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Polymer nanocomposites are materials comprising of nanometer-sized particles 

embedded inside polymers. The study of dispersion and dynamics of nanoparticles in 

polymer matrices has important implications in the processing and long-term stability 

of polymer nanocomposite materials, which have found application in areas such as 

packaging, energy storage, and biomedical devices, among others. Another factor 

guiding our interest in such studies is the occurrence of noncontinuum dynamical 

behaviors as particle sizes become comparable or smaller than the radius of gyration 

(Rg) of the host polymers. In simple fluids such as polymer melts and solutions where 

particle size is much greater than the radius of gyration of the host polymer, the long-

time particle dynamics obeys random-walk statistics, and the bulk zero-shear viscosity 

of the material determines the drag experienced by the particle. In contrast, in polymer 

liquids (melts or solutions) where particle size is smaller than the radius of gyration of 

the host, the effective frictional resistance to probe motion arises from localized 

motion of polymer chain segments with size similar to those of the nanoparticle 

probes. 

 

We utilize a combination of theoretical and experimental techniques to examine the 

noncontinuum diffusion of nanoparticles in polymer nanocomposites. Through 

fluorescence microscopy we track the motion of nanoprobes in aqueous solutions of 

linear polyethylene oxide and probe particle dynamics in different regimes of particle 



 

diameter (d), with respect to characteristic polymer length scales, viz., the correlation 

length (ξ), the entanglement mesh size (a), and the radius of gyration (Rg).  

 

We show that in entangled polymer solutions when particle size becomes greater than 

the entanglement tube diameter, nanoparticle dynamics transition from diffusive to 

subdiffusive, reminiscent of particle transport in a field with obstructions. This last 

finding is in stark contrast to the nanoparticle dynamics observed in entangled 

polymer melts where X-ray photon correlation spectroscopy measurements reveal 

hyperdiffusive dynamics. The conventional wisdom surrounding hyperdiffusive 

processes calls for the presence of residual stresses or force fields that can bias particle 

motion. While this can explain the occurrence of hyperdiffusion in aggregating 

particles or materials close to their glass transition temperatures, this argument cannot 

explain the occurrence of hyperdiffusion in non-aging and uniform nanoparticle-laden 

polymer melts or solutions. We design a simple theoretical framework to understand 

the origins of diffusive and subdiffusive dynamics observed in entangled polymer 

solutions against the hyperdiffusive dynamics observed in entangled polymer melts 

and study the role of solvents in setting structural correlations in polymer 

nanocomposite systems. 
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CHAPTER 1 

INTRODUCTION 

 
 

1.1 Polymer Nanocomposites 
 

A composite is a blend of two or more materials, designed with the aim of combining 

favorable properties and overcoming the inadequacies of its constituents. Polymer 

nanocomposites are a class of composite materials designed by adding particulates 

with at least one dimension in the nanoscale, i.e., 1-100 nm, to a polymeric host. It is 

now well established that addition of particulate fillers of any shape, including 

platelets, spheres, rods, within a polymeric matrix can create composite materials with 

desirable mechanical, thermal, and barrier properties, among others1,2. These 

properties are complex function of the characteristics of the particle-polymer interface, 

depending on the nature of interfacial interactions stemming from the polymer and 

nanoparticle surface chemistry, interfacial area, and the spatial distribution of the 

nanoparticles3. Adding fillers to polymers is a practice almost as old as the beginning 

of industrial application of polymers, when polymers were more expensive and fillers 

could be used as a means for cost-cutting4. An additional bonus was that these fillers 

could also augment the properties of their host polymer. However, compared to larger 

micron-sized fillers, nanoparticles possess a higher surface area to volume ratio, along 

with the ability to confine polymers at the nanoscale, due to which nanoparticles can 

impart similar enhancements to the mechanical properties of polymer as 

microparticles, albeit at much lower volume fractions5. However this enhancement 

rests on the uniformity and stability of the distribution of nanoparticles in the host 

polymer6.  
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It is generally understood that bare nanoparticles in polymer hosts will either 

immediately or over time create irreversible aggregates7. The factors that drive the 

transition from their initial state towards a phase-segregated equilibrium are 

fundamental and present a major challenge in attaining complete experimental control 

over nanoparticle spatial distribution7–9. In addition, composites lacking favorable host 

polymer-particle interactions10–12, or comprised of particles with large degree of shape 

anisotropy7,13–17 can form percolated networks at lower particle loadings compared to 

spherical particles that favorably interact with the host. Hence, these filler/host 

combinations remain best suited for applications that require the formation of volume-

spanning particle clusters. For other applications that require a more distributed 

particle configuration, physical or chemical modifications to the particle polymer 

interface may be required. 

 

Surface functionalization of bare nanoparticles can provide a simple route to tune 

particle-particle, and particle-polymer interaction energies to influence particle 

dispersion and phase behavior. Through either adsorption or ionic and covalent 

linkage, small species or larger polymer brushes can be attached to particle surfaces. 

For short-ligands, the relative strength between the aforementioned interaction 

energies and entropy of surrounding chains is expected to determine the equilibrium 

particle configuration. As ligands become larger, the entropy of the grafted species 

also begins to play a role in particle dispersion.  

 

Well-grafted polymer brushes on particle surfaces can sterically inhibit particles from 

approaching each other closely enough to experience attractive van der Walls forces 

and undergo “contact aggregation”18. Hence, tethering polymers to nanoparticle 

surfaces seems like an effective route towards forming a stable, and well-dispersed 
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polymer nanocomposite. Among a wide choice of combinations of grafted and host 

polymer chemistries and architecture, polymer nanocomposites based on single 

component host and identical chemistry of tethered polymer (homopolymer 

nanocomposites) are a well-studied problem and have been the subject of several 

modeling and experimental works. Kumar et al.2 and Green19 provide a detailed 

summary of these works in their review on dispersion of polymer grafted-

nanoparticles in polymer melts. The authors identified the particle size and curvature, 

polymer grafting density, polydispersity effects, particle volume fraction, and the ratio 

of degree of polymerization of the host (P) to the degree of polymerization of the 

grafted chains (N) as important variables in setting the phase behavior of polymer-

grafted nanoparticles in homopolymer melts. These factors determine the penetration 

or exclusion of the host polymer from the grafted polymer brush (also referred to as 

brush wetting and dewetting), which in turn predicts whether the polymer tethered 

particles will be phase separated from or dispersed in the host. Thus, the phase 

boundary of dispersion can be determined through the wetting-dewetting transition of 

grafted chains and host chains.  

 

For highly grafted particles at low particle loadings, if the P/N ratio is less than 5, 

polymer grafted spherical nanoparticles have been shown to be well dispersed in 

homopolymer hosts, irrespective of polymer or particle chemistry2,9. Particle size, 

which affects the curvature, plays a strong role in providing more degrees of 

conformation to the grafted chains and preventing aggregation9,21. Additionally, 

Mackay et al.22 found that particles with radius smaller than host Rg could be 

uniformly dispersed in host of any molecular weight and argued that deviations from 

this result could be a result of improper sample processing protocols. They attributed 

this effect to the large number of enthalpically interacting molecular sites available to 
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long polymer chains, which could offset the loss of their conformational entropy due 

the presence of the particles. 

 

This stabilizing effect can be amplified by using host and tethered polymer 

combinations with strong enthalpic attraction and good miscibility, as characterized by 

negative Flory-Huggins interaction parameter (χ < 0), polymer brushes can be 

favorably adsorbed on the grafted brush well beyond P/N ratio of 5, as exemplified by 

the scaling theory of Borukhov and Liebler23. This feature has been exploited to 

disperse particles in high Mw host polymers, up to P/N ~ 140 in the systems based of 

polyethylene glycol (PEG) grafted silica nanospheres in polymethylmethacrylate 

(PMMA)24 and P/N ~ 30 for polystyrene (PS) functionalized gold nanorods in 

polyphenylene oxide (PPPO)16 hosts. However, even these dispersions are susceptible 

to network formation due to polymer bridging as host molecular weight becomes even 

larger 25. 

 

Another effective route to creating uniform nanocomposites is a bottoms-up approach 

where the building blocks of the nanocomposites are polymer tethered inorganic 

particles, void of any free host polymer chains. These materials are typically designed 

with small to intermediate chain lengths to induce strong stretching of the tethered 

chains to fill the volume between nanoparticle cores and thereby create highly uniform 

nanocore distribution. These volume filling constraints also lead to complex flow 

behavior in these materials, including viscoelasticity, thermal jamming, and shear 

thinning in the steady shear viscosity at high shear rates1.  These flow behaviors are 

set by the rate at which the inherent structures within the composite deform and relax. 

The structure and dynamics of the core and the tethered polymer chains are highly 

correlated, however, such that on one hand, the constraints on the polymers are 
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relaxed when the core moves, and on the other hand, the motion of the core depends 

on the volume filling constraints on the grafted polymers.  

 

This cyclic causality underpins the interdependent nature of particle dynamics and 

dispersion quality in polymer nanocomposites. It is also worth noting, that our present 

discussion has been limited to thermodynamic stability of nanocomposites and that in 

addition to this physical processing such as shear mixing with co-solvent and its rapid 

removal, ultrasonication, and melt compounding can be used to create stable 

dispersions by kinetically trapping particles in a uniform state26. However, such 

materials may be susceptible to aging and reaggregation, which can be identified 

through particle dynamics measurements.  

 

 

1.2 Nanoparticle Dynamics in Polymer Nanocomposites 

 

The study of how nanoparticles move in a polymeric host can provide important 

insight into nanoscale inhomogeneities and other intrinsic length scales of the host 

medium, as well as about time-dependent properties like viscoelasticity and aging of 

the host medium. It is well established that the nanoscopic nature of nanocomposites is 

not only because of the nanoparticles but also in the fact that most common polymer 

hosts have chain dimensions in the nanoscale (1-100 nm) and one should not expect 

particles to move through a polymer melt as typical microspheres through a solvent 

(where molecular dimensions are of the order of few Å). The exception is the case 

when the particles are relatively large, or in other words when particle radius is much 

larger than the radius of gyration of the host polymer (R >> Rg), where indeed the self-
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diffusivity of a spherical particle in a polymer melt follows the Stokes-Einstein 

relation of diffusivity, DSE,  

                                                  DSE =
kBT

6πηsysR
.                                                      (1.1) 

Here, kB is the Boltzmann constant, T is the temperature, ηsys is the zero shear viscosity 

of the material, and R is the particle radius. However, particles with dimensions 

around or less than the Rg of the polymer they are embedded in, may exhibit dynamics 

that deviate from continuum behavior and have been shown to exhibit much higher 

values of self-diffusivities than what would be expected based on the unfilled polymer 

viscosity27–29. In contrast, the slow down of dynamics is a less common phenomenon, 

that has been explained in terms of the increase in the effective radius of the core 

either due to absorption of a layer of host polymer on bare particles30 or, for polymer-

grafted nanoparticles, as a consequence of the  increase in the effective particle size 

due to the tethered polymer31. These cases are less interesting primarily because the 

effective particle radius is typically a few times greater than the polymer Rg. Far more 

interesting and disputed particle dynamics behavior have been reported when the 

particle dimensions are smaller or close to polymer Rg.24, 28-29  

 

The unexpected speeding-up of particle dynamics in nanoparticle filled polymers at 

low particle loadings has been consistently observed in polymer nanocomposites and 

several explanations have been offered to explain this phenomenon. The most 

common are reduction in material viscosity due to availability of large free-volume for 

the polymer chains32–35 and plasticization of polymer chains due to particles acting 

akin to molecular solvents36,37. More complex physical arguments have been advanced 

to explain lower than expected nanoparticle/polymer composite viscosity and faster 

than expected nanoparticle dynamics in entangled polymer hosts. Namely, that the 
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nanoparticle motions could serve to release entanglement constraint on to entangled 

polymers in a process analogous to what has been reported to occur in bidisperse 

polymer blends when faster-relaxing, shorter chains release entanglement constraints 

with their longer neighbors at a higher rate than the long chains can escape the mean-

field tube formed by all neighboring chains (long and short)8,37,38. Several theoretical 

works also suggest that polymer slip at nanoparticle surface can impart an additional 

mechanism for fillers to lower material viscosity39–41.   

 

Mangal et al.8 conducted detailed rheological measurements on PEG-tethered silica 

nanoparticles suspended in PMMA hosts, where the particle size is chosen to be 

greater than tube diameter, but smaller than the host Rg, and showed that at low 

concentrations, polymer-functionalized nanoparticles can induce tube-dilation in the 

host polymer that leads to an earlier onset of reptation relaxation. On longer 

timescales, the particles being smaller than the polymer Rg can move faster than the 

surrounding chains and accelerate tube escape via a process similar to constraint 

release.  

 

These mechanisms lead to an apparent lowering of viscosity in entangled polymers at 

low nanoparticle concentrations. Thus, the authors found that in these systems the 

reduction in material viscosity is resultant of faster dynamics of surrounding particles 

and not the other way around. This observation underscores the importance for 

studying the dynamics of a single particle in polymer melts to tailor the properties of 

nanoparticle filled composites. To begin to do this, one must first identify the 

relationship between nanoparticle transport and its size relative to the polymer Rg. 
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Theory describes five regimes of transport for self-diffusion of particles in entangled 

polymers. The analysis is based on the relative ratio of the particle radius R with 

respect to the host polymer’s Rg and two additional length scales, viz., the 

entanglement length or tube diameter, a, and the size of the kuhn monomer, b, for the 

host polymer42–45. These regimes are: (1) the “penetrant regime”, where 2R ~ 1 nm or 

smaller, for which the kuhn length is either larger than or comparable to the particle 

size; (2) the “sieving” regime, b < 2R< a; (3) the intermediate crossover regime, where 

a ≤ 2R << 2Rg; (4) the macromolecular crossover regime, where R ~ Rg; and (5) the 

well known hydrodynamic regime, characterized by R >> Rg, where the Stokes 

Einstein relation given in equation 1.1 is expected to hold.44  

 

Two theoretical approaches are available in the literature that are able to capture these 

physics, namely, self-consistent mean field theory and scaling analysis based on 

dynamics of a single polymer chain. The predictions made through both approaches 

are qualitatively similar and agree (albeit through very dissimilar quantitative 

expressions) that the particles embedded in entangled polymers may exhibit dynamics 

much faster than anticipated from  SE behavior (in equation 1.1) as long as the size of 

the particles is smaller than the tube diameter, 2R < a.  

 

In the penetrant regime, the particle motion is set by the collective density fluctuations 

of the surrounding monomer beads46. As particles become bigger than the kuhn length 

and enter the sieving regime, their motion begins to follow the segmental motions of 

the polymer chain42,44 while still being confined by the polymer entanglements44.  

When particles become comparable to or larger than the tube diameter, they can 

directly experience the dynamics of the entanglement tubes. It is here that particles can 

still move around by entanglement hopping from one entanglement cage to another. 
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The transition to SE behavior happens in regime 4, and the particle size at which this 

transition occurs shifts to higher values with increasing number of entanglements44,45. 

To-date no single experiment has tracked all five regimes of transport. However, with 

the development of new experimental techniques enabling measurement of particle 

dynamics over a range of length scales we have been able to construct a picture of 

how particles move in polymers piece-by-piece.  

 

The most important experimental finding in this context is the occurrence of 

anomalous hyperdiffusion for a range of particle sizes in some entangled polymer 

nanocomposites27,47–49 and the absence of this behavior in other entangled polymer 

systems28,29. Similar hyperdiffusive dynamics have been observed in self-suspended 

highly-grafted nanoparticles50 and are conventionally associated with aging of 

heterogeneous materials, including  colloidal glasses and gels51–55, and polymer 

nanocomposites at the glass transition56. This dynamical behavior is surprisingly 

absent from experimental measurements of particle dynamics in polymer solutions. 

Current theories for single particle dynamics in polymer melts are unable to capture 

hyperdiffusion. 

 

 Among the goals of this thesis is to employ multiple intrusive experimental methods 

to provide a detailed account of single particle dynamics in highly entangled polymer 

solutions for different ratios of particle size to intrinsic polymer length scales in 

solution. We also explore possible origins of hyperdiffusion in some nanocomposites 

and attempt to explain hyperdiffusion in non-aging, and equilibrated systems such 

hairy nanoparticles in entangled PMMA27 and cis-1, 4-polyisoprene49 melts, and self-

suspended hairy nanoparticles50. 
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1.3 Outline of Thesis 

 

The dissertation is organized as follows. Chapter 2 begins with a survey of modeling 

literature on hyperdiffusive dynamics in polymer nanocomposites. We use insights 

from these studies to build the foundation for a model framework that can describe 

particle dynamics in jammed polymer nanocomposites (such as those depicted in 

Figure 1.1a-b).  In particular, by solving the Langevin equation for particles in a 

reversible network, we find the conditions under which average particle trajectories 

within the nanocomposite can display hyperdiffusive dynamics depending upon the 

extent of jamming and the strength of the particle-network interactions.  

 

In chapter 3 we systematically tune the nanoparticle correlations in nanocomposites 

based on hairy nanoparticles using solvents (Figure 1.1 c). We perform simultaneous 

resolution of nanoparticle distribution and dynamics through X-ray scattering 

techniques to demystify the strong relationship between particle networks and 

hyperdiffusion in polymer nanocomposites.  

 

In chapter 4, we study single-particle trajectories in entangled polymer solutions 

(Figure 1.1d) using fluorescence particle tracking techniques like fluorescence 

correlation spectroscopy (FCS) and single particle tracking (SPT). We find that these 

systems are devoid of any hyperdiffusive signatures and conclude that entanglements 

and entanglement hopping are not responsible for observations of hyperdiffusion in 

polymer nanocomposite melts.  
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Figure 1.1 A schematic of polymer nanocomposites studied in this work. We study the 

dynamical behavior of polymer grafted nanoparticles: (a) under self-suspended or 

solvent-free conditions, (b) dispersed in entangled polymer melts, (c) dispersed in 

solvents, and (d) dispersed in solutions of entangled polymers. 
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Our findings are consistent with current theoretical understanding of the self-

diffusivity of particles in entangled polymer melts and solutions, which have 

previously been contradicted by a surge of reports of hyperdiffusion in polymer 

nanocomposite melts, primarily studied using x-ray photon correlation spectroscopy 

measurements. The body of work reported in this thesis therefore offers new avenues 

for particle dynamics research in polymer nanocomposite melts through 

straightforward tuning of the interaction energies between the particles and their host 

polymers.  
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CHAPTER 2 

THEORY OF ANOMALOUS DIFFUSION IN POLYMER NANOCOMPOSITES  

 

 

2.1 Introduction 

 

Our understanding of how particles move in a material has significantly grown since 

Einstein first wrote about Brownian motion in 19051. We have uncovered a range of 

transport anomalies and developed robust synthetic procedures for creating physical 

systems that exhibit them. Among these anomalies, hyperdiffusion which is 

characterized by the mean-squared displacement following a power law relation with 

time,  Δr
2 (t) ∼ tα  where α > 1, is of significant contemporary interest both from a 

mathematical perspective and because it has been reported in diverse states of matter, 

including living and non-living systems, with no universal law connecting them.  

 

Of specific relevance to the work reported in this thesis is the existence of a large body 

of experimental evidence, which confirms hyperdiffusion as the principle mode of 

transport for nanoparticles in some polymer nanocomposite melts2–5. Research in the 

field of colloidal glasses, where hyperdiffusion is as ubiquitous, has also shown that 

hyperdiffusion is a result of aging in out-of-equilibrium systems6. These physics, 

however, cannot explain the occurrence of hyperdiffusion in stable polymer 

nanocomposites such as self-suspended hairy nanoparticles5 and polymer 

nanocomposites based on favorably interacting host and tethered polymers,2 that show 

no- or minimal evidence of aging.  
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In search of a unified explanation of the phenomenon, this chapter (sections 2.2.1-

2.2.3) reviews the various models for hyperdiffusion in systems, such as well-

dispersed and stable polymer nanocomposites, that do not age. In section 2.2.4, we 

consider a simple model that represent nanocomposites in terms of a two-state 

structure composed of free particles and clusters to explain hyperdiffusion in physical 

systems. In this framework, we investigate how disparity in the time scales of motion 

of the system components can result in hyperdiffusive signatures in the mean particle 

motion. We present simple scaling relationships in section 2.3, which can be used to 

predict the occurrence of hyperdiffusion in different physical systems.  

 

 

2.2 Theory 

Langevin Framework 
 

We begin with the 1-D Langevin equation that describes the motion of a spherical 

particle of mass m in a fluid of viscosity η, 

 

 m dv
dt

= −6πηRv(t)− dV
dx

+ FB(t)                           (2.1) 

 

It is a simple force balance on a single particle, where v is the velocity of the particle, 

and 6πηRv is the dynamic friction on the particle with the coefficient 6πηR, given by 

the Stokes drag law (R is the radius of the particle), being the coefficient of friction. 

Here V is a potential field acting on the particle and FB, called the Brownian force, is a 

random force that arises from thermal fluctuations. This random Brownian force can 

be approximated using a Gaussian white noise function with zero mean and second 

moment given by the fluctuation dissipation theorem (FDT), 
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FB(t)FB(t ') = 12πηRkBTδ (t − t ') , where δ(t) is the Dirac delta function, kB is the 

Boltzmann constant and T is the temperature.  

 

For a freely diffusing particle, in the absence of any potential field, and in the over-

damped limit, i.e., m/6πηR << 1, expected for low-Reynolds number flows where 

particle inertia term in equation (2.1) can be neglected, we recover Einstein’s solution 

for Brownian motion at long times,  

 Δr2 (t) = 2DSEt                           (2.2) 

where Δr2 (t)  is the time-dependent ensemble-averaged mean squared displacement 

of the particle from its initial position x0, and DSE is the particle diffusivity given by 

the Stokes-Einstein relation DSE = kBT / 6πηR . Although this equation adequately 

describes the motion of a single particle in a Newtonian solvent, the interaction of the 

particle with complex solvents can alter the motion of the particle and yield interesting 

dynamical behaviors.  

 

 

2.2.1 Single Particle in an Elastic Polymer Host 
 

In this section we aim to understand the motion of a single particle in an entangled 

polymer host. X-ray Photon Correlation Spectroscopy (XPCS) measurements in 

numerous systems comprised of nanoparticles in entangled polymer melts2-4, 7-8 reveal 

that the particles exhibit hyperdiffusive dynamics, which has been noticeably absent 

from the extensive theoretical and modeling literature available on particle diffusion in 

polymer melts9-11. A cursory glance at equation (2.1) with respect to particle motion in 

a polymer melt might lead one to think that the drag experienced by the particle in a 

high molecular weight polymer weight polymer melt will be much higher compared to 
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a Newtonian solvent like water. The real picture, however, is far more complex. 

Unlike simple solvents, complex solvents like polymer melts are viscoelastic and 

hence exhibit time-dependent viscosity. Mason and Weitz12 solved the Langevin 

equation for such complex materials and showed that one could map the mean squared 

displacement of nanoparticles from particle tracking experiments to the frequency-

dependent linear viscoelastic measurements.  

 

Polymer sizes are in reality much larger than those of molecular solvents, and 

particularly high molecular weight polymers may be comparable or larger than the 

nanoparticles, which are embedded in them. In this regime, one can no longer treat the 

polymer surrounding the particle as a single continuum fluid. Since the time-

dependent rheology of polymer melts arises from the hierarchical relaxation of chain 

segments on a single polymer chain, followed by reptation, and collective relaxation 

of surrounding chains, how particle sizes compare to the inherent length scales of a 

polymer chain governs how particles exchange thermal energy with the host polymer 

and move. Theoretical work based on scaling analysis have been proposed to describe 

the diffusion of particles in polymer melts in different regimes set by the ratio of 

particle size to inherent polymer length scales, like Kuhn length, tube diameter, radius 

of gyration9,13. 

 

When the particle is smaller than the Kuhn length of the polymer, b, one can treat this 

regime as equivalent to the motion of a small particle in a dense liquid of larger 

particles14. In the other extreme limit, when the particle is larger than the radius of 

gyration of the polymer chain, Rg, the polymer chains now become a continuum 

solvent for the particle to move. In the intermediate regime, when the particle size is 

larger than the Kuhn length of the polymer, but smaller than the radius of gyration, the 
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continuum approximation breaks down and the particle might be expected to exhibit 

anomalous transport and may move much faster than the Stokes-Einstein prediction, 

DSE, which is based on the total macroscopic polymer viscosity.  

 

When the particle is larger than the Kuhn length, b, and smaller than the radius of 

gyration of the polymer, Rg, the motion of the particle depends on whether the 

polymer is entangled or unentangled. For unentangled polymer hosts, the polymer 

segmental and Rouse chain dynamics should govern the particle motion. It would 

require a polymer segment similar in size to the particle, d = 2R, to relax in order for a 

single isolated particle to move a distance comparable to the particle size. The 

presence of entanglements introduces an additional length scale, i.e., the entanglement 

tube diameter, a beyond which polymer chains can be considered fully coupled on 

timescales below the reptation time. Thus, in systems with b < d < a, theoretical 

studies based on scaling analysis9 consider the motion equivalent to that of a particle 

in an unentangled melt (d < Rg). These studies examine the dependence of the particle 

motion on the segmental and chain relaxation of the polymer and find that the particle 

diffusivity, D, scales as d-3.  

 

This result is consistent with the diffusivity scaling obtained from molecular dynamics 

simulations, where a scaling of d-3 is also obtained. However the framework used in 

these simulations is based on collective density fluctuations of surrounding chains, 

against the Rouse dynamics of a single chain used in the scaling analysis. Molecular 

dynamics (MD) simulations also indicate that the ratio of D/DSE for a fixed value of 

d/a grows as a function of increasing entanglement chain density, Z (Z = polymer 

molecular weight / entanglement molecular weight), and eventually reaches a plateau 

above Z ~ 5-10 for all values of d/a (for d < Rg)15. This is a surprising result and 
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indicates that for highly entangled polymers, D follows a similar dependence on Z as 

DSE, which scaling analysis based on a single chain is unable to capture!  

 

For particle sizes larger than the tube diameter (i.e. d > a, but still smaller than Rg), 

both analyses account for the effect of entanglements on particle motion. Here, 

entanglements confine the particles and while particles wait for the surrounding 

polymer chains to reptate, they move via thermally activated hopping between 

neighboring entanglements. A simple cartoon of transport in the regime a < d < Rg 

confirmed through theory and simulations by Rubinstein and co-workers10,11, is 

provided in Figure 2.1. This cartoon shows a typical plot of the mean squared 

displacement, Δr2 (t) , as a function of time for a particle in a highly entangled 

polymer matrix.  

 

The plot comprises of four regions – an initial ballistic regime where mean squared 

displacement scales quadratically with time; this transitions to a subdiffusive regime (

Δr2 (t) ~ tα , where �< 1), where particle and polymer dynamics become coupled; 

with time, entanglements dampen the coupling and particles become arrested within 

the entanglement cages until the time τhop, after which the particles begin to undergo 

Fickian diffusion, where Δr2 (t)  scales linearly with time. In reality, one may not 

expect such strong arresting in real systems composed of fluctuating microscopic 

chains and this region may manifest as a weak extension of the subdiffusive regime. 

This form of transport is reminiscent of anomalous diffusion during transient caging 

and hopping in hard-sphere suspensions and, depending on how strongly the particles 

are arrested, the transition from an arrested to diffusive regime can occur through a 

weakly superdiffusive intermediate step.16  
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Our interest here is in particle dynamics in the regime (d > a). This interest is 

motivated in part by recent results from XPCS measurements using polyethylene 

glycol-grafted silica nanoparticles dispersed in polymethyl methacrylate melts (PEG-

SiO2/PMMA nanocomposites). 2  

 

The measurements reveal that when the molecular weight of the host polymer exceeds 

the entanglement molecular weight, a transition from diffusive ( Δr2 (t) ~ t ) to 

hyperdiffusive ( Δr2 (t) ~ tα , where � > 1)2 particle dynamics occur. It is also 

significant that the hyperdiffusion dynamics are sustained through the conditions of 

measurement, viz., Z ~ 1-25; measurement length scales ranging from 30-200 nm 

(calculated from L = 2π/q, where q is the wave vector in XPCS measurements and 

varies from 0.03-0.2 nm-1); and time scales from 0.1-200s. The physical processes that 

produce such long-persisting hyperdiffusive motion both in terms of length and time 

scales are presently not understood.  

 

Based on current understanding of polymer and particle dynamics in systems studied 

in reference 2, at least two physical arguments can be advanced to rationalize 

observations of hyperdiffusive ( , where � > 1) particle relaxations. 

First, the observed transport corresponds to an extended ballistic regime analogous to 

that captured in the scaling theory, where  scales quadratically with time. 

Alternatively, the configurational relaxation of the polymer and particles could 

proceed in the presence of residual forces in the material, which would result in driven 

particle motions. Residual forces can arise in such systems form long-lived external 

forces during preparation or loading of colloidal particles17 or may arise from internal 

forces in the system induced by particle aggregation or aging18,19.   

Δr2 (t) ~ tα

Δr2 (t)
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Figure 2.1 Schematic of the typical mean squared displacement, Δr2 (t)  versus time 

plot for a particle of size d, embedded in a polymer network with tube diameter a, 

given the condition that d is greater than a, but is smaller than radius of gyration (Rg) 

of the host polymer. The particle motion follows the scaling Δr2 (t) ~ t 2  up to the 

ballistic time, τ bal , past which it begins to follow the motion of surrounding chains 

subdiffusively within the entanglement where it stays till the hopping time τ hop . 

Scaling theory10 and MD simulations11 indicate that beyond this time, nanoparticle 

hopping and relaxation of surrounding chains can proceed in tandem to allow the 

nanoparticle to move diffusively. 
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These physics must be considered in tandem with the fact that hyperdiffusion is also 

the mechanism of transport in dynamically heterogeneous systems, such as in polymer 

melts close to the glass temperature20 or entangled polymer solutions subject to spatial 

variations in shear rate21. Even macroscopically equilibrated systems such as 

entangled worm-like micelles and “living” polymers with reversible cross-linking 

have been experimentally and theoretically demonstrated to display 

hyperdiffusion22,23. Hyperdiffusive signatures have also been observed in biological 

systems such as self-propelled microorganisms17,24 and in colloidal particles in active 

environments25. However, the systems studied in reference 2 are far above its 

molecular glass transition, has been reported to show little evidence of aggregation or 

aging on timescales of days (i.e. well above the time scales of the experiment), and is 

based neither on “living” particles or host polymers. 

 

To explore the first possibility in greater detail, we begin by estimating the range of 

characteristic ballistic times, τ bal , for the systems studied in reference 2 using the 

formula, 

 τ bal =
bm
ζd

⎛
⎝⎜

⎞
⎠⎟

2/3

τ 0
1/3  ,                         (2.3) 

where m is the particle mass, ζ is the monomeric friction coefficient, d is the particle 

diameter, and τ 0  is the Rouse time. For 10 nm SiO2 particles, in a polymer melt with ζ 

~ 10-7, b ~ 2 nm and τ 0~10-4 s, τ bal  is of the order of 10-11 s. Additionally the length 

scales over which ballistic motion takes place is of the order of Lbal ~ kBT /m( )τ bal ~ 

10-2 nm. However, experimental studies of ballistic motion have shown that the 

transition from ballistic to diffusive is not sudden as expected from Einstein’s theory 

of diffusion and rather occurs over a finite time, which can last over 3 orders of 

magnitude26,27.  Even so, the expected time and length scales for the ballistic regime 
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are still much smaller than those involved in the XPCS measurements for entangled 

polymer melts such as the PEG-SiO2/PMMA nanocomposites have been conducted.  

 

Using the Langevin framework described earlier, we explore the transition from 

ballistic regime for a particle trapped in polymer entanglements in more detail in 

Appendix A and recover a similar result that particle in polymer entanglements are 

eventually trapped before additional mechanisms, such as reptation of surrounding 

chains or cage-to-cage hopping, can allow them to be released from the entanglement 

cages. These results too yield very small values for the timescales over which ballistic 

transport might be observed and lend support to the argument that hyperdiffusion in 

entangled polymer nanocomposites is not due to ballistic transport. 

 

 

2.2.2 Strain Field Relaxation Model 

 

Srivastava et al.28 recently studied the occurrence of long-lived hyperdiffusion in self-

suspended hairy nanoparticles using the framework of the strain field relaxation (SFR) 

model formulated by Bouchaud and Pitard29. The model is based on the occurrence of 

random and irreversible “microcollapses” in a contracting gel that can result in 

creation of long-range force-dipoles, which then bias the transport of surrounding 

particles. Srivastava et al.28 extended this analysis to self-suspended hairy 

nanoparticles where biased hyperdiffusive particle motion is a result strain fields due 

to the occurrence of slow forming force dipoles that emerge as a result of thermal 

fluctuations of the nanoparticle building blocks. Here we have “nanocollapses” as the 

constituent particles and the interparticle spacings are nanoscopic in length (order 1-

100 nm). The dynamic structure factor in this limit decays with time, t, as 
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~ exp(−A(qt)3/2 ) , where A is a constant and q is the wave vector at which the scattered 

intensity signal from the sample is collected. Note that the scaling exponent β in (qτ )β  

determines the nature of transport with β = 1 being diffusive and β > 1 is 

hyperdiffusive). 

  

An important parameter in this study is the evolution time of the force dipoles. For 

self-suspended nanoparticles this evolution time was approximated to be of the same 

order as the material relaxation time obtained from small amplitude shear rheology 

measurements. However, this approximation is likely invalid when applied to the 

PEG-SiO2/PMMA nanocomposites and can provide neither qualitative nor 

quantitative agreement with the results presented in that study. An additional difficulty 

with the strain field model is that the “nanocollapses” if irreversible should signal the 

presence of aging in the system which is inconsistent with observations from the bulk 

rheology measurements which confirm that macroscopically the self suspended hairy 

nanoparticles30,31 and the PEG-SiO2/PMMA nanocomposites2 are at equilibrium, as 

evidence by the fact that their rheological properties change little when measured over 

days. We propose a different mechanism that could potentially explain hyperdiffusion 

in polymer nanocomposites based on reversible networks such as self-healing 

polymers. 
 
 

2.2.3 The Association-Dissociation Model 

 

Our analysis is inspired by recent work from Olsen and co-workers who provided a 

simplistic two-state model for the occurrence of so-called superdiffusion at 

intermediate length scales in associating hydrogel networks, such as coiled proteins32 

and polymers linked through metal-ligand bonds33,34. These networks are based on 
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reversible physical cross-links, which means that their building blocks viz., the 

proteins or polymers, can exist in either of the following two states: as part of the 

network, which is referred to as the associated state (denoted by subscript A); or as 

isolated elements detached from the network, which is referred to as the molecular 

state (denoted by subscript M). The system on a whole is at dynamic equilibrium and 

polymer can switch from one state to the other through the equilibrium constant, Keq,  

 
 

 
M kon

koff
! ⇀!!↽ !!! A                           (2.4) 

Here kon and koff are first order rate constants, with kon[CM] denoting the rate of 

association and koff[CA] denoting the rate of dissociation. Since the reaction is at 

equilibrium, the macroscopic properties of the material measured via rheology 

measurement remain fixed, even though microscopically a molecule may consistently 

be switching from one state to the other. Olsen and co-workers32–34 solved the coupled 

reaction-diffusion equations for the two species as, 
 

 

∂CM

∂t
= koffCA − konCM + DM

∂2CM

∂x2

∂CA

∂t
= −koffCA + konCM + DA

∂2CA

∂x2

                          (2.5) 

Here Ci is the concentration of species i, and Di is the diffusivity.  
 

The concentration profile follows the solution for Keq > 1, which is the case for most 

reversible polymer networks, 

 

 

Ci = Ci,0 exp(−t /τ )
2
τ
= (kon  + koff +  DMq2  +DAq

2 )−

(k on  + koff +  DMq2  +DAq
2 )2 − 4(konq

2DA + koff q
2DM + q4DMDA )

                         (2.6) 
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Here Ci,0 is the initial concentration and τ is the relaxation time, q is frequency in the 

spatial domain, q = 2π / l , where l is the length. This functional relationship between τ 

and q was found to agree well with experimental results obtained via Forced Rayleigh 

Rayleigh Scattering (FRS) measurements32–34. We study the influence of the 

parameters Keq and γ, where γ = DA/DM is the ratio of diffusivity of clusters to that of 

the individual molecules and is always less than 1. In Figure 2.2 we plot the relaxation 

time τ, normalized by koff
-1, and l2/4π2 normalized by DM / kon by non-dimensionalizing 

equation 2.6 as given below 

 

 
2
τ
= Keq  + 1+  Keq (1 +γ )q2 −

[Keq  + 1+  Keq (1 +γ )q2 ]2 − 4[(Keq
2 γ + Keq )q2 + q4Keq

2 γ ]
                         (2.7) 

The curves for the concentration relaxation time (corresponding to the fluorescence 

intensity relaxation time in a FRS experiments) versus the square of the length-scale of 

probing can be broken down into three regions. The first of these is the initial linear 

growth of the normalized relaxation time with respect to the normalized length,  τ ∼ l
2 . 

Since the diffusion of clusters is much slower than of the components the linear 

regime observed at short length scales corresponds to the diffusivity of the associated 

state DA.  

 

This is followed by the transition region, which can be described with a power-law 

scaling with α less than 1; Olsen and co-workers32–34 describe this as the 

superdiffusive/hyperdiffusive regime. The third regime is again diffusive and is 

observed at longer length-scales, where particles can move by dissociating from the 

network and diffusing as individuals. Here the effective diffusivity can be computed 

using the expression, 

τ ~ l2/α
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 Deff = DM (1+ γ Keq )(1+ Keq )

−1                           (2.8)  

As seen in Figure 2.2, for increasing Keq, the value of γ at which the transition from 

purely diffusive to motion with a hyperdiffusive transition progressively decreases. 

Additionally, the extent of the length-scales spanned by the hyperdiffusive regime 

decrease as Keq increases. In fact, the ratio of the squared length demarcating the limits 

of the hyperdiffusive regime can be shown to be approximately llarge
2 / lsmall

2 = (γ Keq )
−1 . 

Thus, according to this model γKeq should be less than one in order to experimentally 

observe hyperdiffusion.  

 

Recent Brownian dynamics simulations from the same group cast doubt on the simple 

framework and in fact indicate that the early time diffusivity in these systems is set by 

DM rather than DA as proposed above. The Brownian dynamics analysis also shows 

that the transition from the initial diffusive regime to the long-time diffusive regime 

occurs via a subdiffusive plateau in the mean-squared displacement, without any 

evidence of hyperdiffusion35. Instead the authors attribute the so-called hyperdiffusive 

regime, which one can observe in Figure 2.2, to the large distribution of displacements 

due to the multiple diffusion mechanisms in associating network. In the following 

sections, we attempt to construct a model that can capture hyperdiffusion in particle 

trajectories in systems, which are macroscopically in equilibrium, by considering the 

particles as the building blocks of associating networks.  
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Figure 2.2 Plots of the concentration relaxation time normalized by koff
-1 as a function 

of the square of length scale l2/4π2 normalized by kon/DM for Keq = kon/koff = (a) 10, (b) 

100, (c) 1000, and (d) 104. These plots are based on the association-dissociation model 

for reversible networks given by Olsen and co-workers32–34. The different curves 

correspond to different values of the ratio, γ.  
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2.2.4 Dynamic Cluster Model  

 

Inspired by the analysis given above we create a new model that incorporates the 

reversible association-dissociation kinetics to predict the trajectory of a single 

spherical particle, which dynamically switches between being associated with a 

network of similar particles to being detached and free to move in a solvent of fixed 

viscosity η. We neglect any hydrodynamic interactions between the particles and the 

surrounding network.  

 

We utilize the 1D Langevin framework from equation 2.1 in the absence of a 

surrounding potential (V = 0) for the single particle. Using the notation from section 

2.2.3 this particle is taken to be the molecular state (represented by subscript M), 
 

 mM
dvM
dt

= −6πηRMvM (t)+ FB,M (t)                           (2.9) 

The single particle exists in the overdamped limit where τ p,M = mM / 6πηRM <<1 . We 

have established that this is indeed the case for nanometer-sized particles in solvents 

such as water, and the more viscous the solvent is, the smaller is the momentum 

relaxation time τp (assuming the continuum approximation holds and the size of 

solvent molecules is much smaller than the size of the particle). Hence in the 

molecular state, the particle exhibits random walk trajectories and the mean squared 

displacement follows the same form as equation 2.2,  
 
 Δr2 (t)

M
= 2DMt  ,                         (2.10) 

where t is the time, and DM is the self-diffusivity of the single particle in the solvent 

with viscosity η.   
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 We assume that the associated state (denoted by subscript A) exists as a dense mass 

fractal of hydrodynamic radius RA and its diffusivity DA is given by,  

 DA =
kBT
6πηRA

                          (2.11) 

 

The ratio of the diffusivities,γ = DA /DM  can thus be written as γ = RM / RA  and the 

ratio of the momentum relaxation time of the associated state (τ p,A ) to the diffusive 

time of a single particle or molecular state (τ D,M ) is given by 

 

 
τ p,A

τ D,M

≈ mA / 6πηRA

RM
2 /DM

= RA
2ρkBT

27πη2RM
3 = ρkBT

27πη2RMγ
2                          (2.12) 

where ρ is the density of the fractal. The magnitude of the pre-factor ρkBT / 27πη
2RM  

for a 10 nm radius, density-matched particle in water at room temperature is of the 

order 10-6. Hence, τp,A becomes greater than τD,M when γ becomes smaller than 10-3. 

What this means is that because τp is associated with the ballistic time, when τ p,A  is of 

the same order as τ D,M , the cluster can move ballistically on the order of timescales at 

which an individual particle is expected to move diffusively.  

 

In an experiment the ensemble-averaged particle trajectory is obtained by averaging 

the motion of the free particles (particles in state M) and the clustered particles 

(particles in state A), which is calculated through center-of-mass displacement of the 

cluster. While we can separate the ballistic and diffusive times for the molecular state, 

we cannot separate the diffusive time of the molecular state from the ballistic and 

diffusive times for the associated state. Thus, we solve the full Langevin equation 

(equation 2.1) for the associated state, and study the effect of the cluster size and the 
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fraction of particles in the molecular and associated states on the ensemble averaged 

particle dynamics of the system.  

 

In the association and dissociation model described in section 2.2.3, Keq = kon/koff 

denotes the equilibrium rate constant for the reversible reaction given in equation 2.4. 

Although there is no chemical reaction between the free particles and the cluster in 

polymer nanocomposites, the number of particles in the free state and the particles in 

the clustered state form an equilibrium distribution. Therefore, we define equilibrium 

constant, Keq ,  

 Keq =
NA

NM

                          (2.13) 

which describes the number of particles in the clustered state (NA) relative to the 

number of free particles (NM). This is equivalent to the rate constant discussed in 

section 2.2.3. Once the equilibrium is attained, the distribution of particles NA and NM 

is fixed on the macroscopic scale, however, the particles can continue to dynamically 

shift from one state to the other at the microscopic level.  

 

We begin with a network comprising of silica nanoparticles (density of silica ρsilica = 

2200 kg/m3) and the radius of individual particles RM = 5 nm. For fractal-like 

aggregates, with a certain value of n, which is the number of particles in a single 

cluster, n can be related to RM and RA via the power law relationship n = RA / RM( )d f , 

where df is the fractal dimension of the cluster and is less than 3.  In the case of rapid 

cluster formation, the clusters are known as diffusion limit aggregates (DLA) with df = 

1.7-1.8 and in the case of slow cluster formation, df = 2.1-2.2 and clusters are called 

reaction-limited aggregates (RLA)36. In this work we assume that the clusters are 

highly compact and spherical, and the density of the cluster is equal to the density of 
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the particle, ρ = ρsilica  = 2200 kg/m3. However, the analysis can easily be extended to 

fractals of different fractal dimensions, and the density of the cluster can be calculated 

using the expression 

 
 ρ = RM

3−d f (ρP − ρs )+ ρs⎡⎣ ⎤⎦                           (2.14) 

where ρP is density of the particle and ρs is the density of the solvent. 

We now track the motion of individual particles both in the molecular and associated 

state, using simulations. The equation of motion for the particle in the molecular state 

(equation 2.8), after neglecting the inertial term becomes, 

 

 dxM
dt

= FB,M (t)                           (2.15) 

where the position xM is normalized by the particle radius RM and the random thermal 

force FB,M is normalized by kBT/RM. For the cluster, the Langevin equation  

 

 mA
d 2xA
dt 2

= −6πηRA
dxA
dt

+ FB,A(t)                           (2.16) 

Non-dimensionalizing this equation with length scale RM and timescale RM
2/DM we 

obtain, 

 ρkBT
27Rπ ηγ( )2

d 2xA
dt 2

= − dxA
dt

+ FB,A(t)                           (2.17) 

Here the thermal force FB,A is normalized by kBT/γRM. As shown in equation 2.12, the 

pre-factor (= τP,A/ τD,M) to the inertial term becomes larger as γ decreases and hence, 

the inertial term in this equation cannot be neglected.  
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We solve equations 2.15 and 2.17 for the trajectories of the cluster (A) and the free 

particles (M) independent of each other and utilize this to compute the average 

trajectory of a particle in the given sample volume.    

 
 

2.3 Results and Discussion 
 

The parameter Keq, which sets the equilibrium between particles associating or 

dissociating from the clusters in the sample volume, can be interpreted in terms of the 

ratio of the probability of finding a particle associated with a cluster versus finding a 

free particle or particle dissociated from the cluster or network. Hence, Keq = 0 implies 

that the particles do not display the tendency to associate into clusters and the sample 

is primarily composed of free particles. A preference for particles to associate as 

opposed to staying in the dissociated or molecular state, would mean that Keq > 1 and 

the larger this value is, the larger is the fraction of associated particles in the sample 

volume. In most associating networks, thermal energy is responsible for dissociating 

the particles from the network, hence attractive interaction energy between the 

particles and cluster must be larger than the thermal energy for Keq to be greater than 

1.  

 

The normalized mean-squared displacement versus time plots for different γ are 

shown in Figure 2.3. We treat γ, the ratio of the particle diffusivity to the cluster 

diffusivity, which can also be written as the ratio of particle size to the cluster size, as 

an independent parameter from Keq and are not looking at the thermodynamics of 

cluster formation in the present work. 

 



 39 

 
Figure 2.3 Plot of mean squared displacement ( Δr2 (t) ) normalized by square of the 

particle radius RM versus time normalized by the diffusive time for a free particle 

(RM
2/DM) for different values of the ratio of diffusivity of the cluster and the free 

particle γ = (a) 0.1, (b) 0.01 (c) 0.001, (d) 0.0001, and (e) 0.00001. Different curves 

correspond to different values of the parameter Keq.  
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In Figure 2.3, irrespective of the size of the cluster, as Keq increases the particle motion 

slows down. This is intuitive as Keq dictates the contribution of the clusters to the 

average motion and the cluster moves much more slowly than the free particle. For γ = 

0.1 (Figure 2.3a) as Keq increases one can clearly observe two regions to the mean 

squared displacement curves, viz., an early time hyperdiffusive region (t < 0.001 

RM
2/DM) and long-time diffusive regime. While smaller values of Keq exhibit only 

diffusive behavior at all time.  

 

By making the size of the cluster 10 times larger than this case (γ = 0.01 in Figure 

2.3b), we observe that mean squared displacement versus time curves have three 

distinct regions – an initial diffusive, a hyperdiffusive transition and a final diffusive 

region. The transition from hyperdiffusive region to diffusive region is shifted to 

longer time (tT ≈ 1 RM
2/DM) in comparison to the smaller cluster size and the 

hyperdiffusive regime would be experimentally accessible. The onset and end of 

hyperdiffusion is further delayed when we make the cluster size even larger (γ = 0.001 

in Figure 2.3c). Here, the transition from the first diffusive to the second 

hyperdiffusive diffusive step occurs at (tT ≈ 1 RM
2/DM) in contrast to tT ≈ 0.001 RM

2/DM 

in Figure 2.3b. The transition from hyperdiffusive to the second diffusive step occurs 

at ~ 100 RM
2/DM (not shown in the figure). The curves appear to have no 

hyperdiffusive regime for γ = 10-4 and γ = 10-5 (shown in Figures 2.3d and 2.3e) in the 

given range of Keq. This shows that as cluster size becomes even larger particles 

within the cluster are effectively arrested and do not contribute to the average 

observed dynamics. 
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Figure 2.4 Mean-squared displacement ( Δr2 (t) ) normalized by the 2DMt plotted 

against time normalized by the diffusive time for a free particle, RM
2/DM for different 

values of the ratio of diffusivity of the cluster and the free particle γ = (a) 0.1, (b) 0.01 

(c) 0.001, (d) 0.0001, and (e) 0.00001. Different curves correspond to different values 

of the parameter Keq. 
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We zoom into the hyperdiffusive transition presented in Figure 2.3, by rescaling the 

mean-squared displacement by 2DM t and plot the result for different values of γ 

against time normalized by the diffusive time for the free particle (RM
2/DM) in Figure 

2.4.  

 

A close inspection of Figure 2.4 reveals that the ability to separate timescales and 

observe ballistic motion of the clusters from the diffusive motion of the free particles 

is a strong function of Keq. For an arbitrary value of Keq, the probability that one is  

tracking a free particle at equilibrium is given by (1+Keq)-1. When the number of free 

particles in the sample volume are larger than or comparable to the number of 

associated particles, i.e., Keq = 0.1 and Keq = 1, not only is the average dynamical 

response diffusive but also the average diffusivity of particles in the sample is given 

by Δr2 (t) / 2DMt ≈ (1+ Keq )
−1 irrespective of the diffusivity of the cluster (also seen 

in Figure 2.5 a, b).  

 

For γ = 0.1, and for Keq =10 or higher, the hyperdiffusive regime becomes observable, 

even though the initial diffusive part of the curves still coincide as seen in Figures 

2.5c, 2.5d, 2.5e and the initial diffusivity can still be approximated by (1+Keq)-1. The 

time at the hyperdiffusive regime ends for a fixed value of γ coincides with each other 

and is close to the momentum relaxation time of the cluster t ≈ τP,A. However, the 

onset of hyperdiffusion is dependent on fraction of associated particles and becomes 

smaller as Keq increases. In fact for high enough values of Keq the ballistic regime for 

the clusters will overlap with the ballistic regime of the free particles.  
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Figure 2.5 Plot of mean squared displacement ( Δr2 (t) ) normalized by square of the 

particle radius RM versus time normalized by the diffusive time for a free particle 

(RM
2/DM) for different values of Keq = (a) 0.1, (b) 0.01 (c) 0.001, (d) 0.0001, and (e) 

0.00001. Different curves correspond to different values of the parameter γ. 
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Similar to the short-time diffusivity, the long-time average mean-squared 

displacement can be approximated by the expression 

, where pA is probability for 

finding an associated particle and pM is the probability of finding a free particle in the 

sample volume. This matches the expression 2.8 for the effective long-time diffusivity 

in associating clusters obtained by Olsen and co-workers32. We deduce that an 

appreciable change between the short- and long-time diffusivity exists if γ Keq >1 .  

 

In the limit of , i.e., in the absence of any associated particles or clusters in 

the sample volume, the average mean-squared displacement of the particles is given 

by  and  is a constant in time. In the opposite limit 

of , when there are no free particles in the sample volume and at long times 

the mean squared displacement response is given by .  

 

This is an important result and can explain why hyperdiffusion seems to disappear for 

lower values γ at fixed values of Keq (as seen in Figure 2.5 b, c, d, e). To support this 

conclusion, we plot the mean-squared displacement normalized by the square of 

particle radius, RM, and mean-squared displacement normalized by 2DMt with respect 

to time for γ = 10-3, 10-4 and 10-5 for even longer durations in Figure 2.6. Figures 2.6b 

and 2.6d clearly indicate that hyperdiffusive regime is visible for Keq ≥ γ
−1and lasts up 

to roughly the momentum relaxation time of the cluster. On the basis of this analysis, 

we can predict that even higher values of Keq will exhibit hyperdiffusion in the case 

where γ = 10-5, and the overall dynamics will be even slower.  

 

 

  

Δr2 (t) / 2DMt ≈ pMDM + pADA = (1+ Keqγ )(1+ Keq )
−1

Keq → 0

Δr2 (t) = 2DMt Δr2 (t) / 2DMt = 1

Keq →∞

Δr2 (t) / 2DMt = γ
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Figure 2.6 Mean-squared displacement ( Δr2 (t) ) normalized by the RM

2 for γ = (b) 

0.001, (d) 10-4 (f) 10-5; and normalized by 2DMt for γ = (b) 0.001, (d) 10-4 (f) 10-5. The 

x-axis corresponds to the time scaled by the diffusive time for the free particle. 

Different curves correspond to different values of the parameter Keq. 
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2.4 Conclusions 

 

In this work we propose a simple model for explaining hyperdiffusive relaxations in 

polymer nanocomposites by approximating the composites as reversible physically 

cross-linked networks, where a fraction of particles are free to move and a fraction are 

associated with larger structures that form a polymer-particle network. These two 

phases are in a dynamic equilibrium with each other, allowing the particles to 

continuously move from one phase to the other based on the relative strength of 

attractive potential between the particles and network with respect to the repulsive 

interactions between them, such as those arising from repulsive Brownian forces and 

steric interactions, among others.  

 

While the long-time transport in these materials is diffusive in nature, it is possible to 

obtain hyperdiffusion in the average dynamical behavior of particles for some 

materials under certain length and time scales of observation. These timescales are 

readily accessible by advanced experiments which have already established that the 

regime in which hyperdiffusive particle motions are observed can be quite a bit larger 

than expected from the Langevin prediction19,27. These measurements also reveal that 

the hyperdiffusion regime can be prolonged via memory effects in the host materials 

stemming from polymer viscoelasticity or hydrodynamic correlations.  

 

It is also well known that strong attractive interactions between the particles and the 

host polymer are essential to uniformly disperse nanoparticles within the polymer37. In 

fact at sufficiently high particle loadings and large host molecular weights, polymers 

can form long-range bridges between the particles38, which do not affect the 

uniformity of the dispersion39. This supports our hypothesis that particles in polymer 
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nanocomposites exist as part of a large network. In their review titled ‘How nano are 

nanocomposites?’ Schaefer and Justice40 attempted to answer their self-designated 

question by looking at a number of polymer nanoparticle blends and concluded that a 

vast majority of nanocomposites may in fact be composed of large clusters unless 

shown to be not so by ultra-small angle x-ray scattering. However not all 

nanocomposites where hyperdiffusion is observed satisfy the condition of significant 

particle bridging described in the literature38 and are shown to be well-dispersed 

through small angle x-ray scattering measurements, and hence these materials may not 

share the same origins for hyperdiffusion as shown in the previous section2,41.  

 

In contrast a more direct relationship between reversible networks and polymer 

nanocomposites based on solvent-free, self-suspended hairy nanoparticles was 

established in a recent work by Agrawal et al.42, where it was shown that the space 

filling constraint on the tethered polymers, imposed by the absence of a solvent, 

creates physical bonds between the chains of neighboring particles that can be likened 

to reversible cross-links. Since, all particle cores in the sample volume are connected, 

the presence of long-lived hyperdiffusion in self-suspended hairy nanoparticles is on 

the basis of the foregoing analysis intuitive since a large portion of sample can behave 

as one cluster.  

  

More recently, Ramirez et al.35 have shown through Brownian Dynamics simulations 

that techniques based on transient structure factor measurements such as Forced 

Rayleigh Scattering, and X-ray photon correlation spectroscopy are more sensitive to 

the distribution of diffusivities rather than the mean motion observed in particle 

tracking experiments. Hence, a bimodal distribution of mean squared displacements 

can lead to the measurement of pseudo-hyperdiffusive behavior by these techniques. 
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This result could have significant consequences for the field of nanocomposites, as it 

highlights that non-ergodicity is not pre-condition for the observation of 

hyperdiffusion in XPCS measurements.  
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CHAPTER 3 

EFFECT OF INTERPARTICLE CORRELATIONS ON PARTICLE DYNAMICS IN 

SOLUTIONS OF HAIRY NANOPARTICLES  

 

 

3.1 Introduction 

 

Solvent-free polymer grafted nanoparticles, often referred to by the moniker NOHMs 

(nanoparticle-organic hybrid materials), comprise of inorganic nanoparticle cores 

covered by a canopy of polymer chains. These materials are described as self-

suspended because they do not contain any solvent, and the only suspending media 

within these materials are the surface-tethered oligomers. The properties of these 

materials are a direct function of the grafting density, and the molecular weight of 

tethered polymers, and the volume fraction of the inorganic core as at low core 

fractions the materials exhibit similar mechanical properties as the tethered polymers 

and as the volume fraction of the cores increases complex many body interactions 

begin to play an important role1. 

 

Theory, simulations and experiments have conclusively demonstrated the presence of 

strong space filling constraints on the tethered chains in these hybrid materials, which 

lead to interesting material properties2–12. Previous work by Srivastava et al. showed 

the profound effect of the space filling constraint on particle dynamics in solvent-free 

hairy nanoparticles7 and showed that highly correlated nanoparticles could exhibit 

hyperdiffusive dynamics due to their collective volumetric fluctuations. 
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Within this chapter, we study the impact of structure on the dynamics of nanoparticle 

fluids and demonstrate that loss of interparticle correlation can lead to transition from 

purely hyperdiffusive dynamics in concentrated solutions to diffusive transport in 

dilute solutions of hairy nanoparticles in solvents. To systematically study this 

transition we first create self-suspended hairy nanoparticles and then proceed to dilute 

them with different amounts of solvent. We prepare a library of hairy nanoparticle 

fluids doped with solvents and evaluate their structure through small angle x-ray 

scattering measurements and their dynamics through X-ray photon correlation 

spectroscopy measurements.  

 

 

3.2 Experimental Methods 

Synthesis: Silane terminated polyethylene glycol methyl ether from Gelest, Inc. (Mw ~ 

500 g/mol) and Laysan Bio, Inc. (Mw ~ 5000 g/mol) and covalently coupled to silica 

nanoparticles (LUDOX SM 30) of diameter (d) about 10 nm using a previously 

described procedure13,14. The grafting density for PEG500-SiO2 and PEG5000-SiO2 

was found to be 2.3 and 1.8 chains/nm2 respectively, using thermo gravimetric 

analysis. 1-n-Butyl-3-methylimidazolium chloride was purchased from Alfa Aesar and 

the halide anion was exchanged with the bis(trifluoromethylsulfonyl)imide anion 

using lithium bis(trifluoromethylsufonyl)imide salt (purchased for Sigma Aldrich) and 

following the procedure provided by Camper et al.15 Pre-weighed amount of the 

PEG500-SiO2 was dissolved in 1-n-Butyl-3-methylimidazolium 

bis(trifluoromethylsulfonyl)imide ionic liquid (IL) using acetonitrile as co-solvent and 

PEG5000-SiO2 was dissolved in diethyl phthalate (DEP purchased from Sigma 

Aldrich) using dichloromethane as co-solvent. Co-solvent removal from PEG500-SiO2 
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in IL samples was carried out by heating in a convection oven at 60 oC followed by 

annealing in a vacuum oven at 80 oC for 24 hours. Similarly dichloromethane was 

removed from PEG5000-SiO2 samples at room temperature and the resulting samples 

were annealed for 24 hours under vacuum.   

 

Dynamical Measurements: X-ray Photon correlation spectroscopy measurements 

were performed at sector 8-ID-I of the Advanced Photon Source at Argonne National 

Lab using special liquid holders.  

 

Small Angle X-ray Scattering Measurements: Small angle x-ray scattering (SAXS) 

measurements were performed at station D1 of the Cornell High Energy Synchrotron 

Source (CHESS). The samples were loaded into aluminum thermal cells with Kapton 

windows measurements were performed at 25 oC for the samples comprising of 

PEG500-SiO2 in IL and at 90 oC for samples comprising of PEG5000-SiO2 in DEP. 

The scattering intensity, I (q, φ), can be described as a function of the wave vector q 

and nanoparticle volume fraction φ as given below, 

 

 I(q,ϕ ) = P(q)× S(q,ϕ )  ,                         (3.1) 
 

here P(q) is the particle form factor and S(q, φ) is the interparticle structure factor. 

Because in the limit of infinitely dilution, particles do not have an internal structure, 

i.e.S(q,ϕ → 0)→1 , the particle form factor, P(q), was obtained from scattering 

intensities of dilute aqueous suspensions of SM30 particles. The structure factor for 

the samples was then obtained by normalizing the scattering intensity with this form 

factor. 
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Figure 3.1 (a) Scattering intensity, I(q), in arbitrary units for PEG5000-SiO2 particles 

in DEP for different volume fraction of silica nanoparticles φ at 90 oC plotted against 

the wave vector q (units nm-1). (b) Structure factor, S(q), for PEG5000-SiO2 particles 

in DEP for different volume fraction of silica nanoparticles φ at 90 oC plotted against 

the wave vector q (units nm-1) multiplied by the average core radius, a. 
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3.3 Results and Discussion 
 

We plot the scattered intensity I(q) from SiO2 particles grafted with 5000 kDa PEG 

(diluted with varying amount of DEP) against the scattering wave vector, q, for 

materials with different volume fraction of  silica core in Figure 3.1a. The self-

suspended particles (containing no DEP) correspond to 11.7 % of silica core volume 

fraction and the lowest silica core volume fraction (of 1.1%) corresponds to 90% of 

DEP content in the material. The weak dependence of I(q) on q for low values of q 

indicates that these materials do not contain large aggregated structures.  

 

To study particle correlations in more detail, we plot the structure factor, S(q) for these 

materials against the wave vector q normalized by the core radius a (taken to be 5 nm) 

in Figure 3.1b. Structure factor is the Fourier transform of the radial distribution 

function, g(r), which represents the average spatial distribution of particles around a 

reference particle in the material. Thus the height of the first peak S1 is a direct 

measure of the extent to which the nearest neighbors are correlated to the reference 

particle. The position of first peak of the structure factor, qmax, can be related to the 

average distance between the particle cores (dp-p) through the relationship dp-p = 

2π/qmax.  

 

The loss of correlation with decreasing particle content can thus be deduced from both 

the height of the peak which progressively decreases and the peak position which 

continually shifts to the lower values with decreasing core fraction (or increasing 

solvent content). This result is consistent with previous reports of evaluation of 

particle structure in suspensions12. Another important feature is the distance between 

the first and the second peaks which is indicative of the interaction between the 
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particles, with more attractive particles having more closely spaced peaks1. We 

observe that as the volume fraction of the silica cores decreases they develop more 

affinity for each other. This could be an indicative of a greater tendency for particles 

to aggregate in solvents compared to the self-suspended case.  

 

We observe a similar trend in the scattering and structure of PEG500-SiO2 particles in 

IL, shown in Figure 3.2. For the case of PEG500-SiO2 particles the solvent-free 

particles have a silica core volume fraction of about 60% and these particles exist as a 

solid at 30 oC. Hence, we perform structural and dynamical measurements only on the 

samples that exist as gels or liquids at 30 oC. Ionic liquids are known to solvate 

polyethylene glycol to a much higher degree in comparison to simple solvents like 

DEP. Since PEG has a higher affinity for ionic liquids compared to itself, the presence 

of ionic liquid induces a strong stretching of PEG chains16. Hence, addition of ionic 

liquid to hairy nanoparticles must not only lead to the higher interparticle separation 

but also create an effective repulsion between the PEG chains on neighboring 

particles. The spacing between the primary and secondary structure factor peaks is 

shown (in Figure 3.2b) to increase with decreasing core fraction (or increasing IL 

content). Also similar to the DEP, the presence of ionic liquid increases interparticle 

spacing as evident in the decreasing value of the wave vector at qmax. At the lowest 

silica volume fraction of 0.06, the structure completely disappears. 

 

 The upturn in the structure factor at low q for silica volume fraction of 0.5 suggests 

that the concentrated blends of NOHMs and ionic liquid are not completely uniform. 

However this upturn disappears as the solvent content increases, proving that ionic 

liquid can indeed completely solvate PEG NOHMs. 
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Figure 3.2 (a) Scattering intensity, I(q), in arbitrary units for PEG500-SiO2 particles in 

ionic liquid for different volume fraction of silica nanoparticles φ at 25 oC plotted 

against the wave vector q (units nm-1). (b) Structure factor, S(q), for PEG500-SiO2 

particles in ionic liquid for different volume fraction of silica nanoparticles φ at 25 oC 

plotted against the wave vector q (units nm-1) multiplied by the average core radius, a. 

(c) The interparticle distance, dp-p,  plotted as a function of silica volume fraction φ.  
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We compare the value of interparticle separation, dp-p calculated from the position of 

primary peak against the theoretical value calculated by assuming a random 

distribution of silica hard spheres in a suspension as: dp−p = 2*a(0.63 /φ)
1/3  in Figure 

3.2c. As expected, both these values show a similar trend. 

 

Previously, Srivastava et al. showed that suspensions of PEG-tethered nanoparticles in 

PEG oligomers exhibit a range of anomalous behaviors beyond a critical volume 

fraction of particles (φs) where the material viscosity exhibits a sharp increase and the 

interparticle correlation exhibits a maxima and then decreases12. The critical volume 

fraction could also determine the transition from diffusive to hyperdiffusive transport 

as silica fraction φ > φs in XPCS measurements. However, this transition appeared to 

be dependent on the size of the silica core for the same dimensions and chemistry of 

the tethered and free chains, with the silica core of diameter 10 nm not exhibiting the 

transition while core of diameter 24 nm did12.  

 

We assess the dynamics of nanoparticles for the two solvent chemistries through 

XPCS. We obtain and fit intensity-time autocorrelation function, , with a 

stretched exponential function: 

 
 g2 (q,t) = 1+ B*exp[−2(t /τ p (q))

β (q) ]                           (3.2) 

  

Here,  is the experimental contrast factor;  is the wave vector–dependent particle 

relaxation time; and  is the stretched exponent which is allowed to vary 

independently as a function of . 

 

The wave vector dependent relaxation times are plotted against the wave-vector in 

g2 (q,t)

B τ p

β

q
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Figure 3.3. We confirm our expectation that dynamics become faster as the volume 

fraction of silica decreases in both cases. The scaling of  with respect to q reveals 

the nature of the dynamics, with a q-1 scaling indicative of hyperdiffusion and q-2 

scaling indicative of diffusive dynamics. The volume fraction at which this transition 

occurs is φt ~ 0.02 for PEG5000-SiO2 in DEP and φt ~ 0.16 for PEG500-SiO2 in IL 

(Figure 3.3). The higher value of φt for the ionic liquid solvent suggests that a better 

solvent like ionic liquid can more easily unjam the particle networks in a 

nanocomposite.  

 

 

3.4 Conclusions 
 

In this work, we clearly establish a relationship between the structure and dynamics of 

nanoparticles in polymer nanocomposite fluids. The presence of solvents can reduce 

particle-particle correlations and allow the particles to move diffusively instead of 

exhibiting hyperdiffusive network dynamics. Similar findings were reported in a 

recent work by Russel et al. where they showed that transition from hyperdiffusive to 

diffusive was related to the jamming-unjamming transition of particle networks at oil-

water interfaces17. Our findings also underscore that aging or aggregation is not the 

primary condition for presence of hyperdiffusion in polymer nanocomposites, unlike 

previous reports of the phenomenon in literature on glassy colloids18. 

 

 

*Synthesis and rheology of PEG500-SiO2 in IL was performed by Sanjuna Stalin. 
  

τ p
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Figure 3.3 (a) Relaxation time versus wave vector for PEG5000-SiO2 particles in DEP 

for different volume fraction of silica nanoparticles φ at 70 oC plotted against the wave 

vector q (units nm-1). (b) Relaxation time versus wave vector for PEG500-SiO2 

particles in ionic liquid for different volume fraction of silica nanoparticles φ at 25 oC 

plotted against the wave vector q (units nm-1). The dashed line indicates a q-1 scaling 

and solid line indicates a q-2 scaling. 
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CHAPTER 4 
 

DYNAMICS OF NANOPARTICLES IN ENTANGLED POLYMER SOLUTIONS  
 

Adapted with permission from: P. Nath, R. Mangal, F. Kohle, S. Choudhury, S. Narayanan, U. 

Wiesner, L. A. Archer, Dynamics of Nanoparticles in Polymer Nanocomposites, Langmuir, 

2018, 34 (1), 241-249.  Copyright © 2018, American Chemical Society 

 

Abstract 
 

The mean square displacement of nanoparticle probes dispersed in simple 

isotropic liquids and in polymer solutions is interrogated using fluorescence 

correlation spectroscopy (FCS) and single particle tracking (SPT) experiments. Probe 

dynamics in different regimes of particle diameter (d), relative to characteristic 

polymer length scales, including the correlation length (ξ), the entanglement mesh size 

(a) and radius of gyration (Rg), are investigated. In simple fluids and for polymer 

solutions in which d >> Rg, long-time particle dynamics obey random walk statistics 

, with the bulk zero-shear viscosity of the polymer solution determining the 

frictional resistance to particle motion. In contrast, in polymer solutions with d < Rg, 

polymer molecules in solution exert non-continuum resistances to particle motion and 

nanoparticle probes appear to interact hydrodynamically only with a local fluid 

medium with effective drag comparable to that of a solution of polymer chain 

segments with sizes similar to those of the nanoparticle probes. Under these 

conditions, nanoparticles exhibit orders of magnitude faster dynamics than those 

expected from continuum predictions based on the Stokes-Einstein relation. SPT 
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measurements further show that when d > a, nanoparticle dynamics transition from 

diffusive to subdiffusive on long time scales, reminiscent of particle transport in a 

field with obstructions. This last finding is in stark contrast to nanoparticle dynamics 

observed in entangled polymer melts, where X-ray Photon Correlation Spectroscopy 

(XPCS) measurements reveal faster but hyperdiffusive dynamics. We analyze these 

results with the help of the hopping model for particle dynamics in polymers proposed 

by Cai et al. and, on that basis, discuss the physical origins of the local drag 

experienced by nanoparticles in entangled polymer solutions. 
 

 

4.1 Introduction 

 

Diffusion of spherical Brownian particles in complex fluids, including polymer 

solutions, gels, and melts is a topic of interest in multiple fields. It is as important in 

applications, such as gel electrophoresis1,2, where the particles move in response to an 

external driving force, as in situations such as nanoparticle transport in 

biomacromolecular gels3,4, where particle motions are unaided by any external forces. 

Studies of particle motions in crowded biomolecular systems have also emerged as an 

important area of biophysics research for characterizing mechanics5, adhesion6, and 

for understanding intracellular transport7, where deviations from Fickian diffusion 

have been reported8.  

 

In an effort to understand these findings and to more generally elucidate the 

underlying physics that govern small particle motions in complex fluids, several recent 

experimental9–56 and theoretical works24,38,57–74 have analyzed particle transport in 

model polymer-particle composites. Although there is agreement that in the continuum 
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limit (probe particle sizes much larger than any length scale that determines molecular 

motions or governs fluid compositional dynamics), the long-time trajectories of 

particles obey random-walk statistics, with diffusivity set by the bulk fluid viscosity 

(i.e. the Stokes-Einstein (S-E) law holds), there is significant disagreement about how 

particles with sizes below continuum limits move in complex fluids. In particular, for 

particle probes smaller than the radius of gyration (Rg) of their host polymer, 

experimental and theoretical studies show that particle diffusivities are inconsistent 

with expectations based on S-E theory and that particles experience a local drag force 

that can be several orders of magnitude lower than that expected based on the bulk 

fluid viscosity. These observations remain controversial, however, because in the 

systems where deviations from S-E diffusion are observed, there is disagreement 

among the various experimental studies about the nature of particle diffusion in 

polymers. Experimental results obtained using different analytical tools show long-

time behaviors spanning the full spectrum of particle diffusion regimes — from 

subdiffusion21,32, simple diffusion14,28,60,61, to  hyperdiffusion12,23,33,36. Because each of 

these regimes is associated with qualitatively different balance of forces and 

fundamentally different dynamic environments surrounding a diffusing particle, it has 

to-date been difficult to provide a unified understanding for these observations. Here, 

we analyze diffusion of small probes in linear, water-soluble polymers by means of 

particle tracking and fluorescence correlation spectroscopy designed to probe particle 

motions on a wide range of time and length scale. The measurements are designed to 

elucidate how motions of spherical particles in complex fluids change as one traverses 

the continuum regime, with respect to all of the relevant length scales in the fluid.  

 
An important starting point for the study are results from early works that consider the 

range of non-continuum length scales relevant for dynamics of polymer solutions and 
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where dynamics in polymer solutions are considered as purely diffusive. Among these 

studies, the work by Phillies et al. stands out in that most diffusion data available at 

the time could be fitted with an empirical relation of the form of  D /Ds ∼ exp(−βφυ )

41-42 and this functional form agreed with models based on hydrodynamic interactions 

with solvated polymers43, 62. Here, D/Ds is the ratio of probe diffusivity in a polymer 

gel divided by that in the solvent; β is a probe-size dependent constant; υ  is a fitting 

constant, usually in the range of 0.5-1; and ϕ is volume fraction of polymer in the gel 

or solution. A similar phenomenology has been used to fit polymer self-diffusion and 

viscosity data in the low concentration regime75. As polymer volume fraction 

increases, polymer chains in solutions can be considered to form immobilized 

networks through which particles move62. In contrast to this hydrodynamic model is 

the obstruction model58 created by modifying the Ogston sieving model of transport 

within porous media.71 In this framework the particle diffusivity is of the form, 

D /Ds = exp −π
rs + rf

amonomerφv
−0.75C∞

−0.25 (1− 2χ )−0.25 + 2rf

⎛

⎝⎜
⎞

⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

, where rf  is the radius of the 

polymer, C∞  is the characteristic ratio of the polymer, χ  is the Flory-Huggins 

interaction coefficient for the polymer-solvent system and amonomer is the equivalent 

bond-length of the monomer. A shortcoming of all of these phenomenological network 

models is that they fail to account for the effects of polymer chain relaxation on probe 

particle dynamics in polymer solutions and melts. 
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A recent analysis proposed by Cai et al.60,61 significantly extends earlier work by 

Brochard-Wyart and de Gennes59 to provide scaling relations for probe particle 

dynamics in polymer solutions and melts.  For a probe of diameter d dispersed in a 

polymer solution with correlation blob sizeξ , entanglement tube diameter a, and 

polymer radius of gyration Rg in the solvated state, this analysis is capable of capturing 

coarse and subtle features of particle motions in polymers. For d < ξ , probe particles 

are argued to experience only the solvent viscosity, ηs . In contrast, for probes in the 

size range ξ  < d < a, particles experience segmental viscosity of polymer chain and 

the self-diffusion coefficient is proportional to kTξ 2 /ηsd
3 , as the “effective viscosity” 

experienced by the particle is the Zimm viscosity of a polymer segment with size 

equal to the particle size. For d > a, particles are arrested by the entanglements in the 

polymer network at short time scales and can move only when the surrounding chains 

reptate out of their entanglement tubes. The transition from diffusive motions 

regulated by the segmental viscosity to longer-range particle motions regulated by the 

bulk viscosity is thought to occur by particle hopping from one entanglement to 

another.  

 

Fluctuation correlation spectroscopy experiments conducted by Kohli and 

Mukhopadhyay25 using mesoscopic gold nanoparticles (d < 20 nm) in solutions of 

polyethylene glycol in water, for instance, yield behaviors consistent with Cai’s 

scaling model in the ξ  < d < a regime, especially for concentrated solutions of 

moderately entangled polymers where hydrodynamic models are no longer valid.  
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Other literature studies, however, provide conflicting information about the 

importance of the hopping regime and about the nature of particle dynamics of 

polymers on timescales beyond the polymer reptation relaxation time 19,21,33.  

 

Our specific goal in the present study is to use experiments that can probe particle 

motions in polymers on length scales much larger than the probe particle dimension 

and on time-scales well above the Brownian configurational relaxation time, tR. Such 

experiments are important because they can be used to extend the dynamic range of 

experimental results recently reported by Mangal et al.33 using X-ray Photon 

Correlation Spectroscopy (XPCS) for which the maximum probed wavelength to 

particle size ratio is 17.5:1 and the maximum probed time scale to the Brownian 

configurational relaxation time is approximately 1:1000.  We will use these 

experiments to elucidate the details of the transition from continuum to non-continuum 

particle dynamics in complex fluids and, on that basis, provide a more general 

framework for describing dynamical behaviors of particles under a broad range of 

regimes of concentration, and probe sizes versus. polymer length-scales. Within these 

bounds, we focus on high molar mass linear polymers dissolved in a solvent, which 

can be tuned to obtain a range of polymer dynamics and associated characteristic 

length and time scales by simply changing the volume fraction of polymer in solution. 
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4.2 Experimental Methods 

Sample preparation: 

 ATTO647N fluorophore dye with malemide linkage was purchased from Atto-Tec 

Gmbh. ATTO647N dye labeled silica nanoparticles known as Cornell dots (C dots) 

were synthesized using the protocol provided in Appendix B. The particles were 

fractionated using gel permeation chromatography to obtain narrowly dispersed 

polyethylene glycol coated particles and their size characterized using fluorescence 

correlation spectroscopy (FCS) to reveal particles of average hydrodynamic diameters 

in the range 6nm – 36 nm. C dots with hydrodynamic diameters 6.7±0.1 nm, 16.5±0.2 

nm, 23.7±0.3 nm, and 35.5±0.7 nm were selected for our studies. Polyethylene oxides 

(PEO) of molar mass 20kDa, 50kDa, 100kDa, 300kDa, 500kDa, and 1500 kDa were 

purchased from Agilent and of 35kDa was purchased from Polymer Source, Inc. Gels 

were prepared by mixing stock solutions of PEO in water with the stock aqueous 

solutions of fluorescent particles, and gently shaking the mixture on an analog shaker 

for one week at room temperature. Highly viscous nanocomposite gels were prepared 

by first distributing the particle stock solutions within the dilute PEG-water mixtures, 

followed by removing the water through freeze-drying and then redispersing the 

composite into the requisite amount of water using the aforementioned procedure. 

Particle dynamics in these gels were probed using two dynamic optical microscopy 

techniques: FCS and 2-D single particle tracking (SPT).  

 

For FCS a particle concentration of ~10 nanomolar was used and for particle tracking 

the particle concentration was fixed at ~ 1 picomolar. Molarity is calculated by finding 

particle number density of probes in stock solution using FCS (in L-1 units) and 

dividing it by the Avogadro’s number (NA  = 6.023 x 1023). The schematic of the setup 

is shown in Figure 4.1.  
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Figure 4.1 Schematic of C-Dots dispersed in long chain polyethylene glycol solutions 

in water tracked via both FCS and single particle tracking. 
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To relate our findings from FCS and SPT measurements to earlier results from XPCS 

measurements, dynamics of particles in high molar mass polystyrene solutions were 

also investigated using XPCS. Polystyrene with Mw = 20.06 MDa and Mn = 16.72 

MDa was purchased from Tosoh Biosciences LLC (F-2000) and dissolved in diethyl 

phthalate (DEP, purchased from Sigma Aldrich) using dichrolomethane (Sigma 

Aldrich) as co-solvent. The resultant gels were allowed to stand for periods exceeding 

six months to ensure homogenous dispersion. Amine-terminated polystyrene (Mw ~ 

10kDa, PDI ~ 1.3) was also purchased from Sigma Aldrich and densely grafted to the 

surface of 80nm silica nanoparticles using a previously reported linking chemistry76. 

These sterically stabilized particles were dispersed in the stock gels at 1 vol% silica 

concentration using dichloromethane as co-solvent. 

 

FCS measurements:  

Measurements were performed using a Zeiss 880 LSM inverted microscope outfitted 

with 40x water immersion lens (LD-C Apochromat) and used with a 633nm He-Ne 

(100mW, Thorlabs) source. To prevent water evaporation, samples were sealed 

between No. 1.5 coverslips using 1.5 cm x 1.6 cm x 250 µm Gene Frames 

(Thermofischer Scientific). Fluctuations in fluorescence signal as nanoparticles moved 

in and out of focal volume were recorded and quantified in the form of the 

fluorescence autocorrelation function (ACF), G(τ ) : 

 

 G(τ ) = δF(t)δF(t +τ )
F(t) 2

  (4.1) 

The ACF function was fitted with a one-component diffusion model corrected for fast 

relaxation contribution: 
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 G(τ ) = 1+ 1
N
. 1
A −1

(1− Ae−τ /τ trip ) 1

1+ τ
τ diffusion

1

1+ S2 τ
τ diffusion

  (4.2) 

 

For comparison ACF can be plotted as the normalized autocorrelation function 

G '(τ ) = G(τ )−1( ) ⋅N . Beam alignment was performed using 10nM Alexa 647 

(Fischer Scientific); the diffusivity of Alexa 647 was taken from literature77 to be 330 

µm2s-1, and used to compute the diffusivity of nanoprobes using the formula, 

τ diffusion =
ω xy

2

4D
. Here, N  is the number of fluorescent particles in the confocal volume, 

A is the fraction of particles in the fast relaxation state, τ trip is the triplet relaxation 

time, τ diffusion is the diffusion time of the particles through the confocal volume, S is the 

structure factor for the instrument, ω xy is the width of the confocal volume, and τ is 

the lag time. 

Single Particle Tracking: 

2D SPT measurements were performed on an Andor Spinning Disk confocal setup, 

with 655 nm laser beam and 60X silicon-oil immersion lens. Time-lapse imaging was 

performed at 100 µm away from the coverslip at intervals 0.4-30s for a period of 4-60 

minutes. Particle centers were tracked to obtain mean-squared displacement (MSD) 

values with time, using the track objects plugin of Metamorph imaging software 

(Molecular Devices) and analyzed using an in-house MATLAB code. Diffusivities for 

individual particles were obtained by fitting the MSD vs. time data with a power-law 

fit in MATLAB. To calculate the mean and standard deviation errors in the diffusivity 
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values, a Gaussian function was used to fit the diffusivity values obtained for at least 

40 particles per sample.  

 

Rheology:  

An Anton Paar MCR 301 rheometer outfitted with cone and plate fixtures was used to 

obtain the viscoelastic response of the nanocomposites.  For viscous samples, a plate 

of 25 mm diameter and 1° cone angle was used. For more liquid like samples, a larger 

plate of 50 mm diameter with 1° cone angle was used. A solvent trap was attached to 

the rheometer, which created a water vapor saturated environment to prevent water 

evaporation during the measurements. 

 

TEM measurements: Transmission electron micrographs (TEM) of C dot dispersions 

drop casted on carbon-coated grids were collected on a FEI Tecnai Spirit microscope 

operated at 120kV and particle size analysis was conducted with ImageJ (details in 

Table B1).  

 

X-ray Photon Correlation Spectroscopy measurements: XPCS measurements on 

the PS-DEP gels was performed at Sector 8-ID-I of the Advanced Photon Source 

(APS) at Argonne National Lab (ANL). All measurements were performed at room 

temperature using special stainless steel holders with Kapton windows. Scattering 

intensities were collected irradiating the samples with 7.4 keV X-ray beam at different 

wave vectors, q . A Medipix-3 based LAMBDA (Large Area Medipix Based Detector 

Array) was used as the photon counting detector. The detector array comprises of 

1556 x 516 pixels with a pixel size of 55 µm and can operate at a maximum frame rate 

of 2000 frames/sec78. We consider a q-range of 0.018 nm-1 to 0.16 nm-1 for our 

analysis, which translates to wavelength in the range of 39nm ≤ λ(= 2π / q) ≤ 339nm , 
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and fit the intensity-time autocorrelation function, g2 (q,t) , with a stretched 

exponential function: 

 
 g2 (q,t) = 1+ B*exp −2(t /τ p (q))

β (q)⎡⎣ ⎤⎦   (4.3) 

  

Here, B  is the experimental contrast factor; τ p  is the wave vector–dependent particle 

relaxation time; and β  is the stretched exponent which is allowed to vary 

independently as a function of q . The XPCS results for particle dynamics in PS 

solutions are provided in Appendix B. 

 

 

4.3 Results and Discussion 

 
 FCS measurements were performed using polymer solutions in the semi-dilute 

entangled regime and for probe particle sizes (d < Rg). By varying the concentration of 

the polymer in solution, particle dynamics in suspensions in the small-particle (d < ξ) 

and intermediate-particle (ξ < d < a) size ranges could be investigated. Figure 4.2 

reports the measured tracer particle diffusivity (D) in solutions of 35 kDa PEG in 

water normalized by corresponding tracer’s diffusivity measured in pure water, Ds. 

The corresponding correlation curves and fits can be found in Appendix B, Figure B4. 

The figure includes a comparison of our results for particles with diameter of 6.7 nm 

dispersed in aqueous solutions of 35kDa PEG with those obtained from fluctuation 

correlation spectroscopy measurements reported by Kohli and Mukhopadhyay25 for 

unfunctionalized gold nanoparticles of diameter 5 nm, 10 nm and 20 nm in 35 kDa 

polyethylene glycol solutions in water. Based on the scaling model proposed by Cai et 
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al.60-61, D/Ds for diffusing particles experiencing the polymer segmental viscosity 

should be of the form:
 

D
Ds

∼
ξ 2

d 2
 at long times. The dependence of correlation length on 

polymer volume fraction (equation B1) gives that the scaled diffusivity must vary as 

φ−2υ /(3υ−1) , where the exponent (ν) is -1.52 for a good solvent and -2 for a poor solvent. 

A power law fit, hence, must identify the dependence of D on φ  as D ~ φ−2υ /(3υ−1) .  

 

The scaling exponent of -2.91 observed for the 6.7 nm C Dots agrees well with the 

scaling of -2.28 found in complementary measurements using 10 nm particles in ref. 

25 (also given in Figure 4.2) but is higher than the expected scaling of -1.56. This 

discrepancy can suggest additional slower modes of transport other than polymer 

segmental viscosity as the particle size approaches the polymer Rg (reported in Table 

4.1). 

 

Kohli and Mukhopadhyay25 also showed that their 20 nm probe particles (d > Rg) 

experienced the solution viscosity (found both via rheology measurements and the 

scaling exponent which is close to the bulk viscosity scaling of ~3.93 with polymer 

volume fraction); in contrast, our 6.7 nm probes experience a viscosity that is 

approximately 8-20 times lower than the bulk solution viscosity, shown in Figure 4.3, 

and are still smaller than the tube diameter (a) in the entangled polymer solution, 

estimated by equation B2. The observation that particles approach from faster than 

Stokes-Einstein diffusivity to the Stoke-Einstein diffusivity as the particle diameter 

approaches the solvated polymer’s Rg is consistent with previous reports22,69,74.  
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Figure 4.2 Log-log plots of D/Ds (diffusivity scaled by diffusivity of particles in 

solvent) against the polymer volume fraction ϕ in solution for 35kDa PEG dissolved in 

water. The data for 5, 10, and 20 nm particles is taken from Ref 25. 
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Table 4.1. Characterization data for polyethylene oxide (PEO) solutions 

M (kDa) Mw (kDa) PDI Rg = 0.02Mw
0.588  nm  φ* = Mw

4
3πRg

3NAρPEO

 φe =
N
Ne

⎛
⎝⎜

⎞
⎠⎟

−3/4

 

20  20.22  1.04 6.81 0.0227 0.18 

35 37.8 1.08 9.83 0.0141 0.12 

50  48.49  1.05 11.38 0.0116 0.09 

100  92.9  1.05 16.68 0.0071 0.06 

300  256. 2  1.05 30.29 0.0033 0.03 

500  527.5  1.05 46.31 0.0019 0.02 

1500  1352  1.13 80.55 0.0009 0.01 

Rg is the radius of gyration of the polymer in the melt state.  

φ*  is the overlap volume fraction of polymer at which the solution transitions from 

dilute to semi-dilute regime. 

φe  is the volume fraction of polymer at which the solution transitions from semi-dilute 

unentangled to semi-dilute entangled regime. 
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 Figure 4.3 D/DSE (diffusivity scaled by the Stokes-Einstein diffusivity calculated 

using the solution viscosity) for 6.7 nm C dots is plotted against the polymer volume 

fraction ϕ in solution. Z is the entanglement density per chain for the solvated polymer 

and d/a is particle diameter scaled by the solvated polymer’s tube diameter. Inset 

shows viscosity for these samples vs. shear rate – viscosity increases with increasing 

polymer fraction. All error bars shown are standard error. 

  

24

20

16

12

8

4

 D
/D

SE

0.400.350.300.250.200.15

  φ

0.01

0.1

1

10

 η
 (P

a.
s)

0.1 1 10 100

 Shear rate, γ  
. 

 (s
-1

)

Z = 1.4; 
d/a = 0.38 

Z = 5; 
d/a = 
0.78 



 81 

Thus, particle dynamics in the regime d < a << Rg  were studied in solutions containing 

higher molar mass polymers (Mw 527.5 kDa and 1352 kDa).  We plot the values for 

D/Ds obtained through FCS for the given regime of particle sizes (for PEO Mw 527.5 

kDa and 1352 kDa ) in Figure 4.4 against the particle diameter, d, scaled by the 

correlation length, ξ. These solutions are entangled and the full range of d/ξ accessed 

is from 0.5-2. For different particle diameters when particle diameter is close to the 

correlation length, the particles follow the scaling of proposed by Cai et al. of 

 based on polymer segmental viscosity60. The details of the concentrations 

used for the measurements shown in this figure are provided in Table B2 and Table 

B3. Sample correlation curves are also reported in Figure B5, where it is shown that an 

analysis based on simple diffusive motions of the particles fits the data well.  

 

The scaling model predicts that particles smaller than ξ diffuse under the influence of 

the solvent viscosity; however, we find that the transition from the regime in which 

particle motion is resisted by the solvent viscosity to that in which polymer segmental 

viscosity resists motion is less abrupt than predicted by Cai et al.60,61   

 
For polymer solutions with higher PEG concentrations (φ) and probe sizes 

approaching the entanglement mesh size of the polymer, the time taken by the 

nanoparticles to travel through the confocal volume approaches the photo-bleaching 

time of the C dots.  

  

 

D
Ds

∼
ξ 2

d 2
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Figure 4.4. D/D
s
 (diffusivity scaled by diffusivity of particles in solvent) is plotted 

against the polymer volume fraction ϕ in solution measurement through FCS for 

different molecular weights of dissolved polymer corresponding to Rg of ~80 nm 

(closed symbols) and ~46 nm (open symbols), respectively. The dashed line indicates 

scaling of (d/ξ)
-2

 and the error bars are standard error. Here, the circles show data for 

6.7 nm particles ( ○ ), the squares show data for 16.5 nm particles ( ! ), the triangles 

show data for the 23.7 nm particles (Δ ), and the diamonds show data for the 35.5 nm 

particles (◊ ). A summary of concentrations used in this figure is provided in Table 

B2. 
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This complicates measurement of particle dynamics using FCS (Figure B3) even 

under conditions where the photo-bleaching time of the C dots is much larger than that 

of the free fluorophore in solution79. SPT measurements were more fruitful for such 

systems. In Figure 4.5, we report results from these experiments in terms of D/DSE for 

PEG with varying molar mass. The ratio of particle size to tube diameter is fixed at d/a 

~ 2 (by fixing the particle diameter at 35.5 and selecting the concentration of ~15 

vol%) for all polymer molecular weights. In the regime of d > a, the Cai-Panyukov-

Rubenstein scaling model60, 61 predicts that the nanoparticles can either diffuse 

following the total viscosity of the system, or via hopping caused by entanglement 

fluctuations, where the hopping diffusivity Dhop is given by . 

 

A key assumption is that above a critical entanglement density (Zc) nanoparticles 

move by hopping in contrast to simply undergoing random diffusion under the 

influence of the drag force produced by the bulk viscosity of the surrounding polymer 

fluid and Zc is given by the expression: Zc =
a2

ξd
⎛
⎝⎜

⎞
⎠⎟
exp(d / a)

⎡

⎣
⎢

⎤

⎦
⎥

1/3

 . For PEO solutions 

with d/a ~ 2, this value comes out to be 2.32. It is worth noting that the smallest 

molecular weight used, i.e., 20kDa will form an unentangled solution and the 48.49 

kDa as well as 92.9 kDa polymers also form a modestly entangled solution where 

entanglement density below 3.5 (using Me = 2000 g/mol).   

Dhop =
ξ 2

τ e
exp(−d / a)
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Figure 4.5. D/D
SE

 (diffusivity scaled by the Stokes-Einstein diffusivity calculated 

using the solution viscosity) is plotted against the host polymer molecular weight for a 

fixed volume fraction of polymer in solution, φ ~ 0.15, corresponding to d/a ~ 2. Error 

bars are standard deviation. 
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Hence, both the entanglement density criterion and the Rg criteria (previously found in 

the experiments by Holyst et al. for unentangled or modestly entangled solutions and 

simulations of Yamamoto and Schweizer and Liu et al. 22,69,74 as the length scale 

below which faster than S-E dynamics can be observed in polymer solutions) suggest 

that the lower molecular weight polymer solutions must exhibit S-E behavior. 

Evidently, as the PEG molar mass is increased beyond ~ 200 kDa, a positive deviation 

of probe diffusion coefficient with respect to the Stokes-Einstein diffusivity is again 

observed and this effect becomes more amplified with increasing polymer molar mass, 

indicating that the probes are undergoing hopping motion. 

 

 Consistent with our conclusions from the FCS measurements, SPT measurements on 

probes smaller than the tube diameter, reveal long-time diffusive dynamics, as seen for 

d/a = 0.82 in Figure 4.6a.  Recent XPCS experiments on particle diffusion in 

entangled polymer melts have associated the limit of d/a ≥ 1 with observations of 

anomalous, hyperdiffusion,23,33,36. This phenomenon has been explained in terms of 

local strain-fields produced by probe particle motions in elastic media which produces 

ballistic motions at the small length scales probed by XPCS80. Our SPT results are 

inconsistent with this conclusion and in fact show no evidence of hyperdiffusive 

motion for particles in entangled solutions with d/a ~ 2. To more rigorously evaluate 

this conclusion, materials with larger d/a were created using the same probe size (35.5 

nm) as in Figure 4.5, but in solutions with higher polymer concentration. For d/a > 1, a 

characteristic two-step diffusion process is observed in all materials studied, with an 

initial subdiffusive (MSD ~ t0.5) regime followed by a long-time diffusive step, as seen 
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in Figure 4.6b. Results reported in Figure 5c show that the initial subdiffusive step is 

significantly extended at higher polymer concentration. The occurrence of 

subdiffusion in highly entangled polymer gels, previously observed by Mason and 

Weitz34, has been disputed, with Ochab-Marcinek and Holyst37 offering an alternate 

explanation in terms of a two step process wherein the particle initially moves in a 

confined space comprised of the polymer depletion layer formed in the vicinity of the 

particle and then encounters the polymer in the second step. Their confined walking 

diffusion model carries the approximate functional form of 

r2 = 6DMt +
6
5
a2 1− e−5Dmt /a

2( )
. 

Hence, within the framework of their model, the 

analytical limits of at short and long times are diffusive, while the intermediate 

solution can give the appearance of subdiffusion. This can explain the apparent 

transition from two-step to a single-step regime observed in our data (Figure 4.5c) as 

our measurements fall somewhere in the intermediate to long time regime.  

The occurrence of intermediate time subdiffusion in polymer gels has also been 

reported in XPCS measurements21 of polystyrene-grafted gold nanoparticles in 

entangled solutions of polystyrene in xylene, where it was shown that increasing the 

entanglement density (Z) leads to more pronounced subdiffusive behavior. We 

performed similar XPCS measurements using 10 kDa grafted 80 nm silica 

nanoparticles in 20 MDa PS solution in DEP and observed that the intensity 

correlation curves are fitted best with stretched exponential functions and that the 

particle motion is diffusive and subdiffusive but never hyperdiffusive (see Figure B7 

and Table B3).  
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Figure 4.6. Mean square displacement vs. time plotted for 1.352 mil Da Mw 

polyethylene glycol dissolved in water for φ: (a) 0.04, (b) 0.10, (c) 0.24. (d) Scaling 

exponent, α, plotted vs. φ, for φ  = 0.10 and 0.16 the scaling exponent for the second 

diffusive step is considered (error bars are standard deviation).  
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In Figure 4.7 we consider the effect of d/a on D obtained from experiments, using 

Cai’s scaling analysis, and computed from the solution viscosities using the Stokes-

Einstein analysis. We find that for d/a < 0.7, the measured D decreases with increasing 

d/a and is three or more orders of magnitude larger than values predicted by the S-E 

equation. For d/a > 0.7, D undergoes an abrupt transition to a regime where it is 

essentially independent of d/a. In contrast, diffusivities computed using the S-E 

formula, decrease strongly with d/a > 0.7 and by d/a ≈ 3 are more than three orders of 

magnitude lower than the experimentally measured D.  Our results therefore show that 

diffusivities of small particles in polymers are markedly faster than those expected 

from Stokes-Einstein analysis over the entire range of d/a studied. Comparison of the 

measured diffusivities with those obtained using the analysis of Cai et al. leads to a 

very different set of conclusions. At low d/a, the measured and predicted values are 

within a factor of 2-3 of each other over the full range of d < 0.7. For d/a > 0.7 the 

calculated diffusivities are orders of magnitude larger than the measured values, but 

both are nearly independent of d/a. Both aspects of our observations are strikingly 

similar to those reported by Mangal et al.33 from XPCS studies of PEG grafted 

nanoparticles in PMMA melts, which exhibit hyperdiffusive relaxations on the 

timescales probed by the experiments. Remarkably, as reported by Mangal et al., we 

also find that a simple amendment to Cai’s hopping model to account for the fact that 

stretching of multiple (approximately 5) chain entanglements must occur 

simultaneously for a particle to escape its entangled surroundings, could fit the 

diffusive step of the two-step diffusion process. The diffusive step of the faster 

hopping-type diffusivity data was fitted with the model: 

 

 D ≈ DSE + Dhop ≈
kBT

3πdηsys

+ ξ 2

τ e
exp(−Ad / a)   (4.4) 
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where the pre-factor A was found to be ~4.303. The data value at the volume fraction 

of 0.24 does not follow this correction, as the transport is arrested and subdiffusive. 

This is in contrast to a recent report on XPCS measurements for nanorod diffusion in 

entangled worm-like micelle solutions (WLMs) where it was found that the low aspect 

ratio nanorods (with lengths larger than the mesh size, and diameters smaller than the 

mesh size) remarkably followed Cai’s original hopping model sans correction81. More 

experiments on motion of nanoparticles of varying geometries in the regime 

 a ∼ d < Rg  will provide further insights on how topological constraints posed by 

entanglement network act and influence particle motion. 

  

 

4.4 Conclusions 

 

We study diffusion of nano-sized, highly stable fluorescent C dots in polyethylene 

oxide solutions in different regimes of particle diameter (d) with respect to 

characteristic polymer length scales  (correlation length (ξ), the entanglement mesh 

size (a) and radius of gyration (Rg) of the polymer). Through, fluorescence correlation 

spectroscopy in the regime d/a < 1 and single particle tracking in the regime d/a > 1 

we find that dynamics in these regimes are diffusive, and tend to be subdiffusive in 

concentrated polymer solutions for d/a > 1. While subdiffusion in these systems is 

intuitive and is a well-known signature of caged particle dynamics, it is not captured in 

most theoretical studies of nanoparticle dynamics in polymeric hosts. 
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Figure 4.7. Master curve of diffusivity vs. d/a plotted for 1.352 mil Da Mw PEO 

solutions in water, here φ varies from 0.01-0.24 and Z varies from 1-89. The open red 

symbols are the experimental data from FCS, open diamond symbols with star show 

the data obtained from SPT; the open black symbols with dot are predictions from the 

Cai-Panyukov-Rubinstein scaling analysis [Ref 60-61]; and the filled green symbols 

are diffusivities estimated using the Stokes-Einstein formula. The dashed line indicates 

the modified hopping model given in equation 4.4. The notation used in this figure is 

the same as Figure 4.4 where circles are for 6.7 nm particles, squares for 16.5 nm 

particles, triangles-up for 23.7 nm particles and diamonds for 35.5 nm particles. Error 

bars for particle-tracking data are standard deviation and FCS data are standard error. 
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The average viscosity that the particle experiences in this regime is neither the bulk 

solution viscosity nor the calculated viscosity from pure hopping motion. We find 

instead that the resistance to probe particle motions can be captured by the hopping 

model proposed by Cai only when an additional prefactor is included to account for 

the fact that relaxation of around 4-5 or more entanglements are needed to release a 

particle from its entangled cage.  

 

In disagreement with previous X-ray Photon Correlation Spectroscopy (XPCS) studies 

of nanoparticle dynamics in entangled melts, we find no evidence of hyperdiffusive 

particle dynamics in entangled solutions. This absence of hyperdiffusion in solvated 

polymers is in qualitative accord with expectations from a recent theory80 that 

attributes hyperdiffusive nanoparticle dynamics to dynamic strain dipoles formed by 

increased interparticle correlations in crowded systems.  
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APPENDIX A 

MODELING PARTICLE CAGED IN A POLYMER ENTANGLEMENT  

 

In this section we model the particle caged in a polymer entanglement as a particle in a 

harmonic potential well, where the potential field surrounding the particle is given by 

V (x) = (1 / 2)kx2 , where k is the spring constant and x is the extent to which the spring 

has been stretched from its equilibrium position. This is a valid assumption as an ideal 

elastic polymer chain in three dimensions can be modeled as a spring with spring 

constant k = 3kBT / Nb
2 , where kB is the Boltzmann constant, T is the temperature, N 

is the number of kuhn monomers making up the spring and b is the kuhn length. 

Hence, the polymers become stiffer as the temperature increases or the size of the 

chain decreases. As the particles move by stretching the polymer entanglements, we 

assume that the particle is tethered to pseudo polymer segment, which we treat as a 

spring, and is surrounded by a sea of smaller polymer segments which act as solvent, 

depicted in Figure A.1. 

 

We begin by considering the 1D Langevin equation, 

 m dv
dt

= −γ v(t)− dV
dx

+ FB(t)                           (A.1)  

It is a simple force balance on a single particle, where v is the velocity of the particle, 

and γ=6πηR, given by the Stokes drag law (in which η is the surrounding medium’s 

viscosity and R is the radius of the particle), V is the potential field surrounding the 

particle and FB, called the Brownian force, is a random force that arises from thermal 

fluctuations. This random Brownian force is Gaussian in nature with a zero mean and 

the second moment given by the fluctuation dissipation theorem (FDT), 

  FB(t)FB( ′t ) = 2γ kBTδ (t − ′t ) , where δ(t) is the Dirac delta function.  
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Figure A1. (a) A schematic of spherical particle of diameter d, trapped in the 

entanglement mesh of a polymer with entanglement tube diameter, a. (b) We 

approximate this case, by considering a particle tethered to a pseudo-spring 

surrounded by smaller chain segments that act as the solvent.  
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The solution to this equation for particle in a harmonic potential well,   V (x) = 1
2 kx2

(where k is the spring constant and x is the extent to which the spring has been 

stretched from its equilibrium position) is well described in the works of Uhlenbeck 

and Ornstein1 and Chandrasekhar2. They provided the expression for the mean-

squared displacement of a particle from its initial position x0 at time t, Δr2 (t) , that 

could be written down as, 

 

    

Δr2 (t) = kBT
mω o

2 + x0
2 − kBT

mω o
2
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e−βt cosh 1

2
β1t +
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sinh 1

2
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⎞
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β1 = β 2 − 4ω o
2

ω o
2 = k

m

β = γ
m

                           (A.2) 

 

Here ωo is the natural frequency of the spring. There are three relevant timescales that 

can be extracted from this equation, viz., the momentum relaxation timescale   τ P = β−1  

which is the time taken by a freely diffusing particle to relaxes its velocity, a restoring 

timescale   τ res = γ / k  associated with damping of a stretched spring back to its 

equilibrium length, and   T =ω o
−1  known in classical mechanics as the period of a 

harmonic oscillator. The value of β1 determines the nature of dynamics with positive, 

real values corresponding to the overdamped limit, where particle inertia can be 

neglected, and zero or imaginary values corresponding to the underdamped case, 

where particle motion is Non-Markovian or in other words correlated. The condition 

for underdamping of a particle in a harmonic potential well can also be written down 
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in terms of the momentum relaxation and restoring timescales as τ res ≤ 4τ p . We define 

the ratio of τ res /τ p = β 2 /ω o
2  as α, so that the transition from underdamping to 

overdamping takes place at α = 4.  

 

Now, equation (A.2) can be simplified for the underdamped periodic (β2<4ωo
2) and 

underdamped aperiodic (β2=4ωo
2) conditions respectively as given below2, 
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The long time response in all these cases, equation (A.2), (A.3), (A.4) is similar, that 

is, the particle eventually attains the equipartition condition where

Δr2 (t) = kBT /mω o
2 = kBT / k . The short time behavior depends on whether the 

spring is overdamped or underdamped, and shows how the particle moves in the 

harmonic well before it attains the equilibrium at long times.  

 

We study the effect of damping on dynamics of a particle in a harmonic potential, by 

plotting the mean squared displacement normalized by kBT /mω o
2  against time 

normalized by the momentum relaxation time τ p = β−1  for different values of α in 

Figure A.2. When α < 2, the mean squared displacement in Figure A.2(a) oscillates 

and the frequency of oscillations decreases with increasing α. The oscillations die 

down at at which the particle reaches the equipartition condition or in other 

words becomes trapped in the harmonic well. These oscillations disappear for higher 

  ~ 10τ p
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values of α as seen in Figure A.2 (b) and (c). As oscillations die down, for the curves α 

= 2-10, the mean squared displacement exhibits the ballistic scaling, i.e. Δr2 (t) ~ t 2  

which then transitions directly to the arrested regime, where Δr2 (t) = kBT /mω o
2 . 

However as α becomes even higher, as seen in Figure A.2(c), there exist three clear 

regimes of transport. Physically speaking for a fixed value of τ p , increasing α means 

that the spring attached to the particle becomes less stiff as τ res  is inversely 

proportional to the spring constant k. Under these conditions, the restoring force of the 

spring weakens and the particle becomes free to perform random walk. This is evident 

in Figure A.2(c) for α = 10 and beyond, where we clearly observe a transition from 

ballistic to diffusive with mean squared displacement Δr2 (t)  growing linearly with 

time after ~10τ p . The particle is now free to move via random walk up until τ res  

when it becomes arrested. In the asymptotic limit of k→ 0 , τ res →∞  and α →∞  the 

particle exhibits random walk indefinitely. 

 

Hence the non-Markovian region (or the ballistic region) of mean squared 

displacement persists roughly for irrespective of the strength of damping. We 

estimate this timescale using the parameters provided in the work of Mangal et al 3. 

Within this work, the authors studied the dynamics of polyethylene glycol (PEG) 

tethered silica nanoparticles in highly entangled polymethyl methacrylate melts 

(PMMA). The particle diameter d = 10 nm, and entanglement tube diameter for 

PMMA a ≈ 7 nm. We estimate the effective viscosity ηeff of the chain segment that 

interacts with the particle as, 
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Here GN
0  is the high-frequency plateau modulus and τ e  is the entanglement relaxation 

time. By treating the polymer entanglement as a spring with spring constant  

 

 k = 3kBT
Neb

2 =
3kBT
a2

                          (A.6) 

For PMMA k comes out to be ~ 3.7x10-4 J/m. Hence the ηeff  for the 10 nm silica 

particle tethered to a pseudo-PMMA spring in 260kDa PMMA host (GN
0 ~  105 Pa, 

τ e ~  0.01 s, b ~ 1.5 nm, Ne ~ 18) can be calculated to be ~ 3.7x104 Pa s and the 

parameter α is of the order of 1017 making the system highly overdamped and the 

ballistic motion extremely difficult to detect, as the time 10τ p  is very small being of 

the order of 10-18 s. Making the spring longer will only decrease the spring constant 

and make this number even smaller.  
 

We must note that this analysis is based on harmonic traps where the spring constant is 

invariant in time, and the final arrested state where mean squared displacement of the 

particle becomes fixed can last indefinitely. However, polymer entanglements are 

transient traps and can only last as long as the polymers surrounding the particle do 

not reptate out of the tube. Hence this analysis is only valid as long as τ res ,τ p << τ rep

(reptation time for the polymer melt or solution). This seems to be the case in the 

above-described example where reptation time τ rep  is of the order of 104 s. Several 

authors have recognized hopping as viable mechanism through which particles can 

move from one entanglement tube to the other as they wait for the surrounding 

polymers to reptate4 and using this transport mechanism particles can break out of 

arrested state much earlier.  
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While hopping steps are small, being of the order of a kuhn length, and are 

challenging to measure in tracking experiments where thermal fluctuations are larger 

than the size of the kuhn length; a realistic treatment of particle motion in 

entanglements would include these considerations. Currently molecular dynamics 

(MD) simulations are being developed which can be used to study nanoparticle motion 

both within the entanglement tube and outside beyond the reptation time5.  
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Figure A2. (a)-(c) Plots of mean squared displacement, Δr2 (t) , normalized by 

kBT /mω o
2  versus time normalized by the momentum relaxation time τ p = β−1  for 

different values of parameter α by setting the initial coordinate of the particle x0 = 0. 

The particles transition from ballistic to caged state passing through an intermediate 

diffusive region. The size of the diffusive regime increases as α increases. 
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APPENDIX B 

SUPPLEMENTARY INFORMATION FOR CHAPTER 4 

 

Adapted with permission from: P. Nath, R. Mangal, F. Kohle, S. Choudhury, S. Narayanan, U. 

Wiesner, L. A. Archer, Dynamics of Nanoparticles in Polymer Nanocomposites, Langmuir, 

2018, 34 (1), 241-249.  Copyright © 2018, American Chemical Society 

 

 

C Dot Synthesis and Characterization 

 

Chemicals and Reagents: All chemicals were used as purchased. Dimethyl sulfoxide 

(DMSO), (3-mercaptopropyl) trimethoxysilane (MPTMS), tetramethyl orthosilicate 

(TMOS), tetraethyl orthosilicate (TEOS), ammonium hydroxide were purchased from 

Sigma-Aldrich. 2-[Methoxy-(polyethyleneoxy)propyl] trimethoxysilane (PEG-silane, 

molar mass ~500 g/mol) was purchased from Gelest. Maleimide-functionalized 

ATTO647N organic dye was purchased from ATTO-Tec. DI water (18.2MΩ.cm−1) 

was obtained from a Millipore Milli-Q system.  

 

Sample Preparation: Sub-10nm fluorescent silica nanoparticles (C dots) were 

synthesized according to Ma et al.1 In short, 0.25 µmol maleimide-functionalized 

ATTO647N dye were reacted with MPTMS in DMSO at a molar ratio of 1:25 under 

nitrogen atmosphere. Then, 0.43 mmol TMOS were added to a solution of 10 mL DI 

water at pH 9 under vigorous stirring, immediately followed by ATTO647N-silane 

(shown in Figure B1). Next, 0.21 mmol PEG-silane were added followed by heating at 

80 °C for 12 hours.  
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Figure B1. (a) Schematic of Cornell dots (C dots) synthesized with ATTO647N dye. (b) 

Normalized FCS auto-correlation curves for C dots dispersed in DI water. The dashed 

lines indicate a diffusive fit to the data with fast relaxation correction (equation 4.2) (c) 

τ D  vs. d , dashed line shows fitting with Stokes-Einstein relation (~ d). 
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Fluorescent silica nanoparticles larger than 10 nm were synthesized according to 

Hartlen et al. and Schübbe et al. 2,3 In this approach particle growth is achieved by 

stepwise dosing of TEOS to a seed particle solution under the influence of L-arginine 

as a catalyst for the hydrolysis of TEOS. First, 0.60 mmol TEOS are deposited on the 

water air interface of 9.32 mL water containing 66.6 µmol L-argenine and 0.06 µmol 

ATTO647N-silane, at 60 ºC to form a seed particle. Then, dye-silane and TEOS are 

added twice per day until the desired particle sizes are achieved. Finally, particles are 

PEGylated using 0.21 mmol PEG-silane and heated to 80°C for 12 hours. 

 

To remove excess materials, all particles were dialyzed in a dialysis membrane tube 

(Pierce, molecular weight cutoff, MWCO 10 000) in 2 L of DI water for three days 

with three water exchanges. To remove all possible excess dye and obtain narrowly 

dispersed nanoparticles, all samples were filtered through a 0.2 um syringe filter 

(Fisher) and fractionated using gel permeation chromatography (GPC). Size of the 

fractioned particles was characterized via FCS by comparing the particle size and 

diffusion times of the synthesized particles with the diffusion time and diameter for 

Cy-5 dye molecules as seen in Figure B2 and Figure B3. Particles with hydrodynamic 

diameters of 6.7 ± 0.1 nm, 16.5 ± 0.2 nm, 23.7 ± 0.3 nm, and 35.5 ± 0.7 nm were 

obtained for further experiments. The emission and absorption spectra of these 

particles, shown in Figure B2, indicates that the fluorescence response of the particles 

is similar to Cy5 dye. 
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Figure B2. Absorption (left-axis) and fluorescence emission spectra (right-axis) vs. 

wavelength for C dots. 
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Table B1: Characterization of C dots used in this study 

d (nm) obtained from FCS d (nm) obtained from TEM 

6.7±0.1 4.1±1.2 

16.5±0.2 16.4±2.6 

23.7±0.3 26.3 ±2.3 

35.5±0.7 37.5±3.5 
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FCS measurements in aqueous solutions of PEO in water: 

 

We use aqueous solutions of linear polyethylene oxide (PEO) as model systems for 

study of length scale dependent probe dynamics in polymer solutions. The density of 

PEO is assumed to be constant at 1.12 g cm-3 and Me = 2000 g mol-1 and Mc = 5870 g 

mol-1. For the purpose of our calculations we have considered water to be a good 

solvent for PEO (irrespective of polymer molecular weight).  

 

Hence the values of characteristic length scales are: 

 

 ξ = b*φ−0.76     (B1) 

 a(φ) = a(1)φ−0.76   (B2) 
	
The Kuhn length, b, is taken to be 1.1 nm and the melt tube diameter, a(1), is 3.73 nm. 

 

We limit the use of FCS to measurements of particle dynamics for d/a < 1 as in the 

regime where particle size becomes comparable or larger than the tube diameter in the 

polymer solution, time taken by the particle to diffuse out of the confocal volume 

becomes longer than the photo-bleaching time of dye molecules. As a result, we 

observed a drop in the fluorescence intensity with time and were unable to obtain 

reproducible correlation curves for d/a around or greater than 1 (shown in Figure B3). 

The normalized fluorescence autocorrelation curves for 6.7 nm C Dots dispersed in 

solutions of 35 kDa PEO in water is given in Figure B4. The corresponding diffusivity 

data is plotted in Figure 4.2 and Figure 4.3 in Chapter 4.  Similarly sample 

autocorrelation curves for 6.7 nm C Dots dispersed in 1352 kDa PEO solutions are 

given in Figure B5.  
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Figure B3. Photobleaching of C dots in concentrated 1.352 MDa Mw PEO solution in 

water indicated by (a) drop in fluorescence count rate and (b) changing correlation curves   
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Figure B4. Fluorescence intensity autocorrelation curves plotted against lag time for 

6.7 nm particles dispersed in 35kDa PEG solutions in water. The dashed lines indicate 

a diffusive fit to the data with fast relaxation correction (equation 4.2 in Chapter 4). 

The obtained diffusivity values are plotted in Figure 4.2.  
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Figure B5. Sample fluorescence intensity autocorrelation curves plotted against lag 

time for 6.7 nm particles dispersed in 1352 kDa PEG solutions in water in varying 

concentrations. The dashed lines indicate a diffusive fit to the data with fast relaxation 

correction (equation 4.2 in Chapter 4). 
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Table B2: Particle diameter (d), volume fraction (ϕ), the ratio of particle size to 

correlation length (d/ξ) for 1352 kDa PEO solutions in water.  

 

Mw d ϕ d/ ξ D/Ds D/Ds error 

1352 kDa 

6.7 nm 0.01 0.18 0.794 0.005 

6.7 nm 0.02 0.31 0.495 0.022 

6.7 nm 0.04 0.53 0.341 0.012 

6.7 nm 0.08 0.89 0.171 0.007 

6.7 nm 0.16 1.51 0.074 0.003 

6.7 nm 0.24 2.06 0.011 0.0004 
 

1352 kDa 

16.5 nm 0.02 0.77 0.160 0.005 

16.5 nm 0.03 1.21 0.119 0.005 

16.5 nm 0.05 1.59 0.082 0.005 

16.5 nm 0.07 2.05 0.033 0.003 
 

1352 kDa 

23.7 nm 0.02 1.10 0.059 0.002 

23.7 nm 0.02 1.96 0.082 0.003 

23.7 nm 0.04 2.42 0.040 0.002 
 

1352 kDa 35.5 nm 0.02 1.65 0.015 0.001 
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Table B3: Particle diameter (d), volume fraction (ϕ), the ratio of particle size to 

correlation length (d/ξ) for 527.5 kDa PEO solutions in water.  

 
 

527.5 kDa 

6.7 nm 0.02 0.31 0.495 0.022 

6.7 nm 0.04 0.53 0.296 0.014 

6.7 nm 0.08 0.89 0.166 0.007 

6.7 nm 0.16 1.51 0.047 0.002 

6.7 nm 0.24 2.06 0.017 0.001 
 

527.5 kDa 16.5 nm 0.02 0.77 0.178 0.006 
 

527.5 kDa 23.7 nm 0.02 1.10 0.076 0.003 
 

527.5 kDa 35.5 nm 0.02 1.65 0.031 0.002 

 
  



	 121	

The diffusivity values for different probes sizes for d/a < 1 in solutions of 1352 kDa 

and 527.5 kDa PEO are given in Table B2 and Table B3 and these diffusivity values 

are plotted in Figure 4.4 in Chapter 4. 

 

 

SPT measurements of C Dots in aqueous solutions of PEO  

 

Oscillatory rheology measurements for were performed to obtain the terminal 

relaxation times using The crossover frequencies obtained through oscillatory 

rheology measurements (shown in Figure B6) for 1352 kDa PEO solutions at polymer 

volume fractions of: φ = 0.04  is 23.7 s-1, φ = 0.10 is 1.9275 s-1, φ = 0.16 is 0.8796 s-1, 

and φ = 0.24 is 0.2687 s-1. We observed in Figure 4.6 that the transition time from 

subdiffusive to diffusive behavior for concentrated entangled polymer solutions can 

last well beyond the terminal time obtained from rheology. 

 

XPCS measurements in PS-DEP solutions 

 

Linear polystyrene of molecular weight 20 MDa has an Rg of ~119.9 nm. We disperse 

particles of 80 nm diameter (smaller than the polymer Rg) in solutions of 20 MDa PS 

in DEP and study their dynamics through XPCS (results in Figure B7). The tube 

diameter of PS melt is taken to be 8.52 nm and the Me of PS used is 18000 Da. The 

polymer volume fraction and corresponding values entanglement density and ratio of 

particle size to tube diameter are reported in Table B4. 

 

 

 



	 122	

 

 

 

 

 

 
Figure B6. Oscillatory rheology measurements for 1352 kDa PEO solutions in water 

with PEO volume fraction of 0.04 (circles), 0.10 (squares), 0.16 (triangle-up), and 0.24 

(diamonds). Closed symbols are for the storage modulus (G’) and open symbols are 

for the loss modulus (G’’). The inverse of the crossover frequency between G’ and G’’ 

gives the terminal time.  
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Figure B7. XPCS measurements of intensity autocorrelation curves for different 

wave-vectors for 1 vol% of 80 nm 10kDa PS-functionalized silica NPs in 20 MDa PS 

dissolved in DEP at different volume fractions (corresponding to different values of 

d/a). (a) Intensity autocorrelation functions can be fitted by stretched exponential fits 

(dashed grey lines) at q = 0.078 nm-1, (b)β  is the exponent for a stretched exponential 

fit to the intensity autocorrelation function and is < 1 for all samples at short wave-

vectors. (c) Particle relaxation time, τ p , plotted against wave-vector, q.  

The dashed line indicates a q-3 scaling for subdiffusion and the solid line indicates a q-2 

scaling for diffusion. Based on the scaling particles appear diffusive at longer length 

scales and subdiffusive at shorter length scales. 
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Table B4: Volume fraction (ϕ ) and entanglement density (Z) of PS and the ratio of 

particle size to tube diameter (d/a) for 80 nm silica probes in PS-DEP solutions. 

 

ϕ  Z d/a 

0.015 4.17 0.39 

0.025 8.22 0.57 

0.04 15.36 0.81 

0.05 20.67 0.96 

0.07 32.34 1.24 
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