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Complex fluids comprise two phases of materials: a solvent phase and a non-

continuum phase such as microscopic particles or polymers. Suspensions of

colloids – microscopic particles small enough to undergo Brownian motion –

are an important example and model system for understanding general com-

plex fluids. The particles are distributed in the suspending solvent, forming a

”microstructure”. The formulation of detailed models for the dynamics of con-

densed soft matter including colloidal suspensions and other complex fluids re-

quires accurate description of the physical forces between microstructural con-

stituents. In dilute suspensions, pair-level interactions are sufficient to capture

hydrodynamic, interparticle, and thermodynamic forces. In dense suspensions,

many-body interactions must be considered. Prior analytical approaches to cap-

turing such interactions such as mean-field approaches replace detailed interac-

tions with averaged approximations [104]. However, long-range coupling and

effects of concentration on local structure, which may play an important role

in e.g. phase transitions, are smeared out in such approaches. An alternative

to such approximations is the detailed modeling of hydrodynamic interactions

utilizing precise couplings between moments of the hydrodynamic traction on

a suspended particle and the motion of that or other suspended particles. For

two isolated spheres, a set of these functions was calculated by Jeffrey and On-

ishi [84], Kim and Karrila [88], and Jeffrey [83]. Along with pioneering work



by Batchelor and Green [16], Batchelor [13], these are the touchstone for low-

Reynolds-number hydrodynamic interactions and have been applied directly

in the solution of many important problems related to the dynamics of dilute

colloidal dispersions. The Reynolds number, Re, is the dimensionless strength

of flow inertia relative to viscous stress, Re = ρUL/η, where ρ is the fluid den-

sity, η is the fluid viscosity, U is the characteristic speed of the flow, and L is

the characteristic length scale such as channel width, particle size, or a surface

dimension.

The overall goal of this dissertation is development of new theoretical and

computational models for many-body interactions in concentrated colloidal

suspensions. In the first part of the dissertation, we extend the theoretical

framework of the pair-level mobility functions to concentrated systems, uti-

lizing a new stochastic sampling technique we developed in order to rapidly

calculate an analogous set of mobility functions describing the hydrodynamic

interactions between two hard spheres immersed in a suspension of arbitrary

concentration. This was carried out utilizing Accelerated Stokesian Dynamics

[28, 55, 133, 8] simulations. These mobility functions provide precise, radially

dependent couplings of hydrodynamic traction moments to particle velocity

derivatives, for arbitrary colloid volume fraction φ = 4πηa3/n, where η is the sus-

pending solvent viscosity, a is the hydrodynamic particle radius, and n = N/V is

the number density of colloids in the volume V of solvent. The most significant

outcome of this work was to show that hydrodynamic entrainment of one par-

ticle by the disturbance flow created by a forced particle decays algebraically

just as slowly as a dilute suspension: it decays linearly in the inverse separation

distance, 1/r, between the forced particle and a test particle a distance r away.

In contrast with prior assertions in the literature that crowding screens hydro-



dynamic interactions, this finding holds for volume fractions 0.05 ≤ φ ≤ 0.5. At

these higher concentrations, the coefficients also reveal liquid-like structural ef-

fects on pair mobility at close separations. These results confirm that long-range

many-body hydrodynamic interactions are an essential part of the dynamics of

concentrated systems and that care must be taken when applying renormal-

ization schemes. In Chapter 3, this stochastic technique developed in Chapter

2 is utilized to compute pair mobility couplings between stresslet and strain-

ing motion, higher-order traction moments required for many-body couplings

away from equililbrium. Thus, the couplings presented in these two chapters

constitute a set of orthogonal coupling functions that are utilized to compute

equilibrium properties in suspensions at arbitrary concentration and to solve

many-body hydrodynamic interactions analytically.

We utilize these concentrated mobility functions to extend recently devel-

oped dilute theory for the stress in concentrated colloidal suspensions, and com-

pare those results to direct measurement in dynamic simulation. Particle-phase

stress in flowing colloidal suspensions represents the extent to which energy

is stored entropically or enthalpically by microstructural distortion, minus the

energy dissipated by viscous drag. It was recently shown that pair-level hy-

drodynamic interactions suppress energy storage in dilute dispersions of repul-

sive hard spheres, with corresponding changes in normal stresses, normal stress

differences, and osmotic pressure [39]. In the pair limit, particle roughness or

Brownian motion leads to non-Newtonian rheology, whereas pair-level hydro-

dynamic interactions preserve the structural fore-aft symmetry and contributes

to Newtonian rheology. However, in concentrated suspensions where three-

body hydrodynamic interactions matter, how three-body interactions mecha-

nistically change rheology is not fully understood. In Chapter 4, we investigate



the dependence of non-Newtonian rheology of colloidal dispersions on particle

concentration, with a focus on the role of played by pair-level and three-body

particle interactions. To do so, we utilize Accelerated Stokesian Dynamics to

simulate the evolution of particle-phase stress in concentrated colloidal disper-

sions undergoing microrheological flow, obtaining detailed measurements of

particle structure and dynamics as they evolve with particle concentration, and

connect these to changes in non-Newtonian rheology. We find that, in contrast

to dilute suspensions where pair hydrodynamic interactions suppress normal

stresses and osmotic pressure, suspension stress is enhanced by three-body hy-

drodynamic interactions, where their role in promoting structural asymmetry

produces a concentration-dependent non-Newtonian rheology. The loss of fore-

aft symmetry of a pair trajectory in the presence of a third particle inspires us

to seek a concentration-dependent hydrodynamic coupling that predicts non-

Newtonian behavior under the influence of many-body interactions. To do so,

we utilize the set of concentrated pair hydrodynamic functions developed in

Chpater 2 to extend dilute theory to concentrated suspension via scaling argu-

ments. Scaling theory and simulations show excellent agreement for the normal

stress difference and osmotic pressure, providing support for the idea that, in

the presence of a third particle, the transverse displacement of a pair encounter

is responsible for the non-Newtonian rheology. We also find that microviscos-

ity is enhanced as concentration increases, and we developed a scaling theory

which collapses data of different volume fractions onto the dilute theory.

Many-body hydrodynamic interactions play a crucial role in colloidal sus-

pensions , but are notoriously difficult and expensive to model computationally.

The Stokesian Dynamics [28, 55] algorithm is one approach to involve many-

body hydrodynamic interactions that couple fluid and particle motion, with the



primary advantage that detailed fluid motion is not explicitly computed, sav-

ing considerable computational expense. However, since hydrodynamic distur-

bance flows propagate between the particles in an infinite hierarchy of reflec-

tions, modeling these so-called many-body hydrodynamic interactions requires

multiple matrix operations that drive the primary computational expense of the

algorithm. Separation of interactions into near-field and far-field calculations

permits analytical treatment of the former and faster computation overall. But

in its most optimized form – Accelerated Stokesian Dynamics (ASD) [133], the

algorithm is serial and can handle at most a few thousand particles. However,

ever-increasing interest in understanding properties of large-scale systems in

colloidal suspensions, such as colloidal gels, has demanded development of

techniques to simulate O(105) particles. Currently techniques to handle such

large-scale systems, such as LAMMPS [127], neglect hydrodynamic interactions.

Other techniques which consider hydrodynamic interactions between colloids

utilizing GPU architecture [139] are limited to pair-level hydrodynamic interac-

tions. However, many open questions in the complex fluids literature – such

as the mechanism of the colloidal glass transition, the role of hydrodynam-

ics in colloidal gel collapse, and more – require accurate modeling of concen-

trated, hydrodynamically interacting colloids. These systems require O(105) to

O(106) particles to evolve a statistically representative set of network structures

[95, 149]. In chapter 5, we present a scalable and parallel algorithms of Acceler-

ated Stokesian Dynamics in a distributed memory architecture to fulfill the re-

quirement of simulating large scale particle systems suspended in Stokes flow.

We solve the ASD equations with Krylov subspace methods for the sparse near-

field two-body interactions and for the full many-body far-field interactions.

The far-field action is matrix-free and is based on Fast Fourier Transforms. We



treat in details the cases of shear flow, brownian motion, and the introduction of

attractive inter-particle force. The parallelization of the different phases of the

algorithm are presented and analyzed and we show scaling up to 8192 proces-

sors for 819,200 particles.
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CHAPTER 1

BACKGROUND

1.1 Overview of many-body hydrodynamic interactions

Complex fluids comprise a broad class of materials, including everyday ex-

amples such as ketchup, paint, and personal care products as well as more exotic

complex fluids such as the interior of living cells, pharmaceutical preparations,

and liquid crystals. What sets them apart from simple Newtonian fluids is the

dependence of their rheological behavior on flow. This difference arises from the

presence of a secondary, non-continuum phase that gives the fluid a microscopic

structure. Asymmetric distortion and relaxation of this microstructure produces

well-known non-Newtonian rheology, such as shear-thinning and thickening

[10, 143], viscoelasticity [115], normal stress differences [62], and flow-induced

diffusion [60], among others. Underlying these important macroscopic phe-

nomena are microscopic colloidal-scale forces, such as hydrodynamic, interpar-

ticle and thermodynamic forces, which depends on the particle configurations.

Rheological studies focus on explaining micro-scale flow behavior via detailed

micro-mechanics of constituent particles.

Pair level hydrodynamic interactions can qualitatively explain some of the

rheological behaviors mentioned above. In a dilute suspension, since particles

are relatively far from each other, it can be assumed that one particle can only

see and interact with one particle nearby. The suspension is too dilute to have a

third particle interacting with the pair. Thus only pair-level hydrodynamic in-

teractions need to be considered. By directly solving the Stokes equation in the

scenario of only a pair of particles suspended in the solvent, Jeffrey and Onishi,
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and other scholars [1, 83, 84, 88, 89] worked out analytical solutions to describe

pair-level hydrodynamic interactions. Furthermore, to study rheology of dilute

suspensions of many particles, one can numerically solve Smoluchowski equa-

tion [142] based on the analytical solution for the pair interactions.

But many practical problems involve concentrated suspensions, where

three-body or higher-order particle interactions become non-negligible.

Such interactions produce more complex secondary flows and alter mi-

crostructural evolution that qualitatively changes macroscopic flow behavior.

Accelerated[133] Stokesian Dynamics[28, 55] (ASD) is one approach for simu-

lating many-body hydrodynamic interactions in suspensions of particles under-

going low-Reynolds number flow. In Stokesian Dynamics, pairwise hydrody-

namic interactions among all the particles are first evaluated by applying the

multipole expansion and truncating the expansion terms at the first force mo-

ment, and represented as a mobility matrix. Durlofsky et al. [55] proved that

inverse of this mobility matrix gives rise to a true approximation of many-body

hydrodynamic interactions. This approximated many-body interaction is the

so-called “far-field” interactions. However, to involve the short-range interac-

tions of closely spaced particles (and lubrication forces) requires infinite expan-

sion of the pairwise interactions which is not realistic. Thus an analytical so-

lution of pair-level interactions from Jeffrey and Onishi [84], Jeffrey [83] is in-

volved as the near-field portion to handle the short-range interactions. Finally

the Stokesian Dynamics computes many-body hydrodynamic interactions by

adding far-field and near-field interactions together.

The foundation of ASD simulation is to create true particle configurations.

This is done by solving the Langevin equation [96] to obtain the trajectories of
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individual particles as they interact with one another and are carried along by

flow. The interactions are set in part by relative particle positions. Integration

of the Langevin equation in the inertialess or over-damped limit produces par-

ticle displacements that can then be utilized to determine new configuration-

dependent coupling tensors, and repeated integrations produce an evolution of

particle positions over time. Many such solution realizations leads to Marko-

vian statistics for mean and mean-square displacements. The same physics ob-

tained by this conservation of momentum approach are recovered via theoreti-

cal approaches such as solving the Smoluchowski equation, which enforces con-

servation of probability. This leads to an advection-diffusion type equation that

can be solved analytically or at least numerically, to yield the stochastic distri-

bution of particles in space and time, which can then be utilized as a weight-

ing function for average velocity, stress, osmotic pressure, and viscosity. In

this dissertation we present a bridge between these two approaches: a method

to analytically study concentrated suspensions by representing the interaction

between any particle pair as interacting across a microstructured intervening

medium comprised of solvent and other particles. Thus the analytical frame-

work can be utilized to study concentrated suspensions. The crucial part of this

idea is to obtain the pair interactions between the medium. In Chapter 2 and

3, we utilize ASD simulations to extract effective concentrated pair mobilities.

These functions are shown to be able to treat many-body hydrodynamic interac-

tions as pair interactions and thus directly obtain the rheology in concentrated

suspensions by solving Smoluchowski equation. In addition, the concentrated

mobility functions of couplings between forces and particle motion show a 1/r

decay for any arbitrary concentration. It clearly shows that hydrodynamic in-

teractions are not screened. Thus for suspensions of freely diffusing spheres,
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the hydrodynamic interactions cannot be truncated in analytical or numerical

studies.

In this dissertation, the idea of bridging dilute theory to concentrated sus-

pensions is tested by applying it to the case of active microrheology. In active

microrheology, a spherical Brownian probe is actively driven by an externally

applied force through a suspension, and changes in its velocity are related con-

stitutively to the viscosity and osmotic pressure of the surrounding medium.

This powerful technique enables the rheological interrogation of microscopi-

cally small systems such as the interior of biological cells and vesicles. It thus

provides and important complement to macroscopic shear rheology. However,

most such small scale systems are concentrated, and active microrheology the-

ory thus far is limited to an assumption of diluteness, owing to the difficulty

of closing three-body and higher order integrals. In Chapter 4, we present the

results for viscosity and stress under strong microrheology flows, measured di-

rectly in concentrated suspensions by dynamic simulation. This is then com-

pared to dilute theory that is scaled up utilizing our new concentrated mobility

functions, showing excellent promise for this approach. This work is repre-

sented in Chapter 4.

Dynamic simulation of concentrated colloidal suspensions is indispensable

for understanding complex fluids, and great strides forward in computational

algorithm efficiency in the last two decades have enabled simulation of larger

and larger systems, but serious limitations still exist. This limitation is present

in all methods for simulating low-Reynolds number particle-laden flows, most

dramatically when Brownian motion is modeled. The Reynolds number, Re, is

the dimensionless strength of flow inertia relative to viscous stress, Re = ρUL/η,
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where ρ is the fluid density, η is the fluid viscosity, U is the characteristic speed

of the flow, and L is the characteristic length scale such as channel width, par-

ticle size, or a surface dimension. In the case of the Stokesian dynamcis al-

gorithm, even the fastest approach, ASD, has thus far has been serial, limiting

system size to a few thousand particles. This capacity cannot satisfy the study of

more complex non-homogenous colloidal suspensions, e.g., colloidal gels and

glasses require 100,000 to 1,000,000 particles to sample a statistically represen-

tative set of network structures. We have developed parallel algorithms based

on Accelerated Stokesian Dynamics, combining the massively parallel architec-

ture with the matrix operations required to model many-body hydrodynamic

interactions. This work is represented in Chapter 5.

1.2 Accelerated Stokesian Dynamics (ASD) algorithm

Accelerated[133] Stokesian Dynamics[28, 55] (ASD) is an algorithm that sim-

ulates the particle dynamics in colloidal suspensions in which many-body hy-

drodynamic interactions are important. This algorithm will be deeply utilized

and improved in this thesis. Here, we provide a brief review of the algorithms

of ASD simulation. We consider systems of N rigid particles of size a suspended

in an incompressible Newtonian fluid of density ρ and viscosity η. The fluid mo-

tion is governed by the Navier-Stokes equations. The characteristic velocity U

of particle motion sets the Reynolds number, Re ≡ ρUa/η. Because the particles

are small, Re � 1, inertial forces can be neglected and thus the fluid mechanics

are governed by the Stokes equations.

In Stokes flow, the fluid velocity at any point is represented via a surface
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integral [94],

u(x) = u∞(x) −
N∑
α=1

∫
S α

J(x − y) · f (y)dS y, (1.1)

where u(x) is the velocity at any field point x, u∞ is any far-field imposed flow.

The integral is via N particle surfaces, where for particle α the force density

on its surface position y is represented by f (y). The Green’s function of Stokes

equation, J(x − y), is the well-known Stokeslet, given by

J(r) =
1

8πηa
( I
r

+
rr
r3

)
, (1.2)

where r = x − y and r = ‖r‖. Equation 1.1 can be expanded in moments about

the center of particle α as

u(x) − u∞(x) = −
(
1 +

a2

6
∇

2)J(x − y) · FH
α −

1
2
(
∇ × J(x − y)

)
· LH

α

−
(
1 +

a2

10
∇

2)[∇J(x − y) + (∇J(x − y))T ] : SH
α + ... ,

(1.3)

where FH and LH represents the hydrodynamic force and torque. The stresslet

SH is the symmetric part of the first moment of the hydrodynamic surface trac-

tion. We define a disturbance flow imposed by all other particles except particle

α as δu = u − u∞. The motion of particle α arising from this disturbance flow δu

at the center of particle α is evaluated by Faxen’s formulae,

Uα − u∞(xα) =
FH
α

6πηaα
+

(
1 +

a2
α

6
∇2)δu(xα), (1.4)

Ωα − ω
∞(xα) =

LH
α

8πηa3
α

+
1
2
∇ × δu(xα), (1.5)

−E∞ =
SH
α

20
3 πηa3

α

+
(
1 +

a2
α

10
∇2)δE(xα), (1.6)

where Uα, Ωα and Eα are the translational, rotational, and straining motion of

particle α. For rigid particles, Eα ≡ 0. The disturbance rate of strain, δE, is given

by

δE =
1
2
(
∇(δu) + [∇(δu)]T ). (1.7)
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Applying the Faxen’s formulae into Equation 1.3 gives rise to a linear coupling

between traction moments and particle motion,
U − u∞

Ω − ω∞

−E∞

 = −M ·


FH

LH

SH

 . (1.8)

The grand mobility matrix M is the coupling tensor, which can be written in

detail as

M =



MUF MUL MUS · · ·

MΩF MΩL MΩS · · ·

MEF MEL MES · · ·

...
...

...
. . .


(1.9)

The superscript represents the specific couplings between velocity derivatives

and force traction. Since it is not possible to keep an infinite number of terms in

the multipole expansion in Equation 1.3, one must judiciously truncate it. Re-

moval of higher-order terms simply means that the resultant approximation is

accurate for wider particle spacings. We truncate at the stresslet, i.e. we retain

the hydrodynamic force, torque, and stresslet in the approximated mobility ma-

trix,M∞, to give an accurate estimation of far-field hydrodynamic interactions.

The near-field interactions lost by such an approximation are simply superim-

posed linearly utilizing the analytical expressions for mobility functions derived

by Jeffrey and Onishi [84], Jeffrey [83]. This is a central approach of the Stoke-

sian Dynamics algorithm [28, 55]. Meanwhile, the disturbance flow evaluated

at the center of every particle comes from the pairwise addition, thusM∞ is a

pair-level expression. To transform it to a many-body linearity expression, one

must invert the grand mobility matrix to obtain the couplings for all particles to

one another for an infinitude of reflections among them [55]. For particles close

to each other, the near-field and lubrication interactions must be added. Thus
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the hydrodynamic couplings among particles is written as

R = (M∞)−1 +Rn f , (1.10)

where R = M
−1 is the grand resistance tensor, represents the hydrodynamic

couplings between traction moments and velocity derivatives of particles. The

inverse of the truncated grand mobility matrix, (M∞)−1, captures the infinitude

of reflections between all particles, thus is an approximation of many-body far-

field hydrodynamic interactions. The near-field interactions are represented by

the two-body resistance matrix,Rn f , which is evaluated directly from theoretical

solutions [84, 83, 85]. Plugging Equation 1.10 into Equation 1.8, we getFH

SH

 = −
(
Rn f + (M∞)−1) ·

U − u∞

−E∞

 . (1.11)

Here for convenience, we merge force and torque together, denote as FH, and

translational and rotational velocity together, as U.

Equation 1.11 describes a linearity statement of hydrodynamic couplings for

N particles suspended in the fluid. The 6N vector U gives the velocity of all N

particles arising from an imposed linear flow and from disturbance flows aris-

ing from infinitely coupled hydrodynamic interactions between all the particles.

However, non-hydrodynamic microscopic forces, such as entropic or enthalpic

forces, also influence particle motion. Brownian motion plays an important role

in suspension mechanics of colloids. In dynamic simulation we can model the

particle behavior arising from this stochastic force and other non-hydrodynamic

forces utilizing the Langevin equation:

m
dU
dt

= FH + FB + FP + FO, (1.12)

where the left hand side of the equation denotes the inertia, FH, FB, FP, and FO
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denotes the hydrodynamic, Brownian, interparticle, and all other microscopic

forces respectively.

The stochastic Brownian force turns the Langevin equation to a stochastic

differential equation (SDE), while the other forces are deterministic. To solve

this SDE, we split the inertial term into a Brownian induced term and a non-

Brownian induced term, i.e., mdU/dt = md(UB + Uother)/dt. Since the hydro-

dynamic force is coupled linearly with particle motion, i.e., FH = −RFU · U =

−RFU · (UB + Uother), Equation 1.12 can be split into one with only deterministic

contributions (1.13), and the other portion with only stochastic force (1.14):

m
dUother

dt
= −RFU · Uother + FP + FO, (1.13)

m
dUB

dt
= −RFU · UB + FB. (1.14)

Solving Equation 1.13 directly results in a particle displacement physically

arising from the hydrodynamic couplings between particle motion and non-

Brownian forces, while the displacement arising from inertia vanishes when

the integrating time step ∆t is larger than the inertial relaxation time, m/6πηa

(smaller than the time scale for configuration change to assume that the hydro-

dynamic coupling matrix remains the same). The numerical results for solving

this equation reads:

∆xother = R−1
FU(x(t)) · (FP(x(t)) + FO(x(t)))∆t. (1.15)

Equation 1.14 is a stochastic differential equation, where the Brownian force

FB is a random Gaussian deviate, which satisfies

〈FB〉 = 0, (1.16)

〈FB(0)FB(t)〉 = 2RFUδ(t), (1.17)
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where 〈·〉 represents an ensemble average over the thermal fluctuations in the

fluid, and δ is the delta function. By integrating Equation 1.14 twice with the

same time scale as in Equation 1.13, the displacement from Brownian contribu-

tion reads:

∆xB =
√

2R−1/2
FU (x(t)) · ∆w + 2R−1/2

FU (x(t)) ·
(
∇ · R−1/2

FU (x(t))
)
∆t, (1.18)

where ∆w is the Wiener process. The first term on the right hand side of the

equation is the Brownian displacement present in the Euler-Mayurma scheme.

The last term is the Brownian drift, which improves the convergence from (∆t)0.5

to (∆t)1. Finally, by combining the displacement arising from Equation 1.15 and

1.18, the Langevin equation is solved and the particle displacement is obtained.

After demonstrating the integral scheme in ASD, we now discuss how to in-

corporate the non-hydrodynamic forces into the linearity statement of hydrody-

namic coupling (Equation 1.11) and evaluate the stresslet. We define a far-field

hydrodynamic force, FH
f f , and a far-field hydrodynamic stresslet, SH

f f , which sat-

isfy FH
f f

SH
f f

 = −
(
M
∞)−1

·

U
H − u∞

−E∞

 , (1.19)

where UH represents the motion arising from the imposed flow. The near-field

resistance matrix, Rn f can be further expressed blockwise according to different

couplings,

Rn f =

RFU
n f RFE

n f

RS U
n f RS E

n f

 (1.20)

Then the particle motion arising from hydrodynamic interactions is expressed

as

UH = RFU−1
n f · (FH

f f + RFE
n f : E∞). (1.21)
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The far-field hydrodynamic force and stresslet are solved via the following lin-

ear system,

(
M
∞

+

R̃FU−1
n f 0

0 0

 − βM∞
·

R̃FU−1
n f 0

0 0


)
·

F̃H
f f

SH
f f


= −

R̃FU−1
n f · RFE

n f : E∞

−E∞

 + βM∞
·

R̃FU−1
n f · RFE

n f : E∞

0

 .
(1.22)

Here, R̃FU
n f = RFU

n f + βI, and F̃H
f f = FH

f f + βUH, and β is a positive number. Such

transformation arises from the non-positive definite behavior of the near-field

resistance matrix RFU
n f . To facilitate the inverse operation of this matrix, a posi-

tive value, β, is added manually onto its diagonal components to make it posi-

tive definite. Thus, the particle motion arising from imposed flow is expressed

as

UH = R̃FU−1
n f · (F̃H

f f + RFE
n f : E∞). (1.23)

To evaluate the particle motion arising from the Brownian force, the chal-

lenge is to generate Gaussian variates of the form ψ = R−1/2
FU (x(t))∆w. The Brow-

nian force must be obtained first to evaluate Brownian velocity and displace-

ment. Since the resistance tensor is expressed as an addition of near-field resis-

tance and the inverse of far-field mobility, the Brownian force is also separated

into a near-field portion and a far-field portion to simulate respectively,

FB = FB
n f + FB

f f . (1.24)

We define the near-field and far-field Brownian force as follows:

〈FB
n f 〉 = 〈FB

f f 〉 = 0, (1.25)

〈FB
f f FB

f f 〉 = 2(M∞
UF)−1/∆t, (1.26)
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〈FB
n f FB

n f 〉 = 2RFU
n f /∆t, (1.27)

and the covariance between FB
n f and FB

f f is zero. The detailed simulation method

to generate the Brownian forces will be discussed in Chapter 5. With the Brow-

nian forces, a linearity statement similarly to Equation 1.11 is constructed and

the motion due to Brownian force is solved from the linear system.

1.3 Non-Newtonian rheology with many-body hydrodynamic

interactions

The Stokes or ‘creeping flow’ equations have the nature of fore-aft sym-

metry and time reversibility. These two behaviors are well-known and have

been proved theoretically for dilute suspension in simple-shear flow [16]. The

streamline shows two parts: within a critical boundary closed trajectories form,

thus particles inside the boundary cannot escape from this region; particles out-

side the boundary stay in the region of open streamlines and cannot go in-

side. In this case of two particles with pure hydrodynamic interactions, this

microstructure implies the Newtonian behaviors, i.e., isotropic microstructure,

zero normal stress differences and no osmotic pressure. When we say parti-

cle suspensions with purely hydrodynamic interactions, we consider the situa-

tion of no Brownian motion and smooth spheres. It is expected in concentrated

suspensions with only many-body hydrodynamic interactions, such behaviors

hold since the governing equations are still Stokes’ equations. Brownian mo-

tion, particle roughness and polydispersity can all introduce perturbations to

the particle trajectories and destroy both the fore-aft symmetry and time re-

versibility of the Stokes flow, lead to anisotropic microstructure, and thus pro-
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duce non-Newtonian behaviors. However, many experiments [66] and simu-

lations [125] show contradictory results with the theoretical prediction where

even at large enough Pe that Brownian motion is negligible, the microstructure

is still anisotropic. This conflict arises from the chaotic nature of hydrodynamic

interactions. Jánosi et al. [82] analytically solved the sedimentation of three par-

ticles in Stokes flow and found the particle motions are extremely sensitive to

initial configurations. They found that the particle trajectories separate expo-

nentially in time with a positive Lyapunov exponent, which clearly illustrates

the chaotic nature of hydrodynamic interactions. Furthermore, Marchioro and

Acrivos [111] and Drazer et al. [53] proved that in simple shear flow, though the

equation system is deterministic, particle trajectories are stochastic and chaotic.

Pine et al. [126] measured the diffusivity of non-colloidal particles in an oscil-

latory shear flow with both experiments and simulations. They found there

exists a threshold as the magnitude of the shear rate to distinguish reversibility

of particle trajectories and chaotic behaviors. In particular, higher concentration

facilitates a smaller shear rate required to introduce chaos. This gives a clear

clue of the role of many-body hydrodynamic interactions in non-Newtonian

behaviors. Many-body hydrodynamic behaviors are significant at higher con-

centrations and thus give rise to more sensitivity to perturbation factors such as

Brownian motion, machine error, particle roughness and polydispersity. In gen-

eral, three- and many-body hydrodynamic interactions lead to non-Newtonian

behaviors by combing with non-hydrodynamic interactions among particle sus-

pensions. Theoretically the nature of fore-aft symmetry and time reversibility

of Stokes equation indicates that hydrodynamic interactions lead to Newtonian

behaviors. However, its chaotic nature can give rise to the non-Newtonian rhe-

ologies. Stronger many-body hydrodynamic interactions make particles more
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sensitive to the small perturbations from e.g., non-hydrodynamic interactions,

trajectories unpredictable, and thus produce more pronounced non-Newtonian

behaviors.
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CHAPTER 2

PAIR MOBILITY FUNCTIONS FOR RIGID SPHERES IN

CONCENTRATED COLLOIDAL DISPERSIONS: FORCE, TORQUE,

TRANSLATION, AND ROTATION

2.1 Introduction

Complex fluids span an extraordinary range of materials: macromolecular

solutions, hydrogels, paint, foodstuffs, colloidal glasses, and more. Common

to all of these materials is a two-phase structure comprising a collection of mi-

croscopic domains embedded in a suspending solvent. These microscopic do-

mains form a microstructure whose presence and shape alters the mechanical

properties and flow behavior of such fluids. Einstein’s first-order correction to

the viscosity for a dilute suspension of hard spheres at infinite dilution[56] was

one of the earliest models for the influence of suspended materials on flow be-

havior. Batchelor later extended this work to account for the role played by

thermodynamic and hydrodynamic interactions in the diffusion and rheology

of semi-dilute colloidal dispersions, deriving analytical solutions for settling

rate, the short- and long-time self-diffusion coefficients, as well as the shear

viscosity [16, 13, 15], among others. Batchelor’s expansion of hydrodynamic

functions gave the first estimates for the hydrodynamic coupling between the

motion of one particle to forces exerted on another. Subsequent work by Jeffrey

and Onishi [84], Kim and Karrila [88] and Jeffrey [83] produced exact analyti-

cal expressions for these functions in a well-ordered set of reflected interactions

between a pair of particles moving in Stokes flow. These mobility functions

have enabled the solution of many fundamental problems in suspension dy-
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namics, including hydrodynamic diffusion, polydisperse sedimentation, high-

frequency linear viscoelasticity [104], shear thinning [13, 24], and shear thick-

ening [28, 11, 51, 22, 110, 24]. Direct extension of these theories to concentrated

systems is difficult, however, owing to the long-range nature of hydrodynamic

disturbance flows which produces many-body interactions that are notoriously

difficult to model analytically.

Calculations of the properties of concentrated suspensions have been at-

tempted via numerous theoretical approaches, including scaling approximation[27],

direct accounting for many-body interactions [21, 20, 58, 59, 42], closure approx-

imations [104, 105, 106, 118, 119], kinetic models [129, 43, 50], mode-coupling

approximations [76, 71, 46, 64, 67, 7, 116], and others [140]. Some yield excellent

predictions of material properties for concentrated suspensions at equilibrium,

but many rely on ad hoc approximations. Lionberger and Russel [104] compared

several mean-field approaches in their study of the high-frequency elastic mod-

ulus, all of which assume a near-field lubrication form of the mobility combined

with a mean far-field value. Their success in reproducing both the divergent and

plateau behaviors of the high-frequency elastic modulus emerged from their ob-

servation that such approximations must vary smoothly from near-contact to

the far-field, to recover the latter behavior. Once the transition is made smooth,

the far-field approximation of a mean value was quite accurate in capturing the

concentration dependence of near-equilibrium properties. While qualitatively

accurate for weak departures from equilibrium, e.g., the long-time self-diffusion

and zero-shear viscosity, such approximations consistently under-predict the

concentration-dependence.[106] Such behavior is not surprising, as any screen-

ing of hydrodynamic interactions leads to a reduction in viscous dissipation:

particles move faster on average in such models. In response to these diffi-
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Figure 2.1: Model system of identically sized colloidal hard spheres, with test particles
α and β at separation r. A force F1 exerted on particle β produces a fluid
disturbance that decays as 1/r, entraining fluid and nearby particles. From
[150], with permission.

culties, several models for the evolution of particulate suspensions that neglect

many-body hydrodynamics have been proposed, e.g., mode-coupling theory

[65], based on a variety of physical justifications.

In contrast to models that assume screening of long-range hydrodynamics,

the theory of low-Reynolds number hydrodynamics suggests that such screen-

ing is not an appropriate approximation in suspensions of force-free particles:

mobile translating particles entrain fluid and other particles with a strength

that decays as 1/r, where r is the separation between an interacting pair (fig-

ure 2.1). That is, the particle mobility allows the fluid to remain force free, as-

suring that the fluid mechanics are governed by the Stokes equations, rather

than by Brinkman-like[33] flow. Indeed, some predictive theories for the rhe-

ological behavior of complex fluids are built upon the inclusion of long-range

interactions. In dual-probe microrheology for example, the Brownian motion

of a pair of tracer particles embedded in a complex fluid is tracked in or-

der to infer bulk properties of the material. This approach employs a phe-

nomenological extension of the Stokes-Einstein relation that capitalizes on long-
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range, 1/r hydrodynamic coupling between the tracers to probe the intervening

medium.[45, 100, 101, 102]

Thus there exist well-known theoretical models for the physical interac-

tions between particles in freely diffusing concentrated suspensions that uti-

lize widely variant and fundamentally different approaches: in one perspective,

long-range hydrodynamics are assumed to be screened completely by crowd-

ing, and are neglected entirely [65]; in another, screening is applied but in

a less severe manner, where a transition from near-contact lubrication gives

way to long-range average mobility that approximates many-body coupling

[104, 106, 118, 119]; and in yet another, inclusion of long-range many-body hy-

drodynamics forms the very basis of the theory [45, 100, 101, 102]. However,

until now no systematic study has been carried out to test these implied as-

sumptions that hydrodynamics are screened to some extent.

Dynamic simulation has proven an important complement to theory,

and has been extremely successful in capturing the equilibrium and non-

equilibrium rheological behavior of concentrated colloidal suspensions [28, 55,

62, 61, 27, 29, 124, 133, 8, 137, 148]. Included in these investigations was the

study by Durlofsky and Brady [54] of the propagator of fluid disturbances

around fixed arrays of particles. The goal of their study was to utilize simulation

to determine the Green’s function propagator of flow through a fixed array of

particles and compare it to the corresponding Brinkman propagator and, in so

doing, determine if fixed arrays of particles screen hydrodynamic interactions

as occurs in porous media. Their results indicate that indeed such screening

does occur, which is expected: fixed particles exert a force on the fluid, and

the resulting forced flow is not governed by Stokes equations but rather by a
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Brinkman equation. Momentum is dissipated more rapidly over distance, with

a decay scaling as 1/r3. When particles are free to diffuse, the fluid is force free

and its motion governed by Stokes equations, with fluid disturbances that de-

cay slowly, as 1/r. The idea that crowding (i.e. high concentration) somehow

leads to screening behavior has somehow emerged. In essence, the property

of hydrodynamic screening present in arrays of fixed particles is conferred to

concentrated suspensions of freely diffusing (mobile) particles, justified by the

concentration-driven reduction of self-mobility. While providing some degree

of success in equilibrium problems, this idea has not been rigorously tested until

now.

In the present study we address the question of whether reduction in particle

self-mobility due to crowding in concentrated suspensions can be extrapolated

to pair interactions and thus effectively screens out long-range hydrodynamic

coupling between particles and, if so, over what range this takes place. To this

end, our primary goal is to develop mobility functions for the many-body hy-

drodynamic coupling between pairs of colloidal particles diffusing through a

suspension at arbitrary concentration. These functions can serve as an exten-

sion of their well-known counterparts for a pair of spheres interacting through

a Newtonian solvent, where now the particles interact through an intervening

medium. To model this behavior, we study the motion of two colloidal particles

immersed in and interacting in a suspension of freely diffusing particles.

The remainder of this chapter is organized as follows. In section 2.2 we

briefly review the mobility tensors that couple particle motion to force and

torque. In section 2.3, we develop the computational approach utilized to obtain

the mobility functions giving particle translation and rotation resulting from im-
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posed forces and torques. Accelerated Stokesian Dynamics Simulations are em-

ployed to calculate the self, pair, and relative mobility of the particles, in terms

of functions describing the motions along and transverse to a line of centers be-

tween a particle pair. Care is taken to efficiently compute these quantities over a

range of separations, thus capturing the strength of the hydrodynamic coupling

over long distances in the suspension. In section 2.4, the results are presented

for suspensions with volume fraction ranging from dilute to very concentrated.

The hydrodynamic functions are compared to dilute theory and to the results of

mean-field approaches. The study is concluded with a summary in section 2.5.

2.2 Hydrodynamic couplings

The most frequently utilized hydrodynamic coupling between a pair of par-

ticles is that which gives the velocity Uα of a particle α due to a force Fβ exerted

on a particle β, important for the calculation of e.g. translational diffusivity. An

externally forced particle translating in Stokes flow propagates a disturbance

that decays with distance from the particle, as 1/r (cf figure 2.1). A nearby par-

ticle will be entrained by this disturbance flow. The strength of the coupling

between the force exerted on the first particle and that on another particle is the

mobility MUF
αβ ,

Uα = MUF
αβ · Fβ, (2.1)

where superscript UF refers to the velocity-force coupling. The mobility is a

second-rank tensor that can be, for an isotropic suspension, expressed in terms

of the isotropic unit tensor I and the unit normal dyadic r̂r̂, where r̂ = r/r and

r is the vector separation between a pair of particles. Projection of this tensor

onto two orthogonal subspaces with projectors r̂r̂ and (I − r̂r̂) gives the particle
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velocity in response to a force acting along and transverse to the line of centers

between a pair of particles, respectively:

MUF
αβ =

1
6πηa

[
xa
αβ(r)r̂r̂ + ya

αβ(r)(I − r̂r̂)
]
. (2.2)

The coefficients xa
αβ(r) and ya

αβ(r) give the strength of the coupling in each direc-

tion, and the superscript A signifies the velocity-force coupling. For brevity we

assume identical particles of size a although this restriction is easily relaxed.

As shown in equation 2.2, for pairs of particles αβ immersed in a New-

tonian solvent, the hydrodynamic functions depend only on the separation r

between a particle pair. Jeffrey and Onishi [84] utilized the method of reflec-

tions and twin multipole expansions to develop exact analytical expressions for

the force-velocity coupling in addition to torque-rotation, force-rotation, and

torque-velocity couplings.

The aim of our method is to construct the elements of the corresponding mo-

bility matrix that couple the motion of a pair of test particles, where the coupling

between force and velocity is a function of both separation and of the concentra-

tion of the intervening and surrounding suspension. We thus consider the same

two particles embedded in an isotropic suspension of identically sized particles

with number density n. Because the suspending medium is isotropic and the

fluid is force-free, the linear coupling between force and velocity still holds, but

now the mobility functions also depend on the volume fraction φ = 4πa3n/3 of

the intervening medium, giving

MUF
αβ (φ) =

1
6πηa

[
xa
αβ(r; φ)r̂r̂ + ya

αβ(r; φ)(I − r̂r̂)
]
. (2.3)

Evaluation of the hydrodynamic coupling between three or more particles re-

quires a computational approach. For a suspension of N particles, the couplings
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between a pair comprise motion due to all disturbance flows created by an in-

finitude of reflected interactions between all particles. For the velocity/force

coupling, 

U1

U2

...

UN


=



MUF
11 MUF

12 · · · MUF
1N

MUF
21 MUF

22 · · · MUF
2N

...
...

. . .
...

MUF
N1 MUF

N2 · · · MUF
NN


·



F1

F2

...

FN


. (2.4)

The diagonal elements of the particle mobility matrix are related to the transla-

tional short-time self-diffusivity as

DS
0 (φ) = kT 〈MUF

αα (φ)〉, (2.5)

where the angle brackets signify an ensemble average over many arrangements

of particles. Such analysis is challenging owing to the long-range nature of dis-

turbance flows generated by forced particles, as well as by the singular nature

of lubrications forces when particles are close to contact. We discuss one well-

known computational approach that resolves these issues next.

2.3 Computational approach

One approach that resolves the issues associated with singular lubrica-

tion and long-range hydrodynamic forces is the Stokesian dynamics algorithm

[31, 55], where near-field and far-field hydrodynamics are computed separately.

This approach is described in detail in the literature and so will not be reviewed

here. Early realizations of this algorithm were of O(N3) computational complex-

ity, where N is the number of particles in the simulation. This limited system
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size to approximately 100 particles. More recently, Sierou and Brady [133] de-

veloped the Accelerated Stokesian Dynamics (ASD) algorithm which reduces

the computational cost to O(N log N). Central to this efficiency is the avoidance

of directly forming the mobility matrix M. The information about the hydro-

dynamic couplings in M remain encoded in particle motion and the hydrody-

namic forces, however, and this information can be extracted utilizing a judi-

cious choice of imposed forces.

Sierou and Brady computed the short-time concentration-dependent self-

diffusion coefficient, a quantity frequently utilized in mean-field renormaliza-

tion schemes for concentrated theory, from the trace of the average self-mobility:

Ds
0 = kT tr〈MUF〉I, where kT is the thermal energy.[133] ASD is efficient in

the computation of the velocity of a particle β due to a force on a particle α,

Uβ = MUF
βα · Fα. To extract the diagonal elements of the mobility tensor, they

selected for the perturbing force a random force FR with zero mean and identity

covariance,

FR = 0, FRFR = I3N , (2.6)

where I3N is the 3N-dimensional identity tensor, and the overline signifies an

average over realizations of the random force. The inner product of the velocity

with the force can be written〈
U · FR

〉
=

〈
FRFR : MUF

〉
(2.7)

=
〈
I3N : MUF

〉
= tr

〈
MUF

〉
,

where the angle brackets 〈·〉 signify an average over many configurations of the

particles. Because all particles are statistically identical, simply averaging the

diagonal elements of each Mαα sub-matrix accounts for many configurations
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surrounding a test particle. Only a few configurations are required to obtain

an excellent statistical sampling. However, only the diagonal elements of the

mobility tensor are extracted, resulting in a mean value of the self-mobility, with

no information about particle entrainment or relative mobility.

In the current approach, we seek the pair mobility and ultimately the relative

mobility. To begin, a suspension of N randomly distributed, equally sized hard

spheres is placed in a simulation cell filled with an implicit solvent of viscosity

η and density ρ. A force is exerted on a “test” particle, and its resulting mo-

tion disturbs the fluid; this disturbance is propagated throughout the domain,

entraining all other particles with its motion. The perturbed particles move in

response, thus generating their own disturbance flow, in turn leading to a re-

flected set of entrainment flows. These reflections are automatically captured in

the ASD algorithm.

The dependence on radial separation of the coefficients xa(r; φ) and ya(r; φ)

must be determined by placing the the two test particles at a range of sepa-

rations. We select one pair of particles at a time, at a given separation r, and

compute 〈MUF
αβ 〉2, where the subscript 2 indicates that the average is over many

configurations of the other N − 2 particles. This procedure can be repeated for

a range of separations to obtain the characteristics of the interaction through an

effective medium as a function of radial separation. This approach, while effec-

tive, is computationally inefficient, most obviously due to the repeated compu-

tation over statistically equivalent configurations. In addition, computing the

average over all configurations would give the pair diffusivity of each particle

relative to any other particle, but would produce an isotropic tensor for each

radial position. In many problems in the dynamics of suspensions, the longi-
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tudinal and transverse couplings are of interest however, and this detail would

be lost. This expense and loss of information can be avoided by recognizing

that the longitudinal and transverse mobility coefficients (cf equation 2.3) can

be measured directly.

For a given pair of particles β , α, one can extract the longitudinal and trans-

verse mobility couplings via the random sampling approach described above.

For a given configuration of intervening particles, the longitudinal coupling for

self-motion for an interacting pair separated by a distance r is given by

xa
11 =

1
2

r̂αβ r̂αβ : (MUF
αα + MUF

ββ )

=
1
2

r̂αβ r̂αβ : (UαFR
α + UβFR

β )

=
1
2

[(Uα · r̂αβ)(FR
α · r̂αβ) + (Uβ · r̂αβ)(FR

β · r̂αβ)],

(2.8)

where rαβ = xα − xβ and r̂αβ = rαβ/r. Similarly,

xa
21 =

1
2

[(Uα · r̂αβ)(FR
β · r̂αβ) + (Uβ · r̂αβ)(FR

α · r̂αβ)]. (2.9)

To obtain the transverse coefficients, a similar procedure to project onto (I −

r̂αβ r̂αβ) is employed:

ya
11 =

1
4

(I − r̂αβ r̂αβ) : (MUF
αα + MUF

ββ )

=
1
4

(I − r̂αβ r̂αβ) : (UαFR
α + UβFR

β )

=
1
4

(Uα · FR
α + Uβ · FR

β − 2x11
A )

(2.10)

and

ya
21 =

1
4

(Uα · FR
β + Uβ · FR

α − 2x21
A ). (2.11)

The same procedure can be followed for the couplings between torque/rotation

and force/rotation, and are given in the Appendix. This can be carried out
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for any pair, and all pairs at a given separation are statistically equivalent. We

average the coefficients for pairs within radial ‘bins’ within a width of a/50, and

repeat this procedure for 30 configurations. Thus, averaging within a radial

bin leverages the statistics available in one macroscopic particle configuration.

After 30 particle configurations, the standard deviation ranged from 0.01 for

φ = 0.05 to 0.0001 for φ = 0.5. We take into account pair separations only up

to r/a = 8 as this recovers the relevant physics in the problem at a moderate

computational cost. One can compare this length to the Brinkman screening

length, where for a suspension at φ = 0.05 is α ≈ 3a; this gets smaller as volume

fraction increases. Stated alternatively, 8a is the Brinkman screening length in

a suspension of volume fraction φ = 0.01. Any screening effects produced by

the periodicity of the domain appear at lengths scales that are three times larger

than this value and thus do not contribute.

Other couplings between particle motion and surface tractions influence sus-

pension dynamics, including that between torque and rotation. A torque ex-

erted on one particle can cause it and other nearby particles to rotate, where the

coupling is given by

MΩL
αβ (r, φ) =

1
8πηa3

[
xc
αβ(r; φ)r̂r̂ + yc

αβ(r; φ)(I − r̂r̂)
]
. (2.12)

The coefficients xc
αβ and yc

αβ give the rotation of particle α due to a hydrodynamic

torque on particle β, about the axis along and transverse to the line of centers,

respectively. In addition we consider the coupling between rotation of one par-

ticle and the hydrodynamic force on another,

MΩF
αβ (r, φ) =

1
8πηa3 yb

αβ(r; φ) ε · r̂. (2.13)

Only one coefficient, yb
αβ, is needed to define this coupling: A force exerted on

one particle tending to push it along their line of centers produces no rotation.
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However, a hydrodynamic force on a particle that acts transverse to the line of

centers between a pair will drag fluid between the two, resulting in rotational

motion of the the second. The computations of xc
αβ, yc

αβ and yb
αβ via our stochastic

technique are given in the Appendix.

Effects of system size on structure and mechanical properties must be taken

into account when setting the simulation box size or, equivalently, the num-

ber of particles utilized at a given volume fraction. An important example of

such effects can arise from the utilization of periodic replication to simulate an

infinite suspension, which can produce interactions between any given parti-

cle and its periodic images. When a force is exerted on one such particle, its

motion, combined with that of all of its periodic images, produces a weak back-

flow; however, this well-known quantitative effect is easily accounted for; when

system size is small, analytical corrections can be applied [90, 93], which show

that as system size is increased, sensitivity of short-time self-diffusion and sed-

imentation coefficients on system size become weak. In the present study, only

one pair of particles among a random sea of Np particles is subjected to a force

during a given calculation; thus, as Np grows, this effect weakens. A range of

system sizes was tested for each volume fraction studied here, where it was

found that sensitivity of mobility coefficients on system size becomes negligible

for Np > 1, 500. A system size of Np = 2, 000 was thus selected for all volume

fractions studied.
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Figure 2.2: Longitudinal and transverse mobility coefficients coupling force on the sur-
face of a particle to the motion of that and other particles. Solid lines: dilute
theory of Jeffrey and Onishi[84], scaled on the concentrated self-mobility as
measured in simulation in the present study. Symbols: simulation results
from present study for volume fraction φ = 0.05. From [150], with permis-
sion.
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Figure 2.3: Longitudinal and transverse mobility coefficients coupling force on the sur-
face of a particle to the motion of that and other particles, in a concentrated
suspension. Solid lines: dilute theory of Jeffrey and Onishi[84], scaled on
the volume-fraction dependent short-time self-diffusivity of a particle as
determined in simulation in the present study. Symbols: simulation results
from present study for volume fractions as shown in legend. (a) Longitu-
dinal self- and pair-mobility. (b) Transverse self- and pair-mobility. From
[150], with permission.
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2.4 Results

In this section we present the concentration-dependent mobility coefficients

in equations 2.3, 2.12, and 2.13, as computed via equations 2.8 - 2.11, 2.21 - 2.24,

and 2.31 - 2.32, for suspensions at volume fractions ranging from 0.05 ≤ φ ≤ 0.5.

We begin with the velocity-force coupling MUF
αβ and the coefficients xa

αβ(r, φ) and

ya
αβ(r, φ) Here, α and β take on all values from 1 to N, that is, the interactions

between all particle pairs is obtained by computing an average over all but two

particles. Thus, in all plots that follow, the interacting pair are simply labeled

α = 1 and β = 2. Because the particles are identically sized, MUF
11 = MUF

22 and

MUF
12 = MUF

21 ; only the coefficients corresponding to MUF
11 and MUF

21 are shown.

To lay the groundwork for discussion, we begin by presenting the dilute

theory results and discussing the physical meaning of each of the coefficients.

As discussed in section 2.2, for an isolated pair of particles, the hydrodynamic

functions depend only on their separation r and were computed by Jeffrey and

Onishi [84]. Those coefficients xa
αβ(r, φ→ 0) and ya

αβ(r, φ→ 0) are plotted in figure

2.2 (solid and dashed lines).

The longitudinal and transverse self-mobility coefficients xa
11(r) and ya

11(r)

give the degree to which the motion of a forced particle β is reduced by the pres-

ence of the no-slip surface of a nearby particle α. In contrast, the longitudinal

and transverse pair mobilities xa
21(r) and ya

21(r) give the strength of entrainment

of particle α due to the same force on particle β; that is, particle α gets dragged

along in the disturbance flow produced by forced particle β. The former, the

self-mobility coefficients, grow with separation r/a toward the self-mobility of

an isolated particle. Physically, a particle can move more freely when the sec-
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Figure 2.4: Effective viscosity re-scaling. (a) Longitudinal and (b) transverse force-
velocity coupling. Solid lines: dilute theory of Jeffrey and Onishi[84], scaled
on the volume-fraction dependent high-frequency viscosity η′(φ) as deter-
mined in simulation in the present study. Symbols: simulation results from
present study for volume fractions as shown in legend. From [150], with
permission.

ond particle is far away. For closely spaced particles, r/a → 2, the self-mobility

is strongly hindered by the neighboring no-slip surface, and lubrication forces

become important. The self- and pair-mobility take on the same value at con-

tact, i.e., two particles in contact move together. In contrast, the transverse self-

and pair coefficients ya
11 and ya

21 differ at contact: one particle can pass the the

other on a trajectory offset from the line of centers. Comparing the self-mobility

coefficients to the pair-mobility coefficients, a final contrast can be noted: the

latter decay with separation, owing to weakening entrainment as the two get

farther apart. However, the decay is slow: it scales as 1/r, owing to the leading-

order fluid disturbance propagated by a particle translating in Stokes flow. It is

this long-range coupling that leads to complex interactions when there are more

than two particles.

We compare these dilute theory results to simulation, where xa and ya have
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been computed for volume fraction φ = 0.05. These results are plotted in figure

2.2 as a function of separation distance r/a (filled and open symbols). The dilute

theory is scaled up for finite concentrations with the short-time self-diffusivity

of a single particle, DS
0 (φ),[27] as computed in simulation. Agreement between

simulation and theory is excellent, demonstrating the accuracy of the simula-

tion measurements and confirming that a dilute intervening medium of mobile

particles does not screen hydrodynamic interactions.

To examine the effect of higher concentrations on the pair mobility, the sus-

pension concentration is increased, spanning the range 0.1 ≤ φ ≤ 0.5. The

self- and pair mobility coefficients were measured and are plotted in figures

2.3(a) and (b) for the longitudinal (xa) and transverse (ya) couplings, respec-

tively, alongside the dilute theory of Jeffrey & Onishi. Several interesting trends

emerge.

The self and pair mobility both decay as 1/r over the entire range, confirm-

ing that entrainment of one particle in the flow created by the motion of another

extends over long distances, over many particle sizes. At wide separations, the

self mobility eventually asymptotes to a mean, far-field behavior. At close sep-

arations, interesting behavior can be observed. At higher concentrations, undu-

lations in the curves appear near contact. The first such undulation occurs at the

separation at which only a single particle is admitted into the intervening gap.

Here, particle mobility is reduced by the neighboring no-slip surfaces as well

as steric hindrance. As the separation decreases further, the pair excludes any

intervening particles, and the self mobilities increase because the particles dif-

fuse with a pure solvent-filled pocket between them. This behavior is even more

prominent in the pair mobility. The pair mobility at close separations could then
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be viewed as a sensitive measure of local liquid structure. This interesting struc-

ture occurs at separations where mean-field theories approximate the coupling

as monotonically (linearly) varying, or simply constant.

While the qualitative behavior is the same for all the curves, there is a quan-

titative difference between dilute theory and finite concentrations. The offset

suggests an O(1) suppression of the coupling that becomes more pronounced as

volume fraction increases. This is unsurprising, because a suspension of par-

ticles with its many no-slip surfaces is a more dissipative medium than a pure

solvent. The 1/r power-law behavior, combined with the weak quantitative re-

duction in mobility indicates that the medium still obeys Stokes equations but

suggests an effective viscosity set by the background suspension. The natural

scaling for the effective viscosity is the high-frequency viscosity, η′∞(φ), as it cor-

responds to short time scale motion of the particles. This suggests a rescaling of

the pair mobility coefficients with η′∞(φ). Figure 2.4 shows that scaling the coef-

ficients on the high-frequency viscosity (as measured in simulation) gives excel-

lent agreement between the pair mobility of particles interacting via a Newto-

nian solvent of viscosity η and interacting via a suspension of effective viscosity

η′∞(φ). This suggests that one can approximate the concentrated self and pair

mobility as

MUF
11 (φ) =

DS
0 (φ)
kT

+
η

η′∞(φ)

(
MUF, dilute

11 −
I

6πηa

)
, (2.14)

MUF
21 (φ) =

η

η′∞(φ)
MUF, dilute

21 . (2.15)

The relative mobility of a pair of particles is an important quantity em-

ployed extensively in the analysis of suspension dynamics. Using Batchelor’s
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Figure 2.5: Relative mobility in concentrated suspensions. (a) Longitudinal and (b)
Transverse relative mobility for a range of concentrations as shown in leg-
end. Dashed lines: concentration-dependent short-time self-diffusivity as
computed in simulation. Symbols: relative mobility as computed in simu-
lation in the present study, for volume fractions as shown in legend. From
[150], with permission.

notation[13] the longitudinal and transverse relative mobilities are

G(r) ≡ xa
11(r, φ) − xa

21(r, φ), (2.16)

H(r) ≡ ya
11(r, φ) − ya

21(r, φ). (2.17)

These functions are plotted in figures 2.5 (a) and (b) for the longitudinal and

transverse relative mobility, respectively. At contact the longitudinal relative

mobility G(r, φ) vanishes as the two particles travel together in tandem motion.

In contrast, H(r) remains nonzero at contact, showing that a pair of particles can

pass one another. The growth in mobility is initially rapid as a pair separates,

but asymptotes toward the far-field value slowly, as 1/r. For φ ≤ 0.4, the far-field

value is not reached even at separations of eight particle radii – much longer

ranged than transition points identified in mean-field theories. Only in the case
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Figure 2.6: Torque-rotation coupling: the self-mobility coupling the torque on one par-
ticle and its own and others’ rotation. Solid lines: dilute theory of Jef-
frey and Onishi[84], scaled on the concentration-dependent rotational self-
diffusivity as measured in dynamic simulation in the present study. Sym-
bols: longitudinal and transverse self-mobility coefficients for a range of
concentrations, as shown in the legend. From [150], with permission.

of φ = 0.5 is the asymptote reached, but only at eight particle separations, and

only after slow 1/r growth.

Thus far we have seen that the long-ranged coupling between forces exerted

on one particle and the velocity of another persists regardless of suspension con-

centration. Further, the relative mobilities, the workhorse functions employed

in the modeling of suspension dynamics, also display this strong 1/r behavior.

Clearly, then, it is neither physically appropriate nor accurate to model such in-

teractions as constant beyond the lubrication range, and even less so to neglect

entirely the impact of long-range hydrodynamic forces on the relative motion

of particles.

Another coupling between particle motion and surface tractions is that be-

tween rotation and torque, MΩL
αβ . A torque exerted on one particle can cause

it and other nearby particles to rotate, where the coupling is given by equation

2.12. The coefficients xc
αβ and yc

αβ give the rotation of particle α due to a hydrody-
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Figure 2.7: Torque-rotation coupling: the pair-mobility coupling the torque on one
particle and its own and others’ rotation. Solid lines: dilute theory of
Jeffrey and Onishi[84], scaled on the concentration-dependent rotational
self-diffusivity as measured in dynamic simulation in the present study.
Symbols: (a) longitudinal and (b) transverse pair-mobility coefficients for
a range of concentrations, as shown in the legend. From [150], with permis-
sion.

namic torque on particle β, about the axis along and transverse to the line of cen-

ters, respectively (equations 2.21 - 2.24) . These couplings are plotted in figure

2.6 for a range of volume fractions as obtained via simulation (filled symbols)

alongside the values computed via the dilute theory of Jeffrey and Onishi [84]

(solid lines). The torque-rotation self-mobilities follow a trend similar to that of

the force-velocity self-mobility: the more distant a particle is from a neighboring

particle, the easier it is for that particle to freely rotate. An increase in volume

fraction of the surrounding and intervening particles decreases the self-mobility

of a test particle, regardless of its distance from the other test particle. However,

as a pair of test particles gets closer than the distance required to admit one in-

tervening particle, the rotational self-mobility increases slightly (even above the

normalized value for an isolated pair), as the intervening medium is simply sol-

vent. Near contact, this gives way to a decrease in self mobility to a finite value,
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reflecting the reduction in rotational speed due to the the no-slip surface of the

second particle.

The corresponding entrainment, or rotational pair-mobility, is plotted in fig-

ure 2.7, where xc
21(r) is shown in (a) and corresponds to the rotation of one parti-

cle about the line of centers between the pair, due to a hydrodynamic torque on

the other particle about the same axis. The coupling is strongest near contact,

but it is weaker than that for the force-velocity coupling at contact. Physically,

one can imagine the ease with which two parallel discs enclosing a fluid can be

rotated on their common axis, compared to the force required to squeeze the

discs together. The coupling weakens as the pair becomes widely separated,

vanishing at infinite separation—even in concentrated suspensions. The decay

scales as ∼ 1/r3 in the dilute case. As concentration increases, the coupling

grows weaker due to the many no-slip surfaces between the pair, but the effect

of concentration is, as with the force-velocity coupling, quantitative rather than

qualitative. That is, there is no evidence of hydrodynamic screening of the axial

torque-rotation coupling.

Besides rotation about the line of centers connecting two particles, each

particle can rotate about an axis transverse to the line of centers and passing

through its own center. The coefficient yc
21 describes the tendency for one parti-

cle to rotate about such a transverse axis due to a hydrodynamic torque on the

other particle about its own transverse axis. This coefficient is plotted in figure

2.7(b). When two particles are well-separated, the coupling is weak, and they

do not respond to one another. As they approach, the coupling is negative be-

cause the particles counter-rotate, that is, each rotates about an axis parallel to

the axis of rotation of the other, in a calendaring motion.
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However, the coefficient is non-monotonic in the separation: the strength of

the coupling first grows in magnitude as they approach. When the pair gets

very close, the coupling reverses, changing from counter- to co-rotation: they

rotate as a couplet. A strong lubrication force is responsible for the reversal in

the coupling. This behavior is present whether the particles interact via a pure

solvent or via a suspension of particles at any concentration. However, as con-

centration grows, the point of reversal (the dip in the curve) moves, suggesting

that the particles must get closer to co-rotate, owing to steric hindrance. While

increasing concentration quantitatively suppresses the coupling at all finite sep-

arations, the interaction always scales as 1/r3.

The final coupling we consider is between rotation of one particle and the hy-

drodynamic force on another, MΩF
αβ , as given by equations 2.13 and 2.27. A force

exerted on one particle tending to push it along their line of centers produces

no rotation. However, a hydrodynamic force on a particle that acts transverse to

the line of centers between a pair will drag fluid between the two, resulting in

rotational motion of the the second. The self-mobility coefficient yb
11 and the neg-

ative of the pair-mobility coefficient yb
21 for an isolated pair of spheres and for a

pair interacting in a suspension are plotted in figures 2.8(a) and (b) respectively.

When a pair of particles is widely separated, a hydrodynamic force on one will

induce no rotation of the other. As the two particles approach one another, the

forced particle drags fluid between the pair, inducing rotation of the second. In

the dilute limit, yb
11 grows monotonically to a finite value. While high concentra-

tion quantitatively suppresses the coupling at close separations, it always scales

as 1/r3, regardless of concentration. Interestingly, for concentrated suspensions

the coupling changes sign when the pair just excludes particles from their in-

tervening (pure solvent) gap, suggesting that the coupling of the forced particle

37



figure 8

(b) �
0.05
0.1
0.2
0.3
0.4
0.5

0.20

0.15

0.10

0.05

2x10
0 3 4 5 6 7 8

Separation, r / a

(a) �
0.05
0.1
0.2
0.3
0.4
0.5

0.10

0.08

0.06

0.04

0.02

0.00

2x10
0 3 4 5 6 7 8

Separation, r / a

�yb
21yb

11

y
b 1
1
(r

)

�
y

b 2
1
(r

)

Figure 2.8: Force-rotation coupling: the self- and pair-mobility coupling the force on
one particle and its own and others’ rotation. (a) Self- and (b) pair-mobility
coefficients for a range of concentrations, as shown in the legend. Solid
lines: dilute theory of Jeffrey and Onishi[84], scaled on an average of
the concentration-dependent rotational and translational self-diffusivity as
measured in dynamic simulation in the present study. Symbols: coefficients
computed via dynamic simulation. From [150], with permission.

to the background suspension particles in such configurations reverses its rota-

tion compared to an isolated pair. At separations less than a particle size, the

forced particle rotates in a motion that would cause it to roll around the second

particle. While concentration and crowding do not screen long-range hydrody-

namic interactions this near-field effect, arising from local liquid-like structure,

is indeed a consequence of crowding and may lead to imporant consequences

in collective motion in e.g. biophysical systems.

The transverse force/rotation pair mobility, yb
21, is shown in 2.8(b). It in-

creases monotonically from a small finite value at wide separations as a pair

approaches one another, regardless of concentration. The 1/r2 scaling does in

fact change with concentration, suggesting screening. At any concentration, in-

teraction even at wide separations is weakened by the presence of the interven-

ing particles. The two particles must get closer before the force on one induces
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rotation of the other.

Comparison of the transverse self- and pair-mobility coefficients yb
11 and yb

21

shows that when separated, they take on different numerical values and oppo-

site sign. That is, one particle will “roll” around the surface of the other. But

at contact, the similarity of the coefficients depends on volume fraction. For an

isolated pair alone in a solvent (the dilute theory), the coefficients take on the

same magnitude but opposite sign, meaning that the pair will rotate as a solid

body, with no relative rolling motion. But at finite concentrations, even as small

as φ = 0.05, this reflective/rotational symmetry is broken, owing to three-body

interactions.

2.5 Conclusions

We have formulated a theoretical and computational approach, based on the

Accelerated Stokesian Dynamics algorithm, for measuring the concentration-

dependent hydrodynamic mobility functions coupling the motion of one parti-

cle to hydrodynamic tractions on its surface and the surface of a second parti-

cle, with a view toward developing a set of hydrodynamic pair- and relative-

mobility functions analogous to the dilute functions of Jeffrey and Onishi [84],

but now for arbitrary suspension concentration. Utilizing these functions, we

addressed the question of whether reduction in particle self-mobility due to

crowding in concentrated suspensions can be extrapolated to pair interactions

and thus effectively screens out long-range hydrodynamic coupling between

particles and, if so, over what range this takes place. To model this behavior,

we have devised a new stochastic sampling technique to rapidly calculate an
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analogous set of mobility functions describing the hydrodynamic interactions

between two spheres immersed in a suspension of identical spheres. Our results

confirm that long-range hydrodynamic interactions in suspensions of freely dif-

fusing particles are not screened, regardless of the concentration of the suspen-

sion.

Three couplings were presented: that between velocity and force, between

rotation and torque, and between rotation and force. The strongest long-range

interaction derives from the first coupling, that of force and velocity, which

decays as 1/r for an isolated pair of particles alone in a Newtonian solvent.

When the pair is placed in a suspension, our computations of the coupling

functions show that the entrainment of one particle by another still scales as

1/r, regardless of the volume fraction of intervening particles. Thus, the pair-

and relative mobilities show no qualitative dependence on volume fraction.

Rather, a re-scaling of the simulation data on the volume-fraction dependent

high-frequency viscosity η′∞(φ) shows that a pair of test particles interacts via an

effective medium with an effective viscosity given by η′∞(φ). Similarly, neither

the torque/rotation coupling nor the force/rotation coupling displayed hydro-

dynamic screening behavior. In all three couplings, interesting near-contact be-

havior manifested at finite concentrations, including undulating values of the

force-velocity mobility as the local liquid-like structure of particles between a

pair was interrupted. The results we have presented constitute a full set of

orthogonal coupling functions which may now be used in a pair-like Smolu-

chowski equation governing many hydrodynamically interacting particles. The

quantities measured in simulation correspond to analogous measurements that

can be taken in microscopy experiments, thus providing a natural means to val-

idate the theory. Further, such experiments could be extended to systems of
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non-spherical or soft particles.

2.6 Appendix

The coupling between particle rotation and hydrodynamic force is given by

Ωα = MΩL
αβ · Lβ. (2.18)

Each particle is subjected to a random torque, with zero mean and identity co-

variance:

LR = 0, LRLR = I3N . (2.19)

Thus we have

〈ΩαL〉 =〈LRLR · MΩL〉

=〈I3N · M
ΩL〉

=〈MΩL〉,

(2.20)

where 〈·〉 denotes the ensemble average over many configurations. The longitu-

dinal rotation/torque coefficient for self motion is given by

xc
11 =

1
2

r̂αβ r̂αβ : (MΩL
αα + MΩL

ββ )

=
1
2

r̂αβ r̂αβ : (ΩαLR
α +ΩβLR

β )

=
1
2

[(Ωα · r̂αβ)(LR
α · r̂αβ) + (Ωβ · r̂αβ)(LR

β · r̂αβ)],

(2.21)

and for pair motion,

xc
21 =

1
2

[(Ωα · r̂αβ)(LR
β · r̂αβ) + (Ωβ · r̂αβ)(LR

α · r̂αβ)]. (2.22)

The transverse rotation/torque coupling for self motion is

yc
11 =

1
4

(I − r̂αβ r̂αβ) : (MΩL
αα + MΩL

ββ )

=
1
4

(I − r̂αβ r̂αβ) : (ΩαLR
α +ΩβLR

β )

=
1
4

(Ωα · LR
α +Ωβ · LR

β − 2x11
C )

(2.23)
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and for the corresponding pair mobility we have

yc
21 =

1
4

(Ωα · LR
β +Ωβ · LR

α − 2x21
C ). (2.24)

The coupling between particle rotation and the hydrodynamic force is ex-

pressed as:

Ωα = MΩF
αβ · Fβ, (2.25)

where the forces on the particles are still selected to be random with zero mean

and identity covariance,

FR = 0, FRFR = I3N . (2.26)

Similar to the procedure above in equation 2.20, we have

〈ΩαF〉 =〈FRFR · MΩF〉

=〈I3N · M
ΩF〉

=〈MΩF〉,

(2.27)

The mobility MΩF can only have transverse coupling,

MΩF,αβ
i j = Ωα

i FR,β
j = yB

αβεi jkr̂
αβ
k (2.28)

where εi jk is the third-order Levi-Civita tensor. Then we double dot the Levi-

Civita tensor to both sides of equation 2.28,

Ωα
i FR,β

j εi jl = yB
αβεi jkεi jlr̂

αβ
k = 2yB

αβδklr̂
αβ
k = 2yB

αβr̂
αβ
l (2.29)

where δkl is the identity tensor. Thus we get,

yB
αβ =

1
2

ΩiFR
j εi jlr̂

αβ
l (2.30)

i.e.,

yB
11 =

1
4

[(Ωα × FR
α) · r̂αβ − (Ωβ × FR

β ) · r̂αβ] (2.31)

and

yB
21 =

1
4

[(Ωβ × FR
α) · r̂αβ − (Ωα × FR

β ) · r̂αβ] (2.32)
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CHAPTER 3

PAIR MOBILITY FUNCTIONS FOR RIGID SPHERES IN

CONCENTRATED COLLOIDAL DISPERSIONS: STRESSLET AND

STRAINING MOTION COUPLINGS

3.1 Introduction

In Chapter 2, we studied monodisperse, hard spheres suspended in a New-

tonian fluid, where small particle size gives a vanishingly small Reynolds num-

ber. We developed a set of hydrodynamic mobility functions coupling parti-

cle translation and rotation to hydrodynamic force and torque. The primary

goals of that study were to establish a means by which one could compute

properties of dense suspensions analytically, and to determine the degree to

which such level of detail was necessary, i.e., to understand whether the en-

trainment of one particle by the motion of another is “screened out” at high

concentrations. We showed that hydrodynamic interactions are not screened

by crowding. This finding is consistent with earlier results from Banchio et al.

[9], who found that theoretical analysis of many-body hydrodynamic inter-

actions matches the observations from experiments for dense suspensions of

charged colloidal spheres (but without connection to the concept of hydrody-

namic screening). Here we put forth an extension of Chapter 2 to include the

coupling of particle motion and straining flow to the hydrodynamic stresslet.

We again utilize a stochastic sampling technique to obtain suspension-averaged

self- and entrained mobility for a pair of particles interacting with one another

through an intervening medium of solvent and particles, with volume fraction

ranging from 0.01 ≤ φ ≤ 0.5.
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The remainder of this chapter is organized as follows. In Section 3.2, we

briefly review the mobility tensors that couple particle motion to hydrodynamic

force, torque and straining motion. In Section 3.3, the computational approach

is presented, where Accelerated Stokesian Dynamics (ASD) simulations [133]

are utilized with our recently developed stochastic sampling technique [150].

In Section 3.4, we present results for suspensions of various volume fractions,

ranging from dilute to concentrated. The study is concluded with a discussion

in Section 3.5.

3.2 Hydrodynamic couplings

In Chapter 2, we developed mobility tensors coupling force and torque to

translation and rotation for a pair of particles interacting through an intervening

colloidal suspension, as a function of their separation from one another, for a

range of suspension concentrations. In this section we give an overview of the

hydrodynamic couplings to be studied in this work.

We start with a general linearity expression of the coupling between particle

motion and hydrodynamic traction moments. In many problems in suspension

mechanics, while the forces and torques on particles are known, the resulting

motion is sought. This is expressed compactly as

U − U∞

Ω −Ω∞

E − E∞

...


=M ·



FH

LH

SH

...


. (3.1)

On the left hand side of (3.1) are the velocity derivatives: translational veloc-
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ity, rotational velocity, rate of strain, and higher-order derivatives. On the right

hand side are the hydrodynamic traction moments: force, torque, stresslet and

higher-order moments. The grand mobility matrix, M, is the coupling tensor.

However, expression (3.1) has two limitations: first, there are an infinite num-

ber of unknowns on the right hand side even when one knows the values of

imposed forces and torques, because all higher-order moments are induced by

flow and cannot be known a priori. Second, when assembled analytically from

pair theory, M is a pair-level matrix that does not account for many-body hy-

drodynamic interactions. The first problem is overcome by recognizing that,

in the case of rigid particles, all stresslets and higher order traction moments

are induced by flow. Kim and Mifflin [89] proposed that it is thus logical for

these elements to appear on the left hand side of the linearity statement (3.1),

alongside the particle velocities, U and Ω. Rearrangement of the couplings in

this manner places all unknown quantities on the left-hand side. On the right-

hand side are now the known quantities. The new linearity expression includes

a coupling matrix with notation that replaces the familiar mobility tensors M

with tensors that include linear transformations required for the left-right ex-

change of higher-order couplings:

U − U∞

Ω −Ω∞

S
...


=



a b̃

b c

 g̃

h̃

g h m

· · ·

...
. . .


·



F

L

−E∞

...


. (3.2)

Here, U∞,Ω∞, and E∞ give the imposed far-field uniform, rotational, and strain-

ing flow, and the superscripts H are dropped for brevity. Because the particles

are rigid, the rate of strain E of a particle is identically zero. The terms in the

square bracket inside the grand matrix, a, b, b̃, and c, are the familiar mobility
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functions giving the translational velocity and rotational velocity arising from

hydrodynamic force and torque between particle pairs [84, 88]. The remaining

tensors include the coupling g of hydrodynamic stresslet to force; the coupling

h of hydrodynamic stresslet to torque; the coupling g̃ of velocity to flow rate

of strain; the coupling h̃ of rotation to flow rate of strain; and the coupling m

of hydrodynamic stresslet to flow strain rate. Kim and Mifflin [89] utilized the

method of boundary collocation to develop exact analytical expressions for all

the pair-level couplings in the above grand matrix for two spheres in pure sol-

vent.

The aim of our method is to construct the above elements for a pair of test

particles interacting through a suspension of arbitrary concentration, where the

couplings are a function both of pair separation and of the volume fraction of the

intervening medium. To do so, one must transform the pair- level expression to

a many-body linearity expression. In this approach, the pair couplings between

all particle pairs, to first reflection, is obtained by a Taylor expansion of the fluid

velocity integral equation [94]. This is combined with Fáxen formulae to give

couplings between all pairs. Inversion of this matrix automatically couples all

particles to one another for an infinitude of reflections among them. Follow-

ing the Stokesian Dynamics (SD) algorithm [31], this quantity is combined with

near-field pair functions to form a complete coupling, including many-body hy-

drodynamic interactions in near- and far-field as well as lubrication interactions.

Following the successful implementation of this program in Chapter 2 on this

topic, we employ this method here as well.

We consider two particles embedded in an isotropic suspension of identical

spheres of number density n and volume fraction φ = 4πa3n/3, where a is the
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particle radius. Because on average the suspending medium is isotropic and

the fluid is force-free, the couplings can be projected onto orthogonal subspaces,

formed by the isotropic tensor I, multiples of the unit vector r̂, and combinations

therein, where r is the vector of length r separating a pair of particles, and r̂ =

r/r. For example, the coupling g of hydrodynamic stresslet to hydrodynamic

force is

Sα = gαβ · Fβ. (3.3)

Physically, the hydrodynamic force Fβ on particle β will produce disturbance

flows that induce a stresslet Sα, on the surface of particle α. This coupling can

be projected onto the two orthogonal subspaces to give

gαβi jk(φ, r) =
1

6πηa
[xg

αβ(φ, r)(r̂ir̂ j −
1
3
δi j)r̂k

+ yg
αβ(φ, r)(r̂i(δ jk − r̂ jr̂k) + r̂ j(δik − r̂ir̂k))],

(3.4)

where δ is the second-rank Dirac tensor and η is the solvent viscosity. The coeffi-

cients xg
αβ, yg

αβ give the strength of coupling of forces acting along and transverse

to the line of centers between the two test particles to the stresslet.

We derived the concentration-dependent mobility couplings a, b, b̃ and c

utilizing this method in our previous work [150]; the couplings g, g̃, h, h̃, and m

in Equation (3.2) are obtained in the present study.

3.3 Computational approach

The stochastic sampling technique utilized to efficiently compute and extract

the couplings is presented in detail in Chapter 2. Here we review it briefly, and

expand it to model new couplings.
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Stokesian dynamics is a well-known algorithm utilized to model many-body

hydrodynamic interactions in colloidal and non-colloidal suspensions [31]. It

utilizes a two-body approach to compute the near-field hydrodynamic interac-

tions, and evaluates far-field many-body hydrodynamics via multipole expan-

sion and efficient methods to carry out inversion operations to produce a many-

body coupling. Most recently, with the method of Particle-Mesh-Ewald (PME),

Sierou and Brady [133] developed Accelerated Stokesian Dynamics (ASD) sim-

ulations, a O(NlogN) algorithm which facilitates simulating O(103) particles,

where N is the number of particles in the suspension.

In ASD simulations, particle motion U and Ω and the induced stresslet S in

Equation (3.2) can be obtained when externally imposed forces, torques, and

straining flow are known. Here, U, Ω, F, and L are vectors of size 3N repre-

senting particle translation and rotation, and hydrodynamic force and torque.

The stresslet and strain rate, S and E∞, are second order tensors; thus the block

matrices g, g̃, h, and h̃ are third rank and m is fourth rank. For computa-

tional convenience these couplings are mapped to second order tensors, e.g.,

the stresslet/force coupling is converted using a third order tensor PE, that pre-

serves the handedness of the coupling,

gi jk = PE
i jlglk. (3.5)

Similarly, the stresslet and rate of strain, which are originally second order ten-

sors, are mapped onto vectors with 5N elements (because the stresslet and rate

of strain are symmetric and traceless, each has 5 degrees of freedom). The

stresslet/force coupling in Equation (3.2) is

S = g · F. (3.6)
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We select a random force for F = FR, with zero mean and identity covariance,

FR = 0, FRFR = I3N , (3.7)

where I3N is the 3N-dimensional identity tensor, and the overbar signifies an

average over realizations of the random force. The dyadic of the stresslet and

random force FR can thus be written

〈SFR
〉 =〈FRFR · g〉

=〈I3N · g〉

=〈g〉.

(3.8)

In our approach, for a particular configuration of particles, we repeatedly

generate random forces on each particle; an overline indicates a quantity that

has been averaged over several sets of random forces applied to all pairs sep-

arated by a given distance. This process is repeated for several particle con-

figurations, and averaging quantities over these realizations gives an ensemble

average denoted by angle brackets, 〈·〉. Subsequent averaging over multiple

configurations 〈·〉 gives the effective pair function 〈gαβ〉. Equations (3.4), (3.5)

and (3.8) are then utilized to express the parallel self- and pair-coefficients as:

xg
11 =

3
4

r̂αβ r̂αβ r̂αβ
...(〈gαα〉 − 〈gββ〉)

=
3
4

r̂αβ r̂αβ r̂αβ
...(PE · 〈gαα〉 − PE · 〈gββ〉)

=
3
4

r̂αβ r̂αβ r̂αβ
...(PE · SαFR

α − PE · SβFR
β )

=
3
4

{
(FR

α · r̂αβ)[(PE · Sα) : r̂αβ r̂αβ]

− (FR
β · r̂αβ)[(PE · Sβ) : r̂αβ r̂αβ]

}
.

(3.9)

xg
21 =

3
4

{
(FR

α · r̂αβ)[(PE · Sβ) : r̂αβ r̂αβ]

− (FR
β · r̂αβ)[(PE · Sα) : r̂αβ r̂αβ]

}
.

(3.10)
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Figure 3.1: Longitudinal and transverse mobility coefficients coupling hydrodynamic
stresslet, SH , on the surface of a particle to the hydrodynamic force, FH , of
that and other particles. (a) Profile of longitudinal coupling, xg. (b) Profile
of transverse coupling, yg. (c) Self mobility coefficients, xg

11 and yg
11; (d) Pair

mobility coefficients, xg
21 and yg

21. Lines: dilute theory of Kim and Mifflin
[89]. Symbols: simulation results from present study for volume fraction
φ = 0.01. From [136], with permission.

The transverse coefficients, yg
11 and yg

21, can be obtained following a similar pro-

cedure by projecting the coupling onto the transverse subspace. Utilizing the

same method as for the parallel coefficients, we compute these transverse coef-

ficients and those of the remaining couplings, which are given in the Appendix.

The coefficients are averaged over all pairs within a radial bin of width of

a/50, and is repeated for 30 configurations. For each configuration, 50 sets of
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different random forces are applied. We take into account pair separations up

to r/a = 8, as this recovers the relevant physics in the problem at a moderate

computational cost.

3.4 Results

In this section, we present the concentration-dependent mobility coefficients

in Equations (3.4), (3.12), and (3.14), as computed via Equations (3.9), (3.10),

(3.23), (3.24), (3.27), (3.28), (3.30), (3.31), (3.32), for suspensions at volume frac-

tions ranging from 0.01 ≤ φ ≤ 0.5. We begin with the stresslet-force coupling

gαβ. The coefficients xg
αβ(r, φ) and yg

αβ(r, φ) give the strength of the hydrodynamic

stresslet SH induced on the surface of particle α by a disturbance flow arising

from the hydrodynamic force on the surface of particle β, where SH is the sym-

metric first moment of the traction. A hydrodynamic force on the surface of

an isolated particle in a solvent produces no stresslet on its own surface be-

cause the Stokes drag on an isolated hard sphere is constant over its surface.

In the presence of a second particle, the hydrodynamic coupling between the

pair produces a disturbance flow that induces a stresslet on the forced particle,

a consequence of its inability to deform. This coupling is illustrated in Figure

3.1(a) and 3.1(b) for a hydrodynamic force acting along and transverse to the

line of centers of the pair, respectively.

The coefficient xg describes the coupling between stresslet and force on a

pair of particles when the hydrodynamic force acts along the line of centers,

and is represented by the curved lines in Figure 3.1(a). Physically, if particle

β is located downstream along the direction of the external force on particle
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Figure 3.2: Longitudinal and transverse mobility coefficients coupling stresslet on the
surface of a particle to the force of that and other particles, in a concen-
trated suspension. Solid lines: dilute theory of Kim and Mifflin [89]. Sym-
bols: simulation results from present study for volume fractions as shown
in legend. (a) Longitudinal self-mobility. (b) Longitudinal pair-mobility. (c)
Transverse self-mobility. (d) Transverse pair-mobility. The inset of the fig-
ures are the log-log plots of the couplings, indicating the decay rate holds
as concentration increases. The log-log plot of transverse self-mobility is
not shown because the couplings fluctuate around zero. From [136], with
permission.

α, the fluid field is disturbed by the finite size of particle β. The distortion to

fluid streamlines would tend to elongate a deformable particle along the line

of centers; a stresslet will arise on any particle more rigid than the fluid. These

52



LH

2 2

Figure 3.3: Transverse mobility coefficients coupling stresslet on the surface of a parti-
cle to the torque of that and other particles, in a concentrated suspension.
Solid lines: dilute theory of Kim and Mifflin [89]. Symbols: simulation
results from present study for volume fractions as shown in legend. (a)
Transverse self-mobility. (b) Transverse pair-mobility. The inset of (a) rep-
resents the profile of the couplings. The inset of (b) shows the log-log plot
of transverse pair-mobility, indicating the decay rate holds as concentration
increases. From [136], with permission.

interactions reflect back and forth ad infinitum.

The coefficient yg corresponds to the stresslet that arises from a force acting

transverse to the line of centers, as shown in Figure 3.1(b). The disturbance

flow decays with distance from particle α, and is thus stronger on the portions

of the surface of particle β that are closer to particle α. In consequence, the

hydrodynamic traction varies with position on the surface of particle β, tending

to elongate a deformable particle along the direction shown.

The symmetry of the grand coupling matrix in Equation (3.2) demands that

the stresslet-force coupling, gαβ, is symmetric to the velocity-strain rate cou-

pling, g̃αβi jk = gαβjki. Thus, once the stresslet-to-force coupling is computed, the
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velocity-to-strain rate coupling is known.

To test the validity of this method, we compare theory results for isolated

pairs [89] to simulation results at concentration φ = 0.01 obtained in this

study (Figure 3.1(c-d)). The solid and dashed lines represent the coefficients

xg
αβ(r, φ → 0) and yg

αβ(r, φ → 0) for isolated pairs, respectively. In both plots, the

strength of the coupling is most pronounced at contact. For the self-coupling,

the longitudinal and transverse components decay as 1/r5 and 1/r7, respectively.

Simulation results from the present study for φ = 0.01 are also plotted in Figure

3.1(c-d) (filled and open symbols). The agreement between simulation and the-

ory is excellent, demonstrating the accuracy of the simulation method at the

pair level.

To examine the effect of concentration on the pair couplings, the suspension

concentration is increased, spanning the range 0.05 ≤ φ ≤ 0.5. The resulting self-

and pair coefficients are plotted in Figure 3.2 for the longitudinal (xg) and trans-

verse (yg) couplings (symbols), alongside the dilute theory of Kim and Mifflin

[89] (solid lines). The qualitative algebraic decay appears unaffected by many-

body hydrodynamic interactions (as shown by the log-log plots at the inset of

Figure 3.2), but as concentration becomes high, undulations in the curves sug-

gest the emergence of local structure. Recall that a positive longitudinal cou-

pling, xαβ, indicates that particle α has the tendency to elongate along the line

of centers, as shown in Figure 3.1. Thus for longitudinal couplings with an ar-

bitrary concentration (Figure 3.2(a-b)), where the curves cross above the dilute

theory, the coupling tends to produce stronger deformation, toward a prolate

shape along the line of centers. Where the curves fall below it, this effect is

weakened. Negative values indicate a tendency to form an oblate spheroid.
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The former appears at separations that permit an integer number of intervening

particles; the latter occurs for non-integer numbers of intervening particles.

This behavior can be understood as follows. When the separation between

a pair is just large enough to fit another particle (r = 4a), the disturbance is

transmitted by thin fluid gap, essentially a near-contact interaction. Particles

thus tend to deform along the line of centers. However, when the separation

between a pair is not large enough to fully fit another particle, the larger volume

of intervening fluid permits greater decay of the fluid disturbance between the

pair. These lubrication forces tend to compress the shape of particles along the

line of centers. At higher concentration, this effect becomes more dominant than

the near-contact effect, and leads to a tendency to deform transversely to the line

of centers. The sign change signals that this transition emerges at φ ≈ 0.2.

The transverse coupling shows the opposite trend (Figure 3.2(c-d)): at the

separation just sufficient to fit another particle, the couplings relax. Here, the

hydrodynamic force is transverse to the line of centers, and so the lubrication

force which connects the three particles tends to pull particles together, i.e., in-

ducing a tensile traction transverse to the direction of the hydrodynamic force,

thus relaxing the coupling. However, when the separation excludes another

particle, the lubrication force from the surrounding particles enhances the cou-

pling. As shown in Figure 3.2(c-d), a separation distance r ≈ 3 corresponds to

the first occurrence where the separation excludes another particle, manifesting

in a peak. As r → 4a, there is just enough intervening space between the pair to

fit another particle, resulting in a decrease in the strength of the coupling. For

larger separation, the evolution of the coupling follows this pattern and repeats.

Though concentration variations cause these liquid-like structural behav-
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Figure 3.4: Longitudinal, transverse and perpendicular mobility coefficients coupling
stresslet on the surface of a particle to the strain of that and other particles,
in a concentrated suspension. Solid lines: dilute theory of Kim and Mifflin
[89]. Symbols: simulation results from present study for volume fractions
as shown in legend. (a) Longitudinal mobility. (b) Transverse mobility. (c)
Perpendicular mobility. The insets of (a) and (b) represent the profile of
longitudinal and transverse couplings, respectively. From [136], with per-
mission.

iors, the scalings of the decay of these functions are the same as those in dilute

theory, consistent with the conclusion of Zia et al. [150]. Hydrodynamic inter-

actions are not screened, but can be accounted for utilizing the mobility data

presented here.
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We now move on to study the strength of the couplings between stresslet on

one particle and hydrodynamic torque on another particle, hαβ, viz.,

Sα = hαβ · Lβ. (3.11)

The coupling is a third-rank tensor and can be projected onto the corresponding

subspaces, giving

hαβi jk = yh
αβ(r, φ)(r̂iε jklr̂l + r̂ jεiklr̂l). (3.12)

Here ε is the third-rank Levi-Civita tensor. The coefficient yh
αβ(r, φ) gives the

strength of the coupling transverse to the line of centers, and the superscript h

signifies the stresslet-torque coupling. When the torque points along the line of

centers, the hydrodynamic force on the surface of both particles is zero and pro-

duces no stresslet; thus the parallel component for the stresslet-torque coupling

disappears. Similar to the coupling between stresslet and force, the symmetry

of the grand mobility tensor gives h̃αβi jk = hαβjki.

The couplings between stresslet and torque for concentrations from dilute

to concentrated are shown in Figure 3.3. The dilute theory (solid lines) and

dilute simulations show excellent agreement. The transverse pair coupling yh
21(r)

decays as 1/r3 and the transverse self coupling yh
11(r) decays as 1/r6. The pair

coupling is set by the first reflection of the rotation of particle α while the self

coupling is set by the second reflection back from the disturbance of particle β,

thus giving the more rapid decay of the latter. In the far field, the couplings

decay to zero. A sketch of the stresslet arising from an external torque is shown

by the inset of Figure 3.3(a). The origin of this stresslet is similar to that of yg,

where the strength of the traction from the disturbance flow is non-uniform over

particle surfaces, producing a tendency of the fluid to deform a soft particle or

produce a stresslet on a rigid particle.
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In concentrated suspensions, undulations appear, again suggesting local

structure. At separations where a third particle can be fit between the pair, the

magnitude of the self- and pair- couplings increases because the third particle

replaces the fluid gap, strengthening the entrainment.

Finally, the strength of the couplings between stresslet on one particle and

the flow rate of strain at the center of another particle is mαβ,

Sα = mαβ · Eβ. (3.13)

Physically, an imposed flow rate of strain exerted on the particle pairs tends to

deform soft particles, producing a stresslet on the surface of rigid particles. This

coupling is a fourth-rank tensor which is expressed as

mαβ
i jkl =

3
2

xm
αβ(r̂ir̂ j −

1
3
δi j)(r̂kr̂l −

1
3
δkl)

+
1
2

ym
αβ(r̂iδ jlr̂k + r̂ jδilr̂k + r̂iδ jkr̂l + r̂ jδikr̂l

+ r̂ jδikr̂l − 4r̂ir̂ jr̂kr̂l) +
1
2

zm
αβ(δikδ jl + δ jkδil

− δi jδkl + r̂ir̂ jδkl + δi jr̂kr̂l + r̂ir̂ jr̂kr̂l

− r̂iδ jlr̂k − r̂ jδilr̂k − r̂iδ jkr̂l − r̂ jδikr̂l).

(3.14)

The coefficients xm
αβ, ym

αβ and zm
αβ give the strength of the coupling along, trans-

verse to and perpendicular to the line of centers, respectively [83]. The super-

script m signifies the stresslet-strain rate coupling. The particles are rigid, thus

the strain rate of the particles is always zero. Since in many problems the flow

is uniform, which means the particle pairs are disturbed by the same flow strain

rate, the influence of self- and pair- couplings can be considered together and

lead to the definition of Kim and Karrila [88], which sum the self- and pair-
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couplings together, i.e.,

xm
1 = xm

11 + xm
12,

ym
1 = ym

11 + ym
12,

zm
1 = zm

11 + zm
12.

(3.15)

Figure 3.4 shows the corresponding couplings as functions of volume frac-

tion and separation distance for suspensions from dilute to concentrated, where

the profile of the straining motion in the parallel and transverse direction and

the resultant stresslet for a pair of particles is illustrated in the inset of Figures

3.4(a-b). For the parallel coupling xm, the straining flow along the line of cen-

ters on particle α produces a disturbance flow that tends to elongate particle β

transverse to the line of centers. Consequently, a corresponding stresslet (inset

of Figure 3.4(a)) is induced on the surface of the second particle. The transverse

coupling ym that the straining flow oriented transverse to the line of centers on

the first particle will lead to a mirror profile stresslet on the second particle.

The parallel and transverse couplings decay as 1/r3, while the perpendicular

coupling decays as 1/r5. In the far field, coupling decays to that of an isolated

particle in a straining flow with a constant stresslet on its surface.

The stresslet-to-strain coupling describes the strength of the traction moment

induced by the flow strain, and increases with particle concentration. One might

expect that a higher concentration of particles hinders particle motion more, and

thus weakens entrainment. However for m, a higher concentration gives rise

to a stronger coupling. This is because in the presence of flow strain, a high

concentration introduces more particle interactions.

Finally, undulations can again be observed in the parallel and transverse

mobilities, but not for zm(Figure 3.4(c)). For parallel and transverse couplings,
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the straining flow and the resulting stresslet lie on the same plane as the line

of centers (see inset of Figure 3.4(a-b)). Pair interactions act within this plane;

the structure between the pair of particles along the line of centers significantly

influences the resulting disturbance flow. However, for the perpendicular cou-

pling, a uniform straining flow acts in the plane perpendicular to the line of

centers and gives rise to a corresponding stresslet in this plane. Pair interac-

tions again transmit through the perpendicular plane, and thus the coupling

stays in a subspace with no component on the plane of parallel and transverse

couplings. Intervening particles located along the line of centers cannot disturb

the perpendicular couplings, giving rise to no undulations.

The couplings to the stresslet are essential to calculating rheological quan-

tities in colloidal suspensions such as the viscosity, normal stresses and os-

motic pressure. The concentrated mobility functions derived here will permit

analytical computation of these quantities for concentrated (near) equilibrium

suspensions, a task that typically requires computational modeling or mean-

field approximation. To demonstrate this utility, here we compute the high-

frequency viscosity for suspensions with volume fraction 0.01 ≤ φ ≤ 0.5. The

high-frequency viscosity, η′∞, is the “intrinsic” viscosity of a suspension aris-

ing from the presence of the no-slip surfaces of the particles. In the context

of sheared suspensions, it is the flow-independent, off-diagonal particle-phase

shear stress, Σ
p
xy, normalized by the flow rate Exy, and solvent viscosity η,

η′∞ =
Σ

p
xy

2ηExy
. (3.16)

The bulk stress of a dilute suspension of hard spheres undergoing simple shear
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was given by Batchelor and Green [18]:

Σp = 2ηE(
5
2
φ +

5
2
φ2+

15
2
φ2

∫ ∞

2
(K(r) +

2
3

L(r) +
2

15
M(r))geq(r)r2dr),

(3.17)

where K, L, and M are linear combinations of the hydrodynamic coefficients of

the stresslet-strain coupling, m, and geq(r) is the equilibrium pair distribution

function.

However, these functions have thus far only been derived for dilute suspen-

sions. Here we extend Batchelor’s theory to finite concentration by defining

volume-fraction dependent forms of K, L, and M as

K(r, φ) = zm
1 (r, φ) − zm,0

1 (φ), (3.18)

L(r, φ) = (ym
1 (r, φ) − zm

1 (r, φ)) − (ym,0
1 (φ) − zm,0

1 (φ)), (3.19)

M(r, φ) = (
3
2

xm
1 (r, φ) − 2ym

1 (r, φ) +
1
2

zm
1 (r, φ))

−(
3
2

xm,0
1 (φ) − 2ym,0

1 (φ) +
1
2

zm,0
1 (φ)).

(3.20)

The coefficients xm,0
1 , ym,0

1 and zm,0
1 provide a re-normalization for convergence

[18], and are equivalent to the far-field (constant) value of xm
1 , ym

1 and zm
1 . Inser-

tion of these expressions into Equation (3.17) gives the volume-fraction depen-

dent high-frequency viscosity:

η′∞(φ) =
5
2
κ(φ)φ +

5
2
κ(φ)φ2+

15
2
φ2

∫ ∞

2
(K(r, φ) +

2
3

L(r, φ) +
2

15
M(r, φ))geq(r, φ)r2dr).

(3.21)

Here, the pair distribution function geq also depends on volume fraction, φ,

and radial separation, r, and can either be calculated from Percus-Yevick equa-

tion [122] or measured directly from simulation (Figure 5). The coefficient κ(φ),

which is a combination of xm,0
1 , ym,0

1 and zm,0
1 , arises from the renormalization of
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Figure 3.5: Pair distribution function g(r), as a function of distance from particle center,
r, for volume fraction φ = 0.45. The solid line is the theoretical results calcu-
lated from Percus-Yevick equation [122]. The dash line is the measurement
from our simulation. From [136], with permission.

the integration in Equation (3.21). Physically, an isolated sphere under straining

flow develops a hydrodynamic stresslet on its surface, SH(φ → 0) = 20πa3ηE/3.

For arbitrary concentration, the isolated sphere is suspended in a medium of

bath particles, and its effective stresslet is given by SH(φ) = 20πa3ηκ(φ)E/3,

which is equivalent to a sphere suspended in a solvent of viscosity κ(φ)η. Fig-

ure 6 shows the high-frequency viscosity thus obtained, utilizing the concen-

trated stresslet-strain coupling m and Equation (3.21). The results (symbols) are

shown alongside the results from dynamic simulations via Sierou and Brady

[133] (line); agreement is excellent.

3.5 Summary and Conclusions

We have extended our theoretical and computational approach, based on

the Accelerated Stokesian Dynamics algorithm, to measure the concentration-
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Figure 3.6: High-frequency viscosity as a function of volume fraction. The symbols are
from evaluating Equation (3.21) utilizing the concentrated mobility function
m(r, φ). The solid line is the result of dynamic simulations from Sierou and
Brady [133]. From [136], with permission.

dependent hydrodynamic mobility functions coupling the surface traction of

one particle to forcing and straining motion of a second particle, with a view

toward developing a set of hydrodynamic pair-mobility functions analogous

to the dilute functions of Kim and Mifflin [89], but now for arbitrary suspen-

sion concentration. In our previous work [150], we showed that hydrodynamic

interactions do not screen entrained motion in suspensions of freely diffusing

particles, regardless of the concentration. In the present work, our finding again

indicate no change in the algebraic decay of pair interactions in the presence of

an intervening medium, but do reveal a concentration dependence important

for calculations involving particle interactions.

The couplings computed in the present and recent articles together con-

stitute a set of orthogonal coupling functions which may now be used in a

pair-like Smoluchowski equation governing many-body hydrodynamically in-

teracting particles. The presented mobility functions are derived assuming a

homogeneous and isotropic hard-sphere suspension. Because these functions
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are only volume-fraction and configuration dependent, they take on exactly

the same form in equilibrium suspensions where additional microscopic forces

change configuration, i.e., electrostatic potentials. Although the assumption of

an isotropic suspension formally restricts attention to weak flow, we have begin

evaluating their applicability to flowing suspensions.

Our technique can be easily extended to compute mobility functions for

other particle-surface boundary conditions, by modifying the mobility func-

tions for e.g. slip conditions or flux conditions for permeable particles, for exam-

ple. Our method can also be utilized to compute particle mobilities in bounded

systems [3, 5].

3.6 Appendix: Evaluation of the hydrodynamic coefficients

To get the transverse component of gαβ, we triple dot (r̂iδ jk + r̂ jδik − 2r̂ir̂ jr̂k) to

both sides of Equation 3.4 and plug Equations (3.5) and (3.6) into the formula,

obtaining

yg
αβ =

1
4

gαβki j(r̂iδ jk + r̂ jδik − 2r̂ir̂ jr̂k)

=
1
4

Uα
k Eβ

l PE
li j(r̂iδ jk + r̂ jδik − 2r̂ir̂ jr̂k)

=
1
4
{(Eβ · PE) : (Uα r̂αβ)

+ (Eβ · PE) : (r̂αβUα) −
4
3

xG
αβ}

(3.22)
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i.e.,

yg
11 =

1
8
{(Eα · PE) : (Uα r̂αβ) + (Eα · PE) : (r̂αβUα)

− (Eβ · PE) : (Uβ r̂αβ)

− (Eβ · PE) : (r̂αβUβ) −
8
3

xG
αα}

(3.23)

yg
12 =

1
8
{(Eβ · PE) : (Uα r̂αβ) + (Eβ · PE) : (r̂αβUα)

− (Eα · PE) : (Uβ r̂αβ)

− (Eα · PE) : (r̂αβUβ) −
8
3

xG
αβ}

(3.24)

The transverse component of hαβ is obtained by double dot ε to both side of

Equation (3.12),

ε jkmgαβi jk = yh
αβ(r̂ir̂lε jklε jkm + r̂ jr̂lεkilεk jm)

= yh
αβ[2r̂ir̂lδlm + r̂ jr̂l(δi jδlm − δimδl j)]

= yh
αβ(3r̂ir̂m − δim).

(3.25)

Then double dot r̂ir̂m to both sides,

yh
αβ =

1
2
ε jkmhαβi jkr̂ir̂m

=
1
2
ε jkmh̃αβki jr̂ir̂m

=
1
2
ε jkmh̃αβkl PE

li jr̂ir̂m

=
1
2
ε jkmΩα

k Eβ
l PE

li jr̂ir̂m

=
1
2

(Eβ · PE) : [(Ωα × r̂αβ)r̂αβ]

(3.26)
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Thus,

yh
11 =

1
4
{(Eα · PE) : [(Ωα × r̂αβ)r̂αβ]

+ (Eβ · PE) : [(Ωβ × r̂αβ)r̂αβ]}.
(3.27)

yh
12 =

1
4
{(Eβ · PE) : [(Ωα × r̂αβ)r̂αβ]

+ (Eα · PE) : [(Ωβ × r̂αβ)r̂αβ]}.
(3.28)

To get the hydrodynamic coefficients for mαβ, an extra third-rank mapping

tensor PS−1 is also involved to convert the simplified second-rank mobility to its

origin, the fourth-rank mobility,

mnmkl = PS−1
nmi mi jPE

jkl. (3.29)

By respectively quartic dot the subspace tensor onto mαβ, the three hydrody-

namic coefficients are given as

xm
1 =

3
4
{[(PS−1 · Sα) : (r̂αβ r̂αβ)][(Eα · PE) : (r̂αβ r̂αβ)]

+ [(PS−1 · Sβ) : (r̂αβ r̂αβ)][(Eβ · PE) : (r̂αβ r̂αβ)]

+ [(PS−1 · Sα) : (r̂αβ r̂αβ)][(Eβ · PE) : (r̂αβ r̂αβ)]

+ [(PS−1 · Sβ) : (r̂αβ r̂αβ)][(Eα · PE) : (r̂αβ r̂αβ)]}.

(3.30)

ym
1 =

1
8
{4[r̂αβ · (PS−1 · Sα)] · [r̂αβ · (Eα · PE)]

+ 4[r̂αβ · (PS−1 · Sβ)] · [r̂αβ · (Eβ · PE)]

+ 4[r̂αβ · (PS−1 · Sα)] · [r̂αβ · (Eβ · PE)]

+ 4[r̂αβ · (PS−1 · Sβ)] · [r̂αβ · (Eα · PE)] −
16
3

xm
1 }.

(3.31)
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zm
1 =

1
8

{
2{[(PS−1 · Sα) : (Eα · PE)]

+ [(PS−1 · Sβ) : (Eβ · PE)]

+ [(PS−1 · Sα) : (Eβ · PE)]

+ [(PS−1 · Sβ) : (Eα · PE)]}

− {[(PS−1 · Sα) : I][(Eα · PE) : I]

+ [(PS−1 · Sβ) : I][(Eβ · PE) : I]

+ [(PS−1 · Sα) : I][(Eβ · PE) : I]

+ [(PS−1 · Sβ) : I][(Eα · PE) : I]}

+ {[(PS−1 · Sα) : I][(Eα · PE) : r̂αβ r̂αβ]

+ [(PS−1 · Sβ) : I][(Eβ · PE) : r̂αβ r̂αβ]

+ [(PS−1 · Sα) : I][(Eβ · PE) : r̂αβ r̂αβ]

+ [(PS−1 · Sβ) : I][(Eα · PE) : r̂αβ r̂αβ]}

+ {[(PS−1 · Sα) : r̂αβ r̂αβ][(Eα · PE) : I]

+ [(PS−1 · Sβ) : r̂αβ r̂αβ][(Eβ · PE) : I]

+ [(PS−1 · Sα) : r̂αβ r̂αβ][(Eβ · PE) : I]

+ [(PS−1 · Sβ) : r̂αβ r̂αβ][(Eα · PE) : I]}
}
.

(3.32)
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CHAPTER 4

MICROVISCOSITY, NORMAL STRESS AND OSMOTIC PRESSURE OF

BROWNIAN SUSPENSIONS BY ACCELERATED STOKESIAN

DYNAMICS SIMULATION

4.1 Introduction

Many-body hydrodynamic interactions present in concentrated suspen-

sions, in addition to roughness and Brownian motion, can produce qualitatively

different rheology than in dilute suspensions. Thus far we have presented how

many-body colloidal interactions can be captured via tabulated mobility func-

tions, which may be suitable for insertion into theoretical models for suspension

behavior. In this chapter, we apply these concentrated mobility functions into

the case of active microrheology by bridging the dilute theory of microrheology

[40, 41] to the concentrated suspensions. In particular, the scaling theory with

the mobility functions indicates the role of many-body hydrodynamic interac-

tions in producing non-Newtonian rheology.

Asymmetric distortion and relaxation of the microstructure produces well-

known non-Newtonian rheology, such as shear-thinning and thickening [10,

143], viscoelasticity [115], normal stress differences [62], and flow-induced dif-

fusion [60], among others. Many of these effects are explained at the pair level,

while three-body interactions can further impose qualitative, concentration-

dependent changes in non-Newtonian rheology. Theoretical models of sus-

pension behavior have successfully predicted non-Newtonian flow behavior in

suspensions undergoing shear, extensional flow, and falling-ball rheometry, i.e.,

macroscale flows. Microrheology is an important complement to these macro-
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scopic techniques, especially for interrogation of microscopically small systems,

and has successfully recovered many rheological behaviors traditionally mea-

sured via macroscale techniques, including viscosity, diffusivity and normal

stress differences. Detailed theoretical connections of microstructure to rheol-

ogy are well-established in both macroscope and microscope approaches.

Non-Newtonian rheology in hard-sphere suspensions arises when mi-

crostructural symmetry is broken and this asymmetry is sustained over time

or length scales long compared to the particle relaxation time scale. In a di-

lute dispersion, where only pair interactions matter, non-Newtonian rheol-

ogy corresponds to a loss of Stokes-flow reversibility in relative pair trajecto-

ries, where Brownian motion or particle roughness, for example, drive parti-

cles off Stokes-flow trajectories. For instance, while a suspension of smooth

spheres undergoing simple shear or polydisperse sedimentation in the absence

of Brownian motion has spherically symmetric structure and Newtonian rheol-

ogy, even very weak Brownian motion destroys this symmetry, leading to flow-

dependent viscosity. In the same flows of non-colloids, particle roughness also

destroys Stokes-flow reversibility. Indeed, surface asperities as small as one ten-

thousandth of a particle size produce similar effects [49]. The excluded-annulus

model [131], which served as a simplistic, yet useful, representation simulating

various surface conditions, has been employed to incorporate the effect of par-

ticle roughness into the dilute theory and recover non-Newtonian behaviors.

However, missing in all these dilute models is the detailed effect of three-body

interactions.

Many-body interactions give rise to qualitative changes in suspension rheol-

ogy that cannot be captured by the dilute theory where only pair-level particle
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interactions are considered. The leading-order effect is the loss of Stokes-flow

fore-aft symmetry, time reversibility, and thus Newtonian rheology. The pres-

ence of three-body or higher-order interactions breaks fore-aft symmetry, but

in principle, particle trajectories are still time reversible. As a result, if the ini-

tial configuration is random, the structure of the suspension is still symmetric

on average, even though for one realization a third particle breaks the fore-aft

symmetry. To trigger non-Newtonian rheology, time reversibility must be de-

stroyed, which is nearly unavoidable in experiments or simulations, owing to

the chaotic sensitivity of three-body trajectories to infinitesimally small pertur-

bations, such as residual Brownian motion or particle roughness. That is, in the

presence of many-body hydrodynamic interactions, small perturbations quickly

amplify and propagate to give time-irreversible suspension mechanics. This

idea was first discussed by Leighton and Acrivos [97] in their seminal study

of shear-induced migration of non-colloids, an effect the authors attributed to

irreversible diffusion arising from a combination of many-body hydrodynamic

interactions and particle roughness. More recent work has captured this behav-

ior, beginning most notably with the study of Jánosi et al. [82], who numerically

modeled the sedimentation of three particles in Stokes flow, showing that par-

ticle motions are extremely sensitive to their initial configurations. They found

that the particle trajectories separate exponentially in time with a positive Lya-

punov exponent, thus quantifying the chaotic nature of hydrodynamic interac-

tions. Marchioro and Acrivos [111] and Drazer et al. [53] connected this phe-

nomenon to many-body interactions between sheared non-colloids and resul-

tant non-Brownian diffusion. They further showed that, in simple shear flow of

non-colloids, even if all external and microscopic forces are deterministic, par-

ticle trajectories are stochastic and chaotic. When particle roughness is signifi-
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cant, pair encounters break fore-aft symmetry, and thus produce an O(φ) trans-

verse diffusivity, where φ is the particle volume fraction of the suspension. For

nearly smooth particles, three-body hydrodynamic interactions are responsible

for the loss of fore-aft symmetry, giving rise to irreversible diffusion that scales

as O(φ2). Pine et al. [126] found a threshold shear rate that separates reversible

particle trajectories from chaotic behaviors, by measuring the diffusivity of non-

colloidal particles in an oscillatory shear flow with both experiments and sim-

ulations. Overall, these studies show that small perturbations and three-body

interactions are essential to introducing time irreversibility, but how three-body

hydrodynamic interactions quantitatively give rise to non-Newtonian rheology

is still not clear.

One way to view the shear-rate and concentration dependence of loss of

Stokes-flow symmetry, and its connection to the influence of many-body hydro-

dynamic interactions on non-Newtonian rheology, is to recognize that from a

trajectory perspective, the loss of memory occurs as a pair encounter progresses.

In the present work, we utilize Accelerated Stokesian Dynamics (ASD) simula-

tions to study the effect of many-body hydrodynamic interactions on particle

trajectories, microstructure, and non-Newtonian rheology. To focus on the con-

nection between particle trajectories and non-Newtonian rheology, we study

flow-dependent rheology via active microrheology, in both dilute and concen-

trated suspensions with varying volume fraction and strength of probe forcing.

The active microrheology framework has been described in a review article by

Zia [147].

The ASD algorithm rigorously accounts for many-body far-field hydrody-

namic interactions and near-field lubrication interactions, thus allowing the
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study of suspensions ranging from dilute to maximum packing. Here, we study

the evolution of structure and rheology as it evolves with strength of probe forc-

ing. The microviscosity, normal stresses, normal stress differences and osmotic

pressure are measured over a range of volume fractions, 0.05 ≤ φ ≤ 0.4. We

find that, as concentration increases, the osmotic pressure and normal stresses

increase, indicating greater storage of flow energy relative to that dissipated by

viscous drag. Structural distortion is more pronounced as volume fraction in-

creases, supporting this view. An increase of osmotic pressure with increasing

volume fraction is unsurprising at equilibrium, given the connection of osmotic

pressure to the chemical potential. The viscosity also increases as concentra-

tion grows. An increase in dissipation (viscosity) with increasing volume frac-

tion also makes sense physically, if one draws on a similar dependence at equi-

librium where no-slip surfaces increase stress and viscosity. However, under

flow, at the pair level, hydrodynamic coupling lengthens the duration of pair

encounters, suppressing the formation of structural asymmetry and thus non-

Newtonian rheology. One might then expect an increase in concentration to ex-

aggerate this response. While we do find that increasing volume fraction drives

up the non-equilibrium viscosity, we find just the opposite for the normal stress

difference and osmotic pressure: increasing volume fraction leads to increased

structural asymmetry and enhanced energy storage. This behavior must owe its

origins to three-body and higher-order hydrodynamic interactions. We hypoth-

esize that the loss of time- and fore-aft symmetry of relative trajectories caused

by three-body hydrodynamic interactions leads to this behavior. To interrogate

this idea, we developed scaling theories to bridge the dilute theory for the rhe-

ological quantities in suspensions to arbitrary concentration, where the concen-

trated mobility functions derived recently by Zia et al. [150] are introduced to
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collapse the concentrated results onto dilute theory. Agreement between our

scaling theory and simulation results in suspension stress suggests that three-

body hydrodynamic interactions are most pronounced when probe forcing is

strong. Further study shows that the transverse mobility of the particle pair in

the presence of the third particle is responsible for the non-Newtonian rheol-

ogy, since physically it gives rise to loss of fore-aft symmetry. In weak probe

forcing, the irreversibility from three-body encounters is not important because

advection is weak.

The remainder of this chapter is organized as follows: in section 4.2, the

microrheology model system is presented, where the excluded annulus model

is utilized to tune the strength of hydrodynamic interactions. The method to

evaluate microviscosity and suspension stress from the particle motion is ad-

dressed in section 4.3, followed by presentation of the simulation techniques in

section 4.4 for the evolution of particle configurations from N-body Langevin

equations. Results are presented in section 4.5, beginning with the evolution

of the non-equilibrium microstructure under weak to strong probe forcing and

dilute to dense particle concentration. Focus is placed on the microviscosity,

normal stresses parallel and perpendicular to the direction of the external force,

the normal stress difference and the osmotic pressure. The quantities are mea-

sured for the full range of forcing, spanning five decades of probe forcing and

for volume fraction 0.05 ≤ φ ≤ 0.4, revealing an important transition from the di-

lute, two-body interaction-dominated regimes to concentrated regimes, where

three-body hydrodynamic interactions also matter. To gain insight into the role

of many-body hydrodynamic interactions in Non-Newtonian behaviors, we de-

veloped a scaling theory to bridge the concentrated rheology to the dilute the-

ory. The study is concluded in section 4.6 with a summary.

73



4.2 Microrheology model system

We consider a suspension of neutrally buoyant, colloidal hard spheres all

of hydrodynamic radius a, immersed in an incompressible Newtonian fluid of

density ρ and dynamic viscosity η. In active microrheology, a probe particle

is dragged by an external force, Fext, through a bath of particles. The char-

acteristic velocity U of probe motion sets the Reynolds number, Re ≡ ρUa/η.

Because the probe and bath particles are small, Re � 1, inertial forces can be ne-

glected and thus the fluid mechanics are governed by the Stokes equations. The

probe number density, na, relative to the number density of bath particles, nb,

is small. Probe motion distorts the equilibrium microstructure while the Brow-

nian motion of the bath particles acts to recover their equilibrium configura-

tion. This gives rise to an entropic restoring force, kT/a, where k is Boltzmann’s

constant and T is the absolute temperature. The degree of distortion of the mi-

crostructure, and hence its influence on probe motion, is set by the strength

of probe forcing, Fext, relative to the entropic restoring force, defining a Péclet

number: Pe = Fext/(kT/a). The volume fraction of bath particles is defined as

φb ≡ (4πa3/3)Nb/V , where Nb is the number of bath particles, and V is the system

volume.

4.3 Measurement of rheological quantities

Dynamic simulations provide the same particle displacements and interac-

tions as would be measured in experiments. Here we relate probe behavior and

bath particle configurations to the rheological quantities we seek. We begin with

the microviscosity, which is related to average probe speed via Stokes’ drag law.
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This is followed by the suspension stress, and its connection to particle config-

uration.

4.3.1 Microviscosity

In microrheology, since the probe is dragged through a suspension, the

neighboring particles are entrained by the motion of the probe. The perturbed

bath particles changes the equilibrium configuration, formed a microstructure.

This microstructure in turn hinders the probe, slowing its motion. Squires and

Brady [135] and Khair and Brady [87] interpreted the mean-speed reduction as

a viscous drag of the bath and defined an effective viscosity ηe f f via the applica-

tion of Stokes’ drag law:
ηe f f

η
≡

Fext

6πηa〈U〉
, (4.1)

where 〈U〉 = −〈U〉 · Fext/Fext, and 〈U〉 is the velocity of the probe, averaged over

many encounters with background particles.

The effective viscosity can be written as that due to the solvent drag on the

probe, plus the drag due to microscopic forces between the probe and the bath

particles:
ηe f f

η
= 1 +

ηmicro

η
. (4.2)

The microviscosity, ηmicro, measures the viscosity arising from both the equilib-

rium hindrance due to the presence of the particles, and that due to the non-

equilibrium distortion of the particle structure. Combing equations (4.1) and

(4.2) gives the expression of microviscosity,

ηmicro

η
=

Fext

6πηa〈U〉
− 1, (4.3)
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In experiments and simulation, the microviscosity is measured in a straightfor-

ward way as the mean probe velocity over a range of time, whereas in theory

it is calculated as an integration over the whole space via probe-bath mobility

couplings [135, 87].

4.3.2 Suspension stress

In rheology, the bulk stress 〈Σ〉 can be divided into fluid-phase stress and

particle-phase stress [12, 14]:

〈Σ〉 = −〈p〉I + 2η〈E〉 + 〈Σp〉, (4.4)

where 〈p〉 is the pressure of the incompressible fluid, I is the identity tensor,

2η〈E〉 is the deviatoric stress contribution from the fluid, and 〈Σp〉 is the particle-

phase stress. The stresses are ensemble averaged over the whole volume V con-

taining N bath particles, denoted as 〈·〉. In active microrheology, the particle-

phase stress, 〈Σp〉, is studied by Chu and Zia [39] for dilute suspensions, where

they divided the particle-phase stress into non-hydrodynamic and hydrody-

namic contributions, respectively,

〈Σp〉 = −nakT I − na〈rFP〉 + na(〈S〉H,ext + 〈S〉B + 〈S〉P,dis). (4.5)

The first term, −nakT I, is the equilibrium particle stress from thermal fluc-

tuations of Brownian particles. The second term, −na〈rFP〉, is the non-

hydrodynamic interparticle stress and originates from interparticle elastic colli-

sions. The remaining term represents the particle-phase stress arising from hy-

drodynamic interactions. The stresslets, S, correspond to the symmetric part of

the first moment of the stress tensor. Physically, microscopic forces induce rela-

tive motion between particles. The relative motion further gives rise to stresslet
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on the particle surfaces since particles are hydrodynamically coupled. Specif-

ically, the stresslets induced by external probe forcing, Brownian motion, and

interparticle forces are represented by stresslets SH,ext, SB, and SP,dis, as shown in

Equation 4.5. These stresslets are formulated as:

〈SH,ext
〉 = −〈RS U · (R−1

FU · F
ext)〉, (4.6)

〈SB
〉 = −kT 〈∇ · (RS U · R−1

FU)〉, (4.7)

〈SP,dis
〉 = −〈RS U · R−1

FU · F
p〉. (4.8)

In these equations, Fp denotes the interparticle force, R represents the hydrody-

namic resistance tensors which couple surface traction of particles to their mo-

tion. Specifically, RFU denotes the resistance tensors coupling force and torque

to translation and rotation; RS U denotes the coupling between stresslet on the

surface of particles and particle translation or rotation. Physically, the advec-

tive flow arising from the externally applied force gives rise to an external-force

induced stresslet SH,ext on a particle surface because it cannot deform. The Brow-

nian stresslet SB on particle surfaces arises due to disturbance flows driven by

the Brownian motion of bath particles as it acts to smooth microstructural gra-

dients [17]. Finally, relative motion produced by interparticle forces gives rise

to disturbance flows that in turn create a stresslet SP,dis on particle surfaces.

The stress tenor, Σp, has six independent elements in general. In microrheol-

ogy, however, only the normal stresses are non-zero, owing to the axisymmetric

geometry of the structure around the probe. We denote the three normal stresses

as Σxx, Σyy and Σzz, where x is the direction parallel to the external force. The ax-

isymmetric structure also implies that the stresses perpendicular to the direction

of the external force are equal, i.e., Σyy = Σzz. Thus in active microrheology, the
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suspension stresses are expressed by only two components: the parallel normal

stress, Σ‖, and the perpendicular normal stress, Σ⊥, where Σ‖ ≡ Σxx, Σ⊥ ≡ Σyy.

The normal stress differences characterize the anisotropic deformation of a

suspension arising from the distortion of the microstructure, and are formulated

as:

N1 = Σxx − Σyy,

N2 = Σyy − Σzz,

(4.9)

where N1 represents the first normal stress difference, N2 represents the second

normal stress difference. Because the two perpendicular components are iden-

tical due to the axisymmetric microstructure, N2 is always zero. Thus only the

first normal stress difference is measured.

The tendency for isotropic expansion or contraction of the particle phase is

described by the osmotic pressure, which is defined as negative one third of the

trace of the stress tensor,

〈Π〉 = −
1
3

I : 〈Σp〉. (4.10)

To evaluate the microviscosity, and suspension stress in simulations via

Equations (4.3), (5.20), (4.7), (4.8), and (4.10), hydrodynamic couplings and

forces must be provided. The external force is prescribed. The interparticle

force FP is evaluated as the gradient of the interparticle potential between parti-

cles, FP = −∇V, given an arbitrary particle potential,V. The resistance tensors,

R, are functions of only particle configurations and can be evaluated given the

positions of all the particles in the suspension. Thus in simulations, to measure

the microviscosity and suspension stress, we must solve for the particle motion

and evolve the suspension configurations in each time step. The method of our

approach is given next.
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4.4 Simulation Method

In Stokesian dynamics simulations, the particle motion is governed by the

coupled N-body Langevin equation, a force/torque balance between hydrody-

namic, Brownian, interparticle and external forces/torques,

0 = FH + FB + FP + Fext, (4.11)

where the left-hand side is zero because inertia is neglected. In Equation 4.11,

F represents force/torque vectors of dimension 6N. The prescribed external

force, Fext, only acts on the probe and is zero for all bath particles. The method

to compute the hydrodynamic, Brownian and interparticle forces are presented

below.

In the absence of imposed far-field flow, the hydrodynamic forces on the

particles, FH, are written as:

FH = −RFU · U. (4.12)

Here U is a vector of 6N, representing the particle translational/rotational ve-

locity.

The Brownian force FB arises from the thermal fluctuations in the fluid and

is a Gaussian stochastic variable,

FB = 0, FB(0)FB(t) = 2kT RFUδ(t), (4.13)

where the overbar denotes an ensemble average over the thermal fluctuations

in the fluid, and δ(t) is the Dirac function.

The interparticle force, FP, describes any particle-particle interactions. In our

simulations, hard spheres are modeled and the interparticle force is given by
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FP = 1
2kT r̂δ(r−2a), where r is the separation distance between particle pairs and

r̂ is a unit vector pointing from particle center to center. Since in simulations

particles interacting with full hydrodynamic interactions are modeled, where

lubrication forces prohibit particles touching each other, the interparticle force

is negligible.

By plugging the expressions of forces (Equation 4.12, 4.13) into Equation 4.11

and integrating it over a time step ∆t, the displacement equation of particles is

obtained:

∆x = R−1
FU · F̂

ext
∆t + kT∇ · R−1

FU∆t + X(∆t) + o(∆t), (4.14)

with

X = 0, X(t)X(t) = 2kT R−1
FU∆t. (4.15)

The first term on the right hand side of Equation 4.14 represents the displace-

ment of particles arising from external forcing. The second term describes the

Brownian drift, which is the net displacement of a collection of particles due to

Brownian motion. The Brownian displacement, X, representing the diffusive

motion of particles, is a random vector with zero mean and its covariance is

linear in the inverse of the resistance tensor, as shown by Equation (4.15).

To facilitate our analysis, we nondimensionalize the quantities as follows.

Particle position x is non-dimensionalized by the characteristic particle size a.

The time is scaled by the diffusive time scale a2/Db for weak forcing and by

the advective time scale a/U for strong forcing, where Db is the diffusivity of

a single bath particle in the solvent, U is a characteristic probe velocity. When

forcing is weak, the time scaling is set by the diffusive motion, which produces

the dimensionless displacement equation:

∆x = Pe(R−1
FU · F̂

ext
)∆t + ∆xP + ∇ · R−1

FU∆t + X(∆t) + o(∆t), (4.16)
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where the Péclect number, Pe = Fext/kT , emerges naturally in the evolution

equation after the non-dimensionalization. For strong forcing where advection

dominates, the equation reads

∆x = (R−1
FU · F̂

ext
)∆t +

1
Pe
∇ · R−1

FU∆t +
1

Pe1/2 X(∆t) + o(∆t). (4.17)

Particle dynamics are obtained from Equations 4.16 and 4.17 once we con-

struct the resistance tensor, RFU . As mentioned above, it couples hydrodynamic

force and torque to particle motion and is only a function of particle configura-

tions. In simulations, we also compute particle stresslets. To this end, a more

general resistance matrix involving couplings between stresslet and particle mo-

tion, R, is defined as

R =

RFU RFE

RS U RS E

 . (4.18)

Here the subscript S denotes the stresslet on the surface of the particles, E de-

notes the rate of strain of particles and fluid. Since hard spheres cannot deform,

E can only arise from the imposed flow. The superscripts FE, S U and S E in-

dicate the resistance tensors coupling force and torque to flow rate of strain,

stresslet to particle motion, and stresslet to flow rate of strain, respectively.

An extension of Equation (4.11) is obtained according to the grand resistance

tensor, R, viz., 0

S

 = −R ·

U0
 +

FB + FP + Fext

−rFP

 . (4.19)

The resistance tensor,R, captures the many-body hydrodynamic interactions

between all the particles in a suspension. For a pair of particles closely spaced,

two-body interactions are pronounced and are well-established analytically in

the literature [84, 83]. For particles far from each other, many-body interactions
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must be considered because the effect of intervening particles between the pair

is significant. Thus R is evaluated as a sum of the near-field two-body hydro-

dynamic interactions, and the far-field many-body hydrodynamic interactions,

R = Rn f +M
∞−1. (4.20)

The two-body near-field resistance matrix, Rn f , is directly computed by lin-

ear superposition of the analytical, pairwise resistance functions from Jeffrey

and Onishi [84], Jeffrey [83] and Jeffrey et al. [85]. The far-field grand mobil-

ity matrix, M∞, is constructed from a Taylor expansion of the Green’s func-

tion of Stokes equation, and truncating the expansion to the first traction mo-

ment [28], which estimates the first reflection of long-range hydrodynamic in-

teractions. Furthermore, the inverse of the far-field mobility, M∞−1, captures

the many-body interactions [55]. To accelerate the computation, Particle-Mesh-

Ewald (PME) method is utilized to avoid constructing M∞ explicitly and an

iterative method is utilized to evaluate matrix inverse [133].

To compute the osmotic pressure in simulations, the trace of the resistance

RS U , defined as P = I : RS U , must be evaluated, where P represents the coupling

between the pressure moment on the surface of particles and particle motion.

Similarly like the construction of resistance matrix R, P is computed from the

analytical expression of two-body hydrodynamic interactions [85], and the far-

field many-body estimation [75].

In our study, each simulation has 25 advective time with time step 0.001

advective time unit. The number of particles is ranging from 187 to 382. We

implemented simulations for volume fraction φb ranging from 0.05 to 0.4, with

flow strength ranging from 0.1 to 30000, each case with 100 − 200 simulations.

The measured quantities in the simulations are averaged over all the time steps
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and all simulations. The periodic boundary condition utilized in the present

simulations generates infinite image probes moving in neighboring simulation

boxes. Due to the small size of the box, probe motion can be slow down by its

images. Thus a correction is implemented to the probe motion, and thus the

microviscosity [133].

4.5 Results

Here we examine the influence of volume fraction on the evolution of mi-

crostructure with flow strength and on the non-Newtonian rheology of the sus-

pension.

4.5.1 Microstructure

As the probe moves through the bath, its interaction with the bath particles

distorts their arrangement. Over long times, the probe encounters many differ-

ent particle configurations. At steady state, an average of these structures over

time approaches an ensemble average over all permissible arrangements, giv-

ing the average steady-state microstructure. The positions of all particles were

monitored throughout simulation, giving the distribution of bath particles rela-

tive to the probe in a frame of reference moving with the probe. The steady-state

temporal average was computed and is plotted in Figure 4.1 for several values

of forcing strength, Pe, and volume fraction, φ. Each column in the figure corre-

sponds to one value of Pe, increasing from left to right. Across each row, volume

fraction is held fixed, increasing from top to bottom. The black circle at the cen-
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Figure 4.1: Evolution of the microstructure from a side-view of the simulation cell
transverse to probe forcing. The black region represents the probe and it
is surrounded by a region excluded to particle centers. Probe forcing Pe
increases from left to right, and volume fraction φ increases from top to bot-
tom, as labeled. Regions in dark red indicate particle-center accumulation;
blue regions indicate particle-center depletion.

ter represents the probe and, at equilibrium (far left column) it is surrounded by

a blue ring showing the exclusion of bath-particle centers closer than r = 2a. A

bath-particle accumulation ring (dark red) shows the nearest-neighbor ring that

emerges distinctly as volume fraction becomes high enough to produce liquid-

like structure.

In the second column, Pe = 1 and, in this regime, advection is as impor-

tant as Brownian motion. Thus, probe motion is able to distort the structure,

and Brownian motion cannot fully erase the disturbance, at least for φ ≤ 0.3.

However, at φ = 0.4 the isotropic structure is still intact. This persistence of

structural distortion arises from the volume-fraction dependence of the gradi-

ent of particle density that in turn produces local Brownian drift, a deterministic

force driving the probe toward more mobile regions, 〈∇ ·M〉nn, where M = R−1 is

the configuration-dependent hydrodynamic mobility and 〈·〉nn indicates an av-

erage over many probe-bath particle relative configurations around the nearest-
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Figure 4.2: Equilibrium pair distribution function g(r) computed from Percus-Yevick
equation ([122]) for different volume fractions.

neighbor ring of particles surrounding the probe. In the concentrated regime,

a liquid-like structure forms and produces fluctuations in particle density that

become more pronounced as volume fraction grows. This is illustrated in Fig-

ure 4.2, which is a plot of the pair distribution function g(r) for several volume

fractions estimated by the Percus-Yevick equation [122]. These density peaks

and troughs produce corresponding mobility troughs and peaks, respectively,

and influence relative particle motion [150]. As volume fraction grows, the

nearest neighbor peak grows taller, narrows, and moves to the left: the region

becomes crowded. Consequently, at high concentration, the relative motion be-

tween the probe and bath particles in the region of the nearest-neighbor ring

is slowed by the increase in nearby no-slip surfaces (lower relative mobility).

Since relative particle velocity decreases but more bath particles flow into the

nearest-neighbor region as volume fraction grows, the relative advective flux

is relatively unchanged as volume fraction grows at Pe = 1. At Pe = 1, the
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Figure 4.3: The first (largest) peak of pair distribution function g(r), calculated by ac-
counting all upstream bath particles and ignore the angular distribution.
The peak value of g(r) is shown as a function of volume fraction φ and probe
forcing Pe.

advective flux is balanced by the relative diffusive flux, which is driven by

radial gradients in the structure, ∂g/∂r, projected through the suspension at a

strength given by the radial relative mobility [87, 77]. Close to the probe the

relative mobility decreases as volume fraction grows and the nearest neighbor

region becomes crowded; the density gradient must thence increase to enforce

no relative flux at contact. Consequently, in the Pe ∼ 1 regime, where Brownian

drift is as strong as advection, increases in concentration effectively reduce the

Peclet number: concentration-gradient dependent Brownian drift outpaces ad-

vection and restores structural isotropy. Overall, when advection is not strong,

increased particle concentration preserves the symmetry of microstructure.

As probe forcing grows, however, hindrance from Brownian motion is over-

come by advection and the nearest-neighbor ring is broken open in the down-

stream region, as seen in the columns for Pe ≥ 10, all rows. Here, the familiar
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boundary-layer and trailing wake structure emerge - and the qualitative effect

exerted by particle concentration becomes more pronounced. At a fixed value

of Pe, particle density in the upstream boundary layer increases as volume frac-

tion increases. To determine wether three-body interactions contribute to this

growth, we seek to determine whether g(r, φ, Pe) shows more significant non-

linear relation vs. φ, comparing with the equilibrium relation. In particular

we are interested in how the nearest-neighbor peak in Figure 4.2 would change

with flow strength, because stronger flow strength is expected to produce more

three-body interactions, and is most pronounced near contact. We interrogate

the simulation data that underlie the contour plots in Figure 4.1, focusing on the

upstream region in front of the probe. The region is divided into hemispherical

annular bins of thickness ∆r. The pair distribution function g(r) is calculated

with appropriate normalization for bin volume. The peak of g(r) is identified

from the largest value, and plotted as a function of φ for several Pe in Figure

4.3. The dashed line indicates the value of first peak of g(r) as a function of

volume fraction from the Percus-Yevick equation, and filled symbols are peak

values from simulations for a range of volume fraction and Peclet number. For

all Pe, increasing volume fraction gives rise to a growth of particle density at

the first peak. However, for equilibrium (Pe = 0) and near-equilibrium sus-

pensions (Pe = 1), the trends are almost the same as that from Percus-Yevick

equation. Even at equilibrium, the contributions of three-body interactions to

density fluctuation begin to dominate osmotic pressure and particle dynamics

at φ ≥ 35%. In a vivid expansion of the density, the coefficient of the three-

body interaction term grows with flow strength, Pe, because particles driven

closer together couple for longer duration via hydrodynamic interactions. As

Pe increases, the increase of pair distribution function at a fixed volume fraction
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shows more pronounced accumulation of bath particles upstream of the probe.

Instead of a near-linear relation between particle density and volume fraction

as shown by the near-equilibrium curves, larger Pe leads to a more pronounced

nonlinear increase of particle density inside the nearest-neighbor ring. Since

we consider fully hydrodynamic interactions, and two-body interactions only

give rise to a linear relation as g ∼ φ, this more pronounced nonlinear trend can

only arise from three-body and higher-order interactions. For higher concen-

tration (φ ≥ 0.3), the slopes of the curves increase as Pe grows, indicating that

strong flow creates a region of more likely three-body interactions, and thus give

rise to more pronounced nonlinear increase of accumulation of bath particles.

For lower concentration (φ ≤ 0.2), the slope almost remains the same for flow

strength from Pe = 1 to 100, but increases as Pe → 1000. This is because three-

body interactions are relatively rare in low concentration, and thus a stronger

flow is necessary to introduce more three-body interactions and give rise to the

increased nonlinear behavior. Besides the thicker boundary layer upstream, as

volume fraction increases, the boundary layer remains attached to the probe far-

ther downstream, wrapping more closely around the trailing side of the probe.

Meanwhile, the trailing wake shortens at fixed Pe as volume fraction increases.

Since higher concentration also gives rise to higher particle density outside the

boundary layer, and the particle density inside the trailing wake is very low for

all volume fractions, a sharper density gradient across the wake is produced

for higher volume fraction. This leads to a more pronounced Brownian drift

force that closes the wake more rapidly. One can anticipate rheological conse-

quences of the thicker boundary layer and shorter trailing wake arising from the

high volume fraction. In the next section it will be shown that non-Newtonian

rheological behaviors arise from three-body interactions that emerge at higher
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Figure 4.4: Microviscosity as a function of Pe and φb. Symbols are simulation results
from present study; open symbols at far right correspond to Pe−1 = 0.

concentrations.

4.5.2 Rheology

In the previous section, contour plots of the deformed microstructure around

the forced probe showed that increasing particle concentration exerts a qual-

itative effect on the evolving structure that is expected to alter probe motion

and hence the rheology inferred by tracking its motion. In the present section,

we examine how microviscosity and stress mirror these structural effects with

concentration-dependent non-Newtonian rheology.
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4.5.2.1 Microviscosity

The intrinsic (Pe → 0) viscosity of colloidal suspensions increases as O(φ2)

when concentration is low, but at φ ≥ 0.35, many-body hydrodynamic inter-

actions produce O(φ3) contributions that set the speed of divergence as φ ap-

proaches maximum packing [62]. Here we investigate how concentration af-

fects non-Newtonian rheology of a flowing suspension. In microrheology, the

microviscosity is inferred from reductions in average probe speed through the

suspension, via application of Stokes’ drag law [135, 87]. Figure 4.4 shows the

microvoscosity ηmicro computed in this study, as a function of forcing strength Pe,

for several volume fractions, φb. The solid line represents the theoretical results

in dilute suspensions [87] for very strong hydrodynamic interactions and the

symbols are our simulation results for arbitrary concentration. The microviscos-

ity is scaled by the volume fraction, φb. When forcing is weak, observable flow

thinning occurs in dilute suspensions [87] as advection grows in strength and

Brownian motion is too slow to restore structural equilibrium. As flow strength

increases, the viscosity force-thickens at Pe ∼ O(10) since particles get closer to

experience strong lubrication, and thus longer-duration coupling between par-

ticle pairs. As Pe tends to infinity, the viscosity asymptotes to the limiting value,

2.51, which corresponds to the falling-ball limit [19, 1]. In this limit, the bound-

ary layer is vanishingly thin. There is negligible contributions from Brownian

and interparticle forces, thus only hydrodynamic viscosity matters.

Filled symbols in Figure 4.4 show the simulation results from weak to strong

forcing with volume fraction ranging from 0.05 to 0.4. When Pe−1 = 0, there

is no Brownian motion. The empty symbols represent the microviscosity at in-

finite Pe, measured by turning off the Brownian motion in simulations. Since
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the microviscosity is scaled by φ, the difference between the simulation results

and dilute theory represents the effect of many-body interactions. The increased

difference with the growth of concentration shows that, as expected, higher con-

centration leads to more significant many-body interactions. A higher concen-

tration signifies a more closely-spaced structure. Since the strength of hydro-

dynamic interactions is inversely proportional to the separation between parti-

cles, interactions in concentrated suspensions are stronger, leading to stronger

energy dissipation and thus a higher viscosity. Though concentration varies,

the viscosity still shows two plateaus in weak and strong probe forcing. How-

ever, the slope of force thickening region grows as volume fraction increases,

indicating a qualitative change of microviscosity in the presence of three-body

interactions. From the microstructure (Figure 4.1), one can observe the change

of microviscosity from the nonlinear evolution of structure in high Pe as volume

fraction increases. First, bath particles in front of the probe (inside the boundary

layer) hinders probe motion via lubrication interactions, and the particle density

increases as the volume fraction increases. Second, the lubrication interactions

between probe and bath particles downstream also hinder probe motion and

increase viscosity. The shorter trailing wake indicates larger hindrance down-

stream as volume fraction increases. As shown in Figure 4.3, the increase of

particle density inside the boundary layer is more pronounced for high concen-

tration due to the three-body interactions, and produces hindrance beyond O(φ)

scaling. As a result, the high-Pe plateau increases faster as volume fraction in-

creases due to the stronger three-body interactions in high concentration. The

enhancement of low-Pe plateau is relatively small since three-body interactions

are negligible and Brownian motion dominates the rheology. This difference in

growth of viscosity in low- and high- Pe regime for different volume fractions
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Figure 4.5: Suspension stress as functions of φb and Pe: (a) parallel normal stress; (b)
perpendicular normal stress; (c) first normal stress difference; (d) osmotic
pressure. Filled symbols are simulation results, solid lines are dilute theory
from Chu & Zia, 2015.

determines the qualitative change of the slopes in the forcing thickening region.

4.5.2.2 Suspension stress

In dilute suspensions, Chu and Zia [39] analytically derived the parallel nor-

mal stress, Σ‖, perpendicular normal stress, Σ⊥, first normal stress difference,

N1, and osmotic pressure, Π. Their results for strong hydrodynamics limit are

shown by the solid lines in Figure 4.5. The stresses are made dimensionless by

nakTφb, where nakT is the ideal osmotic pressure associated with the equilibrium

thermal energy of the Brownian particles. Pair-level hydrodynamic interactions

are assumed to dominate the higher-order interactions, thus the stresses are
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scaled by volume fraction, φb. In low-Pe, Brownian motion dominates advec-

tion. Consequently the disturbance flows that give rise to the Brownian stress

are stronger than the weak advective flow due to probe motion. The stresses

in this linear-response regime all scales as Pe2, which represents a dipolar mi-

crostructure disturbance [39]. As Pe grows, the distance that a probe can move

in one Brownian time scale grows, and thus give rise to more pair encounters

with bath particles and lead to the increase of the suspension stress. For strong

probe forcing, Chu and Zia [39] shows that hydrodynamic encounters of probe

and bath particles along the line of centers are most pronounced. The scaling is

set by the probe-bath lubrication interactions along the line of centers inside the

boundary layer, as Pe0.799. These non-Newtonian rheology behaviors (non-zero

suspensions stress) arise from the asymmetry of the microstructure. For dilute

suspensions, this asymmetry arises from small particle roughness and residual

Brownian motion.

The filled symbols in Figure 4.5 shows our simulation results of both di-

lute and concentrated suspensions for volume fraction 0.05 ≤ φb ≤ 0.4. In

the most dilute suspension, φb=0.05, the simulation data and dilute theory of

all four stress quantities agree well. However, as concentration increases, the

stresses at a given Pe deviate from the dilute theory, and increase monotoni-

cally. As mentioned above, the suspension stresses are scaled by nakT , which

represents equilibrium thermal energy of the probe. Thus the suspension stress

can be viewed as the energy density of a suspension [148]. Consequently, a

distortion of the microstructure gives rise to entropic energy storage, and thus

enhance suspension stress. In dilute theory when only pair interactions mat-

ter, two-body hydrodynamic interactions preserve fore-aft symmetry and thus

suppress structure distortion and give rise to less energy storage and thus a de-
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crease of suspension stress. However, as concentration increases, three-body

interactions become important. In the presence of a third particle, the pair tra-

jectory loses fore-aft symmetry and thus the microstructure is more distorted.

As concentration increases where stronger three-body interactions are involved,

the probe motion causes more configuration distortion, i.e., more entropic en-

ergy storage on the probe, leading to the enhancement of the suspension stress.

This is totally opposite to the effect of pair hydrodynamic interactions in dilute

theory, where in dilute limit hydrodynamic interactions are considered to give

rise to a decrease of suspension stress and preserve Newtonian rheology. The

scaling of stress in high-Pe regime shows a nonlinear evolution, which again

corresponds to the nonlinear distortion of the microstructure. In the next sec-

tion, we will quantitatively analyze the influence of this nonlinear microstruc-

ture evolution on suspension stress, and how three-body interactions give rise

to non-Newtonian rheology.

4.5.3 Scaling theory

In dilute theory, only pair interactions are considered. However, higher con-

centration leads to non-negligible many-body hydrodynamic interactions. As

shown by the microviscosity and suspension stress in both dilute and concen-

trated suspensions, even scaled out the pair level effect φb, difference between

dilute theory and simulations is significant, indicating that three-body factor

φ2
b and even higher order factors matter when concentration increases. Thus, a

new predictive theory is necessary to describe concentrated suspensions with

the consideration of the many-body hydrodynamic interactions. We obtain this

by bridging the pair-level dilute theory to our concentrated simulation results
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utilizing our new simple scaling theory. Different scaling regimes are applied

for microviscosity and suspension stress respectively. For the suspension stress,

we implement different scalings for low and high Pe regime. To facilitate intro-

ducing the idea, we start with the scalings of the suspension stress.

4.5.3.1 Scaling for suspension stress

Chu and Zia [39] derived the high-Pe asymptote of the suspension stress for

a dilute suspension,

〈Σneq〉

nakTφb
∼ Peδgeq(2)

∫ π

0
A(θ) f (2; θ)dθ. (4.21)

Here Σneq denotes the parallel and perpendicular normal stress, the first normal

stress difference and the osmotic pressure because the four quantities have the

same high-Pe asymptote formulation. The asymptote comprises a Pe scaling,

Peδ, the equilibrium microstructure geq(2), and an integral involving the non-

equilibrium microstructure f . The strength of the hydrodynamic interactions

inside the boundary layer is evaluated by A(θ), a function of probe surface an-

gle, θ. Physically, Peδ represents the scaling of particle density inside boundary

layer. In dilute theory, it is derived by Batchelor [17] as:

δ =
W0

G1
= 0.799, (4.22)

where W0 and G1 are the leading orders of hydrodynamic mobility functions

transverse to and along the line of centers, respectively [[84]]. The pair-

distribution function outside the boundary layer, g, is estimated as

g(2; θ) = geq(2)[1 + f (2; θ)], (4.23)

where geq(2) represents the equilibrium contribution of the pair-distribution

function outside the boundary layer, and is identically equal to 1 for dilute sus-
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pensions. Inside the bracket, f (2; θ) represents the non-equilibrium distortion of

the microstructure normalized by the equilibrium microstructure, and is only

angular dependent. Physically, as particle approach each other, the boundary

layer thickness is O(Pe−1) and the strength of the stress for an individual probe-

bath encounter is proportional to the probe forcing, O(Pe). Thus, the average

stress on the surface of the probe is proportional to the thickness of the bound-

ary layer (O(Pe−1)), the number density of bath particles inside the boundary

layer (O(Peδ)), the pair-distribution function around the surface (g(2; θ)), and

the strength per probe-bath hydrodynamic encounter (O(Pe)). The combination

of all these factors sets the high-Pe asymptote of suspension stress in Equation

(4.21), and gives rise to the high-Pe scaling Pe0.799 in dilute suspension.

In concentrated suspensions, many-body interactions become significant. To

bridge the dilute theory and the concentrated suspensions, we consider the hy-

drodynamic interactions in dense suspensions still in the pair level. In dilute

suspensions, one particle can only “see” another and they interact hydrody-

namically through the solvent. Thus theoretical solutions of two-body hydro-

dynamic functions derived by Jeffrey and Onishi [84] are utilized to model par-

ticle interactions. In contrast, a pair of particles in concentrated suspensions

do not only interact through the solvent, but also are influenced by the inter-

vening particles between them. Here we consider the effect of both intervening

particles and solvent together, i.e., we view them as an intermediate medium.

Thus particle pairs directly interact through this effective “solvent”. From this

perspective, all the formulations in dilute theory still hold. The only differ-

ence which characterizes the medium properties are the hydrodynamic mobil-

ity functions. In dilute theory, the hydrodynamic couplings only depend on

the separation distance between the pair. However, when intervening particles
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matter, if considering particle pairs in this intermediate solvent, the couplings

also depend on the volume fraction φb of the intervening particles. Thus, in con-

centrated suspensions, new pair hydrodynamic mobilities, which are functions

of both volume fraction of the suspension and separation distance between the

pair, must substitute the two-body hydrodynamic functions from previous ana-

lytical study [84]. Zia et al. [150] derived these concentrated mobility functions

for a range of volume fractions by stochastically averaging the hydrodynamic

couplings of all possible particle pairs in certain configurations via ASD simula-

tions. We utilized these new mobilities functions to develop the scaling theory

for suspension stress in the concentrated regime.

As discussed above, the high-Pe asymptote of suspension stress in dilute the-

ory (Equation 4.21) still holds from a view of intermediate medium, but volume

fraction matters appropriately in this formulation. In dilute theory, geq(2) repre-

sents the equilibrium pair-distribution function outside the boundary layer. As

concentration increases, there is larger probability to find a bath particle outside

the boundary layer, thus the equilibrium pair-distribution is also a function of

volume fraction, i.e., geq(2; φb). It can be estimated from the Carnahan-Starling

equation of state [36]:

geq(2; φb) =
1 − 0.5φ
(1 − φ)3 . (4.24)

The change of microstructure distortion f (2; θ) is neglected as concentration in-

creases because the crucial contribution to average stress on the particle sur-

face is the number of bath particles around the surface, which is captured by

geq(2; φb). The non-equilibrium distribution of bath particles surrounded the

surface influences the stress sufficiently small.

Furthermore, as shown by the microstructure (Figure 4.3), increasing con-
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centration give rise to a higher particle density inside the boundary layer, which

implies that the scaling of the suspension stress, Peδ, also evolves with volume

fraction, i.e., δ = δ(φb). As shown in Equation 4.22, δ is a ratio of leading orders

of mobility functions transverse to and along the line of centers. Since particle

pairs are viewed as interacting through solvent and intervening particles, a new

set of concentrated mobility functions derived by Zia et al. [150], which cap-

ture the effect of both separation distance and intervening particles is utilized to

substitute the pair mobility functions in dilute theory. Thus for an arbitrary con-

centration, this ratio can be estimated by evaluating the concentrated mobility

functions in the limit of particles near contact:

δ(φb) =
W0(φb, r → 2)
G1(φb, r → 2)

. (4.25)

A more careful examination of these two mobility functions for arbitrary con-

centrations indicate that the leading order term along the line of centers, G1,

almost keep the same, but the one transverse to the line of centers, W0, grows

with the increase of concentration. Thus quantitatively, the transverse mobil-

ity changes the high-Pe stress scaling. Physically, inside the boundary layer,

lubrication interactions dominate. For parallel hydrodynamic couplings, two-

body interactions dominate because a third particle is not able to fit in the thin

fluid gap between the pair, which makes G1 keep consistent as concentration

increases. However, a third particle placed transverse to the line of centers con-

tributes to the coupling and leads to a three-body hydrodynamic interaction

transverse to the line of centers. More importantly, the transverse interaction

gives rise to a transverse particle motion, and thus breaks the fore-aft symme-

try of pair trajectory, and owes to non-Newtonian rheology. That is, the non-

Newtonian rheology arising from hydrodynamic interactions is set by the three-

body transverse mobility couplings. Involving all the concentration effects, the
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high-Pe scaling of the suspension stress is written as:

〈Σneq〉conc

nakTφb
∼ Peδ(φb)geq(2; φb). (4.26)

Remind that the scaling of the dilute theory reads

〈Σneq〉dilu

nakTφb
∼ PeδDgeq(2; φb � 1), (4.27)

where D denotes dilute limit and δD ≡ 0.799. The equilibrium structure

geq(2; φb � 1) ≡ 1 in dilute theory. A comparison of Equation 4.26 and Equa-

tion 4.27 suggests a scaling theory to bridge the dilute theory and concentrated

suspensions:
〈Σneq〉conc

geq(2; φb)Peδ(φb)−δD
∼ 〈Σneq〉dilu. (4.28)

In Figure 4.6 we apply this scaling to the parallel and perpendicular normal

stress, the first normal stress difference and the osmotic pressure. For high Pe,

concentrated stresses with different volume fractions all collapse onto the di-

lute theory. Thus this validates our idea that the concentrated suspensions can

be considered as particle pairs interacting through a medium of intervening par-

ticles and solvent, where the formulations are consistent with the dilute theory

but concentrated mobilities are utilized to model the medium property.

After providing the scaling theory for high-Pe regime, next we will apply

the scaling theory into low-Pe regime. The low-Pe asymptote of the suspension

stress is given as
〈Σneq〉

nakTφb
∼ Pe2geq(2; φb � 1). (4.29)

The low-Pe scaling Pe2 arises from the entropic recovery of the structure dis-

tortion. As shown by the microstructure in Figure 4.3, for weak probe forcing,

the particle density near contact is almost consistent with the equilibrium mi-

crostructure. Thus the low-Pe scaling keeps unchanged with volume fraction.
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Figure 4.6: High-Pe scaling theory (Eq. 4.28) of suspension stress, as a function of φb

and Pe: (a) parallel normal stress; (b) perpendicular normal stress; (c) first
normal stress difference; (d) osmotic pressure. The filled symbols are simu-
lation results. The solid lines are dilute theory from [39].

Similarly to the discussion for the high Pe, a simpler scaling regime is suggested

only based on geq, the equilibrium pair-distribution function just outside the

boundary layer:
〈Σneq〉conc

geq(2; φb)
∼ 〈Σneq〉dilu. (4.30)

We select osmotic pressure as an example to show the validity of the low-Pe

scaling theory for the suspension stress. Figure 4.7(a-b) represents simulation

results (filled symbols) of the osmotic pressure for arbitrary concentrations after

applying the scaling theory in Equation 4.30, compared with the dilute theory

of Chu and Zia [39] (solid lines). However, disparity can be observed at low Pe.

This is because the Brownian contribution to the suspension stress is significant

at low Pe, and the variance of Brownian stress is high, as shown by the error
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Figure 4.7: Low-Pe scaling (Eq. 4.30) of the osmotic pressure as a function of φb and Pe:
(a) total osmotic pressure before scaling; (b) total osmotic pressure after scal-
ing; (c) hydrodynamic osmotic pressure before scaling; (d) hydrodynamic
osmotic pressure after scaling. The filled symbols are simulation results.
The solid lines are dilute theory of Chu and Zia [39].

bars in Figure 4.7. To validate the scaling theory, we can justify it by just looking

at the hydrodynamic contribution, which is the same order of magnitude as the

Brownian part at Pe ∼ O(1). In Figure 4.7(c-d), we compare the hydrodynamic

osmotic pressure before and after applying the low-Pe scaling. Clearly, with

the scaling, hydrodynamic osmotic pressure of all volume fractions collapse

onto the dilute theory. Low-Pe regime also shows non-Newtonian behaviors

(non-zero suspension stress). However, the unchanged Pe scaling indicates that

three-body interactions are not important. This is also observed by the com-

parison of low-Pe microstructure with the equilibrium structure, as shown by

Figure 4.3. In weak probe forcing, the relative motion between particle pairs is

small, and the deviation from the fore-aft symmetric trajectory via three-body

encounters is negligible. Thus three-body interactions cannot provide qualita-
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tive change of suspension stress. The concentration only gives rise to entropic

and structural evolution, which is captured by the Carnahan-Starling equation

of state. In low-Pe regime, the non-Newtonian rheology mainly arises from the

Brownian motion, which destroy the time-reversibility of the trajectory.

In summary, in a suspension with arbitrary concentration, the interactions

between probe and bath particles can be modelled as pair interactions through

an intermediate medium. The medium models the effect of solvent, as well as

the intervening particles between the pair. The properties of the medium is cap-

tured by the concentrated hydrodynamic couplings derived by Zia et al. [150],

as a function of both suspension concentration and pair separation. In an arbi-

trary concentration, two effects may influence the suspension stress. The prob-

ability for the probe to interact with a bath particle depends on the concentra-

tion, and is captured by the equilibrium pair-distribution function, which gives

rise to a change of magnitude of the suspension stress. More importantly, for

strong probe forcing, the hydrodynamic couplings transverse to the line of cen-

ters give rise to break of fore-aft symmetry when three-body encounters. This

distortion of microstructure contributes to the non-Newtonian rheology, and

leads to the change of high-Pe scaling of the suspension stress. For weak probe

forcing, Brownian motion dominates. Because the relative motion of particles

is small and quickly recovered by the Brownian motion, the effect of breaking

fore-aft symmetry owing to the three-body encounters is weak. Consequently,

only pair-distribution function contributes to the change of suspension stress.

The non-Newtonian behaviors mainly arise from the Brownian motion. The

effect of many-body hydrodynamic interactions may be negligible.
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Figure 4.8: Microviscosity as a function of Pe and φb. The solid line is dilute theory [87].
The filled symbols are the scaled simulation results with finite Pe.

4.5.3.2 Scaling for microviscosity

Khair and Brady [87] derived the high Pe asymptote of the microviscosity

in the dilute suspension, ηmicro ∼ α + βPeδ−1. Here, α and β are functions of

pair mobilties. The constant represents the viscosity arising from interactions

outside the boundary layer, whereas the Pe dependent term denotes that in-

side the boundary layer. In concentrated suspensions, following the idea above,

the asymptote formulation still holds. But now α and β are functions of con-

centrated mobilities. However, these two coefficients are difficult to directly

compute due to their complicated relations to the mobilities. As Pe→ ∞, asym-

metric structure and thus the boundary layer vanishes, and the microstructure

recovers its spherical symmetry. The microviscosity totally arises from the hy-

drodynamic interactions in the outer region, i.e., α. In simulations, this constant

can be measured with setting Pe = ∞ by turning off the Brownian motion. This

suggests that in high Pe we can scale the microviscosity with the microviscosity

in the infinite-Pe limit since it captures the many-body hydrodynamic effects at

high Pe.
ηmicro

conc (φb)
ηmicro

conc (Pe−1 ≡ 0)/ηmicro
dilu (Pe−1 ≡ 0)

∼ ηmicro
dilu (φb � 1). (4.31)
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Figure 4.8 shows the microviscosity comparing with the dilute theory after the

scaling above and in high Pe the agreement is excellent.

4.6 Summary and Conclusions

We have studied the microstructure, microviscosity and suspension stress in

a fully hydrodynamically interacting dispersion of hard colloidal spheres in the

active microrheology for arbitrary concentrations via ASD simulation, and elu-

cidated the effect of three-body interactions on rheological quantities. The be-

havior was studied for probe forcing from weak to strong, for suspensions from

dilute to concentrated. For microstructure, we found that increased particle con-

centration preserves the symmetry of microstructure for Pe ∼ 1, and three-body

interactions enhance particle density inside the boundary layer more signifi-

cantly in high Pe than low Pe regime. In dilute theory, particle roughness breaks

fore-aft symmetry during a pair encounter, and thus produces non-Newtonian

rheology. As a result, all rheological quantities scale as O(φ). In more concen-

trated suspensions, many-body hydrodynamic interactions play a role, giving

rise to a deviation from the O(φ) scaling. For suspension stress, instead of sup-

pressing energy storage as two-body hydrodynamic interaction does in dilute

theory [39], three-body interactions enhance suspension stress. Two-body hy-

drodynamic interactions preserve fore-aft symmetry of a pair trajectory and in-

troduce Newtonian rheology. In contrast, three-body hydrodynamic interac-

tions give rise to loss of fore-aft symmetry in the presence of a third particle

for a pair trajectory and thus lead to non-Newtonian rheology. Agreement be-

tween our scaling theory and simulation results in suspension stress suggests

that three-body hydrodynamic interactions are most pronounced when probe
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forcing is strong. In strong probe forcing, the relative motion between a pair of

particles is large, thus the irreversible trajectory arising from the third particle

is pronounced and lead to the non-Newtonian rheology, i.e., normal stress dif-

ference and particle pressure. Further study shows that the transverse mobility

of the particle pair in the presence of the third particle is responsible for the

non-Newtonian rheology, since physically it produces the loss of fore-aft sym-

metry. In weak probe forcing, the irreversibility from three-body encounters is

not important because advection is weak. The residual Brownian motion intro-

duces irreversibility and leads to non-Newtonian rheology. For microviscosity,

three-body interactions produce a qualitative change for force-thickening. As

Pe → ∞, the boundary layer is vanishingly thin and only hydrodynamic in-

teractions matter. A scaling via the infinite Pe value signifies the three-body

hydrodynamic interactions in high-Pe regime. The quantitative disagreement

for viscosity points toward long-range interactions that are still important in

concentrated suspensions. Since energy dissipates fast transversely, our scaling

theory, which empresses concentrated effect at pair contact, successfully cap-

tured the non-Newtonian rheology for suspensions stress. However, the effect

of particle motion decays slow as 1/r in even concentrated suspensions [150].

As a result, the agreement of viscosity between concentrated and dilute sus-

pensions cannot perform well without considering the concentration effect in

long-range interactions. The viscosity in concentrated suspensions may be ob-

tained accurately when directly applying the concentrated mobility functions

into the Smoluchowski equation.
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CHAPTER 5

LARGE-SCALE ACCELERATED STOKESIAN DYNAMICS SIMULATION

WITH MANY-BODY HYDRODYNAMIC INTERACTIONS

5.1 Introduction

Understanding the flow of particles in a fluid has applications in a variety of

fields. Biological applications range from the motion of proteins within the cell

to the transport of particulates in the respiratory system through the flow of red

blood cells in the plasma. Industrial applications are for instance, the flow of

paint and ink and in geophysics the sediments transport in rivers and oceans.

The formation of soft matter such as colloidal gels [149, 95] is another example

of particles suspended in a fluid. In these systems where particles are immersed

in a fluid, the particles movements are correlated. When a particle moves, it

induces a fluid disturbance which entrains other particles. In turn these parti-

cles induce a fluid disturbance too. This fluid-particles coupling and particle-

particle coupling, where the solvent mediates the forces between the particles,

gives rise to a rich and complex physical behavior [88]. To unravel and shed

light on the physics underlying these phenomena different experiments have

been developed. Experimental methods to study particulate flow include stan-

dard rheology measurements and modern techniques such as optical particle

tracking which can provide significant details on the relative motion of parti-

cles [113]. Yet, large-scale simulations can provide rich information, insight and

understanding of the key relevant physics of colloidal suspensions not available

from experiment.

Many different computational approaches can be used to study the dynam-
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ics of colloidal suspensions [112]. A broad approach to model and simulate

particulate flows is to solve the Navier-Stokes equation over the entirety of the

fluid domain. For this purpose the Navier-Stokes equation is discretized on a

mesh representing the fluid domain. One strategy within this approach is to im-

pose no-flux and no-slip boundary conditions at the particles surface in a sharp

manner. With finite element methods this requires complicated algorithms to

generate a mesh which conforms to the particles surfaces [81, 79, 80] and with fi-

nite difference methods this requires sophisticated mathematics combined with

level set methodology to discretize the boundary condition at the particles in-

terface [68, 98, 74, 25, 37]. These approaches can simulate any domain geometry

with any particle shape and even an evolving geometry or shape. However they

require to update the mesh and interpolate quantities from one mesh to another

at each time step. In addition to the implementation complexity these methods

are very challenging for a large number of particles as they require hundreds to

thousands of grid points per particle.

A simplification of the sharp-boundary condition philosophy is to solve the

Navier-Stokes equation over the entirety of the domain including the particles

volume and represent the particles in a fictitious manner. One strategy is to rep-

resent the particles through a force density they exert on the fluid localized to a

point [128]. Point particles method, can be useful to obtain a first answer on how

the particles will affect the fluid flow. However these methods are mostly suit-

able when the suspended particles are very small compared to the typical length

of the flow. Other possible methods which describe the fluid in a fictitious man-

ner are the force coupling method, distributed Lagrange multiplier, immersed

boundary method and immersed body method. The force coupling method

solves the Navier-Stokes equation by smearing the fluid/particle interface with
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a Gaussian shape, and expanding the force density to a force monopole and

dipole [108, 145, 109, 107, 47]. The distributed Lagrange multiplier method

solves the Navier-Stokes equations and constrains the fluid inside the particles

volume to move as a rigid body with Lagrange multiplier functions [69, 70].

Immersed boundary method apply a local momentum impulse [32, 123] and

immersed body method apply a forcing inside the particle volume [117, 109] to

correct the fluid velocity to account for the particles presence. These methods

still require many grid points per particle and more important the lubrication

interactions are strongly affected by the specific chosen hyper parameters and

therefore in practice can’t be captured exactly in non-dilute suspensions at the

viscous regime. Other approaches such as Dissipative Particle Dynamics [78] or

Lattice-Boltzman [91, 92] do not naturally extend perfectly when viscous forces

are dominant and hyper parameters are hard to match.

Approaches to mathematical modeling of particulate flows in an incom-

pressible Newtonian fluid are influenced deeply by the length scales over which

particle motions are correlated. In the case of particles suspended in a flowing

continuum liquid, such conditions arise from body forces and solvent-mediated

interactions. The influence of solvent mediated interactions on correlated parti-

cle motion depends on the speed with which and the distance over which mo-

mentum is transferred through the fluid. Both are set by the Reynolds number

which is the dimensionless strength of flow inertia relative to viscous stress, but

equivalently gives the ratio of the dissipative timescale to the advective time

scale. In inviscid flows ( infinite Re) the disturbance scales as 1/r3. However

at finite Re fluid/particle interactions are confined to a small region near the

fluid/particle interface. The fluid at and near the particle surface is a special

dynamical region, a momentum boundary layer in which viscous stress is as
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important as inertia, in order to decay far-field flow velocity to the particle ve-

locity. Thus, fluid disturbances induced by the presence of particle boundaries

or by particle motion do not strongly influence the motion of other particles

as long as they are well outside the momentum boundary layer. Thus mathe-

matical modeling of particulate flows is constrained by the distance over which

deformation of flow structure propagates, relative to the length scale of and be-

tween suspended particles.

For finite Reynolds number, the boundary layer is inversely proportional to

the Re around the particle where the disturbance due to the particle presence is

felt. For very high Re (but not infinite) such as turbulent flow there is a ratio of

large to small length scales which scales proportionally to the Reynolds number.

At the smaller length scale – the so called Kolmogorov length scale – the energy

dissipation occurs and is transferred to bigger length scales at a finite speed

inversely proportional to the Re number and thus is slow [103]. Moreover, in

flow past bodies a long region of turbulent flow is formed behind the body (the

wake) and at sufficiently large distances the disturbance decays faster than 1/r

even inside the wake [103].

On the other side of the spectrum, in viscous suspensions, the Re is small

and the dissipative timescale is much smaller than the advective timescale. In

fact dissipation occurs instantaneously and there is no lag in the particle cor-

relation. In Stokes flow, Re = 0, inertia does not matter, and thus there is no

momentum boundary layer; instead, when a hydrodynamic force is exerted on

a particle by the fluid, the particles resultant motion entrains fluid with a distur-

bance that decays quite slowly, as 1/r , where r is the distance from the center of

the particle to a position in the fluid. Moreover, when a particle moves it’s ef-
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fect is felt immediately everywhere in the domain and information propagates

at an infinite speed which leads to strongly correlated particle systems with

many-body hydrodynamic interactions. This is captured by the scaling of the

Navier-Stokes equation where length and time scales are set by both the flow

and the suspended particles where a judicious way to model particle systems at

this regime is the Stokes equation which accounts for this scaling. Even in this

regime at finite but small Re and high r it is shown than the disturbance decays

with r × (Re × r) where r is the distance to the particle [103].

On the other hand, when the Reynolds number is nearly zero, one can use

the Stokes equation instead of the full Navier-Stokes equation to develop faster

numerical techniques. Using the Lorentz reciprocal theorem, the velocity distur-

bance in the fluid due to the presence of a rigid particle is formulated through an

integral over the particle surface. The integral is over the product of the stress

tensor with the Stokeslet at the particles boundary [88]. This formulation can

be computed with a boundary integral method which breaks the surface of the

particle into discrete elements [86, 88, 146]. However this method is expensive

as it still requires many elements per particle. In the case that we are interested

only in the particles trajectories but still want to account for accurate HI we can

use methods which bypass the solution of fluid velocities such as Fast multipole

methods (FMM) or Stokesian Dynamics (SD). FMM, which originally developed

for electrostatics [73], have been applied to Stokes flow by expanding the surface

integral into different terms [132, 120] but would require many terms to include

lubrication interaction. SD is based on a multipole representation of the far field

and lubrication corrections [28, 55, 31]. In addition, thermal fluctuations of the

solvent which are of interest for colloidal suspensions are modeled accurately

[26].
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FMM and SD share resemblances with molecular dynamics (MD) or Brown-

ian dynamics (BD) simulations as only particles motion is resolved [57]. How-

ever BD and MD, when modeling the colloid motion only, do not account for

MBHI and lubrication interaction. To account for MBHI with BD/MD would

require to add small water molecules Nw ∝ (109)Np and to reduce the time step

of the simulation to prevent particles overlap to account for colloid-solvent col-

lisions: this would be too slow. Therefore, in order to model particles motion

in large scale colloidal suspension with many-body hydrodynamic interactions

and Brownian motion we will use SD.

While Stokesian dynamics solves the particles dynamics only it originates

rigorously from the Stokes equation and is accurate up to the number of mo-

ments it includes in the formulation. Stokesian dynamics has allowed to a

better understanding of the physics and rheological properties of suspensions

[30, 24, 99, 134, 124]. SD has been extended to include bi-disperse suspension

[144] and confined systems [138, 3, 4]. On the computational aspect SD has been

accelerated (Accelereted Stokesian Dynamics, ASD) by computing the many-

body far-field interaction in the Fourier space [133, 8]. It allows the simulation

complexity to get reduced from quadratic to linearithmic with the number of

particles. It has enabled to simulate O(100) particles while the original imple-

mentation enabled O(10) particles only. However, all ASD design thus far has

been serial, limiting system size to a few thousand particles. To illustrate the

limitation of serial ASD, we first describe the simulation ability on a single core.

On one processor, to simulate Np = 500 particles with N3
x = 323 plane waves,

would typically takes one day to simulate 10 Brownian times. If we would like

to simulate Np = 256, 000 particles with N3
x = 2563, it would take more than two

years to simulate 10 Brownian times (assuming there is enough memory on a
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single core). This is too slow. While recently efforts have been done to lever-

age advances in new computing architectures none has enabled the study of

suspension with Np > 10, 000.

Wang and Brady [144] implement the far-field tensor action on a GPU to ob-

tain a O(10) speedup and report results up to Np = 3000. However handling

O(100, 000) particles would require massive parallelization and will be too slow

on a single GPU. While SD has been recently parallelized [34, 35], its quadratic

computation complexity still limits its application for large-scale systems. To

our best knowledge, the accelerated Stokesian dynamics version, which is lin-

earithmic, has not been implemented on distributed memories. Parallelization

of algorithms has gained traction in recent years due to modern distributed

memory machines. Active research and development on parallelization is done

from fundamental linear algebra [6], Fast Fourier Transforms (FFT) [63, 121] and

adaptive mesh refinement [114] to end physical applications. These algorithms

have enabled the investigation of a myriad of physical phenomena which would

not have been possible on a single CPU. Therefore, in this chapter we propose

algorithms for massive parallelization of ASD on distributed memory architec-

ture.The investigation of large-scale suspensions in a parallel environment will

enable to answer fundamental scientific questions on colloidal gels and glasses.

The rest of this chapter is organized as follows: in section 5.2 we explain

the parallel algorithms in details. We show how the near-field and far-field hy-

drodynamic interactions and the communication between these two parts are

implemented. We also represent the simulation of Brownian motion in parallel

scenario, and provide preconditioner techniques to accelerate matrix compu-

tation. In section 5.3 validation and convergence results of our code, scaling
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performance of our algorithm and as well a simulation of a large-scale hydro-

dynamically interacting colloidal suspension forming a gel at early stages are

present.

5.2 Parallel Algorithms

5.2.1 Overview

To construct the parallel algorithm, we partition the computation over multi

domains and distribute the particles to many cores. While, this will not reduce

the overall computation cost, this will definitely reduce the computational time

since each processor needs to carry out only a fraction of the overall computa-

tional task. For this purpose we parallelized the initial particle configuration

generation, the near field iterative solution, the far field iterative solution and

the computation of the Brownian force. We also developed an algorithm to com-

municate the data between the near field and far field algorithms because they

are coupled but typically have different parallel layout data structures. We de-

veloped or code in C++ using the Message Passing Interface (MPI) library which

allows data communication between processors. When parallelizing ASD, chal-

lenges arise from different directions. The first is inherent to any parallel code,

where careful design is required to minimize communication in order to de-

velop scalable code. The second is natural to any large-scale system where com-

plexity does not increase linearly. In 5.2.2, we discuss the initial particle config-

uration generation and in 5.2.3 the near field parallelization. In 5.2.4, we discuss

in details the far field parallelization and the data communication between the
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near field and far field. In 5.2.5 we discuss the methods and strategies to pre-

condition and solve the large scale linear systems obtained in different physical

regimes. Finally, in 5.2.6, we discuss the Brownian displacement computation

and its parallelization.

5.2.2 Initial Configuration Generation

In this study we generated random configuration for the dilute to the semi

dilute regime, i.e φ < 0.3. While it is challenging to generate random configura-

tions even in serial for the concentrated regime [130], we want point here some

important remarks about the semi dilute regime in parallel. In serial case, a

simple Monte-Carlo simulation is enough: each particle is generated randomly

uniformly in the computational domain V ; it checks that no other particle oc-

cupy this region; if it does the particle is regenerated until there is no overlap.

This process is repeated until all the particles are generated without overlap-

ping with each other. This method is pretty straightforward but scales as O(N2
p)

and is not practical for Np ∝ 100, 000. In parallel, one possible approach is that

each processor will generate particles in a predefined region and then will check

overlapping within its own region and neighboring processors. The drawback

with this approach is that it generates configurations with low entropy: indeed

instead of having a possible number of initial configurations, Ω, proportional

to VNp , we will have only Ω ∝ (V/P)Np possibilities as illustrated in Figure 5.1,

where P is the number of processors we use1. One simple remedy is to allow

each processor to generate particles simultaneously everywhere in the domain.

Then an all-to-all communication is required to send all particles to the pro-
1We use ∝ instead of = because we have finite size particles and not point particles. Comput-

ing exactly Ω is beyond the scope of this topic.
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cessor it belongs to. Finally we check overlap between particles and its close

neighbors. The disadvantage is that all-to-all communication is required, i.e

each processor may have to communicate with each processor. In addition, as

in the serial case, this procedure needs to be repeated iteratively until we reach

an overlap free initial configuration. Nevertheless, this allows to generate con-

figurations with Ω ∝ VNp with a computational complexity of ( Np

P )2 which will

keep the computational complexity same as a simulation on one processor with

N′p = Np/P particles. In more details, we use a backtracking algorithm such

that for each pair of particles which overlap we regenerate only the particle that

did overlap in the previous iteration. The particle that did not overlap in the

previous iteration is kept fixed.

Figure 5.1: A system with two particles and two processors has a higher entropy if each
processor can generate particles everywhere in the global domain. Indeed,
if each processor is allowed to generate only in its local region the number
of possible configurations is proportional to V2

4 where V is the volume of
the global domain. That is if the red particle belongs to the light blue pro-
cessor and the magenta particle belongs to the dark blue processor only the
upper left initial configuration can be generated. However if we allow each
processor to generate particles anywhere in the global domain, the number
of possible configurations is proportional to V2 and the three other quad-
rants are also feasible initial configurations. In short if one allows only local
generation there is a reduction of entropy proportional to Np × log P.
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5.2.3 Short-range hydrodynamic interactions

The near-field hydrodynamic interactions are represented by the resistance

tensor R̃FU
n f , is derived analytically by Jeffrey and Onishi [84]. Since only two-

body short-range hydrodynamic interactions are involved in this near-field por-

tion, particles only interact hydrodynamically with their neighbors and thus

R̃FU
n f is sparse. To construct the sparse matrix in O(N), a neighbor list must be

constructed first for each particle, which stores the information of its neighbor

particles. The neighbor particles of a particle α are defined as particles within

a distance rc to α. To parallelize this procedure, we follow the algorithm of

Plimpton [127], where a 3D domain decomposition is introduced to split the

whole simulation box into rectangular subdomains, and each processor assigns

a subdomain, as shown in Figure 5.4. Thus, particles near the boundary of the

subdomains may have neighbor particles in other processors. To facilitate con-

struction of neighbor list and reduce communication cost, each processor also

records information of particles of other processors but close to its boundary.

These particles are the so-called ghost particles. To get the information of these

ghost particles, following the algorithm of Plimpton [127], each processor (red)

communicates with six of its neighbor processors (green) and receives the infor-

mation of all the ghost particles as described in figure 5.4. Once the neighbor

list of each particle is constructed, the near-field sparse matrix (R̃FU
n f and RFE

n f )

operations are implemented using PETSc [6].
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Figure 5.2: The processor grid topology for short range interactions follows a 3D do-
main decomposition and splits the computational domain in a way to min-
imize communication among neighborhood processors. Each processor
(red) communicates with six of its neighbor (green) and receives the infor-
mation of all the ghost particles.

5.2.4 Long-range hydrodynamic interactions

Based on Hasimoto work [75] for the periodic solution of the Stokes equa-

tion, Sierrou and Brady [133] introduced a fast way to compute the far field

mobility matrix action on a vector, i.eM∞ · F, without computing the matrix it-

self. They use an Ewald sum which splits the computation into a real space sum

and wave space sum represented as a pair of a Fourier Transform and Inverse

Fourier Transform and appropriate operations in between. We review the far

field mobility action based on FFT and then discuss its parallelization.

As shown in Equation 1.3, the velocity disturbance δu = u − u∞ is expanded

around the particle centers. Sierou and Brady [133] absorb the torque and

the stresslet into the force with a force matching moment method and use the

Fourier representation of the Stokeslet to obtain:

δui(r) =
∑
α

Ji j · F j
α = −

8π
V

∑
k,0

1
k4

(
F̂ j · klk j − F̂ jk2

)
exp(−ik · r), (5.1)
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where F̂ represents the Fourier Transform of the force, F̂ = F (F). Using then

the FFT [44] M∞ · F can be done in 3N3
x log Nx instead of N6

x , where Nx is the

number of plane waves used in each direction. However, while this sum could

be computed with the Fast Fourier Transform, it is unfortunately converging

as slow as 1/k2. As remedy Sierrou and Brady [133] use the Hasimoto solution

[75, 133] to split the computation of
∑
α Ji j · F j

α into two fast converging sums in

real space and reciprocal space, respectively. The fluid velocity arising from the

real space sum at any point, r, is given by:

δur
j(r) =

1
4πη

∑
α

Fn
l

[ −π
κ3/2φ1/2‖r − rα‖2 + κ−1/2δ jl +

π

κ3/2φ1/2
(
r − rα

)
l
(
r − rα

)
j

]
, (5.2)

where rα represents the center of particle α, φ1/2(r − rα) is an incomplete Γ func-

tion and κ is the splitting parameter introduced by Hasimoto [75]. The fluid

velocity arising from the wave space sum is given by:

δuw
j (r) = −

8π
V

∑
k,0

1
k4

(
F̂lklk j − F̂ jk2

)(
1 + πκk2

)
exp(−πκk2)exp(−ik · r). (5.3)

The particle motion is then obtained from the disturbance flow, δu = δur + δuw,

via the Faxen laws.

The real space interactions have fast Gaussian decay and thus only interac-

tions of neighbor particles are computed. A cutoff rc is utilized to determine the

range of interactions and δur is evaluated directly from pairwise summation.

The real space computation is local and thus does not require any communica-

tion and is highly scalable.

In wave space, we need to compute the FFT of F, i.e F (F) = F̂, from which

δû, the FFT of δu is obtained via Equation 5.3. We then obtain the fluid per-

turbation velocities with the inverse fast Fourier Transform (IFFT) of δû, i.e

δu = F −1(δû). We remark that, the Faxen laws requires not only the fluid per-

turbation, δu, in the xyz directions but also its derivatives, ∇δu, laplacian, ∇2δu,
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and laplacian derivatives, ∇∇2δu. These can be computed either in the Fourier

space or in the real space. To compute δu in Fourier space requires a total of 24

IFFT. The special structure of the Faxen laws and ∇×∇2 = 0 allows to reduce the

number of IFFT to twelve while still computing all the quantities in the Fourier

space.

The FFT requires the data in an 1D uniform array [44]. Thus, performing a

3D FFT is done dimension by dimension and requires values on a 3D uniform

grid. The near-field and far-field equations are coupled and there is need to

send information back and forth between the near and far-field. In our case

where the particles do not lay on the grid points there is need to transfer the

values from the scattered particles location to the uniform grid (see figure 5.3)

and vice versa. This can be done either with a non-uniform FFT (NUFFT) [72]

or with the Particle Mesh Ewald (PME) technique [48] as in ASD [133].

In the PME case, F, the force vector at the particles center needs to be inter-

polated into f , the force vector evaluated on an uniform grid as can be seen on

figure 5.3. f is then used to compute f̂ the FFT. This is true also for the Inverse

Fourier Transform where the velocities need to be interpolated back from the

grid into the particles centers.
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Figure 5.3: Before performing the FFT, the particles forces are interpolated from their
center locations to an uniform grid. After performing the Ewald sum and
the IFFT, the velocities at the grid points are interpolated back to the parti-
cles center location. (This figure is 2D only for illustration: all our simula-
tions are 3D.)

In the PME case as Darden et al. [48], Sierou and Brady [133], we interpolate

the values δu at the particles center with a Lagrangian interpolation method:

ui = P(ui),∇ jui = P(∇ jui), where P denotes the Lagrangian interpolation opera-

tor. Instead of taking the derivative of the interpolation i.e ∇ jui = ∇ jP(ui) with

deteriorates significantly the numerical accuracy, we first differentiate and then

interpolate i.e ∇ jui = P(∇ jui), where ∇ jui is directly evaluated via ûi in wave

space. The Lagrangian interpolation requires typically 125 neighboring points,

i.e five points in each direction around the dispersed particle.

From a parallelization perspective, PME require to communicate particles’

quantities to an uniform grid since the near-field and far-field equations are

coupled. There is need of communication because the particles do not share the

same domain decomposition as the FFT grid as can be seen in figures 5.4 and

5.5. In serial, it means we need to interpolate. This is because the far-field data

is on a grid which is suitable for FFT, while the near-field data is at the particles

centers location. In a parallel environment, it means that we also need to com-

120



Figure 5.4: Different parallel algorithms use different data layout distribution and have
different processor grid topologies. In (a), a 3D domain decomposition
which is typically used for short-range interaction. In (b) 1D domain de-
composition which is used for the fftw3. In (c) a 2D domain decomposition
which is used for the p3dfft.

municate the data, since the near -field and far-field not only have different data

structures but also a different parallel data layout distribution. For this purpose,

we designed and implemented efficient communication algorithms between the

near and far field parallel data layout structures. Each particle sends values to

146 points on the uniform grid, i.e the scattered data, and each particle receives

values from 125 points belonging to the uniform grid, i.e the gathered data.

Since the scattered and gathered data typically belong to different processors

than the particle, we precompute the number of messages and information each

processor needs to send and receive. More precisely for every grid point i the

set of particles α ∈ S i = {α1
i , α

2
i , α

3
i , α

4
i , ....} that i needs information from is stored

along with their respective processors p ∈ Ui = p1
i , p2

i , p3
i , p4

i , ....}. Then each pro-

cessor computes these sets for each grid point i it owns and subsequently fuses

this information and sends to each processor the particles it would need data

from during the iterative solution of ASD. Since the particles are fixed in space

during the iterative solution of equation (1.22), we compute it only once every

ASD step in the setup phase: it is readily used during the iterative solution of

(1.22) and allows to minimize the near field-far field data communication time.
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Figure 5.5: Parallel Interpolation: before performing the FFT, the particles velocities
need to be interpolated from their center locations to an uniform grid. How-
ever, when doing so, interpolation needs to be coupled with communica-
tion. As we can see on the figure the particles processor distribution is dif-
ferent than the uniform grid distribution and particles need to be scattered
from their previous owner processor to their new owner. In practice, we
first interpolate on the grid and then send the data to the appropriate pro-
cessor. After performing the IFFT and the Ewald sum, the velocities at the
grid points need to be interpolated back to the particles center location in a
parallel manner as well.

The FFT in 3D is executed dimension by dimension and uses a 1D domain

decomposition as illustrated in figure 5.6.

Figure 5.6: FFT parallelization: (1) 2D serial FFTs are performed on the original data
layout slab by slab, where each slab belongs fully and only to one proces-
sor (2) transpose, i.e communicate the data (3) 1D serial FFTs on transposed
data, pencil by pencil, where each pencil belongs fully to one and only pro-
cessor. (4) The data is transposed back to its original form and in is the
Fourier space.
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In the p3dfft library the parallelization strategy uses a 2D domain decompo-

sition and is similar to fftw but uses two transposes. The p3dfft parallelization

strategy comprises the following steps: (1)1D serial FFTs are performed on the

original data layout pencil by pencil, where each pencil belongs fully and only

to one processor; (2) transpose; (3) 1D serial FFTs on transposed data, pencil by

pencil, where each pencil belongs fully to one and only processor; (4) transpose

again; (5) 1D serial FFTs on transposed data, pencil by pencil, where each pen-

cil belongs fully to one and only processor; (6) The data is transposed back to

its original form and in is the Fourier space. In both cases, when alternating

the xyz directions, there is need to transpose back and forth the data which in

parallel requires an all-to-all communication. When we apply subsequently an

IFFT to the FFT as in ASD, the transpose back operation is not necessary. We

therefore operate on the transposed data to reduce the communication time and

we implemented the FFT operations as real to complex and the IFFT operations

as complex to real. This significantly decreases the task time. The advantage

of fftw parallelization over p3dfft is that only one transpose is required, while

two transpose are required for the p3dfft. The advantage of p3dftt is that the

maximum number of processors possible is Pmax = N2
x while for fftw Pmax = Nx.

To summarize, the processor domain decomposition for evaluating the

short-range particle interactions is cubic and for the FFT either slab by slab as

in fftw [63] or pencil by pencil as in p3dfft [121]. If to use fftw we transfer infor-

mation from a 3D decomposition to a 1D decomposition, alternatively if to use

p3dfft we transfer information from a 3D decomposition to a 2D decomposition.

Both require processors to communicate all their data with other processors for

the interpolation to take place. Once the interpolation phase is performed, the

3D FFT on fx, fy, and fz is computed. We denote the interpolation of force mo-
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ments on the particles, F, to forces on the grid, f , by P(F) = f . The communi-

cation phase between different domain decompositions is denoted by C, where

f1 = C31( f3) and f2 = C32( f3) represent the communication from a 3D decompo-

sition to a 1D and 2D decomposition, respectively. After the Fourier Transform

(F ) are applied, we get f̂ , the force on the grid in the Fourier space. Then we ap-

ply equation (5.3) to f̂ to get the fluid velocity disturbance in the Fourier space,

Gw( f ) = δûw. The inverse Fourier Transform is performed to get the velocity dis-

turbance on the grid in the real space. We then apply an inverse interpolation

and communication to get δuw, the fluid velocity disturbance at the particles

center. The real-space fluid velocity disturbance, δur, is directly evaluated via

the real-space Stokeslet, given in (5.2). Finally applying Faxen laws (equations

(1.4) (1.5) (1.6)) to the velocity disturbance gives the particle motion, U. This

algorithm is summarized in 1.

Algorithm 1: Procedure to compute U =M
∞
· F

I. Perform real-space sum: Gr( f ) = δur

II. Perform wave-space sum

1. Perform interpolation locally f = P(F)

2. Communicate f1 = C31( f3) or f2 = C32( f3)

3. Apply FFT f̂ = F ( f )

4. Apply Ewald splitting: Gw( f ) = û

5. Apply IFFT u = F −1(û)

6. Apply inverse interpolation to obtain δuw = P−1(u)

7. Communicate back δu3
w = C13(δu1

w) or δu2
w = C23(δu1

w)

III. Apply Faxen laws: U = X(δur + δuw).

In summary M∞
· F = X(C13P

−1F −1GwFC31P + Gr) · F and M∞
· F =
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X(C23P
−1F −1GwFC32P + Gr) · F for fftw and p3dfft respectively.

5.2.5 Near-Field and Far-Field Inverse

To obtain particle dynamics and rheological quantities, we solve (1.22) uti-

lizing iterative methods, such as GMRES. For matrix-free and parallel regime,

GMRES, which requires only the matrix-vector multiplication operation, is a

natural fit. It also requires the matrix to be positive definite, which is ensured

with an appropriate choice of β. We note that we have a nested iteration, where

(R̃FU
n f )−1, represented as an inner iteration, is solved at each iteration of equa-

tion (1.22). This inner iteration is also solved via GMRES. In colloidal suspen-

sions with hydrodynamic interactions, since lubrication interactions are taken

into account, the near-field resistance matrix, R̃FU
n f , is usually ill-conditioned. In

addition, the condition number of the matrix increases with the number of par-

ticles. This problem becomes even more severe as particles get closer, i.e., when

we add attractive forces to particles to simulate colloidal gels. The matrix is

ill-conditioned because the off-diagonal elements are of the same order as the

diagonal elements. Consequently, it gives rise to very slow convergence when

solving the linear equations, especially for large-scale systems. To overcome

this problem, we introduce a preconditioner to solve (R̃FU
n f )−1. However, though

using a preconditioner can reduce the number of iterations, it can be compu-

tationally expensive to build it. In general one wants a preconditioner fast to

build and in the same time to enhance the solver’s speed.

In the serial case one good choice is the no-fill incomplete Cholesky (IC0)

preconditioning. In IC0, M = (L̄L̄T )−1 ≈ (R̃FU
n f )−1 serves as preconditioner, where
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L̄ is a lower triangular matrix with the same sparsity pattern as R̃FU
n f [141] which

has been usedin ASD [133]. However, for large systems and distributed mem-

ories, IC0 may not be the best choice. Firstly the Cholesky decomposition and

hence the construction of L̄ requires a considerable amount of communication

between processors on a distributed memory architecture, secondly the solution

of the triangular matrix, L̄, is inherently sequential and its parallelization even

with a shared memory paradigm is not trivial [38]. We therefore instead use a

sparse approximate inverse (SAI) for preconditioning [23]. The idea of SAI is to

use graph theory to predict good sparsity patterns for (R̃FU
n f )−1, and build a ma-

trix M ≈ (R̃FU
n f )−1 such that the Frobenius norm of I − R̃FU

n f M is minimized. It has

been shown to be easily decomposed into minimization problems for individ-

ual rows, which leads to a highly parallel algorithm [23]. The far-field inversion

is more complicated since it is a matrix-free and dense linear system and few

methods exist which do not extend or work efficiently for every problem [52].

5.2.6 Correlated Brownian motion with hydrodynamic interac-

tions

5.2.6.1 Overview

Stokesian dynamics can include Brownian motion using a stochastic differ-

ential equation, where the random movement of the particles originates from

the thermal fluctuations in the fluid and is correlated due to the hydrodynamic

interactions [8]. ∆x occurring within a finite interval ∆t is given by [8, 57]:

∆x =
√

2R−1/2
FU ∆w + ∇ · R−1

FU(x(t))∆t, (5.4)
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where ∆w =
∫ ∆t

0
dw and dw is a multidimensional uncorrelated Brownian mo-

tion. This displacement is subsequently added to the deterministic displace-

ment. The displacement obeys the following statistics 〈∆x(∆t)〉 = ∇ · R−1
FU∆t and

〈∆x(∆t)∆x(∆t)〉 = 2∇ ·R−1
FU∆t consistent with a diffusion equation with configura-

tion dependent tensor ∂t p = ∂i(R−1
i j ∂ j p) where p(ri) is the N particle distribution

function [57]. The term R−1
FU(x(t)) represents the Brownian drift. Mathematically

it arises from Taylor expansion of RFU(t) over time t under Ito interpretation,

when solving the stochastic differential equation:

dx =
√

2R−1/2
FU dw (5.5)

To simulate Brownian motion we follow Banchio and Brady [8] and we evalu-

ate first the Brownian force before obtaining the Brownian displacement. The

Brownian force Fb is built as a random Gaussian vector, which satisfies

〈Fb〉 = 0, (5.6)

〈Fb(0)Fb(t)〉 = 2RFUδ(t), (5.7)

where 〈·〉 represents an ensemble average over the thermal fluctuations in the

fluid, and δ is the delta function. Since the resistance tensor is expressed as

an addition of the near-field resistance matrix and the inverse of the far-field

mobility, the Brownian force is also expressed as the addition of a near-field

portion and a far-field portion,

Fb = Fb
n f + Fb

f f . (5.8)

We define the near-field and far-field Brownian force as follows:

〈Fb
n f 〉 = 〈Fb

f f 〉 = 0, (5.9)

〈Fb
f f Fb

f f 〉 = 2(M∞
UF)−1 (5.10)
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〈Fb
n f Fb

n f 〉 = 2RFU
n f (5.11)

and the covariance between Fb
n f and Fb

f f is zero. ∆x is then obtained from

∆x = R−1
FU(x(t)) · Fb(x(t))∆t. While it is tentative to work directly with ∆x, i.e.,

with the mobility, instead of F, i.e., the resistance, it is unfortunately computa-

tionally very challenging. The reason is that the resistance matrix is additive,

〈(R1/2
n f Ψ1 +M

∞−1/2
Ψ2)T (R1/2

n f Ψ1 +M
∞−1/2
Ψ2)〉 = Rn f +M

∞−1
= R, where Ψ1 and

Ψ2 are stochastic vectors with zero mean and unit variance. However, the mo-

bility matrix is not additive, i.e., 〈(R−1/2
n f Ψ1 +M

∞1/2
Ψ2)T (R−1/2

n f Ψ1 +M
∞1/2
Ψ2)〉 =

R−1
n f + M

∞ , M [55]. We note that since we work with F and not ∆x, and

thus need M∞−1, splitting the computation of the Brownian force into the

wave space and real space portion respectively is also not possible, because

〈(M−1/2
w Ψ1 + M−1/2

r Ψ2)T (M−1/2
w Ψ1 + M−1/2

r Ψ2)〉 = M−1
w + M−1

r , M
∞−1, where Mw

represents the wave-space portion of the far-field mobility, and Mr denotes the

corresponding real-space portion.

However, one can find ways to leverage the split of the wave-space and real

space parts by using uncorrelated stochastic vectors Ψ1 and Ψ2:

〈(M1/2
w Ψ1 + M1/2

r Ψ2)T (M1/2
w Ψ1 + M1/2

r Ψ2)〉 = M1
w + M1

r =M∞. (5.12)

But, in ASD, since we need to add the near field which comes only in the resis-

tance form:

(Rn f +M
−1
∞ )1/2Ψ = R1/2

n f Ψn f + (M−1/2
∞ )Ψ f f = Fb

n f + Fb
f f = Fb. (5.13)

with the desired statistical properties. We then solve R · Ub = Fb to get

Ub = R−1/2Ψ. Now R1/2
n f · Ψn f is obtained by taking the square root block-wise

as described later. To compute M−1/2
∞ · Ψ f f = Fb

f f , we will project M−1/2
∞ to a

smaller subspace.
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5.2.6.2 Near-Field Brownian force

We follow the approach of Banchio and Brady [8] and extend it to a parallel

setting. We construct the 12× 12 near-field resistance matrix Rn f ,(i, j)
FU for each pair

of colloids, (i, j). Then we directly compute the square root of the matrix via

Cholesky decomposition, Rn f ,(i, j)
FU = L(i, j),T L(i, j). In parallel regime, the particles

are distributed among processors. The contribution of local particles include in-

teractions with other nearby local particles and ghost particles. The interactions

with the ghost particles are stored and packed first locally and at the end sent

to the belonging processors during the assembly process. We define the set of

particle pairs, S(p), which includes all the near-neighbor pairs for all the local

particles in processor p, i.e., S = {(i, j)|i ∈ p, j ∈ N(i)}, where N(i) represents the

colloids in i’s near-neighbor list. We define the assembly operation, A, which

gathers forces computed from individual pair interactions in each processor to

a force vector. Thus the near-field Brownian force is given by:

F =
P
A
p=1

A
(i, j)∈S(p)

L(i, j)Ψ(i, j), (5.14)

where P denotes the total number of processors, Ψ(i, j) is a 12 × 1 stochastic vec-

tor of pair (i, j) with zero mean and unit variance. Note that even we evaluate

the interactions of particle pair (i, j) and ( j, i) separately with different gaussian

variables, the statistics is still invariant because the stochastic vectors are uncor-

related.

5.2.6.3 Far-field Brownian force

To simulate far-field Brownian force, one should evaluate (M∞
UF)−1/2, which is

not tractable directly since the far-field mobility matrixM∞ is never constructed
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from the matrix-free algorithm. Banchio and Brady [8] evaluate the far-field

Brownian force by solving the full far-field mobility directly,Fb
f f

Sran

 =

√
2
∆t

(M∞)−1/2 · ψ f f , (5.15)

where ψ f f is a 11N Gaussian random variable independent of ψn f .

This requires to solve the linear system such as (M∞)1/2 · x = y. The linear

system is again solved via iterative methods, which requires the matrix-vector

multiplication, (M∞)1/2 · x. But this matrix-vector multiplication itself is a com-

plicated computation. We compute it utilizing the Lanczos process developed

by Ando et al. [2]. The Lanczos process computes (M∞)1/2 · x by approximating

(M∞)1/2 on a much smaller subspace. The Lanczos process itself is an iterative

method, which requires the matrix-vector multiplication M∞
· x. The number

of iterations needed in the Lanczos process depends on the size of the subspace

utilized to approximate M∞. As the number of particles grows, the condition

number ofM∞ grows as well, and the subspace size to obtain a good approx-

imation ofM∞ increases accordingly. Thus, the complexity is not O(NlogN) as

M
∞
· x. In practice, for large-scale particle systems bigger than O(105), it is con-

venient to use a diagonal approximation of M∞ for the computation of Fb
f f .

This approximated algorithm is named ASDB-nf, and is described in details in

Banchio and Brady [8].

5.2.6.4 Brownian drift

To compute the Brownian drift, we utilize the elegant approximation of Ban-

chio and Brady [8]. It requires to advect the particles and reconstruct the re-

sistance matrix. In the parallel regime, it requires to redistribute the particles
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among processors and updated accordingly all the parallel data structures. To

avoid this and minimize the communication, we advect locally both the lo-

cal and ghost particles. This allows an efficient parallel implementation of the

Brownian drift term.

5.3 Results

5.3.1 Validation results

To test the validity of the parallel algorithms we developed, we compare

several results with the theory and a well validated serial code [133, 8, 150, 136].

The high-frequency viscosity, η′∞, is the “intrinsic” viscosity of a suspension aris-

ing from the presence of the no-slip surfaces of the particles. In the context

of sheared suspensions, it is the flow-independent, off-diagonal particle-phase

shear stress, Σ
p
xy, normalized by the flow rate Exy, and solvent viscosity η,

η′∞ =
Σ

p
xy

2ηExy
. (5.16)

Thus the high-frequency viscosity is computed by imposing a unit simple

shear flow where many particle configurations have been sampled to obtain sta-

tistical reliable result. Figure 5.7 on the left shows the high-frequency viscosity

computation as a function of volume fraction with our parallel code and demon-

strates that the results of sequential and parallelized program are in agreement.

The tendency for isotropic expansion or contraction of the particle phase is
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Figure 5.7: These graphs compare physical observables between a validated legacy
Fortran serial code and our recently developed parallel code. On the left,
high frequency viscosity as a function of volume fraction computed in the
absence of Brownian motion and a constant shear such as Pe = 1: the par-
allel code uses 128 processors for N p = 10, 000 particles. On the middle,
equilibrium osmotic pressure as a function of volume fraction using ASDB
(2, 000 particles with 16 processors) and ASDB-nf (10, 000 particles with 128
processors) in the absence of shear such as Pe = 0. On the right non-
equilibrium osmotic pressure as a function of Peclet number with ASDB
(1, 000 particles with 16 processors).

described by the osmotic pressure defined by:

〈Π〉 = −
1
3

I : 〈Σp〉, (5.17)

where 〈Σp〉 represents the particle-phase stress. The stresses are ensemble aver-

aged over the whole volume V containing N particles, denoted as 〈·〉. Generally,

the particle-phase stress, 〈Σp〉, is written as

〈Σp〉 = −nkT I + n(〈SH
〉 + 〈SB

〉 + 〈SP
〉), (5.18)

where n = N/V is the particle density, −nkT I represents the equilibrium contri-

bution arising from thermal fluctuations of Brownian motion of particles. The

remaining terms represent the particle-phase stress arising from hydrodynamic

interactions, where SH, SB and SP denotes the hydrodynamic, Brownian and in-

terparticle force stresslets, respectively. The equilibrium osmotic pressure, Πequ

only arises from the thermal fluctuations of Brownian motion. In ASD simula-

tion, it is measured in an equilibrium suspension with hard-sphere interparti-

cle potential. In this case, SH
≡ 0 since there is no imposed flow and SP also
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vanishes because the hard-sphere potential naturally prevents particles from

touching each other and gives rise to zero interparticle force. Thus the osmotic

pressure arises from SB only. In ASD, it is measured via

〈SB
〉 = −kT 〈∇ · (RS U · R−1

FU)〉. (5.19)

Figure 5.7 on the middle represents the equilibrium osmotic pressure as a func-

tion of volume fraction. The agreement between parallelized, sequential (For-

tran code) simulation results, and theory is excellent. The non-equilibrium os-

motic pressure is measured under simple flow, where the strength of the flow is

defined by the Peclet number, Pe = 6πηa3γ̇/kT , where γ̇ is the magnitude of the

shear rate. In this case, the imposed flow introduces non-zero hydrodynamic

stresslet, SH, as well as SB. The hydrodynamic stresslet is computed via

〈SH
〉 = −〈RS U · R−1

FU · RFE − RS E〉 : 〈E〉. (5.20)

Figure 5.7 on the right shows the validation results of osmotic pressure for vol-

ume fraction 0.2, with Pe ranging from 0.3 to 1000. Also in this case, a good

agreement between the benchmark code and our code is observed.

5.3.2 Scaling Results

In this section we present scaling with the number of particles Np of our par-

allel code. In all the cases presented in this section except stated otherwise, the

timing presented are for a suspension with a concentration φ = 0.2, an inter

particle Morse potential (see equation 5.21) between the particles and the Brow-

nian motion is resolved with ASDB-nf. The inter particle force is computed

pairwise in an additive fashion with the close neighbors as FP = −∂VMorse
∂r r̂. The
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case of pure shear flow is presented at the send of this subsection. In figure

5.8 is presented scaling on the super computer Stampede 1 with sandy bridge

processors and in figure 5.10 scaling on the super computer Stampede 2 with

modern knights landing (the so-called knl) processors. In both cases, our code

scales with the number of processors. In figure 5.8 on the left are presented

the times for different number of particles and different number of processors.

In this figure we show results for Np = 200 with P = 1, 2, 4, 8; Np = 1600 with

P = 1, 2, 4, 8, 16, 32, 64; Np = 12, 800 with P = 1, 2, 4, 8, 16, 32, 64 and Np = 102, 400

with P = 8, 16, 32, 64, 64, 128, 256. Each time that we double Nx, i.e Nx = 2Nx we

multiply by eight the number of particles i.e Np = 23Np. The graph on the right

of figure 5.8 shows the strong scaling in the case of Np = 102, 400,Nx = 256 and

P = 8, 16, 32, 64, 128, 256, 512, 1024. We note that in this case for P = 1, 2, 4 the

memory was insufficient to carry the simulations. For P = 8, 16, 32, 64, 128 the

time plotted is the one obtained with fftw while for P = 256, 512, 1024 is plotted

the time obtained with p3dfft. fftw scales up to P = Nx so for P = 512, 1024 we

do not have the choice but to use p3dfft. In this graph we show that for a sus-

pension with Np = 102, 4000 and φ = 0.2, despite the complicated nature of ASD

we are able to obtain a significant speed up of ≈ 300 by using 1024 processors

indeed with eight processors the cost of an ASD step is twall ≈ 200seconds while

for P = 1024 twall ≈ 5seconds where the time step of the simulation is ∆t = 0.001

2.

In figure 5.9 we show timing results for p3dfft, which uses a 2D decomposi-

tion where on the x axis is the number of processors Px in the x direction and

2While the efficiency decreases with the number of processors, in practice there is still a high
incentive to scale up to 1, 000 processors. For instance if the efficiency to double each time
the number of processors is 0.9, the overall efficiency at 210 ≈ 1, 000 processors is 0.910 ≈ 0.35.
Yet one would still want to double from 500 to 1000. One would not double the number of
processors when doubling will cause a sharp drop in efficiency.
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(a) Strong scaling for different (Np,Nx)
with fftw

(b) Strong Scaling for Np = 102, 400,Nx =

256

Figure 5.8: Strong scaling of one ASD step on Stampede1 with φ = 0.2, an inter parti-
cle force with a Morse potential of strength V0 = 5 and Brownian motion
with ASDB-nf. On the left is described the scaling for different number of
processors

(a) P = 256 with p3dfft (b) P = 512 with p3dfft (c) P = 1024 with p3dfft

Figure 5.9: Speed up for different grid topologies for Np = 102, 400,Nx = 256

Py = P/Px the number of processors in the y direction is deduced automatically.

For P = 256, Px = 1, 2, 4, 8, 16, for P = 512 Px = 2, 4, 8, 16, 32 and P = 1024

Px = 4, 8, 16, 32, 64. In the later cases where P > Nx, Px does not start from one

because we need Py <= Nx as we can’t use more processors in one direction than

the number of layers. When Px > 1 we already have a 2D decomposition and we

can see on these figures that in all cases the processor topology has a significant

effect on the overall timing. For P = 256, Px = 8, Py = 32 is the optimal choice,
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for P = 512, Px = 8, Py = 64 and for P = 1024, Py = 16, Pz = 64 are the optimal

choices. We note that from cluster to cluster these numbers can change since the

optimal choice is a function of communication time among processors, compu-

tation time on a single processor and cluster topology, i.e how the processors in

the cluster are physically placed. This obviously depends on which cluster these

simulations are runt. We can see that in all cases the time wall dependence on Px

is not monotonic. A judicious choice of the grid topology is required to enhance

performance. While an a priori estimation is useful to understand the results,

since it is hardware dependent and thus cluster dependent the best is to run a

timing analysis for different grid topologies for a specific case before running

a long simulation. We know show that our code scales as well on Stampede2.

In figure 5.10(d) on the right are presented the times for different number of

particles and different number of processors when we use fftw for the FFT com-

putations when Nx > P and p3dfft when Nx ≤ P. Nx is the number of plane waves

used in each direction for the FFT and P is the number of processors.

We can see that as the number of particles Np get bigger the parallelization

is more efficient. On Stampede1, in the case of Np = 200 we can’t even get a

speed up by using more than one processor. This is because the communication

is more expensive than the gain due to adding processors for the task. When

the task is big enough adding processors is more beneficial and the gain due

to the parallelization of the computation parts overcomes the communication

cost. However even for a big task it will reach a point when the communication

cost penalty is heavier than the parallelization gain. The dominant computation

parts are the matrix multiplication in the near field part, the computation part

in the FFT and the actual interpolation in the interpolation part. The dominant

communication parts are the neighboring processors communication in the ma-
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trix multiplication of the near field sparse solver, the communications part of

the FFT and the communication when we transit from one topology to another

and back in the interpolation part.

Figures 5.10(a),(b) and (c) show the strong scaling in the case of Np =

12, 800,Nx = 128, Np = 102, 400,Nx = 256 and Np = 819, 200,Nx = 512 respec-

tively for the different part of the algorithm: the near field, the FFT, the in-

terpolation, the setup and the real space of each time step. The near field is

dominated by computation and communication among neighboring processors

which comprises only ghost nodes values exchange. On the other hand inter-

polation is dominated by all-to-all communication and the computation part is

not significant as it is O(Np). The FFT part is dominated by both computation

and all-to-all communication as both these parts are significant in this case. The

setup part requires communication but is called only once at each time step and

therefore small. The real space part while being significant for a small num-

ber of processors is almost insignificant as the number of processors increases.

This is because the real space is a local computation which does not require any

communication. Fortunately enough our parallel solver which is a combination

of these five steps, i.e, near-field, FFT, interpolation, set up and real space still

overall has good scaling properties. In figures 5.10(a),(b), the real space compu-

tation is as dominant as the FFT on one processor, to become the less significant

as the number of processor increases. On the other hand, the near field starts

smaller than the interpolation to become bigger at the end. This is because in

the interpolation the information required to communicate overall among all

the processors remains constant as the number of processor increases while for

the near field since the processor’s volume shrinks the amount of processors

which requires information from each processor to account for the short range
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(a) Small system with Np = 12, 800,Nx =

128
(b) Medium system with Np = 102, 400,Nx =

256

(c) Big system with Np = 819, 200,Nx = 512 (d) Big system with p3dfft and Np = 1024

Figure 5.10: Strong scaling of one ASD step on Stampede1 with φ = 0.2, an inter particle
force with a Morse potential of strength V0 = 5 and Brownian motion with
ASDB-nf.

hydrodynamics increases. Next we discuss in general large-scale simulations

regardless of the parallelization followed by the parallelization of shear flow.

We want understand the behavior of the condition number of our different

linear systems and thus the number of iterations required to solve them. Rewrit-

ing equation (1.22) as S · F f f = B, the number of iterations to solve equation

(1.22) depends on the condition number of S, i.e κ(S).

The behavior of the condition number of the far-field κ(M∞) = λmax/λmin
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(a) (b) (c)

Figure 5.11: In the left, the residual obtained as function of the number of iterations
during the near-field inversion. In the middle and left the number of iter-
ations required to invert the ASD linear system as function of the number
of particles and as function of the concentration (values are normalized
s.t first value is one). The parameters are: (a) φ = 0.2,N = 102, 400 ; (b)
φ = 0.2; (c) N = 102, 400 and an inter particle force with V0 = 5 in all cases
and Brownian force.

can be understood as follows. λmin = 1
6πηa for uncorrelated particle motion and

λmax ∝
1
ηL N. For a random suspension L ∝ 1

φ1/3a N1/3 such that λmax
λmin
∝ N2/3C(φ1/3).

For gels and polymers L would scale differently but κ will still increase with

the number of particles. We now analyze the condition number of the near-

field. As particles get closer together the lubrication effect becomes important

and the off-diagonal elements of the resistance matrix get bigger. At glance, the

near-field depends on the close by particles only and one might be attempted to

think that therefore by increasing the number of particles the condition number

will not change much. However it does increase. As the number of particles

increases, the entropy increases and the probability to find a single pair of par-

ticles closer is is in fact simply higher. The probability to have a single pair at

a given distance is invariant with the number of particles but we simply have

more pairs and therefore the higher probability. Secondly the particles depen-

dencies is still more complicated. However, it is important to note that in S is

hidden a complicated operator which combines one far-field matrix-free action

and one near-field inversion. In figure 5.11 (a) we show the effect of the number

of particles on the total number of iterations of the near-field solver required for
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applying S when solving equation (1.22). In figure 5.11(a), it shown that the

preconditioning of the near field linear system is critical for high performance

for large scale simulations with hydrodynamic and inter particle interaction.

The no preconditioned system converges in size of orders more iterations. In

figure 5.11 (b) we show the effect of the number of particles on the number it-

erations required for solving equation (1.22) which is in fact also the required

number of far-field matrix-free actions. In figure 5.11 (c) we see that the number

of iterations required to invert the linear system increases as well with the con-

centration. In addition the near-field solver computation time becomes more

dominant as the concentration increases.

Finally, we show in figure 5.12 that our code also scales in the case of a shear

simulation. In a shear simulation, the computational box is sheared with a rate

of γ̇ = 1. On a parallelization perspective, it means that all the subdomains be-

longing to the different processors are sheared and that the physical distance

between the processors changes. This change of processor-processor distance

needs to be taken into account when computing the short-range interaction.

More saddle, when the box is sheared at π/4 the box returns to its original form.

This is a sudden change of particles location distance and the algorithm de-

scribed in the near-field section is unable to exchange particles with neighbor

communication only. To remedy to it, each time that the box returns to its origi-

nal form, we perform an all-to-all communication among the processors. Since

this occurs only once every O(103) ASD steps it is not significant. In figure 5.12

we can see that for a shear simulation a significant speedup is obtained up to

8, 192 processors before reaching a plateau at 16, 384 processors.
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Figure 5.12: Scaling of a shear simulation with the number of processors. In a shear
simulation the box is typically sheared until it reaches an angle of π/4.
At this point the box returns to its original form and the shear compo-
nent is removed from the particles position and the simulation contin-
ues from there. On a parallelization perspective, it means that particles
will probably migrate by a distance higher than one processor. An algo-
rithm based on neighbor communication only can not remedy to it. In-
stead each time that the box transits from γ = π/4 to γ = 0, an all-to-all
communication between all the processors occurs. The parameters are
φ = 0.18,N = 640, 000, Pe = 1,Nx = 512 and no Brownian force and no
inter particle force

5.3.3 Large-scale dynamic simulation example: colloidal gels

As an example, we choose to study the gelation of a large-scale colloidal

suspension. In a gel of moderate volume fraction, particles attract one an-

other, which gives rise to phase separation into particle-rich and particle-poor

regions. Such separation slows or becomes arrested, resulting in the formation

of a space-spanning network of colloids. The attractive force between the parti-

cles is modeled with a Morse potential:

VMorse(r) = V0(2e−κ(r−2a) − e−2κ(r−2a)), (5.21)

where V0 is the strength of the attraction at the minimum and κ−1 is its range.

Figure 5.13 shows the evolution of a gel of 102, 400 particles. Particles are col-

ored to indicate the number of neighboring or bonded particles within the dis-
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(a) t = 0 (b) t = 0.1 (c) t = 1 (d) t = 2 (e) t = 4

(f) t = 16 (g) t = 24 (h) t = 32 (i) t = 64 (j) t = 100

Figure 5.13: Gelation of a hydrodynamically-interacting colloidal suspension under
quiescent conditions at t=0, 0.1, 2, 4, 16, 24, 32, 64, 100 Brownian times.
The time is non-dimensional as it is scaled by a2/D. These pictures depict
the colloids self-assembly dynamics as they form complex bi-continuous
space-spanning structures within the fluid. Buried particles (blue) might
be in glassy arrest (as shown in [149]) and surface particles (red) are ex-
pected to be more mobile. The parameters utilized for the parallel ASD
method under quiescent conditions are: N = 102, 400,Nx = 256 a Brown-
ian force with ASDB-nf and an inter particle force.

tance of 2.2a (we define this as the contact number), the attraction range, of each

particle, with red for particles with few contacts to blue for many contacts.

As shown in the figures, initially the configuration is an equilibrium un-

perturbed suspension and particles are far away from each other. As the

time evolves, particles accumulate due to the attractive force and strands self-

assemble and branch to form a complex soft material.

Finally in figure 5.14 (a) the evolution of the Brownian pressure. The Brow-

nian pressure grows to a positive value at early time and remains so, indicating

that particles are nearby due to the attractive inter-particle interaction and thus
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(a) Brownian Pressure (b) Elastic Pressure (c) Number of contacts distri-
bution

Figure 5.14: Evolution of macroscopic and microscopic properties during gelation. On
left the Brownian pressure, on the middle the elastic pressure and on the
right the number of contact-number distribution. The colloidal suspension
with particle concentration of φ = 0.2 is under quiescent conditions with
attraction of strength 5KT and range κ = 30. The parameters utilized for
the parallel ASD method are: N = 102, 400,Nx = 256 a Brownian force with
ASDB-nf and an inter particle force.

the small molecules within the fluid exert a Brownian but correlated force on

the colloids to push particles apart. In figure 5.14 (b) we show the dynamic

evolution of the elastic pressure defined by 〈− 1
3 I : rFp〉. The elastic pressure is

negative, consistent with a condensation process that acts to form the gel net-

work or particle-rich phase. In 5.14 (c) the time evolution of the distribution of

the contact-number. Overall, the unsteady elastic pressure and contact number

distribution shows an increasing number of bonds and ongoing condensation.

5.4 Summary

In this chapter, we introduced algorithms for the parallelization of Acceler-

ated Stokesian Dynamics. We presented the main ingredients required to have a

scalable code for the different parts of ASD. We explained in details the far-field

parallelization, the near-field parallelization and the near-field far-field commu-

nication due to their inherent coupling. We showed that the code is scalable up

to O(104) processors for O(106) particles in different scenarios such as inter par-
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ticle force, shear flow and correlated Brownian motion. This chapter focused

on distributed memory architectures and we demonstrated the ability of our al-

gorithms to handle large-scale dynamic simulations. Future work can explore

hybrid strategies such as MPI-openmp or MPI-GPU programming models for

further speedup. This chapter demonstrated how near-field preconditioning is

critical and future research will be devoted on preconditioning the dense and

matrix-free linear system. Subsequent research will leverage the algorithms we

developed to study in depth large-scale stochastic particle systems with hydro-

dynamic interactions such as colloidal gels and colloidal glass.
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CHAPTER 6

CONCLUSION

In this dissertation, we developed theoretical and computational models

to study colloidal suspensions with many-body hydrodynamic interactions in

Stokes flow. Accelerated Stokesian Dynamics (ASD) simulation is a powerful

tool to study many-body hydrodynamic interactions. However, due to the com-

plexity of the algorithm, it only has the capacity to simulate O(103) particles,

which limits its application to large systems, such as colloidal gels. In Chap-

ter 2 and 3, we attempt to solve this problem from the theoretical perspective.

Jeffrey and Onishi [84] derived a set of mobility functions for a pair of parti-

cles suspended in Stokes flow analytically. Thus given force derivatives acting

on the surfaces of the particle pairs, with these mobility couplings we can ob-

tain their motion. For N particles suspended in the fluid, due to the complexity

of the boundary condition, analytical solutions are intractable. However, if we

only view a pair of particles in the fluid and treat any intervening particles be-

tween the pair and solvent together as an effective medium, a pair-level model

can be constructed similarly. To obtain the effective pair-level mobility cou-

plings in concentrated suspensions, we developed a new stochastic algorithm

to extract hydrodynamic couplings via ASD simulations. In Chapter 2, we de-

rived the coupling between forces and particle motion. In addition, we observed

that the hydrodynamic couplings always decay as 1/r for suspension from di-

lute (φ = 0.01) to concentrated (φ = 0.55). This phenomenon indicates that

hydrodynamic interactions are not screened in even very concentrated suspen-

sions. Neglecting long-range hydrodynamic interactions in concentrated col-

loidal suspensions would be invalid. In Chapter 3, we followed the stochastic

algorithm and derived hydrodynamic couplings between stresslet and straining
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motion. Combining with the couplings derived in Chapter 2, these functions

constitute a full set of mobility functions for colloidal suspensions. Further-

more, we plugged the coupling between stresslet and straining motion to the

Smoluchowski theory to compute the high-frequency viscosity. The good fit be-

tween our results and simulation results indicates that these functions can be

utilized analytically to study near-equilibrium rheology.

In Chapter 4, we studied microviscosity and normal stress in microrheology.

We developed a scaling theory for normal stress utilizing these concentrated

mobility functions. We find that in high-Pe regime, the stresslet scales as Peδ,

where δ is a ratio between longitudinal and transverse mobility functions. With

a further analysis of the scaling, we explained that the three-body hydrody-

namic interactions induce the non-Newtonian rheology by breaking the fore-aft

symmetry via the transverse mobility.

To study colloidal suspensions with many-body hydrodynamic interactions

in large-scale systems, we also developed computational model, which is an

extension of the current ASD algorithm. The traditional ASD algorithm is se-

quential and limits to O(103) particles. To study multi-length scale system with

O(105) particles, we developed a massive parallelized ASD algorithm which can

handle O(105) particles in O(103) processors. The foundation of our parallelized

algorithm is two matrix-vector multiplication. The near-field multiplication in-

volves direct construction of sparse near-field hydrodynamic interaction ma-

trix, which requires local message transfer between neighbor processors. The

message transfer is based on a spatial decomposition of the whole system and

each subdomain and particles inside are assigned to a processor to handle the

sub-computation. The far-field multiplication is essentially a matrix-free algo-
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rithm which involves multiple Fast Fourier Transform (FFT) in each time step.

The parallelized FFT requires all-to-all communication from all the processors.

The decomposition of parallelized FFT algorithm is different from the near-field

portion, thus requires two additional all-to-all message transfer to transform

decomposition topology. Current parallel scales well as number of particles

increase. To further accelerate the algorithm, one requires to find a far-field

matrix-free preconditioner which can significantly reduce the number of itera-

tions in far-field solver as the number of particles and thus the condition number

of the far-field matrix increase.
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