths is essential in optimizing the frac-

turing process and when modeling convective transport in hydraulically stim-

ulated rocks.

In general, hydraulic-fracturing strategies are based on the following mecha-

nisms: 1) propagating an introduced tensile fracture [Howard and Fast, 1957] or

2) hydroshearing of pre-existing natural fractures that are interconnected but are

sealed such that they do not allow for fluid flow [Willis-Richards et al., 1996]. It

is also possible that a combination of both mechanisms can be exploited [Nagel

et al., 2013]. Based on the first mechanism, the injected fluid reduces the nor-
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mal stress acting on the introduced fracture producing tensile forces that push

the fracture’s surfaces apart in order for it to grow [Savitski and Detounray,

2002]. This strategy is widely used in the oil industry to enhance the perme-

ability of conventional reservoirs where the number of pre-existing fractures is

negligible. In principle, the geometry of the created fracture is simple and fun-

damental models have been developed to analyze the effects of fluid transport

on the growth of the fracture [Nordgren, 1972, Perkins and Kern, 1961, Savitski

and Detounray, 2002] that are successfully used in the field to design fracturing

processes and are tested at the laboratory-scale [Lai et al., 2015, 2016, O’Keffe

et al., 2018]. For a review of this field of studies, the reader is referred to the

following review [Detournay, 2016].

The second mechanism which is mainly used in geothermal reservoirs and

in shale gas formations relies on activating the pre-existing weak planes by re-

ducing the frictional forces that prevent slippage of the fracture’s surfaces due

to the shear stresses [Fang et al., 2016, Toqvist et al., 2015]. Due to the roughness

of the fracture’s surfaces, fluid volume is created when the two surfaces slip and

their asperities mismatch. Linear frictional law, known as Coulomb-Mohr crite-

rion, is typically used to identify the critical fluid pressure, Pc, needed to activate

these fractures [Elsworth and Goodman, 1986]. The value of Pc is a function of

the fracture’s orientation with respect to the principal stress field and is given

by:

Pc = σn −
σt
fr
, (4.1)

where σt, σn are the tangential and normal stresses acting on the fracture, re-

spectively, and fr is the friction coefficient.

Following Coulomb-Mohr criterion, pre-existing fractures can activate due

92



to mechanical forces where the stress field around a fracture is perturbed or

due to fluid transport as the fluid pressure saturating the fractures reaches the

value of Pc to induce slippage. Stress perturbations around the fracture occur

due the backstress exerted by neighboring slipping fractures. Such effects do

not necessarily produce a connected cluster of activated fractures and can be

neglected when the average separation between the fractures is of the order of

few meters, their aperture is of the order of millimeter and the in-situ stress is of

the order of ten MPa [Ucar et al., 2016]. If the viscosity of the fluid saturating the

pre-existing fractures is much smaller than that of the injected fluid, a fracture

activates, when ignoring stress perturbations, as the injected fluid reaches the

fracture at a fluid pressure that is higher than its critical value. Activation of the

pre-existing fractures via this mechanism forms an inherently connected cluster

of activated fractures.

Based on the activation process via fluid transport mechanism, fluid prop-

agation through the cluster of activated fractures is mainly controlled by: 1)

the variability in the fractures’ critical pressures, 2) the connectivity of the pre-

existing fractures, 3) the viscous pressure drop of the injected fluid and 4) the in-

trinsic permeability of the rock’s matrix. The variability in the critical pressures

arise due to the orientation distribution of the pre-existing fractures with respect

to the anisotropic stress field. When the rock is highly heterogeneous, the frac-

tures’ critical pressures can be assumed to be random and follow a known prob-

ability distribution function. For rocks where the pre-existing fractures barely

connect, it is expected that the morphology of the cluster of activated fractures

will be the same as that of the underlying pre-existing fractures. Interestingly,

the injected fluid has the option to propagate through the rock via different

paths when the pre-existing fractures form a well-connected network. In this
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case, fluid propagation is expected to be controlled by the competition between

the viscous forces that drive the injected fluid through the rock and the range

of resistances the fluid needs to overcome in order to percolate through the pre-

existing fractures. Due to the permeability of the rock, some of the injected fluid

flows from the fractures’ surface to the rock’s matrix. This process is denoted as

the leak off [Howard and Fast, 1957] and it slows down the activation process.

In this paper, we simulate the activation process at different injection condi-

tions for different rock’s permeability to probe the different toplogy of a cluster

of activated fractures that can form depending on the competition between the

viscous forces and the variability in the critical pressures in the presence of the

leak off process. We characterize the formed clusters and discuss different mod-

els that can be used to model fluid propagation in three different regimes: 1) a

homogeneous regime where the viscous pressure drop dominates the growth,

2) a fractal regime where the viscous pressure drop is negligible, and 3) an inter-

mediate regime where the viscous pressure drop is important over length scales

that are large when compared to the average length of the pre-existing fractures

but is important over the scale of the radius of the cluster of activated fractures.

In the homogeneous regime, a well-connected network is formed while a frac-

tal network is formed in the fractal regime. We will show that the structure of

the cluster of activated fractures in the fractal regime is the same as a percolating

network formed at the percolation threshold value. For the intermediate regime,

the structure of the cluster of activated fractures is fractal at small length scales

but is heterogeneous at larger length scales. Under such conditions, we recently

proposed a continuum model, which will be tested in this paper, that describes

fluid flow through the rock as the fractures are activated [Alhashim and Koch,

2018]. The model hypothesizes that percolation theory describes the activation
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process locally and the local morphology of the cluster of activated fractures is

related to the local fluid pressure following similar scaling laws found in perco-

lation theory.

The paper is organized as follows. First, we describe the model used to

simulate the fracturing process in section 4.2. Then, we discuss the different

growth regimes and characterize the growth in section 4.3. In subsection 4.3.1,

we discuss the growth when the viscous pressure drop of the injected fluid is

negligible. The intermediate regime is analyzed in subsection 4.3.2. Finally in

subsection 4.3.3, we discuss the expected micro-seismic clouds expected to be

generated in the fractal and intermediate regimes.

4.2 Simulation Model Description

In this section, we discuss the model used to simulate the growth of a network

of activated fractures. In fact, it is based on the single fracture model described

in [Alhashim and Koch, 2018]. In subsection 4.2.1, we briefly discuss the main

assumptions of the model and write the governing equations in a general form

to solve for the growth of a network of activated fractures. Then, discuss the

simulation rules in subsection 4.2.3.
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4.2.1 Growth of an arbitrary fracture in a network of activated

fractures

The network of natural fractures is assumed to be represented by a perfect lattice

and each joint within the lattice is associated with a random critical pressure the

fluid pressure needs to reach in order to activate the fracture. The value of the

critical pressures are drawn from a normal distribution. This picture of the net-

work of natural fractures stems from the assumptions that: 1) the number den-

sity of the natural fractures is large such that the fractures form a well-connected

network where its correlation length is of the order of magnitude as the length of

the fractures; and 2) the critical pressures are statistically homogeneous when

the stress field is heterogeneous such that the direction of the principal stress

field differs spatially.

To simplify the presentation of the model, we will consider the growth of an

arbitrary fracture that is connected to the network of activated ones and grows

from node j towards node k in the lattice. An activated fracture with a specific

critical pressure is assumed to grow as fluid is injected at a pressure that is larger

than the fracture’s Pc. The initial aperture of the pre-existing fracture is very

small such that fluid flow is negligible. When the pressure of the injected fluid

reaches the fracture’s critical pressure, hydroshearing occurs. Upon slippage of

the fracture, the aperture of the activated portion of the fracture becomes large

enough to allow for fluid flow [Elsworth and Goodman, 1986]. The creation of

fluid filling volume is due to the mismatch between the two surfaces induced

by slippage. Due to the intrinsic permeability of the medium, the fluid within

the fracture is assumed to leak off from the fracture surfaces to the rock matrix

following a one dimensional Darcy’s flow [Howard and Fast, 1957].
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The fluid front within the fracture is assumed to be located at its tip where a

local slippage occurs when the fluid pressure is at least equal to its Pc. Such an

assumption allows us to define the volume of the activated fracture to be equal

to the volume of the injected fluid reduced by the amount of leaked fluid to the

rock’s matrix. Thus, an equation describing the growth of a rectangular fracture

within a network can be written as:

wb
dLjk
dt

= Q(t)fjk(t) − 2wVljk, (4.2)

where w is the fracture’s width, b is the activated fracture’s aperture, Q(t) is a

time dependent injection rate and in this paper, we set it to be a power law of

time, i.e. Q = Q0tα. Ljk is the length of the activated fracture connecting two

nodes j and k that is growing from node j to node k. Vljk is the leakage flux

through the fracture’s surface area. fjk(t) is the fraction of the injected fluid

flowing within the fracture and is a function of time. The value of b is assumed

to be independent of fluid pressure when ignoring the effects of shear-dilation

as the fracture’s surfaces slip. This assumption holds when the excess shear

acting on the surfaces of an order meter long fracture is much smaller than its

shear stiffness. Since, the fracture is allowed to grow in opposite directions from

j to k and vice versa. If Lkj + Ljk = λ where λ is the lattice spacing, a fracture is

denoted as a completely activated fracture. As will be shown later, the pressure

equations for a growing fracture and a completely activated one are slightly

different.

The leak off process is assumed to follow Darcy’s law that is driven by the

difference between the fluid’s pressure at the surface of the fracture and the far-

field pressure of the fluid saturating the rock’s matrix. The approximate form of

97



the leakage term is given by [Howard and Fast, 1957]:

Vljk = CL

¿
Á
ÁÀ

Pcjk − Pf

t − t
′
jk

, (4.3)

where C =

√
kmεm

2µ
. km and εm are the matrix permeability and porosity, respec-

tively. µ is the fluid viscosity and t
′
jk is equal to the time at which the fracture

is first activated and does not depend on the position of the fluid front within

the activated fracture. Pcjk is the fluid pressure required to activate the arbitrary

fracture and Pf is the far-field pressure. Since the fracture can grow from two

directions, Pcjk = Pckj but the values of t′jk and t
′
kj are not necessarily equal.

(4.3) assumes that the leakage velocity is independent of the fluid pressure

within the fracture and the time at which a point in space starts to leak. These

assumptions have been shown to be valid when both: 1) the length of the frac-

ture is much smaller than a characteristic length scale the fracture has to grow

before leakage starts to greatly slow down the growth of the fracture; and 2)

the viscous pressure drop within the fracture is much smaller than (Pcjk − Pf)

[Alhashim and Koch, 2018].

To determine the flux within a growing fracture, i.e. calculating fjk(t), a

mass balance, which we will describe in the next subsection, on the junction

points where the fractures interconnect is solved. To derive the mass balance

equation, one needs to relate the flux within the growing fractures with the fluid

pressure at the junction point. The flux within the fracture, q, is obtained by as-

suming a unidirectional flow within the fracture, i.e. q = −
b3

12µ

dP

dx
[Zimmerman

and Bodvarsson, 1996]. Thus, a momentum balance within the fracture yields:

∂2P

∂x2
=

24µC

b3

¿
Á
ÁÀ

Pcjk − Pf

t − t
′
jk

(4.4)
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that is subjected to the following boundary conditions:

P (L, t) = Pcjk , (4.5)

and
∂P

∂x
=
−12µQ(t)

wb3
fjk(t) at x = 0. (4.6)

(4.5) ensures that the fluid pressure is at least equal to the critical value to

ensure the continuous growth of the fracture while (4.6) sets the injection rate

at the entrance of the fracture. The solution of (4.4) using these two boundary

conditions is given by:

P (x, t) =
12µC

b3

¿
Á
ÁÀ

Pcjk − Pf

t − t
′
jk

(x2 −L2
jk) −

12µQ

wb3
fjk(t) (x −Ljk) + Pcjk . (4.7)

(4.2) and (4.7) govern the growth of propagating fractures. For completely

activated fractures, i.e. the growing fracture reaches a junction point where

it intersects other fractures and its length is equal to the lattice spacing. For

these fractures, a momentum balance, following a similar procedure used for

the growing fractures, to treat the separate parts growing in the fracture along

with a continuity conditions of the pressure and the flux at the point where the

two segments intersect yields:

P (x, t) =
12µC

b3

√
Pcjk − Pf

⎛
⎜
⎝

x2 −L2
jk

√
t − t

′
jk

−
(λ − x)

2
−L2

kj
√
t − t

′
kj

⎞
⎟
⎠
−

12µQ

wb3
fjk(t) (2x − λ)+P (λ−x, t).

(4.8)

Here, λ is the lattice spacing and node j is located at x = 0. Note that (4.8)

assumes that the leakage velocity is still driven by the critical pressure of the

fracture when it is activated even-though fluid flow within the fracture is not

driven by the fractures’ Pci . As will be shown in a bit, this assumption will

not affect the calculations since under certain conditions the leakage of all the
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activated fractures can be assumed to be driven by the difference between a

threshold critical pressure, Pcc, and the far-field pressure. Moreover, the total

leakage from the fracture depends on the history of how the fracture grew from

both directions.

By rescaling the fluid pressure with the standard deviation of the critical

pressures, δpc, time with (
bλw

Q0

)

1
α+1

and all lengths with the lattice spacing, λ,

(4.2) becomes:

dljk
dτ

= ταfjk(τ) −
⎛
⎜
⎝
ζN +

¿
Á
ÁÀ2kmεm(Pcjk − Pcc)

b2µ
(
wbλ

Q0

)

1
α+1⎞

⎟
⎠

ljk
√
τ − τ

′
jk

, (4.9)

and the dimensionless fluid pressure, p, at the entrance of a growing fracture,

i.e. p(x = 0) = pj , becomes:

pj(τ) = fjk(τ)τ
α ljk
FN

−
1

2FN

⎛
⎜
⎝
ζN +

¿
Á
ÁÀ2kmεm(Pcjk − Pcc)

b2µ
(
wbλ

Q0

)

1
α+1⎞

⎟
⎠

l2jk
√
τ − τ

′
jk

+ pcjk ,

(4.10)

while the entrance fluid pressure for a completely activated fracture is given by:

pj(τ) =
fjk(τ)τα

FN
−

1

2FN

⎛
⎜
⎝
ζN +

¿
Á
ÁÀ2kmεm(Pci − Pcc)

b2µ
(
wbλ

Q0

)

1
α+1⎞

⎟
⎠

⎛
⎜
⎝

l2jk
√
τ − τ

′
jk

+
λ2 − l2kj
√
τ − τ

′
kj

⎞
⎟
⎠
+pk(τ).

(4.11)

Here, pk(τ) = p(1, τ), ljk and τ are the dimensionless length of the growing

fracture and time, respectively. pcjk = Pcjk/δpc while ζN and FN are given by:

ζN =

¿
Á
ÁÀ2kmεm(Pcc − Pf)

b2µ
(
wbλ

Q0

)

1
α+1
, (4.12)

FN =
δpc
12µ

(
wb2α+3

Q0λ2α+1
)

1
α+1

. (4.13)
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Here, Pcc is the threshold critical pressure needed to form a percolating network

and its definition will be clear when discussing percolation theory to describe

the growth behavior.

The two dimensionless numbers given by (4.12) and (4.13) control the

growth of the cluster of activated fractures. ζN is defined as the ratio of the time

it takes to completely activate a fracture to the time it takes for leaking fluid to

travel a distance b into the rock’s matrix. The other dimensionless number, FN ,

is defined as the ratio of the fracturing forces to the viscous forces. The frac-

turing forces are depicted by the variability of the critical pressures the injected

fluid needs to overcome in order to propagate through the rock. It is propor-

tional to the stress anisotropy, σ1 − σ3 where σ1 and σ3 are the maximum and

minimum principle stresses. Furthermore, the value of FN , as will be shown

later, is related to the length scale, ξch, at which the viscous pressure drop is

negligible. For small values of FN , the fluid pressure increases as the fluid prop-

agates through the rock due to the viscous pressure drop. Thus, the fluid easily

overcomes the critical pressures of the pre-existing fractures. For large values

of FN , the variability of the critical pressures control the fracturing process and

the effects of viscous pressure drop can be neglected. In this case, the injected

fluid propagates through the least resistance path where it can overcome the

smallest critical pressures of the pre-existing fractures. The other dimensionless

parameter, ζN , is related to the time scale needed for the total leakage rate from

the fractures to significantly slow down the growth of the network of activated

fractures. When τ ≪ ζ−2
N , the effects of leakage on the growth of the cluster can

be neglected while most of the injected fluid leaks off when τ ≫ ζ−2
N .

Finally, the driving force for the fluid to flow from the fracture surface to the
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rock matrix can be approximated to be given by Pcc−Pf . This assumption holds

when δpc ≪ (Pcc − Pf) and thus, (4.9) reduces to:

dljk
dτ

= fjk(τ)τ
α − ζN

ljk
√
τ − τ

′
jk

, (4.14)

and (4.10) & (4.11) become:

pj(τ) = fjk(t)τ
α ljk
FN

−
ζN

2FN

l2jk
√
τ − τ

′
jk

+ pcjk , (4.15)

pj(τ) =
fjk(τ)τα

FN
−
ζN

2FN

⎛
⎜
⎝

l2jk
√
τ − τ

′
jk

+
λ2 − l2kj
√
τ − τ

′
kj

⎞
⎟
⎠
+ pk(τ). (4.16)

4.2.2 Governing equations

(4.14) to (4.16) govern the growth of a cluster of activated fractures and can

be used to setup a linear system of equations to solve for fluid pressure at the

junction points where the fractures intersect to determine the flux within the

growing fractures, i.e fi. Once the values of fi are determined, the length of

the growing fractures are integrated, following Euler integration scheme, using

(4.14) .

Now, let us briefly describe the linear system of equations used to determine

the fluid pressure at each junction node. At the injection node, a time dependent

injection rate, τα, is used which is also equal to the sum of the flux in the set of

activated fractures, Sinj , intersected by the injection well, i.e. ∑
i∈Sinj

fi = 1. Since

we are using one injection well, the mass balance over the rest of the nodes k

yields ∑
i∈Sk,k≠inj

fi = 0. Sk is the set of fractures that would connect node k and the

next neighbor nodes. By rearranging (4.15) and (4.16) to solve for fi(τ), one can
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construct a linear system of equations written as:

aijpj =mi + si (4.17)

where aij is the coefficient matrix that contains information about the connectiv-

ity of the activated fractures and their lengths. p is a vector of the fluid pressure

at the junctions that are reached by the fluid front and the vector m specifies

the critical pressures required to grow the fractures and the rate of leakage from

their surfaces. Finally s is a source/sink term.

From (4.15) and (4.16), one can show that for each node j, ajj = ∑
k∈Sj

FNτα

ljk
+

NCAFNτ
α where Sj is the set of fractures that are growing and connect node j

to the next neighbor nodes k’s in the lattice while NCA is the number of frac-

tures connecting nodes j and k that are completely activated. Since fractures

are allowed to grow in different directions, a fracture is said to be completely

fractured when ljk + lkj = 1. For these fractures, (4.16) couples the pressure at the

two j and k nodes. Thus, the value of ajk = −FNτα when the fracture connect-

ing these two nodes is completely activated; otherwise, ajk = 0 if the fracture

connecting these nodes is not completely activated.

For each junction node j,mj = ∑
k∈Sj

Ωjk where Ωjk =
FNτα

ljk

⎛
⎜
⎝
pcjk −

ζN
2FN

l2jk
√
τ − τ

′
jk

⎞
⎟
⎠

where Sj is the set of fractures that are growing, connected to node j and prop-

agates towards node k. τ
′
jk is the time at which the fracture is activated and

started to grow. pcjk is the fracture’s critical pressure. If the fracture con-

necting nodes j and k is fully activated, i.e. ljk + lkj = 1, one can show that

Ωjk = −ζNτ
α
⎛
⎜
⎝

l2jk

2
√
τ − τ

′
jk

+
l2kj

2
√
τ − τ

′
kj

+
ljklkj

√
τ − τ

′
jk

⎞
⎟
⎠

. This is due to the different

leakage velocity of different parts of the fracture when it grew from different

directions. Finally, sinj = 1 while si for the rest of the nodes is set to be zero since
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we are using one injection point.

4.2.3 Simulation rules

To initiate the simulation, the fracture with the smallest value of pc and is con-

nected to the injection node is activated and its length is estimated as l = ∆α+1
τ

where ∆τ is the time step and the pressure at the node is given by (4.15) where

f(τ) = 1 and τ
′
= 0. The simulation loop is composed of three steps. In the

first step, a check over all the closed fractures is done to determine the ones that

meet the opening criterion, i.e. pnj ≥ pcjk where pnj is the fluid pressure at node j

at time step n. The length of the newly opened fractures is approximated to be

equal to 10−5. Once all fractures that meet the criterion are opened, the system

of equations governing fluid flow within the cluster of activated fractures, given

by (4.17), are iteratively solved using hsl-ma48 package [HSL, 2013].

At each iteration step, fractures that have a negative flux, i.e. the flow rate

is smaller than the leakage rate of the fractures, are halted. This is an artifact

due to the singularity in the leakage term when τ ′ → τ . Upon halting a fracture,

the system of equations are modified to set the flux within these fracture to be

equal to the their leakage rate. This is looped over until all fractures have a

positive flux. One should note that once a fracture is halted, it remains at this

state for the remaining iteration steps. If all the fractures are halted, the injection

rate is set such that it supplies the leakage rate of the whole cluster and the

injection pressure is set to be equal to the injection pressure at the previous time

step. Finally, (4.14) is used to update the length of the growing fractures by

ln+1 = ln +∆τ (f
nτα − ζN

ln
√
τn − τ ′

).
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Ideally, the time step should be small enough that the fluid pressure at

the injection nodes changes slowly to allow for more accurate calculation of

the fractures’ τ ′ . However, this comes at the cost of simulating only small

systems at a reasonable time. To speed up the simulation time, ∆τ is var-

ied such that one fracture is completely activated at each simulation step.

∆τ = mini ,j

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

1 − lij − lji

fij + fji − ζN
lij

√

τ−τ ′ij
− ζN

lji
√

τ−τ ′ji

⎫⎪⎪⎪
⎬
⎪⎪⎪⎭

. Although, varying the time step can

overestimate the leakage, since τ ′ is larger than what one would get with a small

∆τ , it is found to not affect the scaling at which the cluster grows. Moreover,

over-estimating the leakage due to large values of ∆τ can sometime destabilize

the numerical solution of the equations when large values of ζN is used. We

found that stable simulations can be conducted for ζN ≤ 0.6 which is sufficient

to reach the leakage dominant regime for the network sizes simulated.

Finally, the interference between fractures is ignored. This applies when the

characteristic distance the leaking fluid travels must be much smaller than the

length of the pre-existing fractures. The criterion that satisfy this condition is

given by ζN ≪
λεm
b

. Typically, we set ζN ≤ 1 which is much smaller than
λεm
b

∼

O(102) for fractures with a length of 10m and an aperture of a milli-meter.

4.3 Results and Discussions

Using the developed simulator, we stimulated the rock using different differ-

ent values of FN , α and ζN to probe the effects of injection conditions and rock

properties on the morphology of a cluster of activated fractures. Using different

the values of FN signifies variations in the importance of the viscous pressure

drop when compared to the variability in the critical pressures. Given the same
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(a) FN = 10−3. (b) FN = 2

(c) FN = 15 (d) FN = 2000

Figure 4.1: Examples of generated clusters of activated fractures at different
values of FN where α = 0, ζn = 0. As can be seen from the figure, as the value
of FN increases, the cluster of activated fractures become sparser. The square
symbol represents the location of the injection point.

rock’s properties, decreasing the value of FN represents injecting the fluid at a

larger rate, Q0 or using a higher fluid viscosity. The value of ζN compares to

the two time scales that govern fluid transport within the rock, fluid transport

with the fractures and from the fractures’ surfaces to the rock matrix, and it pre-

dominantly depends on the rock’s intrinsic permeability. Using a small value

of ζN can represent stimulating a nearly impermeable rock. Finally, the value of

α controls the injection protocol. A value of zero means means that the fluid is

injected at a constant rate while α = 1 represents a linearly increasing injection

rate with time.
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As mentioned in section 4.2, the value of FN controls the topology of the

cluster while the value of ζN determines the time at which the leak off process

dominates the growth and most of the injected fluid leaks off. Figure 4.3 shows

examples of created clusters of activated fractures when the rock is stimulated

at different values of FN when the leakage process is neglected and the fluid is

injected at a constant rate. As can be seen from the figure, the cluster of acti-

vated fractures becomes sparser when using a large value of FN . As the value

of FN increases, the variability in the critical pressures dominate the growth and

the injected fluid activates and flows through the least resistance path creating

a poorly connected network of activated fractures as shown in figure 4.1(d).

When the value of FN is much smaller than 1, the fluid pressure increases due

to the viscous pressure drop required to drive the flow allowing the fluid to ac-

tivate fractures with a large value of Pc. Activating the fractures under these

conditions yield a well-connected network of activated fractures as seen in fig-

ures 4.1(a) & 4.1(b). For moderate values of FN , the network looks fractal at

small length scales but is hetrogenous at large length scales as shown in figure

4.1(c).

To characterize the morphology of the networks such as the ones shown in

figure 4.3, the profile of the rock’s primary porosity, εS(ρ), that stems from the

activated fractures. ε is the primary porosity of the rock if all the pre-existing

fractures are activated and its value for a lattice network of pre-existing frac-

tures is equal to b3/λ. The value of S(ρ) accounts for the fraction of pre-existing

fractures that are located between ρ and ρ + ∆ρ that are activated. Figure 4.2

shows the profile of S when the rock is stimulated at different values of FN

where the leakage is negligible, i.e. ζN = 0 and the fluid is injected at a constant

rate. As can be seen from the figure, the rock’s porosity drastically changes and
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Figure 4.2: The profile of S for different values of FN . Small values of FN pro-
duces a compact network. As the value of FN increases, the network becomes
sparser. ρf is the position of the cluster’s front. Its definition will be discussed
in section 4.3.2

depends on how the fracturing process is conducted which in turn affects the

choice of model to be used when modeling heat/fluid transport in stimulated

rocks. The typical assumption of a well-connected cluster of activated fractures

[Willis-Richards et al., 1996] is only valid when the rock is stimulated using

small values of FN by using a high viscosity fluid for example. Since most hy-

droshearing process are conducted using a low viscosity fluid that is injected

slowly, a sparse cluster of activated fractures is expected and the analyzing the

growth of the cluster requires the development of models that accounts for the

cluster’s sparsity.

The growth of a well-connected network can be simply shown to be de-

scribed by a linear diffusion equation while modeling the growth of sparse clus-

ters is more involved. In the following sections, we will show that the topology

clusters of activated fractures that are formed at large values of FN , i.e. FN ≫ ρf

where ρf is the dimensionless cluster radius (the front of the cluster), is the same
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as a percolating network formed at the percolation threshold and invasion per-

colation [Wilkinson and Willemsen, 1983] can be used to model its growth dy-

namics. For moderate values of FN , we will show that a continuum model that

we have recently developed [Alhashim and Koch, 2018] describes the cluster’s

growth. The regime where the cluster of activated fractures is well-connected

is denoted as the homogeneous regime while the regime where invasion perco-

lation describes the fracturing process is denoted as the fractal regime. Finally,

the regime where the continuum model applies is denoted as the intermediate

regime. Criteria that define these regimes will be discussed.

4.3.1 Cluster growth in the fractal regime

To characterize the cluster of activated fractures that is formed when the viscous

pressure drop is negligible, i.e. using a large value of FN , the cluster’s fractal

dimension, Df , and its porosity profile will be analyzed. There are three main

parameters that can affect these properties: 1) the topology of the network of

pre-existing fractures, 2) the injection protocols depicted by the value of α, and

3) the significance of the leak off process on the cluster’s growth. Since we are

considering the case of negligible viscous pressure drop, the used value of FN

does not affect the cluster’s growth as long as it is much larger than the cluster’s

dimensionless radius. To probe the effects of the aforementioned parameters,

we consider three different lattices that represent the network of pre-existing

fractures: a square, a triangular and a honeycomb one. To vary the injection

protocol, we stimulate the rock by injecting the fluid at a constant rate and when

the value of α = 1. Finally, the regimes where the leak off is negligible and where

it dominates the growth are analyzed to consider the stimulation of rock’s with
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different intrinsic permeability.

Figure 4.3: A cluster of activated fractures that is stimulated at the value of
FN = 107, ζN = 0 and α = 0 in square lattice. The color represents the interval at
which these fractures are activated. The coloring sequence from small values of
τ ′ to large ones is: red, blue, black, green, purple. The asterisk symbol represents
the location of the injection point.

In order for the viscous pressure drop to be negligible over the radius of

the cluster of activated fractures for reasonably large lattices, we set the value

of FN to be ≥ O(105). Figure 4.3 shows an example of a cluster of activated

fractures formed when FN = 107, ζN = 0, and α = 0 when the natural fractures

are represented by a square lattice. The coloring of the fractures is based on the

time interval at which a fracture is activated. For instance, the fractures in red

are first activated while fractures in purple are the last to activate. Details of the

sequence of coloring is summarized in the figure’s caption. As can be seen from

the figure, the network of activated fractures that is stimulated at a large value

of FN looks fractal.

Over the length scale where the viscous pressure drop is negligible, the frac-
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turing process is analogous to the invasion percolation process where the in-

jected fluid overcomes the smallest resistances to activate in order to propagate

through the rock. When invasion percolation was first introduced to study the

drainage process [Wilkinson and Willemsen, 1983], the resistance the injected

fluid has to overcome was the capillary pressure of the pores that are saturated

with a lower viscosity fluid. The fractal dimension of the formed clusters of the

invading fluid was found to be equal to the fractal dimension of a percolating

network. This fractal dimension is universal meaning that it does not depend

on the lattice structure but only depends on the dimension of the network. Due

to the similarity between the stable drainage process when the viscous pressure

drop is negligible and the fracturing process in the fractal regime, we expect

that the fractal dimension of the cluster of activated fractures in this regime to

be equal to 91/48 regardless of the structure of the lattice used.

Given a network of pre-existing fractures, a specified value of FN , α and ζN ,

the fractal dimension of the formed cluster of activated fractures is determined

by calculating the number of activated fractures, NAF , for different radius of gy-

ration, ρg, of the cluster. By definition, the fractal dimension is determined by

the scaling of NAF with ρg, i.e. NAF ∼ ρ
Df
g . Figure 4.4 shows a plot of the natural

log values of NAF as a function of ρg for stimulated networks at the value of

FN = 105 with different network structures, different values of α and ζN . The tri-

angular symbols represent data for a triangular lattice while the square symbols

belong to a square lattice. The circles belong to a honeycomb lattice. For these

sets of data, α = 0 and ζN = 0 representing the growth in the short time regime

and the fluid is injected at a constant rate. The diamond symbols are for the

case where the lattice is a square, α = 1 and ζN = 0 representing the stimulation

process when the injection rate is increased linearly with time and leakage is
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negligible. Finally, the asterisk symbols represent the case where α = 0, ζN = 0.1

for a square lattice. These data represent the case where leakage dominates the

growth. The solid, dashed, and dashed-dotted lines have a slope of 91/48. One

should note that the values ofNf and the rest of calculated variables throughout

the paper were averaged over more than few hundred realizations.
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ln (ρg)

ln (NAF)

Figure 4.4: Fractal dimension calculations. Square symbols are for the square
lattice. ◻ symbols are for the case where α = 0, ζN = 0 and FN = 105 representing
the case of injecting the fluid at a constant rate where leakage is negligible while
◻ symbols are for the case where α = 0, ζN = 0.1 and FN = 107 representing the
case where leakage dominates the growth for the constant injection rate case. As
will be discussed in the next section, setting the value of ζN = O(1) is sufficient
to reach the regime where the leak off dominates the growth. ◻ symbols are for
the case where α = 1, ζN = 0.0 and FN = 107, i.e. the fluid is injected at a rate
that increases linearly with time in the short time regime. The solid line is a
guideline with a slope of 91/48. Since leakage and α affects the viscous pressure
drop across the network, they do not affect the structure of the network in the
regime where the viscous pressure drop is negligible.

As can be seen from the figure, the fractal dimension of the cluster of ac-

tivated fractures is equal to 91/48 regardless of the structure of the lattice, the

importance of leakage and the injection protocol. Since the leakage process and

increasing the injection rate with time affects the viscous pressure drop which
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(b) The scaled profile of S for networks formed
in the fractal regime near the injection well.

Figure 4.5: Saturation profile in the fractal regime where a fractal network is
expected to form. From percolation theory, we know that g(ρ) ∼ ρ

2β
ν for ρ ≪ ξ.

The saturation is proportional to the pair probability distribution. Hence, one
expects the same scaling to apply for S as a function of ρg which is a measure of
the network’s correlation length. This scaling applies for ρ≪ ρg as shown in the
figure.

is negligible in this regime, they do not change the structure of the network.

This can be seen from the figure as the intercepts of the diamond, square and

asterisk symbols are the same. Since the fractal dimension is equal to 91/48 and

does not change when changing the detailed topology of the network, one can

say that the fracturing process when the viscous pressure drop is negligible be-

longs to the same universality class of percolation theory and it can be studied

using invasion percolation rules. Therefore, models of fluid transport in fractal

porous media such as the model developed by Chang and Yortsos [1990] apply

for stimulated reservoirs in the fractal regime, small values of FN by injecting

the fluid at small rates for example, where the fractal dimension is equal to 91/48

and 2.53 for two and three dimensional networks [Stauffer, 1979].
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Given that the fracturing process in the fractal regime belongs to the same

universality class as random percolation, let us correlate the network’s proper-

ties such as its porosity and permeability with measurable parameters. Figure

4.5(a) shows the profile of S scaled with ρg as a function of ρ/ρg. As defined

earlier, the value of S is equal to the fraction of fractures located between ρ and

ρ +∆ρ that are activated. Since ∫
ρg

0
Sρdρ ∼ ρ

Df
g and the network is self-similar,

the primary porosity of the cluster of activated fractures scales as S ∼ ρ
Df−2
g

where 2−Df =
β
ν and the values of β and ν are equal to 5/36 and 4/3, respectively

[Stauffer, 1979]. Thus, one expects a collapse for the porosity profiles when S is

scaled with ρβ/νg and ρ with ρg as shown in figure 4.5(a).

Furthermore, the pair connectivity of a percolating network scales as g(r) ∼

r−2β/ν when r ≪ ξ. ξ is the correlation length of the percolating network and for

a percolating network formed at the threshold, ξ is replaced by the network’s

linear size since ξ → ∞. Since the saturation profile from the injection well, by

definition, is proportional to g(r), one expects the same scaling. In other words,

we expect the porosity profile to scale as S ∼ ρ−2β/ν for ρ ≪ ρg. Figure 4.5(b)

shows a plot of S as a function of ρ near the injection well. The solid line has a

slope of −2β/ν.

Following the same arguments for the porosity, the integral permeability of

the cluster of activated fractures, measured when the pressure drop across the

whole network is set, scales as K ∼ ρ
−
ε
ν

g where the value of ε = 1.3 for a two

dimensional network [Stauffer, 1979]. Following similar arguments found in

[O’Shaughnessy and Procaccia, 1985] where the permeability at the shell be-

tween ρ and ρ +∆ρ is given by the derivative of the integral permeability with

ρ. Thus, the permeability near the injection well should scale K ∼ ρ−
ν+ε
ν when
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ρ≪ ρg.

To derive how these parameters, i.e. the permeability and porosity of the

cluster of activated fractures, evolve with time, remember that the volume of

injected fluid is equal to the total volume of activated fractures when the ef-

fects of the leak off process are negligible. Thus, the radius of gyration of the

cluster of activated fractures, ρg, scales as ρg ∼ τ
α+1
Df and hence S ∼ τ

−
β(α+1)
Dfν and

K ∼ τ
−
ε(α+1)
Dfν . As one can see, the permeability of the cluster of activated fractures

decreases with time. Thus, the injection fluid pressure is expected to increase as

the cluster grows.The decrease in the permeability with time is due to the de-

crease in number of paths that connect two points within the cluster of activated

fractures. For an infinite percolating network that is formed at the percolation

threshold value, there exists one path that connects two points within the clus-

ter. The injection fluid pressure, Pinj , is proportional to the threshold critical

pressure the fluid needs to overcome in order to percolate through the rock. Us-

ing finite size scaling of the percolation threshold [Stauffer and Aharony, 1994],

one expects that P∞

cc −Pinj ∼ ρ
−1/ν
g and hence Pinj ∼ P∞

cc − τ
−
α+1
Dfν . P∞

cc is the thresh-

old critical pressure needed to form an infinite percolating network. Its value

depends on the distribution of the critical pressures and the topology of the

network of pre-existing fractures. Equivalently, one can relate the network’s

properties to the fluid pressure such that K ∼ (Pinj − P∞

cc )
ε and S ∼ (Pinj − P∞

cc )
β .

4.3.2 Cluster growth in the intermediate regime

The whole analysis of the fractal regime is valid when the cluster size is smaller

than the length scale over which the viscous pressure drop is negligible when
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compared to the variability of the critical pressures. As the cluster’s size exceeds

this length scale, the effects of the viscous pressure drop change the topology of

the cluster and another growth regime emerges, denoted as the intermediate

regime. In the this subsection, we will analyze the cluster’s growth when the

intermediate regime is fully developed, i.e. when the viscous pressure drop is

negligible over a length scale that is large when compared to the length of the

pre-existing fractures but is smaller than the radius of the cluster of activated

fractures. In the introduction, it was mentioned that the growth of the cluster

in this regime can be modeled using a continuum framework. In this section,

predictions from the theory will be compared with the simulation results. First,

we will briefly review the derivation of the model. Then, we present simulation

results that test the model’s predictions.

Review of the continuum model

Briefly, the continuum model assumes that the local porosity and permeability

of the network of activated fractures can be correlated with the pressure of the

injected fluid. In order for this assumption to be valid, the viscous pressure

drop on a length scale that is much larger than the length of the fractures but

is much smaller than the radius of the cluster of activated fractures should be

negligible. Over this region, the fracturing process occurs at a constant fluid

pressure, P . Analogous to the results found in the previous section where the

network’s properties scale with the fluid pressure, the local properties of the

cluster of activated fractures developed in the intermediate regime is expected

to scale with the difference of the local fluid pressure from a threshold value, Pcc

, required to ensure the formation of a percolating network.
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This description of the fracturing process allowed us to write a continuum

equation that couples pressure-driven fluid flow and leakage with the growth

of a network of activated fractures. In two dimensions, the partial differential

equation governing the growth of the network of activated fractures is given by:

ε
∂S

∂t
=

1

µr

∂

∂r
(rK

∂P

∂r
) −Cl ∫

S

0

ds
√
t − t′(s, r)

, (4.18)

where εS is the local primary porosity of the network of activated fractures

while K is the network’s local hydraulic conductivity and µ is the fluid vis-

cosity. Cl is given by Cl =
2ε

b

√
kmεm

2µ
(Pcc − Pf) where Pcc is the threshold fluid

pressure needed to form a percolating network, Pf the far-field pressure of the

fluid saturating the rock. b is the average aperture of the activated fractures. εm

and km are the rock’s intrinsic porosity and permeability, respectively.

The left hand term in (4.18) describes the evolution of the network’s pri-

mary porosity as the fluid is injected and the first term on the right hand side

is Darcy’s flow in porous media for viscous fluids where the permeability K is

a function of position and changes with time as the network grows. The sec-

ond term on the left hand side describes the total leakage rate of the fluid from

the surface of the activated fractures to the rock’s matrix. To completely define

the problem, we assumed that the fluid pressure at the front of the cluster, R, is

equal to Pcc and specified the injection rate at the well-bore as a function of time,

i.e. Q0tα. Pcc is calculated from the cumulative distribution function of critical

pressures and depends on the detailed topology of the network of pre-existing

fractures.

To express the effective permeability and porosity of the cluster in terms of

the local fluid pressure, universal scalings from percolation theory near the the
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threshold value, Pcc, were used as follows:

S = ks [kf(P − Pcc)]
β
, (4.19)

K = k0kk [kf(P − Pcc)]
ε
, (4.20)

where k0 is the permeability of the cluster if all pre-existing fractures are ac-

tivated while ks and kk are dimensionless proportionality constants. kf has a

dimension of one over fluid pressure and is proportional to the width of the

natural fractures’ distribution of critical pressures, δpc. For a normal distribu-

tion, kf = 1
√

2πδpc
. If the stress field is homogenous and the fracture’s orientation

is uniformly distributed, k−1
f ∝ σ1 − σ3 where σ1 is the vertical principal stress

while σ3 is the minimum horizontal stress. β and ε are universal constants that

only depend on the dimension of the network but not on the details of the net-

work’s topology. In two dimensions, ε ≈ 1.3 and β = 5/36 [Stauffer, 1979].

(4.18) admits self-similar solutions for the fluid’s pressure in two asymptotic

regimes: a short time regime where fluid flow dominates the growth while the

leakage is negligible and a long time regime where leakage dominates over fluid

flow. A characteristic time, given by tconch = (
ε

Cl
)

2

, gives the crossover time be-

tween the two similarity regimes where either process dominates the growth.

When t ≫ tconch , most of the injected fluid leaks out while the leakage can be ne-

glected when t≪ tconch . Since the model was formulated at the length scale of the

cluster’s radius, the time scale to grow the activated fractures was neglected. In

the simulation of growing discrete fractures, however, we resolve the growth

process of the activated fractures and hence the time scale to activate a fracture,

tch, was introduced. The dimensionless number, ζN , is proportional to the ratio

of these two time scales, i.e. ζ2
N ≡

tch
tconch

. Therefore, the crossover between the

two similarity regimes in the simulation shall occur when τζ2
N = O(1). When
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τ ≪ ζ2
N τ ≫ ζ2

N

ρf =
(24π

√

2π)
E3

√

2π

ηsmaxk
E3
k

√

ks
FE3

N τ γs , ρf =
(24π

√

2π)
E3

√

2π

ηlmaxk
E3
k

√

ks

F
E3
N

√

ζN
τ γl .

NAF ≡ As
λw = τα+1

(α+1) , NAF =
ηl

2

max

ζN
τα+

1
2 ∫

1

0 φ
βχdχ.

S (τ, ρρf ) =
ks

k
2E3
k

(24π
√

2π)
−2E3

F −2E3

N τ δβφ(χ)β .

λ
b3K (τ, ρρf ) = (kk)

1
ε+1 (24π

√
2π)

−
ε
ε+1 F

−
ε
ε+1

N τ δεφ(χ)ε.

Table 4.1: Summary of the self-similar solution of the network properties in
the two regimes using the simulation parameters, FN and ζN . χ =

η
ηmax

. ρf is
the front of the cluster, NAF is the number of activated fractures, and ρ is the

dimensionless position away from the injection point. Finally, γs =
1 + α

2
− αE3,

γl =
1 + 2α

4
− αE3, and δ = α

ε+1 where E3 =
β

2(ε+1) .

τ ≪ ζ−2
N , one can probe the cluster growth in the short time regime and the clus-

ter growth approaches the long time regime when τ ≫ ζ−2
N . In the case of a

constant injection rate, the value of τ is proportional to the number of activated

fractures. Since we are simulating the activation of order 1000 of fractures, it is

sufficient to set ζN = O(1) to realize the long time regime.

In both similarity regimes, the radius of the cluster grows as a power law of

time where the exponents are functions of β, ε and α. Using the characteristic

parameters described in section 4.2 to scale (4.18), the solutions for the various

network properties, written in a dimensionless form, such as its radius, surface

area and porosity profile in the two similarity regimes are summarized in table

4.1. One should note that these expressions are specific for perfect lattices where

the distribution of the critical pressure follows a normal distribution, i.e. k0 =
b3

λ
,

ε =
b

λ
, ξ0 = l, and kf =

1
√

2πδpc
. One can easily derive similar expressions for ran-

dom network with another kind of distribution by using appropriate definitions

of k0, ε and kf .
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To solve for the growth in the transition regime, an assumption was used

to simplify the leakage term in (4.18). t′(s, r) in the leakage term is the time at

which the fractures located between r and r +∆r are activated. As the network

grows and the fluid pressure required to drive the flow increases, the number

density of activated fractures locally increases. t′(s, r) captures the difference in

leakage velocity of the locally activated fractures and the leakage rate becomes a

functional of (t − t′(s, r))
−1/2. To simplify the leakage term, the leakage velocity

of the activated fractures was assumed to depend only on the time at which the

fluid front reaches the region where they are located. Thus, the local leakage

rate only depends on the total surface area of the activated fractures and t′(r).

We argued that such a simplification does not change the self-similar scaling for

both the fluid pressure and the radius of the cluster in the long time regime.

However, as will be shown later on, it over-estimates the growth rate of the

cluster of activated since neglecting the effects of the actual time at which a

fracture is activated under-predicts its leakage velocity.

To derive a criterion for the validity of the model, we first defined the local

correlation length as:

ξ = ξ0kξ [kf(P − Pcc)]
−ν
, (4.21)

where ξ0 is the correlation length of the pre-existing natural fractures. kξ is a

proportionality constant while ν is a universal scaling derived from percolation

theory and is equal to 4/3 in two dimensions [Stauffer, 1979]. Using the charac-

teristic pressure drop, P con
ch across the cluster’s radius, we defined a characteris-

tic length scale, ξch, below which the viscous pressure drop is negligible. ξch was

defined as ξch = ξ0kξ [kfP
con
ch (t/tconch )α/(ε+1)]

−ν
. One should note that for α > 0, the

characterstic correlation length is a function of time. This is due to the increase

in the viscous pressure drop with time as the injection rate is rampped up. As
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the viscous pressure drop increases, the correlation length of the network de-

creases systematically and thus, the viscous pressure drop become negligible on

smaller length scales. For a perfect lattice, P con
ch = δpc

√
2π

(24π
√

2π)
1
ε+1
k
−

1
ε+1

k F
−

1
ε+1

N ζ
−

2α
ε+1

N

and the general criterion for the validity of the continuum formulation can be

written as:

1 ≪ F
ν
ε+1
N τ−

να
ε+1 ≪ ρf . (4.22)

Here, order one pre-factors are omitted and ρf is the dimensionless radius of the

cluster of activated fractures. Since the percolation description of the fracturing

process applies on length scales of the order of ξch where the viscous pressure

drop is negligible and the variability in the critical pressures controls the fractur-

ing process, it follows that the fractal regime described in section 4.3.1 develops

when:

1 ≪ ρf ≪ F
ν
ε+1
N τ−

να
ε+1 . (4.23)

Similarly, a homogeneous network forms when the viscous pressure drop is

important over the length of the pre-existing fractures. Therefore, the criterion

to develop a homogeneous network at all length is given by:

1 ≈ F
ν
ε+1
N τ−

να
ε+1 ≪ ρf . (4.24)

In section 4.3.1, we showed that a fractal network can form when the viscous

pressure drop is negligible over large length scales. If one sets the injection

conditions using a moderate value of FN , the initial growth of the cluster of

activated fractures follows the invasion percolation . As the size of the cluster of

activated fractures increases and (4.23) becomes violated, a transition occurs and

the cluster of activated fractures grows following the continuum model when

(4.22) becomes satisfied. If one sets the injection conditions such that FN = O(1),

the cluster will continue growing in the homogeneous regime where the formed

cluster of activated fractures is well-connected.
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Finally, the solution for the self-similar fluid pressure, φ, and thus K and S

was shown to be valid away from the center and the edge of the cluster. Near

the cluster’s edge, the continuum assumption breaks down as the fluid pressure

reaches Pcc. In this region, the network is fractal and the correlation length of the

network is much larger than the cluster’s radius. The thickness of this region

scaled with the lattice spacing, λnc, in the short time regime, for instance, scales

as:
λnc
ρf

∼ F
κν
ε+1
N ρ

(1+δ/γs)κ
f , (4.25)

where γs =
1 + α

2
−

αβ

2 (ε + 1)
, δ = α

ε+1 and κ = (
ε + 1 − β

ε + 1 + ν − 1
). Similarly, the solution

for φ is not substantiated near the injection well since the use of the percolation

scalings do not apply as the fluid pressure diverges and becomes much larger

than Pcc.

Validation of the theory

Now, let us compare the simulation results with predictions of the theory by

simulating the activation process at a range of FN values such that (4.22) is sat-

isfied and a range of ζN values to probe the two similarity regimes where the

cluster of activated fractures grows as a power law of time. In particular, we

will validate the boundary condition used in the theory which states that the

fluid pressure at the edge of the cluster must be equal to the pressure threshold

value, Pcc, needed to form a percolating network. Then, we will calculate the

growth rate of the cluster with time in the two similarity regimes along with

the crossover between them for various values of FN and ζN . Finally, we will

analyze the porosity profile for networks stimulated at different values of FN .

When (4.22) is satisfied, it was argued that the fracturing process over the
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Figure 4.6: A cluster of activated fractures formed when FN = 15, ζN = 0 and
α = 0. The natural fractures were represented by a square lattice. The colors rep-
resent the time interval at which a fracture is activated. The coloring sequence
is as follows: red, blue, black, green, purple. The asterisk symbol represents the
location of the injection point.

length scale of ξch can be described by percolation theory where the network’s

local properties scale with the fluid pressure. Due to the viscous pressure drop

required to drive the flow, it was predicted that the network near the injection

well is more connected than regions near the edge of the cluster. Figure 4.6

shows an example of a cluster of activated fractures formed in the intermediate

regime where leakage is neglected, the fluid is injected at a constant rate and

the value of FN = 15. As can be seen in the figure, the network at the edge of

the cluster looks fractal while it looks heterogeneous at the scale of the cluster

radius.

The edge of the cluster, also denoted as the fluid front, is defined by the junc-

tion nodes the fluid has reach and are connected to the outer cluster of nodes

that are not reached by the fluid. Similar to the definition used in [Sapoval
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Figure 4.7: A cluster of activated fractures formed when FN = 15, ζN = 0 and
α = 0. The black circles are the nodes that belong to the fluid front based on the
definition used in [Sapoval et al., 1985].

et al., 1985], we consider connections up to the second nearest neighbor. This

definition has be used to define the diffusion front when a diffusion process is

considered on a lattice [Sapoval et al., 1985]. In the rest of the paper, we will

refer to these junction nodes as the front nodes and the fractures that are con-

nected to them as the edge fractures. Figure 4.7 shows an example of a cluster

formed in the intermediate regime where the front nodes are colored differently

from the rest of the fractures.

To determine the dimensionless pressure threshold value, pcc = Pcc/δpc, at the

fluid front needed to propagate the fluid through the rock, we calculated the

acceptance ratio of the edge fractures. The acceptance ratio, fa, is defined as the

fraction of fractures that are connected to the activated junction nodes whose

critical pressure values needed to activate range between pc and pc + ∆pc and

are activated [Wilkinson and Willemsen, 1983]. The fractures considered in the
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Figure 4.8: The value of the threshold critical pressure at the edge of the cluster
for different lattice geometries a square, triangle and honeycomb. The square
represents data for the square lattice while the circle symbols belong to the hon-
eycomb lattice. The triangles are for the triangular lattice. To generate this plot,
we used the scaling of pcc, from percolation theory, as a function of system size
that is given by p∞cc−pcc ∼ ∆ where p∞cc is the threshold value for an infinite lattice.
Since p∞cc = pcav +

√
2erf−1 (2Fc − 1) for a normal distribution of critical pressures,

the slope of each line is given by
√

2erf−1 (2Fc − 1) where Fc for the square lattice
is 0.5 while it is equal to 0.347 and 0.653 for the triangle and honeycomb lattices,
respectively. As predicted, the values obtained in the simulation are the actual

calculation of fa are the ones that form the cluster of activated fractures along

with the ones that are connected to the network but were not activated. The

activated junction nodes are the nodes that are reached by the injected fluid. In

invasion percolation, this parameter is used as an order parameter that defines

the percolation threshold value to form a percolating network as it has a drastic

change from 0 to 1 at the threshold value.

Figure 4.8(a) shows the acceptance ratio, fa, of the edge fractures, i.e. frac-

tures connected to the front nodes, for clusters of activated fractures stimulated

in the short time regime for α = 0 on different lattice structures. As can be seen
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from the figure, fa has a sharp transition near a critical value that is different

for the various lattices considered. Due to finite size effects, the acceptance ratio

shown in 4.8(a) is not a perfect step function. To calculate pcc for an infinitely

large network, we used finite size scaling analysis typically used to calculate

the threshold value for percolating networks. In percolation theory, it is known

that the fraction of opened bonds needed to form a percolating network scales

as F∞

c − Fc ∼ ∆ where ∆ is the width of the percolation probability that sharply

increase from 0 to 1 at the percolation threshold value, Fc is the size dependent

percolation threshold value and F∞

c is the percolation threshold value for an in-

finite network [Stauffer and Aharony, 1994]. Similarly, one expects similar scal-

ing for the size dependent threshold critical pressure, i.e. p∞cc − pcc ∼ ∆ where ∆

is the width of the acceptance ratio, pcc are the size dependent threshold critical

pressure and p∞cc is its value when the cluster of activated fractures is infinitely

large such that the effects of discreteness of the fractures are mitigated.

As mentioned in section 4.3.2, the value of pcc can be calculated from the

cumulative distribution function of the critical pressures. Thus, this scaling fol-

lows the assumption that p∞cc − pcc ≪ p∞cc such that the cumulative distribution

function of the critical pressures can be linearlized near F∞

c . F∞

c here is the frac-

tion of pre-existing fractures that are associated with a critical pressure that is

smaller than p∞cc . In order for the cluster of activated fractures to propagate, the

value of the fluid pressure must be at least equal to p∞cc . Using the commutative

distribution function of the normal distribution, the value of p∞cc is given by:

p∞cc = pcav +
√

2erf−1
[2F∞

c − 1] , (4.26)

where pcav is average critical pressures scaled with δpc. By mapping the fractur-

ing process to the random percolation problem, the value of F∞

c in the activation

problem is the same as the percolation threshold value of opened bonds needed
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to form a percolating network in bond percolation. In bond percolation, the

value of F∞

c varies depending on the topology of the network of pre-existing

fractures. For a square lattice, F∞

c = 1/2 while it is equal to F∞

c = 0.347 and

F∞

c = 0.653 for a triangular and a honeycomb lattices, respectively [Stauffer,

1979]. Thus, p∞cc = pcav for a square lattice and it is equal to p∞cc = pcav − 0.39 and

p∞cc = pcav + 0.39 for a triangular and a honeycomb lattice, respectively. Using

(4.26), the finite size scaling of pcc can be written as:

(pcc − pcav) /∆ = C +
√

2erf−1
(2F∞

c − 1) /∆, (4.27)

where ∆ is the width of the acceptance ratio shown in figure 4.8(a).

To calculate the values of pcc and ∆, we fit the acceptance ratio to fa = 1 −

1/2 [1 + erf (pc−pcc

∆
)]. Figure 4.8(b) shows the finite size scaling of pcc at the edge

of the cluster for different lattice size for the square, triangular and honeycomb

lattices. The circle symbols belong to the honeycomb lattice and the slope of

the solid line is equal to 0.39, since F∞

c = 0.653 for the honeycomb lattice. The

square symbols represent the square lattice and the slope of the dashed line is

equal to zero since F∞

c = 1/2 for the square lattice. Finally, the triangular symbols

represent the triangular lattice and the slope of the dotted-dashed line is equal to

−0.39. As can be seen from the figure, the threshold critical pressure of the edge

fractures follows the expected finite size scaling used in percolation theory and

the value of p∞cc is equal to the threshold value required to form a percolating

network predicted from percolation theory. Thus, it is justified to use specify

the fluid pressure at the edge of the cluster to be equal to the threshold critical

pressure calculated from percolation theory as a boundary condition.

Now, let us analyze how the front of the cluster grows with time in the ab-

sence of leakage. This calculation will allow us to estimate the value of k
E3
k

√

ks
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which will be important when comparing the theory with the simulation re-

sults in the leakage dominant regime. The fluid front, ρf , is defined as the mean

distance of the front nodes from the injection well. In the short time regime as

shown in table 4.1, ρf is given by:

ρf =
(24π

√
2π)

E3

√
2π

ηsmaxk
E3

k√
ks

FE3

N τ γs (4.28)

where E3 =
β

2 (2 + ε)
and is equal to 0.03 for a two dimensional network and

γs =
1 + α

2
− αE3. ηsmax is a dimensionless prefactor that is a function of α. From

the theory, ηsmax (α = 0) ≈ 1.43.

From (4.28), one can see that the value of k
E3
k

√

ks
can be estimated by performing

the simulation at a specific value of FN such that (4.22) is satisfied and setting

ζN = 0 and α = 0. For a square lattice, figure not shown, the value was esti-

mated to be k
E3
k

√

ks
≈ 0.8. Similar to the fractal dimension calculations in the fractal

regime, the value of ρf was averaged over few hundred realizations. Using

the estimated value of k
E3
k

√

ks
, one can quantitatively compare the growth of the

cluster’s front at different values of FN , ζN and α for the different lattices with

the theoretical prediction from the continuum model. For this study, we limit

ourselves to the square lattice as the other lattice structures are not expected to

behave differently.

Figure 4.9 shows the growth of the front as a function of time in the two sim-

ilarity regimes for a square lattice for different values of FN and ζN . We consid-

ered the cases where the fluid is injected at a constant rate and is linearly ramped

up with time. To perform the comparison, the dimensionless radius of the clus-

ter, ρf , was re-scaled using the characteristic radius, Rcon
ch . Rcon

ch is the character-

istic radius of the cluster when the leak off significantly slows down the growth
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Figure 4.9: The cluster’s radius as a function of time for different values of FN
and ζN . For α = 0, the values of FN are in the range between 9 and 35 while its
range of values 600 ≤ FN ≤ 1000 when α = 1 to ensure the development of the
continuum regime for the simulated network sizes. In both cases, the value of
ζN is between 10−3 and 0.5. The different colors and symbols represent different
set of simulation scenarios where the values of FN and ζN were different. The
solid red line represents the theoretical curve calculated for the case where α = 1
while the blue dashed curve corresponds to the case where α = 0. The dashed-
dotted lines are guidelines with slopes corresponding to γs and γl in the short
and long time regimes, respectively. τ̄ = τζ2

N .

and is equal to Rcon
ch = λ

(24π
√

2π)
E3

√
2π

kE3

k√
ks
FE3

N ζ−E4

N where E4 = α (2E3 − 1) − 1. As

can be seen in the figure, there exists remarkable agreement between the theory

and the results found from the simulation in the short time regime. In the long

time regime, the theory slightly over-predicts the radius of the formed cluster of

activated fractures. This is due to the assumption used to simplify the leakage

term in (4.18) where τ ′(r, s) was assumed to be independent of the time a frac-

ture is activated but only depends on the time the fluid front reaches position r.

This under-estimates the total amount of leakage from the whole cluster as the

leakage velocity of the newly activated fractures will be smaller than that of the

simulation where we account for the time at which they when calculating their
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Figure 4.10: The profile of S and fitting it with the theoretical prediction. This
figure shows the profile of S for two different values of FN as a function of
position ρ. The symbols represent the simulation data of the fraction of activated
fractures in a region ρ +∆ρ while the solid and solid-dotted lines represent the
theoretical value of F 2E−3

N φβ(ρ). As can be seen from the figure, the profile of
S near the edge of the cluster where the network is fractal behaves differently
from what the theory predicts.

leakage velocity.

Next, we will compare the profile of the fraction of activated fractures, S,

which is related to the primary porosity of the rock, εS with the theoretical pre-

diction. We will analyze the profile of S in the short time regime since its is

similar in both time regimes. In the short time regime, S is given by:

S (τ,
ρ

ρf
) =

ks

k2E3

k

(24π
√

2π)
−2E3

F −2E3

N τ δβφ(χ)β (4.29)

where φ is the self-similar pressure profile obtained when solving the contin-

uum model. Figure 4.10 shows the saturation profile of simulated clusters at

two different values of FN where the total amount of fluid used to stimulate

the rock was fixed, i.e. NAF is fixed. In both cases, α = 0, ζN = 0 and a square

lattice was used. Qualitatively, it was predicted that in the short time regime,
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Figure 4.11: The thickness of the fractal region at the edge of the cluster as a
function of FN . The solid line is a fitting line used to fit the date. Theoretically,
the slope of the line is expected to be equal to ω = 0.37. However, the slope of
the fitting line was found to be equal to 0.32 ± 0.006 which is 15% smaller than
the predicted value. We attribute this deviation to the finite size effects where
pcc at the edge is smaller than p∞cc that was used to derive this scaling from the
continuum model.

increasing the viscous pressure drop and thus decreasing the value of FN , by

either injecting the fluid at a faster rate or using a higher viscosity fluid, pro-

duces a smaller but a more compact network. As can be seen from the figure,

the value of S for networks stimulated at FN = 16 is higher than that for rocks

stimulated at FN = 35. As the viscous pressure drop increases, more fluid is used

to activate fractures near the injection well. Thus, the amount of fluid used to

further increase the size of the cluster decreases producing a smaller but a more

connected cluster.

The quantitative comparison between S and φβ is more subtle than the com-

parison we showed for the growth rate of the network. In section 4.3.2, it was

mentioned that the continuum model is based on two main assumptions: 1)

the local fluid pressure is near the threshold critical pressure needed to form a
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percolating network such that percolation scalings are valid everywhere within

the network; and 2) the local correlation length of the network is much smaller

than the radius of the cluster to use a continuum framework. Furthermore, it

was mentioned that the first assumption is violated near the injection well as

the fluid pressure diverges while the second one is violated near the edge of

the cluster as p → pcc and the correlation length approaches infinity. To localize

the region where these two assumptions are violated, we derived a criterion,

(0.1Fc)−ν ≪ F
ν
ε+1
N τ−

να
ε+1 ≪ ρf , which is stricter than (4.22) and is hard to meet

using discrete networks. The value of (0.1Fc)−ν is of order 100. Therefore, the

solution for φβ is expected to fit the simulation data in a narrow region that is

away from the edge and center of the cluster for the cluster sizes considered, i.e.

20 ≤ ρ ≤ 80, and further studies are needed to account for the finite thickness of

the edge in the continuum model to be directly compared with the simulation.

Even though the solution of φ does not account for the fractal nature of the

front, we analyzed how the thickness of this region scales with the injection con-

ditions and the size of the cluster of activated fractures. Similar to our problem,

the fractal front has been identified in other physical problems such the diffu-

sion of tracer particles in a lattice [Sapoval et al., 1985, Gouyet et al., 1988] and in

the stable drainage process dominated by capillary effects with non-negligible

viscous forces [Wilkinson, 1986, Xu et al., 1998]. In all these problems, the thick-

ness of this regime is defined as the distance away from the edge of the cluster,

λnc, where the correlation length becomes of the same order of magnitude as

λnc. As mentioned in section 4.3.2, we derived a scaling for the thickness of this

regime as a function of FN and the radius of the cluster, given by (4.25). Since

the front of the cluster scales as ρf ∼ FE3

N τ γs in the short time regime, the thick-

ness of the fractal regime should scale as λnc ∼ F ω
N when comparing different
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clusters that are formed by injecting the same amount of fluid at a constant rate.

ω =
ν (ε + 1 − β) + βν/2

(ε + 1) (ε + 1 + ν − β)
= 0.37.

Similar to the definition used in [Sapoval et al., 1985], we define the thickness

of the non-continuum region, λnc, as twice the standard deviation of the front

nodes’ distance from the injection well. Figure 4.11 shows a plot of λnc as a

function of FN for the case where α = 0, ζN = 0, NAF is fixed and the natural

fractures are represented by a square grid. The slope of the data is equal to

0.32 ± 0.006 while it is predicted to be equal to 0.37. The difference between the

predicted value and the calculated one might be due to the finite size effects that

were not accounted for in the derivation of the scaling of λnc. In the theory, we

used the value of p∞cc . But as shown in figure 4.8(b), the value of pcc changes with

the size of the cluster.

4.3.3 Micro-seismicity

So far, we showed that the connectivity of the cluster of activated fractures

highly depends on the injection process conditions. For example, consider a

nearly impermeable rock with σ1 − σ3 = O(1MPa), b = O(10−3m), w = 100m,

and average fracture’s lengths of order 10m where the pre-existing fractures are

well connected. If water is injected at a constant rate of 10−3m3/s, the value of

FN = O(103). Hence, if the amount of injected water is on the order of 103m3, the

formed network is fractal while the intermediate regime fully develops when

the total amount injected is on the order of 105m3. For the two cases, the radius

of the cluster will be of the order of 500m and 3km in the fractal and intermedi-

ate regimes, respectively. However, if the viscosity of the fracturing fluid is, for
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(a) An expected siesmic map for a growing fractal network, ξch ≫ R

(b) An expected siesmic map for a growing fractal network, ξch ≪ R

Figure 4.12: The expected microsiemic map for the fractal and intermediate
regimes. Figure a) shows the seismic events for a network growing in the frac-
tal regime, FN = 105 while figure b) shows the siesmic events generated when
FN = 15. Both maps qualitatively differ and can be used as a guidance to what
model can be used to model the structure of the generated network of activated
fractures.

instance, equal to 150 cP, the value of FN = O(10). A total amount of 103m3 to

be injected is sufficient to form a network that is nearly fractal at small length

scales and the continuum model applies.

The above discussion assumes some knowledge about the rock’s properties

which are not always easily obtained. One might want to infer the regime at
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which the network is formed given field data post the fracturing process. Micro-

seismic mapping where spatial and temporal information about micro-seismic

events generated during the stimulation process are recorded is a great tool for

such purpose [Warpinski et al., 2005]. If one assumes that these micro-seismic

events are emitted when activating the pre-existing weak planes, one can com-

pare the expected micro-seismic maps of networks formed in the three different

regimes with the observed ones.

Figures 4.12(a) and 4.12(b) show the different micro-seismic maps expected

for networks formed in the fractal and intermediate regimes, respectively. Qual-

itatively, one can easily identify the growth regime as their micro-siemsic maps

have distinct features. As can be seen from figure 4.12(a), the fracturing ac-

tivities occur near the front of the cluster and there are sudden events where

fractures in the cluster’s interior activate within a short time interval. These

events are refereed to as bursts and there dynamic scaling when limiting the

activation process to the front nodes have been characterized in the context of

invasion percolation [Roux and Guyon, 1989]. In this regime, the fracturing

fluid percolates through a path with the lowest resistance to activate, i.e. ac-

tivating fractures with pc that is smaller than pinj . From finite size scaling the

injection pressure, pinj scales as pinj ∼ p∞cc ∼ ρ
−

1
ν

g . Thus, as the injection pressure

increases, a fracture with a relatively large pc that is connected to fractures with

smaller critical pressures is activated. This allows the fracturing fluid to access

regions in the cluster’s interior where their critical pressures are small but were

not activated due to their connectivity with the percolating path.

The dynamic of micro-seismic events for the network growing in the inter-

mediate regime, as seen in figure 4.12(b), is drastically different. As can be seen
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from the figure, the width of the bursts, time interval where the interior of the

network is activated, is much smaller but their frequency is higher. That is there

exists fracturing activities everywhere within the cluster as the cluster grows.

However, the probability of activating fractures varies spatially. It is higher

near the front of the cluster and it decreases as the injection well is approached.

The spatial and temporal probability distribution of micro-seismic events in this

regime is proportional to
∂S

∂t
and one can easily derive its functional form from

the solution of the continuum model. Finally, in the homogeneous regime, it

can easily be shown that the seismic events will be concentrated at the front of

the seismic cloud where the fractures are immediately activated whenever the

fluid reaches them with a high pressure due to the viscous forces.

4.4 Summary and Conclusions

To summarize, we showed that in order for a cluster of activated fractures to

grow, a percolating network must form. The connectivity of the formed cluster

of activated fractures depends on the rock properties and the injection condi-

tions, captured by the dimensionless number FN . The value of FN captures the

relative magnitude of the viscous pressure drop compared to σ1 − σ3. For small

values of FN , i.e. F
ν
ε+1
N = O(1), the viscous pressure drop dominates over δpc and

the connectivity of the cluster of activated fractures is the same as the connectiv-

ity of the network of pre-existing fractures. For this case, the permeability and

porosity of activated fractures can be assumed to be homogeneous. When the

viscous pressure drop is negligible over large length scales, i.e. F
ν
ε+1
N ≫ ρf , a frac-

tal network is formed whose conductivity and porosity scales with the radius

of gyration of the network. The fractal dimension of the network is equal to the
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fractal dimension of a percolating network formed at the percolation threshold

value. For moderate values of FN , the viscous pressure drop is only important

over the length scale of the order of the cluster’s radius but is negligible over

the length scale of ξch. When 1 ≪ F
ν
ε+1
N ≪ ρf , we showed that the growth of

the network can be modeled using a continuum model that utilizes percolation

theory to describe the local connectivity of the network.

This model ignores the effects of perturbations in the stress field which are

induced by the activation of the fractures. For a more complete model, one

needs to modify (4.18) to account for changes in the critical pressures as the

stress field changes when new fractures are activated. To test the model exper-

imentally on the laboratory-scale, one can analyze the displacement process of

immiscible fluids where a wetting fluid invades a non-wetting one. This phe-

nomena shares similar principles to the activation of pre-existing fractures; that

is the dynamics are controlled by critical conditions where percolation theory

can be used.

In this problem, a compact network is formed when the viscous pressure

drop dominates the invasion process while the capillary effects are negligible

[Xu et al., 1998]. When the difference in the capillary pressures of the two flu-

ids dominates the growth, two fractal regimes, depending on the ratio of the

fluids’ viscosity, were identified. When the viscosity of the displaced fluid is

larger than that of the invader, viscous fingering occurs and the fractal dimen-

sion of the network formed by the invader is equivalent to the fractal dimen-

sion of a network formed by diffusion limited aggregation [Witten and Sander,

1983, Peterson, 1984]. Invasion percolation, on the other hand, applies when the

viscosity of the invading fluid is much larger than that of the displaced fluid
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[Wilkinson and Willemsen, 1983]. The displacement under such conditions is

similar to the fracturing process in the fractal regime and the saturation profile

for this problem shall look like the one shown in figure 4.5(a) when the leak off

process is negligible.

When the viscous pressure drop is important on the length scale of the clus-

ter formed by the invader but capillary effects control the displacement process

at small length scales, a variation of invasion percolation was proposed to model

the propagation of the fluid-fluid interface [Yortsos et al., 1997]. The saturation

profile of the invading fluid is pictured as a compact interior of the cluster fol-

lowed by a fractal front and looks like the blue circles in figure 4.2. A capillary

number, Ca was developed to derive a criterion for this regime. The definition

of the capillary number is similar to the definition of F −1
N where δpc in (4.13) is

replaced by the standard deviation of the capillary pressures. Variation in the

capillary pressures arise from the pore radius distribution that can be Gaussian

similar to the distribution of the critical pressures. Modifications to fully map

the activation process to the displacement one include the assumption that the

pressure drop through the fully activated fractures dominates over the partially

activated since in the pores there is just one pore throat with a capillary pressure

barrier. Furthermore, the aperture of the activated fractures is coupled with the

critical pressure since the capillary pressure is a function of the pore size. If

these modifications are proven to not change the dynamics significantly , one

can use the solution for S in the short time regime to describe the displacement

process when

1 ≪ Ca−
ν
ε+1 ≪ R/l, (4.30)

where R is the size of the invader phase and l is the average length of the pores.

The saturation of the invading fluid will look fractal at small length scales in the
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interior of the cluster and looks heterogeneous at large length scales. Differently

from the criterion developed by Wilkinson [1986] for the compact network with

a fractal front, (4.30) requires that the viscous pressure drop be much smaller

than the threshold capillary pressure required to form a percolating network.

This regime will be in between the compact regime and the invasion percola-

tion regime in the phase diagram defined in [Yortsos et al., 1997]. A final note is

that in our model, we do not consider trapping, that occurs when the displaced

incompressible fluid is surrounded by the invader. This physical phenomena

modifies the treatment of percolation theory to analyze the displacement pro-

cess [Dias and Wilkinson, 1986] but is less important for three dimensional me-

dia [Wilkinson, 1986].
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CHAPTER 5

EFFECTS OF STRESS ANISOTROPY AND NETWORK CONNECTIVITY

Hydraulic stimulation of low permeability rocks via hydroshearing (activa-

tion) of pre-existing fractures is widely used in the oil/gas and geothermal in-

dustries. Optimization of this process requires deep understanding of the in-

terplay between fluid transport and permeability changes due to the growth of

a cluster of activated fractures. The effects of network connectivity, pressure-

driven flow of the fracturing fluid, and stress anisotropy on the cluster growth

are analyzed. To delineate the effects of the network’s connectivity, pre-existing

fractures are modeled as line segments of uniform length that are randomly

oriented. To capture the effects of fluid transport, we use discrete network sim-

ulations of the stimulation process supported by percolation analysis. We show

that the effects of stress anisotropy on the direction of growth of the cluster are

negligible when the pre-existing fractures are poorly connected. Furthermore,

the direction of propagation of the injected fluid in this case is independent of

the injection conditions and is determined by the orientation distribution of the

pre-existing fractures. When the pre-existing fractures are well-connected, we

show that the effects of stress anisotropy can be mitigated by fracturing in such a

way that the viscous pressure drop required to drive the injected fluid becomes

important over a length scale that is comparable with the pre-existing fractures’

correlation length. This result provides a criterion to increase the ramification

of the hydrosheared pre-existing fractures by optimal design of the fracturing

process given the network topology of the pre-existing fractures.
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5.1 Introduction

Reservoir stimulation is used to increase gas production rates from shale forma-

tions and to extract stored thermal energy from hot dry rocks [King et al., 2008,

Pine and Batchelor, 1984]. It is based on injecting a high pressure fluid to deform

the rock and thus create new convective pathways. The key to a successful stim-

ulation process is to create a space filling network of activated fractures that are

closely separated. In shale formations, for instance, the hydrocarbon pockets are

dispersed and their transport through the rock’s intrinsic permeability is char-

acterized by a diffusion length scale that is of the order of 20m [Warpinski et al.,

2009]. Ideally, one would target creating a network of activated fractures whose

separations are of the order of 100m for economical production rates. Similarly,

engineered geothermal reservoirs are used to extract the stored heat of hot dry

rocks by circulating cold water through the created fractures. Heat transfer from

the rock matrix to the circulating fluid is dominated by heat conduction with a

characteristic penetration length of 25m for a typical reservoir life of 20 years

[Fox et al., 2013].

Based on the failure mode of the rock, reservoir stimulation can be divided

into two categories: 1) tensile fracturing (commonly denoted as hydraulic frac-

turing) where a fracture is grown when the injected fluid overcomes the rock’s

tensile strength, and 2) hydroshearing (also known as waterfrac in the oil/gas

industry) where the naturally occurring sealed joints (pre-existing fractures) are

activated. Pre-existing fractures are activated when the injected fluid reduces

the frictional forces between their surfaces and the existing shear stresses cause

them to slip. Their propensity to slip depends on their orientation with respect

to the stress field as described by Coulomb-Mohr’s law. Tensile fracturing is
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typically used in conventional reservoirs, e.g. sandstones, where pre-existing

fractures are scarce and when the in-situ stresses in different directions are simi-

lar [King, 2010]. In contrast, hydroshearing is mainly used for formations where

pre-existing fractures are abundant, the process takes place at high tempera-

ture conditions that prevent the use of high viscosity fluids, and/or when the

anisotropy of the in-situ stresses is substantial [Murphy and Fehler, 1986, King,

2010].

Optimizing such stimulation processes requires deep understanding of the

interplay between fluid transport and the rock’s elastic responses. In the ab-

sence of pre-existing fractures, the geometry of a tensile fracture is simple and

its growth is extensively studied theoretically and experimentally [Savitski and

Detounray, 2002, Lolon et al., 2007, Bunger and Detournay, 2008, Lai et al., 2016,

Cleary, 1988, O’Keffe et al., 2018]. Moreover, several successful strategies be-

lieved to create branched fractures are being employed. A few examples of

such strategies are simultaneous stimulation using parallel injection wells and

sequential injections of fluid/proppants to divert the fracture’s growth direc-

tion [King, 2010]. On the other hand, an optimum hydroshearing process that

applies to different rocks has not been realized due to the difficulty in modeling

the coupled physical processes which occur at all length scales and in control-

ling the topology of the cluster of activated fractures. Shear slippage is induced

when the local stress field is perturbed or/and the pore-fluid pressure is in-

creased due fluid flow. As the fractures are activated, they exert a modified

back-stress on the rock’s matrix leading to changes in the stress field around

neighboring fractures [Willis-Richards et al., 1996]. During fluid injection, the

effective permeability and porosity of the reservoir evolves spatio-temporally.

The permeability of the network of activated fractures is a function of the tor-
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tuosity of the created flow pathways and the individual conductivity of the ac-

tivated fractures; both parameters dynamically change during fluid injection.

Since the length distribution of the fractures follows a power law that ranges

from a few micrometers to a few hundred meters [Renshaw, 1999], all the de-

scribed processes occur at all length scales.

Several numerical models have been developed to analyze the coupling be-

tween fluid transport and changes in the conductivity of the activated fractures

[Rutqvist and Tsang, 2003, Willis-Richards et al., 1996, Mcclure et al., 2015]. Due

to the difficulty in resolving the fluid pressure along the fractures while accu-

rately calculating changes in the stress state, either few pre-existing fractures

are considered [Ucar et al., 2016, Rutqvist and Tsang, 2003] or an effective per-

meability of a well-connected network of fractures is assumed to model flow of

the injected fluid [Willis-Richards et al., 1996, Kohl and Megel, 2007]. Thus, the

effects of network connectivity of the pre-existing fractures is typically ignored.

In this work, we study these effects by analyzing fluid propagation through a

network of pre-existing fractures in the presence of stress anisotropy for differ-

ent injection conditions. For this purpose, a discrete fracture network model

where fluid flow within the fractures is resolved, complimented by percolation

analysis, is used. For simplicity, we limit ourselves to a two dimensional system.

To change the connectivity of the pre-existing fractures in a systematic way,

we consider a network of pre-existing fractures that are of the same length. This

allows the fractures’ connectivity to be described by percolation theory [Bal-

berg, 1986]. The main assumptions used to develop the discrete network model

are as follows. Stress perturbations due surface displacement of the activated

fractures are ignored and a natural fracture is assumed to be activated when the
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injected fluid reaches the fracture with a fluid pressure that is higher than its

critical pressure. Given that the separation between fractures is of the order of

meters, the back-stress due to slippage of neighboring fractures is a few MPa [Fu

et al., 2012]. Since the stress field is on the order of 60MPa, the perturbations to

the stress field are small. Furthermore, fractures that are activated due to stress

perturbations do not necessarily form connected flow paths. When the viscosity

of the fluid saturating the pre-existing fracture is much smaller than that of the

injected fluid, perturbations in the fluid pressure within the fracture occur only

when the front of the injected fluid reaches the fracture. As the injected fluid

propagates through a network of activated fractures, accessible sealed fractures

are activated when their slippage criterion is met and the resulting cluster of ac-

tivated fractures is inherently connected. Thus, our focus on fractures activated

by the advancing fluid captures most of the activated fractures and especially

those that form a connected network.

A special case that allows a simpler analysis than resolving fluid flow within

the fractures arises when the viscous pressure drop required to drive the in-

jected fluid is negligible when compared to the variability in the critical pres-

sures. The variability in the critical pressures is proportional to the stress

anisotropy while the viscous pressure drop is controlled by the injection rate, the

fluid’s viscosity and the conductivity of the individual fractures. When the vis-

cous pressure drop is negligible, the injected fluid activates and flows through

the least resistant fractures that are connected to the cluster of activated frac-

tures. Under such conditions, the fracturing process is analogous to Invasion

Percolation which belongs to the same universality class as regular percolation

[Wilkinson and Willemsen, 1983]. In fact, it is shown that Invasion Percolation

is an algorithm that produces a percolating network formed at the percolation
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threshold value [Chayes et al., 1985]. Using regular percolation rules to analyze

fluid propagation through hydrosheared fractures, one samples configurations

of clusters formed by successively activating fractures starting from the ones

with the lowest critical pressure until a percolating network of activated frac-

tures that spans a finite domain is formed. By calculating the critical pressure

of the last fracture that is activated once a percolating network is formed, one

can assign a threshold fluid pressure needed for the injected fluid to percolate

through the rock. To probe the anisotropic growth of the cluster of activated

fractures, one can calculate the percolation threshold pressure required to form

a percolating network of activated fractures that grows in a particular direction.

Results from this case are used to complement the analysis of the case where the

effects of the viscous pressure drop are taken into account.

The paper is organized as follows. First, we will describe the model network

of natural fractures in section 5.2. Next, the discrete network model used to sim-

ulate fluid transport and the activation of pre-existing fractures under various

injection conditions is discussed in section 5.3. In section 5.4, we will briefly

describe the percolation method used to analyze the structure of a cluster of ac-

tivated fractures formed in the special case where the viscous pressure drop is

negligible. Finally, results and discussions are presented in section 5.5.

5.2 Network of Natural Fractures

The growth of a cluster of activated fractures is expected to be controlled by two

length scales; the pre-existing fractures’ correlation length, ξ0, and the length

scale, ξch, above which the viscous pressure drop becomes larger than the stress
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anisotropy. To elucidate the role of these competing length scales, we will con-

sider the simplest model of natural fractures where the fractures’ lengths are

assumed to be uniform and they form a two dimensional network. For this

case, the fractures’ correlation length, ξ0 is given by ξ0 = kξ0(n − nc)
−ν [Balberg

et al., 1984]. Here, n is the dimensionless number density of fractures given

by n = Nl2/L2 where l is the fractures’ length, L is the scale of interest, and

N is the number of pre-existing fractures. nc is the threshold number density

of fractures required to form an infinite percolating network. The value of nc

is scale-invariant and depends on the distribution of the fractures’ orientation

[Robinson, 1983, 1984]. For randomly oriented fractures, nc = 5.637 [Balberg

et al., 1984, Bour and Davy, 1997, Li and Zhang, 2009]. However, the value of

the exponent ν is universal, i.e. it is independent of the distribution of the frac-

tures’ orientation, and its value for a two dimensional network is 4/3 [Balberg,

1986, Robinson, 1984].

Since most natural fracture systems are believed to be fractal or near fractal

[Sahimi et al., 1993], we consider number densities of pre-existing fractures that

are close nc; the regime where the uniform length fractures form a nearly fractal

network. When n = nc, the network of pre-existing fractures is fractal, since

ξ0 → ∞, and the fractal dimension of the network is equal to 91/48. If n − nc =

O(nc), the average separation between the fractures, i.e. ξ0, is of the same order

as the length of the fractures, l. In this case, the network is homogeneous at all

length scales, i.e. its fractal dimension is equal to 2, and as the number density

of fractures increases, the correlation length becomes smaller than l. Finally, the

network looks fractal at small length scales and homogeneous at large length

scales when n − nc ≪ nc, i.e. ∞ > ξ0 ≫ l. By varying the stimulation operating

condition for networks formed in these distinct regimes, one can analyze the
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effects of the competition between the viscous pressure drop and the network’s

correlation length on the topology of the cluster of activated fractures.

Now, let us briefly discuss the statistical properties of the critical pressure

distribution. This analysis will help when setting up the stimulation conditions

to probe the effects of stress anisotropy. Based on the shearing mechanism, pre-

existing fractures are activated when the frictional force between the fractures’

surfaces is reduced and, consequently, the shear forces acting tangent to the frac-

tures’ surfaces cause them to slip. In two dimensions, Coulomb-Mohr’s failure

criterion correlates the fluid pressure required to activate a pre-existing fracture

with the stress field through:

Pc =
σ1 + σ3

2
+
σ1 − σ3

2
[cos(2θ) −

2

η

√
cos(θ)2sin(θ)2] , (5.1)

where σ1 and σ3 are the far-field maximum and minimum principal stresses,

respectively. η is the friction coefficient between the fracture’s surfaces and θ is

the angle of the fracture plane from the 3 axis. The sum of the first two terms

on the right hand side corresponds to the normal stress acting on the fracture’s

surfaces while the term multiplied by 1/η corresponds to the shear stress. Given

a uniform distribution between −π/2 to π/2 of the fracture’s angle with respect

to the 3 axis, the mean critical pressure of the fractures, ⟨Pc⟩, is given by:

⟨Pc⟩ = ∫

π
2

−
π
2

fθPc(θ)dθ =
σ1 + σ3

2
−
σ1 − σ3

πη
, (5.2)

where fθ =
1

π
and Pc(θ) is given by (5.1). The first and second terms rep-

resent the average normal stress and the ratio of the average shear stress

to the friction coefficient, respectively. Similarly, one can evaluate the sec-

ond moment of the distribution to calculate the variance, i.e. ⟨P 2
c ⟩ = ⟨Pc⟩

2 +

1

4
(σ1 − σ3)

2
[
1

2
+

1

η2
(

1

2
−

4

π2
)]. Thus, the variability in the critical pressures rep-

resented by the standard deviation of the critical pressures is given by δpc =
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(
σ1 − σ3

2
)

√
1

2
+

1

η2
(
1

2
−

4

π2
). As one would expect, the variability in the criti-

cal pressures mainly depends on the stress anisotropy, σ1 − σ3. As the stress

anisotropy increases, increasing the viscous pressure drop is needed to over-

come the variability in the fractures’ critical pressure.

If one normalizes the fractures’ critical pressure by the standard deviation,

(5.1) becomes:

pc = η̄ [σ̄ + cos (2θ) −
2

η

√
cos(θ)2sin(θ)2] , (5.3)

where pc = Pc/δpc, σ̄ =
σ1 + σ3

σ1 − σ3

, and η̄ = 1/

√
1

2
+

1

η2
(
1

2
−

4

π2
).

The cumulative distribution function, F , of the critical pressures can be ob-

tained by finding the inverse of (5.3), i.e. θ(pc). Since fpc = fθ
dθ

dpc

, F is simply

given by:

F = ∫

pc

pcmin

fpcdpc =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

− 2
π (acos(A(pc)) + 2θmin) if pcmin ≤ pc ≤ σ3/δpc

1 − 1
πacos(A(pc)) if σ3/δpc < pc ≤ σ1/δpc

, (5.4)

where A(pc) = (1/η
√

4η̄2 + (2η̄/η)
2
− 4(η̄σ̄ − pc)2 − 2(η̄σ̄ − pc)) / (2 (1 + 1/η)). pcmin

is the minimum critical pressure in the distribution, i.e. pcmin = pc(θmin) = η̄σ̄ −

η̄
⎛

⎝

√
1 + η2 + (1 + η2)/η

η +
√

1 + η2

⎞

⎠
, where θmin is the orientation of the fracture with the

lowest critical pressure. The values of θmin = ±atan (η +
√
η2 + 1) +mπ where m

is an integer. The preferred orientation for fracture slippage is a function of the

friction coefficient, η. For typical rocks, the value of η ranges between 0.6 to 0.85

[Murphy and Fehler, 1986]. Thus, the preferred orientation ranges from 60° and

65°. Figure 5.1(a) shows an example of the values of pc for fracture orientations

on a unit circle while figure 5.1(b) shows the cumulative distribution function

of the critical pressures for σ1 = 60MPa, σ3 = 55MPa, and η = 0.85.
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Figure 5.1: Example of the critical pressures, normalized by the critical pres-
sures’ standard deviation, for fractures which are oriented with an angle θ from
the the 3 axis and their cumulative distribution. Figure 5.1(a) shows the value
of pc given the fracture’s orientation while figure 5.1(b) shows teh cumulative
distribution of the critical pressures. The dashed-dotted line in figure 5.1(a) cor-
responds to the preferred growth direction.

5.3 Discrete Network Simulation of Fluid Transport

In this section, we discuss our approach to simulating the growth of a network

of activated fractures. This procedure builds on the single fracture model de-

scribed in [Alhashim and Koch, 2018]. In subsection 5.3.1, we briefly discuss

the model’s assumptions and write the governing equations in a general form

to solve for the growth of a network of activated fractures. Then, we discuss the

simulation rules which capture the coupling between fluid flow and fracture

network activation.
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5.3.1 Growth of an arbitrary fracture in a network of activated

fractures

The model’s primary assumptions are as follows. The injected fluid propagates

as it activates the fractures when the fluid pressure at the fluid front within each

fracture is equal or larger than its Pc. The initial aperture of the pre-existing

fracture is very small such that fluid flow is negligible. When the pressure of

the injected fluid reaches the fracture’s critical pressure, hydroshearing occurs.

Upon slippage of the fracture, the aperture of the activated portion of the frac-

ture becomes large enough to allow for fluid flow. The creation of fluid filling

volume is due to the mismatch between the two surfaces induced by slippage.

Once a fracture is hydrosheared, it is not allowed to close when the fluid pres-

sure within the fracture becomes smaller than the fracture’s critical pressure.

The fluid front within the fracture is assumed to be located at its tip where a

local slippage occurs when the fluid pressure is at least equal to its Pc. Such an

assumption allows us to define the volume of the activated portion of the frac-

ture to be equal to the volume of the fluid flowing within it. Thus, an equation

describing the growth of a rectangular joint within a network can be written as:

wb
dLjk
dt

= Qfjk(t), (5.5)

where w is the fracture’s width, b is the activated fracture’s aperture, Q is a

constant injection rate. Ljk is the length of the portion of the activated fracture

connecting two nodes, j and k, within the network that is growing from node

j towards node k. fjk(t) is the fraction of the injected fluid flowing within the

fracture as a function of time. Since the fracture is allowed to grow in opposite

directions, i.e. from j to k and vice versa, a fracture is denoted as a completely
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activated fracture if Lkj + Ljk = λjk. Here, λjk is the length of the joint con-

necting the two nodes j and k. As will be shown later, the pressure equations

for a growing fracture and a completely activated one are slightly different. To

purely probe the effects of network connectivity without the need to account for

changes in the hydraulic conductivity of the activated fractures, the value of b

is assumed to be independent of fluid pressure and is the same for all activated

fractures regardless of their critical pressures.

To determine the flux within a growing fracture, i.e. to calculate fjk(t), a

mass balance, described in the next subsection, on the junction points where the

fractures intersect is solved. To derive the mass balance equation, one needs to

relate the flux within the growing fractures with the fluid pressure at the junc-

tion point. The flux within the fracture, q, is obtained by assuming a unidirec-

tional flow within the fracture, i.e. q = −
b3

12µ

dP

dx
[Zimmerman and Bodvarsson,

1996]. Thus, a momentum balance within the fracture yields:

∂2P

∂x2
= 0 (5.6)

subject to the following boundary conditions:

P (Ljk, t) = Pcjk , (5.7)

and
∂P

∂x
=
−12µQ

wb3
fjk(t) at x = 0. (5.8)

(5.7) ensures that the fluid pressure is equal to the critical value to ensure the

continuous growth of the fracture while (5.8) sets the injection rate at the en-

trance of the fracture. One should note that when the fluid pressure within the

fracture becomes smaller than the fracture’s critical pressure, the flux within the

fracture is set to be zero since the slippage criterion is not met and retraction
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of the fracture is not allowed. The solution of (5.6) using these two boundary

conditions is given by:

P (x, t) = Pcjk −
12µQ

wb3
fjk(t) (x −Ljk) . (5.9)

(5.5) and (5.9) govern the growth of propagating fractures. To be completely

activated the growing fracture must reach a junction point where it intersects

other fractures. For completely activated fractures, a momentum balance, fol-

lowing a similar procedure used for the propagating fractures, yields:

P (x, t) = P (λjk − x, t) −
12µQ

wb3
fjk(t) (2x − λjk) . (5.10)

Here, λjk is the length of the segment connecting the two nodes j and k where

node j is located at x = 0.

By rescaling the fluid pressure with the standard deviation of the critical

pressures, δpc, time with
blw

Q
and all lengths, λjk, with l, (5.5) becomes:

dljk
dτ

= fjk(τ), (5.11)

and the dimensionless fluid pressure, p, at the entrance of a growing fracture,

i.e. p(x = 0) = pj , becomes:

pj(τ) = fjk(τ)
ljk
FN

+ pcjk , (5.12)

while the entrance fluid pressure for a completely activated fracture is given by:

pj(τ) = fjk(τ)
ljk
FN

+ pk(τ). (5.13)

Here, pk(τ) = p(λjk/l, τ), ljk and τ are the dimensionless length of the growing

fracture and time, respectively. pcjk = Pcjk/δpc while FN is given by:

FN =
δpcwb3

12µQl
. (5.14)
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Using (5.12) and (5.13), one can set up a linear system of equations to solve

for the growth of a network of activated fractures. Before discussing how the

system of equations is solved, let us discuss the physical meaning of the dimen-

sionless number, FN , and how it controls the growth of a cluster of activated

fractures. FN is defined as the ratio of the fracturing forces to the viscous forces

that control fluid propagation. In fact, its value determines the length scale,

ξch, below which the viscous pressure drop is negligible and stress anisotropy

controls the fracturing process. Qualitatively, if the value of FN → ∞, achieved

by injecting the fluid at a small rate for example, the viscous pressure drop is

negligible over the size of the stimulated reservoir. Thus, the injected fluid ac-

tivates and flows through the least resistant pre-existing fractures. Hence, the

anisotropy of the principal stresses and the connectivity of the pre-existing frac-

tures control the propagation of the fluid. As will be discussed in the following

section, the fracturing process in this case is equivalent to the Invasion Percola-

tion process developed by Wilkinson and Willemsen [1983]. If FN = O(1) and

ξ0 = O(l), the viscous pressure drop across the typical fracture length is impor-

tant. As the fluid propagates through the rock, the injection pressure increases

allowing the injected fluid to overcome the critical pressure of the fractures that

are not preferentially oriented. Thus, the effects of stress anisotropy are miti-

gated and the growth direction of a cluster of activated fractures is solely con-

trolled by the distribution of the pre-existing fractures’ orientations. For a large

number density of pre-existing fractures such that ξ0 ≪ l, the viscous pressure

drop overcomes the effects of stress anisotropy when FN ≪ 1. Finally, by sim-

ulating the fracturing process at different values of FN , one can probe the com-

petition between the viscous pressure drop and stress anisotropy in activating

pre-existing fractures with different connectivities.
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By arguing that percolation theory describes the fracturing process over

length scales below which the viscous pressure drop is negligible when com-

pared to the variability in the critical pressures, Alhashim and Koch [2018] de-

rived an expression for the length scale at which the viscous pressure drop be-

comes important, ξch. It was shown that ξch scales as ξch ∼ l (δpc/P c
ch)

ν
where

ν = 4/3 and P c
ch is the characteristic pressure drop across the radius of the cluster

of activated fractures. For a two dimensional network of pre-existing fractures,

P c
ch ∼ Qµ/(wKch) where Kch is the effective network permeability. Using per-

colation theory, it was also shown that Kch ∼ (P c
ch/δpc)

εb3/l where ε is a univer-

sal exponent related to the scaling of the permeability of a percolating network

with the distance from the percolation threshold value. For a two dimensional

network, ε = 1.3 [Stauffer and Aharony, 1994]. From the definition of the dimen-

sionless number, FN , one can easily show that P c
ch/δpc ∼ F

−1/(ε+1)
N and thus:

ξch = kξlF
ν/(ε+1)
N , (5.15)

where kξ is a proportionality constant.

Going back to the simulation method, we solve for the time dependent

length of the activated segments using (5.11) after solving for the fluid pres-

sure at all junction points to calculate fjk. fjk is the fraction of the injected fluid

that flows in the segment of interest. A mass balance at the junction nodes is

used to construct a linear system of equations to determine the fluid pressure.

At the injection node, an injection rate, Q, is used which is equal to the sum of

the flux in the set of activated segments, Sinj , intersected by the injection well,

i.e. ∑
jk∈Sinj

fjk = 1. For all other nodes, ∑
jk∈Si,i≠inj

fjk = 0. Therefore, the linear

system of equations is given by:
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aijpj =mi + si (5.16)

where aij is the coefficient matrix that contains information about the connectiv-

ity of the activated fractures and their lengths. p is a vector of the fluid pressure

at the fluid-filled junctions and the vector m specifies the critical pressures re-

quired to grow the fractures. Finally s is a source/sink term.

For each node j, ajj = ∑
k∈Sj

FN
ljk

where ljk is the length of the activated frac-

ture connecting nodes j and k. Sj is the set of jk segments. Since fractures

are allowed to grow in different directions, a fracture is said to be completely

fractured when ljk + lkj = λkj/l where λkj is the length of the segment within

the pre-existing fracture between nodes k and j. For completely activated seg-

ments, ajk = −FN/λjk and the value of ljk in the expression for ajj is replaced

with λjk. For partially activated fractures, ajk = 0.

To completely define the system of equations, one can use the boundary con-

ditions that set the fluid pressure at the fluid front within each fracture and the

injection rate at the injection node. Thus, mj = ∑
k∈Sj

Ωjk where Ωjk =
FNpcjk
ljk

and

sinj = 1. Here, Sj is the set of growing jk segments. pcjk is the fracture’s critical

pressure that is calculated using (5.3).

5.3.2 Simulation rules

To initiate the simulation, the fracture with the smallest value of pc that is con-

nected to the injection node is activated and its length is estimated as l = ∆τ

where ∆τ is the time step and the pressure at the node is given by (5.12) where

f(τ) = 1. The simulation loop is composed of three steps. In the first step, a
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check over all the closed fractures is performed to find fractures that meet the

opening criterion, i.e. pnj ≥ pcjk where pnj is the fluid pressure at node j at time

step n. The length of the newly opened segment connecting nodes j and k is ap-

proximated to be equal to λjk/100. Once all fractures that meet the criterion are

opened, the system of equations, (5.16), governing fluid flow within the cluster

of activated fractures is solved using hsl-ma48 package [HSL, 2013]. Once the

fluxes are determined within the growing segments of the fractures, (5.11) is

used to update their length by ln+1
jk = lnjk +∆τf

n
jk.

Ideally, the time step should be small enough that the fluid pressure at the

injection nodes changes slowly to allow for more accurate calculation of the

time a fracture is activated. However, this comes at the cost of simulating only

small systems in a reasonable time. To speed up the simulation time, ∆τ is

varied such that one of the growing segment connecting two junction nodes

within a pre-existing fracture is completely activated at each simulation step.

Thus, ∆τ = mini ,j {
λij − lij − lji

fij + fji

}. To further speed up the simulation, we reduce

the number of equations to be solved by removing equations used to solve for

the fluid pressure at junction nodes that belong to dead end fractures. These

nodes have equal pressure since the flux within them is zero. Depending on

the number density of pre-existing fractures, up to 60% of the equations can be

removed in this way.

Nevertheless, solving for the fluid pressure at the junction nodes within each

fracture is computationally expensive especially when the number density of

fractures is large such that the average separation between the fractures is much

smaller than the pre-existing fractures’ length, l. Hence we were limited to sim-

ulating small systems, i.e. L/l ≤ 55, with sufficient statistical accuracy and we
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complemented the analysis of the viscous-flow induced propagation with per-

colation analysis that applies when the viscous pressure drop is negligible. In

the next section, we briefly describe the percolation method before introducing

the results of the simulation.

5.4 Fracture Activation as an Invasion Process

In this section, let us discuss how one can use percolation calculations to analyze

the growth of a network of activated fractures when the viscous pressure drop is

negligible and the stress anisotropy controls fluid propagation. In the previous

section, we derived a dimensionless number, FN , and argued that when FN →

∞, fluctuations in the injection pressure are controlled by the variable critical

pressures the injected fluid encounters as it propagates through the network

of natural fractures. Under such conditions, the fracturing problem becomes

analogous to the Invasion Percolation model.

Invasion Percolation is used to study fluid-fluid displacement in a porous

medium saturated with a non-wetting low viscosity fluid that is invaded by a

high viscosity wetting one. It is applicable when the capillary forces dominate

over the effects of the viscous forces in the wetting fluid [Wilkinson and Willem-

sen, 1983]. The capillary forces arise due to the interfacial tension between the

two phases. The capillary pressure is a function of the surface tension and the

pore throat radius. Variation in the pore radii controls the invasion process of

the wetting phase when the variability in the capillary pressures dominates over

the viscous pressure drop. A capillary number defined as the ratio of viscous to

capillary forces, similar to F −1
N in our problem, defines the regime where the dis-
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placement process can be modeled using invasion percolation. The connectivity

of the invading fluid in the invasion percolation problem is equivalent to that of

a network formed at the percolation threshold using regular percolation rules

[Wilkinson and Willemsen, 1983]. That is both problems belong to the same

universality class. In fact, Chayes et al. [1985] have shown that both models

are mathematically equivalent. Thus, either rules produce the same cluster and

we will discuss how both will be used to analyze the activation process under

negligible viscous pressure drop.

Under the invasion percolation rules, one starts with a seed fracture that is

activated and contains the injected fluid (invading fluid) while the remaining

pre-existing fractures are unactivated (filled with the non-wetting fluid). Each

pre-existing fracture has a critical pressure, pc, required for its activation. When

the viscous pressure drop is negligible, e.g. the injection rate of the fluid is small,

the injected fluid propagates through the medium by activating the accessible

fracture that has the smallest critical pressure, pc. A pre-existing fracture is ac-

cessible when it is connected to the network of activated fractures. As will be

shown later, the direct simulation of fluid transport using the model described

in section 5.3 is equivalent to the invasion percolation rules when FN →∞. For

large values of FN , following the rules explained in section 5.3.2, a fracture is

activated at each time step and the fluid propagates by activating accessible

fractures that have a critical pressure below the injection pressure.

Now, let us discuss how regular percolation rules can be applied to pro-

duce a network of activated fractures as FN → ∞. There are several algorithms

that can be used to generate the percolating network formed at the percolation

threshold. Newman-Ziff’s algorithm, which we adopt to determine the perco-
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lation threshold, is a robust method that allows the calculation of the percola-

tion threshold value using few simulations [Newman and Ziff, 2001]. Using

this method in the context of activating pre-existing fractures, one starts with a

network of pre-existing natural fractures where each fracture has a critical pres-

sure, pc, calculated from (5.3). The fractures are successively activated starting

from the ones with the smallest critical pressures. Upon activating a fracture,

the find and union algorithm is used to merge networks that become connected

via the newly activated fracture. After that, a test is performed to determine if

any network of activated fractures spans a finite domain of size L. The perco-

lation threshold, Pcc, is defined as the critical pressure of the last fracture that

is activated once any network of activated fractures spans the domain. Equiva-

lently, the fraction of fractures that are activated at the onset of percolation can

be used as the percolation threshold parameter. The relationship between these

two quantities is given by the cumulative distribution of the critical pressures.

To analyze the preferred growth direction of the cluster of activated fractures

when the stress anistoropy dominates over the viscous forces, one can calculate

the percolation threshold, Pcc(ϕ). Here, ϕ is defined as the angle between the

percolation direction and the 3 axis. As will be shown in the next section, the

function, Pcc(φ), elucidates the effects of stress anisotropy on the growth of the

cluster of activated fractures.

5.5 Results and Discussion

In this section, we will present the analysis of the cluster growth under differ-

ent injection conditions and network connectivities of the pre-existing fractures.

First, we will discuss the case where the stress anisotropy dominates the pro-
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Figure 5.2: The effects of network sparsity on the pressure required to form a
percolating cluster of activated fractures growing in different directions when
the viscous pressure drop is negligible. In this figure, σ1 = 60MPa, σ3 =

55MPa,η = 0.85 and L = 110. ϕ is defined as the percolation direction with
respect to the 3 axis. The green filled symbols correspond to the case where
the critical pressures of the fractures are random and they lie in the range be-
tween Pcmin and σ1. Recall that, ξ0 = kξ0(n−nc)

−ν . The inset shows the difference
between the critical pressure at ϕ = 0 and 90○.

cess. Then, we provide simulation results of the growth of activated fractures

when the effects of viscous pressure drop are taken into account.

5.5.1 Fluid propagation under negligible viscous pressure drop

Using a low viscosity fluid, e.g. slick water, has been found to promote the for-

mation of a high dimensional network (also called a complex network in the

literature) of hydraulically conductive fractures [Warpinski et al., 2005]. Such

observations are attributed to the propensity of high viscosity fluids to propa-

gate a tensile fracture and the difficulty of these fluids to flow from the fracture’s

surface to the network of hydrosheared fractures [Cipolla et al., 2008, Cheng,

2010]. Low viscosity fluids can easily penetrate through the natural fractures
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whose activation form a highly branched network. In this section, we examine

the formation of a cluster of activated fractures under negligible viscous pres-

sure drop, e.g. using an extremely low viscosity fluid, to elucidate the role of

connectivity of pre-existing fractures on the formation of a complex network of

activated fractures. Using percolation analysis and direct simulations of fluid

propagation, we show that sparsity of the pre-existing fracture fosters isotropic

growth that leads to the formation of a high dimensional network of activated

fractures. Additionally, we show that, in certain circumstances, a tensile fracture

may grow even when the viscous effects are negligible where the complexity of

the generated fracture network, which is beyond the scope of this paper, de-

pends on the tensile fracture’s interaction with the pre-existing fractures.

Using percolation analysis

Since the critical pressure of the pre-existing fractures is dependent on the frac-

tures’ orientation, anisotropic growth arises when there exists a path formed

by low resistance pre-existing fractures where the activated fractures have sim-

ilar orientation. Using percolation calculations, we can estimate the required

fluid pressure, Pcc, of propagating pathways that have different directions with

respect to the principal stress field. By calculating the difference in the fluid

pressures, Pcc, for different propagation directions, one can assess the condi-

tions under which a network that propagates isotropically can form. Figure 5.2

shows the values of direction dependent Pcc for different correlation lengths,

which scale as ξ0 ∼ (n − nc)−ν , of the pre-existing fractures. The open symbols

represent the case where the fractures’ critical pressures are calculated from (5.3)

while the green filled symbols represent the case where the critical pressures are
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random, i.e. independent of the fractures’ orientation with respect to the stress

field.

Overall, as the correlation length of the pre-existing fractures decreases, i.e.

the network’s connectivity increases, the fluid pressure required to percolate

through the rock decreases. When ξ0 ≫ l, the value of Pcc is independent of the

percolation direction defined by the angle ϕ from the 3 axis and is equal to the

threshold critical pressure calculated for the random case. In contrast, percolat-

ing along the 1 axis, i.e. ϕ = 90°, requires less fluid pressure than growing in

the direction of the 3 axis as ξ0 = O(l). As the network’s connectivity increases,

the difference between Pcc(ϕ = 0°) and Pcc(ϕ = 90°) increases indicating an in-

tensification in the effects of stress anisotropy on the structure of a cluster of

activated fractures. As one would expect, the fluid pressure required to form

a percolating network, when ξ0 = O(l), is higher when the stress field is highly

heterogeneous, i.e. the critical pressures are random, when compared to the

case of a constant stress field with a favored growth direction.

The insensitivity of the values of Pcc, when ξ0 ≫ l, to orientation and de-

gree of heterogeneity in the stress field indicates that stress anisotropy does not

control fluid propagation in this regime. Instead, the connectivity of the pre-

existing fractures controls the growth process and the orientation distribution of

the natural fractures determines the growth direction. ξ0 is a measure of the end

to end distance of the path the injected fluid has to follow in order to propagate

between network connections. When ξ0 ≫ l, the fluid needs to overcome the

critical pressure of many fractures that are part of this path and are not oriented

in the preferred direction. Since we assumed that the pre-existing fractures are

randomly oriented, the growth of the cluster of activated fractures is isotropic.
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(a) Vertical percolation in the direction of the
1 axis, i.e. ϕ = 90°.
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(b) Horizontal percolation in the direction of
the 3 axis, i.e. ϕ = 0°.

Figure 5.3: Example of percolating networks in different directions relative to
the 3 axis when the pre-existing fractures form a well-connected network and
the viscous pressure drop is negligible. Figure 5.3(a) shows a network that per-
colates vertically along the 3 axis while figure 5.3(b) corresponds to a percolat-
ing network along the 1 axis. In both figures, n = 50.1, L/l = 110, σ1 = 60MPa
and σ3 = 55MPa. The number density of 50.1 was chosen such that the varia-
tion of Pcc(ϕ) is large enough to visually make the difference between the two
networks visually apparent.

When ξ0 = O(l), the probability of intersecting fractures with similar critical

pressures is large. As the fluid propagates through the rock, it activates frac-

tures that have similar orientations, i.e. similar critical pressures, forming an

anisotropic cluster of activated fractures. For the fluid to propagate along the

direction ϕ = 90° from the 3 axis, it is sufficient to activate fractures that are ori-

ented near the preferred direction. Figure 5.3(a) shows an example of a cluster

percolating along the 1 axis. Injected fluid percolating along ϕ = 0° first activates

fractures with the minimum critical pressure until it reaches a dead end. It then

activates a fracture with a large critical pressure before finding another path

with less resistance. As a result, a compact cluster of activated fractures, that

requires a high fluid pressure to propagate, is formed as shown in figure 5.3(b).

This result shows that using a low viscosity fluid does not always guarantee the

formation of a complex network of activated fractures. Instead, one needs to,
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Figure 5.4: Threshold value for percolation in different directions when n = 9.1,
σ1 = 60MPa, σ3 = 55MPa and L/l = 110. ϕ is the direction of percolation with
respect to the 3 axis. Pcc is the minimum fluid pressure required to form a per-
colating network of activated fractures that propagates in the direction ϕ.

as well, take into account the connectivity of pre-existing fractures. The forma-

tion of a high dimensional network is promoted when the pre-existing fractures

become poorly connected. When the fractures are well-connected, a low di-

mensional network, due to the effects of stress anisotropy, can form. As will be

discussed in the next subsection, increasing the viscosity of the fracturing fluid

can help mitigate the effects of stress anisotropy and thus increase the fractal

dimension of the formed network of activated fractures.

Given that the injected fluid propagates anisotropically when the pre-

existing fractures are well connected and the viscous pressure drop is negligible,

let us determine the preferred growth direction. Figure 5.4 shows the percola-

tion threshold value, Pcc, for different percolation directions when ξ0 = O(l).

As shown in the figure, the easiest direction for fluid propagation is along the

1 axis, i.e. ϕ = 90°. This result is consistent with the analysis of Murphy and

Fehler [1986] that predicts the formation of an elliptical cluster of activated frac-

tures where the major axis is parallel to the 1 axis when the viscous pressure
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(a) ξ0/l = O(10−1). (b) ξ0/l = O(1)

(c) ξ0/l = O(103)

Figure 5.5: The effects of sparsity of the network of pre-existing fractures on the
growth of the network of activated fractures. Examples of networks of activated
fractures created at different fracturing conditions. In all plots, FN = 105 such
that the viscous pressure drop is negligible, L/l = 55, σ1 = 60MPa and σ3 =

55MPa. As can be seen from the figure, the network starts to grow isotropically
as the value of n approaches nc ≈ 5.638 and the network’s inter-connectivity
decreases. To estimate the value of ξ0, the proportionality constant, kξ0 , was set
to be equal to k−1/ν

ξ0
= 0.4.
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drop is negligible. In this work, we show that such behavior arises when the

network of pre-existing fractures is well-connected. It is also interesting to note

that the difference between Pcc(ϕ = 0°) and Pcc(ϕ = 90°) is on the order of

0.1 MPa while the average ⟨Pcc⟩ over all possible growth directions is of the

order of MPa. Thus, when accounting for the effects of the viscous pressure

drop, i.e. for moderate connectivity of pre-existing fractures, the characteris-

tic length scale at which the viscous pressure drop becomes important, given

by (5.15), can be approximated to be independent of the growth direction since

P − ⟨Pcc⟩ ≫ Pcc(ϕ = 0°) − Pcc(ϕ = 90°) where P is the fluid pressure.

Since the fluid pressure required to propagate through the pre-existing frac-

tures increases as their connectivity decreases, we ask the question under what

conditions hydroshearing a network of pre-existing fractures requires more in-

jection pressure than growing a tensile fracture. This analysis will tell us the

expected dominant failure mechanism when injecting a high pressure fluid un-

derground. Given the fracture toughness, KIC , of a rock, an activated fracture

is expected to grow due to tensile forces when ⟨Pcc⟩ − σ3 ≥ KIC/
√
l. Here, ⟨Pcc⟩

is the average of Pcc(φ) over all growth directions and the value of KIC of rocks

ranges between 0.5 to 2MPa
√

m [Savitski and Detounray, 2002]. For a typical

fracture length of the order of a few meters, tensile growth, in addition to hy-

droshearing, is expected when the value of ⟨Pcc⟩ − σ3 is larger than 1 − 2MPa.

The required tensile stress to open the fracture is 10−20MPa when the fractures’

lengths are of the order of a centimeter. The value of ⟨Pcc⟩ is mainly affected

by the network connectivity, the stress anisotropy, and the orientation distribu-

tion of the fractures. Thus, integrating such information by computing ⟨Pcc⟩,

using percolation calculations, would help optimize the design of the fracturing

process.
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To illustrate how one, prior to stimulation, can assess the potential of acti-

vated fracture to grow due to tensile forces, consider the case where the pre-

existing fractures are randomly oriented, η = 0.85, and the rock’s fracture tough-

ness is equal to 2MPa
√

m. When σ1 = 60MPa, σ3 = 55MPa, and the fractures’

lengths are of the order of a few centimeters, a tensile fracture will never form

even if the network of pre-existing fractures barely percolate. If the fractures’

lengths are of the order of a meter, a tensile fracture will propagate when the

fractures’ number density is smaller than 8. For these long fractures, the crit-

ical number density below which a tensile fracture propagates is smaller than

9, when the values of σ1 = 20MPa and σ3 = 10MPa. These density values are

obtained by determining the critical connectivity of pre-existing fractures for

which ⟨Pcc⟩ − σ3 ≈ 2MPa for fractures that are a meter long and ⟨Pcc⟩ − σ3 ≈ 20

MPa for shorter fractures, i.e. their length is of the order of few centimeters.

This analysis tells us that stimulating, using a low viscosity fluid injected at

small rates, rocks with a sparse network of pre-existing fractures that are short,

less than a few centimeter long, produces an isotropic network of activated frac-

tures that activate via pure slippage mechanism. If the fractures are long, the

possibility of inducing a tensile fracture increases as the sparsity of the pre-

existing fractures increases and/or the stress anisotropy increases. Depending

on the orientation of the pre-existing fractures with respect to the tensile frac-

ture’s growth direction, the stress anisotropy and the rock’s tensile strength,

the tensile fracture may get arrested, cross the pre-exiting fracture, or continue

propagation with from an offset position. Modeling such interactions to pre-

dict the complexity of the generated fracture network is complicated and there

exists studies that consider the interaction with a few natural fractures [Dahi-

Taleghani and Oslen, 2011, Weng et al., 2011]. Finally, it is worth mentioning
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Figure 5.6: The acceptance ratio of the fractures that are connected to the net-
work of activated fractures. FA is defined as the fraction of fractures reached by
the fluid that are activated. For this plot, FN = 105, σ1 = 60MPa, σ3 = 55MPa and
L/l = 55. The value of pc at which FA changes sharply corresponds to the value
of the minimum injection pressure, ⟨Pcc⟩/δpc required to propagate through the
rock where δpc is the standard deviation of the critical pressures and in this plot
is equal to 1.99MPa .

that if the distribution of the fractures’ orientation is not completely isotropic,

the value of Pcc is expected to be smaller than that of randomly oriented pre-

existing fractures. Thus, growing a tensile fracture might not be favorable when

the pre-existing fractures are of a meter long and are poorly connected.

Using fluid transport simulations

So far, the growth of a cluster of activated fracture under negligible viscous

pressure drop has been analyzed by inspecting the fluid pressure required to

propagate in particular directions. Now, let us analyze the development of a

cluster of activated fractures under dynamic conditions. For this purpose, we
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Figure 5.7: Distribution of the orientation of the position of the center of frac-
tures relative to the injection point denoted by θri , the angle of ri relative to the 3
axis. The dotted-dashed vertical lines indicate the direction of preferred growth
such that fractures oriented in this direction have the minimum value of Pc. For
this plot, FN = 105, σ1 = 60MPa, σ3 = 55MPa and L/l = 55.

will use direct numerical simulations that resolve fluid flow within the frac-

tures. Such analysis will help cross validate predictions obtained using the two

methods presented in the paper.

In order to approach the regime where the viscous pressure drop is negligi-

ble, we perform simulations at large values of FN . Figure 5.5 shows examples of

fractal networks of activated fractures formed when FN = 105 for different num-

ber densities (connectivities) of the pre-existing fractures. The lines indicate the

angle θmin with the minimum critical pressure. As shown in figure 5.5(c) and

consistent with the analysis using percolation calculations, the cluster of acti-

vated fractures can propagate even in the direction of the 3 axis when the num-

ber density of pre-existing fractures approaches nc ≈ 5.637 due to the scarcity of

low resistance pathways in the poorly network of pre-existing fractures.
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Using direct simulation of fluid flow within the network of activated frac-

tures, we can compute the injection fluid pressure, ⟨Pcc⟩, required to grow the

cluster. The value of ⟨Pcc⟩ is equal to the threshold critical pressure the injected

fluid’s pressure has to reach in order for the fluid to propagate through the

rock. Since the fracturing problem under negligible viscous pressure drop is

analogous to Invasion Percolation [Wilkinson and Willemsen, 1983], we used

a similar order parameter, i.e. the acceptance ratio, to determine the value of

⟨Pcc⟩. The acceptance ratio, FA, in the context of hydroshearing is defined as the

fraction of all the pre-existing fractures connected to the activated cluster hav-

ing critical pressures between pc and pc +∆pc that are activated. When the size

of the cluster becomes infinitely large, the value of FA should abruptly go from

1 to 0 at pc = ⟨Pcc⟩/δpc. Figure 5.6 shows the acceptance ratio for the activated

fractures for different number densities of pre-existing fractures. Due to finite

size effects, the width of the transition region of the acceptance ratio is finite

and ⟨Pcc⟩ is the inflection point of the curve. As can be seen in the figure, the

value of ⟨Pcc⟩ decreases as the number density of pre-existing fractures increases

indicating that the fluid only needs to activate preferably oriented fractures in

order to percolate through the rock. This observation follows the general princi-

ple of decreasing the value of Pcc(ϕ) as the connectivity of pre-existing fractures

increases.

To assess the anisotropic growth of the cluster of activated fractures using

percolation analysis, we had to rely on the difference in the critical fluid pres-

sure needed to advance the injected fluid along different directions. With the

dynamic simulations, we can determine the preferred growth direction by ana-

lyzing the activated fractures’ position relative to the injection point. Each acti-

vated fracture, i, is associated with a unit vector, r̂i, that is defined as r̂i = ri/ ∥ri∥
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Figure 5.8: A transition to anisotropic growth of a cluster of activated fractures
when ξ0 = O(l) where ξ0 = kξ0(n − nc)

−ν . The value of DKL decreases when the
cluster is more anisotropic. For all number densities, FN = 105, σ1 = 60MPa,
σ3 = 55MPa and η = 0.85.

where ri = rcm,i − rinj . Here, rcm,i is the position vector of the fracture’s center

of mass while rinj is the position vector of the injection point. Therefore, one

can define, θr, as the orientation of the activated fractures’ r̂i relative to the 3

axis. Peaks in the orientation distribution, fθr̂ , of the fractures’ positions relative

to the injection well indicate a preferred direction for fluid propagation. The

amplitude of the peak quantifies the strength in the anisotropy of the growth.

Figure 5.7 shows the distribution, fθr̂ , for different number density of the pre-

existing fractures when the stress anistorpy dominates the activation process,

i.e. setting FN = 105. The distribution, fθr̂ , is averaged over about 4000 real-

izations. The dotted-dashed lines indicate the orientation of the fractures that

experience the maximum shear stress.

As can be seen from the figure, the distribution of θr̂ becomes more uniform

as expected for isotropic growth, as the number density of pre-existing fractures

approaches the critical number density of pre-existing fractures to form a per-
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colating network. When ξ0 = O(l), the network of activated fractures becomes

anisotropic growing preferentially along the 1 axis. The strength of anisotropy,

measured by the sharpness of the peaks, increases as the number density of pre-

existing fractures increases. To show the transition in the growth behavior as the

number density of pre-existing fractures increases, we defined an order param-

eter that characterizes the distribution, fθr̂ . We used the Kullback–Leibler diver-

gence, DKL, parameter, also known as the relative entropy, which measures the

deviation of a probability distribution function from a known one [Kullback and

Leibler, 1951]. When comparing fθr̂ with a uniform distribution, fiso = 1/(2π),

one can probe the effects of stress anisotropy on the growth of the cluster of

activated fractures. The order parameter, DKL, is simply given by:

DKL = − ∑
θr̂(i)

fθr̂(i)
fiso

ln(fθr̂(i)/fiso), (5.17)

where θr̂(i) is the orientation of an activated fracture’s r̂i relative to the 3 axis.

As fθr̂ approaches fiso, the value of DKL should approach zero. When it devi-

ates from fiso, the value of DKL decreases indicating that the effects of stress

anisotropy on the growth become important. Figure 5.8 shows how the value of

DKL varies with sparsity of the pre-existing fractures. As seen in the figure, the

value ofDKL abruptly increases as ξ0/l becomes larger than one regardless of the

system size. This result is consistent with the percolation calculations shown in

figure 5.2 where the percolation threshold value becomes dependent on the per-

colation direction for ξ0 ≤ l. In order to experimentally verify that increasing the

connectivity of pre-existing fractures enforces the effects of stress anisotropy on

forming a low dimensional network of activated fractures, one can measure and

characterize, using the relative entropy parameter, the orientation distribution

of the position vector of microseismic events generated during the stimulation

process.
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(c)

Figure 5.9: The effects of fracturing process conditions on the growth of the net-
work of activated fractures. Examples of the network of activated fractures at
different fracturing conditions. In all plots, n = 13.1, L/l = 30, σ1 = 60MPa and
σ3 = 55MPa. As can be seen from the figure, the network starts to grow isotropi-
cally as the value of FN decreases and the viscous pressure drop dominates the
growth at the scale of the network’s correlation length.

177



0.09

0.12

0.15

0.18

0.21

0.24

0.27

f θ
r̂

0 π/4 π/2 3π/4 π 5π/4 3π/2 7π/4 2π

 

 

FN =0.001

FN =0.05

FN =1

FN =15

Figure 5.10: Distribution of the orientation of the position of the center of frac-
tures relative to the injection point. An angle of 0 indicates growth along the 3
axis where the fluid needs to overcome σ1 in order to activate a fracture. For this
plot, n = 9.1, σ1 = 60MPa, σ3 = 55MPa and L/l = 30.

5.5.2 Effects of viscous pressure drop on the fracturing process

In the previous subsection, we showed that using a low viscosity fluid does not

always promote the formation of a high dimensional fracture network. When

the network of pre-existing fractures is well-connected, a low dimensional net-

work is formed due to the existence of preferential growth paths the fluid can

easily penetrate and propagate through the rock. In this case, we argued that

increasing the fluid viscosity can help mitigate the effects of stress anisotropy.

In the following, we will show, using direct numerical simulation of the acti-

vation process, that designing the fracturing process such that ξch/ξ0 = O(1) is

enough to produce an isotropic network of activated fractures. Here, ξch, the

length scale at which the viscous pressure drop becomes important, is given by

ξch ∼ F
ν/(ε+1)
N where ν/(ε + 1) ≈ 0.58.
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Figure 5.11: This plot shows the deviation from network isotropy as a function
of FN for different number densities of pre-existing fractures. The open symbols
are for the case where σ1 = 60MPa, σ3 = 55MPa while the filled symbols are
for σ1 = 40MPa, σ3 = 10MPa. For different network connectivity of pre-exiting
fractures, the value of FN needed to grow an isotropic network changes.

To illustrate the effects of injection conditions on the fluid propagation

through the rock, the cluster of activated fractures is formed at different val-

ues of FN for well-connected pre-existing fractures. Figure 6.3 shows examples

of clusters of activated fractures formed when the pre-exiting fractures are stim-

ulated at different values of FN . The pre-existing fractures’ number density, n, is

equal to 13.1 corresponding to the regime where the effects of stress anisotropy

are not overcome by the sparsity of the network. As can be seen in figures 5.9(a)

& 5.9(b), an elliptical cluster of activated fractures is formed for moderate val-

ues of FN . The major axis of the cluster is along the 1 axis indicating that stress

anisotropy affects the fracturing process. By decreasing the value of FN , the vis-

cous pressure drop dominates over stress anisotropy and the cluster of activated

fractures becomes more circular as shown in figure 5.9(c).

Now, let us examine changes in the distribution, fθr as the value of FN is
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decreased to determine when the effects of stress anisotropy are attenuated.

Figure 5.10 shows the distribution of θr for different values of FN when the

number density of pre-existing fractures, n is equal to 9.1. The peaks in the

distribution indicate preferred growth directions. When the viscous pressure

drop increases (FN decreases), fθr approaches a uniform distribution indicating

isotropic growth. Due to the viscous pressure drop required to drive the injected

fluid through the fractures, the fluid pressure increases. Thus, the injected fluid

easily overcomes the fractures’ resistance to activate. Fractures that are not ori-

ented along the preferred direction can activate leading to isotropic growth of

the network.

The transition in the growth of the cluster of activated fractures from

isotropic to anistropic for different injection conditions is identified by calcu-

lating the value of DKL for different values of FN and different network con-

nectivities. As shown in figure 5.11, a sparse network of pre-existing fractures,

represented by the circular red symbols, grows isotropically regardless of the

injection conditions. As the network becomes well-connected, there exists a

threshold value of FN required to grow an isotropic network. As the number

density of pre-existing fractures increases, the value of FN required to grow

an isotropic network decreases. Since the correlation length of the pre-existing

fractures can be smaller than l for a well-connected network, the value of FN

required to form an isotropic network can be smaller than 1 as demonstrated

by the trend of DKL when n = 13.1. As FN → ∞, the growth anisotropy, de-

picted by the value of 1/DKL, increases with increasing number density of pre-

existing fractures consistent with the results shown in figure 5.8. Finally, given

the same connectivity of pre-existing fractures, a higher stress anisotropy re-

quires a higher viscous pressure drop in order to grow an isotropic network.
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Figure 5.12: This plot shows that setting the operating conditions such that ξch =
O(ξ0) is sufficient to grow an isotropic network of activated fractures. The open
symbols are for the case where σ1 = 60MPa, σ3 = 55MPa while the filled symbols
are for σ1 = 40MPa, σ3 = 10MPa. When calculating the ratio of ξch and ξ0 to
generate this plot, we assumed that kξ and kξ0 is equal to one.

The magnitude of the viscous pressure drop required is captured by the value

of the dimensionless number, FN .

So far, we have separately analyzed the three parameters that control the

propagation of the injected fluid, 1) the connectivity of the network of pre-

existing fractures, 2) the anisotropy of the stress field, and 3) the viscous pres-

sure drop needed to drive the injected fluid over the correlation length of the

pre-existing fractures. It was shown that over the pre-existing fractures’ cor-

relation length, ξ0, neither the viscous forces nor the stress anisotropy affect

fluid propagation. In this case, the injected fluid needs to activate all the pre-

existing fractures forming a path whose end to end distance is of the same order

of magnitude as ξ0 in order to percolate through the rock. Thus, the fluid prop-

agates isotropically over ξ0 when the fractures are randomly oriented. Over

length scales larger than ξ0, the competition between viscous forces and stress
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anisotropy determines the growth direction of the cluster of activated fractures.

From (5.15), FN is related to the length scale, ξch, at which the stress anisotropy

is comparable to the viscous pressure drop.

As will be shown next, setting the injection conditions such that ξch ≤ ξ0 will

lead to the growth of an isotropic network of activated fractures. In this case, the

activation process over ξ0 is controlled by the orientation distribution of the pre-

existing fractures. Above ξ0, the viscous forces dominate the growth forming an

isotropic network. Figure 5.12 shows the values of DKL when plotted vs ξch/ξ0.

The value of DKL abruptly changes when ξch/ξ0 = O(1) indicating a transition

in the growth of the cluster of activated fractures from isotropic to anisotorpic.

This critical value is independent of the value of n. Thus, one can use this crite-

rion to design the fracturing process in order to maximize the branching of the

cluster of activated fractures.

From (5.15), one can show that the critical value of FN needed to mitigate the

effects of stress ansitorpy is simply given by F crit
N ≈ (kξ0/kξ)

(ε+1)/ν
(n − nc)−(ε+1)

where nc ≈ 5.637 and ε + 1 ≈ 2.3. From figure 5.12, we estimated the ratio kξ/kξ0

to be about 1. This value is obtained by finding the inverse function of DKL

evaluated at DKL = −2. For a more accurate determination of these constants,

finite size scaling of both the percolating networks of pre-existing fractures and

activated fractures can be used. Now, let us demonstrate how one would deter-

mine the minimum fluid viscosity needed to form a high dimensional network

of activated fractures. Consider a network of pre-existing fractures where their

number density is equal to 6 such that F crit
N = 10 while their aperture, width

and length that are of the order of a millimeter, 100 meters and 10 centime-

ters, respectively. If the fluid is injected at a rate of 2 × 10−1m3/s and the stress
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anisotropy is of the order of 1MPa, a fluid with a viscosity about 42 cP is needed

to mitigate the effects of stress anisotropy on creating a low dimensional net-

work. As the number density of pre-existing fractures increases, the required

fluid viscosity increases, e.g. µ = 850 cP for n = 7.

Finally, increasing the viscous effects might induce tensile forces where the

complexity of the formed network of fractures depend on the interaction be-

tween the induced tensile fracture and the pre-existing fractures. Accounting

for the viscous pressure drop, the criterion to induce a tensile fracture becomes

P c
ch+⟨Pcc⟩−σ3 ≥KIC/

√
l. Recall that P c

ch is the characteristic pressure drop across

the network, discussed when deriving (5.15), and it scales as P c
ch ∼ δpcF

−ε/(ε+1)
N .

Based on this criterion, one can determine the maximum viscous pressure drop

allowed before inducing a tensile fracture. As an example that illustrates the

constraint on the viscous pressure drop before propagating a tensile fracture

must be accounted for, consider a rock with a number density of 9.1 where

F crit
N ≈ 0.06. As shown in figure 5.2, ⟨Pcc⟩ − σ3 ≈ 1.35MPa, KIC = 2MPa

√
m,

the average length of the fractures is 1m, and the stress anisotropy is 1.98MPa.

Stimulating the rock, in this case, at F tens
N ≤ 7.2 may induce a tensile fracture. If

the fractures’ average length is of the order of 1cm, a tensile fracture may grow

when F tens
N ≤ 0.02. By comparing the value of F tens

N below which a tensile frac-

ture may form with F crit
N , it can be seen that when the pre-existing fractures are

short, one can increase the fluid viscosity to the optimum value to form a con-

trolled high dimensional network of activated fractures. For long fractures, the

injection conditions should be set such that FN ≥ F tens
N , i.e. equal to 7.2 in this

example, if forming a tensile fracture needs to be avoided. The eccentricity of

the resulting network can be inferred from the value of DKL. In this example,

DKL ≈ −4 corresponding to relatively high aspect ratio of the formed cluster of
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activated fractures.

5.6 Summary and Conclusion

In this paper, we considered a simple geometry consisting of isotropically ori-

ented pre-existing fractures of uniform length. For this system, we performed

percolation calculations accompanied by direct numerical simulations of fluid

flow through the activated fractures to develop insights into the effects of the

connectivity of the pre-existing fractures, the viscous pressure drop and the

stress anisotropy on the propagation of the injected fluid. We showed that the

percolative nature of fluid transport in a network of activated fractures over-

comes the effects of stress anisotropy when the network of pre-existing fractures

barely interconnects leading to isotropic propagation. One should take into

account that the fluid pressure required to percolate through the pre-existing

fractures can be higher than that required to create a tensile fracture. Calcu-

lations similar to those presented in section 5.4 could be used to estimate the

fluid pressure required to percolate with any fracture orientation distribution

and network connectivity.

When the pre-existing fractures are well-connected, the ratio of the length

scales ξch and ξ0 controls the eccentricity of the activated cluster. ξ0 is the pre-

existing fractures’ correlation length while ξch is the length scale at which the

viscous pressure drop becomes important. When ξch/ξ0 ≤ 1, an isotropic clus-

ter of activated fractures is formed as the injected fluid easily overcomes the

variability of the fractures’ critical pressure needed to slip. When ξch ≫ ξ0, the

cluster of activated fractures grows in a preferred direction when its linear size
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is larger than ξ0. In this case, the fluid activates and flows through the least re-

sistant paths determined by the fractures’ orientation with respect to the stress

anisotropy.

In light of these results, when the lengths of the pre-existing fractures follow

a power law distribution, the growth of the activated fractures varies depending

on the value of the power law exponent, a. When a > 3, the correlation length of

the network of pre-existing fractures is scale-invariant and the results developed

for the model of uniform fracture lengths apply. When 1 ≤ a ≤ 3, fractures of

length L control the connectivity of the network of pre-existing fractures [Bour

and Davy, 1997] and thus ξch becomes scale dependent. Here, L is the linear size

of the network of pre-existing fractures. This might lead to interesting growth

behavior as the transition between isotropic and anistropic growth occurs as the

size of the cluster increases. Further studies are needed to obtain quantitative

results on how the viscous and connectivity effects vary as a cluster of activated

fractures with a power law length distribution grows.
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CHAPTER 6

PERFORMANCE OF EGS SYSTEMS

Engineered geothermal reservoirs are defined as low permeability hot dry

rocks that are stimulated via the injection of a high pressure fluid. During the

stimulation process, sealed weak planes are fractured forming a cluster of con-

nected activated fractures. A weak plane is assumed to activate when the fluid

pressure inside it reaches a critical value. The interconnectivity of the cluster

of activated fractures varies depending on the importance of the viscous pres-

sure drop when compared to the variability in the fracture’s critical pressures.

A well-connected cluster can form when the viscous pressure drop dominates

while a fractal network is formed when the viscous pressure drop is negligible.

Assuming one-dimensional heat transfer into the rock adjacent to each fracture

and neglecting the interference between neighboring activated fractures, the cir-

culation process within clusters of activated fractures, formed at different stimu-

lation conditions, is analyzed. It is found that for the same ratio of the separation

between the circulating wells to the cluster’s radius, a well-connected cluster

performs better than a fractal network. In the well-connected network, multiple

flow paths connecting the two circulating wells are created while a fractal net-

work provides a single flow path. For the well-connected network, the length

of shortest path is on the order of magnitude of the Euclidean distance between

the two wells providing a small surface area for thermal exchange. On the other

hand, the shortest path of the fractal network is highly tortuous and its length

is much greater than the separation distance between the two wells. Never-

theless, increasing the number of flow paths by a viscous-dominated fracturing

process increases the thermal exchange between the cluster’s longer paths and

the shortest one. Additionally, it decreases the flow rate within each path lead-
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ing to a net increase in the average residence time within the shortest path and

better thermal performance.

6.1 Introduction

The goal of geothermal systems is to extract the thermal energy stored within

rocks. Depending on the temperature of the rock, the extracted energy can be

either used to generate electricity or/and can be used for heating applications.

Ideal geothermal sites such as the ones found in Iceland and Turkey are com-

posed of a porous layer with a high permeability that is near the surface and

contains water as steam. These sites are typically denoted as hydrothermal

rocks and are typically found near volcanoes [Sener and Gevrek, 2000, Arnors-

son, 1995]. Such reservoirs are not abundant and extracting the stored thermal

energy at other locations requires drilling to a deeper stratum where the temper-

ature is sufficient for the desired application. If the permeability at the required

depth is low, stimulation by injection of a high-pressure fluid is used to create

a network of flow paths for the circulated fluid. Such systems are denoted as

engineered geothermal systems (EGS) and their performance strongly depends

on the connectivity of the formed network[Willis-Richards et al., 1996, Fairley

and Hinds, 2004].

Fluid transport during the stimulation process can lead to the creation of dis-

tinct network topologies that in turns affect the thermal performance of EGS. In

this paper, we elucidate the effects of the network’s connectivity induced by the

fracturing process on the thermal performance of EGS by identifying the gen-

erated flow paths and quantifying their individual contribution to the thermal

drawdown over a typical lifetime of EGS. We use a simple model that captures
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the effects of the fluid transport on the connectivity of a cluster of activated frac-

tures to create networks at different process conditions. Then, we analyze their

thermal performance by solving for the production temperature after a certain

period of circulation.

The model assumes that the rock layer of interest contains many pre-existing

fractures that form a network whose correlation length is on the order of the

fractures’ average length. When a high-pressure fluid is injected, these fractures

slip and thus create flow paths for the circulating fluid. The slippage mecha-

nism follows Mohr’s criterion which yields a critical fluid pressure the fractur-

ing fluid must reach to activate the fractures [Kohl and Megel, 2007]. The value

of the critical pressure depends on the fracture’s orientation with respect to the

in-situ stress field. Stress perturbations due to slippage are ignored and slip-

page occurs when the fracturing fluid reaches the fracture at a pressure that is

higher than its critical pressure. After the stimulation process, a production well

is drilled to intersect the network of activated fractures. Using the same injec-

tion well employed for stimulation, a low viscosity fluid is injected at a lower

pressure than the fluid pressure used in the stimulation. We will assume that no

fractures are activated during the circulation process. As the circulating fluid

flows within the network of activated fractures, heat is conducted from the rock

matrix to the fluid within the activated fractures. Thermal interference between

the fractures is ignored and heat conduction in the flow direction is ignored.

The paper is organized as follows. In section 6.2, we first briefly describe the

stimulation model that was used to generate networks of activated fractures at

different process conditions. In section 6.3, we describe the heat transfer model

that was used to calculate the production temperature after a certain period of
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circulation for the reservoirs generated using the model described in section 6.2.

Then, we analyze the thermal performance of an ensemble of reservoirs that are

fractured under the same conditions in section 6.1. In the analysis, we identify

the critical parameters that affect the thermal performance the most and analyze

how the fracturing conditions alter such parameters.

6.2 Reservoir Stimulation Model

In this section, we describe the model used to create networks of activated frac-

tures to analyze the thermal performance of stimulated rocks at different pro-

cess conditions. The model captures the effects of fluid transport on the connec-

tivity of the created cluster of activated fractures. Since the scope of the paper

is the thermal performance of the created clusters of activated fractures and not

the behavior of a growing cluster of activated fractures, we will briefly discuss

the cluster’s topology in different growth regimes without presenting the full

analysis of the scaling laws that govern the cluster growth in such regimes.

Many hot dry rocks are developed via the stimulation of a nearly imperme-

able rock layer that contains an interconnected network of pre-existing sealed

natural fractures. Upon fluid injection, these sealed natural fractures are hy-

drosheared leading to their activation. Once a fracture is activated, fluid fill-

ing volume is created that allows for fluid flow [Bruel, 2007, Kohl and Megel,

2007]. Depending on the orientation of these natural fractures with respect to

the in-situ stress field, they hydroshear at different fluid pressures. According

to Mohr’s law, a natural fracture is sheared when the fluid pressure within the

fracture reaches a critical value such that the effective frictional force becomes
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equal or less than the shear stress acting on the fracture’s surface. This critical

value is given by [Wang and Mao, 1979]:

Pc = σn −
σt
fr
. (6.1)

Here, σt, σn are the tangential and normal stresses acting on the fracture, respec-

tively, and fr is the friction coefficient.

Hence, the fracture can be activated due to different mechanisms by either

perturbing the stress field around the fracture or perturbing the fluid pressure

within the fracture. The activation of a natural fracture can lead to the creation

of an excess shear stress on the neighboring fractures, thus lowering their criti-

cal pressure needed for slippage. This mechanism does not necessarily create a

connected network of activated fractures. On the other hand, when the rock is

saturated with a low viscosity fluid when compared to the viscosity of the frac-

turing fluid, the fluid pressure within the natural fractures is perturbed when

the fracturing fluid reaches these fractures. Activating natural fractures via this

mechanism ensures the creation of a connected network. In this paper, we ne-

glect the effects of stress perturbations on the activation process and focus on the

effects of fluid transport which lead to the creation of a connected network of

activated fractures that can be used in the circulation process post stimulation.

To model the effects of the viscous pressure flow on the growth of an ac-

tivated fracture as fluid is injected, a simple model was used. In this model, a

fracture is activated as slippage between the fracture’s surfaces occurs following

Mohr’s criterion given by (6.1). Fluid filling volume is created due to the mis-

match between the asperities of the fracture’s surfaces upon their slippage. The

fracture is initially saturated with a fluid with a viscosity that is much smaller

than the fracturing fluid’s. Hence, the region past the fluid front within the frac-
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ture does not meet Mohr’s criterion, ignoring the effects of stress perturbations

that result from the slippage of the fracture’s surfaces, as the pressure within

this region is smaller than the critical pressure required for slippage. Therefore,

the fracture tip is assumed to be located at the fluid front and the volume of

the activated portion of the fracture is assumed to be equal to the volume of the

fluid flowing through the fracture. The geometry of the fracture is assumed to

be rectangular with a width that is much larger than its length and aperture.

The fracture’s aperture is assumed not to be affected by the fluid pressure

within the fracture. This assumption ignores the effects of shear dilation that

might increase the fracture’s aperture [Rahman et al., 2002] and it holds when

the shear stiffness of the fracture is much larger than the characteristic pressure

drop required to drive the flow of the fracturing fluid. Furthermore, all the

fractures are assumed to have the same aperture in order to probe the effects of

the path tortuosity and its length without the need to correct for its hydraulic

conductance. Assuming the rock is impermeable, fluid loss from the fracture to

the rock matrix is ignored. This assumption is valid when the time it takes to

completely activate a fracture is much smaller than the time it takes to grow the

cluster of activated fractures to a characteristic size where leakage starts to play

a role in slowing down the growth of the cluster of the fractures.

In order to neglect the effects of the inherent interconnectivity of the pre-

existing natural fractures, we assumed that the natural fractures form a well-

connected network. This assumption applies when the number density of the

natural fractures is large such that the network of pre-existing fractures looks

homogenous at all length scales. Moreover, the critical pressures to activate the

fractures are assumed to be uncorrelated with their orientation with respect to
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the in-situ stress field. This assumption applies when the in-situ stress is het-

erogeneous at large length scales and/or their friction coefficient are different.

Thus, one can then assume that the pre-existing fractures form a network that

we will approximate as a square lattice, where the critical pressures are statisti-

cally homogenous and are given by a probability density function, e.g. normal

distribution.

Based on the above assumptions, the governing equation of the fluid front

propagation within an activated rectangular fracture is given by:

dλ

dt
=
qi
bH

, (6.2)

where b and H are the fracture’s aperture and width, respectively. λ(t) is the

length of the propagating fracture and qi is the volumetric flux within the ac-

tivated fracture. The initial condition is λi(t = t′) = 0 where t′ is the time for

a fracture is initially activated. If leakage is negligible, the local mass balance

within the fracture for a Newtonian fluid can be given by:

∂2P

∂x2
= 0 (6.3)

(6.3) assumes that the fluid flow within the planar fractures follows the cubic

law where qi =
b3H

12µ

∂P

∂x
[Zimmerman and Bodvarsson, 1996]. At the injection

node, a constant injection rate, Q, is assumed that is equal to the sum of the

flux in the set of activated fractures, Sinj , intersected by the injection well, i.e.

∑i∈Si qi = Q.

Since slippage of the fracture’s surface requires that the fluid pressure must

be at least equal to the critical pressure, one can set the fluid pressure at the fluid

front within each growing fracture to be equal to the fracture’s critical pressure,

Pci , i.e. P (λ, t) = Pci . Using Euler integration scheme, we solve for the time
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dependent length of the fracture using (6.2) after solving for the fluid pressure

at all junctions to calculate qi. To solve for the fluid pressure at all junctions, a

linear system of equations can be used:

aijpj =mi + si (6.4)

where A is the coefficient matrix that contains information about the connec-

tivity of the activated fractures and their lengths, p is the fluid pressure at the

junctions and B is a vector that specifies the boundary conditions. A constant

injection rate, Q, was used as a boundary condition at the injection well.

(6.4) applies a mass balance at each junction where the flux within a partially

activated fracture is driven by the pressure drop pj − pcjk where pj is the fluid

pressure at the junction j and pcjk is the critical pressure to activate a fracture that

connects the two nodes j and k. For a fracture that is completely activated, i.e.

its fracture tip has reached junction k, fluid flow within a fracture jk is driven

by the pressure drop between the two nodes (pj − pk).

By using the standard deviation of the critical pressures, δpc , as a characteris-

tic fluid pressure, the length of the pre-existing fractures, l, as the characteristic

length scale and bHl/Q as the characteristic time, one can derive a dimensionless

number, FN ≡ (δb3H)/12µQl where µ is the fracturing fluid viscosity, that cap-

tures the importance of the characteristic viscous pressure drop within a fracture

when compared to the variability in the critical pressures. This dimensionless

number is related to the characteristic correlation length, ξch , of the cluster of

activated fractures through, ξch = kξξ0F
ν
ε+1
N . ξ0 is the correlation length of the net-

work of pre-existing fractures. In the case of a perfect square lattice of bonds, ξ0

is equal to the lattice spacing l. ν is a universal exponent that captures the scal-

ing of the correlation length with the distance of a percolating parameter, such
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as the fluid pressure for instance, from a percolation threshold value. It depends

on the dimension of the network and for a two-dimensional network, it is equal

to 4/3. ε is the scaling exponent for the effective permeability of the cluster of

activated fractures and is approximately equal to 1.3 for a two-dimensional net-

work. Finally, kξ is a proportionality constant that is of order one and depends

on the geometry of the network of pre-existing fractures. Derivation of the rela-

tionship between the cluster’s correlation length and the dimensionless number

FN comes from applying percolation theory to analyze the growth of a cluster

of activated fractures when pressure-driven flow drives the growth dynamics

[Alhashim and Koch, 2018].

The connectivity of the network of activated fractures depends on the rel-

ative value of ξch when compared to the correlation length of the pre-existing

fractures and the radius of the cluster of activated fractures, R. Depending on

the value of FN and thus ξch, the fracturing process can either be controlled

by the viscous dissipation of the fluid or the range of resistances the fluid has

to overcome in order to form percolating paths within the stimulated rock. If

ξo ≪ R ≪ ξch, the viscous pressure drop is negligible over the length scale of

the cluster’s radius and the fluid activates the smallest resistance available. In

this regime, a fractal network is formed where the structure of the cluster is

equivalent to a percolating network formed at the threshold value. The fractal

dimension of the network is equal to 1.9 in two dimensions and the network’s

properties scale with the length scale used to analyze the network. For example,

the permeability, K, of the fractal network depends on the length scale at which

a pressure drop is applied, i.e. K ∼ dε where d is the length scale of interest.

Another property that is relevant to the analysis of the thermal performance of

a cluster of activated fractures is the length of the shortest path between two
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points within the network. The length of the shortest path, Ls, between two

points within the fractal network scales with the Euclidean distance, d, between

the two points as Ls/l ∼
d

l

dmin

where dmin ≈ 1.13 for a two dimensional network

[Zhou et al., 2012]. In fact, for an infinite fractal network, there is only one path

connecting two points within the network whose length is given by the scal-

ing of Ls. Throughout this paper, we will refer to the fractal regime when we

analyzed the thermal performance of reservoirs that are stimulated under con-

ditions where the viscous pressure drop is negligible over the length scale of the

cluster’s radius.

Moreover, in the regime where the viscous pressure drop is important over

the length of the pre-existing fractures, l, the fracturing fluid easily overcomes

the critical pressures of the natural fractures. This regime, denoted as the ho-

mogenous regime, applies when ξ0 ∼ ξch ≪ R. The formed network is well-

connected and it looks homogeneous at all length scales, i.e. its fractal dimen-

sion is equal to the dimension of the network. In this regime, the average sep-

aration of between the activated fractures is of the same order of magnitude as

the average separation of the pre-existing natural fractures. The cluster of ac-

tivated fractures can be described as an effective continuum medium where its

properties are homogenous everywhere and do not change with the length scale

of interest. For example, the permeability of the network is given by K ∼ b3/l.

The shortest path between two points within the network in this regime is of the

same order of magnitude as the Euclidean distance such that Ls ∼ d and there

exists an infinite number of paths connecting the two points when the size of

the network is infinity.

Between the fractal and homogeneous regimes, there exits an intermediate
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regime where the network’s properties depend on the length scale of interest

and the characteristic correlation length, ξch, of the cluster of activated fractures.

In this regime, the viscous pressure drop is negligible over ξch but is important

on the scale of the cluster radius, R. The cluster of activated fractures looks

fractal at length scales that are smaller than ξch but is heterogeneous, due to the

viscous pressure drop, on the scale of the cluster radius. The activation pro-

cess over a length scale that is much smaller than ξch but much larger than ξ0 is

governed by the same rules used to generate a percolating network near the per-

colation threshold. Over a length scale that is much larger than ξch, the network

can be approximated as an effective continuum medium where its local proper-

ties scale with the local correlation length, ξl, of the cluster of activated fractures.

ξl varies spatially with the network and it is a function of the local fluid pressure

during the stimulation process. For this regime to fully develop, ξ0 ≪ ξch ≪ R

and the length of the shortest path between two points that are separated by

a distance d that is much smaller than ξl will scale as Ls ∼ l (d/l)
dmin [Dokhy-

lan et al., 1999]. However, the scaling of Ls when d is much larger than ξch is a

function of d, R and the local correlation length; i.e. Ls ∼ cd (ξch/l)
dmin−1 where

c is a pre-factor that is a function of d/R. Derivation of this scaling comes from

analyzing the growth of the cluster of activated fractures in this regime using

percolation theory. It is worth mentioning that in each of these three regimes,

the structure of the network is self-similar. The size dependence of the network

structure only arises during the transitions between the regimes.

To illustrate the network structure in the three regimes, we simulated the

fracturing process at different values of FN and plotted the structure of the net-

work in figure 6.1. As can be seen in the figure, there are no fractures in the

interior of the cluster that are not activated when the network is stimulated in
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(a) FN = 0.001 (b) FN = 15

(c) FN = 2000

Figure 6.1: Example of networks stimulated in the three different regimes. Fig-
ure 6.1(a) shows a network that is activated for FN = 0.005 representing the
homogenous regime. Figure 6.1(b) shows a network that is activated at FN = 15
and figure 6.1(a) shows a network that is formed when FN = 2000 where the
fractal regime is reached.

the homogenous regime. As mentioned before, as the viscous pressure drop

becomes dominant over the variability in the critical pressures, the fluid easily

overcomes the resistance to activate the fractures that are connected with the

percolating network through which the fracturing fluid flows. Once the fluid

front reaches a natural fracture, it is activated forming a network with homoge-

nous properties, as shown in figure 6.1(a), that are equal everywhere within the

network. As the viscous pressure drop decreases and becomes negligible over

the length scale of ξch, the network is nearly fractal at small length scales but
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is heterogeneous over the length scale of the cluster radius as shown in figure

6.1(b). Finally, when FN is too large such that ξch ≫ R, the network looks fractal

at all length scales as shown in figure 6.1(c).

The thermal performance of an engineered geothermal system depends on

the connectivity of the network and the positioning of the production well. As

shown in figure 6.1, the relative magnitude of the viscous pressure drop and the

variability in the critical pressures during the stimulation process can lead to a

wide range of network connectivities ranging from a well-connected network

to a fractal one. If the interference between the activated fractures is neglected,

it can be easily seen that one needs to activate all available pre-exsiting fractures

to create a high surface area for heat exchange and reduce the impedance of the

network due to the creation of many paths connecting the two wells. To increase

the residence time within the network, one can position the production well at

the edge of the cluster of activated fractures. Based on this model, one can

set the stimulation process conditions such that FN approaches zero, in order

create a well-connected network of activated fractures. Due to the uncertainty

in the statistical information of the rocks such as the aperture of the fractures,

their orientation distribution and the value of the principal stress field using

current tools, it is still a difficult task to accurately tune the value of FN . Hence,

geothermal reservoirs are most likely stimulated at a wide range of values of

FN .

In fact, Sahimi [2011] has argued that all networks of activated fractures are

either fractal or are fractal at small length scales but homogenous at large length

scales. For example, the Gyesers geothermal reservoir in California has been

found to form a fractal network of activated fractures [Tafti et al., 2013]. This
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corresponds to the range of values for lFN that is much larger than the frac-

ture spacing between the pre-existing fractures, i.e. ξch ≫ R. Using the present

model, the critical structural features of the network of activated fractures that

affect the thermal performance the most will be identified and the manner in

which such features are affected by the viscous pressure drop during the stim-

ulation process will be discussed.

6.3 Hydrothermal Model

To model the circulation process, we have adopted the exact solution for the

production temperature derived by Fox et al. [2016]. In this section, we first

summarize the major assumptions of the model. We then discuss simple cases

that illustrate the physical features of the model. Finally, we give the procedure

for applying the model to simulate the circulation process for the clusters of ac-

tivated fractures created using the stimulation model discussed in the previous

section.

The major assumptions of the model are as follows. The heat transfer be-

tween the circulating fluid and the rock matrix is assumed to be dominated by

one-dimensional heat conduction and is coupled with heat convection within

the circulating fluid. Heat transfer due the temperature gradient along the di-

rection of flow is neglected. Moreover, the interaction between the neighboring

fractures are assumed to be negligible because the penetration length of the con-

ducted heat within the rock matrix is much smaller than the fracture separation.

Finally, the activation of sealed fractures during the circulation process is ig-

nored. Based on these assumption, Fox et al.(2016) derived an exact expression
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for the production temperature, θp, of a discrete network of activated fractures

given information about the flow paths between the injection and production

wells. θp is given by:

θp = 1 −
np

∑
k

Ck. (6.5)

Here, θp =
Tp − Tinj
Tr − Tinj

where Tp is the production temperature, Tinj is the tempera-

ture of the injected fluid and Tr is the far-field temperature of the rock matrix. np

is the number of flow paths connecting the production and injection wells and

Ck is the contribution of a flow path k to the thermal drawdown after a certain

period of circulation which is given by:

Ck =Mkerfc [
βl

√
αt
∑
j∈Sk

1

fj
] , (6.6)

where fj is the fraction of the injected fluid flowing within segment j that be-

longs to the path set Sk. Mk =∏j∈Sk
χj where χj is a function of the connectivity

of the path segments with other paths. The value of χj for segment j is equal

to the ratio of the fluid flow within segment j to the sum of the fluid flow of

the other segments connected at the downstream junction of these segments.

β is a dimensionless parameter and is defined as β ≡ (2Hkr) / (Qρfcpf ) while

α = kr/ (ρrcpr) is the thermal diffusivity of the rock. kr is the rock’s conduc-

tivity. ρf and cpf are the circulating fluid’s density and specific heat capacity,

respectively. ρr and cpr are the density and heat capacity of the rock matrix,

respectively. Q is the injection rate of the circulated fluid.

A major advantage of the model is that one can explicitly quantify the con-

tribution of participating flow paths, Ck, on the thermal drawdown. Hence, one

can compare the effects of paths with distinct properties such as their length and

average flow within each path on the thermal performance. As can be seen from

(6.6), the contribution of the individual path to decreasing the production tem-
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perature, Tp, depends on the residence time of the circulating fluid within the

segments constituting the path, and the degree of thermal exchange between

the fluid flowing within a path with the fluid coming from other paths. The de-

gree of thermal exchange is depicted by the multiplicative term Mk which can

be defined as the ratio of the path’s contribution to the contribution it would

have if there was no mixing between the paths. Increasing the degree of inter-

action decreases the value of Mk and if there is no mixing, Mk = 1. To elucidate

the physical mechanisms by which these parameters affect the thermal draw-

down of an arbitrary path k, we will explore extreme cases where (6.6) can be

simplified.

Consider the simplest case where there exists only one path connecting the

two wells. This case applies when an infinite cluster of activated fractures is

fractal. In this case, the contribution of the path to the thermal drawdown is

simply given by Ck = erfc [
βL1
√
αt

] where L1 is the total length of the only path

connecting the two wells. In this case, fj = 1 and Mk = 1 since all the circulating

fluid flows through this path. As can be seen, the thermal drawdown of the

path depends on its length and the injection rate of the circulating fluid. De-

creasing the residence time by increasing the injection rate for example shortens

the lifetime of the reservoir.

Now, consider a more complex but tractable case. When the two wells are

connected via multiple paths that are parallel to each other, (6) reduces to:

Ck = ⟨fj⟩kerfc [
β

√
αt

Lk

⟨fj ⟩k

] , (6.7)

where ⟨fj⟩k is the average fraction of the injected fluid flowing within the path

and in this case, the flow within each segment constituting the path is equal to

the average value. Similar to the single path case, the contribution to the thermal
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drawdown depends on the average residence time within the path. Moreover,

the degree of interaction in this case is inversely proportional to the average

flow rate within the path. As the fluids coming from different paths add up at

the production well, the effects of the paths with the lowest flow rate on the

production temperature will be small compared to other paths.

By applying a mass balance at the production well for the parallel path

model, Q = ∑
np
k qk where qk is the flow rate within path k. From the defini-

tion of χj , its value for all the fractures within the path is equal to 1 except for

the fracture that is intersected by the production well. The value of χj for this

fracture is given by qk/Q and thus Mk = 1 ⋅ 1 ⋅ 1⋯qk/Q = ⟨fj⟩k. In contrast to the

single path case where ⟨fj⟩k is independent of the length of the path when the

injection rate is fixed, the average flow within a path for the parallel paths’ case

decreases when the length of the path and the network’s connectivity increases.

In fact, ⟨fj⟩k =
b3H

12µ

Z

Lk
where Z is the impedance of the network. The impedance

of the network is a measure of the required pressure drop across the network,

∆P , to drive the flow of the circulating fluid and is defined as Z ≡ ∆P
Q . Since the

average viscous flow within path k is given by qk =
b3H

12µ

∆P

Lk
when the aperture

and width of the fractures are the same, one can show that ⟨fj⟩k =
b3H

12µ

Z

Lk
.

To see how the connectivity of the network affects the average flow within

the path, consider how the value of Z changes with the number of paths. By

substituting the average viscous flow relation, qk, and the definition of Z in the

mass balance over the production well, one can find that Z ∼
1

∑
np
k

1
Lk

. As the

number of paths available for the fluid to flow through increases, the resistance

within the network decreases due to the increase in the options for the fluid

to flow through. Hence, the average flow within each path decreases. More-
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over, ⟨fj⟩k increases as the length of the other paths connecting the two wells

increases.

Although the dependence of ⟨fj⟩k on the number of flow paths and the

path’s length is derived for the case of parallel paths, it applies for a network

where the paths are interconnected, i.e. ⟨fj⟩k ∼ Z
Lk

. As the network becomes

well-connected, the number of paths connecting the two wells increases which

in turn reduces the impedance of the network. In the case of interconnected net-

works, the contribution of an arbitrary path to the thermal drawdown can be

approximated as Ck ≈Mkerfc [
β

√
αt

Lk

⟨fj ⟩k

]. The value of Mk is difficult to approx-

imate for interconnected networks as it depends on how the path of interest is

intersected by another path.

Based on the above analysis, one can see that the dependence of the thermal

performance on the stimulation conditions will depend on the way the value of

FN affects the length of the paths and their interconnectivity measured by the

impedance of the formed network. Now, let us briefly describe the method used

to simulate the circulation process after forming a cluster of activated fractures

using the model described in section 6.2. The hydrothermal simulation of the

circulation process consists of four main steps: 1) placement of the production

well; 2) solving for the fluid flow within the network; 3) determining the flow

paths connecting the injection and production wells; and 4) calculating the pro-

duction temperature after a certain period of circulation by numerically solving

(6.6).

In the first step, the injection node used in the stimulation process is also

used as an injection well for the circulation process. For a specific well separa-

tion, d, a random node within the cluster, located at a distance d from the injec-
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(a) FN = 20

(b) FN = 2000

Figure 6.2: Example of clusters stimulated at different values of FN . The produc-
tion well is placed at a distance d = 0.8R. Figure 6.2(a) shows a network stim-
ulated at FN = 20 while figure 6.2(b) shows a network stimulated at FN = 2000.
Red fractures are dead-ends while the blue ones carry the fluid. As can be seen,
as the network becomes sparser, the fraction of the dead end fractures increases.
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tion node, is chosen as the production well. The choice of the production well’s

position determines the flow paths between the two wells since not all the frac-

tures, for a sparse network, will carry the fluid during the circulation process.

Figure 6.2 shows examples of clusters of activated fractures formed at different

values of FN where the production well is placed at a distance d such that d/R is

equal to 0.8 where R is the extent of the cluster from the injection well. The red

segments represent the dead end fractures that will not participate in the heat

transfer during the stimulation process since fluid flow within them is equal to

zero while the blue bonds represent the activated fractures that will carry out

fluid during the circulation process. The asterisk symbol represents the position

of the injection well and the square symbol represents the position of the pro-

duction well. As the network becomes sparser, the flow structure becomes more

sensitive to the placement of the production well since there are many fractures

that are not well connected with other activated fractures. For a well-connected

network, stimulated at small values of FN , the sensitivity of the flow structure

to the position of the production well is weak and the number of dead-end frac-

tures is small. Finally, due to the viscous pressure drop, the connectivity of the

network varies locally. Thus, the further away the production well is placed,

the more likely it will fail to intersect the network of activated fractures as the

sparsity of the network increases away from the injection well.

Since the heat conduction within the circulating fluid is neglected, fluid flow

can be solved as a separate problem from the heat transfer one where the fluxes

within the fractures become an input to solve (6.6). To determine the value of qj

for all fractures within the network, a linear system of equations, for the pres-

sure at the junctions, similar to that used to solve for the fluid flow during the

stimulation process is used but with different boundary conditions. The bound-
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ary conditions in this case are the pressure, Pinj , at the injection well and the

production flow rate at the production well. For more details on the algorithm

used to solve for the system of equations, the reader is referred to [Fox et al.,

2016].

In the third step, we used a recursive depth-first method to identify the flow

paths between the two wells. This method requires a large memory because the

matrix used to identify the paths grows as one traverses through the network

using a recursive function. Hence, we limited the path search to the ones that

significantly contribute to the thermal drawdown after the specified period of

circulation and omit the ones that have a negligible contribution. A criterion

based on (6.6) was used to stop the search for a particular path when the term

within the complementary error function,
βl

√
αt
∑
j∈Sk

1

fj
, becomes larger than 2.5;

an arbitrary value that was chosen such that the error introduced by this ap-

proximation is less than 0.1%. Not only did this method reduce the memory

requirement to find the paths to be used in solving for the production tem-

perature, but also it sped up the simulation since most lengthy paths will not

be searched as
βl

√
αt
∑
j∈Sk

1

fj
becomes larger as the length of the path increases.

Nevertheless, the search algorithm is slow for simulating the large clusters of

activated fractures needed to avoid finite size effects.

Finally, after identifying the paths that contribute to the thermal drawdown,

the production temperature of the circulated fluid is calculated at different times

and compared for different network topologies produced via the stimulation

model. In the next section, we show that the length of the shortest path and the

average flow within it are the most important parameters to determine the ther-

mal performance of a network. By identifying their dependence on the process
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conditions at which the network is stimulated, one can correlate the thermal

performance of a network with the value of FN .

6.4 Results and Discussion

In section 6.2, it was shown that the importance of the viscous pressure drop

when compared to the variability in the critical pressures lead to distinct net-

work topologies. The cluster’s correlation length, ξch, over which the viscous

pressure drop is negligible depends on the properties of the fracturing fluid, the

injection rate, and some physical properties of the rock such as the variability

in the critical pressures of the natural fractures, their length and aperture. De-

pending on the value of ξch compared to the cluster’s radius, R, three growth

regimes where the network’s properties scale differently are identified. In the

homogenous regime where ξ0 ∼ ξch ≪ R, a well-connected network is formed

where all the natural fractures are activated when the fluid front reaches them.

Moreover, a fractal cluster of activated fractures was shown to form in the frac-

tal regime when ξ0 ≪ R≪ ξch where the fractal dimension of the network is the

same as the fractal dimension of a percolating network formed at the threshold

value. Finally, a nearly fractal network is formed in the intermediate regime

when ξ0 ≪ ξch ≪ R where the connectivity of the network mainly depends on

the value of ξch. In this section, we show how the thermal performance varies

with ξch in the three regimes. In particular, we identify the important parameters

that affect the thermal performance and are functions of the fracturing process

protocol.

To assess how the thermal performance varies with ξch, we stimulated the
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Parameter Value Parameter Value
kr 2.9W/m/°C ρf 1000 kg/m3

µ 1 cP ρr 1050 kg/m3

cpr 2700 J/kg/°C cpf 4184 J/kg/°C
Tw 20 °C Tr 200 °C
Pinj 20 MPa Q 5 L/s
b 1 mm l 20 m
H 100 m

Table 6.1: Values of the parameters used during the circulation process.

rock at different values of FN for a specific amount of fluid injected at a constant

rate for a certain period of time; a typical strategy used in the stimulation pro-

cess. We have considered two cases where the injected amount is different. In

case I, 900 m3 of the fracturing fluid is injected while 600 m3 is used to stimu-

late the rock in case II. In both cases, the dimensions of the activated fractures

are those listed in table 6.1. Such values were chosen to keep the calculations

fast enough while producing large enough clusters to probe the three growth

regimes.

Varying the value of FN can represent either using different viscosities for

the fracturing fluid, injecting the fluid at different rates, or using the same frac-

turing fluid injected at the same rate for different rocks with various statistical

properties of the natural fractures. A large square grid representing the net-

work of natural fractures was used where the critical pressures for the natural

fractures are randomly drawn from a normal distribution. The size of the square

grid is arbitrary and is chosen such that the fracturing fluid does not reach the

grid’s boundaries during the stimulation process. The stimulation process is

stopped when a certain number of activated fractures are formed to keep the

total volume of the injected fluid the same for all cases. Then, a production well

is placed at a distance d from the injection well such that d/R = 0.8 where R is
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Figure 6.3: The size and connectivity of the network of activated fractures as a
function of ξch = kξlF

ν/(ε+1)
N . Figure 6.3(a) shows the maximum extent of the clus-

ter of activated fractures from the injection well, R as a function of ξch. Figure
6.3(b) shows the ratio of the surface area of the backbone fractures, which carries
the circulated fluid to the total surface area of the activated fractures. The blue
curves correspond to the case of injecting 900 m3 of water while the red curves
correspond to the case of injecting a total amount of fluid of 600 m3. As can be
seen in the figures, increasing the value FN and hence ξch produces a larger but
sparser network of activated fractures.

the furthest extent of the front of the fracturing fluid. The value of R represents

the position of the front of the resulting micro seismic cloud formed during the

fracturing process. For each value of FN , all the properties of the network and

the corresponding thermal performance parameters were averaged over 2000

realizations.

Before introducing the trend of the production temperature after ten years

of circulation for both cases, let us see how the size and connectivity of the clus-

ter of activated fractures change with the stimulation conditions. Figure 6.3(a)

shows the average radius of the cluster of activated fractures, R, for different

values of FN , represented by the ratio of the correlation length of the cluster of

activated fractures, ξch, to R. The blue curve represents case I where 900 m3 of
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the fracturing fluid is injected to stimulate the rock while the red curve repre-

sents case II where 600 m3 is injected.

In general, as the viscous pressure drop becomes important when compared

to the variability in the critical pressures, the size of the cluster of activated

fractures decreases. When the fluid’s pressure increases to drive the flow, it

activates more fractures near the injection well. Hence, the amount of fluid

available to extend the radial extent of the cluster decreases. Intuitively, the

more fluid is injected underground, the larger the cluster is by comparing R for

cases I and II for the same value of FN . Furthermore, the radius of the cluster is

independent of the value of FN in the homogenous and fractal regimes while it

increases with FN in the intermediate regime.

In the homogenous regime, i.e. ξ0 ∼ ξch, the viscous pressure drop is domi-

nant over the length scale of the fractures’ length, l, and therefore the fracturing

fluid activates all fractures it encounters regardless of the range of resistances

to activate the natural fractures. In contrast, the viscous pressure drop is negli-

gible in the fractal regime, i.e. ξch/R ≫ 1, and the injected fluid is only able to

activate the fractures with the lowest critical pressures that are connected to the

percolating path of the fluid. In between such regimes, the radius of the clus-

ter increases with decreasing the viscous pressure drop as less fluid is used to

activate fractures near the injection well as it becomes harder to overcome their

critical pressures.

The connectivity of the cluster of activated fractures can be depicted by the

ratio of the surface area of the backbone fractures, Abb to the total surface area

of the activated fractures, As. The backbone fractures are the ones that carry the

circulating fluid between the two wells and are represented by the blue links in
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figure 6.3(b). In the homogenous regime, all the activated fractures form paths

between the two wells, i.e. Abb/As → 1 for infinite networks regardless of the

position of the production well as shown in figure 6.3(b).

In the intermediate regime where ξ0 ≪ ξch ≪ R, the fraction of activated

fractures that belongs to the backbone of the cluster decreases as the cluster be-

comes sparser. Since the network in this regime is self-similar and we have fixed

the ratio between the distance between the wells and the radius of the cluster,

Abb/As does not depend on the size of the cluster as shown in the figure. Nev-

ertheless, the network’s connectivity depends on the location of the production

well, i.e. the distance between the two wells, d. Since the connectivity of the

network is heterogeneous as it depends on the local fluid pressure that varies

spatially when the viscous pressure drop is important, the region far away from

the injection well is sparser than the interior region of the cluster. Hence, as the

distance between the two wells decreases, more of the fractures that are near the

edge of the cluster will not participate in carrying the fluid.

When ξch/R ≫ 1, the activated natural fractures form a fractal network. In

this regime, the value of Abb/As becomes independent of FN since the viscous

pressure drop is negligible and does not control the fracturing process. Similar

to the intermediate regime, the formed fractal network of activated fractures is

self-similar at length scales smaller than the correlation length of the cluster and

the connectivity depends on the separation distance between the two wells. In

fact, Abb/As → 0 as R →∞ since Abb/As ∼ dDbb−Df ∼ d−0.26 where Dbb is the fractal

dimension of the backbone and is equal toDbb = 1.64 while the fractal dimension

of the whole cluster, Df , is equal to 1.9.

To probe the effects of the stimulation process on the thermal performance,
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Figure 6.4: The dimensionless temperature of the produced water after ten years
of circulating the fluid as a function of ξch. The blue and red curves corre-
spond to cases I and II, respectively. As can be seen in the figure, stimulat-
ing a rock with a high viscosity fluid for example produces a well-connected
network with the highest thermal performance. As the connectivity of the net-
work decreases by increasing FN , the thermal performance decreases reaching a
minimum when the intermediate regime is approached. When the network be-
comes nearly fractal the thermal performance increases as the network becomes
sparser. For fractal networks, the thermal performance becomes independent of
FN .

we compared the dimensionless temperature, θp, of the produced fluid after

ten years of circulation for networks fractured at different values of FN . Ta-

ble 6.1 lists the parameters used to simulate the circulation process. Figure 6.4

shows the value of θp for different values of FN . As shown in the figure, well-

connected networks, formed in the homogenous regime, perform the best. As

the intermediate regime is approached by increasing FN , the thermal perfor-

mance decreases. The intermediate regime is reached when FN ≫ 1 such that

ξch/ξ0 ≫ 1 be satisfied. The minimum production temperature in figure 6.4 is

located at FN = 8 (ξch/(kξR) ≈ 0.2). In the intermediate regime, FN > 8, the ther-

mal performance increases with FN and it plateaus when the viscous pressure

drop becomes negligible and the formed network becomes fractal.
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As mentioned in section 6.3, the thermal performance depends on the inter-

connectivity, average flow, and length, of the paths connecting the two wells.

It was shown that the competition between the length of the path and the av-

erage flow within it affects the path’s contribution to the thermal drawdown.

The average flow within a path was shown to depend on both its length and

the impedance of the network which decreases as the network becomes more

interconnected. The length of the path depends on the distance between the

two wells and it also increases as the network becomes sparser. One can explain

the trend presented in figure 6.4 by considering the way the paths’ properties

change with FN in the three regimes. Since the average flow and length is dif-

ferent for various paths, their contribution to the thermal drawdown will also

be different. Some will contribute after 1 day of circulation for example while

others will start to contribute after decades of circulation. In fact, each path will

start to contribute when
βl

√
αt
∑
j∈Sk

1

fj
= O(1). Since ⟨fj⟩k ∼

Z

Lk
, the shortest path

is expected to be the earliest path to drive the thermal drawdown as the fluid is

circulated.

Figure 6.5(a) shows the average length of the paths, ⟨Lk⟩, that contribute to

the thermal drawdown after ten years of circulation, normalized by the length

of the shortest path, Ls. As can be seen in the figure, for all values of FN , the

average length of the contributing paths is of the same order of magnitude as the

shortest path. One should note that as the intermediate regime is approached by

increasing FN , the value of ⟨Lk⟩/Ls increases and it decreases in the intermediate

regime until the fractal regime is fully developed where ⟨Lk⟩/Ls plateaus. This

behavior will be explained more clearly when we discuss the effects of FN on

the properties of the shortest path later on. The general trend of ⟨Lk⟩/Ls does

not change with time but the absolute value increases with time as more paths
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Figure 6.5: This plot is to show that the shortest path is the most important
path in the drawdown on of the production temperature. Figure 6.5(a) shows
the ratio of the average length of the paths that contribute in the temperature
drawdown when compared to the length of the shortest path. The blue and
red curves correspond to cases I and II, respectively. For all values of FN , the
average length of the paths is of the same order of magnitude as the shortest
path. Figure 6.5(b) shows the fraction of the contribution of the shortest path in
the drawdown of the temperature. For almost all values of FN , more than 40%
of the thermal drawdown comes from the shortest path only. As the vlaue of
FN decreases and the average flow within the other paths increases, more paths
start to contribute.

begin to contribute during the lifetime of the reservoir.

Furthermore, we quantified the contribution of the shortest path, Cs, when

compared to the total contribution to the thermal drawdown from all other

paths, i.e ∑npk Ck , as shown in figure 6.5(b). For all values of FN , more than

40% of the thermal drawdown comes from the shortest path alone. The abso-

lute value of Cs/∑
np
k Ck changes with time as more paths begins to contribute

over the course of the lifetime of the geothermal reservoir. However, the trend of

Cs/∑
np
k Ck for different values of FN is expected to be the same since it depends

on the structure of the network. In the homogenous regime, the number of paths

connecting the two wells is large. However, few of the existing paths contribute
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Figure 6.6: The critical properties of the shortest path that control the thermal
performance as a function of the network’s correlation length. Figure 6.6(a)
shows the value of Ms whose inverse value can be interpreted as the degree
of mixing between the fluid of the shortest path and other paths within the
network while figure 6.6(b) shows the residence time of the fluid within the
shortest path. The behavior of both properties as a function of FN is different in
the three regimes.

to the thermal drawdown since the value of
βl

√
αt
∑
j∈Sk

1

fj
for most paths is much

larger than one as ⟨fj⟩k is expected to be small for a well-connected network.

As the network becomes sparse, more paths start to contribute and the aver-

age flow within the paths increases thereby reducing the relative contribution

of the shortest path. In the fractal regime, there exists only one path connecting

the two wells for an infinite cluster of activated fractures. Hence, Cs/∑
np
k Ck is

expected to be equal to one. However, we are simulating small clusters where

finite size effects are present. The number of paths connecting the two wells for

a small cluster is finite and most of these paths contribute to the thermal draw-

down since their length is of the same order of magnitude as the shortest path

as shown in figure 6.5(a). This reduces the relative contribution of the shortest

path.
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As mentioned in section 6.3, the contribution of an arbitrary path is approx-

imated by Ck ≈ Mkerfc [
β

√
αt

Lk

⟨fj ⟩k

]. Since it was found that the shortest path

is the most important path in reducing the production temperature, the trend

presented in figure 6.4 can be explained by analyzing the behavior of the fluid’s

residence time, τs = HbLs
Q⟨fj⟩s

, within the shortest path and the degree of thermal

exchange (mixing), M−1
s , between the shortest path and other paths within the

network as the value of FN and the size of the network are varied. The multi-

plicative term, Ms, of the shortest path is a function of both the relative average

flow within the shortest path to the average flow within the whole network and

its interconnectivity with the other paths. Figure 6.6(a) shows a plot of the value

of Ms as a function of the network’s correlation length normalized by the radius

of the cluster for both injection cases while figure 6.6(b) shows the behavior of

τs in the three regimes. As can be seen in figure 6.6(a), the value of Ms increases

as the intermediate regime is approached. Then, it decreases with FN in the

intermediate regime and levels off when the fractal regime is fully developed,

i.e. ξch ≫ R. Similarly, the ratio of the average flow within the shortest path

to its length increases as the network becomes sparser and it decreases when

ξ0 ≪ ξch ≪ R. Then, it levels off when the cluster of activated fractures become

fractal.

The combined effects of Ms and τs lead to changes in the thermal perfor-

mance of a geothermal reservoir when it is stimulated at different conditions.

As seen in figure 6.4, the production temperature of the circulated fluid after

ten years of operation decreases when the network becomes sparser and the in-

termediate regime is approached. In the intermediate regime, the values of M−1
s

and τs decrease leading to increased performance of the network as it becomes

sparser. In the fractal regime, the contribution of the shortest path levels off
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Figure 6.7: The tortuosity and average flow rate within the shortest path as a
function of the characteristic correlation length. Figure 6.7(a) shows the tortuos-
ity of the shortest path, Ls/d in the three regimes. For the case where ξch = O(l),
the length of the shortest path is almost equal to the distance between the two
wells. As the value of FN increases, the shortest path becomes more tortuous. Its
tortousity becomes independent of FN when ξch/R≫ 1 after reaching the fractal
regime. Figure 6.7(b) shows the average fraction of the injection rate flowing
through the shortest path, ⟨fj⟩s for various networks stimulated at different val-
ues of FN . As can be seen in the figure, ⟨fj⟩s increases as the network becomes
sparser when fewer tortuous paths connect the two wells. When the network
becomes fractal and that there is almost one path between the two wells, most
of the fluid is flowing through the shortest path.

leading to a thermal performance that is independent of the value of FN .

Now, let us elucidate the effects of network structure on the properties of the

shortest path in the three regimes. The residence time of a path is proportional

to its length and inversely proportional to its flow rate. In general, the length

and flow rate of the shortest path increases as the connectivity of the network

decreases as shown in figure 6.7. The length of the shortest path is increased

due to two factors; the distance between the two wells and the sparsity of the

network. Since the radius of the cluster increases with FN when the volume of

the injected fluid is kept constant, the value of d increases with FN when d/R

is kept fixed. As mentioned in section 6.2, the tortuosity of the shortest path
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increases when the cluster of activated fractures becomes sparse as shown in

figure 6.7(a).

The average flow within the shortest path, ⟨fj⟩s, is proportional to Z/Ls.

When the network becomes sparser, the impedance of the network increases

as the number of paths decreases while their tortuosity increases and thus the

average flow within the shortest path increases. As seen in the figure, both

values of Ls and ⟨fj⟩s increase monotonically with FN but at different rates in

the three regimes leading to the behavior observed in figure 6.6(b).

In the homogenous regime, as the value of FN increases, the length of the

shortest path changes slowly when compared to the changes in the average

flow within it leading to a decrease in the residence time with FN . Since the

viscous pressure drop is dominant over the variability in the critical pressures

in this regime, the interior of the network is more connected than the regions

near the edge of the cluster since the fluid pressure is lower in that region.

Changes in the viscous pressure drop hardly alter the interior connectivity of

the cluster where the fluid pressure is much larger than the fracture’s critical

pressures. Even though the production well is placed near the edge of the clus-

ter, i.e. d/R = 0.8, the length of the shortest path slowly changes with FN . The

average flow within the shortest path, however, changes dramatically as the net-

work becomes sparser. This is due to changes in the impedance of the network

as the number of the paths connecting the two wells decreases as the network

becomes sparser.

When the viscous pressure drop becomes comparable with the variability in

the critical pressures, as the intermediate regime is reached, changes in the vis-

cous pressure drop are felt everywhere in the network. Hence, the connectivity
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of the interior region of the cluster changes with FN and the length of the short-

est path increases as the viscous pressure drop during the stimulation process

decreases. Since ⟨fj⟩s ∼ 1/Ls, the increase in the length of the shortest path slows

down the rate at which the average flow within the network increases with FN

as shown in figure 7b. Therefore, τs increases as the network becomes sparser

reducing the contribution of the shortest path to the thermal drawdown of the

geothermal reservoir. In the fractal regime, the impedance of an infinite net-

work becomes proportional to Ls and ⟨fj⟩s = 1 since there exists only one path

connecting the two wells. Since the length of the shortest path does not change

with FN in this regime, the residence time within the shortest path levels off.

Now, let us analyze how the multiplicative term of the shortest path, Ms,

changes with the network’s sparsity. In section 6.3, it was shown that the value

of Ms = 1 when the shortest path is the sole path connecting the two wells. As

the path becomes interconnected with the network, the value of Ms is expected

to decrease. For an interconnected network, its value depends on both the rel-

ative average flow within the shortest path to the average flow of other paths

it intersects and the frequency of intersections. As the average flow within the

shortest path is increased relative to the average flow within the network, the

value of Ms is increased since the fraction of the flow supplying a junction node

from the segment belonging to the shortest path is increased. The frequency

of intersection can be measured by the number of intersection points per the

length of the shortest path, nconv. nconv ≡ Nconv/Ls where Nconv where the num-

ber of segments that belongs to the shortest path whose χj value is less than

one, i.e. it supplies the fluid along with other segments from other paths to the

same junction point. The frequency of intersection between the paths, nconv, de-

creases as the network becomes sparser. In fact, it decreases monotonically as
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Figure 6.8: Comparison between changes in the values Ms and I ≡
⟨fj⟩s
⟨⟨fj⟩k⟩

1
Nconv

with the cluster of activated fracture’s correlation length in the three growth
regimes for the case of injecting 900 m3 during the stimulation process. The
circular symbols represents the values of Ms while the diamond symbols rep-
resents the values of I . The figure supports the hypothesis that Ms ∝ I since
changes in Ms with FN follows changes in I

FN increases and can be written as a function of the network’s impedance, Z,

figure not shown. Since Ms = ∏j∈Ss χj , it is directly proportional to Nconv which

is a function of the intersection frequency and the length of the shortest path.

Hence, the competition between the increase in the length of the shortest

path and the decrease in nconv as the network becomes sparser determines

the behavior of Ms. By considering both effects of the relative flow within

the shortest path to the flow within the network and the frequency of the

shortest path intersecting other paths, one can deduce that Ms ∝
⟨fj⟩s
⟨⟨fj⟩k⟩

1
Nconv

where ⟨⟨fj⟩k⟩ is the mean of the average flow within the contributing paths, i.e.
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⟨⟨fj⟩k⟩ = 1/np∑
np
k

1
LkQ
∑j∈Sk qj . Figure 6.8 shows how changes in Ms with FN fol-

lows the changes in I ≡
⟨fj⟩s
⟨⟨fj⟩k⟩

1
Nconv

for the case where 900 m3 of the fracturing

fluid is used to stimulate the rock.

In the homogenous regime, the length of the shortest path barely changes

while the number of paths decreases. Hence, the value of Nconv decreases and

the average flow within the shortest path increases leading to an increase in

the value of Ms. In the intermediate regime, the length of the shortest path

increases and it was shown that the average residence time within the shortest

path increases. Therefore, the value of Nconv is expected to decrease faster than

the increase in the average flow rate within the shortest path, since Nconv ∼ Ls

leading to a decrease in the multiplicative term.

6.5 Conclusion

When comparing the contribution of the flow paths to the thermal breakthrough

of engineered geothermal systems that are stimulated at different process con-

ditions, the shortest path between the injection and production wells was found

to be the critical one in controlling the thermal performance of the stimulated

reservoir. Specifically, the residence time within the shortest path, τs, and the

degree of mixing between the fluid flowing through the shortest path and fluid

from other paths of the network, M−1
s , control the thermal performance of the

stimulated reservoir. Both parameters are functions of the connectivity of the

network of activated fractures measured by its characteristic correlation length,

ξch. ξch is controlled by the ratio of the viscous pressure drop required to drive

the injected fracturing fluid to the variability in the critical pressures required
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to activate the natural fractures. Three regimes were identified where the de-

pendence of τs and Ms on ξch is different: 1) a homogenous regime where the

fracturing process is dominated by the viscous pressure drop forming a well-

connected network, 2) a fractal regime where the viscous pressure drop is neg-

ligible and the range of the fractures’ critical pressures control the fracturing

process forming a fractal network with a fractal dimension of 1.9, and 3) an in-

termediate regime where the viscous pressure drop is important over the length

scale of the cluster’s radius but is negligible over ξ0 in which a nearly fractal net-

work is formed.

In the homogenous regime, the network connectivity and thus the thermal

performance is not affected by ξch since the viscous pressure drop dominates

the activation process. As one transients from the homogenous regime to the

intermediate regime, the residence time within the shortest path decreases as

ξch increases. In this regime, increasing ξch does not affect the connectivity of

the interior region within the network where the fluid pressure is much larger

than the average critical pressure to activate the fractures. Hence, τs decreases as

the length of the shortest path does not change while the average flow within it

increases as the number of the paths connecting the two wells decreases. More-

over, the degree of mixing in this regime also decreases as the connectivity of

the network is decreased. This is due to both the decrease in the frequency of

intersection of the shortest path with other paths within the network and the

increase in the average flow within the shortest path relative to the flow with

other paths. Both effects combined decreases the thermal performance of the

reservoirs as ξch increases.

When the intermediate regime is fully developed, small perturbations in the
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value of ξch affect the connectivity of the whole network including the interior

region. In this regime, the length of the shortest path, Ls, becomes more tortu-

ous as the network becomes sparer. The increase in the length of the shortest

path with ξch due to tortuosity is augmented by the well separation, d, which

increases with the radial extent of the cluster, R. The residence time of the circu-

lated fluid within the shortest path, though the average flow within it increases,

is increased. Similarly, the degree of mixing increases although the frequency

of intersection between the shortest path with the other paths decreases. This is

due to the increase in the absolute number of intersections as Ls increases. As a

result, the thermal performance of the network of activated fractures increases

when the viscous pressure drop during the fracturing process is decreased. Sim-

ilar to the homogenous regime, the thermal performance becomes independent

of ξch when the network becomes fractal. In this regime, the viscous pressure

drop becomes negligible over the length scale of the cluster’s radius and thus

the network’s topology does not change with the viscosity of the fracturing fluid

or the rate at which it is injected.

Finally, more analysis is needed to provide a complete understanding of the

optimal fracturing strategies to maximize the thermal performance of an engi-

neered geothermal system. The present model ignores the effects of the thermal

interference between the activated fractures. Such effects are important when

ξch is of the same order of magnitude as the penetration depth. Therefore, the

current model overpredicts the thermal performance, especially when ξch be-

comes of the same order of magnitude as the average separation distance be-

tween the pre-existing fractures in the homogenous regime which we found

to perform the best among other regimes. To account for the thermal interfer-

ence; other numerical approaches such as continuum modeling are more suit-
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able. Moreover, the variability in the hydraulic conductance of the fractures was

ignored. Therefore, there might exists other flow paths that are longer than the

shortest path which contribute more to the thermal performance. This effect

can be addressed by relaxing the assumption of unified fracture apertures when

they are activated. Lastly, the flow structure over the lifetime of the reservoir

can change due to thermal stresses, scaling of the fracture’s surfaces, etc which

were ignored. Sparse networks such as the ones formed in the fractal regime are

expected to be very sensitive to such physiochemical processes.
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CHAPTER 7

SUMMARY AND RECOMMENDATIONS

7.1 Summary of Research

The overall goal of this research is to understand the effects of fluid transport,

stress anisotorpy and network connectivity of the pre-existing fractures on the

morphology of the cluster of activated fractures generated when a high pres-

sure fluid is injected in a naturally fractured porous medium. A multi-scale

modeling approach was used to address these effects and the modeling tech-

niques used in this study can be summarized as follows: 1) discrete fracture

networks (DFN), 2) effective continuum models (ECM), and 3) large-cell Monte

Carlo renormalization group (RG). The DFN simulates the growth by resolving

the fluid pressure of the injected fluid along the fractures while in ECM, the

stimulated reservoir is represented as an effective continuum porous medium.

RG is a mathematical tool [Reynolds et al., 1979] used to identify the universal-

ity class of the activation process.

To analyze the activation process when the viscous pressure drop is negli-

gible and the pre-existing fractures feel a uniform fluid pressure, we used RG

approach as described in chapter 2. It is shown that activation process belongs

to the same universality class as random percolation under the following con-

ditions: 1) the pre-existing fractures are poorly connected, 2) their lengths are

of the same order and 3) they activate when the injected fluid reaches them at a

fluid pressure that is higher than their critical value. Hence, the activation pro-

cess for poorly connected networks of pre-existing fractures in the presence of

stress anisotropy and in the absence of the effects of the viscous pressure drop
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can be modeled as a random percolation problem on a lattice network where the

resistance of fractures is random and independent of the fractures’ orientation

with respect to the stress field.

In light of this result, it was argued in chapter 3 that percolation theory de-

scribes the activation process at a meso-scale when the viscous pressure drop

of the injected fluid is negligible over a length scale that is larger than the cor-

relation length of the pre-existing fractures but is smaller than the radius of the

cluster of activated fractures. An expression of this length scale was derived

and shown to be a function of the characteristic pressure drop across the cluster

of activated fractures, the variability in the critical pressures required to activate

the fractures, and percolation universal exponents. Furthermore, a continuum

model was developed to describe the growth of the cluster of activated fractures

at the scale of the stimulated reservoir. The model account for fluid flow within

the fractures, fluid loss from the fractures’ surfaces to the rock’s matrix, and the

evolution of the effective permeability of the stimulated rock. Depending on

the importance of the leak off process, it was shown the the cluster of activated

fractures grows in self-similar fashion in two regimes: (1) a short time regime,

when many fractures are activated but pressure driven flow in the network still

dominates over fluid loss; and (2) a long time regime, when fluid loss domi-

nates. Moreover, the effects of the fluid properties on the morphology of the

formed network ares shown to be different in the two similarity regimes.

Predictions of the continuum model were verified using simulations that re-

solve discrete fractures as described in chapter 4. In the simulation, the network

of pre-existing fractures are represented by a square grid where the critical pres-

sures of the fractures are randomly distributed to analyze the case described in
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chapter 2 where the effects of stress anisotropy are not important. It was shown

in this chapter that there exists three growth regimes where the morphology the

cluster of activated can be drastically different. Furthermore, it was shown that

the fractal dimension of a cluster of activated fractures formed when the vari-

ability in the critical pressures dominate over the viscous pressure drop is equal

to the fractal dimension of a percolating network form at the percolation thresh-

old value. When the viscous pressure drop dominate over the length scale of

the fractures’ length, it is shown that a homogeneous network whose growth

can be modeled using a linear diffusion equation is formed.

Using a similar approach used in chapter 4, the stimulation process when

the effects of stress anisotropy are important were analyzed in chapter 5. It was

shown that the stress anisotropy forces the injected fluid to propagate along

the maximum principal stress field when the pre-existing fractures are well-

connected. To attenuate these effects, it was shown that one can set the injection

conditions such that the viscous pressure drop is negligible over the correlation

length of the pre-existing fractures but is important over the size of the cluster

of activated fractures. Consistent with the results found in chapter 2, the effects

of stress anisotropy are mitigated when the pre-existing fractures barely con-

nect. Under these conditions, we showed that neither the injection conditions

nor the magnitude of stress anisotropy control the propagation of the cluster.

The orientation distribution of the pre-existing fractures determine the growth

direction.

Finally, we analyzed in chapter 6 the performance of created clusters of ac-

tivated fractures using the model described in chapter 4 when used as an en-

gineering geothermal system. It is was shown that the residence time of the
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shortest path and the thermal exchange between the shortest path and the other

intersecting paths control the thermal drawdown of EGS. The performance of a

well-connected network of activated fractures performs the best due to the high

thermal exchange of the shortest path while a nearly fractal network performs

the worst since it has moderate thermal exchange and moderate residence time

of the shortest path. A fractal network performs between than a nearly fractal

one due to the large tortuosity in the shortest path.

7.2 Future Research Directions

Based on the outcomes of this work, there exists several future research direc-

tions one might take to increase our understanding of the effects of the rock’s

properties and fluid transport on the morphology of the cluster of activated

fractures that on turn affects the performance of stimulated reservoirs. Below

are some examples of these research projects.

Analyzing gas production and the thermal performance of EGS

using the continuum model

To optimize gas production from shale formations, one needs to maximize the

ratio of the stimulated reservoir to the volume of the injected fluid to access

larger regions of dispersed hydrocarbon pockets using the minimum amount of

fluid. Furthermore, the average separation between the fractures needs to be of

the order of the characteristic diffusion length of gas transport from the rock’s

matrix to the activated fractures [King, 2010]. From the continuum model, it
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was shown that varying the injection conditions to create a large cluster of ac-

tivated fractures comes in the expense of making the network sparser. Thus,

the most optimum injection conditions is not obvious and requires modeling of

gas transport in hydraulically fractured rocks. One can adapt the permeability

and porosity profiles of stimulated reservoirs at various injection protocols de-

scribed in chapter 3 to model gas production from these reservoirs investigate

the most optimum injection conditions.

As a first step to investigate the effects of stimulation conditions on the cre-

ated flow paths and thus the performance of geothermal reservoirs, we used

a DFN model that neglects the effects of thermal interference. Based on the

model, a well-connected network of activated performs the best when com-

pared to sparser networks. When the thermal interference is accounted for and

the penetration length of the depleted region of the reservoirs is of the same

order of magnitude as the average separation of the pre-existing fractures, a

sparser network might perform better. Incorporating the thermal interference

in the DFN model is difficult. However, the continuum model can provide a

simple framework to analyze such effects. The profile of the effective average

separation between the fractures obtained by φ−ν can be incorporated in con-

tinuum hydrothermal models [Fox et al., 2015] used to study fluid circulation

in engineered geothermal reservoirs. φ is the solution of the integro-differential

equation described in chapter 3 and ν is a universal exponent that is equal to 4/3

for a two dimensional network. The local heat transfer from the rock’s matrix to

the circulating fluid can be modeled as heat conduction between parallel plates

whose separations is given by φ−ν .
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Analyzing Fractal Pre-existing Fractures

In chapter 5, it was found that the connectivity of pre-existing fractures greatly

affects the growth of a cluster of activated fractures. We have analyzed the case

where the length of the pre-existing fractures are of the same order of mag-

nitude and provided an optimization criterion that can be used to design the

stimulation process to overcome the effects of stress anisotropy. For the case

where long and short fractures determine the connectivity of the pre-existing

fractures [Bour and Davy, 1997], the growth of the cluster of activated fractures

requires further investigation in order to optimize the stimulation process. The

simulation method described in chapter 5 can be easily adapted to study this

system.

Continuum modeling of fluid-fluid displacement

Stable fluid-fluid displacement is a problem of great importance in the enhanced

oil recovery. Invasion percolation is used to model the problem when the cap-

illary forces control the process [Wilkinson and Willemsen, 1983] while the

Bukley-Leverett equation applies when the viscous forces in the invading fluid

dominates the process [Xu et al., 1998]. Due to the great similarity between this

process and the activation process described in chapters 3 and 4, we predict the

existence of a regime where the capillary forces dominate the invasion process

at large length scales when compared to the radius of the pores but is much

smaller than the radius of the invading fluid phase. In this regime, the cluster

is fractal at small length scales everywhere within the network of the invading

fluid and it is different from that described in [Wilkinson, 1986, Xu et al., 1998]
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where the interior of the cluster is homogeneous while its front is fractal. Since

the viscous forces dominate the process at large length scales, a possible con-

tinuum model similar to that developed in chapter 3 can describe the drainage

process under these conditions. It is worth verifying such predictions due to the

great importance of such process in the oil industry.
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APPENDIX A

SUPPLEMENTAL MATERIAL FOR CHAPTER 2

This supplementary material contains details on the numerical methods and

justifications of some of the introduced assumptions. First, we discuss the

method used to prepare the network of pre-existing fractures at a particular

number density in section A.1. In section A.2, we discuss the algorithm used

to perform the percolation simulations. After that, the method used to calcu-

late the value of ν in the fractal and homogeneous regimes is detailed in section

A.3. In section A.4, we discuss the verification of the dependence of F∞

c on the

number density of pre-existing fractures. Then, estimating the proportionality

constants is discussed in section A.5. Finally, we elaborate on the calculation of

the saturation in the two regimes.

A.1 Network preparation

The procedure used to prepare the network of pre-existing fractures is similar to

that described in [Li and Zhang, 2009]. The network of natural fractures is two

dimensional with all the fractures of the same length, l, and randomly oriented.

To ensure the formation of a homogeneous network, the fractures’ centers of

mass are distributed homogeneously within a box of size L + 1 by L + 1. Free

boundary conditions are used to define the system and fractures near the edge

of a box of size L by L are truncated to prevent the intersection of the fractures

outside the domain and thus the formation of a percolating path outside the box.

Under such conditions, the percolation behavior of the network of pre-existing
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fractures is controlled by their dimensionless number density defined as:

n =
1

L2

Nf

∑
i=1

l2i , (A.1)

where li is the length of each fracture and Nf is the total number of fractures.

Given a specified number density of the fractures, fractures are added un-

til the total length squared of the fractures after truncating the ones near the

boundaries is equal or larger than nL2. The maximum error in the number den-

sity scales as 1/L2. For systems larger than 100, the maximum deviation from the

set number density was found to be less than one percent. The results presented

in the paper correspond to system sizes that are larger than 100 by 100.

A.2 Simulation Algorithm

After preparing the network of natural fractures, the critical pressures of the

fractures are calculated using:

Pc =
σ1 + σ3

2
+
σ1 − σ3

2
[cos (2θ) −

1

η
sin (2θ)] (A.2)

where σ1 is the maximum principal stress and σ3 is the minimum principal

stress. η is the friction coefficient between the fracture’s surfaces and θ is the

angle of the fracture plane from σ3. By normalizing (A.2) with the standard de-

viation, δpc = (
σ1 − σ3

2
)

√
1

2
+

1

η2
(
1

2
−

4

π2
), of the critical pressures of the fractures,

which are randomly oriented between −π/2 to π/2, (A.2) becomes:

pc = η̄ [σ̄ + cos (2θ) −
2

η

√
cos(θ)2sin(θ)2] , (A.3)
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where pc = Pc/δpc, σ̄ =
σ1 + σ3

σ1 − σ3

, and η̄ = 1/

√
1

2
+

1

η2
(
1

2
−

4

π2
). σ̄ is the normalized

average of the fractures’ critical pressures. The system is defined by two dimen-

sionless parameters, η and σ̄. One can easily show that the average value of

the critical pressures does not change the percolation behavior of the activated

fractures. As the value of the friction coefficient, η, decreases, the anisotropy of

the critical pressures distribution increases. We found that varying the friction

coefficient does not change the qualitative behavior of the activation process

but slightly alters the value of the onset of percolation when the effects of stress

anisotropy are pronounced, i.e. the natural fractures form a well-connected net-

work. The presented results are based on the value η = 0.85 which is close to the

experimental friction coefficients of most rocks.

Once the fractures’ critical pressures are calculated, Heapsort algorithm was

used to rank the fractures from smallest to largest critical pressure. Using the

sorted list of fractures, we adapted Newman-Ziff’s algorithm to find the onset of

percolation [Newman and Ziff, 2001]. In this algorithm, a fracture is opened and

the Find and Union algorithm is used to identify clusters of connected opened

fractures. After identifying the clusters, a percolation check is performed to

determine whether the largest cluster in the system has spanned the cell from

one side to the other. The moment a percolating network is formed, the total

length of activated fractures, the critical pressure of the last activated fracture,

and the total length of the fractures that belong to the percolating network are

recorded. Figures A.1(a) & A.1(b) show examples of two formed networks of

activated fractures at the onset of percolation when n = 50.1, representing a well

connected network where ξ0 ∼ O(l). As mentioned in the text, in the presence

of stress anisotropy, a quasi-one dimensional network is formed while a fractal

network with a fractal dimension equal to 91/48 is formed when the critical
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(a) In the presence of stress anisotropy.

(b) Random critical pressures

Figure A.1: Networks of activated fractures formed when the viscous pressure
drop is negligible. In figure A.1(a), the critical pressures are calculated from
(A.2) where the vertical direction is the direction of minimum critical pressure.
In this case, Df ≈ 1. In figure A.1(b), the critical pressures are randomly dis-
tributed and Df = 91/48. In both figures, n = 50.1 such that a well-connected
network of pre-existing fractures is formed and the size of the cell is equal to 20.

pressures are random.
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A.3 Calculating the value of the exponent ν

As mentioned in the main text, the value of the exponent, ν, is calculated using

[Stauffer and Aharony, 1994]:

1

ν
=

ln(Π∗)

ln(L)
+

C

ln(L)
. (A.4)

Let us briefly describe how this equation arises in the large cell Monte Carlo

renormalization group approach and then show how we calculated the value of

ν when both the homogeneous and fractal regimes are fully developed.

Consider a homogeneous network of pre-existing fractures. Renormaliza-

tion group is based on the premise that the network of activated fractures at

the percolation threshold is self-similar over all length scales. The correlation

length of a network of activated fractures is given by ξ ∼ (F − Fc)−ν where F is

the probability to activate a fracture and Fc is the percolation threshold value.

Replace a finite domain, of a linear size, L, with a super-cell that has a probabil-

ity to percolate, F ′. F ′ is a function of the probability to activate the fractures,

F , within the domain. The correlation length of the normalized network com-

posed of super-cells, ξ′ is given by ξ′ ∼ (F ′ − Fc)−ν . Since the connectivity of the

network is reduced by L, one can relate ξ and ξ′ through ξ = Lξ′. Moreover, the

value of Fc and ν are the same for the original network and the normalized one.

Therefore, one can show that:

1

ν
=

ln [(F ′ − Fc) / (F − Fc)]

ln (L)
=

ln (Π∗)

ln (L)
(A.5)

where Π∗ =
dF ′

dF
at F = Fc. Finally, the self-similarity of the network of activated

fractures at all length scales is only valid when F ′ = F = Fc. Thus, one needs

to find the relationship between F ′ and F to calculate the value of Fc. Using
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(A.5), one can calculate the value of the exponent ν after determining the value

of Fc. For example, in a triangular lattice of sites, one can replace every three

sites that form a triangle with a super site. The super site percolates if all of the

sites or two of them are activated. Thus, the closed form of F ′ = f(F ) is given

by F ′ = F 3 + 3F 2(1 − F ). The solution of F ′ = F = Fc yields Fc = 1/2 and the

value of ν using (A.5) where L =
√

3, since 3 sites are used to form a super-cell,

is ν = 1.355 [Stauffer and Aharony, 1994].

The procedure described above is only guaranteed to produce an exact re-

sult for Fc and ν when L → ∞. Asymptotically, the value of ν calculated using

a finite size of the super-cell approaches the exact one following (A.4). As the

size of L is increased, it becomes increasingly difficult to find a closed form of

F ′ = f(F ). Thus, a Monte Carlo approach is used to sample the total probability

to percolate the super cell. One way to sample the distribution is to perform sev-

eral percolation simulations at different values of F to get the functional form

of F ′[Stauffer, 1979]. One should notice that F ′ = f(F ) is the cumulative proba-

bility to percolate a super cell and thus Π∗ =
dF ′

dF
is the probability distribution

function of percolating the super-cell evaluated at Fc. Thus, one can perform

percolation simulations using Newman-Ziff’s algorithm to calculate the distri-

bution, Π, of the onset of percolation and evaluate Π∗ which reduces the number

of simulations required to find F ′ = f(F ). The value of Fc is given by solving:

∫

1

0
Π(F,L)dF − F = 0 , (A.6)

In Newman-Ziff’s algorithm, in the context of the activation process, pre-

existing fractures are successively activated starting from the ones with the low-

est critical pressure until a percolating network is formed. The fraction of acti-

vated pre-existing fractures, Fc, which can be used as a percolation parameter,
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Figure A.2: A comparison between normal and β distributions to fit the simu-
lated onset of percolation. In this example, L = 20 and n = 5.639.

is recorded once a percolating network is formed. Using several realizations,

one can find the distribution, Π, of the onset of percolation. By introducing an

assumption about the functional form of the probability distribution, Π, of the

onset of percolation, one only needs to store the mean, ⟨fc⟩, and variance, σfc of

the onset of percolation to evaluate ν [Reynolds et al., 1979].

As the system size increases, Π approaches a delta function and Fc is the

mode of the distribution. For a finite system, Fc, is expected to lie close to

the mode of the distribution. This assumption has been found to produce a

close value to the correct percolation threshold in other systems [Reynolds et al.,

1979]. Typically, a Gaussian distribution of fc is assumed and thus Π∗ scales with

the inverse of the standard deviation of the distribution, 1/
√
σfc . Since the prob-

245



ability to percolate is bounded between 0 and 1 and its distribution is skewed,

we have used a β-distribution as it produced a better fit of the distribution of

the onset percolation as shown in figure A.2. As will be shown later, we also

considered a Guassain distribution when calculating the value of ν and found

that the form of the assumed distribution does not change the value of ν when

using data for large systems, L ≥ 110.

The β-distribution is given by:

Πnm(x) = Γ(n +m)
Γ(n +m)

Γ(n)Γ(m)
xm−1(1 − x)n−1, (A.7)

where the peak of the distribution and thus Π∗ can be related to ⟨fc⟩ and σfc .

In fact, Π∗ = Πnm (
m − 1

m + n − 2
) where n = [⟨fc⟩(1 − ⟨fc⟩) − σfc] (1 − ⟨fc⟩) /σfc and

m = n⟨fc⟩/ (1 − ⟨fc⟩). ⟨fc⟩ and σfc are the average and variance of the onset of

percolation, respectively.

Following the procedure, described above, the value of ν has been calculated

for specific densities that satisfy the conditions required to fully develop one of

the two regimes: fractal or homogeneous. Figures A.3(a) & A.3(b) show the

finite size scaling of Π∗ for two number densities. Figure A.3(a) shows the data

for n = 6.01, such that ξ0 ≪ L while figure A.3(b) shows the data for n = 5.639

such that ξ0 ≫ L. The dashed-dotted lines in both figures are guide lines with

an intercept that is equal to 3/4.

To realize the transition behavior in the scaling of Π∗ when n − nc ≪ nc, we

re-scaled the system size in (A.4) with ξ0 ∼ (n − nc)−νn . Given that the value ν =

νn = 4/3, that does not change as the transition from a fractal to a homogeneous

network occurs, the re-scaled equation of (A.4) is given by:

1

ν
ln [L(n − nc)

νn ] = ln [Π∗(n − nc)] +C , (A.8)
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Figure A.3: Calculation of ν calculated for number densities where the homo-
geneous (n = 6.01) and fractal (n = 5.639) regimes are fully developed. In the
first plot, n = 6.01 such that n − nc ≪ nc and 200 ≤ L/l ≤ 800 in order to access
the homogeneous regime while remaining close to nc = 5.637. Using kξ ≈ 0.4,
ξ0/l ≈ 12. In the second plot, the range of system sizes is 110 ≤ L/l800. Using
kξ ≈ 0.4, ξ0/l ≈
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Here, ν is the calculated exponent related to the connectivity of the IIC in ei-

ther the fractal or homogeneous regimes. νn is the critical exponent related to

the connectivity of the pre-existing fractures that is equal to 4/3 [Balberg et al.,

1984]. If ν = νn, the ln(n − nc) terms on the two sides of the equation cancel

retrieving (A.4). The value of the constant C should not be a function of n when

the fractal and homogeneous regimes are fully developed but it is different in

the two regimes since the activation behavior is different in these regimes. Thus,

a universal curve for all number densities that satisfy 0 < n − nc ≪ nc will be ob-

tained when plotting L(n − nc)νn vs Π∗(n − nc). Figure A.4 is a larger version of

figure 2 in the main text, a universal curve is obtained when plotting L(n−nc)νn

vs Π∗(n−nc) where Π∗ is calculated using the β−distribution. The slopes of both

the dashed-dotted and the solid lines are equal to 3/4.

We also checked the scaling of Π∗ using a Gaussian distribution where

Π∗ ∼ 1/
√
σfc . As shown in Figure A.5, deviations from the Gaussian distribu-

tion shown in figure A.2 have a negligible effect in calculating the value of ν.

Since we have used large systems, both β and Gaussian distributions approach

a delta function. As they approach the delta function, their average, mode and

variance become similar.

A.4 Derivation of F∞c = f(n)

In the main text, it was mentioned that the percolation threshold, F∞

c , of acti-

vating an infinite network of poorly connected, i.e. n − nc ≪ nc, pre-existing

fractures is given by:

1 − F∞

c = (kf − kH)k
−

1
ν

ξ (n − nc). (A.9)
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Figure A.4: A larger plot of figure 2 in the main text showing the value of ν
in the fractal and homogeneous regimes. The slopes of the dotted-dashed and
solid lines are equal 3/4.

In this section, we discuss the derivation of (A.9) and the use of the simulated

results to validate its predictions. Depending on the ratio of the correlation

length of the pre-existing fractures to the system size, the finite size scaling of

Fc is different. When ξ0 ≪ L, the value of Fc approaches F∞

c as:

Fc = F
∞

c − kHL
−1
ν , (A.10)

where kH is a proportionality constant. This is the typical finite size scaling

used for percolation problems on perfect lattices. Since the activation problem

belongs to the same universality class as random percolation, the percolation

behavior on a homogeneous network of pre-existing fractures is expected to be

similar to that on a perfect lattice.
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Figure A.5: Calculating the value of ν using a Gaussian distribution for which
Π∗ ∼ 1/

√
σfc .

The percolating network of pre-existing fractures when n → nc has the same

fractal dimension as a percolating network formed at the percolation threshold

value on a lattice. For an infinite percolating network, there exists only one path

connecting two points within the network and thus F∞

c should be equal to 1 in

order to percolate the network [Coniglio, 1981]. Thus, the scaling of Fc with the

system size is expected to follow:

1 − Fc = kfL
−1
νf , (A.11)

when ξ0 ≫ L. Similar to the scaling of Π∗ with the system size where the value

of the proportionality constant, C, is different in the fractal and homogeneous

regimes, the values of kf and kH are not necessarily equal.

If one calculates the size dependent percolation threshold, Fc for an arbitrary
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Figure A.6: Theoretical curve showing the transition when calculating Fc for
different sizes.

number density such that n − nc ≪ nc, the scaling of Fc with the system size is

expected to follow (A.11) for relatively small systems and as one increases the

system size a transition occurs and Fc starts to scale as (A.10) as shown in figure

A.6. Assuming that the transition in the scaling ofFc from (A.11) to (A.10) occurs

sharply when L = O(ξ0), one can replace L with ξ0 = kξ(n − nc)−νn in (A.11) and

(A.10) and equate Fc in the two equations to obtain (A.9).

Since both the mean and the mode of the onset of percolation follow the

same finite size scaling and approach the same value as L →∞, one can choose

either value to calculate F∞

c [Reynolds et al., 1979]. In our simulation, we only

store the average, ⟨fc⟩, and variance, σfc , of the onset of percolation. To calculate

the mode, we had to assume a functional form of the distribution of the onset

of percolation. To avoid unnecessary assumptions, we base our calculations of

F∞

c on the size dependent values of ⟨fc⟩. Figure A.7 shows the size dependent,

Fc ≡ ⟨fc⟩, for different number densities of the pre-existing fractures.
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Figure A.7: The values of Fc for different number densities and different sys-
tem sizes. Fc is defined as the mean, ⟨fc⟩, of the distribution of the onset of
percolation.

To realize the transition in the scaling of Fc as shown in figure A.6, one needs

to simulate very large system sizes. Since that is not a viable option using cur-

rent computational power, we showed the transition by means of calculating Fc

for different number densities and a range of system sizes. By substituting (A.9)

into (A.10), one can show that:

(1 − Fc)L
1
νn = (kf − kH)k

−
1
νn

ξ (n − nc)L
1
νn + kH . (A.12)

Therefore, plotting (1 − Fc)L
1
νn vs L

1
νn (n − nc) will yield a universal curve as

shown in figure A.8. Since the scaling of Fc in the fractal regime is given by

(A.11) where the value of kf is independent of the value of n, a horizontal line

given by y = kf should be obtained when (n−nc)L
1
νn ≪ 1. When (n−nc)L

1
νn ≫ 1,

the finite size scaling should follow (A.12) and the transition between the two
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Figure A.8: Theoretical universal curve of the size dependent percolation
threshold value

scalings occurs when (n − nc)L
1
νn ∼ O(1). In figure A.8, the solid line represents

the expected universal curve calculated from simulation and the solid-dashed

line represents (A.11) while the dotted line represents (A.12). Indeed, figure A.9

shows that the values of Fc follow the expected universal curve shown in figure

A.8.

To verify the dependence of F∞

c on n following (A.9), we calculated the value

of F∞

c for different number densities where the homogeneous regime is fully

developed within the range of system sizes used. Additionally, we estimated

the proportionality constants and compared predictions from (A.9) using the

estimated values of the constants and the values of F∞

c calculated directly from

the simulation. Figure A.10 shows the raw data of Fc for the selected number

densities. The range of sizes and number densities are chosen such that (A.10)

holds. Using these data, which are shown in the figure, the values of F∞

c were

calculated. Figure A.11 shows a comparison between (A.9) and the simulated
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Figure A.9: This plot shows how Fc scales with L in the two regimes. When
L ≪ ξ0, (A.11) holds, represented by the solid horizontal line. The slope of the

dashed-dotted line is given by (kf − kH)k
−

1
νn

ξ which was found to be approxi-
mately 0.161 and the intercept is kH .

values. Next, we will describe the methods used to estimate the proportionality

constants used to predict the values of F∞

c .

A.5 Estimation of the proportionality constants

In this section, we explain how we estimated the value of the proportionality

constants, kξ, kf and kH .

The values of kf and kH are calculated by fitting the finite size scaling of

Fc, given by (A.11) and (A.10), in the fractal and homogeneous regimes, re-

spectively. Using an approximate value of k−1/ν
ξ , the correlation length of the
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Figure A.10: Values of Fc where the homogeneous regime is fully developed so
(A.10) can be used to find F∞

c . For all data, L ≥ 200 while ξ0 ≈ 40 for n = 5.77.
The slope of each curve is equal to F∞

c (n) while its intercept is equal to kH that
is independent of n.

pre-existing fractures was estimated to be equal to ξ0 = [0.4(n − nc)]
−ν . Data that

satisfies the condition that ξ0 is more than ten times L and L is larger than 110

were used to fit (A.11). Figure A.12 shows the values of Fc for n − nc ≪ nc used

to estimate the value of kf . Figure A.13 shows the calculated values of kf for the

different densities. Since the constant kf is independent of n, an average value

was used, i.e. kf = 0.571.

Similarly, kH was calculated for different densities where the data collected

must satisfy ξ0 ≤ 10L and L ≥ 200 and an average value was used. Figure A.14

shows the values of Fc used to calculate kH and figure A.15 shows the obtained

values kH for different number densities.
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Figure A.11: Values of F∞

c for different number densities. The circles are cal-
culated from simulation using data presented in figure A.10. The solid line is
given by (A.9) using the estimated values of the proportionality constants.

The value of kξ was calculated using two different methods. In the first

method, the data in the region where L(n − nc)νn ≫ 1 in figure A.9 were fit-

ted with (A.12) to extract the value of k
−

1
νn

ξ from the slope of the dotted-dashed

line that is given by (kf − kH)k
−

1
νn

ξ . By now, we know the values of kf and kH .

Thus, the value of kξ was found to be equal to 0.4232. Figure A.16 shows the

data used for this purpose along with the fitting line.

Since the values of F∞

c shown in figure A.11 along with kH and kξ were cal-

culated based on the values of Fc in the homogeneous regime, the compari-

son between the calculated values of F∞

c and the predicted values using (A.9)

can only prove the linear dependence but not the form of the proportionality
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Figure A.12: Values of Fc used to calculate the value of kf . These data were
chosen such that (A.11) is satisfied, i.e ξ0 ≫ L. ξ0 ≈ 3000 for n = 5.643 was a
lower boundary for ξ0. The system sizes are in the range 110 ≤ L ≤ 800. Since kf
is independent of n and F∞

c = 1 in the fractal regime, all the data almost collapse.
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Figure A.13: Extracted values for kf from data in the regime where ξ0 ≫ L.
Using these values, kf is estimated to be kf = 0.571 ± 0.0002.
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than 200.
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Figure A.15: Extracted values for kH from data in the regime where l ≪ ξ0 ≪ L
where l is the length of the pre-existing fractures. Using these values, kH is
estimated to be kH = 0.1925 ± 0.01.
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ξ where
kf = 0.571 and kH = 0.1925. Therefore, kξ = 0.4232. One should note that the
intercept is equal to kH which was found to be equal to 0.193.

constant. Thus, one needs to use a different set of data in order to calculate

kξ. We constructed an empirical function to fit all the data in figure A.9 in-

cluding the transition regime. The function was constructed such that it can

fit the data in the transition regime and has the correct behavior in the fractal

and homogeneous regimes. In the fractal regime, i.e. (n − nc)L
1
νn ≪ 1, finite

size scaling shows that (1 − Fc)L
1
νn = kf while in the homogeneous regime, i.e.

(n−nc)L
1
νn ≫ 1, finite size scaling gives (1−Fc)L

1
νn = k

−1
νn

ξ (kf−kH)(n−nc)L
1
νn +kH .

The following equation captures the transition region along with the theoretical

behavior in the two limits:

(1 − Fc)L
1
νn =

k
−1
νn

ξ (kf − kH)(n − nc)2L
2
νn + kf(n − nc)L

1
νn + kfk

1
νn

ξ

(n − nc)L
1
νn + k

1
νn

ξ

. (A.13)

By taking the limit of the above function as L → ∞, one can recover the depen-

dence of F∞

c on the number density n, i.e. (A.9). The values of kf and kH were
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Figure A.17: The solid line given by (A.13) when fitting to determine kξ

obtained from previous calculations, i.e. kf = 0.571 and kH = 0.1925 and kξ was

used as a fitting parameter. The empirical function with kξ = 0.406 was found

to give a good fit for the simulated data in figure A.17. This value is in good

agreement with that, kξ = 0.4232, found earlier.

Using the values of F∞

c , one can calculate the value of P∞

cc given the cumula-

tive distribution of critical pressures, F which is also the probability to activate

a fracture. For randomly oriented fractures, F , using (A.3), is given by:

F =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

− 4
π(

1
2acos(A−B

D ) + θm) if pcmin ≤ pc ≤ a − b

2
πacos(A−B

D ) + π if a − b < pc ≤ a + b
(A.14)

where A =
√
−4(a − pc)2c2 + 4b2c2 + c4, B = 4(a − pc)b, and D = 4b2 + c2. θm is

the angle with the minimum critical pressure pcmin = pc(θmin) = a + b( η2−1

η
√

1+η2
).

It is given by θmin = ±
1

2
atan(

1

η
). c =

2b

η
and δpc = (

σ1 − σ3

2
)

√
1

2
+

1

η2
(
1

2
−

4

π2
).

(A.14) is obtained by integrating (A.3) for θ from −π/2 to π/2 normalized by π.
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Figure A.18: This plot shows how the minimum injection pressure required to
percolate the rock depends on the rock’s properties. The units of the principal
stress field is MPa. The dashed-dotted lines are calculated from (A.9) while
the circles are calculated from the simulated data of F∞

c for the case where the
anisotropic effects are taken into account. The asterisk symbols represent the
case where the critical pressures are random and have the same range as in the
case where Pc’s are calculated from (A.3).

Figure A.18 shows the values of P∞

cc calculated using (A.14) for different stress

conditions. The circles use the simulation data shown in figure A.11 while the

dotted-dashed lines were calculated using (A.9).

A.6 Transition in the scaling of the saturation S

In this section, we show the transition behavior for the size of the percolating

network of activated fractures, S. The size of the percolating network of acti-
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Figure A.19: Scaling of the saturation at the onset of percolation. S is defined as
the fraction of pre-existing fractures that forming a percolation network that are
activated and belong to the percolating network of activated fractures.

vated fractures or the saturation, S, is defined as the fraction of the network

of pre-existing fractures that form a percolating network of activated fractures.

For typical bond percolation problems on a perfect lattice network, S ∼ ξ−
β
ν

where β = 5/36 and ξ is the correlation length of percolating network of acti-

vated bonds. If one calculates S at the percolation onset, one can show that

S ∼ L
−β
ν since L ≪ ξ. For the system of natural fractures, it is expected that

S ∼ (
ξ

ξ0

)

−
β
ν

. Similar to the lattice problem, one should replace ξ with the effec-

tive correlation length that is equal to L when L ≪ ξ. Moreover, ξ0 should be

replaced with L when L≪ ξ0. Thus, at the onset of percolation, F = Fc, the satu-

ration is expected to scale as S ∼ (
L

ξ0

)

−
β
ν

when ξ0 ≪ L and becomes independent

of L when L≪ ξ0.

Figure A.19 shows the finite size scaling of the saturation at the onset of
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percolation. As shown in the figure when n → nc, i.e. ξ0 → ∞, the saturation is

independent of the system size. As n increases, a transition regime occurs when

ξ0 ∼ O(L) and the saturation scales as S ∼ (
L

ξ0

)

−
β
ν

when ξ0 ≪ L where β = 5/36.

The solid line is a guide line with a slope of −βν . The porosity of the network

of activated fractures is εS ∼ ξ−
β
ν since the inherent porosity of the pre-existing

fractures is ε ∼ ξ−
β
ν

0 .
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APPENDIX B

SINGLE FRACTURE ANALYTICAL SOLUTION AND ITS RANGE OF

VALIDITY

In this section, we show how (3.25) can be solved analytically when ∆pc = 0 and

the physical conditions in dimensional variables for which this is limiting case

is valid.

When ∆pc = 0, (3.29) can be rewritten as:

dL̄

d̄t
= 1 − ∫

t̄

0

√
1

t̄ − t̄′
dx̄

dt̄ ′
dt̄ ′. (B.1)

Using Laplace transform and the initial condition that the initial length is zero ,

one can get:

F (s) =
1

s
(

1

s +
√
πs

) =
1

s
3
2

(

√
s −

√
π

s − π
) . (B.2)

By using partial fraction decomposition, (B.2) can be rewritten as :

F (s) =
1

√
πs

3
2

+
1

π
√
s (

√
s +

√
π)

−
1

πs
. (B.3)

Knowing that L −1
s {s

−3
2 } =

2
√
t̄

√
π

, L −1
s

⎧⎪⎪
⎨
⎪⎪⎩

1
√
s (

√
s +

√
π)

⎫⎪⎪
⎬
⎪⎪⎭

= eπt̄erfc (
√
πt̄), and

L −1
s {s} = 1, the length of the fracture can be given by:

L̄ =
1

π
[eπt̄erfc (

√
πt̄) + 2

√
t̄ − 1] . (B.4)

The assumptions of the unidirectional leakage flow and negligible viscous

effects on the leakage that led to the above analytical solution are valid when

(3.30) applies. Using a unidirectional flow and neglecting the effects of the vis-

cous pressure drop on the leakage velocity led to a simple coupling between the

leakage rate and the fracture growth rate, i.e. vl ≈

¿
Á
ÁÀkmεm(Pc − Pf)

2µ(t − t′)
, that was

used to obtain the analytitical solution.
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The unidirectional flow of the leaking fluid is only valid when the leakage

velocity is much smaller than the fracture propagation velocity,
dL

dt
. Since the

leakage velocity decays as 1
√

t−t′
, the unidirectional assumption is expected to be

violated near the fracture tip where the leakage velocity is large. The thickness,

λle, of the region where the leakage velocity is greater than the fracture growth

rate can be obtained by finding the distance away from the fluid front at which

the leakage velocity is equal to
dL

dt
. In order for the region with high leakage

velocity to be localized, λle ≪ L. Since, the fracture’s growth rate changes with

time, we will analyze the behaviour of
λle
L

at early times and when the leakage

dominates the growth.

At the beginning of the fracture growth, the fracture length increases at a

constant rate,
Q

bw
. Therefore, the thickness can be found by simply equating the

leakage velocity with the constant flow rate and the criterion for unidirectional

leakage in the short time regime to be valid can be written as:

bwkmεm(Pc − Pf)

2Qµ
≪ L(t). (B.5)

In the long time regime, on the other hand,
dL

dt
=

Q

2πwC
√
Pc − Pf

√
t

and thereby

to find λle, one can write:

1
√
L2 − (L − λle)2

=
Q

2πwC2(Pc − Pf)L
. (B.6)

Since λle ≪ L, the term on the left hand side of (B.6) can be approximated as
1

√
λleL

. Therefore, the assumption of unidirectional leakage flow is valid in the

long time regime when:
Q

w
µ≫ kmεm(Pc − Pf). (B.7)

The other simplification, which consists of neglecting the effects of the vis-

cous pressure drop on the leakage velocity, applies for both time regimes when
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∆pc ≪ 1. From the definition of ∆pc, one can derive the following criterion for

which the effects of the pressure variation on the leakage velocity are negligible:

Q

w
µ≪ (Pc − Pf)b

√
kmεm. (B.8)

To sum up, the simplified leakage velocity can be used when (B.8) along with

(B.5), and (B.8) and (B.7) are satisfied simultaneously in the short and long time

regimes, respectively. At early time, merging the two criteria yields:

b

L(t)
≪

(
Q
wb

)

(
(Pc−Pf )kmεm

µb )
≪

b
√
kmεm

(B.9)

and for the long time regime yields:

1 ≪
(
Q
wb

)

(
(Pc−Pf )kmεm

µb )
≪

b
√
kmεm

. (B.10)

One can see that when
L(t)

b
∼ O(1) and since b is a few millimeters, one only

needs to satisfy (B.10) in order to use the analytical solution for the fracture

growth. In formations with a permeability of 10−16 m2 such as tight gas reser-

voirs, a critical formation pressure on the order of MPa, and an aperture on

the order of a millimeter, this criterion is satisfied when a low viscosity fluid

such as water is injected at flow rates per width smaller than 10−3 m2/s. As the

fluid’s viscosity increases, the flow rate per width needed to satisfy the crite-

rion decreases. For shale gas rocks where the permeability ranges from 10−21 m2

to 10−18 m2, the flow rates per width up to which one will be able to use both

unidirectional flow and negligible pressure drop assumptions range from 10−5

m2/s to 10−4 m2/s for water.
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APPENDIX C

LONG TIME SIMILARITY SOLUTION WHEN t′ = f(s, r)

In section 3.5.3, it has been mentioned that solving (3.60) numerically is difficult

and thus, we have simplified the equations by neglecting the dependence of

the leakage velocity on the time at which a fracture is activated. Moreover, we

showed that the simplification preserves the same scalings but overpredicts the

rate at which the cluster grows in the long time regime. In this section, we derive

the integro-differential equation for the long time regime when the leakage rate

is kept as in (3.60) and describe the method used to solve it.

The integro-differential equations that govern the growth behaviour of the

cluster is written as:

∂pβ

∂τ
=

1

ρ

∂

∂ρ
(ρpε

∂p

∂ρ
) − β ∫

p

0

ζβ−1

√
τ − τ ′

dζ, (C.1)

∂

∂τ
(∫

ρmax

0
pβρdρ) = τα − β ∫

ρmax

0
dζ ∫

p

0

ζβ−1

√
τ − τ ′

ρdρ. (C.2)

To obtain the similarity solution, let η = ρτ−γl and:

φ = pτ−δl , (C.3)

where γl and δl are the same scaling exponents used in section 3.5.3 and their

values are given in table 3.1. To scale the leakage term in (C.1), one must account

for both the direct τ dependence and the dependence of p on τ . Therefore, let

ζ = φ(η′)τ ′δl where η′ = ρτ ′−γl . Then,

dζ = τ ′δl−1(δlφ(η
′) − γlη

′
dφ(η′)

dη′
)dτ ′. (C.4)

Since ζ = 0 when ρ = ρmax and ζ = p when τ ′ = τ :

∫

p

0

ζβ−1

√
τ − τ ′

dζ = τβδl−
1
2 ∫

1

( η
ηmax

)
1
γl

dΥ
Υβδl−1

√
1 −Υ

φ(η′)β−1(δlφ(η
′) − γlη

′
dφ(η′)

dη′
),

(C.5)
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where η′ can be rewritten as η′ = ηΥ−γl and Υ = τ ′
τ .

Now, when substituting (C.5) along with the scaled variables into (3.60)

to (3.63) and neglecting the left hand terms, the desired ordinary integro-

differential equations are given by:

1

η

d

dη
(ηφε

dφ

dη
) = β ∫

1

( η

ηlmax
)

1
γl

dΥ
Υβδl−1

√
1 −Υ

φ(η′)β−1(δlφ(η
′) − γlη

′
dφ(η′)

dη′
), (C.6)

1 = β ∫
ηlmax

0
dη∫

1

( η

ηlmax
)

1
γl

dΥ
Υβδl−1

√
1 −Υ

φ(η′)β−1(δlφ(η
′) − γlη

′
dφ(η′)

dη′
)η, (C.7)

φ = 0, on η = ηlmax, (C.8)

lim
η→ 0

ηφε
dφ

dη
= −1. (C.9)

The asymptotic solution of φ near the injection well is given by (3.71) while the

behaviour of φ as η → ηlmax is given by:

φ = [
{(ε + 1)Ω − 1}Γ (βΩ + 1)

Γ (βΩ)
√
πβ (γlηlmax)

2 ]

1
β−ε−1 ⎡

⎢
⎢
⎢
⎢
⎣

1 − (
η

ηlmax
)

1
γl
⎤
⎥
⎥
⎥
⎥
⎦

Ω

(C.10)

where Ω =
3

2 (ε + 1 − β)
and Γ (x) is the complete Gamma function. As one ex-

pects, the assumption of simplifying the leakage rate does not change the qual-

itative behavior of φ. Both asymptotic solutions, when the leakage is simplified

and when the full form is used, have the same power law exponent but with a

different prefactor.

To solve the system of equations, (C.6) and (C.7) were decoupled by scaling φ

with (ηlmax)
2

β−ε−1 and η with ηlmax. Following the procedure described in [Gelmi

and Jorquera, 2014], (C.6) was integrated to obtain the profile of the scaled φ

and the value of ηlmax was calculated using (C.7). The two boundary conditions

needed to integrate (C.6) were derived from (C.10).
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APPENDIX D

NUMERICAL SCHEMES USED IN CHAPTER 3

In this section, we will describe the numerical scheme that has been used

to solve the ordinary differential equations in the self-similar regimes and the

simplified partial differential equation.

To solve for the self-similar pressure profile in the short time similarity

regime, (3.67), a shooting method was used. To start integrating the equations,

the flux within a small region with a radius of 10−8 from the injection point is

assumed to be constant, Cq. The value of Cq is unknown and it is determined

by an iteration method. Then, the integration using the values of φ and dφ
dη given

Cq is carried out. (3.69) was used as an event to stop integrating the equations.

The value of Cq is adjusted until (3.68) is satisfied.

The long time ordinary differential equation and the full partial differential

equations were solved using a finite difference method. In both methods, the

spatial variable was scaled before discretizing the terms. When solving the par-

tial differential equation, one needs to keep track of the boundary at the cluster’s

edge that moves with time. By scaling the position variable with the cluster’s ra-

dius, one can discretize the equations on a well defined region that ranges from

0 to 1. Similarly, the value of ηmax is unknown. By rescaling the spatial variable

η with ηmax, one can perform discretization for a defined region between 0 and

1.

Below is a description for the method used to solve the partial differential

equation. Adapting this method to solve for the long time regime, one can

replace R by ηmax and follow the same discretization approach. For a D di-
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mensional network, let X =
r

R
such that P = f(t,X). Hence, (3.76) and (3.77)

become:

∂P

∂t
=
X

R
(

dR

dt
)
∂P

∂X
+

P 1−β

βXD−1R2

∂

∂X
(XD−1P ε ∂P

∂X
) −

P

β
√
t − t′

, (D.1)

∂

∂t
(RD

∫

1

0
P βXD−1dX ) = tα −RD

∫

1

0
P β X

D−1

√
t − t′

dX . (D.2)

Introducing Xi = (i − 1/2)∆X and a time step dt, (D.1) can be discretized as

P n+1
i − P n

i

dt
=

1

2
(T ni + F

n
i +L

n
i + T

n+1
i + F n+1

i +Ln+1
i ) , (D.3)

where

T ni =
Xi

Rn
(
Rn −Rn−1

dt
)
P n
i+1 − P

n
i−1

Xi+1 −Xi+1

, (D.4)

F n
i =

(P n
i )

1−β

XD−1
i β(Rn)2

⎡
⎢
⎢
⎢
⎢
⎢
⎣

XD−1
i+1/2

(
Pni+1−P

n
i

∆X )ψ
n+1/2

i+1/2
−XD−1

i−1/2
(
Pni −P

n
i−1

∆X )ψ
n+1/2

i−1/2

∆X

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (D.5)

Lni =
P n
i

β
√
tn − t

′n
i

, (D.6)

ψ
n+1/2

i+1/2
=

1

4
[(P n+1

i+1 )
ε
+ (P n+1

i )
ε
+ (P n

i+1)
ε
+ (P n

i )
ε
] . (D.7)

Similarly, the boundary conditions can be expressed as:

P n+1
1 = P n+1

2 +
(tn+1)α∆X

XD−1
1 (P n+1

1 )ε
,

P n+1
N = 0,

⎫⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎭

(D.8)

To find the cluster radius in a time step n + 1, (D.2) is discretized and solved for

Rn+1 such that:

Rn+1 = [
1/2 [(tn+1)

α
+ (tn)

α
]dt + (Rn)DIn

In+1
]

1/D

, (D.9)

where

In = ∫
1

0
P β(1 −

dt

2
√
tn − (t′)n

)XD−1dX . (D.10)
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t′ is a function of time because the nodes in computational space correspond to

different points in space as the cluster grows. To estimate t′ at the time step n+1,

we use a Taylor series expansion that includes a finite difference approximation

of the rate at which each node moves:

(t
′
i)
n+1 = (t

′
i)
n +

[(t
′
i)
n
− (t

′
i)
n−1

] (Rn+1 −Rn)

Rn −Rn−1
. (D.11)

The initial pressure is estimated by neglecting the leakage and as R → 0,

the storage term is neglected. Thus, the flux is assumed to be independent of r

within r < Rinit so that

P (tinit,X) = [tα(ε + 1)ln(
1

X
)]

1
ε+1

(D.12)

and

Rinit =

⎡
⎢
⎢
⎢
⎢
⎣

2
β

1+ε+1(ε + 1)
−β
1+ε

(1 + α)Γ (
β

1+ε + 1)

⎤
⎥
⎥
⎥
⎥
⎦

1/2

t
α
2
(1− β

1+ε)+1/2

init , (D.13)

where Γ(x) is the complete gamma function. In three dimensions, the initial

pressure and cluster growth rate are estimated via:

P (tinit,X) = [tα(ε + 1) (
1

X
− 1)]

1
ε+1
, (D.14)

Rinit =

⎡
⎢
⎢
⎢
⎢
⎣

(1 + α)∫
1

0
X2 (

1

X
− 1)

β
1+ε

dX

⎤
⎥
⎥
⎥
⎥
⎦

−1/3

(ε + 1)
−β

3(1+ε) t
α
3
(1− β

1+ε)+1/3

init . (D.15)

The above mentioned method can be easily adapted to solve for φ in the long

time regime. One can start with (3.79) and follow the same described discretiza-

tion procedure. To find ηlmax, one can use (3.80) instead of (D.2).
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APPENDIX E

VALIDITY OF MAIN ASSUMPTIONS USED TO DERIVE THE

CONTINUUM MODEL

In this section, the range of validity of several assumptions required for

the model formulation is discussed. First, we will consider when the effects

of buoyancy can be neglected. Then, the assumption of a constant fracture’s

aperture is discussed. Finally, we will derive a criterion for using the contin-

uum assumption throughout most of the cluster along with local constitutive

equations based on percolation scaling.

Hydrostatic pressure in the fluid can affect the activation of fractures and

the leakage rate. However, since the solid stress also increases with depth, the

effects of hydrostatic pressure is mitigated by the increase of Pcc with depth.

Nevertheless, we provide a conservative criterion for the validity of neglecting

the effects of buoyancy by neglecting the depth dependence of Pcc. In a two di-

mensional network, the hydrostatic pressure within the fracturing fluid will be

the same in each fracture. Hence, buoyancy will lead to a shift in the values of

the network properties since the pressure becomes P +ρfgH where ρf is the frac-

turing fluid’s density and H is the width of the fractures. Since
Pcc
gρfH

= O(10)

for water when Pcc = O(106)Pa and H = 100m, the effects of buoyancy within

the fracturing fluid are negligible. In a three dimensional network, buoyancy

can lead to anisotropic growth of the cluster if
Pcc
gρfR

= O(1). This occurs when

the radius of the cluster is larger than a kilometer.

Due to the contrast between the densities of the fracturing and reservoir flu-

ids, the leakage rate can be enhanced by buoyancy. The far field fluid pres-

sure, Pf , will vary with depth leading to changes in the leakage velocity de-

273



pending on the depth of the network. These effects become important when
∆ρgLch
Pcc − Pf

= O(1) where ∆ρ is the difference between the density of the leak-

ing fluid and the saturating fluid and Lch is a characteristic length scale. Since
Pcc − Pf
∆ρgH

≫ 1 for a two dimensional network, its effects can be neglected. That

is when (Pcc − Pf) = O(10)MPa. For a three dimensional network, buoyancy is

negligible when R ≪
Pcc − Pf

∆ρg
. For networks larger than a kilometer, one needs

to account for buoyancy when calculating the leakage rate.

The intrinsic permeability of the activated fractures, k0, is assumed to be in-

dependent of the fluid pressure. This assumption applies when the effects of

tensile opening and shear dilation on the fractures’ aperture are ignored. To ig-

nore the tensile opening, the normal stress acting on the fracture’s surface must

be larger than the fluid’s pressure. This is satisfied because the characteristic

pressure drop of the fluid is assumed to be much smaller than σt/fr.

The increase in the fracture’s aperture due to shear dilation is proportional to

the characteristic displacement of the slipping surfaces Uch. Uch is proportional

to the ratio of the excess shear stress available to slip the surfaces and the rock’s

shear stiffness. The excess shear stress is proportional the characteristic pressure

drop of the fracturing fluid. Thus, the effects of shear dilation on the fracture’s

aperture can be ignored when the characteristic pressure drop is much smaller

than the shear stiffness of the rock for a fracture on the order of 1 m long. The

shear stifness for typical rocks is of the order of magnitude of 100 GPa/m and

the characterstic pressure drop is on the order of MPa.

In section 3.5.1, it was argued that the assumption of a continuum network of

pre-existing fractures and the use of percolation theory to describe the fraction

of activated fractures hold simultaneously when ξ0 ≪ ξch ≪ R. This assumes
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that the local correlation length is of the same order of ξch. Using the asymp-

totic behaviour of φ in the two similarity regimes, it has been found that the

local correlation length approaches ξ0 near the injection well and approaches

infinity near the cluster edge. Therefore, a stronger criterion for the validity of

the model is that the region near the injection well where percolation scaling

breaks down and the region near the edge in which the continuum approxima-

tion breaks down should both be small compared with the cluster radius. Since

the correlation length also varies with time, the thickness of these regions will

be quantified in both the short and long time similarity regimes.

Near the injection point, the radius of the region, denoted as λnp, where
F − Fc
Fc

= O(1) is defined as the distance from the injection point at which

F (λnp) − Fc = cFc. Typically, setting c = 0.1 is sufficient to reach the region at

which the universal scalings are applicable. Using (3.3) and (3.71), the ratio of

λnp to the cluster radius, R, in both similarity regimes is given by:

λnp
R

=
1

ηmax
exp

⎡
⎢
⎢
⎢
⎢
⎣

−(
R

Rchηmax

)

−δ(ε+1)
γ

(
(cFc)

ε+1

ε + 1
)(

ξch

ξ0 kξ
)

ε+1
ν
⎤
⎥
⎥
⎥
⎥
⎦

. (E.1)

Therefore, the criterion for
λnp
R

≪ 1 is written as:

ξ0kξ(cFc)
−ν(ε + 1)

ν
ε+1 (

R

Rchηmax
)

δν
γ

≪ ξch. (E.2)

where γ and δ depend on the considered similarity regime. For the case of a con-

stant injection rate, the criterion becomes independent of the cluster’s radius

and (E.2), since (cFc) < 0.1, requires that the characteristic correlation length

must be more than 10 times the average spacing between the pre-existing frac-

tures. In the case of ramping up the injection rate, there exists a threshold cluster

radius after which (E.2) can no longer be satisfied. Since increasing the injection

rate with time will increase the viscous pressure drop, the correlation length
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near the injection point will continuously decrease.

Now, let us analyze the manner in which the correlation length diverges at

large radial positions. The thickness of the region, λnc, in which the continuum

assumption is violated can be defined as the distance from the cluster’s edge

that is of the same order as the local correlation length, i.e. ξ(R−λnc, t) ∼ λnc. One

can use the asymptotic solution near the edge of the cluster to calculate the ratio

of λnc to the radius. Since the two similarity solutions have different behaviours

in that region, each will be treated separately. In the short time regime, the

asymptotic solution for φ is given by (3.72) and therefore,
λnc
R

is given by:

λnc
R

=KξR
−(1+ νδs

γs
)(

ε+1−β
ε+1+ν−β ), (E.3)

where

Kξ = [ξchγs(ε + 1 − β)]
ε+1−β
ε+1+ν−β η

ν
ε+1+ν−β [

δs
γs

(ε+1−β)−1]

max R
δsν
γs

(
ε+1−β
ε+1+ν−β )

ch . (E.4)

SinceKξ is equal to order one factors multiplied by the characteristic correlation

length and radius, the criterion to have a region with negligible thickness in

which the correlation length diverges is given by:

ξ
γs

γs+νδs
ch R

δsν
γs+δsν
ch ≪ R (E.5)

To do the same analysis for the long time regime, (3.81) is used. The ratio of the

thickness of the non-continuum region to the cluster radius is given by:

λnc
R

= Zξ

⎡
⎢
⎢
⎢
⎢
⎣

1 − (1 −
λnc
R

)

1
γl

⎤
⎥
⎥
⎥
⎥
⎦

−νΩ

R
−
νδl+γl
γl , (E.6)

where

Zξ = (
Ω[Ω(ε + 1) − 1)]

(γlηmax)2
)

1
β−ε−1

ξch(ηmaxRch)
νδ
γ . (E.7)

By linearizing (E.6) for
λnc
R

≪ 1 and noting that Zξ is a product of order one

parameters, the characteristic correlation length, and the radius, the criterion to
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localize the region at which the correlation length diverges can be written as:

ξ
γl

γl+νδl
ch R

δlν

γl+δlν
ch ≪ R. (E.8)

One can see that the criteria for
λnc
R

≪ 1 in the two similarity regimes only differ

in the values of γ and δ and requires the use of a large viscosity fluid in order

to minimize the region where the correlation length approaches infinity. (E.2),

on the other hand, requires minimizing the viscous pressure drop in order to

increase the correlation length over the average spacing between the fractures.

Combining the two criteria and neglecting order one factors, the overall require-

ment for validity of the analysis is:

ξ0(cFc)
−ν ≪ ξch ≪ R (E.9)

for a constant injection rate and

ξ
γ

γ+νδ
ch R

δν
γ+δν
ch ≪ R≪ (

ξch
ξ0

)

γ
δν

Rch(cFc)
γ
δ (E.10)

when α > 0.

When the fluid is injected at a constant rate, the radius must grow to a certain

value that depends on the operating conditions before one can use the model.

For example, consider a rock whose permeability if all the fractures are opened

is 10−10 m2. Let the standard deviation of the critical pressures be on the order

of 10 MPa. If the injection rate of water per width ranges from 2×10−2 to 2×10−4

m2/s, the cluster needs to grow to a value between 200 m and 10 kilometers, a

typical range for microseismic clouds, before one can use the model.

In the case of increasing the injection rate with time, the model can be used

within a certain range of cluster radius values. The cluster needs to be large but

cannot exceed a threshold value beyond which the use of percolation theory
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scalings is not justified. For instance, consider a rock with similar properties to

the one used in the case of a constant injection rate. In the short time regime,

if the permeability of the rock is about 10−22 m2, Q0/H = 10−10 m2/s2 ( mean

injection rate, Q0/Htch = 0.05 m/s2), and α = 1, the model is applicable when

the cluster radius is in the range between 600 m and 10 km if water is used as

the fracturing fluid. As the viscosity increases, this range shrinks and if µ = 20

cP, for instance, the model is applicable when the cluster radius ranges from

500 m to 1 km. Beyond a viscosity of 30 cP, (E.10) is no longer satisfied for the

specified Q0/H . Similarly, if the rock’s permeability is about 10−17 m2 where the

long time regime solution should be used, the model is applicable for a cluster

radius ranging from 200 m to 1 km if water is used and this range shrinks as the

viscosity increases.
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